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Dispersion Relation Exercisety 1. Real analytic functions. We know from the Schwars reflection principle that
if a function f(z) is real on some segment of the real z-axis, then it is
true that f(2*) = f*(z). That is, f is real analytic.

2. Considerw = 2#. We know that z = 0 is the branch point and that we are freeto choose the branch cut wherever we like. The branch cut merely serves to
define analytic branches of the function. Since there are two branches, th
are two Riemann sheets. However, if we choose the cut to lie along the posi-
tive real axis, the function thus defined is not real analytic, since on
the negative real axis the function is imaginery. If, on the other hand, the
cut 4s chosen to lie along the negative real axis, the function then is
real analytic.

;

3. For a real analytic function cut somewhere along the real axis, the discon-
tinuity of the function across the cut is 2i times the imaginary part of
the function above the cut.

hye In the dispersion relation technique, a contour around a paint s is un
wrapped and rewrapped around all cuts and poles of the function. Also,
there is always a great circle piece to be dealt with. As long as the
magnitude of the function tends to 0 as /z/ gets large, the great circle
contribution may be dropped.

5. If f(z) is analytic (real analytic) in the entire z plane except for one

e cut along the real axis from a to b, the dispersion relation is:» te :

© Em [Serle de’fee + S Ee LENS Se ZB conglena

6. As an example, consider the function 272. It is cut along the negative real
axis; it is real analytic by 1. above; it vanishes on the great circle. The

imaginary part of this function just above the om is mts 4 tra ahh =e whTn]HPT = Taf Lele PY Bhat ef = ~ 121
and the dispersion relation may be written as. -)PS ° Th) geeae gh aS de! (ea © Ll Deewet Fes =) SS + SSe

° Ye (#+2) BB -E
7. We can look up this integral in Gradshteyn Ryzhik page 285 number 3. Here,

B(x,y) is the beta function of page 950 in terms of gamma functions. j

2 oh

\2 PA BaD =wake ay) =

> 0+ 8x) > ie
8. For z just above the cut, we may use the rule .

weexe 7 2Ce) sa 8@)@ to write the general dispersion relation as follows:

. e ~ Sao! .
Ferie)= 2h GoS@ lee! 22h deta Se + i Ot F(e+fe)

a aHenle wT Be
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_ — . at - — 4

. . —.-sShaas' gy. _ .



| -————2--Hlow;-we-extend the: definition-of both-functions-te the complete-e planer - -—
— —~ ————Thisgives us: -

- ——_- -- seem Lae ~~—___-- —— eH - -%- - we
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iTe
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- —o aeee ee — 5 te -
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dNUroolernoaal ee

n\n
a aq

wees eee - HQ 2 LN oO -
- . + 3acee = wee . oe

~___ R@ = 2rien | ..

_.  3.-Guastons abet. the belL haveZ.neallydone hene?2? OO

Ss: Sarpqean yon doy toshersdeaanget . —_
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en am -

Aad et Cina
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Comments Related to the Math Problem,

e “1. Hassam and Ilooked closer at the functions:
ae

“7 TT Te ned { oO—-.- --—9@ar= Lax! Sa-- B= puariwag)—

-- Ey Re QeGz)-— - ae

7 —  @oeeey We 7.
2. 9)@ay=QenS = Sse uh _RooRe

ey Ken ~ce = Sax TNs gp ohn ache.
9

— ——“GiF Pirs¥ conéluSionwas that there was ho region of the a=plané Inwhitey” ~~

_— ———both ganda wredefined: “Therefore; therets uv place inthe a-plane™ where”
-—- ~you-can "add! these-twe-functions-te-get some-meaning -for-g(a;z)-itselfr

< "Gy But, we overlookedone thing: when a lies on the imaginary axis inthe a plane,

~— ~ the compléte integral g(ayz) is defined in thedistribution sense, ie, /

ee ST RES —- ose meaa dnt = GrSGa-) ah Gee) = Awagiruomi)....
= ——

- -— >> * 9@%) - --@. __. dovever,,snowing g(a;2)-a8-a distribution-on ¢.line.in-the-a-plane is. not-enough.—
- to analytically continue. gto. the entire a-plane, Wa decided that_you cannot
— _ continue@ delta function to complex argument, at least via this definition _

as an exponential. Ie, the exponential diverges if argumentof delte leaves
the real line (ie, a leaves the imaginary line).

a

3. However, in Our exapplewe had another stagé of integration sitting outside, ~
~~ -gorthat when-e Lies ontheimagraxieythe doubts integral Feally dows-vonverger *

- - oe ~ =—— -———»w- H+= : =?
a Rer= Ve FBr8lot2')_=3 Jaa Saker
eee WS2h Cachan aac! wee ee

- ——— ‘Now-that ‘we “know f(a} on a-linein-the-a=planeInthe Fegular futcetion sense; ~~
- ~~ —we may continue f{a) to the-entire a-plane!, I-think -thie-tine-of-reasoning-

_.. . -._- 4s actually reasonable. It_may even allow. definitionof complex delta.
— -- function. —- - - eee
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a

~~ ~—~7 Finally,some comments about our original way of looking at this. Recall 7
that, we added <tanporary converging Factor, Groke the” contour into two” ®
“~"" = ————isees; then set Tactorto vero. Tt turns out that wascorrect! ~~ 7 7

—— — — -— - -3e - —_—- -- - — .— -——f@=Qa S1,cneganle oo
-- - --——- -- 4 - — ~

a 2 © 95,2) _ AES. 4..C/2)_ wee
aR ak

-- - - = L . ‘ ‘a PO . - a

nA Netaqed-se

VAR ROR= Geet Gy @Al= Za _-
ae Dian cyiiesa Madan woah - . @.
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_ Partial Chain Diagonalizations. . . N
— - --l. In general, if-we gave a-long."chain” group integral equation, only. _ —
@ __ the rightmost group_integralneed run over the entire group manifold._
__ _ ___ The firet group integrations can be arbitrarily partial and the thing

_ . will still diagonalize. However, the projections will be correspondingly
partial: oT ~

=

fa, So).

we AG = Bag Sage BQ) CCQd OCGigi)
a —— a ee a AF atl oe

=> Awe = 2, Bins Cos Ds,w
- - wh, - a sow - -

Bans, Shdq, Dns, (g)-BCa) ne
= --- —_— Ko “pantiol” groyectin. Loe

,
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___— There_is still.some_nonuniformity in my. understanding_of these ideas

as theyr ) apply to finite matrices and as they apply to differential equations. For matrices
—— - these-concepts ‘seem trivial and need not be related oven to-operatorsy-For DE's

on the other hand, there seem to be questions of domain, invariance of certain

“——~ =" “geal products, ete otc. Want here to show that thése ideds ‘are reallytne same
- _ fo get_a uniform notion, lets be careful to define the words "hermitien" and

‘unitary" properly. We shall define these ideas only for operators in a——-—~——.— Hilbert space (4e;-with-a-scalar product}; the-matrix-notion will be-a-mere— -
by product. Here are the definitions:

i Se SRO: at
tineRSCD on EO

; tom: as\ GS _ Bat _ fe=oo —banckouy, + q we dle -&  O0=\
_ _First, lets use these definitions to get out the usual matrix statements:

Suppose we have a finite dimensional Hilbert space with an orthonormalbasis ~~
—-- given. bystates-i. Let the dimensionality ofthe space ben. In this specail _

case we get:
See So

. . L ay ee a

oe hom: Oxy=f BAY = MBaNy = Siolay a— -- ee Op ~—---.

ee -- oe a - ~

a wii: Sym GY = LS = Cosy
te:. ae He RY = eg. a

Tee Et ay ty iy at 7¥ To

- eis. dg > GAT= Slo = Ge uu _ a
-_ —~ -Nothing new-or-interesting -here. Now think of-0-as a differentialoperatrandconsider hermiticity: We must have some kind of fundtion scalar product. Work

- “iw one variable ‘simplestcase of 0 =(a/ax. Then’ So een
ee ——
wen SeMoe V@goa —

~~ ~ ~ re
ereae + Oe—OMD= MDS > Sax LOAol go = Non tia LEgel

ne rr, aa a 2

= 2mm Saat iy Meal) goa = Sau Od Was g GQ)
~ —-—__- * we 2 eee We ee

_ adouid,uy AHaedle. _ - an
~=-- --This-example shows-that—the idea-of a hermitian differential operator actually

depends on the interval of the scalar product and the nature of the funotéons

"me «Considered. You fist "wake these parts go away. In this case, you can achiéve thate cby_either:(1) letting interval be infinite. Then, if a function has fnite normon that interval, it must vanish at infinity, thus the parts vanish. (2) If you
use -«-finite interval, you can still win by making all your functions periodic -
on that interval.



Thus, I now see that the idea of hermiticity is really associated with the idea
—thet-the—parte"term vaniches. For a-more-general--second order -differential _

operator, the "parts" stuff is celled “the bilinear conjunct" of the two S$
EMCEE

- Even if this conjunctis nonvdnishing, you can still speak of the "adjoint" _of your original differential operator. Apart from the problem ofthe conjunct
- =  -not—vanishing,—this-adjoint—is—the-hermitian conjugate.—-Now,-anoperator which —is self adjoint is only hermitian by my definition of hermitian if the conjunct

~- “vanishes;30, ifthe scalar product is chosen right; or-if-your -frotioms- are ———restricted to be periodic on the interval orwhatever. _ se —So, as far as{ am converned, a differential operator is hermitian if it
Vanish by chosing your scalar product in acertain way, or by imposing a boundal_-
gt onronyour-ueesDie Functions, Tenor tet Sobnjanet™ refere to-toseour-useal notions. Renember- ‘comjunct™ refer: ose

- — heft over parte Sermse —— ~ ee ee
How we want to know if an exponentiated hermitian operator is unitary. The

-  —anEWer“is"gonmgto beyes iter is-whg? any power of a hermitian operator= ~ —_ .- —dgalsohermitian , as we prove below, If ae debe Vie SepORSEVINTSO OPT —“Via its power Series, then boom. Watch:

—---- Him = SHE= Chie + 5g - -a. <

- -- — = Otley= CHES = SAS) S55 =e ham, te __
oye Taw, A Oe ROT —

_ _dvtlugy = Ce"Ele"g> = <2ee tle sy e= Boe . - WAG ww.aa) 4H -iAN. - 2 ue 2, Sr <8 eg = Ge € yy. = G..
oe ~ it — = hry — lo ~ “ a

— Exanagia © =f wef - Lt - _
—-Thus, whether or not you have a-differential-operator, the hermiticity ofB - — --‘glways guarantees the unitarity of W exponentiated with an iy I? you Took.
—Yneidey you will see that the fact that the conjunct vanishes is sed over == ~~

_-. - —andover again to_make this work, By_the way, notice that a function must, —
‘be infinitely differentiable in order to be acted upon by any exponentiated

differential operator. In the-case -here-of-d/dx, -it-turns out that the = - —- - -
shift invariance of the scalar product is equivalent to the condition that

moo ‘the conjunct vanisly————~ —— ~ ~ -- ~ aed ~

Application: in group theory we are used to constqucting UIR's by producing aert apaceWi fermitian generators as diff ops. If we take any normal ~
_. . Salar product and adjust it in some way, we may break the hermiticity of the -

generators by causing the conjunct not to vanish; thus, we also break the

unitarity of the representation. Nevertheless, your non-unitary representation  —
which results will still have the group property.
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(6.

- Hilbert Spaces and all that. AcRacts leading upto-definitionof Hilbert Space
QD «2 He stare with o Linear wpace =vector, space, This object hus wll the usual

properties of vector addition, Also, it ie defined over either a realor =.complex field, and thus has other usual properties like distributiveness.

> -Z, THE MOST PRINTS strictureyou dah “impdse GnBicha Wines? Space Ges metric
_  ..—-4(xsy)»_This says something about the "distance" between. two vectors, but it. _

says nothing about one vector itself, except that the distance between a vector
-_______-and-itselfis zero.- This is-a-metric spacee—————— - - —-—The whole point of having a metric = notion of distance between two points

—————te-thet youcar talk Bbowt convergence of sequerites in the space. TheHOtion——
___ of convergence of vectors is defined simply in terms of convergence ofthe = _

metric d(x,,x) to zero.
_ = =the dePinition-ofatconvergent sequence" x, to xj and of a~'Cauchy-sequence!!

is clear. The usual problem with Cauchy sequences is that d(x,,x,) may get very
sna butthe-tinit point-x-maymet-ieir your-spavet “A cohvergent-seyuwnve —is always Cauchy, but Cauchy is only convergent if all‘limit pointsare in the""—“space.When this is the case, metric space is “complete in the metric".

3. Suppose you go back to your bare linear space and define the notion of longth
- -of-a vector, called-norm;-rather than notion of distance between two vectors.

You now have a normed linear space. This norm, or length concept, naturally
— ~~" GeFines 4 distance-between-two-vectorsconcept in this way? a(x,y)s_//x-y//~

- —+-—.In_other words, the distance batween two vectors_is taken as.the length af
the single difference vector. Very natural indeed. Very euclidean. If the

-——-~ —-—norm- is-chosen-right—{say-usuai-euclidean length}; then the mpace witl be
complete in the natural metric. Definition: Banach Space = normed linear

Weee(induced) metric.
“  ~34} Existence-of-a-norm-impliesthe existence of a-metricjnamely; the-natural metric.

~~~" "Wowgo ‘back once more to the bare linear space.This time, give it a scalar product,———-——-Ronghly, this is a way of multiplying two vectorsto get _ascalar. Recall_thatbare
vector space only provides for the addition of vectors. We now have a much————— higher-structure,— ©= >
First, this scalar product induces a natumal norm: //x// = SQRT(x,x) .

"—~—""“"the “sealar product” of a vector With iteelf defines a natural length, though ——
+ -....you could inprincipledefine length of x in some other way. 9 _ oeSecond, you take your naturally induced norm //x// and form from it anatural metric,—just—as-in-3-and. 3, 1-above. ere

If you choose your scalar product nicely(and your vector space of course),
. ~- “then the ‘space will -hopefully~be-comptete-in the metric that comes out at the

_ ond of the tunnel: scalar product, norm, metric. A scalar product space which
‘has the natural norm and natural metric and which is complete in this metric is

—. —— salled.a Hilbert Space. — ee ae eee

: SE



Be properties-of-a-Hilbert Space WCW hag

‘1s Notion of separability, We want ultimately to have a basis in the Hilbert oe
—Space. In order to have this, you must be able to say that,given a vector 2,you can get arbitrarily close by taking a linear combination a,s, where the

get (s;) is called a spanningset of vectors, Obviously, for this even-to—make sense, the set (s;) must be a countable set, otherwise you could not

a put ae 3m order ist33,00y% eee en eee
ow ‘A set (s;) is saidto “span” the Hilbert Space if you can get very close = _to # ty doing a,8,. In mathiatioal langulage, The set Of vectove you oan make_ - = dy doing ajs; mis be dense in the Hilbert Space.| — -Ifa Rilbert Space is "separable", thenfyoe can definitely find a countable--- ~spanning-settané- yor can-makefeense-our of-apsys We never deal with-HS*s-whici——are not separable.

a ~ “Teyour HS "is Of FiniteUitiension, then any” spanning set must be countable —~
- _- Hecause thespanningset_is of finite order_(duh). Afinite dimensionalHS is = -always separable.

2. Suppgbe we have a spanning set s; for some Hilbert Space. We canfuse this set"7
7 > “40 ght arbitrarily close to-apy elembyt of THis HS, ‘but we might\not beable ~~

-- — +9 e@t exactlyto that element for soge reason, _  _ - f- - _is is easily understood in term of the complete metric me¥tioned earlier.

Let £Q = S"a,6, » Then-if-this sequen¥e-~is -a-Gauchy-sequence, thé 2xffarmxme
distabee between two elements in the fail gets as small as you life, d(f,,fq)+-

~ —But-wh know tat this does not wecesshrily mean that the sequence) converges
a to_somp f unless the metricis complefe. wen ee = aPrAbably

Cauchy convergence is engugh to make aj; dense yp HS. Thus, 5;is. ing-set. If the induced-metfic is complete, then - o__ ____._the nice exampleis 12. Here, +4 forms a spanningset but bot abasio‘becausp you cannot exactly expand /¢/\in terms of +4. After all} any Linear- = +--+ combingtion of t® is differentiabie, put /t/-is-not/ However, /f/ is in-b*.
Koti at the basis t? is not o: formal.

3. Lete reorganize the last paragraph. The notion of a spanning set has to do with

~being-abie to get close to-a-fumction by summing aysy-up"to some large Ne But ~~
the fact that spanning set s; is a spanning set does not guarentee that you —__“—"

-~ Gari exactly agrive at your desifed vector by an infinite expansion, 4_ Hovevers Lif, you.cando infinite expansion,|then spanning set is a basifs ___Theorem: (start with any spanning set (not a basis, say). Then orthonormalize
- +  -the“spanning-vectors-using -Gnam—Schmidty hen this-orthonormai-spanning set- -

will be a basis !) Thus, you can find an infinite expansion for Vif in terns——“SEthe P(t) -—whet-Eapaidekere—ebowtat SenemteeyTT I tyre YOR Cai”|. -. Hob infinite expand /t/- in +", however, AvAsketwiy otwornmwel, _-
_—_——4.-In-the above paragraph, we-define "basis" as a spanning set which -atiows —-———-——

infnite representation of any element f of HS. Such a basis is by definition
—eomplste basis" inthe Sense Uf completeiiess Felation 1 = /e;)(o;/ “where

———. -Ltake to be orthonormal.You prove this completeness relation by applying _‘to arbitrary vector f. The coeficients ofthe infinite representaion of f are

~-—— then gust-(f/e;) = ay. 9 --——- — - - --
is idaa.of complateness in "complete basin"is nat. related to theideaof_

a complete metric, To have a Hilbert Space in the first place, the metrio

_ smust—be-completes —— _— - @



_______ Psendofunctiom distributions. —————- - —————_— ——--_____________.-

. ae simphe-exanpheis-thies— ——————-—---= —-

eo

DESMee
_ . .-The function under_the-integrand_faile-to-be- locally-imtegrable, so-1/x. is. _

_____ nok a senaihle distribution, Ie, given « testfunction,itis net.clear how
this distribution is going to give a definite number. Compare with the

singalar delta distribution where the rule is clear on what to do for

any test function: o

kad=SesGod= AQ
infact—iettiertmrtere nior tne T/xcare-locally integrable; thus nettier——
——---- is -a-classicel -distribution-in-this-senses—— ——-- ---—- = ——_+—
--—- gp Rhe problem WitWI/E is oFcoMTseWhat to do at the pole,; over, under, oF ~—
——__—— -- principte-part?—fe-can-do-anwe Like;—Stakgolt-tefines pf{ifx}-by—takimg——-—

__________the_principle pant-—So-we-take:———————-————___--___

7WD wow the ruleis complete, For any test function you will getsomething _

definite, The pole singularity alvays self-cancels in a PP integration.
Sometimes this kind of distribution is called a pseudofunction distribution

~~ “Pecause it is "almost" a classical function distribution, ae

_ ___3« Example number 2, Consider: “Yow = Mon. [oktWO ee Ty
eo

Drone CE) = a, Se ees Qedwon SC

wo ee i Se a) Satos -
oe Ry a

wes.

eCee

. —_ ae ee eeRe x

r } “This means: if you apply to a test functionandintegrate, leaving out one
—~“apoint”,then you get 0 for anytest functions
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Comment _on GreensExercise #3.

. ) The way I have done it, the two Lorents indices taken together act as a singleindex. In effect, here was my supposed Green's Equation:
a uymy Gy = Bay a(z-y)

Knowledge of this Green function was suppesed to allow solution of equations like

Dvn = £%(x)

I found that such a greens function simply does not exist. In simpler vector
notation you are trying to solve this:

Dots 1 in the same sense as uu" = whatever in Dirac.

I showed that there were no possible D's with solutions in two dimensions.

Green's Exercise $4.

It turns out that the above "exercise" was the wrong one, ic, it is not relevant

to propagators and so on. The interesting "tensor" greens equation is this:

uy aDY a = at) a(xy)

Tey you have usual matrix multiplication, The kind of equation you can solve with
knowledge of this Green function is:

uy B rar 2

e DY t= Moor mee
Again, ordinary matrix multiplication. In general, here is how you solve this
Greens equation. You go over to k-space where the equation is simply a matrix

equation: a v a
DY,0s) GY (ke) = ah,

The thing has a solution as long as detD f 0. Recall that if the matrix D is
a "projection operator" then that means it has some non-trivial "kernal" or
"pullspace", ie, a large part of the domain is mapped into 0, Obviously such
an operator cannot be 1:1 and therefore cannot be invertible. Therefore you

must find that detP,; = 0.
: A a 2

Example: Consider the operator ¢..d,a%= 4.4, In k-space this is gk — kk, «
There are several ways to tell that this operator is non-invertible. First, you
can show using trace thing or whatever that the det? = scalar. So compute this
det in frame where k = k(1,0,0,0) and you at_once filt that det=0. The other way
to know this at once is to realize that kN¥ = 0. This fact tells you that
My is a projection operator, Reason: any vector is V, = (Vek)k, + rest, +
The operator always maps the part of V, proportional to k, into nada, so M,,
is a projection operator. It follows that:

2} det Hs 0pb) Mel does not exist ( M is not one-to-one operator)

Example: However, if you shift coefficient a little so NM is no longer "conserved"@ then you can invert:

Dwl) Faulk RaQ] > Gos tela Go botySp Ro ety Qree yp EL e
: . y A

veils by Shown Osh vy Gas Ve.
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Fiber Bundles



oncept.of vector. bund) i i induced, representation theory.

@ __ _ 2, iret, roview the ideaof a vector field. For each point in sone domain 5, youdefine a vector in some vector space V. Thus, a vector field is a mapping

from § to V, so f:SeV. Notice that the vector space which you map into

"Eg “Fixed” in the sense that it is the same vector space for each element s
~~

of the domain700 ~ oO

-—_————2;-Hiowever-it-io-coneeivablethatthe -vector_space—into-which you-map_aight—-be———
____s ___a-different_vector_space_foreachs € S. Mackey gives the pictoresque example __
— __of_létting$ be the surfaceof a sphere,and V, isa two-dim vector spase__ __

defined as the plane tangent to the sphere a& s. Then you can have a mapping

f:s-$V, such that each point on the sphere is mapped into some vector in

the particular plane which is tangent at 5.”

TeTRESOF Raving ThE mappedsinte vertor space "move “witir Sis whet vector
—7— 7" ~> bundies-are-ait-abouts—To-each-s¢-S -we-can-essign-e-whole vector~space Vgs———

—___—_-_—one-usuelly-speaks--of Sas. the-base!'_and“oxer"each_sin the _base-S-there lies" .
-— ---the_uector_space

V, re¥fered to as a "fiber". This is because io_the simplex = —~- — Picture about to be drawn, Vs does indeed looklikea fiber: = |
me

j

TedasoacnVe tue owas” a Sag"— veda space Ve Sasog owns! a Fil

— —— a ease?SS
ee - Ssom se ee

-- - As youlet-s wander over S, you get a.whole bundle" of these fibers. The system
consistingof S along with all the vector spaces V,is referredto as a “vector

_

bundle"
.

~~" 4.“Supposewe have a map which takes each @ 5 into a particular vector in the
a fiber over Ss) de, in Vg- OfcourseSn our picture above,a “vector in the fiber
_ - ovér s" is représented by Just point. As you let s wander through S, you

-— get a set of such points, one point-in-each fiber. This set-of points is  —
—— -— - —-called-a-eross section" of the "fiber bundle". Ie, thiscross.section.is.a—— -

: ———map_from S$ into the
_hundle_s_set_ofall V's, towhichI have not assigned a_name.

ras boap

agSS eR om

_ - Pe MiS = Bune .lL



a. _o-

~~ "Tg"all the Vector spaces Vs‘were Teally the Sane vector spate V, thei this "cross — ~
= —-~-—sertionY would-be -valted a-vector field. So, cross section is a-generalization--— -
e_—of-the-concept- of--a-vector- field —— —---_—+-—---

__-___5x_Hosua_dosm_for_s_moment, oni one of the fibers Vq- let us equip this fiber with _.
— a (perhaps s-dependent)scalar product so that it becomes a Hilbert Space. = = _‘Perhaps the elements of the Hilbert Space V, are functions of some variable x

“belonging to some other space X. Then presumablythe scalar product of twoinant oF Vy looks like thisrGes)
-- aeeeee

8.RISSuc 880) MP

- = = = trrany~picturesThe-pointis-that-gomehowy the-sealar~product-of-two-vectors ---—____—in-the-fiber¥,-is defined sometiOw-which makes-Vy, a Hilbert-Space-Then-we.-  —
____. _ _._. .mightcal1_our_vectorbundle a "Hilbert bundle", but I have not_seen that ___
-————-—____hame_anywheresY 0 -

6. Given such a “hilbert bundle", we can ask: is there some sensible way

we cani
—

would like to form a new spacé whose elements are cross sections, and we want —— —
——_- -—— “this-apaee-to ‘become’ «-vevtor~space and’ ther aHilbert-space. Let us call-this~
———new-spacedhs:—?o-make #f-e-tinear-spacey-we-need-a-reasonabledefinition-of ———
——______-________the-addition_of-two_cross_sections,—and_multiplication_ofa cross_section_by_

—-- ——-a-scalar-This_istrivial, just do it in the obvious way, as you would for
_ a.vector field. For a scalar product, lets use: oo

AND= Saucy HOME) _
—-——- ——where_dp,(5) is_somereasonablemeasure on S, This means that the scalar mf product_
_. of two ‘cross sectionsis defined intermsofthe scalar product in all the various

fibers V,. The norm of a cross section is ofcourse defined in obvious way.
Reasonable cross sections should of course have a finite norm. v

—~ [Notice that 36 Pa¥"the Word "group"™ has not-appeareds-Itnow appemas: Just.
—— ———suppose~that~-Sis~a~homogeneous-space -under- some~group-G (-here; “homogeneous —-

~———  -space-under-Gtt_means-that-any. two-elements_ofS-are connected by..some group. __
. e ~- —____element_g3_other_terminology:"G_is_transitiveon S"_), (The usualexampleof __
_ __ @homogeneous space is the surface of a sphere under jie 0(3) rotations about

__.

the sphere's origin), — |



ae -3-

~

8. Now, suppose that, when some seSis mapped into gs €S by group element gy

6 ~  —""the Fiber over s is somehow mapped into the fiber over gs . Of course in such
"  " ““"a" iber-to-fiber mapping, all thepointson the fiber can be shuffled around,
35hare are infinitely many Such mappings given any pair or Tivers (assuming —— —
- --———threse-fiibersare~function” spaces;say }+~Thus-we~have-arritved-at—the-idea-of :
—_—_———— ~-e group-element-acting-on-a-fiber_giving-another-fiber,—Hére—is-a-_possible -

notation_for_such_a map: wee

ao - 9.—Instead-of-consiiering all such mappings _U,(g), let's restrictto_thosewhich -
_________.are_"sensible" in the sense of trassitivity (called "consistent"). By this.

we mean that if g takes fiker 1 into fiber 2, and if g' takes fiber 2 into

fiber 3, then we want (g'g) to take fiber 1 into fiber 3 in the same way.
To repeat the same statement graphically and algebraicly:

fas Nas a Ia --- — ae ae eee

2 ae He Sigal [gyNy
i ec.) E10
ee GANeg< Ree

Oe

cy Ka . = Vela’

re - WRRD, cts) = Dal9')
+ ai cen wares, “We Want @ porn im ———— Enrenaisbuanc conden |

theta fitber spo endup-at~the-same-pointin-V=7=-—no-matber-which— ——
aa way-we~transport—it,—two steps or one-stepev——_-_---- -§____-________

. 10, Remarkon Mackey: this equation appears in Mackey's 1968 book onpage 29,
but I really think little of his choice of notation (ie, x for elemtn of G,

reverse notation for group operations, etc. )v
ee

a 7 TT Sig asgune was away UGCR) sdelinah Vye Gs se Saini & oni
~"~ “Ti, Now ‘comes thé importalit quéstioAt “how shall We deine thé actionof a group
~- --- “element on a cross yeetiton ?{ This can be done~in~e-very-natural way via the

- - mapping U,(g) defined above.’ We want to start-with-an old cross section and -

= + generate-a new one A(s). Call-the old-onef(s).. Ideais.this: — —_
—---—- - es * oo —— a we ae ee ee
_

Ne ud)
<a —---(s) =ow ~ ¥@= ¥Q9=UGY@e

a 2

- 7 - any tfaepe ose oe
. - ot VOLS Ueegy

iF e_

a ee - v.
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-. 12. Lets repeat. this.idea of a_group_elerient generating

a new.cross section, __©] __—secauseIfindat confusing inherently.Lets use this picturesWo New

— ————LY

oo bee a ee
= 980 Se Ys) =ty CEONSEG)se. =s

Call Ygx the "reference fiber". Since § is a homogeneous space, we know that
. given any s@5, we can find ag such that S = gSq. Now, suppose we know the
~~"sya grogs section (3); How ao weBerierate the-new-one WUS)-7-Wett,-to get -
— the value of the cross section-W-over-s;-you-start—with-the-value-of wy-on——-——
_-- - the-feference -fiber-and-watchwhere—it—is-mapped_byUs,(g).Of coursewe. — -—
—___—-- know thatthismap takes us to_a_pointover s because thats the wax Uwas  ___1

_. _ _..-_designed’The endpointof this map is defined to be@t(s). Since youcan do __

. ‘this for all s, (for example, s' shown in the picture), you thereby mapx ) out a new cross section. Oddly enough, any other cross section passing through _
AHGN yi also be mapped into this same ¥(s), because it is only one point -
of the old cross section which is made useof,{ts value on the reférénce fiber.

—————— 135 Questionr-coutd-it-be-thatthis—'space-of-cress-sections_serves-acthe———_—
-—_.___-----_-representation-space—for—_the_representation Uy,(g)22_Atterall, we dehave_
_ __. -_. -a. sia scalar product_for thia space which we called & . and it does seem that _

.- ~ so(e)_alwaysgives a new cross section, so that& is closed under U. the
only problem is that the multiplication rule does not seem quite right:

a

a eae caine

ee US AEG) = VEC yy Se BO seattome
ee aRisege ee
a 14. Well, let us -assume-that-a-certain subset-of-G; call -it- H;-ieaves-the point,so
-- fixed, iey-hs, = s,. Clearly His a. subgroup of-G.. (identity, closure, group).

- — -- (Aside: Hneed not be invariant_subgroup. If it. is, thenH will be the
—-—. — -- "Gnvariance" groupof all s¢S , not just so) (Easy to show this). Now, if

_ _ werestrict ourselves to subgroup H, we see that Us,(h) maps the reference fiber8 onto itself. Also, the above multiplication rule is now OK:
oo

X = } x Sy 1

_ ao RECN) Wah) =-Us, (&)TeRio. |
__ Thus, we havea representation of subgroup Hy though not yet_arepof G. . __|
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-—- -- — 15.-Notice that,,,(e) is defined_for_all_g,mmnot.just_forg@H. However, for
-@ generat,this naptakes you to sone_other fiver, However, consider instead _

the map U,(g-1). You start with some gi This determines an s = goq- We see

this thing as a map from the fiber over s, to the reference fiber over sq+marn I oe hel a can Pron tn tle reeHowever, you can think of this Ugs (8 ) as being a map from G to the reference
~ " ° " ” ‘giber.7 Hermann refers to this map as f(g). Te,@: G4Vs>-4

(TD so-pint Now Tan retthy \chtnkcthe-exk
-is-to-associahe-withthis-map-\=(g=1)-a-partAcular special \pross-seetio

-- 4 Pick. somes. This-determineh_e_g-such_thak yx s = gsq-Decause Sis. —
omogeneons. Nok, U,(g7+) takes point in the\tiber over s chd transports

 _\ ____at\into the retdbence fiber. \tothe refelence fiber.

--=.- or at17. Aha! There is a difference between my U,(g™) and HermannsRG): His W(g)
~ is a specific point on the reference fiber, whereasmy U,(g-1) doesnot give .

——"--— “Seq a Specificpointon this fiber unless you let the thing act on some
— ~ Sartseutar point hr the tiver-wver-ss—Soto relate these tno vbjectss;————-

-© ————-we-have-to-get-more-speci-fierbet-f{s}-be-e-particular—cross~seetions—Then- — ——WH... _. ats, Ae(s) isa particular_point_onthe_fiber_over_sy so_we_can now.say: —
aye = w@x~ oo 7

ee Ns n(Ss My .
ee L- sr ——______.

St ag CP) gs Se GQ)
—-._-_‘This-is Herman's equation 9-1. Notice that_he just uses g@) for Uj(g je ___.
—-—. . IVS dpenteenelebing-pe-emuebionGra t—tinds—weliy—ne—needs We already knoy

. _ that Ug,(h) defines a representation of Hy mapping Vs, to itself We can
picture A%(g) as a point on the reference fiber, even though g not nec in.”

a Thus, under the Fop of Hy Ale)WY getwappedLato sone ctherpoint stil on'V,4.=
“Thaveshown thati~ ~~~ — eee as _

an TR SITIOORSS
VOMQVS LAC) | horse VER Fg) = Fgh) x

/

16, What“doesthis mean? Tt newns-that we navereartaeaence vep or SFE )
—-~ H in such-a-way~that-Vs—~4s-the-Rep-spacey-and-G-ts-the-Mespacesy———-—"--- ~~
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@~ 49, thinkwe are gettingnear the punch line of Herman's analysis. First, we
ou”inow that there is a 1-to-1correspondencebetween the space offunctions~~AF(gy and the space OF cross sections this Is becaise We Can Torm one —————
== Sprenrte otter untqusteysm - -

TQWSHaFQ) w=UE)
x

le~—Wow-the-gigia-ts-thetr4#-ve-restrict-the-opece TE-to-gust-thooe- AF wnket $$_---  — satisfy jie, to those-Af that_form the rep_space_for_the rep-of H,—— —______
____.____thenin fact_the space of cross sections $. . sith the sane restriction,

forms a Rep space for a rep of G itself. But hw deat tue ure!” _

~~~ 20, Clearly this is just what Vilenkin said. The equation (9-2) of Hermann
"gustcorrespond to thatproperty-2of Vilenkin.Lookingat Vilenkins form
"FoFCHS SCSlaF PFOUIEY AF, Lt LéskS Tike Wis Slénénts or XC; calledZ;—————
~~ > -=——-were~actuallycross sections-over-G-as-a-bases fe; Vilenkins scalar product? —~
—————isthen-exactly-the-scalar-product—of-twe-eross-seotions—threugh-this-bundle.—

Ssnn

e ee ne

: >



Ideas on Connecting the Fiber Bundle Technology to the Induced Rep Theory.

a 1. Agsume-that -G-has~subgroup-Hs— Let S be the~Maepeee~ b8S0-of-a-homogeneous:~
e -—————vector-bundie-whieh-we -shall associate -with-group-Ge Let-sg-be-the point in
________-s-whose_invariancegroup is H. Let, Ve,—he the reference fiber (it lies over
__________-8,). Since Vq,is a vector space, reallywe should refer to an element in _
an this reference fiberas a vector, for example, £ . Assumethatthe reference

fiber is a Hilbert Space , so there exists a scalar product. Moreover, assume

that the reference fiber is the carrier space (ie, rep space) of some repre-
sentation of group H. Denote the rep operators of this rep by t

U5,(h). Clearly, ~ge Operators ap te Fererence Liber inte ieselt; SOUS) SETS

——_—-—2,-Barlier-we-wrote—£—as-4p(sq)7the-value—of_some_cross—secticn-over—sy-—Thus—— -—

-———  —__ -we_should_keep_in mind that. the cross section is vector valued, although.we.._ __
____ _ ____neglected to put _a bar under 4 _ _ __
;

3. So far we only know Us,(g) wheng isin H. However,I suspect that the requirenent“that the vector bundle be homogeneous(ie, consistent)will in fact give us
Heolg) For all gin G, HotJustin H. For

exatipla; the consistency condition ~@_ TRaEFES tat Vag tB) Veal = Usp tes ar ens dose not rey eternity VsctEyy—~SE - —-———it-certainty-restricts-it-adots Perheps-arbitrary-Uz(g)-ts-determined just-———|
-—— - — - from Us{h). I have-not- yet-determined -whéther-or—not-this is-true.—Hold.- :

i. Let. us assume for now that U,(g) is known for all s in S and for all g in G.
_ Then a subset of this large set of operators forms a rep of H whose carrier

space is thereference bundle. Hete-thet-bessucs-Unta)-ie-tmownyLi we are givena
“justone vectoronjust one fiber, 48880, (g) determined uniquely anentire ~

not

cross séctioh throigh thé bundle: In particular, given ohe ‘poliit’ oh the ~~
- reference fiber, it-canfbe associated-with-one-cross-sectiontThe fact that - -

~-- — -— -—-space S-is homogeneous allows us to define this-notation:—g=s/sy-—Is -the

———--- -g s0.determined_unique? _I dont_think so. For example, so/so.ahcan.beany __ _
——- slembnt_of H! Thus, s/so really only specifies a coset of G relative toH_ -

_ and any g in that coset will be equal to s/sge

5. We interupt the line @& flow here to elaborate on this s/s, problem. Question:
consider these two left cosets of Hy g]H and gli. If these cosets are equal,

@ "doestat mearig gj = 7 7MOGI NO, it just weans that gy aT | ~
———~_ > are “botiinr the-samecosets{Obvousty-gj-isin the-coset-gjit)s In generai—thene—
_ are fewer cosets-than-group-elements. “We know that~these-cosets partition-the
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group into say N pieces,and each plecé ContairisMW élements where Wis the order 7

‘of H. Thus, the OFdér Of G mist-be MN Thus ,—order{H) = order(G)/N. Thisis the- >® “old result that the order -of «a subgroup-must-be~en-integral-divisor-of—the-orger

—_____0f-the-group—The-aumber—ofcosets,then, is equal to order(G)/order(H). This ——___—
=. includes. the "trivial"coset hich isHitselt. [the Mint of this dis#éssionis
___ Amat. if you use _agyour set _S the g&t of cosets G/y then the divisifn s,/s, has

a unique solutjén, namely, H. JA other words, of/= H in this casgé Similarly,“
F sleqis aAsefarique. Tt is rofly (G5/i) waigh is just equal ofc; where Os fo”

some coset/Z (Why? Because £4; = 8H = Billy Ao Ci/H = aH = 94 + But wait?~T7 3/8, isAupposed to be a/group elentn..-7 aa aa

——--_6,-Hie-were-worising-onthi-s-questiont—hew.exssbig--doos—a-point—on-a-fiber_determine—

—__---a-cross_sectionover-S?_1 was.going_to_answers_af(s)_» May, s/sy)f—inthe .-
case_that_fwas_onthe referencefiber, but then I noticed ae wae not

_____ _ _.__wmique. Given some s, you reallydontknow which g to put inside U. Maybe if .
you take different g's. both equal to s/s, you might get two different cross
section points over sb SSS ;

6Thave to retract this notion thats point ora Tiber miguely determines —
“wcross~sectionyvia -Ug{g}+— Suppose-the-order—ofsubroup-t-were-25+—Then;-a point

~~ ~~on-Ehfedhf’river. actually determines.25 points -on-every otherfiber-because. 5/s¢-

- = —+-has 25. solutions.foreachsa _--

_ _8. Instead, lets work with a different idea. Suppose you haveaseecross section_
____overS.Take its value over some s. Find the 25 solutions to 8/So+ For each of

- _ those 25 gi in G, define £(@) = U,(ai71)A(s). Notice that all these fs so
obtained lie on the reference fiber. Thus, for each point s in S, weobtain25

7 pointsoh thé féférence fiber. Now; repeatthis process for all s"irSv—Then, ~~
————- each point; on the-cross: section maps~into-25-points-on the~reference fibers Considred
--—- as a map from S-t0-Vggr we- have a 25-to-1-mapping.—However,—if_we-consider this.

—-- - —-—-ross section as. just. some kindoffixed, auxiliary object, then amnsdi considered _
- 8g a.map fromG to Vg, we havea 1-to-i mapping. ! [} is this map thet Hermann calls4 0€course the map is vector valued. Note: Vilenkin callsthis same map f(g).

9, So, with each cross section over thebundle,we may associate

a unique map fromx 2 G toV.5y which map'is a Grie-to-onemap. "Namely, ‘gle SU (E1) AG (SY were ~ —
“~~ ———s-Sg6os Perhtaps-oughtto-calithe-cross-section £55} —
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_—----- - 10, However,if. we are-given-a-1-to-1-map fromG.to.Vgs) that map by. itself does
___. _ —_ ngt define_a unique cross section! Kor each.g in.G, sume, we havea unique _] —___ pointon va, But, maybe 25 different g's all give the sane s, soewould _

end up trying to pin-*(s) at 25 different values. This is the same problem

we had back am in (7.). A point on the reference fiber always maps into 25

~~ ""~"Soiintson ali other fibers, so unique cross section isimpossible.~~

—————- "TTgestionis there some extra COMition we could impose or ents map ate) suck ——
———_—that-zunique-cross~section~is-determined-?—Lets-go-back-and-2ook--at-Ja-tie--——_-

--—_--_- found -that-girven-a-cross—section,-we- could_get—aunique-map.. That-map-so -
______-___-__.determined_has_a_special_propertywhich I_will_now shows Remember that consistency

required that _+ _ _

oe TefalJe
GEG)= TE Gg)- as
a a = ~~

- bit G8. Sosa.S=_GSe.Lk gat te ge gy. Gen.A no spain: (Sages) oo=! xt ats

—

—— Us(EU!)= UsCi'5 -ees
a -

tt
: - Hee ae

—————- Using tints-vonststency-condition in-this-form;-we see-thats———--—  -————
re

= st =1) i 5 =

~~

a - MEW) WS). DB VE-V09)= UVES) WO _.
alae

— ---

poo _ — FACSY@ —=) h

= a = u

—. = (URRY) = Fgn) 1 @ 2. = Ue (igs').G)
— Thus, that 1-to-1 map obtained from the - eHahh ~ .

- —-- —-— cross section. 7.actually satisfies this condition, which Hermann calls 9.2.
__________ __ Interpretation:the space whose elements are these 1-to-1 mapsactually

_ _ .. formsthecarrier space of a realization of the representation U of group H

_

in which the rep operator is a simple right shift ! Thé M-space of this

rep is simply the group G. Keep in mind, however, that the map 4 i8 vector
~~

valued, so Usfit) can shurfie the vector components ag well “as do the shift. ~

— - 12. -We-could-convert-thts-rep-to-a-scatarrep @ta Vilenkin page 28. Recali-there—
- “SE ... ~ —-the-idea-that-any-irreducible-rep ofa. group H-can-be-realized-as_a-shift rep.
——~—- - --~ acting on-scaker functions.-—By staying with-vector functions;-we-bave realized

- “the rep-U, whether-or-not it is irreducible. -—~ Soeeee |
}
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13. Now lets goback to the questionof tryingto determinea unique cross section@ “trom the map 4 Perhaps if the mapA obeys the condition 9.2(a restrictiona
in the map 7), maybe then we can find @ unique Af. I'IT bet ahead of time that” ~

— “the restriction 9.2 1s exactly what yOu Weed TO WERE those 25 Values Of the ————
— Coss Settion all-the-same-valuerOk; consider r=
i

---———-4@sd= 16, @) FQ)
eeMis) 5 26.6.) & Ge) subsea 95a =gytoe Ss
-—— —— —~~Our worry_was_that_we_might_be pinning. this cross section at 25 different values.
-______. ___-at_the_one_point_s.Here are two ofthose values; I want to show that they

—_______ _. -2ye in fact the sane so there is no problem, Notice that the fact that both
___.. 81 and 2 maP 89 into s means that these g's are in the same left coset of

f He =

a

--— -- — SLE. 950g Sights se fags seme hi. an
— ee Sg tgihe—gueMgel
_.. . -. ~ Now. lets compare the two things we want to show are equal: 4

pn

Usd Xa) =? UG) Fe) —
i ee s a

Wad VECVR)=VQ)MGW)= VEG,LUE) FQ] by U2
——— - —.- - 2 02.) V5.0) B Cg} — ——a 7
CyVE Gr = Uslg VG)Vo
erUa“Coney “WHEN, WHEE POWEGES the aay A wa I.“we Can BeteMnique
————~ -—=_ ~eross section from Af by-the-ruterry{s) -= Uggla} Ete) Of course the-cross—-— -
— - section so-obtained-is-the same-one- you-started with to get-the.-mapA¥: -—.. -

—-  --- FM= FQVEUGYYS = UG)U.N).
wae a aUso(4) HO) =HQ) — neeaer Ueo(eve 4 Asp)
we eee 2 ee wee aneAE

a HLH = Use6g) HG) = Us0(9) Us.G')¥G)..

ce nee BRN AE ECA - a - oe.oo , 2 UNG) = YOLEaotude Us(a)ed Ws bo.
QCTheberore; we sinariy” artive at the results ue ser oF maps AF: G 3'V., whieh
- =~ sutisfy “conittton-9-2--ts-tsonorphic_to-the~set-of-cross—secttons-om-the-piindie:~



. ‘The induced representation.

-1e-So far, we have succeeded. in 'realising'-our. representation-of the subgroup #6 _-. —-— ~as-shift operators_on_a carrier space_whake_elements_afethe functions (gy
e M-space. Namell

=

Be eeERG)= MCG) = (3)DyesGyS)

Ce UO
rr

ee (ee LOO Fa\= V(gk)
oe + ==> How-dorwer know that it) tsa rep?—“The mult -rute ts-Ok-revause itis a -shites — —]
——____--——The-closure~requirement—isOk -because-this-equation-is—condition-9z2)—tht
—___- obviously _the functions Af eebssép_satisfy.9.2.1e,L(h)isa rep_because_we—. |
___. assumeit is a rep. Just for fun, to show closure: assume that © satisfies 2.2,
=~ show that H does atsos
ee

ee = = ——

TS al

LW (8) = LO) (gh = cw) = Lakh) =
Qe BG) odveaathiada,S ___ a

ae Z, Now defing Hew shift~operator-T(gy) acting onthe-same-spaceor “functions =~
= = -- satisfying 9.2, I claim that this new shift-operator-defines-arepresentation

-- of the entire group G,. with the same carrier space as the-rep L-of_group H:of theenteregroup Ge
Sy

— . Ta)*ay=BGiq) F PQ)
- a _ SP NN SUN TT AN rata) Ti pay

-— Qosme: LCR) SQ) = LOD Fig) =, LAVA ESig) =F STA)x

Se ee = ¥ CH tga) = Fahd). Lown
-  -- - Again; the-mult- rule-is trivialbecause~it-is-a-shift;-Closure-is proved above.

eo -—— Notice-thatthe rep-L(h)-of His-a-right shift-whereas-this-new rep-T of ¢— - —
____isa left, shift. The new rep Tis the xepresentatdonof G induced by the rep_____|
—.. 1 of H. Itscarrierspace is the set. of 9.2-satistying 1-to-1-pappings, which

~ Setds isomorphic to the set of cross sections on-a-cergain vector-bundle. —-
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6“3. Now, exactly how do we characterize this "vector bundle" whose cross sections
Form the carrier space for the induced representation? First, the base S of

thepindle Hust be ChOSeH GS & Homogeneous Space SUCH that 55 has invariance
---———— grap ~In-other “words;~to-say-that-S-ts -homogeneous~impiies~that-actiton-of—
———. -————&- en: S- is-somehow-definedy—ie-want-a-Yeonsistent' homogeneous-vector-bundle, --
__________ and-this-means thatthe -action.of G ona fiber_is somehow defined. In fact,

think I ean shon that the entire "fiber operator" U,(g) is completely _

defined by the smaller set of operators Us,(h) which transform the reference _
_______ fiber into itself. Ie,bythe representation of H you start with.

"Now we Know that it is always possible to choose S specifically to be the space
OE LettcosetsU/HeTherefore,given U and Wand the rép Lor H, the entire————
vectorponte is“completelykex determined: Thus; ~the-space-of cross-sections —
—_—_——-is-determinedy The space of 9.2-type functions-is-else-determinedy—Finallyy———

-___________theinduced representation is determined. =

i 5. Notice, bythe way, thatthe induced rep operator T(g) is not equalto U.(g)
x } because U.(g) takes an element in the reference fiber and maps it into the _

fiber over sj thus, U,(g) could not give Me e;) when acting on¥(e,)- On~~
the other hand, the rep(h)was equal toU,.(h-t). ~~ 7

Carr ne express the operator T (g)-in-terms-of the fiberbundte-operators-U={g}-?#——
—___—___—1£-s0,then-we-ean-see-exactly-how-Ttakes. one. cross-sedtion-and-gives-another.  -

--—- -— After playing you can show thats 2 4)-- ~

PRT aH). =WG). Feo oe
sx3See Ai vO eS——Dviccomsa Joon:en GA ee -. -

ar oT war 7 BT ot oo a -
2 Fay 8a) = ¥Qa).= ¥@) Se
a eee ee

—_=.nen, a €:)) = 2)_¥(s2)J= -- ~-
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— 7. Lets reformulate this ideaagain:” See —_

[ ~~ TO ey)+ - oe ee ae ft)
Vs.(a,) 10g) Us(wv =¥(9 ee ee _= 7k mt

wee

Ave TR:

.3S s

— = et a

oa: TAINS) = 8 = (gs)
~~” other words, start with an old cross section fz The value of the new cross
a

section above s is equal to the old cross section above point gs. It's as simple
—

‘as that. The reason it is som simpleis that the"stricture" is all built into ~~re rier pundit or witet cross-section are tet tets—£-

- 8. Lets. recap:.—the-operators.1(g) acts .on. the_space_of-cross_sections-in-the_bundle.—
Infacts, the_operatorTg) is merely a shift operator: on this spaces These~

__._ operators T(g) form a representation of the group G. The Carrier Space ofthis _
__ simple shift rep is the space of cross sections on the bundle. The M-space

is the space S. However, this bundle is not any old bundle and S is not any[ ) old space. S ux is the spaceof Beft cosets G/H of G relative to some subgroup
— “the bundle over Sis the particila® bundle such ti)thatUs (i) formsa ~~ ~

particular representatdonof-HiThen the rep T isthe rep "induced" bythe- =”
———-—— —rep-ot-t ——. - —____--_--___--—_--- - .

—---+ - 9-Finally,.acommentabout scalar products. Compares

s =

WOl= 9 OO. ke}.
ee Bar, ~ Fyadanpratctin Vn == y

~ AYO = Sane CROLOOEI
eenS eeee
oe - . F@&@)e =OLA) O,UGE),
eee cee 8 Ee (KOKO)

-----  - —-T-bet-these-scalar. products are. equal..‘The homogeneity of the. fiber bundle.
_~ ~- .--  sauses the scalar product at s to-be defined by the scalar product at sg: __

® 10, Conclusions the bundle defined by a particularswiftling of ihe veference fiber
provides a space whose cross sections "carry" the induced rep. ~

7

7

. a |



Mackey on Induced Representations.

- 1. Lets start reading on page19. Start right off with agroupG and an M-space{ } he calls S, measure yu. Pick some s@ S. Then we presume there is some defined
action of G on § so that gstracesout anorbit in S as g moves through G._—Serhaps there is some point 6, and @ subgroup H such that hs, = 8, for all h

———"—"tni then you might say that in the space S, the points, acts as aw origin =~
— —-yatN-vespect™fo Hy and then gs-would-map-out-a~sphere-through-s;centered-at— - --
————-——-sgy-egain-as-g runs-through-G--Maybe-the-origina—shoould-stay-put forall. —. ~
oe 2 For example, the physical spheres in K? under @ = S0(3) are spheres
___ -_ _____-or_orbits_in this math sense. Thepropertyof a homogeneous space is that the
_ whole space is just onefat orbit. Itcanallbe gotten to be group transforn~

ations.

—————27-tssume-we~have-ahomogeneous~space~-with-an-origin-sg-For-each- g-in-Gywe —- -|

———-. ———ean-examine-geye-s,some-other_pointin.S.There is_a-map with takes each_g———
____________and_tells_youwhere that gis going to take so, call this map (g).In general,_

___there_canbe more than one element g which takes sq to some s, so need not
_____be1to-l. Define Kg, to be the subgroup of G such that kso-5q Now lets ask:

|

when do g, and gp both take s, into the same 5? You can easily show that the@
 itiswerGs: when g, andgy both Lie In the sane Fighty coset of subsroup Kj.>J
~~"$9, if you want to redo this mapping WY to make it 1-0-1, you can use the —
—— set of right cosets ss the domain, instead of the-group-itselfs~Then-each  -

—__——-—right-coset-gets-mapped-into-an-s-=-gsy-where-g-is-any-element-ofthat-_right——— -
________coset.-_Clearly,then,the_point_is that this function 4 was constant on tks the _
————. right cosetsofG. The set of such cosets is usually called:(G/Ksoe

Loe __ . _Brgoy since the set G/K is 1-to-1 with S, we might as well use
G/K instead of S. This is the now-familiar notion that any homogeneous space _—|— 7

§ under G can be thought of asthe space of rightcosetsG/ks, whereKy) ~~
~ is ‘the ‘isymmetry subgroup" of point s5. For examplé, the’ point 55 in S becomes”

eeportTi G/Ky fey the trivial ‘cosets—The-actton-of-G-on“Sin the -
—-- ~~ ~yrealization-where S is G/K-is given very -easily:—H-Kgy-is-some-right-coset,

—-- then- stop. -Use-left-cosets-to compensate Mackeys. notation. If gjK issome.. _
_ left coset,. then g(g)K) = (gg1)K, which clearly is another left coset.

- - By the way, in going from$ to G/K, you have to somehowconvert _
_ ____your measure uinto a measure defined on the left coset space. It seems to ne

that if you are later going to deal only with functions which are conbbant over“@ cosets,ou can just use the group Hacr measure Gtself...F
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3. Weare now in the middle of page 22. Let @be the set of complex valued
m functions fwhichare constant, on.the Wb S888 Sheeran Ke, and which. a

have a finite square norm (defined by integrating over S=G/k with measure

dts) Te, we have a scalar product.(By the way, if the measure is invariant
a inthe senseof left shift, you can show that... oops, tooearly)OK, —given the space @ equipped with inner product, then you can use that space” ~~as the Fep space Tor this repr —(U(E)t) (ei) = F(eeq)< Keep I mild ‘thal —————
| = —"o-the-“M=space"ts-realiy-¢/i-aithough-it—looksiike-¢-heresNow; tf-your-measure——
—-——-_ -.~ --ig-eft~invariant,~easy-to-show-that-this-representatien-ts—"unitery"-in-the- -—- --
—------ - — --sense_that_the_xaxioxmennppm_of_a function in. the_-space Fis not-changed —-- --
a under the application of the rep operator U. Of course ifyou define a a

_ -hermitian conjugate operator Ut then unitary translates into U'U= 1) as _—
usual.

4. So why gothroughall this bother?We take a group and asubgroupKj we define
"~~_—s @ hoviogeniéous WFspace G/Ks We dering a Hep Space OF functionson this Wospace ~*~
——————»f-fintte norm: Then-this-altows-us-to define-a-unitary-representation “of-¢——-

: — as-a shift-operater-acting-on-functéen-in-the-rep-spacey—So-what}}-——_______—
5+ The reason, according to Mackey,is that a slight modificationof the above ___

_____ construction yields the fanous inducing ttethod. Before we had a condtion] =.
which said: functions in © are constant on left cosets, ie, f(kg) = f(g):

for all k in Kg. Now we are going to assume that wealready have some~~
"representationof the subgroup Kj, which wé call L(k). The Rep space of thisne

“yep is called K(L)s Now derine anew Version “of the-space@ to-contaiag ~
~—— —— ~- functions which, though -stili-defined on~the-space-of-left-cosets G/K, now—~~ - ~

take-their values inthe Hilbert-Space 4{,. Since.}{-is a vector-space,. these -
_ - new, functions{ are vector-valued functions. Now, we replace condition1 with_
_. —. ... 8.condition1', Instead of having f be constanton the coset, we allow itto take digferent values as its argument ranges over a given coset. What values

~ shall we give f(kg) as k ranges over K ?Answer: L(k)f(g).le, we letour
given representation describe those Values. Next, we wishto replace the ~
condition20say that fchas a“finite Torii. We define a new norm as Gf page

“———-- - = =-2h,-a norm-constructed- om top-of-the-$é-norms ——— =§————- --—-
- -  -Newy-having-defined-our new- space €by-these ~conditions, we-define- —
—@ -  —..a.new-repfor the whole_group Gin-this wey U(g;L) f(g) = t(gg,). This rep ~ =
__ = depends popanetricallyon because Lplays.a key role .in defining the rep-space &..

a . . Moreover, the measure invariance guarantees that, U also ig_a unitary rep! _ |
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~—- - 6. Comment onM-spaces: ~Going back-tu-our-vrigingl “vondisitons tf ani-2;-we ~ ——~—

a -- restricted to functions f-constant-over-cosetsy--This- meant-esseantaitiy-that- ———

. 2 -—-- the-M-space-was-really. G/K,-not-G-itself.—With.our- new conditions and the
__________induced_xep,the vector-valued elements £ are definitely nat _constant—ont

___sosetsG/k, so I wouldsay that the N-space of the induced rep was in fact _ __
the group Ge oe

a “7. Mackey goes on to describe how you can induce azepU on @from a rep Lon
—————sapgroupW without Having to deal with any,measure. This is a pleasant little
———---~_ ‘digresston-into-measure theory; -wittelT Uf course ROW HOLRINg abouts First;
/——~ -—~~—-~we~assume~that—our-space-6-ie~e~'Borel-Space" + This-is-a-statement-about————
—_______________the_measureabilityof the space Sand I think it amounts to-saying Hausdorf———
—__ --___ separable_plus locally compact.This means that there will exist a pasitive___|

______number associated with every subset of S called the "measure"and denoted~~"

(E). Fine. Now, given some measure Yu» you can concoct another measure _—

Poy antegrating jay over your set E with some positive weight function @.
Ts Radon-Nikodym Theorem: If two arbitrary measures of space S equal gx zero

———onr- te “sane subsets" ofS} then ttrese—tHo Measures “are COMECTET bY
Wo orvose tinction gant theretove-dn soos conse the neseures are- equivalent~—-———]

ie,.in the same_elass.—Noticethat"set of-measure-zero" suddenly springs -— |

_to life andmeans something!! a —

8. For example, suppose we have a setE in S and a measure j4(E). We can let
some g in G act on E. Hence, define a new measure SP e(2) = lez). If __
these measures are equivalent for all g in G, then this measure is called

a ‘“ojiesi-invariant™. OK, the point here is that-U/d always has such a quasi- ~
-- invariant measure, -even if it-has-ne "invariant"-measures-Then-youtan—~ —

_ - -execute the inducing program_based-on_this—broad-notdon-of-quasi invariant -
— « . -—measure. Moving from.one_measure to_another_within the class merely generates-
_ equivalentrepresentations U under inducement. a

9. Observation: if you let H = identity subgroup, and L = trivial rep of same,
se ~ then”condition 1 says nothing, condition 2' boils down tocondition 2, and

- ~~ "thexp induced rep Uasfined on the M-space G itself? Is just the regular rep.

. ee a .



6 - > -10."Now lets flash~back-to-page-iy5 in section 1.1-—Although -the-measure\—- WH __--~ is detined-on sets-in. the-M-space-S, invariance ofthis.measure means_____.
thet u,(gE) « (8), for all gin some group G. The set Bis not in so
an I.dont_think you would call thisa Haar measure. Nevertheless, this is the
oe kind ofmeasure that you need to define scalar product of two functions

defined on the M-space S.Now, suppose you have group G, spaceS, andan~"
" “Gnvariant measure y(@y Define a Hilbert Space of functions on S by the

———“covicusYnorm. Elements of this Hilbert space are r(s). then, you can————"""_Safine aa Operator U-which ets on theHplbert-space“}C-and-whtetis-completety—
~—— > —-——gefinedir this-wayr—teft-shitty—Because -this-has-the- group-mult~propertyy——
—_—_____——this-operator-defined-on-G-andH,_is, by definition, a _representation_o!
-.- —---group.G. Theinvarianceof the measure on § implies that these operators
— —-—are_unitary, so this is a unitaryrepresentation. a.

11. We are now at the first indentation, page 27. ~=~=~=~SOSOSC<S PS

oe OT AO _——_

-@ wee eee — ———- - ———-
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~ = Commentson Induced Representations. — -- ---- —-—-- ---. ---

a J _ 1. Recall that the Hilbert space&, which isthe "representation space" ofthe

induced representation, is defined by two properties ( to be redescribed in

a few sentences below). Usually, when you have a representation space for a

"rep, the elements of that Rep Space arefunctions.The range of thevariable(s) ~

“SytheTHHCELONS15G Uifferentspace, Wsually called W byVilenkin, Vilenkin
————————ever-gives-this~space-M-a-names Mackey-refers-to-M-as~"a-G-space"s~This-is— --——
—____—-- -_the-spaee-you-usually-want—to-be-_homogeneous,—which-is_to-say,-you-want  —-—— —

- — — —.-to_be transitive_on M., Maybe Mis the "carrier space" ofthe.representation?2?.__. ._

_ For now, lets call it the M-spaces _ —

2. Now, when you talk about induced reps, you start off with some known repof

"a subgroup called H. The rep space of this known rep is called M. In turn,
== =

surg pep Space "Wl is defined on some W-space, say therealline. You Teedts  ~
a ~~ latowabuut “tits -M=spave inorder“to-aetuatly-cateulubethe seular-produet: ~ -*-~~

~~ ~~ — —~~-—of-two-funcbions-in-G,—but-formaly-

we can-ignoré-the-M-space and: write the~~~. ——- scalar_product—as_(£,g).———— $e

6 __3s Now, the "induced" rep is usually called T. what is the rep space of T, and __
What is the M-space of T? The Rep space of T is called@. The M-space of T

happens to be G itself!!! We want Rto be a Hilbert space, so it must have
@ scalar product. This scalar product is defined in a special way,so that in

————srfectthe scalar product of & is "built on topof” the scalar product oF 4.
NRA

-- oe CBee 2 Sox 2) 4 (x).Ray _.
- Oy apyet Fig,agCEDs * SateZ (RG, 8@)y— |

we ee ee ee a ~

oe Saag 2S ax [RG Blas) a
: Thus we See thatin fat the elementsof the Rép apacé fy Sre“colums of ;

- functions defined botir onthe M-space-of{and onthe Meepave of AG; which ~~
--- we just noted was G itself —- —-~ -- - —-- --—-—---

- - . —.— So,.tthe first. property.whichserves to define-,-is-that-the-clements of

| A.musthave finite norm, where thenorm ia of course.defined by the scalar -product shown above.



oad ~a2-

—" ~~"So the first property definingQJ 4s that the élenents of Rr must have finite ~~
= - + Senor, “gertidinly”a reasonable requirement: The second: property- required of

— oo fy-te tiat-&-mst-be-a-Representation-Spacefor
the-rep-Q of-subgroup-——-—_-——_________defined-by_right-shift.—Note-that_this is not the original rep space WH. _

-—-—----—. We-have-herea_repof H_with Mespace equal to G, not Xs Tey 0

TTpeatny $e)= Blgk) property 28 7
trotter-words;-ve-ure“assuming-that~the-space#5 ts-chosed-under—the-action-of ——
—___———+this-rep-@-of-the-subgroup-H. -Rememberthe-first-step-in-gettang-an-induced——_—

_________..rep-is to. start_with_a_lmown_rep_ofH. Well, here we have that known rep, |
except here it is defined on J, instead of YH.

_ Notice thatingeneral the requirement that L, be a rep space of Q is a
severe rettriction on the possible elements {(g) of QL. any old colum of

a

" «functions defined on G ( and on X) will not do. That is, if you pull out of
theair a column of functionswhich has finite [-norm, probablythat colum ~~erfictions will fot be an elenent-or £, because the above property=2 will in
“——-——~ —  -general“not' be“satisfied;-everrthroug property=t-is-satisfiets———— ---  ——

Og. theorem: not-only is 2 asdefined _above.a Rep space for rep Qof H, itis
. also a Rep space for a rep T of all of Gdefined by leftshift!!!_ -- .

EIRRS

_____ ___In order_to_prove_this theorem, you-merely have to show.that. is closed_under
a the_achion_ofall T(g') for g'€ G, and you have to show theusual "group_

multiplication property". Of course thislatter isalways true for a shift.
The closure of £, under all T(g') can be shown trivially from the closure of.
aL under Q(h). Ie, you want to show that f(g) # g(G3g) isan element of L-

~~

Well, £'satisfies property-i due to the shift invarianceof the Haar measure.
— —— - It satisfies property-2 because you just show it (see-other sieets)-——— - --

— - -- 6, First-Significance: the first significance-of the inducing. construction" is thet
os _— -given a rep. of H, you can.construct a repofG@ -___ wee ee

7. Example: let H be the identity subgroup of G, and let Q be the trivaal rep of Ice
z ) ‘This means that property-2 is an identity and does not restrict { in any way.
~~" “tus, the Rep space of the induced rep Tis any finite-Yporm colum of ~
ae ~ gunctioHs6n Gs This répis of course’ called~:the “regular-rep"-of-Ge —
cia - Te, the rep where the M-space is chosen as_G itself. ae
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Fredholm Theory



. fa 1, This idea is mentioned by Schid and Sorensen: I must-have known this énce but.
v forgot about it. .

.

2. Suppose you have this equation to solve:

—|A= K+ KPA 3% FD Ale KP)= & = A=_K(I- KP)

To illusttate the idea, assume P is just a number. ~
~

3. The main idea is this: if H is a matrix and /i) is a basis of eigenvectors of
that symmetric or hermitian matrix, then it is easy to compute any f(H) acting on
a basis vector, de:

HOd=Ndd = Pa) ad= Fal, —

So lets now consider this equation:
t

= \ -S\_TAvs gigtA = A (tea
=> Alse-V= TR) ;

. | . :

@ > A= ow Live ¥l ,
Be VSS ALND Mee So,

‘
-

© SAAD = Aw = ZAM a\ALD Pall

. , = Gp) <A My] AL. [WOSL1.
- TB :

, 2 PINT NM. Ly
T-pBr-y\ . -- -- |

So, in-this case the eigenvalues -of -the- "potential -matrix" tell you the trajectory shift

~— = fAw= wa MW KAaIH. |
- - [ve e~] 4.

” “Here BETA is some fixed input trajectory. _ 7 i . ° .



Comments .on Fredholm Theory... eo...

é 1. The basic Rredholm Equation is this: _ oo . .
OO= 8) + Sav 8G) K&Lx) . Lo.

Here I have reversed the order of the kernel from its usual sense. Suppose we
*  nbWTAntrcduee “a dumy variable x" to get: es

RAD = SBD + Vad EHV KGL) - .

‘This ds the usual way I encounter\these equations. Sometimes f and K are closely
related. Ihave also been using this notation for the same équatitr ~=

RD = WR + BZ gar Ka) -
2. Now, in certain cases the kernel is separable or factorizeable. I have ‘considered
thig possiblity elsewhere. Here, I will not assume anything of the kind. The
solution to this equation is: -

b= he &K [ise ronbian seamat +

at ~ wt 'e= fF G-Ky = AWN N= li-kth + W

e \v-«) - -
So, you can solve this thing. In the continuum sense, you will need to compute the -

7 Fredholm Determinant /1-K/“and the Fredholm First Minor N, which I give elsewhere.
If K is small, you might want to use. the -ledding terms (trace approximation). But
if K is factorizeable, then you would do better to use the other techniques for

. handling Ehis equation in that case, technique which is mich simpler.

3. The special cases I have been running into of this equation have:

g6\> AG) S033 K0.3) Ks) = PR) K(,9)
cya iv

]

so AGA = KO) + LAG L) KOS) "q
v\ wo ana) A= ®Q~ PK) ” Class2Ie, here is still the general Fredholm solution.

1. One way to approximate thesolution to such an equation is to sotghow reduce

the problem from a continuum problem to a lattic problem. This is whd} the computer
would do. Then you can solve things in the finite matrix sense.

I would like to make up a mame for thies: then a theorem
. Theorem: even when your kernel is non-separable, you can formally solve the integral
@ equation in The Fredholm Sense. You can approximate the solution ih Ehe Fredholm

Lattice Sense.
. . ;

Trand i% harmia Quirky apanoide, your con snack save Qu indenagus UrdkD) oman Sechwauee Carr slerdvwoua).



sat

The Theory of Solving Integral Equations with Factorizeable Kernels, |

~

1, Actually, we shall assume separable kerenels, then the limit of a simple ~
- @& factorizeable kernel will be taken. The implication here--is thet the inhomo

term is the thing that is separable, and this same term appears as part, though
not all, of the true kernel, ie, the thing-under the integral other than the .
function you are solving for: So here is- our prototype equations: 7

— AQ = 6ALAG2) PC) KG) 2 oe ee ot.
2

Actually, the thing I call K is not the true kernel, PK is. Ichoose the above form__
because it conforms to my needs of the moment. The 2-sum is written as an integral

~ since-a) thats what it is in part, could also include discrete sums; b) I want-te
keep that "integral equation sum" separate from the “separabie kernel sum¥ which +
I am about to introduce.

2, Let, us now assume that, the kernel is separable in this sense:

KO = 42. LG) M: RQ) (2)
The letters are supposed to mean: left, middle, and right. The object M; does
not depend on 1 or 2,-and could have been included into one of the-sides.” I find
it convenient to explicitly allow for such a "middle" object, since in most
applications there is such a middle object.

a this kernel is substitued in both places in the equationin P 1 above:

rod = FLL) +Jaoar eo} mn o.
We find that we have completely exposed the-dependence of A(1,3)- on variables 3.
So let's define a new "left" type object script L. Then we have shown that:

AQ ZLOMm RO i)

. wren LQ) = LO QAGAPAL)_ 6
Now insert (4) into (5) to find that: -

LOY =U + ZAM { S R@ POs@) (6)
4. Now, notice that ingide the curly bracket, R i8 ‘on’thé Ieft, and L on the Fighit. |
This happended because this is the way things were pulled apart. Define thé.

bracket to be a matrix Xj, element. Also, upgrade the two L's and M to diagonal
ymriees for ease of manipulation. Then (6) is this matrix equation:

tthe

eo: Xe = PY@POQLE) - Q)
. LaL~ LK (8)
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5. Correct a mistatement: we want to convert equation (6) to a matrix equation.77 othe monent, the L's” form Z Vector. We should interpret this vector as, sayy
the first. row. of a matrix, .so that Ly = Ly; where now Lise mbtrix, This ise ‘the proper way to convert’a vector td a matrix. However, thé object Mis a
linking thing, afd we'warlt to“imagine it as adiagonal matrix-as mentioned
before. With this. in mind, we write (8) as: 8

- Seek eX Mame

b= Ls LMK a

- 6, Tie Solution of this ‘matrix equativw is not too hard tu find:

- at Papo ets)£= LG ww = LOX

Zo msly (OS Ra eel wheNi aa Dak We aorly Moye Be _
5 3

7..Now, put this solution back into (4) to get the solution to this integral
equation. Rewrite (4) as:

Abd= Se Hi) My RVG = SE KAM RE)
. an

~ 5 sh ah . -e eB ANSIRA)mY

es :

. 22 ZGOY OXY RE) _-
y :

So, my only use of matrix notation really was to solve for ‘script L. Could have
used a reverse Vector notation. However, matrixigation of M is very useful.

8. The solution to our integrel equation may now be written in this way: aa
AWA = ZL LO) Cy RO Ae

a =r
\wex\ a -

where / / indicatesthe determinant of the nxn matrix , and “where”

Cy = Le OO) Ma = Shu = Jw

- yy = YR) Pe) L;@)
For completeness, 1 copy here the original equation and the separable Kernel Tort

9 ACK = BOD + QAGAPA | LL yr
~ bk

- EKO = ZL MH Re) Y
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9. Now we take the limit where there is only one term in the kernel, ie, a ~ .
factorizeable kernel: Then, the objects R,L,M,X are just numbers. We find: -

e factorizeable case: ~
|AAAS eee _- ee : -

© AGA) = KG) + LAG2)PR)KR) . .
; 2 KGB =. LGVmw RO)

=>. AGM = —__ KGS)
. - oS [L- MS R@P@LEY | -
In‘the fact. case, the solution as equal to some number times-the kernel.
10. To make sure this result-is right (since I am using it to check-the general
result) lets do this directly. We’ find:

AGA= LOY MRE + DAG AYP) LG) ARO)

= [GY «DA G2) PLES] MAO) -

r) = £0) 4 «G),
wh LOY COVSBME)

= SMX PQ) = LYAe ax)

> AGE LOHR) ZMK) = KC,3) JC mx),

"11. Comment: In my applications, the gbject Xj, @s defined above turns out tobe a synnetric matiix. Since M afd Wate aldo symmetric matrivés,the cofactor ~~matrix C,, would (in this case) also be symmetric. As noted elsewhere,. this

has the thplication that (if X is symmetric) the matrix C;j factorizes at
a place where the determinant has a Simple pmkex Zéro. ~

Let us imagine that Xand M both depend on some parameterp p, andthat the

determinant has a simple zero at p= po. Assume also that X is symmetric. Then
of course A(1,3) is also a function of p. A(1,3) is going te have a simple pole
at p= po- The residue of that pole is going to factérize! We have: - .

\
- 7

\A=xl = COR) (R02) aor pate -

expe 2 ua\& 2 rare@: AG, \ =|) BULG)\Se 1} a RE ley
4 st rr) ey ees,

Cert) /

t
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-he QAR andugis
12. Restate last result. If the kernel is separable, X is symmetric, and the -

— det has a simple zéFo at p= Pos then near the pole A(I;3)"has“the Torip_ =~

. a oe ee
es <C>) Ns OEAO mm

~ - - Pak) -

how mr They a) te - .
CO = ered carn) Li = RO)

<1 - -ound \Max\ ce 2G) Corte) ; -

~\ ~ —mG =, A (Ke - . .

Here, the betas are just numbers. Eventhough we are very close to. p=poy we
still cannot trivially compute the resique factors because we still have toperform the iriversion of the matrix (wr? - X), te, we have to know the diagonal
elements of the cofactor-matrix. Perhaps there is some trick to computing the
diagonal elements of the inverse of a symmetric matrix, but I dont know of any

trick to do this, just brite force computer. ~ - -t 13. If we take the factorizeable limit of the above result, we get Cig = 1 and:

k - tees . -

RO= LO/VAT FL UMAR.
14. Even in the simplest case, however, in order to locate any poles you have to
be able to‘do the’ integral whictis called xX. ~s

- - . |
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L Extension of Theory to Include _e Double-Separable Kernels _ a -

7 1. Let us reconsider tht same integral equation, but in the tase where thé matrix

e called Mis _not_diagonal. Te, the kernel has this form: _ en -
: - yee

.. KGa=ZO My RO. 2 8 --@) = -Ge

Finally, lets get this into useful matrix form. ‘We went Ly to ‘be visualize
_ . Land script-L ag horizontal vectors (x,x,x,-..), whereas R is a vertical vector.

Then the object above is just a number and there is no need to show sums. Now

here are some-of the previous equations: - - - aan
€ > seo eee

KO). = LOY MRR) .

A G8) = LLG) +P AGD PALE] M RG)_
- < 5. . ae -

= £0." RO > <
Do ee < % = DR) PO) Le) -

LL + SAG) LE)
-— < < Ss <

- &et+ Lax PAC ae
"

s TF AN Layr) f= T wx! ; .
Thaw SA we se

.AGa= TOMS: RE |.

In other words, everything I did before is still valid. Its just that M is no longer
a diagonal matrix. Note“that ‘the problem is not at ull ‘complicated by this fact.
The problem of .computing the determinant is just as hard as before. .The factorizéable

limit of course is the same. The pole analysis is the same. Note that it appears
that M should be a non-singular matrix! Ie, you expect that) /M/-# 0. - -

~

2. State results here: 7 _

- AQ) = KG) + SP AGA PCE) KG) basypeumeatoge
_m =

KG) = By Gay My R@) Ll.
.

*

=

= AGA= ZL.Cy GE) Lex |.

UMaAL » xy - .e Ay Lats

Ky = YREVPYLE). . |z =

4
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Alternative Form 6f the Generel Solution. 1

. 1. I wrote the solution in the way I did because

I wanted the matrix in questionry bo be symmetric if X arid Wyere both symmetric. Since the product of two symmetric
b matrices is not-symmetric, the. present .form. I.am.about. to give. is not as nice

because you dont get explicitly factorizeable poles. Of course you know that
- “the poles will still factorizé, But AGt go ‘clear in this notation. ~~ ~ -

2. On the other hand, this notation will be useful in the case that Mor X or~
both are smmehow "small", becdus® then’ you cil use the expansion theorems which

- we are used to in Fredholmtheory. Sos =. .

[awe = Fe LO) LAOHy Mae@ JEM\ ,

3. Usually, the combination,MK is called K in Fredholm theory. For the numerator,well I will make. a new sheet for this right ‘now:

N= a LQ) CMe) Mya Be (2)
4. Suppose the matrix MK is factorizeable. Ie, suppse that: -

- GMMy, = As a

© fet, this could ondy really happen if M end X were each factorizeable. But if ~M were factorizeable,, then your original kernel would be factorizeable. Ie,
suppose that: ‘ ~

Me Ady
‘

5 k S77.

. Veawe I

2 ab GY.= (ZOIDS KAW) = LOY ke),
. But when youf KGrfiGl is so trivially factorizeablé, you already know that the

solution is. very simple, namely: . /

=|
1

51 ae a !AGa) = VO RG)
p i

- - A-kLSeer@vl@y
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Relation between Fredholm Theory and Greens Function of ODE Theory,

Db vo. tow tnt ae you have a differential equation like this: ~~ To
- . Geet. OQN qe Be a
~ -then there-is a-related integral equation. The kernel of thisintegral |

equation is the greens function of the, differential eqiation. Thus:
- ee eee - Hone

-. ee. =} e= Chey fs aS YedsGay So
~ “Mis Is of course the whole point of using greens functions. Youfirst solve

“for your greens function, then using it, you cen write down thé “solution to -
the general kemm inhomogenebis equation. (modulé BC's). Note that the assocaited
integrel equation is thé "inverse equation", not somettiing yo get by different{ating
both sides (variable does not appear as an ddpoint): ~

2. We know that in general a greens function can be written as a sum involving

the eigenvalues of the eigenvalue equation: 7

. gh) = Za Rn dou (oS) 'x :

e _ d= aw .
4 Then when you contour integrate the greeng function, you. generate the delta

completeness relation: _

Shes) = BEDARD)
-- Snigd. =, Bt Sadek.

~ "3, Now condider an integral equation whose kernel ‘is the greens function. An
obvious theorem is this:

~ -

Theorem: if kernel is non-separable, then eigenvalues must cluster atm. |,

Proof: non-separable means the above sum is infinite (sum for greens functioh).

Since any finite region of the A-plane only contains finite number of eigenvalues
(a property of Fredhom kernel), and since there sre an infinite number of eigenvalues,

they mst be clustering at infinity. Ie, finite cluster points are not allowed.

4. Comment: I have vaguely mixed definigg properties of "self-adjoint ODE"

and "Eredholm kernel". Probably anything you say for differential equationse goes for the related integral equation, though not vice versa. Ie, I think a

self-adjoint ODE problem translates into a Hilbert-Schmidt = Fredholm integral

equation problem, :



Lae ion of GFredholm Theor, _. _ eee woe

e "1, I am reading paper of Jones and Teplitz, ~~ Te

2. Consider an integral equation like (2.3)of above ref. Aeusual,the "parameter"is set to one, but there is“a hidden or buried parameter (Call it’ j. flow,”
from our simple matrix fredholm theory, we know that the solutionto the integral
equation as well as the resolvant will have poles in j at points where det(K-1)=0.
We also know thatin sucha case, the eigenvalue equationKf- 1 (here\e])~
has & solution, because after all the pole locations are the eigenvalues of ~ .
the homogeneous problem. . . Ta

°

3. So,/lgtK be the residue of K atthe pole it has at jaj, / This value Jp make
the Fredhom determinant vanish, this it is a pole of -the solutionto the inhomo
problem. Thus, looking at the eiganvalue problem, we see:

RA=GYs 9 TE VK a= 4G,S eS
.

‘Thus we Have explained the equation which appears in the appendix of above paper.@ There, Jo = -1. a oo . .
~

 y. Apparently, in any Fredhom eigenvalue problem; ..... '

.

t
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» Comment _on Fredholm.

In Joel's thesis, in his paper on baryon multiplicities, and in my

——-  — discussion -with-—Geoff back-in-April-1974- I ran-into-what- I would now call
the matrix formaliem for multiple channels. I have recently outlined this

— —technique in—Joel Thesis Notes. It-turns ont -to be. quite-triviel._You_have --- ~
there an integral (multiperipheral ) equation which diagonalizes completely

— whentransformed_tothe Jevariable. The teintegrations never-appear_inJoel. ____simple model. The integral equation then becomes a simple matrix equation

: of the form. aeees
fo. FG) = £6) + [e@a@] EO)

—--- Ee KOIE) ~~ee
These things are matrices in "channel space" and you might call the matrix

—— ~~ K the "kernel"“if-you likes(it-was-the“kernel in the-integral equation— -before the transformation). The matrix S is always diagonal and contains

-— the appropritate Regge—"cut-propagators" whéth attach-to G: The-kerne?-¢-—— —
itself has strengths, widths, and possible off diagonal terms.

a1ae sot Jp ly DO -
gs. [8° %e Satay~

= Bye a PP pt 7

oo LL uso oO s=he L -
sor says

- @ —- - a ae -et | a eeee _ fake tty €_ ao ~20 =
— —- ete | --ye he —_— ae eeorn hp

torteeee: ———> ~

IT@IE Om \r@eaf <= _ F*: 2 Ox SOS GS} < ooa Se A
— ae OO a9 Ss oo

— - pos Ssh Lhe i <—_s -
7 a 7

. ; OlWERE 0 SSRE I. KY~235 ee

- AO__- tops" — Dish se? -
Whether you think in terms of K's (Chew) or S's and G's (Koplik) the

> -vesulting squatton—is-the-same; ‘This -equation is—just—e-matrix equation;-—-— — -
there is no integral in sight. The direct solution is:

~,. oat ~ ~ a
—_ -£ = —SG-0)-63) K=GS. 8.

@ —— -.- OND
e To find the poles in F(J) you must look at this determinant. I do not feel that
— it is egrmect to refer_to this as a. Fredholm a nant, nor do there—is met q ere for "trace app mption”. This isXust the
~ solution txix_proplem,_ ~

ak(i-Det-het- OF, baa a Ml atitade zfe~



Genuine Rredholm Determinant.» 1 think-tne ‘reat application-of Fredholwtheory—isthat-described-back-on-the ——
first yellow sheet. You have a genuine integral equation (one variable of

-—- integration). ‘There is a kernel, -and-a-(different}—inhomogeneous term The — -
so-called "parameter" lambda is equal to 1. Although the texts deal with

- = = - the-subject- of--analyticity in-the "parameter", this is-not-the exact——- ——- |
analytieity we are interested in.

So, we have this "second kind" integral equation, If itreally isa Fredholm
-— __— equation (square_integrable_kernel),.then we.can write @ formal solution

in terms of the "resolvant". And, we can formally express the resolvant

-- — as Fredhotm!s. firat_minor divided by the Eredholg Determinant. __ wee
_  ___ Now me ada on, the variableJ just asaparameter that sits quietly in all‘the components of the original integral equation. This parameter allows

—— —--—Bs_to vary the equationin some sense. _ eo eee ee
_ __

Obviously this parameter will show up in the resolvant and in the Fredholm

determinant. If this determinant vanishes for some value of parameterJ, =~then you have found @ pole in the solution of the integral equation as a
— functionof J. eee

‘The Fredhotsr determinant-is not very obvious; [tis the-determinant-of-an —--
infinite dimensional continuum matrix, as one can see bylookingat its—Fevelopnentané lilt via -nechanieal quedrature,You-eould-certainly-conetruet

an approximate finite dimensional matrix from knowledge of the[ = - —kernel-and inhomogeneous-terms- In the-continuum-case,—I do not know how
you caloulate such a determinant.

However, from page 17 I see that if the Fredholm "bound" B is emaller than
- -unity, you-can write-an-explicitclosed form for the determinant.2

- -D@)= exe[- FA 22 eewe

wars An = (hn) = SarenaSSdiye doten KC6x0) Ken5.
. Hore generally you ean write aseries for the determinant. Bach bem)

term in the series is a finite multiple integral over the kernel (p17). ~~
_ Hopefully, it will converge. The first term beyond the 1 is the "trace".

Note that if the kernel factorises,the trace approximationisexact!!!
ae Finally, oné might think of the original“paraneter"-Tembdein terms of = -—the overall scale coupling strength of the kernel(s).

For an example of use of the trace approx, seeChew Rogers and Snider. Their
-- -  ~-kernel-is-shown- on-page 22, along with their—integral equation. —Then -on -

page 25 the trace approximation is used for Fred's det. Notice that they
- use lambda, but this should_notbe confused with the real Fredhoim "parameter"which is set to unity throughout. ~ '

© Siw huh d'Vidhamut
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Asymptotic Methods



Z Augusxt 3, 1976
___Gonmentis about the Method of Steepest descents. _

t) 1. References: after initial dislike, I think the discussion of Jeffries is the

“S-- ~-~pest because “he: keeps “reminding-the-reader- of-the -phitosophy- of-the-methodr-keep
____. your contour as "low" as possible, whatever the cost. Other references are: the

‘thick math handbook article by Olver, the book by Olver197 not at LBL,abook =
—-—.. —-by.Erdelyi;_the_generalsubjectarea is: asymptotic techniques,
— ———2+-y~interest-in~the-subject—was -to- evaluate-definite-integrals in-the-Limit that-

some parameter goes large. In particular, the HGF's. Watsons paper thoroughly
~ answers anyreasonablequestion you might ask. Copy retaivied. ~~~

3. The technique seems to work,when the parameter of interest is a power or

~ ‘exponent. When this -exponent-goes- asymptotic ,—only-that -piece-of-the contour-which —
maximizes the exponents multiplier function f(z) is relevant. If the entire

"————coritour lies on a hillside, then you simply deroruthe thing -sutiat it-asceris— ~~~
-- --  —up.to the_high point. Only_the lest little piece of this ascent will matter. ___

Watson's Kenma is a special case of this, where the piece that matters is the
—— -—ittle segement-close-to-0.—In-fact --you-often-reduce-things-to-Watson_form————__ —

because his answer is so simply. Eg, qiaplaces Method" reduces to Watsons Lemmaa when you just ChangeVariable tos 3 f(z). — - ined
1. The case I have not done in detail is that of theendpoints lying indifferent —

—  --valleys. -In this-case,—the best-you-can do is-run-your_contour_through_e -saddle-—-. -
The saddle point will then be the highest point and will therefore control the

“---————— sntegral. So-you merely"expand things ‘sround-the-saddle-point and: get”an-answer=

. It is this saddle method(called col) that Watson uses to get his main results.
r ) By the way, you also want to come into the highest point along the- SH__..__ 1ine-of steepest-ascent-to-minimize the-amount. of.counter_at high altitude. This _

goes also for the sdddle. That is why Watson goesto so much trouble locating

—- —————the descent ~curves~{which -happen-to-be-curves-of-constant-"phase";—or -constant ~
____imaginarypart off))|
____. ..._5.. Themethod_of_stationary_phase_is_a_differenttechnique, though it is related.

- 6. Generally; -these~-methods-apphy-ee-a-parameter-goes-to-plus-infinitey<If you
want your asymptotic result in some direction in the complex paremeter plane, you

” ———“fhave60 check £6 866 Ufyour Contour can be Totated™dowto Watson form. If there —are no, singularities_of theintegrandin the way, you are in fat city, because‘the great circle stuff always vahishes in our cases of interest, .

;
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call it, with Minkowski, the light cone. The interior is called the forecone It is, in the four-dimensional sense, perpendicular to the four-vector of the :d the aftercone, depending on whether t < 0 or t > 0. ‘velocity; differentiation of (18a) with respect to r leads to: JAll
four-vectors leaving the origin which lie outside of the light cone VW <0. (ase) Hte called space-like, those which lie inside of it, time-like. Thus the vector r . f

the equatorial plane of the light cone is. space-like, whereas all permitted H__The Addition Theorem for Velocities of Different Directions 7
locities leaving the origin are time-like, Velocities of the same direction were to be combined in such fashion that
The sequence of all four-dimensional positions assumed by a moving their angles were added. Since in their elementary meaning angles denote
serial Point is called its sword ine.Thewordtne ae point ot rostis ares on the unit circle, their addition is equivalent:to the joining of arcsrallel to the tosis, All world lines passing rough the origin lie in the on a circle which in our case, it is true, has the radius 7 instead of 1. The itercone for t > 0, in the forecone for t < 0. ‘ . tes
We consider the element of a world line formulasof plane trigonometry could be applied to the joining of these

— In order to combine velocities with different directions it is necessaryds = V3Dari to pass from the circle to the sphere, ic. from the formulas of plane to those
a of spherical trigonometry, and for a sphere of radius i, not of radius 1.

s the distance between two neighboring world points, it is Lorents-in- Combination of the velocities v; and vs to form the resultant v is therefore

riant (see p. 213). The same applies to, Minkowski’s intrinsic time equivalent to the combination of the angles 71 and 7: to the resultant angle fy
_ +, ie. the construction of a spherical triangle with the sides 7; , 72, and 7. ‘3ate V‘ae — Laat + ay? + ae) If @ is the angle of inclination of vs relative to v , then a appears as theie e 7) external angle between the sides 7, and 72 in the spherical triangle. We then

aiWirtTF avin have by the cosine law (see Problem 1.4): ‘
é

05-7 = €08 71 608 Y2 — sin 1 Sin Y2 cos a. (19) yWe
will now define the four-vector of the velocity along a world line. The This is the desired generalized addition theorem. For « = 0 we obtain cosy 4rm = cos(y: + 72); = 1: + 7, Le. the earlier Eq. (15a). In view of the rela- i

a dy a, ; tion cosy = (1 — 6°) ete, (19) is equivalent with the rather untransparent iwa a 67 Me formula

nuld not be a permissible definition, since dé has no invariant meaning. pf = Tt 2s cos oe — Bibi sin a (9a)nis does not apply, however, to A+ BiB: 608 @)

which was given already by Einstein. In Problem III.2 it will be proved |ya, Ww we tt ay iy (as) analytically by application of the Lorents transformation.dr’
dr’ dr’ “dr dr ‘The introduction of our sphere of radius i may seem an arbitrary trick; |he square of its length is actually, it is merely an expression of the fact that the ares y:, y: which

we must combine are imaginary, according to (Ila). i?

yy dt ay td ede 3 (180) We shall mention oe ‘ireresting al, WhTesult, Which may be read off :dr , directly on Fig. 40: In the theory of relativity the sequence of differently j

oo . oriented velocities is nol exchangeable; the result of the combination ofrain pact an invariant which, furthermore, has tesame pate for all x and t differs from that of the combination of v and ». Though the qlocity vectors V. The four-vector of the acceleration should be defined corre- ‘magnitude of the resultant is the same, the direction differs. The difference
ondingly by in the two directions increasesas the velocities increase; in fact, as we?, ~ _shgll know, it is equal to the spherical excess of the spherical triangle formed
__ wade dy de dt ast) Sienna nese a

In Fig. 40 the angle a between »; and v;has been chosen equalto #/2 ig
= _

7 - - =
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moll . A of propagation of light is independent of the state of rest or motion of the

the northpale W.I,en the other hand, sirtog Hore the ane ene of our world geometry insofaras we have demanded the universal validityve first record 71 (denoted by 7; on the figure), perpendicularto the equator he angAvell equations, Like the velocity, the spherical propagation of\d with its extension also passing through N, we must draw through the the light is invariant in the transition from 2 +--+ 24 to 21 vat. Thetndpoint Bot ah ane Pa Sorpentiedlar to the eaten ae te Lorents transformation. does not change the light sphere into a light el-measure off on it yf = 7, = AB. The point A’ located in this manner does Epeoid,but leaves it alight sphere, (This does not apply to the wave-lengthnot
coincide with C; instead, the connecting ares AC and C’A’ enclose a terraeihi not Dorper aaanon” ¥0 depend on the frame of" 3 4

. opie refer of server: Doppler ;certain angle e. In viewof the equality of the fon anesABC and A’ ¢ In the earlier but long since discarded theory of the universal ether, thewe have here ABAC = %B'A'C" and 4ACB = X.A’C'B'. If we ea independence of the light wave from the state of motion of the emitting
body was readily understood: once transferred to the ether, it propagatesination of two differen itself in accord with the (elastic or electromagnetic) properties of thisa, diretedelon anor tre,dflerentty medium. Constaney of the velocity of light was here equivalent with fieldBL.

sC sultant o, corresponding to the circular ares action. The same does not apply for a mechanical emission theory such as[7SA ni. 7,and y on a sphere of-radius i. For that surmised by Newton. Here a transfer of the velocity of the emittingamg , Tae nee eeeee fon the angle be- body to the emitted light particles seems almost unavoidable.’ We may say:(A Pat} senand ts has been sotequalto +/2 ‘The constancy of the velocity of light is today the only valid remnant ofSe, ij---"] character of thecomponcater oe es ABC the ether concept. If at present we should speak of an ether, we would haveA=C”
B #2, % = C’B'A; the angle c between AC to assign a separate ether to every frame of reference, i.e. speak e.g. of a« and C°A" is equal to the sphorieal excess primed and an unprimed ether, We now regard Lenard’s “absolute ether

of the triangle ABC (and that of the tri- (Urither)” merely as a freak and the Aristotelian and scholastic “quintes-
angle 4°B°C" whieh is congruent to it), sence” (the fifth element, added to fire, water, air, and earth) as an historical‘howe

tvo angles 9 and 9, we so thatthe right angle is formed by “ther, but used ian he not egos ever spoken of the% 9, and e in the following manner: ‘The principle of constant charge is as important as that of the constancy
r - of the velocity of light. The charge is the same for every frame of reference.
gartene This is not obvious, but follows from the Maxwell equations if we can claimHonce their universal validity for all frames of reference. On the other hand the

principle of the constancy of mass with change of the system of reference,em

at d~ 2/2 gt 04 e/2—z. (20) formerly regarded as obvious, cannot be upheld, as we shall see presently.e thus is in fact the spherical excgss of our right spherical triangle ABC he Share is anhallaes nan wm reset {o Lorentz transformations;and theongraentt ‘angle A’B'C’. (The same appliesfos @ general spherical "Soaringthe stat ris mi‘he Peni in we maycay:¢ limiting case 1» = y2 = x/2, where the two triangles ABC and om the standpointof the Maxwell equations'the theory of relativity §ABC become equal tothesame Shectal octant, isparanysimple. obvious.A mathematician whose eyes had been trained by Klein's ErlangenHere the resultants are evidently perpendicular to each ather and, in view ~ Program could have read from the form of the Maxwell equations its trans-__of
7 = 9 = /2, the sphotieal exeooss alo /2, formation group along with all its kinematie and optical consequences.

‘Tho fact that Neviton’s emiasion theory could in & senso, experience a resuiree-J. The Principles of the Constancy of the Velocity of Light and of Charge Aininthe protent theory af heat eeeat experience rere: ;
Einstein in 1905 expressly added the first of these principles to the the theory:Of relativity according to whicl-ffectively e+» < elem velocity of ight *Principle of relativity as an empirical postulate. It states that the velocity quanta, ¥ = velocity of the emitting body). — ~ - a


