
A summary of Callari"on Thermoelectric Effects.
1. My first step was to go back to his chapter 2 to relearn the two basic

e representations for doing thermo:
(a) the energy representation, wherein U = U(S,X))Xp-..) is the main object of
interest, the X, are the various extensive parameters like volume, and the first
law of thermo has this form:

Py = (dU/aX,) = generalized "force" intensive parameter
P, = (dU/dS) =T , the temperature

Pye (au/an; ) = w+ the chemical potential, example of intensite force

a= Py dk = TdS + rest where Tds = aQ

(b) the entropy representation , wherein S = S(U,X,,X,....) im the main object
of interest, the X, = U now, and the others are the same as before. Then:

Fy = (dS/ax,) = general force in this representation = - P,/T ifo
Fy = (dS/aU) = 1/T, the inverse temperature

dS = Fy dk = (1/f) dU + rest

.

2. Next, we skip to chapter 16 where we learn about affinities and fluxes for
two coupled systems (discrete, not yet continuous). Assume there is some extensive
paramter Xj; and related intensive force F, . Then you can define:

e fy = Fy - FL = the difference between the forces ( affinity )
Jj = (aX,/at) = the flux related to the above.

. Think of a partitioned box that is not in TE. There is a net force on the sliding
partition which causes it to move. Thus, the volumes on the two sides change, there
is a dV/dt. This would be the flux resulting from the affinity.

Thus we are making a theory to describe things when we are close to but
not in Thermal Equilibrium! Using the chain rule, you can show thats

ds/at = £, Jy

Te, as things adjust (the partition moves) the total entropy must be increasing and
this gives the rate at which it does so, Here S = entory of both systems together.
Note that entropy is not converved in the way U is!

3. The next step is to extend these ideas to the continuum case where your system
is a little differential piece of system in contact with the rest. Callan switches

to lower-case extensive paramters defined as per volume. The above equations
become:

a

fy, = grad F, == the affinity or driving force.

Gi = the flux related to dx,/dt by continuity, flows in response to

. = the driving force affinitye ds/at =F, Jj, = Fate of inerease of entropy

T onda ;

MOR plawom. binda hoa wre Man woher .
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4. Now we would like to Imow how the responding fluxes are related to the
affinity driving forces which are causing the flues. If your system has

e no "memory" (say in the €orm of capacitance-like effects), it is calleda Markoff process and you may conclude that:

Je = Je (tyr Fy)

Ie, the fluxes are functions of the forces and their gradients at an instant of
time, there is no need to integrate over the past somehow.

In my mind, the state of the parameters F, just sets the stage, ie, setsthe “operating pointx" of the process, whereas the f, are the actual driving
forces. Clearly J, will depend more on f, than on any other force, but we
should expect integactions.

Note: J, is not a function of U, X,,Xp+.. the extensive parameters. Should be able
to prove this.

5. Now assume that all driving forces are very small in some sense, ie, you are
not too far away from equilibrium. Then you treat the flux J, as a function of
two variables and expand in the affinity like so:

Yg= Ly fy + higher order in f

If you simply ignore higher order effects, you are now talking about a linear
Markoff process and lmowledge of what is going on is now contained in the

matrix of coefficients # Ly, = Ly (Fy) Ie, these things are only functions

of the operating point intenilive force parameters F.+@ 6. Onsager's Theorem says that you don't really have to figure out all of the
entries in this L matrix (called Kinttic Coefficients) because the following
is true and can be proved from fluctiiatgon theory:

Lap Fy) = Lyal time reversed F,, )
For example, an external magnetic field would be reversed in such a relationship.
Thus, you need to find the diagonal entries of L and one side only.

7, Simplest possible example of the linear Markoff application: Let X, = U and
then F, = (1/7) so that f, = grad(1/T). Suppose there are no other intensive
paramefers in the problem: The flux J, is of course a "total energy flux which
shows how energy flows in response to ° a tenperature gradient. Your L matrix
has only one entry (for isotropic material, I guess):

2Jy = Ugg grad(1/t) = [- L,,/T°] grad(t).

Thus you would identify L,, = Kappa x T° where kappa is the usual thermal
conductivity that you look°tp in tables for some material. Ohm's Law is
another example.

8. The general philosophy of using these "Onsager Equations" is to try and identify

all the Lj, coefficients with known system parameters, then you will get a

system of’ coupled linear equations which describe what happens! And alle coefficients are known.
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Notice that, as is always the case in thermo, we never have any methodfor
computing any of these constants. Thermo gives us correlations betweene@ things, but does not explain on the micro-level what is actually happening.

Ie, we might like to know exactly how the affinity creates the flux and so
on.

ThermoElectric Effects

We are now going to apply all of the above formalism to a system with
basically only two intensive parameters:

Xo = U= the total energy density FP, = (1/r)
x, =n the electron density Fy = ( -v/?)

Here, mu is the electrochemical potential of a single electron. Recall that this
is somehow the force felt by the electron. We know that such a force has a érift
part related to electric fields and potentials, and a diffusion part related
to density gradients. Both electric fields and density gradients can "push"
an electron around, so they both contribute to the potential mu.

Our opening equation ( the first law in entropy rep) says:

ds = (1/7) du - (m/T) dn

Obviously we have various kinds of fluxes: J, = flux ot total energy

(J, related to J, and J, by the above) In = f1Ux of electronse J, = flux of total entropy

Of course we can also write the first law as du = Tds + (ma) dn = da + (mu) dn
80 we can introduce Jg = a heat current related to J,, and J., as shown,

Actually, the electric current ed, and the heat current J_ are thetwo that are most interesting to us physically, so we choose them a our
basic flux variables,

Affinity associated with x. = 4 is F, = (ds/dq) = (1/7), so fy = grad(1/T)
Affinity associated with x, =-n is Fy = (m)/? so £; = grad(m/?)

However, this point of view is not quite valid because heat is not really an

imkenx extensive variable. ? Well maybe it is OK . When we do grad(m/T) howeverwe can combine the term (m) grad(1/t) with the second term and redefine the L's.
Thus you get:

“Jy = yy [(2/2) grad(m)] + — Iyp C grad(1/t)]
Sq = Uy C(4/T) gred(m)] = + Igy [ grad(2/t)}

Here we see that thermo-electric effects (effects involving heat ande electric
currents) are most simply modeled as a two-dimensional linear Markov process!

The next step is to try and identify the various coefficientgs!
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1, Now, here is how you identify L,, and'L,5'with known constants; .

e (a) Consider en electric current through a wire at constant temperature. The
grad(1/T) terms in the Markoff equations thus vanish. If n = n(T) , then there
will be no density gradient, so the chemical mi, has no gradient, and only
the electrical m, has a gradient which is of course the electric field. In
this way you can quickly relate L,, to the conductivity parameter sigma.

(b) Now suppose you have a temperature gradient and a heat current through a
wire, but no electric current. You cannot in this case set any terms equal
to zero in the Markov equations, but you can invert them as a 2x2 matrix
equation (in effect eliminating the unknown grad(mu) to relate the thermal

conductivity kappa to the three L's. Note that kappa 4 £0) only.In doing this matrix inversion, we also get a special equation (17.24)
which is of course valid only when there is no electric current.

2. There is still one unknown parameter which we have to figure out how to
measure. Let us define:

epsilon = - 1,,/(eTL,;)

This you see is essentially the parameter that appears in that equation (17.24)
which applies when no currents. If you integrate this equation around a
standard thermocouple, you find:

AA

| e Vseebeck * » (ég-€,] at
or dv/at = (€g-€,) = "the thermoelectric power of thermocouple"

| Note: While measuring this thermocouple voltage, we must make sure no currentis drawn, otherwise we invalideate using (17.24). This voltage measurement with
no current is called the Seebeck Effect or Seebeck voltage.

Note: although the absolute thermoelectric power € clearly exists and is
calculable from first principles, the Seebeck Effect only allows you to measure
relative epsilons. At some point you must know the epsilon for some metal (perhaps
platimm), then you can measure the rest. I wonder what experiment lets you
measure absolute epsilon?

3. The Peltier Effect. From (17-35), consider a current ruining through a junction
held at constant temperature T. Since no T gradient, you have J, = T eps e J,
But we know that eps is discontinuous through the junction, whefeas T and J,
are continuous; thus J, is discontinuous and heat is emmitted or absorbed at
the junction. This is fhe Peltier effect. Note that no mechanism is actually
stated for this process. We are only doing thermo.

rEquation turns out to ber a ~5q = Tea (eJy) where Wea = Tee-en)
Thus, the junction heat current generated in Peltier Effect is proportional to
the electric current crammed through the junction ( or generated by it!). The
Peltier coefficient is trivially related to the difference of the Seebeck Coefficients.

e Joule heating has been ignored here.
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1. Thomson Effect. Now consider a short piece of wire with a temperature difference
aT between the ends. This might be a piece of the wire in a thermocouple which

e connects the two temperature reservoirs. You can show this:
du/adt = rate or production of energy at some point

= tau. grad(T) + (eJ,) + Joule heating

This says that there is head created or absorbed (depending on sign of constant
tau) in addition to usual I°R heating, and this extra heat or lows is calEd
the Thomson Heat or Thomson Effect.

You can see that the heat of this effect is proportional to the current
in the wire and to the temperature gradient the wire is in. The actual heating
or cooling depends on the relative directions of curreht and temp gradient.

tau = - T (d eps/d?)

So this constant is the derivative of the Seebeck coefficient!

5. Numbers. For typical metals, (€,,) = 20 wV/degree which is very omall and
makes practical reftigeration diffictft. For certain semiconductor materials
however this number goes up to perhaps 400 wV/deg.

A typical Seebeck thermocouple voltage from metals is perhaps 6 millivolts.
Generally, thermocouple devices operate at voltages like this, and relatively
high currents like 40 amperes. They are inherently low resistance devices.

6. Other effects

r Fourier Conduction refers simply to the fact that, when you try to make aYefrigerator with Thomson or Peltier effects, even when you have no electric
currents, heat will leak through your material from the hot to the cold, thus
hurting your effieiency. Part of the game in thermo design is to find materials
which have low Fourier conduction, but high Seebeck coefficient.

Joule Heating. This is just the EI = I°R heating in a wire of junction.

References:

Callan, HB. Chapters 2, 16, 17

Zemansky, Chapters 9 and 13.

Reif has nothing except comments on Onsager symmetry.

Angrist Direct Energy Conversion book has some stuff.
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x PREFACE

sions of the thermodynamic method have been made outside the
domain of equilibrium. The associated theory is generally referred
to as irreversible thermodynamics or the theory of irreversible proc-
esses, It seems probable that this new extension of the theory will
Provide some of the most significant rewards of the thermodynamic >

.method.

Some results of the theory of irreversible thermodynamicsare presented in the final chapters of this book. Contents
Herverr B. Catten
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1.7-4, A small paddle wheel is installed in the system of problem 1.7-3. shall find that the mere statement of the problem suggests the postulates

‘The shaft of the paddle whee extends through the wals of the system and san which provide its solution.riven at 240 cps by an external motor. ‘The viscous torque on the paddle i ined withi

system while the volumeis kept constant and the system is adiabatically enclosed, cylinder, separated from each other by an internal piston. Assume thattie pressureis foundto increase at a rate the cylinder walls and the piston are rigid, impermeable to matter, anddp 2 adiabatic and that the position of the piston is firmly fixed. Each of the

aw systems ig closed. If we now free the piston, it will, in general, seck someyst pi & swhere T is the viscous torque and a is the angular velocity of the paddle wheel. new position. Similarly, if the adiabatic coating is stripped from the piston
Using the foregoing process and the pracess of adiabatic expansion described so that heat can flow between the two systems, there will be a redistribu-in problem 1.7-3, find the internal energy of any equilibrium state with arbitrary tion of energy between the two systems. Again, if holes are punched in

pressure P and volume V. Choose the state 4 (P = 32 atm, V = J liter) as thefiducial state.

‘What are the heat fluxes in each separate step of process a in problem 1.7-37 SIn each step of process c? ay yo) OD
‘Answer: Heat fiux in the first step of processa = 560 liter-atm. UO VO N= UB VONP

1.7.5, Two moles of a particular single-component system are found to ston
have a dependence of internal energy U on pressure and volume given by =i

U=APY* (forN =2) . a once -where A = 10 cm*, Note that doubling the system doubles the volume, energy,and mole number but leaves the pressure unaltered, and write the complete : Figure 1.3
dependence of U on P, ¥, and N for arbitrary mole number. .

Answer: U= BPV*N, B= 20/em?, the piston, there willbe a redistribution of matter (and also of energy)“
1.7.6. Assuming the system of problems 1.7-3 and 1.7-4 to have been a between the two systems. Thus the removal ofa constraint in each casesingle-component system, show that the complete functional dependence of results in the onset of some spontaneous process, and when the systemsUon

P, V, and N is, in fact, independent of N. finally settle into new equilibrium states they do so with new values ofpd TeTe A particular single-component system of one mole has adbats of the parameters U, VO, ND.+- and U®, V®, ND---. The basicthe form PY" = constant. It is fitted with a stirrer, as in, problem 1.7-4. jynamics is the i ‘libri
When the ster doce an amount of work, iV, the pressure unerease dP (at problem of thermodynamics is thé calculation of the equilibrium values,
constant volume) is given by

ssure ines of these parameters. :

aw =v + VQ aP Before formulating the postulate that provides the means of solution of
Find the internal energy asa function of P, ¥, and N. this problem, we rephrase the problem in a slightly more general form

17-8. Show that it a singl i a without reference to such special devices as cylinders and pistons.in 78, Show that iC a single-component system is such that PY* is constant Given two or more simple systems, they may be considered as consti-in an adiabatic process (k is a positive constant) the energy is civen ‘ F i
1

. tuting a single composite system. The composite system is termed closed

Ua eaPy+PVH if it is surrounded by a wall that is restrictive with respect to the total
here fis an arbitrary funeti ‘energy, the total volume, and the total mole numbers of each componentwhere / an arbitrary function.| of the composite system. ‘The individual simple systems within a closedHint: First show that U ~7+PV is constant on each adiabat. L composite system need not themselves be closed. Thus, in the particularexample referred to, the composite system is closed even if the

internal piston is free to move or has holes in it. Constraints that prevent

1.8 The Basic Problem of Thermodynamics \ the flow of energy, volume, or matter among the simple systems con-“ stitutinig the composite system are known as internal constraints. If a
In terms of the definitions and discussions of the preceding sections we closed composite system is in equilibrium with respect to certain interrial

aré now able to formulate the basic problem of thermodynamics. We constraints and if some of these constraints are then removed, the system
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eventually comes into a now equilibrium state. That is, certain processes It must be stressed that we postulate the existence of the entropy onlywhich were previously disallowed become allowed or, inthe terminology for equilibrium states, and that our postulate makes no reference what-
Of rechis, become virtual processes. The basic problem of thermo- soever to nonequilibrium states. In the absence of a constraintthe systemdames the determination of the equilibriwn state that eventually is free to select any one of. number ofstates, eachof which might alsoberesults after the removal of internal constraints in a closed composite realized in the presence of a suitable constraint. The entropy of each ofsystem. these constrained equilibrium states is definite, and the entropy is largest

i the constraint it is1.9 The Ent in some particular state of the set. In the absence ofropy Maximum Postulates { this state of maximum entropy that is selected by the system.
The inductic xperi val snes 3 Jn the case of two systems separated by a diathermal wall we majthat ‘provides heeeepaase attenno aeere | wish to predict the manner in whichthe total energy U distributesbeoween

forward. The logical deviousness of the historical method is matched b the two systems. We then consider the composite.system with the internal.
the subtlety ofthe elegant modern quantum statistical approach, Rathes diathermal wall replaced by an adiabatic wall and with particular valuesing

to i ra ‘ - Rather a cy is riction thatshan atempigin inducethe sottion fom exprinet or deving it] Guy ye 0). Horeachsucheonstainedequibmettethere, istical theory,we the F = 0).postulate, depending upon a posterior rather|thane ehoel feaibeaion: { entropy of the composite system,and or some particular valuesof U® and
But even by this method we shall see that our postulate is not unmotivated; U® this entropy is maximum. These, then, are the values of UD and Ui
i appears athe most natural and plasile gues that we might make. that obrain in the Bresenoe of the diatheemal wall, or inthe absence oft , i t tic constraint. :

ormheheportance awe now adopt provide the simplest conceivable “all problemsin thermodynamics ate essential equivalent to the basicour basic problem. On this basis alone the problem Pr yn y‘ight have been solved; the tentative postulation of the simplest formal Problem we formulated in section 1.8. But the basic problém can be
wrprmendae een “ conventional and frequently successful mode siti gave now 23 ai vectionpeirergellaciayinteterin cdretical physics. .

What then is the simplest criterion’ that ean reasonably be imagined relation that gives the entropy as a function of the extensive parameters
for the determination ofthe final equilibrium state? From our experience 1 is known as a fundamental relation. It therefore follows that if thewith many physical theories we might expect that the most economi I fundamental relation of @ particular system is known all conceivable

form for the equilibrium criterion is in terms of an extremune pincile \ thermodynamic information about the system is ascertainable therefrom.That is, we might hope that the values of the extensive paramet i ‘The importance of the foregoing statement cannot be overemphasized.ss of nsive ters in thefinal equilibrium state are simply those that maximise’ sone funcinn ‘The information contained in a fundamental relation is all-inclusive—it
And, straining our optimism to the limit, we might hope that this : is equivalent to all conceivable numerical data, to all charts, and to all
hypothetical function has several particular simple mathematical proper imaginable types of descriptions of thermodynamic properties. If the
ties, designed to guarantec simplicity of the derived theory. We develo} fundamental relation of a system is known, there remains not a single
this proposed solution in a series of postulates. % p thermodynamic attribute that is not completely and precisely determined.

j

Postulate If. There exists a function (called the entropy S) of the | Postulate I. The entropy of a composite system is additive over the
extensive parameters of any composite system, defined for ail equilibrium constituent subsystems. The entropy is continuous and differentiable and
states and having thé following property. The values assumedby the extensive is a monotonically increasing function of the energy.Parameters in the absenceof an internal constrai i .the entropy over the manoof constrained rainare those that maximize Several mathematical consequences follow immediately. The additivitym es.

. + property states that the entropy $ of the composite system is merely the
corm ; sum of the entropies S" of the constituent subsystems:

theSe minis ine fonction, this being purelya matter of convention in the choice ofignofthe Function, havin rucnce whatever in the logicalthe saving no consequence whatever in the logical structure of the s=ds° (14)
|
2

|
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The entropy of each subsystem is a function of th i r i
of that subsystem alone

y ion of the extensive parameters But U/N is the energy pet mole, which we denote by u.

SO = SHUM, YO, NE... NE) (5) us UIN (2)
‘The additivity property when applied to conceptually distinct (rather Also, V[NV is the volume per mole, which we denote by e-

than actually physically distinct) subsystems requires the following va viN (1.13)property. The entropy of a simple system is a homogeneous first-order ke ingJinction of the extensive parameters. That is, all the extensive einai Thvs SCN, VIN, 1) = S(u, , 1) is the entropy of a system of a single
‘of a system are multiplied by a constant 4, the entropy is multiplied by mole, to be denoted by s(x, 0).
this same constant. Or, omitting the superscript (a), s(4, 0) = S(u, v, 1) (14)

th SU, AV, AN ++ + 2N,) = AS(U, V, Nyo ++ N,) (1.6) Equation 1.11 now becomes1 monotonic property postulated implies that the partial derivative .

(@S[AU)y.9,..-n, 18 & positive quantity, een S(U, VN) = Nou, 0) (1s)
(3s) so Postulate IV. The entropy of any system vanishes in the state for whichNGO) rare, an BUPS)y.y,.-.9, = 0 hat is, a the zero of temperature)

As thetheory develops in aubsoquent sections, we shall see that the This postulate is an extension, due to Planck, of the so-called Nernst
reciprocal of this partial derivative is taken as the defnion of the postulate or third law of thermodynamics. Historically, it was the latest of
sapere Thus the temperature is postulated to be nonnegative.* the postulates to be developed, being inconsistent with classical statisticala continuity, ifferentiability, and monotonic property imply that mechanics and requiring the prior establishment of quantum statisticsin

he entropy function can be inverted with respect to the energy and that order that it could be properly appreciated. The bulk of thermodynamics4urey ia single-oalued, continuous, and differentiable function of does not require this postulate, and we make no further reference to itMy (,. The function until Chapter 10, Nevertheless, we have chosen to present the postulate
S=SU,VN eM) (8) at this point to close the postulatory basis.

can be solved uniquely for Uin the for i ‘The foregoing postulates are the logical bases of our development of
wey m the dynamics "In the light of the iN then, it be well te_ tee ermodynamics. In the light of these postulates, then, it may be well to

. Y= US, ¥, Myr-* Me) (9) i reiterate briefly the method of solution of the standard type of thermo-Equations
1.8 and 1.9 are alternative forms of the fundamental relation, dynamic problem, as formulated in section 1.8. We are given a compositeand each contains al! thermodynamic information about the system. system and we assume the fundamental equation ofeach of the constituent

We note that the extensivity of the entropy permits us to scale the systems to be known in principle, These fundamental equations determine
Properties of a system of N moles from the properties of a system of the individual entropies of the subsystems when these systems are in
I mole. The fundamental equation is subject to the identity equilibrium. If the total composite system is in a constrained equilibrium

S(U, VN Ny" N,) = NSCOIN, VIN, NIN NIN) (1-10) sete, with particular values f the etesive parameter, of each con:in which we ha 4 : _ stituent system, the total entropy is obtained by addition of the individual
Single-component similestan in parton (0 UN ME Ne Fora entropies. This total entropy is known as a function of the variousipie

system, in particular, | extensive parameters of the subsystems. By straightforward differentia~SU,
V,N) = NS(UIN, VIN, i) (Lip, { tion, we compute the extrema of the total entropy function, and then, on.=. . i i ivati lassify these extrema*

Te pony of negative valeofthis derivative ati, oaegative temperatures): -—=~=«t ‘basis the sign of the sevond derivative, we classify ;has been dzessodtyNEF. Kamsny, Pye: feo 300 70(1950.Sock sateseae by i as minima, maxima, or as horizontal inflections. In an appropriateproducedand imaintained for shor times in certain unique systems. To accommodate ' physical terminology we first find the equilibrium states and we thentheiextnce requires suller and mor abstract postales, and in the interest of t ‘classify them on the basis of stability. It should be noted that in the
simplicity we exclude consideration of these very specialized states. adoption of this conventional terminology we augment our previous

4
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definition of equilibrium; that which was previously termed equilibrium is given an atomistic significance in terms ofstatistical mechanical concepts.is now termed stable equilibrium, whereas unstable equilibrium states are ‘ Our further considerations do not depend in any way on the material in

newly defined in terms of extrema other than maxima. } the Appendix. However, the reader who is plagued by the question “But
It is perhaps appropriate at this point to acknowledge that although

| what is the entropy?” may wish to allay this curiosity by readingall applications of thermodynamics are equivalent in principle to the Appendix B at this point.
procedure outlined there are several alternative procedures that frequently 7.
Prove more convenient. These alternate procedures are developed in Problems—Section 1.9
subsequent chapters, Thus we shall show that under appropriate con-

" ;ditions

the energy U(S, V,Ny-*-) may be minimized rather than the 19-1The following te,cquaonsare purported to befundamentalentropy
SU ¥, Na) maximized, ast these two Procedures determine ‘wlth one or more of postulates, IU, andIV and consequently arenot physically,the same final stateis analogous to the fact that a circle may be charac- oceptabie, nd the five that are not physically pemaieible and Insite the

terized either as the closed curve of minimum perimeter for a given area posthlate violated by each.
—_or

as the closed curve of maximum area for a given perimeter. In later ‘The quantities vg, 6, and R are positive constants, and in all cases in which
chapters we also introduce several new functions, the minimization of L fractional exponents appear only the real positive root is to be taken.which is logically equivalent to the minimization of the energy or to the Rt
maximization of the entropy. @ s= (5) wrups. The inversion ofthe fundamental equation and the alternative statement

.of

the basic extremum principle in terms of a minimum of the energy © s=(2)*PNeye :rather than a maximum of the entropy suggests another viewpoint from | a) | >
which the extremum postulate perhaps may appear plausible. In the 1 “4 porns
theories of electricity and mechanics, ignoring thermal effects, the energy © s- () [xe - alis a function of various mechanical parameters, and the condition of 8 Pa!

equilibrium is that the energy shall be a.minimum. ‘Thus a cone is stable 00
lying on its side, rather than standing on its point, because the first @ s= (3) WINGposition is of lower energy. If thermal effects are to be included, the energy °
‘ceases to be a function simply of the mechanical parameters. According

_ (B)* “to the inverted fundamental equation, however, the energy is a function © S= (ia) Weve
.of the mechanical parameters and of one additional parameter (the

entropy). By the introduction of this additional parameter the form of (DS = NRIn (UVIN?RO09)
the energy-minimum principle is extended to the domain ofthermal effects 4

.as well as to pure mechanical phenomena. In this manner we obtain ' @ S= (7) INU}exp (—V4/2N* 0g")a-sort of correspondence principle between thermodynamics and '

mechanics—insuring that the thermodynamic equilibrium principle Wy ose ) wore op (- uy ) .reduces to the mechanical equilibrium principle when thermal effects can U NR00p,
be neglected.

; _ ; oy S*We

shall see that the mathematical condition that a maximum of (  U= (FR) Sexp sinaySU. V, N+ *)implies a minimum of U(S, V, Ny *+)is that the derivative |
(@5/@U)y,v,... be positive. The motivation for the introduction of this 1 RO Ss
statement in postulate IIT may be understood in terms of our desire to ' Q UR (Z)er( +mR)exp (—SINR) . .
insure that the entropy maximum principle will go over into an energy | oominimum principle on inversion of the fundamental equation. | 1.9-2. For each of the five physically acceptable fundamental equations in

‘The attention of the reader is called to Appendix B, in which the entropy problem 1.9-1 find U as # function of S, V, and N.
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1.9-3. The fundamental equation of system A is ——_———- nwo
1[ RY\4 .Sa

(3) WV AU al i .| and that of system 2 is The Conditions

. Spo (55) nr ava i of Equilibrium SO
What is the fundamental equation of the composite system A + B? i .

1.9-4, Assume that the internal wall between subsystems 4 and B in problem
1.9-3 is restrictive with respect to both volume and mole number but non-

+ restrictive with respect to energy; thats, itis rigid, impermeable, and diathermal. i
Assume that system A has a volume of 9cm* and a mole number of 3 moles. i
System B has a volume of 4cm? and a mole number of 2 moles. The total

nergy in the composite system's 20 cal, Pot the entropy against the FractionUglUg. + Un) of the encrey in subsystem A. When the system has come to j
‘equilibrium, what are the internal energies of each ofthe individual subsystems?

2.1 Intensive Parameters

4 By virtue of our interest in processes and in the associated changes of
the extensive parameters, we anticipate that we shall be concerned with

} the differential form of the fundamental equation. Writing the funda-
f ‘mental equation in the form

r U = US, V, Ny Noo N) 1)

we compute the first differential:

i aU) aU) z (au1 wea (2) dS + @) ave (2) an,: BS) vay, BV) sxyooMy Bi BN) s.y omy |
: (2.2)

‘The various partial derivatives appearing in the foregoing equation recur
so frequently that it is convenient to introduce special symbols for them.
They are called intensive parameters, and the following notation is
conventional:

: . (2) =T, the temperature (23)OS) yarn,
\

: } eu). ' —(28 =P, the pressure 4){ (i SM,
-! au

_ the electrochemical potential of «
: BIG) sy e-cary MP the jth component @5)

m
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With this notation, equation 2.2 bec

3 comes 2.2 Equations of StatedU = TdS — PdV + dN, +--* + 2, dN, 26
F ;

‘The temperature, pressure, and the electrochemical potentials are

The formal definition of the temperature soon will be shown to agree partial derivatives of a function of S, ¥, Ny" N, and consequently are
with our intuitive qualitative concept, based on the physiological notion ito functions of 5, V,N,-+"N, We thus have a set of functionalof “hot” and “cold.” We certainly would be reluctant to adopt a defini- relationships, :
tion of the temperature that would contradict such strongly entrenched T=1S,¥,M “ND Qu)
although qualitative notions. For the moment, however, we merely Pas. VN, «-N) @12)
introduce the concept of temperature by the formal definition (2.3). Mop Me ’

Similarly, we shall soon corroborate that the pressure defined by y= aS Ve Ny Ne) (2.13)
‘equation 2.4 agrees in every respect with the pressure defined in mechanics. Such relationships, expressing intensive parameters in terms of the
With respect to the several electrochemical potentials, we have no prior independent extensive parameters, are called equations of state.
definitioris or concepts and we are free to adopt the definition (equation Knowledge of a single equation of state does not constitute complete |
2.5) forthwith. knowledge of the thermodynamic properties of a system. We shall sec,

For brevity, the electrochemical potential is often referred to simply as subsequently, that knowledge of aif the equations of state of a system is
the chemical potential, and we shall use these two terms interchangeably. equivalent to knowledge of the fundamental equation and consequently
However it should be noted that occasionally, and particularly in the is thermodynamically complete.
theory of solids, the chemical potential is defined as jz minus the molar ‘The fact that the fundamental equation of a system is homogeneous
electrostatic energy. first-order has direct implications for the furictional form of the equations

‘The term —P dV in equation 2.6 is identified as the quasi-static work of state. It follows immediatelythat the equations of state are homogeneous
AWsz, 25 given by equation 1.1. zero-order. That is, multiplication of each of the independent extensiveIn the special case of constant mole numbers equation 2.6 can then be parameters by a scalar A leaves the function unchanged.
written as T(AS, AV, AN,» =» AN,) = T(S, Vs Ngo Ny) (2.14)

TdS=dU—dWy if dN,= dN, = dN, =0 Qn It therefore follows that the temperature of a composite system com-

Recall definition of etank | . posed of two identical subsystems is equal to the temperature of eitherFee TT eaeaee cat cate batten subsystem. This is certainly in agreement with our intuitive concept ofquation 1.2, we now recognize T dS as the quest-static heat flux, temperature. The pressure and the electrochemical potentials also have
. the property (2.14).4Q=Tds 28) ‘To summarize the foregoing considerations, it is convenient to adopt a

A quasi-static flux of heat into a system is associated with an increase of condensed notation. We denote the extensive parameters ¥, Na+ ° Neentropy of that systern, by the symbols X;, Xp°** X, so that the fundamental relation takes the
The remaining terms in equation 2.6 represent an increase of internal form U = US, Xp Xe XY) (2.15)

energy associated with the addition of matter to a system. This type of : «ens
energy flux, although intuitively meaningful, is not frequently discussed ‘The intensive parameters are denoted by
outside thermodynamics and does not have a familiar distinctive name. au ere aeWe shall call 5: dN, the quasi-static chemical work, FS) pong PTS Me Me 1D (2.16)

:
au ;

dW, => uN, 29) (2) yee PH PAS Noe My X) f= hy 2ee 217)si
I 5 8

Therefore whence ;
dU = dQ + dWy, + dW, (2.10) dU =T dS +E Py dX, (2.18)int
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is, in one case the entropy is a member of the set of independent para- aime

meters, and in the second case the energy is such a member. In performing 24 Thermal Equilibrium —Temperature
formal manipulationsin thermodynamics, it is extremely important to We are now in a position to illustrate several interesting implicationsmake a definite’commitment to one or the other of these choices and to of the extremum principle which we have postulated for the entropy.
adhere rigorously to that choice, A great deal of confusion results from Consider a closed composite system consisting of two simple systems
a vacillation between these two alfernatives within a single problem, separated by a wall that is rigid and impermeable to matter but that does.

If the entropy is considered dependent and the energy, independent, allow the flow of heat. The volumes and mole numbers of each of theas
in S = S(U+-- X,*+-), we shall refer to the analysis as being in the simple systems are fixed, but the energies U and U® are free to change,

entropy representation. If the energy is dependent and the entropy is subject to the conservation resteiction
independent, as in U = U(S-++ X,+*-), we shall refer to the analysis as
being in the energy representation. Um + UM = constant (2.30) -

The formal development of thermodynamics can be carried out in imposed by the closure of the composite system as a whole.. Assuming
either the energy or entropy representations alone, but for the solution of that the system has come to equilibrium, we wish to find the values of
« particular problem either one or the other representation may prove to U® and U", Now, by our fundamental postulate, the values of U®
be by far the more convenient. Accordingly, we shall develop the and U® are. such as to maximize the entropy. Therefore, by the usual
two representations in parallel, although a discussion presented in one mathematical condition for an extremum, we conclude that in the
representation generally requires only a brief outline in the alternate equilibrium state a virtual infinitesimal transfer of energy from system 1
representation. to system 2 will produce no change in the entropy of the whole system.

‘The relation S = S(Xq- + X, +++) is said to be the entropicfundamental That is, ds<0 eanrelation, the set of variables Xq:-- X,~ + is called the entropic extensive = ~

parameters, and the set of variables Fy-+ F,+* is called the entropic ‘The additivity of the entropy for the two subsystems gives the relation
intensive parameters. Similarly, the relation U = U(S, X,-*-.X, ++) is said = SOKO YO... ND.) 4 SO™(YM, YO... NE --3, (2.32)to be the energeticfundamentalrelation, the set ofvariables S, X,*** X,-* + S= SOU, V' NYP) + SKU, H N+), (2.32)is called the energetic extensive parameters, and the set of variables As UC and U% are changed by the virtual energy transfer, the entropy
Py P,+++ is called the energetic intensive parameters, change is

as (3) du + (3) du® 2.33)Problems—Seetion 2.3 BTR) yom... OF) yo... ye.

23-1. Find the three equations of state in the entropy representation for a or, employing our definition of the temperature,
system with the fundamental equation 1 1

i o as = Aya + hau (2.34),7) on By the conservation condition (equation 2.30), we have
23-2. Show by a diagram (drawn to arbitrary scale) the dependence of dU = —ay@ (2.35)

temperature on volume for fixed pressure for the system of problem 2.3-1. whence 14
Draw two such “isobars," corresponding to two values of the pressure, and ds= (Fs _ =) aun 02.36)indicate which isobar corresponds to the higher pressure. : TH ~ Tei,
23-3.

| Find the three equations of state in the entropy representation for a . The condition of equilibrium (equation 2.31) demands that dS vanish forsystem with the fundamental equation ubitrary values OE EUW whence "
0 : tiaue (are a 37)

i
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38 ‘THE CONDITIONS OF EQUILIBRIUM AGREEMENT WITH INTUITIVE CONCEPT OF TEMPERATURE, 39

‘This is the condition of equilibrium. If the fundamental equations of the two subsystems are initially separated by an adiabatic wall and that
each of the subsystems were known, then 1/7" would be a known function the temperatures of the two subsystems are almost, but not quite, equal.
of U% (and also of9and Nf «which, however, are merely constants). In particular let us assume that
Similarly, 1/T would be a known function of U®, and the equation THs 7m (2.39)
1/T® = 1/T™ would be one equation in U" and U. The conservation
condition U™ + U® = constant provides a second equation, and these The system is considered to be in equilibrium with respect to the internal
two equations completely determine, in principle, the values of U and adiabatic constraint. If, now, the internal adiabatic constraint is removed,
of U®, To proceed further and actually to obtain the values of U® ~ the system is no longer in equilibrium, heat flows across the wall, and the
and of U® would require knowledge of the explicit forms of the funda- entropy of the composite system increases. Finally the system comes to

| mental equations of the systems. In thermodynamic theory, however, we a new equilibrium state, determined by the condition that the final valuesaccept the existence of the fundamental equations, but we do not assume of T® and T® are equal and with the maximum possible value of the
explicit forms for them, and we therefore do not obtain explicit answers. entropy that is consistent with the remaining constraints. Let us now
In practical applications of thermodynamics the fundamental equations compare the initial and the final states. if AS denotes the entropy
may be known, either by empirical observations (in terms of measure- difference between the final and initial states, we have
ments to be described later) or on the basis of statistical mechanical

calculations based on simple models. In this way applied thermodynamics As>0 2.40)
is able to lead to explicit numerical answers. But, as in equation 2.34, we find

Equation 2.37 could also be written as T = 7, We write it in the :

form 1/7 = 1/T®) to stress the fact that our analysis is couched in the As~ (fs - zm) Aum (2.41)entropy representation. By writing 1/7, we indicate a function of U%, TH ~ Ta
vil..., whereas T” would imply a function of SY, V®--+. The nes, G

physica! significance of equation 2.37 however, remains the equality of where TW) and 7) are the initial values of the temperatures. "By the
the temperatures of the two subsystems.1 condition that 7%) > 7%, we now find thatA second phase of the problem is the investigation of the stability of Au <0 (2.42)
the predicted final state. In the solution given we have not exploited ; aor
fully the basic postulate that the entropy is a maximum in equilibrium, ‘This means that the spontaneous process that occurred was one ih which
but we merely have investigated the consequences of the fact that it is heat flowed from subsystem I to subsystem 2, We conclude therefore
an extremum, ‘The condition that it be a maximum requires, in addition that heat tends to flow from a system with a high value of T to a system
to the condition dS = 0, that with a fow value of T. This is again in agreement with our intuitive notion

of the temperature. It should be noted that these conclusions do not#S <0 (2.38) depend on our assumption that T® is approximately equal to T®; this
‘The consequences of this condition lead to considerations of stability, to assumption was made merely for the purpose of obtaining mathematical
which we shall give explicit attention in Chapter 8. simplicity in equation 2.41, which otherwise would require a formulation

in terms of integrals.

iy on If we now take stock of our intuitive notion of temperature, based on2.5 Agreement with Intuitive Conceptof Temperature the physiological sensations of hot and cold, we realize that it is based
In the foregoing example we have scen thatif two systemsare separated upon two essential properties. First, we expect temperature to be anby a diathermal wail heat will flow until each of the systems attains the intensive parameter, having the same value in a part of a system as it has

same temperature. This prediction is in agreement with our intuitive in the entire system. Second, we expect that heat should tend to flow
notion of temperature, and it is the first of several observations that from regions ofhigh temperature toward regions of low temperature.
corroborate the plausibility of our formal definition of the temperature, These properties imply that thermal equilibrium is associated with equality

Inquiring into our example in slightly more detail, we suppose that and homogeneity of the temperature. We have demonstrated that our

- oe 1
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40 ‘THE CONDITIONS OF EQUILIDRIUM TEMPERATURE UNITS 4

formal definition of the temperature possesses each of these properties, unit, denoted by °R, is called the absolute Fahrenheit degree, or the degree
so that we have now corroborated that our definition is intuitively Rankine, Absolute Fahrenheit temperatures are merely times the
satisfactory. corresponding absolute Kelvin temperature.

The definitions cited are those adopted by the Tenth General Conference2.6 ‘Temperature Units of Weights and Measures in 1954, and by universal acceptance they

supplant the earlier definitions in terms of two fixed points. :‘The
physical dimensions of temperature are those of energy divided by Closely related to the absolute Kelvin scale of temperature is thethose of entropy. But we have not yet committed ourselves on the international Kelvin scale, which is a “practical” scale, defined in terms

dimensions of entropy; in fact its dimensions can be selected quite of the properties of particular systems in various temperature ranges and
arbitrarily. For if the entropy is multiplied by any dimensional constant, contrived to coincide as closely as possible with the absolute Kelvin~
we obtain a new function of different dimensions but with exactly the scale. The practical advantage of.the international Kelvin scale is that it~
same extremum properties and therefore also quite acceptable as the provides reproducible laboratory standards for temperature measurement
entropy. The only restriction we must maintain is that the product of throughout the temperature range. However, from the thermodynamic
temperature and entropy have the dimensions of energy. We summarily point of view it is not a true temperature scale at all, and to the extent
resolve the arbitrariness simply by adopting the convention that the that it deviates from the absolute scale it will not yield temperature
entropy is dimensionless; from the more incisive viewpoint of statistical ratios that are consistent with those demanded by the thermodynamic
mechanics, this is a physically reasonable choice. Consequently the formalism.

dimensions of temperature are identical to those of energy. However, Still another scale of temperature is the thermodynamic Celsius scale.
just as torque and work have the same dimensions, but are very different, The unit of temperature is the degree Celsius, denoted by °C, and this
types of quantities and are measured in different units (the em-dyne and unit is identical in size with the absolute degree Kelvin. The thermo-

the erg, respectively), so the temperature and the energy must be carefully dynamic Celsius temperatures are defined (by the 1954 agreement) as
distinguished. The dimensions of both energy and temperature are 273.15 less than Kelvin temperatures. The temperature ofice, water, and[mass « (length)*/(time)}]. The units of energy are joules, ergs, calories, water-vapor in equilibrium is 0.01°C. However, the temperature of a
etc. The units of temperature remain to be discussed. mixture of ice and water at 1 atm pressure is very nearly 0°C, with the

In our later discussion of thermodynamic engines and of the Carnot error appearing only in the third decimal place, and the temperature of
cycle we show that the ratio of the temperatures of two given systems can boiling water at 1 atm pressure is approximately 100°C. Consequently,
‘be measured directly and unambiguously. The measurability of the ratio the Celsius scale provides convenient numbers for general use.
of temperatures determines the scale of temperature, except for an Clearly the Celsius scale yields different temperature ratios than the
arbitrary multiplicative constant. The temperature of some arbitrarily Kelvin scale, and consequently the Celsius scale is not an acceptable scale
chosen standard system may be assigned at will, and the temperatures of for thermodynamic use. Celsius temperatures must be converted into

all other systems are then uniquely determined, with values directly Kelvin temperatures (merely by the addition of 273.15) before substitution
proportional to the chosen temperature of the fiducial system. in thermodynamic formulas.
Various choices of a fiducial system, and various assignments of its Prior to the 1954 international agreement, the Celsius scale was referred

temperature, lead to different scales of temperature. The absolute Kelvin to in many countries, including the United States, as the Centigrade scale.
scale of temperature is obtained by assigning the number 273.16 to the ‘An international Celsius scale is defined as bearingthe same relationshiptemperature

of a mixture of pure ice, water, and water vapor in mutual to the international Kelvin scale a8 the thermodynamic Celsius scale bearsequilibrium;
a state which we show in our later discussion of “triple to the absolute Kelvin scale. To the accuracy that will generally concernpoints” to determine a unique temperature. The corresponding unit of us, we need make nodistinction between the two Kelvin scales nor between

temperature is called a degree Kelvin, designated by the notation °K. the two Celsius scales, but the difference in principle should be kept in
‘The temperature of the ice-water vapor system then is 273.16°K. mind,

The absolute Fahrenheit scale is obtained by assigning the temperature Finally, a Fahrenheitscale is defined in terms of the absolute Fahrenheit9/5(273.16) = 491.688°R to the ice-water-vapor system referred to. The scale by subtraction of 459.67. This number is exactly 9/5(273.15) — 32.
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It follows that conversion of a Celsius temperature to a Fahrenheit are separated by 2 diathermal wall, and the total energy in.the compositetemperature involves multiplication by $ and addition of 32. The tem- system is 6000 cal. What is the internal energy of each system in eq!

perature of ice and water at I atm pressure is about 32°F, the temperature 2.6-4, Two systems wth the equations of saegiveninproblem 246.3 are| of boiling water at | atm pressure is about 212°F, and room temperatures separacs by2 xan)iuperainges aoe Ta) 250K and T!) = 350°K,are in the vicinity of 70°F. i , What are the values of U" and U after equilibriumhas been established?| Although we have defined the temperature formally in terms of a partial What is the equilibrium temperature? .
derivative of the fundamental relation, we note briefly, in conclusion, the
conventional method of introduction of the temperature concept, as : , itibe+ fecha ibdeveloped by Kelvin and Caratheodory. The heat flux dQ is first defined 2.7" Mechanical Eqellibriom

;) very much as we have introduced it in connection with the energy ‘A second application of the extremum principle for the entropy yields
conservation principle. From the consideration of certain cyclic processes an even simpler result and therefore is useful in making the procedure
it is then inferred that there exists an integrating factor (1/7) such that the clear. We consider a closed composite system consisting of two simple.
Product of this integrating factor with the imperfect differential dQ is a systems separated by a movable diathermal wall that is impervious to the
perfect differential (45). flow of matter. The values of the mole numbers aré fixed and constant,

ds =ha (2.43) but the values of U® and U® may change, subject only to the closure
r condition

U® 4 UP) = constant - (2.44)

‘The temperature and the entropy thereby are introduced by analysis of .
the existence of integrating factors in particular types of differential and the values of V4 and ¥@ may change, subject only to the closure

i

. conditionequations called Pfaffian forms. 00 4 ve = constant aan
Problems—Section 2.6

' ‘The extremum principle requires that no change in entropy result from
2.6-1. The temperature of a system composed of ice, water, and water- infinitesimal virtual processes consisting of transfer of heat across the wall

vapor in mutual equilibrium hasa temperature of exactly 273.16°K, by definition, and displacement of the wall.

‘The temperature of a tem of ice and vnter at ‘atm of pressure is then ‘Thenmeasured as 273.15°K, with the third and later decimal places uncertain, The ds =0 (2.46)
temperature of a system of water and water-vapor (i. boiling water) at 1 atm
is measured as 373.15°K 4 0,01°K. Compute the temperature of water-water- where
vapor at I atm, with its probable error, on the Celsius, absolute Fahrenheit, asm ‘au
‘and Fahrenheit scales, d= (3) au® 4 (5) cy 7 .26-2. ‘The “gas constant” R is a constant having the value R = 1.986 BU A a acai
ccalfmole*K. Since the size of the Celsius degree is the same as the Kelvin degree, 0 as@
it also has the value 1.986 calfmole*C. Express R in units of joules/mole’F. as: oy (So av™ (2.47)js + (Fa, dU + 57) gs. yin2.6-3, Two particular systems have the following equations of state: BUT yon OM ee

pe Pirie By the closure conditions
Fo 38 ow du® = —dum (2.48)

and id
a. 5 pi an av® = ayn (2.49)= 3 R GH
mee whence cy paarwhereR is a constant having the value 1.986 calfmole*K. The mole number of ds = (fs -7s) du 4 - ) dv =0° (2.50)the first system is NO) = 2, and that of the second isVN = 3, The two systems TH TH, TH Te
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As hs expression mst vasish for arbitrary and independent values of 28 Equilibrium with Respect to Matter Flow
14 {A final example employing the entropy maximum principle gives some
Tu FH? 251) insight into the nature of the chemical potential. We consider the

and equilibrium state of two simple systems connected by a rigid and dia-
pa pa thermal wall, permeable to one type of material (N,) and impermeable
Fo wm? (2.52) to all others (N»,Ny*-*N,). We thus seck the equilibrium values of

U® and U® and of N{” and Nf. The virtual change in entropy in theAlthough
these two equations are the equilibrium conditions in the proper appropriate virtual process isform,

appropriate to the entropy representation, we note that they imply 1 a? 1 ethe
physical conditions of equality of both temperature and pressure. ds = pau — Bian) + edu — Fane (258)

TO = TO (2.53)

and the closure conditions gemandpw = peo (254) .
du = —qu© (2.56)

‘The equality of the temperatures is just our previous result for equili- and

-  brium with a diathermal wall. The equality of the pressures is the new dN® = —dn sn
feature introduced by the fact that the wall is movable. Of course, the whence . .

equality of the pressures is precisely the result that we would expect on to uP

the bacls of meshanics, and this result corroborates our identifeation of ds = (& - 7) dum — (& - #) any? (2.58)
the function P as the mechanical pressure.
The reader may ask why we have considered the problem of a movable ‘As dS must vanish for arbiteary values of both dU and dN{?, we find

diathermal wall rather than the ostensibly simpler case of a movable as the conditions ofequilibrium
adiabatic wall. The latter, unfortunately, is a subtle problem Jacking a 1 1
unique physical answer. As the difficulties of this problem are quite rn (2.59)
specialized, we shall not consider it here, but a discussion is given in ToT

Appendix C for the interested reader. and wg? og? ef 2.60
; Fis pa (ovhence also 44 = wl) (2.60)

Problems—Section 2.7

. iati ‘Thus, just as the temperature can be looked upon as a sort of “potential”2-7-1. Two particular systems have the following equations of state: for heat flux and the pressure ean be looked upon as a sort of “potential”
1 3.Nm pm ym for volume changes, so the chemical potential can be looked upon as a
Fa TR yw, FH Ryo sort of “potential” for matter flux. A difference in chemical potential

and provides a “generalized force” for matter flow.
1s Nm pm Nm The direction of the matter flow can be analyzed by the same method
TH=jR ow FAR yw used in section 2.5 to analyze the direction of the heat flow. If we assume

that the temperatures T and T® are equal, equation 2.58 becomeswhere R = 1.986 cal/mole"K. The mole number of the first system is N = 0.5,

‘and that of the second is N“ = 0.75, The two systems are contained in a pO —
Closed cylinder, separated by a movable diathermal piston. ‘The intial tempera- ds =ALBL ayy 61tures are T) = 200°K and T!) = 300°K, and the total-volume is 20 liters. T
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46 THE CONDITIONS OF EQUILIBRIUM CHAPTER 3

positive. Thus matter tends to flow from regions of high chemical potential CO
to regions of low chemical potential.

In later chapters we shall see that the chemical potential provides the figeneralized force not only for the flow of matter from point to point but Some Forma:
also for its changes of phase and for chemical reactions. The chemical . ,
potential thus plays a dominant role in theoretical chemistry. Relationships :
The units of electrochemical potential are calories per mole, joules per

mole, or any desired energy unit per mole. .

Problems—Section 2.8

2.8-1, The fundamental equation of a particular type of two-component
system is

Pi
ux My MS=NA + RING — NyRin Ft — NyRInF .
NeN+™

where R = 1.986 cal/mole*K and where A is an unspecified constant. A closed
rigid cylinder of total volume {0 lites is divided into two chambers of equal 3.1 The Ealer Equation
volume by a diathermal rigid membrane, permeable ¢o the first component i ates lead to a solution of thebut impermeable to the second. In one chariber is placed ‘sample of the system Having seen how the fundamental postulates lead to ewhat greater
with original parameters N{0 = 0.5, N{0=0.75, V®= 5 liters, and 70) = equilibrium problem, we now pause to examine in somewhat g300°K.

In the second chamber is placed a sample with original parameters detail the mathematical properties of fundamental equations. .NO = 1, NO = 05, VO =5 liters, and TH = 250K, After equilibrium ‘The homogeneous first-order property of the fundamental relationis established, what are the values of N{¥, N{®, 7, P? and Pm? permits that equation to be written in a particularly convenient form,
called the Euler form.

From the definition of the homogeneous first-order property we have,
q for any 2,

UCAS, AX, + AX) = AUS, Xo XD GD

Differentiating with respect to 4,

BUGAK)AAS), WUE AK QOD 9 yes, xyes XDaa)ata) (SMa 80
(3.2)

or

BUC AX) uC --ax)
eSEX $0 = US,KH XD) 33)was) oax) *

‘This equation is true for any 4 and in patticular for = 1, in which case
it takes the form

aau U
= eee core U 3.4): aot ay, 6a

: U=aTS+ 3 PX, G5):
rot

a
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For a simple system in particular we have f ,jielding,in turn, ¢ + 1 equati ofstateU STS = PV + pyNy too + Ny G6) yielding, in turn, ¢+ 1 equations of state
‘The relation 3.5 or 3.6 is the particularization to thermodynamics of Py = PAS, Xy XoXD (3.10)
the Euler theorem on homogencous first-order forms. The foregoing If we choose the parameterA of equation 2.14 as 4 = 1/X; m
Gevelopment merely reproduces the standard mathematical derivation. pa equation 24 1% we then have
We refer to equation 3.5 or 3.6 as the Euler relation. Py = PAS|Xy XI/Xp0+* XalXy 1) GAD.

1c tion the Eulk ‘lation takes theIn the entropy representation the Euler relation takes © form ‘Thus each of the (¢ +1) intensive parameters is a function of just
s= DRX, G7 variables, Elimination of these ¢ variables among the (t + 1) equations

sso yields the desired relation among the intensive parameters.

or : p . To find the explicit functional relationship that exists among the set of
se (2) us (2) v-z (8) Ny (8) intensive parameters would require knowledge of the explicit fundamentalT) Th eaXT. equation of the system. That is, the analytic form of the relationship

varies from system to system. Given the fundamental relation, the

Problems—Section 3.1 procedure is evident and follows the sequence of steps indicated by
; ;

; ‘equations 3.9-3.11.

abies Write each oefive physically acceptable fundamental equations A differential form of the relation among the intensive parameters canof problem 1.9-1 in the Euler form, be obtained directly from the Euler relation and is known as the Gibbs-Duhem relation. Taking the infinitesimal variation of equation 3.5,

3.2 The Gibbs-Duhem Relation find “a ve‘ ‘

In Chapter 2 we arrived at equilibrium criteria involving the tempera- dU =TdS + SdT + ¥ P,dX, + ¥ X,aP, @.12)
ture, pressure, and the chemical potentials. Each of the intensive para~ |

. mi sh

meters entered the theory in a similat way, and the formalism is, in fact, But, in accordance with equation 2.6, we certainly know that
symmetric in the several intensive parameters. In spite of this symmetry, |however, the reader is apt to feel that he has an intuitive response to the dU =TaS + 3 P,dX,
concepts of temperatures and pressure, which is lacking, at least to some

S+ BP ax 6.13)
degree, in the case of the chemical potential. It is of some interest, then, .to note that the intensive parameters are not all independent, There is a whence, by subtraction we find the Gibbs-Duhem relation
relation among the intensive parameters, and for a single-component “
system pis a function ofT and P. Sat + XX, dPs=0 (3.14)‘The existence of a relationship among the various intensive parameters | . |
is a consequence of the homogeneous first-order roperty of the funda- | For a single-component simple system, in particular, we have
mental relation. For a single component system this property permits the | SaT—~VaP+Ndp=0 G.15)
fundamental relation to be written in the form u = «(s, 0), as in equation | or

7

2.19. Each of the three intensive parameters is then also a function of 5 du=—sdT + v4P G19
and v. Elimination ofs and v from among the three equations of state ao.yields a relation amongT, P, and | The variation in chemical potential is not independent of the variations‘The argument can easily be extended to the more general case and | Of temperature and pressure, but the vatiation of any one can be com-
again consists of a straightforward counting of variables. Suppose we puted in terms of the variations of the other two. .
have a fundamental equation in (¢ + 1) extensive variables __ The Gibbs-Duhem relation presents the relationship among the

U = US, Xp Xa-- X) os) intensive parameters in differential form. Integration of this equationyields the relation in explicit form, and this is a procedure alternative to



|
Ae tem eer am ay nee aC mmmtliat Oe

50 SOME FORMAL RELATIONSHIPS AN EXAMPLE—THE IDEAL MONATOMIC GAS 51

that presented in equations 3.9-3.11. In order to integrate the Gibbs- equation and contains all thermodynamic information about a system.
Duhem relation, one must know the equations of state which enable one Any single equation of state contains less thermodynamic information
to write the js in terms of the P's, of vice versa. ’ than the fundamental equation.

The number of intensive parameters capable of independent variation F If two equations of state are known, the Gibbs~Duhem relation may beis called the number of thermodynamic degrees of freedom of a given integrated to obtain the third. The equation of state so obtained will
system. A simple system of r components has r-+ I thermodynamic contain an undetermined integration constant. Thus two equations of

degrees of freedom. state suffice to determine the fundamental equation, except for an
In the entropy representation the Gibbs-Duhem relation again states undetermined constant.

that the sum of products of the extensive parameters and the differentials An alternative procedure for obtaining the fundamental equation when
of the corresponding intensive parameters vanishes. only two equations of state are given is by direct integration of the molar

relation

$x,ar,=0 Gin du=Tds—Pdo 3.23)
or iro Clearly, knowledge of T= T(s, 0) and P = P(s, 0) yields a differential

1 PY on fa) equation in the three variables u, s, and v, and integration gives
Ud\— Vd| ?) - aM) =0 (3.18)(e)+ eG) ~Snel Guy w= 5,0) 62

which is a fundamental equation. Again, of course, we have an
Problems—Section 3.2 undetermined constant of integration.

-

It is always possible to express the internal energy as a function of32. Find the relation among 7, P, and 1 for the system with the funda- parameters other than S, V, and N. Thus we could eliminate S frommental equation

oy U = US, ¥,N) and T = T(S, V, N) to obtain an equation of the formu= (@)ar U=U(T,V,N). However, we wish to stress that such an equation isfi not a fundamental relation and does not.contain all possible thermo-
dynamic information about the system. In fact, recalling the definition of3.3 Summary of Formal Structure T as 0U/@S, we see that U = U(T, V, N) actually is a partial differential

Let us now summarize the structure of the thermodynamic formalism cauation, yen ifthis equationwere integrable, it would yield a funda:in
the energy representation. For the sake of clarity, and in order to folation v- Ut5 oi » ‘lows one. to Compute. the relation Uebe explici i jingle- imple |. The funda- oe non it onebe explicit, We comer « single-component simple system. The funda U(T, V,N), but knowledge of U = UT, V,N) does not permit one9

veus.ym oy) inversely to compute U= U(S, V,N). Associated with every equation
aa i there is both a truth-value and an informatiorial content. Each of the

contains aif thermodynamic information about a system. With the equations U = U(S, ¥, N) and U = U(T, V, N) may be true, but only
definitions T= 9U/@S, etc., the fundamental equation implies three the former has the optimum informational content,
equations of state:

T= 1S, V,N) = 1,0) 3.20) 3.4 An Example—The Ideal Monatomic Gas
P= P(S, VN) = Ps, 0) G21) An ideal monatomic gas is characterized by the two equations
1 = 1S, ¥, N) = ws) (3.22) PY = NRT 025

If all three equations of state are known, they may be substituted into the and 49Euler relation, thereby recovering the fundamental equation, Thus the U= NRT + 6.26)
totality of all three equations of state is equivalent to the fundamental in which X& is a constant with the value 1.986 cal/mole °K,
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Now let $ be a fuvetion of the form.

“4 = (GAN IM-+ OR" @

sn which them are nonnegative integers. Using the result proved above, show Irreversible
that .

Goty = - 24» = -kmipiohy © Thermodynamics .
Xe, ~

Consider now the quantity (# 8,) and, using equations (b) and (@), show that
Goky = —K> ShyGloXy :

i in

O%,

if ¢ = 6%; we obtainnally, show that if ¢ = 1 we obtain (0%)= 0, that it 6 = 3% inequationia vand that other choices of ¢ permit calculation of higher moments

i

| 16.1. General Remarks
| As useful as the characterization of equilibrium states by thermostatic.

theory has proved to be, it must be conceded that our primary interest is
frequently in processes rather than in states. In biology, particularly, it
is the life process that captures our imagination rather than the eventual

equiilbrium state to which each organism inevitably proceeds. Thetmo-'
statics does provide two methods that permit us to infer some limited
information about processes, but each of these methods is indirect and
each yields only the most meager return. First, by studying the initial

. and terminal equilibrium states, it is sometimes possible to bracket a
process and thence to determine the effect of the process in its totality.
Second, if some process occurs extremely slowly, we may compare it
with an idealized, nonphysical, quasi-static process. But neither of these
methods confronts the central problem of rates of real physical processes.
The extension of thermodynamics which has reference to the rates of

: physical processes is the theory of irreversible thermodynamics.
‘Two basic postulates underlie equilibrium statistical mechanics, The

N first postulate concerns the existence of an enormous number of atomistic
. states among which continual spontaneous transitions occur in the course

of a macroscopic observation. The second is the assumption of equal

a priori probability of each of the atomistic states. From these extremely-
\ . general hypotheses follows the entire general theoryof statistical mechanics,culminating in the theorems that, in turn, constitute the postulates of

thermostatics. Because of the general nature of the postulates, the
predictions of thermostatics are similarly general. The numerical values

23
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of specific heats, compressibilities, and the like are not predicted, but the closure condition requires that
certain general relationships among these quantities are predicted. be

‘The theory of nonequilibrium statistical mechanics is based on the two A+ % =X", aconstant (16.1)
stulates of the equilibrium theory, plus the additional postulate of rime If X, and X;' are unconstrained, their equilibrium v re det

eonmetry of physical laws. This additional postulate states that all the by the vanishing ofthe quantity
cauilbsium values are determined

laws of physics remain unchanged if the time 1 is everywhere replaced by . .
tts negative 1 and if simultaneously the magnetic field H, is replaced by F,= () =A) <3 8 Ln 63
its negative —H,,

Mel ae Ox) OX, Oy FH A (182)
From the general postulates of nonequilibrium statistical mechanics - Thus, if F, is zero, the system is in equilibrium, but if F, is nonzero an

there follows an extensive theory, culminating in several theorems that, irreversible process occurs, taking the system toward the equilibrium state.
in turn, constitute the postulates of irreversible thermodynamics. From The quantity F,, which is the difference in the entropy-representation ”
these we derive thermodynamic theorems ofa general nature, expressing intensive parameters, acts as a “generalized force” which “drives” therelationships among various dynamical quantities. process. Such generalized forces are called affinities.

‘The first such result was the Onsager reciprocity theorem, which For definiteness, consider two systems separated by a diathermal wall,
‘expresses a certain symmetry in the response of two simultaneously and let X, be the energy U. Then the affinity is °
‘occurring processes. © Another theorem is the fluctuation-dissipationtheorem of H. Callen and T. Welton, which expresses a relation between F =1-1 63
irreversible response and equilibrium fluctuations. Other theorems { ror , 063)
relating to the fluctuations during an irreversible process, and involving, No heat flows across the diathermal wall if the difference in inverse
extensions to nonlinear processes, have been developed by W. Bernard temperatures vanishes, But a nonzero difference in inverse temperature,
and H, Callen and by M. Lax. acting as a generalized force, drives a flow of heat between the subsystems,

Despite the considerable number of results of nonequilibrium thermo- Similarly, if X, is the volume, the affinity F, is [P/T— (P'/T)], and if
dynamics, by far the most practically significant result is the Onsager X, is a mole number the associated affinity is [j4/T”— (i4/T)).
reciprocity theorem. Consequently, we restrict our attention to this | We characterize the response to the applied force by the rateof change
theorem alone. We indicate in section 16.5 how this thtorem is related of the extensive parameter X,. Theflux J, is then defined by e
to the underlying postulate of time symmetry. aX,

ale (16)
16.2 Affinities and Fluxes

.

Therefore, the flux vanishes if the affinity vanishes, and a nonzero affinit:

Preparatory to our discussion ‘of the Onsager theorem, we define leads to a nonzero flux. It is the relationship between fluxes and ainities
certain quantities that appropriately describe irreversible processes. that characterizes the rates of irreversible processes.

i

Basically we require two types of parameters: one to describe the “force” The identification of the affinities in a particular type of system i
that drives a process and one to describe the response to this force. frequently rendered more convenient by considering therate of oduct 2“The processes of most general interest occur in continuous systems, such ofentropy. Differentiating the entropy S(Xy X,---) with respect to the
as the flow of energy in a bar with a continuous temperature gradient. time, we have oat pect to the
However, to suggest the- proper way to choose parameters in such a _asax,
continuous systems, we first consider the relatively simple case of a an aKa (16.5)
discrete system. A typical process in a discrete system would be the flow or te
‘of energy from one homogeneous subsystem to another through an - ooSafnitely thin diathermal partition. S=3Fie (16.6)

Consider @ composite system composed of two subsystems. An Thus, the rate of production of entropy is 2
extensive parameterhas valves %, and. Xj in the two subsystems, and with its csoeuied ay oFenreny 1s the sum of product of each fux
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| The entropy production equation is particularly useful in extending the of this convention, incidentally, that we can speak of the temperaturedefinition of affinities to continuous systems rather than to diseréte varying continuously in a bar, despite the fact that thermostatics implies
systems. If heat flows from one homogeneous. subsystem to another, the existence of temperature only in equilibrium systems.
through an infinitely thin diathermal partition, the generalized force is Equation 16.7 immediately suggests a reasonable definition of the
the difference [I/7— (1/T")]; but if heat flows along a metal rod, in entropy current density J.which the temperature varies in a continuous fashion, it is difficult to Js = BEd, (6.9)

apply our previous definition of the affinity. Nevertheless, we can compute en ;
the rate of production ofentropy,and thereby we can identify the affinity. in which J, is the current densityof the extensive parameter X,. TheWith the foregoing considerations to guide us, we now turn our - ‘magnitude of the entropy flux Jy is the entropy transported through unit
attention to continuous systems, We consider a three dimensional system area per unit time. ; ;
in which energy and matter flow, driven by appropriate forces. As fluxes, The rate of local production of entropy is equal to the entropy leaving
‘we choose the components ofthe vector current densities of energy and the region, plus the rate of increase of entropy within the region. IC $
matter. Thus, associated with the energy U, we have the three energy denotes the rate of production of entropy per unit volume and s/8¢
fluxes Jye, Jyys Jyy These quantities are the x, y, and z components of denotes the increase in entropy per unit volume, then
the vector current density J,. By definition the magnitude of J, is the ap 8s

amount of energy which flows across the unit area in unit time, and the sagt Veds (16.10)
direction of J, is the direction of this energy flow. Similarly, the current

density J, may describe the flow of a particular chemical component per ‘The various extensive parameters can be neither produced nor destroyed,
unit area and per unit time; the components Jzas Jey, and J, are fluxes. so that the equations-of continuity for these parameters become

In order to identify the affinities, we now seek to write the rate of 7
production of entropy in a form analogous to equation 16.6. On tvs (16.11)
One problem that immediately arises is that of defining entropy in a

nonequilibrium system. This problem is solved in a formal manner as We are now prepared to compute $ explicitly and thence to identify the

follows. affinities in continuous systems,
To any infinitesimal region we associate a local entropy S(Xq Xi **)s ‘The first term in equation 16.10 is easily computed from equation 16.8.

where, by definition, the functional dependence of S on the local extensive | ss ae,
parameters X,,X, *~ + is taken to be identicalto the dependence in equilibrivan. Pea aisa (16.12)That

is, we merely adopt the equilibrium fundamental equation to associate MEa local entropy with the local parameters Xo, X,-+*. Then ‘The second term in equation’ 16.10 is computed by taking the divergence

is=SFeaX, (16:7) of equation 16.9.

* Vidg=V- (ZFsh) = EVA TAV Ss (16.13)or, taking all quantities per unit volume,* * = = :

hi i aae Aids 68) Thus equation 16.10beromeyd . :

‘The summation in this equation omits the term for volume and con- Se ZAG ZV LTTAV A (16.14)
sequently has one less term than that in equation 16.7. i i ,

Spain the local intensive parameter F, is taken to be the same function cnet gene "Gite me ober that the rs and thie ‘ermsof the local extensive parameters as it wouldbe in equilibrium. Itis because F=DVA (16.15)
— t

toindente taeee phates per en some ates en perme Although the affinity is defined as the difference in the entropy-representation
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intensive parameters for discrete systems, it is the gradient of the entropy Each flux J, is known to vanish as the affinities vanish, so we can
representation intensive parameters in continuous systems. expand J, in powers of the affinities with no constant term.

If J,,denotes the z component of the energy current density, theassociated 1
affinity ¥,, i V,(I/T), the z component of the gradient of the inverse Ses ShinFs + 5 LLlAto (16.17)temperature. And if J, denotes the kth mole number current density hn 7 TF "(the number of moles of the kth component flowing through unit area where 2,B
per second), the affinity associated with Jy, is Fy, = -v,(H). Ln = (#), (16.18)

- and :

ay,

16.3 Markoffian Systems Lin = BF,aF,) y (16.19)
For certain systems the fluxes at a given instant depend only on the The functions Ly, are called kinetic coefficients. They are functions of

values of the affinities at that instant. We call sueh systems Markoffian, the local intensive parameters.
borrowing the terminology from the theory of random processes, and we Ly = LglFosFy) (16.20)restrict our attention to this type of system. . ;

For a non-Markoffian system the fluxes may depend upon the values ‘The functions Ly are called second-order kinetic coefficients, and they areofthe affinities at previous times as well as upon the values at the present also functions of the local.intensive parameters. Third-order and higher-
time, In the electrical case a pure resistor is a Markoffian system, order kinetic coefficients are similarly defined.
whereas a circuit with capacitance or inductance is non-Markoffian. A For the purposes of the Onsager theorem, which we are about to
rhon-Markoffian system has a “memory.” cenunciate, itis convenient to adopt a notation that exhibits the functional

‘Although it might appear that the restriction to Markoffian systems is dependence of the kinetic coefficients on an externally applied magnetic
a very severe restriction indeed, it is found in practice that almost all field H,, suppressing the dependence on the other intensive parameters.
systems of interest, other than electrical systems, are Markoffian. The Ly = Lyf) (1621)
extension of the theory to non-Markoffian systems, which we shall not The On:
present here, has been more important for its elucidation of principles ie Onsager theorem states that
than for its application to real systems. . « Enfll) = Le) (16.22)

For a Markoffian system, by definition, each local flux depends only That i inet .
upon the instantaneous local affinities and upon the local intensive Ht is, the value of the kinetic coefficient Ly measured in an external
parameters. That is, dropping the indices denoting vector components, necKea identical to the value of Ly, measured in the reversed

NWFFy Fy Fy Fy Bye) (16.16) The Onsager theorem states a symmetry between the linear effect of
theth affinity on the kth flux and the linear effect of the kth affinity on

Thus, the local mole number current density of the kth component the jth flux when these effects are measured in opposite magnetic fields.
depends on the gradient of the inverse temperature, on the gradients of .
44, for each component, and upon the local temperature, pressure, etc. 16.4 Linear Processes
It should be noted that we do not assume that each flux depends only-on ‘euatic a ene if Sel
is own affinity but eather that each flux depends on oll afinites. 1s A situation of great practical interest arises if the affinities are so smaliy pends on a that all quadratic and higher-order terms in equation 16.17 can betrue that each flux tends to depend most strongly on its own associated accede E eee erty dee nye.

affinity, but the dependence of a flux on other affinities as well is the approximate equations iat can be adequately described by the truncatedsource of some of the most interesting phenomena in the field ofirreversi- +bility. BP he EhaFs (16.23)
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is called a linear Markoff process. For the analysis of such processes the which is the average product of the deviation 5%, and of the deviation
‘Onsager theorem is a particulsrly powerful tool. 6%, the latter being observed a time +r after the former. Assuming, for

It is perhaps surprising that so many physical processes of interest are simplicity, that no magnetic field is present, the principle of time symmetry
linear. But the affinities that we commonly encounter in the laboratory requires that the correlation moment (16.26) be unchanged if we replace
are quite small in the sense of equation 16.17, and we therefore recognize rby —7.
that we generally deal with systems that deviate only slightly from (WR, IX0)) = (6%, 5(—)) (16:27)
equilibrium. . .

‘Phenomenologically, it is found that the flow of energy in a thermally or, since only the relative times in the two factors are significant,
conducting body is proportional to the gradient of the temperature. -
Denoting the energy current density by J,, experiment yields the linear law (OR, OX Ar) = ORAr) OX) (16.28)

S=—e VT (16.24) Ht we now subtract (5.2, 6X,) from each side of the equation and divide7, we find

in which x is the thermal conductivity of the body. We can rewrite this ¥ eg¢ ¢
in the more appropriate form (08,i)-Ci = 0%,5) (16.29)

Sop = KT? v(t) (16.25) _ . .T | In the limitas7»0 we can write the foregoing equation in terms of
and similarly for x and y components, and we see that (17) is the kinetic time derivatives. 5 :
coefficient. The absence of higher-order terms, such as [V(I/7)]* and (OR, OX) = (0%, 0) (16.30)
[V(I/T)P, in the phenomenological !aw shows that commonly employed og
temperature gradients are smallin the sense of equation 16.17. wan neassume iat the decay of a fluctuation 3%, is governed by theOhm’s law of electrical conduction and Fick's law of diffusion are ‘Yaamical'lawsas are macroscopic processes,other linear phenomenological laws: which demonstrate that for the ok, = 1, 0F,
‘common values ofthe affinities in these processes higher-order terms are = Blu dF (16.31)negligible.

On the other hand, both the linear region and the nonlinear Inserting these equations in equation 16.30 givesregion can be realized easily in chemical systems, depending upon the . i
deviations of the molar concentrations from their equilibrium values. YLldk, IF) = TLylSF, d%,) (16.32)
Although the class of linear processes is sufficiently common to merit v 7
special attention, it is by no means all-inclusive, and contrary to the usual However, we shall show below, by the methods of ‘Chapter 15, that

statement the Onsager theorem is not restricted to this special class of H kit
systems. %,) ={— if isjys OL, 8F) = { 0 it inj (16.33)
165 The Statistical Basis of the Onsager Reciprocity

.
in which k js Boltzmann's constant. Thus equation 16.32 becomes

‘The Onsager reciprocity has been stated without proof in the preceding Ly =Ly (16.34)
sections. Applications are madein Chapter 17. In this section we indicate - :the relationship of the Onsager reciprocity to the underlying principle of which is the Onsager theorem in the absence ofa magnetic field.time symmetry of physical laws. To complete the proof we now demonstrate equation 16.33. From
We consider a system in equilibrium, and we address our attention to equation 15.1 we can write the distribution function for the spontaneous

the spontaneous fluctuations, as in Chapter 15. Consider, in particular, fluctuations in the form
a correlation moment such as 1 ‘

W = Qexp 7 (08— 5 F, 5%)OF, dRAr) (16.26) PZ z 1 OX) (16.35)
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Combining this with equation 15.4 indicates that

“2 OW

WF, =k—= (16.36)
.aor, Thermoelectric

i wverage value in equation 16.33.
.

.Consider now the averag : and Thermomagnetic .
08,04) = fi32, FW dX, ddky >> (46.37)

Effectsow |

= sep dR, dbXy +> (16.38)afo%, 052, 5
If ij, the integral over d5, vanishes at both limits. If i=j, we
integrate by parts, immediately obtaining the result 16.33. An alternative,
and easier, derivation of equation 16.33 is readily obtained on the basis
of the approximate Gaussian distribution of section 15.6 rather than by
the rigorous distribution used above. Such an alternative derivation is H

essentially given in problem 15.6-1. | ; |
Our derivation of the Onsager reciprocity is that given by omerExtension to the case in which a magnetic field is present is quite simple.

However, justification of the assumption that the macroscopic dynamical ‘ 17.1 The Dynamicat Equations
Jaws can be applied to the decay of @ spontaneous Ructuation fe As applications of the Onsager theorem we shall consider the thermo-
simple. “Justification of thi aean ee ate eo viewed as a electric and thermomagnetic effects, which are phenomena associated withtical mechanical analysis,so that this section should poet nical the simultaneous flow of electric current and heat in a system. Thesedemonstration

of plausibility rather than as a statistical me phenomena, and certain relations among them, were proposed in 1854 byderivation.
Lord Kelvin on the basis of empirical observations. Kelvin alsoPresented{ 4 suggestive argument leading to the relations, carefully pointing out,

t however, that the argument was not only unjustifiable but that it could
i be made to yield incorrect relations as well as correct ones. It is a curious

f fact that many ‘modern thermodynamics texts still present Kelvin's
, argument as a rigorous proof, completely ignoring Kelvin’s own admoni-
t tion to the contrary and ignoring the methods of modern irreversibility

‘ theory.

As remarked above, the thermoelectric and thermomagnetic effects are
Phenomena associated with the simultaneous flow of heat and electric

current in a system. For definiteness of expression we shall think of a
solid in which the charge carriers are electrons. Then, if s is the local
‘entropy density, we have

a! # () :ds = du ol 2 T dn, 7.1)
in which u js the local energy density, jx is the electrochemical potential
(per particle) of the electrons, n is the number of electrons per unit

293
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volume, and in which the sum refers to other “components.” These Jy is a current density of total internal energy, we generally prefer to
other components refer to the various types of atomic nuclei that together discuss the current density of heat. In analogy with the relation dQ = T dS
with the electrons constitute the solid. It will be noted that we have taken we therefore define a heat current density Sg by the relation
‘nas the number of electrons rather than the number of moles ofelectrons, Jo=TB. anyand

jx is accordingly the electrochemical potential per particle rather than or, by equation 172 @ s :per mole. In this regard we deviate from the more usual parameters u 2, Je =3y ai, ara:merely by multiplication and division by Avogadro's rrumber, respectively. fo = Ju — 45S z
Just a§ equation 16.7 led to equation 16.9, equation 17.1 now leads to ‘Ina very rough intuitive way we can look on j« as the potential energy

. per particle and on Jy as a current density of potential energy; sub-JgaASy — 45 y (17.2) traction of the potential energy current density from the total energy
. rer current density yields the heat current density as.a sort of kinetic energy

in which Jg, Jy, and Jy are current densities of entropy, energy, and current density. At any rate, eliminating Jy in favor of Jg from equation
number ofelectrons, respectively. The other components in equation 17.1 17.3 gives

are assumed immobile and consequently do not contribute flux terms to gees —Lup- dy ans)
‘equation 17.2. T r

Repeating the logic leading to equation 16.15, we find . It follows from this equation that if the components of Jg and of —Jy
1 x are chosen as fluxes the associated affinities are the corresponding$=Vidy — VG Iw (17.3) components of V(I/T) and of (I/T)Vy, respectively. The dynamical

equations can then be written, in the one-dimensional case, asThus, if the components of Jy and —Jyy are taken as fluxes, the associated j '
affinities are the components of ve and V fo Assuming for simplicity 2 Iw LaVE + TVFa (17.10)
that all flows and forces are parallel to the x-direction, and omitting the =t.4y a
subscript 2, the linear dynamical laws become Jo =Fant La 5 ann

cpt and the Onsager relation isJy Ly VE Li V5 a7) + Ly(H) = La(—H) (17.12)
- 7 1 ‘The reader should verify that the dynamical equations 17.10 and 17.11Jo = Ly vet ln IE (17.5) can also be obtained by direct substitution of equation 17.8 into the

. . ‘ previous pair of dynamical equations 17.4 and 17.5 without recourse toand
the Onsager theorem gives the relation the entropy production equation 17.9.

Lif) = La(-H) (17.6) The significance of the heat current can be exhibited in another manner.
In writing the foregoing dynamical equations we have assumed one- We consider, for a moment, a steady-state flow. Then both Jy and Jy

dimensional Now, such as occurs in wires or bars. This is the case of are divergenceless and taking the divergence of equation 17.8 gives
interest to us in the analysis of the thermoelectric effects. -When we ViJo=—Vu-Sy — (inthe steady state) (17.13)consider

the thermomagnetic effects in section 17.6, however, we shall which states that in the steady state the rate of increase in heat currenthave to take explicit cognizanceof the fact that the kinetic coefficients is equal to the rate of decrease in the potential energy current. Further-for
the x-directed currents may differ from.the kinetic coefficients for the ‘more, the insertion of this equation into equation 17.9 givesy-directed currents.

Before drawing physical conclusions from equation 17.6, we recast the gevi. Jot dyes (i714dynamical equations into an equivalent but instructive form. Although T rT“?
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which can be interpreted as stating that the production of entropy is due isothy = ae
to two causes; the first termis the production of entropy duc to the flow isothermal system Via, = 0 and Vj = Vit,. Thus, by definition,of

heat from high to low temperature, and the second term is the increase 1in entropy due to the appearance of heat current. os -ery/3ve for = Wr=0 (17.19)
We now accept the dynamical equations 17.0 and 17.11 and the

;

symmetry condition (equation 17.12) as the basic equations with which whence equation 17.15 gives :
to study the flow of heat and electric current in a system. o=eLy/T (17.20)

. Similarly the heat conductivity x is defined as the heat current density
per unit temperature gradient for zero electric current.17.2. The Conductivities K=S—JoVT for Jy =0 E

We'consider a system in which an electric current and a heat current . en " (17.21)
flow parallel to the z-axis in a steady state, with no applied magnetic Solving the two kinetic equations simultaneously, we find
field. Then, omitting the subscriptx, D

1 1 “a (17.22)mJy ln Vt Lan aay! Phy
where D denotes the determinant of the kinetic coefficients

1 1Jo = LipVe + Lan V5 (17.16) Da Lyla — Uh (17.23)
where the Onsager theorem has reduced to the simple symmetry 17.3 The Seebeck Effect and the Thermoelectric Power

la=Ln any _ The Seebeck effect refers to the production of an electromotive force
in a thermocouple under conditions ofzero electric current. -

The three kinetic coefficients appearing in the dynamical equations can Consider a thermocouple with junctions at temperatures 7, andbe related to more familiar quantitics, suchas conductivities. In developing T,(Ta > 7), as indicated in Figure 17.1. A voltmeter is inserted in one
this connection we first comment briefly on the nature of the electro j arm of the thermocouple at a point at which the temperature is 7". This

chemical potential p of the electrons, We can consider jx as composed i voltmeter is such that it allows no passage of electric current but offersof two parts, a chemical portion jz, and an electrical portion 2, | no resistance to the flow of heat. We designate the two materials
* composing the thermocouple by A and B. With Jy = 0, we obtain from

hehe the (1718) the kinetic equations, for either conductor,

If the charge on an electron is e, then j, is simply ef, where ¢ is the | Va = 22 7 «724
ordinary electrostatic potential. The chemical potential 1, is a function Thy je
of the temperature and of the electron concentration. Restating these Thus

facts in terms of gradients, the electrochemicat potential per unit charge n-ne f Lh op (1725is (I/e)y4; its gradient (1/e)Vy is the sum of the electric field (Ife) Vi am hh TA 25)

plus an effective driving force (I/e)Vy, arising from a concentration B
gradient. . - f aaa 17.27 The electric conductivity ¢ is defined as the electric. current density 1} TL (17.26)
(eds) per unit potential gradient (1/e)Vx in an isothermal system. It is . “EB :easily seen that (1/e)V is actually the emf, for in a homogeneous Hh -f ame 7.2h TLE
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Eliminating 44, and j2, from these equations, An interesting insight to the’ physical meaning of the absolute thermo-
( f(th ob electric power can be obtained by eliminating (1/7) Viz between the two

Ba = f (& 7a) T (17.28) foregoing dynamical equations and writing Jg in terms of Jy and V(I/7):
But, because there is no temperature difference across' the voltmeter, the Ja = Teedy + Te V2 (1735)
voltage is simply

1 vere or, recalling that Js = Jg/T, .alut— aps [ (4-2)ar 17.29) 1v= ou) f (a aa) (6725) Js = ely + TV 5 (17.36)
The thermoelectric power of the thermocouple, <4, is defined as the According to this equation, each electron involved in the electric current

change in voltage per unit change in temperature difference. The sign of carries with it an entropy of ee. This flow of entropy is in addition to. _
the entropy current Tx V(I/T), which is independent of the electronic

A current. The thermoelectric power can be looked on as the entropy

t te hi Ww.sy HT ransported pet coulomb by the electron flo
:

| 17.4 The Peltier Effect

* i ‘The Peltier effect refers to the evolution of heat accompanying the flow
@) of an electric current across an isothermal junction of two materials.

Consider an isothermal junction of two conductors A and B and an electricFigure 17.1 current eJy to flow as indicated in Figure 17.2. Then the total energy

4a is chosen as positive if the voltage increment is such as to drive the :
current from A (o B at the hot junction. Then : A B

av (4) (4) nnd Ide?cay& = (=2) - (= (17.30) 'oT, ~ Neri) ~ \eith, ' * pagure 12
Defining the absolute thermoelectric power of a single medium by the \
relation t current will be discontinuous across the junction, and the energy difference

_ lk i731 appears as Peltier heat at the junction. We have Jy =Jo + Wy, and
“= TA (731) since both yz and Jy are continuous across the junction it follows that the

the thermoelectic power of the thermocouple is discontinuity in Jy is equal to the discontinuity in Jg.
A gyB a Joh — Joh

. fan = en fa (07.32) seathe nt ee e vomIf we accept the electric conductivity «, the heat conductivity x, and Because of the isothermal condition the dynamical equations 17.33 and
c “ 11.34 give, in either conductor,the absolute thermoelectric power € as the three physically significant

dynamicat properties of a medium, we can eliminate the three kinetic Tq =TdeIy) (17.38)
coefficients in favor of these quantities and rewrite the kinetic equations in whence: a a
the following form: Jo” ~ Jot = Men — eaeln) (17.39)

To\t g, _ (Tee) yh 1733 The Peltier coefficient 74 p is defined as the heat that must be suppliedww = ale) Ye (17.33) to the junction when unit electric current passes from conductor 4 to

Toe\ | t conductor B. Thus :Iga (F)h vm + (Pod + PV 5, (17.34) nan = Vo" — Joely = Ten — €4) (17.40)
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Equation 17.40, which relates the Peltier coefficient to the absolute However the temperature distribution is that which is determined by the
thermoelectric powers, is one of the relations presented on empirical steady state with no electric current, and we know that V+ Jy vanishes
evidence by Kelvin in 1854. Itis called the second Kelvin, relation. in that state, By putting Jy =0 and V-Jy =0 in equation 17.43, we
The method by which we have derived equation 17.40 is typical of all conclude that the temperature distribution is such as to make the second

applications of the Onsager relations, so that it may be appropriate to term vanish, and consequently
review the procedure. We first write the linear dynamical equations, 1 .
reducing the number of kinetic coefficients appearing therein by invoking Vidy =TVe-(eSy) — 2 (edn) (17.44)
the Onsager relations. We then proceed to analyze various effects, . ;
‘expressingeach in terms of the kinetic coefficients. When we have analyzed 4 Furthermore, noting that the thermoelectric power is a function of the
as many effects as there are kinetic coefficients, we rewrite the dynamical local temperature, we write
equations in terms of those effects rather than in terms of the kinetic vente y,
coefficients (as in equations 17.33 and 17.34). ‘Thereafter every additional iar ace (17.45)
effect analyzed on the basis of the dynamical equations results in a relation and
analogous to equation 17.40 and expresses this new effect in terms of the de 1
coefficients in the dynamical equation. Vidy = TG. VT: (Iw) — 5 (eu (17.46)

175 ‘The Thomson Effect / The second term is the Joule heat, produced by the flow of electric
current, even in the absence of a temperature gradient. ‘The first term

‘The Thomson effect refers to the evolution of heat as an electric current represents the Thomson heat, absorbed from the heat reservoirs when the

traverses a temperature gradient in a material. current eJy traverses the temperature gradient V7. The Thomson
Consider a conductor carrying a heat current but no electric current, coefficient + is defined as the Thomson heat absorbed per unit electric

A temperature distribution governed by the temperature dependence of current and per unit temperature gradient.
the kinetic coefficients will be set up. Let.the conductor now be placed
in contact at each point with 2 heat reservoir of the same temperature as pm Thomson heat de
that point, so that there is no heat interchange between conductor and Wren) a (17.471)
reservoirs. Now let an electric current pass through the conductor. An |

interchange of heat will take place between conductor and reservoirs. | Although we have obtained the foregoing relation between 7 and « by
This heat exchange consists of two parts—the Joule heat and the Thomson ‘our standard procedure, it is of interest that this relation can be derived
heat 4 by an alternate procedure, combining the second Kelvin relation (equation

{AS the electric current passes along the conductor, any change in total | 17.40) with considerations of energy conservation.
energy flow must be supplied by an energy interchange with the reservoirs. To carry out this alternate derivation, we consider a thermocouple
Thus we must compute V° Jy. ' subjectedtoa very small temperature difference dT. Into one arm of this

thermocouple is inserted a battery of just such a voltage as to negate theVidy = V'Got wy) =ViIg+ VarIy (17.41) Seebeck voltage, causing no‘lecivie corrent 10 flow inthe thermocouple
which can be expressed in terms of Jy and V(1/T) by using equations circuit.
17.35 and 17.33. An accordance with equations 17.30 and 17.32, the required emf of the

1 e 1 battery is eg — 79 ‘The thermocouple circuit is indicated in Figure 17.3.
Vdy =V- (reedy 41% vt) + (- © 5y + Tee vi): Jy (1742) _ We now consider the virtual transfer of a unit of charge around the7, 3 Tr circuit, and we list the various eftergy transfers that take place in theor

ga process. As the charge erostes the cold junction, from B to 4, a Pele
Ny <T Ver - (revt)

2

; \eat of -+7r is absorbed from the reservoir. As the charge traverses theVly = T Ve (ey) +9 ( %4) oe (1743) legA of the thermocouple, the Thomson heat + 4 dT'is absorbed from the
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reservoirs. However, we ignore the Joule heat because we assume the componenis. To simplify the notation we write N, for Jya Qs for Joes
charge to be transported so slowly that the Joule heat, which is quadratic and similarly for the y-components.

*

in the currents, is negligible compared to the Thomson heat, which is 1 1 1 1linear in the currents. In traversing the hot junction from A to B the | f= (v. *) Q.+ (%.5) Q- (bv) Me - G vt), (17.51)
Peltier heat 2.4 ,(T-+ dT)is absorbed. In traversingthe leg # the Thomson here V. TT Tr .
heat rpdT is absorbed. .And in traversing the battery an amount of where V, denotes the partial derivative 8/@x. We conclude that if — Na,=Ny: Oy and Q, are fluxes the associated affinities are (1/T)V.u,

4 . m

Tr T+dT -
:

:

¥ i B Ms :
on%

@

Figure 173

. y
work equal to the emf of the battery, or ¢, — €4, is performed. Equating .

7

the total energy absorbed to the work done on the battery gives ) . Figure 17.4y (UT)V,1, V.Ci/T), and V(I/T), respectively. 7 icalwl af » a , ively. The d; tr timpd T+ TdT + al + AT) — 19 dT len — Soap CTRa Nall {U/T), respectively. The dynamical equations
But 1 1 1 1

dr -N, = Luz, naz Vy i3aVex Ver

py ayhT+ aD) =ylT)+San ar (17.49) fa = Ling Vet t Liag Volt+ LisVar+ LVo re

a a 1 rolapg tp xa whence és ‘ <M, = Lin Vat + Lia Vo + LesVeg + LuVe 7.
© Sb tran team (17.50) y1. v1 1 1, :2752)Q. = LingVolt + LingVart + LaVernet Lao

Finally, inserting equation 17.40 for the Peltier coefficient gives the v1 v1 rol uel
equivalent of equation 17.47. Oy = Lar 7 Vat + LengVo + LaVernet Lutes

‘Equation 17.50, which depends on energy conservation alone and which The O: th th
does not require the Onsager theorem for its demonstration, was given by ynsager theorem states thatKelvin and is called thefirst Kelvin relation. | Ly) = j-H) (17.53),

If we assume isotropy in the 2y-plane, the symmetry of the 2 and

17.6 The Thermomagnetic Dynamical Equations , y-axes requires that Lj, = Ly, etc., reducing the dynamical equations to
al at sg ling!

Having demonstrated the technique of application of the Onsager Ng = LipVe + LiaVote + Leg t Lulz
theorem in some detail, we can now treat the thermomagnetic effects . i 1

-

1 H

relatively concisely. These effects occur when electric and heat currents Ny = LapMate + Lage + LaVag + LisVy
are permitted to flow in a plane perpendicular to an applied magnetic ' | , T rsa)
field,as shown in Figure 17.4. er ype tlvet EVEL L :The dynamical equations 17.10 and 17.11 apply specifically to one- OQ, = Lay Volt + Ling Volt + LisVarn + LuV7
dimensional flow. ‘To obtain their analogues for two-dimensional flow, pl 1 rolgpe tl
wwe return to equation 17.9, which we rewrite explicitly in its Cartesian Oy = Lene Vat + Lan Vell — LVeg + LaVeg
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in which, furthermore, L,, Li, Lix, and Lg are identified as even functions simplified if we first invert the dynamical equations in such a way that
of the magnetic field, whereas Lis, Lig, Lyq, and Ly, are identified as odd the electrical current and temperature gradients, which are the experi=
functions of the magnetic field mentally controlled variables, appear on the right.
From the Onsager relation (equation 17.53) we now have In carrying out the inversion of the dynamical equations it is convenient

: , also to introduce explicitly the electric current eV, and the electrochemical
LylH) = Ly(HD (17.55) potential per unit charge (L/e)V_u and to write the equations in terms-of.

‘HoweverLj, is an even function of the field, so that V.T instead of V,(I/T). The various resulting factors of I/e, e, and
LH) =Ln) (17.56) —I/T? are absorbed into the new kinetic coefficients. We thus obtain

4 1

These two equations imply that Vet =Lee + Laxey — Ly3VeT — LuV ,T

Ly) = LH (17.57) ly LyseN, + LeeN, y y—

5 Vee= —LyeNg + LyueNy + LuVeT— Ly3V,TSimilarly, from the Onsager relation, e au fas * (17.62)
LH) = Lul-H) (17.58) Q_ = —ThayeN, ~ Tye, — LaVeT — LuV iT

But examination of equations 17.54 shows that we have already identified Q, = ThyeN, — ThyyeN, + Ly VeT — Ly,V,T
Li, as equal to —L5, by symmetry considerations, so that The new kinetic coefficients Ly, are, of course, fairly complicated functions

a A f the old kinetic coefficients Lj, But the precise form of these relation-= -Lyf- 17.55 or ne ws Pr relation-Li (Hl) = ~Lgl) «78 “ships is of no consequence to us. The only significant fact is that the
‘Again, Lig is an odd function of the magnetic field, implying finally that symmétry of the coefficients in equation 17.62 is implied by the symmetry

7 =u 17.60) of the coefficients in equation 17.61, as the reader may convince himselfLH) = La) (17.60) without recourse to detailed algebraic inversion of the equations.
‘The Onsager relation therefore enables us to climinate two kinetic .

coefficients from the dynamical equations, which thereby become 17.7 The Thermomagnetic Effects

Ng = Ligh Yap + Lig Vy + EgVen + Lays We now proceed with the definition of a number of effects and of their
T T T T associated descriptive coefficients.

i 1 1 + 1AM, = Lin Vell + DinVet — LuVeg+ LisVo 7g ing Velt + Ea Volt ~ Var F  ansy 1. The Absolute Thermoelectric Power
1 l rola pg In the presenceof a magnetic fieldthe definition of the absolert a lopgl P ignetic field the definitionof the absoluteQe = Lisp Vee + Lia Vol + LasVeg + Lawn 7 thermoelectric power is conveniently taken as

a a roliagl 1Oy = LagVert + Lis z Vat — Lae+ Leo c= VuulV.T with N,=N,=V,T=0 (17.63)
‘We are now prepared to undertake our analysis of the various thermo- whence

magnetic effects in principle. There are six kinetic coefficients in the e=Ly (17.64)
dynamical equations. Byintroducing six effects and defining six descrip- ,
tive coefficients for thuse effects, we can climinate the kinetic 2. The Isothermal Electric Conductivity

coefficients in favor of these six descriptive coefficients. Any further
effects analyzed will result in relations analogous to the Kelvin relations. a= —eN,/* Vin with = -V,T=V,T=N, =0 (17.65)However, Mazur and Prigogine have shown that the algebra.is greatly ; e w= Ny
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whence . iabati 19. The Ac

oy = Ly (17.66) diabatic Nernst Effect
1

=--V, it =N,=0,=0 (17;3, The Adiabatic Electric Conductivity eS — ZVoulH.VeT with Ne = Ny= Q,=0 (17.79)
1 whence

o, = —eN,/' v.n with | V;,T=Q,=N,=0 (17.67) Na = Las — LraksalLaa)He (17.80)
whence n

0, = (Lay — TLighLgs)* (17.68), 10. The Ettingshausen Effect
E=V,T/HeN, with N,=0,=¥,T=0 (1781)

4, The Isothermal Heat Conductivity whence. .
=—O1V.T with N,=N,=V,T=0 (17.69) Es ThylH Lay (17.82)

whence

Ky = Lag (17.70) 11. The Leduc-Righi Effect

2=V,TH,V.T with N,=N,=Q,=0 (17.83)5. The Adiabatic Heat Conductivity whence

x =-0,/V.T with N,=N,=Q,=0 (1771) Cala Las * 7.84)whence ‘The fundamental set of dynamical equations can now be written in the

Wg = (Es + E50 Las 7.72) matrix form
1 :

6. The Isothermal Hall Effect , — Ver ot HR =e -An eN,
1 ‘

-Rew VyulHeN, with VF V\T=N,=0 (17:73) _ i vel =| aR of Hn Le eN,
whence

R= LH, (17.74) OQ. —Te -THy — —Hyw& VT

Q, TH Te Axe Ky vrle liabatic Hall Effect‘1. The Adi ic Hal fect (17.83)
R= ty, wlHeN, with V,0=Q,=N,=0 (17.75) We further find the relations

g Vel HeeNy j KE = Ty (17.86)whence ky ee = Hye Lt 7.87)Ry= (Lin + Thaalyalladl He (17.76) ao es Hane 4ts = (Lia + ThyalralLoo genet ming 7s)
8, The Isothermal Nernst Effect Ra Rem ck (17.89)

1 . UA I=L (17.90)
n= —-VwlHV.T with Ng = Ny = V,T=0 (17.77) Each of the coefficients is an even function of the miagnetic field. Thus

whence
e the isothermal conductivity can be expanded in’ powers of H, to give

1 = LlH, (17.78) oy =o + OP HE + OMHE++ (17.91),
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and the coefficient of the quadratic term is called a magneto-conductivity eros“a“$ @:coefficient, :

;

Any experimental situation can be directly analyzed by equation 17.85, . ;
relating it to the thermomagnetic coefficients appearing therein. The Some Relations
resultant equations, analogous to the thermomagnetic relations 17.86- ° :
17.90, represent the fruits of the theory of irreversible processes applied Involving Partial 7
to conductivity phenomena. oe

Derivatives

|

AL Partial Derivatives

In thermodynamics we are interested in continuous functions of three
(or more) variables.

i : v= vy 2) (AD

If two independent variables, say y and 2, are held constant, y becomes
a function of only one independent variable 2, and the derivative of y
with respect to # may be defined and computed in the standard fashion.
The derivative so obtained is called the partial derivative of y with respect
to 2 and is denoted by the symbol (2y/22),,, or simply by @y/@z. The
derivative depends upon x and also upon the values at which y and 2 are
held during the differentiation; that is dy/2 is a function of 2, y, and z,
‘The derivatives @y/@y and y/@: are defined in an identical manner,

The function y/@x, if continuous, may itselfbe differentiated to yieldthree derivatives which are called the second partial derivatives of p:

2 (2) 2Ga\ ax) ~ oa

. : a 28) _ae =k a2)
.

a (22) 7O2\dz) ™ 32 Oz

09 ’
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By partial differentiation of the functions 3/ay and @y/dz, we obtain where
other second partial derivatives of y: ay ay. apdyat = pad

ty ty ty te Pe ay BY Ya aytat as
Gedy’ Oy” ey’ Beds’ Dy ae’ e ay ay ay a= e e

It may be shown that under the continuity conditions which we have Pom as (b+ a UN + aa tae dedy
assumed for p and its partial derivatives the order of differentiation is

immaterial, o that 422% aed 22 ayde (AD)a a Ox Oz Oy Oz -ay
oy ye egy and generallyeay dy ae’ Beds Beds’ Bye” Hedy a a aye .

‘There are therefore just six nonequivalent second partial derivatives ofa ay = (@ utente 2) vy, 2) (A.10)function of three independent variables (three for a function of two .

variables, and }n(n + 1) for a function of n variables). These quantities dy, d*y---,d"p-+- are called the first, second, and nthorder differentials of y.

A2. Taylor's Expansion
. A.4 Composite Functions

The relationship between (2, y, 2) and y(z + dz, y -+ dy,2 + dz), where - 7
dx, dy, and dz denote arbitrary increments in x, y, and 2, is given by Returning to the first-order differential, .
‘Taylor’s expansion: Qt a atay, Op. . ap ae= (2) aes (58). av + (2) @ (aapyle + de, y + dy, 2 + de) = le, 4.2) + Beta Utes, we Yee Oe) ey

. an interesting cas¢ arises when’, y, and z are not varied independently but

+ ye(opeFray + e (a 42 ss dedy are themselvescone to be fete of some variable u. Then
aty ay ] deme, dyedu and dz x dude nam tee 4 at42 goede de + 255dy de + (aay venence ai du a

This expansion can be written in a convenient symbolic form: y ay) de dh ay) a

yle + de,y + dy, 2+ de) = ERA yx, 4,2) (A.5) or va 1) «de sadExpansion of the symbolic crponentisorordng to the usual series dy () a, (2) “yy () a aryeatsetdege thee a6 au ~ \de),.du* \oy),.du * Be),de .
7 - Ifzand functi ft ichen reproduces the Taylor expnsion (quaion A4) an yee unetion ‘two (or more) variables, say u and v, then

dz = &) dut (%) dv, ete.A3 Differentials of ‘ Bul a0}an

‘The Taylor expansion (equation A.4) can also be written in the form ip [ (2) (2) : (@) (2) : ) () ] teye + de, y + dy, 2 + de) — yx,y, 2) Oz) y,.\Ou),* \Oy) \du)  \O2),,,\du «.
1 1 By) (az), (ay) (au) EZ

maentnec eee as (8),.8+8).8+ 88)oa nl > 22), \B0) .* \ay),,Ad0) ,* Vee), ,\@o) J? O19
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or By successively putting dy = 0 and dz == 0 in equation A.20, we find the

2) (2) two similar relationssl) du =} do (ALLa=

(Z) a+ (3), ay (2) = ere answhere ;
Bel og OVIDuy (A23)

3)

- 2) + (i). + @),,L@), .(3),~ (), + GE). G0 + Da), @9 a) _ Craven \
° : 20) pa vl anand similarly for (3/30)... ve 1y/02)2.y

It may happen that w is identical to «itself. Then . Returning to equation A.20 we again put dz = 0, but we now divide

) _ ) (®) ) : (*) ) an through by dy rather than by dz.Ba), \Ge) 2° Nay) .\22),* \@e) ye), ay) (22 ay). " ’ . =a ES +a, (A.25)Other special cases can be treated similarly. whence wt \OH) ye \OY/ eye
‘cit Funeti ) —@vlDesAS Implicit Functions & et OVI),ie (A.26)

If p is held constant, the variations of z, y, and z are not independent, . and, on comparison with equation A.21, we find the.very reasonable result
and the relation that

v(@, y, 2) = constant (A.18) ax) 1
st fancti i ws relati (&) =a (A271)gives an implicit functional relation among 2, y, and z. This relation may WW) 2 (Oy/PX)y,x

‘be solved for one variable, say 2, in terms of the other two. From equations A.22-A.24 we then find

2 2fz,y (A.19) Ox) ay (az
im (8) GG) (420‘This function can then be treated by the techniques described above to 1! 2 \O2) oe ve

derive certain relations among the partial derivatives. However, a more Finally we return to our basic equation, which defines the differential
direct method of obtaining the appropriate relations among the partial dy, and consider the case in which 2, y, and 2 are themselves functions of
derivatives is merely to put dy = 0 in equation A.8. | a variable u (as in equation A.12)

~ (2), G+ (2) v= (5), + CH) a]
If we now put dz = 0 and divide through by dz, we find If w is to be constant, there must be a relation among =, y, and z, hence

a 4 a
also among dz/du, dy[du, and dz/du. We find

v) ‘a ry)v=

(8). 8). am =) 2 2) + (a)e Oy]2x NOX ye O= tae), Aaa), + au) edi), * Fe) ead y (A.30)
in which the symbol (@y/4z),,. appropriately indicates that the implied . stant i
functional relation between y and z is that determined by the constancy If we further require that = shall be a constant independent of u we find
ofy and z. Equation A.2I can be written in the convenient form o= (2) (2) + () 2) (aanBx) y,\Ou)yg © \OY/e,2\0U/y,2 ”(2) aOH (a2) or “_— _—Belo OPI ules _ _ OvleDys rer)
‘This equation plays a very prominent role in thermodynamic calculations. . Gzfu),, Ovex "
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‘Comparison with equation A.22 shows that OTTpo

) aORD (A.33) ;Gz} y,2 (Ox/0u),,4 , Statistical
Equations A.22, A.27, and A.33 are among the most useful formal wo.

manipulations in thermodynamic calculations. Significance :

Lo : of the Entropy

The purpose of this appendix is to provide the reader with a descriptive,
intuitive insight to the statistical significance of the entropy. An apprecia.
tion of the qualitative meaning of the entropy at the atomic level gives
valuable perspective to macroscopic thermodynamic theory.

, In Chapter 1 it is pointed out that each macroscopic system possesses
an enormous number of atomic coordinates. ‘Transitions among different
atomic states occur extremely rapidly, whereas macroscopic observations
are relatively slow. Macroscopic observations consequently correspond

| to statistical averages over the atomic coordinates.
Among the myriads of atomic coordinates-there exist a very few with

such symmetry and coherence properties that, unlike the vast majority,
they are not “averaged out” in a macroscopic measurement. These
coordinates are the energy, volume, mole numbers, and other macro-
scopic thermodynamic extensive parameters. The observed values of
these parameters characterize a thermodynamic state or a macrostate of
a system. Each such macrostate is, then, consistent with a very large
number of microstates, or underlying atomic states.
As an example, consider two simple systems contained within a closed

cylinder and separated by an internal piston. The macrostate of such a
system is completely characterized by the extensive parameters of each of
the simple systems; UY, VD, NQ--- NM and UM, Ve, NO-NO
However, for any given set of values ofthese variables there is an enormous

number of ways in which the molecules of the system can be distributed at
any instant. ‘These different positions correspond to different microstates,

us


