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In Section 0 I state the obvious comment that ellipsoidal coordinates are probably right for Kelvin's charged ellipsoid problem just due to the nature of the orthogonality of equipotential lines and electric field lines. I show the football picture from Wolfram and quote the conic equations for the three surface types. Wolfram use not  ξ1, ξ2, ξ3 but rather ξ, η, ζ which are not just a reordering of the ξi. 

In Section A I take notes on the M&F discussion of ellipsoidal coordinates which are ξ1, ξ2, and ξ3 which correspond to an ellipsoid, the single-sheeted vertical warped bloid (b < ξ2 < a), and the two-sheeted horizontal warped bloid. I made some pretty good pictures of each of these surfaces, and also made two different drawings showing slices. These are valuable pictures for me. The x direction is "up" which is the central axis of the single sheeted warped bloid, while the z direction is the axis of the football which is the central axis of the two-sheeted horizontal warped bloid. 

In Section B I quote the M&F x,y,z expressions as functions of the ξi, as well as the scale factors hi. 

In Section C I quote the M&F Helmholtz equation in terms of the ξi and define the fn(ξn) and Gi factors. 

In Section D I do the Helmholtz separation and find that the separated equation is the same for each ξi. The separation constants are k2 and k3 while k1 is the Helmholtz constant (k1= 0 for Laplace equation). In this ξi equation we always have ξi2 as the first term in each radical. When the proper range for each ξi is accounted for, we get factors of i, and then the three equations are slightly different as shown in Section H below. The range situation is this:   0 ≤ ξ3 ≤ b ≤ ξ2 ≤ a ≤ ξ1 

In Section E I resolve the relation between the M&F and the Wolfram ellipsoidal coordinates. 

In Section E1 I comment on Byerly's ellipsoidal stuff (I have his book) where ξ1, ξ2, ξ3 = λ,μ,ν. 

In Section F I note that all other coordinates are reductions of the ellipsoidal system. This was all in M&F 5.1 and I note that Chap 5 is a huge Chapter on ODE's.  At a later time, I read and annotated it all but not in this doc. 

In Section G I quote the M&F Chap 5 summary page on ellipsoidals, and that for general curvilinear operators. M&F then have more ellipsoidal stuff in Chap 10 where they solve 3D problems, see below. 

In Section H we rewrite the three identical separated equations from Section D this way (k1= 0 now)

		fn ∂n [ fn (∂n Xn(ξn)) ]  + [   {k22 + (k32 /(a2- b2)} ξn2  -  {(k22 b2 + k32 a2/(a2- b2) } ] Xn(ξn) = 0 
		fn ∂n [ fn (∂n Xn(ξn)) ]  + [   {– m(m+1)} ξn2  –   {-κ} ] Xn(ξn) = 0 

where the two separation constants are changed from k2 and k3 to m and κ this way:

		– m(m+1)  = k22 + (k32 /(a2- b2)			-κ  = k22 b2 + k32 a2/(a2- b2)

The equation above is the Lamé equation and its solutions are the Lamé functions. Here are two more standard forms for the above ODE : 



At the time I wrote this doc, I had no real sources on Lamé functions. Not in Schaum or AS or "my WW", CH had a little. Wiki had some stuff which I quote, and I had found the Byerly 1959 Dover as well (from 1893).  I now have the Bateman Lamé chapter, the WW one, and Moon and Spencer hard copy, as well as the Hobson 1931 Lamé chapter 11. So today my Lamé shelf is well stocked. 

When we then account for "ranges" of the ξn we find that  fn = iFn for the ξ2 equation so it picks up an overall minus sign since fn appears twice, and this leads to the famous separated equations

	

The first and second kind Lamé functions are E and F, and here is the general atomic form for a separated solution of the Laplace equation in ellipsoidal coordinates: 

	[ Amp Emp(ξ1)  +  Bmp Fmp(ξ1)] [ A'mp Emp(ξ2)  +  B'mp Fmp(ξ2)] [ A''mp Emp(ξ3)  +  B''mp Fmp(ξ3)]

where the meta doc says κ = (a2+b2)p. I understand the four "species" stuff. It turns out solutions only exist for certain discrete values of m and κ (or p). 

In Section I  I note that the Lamé functions have five singular points with these indices

		
so we expect to see power series solutions with possible leading factors  and . As commented in "Frobenius Method Applied to the Associated Legendre Equation.doc", this is consistent with leading factors of the form  and  which we see in the next section. 

In Section J I start looking at the actual Lamé functions. At this time, things seemed pretty mysterious. I quote some of the lower E functions from M&F. Here are a few sample functions:

   
	
    
	 
	

The meta notes quote more functions from Byerly, showing the K,L,M,N species notation. 

In Section K I note the "trick" for obtaining the second kind Lamé functions F from the first kind E. For example, we have this famous one which goes with E00(z) = 1, 
	
which is basically the solution of the charged ellipsoid when z = ξ1, see next section. 

In Section L I "do" the charged ellipsoid problem. There is not much to do. Based on the requirement that you build your solution of atoms, and you need V(ξ1=C) = constant, and you need good asymptotic behavior, you conclude that 

	V(ξ1)/const =  F00(ξ1) E00(ξ2) E00(ξ3)  = (1/a) sn-1(a/ξ1,b/a)  * 1 * 1  =  (1/a) sn-1(a/ξ1,b/a)

	= (1/a) F[sin-1(a/ξ1),b/a]

and when you set the constant you get 

	V(ξ1)  = V0 F[sin-1(a/ξ1),b/a] / F[sin-1(a/c),b/a]

where ξ1= C = c is the label of the charged ellipsoid, and ξ1 is the variable taking you outside that. 

In Section M I discuss certain alternate coordinates λ,μ,ν mentioned by M&F (not same as Byerly's). 

In Section N I show that you can swap a↔b in the M&F charged ellipsoid solution and it is the exact same function, and this then explains why the Kelvin and M&F results are the same,

	V(ξ1)  = V0 F[sin-1(a/ξ1),b/a] / F[sin-1(a/c),b/a]		// M&F, as shown above
	V(ξ1)  = V0 F[sin-1(b/ξ1),a/b] / F[sin-1(b/c),a/b]		// as given by Kelvin

In Section O I write an expression for the surface charge density σ on a charged ellipsoid

	4πσ = E = - dV/dn  = - [dV(ξ1)/dξ1] (dξ1/dn)  =  - [ dV(ξ1)/dξ1] (1/hξ1)

	    =  – [ dV(ξ1)/dξ1]      /  

where all the action is in the last radical. More on this in Section W below. 

In Section P I show how one can compute, algorithmically at least, ξi as functions of x,y,z which I refer to as the transformation "inversion". You write out the conic and it is a cubic in ξ, and the three solutions fall into the three ranges, and then you know the ξi. The results are so complex that they are not worth pasting here. There are also three sum rule things like ξ12 + ξ22 + ξ32 = r2 + a2 + b2.  In addition, we know a certain rule involving Kelvin's p function as shown in Section W. 

In Section Q I ask "how do we know the three ellipsoidal surfaces are orthogonal?"  We know of course since the metric tensor (which we can compute) is diagonal. I have not other answer at this point. I did not compute the metric tensor myself, by the way. I examine this issue in 2D in "about 2D Ellipsoidal Coordinates.doc"

In Section R I wonder if there is some "reasonable" way to express the potential of the charged ellipsoid in Cartesian coordinates? I conclude that there is not, but later (W) I get a sort of hybrid result for σ. 

In Section S I cause Maple to plot σ (on charged ellipsoid) in several different formats. 

In Section T I cause Maple to generate the surfaces of the "football". 

In Section U I take some test (x,y,z) points and compute the ξi using my inversion algorithm. Then I use those in the forward formulas to get the same (x,y,z), so this verifies my inversion work. Found multiple very bad Schaum 1968 cubic page errors when doing this.

In Section V I show that   =  ABC  and I write an expression for the "k" used in Kelvin's paper (which fact seems not very important now). This ABC relation is one of the few "contact points" you can make between these coordinate systems, and of course this involves Kelvin's famous p function, more below. 

In Section W, added 8.8.10, I do several things, here are the topics: 

	(a) Expression for p, and then limit of p when ellipsoid is crushed A→0.
	(b) Differentiate the potential and install into the σ formula
	(c) Show cancellation of A factors when we go flat.
	(d) Capacitances of various objects
	(e) Summary of main facts of this last effort:

The summary (e) is a good one -- it gives the key results for each of the above lettered subsections. Go read it right now ! I will quote just one result here which is the general ellipsoidal σ:

	4πσ(ξ1=c=C; x,y,z)  = ( aV0/F[sin-1(a/c),b/a] ) (1/ABC) p(x,y,z)

which shows that σ ~ p in the general case, just as Kelvin claimed. Remember that a confocal ellipsoid family is determined by the two focal distances a and b. 
_________________________________________________________________________________

[bookmark: _Toc245693873][bookmark: _Toc245698558][bookmark: _Toc245868297][bookmark: _Toc245868312][bookmark: _Toc245868600][bookmark: _Toc245868619][bookmark: _Toc245880212][bookmark: _Toc245897640][bookmark: _Toc245899993][bookmark: _Toc245900029][bookmark: _Toc245900085][bookmark: _Toc245983224][bookmark: _Toc245983337][bookmark: _Toc246072027][bookmark: _Toc246074821][bookmark: _Toc247083736][bookmark: _Toc274296225][bookmark: _Toc274296257][bookmark: _Toc274330388][bookmark: _Toc274330419][bookmark: _Toc274330482][bookmark: _Toc300937655][bookmark: _Toc300937690][bookmark: _Toc301155701]0. Starting the search

Introduction. I have read Kelvin's attempt to solve this problem and am familiar with his solution. It appears that the spheroid limit of his solution does not a agree with the M&F spheroid solution [ but I later resolved this problem so it does agree.] We know that M&F talk about ellipsoidal coordinates, and maybe the solution to this problem is sitting there in M&F somehow, ready to be extracted perhaps with a little pulling. [ it is there, in fact , see L below] 

Coordinates and The Plan. If one is looking for equipotentials that are ellipsoids, it is at least a good start to look for a coordinate system in which the ellipsoids have labels -- that is, are surfaces of constant label ξ or whatever. And it is also good if the coordinate system is orthogonal, because then if we have a constant potential on an ellipsoid, there will be some curvilinear coordinate lines which come off perp to the surface, call these lines of constant η, and these might then be electric field lines. At least locally to the ellipsoid in question, they will be exactly that. If you find such a coordinate system, you might ask:  if you put one ellipsoid at a constant potential, will the other ellipsoids be equipotential surfaces?  Differentially, it seems true. If you compare two adjacent (separated by small dξ) ellipsoids, the η lines  are perp to the surface everywhere on the ellipsoid. We know that if the surface charge is in equilibrium, the electric field -dV/dn must be perp to the ellipsoid everywhere on the ellipsoid, so the η lines must be electric field lines. And we know that other equipotential surfaces must be perp to these lines. So it just seems inescapable that yes, the family of other ellipsoids will be equipotentials for charge on any given one. You can just walk along dξ in each step to larger and larger ellipsoids. At the very least, the family of confocal ellipsoids is at least an excellent candidate for the equipotential surfaces! 
	If this conjecture is true, then it would seem that we would know the EP surfaces right at the start. Our problem would then be to examine the Laplace equation in the newfound coordinates, write a separable product solution f(ξ)g(η)h(τ), and look for a solution where the latter two functions are just constants, then you would have V = f(ξ) which (1) is constant on each ellipsoid, and thus is doing what we want in that regard; (2) solves Laplace.  Then it would seem that you are done. Probably you will find there are some "quantum numbers" which must take special values. 

Implementing the Plan.  So let's give this approach a try and see where it leads. M&F on their p 1304 of volume II seem to be getting into this discussion. Let's listen in on that discussion and comment on it. Here is the opening gambit



So let's get this range stuff right. The two semi-major axes are a and b, and we have
	
	0		  ξ3		b		ξ2	a		ξ1	∞
			hyper2			         hyper1		       ellipsoids

So only the ξ3 coordinate can have both signs. If you hold ξ1 constant, you get ellipsoids, etc. Now here is the only picture I have been able to find that is at least dimly comprehensible, and I will flash in the adjacent information as well, where this is from Wolfram: 
 

Note: as we shall see below, the blue surfaces shown here are really both part of the same one-sheet hyperboloid, whereas the red surfaces are the two halves of a two-sheet hyperboloid. The first fact is not obvious just looking at this picture. 

Now there is only one problem:  the coordinates ξ,η,ξ shown here are NOT the coordinates that M&F use, and I want to do things the M&F way.  [ below I will show the connection ] The subject is spread out in the M&F book, so our first order of business is to extract and assemble the required information from M&F on "ellipsoidal coordinates". In other words, with the M&F quote shown above, we have started at the end of the story and we need to back up to the beginning. 

M&F on Ellipsoidal Coordinates:  Chapter 5 only 
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The starting point seems to be volume I page 511 in a chapter all about "separable coordinates"



We are in the 3D part of this chapter. We start with this		

ξ1 ≥  B ≥ A are the  semi-major axes

The ξ1 Coordinate:

The ellipsoid equation is this:    		x2/(ξ12- a2) + y2/(ξ12- b2)  + z2/(ξ12)   = 1

Before getting into the M&F text, we are going to have an ellipsoid of this form (below), where ξ1=C≥B≥A are the semi-major axes (we have set a certain c = 0, see later). The variable ξ1 labels an ellipsoid and is also its largest semi axis, and that axis is along the z axis. Here is a picture of this ellipsoid, just to get the ball rolling. We shall always use this choice of x,y,z directions in our drawings:  [ the drawing does not well show that ξ1= C > B, but that is the intended situation. ] 

 

Now, before taking another breath, we need to examine the three ellipses in the x=0, y=0 and z=0 planes: 



For each case we show the two semi axes and the focal distance. Note that the first two don't have the same focal distance! Here then is the meaning of a and b: 

	a = focal distance of the y=0 plane vertical ellipse, along the z axis
	b = focal distance of the x=0 plane horizontal ellipse , also along the z axis

When you crush the ellipsoid flat by pushing down on the top, the left picture applies,  you get A = 0 so ξ1 = a so your ellipsoid is now an ellipse with semi major a, semi minor , focus b.. This is the direction we must crush in because we know that A is the shortest semi of the ellipsoid. If you needed to take a stretching limit, you would do that in the z direction. 
	The above pictures are important because they tell us exactly what a,b and ξ1 mean for an ellipsoid. Usually in a problem we are dealing with an ellipsoid of interest, not one of the other surfaces. 

So, now we start in to M&F, knowing ahead of time that ξ1 is the generic ξ below in range ξ ≥ a. Much of the above discussion appears now in M&F's words: 



That is a lot to chew!  Here ξ is a sort of "generic coordinate" and it appears squared in the equation, different from the wiki picture above. Also, things like a2 here have the opposite sign from wiki. So forget wiki. [ more later ] We want to be thinking a ≥ b ≥c so all the square roots shown are positive. We pick some ξ > a.  Notice then that all three denominators are then positive, so we are talking ellipsoid. The x denominator is the smallest, not the usual situation. Now suppose z = 0 so we look in the x-y plane. We obviously have an ellipse and the y direction is largest so A2 = ξ2- b2 and B2= ξ2 - a2 so F2 = a2- b2 which agrees with his "traces on the x,y plane" comment above. As you vary ξ, C is fixed, so the ellipsoids are all "confocal".  This is true in all three ri = 0 planes! So this clarifies a little bit the meaning of ellipsoids being "confocal":  if the ellipsoids of varying ξ are aligned with the three axes and centered at the origin (always the case), then the projected ellipses in each of the three axis planes form a confocal set of ellipses. A special fancy meaning for "confocal" but pretty clear. 
	Now consider the last sentence in the quote above. Redefining A,B,C now, write the M&F equation as

	x2/A2 + y2/B2 + z2/C2 +  = 1

Then as ξ→a, A approaches zero and the ellipsoid is crushed flat into an ellipse in the y-z plane having semi major axis AA2 = C2(ξ=a) = ξ2- c2 = a2-c2 and semi minor axis BB2 = ξ2- b2 = a2-b2, in agreement with the M&F claim stated above. So probably these coordinates will be good for finding the potential of an ellipse, just as oblate spheroidals were good for finding the potential of a disk. So we have that now under our belt  (in theory). 

Comment:  Note please that a,b,c are NOT the semi axes of the ellipsoid, they are just three real parameters. The three semi axes are these (where I now use variable ξ1 since that is what it will be later for the ellipsoid case). 

	A = 		B = 		C = 

We have four parameters here to describe an ellipsoid that needs only A,B,C to define itself. Below M&F simply set c=0 and then we have

		A = 		B = 		C = ξ1

So now ξ1 IS in fact the largest semi axis, and above shows it is in the z direction. You might as well make your label be something useful.  Since b is the smaller of a,b, we know that B is the next largest semi axis, and A is the smallest semi axis. So yes, for a given ξ1, those parameters a and b are related to the size of the semi axes, but only as shown. 

The ellipsoid equation is this:    		x2/(ξ12- a2) + y2/(ξ12- b2)  + z2/(ξ12)   = 1

Comment 11.3.10:  If we go to the x=0 plane, we have y2/(ξ12- b2)  + z2/(ξ12)   = 0 and we see at once that we can interpret ξ1 as the larger semi-major axis of this ellipse. This is also the largest semi-major axis of the ellipsoid. 

The ξ2 Coordinate:

The 1-sheet bloid equation is this:    		- x2/(a2- ξ22) + y2/(ξ22- b2)  + z2/(ξ22)   = 1

We are now ready for the next large spoonful of M&F soup: 



In this range of ξ, what we called A2 above has gone negative, while the other two are still positive. So rewrite as (redefine A again)

	- x2/A2 + y2/B2 + z2/C2   = 1		- x2/(a2- ξ2) + y2/( ξ 2- b2)+ z2/(ξ2- c2)  = 1

The special axis here is clearly the x axis. I need a picture right now!  (paste screen clip into Visio etc)
Notice that if you solve the above for x, you get two x values for each (y,z) value. 

		ξ2

The x = constant curves are ellipses longer in the z direction since denominator C > B. In the equatorial plane, we have x = 0 we have just ellipse y2/B2 + z2/C2   = 1 with C > B and C2 - B2 = F2 = b2- c2, just as M&F claim. Obviously the two focal points of this ellipse are on the z axis. If you take a different slice of this thing, say in the y = 0 plane, you have - x2/A2 + z2/C2   = 1 which is a hyperbola. 

What about coordinate range?  To see, set z=0 and look at hyperbolas. We have b ≤ ξ2≤ a. 
	 If  ξ2→ a, the thing goes flat (iris with elliptical hole semis a,b)

		

	The ξ2→ b+ is less obvious, but may be understood this way. Imagine with our surface - x2/A2 + y2/B2 + z2/C2   = 1 that we take B → 0+. The coefficient of y2 becomes large, so to make the equation still be true, we have to shrink y. The surface basically gets squashed in the y direction. Here is a plot where we are close to this limit

		
Looking down from the top you still see ellipses, as shown in the right, but they are squashed. I used to think this limit was a elliptical cylindrical tube, that that was wrong. 
	One final comment:  Consider again - x2/A2 + y2/B2 + z2/C2   = 1. What happens if you make the RHS smaller and eventually let it → 0?  If you drop it to 1/100, say, that is the same as scaling down A,B and C by a factor of 10. Eventually they are all 0, and - x2/A2 + y2/B2 + z2/C2   = 0 describes an elliptic cone as you find in conical coordinates. 

The 1-sheet bloid equation is this:    		- x2/(a2- ξ22) + y2/(ξ22- b2)  + z2/(ξ22)   = 1

Comment 11.3.10:  If we go to the x=0 plane, we are on the elliptical football field shown in the third picture back, which is the "neck" of the 1-sheet bloid with perimeter  y2/(ξ22- b2)  + z2/(ξ22)   = 0. We see that we can interpret ξ2 as the largest semi-major axis of this neck. It is a distance and I have just added it to the football field picture above. 

So I am happy now with the above spoonful. Open wide: 

The ξ3 Coordinate:

The 2-sheet bloid equation is this:    		- x2/(a2- ξ32) - y2/(b2- ξ32)  + z2/(ξ32)   = 1



Now we redefine B as well since we have c < ξ < b < a and we have

	- x2/A2 - y2/B2 + z2/C2   = 1		- x2/(a2- ξ2) - y2/(b2- ξ2)+ z2/(ξ2- c2)  = 1

In this case the z axis seems to be the "symmetry axis" [ but beware, the two sheets are not surfaces of revolution!]  and I need another picture. I put the axes here exactly in the same position as in the last picture. Notice that for each (x,y) value, you get two z values. If we set z = 0 we find there are no solutions (x,y), as they say "no traces in the x,y plane". My drawing does not show the fact that these surfaces are not symmetrical in x and y, but they are. We know A > B for ξ in the range for this surface set, so at z = z1, the slice ellipse will be wider in the x direction than the y direction, which is maybe sort of how the picture looks. 

				ξ3

Now elsewhere we have to show that for the three ranges of ξ above, the three surface sets are "orthogonal". Assume that for the moment. Set ξ = ξ1 for the first case (ellipsoids) and ξ = ξ2 for the second case (one sheet hyperboloids) and ξ = ξ3 for the two sheet case shown just above. We then know  that  
	
		  x2/( ξ12-a2) + y2/( ξ12- b2)+ z2/(ξ12- c2)  = 1		c <  b < a  < ξ1

		- x2/(a2- ξ22) + y2/( ξ22- b2)+ z2/(ξ22- c2)  = 1		c <  b < ξ2 < a  

		- x2/(a2- ξ32) - y2/(b2- ξ32)+ z2/(ξ32- c2)  = 1		c < ξ3 <  b < a

where in each equation, all three denominators are positive. 

What about coordinate range?  To see, set x=0 and look at hyperbolas. We have 0 ≤ ξ3 ≤ b. Here is the equation with x = 0,

		y2/(b2- ξ32)+ z2/(ξ32)  = 1

If  ξ3→ b, we get two narrow pencil cones tubing out left and right.  If ξ3→ 0, the bowls flatten out and go vertical. 
	As noted for the previous surface, considering - x2/A2 - y2/B2 + z2/C2   = 1, if we were to take the RHS to 0, that is like scaling A,B,C to 0 and our surface becomes a pair of opposed elliptic cones, as one find in conical coordinates. 

The 2-sheet bloid equation is this:    		- x2/(a2- ξ32) - y2/(b2- ξ32)  + z2/(ξ32)   =1

Comment 11.3.10: If we start at the origin and march in the positive z-axis direction, after a certain distance we will hit the tip of the right sheet of the 2-sheeted bloid.  On the z axis we have x=y=0, so we see that we can interpret ξ3 as just this distance! I have just added this distance label to the picture above. 


Assembly of the three surfaces. 

If we combine the above three surfaces, we get a picture I stole from Wolfram and then edited: 

			
This picture should make perfect sense to the reader who has paid attention to this point. 

How do ξi ranges relate to the picture?  Gathering from above:




The y=0 plane slice.

Let's look at a slice of this 3D drawing which is the y=0 plane, where C = ξ2 and A2 = a2 - ξ22  and tan(φ) = A/C =  / ξ2 . However, my slice will have the ξ3 surfaces coned down more than shown above. You can see the angles φ shown in the picture. The inscribed box idea is from Schaum p 39 where asymptotes run through the corners and hyperbola touches the edges. Vary ξ2 and you vary C and A so blue curve moves, but stay confocal with focal distance a. 
 		

The main point of the above complicated drawing is to show the ξ2 one-sheet projected hyperbolas which are blue. As we vary ξ2, we vary the angle φ.  Since b ≤ ξ2 ≤ a, the angle φ can get as small as 0  (blue sheet becomes the yz plane with elliptical hole in center). But the largest the angle can be is tanφ =  / b. The lower right drawing shows various values of φ, and the left one just shows a nice family of confocal hyperbolas. 
	
NOW there is more to say. I show in purple one of the ellipsoids which will have normal 1 as drawn on the right. As we change ξ2, we move in the 2 direction as shown. In red I show one of the ξ3 hyperbolas in the y=0 plane. A block dot shows a place where all three of these surfaces  (purple ξ1, blue ξ2, red ξ3) intersect at a certain dotted 3D point. The mystery issue is how we can have 3 be perp to these other two vectors (since we know they must all be orthogonal, just like our friends      ).  We have to imagine our dotted point to be some small ε toward the viewer, out of the plane of paper. Then the red surface is a highly crushed chili pepper that is nearly flat. So as you change ξ3 moving this surface, the point moves toward the viewer. It took me a long time to get that understood. Basically on the y=0 plane the red hyperboloid is singular and is crushed completely flat. 

The reader should now ponder how the above drawing is the y=0 slice of the following general drawing, where I tried to use the same colors for things. Of course the ξ3 surface shown below is not the right one, we have to crush it into the y=0 plane and also cone it down so it goes inside the blue hyperboloid. 
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where z has a very simple form. These equations give (x,y,z) in the first octant only which is fine. Oddly he shows only two of the three metric tensor Qi factors  [ MM:  dsk = Qk dqk  =  dqk ] 
	
Note that c is gone because we set it to 0 as commented on above. 

Rewrite the above Cartesian coordinate expressions in a form where each (..) is positive: 

	x = (1/a) 
	y = (1/b) 
	z = ξ1ξ2ξ3 / ab

Note:  if you take the limit ξ1→ ∞, I have verified that the above gives x2 + y2+ z2 = ξ12 , that is, ξ1 →  r. 

At this point M&F fit this into the Stackel determinant business which I have not yet studied (and will try to avoid studying if possible). But here are two important conclusions they reach on page  512

[ Where do the above equations come from?  See "where do..." doc. It is just Cramer's rule applied to the three conicoid surface equations. ] 
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(1) The Helmholtz equation (2 + k12)ψ = 0  has this form: [ there should be a minus sign before the large Σ symbol on the left, a MF typo, see Sections X and Ybelow for details on this and also how the separation works. ]

 				        
and of course we set k1= 0 for the Laplace equation we are eventually heading for here. Rewrite

	Σn  [Gn/ (G1G2G3)] fn ∂n (fn∂nψ) + k12ψ  = 0 	G1 = ξ22- ξ32 etc and fn2= (ξn2-a2) (ξn2-b2)
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(2) If you try ψ = X1(ξ1) X2(ξ2) X3(ξ3), then you get a separated equation for each function, 



The numbers k2 and k3 are separation constants  (not components of some vector k ). Notice that only variable ξn is appearing in this equation for Xn(ξn) . Right now I have no idea whatsoever on how one would find these separation constants in a given problem, or what might quantize them etc. But at least M&F have "done the math" for me  (which I can check later, see Section Y below! ). I am, after all, exactly interested in doing the separation for my charged ellipsoid problem. I could try it right now, but let's hold just a bit. 
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Question:  Why do the Wolfram inversion equations look so different from the M&F ones?  
	In the M&F world the quadric equations were this:  ( we allow c ≠ 0 for now)

where we set the generic variable ξ = ξ1, ξ2, ξ3 for the three regions  ξ1 ≥ a ≥ ξ2≥ b ≥ ξ3≥ c ≥ 0 . Note that if we go below c, all three denoms are neg and we are back to the ellipsoid. The meaning of the three constants a,b,c is that a2- c2  = fxz2  and  b2- c2  = fyz2 ,  a2- b2 = fxy2, where the f are the focal distances of the three aligned slices of the ellipsoid, as illustrated above by me. The semi-majors are A2 = ξ12- c2 for the largest, and C2= ξ12- a2 for the smallest and B2= ξ22- b2  for the middle. 
	In the Wolfram world (let's prime everything here) we have  ( I deduce the ordering of the sizes of the parameters from the inequality statement which the W site goes give) 

	with		c' ≥ b' ≥ a'   which is the reverse of M&F! 

where the generic variable ξ  = ξ', η', ζ'  with ranges  -a'2 ≤ ζ'  ≤ -b'2 ≤ η'  ≤ -c'2 ≤  ξ'  ≤ +∞.  Notice the strange arrangement that variables η' and ζ' are always negative, while ξ' can have both signs, something I certainly don't like much.  We can see the connection is this: 

	ξ12 - a2  = a'2 + ξ'		ξ12  = 	ξ'  + a'2 + a2		ξ' = ξ12 – a'2 - a2 
	ξ22 - b2  = b'2 + η'		ξ22  = 	η'  + b'2 + b2		η' = ξ22 – b'2 - b2
	ξ32 - c2  = c'2 + ζ'		ξ32  = 	ζ'  + c'2 + c2		ζ' = ξ32 – c'2 - c2

Suppose someone hands me a Wolfram system ξ', η', ζ', a', b', c'. I could construct an M&F system such that the following equations were true for any positive C2 ≥ c'2 I wanted,  [ I would set a,b,c as in the middle column here ] 

	a'2 + a2 =  C2		a2 = C2 -  a'2 		=> 	ξ12  = ξ' + C2
	b'2 + b2 =  C2		b2 = C2 -  b'2		=> 	ξ22  = η' + C2
	c'2 + c2 =  C2		c2 = C2 -  c'2		=> 	ξ32  = ζ' + C2

At the extreme, I could choose C = c' and then have

	a2 = c'2 -  a'2 		=> 	ξ12  = ξ' + c'2		ξ'  =  ξ12 – c'2
	b2 = c'2 -  b'2		=> 	ξ22  = η' + c'2		η'  =  ξ22 – c'2
	c2 = c'2 -  c'2 = 0	=> 	=> 	ξ32  = ζ' + c'2		ζ'  =  ξ32 – c'2

Then my "usual" M&F system (having c = 0) is related to the arbitrary Wolfram system by a constant shift of all three variables! In what follows, unfortunately I have primes on M&F and no primes on Wolf , but apart from that, the conclusion is the same. 

Older section of notes:   First, here are the Wolfram equations: 


which agrees with what I have quoted above  (imagine everything with primes on it) 
						        

Now the symbols a,b,c are the "Wolfram symbols". Let's then define

c2 + ξ  ≡ ξ12
c2 + η  ≡ ξ22
c2 + ξ  ≡ ξ32

c2- a2 ≡ (a')2
c2- b2 ≡ (b')2 

Visually we can see at once that  z2  = ξ12 ξ22 ξ32 / [(a')2(b')2]  or z  = ξ1 ξ2 ξ3 / [(a')(b')] which is the desired M&F form (and why I made these definitions of course). So let Maple compute this all out:  




which we compare now to the M&F forms above



and the agreement is exact  where we interpret a'  as the "Morse and Feshbach a". 
	
So, given the M&F coordinates ξ1ξ2ξ3 with a'b'c' , here is how you get the Wolfram ones:

ξ  ≡ ξ12 - c2
η  ≡ ξ22 - c2
ξ  ≡ ξ32 - c2

a2 = c2 - (a')2
b2 = c2 - (b')2
c2 =  (c')2

Now that this mystery is cleared up, let's forget about the Wolfram coordinates. [ Of course you have to worry about the correct ranges for the Wolfram coordinates, etc etc. ] The Wolfram picture still applies to the M&F case. You can see that the parameters are just "translated" by -c2 and not squared. 
 ___________________________________________________________________________
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Again, here is the M&F situation

and here is the Byerly situation


In Byerly the constants have the ordering c' ≥ b' ≥a' and he has set a' = 0.  ( Imagine all the Byerly constants above are primed. So for Byerly, it is the x-axis of the ellipsoid which has the longest semi major axis which equals the coordinate λ (whereas in M&F it is the z-axis and its semi is ξ1).   To make the equations align as stated, we must have

	λ2= ξ2- a2		=>	λ2= ξ2- a2
	λ2 - b'2= ξ2- b2	=>	λ2= ξ2- b2 + b'2
	λ2 - c'2 = ξ2- c2	=>	λ2= ξ2- c2 + c'2

which tells us that we need

	a2 = b2 - b'2  = c2 - c'2 

So if we are handed a Byerly system a',b',c' we can try to construct an M&F system like this: 

	c2 = c'2  + C2		so that	c2 - c'2 = C2
so	b2 = b'2 + C2
	a2 = C2 
But then we get c > a which is wrong for M&F.  The obvious correct connection is this: 

	Byerly		M&F
	x			z
	λ			ξ1
	y			y
	μ			ξ2
	z			x
	ν			ξ3
	c			a
	a			c
	b			b

So the first point is that Byerly's variables λ,μ,ν are NOT the same as M&F's tricky ones. BUT, Byerly does go on to develop those tricky ones and he calls then α,β,γ  : 





And here you see the dn and cn functions that M&F talk about. 
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Now we shall let M&F wrap up their discussion with more spoonfuls: 





First, I think he is saying that in coordinate space, we have ψ( ξ1, ξ2, ξ3) = X1(ξ1) X2(ξ2) X3(ξ3) and we can think of this as we think of f(r,θ,φ) = R(r) Θ(θ) Φ(φ) and we end up doing a transform of each of these functions onto the appropriate set of eigenfunctions for the problem, like Rl(r) Plm(cosθ) e±imφ and then this serves as a building block for constructing solutions. For Helmholtz in spherical these are different functions, but the same idea. In Laplace, we transform from (r,θ,φ) to (l,m), the space of separation constant values. The "direction cosine" comment refers to <θφ|lm>  = Ylm(θ,φ) like    in E3. The last comment just points out that the separation constants k2, k3 appear in all three equations for Xn as you see above, so not as nice as the situation for Φ(φ) where only m appears by itself. But it is true that in the Θ(θ) equation we do get both l and m appearing, so not too dissimilar for what we have with the ξi. M&F sort of include the Helmholtz k1 with the other k's in their paragraph which I guess is fine. I think k1 would be a further separation constant if we included the time coordinate, etc etc. 




Don't miss the point made here, namely, that ellipsoidal coordinates are the mother of all coordinate systems. Here for example is how you get from ellipsoidal to spheroidal oblate:



In other words, our new coordinates will be (x1, x2, x3) as shown. When he says β→0, he really means of course that ξ3→∞ which means the two-sheet hyperboloid becomes the φ = constant plane. He also implies that b = a, should have said that. This paragraph is not very clear to me, but I am sure I could nail it down if I wanted (I don't want). [ see later-written notes morphing ellipsoidal coordinates.doc  ] 

Beyond this point, still in M&F Section 5.1, M&F has a lot of other things to say. They go on in Section 5.2 to talk about how you go on to solve the separated equations, all in fully general terms. We are talking second order ODE's here with the specific functions a(x), b(x) c(x)  or maybe p(x) and q(x) as shown above. I don't want to digress on this right now, I hope I can get along without it. The topics that come up are what you would expect:  Wronskians of independent solutions, power series, ordinary and singular points (regular and irregular), the indicial equation(s), recursion formulas, connection to hypergeometric, Mathieu functions, all the special functions in fact -- lots of pages, this is a whole COURSE on ODE's, still in Section 5.2. [ Well, I now see that the title of Chapter 5 is in fact "ODEs", 155 pages long. ]  It is like the general "theory section" you would like to see in front of Bateman's chapters, so this stuff is very valuable. Many times I was looking for exactly this kind of information, and here it is -- but today is not the day.  This chapter ends with a whopping 40 problems, and THEN comes the appendix on coordinate systems. I will paste here the page for ellipsoidals: 
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Comments on the above below, but first: 
And here I will throw in the general vector operator summary from Vol I p 138 (orthogonals)


Comments on the above:  S is that Stackel determinant he talks about in the general formalism for separable coordinates. The "general form for V" refers to the form the potential V must have in the SE for things to separate!  So this has nothing to do with my current problem. Then at the end he is saying you can reparameterize ξ1 ξ2 ξ3  into variables (λ, μ, ν)  where k = b/a and k' having the usual relation to k which I remember from my elliptic functions paper. Then you can express x,y,z in terms of the Jacobi elliptic functions as shown.  So now the ellipsoids are constant λ surfaces. He never said anything about this alternate form in the text that I read. You do get the feeling that "elliptic functions" are going to be involved in solutions to problems in this coordinate system! [The fi functions are shown a few pages above. ] 
	
I think I have now "extracted" all the ellipsoidal stuff there was in Chapter 5, let's move on. 

M&F on Ellipsoidal Coordinates:  Chapter 10 only 

The next area of ellipsoidal interest is here in Volume II : 


and in particular



This certainly sounds up my alley today! Now ready for what I started above: ( p 1304)
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Note: p 511 and 663 are what I looked at above. Notice, by the way, direct page number references, one of my complaints about Stakgold. Also, page numbers continue up through both volumes, also unlike Stakgold. Next: [ maybe the left-side radicals are those fi functions above] 

		

Let's derive these things. Our ODE above [ 5.1.37] was this		fn2= (ξn2-a2) (ξn2-b2)

	(1/fn) ∂n [ fn (∂n Xn(ξn)) ]  + [ k12 + k22/(ξn2-a2) + k32/ [(ξn2-b2)(a2- b2)] Xn(ξn) = 0

Multiply through by fn2 to get

	fn ∂n [ fn (∂n Xn(ξn)) ]  + fn[ k12 + k22/(ξn2-a2) + k32/ [(ξn2-b2)(a2- b2)] Xn(ξn) = 0

	fn ∂n [ fn (∂n Xn(ξn)) ]  

		+ [(ξn2-a2) (ξn2-b2)k12 + k22 (ξn2-b2) + k32(ξn2-a2) / (a2- b2)] Xn(ξn) = 0

Now assume Laplace equation so k1 = 0, then have

		fn ∂n [ fn (∂n Xn(ξn)) ]  + [k22 (ξn2-b2) + k32(ξn2-a2) / (a2- b2)] Xn(ξn) = 0 

		fn ∂n [ fn (∂n Xn(ξn)) ]  + [   {k22 + (k32 /(a2- b2)} ξn2  -  {k22 b2 + k32 a2/(a2- b2) } ] Xn(ξn) = 0 

		fn ∂n [ fn (∂n Xn(ξn)) ]  + [   {– m(m+1)} ξn2  –   {-κ} ] Xn(ξn) = 0 

where we have replaced k2 and k3 with constants m(m+1) and κ as shown.  All three equations are the SAME!  However, in the mid range for ξ2 each fn makes a factor of i, so two factors makes a -1, and that is why the sign is different as shown above for the ξ2 equation. 

	– m(m+1)  = k22 + (k32 /(a2- b2)			-κ  = k22 b2 + k32 a2/(a2- b2)

Compare these equations to earlier



We have k1 = 0 since Laplace and not Helmholtz. They have then multiplied through by the radical on the left, and have regrouped into new separation constants m and κ, just arbitrary real numbers at this point. And yes, factors arranged so all are positive for their respective variable. So far so good! 


Very good! The ODE for each coordinate is the SAME!  It's just that the legal range of the three variables (now called z) is different. The Lamé Equation front and center! Standard 2nd ODE form, you see the functions: a 4th, 3rd and 2nd degree poly in z. [ Notice that the big radicals are gone when you do the product derivatives in the first form above. ] 

 [Lamé is not in Schaum. In A&S Lamé is mentioned on page 641 only in passing, in a chapter on the Weierstrass elliptical functions, I think it is related to the Weierstrass P function and the world of elliptical functions. [ Bateman Vol 3 has a good Lamé chapter, but I did not have this volume when I was writing this doc.] . Even W&W have little to say, but they do point out that Lamé is a certain limit of a very general ODE that in fact encompasses all ODE's of physics that have 5 regular singular points or some such. Both W&W and M&F have presentations on the theory of ODE's which I have only disjointed pieces of in my ODE notes. Another loose end in the Phil world.  ]  Wang and Guo have a good section on Lame (google books only with pages missing).  I now see that in 4th edition of WW "course in modern analysis) they added one more chapter XXIII which my 2nd edition does not have, and it is exactly on Lame functions!!!! Ouch. BUT, I just found it in djv on the 4shared site, coming in now. The 4th ed is 1927 and last reprinting was in 1990. I think Lame got added in the 3rd edition 



So I now have that extra chapter. They use the word "species". This is a long chapter and surely has everything you ever wanted to know about Lamé functions and the various ODE's and the connection to the Weierstrass P function and so on.  So if I need it, I have it.  



I have searched the web for a while on Lamé functions and there is not much out there. At least Wolfram has something that agrees with M&F. Hobson has the real book, 1931 and later edition. Courant Hilbert vol 1 has a little on Lame. Wolfram quotes a Byerly 1959 Dover book which I may have found.  The actual book is 1893 and I now have it!  It explains everything. Here are the Byerly separated equations compared to M&F.  Translation:   a,b→b,c  and ξ1, ξ1



where I presume that M&F's a,b → b,c  and ξ1, ξ2, ξ3  → λ,μ,ν  and then κ → (b2 + c2) p and this p is the label on the functions!  In M&F language, that means κ = (a2+ b2)p. 
	Here is a big point:  if you think about the spherical situation, we have Rl(r)Plm(cosθ)e±imφ  and only one of the three product functions carries both separation constants. In ellipsoidal, each of the three product functions carries both constants as labels!  And each function as we shall see can come in a first or second kind with the same two labels, these being the two independent solutions of an ODE, sort of like Plm and Qlm . So a general solution term is something like this: 

	[ Amp Emp(ξ1)  +  Bmp Fmp(ξ1)] [ A'mp Emp(ξ2)  +  B'mp Fmp(ξ2)] [ A''mp Emp(ξ3)  +  B''mp Fmp(ξ3)]

and here is a form which is a special case of the above

	Gmp(ξ1) Gmp(ξ2) Gmp(ξ3) 		where G is either E or F. 


They also talk about the first and second kind functions as done below. 
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	There are 5 regular singular points, as shown. From my "ode1" notes, I am reminded that these are points where the coefficient functions are not analytic, and you see clearly in the first form above that this occurs when z = ±a, ±b. The z=∞ point always requires a little more work. I am guessing that the "indices" shown above are those of the indicial equation when you expand around the singular point in question. Recall this theorem, 



So at the first four singular points, I think you get two Case I solutions where one will have a square root branch point. You have to replace x → (x - x0) in the above, where x0 is the regular singular point. But for the last singular point, I guess we get case III and we have a normal and a log solution present. 
	So, M&F consider a series solution of the above equation about the point z = 0. I am not sure they really mean 0, or mean you are supposed to make the replacement I just show. This seems the natural place to start if you are just shopping around looking for Lamé equation solutions. Try Σndnzn, the recursor breaks into the even and odd power coefficients as I am used to seeing. 
	Suppose you could find a solution f(z) = Σndnzn that converges for all z in (0,∞). Then you would have found a Laplace solution of the form u(ξ) = f(ξ1) f(ξ2) f(ξ3), because the range of each variable lies in the range (0,∞). Now M&F go on to show  (I am not pasting all the text now) that for general values of the separation constants, κ and m, you cannot  find a viable f(x) with this property, so you cannot write such a simple triple product for your solution. The reason is that in one of the ranges  (probably the high range) the series diverges. 
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But for m = integers, there appear to be functions f(x) that work!  Here are two such f(x) solutions: 
[ notice that the second link where κ = a2 + b2 means p = 1, the label. ] 



The function notation here seems to be Esm  where I think the upper index is something else I don't yet know about. So our solutions here are

	E00(ξ1) E00(ξ2) E00(ξ3)  = 1 * 1 * 1 = 1			m = 0    	κ = 0

	E10(ξ1) E10(ξ2) E10(ξ3)  = ξ1 ξ2 ξ3  =  abz	~ z		m=1		κ = a2+b2

so these are certainly two admirably simple Lamé solutions. 
	He next examines m = 2 and finds the following slightly more complicated solutions



I suspect the upper one should be E20 since m = 2, a typo?  I could find no M&F errata on the web, nor does that word appear in either volume. 
	Now doing a certain trick, M&F come up with some more simple solutions, for m = 1 and 2

	

So we can try these to get  [ I am just looking back at our x,y,z equations above ] 

	E11(ξ1) E11(ξ2) E11(ξ3)  =  *  *  = x a   ~ x
	E22(ξ1) E22(ξ2) E22(ξ3)  = ξ1  * ξ2  * ξ3  = x a abz  ~ xz

Swapping in b for a, there are two more



which I presume would lead to y in place of x in the triple products and a↔b. 



The term "nth species" must have some historic source. These functions are some of the "ellipsoidal harmonics".  
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	All of the above solutions blow up at large z, so we want to see some second kind functions as well. To this end, M&F quote a result developed earlier which I will try to summarize here. First,  p and q are defined by  (and then I show Lame) 



Then here is the little theorem: 



We can see p(z) sitting there in Lame, so let Maple take a spin, 



This then confirms his next claim which is


where z is the lower endpoint I guess arbitrarily. [ This endpoint location certainly suggests that F(∞) = 0] Now he is making clear that the lower index is always m, and the upper is just some mysterious "p". The (2m+1) is of course arbitrary. It is not obvious to me that these decay at large z, but I suspect it is true. So we can stick all our solutions found so far into this thing and generate corresponding second kind solutions. In particular, 
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Now stand back, because all of sudden he is giving me the solution to my problem: 



So here it is! Some comments are definitely needed here. First, leave sn-1 as is and just try to follow what they are saying. 

		

He is just saying the limit of the sn-1 is a/ξ1 so you get this form as ξ1 → ∞, therefore V(∞) = 0 so we can forget about that side of ΔV for our capacitor. Next, 

		

Where is this coming from?? Well, recall that ξ1 is the semi-major large axis of our ellipsoid ξ1 = C. For large ξ1 this is the radius of the sphere!  The charge looks like a point charge, so ψ = Q/r and we read off that Q = V0a /sn-1, got it.  Then Q = CΔV  so C = Q/ΔV  = Q/V0  = V0a /sn-1 / V0  = a / sn-1, got it. The flat ellipse disk limit was ξ1 = a from earlier in this doc, and we get sn-1(1,b/a) which he says is K. And then he takes that ellipse to the circle.  So here is everything you ever wanted to know about this problem!!! 
	Now if I look at my own doc on elliptical integrals, I would say

		sn-1(x,k) = G(x,k) =  dt  

But now if we want to relate this to other people's stuff, we need my other results which are

	 So the A&S trick to distinguish how things are parameterized is to say this: 

	F(φ,k)   = F(φ|m)   = F(φ\α)		k = sinα		m = k2

		F(φ,k) ≡ G(sinφ, k) 		=>	G(x,k) = F(sin-1x,k)

Therefore 

	sn-1(x,k) = G(x,k) = F(sin-1x,k) = F(sin-1x | m) = F(sin-1x \ α)	  k = sinα	m = k2	

and we have this special case

	sn-1(1,k) = G(1,k) = F(π/2,k) = F(π/2 | m) = F(π/2\ α)  = K(k)	  k = sinα	m = k2	

so I can now write the solution in terms of F functions that make me feel better

	ψ(ξ1, ξ2, ξ3) = ψ(ξ1) =  V0 F[sin-1(a/ξ1),k=b/a] / F[sin-1(a/c),k=b/a]

where ellipsoid holding the charge has largest semi axis = c. The other two axis semis are

		A = 		B = 		C = ξ1 = c
		smallest		middle			 largest

		A = 		B = 		    C = c
		smallest		middle			 largest

So if someone asks you for the potential of an ellipsoid  C,B,A  (large to small), you compute c,b,a and stick them into the above formula. 
	How do we know this is the solution to our problem?  It meets our BC, and it solves Laplace, and vanishes at ∞  (the other part of the Dirichlet boundary).  Case closed. 

So I think this is Kelvin's result, and I need to go recheck why I thought it was wrong! 

[bookmark: _Toc245693886][bookmark: _Toc245698571][bookmark: _Toc245868310][bookmark: _Toc245868325][bookmark: _Toc245868613][bookmark: _Toc245868632][bookmark: _Toc245880225][bookmark: _Toc245897653][bookmark: _Toc245900006][bookmark: _Toc245900042][bookmark: _Toc245900098][bookmark: _Toc245983237][bookmark: _Toc245983350][bookmark: _Toc246072040][bookmark: _Toc246074834][bookmark: _Toc247083750][bookmark: _Toc274296239][bookmark: _Toc274296271][bookmark: _Toc274330402][bookmark: _Toc274330433][bookmark: _Toc274330496][bookmark: _Toc300937669][bookmark: _Toc300937704][bookmark: _Toc301155715]M. The alternate ellipsoidal coordinates (λ,μ,ν) and Jacobi function connection to (ξ1,ξ2,ξ3)

But while we are here, let's finish out the M&F section.  He says we can "change variables"

	

to λ,μ,ν (which appear on that summary page pasted above). Now recall from above



The claim is that the variable change clears out all the radicals, and the equations become 



where now each equation has both ξi AND its transformed variable, which is a bit ugly. The three equations are different because the new variables are different (he fails to write the other two equations). He says that by studying this equation, you can somehow find the inverse transform



which result I will just have to "take on faith", and it does appear on the summary page. Here then is the last paragraph of Chapter 10:
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1. Here is the M&F solution, copied from above:  the variable is ξ1
 
	ψ(ξ1, ξ2, ξ3) = ψ(ξ1) =  V0 F[sin-1(a/ξ1),k=b/a] / F[sin-1(a/c),k=b/a]

and here are the semi axes of the ellipses which are confocal to the one at ξ1 = c

		A = 		B = 		C = ξ1 = c
		smallest		middle			 largest

		A = 		B = 		    C = c
		smallest		middle			 largest

2. Here is the Kelvin solution, copied from my "Kelvin paper parsing.doc":

	v(φ) = v1 F(φ,c')/F(φ1,c') where 		a = f csc(φ)	sinφ = (f/a)	φ = sin-1(f/a)

	f 2 = a12-b12  = a2-b2			these are the focal distances of the two extremal ellipses
	g 2 = a12-c12 = a2-c2		
	c' = g/f
	φ1 = csc-1(a1/f)
	φ = csc-1(a/f) 	cscφ = (a/f)		cosφ =  
				sinφ = (f/a)		secφ = 1/      tanφ = (f/a)/ 	

In the Kelvin solution the quantities like a,b are semis, not focal distances as in the M&F solution. And a is the largest semi axis and it acts as the variable here, φ = csc-1(a/f). 

3. Reconciliation.  Let's first start with the M&F solution and write it in terms of the semi axes which are A,B,C where C is the largest and A the smallest:

	a = 		b = 		c = C = ξ1

ψ(C1) =  V0 F[sin-1(/C1),k=/] / F[sin-1(/ C),k=/]

Now let's change floats as follows

	A → c		the smallest semi
	B → b		the middle semi
	C → a		the largest semi

ψ(a1) =  V0 F[sin-1(/a1),k=/] / F[sin-1(/ a),k=/]

Here we have a1 being the variable, but I want a to be the variable, so we just swap the names. The radicals are the same with or without 1 suffix because they are focal distances!  So here is M&F now:

ψ(a) =  V0 F[sin-1(/a),k=/] / F[sin-1(/ a1),k=/]  

and then THIS is the result that can be directly compared to Kelvin's result. 
	First, for Kelvin we have

	c' = g/f = /

so Kelvin's result becomes

	v(φ) = v1 F(sin-1(/a), /)/F(sin-1(/a1), /) 	(*)

If I do the swap b↔c, then the two results agree! Now you would think that the result should in fact be symmetrical under such a swap, since the variable is the semi of the longest axis. Let's define 
	
	k ≡  /

Then here are our two results: 

ψ(a) =  V0 F[sin-1(/a),k] / F[sin-1(/ a1),k]  		// M&F

v(φ) = v1 F(sin-1(/a), 1/k)/F(sin-1(/a1), 1/k) 		// Kelvin

So we just want to show that, with either result, we get the same thing under b↔c. Consider then this transformation rule GR p 908 from the table

	F(φ*,1/k)   = k F(φ,k)	where cosφ* = Δφ  = 

In our case, let's start with M&F line above which has 

	φ = sin-1(/a) 		k = /

Now on scratch I compute that Δφ = b/a  so cosφ* = b/a  =>  sinφ*= /a . Thus I have shown

F(sin-1(/a), 1/k)   = k F(sin-1(/a), k)

This same is true if we replace a →a1 etc for b and c . But then we can remove the 1 subscripts in the radicals since all ellipsoids are confocal, then we get 

F(sin-1(/a1), 1/k)   = k F(sin-1(/a1), k)

When we take the ratio, the k factors cancel, so we have shown that

	F(sin-1(/a), /) / F(sin-1(/a1), /)  

			=  F(sin-1(/a), / ) / F(sin-1(/a1), / ) 

which is the result we seek:  everything stays the same under b↔c, just as we would physically expect. Therefore Kelvin and M&F agree exactly, so these results must be correct. 
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Plan A. The formula I will use is 4πσ = E = -dV/dn. First = is from divE = 4πρ normalization + pillbox, second from definition of E. We know that 1 =  =  for our problem.  In the formula, dn is supposed to be a distance in Cartesian space, not some abstract entity. But we see that 1  IS a unit vector in Cartesian space ( this is true for any curvilinear coordinate of course). So I think we can just say

	4πσ = E = -dV/dn  = -dV(ξ1)/dξ1

with no corrections required. But this must be wrong since it would say σ = constant on ellipsoid ξ1. 
	Slippery stuff as usual. Here is why this is wrong. Suppose f = (x3 - 2x) . Then it is true that  = , but that does not mean df = dx. 

Plan B. So we make a mid-course correction. We know that

	(dn)2 = hξ12 (dξ1)2 + other two terms. 

But we are changing ξ1 in doing our derivative, so we have  dn = hξ1 dξ1, so the correct equation is

	4πσ = E = -dV/dn  = -[dV(ξ1)/dξ1] (dξ1/dn)  =  -[ dV(ξ1)/dξ1] (1/hξ1)

which of course is just what the usual curvilinear gradient formula says. Then dV(ξ1)/dξ1 is a function only of the ellipsoid label ξ1, but hξ1 then varies over the ellipsoid.  So this will be our answer:

	4πσ =  –[ dV(ξ1)/dξ1]      /  

and so the denominator is what shows how things vary on the surface. But how do I express this factor in Cartesian coordinates??  Do I want to?  What is the best way to describe location on an ellipsoid? Recall our picture from above: 		0 ≤ ξ3 ≤ b ≤ ξ2 ≤ a ≤ ξ1 

			

		


This subject is continued in a later section. 
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We also know that, for a ≥ b ≥ 0  (c=0) we have   [ a > b are the focal distances. ] 

	 x2/( ξ12- a2) + y2/( ξ12- b2)+ z2/ξ12  = 1		ξ1 > a		ellipsoids
	 x2/( ξ22- a2) + y2/( ξ22- b2)+ z2/ξ22  = 1		b < ξ2 < a	one sheet hyperboloids
	 x2/( ξ32- a2) + y2/( ξ32- b2)+ z2/ξ32  = 1		0 < ξ3 < b	two sheet hyperboloids
	
			

The general plan to do the inversion is to write the generic equation above as a cubic, then use the Schaum cubic formula to solve. We make the following shorthand notation and then process, 

	α = a2	β = b2	   u = ξ2		

	x2/( ξ2- a2) + y2/( ξ2- b2)+ z2/ξ2  = 1

	x2/( u- α) + y2/( u- β)+ z2/u  = 1

	u(u-β)x2 + u(u-α)y2+ (u-α) (u-β)z2  = u (u-α) (u-β)

	u2(x2+y2+z2) + u(-βx2-αy2-αz2 - βz2)  + (αβz2) = u3 + u2(-α-β) + u(αβ)

	u2(x2+y2+z2) + u(-βx2-αy2- (α+β)z2)  + (αβz2)  - u3 + u2(α+β) - u(αβ)  = 0

	- u2(x2+y2+z2) + u(βx2+αy2+ (α+β)z2) - (αβz2)  + u3 - u2(α+β) + u(αβ)  = 0

	u3 – (x2+y2+z2 + α + β)u2  + (βx2+αy2+ (α+β)z2 +αβ) u  - (αβz2)  = 0	// red checked batch

which we summarize this way

	u3 – h u2  + f u  - k  = 0

		k = αβz2				// all three are positive
		f = βx2+αy2+ (α+β)z2 +αβ
		h = x2+y2+z2 +(α+β)

So we set u = ξi2 and here is how it works:  Pick a point x,y,z.  The cubic hopefully has three solutions, and we will find that we get one solution in each of our ranges noted above, and then these are our three coordinates. That is how it should work out!  Here is what the picture should look like, where we are plotting f(u) = u3 – m u2  + n u  - k 
			

(1) Fiddling a bit with Schaum. Skip This ! and just see Summary below! 

Let's see what Schaum p 32 has to say about this. We identify: 

	a1 = -h  =  - [(x2+y2+z2 +(α+β)]			
	a2 =  f   =    βx2+αy2+ (α+β)z2 +αβ
	a3 = -k   = - αβz2

Q = (3a2 - a12)/9  = (3f - h2)/9
R = ( 9a1a2- 27a3- 2a13 )/54   =   (-9hf +27k + 2h3)/54		h = (r2 + γ)	
D = Q3 + R2

The claim is that if D < 0, there are three unequal real roots. But the equations Schaum gives for these real roots imply that Q < 0.  This seems non-obvious to me. Write

	a1 = -h  =  - (r2 + γ)					γ = (α+β)
	a2 =  f   =    βx2+αy2+ (α+β)[ r2-x2-y2] +αβ
		      = -αx2 - βy2 + γr2 + αβ

So looking at 9Q = 3a2 - a12 and knowing that a2> 0, this could only be negative if the second term is larger than the first term.  Let's "explore"

	9Q =  -3αx2 - 3βy2 + 3γr2 + 3αβ - (r2 + γ)2
		=  -3αx2 - 3βy2 + 3γr2 + 3αβ - r4- 2γr2- γ2
		=  -3αx2 - 3βy2 + γr2 + 3αβ - r4- γ2
		=  - r4 + γr2 -3αx2 - 3βy2 + (3αβ - γ2)

Try completing the square

		= - ( r4 - γr2 + γ2/4) + γ2/4 -3αx2 - 3βy2 + (3αβ - γ2)
		= - ( r2 - γ/2)2  + γ2/4 -3αx2 - 3βy2 - (γ2 - 3αβ) 
		= - ( r2 - γ/2)2  -3αx2 - 3βy2 - (γ2 - 3αβ  - γ2/4) 
		= - ( r2 - γ/2)2  -3αx2 - 3βy2 - (3γ2/4 - 3αβ) 
		= - ( r2 - γ/2)2  -3αx2 - 3βy2 - 3 (γ2 - 4αβ) /4
		= - ( r2 - γ/2)2  -3αx2 - 3βy2 - 3 (α-β)2 /4

And finally we have shown that Q < 0 !  So we are still alive in the three real roots idea.  The next thing we need to show is that D = Q3 + R2< 0.   Since we just showed Q < 0, we would have to show that

	|Q|3  > R2

Meanwhile, we have

	R = ( 9a1a2- 27a3- 2a13 )/54   =   (-9hf +27k + 2h3)		

		h = (r2 + γ)		f = (-αx2 - βy2 + γr2 + αβ)		k = αβz2

	R = (-9hf +27k + 2h3)

	    = -9 (r2 + γ) (-αx2 - βy2 + γr2 + αβ) + 27 αβz2  + 2(r2 + γ)3 

Generally we have to show that

	D = Q3 + R2   =  [(3f - h2)/9]3 + (-9hf +27k + 2h3)2/ (54)2  < 0 

We know that Q3 is negative, so at least we have a chance. Multiply through by 542 

	542/93  = 4 		so we have to show that

	4 (3f - h2)3 + (-9hf +27k + 2h3)2  < 0

	
	h = (r2 + γ)  	k = αβz2

So somehow this must be < 0 . Maple expands it into a nightmare. 

OK, Uncle!!!  The algebra is just a disaster.  

(2) Summary of the Inversion Formula Results 

There are two formats for presenting the cubic solutions. In both cases, we start with x,y,z and a,b, and we construct combinations as follows: 

			h  =  x2+y2+z2 +(a2+b2)				L2		// all these are poly2
			f   = b2x2+ a2y2+ (a2+b2)z2 +a2 b2		L4
			k   = a2 b2z2					L6

and then from these we construct

			R =  (-9hf +27k + 2h3)/54		// poly6	  (ie, poly of 6th degree in x,y,z)
			Q =  (3f - h2)/9				// poly4

Then in the "complex solution method" we further define

			D = Q3 + R2				// poly12
			S = [ R + ]1/3			// [ poly6 +] 1/3
			T = [ R - ]1/3 			// [ poly6 –] 1/3

and then the solutions are given by  (S-T will be pure imaginary) 

	ξ12  = h/3 + (S+T)			// poly2 + [ poly6 +] 1/3 + [ poly6 –] 1/3
	ξ22  = h/3 - (S+T)/2  – (i)(S-T)/2
	ξ32  = h/3 - (S+T)/2 + (i)(S-T)/2

I think the way this works is that Q<0, so Q3 < 0, and D<0 so  = i. Then we have

	S = [ R + i]1/3  	T = [ R - i]1/3

This says that T = S*  so that S+T = S+S* = 2Re(S)  and S-T = S-S* = 2i Im(S). This then makes all the ξi2 shown above come out real, and we presume we will find that ξi2 > 0. 

In the "real solution method" we don't use S and T, but instead further define

			θ = cos-1(R/)		// cos-1(poly6/ )

and then the solutions are

	ξ12  = h/3 + 2 cos(θ/3)		// poly2 + * cos{ [1/3] cos-1(poly6/ ) }
	ξ22  = h/3 + 2 cos(θ/3 + 2π/3)
	ξ32  = h/3 + 2 cos(θ/3 + 4π/3)

I have verified explicitly that both these forms are correct, using Maple file "ellips coord check.mws". I am glad I did this check because the 1968 Schaum formulas had a total of 6 errors in them, which are corrected in the 2008 edition (see below)  (and which Wolfram has right). 
	The results are unbelievably messy which is no doubt why M&F don't present them. 

(3) There are a few other facts that might be useful, concerning the cubic solutions. Go back to our equation

		u3 – h u2  + f u  - k  = 0

		k = αβz2				// all three are positive
		f = βx2+αy2+ (α+β)z2 +αβ
		h = x2+y2+z2 +(α+β)

		u1 = ξ12	
		u2 = ξ22	
		u3 = ξ32

These extra facts appear at the bottom page 32 Schaum, and then arise trivially from writing the cubic in factored form. They are:  

	ξ12 + ξ22 + ξ32  = h  = x2+y2+z2 +a2 + b2

	ξ12 ξ22 + ξ22 ξ32 + ξ12 ξ32  =   f = b2x2+ a2y2+ (a2+b2)z2 + a2 b2
 
	ξ12 ξ22 ξ32  =  k  = a2 b2z2 

So, although the general formulas for ξi2(x,y,z) are awesomely messy, these symmetric combinations all have simple forms in terms of the Cartesian coordinates. The last result we already know, since it is just the z equation of the x,y,z M&F equations, but the others are a little new to me. 
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(1) In one view, you look at your equation for the ellipsoid written in this manner, 

	 x2/(ξi2-a2) + y2/( ξi2- b2)+ z2/(ξi2)  = 1		A2 = ξi2-a2       B2 = ξi2- b2         C2 = ξi2

Everything enters quadratically in both coordinate systems. In x,y,z coords are either sign, but the surface is symmetrical in that f(±x,±y,±z) = f(x,y,z), so first octant is all we need deal with where xi are all plus. Just staring at this equation, you see the confocal nature of the ellipses and hyperboloids. If you try to solve this equation for ξi2, you obviously get a cubic for this variable, and here is what the cubic looks like:
								   
	F(u) = u3 – h u2  + f u  - k  = 0
		k = αβz2				 // all three are positive
		f = βx2+αy2+ (α+β)z2 +αβ
		h = x2+y2+z2 +(α+β)			// note that g = h + k/f

For each (x,y,z), you get three roots (ξ12, ξ22, ξ32) in the regions shown (though I have not proven this fact), so you might as well think of the ξi as only positive. Thus, we match our triple ξi range with the first Cartesian octant. We can see that the mapping Cartesian octant → ξi space is 1 to 1, but not obvious it is onto, filling the entire ranges. On the other hand, we know the mapping ξi → (x,y,z) explicitly, 



so we know that the mapping ξi → x,y,z is also 1 to 1. So the mapping really is 1 to 1, invertible, and therefore onto in both directions -- that has a name like topological mapping or some such. 

(2) How do we know that the ξi coordinates are orthogonal? 

Let's first consider this in spherical coordinates where I pull up my standard issue picture:

 

Think about the "planes" that are defined when one variable is held fixed and the others varied: 

	fixed		vary			plane
	r			θ,φ			spherical surface patch r2dΩ  (red sphere)
	φ			r,θ			vertical plane at φ (yellow)
	θ			r.φ			cone (blue)

If you look at the black dot in the color picture on the right, you see that locally you have three perp planes. Once you know that is true, you know the triad of unit vectors is orthogonal. 
	This is much harder to "see" in ellipsoidal coordinates: (my black dot is just under the ξ1) 


I simply don't know the right way to explain why things are orthogonal. I know it is true in this computation, where qi = ξi and we just compute directly from our "x,y,z equations". 

	gkp  = Tki Tpi  = 		
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The solution we found above was this: 

	ψ(ξ1, ξ2, ξ3) = ψ(ξ1) =  V0 F[sin-1(a/ξ1),b/a] / F[sin-1(a/c),b/a]

What are a,b,c here?  The actual charged ellipsoid has ξ1 = c and has the two focal distances a and b, as per our recently made pictures:



Now the only way I know how to put this into Cartesian coordinates is to use the messy cubic inversion formulas found in the last section. For example, ξ12  = h/3 + 2 cos(θ/3). Now THAT is one ugly muffin!  We know the surfaces of constant ψ are ellipsoids confocal to the charged one. But the potential itself ψ(x,y,z) is amazingly complicated, considering that the surfaces themselves have the simple Cartesian form 

	 x2/( ξ12-a2) + y2/( ξ12- b2)+ z2/(ξ12)  = 1

The problem is simply this:  given such a surface, you need to find the number ξ1 that is its "label", so you can put that label into the simple potential formula. But solving for the label ξ1 means solving the cubic equation and THAT is what is so ugly. Given a point (x,y,z) in Cartesian space, which ξ1 ellipsoid does that point lie on?  
	Imagine trying to solve the Laplace equation for this problem in Cartesian space. It is a "simple" Dirichlet problem for a capacitor, one electrode at infinity with potential -V, the other being the metal ellipsoid with potential V.  This is a "standard (exterior) Dirichlet problem". If you could somehow solve it, you would get the mess shown above, the ugly muffin. 
	We have a similar problem in dealing with the surface charge density on the charged ellipsoid (and in fact with anything regarding our ellipsoid).
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Code is store here:  "plot sigma ellip coord.mws"

Here is our expression obtained above for the surface charge α on our charged metal ellipsoid,

	4πσ = E = -dV/dn  = -dV(ξ1)/dξ1 (dξ1/dn)  =  -[ dV(ξ1)/dξ1] (1/hξ1)

	         - [ dV(ξ1)/dξ1]      /  

so all the interest is in the last factor, since ξ1 = c, a constant for our ellipsoid. 
	The plan is to make the surface brightness be proportional to σ (but later I try hue as well). To that end, we set f equal to the ratio of radicals shown above, which is normalized to unity at (ξ2, ξ3) = (a,b). This point is the tip of the longest end of the ellipsoid, so we expect that it will be the brightest point. ( I will insert the full text code below). 


Next, we enter our "x,y,z equations" to map from ξ space to Cartesian space



which can be compared with our earlier M&F equations where we have set ξ1 = c:

			

Next, we want to have the user enter the three semi-major axes to define an ellipsoid that way, and from these we compute the two long axis focal distances a and b, 



Next, for warmup we just plot the surface charge density versus ξ2 and ξ3 . Notice that the two variables  (ξ2 , ξ3) = (xi2,xi3)  are scanned over their legal ranges which are 0 ≤ ξ3 ≤ b   and b ≤ ξ2 ≤ a, 


		
which shows that our scaled σ ranges from about 0.4 up to 1.0 in this example. The upper corner is at the largest values of a and b, which as noted correspond to the longest top of the ellipsoid which we expect to have the most charge. 

Next, we create the desired "football plot". The code is this:   


In order to see all 8 octants of our ellipsoid, we create a set  {} "octants" containing the obvious 8 points. Then the plot3d command "scans" the space (ξ2,ξ3) = (xi2,xi3) just as in the previous plot. At each scanning point, it computes the 8 mirror points and puts them in a data list along with a grayscale color set by our color function (which is just σ, the surface charge), represented by RGB = f,f,f. You can at least see that the charge is most on the pointiest ends and least on the most oblate ends. 

			

Unfortunately, Maple scales the RGB "color" from so it fills the entire range from 0 to 1, whereas we would like to see the color being roughly 0.4 to 1 as shown by the previous graph. I cannot find a way around this problem. ( I tried lots of tricks, you would have to directly edit the data structure). 
	The hue method is a little more exciting. Instead of having it span the luminance spectrum as I did above, we can let it span the hue spectrum by saying "color=f". Here is the plot along with a calibration hue spectrum



Now the pointy ends of our ellipsoid are red as expected, the most oblate ends are orange, and the intermediate ends are green. In some sense, this is a very good way to plot σ, as long as we understand that the full hue spectrum is only mapping σ in the range (0.4, 1.0). Hue is very sensitive to the eye. 

			Text code: 
> restart:
> f := (sqrt(c^2 - a^2)*sqrt(c^2 - b^2))/(sqrt(c^2 - xi2^2)*sqrt(c^2 - xi3^2)):
> x := sqrt((c^2-a^2)*(xi2^2-a^2)*(xi3^2-a^2)/(a^2*(a^2-b^2))):
> y := sqrt((c^2-b^2)*(xi2^2-b^2)*(xi3^2-b^2)/(b^2*(b^2-a^2))):
> z := c*xi2*xi3/(a*b):
> A := 4:   // x, shortest
> B := 6:   //y
> C := 10:   //z, longest
> c := C:
> a := evalf(sqrt(C^2-A^2)):
> b := evalf(sqrt(C^2-B^2)):
> plot3d(f, xi3=0..b,xi2=b..a, axes=boxed):
> with(plots):
> octants := {[x,y,z],[-x,y,z],[x,-y,z],[x,y,-z],[-x,-y,z],[-x,y,-z],[x,-y,-z],[-x,-y,-z]}:
> plot3d(octants, xi3=0..b,xi2=b..a, axes=boxed, scaling = CONSTRAINED, grid=[30,30], color= f , style=PATCHNOGRID);
> restart;
> plot3d(x,x=0..1,y=0..1, color = x, style=PATCHNOGRID);
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For example, we want to hold ξ1 fixed and scan the other two to create the ellipsoidal surface. But this is exactly what we did above on our charge distribution plot. 

Experiment:  I tried drawing the basic ellipsoid and it works fine, but I could not make the axes stick out from the figure so you could see them better with their labels. Putting view= [-30..30,-30..30,-30..30] into the display command fixed this. Before I discovered that, I tried making an outer transparent surface. Maple does not support transparent, wireframe is as close as they come, so I was above to do this. 

p1 := plot3d(octants, xi3=0..b,xi2=b..a, axes=normal, scaling = CONSTRAINED, grid=[20,20],style=patch):
p2 := plot3d(octants1, xi3=0..b,xi2=b..a, axes=normal, scaling = CONSTRAINED, grid=[10,10],style=wireframe, color = [1,0,0]):
display([p1,p2],view= [-30..30,-30..30,-30..30],labels = ["x","y","z"])
				

I has a lot of trouble putting the labels in the right places in the "normal" frame mode, whereas in the boxed mode it is OK. . I can extend the axes, but it wants to put the x,y,x labels inside the surface region where you cannot see them. 

view= [-15..15,-15..15,-15..15],

OK, I am fine with the ellipsoid. How do I now make the OTHER two surfaces? Different range of ξ coordinates! By the way, in the "patch" style, Maple does remove hidden surfaces. 
	OK, I have now created a serious Maple program in file "ellipsoidal coords 1.mws", and here are some of the output pictures: 

 

You can see that the blue and red surfaces are asymmetrical since the ellipsoid is. So this is my version of the Wolfram picture I used above. These pictures make it a little more clear that the triad of unit vectors at an intersection pint is orthogonal. 

Detail: to get Maple to allow viewing in this manner, which matches other plots in my document, I had to interchange the definition of x and z, because otherwise it wants to put the red cones up and down along the z axis, and that is the way it draws it in space, and you can alter your viewpoint with "orientation", but you cannot make the red cones be right and left no matter where you look from. 
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Here is where I found the errors in Schaum p 32 on cubics. 

I have entered this in, and have checked many times, but it is not working!  Something is wrong somewhere. Transcription, starting point, typos?  Let's try to get an independent check on Schaum's claims on page 32, just in case. I am seeing some problems!  The Wolfram page works like this: 

	Wolfram		Schaum
	a2		→	a1
	a1		→	a2
	a0		→	a3

Wolfram's definitions of R and Q map correctly into Schaum's

Wolfram: 
	    

Wolfram's D matches that of Schaum, the discriminant.  But Schaum's definitions of S and T are both wrong, they should be a cube root, not a square root as shown above. Then Schaum and Wolfram agree on the complex form of the three solutions also shown on the right. And then Schaum's complex formula set gives me the right results (will show below). But now the section 9.4 results are wrong. Here are the Wolfram results: 
			Wolfram 

So Schaum now has several more errors:  first, should not have a -R in the θ definition, and I think this does make a difference. Second, he forgets to add the pieces shown! Horrors!  There is a 2008 edition of this Spiegel thing with snippet view, and all these errors have been fixed!  So for once, it wasn't me who screwed up. 
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The M&F result, found above in this doc, is this  ( on or off the surface of the charged metal ellipsoid.) 

	-dV/dn  = -[dV(ξ1)/dξ1] (dξ1/dn)  =  -[ dV(ξ1)/dξ1] (1/hξ1) 

		= -[ dV(ξ1)/dξ1]    /  

where "the interest" is in the last factor. Can I show that this denominator factor has this form:

	  =  F(ξ1,a,b)   

where A,B,C are the semi-major axes

	A2 = ξ12 - a2		B2 = ξ12 - b2		C2 = ξ12 

This seems to be the claim that Kelvin makes and in fact seems to derive on page 12 / 32 of the PDF. 
If it were true, I think I could show it pretty easily.   I would want to show this

	(ξ12- ξ22) (ξ12- ξ32)    = f(ξ1) [ x2/ (ξ12 - a2)2 + y2/(ξ12 - b 2)2 + z2/(ξ12)2  ]   (*)

Question:  how do I know I have correctly aligned my semi-major axes?  This is the way we have done things all along, 

	
This shows that what I call A above really is the semimajor that goes with x, not with y or z. 

So you would think it would be a simple matter to insert our x,y,z formulas into the RHS of  to see if it is true or not for some f(ξ1).  Let's write (*) in this way

	h(ξ1, ξ2, ξ3) = f(ξ1) k (ξ1, ξ2, ξ3)

Here then is some Maple work. We set up the k function like this



and we set in the x,y,z equations like this: 


The k function then comes out being



Meanwhile, the h function is this:



Now expand both h and k in powers of ξ2 and ξ3 like this: 

	h = Σmn hmn(ξ1) ξ2mξ3n 		
	k = Σmn kmn(ξ1) ξ2mξ3n 	

There are exactly four terms in each sum. If it is true that h = f(ξ1) k. then it must be true that

		hmn(ξ1) = f(ξ1) kmn(ξ1)

and this must be true for all four coefficients on each side.  We are matching powers term by term in two independent variables ξ2 and ξ3. Suppose then we define

	fmn(ξ1)  = hmn(ξ1)/ kmn(ξ1)

Then we should find that all four fmn objects are the SAME!  Let's see if that is true: Start with 22:









I am starting to believe. I need not have done all this work  ( I started out with some errors, and that is what led me to the double series approach above).  We find directly that



But notice this factor is just A2B2C2 since above we had

	A2 = ξ12 - a2		B2 = ξ12 - b2		C2 = ξ12 

So here is what I have now shown: 

	  =  F(ξ1,a,b)   

where F = ABC.  In other words: 

		  =  ABC  

		[ L2 L2]1/2		= L3 [ L-2]1/2

		L2 			= L2

Therefore we can write our potential in this manner: 

	A2 = ξ12 - a2		B2 = ξ12 - b2		C2 = ξ12 

	-dV/dn  = -[dV(ξ1)/dξ1] (dξ1/dn)  =  -[ dV(ξ1)/dξ1] (1/hξ1) 

		= -[ dV(ξ1)/dξ1]    /  

		= -[ dV(ξ1)/dξ1]    /  [ABC]

		=  -[ dV(ξ1)/dξ1]  (AB  / ABC)  p

		=  -[ dV(ξ1)/dξ1] (1/ξ1)  p
 
where p = 1/. We can compare this equation then to that of Kelvin, 

	-dv/dn = 4π k p

from which we may conclude that 

	4πk  = -[ dV(ξ1)/dξ1] (1/ξ1)

So if you want to plot charge density, you could do it using p. 
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Mystery Question Added 8.8.10. 

Q:  How do we reconcile the above formula for σ on an ellipsoid in terms of Kelvin's p, and the known result for σ on a charged disk?  The Kelvin thing does not seem to blow up at the edge, but the known σ result does! I think the answer has to do with dA and what happens to it when you crush an ellipsoid into an ellipse or disk. I leave this as a pending question because I am now in the middle of Sneddon and trying to finish that book. 

Answer to Question Added 10.7.10. 
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First, we already know these facts:

	V(ξ1) =  V0 F[sin-1(a/ξ1),b/a] / F[sin-1(a/c),b/a]

	4πσ =  – [ dV(ξ1)/dξ1] (1/ξ1) p(x,y,z)
 
	(1/ξ1) p(x,y,z)  =   /   = AB/

	 semis: 	C ≥ B ≥ A.	A2 = ξ12 - a2		B2 = ξ12 - b2		C2 = ξ12 

	p(x,y,z) =  1/  = ABC / 	// Note: V = (4π/3)ABC 

So, let's start with p =  1/ where C ≥ B ≥ A. What happens as we crush our ellipsoid flat into an ellipse? Look back at the picture, or just take a hint from p, to remember that our association with axes is A,B,C ↔ x,y,z so the longest semi is along the z axis having C = ξ1, so we are not going to crush C to zero since it is the largest. Instead, we want to crush so that A → 0 which means focal distance a→ ξ1 = C. We let B ≠ C at first so our flat thing will be an ellipse. What happens if A → 0 in our p formula? The problem is that as we squash down, our flat ellipse will be in the x = 0 plane so we will also have x → 0, so it not obvious how to deal with this p formula with its x2/A4 term. Looking at our "ellipse is vertical" picture above, we certainly must have |x| ≤ A for any (x,y,z) on the ellipse. However, from the equation of the ellipsoid we know that

	x2/A2 = ( 1 - y2/B2 - z2/C2) 

which is some "reasonably valued" expression even after flattening. If we install this into p we get

	p =  A / [  ( 1 - y2/B2 - z2/C2) + y2A2/B4 + z2A2/C4  ]1/2

so in the small A limit this becomes

	p = A / 						// small A limit of p

which is at least starting to "look right". Think of that "tangent plane" for the very flat ellipsoid. As long as you are not at the very end, the plane tips violently toward the x=0 flat plane and so the distance p is very small, and you can see that if A→0, we will have p→0 as well. 



At this point, then, assuming A is very small, we have

	4πσ = – [ dV(ξ1)/dξ1]|ξ1=C (1/C) p(x,y,z)  = – [ dV(ξ1)/dξ1] |ξ1=C (1/C) A / 

where C = the larger semi of the flat ellipse we are approaching. Something must arise from the dV/dξ1 which will cancel our factor of A ! Our known potential is this

		V(ξ1) =  V0 F[sin-1(a/ξ1),b/a] / F[sin-1(a/c),b/a]
		A = 		B = 		    C = c
		smallest semi		middle semi		 largest semi

so we are now faced with differentiating this thing wrt ξ1. 
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So consider this to reduce symbol count

	f(x) = F[sin-1(a/x),b/a] 

Looking at my pendulum elliptic integral doc, I would claim that

	∂F(φ,k)/∂φ =  1/

If we set φ = sin-1(a/x) , then sinφ = a/x and we then have

	∂F(φ,k)/∂φ =  1/

Notice that 

	sinφ = a/x  	=>	cosφdφ = - (a/x2)dx   = - (1/a) (a2/x2)dx =  - (1/a) sin2φ dx

	=>	dφ/dx =  - (1/a) sin2φ / cosφ  = - (1/a) (a2/x2)/   = – (a/x2)/ 

Meanwhile, we surely have

	∂F(φ,k)/∂x  = ∂F(φ,k)/∂φ (dφ/dx)   =  (1/) (– (a/x2)/  )

which is to say

	∂F(sin-1(a/x),k)/∂x  = – (a/x2) (1/)(1/)

which is to say

	∂F(sin-1(a/ξ1),k)/∂ξ1  = – (a/ξ12) (1/)(1/)

But in our situation we have k = b/a so this becomes

	∂ξ1F(sin-1(a/ξ1),k)  = – (a/ξ12) (1/)(1/)
or
	∂ξ1F(sin-1(a/ξ1),b/a)  = –  a (1/)(1/)

which then tells us that

	∂ξ1V(ξ1) =  ( V0/F[sin-1(a/c),b/a] )  ∂ξ1F(sin-1(a/ξ1),b/a)

	=   – ( aV0/F[sin-1(a/c),b/a] ) (1/)(1/)	

	= 	– ( aV0/F[sin-1(a/c),b/a] ) (1/AB)				// the derivative result 

In passing, I note that we can install this into our σ expression to get this: 

	4πσ = – [ dV(ξ1)/dξ1]   {    /  }

= ( aV0/F[sin-1(a/c),b/a] ) (1/)(1/) {   /  }

	=  ( aV0/F[sin-1(a/c),b/a] ) / 		

which I repeat:  [ this is σ on a charged ellipsoid with label ξ1 as a function of ξ2 and ξ3 ] 

	4πσ(ξ1 label, ξ2, ξ3)  = ( aV0/F[sin-1(a/c),b/a] ) / 		ξ1 = C
		A = 		B = 		    C = c
		smallest semi		middle semi		 largest semi

At this point we could use our fact above

	(1/ξ1) p(x,y,z)  =   /  

to state this general σ result where variation is all in terms of x,y,z

	4πσ(ξ1 label, x, y,z)  = ( aV0/F[sin-1(a/c),b/a] ) (1/ξ1) p(x,y,z) / 

But this is off the path I am on, so we just leave it sitting there. 
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From above we have shown that, 

	[ dV(ξ1)/dξ1] |ξ1=C =   	– ( aV0/F[sin-1(a/c),b/a] ) (1/AB)

We can insert this into our nearly-flat charge density formula 4πσ =  – [ dV(ξ1)/dξ1] (1/ξ1) p(x,y,z) to get

	4πσ =  – [ dV(ξ1)/dξ1] |ξ1=C (1/C) A / 

	=  (1/C) A ( aV0/F[sin-1(a/c),b/a] ) (1/AB)(1/)

and sure enough we get our desired cancellation of the very small A's and we then have

	4πσ =  (1/C) ( aV0/F[sin-1(a/c),b/a] ) (1/B) (1/)

where now A = 0 and a = c = C. But then we can write 

	sin-1(a/c) = sin-1(1)  = π/2 

and then

	F[ π/2,b/a]  = K(b/a)  = K(/ C)

so we then have

	4πσ =  (1/C) ( aV0/ K(/C) (1/B) (1/)
or
	4πσ =  (1/BC) ( CV0/ K(/C) (1/)

and I guess I claim this is the charged density on a charged ellipse with semis C ≥ B which lies in the y-z plane. Let's now pretend it lies in the x-y plane so that

	4πσ =  (1/B) [  V0/ K(/C) ]  (1/)		// σ on an ellipse in x-y plane

and then C is the longer semi axis which runs along the x axis, and the shorter one B along the y axis. If we then take the limit that B = C to get a round disc of radius C, then 
	
	4πσ =  (1/C) ( V0/ K(0) (1/

	=  (1/C) ( 2V0/ π) (1/			// since K(0) = π/2  from AS p 591 top left

Divide through by 4π to get

	σ =  (V0/2π2C) (1/

Now set the disk radius to a to avoid upcoming confusion

	σ =  (V0/2π2a) /  =  (V0/2π2) /

Now use the fact that q = CV0 with C = (2/π)a as capacitance. Then  q = (2/π)a V0  and V0= πq/(2a) so 

	σ =   V0 (1/2π2) /  = πq/(2a) (1/2π2) / =  (q/4πa) /

This is the surface charge on say the upper surface of the ellipsoid as we crush it down, so if we want both sides we double this, and that then agrees with green Jackson 3.179 p 93. 
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I seem to have missed this in all of the above, so let's do it here. Our general ellipsoid potential is this: 

	V(ξ1) =  V0 F[sin-1(a/ξ1),b/a] / F[sin-1(a/c),b/a]

We know for large ξ1 that ,  using sin-1(1/x) ≈ 1/x, 

	sin-1(a/ξ1) ≈  a/ξ1   << 1

so we can use the small argument expansion of F that  F(x,k) = x  ( pencil AS page 594) so we have

	V(ξ1) ≈  V0 (a/ξ1) / F[sin-1(a/c),b/a]

From the equation of our ellipsoid

	 x2/( ξ12- a2) + y2/( ξ12- b2)+ z2/ξ12  = 1		ξ1 > a		ellipsoids

We can see that if ξ1→ ∞, this equation becomes  

	 x2/( ξ12) + y2/( ξ12)+ z2/ξ12  = 1			ξ1 > a		ellipsoids

	=>		r2 = ξ12 

so in this limit, ξ1 → r.  We then have

	V(ξ1) ≈  V0 (a/r) / F[sin-1(a/c),b/a]  =  Q/r		=>		Q = V0 a  / F[sin-1(a/c),b/a]

and from this we read off our Q = CV capacitance

	cap(ellipsoid ξ1= C) = Q/V0 =   a / F[sin-1(a/c), b/a]			C ≥ B ≥ A
	A = 	B = 		    C = c
		
In the flattened to ellipse limit, A = 0 and a = c and we have F[π/2,b/a] = K(b/a) = K(b/c) so

	cap(ellipse) = a / K(b/c)

and when we make B = C so b = 0, this is the following, where a = c = C = radius of disc

	cap(disc) = a / K(0)   = (2/π)a

If we go back to the ellipsoid, if we set A = B, we get the prolate spheroid, which means a = b. We can then use F[x,1] = ln [ (1+sinx)/cosx ]  ( my pendulum doc) to get

	F[sin-1(a/c),1]   =   ln [ (1+sinx)/]  = ln [ (1+(a/c))/] 

	 = ln [ (c+a)/]  = ln [ (c+a)/A]

so we conclude that

	cap(prolate, ξ1= C) = a / F[sin-1(a/c), 1]  =  a / ln [ (C+a)/A] 		A = 

As verification of this result, I found a PDF which claims V is given by



where their a,b are my A,C  so that   =   = my a ,     so I can convert their first result to say

	V = (Q/a)  ln [( C + a)/A]  = (Q/a)  ln [( C + a)/A]

from which we get from Q = CV

	cap = Q/V  = a / ln [( C + a)/A]

which then verifies my result. I don't think I have seen this before. We could talk about a prolate needle limit of this result where we take C very large so a ≈ b ≈ C we seem to get

	cap(needle) = C / ln [( 2C/A]

which approaches 0 as A → 0  (super thin needle of half length C). Again our pdf mentions this



where b >> a which is my C >> A  so their result is C / ln (2C/A) and we again agree! 

If we go back to the ellipsoid C ≥ B ≥ A, if we set B = C, we get the oblate spheroid, which means b=0. We then use fact that F[x,0] = x  (AS p 594) so say

	cap(oblate ξ1= C) = Q/V0 =   a / F[sin-1(a/c),0]   =  a / sin-1(a/c)		c = C = B ≥ A

IN the same pdf, the potential in this case is



where now their b,a are my A,C  so that   =  = my a, so they are claiming

	V = (Q/a) sin-1(a/C)		=>  cap = Q/V = a / sin-1(a/C)

which again verifies my result. If we then flatten this oblate, we recover the disk result cap = a / (π/2). 


Here then is a summary of these capacitance results. 

	A = 	B = 		    C = c			C ≥ B ≥ A

	cap(ellipsoid) = Q/V0 =   a / F[sin-1(a/c), b/a]			

	cap(ellipse) = a / K(b/c)

	cap(disc) = a / K(0)   = (2/π)a

	cap(prolate spheroid) = a / F[sin-1(a/c), 1]  =  a / ln [ (C+a)/A] 		A = B     a = b

	cap(needle) = C / ln [( 2C/A] 

	cap(oblate spheroid) = Q/V0 =   a / F[sin-1(a/c),0]   =  a / sin-1(a/c)		B = C    b = 0
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(a) We start with this basic information

	V(ξ1) =  V0 F[sin-1(a/ξ1),b/a] / F[sin-1(a/c),b/a]

	4πσ =  – [ dV(ξ1)/dξ1] (1/ξ1) p(x,y,z)
 
	(1/ξ1) p(x,y,z)  =   /   = AB/

	 semis: 	C ≥ B ≥ A.	A2 = ξ12 - a2		B2 = ξ12 - b2		C2 = ξ12 

	p(x,y,z) =  1/  = ABC / 	// Note: V = (4π/3)ABC 

and if we flatten by taking A→0 we find that (and give a graphical explanation)

	p = A / 						// small A limit of p

(b) We compute the derivative ∂ξ1V(ξ1) using the fact that  

	∂F(φ,k)/∂φ =  1/	=>	∂ξ1F(sin-1(a/ξ1),b/a)  = –  a (1/)(1/)

with the result

	∂ξ1V(ξ1) = – ( aV0/F[sin-1(a/c),b/a] ) (1/AB)

and if we insert this in to our general σ formula we get these equivalent results, 

	4πσ(ξ1 label, ξ2, ξ3)  = ( aV0/F[sin-1(a/c),b/a] ) / 		ξ1 = C = c

	4πσ(ξ1 label, x, y,z)  = ( aV0/F[sin-1(a/c),b/a] ) (1/ABC) p(x,y,z)

(c) Inserting the small A limit for p into this last gives our flat ellipse charge density in the y-z plane:

	4πσ(ξ1 label, x, y,z)  = ( aV0/F[sin-1(a/c),b/a] ) (1/BC) (1 / )

But since a = c, we have sin-1(a/c) = sin-1(1)  = π/2 so this simplifies to 

	4πσ =  (1/B) [  V0/ K(/C)  ]  (1/)		// σ on an ellipse in x-y plane

If we then set B = C for a disc and define ρ as usual, then, using K(0) = π/2,  we get Jackson: 

	σ =   (1/C) ( V0/ K(0) (1/)  =   (V0/2π2C) (1/) =  (q/4πC) /

(d) I compute the capacitance of various objects, results are

	A = 	B = 		    C = c			C ≥ B ≥ A

	cap(ellipsoid) = Q/V0 =   a / F[sin-1(a/c), b/a]			

	cap(ellipse) = a / K(b/c)

	cap(disc) = a / K(0)   = (2/π)a

	cap(prolate spheroid) = a / F[sin-1(a/c), 1]  =  a / ln [ (C+a)/A] 		A = B     a = b

	cap(needle) = C / ln [( 2C/A] 

	cap(oblate spheroid) = Q/V0 =   a / F[sin-1(a/c),0]   =  a / sin-1(a/c)		B = C    b = 0
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Let's start here, taken from MF


and this agrees with my general formula for 2 and there are no minus signs anywhere, 

	lap(f) = div grad(f)  = (1/ [Q1Q2Q3]) ∂i [Q1Q2Q3 (Qi)-2 (∂if) ]			// orthog

where Qi = hi = the scale factors. 
	So what are the scale factors?  Here is what MF says they are




Let's accept these cyclic definitions of the Gi from somewhere in MF



Then we can read off

	Q12 =  h12 = G3(-G2)/f12 = -G2G3/f12 
	Q22 =  h22 = (-G3)G1/f22 = -G3G1/f22 
	Q23 =  h32 = G2(-G1)/f32 = -G1G2/f32 

so as expected, these equations are cyclic. Staring at the above, the three RHS's don't look positive, but they are as I will now show. It is a characteristic of the ellipsoidal coordinates that they are each in certain ranges with respect to the parameters a and b, namely, 

	0 ≤ ξ3 ≤ b≤ ξ2≤ a≤ ξ1

From this and the definitions above, we see that ( all is cyclic here) 

	f12 = (ξ12-a2)( ξ12-b2)  =  + +   = +		G1 = (ξ22- ξ32)   = +
	f22 = (ξ22-a2)( ξ22-b2)  =  - +   = -		G2 = (ξ32- ξ12)   = -
	f32 = (ξ32-a2)( ξ32-b2)  =  - -   = +		G3 = (ξ12- ξ22)   = +		

and that then explains why all our Q12 are in fact positive. 

	Q12 =  h12 = G3(-G2)/f12 
	Q22 =  h22 = G3G1/(-f22) 
	Q23 =  h32 = (-G2)G1/f32

	h1 =  
	h2= 
	h3 = 

	h1h2h3 = G1(-G2)G3 / [ f1f3] 

where all "items" are positive. We can also do some ratios

	h2h3/h1 =  / 

		      =  G1f1 / [ f3 ] 

So here then is the first term in 2 as shown above from p 517 MF,


		{ [ f1f3]/ [G1(-G2)G3] } ∂1 [{G1f1 / [ f3 ] } ∂1ψ ] 

		=  f1/ [(-G2)G3] * ∂1 [f1∂1ψ ] 		// f2 and f3 and G1 are not functions of ξ1

So our first term in 2ψ is this

	 first term in 2ψ =  –  [ f1/(G2G3)]  ∂1 [f1∂1ψ ]  =  –  [ G1f1/(G1G2G3)]  ∂1 [f1∂1ψ ]		(*)

But here is how MF claims things are at a different point in the book. 
												↓  wrong!

							
which I transcribe as
		
	Σn  [Gn/ (G1G2G3)] fn ∂n (fn∂nψ) + k12ψ  = 0 					wrong

With n=1, comparison with (*) shows that M&F have a sign error in their result above. The best fix would be to put a - sign before the sum!! This way, we can interpret the equation simply as (2+k12) ψ  = 0. 
	I verified this against M&S p 42 for 2 where we say that ξ1,ξ2,ξ3 = η,θ,λ. I only verified the first M&S term, rest must be cyclic.  So this sign error will go into my M&F errata. 
	So here is the corrected statement of the Helmholtz equation:

	– Σn  [Gn/ (G1G2G3)] fn ∂n (fn∂nψ) + k12ψ  = 0 					right
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Here is the M&F separated equation set with my transcription

	

	(1/fn)∂n[fn∂n(Xn)] + { k12 + { k22/(ξn2-a2)  + k32/[(ξn2-b2) (a2-b2)] } Xn   = 0

Let's compute the first term, 

	(1/fn)∂n[fn∂n(Xn)]  = (1/fn){ fn ∂n2(Xn) + ∂nfn∂n(Xn)]  =   ∂n2(Xn) + (1/fn) (∂nfn) ∂n(Xn)

But 

	∂nfn = (1/fn) [ (ξn2-a2) ξn +  (ξn2-b2) ξn ] = (ξn/fn) [ (ξn2-a2) +  (ξn2-b2) ] = (ξn/fn)[ 2ξn2-a2-b2]
	
And therefore

	(1/fn) (∂nfn) ∂n(Xn)   =   (ξn/fn2)[ 2ξn2-a2-b2] ∂nXn

Therefore we can write the M&F separated equation this way:

	∂n2Xn +  (ξn/fn2)[ 2ξn2-a2-b2] ∂nXn  + { k12 + { k22/(ξn2-a2)  + k32/[(ξn2-b2) (a2-b2)] } Xn = 0

	fn2∂n2Xn +  ξn[ 2ξn2-a2-b2] ∂nXn  + fn2{ k12 + { k22/(ξn2-a2)  + k32/[(ξn2-b2) (a2-b2)] } Xn = 0

The 3rd term coefficient can be written as

	(ξn2-a2)(ξn2-b2) { k12 + { k22/(ξn2-a2)  + k32/[(ξn2-b2) (a2-b2)] }

	= k12(ξn2-a2)(ξn2-b2) + k22(ξn2-b2) + k32(ξn2-a2)/ (a2-b2)

	= k12ξn4 + [ k12(-a2-b2) + k22 + k32/(a2-b2) ] ξn2   + [ k12(a2+b2)  - b2k22 - a2k32/(a2-b2)]

Now if we define  

	α3 =  [ k12(-a2-b2) + k22 + k32/(a2-b2) ]
	α2 =  [ k12(a2+b2)  - b2k22 - a2k32/(a2-b2)]

Then our separated equation becomes

	fn2∂n2Xn +  ξn[ 2ξn2-a2-b2] ∂nXn  + [ k12ξn4  + α3ξn2 + α2]Xn = 0

and this agrees exactly with M&S p 43 bottom, where k12 = κ2 . Therefore I have verified the M&F separated equation against M&S.  
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By brute force here I show that, if we assume the separation ODE equations given by MF, then ψ = X1X2X3 does satisfy the Helmholtz equation. It is not pretty. Things are perhaps done better in my Stackel notes (which were not written when I wrote this section Z;  here I just wanted to make sure things worked, and in so doing I found the sign error noted above. ) 

With the sign error corrected, the Helmholtz equation reads (see end of Section X above)

	– Σn  [Gn/ (G1G2G3)] fn ∂n (fn∂nψ) + k12ψ  = 0 					right

I want to see how the two separation constants arise. So yes, try ψ = X1(ξ1) X2(ξ2) X3(ξ3) in the above. Let's sneak a peak at the separated result to use as a guide (I show this below from MF)

	(1/fn)∂n[fn∂n(Xn)] + { k12 + { k22/(ξn2-a2)  + k32/[(ξn2-b2) (a2-b2)] } Xn   = 0

Let's now just write out our PDE  (use cyclic copies) (I now put the minus sign correction on k12) 

	(1/G2G3) f1∂1(f1∂1ψ)  + (1/G3G1) f2∂2(f2∂2ψ)  + (1/G1G2) f3∂3(f3∂3ψ)  - k12ψ  = 0

Remember, this is the 3D Helmholtz equation and we are going to process it step after step. 

Now ∂1ψ = (∂1X1)X2X3 and then ∂1(f1∂1ψ) = ∂1(f1[(∂1X1)X2X3])  = ∂1(f1(∂1X1)) X2X3 so we can install this in 3 cyclic places to get

	 (1/G2G3) f1∂1(f1[∂1X1]) X2X3
    + (1/G3G1) f2∂2(f2[∂2X2]) X3X1
    + (1/G1G2) f3∂3(f3[∂3X3]) X1X2 - k12X1X2X3  = 0

Now divide by the triple product to get and multiply by a triple G

	 G1 f1∂1(f1[∂1X1]) /X1
    + G2 f2∂2(f2[∂2X2]) /X2
    + G3 f3∂3(f3[∂3X3]) /X3 - k12G1G2G3  = 0

	 G1 f12 (1/f1) ∂1(f1[∂1X1]) /X1
    + G2 f22 (1/f2)∂2(f2[∂2X2]) /X2
    + G3 f32 (1/f3)∂3(f3[∂3X3]) /X3 - k12G1G2G3  = 0

Now define the grouping (1/f1) ∂1(f1[∂1X1]) to be Y1. Then we have

	 G1 f12 Y1 /X1  + G2 f22 Y2 /X2   + G3 f32 Y3/X3 - k12G1G2G3  = 0

Now here is the supposed separated solution

	 (1/fn)∂n[fn∂n(Xn)] + { k12 + k22/(ξn2-a2)  + k32/[(ξn2-b2) (a2-b2)] } Xn   = 0
	 Yn                       + { k12 + k22/(ξn2-a2)  + k32/[(ξn2-b2) (a2-b2)] } Xn   = 0

	Yn/Xn = - { k12 + { k22/(ξn2-a2)  + k32/[(ξn2-b2) (a2-b2)] } 

So install this supposed separated form into 3 places in our PDE and then our Helmholtz equation becomes,

	- G1 f12 { k12 + k22/(ξ12-a2)  + k32/[(ξ12-b2) (a2-b2)] }
	- G2 f22 { k12 + k22/(ξ22-a2)  + k32/[(ξ22-b2) (a2-b2)] }
	- G3 f32 { k12 + k22/(ξ32-a2)  + k32/[(ξ32-b2) (a2-b2)] }  
	  - k12G1G2G3  = 0

Is this equation true? Write it as

	Ak12 + Bk22 + Ck32 = 0

I need to show that A=B=C = 0.  We have, staring at the above: 

	A = - G1 f12- G2 f22- G3 f32  - G1G2G3
	B = - G1 f12/(ξ12-a2) - G2 f22/(ξ22-a2) - G3 f32/(ξ32-a2)
	C = - G1 f12/[(ξ12-b2) (a2-b2)] - G2 f22/[(ξ22-b2) (a2-b2)] - G3 f32/[(ξ32-b2) (a2-b2)]
	    =  {- G1 f12/(ξ12-b2) - G2 f22/(ξ22-b2) - G3 f32/(ξ32-b2) }/(a2-b2)

It is certainly not obvious that any of these coefficients vanish, but I will go ask Maple. 

Let's try A first

	A = - G1 f12- G2 f22- G3 f32  - G1G2G3

Maple shows that this does vanish!  Here is my Maple evidence where the reader can check each line. 


	
And similarly B and C also vanish: 



Now that we know it works, let's try to continue in the forward direction where we left off above. The PDE we have converted to this form, (again, this is the processed Helmholtz equation) 

	 G1 f12 Y1 /X1  + G2 f22 Y2 /X2   + G3 f32 Y3/X3 - k12G1G2G3  = 0		(**)

where I defined

	Y1 = (1/f1) ∂1(f1[∂1X1])  

If you now assume assume that

	Yn/Xn = - { k12 + k22/(ξn2-a2)  + k32/[(ξn2-b2) (a2-b2)] }

and you write it all out, then (**) is seen to be true and the Helmholtz equation is satisfied by our assumed solution form ψ = X1X2X3. 
	My conclusion is that the Stackel stuff is pretty powerful and I guess I had better check into it. There is some fancy determinant magic going on here. [ I now have checked into it, see ODE notes. ] 
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Ellipsoidal Coordinates. We come, finally, to the most general form
of separable coordinates (most general for separability of the wave equa-
tion; for the Laplace equation the general cyclidal coordinates are more
general but are also still less useful), the ellipsoidal coordinates tabulated
on pages 511 and 663. The coordinate & ranges from a to , the range
of s from b to a (b < a), and that of £ is from —b to +b. The sur-
faces £ = constant are ellipsoids, approximating spheres for & large,
with £, approaching r for large values; the surfaces £ = constant are
hyperboloids of one-sheet, and the surfaces ¢ = constant are hyper-
boloids of two sheets.

The solution of the Laplace equation separates, without the confusing
fuctor required in bispherical o toroidal coordinates:

¥ = F(&)G(&)H (k)
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Confocal Quadric Surfaces. The equation

2

g-a

2

ppt =1 a>b2c>0 (5133)

F——

for different values of the parameter £ represents three families of con-
focal quadric swmfaces.  FFor £ > a we have a complete family of con-
focal ellipsoids, with {races on the y. z plane which are ellipses with
foci at y = 0. 2=+ v/b> = ¢, traces on the z, 2z planc which arc
ellipses with foci at = 0,2 = + v/a® — ¢ and traces on the z, y plane
which are ellipses with foci at © = 0, y = + V/a® — 2. The limiting
surface of this family is for £— a, which is the part of the y, z plane
anside an ellipse having major axis 2 v/a> — ¢2 along the z axis and minor

anis 2 vVa? — b2 along the y axis.
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For a > £ > 1 we have a complete set of confocal hyperboloids of
one sheet, with traces on the y, z plane which are ellipses with foei at
y=0z2=+ 0" with traces on the z, z plane which are hyper-
bolas with foei at @ = 0, z = + v/a® — ¢* and with traces on the z, y
plane which are lyperbolas with foci at = 0, y = + Vai = 1% The
Timiting surfaces are for £ — a. which is the part of the y, z plane oulside
the ellipse having major axis 2 v/a* 2 along (he z axis and minor axis
2 v/a* = D* along the y axis, and for £ b, which is the part of the
x, 2z plane outside the hyperbolas having tansverse axis 2 1/0? — ¢?
along z and conjugate axi ~

2 v/a® — b2 along z.
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Finally for b > £ > ¢ we have a complete family of confocal hyper-
boloids of two sheets, with traces on the y, z planc which are hyperholas
with foci at y = 0. 2 = + /b — ¢ with traces on the z, z plane which
are hyperbolas with foci al 4 0,z= % Va®— nd with no traces
on the z, y plane.  The limiting surfaces here are for §— b, which is
the part of the x, 2z plane inside the hyperbolus having transverse axis
24/b% — ¢ along z and conjugate axis 2 v/a* — b? along the 2 axis,
and for £ — ¢, which is the x, y plane. Incidentally, we can set ¢ = 0
without any loss of generality.
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4. Show that the potential function at an external point due to the attrac-
tion of a homogeneous solid prolate spheroid is

V=7 [Qu(ctnh a) — Py(tanh f) @y(ctnh a)].
Ellipsoidal Harmonics.

186. It we afe dealing with an ellipsoid instead of a spheroid, we can take
25 our orthogonal system of surfaces a set of confocal quadricy ;

[©]

where X>>¢?> u?> 12> 1%, Here the first surface is an ellipsoid, the
second an unparted hyperboloid, and the third a biparted hyperboloid. Each
of the three principal sections of the system consists of confocal conics, and it
is well known and is easily shown that the surfaces cut orthogonally. A, ,
and v will be our curvilinear cobrdinates, and are known as Ellipsoidal
Coisrdinates.
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We note also that for ellipsoidal coordinates each of the three separated
ordinary differential equations contains ky and hoth separation constants
ks and kg Reealling our discussion of quantum mechanics in Chap. 2,
we can consider the process of separation a process of rotation, in abstract
veetor space, from a vector set. specified by the coordinates (x, y, z or
&1, £2, &) to one specified by the parameters ki, ko, ks The factored
solutions are the transformation functions (direction cosines) going
from the eigenvalues for coordinate position to the eigenvalues for the
ks, What we have found is that this trausformation, for ellipsoidal
coordinates, yields transformation functions which are separated for the
coordinates (into factors) but which are not separated for the parameters k.
For some of the degenerate forms of ellipsoidal coordinates the factored
solutions are also separated with regard to the parameters, which adds
considerably to the ease of manipulating the solutions.
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1t is these degenerate forms of the ellipsoidal coordinates, obtained
ing a, b, ¢ eqnal or zero or infinity, which are of more use and
than the general form. There are 10 such forras which are
recognized as “different”” coordinate systems and given special names.
These 11 systems (the general ellipsoidal system plus the 10 degenerate
forms) are the only systems which allow separation of the wave equation
or the Schroedinger equation in three dimensions [even with these the
Schroedinger equation separates only if the potential energy has a certain
functional form, sec Eq. (5.1.38)).  These forms, with the related forms
for seale factors h, the determinant S. and so on, are given in the table
at the end of thix chupter.
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IX. Oblate Spheroidal Coordinates. Setting « = a, 17 = a* + &,
2} = a® — a’#, x5 = B3 and letting B go to zero, we change from ellip-
soids to oblate (flattened) spheroids, from hyperboloids of one sheet to
hyperboloids of revolution (still of one sheet) and from hyperboloids
of two sheets to pairs of planes going through the axis of revolution.
In order to have the form given in the table at the end of the chapter
we must set ¥’ = 2,y = y, 2 = x, which makes 2 the axis of revolution.
Muking the ellipsoid into a figure of revolution about the longer axis
gives us
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Table of Properties of Curvilinear Coordinates

For orthogonal, curvilinear coordinates £, s, & with unit vectors
a,, s, a, line element ds? = zh*(dsn)ﬂ and seale factors hy, where

=[G+ G - o) TGy + o) + ()T

the differential operators become

10y
grad ¢ = VY = za,, T 9E,

i 9 A,
dlvA7v~A=mza—En(hxhgh;}Tn)

1A=V x A haa "(hA)—"(hA)«
cur = X _hhh 8y ndia, 3t mm) |5
lmn—123or2310r312

. Cony LNV 0 [hahehs 30
div g”‘“"*"“’h(m‘,Eazn[ o

VA = (VA), + (VA)s; (VA)a = f(curl A) X §
(VA), = 4(VA + AV) = z [d‘; ;‘ + A grad (n hm)] it

b @ Am | ha 3 A,
+%E[hnd&h +}T¥T] (ann + a,8n)

m<n

and the volume element is hihohs d§1 d§2 dEs = dV.
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cuapTER 10 Solutions of Laplace’s and Poisson’s
Equations 1173
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10.3  Solutions for Three Dimensions 1252
Integral Form for the Green’s Function. Solutions in Rectangular
Coordimates. Solutions in Circular Cylindrical Coordinates. Integral
Representation for the Rigenfunction. Green’s Function for Interior
Field. Solutions for Spherical Coordinates. Tields of Charged Disks
and from Currents in Wire Loops. Fields of Charged Spherical Caps.
Integral Representation of Solutions. The Green’s Function Fxpansion.
Dipoles, Quadrupoles, and Multipoles. Spherical 8hell with Hole. Pro-
late Spheroidal, Coordinates. Integral Represeutation of Spheroidal
Solutions.  Green's Function for Prolate Spheroids. Oblate Spheroids.
Integral Representations and Green’s Functions. Parabolic Coordinates.
Bispherical Coordinates. Toroidal Coordinates. Ellipsoidal Coordinates.
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§103] Solutions for Three Dimensions 1305
The equations for the factors are all similar:

VE= G | VEEE |
= [m(m + g — WF
VEHE= [ vEmBE-T
- —tntn 4 16—

VETBe g Ve me-n e

(103.82)

dEs

= [m(m + 1§ — JH
except for the reversals in order of some factors so as to maintain a
positive sign over the proper range of the variable. The parameters m
and x are the separation constants; we note that they oceur in all three
equations, that the equations are separated but the separation constants
are not (see pages 518 and 757).
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These equations are all of the same form:

aF z z |dF x — m(m + 1)2* _
&t [z‘ —=ta—w|Et [(,. — @@ — b')]F =0 (10383

[2* — (@ + b9)2? + P + 2(22% — (a? + BO)IF
+ Ik = m(m + 1)27F = 0

where the solutions in the range z > a are for the coordinate &, those in

the range @ > z > b are for £, and those in the range b > z > —b are

for £, This equation is called the Lanié equation. 1t has the following

regular singular points:

Atz = +b; with indices 0 and §
Atz = ta; with indices 0 and }
Atz with indices m + 1 and —m
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Lamé function

From Wikipsdia, the free encyclopedia

In mathernatics, a Lamé fu ipsoidal harmonic function) is & solution of Lamé’s equation, 3 second
order ordinary differential equation. It was introduced in the paper (Gabriel Lamé 1837). Lamé's equation appears in
the method of separation of variables applied to the Laplace equation in elliptic coordinates.

Lamé functions are discussed in detail in (Athur Erdélyi, Wilhelr Magrus & Fritz Oberhettinger et
al. 1955, Chapter XV)

Lamé's equation is
&y

o= (A+Bo)y

where A and B are constants, and {2 is the Weierstrass eliptic function. The most important case is when 5 of the

form n{n + 1) for an integer n, in which case the solutions extend to meromorphic functions defined in the whole

complex plane. For other values of Sthe solutions have branch points.

By changing the independent variable, Lamé's equation can also be rewritten in algebraic form as
Py 1/ 1 1 1 \dy A+ Bt

'3 (f—s, it t—s;) at It e)(t—ex)(t—ea)’
Lamé functions have important applications in many scientific areas, including geophysics and neuraimaging.

Elipsoidal harmonics have significant advantages over spherical harmonics for forwardfinverse modeling in
magnetoencephalography and electroencephalography due to superior cortical localization accuracy. [l





image55.png
Q=0 — D TE A 1 xS

— [+ N =@ +)p)L=0
(,.'—b')(u'—c‘)'f,‘—:,l+ l‘(}t’*b“f’#‘*")%’

— [+ D — @7+ D=0
(ﬂ—ﬂ)(rﬂ—c’)g+v(ﬂ—b‘+f—ﬁ)%'

—=[mm+ 1)y — @+ pIN=0.

@




image56.png
The ordinary difierential squation

[ G+ 1) x* = (0 + ) p| 2

(Byerly 1959, p. 255). The solution is denoted £, (¢) and is known 35 a Larné funcion or an
elipsoidal harmorc. Whitiaker and Watson (1990, pp. 554-555) give the alterative forrms
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Theorem: Let g = 0 be a regular singular point of the ODE 3" + p(2)y/ + q(x)y = 0 . and let ry
and r2 be the two roots of the indicial equation, with r > ry when both are real. Then the ODE
has two linearly independent solutions y1 and ya, where:

Case It 1[r; — r; Z an iteger] then with = > 0

p=2") ana”, a0 #0 and yy=a"Y bua", bo #0

n= n=0

Case II: If[F=77=73] then with = > 0

"> ana®, a0 #0 and g = i) In(z) + 27 an;

Case III: 1f[r; —r; = a positive integer | then with = > 0

=2 ana", aw#0 and yy=ky(x)In(x) +n'22bnl bo#£0





image58.png
« = 2[(a® + b*) T v/(a® + b9)* — 327

with corresponding solutions
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with b in Eq. (10.3.86) we obtain solutions E} = 4/2* — b* and Ej =
VEZ B
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Finally there are solutions of the form of a polynomial in z multiplied
by a factor v/(z% — a9z — b%), the first of which is

Eiz) = V@ —a)(z —b9); m=2; x=a2+ b (10.3.88)
A product of these produces a solution zy which is still another harmonic

of the third species. The next solution, z +/(z% — a?)(z* — b7, results in
(xyz), which is an ellipsoidal harmonic of the fourth species.
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Independent Solutions. W ¢ have just scen that, if one solution, (),
of £(y) = 0 is known, a second sohition can be obtained by integration,

0@ = Bu@) / ofoae y;’(‘z) 2.6

This solution is independent of y1(2), for the Wronskian A(ys,y») is equal
to BeJr®. The next question is whether all possible solutions of Eq.
(5.2.1) can be expressed in terms of the combination Ay, + By, or we
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Int( z/(z"2-a"2) + z/(z"2-b"2) , z);

int( z/(z72-a%2) + z/(2°2-b"2) , z);
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simplify(exp(-£));
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For instance, the potential outside the conducting ellipsoid £ = ¢,
which is held at potential V, with respect to infinity, is
v = ame)BERe) = Vo[m(3 )/ (s D] aoasn
& a ca,
When £, is very large, F§ approaches the function 1/¢ and the inverse

sn function approaches a/¢:.  Consequently, ¢ — [Vna/ & Sn"(%: ‘I—;)]

and the total charge on the ellipsoid must be [Vea/sn~]. Therefore
the capacitance of an isolated ellipsoid & = ¢, with three semiaxes c,
VE=a%, N~ Bis

a

( l’)
c a

When ¢ = a, the surface is a flat elliptic disk of semiaxes a and /a? — b*
and the inverse sn function reduces to the period constant K, so that the
capacitance is a/K(b/a). When b = 0, K goes to 4, so that the capaci-
tance of a circular disk of radius a is 24/, corresponding to the results of
Eq. (10.3.56).

C=
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When £ is very large, F§ approaches the function 1/£ and the inverse

sn function approaches a/t, Consequently, ¢ — [vﬂ/g, o x(g, f_l’)]
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and the total charge on the ellij

0id must be [Voa/sn~1.
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Finally, we notice that, if we change the scale of the coordinates from
£y, £, Esto ), g, v, s0 that

& o a@t

1/———~_ GIGELS Ve —BE =t
=a/“_ﬂk
o V(e — B — )

A=a
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h=a ‘1:& ’Z; b= adn(uk); & =bsn(nk) (103.92)
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This makes it a little easier to write down equations but helps very
little in simplifying computations. It does allow one to show that the
integral representation for the Lamé functions involves Legendre func-
tion kernels. For instance, for some types of function

Ezfbsins] = h [_’2‘; P,k sn v sn ulEz[b sn ] du

which is equivalent to Eq. (10.3.2). In this case, however, the equation
is not an integral representation, giving F in terms of some simpler func-
tions, already known, but is an infegral equation, giving E in terms of an
integral over itself. This particular example is not of enough practical
interest to warrant further study, but reference to page 634 for the
Mathieu functions and to the next chapter for the spheroidal wave
functions will show that even an integral equation can be of use, though
not so useful as a simple integral representation.
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£ := (sqrt(c’2 - a"2)*sqrt(c’2 - b"2))/(sqrt(c’2 - xi2"2)*sqrt(c’2 - xi3"2));
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plot3d(f, xi3=0..b,xi2=] , axes=boxed) ;
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with(plots) :
octants := ([x,y,zl, [-x,y,z], [x,-y,z], [x,y,-z], [-x,-y,z], [-x,y,-z], [x,-y,-z], [-x,-y,-z]}:
plot3d(octants, xi3=0..b,xi2=b..a, axes=boxed, scaling = CONSTRAINED, grid=[30,30], color
[£,£,£], style=PATCHNOGRID);
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plot3d(x,x=0..1,y=0..1, color = x, style=PATCHNOGRID)





image90.png




image91.png
W

ey’
W
7

=





image92.png
=
B
oS





image93.png
9

9aya,-2Tay-2a3

54




