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This conditional cdf satisfies the properties previously established for these hy r nwfunctions, suchas

iSntCRE Ceen wa one jFact Resins ot)0 ;Statistically
Independent Random Variables, We have already defined * * a .Statistical

independence of two or more events of « sample space S. The “concept
of statistical independence can be extended to random variablesdefined

ona simple space generated by a combined expcriment or by repentedWil
of a single experiment. the experiments result in mutually excuse AE “

outcomes, the probabil of an outsome in one experiment i independent of aM
an outcome in any other experiment. That is, tRe joint probability of the a no
outcomes factors into @ product of the probabilities corresponding to each 4 heeycome. Consequently. the random variables corresponding tothe outcomes fe :
in these experiments are independent in the sense that thelt joint pl locone
ino product of marginal pdfs. Hence the multdimensionl random variables .

,are

statistically independent if and only if by CO
Fost ka) = FlaPU) + Flea) easy BBE snot ado val X ond an example of hese ptMIGURE 214 A tina tfomatinof ador alternatively,

anePOF) =pley)oCea) Pls.) 2138) :21-2 Functions of Random Variables
.

jferentiating (2-1-40) with respect to y, we obtain the relationshipA role tat eis een in praca spcatns of probability isthe Byieretnting 0) wih epfollowing. Given a random variable X, which is characterized by its pdf p(x), q ve
determine the pdf of the random variableY= g(X), where g(X)is some given if dy) =4p1 (=) v (24-41)function of X. When the mapping g from X to ¥ is oneto-ones the ; Poly) = PTsecs of 70) eeiay funptrar. Howeren the thon (4-40) and (2-4) sey tne ryth rand vile ¥Dever ert our fesvatonotpiyy name wien Y=, west HS in temo af the if ane pal of the random variable forthe Tear

” ie transformation in (2-1-39). To illustrate this mapping for a specific pdfExample 24-1. ‘
x(x), consider the one shown in Fig. 2-1-4(6). The pdt pr(y) that results‘Consider

the random variable ¥ defined as ce from the mapping in (2-1-39) is shown in Fig. 2-1-4(¢).

Yaox+d (24-39) aWhere
a and b are constants, We assume that @>0. Ifa <0, the approach is Example 24-2similar
(see Problem 23). We note that this mapping, ifustated in Fip . Consider the random variable ¥ defined as2-1-4(a) is linear and monotonic. Let Fy(x) and Fy(y) denote the edfs for ¥

: > aand Y, respectively.t Then v — Y=axX?+b, a>0 (2-1-42)
y - isone-to-one. HenceFo) = Posy} = Pox +b <y) = A(x et tY q ‘As in Example 2-1-1, the mapping between X ~r cone. Herome -b By)= PUY sy)= Plax? +b <y)= Bac=A(2=2

. ot 7JO pniBide = (2) A e140) HRs oof 2)"Jen(@Z)"] 4% een1 To avoid contusion in changing variahtes, subscripts are used in the respective pals snd dl. - «

Dor C. Proakin, Da Lens Berd Ek, 1995), MeGrou- ttl
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Chapter 7

Probability

7.1. Experiments, Sample Spaces and Events

Start with some definitions we will need in our study ofprobability.
An EXPERIMENT is an activity with an observable result. Tossing coins, rolling dice and choosing cards are all probability experiments.
The result of the experiment is called the OUTCOME or SAMPLE POINT. So the two possible outcomes from tossing a coin are H

(heads) and T (tails).

r ) ‘The set ofall outcomes or sample points is called the SAMPLE SPACE ofthe experiment.

An EVENT is a subset ofa sample space. That is, an event can contain one or more outcomes that are in the sample space.
Consider tossing a coin. The sample space is S = {H,}. The events that are possible inthis experiment are @, {H}, {T"}, 8. So, while
there are2 outcomes in the sample space, there are4 different events.
Ifa 6-sided die is rolled, the sample space isS = {1,2,3,4,5, 6}.
Sometimes we use a tree diagram to find all the possible outcomes of an experiment. Consider tossing a coin 3 times and noting the

result ofeach toss.

fint second tind tome

H HHHre 7 HHT
H H HTH

TKT HIT
H<CH THHT T THT

r Ss TITe@ So we find there are 8 elements in the sample space. We would show this as
S$ = (HHH, HHT, HTH, HTT, THH,THT,TTH,TTT) Y

7Gaice Bpscin 1998, 1999, 2000. These notes may not be distributed for profit

Teroa AEM



»LevieCivita symbol and cross product vector/tensor Page I of 5

Levi-Civita symbol and cross product
e vector/tensor

Patrick Guio

$Id: levi-civita.tex,v 1.9 2001/08/29 15:53:02 patricg Exp $

Definitions

The Levi-Civita symbol ¢,,, is a tensor of rank three and is defined by
0, ifany two labels are the same

ijk = 1, if, 9, & is an even permutation of 1,2,3 ()
1, if i,j, bis an odd permutation of 1,2,3

The Levi-Civita symbol ¢,,, is anti-symmetric on each pair of indexes.

The determinant of a matrix 4 with elements q,, can be written in term of ¢,,, as

e i 42 a3 3.3 3
det] a2i 22 ans |= >>>) eyaariaryacy = eynariarjase =<— (2)

431 32 G3 isi j=1 k=

Note the compact notation where the summation over the spatial directions is dropped. It is this one
that is in use.

Note that the Levi-Civita symbol can therefore be expressed as the determinant, or mixed triple

product, of any ofthe unit vectors (6, é,, é,) ofa normalised and direct orthogonal frame of
reference.

= det(é;, 8,84) = 8+ (8) Xe, @)eajk = dot(&i,€;,2x) = B:- (8; xen)

Now we can define by analogy to the definition of the determinant an additional type of product, the
vector product or simply cross product

a: @ és

axb=det} ar a2 a3 | = eyedsayy ®
by ba bs

or each coordinate
(aX b)i = eijnasbe (5)

http://folk.uio.no/patricg/teaching/al 12/levi-civita/ 2/11/03



.LevisCivita symbol and cross product vector/tensor Page 2 of5

.

Properties

©. The Levi-Civita tensor ej, has 3 x 3 x 3 = 27 components.
© 3x (641) =21 Components are equal to g.

3 components are equal to 1.
3 components are equal to 1.

Identities

The product of two Levi-Civita symbols can be expressed as a function ofthe Kronecker's symbol,,

€ijeEimn = t6djmbin + bimdjndit + Sindee

bind jtbun — 6:18jndkm — Sindjmndet (6)

Setting ; =1 gives

igh €imn = 5jmdtn — 5jn5km (1)

or

CijkCimn = S44 (SjmOun — 5jn5km) + dimdjn dei + bind jidem — SimdjiSkn — SindjmSki
= 3(8jm — Sjndim) + Stmdjn + 5jndtm — 5jmbtn — Stn dj

= Sjmbin — 5jn5km

Setting ; =; and j =m gives

ajkeijn = 2kn @)

Setting ; =1, j =m and x=n gives

encys =6 ®

Therefore

ax(bxe) = b(a-¢) — e(a-b) (10)

proof

http://folk.uio.no/patricg/teaching/al 12/levi-civita/ J rontiunsin, das af 2/11/03
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The Levi-Civita Symbol

‘The Levi-Civita symbol is useful for converting cross products and curls into the lan-

guage of tensor analysis, and for many other purposes. The following is a summary of its

most useful properties in three-dimensional Euclidean space.

‘The Levi-Civita symbol is defined by

1, _ if (ijk) is an even permutation of (123);cise = 4 1, if (ik) is an odd permutation of (123); (3a)
0, | otherwise.

Tt has 27 components, of which only 6 are nonzero. It follows directly from this definition

that e;js, changes sign if any two of its indices are exchanged,

ijk = jak = Chey = —Ejik = ekg = Ege (3.2)

e ‘The Levi-Civita symbol is convenient for expressing cross products and curls in tensornotation. For example, if A and B are two vectors, then

(AxB)i = eye Aj Bry (3.3)

and opNk
(xB). = can FE. (3.4)

‘Any combination of an even number of Levi-Civita symbols (or an even number of cross.
products and curls) can be reduced to dot products with the following system of identities.

Similarly, any combination of an odd number of Levi-Civita symbols (or an odd number of

cross products and curls) can be reduced to a single Levi-Civita symbol (or a cross product

or a curl) plus dot products. The first is the most general:

Se Sim Sin

ijk Ctmn = | 55e Sim bin | + (3.5)
Sie Sim dn

Notice that the indices (ijk) label the rows, while (¢mn) label the columns. If this is

contracted on i and J, we obtain

83m incansinn = |G S| = bm ban~ Bn Si (6)



2

This identity is the one used most often, for boiling down two cross products that have one

index in common, such as Vx(AxB). By contracting Eq. (3.6) in j and m we obtain

ijk €ijn = en (3.7)

Finally, contracting on k and n we obtain

ijk ijn = 8. (3.8)
It should be clear how to generalize these identities to higher dimensions.

If Ay = —Ay is an antisymmetric, 3 x 3 tensor, it has 3 independent components that

we can associate with a 3-vector A, as follows:

0 Ay Ap

Ag={-As 0 Ar | sein An. (3.9)
Ag -A, 0

‘The inverse of this is

1Ais = 5eunAte (3.10)
‘Using thes identities, the multiplication of an antisymmetric matrix times a vector can be

reexpressed in terms of a cross product. That is, if

rd Xi = Ay ¥j (3.1)
then

X=YxA. (3.12)

Similarly, if A and B are two vectors, then

A;B; ~ AjBi = jk (AXB)x, (3.18)

and OB, OB;
Fe Be = OH (TXBDe (3.14)

Finally, if Mi; is a 3 x 3 matrix (or tensor), then

1detM = eijx MaiMajMax = Geijh etmn MieMjmMen- (3.15)
‘The Levi-Civita symbol has been defined here only on R°, but most of the properties

above are easily generalized to R" (including the case n = 2). It only transforms as a

tensor under proper orthogonal changes of coordinates, which is why we are calling it a

“symbol” instead of a “tensor.” It can, however, be used to create so-called tensor densities

on arbitrary manifolds with a metric, and has fascinating applications in Hodge-de Rham

theory in differential geometry.
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CHAPTER 5

Method of stationary phase

‘This method was originally developed by Stokes and Kelvin in the 19th

century in their study of water waves. Consider the general Laplace integral
in which 4(¢) is pure imaginary, i. 4(¢) = iv(t) so that

5

I(2) = [ F(t) =O at,
where a, b, 2, f(t) and Y(t) are all real. In this case, I(2) is called the
generalized Fourier integral. Note that the term eV!) is purely oscillatory
and so we cannot exploit the exponential decay of the integrand away from a
maximum as was done in Watson’s lemma and Laplace’s method. However,
if x is large, the integrand in I(2) oscillates rapidly and so we might expect.

approximate cancellation of positive and negative contributions from adjacentt ) intervals, leading to a small net contribution to the integral. In fact we have
the following result.

RIEMANN-LEBESGUE LEMMA. If |f(t)| is integrable and y(t) is continu
ously differentiable over a < t <b, but (t) is not constant over any subin-

terval ofa<t<b, then i gap
6 /—~—~

I(x) = [ FeOdt0 as 2 +00.
——- To obtain an asymptotic expansion of I(x) as z — +00, we integrate by

parts as before. This is valid provided the boundary terms are finite(Snd\the
gsulting integral exists; for example, provided that f(1)/(t) is smooth over
@<t<b and non-zero at: either boundary, thenao du=& Al)

wen FO) 1 paso aeie Ta) = |2O_. wo -if ALO) ove ay YW TS Galee (@) (oo bf $ (SB) ee Sars invai
ee dire t-08%Fah ‘The 2nd integral is o (2) as z + +00 by the Riemann-Lebesgue lemma and 44% = ¥~ct at 3

wk_ 2Cal f(t) .1 ~ 0) ~er 1) ~ [gy OPO] a8 e400
ys Integration by parts may fail if Ut) has a stationary point in the range of

integration, ic. W/(c) = 0 for some a <¢ <b. Suppose that indeed y'(c) = 0e@ for some a < c < band W(Q) £0 for all f ¥ c in [a,b]. Then proceed as
follows:

1



Step 1. For a small ¢ > 0 we decompose I(z) to I(x;€) just like in (77)for Laplace’s method. The remainder terms we neglect, for example in the

case when a <c <b, are

[ p(y at + f FM atA ove

and these vanish like 1/z as z —+ +00, as (t) has no stationary points in
either interval, and we can integrate by parts and apply the Riemann-Lebesgue
Jemma.

Step 2. With ¢ small enough, in order to obtain the leading order be-

haviour, we replace f(#) and (t) by the approximations

HeFOX FO and y(e) rw(o) +O. @-ep
This assumes y"(c) # 0, otherwise we must. consider higher order terms.
Hence we get,

I(2) ~f FoF (MOSES) ae as 2 400.

Step 3. We replace ¢ by infinity—this again introduces terms which van-ish
like 1/ as x —+ +00 and which will be asymptotically smaller terms thatt ) can be neglected. Then setting (a change of variables due to Morse)

a2 PO 6 sen(y"@)
yields

2 a m 2I(x) ~ f(oe¥ . .f [ ersen(¥")? dg as 2 too. (5.1)(2) ~ flo) aot te 6.)
‘To evaluate the integral on the right, use that f°, e## ds = Ve#*/4 so
that eventually we get

Tax) ~ fle) =WO+ieenco"(Oe/4. |27 ng, 400,
aly"(c)|

Note. If c= a or c=b, the contribution from the integral, which is only

over a semi-infinite interval, meprtsthat the asymptotic result above must.be multiplied by a factor of 4.VIf p(t) has many stationary points in (a, 6],
then we split up the integral into intervals containing only one stationary

point andein each one independently (though their contributions areadditive). “Again, the relative size of f(t) at the stationary points of (2)
will now be important. If the stationary point is such that ¥/(c) = W"(c) =
s+ = W™1(c) = 0 and yc) # 0 then make the approximation W(t) ~

¥(c)+2212.-(t—c)™ instead. In this case I(z) behaves like 2~1/" as « + +00.r ) Note. Alternatively, after (5.1), we could have made the substitution
5 = vel")*/4 and used that f°,e- dv = VF.



Example. To find the leading order asymptotic behaviour of
A

I(2) -[ cosz(t—t) dt as 2 +00,0

wwe first write the integral in the form
1

I(2) =Ref [ eX?) at}f

so that we can identify f(t) = 1 and y(t) = # —¢. Hence w(t) = 31? —
1 and w"(é) = 6t so that y has two stationary points, of which only the
positive one lies in the range of integration at to = 1/V3. Since y(t) =
6t > 0 for ¢ > 0, this is a local and global minimum; and finally note that

+b(to) = —2/(39/*). Hence truncating our interval of integration to a small
neighbourhood of tg (this only introduces asymptotically smaller terms), we
then make the approximation

(toHO = vtto) +O) igy?
and then extending the endpoints of integration off to infinity (again only
introduces asymptotically smaller terms), we finally get

H(z) ~ eevee) f ot I-10)? dt, as 2 +00,

@ Making the substitution s? = 2 -fe) + (t—to)?, generates
2 oo ig? QnT(z) ~ o2¥(to). [ eit? dg = elle¥(to)+a/4) —© aT) Ie a)

Now taking the real part of this, we get

ee

10)~[aqex(Z-2%) eo4
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Asymptotic series: A mathematical aside http://farside.ph.utexas,edu/teaching/jk| /lectures/node76.html

[af [ previc

@_Nev" Te WKB. solutions as Up: Elestomagnetic wave propagation in Previous: Rey tracing inthe

Asymptotic series: A mathematical aside

It is often convenient to expand a function of the complex variable /(#) in inverse powers of z:

As, Ai1)= $0) [tots Sa], (890)

where (2) is a function whose behaviour for large values of # is known. If /(2)/#(#) is singular as

|2|-+ 00 then the above series diverges. Nevertheless, under certain circumstances, the series may

Stillbe useful,
The circumstance needed to make this possible is that the difference between /(#)/#(#) and the first

n+1 terms of the series be of order 1/#"*? , so that for sufficiently large 2 this difference becomes

td vanishingly small’More precisely, the series is said to represent J(#)/$(#) asymptotically, that is
°

Heeey, (891)
pao

provided that

Hs) _ ss ApTim {29/272 _ Sy“?1} 40, 892)

In other words, for a given value of n, the first "+1 terms ofthe series may be made as close as

desired tothe ratio #(#)/6(#) by making # sufficiently large/For each value of # and m there is an

error of order 1/#%** “Since the series actually diverges, there is an optimum number of terms in the
series used to represent J(2)/#(2) for a given value of # . Associated with this is an unavoidable

error, As 2 increases, the optimal number of terms increases and the error decreases. []e
Consider a simple example. The exponential integral is defined
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getBi(s)=
f Sa (893)e ‘

The asymptotic series for this function can be generated via a series ofpartial integrations. For
example,

ov Petale) = - [Fae ($94)

( x

Continuing this procedure yields Z Salt) 46 = BE, &)
* ot =1)PntBs) = — [p-2+ 3-344
. s a gf Fa a—— ster Pe

etn gaye fo 3+ (-ytingne[Sa \eo (895)
*Ss $6) -SaG) = xé 2%.

‘The infinite series obtained by taking the limit n + 00 diverges, since the Cauchy convergence test
yields

im [2] — tien [2e i te |= fn, [Ela y (896)
Note that two successive terms in the series become equal in magnitude for n = =, indicating that the
optimum number ofterms for a given # is roughly the integer nearest = . To prove that the series isasymptotic, we need to show that

co gotiyotet(—1)™4(n 4 1}!f azo. (897)
= ~we
= RRO) ~SJ] 2. LSSThis immediately follows, since

0 grt 1 of? oFf fart< om f ett= 55. Se dee L (898)
owe

A ene £0) -5.l9 < CT Gon!ER”Thus, the error involved in using the first m terms is less than (n+ 1)!e* /s"*? , which is exactly

the next term in the series, We can see that as n increases, this estimate ofthe error first decreases
and then increases without limit. In order to visualize this phenomenon more exactly, let

J(s)= soxp(s) 2{s) , and let

es (-1)Ppt®
Jafz) = >Ure (699)y=0
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Asymptotic series: A mathematical aside hutp:/farside.ph.utexas.edu/teaching/jk /lectures/node76.htm)

@_ the asympotc series representation ofthis function which contains *-+1 terms. Figure 16 shows
the relative error in the asymptotic series |/n(#) ~ J()]//(=) plotted as a function of the

approximate number of terms in the series n for #= 10 . It can be seen that as n increases the error
initially falls, reaches a minimum value at about n = 10 , and then increases rapidly. Clearly, the

optimum number ofterms in the asymptotic series used to represent /(10) is about 10.

Figure
16: The

relative

error ina

typical

asymptotic -) .series

plotted as ¥/a funetion

ofthe
number of

terms in

the series

@ Asmpioric series are fundamentally differentto conventional power law expansions, such as
et oatings pe ye, (900)sases— ata at 0)

This series representation of sine converges absolutely for all finite values of = . Thus, at any # the
error associated with the series can be made as small as is desired by including a sufficiently large

number ofterms. In other words, unlike an asymptotic series, there is no intrinsic, or unavoidable,
error associated with a convergent series, It follows that a convergent power law series representation
ofa function is unique inside the domain of convergence ofthe series. On the other hand, an

asymptotic series representation of a function is not unique. It is perfectly possible to have two

different asymptotic series representations ofthe same function, as long as the difference between the
two series is less than the intrinsic error associated with each series. Furthermore, it is often the case

that different asymptotic series are used to represent the same single-valued analytic function in

different regions of the complex plane.

For example, consider the asymptotic expansionofthe confluent hypergeometric function #(a,¢,2) .
This function is the solution ofthe differential equation

e aP"4(c—2)P’-aP =0 (901)

3 0f6 11/22/2004 10:09 AM_



Asymptotic series: A mathematical aside http://farside.ph.utexas.edu/teaching/jk| /lectures/node76.html

which is analytic at x= 0 [in fact, ¥(,¢0) = 1). Here,‘ denotes ¢/42 . The asymptotic expansion

r ) of P(a,e,2) takes the form:
r oem) Flojee) & Te—a)s*oF[1 + O(1/2)]

+0(a)z-*o™ [1 + O(t/a)] (902)

for —™< arg(z) <0, and

Fe e= 2) aha,c2) ~ De~o)e**ef[1 + O(1f2)}
+0 (a)a-*e'™ [1 + O(1/2)] (903)

for 0< arg(2)<m , and

Horena)Payee) © Ele—a)at em) oF[1 4 O(1/2)]
t ) 40(a)e-*e!™ [1 +0(1/2)} (904)

for * < arg(z) < 2m , eic. It can be seen that the expansion consists of a linear combination of two
asymptotic series (only the first term in cach series is shown). For |#| > 1, the first series is

exponentially larger than the second whenever Re{) > 0 . We say that the first series is dominant in

this region, whereas the second series is subdominant. Likewise, the first series is exponentially

smaller than the second whenever Re(z) <0 , We say that the first series is subdominant and the

second series is dominant in this region.

Consider a region in which one or other ofthe series is dominant. Strictly speaking, it is not
mathematically consistent to include the subdominant series in the asymptotic expansion because its
contribution is actually less than the intrinsic error associated with the dominant series [this error is

(1/2) times the dominant series, since we are only including the first term in this series]. Thus, at a
general point in the complex plane the asymptotic expansion simply consists of the dominant series.

However, this is not the case in the immediate vicinity ofthe lines Re{z) =0 : these are called the

anti-Stokes lines. When an anti-Stokes line is crossed, a dominant series becomes subdominant and@ vice versa, In the immediate vicinity of an anti-Stokes line neither series is dominant, so it is
mathematically consistentto include both series in the asymptotic expansion.

40f6 11/22/2004 10:09 AM
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‘The hypergeometric function F(4,¢,) is a perfectly well behaved, single-valued, analytic function in

the complex plane. However, our two asymptotic series are, in general, multi-valued functions in thee complex plane [see Eq. (4.252a)]. Can a single-valued function be represented asymptotically by a

multi-valued function? The short answer is no. We have to employ different combinations ofthe two

series in different regions of the complex plane in order to ensure that F(a,¢)2) remains
single-valued. Equations (4.252) show how this is achieved. Basically, the coefficient in front ofthe
subdominant series changes discontinuously at certain values of arg{#) . This is perfectly consistent

with F(@,¢,2) being an analytic function because the subdominant series is “invisible”; i.c., the

contribution of the subdominant series to the asymptotic solution falls below the intrinsic error
associated with the dominant series, so it does not really matter if the coefficient in front of the former
series changes discontinuously. Imagine tracing alarge circle, centred on the origin, in the complex
plane. Close to an anti-Stokes line, neither series is dominant, so we must include both series in the
asymptotic expansion. As we move away from the anti-Stokes line, one series becomes dominant,
which means that the other series becomes subdominant and, therefore, drops out of our asymptotic
expansion. Eventually, we approach a second anti-Stokes line, and the subdominant series reappears.
in our asymptotic expansion. However, the coefficient in front of the subdominant series when it
reappears is different to that which it had when it disappeared. This new coefficient is carried across
the second anti-Stokes line into the region where the subdominant series becomes dominant. In this
new region, the dominant series becomes subdominant and disappears from our asymptotic expansion.
Eventually, a third anti-Stokes line is approached and the series reappears, but, again, with a different

coefficient in front. The jumps in the coefficients of the subdominant series are chosen in such ae@ manner that if we perform a complete circuit in the complex plane then the value ofthe asymptotic

expansion is the same at the beginning and the end points. In other words, the asymptotic expansion is
single-valued, despite the fact that it is built up out oftwo asymptotic series which are not

single-valued. The jumps in the coefficient ofthe subdominant series, which ate needed to keep the

asymptotic expansion single-valued, are called Stokes phenomena, after the celebrated nineteenth
century British mathematician Sir George Gabriel Stokes, who first drew attention to this effect.

Where exactly does the jump in the coefficient of the subdominant series occur? All we can really say
is “somewhere in the region between two anti-Stokes lines where the series in question is

subdominant." The problem is that we only retain the first term in each asymptotic series.

Consequently, the intrinsic error in the dominant series is relatively large and we lose track ofthe
subdominant series very quickly after moving away from an anti-Stokes line. However, we could

include more terms in each asymptotic series. This would enable us to reduce the intrinsic error in the

dominant series and, thereby, expand the region ofthe complex plane in the vicinity of the anti-Stokes

lines where we can see both the dominant and subdominant series. If we were to keep adding terms to
our asymptotic series, so as to minimize the error in the dominant solution, we would eventually be

forced to conclude that ajump in the coefficient of the subdominant series can only take place on
those lines in the complex plane on which Im{s} =0 ; these are called Stokes lines. This result was

first proved by Stokes in 1857.150n a Stokes line the magnitude of the dominant series achieves its
‘maximum value with respect to that of the subdominant series. Once we know that ajump in the

coefficient of the subdominant series can only take place at a Stokes line, we can retain thet subdominant series in our asymptotic expansion in all regions of the complex plane. What we are
basically saying is that, although, in practice, we cannot actually see the subdominant series very far
away from an anti-Stokes line because we are only retaining the first term in each asymptotic series,

50f6 11/22/2004 10:09 AM
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we could, in principle, see the subdominant series at all values of arg(2)} provided that we retained a

e sufficient number of terms in our asymptotic series.
anti-Stokes tine

nDSE

branch cut

Figure 17: The location of the Stokes lines (dashed),
the anti-Stokes lines (solid), and the branch cut (wavy)
in the complex plane for the asymptotic expansion of

the hypergeometric function

Figure 17 shows the location in the complex plane ofthe Stokes and anti-Stokes lines for the@ _esymptotic expansion of the hypergeometric function. Also shown is a branch cut, which is needed to
make # single-valued. The branch cut is chosen such that ag(2}=0 on the positive real axis. Every

time we cross an anti-Stokes line the dominant series becomes subdominant and vice versa. Every

time we cross a Stokes line the coefficient in front ofthe dominant series stays the same, but that in

front of the subdominant series jumps discontinuously [see Eqs. (4.252)]. Finally, the jumps in the
coefficient of the subdominant series are such as to ensure that the asymptotic expansion is
single-valued.

all | previc
Next: The W.K.B. solutions as Up: Electromagnetic wave propagation in Previous: Ray tracing in
the

Richard Fitzpatrick 2002-05-18
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Theorem: suppose you have a polynomial f(x) of degree 2n-1. Then the integral
of this function over an interval (a,b) against a weight w(x) is given exactly

by this formular » ™

Jawa fe = SLAsm ¥
= orl

Te, you get the integral exactly by adding up n numbers. The function must

be evaluated at n magic points ( not 2n-1 points). The x4 are the zeros of
the polynomial B(x) which is determined by the weight function and interval (a,b).
The Aj, called weights, are given by the formula:

aASp783Ki
ha (i ) Bo. V (2-22)Kner SOD Ly CHOY? > b.

This formula is discussed and derived below.

e Proof of the Theorem: Trivial. All you do is write the polynomial f(x) in
Lagrangian form and at once you get that A; = INT( w(x)L,(x),x). By choosing

the xj in Ly (x) to be the zeros of B(x), you make the evaluation of A, very
easy, yielding the above simple formula.

This is, however, only a proof for f(x) being a polynomial of degree n.

Since the entire polynomial is spefified by n mumbers, it is not very surprising
that the integral can be found by evaluating the function at n places. Far

,

more interesting is the fact that the formula is exact even if f(x) is raised .
to be a polynomial of degree 2n-1. What makes that true? My way of seeing this \

is not the best but here it is anyway: Certainly everything is OK if f(x) is

of degree n. Imagine then that you have found the weights A, and the zeros x;
using the above derivation. Then if you expand f(x) into its powers, here
is what you have in fact shown:

a , a y |
= "

'

yo = wR: Ke *Me Be wyko > Spot AA Ye

de, we know now that (*) is valid for J-0,1,2....n. If you like,this can be@ taken as the equation you solve for the Aj in a matrix sense. If we can show

that (*) is

in fact valid for j in the extended raf om then we have '‘oven. whatpre at we want BAzsw



decause then we just multiply both sides by by and do the extended sum to
conclude that the integral formula is exact for a polynomial of degree 2n-1. ~

‘The proof that formula (#) can be extended in this way is given @
below. It is based on the recursion relation for the orthogonal funetions.

Comments: thus we have a very powerful result. By knowing the value, sdy,

of a 7th degree polynomial at only 4 points, we know the integral exactly.

There are of course infinitely many 7th degree polynomials that run through

these four points, but they must all have the same integral. Notice that these

are not 4 arbitrary points, but aré in fact 4 very special points.

Accuracy: Suppose we work with the ne Gause¥-Legendre“formila. How do we
estimate the accuracy of an integral? The accuré¢y is perfect for polynomial
of degree up to and including 7. Where are the gaussian points?

||
L

'}

\ H nl~ ~ |
5 '

Pye , \ '
>i1

-I ~

i

jv“ i

R= (@) -2 44 = 381 430190) $(s) = [NSxr0 fe + (8)
(a): (6.6¥/0%)

This last shows an estimate of the remainder. You see that if the function

has no 8th derivative formula is exact. BUt if function has deriviatives

that tend to increase in size as you go to higher derivatives, then your

error may be important. The thing about a polynomial is that its derivatives

keep getting smoother. Suppose you apply to an 8th order polynomial. The

8ith derivative is perhaps of order 1, more likely of order 81!=40,000, so

error is at most 2 parts in 1000.

Arbbvious drawback of the goussien formulas is thet you cannot
easily increase n as you can in Simpson's rule to see if result is steble. @
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poe *

--_Fonwule. fo. Ns wisighle, in quvasal Gaussian. inlayetsinn
1, You can get all these weights.by Just -inverting a tertain matrix whose elements

;

are various functions f, evaluated at the zeros of one of the functions. It is

better and more direct though to use the formula derived here.

_____2, The notationis a combination of that of Scheid and Abram-Stegun. I will try to
do everything generally for all the orthogonal polynomial systems

covered in Chapter22 of theAS book, _
___Im particular, here are some symbole I will use: .

n= the order you are choosing. This is the numberof seros xj.++++x, , and the
number of weights Ay » The x; are zeros of the polynomial g(x). w(x) is

the weight function, and the interval is (a,b).
cy = defined on page 773 - = defined on page 778, given p- 77

hy = defined on page 77h _. =-coeff of x” in B(n) ‘

Bp and gy refer to table on page 783 which gives df,/dx. v

PI(x) means (x-x,)(x-x2)-+++++(x-%,) where x, are the n zeros of A(x) _ Yo.e 1,(x) is defined on page 53 of Num Anal Schwam. This is Lagrangia® multiplier
function which ellows you to write a polynomial p,(x) of degree n in terms
of the value of the polynomial at n arbitrary points p,(xj). Note that there

is no x, in our presefn usage, but there is on page 53.

_____(a)First, you have to realize that the Aj are given by trivial integrals of the
______Legrangefunction, This is completely obviouse
——_____»—__ —____—_4 =» ———-- ——___———— -- - +--+ -- -

cy cory ,
lm -

Bk $e)= 2h mie) ess

-@— -- >
Ae Nano

SS



. =

__ bi Next,“you observe that the functions PL andPrt“whieh can be used to give
_____1y(x) exe simply related-toJ, as follows: 6 { ]
ob. = IK) oT

oe&@= ke Oy =  EWekwTaY

Bk oom9248/7" ALG = gee /g.00d} FG)Luca

_. TED=|.9.05)/08)]Sane 1 RY ee

Tu TO baleyO
~___ (e) Weing the formof 1y(x), we then write Ay as integralof f.(x)/(G-x) Like sor
_. Leysgy BatoGS) oe
- a IO) OD KD

~~|go Sneak eeee HD KD a

(a) the next problemie to figure out thisintegral.‘he trick 1s to teke the
— christoffel-Darbous formulas on page 785 and epectalizeto yex;. Tou gets

_. ea (8redo C4)) [in = {-¥ \ md. ( Ss} Yo
—- .

we Kr Me wo a

_ Wecan simplifytheHHS by replacingJ... by.accordingto 22Jh, since_____ds a sero of fj»Thus: ee --

oe ca Ln= 2h Baal) a aesae_— FS AT Ne > nein —

oe a Gees
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you now integrate both sides of this sunruleagainst.the weight w(x), onlyWore 3a torn murvtzen because of rthogoneltty.’ Orthog generator ty which
_____-sancellle the_h,, on the left so resultter
ee ee

ALDe ORHD

Nin

But J, is a poly of degree sero, ie, a constant,so call it $(2). These you can _
read off the table on page 774, called stenderdization. Thus, when x, isone

of the zeros of Z you may conclude thats a ———
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_____Hivst-Kind Gauss-Chubby Quadratame formlas;

eC

TES SE
Te WaneeRethe
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|

-—--_--Gauss-begendre-Quadazature-Formulast————~~~------_-___.

RY= Bed, Bk Ma saros eonsdk Nae saad fore Ta Len
ng Tb 19, Orns csi een Dar ganas yy ni arate
ee : _

= -__ © - »a

____ @ Vrows_ 4|--—_. o5 ——__-—_-|
ani = ATO

ot

____Goments:_Ithink this is the most famous Gaussian integration scheme. A slight‘oblem is that you have tolookup or compute the weights andzeros,since theredo not exist closed formulas for'these things as occurs in the Chubby cases. But.

these are listed and you only have to enter them once in a program to do -sueh
integration. ee

Acouracys see elsewhere._ . ae
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Introduction

1.1 The mean value theorems

e First, we introduce the mean value for integrals. Assume that f is continuous,then

= Ls(tdt
a= [ sou= Par v

This 1 is called the arithmetic average or the mean value of f in the interval

{a,2]. We state the mean value theorem for integrals:

Theorem 1.1 ([1, p.258] Mean value theorem for integrals).

If f is a continuous function on (a, 2], then there exists a number é in [a,z] such

that

ff Hod = HeNa-a). a)

This is a simple but very important mean value theorem of integral calculus.

| It states that the mean value thoyger.of a continuous function in an interval
‘a \ belongs to the range of the function, And it asserts only the existence of at least

1



one €, in the interval for which f(€.) is equal to the average value of f but gives

no further information about the location . In this thesis, we call & an integral

mean point of fon (a, x}.

Instead of the simple arithmetic average we can form the weighted averages:

pe LE f(tg(t)dt
Se g(t)at

gis the weight function and g(t) > 0. We give the generalized mean value theorem

for integrals:

Theorem 1.2 ([1, p.257] Generalized mean value theorem for integrals).

If fis a continuous function on (a, , g is integrable on [a,2] and 9 > 0, then

there exists a number &. in (a,2] such that

[ s@ateae= 106.) fF ola. (12)
@ Obviously, Theorem 1.1 is the special case when g(t) = 1.

‘Theorem 1.3 ([1, p-197] Classical mean value theorem).

Suppose f is continuous on the closed interval [a, 2] and differentiable on (a,x),

then for some cz between [a, 2], we have
1p.)

— £62) = f(a)iq)EX, (as)

We could estimate cz as € in the same way as in (1.2). And we call ce a .

differential mean point of f on (a,2]
‘Theorem 1.4 ([1, p-198] Cauchy’s mean value theorem). See prop A
Suppose f, 9 are continuous on [a,2], differentiable on (a, 2). If g(t) £ 0 for any

t € (a,), then there exists cz € (a,x) such that

F(z) = f(a) _ fC)= . 1.4)(2) —9(@) ~ ae) o#
2



e

| Here we call cz a Cauchy differential mean point or simply Cauchy mean point,
Recently, there are a number of studies on the location of the integral mean

point £., as z+ a. B. Zhang (7], improving B. Jacobson’s result [4], showed that,

if f isr (r € N) times differentiable at a, with f’(a) = f"(a) =... = fO-Y(a) =0

but f(a) #0, then

lim#—2-_1 |
ee G-a (+1)?

Schwind-Ji-Koditschek (5] went on further. They allow f and g to have a 'singu-

larity’ at a, Namely they showed that if

and

@ where r £ 0,8 > 1, r-+3 > —1, Ci, Cy £0, then
=a

On the other hand, ‘Tong and Braza {6} studied the converse of the classical

mean value theorem. They showed that if f"(c) is not a local extremum, that ¢

is a differential mean point.

It seems to be well-known that the four mean value theorems above are in-

terrelated. In fact, Theorem 1.3 implies Theorem 1.1. Under some additional

assumptions, Theorems 1.1 also implies Theorem 1.3. Similarly, Theorem 1.2

and Theorem 1.4 are roughly equivalent. ‘Thus it is natural to study the esti-

mates of the differential mean point and the converse of the mean value theorem

for integrals.

3
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In the next section, we shall discuss the relationships among the mean value

theorems. In Chapter 2, we shall first discuss the works of B. Jacobson, B, Zhang

and Schwind-Ji-Koditschek on the limiting position of the integral mean point

&. Then we shall prove corresponding theorems for the differential mean point

Cz Of the classical mean value theorem and Cauchy mean value theorem.

In Chapter 3, we shall discuss the converse of the classical mean value theorem

studied by Tong and Braza. Then, we prove a parallel theorem for the mean value

theorem for integrals.

1.2 Relationships among the mean value theo-

rems

@ It is known that Theorem 1.3 implies Theorem 1.1. There is a proof in the
Calculus book written by Campbell and Dierker (3}.

Proof of Theorem 1.1 ([3, p.209)).

Suppose f : {a,2] + R is continuous on [a,z]. Define F(t) = ff f(s)ds. Then F

is continuous on (a, 2] and F’ = f on {a,x}. Hence by Theorem 1.3, there is some

cz € (a,2) such that

F(z) - F(a) = F(ce)(z- a) .

That means,

[s@a= He\e-2). of (95U.)
Conversely, suppose F is C! and F’ = f. So

F(e)— Pla) = f° float
4



By Theorem 1.1 and above formula, we conclude that

| F(e)~ Flo) = [sat = 1(6)(a- 0)
Since F is a primitive of f, we could replace f(E2) by F"(E-) and obtain

mie) = Fla) = Fla)
PQ)

It is the same form as (1.4). Thus if F is C', then Theorem 1.1 implies Theorem

1.3.

Yo (11.3)
Assume g is continuous and g > 0, then Theorem 1.4 implies Theorem 1.2.

‘The proof is as follows:e Daf

FO = [fe)als)ds, Ge) = ['o(s)ds.
F and G are continuous on (a,z] and differentiable on (a,z). Also

G(e) = [ a(thdt > Gla) =0 gare
Hence we apply Theorem 1.4 to obtain some c, € (a, z) such that

Fe) - Fle) = FIG) - (a)

ou | \
=

= HMeoles) ftfroana = FES Poeae  V
= He) food. y= (tay

5



of (4 > 2)
Conversely, under additional assumption on f and g, then Theorem 1.2 implies

Theorem 1.4. If f and g are both Cl, let 6 = £ continuous, @ = g’ > 0 for
simplicity, then by Theorem 1.2, there exists c, € (a,x) such that ®

[seateyat = oc.) [Poenar.

‘Therefore, L { {
[$0 FS [stow

So

Se) = F(a) _ f'(ce)

(2) — 9a) (Ce) * /
:

of (esas)

6
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