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A Ridiculously Brief History of Electricity and Magnetism

.Nm‘e.' 1 found this at maxwell byu edw'~spencerv/physd42/noded himl |, brought it up in Word and highlighted various
things in bold and underline. I later found a PDF at the same site. I then did some cut and pastes from the PDF into this
Word doc for equations and various other symbols. If something is unreadable, see the PDF.
Mostly from E. T. Whittaker's A4 History of the Theories of Aether and Electricity...
Prehistory

900 BC - Magnus, a Greek shepherd, walks across a field of black stones which pull the iron nails out of his sandals and
the iron tip from his shepherd's staff (authenticity not guaranteed). This region becomes known as Magnesia.

600 BC - Thales of Miletos rubs amber (elektron in Greek) with cat fur and picks up bits of feathers.-

1269 - Petrus Peregrinus of Picardy, Italy, discovers that natural spherical magnets (lodestones) align needles with lines
of longitude pointing between two pole positions on the stone.

The 17th Century
1600 - William Gilbert, court physician to Queen Elizabeth, discovers that the earth is a giant magnet just like one of the

stones of Peregrinus, explaining how compasses work. He also discusses static electricity and invents an electric fluid
which is liberated by rubbing. .

.ca. 1620 - Niccolo Cabeo discovers that electricity can be repulsive as well as attractive.

1630 - Vincenzo Cascariolo, a Bolognese shoemaker, discovers fluorescence.

1638 - Rene Descartes theorizes that light is a pressure wave through the second of his three types of matter of which the
universe is made. He invents properties of this fluid that make it possible to calculate the reflection and refraction of light.
The "“modern" notion of the aether is bomn.

1638 - Galileo attempts to measure the speed of light by a lantern relay between distant hilltops. He gets a very large
answer.

1644 - Rene Descartes theorizes that the magnetic poles are on the central axis of a spinning vortex of one of his fluids.
This vortex theory remains popular for a long time, enabling Leonhard Euler and two of the Bernoullis to share a prize of
the French Academy as late as 1743,

1657 - Pierre de Fermat shows that the principle of least time is capable of explaining refraction and reflection of light.
Fighting with the Cartesians begins. (This principle for reflected light had been anticipated anciently by Hero of
Alexandria.)

1665 - Francesco Maria Grimaldi, in a posthumous report, discovers and gives the name of diffraction to the bending of
light around opaque bodies.

.‘166?’ - Robert Hooke reports in his Micrographia the discovery of the rings of light formed by a layer of air between two
glass plates. These were actually first observed by Robert Boyle, which explains why they are now called Newton's rings.
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In the same work he gives the matching-wave-front derivation of reflection and refraction that is still found in most
introductory physics texts. These waves travel through the acther. He also develops a theory of color in which white light
is a simple disturbance and colors are complex distortions of the basic simple white form. .

1671 - Isaac Newton destroys Hooke's theory of color by experimenting with prisms to show that white light is a mixture
of all the colors and that once a pure color is obtained it can never be changed into another color. Newton argues against
light being a vibration of the ether, preferring that it be something else that is capable of traveling through theacther. He
doesn't insist that this something else consist of particles, but allows that it may be some other kind of emanation or
impulse. In Newton's own words, ""...let every man here take his fancy."

1675 - Olaf Roemer repeats Galileo's experiment using the moons of Jupiter as the distant hilltop. He measures ¢ = 2.3 x
10 ® m/s.

1678 - Christiaan Huygens introduces his famous construction and principle, thinks about u‘anslatfng his manuscript into
Latin, then publishes it in the original French in 1690. He uses his theory to discuss the double refraction of Iceland Spar.
His is a theory of pulses, however, not of periodic waves.

The 18th Century

1717 - Newton shows that the ““two-ness" of double refraction clearly rules out light being aether waves. (All aether
wave theories were sound-like, so Newton was right; longitudinal waves can't be polarized.) [ The pressure-sound wave
theory through a fluid can only support longitudinal compression and does not support transverse polarization. Since light
was showing two polarization states in this spar, that ruled out simple pressure wave in aether idea.]

1728 - James Bradley shows that the orbital motion of the earth changes the apparent motions of the stars in a way th'
is consistent with light having a finite speed of travel. (speed of light)

1729 - Stephen Gray shows that electricity doesn't have to be made in place by rubbing but can also be transferred from
place to place with conducting wires. He also shows that the charge on electrified objects resides on their surfaces. [ Still
in the static world only.]

1733 - Charles Francois du Fay discovers that electricity comes in two kinds which he called resinous(-) and
vitreous(+).

1742 - Thomas Le Seur and Francis Jacquier, in a note to the edition of Newton's Principia that they publish, show that
the force Jaw between two magnets is inverse cube.

1749 - Abbe Jean-Antoine Nollet invents the two-fluid theory electricity.

1745 - Pieter van Musschenbroek invents the Leyden jar, or capacitor, and nearly kills his friend Cunaeus.

1747 - Benjamin Franklin invents the theory of one-fluid electricity in which one of Nollet's fluids exists and the other
is just the absence of the first. He proposes the principle of conservation of charge and calls the fluid that exists and flows
“positive". This educated guess ensures that undergraduates will always be confused about the direction of current flow.
He also discovers that electricity can act at a distance in situations where fluid flow makes no sense.

1748 - Sir William Watson uses an electrostatic machine and a vacuum pump to make thefirst glow discharge. His gl
vessel is three feet long and three inches in diameter: the first fluorescent light bulb.
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1750 - John Michell discovers that the two poles of a magnet are equal in strength and that the force law for individual
poles is inverse square.
}} a} L]

1752 - Johann Sulzer puts lead and silver together in his mouth, performing the first recorded **tongue test” of a battery.

1759 - Francis Ulrich Theodore Aepinus shows that electrical effects are a combination of fluid flow confined to matter
and action at a distance. He also discovers charging by induction.

1762 - Canton reports that a red hot poker placed close to a small electrified body destroys its electrification.

1764 - Joseph Louis Lagrange discovers the divergence theorem in connection with the study of gravitation. It later
becomes known as Gauss's law. (See 1813).

1766 - Joseph Priestly, acting on a suggestion in a letter from Benjamin Franklin, shows that hollow charged vessels
contain no charge on the inside and based on his knﬂwledge that hollow shells of mass have no gravity inside correctly
deduces that the electric force law is inverse square.

ca 1775 - Henry Cavendish invents the idea of capacitance and resistance (the latter without any way of measuring
current other than the level of personal discomfort). But being indifferent to fame he is content to wait for his work to be
published by Lord Kelvin in 1879.

1777 - Joseph Louis Lagrange invents the concept of the scalar potential for gravitational fields.

1780 - Luigi Galvani causes dead frog legs to twitch with static electricity, then also discovers that the same twitching
can be caused by contact with dissimilar metals. His followers invent another invisible fluid, that of **animal electricity”,
to describe this effect. [ He really thinks animals are creating the electricity somehow, not just responding to it. ]

1782 - Pierre Simon Laplace shows that Lagrange's pnteniial satisfies V2 V =0.

1785 - Charles Augustin Coulomb uses a torsion balance to verify that the electric force law is inverse square. He also
proposes a combined fluid/action-at-a-distance theory like that of Aepinus but with two conducting fluids instead of one.
Fighting breaks out between single and double fluid partisans. He also discovers that the electric force near a conductor is
proportional to its surface charge density and makes contributions to the two-fluid theory of magnetism.

1793 - Alessandro Volta makes the first batteries and argues that animal electricity is just ordinary electricity flowing
through the frog legs under the impetus of the force produced by the contact of dissimilar metals. He discovers the
importance of **completing the circuit."

The period 1800-1825 -- things heat up after Volta invents the battery so currents may be produced and studied

1800 - In 1800 Volta discovers the Voltaic pile (dissimilar metals separated by wet cardboard) which greatly increases
the magnitude of the effect.

1800 - William Nicholson and Anthony Carlisle discover that water may be separated into hydrogen and oxygen by the
action of Volta's pile.

. 1801 - Thomas Young gives a theory of Newton's rings based on constructive and destructive interference of waves. He
explains the dark spot in the middle by proposing that there is a phase shift on reflection between a less dense and more
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dense medium, then uses essence of sassafras (whose index of refraction is intermediate between those of crown and flint
glass) to get a light spot at the center. [ diffraction ]

1803 - Thomas Young explains the fringes at the edges of shadows by means of the wave theory of light. The wav’
theory begins its ascendance, but has one important difficulty: light is thought of as a longitudinal wave, which makes it
difficult to explain double refraction effects in certain crystals. [ scalar theory bypasses polarization question]

1807 - Humphrey Davy shows that the essential element of Volia's pile is chemical action since pure water gives no
effect. He argues that chemical effects are electrical in nature.

1808 - Laplace gives an explanation of double refraction using the particle theory, which Young attacks as improbable.

1808 - Etienne Louis Malus, a military engineer, enters a prize competition sponsored by the French Academy "'To
furnish 2 mathematical theory of double refraction, and to confirm it by experiment." He discovers that light reflected at
certain angles from transparent substances as well as the separate rays from a double-refracting crystal have the same
property of polarization. In 1810 he receives the prize and emboldens the proponents of the particle theory of light
because no one sees how a wave theory can make waves of different polarizations.

1811 - Arago shows that some crystals alter the polarization of light passing through them. [ rotation! ]

1812 - Biot shows that Arago's crystals rotate the plane of polarization about the propagation direction.

1812 - Simeon Denis Poisson further develops the two-fluid theory of electricity, showing that thecharge on conductors
must reside on their surfaces and be so distributed that the electric force within the conductor vanishes. This surface
charge density calculation is carried out in detail for ellipsoids. He also shows that the potential within a distribution |.
electricity satisfies the equation V* § = -p/es.

1812 - Michael Faraday, a bookbinders apprentice, writes to Sir Humphrey Davy asking for a job as a scientific
assistant. Davy interviews Faraday and finds that he has educated himself by reading the books he was supposed to be
binding. He gets the job.

ca. 1813 - Laplace shows that at the surface of a conductor the electric force is perpendicular to the surface and that E =
ol

1813 - Karl Friedrich Gauss rediscovers the divergence theorem of Lagrange. It will later become known as Gauss's law

1815 - David Brewster establishes his law of complete polarization upon reflection at a special angle now known as
Brewster's angle. He also discovers that in addition to uniaxial cystals there are also biaxial ones. For uniaxial crystals
there is the faint possibility of a wave theory of longitudinal-type, but this appears to be impossible for biaxial ones.

1816 - David Brewster invents the kaleidoscope.

1816 - Francois Arago, an associate of Augustin Fresnel, visits Thomas Young and describes to him a series of
experiments performed by Fresnel and himself which shows that light of differing polarizations cannot interfere.
Reflecting later on this curious effect Young sees that it can be explained if light is transverse instead of longitudinal. This
idea is communicated to Fresnel in 1818 and he immediately sees how it clears up many of the remaining difficulties of
the wave theory. Six years later the particle theory is dead. .
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1817 - Augustin Fresnel annoys the French Academy. The Academy, hoping to destroy the wave theory once and for
all, proposes diffraction as the prize subject for 1818. To the chagrin of the particle-theory partisans in the Academy the
winning memoir in 1818 is that of Augustin Fresriel who explains diffrattion as the mutual interferénce of the secondary
waves emitted by the unblocked portions of the incident wave, in the style of Huygens. One of the judges from the particle
camp of the Academy is Poisson, who points out that if Fresnel's theory were to be indeed correct, then there should be a
bright spot at the center of the shadow of a circular disc. This, he suggests to Fresnel, must be tested experimentally. The
experiment doesn't go as Poisson hopes, however, and the spot becomes known as *"Poisson's spot.”

1820 - Hans Christian Oersted discovers that electric current in a wire causes a compass needle to orient itself
perpendicular to the wire.

1820 - Andre Marie Ampere, one week after hearing of Oersted's discovery, shows that parallel currents attract each
other and that opposite currents attract.

1820 - Jean-Baptiste Biot and Felix Savart show that the magnetic force exerted on a magnetic pole by
a wire falls o_ like 1=r and is oriented perpendicular to the wire. Whittaker then says that \This result was
soon further analyzed,” to obtain

I
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1820 - John Herschel shows that quartz samples that rotate the plane of polarization of light in opposite directions have
different crystalline forms. This difference is helical in nature.

I 1821 - Faraday begins electrical work by repeating Oersted's experiments.

1821 - Humphrey Davy shows that direct current is carried throughout the volume of a conductor and establishes that
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for long wires. He also discovers that resistance is increased as the temperature rises.

1822 - Thomas Johann Seebeck discovers the thermoelectric effect by showing that a current will flow in a circuit made
of dissimilar metals if there is a temperature difference between the metals.

1824 - Poisson invents the concept of the magnetic scalar potential and of surface and volume pole
densities described by the formulas

_ r=r) ., VieM |, M-»n
V= [M mdv - !r_r,[dv ‘ md.&

. He also finds the magnetic field inside a spherical cavity within magnetized material.

1825 - Ampere publishes his collected results on magnetism. His expression for the magnetic field produced by a small
segment of current is different from that which follows naturally from the Biot-Savart law by an additive term which
integrates to zero around closed circuit [ was this the time term in the curlB equation? ] It is unfortunate that
electrodynamics and relativity decide in favor of Biot and Savart rather than for the much more sophisticated Ampere,




whose memoir contains both mathematical analysis and experimentation, artfully blended together. In this memoir are
given some special instances of the result we now call Stokes theorem.
i f B - ﬂ- - ;.I{II. .

Maxwell describes this work as ""one of the most brilliant achievements in science. The whole, theory and experiment,
seems as if it had leaped, full-grown and full-armed, from the brain of the "Newton of electricity’. It is perfect in form and
unassailable in accuracy; and it is summed up in a formula from which all the phenomena may be deduced, and which
must always remain the cardinal formula of electrodynamics.”

The period 1825-1850

1825 - Fresnel shows that combinations of waves of opposite circular polarization traveling at different speeds can
account for the rotation of the plane of polarization.

1826 - Georg Simon Ohm establishes the result now known as Ohm's law. V=IR seems a pretty simple law to name after
someone, but the importance of Ohm's work does not lie in this simple proportionality. What Ohm did was develop the
idea of voltage as the driver of electric current. He reasoned by making an analogy between Fourier's theory of heat flow
and electricity. In his scheme temperature and voltage correspond as do heat flow and electrical current. [t was not until
some vears later that Ohm's electroscopic force (V in his law) and Poisson's electrostatic potential were shown to be
identical. [ again, the new world of DC currents from batteries is not quite linked to the static electricity world ]

1827 - Augustin Fresnel publishes a decade of research in the wave theory of light. Included in these collected papers
are explanations of diffraction effects, polarization effects, double refraction, and Fresnel's sine and tangent laws for
reflection at the interface between two transparent media. .

1827 - Claude Louis Marie Henri Navier publishes the correct equations for vibratory motions in one type of elastic
solid. This begins the quest for a detailed mathematical theory of the acther based on the equations of continuum
mechanics.

1827 - F. Savery, after noticing that the current from a Leyden jar magnetizes needles in alternating layers, conjectures
that the electric motion during the discharge consists of a series of oscillations.

1828 - George Green generalizes and extends the work of Lagrange, Laplace, and Poisson and attaches the name
potential to their scalar function. Green's theorems are given, as well as the divergence theorem (Gauss's law), but
Green doesn't know of the work of Lagrange and Gauss and only references Priestly's deduction of the inverse square law
from Franklin's experimental work on the charging of hollow vessels.

1828 - Augustine Louis Cauchy presents a theory similar to Navier's, but based on a direct study of elastic properties
rather than using a molecular hypothesis. These equations are more general than Navier's. In Cauchy's theory, and in
much of what follows, the aether is supposed to have the same inertia in each medium, but different elastic properties.

1828 - Poisson shows that the equations of Navier and Cauchy have wave solutions of two types: transverse and
longitudinal. Mathematical physicists spend the next 50 years trying to invent an elastic aether for which the longitudinal
waves are absent. [ By this time, it was known that solids can support transverse polarizations, so it probably seemed
only a matter of time until the nature of the aether as some kind of solid was elucidated. But why then did the ether n

support longitudinal polarization, as all solids do? | ‘ib
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1831 - Faraday shows that [ the transformer ] changing currents in one circuit induce currents in a neighboring circuit.
Over the next several years he performs hundreds of experiments and shows that they can all be explained by the idea of
.changing magnetic flux. No mathematics is inVolved, just'picture thinking.using his field-lines. [

1831 - Ostrogradsky rediscovers the divergence theorem of Lagrange, Gauss, and Green.

1832 - Joseph Henry independently discovers induced currents.

1833 - Faraday begins work on the relation of electricity fo chemistry. In one of his notebooks he concludes after a
series of experiments, *"...there is a certain absolute quantity of the electric power associated with each atom of matter.”

1834 - Faraday discovers self inductance.

1834 - Jean Charles Peltier discovers the flip side of Seebeck's thermoelectric effect. He finds that current driven in a

circuit made of dissimilar metals causes the different metals to be at different temperatures.
¥

1834 - Emil Lenz formulates his rule for determining the direction of Faraday's induced currents. In its original form it
was a force law rather than an induced emf law: “"Induced currents flow in such a direction as to produce magnetic forces
that try to keep the magnetic flux the same." So Lenz would predict that if you try to push a conductor into a strong
magnetic field, it will be repelled. He would also predict that if you try to pull a conductor out of a strong magnetic field
that the magnetic forces on the induced currents will oppose the pull.

1835 - James MacCullagh and Franz Neumann extend Cauchy's theory to crystalline media

. 1837 - Faraday discovers the idea of the dielectric constant.

1837 - George Green attacks the elastic aether problem from a new angle. Instead of deriving boundary conditions
between different media by finding which ones give agréement with the experimental laws of optics, he derives the
correct boundary conditions from general dynamical principles. This advance makes the elastic theories not quite fit with

light.

1838 - Faraday shows that the effects of induced electricity in insulators are analogous to induced magnetism in
magnetic materials. Those more mathematically inclined immediately appropriate Poisson's theory of induced magnetism,
inventing P, D, and &.

1838 - Faraday discovers Faraday's dark space, a dark region in a glow discharge near the negative electrode.

1839 - James MacCullagh invents an elastic aether in which there are no longitudinal waves. In this aether the potential
energy of deformation depends only on the rotation of the volume elements and not on their compression or general
distortion. This theory gives the same wave equation as that satisfied by E and B in Maxwell's theory. [ interesting...]

1839 - William Thomson (Lord Kelvin) removes some of the objections to MacCullagh's rotation theory by inventing a

mechanical model which satisfies MacCullagh's energy of rotation hypothesis. It has spheres, rigid bars, sliding contacts,

and flywheels. [It derives its name from the title, Baron Kelvin of Largs, that Thomson received from the British

government in 1892, and named after Thomson because of his proposal in this 1848 paper. Sir William was later named

Lord Kelvin when he was made a Baron and a member of the House of Lords. He adopted the name Kelvin from the
.river Kelvin in Scotland with due regard to the association he had with Glasgow University and the area.]




1839 - Cauchy and Green present more refined elastic aether theories, Cauchy's removing the longitudinal waves by
postulating a negative compressibility, and Green's using an involved description of crystalline solids.

1841 - Michael Faraday is completely exhaunsted by his efforts of the previous 2 decades, so he rests for 4 years. .

1841 - James Prescott Joule shows that energy is conserved in electrical circuits involving current flow, thermal heating,
and chemical transformations.

1842 - F. Neumann and Matthew O'Brien suggest that optical properties in materials arise from differences in the amount
of force that the particles of matter exert on the aether as it flows around and between them.

1842 - Julius Robert Mayer asserts that heat and work are equivalent. His paper is rejected by Annalen der Physik.

1842 - Joseph Henry rediscovers the result of F. Savery about the oscillation of the electric current in a capacitive
discharge and states, " The phenomena require us to admit the existence of a principal discharge in one direction, and then
several reflex actions backward and forward, each more feeble than the preceding, until equilibrinm is restored.”

1842 - Christian Doppler gives the theory of the Doppler effect.

1845 - Faraday quits resting and discovers that the plane of polarization of light is rotated when it travels in glass along
the direction of the magnetic lines of force produced by an electromagnet (Faraday rotation).

1845 - Franz Neumann uses (i) Lenz's law, (ii) the assumption that the induced emf is proportional to the magnetic force

on a current element, and (iii) Ampere's analysis to deduce Faraday's law. In the process he finds a potential function from
which the induced electric field can be obtained, namely the vector potential A (in the Coulomb gauge), thus discoverin.
the result which Maxwell wrote as

E=-V¢—-3A/0L.
1846 - George Airy modifies MacCullagh's elastic acther theory to account for Faraday rotation.
1846 - Faraday, inspired by his discovery of the magnetic rotation of light, writes a short paper speculating thatlight

might be electro-magnetic in nature. He thinks it might be transverse vibrations of his beloved field lines. [ as opposed to
a wave traveling in an ether? |

1846 - Faraday discovers diamagnetism. He sees the effect in heavy glass, bismuth, and other materials.

1846 - Wilhelm Weber combines Ampere's analysis, Faraday's experiments, and the assumption of Fechner that currents

consist of equal amounts of positive and negative electricity moving opposite to each other at the same speed to derive an
electromagnetic theory based on forces between moving charged particles. This theory has a velocity-dependent potential
energy and is wrong, but it stimulates much work on electromagnetic theory which eventually leads to the work of
Maxwell and Lorenz. It also inspires a new look at gravitation by William Thomson to see if a velocity-dependent
correction to the gravitational energy could account for the precession of Mercury's perihelion.

1846 - William Thomson shows that Neumann's electromagnetic potential is in fact the vector potential from which B
may be obtained viaB=V x A.

1847 - Weber proposes that diamagnetism is just Faraday's law acting on molecular circuits. In answering the uhjectio.
that this would mean that everything should be diamagnetic he correctly guesses that diamagnetism is masked in

8



e 2 Wl Yl Wl gF WL

paramagnetic and ferromagnetic materials because they have relatively strong permanent molecular currents. This work
rids the world of magnetic fluids.
[ . -

.]84’.-' - Hermann von Helmholtz writes a memoir “"On the Conservation of Force" which emphatically states the
principle of conservation of energy: “"Conservation of energy is a universal principle of nature. Kinetic and potential
energy of dynamical systems may be converted into heat according to definite quantitative laws as taught by Rumford,
Mayer, and Joule. Any of these forms of energy may be converted into chemical, electrostatic, voltaic, and magnetic
forms."” He reads it before the Physical Society of Berlin whose older members regard it as too speculative andreject it for
publication in Annalen der Physik.

1848-9 - Gustav Kirchoff [ misspelled] extends Ohm's work to conduction in three dimensions, gives his laws for circuit
networks, and finally shows that Ohm's “electroscopic force" which drives current through resistors and the old
electrostatic potential of Lagrange, Laplace, and Poisson are the same. He also shows that in steady state electrical
currents distribute themselves so as to minimize the amount of Joule heating.

1849 - A. Fizeau repeats Galileo's hilltop experiment (9 km’separation distance) with a rapidly rotating toothed wheel. [
speed of light ] and measures ¢ = 3.15 x 10 * m/s.

1849 - George Gabricl Stokes studies diffraction around opaque bodies both theoretically and experimentally and shows
that the vibration of aether particles are executed at right angles to the plane of polarization. Three years later he comes to
the same conclusion by applying aether theory to light scattered from the sky. This result is, however, inconsistent with
optics in crystals.

.The period 1850-1875

ca. [850 - Stokes overcomes some of the difficulties with crystals by turning Cauchy's hypothesis around and letting the
elastic properties of the aether be the same in all materials, but allowing the inertia to differ. This gives rise to the
conceptual difficulty of having the inertia be different in different directions (in anisotropic crystals).

ca. 1850 - Jean Foucault improves on Fizeau's measurement and uses his apparatus to show that the speed of light is less
in water than in air.

1850 - Stokes law is stated without proof by Lord Kelvin (William Thomson), Later Stokes assigns the proof of this
theorem as part of the examination for the Smith's Prize. Presumably, he knows how to do the problem. Maxwell, who
was a candidate for this prize, later remembers this problem, traces it back to Stokes and calls it Stokes theorem.

1850 - William Thomson (Lord Kelvin) invents the idea of magnetic permeability and susceptibility along with the
separate concepts of B, M, and H.

1851 - Thomson gives a general theory of thermoelectric phenomena, describing the effects seen by Seebeck and Peltier.

1853 - Thomson uses Poisson's magnetic theory to derive the correct formula for magnetic energy:
U = [uH%dV/2.

He also gives the formula U = LI /2 and gives the world the powerful, but confusing, analysis where the forces on circuits
are obtained by taking either the positive or negative gradient of the magnetic energy. Knowing which sign.to use is, of
course, the confusing part.



1853 - Thomson gives the theory of the RLC circuit providing a mathematical description for the observations of Henry

and Savery. .

1854 - Faraday clears up the problem of disagreements in the measured speeds of signals along transmission lines by
showing that it is crucial to include the effect of capacitance.

1854 - Thomson, in a letter to Stokes, gives the equation of telegraphy ignoring the inductance: , where R is the cable
resistance and where C is the capacitance per unit length. Since this is the diffusion equation, the signal does not travel at
a definite speed. [ transmission line theory]

1855 - Faraday retires, living quietly in a house provided by the Queen until his death in 1867. [ good work! ]

1855 - James Clerk Maxwell writes a memoir in which he attempts to marry Faraday's intuitive field line ideas with
Thomson's mathematical analogies. In this memoir the physical importance of the divergence and curl operators for
electromagnetism first become evident.

The equations V - (eE) = dxp, V X A = B, and ¥V x H = 47 appear in this mewmoir,

1857 - Gustav Kirchoff derives the equation of telegraphy for an aerial coaxial cable where the inductance is important
and derives the full telegraphy equation.

94V )8zt = LCO*V{d* + RC 8V /8.

He recognizes that when the resistance is small, this is the wave equation with propagation speed v =sqrt(LC), which for
a coaxial cable turns out to be very close to the speed of light. Kirchoff notices the coincidence, and is thus the first
discover that electromagnetic signals can travel at the speed of light. .

1861 - Bernhard Riemann develops a variant of Weber's electromagnetic theory which is also wrong.

1861, - Maxwell publishes a mechanical model of the electromagnetic field. Magnetic fields correspond to rotating
vortices with idle wheels between them and electric fields correspond to elastic displacements, hence displacement
currents. The equation for H now becomes V x H = 4y, where Jiq is the total current, conduction plus displacement, and
is conserved VeJ = 0. This addition of a displacement current completes Maxwell's equations and it is now easy for him to
derive the wave equation exactly as done in our textbooks on electromagnetism and to note that the speed of wave
propagation was close to the measured speed of light. Maxwell writes, *"We can scarcely avoid the inference that light in
the transverse undulations of the same medium which is the cause of electric and magnetic phenomena."Thomson, on the
other hand, says of the displacement current, (it is a) curious and ingenious, but not wholly tenable hypothesis.”

1864 - Maxwell reads a memoir before the Royal Society in which the mechanical model is stripped away and just the
equations remain. He also discusses the vector and scalar potentials, using the Coulomb gauge. He attributes physical
significance to both of these potentials. He wants to present the predictions of his theory on the subjects of reflection and
refraction, but the requirements of his mechanical model keep him from finding the correct boundary conditions, so he
never does this calculation.

1867 - Stokes performs experiments that kill his own anisotropic inertia theory.

1867 - Joseph Boussinesq suggests that instead of aether being different in different media, perhaps the aether is th.
same everywhere, but it interacts differently with different materials, similar to the modern electromagnetic wave theory.
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1867 - Riemann proposes a simple electric theory of light in which Poisson's equation is replaced by
. V2V — (1/P)0PVEBE® 2 —dmp. r

1867 - Ludwig Lorenz develops an electromagnetic theory of light in which the scalar and vector potentials, in retarded
form, are the starting point. He shows that these retarded potentials each satisfy the wave equation and Maxwell's
equations for the fields and can be derived from his potentials. His vector potential does not obey the Coulomb gauge,
however, but another relation now known as the Lorenz gauge. Although he is able to derive Maxwell's equations from
his retarded potentials, he does not subscribe to Maxwell's view that light involves electromagnetic waves in theaether.
He feels, rather, that the fundamental basis of all luminous vibrations is electric currents,arguing that space has enough
matter in it to support the necessary currents.

1868 - Maxwell decides that giving physical significance to the scalar and vector potentials is a bad idea and bases his
further work on light on Eand H. [ Ap ]

T o
1869 - Maxwell presents the first calculation in which a dispersive medium is made up of atoms with natural
frequencies. This makes possible detailed modeling of dispersion with refractive indices having resonant denominators.

1869 - Hittorf finds that cathode rays can cast a shadow.

1870 - Helmholtz derives the correct laws of reflection and refraction from Maxwell's equations by using the following
boundary conditions: Dn, Et, and B are continuous.. Once these boundary conditions are taken Maxwell's theory is just a
repeat of MacCullagh's theory. The details were not given by Helmholtz himself, but appear rather in the inaugural
dissertation of H. A. Lorentz.

1870-1900 - The hunt is on for physical models of the aether which are natural and from which Maxwell's equations can
be derived. The physicists who work on this problem include Maxwell, Thomson, Kirchoff, Bjerknes, Leahy, Fitz Gerald,
Helmholtz, and Hicks.

1872 - E. Mascart looks for the motion of the earth through the aether by measuring the rotation of the plane of
polarization of light propagated along the axis of a quartz crystal. No motion is found with a sensitivity of v/c = 107,

1873 - Maxwell publishes his Treatise on Electricity and Magnetism, which discusses everything known at the time
about electromagnetism from the viewpoint of Faraday. His own theory is not very thoroughly discussed, but he does
introduce his electromagnetic stress tensor in this work, including the accompanying idea of electromagnetic momentum.

The period 1875-1900

1875 - John Kerr shows that ordinary dielectrics subjected to strong electric fields become double refracting, showing
directly that electric fields and light are closely related. [ Kerr effect, an electric Faraday rotation effect }

1876 - Henry Rowland performs an experiment inspired by Helmholtz which shows for the first time that moving
electric charge is the same thing as an electric current.

1876 - A. Bartoli infers the necessity of light pressure from thermal arguments, thus beginnning the exploration of the
connection between electromagnetism and thermodynamics.
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1879 - J. Stefan'discovers the Stefan-Boltzmann law, i.e., that radiant emission is proportional to T* .

1879 - Edwin Hall performs an experiment that had been suggested by Henry Rowland and discovers the Hall eﬁ'e:c!.
including its theoretical description by means of the Hall term in Ohm's law.

1879 - Sir William Crookes invents the radiometer and studies the interaction of beams of cathode ray particles in
vacuum tubes.

1879 - Ludwig Boltzmann uses Hall's result to estimate the speed of charge carriers (assuming that charge carriers are
only of one sign.)

1880 - Rowland shows that Faraday rotation can be obtained by combining Maxwell's equations and the Hall term in
Ohm's law, assuming that displacement currents are affected in the same way as conduction currents.

1881 - J. J. Thomson attempts to verify the existence of the displacement current by locking for magnetic effects
produced by the changing electric field made by a moving charged sphere.

1881 - George Fitz Gerald points out that J. J. Thomson's analysis is incorrect because he left out the effects of the
conduction current of the moving sphere. Including both currents makes the separate effect of the displacement current

disappear.

1881 - Helmholtz, in a lecture in London, points out that the idea of charged particles in atoms can be consistent with
Maxwell's and Faraday's ideas, helping to pave the way for our modern picture of particles and fields interacting instead
of thinking about everything as a disturbance of the aether, as was popular after Maxwell.

1881 - Albert Michelson and Edwin Morley attempt to measure the motion of the earth through the aether by usin’
interferometry. They find no relative velocity. Michelson interprets this result as supporting Stokes hypothesis in which
the aether in the neighborhood of the earth moves at the earth's velocity.

1883 - Fitz Gerald proposes testing Maxwell's theory by using oscillating currents in what we would now call a
magnetic dipole antenna (loop of wire). He performs the analysis and discovers that very high frequencies are required to
make the test. Later that year he proposes obtaining the required high frequencies by discharging a capacitor into a circuit.

1883-5 - Horace Lamb and Oliver Heaviside analyze the interaction of oscillating electromagnetic fields with
conductors and discover the effect of skin depth.

1884 - John Poynting shows that Maxwell's equations predict that energy flows through empty space with the energy
flux given by ExB/4n. He also investigates energy flow in Faraday fashion by assigning energy to moving tubes of
electric and magnetic flux.

1884 - Heinrich Hertz asserts that E made by charges and made by a changing magnetic field are identical. Working
from dynamical ideas based on this assumption and some of Maxwell's equations, Hertz is able to derive the rest of them.

1887 - Svante Arrhenius deduces that in dilute solutions electrolytes are completely dissociated into positive and
negative ions.

1887 - Hertz finds that ultraviolet light falling on the negative electrode in a spark gap facilitates conduction by the g.
in the gap.

12
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1888 - R. T. Glazebrock revives one of Cauchy's wave theories and combines it with Stokes anisotropic aether inertia
theory to get agreement with the experiments of Stokes in 1867.

.IESE - Hertz discovers that oscillating sparks can be produced in an open secondary circuit if the frequency of the
primary is resonant with the secondary. He uses this radiator to show that electrical signals are propagated along wires and
through the air at about the same speed, both about the speed of light. He also shows that his electric radiations, when
passed through a slit in a screen, exhibit diffraction effects. Polarization effects using a grating of parallel metal wires are
also observed. [ in other words, radio waves do the same things that light waves do ]

1888 - Roentgen shows that when an uncharged dielectric is moved at right angles to a magnetic field is produced. 7?7

1889 - Hertz gives the theory of radiation from his oscillating spark gap.

1889 - Oliver Heaviside finds the correct form for the electric and magnetic fields of a moving charged particle, valid for
all speeds v <c,

¥

1889 - ). J. Thomson shows that Canton's effect (1762) in which a red hot poker can neutralize the electrification of a
small charged body is due to electron emission causing the air between the poker and the body to become conducting.

1890 - Fitz Gerald uses the retarded potentials of L. Lorenz to calculate electric dipole radiation from Hertz's radiator.

1892 - Oliver Lodge performs experiments on the propagation of light near rapidly moving steel disks to test Stokes
hypothesis that moving matter drags the aether with it. No such effect is observed.

.1892 - Hendrik Anton Lorentz presents his electron theory of electrified matter and the aether. This theory combines

Maxwell's equations, with the source terms p and J, with the Lorentz force law for the acceleration of charged particles:
ma = qE + q v x B. Lorentz's acther is simply space endowed with certain dynamical properties. Lorentz gives the modern
theory of dielectrics involving D and P, and also includes the effect of magnetized matter. He also gives what we now
call the Drude-Lorentz harmonic oscillator model of the index of refraction. But Lorentz's theory has a *'stationary
aether”, which conflicts with the negative Michelson-Morley result.

1892 - George Fitz Gerald proposes length contraction as a way to reconcile Lorentz's theory and the null results on the
motion of the earth through the aether. At the end of this year Lorentz endorses this idea.

1894 - J. J. Thomson measures the speed of cathode rays and shows that they travel much more slowly than the speed
of light. The aether model of cathode rays begins to die.

1894 - Philip Lenard studies the penetration of cathode rays through matter.

1895 - Pierre Curie experimentally discovers Curie's law for paramagnetism and also shows that there is no temperature
effect for diamagnetism.

1895 - Lorentz, in his ""Search for a theory of electrical and optical effects in moving bodies" gives the Lorentz
transformation to first order in v/c. The transformed time variable he calls ""local time"

1895 - Wilhelm Roentgen discovers X-rays produced by bremsstrahlung in cathode ray tubes.

.1896 - Arthur Shuster, Emil Wiechert, and George Stokes propose that X-rays are aether waves of exceedingly small
wavelength. [ so now we have light waves, radio waves, and X-rays all being the same thing]
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1896 - J.J. Thomson discovers that materials through which X-rays pass are rendered conducting.

1896 - Henri Becquerel discovers that some sort of natural radiation from uranium salts can expose a photographic plat.
wrapped in thick black paper.

1896 - P. Zeeman discovers the splitting of atomic line spectra by a magnetic field.

1896 - Lorentz gives an electron theory of the Zeeman effect.

1897 - 1. ]. Thomson argues that cathode rays must be charged particles smaller in size than atoms (Emil Wiechert made
the same suggestion independently in this same year). In response Fitz Gerald suggests that “"we are dealing with free
electrons in these cathode rays."

1897 - W. Wien discovers that positively-charged moving particles can also be made (the so-called canal rays of E.
Goldstein) and that they have a much smaller g/m ratio than cathode rays.

1897 - I. J. Thomson deflects cathode rays by crossed electric and magnetic fields and measures e/m.

1898 - Maric and Pierre Curie separate from pitchblende two highly radioactive elements which they name polonium
and radium.

1899 - Emest Rutherford discovers that the rays from uranium come in two types, which he calls alpha and beta
radiation.

1900 - Marie and Pierre Curie show that beta rays and cathode rays are identical. .

The period 1900-1925

1900 - Emil Wiechert shows that simply replacing the distributed charge from Lorentz's theory with the charge of a
moving point particle gives incorrect results. Instead the Lienard-Wiechert retarded potentials must be used.

1900 - Joseph Larmor obtains the second order corrections to the Lorentz Transformation.

1901 - R. Blondlot performs experiments that show that Lorentz's theory in which there is no moving aether gives the
correct result in cases where the hypothesis of a moving aether gives the wrong result.

1902 - Lord Rayleigh performs experiments to test whether the Fitz Gerald contraction is capable of causing double
refraction in moving transparent substances. No such effect is found.

1903 - The Hagen-Rubens connections between the conductivity of metals and their optical properties are experimentally
established.

1903 - Lorentz gives the famous square root formulas for the Lorentz transformation giving the effect to all orders in
vie.

1904 - Lorentz gives his electron-collision theory of electrical conduction .
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1905 - H. A. Wilson performs experiments similar to those of Blondlot; again, Lorentz's theory is found to give the
correct result,

' ¥
| .19(.‘!5 - Albert Einstein completes Lorentz's work on space-time transformations and relativity is born, [ there is no ether,
so there is no special frame in which the ether is at rest, so all frames are equivalent and relative ]
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Jackson Chapter 1 Notes PhL 1.28.03

Chapter 1: Introduction to Electrostatics

This is a pretty heavy-duty introduction! It sets up the entire mechanism for computing potentiald with
the Dirichlet or Neumann boundary conditions using Green's Functions.

1.1 Coulomb's Law.

1.2 Electric Field. Of a point charge, then many point charges, then integral over p. Mention of the
"statcoulomb” with mks put in appendix. Review of delta function technology.

1.3 Gauss's Law. Proves this for a point charge in the integral sense, result (1.11)

1.4 Differential Form of Gauss's Law. Jackson just quotes "the divergence theorem" without comment.
At least Portis proves it. I remember being hit flat in the face by this strange new theorem. So VeE = 4rp.

1.5 The Potential. Defines if for general p by saying E = -V¢ and then ¢ is what it is. Since E has this
form, we are guaranteed by vector identity to have VxE=0. Relation to work. ¢ as line integral of E.

1.6 Surface charge ¢ and the Dipole Layer. Shows how to compute it using pillbox and get 4ng =
AE oma. The dipole layer is defined as two o layers separated by d such that od = D as d — 0, all

functions of x. So you deal only with the D(x) result. Now ¢ = - f D d€) and A = 4xD across the layer.

1.7. Poisson and Laplace Equations. Poisson has p on the right, Laplace does not. Finds that Green's
is 1/R see (1.31).

1.8 Green's Theorem Applied to ¢. In the divergence theorem set A = $Viy and you get the "first
identity". Swap the functions, subtract, and you get the "second identity" we usually just call "Green's
Theorem" (1.35). So we have just derived this from the divergence theorem. Now sety = /R and § = ¢.
Note that V*y = 418 while V*¢ = 4np, and voila!, out pops the underpinning equation of electrostatics
(1.36). It tells you how to find the potential given some p and some boundary conditions on a closed
surface.

Interpretation is very important and very tricky here!

If point x is outside the closed surface, the derivation shows that the LHS of (1.36) is zero and so the
two terms on the right must exactly cancel. In this case, you are getting no statement at all about whatd
is inside or outside the surface. If the surface is just a mathematical one around some charge distribution
p, all you can say is that that the right term surface term will cancel thep term on the RHS. Now the first
term is the infinite-surface solution for the potential § that we are familiar with, due to charges p. The
second term can be interpreted as arising from a mysterious distribution of charge ¢ and dipole layer D
on the surface that makes a potential which exactly cancels the first term. Suppose we réally could put
this distribution of real charge and D on such a surface, gluing it into free space somehow. Then if we
went outside (now with an infinite surface beyond us), we would add the potentials from the original p
term and then from the rea/ surface o and D terms, these would cancel, and we would conclude that =0



everywhere outside the surface. We can then reverse this situation by saying the following. Suppose we
have a cavity in grounded metal which matches our surface. We know that ¢ = 0 everywhere outside the
surface! Then we can conclude that the & and D in this case really exist on the inside surface of the cavity
and these real things are what cancels the p-generated potential! { I am not quite sure what the D term
means, although I know what D means; the o term means real surface charge. }

If point x is inside the closed surface, we ‘get an equation for ¢ which is the usual p term plus the
surface terms, If we have a mathematical surface only, which supports no charge or D, then the surface
term will give exactly 0 (assuming there are no metal surfaces anywhere). But if we are in a metal cavity
and we have real o and D on the metal surface arranged as described above so they cancel our p potential
on the outside, then this equation telis us how to find the complete¢ inside the cavity, and in this case the
second term will NOT be zero.

We have a seeming paradox here. We want the surface terms to be 0 if we have x on the inside of a
purely mathematical surface, but we want the surface terms to be non-zero and exactly cancel the p term
if we are on the outside of the surface, because in this case the theorem says the LHS = 0. So how can the
same surface terms be 0 in one case and non-zero in the other case! The answer is that the surface term
integral really is different depending on whether x is inside or outside. I did not understand this until I did
the following example case, and then it became clear.

Example: A point charge g in the center of a sphere of radius a. In this case, r' is the integration variable
that wanders over the surface and we can replace da' with a’ dQ' . We choose the z' axis along the
direction of vector r. We then replace da' with 2na’ dx' where x' = cos8'. Here are some intermediate
steps in computing the surface integrals:

alen' = d/ar Ri=a’ +F-2arcos8' =A+Bx A=a’+r B=-2ar
and &/8n'(1/R) =- (a- rxX'VR? at the surface
We know with a purely math surface that ¢ = g/r’ at the surface, so

d/on'($) = -g/a’ at the surface
So the complete surface business is this:

(1/41) 272’ I {(-¢/a)R -(g/a) - (a-xYR’]}

where of course R = R(x'), and integrate -1 to 1. There are three terms to integrate here. If we plug this

integral symbolically into Maple, we get a pretty big mess which involves{/A+B and \/A-B . We know
that A > B, so that is not the problem. This is where the situation a > r or a > r makes a huge difference.
We have:

-\’A+B =+/(a-r)" = sign(a-r)*(a-r) =|a-1| /f critical thing is sign(a-r) !
m -~|"|[a+r}: = (a+r) /! no confusion here




When r < a (meaning our point x is inside the surface), the entire surface integration gives 0, showing us
that our answer is just ¢ = g/r from the p term. On the other hand, when r > a (meaning we are on the
outside), then the big mess comes out being -q/r and exactly cancels the p term!

The main point is to understand that, although the surface integral "looks the same” in both the x
inside and x outside cases, it is not the same!

Note: Regarding the integrand +/A + Bx', it has a branch cut to the left of -1 which lies outside our
integration range. We are working on the real analytic sheet where we take the + square root, the other

sheet has the - square root, we never go there. When we have to deal with the endpoint value+[(a-r)’ , we
must therefore take the positive square root which is |a-r|. There is no more to it than that!
This same situation occurs in a more trivial situation. Imagine computing the potential inside a sphere

of uniform surface charge 0. We do exactly as above and we get J" dx' 1/R and we get an answer that

looks like {|a-r| - (a+r)}/2ar. If r=a, we get a 1/r answer, and if r<a we get a constant 1/a answer -- the
potential is constant inside the sphere. At exactly r=0 both answers are the same.

Now we come to another main point. In general, for x inside, we should just regard (1.36) as a
complicated "integral equation” that we have to solve for¢. But we look at the equation and wonder: is it
possible that we can take some forced values for ¢ and ¢' on the surface, and then use the equation to
compute ¢ everywhere inside (also knowing p of course)? If so, that would be a powerful tool, and this is
the subject of the next section.

1.9. Comments on Solutions in the Dirichlet, Newmann and Cauchy cases. It turns out that if you try
to force both ¢ and ¢’ on a closed surface (Cauchy), you have "overspecified” the problem and there is no
solution generally speaking. However, if you specify either ¢ (Dirichlet, the usual case) or ¢' (Neumann)
on the closed surface, then in fact this does completely determine ¢ inside, but you have to do some work
to find the solution, which we will do below.,

A table on page 17 summarizes things, and [ put now some older notes right here.

In statics, you have the wave-equation with k=0 (A = ) with p as the driving source [ known as
Poisson], as in (1.28), and the general solution is (1.17) where 1/R is the Green's function or propagator
(think exp(ikR)/R with k=0). This is the "particular solution", and you can add solutions to V¢ = 0 [
known as Laplace ], as in (1.36), in order to find a complete solution that matches sdme boundary
conditions. The two boundary surface terms can be interpreted as from an effective surface charge and
"dipole layer", page 15. [ see discussion above! ]

In the boundary conditions, you are either specifying the normal E field at the surface (Neumann), or
you specify ¢ itself (Dirichlet). If you specify either one on a closed boundary, you get a unique and
correct solution, but if you try to specify both (Cauchy) , it is "too much" and the only solution is 0.
Specifying any of these three on an open (partial) surface is "not enough” to get a solution. This is shown
in the first column of the table on page 17.

Notice the second column which applies to "hyperbolic" ODE's like the wave equation with k #0. In
this case, specifying anything on a closed surface is too much, and the only chance you have is doing
Cauchy (ie, specifying ¢ and ¢') on an open partial surface. In Kirchhoff scalar diffraction theory (field
) applied to an aperture, you are in effect trying to specify y and dy/n on a closed surface (in the hole,
you are assuming you have the incident field unaltered, on the screen you assume 0, on the great sphere
you assume (). Thus you are trying to do Cauchy on the wave equation, and that is known to only give a
0 solution. The fix is that in the aperture, things are not quite unaltered!




The third column applies to ODE's like the heat equation which I have never really studied! Jackson
does not prove these things, but refers us to famous historic $ources like Morse & Feshbach, and
Sommerfeld himself.

1.10. How to solve for ¢ with boundary conditions using the G method. The basic problem is that
you would like to eliminate one or the other of the two surface terms mentioned above. Earlier we used
Green's Theorem with w = 1/R and ¢ = ¢. If we instead use y = G(x.x"), we get (1.42). If we could
somehow solve this for G(x,x"), obviously we can find ¢. If we can somehow arrange for G to both solve
the Poisson equation AND to be 0 on a surface, then we will have eliminated the first surface term, and
we can then get our answer by knowing only ¢ on the surface (that is, we don't have to preknow ¢/, nor
do we want to know it if we know ¢ there). So this is method to solve a Dirichlet problem!

On the other hand, suppose we could find a G with G'=0 on the surface. That would appear to
eliminate the second term in (1.42). HOWEVER, this leads to an inconsistency! It is easy to show that
the surface integral of G' must be -4x, so you can never have G'=0. The fix is to set G' = -4/Area =a
constant. If you do this, then the second surface term in (1.42) does not quite vanish and you end up with

an extra term 1/Area * f ¢ dA which is the average of ¢ on the surface. This is the "extra" first term you

see in (1.46) . If we agree to only do Neumann problems working in the space between a finite surface
and an infinite one, which together make up our surface S, then this average ¢ term vanishes. This is
tricky, though, because you have to remember that your true "interior" region is now "exterior" to the
inner surface.

Finally, Jackson in (1.40) writes a general form for the Green's function which solves (1.39). the usual
1/R is the particular solution, but F can be in principle any solution of Laplace! Our game is going to be
finding F(x,x") that gives us stuff like G = 00 on some surface. The term F can be directly associated with
the induced surface charges in a problem with conductors.

1.11 Electrostatic potential energy and energy of the electric field. Jackson starts by doing the simple
not-equal sum between a set of charges to add up the potential energy as in (1.50). For continuous this
appears as 1.52 and he notes that now we have included the diagonal or self-energy stuff. But 1.52 gives
1.53 where you integrate pf, and then you fiddle easily to show 1.54 which we know well, that the
density is [E}* / 8n. He shows with an example what must always be true, that the self energy terms will
make sure the energy density can never be negative, though the non-self-energy component can in fact be
negative. He mentions that you can use the virtual displacement idea to see how energy changes and thus
do a force computation,

We then have 13 problems. I seem to have done 7 of them during the course!



Jackson Chapter 2 Notes PhL 1.28.03

I notice that Jackson is in 3rd edition 1998 at $94 Amazon. It seems to me he has added a lot more
applications, in Portis style, and has gotten rid of the entire multipole expansion chapter 16 and replaced it
with some stuff about radiation damping. Maybe he decided the multipole was just too hard! Otherwise,
the 3rd edition has the same chapters and basic contents as my st edition.

Chapter 2: Green's Function solutions for Metal Sphere, and other things

Images is really the Green's thing in disguise. Why charges can't leave a charged sphere. Inversion. Then
orthogonal functions and separation of variables.

2.1 Method of Images. The idea here is that you consider a point charge near some metal conductor,
and you know that in this case, ¢(x) = qG(x,x’) where X' is the location of the charge. Think of image
charges as creating the F(x,x") discussed earlier. You then carefully select the image or images to make G
= ¢ = 0 on your conductor surface. If you can find a set of image charges that do the trick, then you have
found A solution for ¢ in a volume bounded by a surface on which ¢ is known. Since we know that in
this case ( ¢ known on a closed surface, Dirichlet) the solution is unique, then the point charge + image
charge configuration must be THE solution to the problem. A less fancy way to think of image charges is
that you select them to make field lines perpendicular to the metal surface so there is no tangential E field.
The usual situation is a point charge above an infinite plane, then the image has opposite charge and is an
equal distance behind the surface. As usual, the field implied in the image problem "on the other side of
the boundary” is fictitious and has no bearing on the physical problem.

2.2 Point Charge near Grounded Metal Sphere . [ never realized until just now the significance of this
problem and how it relates to something I recently was wondering about. Here is the logic flow. First,
Jackson puts a point charge q distance y from the center of a grounded sphere of radius a, and puts it
outside so y > a. He shows that you can get ¢ = G = 0 on the sphere by assuming one image charge inside
the sphere whose size is -q(a’y) and whose distance from sphere center is a’/y . The potential solution is
then given by the first 2 terms of (2.8), and you can then go and compute whatever you want. In this
solution, the grounded sphere brings in from ground a total charge of q' = -g(a/y), as Gauss's law tells
you. Again, we seec that the image charge is simulating what the surface charge distribution really does.

2.3 Point Charge near charped, insulated metal sphere. Suppose you add to the above solution a
sphere with total charge Q1 = Q - [-q(a'y)] . The total solution then has Q on the sphere and solution (2.8)
with the third term. This is then the solution you get by putting a point charge outside a charged insulated
sphere.

But why is this interesting? The potential is the sum of three terms, and if you do V¢, you get the
electric field (F(x)) at all points in space, and it is a function of a, y, and Q. However, if you want to
know the force on the point charge g, you only consider the last two terms in (2.8)and setx=y, and this
then gives (2.9). The point charge feels a force from the Q at sphere center, and from the image charge
which lies under the sphere surface below the point charge. The distance between the point charge and the
image charge is given by y - azfy . As the point charge approaches the surface, the image charge
approaches from the other side and it's force dominates. The image charge always has a sign opposite q. If
Q and q have opposite signs, then q is attracted by the central Q and by the image charge. The more
interesting case is when Q and q have the same sign. Then q is repelled by the central Q, but attracted by



the image charge. The two forces are equal when q lies about (afz)\fcpT:) above the sphere surface in the
case Q>>q. For an electron over a macroscopic sphere of some reasonable charge, this is a very small
distance. As q approaches the surface, the image charge wins out (the reforming surface charge, that is to
say) and the force becomes infinite right at the surface. So here is the point: an individual electron on a
charged sphere is held on by an infinite restoring force if it tries to leave. No doubt if you work with a
non-idealized metal surface, you will find the force is finite, and a finite energy can get an electron over
the equilibrium hump and this is called the work function. Not too long ago I made a bogus argument
about why electrons did not leave a charged metal object in which I referred to the 1 eV chemical idea. [
thought the electron was held by its chemical binding stability energy. That might be true, but this image
charge force seems much more significant.

This whole discussion could have been tried with regard to a charge over a flat metal surface, but
there it does not work so easily. You could imagine an insulated large round plate that is grounded and
then you get the image charge solution assuming very large radius. But then you think of that plate as
having charge Q in addition and you compute ¢ of this, things have log divergence, not very nice. You
have to put in a cutoff radius R, but I think the whole thing can be made to work. For radius R of the
plate, I think this is the potential the point charge sees from the image and the plate:

$y) = -g/2y) + (Q+V/(xR’) \RT+y* - y]

If Iset ¢'(y) =0 with large Q, I find that y= R\g,".r:qJ'ZQ is the equilibrium point. Yes, it is quite ugly. The
problem here is that distances do matter, you cannot just ignore far away things and say that locally the
surface is flat and we will use the "flat solution". Jackson solution diverges for a— = as well. So there
sphere is a very instructive case indeed that shows clearly the principle involved. In other cases, the same
general idea will probably be true, but much harder to compute.

2.4 Point charge near a metal sphere of fixed potential. This is identical to the previous problem

except you replace Q+aq/y with Va in the third term. We are just superposing another sphere on the
original problem. We have now changed the y dependence of everything a little by doing this.

2.5 Metal Sphere in a uniform E field. Uses image charges at £R — + « to simulate the E field and
finds that the sphere acts as a dipole object. So this example uses 2 image charges and no point charge to
start with. Resulting o on the sphere is a very simple cos form suggesting dipole.

2.6. Method of Inversion. Equation (2.17) with (2.18) makes the basic symmetry theorem. You can take
the known solution of one problem and "invert it" to apply to another problem. An example is that you
can solve the sphere above a plane in this way as in Figure 2.10. There are tricky points here, I have not
studied it. I think this is a special case of the more general conformal mapping ideas that Jackson gave us
notes on and probably has added to his later editions?

2.7 Green's function for a Sphere. We outlined the idea in the last chapter: find G that vanishes on a
sphere, then use that in (1.42) to find § given some value of § on the sphere. We already know the right G
from our sphere image solution, it is (2.22) which becomes (2.23) in polar. The derivative is (2.24). Since
there is no p in the closed region (which, by the way, is exterior here to the sphere), only one term of the
three in (1.42) survive and it is shown in (2.25).



2.8 Application to two hemispheres at +V and -V. Jam everything in, get (2.27) which, I am happy to
see, "cannot be integrated in closed form". He can get the result oi-axis, and he can power-series expand
things and he gets something that looks like multipole, but that idea has not been set up yet.

2.9. Orthogonal Functions and Expansions, Covers the basic idea of expanding f(x) in terms of some
orthogonal functions ¢.(x), the orthonormality condition, the completeness condition. Fourier Series and
Integral are stated. I am pretty solid on this stuff.

2,10 Separation of Variables. The problem is a cube with 5 faces at ¢=0 and some V(x,y) on the top
surface. The solution is to use cartesians, separate variables, find some basis functions that satisfy the 5
zero conditions, then force the last one by summing with coefficients as in (2.63) withcoeffs in the next
equation. The comment made is that you often end up "making vour own" custom set of ortho-functions
for a particular class of problems.

11 problems, I have done 4 it would appear.



W

Jackson Chapter 3 Notes PhL 1.28.03
Chapter 3: Solving spherical and cylindrical electrostatic problems.

This chapter talks about the technology needed for working in the (r,0,9) and (p,z,4) worlds. In each
world, the radial equation implies certain special functions (Legendre and Bessel). The final section
treats the flat metal charged disk as an example of Cauchy mixed boundary conditions.

3.1 Laplace Equation in (r,0,4). Assume (3.2) as separated form, find the three separated ODE
equations. ¢ is easy and causes quantized integral parameter m. The /6 separation constant is written
I(}+1) and it is later shown why / must be an integer. So now we have the three equations, and we have
solved one of them. The radial equation is trivial and the solution isr' or 1/’*! as in (3.8). So only the 0
equation requires work, and this is Legendre.

3.2 Legendre Land. The 8 equation is written with x =cos@ , but here only in the case m=0. Assume +x
power series, get recursion for coefficients, discover that to get convergence at x =+ 1 you need
truncation, and that in turn makes / be integral. The solutions for given / are the famous P{x). The
second kind solutions don't fall out here because the power series assumes convergence at x=0. TheP{x)
form an ortho set, all the properties are given and some are derived in detail. Page 59 shows the
expansion and coefficient formulas, the expansion and projection as I like to call them.

3.3 Azimuthal Symmetry problems in (r,6,4). This makes m=0 so we then have the P{x) and the
absolutely most general solution is (3.33), | agree. This makes it easy to solve near a sphere with an
arbitrary V(6) potential on it, specialize to 3.34 and you are done as in 3.35, at least as a series. We now
do the £V hemispheres for a second time and get (3.37), a more organized answer than last time.

A nice trick is this. Suppose you know ¢(z) only on the symmetry axis where expansion reduces to
3.38 since P, (1) = 1, the forward direction. Then use that data to get the coefficients, and add back the P,
and you have your full answer! We found the axis solution exactly for the £V problem, so we can do that
here as a third way to solve this same problem!

Mext, 1/R. is expanded in P| (cosy) as shown in (3.41) and a proof is given. Recall the r. notation trick!
His proof is just to look on the z axis and get a series there, then add P) back in.

Another sample problem: find ¢ near a ring of charge, page 63. Again, we know it easily on the axis.
Expand and answer is (3.46) on the axis still, then add P\(cos0) and 3.48 is all yours. I liked it last time,
and [ still like it.

3.4 The P',(x) and Y,,(0,0) Worlds. You need this for no azimuthal symmetry. All just the basic nuts
and bolts. Our same most general expansion is now written as (3.61). Jackson is trying to throttle the rate
at which complexity builds up, not hitting the poor students with m right off the bat.

3.5. The Y, Addition Theorem. The thing is shown in (3.62). The important point is that this let's you
separate the variables of the two vectors which are making the cosy angle. When you then stick this
expansion into our /R Legendre expansion, you get the glorious (3.70), which provides separation in all
three variables, at the cost of a messy double sum. Still, it lets you do something when you might
otherwise be blocked. You can bet this result will play a role in the multipole field expansion!



3.6 Cylindrical Symmetry and Bessel World. We start over, separate in z,p,. We get two constants as
beforé k* and L®. The ¢ and z equations are both trivial giving expos as in 3.76 implying v = m = integer.
The p equation then ends up as Bessel's Equation where the k constant is absorbed into the argument
Ju(kp), so x = kp in this world. We get various J properties. For infegral v we need the second kinders
Ny(kp) which are the Neumann's. The Hankels are also defined (third kind). Various properties of things
are given, very useful and here all in one place. Now when you try to make orthonormal functions over
some range 0,a for p, you end up using Ju(kp) with k = zeros/a. This is needed to make parts go away in
the proof or orthogonality. This is called Fourier-Bessel series, I have never used it in any of my doings.
Jackson finally mentions some other versions of Bessel series with names Kapteyn, Schlomilch, and
Watson's Bessel book is where to look for this stuff. We assumed non-phase expo for z, and this led to
soft Bessels in the other direction. If we assume soft expo phasor form in z, then we get the hard other
kind of Bessels, the [ and K functions, so-called "modified Bessel functions”. Hard means they blow up
in some direction, soft means sine like.

3.7 Cylinder/Bessel problems. Cylinder with ¢=0 everywhere but prescribed to a function on one end.
Then an application of the Fourer-Bessel series. Skip this stuff, use when you need it! 1 don't think we
will be doing our scattering problem in cylindricals, but if so, come back here.

3.8 Doing a general Green's analysis in r,0,. We did the Green's deal in Dirichlet for a sphere (find G
such that G=0 on a sphere) and the image charge trick made short work of it. But suppose you have some
other spherically symmetrical situation, such as concentric spheres. The general form of G is (3.118) with
(3.119), that is, a double harmonic expansion with some radial green's function g(r,r') that we have to
figure out for our geometry. For the single sphere that function is shown in 3.114, which we can think of
as the 1/R factor (in its fancy expansion) plus F as the expansion of the image charge in a similar fashion.
For the concentric spheres case, the resulting g is the much messier (3.122), and the full Green's is shown
in 3.125. For this case, you would need an infinite set of image charges to get the same result, Jackson
claims. Remember, you are trying to make G=0 on both spheres at the same time! This section also
gives some useful delta function stuff in the spherical coordinates, page 79. This is a pretty tough row to
hoe! Each sample problem is a whole paper you could write.

3.9 Spherical Problems. We did Spherical setup work above, then we did cylindrical setup work, and
then cylinder problems, but we never did spherical problems in the general case, so here we are now.
This is getting closer to my main interest theme right now which is applying multipole to plane wave
scattering, but at the moment we are back in Electrostatic Land and we are about to do something here
along these lines.

Here, we are first reminded of the general Dirichlet 2-term result (3.126). The first term is thep term
if you have any, the second term is integrating a prescribed ¢ over your surface with dG/dn as a factor. In
3.127 we compute this dG/dn for sphere(b), then 3.128 gives the non-p term of the 3.126. So in the
following two examples, we use a grounded sphere and practice doing the p term. In the general case, you
can superpose this solution with solution to a sphere with some general$ on its surface. For example, you
could do a ring-charge inside the now-infamous £V sphere.

Example 1: put a ring of charge inside a grounded metal sphere. In this case of course the surface
integral is 0, and we are going to practice doing the pG integral term. This p is given with delta functions
which in turn kill off the dV' integration in the p term integral ( ¢ is just 2x) giving 3.130. Note that one
delta is forcing cos®' = 0 since charge ring is in that plane, hence then original Y,,(8',¢") within G gets




pinned to Yi5(0,-) and m=0 due to symmetry and that is why you see P,(0) sitting in 3.130. The other P, is
of course from the other Y factor in G. So 3.130 is the solution to dur problem, a sum over £.

Example 2: put a diameter line charge inside a grounded metal sphere. We have a new p with its
deltas, and we take note of the 1/r in these forms. The result is 3.133, Since p in this case only has delta
in 0', we still have the r-integration to do and the final result is 3.136. Jackson notes that this thing
actually diverges on the z axis (it should, that is where the charge is), BUT manages to be 0 on the sphere,
meeting the ¢=0 requirement there (grounded sphere).

3.10 Green's for (p,z,$). Write the usual equating defining G. Expand both sides. The RHS is obvious,
the LHS expansion of G shown in 3.140 is justified because we say that the cylindrical solutions had
exp(ikx) exp(im¢), where we have now used the I, K sign of k>. We have thus "separated variables" in G
and have g(p.p") to figure out. In a typical tour-de-force, Jackson shows that the solution to the radialp
equation is g(p,p") = 4% In(kp<) Ku(kps). Recall that T is the one that is best-behaved at p=0 and no
surprise that it is connected with p. . So we can jam this into 3.140 to get the cylinder Green's G. But we
know that this is 1/R as well, so we get the 3.148 expansion of 1/R. This result is pretty messy! Jackson
then shows that if you compute In(1/R) from this messy thing, you get the relatively simple expansion
shown as 3.152. Very nice. No examples however.

3.11 The Eigenfunction Method. This is a quantum-mechanics Schroedinger-equation approach. Take
your ODE as in 3.153 and find some eigensolutions as in 3.154 which have some desired boundary
conditions, such as vanishing at the walls of a box that you want to study. The greens must at once be of
the general form 3.157 expanding onto the eigenfunction basis. Goof around and end up with 3.160. One
point not quite made clearly is that you might have A=0 in 3.153 (as in the Laplace equation), but you will
still of course have non-zero eigenvalues in 3.154, In particular, for that mentioned box in cartesians,
your eigenfunctions are 3.166 and A, as in 3.165, although there is no A == k* in the Laplace. That is why
we see just A, in the denominator of the final G for this situation in 3.167, call this example 1. For
example 2, we take the same A=0 Laplace equation, but instead of a box we do infinite space. In this case
we get that A, = k” which is now going to be a continuous eigenvalue, and 3.160 becomes 3.164. This is
an interesting way to interpret this nice form for 1/R. Example 3 is to do the thing incylindricals, and we
then get G = 1/R expressed as 3.168.

Comments on this method? The idea is to decide ahead of time on some boundary conditions, then
solve for eigenfunctions by insisting on these bpundary conditions for all the eigenfunctions, and by
inserting some A, into your original equation, which really comes from separating the variables, even ifA
= 0 in the full equation for G. That is, we get a separate "wave equation" for each variable-separated
function. The full original equation still has A=0. We know what each equation looks like from our
earlier work, and only one of the three variables will be tough. Notice from page 48 that the sum of the
effective k? values has to be zero, so if two of them are phasor type, the third must be hard expo type.
You cannot have all three be phasor type because they would then add up to a negative value, not 0.

3.12 An Example of mixed (Cauchy) boundary conditions. The problem is a charged, insulated metal
disk, sounds simple enough! We take as our closed surface an infinite hemisphere on one side of the disk.
We know that ¢ = constant on the disk and ¢=0 on the infinite half-sphere, but we don't know ¢ in the
disk plane outside the disk! However, we do know 8¢/&z outside the disk, the along-axis E field, and that
must be zero by symmetry. So here we have a Cauchy situation that really was not mentioned in



Jackson's table. We really do have a closed surface, and we have ¢ prescribed on some of it, and §' on the
rest of it.

OK, next since we know there'is no ¢ dependence we specialize the cylindrical expansion to get
3.170, but we don't yet know what f{k) is. We quickly get the two "integral equations” for f{k) shown in
3.173 from the mixed boundary conditions. Jackson is forced to just tell us that the solution is 3.176
without a derivation, but of course we can verify that it works. This gives 3.177 for the full solution. The
integral there can be done to give the final form 3.178, a nice compact closed-form solution to this
problem with no special functions required! Jackson computes o on each side of the disk (same on both
sides of course) and finds a spike at the edge as you would expect. It is as if there were some kind of
centrifugal force pushing the charge out to the edge to maintain no radial E field. Jackson finally notes
that the problem can be exactly solved in elliptical coordinates, something he treats does in this book.

Fourteen problems, of which I have done 5. Stupidly, I did not keep my problem sets, is that possible?



Jackson Chapter 4 Notes PhL 1.29.03
Chapter 4: The Scalar Multipole Expansion, and Dielectrics

It is a little odd that these two subjects are mixed in one chapter. It is true, however, that dielectric is
really based on one of the multipole moments (dipole), so it is good for the reader to at least know what
these moments are! Jackson treats the usual set of dielectric problems, but also delves into models fory

and for the microscopic y, which he calls y. This latter is treated for both polar and non-polar substances.
This is a very good and useful chapter.

4.1 The Multipole Expansion. Finally we are getting where we want to be. We already know from
3.61 what the most general form of a potential is in spherical coordinates, You can pick whatever
coefficients you want here, and the result will formally satisfy the Laplace Equation. Notice in 3.61 that
we have the two characteristic radial functions r’ and r'*".

Now, we imagine some p distribution that is all contained within some mathematical bounding
sphere. Then we know that outside that sphere, we cannot have r’ terms in the potential because they will
diverge at « , so we only have the r*' terms, so we write 4.1 as shown. This equation is THE
MULTIPOLE EXPANSION of the (scalar) potential. That is, you are expanding it onto eigenfunctions of
the Laplace equation in spherical coordinates. We know this is a complete expansion, nothing is left out,

and it is just a question of finding the coefficients which are here called qg, . No surprise, these are given
in 4.3 and you see that you are just integrating your friendly Y, with r* against p over the sphere that
contains all the action. For £ =0 we get the charge. For £=1 we get the electric dipole as shown, although
the p things appear as raising and lowering operator type things due to the way sphericals work. As for the
£=2, the Q; are what you get from a certain cartesian Taylor expansion of ¢ shown in 4.10. To get this
result, you first expand 1/R as (1/r) [ 1 - rer/r* + etc ] where R = |r - r'| and we treat r' as small and just
do a regular Taylor series. Then insert this into ¢ = j‘ p/R dV and you have it.

So that is really all there is to it! The idea is then to think of the specificf,m terms in the expansion

by themselves, call these things ¢, Each one implies its own electric field E,,, as in 4.11. For £=1 we get
the usual dipole result shown in 4.13, not quoted yet in this text.

4.2. Multipole Expansion of Interaction Energy. The potential energy of a charge q in an external
potential @ is just q@. This would be the work needed to bring in q from infinity to some location r. The
work to bring in two charges would be (q1 + q2)®. Note that this does not include the "self energy", the
work needed to assemble ql and q2 near each other without @ present, which is certainly non-zero. I

think then that J’ p® dV is the energy of some charges just due to the external field, and if you wanted the
total energy you would have to compute J’ p(@+}) dV where § was the potential just due to p with no

external ®. Jackson is thinking of this J‘ p® dV as the "interaction energy” between an existing p and

some externally generated ¢, a sort of interaction Hamiltonian or Lagrangian type thing. If this integral is
broken into multipole terms, you get 4.17 which shows how each moment of p interacts with the @ field.
As the moments go up, the derivatives of ¢ go up. Thus, you could rule out a quadrupole interaction if




you knew that your external E field had no gradient. Note that this is not the case in a plane wave in the z
direction, but we really haven't done waves vet, so let's hold off on this idea.

Page 102 then gives a nuclear physics application. A nucleus has a quantum state and is expected to
have a gy moment. A nucleus in a crystal is expected to see a macroscopic ¢ which has first and second
order gradients, so there is expected to be an interaction between the crystal field and the nuclear Q
moment. In QM we know that this interaction will split the otherwise degenerate m levels, akin to the
Zeeman effect for electrons as I dimly recall. So RF techniques can then be used to measure the Q
moments in this way, given a knowledge of the local E field.

Jackson's last gasp in this section is to comment on the interaction between an external dipole field
and an acted-upon dipole field, we get 4.19. [ am not sure why we care about this but OK, maybe he will
need it later for something. He might have said something about the dipoles of water molecules here, but
he did not,

4.3 Dielectric Materials. This is certainly a change in topic within this chapter, but it is also something I
want to know about, since I am thinking of floaters as dielectric spheres.

This discussion is VERY carefully constructed. We start with some microscopic Maxwell equations
4.20 where £ and p' are the detailed microfield and charge distributions, a total mess. We know that we
have to get into average fields to work at a macroscopic scale. We are going to average the micro field
and the micro p as shown in 4.22. The starting point is 4.23, standard E from p, a superposition of point
charges if you like. We then do our multipole expansion of the £ field. This just means do an expansion
of 1/R and put it in 4.23. We did this in 4.10, the cartesian Taylor expansion through quadrupole. Jackson
leaves V on 1/R, there is not reason to evaluate it right now. Here, he drops quadrupole and above, with
the claim that since field variations are larger than atomic size ( 5000 A larger than 1 A), you won't be
doing much quadrupole action. This claim is not supported very well, but it must be true, because you
don't see anyone talking about some kind of Q polarization tensor on a footing with P as being important
in a dielectric. So things are simplified a lot, we only have two terms as in 4.26. Here Jackson is
summing over distinct charges ¢; . He replaces those with a fake integration in 4.28 by using delta
function p and =, where now 7 is a microscopic level sea of little dipoles as in 4.27, just as I would do
this. The subscript "mol" is just to remind us that these are not the macroscopicp and P. Jackson likes to
think of "molecules" instead of "atoms" which is fine. We now take 4.28 and apply the averaging
operation over a volume as shown in 4.22. He treats the p term, and says the p term works exactly the
same way. In 4.30 the averaging is applied and we move it to the right, where of course it just gives the
"average charge" in the volume due to the delta. But then you can write this as the molecule density N
times the average charge per molecule in 4.31, all just words, nothing tricky is happening here. The net
result is that in 4.28 we get to replace py, with <N><e> as shown in 4.33. Similarly, we replace m,q with
<N><p>, so the average polarization in a volume is N times the average polarization per molecule. Then
the big step is coming. After all, we want to know what Ve& is going to be [ don't confuse Jackson's
choice of & as microfield with & as dielectric constant soon to come! | Applying V gives us a v? in each
term applied to 1/R and we know that gives delta -- THIS is why Jackson just left the V operators sitting.
The final result is the very simple 4.34. Jackson interprets the "extra" term on the right as an effective
polarization charge density that is getting crunched around as in figure 4.2, affecting the E field
divergence. But the next step is to rewrite as 4.35 and identify the pieces as I have marked. And s0 we end
up with the final facts that P =Np and p he writes as Ne + p.y . All throughout, this <e> thing has been
present to account for the average charge, but normally this is going to be exactly 0, and then you only
want to worry about the "external to atoms" charge, the free charge that can move around and that isp.



So this I think is a very clear explanation of what P is, and what D is, and why there is no Q or higher
term to worry about! 1 will be interested to see if we really ignore Q in Mie Scattering theory.

Finally, we get the traditional restatement of the two Maxwell equations for E, and the divergence one
shows that D sees only the free charge, so that it will be Dyoqna that will see the free surface charge ¢. So
this is geing to be the one big difference at a boundary!

A very good section.

4.4 Dielectric Boundary Conditions. Here the fact that P = yE is quoted as an experimental fact that
has very little error in most substances, ie, there is no tensor aspect to it, see graph of some evidence on
this on page 109. The formal boundary conditions are as in 4.45. 1 remember being confused about this
on a final exam in some simple problem they gave, ouch, it really is stupidly simple.

4.5 Dielectric boundary problems. Our first problem is the traditional point charge near a plane
interface. Earlier we might have done this with a conductor, but Jackson skipped that traditional problem
and went right to the sphere. Looking from the right, the solution is to have a point charge at the image
point on the left with a special magic charge q'. Looking from the left, we see a single charge at the q
location but with magic charge q". The boundary conditions are as in 4.48, and these are then used to find
the sizes of q' and q". You have to differentiate the potentials on both sides in the right directions and
apply your BC's. The answer is in 4.51, so the complete problem is solved. There is a oy on the
interface as in 4.53 that you compute with a pill box, knowing P1 and P2 on the two sides.

Our second problem is another traditional one that has a very simple answer. The dielectric sphere in
the constant z direction E field. I might imagine that if this E-field were in a plane wave, it might
somehow interact with the overall dipole appearance that the sphere has looking from the outside, as we
shall soon see and cause some dipole radiation. To solve this problem, we assume appropriate expansions
for ¢ on the two sides in our spherical coords, as in 4.54, We apply the dielectric BC's at the surface (well
suited certainly to spherical coordinates!) and do some shuffle to conclude that only the A,, B, and C,
coefficients are non-zero. The final answer is in 4.60 and is very interesting. Inside, we have a perfectly
parallel E field that is along the original field but reduced by 3/(e+2). Outside, we have our original field
plus the field of what appears to be a point-dipole located at sphere center. This dipole points along the
original field and has the strength shown in 4.62. , so P is as in 4.63 inside the sphere. Finally, we
compute the g, .

The third problem is a spherical cavity in a dielectric. The trick here is to look at the second equation
in 4.56 and move the ¢ to the other side, which is like doinge — 1/e. The answer is then the same except
the dipole direction is now reversed against the original field and has a different magnitude as shown in
4.66.

So I think 1 get the basic idea here and I think I can solve any problem of this type.

Here is a fourth problem we will need right away. Imagine a cavity in an infinite dielectric. What is
the E field at the center of the hole? We know how P sits in the dielectric, and we know the o, charge
sits on the boundary, and the E field sees this charge as well as free charge. The charge is Pcos0 and the z
component of the field it makes at the center makes another cos8, so we get 4.68 where the r* factors of
the dA and the field 1/r* cancel and we get 1/3x” at I and -1 which is 2/3, then 2x from azimuth and we
get our answer 47P/3.

4.6. The Clausius-Mossotti Model for y. Another excellent section. First, we ask: in a dielectric with
uniform macroscopic (average) field E, what field does a particular molecule actually see? In section 4.3,



we did not ask this question. There we just computed E as an average value of the micro E and computed
the divergence of this average E. We did not ask the question that is asked here. The answer is quite
amazing I think. The answer is that a particular molecules sees E' = E + (4w/3) P, where E is the
macroscopic field we always use. If from some other model you can compute that p =vE; on the
microscale for your molecules, then P =Np = NyE; and you combine to get P/Ny = E + (4n/3) P, and you
can then solve for y = P/E and you get 4.74. The idea is that this relates the macroscopic y, parameter to
the microscopic y parameter. The result is Clausius-Mossotti and is OK for gases, roughly true for liquids
and gases. | think for water the result is off by 50% or so, Comment that the statice for water is 80,
obviously not true at optical frequencies!

So, how do we arrive at the fact that a molecule sees E' = E + (4n/3) P? The E part is because we
assume it is present from some source, so it is the extra correction term that is interesting. If you carve
out a spherical cavity around your test molecule, the distance P bulk creates the (4n/3) P field at the
center. For this part, we are not surprised to find that this extra field is in the same direction as E since E
is making it. This result is consistent with our solution of the cavity problem in the last section, where the
field in a cavity is stronger than the field in the enclosing dielectric.

The real mystery is this: obviously you should now add the effect of a carved out sphere. Jackson
shows that for a cubic lattice, the effect is exactly 0, just because you are in the midst of a symmetric
environment. ( We have already added the external field E, so don't want to add it here again) Well, you
must ask, what happens if we take our little cavity to be huge, it will always give 0. Suppose our entire
dielectric were a larger sphere. I guess the answer is that eventually you get some dielectric surface
charge to deal with. Jackson then argues that this local contribution is roughly zero in any normal
material.

4.7 Models for y. We skipped this section in the course, I read it now,

First, we get a model for y for non-polar objects (molecules) just from a toy electron model of a
harmonic oscillator and we get y = e*/ma,” where @y is our resonant HO frequency which we would set to
hv = optical levels. For a mixture of molecule types, we get 4.78. Jackson argues that this effect can only
make dielectric constants on the order of 1.00XX and he gives examples of air, helium, etc. That is, his
examples are non-polar gases.

Jackson wonders whether thermal agitation affects this result. Intuition says no since the molecules
ought to self-polarize regardless of jiggling around, the E field is not much different in non-relativistic
action. Jackson proves this is in fact true using a stat mech trick that I unfortunately have forgotten but
know at one time. You weight things with the Boltzmann factor in computing a thermal average. So the
answer here really is it makes no difference.

The more significant situation is when you have fixed dipole moments as in water or CO gas. Here
the Hamiltonian term is -peE and when be Boltzmanize this one we get thaty = p’f{i’rk”[). Obviously
thermal fights the line up, and larger kT relative to peE energy is going to cost you and reducey. Sadly,
Jackson does not quote £ values for polar substances, but [ think water at DC frequencies has £ = 80, so
this completely swamps the non-polar effect.

So, a very clear and to the point section!

4.8 Electrostatic Energy in a Dielectric. I have only skimmed this section today, it is not of direct
interest to me right now. The question is this: is 4.86 still true in terms of macroscopic quantities if you
assemble charges in a dielectric environment? Jackson concludes that yes it is, provided the dielectric is



"linear” so 4.91 is OK. The total energy density is E#D/8n as shown in 4.92. He concludes that the
dielectric holds an extra energy density due to P shown in 4.97, and comments on the 1/2.

The next subject here is what happens when you "move in" a dielectric object into some fixed fields,
or between some battery-fed electrodes held at constant potential. Since there are energy changes, we can
expect forces on the dielectric object and these are discussed. Maybe you can levitate something in this
way. That is, an E field with gradient ought to have a force on a neutral chunk of dielectric. We know this
is true for a fixed dipole moment, etc etc. Have to keep it from rotating.

Nine problems, I did only 3 in the course it would appear.



Jackson Chapter 6 Notes PhL 1.31.03

Chapter 6: Faraday, Maxwell, Potentials, Gauges, Green's Solutions, Conservation Laws

This is a grab-bag chapter that constructs the known important results for "time-varying fields". Earlier in
the book we did things in electrostatics and magnetostatics, here those things are updated.

6.1 Faraday's Law. In this section, Jackson reviews the 1831 discovery of Faraday that if you change
the magnetic flux surface integral on a current loop, a voltage is induced around that loop which causes a
current to flow in that loop according to Ohm's Law. This voltage is usually written€ and is historically
called the "electromotive force". It is, however, the same kind of potential (voltage) we had in
electrostatics, and it is as if a battery were in series with the loop, although the battery cannot be localized

anywhere in the loop. We now know this voltage is due to the Maxwell equation VXE = - B/c. Jackson
notes that the term Lenz's Law is used to describe the sign of the induced voltage -- it opposes the change
in flux.

In this little section, Jackson first assumes an unknown constant k in Faraday's law, as if VXE =- k B.
He then considers a loop in motion and uses Galilean invariance to show that in the moving loop, charges
are seeing a field E' = E + k(vxB). But from Biot-Savart (force on a current in a B field) we conclude that
k = 1/c. Recall that Biot-Savart was developed in Chapter 5, as the force on a test current similar to
Coulomb's law of the force on a test charge. [ I have a separate note written up on this section.] By the
way, this force on a particle is valid all the way up to the speed of light for v.

So, the end result here is VXE = - B/c. Jackson does not claim to "derive" this equation. He just
found what the constant must be to be consistent with Biot-Savart.

6.2 Energy in a B field. [ have spent about 3 hours trying to clean up Jackson's logic in this section, but
to no avail. I tried to draw a reasonable tiling picture and so on. My conclusion is that this is a bogus
presentation, something Jackson normally does not do! He starts with the idea that if you have a wire
with a current flowing in it, and you increase the flux through the wire by making a change 6B in the
magnetic field in the vicinity, then some work W =18V = (I/e)d(flux) must be done by the current in
the wire to make this new increased B field. Jackson then tries to tile his wire circuit somehow with a
mesh of loops, and then he tries to apply this W idea to one of the little tiling loops. Tt is very unclear
whether the tiling loops are supposed to replace the wire, or whether there is supposed to be current
density ] in all space inside the starting wire, or what! He assumes that the tiling wires have a cross

sectional area Ao and that J dV =1 d£ where dV = Ao df. So the fact that he has J being along the tiling
loop suggests that he is trying to replace the original wire with a mesh of wires. But does this mesh then
form a thin open surface with some small thickness that spans the original wire loop? If so, then the
integral in 6.12 would be just over the volume of this mesh, not over the volume of all space. Then the
conclusion would be that the total work done is 6.15 integrated over the volume of this mesh. But this
seems wrong, because we know it should be over the volume of all space where we have fields from our
wire. The whole presentation is very, very ugly and | am sure that Jackson regretted it and has replaced it
with some better argument in his 2nd and 3rd editions.

Therefore, I am abandoning this entire section of Jackson's book, including the trailing comments on
work done in a magnetization etc. The result is of course well known.



6.3 Maxwell's Contribution. Jacksbn claims that in 1865, Maxwell was staring at the equations 6.22
that seem to explain all electrical phenomena to that date. But Maxwell saw something wrong. Since
diveurl=0, the second equation implied that div] = 0, in violation of continuity. He knew this should be
dp/dt. He got this fixed up by adding 1/d 6D/at to the RHS, and since divD = 4np, this was exactly what
was needed. Besides making the equations consistent with continuity, this little addition allowed one to
show that either field satisfies the wave equation, and this allowed waves as solutions to the equations,
and this led to Maxwell's idea that probably light was these waves, traveling through the EM ether.
Maxell noticed that the velocity implied by his equations was pretty close to the measured speed of light.
This was a huge breakthrough and that is why he gets his name on these equations, although he only
really added the displacement current term.

6.4 Vector and Sealar Potentials.

(1) Conjecture that any B can be written as B = V x A where A is some "vector potential”. At least we
know that this form guarantees that VeB = 0 since in general div curl = 0 for anything.

(2) In statics we knew that V x E = 0 so we conjectured that E = -V since curl grad = 0 for anything. We
were able to also satisfy VeE = 0 if we insisted that V* ¢ = 0.

(3) With time dependence, we have V x E = -(1/¢) B instead of 0. With B=V x A this means we have

that V x ( E+ A/c ) = 0 so now we should choose E + A/c = -V since that form satisfies this equation
since curl grad = 0. So we end up with:

B=VxA and
E=- Al -V

We have now replaced 6 quantitics with 4 quantities, perhaps an improvement. At this point, we have
satisfied two of Maxwell's equations: Vel = 0 and Faraday. The other two Maxwell's equations are
shown top of page 180. The above equations can both be written as F" = #A° - °A" , so the Eand B
fields are really part of a tensor. See page 379.

6.5A The Lorentz Gauge

(4) If we assume the condition d,A" = 0 (known as the Lorentz Condition) on the potential ( where 8, =
8yfc 8'= -3/c and for proper scaling, and x” = ct), then the two equations decouple into the two shown on

page bottom, which we can combine as T*A" = 4n J*. So at this point we have "three" equations, those
two on the bottom, and the Lorentz condition.

(5) Consider the gauge transformation A' = A + VA along with¢' =& - Alc,or A™ = A" + A, Notice
that such a transformation does not alter the E and B fields shown in 6.29 and 6.31. Thus the potentials
A™ and A" are equivalent solutions to a problem that give the same observable field results. There
appears to be a whole "family” of solutions A" that are equivalent. In the tensor notation from above we



had that F** = 3"A" - "A" so when you do A™ = A* + A, you get F'*" =F " because the two second
derivative terms obviously cancel each other.

(6) Consider now our "three equations” as noted in (4) above. Suppose our initial pick for A" gives a.A"
=f#0. Then 8,A"=35,A" +38,8'A =f +°A. Then all we need do is pick A such that (?A = -f[ a sort
of Poisson equation in 4D ] and we have achieved 9,A™ = 0. So there is a subset of our initial "family" of
solutions that give the same physical fields , which subset meets the Lorentz Condition. This smaller
family of solutions 1s called the Lorentz Gauge.

{6A) If we are in the Lorentz Gauge, then
B F™ = 8,{0"A” - B°AY} = @, A”) -’ A* = - [P A¥=- 5"
so that we can write 3,F* =0" A* = (4n/c))".

(7) Once we are "in the Lorentz gauge", we can still do further transformations A™ = A™ + 3'A' where

O°A" = 0 [ a sort of Laplace equation in 4D ], and we "remain" in the Lorentz Gauge. These further
transformations move us within the smaller family of solutions.

6.5B The Coulomb Gauge (aka the Transverse Gauge)

(8) Instead of requiring the condition 8,A" = 0, we here require that VeA = 0. The first thing you see on
the top of page 180 is that electrostatics as we studied it just continues! We solve ford in terms of p just
as we always did, which is what 6.45 says. But now the "other" equation 6.33 has a junk term in it as
shown 6.46.

[t turns out that you can partition J as shown in 6.48. To prove this (I did it in problem 6.6), you first
show that the expressions shown in 6.49 and 6.50 really do add up to J, this is a non-trivial piece of work
requiring two vector identities. Secondly, you note that the required curl and div conditions on the two
pieces are met because curl grad = 0 and div curl = 0. Again, this is a highly non-trivial decomposition.

At this point the rest is easy. That "junk term" I mentioned is just 4nJ, /c and you arrive at the very
simple result 6.52 which says that, in this gauge, A is driven only by J,. Of course figuring out what J,
actually is requires doing that messy integration 6.50, but it can be done. So in this gauge, you have again
obtained decoupling of the A and ¢ equations. Specifically, ¢ is as in electrostatics with 6.45, driven
instantaneously by the charge. Then you have only 6.52 to solve with 6.50 as the source. This too is an
instantaneous integral.

Application of this gauge: no sources (no p'and no I) implies that ¢ = 0 and also J, = 0, so your entire
problem is the homo wave equation for A with no sources and 6.53.

6.6 The Green's function for the wave equation,

I remember doing this in detail, and there are several results to note. The original equation is 6.54 with a
driving term shown and a -4 sitting there too -- a scalar time-dependent wave equation. The G definition
also has the -4=m as in 6.55, and then 6.56 says how we would use this G if we knew what it was to then
solve the full problem. The solution for G in momentum space is 6.59, and when we 4-Fourier that back
into real 4-space we get the famous result which is 6.64 which has the time-retarding delta function times




I/R. So if we look at how we use G to get a full solution, we have 6.65, and you see the famous /R
appearing there. If you do the time integral, you get the even more famous solution which i8 6.66. So: the
solution of the time-dependent wave equation driven by function -4=f is the space integral of f at retarded
time, divided by R.

6.7 Solving the time-dependent scalar wave equation with and without sources f using the Green's
Function Method: the Poisson initial-time solution, and the Kirchhoff Huygens integral.

Back on page 18 in electrostatics, we had showed that 1/R was the Green's Function of the Laplace, and
we commented there that you could then add to your formal 1/R Green's function any solution F(x,x") of
the homogeneous Laplace equation, and that this extra freedom allows us to match boundary conditions,
such as making G = 0 on some closed surface. This concept was simply adding homo solutions to the
"particular” solution.

Here we have a similar situation. We have found that 8(time)/R is the formal Green's function, and
we ought to be able to add to it another function F which solves the homogeneous wave equation. We
now have a hyperbolic ODE so the only way to have a win is specifying the solutiony and y' on z finite
open surface. In our 4D equation, so to speak, an "open surface” is usually taken to be all of 3D space
plus the boundary t = t;, some initial time. So the idea is to specifyy and y' (normal derivative) on a
closed 3D surface at this initial time. Remember that this was "too much” in the electrostatic case, but it
is what we need here.

But Jackson does not "add something to the Green's Function" the way he did back in that
electrostatics chapter. Instead, he soft of starts from scratch. Using Green's Theorem, and an infinite
volume with bounding surface S at infinity, we get the result 6.70 where we can junk that last surface
integral term because we just assume  drops off there I guess. There is obviously some condition to
think about, but Jackson has his hands full with other details. At time t, = 0, suppose we havewy and y'
described by some functions F and D as show in 6.71. Then if you park yourself at the origin by setting x
=0, you can get result 6.73. The first term is our familiar particular solution from 6.66. Added to this,
we see a surface term at radius ct. We have found a solution to the problem that meets the boundary
conditions 6.71 and it is good at any time t. It's only weakness is that it is only at x = 0, but [ imagine the
references show the general result. Notice that you have to integrate the boundary value stuff over the
entire closed 2D surface, all 4w steradians. This fancy 6.73 solution is called the Poisson's solution. [t
seems that the surface integral samples a shell of both boundary value functions. The more time passes t,
the farther out is that shell being sampled. I am not sure exactly how one would use this, I need to see
some sample problems, but I think it is beyond this book but we have some references.

Again, the boundary conditions F and D have to be known ONLY at time t=0, that is the "open
surface” idea. After that, it takes off on its own according to 6.73. Notice that at a later time, it is sampling
the surface functions as they were at =0, but of course it has to go out to distance ' =ct to find those
values.

Going back to 6.70, suppose we can drop the initial value parts terms, and suppose there are no
sources f, then we have only the surface term which is the last term in 6.70 which we dropped earlier. So
we have then 6.74. By manipulation, Jackson converts this to 6.76 which gives the field y inside a
volume in terms of a surface area integral around the volume of y and various derivatives of same (space
and time). This is all being done in the time domain, so we have the "retarded" label on the guts. This is
the Kirchhoff diffraction-type integral formula, but it looks quite foreign to me because I am used to
seeing in with sine time dependence only, where we have just two terms and not three, and where we
have exp(ikR)/R and not just I/R. I know that when you undo the retardation into a time integral with the



delta showing and put in the sine time dependence, that is how you pick up the exp(ikR) factor. How
three terms become two terms is pretty hazy, I would have to dd the conversion to k space in detail. //
Well if we sneak a peak ahead at page 281, we have a repeat of our result 6.76, and Jackson takes this
right to k space and now | am reminded that there really are 3 terms, though we usually drop one of them.
This then serves as Jackson's derivation of the Kirchhoff scalar formula. When he does his vector
Kirchhoff, he starts from scratch again,

6.8 Poynting's Theorem (1884): Conservation of Energy
This is a very good and quick derivation. How can we "do work" on a system of E and B fields?

Think of a point charge in motion v. The force that an E,B system of fields exerts on this charge isF =
qE + (1/c) v x B. The work done by the fields on the charge is dW = Fedx = { qE + (1/c) v x B} edx .
The work per unit time is then given as dW/dt = { gE + (1/c) v x B} ev = qE » v. The important point is
that the magnetic field can never do work on a particle because the magnetic force is always at right
angles to the velocity vector of the particle! Now write (d{W/dt)dV =E e v q8(r-a)dV=E « JdV.
This is the work done per second in a small volume dV by the fields on a current. So this then takes us to
Jackson's starting point:

power applied by fields to sources = f EeJdV.

Jackson then goofs around with Maxwell's equations and manages to rewrite the RHS above as two terms,
shown in the RHS of 6.81. This 6.81 is the conservation of energy. It says that, in time interval dt,

decrease in stored energy =
energy lost by fields to sources + energy lost through bounding surface

In differential form we have 6.82. In either case we interpret the quantity (¢/4n) E x H as the rate at which
power flows out per unit area, and this is called S, Poynting’s vector. It is energy flow per unit area. We
have not done any time averages here, this is all instantaneous. You could add an arbitrary curl of
something to S and not change anything, but no one ever does that. Jackson has assumed that the media
are linear, otherwise you have extra energy storage and loss mechanisms such as hysteresis.

6.9 Conservation of Linear Momentum

We take a similar starting point withF = gE + {1/c) v x B as the force of fields on a charge. But this is
dp/dt, the momentum change put onto the charge. Integrate this as in 6.839 over dV to get the total
momentum transferred from fields to charges. Think of this as an increase in Pyes. Now the game is to
fiddle with the RHS of 6.89 using the two Maxwells shown in 6.90. After purely mathematical shufflings,
we end up with 6.100 as a restatement of our equation. Now one reason for the extra complication we
encounter here is that the thing being conserved, linear momentum, is a vector, whereas in the previous
section it was the scalar: energy. The resulting equation like 6.100 will be a vector equation. In order to
maintain an elegant notation, the dyadic notation is used, but you can really just regard 6.100 as the three



component equations and for each component i we have the divergence of Tee; = T;; which we may
" regard as a vector in the index j. But the result really is tensor in nhture, no getting around that.

So what does 6.100 say? The first issue is the identification of the linear momentum Pg.yy of the E
and B fields according to 6.94. Jackson has not mentioned photons, but I will, in order to confirm this
result. Write:

energy passing thru wall piece of area dA in time dt = (c¢/4n) ExB dA dt=S dA dt

# photons passing thru wall piece of area dA in time dt = (¢/4x) ExB dA dt/ Ao

momentum per photon = halc

total mom passing thru wall piece of area dA in time dt = { (c/4x) ExB dA dt/ ko } * (hw/c) = AP

volume density of momentum & = AP/dV = AP/[dA(cdt)]
= { (c/4m) ExB dA dt / ho } * (ho/c) / [dA(cdt)] = { (c/4w) ExB } * (1/c¢* ) = (1/4mc) ExB = S/c?

This confirms the factor of 1/c? that he gets. One factor comes from momentum per photon, the other
comes from the thickness of the volume.

So looking at the LHS of 6.93 or 6.100, we see that the left hand side represents the rate of increase
in mechanical momentum of the charges plus the rate of increase in momentum stored in the field within
our volume. Momentum is thus "coming in from somewhere" and adding to both these terms. Thus, in
6.100, we have to interpret the vector quantity neT as a momentum flux on the surface that is feeding
momentum in through the boundary! Just as we made a distinction between stored energy and energy
flux through the boundary, here we make a distinction between stored momentum and momentum flux
through the boundary. What symbols are we going to use :

u = energy density S = energy flux
=
& = momentum density T =momentum flux (the Maxwel| stress tensor)

Now imagine that at our wall we have a complete absorber on the "right side”. Then in timedt we

“r
know that i ¢ T dA momentum sinks into the absorber, so the pressure on the surface will be

A L xd
pressure on surface=mn « T

For example, if the surface is in the z=constant plane, we have

F =
Pressure= z ¢ T = T;; =a vector
Pressure; = Ty = (1/4m)[ EE; + B3B; - (1/2) (E' + BY) ]

This would be the normal pressure on the wall, pushing it back -- we call this radiation pressure.
However, for general fields, there are going to also be tangential pressure components. Simple case is a



plane wave hitting an absorber at an angle. We expect tangential pressure pushing the wall sideways, in
addition to the normal pressure compdnent.

Application: put a black ball on a spindle and shine a laser at it at an grazing angle. We expect the
laser to keep the ball rotating against the loss of friction, and we could compute the force on the ball using
this T thing! [ Hey guess what: I think that is what a radiometer is! One in vacuum should rotate away
from the white or mirrored sides. But ones with gas go the other direction due to a thermal effect. |

Question: what are the absolute intensities of E fields in light of various kinds encountered every
day? Think of sunlight as a kilowatt per square meter, integrated from IR through UV I suppose.
Assume all at an average & of S000A. Conversion says we have then S = 10° erg/sec /em® . This tells us
that E* = 107 erg/em’, so that E = 10 dyne/esu. Thus, field storage is on the order of milli-ergs/cc and
radiation pressure is milli-dynes/em®. Suppose a radiometer vane weighs | gram and is 1 em? in area. The
linear acceleration on this could be 107 cm/sec’ so in 1 second it is not going very fast. Too bad, web sites
say that radiation pressure is not enough and that heat convection does it! The toy radiometer spins the
wrong way from a radiation pressure point of view.

6.10 Macroscopic Equations

Jackson has already come up with expressions for u and § and @ in terms of fields E,D,B,H. In this
section, he thinks again about the macro fields being now spatial and temporal averages of micro fields
(including this time ¢ and A ). One important result is 6.112 which reminds us exactly about the effective
charge due to the presence of a dielectric (usually on a boundary), as well as the effective current arising
from magnetization M and also from P. This dP/dt term seems new to me. Naturally it was not present in
the static equations! Jackson's main point in this section is that he is doing everything from scratch, using
only Maxwell's equations. [ So does this mean I can use J = dP/dt to compute a dielectric radiation
situation? [ was always sort of stumped on how to start in the calculation of A when you could not do the
little parts trick].

So, if we start with the energy conservation law in terms of the D and H fields and start stripping out
the wrappings on these fields, the law appears as 6.117. The point is that we have now identified the
extra terms due to M and P, and these are showing up as adders to the current as in 6.112. The point is
that the field not only does work on free current J in the form JeE, but it also does work (at least reactive
work) on M and P exactly as shown in this equation! You basically have inductance and capacitive work
staring you in the face here. Since these terms are reactive, and represent temporary storage and not
power loss, Jackson argues that it is natural to incorporate them in the D and H field presentation.

Problems. Interestingly, the ones I have done or looked at below are the same ones (apart from 6) that
Jackson had us do when I took the class.

Problem 6.6. See hand-written solution, shows that vou can separate currents as claimed for the
Coulomb Gauge.

Problem 6.8: statement of the main chapter conserved guantities

We have already derived the expressions for u. Keep in mind the asymmetrical way in which D and H
are defined:



D =:E VoD =4np;,..
H=(l/n)B V x H = (41/¢) Jpre

So the first energy formula here for u has ED + BH inside.

The S we are happy with.

The thing he is calling g here is our momentum density # , and seems that the result here is D x B
which is a slightly unexpected combination. If you trace things through on page 192, this is in fact the
result.

We could go trace out the derivation of the tensor (I have some pencil marks in the book from when I
once did this), and the result is that you always have DE and HB at each quadratic location. So I am not
really doing this problem, I am just reviewing the results that it states.

Problem 6.9: Angular Momentum of the Fields and its Conservation Law

I am not doing this problem, just studying its results. If we look at angular momentum instead of linear
momentum, here are the things we find:

E=rxP =rx[ (I/4nc)DxB] since &P =(1/4nc)Dx B

For angular momentum (a vector!) we again have to ask what is the tensor that describes the describes the

hxad
flow of angular momentum through a boundary and the answer is M= ? Xr.

Now we know that in quantum mechanics we have
L=rxp =(R)rxV p =(#RNHV

These are differential operators. One should not confuse these operators with the £ and # density
functions for an EM field. You cannot take L; and apply it to something like E or B or A or ¢ and expect
to magically get the same thing multiplied by+ 1 and claim that you have located a photon and this is its
spin relative to the z axis. On the other hand, you should find this to be the case when you apply L; to a
multipole field Y, , that is, you are diagonal with eigenvalues m. See next couple of problems.

Problem 6.11. Classical model for a photon group

The E field shown has some kind of unspecified slow (relative to &) transverse cutoff function (could use
a Gaussian, as in a Gaussian Beam), and has circular polarization, so you might try to think of this as
some kind of semi-localized photon. When you set VeE = 0, you get exactly 0 from the function shown.
The 8, picks up ik from the exponent, and the z factors then cancel the &, and 9, factors. The form for B
comes from the VXE Maxwell equation where we agree to drop second derivatives of Eq .

What does this set of fields look like? The B is always perp to E due to the 90 degree rotation of the i
factor. The wave is going to the right. In one, the B leads by 90 degrees, and in the other it lags by same.
There is a z component due to the transverse confinement of the beam, due to the divergence requirement.



Problem 6.12, Continnation of 6.11.

For L3, 1 guess we might compute u and £ for an infinite cross section disk across the beam, of finite
thickness. We would count on the Eg function to converge this integration. We would do this for both u
and £ and then take the ratio. There are some things that puzzle me here, however. What is the meaning
of the object E«B here? We know the transverse part is going to be 0, but this is not obvious with the --
well [ guess it just works, yes, just do it, fine. Clearly the z direction cannot converge so don't try to
‘integrate that way. Now let's assume we get the result shown, I have not done this calculation. If we
interpret this plane wave as some number N of photons all in the same state, then w/N =hm and &N = £k
and the ratio is then exactly as shown, so that would be our interpretation. As for the final question, if a

field has cyl symmetry, then no transverse direction in space is picked out so you cannot have any
transverse vector quantity be non-zero (is this right...7)



Proof of (6.5) Jackson PhL 1.22.03

Imagine a contour that is moving in a direction v. Imagine we are interested in the area integral over a
surface bounded by this contour of some vector field A,

I= fA@)edA
C(

If we want the total derivative of I, we get one contribution from dA/dt, but we get another one because
the contour moves. The first term is obvious. The second term can be written like this:

[ fAMedA - [A(r)edA ] /dt
C(t+dt) C(t)

If you draw a picture of the contour moving in direction v, you see that the values of A that are picked up

at time t+dt were the values that A had at t but at a distance shifted by vdt. This is just because the entire
contour and its attached surface has shifted by v dt. Thus we can rewrite the above as:

[ JAG+vdtedA - [A(r)edA 1/dt = [(veV)A(r)edA
c() C(t) C(t)

where this 5A first term expansion used here is obvious if you just write out the components.
Alrta) = A(r) + (asV)A(r) + ...
Now we have this little vector identity,
VxAxv=(veV)A - v(VeA)
where v is a constant so all gradients on it vanish, killing two of the usual terms in this identity. Now, if A

happens to be B, the magnetic field, we know that VeB = () so we ignore the second term. So we rewrite
our term as follows:

= [Vx(Axv)edA
C()
But Stokes lets us relate an area integral like this with a curl to line integral

= [(Axved
C(t)

and this then is the rightmost term in Jackson's equation (6.5) on page 172.
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Jackson, Chapter 8t "Wave Guides and Resonant Cavitites." " ’ .

.’ 8.1 Fields at Surface of and Within a Gondtmtur.

1. Suppose.you have a .perfect qunduct.nr on one- sidg of a plane surfacm In electrustat.ics,
you know that- ‘3 = 0 inside. ;he conductor. Since there is no current flowing inaide the
conductor (st.at.i(:s). a magnetic figld goes.right through the. baundary-with no change.
(Ie, no surface current .either). Thus if you pﬂutt.__a magnet nean a, piece of metal, the
B field goes through with no -change,at the surface. ;
The situatiqn is a little different, for time-varying fields. If slowly- varying,
' you still ,geta-ﬁ =- 0 inside conductor :(some condition for this approx of :;ourse requires
« large enough; we, agsume ®= ). dlso jyou cannot have a time-varying H-field ir;sida a
perfect conductor because it would induce circular curyents, ie, it would induce an
E field, but you are not allowed to have an E field.

So if you shine say & plane wave-om & perfect conductor, there will be a certain
surface charge density and current density so.as to exaptly cancel E.and B inside the
conductor. Just outside the surface, you know that -Hy = O. from divH=0, and you km;u
that By = O from curlE = .... Figure 8.1 shows. the ﬁit-uﬂtri.Mt'

, If conductor has finite condyctivity, You get cert.ain'H and E, as ;I.n (8.9) and .
. (8.10) which shows that Hy now penetrates to skin depth into th_g gorgi_gntnr_., and that

there is actually some smell E, ahsb penetrating, though B, « H, . Thus, there is

also some Ey outside the surface, so some Pointing energy :I:a flowing into the conductor,

obvious ohmic losses. A ‘ §

As frequency: increases, skin. depth. decreases and .ohmic loss increases.

= &

w

8.2 Cylinderical Cavities and Wave Guides. P

How he assumés perfect conduction agéin, d@nd & uniform cross section on your -
metallic guide. Inside is some material with e but no<’; something like air. You
write your Maxwells equations and insist that solution propagates down the guide with
some k and frequency W. This reduces waveequations to (8.19); notice that both the
L &nd || components of E and B obey this equation; notice that we have only specified
the z and t dependence of the E, and B, fields.

It turns out the a "bakis™ for describing &any wave consists of the TE and TM modes.
A TE mode is one in which E, = O idneitcally, and B, satisfies a certain boundary
condition around the surace of some cross section, namely, 4 4 B, has to hit
each boundary with zero slope. The TM modes are those' where Bz = 0 identically and

. E, has BC namely E, = O wherever it hits the boundary. ( Note that once you know
E, and B, for some mode, you can compute the E, and By trivially from (8.19). )



Obviocusly for Tm modes, the electric field problem is like a particle in a two
dimensional box, or better yet, a timpani drum surface. Clearly there are going to
be eigen-values of k. ) '
For a given geometry, you solve the 2-dim BU problem and you get some eigenvalues
called'ﬁhr These then determine your eigen-k vectors Ky as in (8.37). Defining the
cutoff frequency obviously (for given mode) you of course get k = k{w), ie, 2 disperions
relation. You learn that for a given frequency dﬁ. there are only a finite numberp
of useable ( ie, k real) ky values, ie, a finite number of modes. Analogous to particle
in poetntial well where there are only a finite number of bound states.
Usually, the lowest mode of all is the bottom TE mode. So if you choose geometry
nicely, you can arrange for this mode to be the only "activated" or "proagating" mode
at a given working frequency. For each mode, there is a’ ffequency below which that
mode will not go. That is the cutoff frequency of that mode.
In addition to the TE and TM modes of a waveguide, there is a special mode in
which E_ = 0 and B, = 0 identically., 1Ie, this is sort of a TE and ™ mode, or TEM.
Ie, this mode propagates completely transversely, as if it were in #n infinite medium.
However, the electric transverse field must satisfy an electrostatic BV problem, so
this mode cannot go indide a hodlow wavity. This TEM thing is the principle way energy
goes ddwn a coax line or parallel transmission line. In waveguides, on the other hand,
~you ére talking the TE and T™ st.uflf because TEM does not go.at all. '

8.L Rectangular Waveguide.
Here your BV problem has eigenvalues indicated by m and n in the usual way. Modes are

thhs called TE and ™ . First index refers to first -'dimension. If that dimension
is largest, then TEI,D is the lowest mode ( mode with the lowest cutoff freguency).
By choosing a £ b, you can make only this mode goj if a=b then you are stuck with -
two degenerate modes, maybe harder to control at entrance and exit of wav eguide.
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Jackson Vector Kirchhoff FhL 1.26.03

The traditional scalar form is (9.67) with both terms in there (unlike Sommerfeld). G is shown, the usual
thing. Since each component of E and B satisfies the same wave equation as y» We get (9.68) and the
same for B. Jackson then launches into a whirlwind of vector identities with far surface integrals
vanishing and when the dust settles, you have (9.75) and (9.76). I have no doubt he has done this all
correctly, my job is to make sure I know how to interpret and use the result.

At this point, it lelps to look back at page 236 where he discusses "what happens" at the surface of a
conductor. You see that n oE at a surface is a measure of the surface charge 5 there. And nx B isa
measure of the surface current K (different dimensions from J). In other words, the presence of  allows
or supports a normal E field, while the presence of a surface current K allows a tangential B. The other
two items are zero: tangential E and normal B, Inside the metal all four field pieces are 0. These
conclusions arise trivially from the divE = 5 and curlB = J equations applied to a pillbox and loop
straddling the sfirface. Of course things don't change instantaneously at the surface, so we have picture on
page 239 showing that there is some skin thickness to all this activity just below the mathematical
surface,

Now back to page 285 and the vector K formulas. The surface S in these formulas is a complete
bounding surface in the Green sense. If you assume radiation field types, you can limit S to your finite
surface S1, some closed boundary located at some localized spot in the middle of your volume. So this is
what (9.77) is saying: he has taken (9.75) and included only the interior surface S1, and has changed the
definition of n so’it ppints out of the interior ball and into our "region of interest".

Jackson goes on to "interpret” the terms in (9.75) or (9.77). Since these are surface integrals, for
those parts of the surface that are "metal”, we can interpret neE as a surface charge 4 that must be there
from our general surface rules. And nxB is a surface current. But then we have to interpret the other
things like nxE and neB as magical "magnetic” ; and K. Interpretation is free, what the formula says is
what counts.

So, equations (9.77) and its counterpart for B are the equations to use if you are doing diffraction
from some 3D localized object (such as a sphere, not necessarily metal). You have to integrate 9.77 over
the entire surface of that object.

Next, Jackson wants to flat-adapt this general formula for use in the usual holes-in-metal applications.
He imagines on page 286 that the internal surface S1 is made into a pancake. The total internal surface in
this picture is both sides, so he has now redefined the symbol S1 so that S1(in integral) = S1 + S1'. You
have to integrate over both S1 and S1'. This is done in (9.68) but the two surface sides are so close that
the normal vector geometry is the same, so things can be written as in (9.78). This is just a folding of the
two sides into an integral over one side, nothing new has been done yet.

Now look at the three difference terms in (9.78) which are integrated only over the right-side surface
S1. Think of the actual pancake right surface as metal with holes. The first term will be non-zero only in
the holes, since it contains n x E. Jackson wants to pygke the other two terms vanish everywhere on S1. If
he can make (9.79) be true, then he achieves that goal. And (9.79) will be true and various required field
conditions will also be true if he makes (9.80) be true. These equations are basically assumptions made
for fields E' and B' on the left side of the pancake, sort of like doing image charges. In fact, we are really
doing Sommerfeld's image charge method here, and we will end up with his result! Jackson imagines that
currents and charges run around inside the pancake however they must in order to generate the E' and B’
fields he is assuming. The pancake has a metal sheet only on the right, I guess, or if not, then he imagines
surface charges and surface currents on the left surface of the metal. The idea is that these fields imagined
on the left side will affect things on the left side, but we don't care about the left side. The fields there are



just construed to make the computation on the right side be simpler. ( Jackson could have clarified this
important point I think better than hé does.) The end result is then (9.81) which you integrate only over
the holes on S1. So this is the vector version of the Kirchhoff formulafor flat surfaces that we most
commonly use! He switches the ¢ operator to get (9.82) which seems easier to work with, since G =
e(ikR)/R. He points out that this result is EXACT if you really know the tangential E field in your

apertures.
Now, let's look carefully at (9.81). Since G = exp(ikR)/45R where R = |r - r'|, we can compute:
vG = (k¥d) e** [ kR - (kR ]R  where yR =R

Now we make the usual assumption that we are many 3 away at our observation point, so kR >> 1, or
R>>3, so we get

vG« ikRG

Mote that ¢'G = - ¢G, so we pick up a minus sign here! Next, let's put n = Z without giving up anything.
We then get this exact result, apart from the approximation made above in computing 7G:

E = 2ik/dy { dA' (¢"R?) (z-2) { E, - Z (ER)/(z-7) } R = (x-X, y-y', z-2)

The integration coordinate is r' = (x',y,z') and we might as well set z=0 right now to get:

E(r) = /iy, f‘i‘”" (/R { zE(r") -  (E(r)eR) } R = (x-X, y-y, 2)

where E, is the ggngentigl field in the apertures,

E, = (E, E,, 0)

and the integral is only over the apertures. The second term is smaller than the first by factors like (x-x"¥z
and this term can be neglected in the usual diffraction situation where we are far from a small diffractor,
this is the z >> d business. If we select our coordinate system of integration such that z' = 0, we then get:

E(r) = 1/, J-cm' E(r') (¢**/R) (Z/R)

and this is exactly the Sommerfeld I formula that I like, page 49 of Goodman. Notice that the field
direction just passes through. Reminder: this final form is only correct for z >> d. If you want to look
closer in (or at large angles away from the z axis), then use the previous result above! A z component of
the resulting field should be expected, since the radiated E is perp to the line R.

Of course once you have computed E as above, you can get B from the curl equation,

B=(i/k)yxE /I as shown as (9.5).
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Jackson Chapter 16 Notes PhL 1.31.03 = 2.5.03

Chapter 16: Multipole Fields

This chapter shows how to solve Maxwell's equations in full glory in spherical coordinates. The usuale™
time dependence is assumed. The general idea is that you expand the fields in each region of your
problem in full generality (which means all fm values and both electric and magnetic modes), then you
require that field boundary conditions be met at the boundaries. Several examples are given, and
comments are made regarding both atomic and nuclear emissions. When sources are present, it is shown

how to compute all the moments. In the general case there are 4 such moments in each fm harmonic. As
an example of a problem with "sources", the center-fed antenna is treated with the usuval King Smile
assumption about the current shape. The result is compared with a full treatment in Chapter 9 that did all
the multipoles at once, but again in the King Smile limit. The second example is scattering from a
conducting sphere where we get heavily involved in the formalism. I have done a third example of
scattering from a dielectric sphere in a separate document, a somewhat harder problem that the
conducting sphere.

The reason that the multipole expansion can help solve problems is the usual one. The rotation group
has "good quantum numbers" £ and m since each represents a conserved quantity. If the corresponding
operators commute with the Hamiltonian, the solution can be diagonalized into the individual partial

waves £m and there is no interaction between different partial waves. So the problem is simplified into a
set of smaller problems, one in each partial wave. Within a partial wave, the general form of a solution is
quite limited, there are only two radial function possibilities. If you do something like scatter off a cube,
the boundary conditions will be functions of spherical angles, and this will mix adjacent harmonics of
different £m, I think, this corresponding to that fact that the "potential” that this cube represents is no
longer spherically symmetrical. For problems with radiating sources, the expansion is useful in longh
limit because the terms drop off quickly.

16.1 Solutions of the scalar wave equation in (r,0,4). Back on page 54 where we had the Laplace
equation (wave equation with k’= 0), we assumed U(r)/r as the radial form and got (3.7) as the radial
equation which led to r* and r'*"' as the solutions, We ended up with an expansion as in 3.61 on page 67.
Here, we have that extra k term, so the radial functions are going to be different. The expansion of a
scalar wave equation solution is given in 16.4 and the radial functions turn out to be thespherical Bessel
functions of various types. So one way to show the expansion is in 16.16 using the Hankels. Naturally,
Jackson takes this opportunity to tell us all about these Bessel functions. Note that the Hankels are just
those linear combinations of the j and n functions which match outgoing or incoming spherical waves at
large argument.

Now, the Green's function in the presence of k# 0 is e™*/R as in 16.18. Of course we want to expand
this in the usual double-spherical-harmonic type formula and that turns out to be 16.22 which we can
compare to the Laplace version in 3.70 page 69. We now have non-trivial radial functions in this thing,
they are of course the new spherical Bessel functions. For r. we have the Hankel which dies as ™/x, and
for r- we have the j type which is well-behaved at the origin.

We are now top of page 542. Here, we look again at the ODE for the Y, functions. Jackson defines
a vector of operators which include 8/8¢ and &/60. He calls this vector by the name L, and identifies this



thing squared as the LHS of that ODE! I know that this is just a specific representation of these operators,
and that they have properties that are representation-independent. We get the raising and lower L
operators as shown. Page 543 shows some commutators;

L% L]=0 [p’L]=0

Then 16.30 shows us that we really already know about L?,

Remember from quantum wave mechanics that p = (#/i)V and L =rx p= (i) r xV. These are the
representations of p and L in the "x,y,z" world, and you could compute the momentum say of a state by
doing this: <y|ply> = <ylx><x|p|x><x'|y> and the thing in the middle is 8(x-x")#/1)V (I think). Here in
E&M Jackson is using the same operators with A=1 just because they are convenient for his
manipulations which are going to involve the same Y, that appear in spherical coordinates in QM. In this
chapter we are not "interpreting” L very much, just using it as a tool. If you write V’ in sphericals, you
get 16.30 where L takes care of the angular stuff. So, I am happy with all this stuff on p 542-343.

16.2 Multipole Expansion of the Fields. First off the bat, Jackson writes two 3-equation sets which are
claimed to be equivalent to Maxwell's 4 equations. In each case, the fourth is true because div curl = 0.
So let's go with a B expansion, since either will do. Since B as a vector solves the wave equation, we get
16.35. BUT, this expansion as written only solves the wave equation member of our 3-equation set. We
have to impose that VeB = () on the coefficients. This turns out to be a huge mess, and Jackson takes us
through the gory details, and when the dust settles, we replace 16.35 with a sum with some as-yet-not
shown coefficients over a set of basic fields B,, given by 16.42. These have the form of any radial
solution times not Y ,,(0,4) but L Y,.(0,¢). In 16.45 Jackson normalizes these things and calls them
X,.(0.,4). He selects X as a letter close to Y, and X is a vector.

Now here is a major point. Notice that r ® B,,= 0 because reL = 0 in an operator sense from 16.27.
(From mechanics, the angular momentum L is perpendicular to both r and p, since L = r x p.) This means
that all the solutions B,y in 16.42 are "transverse magnetic” or TM. The B field is exactly perpendicular
to r. Note that there is in general no reason why this must be true in a general solution, although it is in a
plane wave solution of Maxwell's. But this set of solutions does have the TM property. And of course if
you start with E instead, you get the E ., shown in 15.44 and these will all be TE solutions. Luckily these
two sets of solutions form a complete set! These E,, and B, are called "the multipole fields".

Now TM is better called "electric” because we shall soon see that the driving source of such fields is
clectric charge, whereas the "magnetic" TE solutions are driven by magnetic charge. Recall right now
from electric dipole radiation that E stays paralle] to p no matter where you go, so this cannot be a TE
mode. It turns out to be a TM mode and the dipole B field is going to be fully transverse.

So now we have the Grand Finale of this section which is expansion 16.47. Notice that B and E
shown have all possible TM and TE components each. The f, and g, are not specific radial functions,
they are some arbitrary linear combinations of the two radial basis functions. Notice that the same
coefficients appear in each equation like ag because that is the way the solutions are proportioned, just do
it! Similarly, whatever the function f, is, it must be the same function in both equations, and the same for
2

This discussion implies that you can and should study the individual modes by themselves. The big
advantage here is that we can apply spherical system boundary conditions most conveniently in this form!




16.3 Properties of the Multipole Fields The first order of business is to study these ﬁelds at very small
and very large radius r. ‘

First the small r situation. For electric, we get 15.61 which replicates our multipole expansion
equation 4.1 from electrostatics, and 16.48 goes with it. The B field here iskr times smaller in size that
the E field, another reason we might call this "electric” instead of TM. For the "magnetic” modes,
opposite is true, and you can always reverse things with 16.52.

Now for large r with our usual outgoing boundary condition. In this case the radial function has to be
the Hankel-1 which has the right large-r form. ( Note that Hankel 2 is the complex conjugate and
therefore goes as exp(-ikr)/r which is incoming, not outgoing) For the electric we get B as in 16.53 as the
large-r limit, and then E is the usual far-field B x n result, so in the far zone B and E are equal in size.
Note Well: all multipoles have solutions which go as 1/r and thus can exist in the large-r limit, there is
nothing special about dipole.

Now we stay in this large-r limit and ask the questions: how much energy, and how much angular
momentum is carted off by a given multipole field? On page 548 Jackson decides to look at the electric
multipoles { I suspect the conclusions are the same for the magnetics, but T don't think he comments on
this } and he computes the answers to the two questions. He gives the electric multipole its usual
coefficient agas shown in 16.57, We are going to assume that this is all we have at the moment.

Recall from page 200 that the instantaneous linear momentum density is® = pe 8/c* = S/v* where S
= (c/4r) E x H.. Also recall from that page that the instantaneous angular momentum density isf=r x 2.
If we use our time average theorem (see Chap 7 notes), then we add 1/2 and put * on the second field, so
we then have # = (1/8nc) E x H* in this sense, and £ =r x & = (1/8nc) r x (E x H*). Instead of using the
symbol £, Jackson uses symbol m for this in 16.61. { He does not want to confuse £ with L }

So, how much U and how much £ is contained in a particular multipole field? The time averaged
energy dU contained in a shell of thickness dr is given by 16.60. The time averaged £ in the same shell is
given in 16.64. In both cases, the angle stuff is exact, and we use large-r (radiation zone) for the radial
stuff. Yes, only £; does not vanish because of the raising/lowering business. We get the famous result
then that Lo/ U = mA/fw and £ = £2= 0. We are saying that an electric multipole field fm in the
radiation zone only has angular momentum about the polar z axis and the amount is "as if" the field were
made of "photons" having energy Aw and having L3 = m #. This is some kind of special £m photon!

On page 549 Jackson tries to explain why was don't get an £(¢+1) form for |M] the way we do in
quantum mechanics, but his discussion evades me, he is really quoting from another source. This is one
example of why engineers probably don't like Jackson's book much, because of this "real physics stuff".

MNow, let's talk about how this "fm photon" is produced by quantum state transitions of matter,
perhaps from atoms. Suppose the quantum states are |[JM> and |[F'M'>, Then the selection rules are these:

J' must be contained within the seriesJ® £ =J-£ up to J+¢
M =M+m /! Jackson has the other sign on m, [ don't see why!
for parity conservation, must have

Parity(|J'M'>) = Parity(lJM>) * (-1)¢ for electric, (-1)**' for magnetic

The first two rules are just conservation of angular momentum .

This process of emitting an £m photon is called a "multipole transition". I don't have any idea of what
is really going on in such a transition. In general it must involve multiple true photons, since each photon
only really has j = 1. Do I have a book where this subject is discussed? On the web I see a guy saying that

in spherical geometry, you really do have #m photons. 1 have to imagine this as a coherent state of



multiple photons -- a multi-photon state that has quantum numbers ém. Still, various people do speak of
the £m thing as "a photon". I will have to put this subject off to another day. I think there are interesting
implications. Although I have many physics books, none of them seem to address this subject, but [ have
not looked in depth. (Question: in positronium we have sl, s2 and L combining to make J. In a 2-photon
state, is there something like L?)

The bottom line for me regarding multipoles is this: probably in a dielectric material like water,
selection rules are probably going to cause all transitions other than electric dipole ( electric,f = 1) to be

very weak. If a material can emit /=5, that is fine, and this will radiate just as far as £=1. But this
probably does not happen in normal materials.

16.4 Angular Distribution of the Multipole Fields. Recall that we had the general multipole expansion
for B and E showing in Grand Finale 16.47. At that time, we were supposed to think of the f, type
function as an arbitrary lin comb as in 16.43 with two more arbitrary coefficients that depend on¢. Since
we have another coefficient layer on top of this (the ag for example), we could decide to normalize these
lower level coefficients so the sum of squares is 1. In any event, in the far zone where we have only hl,
we now give it a unity lower level coefficient. Doing this, we then arrive at 16.69 for the large-r form of
the full fancy expansion! In this limit, the two fields have the simple n x relationship, and now we see the
all-important upper level coefficients exposed in this limit.

Getting the power per angle function 16.70 is a trivial step. For a single pole term we get 16.71 in
terms of the fancy X harmonics. If you expand that out in terms of the Y functions, you get a mixture or
raising, lowering, and non-changing L operators, so we expect to see a mixture of adjacent m values. The
result is stated in 16.72 without proof. Jackson's table on page 551 then shows the exact results of the X*
object for £=1 and #=2. The dipole interpretation is this: m=0 term would come from a z-aligned dipole
of size p = a/k® as I learn by comparing to 9.23. If you had an x-aligned, you would get a mix of m =#1
in the usual combination.

We see the plots for the £=1,2 multiple cases (all of them). Jackson's comment is a good one on page
553: If you have some atoms radiating thermally, say, you would expect an incoherent sum of all the m
multipoles for a given £, and 16.73 shows that the result is isotropic as it of course has to be. But, if we
stimulate atoms with a special field (plane wave, eg), this will not be the case, | suspect. He concludes by
integrating the differential power over solid angle to get very simple results.

16.5 Sources of Multipole Radiation: the Moments.

Digression on magnetization M. Look back at page 151 in the magnetics area which I skipped on this
reading. Equation 5.77 shows the notion of a magnetization density M = n <m> in exactly the way we
talked about P = n <p> on page 118. As in the p case, you can have already-existing m dipoles in a
material like iron which just get lined up, or you can induce your own m dipoles. Interestingly, Jackson
does not have a little section on "models for M" in his book, the way he does for P. Portis does discuss
this on page 243, however. Roughly setting M =B and studying a simple model for an electron, he gets
result (24) for % . This is "diamagnetism". Electrons tend to spin around in a B field in circles and make
moments m, so in diamagnetism we are creating these moments. In paramagnetism these orbits already
exist and we thermally line them up, giving 38. Spin gets into the act as well, so you can see that this is a
complicated subject. Now, for our current purposes, the main point to note about M is that its presence in
a material makes an effective current density which isJy =c¢ VxM as on page 152. This is analogous to
pp=-VeP as on page 112. Recall that you can say that VeE = 4n(pg.. + pp) but VeD = 4npg,, where D is




defined exactly so it only sees free charge. In similar fashion you ldeﬁne H so thatV x B = (4n/c) (Jireet
Jpo) but V x H = (47/¢) Jrree - ‘

S0, as we start out here, Jackson seems to be setting p = pge. + pp » but he has J = Ji,., and he breaks out
the M stuff separately, calling it seript M. Next, Jackson has to define a new field variableE* as in 16.79
to incorporate the free J just to simplify the manipulations that are coming,.

The first order of business is to now rewrite our "wave equation sets" by adding the sources, and this
is done in 16.80 and 81. The result is an incredible mess! You wonder why people don't do the expansion
in the vector potential A where the sources are simple, but | guess the reason is that we don't know how to
put boundary conditions on A to find a solution. So the B wave equation is driven by V x J and a double
curl on M which seems pretty clear. The E' equation is symmetrical in that it is driven byV x M and a
double curl of J. Hey, where did p go? Now we see the motivation for E' ! It is defined exactly so that
VeE'=0. The J term is added to E' and then Ve] is known in terms of p from continuity. So the answer
is that the wave equations don't have p because they come from the Maxwell curls only. Then this E' trick
gets rid of p as just mentioned. Fine.

Mow things are going to get VERY serious! First, the new B and E' equations match the former B
and E equations outside the sources, so there we know the Finale 16.47 applies for B and E' (another
reason to do E' as done). So let's try something like 16.82 with asymptotic limits 16.83 to make things
consistent with our general notation in the far zone. That is, this 16.83 is setting the scale on our
functions f and g. Jackson then swirls around to come up with ODE's for f and g which are driven by
complex source terms, see first two equations on page 555. The ODE left sides are exactly what we had
earlier way back in 16.5 page 539 (the spherical Bessel operator, so to speak). We already computed the
Green's function for this operator on page 541 16.21, and now we are going to use it! It is just a product
of two Bessel functions, the inner one j, the outer one h. So, creating a shorthand notation Kg for the
messy right side of 16.84, we instantly have the Green's solution 16.86 for f. Taking the large r limit, we
are then able to identify the ag coefficient, and this is then stated in 16.88. Same for ay below that.
Obviously, these things are "moments" of the source situation that drive the multipole fields.

The two results for these moments are then "simplified” and presented again on page 556. Each one
is now an integral of source stuff against a Y, function, the whole thing volume-integrated over the
source region, and we notice that our friend p has reappeared in the first equation.

Let's pause to think about this. If we stimulate a water sphere with a plane wave, we can probably
decompose the plane wave into multipole components (soon!). We can then think of these as somehow
inducing a J, p and M in the water droplet -- and that stage of course involves the "physics" of the matter
known as water, perhaps there is no significant M. Those induced sources then in turn imply some
multipole moments according to the integrals shown on page 556, and these then give radiated multipole
fields for B and E' We know what each moment field E' or B looks like for large r, and in theory we can
compute the details at any r, but then we have to do the detailed integrals as in 16.86. This is because we
need to know the f and g functions which appear in assumed 16.82. The good news is that we have a
general solution to the entire problem in terms of some integrations. By the way, to carry out the
induction program mentioned here, we have to assume the radiated fields are locally weak compared to
the incoming field, something I want to see a proof of here at some point.

Now in the large X limit (meaning kd >>| where source has size d), things simplify because we can
take limits of the Bessel functions. We end up with four kinds of moments called Q, Q', M and M' as
detailed on page 556-7. We recognize Q as our electrostatic moments! We have ag ~ Q + Q' and this
second Q' thing can arise only if you have M, and in that case, Q' << Q. So the main idea is that ag is



mainly driven by p, and that is why we called the TM modes "electric". We also haveay ~ M + M',
where M is driven by the free current J, and M' comes only if there is M. M and M’ are usually the same
size so you have to worry about both of them if M is present. Now we see why he used script M -- to
avoid confusion with these final long-A moments!

So wow, again, we have a complete solution of things in a form geared to distant radiation problems
from a localized source that is small relative to A.

16.6 Radiation from Atoms and Nuclei. Another section very important to me. For both atoms and
nuclei, we are going to use the same format "ball park" estimates for the electric and magnetic sources.

Rule 1: for EM radiation by either atoms or nuclei, we are usually in the longX limit kd >> 1. Certainly
for atoms and visible light this is the case, compare 1A to 5000A. In our simple atomic model, our
estimate for kd is ka ~(Zer /137). For nuclear, ka cover too large a range for us to say something about it.

To say that we have a p that is going to drive a particular multiple electric field is to say 16.99. Then

in the integral 16.94 only one Qy, is generated. The dimensions require some kind of ela’ factor, where e
is the charge of the "thing" that is radiating (electron in atom, proton in nucleus), while a is the size of the
thing you are interested (atomic or nuclear radius). Jackson throws in a factor of 3 here probably just to
make things look nicer down the road, no comment is given. Maybe each atom has 3 radiating electrons?
I think it is just to make things simpler in our later comparisons. So [ agree that 16.99 is reasonable for p.

Now 16.101 is trickier to understand. Here, he combines the M and M' integrands together. We
dimly recall how magnetic dipoles are enhanced by g-factors, so we will allow such a dimensionless
factor. The basic unit is going to be the Bohr mageton for atoms. In Livesey page 163 we see that this is
the classical magnetic dipole moment of a circulating electron m = e#/2m,. usuvally calledps. The electron
spin on its own has a similar moment, give or take a factor of 2. For the nucleus, the appropriate mass is
m, and again moments come from both "orbital" and "spin" presence in the nucleus.

So, in 16.101 we have the g factor, we have a 1/a’ for our volume dimension factor, and we have an
appropriate magneton factor. The l/r there must be due to our having VeM and not M. Note that in

spherical coordinates, the divergence of a constant vector A = AT is VeA = A (2/r) . All the divergence
terms have a 1/r in them due to the ¢ dr volume factor, so I am happy to have a 1/r, and we need it as
well just to have the dimensions be right. Finally, we have our usual Y ,, for this assumed multipole.

Using these crude estimates for the driving factors of our moment integrals, we get the three simple
results shown on page 558 for Q, Q' and M+M'. Right off the bat, we get a major result:

Rule 2; For either atoms or nuclei, Q' <<< Q due to relation 16.103, so forget Q' (the "induced electric")

At the same time, we use 16.98 to talk about our transition rates for radiation between two quantum
states. That is, we are simply dividing the total power (as computed in 16.97 for a multipole) by the
photon energy which has dimensions 1/time. We associated 1/t with the rate of transition measured in
number of photons/sec. Using this general formula and inserting our electric result 16.100 we get 16.104
for our transition rate.

Aside: { In answer to an earlier question I had, you can add 1 B into a Hamiltonian and get quantum
split levels due to this thing and I presume these would be M1 transitions. }
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Now, in 16.105 we are comparing the rate of electric versus magnehc for the same order £, and then in
16.106 we compare order £ to order f+‘.| which comparison is the same for either electric or magnetic.

Atomic Radiation. In this case, the factor in 16.105 is roughly (Z. /137)* which is a very small number
unless you are talking X-rays from a deep inner shell of a very heavy atom. For water this is going to be
on the order of 107 to 10™ . So we get this rule:

Rule 3: In atomic radiation of order £, magnetic is weaker than electric by 107 to 10™ [(Z.r /137)*]. So
you will see the magnetic only if the electric is somehow forbidden by selection rules.

Rule 4: In either atomic of nuclear radiation of either type (M or E) , the transition rate in order£+1 is
smaller than in order £ by ~ (kd)* ~ (Z.w/137)%, as in 16.108. Therefore, within a multipole family (M or
E), the lowest allowed £ dominates. Usually this is electric dipole for the E family. So, when electric
dipole is fully allowed, you don't have to think about higher order Q moments, assuming they are
"stimulated” in a similar strength in an induced radiation situation. Thus, even if we find that a plane
wave has large higher Q moments beyond £ = 1, they are not going to matter when we scatter light off
water drops.

Now some nuclear-only comments, starting bottom of page 559.

From the 16.104 estimate, you can plot lifetimet versus @ (or i = E) as shown, and you get a different
line for each order £ due to the power law you see sitting in 16.104, which is ©*"" so on log log plot we
get log © = -(2£+1) log E + constant(¢). One point to be made here is this: for a fixed energy release E (
draw a vertical line in the plot), you find that the higher order £ transitions have longer times and lower

transition rates. Jackson claims that if you study a boatload of nuclear EM transitions, they fall in bands
close to the lines shown in the figure.

Now for nuclear, what about ratio 16.105 for E versus M of the same order £ ? In general, electric are
stronger by 25-120 times except for £= 1 where the E1 is inhibited by a characteristic of nuclei (perhaps
naively you don't see much a p moment in a ball of protons), so E1 and M1 are about the same in this one
case.

Now a slightly different reading on ratio 16.106. For a given parity, if the lowest order of M is, then

the lowest order in the E family for the same transition will be£ + 1, so 16.110 is a ratio you really care
about. In nuclei, you might find that Q2 is 5% of M1 as being typical. So if the lowest allowed is M, then

you might have some noticeable E in the next higher order. However, if the lowest allowed is E,, then
16.111 shows that the next parity allowed transition M, is completely negligible.

16.7 The very famous center fed antenna. Total antenna length is d. Do NOT assume kd >> 1. Study
this case very carefully please. There is no M, so ignore those terms in 16.91 and 16.92. Inside the
antenna wires, r x J= 0. This kills off the only remaining term in the ay equation, so a major fast result:

(1) there are no magnetic modes at all, so all modes are going to be electrics such as electric dipole E]

Now for current, Jackson for the moment just assumes some unknown I(r) that vanishes at the ends of the
antenna wires. He can then write J as in 16.113 and then p as in 16.114, using delta functions. Since J is




in the T direction, and since we have reJ in the ag equation, the integrand has no ¢ dependence, which
means that:

(2) only the m=0 electric modes survive. We knew this anyway from symmetry.

Now, the integrand has no 6 dependence either, apart from the Y,, function. Since the even £ Y,
functions are odd, they are killed off as well, so

(3) only the £ = odd modes survive.

So we now want to compute up the surviving modes which are £ odd and m=0 using 16.118, and now we
need a model for the current I{r). The wave equation suggests exp(ikz) type dependence along the wires,
as if we had a plane wave in space along the z direction. If you made a parallel wire transmission line,
you would expect to see exp(ikz) along the line, but this is another subject Jackson does not treat in his
book (well maybe he does). You could regard the conductors as mere boundary conditions and the wave
travels along them at the full speed of light with exp(ikz) in the ideal case. When there are chmic and
radiative losses, you have to modify this result. So Jackson is saying lets try to ignore radiation loss and
ignore chmic loss and put in the idealized current shape which then is 16.119 since it has to vanish at the
ends. Boom, you can now get the result as in 16.1201 All done! This is the general result (with our
assumptions as stated) regardless of the relationship between d and ).

Jackson next considers the half-wave and full-wave antennas as examples. For the shorter antenna,
the table shows that the El is most of it, and the E3 is about 5% and the E5 is 0.1%, we are talking
amplitude here. For the longer antenna, things converge more slowly. The E3 is now 33% of El and the
ES5 is 3% in amplitude. Things get messier when they are large compared to A, keep that in mind!

He goes on to compute the power distribution for the sum of E1 + E3 for these two antennas. The
math is done on page 565 with some mildly messy numerical results.

Now back in Chapter 9 we solved the arbitrary length center-fed antenna with the same assumptions
as here (same current assumed, same ignoring of radiative and ohmic losses), but there we used the full
power far-zone result (9.8) so we computed all orders at once! Here we are just doing E1 + E3, so it is
interesting to compare the results. Jackson did write down the half and full wave "exact" results on page
279, so we can compare our approximation here to that. The plots on page 566 are for this purpose.

Aside: I recall how my Harvard independent study guy King used to pooh-pooh books like Jackson's
for assuming the current is not affected by the radiation. "Real" antenna people like King take this into
consideration.. Recall also that I have a whole fat Transmission Line Theory book by this same King.

16.8 Expand a plane wave in sphericals. The result we want is 16.127 or 16.128, and Jackson derives
these quickly by just taking the large r' limit of the exp(ikR)/R result we already found in 16.22. He gets
here to use his "sum rule" found earlier. (It is always nice to get future use out of an obscure result! )
Look at 16.129. For sure all £ orders appear here, although only with m=0. The z-axis here can be
thought of as the k axis in which case we identify y = 8. There is lots of energy in lots of orders, so you
cannot say a plane wave is a dipole El or anything like that! In fact, a plane wave is going to try to
induce all Y o modes into an object that will radiate. We should see this happen in the conducting sphere
example to follow. Some day I will try to graphically add the terms to see how a plane wave arises here!
Mow Jackson starts over without clearly explaining his motivation, but I am now aware of it. In this
section, Jackson says: " Think about 16.128 but now add a unit vector to it so you have a real field




instead of just a scalar function. In fact, take the traditional linear combinations of those unit vectors that
define the circular polarizations. We like these because they are ‘going to allow us to use L. operators in
our calculation which will greatly simplify things. Now using this, let's derive result (16.139). We are
going to need this result in the next section in the problem of scattering from a conducting sphere! "

Sidetrack and Confusion: I tried to show the these circular polarizations somehow diagonalizeL, = -id
with + | eigenvalues, but concluded that in fact, for a given t and z, a circ pol plane wave has no ¢

dependence, so L, = 0. In fact, if I compute L ¢*" I find that dL =L ™ dV =k ¢*"sin6 § dV fora
little volume dV at location 1,0, relative to k. If T integrate this around the ¢ ring at r, 8, we get zero. So
then the integral over the entire planc wave is also 0. So the total "angular momentum" of a plane wave is
0. BUT, I have here not really computed the L of a field, only of a scalar functione™ , and L can only
be applied to a scalar function. Still, one might talk aboutL E where we really mean L E; and then it is
true. In a plane wave, we have photons traveling in the k direction, so the ring integral just described
really is zero. I don't see how the circ pol changes this situation.

However: if we look in the problems on page 200, we see that Jackson has in fact pondered this
question with a medium g,u. In the above paragraph, I was thinking of L as the operator L =(1/)) rx V .
However, on page 200 we show that a EM field has an angular momentum density £ = r x # where this
thing & is the linear-momentum density of the field, given by ® = §/v* where § is the Poynting vector,
and v = velocity = chfﬁ 50 = \lrE S${c*. In problems 6.11 and 6.12, which I have now more or less
done, we show that a localized plane wave (Gaussian beam like) with circ pol does in fact have a z
component of angular momentum that is 1 when scaled in the usual way NA/Am. So my confusion was
to confuse p with  and L with £ Also, in the following when we expand a true plane wave in
sphericals, we will again find that for each multipole component £ of such a plane way, we still get a z
component of angular momentum that is 1. Here the units are m = +1. There are no components of a
plane wave that have m > 1.

Resume: So how does Jackson derive 16.1397 He starts by assuming the expansion 16.131 for a plane
wave of circular polarization. This is the Grand Finale 16.47 where we have assumed j for both radial
functions. The reason for doing this is that anything else blows up at r=0, but plane waves do not blow up
there. From this expansion, we can extract the coefficients as in 16.133,4. Now in 16.133 for E we put
our simple form 16.130, the plane wave form €™ . This is the point at which our choice of circ pol gives
us the Lt operators in 16.135, resulting in 16.136. At this point we shove in our earlier. expansion 16.127
for €** and out come simple results 16.137,8. Thus, we now know the coefficients in our original
expansion 16.131 and the result is 16.139. Notice that the m sum went away because all the coefficients
only exist for m =1 or m=-1, depending on which circ pol you are talking about.

If we think of our plane wave as photons, although we still get a sum over all £ (recall the fm
photons discussed earlier), we only get |m|=1, suggesting that the plane wave does have a component of
angular momentum about the z axis that is in fact+ 1. This makes us think of a photon with two states of
longitudinal polarization, but we know photons only have transverse polarization, so not quite clear how
you fit the photon picture in with our plane wave expansion! Defer this to a rainy day.

16.9 The Conducting Sphere Scattering Problem!

This is a big problem, and is probably the closest thing in Jackson to my dielectric water sphere scattering
problem, so pay close attention! See details of the solution at the end of this document! We assume




separate forms for incoming and outgoing fields. For the incoming fields, we use our plane wave
expanded in the very fancy 16.139 that we just pondered in the previous section. For the outgoing we use
16.141 where NOW (unlike in the plane wave expansion in the last section) we put Hankel-1 everywhere
because it alone has the right asymptotic behavior ¢™ /r.

Now, why do we only have m = %] in expansion 16.1417 Jackson is uncharacteristically silent on this
question. We suspect it has to do with conservation of £5. 1 will create my own argument. Suppose we
localize the incoming plane wave to a very long but finite packet, by slightly mixing frequencies. Then
we can talk about "before” and "after" the scattering process. The sphere might absorb some energy in the
process, but maybe it is not going to absorb any angular momentum. If we knew this to be true, then we
might argue that the outgoing wave must have the same L as the incoming. But still this seems vague to
me.

Let's see if Fizpatrick has anything to say about this. This is a guy on the web who has made lots of
Jackson-like notes. Here is the top level for his notes from one class:

http://farside ph.utexas.edu/~rfitzp/teaching/jk 1/lectures/lectures.html
This is the HTML presentation of his notes. He has another web page
http://farside.ph.utexas.edu/~rfitzp/teaching.htm!|

which shows ALL his course, and also leads to PDF versions of his notes. These are much better since the
equation numbers are correct. | have downloaded his multipole notes. His notes follow extremely closely
to Jackson, same notation, he admits that Jackson is his main source.

He makes this comment: "a spherically symmetric scatterer cannot couple different m components”.
Well that is not much of a proof! I just asked Jim about this.

I think the real answer is this: you could assume all the m terms in the scattered wave and then you
would have coefficients a(£,m) in the outgoing equation. But when you then tried to have the total fields

satisfy the boundary conditions at the sphere, you would find that the other m waves have to be zero or
you cannot make the match. In other words, what you would get is something like this:

FeB=0= Ifi{mra)X,, =F({r=a)X.,

and you would then say that since each X,,, has its own characteristic angular dependence, the match
requires that all the other m coefficients vanish. This would be true for any boundary conditions that
were "spherically symmetric" because the same general argument above applies. So OK.

I now accept 16.141 as the general form of the scattered wave. The boundary conditions are
extremely elegant, being 16.142 where 0 =T . The form 16.143 is very helpful in arriving at the boundary
conditions 16.144, along with the fact that ' ® X, = 0. Notice that the I « B = 0 equation determines the
a coefficients, and the  x E = 0 determines the b ones. If you write these coefficients only using
hankels, you see that each ratio in 16.145 is just a phasor as shown in 16.146, so this makes for a very
simple formula for the coefficients 16.148. The solution to the entire problem is in these little phase shifts
called 8, and &', which are functions of k, a and £. The large and small k limits are shown in 16.149, 150.
Notice that o and § are associated with the magnetic (TE) fields in 16.141. This is the coefficient called
an in 16.47,
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So the final result for the scattered wave is stated in 16,151 where the o and B are done as phasors
times sines. Keep in mind: this is the kxact result for this problemi, even very close in to the sphere, so we
really DO have thi§,problem solved. In the radiation zone the limit for B is shown in 16.152. Since the
phases in a partial Wave are not likely to be equal, the polarization in each partial wave of the resulting
wave is elliptical.

Jackson goes on to write down the differential cross section as in 16.155 and he remarks that it is
"rather complicated”. In the dielectric sphere problem, Jim thought you need 40 partial waves before you
actually see the rainbow stuff. We can of course do the large and small k limits (relative to sphere radius
a). The exact total cross section however can be done (as is often the case, recall unitarity) and you find
that each partial wave contributes as (2¢+1) times the sum of the sines of the phase shifts.

The long A (small k) limit is dominated by £=1. Notice, by the way, that £=0 plays no role in this
problem. You see that £=0 is missing from 16.139, the incident wave. In fact, Xgo =LYy ~rxV Yo =10
because Yo is just a constant. So anyway, the #=1 dominates and is stated in 16.157 which is restated in
16.160 and is the same for either circ pol incident state. Notice that both the 8 and &' terms contribute to
this result, so it is a mix of E1 and M1. The plot shows that most of the scattering is backward in this
limit. The front/back asymmetry arises from the cosf term which arises from the cross terms which come
from interference between the E1 and M1,

Finally, the total cross section in this limit shows the Rayleigh's Law k* dependence. T agree that we
have seen this arise in our current problem, but it is not obvious to me that this would be case for any
scattering that has mainly £=1. No doubt you can prove it to be the case, and we know that it is the case
in simple dipole radiation models as we have made earlier. For example, on page 271 we know that S the
Poynting will be proportional to k* in any dipole problem, so I guess that clinches it!

In any event, the work done in this section was first done by Mie and Debye in 1908-1909.

References: Born and Wolf give the general sphere solution, allowing it to have dielectric and
conducting properties! I might go check this out somewhere. // | just web-ordered 7th edition for $64
hardback, I hope it still has that solution Jackson mentions. (he refs a 1959 Principles of Optics edition).

Problems: The dielectric sphere problem is assigned as problem 16.12, the last one. I don't see a solution
to this messy problem on the web, [ can imagine why, it is a mess.

I notice that our friend Fitzpatrick entitles this section of his "version of Jackson" as Mie scattering. In
doing so, he notes that you can write out everything in terms of the coefficients without ever using the
boundary conditions, then apply them at the last minute. He then does the same conductor as Jackson, so
he does not attempt the general problem!

Appendix A. Details of Jackson's Boundary Conditions for the Conducting Sphere

The first thing to understand is this: the three vectors (T , Xum 5 T X X.m) are mutually perpendicular.

How do we know this? Well, X, = o, (LY ,.) where o= {lhff{fﬂ} ). We know for sure that T = Xm=0
because we know T e L = 0. This says that X,,, lies in a plane perpendicular to the unit vector . The
third vector here gives 0 when dotted with ¥ or X, since A » (A x B) =0, so it also lies in that same
plane with X, but is perp to X, Of these three vectors, we are only claiming that T has unit length. The
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vector X, is a vector of functions of 8 and ¢ so is likely not to be of unit length for all such angles. You
can and should think of X,,, and T x X,, as the two perpendicular "transverse” vectors, as if you were

thinking about polarization of a plane wave in the ¥ direction.
The second thing to understand is Jackson's 16.143. 1 have proven this by hand for an arbitrary
radial function f(r), the function doesn't have to be spherical Bessel's the way Jackson might imply. The

important thing to realize is that this equation is showing that the quantity V x [f(r) X ] can be

decomposed into a radial piece (the first term), and a transverse piece that is in theT x X, direction.

Now about the boundary conditions. The two shown we understand: there can be no tangential E
field, and there can be no normal B field. What about the other two possible boundary conditions here?
What about normal E? The answer is (pill box straddles surface) that surface charge will arrange itself
however it needs to in order to make normal E be what our solution makes it come out being! The same
thing is true for tangential B, think of a loop and B = 0 inside the conductor. Surface currents K will flow
however they must to make tangential B come as it comes out. So this is why we do not try to "impose"
two more boundary conditions.

Here then are the fields as Jackson arranges them:

Ei. = (1/2)Z i‘w||'41:(2£+1)[ 2jkin) Xosn £2/k Vx {jdkir) Xpi} ]
Bic= (12)Z j'-\}q;;(z&l)[:l:zij,(k.r}xm S22k Vx {jdkir) X} ]

E,.= (1/2) T i'af4n(26+1) [ o (6) hOkir) Xoar £ B (0 V x { KO (ki) X1} ]
B'.= (1/2) T iA4n(26+1) [ F i Bs () Wk Xy - icts (8K V x { BV (ki) Xoa} ]

Our boundary conditions are these:

Fe B +By) =0 #1
TX (B +E) =0 #2

For condition #1, notice that since Te X, = 0, we only pick off the second term in each B field

expansion. Since the second term itself is then expanded as shown in 16.143, and since T o( ¥ x Xpm) =0,
all that survives is the first term in 16.143 for each field. [f we ignore the overall constant factors and the

Y en then we get this:

- 2i/k, jdkar) - ioes (60K WO (kyr) =0 #1

and this is just what Jackson shows in 16.144.
Now consider condition #2; more terms survive. Out of each field we will now have an¥ x X, term

and an X, term. The first term in each field expansion obviously contributes to the ¥ x X, amount, but
what about the second term. If we expand the second term using 16.143, the first term yields nothing

since Fx © =0. We are left with a contribution from the second term which looks likeT x T x X, . But
this is easily shown to be - X,,. Now, since the two terms are along different (and mutually perp)

12
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transverse direction vectors, the coefficients of the two terms must separately meet the boundary
condition! Thus, we arrive at two conditions from condition #2:

T x X, terms: 2jdkir) + e () W (ki) = 0
- Xgm /r terms: + 2/ Bifr jkir) 1 £ B (O)/k Bfr (k)] = 0

Now it is lucky that the first condition here replicates the condition we already got from BC #1. The
second condition is then as Jackson states in 16.144b.

Note that we have 2 equations in 2 unknowns (ignoring + etc).

Appendix B. Changes in the presence of pand

In order to even be able to attack the dielectric sphere problem (which I do-in a separate document), you
have to know how to "interpret” all of the Chapter 16 formulas in the case that you have a uniforme and
. I think I have found a good way to do it.

Section 16.2 on deriving the Grand Finale formula. You might think you could just replace B with H
and E with D and have the pe stuff cleared out of Maxwell's equations, but that is not the case. Looking at
page 178, the problem is that the Faraday's law will then say that curl D = -1/c6,H * pus. So we need

another plan.

Go back to the starting point 16.31 and add pe as shown based on 7.1 page 202 which shows the four
Maxwell's in this case, notice there is a single insertion point. Go ahead and do the time derivatives and
get 16.32. We are going to end up rescaling the B field, so the div equations won't change. We care about
the curl equations. These are:

VXE = ikB k=2 =0+ >-kp B=1A/pe

VxB =-ikpeE =-ikB?E e =p"

Now define the usual modified k (call it k') as shown above right. Then we get

VxE = ik'BB VxE = ik(BB) VxE = ik'B'
VxB =-ikp'E Vx(pB) = -ik'E VxB' = -ik'E

Therefore, we have shown that we can rewrite 16.32, our starting point, by making two replacements:

=
1) replace k with k' K=k/p B=1Alpe m= 2 &}_AZ

2) replace B with B' B'=fBB
Once we have done this, all four equations look exactly the same. This is the main point!!!

The triplet equation groups page 543. These are as shown, except make the two replacements shown
above,

13



The multipole fields page 545. These are as shown, except make the two replacements shown above.
Notice that all Bessel functions will now have (k'r) as argument.

Grand Finale 16.47 page 546. Put in k' for k everywhere, and the first equation is for B'. These are just
the same changes made in the steps above.

Section 16.3 equations. Equations like 16.48 and 16.51 are just limits with constants not shown, so we
are not bothered by not seeing 1/g in 16.51. The swap rule 16.52 of course should have our B' in place of
B. I would put a2 B' in 16.53 and therefore also in 16.56. Same in 16.57 along with replacing k with k'
there.

Now in 16.58 we have to make a different change! The true formula for u has ED and BH. So we
would then write this as€ EE + (1/u) BB. If we now rescale to our B = BB, we get eEE+ (1/p) B2 B'B'
= g[ EE + B'B']. In the radiation limit being done here, we have |E| = |B'| from modified 16.56. Then we
can write the energy u=2g (B')’. Therefore, 16.60 will have an extra & out front.

Then in 16.61 we really should have H there and H = B/u. But then put in B = B'/B, and then 16.61
will have 1/{(pp) out front. Using 16.57 with its actual k' and B' then gives 16.62 with both B' inside, and
with (1/) out front. Thus, the result 16.65 will have this 1/p out front. The ratio in 16.66 will then say
that M/U(modified) = M/U (shown) * (1/u) * (1/g). So the ratio is then no longer as shown and I do not
know how to interpret the modified result.

Section 16.4 on distribution. The true time averaged power will be ExXH =(1/u) ExB=(1/uB)ExB'=
\/E E x B'. Thus, we should have this square root factor out in front of 16.70.

Step 1: Let's go through the general multipole expansion and add the presence of uniform p and €. Start
with 7.1 page 202 which shows the four Maxwell's in this case, notice there is a single insertion point. So,
I have marked up how the two 3-equation sets on page 543 are altered.

One alteration is that you have to think of k as @/v instead of w/e, but only in places that got their k
from the wave equation! This means inside any Bessel function like j,(kr), the multiplying k in there
must be the k = o/v version of k. However, the external factors of k are unchanged, namely, the 1/k that
you see in the multipole fields on 545 except you have to add one pe factor as shown for E in the electric
mode case only.

Looking then at the general expansion 16.47, we have to add same pe factor that we added into 16.42.
Note that this is NOT just a rescaling of the ag coefficient because the two expansions are coupled.

On page 548 I added new factors as shown.

Mext, how is the huge 16.139 going to be altered?

Section 16.5 on moments. Looking at 16.77, Jackson is starting with the full equations including H, and
he has left the polarization charge grouped in with p. So I have no modifications to make to this entire
section.

Section 16.7 on center-fed antenna. Everything goes exactly as stated. However, when we get to the

radiated power formula 16.121, we should add the same \/E factor out front as on page 550 described
above, and in all other power formulas in this section.
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Section 16.8 on Plane Wave Expansions. First consider 16.130. As usual, k = k' in the exponent. The
second equation there should be modified according to°7.13 on page 204 which says By =™ Eq. Thus the
second equation is correct if we just replace B by B'. So we just make the usual 2 changes in 16.130.

As for 16.131, it is just a case of the Grand Finale 16.47, and we know to think of B' on the left of the
second, and all k are k'. Luckily for us, all the solution for the coefficients is unchanged and we end up
with 16.139 with just our usual 2 changes.

Section 16.9 on the Conducting Sphere. As usual, replace B with B' everywhere and k with k'. We do
this in the assumed form of the outgoing waves as well as in 16.139. The boundary condition can be taken

as neB' = 0 so nothing changes throughout. The final results 16.151 and 16.152 are the same except
interpret k and B as k' and B'.

Now we come to the power formulas. There should be a»\/E factor out front in 16.155 for the same
reason as discussed above (really it is ExH = (1/p) ExB = (1/Bp) ExB').

15
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[Physics 712 — Handout 3 — Feb 22, 1995 |

Vector Spherical Harmonics

This handout summarizes the vector spherical harmonic formalism dis-
cussed in lectures. This treatment was prepared by Professor Carleton De-
Tar and is taken from lecture notes by Professor Richard Price and Tracy
Steelhammer.

Orthogonal Expansion Spherical harmonics provide an extremely useful
orthonormal basis for expansion of scalar functions on a sphere. We would
like to find a similar orthonormal basis for vector functions on 2 spherea.

These functions are vector spherical harmonics (VSH’s). There are a variety
of choices for basis sets, but we shall choose a set that is closely related to
that of Jackson, Chapter 16.

Define the vector harmonics

L Km(0,¢) = rxVYm(,9) (1)
U Ym(0,9) = ¥em(8,9) (2)
| Zem(0,6) = tVVi(0,9) (3)

These vector functions form a complete basis for expanding a vector function
of the spherical polar angles # and ¢ The expression for ¥}, differs from
Jackson'’s by a factor of i\/Z(f + I).YHe uses L = 1(r x V){See Jackson, Eq
(16.25-30) for a discussion of properties of L..] The normalization of these
harmonics is easily computed:

f}{;m. ! x;mdﬂ = fl:-f + I:Iiﬁurﬁmxm |:4:]‘/
f Lo ZtmdQ = £(+ 1) )V

fx;,m. Zendl = 0. (?]/

The harmonics are not just orthogonal in the sense of an integral over the
sphere, but they are also orthogonal everywhere in the sense of the vector
dot product:

Xom Yo = 0 (B]V/
Yior - Tom = 0. ©) v~

—amdKP=—O—oa |
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An arbitrary (well-behaved) vector field A(r,f,4) can be expanded in terms
of these VSH's as

A(r0,6) = S AL (R + A i + AL (el (10)
Im

The radial coefficient functions are found from the orthogonality properties:

A0 = g [Xm@o-ACe9
AQ0) = [Yin(0,6)- A(r0,6)a0 (12)
A = g [0 Amee. ()

Calculus Exercises with Vector Spherical Harmonic Components
We plan to express Maxwell’s equations in terms of the components of the
VSH’s, but first we must work out the expression for the divergence and curl
of the harmonics. In the next section we present results. To get a feeling for
the method of deriving them, we give a sample calculation here. Consider
the divergence of the (r) component term:

VAR (MY m] = V(AL /r)rYem(8,6)) ¥ (14)
[%{Aﬂfr)i v+ 340 [1)Vim(8,6)Y (15)

L (AL Yim (0,8 (16)

Note that the term in r-V¥,,(#, ¢) vanishes since the gradient of Ypm has
no radial component, Some other useful identities may be found in Jackson,
Chapter 16, including these:

(0% V¥ = —£(£4 1)V, v/ (17)
Ve = -4y, (18)
r(rxV) = 0V (19)
V(rxV) = D.'// (20)

Div and Curl of the Vector Spherical Harmonics As we will see
what is particularly useful about the VSH is that the div and curl can be

L= T (2434 = D 92 -9y =or0=0
-Fﬁ*:ﬁf'ﬁﬁ“+r?%‘?= C}+P[_ﬁ;,{€'ﬂjjfff=_fj+-ﬂ)*v{

<L <L

v/
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Fx (M= —TxD4 v
?%(r?'ﬁ =‘er?rf‘+*‘ “75’?‘= *-"‘:T“mgfif\ v
ﬁx(?x%ﬁ = ~2LR%9 wirong 1.

=

expressed in terms of the same £m components. There is no mixing between
components of different ém. Taking A(r,8,¢) as expanded above, we have,
after some calculation,

V-A= E[ A ‘“H)A“’]Ym / (21)

Note that the terms in X;, do not contribute to the divergence./The ex-
pression for the curl: Vx A =B is

VxA= E[B[”(r)xm + B Ytm + BR(NZem), (22

where
BY = _MAHI @23y
B = —igC A‘”) 2)”
BY = — 4D+ L (ral). 25)7"

Parity of the Vector Spherical Harmonies TUnder spatial inversion
(8, ¢) becomes (r — 8,6 + ) and Yn (8, ¢) becomes Vin(m — 8,6 + ) =

(=)Yem(8,4). Since vectors like # and V reverse sign under parity, the
pa.mt:,r transformations of the VSH can be summarized as follows:

Xem(mr~8,647) = (=) Xem(6,9) (26)
Yem(m=0,0+7) = —(=)Yea(8,¢) (27)
Zim(7 —0,0+7%) = —(=)'Zul(0,d). (28)

Since Maxwell’s equations are form-invariant under parity transformations,
the parity transformation properties of the VSH can be of help in reducing
the number of components we need to consider in some applications.

Illustration: Electrostatic Multipole What follows is not the recom-
mended way to solve an electrostatics problem, but it illustrates the way
the VSH's work. We start with the requirement that V x E = 0. In terms
of the V5H components of F: EE:E', EEE , and Eﬁ' the vanishing of the curl

implies that
E® = 0 [29}/

£&m
y d
Ef) = —(rEQ), 30"



and from V - E = 47p and the expression for the divergence in terms of the
VSH components we get

1 d
r?dr

where pgm is the usual spherical multipole moment of the charge density p.
Putting together these two equations gives the radial Poisson equation:

2E{"}] ﬂ:‘! + IJE{I} 4T pom (31] I/

32)v”

Notice that the VSH component rﬁﬁf appears in this equation where we
would expect to find the potential multipole component —dy,,. This result
can be explained by noting that if we insert the multipole expansion for the
scalar potential ¢ into the expression — V¢ we find

V=341 = V¢t Yim) = ‘%f% JYrstm (33) v

so comparing this result with the expansion of E in terms of VSH’s we see
that

E() = —fum/r (34) I
ot

as expected. We also see that the (r) and (1) components are correctly 4
correlated according to the requirement that V x E = 0, and that the (2) ﬁ’”"
component is missing, as also required. /
Illustration: Magnetostatic Multipole We are given a localized cur-

rent distribution J and want to express the magnetic field B outside the

source as a multipole field expansion. In analogy with the multipole expan-

sion for the electric field we write B = — V& outside the source, where the
magnetic scalar potential has the multipole expansion g#\m‘.\'j.
o .
dr pmﬁ = oty ,5?5'3 G
Z (35)
2+ 1k im b"ﬁ

So the problem is to find an expression for the magnetic multipole moments
fem in terms of J. (Recall that the solution to this problem was not given
in Jackson, Chapter 5.) 2

We want to solve Ampére’s Law Vx B = 4r/c] and VB = 0. Qur
strategy is to expand both B and J in terms of VSH and use the above
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expression for the curl to get a set of equations for the VSH components.
The vanishing divergence of both B and J will give us extra conditions to
determine all of the components. ¥

First, let’s write the VSH components of B outside the source in terms
of the multipole moments pgy, by calculating the gradient of the magnetic
scalar potential explicitly. We get

" dr (L+ 1) v o
B, = W1 BT Hem (36)

v _ _ 4 1
Bfm = _2£ + 1 pit2 Btm v (3?)
BY =0 -~ (38)

outside the source.
From Ampére’s Law and the expression for the curl we have

g0 _f{f+ 1) B / (39) v
c m
T = -l o) - (40
c
S
aa;ﬂ’nl EJE:; = ——B[r} {T.Bn]) v (41]/

that the first two equations correlate the (r) and (1) components of
J agrequire"from V -J = 0. Notice that outside the current distribution
Bm {I}Fam V-B = 0 we have

4

S - LD pm @2)v”

We solve this equation for Bﬂi and plug into Eq (41) and divide by r to get

Her D) piny o 4—”z(f+ 1)J @3) v

ajtt the ra.q:'ha] Poisson equation.”This time tlfe role of the poten-

afed by B ¥ Using the usual radial Green's function to get the
solution| we find auts:ude the source

q
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Comparing with Eq (36), we get,

=1 [xs e
fiten, = ¢{£+]Jfr(}{m J)rédrdQ

or, in terms of spherical harmonics explicitly,

Htm = h{:{f +1)

- fr‘(r X VYA ) - JdV.

s

(46) /

This is the expression we wanted. €€+ W% %'mc[c svn b6 p s ‘:‘f"‘ fexn .

Maxwell’s Equations Let us write the harmonic form of Maxwell’s equa-
tions in terms of VSH components. The equations we want to rewrite are

V.E = 4np | (47) "
¥V-B = 0 é—tut'.. {43},,//
VxE = ikB (49)v
VxB = -i.{:E+-t—IJ (50"
In terms of VSH components the first two equations read
1d 41
ve G5B - UEY - unp,, « 0V L)
1d . u:+1 .
0.8 S (B - ( LxUp0 - e (32)V
and the second two Maxwell equations read
e+ o olr
R ) - JE@ = kB p@)
1d 2@y _ p0 :
Q#E: _rdr( Bem) = * B F' (54)‘// !
1
—2Ef)+ 22 (rER) = kB d ()
ﬁ——‘f{‘!:”B‘*’ = kB + 2 JH A (56)« ¢
ld @y _ 4_?r{1} o -
. —; 5 (Bam) = —kEQ) + —J0) (57) |
+
v ~2B 412 rBl) = kRO B sy ¥
T rdr m c _

of = BIJgTJEL (7’:
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tions, one set involving on Bﬂ, EE,E', and E}; and the other involving
only Ej:f, EE"], and B.{ﬁﬂ' The wave equation for EE:E is obtained by substi-
tuting Eqs (56) and (57) into Eq (55) to eliminate E{Y and E{. A similar

manipulation yields a wave equation for EE:E with the result:

These eight equations divj?aﬂy into two independent sets of four equa-

n, 1 d? oL+ 1 dr 1y d efacdulc
=R *q'r f— __{"BE:EJ“*‘[E‘J',J_J]BEI = ;[JEJ"E(TJEJ] (59) v M

r ? r dr?
d': L]
1 S RN G G R L ) 60V pmepehe
"Sou"Lc "~ . . (2
{ These are inhomogeneous radial Helmholtz wave equations for B d
¢ g m K
EE:‘]' " The first equation yields “electric” multipole waves and the second,~ _ Y __;_kr v
“magnetic” multipole waves. These equations can be solved using the radial re | % 3
Green’s functions for the Helmholtz wave equation, discussed in Jackson,
Chapter 16, and summarized in the section after the next below.

Resonances in a Conducting Spherical Cavity We now consider the
. homogeneous solutions of the wave equations for the interior of a hollow
spherical perfectly conducting shell of radius a. We want solutions that are
regular at the origin and satjsfy the perfect conductor boundary conditions:
F-B =0 and # x E = 0" Looking at the form of the VSH terms, we see

- that these conditions Tequire
B (a) = EN(a) = EP(a) = 0. (61) /
r.e)'\ For zero current, the equations (59) and (60) are just the equations for the
QC'I spherical Bessel functions” The requirement that the solution be regular at
cﬁ@# the origin-gives the solutions
o
& s
@) B = k) (62)
iy = ehnielkr). (63) «~

The boundary condition on the surface permits two types of solutions, just
as in a wave guide: electric multipole, or “TM”, or “even” with Bm =
0 everywhere and magnetic multipole, or “TE”, or “odd” with E};} =0
everywhere,




T

Fopthe electric multipole solutions B(m = 0 everywhere implies that
Ej:f = BE.:',,E = 0 everywhere, as can be seen from Egs (53) and (56). The

boundary condition EEE (a) = 0 together with Eq. (57) requires that
d /
[P Bin (r))lr=e = 0 (64)

at the surface for the electric multipole solutions. In terms of the spherical
Bessel function, we require that

b;,t.-
ek lr=a = 0. 65/ St

This condition can be satisfied only for special values of k = w/c and deter-
mines the eigenfrequencies.

For the magnetic multipole solutiong the re;[uirement that EE;E =0
everywhere implies similarly that EE;E = Bﬁ:f = 0 everywhere, and the
boundary condition Eﬁ'{a] = 0 requires that K'L"r )

. Je(ka) = 0. (ﬁﬁ)\/ﬁf{e f

Radiation from a Localized Source Equations (59) and (60) may be
solved to give electric and magnetic dipole radiation fields outside a localized
source. The relevant Green’s function satisifies the equation

& 2d gL p 1
[F + s + k% — —{“11-—”]55(?‘,1‘ )= -_r_ia{r —r) (67) (”’ '1';:')

The solution that is regular at the origin and has outgoing-wave boundary
conditions as r — co is given by Jackson in his Eq (16.21):

9e(r, ') = ikje(kr <)h{ ) krs). (68) (161
Thus we may solve Eqg. (59) for the electric multipole field:
“ 1 * = 0K Y V'S ee Locek
ry & 2 Bl = _i”c_"*hill(kf) /ﬂ \MMMWJW. 69) v
. }Jy}& Comparing the integrand with the expression fof the curl in terms of VSH,

. G}(‘-‘ Eq. (25), we recognize the (2)-component of the curl of J. The contribu-
tion of this multipole to the magnetic a)d electric fields can be found by

a5

=Yy T igig) o (94 (1)
= 2 ngw '4 (WIS
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comparing with Egs (10) and (50). We may therefore rewrite this solution
outside the source as -

]
B(r) = ag(t,mh{)(kr)Xem(8,6) TN (70)

"
E(r) = ~VxB [?1)/ -(50)

k

TALKE o)

where ""P p 3‘}3};,} Ae \—) = - :} Aty K .‘:'Pﬂ‘-':rard ( ”’"E&)

= ATk L nBoes (o 6O T(e! Ty
aE[E,mJ‘£{£+l}c Je(kr)d T X (8, 8') - V' I(x). {m{ﬁ_ﬂif‘"ﬁt\.

Another expression for ag(£, m) can be obtained by integrating by parts and
using the current conservation condition relating the charge density to the
current density: iwp = V- J. After some computation we get

1
2 : (6] ‘
on(tm) = =z [ Y0, 8)p(e) ikl + o @)k Lo (
(13)v 9
A similar analysis of the wave equation for the magnetic multipole fields,
Eq (60), can be done with the result outside the source:

B(r) = am(t;mhy)(kr)Xem(6, ) (74) ‘
B(r) = ~;VxE (75) 1
where
411:2 ] ! fwr= t !
ap(€,m) = —m je(kr')d>r (0,8 - 3(r). (76)

These results may be compared with Jackson (16.46), (16.89), and (16.91).
(The normalization of X,,, is different here).

If the source has definite parity, then there are restrictions on the mul-
tipole moments that can be generated. Consider Eq (73). If the current
density is odd under parity, then the charge density must be even, and only
even ¢ electric multipole moments are generated. Thus the lowest possible
electric multipole moment is £ = 2, or electric quadrupole. Likewise, in view
of Eq (76) such a source generates only odd £ magnetic multipole moments.
The lowest term is magnetic dipole. Conversely, if the current density is
even under parity, so that the charge density is odd, then we get coly odd £
electric multipole moments (electric dipole and higher) and even ¢ magnetic
multipole moments (magnetic quadrupole and higher). These requirements




are summarized in the table below. If the source does not have definite
parity, then both types of multipole fields can be generated,

multipole type | parity of p | parity of J
electric (- ]‘ —[—)!
magnetic —(=) (=)

Radiation from a Small Source If the size of a localized source d is
considerably less than the wavelength of the radiation, i.e. kd < 1, the
expressions for the electric and magnetic dipole coefficients can be simplified
further. The simplification makes use of the small argument approximation
for the spherical Bessel function:

. (kr)®
Je(kr) ~ T (77)
For a small source the arguments of the Bessel functions in the expressions
for ag(f,m) and aps(£,m) are small in the region where the integrand is
non-vanishing. The £th electric dipole moment can be seen to be of the
order (kd), Since the current density is typically of the order kedp(r),
the magnetic multipole moments are of the order (kd)*+1. The lowest non-
vanishing moment is the dominant one in each series. A magnetic dipole
moment is expected to be of the same size as an electric quadrupole moment.
In the expression for the electric multipole coefficient ag(f,m), the dominant
term is the first one involving the charge density, since the J-r term is usually
smaller by two powers of kd. When the spherical Bessel function is replaced
by a simple power of r the integrals for the multipole moments then become
proportional to the expressions for the static multipole moments:

4rktt?
ap(f,m) = mfﬂm (78)
4rktit?
ﬂM{E, m} = mp‘h [?9]
where the static electric multipole moment is
Gem = f Yo rlo(r)d3r (80)

and the static magnetic multipole moment is given by Eq (45).

/O



Relationship to Cartesian Multipole Moments For low-order mul-
tipole moments it is often convenient to express the' fields in terms of the
Cartesian multipole moments, instead of ém moments. The static electric
dipole, magnetic dipole, and electric quadrupole moments are given respec-
tively by

p = f rp(r)dr (81)
p o= %frx.}'{r]dar (82)
Qo = [(3rars - r*6ap)o(r)d. (83)

To illustrate how we rewrite the expressions for the corresponding low-order
multipole fields in terms of these Cartesialy moments, consider the electric
dipole fields obtained by substituting (78) into (70).

1
drkd
B = 3 Tamh{ (k) x V)¥in(6,9) (84)
m==1
E = %v x B. (85)
The sum over m involves only g1mYim. Using the helpful identity
4# ! - f - i
T 2 Y0, 6)in(0,6) = 1, (86)
m==1

where # has spherical polar angles #, ¢’ and r has angles 8, ¢, we get

T Y amYin(6,4) = p . (87)

Substituting this result into Eq (84) and using the explicit expression for
hi(kr) gives

1

gikr
B B (% p)—(1- (88)

i

tkr
tkr 1
N . R 1 k. ikr
E = F(Exp)xi—+[3#F-p) Pl - 7). (89)
A similar treatment for the magnetic dipole fields gives the analogous
expression
1

et

B o= -RExm—0-

kr
1--— (90)

I



A gibr . 1 ik
B = k(ixp)x P— + 38(F ) - g5 - e (91)

To convert the expression for the electric quadrupole fields into Cartesian
moments, we use the identity

8T o<

?mzhzqm}’h(ﬁ,.-,b] = gfnqnﬁfﬁ. (92)
The fields are then written in terms of the vector
Qa(F) = ;Quﬂfﬁ- (93)
The result js
B = Eafnsxqu) (94)
E = ;VxB. (95)
In the radiation zone the fields have the form
B = —_-%k—sii;i‘- x Q(#) (96)
E = ‘;"3 ‘": [ x Q(8)] x £ (o7)

For higher multipole moments the expressions in terms of Cartesian mo-
ments is clumsy, and the {m moments are preferred.

Exercises
-~ ' o
L. Derive the div and curl expressions (21), (23), (24), (25).
o
2. Derive the wave equations (59) and {ﬁﬂ}.‘/

3. Given a conducting spherical resonant cavity of radius a, write the
complete expression for the electric and magnetic fields corresponding
to the lowest electric dipole and lowest magnetic dipole resonance,
specifying the resonant frequencies in both cases.

4. Prove the identities (86) and (92).
5. Derive (90) and (91).
6. Derive (94).

L



Vector Spherical Harmonics PhL 2.8.03
These are my extended notes on the 1995 Physics 712 handout on the subject of VSH which was
assembled by Carleton from notes of Richard and Tracy. Lots of calculations are recorded in my
appendix. 1 plan to summarize this sét of notes in another document, leaving out all the details, and
trying to focus on the main points.

1. The Scalar Function y defines an axis rotation.

Consider the three vectors as follows:

rx Vy Fy Vi

where y is any complex function w(6,4). Notice that all three vectors are dimensionless. These three
vectors are mutually perpendicular:

reVy =rdy=0 since y is not a function of r
re(rxVy) =0 since Ae(AxB) = 0 for any vectors
Ve (rzxVy)=0 same reason

What are these vectors? The radial one is just of magnitude y pointing radially outward, that is pretty
clear. The rVy vector points in a direction tangent to the sphere's surface in the direction in which y has
its maximum increase. And r x Vi is also tangent also and is perp to the other two vectors.

Now let's try to expand an arbitrary complex function A(6,$) as follows:

A=arVy +BTF y+yrxVy

where o, 3 and y are complex functions of @ and ¢. Is this a completely general expansion of A? T will
argue that it is, and here are the components:

a=A e (Vy) B=(Ae )y y=Ase(rxVy)

All we are doing is changing from x,y,z to x',y',z’ where the new coordinate system is a function of our
pilot function .

2. Specific choice for y as Y,,(0,9) and some reasons for this choice.
We could, for example, set y = Y ,,(0,$), then we get:

reVYy,=0




re(rxV¥y)=0
VYo (rxV Y, =0

Let's now give these three vector functions Carleton's names,

Xm=rxV¥u, You=TF Ym 2o =1V Y,y

In passing, we note that Jackson also uses an X function, but his is scaled differently, see (16.45).

xﬂ]lﬂm = 1

1 x,. -——— 1y iL=rxV
neer) T Afery T ’

The i here comes from Jackson's inclusion of an i in his definition of L, making it consistent with the L
that we use in quantum mechanics. For our purposes here, however, this factor causes only trouble.

I might have called these more suggestive names, like M,, , R,, and G,, (angular Momentum,
Radial, Gradient) . One problem is that you can never remember which letter goes with which function. In

retrospect, I think I like the simple X,Y,Z choice.

Now, for each choice of values fm, we have a little perpendicular vector triad where one vector is
radial and the other two are tangential to the surface of the sphere. Notice, however, that the orientation
of the two tangential vectors relative to the sphere is going to be dependent on the choice of £ and m,
whereas the radial vector is always radial.

Why are we interested in these vectors with w = Y, ? Well, first off, in our appendix at the end of
this paper we painstakingly calculate many things, and in doing so we learn many things. One fact we
find is that application of any of the standard operators like curl, div, grad, lapl, r » and r x to the three
basis functions produces either a linear combination of the same basis functions ( which reinforces our
idea of them spanning the 3-space), or produces a multiple of Yy, in the case of an operation that
produces a scalar result like div. In these proofs, we sometimes encounter the V* operator and we replace
it with the operator -1/r* L? when it acts on a function of@ and ¢, where iL is r x V. It is ar this point that
we make use of the specific properties of the Y, functions, that L* Y, = £(£+1) Y. It is this fact that
keeps everything closed within the little fm manifold. For example, you never encounter an L, type
operator that tries to raise you to Y 4. , for example.

Let's look more closely at this claim that nothing can push us out of the fm space. No matter how
much vector stuff we apply on the left, when we work through all the vector identities, these are the only

dimensionless vector things we can "end up with":

Yo Y
VY o Z
rx VY, X
r(re VY 0
FVXVY 0

i)

r

FPVeVY,, PV Y =-FL? Yy =- 80+ F Yy = - £(£+1)Y




4N %
The only things we have to "play with" are the vectorr or I, the scalar r, and the V operator. Now for
any pilot function y(6,) in place of Y, the first 6 items would still be true, and our space would be closed
under these operations. [t is the last item that is critical. With the genericy function we would end up

with ¥ V2y = g, some new function, and we could then end up with F g as a new vector.

As an example, we know (by explicit calc in our appendix) that V* applied to any of the vector basis
functions just yields a lincar combination of those basis functions. We also know that any purely-r
operator can only shuffle the powers of r around in some way, without affecting the Y,, -- certainly we
will not shift any #m by applying combinations of &, and r. Therefore, it is true that the L* operator when
acting on any of the vector basis functions will give at worst a linear combination of same. Since [ L?, L
]=0, we can see that L* X = £(¢+1) X. For Y and Z 1 don't think this is true, but L* will certainly yield a
linear combination of the vector basis functions as per our discussion above.

In particular, the vector operators in Maxwell's Equations won't take you out of fm, so each fm

manifold represents a "separate problem”, as is the goal in any diagonalization. Of course the underlying
fact is that Maxwell's equations are invariant under SO(3) and this is why L? L, diagonalization is

possible. The Hamiltonian or Lagrangian would be something like F*°F,,, + A"J, and is clearly SO(3)
invariant, not to mention SO(3,1) invariant. So these comments I think provide a little extra motivation
for the underpinning of the vector multipole expansion.

Before going on, we should note that Jackson's "grand finale multipole expansion of E or B" 16.47
has two vector terms, but according to 16.143, the second term itself breaks into two other terms, and you
then end up with three vector terms in each equation, and these are precisely the vector basis functions we
are here talking about. Jackson however does not really discuss the fact that these three functions span
the space; he is just silent about that and grinds out the results.

3. Orthogonality Proofs

Let's think of orthogonality not just in terms of dot products, but in terms of complex dot products with
the left item complex conjugated, and integrated over all solid angle d2. A special "inner product”.

Y with Y. Orthogonality of the Y's is obvious from the y's, since T ¥ = 1. That is, we know that our
choice of y = Y u(B,9) precisely have this orthonormality, namely ( stated as (5) in the paper )

f dQF Yeu (0,0) o F Yo (8,0) = f dQ Y0 (0,0) Y oo (0,0) = 8., St

X with X. Orthogonality of the X's requires the following work: (there is probably an easier way, see
below)

L=XL, +§L, +ZL,

Define the following

i) . M "
g=X+iy = £ ®Ey =2 and s egs=0




L:=L+L,
You then find that
L=(12i)eL.+eL] +ZL,
and then
(L Yeo(L )=0/2){L L. +L" L )+Ly 1,
where I have left space for you to write in Yy and Y, in the spaces. The two raising or two lowering
operators do the same change to the two Y functions, so the final delta form is not changed, but you pick

up the square of the raising algebra coefficients Jackson shows on page 542. Then added to the last
squared coefficient m* you get £(£+1), as Carleton shows in his (4). So,

J LY o' (8,6) * L Yeu(8,6) = £(6+1) 8¢, Buvim

Notice that this proof does not work with just any oldy functions! Here is another proof that is more to
the point:

f dQ LY i (B.0) * L You (8,0) = f dQ <f'm' €] B¢>e <B|L] fm> = <f'm' | Lo £| bn>
=<f'm' | £2] fm> = £(f+]) <€m' | fn> = £(E+1) By, By

where £ is the abstract operator in the usual Hilbert space we deal with in these matters. Again, it is the
Casimir operator of the group and all that stuff.

Z with Z. Finally, what about orthogonality of the Z's? [ got stuck on that for a while, but then I realized
this theorem

J'dﬂ('i’ol'}='l]'

as long as f(8,¢) is finite at 6 = tx, and is periodic in ¢. See proof on scratch. You basically treat the
divergence as two terms and in each term you have a perfect differential with respect to one of the two
angle variables and then the assumptions given make the result zero. Using a simple vector identity, a
corollary to this theorem is

J‘dn(vf- Vg) =-J"dﬂ{f?’3g}




e o ¥ L : :‘f‘-ﬂ 2 Taat=

just as if you were doing a parts integration and throwing-away the parts. We know from Jackson p 543
that -V’g =(1/) L’ g and if g is a Y, then L* becornes £(£+1). This then proves orthogonality of the
Z's, equation (6),

' f dQ VY 1 (0,0) ® VY ey (8,0) = £(F+1) 874 S

Y with Z and Y with X. These function sets are orthogonal simply because the vectors are orthogonal
from our earlier observations, namely, that

reVY¥,=0 ==Y withZ=0
re(rxvVymg =0 =>Y withX=0

Z with X, This is the one remaining combination, and it is not frivially true because, although
VYo (rxVYu =0
we have
VY ¢(rx VY, #0
Here is a proof that with the angular integral included, Z is orthogonal to X, Start with
Ve[f Lg ] = VfeLg +fVelg /I just a vector identity, thinking =Y.,
Integration over solid angle gives 0 for the left factor from our theorem above, assuming f and g are finite
etc. The first term on the right is the one we want to show is 0 (it is ~Z* # X)) , so we will have proven
(7) if we can show that the second term on the right is zero. But
VeLg=Ve(rxVg)=Vge(Vxr)-re(VxVg=0+0=0

since (Vxr)=0and V x(Vg)=0, QED.

4. The Expansion Theorem

We can combine all the orthogonality conditions proven above involving the X,Y,Z into a single
statement. To do this, let's redefine the vector functions as follows

X' =k Xm=krxVY¥, =ik,L Y,
xim =Ym =J; Ym

X =k Zpn =k, r VY,

where we have defined



k= 1AJE(E+1)

Then in the previous section we have proven the following fact:

Ja X" ew(0,0)*® X"(0,8) =8, Suvm S orthogonality

Furthermore, we have shown that the functions X",(0,6) as vectors in 3-space form a triad of
perpendicular vectors which, if normalized to unity, would just be some rotation of the canonical unit

vectors, with the specific rotation being a function of £, m, & and ¢. Therefore, in terms of 3-space, we

know that the vectors X"4(6,9) clearly "span" the 3-space. Any vector could be written as a linear
combination of these three vectors.
Now, we want to make this conjecture: any vector function of @ and ¢ can be expanded as follows:

A0,0) = Zown Agun X" n(0,0) (n

The radial projection of this equation is,

TeAW04) =AY = Zma Ama (T X 'm(0,0)) =Zm Amz Yi(6,0)

and we know from scalar theory that this is in fact a "complete” expansion for the scalar functionA,(6,¢).

So at least the conjecture seems possibly true. The orthogonality makes us think it is true! At least within

each partial wave, we can see that we are spanning the full 3-vector space with our three basis functions. .
If we assume the above expansion is true, we can use the orthonormality condition as follows. Start

with the expansion,

A('B,ib} = }:unn Amxnm(at¢)

Peruse the orthonormality,

[49Q Xea(®,)" X'm(®.9) =5 Suim B

Apply integral operator to both sides

[ IRXea(8,0)" A©O) = Zims Ao [0 Xear(8,0)0 X'en(0.0)

= Zamn Agnn B¢t O Onn = Aguw

And there is our projection,

Agwe = [ 4Q X ea (8,0) A(,$)

I have proven nothing of course, but it does seem reasonable. Here is the implied completeness condition:



Zown X'am (0,0)]i [ X"em(0'9) I = i <B4I0'0> = &[; 8(Q2 - )
which would be called an addition theorem for the X's. If we could prove this directly, I think our
expansion conjecture would then be justified. However, 1 think the proof would be very difficult. The
usual proof is to show carlnpletenﬂss some other way, then the above has to be true!
In a different notation we might say,
<ném|ifd> <iBpln'Fm'> = <nfmin'f'm"> orthogonality
<iBp|nfm><nfm|''0'd"> = <iOH['I'0'p"> completeness
Finally, if A = A(r,6,9), treatT as a parameter being carried along, and we then get

A(1,0,0) = Zpn Ap (1) X" 1(0,0)

An(1)= (dQ X"in(6,0)*e A(r,8,6)

This is really a multipole or partial wave expansion of a vector field, and we are going to apply it to the
electric and magnetic fields soon. What we are doing is similar to Jackson Chapter 16 but maybe-a little
more organized. We shall find that we can deal with each partial wave separately and thereby simplify our
attack on certain problems.

5. Apply divergence to the expansion

In these notes, | mistakenly used the symbol t instead of r as the label for the coefficient of the radial
function Y. I then stayed consistent with that use. The two transverse vectors Z and X get labels 1 and 2.

Since I want to check things against Carleton's writeup, let's use his form of the expansion
A= E;., [A;X +A,,Y + A& ]
VoA = Zm [Ve(MX) +Ve(AY) +Ve(AZ)] =Zm[1+2+3]

From our appendix we have

VeXu, =0 FeX, =0
VoY, =2/ Ym reYm =Yum
Ve Zp=-£{+1)(1/0) Yy FeZy=0

So we get




1=Ve(A1X) =VA,¢X +A; VeX =3, A (FeX)+ A (VeX)
=3, Ay (TeX)+A; (Vo X)=0,A(0)+A;(0)=0

2=Veo(AY) =3 A (ToY)+A, (VoY) =3, Ac) You + A (21) Yo
=1P8(r A) Yom

3= Ve(AZ) =8 A (FeZ)+A (VeZ)=08,A;(0)+A, (- £(+1) (1)) Yo )
= Ay 204+ (1) Yo

So here is the result

A= T, [AX +A Y +AZ )

VeA =3, [Ve(A;X) +Ve(AY) +Ve(A2Z) ]

= Zm { 1VPB(FA) - A LI (VD) )} Yeu which agrees with (21)

Now, suppose someone imposes this requirement,

VeA =dnp
Then this really must be satisfied in each partial wave, so we find that

fURB(F A - Ay B4+ (1) } =4npy,
Thus, this divergence condition (perhaps V « B =0 for a magnetic field, or V « E = p for E field) puts no
restriction at all on the function A; , but requires the other two functions to be related by this little DE.

This begins to show how we might apply Maxwell's equations and end up with constraints on the
multipole coefficients of the fields within each partial wave.

5. Apply curl to the expansion

Since I want to check things against Carleton's writeup, let's use his form of the expansion
A= I, [AX +AY +AZ]
VA= Zp [Vx(A:X) +Vx (A Y) +VX(AZ)] =Lm[1+2+3]

From our appendix we have

VxXpm =- [+ ] Yo - (1) F XX =-Zm
VXY =-(1/r) Xp F XY =0




i T S L "o

VX Zmm= (1/) Xem X Zow= Xom
So we get

1=Vx(A:X) =VA;xX +A; VxX =3, A (Fx X )+ A; (VX X)
=0 A (- Zo )+ Aa - [E(E+1)r ] Yo - (1r) L )
= [ 8y Ag+ (1) ] Zom = A E(6+1)1 Y
= (118, (tA)Zms - Az £(+1 V1 Yo

2=Vx(AY) =3,ﬁ‘(?xY]+ﬁ,{?xY) =G A ) 0+ A-1/1) Xpm
= -A(1/1) Xom

3= VX(AZ) =8, A (FXZ)+ A (VXZ)=8, A KXo ) + A; (1) X
=[0: Ay + A/ 1] Xew = (1B (r A)) X

So here is the result
A= I, [AX +AY +AZ]
VA= Zn [Vi(AX) +VxAY) +Vx(AZ) ]

= Za { “(1/1)3; (rA2) L - £(£+1)r AsY g + [(1/0)(E, (r Ar)- Ay/r] Xpm }
1 T 2

and amazingly enough, this exactly agrees with (22)-(25).
MNow, suppose someone imposes this requirement,
VxA =0

Then this really must be satisfied in each partial wave, and for each component! So we get

~(1/1)8; (rAz) =0 => nothing since A,= 0 from next equation
£+ Dr Ay =0 => Ay={
()3, (r A))- Adr=0 =3 (rA)) = A,

So with this condition, in each partial wave we have knocked out the A; component! And the other two
components are related by this simple differential equation!



6. Doing Electrostatics with VSH
We have our two equations already noted, repeat them here:
VeE =dnp
which implies
{ P 8.(PE)-E £&+1) (1/r) } =4npym (a) verifies (31)
and
VxE =0
which implies

-+ E;=0 = E;=0
(/)@ (rE))-EJfr=0 =>a(rE|)=E; (b)

The two DE's both involved E, and E,. If we combine these we get (32) as a single DE for E,, and if we
then define ¢ = - r E, then equation (31) reads as follows:

82 § +(2/) 8, ¢ - L(L+1)P = - Anppn

Compare this to Jackson 16.5 with k* = 0 and a source added, and you see that we have discovered our
friend the Poisson equation where the "potential" seems to be ¢ =- r E;. So think of this as saying that we
solve the Poisson equation for ¢, and then we have E;=-¢/r, E, =-5, ¢, E; =0. Then our E field must be,

E=Z,[EY +E/Z] =Z, [0 ¢Y -¢r Z ]|=
“Zon [Bden T You + bm VYon ]
where now we have shown the subscripts on ¢ which we were too lazy to add before. Do we recognize

this solution ? Go to Jackson (4.1) on the multipole expansion for ¢, and assume we have found some
solution

#(1,0,0) = Egn (4T/(2€+1)) Qan 11" You = Zim Gem(r) Ye(0.4)

where
dem(r) = (AR/(2£+1)) G 11"

Then the electric field should be

E=-V§ =-Zp V[ 0m(r) Yon(0.0) ] =- Zem { V[ (D] Yeu(8.9) + deualr) V Y eu(6.9) }
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=- T { 0T Yeu(6.0) + Qanl)r 1V Ypu(6.4) }

== Lo { O0em(t) Y + §a(r)r Z }

which agrees with our VSH result.

7. Doing Magnetostatics with VSH
Before looking at Maxwell's here, (35) is just the electrostatic expansion restated for magnetic quantities,
including the magnetic potential. If we set B = -V¢ we instantly end up with (36) through (38), no
problem here. Now, let's look at Maxwell's equations.
We have our two equations already noted, repeat them here:
VeB =0
which implies
{18,(FF B,)-B 4+ (1)} =0 see (42)
and

VxB =4n/c ]

which implies

-(1/1)o, (rBy) = 4nlc J, /1Z (40)
- {(¢+1)/r By = 4nlc ], 'Y (39)
(1/c)(8:(r By) - B/r= 4w/c I, /X (41)

The two DE's both involved B, and B,. T have combined these to get (43) for B" driven by J°,

Now derivation of (44) requires a bit of a digression! Jackson (3.120) shows the definition of the Green's
function for this equation and the form of the solution. I abbreviate as follows:

op[g] = -4n/r §(r-r") (3.120)
Then if you have

op[F] =s

the solution will be

11




a
F()=- () s() ( r¥/4x) dv
0

as vou know by applying op to both sides. We show the source function s as localized. For r outside this
region, we have r > ' and we know that g(r,r’) = B'(r)/r'". Similarly, if we look at very small r near =0,
we conclude that for r <r' we have g(r,") = A(f)r*. From the required symmetry of g, this tells us that

ge)=C[td ][ 1/6""] = 4n/(20+1) rl /!

We determine the constant according to page 80 and we find that C = 4n/(2¢+1) as shown above. The
solution of our posed problem is then

F(r)=- 1/(26+1) * 1/r**' * j‘s{r‘} ¢ 2 dr
0

Now in our particular problem we have s(r) = 4n/c £(£+1) J;(r) and F = rB, and this gives (44) I
So the peint is that we did our VHS thing for this magnetic problem and we ended up with an
equation (43) for B, driven by J; and we have solved it in (44) for B, Comparing (44) to (36) gives

a
B =-tle [ Vam(r) £ 22 df
0

but of course we are still in m partial waves here. We can use (11) to replace J;,(1") with the projection
integral, and this then gives (45) which can then be rewritten easily as (46).

This result (46) claims to tell us the magnetic moment of a current distribution. In Jackson this
appears in (16.95), but the forms don't exactly match. Here is how we fix things up. Consider:

Ve[ r'Yu rxJ] =rxJeV[Yp] +r'YuVe(rxJ) =1+2
l=rxJoeV (@) Ym +rxJer'VY =0+r'VYerx]
S0 we get
Vo[ Y, rxJ] =r'Y,Ve(rx)) +r'V¥erx]J
In (16.96 a) the divergence integral will vanish, so we get 0 = Jackson + Carleton. The only
disagreement is a - sign (both have minus signs). It is a little hazy how Jackson defined his moments,
perhaps this minus arises because ay has a minus sign in 16.47.
Ignoring this minor detail, Carleton's exercise here was to consider magnetostatics, use a potential to

define the moments, and then solve for the B field using the VSH and do a comparison to end up with a
classic result for the moments.
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8. Maxwell's Equations with VSH.

We list off the four fully coupled standard Maxwell equations with sources, and then we write down all 8
VSH equations. These follow trivially from my div and curl results above, all are correct. [ then did
exactly what Carleton said, and got the two driven wave equations shown in (59) and (60). But we hold
now to do another exercise section.

9. Fields in conducting cavity.
(1) Duplicate stuff from above, but set to B and replace V with ¥ since we wantT « B=0
B= Zm [B.X +B.Y +B,Z]

&

FeB= I, [F ¢(B:X) +F o(B.Y) +¥ ¢ (B\Z) ] = ZuB. Y

=>B,=0
using
VeX, =0 TeX, =0
VoY =020 Ym T eYm =Ym
Vo Zo=-Lf+1) (110 Y re Zy=0

(2) Duplicate stuff from above, but set to E and replace V withT since we want ¥ x E=10
E= Zm [E2X +E.Y +E,Z ]

rxE= Zp [Fx(E;X) +F X (E.Y) +T X (E\Z) ] =Zou[-E2Zem +E | Xom |
==E.=E; =0

using
VXX =-[E0+1Vr ] Yon - (1/7) Zn ¥ XX =-Zu
VY =-(1/0) X FxYm =0
VX Zon= (1/1) Xom rx Zo= X

S0, the boundary conditions for either a spherical conducting cavity or a spherical conducting sphere are
very simple:

FeB=0 =>B,(a)=0

rxE=0 =>E,a)=E(a)=0
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where these fields are evaluated at the surface of the sphere, r = a. Certainly a simple result!

Now if there are no sources, we are just looking for stand-alone solutions that can exist, they refer to
these as resonances. They will of course have surface currents and charges, but these are not the "free"
sources implied by the equations.

Now we are going to "look for solutions” of the 8 equations (51)-(58) subject to the boundary
conditions (61), everything is sourceless, Recall that E; and B, refer to RADIAL components of these
fields. For each field, we know that the other two components are TRANSVERSE. So NOW finally we
are seeing the meaning of the indices 1,2 and r -- better late than never. 1 and 2 are the two transverse
directions that we associate with the functions Z and X.

Our equations divide into the « group and the B group as shown.

Suppose in the o group we look for solutions with E; = 0. These would be "transverse electric" or
TE, since there is no radial E in a solution of this sort. In this case, looking at thea group, we get E;= 0
from (51) and then By= 0 from (55) . Then equation (56) and (57) are both 0 = 0 and add nothing new.
The surviving fields are E; and B, and B, which are all in the p group. So the TE solution means that all
three fields in the o group are null everywhere.

TE = magnetic: a: E. =E; =B,=0 B: B;, By, E; all active
TM = electric: B: B, =B, =E;=0 a: By, B, By all active

For TE, to find the non-zero [ fields, we see that E, must solve (60), and for the cavity case, it has to be a
jdkr). Motice that of the three conditions (61), the middle one is in the « group, the other two are in thep.
So for our TM solution in the cavity which involves p fields only, the condition Ex(a) = 0 implies j{ka)=
0 which gives the k mode eigenvalues from the zeros of this function. But we also have that B a) =0 to
think about, but equation (53) shows that this is satisfied at once if Ex(a) = 0.

Suppose we look for TM solutions with the whole o group being zero. Again, just assuming B, = 0
forces E; =0 from (53) and then B\= 0 from 54. In this case, we take in the o group that B, is a j(kr) for
the same reason, finite at the origin. But now the BC is that E,(a) = 0 and from (57) this puts the
condition that &, (r Bo(a)) = 0=, (r j{k))|™ as claimed in (65).

So from this little exercise, we sce the power of the entire formalism here. We have the two
decoupled equation sets which we can think of completely independently, this is why we have the famous
TE and TM "modes" in all these problems, I never quite understood that before. In Jackson page 543, he
produced two 3-equation sets but then he had to do some arm-waving on the next page.

Solving the conducting cavity problem was easy! The boundary conditions were trivial, we thought
about each of the two modes, and for each mode were able to write down "by inspection” the solution for
the primary active field, either E; or B;. These are the X or Ly components, really E;.(r) keep in mind.
These are the primary E and M fields in Jackson's 16.47 grand finale. Now in either case, once you have
the primary field, the only other existing fields are of the other type. For example, in TE you find that E;
is your Bessel function, and then the only other existing fields are B; and B, . These are trivial to write
down using (53) and (54). And similarly for the other case. So again, once you go into partial waves, this
spherically symmetric problem is trivial to solve, and you do get eigenvalues for k. This is a very
excellent problem to consider.
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10. Radiation from a Localized Source

So now we put the sources back in and we try to solve (59), (60) using the Green's Function method.
From Jackson we know that the Green's is (68), and this gives solution (69). You can always verify a
result like this by applying op[] to both sides which I just did. 1 modified (69) with an upper endpoint on
the integral, but now see not necessary.

Now you have to recognize the J-function there as being the 2-coefficient (the X coefficient) in the
expansion you could get for V x J. You could then use the inversion formula for this coefficient as [ have
shown after equation (69). Inserting this inversion into (69) then gives the result (70) with (72). And (71)
is trivial from (50).

Stop! We have now derived the standard Jackson formula for an electric or TM partial wave
multipole field! We are reminded that it is called electric since p appears in the coefficient.

[ just spent about 4 hours deriving Jackson's identity (16.90). It took 5 pages, and I made about 5
mistakes along the way, each of which had to be identified and corrected. Very painful, retain in notes.
So I am now happy with Carleton's (72) and (73). You have to realize that both Carleton's X and his ag
are scaled relative to Jackson.

MNow look back at (59) and (60). We just used the Green's method to solve (59) for the TM modes
and our result was (70)-(73). Solving (60) instead for the TE mode is simpler since the J structure is more
straightforward. In analogy with (69) we get the square current bracket replaced with [ -ikr J* ] (which
cancels the first 1/f' factor) , and of course B? is replaced with E>. Therefore, our result will be (72) with
curl J replaced by -ikJ , and this gives precisely (76).

[ just read the trailing part of the handout on dipoles and quadrupole and long A limits and Cartesian
moments and all that, it is fine, but this is not what interests me in this handout, so no notes,

Done! Now I would like to write a "summary" of what all happened here! Forest for trees. Amazingly it
took me 18 pages of notes to digest this little handout which is only 12 pages!

Appendix 1: Horrendous operations on the Basis Functions
reX';m ~reXy~reLY,, ~re(rxV)Y,=0
r‘x1¢m=r'ym =r'?Ym =1 Yo

reX’pm=~re Zy,=~re VY, ~1rV, Y, =0 because Y,, is not a function of r

er',_m= KerxXpm=kerxrx V¥ =k [(re VY, )r VY m]=- k' VY
=K =T X

)
EX X = XY =rx¥ Yy, =0

XX =k rxZm =k rx( VY =krrx V¥, =kf Xpm=r X'
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VeX =k VeXy =k, Vo(rxVYm=k [VYne(VXr)-re(VxVY,)]=0

VeXim=VeYm= Vo(F Yp)= [VYpo P+ Yu(Vel )] =  Yu(2/r)=(2/r) Yy

VeXl=k VeZy=kVe(rVYu)=k [Vre VY +r(VeVY,)]=rk V’Ypn
=k £+ (/D) Y == (1/ 1 k) You

VXxX' =k VXxXm=k Vx(rxVYu)=7 //Thisis a harder one to do, to wit: = (0,)
Vx(rxVi=r (VeVE)- Vi (Var) +(Vie V)r- (reV)Vf =1+2+3+4

1 =rVf anyf
2=-3Vf anyf
3=8f 8 =0f8; =8f =Vf anyf
4=-10,5f =-1,33f =-3(r8f) +@r)af)
=-8 (reVf) + §f =0+ Vf=Vf true only for f=f(8,)

SoVx(rx V) =rVf - Vf  and for f=Y,, get=- [ £(4+1)/r] Y T - V Y, S0 repeat:
VxX'm =k VxX;=k Vx(rxVYm)=k{ -[E+1)Vr]Ym T -V Yo }

=ke{ -[6(+1Yr] You -(1r) Zp }
= - [k A 1 X - (10 ) X

Vi Xom= VXY =VX(F Y) =V Y X F+ Yo (VX F) = (1) FxV Yy
=-(1/0) X = (-1/kt) X' oe

VXXm=VxkZm =k, Vx(rVYu.) =k, [ Vrx VYt (VX VYY) =
K, [FX VY + 0] = kL1/0) £ X VY g = KA1/E) X = (1/7) X'

Now lets engage the curl of cur] battle!

VX VX X' =V x (- [k £+ ] X2 - (1/7) X2 0)
=K A VX[ (/D) X] - VX [(10) Xm] =~k 1) [1]- [2]

(11 =V x [ (1/r) X2l = V(D) x X2 + (1/0) V x X2
=(-UD{ F xXP ) HIO{VxXim)
=1 {0 } AU (- (k) X )
= {‘lﬂﬁ"z}xlm

1= Vx[(I/M) Xl = V(D) x X + (1D VX X
=CUAD{ T xXm} (D) { VX m}
= (U X' } + (U0 { (1) X' g }
=0
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= VxVxX'm= -k E+1)[1]- [2] =-k +T) -1k ) X' = £(6+1)F° X'
=> Vx VX =200+ X' s

Vx{VxXm) = Vx{-(1kDX'm} =C1Uk)Vx{(l/)X
=R U { T x X'} +(M) {Vx X'} ]
(1K) (1) {- X } + (1) { - [k LD ] XK - (1) X } ]
(-1/ke) [(1) { - [kel(E+1)r ] X } ]
L+ DIP X // interesting!

fl

Vx{VxXm) = Vx{(INX'w} =

[CUA{F xX'm)} +(UD) (VxX'm} ]

[(1/0) { - [k £(f+1¥r] X’ } ] from previous calculation

- ke £V X /f breaking the rule set by the previous two!

Il

Summarize these double-curl results:

Vx{VxX'm )} =0+ X
Vx{VxXm} =L+ X2
Vx{VxX'n)=-k(+1) X

Mow let's try some Laplacians:

VX = V{Ve X'} - {VxVxX'!
=V{0)-{ 2+1)P X' )
= -+ 1) X'

VX m=V{Ve X} - {VxVx X}
= V{(2r) Yo } - {2610 X )
=2 {V [(U1) Yul} - £(6+1)F X2,
=2{ (U FYm+ (1D V Y } - 08+ X
=2 { (1) X + (1) X Ko } - £(E41)IP X
=2/ k) X - [L(+]) +2] I X /not very nice

VX =V{VeX}-{VxVxX'm}

=V{ -k, &(£+1) (/1) Yom } - { - ke £+ 1) X2y }
- Ky £(8+1) {V [(1F) Yo } + K L(EHTYE X
<k LD { (U E Y+ (U V Yo } + k £(6+1)Y0 X2
ke (0D { (U X ) X [ e } + K 204 1)F X
2k A INE X - L1V P X

nmmw n
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I am getting tired of all this stuff. Wondering if Maple can do it? No, but I found a package that I can
add to my Maple, looks interesting... Well, the problem is related to “inert" versus "do it" . I don't really
want the thing to be calculated, I want it to remain in symbolic form, like VY. Back to hand work!

The Laplacians look suspicious, | bet they should all come out the same, but there is so much algebra
here [ have no real way to check things, and early errors propagate! At least | have a written derivation
record so I should be able to repair things at some point.

Let's summarize some of these result in a table:

X'm =k, Xm=krxVYm =ik L Yea Xon = rxV Yy

X =Ym =T Y Yo = F Yo

X =k Zon =k T VY Zow = T VY

FeX'p=0 FeXn =0

#‘XIMHYM ?‘Ym =Y€I‘II

T e X'm=0 P e Zm=0

?lem=~ im ?xXM =-z-,m
FxXm=0 FXYm =0
FxXm=X"m FX Zon= Xom

Fxr xX'p=-F xXm=-X"mm Fxr xXm=-Xom

rxr x X =0 rXr XY, =0

?1? xxﬂlﬂ.:?lx:l‘-:' 3,“. ?l?‘ 1Z|m='zw

VeX' =0 VeX,, =0

VeX= (2/0) You VoY =(2/6) Y
VeXm=-k £+ (/1) Yo Ve Zpw= -0+ (10 Ym
Vx X'pm= - [k 281/ ] X - (1) X VXX =- [(+1Vr] Yo - (1/1) Zipm
ViXim= - (/o) X o VxYm =-(1/0) X
ViXp=(1NXpm VX Zpm= (1/1) X

Ve(rxVf)= 0foranyf
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Summary of Carelton's VSH Handout Notes PhL 2.13.03

The Basis Functions and Expansion Theorem

Define these three vector functions on the surface of a sphere 8,¢ which has radius r:

X = rxV ¥ 2 = X AJE(E+])
Y = F Yo r =X
Zw = VY 1 =X \JEE+])

where Y ,, is the usual spherical harmonic as in Jackson. These vectors are mutually perpendicular, with
the Y function being radial and Z and X being transverse to the sphere. In an E&M problem, one is
familiar with the two transverse directions, and | and 2 are exactly those directions.

Within the £m manifold (partial wave) of the multipole expansion of a vector function A(6,9), the
three vectors above form a true set of basis functions, and we end up with the following expansion
theorem including the projection formula

A(B,9) = Zomn Agmn X"om(0,0) A= J'dn X" (8,0)% A(D,)

expansion projection

These imply the following orthogonality and completeness relations:

f dQ x“'t'm'(ﬁjtb)*' xnm(a:'b) = at'.rt E\Iﬂ',m al',j or'rhogonal It}-’
Zemn [Xm (0,0))i [ X" em(0,0) Jr == &ir 8(Q2- Q) completeness

In the detailed notes, we prove orthogonality, and the fact that the three vectors are perpendicular to each
other, but we have to simply accept as being awfully reasonable the fact that the basis functions are
complete, so the expansion is valid for any reasonable vector function. I could not find a trivial proof of
this fact, but there probably is one.

The above result is then trivially extended to vector functions of r,8, ¢ by adding r as a ride-along
parameter, and we then get,

ﬁ(r!B!‘bJ = Eﬂll.l ‘a‘ﬂnn(r} xhtmtey¢) A‘!‘mn{r}z I dﬂ th.(as¢)' A(fses'ﬂ

In our applications we will often think of A as being E, B or J. The above is the generalization of the
partial wave expansion of a scalar function, which we know works like this:



Ar0,0) = Em Am(r)Y a(6.0) Am(r)= J' dQ Yo *(8,9) A(r,0,0)

f dQ Y 4 *(6,4) Y an(0,8) = ¢ Omim orthogonality
Zm Y (0,¢) Yu(8,4" =8(02- 1) completeness

We are familiar with the use of this multipole expansion in electrostatic potential theory for the potential

b,

Some Useful Properties of the Basis Functions

VeX, =0 ?"xm=ﬂ
VeYm =20 Ym FoYm=Ym
Ve z‘-ﬂi= -f{f+]:l{l.|"r] Yun ?‘ . Zm=ﬂ
VxXp = [ ] Yon- (V) Zen & XK =+ Zen
VXY =-(1/1) Xom P XY =0
VX Zp= (/1) Xon X Zo= Xem

It turns out that all operations you can think of to apply to the basis functions, or to scalar functions of r
times the basis functions, always keep you within the #m manifold. The reason for this fact is summarized
by the following exhaustion of all possible dimensionless vectors you can make out of the building blocks
rand V,

FYm Y
VY Z
rxVY,y X
F(reVYa) 0
PVXVYm 0
FrPVeVYy, FEV Y m=-FL Yo =- (1) F Y = - £(f+1)Y

The last item is the only but crucial place where the properties of the Y, are required, and no other
functions will do! The Y, work because they are coordinate-space representations of angular momentum
states |ém> which diagonalize L? and L;, which is possible because the Hamiltonian is a rotational scalar.

From now on, we will write the expansion formula using Carleton's X,Y,Z form, to wit,
A= Z,[A:X +AY +AZ ]
in a shorthand notation where the three coefficients really have ém labels and are functions or r, and of

course the basis vectors also have these labels. Note that 1 and 2 indicate the transverse vector coefficient
functions of r, while 1t is the radial vector coefficient function.



Diagonalizing Maxell's equations involves applying V e and V x applied to the above expansion for the E
and B fields. Using the properties noted above, one can show these essential facts:

VeA

Zm Ve (A X) +Ve(AY) +Ve(AZ) ]

Bn { UPB(FPA) - A LEFD (D)} Yo

The result is of course a scalar, and the A; coefficient does not appear in the result, indicating that no
constraint is put on A; by a divergence condition one might find in Maxell's equations. Similarly we have

Ir

VXA = T [VX(AX) +Vx (AY) +Vx (AZ) ]

Zem { (1), (rA2) Zp - £(£+1)r AY g + [(1)(E: (r Ar)- AJY] Xi }
1 T 2

This result is more complicated and all three coefficients are involved. We have shown the correct
expansion labels for the resulting coefficient combinations.

At this point in the handout, Carleton does two warm-up exercises.

Electrostatics Exercise. Use V e E =4xp and V x E = 0 and see what happens. The result is that E; = 0
and we get two coupled first order DEs for E; and E, which we can combine to get the Poisson radial
equation for the quantity (rE') which we can interpret as the potential -¢. This equation is driven by
source term 4mp,,. We find in fact that E',, = - ¢pm / r where the ¢, are the usual scalar multipole
coefficients used in electrostatics multipole expansion.

Magnetostatics Exercise. Use Ve B=0and V x B=4n/c J and see what happens. The V x B equation
results in three equations (39)-(41), and the V » B equation gives a fourth (42). By combining two of
these, we obtain again Poisson's radial equation, but it is now for the quantity (rBY) and the equation is
driven by a J* term. Carleton provides in (44) the Green's Function solution for B*. Via a separate path,
he writes the conventional scalar multipole expansion for magnetic potential ¢ in terms of moments p,,.
Then B =-V¢ is expanded in VSH giving equations (36)-(38). Comparing our Green's solution with (36)
gives a traditional formula for the magnetic moment as an integral over the current distribution J.

After these warm-up exercises, we go for the whole nine yards. On page 6 we write cut the four Maxwell
equations (with sources), and applying the above div and curl expansions, we end up with 8 little
equations for the 6 VSH component functions. Now comes the key fact. These 8 equations can be
grouped into two sets of 4 equations which 1 have called the o group and the B group. Each group
involves only 3 of the 6 unknown functions, so we have really rwo completely independent solution sets.

TE = magnetic: a: B, =E =B;=10 B: B:, By, E; all active

TM = electric: B: B, =B,=E;=10 a: E;, E;, B; all active



The name TE arises because E, = 0 in this solution set -- there is no radial E field. We know from Jackson
that the conventional names magnetic and electric arise later on when we see what the radiation solutions
look like. In general, you solve the TE and TM problems independently, and then of course you could
superpose solutions together. Notice this fact: in each active set, you solve for a #2 field, and that is ALL
of that kind of field. The other two fields in the set are of the OTHER type. So in TE the entire E field is
simply E? , for example, and the other two fields are B type.

Think now about what we have done! We take the four very complicated Maxwell vector equations
with nasty curls and vector components, and we reduce them in the partial wave expansion to 2
independent sets of 4 scalar equations for three field components. In each set, we can show that the #2
field component function must solve the radial wave equation driven by an appropriate current mixture, as
shown in (59) and (60).

Full Maxwell Exercise: the cavity resonator. [magine no sources and a conducting metal cavity, What

E&M modes (resonances) can exist in there? The BC's are the usual reB=0andrxE=0atr= a,
which boil down to the extremely simple (61). Since no sources, solutions of the radial wave equation are
spherical Bessel's like j(kr). The TE and TM solutions are just multiples of j(kr) as in (62,3). However,
the BC's cause the solution values of k to be quantized, and these are then the cavity normal modes. The
conditions for TM and TE are different, (65) and (66), so modes have different eigenfrequencies. This is
a fairly complex problem to even think about, but the VSH method provides an almost instant solution!
Of course the geometry is optimal for VSH work!

By the way, these same BC's apply to Jackson's scattering from a conducting sphere. In that problem,
we have extra BC's in the full coordinate space of an incoming plane wave and outgoing spherical wave.
[ now realize that Jackson 16.139 is nothing more than the expansion of a plane wave traveling in the z
direction onto the VSH basis functions. He uses circular polarizations. [ recall at the time how completely
obscure this seemed! You can see how Jackson prefers to use the combination V x f, (r) X,m to
incorporate the Y and Z components of the expansion, and he has even provided a little orthogonality for
this combination in 16.132 which is unbelievably obtuse! Carleton has shown how this can all be
understood in a systematic fashion. I could resolve this problem using the VSH from the start, project the
plane wave onto the basis functions from scratch, but of course I would end up with the same 16.139 with
three terms in place of Jackson's two.

Radiation from a localized source. Here we just take those two #2 component wave equations and do
the Green's function solutions, as done in Jackson. The B? solution is shown in (69) (this is of course the
particular solution, to which we can add solutions of the sourceless problem, like those cavity modes, in
order to match some boundary conditions.)

Now on page 9 we come to the normal "statement” of multipole fields. For TM, we know that the B
field has only the B; component, and that is what (70) says. Here we use the Hankel 1 function because
we are implicitly matching the spherical outgoing boundary condition, since our topic is "radiation from a
localized source”, Jackson in 6.42 is slightly more general, not specifying the type of radial function.
Away from the source, you get the E field from the B field in trivial fashion just from the usual Maxwell.
By installing our specific Green's solution (69) for B,, we get a specific result for the radiation field in
terms of newly minted coefficient ag as shown. It is an integral over the curl of J in the source times other
stuff as in (72), and this is the result that took me 5 pages of notes to convert into form (73) where you see
that a TM mode is driven by charge p if it is present, hence the name "electric”.



At this point, declaration of the form of the TE mode follows at once with (76), just looking at the
different source in the radial equation. In this case, we don't have to do the elaborate conversion, we see
that ay is an integral of J as shown.

So fine, we have recovered Jackson's multipole expansion results in a much more organized approach,
with much less mystery. I presume Jackson has held firm in his 2nd and 3rd editions.

Comment on Wave Equations. We know that components of E and B in free space solve the wave
equation, let there be light! In the presence of sources p and J, these wave equations are not so nice. Here
is a quick shot,

(V' +K*)E =4aVp - 4nik/c J and ikB= VxE
(V* +K)B=-dnic VxI and kE=-VxB +4n/cJ

This is why we introduce the vector potential A.

MNow in the VSH approach, we find that in each mode, the #2 component satisfies a radial wave
equation. The B; solution for the TM is driven by the #2 VSH expansion coefficient of V x J, in analogy
with the second line above, giving us result (72). However, after the transformation to (73) using
continuity, we find that in fact p is really the main driver of the TM mode B, contrary to what appears
above, where we don't even see p in the second line.

Similarly, the E, solution for TE is driven by the #2 coefficient of J, as shown in (76). This dimly
reflects the first line above, but again we marvel at the absence of p in affecting E, directly. Of course in
light of continuity, the two sources p and J are always connected and all these comments are not very

productive I guess.
I don't think the vector basis functions satisfy any wave equations, though I saw someone claim this
once. See other notes on the N and M functions.



Mie Scattering and the M and N functions PhL 2.14.03

These started out being notes on my little Mie Theory 4-page downloaded paper which happens to state
all the coefficients in formulas that look like mine.

Review. We have seen how the functions X, Y and Z span the #m manifold. We have also seen how one
solves an E&M problem separately in the two "modes” known as TM and TE. Each mode has its own
private set of equations and operates independently. In either Jackson or Carleton's notes we have this
basic idea:

TM: B = ag(£m) f(r) X,u(0,9)
Eem = (/) V X By

TE: Em =au(fm) gdr) Xm(0,9)
Biw= (-ik) VX Em

That is to say, for each fm, we can have the two independent solutions noted above.

The quantities f{r) and g/r) each represent a linear combination of spherical Bessel functions. The
two coefficients of this linear combination are dependent on # and must be determined from boundary
conditions. Usually they are normalized so the sum of their squares is 1, but this is not necessary, since

the ag (fm) type coefficient can pick up the slack. The asymptotic behaviors of j(kr) and h™(kr) are
especially useful in meeting these boundary conditions, the first being finite at r=0, the second having
outgoing spherical wave behavior.

The normalization of the function X,(6,$) varies with author, but always has this form

Xem(0,0) = C(£,m) * rx V'Y 5 (6,4)

C(4,m) = +1 Carleton
-1 Mie
-i

—_— Jackson
A E(£+1)

When we write Z and Y, we always mean Carleton's normalization for these two basis functions. It would
seem that the X vector basis function, one of the two transverse ones, is somehow more "fundamental”
than the other two, since it provides the "main field" in each of the modes. The "other" field that goes
with each mode is found from the V x operation as shown, and we can write out:

VX [f{r) Xem(6,6) ] =-Cl&im) { (£'Ar) + 1) Zu(8,8) + £(6+1) £r)r You(B,0) }
Thus, as we well know, the "other field" in a given (TM or TE, transverse) mode has components in both

the Z (other transverse) and the Y (radial) direction. We can rewrite the above vector expansion as
follows:

VX [£40) Xen(0,0) ] =YD T X Xn(0,0) - C&m) €&+1) fLeVr T You (6,4)



where we have kept it general so that anybody's X can be used here. This appears as 16.143 in Jackson
where his C(£,m) is as shown above. To do this, we used the fact (from our appendix in other paper) that

Z=-% x Xcwtaen = -(1/CEM)E x X
Now when we write the full expansion over all the modes, we get this result:
B =Zuml ag(fm) 1Ar) Xw(8,6) + (- k) Vx {an(fm) gdr) Xm(8,9)} ]

E = Zn[ (M)Vx{ag(fm) £(r) Xm(B.0)} + ay(fm) gdr) Xem(6,9) ]

and this appears as the "grand finale" 16.47 in Jackson, which I now see is not all that grand. It is just the
statement of what we are saying all along in the VSH expansion. The game is to determine the two

coefficients ag (fm) and ay (£fm) as well as the spherical Bessel implied linear combination coefficients for

each fm. Notice that in the form above, there is no immediate need to expand the secondary terms in
either way shown above, but we know we can do it.

The Mie basis functions M and N. I call them Mie because I suspect they appeared in his 1908 paper in
this form. In my little 4-page downloaded Mie Theory paper we see the following definition:

M= VX [f{r) Yo B) r ] = VX[ (fr)r) Yau(8,0)]

Warning: The Y, (0,4) which appear in this Mie paper may have different normalization than we are
used to, but we will absorb any difference into our linear combination of spherical Bessel coefficients,

which are already implied when we write the generic f(r)
From the first form, we can quickly simplify as follows:
VX[F(r) Yo (0.0) r] =V [{r) Yau 8,9)] xr
because the second term has V x r which is 0. In the next step, can see that the
V[ £A5) You (0,0)] = A1) V Yo (0,0) + £'4D) ¥ Y (B,)
so the second term gives nothing since ¥ x r=10. So we end up with

M(1.0,0) = VX [f{r) Yo (0,0) ] = - £41) rX V Yo (0.6)
= - f{r) Xpm(0,4)/C(£,m) // our old friend

Thus, we can write our exact same multipole fields as

TM: By =- ag (fm) /C(£,m) Mm(r,8,)
Em=(/k) VxB
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TE: E g = - ay(£m) /C(£,m) iim{r,ﬁ,tb}
Bo = (-i/k) VX B

At this point, why not define
New(r,0.4) =(1/k) V x Mu(1,8,0) = (1/k) V XV X [f{r) You (B,9) 1]
Then we can be even more compact and say

TM: B:m = [ - aE{fm} fC(f,m]] thE(r?E!q}]
Em= i[ -ag(fm)/C({,m)] Nugr(r,0,0)

TE: Em= [ -aq(tm)/C(£m)] Meam(r.6.0)
Ban = =i [ - ap(fm) /C(£,m)) N,mmi(r,8,0)

Here | have added E (electric) and M (magnetic) labels on the M and N functions to make us remember
that each one can have a different spherical Bessel function. That is, we might write

Mu(r,0,0) = V x [f{r) Yo (8,9) r ]
Mum(r,0,6) = V X [24r) Yo (6,6) 1 ]

Now let's rescale our coefficients in the obvious manner cg (fm) = - ag(£m) /C(¢,m) to get this final form

TM: Bim= cg(fm) Myge(r,0,) = cg Mg
Em= iceg(fm) Nume(r0,0) =icg Nue

TE: Em = C‘M{fm} MMM(I!E:¢} = OM MmM
By = -1 cp(fm) Nemml(r,0,0) = i ey Nomng

where we are trying to achieve a goal of very compact notation. At this point we can write our full
expansion as

B

Zm [ cEMmr - iceNpe ]

E Em I ic‘E:Nng + cm MmM ]

which I have to admit is pretty compact.
Now the paper I have has a different notation for things:

them me

even e == a special meaning not discussed vet! (electric)

odd o == a special meaning not discussed yet! (magnetic, see below)
n = £ , the main index on the spherical harmonics



¢ = m, the minor index
m = n, the index of refraction (they call this the "optical constant™)
ka = x, known as "the size parameter”

The superscript on the N and M functions relates to the choice of Bessel function. The functions have
label 3 (which would be a Hankel 1) and field has subscript s. The "internal" wave (inside the dielectric)
has label 1 (which would be j,) and subscript t (transmitted), while the plane wave expression also has the
internal 1 label and subscript i. The three labels are correct. You can see that the coefficients in (1.4) and
(1.5) are defined in a peculiar manner, perhaps as Mie did things.

Status: So, at this point I am happy about the expansions (1.4) for the scattered wave, and (1.5) for the
transmitted or internal wave. My big problem is (1.6) for the plane wave incident. I know from Jackson
that the simplest forms for the plane wave are with circular polarizations, and we have

E.=Z, ()\4n26+) [ jdk)Xem £ (1K) Vx {jke) Xpa } ]
B, =%, ()\4n(2e+1) [F ijdk0) X - (k) Vx {jdkr) Xer } ]

For each partial wave £, we know that the m = £1 are involved. The formula (1.6) does not show this
detail. What is most annoying is that the author simple makes no comment whatsoever about polarization,
as if it did not even exist.

Aside: What would happen if we averaged over the two polarizations for the intensity? We could
think about the Poynting vector time averaged which would be

<S> =c/8n E.xBy

Because of the *, there will be non-vanishing cross terms. Rewrite as

Es =3, ()\J4n2e+1) [ jdkn) Xpm
£ (Vk) {-Clla) { (£'A0)+ 1r) Zesi (0,9) + L) FAVr Y1 (8,0) 3}

B‘i =1, {i}! \/ 4n(2e+1) [F ijdkr) K.E.tl
- (@) {-Clu) {  (FAD+ 1M Z 0w (0,0) + LEF) TV Y e (0,8) 3 )]

It is the X-Z cross terms that survive as in Carleton (7), along with the diagonal terms. [ see no trivial
argument that says you can somehow replace X,.; with X, in any kind of average sense.

So I have now (momentarily)" lost the faith" in this paper due to the unsupported expansion (1.6).
This makes me not understand the quoted Mie coefficients, although they do look very much like the ones
1 got. I did find that the coefficients in fact did not depend on the polarization state, something that
seemed strange at the time. So for the moment, I will not regard this as a confirmation source for my
coefficients, but will instead learn some generalities about Mie scattering!

Some new realizations. For given index and a parameters, there will be values of k for which the
coefficients blow up -- poles! I did not think this could happen. Perhaps the numerators compensate so
things don't go infinite, but these poles at least tell you where there will be lots of large field action! In
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experiments with a laser, you let droplets evapﬂrate so radius a decreases, and then you can pass through
resonances. No doubt these are the resonances of the dielectric sphere just as we had in the case of the
conducting cavity! The Q values quoted are finite, even for lossless dielectrics, so the numerators must
be providing cancellation. (?) Author states that you can generate fields near the object that are a million
times stronger than the incident field, due to the resonance effects!

This paper is no doubt correct, but it is not the right place to learn this subject. I did manage to learn a
few things from it, however, such as the N and M basis functions. Recall that there are whole BOOKS
Jjust on the subject of this kind of scattering!

I notice on the web discussion of s and p polarization states!

Fact: 1 cannot find a real Mie derivation on the web! I think it will be in my new book arriving soon.
Otherwise I will bave to go to Marriott do dig something up on this subject! // I did just that! I did find
one little paper that had similar M and N notation, and as I was just giving up and storing PDF documents
away, I looked in the krugal one and found how that plane wave expansion works!

Plane Wave Expansion Explained. 5See details in Appendix A, but this is the basic idea. Write down
Jackson's exact result 16.139. Then take the appropriate linear combination of his results that corresponds

toE = (E, +E.)2 =% &, His plane wave formulas then read,

E=3, (1)) \V4n2er1) [ ko) [ X+ Xon] + (1K) ¥ x { jike) [ X1~ Xl } ]
B=3, (1/2) ()fA\[4n26+1) [ - i joke) [ Xpor-Xoa] - (K) V5 {j0kr) [ X+ X} ]

Then make the following definitions for o = odd, and e = even:

M,y =jdkr) rx Vyy, where Wore= P,'(cosh) sind
M., = jdkr) rx Vi, where Were= P,'(cosB) cosd

(note that sing is "odd" in ¢) with corresponding formulas for the N functions

Note = (1K) Vx Moy, = (1K) Vx [jkr) rx Vg, ]
Nee =(1/K) VX My, =(1/K) Vx [jkr) rx Vyg, ]

The vector form of M is the same as above, but we have something other than Y, as the pilot function. It

is in fact the sum of two Y,,'s of opposite m values, allowing us to make this replacement in Jackson's
formula,

. 2841

[Yei®9) +Yoa®0)] = 2\ [=r v
_ IJ 2f+]

[ Yen(0.0) - You(0.4)] = 2 m Wty

Then Jackson's plane wave formulas shown above boil down to this:
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In the B equation, the first term is a (- i) from the Jackson formula, but then we divide by i because the
difference of Y's does not have the i that the sum did have, and we change o to e as well. For the second
term, we get -i times the N function that matches the first term in the E equation. // I now have a general
rule for doing B from E in any expansion: cross mult coeff's by -i and steal the nature.

This result agrees with (1.6) in all respects except one: in the derivation above, we clearly see that the m-
index should have the value 1, as shown in the subscript labels above. But in (1.6), this subscript appears
as the general m (which they happen to call £). This is an error in (1.6)! In the Krugal PDF paper, the
above formula appears exactly as | have stated it as equation 2.44. The superscript (1) implies that we are
using the j, radial functions.

Recall that Jackson's "first term" in the E equation 16.139 is the "magnetic" or TE term, and this is
still true when we combine the two helicity solutions. Thus, we can associate "magnetic” with "odd", and
of course "electric” with "even". That is a nice label to have on the M and N functions. So if the first term
is odd, we always expect the second term to be odd.

Aside on Krugel: 1 stumbled onto the contents and first three chapters on-line of the following book:
E. Krugel, The Physics of Interstellar Dust, 12/02 $135 Amazon

He is the one who cleared up the above plane wave mystery. Krugel is at the Max Planck Institute (MPT)
for Radio Astronomy in Bonn. [ notice that the PDF documents cannot be printed, nor can anything be
selected for cut and paste!

Attempt to set up the scattering problem in the N and M world.

First, let's look back at our earlier derivation where 1 wrote down the fowr boundary conditions. My two
cur] conditions implied matching of tangential field components. The r x B condition is problematical for
a conductor because there really is a surface current. However, If you use H instead, I guess H does not
see the surface current, the way D does not see surface charge. So I guess I accept Krugel's two r x
boundary conditions in the general case of arbitrary isotropic p and €, which is what he is talking about.

Kruge! then notes that each of these r x boundary conditions implie 2 equations if you use the§ and 8
directions for tangentialness. He says you then get four equations for the four unknown coefficients and
you can then solve.

When I did this problem, I was indeed finding redundancy with my boundary conditions. So I guess
the answer is that the two r x conditions are all you need! Here is Krugel's setup of the problem:

. 2041
- 1) a1 ¢
E, =Z,E (M7 - inN D)

ote = 1N, | E =

// incident plane wave
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. E, =%,E,[-b, M(é]'l ; Ta N'[ﬂ' . ] /! incident plane wave, (3) means hgtk.r}

E =%,E [c, M{), - id, N) ] /f incident plane wave, (1) means j(kr)

[ presume the expressions for the H fields are the same as the above, except I expect to see the even and
odd indices switched. This is because the "first term” in Jackson's B fields are always going to be the
"other kind" from what you see in the E field.

What is the general rule for converting from an E equation to a B equation? 1 did it for the plane
wave above:

{1) negate the first term's sign, and replace odd with even

{2) keep the second term's sign and replace even with odd.

So applying these rules to the above,

= (1) (1) 2t
H, =2,H,[-MY, - iND H, = E(EH)
H =2 H [ bM), +a, NG}, ]
® H; =ZH, [-¢, M), - idND ]
Now the boundary conditions are
Hig —-'H_‘g +Hpg. rxH=10
Hiy =Hy +Hy
Es =Ep +Ep rxE=0
Ey =Eu tEu

This wil be continued in another paper!

Appendix A. Trying to get a simple plane wave expansion in terms of the N and M functions

Attempt #1 (not successful)

Let's just try this as an exercise in the VSH X,Y,Z that we think we know about. We start with

E=c¢" X
. Our full expansions are written,



B = ZIml ag(fm) £4r) Xem(®,4) + (- k) ap (4m) V x { gdr) Xpu(0.0)} ] .

E = Zpn [ (Vk)ap(fm) Vx{f{r)Xm(6,4)} + ay (£m) 2d1) Xem(0,9) ]
but try to shorten it by writing,

B = Zum [ ap f X +Cik)aw {Vx(gX)} ]

E = En [ (Kae {Vx(fX)} + au g X ]
Use the fact that (again in compact notation just so we know where factors are sitting! )

Vx(X) =-C[(f'+1NZ + L&+ fir Y]

and we then have
B =Z. ] ag f X + (-ik)ay {-C[(g'+1I/DZ + £+ gr Y]} ]
E=Z,[ (Ka {-C[{({"+1/NE + £+1)fr Y]} + ay EX ]

which we then group by term as

B

Zen [ {2 f} X + {(()Canl(t+D) g} Y +{(K)C au(g'+ 1M} Z ]

E

Zm [ {amg} X -{(iK)Cagf(£+]) fir} Y -{(()C ag (f'+1/D)}Z ]

In the lower equation, we swap the E and M labels, the f and g functions, AND the secondary terms have
an extra minus sign.
MNow let's try to compute the three projections as in (11) - (13). Start with

B = [ 1/E(4+1) ] fdﬂ X' ,/CeE=[1/C E(fﬂ}]fdﬂ X m*E

where in the last form we mean Carleton's X. For the E field we shall use

E=e™ & = X I, () \J4m(20+1) jAkr) Y ,o(0,0) /f Jackson 16.129

Installing this gives,
Elm= [ 14(£+1)]Z, () \J4n(26+1) jAkr) J' dQ Y0(8,0) [ Xem (8,0) * X

At this point, we need to go off an do an overdue piece of work, which is to relate the Cartesian unit
vectors to the X,Y,Z vectors. As shown in Appendix B we have .
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(Xm'©8) ¢ 81 = [-54 50 -cocyrsy )

which makes for a fairly unpleasant angular integral,

Bl = (1A% () \BCED k) [ 40 Yos@) 54 T - (CaCy/rs9 T2

But now what do we do? Notice that we cannot conclude that m=0 due to the other ¢ factors present.
This shows the wisdom of Jackson's approach using the raising and lowering operators on page 568.
Although I cannot trivially do the integral shown, I think I can conclude that whatever it is, it is a function

of £,{' and m. I suspect the integral will vanish unless m = -1, 0, or +1 based on my intuitive angular
momentum addition notions. Also it will vanish unless £ = £-1, £ or £+1 But for the moment let's write:

Blm= [ 18(E+1)] T () \[4r2E+1) jolkr) K2y =
Presumably the other two components have similar results. Then we have to put these sums over £ into

our original sum over fm. The result is a mess and I have no direction really as to where [ am going with
this, so let's can it for now.

Attempt #2 (successful)
Let's here piggyback on Jackson's calculations! We know that:
E=(X iy)e™

gives the result

E:=Z, () \4n2e+1) [ jdk)Xem £ (1K) VX {jdkr) Xpui } ]
B: =X, () \4n2e+1) [F 1jdk) Xeer - (k) V x { jlke) X1 } ]

So let's use this

E=(E, +E)2 =% &*
B = (B, +B.)2 =¥ ¢ /i see 16.130 and fact that B =Zx E

Then our results will be

E=%, (12)(i)\4n2e+1) [ jdko) [Xpu+Xea] + (1) VX {jdkn) [ Xenr- X0]} ]
B=2, (112) ('\4n(2£+1) [ = i juke) [Xeor- Xea] = (@WK Vx {jdkn) [ X+ X,0]} ]



I have confirmed this second equation several times, every sign and i factor is important!
Now I am having trouble relating this form to (1.6) in my little Mie web paper.

BUT WAIT!!!! Think about what these things look like:

[ X+ X 1] =CEm) * rx VI Y,u(0,0) + Y,.(0,0)]

Look at Jackson 3.53 and 3.54

] 281 : it
Y,a(0,9) = ——4ﬂ(£+1} P, (cosB) e

_ 1 L = 25"' I 1 -ib
YO = (1) Yoo OB = - A ez Peosd)e

Therefore,

26+1 : - \ 28+1 ]
[ Yer(0,0) + Yea (B8] =4 /W;n P(cos) { e -¢®} = 2in ,W;n P,!(cos0) sinf

If we leave off the constant, my krugel PDF claims that
Waie = P,'(cosB) sind

And then the "odd" M function is the curl of this thing! That is why it is "odd", perhaps. That is to say
M, = jdkr) rx Vi,

If we keep track of the constants

Jdkr) [ Xgar+ Xpa] =jdkn)C(Em) * rx V[ Y,1(6,4) + Y,.1(0,4)]

. . [am , _
= jdkr)C(£,m) 2 i D) rx V { P/ (cos) sind}

-i . 2841
—ng PETTTISY Jdkr) v x Vg,

_ -1 . 2841
- '\/__MTI} 2i —4mf(f+l ) 1Ak rx V oy,

f]2€+l |
=2 At £(£+].:I Mllf

Then the first term in Jackson's sum becomes:

10
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E=3, (12)0)\4n@2e+1) [ jdk) [ Xp+ Xea] ]

= 1() [Mou

E(EH)
Now recall that the N function is defined as
=(1/k)}yVxM =(1/k)Vx{ jlkr) rx Vy}
You can see that the second term has the difference of the two Y functions

Jdkn) [ Xpa- Xoa] = Jdkn)CEmM) * rx V[ Y01(8,0) - Yo1(0,8)]

. . 26041
=i)C(Em) * £XV (2 |72 Pieos®) cosd)
=@ A\ [Fo s M Mac=Jdk) TX Ve V- Pcosd) cosd

The second term in the Jackson sum is then

24+1 1

+ 0 Vx (i) [Xen- Xeal ) = (0 V(@A) A\ | s

o
"2\ T4 ey N9

which has the same form as our M result above, so the final result is this:

ru}

2041

= o alkz 1 i d
E=Xxe 2, (1) 0

[I\'Iclt - iNeII]

And so we have precisely produced equation (1.6) now at 5 of midnight 2/14/03. Thus; we may conclude

that they are considering fixed polarization in the Xdirection! The big mystery is finally resolved.
Now what about the corresponding B equation?

Comments. You get the definite feeling that we are combining a spin 1 "thing" ( polarization vector, say)
with fm spatial functions, so we should be doing some kind of | ={ @ | somewhere. The underlying
group theory is being masked in our efforts so far, but I think I have found a source that discusses this
subject. I think the idea might be this concerning the plane wave expansion: If you pre-combine into
values of j, then you need only have a sum over j. [ know this is a vague comment, but it might explain
why the polarization is not appearing in the plane wave expansion I keep looking at.

11



[ did a Marriott library trip today on this subject, was reminded that you cannot park before 6 PM. I
found a little paper which I copied a bit of, and it repeats the funny plane wave expansion in terms of N
and M functions, However, this paper gives a lot more detail on what these functions look like

Appendix A. Relating Cartesian unit vectors to X,Y,Z

Xnm=rxVYm
Yo =T Y
Zm = er

It is possible to do this, but the results are not very nice. For example
rXV Y= X[-56 Yo - (CsCy/ 1S) Yo 1 +§ [Ch Yo - (CoSy/rSe) Yy 1 +2[ 1/r Y, ]
M M M M
FYm= X[SCiY]+ F1SsS, Y]+ 2[CoY ]
FV¥m= X[CeCyYe-SySo Yyl+  ¥[CeCyYs +CySe Yy1+ Z[-SeYo]

where Y means the 6 derivative of Y, etc. As noted elsewhere, this must somehow be the same as a
certain rotation acting on our unit vectors.

12
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More on the M and N Functions PhL 2.16.03

1. About the M function
In the previous paper on this topic, [ made this identification for the "first term" multipole fields,
Mn(r.0,0) = VX [fr) Yo ¥] = - ) 1XV Yy = - £(r) X/ C(£,m)
where
Xew(0,9) = C(£,m) * r x V'Y 5(0,4)
C(¢,m) = +1 Carleton

-1 Mie (not sure what this means now)
-i

—_— Jackson
\JE(E+1)

Sometimes, such as in Krugel, we found that Y, was replace with a linear combination of Y ,, within the
same £ group.

Let's now prove a few theorems concerning the M functions

Theorem 1: If M = V x (¢ y) where ¢ is either a constant vector or r, then M= - ¢ x V.
Proof: Vx(ey) =Vyxc+yVxc =Vyxc=-exVy
Theorem 2: Let M=V x (e y). If ¢ is either a constant vector or r, and if y satisfies the wave equation
(V2+KkY) w=0, then so does M: (V2 +IK*)M=0
Proof: If we apply V* onto M, it moves through onto the ¢ \, and then we can apply our identity
Vi(ew) =cViy +y Ve +2Vce Vy

where we think of a component of ¢ at a time here, but write it as a vector. Now ife is a constant, the last
two terms vanish and we get our result,

VM=VxV(ey) =Vx(eVy)= -k Vx(ey) =-KM
It turns oud that this still works when ¢ = r even though r is not a constant vector, Consider,

Viry) =rViy 4y Vir +2VreVy = -k (ry) +0 +2 Yy



where we have used the fact that V* r = 0 since 8dr= &, 8;; = 0. Obviously since r is linear, it cannot
have a Laplacian. In the second term, we note that Vr = I, the identity matrix, which we might write in

=¥ L d
the form 1 and then we would say that 1 » Vy =V (or do as components!) . So at this point we have

VM=VxV(ry) =Vx[-K(rw)+2Vy]=-KM+2VxVy =-KM QED

Theorem 3: Let M=V x (r w)= - rx Vy. If y satisfies the wave-like equation Vy = firy, then M
satisfies the same equation, VM = f{r) M . { This theorem is not true if we replace r with constant e}

Proof: V"M=Vx V (ry)= Vx(rVy)= Vx[(fr)y)r] = V() w) xr + (f(r) y) Vxr
=VinDwixr=[fi)Vy +y Vi) ]xr =-rxf{r) Vy +0 =-{r) r x Vy = f{r) M by Theorem 1.

Example of Theorem 3. Consider X,,, = rx VY, sothaty=-Y,. We know that VYo =- A+
Y So that f{r) = - £(£+1)/r". Thus we know that V* X, = - £(£+1)r" X,.,. We proved this fact in gory
detail in our "vector harmonics.doc" paper. We might think of this as "the wave equation within a partial
wave", loosely speaking.

Summary of what we have so far:

o Define M=V x(rvy). Then:

¢ M =-rx Vy, which is one of our usual VSH basis functions X , up to a constant
e VeM=0(

» Ify satisfies a wave or wave-like equation , then so does M.

Theorem 4. Suppose we define M = f,(r) M, = f(r) V x (r w) =- f{r) r x Viy, where M, = - r x Vi and
where:

(1) w=w(0,0);

(2) w satisfies the wave-like equation Vy = g(r)y where g(r) = -£(¢+1)/r*;

(3) f4r) is a linear combination of spherical Bessel functions such as j,(kr), where k is the constant
appearing in the Bessel equation.

Then (V? + k) M = 0.

Corollary: Ify is any linear combination of spherical harmonics Y, within the £ manifold, theorem 4 is
true.

Proof of Theorem 4: From Theorem 2 we know that V> M, = g(r) M,. So consider,
VM =V [f{O)M,] = [V O] M, + (1) V' M, +2 V f(r) « VM,
={ P8 [ B 0] + gD f{r) } M, +2£'{0) B, M,

Now comes a somewhat unobvious fact that I got caught on. Consider:



-M, srxVyw =rx{ Ur uw 6+ lr 1/8q w,$)
= yed - 1/Ssy, 6.
So M, is not even a function of r, and therefore &, M, = 0. Thus we get:
VIM= { 1F 8 [ & £(n] -£+1)F f() } Moo= {- K fr) } M, =-K'M QED
Since f{r) is a Bessel function as noted, we get the simplification of {...} shown on the right above.

Comment: The above theorem shows an interesting result. We know that f{r)y, satisfies the scalar
wave equation (where f,(r) is a spherical Bessel of parameter k, and v, is a linear combination of spherical
harmonics within £). If we are interested in solving the vector wave equation, then M =- f,(r) r x Vy,
works. It has the extra nice property that V « M= (.

Observation: The multipole field "main terms" forE and B are of exactly this form. Usually we have vy,
as a straight Y, , but it is OK to instead use something likey,=C [ Y, £ Y,. ] if that is convenient. For
the expansion of an X polarized plane wave, this does turn out to be convenient, and m = 1. We are also

satisfying V  E,B = 0 with this solution.

2. About the N function

MNow let's look at N defined by:
N=VxM

where M satisfies the wave equation. Then N must also satisfy the wave equation, since
VN=VVxM=Vx(VM)=Vx(K’M)= kKVxM= k!N

Notice also that VeN = 0.
Usually, a multiplicative constant is used out in front,

N=(I/k)yVxM

since this removes a factor of 1/k in the "second terms" in the multipole expansions for E and B, We have
Jjust shown, then, that these "second terms" satisfy both the divergence condition and wave equation, so
they represent a second solution to the wave equation mentioned earlier. So, we can now extend our
earlier comment:



Comment: We know that f(r)y, satisfies the scalar wave equation (where f,(r) is a spherical Bessel of

parameter k, and v, is a linear combination of spherical harmonics within #). If we are interested in
solving the vector wave equation, then we know of two solutions:

(1) M =-f{r) r x Vy,, and we also know that Ve M=0,

2) N=(I/k)VxM=-(1/K) Vx[f{r)rxVy,],and VeN=0.
These are exactly the first and second terms we see in Jackson's multipole expansion formulas, apart from
overall constants,

We can think of M as M = constant x f,(r) * X where X is one of Carleton's three VSH's. We know
that we can explode N into a linear combination of the Y and Z VSH basis vectors. Only X of these
three basis vectors satisfies the wave equation! However, the N linear combination of Y and Z also
solves it!

One other fact. With N scaled by the (1/k) factor as shown
VxN=kM
So we really have this symmetrical situation:

N=(1/K)VxM
M=(1/k)VxN

Also we know that (from inspection of M)
reM=10 so M is the "transverse" solution

Of course we know this since M ~ X and we know that X and Z are transverse, Y radial. Note that , since
N is a mixture of Y and Z, it has both transverse and radial pieces.
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1

3 / 2
= va{—k M) = -kVxM = —k°N,

which gives
VN + kN = 0. / ®)

We have the additional identity

VxN r‘./—?x{?xM} }@ﬁ(/ﬁg\ J‘V%(Eﬁ’ﬂ
Fﬁfgx@,tk"ﬁ
2 R = R (10)

In this formalism,  is called the generating function ande¢ is called the pilot

vector. The choice of gene:rating function is determined by the symmetry of
the scalar quation, 1.e., it is chosen to solve the demred scalar differential

6"7};' 20 equation. If M is taken as e, § 2= buk ¥
;3

L

M =V x (rt)), L "”"%ri"'“t (11)

where . is the radius vector, then M is a solution to the vector wave equation
in spherical coordinates, If we want vector solutions which are tangential to
the radius vector, - o

M.r=r- (Vi) x €)= (Ve)(e x1) =0, (12)
s0
exr=0 (13)
and we may take
e (14)

(Arfken 1985, pp. 707-711; Bohren and Huffman 1983, p. 88).

A number of conventions are in use. Hill (1954) defines

I+1 1 BY'“
Vi = =\
: TSR Vi+D@+1) 20
+iM /0 + 1)(2 + 1) sin Y™ (15)
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Morse and Feshbach (1953) define vector harmonics called B, C, andP using
rather complicated expressions.
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Effective Area of an Antenna PhL 2.24.03

There are many ideas here that are new to me, so I have tried to number each of the steps to keep them
from blurring into each other. I had guidance from:

http://farside.ph.utexas.edw/~rfitzp/teaching/jk 1 /lectures/node83 .html
1. Radiation resistance R.,q of a Hertzian Dipole antenna. From Jackson, we know the power and
pattern of a "Hertzian Dipole" antenna, a center-fed antenna which is d/2 in length on each side, and
where d << A. That power is, from 9.29,
P=I,2(kd)*/12¢c =1,%2 [2*%4n’/12¢c *(dA)"] =1,°/2 * Rua
Here, 1, is a peak current, so I, ? /2 = I’ s and R,,s must then be the radiation resistance of this antenna, of
course here in cgs units. Secondly, we know the power dipole radiation pattern is sin’0.
2. Converting R, to mks units.
1 Coulomb = c(cgs)/10 esu 50 1 amp = c(cgs)/10 statamp
1 volt = 1/300 statvolt
1 ohm =1 volt/ 1 amp = 1/300 statvolt / [c(cgs)/10 statamp ] = 1/[30c(cgs) | statohms
=> R(ohms) = 30 ¢(cgs) R(statohms)
Thus, for the Hertzian antenna we have
Ry (statohms)=[2 a* /3 ¢ * (d/A))
Rpaa (0hms) =[ 20 7 * (d/A)’] =197 (d/A)
3. Model for a receiving antenna. When any antenna is configured for reception, it is modeled as an
induced voltage in series with R, and your best bet for power into a load is to have Ry = Rpyg . If the

antenna emf source generates V, peak voltage, half of that will then be on the load, so the load receives

power of
Proaa= (1/2) (Vo/2)* Reag = (1/8) Vo' / Renay

where the first factor of 1/2 comes because we want to talk rms power, not peak power. In any matched
antenna, therefore, fully half the received power is re-radiated into R, !



4. Pigaa For the Hertzian Dipole antenna. We know that V,= Eo (d/2) [ or twice this for peak to peak] ,
just from definition of the field, where E, is the peak electric field amplitude. Thus, from the previous .

paragraph,

Proas = (1/8) Vo2 / Rppg = (1/32) Eo* & / Reny
On the other hand, from 2 paragraphs ago we know that for this antenna, in mks units,
Reag (ohms) = 20 * * (d/A)*
Therefore, the power delivered to the matched load of a short dipole antenna is
Pioaa = 1/] 32%20*7%] *E,>*A?
which is a fundamental result, saying power received is proportional to A and to E,2 . We suspect that
the E,* proportionality will hold for any antenna, not just a short dipole.
5. Effective area concept. For any antenna, we can imagine an "effective antenna of area A" that scoops

up 100% of the Poynting flux it receives and converts that 100% to P,y . We would then say

P]md =A*5

6. Poynting flux in mKks units and Z,. In cgs units, for a plane wave in free space we know that the time
averaged S is given by

S= (c/87) E x H* => §= (c/8n) B,
Converting this to mks as on page 619 Jackson requires

c—= lAfpee, E, — ﬂ.,"hrs.,E.,

so we would expect to get

S = (1/8m[ s, ) dne, B = (IAf e, ) B2 = [E22 1/Z, = S=[EN1/Z

where Z, = 376.7 = 120= ohms = 1/(g.c).

7. Area of a Hertzian Dipole antenna. Combining the previous two items, we find that
P =A*S=A* [E'2 )/ Z

being the definition of this effective area A. But for the matched Hertzian Dipole we know that .




bl  Frege W TR

“ »
. Pioag = 1/[ 32*20*x%] *E. * A2
from which we may find the effective arca
A* [EX2 1/1Z, =1/[32%20%x%] *E,*
A= 1/[32%20*1%] * A? * 2 Z, = 1/[ 32%20%x"] * A} * 240 n = 12/] 32%n] * A =(3/8m) A
=> A(short dipole) = (3/87) A2
8. Gain of the Hertzian dipole antenna. Now the Hertzian dipole is not an isotropic radiator, but has a
sin’® dependence for dP/dQ) . Let's compare a dipdle radiator to an isotropic one:
dP/dQ =D sin’0 => P=D*8n/3
dP/dQ =1 =  P=]*4n
If we want both these radiators to radiate the same total power, we must have
D*8n/3 =1*4n => D*213 =1
. Now if we consider the dipole in its peak radiating direction, we have dP/dQ) = D, so the dipole antenna

therefore has a GAIN over the same-total-power isotropic antenna of G=3/2.

9. The hypothetical isotropic antenna. Imagine a transmitter sending a signal to our Hertzian antenna
from a point in the peak of the beam of our receiving antenna. We have P, = A * S in our receiver
load. Now, suppose we replace our receiving antenna with a hypothetical isotropic one. From reciprocity,
we know that this antenna for the same incoming S is going to have less Pi,s by exactly the power gain
factor of the Hertz antenna. So we would write

Prsa =A*S // Hertz antenna
Plog =A'*S /! isotropic antenna
Pioad { Pligad = G = gain

Therefore,

AN = led / Pl]um =0

So you imagine that you start with an isotropic receiving antenna of area A, and the antenna's gain makes
the effective area largerby A= G * A,



10. Effective area A0 of the hypothetical isotropic antenna. So, at this point we computed the A for a
Hertzian short dipole to be A =(3/87)A%, and we know that the gain for this antenna is G = 3/2. If we
replaced this antenna with a hypothetical isotropic receiving antenna, that hypothetical antenna would
have a smaller effective area A, and would have a smaller power delivered to the receiving antenna load.
We would have

A =(3BMAYG = (3/8mAT*23 = A2 4n =n X2 X =A\2n

11. Interaction between two antennas. Imagine now a transmitting antenna driven by P, all of which
is delivered into the transmitting radiation resistance. The flux from this antenna at distance r is going to
be G x the flux from an isotropic radiator of the same power, so
S =Gy * Pyt / (4mr")
The power delivered to the load in a receiving antenna will be
Pt =A: *S =G, A, * { G * Pyt / (dmr) }
=G, Gy Pamis (A2 /47 ) / (417%) = G, G, [ Mdmr P Pamir = [G: A3/47] [G, AM4T | Pri/r*A2
= [A A -"r?'-:!] Prmit /e

This is the Friis Transmission Formula, symmetric in both directions of course.

12. Conclusions about Area

Therefore we arrive at these conclusions:

(1) The effective area A, of a hypothetical (and non-existent) isotropic antenna is an %? which is the area

of a circle of radius X. The meaning of this area is that, if you actually had such a receiving antenna, and
put it into the flux S of some transmitted plane wave, and if you matched this antenna to its load, the
power delivered to the load would be S* A,.

(2) Any real antenna has an effectivearea A=G Ay, = Gn %2, where G is the directivity or gain factor in
presumably the best direction, which is assumed to be the way it would be used. Again, the power
delivered to a matched load would be 5* A.
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Point charges as current: using delta functions PhL 1.28.03

Consider a point charge q moving at some slow constant velocity v. What is J and what is p?
p(ry=qd(r-a) //point charge located at position a

We know this is right because we integrate over a surrounding volume to get q. Next, let's guess for J:
J(r)=q v (r-a)

To verify this conjecture, consider (v is a constant vector)
Ve J(r) =q (veV)d(r - a)

On the other hand, we can see that
ap(r)=qd d(r-a) =q(@a)e V,8(r-a)=qve(-V,) E{r - a) =-q (veV)d(r - a)

Since this satisfies Ve J = - 8p(r), we know it must be the right form for J. Remember that continuity

just says that if there is a net outflow of current from a volume, the enclosed charge must decrease.

Example in the z direction

Letv=vZ. Then J(r)=qvé(r- a}i. Then Ve J(r)=3d,J,= qv 8,8(r - a), where &, acts only on the z
factor of the delta function. Now imagine an aligned box containing the charge. Integrate this divergence

h
over the box and we get qv J‘ dz 8, 8(z - a;) = only the parts =qv [ 8(h - a;) - 8(a,) ]. This is only non-

0
zero when the charge is passing through the upper or lower face of the box. On the other hand, if we
integrate the current density over the box, we get Q(a;) = q8(a;) 8(h- a,). That is, it is non-zero only ifa,
is in the box. If we apply a time derivative to this Q, we use 8, 8(x) = 8(x) to get

8, Qla,) =qa,[8( ap) B(h- a,) ] = q Ba /6t B, [6( a;) 8(h-a,)]  // chain rule

=qV 3 [0(a) B(h-a;) ] !/ recognize v
=qv { 6(a) -8( h- a;)] + 8(a,) O(h- a;) } // product rule
=qv { 0(h)[ -5( h- a;)] + 5(a) 6(h-0) } /! use deltas
=qv {[-8(h- a)] +8(a)) }

=-qV[8(h-a)-8a) ]

So thing do work out. It just seems a little odd to say that Ve J(r) = qv &, 8(r - a) in this case, and
generally

p(r)=q 5(r - a) J(r)=qvd(r-a) Ve J(r)=-dpldt = qv V&(r - a)



Application to a mechanical dipole radiator
Imagine charges q and -q separated by distance a cos(wt) . In other words, +q is located at
qisat: a(t) = (d/2) exp(-iot) z -q is at: - a(t) = - (d/2) exp(-iot) Z
p(r) =(tq) &(r - a) +(-q) 8(r+a) =q[5(r-a) -5(r+a)]
The velocity of the +q charge is &, a(t) = - i@ a(t), while that of -q is the opposite. So we have
The current density is
J(r) = (+q)(- 1o a(t) )3(r - a) + (-q)(* i® a(t) )8(r + a) =-ioq a(t) [6(r - a) +5(r +a) ]

Mow use Jackson (9.13) to compute the n=0 term of the vector potential! Note that the two currents are in
the same direction! We get:

g kr ikr Iy ikr

At =— f‘] dr =-ik ET [2 q a(t)] = -ik ET [2 q (d/2) exp(-iot) Z ] = -ik ET {qdZ } exp(-imt)

The thing {qdZ } is usually called p, the dipole moment,
A ™
p=qdz A(r) = -ik - P {/f agreeing with (9.16)
We could also compute p by integrating :

p=fordr = q[8(r-a) -8r+a)lrdr=qa-@E)=2qa=qdz

Note that things are defined with and without the time phase in various places.
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Some Questions PhL 1.30.03

1. What is the energy density in a plane wave?

In statics, page 21 Jackson shows that |E[*/8r is the energy density of an E field. The il is there only
because E is a vector, not because something is complex-valued. The understanding here is thatE is a
real-valued vector. When we do plane waves, we usually say E = E; exp(ikz) 2. We really mean the real
part of this thing which is Eq cos(kz) Z . The peak energy density of such a plane wave stored only in the
E field would then be Ey/87. The average however is the average of cosine squared which is 1/2, so
<Ug> = E¢/16n. But ina plane wave, the B field has the same energy density, we get <U> = E,*/8n as
the total average energy density.

Notice that the average energy density of a plane wave is independent of frequency @. Higher
frequency plane waves have a fewer number of photons that each have a higher energy quantum.

2. What is the momentam of a plane wave?

(2) Photon has energy hv and momentum p such that E* - p?= p,p* = mc? = 0 so p = hv/c = hp. This
would then be p = hw/2nc = fik. That sounds familiar. But E&M classical theory does not know about &,
s0 question remains unanswered.

(b) Use the fact that, for photons, p = E/c where E is energy. Then average energy density U in a volume
is Ey”/8n in free space, so: dEnergy = (E,’/8n) dV and dp = (E,*/8nc) dV. So the average momentum
density is P = (Eo*/8nc). For a unit amplitude plane wave, we have P = (1/8nc). The number of photons
per unit volume is n = (E/dVE, = (Eo’/8n) / ho = (E,*/8x)/m = n. The number of photons in a volume
dz dA is ndzdA, they all bounce off our mirror in time At, so force F = Ap/At. We have Ap = 2np dAdz,
and At = dz/c (the time for this volume to hit the wall completely), so F = 2npcdA or Pressure = 2npec =
(E,*/4%). So we are in the end able to show these things about momentum without reference to a photon,
except we need the idea that p = E/c and then P = U/c. I am afraid this can only come from quantum
theory. Notice that the momentum of an individual photon fik seems to be irrelevant so our momentum
calculation. The momentum of a plane wave is not proportional to k. In a plane wave, as we increase k,
we increase the energy of a photon, but at the samé time we decrease the number of photons, so the
momentum p or P for a given value of Eq remains unchanged.

Summary for a plane wave of the form E = E, exp(ikz) Z :

average energy densify = (Eﬁ'&r:) =U
average momentum density = (E¢*/8nc) =P =Ule

average energy flow per unit area per unit time = AU/At = (Eo*/8x) dz / dz/c = (Eo*/8m)*c = U*c
This is also called "energy flow" or "power/area” and symbol S of Poynting is usually used.

Some people refer to power/area as intensity and use symbol [. |

™

k. - B




average momentum flow per unit are per unit time = AP/At = (E;%/8nc)dz / dz/c = (Eg/8m)=U =P%*c
This is called "momentum flow" but there is no term like "power" to describe this thing.

average pressure on a mirror = F/dA = (Ap/At)/dA = 2*PdV/(dA dz/c) = 2*(P*c) = 2*U = (Eo/4x)

Comment: If you have an absorber instead of a mirror, radiation pressure is half the above.

3. Problematic bogus calculation of Pressure

Average energy density in a plane wave is Ey’/8x, see above. Imagine plane wave bouncing off a mirror.
Push the mirror dz into the field, stored field energy decreases by dz E¢’/8n per unit area just because
there is less field present. And this reduction occurs in both the incoming and the outgoing beams? Or
should you first compute the total coherent E and B fields to get the true stored energy in the beam space?
If I do this, I find that E = 2E, sin(kz)sin(wt) = B. Then I get <E*> = (2E,)* * 1/2 = 2 E¢* and the same for
<B™. Then I would claim that the average energy density in the volume to the left of the mirror is the
sum of these which would be 4 E;*, then we add the 87 to get <u>= 4 Ey¥/ 8n = E,*/ 2n. If this is right,
then we would claim that after the mirror has moved dz, the field has lost stored energy (E{FI 2w) dz per
unit area, Now, the pushing hand does work on the mirror which does work on the field, so you would
think the field energy would increase, not decrease! This simple argument gives twice the right answer
for pressure with the wrong sign, since pressure = F/dA = dU/(dzdA)! Something is not kosher with this
argument.

Idea: while we are pushing on the mirror for time dt and it is moving at speed v, the reflected beam is
Doppler up-shifted. The frequency of the reflected beam is upshifted in frequency by amount /{1 - 2v/c)
~ 1+2v/c during the time of movement. This ought to have something to do with the problem!

After spending about 2 full hours on this paradox, I have no solution to it. So [ don't know how to
compute radiation pressure using a change-in-energy-stored argument. 1 sent an email to Jim, [ bet he
will have the obvious answer that 1 am unable to see today.

4. What abont Poynting's Vector?

Start off with 8 =k E x B where k is to be determined. This is for real fields E and B. If we write S=k E

x B in esu vnits, then |S| = k |E} instantaneous. Then [S| . = k By’ and <|S|> = k E;*/2. But from the

section above this must be this must be U*c = (Engsﬂ)*c = (Eg*/2)*(c/4x), so k = c/dx. Therefore
S=(cAn)ExB instantaneous energy flow == (S| peat = (c/dm) Eo' = (Eo2/dn)*c
<8>=(c/8m) Ex B = (E¢'/8n)*c

How do we adapt this for complex E and B? Try §8' = j E x B* where j is to be determined. For plane

wave in esu units we have |S'] = j Eo® because the phasors cancel. Clearly S' so defined cannot refer to an
instantaneous value at some z because there is no function of z left. Consider:




181 = Eo” = (i/k) k Eo" = (1K) [Sipes. = (2j/k) <IS|>

If we select j = k, then S’ refers to a peak value, and if we pick j = k/2, then §' is an average value. I think
Jackson on page 205 wants to be thinking average flow, so he would say

8'=(c/8n) E x B* average energy flow /Il as we see in 7.14

5. How do we come to associated p with V, and in what context(s) ?

In wave theory, consider a plane wave exp(ikx). The operator (#/i)V yields Ak which we know is the
momentum of a photon in the plane wave (see 2(a) above) . So we would associate p = (A/i)V. So this
association, which is the same in the Saxon QM book, requires quantum theory.

On page 542 of Jackson, we seem him use p = (1/i)V as a shorthand, so he can us L = r x p as another

shorthand. For him, these are operators closely related to the quantum operators, but they are have theh
scaled out. If we apply Jackson's p operator to exp(ikx), we get just k, the momentum of a photon in units

of fi. 1 should think of these things as mere shorthands in Jackson. But if we talk about individual photons,
they have that interpretation.

. 6. What is the potential of a plane wave, both ¢ and A ?
Let € be an arbitrary unit vector transverse to k of the plane wave. Then try this form:
A = (1/ik) exp(iker) &,
Then
B=VxA= (l/ik) { V[ exp(iker) | x & } +exp(iker)V x &,
The second term is 0 since £ is a fixed vector. Then V[ exp(iker)] = ik exp(iker) so we have
B=VxA= (I/ik) { ik exp(iker)x & } = exp(iker) k x &,

So this looks like a reasonable B field for a plane wave in the k direction. Given this B and this k, we then
know that

E = exp(iker) &, & x(kxé)=k
because then ExB is in the k direction. Now we know that

. E=-Vo-(1/c)d A = -V - (1/c)(-im)(1/ik) exp(iker) & = -V + exp(iker) & =-Vo +E



Thus, if we take ¢ = constant in space, we get the right answer.
Summary: If we start with these potentials:

s

(A, §)= (" &/ ik, 4(1)
we obtain these plane-wave fields:
E=¢™ & B=e* fixé
where E is polarized in the € direction. Notice that
VoA =(1/ik) & o V(™) = (ke &)
lic ad/et= f'(t)/c
Since these don't add up to 0, we are not in a Lorentz gauge here ( see 6.36). Nor are we in the Coulomb
gauge. This is one of an infinite possible sets of potentials that give these fields.
7. In non-relativistic classical mechanics, how do E and B fields interact with a particle?
(a) The E and B fields put a force on a particle which is F =qE + (v/c) x B. The first term is normal in
electrostatics. The second term represents an E field that appears in a moving frame of reference. [ think

this force law comes entirely from Maxwell's four equations.

(b) A static charged particle makes an E field which is E = -V¢ where ¢ is the potential made by the
particle, and we find § by solving the Poisson equation.

{(c) If the particle makes a current J because it is moving, then we get an A that is a certain integral of J,
and then B = VxA and E then comes from a Maxwell equation.

(d) In general, we have J" driving an ODE for A* which encapsulates (b) and (c) above.

However, we know that the fields affect the charges and the charges affect the fields, so not obvious what
general solutions exist. We often talk about a particle in some "external fields" which are imposed from
the outside. We also talk about particles moving and making fields, for example, some "fixed currents” in
an antenna, We also talk about particles without fields and fields without particles.

§. In non-relativistic quantum mechanies, how do E and B fields interact with a particle?

[ think this is going to have something to do with AeJ and maybe ¢ p.




For electric field, we should be able to add a Hamiltonian term -eEz for field in z direction. Maybe add
something like -evxB for magnetic field. I will find some books where this is done.

9. In relativistic classical mechanics, how do E and B fields interact with a particle?

Jackson talks about some of this in his book. At least how fast moving particles generate fields. I forget
how the force equation changes (if it does at all) for a fast-moving particle

10. In relativistic quantum mechanics, how do E and B fields interact with a parﬁcie?
This is perhaps Dirac electron theory with fields not yet quantized.

11. In relativistic quantum mechanics and quantum field theory, how do E and B fields interact
with a particle?

The general idea is you write a Lagrangian and add the interaction term e A" J, which couples the photon
field to the electric current, represented by the electron Dirac spinor business.
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Four hundred and mﬁntyﬂ-aig]!llt hours of electric fleld data oblained by the Right of 32 balloons
between L = 5.4 and L = 8.2 have been averaged to determine mesn properties of the auroral
zone electric field. When it is mapped into the equatorial plane, the average EXB flow has o
sunweard component ab all local times and produces n convection pattern consistent with that
expected for flow around a rotating obstacle. The average aurcral zone electric field strength
increnses by a factor of aboul 2 a5 Kp increases from 0 to 8, but the larger-seale conveclion pattern
is not greatly affected by the level of magnetie activity. The average electric field variation with
Kp iz small compared to thet caused by local turbulent fluctuations, and so loeal field strengths
ean be large during quist periods or small during magnetic activity. The average eleciric fisld
megnitude is enhenced by a factor of about 2 when the interplanetary magnetie field has o south-
ward eomponent; this Anding provides further evidenes in fawor of the generation of the auroral
zone electric field by magnetic field reconnection. - The y componenl of the interplanelary mag-
netie field canses the northern suroral zone electirie field strength to be larger than average near
loeal dawn, when B, > 0, and larger than average near local dusk, whon B, < 0. These behaviors
are understood in terms of & model in which the two-cell convection pattern is rotated about the
sun-earth line by an amount that depends on the sign and magnitude of B,. This model and the
data suggest either that important parallel potential drops exist along auroral zone magnetie field
lines or that simple conjugacy between the two hemispheres does not exist along such field lines.

MARCH 1, 1974

Auroral jonospheric and magnetospheric clectric fields
have been measured by a variety of techniques (see Mozer
[1973] for a review of the various types of measurements),
and mueh information on certain aspects of their morphol-
ogy has been obtained [Mozer, 1071b; Cuouffman and
Gurnett, 1972; Doupnik et ol, 1972; Haerendel, 1972;
Mellwain, 1872]. However, relatively few attempts have
been made to determine the diurnsl, lstitude, magnetic
activity, and other dependeneies of the average auroral zone
eleetric field, probably because sufficiently larpe bodies of
direstly interpretable electric field data have not yet been
obtained. Since one of the larger bodies of such data has
resulted from the flight of 32 balloons between I = 54
and I = 82 [Mozer and Serlin, 1969; Mozer and Manka,
19717, the 478 hours of data thereby collected have been
analyzed to determine the dependence of the average
auroral zone electric field on these parameters. Whereas
this body of data has been sufficient to elucidate certain
general relationships that will be discussed below, it is
important to note that further detailed analyses will prob-
ably require thousands of hours of data in order fo average
better over local turbulent fluctuations of these fields,

Diara

Table 1 summarizes the locations and quantities of data
collected from each of the seven sites in whieh balloon
measurements of auroral zome ionospheric electric fields
have been made. One-hour averages of the data from each
of these flights are presented in & nonrotating frame of
reference in Figure 1. Beecause of the scientific interest in
nighttime measurements, data collection has been greatest
at night. The largest sample of data obtained by any local
time is the 31 hours acquired at 0200 LT, and the smallest
amount is the 6 hours of data obtained at 1900 LT,

Figure 1 shows both a spread in the data at any local

Copyright @ 1974 by the American Geophysical Union.
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time and a general trend in the average field as a function
of loeal time, Whaereas the data are characterized as much
by their spread as by their mean diurnal pattern, this tur-
bulence will generally be eliminated from further discussion
in the present paper by averaging over the data collected at
any given local time, Properties of this turbulent behavior
have been described elsewhere [Mozer, 1971a].

Averack Larce-Scare Maowerosrreric Evecthie FIELD

In Figure 2 the hourly dverages of the data of Figure 1 are
plotted with error bars that represent the standard deviations
of the means, The solid curves of this figure are smooth fits
to the experimental data drawn with the constraint that the
24-hour average of the westward field component be zero in
order to satisfy W *E = 0. In agreement with expectation
the electric field patterns of Figure 2 imply & sunward ExB
convection, since the dominant field component is southiward
near dawn and northward near dusk. These data are also in
excellent agreement with average flows deduced by barium
cloud measurements [Hasrendel, 1972], ground magnetometer
observations [dkasofu, 1965], and radar incoherent back-
soatter [Doupnik ef al., 1972). It is further noted that the
southward field component is typically a factor of about 3
larger than the westward component, in agresment with all
of the above technigues,

To dediies large-scale magnetospheric convection patterns
from the average ionospheric data of Figure 2, it is con-
venient to map the ionospheric electric fields to the mag-
netie equatorial plane. On the assumption that the variation
of the potential drop along neighboring magnetic field lines
is emall compared with the difference in potential between
the lines, the ratios of the ionospheric to the equatorial
electric field components are given by geometrie factors that
depend on the magnetic field eonfiguration [Mozer, 1970]
and are plotied in Figure 3 for an empirieal magnetic field
model [Fairfield, 1968] having magnetic field lines that enter
the ionosphere at three latitudes, Because the equatorial
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TABLE 1. Summary of Dala
Number of Houra of
Site L Value Tlights Dala
Churehill B.2 12 160
Yellowknife B.2 3 62
Uranium City 7.1 4 [i%]
Great Whale 6.6 1 12
Thompson 6.4 8 126
College 5.4 3 41
.4 1 14

MeMurray

magnetie field strength varies rapidly with radios near local
midnight in the field medel (Figure 3, top), the ratio of the
ionospherie to the equatorial electrie field components, which
are given in the bottom plots of Figure 3, depend eritieally
on the latitude of the joncepheric end of the magnetic field
line. Thus if the equatorial electric field strength is roughly
independent of position near midnight over a region of a few
earth radii near 10 e, the jonospheric field should vary
rapidly with Iatitude, especially pear midnight.

To determine whether such a rapid variation of iono-
spheric electric field strength with latitude is present in
the experimental «dais, the eurves of Figure 1 have been
averaged over two latitude intervals and plotted in Fig-
ure 4. The higher-latitude data of this fizure come from
the first four sites listed in Table 1, and data during periods
of extreme magnetic activity have been deleted from these
averages. The differences between the higher- and the lower-
latitude data are generally small near midnight and are not
statistically significant at other times (near loeal noon there
are only two lower-latitude measurements). Thus cither
the magnetic field model overestimates the radial gradient
of the equatorial magnetic fidd at local midnight near 10
Rg, or there iz a rapid radial inerease of equatorial electrie
field strength that nearly compensates for the large mag-
netic field gradient, There is independent evidence that the
former interpretation is more likely to be correct [Sugiura,
1872].

For the above reasons the 67° curves of Figure 3 have
beert used 1o map the mean electric fields of Figure 2 into

WESTWARD
COMPOMENT

ELECTRIC FIELD, mV/m

SOUTHWARD
COMPONENT

o 4 B 1z 18
LOCAL TIME ;

Fig. 1. One-hour averages of clectric field components
measured in & nonrotating frame of reference on 32 balloons
flown in the auroral zone.
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Fig. 2. Hourly averages of the data presented in Figure 1.
The error bars are standard deviations of the means, and the
solid eurves are ampirieal fits to the data satislying the conatraint
imposed by ¥ XE = 0 that the 24-h average westward field be
ZETO.

the equatorial plane. The fields obtained by this mapping
and given by the veetors in Figure 5 might be in error by
factora of the order of 2 near midmght, owing to uncer-
tainties in the magnetio field geometry. Nevertheless, certain
general features of the deduced equatorial electric field
pattern must still be valid. The field direction is generally
from dawn to dusk, corresponding to sunward convection,
and the field magnitude is typically about 1 mV/m. The
field ia small near 2200 and 1400 LT, corresponding to
times when the average jonospheric field is nearly zero.
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Fig. 3. (Top) Eqguatorial megnetic field strengths ps a
function of loeal time on field lines that intersect the ione-
gphere at three different latitudes. (Middle and Bottom) The
ratios of ionospheric to equatorial electric field components
on the same three magoetic field lines.




Mozen awp LucaT: Averace Aveorarl Zowe Evzotee FieLo

o > 8
T
|

?

COMPONENT

SOUTHWARD

COMPONENT
2R oBY

ELECTRIC FIELD, mV/m

o
®
a
&
2

LOCAL TIME

Fig. 4. Hourly averages of the electric field components
messured ab the higher- and lower-latitude sites.

Equipotentials of the electric field pattern are presented
in Figure 5 as deduced from the measured vectors and the
assumptions that the electric field is uniform across the
tail at a tailward distance of 15 Re, that the plasmapause
is an eleetric equipotential, and that the magnetopause is
not. Sinee the experimental data slone do not provide
enough information for drawing equipotiential patierns
everywhere, assumptions other than thess will produce
different patterns, However, the experimental data do place
important constraints on such patterns, The average total
potentisl difference inside 8§ R, cannot greatly exceed 30
kV. There are nulls in the flow near 1400 and 2200 LT.

ﬂﬁﬂﬂ/"l
T, t 1 mV/m

AN

Fig. 5. Hourly aversged electric field wectors plotted in
the equatorial plane of a nonrotating frame of reference, as
viewed from sbove the morth pole. The solid curves are
electric equipotentinls deduced from the experimental data
on the assumption that the electric field is uniform neross
the tail at & tailward distance of 15 Rs from the earih.
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Fig. 6. Histogram of the amount of eclectrie field data
obteined as a function of Kp, shaded srens defining regions
called low and high Kp.

The faet that the fields near dawn and dusk are larger than
average limits the potential drop across an assumed non-
equipotential plasmapause to about half of that existing if
the electric field were uniform everywhere,

The experimental data and the above assumptions combine
to suggest an equatorial potential drop of about 60 kV and
an ExB potential flow in agreement with earlier theories
(see review by Azford [1969]) and with expectations based on
flow around a rotating impervious object. The equipotential
plots of Figure 5 also generally agree with average eguatorial
field patterns dedueed from plasma measurements [Mcllwain,
1972, and revision, private communication, 1973].

Vartation oF THE AveraceE Erectric Frewp WiTa
MaswETIC ACTIVITY

Figure 6 presents a histogram of the number of hours of
electrie field data collected as a function of ihe planetary
K index Kp. The data have been divided into high- and
low-Ep intervals as illustrated in Figure 6 such that roughly
409, of the data lies in each interval. The hourly averages
of the electric field components for these high- and low-Kp
intervals are plotted in Figure 7. Within the statistical
accuracy of this figure the electric field 13 roughly twice as
large during periods of enhanced Kp as it is when Kp i=
small, but the large-scale convection electric field pattern
is not strongly dependent on the level of magnetic activity.
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Fig. 7. Houry averages of electrie field components messured
during periceds of high and low Kp, as defined in Figure 6.
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Fig. 8. Secatter disgram of 1-h averages of all electric field

maghitudes measured between 0100 and 0600 LT, as o
function of Kp. The solid eurve is a linear lesst squares
fit to the data,

The dependence of electric field -strength on ‘magnetic
aetivity 1 further elucidated by the seatter plot of 1-h
averages of the electric field strength versus Kp presented
in Figure 8. Data from the local time interval of 0100-0600
have been selected for this study both beeause a large
amount of data exists and becanse the average field strength
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Fig. 9. Hourly sverages of the westward electric field
measured when the northward component of the interplane-
tary magnetic field was positive and when it was negative.
The guantity Af refers to the time delay between the mea-
surement of the interplanetary. magnetic field and thdt of
the ionospheric electric field.
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varies by less than ==109% with loeal time over this interval.
Although there is a small dependence of field strength on
Kp, as illustrated by the linear least squares fit to the data,
the major variations of the field are not explained in this
way. In concluzion the average electrie field strength varies
by a factor of roughly 2 with magnetic activity, but this
varintion iz less than that eaused by loeal turbulent varia-
tiona.
DepExDERCE OF THE AVERAGE ELECTRIC FIELD 0N THE
InrERrLANETARY MacwETIC FIELD

Omne-hour averages of the electric field data have been
divided into two subssts depending on the sign of the
nnrt.hwsm:l component of the interplanetary magnetic field,

B,, and the data in each subset have been averaged to
produce the diurnal plots of Figures 9 and 10. The time
delays At of these figures are the intervals between mea-
surement, of the interplanetary magnetic field and the
innospherie electric field, If attention is focused on the local
time interval of 0000-1000 because differences between the
two curves are statistically most significant during these
times, then for any time delay between —4 and <44 hours
it is ohserved that the average auroral zone electric field is
roughly twiee as large when the interplanetary magnetic field
has a southward eomponent as it is when the magnetic field
is northward. This result is consistent with earlier electric
field measurements [Mozer, 1971b; Haerendel, 1972] and
offers strong evidence that the conveetion electric field iz
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Fig. 10. Houry averages of the southward electric field mea-
sured when the northward component of the interplanetary
magnetic field was positive and when it was negative. The
quantity At refers to the time delay between the measure-
ment of the interplanetary magnetic fleld and that of the
ionospheric electrie field.
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produced by magnetic field reconnection [Dungey, 1961].
It is also noted that the shape of the convection pattern is
approximately independent of B, and is given by the curves
of Figure 5 even though the average magnitude of the
eonveetion is related to the sign of B,. That the shapes of
the curves of Figures 9 and 10 are not strongly dependent
on the assumed time delay is probably aceounted for by the
statistical uncertainties in the curves and by the observa-
tion that the correlation time seale of the interplanctary
magnetic field is apparently several hours.

The dependence of the average auroral zone electrie field
on the ¥ component of the interplanstary magnetic field is
given in Figures 11 and 12. For any time delay less than
about 8 hours the southward component of electric field is
largest in the postmidnight time interval when B, > 0.
The curves of Figure 12 also suggest with less statistical
signifieance that the magnitude of the southward field com-
ponent is largest mear dusk when B, < 0. These results
may be understood in terms of a reconnestion model (W,
Gonzalez and F. 8. Mozer, unpublished manuscript, 1973)
in which the line of reconnection depends on the direction
of the interplanetary magnetic field. For a purely south-
ward magnetic field the reconnection line is in the equatorisl
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Fig. 11. Hourly averages of the westward electric field
measured when the y component of the inlerplanstary ‘mag-
netie field was either positive or negative.
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Fig. 12. Hourly averages of the southward electric Geld
measured when the y component of the interplanetary mag-
netic field was either positive or negative.

plang; and the reconnection line rotates out of this plane
as the interplanetary field rotates about the sun-earth
ling. Since the postreconnection flow is initially perpendic-
wlar to the reconneetion line, the two-cell magnetospheric
conveotion pattern tends to rotate about the sun-earth line
as the interplanetary magnetic field direction rotates. This
rotation eauses & larger return flow at a fixed northern hem-
isphere sub-polar cap latitude at dawn, when B, > 0, and
at dusk, when B, < 0. This rotation of the two-cell convee-
tion pattern has been observed in-polar cap clectric field
data [Heppner, 1972; Mozer et al, 1974] as well as in the
southward electric field component of Figure 12. Ti is also
consistent with ground ohservations of magnetic field varia-
tions in the polar cap [Svalpoard, 1068; Mandurov, 1969,
Berthelier and Guerin, 19723, That tHe sign B, has little
effeet on the westward field component of Figure 11 is under-
stood’ from the faets that the major effect is expected near
loeal dawn and dusk and that these are times when the aver-
age westward electric field is zero.

Since the hypothesized rotation of the two-cell convection
pattern oceurring when B, > 0 causes an enhanced electric
field near dawn at a fixed latitude in the northern hemi-
sphere and u reduced field at the same time and latitude in
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the southern hemisphere, the ionospheric electric fields in
the dawn-dusk magnetic meridional plane at equal northern
and southern hemisphere aurcral zone latitudes are not
equal. Figure 12 suggests that the magnitude of this differ-
ence is a rensonable frastion of the larger field strength. This
result may be due to a lack of conjugacy at aureral zone
latitudes near dawn and dusk or may be due to parallel
potential drops that are comparable to the ~80-kV average
potential drop across the magnetosphere. There is eonsidor-
able experimental [Mozer and Fahleson, 1970; Kelley.et al.,
1971a, b; Mozer et al., 1973] and theoretienl [Kindel and
Kennel, 1971; Coroniti and Kennel, 1972] evidence that
parallel potential drops of tens of kilovolts exist in the mag-
netosphere. Sueh results are consistent with many labora-
tory experiments [Hamberger and Joncarik, 1970] and
plasma theoretical coleulations [Buneman, 1958].
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Note: I spent a whole half day thinking about these things; I do not want to
ever think about them again.

) puse E-Jt_
potential: V = pr*cos(theta)/r#**2 V= N = ns
field: E, = 2pcos(theta)/r**3 Eﬂ-* 'l_g_h__ﬁ.:_!_?

Eypeta = P*oin(thedd)/rex3 Eo = &S WS
N3
equipotential lines: = J#*cos(theta) Jl:l = Loos@
.1
field lines: ra= L*%E(theta) = L‘-“‘-LE‘)'

Note: the potential V is not a harmonic function in two dimensions, so
complex methods are useless.
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o ake a auparcunduchng loop, place 1t in
an ultralow magnetic-field device, and
. monitor the current withr a Supercon-
.ducting ‘Quantum Interference Device
|E'rﬂ:lrr many-montha. That was the experi-
i -&. ment that Blas Cabrera. of Stanford
st University did in his search for & mov-
-;.5_, ing magnetic monopole. On Valen-
';tlne 8 Day he-found a single. event
gﬁf consistent with one Dirac unit of mag-
25k netic charge.. When rumors of the ob- -
muservatinn spread, the organizers of the
% 5. L hird Workshop on Grand Unification

j'ilhnned Cabrera in Blacksburg, Virgin®, -

F"ahnpzfthe next: morning (16 April).
hﬂ'.et a Iong‘wm-houn-oﬁth&murnmg'
*drive~ to :Chapel Hill,. .N...C.; Cabrera
Q'Iactmﬁud the work.-ahnp.r parhmpanr.m
th his carefiil;-low-key account of his'
ossible” monopole: discovery- -~ ¢~ »
'.One hoted-theorist remarked,: “We ™
came to scoff.and stayed-to praise. It.
..,ﬁm a.-qvwn-nnpmasive-«-g]itch. One
#i2% shouldn’t 'be convinced by one event.
52 But it's sbout.as impramiw as one
__},?&vent‘ can be.” < mil g Py o
-F-‘;l By usinga supercunductmg ring;. the =
&&hram experiment can detect a mov-
ﬁ*..mg magnetic :charge: solely: from. the-
« long-range electromagnetic interac-
== tions between the magnetic charge and
-the mn.::rosmpm quantum state of the
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ring. Sm:h a dutector is mr.enmtwa to
the monopole velocity, mass, electric
charge or magnetic dipole moment.

A similar approach was used in 1970
by Philippe Eberhard, Ronald Ross and
Luis Alvarez (Berkeley) and Robert
Watt (SLAC). They circulated moon
dust (collected by the Apollo 11 astro-
nauts, Neal Armstrong, Edwin Aldrin
and Michael Collins) through a super-
conducting solenocid and looked for the
emf. generated. Cabrera's paper was
published. in the 17 May.issue of Phys-
ical Review Letters.. . ,:

sia (where.he was giving'a colloquium), -2z The existence of magnetic nmnopoles
~#and asked him to. address. the- Work-' « was proposed by Paul Dirac in 1931 in

an attempt to explain-the existence of
the smallest electric charge, e. Dirac's
quantization conditionzsaid that the
strength of a single magnetic pole, g,
would beﬂmtncted by the-relation
'-JT"""_T_I Baye toe '- u? - 4
'1r:.§'.'::;_" g_'.- g:t?w-i'- [T

In 1948 Dirac showed that if a magnetic
charge exists, the integrity of quantum
mechanics, and in particular the quan-
- tization of angular momentum, is vio-
= lated unless there i is a smallest electric
chargei PAT g

In remarks prepared. for the Mono-
pole.Meeting held in Trieste last De-
cember, Dirac said, “T am inclined now
to-belisve that monopoles do not exist.
So-many years havu gone by without

Cabrera:counts flux’ quanta to, ﬁnﬂ ‘% Dirac monopele- -

any encouragement from the experi-
mental gide.”"

But practically all previous searches
for monopoles—in cosrnie rays, at parti-

cle accelerators, and in matter—would °

not have detected an extremely mas-
give monopole. Currently popular
grand unified theories predict the exis-
tence of monopoles, which are indeed
extremely mge.swa—lﬂ— grams or
10" GeV,

In 1975 P. Buford Price, Edward
Shirk (Berkeley), Zack Osborne and
Lawrence Pinsky (University of Hous-
ton) reported finding in cosmic rays a
monopole with twice the Dirac stréngth
and a mass at least 200 proton masses
(pHYSICS TODAT, October 1975, page 17).
The' Price group later withdrew its
claim to have found a monopoie.

Cabrera’s way to detect a monopole Is
to.use the quantized flux in a supercon-
ductor. The, flux quantum &, = he/Ze
_ Bives a direct meaaurement of magnet-
*{c charge:-

Cabrera's appn.rat.us h a four-turn, 5
em-diameter loop made of niohium, pe-
sitioned with its axis vertical; the loop
is connected by twisted pair leads to the
superconducting input coil_of a zquin
magnetometer. If a single Dirac cliarge
passes-.through the loop;, one would
expect. an, B4, change in the flux
ﬂu:nugh tha supercundu::tmg cireuit,
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» consisting of the detection loop and the
B5qUID input coil (a factor of 2 from
4mg = 2 ¢, and of 4 from the number of
turns in the pick-up loop).

The sguip and loop are mounted
1side a8 20-cm-diameter, 1-meter-long
ylindrieal superconducting shield

closed at the bottom. Surrounding the
superconducting shield is a single mu-
metal eylinder that reduces the Earth's
field to a few milligauss. The combined
ghielding provides 180 db ‘isolation
from external magnetic-field changes

and an ambient field of 5x¢10~® gauss.. ./

A flux quantum in this size cylinder
would produce a field of about 83 10—°
gauss, 5o, Cabrera told us, the cylinder
has a few unpaired vortices. Cabrera
had used a similar ultralow field device
for his PhD research (which he earned
in 1974 under William Fairbank's di-
rection).

[Blas Cabrers is-a third-generation
physicist. His father, Nicolas, is a sol-
id-state physicist who spent 23 years at
the University of Virginia (where his
-son earned his BS), and is now.at the
Autonomous University of Madrid.
"The father of Nicolas, also named Blas,
specialized in magnetism and was an
organizer of the 1930 Solvay Congress,
along with Niels Bohr, Marie Curie and
Albert Einstein. He is sometimes cred-
_ ited with founding modern experimen-
tal physics in Spain.]

To make the superconducting shleld,
brera takes an expandable lead foil,
60 microns thick, and cools it to liguid-
» helium temperature while it is accor-
dion-pleated into a long, thin ribbon.
When the foil container becomes super-
conductihg, it has trapped the ambient
field. Then Cabrera uses a mechanical
plunger to expand the foil into a cylin-
der, still keeping it at liquid-helium
temperature. During the expansion,
the magnetic field that -occupied the
volume of eylinder before expansion is
expelled from the volume by induced
supercurrents on the surface, leaving a
lower magnetic field inside the foil
container. Although some trapped
field remains inside the shield because
of the folded configuration, the inside
of the cylinder has a field a factor of 10-
100 lower than the field outside.
‘Then Cabrera takes a second folded
ghield ribbon, placed inside a cooling
tube, which can be thought of as a
vacuum jacket with a long, glass tube.
The tube allows him to control the
temperature of the inner shield - while
the outer shield is kept superconduct-
ing. He lets warm helium- gas -flow.
through the glass tube, then slowly
reduces the flow so that theidnner
.zh.iald i cooled through its transition
temperature. Because the Inner shield
is in the lower magnetic field provided
by the previously expanded shield, a
still lower field is trapped. He contin-
ues this bootstrap process, so that after

Monopole-search apparatus. The loop s
connected to the input coll of & SQWID magne-
tometer. The combined shielding provides
180-db isolation from external field changes
and an ambient field of 5x10~® gauss.

three or four expansions, the field in-
side the apparatus is down to 5x10~*
gauss. Then Cabrera lowers his appa-
ratus into the ultralow field region
through an airlock. (Stanford has four
such ultralow field devices operating;
two of them are used for the gyro
relativity experiment.) The Dewar is
maintained continuously at liquid-heli-
um temperature.

The four-turn loop is a Aip coil that
can be rotated 180° in the plane of the
coil (to allow calibration of the absolute
magnetic field). Cabrera had been us-
ing the facility for an experiment to
measure hA/m,. In his monopole
search, he left the coil in a fixed posi-
tion with its axis coincident to the
ghield axis.

By mid-May, Cabrera had been moni-
toring the de current in the supercon-
ducting loop continuously for over 200
days and had seen only-one candidate
event—recorded at 1:53 PM on Sunday,
14 February, when the lab was unocccu-
pied. Cabrera found the event an hour
and ahalf later, when he read his strip
chart recorder.

In his Phys. Rev. Letter, Cabrera
reports that the-event is consistent
with, the passage of a single Dirac
charge within a combined uncertainty
of 4+ 5%. It is the largest event of any
kind in the record. He found a total of
27 events exceeding a threshold of 0.2
¢p, which remain after excluding
known disturbances such as transfers

.of liquid helium -and nitrogen. He de-

fines'an- event as a sharp offset with

well-defined stable levels for at least )

one hour before and after. Onlywsix
events were recorded during the 709% of -
the running time when the lab was <
unoccupied. e

Sources of error. Discussing possible %3
sources of spurious detector response,
Cabrera says line-voltage fluctuations -'3§
caused by two power outages and ac-  2f]
companying transients did not cause
detectable offseta. Radio-frequency in-
terference from the motor brushes of a
heat gun failed to produce any offsets
when operated close to the detector.
The critical current of the loop is not

reached for currents 1000 times - -4

greater. No seismic disturbance oc
curred on 14 February.

Could an energetic cosmic ray hitting
the wire cause a piece of it to go
normal? Cabrera says that such rays
could deposit as much as 1 GeV/cm in
traversing the wire, raising the local
wire temperature by about 0.01 K. But
a 5-K change would be needed to reach
the critical temperature.

Cabrera has intentionally generated
mechanically induced offsets by hitting
the detector with a screwdriver handle,
for example., Out of 25 attempts, two
produced offsets up to 64, but the
signal was not clean enough to mimic a
monopole event, Cabrera told us.
There was always an overshoot and
settling-in period lasting several hours.

The only reasonable occurrence that
would mimic a monopole passage, Ca-
brera feels, is & spontaneous internal
stress-release mechanism. If the turns
in the loop shifted with respect to each
other, the inductance would change
and produce a current change. A 1%
shift in inductance could mimic the
event.

Cabrera says his signal-to-noise level
approaches 15:1 for the passage of a
single Dirac charge. The 1970 experi-
ment of Alvarez and his collaborators
was not sensitive to a single Dirac
charge in a single pass. .80 they circu-
lated their moon-rock samples several
times through the superconducting coil
to incresse the signal-to-noise ratio,
Cabrera told us that the advantage of
this type of experiment, compared to
other monopole searches, is that a par-
ticle with any velocity or mass carrying
a magnetic charge affects the experi.
ment in the same way. The coupling is
only through long-range electromag-
netic fields. Although his present sys-
tem, with its low bandwidth, is unable
to discern the expected monopole veloc-
ity (about 10~* ¢), some sQUID systems
built for research have been madeswith
sufficient bandwidth,

Improved expetiment. Cabrera, Mi-
chael Taber, Susan Felch, Robert
Gardner and John Bourg are building a
new detector with three mutuslly orth-
ogonal loops wound on a spherical Py-
rex bulb. Unlike the flip coil, the three-
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mechanically, For hypothetical mono

£=, . poles passing through the loops, about
§ 2% 70% of the trajectories will intersect at
i .. least two of the loops, providing coinci-
%: dence information. The total area is
#5 ten times that of the flip coil. An
;.. additipnal factor of five in effective
} i detecting area is gained because Ca-
i +?ﬂ3’* brera also will be able to detect near-
§ 57 "miss trajectories that do not pass

§$—le arrangement ia highly stahle
b it

;;‘Bi . through because they would cause a
i field change within the ultralow-fiald

§ 7.8 shield. Cabrera expects that the group

: “‘:ﬁ;;“ will be taking data with the new equip-

{ ,* ment beginning this month.

: Cabrera stresses that the event he
has reported is “not yet a discovery.
It's an interesting event, We're work-
ing hard with new apparatus to see
definitively if there are such particles.
It's tough to be very extravagant with
only one data point. But it's also diffi-
cult to make it go away. We're caught
on a knife edge.”

Theory. In 1974 Gerard 't Hooft (Uni-
versity of Utrecht) and A. M. Polyakov
(Landau Institute for Theoretical Phy-
sics, Moscow) independently showed

- that if you have a non-Abelian gauge
group that is semisimple and that spon-

* taneously undergoes a breakdown of

! . - scale, such theories have solutions cor-

responding to Dirac magnetic mono-

~ + poles. They further showed that the
| mass of the' monopale would be the
characteristic scale of symmetry break-
ing divided by the fine-structure con-
stant. That same year Howard Georgi,
Helen Quinn and Steven Weinberg (all
then at Harvard) showed that for a
large class of grand unified theories,
the unification scale—the region where
strong, weak and electromagnetic cou-
plings become equal—is about 10
GeV. All the grand unified theory
predictions for monopole mass are in
" the ballpark of a hundred times the
unification scale, that is 10'® GeV.

If any monopoles exist now, presuma-
bly they would have been produced in
the very early Universe, about 10~

. sec after the Big Bang, at a time when
the unified interactions break apart
into strong, weak and electromagnetic.

Cabrera cites an observational upper

“*" bound on the mass density of mono-

< * poles to be given by the local “missing

¢ mass," This limit is in the range 0.03-
72,005 solar masses/cubic parsec. One
7% "can assume that because the monopoles
i are 50 massive their velocities would be
7 no greater than about 300 km/sec (as
Alvarez says, just sauntering by an
“*Tatom so that little or no ionization
~% takes place). Then Cabrera estimates
qg':._,_that the number of monopales passing
% through the Earth’s surface would be
i3 %107 em~?sec~'ster~!. Such a
;gfﬂux would yield 1.5 events per year
ils_thmugh his loop. o
}__;,.ﬁ.tl'n 1969 Eugene Parker (University of
e

%

é

Chieago) pointed out that if monopoles

are distributed throughout the galaxy,.

they would leach energy out of the
galactic magnetic field and soon des-
troy the field. Some argue that mono-
poles are concentrated locally, but it's
difficult to produce a mechanism for
this concentration. At 'the GUT work-
shop in April, Glashow menticned an
idea developed by him, Savas Dimopou-
los, Edward Purcell (Harvard) and
Frank Wilezek (University of Califor-
nia, Santa Barbara). They speculate
that the monopole flux arriving on
Earth originates in the Sun. Alvarez
has called attention to measurements
of the Sun’s magnetic field for the last
five “quiet periods” that once led John
Wilcox (Starford) to write a 1972 paper
called, “Why does the Sun sometimes

lock like a magnetic monopole? A few
months ago Alvarez calculated, assum.-
ing those measurements are correct,
that the monopoles in the Sun must
have masses greater than 10" GeV to
keep them together by gravitational
attraction in spite of their mutual re-
pulsion. )

Perhaps monopoles collect at the cen-
ter of the Earth, too, Alvarez specu-
lates. You couldn’t hope to put a mono-
pole on a table and experiment with it.
As Paul Frampton (University of North
Carolina) points out, “Because of its
enormous mass, the thing would be
unimpressed by a table. Earth’s gravi-
tational pull could be greater than the
electromagnetic force between a mono.
pole and & typical atom. So the mono-
pole would go straight through."—csL

Hunting neutron—antineutron oscillation

When Murray Gell-Mann and Abra-
ham Pais predicted in 1955 that the K°
meson should exhibit an oscillating
probability for metamorphosis into its
antiparticle, the K° they cited the neu-
tron as a counterexample. The conser-
vation of baryon number, they pointed
out, would prevent the neutron-anti-
neutron analog of neutral-kaon oscilla-
tion. But nowadays, with grand unified
theories of the elementary particles
very much in favor, all bets based on
baryon-number conservation are off. A
prodigious experimental effort (Prvsics
TobAY, January 1580, page 17) attasts to
the widespread expectation that proton
decay will be seen with a lifetime of
about 10°! years,

But the same SU(5) grand unified
theory that predicts this finite proton
lifetime does not (in its simplest form)
permit neutron oscillation. The SU(B)
unification of quarks and leptons in a
single gauge-theoretic framework, pro-
posed by Howard Georgi and Sheidon
Glashow (both at Harvard) in 1974,
replaces baryon conservation hy “the
conservation of B — L, the difference
between baryon and lepton number,
thus forbidding n+tf, the neutron-
oscillation transition.

There are, however, rival unification
theories. Robert Marshak (Virginia
Polytechnic Institute) and Rabindra

-Mohapatra (City College of New York)

have recently put forward' a “partial

{as distinguished from grand) unifica--

tion theory” based on a left-right sym-
metric electroweak scheme which,
when joined to the usual color-SU(3)
group of quantum chromedynamics,
yields a color-SU(4) group- structure
mathematically similar to an earlier
proposal of Jogesh Pati (University of
Maryland) and Abdus Salam (Interna-
tional Centre for Theoretical Physies,
Trieste, and Imperial College, London).

In contrast to the SU(5) grand unifica-
tion, the Marshak-Mohapatra theory
predicts neutron oscillation on a time
scale that may well be accessible to
experiment, Proton decay, on the oth-
er hand, is not permitted in the Mar-
shak-Mohapatra partial unification

One could complicate the spontane-
ous-symmetry-breaking mechanism in
the SU(5) theory to get neutron oscilla-
tions at an ohservable level. But such
departures from “minimal SU(5™
would deprive the theory of much of its
simple elegance, Georgi contends. 1
would be greatly surprised if we find
neutron oscillation,” he told us. “Butif
we do, it will be most instructive.”

Aesthetic prejudices notwithstard-
ing, Lay-nam Chang (Virginia Poly-
technic Institute) and Ngee-pong -
Chang (City College of New York) have
proposed® a modification of SU(5) thet
would permit both neutron oscillation
and proton decay at obeervable levels
by extending the theory’s minima!l
symmetry-breaking mechanism to in-
clude Higgs bosons with masses around
10* or 107 GeV,

Because neutron oscillation plays
such a central role in choosing among
competing unification theories, a num-
ber of experimental attempts to look
for this exotic phenomenon are now in
various stages of planning, and one
group has recently announced prelimi-
nary results. At the International Con-
ference on Baryon Nonconservation,
held in Bombay in January, Milla
Baldo-Ceolin (University of Padua) re-
ported the first results obtained by a
CERN, Laue-Langevin, Padua, Ruth.
erford, . Sussex collaboration using the
cold-neutron facilities of the Laue-Lan-
gevin Institute at Grenoble. Their first
null finding—that .the characteristic
neutron oscillation time is greater than
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Summary of E&M Units History PhL 1.24.03
Details are in a separate document, here we just want to get the summary ideas.

There are three equations of interest

F =k1*qQ/r’ (1) / force between two charges (electrostatics)
dF/dx = k2*2il/D (2) / force between two parallel wires (magnetism)
kl=c*ek2 (3) / see other doc for how this is shown.

P=V* (4) { power = potential * current

The fact that constants k1 and k2 must be connected is glear since the charge appears in both equations
(1) and (2). If we double the unit of charge in both equations, we have to reduce both k1 and k2 by 4, so
they are proportional. The fact that the constant in (3) is ¢* comes from the place where electricity and
magnetism meet -- waves in space. '

Now in the beginning there was only electrostatics, before 1800 say, and the cgs-esu system was used
where k1=1. This defined a reasonable working unit of charge, the esu = statcoulomb. No one cared about
equation (2) because it was not known vet.

After 1800, batteries and currents in wires appeared, and (4) appeared on the scene just from work with
DC currents.

Soon, in the 1825 time frame, equation (2) appeared, and people who worked with currents and wires and
magnetic fields and such used the cgs-emu system wherein k2= 1. This made k1 = ¢ so the unit of
charge here, the abcoulomb, was ridiculously large for electrostatic work, but fine for magnetic work.
This system of course has an abvolt as well, which turns out to be quite small.

Since batteries typically put out 1.5 8 abvolts, it was convenient to rescale and define a "volt" such that
batteries then put out 1.5 volts, so volt/abvolt = 10°. Current was still in abcoulombs/sec = abamperes.

Next, people starting liking the mks system with its joules and watts and meters and kg, all being closer to
the human scale of things, so more appropriate for building things (engineering). So, instead of using a
mixed system of volts and abamperes, a new system was developed called "the practical units".

In this new system, planners wanted to use the normal mks units and the volt. In equation (4) above, since
P was watts and V was volts, a current unit was implied which was 1/10 of an abampere. This is simply
because joule/erg = le7 and volt/abvolt = le8, so dividing gives 1/10. This new unit is the ampere, and
the corresponding charge is the coulomb. Given this charge unit, and comparing that unit say to theesu, it
was then easy to figure out what the right values are for k1 and k2 for this new system. It is easy to show
with unit conversions that k2 = 107, written as py/dn to make H = p, B in free space:

dF(dyne) ~ 1*i(abamp)’ => nt/dyne = 1/k2 * (amp/abamp)* leS5=1/k2#* le-2



dF(nt) ~ k2 i(amp)*

This made k1 = 107 ¢*(mks) = 9 x 10° written as 1/(4ngg) so that D = &, E in free space. The fact then
that k1/k2 = sqrt(1/(j19gg)) = ¢’ is then pretty much a no-brainer.

So this is the SI or mksa or practical system. We end up with volts, amps, watts, Coulombs, Teslas
volts/meter, Webers and all that stuff. Everyone is happy, except that B and E have different units which
is ugly since they are both really part of the same F*’ , and we have these two constants floating around
everywhere to annoy us. A theorist would rather havé ¢ floating around in equations which at least means

something and can be set to 1 by rescaling time, compared to ¢ split into two pieces p, and g, each of
which mean nothing at all.

One other comment. It is true that E is strong and B weak in normal life as v/c, and this is most clearly
seen in the cgs-esu units where the magnetic equation has k2 = 1/¢* quashing magnetic effects. The reason
we end up with E and B in different units in mksa is that this makes them similar in size for human life.
The natural units (ie, same for E and B) make E much larger than B for humans. However, if we did
things with large velocities like ¢/2 in our normal lives, E and B would be similar in size. This would be
as if our natural time scale was nsec instead of sec. Imagine pieces of our equipment that move ¢/2
relative to each other, we would have similar E and B fields floating around in the natural units.



\

Units used in E&M PhL 1.22.03

1. About Units in General

Define versus Use. Some equations define a new unit, other equations just use the unit in some manner in
the solution of a problem. For example, E=mv’/2 and E=mgh both use an energy unit on the left, but
neither is the defining equation for an erg. Perhaps E = FxD is the defining equation here, Although
E=mv?/2 is true for what it means, since we are not defining the erg by this equation, we would never say
1 erg = 1/2 gm-cm/sec’ the way we might say 1 foot = 12 inches. But we would use the general notion
that erg = gm-cm/sec’ in terms of "dimensions” to check work we do, see next item. A third type of
equation is used to rescale'a unit, such as L(in) = 12 L(ft) and for such an equation, it is always correct to
say that 1 ft = 12 in. See below.

Two ways of handling units in an equation. Consider:

F(nt) = m(kg) a(m/sec’) F =36 kg *10 m/sec’ = 360 nt
F=mkg * am/sec’ =m*ant

In the equation on the left, m(kg) means "mass measured in kilograms". In this form, m(kg) is just a
number, it has no units! We have already handled the units with the parentheses. The two numbers on the
right when multiplied give the number on the left. When we solve a problem, however, we often write
things as done on the top right. The method shown on the bottom right seems confusing to me -- writing
units like this seems better suited to doing numerical calculations and making sure you get no errors. With
numbers, you will cancel and combine units as required and that acts as a check on your work. But from a
theoretical point of view, I find the notation on the top left to be much clearer and unambiguous.
Sometimes equations have a different form if one uses different units, so F = ma would not be "enough" if
that were the case for that equation, which it is not. But for the Coulomb force law, it is the casel!

Defining a Unit by Rescaling. Consider:
1 foot = 12 inches L(inch) = 12 L(foot)

The thing on the left is the definition of a foot, if the inch is already defined. Notice how the labels are
reversed in the right equation.

Converting Equations to Different Units. The above is an example of a rescaling of some unit. Here is
my general notation for doing this:

L{inch) = L{foot) * { foot/inch } /I { " right over left" }
or
1 foot =1 inch * { foot/inch } M " left over right" }

The symbol { foot/inch } is meant as a normal dimensions fraction. You put foot = 12 inch on the top,
cancel the inch, and end up with {..} = the number 12. {foot/inch} does not mean "feet per inch",



because if it did, that would give 1/12 which is not what is meant! When a dimension is on the bottom,
you have to reverse the rule. For example:

v(m/sec) = v(mile/hour) * {miles/m} * {sec/hour}
= v(mile/hour) * {mile/ft}* {ft/in}* {infom}* {em/m} * {sec/hour}
= v(mile/hour) * {5280} * {12}* {2.54}* {1/100} * {1/3600} = .45 v(m/hour)

This provides a 100% error-free clean way to convert any quantity from any units to any other units! We
will use this method many times in what follows.

2. Units used in Electricity and Magnetism; comments applicable to all Systems
The Two Basic Equations for Defining Charge and Related Quantities. The first of these is
associated with Mr. Coulomb's work done around 1788, now known as his law. The second is associated
with Mr. Ampere's work done around 1827 (and other work of Biot and Savart and Qersted around the
same time). Following Jackson's appendix, we install constants k1 and k2 into these equations:

F =k1*qQ/F (N / force between two charges

dF/dx = k2*2il/D (2} / force between two parallel wires
The second equation is really an integration of a more primitive equation which is this:

dF = k2* idx x (IdX x r)/r’ (3)
so the factor of 2 appearing in (2) just comes from the integration to get that result.

Sometimes (1) is used to define a unit of charge, and sometimes (2) is used. Different choices of ki

and k2 yield the different "systems of units" used in E&M.

How are k1 and k2 related to Maxwell's Equations? The first order of business is to say how we are
going to define the electric field. Every system does this in the same way with no constant as follows:

F=qE from which we conclude that: E=k1*Q/*

That is to say, there is no constant between F and qE. The associated Maxwell equation must have this
form as we show in the words that follow:

divE = 4rtk1 p [Eeda= jdivEdv = 4k, [pdV

When we integrate the divE equation (Gauss's Theorem) over a sphere around a point charge, doing
int(E.dA) makes 4n from the angle integral, so there has to be a 4 put into the divE equation RHS to
cancel it. The main point is that the k1 appearing in (1) also appears in the divE equation.

In similar fashion we can rewrite (3) as

fa




dF = (1/e) idx x dB dB = o k2* (IdX x r)/r’ /l 1st is Biot-Savart  (4)

We should think of the first equation in the manner of F =gE. For electrics, we use "q" as a test charge to
sense the E field. For magnetics, we use "idx" as a test current to sense the B field. When equation (3) is
split into two parts this way, allowing a definition of the B field, we have the chance to add a new
constant which we might have called kd, but Jackson calls it & so we will call it o as well. Since it
cancels when the first two equations are glued back together to give (3), it can be anything. [ In the
Gaussian cgs system it is set to ¢, in mks to 1, for example. ]

Of course when we later learn that E and B are part of the same tensor F*" , we must choose k1, k2
and o so E and B had the same dimensions, and this is one major benefit of the cgs-Gaussian system.
This is of little concern in the practical units,

So the right equation defines the B field produced by a practical current, and the left shows the force
of that field on a test current. But the left equation now stated this wayalso applies to the force on a test
current in the presence of a fixed-magnet field B. We now know this is due to the same current idea, but it
was not known in 1810 (say), so this first formula correlated fixed-magnet B with electro-magnet B and
implicitly said the two B's were the same thing. The internal currents idea of M then quickly followed.

As noted, the first equation is like F =qE, but because it is more complicated in nature and correlated
previously separated ideas, it gets a name associated with it, in honor of Biot and Savart who, in 1820,
discovered the law as the force on a wire in the presence of a fixed-magnet. Oersted in 1819 had found
that a current deflected a compass, but did not measure or analyze the nature of that force.

The associated Maxwell equation is this (Ampere's Law)

curl B=4na k2 J [Bedi= [curlBdA = 4mak, [1eda

To see the connection here, the simplest case is the straight wire. Integrate dB from (4)-right over the wire
and you get B = k2 2 I/r. Compute this same B from Stokes theorem applied to the curl equation shown
above, you get 2arB on the left from the line integral, and you get 4% k2 I on the right, so B=k2 I /r
again. This shows why we had to put the 4x and k2 into the curl B equation.

So, in this section we have related our constants to the two Maxwell equations that have sources (p
and J). The divB equation is uninteresting since it is just 0. We still have to worry about the 4th Maxwell
equation about curl E, and we have to worry about the "other term" in the curl B equation, known as the
"displacement current". We do these things right now.

A simple problem regarding the term curl B = k4 E/ot.
Let's assume a constant k4 in this equation in current-free space and see if we can connect it with k1 or

k2. To do this, let's study a simple problem. Imagine a tiny ring (radius a) moving toward a point charge
at speed v, all flat-on and symmetric. If I apply the above bolded curl rule to this problem,

[Bedl= jcurlB-dA = +kad/dt( jE-dA)

Using this formula, we can compute the B field in the tiny ring to be:

B=klk4Qav/r
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In this problem, the ring is so small, that E is constant on the ring, so electric flux is justwa’ E = ma’ k1
Q/P. Putting k4 d/dt on this makes - kd 2 v/r’, while the left side gives 2naB. The 2za cancels on both
sides, giving the above result.

Now 1 treat the same problem by sitting on the ring and watching Q approach at speed v, I can
identify Qv with Idx in the Biot-Savart B formula above, and [ get that

B=ok2Qavir

where sind from the cross product is a/r. Comparing these two results, we find that,
kd4 = o k2/k1.

Notice that this is just what Jackson has put in his (A.8).

A simple problem regarding curl E = -k3 dB/5t (Faraday's Law)

The simple problem needed here is to put a square loop at the edge of a region of constant B field, say
between the poles of a magnet, and have the loop move to the right, say, at speed v. The equation of
interest here is this

[Bedi= jcur]E-dA:—-k;;df’dt( J‘B-dm

In our simple problem, the change of flux on the right is Byv where y is the height of the loop, so the
RHS is then k3 Byv in magnitude. The electrons in the moving loop wire feel a forcedF = (1/or) idx x dB
as noted above. Putting J = qv8(r-a) and integrating in all 3D over a tiny "wire", i dx = qv, and we then
get that the force is F = (1/a) qvB. We interpret this as being due to an electric field E' = F/g = (1/a)vB in
the rest frame of the wire, and the line integral then gives (1/ct) yvB. Thus, k3 = 1/a.

Jackson on page 172 deals with this issue in a more general way, and here is a summary of his
method. You write the usual Stokes equation with the above curl rule with constant k3 (he calls it k
there). You then consider the sitvation of a current loop moving in the presence of a lab B field of some
sort. The electric field in equation 6.4 is denoted E' to remind us that it is the field in a frame moving with
the wire, because a contour integration is done in that frame. That is a key point. We are interested in the
field that pushes a current in the wire, and that field must be the field that is in the rest frame of the wire.
So I think (6.4) is evaluated in the lab, but you use the field E' as just stated. Then in (6.5) he computes
the flux change in the lab and comes up with the famous two terms -- I proved the second term on a
separate sheet. This lets you write (6.6) and then interpret E as the field in the lab. We have then proven
the field transform law (6.8) for non-relativistic velocity v. We still have our k3 in this formula. Now
comes the magic trick. In the lab, an electron in the wire is in fact a current of the form q v. We know
from Biot-Savart that such a current feels a force from the B field, and that force is (l/a) q v x B. So
Jackson's conclusion is that k3 = 1/ct. (In this section he uses k for k3, but uses k3 in his appendix.)

Maxwell's Equations and the Connection to Speed of Light. So far then, based on the discussions
above, we have these Maxwell's Equations:




divE = 4nk1 p curl E=- (1/c)dB/ot  (Faraday) kl =c’ek2
divB=0 curl B=d4na k2 J+(x k2/kl) 5 E

It took some doing just to get to this point! Now if you do VxVxXE and get the free-space wave equation,
you conclude that k1/k2 = ¢’ in your system of units whatever it is -- we have not picked one vet. This is
because plane waves must travel the speed of light. If you start with VxVxB, you reach the same
conclusion. Either way you pick up both curl equations and you therefore conclude that k1/k2 = .

Do the constants k1l and k2 and o have dimensions?

If we look back at our original two defining equations in which k1 and k2 first appear, and if we imagine
that each of our constants have some kind of dimensions, then the dimensions in these two equations are
only consistent IF this is true: ( k1/k2 ) must have the dimensions of m?*/sec? (say inmksa). We know that
in fact k1/k2 = ¢* 50 this all makes perfect sense. This does NOT tell us what we have to do for k1 and k2
separately, however. Similarly, constant & may or may not have dimensions, since we can make it be
anything we want. Since a is a rescaling of the B-field, giving it dimensions will simply change the
dimensions of the B field.

There are really only two reasonable choices to make about dimensioning k1 and k2. One choice is to
give each of these units its "natural” dimensions such that the dimensions cancel on both sides of the two
basic equations.

F(force) = ki(force-L*/charge?) *q(charge)Q(charge)/r(L)* )
dF(force)/dx(L) = k2(force-time®/charge*)*2i(charge/time)I(charge/time)/D(L) (2)

In this case, we cannot make any connection between the charge unit and the other units. This is a good
approach to take if neither k1 nor k2 is going to be unity.

The other reasonable choice is to make k1 = 1 with no dimensions, or to make k2 = | with no
dimensions. If this is done with k1, then the equation is regarded as making a connection between the unit
of charge and the base units of force and length. You get force = charge?/L? . If this is done instead with
k2, then you get force = charge’/time” which is different!

The mksa system takes the first approach noted above. The esu systems sets k]l = | and this defines
the esu unit of charge such that dyne = esu’/em’. The emu systems set k2=1 so dyne = emu’/sec’

What about ) and H?
As Jackson points out on page 617, this allows 6 more constants to appear in your world:
D=gE+AP =¢'E H=(1/o) B - MM = (/"B
[ have used €' and ' because, although Jackson says everyone uses p and &, [ see that Bleaney on page 19

have D = ggoE, so [ would then say &' = gg, for Bleaney, whereas Portis on p 112 uses juste' =g,
Since we are defining D and H by these equations, we are really free to set all 4 constants arbitrarily.

Of course P and M are zero in free space. In this limit, & becomes g, and p becomes 1y and this is the
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motivation for these notations, as if these numbers were properties of free space. Jackson says that’ and
A' are always both 1 or 4m.

It is desirable to have the divD and the curlH equations "look nice".

From above we have divE = 4kl p, so in free space we would then have div D = (4ng; * k1) p. The
choice of k1 and €, is always coordinated so that the factor in parens is either 4= or 1, for "unrationalized"
or "rationalized". In all systems shown on page 618, these are the only two possibilities for divD.

The other interesting equation is curl B = (4x a k2) J + (o k2/k1) & E. In free space we would have
this result: curl H = (41 o0 k2/pe) I + (oe k2/ (k1 pogo)) & D. Again, k2 and i, are chosen so the first factor
(in front of the J) is either c or 4rc.. In Jackson's page 618 list, there are two choices fora (1 and 1/¢), so
we end up with four different forms for the curlH equation in different systems!

Jackson does not comment on the ¢ type factors one sees in P = xE and M = yH. There is some
variation in how these things are done as well. Bleaney says P = ygE but M = yH, so for each author you
have to go look at exactly how they do things! I suspect that geophysicists are interested in H andp and
use units different form transformer designers.

Why batteries are about a volt

We are jumping ahead here a bit, but we want to show what the "volt” is a useful unit size. Using the
Bohr radius and the electric charge, we have

le]=1.6x10"C p=53x10"m
le}/ rp =3 x 107 C/m
V(volts) = k™€ Q(C) /r(m) =9 x 10° * 3 x 10" =27 volts as a rough scale

Hydrogen levels are E = -¢%/ (2rp n°) so that V =-13.5 volts/n®. In a larger atom there is shielding so the
general form is the same, but the radius is larger, so set n = 4 say and we get outer electron of something
like Cu being bound by on the order of 1 eV, meaning the valence electron is at a potential of - 1 volt. In
a battery, you might pull an electron off Cu to get Cu++, and you might put it onto Zn++ to get Zn. Each
of these actions will involve a different energy on the order of 1 eV, so the net result will be on the order
of an eV, so the battery will put out something on the order of 1 volt. The ionization and affinity values
are affected by the fact that the ions which result are not free, but are in a solution, but this does not
change the scale of things. In fact, the energy obtained by putting Cut++ in solution probably offsets its
ionization potential. (see chemistry books for more detail)

The potential unit determines the current unit.
In any system, we know that power P =1V. Thus, the product of the current and potential units must be

the energy/sec unit in whatever system you are in. Inmks we get watts = amperes * volts. In the other
systems we get erg/sec = abamperes*abvolts = statamperes*statvolts.

3. The mksa System (= SI system = rationalized-mks).




We do this one first because most lookup information is in these units, which are sometimes called the
"practical” units. Also, the world has adopted SI now and SI is "taking over". One writes equation (2)
above as:

dF(nt)/dx(m) = k2(nt-sec’/ C* ) * 2i(C/sec)l(C/sec)/D(m) k2(nt-sec’/ C? ) = 107 = pg/dn

and one then defines the size of quantity C (the Coulomb unit of charge) by setting k2(nt-sec’/ C* ) =
107. In this unit, an experimenter will find that |e] = 1.6e-19 C. WHY was k2 selected to be this strange
power? Because then a C/sec = ampere will be a reasonable "practical unit" of current, and will have a
simple connection (1/10) with the formerly used abampere unit of the emu system, More on this historical
subject later. In fact the ampere is really defined as per above, then Coulomb = ampere-sec.

The constant k2 is usually written as pp/4n. The 4% removes 4n from the Maxwell equation, and the
Ho is so called because it ends up (via a long path) in the H = ;B relation in free space. In the mksa
system, the constant k2 is assigned its natural dimensions:

k2(nt-sec’/ C* )= 107 = py/dn k2 =107 nt-sec’/C* (= 107 henry/meter)

The appearance of "henry" just comes from V = L3, and is the way po/4x is usually expressed. Now,
because k2 is assigned these "natural” units, we cannot make any connection between the Coulomb and
any of our base units. The units just cancel out in the equation, as was noted earlier.

Notice that even with an "amp” of current, the force between two "practical wires" a meter apart is
tiny, about 2/10,000,000 of | nt, and think of 1 Ib = 4.45 nt, so nt really is an everyday unit. So in the
magnetic world, a Coulomb/sec is not a very "big" thing. If you put the wires 1 cm apart and put 100
amps in each wire, you gain a factor of 10°, so force is then 2/10 = 1/Snt ~ 1 Ib. This is easily observable
by any dolt.

So in this system, charge is defined by the magnetic equation. The electric equation will then read,

F(nt) = k1(nt-m*/C?) *q(C)Q(C)/r(m)* =9 x 107 *q(C)QC)Vr(m)*

since we know from the above work that k1(nt-m*/C%) = k2 * c(m/sec)’ = le-7*(3e8)* = 9 x 10” . This
constant k1 is usually expressed as k1 = 1/(4ne;) so we can have D = gE in free space. As with k2, the
constant k1 is given its "natural”" dimensions:

F
kl(nt-m*/ C?)=9x 10°= 1/(4neg) k1 =9x10° nt-m¥C* (=9 x 10° meter/farad)
where the last comes from Q=CV defining the farad. Notice that k1/k2 = (3*10® m/sec)’.

The electrostatic potential is a derived concept, not a definition. We havedW = Fdx so dW/qg = F/q dx
which is then E dx. This work per charge is called the potential and is thisdV = E dx = (F/q)dx. Thus, our

definition of the volt is this:
1 volt=1 nt-m/C
Now for the particular situation of a point charge, we can integrate E from r to infinity to get

V(volts) = 9x10° Q(C)r(m) /=K1 Qrr

>



where we have used the point charge for our definition. Now E = nt/C from its definition, =volts/m here.

In electrostatics, a Coulomb is a very large charge! If you put two of them 1 meter apart, the force
between them would be 9 billion newtons, enough to explode any physical holding object to shreds in a
real hurry! Another way to say this (see next paragraph) is that an aluminum sphere of radius 1 meter
holding 1 Coulomb of charge would have a potential of 9 billion volts!

Side question: why don't the electrons just fly off a charged sphere into the vacuum? According to
Purcell page 50, an average electron at the surface "feels" half the field. Perhaps we have 10,000 volts on
a practical sphere, so the field just outside is 10,000 volts/meter. But this is a mere 10 volts/Angstrom. If
you pull one extreme surface electron 10 A above the surface, you "gain" about *10” eV of energy. But
you would expect the electron to be bound in the metal by something on the order of 1eV (see battery
discussion earlier). Thus, you would need perhaps | billion volts on your sphere (~ Coulomb) before
electrons would fly off spontaneously. If there is a conductor outside the sphere, then the "work function”
to remove an electron goes away, and you get resistive flow. This same thing happens if the medium
outside the sphere ionizes into a plasma due to the E field (spark, lightening bolt, etc).

This system is called "rationalized mks" only because we write k1 = 9 x 10° as 1/(4ngo). Since 4nkl
appears in the Maxwell equation, this gets rid of the 4= floating around.

What about a7 Jackson says a=1. The place to look for this is in Faraday's law. Bleaney page 256
shows clearly that a=1 for that book, and the same for Portis on p 382. Bleaney claims to use the
"rationalized mks" where Portis uses the "SI units system' which incorporates rationalized mks.
Another term used is mksa where a stands for ampere.

The magnetic field formula above isdF = (1/a) idx x B which in mksa is dF = idx x B. Thus, B has
units which are derived from other quantities

B(nt/amp-m) similar to E(nt/C)

(Side note: if you know about antisymmetric F* whose 6 non-zero elements are B and E, it sure is
uncomfortable to have these fields have ditferent units! )

The volt was defined as above, and we usually use E{volt/m) in common parlance. It was decided by
someone that we should have a unit of magnetic flux (not field) called the Weber:

dd(Weber) = B(nt/amp-m)edA(m?) so that 1 Weber = 1 nt-m/amp

Then we can think of B(Weber/m?) in common speech.

The current SI unit system (see hittp://iserver.asa.edu.py/physicsweb/hisotry_of units.htm) was
adopted in a conference in 1971 . At this time, the Tesla was introduced to give the B field its own private
unit. Webers were not thrown out. Since Weber was already defined as above, we can regard the Tesla as
a derived unit, or we could formally define it this way

B(Tesla) 1 Tesla = | Weber/m® = 1 nt/amp-m

My Bleaney book is 1965 so does not mention Tesla, but Portis is 1978 and does. Jackson is 1962-7 and
also does not mention Tesla. [ by the way, Hz was adopted by SI in 1960, My 1956 and 1964 handbooks
don't use it. 1 think common use of Hz phased in around 1966 in the US, was cycles per second. ]
So, one more comment. At this point we have defined volts and amperes, so one more obvious unit .
remains:




. R(ohms) = V(volts)/I(amps) 1 obm = 1 volt/amp
There are some other SI units that are a bit new to me:

pascal = 1 nt/m” for pressure
siemens = amp/volt to replace mhos for conductance

Magnetization M is interesting. Bleaney page 131 is talking magnetostatics and mentions the idea of a
magnetic dipole moment m = I{current)S(area of loop), similar to the electric dipole p =qL. If you talk

about a volume density of moments, then you have M =N m/V = > M(current/length) like Ampere/m.
Since M is related to H, we sometimes see H with units of current/length.

4. The cgs-esu-Gaussian system of units
In this system, the starting point is to set k1 = 1 so that F = qQ/r* and this of course makes electrostatics
very nice and simple. We regard this equation as defining the esu unit of charge also called a statcoulomb
(Purcell calls this an esu and does not mention statcoulomb).

F(dynes) = q(esu)Q(esu)/r(cm)’ k1(dyne-cm*/esu’) =1 but no explicit dimensions!
Since k1 has no dimensions, we regard this as the formal definition of the esu in terms of base units:

1 dyne = | esu* / cm®

Notice that E = F/q is in dynes/esu or below it can be statvolts/cm.
Since we know that k1(nt-m*/C?) = 9x10° from the mksa system, we consider:

9x10” = k1(nt-m*/C?) = k1{dyne-cm*/esu’®) * {dyne/nt}* {cm/m}**{Clesu}*
=1*e-5*e-4* {Clesul?

Thus: Coulomb = 3x10° esu (statcoulomb)

So the statcoulomb = esu is a much smaller thing than a Coulomb. That | meter sphere with anesu on it
would only have a potential of about 3 volts, much more manageable!
The potential is going to be dV = Edx = F/q dx. The unit will be the statvolt and we have:

dV(statvolts) = F(dynes)/q(esu) * dx(cm) 1 statvolt = 1 dyne-cm/esu
The conversion is therefore:

1 statvolt = 1 dyne-cm/esu = 1 nt-m/C * {dyne/nt} {cm/m} {Clesu}
=] volt * e-5 * e-2 * 3¢9 = 300 volts
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Certainly we would say that a statamp = esu/sec, the unit of current. Then statohm = statvolt/statamp.
The E field is measured in statvolts/cm. .
Now moving to the magnetic equation, we have

dF/dx = k2*2il/D k2 = k2(dyne-sec’/ esu’ ) = k1/c* = 1/c? = 1/(9¢20) sec’/cm’
Remember that the force between currents was already pretty small even with amperes. Here with a
current unit that is 3 billion times smaller, our force is reallyreally tiny! Usually in equations one just
shows the ¢ factors as "¢", and of course here it is in cgs units. Thus we have

dF(dyne)/dx(cm) = 1:l.I’::al.ft:,n‘l!..ﬂ.:n:::)jl2 *2i(esu/sec)l(esu/sec)/D(ecm) // force between wires

As noted in general above, in terms of units this equation also says I dyne = 1 esu’ / cm’.
What about B and Biot-Savart? Recall that

dF = (1/c) idx x dB dB = a k2* (1dX x r)/r’
Jackson in his Gaussian system (Purcell also) selects . = ¢ so these become
dF = (1/c) idx x dB dB = (1/c)* (1dX x r)/r’

This is nice in that we associate a 1/c factor with each current when we do the split here. The factor of c is
taken to have its units with it in the Gaussian system. Thus we get

dF(dynes)= (1/c(cm/sec)) i(esu/sec)dx(cm) x dB(dynes/esu)

The point here was to show that we have B(dynes/esu) in the Gauss system. In fact, this unit is called a
"GEUSSHI

B(gauss) = B(dynes/esu) 1 gauss = | dyne/esu

Notice that E and B both have the same units in this system, dynes/esu, although they are usually called
"gauss" for the B field. The term "oersted" is used for the H field, but it is the same unit as the gauss.
How are gauss and Tesla's related? 1 see no trivial way to compute this, just have to do brute force:

dF(nt) = i{C/sec)dx(m) x B(tesla)
dF(dynes)= (1/c(cm/sec)) i(esuw/sec)dx(cm) x B(gauss)

Divide these two equations to get:

dF(nt) _ _i(Clsec) dx(m) ofcaslaec) * B(tesla) _
dF(dynes) i(esu/sec) dx(cm) B(gauss)

{dyne/nt} = {esu/C} * {em/m}* c(cm/sec) "E_B(;ﬂ::)

_ B(tesla)
le-5 =1/3e9 * le-2 * 3ell " B(gauss)

So
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B(tesla)
Blgauss) = le-4 => B(gauss) = 10,000 B(Tesla) => 1 Tesla = 10,000 gauss

We could also relate the E field units by comparing volts/meter to statvolts/cm. So

E(volts/m) = E(statvolt/cm)* {statvolt/volt} * {m/cm} = E{statvolt/cm)* 300 * 100
= 30,000 E(statvolt/cm)

== 1 statvolt/cm = 30,000 volts/m

So in mksa the magnetic field unit is bigger, but the electric field unit is smaller.
What about magnetic flux. I think people used this

I maxwell = 1 gauss-cm® compareto: 1 Weber = Tesla/m’
Divide and use T = le4 gauss to conclude that 1 Weber = 10* maxwell.

There are really no other units that people use in this system. The inside back cover of Purcell gives a
good summary of things.
5. The cgs-emu system of nnits

Now, on to the emu system. Sometimes units here are called "absolute" units, hence the terms likeabvolt.
We take as our starting point,

dF(dyne)/dx(cm) = k2*2i(abC/sec)I(abC/sec)/D{cm) k2(dyne-sec’/abC?) = | (dimensionless)
dF(nt)/dx(m)  =k2(nt-sec’/ C*) * 2i(C/sec)(C/sec)/D{m) k2(nt-sec’/ C* ) = 107 = po/dn
We write the second line only so we can do a division to find how abC are related to C:

leS = le7 * {C/abC}* => abcoulomb = 10 coulomb

-

This factor entirely arises from the nt/dyne shift being offset by the k2 shift. Of course theabamp will be
an abcoulomb/sec.
Now k1 = k2*¢? = ¢? = (3e10 cm/sec)’. This we are going to have in the electrostatic side of things,

F(dynes) = ¢’ (cm*/sec’) q(abC)Q(abC)/r(cm)? and
E(dynes/abC) = ¢ (cm*/sec’) Q(abC)/r(cm)’

The potential will be V = Edx so that
1 abvolt = 1 dyne-cm/abC

= 1 nt-m/C * {dyne/nt}*{cm/m}*{C/abC} = 1 volt * 107 * 10 * 10!
=107 volt

11
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Next we come to Biot-Savart and we have to face the a question: (k2=1)
dF = (1/c) idx x dB dB = o (1dX x r)/r’ // 1st is Biot-Savart ~ (4)

If we set & = | (as it is in mksa), then we could conclude that B(Tesla) = 10° B(emu). A factor of 10
comes from abcoulomb to coulomb, and a factor of 100 comes from 1/distance. However, I think no one
uses an emu unit like this, I think they use the Gauss from the cgs-esu system instead! This could be
fixed by making o = 1/10. Then we would make no distinction between the two cgs systems for B.
However, we would than require that dF = 10 idx x dB. This has to be the case of B = Gauss and
i(abC/sec), no way around it! If B is the same in emu as esu, then so is B-flux, the maxwell.

Obviously if we have abamps and abvolts, we are going to have abohms.

6. Some History

The emu system is the counterpoint to the esu system because here we are going to take k2 = 1 with no
dimensions, whereas in esu we take k1 = 1. What does this system use for ? Was it the historical system
used by Ampere et al? Do I know any sources that use this system? Geophysics may have historically
used this system. The note below suggests that abvolts were used prior to 1881, so maybe the emu system
with cgs was the standard for everything prior to that time!

My guess is that before 1881, everyone doing electric currents work was using these "ab" units and
cgs base units, but was just calling them "electromagnetic units". Surely the "ab" for absolute is a
retroactive addition from the modern day to distinguish current amps from historical amps which are
today's abamps. The claim made below is thatin 1881 abvolt was replaced with volt that was 10° times
larger and more practical.

Why was the ampere defined as 1/10 of an abamp (with the result that the Coulomb became 1/10 of
the emu unit (abcoulomb) )? The reason just comes from P =1V as noted earlier,

1 amp = 1 joule/volt = 10" erg / ( 10" abvolt) = (1/10) abamp
So the potential unit (volt) determines the current unit (ampere) and thus the charge unit (coulomb). Also:
abohm = abvolt/abamp = 10 volt/(10 amp)= 107 ohm
Some quotes of interest from the web:
* First to adopt a customary metric system was France in 1799. Progress towards its adoption elsewhere
has been distinctly less rapid now that those opposed to it are no longer decapitated. Anyway, the CGS
system enjoyed wide acceptance until 1881 when the then new electricity industry decided that thee.m.u.

abvolt was too small for practical use and succeeded in introducing a value 10* times larger: our present
value for the volt. The ohm and the amp were also re-scaled. "

" The First International Conference of Electricians (Paris, 1881) adopted the British Association

definition of the ohm and added definitions for the volt, ampere, coulomb, and farad. Thus was born the
“absolute practical system of electrical units™:
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* absolute, because the units were defined solely in terms of mechanical units (length, mass and
time)
* practical, because the sizes were much more convenient than the cgs units.
The ampere was a derived unit, defined as the current produced in a conductor with a 1-ohm resistance
when there was a potential difference of 1 volt between its ends”

" In 1948 it was decided that the centimetre, the gram and the erg (the CGS unit of energy) should be
replaced by the larger metre, kilogram and joule. This was called the MKSA system and it restored
coherence "

More on the order in which things were done (1780 - 1881)

1785 Coulomb's law for static charges

1800 Volta makes batteries, allowing people to have wires with currents in them for the first time
1820  Oersted sees current in wire deflect a compass needle

1820  Arago sees current in wire attract iron filings.

1820 Biot, Savart and Ampere get force on current from B and between two currents

1825 Ampere puts out a summarizing paper

1827 Ohm's law in Die Galvanische Kette, Mathematisch Bearbeitet paper

1874 BAAS adopts cgs
1881 conference also adopts practical units including amp, ohm, volt

During all this time, no one knew about electrons and protons. Charge Q was regarded as some kind of
invisible fluid that came out of matter, maybe two fluids. The fluid could flow through a wire, and could
be produced with a battery. The idea that the fluid was made of individual particles was unknown until
1897. The connection between light waves and this charge fluid through the Maxwell equations must
have seemed very strange. That did not stop electric motors from being built in 1831.

Dalton summarized basic ideas about aroms around 1803, they were round solid balls with interesting
properties. In 1897 Thomson showed that cathode rays were individual charged "corpuscles” much lighter
than atoms, later called electrons, and they were assumed to be pieces of atoms. People made atomic
models like the Plum Pudding Model with a mixture of + and - charges swimming around in the ball.
Only in 1911 did Rutherford infer the presence of charged positive atomic nucleus. The fact that light
was quantized in hv was found separately from the photoelectric effect (Einstein), and this with the
nucleus idea because the wave model for hydrogen of Bohr in 1913, and so started the probability idea
and quantum mechanics. We now know that E&M is just quantum mechanics for a massless particle.
Relativity (again Einstein) came along in 1905 and soon got mixed with QM.
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Rainbows

A. D. Andrew
G. L. Cain
S.S. Crum

T. D. Morley

Introduction

Most of us are familiar with the sight of a rainbow after a rainstorm. The sun is at
our back, and we see an arc with violet innermost, blending into blue, green, yellow and
orange, with a red outer band. This is the primary rainbow, and we see it as well in the
spray of a waterfall. Sometimes after a rainshower we may be fortunate enough to see
another rainbow, the secondary rainbow, higher in the sky than the primary rainbow. The
sequence of colors in this secondary rainbow is reversed, with the red ring innermost, and
the violet band outermost.

In this project you examine how rainbows are formed and see why the sequence

of colors in the two bows is as described above. First we must study the path followed by
light passing from one medium to another.

A

Figure 1




. In traveling from A to B, the light is refracted, that is changes direction, at the interface
between the two media. The angle of incidence, ©,, and the angle of refraction, ,,

satisfy Snell's Law (Willebrord Snell, 1621),

sinf, sin8,

¥

¥

1 Vi

where v, is the velocity of light in the first medium, and v, is the velocity of light in the
second. The ratio —2EC s 07508 for red light, and 0.7440 for violet light.

Vair

Part 1. The primary rainbow

The theory of rainbows presented here was developed by Descartes. The primary
rainbow is formed by rays of light which enter a drop of water (assumed to be spherical),
are refracted at the boundary, reflect once internally off the back of the raindrop, and are
again refracted as they leave the drop, headed toward the observer of the rainbow.

Figure 2

The distance & from the center line of the drop to the incoming ray is called the impact
. parameter, and the angle x is called the angle of incidence. The angle y is called the




scattering angle. If a ray is incident with impact parameter 0, it is reflected back on its
original path, and the scattering angle is m . As the impact parameter increases, the
scattering angle decreases, as seen in the above figure. As h increases, the scattering
angle reaches a minimum of about 138°, and then begins increasing.

Descartes' reasoning was that light exiting the drop is concentrated near the
scattering angle for which the scattering angle is least sensitive to changes in the impact
parameter 4. That is, it is concentrated near the scattering angle for which the rate of
change of scattering angle with respect to & is as small as possible, namely where

W _o.

dh

Of course this happens where the scattering angle y assumes its minimum value, and
Descartes calculated scattering angles for many values of the impact parameter 4 ,
thereby determining that the reflected light is concentrated near the scattering angle of
138°. The primary rainbow is formed by light from those drops for which the angle
between the incident rays and the observer's line of sight is 180 - 138 = 42°,

Exercises

1. Fermat's Principle in optics is that light travels on the path which minimizes the time
of travel (See Project 2.). Use Fermat's Principle to show that in traveling from A to B
(see Figure 1), light follows the path for which Snell's Law

sin, _ sin IEIg
¥ Vy

holds.

2. Show that the scattering angle y is given by the formula

W =n+2x-4y, or

!

Y =mn+ 2x—4Arcsi{v"—""sinx
Vair

This can be done by examining Figure 2 and either using plane geometry or by carefully

calculating the ray's change of direction at each refraction or reflection.

3. Plot the scattering angle as a function of the angle of incidence, and calculate the
minimum value of y for both red and violet light. Use this to explain why the rainbow



forms in a circular arc and why the violet arc is the innermost ring and the red arc is
outermost,

Part II. The secondary rainbow

The secondary rainbow is formed by rays of light which undergo two internal
reflections before being refracted towards the observer. This rainbow is fainter than the
primary rainbow because at each reflection a portion of the light is transmitted into the
air. The path of light undergoing two internal reflections is shown in Figure 3.

Figure 3

In this case, a ray entering a drop at impact parameter A = 0 is reflected twice, and leaves
the drop in its original direction, with scattering angle y =0. As h changes, the
scattering angle increases to a maximum of about 130°, and then decreases. In this case,
light is concentrated in the direction of this maximum scattering angle.

Exercises

4. Show that in the case of two internal reflections, the scattering angle ¥ is given by the
formula

Yy =6y-2x, or
1

Wy =6Arcsi{}:‘—f"-sinxJ—~ 2x




3. Plot y as a function of x , and determine the maximum value of y for both red and
violet light. Explain why the secondary rainbow appears higher in the sky than the
primary rainbow, and why the sequence of bands in the secondary rainbow is reversed,
with the red band innermost and violet outermost.

6. Explain why the sky is particularly dark in the region between the primary and
secondary rainbows. This dark area is known as Alexander's Dark Band.
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[ > restart;

[ > ¥ := aresin(nl*sin(x)/n2);
[>p := Pi + 2%x - 4*y; [/ psi(x)

[> pl := diff(p,x); //psi'(x)
[ > p2 := diff (pl,x); //psi"(x)
[ > N1 :=sin(x)*cos(x)/(sin(p)); / first factor of dN solution
[ > N2 :=abs(-pl+signum(pl) * (pl*2 + 2%p2*f)~+.5)/ (p2) ; // second factor
[ > N :=N1*N2; // complete solution
[ > nl := 1;//Now insert specific values for constants
[ > n2 :=1.33;
[ > £ := le-4; //thisis Rp/D, we want the eye far away, angularly speaking (and D >> R)
"> plot(N,x=0..Pi/2);
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[ > restart;
">y := arcsin(nl*sin(x)/n2);

i‘:{nf sin(x)]
=arcsin| ————
i 4 n2
(> p = Pi + 2*x - 4*y; [//psi(x)
ni sin(x)
. p =7+ 2x-4arcsin| ————
| n2
[ > pl := diff(p,x); //psi'(x)
nl cos(x
pl=2-4 )
ni? sin(x)?
[ g AsinGe)
I n2*
(> p2 := diff(pl,x); //psi"(x)
nl sin(x) ni? cos(x)* sin(x)

4

p2:=4 - - g ( )2 e
i nl* sin(x
2 . nl?sin(x)? 3 (1 ~ ]
n2* n2’

> N1 :=sin(x)*cos(x)/(sin(p)); // first factor of AN solution
sin(x) cos(x)

siu(z;r—ll a;rcsin{m sin(x) D
na

[ > N2 :=abs(-pl+signum(pl) * (pl*2 + 2*p2*£)+.5)/{(p2) ; // second factor

NI =-

nl cos(x) ) ni cos(x)
N2=|-2+4 + signum| 2 — 4
! nl? si_n(le nl* sin{x)l
n2 ]-———— n2 l-——mm
n2* n2?
nl cos(x 2
- (x)
ni® sin(x
, [, ndisinGxy
n2?
nl sin(x) ni? cos(x)* sin(x) 3
+2|4 -4 f
nj? sin{x)z nl? sin(x ]1 (3/2)
mpfl-——r Pl
n2? n2?
nl sin(x) nl? cos(x)* sin(x)

4 -
ni? sin(x ) o[, ni?sin(x)? 13/
moq 1o ) ———
n2* n2*
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['> N :=N1+N2; // complete solution
nl x nl co
N :=—sin(x) cos(x)|-2+4 cos(x) + signum| 2 — 4 ox)
n2

nl? sin(x)?
ny [ q sy
n2?

nl cos(x) 2
2—-4 -
i
H?Av/l—f—ifgif
n2?
+2|4 #l sin(x) _4 nl® cos(x)? sin(x) f'5
nl* sin(x)* [ ni? sin(x ][3;1}
n2 ]-——— n2?l | - —mm—
n2? n2*
I si 1 si 3 2 o
sin[z 4 arcsin(n m;l{x) D 4 nl sin(x) . nl® cos(x)? sin(x)
n

5 . B 2 i n2 \(3/2)
n2 1= nl sm{x)"" st [1 _m?_}
522 ?'I21

> nl := 1;//Now insert specific values for constants
|_ nl =1

[ > n2 :=1.33;
i n2 =133
[ > £ := le-4; //thisis Rp/D, we want the eye far away, angularly speaking (and D >> R)
i f=.0001
> plot(p,x=0..P1/2);
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The Rainbow PhL 1.22.03

Look at the pencil drawing. It shows a single ray coming in at impact parameter h (angle x) and emerging
at an angle  relative to the initial direction. Now imagine an observing eye viewing the emerging ray at
a great distance. Model the eye as a circular pupil that catches rays. The number of rays captured by the
eye is proportional to dy because the pupil has a finite size. Since we are so far away, the fact that the
location on the sphere of the emerging ray varies slightly as y varies does not matter,

In the other direction, imagine that a ray comes in at some d¢ azimuth (north pole is left end of
sphere) below the plane of paper. Then just tilt the entire disk drawn in the figure by rotating it about the
horizontal axis by angle ¢. The angle between the emerging ray and the untilted emerging ray is 50 =
siny 5¢ as proven in our little appendix below. This is obvious when w=n/2 so siny=1.

Imagine a square (edge d) into which is inscribed the pupil (diameter d) of a viewing eye (at distance
D from the sphere). The square forces 88 = 8y = d/D. All rays within these small angles hit the square.
Of these, the fraction n/4 hit the disk of the retina, but we don't bother with this factor in the following
since we are not looking for an absolute answer, just the shape of the curve.

Now, the number of rays which pass through an area R? dQ on the sphere (x = polar angle, ¢ =
azimuthal angle) is o(rays/area)* R* dQ * cos(x), this last factor since R* dQ is tilted relative to the
incoming plane wave of rays. We have assumed a uniform incoming plane wave ray density o; these
rays are coming from the left in the figure. We are also implicitly assuming polarization perpendicular to
the plane of paper. The other polarization direction will have some extra angle complications and will
probably have a weaker output, but the nature of the result won't be different. Thus we have

SN(x,$) = & R? cosx sinx 8x 8¢ = number of rays hitting our differential area.
Then set &x = dy/y'(x) and 8¢ = 56/siny. Finally, use 58 = 8y = d/D and the result is

oR*sinxcosxd d
D sinwy Dw/'(x)

&N(number of rays reaching retina) = (1)

where the second fraction is 6x which we have kept separate for the moment. We have an equation for
W'(x) on our pencil sheet, and we know y'(x) = 0 at y = 137.48 ° or so. At this point, everything else in
the equation is finite, so dN has an infinite peak here! This makes the point quite well that the critical
angle completely dominates the reflected light, and this was Descartes idea. But we know the result
cannot really be infinite. To correct the situation , let's replace 6x = &w/y'(x) with a more accurate
expression. We can expand w(x) around the point x and get this result, where now we keep an extra term:

Sy =>0x {y' +(8x/2)*y"}
Rewrite this as

(W"2) (3" + (W )(Bx)-By =0 A (Bx)' +B(Ex) +C=0
solve this for 6x ,

Bx=[-y £ sqrt( (y')’ +2y"3y)]/y"




Which root do we want here? We want the root that causes cancellation between the two large terms
because the result we are looking for is differentially small. We know that y">0, so assume that 8y >0so
the inside of the square root is larger than |y, Then we want this solution:

dx=| -y +sign(y)* sqrt( (W) +2y" by) |/ y"
We have added | | because we want 5x > 0 since we are just doing a ray density scaling,

We set &y = d/D inside and then our formula becomes

R7si -y + sign(y")*sqri(y+2y"
dN(number of rays reaching retina) = 2 ;l:i::]cosx d 1y * sign(y’) qqr:[tp‘ 2y7(dD) | (2)
b4 Y
Right AT the critical point where y'=0 we can write this as
. .. oR’sinxcosxd d
dN(number of rays reaching retina) = D siny Dsqri(y"d/2D) (3)

Comparing with (1) above, we see that y' in the denominator has been replaced by sqrt(y"d/2D). This is
small, but not 0, so the result for dN is large but finite.

So let's plot the above general result for dN using Maple! The result is very impressive and highly
peaked as expected. We could compute the width of the peak, but the Maple plot shows it to be about .04
radians with our assumed f= d/D = .0001. This is about 2.4 degrees, very narrow, a thumb width which is
2.4 degrees as well for me (1" at 24"). This might agree with the observed width of a rainbow. Probably
the color bands overlap a lot, etc.

Colors are there because the index of water varies with frequency. Since visible is below the
electronics resonance area, index (and dielectric constant) increases with increasing frequency, so red
light is bent least and has the lowest index, and will have a smaller\y angle, so red appears at the bottom
of the rainbow band (on the inside of the big circle). To see why a rainbow is a circle, hold the piece of
paper with the figure on it and rotate it such that rays coming from behind you all parallel cause reflection
into your eye. The paper must be attached as a paddle on a wheel whose axis goes through your eye.

In the single bounce situation which we have looked at, the output anglew ranges from 180 degrees
down to 137 degrees and our drawing is typical. Suppose the ray does two integral bounces. I have
shown a second bounce as a dotted line in the figure. You can see that this ray emerges on the top, not on
the bottom of the figure. In this case, red light with less bend comes out at/arger y because now w is
measured around on the top side of the figure. So the second rainbow has the opposite coloring order. For
n bounces, you have to study the geometry and see whether ray comes out on the top or the bottom. I have
seen three rainbows in Torrey.

Appendix. What is the angle between the tilted emergent ray and the originaluntilted emergent ray? Go
out to the eye a large distance D away. Make a little coordinate system centered on the emergence point,
with x to the right and y down and z out of paper. The coordinates of the point at the eye that is hit by this
ray are: z= Dsinyd¢, x = Dcosy, vy = Dsiny, or r = a. The coordinates of the point with no tilt are z = 0,




x = Dcoswy, y = Dsiny or r = b, The corresponding rays are given by rl = aa and r2 = ab where o is a
. scaling factor. The angle between these rays is given by cosd = rl-hat  r2-hat = a-hat » b-hat. Now |a] =
| D sqrt(1 + (sinyd¢)® ) while Ib| = D. And asb = D. Thus, cosf = 1/ sqrt(1 + (sinyd¢)’ ). But d¢ is small,
so we can expand RHS to get 1 - 1/2((sinwdd)* . But we know that for small angle d6 we havecosdd =1 -
1/2d®” . This we get our answer which is d6 = sinydé.




