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2-1-2 Functions of Random Variables

. cdf = ewvin\atin, didk S .

I owrmal ﬂr'-mu;m\nmP*% = pw'h &!‘__i_’:&l %

This condilivnal cdf sutisfies the properties previously esiablished for these
functions, such as

Fl= g, -i’i.ll'a.u.--..r.,}=F{x:,x_.,. ..... O | Keageo ., Xy)
Fl==xy x| Xy, .. LE) =D

Statistically Independeni Random Variables, We have already defined
statistical independence of two or more events of a sample space 5. The
concept of statistical independence can be extended 1o random variables
defined on a sample space generated by a combined experiment or by repeated
trials of a single experiment. If the experiments result in mutually exclusive
oulcomes, the probability of an outcome in one experiment is independenn of
an outcome in any other experiment. That is, the joint probability of the
outcames [aclors inlo 2 product of the probabilities corresponding (o each
outcome. Consequently, the random variables corresponding to the outcomes
in these experiments are independent in the sense that their joint pdf factors
inte a product of marginal pdfs. Hence the multidimensional random variables
are statistically independent if and only if

Flovsg, oo n) = Fle)Fixy) - - Fix,) (2-1.37)
or, alternatively,

Pl s . x,) =pledelcy) - - - plx,) (2-1-38)

Ll

A _problem that arises frequently in practical applicalions of probability is the
following. Given a random variable X, which is characterized by its pdf px),
determine the pdf of the random variable ¥ = g{X), where £(X) is some given
function of X. When the mapping g from X 1o ¥ is one-lo-one, the
determination of p{y) is relatively straightforward. However, when the
mapping is not one-to-one, as is the case, for example, when ¥ = X7, we must
be very careful in our derivation of p(y).

EnmEIe 1.1-1 /

Consider the random variable ¥ defined as
Y=aX +b (2-1-39)

where ¢ and b are constants, We assume thata >0, If g < 0, the approach is
similar (see Problem 2-3). We note that this mapping, illustrated in Fig.
2-1-4{a) is linear and monotonic, Let Fy(x) and Fe(y) denote the cdfs for X
and ¥, respectively.t Then

Fely)=P(Y ﬁyr; PlaX + b i;i='P(.1" ﬁf—;e)“
= rr_mpx{;; dx = Fx(z‘;_b) v {2-1-40)

1 To avoid conlision in changing varishles, subscripts are wed in the respeciive pdls and cdls,
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A lincar translormation of & random variable X and an example of the corresponding pdfs of X
and ¥,

By differentiating (2-1-40) with respect to y, we obtain the relationship
between the respective pdfs. It is

Pv{}']=}rpx(%‘&) v’ (2-1-41)

i iable ¥
Thus (2-1-40) and (2-1-41) specify the edf and pdf otl' the random variak
in T;rl;'ns ot’jthe cdf and pdfl of the random variable X for lm‘ﬁ:“e;:'
transformation in (2-1-39). To illustrate this mapping for a specific p
palx), consider the one shown in Fig. 2-1-4(b). The pdl py{y) that results
from the mapping in {2-1-39) is shown in Fig. 2-1-4{c).

Example 2-1-2
Consider the random variable ¥ defined as
Y=aX'+h, az=0 (2-1-42}
As in Example 2-1-1, the mapping between X and ¥ is one-to-one. Hence
FAy)=P(Y sy)=PlaX +b=y) ¥

Axl2 VAl o
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The binomial distribution gives the discrete probability distribution £p(n]V) of

obtaining exactly n successes out of N Bernoulli trials (where the result of each
Bernoulli trial is true with probability p and false with probability § = 1 — £). The
binomial distribution is therefore given by

(:)P“QN - (1)

Nt -n
AV —myi? A~ Y, @

Fy(n|N)

Il

where (!:} is a binomial coefficient. The above plot shows the distribution of

successes out of N=20 trials with p= ¢ =1/2,

The probability of obtaining more successes than the » observed in a binomial
distribution is

N
P= PPA-p)" *=Ln+1,N-n), (3)
2 () :
where
_ B(z;0,))
. I (a,b) = Blab) (4)
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Chapter 7

Probability

7.1 Experiments, Sample Spaces and Events

Start with some definitions we will need in our study of probability.

An EXPERIMENT is an activity with an observable result. Tossing coins, rolling dice and choosing cards are all probability experiments.

The resalt of the experiment is called the OUTCOME or SAMPLE POINT. So the two possible outcomes from tossing a coin are H
(heads) and T (tails).

. The set of all outcomes or sample points is called the SAMPLE SPACE of the experiment.
An EVENT is a subset of a sample space. That is, an event can contain one or more outcomes that are in the sample space.

Consider tossing a coin. The sample space is S = {H, T'}. The events that are possible in this experiment are @, { H'}, {T'}, 5. So, while
there are 2 outcomes in the sample space, there are 4 different events. ..~

If a 6-sided die is rolled, the sample space is § = {1,2,3,4,5,6}.

Sometimes we use a tree diagram to find all the possible outcomes of an experiment. Consider tossing a coin 3 times and noting the
result of each toss.

first second third outcome

R
<T<T HTH

HTT

<H <H THH

THT
TTH
T q
. So we find there are § elements in the sample space. We would show this as
$={HHH,HHT,HTH HTT,THH,THT,TTH,TTT} v

Y@ Janice Epstein 1998, 1999, 2000, These notes may not be distributed for profit
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.Levi-Civita symbol and cross product vector/tensor Page 1 of 5

Levi-Civita symbol and cross product
® vector/tensor

Patrick Guio

5Id; levi-civita.tex,v 1.9 2001/08/29 15:53:02 patricg Exp 3
L] L
Definitions

The Levi-Civita symbol €ijk is a tensor of rank three and is defined by

1, ifs, 4, &kis an even permutation of 1,2,3 (1)

0, ifany two labels are the same
Eijk =
-1, ift,, ks an odd permutation of 1,2,3

The Levi-Civita symbol €k is anti-symmetric on each pair of indexes.

The determinant of a matrix 4 with elements 4, 5 can be written in term of

. a1 G2 Q13 a 3 3
det| az; a2 ass z E Z Eijkdlida; A5k = £ik01i02§03% £— (2)
31 dzz daig i=1 j=1k=1

Etﬁ‘

Note the compact notation where the summation over the spatial directions is dropped. It is this one
that is in use.

Note that the Levi-Civita symbol can therefore be expressed as the determinant, or mixed triple
product, of any of the unit vectors (3, &, &,) of a normalised and direct orthogonal frame of

reference.

Eijk = dﬁt{éisé_f:ék) = &;- [éi X&) (3)

Now we can define by analogy to the definition of the determinant an additional type of product, the
vector product or simply cross product

€1 €z €3
axb = det a2 a3 | = €juéia;by “4)
by by by
.for each coordinate
(aX b)i = eijuaibe (5)

http://folk.uio.no/patricg/teaching/al 1 2/levi-civita/ 2/11/03
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Properties

.. The Levi-Civita tensor ¢, has 3 x 3 x 3 = 27 components,
e 3x (6+1) =21 components are equal to ¢.

« 3 components are equal to 1.
« 3 components are equal to 1.

Identities

The product of two Levi-Civita symbols can be expressed as a function of the Kronecker's S}'mbnl,;ij
€ijk€imn =  T020imOkn + Simbinbu + Sindj10pm
—84n0itbkn — Si1dindkm — Sindjmonl (6)
Setting § — ] gives

esjicimn = Simdin — judim )

o
€ijkCimn = 0i{djmOrn = 0jnOrm) + OimOjndki + dindjidem — Oimdjiden — Sindjmdei

= 3jm — 8indkm) + Skmbin + 8inbrm — Simbin — Skndim
= Ejmékﬂ = Jfﬂd-kﬂi-

Setting § = ; and j = g gives

€ijk€ijn = 20kn (8)
Setting § =1, j =m and = gives
€ijkeiji = 6 ©)
Therefore
ax(bxe)=bla-¢}—c(a-b) (10)
proof

http://folk.uio.no/patricg/teaching/al 12/levi-civita/ 2/11/03
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The Levi-Civita Symbol

The Levi-Civita symbol is useful for converting cross products and curls into the lan-
guage of tensor analysis, and for many other purposes. The following is a summary of its
most useful properties in three-dimensional Euclidean space.

The Levi-Civita symbol is defined by

—1, if (¢7k) is an odd permutation of (123); (3.1)

1, if (ijk) is an even permutation of (123);
Eijk =
0, otherwise.

[t has 27 components, of which only 6 are nonzero. It follows directly from this definition
that ;. changes sign if any two of its indices are exchanged,

€ijk = €jki = €kij = —E€jik = —Eikj = €kji- (3.2)

The Levi-Civita symbol is convenient for expressing cross products and curls in tensor
notation. For example, if A and B are two vectors, then

(AxB); = €55 A By, (3.3)
and -
(VxB); = €k 75;;?, (3.4)

Any combination of an even number of Levi-Civita symbols {or an even number of cross
products and curls) can be reduced to dot products with the following system of identities.
Similarly, any combination of an odd number of Levi-Civita symbols (or an odd number of
cross products and curls) can be reduced to a single Levi-Civita symbol (or a cross product
or a curl) plus dot products. The first is the most general:

die Gim &
€ijk €gmn = | Oj¢  Ojm  Gjn |- (3.5)
Okt Okm  Okn

Notice that the indices (ijk) label the rows, while (émn) label the columns. If this is
contracted on 1 and [, we obtain

djm  Oin

dem  Opn = Gjm Okn = Ojn Okm- (3.6)

Eijk €imn = }



This identity is the one used most often, for boiling down two cross products that have one
index in common, such as Vx(AxB). By contracting Eq. (3.6) in j and m we obtain

€ijk €ijn = 20kn. (3.7)
Finally, contracting on k and n we obtain
Eijk €ijk = B. (3.8)

It should be clear how to generalize these identities to higher dimensions,
If A;; = —Aj; is an antisymmetric, 3 x 3 tensor, it has 3 independent components that
we can associate with a 3-vector A, as follows:

0 Ay A
:"11-_3- B —fL'r; 0 J'h = €iik Ak. [:3.9:]
As —A; i]
The inverse of this is L
4‘1,',_.,' = E'Eijk Ay, {31[}}

Using thes identities, the multiplication of an antisymmetric matrix times a vector can be
reexpressed in terms of a cross product. That is, if

Xi=Ay;Y; (3.11)
then

X = YxA. (3.12)

Similarly, if A and B are two vectors, then
A;Bj - AJBI = €ijk (A}{'B}k, [313}

and dB B,

1 _ 2 . ' ‘

Do Ba; (VxB)g. (3.14)

Finally, if M;; is a 3 x 3 matrix (or tensor), then
1
det M = ¢, My My; My = Efijk. €emn Mie Mjm M. (3.15)

The Levi-Civita symbol has been defined here only on R?, but most of the properties
above are easily generalized to R™ (including the case n = 2). It only transforms as a
tensor under proper orthogonal changes of coordinates, which is why we are calling it a
“symbol” instead of a “tensor.” It can, however, be used to create so-called fensor densities
on arbitrary manifolds with a metric, and has fascinating applications in Hodge-de Rham
theory in differential geometry.
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CHAPTER 5

Method of stationary phase

This method was originally developed by Stokes and Kelvin in the 19th
century in their study of water waves. Consider the general Laplace integral
in which ¢(t) is pure imaginary, i.e. ¢(t) = iyb(t) so that

b ®
1@) = [ 1e= g

where a, b, =, f(t) and 3(t) are all real. In this case, I{z) is called the
generalized Fourier integral. Note that the term e®¥() jg purely oscillatory
and so we cannot exploit the exponential decay of the integrand away from a
maximum as was done in Watson’s lemma and Laplace’s method. However,
if x is large, the integrand in I(z) oscillates rapidly and so we might expect
approximate cancellation of positive and negative contributions from adjacent

. intervals, leading to a small net contribution to the integral. In fact we have
the following result.

RIEMANN-LEBESGUE LEMMA, If |f(t)| is integrable and o(t) is continu-
ously differentiable over a <t < b, but ¥(t) is not constant over any subin-
terval of a <t < b, then wdas

b /“‘—""—-‘“
I(z) = [ f(H)e™¥ dt -0 as = — +oo.

——% To obtain an asymptotic expansion of J(z) as z — +oco, we integrate by
parts as before. This is valid provided the boundary terms are finite(and\the

esulting integral exists; for example, provided that f(£)/4'(t) is smooth over
2 <t < b and non-zero at either boundary, then
Y-

., dotd I i e ﬁ___ 1 (*d (f(” izy(t)
I:"‘wmo;-*',ﬂ I(z) = [izﬁli E":-.}:}“ E@W v~

. X ".'.__-.—M. i
Ll‘."i i The 2nd integral is o {%] as & — +oo by the Riemann-Lebesgue lemma and

s0

11 b

e [ flt)
i I(z) ~ | = . gl=¥lt) as T — 400,

o{'ll'o;v,\.!. - (z) izy/(t) "
(bé‘ Integration by parts may fail if 4(t) has a stationary point in the range of
integration, i.e. ¥'(¢) = 0 for some a < ¢ < b. Suppose that indeed ¢¥'(c) =0
. for some a < ¢ < b and ¢(t) # 0 for all ¢ # ¢ in [a,b]. Then proceed as

follows:

Secotland

du= 1 4(¢)

dnr = i e v

u,dﬂ"‘z 'F' e*‘ﬁ’f‘



2 5. METHOD OF STATIONARY PHASE \

Step 1. For a small € > 0 we decompose I{z) to I(z;¢€) just like in (77)
for Laplace's method. The remainder terms we neglect, for example in the
case when a < ¢ < b, are

C—E
f f) e at 4+ [ f(2) ™ d
@ cde

and these vanish like 1/z as £ — +o00, as 9(t) has no stationary points in
either interval, and we can integrate by parts and apply the Riemann-Lebesgue
lemma.

Step 2. With € small enough, in order to obtain the leading order be-
haviour, we replace f(t) and ¢(t) by the approximations
113 C
O~ @) and $(O)mpie)+ L2 o2
This assumes ¥"(c) # 0, otherwise we must consider higher order terms.
Hence we get
o

1@~ [ £l

=

{CHﬂ;’ﬂ'{t_cF] dt as z — 4co.

Step 3. We replace € by infinity—this again introduces terms which van-
ish like 1/z as = — 400 and which will be asymptotically smaller terms that
can be neglected. Then setting (a change of variables due to Morse)

=z Hﬂ% -(t—c)? -sgn(¥”(c))

yields

. 2 e ’
@)~ FQe™ [ [ ds a5 2o ten (5)

To evaluate the integral on the right, use that [ e’ ds = (/metin/ g0
that eventually we get

2w

z{y"(c)|

Note. If ¢ = a or ¢ = b, the contribution from the integral, which is only
over a semi-infinite interval, that the asymptotic result above must
be multiplied by a factor of %, If 4(t) has many stationary points in [a, b],
then we split up the integral into intervals containing only one stationary
point and degl-with each one independently (though their contributions are
additive). \ﬂé;:, the relative size of f(t) at the stationary points of (t)
will now be important. If the stationary point is such that v¥'(c) = ¢"(c) =
coo= 9™ ) = 0 and Y™ (c) # 0 then make the approximation ¥(t) ~
1;5(1:}-1-%9 -(t—¢)™ instead. In this case I(z) behaves like z-1/™ as  — +o0.

I(z) ~ f(c) evic)Hegn(¥(c))w/d as = — +oo.

MNote. Alternatively, after (5.1), we could have made the substitution
8= uei'ﬂaﬂ{”"‘”{c:’J /4 and used that ffom e dv = /7.



5. METHOD OF STATIONARY PHASE 3
Example. To find the leading order asymptotic behaviour of
1
Iz) = f cosz(t® —t) dt as z — 400,
0

we first write the integral in the form

1 )
I(z) = Re { f =t —1) dt}
]

so that we can identify f(t) = 1 and ¥(t) = t* — t. Hence ¢/(t) = 3t —

1 and ¢"(t) = 6t so that ¢ has two stationary points, of which only the
positive one lies in the range of integration at 5 = 1/v/3. Since "(f) =
Bt = 0 for ¢ > 0, this is a local and global minimum; and finally note that
¥(ta) = —2/(3%?). Hence truncating our interval of integration to a small
neighbourhood of g (this only introduces asymptotically smaller terms), we
then make the approximation

Y(t) = ¥lto) + ——

and then extending the endpoints of mtegratmn off to infinity (again only
introduces asymptotically smaller terms), we finally get

I{E) ~ eiﬂ:wﬁﬂ'} f ei:r- ﬁ'_ﬂh[lz '{i—iﬂjn dt! A3 T — _I_:‘:,r

’
Making the substitution s = z - ¥(t) (tﬂj

o cizlto) | | 5 g = ellz¥(to)+7/4) in
I{E] o Tﬁ"{iu f Bl e I‘,i’rf(tﬂ}

Now taking the real part of this, we get

I w T 2x

V) (e

- (t — tg)?, generates
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AFFENDIX A5
ON THE EVALUATION OF CERTAIN INTEGRALS

In Chaptar 9 we encountersd fntegrals over the intermodinto siates of the
aystem which play an impartant rols both in the discussion of divengences
and i the computations of observable phenomens.

The most eonvenient method of evaluation for thess integrals waa ghven
by Feymman.® This method invelves the introduction of suxiliary sealar
variahles, ao that the original mtegration over the four-momentum spacs
of the virtual particles reduces to & standard type of integration which can
easily be done. Oue is then left with the integration over the suxiliary
variahlea, which forma the main task in the astual computations,

There are thres advantages to (ks procedure, One is s explicit cover-
innce, the second is its property to reduce the number of poles to two (seo
bebow), and the third ia Its applicability to all integrals which oceur in the
evaluntion of S-matrix elements, inclading divesgeat inbagrala.

A typieal integral s of the form

/0-31-08 Kwp

al=1] CONVERGENT IHTENRALS 455

which mnu::e verifind by elementary integration. 'We now inbroduce the

o o=w,
Ty - H.’H,' {I'l.ﬂ' 'H
. Fp—1 = HpUg o U
The identity (A5-2) theroby attaine another useful form,
i 1] ]
gy - == 1}1}‘; Hl‘“’“‘-": ™ g - I£ s
'x l —
B - Wy + Bty gl — ) + (] = g AOE)

The integrations over the new varishles u, - 1 Are interch, hle.

- Angen
Assumag that the identity {.H—E!'_imdllmefm (M}uhu:fur n poly-
nominls, Than we can write for n + 1 polysomials,

! -.._-{n—l}!}(u."-’ﬁ.---f -fu._-f-

(A5-6)

. Pk . " Sy o By
Bylly v v Oy " whers A" in the denaminator In the integral of (AS-5). Bt this mopresgion
whera the a; are polymomials of second degree in the foor-westom k,, and gy AL be rewritten by wes of the equation
Pk} is o polynomisl of degres n', W= g i iy i
The Introduction of the suxiliery variables, which we shall eall =, 54, -+, [ '>§— J{ - . — = (AS=T}
ia carvied out Bo that the d bor @y -+ - g b the nth power af }.;J;. ! o [du o Bl — u}]*H ndnB
& second degree polynomisl in k. r'{ - ch can ba by elementary methods, Wa find, with u =
: L';_‘““d ty,
1 ] " i "'f\-": fé':ﬂ..u, %hp{'ﬂtﬁ I:A =72
—---—-{n—l)!qufm--- 3 G 1
Ayidy +* dn 3 1 f "l-,. — = ml uq. Tdyge o de.‘ .t .
- e 1 asaF . * Gnlaty ' + B gy (1 — ug)]= !
)(' .
 oTas + 03(Tag — Bay) oo F da(l — )] ,,J_ . : ‘ (AS8)
A bmdl.l.ﬂ of m polymamisls requires therefore 5 — 1 auxdliary vard * rr ,}! JE&*F‘ For the labeling of the auxiliary variables, this squatim i identical
The identity (A5-2) can bo proved by industlon as follows. Forn = 1'dd; .?-. ith Eq. (AS-5) far n 4 1 polynomials. The Identity (AS2) ir theraby
suxilinry variable needs to be introduced. For n = 2, we have L by induetion, I
A -Jrl;_ {"‘?ﬁsj o ﬂ f ;'.'f l Convergent lntegrals, Wo shall ssume in this seftion that the
a8y Jo 0= el - P .. Yz to be avalunied are absolutely convergent. The follawing opers-
—— .4.11\, _ . Gngf cam then be earried out without mstrictions. The case of divergant
* B T Feynman, Phys. fies. 76, 760 (1949). !’4 ] -"L L'-' hmbﬂ;ﬁmmlmﬂufdrnmmﬁm
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Next: The W.K.B. solutions as Up: Electromagnetic wave propagation in Previous: Ray tracing in
the

Asymptotic series: A mathematical aside

It is often convenient to expand a function of the complex variable f(#) in inverse powers of # :

J(2z)=¢(2) [Ao +ﬂ+f—,‘-+-r- . (890)

where #{#) is a function whose behaviour for large values of # is known. If J(2)/#é(2) is singular as

|#[ = co then the above series diverges. Nevertheless, under certain circumstances, the series may

still be useful.

The circumstance needed to make this possible is that the difference between f(#)/#(2) and the first

n+ 1 terms of the series be of order 1/2™*! | 5o that for sufficiently large = this difference becomes

vanishingly small’More precisely, the series is said to represent f(2)/é(2) asymptotically, that is

HOETION %, (891)
=0
provided that
] f[‘} - Z A_
e [‘ [ﬂ;,} En ,:]} o ¥myo (892)

In other words, for a given value of n, the first 7+ 1 terms of the series may be made as close as

desired to the ratio f(#)/#(#) by making # sufficiently larg&j For each value of # and n there is an
error of order 1/=™*! 'ifSince the series actually diverges, there is an optimum number of terms in the

series used to represent f(#)/#(2) for a given value of = . Associated with this is an unavoidable

error. As #z increases, the optimal number of terms increases and the error decreases. D

Consider a simple example. The exponential integral is defined
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By(s) = ]; T (893)

The asymptotic series for this function can be generated via a series of partial integrations. For
example,

Bs) = - L T la (894)
Continuing this pmcedure yields WA S ¥6) = x&E, ®
By(z) = [I--‘-E--—'-—I-l-""}'{ :_): ‘]
-
o
f +{=1)"*" (n+ 1)t L T }\ e (895)

S £6) - Sal¥) = %€ $3t
The infinite series obtained by taking the limit n —+ oo diverges, since the Cauchy convergence test
yields

hal 41
Up

lim

00

= fm E] +o. (896)

Note that two successive terms in the series become equal in magnitude for n = #, indicating that the
optimum number of terms for a given # is roughly the integer nearest #. To prove that the series is
asymptotic, we need to show that

0o -t
1642

F_‘:@’“H"E'“n“{“ + 11!/;

o = rjc“[%;-.s“(f.ﬂ—w. LyS <

This immediately follows, since

-] e—-! I oo "* _'
f; 1“7#{ I-'“"‘*[ ke o RS ne ~ -;‘_. (898)

dt = 0. (897)

e $0) 5,09 < () () T

Thus, the error involved in using the first n terms is less than {?H' 1)te™* Ja™?  which is exactly

the next term in the series. We can see that as n increases, this estimate of the error first decreases

and then increases without limit. In order to visualize this phenomenon more exactly, let
J(#)= zexp(s) B{=), and let

Jals) = E E"m’ > (899)
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be the asymptotic series representation of this function which contains "+ 1 terms. Figure 16 shows
the relative error in the asymptotic series |fa(#) = J(#)|{ /(=) plotted as a function of the

approximate number of terms in the series n for # = 10 . It can be seen that as n increases the error
initially falls, reaches a minimum value at about n = 10, and then increases rapidly. Clearly, the

optimum number of terms in the asymptotic series used to represent f(10) is about 10,

Figure
16: The
relative
errorina
typical
asymptotic :
series
plotted as ﬁ
a function
of the
number of
terms in
the series

Asymptotic series are fundamentally different to conventional power law expansions, such as

3 F ¥
ain::r—'g?+§-€--’ﬁ+-". (900)

This series representation of sinz converges absolutely for all finite values of = . Thus, at any » the
error associated with the series can be made as small as is desired by including a sufficiently large
number of terms. In other words, unlike an asymptotic series, there is no intrinsic, or unavoidable,
error associated with a convergent series. It follows that a convergent power law series representation
of a function is unigue inside the domain of convergence of the series. On the other hand, an
asymptotic series representation of a function is nof unique. It is perfectly possible to have two
different asymptotic series representations of the same function, as long as the difference between the
two series is less than the intrinsic error associated with each series. Furthermore, it is often the case
that different asymptotic series are used to represent the same single-valued analytic function in
different regions of the complex plane.

For example, consider the asymptotic expansion of the confluent hypergeometric function F{a,¢,2) .
This function is the solution of the differential equation

2P 4 (c—2)F —aP =0 (901)
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which is analytic at #= 0 [in fact, #(9,¢,0) = 17]. Here, ' denotes d/d# . The asymptotic expansion
. of P{a,c,2) takes the form:

Hi;'é:}-_a}FEg,p,rJ L E{ﬁ—d‘}l'-e ﬁ‘{l + 0{1;‘]]

+P(a)a%c™ ™ [1 4 O(1/1)] (902)

for —w < arg(z) <0, and

P(a)l(c—a) a,c,2) = Plc—a)s™* z
T Flenr) @ P(s=o)st e[ 4 01fs)]
+I(a)2"%c"™ [1 4 O(1/2)] (903)
for 0< arg(2) < and
% Pla,c,2) & Plc—a)a" e 3%6¢) #[1 4 O(1/))]

. +T(a)x~"c'™ [1 4 O(1/1)] (904)

for # < arg(2) < Im _ efc. It can be seen that the expansion consists of a linear combination of two
asymptotic series (only the first term in each series is shown). For |2] P 1| the first series is

exponentially larger than the second whenever Re(#) >0, We say that the first series is dominant in
this region, whereas the second series is subdominant. Likewise, the first series is exponentially
smaller than the second whenever Re{#) <0 . We say that the first series is subdominant and the

second series is dominant in this region.

Consider a region in which one or other of the series is dominant. Strictly speaking, it is not .
mathematically consistent to include the subdominant series in the asymptotic expansion because its
contribution is actually less than the intrinsic error associated with the dominant series [this error is

O(1{2z) times the dominant series, since we are only including the first term in this series]. Thus, at a
general point in the complex plane the asymptotic expansion simply consists of the dominant series.
However, this is not the case in the immediate vicinity of the lines Re{#) =0 : these are called the

anti-Stokes lines. When an anti-Stokes line is crossed, a dominant series becomes subdominant and
. vice versa. In the immediate vicinity of an anti-Stokes line neither series is dominant, so it is
mathematically consistent to include both series in the asymptotic expansion.

40of6 11/22/2004 10:09 AM



Asymptotic series: A mathematical aside http://farside ph.utexas.edu/teaching/jk 1/lectures/node76.html

5of6

The hypergeometric function #(a,¢,2) is a perfectly well behaved, single-valued, analytic function in

the complex plane. However, our two asymptotic series are, in general, multi-valued functions in the
complex plane [see Eq. (4.252a)]. Can a single-valued function be represented asymptotically by a
multi-vatued function? The short answer is no. We have to employ different combinations of the two

series in different regions of the complex plane in order to ensure that F(a,2,#) remains

single-valued. Equations (4.252) show how this is achieved. Basically, the coefficient in front of the
subdominant series changes discontinuously at certain values of arg{z) . This is perfectly consistent

with #(a,¢,2) being an analytic function because the subdominant series is “'invisible"; i.e., the

contribution of the subdominant series to the asymptotic solution falls below the intrinsic error
associated with the dominant series, so it does not really matter if the coefficient in front of the former
series changes discontinuously. Imagine tracing a large circle, centred on the origin, in the complex
plane. Close to an anti-Stokes line, neither series is dominant, so we must include both series in the
asymptotic expansion. As we move away from the anti-Stokes line, one series becomes dominant,
which means that the other series becomes subdominant and, therefore, drops out of our asymptotic
expansion. Eventually, we approach a second anti-Stokes line, and the subdominant series reappears
in our asymptotic expansion. However, the coefficient in front of the subdominant series when it
reappears is different to that which it had when it disappeared. This new coefficient is carried across
the second anti-Stokes line into the region where the subdominant series becomes dominant. In this
new region, the dominant series becomes subdominant and disappears from our asymptotic expansion.
Eventually, a third anti-Stokes line is approached and the series reappears, but, again, with a different
coefficient in front. The jumps in the coefficients of the subdominant series are chosen in such a
manner that if we perform a complete circuit in the complex plane then the value of the asymptotic
expansion is the same at the beginning and the end points. In other words, the asymptotic expansion is
single-valued, despite the fact that it is built up out of two asymptotic series which are not
single-valued. The jumps in the coefficient of the subdominant series, which are needed to keep the
asymptotic expansion single-valued, are called Stokes phenomena, after the celebrated nineteenth
century British mathematician Sir George Gabriel Stokes, who first drew attention to this effect.

Where exactly does the jump in the coefficient of the subdominant series occur? All we can really say
is ““somewhere in the region between two anti-Stokes lines where the series in question is
subdominant.” The problem is that we only retain the first term in each asymptotic series.
Consequently, the intrinsic error in the dominant series is relatively large and we lose track of the
subdominant series very quickly after moving away from an anti-Stokes line. However, we could
include more terms in each asymptotic series. This would enable us to reduce the intrinsic error in the
dominant series and, thereby, expand the region of the complex plane in the vicinity of the anti-Stokes
lines where we can see both the dominant and subdominant series. If we were to keep adding terms to
our asymptotic series, so as to minimize the error in the dominant solution, we would eventually be
forced to conclude that a jump in the coefficient of the subdominant series can only take place on

those lines in the complex plane on which Im{#} =0 : these are called Stokes lines. This result was

first proved by Stokes in 1857.130n a Stokes line the magnitude of the dominant series achieves its
maximum value with respect to that of the subdominant series. Once we know that a jump in the
coefficient of the subdominant series can only take place at a Stokes line, we can retain the
subdominant series in our asymptotic expansion in all regions of the complex plane. What we are
basically saying is that, although, in practice, we cannot actually see the subdominant series very far
away from an anti-Stokes line because we are only retaining the first term in each asymptotic series,
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we could, in principle, see the subdominant series at all values of arg{2} provided that we retained a

. sufficient number of terms in our asymptotic series.

ariti-Stokes lne

Figure 17: The location of the Stokes lines (dashed),
the anti-Stokes lines (solid), and the branch cut (wavy)
in the complex plane for the asymptotic expansion of
the hypergeometric function

Figure 17 shows the location in the complex plane of the Stokes and anti-Stokes lines for the
. asymptotic expansion of the hypergeometric function. Also shown is a branch cut, which is needed to

make # single-valued. The branch cut is chosen such that arg{#} =0 on the positive real axis. Every

time we cross an anti-Stokes line the dominant series becomes subdominant and vice versa. Every
time we cross a Stokes line the coefficient in front of the dominant series stays the same, but that in
front of the subdominant series jumps discontinuously [see Eqs. (4.252)]. Finally, the jumps in the
coefficient of the subdominant series are such as to ensure that the asymptotic expansion is
single-valued.

|' nnl | previ{i

Next: The W.K.B. solutions as Up: Electromagnetic wave propagation in Previous: Ray tracing in
the

Richard Fitzpatrick 2002-05-18
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Gaussian Quadrature, s '

Theorem: suppose you have a polynomial f(x) of degree 2n-1. Then the integral
of this function over an interval (a,b) against a weight w(x) is given exactly
by this formulas o

Jawete = ZAfe Y

Ie, you get the integral exactly by adding up n numbers. The function must

be evaluated at n magic points ( not 2n-1 points). The x; are the zeros of

the polynomial j?fn(x) which is determined by the weight function and interval (a,b).
The li' called weights, are given by the formula:

P
R L I - K
o (*i) [d(:.mﬂ (_x.;]l"" (_3;_ Pu )

This formula is discussed and derived below.

A= ha (kL

K\H

. Proof of the Theorem: Trivial. All you do is write the polynomial f£(x) in

L Lagrangian form and at once you get that A; = INT( w(x]l.i(x).x}. By choosing
the x; in Li(x) to be the zeros of jﬁn{x), you make the evaluation of Ay very
easy, yielding the above simple formula.

This is, however, only a proof for f(x) being a polynomial of degree n.
3ince the entire polynemial is spe!:i.?iesd by n numbers, it is not very surprising
that the integral can be found by é?alu:ating the functi:an at n places. Far
more ini;ergsting is the fact that the formula is exact even if f(x) is raised
to be a polynomial of degree 2n-1. What makes that true? My way of seeing this .
is not the best but here it is anyway: Certainly everything is OK if £(x) is
of degree n. Imagine then that you have found the weights A; and the zeros Xy
using the above derivation. Then if you expand f(x) into its ‘i)cmers“, here
is what you have in fact shown:

" 7

18y = %L By b - 1 S = é Avgy o) &)

ie, we know now that (*) is valid for j=0,1,2....n. If you like}t.his can be
. taken as the equation you solve for the A; in a matrix sense. If we can show
that (*) is in fact valid for j in the extended range (0,2n-1), then we have

proven what we w
- $A=u



because t’h?ﬁ-."e Just multiply both sides by bj_ and deo the extended sum to
conclude that the integral formula 1s exact for a polynomial of degree 2n-1.
The proof that formula (¥) can be extended in this way is given
t::ﬂelow. It is based on the recursion relation for the orthogondl funetions.
Comments: thus we have a very powerful result. By knowing the value, say,
of a 7th degree polynomial at only /4 points, we know the integral exactly.
There are of course infinitely many 7th degree polynomials that run through
these four points, but they must all have the same integral. Notice that these
are not 4 arbitrary points, but areé in fact 4 very special points.

Accuracy: Suppose we work with the nel Gauseﬁf—l.egendre”formulm How do we
estimate the accuracy of an integral? The accurdéy is perfect for polynomial
of degree up to and including 7. Where are the gaussian points?

—

|

|
VAN ARN/
Nran =alhbi

ol S —

Ry = $31 439 i J;("J( §) = [u.s wa_?}c -Y-{ﬂ(g)
C Q) (66%0%)

This last shows an estimate of the remainder. You see that if the function
has no 8th derivative formula is exact. BUt if function has deriviatives
that tend to increase in size as you ge to higher derivatives, then your
error may be important. The thing about a polynomial is that its derivatives
keep getting smoother. Suppose you apply to an 8th order polynomial. The
g8ith derivative is perhaps of order 1, more likely of order 81!=40,000, s0
error is at most 2 parts in 1000.

Ax:!‘obvim.la drawback of the gaussian formulas is that you cannot
easily increase n as you can in Simpson's rule to see if result is stable.
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3 1, You can get all these weights.by Just .inverting a tertain matrix whose elements

\
are various functions f evaluated at the zeros of one of the functions. It is ] ?
better and more direct though to use the formula derived here. }

2. The nnt.atiun is a combination .of that of Scheid and Abram-Stegun. I will try to

do everything generally for all the orbhogonal polynomial systems covered in Chapter

22 of the AS book.
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Chapter 1

»

Introduction

1.1 The mean value theorems

First, we introduce the mean value for integrals. Assume that f is continuous,

then
-L —:’.ﬁi
F_b_a,‘uf{t}dt— : L

This p is called the arithmetic average or the mean value of f in the interval
[a,b]. We state the mean value theorem for integrals:

Theorem 1.1 ([1, p.258] Mean value theorem for integrals).

If f is a continuous function on [a,z|, then there exists a number &, in [a, 7] such
that
[ it = fe)z—-a) . (L)

This is a simple but very important mean value theorem of integral calculus.

It states that the mean value thelyfem of a continuous function in an interval

13

belongs to the range of the function. And it asserts only the existence of at least

1



one £, in the interval for which f(£;) is equal to the average value of f but gives
no further information about the location £;. In this thesis, we call £, an integral

mean point of [ on [a, z].

Instead of the simple arithmetic average we can form the weighted averages:

Ja f(t)g(t)dt
I g(t)dt

g is the weight function and g(t) > 0. We give the generalized mean value theorem

l"_,|,=

for integrals:

Theorem 1.2 ([1, p.257] Generalized mean value theorem for integrals).

If f is a continuous function on [a,z], g is integrable on [a,z] and g > 0, then
there exists a number & in [a,z] such that

[ s®a0ae= 1) [ oyt (12)
Obviously, Theorem 1.1 is the special case when g(t) = 1.

Theorem 1.3 ([1, p.197] Classical mean value theorem).
Suppose [ is continuous on the closed interval [a,z] and differentiable on (a, z),

then for some c. between [a, z], we have

ey = 1@ 1@

-

(1.3)

We could estimate ¢, as £; in the same way as in (1.2). And we call ¢, a

differential mean poini of f on [a, ],

Theorem 1.4 ([1, p.198] Cauchy’s mean value theorem). -S\Ge ¢ i A'
Suppose f, g are continuous on [a, z|, differentiable on (a,z). If ¢'(t) # 0 for any

t € (a,x), then there exists c; € (a, z) such that

fe) = f@) _ f(es)
o@)— 9@ ~ Fe) (14

2



Here we call c; a Canchy differential mean point or simply Cauchy mean point.

Recently, there are a number of studies on the location of the integral mean
point &, as £ — a. B. Zhang [7], improving B. Jacobson’s result [4], showed that
if f is v (r € V) times differentiable at a, with f'(a) = f"(a) =... = fi"Y(a) =0

but f)(a) # 0, then
§z—a 1
er—a  (r41)F

Schwind-Ji-Koditschek [5] went on further. They allow f and g to have a 'singu-

larity’ at a. Namely they showed that if

_f)-K
M- O

and

oglt)
Eﬂ{f—a}'_ci‘

wherer #£0,5s > -1, r+ 5> -1, C,Cy # 0, then

On the other hand, Tong and Braza [6] studied the converse of the classical
mean value theorem. They showed that if f'(¢) is not a local extremum, that ¢
is a differential mean point.

It seems to be well-known that the four mean value theorems above are in-
terrelated. In fact, Theorem 1.3 implies Theorem 1.1, Under some additional
assumptions, Theorems 1.1 also implies Theorem 1.3. Similarly, Theorem 1.2
and Theorem 1.4 are roughly equivalent. Thus it is natural to study the esti-
mates of the differential mean point and the converse of the mean value theorem

for integrals.



In the next section, we shall discuss the relationships among the mean value
theorems. In Chapter 2, we shall first discuss the works of B. Jacobson, B. Zhang
and Schwind-Ji-Koditschek on the limiting position of the integral mean point
£z. Then we shall prove corresponding theorems for the differential mean point
¢, of the classical mean value theorem and Cauchy mean value theorem.

In Chapter 3, we shall discuss the converse of the classical mean value theorem
studied by Tong and Braza. Then, we prove a parallel theorem for the mean value

theorem for integrals.

1.2 Relationships among the mean value theo-
rems

It is known that Theorem 1.3 implies Theorem 1.1. There is a proof in the
Calculus book written by Campbell and Dierker [3].
Proof of Theorem 1.1 ([3, p.209]).
Suppose f : [a,z] — R is continuous on [a, z]. Define F(t) = [* f(s)ds. Then F
is continuous on [a,z] and F' = f on [a, z]. Hence by Theorem 1.3, there is some
¢z € (a, z) such that
F(z) - Fla) = F'(ex)(z —a) .

That means,

[ it = fle)(z - a).

o/ (B9

Conversely, suppose F is C! and F' = f. So

F(z) — F(a) = f' f(t)dt .

4



By Theorem 1.1 and above formula, we conclude that
T
Fla) - F(a) = [ f(O)dt = f(&)(z - a)

Since F is a primitive of f, we could replace f(£.) by F'(£,) and obtain

F(z) — F(a)
o = ——————
Fle) = —2=—
It is the same form as (1.4). Thus if F is C*, then Theorem 1.1 implies Theorem

1.3.

Vo (L= 1.3)

Assume ¢ is continuous and g > 0, then Theorem 1.4 implies Theorem 1.2.
The proof is as follows:

Define
FO) = [ fs)als)as, Gt)= [ gshds .

F and G are continuous on [a, z] and differentiable on (a,z). Also
= i =0.
G(x) = [ 9@}t > G(a) g s -

Hence we apply Theorem 1.4 to obtain some ¢; € (a, z) such that

F(@) — Flo) = G 3(6(z) - Gl

m L

g flez)glez) f=
[; fltyg(t)dt = e L glt)dt v

= f) [oyar. 4 = (1)

5



Conversely, under additional assumption on f and g, then Theorem 1.2 implies
Theorem 1.4. If f and g are both C!, let ¢ = Q-L: continuous, # = g' > 0 for
simplicity, then by Theorem 1.2, there exists ¢, € (a, z) such that

[ st = o) [ oeyas

Therefore, .[( l £

f Floyde =L :({"'*}} g (t)dt .
So
£(@) - fa) _ f(es)
9(z) —gle) g'(e)

/ (re= 1.1.)

o /( RECTRN
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