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Dispersion Relation Exerclse

1. Real analytic functions. We know from the Schwarz reflection principle that
if a function f(z) is real on some segment of the real z-axis, then it is
true that £(z*) = f*#(z). That is, f is reel analytic.

2. Consider w = z%. We know that z = O is the branch point and that we are free
to choose the branch cut wherever we like. The branch cut merely serves to
define analytic branches of the function. Since there are two branches, there
are two Riemann sheets. However, if we choose the cut to lie along the posi-
tive real axis, the function thus defined is not real analytic, since on
the negative real axis the function is imaginery. If, on the other hand, the
cut 1s chosen to lie along the negative real axis, the function then is

real analytic.

3, For a real analytic function cut somewhere along the real axis, the discon-
tinuity of the function across the cut is 2i times the imaginary part of
the function above the cut.

4+ In the dispersion relation technigue, a contour around a point g is un-
wrapped and rewrapped around all cuts and poles of the function. Also,
there is always a great circle piece to bs dealt with. As long as the
magnitude of the function tends to O as /z/ gets large, the great circle
contribution may be dropped.

5. If £(z) is analytic (real analytic) in the entire z plane except for one
cut along the real axis from a to b, the dispersion relation is:

1) i
Tm [ S(=Z+te)fdz’
LGN In{Ead

Z conglex

6. As an example, consider the function z"ﬁ It is cut along the negative real
axis; it is real analytic by 1. above; it vanishes on the great circle. The
inaginaryp&rtufthisrmctimjustabowthscntis

I"'-"si (i+t€)?lz T ?[11‘9('7“'#1]_3 i‘l ‘l -iTlz = ~\2 'uh
and the dispersion relation may be written as. I]
Q 1
A '?1=Lmn_;_:_},3_'_______ "-E‘ d=z’
Z T T o 17 (Fv® ( Sﬂ - )

7. We can look up this integral in Gradshteyn Ryzhik page 285 number 3. Here,
B(x,y) is the beta function of page 950 in terms of gamma functions.

® -y, .\

Kodx [5 R(£L) = ar

O+ Bx) if

8. For z just abwethanut,uamyusatharuln
Sl ™ = B(3) 7 ivi(@)

to write the general disperasion relation as follows:
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We have a problem hers: thé internal infégration diverges for all values of
= ————— 3 and %, Yet;we wonder if it—ismot- stillpossible tu et dome mewming for —
£{a)} ? The usual suggestienis to break-the thing—into-two-piecesy so:
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_ __ __ _Here we have taken a to be real and negative, and we are allowed_to-slide-the ..

e e nmtﬁur_tn_ths_xight_henanaa_bhe_ contour. has_"weak ends". Similarly,
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=27 Nowy weextend the definition-of-both-functions—to the complete—a plener — - ——
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— 3. Question: what the hell have I really done here??? _
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Comments Rel to the h Fro

k.

‘ 1 Hassam and I locrked closer at t.he functions: B

— e = ———— —

S e S,dx_e_q“{wﬁ__ E--Puu,bw\n%)_ .

—- — - 5—3}‘(‘13}—* Q@) — - -

. _%}(_q,a__\...dk Seai 'ﬂ J"?a- vhavo__ o>
~%(o

A< (@,2) = 'S Ax € @ ﬂ_z - -;—11- Wi o Bz

T (hir first conclusion was that there was no region of the a=plane in which
—~—both g¢and4; Eredefined: Therefore; there is mu placy im the a-plane where
_—— - ~you-can Maddtt thase—’bw&—ﬁmctfiﬂns—tﬂhget some-meaning -for-g{ayz)-iselfs

» S —— _ ——— e m —— —

2, But, we overlooked one t.hing when & lies on the imaginary axis in the a plana,

the compléte integral g(a,z) is defined in the distribution sense, ie,

S . ,_S Ax S qﬁ@hi] = U S(.Lm—.@ .Ak (o~ = .Afamnudium@,l_-,
_ e . T R
..... ; ___ However, knowing -g{a,2)-as.a distribution-om a.line-in-the.-a-plane .is not_enough.._

- tp analytically continue g to the entire a-plane. We decided that_you cannct

o _ continue & delta function to complex argument, at least via this definmition
as an exponetrl:.ial Ie, the axpmlantial divergas if argument of delta leavea

3. However, in our exapple we had another stage of integration sitting outside, -
-~ gothat whenu lies onthe “inkg axis; the double integral ﬁa_‘[y doEE CUnverger -

e R = %&ae,_ Prlatz")_= i Sd&“ st v Marw
S = 2wh ST _ adletaa. Sl-'r.-‘-bﬂ;

— ‘Nowthat “we “krow (&) on a Time in the a-plare In"the Tegular function sense,

-  -- —we may continue-f{a&)} to the—entire a—plane! I-think-this—3ine—of-reasoning
v oo - . As actually reasonable. It _may even allow. a_definition of complex delta . __
— - . function.. _ .




L. Finally, some comments about our or'iginal way of looking at this. Recall
that we added a temporary converging factor, broke the contour into two
STt pigces, thén set Tactor to gerv. It turng vut that was correct! — — ~
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Partial Chain Diagonalizations. _

_ __1. In general, -if we jave a -long-"chain® group integral equation, only .

the righ_‘tma_st gr_l:ﬂ,lp j,j;jggngl need run over the entire group manifold.

mll at111 diagona.hz:. H-:mav-r, the pru;juchons will he corraspﬂndingly

part-ial.
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o __ There is _atill_some nonuniformity in my understanding of ihese ideas as they
il’ apply to finite matrices and as they apply to differential squations. For matrices
- these—concepts -seem trivial and need not be related even to eperaters«—For DE's
on the other hand, there seem to be questions of domain, invariance of certain
“gocalar products, etc eic. Want here to show thaft these ideds aTe really thE salfie.”
_To get_a uniform notion, lets be careful to define the words "hermitian" and
"unitary" properly. We shall define these ideas only for operators in a
- —— — Bilbert epace (ieywith-a-scalar product); the-matrix-notion will be-a-mere- -
by pruduct, Here are the dnfinitions:

 Dowebems K OMi>m <3G e deg

T T A8\ = <8\ _a df=\

_First, lets use these definitions to gei out the usual matrix statements:
Euppcsu we have a finite dimensional Hilbert space with an orthonormal basis
— — . given by states—i. Let the dimensionality of -the space be n. In this specail

case we geb:

R Ve dk,,,__,__g\dxg = L8i\D) = QB

——— e — == = _ = J;"

) _m_._mﬁ_#&u_gw <sxddl¢>= <o’,.\dé> R
® LAy s dweg

— - - - % -

o _m:._____dfg_- A\ = 4\l = O ...

——  —— -TNothing new or—interesting -here. Now think of-0--as a differential aperatr and
consider hermiticity: We must have some kind of fundtion soalar product. Work
-im one variable simpleSt cude of O ={d/dx. Thsn’ - -

e A = Sy o I ~

_ o8l = <8l - Sl F e 30 = Naetle 1&5@31 _____ i

7 N g s S KOO g

T s ey g i

— =~ - --Thig-example shows-that—the idea-of a hermitian differential operatoractually
depende on the interval of the scalar product and the nature of the funotdons
— TEorgidered. You must make these partd go dway. In this case, you can achiéte that
. by _either: (1) letting interval be infinite. Then, if a function has fnite norm
on that interval, it wusit wvanish at infinity, thus the parts wanish. {2] If yonu

use a-finite intervaly you cen still win by making all your functions periodic -
on that interval.




Thus, 1 now see that the idea of hamitir:it;r is really associated with “the idea
—that—the—parts’-term vanishes. For a-more-general-second erder -differential
operator, the "parts" stuff is callud “tht 'b:.l:mear conjunct” of tl'l.l two
Tunctions. —

_ Even if this conjunct is nonvdnishing, you can still speak of the "adjoint"
of your original differential opesraior. Apart from the problem ofthe conjunct

—  —not—vanishing, this-adjoint—is the-hermitian conjugate.— low, -an operator—which— —
is self adjoint is only hermitian by my definition of hermitian if the conjunct

© T “anfslies, iw, if “the scalar produdt is chosén FiphtTorif your fu ctivme=re —

rtstrieted to be periodic on the interval or whatever.

| So, as far as | am converned, a differential ayeratur is hermitian if it

S _anm_urmg Tor the conjunt £o__ -
vanish by chosing your scalar product in acertain W or by imposing a boundary

~ —— - —Tonuitiom om your useable functions., Hemember- t‘lm'l;'—i: ﬁmm%"' ru%u‘s—jto—'lrﬁuﬁr e
Teft over parts terms.

lNow we want to know if an exponentiated hermitian optrator is unitar;r Thc
- T ahEWer ig¢ ® igwhg: any power of a hermitian operator~
is also hermitian , a= we prove below, If we define exponentiated operator

mn, then boom. Watoh: - T

— oo o Mo = ,QHH%? <.£iH%.> : ﬂj}'g — . -
o = gj_u%;_ (ﬁmau Sid'y 95y = W s, ke
T gy = SISy = {2 nd ey _

o —

- zf— BINEY = ) =aw.

_ » € =€ .= _ __ _ i - _

— ~Thus, whether or not you have a-differential-operator, the hermiticity of- B - -

a H&,}Fﬁ guarantees the unitarity o exponsntiated wWith an 1. you loo
- a, you w sees tha e fac & e conj vaniches is ysed over =~ =~

and. over again to_make this work, By the way, notice that a flunction must

be 1nf‘initoly differentiable in order to be acted upon by any exponentiated
differential .operator. .In the-case here—of-d/fdx, -it-iurns out that the . -- -
shift invariance of the scalar product is aquivalmt to the aonditim that

=== +the conjumet vanteh,

Application: in group theo we are used to constgucting UIR's by producing a
ﬂgﬁlrF apaor‘ﬂ% Hermitian generators as diff ops. If we take any normal -

__ _ _scalar product and adjust it in somem way, wWe may bresk the hermiticity of the -
generators by causing the conjunct not to vanish; thus, we also break the

unitarity of the representation. WNevertheless, your nom—unitary representatiom -
which results will still have the group property.
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- Hilbert Spaces and all that. -A.Facts leading-up to-definition of Hilbert.Space

. 1, lle start with a linear Epace = vector space. This object has wll the usual
properties of vector addition, Also, it is defined over either & real or

complex field, and thus has other usual properties like distributiveness.

7. 'The most primitive structure you can imposSe Gn such a linear space is a metric
e A(x,y)s _This says something about the "distance" beiween two vegtors, but it .
says nothing about one vecior itself, except that the distance between a vector
and—iteelf ie -zero.- This is—a—metric- space—-—"7" - - e
The whole point of having & metric = notion of distance between two points
i that you can t41k Ebollt cOhivergence of géqueifes in tHe space. TH&E Hotionm ~
of convergence of vectors is defined simply in terms of convergence of the
metric d(x, ,x) to zero.

N 141 1 dtginiticn_cﬂra.ﬂcomgmt sequence” X 1o X, and of a-"Cauchy-sequence”

is clear. The usual problem with Cauchy sequences is that d(x,,x ) may get very
asnall but—theTimit point—x eyt 1ie Tuyour spavel A convergentswyusnce —
is always Cauchy, but Cauchy is only convergent if all'limit point= are in the

space, When this is the case, metric space is "complete in the metric'.

3. Suppose you go back to your bare linear space and define the notion of length
- -of-a vector, called—norm;-rather than motion of -distance between two wvectors.
You now have a normed linear space. This norm, or length concept, naturally
" " defines a distance-between—two~vectors concept in this wayi d(x,y) =_//%y/7 <«
- - % An other words, the distance_haiween two wectors is faken as_the length af
the single difference vector. Very natural indeed. Very euclidean. If the
norm- ie-chosen—right—{sgyr—usnal-eunclidean length)y then the ppace will be
completes in the natural metric. Definition: Banach Space = normed linear
—‘."* T “spacds complets in ite matural (induced) metric. D -
- “3vY Existenceof mmormimpliestheexistence of a-metricjnamely; thematural metric.

~ " 4. Now go back once more to the bare Iinear space. This time, give it a scalar product.
S Ronghly, this is a way of multiplying two wactors to get a scalar. Recall that .
bare vector space only provides for the addition of vectors. We now have a much
—higher—atructure. — - - -
First, this scalar product induces a natumal norm: //x// = SQRT(x,x) .
The "scalar produci'™ of a vector With iteelf defines a natural Iength, though
—— _...Jou could in principle define length of x in some other way. . _ .
Second, you take your naturally induced norm //x// and form from it a
-natural metric,—just—as-in 3—and- 3, l--above. - —
If you choose your scalar product nicely(and your vector space of course),
== = then the -space will hopefully bw complete—in tha metric that vomes out at the
_ end of the tunnel: scalar product, norm, meiric. A scalar product space which
has the natural norm and natural metric and which is complete in this metric is
e - palled a Hilhert Spaca. - —




-.— combingtion of t¥ ie differentiable,

B, properties-of-a-Hilbert -Space m“& aarn

1. Notion of separability., We want ultimately to ha¥e a basis in the Hilbert "
_space. In order to have this, you must be able io say that,given a vector f,
you can get arbitrarily close by taking a linear combination a.s. where the
set (s3) is called a spanning set of vectors. Obviously, for thiE even—to——
maks sense, the set (s.) must be a countable set, otherwise you could not
puf them in order 1=I‘,§ goos wf - - - —— =
[ﬂ. set ';_s } is maid to "mpan"™ the Hilbert Space if you can get very close
to f by do‘.l.ng ay 8., In mathmatical langulage, "the set of vectors you can make
- by doing a musi be dense in the Hilberi S a.mt - -—
If a ﬁ:.l'btrt Spact is "separable", then|you can definitely find a countable
"apemning-arlaand-ymr can—mak su—m:rlr of—ayey: We never deal with-HS“wswhich
are not separable.
) If "your HS is of Tinite dimension, then any spanning set must be countable =
__ Wecause the spanning set is_of finite order (duh).. A_finite dimensional HS is -
always separable,

¢ We have a spanning sei 84 fo some Hilbert Space. We ¢

uea this set
of be able

ioned earlier.

— 1o ept exactly %o that element for soge reason. _ )
is 13 eansily undermstood in termg of the cumplﬂa mutr:l.c m
= 8" a;8; » Then-if -this sequenge--is -a—Cauchy-sequence, th
e between two elements in the Jail gets as small as you 1
‘know thdat this does hOT Hiecesafrily mean that the sequenc
f unless the metric is comple
bably Gauch;r cr.:rnvargunr;e is en

g fPerEnry
2,y &(f l‘f )

conve I‘glﬂ

HS. Thua, By
—__The nice txarnpl-_.u_h_._ﬂm forms .a spanning set but ot a basis. ._
becausp you cannot exactly expand /i/\in terms of tP. After all)] any 1incgr

% /t/ -is-not/ However, /}/ is in B=.

Noti at the basmis 'l:n is not o

3+ Lets mcrga.nlsn the laat pa.ragraph. The notion of a spanning set has to do with
-being-able to get close to- a~fumciion by summing ajsjup-to some large No But --
the fact that spanning set s; is a spanning set does not guarantee that you
gan ‘exdctly arrive at your desired vector by an infinite expansion,

ﬂqwg_var.,ﬁf you can_de infipite expansiom,]then spanning set is a_haaléi I

—————-5f tKe PJ{ti'mﬁlﬁmm You can

Theorem: (start with any spanning set (not a basis, say). Then orthonormalize
-the—spanning vectors-using -Gram—8chmidtv Fhen this-orthonormal-spanning set- -
will be a basis !) Thus, you can find an infinite expansion for Eﬁ in terms

not infinite_ expand [‘l‘-/ 11_1,_t r. hoWever, ww -

[ —

4e—In-the above paragraph, we -define "basis" as a spanoing set which -ablows —
infnite representation of any element f of HS. Such a basis is by definition

s *uonplete basis" in the Sense of compléteiiess Telation 1 = /e;)(e;/ ~where
I take to be orthonormal. You prove this completeness relation by applying

to arbitrary vector f. The coeficients ofthe infinite representaion of f are

Shen just (£fey) = a;. —-

_ misd—ba—complete. e

5. Thig idaa_of complateness in "complete bhasim™ is not related to the idea of . __
a complete metric., To have a Hilbert Space in the first place, the metric




Prendofuncition distributions. - —

aie— —1;—Tie simple—examplodiw thimr e

o M=§%%@§x °? . _

. .—The functieon md.r_th..int.gnanm—ta_h.- lncalrl;.t—intagﬂablt, so.lfx is

this distribution is going to give a definite number. ﬂumpar- wrth the

singular delta distribution where the rule is clear on what to do for

any test function: =

| TR e v

In faot; merther tm delte Yoy TN I/x dre 1ocally thtegrable, thus meither——-
— — — is -g--clgemical -disntribution -in—this—senme. — ——-~- - --— —

2. The problem wWith J.f::_ia oI course what to do at the pole,; over, under, or T

—-- principtepart?—We van do—as we like,—Stakgold—deiinex pf{ifr}"by—tﬁ:i-:rg—*-—*
the—principles part.—Sowe take:

A — \ e

'F-L(_%? - %__y Q("‘hd}‘«
—

j ____Now the rule is complete, For any test function you will get something

ﬂlflnl‘t!. The pole s:l.ng'ular:l.‘t;r alw:wa ulf—cancclu :m & PP integration.

Sometimes thies kind of distribution is called a pnudufunctmn distribution

because it i=s “almst" & clamssical function d:.:.*trlbution,

L 3. Example num'b-r 2s Gons:l.d-r. “-\‘-JE;\ == {m&xl
e Moo

w8 E(JL_&Q &,mxya;

i Owuni - . I

i} L _Q_\m [me&—l = O N
R~>o L > _E

l ‘I'hia_m;;m: if :,rcE a:pply 't.: a tent func'l:j_.;n:- n.;d:_ 1nt¢gratn,_ 1_iav1ng uu‘b on- -

"point"™, then yu:m gtt 0 for any test function.
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Comment on (reensExercise #3.

The way 1 have done it, the two Lorentz indices taken together act as a single
index. In effect, here was my supposed Green's Equation:

uv uw
D GE."D = d ab d{x-;r)

Knowledge of this Green function was suppesed to allow golution of equations like

DV on = £

I found that such a greens function simply does not exist. In simpler vector
notation you are trying to solve this:

x)

pet=1 in the same sense as wu’ = whatever in Dirac.
I showed that there were no possible D's with solutions in two dimensions.

Green's Exercise $4.

It turns out that the above "exercise" was the wrong one, ie, it is not relevant
to propagators and so on. The interesting "tensor" greens equation is thia:

uv u

D G‘U’ﬂ. = dad{x—y}
Ie, you have usual matrix multiplication. The kind of equation you can solve with
knowledge of this CGreen function is:

e = n" or p* ' = n*

ua a v a a

Again, ordinary matrix multiplication. In general, here is how you solve this
Greens equation. You go over to k-space where the equation is simply a matrix
equation: " v u
D" (k) G a(k) =d

The thing has a solution as long as detD f 0. Recall that if the matrix D is
a "projection operator" +then that means it has some non-irivial "kernal" or
"nullspace", ie, & large part of the domain is mapped into 0. Obviously such
an operator cannot be l:1 and therefore camnnot be invertible. Therefore you
must find that datPij = 0.

Example: Consider the operator d d® = d + In keaspace this is g kz -kk .
Cuv®a - uv v

There are several ways to tell that this operator is non-invertible. First, you
can show using trace thing or whatever that the detT = scalar. So compute this
det in frame where k = k[l,D,D,G) and you at once £ihd that det=0. The other vay
to know this at once is to realize that k M"Y = 0. This fact tells you that

M, is @ projection operator. Reason: any vector is V, = {?-kiku + rest .

The operator always maps the part of V_ proportional to k_  into nada, so M
ig a projection operator. It follows tﬁat: v u
a det M = 0
b) M=l does not exist ( M is not one-~to-one operator)

Example: However, if you shift coefficient a little so N is no longer "conserved"
then you cax invert:

D () =13}*ﬂ‘“t* Ruky Q-i—ﬂ > Gus= T;fh}*“' - (-<) %{v]
\’“"‘Jﬁ buy Stanoany Dk T{J an.'—-%}:\*\-
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Fiber Bundles



T — = B =

___. . _ 1, First, reviaw the idea of a vector field. For each point in -some d-:}main S, you

define a vector in some vector space V. Thus, a vector field is a mapping
from S to V, so f:iS~$ V. Notice that the vector space which you map imto

is "fixed" in the sense that it is the same vector space for each element s

of the domain, ”

- o—Howeverj—it—is-ceneeivable—that—the vectorspace-into-which-you-map-might-be———
— a_different _vector_space_for eachs € S. Mackey gives the pictoresque example __ _
of létting S be the surface of a sphere, and Vg is a two-dim vector spese
defined as the plane tangent to the sphere ak s. Then you can have a mapping
f:5~%Vy such that each point on the sphere is mapped into some vector in

the par*t.:.cular plane which is tangent at s.”

' 4. The idea of haviiig the mapped-into vertor space "move™ witir iz whot vector— —

=== = =--— = - bundltes areail aboutv—Toeachs¢ 5 we-can-essign-a-whole vector-space Vgv
. one—usually-speaks--of 5-as- the-base' andover"each-s in-the base-S-there "lies".. .
.~ ---the vector space Vg reRfered t.0 as a "fiber". This is because o _the simple
_picture about to be drawn, Vg does indeed look like a fiber:

- | P— A NPT R
. £ ) )

- - ' s S

- _' . Q‘Sms.e_g - i e ——

- - - — _As you let s wander over 5, you get a _whole "bundle" of these fibers. The .system
consisting of S along with all the vector spaces Vg is referred to as a "vector
bundle".

e e - Ly U — B - -

L. Suppose we have a map which takes each s € S into a particular vector in the
fiver over s, ie, in V4. Of cOurse in our picture above, a ‘vector in the fiber ~
ovér s" is représented by Jjust & point. As-you let s wander through 3, you

- get a set of such points, one point--in-each fiber. -This set--of points is -

—— — = —galkled-a-"creoss section"of the "fiber bundle!. e ,_tﬁis_crtass-.sedim.is B -

L — — _map_from S into the hundle = _set of all V_'s, to which I have not assigned a_name.

: .

L e S R R )

_ . | ™~ . N8> Bumde.

———— —— - — S




-

% L -2 -
T T T T T 1f7all the Vector spacés Vg wére really thé same vector space 'V, then tHIsTCTOSS T
- ———g@grtionY would be vmilted a-vector field. So, cross section is a—generalization—-—
.- — —of-the-concept- of--a-vector- field.< - N

EdenMor a_moment, on_one of the fibers V.. let us equip this fiber with
a_(perhaps s-dependent) scalar product so that it becomes a Hilbert Space. B
,Perhaps the elements of the Hilbert Space Vg are functions of some variable x
belong:.ng to some other space X. Then pI'EB‘UIllale" the scalar product of two

elements of V_ looks like this:(ou)

o ( _{s‘.i \F—_§ Gylﬁqlgm()_-qf](“\ - o

where GWW—WWWWHWSMFT.—"*”
- - - h*nnrpictw-“rhe-'pohlb-lﬁ-that“thw ‘the—sealar-product—of-two-vectors -- -
&n—tha—ﬁbav—ﬂg—a&dahned—gomﬂ'/ which makes V. a-Hilbent_Spaca,_Then we _ _
— -w.mightjalljuLvectot,hfundliﬁ_HJJ.hﬁgt_hHHﬁlﬁ_hhuh I mm
name anywhere.v __ _

6. Given such a "hilbert bundle", we can ask: is there: some sensible way we can
j define a spalar product of two cross sections t.hr-:mgh the hi'uruile ? e, we
would like to form & new space whosa elements are cross sections, and we want
‘ - “this &pace to betome £ vertor space and them a Hilbert -space. ILet us call-this—
uew—space-gcr—-'ro—mak near-spacey-we—need—a—reascnable—definitioneof— ——
the addition of-twocross-sections, and multiplication of a cross section by

— - — ___a scalar. This is trivial, Just do it in the obvious way, as you would for _
_ a vector field. For a scalar product, let's use:

R (RN WERE R

____ where_ d}&(;) is_some raasnnahle measure on S. This means that the scalar =f product

of two cross sect.:.:ms is l:ie:[‘injed in terms of ‘l'-hB scalar produr.‘.t in all the wvarious

fibers Vg. The norm of a cross section is of course defined in obvious n;a;r.

o maas e - —_— e =

Reaaunahle cross sections should of course have a finite norm. v

T 7. Notice that 56 Tar the word "group'" has motappeared: It mow apperzs: Just
suppose—that-5—is—a homogeneous-space -under- some—group— Ehere i "homegeneous —-

—Q—- ———  -space-under-G'-means-that-any- two-elements of S_-are connected by some group . . _

—— element_g3 other terminology: "G is_ transitive on S" ). (The usual example of
a_homogeneous space is the surface of a sphere under M 0(3) rotations about :

the sphere's origin). = .

— R e —— e ——— -



.’.1. -3--

- —_——————

E. I-Icrw, suppase that, when some siS:Ls mapped into gs €5 by grnup element. -

e m—————

. the fiber over s is somehow mapped into the fiber over gs . Of course in such
" 7 7774 fiver-to-fiver mapping, all the points on the fiber can be shuffled around,

30 there are infinitely many Suct ; NEE
- g fiters are—function- 'EPEEBS”'S&T}""‘ThDS“HE‘h&VE—'EIrﬁBd—at’thB—iﬂEE—Df
———————— — — g grmp—element—acﬂng—m—a—ﬁber—ginn&anothar—ﬂbw.—ﬂem—is—a—pﬂssible -
notation for such a map: — . - —

| @(3.\ : g = \](3;} y

——— - 9.-Instead-of- consdering all such mappings Ug(g), let's restrict to those which .
are "sensible" in the sense of tramsitivity (calledl "consistent"). By this

we mean that if g takes fier 1 into fiber 2, and if g' takes fiber 2 into

fiber 3, then we want (g g) to take fiber 1 into fiber 3 in the same _way.

G —— i Skl i — e AE satamimam . ——

To repeat the same statement gra.ph:l.a.':,:atfr.l;,lr and algabrmcl;r

WT(H\ th — \l 38 —
Ujs_(.%\ \{ _‘\Jﬁs —
'U',_(%;»,)JL = Vs -

S W0y | (sl = Vulxy)
) In other words, we want a point in Mmm%_

- thmttatﬁb&rﬂ’—mm—uﬁﬁhrmrpmir?gwgg—nmttewhnh— —

o e e way -we—transpert—it,—two steps or one-step.o£ R — -

———— i — -

. 10. Remark on Mackey: this equation appears in Mackey's 1968 book on page 29,
but I really think little of his choice of nnt.at.inn (ie, x for elemt.n of G,

reverse nﬂt-at.ion for group operﬁt.lms. etc. ) v

— i — S — e = = - [EE e o]

__hl(‘)te Mm{m ~~wap Ugay, | dabimad \Jge;"s' 3€S, Wnide 15 conide
~ 11. Now comes the important quéstion: “how shall we Eeglna the action of a group

- Tt T “€lement on a ecrbss section ?1 This can be -done—in-avery natursl way via the

- - mapping Ug(g) defined above.’ -We want to start-with-an old cross section and -
’

— . generate- a new one M (s). Call-the old_one¥ (s).. .Idea.is.this: _ _ _

-

—_— e - ___‘If,-:"“‘-\g'l&l{i_)‘_

N s B O TR CO BIRVAO L O VA
_ oy 7 A el
] Cem W@ = Ve () () s

" ¥
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I1. I _h—

- _12. Lets repeat this idea of a_gronp element generating a new cross section,

_L . because I find it confusing inherently. Lets use this picture:
_\H‘ e s,
o L___ Ls }e- A (‘)

S A -
— T - -l e \/‘1:%&“{"‘(5) ' o

e -

R ) S 5, V() = Unl®) &(s.)

Call ‘Ifra the "reference fiber". Since S is a homogeneous space, we know that

given any s &S, we can find a g such that s = gso. Now, suppose we know the

~ oId cross section ™ ("')'""h__ﬂ'ﬁ_ﬁ'Tgéﬁérate thE‘mWWH‘#ﬂT,“tu get -

— the value of the cross secmrmmm start-with-the-valuve—of-W-on—--—— :
—_— - -~ the-feference fiber-and-watch-where-it-is-mapped by Ug(g).Of course we_ .. _ __

- —_know that_this map takes us to a point over s because thats the wag U was

designed) The endpoint of this map is defined to be"l'l[g_). Since you can do

this for all s, (for example, s' shown in the picture), you thereby map

. out a new cross section. Oddly enough, any other cross section passing through )

R A5 will also be mapped into this same A" (s), because it is only one point )

of the old cross section which is made use of, its valué on the reférénce fiber.v

e

~1%+ Questionr—couwdd—it—be—that—this"space—of-cress—sections* serves-as—the—— — —
representatien-space—for-the representation .Ha.d(g,'l_jj-’_ﬂﬂt.er all, we_dq have _
— e . -a_xi& scalar_product for this space which we called gk, . And it does seem that _
_ Usy{g) always gives a new cross section , so that & is closed under U. The

only problem is that the muliiplication rule does not seem qu:l.t.e r:.ght.

L LCQ_)_JF&Q_IEFQ%@_._E“_%@ i S
. N

- 14. Well, et us mssume that—=certain-subset—of -G call -it- Hy3eaves—the *pﬂint? Sy~
- - fixed, iey-hs, = s,. Clearly H-is a subgroup of-G..L(identity, closure, group).
- — - (Aside: H-need not be invariant_subgroup. If it is, then H will be the
"invariance" group of all s&¢S , not just s,) (Basy to show this). Now, if

_____ we restrict ourselves to subgrmlp H, we see that Us ﬂ_('h} maps the reference fiber
. :Jn‘w itself. Also, the above multiplicat.ion rule is now OK: ) o

— e m— - - - — o = =

N S ‘U:(‘q “0_ Q‘*\ ._.._—U- ka) ____.ujmm._ﬁn.gagum_m_\js.,,_nﬁc %1 ;

_Thus, we have a representation of suhLuup H; thouﬁ not yet a rep of G
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- — 15. Notice that-Us. ng is defined.for all g, mu not.just for g& H. However, for
_._* — . ganaral_g.._hhln_map_haksﬁ you to Eﬂm.i._'il.t-,Lfi&@!'- HQ\'MEIL:-GQB_SldEJZ instead _ _
the map Uq{;g‘ ). You st.art- with some g I" This determimas an s = gs.,. We see
this thing as a map from the fiber over s, to the reference fiber over s,.

However, you can think of this lIEs (g~ 1) as being a map from G to the reference

T 7 7 7 7 ‘fiber.” Hermann refers to Thl_s_n;ép as mgi. Ie, ﬁ G Vg, 7

17. Aha! There is a difference between my Usﬁ.g"l} and Hermanns Ar{g). His #(g)
is a specific point on the reference fibe?‘. _whareas_m; IT;(E‘I} does __flit._ gi'vE

“you a specific point on this fiber unless you let the thing act on some
T - partituldr point I thefiber-over s S0 torelatethese two vbjects; -
~ - we—have-to-get—more—specificrLet-4{s) be-aparticular-cross-seetieny—Then — —— —
__...___ . - . at.s,Ar(s)-is-a particular point.on the fiber over sj so we can now.say:

_ TN = Wy —

R “%ug_ma = %)

.- . This_is Hermann's equation 9-1. _Hnt.in:a_.t.ha.t.ha_.jnah_uaﬂﬂ_g_ L for U (g, S
' : We already know

that U {h] dale.nf.-.s a representatlon of H, mapp:l.ng “Isa to itselfy Tn'a can

g rr— e -

p:.cture f‘F(g} as a pﬂint. on the reference f:l.bar, even though g not nec in H.”

Thus, under the rep of H, ff{gJ will gat mapped into some other point still on"'.’
T T “T have shown that:— —~ - Tt T T T T -t T T —

TN Q=@ | towee_ ¥ ()= ¥ (gh) w

18. What doés this mean? It means LWt We Wave “realized” this rep of Q-1) 7
—— H in such—a- way*that—?sais—the—ﬁerspaceran&'ﬁ"m*theﬁ:spaw R

- —— e memema -t e i i S e o o S——— il i im— -
F -+ -

- —

[EEE e ——— e - e r——— = e b -
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_6*? ] 19. T think we are getting near the punch line of Hermann's analysis. First, we

know that there is a l1-to-1 correspondence between the space of functions
#[g} and the space of cross sect.ionsot . this 1s bécause we can form one

- - —from the other unigueley: _— - - -

— — e — —— e m e e e e e e e — -

i V@YD =) 2= U, (NY@)
—*Hurﬁw?w&weﬁeshm%ﬁpac&%—wdmt—thnse—#—w&ch

- e r—— = J— satisi?f—-ﬂf-ﬁ-‘?—ie-._t.u_thnsa-ﬂ_that_fmrth&-mpmapaca_.ﬂur_the_rep_of_ﬂ, —_— —

then_in_fact_the space of cross sections . , with the same restrictien, S
forms a Rep space for a rep of G itself. Bul how dsas dua gonlel? ~

o 20. Clearly this is just what Vilenkin said. The equation [EE}_of Herma_.n;
B must correspond to that property-2 of Vilenkin. Looking at Vilenkins form
for the scalar product in &, it Iooks Tike his eleéménts of X, called I,
- —— -~~~ -were actuxlly cross-sections over-Gas—a baser—Te;Vilenkinsg scalar product”
is -then—exactly-the-scalar-product—ef-twe-eress—sections—threugh-this-bundle.—

— — i —— — —— — — o — —— e e s - i —  p———
: —
I Y —— - —— - —_—— —




Ideas on Connecting the Fiber Bundle Technology to the Induced Rep Theory.

- - S e s e

: 1. ASsume that Ghas-subgroup-H:—Let S be the-dMespees— Da5e-pf-a-homogeneous -

-. - vector-bundle-whieh--we -shall assoelate—with-greup-G«-Let—sg-be-the point in

S-whose invariance group is H. Let Ve  be the reference fiber (it lies over
50)_. since Ve is a vector space, really we should refer to an element in
this reference _f}bgmas a vector, for example, f . Assume that the reference

fiber is a Hilbert Space , so there exists a scalar product. Morecover, assume

that. ‘the reference fiber is the carrier space (ie, rep space) of some repre-
sentation of group H. Denote the rep operators of this rep by Ug iEi. Clearly,

these nperafﬁf"ﬁirmwmmrum > T‘ -

- — p—— — ——  E—— ——— & —— ———

Hwﬁe%%%&ﬂ{%hmnmmemk%_mm— -
_we_shauld keep in mind that the cross section is wvector valued, although we _ _ __
__neglected to put a bar under M.

3. So far we only know Usn(g} when g g is in H. However, I suspect that the requirement.

“that the vector bundle be homogeneous (ie, consistent) will in fact give us

Uso(g) for all g in G, not just in H. For example, the consistency condition

1 réqmeWWummw-

e it—certaindy restricts-it-adot.— Perhaps-arbitrm*%—gﬂ—iv—determin&d Just—
- ——— - — - from Ugfh)+ I have-not yet-determined -whither-or-not-this is-true.-Hold.-

he Let us assume for now that U_(g) is known for all s in S and for all g in G.

Then a subset. uf t.his large set of operators forms a rep of H whose carrier

space is the reference bundle. Mo—th&t—booausa-ﬂgﬁg-)-%ﬂmﬁ we are gnren

Jjust one vector on .juat one fiher, MUB(E) determined u:nqual.‘." an entire

‘reference fiber, i can"be associated -with-one—cross—section®The fact that -
~ - — -— -—space S-is homogeneous allows us to define this-notation:—g=—s/sg—Is the
—— ... _g so.determined unique? _I dont_think so. For example, s,/sy = h_can be any
elembnt of H! Thus, sés,_,_raally only spaéifiaa a coset of G relative to H _
and any g in that coset will be equal to 8/sge

5. We interupt the line @& flow here to elaborate on t-hia s/ Sq prnblam. Question:
“consider these two left cosets of H; g i and goH.  If these cosets are equal,
. 77 7 doesthat means g7 = gy 7 NEXEXEXEDFX¥EEYIX No, it Just means that g; and g
= are bothim thre same cvoset: (Obvousty gy is—inm the coset—giH)s In general—these—
- are fewer cosets—than-group-elements. We know that—these-cosets partition-—-the




L
=
™ i - -
]

group into say N pieces, and each piecé containis M elements where M is the order
‘of H. Thus, the order f G iist B& MN: Thus, order(H) = order(G)/N.” This iy the~ -
. -old result that the order -of -a subgroup-must—be--en—integral-divisor—of—the-orger

- of—the—group.—The—number of cosets, then, i s equal to order(G)/order(H). This .
p——— _ ——includes the Mtrivial" coset_which wihh'%mm&
¢ your set S the 96t of cosets G/I4 then the divis] sc/sD has
"_a unique solutjbn, namely, H. }(ot.her words, s/ = H in this casgt Similarly,
unique. It is rgflly (C3/H) whigf is just equal 4 C; where Cy fs
(Wny? Becayi = g4 = giHH%n Ci/H = g4H =}{]. But waity
s/s, is upposed to0 be a/group "el_emt.n...y — 7 — - - -
e e e W We T E—WOT KiNZ- ot s question: —eWbkasdy-d 006 -a-point—or—a—fiber—determine—
a-¢ross-section over 52 .1 was going to answer: of(s) ~ g 1 /s ) £ in the _ .
case_that_f was_on the reference fiber, but then I noticed t.ha:.uijsg w;: not
unique. Given some s, you really dont know which g to put inside U. Maybe if
;.rmii_:gke different g's. both equal to sjso, you might get two different cross

- section points over sl S ,
. 7. 1 think I have t0 retract this notidh tHat & point on & Tibér uniquely determines

—a~cross-sectionyvia—Yz(g)s— Suppose-the—order—ofsubroup—H-were-25:—Them;-a point
- - — m—%’ fiber--actually-determines-25 points-on-every other fiber-because s/sy-
- —--has 25 solutions. for each_s.

_8. Instead, lets work with a different idea. Suppose you have a see cross section

over S. Take its value over some s. Find the 25 solutions to s/s,. For each of
 those 25 g; in G, define £(g;) = Ug(gs~')M(s). Notice that all these is so
obtained lie on the reference fiber. Thus, for each point s in 5, we obtain 25
points on thée feférence fiber. Now, repeatthis process for all s im 5. Theh, -~
B each point on the-cross section maps-into—25points—on the-reference -fiber. Considred
- —— as a map from S to-Vgsr we have a '25-t0-1-mapping.— However,-if we _consider this.
—— _ - _— __ cross section as. just spme kind of fixed, auxiliary object, then zemwdt considered _
. as a map from G to Vg, we have a 1-to-1 mapping. ! Tt is this map that Hermann c_alls
ﬁ:" Of course the map is vector valued. Note: 'u’i_.len]fin calls this same map gg).

9. So, ‘with each cross section over the bundle, we may associate a unique map from
3‘ G to Vg, which map is a one-to-one map. N&mely, £(g) ;_U;lfg"lj‘a‘f'(“s?}”'ﬁh"é“ﬁ* T
- 5 =g90+ Pertapsought—to call thecross-section £ {s)s -

- - = —— ——— - G B — —— - - [
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——— - - 10. However,-if-we are.given-a.l-to-l-map from G-to-Vg., that map by itself does .

not define_a unique cross section ! For each g in G, sure, we have a unique

__.__ . point on Vg . But, maybe 25 different g's all give the same s, so we would
end up trying to pin 4*(s) at 25 different values. This is the same problem
we had back mm in (7.). A point on the reference fiber always maps into 25
point.s on all other fibers, so unique cross section is impossible.

- TI Qiiestion: is Thers some extrd Tomiition we vould tnpuse o thiy mep wffg) such——
that—a—unique—cross—sectionis-determined—?—tets—ge-back-and-—Fook-at-F—We—-—— -

i found -that--gkven-a—cross—section,—we- could-get—a unique-map.. Thatmap-so -
determined has_a_special property wbich I will now show. Remember that consistency
required that :

Hpuam}“mcmy - P S

- —Using this vonsistency tonditionm imthis—form;—we see~that: -

L g2 ) A(s) 2 Amﬂg_“%({u_) (§) %6
B ROSYE 2o I
- =) l_m(ﬁ')”( (8)= "Y‘(E}ﬁ__._.-@*l) o h____u__,_ﬂ;(_r.g MNNGs)

—  Thus, -that 1-to-I map-ﬁ- obtained from the - = nr(jhl - -
- — e — —— cross section A .actually satisfies this candition, which Hermann calls 9.2.
__ ____ Interpretation: the space whose elements are these l-to-1 maps actually

forms the carrier space of a realization of the representation U of group H

= (R T ee—— T S —

1n which t.he rep :-perat.or is a s:.mple right shift ! Thé H-space of this

rep is s:l.mpl;.r the group G. Keep in mind, however, that the map rf' is vector
valued, so Uﬁé'h Iy can shuffie the vector components as well as do the shift. ~

— = = s a m— R — g it i, e - i

-—— - 12, “We—could convert—thisrep—to ascatar rep &la Videnkin page 28+ Recaldi-there-
- "=  -— — ——the-idea-that-any—irreducible-rep of-a. group H-can-be-realized as a. shift rep .

—-———= - —-— acting on—scalar functions.- By staying witirvector functions;—we -bave realized
-~ ~tie rep-U, whether-or-not it is drreducible. -— oo -
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13. Now_ let.s g0 back to the quest.lnn of trying to determine a mique cross section

_.._ P —

. from the map ﬁ— Perhaps if the mapﬂ' obeys the condition 9.2 (a restriction
T in the map Ff), maybe then we can find a unique Af. 1711 bet ahead of time that

the restriction 9.2 is exactly what you feed to make those <5 values ob e
- . &r6ss SErtiomallthesame values —OK;considers - —_— -

-— m— v e w— oy — —_ _

o sy = 1L () FG)
. “1(‘,(31__%\ = U (@) & (. So= S .

- e QU woOTrTy-was-that we might_be .pinning. this cross _section at 25 different values.
at_the one point s. Here are two of those values; I want to show that they
_are in fact the same so there is no problem. Notice that the fact that both
g1 and gp map sy into s means that these g's are in the same left coset of

o —— e Gf_HE S __%Su.*-:.%rgn. = _ Q‘%l%é}u-—- So =) %Q'% = 'Sm.!_._h;_ - _ -
S =3 g,__ﬁﬁq_h_::__%-._-ﬂu —

o __  _ Now lets compare the two things we want to show are equal:

! Us.fm =t sng-)_"\‘fL(s},-,}
e e, wmuvﬁc@ F(goh) = Vg )L 15, () ¥ by 7.2
e ) m&m:l&,(}{"\ % (q‘7L
_ = UL ) F o= i) ¥ 7

IL. We caﬁc‘.[mﬁ' provided the map?f_sat'.‘i“ﬁria‘“"?rz: Wwe Tdn get & unigque

—————— ——— —gpross sectiom -from ﬁr-b:,r—the—r'l&E*—nr{s] = Us—&% - Of course the—cross—-— -
memm— section so -obtained—is-the same—one- you-started with to get--the. map./\r, B

. Fla- #Lg_\)&r‘\«tc(sjm)\)ﬁcwfw__ R

e e = Vs (N R ) = () - ‘m_gw_U&,.Qg i :]M?l
B “’f‘f'ﬂ Us-ig).“v (1.3 Uso(q) Vg (¢ i’gk’.('i)__

o ,___oag&m S YL T, asectudt Us(8)=4 s b _

' - 15. Therefore, we finally arrive at the resulty the set of maps % G5 ‘i.'l"s whitch
- - sa‘bﬁ:sfy"ﬂ'nrﬁttﬂ:nn‘?—z‘Tﬂsmwph:rbg—bhmﬁf—crﬂsmtmﬁhrhﬂndlr;

- — = - e JE—




The induced representation.

- = —_——— —r ———— - _ — i =

-1+-So- far, we have -succeeded- in 'realizing'-our. representation of the_.subgroup H
‘ - - —— _ _as shift operators on a carrier space whaode elements _afle the functions 3"(,5§

wiht. G as the M-space. Namely,
AT JENER (Y
3@\3-

s

RO TR e

IR PR WA T T N o

- © ==~ Howdowe kmow that L{lr) Ts @ rep?  The mult rule is OK because it iz T shift:
The—clesure—requirement—is—Ck—because—this—equation—is—conditionF+2;—thus——

obwviously the functions AY eebidée satisfy 9.2. Ie, L(h) is a rep because we_. -
assume it is a rep. Just for fun, to show closure: assume that A satisfies 9.2,

show that $ does also: . o
_ LN (= R () 12 = & () .

— e ——— —— i ——

L(}x\giﬂ‘} = LW @Jfggk\, = W’E-_‘n:hg_u &(fg"«lk\, = % {;\I

_ Mﬁ(ag_ﬂm_@%_u_m ————
T Z. Now definé s Hew 'ﬁhi'ft"bﬁér‘éﬁb‘f“‘f{'gj_“} actirlg on the same space of firictions -

- - satisfying 9.2. I claim that this new shift—operator-defines-z representation
of the entire group G, with the same carrier space as the rep L-of group H:

L TR =@y T R .
Qoswe: WD &) = LW N (Sg) =, LIMA(149) = F (gl
- - = (i) = gy ->

- == = ——Again; the-wmult- rule-is-trivial-because-it—is—=ashifti—€losure-is proved abuve.
-—.~ - -—— Notice-that-the rep-L(h)-of H-is-a-right shift-whereas-this-new rep-T of 6— - -
is a left shift. The new rep T is the representation of G induced by the rep

L of H. Its carrier space is the set. of 9.2-satisfying 1-to-i-mappings, which
_5et is isomorphic to the_set of cross sections.-on -a-cergain vector-bundle.




J 3. Now, exact.ly how do we characterize this "vector bundle" whose cross sections
T 7777 "form the carrier space for the induced representation? First, the base S of

the bundle must be chosen as a homogeneous space such thal s, has invariance
=== gronp He ~In—other “words; to-say-that-5-1s-homogeneous—implies—that—action—of ——
it -G- en- §- is—somehow-definedv—We-want—a— Yeonsistent"-homegeneous-vector-bundle, --
and-this-means that the action of G on a fiber is somehow defined. In fact, =
I _think I_can show that the entire "fiber operator” U.(g) is completely
defined by the smaller set of operators Ug (h) which transform the reference
_EiEar into it.self._ Ie, by the representation of H you start with.

L. Now we know that it is always possible to choose S specifically to be the space

of Teft cosets G/H. Therefore, given U and H and the rep L of H, the entire
— —veEctor-bundie is—completely wkexrdetermined: Thus; thespaceof cross—sections— —
— 4is-determineds The space of 9.2-type functions-is-alse-determinedv—Finallyy—-——
- . the.induced-representation is determined. ___ _ __

| 5. Notice, by the way, that the induced rep operator T(g) is not equal_hto_ﬂssg}
. because Usifg} takes an element in the reference fiber and maps it into the

fiber over s; thus, U [g] could not give A&~ E;J when acting on A (89)- Oon
the other hand, the rep > [(h) was equal €6 Ugg(h=1).” ~— ~~ T T -

ﬁm&mmmmmmﬂﬁmﬁﬁerﬁmmmmww—
- If-30~then-we—ean-see—exactdiy-how-T-takes- one- cross—sedtion-and-gives-another. -.
. ___ ___  After playing you can show that: __ _ __ S C AW e

Sl s 70 S

[Ma\lT(M;@j}r@g = G _H

R O\ ;‘“Er?fab_?_*:{’@&)_ =

= 3 oud: _xQ%Q:__IE,. g\%(ﬁL:j_ S

—— oo — —— — — - - - L —— -
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'?' Let.s refomul@t.e thlé idea again.
- — e i — i E— 5 .' ‘ ¢[!] - — =

lmmmr(qﬁﬁm) ¥(as) -

ROV ' —— nfls)

. _.d;{_;) ) N

In other words, start with an old cross section ﬁl" The value of the new cross

section above s is equal to the old cross section above point gs. It's as simple

as that. The reason it is som simple is that the "structure™ is all built into ~

£he Tiber bundls o wiich trogy sectionsaredelined,

——

8. Lets- r:ecap;ut.ha_nperators-‘ﬂg}_act.n .on_the_space_of cross-sections—in-the bundle.—

ot : . .
.In fact, the operator T(g) is merely a shift operator. on this space. These
ot
operators T(g) form a representation of the group G. The Carrier Space of this

simple shift rep is the space of cross sections on the bundle. The M-space

is the space S. However, this bundle is not any old bundle and S is not any

old s?:ré.ce. S 5k is the space of reft cosets G/H of G relative to some subgroup

ST — -—

H.  The bundle over 5 is the par‘t.icﬁlai" bundle such that™ UEC;(HJ forms a
particular rapresentation*of‘ﬂ:‘ﬁmrthrrep‘?‘tm'ﬁp“"inﬂﬁﬁd“ by tHe T 7

—rep~Eof-Hi - -——— -

9. Finally, a comment about scalar products. Compare: .

G\ = 3@;{%1 (O, @ _ _

N h_xui__g_d,ﬁ(%\,_@@_gg@ e

o (R”m\ A@)s = (@ e, WEYYE),,
_ mae . (n\fm YG))s

- — I betthese_scalar products are egual. The homogeneity of the fiber bundle
pauses the scalar product at s to -be defined by the scalar product at Sg* __ _

10. ﬂt;:-nclus:.nn- the bunﬂla defined by a part.lcular shu.t"fling of the reference fiber

prc.wides a space Hhc-se cross sections "carry" the mdut:ed rep.

—— = —— — - - -




I-'acke on Induced Representations.

—_——— — . - —

1. Lets start reading on page 19. Star‘b right off with a'_g_r_r:tyg E_flf_d an H-_;-i}afe

he calls 5, measure . Pitik some s & Se Then we presume there is some definad

action of G on S so that gs traces out an orbit in S as g moves through Ge

Perhaps there is some point s, and a subgroup H such that hs, = sy for all h

—SAth respect £o Hy and then gs would ma

in H. Thén you might say that in the space S, the puint s, acts as anm origin

sgyegain-as—g runs-through-G.Maybe-the—origina —shoould-stay-put for-all —. -

_ or orbits in this math sense. The property of a homogeneous space is that the

whole space is just one fat grlzl;tL It can ma_l}. be gotten to he_g_roup transform-

ations.

cMﬂmmpla,Jhe_phgmcaLsphemsM_ﬂMhﬂnﬁ—

o—Assume—we—have—a-homogeneous—space—5 -with-an-origin-ss—For-each- g-in-G,we —-
—_— __Wm-gsﬂ-—s,.-suma—cther_point-in_S._The:a_is_&_map_with_takes_.each_g__. —
and_tells_you wbere that g is going to take sg, call this map A7(g). In general, _

there can be more than one element g which takes s, to some s, so A need not

map-out—a-sphere—through—sy-centered-eat— - --

be 1-to-1. Define K. to be the subgroup of G such that ks,=s,. Now lets ask:

when do gy and gp but.h take s, into the same s? You can easily show that the

answer is: when 51 and gy both lie in the same rightg coset of subgroup Kso'

So, if you want £5 redo this mapping A" t0 make it I[-to-1, you can use the
set of right cosets @5 the domain, instead of thegroup—itselfi—Then-each -

right—coset—gets—mepped-inte—an—s—=gsy-where-g-is-any-element -of—that—right ———

_Ergo, since the set G/I{ is l1-to~1 with S, we mgh‘b as well use

G[K instead of S. This is the nwnfa.millar notion that any homogeneous space

S under G can be thought. of as the space of rlght cosets Gﬁ{ where I{
{5 the "symmetry subgroup” of point s,. For example, the pulnt 8o in S"E:ecumés'

—"—~%he "point" K in G/K; ie; the trivial cosetv The actiom of G onSin the
- - ——realization where 5 is G/K-is given very -easily«If-Kgi-is—seme-right—coset,

then- stop.-Use-left-cosets-to compensate Mackeys.notation. If g{K is_some._ _
left coset,. then g(g;k) = (gg1)K, which clearly is another left coset.
By the way, in going from S to G/K, you have to somehow convert _

your measure u into a measure dEflnEd on the left coset space. It seems to me

that if you are later gning to daal only with functlons which are c.nnhimnt. over

cosets, you can just use the group Haar measure 1t.self... 7

coset.—Clearly, then, the point is that this function M was constant on kkx the _
right cosets of G. The set of such cosets is usually called: G/ij .-

= F
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3. We.are now in the middle of page.22.. Let &#be the set of_complex valued
#_‘ functiqna f which_are constant on the hﬂéﬁﬁ}ﬂmm which_  _ __ .
have a finite square norm (defined by integrating over S=G#K with measure
du.) Ie, we have a scalar product.(By the way, if the measure is invariant

e weww w1 mmsa T B e e aemme e G— — —

in the sense of left shift, you can show that... oops, too aarly) 0K,

givan the space (4 equipped with :er\gnr product., then you can use that space

as the rep space ror this rep: (U(g)T)(g1) = I(gg1)+ Keep in mind that -

- - -the-M=space—ts realiy G/katthoughit—Tocks tike G teres—Now;Hfyour messure—

e~ — —.is-left-invariant,easy-to-show-that-this-representatien—is Munibary"-in-the- — - —
e - -—S€nse_that. the xgadxxxpra noom of a function.in the_space ¢ is not_changed . _ ..
. under the application of the rep operator U. Of course if you define a

hermitian conjugate operator U* then unitary translates int.o vtU = 1, as

usual.

m—

- —— o —_— ———————— = — —_—————— e

L. So why go through all this bother? We take a group and a subgroup K; we define

@ honidgeneous M-space G/K. We deline a Hep space of functions on this M-space
—of finite normv Thenthis allowsus—to definea-unitary representation of¢—— -
Iﬁu - — as-a Shi-f-t—&p&P&%ﬁ!‘-ﬂﬂﬁiﬂgﬂ%ﬂéﬂ—ﬂl&-ﬂé—ﬁp&ﬁﬂr——ﬁ&'ﬂhﬁt:f

i— nmam ammm = . — i ——

2. The reason, according to Mackey, is that a slight modification of the above

const.ructlcn yields the famous inducing method. Before we had a condtion 1

which said: funct.ions in & are constant on left cosets, ie, f(kg) = f(g)

for all k in Ks‘p Now we are going to assume ‘that we already have some

representation of the subgroup Kg, which we call L{k]. The Rep space of this

rép i called W (L) Now define a wew version of the space & To contain— "

———— e e functxuns ‘which, though-still-defined on-the-space-of-left—cosets Gfﬁ, now—-- - -
take-their values in the Hilbert_Space G, . Since “M-is a vector_space,. these -

_ B new functions f are vector-valued functions. Now, we replace condition 1 with

~_ _ __ ___ _acondition 1'. Instead of of having f be constant on the coset, we allow it

to take diﬂfarent. values as its argumant. ranges over a given coset. What values

shall we g:l.ve f(kg) as K rangea over K 7 Answer: L(k} £f(g)e Ie, we let our

given representation describe those values. Next, we wish to replace the

condition 2°%0 say that T has a finité Torm. We define a new norm &s on page

———— - — -  ~724, a nmormvonstructed- oo t.n:-.p*nf-t:he—?é—nnrmr — -

- - -Nowy-having defined-our new- space§-by-these -eenditions, we-define- —

— ,. —-—a-new_rep_for_the whole group G in.thiua;u..ll(g;[.}ﬂgt]_-_r{,ggr)._his_rep. - -

R _ depends papametrically on_L because L plays_a key role in defining the rep_space e

o i _ Moreover, the measure invariance guarantees that U also ig_a unitary rep!
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- - 6., Comment o M-SpacEs: -Going back tuvur-originzl condigitoms I amd 2, wWe — — T

_ -~ restricted to functions f-constant—ever-cosetss -This- meant-esseantaiily-that- ——
-. - - - the-M-space-was-really G/K,-not-G-itself.—With.-our new conditions and -the

induced rep, the vector-valued elements f are definitely not constant. on the

cosets G/igl_a?u_ I would say that the M-space of the induced rep was in fact _ _ _

the group G.

7. Mackey goes on to describe how you can ir,lﬁnz:e a fep Uon G from a rep L on h
subgroup H without having to deal with any,measure. This is a pleasant little
- digression—into mezsure theory; which T of course kmow nothing about. First,
s i e e @8 g SUME-that—our—space-S-ig-a—"Borel-Space"™——This—ts—a-statement—about—— -
the measureability of the space S.and I think it _amounts-to-saying-Hausdorf— -
separable plus locally compact. This means that there will exist a positive
number associated with every subset of S called the "measure" and denoted

M (E). Fine. Now, given some measure JA\» you can concoct another measure

Mo by integrating Ay over your set E with some positive weight function Q‘?

The Radon-Nikodym Theorem: II two arbitrary measures of space 5 equal BXxX gero

- o the samesubsets of -5 thenthesetwomeasures are comected by some ’

. ' -weight—function-@—and-thereferein-seme—sense—the-measures are- equivalent—————
iey. in the same_elass. Notice_that "set of_measure_zero” suddenly springs --—

_to life and means something!! —— -

8. For example, suppose we have a set E in S and a measure pL(E). We can let

some g in G act on E. Hence, define a new measure -P'E(E} !»{gE]. 1f
these measures are equivalent for all g in G, then this measure is called
i MqUasi-invariant®. O, the point here is that G/H always has such a quasi- ~

- = invariant -measure; -even -if it has-no "invariant™-measure:—Then—you can— —

- —execute .the inducing program based-on-this-broad-notion-of-quasi invariant -
. _measure. Moving from one measure to_another within the _class merely generates . ..

equivalent representations U under inducement.

9. Observation: i:t‘ :,rc_ru l_e.tr H= ideritd._t.y -s_subgr_'orup. a;n:l L = trivial rep of same,
~ then condition 1 says nothing, condition 2' boils down to condition 2y and
- 7 7T the xmp induced rep U defined om the M-space G itself i1s just the regular rep.

LTI T
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_‘ " ° 710."Now lets flash-back-to-page—ir5 in seetion l+l-——Adtheugh -the-measure—y\,—
- = ~— - = - — -ig-defined-on sets-in- the-M-space S, .invariance. .of this measure means —_
tha roup G« The set E is not in G, so

. I dont think you would call this ‘a Haar measure. Nevertheless, this is the

kind of measure that you need to define scalar product of two functions

defined 'on the M-space S. Now, suppose you have group G, space 3, and an
invariant measure J.I-L‘& Define a Hilbert Space of functions on S by the
obvious norm. Elements of this Hilbert space are I(s). Themn, you can
define an OPEFELOr U WhiCH ACTE O the Hjtbert spave*¥-andwhivhis completely— -
= = ° T —defined hrthiswayr—left—shift+—Because -this—has-the- group—mult—propertyry——m— -
this-eperator—defined—on-G-and,—is, by definition, a representation of the
-~ —— . _group G. The invariance of the measure on 5 implies that these operators

.U are unitary, so this is a unitary representation.

e L NP —

- i

11. We are now at the first indentation, page 27.

- e == = = - ————— e = = - — — o e e ——— — e ———
—— - = = — —— = ——— —— —_—
- — e - . —_— = -—
- — - ——— - — - — g - ——
—-—— - — - —— — S =

——— = e e - r— e m— e [ e -

— -— - —_— LI — = e - — = ——— i = -
. - ' T ]




Mﬁm&ﬁhﬁ ~ — . — e
O i A R
- mwﬂm“.mw — ———
o Coumtne 1 Ho g G B 7 be hu scpspacns Jo GO, e aap
- -6& H. &h_ﬁ\m_.!ﬂmam_nl\,% h_ﬂm_%,x&mmj_?\mﬂmm_w_“
_ Ecnﬁn&*pmﬂ.__(_l'?.‘_ﬂ,}.. _OF counan M_MG‘MA.» WML = (%) &=
Vokon ikl Dy slmonsrshy N do cadl camuy Soed o 10 0l 5.

- .. &MML%_Q_MMTM&“%_ M% —— -
. _—_"Q.(K\.O:_F_M&EHQL*MW_%Q“ e

—C:.ﬁ; fﬁm mmm M@I(.@.M#:Q-ﬁm*—&__a;—_
e Sollows. Fiuk 3. D sfoimsda b il ln Qalallad by
- %&ﬁ_mm&_&&u_M_m S o st £

e e G TN s i
. N = S (o) Aty .-
I G N YO _
- Qo assana m::y\.mm_&:, H_\-Q(_"r}.‘_r}:ﬁ.}ﬁ waSoaus beoisalele o .
——— mi%ﬂm S N Do o Qi
-—Aaghﬁmw_ [ : - - SR
YAy T |




@S\«mm@t Ta) £y = J(gq0) woamgp.

Ve O i_ﬁ-.ﬁsaﬂ%g—ﬂ@im«a.&\uﬂ o ME&G\Y X Se . @
T T S, = <ol T(@ T L '
= { i:‘%oll(ﬁﬁxﬁb = Lhqgl®

- 4%@%\% ._-__<%n\‘r(ma%> T(qad) § (a)

rovidy Muaw Qe $Ca) s = iﬁm = £(3%.) eb.

M&mw_%ﬂ@m-ﬂ_ i

" Ye WAy Say CEGhe
] -%m%;@;m B ®

W

S weeQealeay: SG)s S@ay = <G\ =gty

‘--___Qn TN = S = (B = L@anlEy

4 14@%31.@@,#). Ca\ QWL
- T ;;@g QW S;q\ ,qg,%ug

| D, el Conai) D, TG F= oy,




- - Comments on Induced Representations.. - . - . . - o __ .. _.._

_._ 1. Recall that the Hilbert space ;L, which is t.he “represant.ation spa-::e“ tnf the
induced representation, is defined by two properties ( to be redescribed in
a few sentences below). Usually, when you have a representation space for a

- " of the functions is a différent space, usually called M by Vilenkin, Vilenkin
never-gives—this—space—M-a-names Mackey-refers—toM-as—"a G-space"s-This-is— -——-

- — = —._to.be transitive _on M. Mayhe M is the "carrier space" of the representation?? ___ ._
For now, lets call it the M-space.

2. Hnw, when you talk about induced reps, you start off with some known rep of
T a subgroup called H. The rep space of this known rep is called . 1in turn,
this rep space "W is defined on some M-space, say the real like. You need to
- ~ °  Krow dbuut thir M=sparein order to actually calvudate thesvaldarproduct — "~~~
e e = o Petyo—func bions—in- B —but—formally- we- can-ignoré-the-M-space and- write the

- scalar_product-as_{f,g). i — -

._._ 3. Now, the "induced" rep is usually called T. What is the rep space of T, and
What is the M-space of T? The Rep space of T is calledL The H—space of T
happens to be G itself 'd!? i 'nIe wan!;&to be a Hilbert space, SO it must have
a scalar product. This scalar product is defined in a special way, so that in

effect the scalar product of gy is “built on top of"™ the scalar product of 8.

. e ___C:T'.,@ag_'f_de_gi@lg O -

Ay St 2 (FOR@),

T TN TS R B

Thus we &oe thdt in fa&€ €he elemeénts of the Rép spacé Y @re colums of
- functions defined both on-the M-space—of ) and on the M=space uf‘cf‘,; which - -
-- - - we Jjust noted was G itselfo- — ——- -~ - ——— s e - -
- - . —— 80, the first property which serves- to define-Yy-is-that—the-elements of

_ . __ & must have finite norm, where the norm is of course defined by the scalar- -
—. product shown above.

— -—— m— e o — - E
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T T TTT.USo the first property defining §JiS that the elements of X wust have fini
- - x-"-nﬁzﬁ."ﬁéfﬁinly“a reasonable requirements The second property-required of
o . %15 thut-£must—be—aRepresentation-Space—£or-the-rep-Q of—subgroupH—— ———
defined-by—right-shift. Note_that this is nat the original rep space ¥, .
Ve ——— . We_have here_a_rep of H with M-space equal to G, not X. Ie,

o ——m&ﬂ — :g(_ %h} " preperty- on N ,.___.;

———Tm other words; we—areassuming-that—the—space # s—closedunder—theactionof ———
——— thisrep-G-of-the-subgroup-H. -Remember,—thefirst—step-in-getting-an-induced—— —
-rep-is to start with a known rep of H. Well, here we have that known rep, __ . __ __

except here it is defined on f, instead of M.
Notice that in general the requirement that L be a rep space of Q is a

severe rattrlct.mn on the possible elements L{g] of !,. Any old column of

————— — e —— e - —— - -

functions ¢ defined on G { a.nl:l on K) will not do. That 15, if you pull out of

— = S w—

o functions will not be an element a:ri, b&caUSE the 2bove property=—2 will™th
~———=——- — géneral not be satisfiedjevemthough property=t—is satisfieds—— - - - —

, _
_L._ —5.-Theorem: not.only is #& as.defined above_a Rep space for rep Q of H, it is ___
.also a Rep space for a rep T of all of G defined by left shift!!!

A LTV = $()a)

LS I E e TN | a7
In order-to prove this theorem, you.merely have_to_show. that..i,_iulused_unier
— the action of all T(g') for g'€ G, and you have to show the usual "group _

multiplication property”. Of course this latter is always true for a shift.

The closure uf.t under all T(g') can be shown trivially from the closure of

o, under Q(h). Ie, you want to show that ;:(Ej ¥ {(g':g} “is an element of &, -

Well, f' satisfies property-1 due to the shift invariance of the Haar measure.
© It satisfies propérty-2 becausé yol just show it (ses other shwets)s

— - -—- b. First-Significance: —the first significance.of the Minducing. construction" is that
I - -given a rep. of H, you can construct a rep_of G.

Te Example. let H be the idant.it.j’ suhgrnup of G, nnd let Q be the trivial rep of H.
[ This means that property-2 is an ident.it.y and does not restncti in an:.r Way e

Thus, the Rep spacei,nf the induced rep T is any flnit.e-iwrm column of
- - © functions 6n G. This rép is of course called—:—the "regular-rep"-of-G+ — -
" - - Ie, the rep where the M-space is chosen as_G itself, o
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Fredholm Theory



. - 1. This idea is mentiéned-by Schid and Sorensem: I must-have known this dnce but
.t forgot about it.

2. Suppose you have this eguation to solve:

-l
A= K+ KPA 3 ¥~ Al= K= K = A=_K(-KP)

e

To illustkate the idea, assume P is just z number.

3. The main idea is this: if H is a matrix and f:l.} is a basis of eigenvec;.urs of
that symmetric or hermitian matrix, then it is easy to compute any f(H) scting on
a basis vector, de:

HOD =MD = Yawo = SN,
So lets now consider this equation:

,A:\H W‘KA = A\\*%S_:@

> Alv-p-¥l= V(-
® > A= A YIlv-p- o1’ :
W VY= AN Qe S
AAND = Ax = ZRHGHALRS MO
= G-p) AN AL L \XL$<&1\h$L

T~ p -2k
' S G LINY N g L
Tpbo-ay — |

So, in-this case the eigenvalues -of -the- “"potential -matrix" tell you the trajectory shif :

=) L;E\akﬁ = G-p) SIONAN. [
i S e G N

4 - = -

Here BETA is some_ fixeq input t.rqje:t:tfnry. -

S,

-
il 1
-t - = e



Comments on Fredholm Theory.. — — - -

i’ 1. The basic Rredholm Equation is this:

@Cﬂ e+ %&1 £ KK x) . o )

Here I have reversed the order Df the kernal frnm its usual sense. Suppuse we
now " intrfddute ‘2 dummy varigble x" to get: T -

SRR = 30 + S G0 1) XX

This is the uaua] w&y I Encuunter“these equations. Sometimes f and K are clﬂsely
related. I have also been u51ng this notation for the game éfuatidn:

S0, = F03) + 2L 4,7 Kip)

2. Now, in certain cases the kernel is separable or factorizeable. I have ‘considered
thig possiblity elsewhere. Here, I will not assume anythlng of the kind. The
solution to this eqguation is:

@ = ‘% = 1# [ jfﬁkgfuan$d~h.mmu4&.
—ut ~ P . I
=% QA-xd) = {.N N o= l-xlA +~ W
o W=\ ) .
_ So, you can solve this thing. In the continuum sense, you will need to compute the -

Fredholm Determinant /1-K/ and fhe Fredholm First Mihor N, which I give elsewhere.
If K is small, you might want to use. the -leading terms (trace approximation). But
if K is factorizeable, then you would do better to use the other techniques for
handling this equation in that case, technique which is much simpler,

3. The special cases I have been running into of this equation have:

0> AGLY) L0 - K042 k(es) - 0R) K(2,Y)

|
l Cluti

s AGR) = KO~ ZLAGD) () K(zyy)
=) A= ‘ﬁ(ﬁ"‘ ?"E"\Y‘! “C\lﬁﬂ"l

le, here is still the general Fredholm sclution.

L. One way to approximate the solution to such an equation is to somghow reduce
the problem from a continuum problem to a lattic problem. This is whéf the computer
would do. Then you can solve things in the finite matrix sense.

I would like to make up a tame Tor thies: then a theorem

\ Theorem: even when your kernel iE nun—separablé,p§éﬁ can fﬂrmally-sclve-the integral
. equatidn in The Fredholm Sense. 7You can approximate the solution inh fhe TFredhdlm
Lattice Sense.

Theoam X : 1§ kel e GQ&HL{jAAQQAn&ﬁE, Yo QaaL K Eég schua &&L uukwkw&
29 e Novt [M mi{n’w i&d-\mm Casa M&x&l _
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The Theory of Solving Integral Equations with Factorizeable Kernels.

— —— =

1. Actually, we shall assume separable kerenels, then the limit of a simple

- .— factorizeable kernel will be taken. The implication here--is that the inhomo
term is the thing that is separable, and this same term appears as part, though
not all, of the true kernel, ie, the thing-under the integral other than the
function you are solving for: So here is- our prototype equations:

- M\;;h = KE\.?SL-;: \130,?:3 P() K@) R ¢ 5]

Actually, the thing I call K is not the true kernel, PK is. I choose the above form
because it conforms to my needs of the moment. The 2-sum is written as an integral

- since- a) thats what it is in part, could also include discrete sums; b) I want-te
keep that "integral equation sum" separate from the "separabie kernel sum¥ which
I am about to introduce.

2. Let us now assume that the kernel is separable in this sense:

) = 2o L) M Ri(@) (2)

The, letters are supposed to mean: left, middle, and right. The object M; does
not depend on 1 or 2,-and could have been included into one of the -sides.” I find
it convenient to expligitly allow for such a "middle" object, since in most
applications there is such a middle gbject.

. 3. Now, what happens whén this kernel is substitued in both places in the equation
in P 1 above: ' )

-

AGY) = Mi” \L;Lﬁ) *S_LA 0, 2) () LL@Y} Mi R(®@) (3) .

We find that we have compietely exposed the-dependence of A(1,3) on vartables 3.
So let's define a new "left" type object script L. Then we have shown that:

- ]

AGR=  Z- Y W R | (1)
cvaw L) = LQ)> JAGAPOLE) . (5)

¥

Now insert (4) into (5) to find that: --

i(_\\ = 'L;_(_'ﬁ} -+ % d3 (\) P\_.,. i X‘L RE(E-B ?Clj Ll (?‘\i (6)

L. Now, notice that indide the curly bracket, R is ‘on’'th& TIeft, and L on the ‘right.
This happended because this is the way things were pulled apart. Define thé.
bracket to be a matrix I,ji element. Also, upgrade the two L's and M to diagonal
matrices for ease of manipulation. Then (6) is this matriz equdtion:

it

J
VX = RO LE) ) ()

L

= -

JE:\_«-iM‘:‘\ (8)
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5., Correct a mistatement: we want to convert eguation {6} to a matrix eduation.
At “the moment, the L's ™ form & Vectof. We should interpret this vector as, say,
the first.row. of a metrix, so that Iy = 1'1' where now L is 'a mbtrix, This is
the proper way to convert a vector to a matrix. However, the object M is a

linking thing, afd we wart to imagine it as a—diegomal matrix—as ‘mentioned
before. With this.in mind, we write (8) as:

ﬂPLLF "\-_-\h‘-. -~ ,,% qu._;‘ ﬂ\gsx.m. S -
b= L+ Inn "

6. The solution &f this ‘métrix equatioif is not too hard tu find:
) . ~X * ~ S\
&=L G-my = LW=xY W

- Ty = - - =\
. =gy (h\-‘ﬁ}g_& MW =g\ R-S5e Wa
yk 3

s -

7.. Now, put this solution back into (4) to get the solution to this integral
equation. Rewrite (L) as:

AGd= S D) Ky Ru@® = 2L LN Ri()
$=1.

s 2 2SR
4T
- 4O CEI O

*

So, my only use of matrix notation really was to solva_fo;' 'script L. Could have
used a reverse vector notation. However, matrixization &f M is very uséful.

8. The solution to our integral equation may now be written in_th“:i.s way': &é’«
< X

| AGE = % Ly Gy Ri® | o

N
\M-x| -
where /° / indicates the determinant of the nxn matrix , and “where

Q’L}, = i“‘% ,(ﬁi"x'}l'at 'u\-i."k = E)i'lil Mn-i.i. = E);:.h}'\i,.
Xy = “}_ R.(2) P@) \ (=)

For completeness, I copy here the original equation and the geparable kernel form:

-

P-\(t;?ﬁ?) = !ﬂ(_\ ') ~ %-,. A,y ?Ct)_‘ﬁ(%,?ﬁ o \y“"
LY - . _ ;\ QP
S RQD) = 20 L) M R g

&
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i

9. Now we take fhe limit where there is only one term in the kernel, ie, a

f;ctnrizeable kernel: Then, the objects R,L,M;X are just numbers.

We -find:s -

factorlzeable case:

AGA) = KO ) +E AGAY PRYK(D)

KO = L) -me RGY

o

K(1,3)

L

= .

AQ D) =

: - [1, e R{z)?(a)w)g o

h

i

In-‘the fact. case, the solution @s equal to some number tIMBS ‘the kernel.

10. To make -sure this result-is right (since I am using it to. check-the general
result) lets do this directly. We find:

ALEY = Ly 'M R ~ ‘\bt P Ovy PCRY Lz H-‘ﬂ{'-‘-}
= [LO) + Y AG) 0 Y LR MR() i
= L0\ M REB), ‘
G L) = L0 = §_$m H—fi(f—\ () L) o { u b
SO L 2 H = 10 /em)
= ALY :-Lugu R(3) / (1-Mx) ;_.uxi(i 3) /(s MS.

11. Comment: In my applications, the Ebject K as defined above turns out to
be a symmetric matrix. Since M and M~ aré aign symnetrlé mdtriZés, the cofactor - |

matrix C., would (in this case) also be symmetric. As noted elsewhere,. this
has the iapllcatlnn that (if X is symmetric) the matrix C factorlzea at
a place where the determinant has a simple pmiex Zéro. ~ 1

let us imagine that X' and M both depend on some parameterg p, and that the
determinant has a simple zero at p = p,- Assume also that X 'is symmetric. Then
of course A(1,3) is also a function of p- A(1,3) is go{ng td" have a simple pole
at p = p,» The residue of that pole is going to factérizel We have: -

R-x| = CAY (=0 waan p=te _
L (\I) Qu 2_ R {:’3\ Q..}
= ey || Y Cigd,

= ——

BSal)!




_ - - R\ onauS\S

i: 12. Restaie last result. If the kernel is separable, X is symmetric; and the
det has a simple z6Y6 at P = p,, then near the pole A(1;3) hay the Tormy

_ . e Mo,
LAl =80 @o_._ o e

- - -

I ) S (R ere) )
| & = Au\, sl LY = K€1)
1%& \ﬁ:wx\ 9':- < (pe) (§-%0) -

u&(ﬁ‘-‘-ﬂ;; .

—

Here, the betas are just numbers. Even though we are very close to p=p_, we
still cannot trivially compute the residue factors because we still have to
perform the inversion of the matrix (M~ - X), ie, we have to know the diagonal
elements of the cofactor.matrix. Perhaps there is some trick to computing the
diagonal elements of the inverse of a symmetric matrix, but I dont knaw of any
trick to do this, just brute force computef. ~

13 . If we take the factorizeable 1imit of the above result, we get Cii = 1 end:

O = Lo /S L Ww=e0.

- -

14. Even in the simpaest case huwever, in order to locate any pﬂl&s you have to
be able to-do the integral Hﬁich'is called X. -
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5 Iy o Include a Double- - - _

1. Tet us reconsider the same inteégral equatich, but in the tase where the matrix
called M is _not_diagonal. Ie, the kernel has this form: _

XGD) = .2LL~H"\ SYC T G )
'\-3-'
Flnally. lets get this into useful matrix form “We want L7 to ‘bQ visialize
L and script-L as horizontal vectors (x,x,X,...), whereas R is a vertical vector.
Then the object above is just a number and there is no need to show sums. Hm;
here are some of the previous-equations: - - -

KOty = LOY - M- R

A QD RLQ 1—3 AQ,2) P(R) L('ﬂl M R(3>

]

&EG‘) M R(a)
X = D.RE) #E) W)

| L=+ SAGHPR) L(l)
2T+ 2mx 2 (-mx), =
¥ = T oy

IAGR = TOM-" RE)

In other words, everything I did before is still valid. Its just that M is no longer
a diagonal matrix. Note that ‘the problem is not at ull ‘complitated by this fact.

The problem of computing the determinant is juat as hard as before..The factorizéable
limit of course is the same. The pole analysis is the same. Note that it appears
that M should be a nor—singular matrix! Ie, you expect that/ /M/ -4 0.

'|M¢. M w-wdr alio
AG?) = KG3) +§ ACLR) £C2) K(2,3) B Symmatne

KOV = 25, L0y My Ri(2)

2. _St—at.e results here:

= AGE) = % L. Qy Rﬂ'ﬂ)/\}fﬂﬂ
uhnans - a

l“g@“\‘ 7‘-\1:5_
N Ru(2)PR) L (=), i
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Alternative Form 6f the General Solution. 1

1. I wrote the solution in the way I did because I wanted the matrix in question
bo be symmetric if X dnd M were Both symmétric. Since the product of two symmetric
matrices is not-symmetric, the present form I _am about to give is not as nice
because you dont get explicitly factorizeable poles. Of course you know thah

“the poles 'will still factorize, bBut Adt So 'clear in this notation. 7

2. On the other hand. this nntatlnn will be useful in the c&se that Mor X or

" "both are smmehow "small", Tbecduse thHen you car ufe thé exXpansiovh th&6réms which

we are used to in Fredholnpxheary. So: - - .

AW = Fe LOY RO MOl M Re® /1-mil

3. Usually, the combination MX is called K in Fredholm theory. For the numerator,
well I will make a new sheet for this right 'now:

. - -\ .
[M\;ﬁ\= FLW (emdy Mg Re (3
L. Suppose the matrix MX is factorizeable. Ie, suppse that:

O = Ay o

Well, this could only really happen if M and X were each factorizeable. But if =~
M were factorizeahle, then your original kernel would be factorizeable. Ie,
suppose that: ’

:5_ = '\' \\ lk' o
Tt X603~ (Z LINHk(E K mg VQY - ko R,

But when your Kerngl is so t#ivially factorizeable, you alréady know that fhe
solution is. very simple,.namely: -

AGY) = _LG) -k R'2) ]
: S LGOI ON




o

—_— s = e b e m e e ——

1, Tou know that if }rou have a diffarential equation llkE this:

. .('L‘k}.dvf_j?:_ s AVY=>
-then there_is a_related integral equation. The kernel of this integral __ _ -
equation is the .greens..function of the differential equation. Thus:

RS ONTE L 5 gea=Ng&n) %(3\&-?}___* L

T T This 1s of course the whole point of using greens functions. You first solve

" for your greens function, then using if, you cen write down thHeé solution to
the general kEme inhomogenebus equafion. (modulé BC's). Note thaf the assocaited
integral equation is the "inverse eguation", not something yod get by differentiating

both sides (variable does not appear as an ddpoint).

2. We know that in general a greens function can be written as a sum involving

the eigenvidlues of the eigenvalue equation:

iz = 2L S &) '
FemM) = S D .

. Then when you contour integrate the greens function, you, ge\per‘ate the delta

completeness relation:
Tond) = S BEIL)
- - <xl |.«5> = .g,i NS BV TCATY

'3, Now condider an integral equation whose kernel is the greens function. An

obvious theorem is this:

- ¥

Theorem: if kernel is non-separable, then eigenvalues must cluster at e .

Proof: non-separable means the above sum is infinite (sum for greens functioh).
Since any finite region of the A-plane only contains finite number of eigenvalues

(a property of Fredhom kernel), and since there are an infinite number of eigenvalues,
they must be clustering at infinitg. Ie, finite cluster points are not allowed.

l,. Comment: I have vaguely mixed definigg properties of "self-adjoint ODE"
and "Fredholm kernel". Probably anything you say for differential equations
goes for the related integral equation, though not vice versa. Ie, I think a
self-adjoint ODE problem translates into a Hilbert-Schmidt = Fredholy integral

I
equation problem,




. ion.of GFredholm Theor o o L

-_. o 1, I am reading paper crf Jones and Teplitz T -t T

2. Consider an integraf equat.ion like fz.j_)wuf"abme ref. As usual, the "parameter"

s e _- —— [P

- k is set to one, but there is a “hidden or buried paramet.er_l Call it. J. Hnw,

from our Slmp].E mat.rix fredhnlm theory, we know that the snlutlon “to the 1ntegral
equatlcn as Hell as the resolvant. will have pules in j at point.s where d.Bt{l'[—l):D.

WE: also know that in such a case, the elganvalue _eq_uat.lon Kﬁﬁ. =1 a_ (here,\ ; )

_—— = —ai —_— ——————a -

has a snlut.icm, because after all the pc.-le locations are the ElgEl’NaluEE m‘;‘

the homugenenus prublem.

_— [ — - PRIy e

- - e mm e s

3. So,7let K be the residue of K at the pol& it has at ,j Jo . This value j make
the Fredhom det&rminant vanish, this it is a pole of -the sulut.mn to the inhomo

problem. Thus, looking at the e:;ganvalue problem, we seei

KFE":(S‘ﬁ‘DFg = ‘ (73‘{5) XKQ“*)E\G‘IL: cb[x)

Thus we have en;p-l;imd the equation which appears in the appendix of above paper.

.
.‘, There, ‘j&: =1.

i - -
- T

L. Apparently, in any Fredhom eigenvalue problem, .....

- - - - - -

- o —_— — S —— - o
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. Comment on Fredholm.

In Joel's themsis, in him paper on bar;rnn multipl:.ui‘tias, and in my
— ———~ —discussien with-Geoff dback-in—-bpril-197d4- I ran—-into-what I would now call
the matrix formalism for multiple channels., I have recently outlimed this
—— —teghnique .in-Joel Thesis Notes. It turns out to be guite triwvial. You have ~__
there an integral (multiperipheral ) equatiom whiech diagonalizes completely
- —when transformed to the J-variable, The i-~integrations never_appear in Joel  __ _ _
simple medel. The integral equation then beeomes & =imple matrix equation
of the form: _ e

S F@) = 56) + [eDI®] G L
e e = (Y < _KCLUJ o) ..

These things are matrices in "channel space” and you might eall the matrix
—— =~ K tha "kernel”if you like: (It was—the kernel -in the—integral -equation— -
before the transformation). The matrix S is always diagonal and contains
-— ~the appropritateRegge "cut-propagators" whetth attach-to Gi The kernetG—— —
itself has atrengths, uidtha, end possible off diagonal terms.

_____ﬁugﬁ_am‘fﬁ e 1 = 11__2_____ ]

{ Ea.a;r - fte-a,'s ‘\—L o =l

- -~ ;%
. o _ PR S - T A et e
.. ‘ L I TS e ]

B

fl

T

- _' - —
- ---- = %5 C . = = %5he
| -- 1 -2 - —dy%
- CDBTE = fFge . IDLIIo= X ::q‘; e’
Whether you think in terms of K's (Chew) or S's and G's (EKoplik) the
©  resulting squstioniw the same; This-eguation ts—justa matrixr-equation;——— -

there i®s no J.n'l:ugral in sight. The direct solution is:

e— X'

o £ = 4(5\,_5)_35% ¥ =065 R
ask (|- K)

. g1 ?:.mi 1:111 pﬂ];a in F(J) you must look at this determinant. I do not feel that
— fer to jhis as a Fredh t:?ﬂnm_%k_ngr do Lhere _
i t }uﬂﬁ}o\ mgtion'. This imust the
- |
4k (1~ m |~ hE -+ R v A i [~

=77 My T Nt A




Cenuine FKredholm Determinant.

.' =1 +thinkthe realapplication of Fredholwtheoryis-that-deseribed-back-on-the —
first yellow sheet. You have a genuine integral equation (one variable of
—- i:nt‘u:graﬁun). ‘There is a kernel; -and a— (differentj—inhomogeneous term, The — -
gso-called "parameter" lambda is equal to 1. Although the texts deal with
- - - - —the—subject of--analytieity in-the "parameter", this isnot- the exaot - - - —— -
analytieity we are interested in.

S0, we have this "second kind" integral equatiom, If it really is a Fredholm
- __squation (square integrable kernel), then we_can write a formal sclution

in terms of the "resolvant". And, we can formally express the resolvant
S ag Fradhoim's firat minor divided by_the Fredholp Determinant. = __

NHow we add on the variable J just as a parameter that sits quietly im all
the components of the original integral equation. This parameter allows
__us_to vary the equation in some sense.

Obviously this parameter will show up in the resclvant and in the Fredholm
7 determinant. If this deferminant vanishes for some value of parameter J,
then you have found a pole in the solution of the integral eguation as a
o function of 7, - S o T L T T T o

ThHe Fredhohs determinant is not very obvioms, It im the determinant of-am —- -

infinite dimensional continuum matrix, as one can Bee by looking &b its

- development a.nﬂ.--lI*m{FTE—maEEanEH:lquadratura.—You—mld—oertn&niy—
construet an approximate finite dimensional matrix from knowledge of the
'_ - — kernel-and inhomogeneous term.- In the-continuum-case,—I do not know hew

you caloulate such a determinant.

However, from page 17 I see that if the Fredhelm "bound" B is emaller than
- -unity, you-can write_an explicit clesed form for the deierminant.

o o= exp[- 2 A

=)

e A= () = Sakn (o) =) dx dvw KO0 - KXo

W, K
Mors generally you can write a series for the determinant. Each Kl )
term in the series is a finite multiple integral over the kernmel (p 17). =~~~
Hopefully, it will converge, The first term beyond the 1 is the "traes". /

Note that if the kernel factorizes, the trace approximation is exact!!!

T Finally, one might think of fthe original "'parameter' lafibdd in t&rms of ~ —
the overall scale coupling strength of the kernel(s).

For an example of use of the trace approx, seeChew Rogers and Snider. Their
-—= = — Jeernel—is—shewn on-pege 22, along with their—integral equation. —Then -on -
page 25 the trace approximation is umed for Fred's det. Notice that they
- use lambda, but this should not be confused with the real Fredhoim "parameter"
which is set to unity throughout. «

O S Iy i D
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Asymptotic Methods



/ Augusxt 3, 1976
. _ Comments about the Method of Steepest descents. .

¢

‘ 1. References: after initial dislike, I think the discussion of Jeffries is the
===-— =—--bgst because -he keeps reminding-the-reader- of-the -philosophy-of- the—methodsr—keep
_your contour as "low" as possible, whatever the cost. Other references are: the
thick math handbook article by Olver, the book by Olver 1974 not at LBL, a book ~
- e —_-by Erdelyi; the general subject area is: asymptabic technigues. -

— ——— 27 My interest-in—the—subject—was -to- evaluate-definite-integrals in-the—3dimit that
some parameter goes large. In particular, the HGF's. Watsons paper thoroughly
answers any reasonable guestion you might ask. COpy retaified.”

3. The technique seems to work,when the parameter of interest is a power or
- -exponent,- When this -exponent-goes- asymptotic,-enly-that -piece-of—the contour-which —
maximizes the exponents multiplier function f(2) is relevant. If the entire
B contour lies on a hillside, then you simply deforn the thing so that it ascermds — — -
__up_to the_high point. Only the last little piece of this ascent will matter.
Watson's kemma is a special case of this, where the piece that matters is the
— - —-1ittle segement-eiose-to-0.—Ip-fact ,-you-oftenreduce-things-to Watsonform—— —
because his answer is so simply. Eg, "Laplaces Method"™ reduces to Watsons Lemma
T whén you just ¢hange varigbleto s = f(z). : o= T

L. The case I have not done in detail is that of the endpoints 1ying in different
- -—valleys. -In this—case,-the best-you can do is-run_your contour through a saddle.—_-. -
The saddle point will then be the highest point and will therefore control the
- T ~intégral. So~you merely expand things “around-the—saddle-point -and- get ananswers
. It is this saddle method (called col) that Watson uses to get his main results.
. By the way, you also want to come into the highest point along the
. W______ line of steepest_ascent to minimize the amount. of counter at high altitude. This -
goes also for the sdddle. That is why Watson goesto so much trouble locating
—- ——————the descentcurves{which -happen-to-be-curves-of-constant—"phase™;—or -constant -

_ imaginary part of f). L
e+ 5..__The_method_of_stationary phase_is_a_different_technigue, though it is related.

- &. Generally; -these-methods—apply-as—a-parameter--goes-te—plus—infinitey.If you
want your asymptotic result in some direction in the complex parameter plane, you
i have to check £6 sée if your Contour ¢an bé rotdted down to Watson form. 1T there
are. no. singularities_of the integrand in the way, you are in fat city, because
the great circle stuff always vahishes in our cases of interest, .
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the gamma fnnt;tion does not B'Il:hll.'lit directly to the usual method of
You can quickly get the first

Comments:
descents to yield up an asymptotic expansion.

—

‘t-erm by cha.nging variables in such a way that the saddle appears at a finite

= emems o e

point, but this does nut give lower terms.
The correct ma‘l:hod to use involved dealing with the d.er:.va’t:.ve of the PSI

funotiom., This derivative #7 may be written as a simple integral which at

once admits Watsonas Lemma.
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2 THEORY OF RELATIVITY AND ELECTRON THEORY 2717

‘e call it, with Minkowski, the light cone. The interior is called the forecone
d the affercone, depending on whether t < 0 or £ > 0.

All four-vectors leaving the origin which lie outside of the light cone
& called space-like, those which lie inside of it, time-like. Thus the vector r
the equatorial plane of the light cone is space-like, whereas all permitted
locities leaving the origin are time-like.

The sequence of all four-dimensional positions assumed by a moving
aterial point is called its world line. The world line of a point at rest is
rallel to the {-axis. All world lines passing through the origin lie in the
tereone for ¢ > 0, in the forecone for ¢ < 0.

We consider the element of a world Hne

sy

s the distance between two neighboring world points, it is Lorentz-in-
aiant (see p. 213). The same applies to Minkowski's intrinsic time

~——=1/da=—-{dx=+dy=+dﬂ
e —

We will now define the four-vector of the veloeily along a world line, The
rm

(17)

dz dy dz

dat’ dt’ dt
suld not be a permissible definition, since df has no invariant meaning.
is does not apply, however, to

y W= {"rfﬂ}

dz d.y dz . dt  dt, .
V= R T 'IGE_ - (v, ic). (18)
he square of its lungt.h is
5 T 2 z
V.V = I'.rz! = d!! ':r;ia - c df = G!- {lEﬂ]

- in fact an invariant which, furthermore, has the same value for all
locity vectors V. The four-vector of the acceleration should be defined corre-
ondingly by

dVv d'z dy dz . dit
. W ‘[F = ﬁ-'— ;—1'; {F’I W'd—’:o {lﬂb}

e

27.19a LORENTZ TRANSFORMATIONS AND RELATIVITY THEORY 233

It is, in the four-dimensional sense, perpendicular to the four-vector of the
velocity; differentiation of (18a) with respect to r leads to:

V-W=0 _ (18¢)

H._The Addition Theorem for Velocities of Different Directions

Velocities of the same direction were to be combined in such fashion that
their angles were added. Since in their elementary meaning angles denote
arcs on the unit circle, their addition is equivalent-to the joining of ares
on a circle which in our case, it is true, has the radius 1 instead of 1. The
formulas of plane trigonometry could be applied to the joining of these
ares.

In order to combine velocities with different directions it is necessary
to pass from the circle to the sphere, i.e. from the formulas of plane to those
of spherical trigonometry, and for a sphere of radius 1, not of radius 1.
Combination of the velocities ; and vy to form the resultant v is therefore
equivalent to the combination of the angles v; and v to the resultant angle
7, i.e. the construction of a spherical triangle with the sides v, , vq, and 7.
If « is the angle of inclination of vy relative to v, , then « appears as the
external angle between the sides v, and v; in the spherical triangle. We then
have by the cosine law (see Problem 1.4):

COS Y = COS ) 008 ¥g — SN Ty SIN s COR a. (19)

This is the desired generalized addition theorem. For & = 0 we obtain cos +
= ¢os(y + vo);v = ,.ﬂ + ¢, i.e. the earlier Eq. (15a). In view of the rela-
tion cosy = (1 — 8%~ ete. (19) is equivalent with the rather untransparent
formula
s _ B+ B2+ 28,8 cos a — BiBisin’ a ”
F= (1 + Bifs cos a)F ' (18)
which was given already by Einstein. In Problém TIL.2 it will be proved
analytically by application of the Lorentsz transformation.
The introduction of our sphere of radius ¢ may seem an arbitrary trick;
actually, it is merely an expression of the fact that the arcs 1, . T1 whmh

we must combine are imagi , according to {1la),

We shall mention one more mtmmtmg result, which may be read off
direcily on Fig. 40: In the theory of relativity the sequence of differently
oriented velocities is nol crchangeable; the result of the combination of
vy and v differs from that of the combination of ¥; and v, . Though the
magnitude of the_resultant is the same, the direction differs. The difference
in the two directions increases as the velocities increase; in fact, as we

‘_.1;@.11 know it i equal to the aphenca.l excess of the spherical triangle formed

__in our eonstruction. e —~ e =

In Fig. 40 the . angle a b-etween vy and v; -has been :..h{uaaen &quTto /2

- ema—
- —
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to simplify the drawing and the are v, corresponding to v; has been placed
on the equator of the sphere. The extension of the arc s then passes through
the northpole N. If, on the other hand, starting from the same point A,
we first record s (denoted by v; on the figure), perpendicularto the equator
and with its extension also passing through N , we must draw through the
endpoint B' of v2 a great circle perpendicular to the meridian AB’ and
measure off on it v = v, = AB. The point A’ located in this manner does
not coincide with '; instead, the connecting ares AC and (A’ enclose a
certain angle e. In view of the equality of the two triangles ABC and A'B'C’
we have here X BAC = X B'A'C’ and X ACB = XA'CE'. If we eall

Fig. 40. Combination of two differently
directed velecities » and vy to form the re.
sultant v, corresponding to the vircular ares
7. 72, 80d ¥ on a sphere of-radius 1. For
canvenience in representation the angle Le-
Lween ri and ¢y has been sel equal to »/2.
The figure shows the non-commutative
charaeter of the componenia: o, ve = ABC
#= e, 5 o= C'B'4; the angle ¢ between A€
and €£°4° is equal 1o the spheriesl excess
of the trinngle ABC (and that of the tri-
angle A'B°("" which is eongruent to it).

these two angles 5 and &, we see that the right angle at A is formed hy
n, 9, and e in the following manner- -

k3 -—
3"!]"‘"["‘&

Hence

e=qg+d-x/2 =340+ x/2 -1 {20)

¢ thus is in fact the spherical excess of our right spherical triangle ABC
and the congruent triangle A’B'C”. (The same applies for a general spherieal
triangle.) )

The limiting case vy = 3 = x/2, where the two triangles ARC and
A'B'C" become equal to the same spherical octant, is particularly simple.
Here the resultants are evidently perpendicular to each qther and, in view
of 1 = & = x/2, the spherical excess is also /2.

J. The Principles of the Constancy of the Velocity of Light and of Charge

Einstein in 1905 expressly added the first of these principles to t:h&
principle of relativity as an empirical postulate. Tt states that the velocity
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of propagation of light is independent of the state of rest or motion of the
emitting body. This principle is already included in the original formulation
of our world geometry insofar as we have demanded the universal validity
of the Maxwell equations. Like the velocity, the spherical propagation of
the light is invariant in the transition from z; --- 2, to zy -z, . The
Lorentz transformation does not change the light sphere into a light el-
lipsoid, but leaves it a light sphere. (This does not apply to the wave-length
of the light, which is not invariant but is known to depend on the frame of
reference of the observer: Doppler effect.) ’

In the earlier but long since discarded theory of the universal ether, the
independence of the light wave from the state of motion of the emitting
body was readily understood: once transferred to the ether, it propagates
itself in accord with the (elastic or electromagnetic) properties of this
medium. Constaney of the velocity of light was here equivalent with field
action. The same does not apply for & mechanical emission theory such as
that surmised by Newton. Here a transfer of the velocity of the emitting
body to the emitted light particles seems almost unavoidable.! We may say:
The constaney of the velocity of light is today the only valid remnant of
the ether concept. If at present we should speak of an ether, we would have
to assign a separate ether to every frame of reference, ie. speak e.g. of a
primed and an unprimed ether. We now regard Lenard’s “absolute ether
(Urither)” merely as a freak and the Aristotelian and scholastie “quintes-
sence” (the fifth element, added to fire, water, air, and earth) as an historical
curiosity. Thus in parts I and II, we have almost never spoken of the
“ether”, but used instead the not readily misinterpreted word “vacuum®,

The principle of constant charge is as important as that of the constancy
of the velocity of light. The charge is the same for every frame of reference.
This is not obvious, but follows from the Maxwell equations if we can claim
their universal validity for all frames of reference. On the other hand the
principle of the constancy of mass with change of the system of reference,
formerly regarded as obvious, cannot be upheld, as we shall see presently.
The charge 1s an absolute tnvariant with respect to Lorentz transformations;
mass and, as we shall also see, energy, are not.

Summarizing the content of this and the preceding section we may say:
From the standpoint of the Maxwell equations the theory of relativity is
obvious. A mathematician whose eyes had been trained by Klein's Erlangen

program could have read from the form of the Maxwell equations its trans- _

formation group along with all its kinematic and optical consequences.
tThe fact that Newton's emission theory could in a senge, experience a rqi-ui-;ag.
tion in the present theory of the Jight quanta rests solely on the addition theorem of
the theary of relativity according to which-efectively ¢ +v = ¢ [z = velocity of light
guanta, v = velocity of the emilting body).

" -

mam



