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| Theormme on Infinite Series,
— a—

| ' 1. References: most of these are given in Buck for real variables in his chapter on
- —- convergence, Many howewer are .generalized to complex wvariables _and. are stated
in Spiegels book. In the library there are books specializing in infinite series
- somegiveing theory and advanced tests, others stating various series,

~ 2. Plan: below I state in no particular order any Theorems I mighf be able to use.
- — —Hopefully. all qualifiers are included. _ - — - -

——__3s Power Series Radius: The domain of convergence of a complex power series is
always a circle in the 2z plane of some radius R. In order to find the value of
- —————-—-Ry- you must use the various tests given bolow. Right at the radius /z/=R, you_ ._
do not a priori know whether series converges or not. When a function f(z) is
T T répredeitdd ifl dome regivn by 4 Feries, and you write as expansiom zbout a point- -
.-, then series converges in circle which is as large as possible about a without
hitting a singularity of the function.

4. Simple Tivergence Test: if &, does not approach 0, then seriesz must divérge.

_ - —_——

5« Cauchy convergence: the partial sums S, form a uaquenu; in the space C. With )
—— the usual-metricy; this space is complete. Thus, for infinite series ihe concepte
of convergence and Cauchy convergence coicide,

_6. Ratio test: let L = lim_/a(n+l)/a(n)/. If L is greater than 1, series diverges.
s less than 1, series converges., If L=l, no chaluuion:EI-f‘ a(n) wers the
——— — <coefficients of a power .series instead of the actual terms, then .this teat would__
tell you the radius of convergence: R = 1/L. JHere, convergence is absolute.

!_, __T. Root Test: this time, let L = lim (/a(n)/)0 . Then test is same as ratio test.

] is this test which really shows thal power series has & circle of convergence.
—_ If ap are pouer series saefficients, then radine is R = 1/L again._ C -

- w— =g Integral test:- this test only applies to & realy pesitive definite-sequence 8.
Actually, 1o a positive definite tail of a series, if yofl like. Test says that
5 a, converges il I a(n)dn converges, Also, sum diverges if integral Aiverzes. -
I Saometimes integrals are easier 1o calculate than sums, o

~—— —9s—Raabe's Test: =sometimes vwhen -L=l in the ratio fest and- the test fails, Raabes
test will succeed. It says to define L'= lim ( n ( 1 - /a(n+l)/a(n)/)) . THEHXXES

B 1 1.5 6.1 56T I0ROCCRETITVEUICETICITSCRCTTINORURTTITTINCIIGETICATIETPECICET I e4.t ¢l
TEREXHKIFXBFEFEANERRAATAXRAXXAAARUSERABEY . Now, if L' is greater than 1, series

converges a_hﬂal'ﬁfa']:y. If L' is less than 1, series may diverge or it may
gonditionally converge. - -If L' = 1, test fails, — - ——— -

— . 10. Gausg's Test: 1his is & more sophisticated version of Raabes test, Sde page 142
of Spiegel for details.

11, Absolute versus Conditional Convergence: if a series converges absalutely
- - ithen it mus® converge. The reverse~ef-dourse inieed not be true. If & #éried
-converges, but does not absolutely converge, it is called conditionally
convergent. Thus, a convergent series is either AC or CC.

12. Rearrangemenis: if a series converges absolutely, then you can rearrange it
however you like. Thu®, if two serieses cunverge absolutely, so does their
sum and Cauchy product, see Buck p 159 to define sum and product. This is
the great strength of the concept of gbmolute convergence. lote that all
power—series (including of course hypergecmetric function) .c:onv.ergq_a.lhuelu‘tnla__
ingside their radius,

—_——— _—— -—— S — —— —_— e e —




13. Alternating Series Test: Let the terms a, be real and monotostc decrsasing
and approaching O iIn the limit. Then the alternating sign series converges,
but no conclusion may be drawn about the sikries S a, itself.

14. The bracket theorem: this is a particular form of rsarrangement where you
insert brackets as you 1ikeé But you do not change the order on paper. Then
clsarly, the brackets do define a rearrangoment, go we expect brackets %o

have no effect on an absolutely convergent sequence. However, even if series

converges only-conditiorally, brackets do not-hurt.-

15. Cauchy product: even if one series is AC and Second i= only CC, the Cauchy
product converges. If both are AC, then Cauchy product series is convergent

LS

16. Double sums: Suppose iwo-series A and B are AC, Then the double sum—series- - -

im 80 « Jou can then rearranges as you like, Thus, the Cauchy product is

== glpo ACT See Duclk for more detzils.

17. Uniform convergence: consider a series where sach term carries an additional

parameter like =z, [|Example: series of functions fn(z.} )« With this series-—I
we associate a sequence of partial sums F,(z). If thig sequence converges

uniformty om some -domain of 2, then series "converges uniformly"™. See page 140 ~—

or notes for meaning of "uniformly". )

18, Weisrmirauss M test: if a series f,(z) is such that /£ (z)/ is less than.
a convergent series of reals M, for all z in chosen region, then series
converges uniformly--in-that region. ‘This i= clearly the -easiest test to -
check for uniform convergence,

19, term=by-term calculus: if a meries is wniformly convergent, then you can __

integrate or ditrferentiate term by term , but there are certain qualifiers.
For -integratiom to be-defined, a functien must be continuous: So if the
terms in your uniformly convergent series are continuous, you can prove
thatthe sum of the series is dl#so Tcofitifiidis. The only othed requirement- ims
of course that the integration domain {or contour) lie inside region of
uniform continuity in z. Also, in order to differentiate term b y term,
you have 1o show that the resultant series- in uniformly conwvergeat before
you are justified.

20. Comparison tests: see Spiegel page 141 theorem 10.

Adfendum on convergénce tests: Thiese tests of'ten require some limit L. For

example, in the ratic Test, L Is the limi of this sequence: r, .= fa(n+l)fa(n)fe

BUT, suppose this real saguence r, has no limit ! 1If the sequence is bounded

from.abouws, then it is bounded and must have-at-least—one—cluster-point, but—if
it has two cluster points, theon there is no limit . Example: T, = cos(PIn) =1

I

In thiz-caze the various—twste must be réformilated, Here is the reformmlafion:

Let Tsup = limsup r, and Linf = liminf r_. Even if there is an infinity of cluster

~—— - _—poinis _for seagquence rp, these two limitm—must exdist 4f r, is bounded. Or, perhaps
Limsup = infinity, The test then reads: if Lsup is less than 1; series converges.
Tf—Ebinf—isgreater than -1, thwmr meries Aiverges, I words, ifEIT cluster pointa

are below 1, then convergence, and if all cluster points are above 1, then
diverges. but if some ars ahove and some below, no conclusion,
-

Piotures: Lswp _ . .
- Lk > 1 =) s
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[ Convergence of a seguence of functions £ (x) to a function-f(x)«
. B f I-Ie of course have in mind t.hat. T (x} is t.he partlal sum of n terms :Ln some series

so the quea"c.lon of whether the sequence cumrar'ges is the same as the q_uastinn
— Tof whether the series converges. o - - - T = =

- 2. Think of x as a-single real variable -for -illustratiom- There are basicaldy -three—
- - kinds of convergence: -pointwise,-"in the-mean", and uniform convergence.

3. Poitwise convergence. (Buck page JEG) Let all these functions f;(x) be defined
on some domain D. Let E be any open p}ecf_of this domain.

PDin‘t.WlSE convergence

means that you pick a particular x in E and you show that the sequence converges
~ for that particular x. You show that this is true for any point x in E. Then
your seriés converges pointwise. -7 - - ——

This-isthe weakest form of convergence:” As showrmrin~the simple example on - -
— -page--182 -ef- Buck, you can have pointwise-convergence, -but—the -sup norm- -/f—- f'ﬁ/'sup"

aee e —.can still be infinite. _This is because the trouble can.jam up.ggainst one of
your boundaries.

i L. ﬂanvergence in the Mean.(Buck, page 195} This means t.hat. /T - £/ o/12 goes to 0.
"~ Ie, the integral of the difference squared over tha mt.anral must vanish t.a have

“convergence in the mean. — - -

Ican imagine that you could have f; cdnverging to T in the mean, bt mot
-pointwise-due to some outstanding point (of-zero mezmsureunder integration)y.—— —
~ This same outstanding point would ruin uniform convergence also--beceuse the —— —

e o sup would always depend on this one bad point.  So:

mean 'ﬁ pointwise N -
figan ¥ UniLorhm - ST 0T -7

i e —5Aniferm-Genvergenee. This s the most important-and significant convergence -idea.—
- _ . Unifrom convergence means.{ Buck, page-182). _that /f - fﬁlEupF goes. to-0.._Ie,

. the maximal difference between the two functions (at whatever point that may be)
must vam.sh.

If £, converges ‘und formly, then it has the Cauchy Property /f, - fi/ sup

goes to zero if m,n larger than some M. (etc)

. ~ Most impErt_aztly: if a series converges uniformly, then you can integrate
1t term by term. (page 187) - T

I presume that uniform convergence allows you to interchange the

Frocedure
of -summatiorn of serles with any- other procedure, such as limit taking.

i
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Comment: in integrals of this formy there would be no question about the validity
of the "naive" result if ithe integral were finite. You could then take y to inf _
inside the integral because it is Arivial to get uniformity on a finite interwval.
The real question is what happens at the high ened of the x-integration. Ve .
see from the above example that as long as h(x) decays faster than ;:'1 yow
are OK, The amount of power "borrowed" can be as small (but finite) as needed _ _

_ to make the argument work, | \
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. 1. I am fimding that I finally have to worry about™ thisi™ "The context is as follows:~

_On the Interchange of Order of Integration. ~

" In evaluating unknonw integrals of 3p§ci?l functions, a standard procedure is to

ele\rat.e the special fmct.iun into one of its :m'l:.agral repreaenbations, gnd then

- = o= - e e s— e —————— — — —— —_ = = -y -

ta "do" the original integration by moving it to the right. Of course this

1mm‘l1er order. interchange and you have to make sure the_interchange is allowed..

¥

T 77 T T 7 2. The precise theorem about order interchangé is given in Buck page 207. The main

———

idea is sim;ﬂ,sr atat-ed: in order that interchﬂnge be allnwed each of t.he 1n31de

e —

int.egrals must he uniformly convergent in its "parameter" over the entire relevant

. _ _range of integration. Normally, the place youn run_into trouble is at _the extremes .
-~ - —of-the—-integral -ranges,—usually when it is infinity.
3. Here is a beautifully simpie illustration of the problem. In general, when you

. do it one wa;r. thﬂ thing canverges, but when you go the c-thar way, it aiverghes.

But in this example it converges both ways, but gives different sanswers:

e T TR S
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e T o
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Here we see very clearly that one of the "internal integrals" is not uni_m

. convergent_over the_range of the external integration. - . - . - _ ..
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- - -Comments on .Uniform Convergence,. . - |

. . -

. 1.-Theorem; if F(J),n) is the summand of a series in n, and if ﬁ{j,n}—-ia- the Iimit-
~J

- behavior .as n-» = , .then from the form of F(j,n). alone you cannot make any

- — - conclusions about-whether—series.converges uniformly- in-j. - — - ——

|
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——- - - The-point i, “obviously; that the-lower terms whith you do hot show ifi Faré -
possibly goimg to wause normuniformctonvergence.

- - 2 Application: it you are wondering whether the sddition theorem P E&P__flé‘
.’ - - ~uniformly conyergent as7j/-»® 5 —you will learn nothing by looking &t the -
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lculation of ige cont.;i.qua,tiun of corft.crurs.

© 1. In ‘order td explain What tlils title means, consiger this sumy —

& — i — - — - - - —

- _g_.'.,T' _é;?:“ - - - e

— This is—some function of-z, S(z). Suppose we-did not know how to-add up this
~ — series. Qurfirst approach would -be to.do a SWT.—This yields: -—-—

— A — -
. v
———en &= m Too— _,_He—:,_t:

S < Re F

We would like to simply open the contour and

o run it vertically. However, if z is &t all™ t:upplex, one Gf the tails will diverge
- - - Hhd yoh4re gerewed, - s B - -
"~ 2. S0, we try a piecewise analysis. Break The contour into bwo cmt.ours Cl and ¢2
T T T ds ghowa. TREST - —/ — . T = -
e — e - ——
—— S i%x*gb
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_ Thus, we need only compute S;(z) since we can then get Sp from this little formula.
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b Galculat.ion of Sl:

rrars
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| . orp e, b L daas
__ gmhm{)%,i k.aa fk\ \ daee aaniia ;
' Therefore, when arg(z) is positive, we arée justified in Totating the econtour

to the vertical direction.~Thusy -
-4 4im

S, - —'“r‘_g_r&w-_.. g c_m‘\:rm_,[
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10. Now, an important pt:rint .: the beta function is like the gamma function in that
"7 it tends to be simple and real if its argument is real and positive. "If the real
“part’ of its argument 1s positive, then~beta ts—a simple InteEgral representation,  —
-— just—tikethe gamma+ Howevery—as expected; notive— that-our-5; will -be—"simple™- —-
- in this sense -only-if arg(z)-is-positiveq, whereas S,-is simple if arg(z) is negative.
e - —.. However, the beta function has analytic continuation to all argument, so actually
. _ both these functions are defined for all z, except where the beta may have
singularities.

11. Add the Piﬂﬂes together and what do you get: -

_ mss 2O T ¥a SE ez T

- - —_— m——

-| II. \‘ - P —
o TASSUR ME X Y g

. ' S = o \shesoa G *M\l" = ﬁmﬂm—l

—_ - - - === =




f

12 Wk w a\x_&ﬂeﬁl? i a2 D
A= &ﬂ-S _ 2 = % 4K "??XS.}?‘H

zL—'ii —_— %')C.L = =\

e
2 -2\ = Y%

-.-L— L f—
Z~\) = K i w = Z=\__
Tur 2§%

S8 (‘;ﬁ@ﬂ‘_’“‘;:} i __

e

s %n

= Jza}g%\k P

= &E‘i ?é%_ o eepn ..

_—

C ol




14. So after many errors which I finally corrected, we get out the desired answer
. that we knew all along. Needless t& say, this decdmposition of the simple pikswex
functiom in question Mere into two m&ss;r‘pi‘aces is not too enlightening: -

— 1‘_& LiEE = ﬁ-m_i.

S / __T?f_;_ o~ . /. _"_*'__'“
. [ - -

T }.:ﬁ__

'

T 77 7 which iqs—mTﬂ 1fdnesﬁf"even Have a riame!” - - - =
== ~But; the method Tz what—Is Important. —Suppose you have a convergent sum
which you do-not—know-the sum--of. —Then—this methed -is the only alternative that

e = —— Lknowof!. . ___._. . — e ’ - -
. _15. Here is the interpretat.lg f what I_hpvgm done here. Gonsider Just the "upper"

c-:::ntnur. . This upper cnnt.uur act.ually generat.as one half the series sum S5 7 Seems

that way since it picks up half the residue at each pole. Ts this raally true?

ﬁo, because THis leaves out the Test of the conttur Which cowdrs along the Teal
- - “'a:xrs“het:‘ﬁfaen—tte‘“pules'. This-integraﬂ,—rs—hi'ghly "improper” because- it cuts through—-
lobs—of-polesw —You-might- “think that such-an integral would be real, being a real_
.- _ _____ contourintegral of a real function, but this is not the case. Consider:

_ - — —\ - —— —— - —_—— -
ax |
_ _l_?_ = x|, =0\ = JT L
=\
16. So we continue with the intew ation, Consider Juat. the uppar contour above

the real axis. Does this upper confour integral converge for all z7? That is,
£of z inside thHé Uit €ircle (wWhere the Sui convergeés). I think the answer is yéss
—-————Theupper contour 1s made of two pieces: The "poles" pietceisjust—hatf-the- — -

— - ——— - original -sum-which we dmow-converges. The ¥Cauehy® -piece—is-the-sum of lots of

little segements as we_have sald._A typical segment is:

—— - S = N % [\ (\) —r——
e+
E —X w

N N



So -yes, this Cauchy -piece-&lrso converges because z' is gitting there. In fact; you
know that the upper contour converges bﬁ::al:se as you go off to the right a llttle

above i;he_real_,axia* the_tan factor simply oscillates at finite values, and the z"
does expu decay.

Thus, both contours separately converge for z in t.ha unit circle which is to
sa;r, for ln/s;" smaller than 0, ia. nagative.

17. So éach contour we know separately converges. We know how to get one from the
= - —other, svthe whole problemIs reduced to evaluasing the upper contour. ~Whem -
- - arg(z) is positive,-we-lmow-that- GC—vanishes-so we- can-replace the upper-contour- - —
_ . with.a semivertical contour and we can evaluate that to get result. When-arg(z)
is negative, then gemivertical contour diverges and GC diverge=z, but we kmow that
the upper contour it.self is st.i]_'l. converging. So, when z is in UHP, we identify
the upper contour wf’f:.h a dertain function beta(z), say. When z goes to lower HP,
we dont know what the uj upper contour :-.s.'h;t;';‘;i;-h-ﬁw_what beta(z) is. Eincm‘ C
'upper contour converges for ail z, and since contour = beta(z) in the UHP, we
fust als6 have contéur(z) = beta(z) in'the THP. Tf two analytic functions agree
in the upper-half plane-, “themthey have to have the same analytic vontinuation? -

18. _So .once_more, lets review the_general method.
a) you want to evaluate in infinite sum. Cant do it directly. So,
b) you SWT the thing and break into two contours. Where the sum convérges,

each of these contours going off to the right will also converge.
c) yﬂu relate ‘the > lower contour to the upper, so only have to do th;u;p;r.
d) you find a region of z such that the upper quarter GC vanishes.
" &) ‘thén you rotate the upper contour and réplace with a Kmown, convergent
© ~reaiintegral: Took up the-integral and you have the~upper(z) funttior. -
- £)-get—lower(z)y—add- them, -and -you are denel—— = —
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Comment: -in this example, I have successfully replaced the undoable sum- with -an
integrel. Unforkunately, this is an integral which is not.bery easy to do. It is

doable if I usg Buler expansions for the two gamma functions, But this is a_
lot of work.

It suddently occurs to me that there is ancther possible way which is
an induction proof. This integral business should only be used as a laxt resort.
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o _ As otic Series, . _ o o . _

mn e — -— o ——— - i

1. References: ‘Smith *"Math Hethods fc-r g a.nﬂ E"
@)~ — —— — - Whittaker and-Watson "best boOR™ " -

—_ __dJeffries big hocok. — — e e

—_ 2. Here is the stapdard example: N e

T < o %L
_ £ = é_&_ﬁ‘ e & ) _
ek N o N+ —_-

- = % _= ‘K,_-j—‘l‘ Z WK . (=) ()b ~x‘.m. @_JUC €t

— ———— ——

— & l

Qd}_m —_ ?{__E&__q s _)_E_&ILW,L_@_%__*
X =y Fas _

A
) 150\ -5 _= \m-%—@(; AT < B?ﬁ& j‘" ":O' _
s -

_ “_______M'__ : ' Lo unc) :
S'mg__h" Cl_q_gr_lx, this is the qaten.h e _series_diverges, but_if you take 105\ . ___

. terms, the error is less than the 105th term. The idea is that_you newer really

consider the entire infinite series which actually doesnt_even exist (converges ..

nowhere). If you can show an error condition like this, and if the first few
terms temporarily converge, then you can make a good approximation. with_these . —_
terms. How small can you make the error for some givep value of x? Look where__ _____
series has "minumum”.
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L > ‘K\J_/_ ==Y R ] —
= Dnlo 0= PG A X ST ()
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P(xy_ox IS e ISP A T Y o e

Sa aa_ 2o Quoe % ' m'&‘&_._g:.__{_ﬁ.ﬂ.ﬂ&*le}-t‘l": P(L\iﬁwﬂwi ___

._..__ Anyway,—you-can-compute-the—turn-areund-point—to get—best—ideal eeror, In ‘pEECEIce
—————you get within desired-errer—in sgy-three—terms. - T
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Infintte Series as Ana

1. Suppose you have an infinite serles of analytic Lfmc_.tj,gn_s"fn[zj_ which you.add.
up to get some. total function £(z). Suppose the series converges uniformly.
qver some region.in the z-—plane. [Then if the inpdividual terms are analytic
Ain that_ region, then the function which is the sum must be analytic in that
Ieglen.

2. Example: Consgider the .series 1 # z + .z.z 4 +eses =1/(1-z). This series converges.
uniformly over the inside of the unit disc. Thus, in the interior of this kki
disc, the sum simply can not have any singularitys. No branch points, po poles..
The reason is that the individual terms are aunalybic in the entire z-plane! Of
couree you cannot. count the branch point at z=]l since this im  not in the. disc..

3. Application; _you are not. going to get a series of regge poles terms which produce.
the normal threshold cuts, [Reason is: if you have such a series, then there can
be no branch points in the convergence region,

}e
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Solution of Certain Class of Non-Linear Differentisl Bquations.

2
1. Consider: g—;{%— = f{u)

Here is a possible way to solve the thing:

&t %zﬁu so i&:?ﬂu‘)z %-%=a% = ﬂjﬁh:%(u‘;.-

- yigs FNaw = e ¥@dx + et = FOTAR

= Fwy = Al
> y= ::Sq,r-tu\m‘_‘ti "
— M Se &u\_ = th
T\ 2F () A

W
Aua
-+ — . h E& .
\j'j-:_ﬁu\,—m 5 > (5 A8)

Then you would invert this result to get u = u(x;A,B). Thus A and B are the two
undetermined constants which must be controlled by the boundary conditions which

accompany the original equation.

= x =

Comments: Note that you cannot have any first derivitéve present in the original
equation or this method fails. Note also that you have to be able to do two indefinite
integrals. If these cannot be done analytically, you cannot get a closed form solution
at least by this method. Numerically of course you are guaranteed a solution.

Example: ,;{“\ = — 0L = Flwy = -3 ww”

=5 ""‘:“\ = +8 = ;";i:—fé—:;:-ki}. —_:_hiwi;l(-“?-}\-rﬁ

X :l A—wut

5 2 a®dw =i (MA) B W = Alsibuxg) S

This was a linear example. Now for a non-linear example:

[~ L

- b l
Example 2: _t:_(“\,: \“\‘Em = Bl = %E == %‘%: )2_:_:{&&_‘_14:

edd. T e,
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the Limit—Point and Limit-Circle Businesa: Heyl's Theorem.

1.

2a

Je

T am reading this in Stakgold page 297. Lw=AW L= S:L.

Part I of the theorem is uncomplicated. The claim is simply this: if
at any particular eigenvalue ,\; both molutions to the ODE are of
finite s-norm on the interval , then at any other eigenvalue, the
same is true. The proof, given on page 298, is lust an exercise in
inegqualitien.,

Part II of the official theorem says this: given any}. not oa the real

axis, there must be at least one s-norm solution. Is, either there is
one solution, or there are two molutions of s-norm. If there are two

. solutions, then by part I there are two finite s—norm solutions at all

>\' Thus, the actual system itself is characterized by this dichotomy:

The dichotomy: one of these situations must prevail for the standard

Se

Te

Sturm-Liouville Hermitian (melf-adjoint) system with a singular point
taken as one of the interval endpointsi

a) for any A, both solutions are of finite s-norm (Credey (powd)
b) for any \, there exists only one (or maybe no) solutions.of f s-norm.

That is, if for one M you can find two finite s-norm sols, then you

re in catagory a) according to part I. On the other hand, suppose for
some A\ thers is only one solution. Then at no uthtr} can there be two
solutions because then that would have to be also true at A . Thus, if
you find a \ where there is one solutiom, you know that at every other
» thers is either 1 or ¥O solutions. ~

I think this should be presented az & =eries of corrolaries. Well, we lknow
that if you are in situation b), and for \ off the real axis, then you
Jnow there is precisely one s-norm solution, If you then ftake bnntn

the real axis, then all you can say is: ecither there is one fsns, or

none at all. & Pk Qnaae wil be e Fsms W A= atlelad sigaaveluar .

The way you test & singular SL system to see whicl case you have is
pimple: pick a trivial value of L and solve for fthe two solutions.
Then check their s-norms., If they are both finite s-norm, you are a).
If one of them faile to be s-norm (or if both fail), then you are b),

Wronskian facts: (time out) From Abels formula page 60, we know that
iheHronskian of two solutions of Lu=0 (BXXXNYEXEN) = C exp(-m(x)).
Therefors, if W(xy) # 0 , then W(x) # O for all x in interval. Conversely,
if W(x,) = 0 at any one point, then W(x) = 0 throughout interval. In

this vadishing case, the two. solutions must be dependent. In the
nonvanishing case, the solutions are independent. However, since

m(x) is determined by dm/dx = a/a,, We see that the wronskiam gan

depend on x, in this =econd case.

Another fact is this: for 5-L systems, a,' = &; « In this case,
m{x) = 1n a.gz:} . Thus, the wronskian of any two solutions is W = C/ag(x).
Later, ao(x) i= called — p(x). Still, W is x-dependent in general,

G, POOW (W) = = cowadandc b
The bilimasy conjunct J(u,v) reduces to —p(x) W(u,vj x). Thus, it is
this wronskian that you want to vanish at your endpoints to get a
truly self-adjoint system., Of course, if p(b) = 0, you have a slight
problem, Or if endpoint is at infinity.




Still mors data is needed before we can do the circle=point stuff.

10. Much use is made of a special-purpose "unmixed boundary condition"

at the engpoint a, It is:
Bu =9 uf{a) + 44 u'(a)

If one takes & boundary condition of this form at each end, then

oasy to show that the wronskian of a maiwiismmx u and the CC of another

solution v, namely Vv, will vanish at the endpoints. But this is

the bidkinear conjunct in this case, so the point is this: ithose 5

special unmimed boundary conditions give you full sefl-adjointness. p
Ne have said thatgW(u,7) = O at both ends. We need not assume

that u afd v satisfy lu=0, These u and v are just two functioms on

the interval. The operator L is Hermitian if BC's are satisfied.

11, By the way, throughout all this, and ar d to b

and the weight = i miti e

@k Wb )#F0 dpet wmply W WA wdagamdat:

12. Note that W(u,v) = o does not imply that u &nd v are dupnn&antt That is

only true if u and v are solutioms of Iu=0. In what follows, we usually
speak of molutions of Lu = sh\u which is & different equation. I want
to throw the idea that if wronskian vanishes at the ends then it
vanishes throughout and u and v must be dependent. Not generally truel
T vadupaiiuny, ol X e aliudouya ?(x‘, Ww, a0 xY , nt Wt

13, I wish now to point out equation 4.80a)., It says: if)\ lies off the

real axis, then the wronskian objects p(a) W(u,u;a) cannot be zero
at both ends at once. Here, u solves Lu = sh u. However, these
wronskian-like objects do have clean limits even if endpoints are
singular.

14. We now start part II of Weyl's Theorem. Consider Lu =Asu . Let §

and ¥ Be two independent solutkiona chosen to match the very special
boundary conditions at regular endpoint a, sea p 299, You can certainly
find such a & and A because only one BC on each. Clearly u =
is also & solution of equation.

Now, the big problem is : how do you put a boundary condition at b

] ~ which is a singular point? You cannot simply “do it" because p(b) = o

i pleYW(u
bs¥b =0

o)

maybe, which goofs things up, or maybe solution u diverges at inf.
The trick is this: rewrite the BC in its wronskian form, then take
the limit b, goes to b. You gan take limit of the wronsian object.

Since both & a.ndtfsitiafy the usual wronskian=0 BC at the left
end a, we see from 4.80a that in general niether & nor /" could
possibly satisfy our desired condition at end b. This was mted in 13
above that both wronskians cannot vanish for the same solution.

Thus, any candidate which seeks to satisfy our new condition at b
must truly be a linear combination, ie, m # 0. (Except ifN= real).

Now all we are doing is taking over the old BC to this singular
case. The question now is:

thés right—end boundary condtion?

1



15. We continue. To find the allowable values of m, we insert u =qQ+ nA"
into the boundary conditionm at b, before taking limit. He at once
find that:

a) if N off real axis, m lies on a certain circle
b) if A\ on real axis, this circle degenerates to real m axis.

16. Notice that W= real is very special because we have been assuming that
all other functions like p and q and s are real, Thus, A real means
that molutions are real and this means that wronskians like Wi ~AF;x)
= 0, ls, wronskinaz of function with ituelf.ﬂhn}}ﬁn.ulta u\“""""x‘"?“‘}“':“““-‘

17. The expression for the radius when Nnot real is given in 4.84. This
showe clearly that as you take b, to the limi th i i
monotonically decreasing: Thus, in the limit, you get either a
circle of viable values for m, ¥x or you get exactly one allowed point
value for m, in the case that the circle shrinks to a point,

18. What is the big mdvantage of having a solution solve this fancy
boundary condition? The reason is shown in bottom of page 300. If
N # real, then this magic solution (or class of solutions) is of

finite s-norm. This is the big payoff.

19. But there is even more payoff: if you get a circle in the limit,
then from 4.84 you see that not only is u = q + mnr of finite a-norm,
but A itself ham finite s-norm. Thus, if you get the circle case by
applying the magic boundary condition, then you have found fwo finite
s-norm solutions. But by part I of this theorem, you must be in

Eitmtiun a—] Gf 4; Slﬂ TR M%S . W M&L " = l{’: «)"

20. On the other hand, if you get a point, then r=0 and 4.84 says that tq'

must pet have finite s-noom. In this case (point), there is_pnmzﬁi_ﬂy‘
one finite s—norm msolution, But this paragraph is only if '\ not real.

21, If N\ = real, we do know that any m on real axis allows u = & + mA’
to satisfy the fancy boundary condition. In fact, any solution u
will satisfy this BC, In this case, we get no information on whether
any eolutions are of finite s-norm . Haybe none, maybe one, maybe two.
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Limit-Point Analysis.
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1. You have a singular point b, but you have determined

limit podint cads, What do you do next? .
First, you want to construct a greens function. To do this, you

choose AY' on the left because this satisfies your left side BC, and
you choose u = & + may" on the right, say for b,« The specific
greens is then-given in 4.93. Tou find that this greens has only
poles, hence usual discrate spectrum since we have not yet gone
singular. low, -as you take the limit b, goes %o b, you know that
m goes to its limit. It .may happen that as jou do this, the pole=
of our meromorphic m(») may move together to form a cut., le, in
the limit, my(A) may have poles and cuts. It could have only poles
or only cuts,

}hat you are in the

2. We dont really have to think of this limiting procedure however. There
is a well defined sysfem for the desired greens function. On the left
side you use some solution which satisfies your regular left end BC.
On the right =ide, you use the single finite s-norm solution which you
know must exist., Thus, 4.94a specifies g completely.

3. Once you have the greens g, you cantour integrate it to find your

completeness statement., It will have the form 4495,

Commentson this completeness relation. In the regular 5-L theory,

all your solutions are of finite s—norm. You impose itwo unmixed
boundary conditions at regular points & and b. i

"quantize". Ie, only a certain denumerable set of )\ will give salutions
to the system. Ie, spectrum is discrete, eigenfunciions are orthogonal
etf etc.
Compare this to the singular case, In the limit-circle case, there

are finite m-norm solutions for all A .—Jfey—there—ione—quembisabion—

f#,f/ N A a=reanan e o

In the limit point case, there is exactly one finite s-norm solution
for every A off the real axis., Ageilmfoliedo—iobegret—IuIttanddai, —Hr
L2ty Uk B0tk P et hai s bpenvalwe p—ttuei—bo—rouriv—lare—

Nevertheleoss, for A\ = real, you might still get that quantization
effect. I think you dof In fact, when N = real, you get the mixed
specturm situatiom. Then the g contour picks up allk the discrete
eigenfunctions, and it picks up the continuum of possibly non
finite s-norm eigenfunciions.

If mpectrum is purely discrets, eigenfunctions will be orthogonal.

5., Examples given by Stakgold of limit point:

p305 Besmale functions on O to 1l; pure ddscrete spectrum
p308 Nellin transform eguation on O to inf: purs continuum
p284 TFourier sine transform (4.5Ba): pure continuum

other comine and fourier integral transforms are done.
PB94 exercise 24 gives only example with mixed spectrum,

o qit am guduwmetim w duung ool
Jo il gm%wifmg A =
Jé you. patiinlon K(xsA) w aleo do solw Ba.l-L;-‘=¢
H onad yowe wlx;h) ! l oo
o G gquenised . -

'S, Whasn A=pual,
o) pow
bY) cuede.:



G&mmcnt on machine =molution to a:‘mgﬁlar eigenvalue problem.

1. For ™\ to be a true eigenvalue , your u(x;\) mst satisfy both

boundary conditions, In the singular case at b, we still have
a boundary condition smo conceptually the same as/gegular case,
Now, suppose you start with a functi n f(x) which is tied down
at the regular end a. Then you,.pick some and start integrating
out toward b. If the ), you picked is an eigenvalue, then you know
your solution will satisfy condition at b. X¥ut then you know it
Wwill be of finite s-norm. Thus, your solution should heel down
toward the axis, ie, it must approach zero.

If your solution bdws up, then you knmow it $e not of finite s-norm
and there fore it cannot be solving the condition at b. Therefore
your chosen ) was not an eigenvalue, :




Limit Circle Analysis

1. Taken from page 310 of Stakgold.

2, In the limit poinit case, we =et up a defining system for the greens
functiom by using the single finite—e-norm solution on the right.
For the circle case, there is no unigue such solution on the right:
the solution corresponding to any point—on-the-cirlce will do. So,,
the idea is this: pick a nice Ao off the real axis and pick any
particular eolution “on the circle". Thus, you will havea on the left
and u on the right, These are independent, and we may choose to
normalize so that their product is the graeens Itl..

3. The scene suddenly shifts and wo consider the inhomo equation with

some f tacked on: th v = sf . How whall we apply BC's to this egquation?

The left end is usual unmixed BC. The right end is now going te get
p(b) W(v,u;b) = 0 as its condition. Here, u is one of the circle
solutions chosen above., Civen these two boundary conditions, the
inhomo eguation has only one solution: that shown in 4.115. This
one solution, called v, turns out to be of finite =-norm,

4. Now as a special case of P3 above, choome f = (AAg) sw where w is
the molution to come. We have just computed the greens up in Pl,
so the molution given as integral over greens is as in 4.120. BUT
this is an integral squation with Hilbert-Schmidt kernel. (ie, HS
means bounded operator). If you choose Ao real, then kernel ie
symmetric, From previous theory, then, you know that the aigenvalue
equationr Lw =) sw has a pure discrete spectrum with orthogonal

_eigenfupctions,

5. To summarize, in the circle-limit situation, the eigenvalue equation
always gives you a discrete specturm of real eigenvalues with usual
orthogonality and completeness, Greens function is easliy defimed

and then constructed. The actual results (greens; system of orthogonal

functions) depends parametrically on which point you choose on the
circle.

6, Example: Bessel p 313. Hers, the points on the ligit circle are
parametrixed by real number A, Then 4.123 shows the A-dependent
greens at A=0. The Beszel equation is regular at 1, but singular
at 0, 0 at O we impose the wronskial singular BC 4.125 (which again
is A-dependent). The differential system is shown equivalent to a
real symmetric hs integral system, mo we know eigenfunction data. If
you choose A = 0, your eigenfunctions are the J (Idx). Of courze the
boundary condition w(l) = O puts special), inside. Ie, you get
guantization of eigenvalues on the real axis,

T. Other sxamples of limit-cirfle:
Hanekl transforms, Hermites, Legendres, a K-tranaform, etc.



Application of Al)l this Theory to the Radial QM Equation.

1. A= shown =ay on page 350 of Hessiah,

1..- g_ 1_':*-
- % Fclind 111*‘“33— * \I(rﬂ Yaley = Eye(r) (= o
- . qley = SR 4 V(@)
(B =D el de = soy=1. ame®
The EC at r=-l}u is showm. 31\(.:,\= o.

2. Im this limit point, or is it limit circle? Cannot tiivially solve
thiz thing even with E=0. However, we can assume the potential V(r)
drops off famst mo that at large r the equation is roughly:

- (a (
am dr‘-]%’- ) EE"‘ 9. Eeo = Liil{ﬂz A+be

To test for finite~s-norm, we only need the asymptotic behavior of
the sclutions anyway. At our test point E=0, we find that neither
solution is finite m-norm. Thus, we are in mirmiw limit—point cass.

3. Aside: it had to be limit-point because that is the only case which
allows a continuous segment of the spectrum.

4. Now, you could construct the E-greens b?_taking a Y(0) = 0 solution
on the left, and the unique decaying soIution on the right (for E
not on the real axis. Is, &~KT, ) Then yow could contour integrate
this greens to get the completeness= relation and the =spectrum, You
would get the mixed result. The discrete sigenfunctiones will be of
finite s-noom., I have not proved tthis in the theory, bui seems that
if~yowcomsider E just above one of these real sigenvalues, you do
know there is one finite s—norm solution. As you drop down onto the
isolated eigenvalue, this remains true. Not sc on the cut. In fact
none of the eigenvalues on the cut will be of finite s—norm.




Discussion of the General Singular Problem.

l. In all this, we are always restricting ourselves to differential
oparators L which are of the standard formally self-—adjoint form.
But, as page 269 of MM shows, you can always cast your ODE in
this form. Let x be the variable, and (a,b) the range.

2. Now, a point x=a is a singular point if
1) o = infinity, plus or mins, or
2) pe) = 0.
In sither case, you should armange to have point ¢ be one of your
interval endpoints for your scalar product. Usually, we let ¢ = b.

3s Weyl's Theorem says:
Look at your equation., Pick a simple value of eigenvalue ) for which

you can trivially smsolve the equation. Find all solutions (two). Are
these solutions of finite s—norm over interval of interest? If they
both are, then you know that : for any value of) , all solutions

are of finite =—norm., This means that in regerds to the singular

point of interest, you are in the "limit-circle case,

wuppose one or both of your #clutions are not of finite =-norm.

Then you must be in the "limit-point Cane", Then you know that
for any \ off the real axis, there is onlp one solution of finite
s—norm. ) R

4. Quick example: consider page 302 Stagold, Legendre equation, but chooee
instead the interval 1 to inf, so you have two singular points, For
A = 0 you know that u = constant is a solution, But this solution is
clearly not of finite s-norm on the interval to inf. Therefore, the
point infinity 4ie & limit-point situation. I'm not sure about the
class of the point z=1, have to test the other =clution.

5. Gresens functions: assume b = singular point. Then we defime the Greens
function problem by Lg —Nsg = §{%~w) with these very important boundary
conditions: ]

1) Bg(g) = 0. (Some simple condition at the regular end.
2) the s—norm of g must be finite.
You can imagine solving for this greens function. The contour-complete-
nes= relation is then valid, namely:

= T suda = T = - TR 30 A §o)

However, if equation has only limit-circle endpoints (singulaire), then
the continuous spectrum is not there and you have only discrets specturm
and nsual orthogonal functions of weight =,

6. Thus, we associate continuous mpectra (or mixed) with limit-point
gituations.

7« Thus, the reason you have a "mixed spectrum™ in the 0(2,1) UIRs is
that the related differential system has a limit-point singularity
at Zeinfinity. In 0(3), the differential system does not have this
singular point, the other singular points are circl-limit cases, so
you get a pure discrete spectrum with orthogonal eigenfunctions.

/
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- == ——Now;- if-you -t ake-a-Sturm-Lbiouville-or—regular-iype-differential operatoryyou generate

the "singular" case_by allowing one (or bath) of the interwval endpoibts -to-go to—
___ _infinity, or maybe p vanished at one endpoint. This takes you into the realm of —
"singular" differential equations. The analysis of Sturm Liouville was generalized _

by Hermann Weyl, in particular the theorem on page 297 of Stakgold. This gets you

into all this business of limit circle case and limit point case. Stakgold makes a
very relevant observation on page 30L concerming eigenfunction expansions. If, he
says, you can equateé a delta Tumction €0 a large cirlce integral of your Greens Function,
= —~ then it is possibleto write-the deltz functiom as a -discretesum of terms Telating
- —---to-the-discreet part-ofthespectrum,-and ancther-integral-—over—some—terms—having to— —
do with the continuous spectrum. The continuous part. comes from cuts in-the—greens—
function, the discreet part comes from poles. This is what Vilenkin is talking about -
___ when he writes the “expansion theorem" for F(x) on the Bly;. The point above is, of _ _
course, that if you know the delta function, then you can always write a projection/

expansion pair. Stakgol?ﬁomfor lots of examples, like Hankel Transforms, etc.
L However, I am a 1ittle uncertain about Stakgold's analysis because he never
““. says why we expett tHe great™ circle greens integral to be équal to the delta function.

I would1ike to see-a—chapter-in some-other book-on—this subjecti—As references on this
-  — - subject,—Stakgold-gives-Hellwig-and Naimark, both in German-omly, along—with—Titchmarsh

.___ Friedman, and Yosida. o o

r— el T — - — —




Chapter 9 Hegular Eingu.la.r Foints

- - -

Euler's equation. This is a warmup_exercise. Euler's equation is_simply

- B
‘ . 2°" 4 pzw' 4+ qu = 0 where p and g are constants. 4 basis of two independent

solutions is given simply by w = 22 where the a are the two solutions of

the indicial equation a+(p-1l)a+q=0 . If these solutions happen to coincide
- = - then themwcond solution = w3Ine: Typicvelly, logarithms=lways arisw wher -
something coincides.

2. Circuit matrix: Given a second-order DE thers will be two molutions. Assume that

these solutionas are analyiic in a disc except maybe at the center. Without loss
== == = — —gf—generality; put—thizpotentizl singutarity—=t2=0+ Then you can -take each —
solution and analytically continue it one turn CC about this origin to get

two (possibly different) new solutions. Of course each of these must be a
- linear combination of the_original two. .The 2x2 matrix which describes this

linear combination is called the circuit matrix.

3. Simple branch point: a molution f(z) has a simple branch point at z=0 if the
function goe= into a multiple of iiself when you confinue around the branch ~
——— e we.. ...Point once. - -

— e -A general circuit theerem:-consider n—~th—order-DE-with-n—indep-soluticns,——
There will be an nxn cirecuit matrix describing rotation about origin. The
~ eigahvectory of tHIN mEirix give Iinedy compingtions of thHe gtarting solufidis -
(used to get the mirix)which go into themselves under such a co_tl‘;;gugj;q_r}_é____
The eigenvalue is a. Then the "diagonal" solution has the form f(z) = z° g(z)
.-where. -b.=1na/2PIi__ snd whers.g(z) has no branch at z=0(single-walued),--—— -
. Since every matrix has at least one eigenvector, you are guarantesd to
= - ~always—have—at leaamt one-solutiom which has a“simple branch point.—

5. Circuit theorem for n=2: (Theorem 4). Your circuit matrix is 2x2. There are

-two .eigenvalues _corresponding ta two exponents called .a.and b. If these are.

diffagin‘h, then the two mclutions can be chosen as having the form 2% f(s)

amd—z"~g(2}, where f-and g are singte valued—inthe diwe, —Ifasb you might———

8till be able to diagonalize the circuit matrix and have both solutions of

the form 2®f and z®g, More likely, you will have ons of the form z®f and
the ather of the. form z2f ( h(z) + lnz). whera f is same f, h is SV._Again,. -

notice the log coming in in a degenerate case,
6. Regular Singular Point: Consider general aquation w" + p(zP w' + q(z)W= 0.

If at 2=zl D ‘and ¢ are both analytic, then 2zl is called an ordinary point. ~
.. If at z=2] p and/or g are singmlar, then 2l = singular point. If the _ _ _
singularity in p is at worast a simple pole, and in g at woret a double pols,
then 2zl = regular singular point.

© == = 7. Sipnificancw of regular winpular m If2=0""if regular singiluyr poimt (we —
take z=0 only for convenience) then you can multiply through by ;2 to get

an equation resembling Euler's equation: 22w" 4 zP(z)w' + Q(z) W = O whers

—— P and Q are analytic and may thus be power series_expanded at =0, The — — —- -
significance of this fact is contained in the next theorem:

) 8. Regular Singular Point Theorem: From P(z) and Q(z) compute P, and Q,, the two
. constante. Next, molve the FEuler indicial egquation for fwo values of v (see
w'=—._ 1 abowse, replace p_with P, ate, ). Then at laast one smolution_ has_the form. _ _
w(z) =2” (14 cl 2 +02 8° + +..). If the two roots do not differ by integer,
= ————then—both indepsolutions havethis formwhere-v takes om the two values. —

— e e — e - - —— b St i —




- 2 =

9. Singular points at infinity: This requires a special test. You change from
Zz to t=l/%z . Then the DE is regular singular at infinity if the transformed
. _eguation is regular singular at the origin. It turns out that you can_tell
. by doing power series exXpanions of p and g. in powers of 1f!5 = %, Then for
- — —— infinity to be regular-singulrpoint, p-must-have at least a first order zero
in %, and q must have at least a Ebpehdorder zero in t.
Eupposq some DE is regular singular at infinity. Expand p and g in this

o MAay: .. — -
____p:jl_j:--!-p?t‘?""p-- q-q212+q3t3+.--

- ._The_indicial eguation is then w(v~1) +{2-pl)v + @2 = 0. Solve this for your -
v and then by 8 equatiom will have one or two independent solutiona of the

form &V (1 4+ al oL % 22 272 + ... } dependeing on whetler—differemce—of - -

the—expoents—is-an-intager or-not. - =

- 10. The linteger diff@rsrnce tlheoren, SupPyse yolr tWo roote a and b differ by an~ -~
integer. Then choose a as the larger root. You may then take as your
independent solutions these forms:

Wl = zﬂ'{ 1+ ...uaual] W2 = 8P(1 + ,..) + C wl 1nz

0f course the two power series are different, this Juﬂt gives “the form. Note
—— ——— -that-you-cen—choose—€-ams—your like, S ——

11, Canbnical Bagie: forgot 1o meidtitn that iT your F¥oots are unequal “#Ad 40 mOY
- differ by integer, then your two standard forms as in 5 will diagonalize the

little 2x2 circuit matrix and euch a basis is called cannonical.

. 12 Fuchuia.n Egl__.;at:l.on ¢ these art(hﬂmogqnaoua llnea.rJDE'B having a‘t worat regular
- - Ei'ﬁg[fl‘ﬁf_ﬁﬁtﬁ‘t?!’_in the exterided complex plané, ie, ificluding infinity, —'By_ltbmg
whereever you like.
-— —— —— - —For-li=2-you can- move-singular points- to-0-.and-infinity. Then_eguation -
boils down to Euler egquation with tleman'l:-a.r;,r solu‘hiona. (¥= numbar of s:.ng
— ~ pointsof Fuchwiam wquation);—— - —_— ==
For N=3, you first move points to 0,1 and infinity. Then you can introduce
" 5 parameters by looking at the aingular points 0 and 1. Thus, you fiddle a
e li%tle to find that p and. g must have.very. special form in terms of thess _
5 constants. This leads to Riemanns DE. You can reparametrize in terms &f
——-the—six—exponents—{two at—each regular-singulr point) and then—the sum—-of
the six exponents = 0 to give only 5 parameters, Every Riemann DE can be
“reduced t6 & hypergeomeiric Torm. if the 6 exponents take on certaih values -
— -. in terms of 3 parametere, you get exactly the hypergeompiirc with no changes.

e 13. Apply ta m;gmmﬂﬁ%ﬁon at _each_regular point you computa the .
roots by looking at warious indicial aq‘uatiﬂna-

z=() v1=0 ve=l-c diff = l-c
- z=1 visO “vZ=c—a-b diff = c-a-b - )
g=inf _ w¥l=a v2sb o diff = a=b —_ -

Clearly, the usual solution F(_._'I:L,Q z) corresponds to a v=0. THEXXIHETNHER
ARIXEXXERUTAXXEIRRAXFEAXXKEXRIL Te, this solution is the z-0 vieO case.
Bateman-calls. thisul.-Iis partner-is u5. So, 2=0 gives-ul -and u5. Then _ _
z=1 roots gives Batemans u2 and ub. Finally, inf = z gives ul and u4.

—— ——— —— Each pair formg g viabls vannonical bawis of simple bBranch poimt—fumctions.
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Complex Variables
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Go;:tents of Complex Variables Section.

l 1. h‘ad containing several basic theorems o

a) continuing off a”segmént ~—" " T - -
— - —b) uniquanass of a.continuation . _ . __ __ ______ _ _ _ e e -
; meaning of. analyticity in closed domain and boundary off—cont.muat.ian
d

analytic continudtioh as wnion of finetisns
— &)-good example of_gamma.function _...  _ __ . -
f) Schwartz Reflection and T(s,t) application : real armlybicity
- g) non-analyticity of £#(%z) ahd —T(&*), anaﬂﬁr‘ﬂicit?'ﬁr (%) iR T T T

-~ = =——--h)— Scwarts in two.complex variables ._ _ e =

5.'_: Wad of matérial on Carlsth Thedrén ahid Phragmaf—Lifdeldsf ~ ~
- -.a) logic-of Carlson theorem for oup purposes . __ ________ __

b general reading conclusions
" notes ¥rom Titchmarsh 1939~ ~— —~ &) errpo-Rhms

— —— - "nutas from-Hille 1962 —— o

B 3 Case studies, of special furictiofis £6 ldcate ¢uts —— —— -
e — —aiizg——-lﬁi- _—— P - ——— - -
b) eight pages abnut. square roots of gamma func:t.lnns .

- ——— e —

—4.~Comparison of-adding .two..discs.and .computing total.disc via real analyticity,-

- 5. The-meaning of Principle Value - -

- —&,- Deformation. of cuts in from infinity when possible.. -

. - 7» Example of contour_pinching,. . —__. - —— -
-~ —- B...How_to shift the_contour in_delta_function int.egg_:g; -and _have same. thing..
== = - =—9%- How-to_change variables in_a_complex integration;_also, -how.to .complex conjugate.

—————10.- Wad on-the-mapping z_= ch(v). _Related details. __ . . _. ____ _ _

- - —=-ll. Solution to..the famous. Mcut_problem". . - —
--—“]ﬁ- Theorem about when_you can_drop great_cireles. .__ _ _ .- o e -
— = ——-—13. The inverse mapping theorem.. __ . __ __ _____ . ————— -

— = - —— — R FE S - ——
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The Logical Structure of Carlson's Theorem.

1.

.

First, define a sét of functions of a single complex variable such that if

you g

rumﬂ_m]_bgy_g certain condition (the Carlscn condit.inn) Any function

which obeys this condition is called a Carlson Function, Or, you might

say: this function is "Carlson." ) 7

2e

7
The -Carlson Condition is this: i‘(z) must be analytic in the closed Right Half

Plane, and as you go off on some ray in this RHP, [f(z.)l must be less than

Fa

2 constant times & 1% o/

Examplea- f(z) = eiPIz j5 not Garlson because if you go down the imaginary

axis, z = -i/:a/ and f(z} goes as e 172/ which violates the Conditiom. Thus.

is Carlson. polynnmial in ¥ =z is Carlson. More special examples are

E

discussed belows /

)

L. Question: Suppose you have a certain function defined oibly on the positive

integers. Can you define a unique analytic continuation off the "integers?

]
|
T
I
|

Tn general, the answer 1s NO. For example, if your function was I(z) = U,

then—here—are twodifferent analytic continuations off the integers: f1(z) =@,

£2(z) = Q + sin(PIz).

'HOWEVER, if you have a function @efined on the integers which is Carlson,

cont, imammmgmmmmmummm_
Theorem below. J

above. £(z) = @ is Carlson. 50, f1(z) = O is a Carlson continuatiun. But |

£2(z) = O + sin(PIz) , albeit a continuation, is not a Carlson continuation.)
J

6.

Corollary: a ﬂarlsﬂn function defined on the int&gars has a unigque Carlson

continuat.ion off the integers. (If not true, you could find two different

Carlson continuations. The dilference of these two would also be Carlson, "y
mmmmwmwmmwaﬂsmgmm

w&%w,l i i i |
, ,
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' Conclusions .about Carlson's Theorem and Related Theorems. _

. - - - _P_’,Eé»

. 1. _First, _I.will quate Carlson's Therg,m directly . a.m:l accurately frnm T:

‘5,81, If £(z)is regular and of the form O( e kizl 3~ where k £ TT—-for
- 1-R(z) 2> 0, and f{z}"“{}'for"'z"-' 0;1—,2~13,..., therr ffz) = 0-identically.

2. THEré &re Seversl quéstions herw. First, the conclusionis really only £(z)=0
identitally for Re(Z) >0 because £(z) has mo-definition elsewheres Rm of ‘course

B £he ofily Analytie Tontinuation of f(z) =0 to the left “malf=plare-is f(z) = O.

o Note the equality part tif“RE('z}'z‘D =% ~“This hasthe -important implication that
T T T you must include the imaginary rays. T - T/ ""

- 37"THe réal questidn is ¥ what is the mwaning of ‘0" (...). According=to the first page
- - o His book, tHi§ mist ean as 7zFYed, /f(z)/K A %/%/ ey ki an
- gbsoluts PoSitive Constamt™ » THiF IMequality should “hold for~/z/ Iafger thin
TTSéems Lairly Uradblguous. Here 1= o almost guod proof whith shdéws

- - - ———

o hen s—

someé value.
- - an alterndtive way to write thizeonditiomy~ —

o Qi Mj L = JwMT 2 "ﬁu__\i} k%\>R

\¥\»® 2\ a2\

- e e e . R\ L —_—— e - -
= gz 5 Bl | e o
L. Thid Btatement—ofthe-theorem gibes—with-areductionrof-one-of-Hilles theorems-

-iizh I have done im some motes there;-except-there-you needRefz)¥; ~3f . I
aétept T's otutement of “the theorem. — - - -_—

T 5. HOWEVER, ‘mome of these guys Hille or Titch. gives-a proof-1I like. Tietchs is
simply wrong, T thinki -And-Hille does—something more-generad-thatr I wanti—1I- -
really should “look~for—another- book to-reference-on this.
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5.6 Volwomed Sandls o )

First a quick reminder of the maximum=modulus theoremr—-if-f{z) is—analytic" inside
some_finite closed contour, then it is of course_bounded on the domain D_ whigh .
includes the boundary. The big fact is that the maximum of /f(z)/ actually must
=° T ‘geeursomewhere orr the-boundary curve- ttselfs — - —

Su, for openers Titch in section 5.6 generalizes just slightly the max-mod theorem

-~ ~by extending—it to-a case -where-f(z) fails -to-be-andlytic at cne-point on the —
_boundary. _ Not_ too significant? _Ah, but when that.one point becomes infinity, this
theorem becomes very basic! Better work it through.

- :_Q A= apuciwen. . - o~
SNt M\ Mo Q axeedt kP .
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_* _As I read this it seems simply .to say: if f(z) is b bnm:udad in the

’ na:n.g?nborhond of P, hnE-.nlls ‘doesnt._. rf;a]l_v matter anyway and the
@ : max-mod theorem Hori - Ia? -just -remove that damn- point.
- T = = v g il ¥ - = - = T = L N W
Well now for the future theorems-he says he-wont- ude-this ‘resultl) - — - © - -
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The proof given herg is simply .na good, thou.gh I_assume_the theorem.is correct.
The theorem usesheavily the fact that&® 0 , and get-a the conclusion,

o \Ne)\e m é‘gﬁ#ﬁ\ﬂl ™, wadag. N

' N6 matter how small'G ié; ~this ig ‘not ' bound- at alt én /#{z)/-. -You cannet
set eps = (}\-becdusé then Pt'dof" dnea not gt: t.hrmigh‘ SII}P! k.

Nevertheless, I-will guote the nﬂx:t. important theorem -before -T-goes-into details
with the indicator function:

- e srd s TREL=TARM T R T LT M e

il U L o |

Th if f(z) -—-'9 a on two straight lines separat.e.d by any angle, and if
£(z) is ana}_;;t._ic ‘and bounded in the region bef.waan the llnas, Ehen i'Tz ~7 a

uniformly-over the entire 2 Tregion. X -
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E{E}' by sheer accident, this theorem probabl;r has EDE!& bearing on the fact that
. F(a,bjc;z) fails to converge in a certain sector.. Come ba-::k to this' at some future
'I:J.me By the way, Erdal;,rl s disappointing letter came t.oda;,f on this subject
{m,m MM W22 dmea )

- e e q;az' R ,a.{*’xl:{')

Aded:  crmaidon_ _e__ a=xd. Qe @ V=" .

—— et — e —Fpn (K)o - o
TR YA (i

1%\ :;Y--\. ) - )

g e e

. cmas Wb “n(ﬁ?\=—~°‘=~

—_—————— e —_— e = —_—_——— - . - ———

e e T

e ——

fo 4 2% o ﬂ%”-:f&g T TR
Sa\z«wp_\'\ﬁ)w«%w 5’?‘*‘;5‘“1 l‘%ﬂ\ﬂ’ -

- — .

@&%ﬁ 3(@:3 S

T e

 teolall = o LR () 2T %ﬁw : L__
F Dalt)m - sdamdan i@ TULE oxw“:

_ ) W R e e _
oW \w\_ T
- P .

el \85) = i - :;ﬁ;xy\,_-'a_:ad:;: S
Yw| . Bl ) e L.

%Mq i AlW) = SWTW - h __Mi_ebkwﬁ - mﬁ\%@““_‘ﬂ_ .
. -Jﬂ.‘iﬂ - . LWl — . .-QTG M"})
_Q,\\C‘E - \ Cowadl aalwlr e = S - ) \”

—— -

2 Qs T\w\m = \\@._Tcamé; )\g‘b 4 '?'___




Crvtma. (3 ?Q“‘B:W"‘;“ B> -2 | exge dyp
@ WEE) v € (wy <
© R Row owsdw |
(3) _sedwdx a(aeidf) € of(“"’“ =)

o) = =N

Conciaiom i gtmﬂao_ R -

?%_\m_mfjﬁtmwﬁﬁm%&w&i Sk § aplace () L @

CeM M@ €T o selay

W\u% Qadsen o o am@w&m% MM ‘g-]
W e
- Ewwosl %(1) < . O

T %g@kﬁw’” %(L"mﬂ)c}«f’

Qsses ok Qe svdis QA x%ﬁ‘g;;;o T
I e S
Il = S RE SAR.
T s ) T

B_m\ «.ce, _)gl éq_ .t?E W caran (&B &DME’EWJALJ:[

(&} = og™)



~5—

@Qm., 3@3} < ém\d%“ &,: 2T o zﬁ\—* _&Dw
® \sﬂ!.s xﬁm mﬁ\'\wg adondi Moo undfa Uk gx:gsggsa- c}bﬂ\ = _

rx-:tr'.JJ'L—————-——-— . - —

-;_u_%(m e

— ————————— e = — —— — r——— — = —_—— e m———rme——n - —_—— -—— = — e w we e s =

N 5‘3@')" P S N e U
Ywt{ o

LR Wl endd s \«LES:‘;\_@F\ - m(tjr~ T =30
_ Mo sk 55 va F be onagadns s S L-Ju:) < I sw
W) < &ﬁ&r %ﬁ\m (e) )

N i‘é&“\ < e __,E‘@@_EM LB)MQ Yo Y Sl

- - - e
_ _M_ﬁlu}\.wﬁr‘m < %m&m 413,1.,

d%&#{’&%[m J%(“ii\:{_:@i\:_# 5‘*-"\“? S el ﬁ,L )k -- -
olp{ - --

e o e _MA?W(E\‘

) wmr;mqn . o
---------- S ot

S cem T b =t dn d2 B vieledee (.09, 00).

Jﬁ*\ \é?\ =¥ e OJU)\WM( &w\vfﬂ




— Qm_mﬁ)tmre-% &_w_ih_;ﬁ; k_;, Aﬂf&_\m_ Mﬂa?aﬁ&l .

- - %_ - '.:a
_ N 2-\ = 12-0\S A=_ana (#-1)
~ ¢ Coems st b as (e

_._::__@b;\,_ﬁ%iﬂ - 3_(3,:*3\5(;-\‘; E 3\**1\5%-*§®m<_§i e
L S r=ry - RV C -

I_ “%m__,ﬂk= {Bzf;.‘;\ 27\ \.Gm%?-k J:Asnﬂ,ﬁ,umw- - - -
mh_ﬁaxﬁ?%.@m_ﬂ} = 0 =1 =5 @&&L‘:}- ST —
O MR SBey WS ST Qe = T =Gy

o o _ XEsy=-so I




o
A converse of Carlson's Theorem. - - - L ‘g

. l.. First we restate- the theorem: - - —— - i e me—- -
. (d) f{z)is-analytic in Re(z)%-0-. -— o e oem - - -
— {b)-there exists-an R—such that,for-atl—fz/ R-with argfz) in RHP range,
-— - Arfz)/ £ -exp(kfz/}- where k LT -~ - - S

(¢) ¥(z) is Carlson. —— — e s — e -
- Theppem says: tﬂ)- al'ﬁa_(b) % I—c-)-———-—. .

5. What 1s the converse? _  .not. (¢J = .not. ( a.and.b)
- - — = = = == —=== - - - wyfinot.a)vand/or+ f.not.b) - - -
- - Suppose- fa) is still—true. Then—motsc =9 wnotrbs— —_—— - -
‘ — =  -The-bdea-is that if you-have -a -set—of--conditions—ayby. .. -which imply x, then
- - -notvx says-that at--least-one of-those—conditions—is—false:— If-you mssume—that -
- - - all -the conditions-except one are—trues—then :notsx--implies—that—that one -
- unassumed -condition bs-faksoe. --— z - - - - -—

3. -So-if (a) is true; then f(z) is not-Carlson- means-there exists no =ax R such

. - ‘that for /z/% R /f£(23/2: exp(k/e/) -where k £~tt+ -Theeefore no -matter-what-R
—— you choose, this -must be falser—- ——- - -
- " Je(z)/ &  exp(k/z/) where k< W for all /z/> R~
In other words, this must be false: B -13{1,‘_‘*:11\‘?.?;. e

S 7is R = [/ exolk/z/)

I am getting confused. Here is theorem I“want to prove:

Phexexexistx anxfxsuck khaty £ox'fzx x R x/#/%x sxp(k/z/}.x_ _Srxmaykex: for

eny R, there exists a point z,p such that /f(z1)/7) %™ for a11 k .,

If there were no such_point, then /£(z)/ would be less than &3\ for a1l /z/yf
for all k LY , and then f _Holeg.‘b.%._fé@rlspn: _This is OK, forget the logic,

- - - - - —_ —_— e — - — o g—
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The cut structure of the function: Q(i\], = (%*“'“W(i““'}
T'f{:'t "-ﬂ, T(r-w)
. 1. I do not hmre 'I:he patience todraw all the special cases I-hfw'u waﬂr.nd out.

“~Instead; et us consider ~just -two casesv Inmboth thwseczews, wenhall-
assume that both m and n are integers. However, the result is probably
~ juet the same for m and n both half integers.

2. In 'I;he case m.GT.n we get two kinds of pictures depandnlg on whe"thcr the
- ——fifference—is—even or—offiTamaly, -

— - - — —_— - = = — — _—— é.#-‘.,- -
i e _ some¥shil eds cameVh o et - =
- e odd XY ool oo - camme 7 . a 'imw- e - ~ —_— -
R "
—_ -4 — e N A e = e
R \ mwm J\ Swik e = wm-n—1,
_%_LW '--*E_Hﬁ. y \ -L -_-.ﬂ_--w.-.--_-—?.- - A — LM# —-— — - —
- - L*T - ‘_R_.-n_ _ t‘ﬂ"ﬂ"r_'l . e ——

. 3. Suppose n is Ilarger than m. Then the picture looks just the myme except every-
—Whera you see a label m raplace it with n, and wice versa. I hawve worked out
an example of this but you can it anyway by simply inverting the inside of

——-——the-bracket . This inversion—does—not—change—the position-of -the branch
points. The x marks polos, the o ma.rk zeroes,

e — Ao _Fhasing. Fronm experience with simpler funciions, imagine starting on the far_ __ _
right where we choose the phase ai zero. Then move left. As you cross gve r each
— - zar&r-;rw—gmn—ﬂt}- -s0—3- 4magine that- with each pole you har—f}%—&#.—-}ab.l&-
on the pictures. It would appear that if you start with +1 on the far right,
T youelso HEVe FL of tHée far left, unlike tle simpler fafiction: (2 -1‘]'“ B
—These phase claims gre born out if you justiake the large z limit of
the function. You get simply 1. This is the same in all directions. Thus, you
-~ — ———mus% -have plus phase-in-the-negative-direction.- -

- 5. Gompare with earlier sxample:. #@Jr_‘k_:ﬂ JBoo. =2 'Q‘.(T_E_\)_:_“ S(TE\L‘L -]

Here we picked up a (-) phase going from far right B o
——-= = -to far-lefts But—in the present example thie is not -so: . - ::,ﬁl(__)_

B R B
I Y R T LN P TR
Py =+ | TEomDta \ - _v(ﬁ) ! f _

T(-2 +w) P-2-m) (Z-m {i-’fh:-, '

_____ T T & ey 1% :_-\-E‘:Fw‘ﬁ‘&'fﬁ“ﬁ* - -

(2w} (=od L sceve) Pl atam |

____ 6, Application: __  __ .
- E_,._.‘,Qj Ry (i (2~ "l'*:'l'i (?
_._ -“_%Qﬂa_ gﬂv{tm\* =_ .\..,%!r%— 3_‘:,__ {3*\“1'41-*%5 m% )
—J+ Ll -suspect. you can.make this argumdnt: 4if-this litile-relation holds for large-
2, and if both sides are a.nal:,r'tic in = aside from cuts, then relation gust _hold

) "__forfu Za __ani'___ Cg(' = = %@-)3_ ) _ i
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1.- A reascnable definition of principle value might be this: choose your
cut in such a way that the "principle value function" takes real,positive
values somewhere on your selescted sheet. The notion of principle
value does not force.you to draw your cut in any special way.

2. Example: . for £(z) = 1n(z), we can draw cut in lots of wafs. Here are
two standard ways: - e K

\ - \ &

A) tTjﬂ?ﬂ‘m&. ) ‘“L:}—_“:'T
V=
P N 7 / -

3/. Any other position of the—cut is also acceptible. The important fact is

that you want your-Timage"-region-to-include the real axis. Ctherwise you

are not on the "principle -branch”.

L. Here is wnother example: f(z)-= z? - Consider z-planes shown in A) and B)

sbove. Again, the point-here is to define the principle branch -so that
-when z takes -real positive values, the image is real. For -a-l/’j:

Al 'o{i‘huﬂ.




IEL j%wxmmih.ﬂAnuwu~QiLf .
N = Czy

Be careful. In this case you must ‘define principle branch by saying:

when z lies on the negative real axis, the function is real positive.

Againi, you can draw the cut as you like. a= ]

- Su

W
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& . 7o summarizes- —we consider -am- contour-integral-which is a -funetion of seme- parameter —-
which parameter ﬂﬂntrols_thawpcsixian_of_awgnlé,_inhthﬂ_integrand¢ We have other

ext.ernal parametar. E‘u‘en if _we adjust. the parameter 50 that. it.a 5 pole lies rlgh't.

on the 1ntegrat10n contour, we do not get. a singtﬂ.arlt;.r at this value of the parameter

because we can s:.mply deform the contour. Eut., if the paramet.ar varies in sueh a

" the singular part of thHe integral by ccampitifi the reésidue n'.'nf the integradd ~ at

~  the pimch point. -
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The problem of double-contour integrals and pinching. . a

1. This subject comesx up on page 3-14 of BDW review. I dont really think it
has much to do with pinches.

[ _— =

2. First, I claim there are certain instances where a double integral does not

have any meaning. For example, what is this integral:

S ol S o _
SRR VO v vt A
o o
This simply does not mean anything! You cannot have the endpoint of the outer
" integration depending on the dummy variable of an inside integration. This is

[R—. - —— - e —

just plain nonsense. }

e - - - = — v e e————— - — - e e - -

3. Now consider this double contour i__nEagra_iT with the contours as shown:

—-— —_ —_— e e o m— —rem———— mm m—— ——

_ - e e o e e o s -

T L
&lﬁ%.&'ﬁ_'- l_ﬂ-"i"‘ci-*ﬁ - —_— - - —
o Ca Ll )

. [V — -
- [ X

R N A N KT ot
LR NG -

Q

-

Y

- e — - — — — i S —— - —— m e

The solid lines show the intearatit:r;{ contours. The dotted lines show the locus of
the pole 1/(x~y). In one plane, the~locativm of this pol¥ "dépends on where you are
on the other integration contour. . _ e .

— — - ——

L. Now, we are going to consider tlosing tomm ore—or ‘the other 5F BGLR oF thicse
contours. I claim that in this xespect, the_contour L., _depends_on the wariable Ve
The reason is this: if you change y as you would change it in order to close down
the -C;—~contour; you-are-going to have to deformthe C, contour to avoid the —— — -
pole at x=y which_is impinging upon it. You cannot_leave C,_ where it was. Thus,
we should really write GE(FJ'

However, on the other hand, if yqu_were to txy ta clase the .C, .contour, you
would not have to deform C at all because the pole at y=x always stays away from

the n:crnt.aurHE'i-. - Thus .—El-— is in-this sense independentof x.

Theré_rui-e,_ the dbove double int.;_;;_rat.{aﬂ written in the. Sr;le; shown mafces complete sense. :

- —— = - - ==

- N VI Dy, \ -
= EHE{;‘“ (x-=) (x-~9) _=.__\_§ ' favgy = a‘; -

—

5. The contours takeén in the other ordér simply héve no méanifg, just as in 2 gbové.
-- —A-pinch-is—suggested, but really it doestit mear wbmng -



_ Delta Function: _how_to shift_the_conionr and still make sense,

%.

1. -Consider-the standard-reprisentption—Ffor-the deltafunction, The ummal

j. —contour_is_a= shown: . _ . ___ == —_—— —_——
e
r LY

ey - —
2SN =S Ax \\_‘j L

2. Now, how can you deform this contour without changing a.n:grthing‘.; Here i= an

__example of what Jﬂu(ﬁ_ A rl— — —r‘ J/ ) »?;W&_&D,_._

ST ___._;_jr_ JF“l “j{f‘w__'”;_

ot ' T Y - ol . }hqg_, 0

- dee = See| = g (e - OU T

Himmkmg_ﬂ_thn_ﬁnlu_lijﬂ.n_gmn_ﬂ.mm ap we move it off

to the right. Thus, we meek:

_______ ea - | _

_ o
Do %‘;__ S _—V)_ L

e

= - — —— —Dhis—Yfunction-"-ofJe—is-actually a generaliged-funciten—ltike-the delita—- —

function, so we ireat_the limit in the sense of distributionsa. Here are ____ _

some facts I lmow jn the disiribufional sense: recall that

T aside:

_— _ —-m-bb____lﬁ&__:-_—.._ﬁf E(k\ P)

A — — e e m—

- ey — T %("“‘"‘”ayaft‘im _—,““‘“mwtf“%w_nax

Je
I I - P 3 ) KIS EY I




G A ok S i _ - :

L\ i__ﬁf)%(é%ﬂ)l‘,_‘%>_ I I - -

oo

._..al..._

- ‘\: Ve S | RS \ (L)

a3 | Ve

- AR Wy Cant oM

—o vy oo o=

Qe ¥via wmr@,u_mﬁ-, S L

-~ i%@_ % m-i—x Q=90 .

——————Fo Tt meems—that ‘&hrr'l'mi"t.—on'];:.r" workes—im—the YTimitof—thme pwendofunctivrmr
- —— — ——distribution.

—3iv Tmerefore; wearv ablw to showthat—the Tittle preer segment vamisked ~in -~ ~
.- the-pseudodistribution- mense.—Idond-think there—is--any -real problem-with —_—

- - ithe "pseuda” here. . __. _ . e e

T 4. To avoid this possible confusion with the pasudo-Yiusiness, lets
-consider ‘instedd the effect of “simply raising the wrtir¥ contour dap ~ — ~ ~ 7
- to higher level. Then-we -have two green a-gm-nts and:

i ______ _ __ __gkb# ...ih‘;_e;\d;\; ) JL - — _L\L@t()_ -

R i i Caty B oo P PO

%\j\ Mﬁﬁ_’i" (e _%m\m,; 8o . - -

e = Q“*%Gq Q@' ‘3 ?TS(‘Q(\-—ELH T T T T

5« Thersfore, thare is_absolutely no fmestion but that_you can raise or lower—
the contour without changing anything. Basy to show this directly:

m-n-o_

S oy = éJ_t"? AT OIS Yy R ]

~Lentao S :X: i
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? Analytic structure of 2z = chg and g = cnlz . ) _

. 1. Eo:rment* this 13 one t::f the more ccmpllcat.ed sit.uations because you get a

nreflected cut” in your ﬁrlg:l.nal ‘plane, which cut wanders through ‘another cut.

B Oy ———— e

~ Consider in two stages:

o :——-.._.Qb:\(i')_; ﬂmlﬁ_s E}_\-l Co=_ 0 W ‘E_E_:r:gg-\ _

Here we show the z-plane for the function w. ALl points on this sheet of the ‘z-plane
map into points which Iie outsdie the unif ¢ircle in the w-plané. ~Any line which
—crosses the Wit Tircle “in the “w=plane; must—crossthrough—the cut-in the z-planes —
~— —— —kg-anexample;-we—consider-this lines — - — - - —— .- -~ —

- S 1

You have to work on the details to really see e this, but the top picture shows the

actual penetration of thie unit circle. As we try to draw the line straight off to the

left in the w-plane, we have to make a detour at w=-1 in order to know what happens

in the z-plane.

- -- = - 47 If we now consider g=—ldnwj-we-see that -there- will-be-a cut in-the—w-plane just
- - where .we -have been-drawing the _above. lines_just for fun. Thus, we may consider the —
— picture above_as the w-plane for the function g =_In(w). This cut_at_w=0_to .~inf is
then reflected intoc the z-plane as f(.hg _above pictures show. So:




-2 =

Notice that the chosen sheet, _of the z-plane maps inko the right half g-plane stxip. _

L. So far we have conaidered the fmction q= ch 12. Tl'd.s is not an analytic :E‘unct.:l.nn

of =z because there are tm:r cuts to worry about. Bne of the cuts is obsious ami

comes from the SQRT. The o other is more subtle and is the one whose both ends are
= T 77 ~at infinity buf on different sheets. We now wish to’ consider the function ~

- == - z(q) = chq.” “Thiy function iz amalytic iwthe Tinite G-plane. No mattey how — — -
- you wander—in-q, -you-will-get somethingsensible-in z. Here -are--some—pictures:—

—
i

As q wanders through the O to PI box shown, z = chq wanders through the entire
. z-plane without obstruction. The phase of z can be defined, eg, as -PI ( == *-'-,"l'l"'
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. ® %@% _,EL - __,_‘%pt{ tﬁ“ when z 7. w77

—= —=— —  =. = --positive when- 24l
® dlpadeim. A AL Lo\ <
- _S_JA s . - - e

—— = = = - ma— e s— —— - — m— ke

@ %ﬂ d.n!dwm AL mnu? .Ké).u‘\-:lcwﬁk using the usual cut-to-the=left. mneumonic:
— - —— e e - -3 - ——— E—

A - _“ .x;tiﬂ_z,_ﬁiE-_L <. . &mi.‘a-__p. o_c.lcz.a%.[E x)l_ LS

This-new functiomr is-not strictly defined anywhere on the-real-axi$. Each -of the factors
rules out, one half of the real axis. However, if you approach the real axis on the left
from either direction, you.easily get the same result, so this function is uncut on the

~left. Moreover, it-is positive-andreaits -— - -— cems e e e —— = —

- . PR— — P - = —_— R+Ih_.1.} e M s e o -
L oo Jdmzs oSxie T =\ & _=\\ Yo ~
T 7 T 4. The Tunctions f - I=z)" ~certainly Look the samé. For complex 2z, both are

-~ - amambiguous trhr.nugh. t.heir defifitions. You.must.keep in mind that. the standard. function-
has its z characterized by arg(l-z) which must be -less than PI in maghitude, whereas

~  the " " fuhttitn 15 characterized by afg(z-1) whith wust be Iess than PI in magritude.
. In fact, both these functions. agree. on .the negative.real axis in signl - —— — .

- ‘Inveﬂ:.gat.ﬁn “in detail shows fhat they aré the sSameé TurdtIom:™ ~ M "

_ L _D!'“
- - .1-.% ] F_.§X1-% L= AR\ f.'“;- __.awm{;}_’?a.__ g.ﬁ‘"’“ e

5. ‘Now define the other ™  funttion and see what happens:

- ammam m = Em o 8 dmsean  ma Semam  man  caR g e SgEE mmm mem e e - = W o - - -

S (e —{ _—_—q%— e e —— —— — — cmr == =

T W ?—_,4554 -2 S _ using ept=ho-tbe-right mnewmonic (note_ how oppositue
to the above mneumonic for left going -::lrt)

- - = - — = - - -

Agein, this function is defined for all complex z unambiguously.. Look at pnai.tiye -

real z:

e T TN TSt T
e .'l{;_ 2= P2 EIE -, 1thwe
- - Notice the-minus-sign! - - - M4 s s - =

o T 2 e e

i { *
- i ’-11 W LW e o ——

Investigation in detsil _shows that 2=\ and i .are related .uke §0%. -
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‘ @ Suppose the above vertical.integral does coﬁvegge. Then it _is_fairly clear that

— the-upper half vertical-integral running up the imaginary axis will converge,— - -
since .we are. assuming our. integrahd .has expo.deacy .in.all directions except real.
This in turn would imply. (assuming no. singularities. in upper half. plane first -
quadrant) that-the_ horizontal.upper.contour.integral-going off to the right - - -
must be converging.- So what.we get .is_that: . you can.drop great circle given
expo decay -in any. direction except real.pravided that the real integral converges.
It need only be power convergent, of course. This explains why you are only

allowed to open the contour.in.our little.example .here when Re(p)>.0. _Actually, -

what really seems.to count.is that the integrand must approach zero as you go off .into
_the real direction. .Then.the little critical integration zegment will not cuase

trouble,. - . -
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If you can ignore the great tircle and the possible hardness of theendpointy of the
Antegrval, then we seem to have a formula telling us the candidate analytic function
which corresponds to an;j..r h(x), namely:
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$o, this was an example in which I started with a rather arbitrary discontinuity and.

' worked backwards to construct the analytic function whose discontinuity this wag!
. At one time I thought that this example was impossible. I thought there was no = _ _..
L anaiytic function which had this simple discontinwity starting at.xsx . » But

_now I have found such a function. Not an elementary function, of. course.

) Furt&hex" éiﬁﬂration of this_Ex?mﬁl;' what. d-:::-ea tha an:a.:y_t:.-c_fun;tic;n E(r } "dt;' a{. )
t.he branch pc-uit'-"
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Some fath %P?Hﬁ branch points.

1. First, considér the logarithmic ekahplé. We haver
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(a) as you approach the branch pnlnt from different directionﬁ, you get different
complex numbérs, espéially different imaginary’ part = angle of approach. At
the branch point, f£(z) is "logarithmically infinite". _

(b) the discontinuity across the cut is a constnat. At the end of the cut, it
suddenly drops t0 zZeéro. -

(¢) the circle integration around the branchpoint, depends on R, but. as circle
closes down onto the branchpoint, integral vanihses because the contour
gets "shortér" faster than theé function diverges. ~

2. Second, consider the simple power example:
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(a) again, as you approach the branch point; the direction you choose controls the
ase of the £(z), so directions do not all give the same thing.
b) the cut disc in general depends on R. At the branch point the- dise does-
1) vanishes smoothly at branchpoint
2,3,5) disc blows up at branchpoint
(¢) the circle integration depends on R. As closes on branchpoint you find:
1,2) circle “integration vanishes -
3) cirlce integration blows up. ’
(a) the actual f(z) blows up at branchpoint in case 2,3 but not 1.
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Coninerit s
1. Even if the disc blows up;-the circle integration may still vanish. (2.%)
. . 2. Even if f£(z) blows up, the circle Jt.nt.égrat.i;m ;m,v still vanish.

-3. The circle integration certainly vanibhes if £(z) = 0 at branchpoint. )

L+ If the discontiuity drops—from s~constant to zero at branchpoint; you should-
- suspect a logarithmic branchpeint. e e e -

Comments: _Basically, there are not many kind of branchpoints you can make with .
elementary functions. You can make lplnz and higher chains of same, or you can
combine powers witlr logs. ! - - — . -

I suspect, however,.that_there are much fancier branchpoints possible in
functions which are integral representations of elementary functions, ie, special
functions "and higher~functions. For example, F(a,bjc;2) has a branch points at z=1
where sometimes the function is a constant at the branch peint. None of my. examples
above could do this. ,
Comments:. In particle physics, the scattering amplitude is supposed to have thresholds
which are "soft" but the functions are supposed also te reggeize,



Rule for discontinuity of a product mand dividend of two functions with cuts.
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Conclusion: Suppose you are given fact that f£(z) = a(z)b(z) where a and b have cuts
in z. You want to know the disc of the function f. If you agree to draw one cut
pulled above and the other cut pulled below, then the resultant formula is
unambiguos, it does not matter which one you pull up and which one you pull down.
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