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Jordan Form Overview PhL 12.22.04

How I got to this subject. I was reading Jim's papers and saw mention of Fortran routines to get
eigenvalues of a tridiagonal matrix by some strange QL method. This led me to do a broad review of
"matrices", a piece of equipment lonig idle on my shop floor. Whén reading M&M, I saw their discussion
of getting an arbitrary matrix to "triangular block diagonal form" which I called Pivot and Twist, and it
was a torturous discussion. I later learned that something called the Schur Decomposition gets you by
similarity to a completely triangular form, so at least this result was consistent with the M&M discussion.
But things were still very hazy. I read the Fortran book about how you actually compute eigenvalues and
eigenvectors numerically using the QR iteration method, a wonder of the world. But in the theory world,
there is more going on here. Jordan did Jordan Form around 1870, see his bio.

Camille Jordan, by the way, was French 1838-1922, an engineer and mathematician.
(See hitp://www-groups.dcs.st-and.ac.uk/~history/Mathematicians/Jordan.html)

An arbitrary square matrix can be brought by similarity to Jordan Canonical Form. This form is triangular
block diagonal as M&M said, but a lot more is known. It is really a double direct sum. The outer direct
sum puts the eigenmanifolds into direct sum (block diagonal), and this is now proved from the Primary
Decomposition Theorem which KR Matthews derives in his notes after LOTS of preparation.

Then within each eigenmanifold, there is further direct sum action. You end up with a set of small
blocks with 2 on diagonal, and only 1's on first off diagonal. Within each eigenmanifold, we have these
facts:

(1) the total number of diagonal elements is of course the algebraic multiplicity (sum of block dims)
(2) the number of Jordan blocks is the geometric multiplicity
(3) the size of the largest block is the minimal polynomial exponent b for this eigenmanifold.

In my basic study of matrices, the notion of a "minimal polynomial” never came up. I now know what it
is. It has exactly the same form as the characteristic polynomial, but the exponents can all be lower. |
know exactly how to compute this polynomial (in principle) for any matrix A.

In order to "fill out" the Jordan structure of a particular manifold, you need three numbers: algemult,
geomult and the min poly exponent. In some cases, you don't need all thrée, but in general you do need all
three. You can see this by thinking about the case where alge mult = 4. [ think beyond 6x6 you need even
more information to get the form figured out.

When the geomult is full, you get all 1x1 blocks and you are fully diagonal, no surprise. When geomult is
only 1, then you get a single full square block. In general, each square Jordan block does have a set of
"generalized cigenvectors” that I know how to calculate from my EE263 notes. For each block, only one
of these (the "first column") is a true eigenvector, the others are sort of fillers.

Just as with a fully diagonalizable matrix, the similarity matrix which takes you to Jordan form consists of
the eigenvectors along with these filler generalized eigenvectors. Thus, you can in fact build the similarity




you need to get any matrix A into Jordan Canonical Form. [ had wondered earlier how this worked when
you did not have enough eigenvectors, I thought maybe some repeated. Now I know the answer.

The Jordan form is "as far as you can go". Those blocks are the primitives. Your distance from non-
diagonalness is reflected by how many ones you have on that first off diagonal.

Just as a reminder, if the matrix A has no "defects", meaning geo = alg in each manifold, then the Jordan
form will be fully diagonal. We see now why this has to be true if all eigenvalues are different!

The authors like to make a parallel between these Jordan blocks and prime numbers:

A = sum of irreducible Jordan blocks
N = product of powers of prime numbers

In each case, you have reduced something to the most basic primitive elements.

Conelusion: [ think I know how to take any matrix to Jordan form now, I could do it manually. But
Maple has a simple call jordan(A,'P") which computes the form and the similarity which gets you there. I
suspect this program computes the basic eigenvectors, then computes the generalized eigenvectors, then
has the similarity, and then just uses it to get J.







The Jordan Form N spaces picture PhL 1.7.05

See Figure 1 below. Just explaining what this is a picture of is going to take a lot of words! We are talking
about composite mappings of the form p*!(T): UV then p(T):V—W, for a total mapping that has the
form p’(T): U — W. The left egg is U, the middle egg is V, and we only show the zero point of the right
egg W. We are interested in h = 1,2,3... b (b =min poly factor exponent). Our picture is drawn for b = 3,
and we show the three h values h = 1,2 and 3. We are always interested on the left in Ker(p"). We know
that dim Ker(p®) = a, the algemult. And we know that dim Ker (p) = v, the geomult. We know from
Matthews page 58 that the nullspaces in the left egg are nested as shown, without equality. In other
words, we know that Ker(p®) > Ker(p?) o Ker(p). So this sequence of kernel spaces is getting smaller,
while the corresponding sequence of image spaces in the V egg is getting larger. Think of nullity+rank =
constant as the explanation for this fact. As nullity goes down (smaller spaces on the left), the rank goes
up (size of domain on the right).

As an example of what this picture shows, consider a point in Ker(p®) like the one shown as ¢ . We
operate on this point with p’(T) and we end up with a point in the space we have labeled Im(p®). All of
this region is then going to map under the final p operator into 0 in the W egg. Now it may be that some
points in K(p*) map under p? directly into the 0 in the V egg, but OK, the final p mapping will still take us
to 0 in the W egg. All points in K(p®) under the combined mapping p’ then p must end up at 0 in W, But
they end up in an intermediate zone in V which we have called Im(p®).

Now we have a bit of confusion. When we say Im(p®) here and in the picture, we really mean the
image or range of the operator Matthews calls Q, , not the operator Q. Q, is domain-restricted to one of
the kemnels on the left. For example, we might have Q = p* with domain being all of U, but Qp = p’ with
domain being only Ker(p®). If we did not do this restriction, the image areas in the V egg would be larger,
and in fact they would probably have regions which lie outside the largest circle in the V egg which is in
fact Ker(p). But I only care about these "restricted" image regions, because I only care about starting off
in one of the kernel regions on the far left.

Because my images in the V egg are for the "restricted" operators, I think we can identify each of
these regions with one of Matthew's N ; spaces. Normally we are supposed to think of an N-space as the
intersection (what I called a cross-hatched region elsewhere) of an Image area with Ker(p) in the V egg,
but with this restricted meaning of Image, the nested set of images all lie inside Ker(p) as shown, so we
don't have to think about intersection. The outermost region in the V egg is N, » = Ker(p). [ At least I
think this is all correct, I could be wrong. ]

So to summarize: on the left we have a set of nullspaces which are decreasing in size, and on the
right we have a set of N-spaces that are, increasing in size and which are maxing out at N, » = ker(p).
When we say "increasing in size", we mean that we are adding one or more new basis vectors. For
example, suppose N, has 1 basis vector and Ny, has 2 and N, has 3. In Matthews notation, this means
Lsp = 1 and vy, = 2 and vy, = 3. This is in fact how we get the Matthew's dot diagram shown in our
figure. As you move outward to each larger N space, Matthews suggests that you "re use" the basis
vectorsyou already have and add new ones as needed to this set. This is his notion of "extending" the
basis.

Now let's re-examine Matthew's example on page 73 which in fact has the dot diagram shown, and
we will use his other numbers in this discussion as well. We are suppose to "start off" at the top of the dot
diagram, which is to say, we start thinking about the smallest nested N space which is Ns,. We want to
find basis vectors for this space. His suggestion for doing this is as follows:

(1) first, find basis vectors over on the left for space Ker(p®). In his example, dim Ker p’ = 6 = a, so
there are in fact 6 basis vectors. To mechanically do this of course requires significant work, but we




would have Maple do that work for us. We would compute that matrix p°(A) = (A - AI)’ [ it happens that
A =0 in his example ] , and we would then ask Maple to find the eigenvectors of this matrix. In his
example, this is a single eigenmanifold with A = 0, and there really will be 6 distinct eigenvectors since
we know that dim Ker p’ = 6. Matthews calls these eigenvectors X, through Xs.

(2) second, Matthews suggests that you dpply p’ to all the basis vectors that you found for Ker p’ and
in this way you will generate a set of vectors which "span" N, He uses a certain bracket { ... ) notation to
indicate a set of spanning vectors, so here he would say Ny, = ( p’X;, p*Xy, p*Xs, ... p*Xe) and this
notation means "the space N is spanned by the vectors .... ". Of course we know that V3, = 1, so that
tells us that this set of spanning vectors contains only one LI vector! Perhaps several of them are 0 (under
the action of p’), and then any remaining ones must be "multiples” of each other. Could we get p*X, = 0,
for example? Sure! This would just mean that the basis vector X, of K p’ is also a basis vector of K p*.
You could imagine creating a whole world of basis vectors over in the left egg by a similar extension
idea. In any event, we know that the set shown above will have a viable basis vector for Niy. Let's
assume it is p” u;. Then we can simplify to say that Nip= {p’u).

Matthews then moves on to think about basis vectors for the next larger space N,,. He re-uses the
one we just found, which we have called p’ u. He then computes a set of basis vectors (BV's) for K p? (
and we know there are 5 of these), and then says N, = (p” uy, pYy, pYy, pY3, .... pYs) where he prepends
our already-found BV. we know that v;, = 2, so one of the pY; guys will be our pu; second BV, and we
will then say Ny, = (p’ u;, pu;) . Notice that when we worked with K p*, the mapping operators were p’.
And now when we are dealing with K p’, the mapping operators are p.

We then go the last step and we end up with N; , = (p> u;, p'uy, p” us), and this set of BV's works for
our Ker(p) space which has v;, =3 = geomult.

Now we ask: WHY does Matthews suggest we keep re-using previously computed BV's and adding new
ones to extend as needed? After all, we could do it some other way. The reason is this: Look at our result
Ny, ={p’ v, plu, p” us). The first BV is not only a BV for Ker(p), but it is also the "maximal” BV of a
cyclic subspace C that is associated with the Jordan block. The BV's for this C space are (p° u,, p'u; , p*
w). This C space is generated by vector u; and has the min poly p* =p®*"=p*"" . It has dimension e = 3,
and it is associated with the first column of the dot diagram. So to restate: this BV has two roles to play.
Itis a BV for Ker(p), and it is a BV for Js. Similarly, p'u, is a BV for Ker(p), and is also a BV for J,.

So the plan in the above example is to find viable vectors u,, u,, and u; in U and from these we can
compute both the BV's for Ker(p) as well as the matrix P which gets us to Jordan form. The "other” BV's
for the C spaces that are not in our Ker(p) BV list are called "generalized eigenvectors" and we can see
that there is no question as to their existence. In Matthew's scheme, you can trivially compute them by
applying powers of p to the starting u; . It is all pretty automated!
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Notes on Linear Operators

Theorem 1. Let T : U — V be a linear mapping. Then U is finite-dimensional iff Ker(T) and
Im(T) are finite-dimensional in which case

dim(U) = dim({Ker(T)) + dim(Im(T)). N = mulE < aamk.,

-.u"

Proof. (=) If' W is finite-dimensional then so is Ker(T) since a subspace of a finite-dimensional vector
space is also finite-dimensional “Also, if I/ = Spanfer, ... ,ey), then Im(T) = Span(T(e,),... , T(e,))
so that the image of T" is also finite-dimensional. VNow if f,,... , f, is a basis for Ker{T) and we
complete fi,..., fs toabasis fi,..., fs, fat1,. .. fasr of V then we claim that T(fosr)s o s T fopr)
is a basis for Im(T). Indeed, they span Im(T) since T(f;) = --- T(f,) = 0, and it a1 T (fapr)+---+
crT(fatr) = 0 we have T(ay fogr +- - “ @y fatr) = 0 which implies a1 fap1+ - @ farr = bifr+- bafy.
Bringing all terms to the left side we get a dependence relation among fi,... , fry,. Since fis are
linearly independent we get a; = ag = --- = a, = 0. This yields dim(U) = 5 + r = dim(ker(T")) +
dim(Im(T})).

(+=) Now suppose Ker(T) and Im(T) are finite-dimensional. Let Jiy..., fs be a basis for Ker(T)
and let hl}-u-rrhf be a basis for Im{T] We have hy = T{f,ﬁ} with fi'l'l!"‘ ,f,.pr € V. We claim
that fi,..., fo4r i5 & basis for U. Indeed, if u € U, then T'(u) = Qa1 T fag1 + -+ + Bagr T foir)
which implies that ¥ — @y41 for1 — -+ = @pyr fogr € Ker(T) and hence that

U=ast1forl = = Guprfarr =a1f1+ - + 5, f,

which gives u = a1 fi + - @441 fosr and hence that fi,... four generate 7. To show linear inde-
pendence of these vectors suppose that a; f; + “+*@g4r fosr = 0. Applying T to both sides yields

ttg; ft1 + - -+ @agprhr = 0 which gives gy = --- = @y+r = 0 since hy,... A, are linearly independent.
But then a1y +---a,f, =0 which gives a) = --- = a, = 0 by the fact that f;,
dots, f, are linearly independent. Thus dim(U) =r + s = dim(Ker(T)) + dim(Im(T)). ]

Corollary 2, Let T : U — V,5: V — W be linear mappings such that Ker(S) and Ker(T) are
finite-dimensional. Then

dim Ker(ST) = dim Ker(T) + dim(Ker(S) N Im(T)).
Proof. We first note that Ker(T) C ker(ST) and that )
u € ker(ST) % ST(u) =0 & T(u) € Ker(S) N Im(T). P

ok
Now let Tp : Ker(ST) —+ W be the linear mapping defined by restriction of T' to Ker(ST). Then
LKer{Tn} - K-a:-};[‘] Imi(Ty) = Ker(S) i im{TEw‘ii,h;h yields the result. |

Corollary 3. dim(ker(ST)) < dim(ker(S)) + dim(ker(T)) with equality if Ker(S) € Im(T), in par-
ticular, f T' is surjective.

Theorem 4. LetT' be a linear operator on a vector space V and let y,az, ... , 05 be distinct scalars
such that dim{Ker(T — a;)™) is finite-dimensional for 1 <i < k. Then

Ker((T — 81)™ (T — a2)™ - -- (T — ax)™) = Ker(T — a)™ + Ker(T — 83)™ + - - + Ker(T — ay)™.
Proof. Let W = Ker((T — 2;)™(T — ag)" - - (T — a)) and let W; = Ker(T — a)™. We first prove

that dim(W3 4 - + W) = dim(W;) + ... dim(W,). For this is suffices to prove that if wy € Wy,
with wy +wa +---wp = 0 then wy = wy = ---wy = 0. Let 5; be the product of the operators

1

-




(T — a;)™ with j # i. Then, applying S to both sides of wy + - wy, = 0, we get Si{w;) = 0 since

Si(w;) =0 for j # 4. Since S;(W;) C W;, the restriction of S; to W is a linear operator on W and

Si = [1;4(Tj — a5)™, where Ty is the restriction of T to W;. That w; = 0 follows from the following
mma since

Lemma 5. IfSisaIinmropemturonamtarstWnndnisusmhrsuchthat{é‘—u}"=ﬂ
then § — b is invertible for every b + a.

Proof. We first prove this in the case a = 0, b = 1. Then 5™ = 0 so that
(I-8S)1+8+8+ - 48" 1 =14+54+8%+...5" ' g 82 ... _gk-1_ ]

Since two polynomials in § commute we get that 15 is invertible with inverse 14-5+82+. . .+ 851,
Since §—1 = —(5—1) we see that §—1 is also invertible. The general case follows from the identity
§—=b=(a-b)(1-(b-a)"'(8 -a)). O

Returning to the proof of Theorem 4, we have Z = Wy + Wo + .- + Wi, C W since W, cw
which implies that dim Z < dim W. But, by Corollary 3,

dim W < dim W + dim Wy +--+dim Wy =dim 2
so that dim £ = dim W and hence that Z = W, (|

Corollary 6. IfT is a linear operator on a finite-dimensional vector space, then T is diagonalizable
if and only if there are distinct scalars ay,as,...ax such that (T'=a)(T —az)- - (T = ay) =0.

We now apply these results to the case of the differential operator D and the left-shift operator
L. Since (D —a)(z*+'e**) = z'e®*, we sce that Span(e®*, xe™, . .. ,x¥1e%) € Ker(D —a)*. But the
functions %, ze, ...  £%~1e%% are linearly independent and so, since dimker(D — a)* < k, they
are a basis for ker(D — a)*. Hence, for example, Ker(D — 1)(D - 2)*Ker(D — 3)® is 5-dimensional
with basis e*, e2*, ze?®, %z, 263, 2e%=,

In the case of the left-shift operator L we have, in the case a # 0,

(L - a)(n™*'a") & Span((a”), (na"),-- - , (n'a"))

so that Span((a"), (na”),... , (n*~'a") C Ker(L — a)*. But these sequences are linearly independent
and so are a basis of Ker(L — a)* since dim Ker(L — a)* < k. Hence, for example,

dim(Ker(L - 1)(L - 2)*(L - 3)* =5

with basis (1), (2°), (n2"), (3"), (n3™), (n237).

As another example, consider the problem of finding a formula for s, = 13 + 99 + oo 0t
Let s = (sn). Then (L —1)}(s) = ((n+1)® = n?) = 3(n?) + 3(n) + (1) which is in the kernel
of (L —1)*. Hence s is in the kernel of (L — 1)* so that there are constants A,B,C, D such that
8n = A+Bn+Cn?+Dn3. The constants A, B, C, D can be found by solving the system of equations
obtained by setting n =0,1,2,3.

Particular solutions to non-homogeneous difference and recurrence equations can be sometimes
found by transforming the non-homgeneous equation into a homogeneous one. For example, the
equation (L —1)(L ~2)z = (1} can be transformed into a homogeneous one by applying the operator
L -1 to both sides of the equation obtaining (L - 1)(L, — 2)z = 0. The operator L — 1 was chosen
to kill the right-hand side of the equation. Thus z, = a + bn + ¢2®. The term @+ c2™ can be
omitted as it is in the kernel of (L — 1){L — 2). We thus look for a particular solution of the form
Tn = bn. The constant b can be found by substitution in the given non-homogeneous equation. A
similar procedure applies to differential equations.










PhL on Jordan Form PhL 1.4.05
Several authors have contributed bits and pieces to my understanding of this subject, but no author has
given a clean linear presentation, so I will here attempt my own integration.

1. The Jordan Block.

Consider a Jordan Block of dimension 3 x 3,

Ar 10 010 MO0 010 100
J=l 01| =(001])+] 00X Of=]|001 010 =C+p1
0 0 000 0 0 000 001
We have isolated a matrix called C here. As shown on page 33 of Matthews (apart from transpose), this is
the companion matrix for the minimum polynomial f(x) = x* . That is, we have that C° = 0. As you keep

raising the power of C, you keep shifting the row of 1's to the upper right until it finally shifts completely
away and you have a completely zero matrix left. Here is a more detailed example with k = 4

o= 0 o

0010 0
, 0001 |o
C=lo000]|S=|o
0000 0

L e e i ]
[ = ]
(== =

0
0
0
0

0

]
oo oo
oo o —
oo = o

To see why this is happening, note that you can write Cix = 8js1x to represent the initial diagonal of ones
in the first off diagonal. Then we have

(C*) =Za Cin Cox = Sjetum Smeise = Sprae
(C)k =Zm Cn Cok = Zm Bpzm Supers = Bpuax and so on
Recall the way you are supposed to find the min poly of a matrix: keep raising the power until you get a
linear combination of lower powers. Normally when you do this with some arbitrary matrix C, you get
something like this at some point,
C*=-a,C’ - &;C' +... - @, C*"'
with some coefficients a; . We can rewrite this as (think a, = 1)
aC" +aC' + ... +a,C*" +CF =0
or

f(C)=0 where f(x) = x* + a x*" + ..+ ap




and then f{(x) is the min poly for matrix C. In our special case, we get this:
ck =0 k=4 fx) = x*

Notice that the lower powers C, C?, C* cannot be expressed as lin coms of previous powers, because the
ones are in the wrong place. That is WHY the min poly is C* .
So far, then, we have shown this fact:

Theorem 1: The min poly me()) of the k x k matrix (J - ,,I) = C is given by mc(A) =¥,
and mg(C) =C*=0.

Theorem 2: The min poly my(A) of the k x k matrix J is given by (A - A,)".

Proof: ‘We know that min poly of C is m(C) = C* which we canwrite as (J - A1)*. We can then expand
this thing to get J* - A,J*' + ... = 0, and this then must be the min poly for the matrix J. Any lower power
of J (below J¥) cannot be expressed as a lincom of lower powers. So m{J) = (J - A,D. But now write this
in terms of a scalar argument A to get my(A) = (A - A)*.

Theorem 3: The char poly chy(x) of the k x k matrix J is given by chy(A) = (A - A,)%, so we can regard k
as the algebraic multiplicity of the eigenvalue A, of the matrix J.

Proof: chy(A)=det(J - AI) = (A - &,)", just manually do the det, the off diagonal I's have no effect.

Comment: The Jordan Block is constructed just to get this very result: the min poly = the char poly.
Usually the min poly has a lower exponent, but not here!

Theorem 4: The matrix ] has only one eigenvector (x,0,0,0...) and thus has geometric multiplicity = 1.
Proof: The eigenvector problem is this: Jv=1»4,v, which is the same as Cv = 0 which tells us that v;, =0

for i =0,1,2... Thus, our eigenvector is (v, 0, 0, 0...). We can regard this as the one eigenvector of the
nullspace of matrix C = (J - A,I). The nullity of this space is then 1.

Conclusions reached concerning the Jordan block J of dimension k with diagonal elements Ag:

(1) I has char poly = min poly = ( - ,)F
(2) T has one eigenvalue 4, and that eigenvalue has an dlgebraic multiplicity of k

(3) J has a geometric multiplicity of 1 and its only eigenvector is (vq, 0, 0, 0..)

2. Direct Sum of Jordan Blocks with same cigenvalue A,




Suppose we now construct a larger matrix (dim k = k;+ ky) by doing a direct sum of 2 Jordan blocks,
both of which have the SAME eigenvalue A, :

A=]L®

The first block has min poly ( - A,)"', the second has (A - A,)®. What is the min poly for the larger
matrix? The result is derived on page 36 of Matthews. If we let C = A®B, then he shows that

me = lem(m,, mg) ' lem = least common multiple’
We need to pause to prove this important result:
Theorem 5: If C = A®B, then m¢ = lem(m,, mg).
Proof: Assume that mc is some polynomial f{x). Then we know that:
f(C) =0 = f(A®B) = f(A) @ f(B) which => f{A) = 0 and f(B) = 0.

This says that my | f and mg | £. It says my | f, for example, because m, is the lowest degree poly that
satisfies ma(A) = 0, so if f{A) is some other poly with f{A) = 0, then m, must divide into £ Now, we
want to know the lowest degree poly f(x) that.can be divided by both my(x) and my(x). This is exactly
what lem(mu(x), mg(x)) is. And if the f{x) so found is in fact the poly of lowest degree, then it must be
the min poly of C. There can be no poly of lower degree that satisfies the requirement my | f and my | f.

Now we apply this theorem to our direct product situation. We have my = (A - A,)*' and mg = (A - 4,)%.
The answer is that lem(m,, mg) = (A - L) For example, if we have my= (A - A,)* and

we have mg = (A - 1,), then (A - A,) can be divided by both m, and mg. So we can easily extend this idea
to show the following

Theorem 6: Suppose we construct a matrix by combining multiple Jordan Blocks of various sizes, but
which all have the same eigenvalue 3, ,

A,=]“ $Jﬂ H}Jk; @

Then the min poly for A is given by m, = (A - A MAXKIEB-) Tpic conclusion is reinforced on page 37
of Matthews.

Comment: If you are staring at the matrix A just described, you can easily see which submatrix has the
largest dimension, call it k., = MAX(ky, ks, ....). Later, when we combine matrices A for different
eigenvalues A; to make a still larger matrix B, and when we talk about the overall min poly for this larger
matrix B, it will have a factor (A - 4,)*™ for our particular submatrix A. So, the size of largest Jordan
block in each A manifold equals the exponent of the overall min poly for the matrix A.

Theorem 7: For the same matrix A shown in Theorem 6, the char poly is given by (. - A;)' *%*~ |




Proof: When we have any block diagonal form, we know that we can multiply the sub-determinants to
get the total determinant, so in this case we can multiply the char polys of the sub-matrices, and that then
leads to a sum of exponents as shown.

3. Primary Decomposition

Suppose we are given some matrix T and we have computed its char poly and min poly to be:
chr(d) = (- A" (0 -2
ma(h) = (A-A)" (A2

where we know that a; = by because we know that m(A) | chr{A). Then:

Theorem 8: According to the Primary Decomposition Theorem on page 61 of Matthews, we can
decompose our vector space V, in which this matrix T acts, into a pair of subspaces,

V=V|$V1

where
Vi=N[(T-MD"] withv=a, N[X] means "Nullspace of matrix X "
Va=N[(T-%D"] withv=a,

where the exponent b; is the k. mentioned earlier for each subspace i = 1 and 2. So b; will be the size of
the largest Jordan block in each of the two subspaces. Remember: b, is the min poly exponent. The a; are
the algebraic muitiplicities of each subspace.

Nothing is said here about geometric multiplicity, but we know that geo mult is the number of Jordan
blocks in each subspace. We also know these facts:

N [(T-MD)'] has v = geo mult |
N [(T-%2I)'] has v = geo mult 2

These nullspaces are the "eigenmanifolds" of Stakgold. Here we have unity exponents,

4. The Cyclic Subspace Business

Following Matthews page 54, we imagine some "vector specific” min poly my (T)v = 0 rather than the
more general min poly my(T) = 0. This specific thing has to divide the normal min poly.

Theorem 9: If f is any polynomial and v is some vector in V (the space in which T acts), then the set of
all vectors of the form f{T)v forms a subspace of V. This is called the T-cyclic subspace generated by
the vector v, and this subspace is a T-invariant subspace, and it is represented as Cr,,.




Proof: I think the subspace part follows from usual linearity stuff. That is, f;(T) and fx(T) make a sum
that is in the same space, so it is closed under addition, etc. Now suppose w is in Cr,y. Then w = f{T)v for
some polynomial f. Then Tw = TRT)v = g(T)v which is also in the space since g is just some other
polynomial.

Theorem 10: In the situation described in Theorem 9, assume that for vector v we have some vector-
specific min poly mr,(T) of degree k. Recall that v is the generator vectdr of the subspace Cr,. Then the
following vectors form a basis in Cr,:  { v, Tv, T%, .... T*'v } This is the T-cyclic basis.

This theorem has a proof on page 55,56 of Matthews which I have not read.

Theorem 11: Again in the situation of the previous two theorems, if we work in the T-cyclic basis, then
the matrix T is none other than the companion matrix of the min poly M.

This is shown on page 56 Matthews.

Application of the Previous Theorems. Suppose myy(A) = A*. This is a poly of degree k, and we can
form the T-cyclic basis of theorem 10: Cr,: { v, T, T?, ... T*'v } where we use T' everywhere.
Moreover, the matrix T in this cyclic basis is given (according to theorem 11) by the companion matrix
which corresponds to my(A) = A", and we know from earlier work that this matrix is exactly the matrix
C we discussed in section 1 above, the matrix witli all zeros except for the first ofi-diagonal of ones.

Now if we define T as the shift T' = (T - 4,I), we can do what we did in section 1 above and claim
that mq(A) = (A - A,)" is the v-specific min poly for operator T, Furthermore, the T-cyclic basis is now

Crat { ¥, (T- 2DV, (T- MDYy, ..o (T - 1Dy }
The matrix T = T" + 2,1 is then none other than J, the k x k Jordon Block matrix with eigenvalue X,.

Comments: So, we have now learned that the Jordan Block arises when you take as your basis vectors
the strange set { v, (T - LD, (T - LD, ... (T - LDFv }.

Status: At this stopping point, we have "come down from above" with the primary decomposition to get
a set of subspaces V) and V; , and we have "come up from below" with some strange cyclic subspace
gizmo to create one Jordan block. It remains to connect these two worlds.

Status 1/7/05. Things are now pretty well connected, I think I am done with this subject for now, after
spending quite a few days on it. Results are all in a binder and in a directory.







EE263 Notes PhL 1.7.05

This is a 10 page set of lecture notes from www.stanford edu/class/ee263/jcfpdf from Prof. Steve Boyd, see
site http://www.stanford.edw/class/ee263/ for more stuff. This is a good place to go for lots of stuff. This was
one of the first sets of notes I got for the Jordan stuff, and I did not understand them the first time, so now
having done all the Matthews work, we can come back and look at what Boyd has to say.

Page 10-2 Here we get J=T'AT and he shows the 1's of the J block on the upper off diagonal, whereas
Matthews puts it on the lower. I am not much concerned about this transpose issue. He calls the Jordan
block "upper bidiagonal". All comments on this page are now clear. When I first read it, I did not even
know if the matrix J was the same dimension as matrix A. He refersto Tas a similarity.

Why does he restrict to A having real matrix elements? I don't think this is necessary, but I agree that
if you do, J can still be complex since eigenvalues can be complex.

Page 10-3. Comment that no one uses JCF for numerical work, only for exact work.

Then he writes the char poly for A with variable s instead of x or X, and his n; are my a;, the char poly
exponents which are of course the algemulits.

Next, he comments that if all the n; = 1, A can be diagonalized. I know this is true, A then has all
eigenvalues different.

Next, dim Ker p = # Jordan blocks. I now understand this to be true since each Jordan block has
geomult = 1, and dim Ker p = geomult of the entire A. What he really means is that dim Ker pi is the
number of Jordan blocks in the eigenmanifold p* . If you then do this over all eigenmanifolds, then the
total number of Jordan blocks in the final J is in fact Z; dim Ker p; . So we tick him for vagueness on this
point.

Now comes his famous "more generally" claim. He is talking about dim K p* here for k = 1,2..., and
these are the v(p¥) of Matthews. Consider our Matthew's second example which we just wrote up with the
Figure 1 Visio picture. In that case we had v(p’) = 6 and m; = 6 for our one eigenmanifold. So in this case,
his equation is wrong. He says dim K p* = min(3,6) = 3. Maybe on the left he means the sum over all such
spaces, in which case his LHS = Z; dim Ker p{* = Z;u(p”) but this is nothing useful to anyone! So I think
our guy has screwed up here. He comments about the "sizes of the Jordan blocks". I know these are the
heights of the columns in the dot diagram. Well, it is true that we have v(p*) = dim Ker p* and then from
these numbers we can compute the vy, numbers usifig the subtraction rule, and from those we can get the
dot diagram, and from that we can get the sizes of the Jordan blocks. But we do not have the simple
claim he makes that v(p*) = some expression. I cannot even ascribe any meaning to his summation
notation. But the general idea is that from the v(p) you can figure out the sizes of the Jordan blocks, that
claim is true.

Next, he claims that T pi(A) T" = (J-A) which I know is the companion matrix. He then shows that as
you take higher powers of this matrix, it soon becomes all zeros. This is just the ided that the min poly of
a C matrix (and of the J matrix) is the full dimension of the matrix. In his case, the min poly is of degree 3
andwecanaayC3=ﬂ.

His last statement concerns an off diagonal power (Jj - )" . I could verify this I suppose by brute
force computation, but I don't see any use for the result, so I won't try to verify it.

Page 10-4 Now we are going to examine the matrix T which Matthews calls P, Instead of expressing T in
columns, he puts it into groups of columns called T). Well, here is an interesting fact to keep in mind:




I J1 0
T T2 = | T T2oy2

0 J2
A T T2 = |A'TI AT2

So if we are thinking about A T= T[J, ® J,], we can break this into two separate problems:
FLT| - T|J| and AT: =Tk,

so | agree with his general breakdown into AT; = TJ;. Then you take one of these groups of columns and
say this:

Ti=[ vii vi2 coee ¥iai ] where a; = his n; = the algemult of the J block i.

. These v's are then single column vectors. We then get his nice result that the first column (only) of one a
Ti group is a true eigenvector. The other columns have a slightly different equation and they are called
the generalized eigenvectors. I have derived all this stuff. Now in Matthews, we got a similar situation,
but there the generalized-eigenvectors formed the cyclic basis of a T cyclic subspace for J.

Well, I think I can make the connection as follows. His general equation is this:

(A-M)vij=vij.1 j>luptoj=a == Pi Vi j=Vij-]

S0 we have: PiViZ=Vil, PiVi3=Vi2  Pivid4=Vi3 .. Pivia=Via-l
which I can rewrite as (for the case a = 4)
®i) via =®i) viz =) vi2= vi1
@) via = (i) vi3 =vi2
(i) via = vi3
@) via = via
So here we see the Matthews idea that you get the basis vectors of the J4 space by applying powers of p to
. a generator vector which here is vy4, and the highest power (p; ¥’ v; 4 then gives you the true eigenvector




. Vi 1, and all the other powers give you those generalized eigenvectors, so we are on the same page! What
you would really like is to first find vy4, then generate the various other guys by applying powers of p.

Page 10-5 Now suddenly we are looking at a Linear Differential System LDS  dX/dt = AX where A is
a matrix. This was also touched upon in Matthews. Here Boyd suggests doing a change of basis as shown
to get a much simpler problem in which the matrix J is used. Let's look more into this:

dX/dt=AX => T'dX/dt =T'ATT'X =  dXVdt=[I], ® J,]X’

We can now break our tall vector X' into X' = [.....]'= [ x;' Xy ]'and the problem then decouples into
this set of smaller problems:

dx'y/dt =J; x'; // just as he says.

Now, the i index tells you which Jordan block. Let's look just at a single Jordan block for some fixed i,
and also let's get rid of the primes for now, knowing where we are. Then we have

]
dx/dt=Jx
and if we assume Laplace s = iw sine action, we can write this as
Jx =sx

But remember that J=C + Al and that Cj = 8,15 so we can write our equation as

(C+ADx=sx == Eie(Bje1x + Ay Xpc = 5X;
= Xjs1 +3.xj=sx§
=> Xpifs A l5=%

and we then get this Jordan chain picture

Xje1/S Xj X; /s
— s s

e o

J(j...u"'s + A Xj ls= Xj

where we have one "stage" for each component of the vector x. Just think of the 1/s box as an integration
operator if you like. So within each eigenmanifold, you can solve your system in this manner, then
combine all the solutions into the full X' vector, then transform back to the original space. Lot's of work.




Page 10-6 Resolvent, Expo of J. Now we look at the meaning of p' . This is a matrix. It is the inverse of
p, and we find a simple closed form result for p”'. When we write p" p =1, we have product of two
triangulars is a triangular. He defines F; to mean a diagonal of 1's and this allows the nice form shown for
P

He next shows that you can compute exp(t],), and his result is like Matthew's résult on page 83,
except we have the transpose issue in the definition of J.

What is the "resolvent"? It is exactly the inverse of p, something I am tempted to call a propagator.
But resolvent is a standard name for the inverse secular operator.

Page 10-7 Generalized modes. We return to our system of first order ODE's as shown. We can solve it
as shown on page bottom using the expo stuff (as Matthews did). If we pick the special t=0 starting vector
as shown at the top of the page, then for all later time, the vector x(t) is controlled only by one of the
Jordan blocks of our matrix A. You think of this as if it were a vibrational normal mode. Then at the
bottom you see that with a general starting vector x(0), you have activity in all the "modes".

I can see that this is a whole new subject that one could study, I never heard of it before.

Page 10-8 Here he simple states the C-H theorem.

Page 10-9,10 The corollary here is that or arbitrary powers of A, you have a basis that is a finite number
of powers, as determined by C-H (or perhaps by the min poly, but that is not mentioned). He directly
proves this little corollary based on the C-H which makes ¥(A) = 0. If A is invertible, the same claim of
finite basis applies to negative powers of A.

Page 10-11. His proof of C-H. He first assumes A can be diagonalized into A, then C-H is quite easy to
show since all matrices are diagonal. Each one.has a 0 somewhere on the diagonal and the effect of all the
zeros is to kill the result so x(A) = 0, so that means %(A) = 0. More generally, we can get A into J form.
Then you can show that %(J;) = 0 for each i as shown, and then the direct sum business tells you that the
full x(7) = 0, and so x(A) = 0. This is a nice proof I think! But you have to use the Jordan form, so it
depends where you are starting your circle of logic.

Comments: This is a nice little lecture I think, lots of good topics are reached. He presents a direct
method for computing the matrix T. You cannot say that he "proves" the Jordon Form in the sense that
Matthews does. He assumes it, and then computes T with that assumption. He then touches on these
applications: system of first order DE's, resolvent, generalized modes, and the C-H idea and what it
implies,
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Comments on the EE263 Lecture 10 Document

These are my original notes on this lecture when I knew very little about the subject.

These notes add a small amount to my picture which is still very incomplete. Page 2 states the Jordan

block form which I now see better. At first I thought maybe the T were non-square, but not so. So page 2
is just fine.




0-3

Page 3 is full of mysteries. I agree with the fact that dim N (AI-A) = geometric multiplicity of the
manifold associated with eigenvalue A. And I know from the above notes that this equals the number of
Jordan blocks for this & (but I don't know why that should be so). The next line where author says "more
generally" - this means nothing to me at all. I am not grokking a major point here, and author is not
helping me at all with words.

Now I do know from the TL notes above that in K(A) we have factors like (AI - A) where r is the
algebraic multiplicity. And I know that there is a thing called "the minimal polynomial” which has the
same factor but possibly raised to a lower power (AI - A)* . In the TL notes page 8 I agreed with the fact
that this exponent s must be max of the sizes of all the Jordan blocks associated with this particular A. But
this does not seem to relate.

Recall from earlier work that Ker(A-IL) is the nullspace whose dimension m is the geomult of this
eigenvalue A, the number of different eigenvectors. We are somehow breaking this nullspace down into m
distinct nullspaces, each of which has geomult =1. This is exactly TL's Exercise 3. And we also know that
the sum of the dims of these subspaces is r, the algemult. So we are doing a factorization like so:

(M- A)° = (M- A) (AI- AY(AL- AY 6=algemult 3 = geomult

and we associate each factor with one of these new nullspaces.
AHA...!' (as one says). We know that the K(A) equation is invariant under similarity, that is very
easy to show and I have done it. So consider the above product in the language of J

(AI-D° = (-1 (AL- DI - 1) 6=algemult 3= geomult

Suppose for the moment that the entire J has only this one eigenvalue A, but there are three Jordan blocks
which we will call J = diag(Jy, J, Js) which are 1,2 and 3 in dimension. In the above equation, [ and J are
both in block diagonal form, so this means we have a direct sum view and we can look only at a particular
block, in which case we get this:

(AT-J)° = (AL-T)' (A - AL - 1) 6=algemult 3 =geomult i=120r3

Our char equation is just (Al - J;)° = 0 for our hypothetical matrix. But within each nullspace, we want to
have (AL - J)™™ = 0. This will then say that (AI - 1) x = 0 for all x, so then

dimKer [ (AI - J)%™ | = dimNS$ write as dim N (AI-A)< =k

Now our page 3 notes show that, with J; defined as it is (the Jordan Block), we do in fact get
(AL - J)*™S=0, On each power, the ones slide up one diagonal, and then they slide off, just the way my
little UH, theorem says they should. So this at least motivates the form of the Jordan Block. On the right
above, we have something that at least resembles what is on page 10-3 of the notes. Now we could never
talk about dimNS being larger than the algemult of that A.

Now in a more general matrix with several distinct A; , we do get the "off diagonal” powers as shown
on the bottom of page 10-3. I have not checked the matrix on the right, but I can see it will be something
that is non-zero.




Page 10-4

Now we get another small iota of insight. If we simply assume that some T exists to convert A to J, what
can we say about this matrix T? Well, we certainly can say AT = TJ, the way we used to say AA = TA
where A was a diagonal matrix. Because J is in block diagonal form, we can write this as AT, =TyJ; where
the J; are the small square Jordon blocks, and the T; are groups of column vectors of T which- we can
associate with that J; . I have shown graphically how this works on that page. So we have a decoupling of
the problem somewhat. '

We then label the columns in each T; . Tlike to say this as T? = [ v®, v;®, v;®..... v ] We need to
maintain some kind of label "i" to say which T; set of columns we are talking about. But then I leave off
the i label and just think about ONE of these T blocks, We then find these interesting facts:

(1) The first column v, satisfies A v, = %; v, and so it is a true eigenvector of ;. Remember that cach
Jordan block only has one true eigenvector, and this is it!!!

(2) The other columns satisfy equations like A vs” = A& v;® + v, . This is close to an eigenvector
equation, but we have the extra term on the right which is the previous column! We know that these other
columns cannot be true eigenvectors since each block has only one, so these other columns are called the
generalized eigenvectors. They are some kind of dummies to fill out the T block. It is not clear to me
looking at this equation A v;@ = 3; v;® + v2® whether or not there is a solution. I guess if there is not,
that determines the width of the T block, which is to say, that determines the size of this Jordan block.

Page 10-8

I have to skip other pages because they are specialized to the application of this EE263 course at Stanford,
but the last two pages 8 and 9 are good. He first makes a "statement” about what you mean by a poly with
matrix coefficients, then he states the C-H theorem and gives a nice 2x2 example of it.

Page 10-9

The first part here is the "corollary” to C-H which says any power A can be written as a lincom of
powers of A up to N-1, which I agree with. The second part is basically the same proof of "the corollary”
that I put into my "matrix research” notes, but I think my details are much better, his is a little fudgy. Of
course this proof depends on the C-H theorem.

Page 10-10.

This is a way to show that A can also be expanded in the same lincom of powers of A, hence we can do
any negative powers as claimed earlier if A is invertible.

Page 10-11

Now comes this guy's "proof" of the C-H theorem itself. It is all on the very bottom one line. It assumes
that we can go to Jordan form, and then it uses the idea that the powers of the matrices vanish if you pick
out the right one for each eigenvalue. Notice that the n; here are NOT the algemults, they are the Jordan




block dimensions. So he uses Jordan decomposition to prove C-H, which is if nothing else interesting.
Again, the fact that the secular equation is true in A or J is used.

I think [ have now squeezed the most juice that I'can out of each of these 10-page papers which I have
printed and written on. But we need more info!
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Jordan canonical form 10 -2

Jordan canonical form

what if A cannot be diagonalized?

any matrix A € R™" can be put in Jordan canonical
form by a similarity transformation, i.e.

5
TIAT = J =
B -
where /Q(\ep
N1 i
s=| A | | e
Ai |

is called a Jordan block of size n; with eigenvalue \;
(son=si,; ?y/

e J is upper bidiagonal v

¢ J diagonal is the special case of n Jordan blocks of
sizen; =1V

e Jordan form is unique (up to permutations of the
blocks) v

e can have multiple blocks with same eigenvalue
AT mtm-q.nﬂn& '1 MJM sny'.l. \




Jordan canonical form 10-3

note: JCF is a conceptual tool, never used in numerical

computations! ‘o
Mw L

X(s) = det(s] — A) = (s — A)™ -+ (5 — \,)ad— P LI

hence distinct eigenvalues = n;, =1 = A diagonalizable ,/
;,"—'Ml.llspa.w
dim V(A — A) is the number of Jordan blocks with

eigenvalue A= fhegromaic mulbipiedy A X,
more generally,

dim N\ — A)* = = min{k, n;}

so from dimN(AI — A)* for k =1,2,... we can
determine the sizes of the Jordan blocks associated
with )

e factor out 7" and "', \I — A = T(\I — J)T!

. : LH - - v
e for, say, a block of size 3: Tk LH - LH =LH,

010l < T looi
Ml=Ji=1001} (NI-J)*=]000| (M\I—J)=0
000 000

o for other blocks (say, size 3)
(A = X —k(Ai = A)F 1 —k(k — 1)/2(\ — A;)k=2 ]

NI=J)f=| 0 (N = M) —k(A; — M)k
0 0 (A = A"




T(Hﬂ%] -~ TAQTA

Jordan canonical form 10 - 4

suppose T'AT = J = diag(Jy, ..., J,)v

[ I@- (1 [
Rl gi=
\ T:[TITZ o T

where T; € C™™™ are the coiumns‘/f T'-associated with

express 1’ as

ith Jordan block J; T, T ¥
[ DDm [Im = B@
we have AT, = T\ Jw" A
let T = [vi1 viz Vin,] v
T—-——*‘t—-ho:fwnﬁ

1.€., the first column of each T; is an eigenvector

associated with e.v. \; v N i arnas ana
b. b4X WXL
Ao ¢t oe4xe, che

M ‘

r
AV, =XV, \ i
the vectors vy, . . . Vi, are sometimes called generahzed
eigenvectors

A’Ui'j = Vjj-1+ /\g"Ug'j [A;j l“i'?‘i 5

©9, Av‘- FW +v

Av, =AY, Y,
ote ol 0%




Jordan canonical form 10-5

consider LDS z = Ax

by change of coordinates x = T'Z, can put into form
T=J%

system is decomposed into independent ‘Jordan block
systems’ T; = J;Z;

@J%

Jordan blocks are sometimes called Jordan chains
(block diagram shows why)

-



Jordan canonical form 10 -6

® Resolvent, exponential of Jordan block

resolvent of k X k Jordan block with eigenvalue \:
(s— A —1 17
(s — JA)_I =

h (s =27 |
= (8 — )\)_II -+ (S — /\)ﬂgFl + -+ (S — A)_ka_l
where F} is the matrix with ones on the ith upper
diagonal __— 0K,
by inverse Laplace transform, exponential is:
et = M (I +tFy+- -+ (" /(k— D) Fi)

(1t -t (k—1)1

_ BM 1 .. f?k_2/(k—2)!

1
Jordan blocks yield:

e repeated poles in resolvent v/
o e terms of form tPe* in e/t /




Jordan canonical form 10-7

Generalized modes

consider £ = Az, with
z(0) = a1v + - - - + Un;Vin, = 150

v

then z(t) = Te’'%(0) = T;e’a

e trajectory stays in span of generalized eigenvectors

e coefficients hgve form p(t)e*, where p is polynomial

e such solutions
system

e called generalized modes of the

with general z(0) we can write

z(t) = e ﬂ:(O)/(TeJtT )1:(/ Z Tie’*(STz(0))

where

T'=|
T
S‘i’

hence: all solutions of £ = Az are linear combinations of

(generalized) modes /







Jordan canonical form 10-8

Cayley-Hamilton theorem

if p (s) = ag + ais + - - - + ars” is a polynomial and
T we define p(A) =aol + A+ -+ arAF

nxn

Cayley-Hamilton theorem: for any A € R
have X'(A) = 0, where X (s) = det(s] — A)

example: with A = léi we have
(3)—3 — 58— 2, s0
A) = A*—5A-2I
7 10 12
= [15 22]_5l3 4]‘21

= 0




Jord ical fo . ' . -
rdan cgnoni rm Fosl"l-‘.r“"'g' 0!‘! 10-9

corollary: for every p € Z_, we have
AP espan{ I, A, A% ..., A"}

(and if A is invertible, also for p € Z) .
N Lo

i.e., every power of A can be expressed as linear
combination of I, A,..., A"}

proof: divide X'(s) into s to get s? = q(s)X(s) + r(s)

r=oa9+ 08+ -+ 018" ! is remainder polynomial

then
AP = q(A)X(A) + r(A)
r(A)
= ool +a1A+- -+ E}fn_lAn_l



Jordan canonical form 10 =10

® for p = —1: rewrite C-H theorem
" X(A)=A"+a, AV 0l =0

I=A (—(ﬂlfﬂo) — (az/ag)A — -+ — (l/ao)Aﬂ_l)
(A is invertible < ag # 0) so

At = —(ay/ag)I — (ag/ag)A — -+ — (1/ag) A"
i.e., inverse is linear combination of A%, k=0,...,n—1



Jordan canonical form

Proof of C-H theorem

10 - 11

first assume A is diagonalizable: T71AT = A
X(s)=(s—XA1) - (s—= )
since

X(A) = X(TAT™") = TX(AN)T!
it suffices to show X'(A) =0

X(A)=(A—-MI)- (A—)\I)

=diag(0, Ay — A1, .. — A1) }f/
--diag()\l—,\m...,,\ AH,O =0

now let's do general case: T71AT = J
X(5) = (5= Ao+ (5 = Ag)s
suffices to show X'(J;) =0

010 ---™
X(J;)=(Ji=\I)™---1001 ---

(Ji=NI)m

c(J= A D) =






Notes from http://www.ma.iup.edu/projects/CalcDEMma/JCF/jef5.html PhL 1.7.05
Now these notes are finally comprehensible to me. At first [ did not know what was going on. Notation is
all text, so a little ugly. The nice part is that it.uses Mathematica to quickly answer questions. In this
thing, the author directly computes the Jordan form for two sample matrices.

Here is how he does it

(1) write your matrix A, find out its eigenvalues. You want to pick an A that has some repeated
eigenvalues to make it non-trivial. He does this.

(2) compute the eigenvectors. Here he finds out that one double A has only one eigenvalue, the second is
reported as all zeros. What does Maple do in this situation, let's see!

[1, 2, {vector([1, 0, OD}], [2, 1, {vector([0, 1, 1])}]  value, mult, vector
So Maple just says only one eigenvector for A= 1.
(3) next, you have to create the missing generalized eigenvector using
Av,® = 3 v,® + v @

But, just let's now remove the (i) superscript and just thing of the v; as columns of the overall T. Then we
have

(A-A)vr=w
and we know v, = (1,0,0) and A = 1 and we know A. So we just tell Maple to solve this inhomogeneous
equation for v; , and Maple does this and gives us (x,2,1) for any x, but Mathematic says (0,2,1) as a

viable solution.

{4) You are now done. You have your T, and do similarity on A to get J. I suspect you need to always put
0 in when you can for an unspecified number as in the above case.




Finding the Jordan Canonical Form of a Matrix http:/fwww.ma.iup.edu/projects/CalcDEMma/JCF/jef5. html
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B Finding the Jordan Canonical Form of a Matrix

Let's begin with a matrix A.
Inf8]:=

Clear [JA] 5
a={{1,1,-1},{0,0,2}.{0,-1,3}%}};

MatrixForm(A]
Out[8]=

1 1 =1

0 0 2

4] -1 3

We will put A in Jordan form. Do do this we need to find a nonsingular matrix S such that
Inv(S)AS=J, where J is the Jordan form. This matrix S will be made up of eigenvectors and
"generalized eigenvectors" as we shall see.

First, we must find the eigenvalues of A.
Inf9]:=

Eigenvalues [A]
Out{9]=

{1, 1, 2}

You notice that A has a repeated eigenvalue. This does not necessarily mean that A does not have a
full complement of eigenvectors. Let's see.

In[10]:=

Eigenvectors [A]
Out(10]=
{{r, o, o}, {0, 0, 0}, {0, 1, 1}}

Notice that by listing an eigenvector of {0,0,0}, Mathematica is
telling you that A does not have a full complement of eigenvectors. We must search for "generalized
eigenvectors".

An eigenvector v solves the matrix equation Av=lambda v
[or (A-lambda I)v=0, where 1 is the identity matrix]. A generalized eigenvector v(i) will solve the
matrix equation

Av(iy=lambda(i) v(i) + v(i-1)
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[note that v(i) represents a subscript].
Here v(i) is the generalized eigenvector corresponding to the eigenvector v(i-1)
. This equation can be written (A-lambda(i) Iv(i)}=v(i-1).

v(1)=the first eigenvector, v(2)=generalized eigenvector to go with v(1), and v(3) is the second
eigenvector. A generalized eigenvector will go in each slot that AMdathematica gives the zero vector as
an eigenvector.

Infl1]:=
LinearSolve [A-1 IdentityMatrix[3],.{1,0,0}]
Outfli]=
{o, 2, 1}

We have just found v(2), the generalized eigenvector to go with v(1)={1,0,0}. We now have three
vectors to form the nonsingular matrix S. Inv(S)AS should give us the Jordan form of A.

| Inf12]:=
|
| S=Transposa [{{1,0,0},{0,2,1},{0,1,1}}1;
MatrixForm[8]
| Out[12]=
1 ] 0
® ...
0 1 1
In[13]:=
Jh=Inverse[8] .A.5;
MatrixForm|[JA]
Out[13]=
1 1 0
0 1 i}
] 0 2
Let's try another one.
Inf14]:=

Clear [B, 8]

Infl5]:=
. B={{2,-1,2,0}.{0,3,-1,0},.{0,1,1,0},{0,1,-3,5}};

MatrixForm[B]

Out[15]=
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2 -1 2 0
0 3 100
. 0 1 1 0
0 1 -3 s

Infl6]:=

Eigenvaluas [B]
Out[16]=
{2, 2, 2, 5}

You notice that B has a repeated eigenvalue. This does not necessarily mean that B does not have a
full complement of eigenvectors. Let's see.

Inf17]:=
Eigenvectors [B]
Out{17]=
{{r, o, o, 0}, {0, 0, 0, 0}, {0, 0, 0, 0}, {0, 0, 0, 1}}

Notice that by listing an eigenvector of {0,0,0,0} twice, Mathematica is
. telling you that B does not have a full complement of eigenvectors. We must search for 2 "generalized

eigenvectors".
In[18]:=
LinearSolve[B-2 IdentityMatrix([4],{1,0,0,0}]
Out[18]=
2
{Di 1, 1, _}
3
Let's keep going....
Infi19]:=

LinearSolve [B-2 IdentityMatrix([4],{0,1,1,2/3}]
Out[19]=

5

{o, 2, 1, -}
9

We now have our four vectors for the matrix S.

. Inf20]:=

S=Transpose [{{1,0,0,0},{0,1,1,2/3},{0,2,1,5/8},{0,0,0,1}}1;
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MatrixForm[d]

Out[20]=

0 3 8 1

Inf21]:=

JEB=sInverse[S] .B.8;
MatrixPForm[JE]

Out[21]=
2 1 0 ]

0 2 1 o

.aazu

0 0 Q 5

Up to Jordan Canonical Form
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Tom Leinster Notes PhL 12.19.04
These are excellent notes on the subject of Minimal Polynomials and Jordan Canonical Form.

Def: an annihilating polynomial p{a) = 0. In this section, think of @ = a square matrix A. So this
polynomial is like the K(A) = 0 result of the Cayley-Hamilton theorem.

Def: a minimal polynomial m(c) is the lowest degree poly that does m(ct) = 0. Clearly, m{a) | p(ct),
which notation means that m divides evenly into p, no remainder. [ have then stated Prop 2.

Prop 1: every matrix o has exactly one minimal polynomial. Proof is sketchy, seems reasonable.

On page 2, he writes the K(A) but his notation is %,(t), which is of course det{c - tI), secular. The r's you
see here are the algebraic multiplicities. The claim is that the minimal polynomial looks similar, but each
exponent is something in the range (1, alg mult), or as he writes it 1<s<r;.

I am unsure how you would show that m(ct) really is an annihilator. You have to build it and see if it is
zero or not. That is, is the matrix m(a) equal to the zero matrix? It certainly seems reasonable that such a
thing might exist that is just a piece of K(ct). [ I now know how to find m{e:) for a matrix o, so this is not
as confusing as on first reading. ]

If matrix is diagonal, then m(ct) = K(ct). This is because all powers are 1 and you cannot go any lower.

Lemma 4 is Sylvester's triangle law of nuility, and I now see that Ker is the way some people say
Nullspace. He actually proves this law right in situ, but I ignore the proof.

How does he use this Lemma on the bottom of page 3 ? There are three claims made at the bottom

(1) the first line says dim(V) = dim Nullspace of (K(A)). We know that K(A) = 0 from C-H, so we know
that K(A)x = 0 for all x in V, so that certainly means that the dim of this nullspace is V, so OK.

(2) Here he is saying that dim(V) is less than the sum of the dims of the nullspaces of each factor, and this
is just Sylvester generalized to many factors, so this is fine too. Think of the RHS as being dim N; + dim
N, + etc = the sum of dims of a bunch of nullspaces. The idea here is that N(ABC...) cannot exceed the
sum of the dimensions of the individual nullspaces.

(3) In the last line, you can just re-express this as dim (N;@®N; ...) where you make a new space N =
N,@N; ... by just superposing the other nullspaces. So dim(V) < RHS of last line. I think in the case that
each null space has dimension 1, which is the case for diagonalizable A, then the < is really = because we
are adding up N numbers that are all 1.

Still I am confused as to what the point is here. It is the sentence stated at the top, but I lose it.




On page 4 we learn this his word for "similarity” is "conjugates”, this is the first time 1 have seen this
usage. M&M called them similarity of collinearity. We are reminded here that nearly everything is
conserved under a similarity, and it is just like a change of basis.

On page 5 we get the definition of a Jordan block and the idea that we are going to write A in block
diagonal form which is a direct sum (I think I conjectured this direct sum notation early on when first
reading M&M, and here it is in the flesh).

Page 6 then states the Big Theorem without proof:

Big Theorem: Any matrix A can be converted by a similarity to Jordan Canonical Form. In this form,
you have the direct sum of blocks. Here are the key results:

(1) the eigenvalues are on the diagonal and each eigenvalue appears a number of times equal to its
algebraic multiplicity. Thus must be the case since det(J - AI) = K(A) = the usual thing.

(2) A degenerate eigenvalue A, can have several Jordan blocks of various sizes. The size of the largest
block in this group tells you the exponent to use for the factor (A - A1) in the minimal polynomial.

(3) The number of Jordan blocks for a degenerate eigenvalue A, is the geometric multiplicity of that A,.
On page 9 we have a 6x6 example, and he goes through all the above items for this example.

Warning is issued: even if two matrices how all invariants the same, they may not be similarity
conjugates.

Now back to page 6-7.

(1) This Jordan thing is MUCH stronger than the Schur theorem which just says you can transform into
upper triangular with some similarity.

(2) The block structure is akin to the notion of breaking a number into powers of primes.

Exercise 1: Here we look at just one Jordan block that is d x d for some A. The key point I learn here is
that this matrix only has one eigenvector! So it has geomult = 1 by its construction. That eigenvector is
just (1,0,0...).

Exercise 2: Here we look at the direct sum of just two blocks C and D. Most things are obvious, but item
b is where we have something new. You want to construct the minimal polynomial for C&®D. Suppose
these two matrix C and D have the same eigenvalue. Suppose KC(A) contains (A - A,)’ and KD(A) has

(A - A1)t . Well, we know the overall K() will have (A - A,)° , but what about the min pol m(%)? Each of
the above factors has to divide evenly into m(X) otherwise you can show that m is not a min pol. This is
why we get the notion that m = (A - %,)° because we can do both (A - M)/ (A - 1) and (& - &)Y/ (A - 1)
with no remainder, so we have to take the MAX of the two exponents.




Exercise 3: Now we look at an arbitrary set of blocks all for the same . We know that each block has
geo = 1, so if there are g blocks, then geo = g. So boom, we see why the geomult is the number of blocks
in the big Jordan form result. Secondly, the power in the min poly is again going to be the max of all the
powers of (A - &) for each block to get that common divisor effect as above. Of course now K(4) has lots
of factors, and this comment applies only to the factor for A, and its Jordan blocks.

Exercise 4: Now we go out to the full matrix and state the final results. Results are the same, they just
apply separately for each A; manifold.

My Comments:
(1) It would be nice to see a proof of the big theorem.
(2) 1 don't understand why the minimal polynomial is important.



Minimal Polynomial and Jordan Form

Tom Leinster

The idea of these notes is to provide a summary of some of the results you
need for this course, as well as a different perspective from the lectures.

Minimal Polynomial

Let V' be a vector space over some field k, and let & : V — V be a linear map
(2n ‘endomorphism of V). Given any polynomial p with coefficients in k, there
is an endomorphism p(a) of V, and we say that p is an annihilating polynomial
for a if pla) = 0.

Our first major goal is to see that for any «, the annihilating polynomials
can easily be classified: they're precisely the multiples of a certain polynomial
ng. We reach this goal on the next page.

Let us say that a polynomial m is o minimal polynomial for o (note: ‘a’,
not ‘th?’;] if:

o mio) =10
e if p is any non-zero polynomial with p(a) = 0, then deg(m) < deg(p)
» the leading coeflicient of m is 1 (i.e. m is monic).

{We don’t assign a degree to the zero polynomial. Note that the last condition
implies m # 0.)

We'd like to be able to talk about the minimal polynomial of o, and the
following result legitimizes this:

Proposition 1 There is precisely one minimal polynomial for o,

ok,
Sketch Proof Eristence: First that there exists a non-zero annihilating
polynomial, as in your notes {xSing the fact that the space of endomorphisms
on V is finite-dimensional). "There is then a non-zero annihilating polynomial
M of least degree,and if ¢ is the leading coefficient of M then M is a minimal
polynomial.

[fmigueness: Suppose that m and m' are different minimial polynomials.
Then m — m' is non-zero by assumption, and is an annihilating polynomial.
But m and m’ have the same degree, and each has leading coefficient 1, so
m — m' has degree less than that of m. This contradicts minimality of the
degree of m.

OK,



I will write m, for the minimal polynomial of . More important than the le
fact that it has minimal degree is this result (our "first major goal'): oM
Q"“' v o .50‘5)-'

Proposition 2 i ial p, p(0) = 0 # malp. Wides e
roposition 2 For any polynomial p, p(@) =0 & malp-& | syides R 5 %

Proof + is easy. For =, we use the result you might know as ‘Euclid’s
algorithm’ or ‘the division algorithm’: there are polynomials g and r such that
P =q- Mg+ and r is either 0} or has degree less than that of m,. Now,

r{a) = pla) — ga) - ma(a) =0-0=0,

s0 by definition of minimal polynomial, r = 0. Hence mg|p. " =

You might compare this result to a similar one about least common multiples:
if @ and b are two natural numbers and { their least common multiple, then what
matters most about { is not that it's ‘least’ in the literal sense of the word, but
that a number is a common multiple of @ and b if and only if it is a multiple of
[. In other words, the common multiples are precisely the multiples of 1.

An example of Proposition 2 in action: the Cayley-Hamilton Theorem says
that ya{a) = 0, where x, is the characteristic polynomial of o, and so we]\/
conclude that mg|ya. /

From now on, let’s assume that the field k we are working over is the field
of complex numbers, C. This makes life much easier, because all polynomials
split into linear factors. In particular, we can write

Yalt) = £(E = M) - (8 — A)™ /

where Aj,..., A are distinet scalars and ry = 1 for each i. OFf course, Ay, ..., Ay
are the distinct eigenvalues of o v

The big theorem concerning minimal polynomials, which tells you pretty
much everything you need to know about them, is as follows:

Theorem 3 The minimal polynomial has the form
Ma(t) = (8= An)™ -« (£ = Ag)™ (%)

for some numbers s; with 1 < s; < ry. Moreover, o is diagonalizable if and only
if each 5; = 1.

Lots of things go into the proof. Let's take it step by step.
First of all, we know the Cayley-Hamilton Thecrem (itsclf quite a large S
result); and as observed above, this tells us that m, has the form (+) with 5 e wl’&
si <Y ' J
Secondly, we need to see that each 5 = 1, i.e. that every eigenvalue is a root
of the minimal polynomial. Se, let i € {I,-- ., k} and let v be a A;-eigenvector.
For any polynomial p, we have p{a)v = p{A;)v, and in particular this holds
for p = my: hence mg({A;)v = 0. But v is nonzero (being an eigenvector), so
malAi) =0, as rcquirnd{




Thirdly, suppose we know that « is diagonalizable. This means it has a basis
of eigenvectors, whose eigenvalues are Aj,..., A, it's easy to calculate that

(= M) (= )

is an annihilating polynomial for e, So this is the minimal pol

Finally, then, we have to show that if all the s;"s are 1 (i.e. the minimal
polynomial splits into distinct linear factors) then o is diagonalizable. There's
& proof of this which I like and I believe is different to the one in your notes, so
I'll write it out in full. It goes via a lemma:

Lemma 4 I_fU—ﬂ- V —— W are finite-dimensional vector spaces and linear l
maps, then ¥ Keawel =

v’ dimKer(y§) < dim Ker(y) + dim Ker(8). Suwg,b{ s Lo M1Q
J

Proof Observe that Ker{vs8) = 871 (Ker(v)). (By using ‘57" I am not sug-
gesting that 7 is invertible; this is the notation for the pre-image or inverse
image of a subset under a function, as explained in Numhers and Sets.)

MNow, consider the function

g 7 (Ker(y)) —= Ker(y),
u —  Blu).

Applying the rank-nullity formula we get
dim =" (Ker(y)) = dim Im(4") + dim Ker(8'),
and adding to this our initial observation and the facts that Im(§") < Kﬂ[ﬂ

and Ker(§') < Ker({d), the lemma is proved. |

The hard work is now done. Supposing that all the s; are 1, the mmpumte

of the maps
v n—.h! v tl-.h-;! . u—.’uf v

is 0. So

dim(V) dim Ker((a — MI)e---o{a — A I))
dim Ker(a — A J) + - - - + dim Ker{a — i)

dim(Ker{c — M TI) @ - - - & Ker(o — A1),

oA

where the inequality comes from the Lemma (and an easy induction), and the
second equality is justified by the fact that the sum of the eigenspaces is a direct
sum. Hence the sum of the eigenspaces has the same dimension as V, i.e. this
sum is V', and « is diagonalizable.
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When two square matrices are conjugate, you ought to think of them as essen-
tially the same. It's just a matter of change of basis: if B = P~1AP then A
and B are ‘the same but viewed from a different angle’. (The change of basis,
or change of perspective, is provided by P.)

A similar point is that the matrix of a linear map depends cn a choice of
basis; a different choice of basis gives a different but conjugate matrix. So, for
instance, if we want to define the trace of a linear endomorphism as the trace
of the matrix representing it, then in order for this to make sense we have to
check that

Invariants

trace( P! AP) = trace(A)

for any n % n matrices A, P with P invertible. A fancy way of putting this
is ‘trace is invariant under conjugation’. The things which are invariant under
conjugation tend to be the things which ‘are important.

So, what are the interesting ‘invariants’ of linear endomorphisms (or square
matrices, if you prefer)? Certainly:

o the eigenvalues v

o their algebraic multiplicities v

¢ their geometric multiplicities (i.e. the dimensions of the eigenspaces)v”
e the characteristic polynomial v~

¢ the minimal polynomial. v’

(In fact, the characteristic polynomial tells you exactly what the eigenvalues
and algebraic multiplicities are, so it wasn't really necessary to mention them
Bepa.rnte!)r{ Recall that the algebraic multiplicity of an eigenvalue A is the power
of (t = A) occurring in x,(t).) To this list we might also add:

» the trace v

o the determinantv”
o the rankv”

e the nullity.s”

However, these four are already covered by the first list. The trace of an endo-
morphism ¢ of an n-dimensional space is

(=1)"".(coefficient of t"~" in xa(t)). ¥’

The determinant of ¢ is det{c -— 0.1) = x.,{l]]('I‘lm rank is n minus the nullity; v*
and the nullity is dim Ker(a — 0.I), which is 0 if 0 is not an eigenvalue, and is
the geometric multiplicity of (0 if it is an eigenvalue. /



Moreover, a look at the minimal polynomial tells you at a glance whether the
matrix (or map) is diagonalizable—another important property, again invariant
under conjugation.

So, the conclusion is that the characteristic polynomial, minimal polynomial
and geometric multiplicities tell you a great deal.of interesting information about
a matrix or map, including probably all the invariants you can think of. Usually
it takes an appreciable amount of work to calculate these invariants for a given
matrix. In the next section, we'll see that for & matrix in Jordan canonical form

they can be read off instantly.

Be warned that the invariants I've mentioned don’t tell you everything: there
exist pairs of matrices for which all these invariants are the same, and vet the
matrices are not conjugate. An example is given in the next section. ./

Jordan Canonical Form

In this section I'll mostly work with matrices rather than linear maps, just for
a change. You should be fairly happy about switching between the two modes
of thought.

T'll state the main theorem (the proof of which is off the syllabus), then I'll
try to explain what the point is and how the finer details work.

First we need some notation. Let 44,..., A, be square matrices, and let

A 0 -~ 0

a=| O A (1)
: EETE |
0 -~ 0 A,

The square matrices 4; can be of different sizes; thus if A; is a n; % n; matrix
then A is a n % n matrix, where n = ny + - -+ + 1, ¥ The entries ‘0" denote zero
matrices of the appropriate sizes. For convenience, I will write the matrix on
the right-hand side of (f) as

4O DAY
For any d = 1 and complex number X, let Jiﬂ be the d x d matrix
( Al h
Al
Al
Al
Al
\ Yy
where all the unmarked entries are 0. This is a so-called Jordan block. (Note
that when d = 1, it is just the 1 x 1 matrix (A).)




The big theorem is:
Theorem 5 Let A be a square matriz of compler numbers. Then there are
natural numbers m,ny,...,%m = 1 and complex numbers py, ..., tm such that
A iz conjugate to
J;E':’}E'“‘@'J;ETL (t)

Moreover, if A is also conjugate to

nl) (nl.)
‘rﬁil m...ajﬂ;’
then m' = m and there is a permutation o € S,, such that for all i, we have
1y = Ng(y) ond [y = fai).

You are not required to know the proof. A matrix of the form (1) is said to
be in Jordan canonical form, or Jordan normal form. The ‘moreover’ part says
that the Jordan canonical form of a matrix is as unjque as it possibly could be:
that is, unique up to permutation of the blocks.¥ There's no way it could be
genuinely unique, since for any square matrices C' and D (perhaps of different
sizes), the two matrices C @ D and D @ C are conjugate.

So, what's the point of the Jordan canonical form? Here are three answers:

An approximation to diagonalizability If a square matrix or linear endo-
morphism can be put into diagonal form then it is very easy to work with,
and one might at first hope that every matrix is diagonalizable, But this
isn't true. An easy example is

0 1Y),

0o o0/
its characteristic polynomial is £2, so its only eigenvalue is 0 but the
eigenvalues of a diagonal matrix are the entries on the diagonal, so the

only diagonal matrix it might be conjugate to is ﬂ.“’Huwa\fer, the only
matrix conjugate to 0 is 0 itself.

So not every matrix is di&g;una]izable."éut we do P that every com-
plex matrix (square, as usual) is triangularizable, ¥which is some sort of
approximation. The Jordan theorem is a much, much more incisive state-

ment than this. Of course, every matrix in Jordan canonical form is upper
triangular; in fact, it looks like

* #
*

6
*.#

where the entries labelled = are any complex numbers, the entries labelled
# are either 0 or 1, and all the unlabelled entries are 0. (But not every

G

o’



matrix of this form is in Jordan canonical form: exercize.) In summary, we

can view the Jordan theorem as being the next-best thing to the statement

‘every matrix is diagonalizable’, and it has the advantage of being true.
A convenient way of displaying invariants Earlier we discussed the im-

portant ‘invariants’ of square matrices: those quantities which don’t change

under conjugation (and can therefore be assigned to linear endomorphisms).

All the ones we (probably} know about ean, as we saw, be derived from
the characteristic pelynomial, the minimal polynemial and the geometric
multiplicities of the eigenvalues, Given a matrix in Jordan canonical form,
these can be read off immediately, without any need for calculation. I'll
/ show you how to do this in a moment. ¥ -
L

ike prime factorization Any natural number n = 1 is equal to p1p2 -+ Pm
for some sequence py,...,pm of prime numbers; this sequence is unique,
but for the obvious fact that the prime factors can be permuted. This
statement has a tlear resemblance to the Jordan theorem, where the Jor-
dan blocks J{® play the role of the prime numbers. They are the ‘building
blocks’ of square matrices, just as the primes are the building blocks of
natural numbers.

This provides & neat way to think about the theorem. In fact, there is a
very general theorem which has as special cases both the Jordan theorem
and the unique prime factorization of natural numbers, but that's way
beyond this course. (It's a result from the theory of rings and modules:
namely, the classification of finitely generated modules over a principal
ideal domain.)

I promised to show you how lots of interesting invariants can be read off
immediately from a matrix in Jordan canonical form. I'll lead you up to this
via_a sequence of exercises; o¥

Exercise 1 Show that for any d > 1 and A€ C, the matrix J_i"l} has:
v~ & Aas its only eigenvalue K (H = ()- ‘;"1.']4

«b. minimal polynomial (¢ — )qd — why 7

v ¢. characteristic polynomial (t — A), and that

v d. the geometric multiplicity of A is 1.

Exercise 2 (Shorter than it looks.) Let C and D be any square matrices,
/ & Show that

{eigenvalues of C & D} = {eigenvalues of C'} U {eigenvalues of D}.

i




v b. Show that for any polynomial p, p(C'® D) = 0 if and only if p(C) = 0 and
p(D) = 0,’and deduce that megp|p if and only if me|p and mplp. (In an
appropriate sense, megp is the least common multiple of mg and mp.)
Then deduce that for any complex number A, . 2 3
ey, s:1,5=3 (N B(f‘l)

§" = max{s, s'} v/

g T
-]
where 5" is the power of (£ — A) ocourring in megp(t) (when it's been (“}"} | ("'}] .
written as a product of linear factors), and similarly s for me and &' for
mp.

/¢ Show that xcen(t) = xc(t).xn(t). Deduce that for any complex number

r=r4r

where r, r' and r" are defined as in the previous part of the question, but
with the characteristic polynomial instead of the minimal polynomial.

./ d. Show that for any complex number A,
g'=g+g

where ¢" is the geometric multiplicity of A in C & D, and similarly g for
C and g’ for D. (If A is not an eigenvalue of C' then g is by definition 0:
so in any case, g = dimKer(C — AI). The same convention applies to g'
and g".)

. Exercise 3 Let A be a complex number, let g,d;,...d; be natural numbers,
and let A =J% @... @ J{%). Show that for the matrix A,
a. the only eigenvalue is A v~
</ b. the power of (t — A} in m4 is max{dy,...,dy}
v ¢. the power of (t — A) in x4 is dy + - +dj
J d. the geometric multiplicity of A is g.
Exercise 4 Let A;,...,A; be complex numbers, let d,...,d",... d},...d}"
be natural numbers (superscripts don't indicate powers), and let
A=((Pe. .0/ e 0P e .05
Show that for the matrix A4,
a. the eigenvalues are Ay,... A
b. the power of (t — A;) in m4 is max{d},...,d%}
. the power of (t — ;) in x4 isd} +--- + 4"
d. the geometric multiplicity of A; is g;.

[



Let’s re-express the results of this final exercise. It says that given a matrix
in Jordan canonical form,

[ o the eigenvalues are the entries down the diagonal

o my(t) = (t—A1)* -+ (t — Ag)® where s; is the size of the largest A;-block
| in A (and the A;’s are the distinct eigenvalues)

o xalt)=(t =A™ - (t = Ag)™ where r; is the number of occurrences of
Az on the diagonal

K the geometric multiplicity of A; is the number of A;-blocks in A.

This covers all the major theory, and if you've got this far then you can be
pleased with yourself. Here are are a couple of further points.

Some of you asked me for an efficient method of calculating the Jordan form
of a given matrix. The bad news is that there isn't one that [ know of. The good
news, however, is that for square matrices of size 6 % 6 or less, you can work out
the Jordan form by caleulating the characteristic and minimal polynomials and
the dimensions of the cigenspaces. For example, suppose you're given a 6 x 6
matrix and you calculate that its characteristic polynomial is (£—3)*(t—i)?, that
its minimal polynomial is (t—3)?(t —1)%, that the 3-eigenspace is 3-dimensional,
and that the i-eigenspace is 1-dimensional. Then the diagonal is made up of 4
copies of 3 and 2 of 4. There are 3 Jordan 3-blocks, the largest of which is 2 x 2,
which means that their sizes are 2, 1 and 1 (since they add up to 4). Similarly,
there is just one Jordan {-block, which is 2 % 2. So the Jordan canonical form
of the matrix is

3 10000
63 0000
603000
600300
6000 41
0 000O0 4

As a rather tedious exercise, you can show that this line of reasoning will
always tell you exactly what the Jordan canonical form of a square matrix is
when it is at most 6x 6. However, it doesn't always work for larger matrices. For
example, suppose you're told that a 7 x 7 matrix has characteristic polynomial
t”, minimal polynomial t?, and that the dimension of the O-cigenspace is 3. Then
the matrix could be conjugate to either one of the Jordan canonical forms

Nerles), 1Pesesd,

which are not conjugate to each other (by the uniqueness part of the Jordan
theorem).

The moral of this last example is that if you have two n ® n matrices in
front of you, then even if all the invariants you can think of are the same for
each (e.g. eigenvalues, rank, nullity, characteristic polynomial, trace, determi-
nant, minimal polynomial, geometric multiplicities), it does not follow that the
matrices are conjugate to each other.






PlanetMath's Proof of Jordan PhL 1.7.05
Guman's Proof of Jordan Decomposition

This guy is Guido Mauas, a Student of Mathematics, Buenos Aires, Argentina. He "owns" the little chunk
of the PlanetMath "encyclopedia”. | now regard this just as a summary of the detailed work that Matthews
has done.

Guido uses o as the by, the exponents of the min poly. The primary decomp result is then clearly stated.
He then talks about a "restriction” of operator T to ker p°, just the way that Matthew's did (and that I do in
my later document on this subject with Visio drawing).

He then looks at p: ker p® — ker p°, which is a little different from what I have done, but OK. We
look for a basis for Ker p", the space which has algemult = a. The basis of K p is written as the union of
the bases of the Jordan cyclic subspaces. Each of these is given as B,; where i = overall eigenmanifold
index, and s = the secondary cyclic subspace label. He writes B,; as powers of p acting on some assumed
generating vector which he calls v,;. The union of these is called just B;.

Now finally we come to the last section of this 1 pager proof. Author wants to show directly that,
given the cyclic basis above, we can derive that the Jordan Block looks like. I will do this in my own

language:
(1) Define p = (T-Al) as usual. Write p"*' =pp’ =(T-A)p. Thus, T p' =p™' +2 pl.
{2) We now use this result to evaluate our matrix elements:
Jy=<p"v|T|pv> =<pv|Tpv=<pv| (P +Ap)v> =5 + A&y
= Cyp+ LIy =(CNy+r(Dy whichsays J=CT+AL

where | am referring back to my PhL notes on the companion C matrix. The only difference is that we
have C instead of C". So basically our author has derived the shape of the J block.

Question : I have had to assume that <p* v | p'v>=5,; . How can [ verify this?

In a cyclic subspace as generated by vector v we have this basis: { v, pv, p’v, p’v ... }. This subject is
discussed (thank goodness) on page 55 of Matthews.

Well, this is quite interesting. In the entire Matthews presentation, we deal only with vector spaces and
the associated notions of spanning and linear independence. There is no norm, no metric, no scalar
product! He has no need for such things. On page 56 when we want to know what the matrix looks like
for our operator T, we find the columns of the matrix simply by applying the operator to the vectors of the
basis. In this manner, he finds the companion matrix C that matches the min pol of vector v.

So let's go back to our derivation above to the point where we have:

Tpv =p''v+aph. p=(T-A)



We now find the columns of our matriy T by applying T to the basis vectors one at a time. We make this
association between basis vectors and column vectors:

p’v = [1,0,0,0]
plv - [0,1,0,01"

Then T (p°v ) =p'v + A p'v = [0,1,0,0' + [ 2,0,0,0]'=[4, 1, 0, 0]

Now once we make the above association, then yes, we can say that under the scalar product induced
by the associated E°, our basis vectors are orthonormal, and then we do have < p* v | p' vopp = 8, j- But
this is not the obvious scalar product that you would get directly from E"

<p*vipveno# [P*vI [Pv]=v (p*)"p'v = some huge mess and not just 5,

An analogous situation would be to imagine two unit vectors in E that are not orthogonal. The direct E
scalar product would show non-orthogonality, but my "induced" scalar product would show orthog. We
are just associating each "position" in the column vector with a basis vector. I don't know what the official
term for doing this is, | have used the word induced, maybe associated is better.
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, we have that T in this basis has a Jordan form.

. This form is unique (except for the order of the blocks) due to the uniqueness
of the cyclic decompaosition.

"proof of Jordan canonical form theorem™ is owned By gumau.
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