A summary of CallanTcn Thermoelectric Effects.

1. My first step was to go back to his chapter 2 to relearn the two basic
representations for doing thermo:

(a) the energy representation, wherein U = U(E.XI,XE...} is the main object of
interest, the are the various extensive parametérs like volume, and the first
law of thermo has this form:

P; = (dU/dX;) = generalized "force" intensive parameter

P, = (dU/@s) =T , the temperature

P; = [dU/dNi) = 1 , the chemical potential, example of intensite force

dU = Pi dIi = Td5 + rest where TdS = dQ

(b) the entropy representation , wherein S = S(U,X;,X,....) ia the main object
of interest, the Kﬂ = U now, and the others are the same as before. Then:

Fy = {dS/ﬂXi] = general force in this representation - - Pi/T ifdo
Fo, = (dS/dU) = 1/T, the inverse temperature

ds = F; dX; = (1/8) dU + rest

2. Next, we skip to chapter 16 where we learn about affinities and fluxes for
two coupled systems (discrete, not yet continuous). Assume there is some extensive
paramter X;. and related intensive force Fk . Then you can define:

fy, = F, - Fp = the difference between the forces ( affinity )
Jy = {dxk/dt} = the flux related to the above.

Think of a partitioned box that is not in TE. There is a net force on the sliding
partition which causes it to move. Thus, the volumes on the two sides change, there
is a dV/dt. This would be the flux resulting from the affinity.

Thus we are making a theory to describe things when we are close to but
not in Thermal Equilibrium! Using the chain rule, you can show that:

ds/at = £, I
Ie, as things adjust (the partition moves) the total entropy must be increasing and
this gives the rate at which it does so. Here 5 = entory of both systems together.
Note that entropy is not conwerved in the way U is!

3. The next step is to extend these ideas to the continuum case where your system
is a little differential piece of system in contact with the rest. Callan switches
to lower-case extensive paramters defined as per volume. The above equations

become:
-
f,, = grad Fl, == the affinity or driving force.

j; = the flux related to dx,/dt by continuity, flows in response to
the driving force affinity

ds/dt ='§k.'3; = rate of increase of entropy
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L. Now we would like to know how the responding fluxes are related to the
affinity driving forces which are causing the flusmes. If your system has
no "memory" (say in the form of capacitance-like effects), it is called

a2 Markoff process and you may conclude that:

Ie, the fluxes are functions of the forces and their gradients at an instant of
time, there is no need to integrate over the past somehow.

In my mind, the state of the parameters F; Just sets the stage, ie, sets
the "operating pointg" of the process, whereas the f; are the actual driving
forces. Clearly J; will depend more on fk than on any other force, but we
should expect integactions.

Note: J is not a function of U, KI,KE... the extensive parameters. Should be able
to prove this.

5. Now assume that all driving forces are very small in some sense, ie, you are
not too far away from equilibrium. Then you treat the flux Jk as a function of
two variables and expand in the affinity like so:

Jy = ij fj + hnigher order in f

If you simply ignore higher order effects, you are now talking about a linear
Markoff process and knowledge of what is going on is now contained in the
matrix of coefficients # L, = jk(r-'n). Ie, these things are only functions
of the operating point intenggve force parameters Fn.

6. Onsager's Theorem says that you don't really have to figure out all of the
entries in this L matrix (called Kinbtic Coefficients) because the following
is true and can be proved from flucthatgon theory:

Lab( Fy) = Lba{ time reversed F )

For example, an external magnetic field would be reversed in such a relationship.
Thus, you need to find the diagonal entries of L and one side only.

7. Simplest possible example of the linear Markoff application: ILet X = U and
then F_ = (1/T) so that £, = grad(1/T). Suppose there are no other inténsive
parame%ers in the problem. The flux J_ is of course a "total energy flux" which
shows how energy flows in response to a tenperature gradient. Your L matrix
has only one entry (for isotropic material, I guess):

J, = L, grad(1/t) = [~ L, /7] grad(T).

Thus you would identify L, = Kappa x T2 where kappa is the usual thermal
conductivity that you loock up in tables for some material. OChm's Law is
another example.

8. The general philosophy of using these "Onsager Equations" is to try and identify
all the 3 coefficients with known system parameters, then you will get a

system of coupled linear eguations which describe what happens! And all
coefficients are known.
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Notice ‘that, as is always the case in thermo, we never have any method
for computing any of these constants. Thermo gives us correlations between
things, but does not explain on the micro-level what is actually happening.
Ie, we might 1ike to know exactly how the affinity creates the flux and so

Ol

ThermoElectric Effects

We are now going to apply all of the above formalism to a system with
basically only two intensive parameters:

Xy = U = the total energy density F, = (1/1)

Xy = n the electron density Fy = ( -u/T)
Here, mu is the electrochemical potential of a single electron. Recall that this
is somehow the force felt by the electron. We know that such a force has a @rift
part related to electric fields and potentials, and a diffusion part related
to density gradients. Both electric fields and density gradients can "push"

an electron around, so they both contribute to the potential mu.
Our opening equation ( the first law in entropy rep) says:

ds = (1/T) du - (my/T) dn

Obviocusly we have various kinds of fluxes: J, = flux ot total energy

Jg = flux of total entropy

]

Of course we can also write the first law as du = Tds + (mu) dn = dg + (mu) dn
s0 we can introduce JQ = a heat current related to Ju and Jn as shown.

Actually, the electric current eJ_  and the heat current J are the
two that are most interesting to us physicglly, 80 we choose them ad our
basic flux variables.

Affinity associated with x, =q is F, = (ds/dq) = (1/T), so £, = grad(1/T)
Affinity associated with x; = -n is Fy = (ma)/T  so £, = grad(mu/T)

However, this point of view is not quite valid because heat is not really an
inkenx extensive variable. ? Well maybe it is OK . When we do grad(mu/T) however
we can combine the term (mu) grad(lﬁgg with the second term and redefine the L's.
Thus you get:

-dJ

n = Iy [(1/T) grad(mu)] + Ly [ grad(1/m)]
J

a L,y [(1/T) grad(m)] + Lss [ grad(1/T)]
Here we see that thermo-electric effects (effects involving heat ande electric

currents) are most simply modeled as a two—dimensional linear Markov process!
The next step is to try and identify the various coefficientgs!

[}
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1. Now, here is how you identify L;; and'L,,'with known constants; .

(a) Consider en electric current through a wire at constant temperature. The
grad(1/T) terms in the Markoff equations thus vanish. If n = n(T) , then there
will be no density gradient, so the chemical mu, has no gradient, and only
the electrical mz,, has a gradient which is of course the electric field. In
this way you can quickly relate L;, to the conductivity parameter sigma.

(b) Now suppose you have a temperature gradient and a heat current through a
wire, but no electric current. You cannct in this case set any terms equal
to zero in the Markov equations, but you can invert them as a 2x2 matrix
equation ( in effect eliminating the unknown grad(mu) to relate the thermal
conductivity kappa to the three L's. Note that kappa £ f(L.,) only.

In doing this matrix inversion, we also get a special equation (17.24)
which is of course valid only when there is no electric current.

2. There is still one unknown parameter which we have to figure out how to
measure. Let us define:

epsilon = - lef{eTLll)

This you see is essentially the parameter that appears in that equation (17.24)
which applies when no currents. If you integrate this equation around a
standard thermocouple, you find:

T
Vseebeck = S (€e~€y ] dT

or dv/dT = (€g=-En) = "the thermoelectric power of thermocouple”

Note: While measuring this thermocouple voltage, we must make sure no current
is drawn, otherwise we invalideate using (17.24). This voltage measurement with
no current is called the Seebeck Effect or Seebeck voltage.

Note: although the absolute thermoelectric power € clearly exists and is
calculable from first principles, the Seebeck Effect only allows you to measure
relative epsilons. At some point you must kmow the epsilon for some metal (perhaps
platimum), then you can measure the rest. I wonder what experiment lets you
measure absolute epsilon?

3. The Peltier Effect. From (17.35), consider a current rumning through a junction
held at constant temperature T. Since no T gradient, you have J_ =T eps e J_ .
But we know that eps is discontinuous through the junction, whegeas T and J_°

are continuous; thus J is discontinuous and heat is emmitted or absorbed at

the junction. This is Phe Peltier effect. Note that no mechanism is actually
stated for this process. We are only doing thermo.

Equation turns out to be: Jg - Ji = Tlea [:.,;-,Jn} where Tga = T(€g—Cn )
Thus, the junction heat current generated in Peltier Effect is proportional to

the electric current crammed through the junction ( or generated by it!). The
Peltier coefficient is trivially related to the difference of the Seebeck Coefficients.
Joule heating has been ignored here.
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l,. Thomson Effect. Now consider a short piece of wire with a temperature difference
dT between the ends. This might be a piece of the wire in a thermocouple which
connects the two temperature reservoirs. You can show this:

du/dt = rate or production of energy at some point
= tau. grad(T) + (eJ,) + Joule heating

This says that there is heafi created or zbsorbed (depending on sign of constant
tau) in addition to usual I<R heating, and this extra heat or logs is calFd
the Thomson Heat or Thomson Effect.

You can see that the heat of this effect 1s proportional to the current
in the wire and to the temperature gradient the wire is in. The actual heating
or cooling depends on the relative directions of curreht and temp gradient.

tau = - T (d eps/dT)
So this constant is the derivative of the Seebeck coefficient!

5. Numbers. For typical metals, ) = 20 u?/ﬂagree which is very emall and
makes practical reffigeration diffic%E For certein semicenductor materials
however this number goes up to perhaps 400 uV/deg.

A typical Seebeck thermocouple voltage from metals is perhaps 6 millivolts.
Generally, thermocouple devices operate at voltages like this, and relatively
high currents like 40 amperes. They are inherently low resistance devices.

6. Other effect=

Fourier Conduction refers simply to the fact that, when you try to make a
refrigerator with Thomson or Peltier effects, even when you have no electric
currents, heat will leak through your material from the hot to the cold, thus
hurting your effieiency. Part of the game in thermo design is to find materials
which have low Fourier conduction, but high Seebeck coefficient.

Joule Heating. This is just the EI = IER heating in a wire of junction.

References:

Callan, HB. Chapters 2, 16, 17
Zemansky, Chapters 9 and 13.

Reif has nothing except comments on Onsager symmetry.
Angrist Direct Energy Conversion book has some stuff.
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X PREFACE

sions of the thermodynamic method have been made outside the
domain of cquilibrium.  The associated theory is generally referred
to as irreversible thermodynamics or the theory of irreversible proc-
esses. It seems probable that this new extension of the theory will
provide some of the most significant rewards of the thermodynamic
method. Some results of the theory of irreversible thermodynamics
are presented in the final chapters of this book.

HerperT B. CALLEN
Philadelphia, Pennsylvania
November JO59
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1.7-4. A small paddle wheel is installed in the system of problem 1.7-1.
The shalt of the paddle wheel extends through the walls of the system and can
be driven at 240 rps by an exi¢rnal motor, The viscous torgue on the paddle
wheel is then 107 em-dynes. I the motor is thus permitted to do work on the
system while the volume is kept constant and the system is adiabatically enclosed,
the pressure is found to increase at a rale '

dF 2
7w
where T is the viscous torque and @ is the angular velocity of the paddle wheel.
Using the foregoing process and the process of adiabatic expansion described
in problem 1.7-3, find the internal energy of any equilibrium state with arbitrary
pressure P and volume F. Choose the state 4 (P = 32 atm, ¥ = | liter) as the
fiducial state,
What are the heat fluxes in each separate step of process a in problem [.7-37
In each step of process ¢?7
Answer: Heat flux in the first step of process a = 560 liter-atm.

1.7-5. Two moles of a particular single-component system are found to
have a dependence of internal energy U7 on pressure and volume given by
U=dAPV* (forN=2) '
where 4 = 10 cm™®, Note that doubling the system doubles the volume, energy,
and mole number but leaves the pressure unaltered, and write the complete
dependence of IV on P, ¥, and N for arbitrary mole number.
Answer: U = BPVIN, B = 20fcm?

1.7-6. Assuming the system of problems 1.7-3 and 1.7-4 to have been a
single-component system, show that the complete functional dependence of
Uon B, ¥, and N is, in fact, independent of N,

177, A Emrlicular single-component system of one mole has adiabats of
the form PF = constant, It is fitted with a sticrer, as in. problem 1.7-4,
When the stirrer does an amount of work, dW, the pressure increase dP (at
constant volume} is given by

dW = (}V + V¥H)dP
Find the internal energy as a function of P, ¥, and N.
1.7-8. Show that if a single-component system is such that P¥'* is constant
in an adiabatic process {k is a positive constant) the energy is

U= k—]:'i PV + Nf(PVIN¥

where (is an arbitrary function. _
Hint: First show that U/ — IJ'—_IPF is constant on each adiabat.

1.8 The Basic Problem of Thermodynamics '

In terms of the definitions and discussions of the preceding sections we
are now able to formulate the basic problem of thermodynamics. We

=
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shall find that the mere statement of the problem suggests the postulates
which provide its solution. )

Let us suppose that two simple systems are contained within a closed
cylinder, separated from each other by an internal piston. Assume that
the cylinder walls and the piston are rigid, impermeable to matter, and
adiabatic and that the position of the piston is firmly fixed. Each of the
systems is closed. I{ we now free the piston, it will, in general, seck some -
new position. Similarly, if the adiabatic coating is stripped from the piston
so that heat can flow between the two systems, there will be a redistribu-
tion of energy between the two systems. Again, if holes are punched in

Figure 1.3

the piston, there will be a redistribution of matter (and also of energy)
between the two systems. Thus the removal of a constraint in each case
results in the onset of some spontaneous process, and when the systems
finally settle into new equilibrium states they do so with new values of
the parameters UV, V0, N ... and U®, Y@, NP ---. The basic
problem of thermodynamics is the calculation of the equilibrium values
of these parameters. : '

Before formulating the postulate that provides the means of solution of
this problem, we rephrase the problem in a slightly more general form
without reference to such special devices as cylinders and pistons.

Given two or more simple systems, they may be considered as consti-
tuting a single composite system. The composite system is termed closed
if it is surrounded by a wall that is restrictive with respect to the total

- energy, the total volume, and the total mole numbers of each component

of the composite system. The individual simple systems within a closed
composite system need not themselves be closed. Thus, in the particular
example referred to, the composite system is closed even if the
internal piston is free to move or has holes in it. Constraints that prevent
the flow of energy, volume, or matter among the simple systems con-
stituting the composite system are known as internal constraints. If a
closed composite system is in equilibrium with respect to certain internal
constraints and if some of these constraints are then removed, the system
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eventually comes into a new equilibrium state. That is, certain processes
which were previously disallowed become allowed or, in the terminology
of mechanics, become virtual processes. The basic problem of thermo-
dynamics is the determination of the equilibrium state that eventually

results after the removal of internal constraints in a closed composile
Sysfen. ’

1.9 The Entropy Maximum Postulates

The induction from experimental observation of the central principle
that provides the solution of our basic problem is by no means straight-
forward. The logical deviousness of the historical method is matched by
the subtlety of the elegant modern quantum statistical approach. Rather
than attempting to induce the solution from experiment or deriving it
from quantum statistical theory, we therefore merely adopt it as a
postulate, depending upon a posteriori rather than a priori justification.
But even by this inethod we shall see that our postulate is not unmotivated;
It appears as the most natural and plausible guess that we might make,
That is, the postulates that we now adopt provide the simplest conceivable
Jormal solution to our basic problem. On this basis alone the problem
miight have been solved; the tentative postulation of the simplest formal
solution of a problem is a conventional and frequently successful mode
of procedure in theoretical physics.

What then is the simplest criterion’ that can reasonably be imagined
for the determination of the final equilibrium state? From our experience
with many physical theorics we might expect that the most economical
form for the equilibrium criterion is in terms of an extremum principle.
That is, we might hope that the values of the extensive parameters in the
final equilibrium state are simply those that maximize* some function.
And, straining our optimism to the limit, we might hope that this
hypothetical function has several particular simple mathematical proper-
ties, designed to guarantec simplicity of the derived theory. We develop
this proposed solution in a series of postulates.

Postulate 11. There exists a function (called the entropy 5} of the
exfensive parameters of any composite system, defined for all equilibrium
states and having thé following property. The values assumed by the extensive
paramelers in the absence of an internal constraint are those that maximize
the entropy over the manifold of constrained equilibrium siates.

* Or minimize the function, this being purely a matter of convention in the choice of

the sign of the function, having no consequence whatever in the logical structure of the
theary.

-15
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It must be stressed that we postulate the existence of the entropy only
for equilibrium states, and that our postulate makes no re!’erenct: what-
soever to nonequilibrium states. In the absence of a cunst.ramt.lhc system
is free to select any onc of. & number of states, each of which might also be
realized in the presence of a suitable constraint. The entropy ofr each of
these constrained equilibrium states is definite, and the entropy is largt.:_it .
in some particular state of the set. In the absence of the constraint it is
this state of maximum entropy that is selected by the system.

In the case of two systems scparated by a diaihermal. wall we may
wish to predict the manner in which the total energy U dist:?hutcs l_:-ctwaen
the two systems. We then consider the cumpnsitexyst::m WIﬂ'.! the internal
diathermal wall replaced by an adiabatic wall and with pﬂrtl(.:ulfll' values
of U and U™ (consistent, of course, with the restriction _lhat
U™ 4 U™ = U). For each such constrained equilibrium state there is an
entropy of the composite system, and for some particular values of U™ al:g
U this entropy is maximum. These, then, are the valuc:v. of UM and U
that obtain in the presence of the diathermal wall, or in the absence of
the adiabatic constraint. . ‘ . ‘

All problems in thermodynamics are essentially equivalent to the basic
problem we formulated in section 1.8. But the h_as:of: Pﬂ..'lhlltm can be
completely solved with the aid of the extremum pnpmplc if the entropy
of the system is known as a function of the extensive paramecters. The
relation that gives the entropy as a function of the extensive parameters
is known as a fundamental relation. 1t therefore follows that :f the
fundamental relation of a particular system is .’mo:lm all conceivable
thermodynamic information about the system is astertainable :Imrgﬂron?.

The importance of the foregoing statement cannot be owr:smph1a5|m:.|.
The information contained in a fundamental relation is all-inclusive—it
is equivalent to all conceivable numerical data, to 1al.l cllarts,_ and to all
imaginable types of descriptions of thermodynamic properties. ]t: the
fundamental relation of a system is known, there remains not a s_mglc
thermodynamic attribute that is not completely and precisely determined.

Postulate III. The entropy of a composite system is additive over the
constituent subsystems. The entropy is continuous and differentiable and
is a monotonically increasing function of the energy.

Several mathematical consequences follow immediately. 'I:he additivity
praperty states that the entropy S of the composite system is merely the
sum of the entropies 5™ of the constituent subsystems:

§=35" (L4)
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The entropy of each subsystem is a function of the extensive parameters
ol that subsysiem alone

SO = sy, pio N ... N (1.5)

The additivity property when applied to conceptually distinct (rather
than actually physically distinct) subsystems requires the following
property. The entropy of a simple system is a homogencous Jirst-order
Junction of the extensive parameters. That is, il all the extensive parameters
of a system are multiplied by a constant 1, the entropy is muitiplied by
this same constant. Or, omitting the superseript (a),

S(AU, 2V, ANy ++ + AN,) = AS(U, V, N, - -+ N,) (1.6)

The monotonic property postulated implies that the partial derivative
(25/8U)p ... x, is a positive quantity,

(:_;;gr)r,,r‘.“ﬂ, =1 (.7

As the theory develops in subsequent sections, we shall see that the
reciprocal of this partial derivative is taken as the definition of the
temperature. Thus the temperature is postulated to be nonnegative. *

The continuity, differentiability, and monotonic property imply that
the entropy function can be inverted with respect to the energy and that
the energy is a single-valued, continuous, and differentiable function of
5, ¥, Ny - -+ N,. The function

S=5(U,V, Ny N) (1.8)
can be solved uniquely for Uin the form
U= U(S,V,Ny -+ N) (1.9)

Equations 1.8 and 1.9 are alternative forms of the fundamental relation,
and each contains all thermodynamic information about the system.

We note that the extensivity of the entropy permits us to scale the
properties of a system of N moles from the properties of a system of
I mole. The fundamental equation is subject to the identity

S(UJ VJ Nh NI e 'Nr} = NS{UJFN! VIN'I Nll'iN. o Nrf”} {L“}}

i:_] which we have taken-the scale factor 4 equal to 1/N = 1/ N,. For a
single-component simple system, in particular, *

S(U, ¥, N) = NS(U[N, VN, 1) (1.11)

* The possibility of negative values of this derivative (that is, of negative temperatures) -
has been discussed by M. F. Ranwscy, Phys. Rev. 103, 20 (1956). Such stales can be’
pru_dune::l and maintained for short times in certain unique systems. To accommodate
II_-pelr existence requires subller and more abstract postulales, and in the interest of
simplicity we exclude consideration of these very specialized states.
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But U/N is the energy per mole, which we denote by u.

us= UN 11.12)
Also, F[N is the volume per mole, which we denote by v.

v= VN (1.13)

Thus S(U[N, ¥[N, 1} = S(u, v, 1) is the entropy of a system ol a single’
mole, to be denoted by s(w, v).

su, v) = S(u, v, 1) (1.14)
Equation 1.11 now becomes
S(U, ¥, N) = Ns{u, v} (1.15)

Postulate IV. The entropy of any system vanishes in the state for which
(@U[3S)yw,...n, =0  (that is, at the zero of temperature)

This postulate is an extension, due to Planck, of the so-called Nernst
postulate or third law of thermodynamics. Historically, it was the latest of
the postulates to be developed, being inconsistent with classical statistical
mechanics and requiring the prior establishment of quantum statistics in
order that it could be properly appreciated. The bulk of thermodynamics
does not require this postulate, and we make no further reference to it
until Chdpter 10. Nevertheless, we have chosen to present the postulate
at this point to close the postulatory basis.

The foregoing postulates are the logical bases of our development of
thermodynamics. In the light of these postulates, then, it may be well to
reiterate briefly the method of solution of the standard type of thermo-
dynamic problem, as formulated in section 1.8, We are given a composite
system and we assume the fundamental equation of each of the constituent
systems to be known in principle. These fundamental equations determine
the individual entropies of the subsystems when these systems are in
equilibrium. If the total composite system is in a constrained equilibrium
state, with particular values of the extensive parameters of each con-
stituent system, the total entropy is obtained by addition of the individual
entropies. This total entropy is known as a function of the various
extensive parameters of the subsystems. By straightforward differentia-
tion, we compute the extrema of the total entropy function, and then, on
the basis of the sign of the second derivative, we classify these extrema
as minima, maxima, or as horizontal inflections, In an appropriate
physical terminology we first find the equilibrium siates and we then
classify them on the basis of stability. 1t should be noted that in the
adoption of this conventional terminology we augment our previous
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definition of equilibrium; that which was previously termed equilibrium
1s now termed stable equilibrium, whereas unsiable equilibrium states are
newly defined in terms of extrema other than maxima.

It is perhaps appropriate at this point to acknowledge that although
all applications of thermodynamics are equivalent in principle to the
procedure outlined there are several alternative procedures that frequently
prove more convenient. These alternate procedures are developed in
subsequent chapters. Thus we shall show that under appropriate con-
ditions the energy U(S, ¥, N;---) may be minimized rather than the
entropy S(U, ¥, Ny - - -) maximized, That these two procedures determine
the same final state.is analogous to the fact that a circle may be charac-
terized either as the closed curve of minimum perimeter for a given area
or as the closed curve of maximum area for a given perimeter. In later
chapters we also introduce several new functions, the minimization of
which is logically equivalent to the minimization of the energy or to the
maximization of the entropy.

The inversion of the fundamental equation and the alternative statement
of the basic extremum principle in terms of a minimum of the energy
rather than a maximum of the entropy suggests another viewpoint from
which the extremum postulate perhaps may appear plausible. In the
theories of electricity and mechanics, ignoring thermal eflects, the energy
is a function of various mechanical parameters, and the condition of
equilibrium is that the energy shall be a.minimum. Thus a cone is stable
lying on its side, rather than standing on its point, because the first
position is of lower energy. If thermal effects are to be included, the energy
ceases to be a function simply of the mechanical parameters. According
to the inverted lundamental equation, however, the energy is a function
of the mechanical parameters and of one additional parameter (the
entropy). By the introduction of this additional parameter the form of
the energy-minimum principle is extended to the domain of thermal effects
as well as to pure mechanical phenomena. In this manner we obtain
a-sort of correspondence principle between thermodynamics and
mechanics—insuring that the thermodynamic equilibrium principle
reduces to the mechanical equilibrium principle when thermal effects can
be neglected.

We shall see that the mathematical condition that a maximum of
S(U. ¥, Ny - - -) implies a minimum of U(S, ¥, N, - - -) is that the derivative
(5/8U)y ... be positive. The motivation for the introduction of this
statement in postulate 11T may be understood in terms of our desire to
insure that the entropy maximum principle will go over into an energy
minimum principle on inversion of the fundamental equation.

The attention of the reader is called to Appendix B, in which the entropy
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is given an atomistic significance in terms of statistical mechanical concepts.
Our further considerations do not depend in any way on the material in
the Appendix. However, the reader who is plagued by the question “But
what is the entropy?” may wish to allay this curiosity by reading
Appendix B at this point.

»

Problems—Section 1.9

1.9-1. The following ten equations are purported to be fundamental
equations of various thermodynamic systems. However, five are inconsistent
with one or more of postulates II, 111, and IV and uently are not physically
acceptable. Find the five that are not physically permissible and indicate the
postulate violated by each,

The quantities vg, @, and R are positive constants, and in all cases in which
fractional exponents appear only the real positive root is to be taken.

Ry 44
(a) 8= (@) INFUD4

o s

@ &= (%]M[NU _ RGV*—‘]M

gl
) 5= (E;) VINU
Ug
R3\ %
@© S-= (r_ﬂi) Ntvys

(f) 8§ =NRIn(UVIN*ROo,)

e s= (g) INUA exp (- V2N"gD)

Ry 4 Uy
o s (5] men (- )

W U= (”-E-"’) S exp (SINR)

() Um (f‘*}w(, + S)up[ SINR)
(1]

1.9-2. For each of the five physically acceptable fundamental equatidns in
problem 1.9-1 find [7 as 2 function of 5, ¥, and N,
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1.9-3. The fundamental equation of system A is - : .
R\ 4
S, = (%) N VU _ o
1 The Conditions

and that of system B is
2

R

What is the fundamental equation of the composite system 4 + B?

1.9-4.  Assume that the internal wall between subsystems 4 and 8 in problem
1.59-3 is restrictive with respect to both volume and mole number but non-
restriclive with respect to energy; that s, itis rigid, impermeable, and diathermal.
Assume that system 4 has a volume of 9 cm?® and a mole number of 3 moles.
System B has a volume of 4 cm?® and a mole number of 2 moles. The total

_energy in the cumll:ositc systemis 20 cal. Plot the entropy against the fraction
Uy/(Uy + Up) of the encrgy in subsysiem 4. When the system has come to
equilibrium, what are the internal encrgies of each of the individual subsystems ?

of Equilibrium

2.1 Intensive Parameters

By virtue of our interest in processes and in the associated change:s'.‘of
the extensive parameters, we anticipate that we shall be concerned with
the differential form of the fundamental equation. Writing the funda-

|

i mental equation in the form

' U=US, V¥, Ny Ng- -+ N,) (2.1)
we compute the first differential:

| . au rfau

= dU = (an—”) ds + (—) av + % (——) dN;

. 05/ vy, ¥, oV / su .- n, F=L\ON/sv... ¥, @)

The various partial derivatives appearing in the foregoing equation recur
so frequently that it is convenient to introduce special symbols for them.

They are called intensive parameters, and the following notation is
conventional:
(?E) =T, the remperature (2.3)
aS VN - _ﬁrr
il - (B_UJ = P, the pressure (2.4)
1 V. §N, - N,
- | al . the electrochemical potential of 2.5)
('ﬁ;) P =Hp  the jth component :

i



2 ‘- THE COMDITIONS OF EQUILIDRIUM
With this notation, cquation 2.2 becomes
dU = T dS — PdV + pydNy + - - - + p, dN, (2.6)

The formal definition of the temperature soon will be shown to agree
with our intuitive qualitative concept, based on the physiological notion
of “hot” and “cold.” We certainly would be reluctant to adopt a defini-
tion of the temperature that would contradict such strongly entrenched
although qualitative notions. For the moment, however, we merely
introduce the concept of temperature by the formal definition (2.3).

Similarly, we shall soon corroborate that the pressure defined by
equation 2.4 agrees in every respect with the pressure defined in mechanics.
With respect (o the several electrochemical potentials, we have no prior
definitions or concepts and we are free to adopt the definition (equation
2.5) forthwith.

For brevity, the electrochemical potential is often referred to simply as
the chemical potential, and we shall use these two terms interchangeably.
However it should be noted that occasionally, and particularly in the
theory of solids, the chemical potential is defined as x minus the molar
electrostatic energy.

The term —P dV in equation 2.6 is identified as the quasi-static work
dW 5y, as given by equation 1.1.

In the special case of constant mole numbers equation 2.6 can then be
writien as ’

TdS =dU — dWy  if dNy=dN, = dN, =0 @7

Recalling our definition of the quasi-siatic heat, or comparing equation
2.7 with equation 1.2, we now recognize T dS as the quasi-static heat flux.

dQ = TdS (2.8)

A quasi-static flux of heat into a system is associated with an increase of
entropy of that system.

The remaining terms in equation 2.6 represent an increase of internal
energy associated with the addition of matter to a system. This type of
energy flux, although intuitively meaningful, is not frequently discussed
outside thermodynamics and does not have a familiar distinctive name.
We shall call 3 u, dN; the quasi-static chemical work.

i

dW, = 3 p, dN, .29
i=1

Therefore
dU = dQ 4 dWy + dW, (2.10)
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2.2 Equations of State

The temperature, pressure, and the electrochemical potentials are
partial derivatives of a function of §, ¥, Ny~ -~ N, and consequently are
also functions of S, ¥, N;--* N,. We thus have a set of functional

relationships, T
T=H5. VIN]. ..1Nr] {2111}

P=P(S,V,N; -+ N,) (2.12)
My = lui{S! VJ N] e Nr] [213}

Such relationships, expressing intensive parameters in terms of the
independent extensive parameters, are called equations of state.

Knowledge of a single equation of state does not constitute complete
knowledge of the thermodynamic properties of a system. We shall see,
subsequently, that knowledge of all the equations of state of a system is
equivalent to knowledge of the fundamental equation and consequently
is thermodynamically complete.

The fact that the fundamental equation of a system is homogencous
first-order has direct implications for the furictional form of the equations
of state. It follows immediately that the equations of state are homogeneous
zero-order. That is, multiplication ol each of the independent extensive
parameters by a scalar 4 leaves the function unchanged.

T(AS, AV, ANy = -+ AN,) = T(S, V, Ny - - NV,) (2.14)

It therefore follows that the temperature of a composite system com-
posed of two identical subsystems is equal to the temperature of either
subsystem. This is certainly in agreement with our intuitive concept of
temperature, The pressure and the electrochemical potentials also have
the property (2.14).

To summarize the foregoing considerations, it is convenient to adopt a
condensed notation. We denote the extensive parameters F, Ny--- N,
by the symbols X;, X+ X, so that the fundamental relation takes the

form U= UGS, Xy Xy X) 2.15)
The intensive parameters are denoted by
(-EE) =T=T(S Xy, Xy X) (2.16)
aS ‘1'1'_1',. _—

au . o

— =P, =P(S, X, Xg- X)) j=12-1¢(217)

Xyl s... Xyre+ '
whence ) .

j=1.
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is, in one case the entropy is a member of the sct of independent para-
melers, and in the second case the energy is such a member. In performing
formal manipulations in thermodynamics, it is extremely important to
make a definite commitment to one or the other of these choices and to
adhere rigorously to that choice. A great deal of confusion results from
a vacillation between these two alfernatives within a single problem.

Il the entropy is considered dependent and the energy, independent,
as in § = S(U- -~ X, ---), we shall refer to the analysis as being in the
entropy representation. 1I the energy is dependent and the entropy is
independent, as in I/ = (S -- - X+ - ), we shall refer to the analysis as
being in the energy representation.

The formal development of thermodynamics can be carried out in
either the energy or entropy representations alone, but for the solution of
a particular problem either one or the other representation may prove to
be by far the more convenient. Accordingly, we shall develop the
two representations in parallel, although a discussion presented in one
representation generally requires only a brief outline in the alternate
representation.

The relation § = S(X; - -+ X, - - ) is said to be the enfrapic fundamental
relation, the set of variables Xg-- - X, - - is called the entropic extensive
parameters, and the set of variables F--« F;--- is called the entropic
intensive parameters. Similarly, the relation U = U(S, X; - - -.X, - - -) is said
to be the energetic fundamentalrelation, the set of variables §, Xj--- X, - - -
is called the energetic extensive parame:rer.r. and the set of variables
Py Py s called the energetic intensive parameters.

Problems—Section 2.3

2.3-1. Find the three equations of state in the entropy representation for a
system with the fundamental equation

u:;“ﬂ M
v~ (%)

2.3-2. Show by a diagram (drawn to arbitrary scale) the dependence of
temperature on volume [or fixed pressure for the system of problem 2.3-1.
Draw two such “isobars,” corresponding to two values of the pressure, and
indicate which isobar corresponds to the higher pressure.

2.3-3. Find the three equations of state in the entropy representation for a
system with the fundamental equation

Al
“ (ﬁ)’**"”"
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2.4 Thermal Equilibrium —Temperature

We are now in a position to illustrate several interesting implications
of the extremum principle which we have postulated for the entropy.
Consider a closed composite system consisting of two simple systems
separated by a wall that is rigid and impermeable to matter but that does.
allow the flow of heat. The volumes and mole numbers of each of the
simple systems are fixed, but the energies U and U are free to change,
subject to the conservation restriction

[ g % = constant (2.30)

imposed by the closure of the composite system as a whole.. Assuming
that the system has come to equilibrium, we wish to find the values of
U™ and U™, Now, by our fundamental postulate, the values of U™
and U™ are such as to maximize the entropy. Therefore, by the usual
mathematical condition for an extremum, we conclude that in the
equilibrium state a virtual infinitesimal transfer of energy from system |
to system 2 will produce no change in the entropy of the whole system.

That is, A5 =0 (2.31)
The additivity of the entropy for the two subsystems gives the relation
§ = SOym, pw. .. N}l'l ce) 4 SE(US, Y@ NP (232)

As U™ and U™ are changed by the virtual energy transfer, the entropy
change is

astll) - ( ﬁsﬁl) o
8= (aUﬂl Pl -..du * U/ pm ,,,N}’l...du (233)
or, employing our definition of the temperature,
1 1
JS = ?THJU"J + ﬁ du'” {2.34}
By the conservation condition (equation 2.30), we have
dU® = —gUn (2.35)
whence | \
a5 = (ﬁ - F’i) daumr (2.36)

The condition of equilibrium (equation 2.31) demands that dS vanish for
arbitrary values of dU/'"", whence

1 1 :
=5 = 7E (2.37)
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This is the condition of equilibrium. If the fundamental equations of
each of the subsystems were known, then 1/T™ would be a known function
of U™ (and also of ¥ and N{"- - -, which, however, are merely constants).
Similarly, [/T** would be a known function of U, and the equation
1/T™ = [fT* would be one equation in U and U™, The conservation
condition U 4 U™ = constant provides a second equation, and these
two equations completely determine, in principle, the values of U™ and
of U™, To proceed further and actually to obtain the values of U™
and of U™ would require knowledge of the explicit forms of the funda-
mental equations of the systems. In thermodynamic theory, however, we
accept the existence of the fundamental equations, but we do not assume
explicit forms for them, and we therefore do not obtain explicit answers.
In practical applications of thermodynamics the fundamental equations
may be known, either by empirical observations (in terms of measure-
ments to be described later) or on the basis of statistical mechanical
calculations based on simple models. In this way applied thermodynamics
is able to lead to explicit numerical answers.

Equation 2.37 could also be written as 7 = 7%, 'We write it in the
form 1/T™ = 1/T'™ to stress the fact that our analysis is couched in the
entropy representation. By writing 1T, we indicate a function of U™,
... whereas 7' would imply a function of SW, F® ... The
physical significance of equation 2.37, however, remains the equality of
the temperatures of the two subsystems.

A second phase of the problem is the investigation of the stability of
the predicted final state. In the solution given we have not exploited
{ully the basic postulate that the entropy is a maximum in equilibrium,
but we merely have investigated the consequences of the fact that it is
an extremum. The condition that it be a maximum requires, in addition
to the condition 45 = 0, that

@5 <0 . (2.38)

The consequences of this condition lead to considerations of stability, to
which we shall give explicit attention in Chapter 8.

2.5 Agreement with Intvitive Concept of Temperature

In the foregoing example we have seen that if two systems are separated
by a diathermal wall heat will flow until each of the systems attains the
same temperature. This prediction is in agreement with our intuitive
notion of temperature, and it is the first of several observations that
corroborate the plausibility of our formal definition of the temperature.

Inguiring into our example in slightly more detail, we suppose that

e L _— e 2 r——
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the two subsystems are initially separated by an adiabatic wall and that
the temperatures of the two subsystems are almost, but not quite, equal.
In particular let us assume that,

T = T (2.39)

The system is considered to be in equilibrium with respect to the internal
adiabatic constraint. If, now, the internal adiabatic constraint is removed,

" the system is no longer in equilibrium, heat flows across the wall, and the

entropy of the composite system increases. Finally the system comes to
a new equilibrium state, determined by the condition that the final values
of T™ and T* are equal and with the maximum possible value of the
entropy that is consistent with the remaining constraints. Let us now
compare the initial and the final states. If AS denotes the entropy
difference between the final and initial states, we have

AS >0 (2.40)

But, as in equation 2.34, we find

1 1
T ~ 7@
where T11 and T are the initial values of the temperatures. ‘By the
condition that 7 > T, we now find that

AUM <0 (2.42)

This means that the spontaneous process that occurred was onc ih which
heat flowed from subsystem | fo subsystem 2. We conclude therefore
that heat tends to flow from a system with a high value of T fo a system
with a Jow value of T. This is again in agreement with our intuitive notion

AS ~ ( ) Aym | (2.41)

-of the temperature. It should be noted that these conclusions do not

depend on our assumption that T is approximately equal to T'¥; this
assumption was made merely for the purpose of obtaining mathematical
simplicity in equation 2.41, which otherwise would require a formulation
in terms of integrals.

If we now take stock of our intuitive notion of temperature, based on
the physiological sensations of hot and cold, we realize that it is based
upon two essential properties. First, we expect temperature to be an
intensive parameter, having the same value in a part of a system as it has
in the entire system. Second, we expect that heat should tend to flow
from regions of high temperature toward regions of low temperature.
These properties imply that thermal equilibrium is associated with equality
and homogeneity of the temperature. We have demonstrated that our .



L - - e il s & ] o Ll

40 ’ THE CONDITIONS OF EQUILIDRIUM

formal definition of the temperature possesses each of these properties,
so that we have now corroborated that our definition is intuitively
satisfactory.

2.6 Temperature Units

The physical dimensions of temperature are those of energy divided by
those of entropy. But we have not yet committed ourselves on the
dimensions ol entropy; in fact its dimensions can be selected quite
arbitrarily. For if the entropy is multiplied by any dimensional constant,
we obtain a new function of different dimensions but with exactly the
same extremum properties and therefore also quite acceptable as the
entropy. The only restriction we must maintain is that the product of
temperature and entropy have the dimensions of energy. We summarily
resolve the arbitrariness simply by adopting the convention that the
entropy is dimensionless; from the more incisive viewpoint of statistical
mechanics, this is a physically reasonable choice. Consequently the
dimensions of temperature are identical to those of energy. However,
just as torque and work have the same dimensions, but are very different
types of quantities and are measured in different units (the cm-dyne and
the erg, respectively), so the temperature and the energy must be carefully
distinguished. The dimensions of both energy and temperature are
[mass - (length)*/(time)*]. The wunits-of energy are joules, ergs, calories,
etc. The units of temperature remain to be discussed.

In our later discussion of thermodynamic engines and of the Carnot
cycle we show that the ratio of the temperatures of two given systems can
be measured directly and unambiguously. The measurability of the ratio
of temperatures determines the scale of temperature, except for an
arbitrary multiplicative constant. The temperature of some arbitrarily
chosen standard system may be assigned at will, and the temperatures of
all other systems are then uniquely determined, with values directly
proportional to the chosen temperature of the fiducial system.

Various choices of a fiducial system, and various assignments of its
temperature, lead to different scales of temperature. The absolute Kefvin
scale of temperature is obtained by assigning the number 273.16 to the
temperature of a mixture ol pure ice, water, and water vapor in mutual
equilibrium; a state which we show in our later discussion of “triple
points” to determine a unique temperature. The corresponding unit of
temperature is called a degree Kelvin, designated by the notation °K.
The temperature of the ice-water vapor system then is 273.16°K.

The absolute Fahrenheit scale is obtained by assigning the temperature
9{5(273.16) = 491.688°R to the ice-water-vapor system referred to. The
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unit, denoted by °R, is called the absolute Fahrenheit degree, or the degree
Rankine. Absolute Fahrenheit temperatures are merely § times the
corresponding absolute Kelvin temperature.

The definitions cited are those adopted by the Tenth General Conference
of Weights and Measures in 1954, and by universal acceptance they
supplant the earlier definitions in terms of two fixed points. .

Closely related to the absolute Kelvin scale of temperature is the
international Kelvin scale, which is a “practical” scale, defined in terms
of the properties of particular systems in various temperature ranges and
contrived to coincide as closely as possible with the absolute Kelvin
scale. The practical advantage of the international Kelvin scale is that it
provides reproducible laboratory standards for temperature measurement
throughout the temperature range. However, from the thermodynamic
point of view it is not a true temperature scale at all, and to the extent
that it deviates from the absolute scale it will not yield temperature
ratios that are consistent with those demanded by the thermodynamic
formalism.

Still another scale of temperature is the thermodynamic Celsius scale.
The unit of temperature is the degree Celsius, denoted by °C, and this
unit is identical in size with the absolute degree Kelvin. The thermo-
dynamic Celsius temperatures are defined (by the 1954 agreement) as
273.15 less than Kelvin temperatures, The temperature of ice, water, and
water-vapor in equilibrium is 0.01°C. However, the temperature of a
mixture of ice and water at 1 atm pressure is very nearly 0°C, with the
error appearing only in the third decimal place, and the temperature of
boiling water at 1 atm pressure is approximately 100°C. Consequently,
the Celsius scale provides convenient numbers for general use.

Clearly the Celsius scale yields different temperature ratios than the
Kelvin scale, and consequently the Celsius scale is not an acceptable scale
for thermodynamic use. Celsius temperatures must be converted into
Kelvin temperatures (merely by the addition of 273.15) before substitution
in thermodynamic formulas.

Prior to the 1954 international agreement, the Celsius scale was referred
to in many countries, including the United States, as the Centigrade scale.

An international Celsius scale is defined as bearing the same relationship
to the international Kelvin scale a$ the thermodynamic Celsius scale bears
to the absolute Kelvin scale. To the accuracy that will generally concern
us, we need make no distinction between the two Kelvin scales nor between
the two Celsius scales, but the difference in principle should be kept in
mind. :

Finally, a Fahrenheit scale is defined in terms of the absolute Fahrenheit
scale by subtraction of 459.67. This number is exactly 9/5(273.15) — 32.
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It follows that conversion of a Celsius temperature to a Fahrenheit
temperaturc involves multiplication by & and addition of 32. The tem-
.perature of ice and water at | atm pressure is about 32°F, the temperature
of boiling water at 1 atm pressure is about 212°F, and room temperatures
are in the vicinity of 70°F. .

Although we have defined the temperature formally in terms of a partial
derivative of the fundamental relation, we note briefly, in conclusion, the
conventional method of introduction of the temperature concept, as
developed by Kelvin and Caratheodory. The heat flux 4Q is first defined
very much as we have introduced it in connection with the energy
conservation principle. From the consideration of certain cyclic processes
it is then inferred that there exists an integrating factor (1/T) such that the
product of this integrating factor with the 'imp:rﬁ:::t differential 40 is a
perfect differential (d5).

1
dS = = dQ (2.43)

The temperature and the entropy thereby are introduced by analysis of
the existence of integrating factors in particular types of differential
equations called Pfaffian forms.

Problems—Section 2.6

2.6-1. The temperature of a system composed ol ice, water, and water-
vapor in mutual equilibrium has a temperalure of exactly 273.16°K, by definition,
The femperature of a system of ice and water at | atm of pressure is then
measured as 27315°K, with the third and later decimal places uncertain, The
temperature of a system of water and waler-vapor (i.e. boiling water) at | atm
is measured as 373.15°K & 0.01°K. Compute the temperature of water—water-
vapor at | atm, with its probable error, on the Celsius, absolute Fahrenheit,
and Fahrenheit scales,

2.6-1. The “gas constant” R is a constant having the value R = 1.986
calfmole”¥.. Since the size of the Celsius degree is the same as the Kelvin degree,
it also has the value 1.986 callmole®C. Express R in units of joules/mole®F.

2.6-3, Two particular systems have the following equations of state:

1 1 N

7o =3 Rgm
and

1 5 _N@

T® =3 Rgm

where Risa constant having the value 1.986 cal/mole"K. The mole number of
the first system is N = 2, and that of the second is N'¥ = 3, The two systems
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are separated by a diathermal wall, and the total energy in the composite
system is 6000 cal. What is the internal energy of each system in equilibrium?

2.6-4. Two systems with the equations of state given in problem 26;:? are
separated by a diathermal wall. The respective mole numbers are N = 2
and N =3, The initial temperatures are T* = 250°K and T™ = 350°K.
What are the values of U™ and U'® after equilibrium has been mabhsh:ad?

What is the equilibrium temperature?

2.7 Mechanical Equilibrium
A second application of the extremum principle for the entropy yields
an even simpler result and therefore is useful in making the procedure
clear. We consider a closed composite system consisting of two simple
systems separated by a movable diathermal wall that is impervious to the
flow of matter. The values of the mole numbers are fixed and constant,
but the values of U™ and U™ may change, subject only to the closure
condition
U 4 U™ = constant . (2.44)

and the values of ¥ and ¥ may change, subject only to the closure

condition
Vi 4 P = constant (2.45)

The extremum principle requires that no change in entropy result from
infinitesimal virtual processes consisting of transfer of heat across the wall

and displacement of the wall.

Then
ds =0 (2.46)
where )
ds = (EU‘”) L U+ Gro AR ES e
as= @ (?S_ﬂl) aver (247
(aul!}) .t_,.:h_"NLh“_dU + g pria Ullr”‘ﬂ.:ﬂ‘“ { }
By the closure conditions
dU® = —dUm (2.48)
and )
dVE = — gy (2.49)
whence T
1 1 PP Vo 50
a5 = (- ) 400+ (7 ) V=0 @30
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As this cxpression must vanish for arbitrary and independent values of
dUFM and 1, we must have

1 1

i~ 7 = 0 @50
and

pin pia

T~ @ 0 (2.52)

Although these two equations are the equilibrium conditions in the proper
form, appropriate Lo the eatropy representation, we note that they imply
the physical conditions of equality of both temperature and pressure.

T — T (2.53)
Pl — piy (2.54)

The equality of the temperatures is just our previous result for equili-
brium with a diathermal wall. The equality of the pressures is the new
feature introduced by the fact that the wall is movable. Of course, the
equality of the pressures is precisely the result that we would expect on
the basis of mechanics, and this result corroborates our identification of
the function P as the mechanical pressure.

The reader may ask why we have considered the problem of a movable
diathermal wall rather than the ostensibly simpler case of a movable
adiabatic wall. The latter, unfortunately, is a subtle problem Jacking a
unique physical answer. As the difficulties of this problem are quite
specialized, we shall not consider it here, but a discussion is given in
Appendix C for the interested reader,

Problems—Section 2.7

2.7-1. Twao particular systems have the following equations of state:

1 1 N P N
7w =3 Rym.  Tm=Ryw
and
| § N P N
ra=ikgm,  1@=Rym
where R = 1.986 calfmole"K. The mole number of the first system is N = 0.5,

and that of the second is N* = 0.75. The two systems are contained in a
closed cylinder, separated by a movable diathermal piston. The initial tempera-
tures are TU = 200°K and T'% = 300°K, and the total-volume is 20 liters.
What is the energy-and the volume of each system in equilibrium? What is the
pressure and the temperature?
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2.8 Equilibrium with Respect 1o Matter Flow

A final example employing the entropy maximum principle gives some
insight into the nature of the chemical potential. We consider the
equilibrium state of two simple systems connected by a rigid and dia-
thermal wall, permeable to one type of material (N;) and impermeable
to all others (N, Ny*-- N,). We thus seek the equilibrium values of
U™ and U™ and of N{" and N{®. The virtual change in entropy in the
appropriate virtual process is

l Ftl” 1} I 2 F'"ttg} {2) -
ds = 5 dU% — ﬁa’N‘i + 7 dU™ — 5 AN (2.55)

and the closure conditions ;tcrnand

dUE = g (2.56)
and
dN{® = —dN{V (2.57)
whence W {l"’ ) ’
1 I M i ;
i5 = (7 = ) 0% = () vt @

As dS must vanish for arbitcary values of both U™ and dN{", we find
as the conditions ol equilibrium

1 1
= 7 (2.59)
and
p? N @ 60
= = T (whence also p{? = u{™) (2.60)

Thus, just as the temperature can be looked upon as a sort of “potential”
for heat flux and the pressure can be looked upon as a sort of “potential”
for volume changes, so the chemical potential can be looked upon as a
sort of “potential” for matter flux. A difference in chemical potential
provides a “generalized foree” for matter flow.

The direction of the matter flow can be analyzed by the same method
used in section 2.5 to analyze the direction of the heat flow. If we assume
that the temperatures 7 and T are equal, equation 2.58 becomes

2} __ i1 )
dS = “‘ir—“‘idﬁ{“ (2.61)

If §" is greater than p{¥, dN{" will be negative, since dS must be
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positive. Thus matter tends to flow from regions of high chemical potential
to regions of low chemical potential.

In later chapters we shall see that the chemical potential provides the
generalized force not only for the flow of matter from point to point but
also for its changes of phase and for chemical reactions. The chemical
potential thus plays a dominant role in theoretical chemistry.

The units of electrochemical potential are calories per mole, joules per
mole, or any desired energy unit per mole.

Problems—Section 2.8

2.8-1. The fundamental equation of a particular type of two-component
system is

UKy N W,
§ = NA + NRIn — —N,Rlnﬁl-N,RlnF’
N=N, + N,

where R = 1.986 cal/mole"K and where A is an unspecified constant. A closed
rigid cylinder of total volume 10 liters is divided into two chambers of equal
volume by a diathermal rigid membrane, permeable to the first component
but impermeable to the second. In one chamber is placed a sample of the system
with original parameters N{! = 0.5, N{) = 0,75, ¥ = 5 liters, and T =
300°K. In the second chamber is placed a sample with original parameters
Ni# = 1, N{# =05, V™ =5 liters, and T = 250°K. After equilibrium
is established, what are the values of NV, N2, T, PV and p121?

CHAPTER 3

= BU[-”J.X,'--] 3[15) aU("'al.Xk”*}a(a‘-X_;}_

Some Formal
Relationships

3.1 The Euler Equation

Having seen how the fundamental postulates lead to a solution of the
equilibrium problem, we now pause to examine in somewhat greater
detail the mathematical properties of fundamental equations.

The homogeneous first-order property of the fundamental relation
permits that equation to be written in a particularly convenient form,
called the Euler form.

From the definition of the homogeneous first-order property we have,
for any 4,

U(AS, AX, -+ AX) = AU(S, X, -+ X)) (3.1

Differentiating with respect to 4,

+ 4= US X X))

305) i a(Ax)) aa .
. (3.2)
BU( X+ o, . OU(C--AXy) R e X)) (33
— a5 5 + %) X+ Uv(s, X, D (33)

This equation is true for any 4 and in patticular for 1 = I, in which case
it takes the form :

U ou

by SRt eoium U 3.4

555+ EX,X‘+ (3.9)
: .

47
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For a simple system’ in particular we have
U=TS—PV+ Ny + -+ 1N, (3.6)
The relation 3.5 or 3.6 is the particularization to thermodynamics of
the Euler theorem on homogeneous first-order forms. The foregoing
development merely reproduces the standard mathematical derivation.
We refer to equation 3.5 or 3.6 as the Euler relation.
In the entropy representation the Euler relation takes the form

5= J:zo FX, 3.7
C!l'
e -l oo
Problems—Section 3.1 |

I3.I-I. Write each of the five physically acceptable fundamental equations
of problem 1.9-1 in the Euler form. ,

3.2 The Gibbs-Duhem Relation

In Chapter 2 we arrived at equilibrium criteria involving the tempera-
ture, pressure, and the chemical potentials. Each of the intensive para-
meters entered the theory in a similar way, and the formalism is, in fact,
symmetric in the several intensive parameters. In spite of this symmetry,
however, the reader is apt to feel that he has an intuitive response to the
concepts of lemperatures and pressure, which is lacking, at least to some
degree, in the case of the chemical potential. It is of some interest, then,
to note that the intensive parameters are not all independent, There is a
relation among the intensive parameters, and for a single-component
system u is a function of 7" and P. :

The existence of a relationship among the various intensive parameters
is a consequence of the homogeneous first-order property of the funda-
mental relation. For a single component system this property permits the
fundamental relation to be writlen in the form u = u(s, v), as in equation
2.19. Each of the three intensive parameters is then also a function of s
and v. Elimination of s and v from among the three equations of state
yields a relation among T, P, and u.

The argument can easily be extended to the more general case and
again consists of a straight{forward counting of variables. Suppose we
have a fundamental equation in (f + 1) extensive variables

U= U(S, Xy Xg--- X)) 3.9
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yielding, in turn,  + 1 equations of state

P, = PdS, Xy, Xy X)) (3.10)

If we choose the parameter A of equation 2.14 as 1 = 1/X,, we then have

P, = PASIX, Xy X< XWX 1) (3.1 |

Thus each of the (r 4 1) intensive parameters is a function of just f
variables. Elimination of these f variables among the (t 4+ 1) equations
yields the desired relation among the intensive parameters.

To find the explicit functional relationship that exists among the set of
intensive parameters would require knowledge of the explicit fundamental
equation of the system. That is, the analytic form of the relationship
varies from system to system. Given the fundamental relation, the
procedure is evident and follows the sequence of steps indicated by
equations 3.9-3.11.

A differential form of the relation among the intensive parameters can
be obtained directly from the Euler relation and is known as the Gibbs-
Jsu':;cm relation. Taking the infinitesimal variation of equation 3.5, we

n

dU=TdS + SdT + é:lf’, dX; +j§ X, dP, (3.12)

But, in accordance with equation 2.6, we certainly know that
dU =TdS -1:—;'-:1}’1 dX, (3.13)

whence, by subtraction we find the Gibbs-Duhem relation
5dr +é:1X, dP; =0 (3.14)
For a single-component simple system, in particular, we have

o Sdl — VdP+ Ndu =0 (3.15)
du = —s5dTI' + vdP (3.16)

The variation in chemical potential is not independent of the variations
of temperature and pressure, but the variation of any one can be com-
puted in terms of the variations of the other two.

The Gibbs-Duhem relation presents the relationship among the
intensive parameters in differential form. Integration of this equation
yields the relation in explicit forn, and this is a procedure alternative to
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that presented in equations 3.9-3.11. In order to integrate the Gibbs-
Duhem relation, one must know the cquations of state which enable one
to write the X}'s in terms of the P,'s, or vice versa.

The number of intensive parameters capable of independent variation
is called the number of thermodynamic degrees of freedom of a given
system. A simple sypstem of r components has r - I thermodynamic
degrees of freedom.

In the entropy representation the Gibbs-Duhem relation again states
that the sum of products of the extensive parameters and the differentials
of the corresponding intensive parameters vanishes.

[
2 X,dF; =0 (3.17)
i—o
or !
U.-f(') Vd(P) - 'ZNd(‘“*) 0 3.18
T + 7] ~ &M (3.18)
Problems—Scction 3.2

3.2-1. Find the relation among 7, P, and u for the system with the funda-

mental equation
v= (95
- (ﬁf)w

3.3 Summary of Formal Structure

Let us now summarize the structure of the thermodynamic formalism
in the energy representation. For the sake of clarity, and in order to
be explicit, we consider a single-component simple system. The funda-
mental equation

U= US, V,N) (3.19)
contains a/l thermodynamic information about a system. With the
definitions 7 = dU/aS, elc., the fundamental equation implies three
equations of state:

T=T(5 V,N)=Ts1v) (3.20)
P = P(S, V, N) = P(s, v) (3.21)
w= (S, ¥, N) = pls, 1) (3.22)

If all three equations of state are known, they may be substituted into the
Euler relation, thereby recovering the fundamental equation. Thus the
totality of all three equations of state is equivalent to the fundamental
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equation and contains all thermodynamic information about a system.
Any single equation of state contains less thermodynamic information
than the fundamental equation..

Il two cquations of state are known, the Gibbs-Duhem relation may be
integrated to obtain the third. The equation of state so obtained will
contain an undetermined integration constant, Thus two equations of
state suffice to determine the fundamental equation, except for an
undetermined constant.

An alternative procedure for obtaining the fundamental equation when
only two equations of state are given is by direct integration of the molar
relation

du=Tds — Pdp ' (3.23)

Clearly, knowledge of 7= T(s,v) and P = P(s, v} yields a differential
equalion in the three variables u, 5, and v, and integration gives

= uis, v) (3.24)

which is a fundamental equation. Again, of course, we have an
undetermined constant of integration,

Tt is always possible to express the internal energy as a function of
parameters other than &, V, and N¥. Thus we could eliminate § from
U= U5 V,N})and T = T(5, V, N} to obtain an equation of the form
U= (T, V, N). However, we wish to stress that such an equation is
not a fundamental relation and does not_contain all possible thermo-
dynamic information about the system. In fact, recalling the definition of
T as dU|3S, we see that U = U(T, ¥, N) actually is a partial differential
equation. Even if this equation were integrable, it would yield a funda-
mental equation with undetermined functions Thus knowledge of the
relation U7 = U(S, ¥, N) allows one to compute the relation U=
U(T, V, N}, but knowledge of U= T, ¥, N) does not permit one
inversely to compute U = U(S, ¥, N). Associated with every equation
there is both a truth-value and an informatiorial content. Each of the
equations U = IS, F, N) and U = U(T, V¥, N) may be true, but only
the former has the optimum informational content,

3.4 An Example—Thc Ideal Monatomic Gas

An ideal monatomic gas is characterized by the two equations
PV = NRT (3.25)

and
U = #NRT

in which # is a constant with the value 1.986 cal/mole °K.

. (3.26)
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Mow let ¢ be a function of the form

& = BXYHEX™ - - - (XY (d)
he result proved abave, show
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in which the n; are nonnegative integers. Using L

that
f a b )
déF) = =k — Y = —km($fd X}
@oFy < Mn)
Consider now the quantity { ax, ) and, using equations () and (¢), show that

@k = —k Y Shan@oX) ()
1]

n (£ = 0, that if $ = 8% we obtain

Finally, S e that other cho o ¢ permit calculation of higher moments.

-equation 15.47, and that other choices of

R —

CHAPTER 16

Irreversible
Thermodynamics

16.1 General Remarks

As useful as the characterization of equilibrium states by thermostatic
theory has proved to be, it must be conceded that our primary interest is
frequently in processes rather than in states. In biology, particularly, it
is the life process that captures our imagination rather than the eventual
equiilbrium state to which each organism inevitably proceeds. Thermo-
statics does provide two methods that permit us to infer some limited
information about processes, but each of these methods is indirect and
each yields only the most meager return. First, by studying the initial
and terminal equilibrium states, it is sometimes possible to bracket a
process and thence to determine the effect of the process in its totality.
Second, if some process occurs extremely slowly, we may compare it
with an idealized, nonphysical, quasi-static process. But neither of these
methods confronts the central problem of rates of real physical processes.

The extension of thermodynamics which has reference to the rates of
physical processes is the theory of irreversible thermodynamics.

Two basic postulates underlie equilibrium statistical mechanics, The
first postulate concerns the existence of an enormous number of atomistic
states among which continual spontaneous transitions occur in the course
of a macroscopic observation. The second is the assumption of equal
a priori probability of each of the atomistic states. From these extremely
general hypotheses follows the entire general theory of statistical mechanics,
culminating in the theorems that, in turn, constitute the postulates of
thermostatics. Because of the general nature of the postulates, the
predictions of thermostatics are similarly general. The numerical values
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ol specific heats, compressibilities, and the like are not predicted, but
certain general relationships among these quantities are predicted.

The theory of nonequilibrium statistical mechanics is based on the two
postulates of the equilibrium theory, plus the additional postulate of time
symmetry of physical laws. This additional postulate states that all the
laws of physics remain unchanged if the time t is everywhere replaced by
its negative —t and if simultaneously the magnetic field H, is replaced by
its negative —H,.

From the general postulates of nonequilibrium statistical mechanics
there follows an extensive theory, culminating in scveral theorems that,
in turn, constitute the postulates of irreversible thermodynamics. From
these we derive thermodynamic theorems of a general nature, expressing
relationships among various dynamical quantities.

The first such result was the Onsager reciprocity theorem, which
expresses a certain symmetry in the response of two simultancously
occurring processes. - Another theorem is the fluctuation-dissipation
" theorem of H. Callen and T. Welton, which expresses a relation between
irreversible response and cquilibrium fluctuations.  Other theorems
relating to the fluctuations during an irreversible process, and involving
extensions to nonlinear processes, have been developed by W. Bernard
and H. Callen and by M. Lax.

Despite the considerable number of results of nonequilibrium thermo-
dynamics, by far the most practically significant result is the Onsager
reciprocity theorem. Consequently, we restrict our attention to this
theorem alone. We indicate in section 16.5 how this thtorem is related
to the underlying postulate of time symmetry.

16.2 Affinities and Fluxes

Preparatory to our discussion of the Onsager theorem, we define
certain quantities that appropriately describe irreversible processes.
Basically we require two types of parameters: one to describe the “force”
that drives a process and one to describe the response to this force.

The processes of most general interest occur in continuous systems, such -

as the flow of energy in a bar with a continuous temperature gradient.
However, to suggest the- proper way to choose parameters in such
continuous systems, we first consider the relatively simple case of a
discrete system. A typical process in a discrete system would be the flow
of energy from one homogeneous subsystem to another through an
infinitely thin diathermal partition.

Consider a composite system composed of two subsystems. An
extensive parameter has values X, and X, in the two subsystems, and
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the closure condition requires that

-Xe+ X =X,  aconstant (16.1)

If X, and X,' are unconstrained, their equilibrium values are determined
by the vanishing of the quantity

ng(E{i) =(3(S+S'}) 35 as o
0X,/ x,- 0X, /. X, Xy =F—F (162

'.l"hus, 1[:.?" & 1s zero, the system is in equilibrium, but i F, is nonzero an
1rrevcr$|b[e‘pmcess occurs, taking the system toward the equilibrium state
'ic quantity &, which is the difference in the enunpy-rcpr:sentatim;
intensive parameters, acts as a “generalized force™ which “‘drives” the
process. Such generalized forces are called affinities.

For definiteness, consider two systems separated by a diathermal wall
and let X, be the energy U. Then the affinity is ,

1 1
¥, = T (16.3)

No heat flows across the diathermal wall if the difference in inverse
temperatures vanishes. But a nonzero difference in inverse temperature
am!-.gfs a peneralized force, drives a flow of heat between the Subs:,rst:ms,

Sfmllarly, il' X, is the volume, the affinity &, is [P/T — (P’/T")], and ii‘
Xy is a mole number the associated affinity is [, /7" — (u/T)]. ‘

We characterize the response to the applied force by the rate of change
of the extensive parameter X,. The flux J, is then defined by

dX,
= (16:4)

.

Therefore, the flux vanishes if the affinity vanishes, and a nonzero affinity
leads to a nonzero flux. It is the relationship between fluxes and affinities
that characterizes the rates of irreversible processes.

The identification of the affinities in a particular type of system is
frequently rendered more convenient by considering the rate of production
of entropy. Differentiating the entropy S(X,, X; - - -) with respect to the
time, we have

ds _ _ 95 dXx,
dr o E -BT;.? “6'5)
ar '

$ =35, : (16.6)

Thus, the rate of production of entrapy i: ‘
. y is the sum of products
with its associated affinity. f p of each flux

T
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The entropy production equalion is particularly useful in extending the
definition ol affinities to continuous systems rather than to discrcte
systems. If heat flows from one homogeneous. subsystem to another,
through an infinitely thin diathermal partition, the generalized force is
the difference [1/7 — (1/77)]; but if heat flows along a metal rod, in
which the temperature varies in a continuous fashion, it is difficult to
apply our previous definition of the affinity. Mevertheless, we can compute
the rate of production of entropy, and thereby we can identify the affinity.

With the foregoing considerations to guide us, we now turn our
attention to continuous systems. We consider a three dimensional system
in which energy and matter flow, driven by appropriate forces. As fluxes,
we choose the components of the vector current densities of energy and
matter. Thus, associated with the energy U, we have the three energy
fluxes J,,, J,,, J,,- These quantities are the z, y, and z components of
the vector current density J. By definition the magnitude of J, is the
amount of energy which flows across the unit area in unit time, and the
" direction of J, is the direction of this energy flow. Similarly, the current
density J, may describe the flow of a particular chemical component per
unit area and per unit time; the components Ji,, Ji,, and J,_ are fluxes.

In order to identify the affinities, we now seek to write the rate of
production of entropy in a form analogous to equation 16.6.

One problem that immediately arises is that of defining entropy in a
nonequilibrium system. This problem is solved in a formal manner as
follows.

To any infinitesimal region we associate a local entropy S(Xy, X; - °),
where, by definition, the functional dependence of 5 on the local extensive
parameters Xy, X, - - - is taken to be identical to the dependence in equilibrium.
That is, we merely adopt the equilibrium fundamental equation Lo associate
a local entropy with the local parameters Xg, X; ---. Then

dS = ¥ F,dX, (167
I3

or, taking all quantities per unit volume,*
ds =3 Fydx, ’ (16.8)
£

The summation in this equation omits the term for volume and con-
sequently has one less term than that in equation 16.7.

Again, the local intensive parameter F, is taken to be the same function
of the local extensive parameters as it would be in equilibrium. It is because

* It should be noted that in the remainder of this chapler we use lower case letlers
to indicate extensive parameters per unit volume rather than per mole,

=

=T
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of. this convention, incidentally, that we can speak of the temperature
varying continuously in a bar, despite the fact that thermostatics implies
the existence of temperature only in equilibrium systems.
Equation 16.7 immediately suggests a reasonable definition of the
entropy current density Jg.
Jg = ZFJ, (16.9)

in which J, is the current density of the extensive parameter X,. The
magnitude of the entropy flux Jg is the entropy transported through unit
area per unit time.

The rate of local production of entropy is equal to the entropy leaving -
the region, plus the rate of increase of entropy within the region. 1F 4
denotes the rate of production of entropy per unit volume and ds/dr
denotes the increase in entropy per unit volume, then

’j'-?+ V-Js (16.10)
¢
The various extensive parameters can be neither produced nor destroyed,
so that the equations of continuity for these parameters become

2
u-§+v 3, (16.11)

We are now prepared to compute § explicitly and thence to identify the
affinities in continuous systems.
The first term in equation 16.10 is easily computed from equation 16.8.

2 a
a_':-gft-%'_‘ (16.12)

The second term in equation’ 16.10 is computed by taking the divergchoE
of equation 16.9.

Velg=V- (gm,,) =3VE-JL+3EV-J (1613
T E E .

Thus equation 16.10 becomes -

0%

j_zﬂ +2?F Jk+ZFkv Y (16.14)

Finally, by equation 16.11, we observe that the ﬁrst and third terms
cancel, giving _
S=E?Fk. k {lﬁ.]ﬁ]
£ .

Although the affinity is defined as the difference in the entropy-representation
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intensive parameters for discrele systems, it is the gradient of the entropy-
representation intensive paramelers in conlinuous systems.

If J,, denotes the z component of the en:rgj,rcurrentdentit}r,thcassociatcd
affinity &, i§ V,(1/T), the z component of the gradient of the inverse
1cmpi:rstur: And if J, denotes the kth mole number current density
(the number of moles of the kth component flowing through unit area

per sccond), the affinity associated with J,, is &, = —‘F,(%“)_

16.3 Markoffian Systems

For certain systems the fluxes at a given instant depend only on the
values of the affinities at that instant. We call such systems Markoffian,
borrowing the terminology from the theory of random processes, and we
restrict our attention to this type of system.

For a non-Markoffian system the fluxes may depend upon the values
of the affinities at previous times as well as upon the values at the present
time. In the clectrical case a pure resistor is a Markoflian system,
whereas a circuit with capacitance or inductance is non-Markoffian. A
non-Markoffian system has a “memory.”

Although it might appear that the restriction to Markoffian systems is
a very scvere restriction indeed, it is found in practice that almost all
systems of interest, other than electrical systems, are Markoffian. The
extension of the theory to non-Markoffian systems, which we shall not
present here, has been more important for its elucndatinn of principles
than for its apphcalmn to real systems,

For a Markoffian system, by definition, each local flux depends only
upon the instantaneous local affinities and upon the local intensive
parameters. That is, dropping the indices denoting vector components,

Sy = F o Fy o Fy Fy FyrooFyee) (16.16)

Thus, the local mole number current density of the kth component
depends on the gradient of the inverse temperature, on the gradients of
/T for each component, and upon the local temperature, pressure, etc.
It should be noted that we do not assume that each flux depends only-on
its own affinity but rather that each flux depends on all affinities. It is
true that each flux tends to depend most strongly on its own associated
affinity, but the dependence of a flux on other affinities as well is the
source of some of the most interesting phenomena in the field of irreversi-
bility.
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Each flux J, is known to vanish as the affinities vanish, so we can
expand J, in powers of the affinities with no constant term.

1
Jk"‘?’-ﬁf"‘ﬁ%%"—uﬂﬁi"‘“' (16.17)
where
aJf,
L, = (‘E'a.?f . (16.18)
and
i,
Lo = (ﬁ) (16.19)

The functions Ly, are called kinetic coefficients. They are functions of
the local intensive parameters.

Lo = Ly(Fo, Fy* - ). (16.20)

The functions L, are called second-order kinetic coe fficients, and they are
also functions of the local.intensive parameters. Third-order and higher-
order kinetic coefficients are similarly defined.

For the purposes of the Onsager theorem, which we are about to
enunciate, it is convenient to adopt a notation that exhibits the functional
dependence of the kinetic coefficients on an externally applied magnetic
field H,, suppressing the dependence on the other intensive parameters.

L, = Ly(H) (16.21)
The Onsager thcorem states that
Ly(H,) = Ly(—H,) (16.22)

That is, the value of the kinetic coefficient L, measured in an external
magnetic field H, is identical to the value of L., measured in the reversed
magnetic field H

The Onsager thcorem states a symmetry between the ]lnr.ar effect of
the jth affinity on the kth flux and the linear effect of the kth affinity on
the jth flux when these effects are measured in opposite magnetic fields.

16.4 Linear Processes

A situation of great practical interest arises if the affinities are so small
that all quadratic and higher-order terms in equation 16.17 can be
neglected. A process that can be adequately described by the truncated

appmxlmate equations
Jy = ?Lﬂj (16.23)
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is called a linear MarkofT process. For the analysis of such processes the
Onsager theorem is a particularly powerful tool.
. Itis perhaps surprising that so many physical processes of interest are
linear. But the affinities that we commonly encounter in the laboratory
are quite small in the sense of equation 16.17, and we therefore recognize
that we generally deal with systems that deviate only slightly from
equilibrium. .
Phenomenologically, it is found that the flow of energy in a thermally
conducting body is proportional to the gradient of the temperature.
Denoting the energy current density by J,, experiment yields the linear law

J,=—xVT (16.24)

in which x is the thermal conductivity of the body. We can rewrite this
in the more appropriate form

J. =TV, (-l]:) (16.25)
and similarly for = and y components, and we see that («77) is the kinetic
coefficient. The absence of higher-order terms, such as [V(1/T))* and
[V(1/T)P, in the phenomenological law shows that commonly employed
temperature gradients are small in the sense of equation 16.17.

Ohm'’s law of electrical conduction and Fick's law of diffusion are
other lincar phenomenclogical laws which demonstrate that for the
common values of the affinities in these processes higher-order terms arc
negligible. On the other hand, both the Jinear region and the nonlinear
region can be realized easily in chemical systems, depending upon the
deviations of the molar concentrations from their equilibrium values.
Although the class of linear processes is sufficiently common to merit
special attention, it is by no means all-inclusive, and contrary to the usual
statement the Onsager theorem is nor restricted to this special class of
systems. ’

16.5 The Statistical Basis of the Onsager Reciprocity

%,
The Onsager reciprocity has been stated without proof in the preceding
sections. Applications are made in Chapter 17. In this section we indicate
the relationship of the Onsager reciprocity to the underlying principle of
time symmetry of physical laws.
We consider a system in equilibrium, and we address our attention to
the spontaneous fluctuations, as in Chapter 15. Consider, in particular,
a correlation moment such as

(0%, 8 X)) (16.26)
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which is the average product of the deviation §.£, and of the deviation
0X,, the latter being observed a time v after the former. Assuming, for
simplicity, that no magnetic field is present, the principle of time symmetry
requires that the correlation moment (16.26) be unchanged if we replace
T by —7.

(6%, 8X(7)) = (3%, 6 8(—)) {lﬁ.‘r.-'}
or, since only the relative times in the two factors are significant,
(0.8, 8X,(7)) = (3% () 8., (16.28)

If we now subtract (3.8, 6.§,) from each side of the equation and divide
by 7, we find

<& %, Xy () — a:r‘;> _ <a.f,q;f} — 48X, 5 j,“>

In the limit as 7 -+~ 0 we can write the foregoing equation in terms of
time derivatives.

(16.29)

(68, 0%, = (8%, 88, ' (16.30)

Now, we assume that the decay of a fluctuation 8X, is governed by the
same linear dynamical laws as are macroscopic processes.

oX, = 3 La 0F, (16.31)
Inserting these equations in equation 16.30 gives
S Lud%, 3F ) =3 Ly(6F 6% (16.32)

However, we shall show below, by the methods of Chapter 15, that

k if i=j
0 if i)

in which k is Boltzmann's constant. Thus equation 16.32 becomes

O0f,8F ) =" (16.33)

Liy=Ly (16.34)

which is the Onsager theorem in the absence of a magnetic field.

To complete the proof we now demonstrate equation 16.33. From
equation [5.1 we can write the distribution function for the spontaneous
fluctuations in the form

1 ' )
W = Qexp E{ﬁf — gﬂ 35 (16.35)
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Combining this with equation 15.4 indicates that
' aw
WOF, =k = (16.36) .
=F 3%, Thermoelectric
: lue | tion 16.33. .
Consider now the av:rng: value in qua i . ﬂﬂd Thermumugnet.-c .
6%, 8F ) = far, 3F W bR, db %y - (16.37)
Effects
aw .
_ i can 16.38
= k[8%, = 7 %ok, (16.38)

If i< j, the integral over d6f, vanishes at both limits. If £=j,_m-.
integrate by parts, immediately obtaining the result 16.33. An alternalw?,
and easicr, derivation of equation 16.33 is readily obtained on the basis
of the approximate Gaussian distribution of section 15.6 rather than by
the rigorous distribution used above. Such an alternalive derivation is
essentially given in problem 15.6-1. .

Our derivation ol the Onsager reciprocity is that given b}: Dn_sagcr.
Extension to the case in which a magnetic field is present is quite sum!:-l{,u
However, justification of the assumption that the macroscopic Id:,rnammal
laws can be applied to the decay of a spontaneous fluctuation is not
simple. Justification of this assumption requires rather powalzrful statis-
tical mechanical analysis, so that this section should be viewed as a
demonstration of plausibility rather thah as a statistical mechanical

derivation.

g E T g

17.1 The Dynamical Equations

As applications of the Onsager theorem we shall consider the thermo-
electric and thermomagnetic effects, which are phenomena associated with
the simultancous flow of electric current and heat in a system. These
phenomena, and certain relations among them, were proposed in 1854 by
Lord Kelvin on the basis of empirical observations, Kelvin also presented
a suggestive argument leading Lo the relations, carcfully pointing out,
however, that the argument was not only unjustifiable but that it could
be made to yield incorrect relations as well as correct ones. It is a curious
fact that many ‘modern thermodynamics texts still present Kelvin's
argument as a rigorous proof, completely ignoring Kelvin's own admeoni-
tion to the contrary and ignoring the methods of modern irreversibility
theory.

As remarked above, the thermoelectric and thermomagnetic effects are
phenomena associated with the simultancous flow of heat and electric
current in a system. For definiteness of expression we shall think of a
solid in which the charge carriers are electrons. Then, if 5 is the local
entropy density, we have

1 # e
ﬂ’s-—Tn’u leﬂi E(T)n‘ng (17.1)
in which u is the local energy density, u is the electrochemical potential
(per particle) of the electrons, n is the number of electrons per unit
293
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volume, and in which the sum refers to other “components.” These
other components refer to the various types of atomic nuclei that together
with the electrons constitute the solid. It will be noted that we have taken
n as the number of electrons rather than the number of moles of electrons,
and p is accordingly the electrochemical potential per particle rather than
per mole. In this regard we deviate from the more usual parameters
merely by multiplication and division by Avogadro's rrumber, respectively.

Just as equation 16.7 led to equation 16.9, equation 17.1 now leads to

! Iz

Je==Jy —=Jy (17.2)

T T
in wiﬁch Jg, Jyp, and Jy are current densities of entropy, energy, and
number of electrons, respectively. The other components in equation 17.1
are assumed immobile and consequently do not contribute flux terms to

equation 17.2.
Repeating the logic leading to equation 16.15, we find

1
3-?-5_'.]”—?;4” (17.3)

Thus, if the components of J;; and —J, are taken as fluxes, the associated
1 . .
affinities are the components of V a and V ; Assuming for simplicity

that all flows and forces are parallel to the z-direction, and omitting the
subscript =, the linear dynamical laws become

C ol
=Iy=LyV T + LV T (17.4)
Jy=InVE 4 L,V (17.5)
v=In Vatle Ve N
and the Onsager theorem gives the relation
Liy(H,) = Ly (—H,) (17.6)

In writing the foregoing dynamical equations we have assumed one-
dimensional flow, such as occurs in wires or bars. This is the case of
interest to us in the analysis of the thermoelectric effects. - When we
consider the thermomagnetic effects in section 17.6, however, we shall
have to take explicit cognizance of the fact that the kinetic coefficients
for the z-directed currents may differ from.the kinetic coefficients for the
y-directed currents.

Before drawing physical conclusions from equation 17.6, we recast the
‘dynamical equations into an equivalent but instructive form. Although
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J.U is a current density of total internal energy, we gencrally prefer to
discuss'the current density of heat. In analogy with the relation dQ = T dS
we therefore define a heat current density Jg by the relation

Jg =TI (17.7)
or, by equation 17.2, .
] Jo =Jy —pdy (17.8)°
In a very rough intuitive way we can look on u as the potential energy
per particle and on uJ, as a current density of potential energy; sub-
traction of the potential cnergy current density from the total encrgy
current dmg}ty yields the heat current density as a sort of kinetic energy
current density. At any rate, eliminating J;; in favor of Jg from equation
17.3 gives

1 1
It follows from this equation that if the components of Jg and of —J,,
are chosen as fluxes the associated affinities are the corresponding
components of V(1/T) and of (1/T)Vpy, respectively. The dynamical
equations can then be written, in the one-dimensional case, as

1 : 1
—JIn =.f-u-1: Vi + L,V F (17.10)
1 I
JO=L2[?.?.F‘+L2:?E- (17.11)
and the Onsager relation is
Ly(H,) = Ly(—H,)) (17.12)

The reader should verily that the dynamical equations 17.10 and 17.11
can also be obtained by direct substitution of equation [7.8 into the
previous pair of dynamical equations 17.4 and 17.5 without recourse to
the entropy production equation 17.9.

The significance of the heat current can be exhibited in another manner.
We consider, for a moment, a steady-state flow. Then both J;; and Jy
are divergenceless and takirig the divergence of equation 17.8 gives

Vedg=—Vu-Jy (17.13)

which states that in the steady state the rate of increase in heat current
is equal to the rate of decrease in the potential energy current. Further-
more, the insertion of this equation into equation 17.9 gives

(in the steady state)

(17.14)

1 1
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which can be inlerpreted as stating that the production of entropy is due
to two causes; the first term,is the production of entropy due to the flow
of heat from high to low temperature, and the second term is the increase
in cntropy due to the appearance of heat current.

We now accept the dynamical equations 17.]J0 and 17.11 and the
symmetry condition (equation 17.12) as the basic equations with which
to study the fiow of heat and electric current in a system.

17.2 The Conductivities

We ‘consider a system in which an electric current and a heat current
flow parallel to the z-axis in a steady state, with no applied magnetic
field. Then, omitting the subscript z,

1 |
—Iy=LuzVa+ LV (17.15)

1 1
Jog=La=V V- 17.1
o =Lz T #+ Ly T (17.16)
where the Onsager theorem has reduced to the simple symmetry

Ly =Ly (17.17)

The three kinctic coeflicients appearing in the dynamical cquations can
be related to more familiar quantitics, suclas conductivitics. 1n developing
this connection we first comment bricfly on the nature of the clectro-
chemical potential u of the electrons. We can consider g as composed
of two parts, a chemical portion x, and an electrical portion g,

po=p, + pu, : (17.18)

If the charge on an electron is e, then g, is simply e¢, where ¢ is the
ordinary electrostatic potential. The chemical potential g, is a function
of the temperature and of the electron concentration. Restating these
facts in terms of gradients, the electrochemical potential per unit charge
is (1/e)p; its gradient (1/e)Vu is the sum of the electric field (1fe)Vu,,
plus an effective driving force (1fe)Vu, arising from a concentration
gradient. -

The electric conductivity « is defined as the electric current density
(eJy) per unit potential gradient (1/e)Vu in an isothermal system. It is
easily seen that (1/e)Vu is actually the emf, for in a homogenecous
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isothermal system Vi, = 0 and Vg = Vp,. Thus, by definition,

1
o = —EJN/E Vi for VIr=0 (17.19)

whence equation 17.15 gives :
o = L,|T ' (17.20)

Similarly the heat conductivity x is defined as the heat current density
per unit temperature gradient for zero electric current.

k= =JofVT for Jy=0 (17.21)
Solving the two kinetic equations simultaneously, we find
K= b 17.22
TiL;, 722
where D denotes the determinant of the kinetic coefficients
D = Ly Ly, — L, (17.23)

17.3 The Seebeck Effect and the Thermoelectric Power

The Seebeck effect refers to the production of an electromotive force
in a thermocouple under conditions of zero electric current. ‘

Consider a thermocouple with junctions at temperatures T, and
Ty(Ty = T)), as indicated in Figure 17.1. A voltmeler is inserted in one
arm of the thermocouple at a point at which the temperature is 7', This
voltmeter is such that it allows no passage of electric current but offers
no resistance to the flow of heat. We designate the two materials
composing the thermocouple by A and B. With J,, = 0, we obtain from
the kinetic equations, for either conductor, '

Vu = % vT (17.24)
Thus '
o= = [ (17.25)
1 TL, .
¢ 2
P2 =y = | Eﬁcﬂ“ (17.26)
’ t Ly '
M=y = | —dl (17.27)
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Eliminating g, and g, from these equations,

* (L L{‘s)
e N e e~ 1 L
e f I (TLﬁ TLy

But, because there is no temperature difference across' the voltmeter the

(17.28)

voltage is simply

Ly )
=—{u, — - ———1dT
V= {‘“ P )= .[ (eTLfl oTLy,
The thermoelectric power of the thermocouple, €, is defined as the
change in voltage per unit change in temperature difference. The sign of

(17.29)

s TI

Figure 17.1

€ 4 is chosen as positive if the voltage increment is such as to drive the
current from A (o B at the hot junction. Then

o=t = (L) - (L8
=57, = \e7zn) ~ \erz

Defining the absolute thermoelectric power of a single medium by the

(17.30)

relation
_'L'{Ix
= 17.31
T Ty, (i7.31)
the thermoelectric power of the thermocouple is
Eqp = €p — €4 {17.32)

If we accept the clectric conductivity o, the heat conductivity , and

the absolute thermoelectric power « as the three physically significant

dynamical properties of a medium, we can eliminate the three kinetic
coefficients in favor of these quantities and rewrite the kinetic equations in
the following form:

Tyl T"ae)
S ===V "F'- 17.33
In (e*)T p= ( e T ( )
: Tlael | 2
Jog = o T?p+('r'~‘cre +T1x}?-— (17.34)

" THE PELTIER EFFECT . 299

An interesting insight to the' physical meaning of the absolute thermo-

Rl R . S

il Sl

electric power can be obtained by eliminating (1/T) Vi between the two -

foregoing dynamical equations and writing J in terms of J,, and V(1/7):

1
Jo=Tee/y+ Tk V. (17.35)
or, recalling that Jg = JfT, )
1
J-S = EEJN - Tk vf‘ {I?.jﬁ]

According to this equation, each electron involved in the electric current
carries with it an entropy of ee. This flow of entropy is in addition to
the entropy current Twx V{1/T), which is independent of the electronic
current. The thermoelectric power can be looked on as the entropy
transported per coulomb by the electron flow.

" 17.4 The Peltier Effect

The Peltier effect refers to the evolution of heat accompanying the flow
of an electric current across an isothermal junction of two miaterials.
Consider an isothermal junction of two conductors A and B and an electric
current eJy to flow as indicated in Figure 17.2. Then the total energy

"'E'-l' v JU‘ Jhr- l,un
Figure 17.2

current will be discontinuous across the junction, and the energy difference
appears as Peltier heat at the junction. We have Jy =Jg5 + p/y, and
since both g and Jy, are continuous across the junction it follows that the
discontinuity in Jy; is equal to the discontinuity in J,.
JgA = JyB =Jgh = J,P (17.37)
Because of the isothermal condition the dynamical equations 17.33 and
17.34 give, in either conductor, '
Tq = Telely) (17.38)
whence
JQ" = Jo* = T(eg — € )edy) (17.39)
The Peltier coefficient = 4  is defined as the heat that must be supplied
to the junction when unit electric current passes from wnductur A to
conductor B. Thus

map = (Jo" — Jo")ely

=T(ey — €4 .“7'4”}
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Equation 17.40, which relates the Peltier coefficient to the absclute
thermoelectric powers, is one of the relations presented on empirical
evidence by Kelvin in 1854, Itis called the second Kelvin relation.

The method by which we have derived equation 17.40 is typical of all
applications of the Onsager relations, so that it may be appropriate to
review the procedure. We first write the linear dynamical equations,
reducing the number of kinetic coefficients appearing therein by invoking
the Onsager relations. We then proceed to analyze various effects,
expressing cach in terms of the kinetic coefficients. When we have analyzed
as many cffects as there are kinetic coefficients, we rewrite the dynamical
equations in terms of those eflects rather than in terms of the kinetic
coeflicients (as in equations 17.33 and 17.34). Thereafter every additional
effect analyzed on the basis of the dynamical equations results in a relation
analogous to equation 17.40 and expresses this new effect in terms of the
coefficients in the dynamical equation.

17.5 The Thomson Effect

The Thomson effect refers to the evolution of heat as an electric current
traverses a temperature gradient in a material.

Consider a conductor carrying a heat current but no electric current.
A temperature distribution governed by the temperature dependence of
the kinetic coefficients will be set up. Let.the conductor now be placed
in contact at each point with a heat reservoir of the same temperature as
that point, so that there is no heat interchange between conductor and
reservoirs. Now let an electric current pass through the conductor. An
interchange of heat will take place between conductor and reservoirs.
This heat exchange consists of two parts—the Joule heat and the Thomson
heat,

As the electric current passes along the conductor, any change in total
energy flow must be supplied by an energy interchange with the reservoirs.
Thus we must compute V = Jy.

Velg=V-Jo+ pl) =V -Jg+ Vu-Jy (17.41)

which can be expressed in terms of Jy and V(1/T) by using equations
17.35 and 17.33.

s

| .
Vel = v- (TcEJH + T ‘Ef) + (— E Jy + T2ee v%)‘ Jy (17.42)

or

| 2 3
Vedy =TVe-(eJy)+ V- (m ‘7’]:) — E.J,, (17.43)
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However the temperature distribution is that which is determined by the
steady state with no electric current, and we know that V - J;; vanishes
in that state. By putting Jy =0 and V- J; = 0 in equation 17.43, we
conclude that the temperature distribution is such as to make the second
term vanish, and consequently

1, L
V:Jy =T Ve (ely) — —(eJy)* (17.44)

Furthermore, noting that the thermoelectric power is a function of the
local temperature, we write

d\

Ve m —
€= VT (17.45)
and
de i 1 2
‘F - JU — TE_ T- {E‘Jﬂ-} — E {E‘fﬁr] {I?dﬁ}

The second term is the Joule heat, produced by the flow of electric
current, even in the absence of a temperature gradient. The first term
represents the Thomson heat, absorbed from the heat reservoirs when the
current eJy traverses the temperature gradient VI. The Thomson
coefficient = is defined as the Thomson heat absorbed per unit electric
current and per unit temperature gradient.

= Thomson heat _de '
VT (edy) dT (17.47)

Although we have obtained the foregoing relation between = and € by
our standard procedure, it is of interest that this relation can be derived
by an alternate procedure, combining the second Kelvin relation (equation
17.40) with considerations of energy conservation.

To carry out this alternate derivation, we consider a thermocouple
subjected to a very small temperature difference 7. Into one arm of this
thermocouple is inserted a battery of just such a voltage as to negate the
Seebeck voltage, causing no electric current to flow in the thermocouple
circuit.

In accordance with equations 17.30 and 17.32, the required emf of the
battery is €5 — ¢ ;. The thermocouple circuit is indicated in Figure 17.3.

We now consider the virtual transfer of a unit of charge around the
circuit, and we list the various erergy transfers that take place in the
process. As the charge crosses the cold junction, from B to A, a Peltier
heat of 4+ 5 , is absorbed from the reservoir. As the charge traverses the
leg A of the thermocouple, the Thomson heat 7, 4T is absorbed from the

- s W oy § e Bk s B i
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rescrvoirs. However, we ignore the Joule heat because we assume the

charge to be transported so slowly that the Joule heat, which is quadratic

in the currents, is negligible compared to the Thomson heat, which is
linear in the currents. In traversing the hot junction from A to B the
Peltier heat 7 4 o(T + dT)is absorbed. In traversing the leg B the Thomson
heat — dT is absorbed. . And in traversing the battery an amount of

A
T T4 dT
F—|—3
ty—t,
Figure 17.3

work equal to the emf of the battery, or €5 — € 4, s performed. Equating
the total energy absorbed to the work done on the battery gives .

;{ﬂ
ﬂBA(T}"."TAIHH+FJB{T+‘£T}_TBJT=GB—€ A{l.?.‘is}
But .
L
T + dT) = 7 45(T) + %Eﬂ (17.49)
whence o
dﬂdﬂ'l'f“““'l’ﬂ-!‘_fn {llm}

Finally, inserting equation 17.40 for the Peltier coefficient gives the
equivalent of equation 17.47.

Equation 17.50, which depends on encrgy conservation alone and which
does not require the Onsager theorem for its demonstration, was given by
Kelvin and is called the first Kelvin relation. :

17.6 The Thermomagnetic Dynamical Equations

Having demonstrated the technique of application of the Onsager
theorem in some detail, we can now treat the thermomagnetic effects
relatively concisely. These effects occur when electric and heat currents
arc permitted to flow in a plane perpendicular to an applied magnetic
field, as shown in Figure 17.4. .

The dynamical equations 17.10 and 17.11 apply specifically to one-
dimensional flow. To obtain their analogues for two-dimensional flow,
we return to equation 17.9, which we rewrite explicitly in its Cartesian

. S e i - abadm
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components. To simplify the notation we write N, for Jy,, O, for Jg,,
and similarly for the y-components.

P T P e e

where V_ denotes the partial derivative 8/dz. We conclude that il —N,,
—N,: 0, and Q, are fluxes the associated affinities are (1/T)V_u,

"/

|

Qs
‘N?
<
Figure 17.4

(1T)V,u, V,(1/T), and V (I/T), respectively. The dynamical equations
‘then become '

. .1 p o 1 , o 1

—N, = Ly fvr# + Lm}vu# + Lu"?-i- + Lu?rf;

R D 1 1 1

_N _— _v L - ¥ = L _

v LEITF¢F+L12T‘J7F+LHIE=T+LH?UT
N o ; | : (17.52)

Q. =Ly ?-vzﬁ‘ + L“??,F + L:E?s? + L.Hvrf?

. , 1 . 1 . 1

Qv “Lu?v-ﬂ + Lw‘fvrﬁ‘ + Luva?.'l‘ L«?.?_

The Onsager theorem states that

Li(H,) = Li{—H) (17.53)

If we assume isotropy in the zy-plane, the symmetry of the z- and
y-axes requires that L;, = L, etc., reducing the dynamical equations to
%‘FA‘ + Liajl-. Vyu “_" L3V, %"‘ L;lv'l'%‘
N, = Liya Vopt + L AV L Vom 4 LV, o

v 12 Vet ng vkt 14 "T+ 13y
1
T

v 1 ' 1 ) 1 v
0y = ~Lia gVt + L.V — Vg + LV,

-N, = L‘il

1 1 o (17.54)
Qﬂ' =L31i-v:# +L3‘2i~vr“ + r-gav-f-‘i' L;ll.vr
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in which, furthermore, L},, Ly3, Ly,, and L}, are identified as even functions
of the magnetic field, whereas Lyg, Ly, Ly, and Ly, are identified as odd
functions of the magnetic field.

From the Onsager relation (equation 17.53) we now have

Liy(H,) = Ly(—H,) (17.55)
However L}, is an even function of the field, so that
Ly(—H,) = Ly (H,) (17.56)
These two equations imply that .
Ly(H.) = Liy(H) (17.57)
Similarly, from the Onsager relation,
Li(H) = Ly(—H,) (17.58)

But examination of equations 17.54 shows that we have already identified
Ly, as equal to —Lj, by symmetry considerations, so that

L(H,) = —Ly(—H) (17.59)
Again, L, is an odd function of the magnetic field, implying finally that
LL(H) = Lyg(H) (17.60)

The Onsager relation thercfore cnables us to climinate two kinetic
coefficients from the dynamical equations, which thereby become

1 ] ]- K} I ¢
~Ne =Ly Vupt + Loz Vot + LigVag + LYoz

1

! , 1 | .
Vatt + Lyy ?vrf‘ - Luv:? + Ll:!-?r?-

-Ny = "'L;ai'-

(17.61)

r I. ] l ] l ¥ ]
0. =Ly f,v:}‘ + Ly, ‘f-vrﬁ‘ + L,,?,F‘ + Laqui—

1 . 1 . 1
Q, = —Ly %?n” + Ly i?w“ - 11-:?:?"‘ Iﬁavrf-

We are now prepared to undertake our analysis of the various thermo-
magnetic effects in principle. There are six kinetic coefficients in the
dynamical equations. By introducing six effects and defining six descrip-
tive coefficients for those effects, we can eliminate the kinetic
. coefficients in favor of these six descriptive coefficients. Any further
effects analyzed will result in relations analogous to the Kelvin relations.
However, Mazur and Prigogine have shown that the algebra.is greatly
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simplified if we first invert the dynamical equations in such a way that
the electrical current and temperature gradients, which are the experi-
mentally controlled variables, appear on the right.

In carrying out the inversion of the dynamical equations it is convenicnt
also to introduce explicitly the electric current e, and the electrochemical
potential per unit charge (1/e)V, 4 and to write the equations in terms-of
V.T instead of V,(1/T). The various resulting factors of 1/e, e, and
—1{T? are absorbed into the new kinetic coefficients. We thus obtain

1 .
= = Vep = LyeN, + LygeN, — Ly V,T — Ly, V, T
1

~z gt = —LyeN, + LyeN, + L, \V,T — L;,V,T (17.62)

Q, = —TLyeN, — TlyeN, — Ly V.T - L3V, T
Qy = TLyeN; — TLygeN, + Ly V,T — LV, T

The new kinetic coefficients L, are, of course, fairly complicated functions
of the old kinetic coefficients L{;. But the precise form of these relation-
ships is of no consequence to us. The only significant fact is that the
symmetry of the coefficients in equation 17.62 is implied by the symmetry
of the coefficients in equation 17.61, as the reader may convince himself
without recourse to detailed algebraic inversion of the equations.

17.7 The Thermomagnetic Effects

We now proceed with the definition of a number of effects and of their
associated descriptive coelficients.

1. The Absolute Thermoelectric Power

In the presence of a magnetic field the definition of the absolute
thermoelectric power is conveniently taken as

1
¢=- Vu/V.T with N=N,=V.T=0 (17.63)
whence
€ =L, (17.64)

2, The Isothermal Electric Conductivity

o= -enr_ﬁ Vo with V,T=V,T=N,=0 {1765
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[
wlhience

Oy = IJI-L"

3. The Adiabatic Eleciric Conductivity

1
g, = —EN’S/E V.u  with
whence

@y = (Ly — TLis[Lys)™"

4. The Isothermal Heat Conductivity

. K, = — V. T with
whence
Wy =Ly

5. The Adiabatic Heat Conductivity
K, = —QfV.T with

ko = (LEs + L3/ Lay

whence

6. The Isothermal Hall Effect

R, =-V,u/HeN, with

| =

whence

‘F,‘T= Q'.—_-N' =ﬂ

N,=N,=¢0,=0

V,l=V,I=N,=0

R( =L‘l‘zf'Hl

7. The Adiabatic Hall Effect

1 ,
R, = A V.ulHeN,  with
whence
'RI- = (Ll'i + TLlaf‘lilrL:!»ﬂ}f'Ha
8. The Isothermal Nernst Effect

1 .
M= VyulHN.T with

whence .
M = Lu.l"Hf_

?:T= Q,=N,='n

N=N,=V,T=0

(17.66)

(17.67)

(17.68)

(17.69)

(17.70)

(17.71)

(17.72)

(17.73)

(17.74)

(17.75)

(17.76)

(17.77)

(17.78)
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9. The Adiabatic Nernst Effect

1 :
= —-VuHY,T with N,=N,=Q,=0 (17.79)

whence
e = (Lyq — LialayfLas)/H, (17.80)

10. The Ettingshausen Effect

E =V, T HeN, with N,=0,=V.T=0 {17.81)
whence '

E = TLyJH Ly (17.82)
11. The Leduc-Righi Effect

& =V TH,V,T with Ne=N,=0,=0 (17.33)
whence

L = LyfH Ly (17.84)

The fundamental set of dynamical equations can now be written in the
matrix form

1 - = i - ~ -
- E =t ':ri_l HfR! —¢ = eN,
I -1
- E vl# = _Her oy Ifc’]i —€ 'ENU
28 —Te —THpzym —x —H 1L v.T
L @ ] | TH 1, —Te H e, —wy L V,T |
(17.83)
We further find the relations
ol = T, (17.86)
Ky — Ky = H x22% (17.87)
a,;"l — ﬂt_l = H?E (17.88)
R, — R, =¢E (17.89)
M= N = e (17.90)

Each of the coefficients is an even function of the magnetic field. Thus
the isothermal conductivity can be expanded in'powers of H, to give

o; =0} + o"H} + oVHi + - (17.91)
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and the coefficient of the quadratic term is called a magneto-conductivity
coefficient. '

Any experimental situation can be directly analyzed by equation 17.85,
relating it to the thermomagnetic coefficients appearing therein. The
resultant equations, analogous to the thermomagnetic relations 17.86-
17.90, represent the fruits of the theory of irreversible processes applied
to conductivity phenomena.

APPENDIX A

Some Relations
Involving Partial
Derivatives

A.1 Partial Derivatives

In thermodynamics we are interested in continuous functions of three
(or more) variables,

v = y(z, ¥, 2) (A.1)

If two independent variables, say ¥ and z, are held constant, p becomes
a function of only one independent variable », and the derivative of y
with respect to # may be defined and computed in the standard fashion.
The derivative so obtained is called the partial derivative of y with respect
to x and is denoted by the symbol (dy/dx), . or simply by dy/dz. The
derivative depends upon z and also upon the values at which y and z are
held during the differentiation; that is dy/dx is a function of z, ¥, and 2.
The derivatives dyp/dy and diy/dz are defined in an identical manner,

The function dyp/dx, if continuous, may itself be differentiated to yield
three derivatives which are called the second partial derivatives of y:

E(ﬁ) =2
oz '\ o=z oz
E(a_) =Y
dz\dz/ dzdz
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By partial differentiation of the functions dy/dy and dy/dz, we obtain
other second parfial derivatives of y:
dy oy Py *y oy and 0P
dxdy' 9P Gzoy’ Gzo:’  dyoe’ 0
It may be shown that under the continuity conditions which we have
assumed for v and its partial derivatives the order of differentiation is
immaterial, so that
Py _ Py Py _ Wy Py Py
drdy Oyor  Oxd: dzdx’ dyd: Oz0y
There are therefore just six nonequivalent second partial derivatives of a

function of three independent variables (three for a function of two
variables, and }n(n + 1) for a function of n variables).

A.2 Taylor’s Expansion

" The relationship between y(x, y, 2) and (= + d=z, ¥ + dy,z + 42), where
dx, dy, and dz denote arbitrary increments in x, y, and 2, is given by
Taylor's expansion:

o
w(a:+ﬂ‘r,y+ﬂ’y,z+dz‘.l=v(m,y.*]+(a:tfr+;d.r+? )
\y P Py,
[ (de + y,::afy) WP+ 2oL dedy
ay By
Frp b2t dydz]+ (Ad)

This expansion can be written in a convenient symbolic form:

& & i
dr = +dy 5 +dig
Wk de,y o+ dy x4 ) = TE YTy (AS)
Expansion of the symbolic exponential atcording to the usual series

1 1
e’=-l+:n+§i:r’+---+ma:'+--' (A.6)
then reproduces the Taylor expansion (equation A.4)

A.3 Differentials of
The Tajrlnr expansion (equation A.4) can also be written in the form
¥(@ + dr, y + dy, z + dz) — w(x ¥, 2)

1
—dvp+-d”;p+ e (A7)
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where
_ oy dy. dy
dy _ﬁ—-dz+5dy+a-dz (A.8)
'y a*p dy
dhy = — (d:}’ + =— + dzf 4 2 —— dz
ot O+ 53 B + 25 de
oy dy
+2 axaza&dz-i—za az:fydz (A.9)
and generally
g
dy = (Jx +d§l’ay+d‘x ) iz, y, 2) (A.10)
These quantities dy, d®p - -+, d™yp - - - are called the Jirst, second, and nth
order differentials of y.

A4 Composite Functions

Returning to the first-order differential,
5,0+ () e G
dp=\|_—] d=
v (aa:,, + (), o+ (3 2

an interesting case arises when z, v, and z are not varied independently but
are themselves considered to be functions of some variable v. Then

(A.11)

dx iy iz
dxnadu, d:r,r-—nfu and dz:.zrdu
whence
_ arp) dz (aw) dy a‘lp) dz
dlp_[(az r|_+ ﬂ_y:.du—i_ (az x.rﬁ]ifu {IA[I]
ar

Do) L) E@) L w

If = and y are function of two (or more) variables, say u and v, then

dx o
£h:=(a)du+(am) du, etc.

and

=2, (2.0 ()6
[, + @), + )G ] won

s
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or " s
¥ Al
dp = (Bu) e+ (Eu) dv (A-13)
where

(.- @),.6- GG GG, e

and similarly for (dy/d0),.
It may happen that u is identical to = itself. Then

-6, (.2 (.8,

Other special cases can be treated similarly.

A5 TImplicit Functions

1f y is held constant, the variations of =z, y, and z are not independent,

and the relation
w(z, ¥, z) = constant (A18)

gives an implicit functional relation among =, y, and . This relation may
be solved for one variable, say 2, in terms of the other two.

2 = z(z, ) (A19)

This function can then be treated by the technigues described above to
derive certain relations among the partial derivatives. However, a more
dircct method of obtaining the appropriate relations among the partial
derivatives is merely to put dp = 0 in equation A.8.

50).. e+ &) o+ G

=|-1 d — o, AL20

0 (a:")v rdx + ay):.: Y * dz ER ] ’ { }
1f we now put dz = 0 and divide through by d=, we find

=), G).. @) A2l

o=(z),.+ ... (&).. 42D

in which the symbol (dy/dz), , appropriately indicates that the implied
functional relation between y and z is that determined by the constancy
of y and z. Equation A.21 can be written in the convenient form

(&), = Towen:

This equation plays a very prominent role in thermodynamic calculations.

(A.22)

SOME RELATIONS INVOLVING PARTIAL DERIVATIVES 313
By successively putting dy = 0 and dx = 0 in equation A.20, we find the
two similar relations
Hz) —(dyp/02),,,
_ -t 7 A23
(= v~ T@via., (A2)
and
33) "'{awlflay}: N y
z= = B A2
(a:.r ve @i, A29

Returning to equation A.20 we again put dz = 0, but we now divide
through by dy rather than by d.

o= (@),.G),.+ @) 829
whence ' "
().~ v 25

and, on comparison with equation A.21, we find the .very reasonable result
that

(ﬁ) R (A.2T)
0/ s (0y[32),,
From equations A.22-A.24 we then find

dx y J) (3:) _

&,.@),.&), - n20

Finally we return to our basic equatmn. which defines the differcntial
e, and consider the case in which =z, y, and z are themselves functions of
a variable u (as in equation A.12)

e[, 532 @), 5 wm

If  is to be constant, there must be a relation among =, ¥, and 2, hence
also among dx/du, dy/du, and dz/du. We find

o= ), (8, + (2.4, +(2)(8), wo

¥
1f we further require that z shall be a constant independent of v we find

o= (3, 5)..G).. nav

(By/u)y, _ _ (pl0z),,
@zfau),,  (@vIoy).,

Tor

(A.32)

————- e m——
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Comparison with equation A.22 shows that

Hy _ (ayfa“],,: A3
(E_x) = @alow, . (439

Equations A.22, A.27, and A.33 are among the most useful formal
manipulations in thermodynamic calculations.

i ey oy Tk mas EEs 4 r —

APPENDIX B

N Statistical
Significance
of the Entropy

The purpose of this appendix is to provide the reader with a descriptive,
intuitive insight to the statistical significance of the entropy. An apprecia-
tion of the qualitative meaning of the entropy at the atomic level gives
valuable perspective to macroscopic thermodynamic theory.

In Chapter 1 it is pointed out that each macroscopic system possesscs
an enormous number of atomic coordinates. Transitions among different
atomic states occur extremely rapidly, whereas macroscopic observations
are relatively slow. Macroscopic observations consequently correspond
to statistical averages over the atomic coordinates.

Among the myriads of atomic coordinates-there exist a very few with
such symmetry and coherence properties that, unlike the vast majority,
they are not “averaged out” in a macroscopic measurement. These
coordinates are the energy, volume, mole numbers, and other macro-
scopic thermodynamic extensive parameters. The observed values of
these parameters characterize a thermodynamic state or a macrostate of
a system. Each such macrostate is, then, consistent with a very large
number of microstates, or underlying atomic states.

As an example, consider two simple systems contained within a closed
cylinder and separated by an internal piston. The macrostate of such a

-system is completely characterized by the extensive parameters of each of
the simple systems; U, Pt N0 ... NID and U@ pn, NP oo N®,

However, for any given set of values of these variables there is an.enormous

number of ways in which the molecules of the system can be distributed at

any instant. These different positions correspond to different microstates,
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