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| Contents of this Section. ah2niny
| eo 1, Theorems on infinite series.

2¢-The: meaning-of various kinds-of--convergencer

3. Interchanging: Limit with Integration.
a. exampie given; FESR-application

4. Interchanging: Integration with Another Integration.

5+ Facts about how youcan find out whether a SUM is Carlson in a parameter.65 Convergence: of Zaps
7. Convergence of: (a,<;x)= WCaje;x)

8. Some standard series.

-

“9. Sum-calcuiation- by-Mebhod--of- Piecewise-Contours-
1D. How do you bound this series tal: ZOE
ll. Asymptotic Series (Asymptotic expansions) _
42y Infinite series as analytic functions
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| QD i. Reverences: nost of these are given in Buck for real variables in his chapter on
- + convergence. Many however are generalized to complex variables _and.are stated

in Spiegels book. In the library there are books specializing in infinite series

- somegiveing theory and advanced tests,-others stating various series.

~~ “2, Plan: below I state in no particular order any theorems I mightbe able to use.-—-Hopefully-all qualifiers are included. —-- _- --

_—--3+ Power Series Radius: The domain of convergence of a complex power series is _@lwaysa circle in the 2 plane of some radius R. In order to find the value of---—---Ry you mist-use the-various tests given below, Right at the radius /z/=R,-you .—
do not a priori know whether series converges or not. when a function f(z) is

a —Yepreneiited im sone region bya series, and you write as expansion ubout a point

_______ 8) then series converges in circle which is as large as possible about a without
hitting a singularity of the function.

" "HrBimple Wivergence Test: if a, doss not “approach 0, then series must divérge. ~
"

"5, Gauchy convergence: the partial sums 3, form a sequence in the space C. With
-—-= usual-metricy this space is complete. Thus, for infinite series the concepts

of convergence and Cauchy convergence coicide.

—§. Ratio test: let_L« lim/a(n+1)/a(n)/.If L is greater than 1, series diverges.Tf Lis Tess than 1, series converges. If I=l, no conclusion. (if a(n) Were the
—— —- 00efficientsof a power seriesinstead of the actual-terms, then this test would

. tell you the radius of convergence: R = 1/L.)Here, convergence is absolute.
5 on ay fon eee

e _7+ Root Test: this time, let L = lim (/a(n)/)®. Then test is same as ratio test.
~ “Te isthis test which really shows that power series hasa circle of convergence.-—.- If-ay-are_poner series caefficients, then radina_is R = 1/L. again. ——

~~ Gs-Integral test: this test only applies to a realy positive definite-sequence a,.Tomniyyto a7 10 @ positive definite tail of a series, if you like. Test says that“Sq converges if I a(n)dn converges. NIso, sum divergesif ititegral diverges. ~
—- Sometimes integrals are easierto calculate than suns. oe

—— —9s-Raabe's Test: sometimes when Lal in the ratio test and the test fails,Raabes

Fest will succeed. It says to define L'= lim (n (1 ~- /a(n+1)/a(n)/)) . THMHXEHSEMME
Lotccicnectueriiietieriseitecuet reettiiririectrelcvestiereccscet secre aig

TESRSHI EA SEAR EANAAAAATIATRXBARHEREEERAET. Now, if L' is greater than 1, seriesconverges absolutely. If Lt is less than 1, series may diverge or it may
~————— conditionally converge, --If L' = 1, test-fails. - - oe

____ ____10.. Gauss's Testi this is a more sophisticated version of Raabes test. See page 142
‘OfSpiegelfor details.

11, Absolute versus Conditional Convergence: if a series converges absalutely"~~
> “Shen it must converge. The reverst~ofdourse isednotbe true, If a series— ~—sanverges, but does not absolutely converge,it is called conditionally _convergent. Thus, a convergent series is either AC or CC.

12. Rearrangements: if a series converges absolutely, then you can rearrange it@ Howeveryou likes Thus, if two serieses converge absolutely, so does their
_S sum and Cauchy product, see Buckp 159 to define sum and product. This is_the great strength of the concept of absolute convergence. Note that all

power-series (including of course hypergeometric function) converge_absolutely—inside their radius.
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13._Alternating Series Test: Let the terms a, be real and monotoiée decreasing
gatapproaching0 ta the Linit. Then the Alternating sign series converges,but no conclusion may be drawn about the séries $ a, itself. @

14. The bracket theorem: this is a particular form of rearrangement where you

Insert brackets as you like but you do not chahge the orderon paper. Then
. clearly, the bracketsdo define a rearrangement, so we expect brackets to -have no effect on an absolutely convergent sequence. However, even if series
~ converges only—conditionally, brackets do not-hurt.-

- ‘15. Cawohy product: even if one series is AC and second is oily CC, the Catohy
product converges. If both are AC, then Cauchy product series is convergent.

16, Double sums: Suppose two-series A and B are AC, ‘Then the double sum-series- - -
isalsoAC, You can then rearrenge as you like. Thus, the Cauchy product is—

~- glsoACy Sew Buck for~more ‘details. 7~— °

~~ I]. Uniform convergence: consider a series where each term carries an additional
parameser.like 2. (Example: series of functions f,,(z) ). With this series-f,we associate a sequence of partial sums F,(z). If this sequence converges

~ uniformy om some-domain of z, then series "converges uniformly". Sée "page 140° *—
or notes for meaning of “uniformly”. 1

18, Neiorstrauss M test: if a series f,(z) is such that /f,(z)/ is less than. = -
8 convergent series of reals M, for all = in chosen region, then series

- converges uniformly~in- that region, This is clearly the easiest test to -
check for uniform convergence.

. e
_. 19, term-by-term caloulus: if a series isuniformly convergent, then youcan — -“Integrateor differentiate term by term , but there are certain qualifiers.For integration to be-defined, @ function must be continuous, So if the

terms in your uniformly convergent series are continuous, you can prove
- thatthe sum of the series is alto voHtiMidlis. The only othe® requiremént:is ;of course that the integration domain (or contour) lie inside region of _ ___

uniform continuity in z. Also, in order to differentiate term b y tern,
you have to show that the resultant series. in uniformly convergent before
you are justified.

“~~ 20, Comparison tests: seo Spiegel page 141 theorem 10. .

Addendum on convérgénce tests:  “‘Tiiese tests often require some limit L. For a
_ --.- Szample, in the ratio fest, Eis the limii.of this sequence: r,.= /a(n+1)/a(n)/.—_

BUT, suppose this real sequence Ty has no limit ! If the sequence is bounded
--- from.above, then it is bounded and must have-at-teast-one-ciuster-point, -but-if 7

it has two cluster points, then there is no limit . Example: r, = cos(PIn) = 1,-l...
In this-cawe the varioustestsmst be réformilated. Here is the reformulation: ~

“fetLeaps limsup r, and Linf = liminf r,. Sven if there is an infinity of cluster _
-~-—- —pointsfor.sequence rn, these-t+wo limits-must exist if Y, is bounded. Or, perhaps 7

Limsup = infinity, The test then reads: if Loup is less than 1; series converges.
— if-tinfis-greater than-1, ther series diverges.In words, if all ¢luster pointsare below 1, then convergence, and if all cluster points are above 1, then .-- diverges.Sut if some are ahove and some below, no conclusion, oOow-- Behm ane Lsup eye -~- --- Soe

covdudiat. | Ve Ld> | SD dae_Sees
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| Convergence of a sequence of functions £,(x) to a function-£(x) +
@_ i. We of course have in mind thet f(x) is the partial sum of n terms in some series
—_ ~~ go the question of whether the sequence converges is the same as the question

“— ~ — “or Wiiettigr’ the BéFISs converges. ae - ne

-2. Think of x as a-single real variable -for-illustratiom- There are basically-three— -

- -  kinds_of convergence: -pointwise,inthe-mean", and uniform convergence.——__ -—

3. Poitwise convergence. (Buck page 180) Let all these functions fp(x) be defined _
on some domain D. Let E be any open piece of this domain. Pointwise convergence

"~ """peans that you pick a particular x in E and you show that the sequence converges
~~

tor that particular x. You show that this is true for any pointx in E. Then
_ yout séviés converges ‘pointivise. a - - ——

— - ~~ This~ts-the-weakest'form of convergence>~ “As showmtin-the simple example on - ~

-—— — ~-page-182-0f- Buck, you can have pointwise~convergence, -but—the -sup norm- ft~ te/sup-
-— ——can still_be_infinite.. This is because the trouble can jamup.ggainst-oneof  _. |
_ your boundaries. - . a

© + Comergence in the Mean. (Buck, page 195) This means that /t -fy/,2 goestoo”
Ie, the integral of the difference squared over the interval must vanish to have

~~~ “"“““gonvergence in the mean. oo a 7 7

- Ivcan imagine that you Could have'f, cnvérging to Tin thE iiéin, bit HOE
-— + -pointwise-due to: some outstending point (of-vero measure-under integration ——

- This same outstanding point. would ruin uniform convergence also--beceuse the -———

—— -- sup.would always depend onthiaone bad point. So: ee

—_ mean# pointwise To
— ican3 watPora TO eee

-—— ——5,-Uniferm-Gonvergence, This ie the most importent-and significant convergence tdea.—

___ - — Unifrom.convergence.means( Buck, page-182).that /f.-fofsup goes.toO.Ie, = -
_ the maximal difference between the two functions(at whatever point.that may be)

must vanish.

.~~ a “Ir fn converges uniformly, thenit has theCauchy Property /fp ~ te/eup..8
goes to zero if m,n larger than some M. (etc)

eo ~~~ Most importantly: if a series converges uniformly, then you can integrate
“It Germ by term. (page 187) ~ oF

~~ I presume that uniform convergence allows you to interchange the procedureof ‘summation of series with any- other procedure, such as limit taking.
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Comment: in integrals of this form, there would be no question about the validity

of the "naive"result if the integral were finite. You could then take y to inf _

_ inside the integral, becauseit is trivial to get uniformity on a finite intersal.
The real question is what happens at the high ened of the x-integration. We e@

_ see from the above example that as long as h(x) decays faster than xt yor _ __
_ are OK, The amount of power "borrowed" can be as small (but finite) as needed __

__ to make the argument work, , xe wee
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Well, no.mbretime fon this. I. think the point. is:clean. If @2<) then. you are
OK at the.tighsend of x. integration.as: imilast example and this ds.whptis  _
important. The contribution from the pole (haif a contour) will be ImF -¥
and since. <¢~\ thie term is_helow wl. The high endpoint ‘contribution

wis. yl precisely, ahd ib is this. thing which mst banish in FESR so no fixed pole.
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r 1. I am finding that I finaTly Have to worry about tttiiss- ~The context is as follows:”
~ “Tn evaluating unknonw integrals of special functions,a standard procedure is to

elevate the special function into one of its integral representations, and then
a

to "do" the original integration bymoving it to the right. Of course this

_________involued order. interchange_and_you have to make sure the-interchange is allowed.

——"- ~ = 9, °qhe"precise theorem about orderInterchaigé is given in Hick page 207. The main
a

idea is simply stated: in order that interchangebe allowed, each of the inside
integrals must be uniformly convergentin its "parameter" over the entire‘relevant

a _range_ofintegration.Normally, the place you.run_into trouble is. at the extremes____-
-- -—of-the-integrel-ranges usually when it is infinity.

" "3, Here

is a beautifully simple illustration of the problem. In general, when you _t do it one way, the thing converges, but when you go the other way, it divergbes.

But inthis example it convergesboth ways, but gives different sanswers: 9 __

ae 20 a ~ ee
: -- -- — S - oh aNag Gee RSS Saye = A.2 one PEAS 3 -
ee oe He . eee woe eee

> cy 2 2
Sane oe dakly SEOdx: S Vee = ax Faw = Me = ZO--——a: YBa, Y SS Gay 2°. &

en CeaSea oy Yah.: ry Se N x fo,Wa: QdyyS Wk Usados camagec xe foe)
ft -a~—- ———_____ <r .

_ ~-Sdee - 2 ow wee My ei laet

Here we seevery clearly that_one of the “internal integrals" is notmiformy —__®
cnnyergent_over_the_range of the external-integration.-- . - _-. —~ — .-
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- ~ Comments on Uniform Convergences. . :

@] «= 4 Mesorems iF (Jn). ds the sunnand of a series in ny and if F(j,n)-is the imit-
- behavior as n-yo , then from the form of F(j,n)- alone you cannot make any

| = = = eonelusions about. whether series-converges unityrmly:in-Je—  — —— -—
| 7 eT wr mn eg Rew kT
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ee en 7 ~ aa werns ee AYThey . . one ~
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a QW = de an ani vost) Veg Leandorardin, ue eae. ]
——- - > The-point-is,-obviousiy;-that the-lower terms whith you"do-not show in Fare -

- ———— possibly going to “vause’ non-uniform-vonvergence: : oa

= - -2ezApplicution: it you are wondering whether the audition tneoren P =fPp—as
@.- -  ~uniformly’ cényergent’ as~/j/-»% 7—you will learn nothing by looking “St the -

- -~ targe /j/-benavior-of-the ‘summands ——~ ~~ > > OO ial
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Calewlation of suns by piecewise continuation of contours.

r 1, Th Order“td explain what this title means, consiger-this sui— ~ --F9 ee - See
om

mao :

- > ‘This is-some function of-2, S(z). Suppose we -did not -know how to-add up this
— ~~ series. Gur-first approach would-be to-do a SWI-This yields: -——
ee

— —

_ Way Se
+SEER —
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— ” FUWTA VeFLAGATIY: However, “Af 2 Isat allcopplex, one of the tails will diverge
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_____ Tims, we need ‘only,compute$;(x) since we can then get Sp from this little formla,
~
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"JO.Now, an important point: the beta function is like the gamma functionin that

™~

at tends tobe simpleand real if {ts argument is Féal afd positive. “If the real”
———-= part’ 6f its”argullent is fosttive, then-beta tus a simple integral representation;——
~-——  -—just-tikethe-gammas However;—as- expected; notive— that-our-S, will -be~"simplet- —-

~ in this sense only-4f arg(z)-is-positived, whereas S» is simple if arg(z) is negative.

--- . — However, the beta function has analytic continuationto all_argument,so actually___
a _ both these functions aredefintdfor all 2, except where the beta may have .
oo singularities. _ _ ee

—_ Ti. Add the pieces togetherand what do you gets t—C—=—sSs—s—sS~S~S
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ly. So after many errors which I finally corrected, we get out the desired answer
o that wa Knew all al6Hg. Needless td say; Chis decdmpdsition of the Simple yitsinex
~~" > fiinetiorrin questton-here into two messypieces is not too enlightening: -

I

Vo Taso, and es ee x od dans 43> ~oeaa Se EEE bala To] te eS ec ® p\- - -Te ZyeCr |) vr Mne 2yeCT VA Amt

“"~~" “ntact,the decomposition is amazingly complicated involving a special function |
~ "77 > WBSTg so Special Ge doesht “even Have a ramér | ~ TTT

-~ -Buty-the-method-is-whatts- important. -Suppose you have a convergent sum

- which you do-not-know-the sum-ofy —Then-this method is the only alternative that
—- - ——-Limwoft. 2... wet ~-

6 _ 15. Here is the interpretatign of what Ihavedone here. Consider just the “upper
contour. This upper contour actually generatesone half the series sum S ? Seems
that way since it picks up half the residue at each pole. Is this Yeally true?

No,becalsethis leavesit the Test Of thecontour Which ‘coers-alongthe Feal—— ~
- ~~ axtirbetweerthe-poles? Thisintegralishighiy-"impropér" because: it cuts through~~

————_—Lots-of-poles+ —You-might- think-that such-an integral would-be real,—being-& real_
_—_.- -_____contour_integral of areal function, but this is not the case. Consider;

meen a —-- ot -—.-
_ AS =_Snx\, =eG) = Jo foe

“V

“16. So we continue with the interpretation, Consider just the upper contour above
“~The real axis. Does this upper contourintegral converge for all2? That is,

""° fof2 IRBLAS Whe VALE CiFELS (iihere this Sui Convergées). T think the answeris yess
-- —————The~uppercontour is made of two pieces: The "poles" piece-ts—just-half-the- — ~

| —-———-~ original -sum-which we know-converges. The Cauchy -piece-is-the-sum of lots of

. little segements asve_have said.A typical segment ist ee
~

. v
me Net X m\ Wy - pee ee ee

~ .

OSs 2 Kae 2 . Gare
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So-yes, this Cauchy -piece-elso converges because a is sitting there. In fact; you
know that the upper contour converges because as you go off to the right a little
above the_real_axig,the ten factor simply oscillates at finite values, and the 2” e
does expo decay. -

Thus, both contours separately converge for z in the unit circle, which is to

say, for 1n/z/ smaller than 0, ie,negative.
7

17. So éach contour we knéw separately converges. We know how to get one fromthe

—- ~~other, so-the-wioleprobtemts-reduced “to evaluating the upper contour; ~Whem ~

- -  arg(z) is positive, -we~lnow-that -G€-vanishes-so we-can-replace the upper-contour- -— —
_ - witha semivertical_contour_end-we can evaluate that to get result. When-erg(z) . —

is negative,then semiyertical contour diverges and GC diverge, but we Jmow. that
____ the upper contour itself is still converging. So, when 2 is in UHP, we identify

the upper contour with a ¢ertain function beta(z), say. When 2 goes to lower HP,
:

we dont know what the upper contour is, but we know what beta(z) is. Since the =
“Upper contour converges for ali 2| and’ since contour = beta(z) in the UEP, we .
fust B86 have contéur(z) S“seta(z) inthe LHP. If two’ analytic furctions agree
in the upper-half plane~, ‘tlerthey have to have the same analytic vontinuation! -

18.-So once_more,-lets rewiewthe general method. . ® -
a) you want to evaluatein infinite sum. Cant do it directly. So,
b) youSWTthé thing and break into two contours. Where the sum convérges,

each of these contours going off to the right will also converge.

¢) you relate thelower contour to the upper, so only have to do the upper.
d) you find a region of"Z such that’ the upper quarter G¢ vanishes. ~~

“—- =" a) Ghar yourotatethe Upper codtciy aid replace with a laiom, Convergent -
+ ~yveat-integralsIwok-upthe~integral and you have the-upper(z) fonetion. -=

- £)-get-Lower(z)},—edd- them, -and -you are denel.—- ~ — -

ee Re- - - .
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Comment “in this exemple, I have successfully replaced the undoable sum with-an

integral. Unfortunately, this is an integral which is not.very easy to do. It is

doable ig I use Euler expansions for the two gamma functions, But this is a_ e
lot of works _ | - -

It suddently occurs to me that there is another possible way which is

an induction proof. This integral business should only be used as a laxt resort.

_- - oe _- e
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__ __. Asymptotic Series. — _-- S -- we eee

~~ ivReferences: Smith "Math Methodsfor Sand EB" oe .Qe > ittaker ane-Watson "best yooK— = ——
-— __ __Jeffriesbig kook eS

______2:Here is the standard exemple:2 ee ee
—

6ggee

¥ eo

- t—fa— —-——_—_— oT TTT TT_ = DawVE Wee Lodi ies Cow ye alt -eS oe x

KS (amy x

STSik
-

ae 2 ea eee— ——$- ay ge) —— | ory_ WQS) = |e Soy Wane ses ete
iy _ Su
EES

— ————MawaQe sane on Secsegeds Maan Mor _SoiK Lens wasabi _.—— .__Sn()! Clearly, this is the catch. The series diverges, but-if_you-take-105_\ _._.
—@—__*™=» the error is less than the 105th term, The idea is that_you neverreally

consider the entire infinite series which actuallydoesnt_even_exist_(converges_-.
nowhere). If you can show an error condition like this, and if the first_few——

__terms temporarily converge, then you can make a good approximation. withthese—-
terms. How small can you make the error for some given_valueof x? Laok_where——

; _____series has "minumum. _ _

~

= SO_-______| A> Me Dm| fo ny

AN2 os PW GKSPYa
rn
Seee

Sors pn emWe a ot n= ScMYee De
ee

sa een ne Se fon nck] DOD wee, foe A
-@— Anyway,—you-can-compute-the-turn-areund-point-to get-best-ideal error. In peactice~ ——
——-——you get within. desired-error-in saythree-termsy=——— ————-—_ => —



. w

e 1., Suppose you have an infinite series of analytic functions f,(z) which you. add.
up to. get some. total function f(z). Suppose the series converges uniformly.
over some region.in.the z=plane. ‘Thenif the individualterms.are. analytic
in that. region, then the. function which4s the sum must.be analytic in that
regions

2. Examples Consider the series +242 tsa. = 1/(-z). This xevies converges
uniformly over the inside of the unit disc. Thua, in the:interior of this kkk
Sisc, the sum simply can not. have any singularitys. No branch points,no poles.The reason. is. that. theindividual terns are analyticin the entire z-plane! of_cowrae you .cannot..count.the branch point at 221 since this.in not.in the. disc.

As Application: you are not. going to get.a series of regge poles terms which produce.
the normal threshold cuts, Reasonis: if you have such a series, then there can
be no branch points in the convergence region,  _ -

s
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Solution of Certain Class of Non-Linear Differential Bquations. Deo 29, 1994

ider: aueo 1. Consider: a £(u)

Here is a possible way to solve the thing:

de ey ay = fewfk y-se ae Bey=By = yRq tO
a Sa a w+2 yy2 Fee ESS YAR + cet = FO) TA

=F) FAIL

> ¥= ZV ORO\TA, br
MN 2 od Se da AK

tLeA

\ on= \a= +8 = x(wA,8).= «= hraw * CSAS)
Then you would invert this result to get u = u(x;A,B). Thus A and B are the two
undetermined constants which must be controlled by the boundary conditions which

. accompany the original equation.

Comments: Note that you cannot have any first derivitave present in the original

equation or this method fails. Note also that you have to be able to do two indefinitet ) integrals. If these cannot be done analytically, you cannot get a closed form solution
at least by this method. Numerically of course you are guaranteed a solution,

Examle: Maya wu 9 Fl) = —bwur

4 SM dx waN (dn, a t w-\ tsevt = SN gee +8 = 25 | G+= * ire BNE Me °
3 Qsre ESM) > wey = Asirtoxrs) 7.

This was a linear example. Now for a non-linear example:

amie? fay Ke™ = F)= Ke a &= Jak eA"%

ond Fo Mm,
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e On the Limit-Point and Limit-Circle Business: Weyl's Theorem.Qn the Linit-FeeeeeeyeeE—E—E_E—EEEE

1. I am reading this in Stakgold page 297. Lu=du Le Set.

2. Part I of the theorem is uncomplicated, The claim is simply this: if
at any particular eigenvalue \y both solutions to the ODE are of
finite s-norm on the interval , then at any other eigenvalue, the
same is true. The proof, given on page 298, is tust an exercise in
inequalities.

3. Part II of the official theorem says this: given any} not on the real
axis, there must be at least one s-norm solution, Ie, either there is
one solution, or there are two solutions of s-norm. If there are two

- solutions, then by part I there are two finite s-norm solutions at all

yo Thus, the actual system itself is characterized ty this dichotomy:
4. The dichotomy: one of these situations must prevail for the stanilard

| Sturm—Liouville Hermitian (self-adjoint) system with a singular point
taken as one of the interval endpoints!

a) for any, both solutions are of finite s-norm (t&dq Cow)
p) for any\, there exists only one (or maybe no) solutions.of f s-norm,

That is, if for one you can find two finite s-norm sols, then you
gre in catagory a) according to part I. On the other hand, suppose for

7

Some A there is only one solution. Then at no other® can there be twosolutions because then that would have to be also true at. Thus, if
you find a) where there is one solution, you know that at every other

there is either 1 or NO solutions. -

5. I think this should be presented as a series of corrolaries. Well, we know
that if you are in situation b), and for) off the real axis, then
know there is precisely one s-norm solution. If you then take ) onto
the real axis, then all you can say is: either there is one fans, or

Tone at all, awk Quaaa unl be ont Pons a N= wale sigue.
6. The way you tent a singujar SL system to see whicl case you have is

simple: pick a trivial value of ) and solve for the two solutions.
Then check their s-norms. If they are both finite s-norm, you are a).
Ig one of them faile to be s-norm (or if both fail), then you are b).

7. Wronskian facts: (time out) From Abels formula page 60, we know that
thelironekian of two solutions of Lu=0 (SXEXMXEXEN) = © exp(-m(x)).
Therefore, if W(x;) #0, then W(x) ¢ 0 for all x in interval. Conversely,
if W(x,) = 0 at any one point, then N(x) = 0 throughout interval. In
this vahishing case, the two. solutions must be dependent. In the
nonvanishing case, the solutions are independent. However, since
n(x) is determined by dm/dx = a;/a), we see that the wronskian can
depend on x, in this second case.

8, Another fact is this: for S-L systems, a,' = a, . In this case,
: m(x) = In oe . Tms, the wronskian of any two solutions is W = C/ao(x).@ Later, ag(x) is called — p(x). Still, W is x-dependent in general. |Qk, pOOW Gwyx) = C= onto |

9. Tho bilinszr comjunct J(u,v) reduces to -p(x) W(u,v; x). Thus, it is
this wronskian that you want to vanish at your endpoints to get a

truly self-adjoint system. Of course, if p(b) = 0, you have a slight| problem. Or if endpoint is at infinity.
2



(

e Still more data is needed before we can do the circle-point stuff.
10. Nuch use is made of a special-purpose “unmixed boundary condition"

at the engpoint a. It is:

| Bu et u(a) + 4 ut(a)
If ome takes a boundary condition of this form at each end, then
easy to show that the wronskian of a uuiwktm u and the CC of another
solution v, namely ¥, will vanish at the endpoints. But this is° the bidinear conjunct in this case, so the point is this: those oh
special unmiaed boundary conditions give you full sefl-adjointness.” ¢

We have said thateu u,¥) = O at both ends. We need not assumethat u afd v satisfy lusO, These u and v are just two functions on
the interval. The operator L is Hermitian if BC's are satisfied.

11, By the way, throughout all this, p and a are supposed to be real,
and the_weights is positive reals

@ak Wles)FO dace Lngly UN Ort yodoqendant:12. Note that W(u,v) = 0 does not imply that u and v are dependent? That is
only true if u and v are solutions of Lu=0, In what follows, we usually
speak of solutions of Lu = shu which is a different equation. I want
to throw the idea that if wronskian vanishes at the ends then it
vanishes throughout and u and v mist be dependent. Not generally true!
Tw wlunknyolbackr a olay pe) WO,Sj x), wat W hasdlp.13. I wish now to point out equation Geos), It says: if) lies off thee real axis, then the wronskian objects p(a) W(u,uja) cannot be zero
at both ends at once, Here, u solves Lu = s\u. However, these
wronskian-like objects do have clean limits even if endpoints are
singular.

14. We now start part II of Weyl's Theorem. Consider lu =Asu. Let 9 :
and Whe two independent soluttions chosen to match the very special
boundary conditions at regular endpoint a, see p 299. You can certainly
find such a Q and Y because only one BC on each, Clearly u=4@+ may
is also g solution of equation.

Now, the big problem is : how do you put a boundary condition at b

which is a singular point? You cannot simply “do it” because p(b) = 0lion ploy w(u ibs) maybe, which goofs things up, or maybe solution u diverges at inf.Se ibe) Phe trick is this: rewrite the BC in its wronskian form, then take
=o the limit by goes to b. You gan take limit of the wronsian object.

Since bott Q and satisfy the usual wronskian=0 BC at the leftend a, we see from 4.80a that in general niether& nor W couldpossibly satisfy our desired condition at end d. This was noted in 13
above that both wronskians cannot vanish for the same solution,

‘Thus, any candidate which seeks to satisfy our new condition at b
must truly be a linear combination, ie, m #0. (Except ifX= real).

Now all we are doing is taking over the old BC to this singular

case. The question now is: what choices for m allow u to satisfy
thas right-end boundary condtion?

_ a
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615. Ne continue, To find theallowablevalues of m, we insert u «@+ 247into the boundary condition at b, before taking limit. We at once
find that:

. a) if\ off real axis, m lies on a certain circleb) if\ on real axis, this circle degenerates to real m axis.
16. Notice that \= real is very special because we have been assuming that

all other functions like p and q and s are real. Thus, real means
that solutions are real and this means that wronskians like W(4;A;x)
= 0. Ie, wronskinu of function with itself,Go, h=auls qaningatins

1. The expression for the radius when )not real is given in 4.84. This
shows clearly that,as you take b, to the limit b, the radius is
monotonically decreasing! Thus, in the limit, you get either a
Circle of viable values for m, xm or you get exactly one allowed point
value for m, in the case that the circle shrinks to a point.

18. What is the big advantage of having a solution solve this fancy
voundary condition? The reason is shom in bottom of page 300. If
x real, then this magic solution (or class of solutions) is of
finite s-norm, This is the big payoff.

19, But there is even more payoff: if you get a circle in the limit,
then from 4.84 you see that not only is ue Q§+mA of finite s-norm,

e put itself has finite s-norm. Thus, if you got the circle case byapplying the magic boundary condition, then you have found two finite
s-norm solutions. But by part I of this theorem, you must be in

situation a) of 4. Se wa any s Sondacea! == Vou a)"
20. On the other hand, if you get a point, then r=0 and 4.84 says thatAmust not have finite s-nopm. In this case (point), there is iselyone finite s-norm solution. But this paragraph is only Tt \aot reals
21._If\= real, we do know that any mon real axis allows us Q+ n¥

to satisfy the fancy boundary condttion. In fact, any solution u
Will satisfy this BC. In this case, we get no information on whether
any solutions are of finite s-norm . Maybe none, maybe one, maybe two.



. Limit-Point Analysis.
1. You have a singular point b, but you have determined that you are in the

Limit point cads. What do you do next? : :
First, you want to construct a greens function, To do this, you

chooseay on the left because this satisfies your left side BC, andyou choose u=Q@+ma" on tho right, say for bo. The specific
greens is then-given in 4,93. You find that this greens has only
poles, hence usual discrete spectrum since we have not yet gone
singular. Wow, -as you take the limit b, goes to b, you know that
m goes to its limit. It may happen that as you do this, the poles
of our meromorphic m(p) may move together to form a out. Ie, in
the limit, m,(h) may have poles snd outs. It could have only poles
or only cuts.

2. We dont really have to think of this limiting procedure however. There
is a well defined system for the desired greens function. On the left
side you use some solution which satisfies your regular left end BC.
On the right side, you use the single finite s-norm solution which you
know must exist. Thus, 4.94a specifies g completely.

3. Once you have the greens g, you camtour integrate at to find your
‘completeness statement. It will have the form 4.95.

4. Conmentson this completeness relation. In the regular S-L theory,r ) all your solutions are of finite s-norm. You impose two unmixedpoundary conditions at regular points a and b. Thiscauses\ to_"quantize". Ie, only a certain denumerable set of ) will give salutions
to the system. Ie, spectrum is discrete, eigenfunctions are orthogonal
eté atc.

Compare this to the singular case. In the limit-circle case, there
are finite s-norm solutions for all ) .—te;—+herein-ne—quentinetion—
(Re

In the limit point case, there is exactly one finite s-norm solution
for every\ off the real axis. tgein,goudocobegetRtineticn,irGy solution W fact, 7ouosethet-old-nesudt thet —rigenveiner—met—be—neeky—Taie

ox ve, will Nevertheless, for 5 Teal, you might still get that quantisation
. effect. I think you doé In fact, when = real, you get the mixed

Qt, ox specturm situatiom, Then the g contour picks up allx the discrete
ae eigenfunctions, and it picks up the continuum of possibly nonA= finite s-norm eigenfunctions.

die Same sul If spectrum is purely discrete, eigenfunctions will be orthogonal.
sabisty cS 5. Examples given. by Stakgold of limit point:aa S p305  Bessels functions on 0 to 1; pure ddscrete spectrum

7 p308 Mellin transform equation on 0 to inf: pure continuum
(4800) widen. | p284. Fourier sine transform (4.58a): pure continuum

other cosine and fourier integral transforms are done.

pB94 exercise 24 gives only example with mixed spectrum,

e Orurs,whow 7 ash) you comut gat am sgenSumctinuw. SA. \aodhy‘ )

. , . 4 —Tels,
When ASraah, yon will ga saganSunetiind rsa pouk: Ly you. partner’ UCjA) hyppuad “also dp solve Bau=o~ mo yby oudle: 4 gna. your uln;A) " ‘ .Qwe, sprcbtuwo wo sl quentized. Vv .
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1

o| Gomment on machine solution to singular eigenvalue problem.‘Ciont on machine solution to singular eigenvalue problem.
1. For\ to be a true eigenvalue , your u(x;A) mst satisfy both'

boundary conditions, In the singular case at b, we still have
1 @ boundary condition so conceptually the same asigegular case.
! Now, suppose you start with a functign f(x) which is tied down

| at the regular end ae Then you.pick someh and start integrating
out toward b. If the ) you picked is an eigenvalue, then you knowI
your solution will satisfy condition at b. ut then you know iti will be of finite s-norm. Thus, your solution should heel down
toward the axis, ie, it must approach zero.

2. If your solution baws up, then you know it ge not of finite s-norm
: and there fore it cannot be solving the condition at b. Therefore

i your chosen) was not an eigenvalue. .
i
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e Limit Circle Analysis
1. Taken from page 310 of Stakgold,

2. In the limit point case, we set up a defining system for the greens
function by using the single finite-e-norm solution on the right.
For the circle case, there is no unique such solution on the right:
the solution corresponding to any point-on-the-cirlce will do, So,,
the idea is this: pick a niceoe off the real axis and pick any
particular solution "on the circle", Thus, you will haves on the left
and u on the right. These are independent, and we may choose to
normalize so that their product is the greens atAe.

3. The scene suddenly shifts and we consider the inhomo equation with
sone f tacked on: Lye V = sf. How whall wo apply BC's to this equation?
The left end is usual unmixed BC. The right end is now going to get
p(b) W(v,4;d) = 0 as its condition. Here, u is one of the circle
solutions chosen above, Given these two boundary conditions, the
inhomo equation has only one solution: that shown in 4.115. This
one solution, called v, turns out to be of finite s-norm,

4. Now as a special case of P3 above, choose f = (h-ho) sw where w is
the solution to come. We have just computed the greens up in Pl,
so the solution given as integral over greens is as in 4,120. BUT

this is an integral equation with Hilbert-Schmidt kernel. (ie,r ) ! means bounded operator). If you choose Ac real, then kernel is
i symmetric, From previous theory, then, you lnow that the eigenvalue

equation Lv =) sw_has 2 pure discrete spectrum with orthogonal
_Sigenfunctions,

5. To summarize, in the circle-limit situation, the eigenvalue equation
always gives you a discrete specturm of real eigenvalues with usual
orthogonality and completeness. Greens function is easliy defined
and then constructed. The actual results (greens; system of orthogonal
functions) depends parametrically on which point you choose on the
circle.

6, Example: Bessel p 313s Here, the points on the ligit circle are
paranetrixed by real number A, Then 4.123 shows the A-dependent
greens at \=0. The Bessel equation is regular at 1, but singular
at 0, 80 at O we impose the wronskial singular BC 4.125 (which again
is A-dependent). The differential system is shown equivalent to a
real symmetric hs integral system, so we know eigenfunction data, If
you choose A= 0, your eigenfunctions are the Tox) Of course the
boundary condttion w(1) = 0 puts especial, inside, Ie, you get
quantization of eigenvalues on the real axis,

1. Other examples of limit-ciréle:
Hanekl transforms, Hermites, Legendres, a K-transform, etc.

\
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Application of All this Theory to the Radial ation.

1. As shown say on page 350 of Messiah,

A a
~ +Qn 4 very] Haley = E gat) ROS oreCah de OI VONRO = E ele 2

a 7 Qe) = Mba 4, vCo)
ametWHAM SS [yuafae a =H. ame

3

The BC at r=0 is shom. WO=o.

2. In this limit point, or is it limit circle? Cannot tiivially solve
this thing even with E=0. However, we can assume the potential V(r)
drops off fast so that at large r the equation is roughly:

kt

~ a 3a] Q)= Eats| \ aw act) $ ce Eso gabe) = AxeTo test for finite-s-norm, we only need the asymptotic behavior of
the solutions anyway. At our test point E=0, we find that neither
solution is finite s-norm, Thus, We are in zirgte limit—point case.

3. Aside: it had to be limit~point because that is the only case which@ allows a continuous segment of the spectrum.

4. Now, you could construct the E-greens be taking a ¥(0) = 0 solutionon the left, and the unique decaying sofution on the right (for B
not on the real axis. Ie, e“*T, ) Then you could contour integrate
this greens to get the completeness relation and the spectrum, You
would get the mixed result. The discrete eigenfunctions will be of
finite snow, I have not proved this in the theory, but seems that
if-you-comsiderE just above one of these real eigenvalues, you doknow there is one finite s-norm solution. As you drop down onto the
isolated eigenvalue, this remains true. Not so on the cut. In fact

none of the eigenvalues on the cut will be of finite s-norm,

. .

oy!
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oS Discussion of the General Singular Problem,
1, In all this, we are always restricting ourselves to difforential

operators L which are of the standard formally self-adjoint form.
But, as page 269 of Mi shows, you can always cast your ODE in
this form. Let x be the variable, and (a,b) the range.

2. Now, a point x=@ is a singular point if
1) o = infinity, plus or mins, or
2). p(c) = O

In either case, you should armange to have point © be one of your

| interval endpoints for your scalar product. Usually, we let c = b.
3+ Weyl's Theorem says:

Look at your equation. Pick a simple value of eigenvalue® for which
you can trivially solve the equation, Pind all solutions (two). Are
‘these solutions of finite s-norm over interval of interest? If they

both are, then you know that : for any value of}, all solutions

are of finite s-norm, This means that in regards to the singular| point of interest, you are in the "limit-circle case,

Suppose one or both of your aolutions are not of finite s-norm.

Then you must be in the "limit-point Case". Then you know that
for any) off the real axis, there is, onlp one solution of finite

s-norm, so ak.e@ 4. Quickexample: consider page 302 Stagold, Legendre equation, but choose
instead the interval ] to inf, so you have two singular points, For

X= 0 you know that u = constant is a solution, But this solution is
clearly not of finite s-norm on the interval to inf. Therefore, the
point infinity is a limit-point situation, I'm not sure about the

class of the point z=l, have to test the other solution.

5. Greens functions: assume b = singular point. Then we defame the Greens

function problem by Lg ~\sg = S(x-y) with these very important boundary
conditions: .

1) Bg(g) = 0. (Some simple condition at the regular end.
2) the s-norm of g must be finite.

You can imagine solving for this greens function. The contour-complete-
ness relation is then valid, namely:

A ~-&Q) = -axBua -GD = -Z Trai) Soggy)
However, if equation has only limit-circle endpoints (singulaire), then
the continuous spectrum is not there and you have only discrete specturn
and usual orthogonal functions of weight 5.

6._ Thus, we associate continuous spectra (or mixed) with limit-point
situations.

7. Thus, the reason you have a “mixed spectrum" in the 0(2,1) UIRs ise that the related differential system has a limit-point singularity

at aeinfinity. In 0(3), the differential system does not have this
singular point, the other singular points are circl-limit cases, 80
you get a pure discrete spectrum with orthogonal eigenfunctions.

} :
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Creaduia: so Jon wa Drame Reed into (lis ‘asqeton" ov. Nuame
Lronoilde, Pda, - — _- = Saad& ——Nlow;- if-you -take-a-Sturm-Liouville-or_regulartype-differential operator ;-you-generate
the "singular" case.by_allowingone (or both) of the interval endpoitts to-go to—

__infinity,or maybe p vanishedat one endpoint.This takesyou into the realmof— _
__ ___ "singular" differential equations. The analysisof Sturm Liouville was generalized _

by Hermann Weyl, in particular the theorem on page 297 of Stakgold. This gets you |

“" ~ “4nto all this business oflimit circle case and limit point case. Stakgold makes a
very relevant cbservatisn “aitpage30h concerning eigenfunction expansions. If, he
says, youcan equate@ deltafunctionto a Iarge cirlce integralof your Greens Function,

- ———~then it is possible-to write-the delta functionas adiscrete-sumof terms Felatifig
— —---to-the-disereet part-of-the-spectrum,—and another-integral—over-some—terms-havingtu ~

do with thecontinuous spectrum.The continuaus partcomes from_cuts.in-the-greens~
function,the discreet part comes from poles. This is what Vilenkin is taliing about —

_ _____ when he writes the"expansion theorem" for F(x) on the Bluns ‘The point above is,of _
course, that if you know the delta function, then you can always write a projection/

expansion pairStakgoiddoes this for iots of examples, like HankelTransforms, ete.
nr a However,t am a Little uncertain about Stakgold’s analysis because he never
@ wweexpett the great” circle greens integral to be equal to the delta function.

“I would-dike to seea-chapter-in some-other book-on-this subjectsAs-references GH Giis
- —- subjecty—Stakgold-gives-Hellwig-andNaimark,

both in-German-only, along-with—Titchmarsh.—_— Friedman, and Yosida. — eeeee ee

7 —_ ns a



Chapter 9 Regular Singular Points . . 7

apg. — 1+ -Buler's equation. This is a warmup_exersise. Euler's equation is_simply

s _. Zw"+ paw! + qw = 0 where p and q are constants. A basis of two independent
solutions is given simply by w= 2% where the a are the two solutions of
‘the indicial equation a%+(p-1)at+q=0 . If these solutions happen to coincide

-s then the-second-sctutiow-ts-u@ing; Typically, ‘logarithms wtways' arise whet “~~
something coincides. Dee. Looe

2. Gircuit matrix: Given a second-order DE there will be two solutions, Assume that
these solutions are analytic in a disc except maybe at the center. Without loss

~- ~~ ~~of-generality;—putthis-potential-singutarity-at-2=07 Then you can take “each —

solution and analytically continue it one turnCC about this origin to get _— Eno (possibly different) new solutions. OF course each of these mst be
-  linear_combination of the_original two.. The 2x2 matrix which describes this

linear combination is called the circuit matrix.

3. Simple branch point: a solution f(z) has a simple branch point at 2-0 if the
“tinctiongoes into amiltipleoF itself when you Continue around the brarich ~
——~ —-. -—Point once... - —~ - -

— 4. Ageneral circuit theorem:-consider n—th-order—DE-#ith-n—indep-solutions.——
There will be an nxn circuit matrix describing rotation about origin. The

~ eigenvectors of thin matrix give linsar comypinations of the starting solutions ~
—- {used to_get_the mtrix)uhich go into themselvesunder such a continuations__The eigenvalue is a. Then the “diagonal” solution has the form f(z) = 2° g()

--there. -b—=1na/2PIi— and where.g(s) has-no branch-at 2=0-(single-valued),-——-@ Since every matrix has at least one eigenvector, you are guaranteed to
— -alvays"haveat~Teast-one-solution which-has‘a-simpre brancl point;~———-——  ~

5. Circuit theorem for n=2: (Theorem 4). Your circuit matrix is 2x2. There are
-twoeigenvalues_correspondingto two exponents called a and b-If these are-different, then the two solutions oan be chosen as having the form 29 f(s)

———and-z>-g(2}, where~f-and-g-are-singte-valued-in-the-dincs—If-asb-you-might——~
___still be able to diagonalizethe circuit matrix and have both solutionsof —— _"theform 2°f and 28g, More likely, you willhave one of the form e®f and——______the_otherof the form2%f ( h(z) + Inz) where £ is. same f, h is SV. _Again,.. —notice the log coming in in a degenerate case.

6. Regular Singular Point: Consider general equation w" + p(2P w' + q(2)W= 0.
oO If at z=2l p andq are both analytic, then 21-is8 called an ‘érdinary points ~
—— -—_ —--If_at_z=21_p and/or_q are singular, then zl =singular point. If the ___

singularity in p is at worst a simple pole, and in q at worst a double pole,
——_———then-z1-=regular singular point. ——-——— — — -- ——— -
(7"7.Bignitromes ofr; rr wingular” at If-2-0-is regular‘singularpoint (wetake 220 only for convenience) then you can multiply through by 2° to get

an equation resembling Euler's equation: 22w" + zP(z)w' + Q(z) w= 0 where
——_———_-P_and_Q_are_analytic. and may thus-be—power-seiies—expanded at 2-0, The —— —- -

significance of this fact is contained in the nemt theorem:

.

8. Regular Singular Point Theorem: From P(z) and Q(z) compute P, and Q,, the twor ) constants. Next, solve the Euler indicial equation for two values of v (see
_. “________1_abowe,_replace p_with Py #tc,.). Then_at_least one_solution-hasthe-form. — —

w(z) = 2% (1l+cl2+02 0% +...). If the two roots do not differ by integer,
~-————then-both indep-solutions have-this-formwhere-v takes onthe -tno-values. —



-2-

9. Singular points at infinity: This requires a special test. You change from
2 to tel/z . Then the DE is regular singular at infinity if the transformed

_  -equation is regular_singular at the origin. It turns out that you_can tell@ by doing power series expanions of p and q. in powers of 1/2 = t. Then for
- = -—— infinity to be regutar-singuir-point, p-must-have at least a first order zero

in t, and q must have at least a Sarehdorder zero int. ae~~"
"Suppose someDE is regular singular at infinity. Expand p and q in this

- way eeeee —
- a Pe Rha teeth tees - ge tea thee |

—-—_—. —The-indicial_equation is then v(v-1) +(2-pl)v +2 = 0, Solve this for your. —
v and then by 8 equatiom will have one or two independent solutions of the

form ov (1g aFTeadoe a es, ) SOpendeing om vhether-difference-of-—_______——the-expoente-is-an-integer or-noty wee --

- 10. The “intecer difference theoren. Suppase your two roots a and b differ by an” ~~
. integer. Then choose a as the larger root. You may then take as your .

independent solutions these forms:
OO

wl = 2°( 1 + ...usual) w2 = 2°(1 + 4s.) +0 wl Ing

“ Ofcourse the two power series are different, this just gives the form. Note
—— —— that-you-cen-choone-C-as-you likes —- ——---

"TLS Garionical“basig: forgot VOmeATLGH thatUT your HootsaFe anequal “asd-ao WOT__. differby integer, then your two standard forms as in 5 will diagonalize thelittle 2x2 circuit matrix and euch a basis is called cannonical.

@ by Rewien Equations: these are(homogeneous linear)DE's having at worst regular
— ——~--——gingilaypoints in the extended complex plaié, i¢,imtluding infintty.—By-Uoing

. linear fractional variable changes, you can move these regular singular points
whereever you like.

-— —-— —--- —For-Hi2-you -can-move-singular points. to-0-and-infinity. Then-equation -
boils down to Euler equation with elementary solutions. (N= number of sing

—  ~ points-of-Fuchstan-emrationys— —_—-- —_—-:
_______ For N=3, you first move points to 0,1 andinfinity, Then you can introduce5 parameters by looking at the singular points 0 and 1. Thus, you fiddle a
-——_______little_to_findthat p_and_q must have very. special form_in_terms of these _5 constants. This leads to Riemanns DE. You can reparametrize in terms 6

——-the-six-exponents—{two at-each-regular-singulr point) and then-the sum-of
the six exponents = 0 to give only 5 parameters, lvery Riemann DE can be

- “Reducedto a hypergeoiistric form. if the 6 exponents takeon certain values” ~
~ -- in terms of 3 parameters, you get exactly the hypergeomptircwithno changes. _
——-—_11._Apply.to hypergeometric equation: at each_regular_point you computa the.

roots by looking at various indicial equations:

2-0 vie0 _veel-o aiff = lo
a2 vése=a=B APE 4 cma~d ~ .int vlan vaeb_._ diff = aeb — -

-- Glearly, the usual solution F(a,b,0,2) corresponds to a v=0. KEKKIXAXIHERBAXEENCSHEARIACIEREEBAKEREAEAL Te, this solution is the 2-0 vle0 case.

. Bateman-calls. this-ul.Its partner-is u5. So, 2=0 gives-ul-and u5. Then _@ z=1 roots gives Batemans u2 and u6. Finally, inf = 2 gives u3 and ud.
-— >Eachpair’ forms s-viablé vannonical ‘basis of simple branch poirt-furctions.

7 ow
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Contents of Complex Variables Section.

.

e 1, Wad containing several basic theoremg 7 a
~ ay continuing” off“a7segmént_ ~~" ——~ ~~ ——

—- -b) uniqueness @f a.continuation _ le; -
¢) meaning of. analyticity in closed domain and boundary off-continuationaa
a) afidlytic continuation as witoW or-fumetions -

- —-- — ©)-good example_of_ganma.function —.. 42... 8 - -
f) Schwartz Reflection and 1(s,t) application: real analyticity.

~~~) hoh-analyticityof f*(z) ahd~—r(a*), andlyticityor f*(g*) in —" ~——-—--h)—Scwarts in-two-complex-variables 9. _ aaa-
2, Wad of matérial on CarlsGii“Theorem aid Phragsamlindelor - ~ ~~ ~

-- f ~e) logic. of Carlson:theorem forour_purposes———_..  --__-_____-b) general reading conclusions“—~ "~~

e/Ynotes Prom Titchmarsh 1939-—~ —- --—— 9) sapo-Acns. we~---—_——_ -- d)-notes from-Hille-1962 9 _____ . ne BAe SumeAnemae! --

Bieabiesof spacial turievions toldsateTeuts -eee Aa GT —- —- o-

- ee eee -_——-- ee ee_____b) eight pages about square roots of gamma functions -
-— —4,-Comparison of-adding twodiscs.and computing total.disc via real_analyticityj~ -

- 5, The-meaning of Principle Value =~ -

-—§ Deformation. of cuts in from infinity when possible._ -@ - 2b Beemple of-contour-pinchings — foe .

~ =  §+-How-to shift the_contourin.delta function integral and have same. thing..
—- ~+ ~Q- How-to.change variables. in_a complex integration;.also, -how. to complex conjugate-
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‘The Logical Structure of Carlson's Theorem.

@ | 1. First, define a set of functions of a single complex variable such that if
I function obeys a certain condition (the Carlson Condition). Any function

which obeys this condition is called a Carlson Function, Or, you might

say: this function is “Carlson.”\

2. The Carlson Condition is this: f(z) must be analytic in the closed Right Half
Plane, and as you go off on some ray in this RHP, (f(z)| must be less than
a constant times aay

3. Examples: f(z) = ef?I2 is not Carlson because if you go down th imaginary
| axis, z = -i/z/ and f(z) goes as ef //%/ which violates the Condition. Thus,

axis ra 2, sinh(PIz) is not Carlson. On the otherhand, e®” for /a PL
is Carlson. Any polynomial in Xf 2 is Carlson. More special examples ere

[discussed below.

'

» estion: Suppose you have a certain function defined ob on the positive
H integers. Can’you define a unique analytic continuation off the ‘integers?

H In general, the answer 1s NO. For example, if your function was f(z) =U,

| £2(2) «0 + sin(PIz).
HOWEVER, if you have a function @efined on the integers which is Carlson,

then fa S ClassOf VEFISON TUNCTIONS there WOES_ExXist a Unique aMALy
ontinuation_offthe integers! This will be a direct. consequence of Carlson's

Theorem below. /

on

> Parison s—Tneoreny -¢c)-ts-Cartson-ani-vantshes~on-the-positive—integersy

ben the on. Carlson continuation of z) is f1(z).= 0 onside: e_ example

J

. continuation off the integers. (If ‘not true, you could find two different
Carlson continuations. The difference of these two would also be Carlson, ha

—__—____—_—_—_and-would_vanish_on_theintegers+But_by-the theorem, such_a Carlson,fun on



aly] a.
. * Gonelusions about Carlson's Theorem and Related Theorems. -

e 1, First,I.will quote Carlson's Therem directly and accurately from T: piss
5.81." If £(z)ts-reguarand of the form 0( e\ZL),where k <W-y-tor} - ~~

—_ \-n€z)% 0, anid £(z)-S-0 for-z-S-0F4;2737-7. y ther f(z) = O-kdentically. |--—~

2. There ave Severet-quéstivns hers. First, the conclusionis reatty only £(z)=0
identivallyfor Re(zy yO because f(z) has mo-definition elsewheres Ra of ‘course

- thie only avalyvic-continuation of-f(z)-=0 to the left -half=pianeis f(z) = 0
~ Note thé eqiaLity part of-Re(z)yO ~s ~This hav-the “important implicstion that
“+ yor muse iveTude the“imaginary rays. =

~ 37°THE Peal questiin ‘is ¥ what is the wemming of O-(...). According-to the first’ page
- "QEHASBOOK,CHEE mist wiean as 72/9, /£(z}/KA o8/2/ were sis an

~agpgoluts positiveConstant’.This equality” should hold for-/2/- larger~tntin
~ soils Velie. —SeeRS TasPly “Wiad guous:-Heretsar almost good proof whith shows

- - > @WGlterdstive way toWRItE tinisveondtbiom = ne -

e Sim QMFL 2ka Al gk LN LDR.\A\9@ 12h 21

- we eee eeAL ee

=e Dai che ee WECO

‘he TAIS Btatenentof-the-theorem gibes-with-a-reduction-ef-one-of Hilles: theorems~

“With I-have done—in-somenotes-there;-exceptthere-you need-Re(z)7 ~tk. I

-— aévept T's-wtutement of-the theorem, — ——- — - -- _—-

~- 5. HOWEVER; —“norre of-these guys Hille or Titch. gives-a proof-I likes Tietch is
simply wrong, I thinks “~And-Hilte-does-something more-generai-thatr I wants-Z: -

teally-should “look-for-another- book to-reference-on this. - oe

a
-

_



© MWow geod
56 Waleed Cdl -

- First a quick reminder of the maximummodulus theorem—if-f(z) s-enalytic’ inside
some_finite closed contour, then it is of course bounded on the domain_D_ which.includes the boundary. The big fact is that the maximum of /f(z)/ actually must

-" — -oveur"somewhere om the-boundary curve itselfs —————————--——
~ So, for openers Titch in section”5.6 generalizes just siightly themax-mod theorem

- — ~by extending-it to-a case -where-f(z) fails to-be-andlytic at one-point on the -—

-boundary. . Not. too significant? Ah, but when that.one point becomes infinity, this
- —~ Sheoren becomesvery baste! | Better work 3 rome
—F7 C7 Rs po ne

__ (.%) AOE omtuticlylmee Lk _-
- ee fake w—- BOLUS Wa SiexseftodPh 2 LL LL --
eee Ber Awe) anebbicHo, wee wil \u2l| S| case C-

- abn: WR.comaygoaas F as cheng, sats Week.~Jp manda bay pnt ouaut,
rn ar Se ee --e

_. | wetde)| Sm —-yrony, €20., she rwellen wad clara loyfess cams to P
- = Loar WOT SM chat ous woe So
ir PNT PRSOk cancemiiiier ent aonteeelets weienr itone
pak FR) =_V@ AG) weonokyhe msde C Se, asin- EES,
—— \B®\ < Han ant arsusdia Tea JE(SlGh dro.

-- eee een er ae

y -n\h@) SA MWOlT ik WG)ealrn sow doo - .

- Gerd ero, Bel Cn. _
+" Ae ee tras AS Sepne gia te say Ee) is bounded in theighb , P< - erCO 7 ESIMEI TAIN SRF td erstePoe arr ‘

Well now for the future theorems-he says he-wont; ude-thié ‘fesuit?--- °  - -~

“2 Booms

© Gumi © Keone im widyed (Eel)
.——{) HELE ow Man sp eo Dive wo,
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© Saye Nadine, yy ented
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- 4 -- a ery. eee 7 -

Ge, M@LERO™: oe -
The proof. given here is simply na good, though I_assume.the theorem.is correct.
The theorem usesheavily the fact thate> oO, and gots the conclusion,

— BENE mM Sxolvelel] ow Wade. _‘NO matter how-omall'@ 48; ~this isnottd bound at alt én /t(z)/-. -You cennetset
epg = Ovbecgul then proofgoss not gp thrélehs” SUOP!|# - -Nevertheless, I-will quote the next important theorem -before -I-goes-into details

. with the indiestor function eure fm hm .
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- aA S
A converse of Carlson's Theorem. -- - $<
Aconverseof Carlson's Theorem.

@ s-First we restate the theorem: - 9 = ——- = 0 + = n> -
- (a) f(z)-ds-analytic -in Re(z)%-O-.  -—- -—— me -

—- {b)-there exists- an R-such that, for-all-/2/> R-with arg(z)-in RHP range,
--— - ff(z)/ < -exp(k/s/}- where ke Qe -- = = soe ee

(c) £(z) is Carlson. ~ es ~ .

~ ~  fieppem saysi (a). and (b) BH CY

——~ 3) That Ts the conversé? ~~ .not. (ce) Snob. ( avand.by .
Re ee ae = tyfsnobve)and/ore (.not.b) - = -
-- Suppose: (a) is stidi-true. Then-vnobve =P wnobsbys——————

— - ~The: ddea-is that: if you-have a set-of-conditions-ayby-+.. which imply x, then :

--  =notex says-that- at-least- one of-those~conditions-is-false:— If-yow assume-that
- ~ all-the conditions-except one are-truey-then snobsx-~imphies-that—that one-~

~—-  unassumed-condition bs-falsoes © ===--—— -

3. So if (a) is true; then f(z) is not-Carlson’ means-there exists no am R suche - -that for /2/> R /£(2?/z> exp(k/z/) -where k etry -Theeefore no-matter-what-R

-- you choose, this-must be falses—-—-—- - -

Te "  /tla)/\ explk/2/) where K OW For all /2J> R~”
_ - In other words, this mugt_be false: eee eee 5a wees nee
TT Joly RB Sy [i/Zexpla/a/) iti Ey

_— I am getting confused. Here is theorem X want to prove: 2 _

hoxexexiata anxixonch khatx Lox kok wR x/8/Rxwxn(k/a/dex Sexmayhex: Lor
a any By there exists a point 2/asuch thet /t(21)/ 7) EI forall kv,

If there were no such point,, then /¢(z)/ wouldbe loss than fl gor att /2/7k
for all k 4, and_then f would beCarlson.This is OK, forget the logics
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ew Ranw)The cut structure of the function: Seay = | ete |=
rsaie PGR wy 1 (2)

D Fz do not nave the patience to draw all the special cases 1have worked out.
~“Instead;—tet usconsider ~just two casesy “In-botir these-cases,-we-shatl~

_ assume that both m and n are integers. However, the result isprobably _~
just the same form and n both half integers.

"~~”*«yTn the cage m.GT.n we get two kinds of pictures depending on whether the~
———ifference-is-even or-offs—Hamely, —— “se

ann ee igOS -

; Askat chs oo math mt anne ty! \=- aeae Sansth eis ot ics om
= stone O82 Sona 2 gunnnetballIN x ~ —aeoeoe

—.. -4 angeee = = mee -Tren DT Ninatt Si
f== 00) 3Sgpg0 a gag page ASE ~-t \ q
a -——___! . - : ant. oe

area am nr)

a 3.Supposen is larger than m. Then the picture looks just the same except every—
--——where_you see a label_mraplaceit with n, and vies versa. I have, worked out .an example of this but you can it anyway by simply inverting the inside of

@ te bescket ; Mp inversiondoes-not-change-theposition of the branchpoints, The x marks poles, the o mark geroes.

—————A.Phasing, From experience with simpler functions, imagine startingon the far___ _right where we choose the phase at zero. Then move left. As you cross over each
—- - geroy-you-gain-90°, -so-I imagine that- with each pole you lose-90%,—Seelabels-

on the pictures. It would appear that if you start with +1 on the far right,

- —s——you-also Mave F1-on the far left, unlike the simpler fanotion t2@sI}e> >
a ——Thesephase claims gre born out_if you justtake the large2 limit of -the function. You get simply 1, This is the same in all directions. Thus, you

~ ——-—must chave plus phase-in-the-negative-direction.- ao _ -

: ‘ = RE = \Gat-- 5. Comparewith earlier example, f@\=~+I FH! wo = ECe\= Vet proHere we picked up a (-) phase going from far right = ¢)—-- - 49 farslefte Sutin-the present example thie is not-so: - - 2=X(@) _
— OO ~~ “st ar rr Crse 7 —saes Deeg] GS GSOEV2 4%) PCR-%) Goat Gay

cvak - so

Toe em Peete) ) sensory -wee LE | ew (Sel = | paste ieaiom) |
---- 6, Application: . ~ ee be

eae) eh) E ae ia {Ses aSe [232 atgce-dtoh Gaus =29@)
—4-1-suspect. you can-makethis argum\nt: if-this little-relation-holds for large-
—aaig sides are analytic}in s aside from outs, thenrelation.quat.hold‘Orali 2. Hence: fA

- a Beene EGwdarge) - a



4

:
Pexm1 Q-~)

@ DR LNG ew ; fateh

ne _ mae 5 a ; “

i i i Oe ON ON
po ow a

1 ag pet. omyw? _

BRB Ricrhaterpnl wr
| Poot eee ee

ttl oN - _. _

i} - oe ee - . - wee ee



/

Ash. es tad |" , eewee Mom) PGS VO

TY asepena, Gow vam wees, en
Je olen, ott Yates ag gain ASL gointomne gale. -

WS jotarganse: (CL inod ogg foi.pik ie--eeeetaad.
(Aleemnun atin, gies Asmat Le IBat

— GeMa Meike
aee aY20es vee a
8 BGS POYAS) ance GUN) _

Orc SPee
ae)PED ereyend JL a

a i ee

CO Eee



.

-=;

\Sorry)

AIGA) -

ATGrayPQ aserGyyp) sei Cy)

DO, HK teary Seoad be sahesasle, AGE. satoaes pee ee,

Py [Ags - ov" lsh poe Datei |

@

2



,

Boradyind.s N@d= Tigareeae Ypaollad _Pm) Pex)e.-. — Ligon tes

© OMeWake myoonk Late. Be hed Mele AO ober ton
Manone —

aa ai tancsdQ oben oka:ee eer.saucal so _fagih hewn ———wo. Ok as =nslatioso shor oh ayaa 4 A RES. Exrnody « daansdOEEwo =me +a -
a @ Ramin soak jak conto ne- onctaet

TSB, agin Ata oko. Bue, ype gi Dk mafeckewthe >
© OTT eee FP og oeF @\rnes, Jt, kG\=+ |S Gan are
a eo annecay

an) \) oo ent Cy R_@) ao.
© OYA Ne come ne ee nodoseqponaas: (REE= CNKR)
©Diggeremro.jmola bk an £0. Qs oo
JT es : a

—— -— GLa) 2 avinngS a gent JING), Sesmsrovabdae, Sonne rootamodyata
-- a -— -

e @® Vasrmeaud ie sameway, -- a



Austin dynes nce) = [Gena Hoe 8.

— 0B man ont ona . ~ ' Ly _
Yea) = ae tat ady [Se ieh Patel pegae

~~ —---alnsanya xeon Salt, look Bk sisgn an segthe pan en n nemen
« Dya, Os Gaara MeL Junction oo A ae
peeoll a evita sat tae) 2
eo - ee re

abee oboPatck a2. BGA ee
— Stay. saad ag dock CN crendastaben soign A TD. PoaSogs a
waa Ne SIEM. Qa axomgia ghar SAT= i Vocette
~pontemer cnaletn meant ee _ ee

ert - — Sea ee
CT Bee OL ee

1

~

1

.

Te ee]icc oo
_ - eeA

-— On Ma_tulfe, Sh srodd Shore ghana EV = asd | ——

a



uy

—- Siaugle duasenknuibiay —- a
@ oR Mie cine khowtGna Og yeee

ee tig,aad =. eel (e")| = BissConey

—— Onur sey G@aaia lanai’
_ row _ ase = .2i bn ee
_. Hee ~ RG)_arsolt udm aeado.

_. Vie terse omotabse, -_ ee

— w@ oh BAeGee)” ula Proedile and Ran Rb _
— Orn -prichisieee . - -

‘ a

LLEE Cee

Ti tmkak segueee tel
— wee ele oleh OhOY .

jew —ieg [SET

oe ols Ai.rinfre (eri (ors) Co-af eee

diag,SQ) = ERE isin Cay + GaZisien (b-5)"
“Ra Gate deo _ CaagtEe-tee

L ercenynat [Sica SS ep S| _.-
_ -—— SS eseRHP

(SS fom woequeeseme



@ dk $@)= G2). Dow io

dae t@l= joa oMO™|, -aw(evton) 6
: re . 5 wa

tet Bas Seay 7 7 Beieles) onal
Qua: das. Co-2) = ~ di smi) (g-ay"

se

~ 6



e The meaning of principle values “
1. A reasonable definition of principle value might be this: choose your

cut in such a way that the "principle value function" takes real,positive

values somewhere on your selected sheet. The notion of principle

value does not force.you to draw your cut in any special way.

2., Examplé: . for f(z) = In(z), we can draw cut in lots of wajs, Here are

two standafd ways: ee ae

e & .
ir

\ mF r
Asad >0 hoe Or

se Ld

ls ater

e ) -

3/. any other position of the-cut 4s also acceptible. The important fact is

that you want your-"image"-region- to-include the real axis. Otherwise you

are not 6n the “principle branch".

‘he Here is ‘nother example: f(z)~= 2° - Consider z-planes shown in A) and B)
above. Again, the point-here is to define the principle branch -so that

-when 2 takes real positive values, the image is real. For -a=1/3:

OS
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| '

Cy$@\= €2)

| Be careful. In this case you mst ‘define principle branch by saying:

i when z lies on the negative real axis, thé function is real positive.
| Agaisi, you can draw the cut as you like. a> Yj

:
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©. to summarizes- we consider -an--contour—integral-which—is-a function of some- parameter --
which parameter controlsthe position.of a poléin.the integrand, Ve have other
known poles in the integrand. We want to mow if there are any singularities in this

______ external parameter. Even if we adjust the parameterso that its pole lies right ==
on the integration contour, we do not get a singularity at this value of the parameter

~

because we can simply deform the contour. But, if the parameter variesin such a -
~ way that its pole pinchies the contour onto some other pole, then we may compute 6

~ the Singular part“or the Integral by computingthe resiaue’ of tne integrand ~ at .
~ the pinetrpoint. -



The problem of double-contour integrals and pinching. oo

1, This subject comesxup on page 3-14 of BDW review. Idont really think it _e
has much to do with pinches.

oe .

" "2, First, I claim there are certain instances where, a double integral does not
have any meaning. For example, what is this integral:

x oy -—
--< fag —-—- --oe Vay aea - —--- Sy

This simply does not mean anything! You cannot have the endpoint“of ‘the outer
~ ""~" integration dependingon thedummy variable of aninside integration. “This is

“~~~ just. plain nonsense. 7 — oe

"~~

3, Now considerthis double contour integral,with the contours as shown:

wee ee eee

Sa\a gs shy ne - -Qe ic

- a a - Hy, _rd . - . BY. - -

74. Ng we ee Se OLS
The solid lines show theintegration contours. The dotted lines show the locus of-
the pole 1/(x-y). In one” plane, “the~locatdoir-ofthis’ polé dependson wide’ you are— - on the other integration contour,__ _ wee ee --

- 4. Now, we are going to consitier closing"tom one-wr ‘the ‘otlier Of BOTA OF tise ~
. contours. I claim that in this xespect, the contour £2, depends onthe variable y.The reason is this: if you change y as you would change it in order to close down

the C;-contoury youvare~going to haye to deformthe"C, comtour 0 avoid tlie” ~~
pole at x-y which is impinging upon it. You cannot_leave.Co..where it was. Thus,
we should really write Co(y).

However, on the other hand, if yqu_were. to try ta clase the Ly contour, youwould
not have to deform C, at ali because the pole at y-x always Steys away from

- + the contour-@7.- Thus; €;* is in-this sense independent-of x.
“Therefore, the above double integration written in the. order shown makes complete sense. :

- - a ee ee eeNevesqe -; x= Dey ROSE Tey= 1.e@ OS QoQ G9) Gs) A Tey FL.
5. The’ Contoii's takén ‘in the offieF OFUEY siliply Have no Weaning, just as in 2 above.

~ ~A-pinch-ts-suggested, but reallyit doesnt earl anything, ~ "~
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______Datta Hmction: how to abit} the sontou and still make senses
____4, consiger-the standard-reprasentationfor-the deltafunction, The usual ___-
contourte as-shomne Be
= te Ze|— oe
22 EYES te ——)——-- --
_ 2. Now, how can you deform this contour without changing anything? Hereis2.

exampleof what you(canghf dot ‘i -ian rTaoe baWee Fo = ys SE

——-- -- $0 eo oo

erene_are looking at the finite little graen_segnent_as we move itoff
+o the right. Thus, we seek: . ee

nn thn.— S77.Gna

7) rewery IP. _ ___this-"function-"-of k-is-actualiy a genersiized-function-Like-the delta— —
function,so we treat_the limit_in the sense of distributions.Here are

some facts_Iknow in the distributional sense: reca}l that _. _
> abide: —— : ———

kdea ae Bes aee
oNee

—~-sCeaska) = _9_ - 3,

BRENSOTa
Lg she st -
ee ee

es =
~ pes: ——sSeastess (oh 5 aS yee SRN ex| ig" yateseS eae

v

a ee

= ERSheWee Aba acl Se
=

TEHB ALS YS vexKk 20” oo= “EAS VeK%X =O S __



Ge ronson cmanh - . — -

on SEY te —Lin FEE NOLO 2
~

_ - Sore ce = \e)———
=F

Py

TS

Doe eae eS ae ee --= : wOSK ~ x.= = Yon Se (Ce =) A%7s

Qua Marie, road doa, kre udeila, Ja. eee -- _~
eee ee eene ee

DSK

~ e\: St Q = O-.-. a —_- — SO Xone
~—-——-80-tt-eams—thatthis-timit-onty-worksite himit-of the -psendofuncties ————
~—-- — distribution, ———
—_———-3;-Therefore;_we-arvabieto show thatthe Tittle green segment vanishes-"in ~~ —
a the-pseudodistribution- sense.I-dont~think there~is-any reat problen-with = ——
— = the "pseudo" heres we ee ee
“~~ 4, TO Bvoid this possiblecontusionwith the Pseudo-visiniess, Lets ~~ e.

- + consider ‘instedd-the effect ‘of “simply-ratsing-thw-wntine contourup—
- to higher level. Then-we-have two green segments and:

ta = ete tatth—> jhe oeikeoy ce -—\
DO eS NOK = en (el S— ayS &S ye Be _ ae 7
a a te fit RY LL gz a-sieka- _— = (S2>\) oe ere BE) a er - -- -

Qa yer 3 r8te) Ye aut, $2.00 L. --
sep kb 4 a eee ee

0 2. =tee CVSROES, TT
5. Therefore, thare isabsolutely.no_guestionbut that_you can reise orlower—

the contour without changing anything. Basy to show this directly:
Pee De sik i - pepe ee ee
\ ee dy = S| awdCh) = BWC) @

Leto - = a
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, ic structure of 2 = cha andg=chz. -
‘

@ 1. Comment: this is one of the more complicated situations because you get a
“reflected cut" in your briginalplane, which cut wanders through another cut.

~~" “Considerin two stagess — a
— oe . a a

eo = 88 @s ImlexSeer\_ =daw we _eedent _
2, First:

-

= wep -soo oe
ee eae ee : is rn en

4

>

a

“ "Herewe show the z-plene for the function w. All poirits onthis sheetof the z-plane —~
_

map into points which[ie outsdie thé unit circle in the w-plané. “Any life which ~~
- —“EFOSSSSENE UME Circle “in the ‘w-plane;-must-crossthrough-the-cut~in ‘the z-planey —
~~ ~~ ~hs-en-examphe;-we-consider-this lines — -—--——..-- _
pone ete ——-

— Le a _ oe

oo eee poe WwW LL Le - oe
-- You have to work on the detailsto really seo © this, but the top picture shows theactual penetration of thie unit circle. As we try to draw the line straight off to the

left in the w-plane, we have to make a detour at we-1

in order to know what happens‘in the z-plane. ~~ TO 7 a

--- ~ > 3¥ If we now consider-q-=-inw;-we~see that--there- will-be-a cut im-the-w-plene just
- ~~ where we -have been-drawing-the-above_lines_justfor_fun. Thus, we-may consider. the ——

— picture above_as_the_w-plane for. the function.q.>-ln(w).This cut_at_w=0to--inf is

then reflected into the g-plane as theabovepictures show. So: w4

PTA :



ae
.

-2-

,

oe Notice that the chosen sheet of the z-plane maps into the right half q-plane strip._
hs So far we have considered the function q= ch”4z. This is notan analytic function

of % because there are two cuts to worry about. fne of the cuts is obsious and

7 comes from the SQRT. The other is more subtle and is the one whose both ends are”
~ "~~ “at Snfinity bit TonGifférent Sheets. We now wish to consider the function” ~~~

~ =~ afg) = chq.” ‘Thby function“ts-anelytiefr the tintte-qplane, No matter how =
—— -

- you wander-in-q, -you-wil-get something-senstbe~in 2. Here -are~-some-picturest-

- = -- fe + ——— re en

oo on eee — => = aa —_
-

cee ah FL te a tr Ko FO

g 1

++ ------ eR +t. = =F - -———--
i ee es —

- wee ee tyros a-o  L

As q wanders through the 0 to PI box shown, 2 = chq wanders through the entire@ «plone without obstruction. The phase of 2 can be defined, eg, as -PI¢ LE <1"
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Sie ico: Ft. (aw. rah —— ana- a at —— positivewhen 2707 VEY Ty eae@o QaderA gMESL aR ESY salen BHT Vary) SAL SEO) |
maa 7+ =~positive when2 éeb——2 =~--—  ~dmg fre} - -OrsonA TEL lean) OF ~ Net ssMee aay er.
nn EY 7 ns

® Ver adres aowe.now?-Apckionn. “sing the usual cutto-thenLeft. meunonie:
aoSSHEx Salle ee eaaenE nena

eee yee se aw S&S. _ bvame 0-< Jong.) |. 6M.
This- new function is-not strictly defined anywhere on the-real~axis. Each -of the factors

rules out, one half. of the real axis. However, if you approach the real axis on the left
from either direction, you.easily get tiie same result, so this function is uncut on the

-left. Moreover, itris-positive-and-reatr -—— > — sete ee ree
: L

- . a w= pee ow eR ee

- - + Joes ssaie Jve’=\\ © eeWo
77 74. The runes fs at a—SSFUAINly TOOK tiie “saiies FOF Complex zy BOTH “are ~~

-- - unambiguous throughtheir definitions. You-must-keep_in_mind_that_the-standard.function—
has its z characterized by arg(1-z) which must be -less than PI in maghitude, whereas

~ the "" function ischaracterized by arg(z-1) whieh niust be less than PI in wagiitude.td In fact, both these functions. agree.on the negativereal axisin-signt_--.——_ ~~

~ “Investigation“in detail Shows’ that “they ar'é the sainé TusietTori~~ a MS
eet. -LXee =.Ai-? = lan St Edamrnyeot

5. Now define the other " " funttion and see what happens: © ~

ee eeeEe
ae Jen = 2_@ — using cutcto=tbesright.meumonic (note_how_oppositye

to the above meumonic for left going cut)

_ Again, this function.is. defined tor_all_complex. x unambiguously. Locket positive = _
real 2 : ;

- eee ME} H----~- pe ——-—tat} eE-—_——. =i —
ae ee -——p_*#= asic. 2 = \|.€ SAME __.

- 7 : Notice the-minus-sign! - = = -+ -:—-- - =

_ oe .

.

mn a. ee .

Investigationin detail showa that @-\ and gl@-\ _ are related ike sot -

@ yoreet
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Bre Vic. 2S. co won, Jyrand. Qwok. C= a =\ 30.. a
Ss.Daw ov Rag yO. 2 eee eee - : a -S
©. suppose the above vertical.integral does colifeSge...Then itis-fairly clear that

~~ — — the-upperhalf. vertical-integral running up the. imaginaryaxis will converge; - -
— = since.we are. assuming our. integraid -has expo.deacy-in.all directions except real.

- ‘This in turn would imply. (assuming no. singulerities in upper half. plane-first-
- = quadrant} thatthe-horizontal_upper -contour-integral_going-off to. the right - - -

. amst be converging. So what.weget isthat: . you can.drop great circle given

expo decay in any. direction except real_pravided that the real integral converges.
It need only be power convergent, of course. This explainswhy you are only

allowed to open the contour in. our. 1ittle.examplehere when Re(p)S.0. _Actually,-
what really seems.to count.is that.the integrand must approach zero as you go off into

- she veel direction, Then. the little critical integration xegment will not cuase any
trouble. ee.
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westion: Suppose someone. gives you.a real_function,defined, on some porti

function?” - ~ - —" “ ~ ~

eaip N® = Oe aud Yorn wee ee
2. | RF tyeLe oo,
—o SK: © eee eee Hee -

a RET Sa Sake
- - ~ Bt K-% L or

If you can ignore the great circle and the possible hardness of~the~endpoints of the
Antegrval, then we seem to have a formula tellingus the candidate analytic functionwhich corresponds to any h(x), namely:

. .

- Rae oY ane - - .
. “nee |. . oo.
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re

4 al ~ «Ras ’S ex = 1 Gd. S xi dx. 7art x card Taney

@ crust presst oR -)- -+e t

. - =e) FC ey )Wake Mel | peve LL Se) "GY" xe
+ pled pace! - --- +

. — ~ _ ek « ~— — —

- aoe aa SS. FGotive e) Le
RyBawey: ae - Ay -
Me ee = ea ey) 7 -ant Page= CA) Faye i-as SE) ex) )

Wee Sf @-®) 5 . peoe . te . - at
Pacer= BEE) ROME BYR) 0

A A Ye -

S@= ay GCayrteay Baaaare (> =) L.
@ oo. Cap So weet pee)!



wet aH '

Wo onadn FE(4-a v8). 2 wd ath eiesoe
e -- - a wbe-8., tose

. bance =k! ats ge ath eek. 2 Le
Ra sak aaab =e gat - a -
e-b =) base =o wbteea se 2 LL ae

\ eo eee - wee

Fe ROTCng POLAT AS oy cee :
- PAPCY TOY FQ). ~— se

a FOr Gay sha Beare Gs) FO, aiate e).
reg

0 . pam woe ee i meee

Poesy= GAPES), “canaries rons) = aaa

oe yee coSo PRG ras rays) =-teewy neds) FLECaa tg) + EK Cs)
e - - _ - - ATA

= 43
.

. ave Se eeeag dQ = 05" AL | ae 6) .
- x

.. = Bea =x a a .

Brere, E70 se oak Sewn youmnabte.. Qu weg
a - a a ~ A

Mes HAS %) aut =
Summarize this example: -- =e - °

« _—Gd= OGe%)x _
Coy Xe 4> FR)= te)tee EQanjates ZF) 4 Ee)tei

“ . 7
~ Usher

= tO FO,-43 45 5) -



$0, this was an example in which I started with a rather arbitrary_discontinuity .and.

\ worked backwardsto construct the analytic function whose discontinuity this wap! _
Atone_time I thought that this example was impossible. I thought. there was na. __ e
Le angiytic function which had this simple discontinnity starting at_x\x,.1 But

now Ihave found such a function, Not an elementary function, of. course. .

" Furtéher exploration of this example: what does the analytic function f(z) doat“the branch poimt?
_ __ _

—————-— x we eeee
ae AF QS doled Se) en (Aeo re .

: foe tee Beee a

fe(asb= she9 ee -
> ——The-standerd-test-fails. —- == --¢——

-—— -Iconjecture-the-foHowings—as you approaeh the-branch-point-of-f(z);-f(z)-diverges ~

-—-—- -in-some-way- log-or powers—f{z)}-ts-not-finitesHowever —the-endcap-intepration “aroun — —
-— —the-brenchpeint- vanishes, I guesss-Moreover;-as we-know;~the discontinuity -sutidenly ~~ ~~~
- —dreps-to-zero-frem-a-finite-value- as-you-pass~over~the ranch “point. -  ~ ~ ae

‘— —dTf-£{2)}-had-e-finite- value -at the branch~point;-then-Fdont see-how-the disc
+ eould drop suddenly to-zero: -That-would not be possible.- ~~ © --———-- —- ~~

~ —-—— -—- Example-of-g -branchpoitn- which -hasthese~propertiest - - + +s @
S@\a Ber 2 WG) = ey Ag .

oo~—e ~ by SB8@re= Osa MRAO Naf!ee ——— -@\ di A). =.Foci, causal | heope-
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Some facts about branch points. a

1. First, considér the logarithmic exetiple. We ‘hayer

@ es oe ee RP ee Rie

ae dias 82) = (WRAP), —GR-E) HZ, adap 4, &.
- - = oh

YR I@= KR Yao [Maric] = AWRBR Or | -
wR % : wee oe
(a) as you approach the branch point from different directions, you get different

complex ribibér's, eSpéially different imaginary’ part = angle of approach. At ~

fhe branch point, f(z) is "logarithmically infinite’: —(b) the discontinuity across the cut is a constnat. At the end of the cut, it

suddenly drops to 2éro. wee(c) the circle integration around the branchpoint, depends on R, but. as circle
closes down onto the branchpoint, integral vanihses because the contour

gets "shortér" faster than thé function diverges. ~

2. Second, consider the simple power example:

a i N CeCe -Saez asRe® » Sey= R|
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Que: bare . -.
Loar Bart bk Ma

do Ee 6 hao.Gee? a Q-1 ae a ee -

GaN a= 0

Load: la =~\ .

(a) again, as you approach the branch point; the direction you choose controls the

phsge of the f(z), so directions do not all give the same thing. .'b) the cut disc in general depends on R. At the branch point the-dise does:
1) vanishes smoothly at branchpoint -
23,5) disc blows up at branchpoint

(c) the circle integration depends on R. As closes on branchpoint you find:
1,2) circle “integration vanishes - -

3) cirlce integration blows up. a .(a) the actual f(z) blows up at branchpoint in case 2,3 but not 1.
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Coninenits:

1. Even if the dise blows up, the circle integration may still vanish. (2.2)

. e@ 2. Even if f(z) blows up, the circle integration may still vanish.
~3« The circle integration certainly vanibhes if f(z) =.Q at branchpoint. _
4, If the Aiscontiuity drops"from a-constant to zero at branchpointy youshould =~
~ suspect a logarithmic branchpoint. See —---

Comments: Basically, there are not many kind of branchpoints you.can make with .
elementary functions. You can make Iplne and higher chains of same, or you can
combine powers wit logs. 9 7 - : -

I suspect, however, .thet there ere much fancier branchpoints possible in.
functions which are integral representations of elementary functions, ie, special
functions ‘and higher~functions. For example, F(a,bjcjz) has a branch points at z=1
where sometimes the function is a constant at the branch point. None.of my. examples
above could do this. .

Conments:. In particle physics; the scattering amplitude is supposed to have thresholds

Mhich are “soft” but the functions are supposed also te reggeize,

;
. - . . .
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| Rule for discontinuity of a product mand dividend of two functions with cuts.

4 4
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oo

Nev of db+LKOR = ale) [BOesied-boa) 4 bE) [ ocx sa (ee eel)
= aGesie\bletie)— LGrie)afere) Se,

Conclusion: Suppose you are given fact that f(z) = a(z)b(z) where a and b have cuts
in z. You want to know the disc of the function f. If you agree to draw one cut
pulled above and the other cut pulled below, then the resultant formula is
unambiguos, it does not matter which one you pull up and which one you pull down.
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