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1 Spacetime

Einstein’s principle of general covariance states that all physical laws do not change their form (are
covariant) under continuous coordinate transformations in four-dimensional spacetime.

1.1 Tensors

1.1.1 Vectors

We consider a coordinate transformation from old (unprimed) to new (primed) coordinates in a
four-dimensional manifold:

xi → x
′j(xi), (1.1.1)

where x
′j are differentiable and nondegenerate functions of xi and the index i can be 0,1,2,3. Thus

the matrix ∂x
′j

∂xi has the nonzero determinant |∂x
′j

∂xi | 6= 0, so xi are differentiable and nondegenerate

functions of x
′j . The matrix ∂xi

∂x′j
is the inverse of ∂x

′j

∂xi :

∑
i

∂x
′i

∂xj
∂xk

∂x′i
= δkj , (1.1.2)

where

δik =

{
1 i = k
0 i 6= k

}
. (1.1.3)

The differentials and derivatives transform according to

dx
′j =

∂x
′j

∂xi
dxi, (1.1.4)

∂

∂x′j
=

∂xi

∂x′j
∂

∂xi
. (1.1.5)

A scalar (invariant) is defined as a quantity that does not change:

φ′ = φ. (1.1.6)

A contravariant vector is defined as a quantity that transform like a differential:

A
′j =

∂x
′j

∂xi
Ai. (1.1.7)

A covariant vector is defined as a quantity that transforms like a derivative:

B′j =
∂xi

∂x′j
Bi. (1.1.8)

Therefore a derivative of a scalar is a covariant vector. The coordinates xi do not form a vector.

1.1.2 Tensors

A product of several vectors transforms such that each coordinate index transforms separately:

A
′iB

′j . . . C′kD′l · · · =
∂x
′i

∂xm
∂x
′j

∂xn
∂xp

∂x′k
∂xq

∂x′l
AmBn . . . CpDq . . . . (1.1.9)

A tensor is defined as a quantity that transforms like a product of vectors:

T
′ij...

kl...
=
∂x
′i

∂xm
∂x
′j

∂xn
∂xp

∂x′k
∂xq

∂x′l
T
′mn...

pq.... (1.1.10)
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A tensor is of rank (k, l) if it has k contravariant and l covariant indices. A scalar is a tensor of
rank (0,0), a contravariant vector is a tensor of rank (1,0), and a covariant vector is a tensor of rank
(0,1). A linear combination of two tensors of rank (k, l) is a tensor of rank (k, l). The product of
two tensors of ranks (k1, l1) and (k2, l2) is a tensor of rank (k1 + k2, l1 + l2). Tensor indices (all
contravariant or all covariant) can be symmetrized:

T(ij...k) =
1

n!

∑
permutations

T{ij...k}, (1.1.11)

or antisymmetrized:

T[ij...k] =
1

n!

∑
permutations

T{ij...k}(−1)m, (1.1.12)

where n is the number of symmetrized or antisymmetrized indices and m is the number of per-
mutations that bring Tij...k into T{ij...k}. For example, for two indices: T(ik) = 1

2 (Tik + Tki) and

T[ik] = 1
2 (Tik − Tki), and for three indices: T[ijk] = 1

3 (Tijk + Tjki + Tkij). If n > 4 then T[ij...k] = 0.
Symmetrized and antisymmetrized tensors or rank (k, l) are tensors of rank (k, l). Symmetrization
of an antisymmetric tensor or antisymmetrization of a symmetric tensor bring these tensors to zero.
Any tensor of rank (0,2) is the sum of its symmetric and antisymmetric part,

T(ik) + T[ik] = Tik. (1.1.13)

The number 0 can be regarded as a tensor of arbitrary rank. Therefore all covariant equations of
classical physics must be represented in the tensor form: T ij...kl... = 0.

1.1.3 Densities

The element of volume in four-dimensional spacetime transforms according to

d4x′ =

∣∣∣∣∂x′i∂xk

∣∣∣∣d4x. (1.1.14)

A scalar density is defined as a quantity that transforms such that its product with the element of
volume is a scalar, s′d4x′ = sd4x:

s′ =

∣∣∣∣ ∂xi∂x′k

∣∣∣∣s. (1.1.15)

A tensor density, which includes a contravariant and covariant vector density, is defined as a quantity
that transforms like a product of a tensor and a scalar density:

T
′ij...

kl...
=

∣∣∣∣ ∂xi∂x′k

∣∣∣∣ ∂x′i∂xm
∂x
′j

∂xn
∂xp

∂x′k
∂xq

∂x′l
T
′mn...

pq.... (1.1.16)

For example, the square root of the determinant of a tensor of rank (0, 2) is a scalar density of weight
1: √

|T ′ik| =
√
| ∂x

l

∂x′i
∂xm

∂x′k
Tlm| =

√
| ∂x

j

∂x′n
|2|Tik = | ∂x

j

∂x′n
|
√
|Tik|. (1.1.17)

The above densities are said to be of weight 1. One can generalize this definition of densities

by introducing densitites of weight w, which transform like normal densities except that
∣∣ ∂xi
∂x′k

∣∣ is

replaced by
∣∣ ∂xi
∂x′k

∣∣w. For example, d4x is a scalar density of weight -1. A linear combination of two
densities of weight w is a density of weight w. The product of two densities of weights w1 and w2 is
a density of weight w1 + w2. Symmetrized and antisymmetrized densities of weight w are densities
of weight w. Densities of weight 1 are simply referred to as densities. Tensors are densities of weight
0.
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1.1.4 Contraction

We adopt Einstein’s convention: if the same coordinate index i appears twice (as a contravariant
index and covariant index) then we perform the summation

∑
i over a given tensor or density. Such

a tensor or density is said to be contracted over index i. A contracted tensor of rank (k, l) transforms
like a tensor of rank (k − 1, l − 1):

T
′ij...

il...
=
∂x
′i

∂xm
∂x
′j

∂xn
∂xp

∂x′i
∂xq

∂x′l
T
′mn...

pq... =
∂x
′j

∂xn
∂xq

∂x′l
δpmT

′mn...
pq... =

∂x
′j

∂xn
∂xq

∂x′l
T
′mn...

mq... . (1.1.18)

For example, the contraction of a contravariant and covariant vector AiBi is a scalar (scalar product).
A contracted tensor density of rank (k, l) and weight w transforms like a tensor density of rank
(k − 1, l − 1) and weight w:

T
′ij...

il...
=

∣∣∣∣ ∂xi∂x′k

∣∣∣∣w ∂x′i∂xm
∂x
′j

∂xn
∂xp

∂x′i
∂xq

∂x′l
T
′mn...

pq... =

∣∣∣∣ ∂xi∂x′k

∣∣∣∣w ∂x′j∂xn
∂xq

∂x′l
δpmT

′mn...
pq...

=

∣∣∣∣ ∂xi∂x′k

∣∣∣∣w ∂x′j∂xn
∂xq

∂x′l
T
′mn...

mq... . (1.1.19)

Contraction of a symmetric tensor with an antisymmetric tensor (over indices with respect to which
these tensors are symmetric or antisymmetric) gives zero. If contraction of two tensors gives zero,
these tensors are said to be orthogonal. Two orthogonal vectors (one contravariant and one covariant)
are said to be perpendicular.

1.1.5 Kronecker and Levi-Civita symbols

The Kronecker symbol δik (1.1.3) is a tensor with constant components:

δ
′i
k =

∂x
′i

∂xj
∂xl

∂x′k
δjl =

∂x
′i

∂xj
∂xj

∂x′k
= δik. (1.1.20)

A totally antisymmetric tensor of rank (4, 0), T ijkl = T [ijkl] has 1 independent component T : T ijkl =
Tεijkl, where εijkl is the totally antisymmetric, contravariant permutation Levi-Civita symbol:

ε0123 = 1, εijkl = (−1)m, (1.1.21)

and m is the number of permutations that bring εijkl into ε0123. The determinant of a matrix Sik,
det(Sik) = |Sik|, is defined through the permutation symbol:

|Srs |εijkl = SimS
j
nS

k
pS

l
qε
mnpq. (1.1.22)

Taking Sik = ∂x
′i

∂k gives

εijkl =

∣∣∣∣ ∂xr∂x′s

∣∣∣∣ ∂x′i∂xm
∂x
′j

∂xn
∂x
′k

∂xp
∂x
′l

∂xq
εmnpq. (1.1.23)

This equation looks like a transformation law for a tensor density with constant components: ε
′ijkl =

εijkl. Accordingly, T is a scalar density of weight -1. We also introduce the covariant Levi-Civita
symbol εijkl through:

εijklεmnpq = −

∣∣∣∣∣∣∣∣
δim δin δip δiq
δjm δjn δjp δjq
δkm δkn δkp δkq
δlm δln δlp δlq

∣∣∣∣∣∣∣∣ . (1.1.24)

Thus the covariant Levi-Civita symbol is a tensor density of weight -1 and its product with a scalar
density is a tensor. The covariant Levi-Civita symbol is given by

ε0123 = −1, εijkl = (−1)m, (1.1.25)
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where m is the number of permutations that bring εijkl into ε0123, and satisfies

|Srs |εijkl = Smi S
n
j S

p
kS

q
l εmnpq. (1.1.26)

Contracting (1.1.24) gives the following relations:

εijklεmnpl = −

∣∣∣∣∣∣
δim δin δip
δjm δjn δjp
δkm δkn δkp

∣∣∣∣∣∣ ,
εijklεmnkl = −2(δimδ

j
n − δinδjm),

εijklεmjkl = −6δim,

εijklεijkl = −24. (1.1.27)

1.1.6 Dual densities

A contracted product of a covariant tensor and the contravariant Levi-Civita symbol gives a dual
contravariant tensor density:

εiklmAm = Aikl, εiklmBlm = Bik, εiklmCklm = Ci. (1.1.28)

A contracted product of a contravariant tensor and the covariant Levi-Civita symbol gives a dual
covariant tensor density:

εiklmA
m = Aikl, εiklmB

lm = Bik, εiklmC
klm = Ci. (1.1.29)

Therefore there exists an algebraic correspondence between covariant tensors and contravariant den-
sities, and between contravariant tensors and covariant densities.

1.1.7 Covariant integrals

A covariant line integral is an integral of a tensor contracted with the line differential dxi:
∫
T j...i...dx

i.

A covariant surface integral is an integral of a tensor contracted with the surface differential df ik =
dxidx

′k−dxkdx′i (which can be geometrically represented as a parallelogram spanned by the vectors
dxi and dx

′i):
∫
T j...ik...df

ik. A covariant hypersurface (volume) integral is an integral of a tensor

contracted with the volume differential dSikl =

∣∣∣∣∣∣
dxi dx

′i dx“i

dxk dx
′k dx“k

dxl dx
′l dx“l

∣∣∣∣∣∣ (which can be geometrically

represented as a parallelepiped spanned by the vectors dxi, dx
′i) and dx“i:

∫
T j...ikl...dS

ikl. A covariant

four-volume integral is an integral of a tensor contracted with the four-volume differential dSijkl,
defined analogously to dSikl. The dual density corresponding to the surface element is given by

df?ik =
1

2
εlmikdf

lm. (1.1.30)

The dual density corresponding to the hypersurface element is given by

dSi =
1

6
εklmidS

klm. (1.1.31)

The dual density corresponding to the four-volume element is given by

dΩ =
1

24
εiklmdS

iklm = dx0dx1dx2dx3. (1.1.32)
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Covariant integrands that include the above dual densities of weight -1 must be multiplied by a scalar
density, for example, by the square root of the determinant of a tensor of rank (0, 2). According to
Gauß’ and Stokes’ theorems, there exists relations between integrals over different elements:

dxi ↔ df ik
∂

∂xk
, (1.1.33)

df?ik ↔ dSi
∂

∂xk
− dSk

∂

∂xi
, (1.1.34)

dSi ↔ dΩ
∂

∂xi
. (1.1.35)

1.1.8 Derivatives

A derivative of a covariant vector does not transform like a tensor:

∂A′k
∂x′i

=
∂xl

∂x′i
∂

∂xl

(
∂xm

∂x′k
Am

)
=

∂xl

∂x′i
∂xm

∂x′k
∂Am
∂xl

+
∂2xm

∂x′i∂x′k
Am, (1.1.36)

because of the second term which is linear and homogeneous in Ai, unless xi are linear functions
of x

′j . This term is symmetric in the indices i, k so the antisymmetric part of ∂Ak
∂xi with respect to

these indices is a tensor:

∂[iA
′
k] =

∂xl

∂x′[i
∂xm

∂x′k]
∂lAm =

∂xl

∂x′i
∂xm

∂x′k
∂[lAm], (1.1.37)

where we denote ∂i = ∂
∂xi . The curl of a covariant vector Ai is defined as twice the antisymmetric

part of ∂iAk: ∂iAk − ∂kAi, and is a tensor. We will also use ,i = ∂
∂xi to denote a partial derivative

with respect to xi. Similarly, totally antisymmetrized derivatives of tensors of rank (0, 2) and (0, 3),
∂[iBkl] and ∂[iCklm], are tensors. If Bkl = A[k,l] then ∂[iBkl] = 0, or conversely, if ∂[iBkl] = 0 then
there exists a vector Ai such that Bkl = A[k,l]. The divergence of a tensor (or density) is a contracted

derivative of this tensor (density): ∂iT
...il...
jk... . Because of the correspondence between tensors and

dual densities, divergences of (totally antisymmetric if more than 1 index) contravariant densities
are densities, dual to totally antisymmetrized derivatives of tensors:

∂iC
i = εiklm∂[iCklm], ∂kB

ik = εiklm∂[kBlm], ∂lA
ikl = εiklm∂[lAm]. (1.1.38)

For example, the equations Fik,i = jk and F[ik,l] = 0, that describe Maxwell’s electrodynamics, are
tensorial.
References: [1, 2].

1.2 Affine connection

1.2.1 Covariant differentiation of tensors

An ordinary derivative of a covariant vector Ai is not a tensor, because its coordinate transformation
law contains an additional noncovariant term, linear and homogeneous in Ai. We consider the
expression

Ai;k = Ai,k − Γ l
i kAl, (1.2.1)

where the quantity Γ l
i k (in the second term which is linear and homogeneous in Ai) transforms such

that Ai;k is a tensor:

A′i;k =
∂xl

∂x′i
∂xm

∂x′k
Al;m =

∂xl

∂x′i
∂xm

∂x′k
(Al,m − Γ n

lmAn). (1.2.2)

On the other hand (1.1.36) gives

A′i;k = A′i,k − Γ′ li kA
′
l =

∂xm

∂x′k
∂xl

∂x′i
Al,m +

∂2xn

∂x′k∂x′i
An −

∂xn

∂x′l
Γ′ li kAn, (1.2.3)
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so we obtain
∂xn

∂x′l
Γ′ li k =

∂xl

∂x′i
∂xm

∂x′k
Γ n
lm +

∂2xn

∂x′k∂x′i
. (1.2.4)

Multiplying this equation by ∂x
′j

∂xn gives the transformation law for Γ l
i k:

Γ′ ji k =
∂x
′j

∂xn
∂xl

∂x′i
∂xm

∂x′k
Γ n
lm +

∂x
′j

∂xn
∂2xn

∂x′k∂x′i
. (1.2.5)

The algebraic object Γ l
i k, which equips spacetime in order to covariantize a derivative of a vector,

is referred to as the affine connection, affinity or simply connection. The connection has generally
64 independent components. The tensor Ai;k is the covariant derivative of a vector Ai with respect
to xi. We will also use ∇i =;i to denote a covariant derivative. The contracted affine connection
transforms according to

Γ′ ii k =
∂xm

∂x′k
Γ l
lm +

∂x
′i

∂xn
∂2xn

∂x′k∂x′i
. (1.2.6)

The affine connection is not a tensor because of the second term on the right-hand side of (1.2.5).
A derivative of a scalar is a covariant vector. Therefore a covariant derivative of a scalar is equal

to an ordinary derivative:
φ;i = φ,i. (1.2.7)

If we also assume that a covariant derivative of the product of two tensors obeys the same chain rule
as an ordinary derivative:

(TU);i = T;iU + TU;i, (1.2.8)

then
(AkB

k),i = (AkB
k);i = Ak;iB

k +AkB
k
;i = Ak,iB

k − Γ k
l iAkB

l +AkB
k
;i. (1.2.9)

Therefore we obtain a covariant derivative of a contravariant vector:

Bk;i = Bk,i + Γ k
l iB

l. (1.2.10)

The chain rule (1.2.8) also implies that a covariant derivative of a tensor is equal to the sum of the
corresponding ordinary derivative of this tensor and terms with the affine connection that covari-
antize each index:

T ij...kl...;m = T ij...kl...,m + Γ i
nmT

nj...
kl... + Γ j

nmT
in...
kl... + · · · − Γ n

kmT
ij...
nl... − Γ n

lmT
ij...
kn... − . . . . (1.2.11)

A covariant derivative of the Kronecker symbol vanishes:

δkl;i = Γ k
j iδ

j
l − Γ j

l iδ
k
j = 0. (1.2.12)

The second term on the right-hand side of (1.2.5) does not depend on the affine connection, but
only on the coordinate transformation. Therefore the difference between two different connections
transforms like a tensor of rank (1,2). Consequently, the variation δΓ j

i k, which is an infinitesimal
difference between two connections, is a tensor of rank (1,2).

1.2.2 Parallel transport

We consider two infinitesimally separated points in spacetime, P (xi) and Q(xi + dxi), and a vector
field A which takes the value Ak at P and Ak + dAk at Q. Because dAk = Ak,idx

i and Ak,i is not

a tensor, the difference dAk is not a vector, which is related to subtracting of two vectors at two
points with different coordinate transformation laws. In order to calculate the covariant difference
between two vectors at two different points, we must bring these vectors to the same point. Instead of
subtracting from the vector Ak+dAk at Q the vector Ak at P , we must subtract a vector Ak+δAk at
Q that corresponds to Ak at P , so the resulting difference (covariant differential) DAk = dAk− δAk
is a vector. The vector Ak + δAk is the parallel-transported or parallel-translated Ak from P to Q.
A parallel-transported linear combination of vectors must be equal to the same linear combination
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of parallel-transported vectors. Therefore δAk is a linear and homogeneous function of Ak. It is also
on the order of a differential, thus a linear and homogeneous function of dxi. The most general form
of δAk is

δAk = −Γ k
l iA

ldxi, (1.2.13)

so
DAk = dAk + Γ k

l iA
ldxi = Ak;idx

i. (1.2.14)

Because δAk is not a vector, Γ k
l i is not a tensor. Because DAk is a vector, Ak;i is a tensor. The

expressions for covariant derivatives of a covariant vector and tensors result from

δφ = 0, δ(TU) = δTU + TδU. (1.2.15)

1.2.3 Torsion tensor

The second term on the right-hand side of (1.2.5) is symmetric in the indices i, k so the antisymmetric
part of the connection with respect to these indices,

Sjik = Γ j
[i k], (1.2.16)

is a tensor:

S′jik =
∂x
′j

∂xn
∂xl

∂x′i
∂xm

∂x′k
Snlm. (1.2.17)

This tensor is called the Cartan torsion tensor. The torsion tensor has generally 24 independent
components. The contracted torsion tensor,

Skik = Si, (1.2.18)

is called the torsion trace or torsion vector.

1.2.4 Covariant differentiation of densities

A derivative of a scalar density of weight w, s, does not transform like a covariant vector density:

∂is
′ =

∂xl

∂x′i
∂l

(∣∣∣∣ ∂xj∂x′k

∣∣∣∣ws) =
∂xl

∂x′i

∣∣∣∣ ∂xj∂x′k

∣∣∣∣w∂ls + w
∂xl

∂x′i

∣∣∣∣ ∂xj∂x′k

∣∣∣∣w−1

∂l

∣∣∣∣ ∂xr∂x′s

∣∣∣∣s
=

∂xl

∂x′i

∣∣∣∣ ∂xj∂x′k

∣∣∣∣w∂ls + w
∂xl

∂x′i

∣∣∣∣ ∂xj∂x′k

∣∣∣∣w−1∣∣∣∣ ∂xr∂x′s

∣∣∣∣∂x′n∂xm
∂

∂xl
∂xm

∂x′n
s

=
∂xl

∂x′i

∣∣∣∣ ∂xj∂x′k

∣∣∣∣w∂ls + w

∣∣∣∣ ∂xj∂x′k

∣∣∣∣w ∂x′n∂xm
∂2xm

∂x′n∂x′i
s. (1.2.19)

We consider the expression
s;i = s,i − wΓis, (1.2.20)

where the quantity Γi transforms such that s;i is a vector density of weight w:

s′;i =
∂xl

∂x′i

∣∣∣∣ ∂xj∂x′k

∣∣∣∣ws;l =
∂xl

∂x′i

∣∣∣∣ ∂xj∂x′k

∣∣∣∣w(s,l − wΓls). (1.2.21)

On the other hand (1.2.19) gives

s′;i = s′,i − wΓ′is
′ =

∂xl

∂x′i

∣∣∣∣ ∂xj∂x′k

∣∣∣∣w∂ls + w

∣∣∣∣ ∂xj∂x′k

∣∣∣∣w ∂x′n∂xm
∂2xm

∂x′n∂x′i
s− w

∣∣∣∣ ∂xj∂x′k

∣∣∣∣wΓ′is, (1.2.22)

so we obtain the transformation law for Γi:

Γ′i =
∂xl

∂x′i
Γl +

∂x
′n

∂xm
∂2xm

∂x′n∂x′i
, (1.2.23)
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which is the same as the transformation law for Γ k
k i (1.2.6). Therefore the difference Γi − Γ k

k i is
some covariant vector Vi.

If we assume that parallel transport of the product of a scalar density of any weight and a tensor
obeys the chain rule:

δ(sT ) = δsT + sδT, (1.2.24)

so a covariant derivative of such product behaves like an ordinary derivative:

(sT );i = s;iT + sT;i, (1.2.25)

then a covariant derivative of a tensor density of weight w is equal to the sum of the corresponding
ordinary derivative of this tensor, terms with the affine connection that covariantize each index, and
the term with Γi:

Tij...kl...;m = Tij...kl...,m + Γ i
nmTnj...kl... + Γ j

nmTin...kl... + . . .

−Γ n
kmTij...nl... − Γ n

lmTij...kn... − · · · − wΓmTij...kl.... (1.2.26)

A covariant derivative of the contravariant Levi-Civita density is

εijkl;m = Γ i
nmε

njkl + Γ j
nmε

inkl + Γ k
nmε

ijnl + Γ l
nmε

ijkn − Γmε
ijkl. (1.2.27)

In the summations over n only one term does not vanish for each term on the right-hand side of
(1.2.27), so

εijkl;m = Γ i
n=i|mε

n=i|jkl + Γ j
n=j|mε

i|n=j|kl + Γ k
n=k|mε

ij|n=k|l + Γ l
n=l|mε

ijk|n=l − Γmε
ijkl

= (Γ n
nm − Γm)εijkl = −Vmεijkl. (1.2.28)

The Levi-Civita symbol is a tensor density with constant components, so it does not change under
a parallel transport, δε = 0. Therefore εijkl;m = 0, so Vi = 0 and

Γi = Γ k
k i. (1.2.29)

1.2.5 Covariant derivatives

Totally antisymmetrized ordinary derivatives of covariant tensors, A[i;k], B[ik;l] and C[ikl;m], are
tensors because of antisymmetrization. Totally antisymmetrized covariant derivatives of tensors are
clearly tensors because ∇i is a covariant operation, and are given by direct calculation using the
definition of a covariant derivative:

A[i;k] = A[i,k] − SlikAl, B[ik;l] = B[ik,l] − 2Sm[ikBl]m. (1.2.30)

Divergences of (totally antisymmetric if more than 1 index) contravariant densities, Ci,i, B
ik
,i and

Aikl,i, are densities because of the correspondence between tensors and dual densities. Covariant
divergences of contravariant densities are clearly densities, and are given by direct calculation:

Ci;i = Ci,i + 2SiC
i, Bik

;i = Bik
,i − SkilBil + 2SiB

ik. (1.2.31)

1.2.6 Partial integration

If the product of two quantities (tensors or densities) TU is a contravariant density Ck then∫
TU;kdΩ =

∫
(TU);kdΩ−

∫
T;kUdΩ =

∫
(TU),kdΩ + 2

∫
SkTUdΩ−

∫
T;kUdΩ. (1.2.32)

The first term on the right-hand side can be transformed into a hypersurface integral
∫
TUdSk. If

the region of integration extends to infinity and Ck corresponds to some physical quantity then the
boundary integral

∫
TUdSk vanishes, giving∫

TU;kdΩ = 2

∫
SkTUdΩ−

∫
T;kUdΩ. (1.2.33)
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If T = δki then U = Ci and ∫
Ci;idΩ = 2

∫
SiC

idΩ. (1.2.34)

1.2.7 Geodesic frame of reference

We consider a coordinate transformation

xk = x
′k +

1

2
aklmx

′lx
′m, (1.2.35)

where aklm is symmetric in the indices l,m. Substituting this transformation to (1.2.5) and calcu-

lating it at xk = x
′k = 0 gives

∂xi

∂x′k
= δik (1.2.36)

and
Γ′ ji k = Γ j

i k + ajik. (1.2.37)

Putting
ajik = −Γ j

(i k)|xl=0 (1.2.38)

gives
Γ′ j(i k) = 0. (1.2.39)

Therefore there always exists a coordinate frame of reference in which the symmetric part of the
connection vanishes locally (at one point). If the affine connection is symmetric in the covariant
indices, Γ j

i k = Γ j
k i (the torsion tensor vanishes) then (1.2.39) gives

Γ′ ji k = 0. (1.2.40)

The coordinate frame of reference in which the connection vanishes (locally) is referred to as geodesic.

1.2.8 Affine geodesics and four-velocity

We consider a point in spacetime P (xk) and a vector dxk at this point. Construct a point P ′(xk+dxk)
and find the vector d′xk which is the parallel-transported dxk from P to P ′. Then construct a point
P ′′(xk + dxk + d′xk) and find the vector d′′xk which is the parallel-transported d′xk from P ′ to
P ′′. The next point is P ′′′(xk + dxk + d′xk + d′′xk) etc. Repeating this step constructs a polygonal

line which in the limit dxk → 0 becomes a curve such that the vector dxk

dλ (where λ is a parameter
along the curve) tangent to it at any point, when parallely translated to another point on this curve,
coincides with the tangent vector there. Such curve is referred to as an autoparallel curve or affine
geodesic. Affine geodesics can be attributed with the concept of length, which, for the polygonal
curve, is proportional to the number of parallel-transport steps described above.

The condition that parallel transport of a tangent vector be a tangent vector is

dxi

dλ
+ δ

(
dxi

dλ

)
=
dxi

dλ
− Γ i

k l

dxk

dλ
dxl = M

(
dxi

dλ
+
d2xi

dλ2
dλ

)
, (1.2.41)

where the proportionality factor M is some function of λ, or

M
d2xi

dλ2
+ Γ i

k l

dxk

dλ

dxl

dλ
=

1−M
dλ

dxi

dλ
, (1.2.42)

from which it follows that M must differ from 1 by the order of dλ. In the first term on the left-hand
side of (1.2.42) we can therefore put M = 1, and we denote 1−M by φ(λ)dλ, so

d2xi

dλ2
+ Γ i

k l

dxk

dλ

dxl

dλ
= φ(λ)

dxi

dλ
. (1.2.43)
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If we replace λ by a new variable s(λ) then (1.2.43) becomes

d2xi

ds2
+ Γ i

k l

dxk

ds

dxl

ds
=
φs′ − s′′

s′2
dxi

ds
, (1.2.44)

where the prime denotes differentiation with respect to λ. Requiring φs′ − s′′ = 0, which has a

general solution s =
∫ λ

dλ exp[−
∫ λ

φ(x)dx], brings (1.2.44) into

d2xi

ds2
+ Γ i

k l

dxk

ds

dxl

ds
= 0, (1.2.45)

where the scalar variable s is the affine parameter. The autoparallel equation (1.2.45) is invariant
under linear transformations s → as + b since the two lower limits of integration in the expression
for s(λ) are arbitrary. Defining the four-velocity vector

ui =
dxi

ds
(1.2.46)

brings (1.2.14) into
DAk

ds
= Ak;iu

i,
dAk

ds
= Ak,iu

i, (1.2.47)

so
Dui

ds
=
dui

ds
+ Γ i

k lu
kul = ui;ju

j = 0. (1.2.48)

The relations (1.2.47) can be generalized to any tensor density T :

DT

ds
= T;iu

i,
dT

ds
= T,iu

i, (1.2.49)

The vector dxi

ds |Q is a parallel translation of dxi

ds |P . Because ds is a scalar, it is invariant under
parallel transport, ds|Q = ds|P . Therefore the vector dxi|Q is a parallel translation of dxi|P , so ds
measures the length of an infinitesimal section of an affine geodesic.

Only the symmetric part Γ i
(k l) of the connection enters the autoparallel equation (1.2.45) because

of the symmetry of dx
k

ds
dxl

ds with respect to the indices k, l; affine geodesics do not depend on torsion.
At any point, a coordinate transformation to the geodesic frame (1.2.35) brings all the components

Γ i
(k l) to zero, so the autoparallel equation becomes dui

ds = 0. The autoparallel equation is also
invariant under a projective transformation

Γ i
k l → Γ i

k l + δikAl, (1.2.50)

where Ai is an arbitrary vector. Substituting this transformation to (1.2.48) gives

dui

ds
+ Γ i

k lu
kul = −uiukAk. (1.2.51)

If we replace s by a new variable s̃(s) then (1.2.51) becomes

dU i

ds̃
+ Γ i

k lU
kU l = −u

kAks̃
′ + s̃′′

s̃′2
dxi

ds̃
, (1.2.52)

where

U i =
dxi

ds̃
(1.2.53)

and the prime denotes differentiation with respect to s. Requiring ukAks̃
′ + s̃′′ = 0, which has a

general solution s̃ = −
∫ s
ds exp[

∫ s
Aku

k(x)dx], brings (1.2.52) into

dU i

ds̃
+ Γ i

k lU
kU l = 0. (1.2.54)
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1.2.9 Infinitesimal coordinate transformations

We consider a coordinate transformation

x
′i = xi + ξi, (1.2.55)

where ξi = δxi is an infinitesimal vector (variation of xi). For a tensor or density T define

δT = T ′(x
′i)− T (xi), (1.2.56)

δ̄T = T ′(xi)− T (xi) = δT − ξkT,k. (1.2.57)

For a scalar we find
δφ = 0, δ̄φ = −ξkφ,k. (1.2.58)

For a covariant vector

δAi =
∂xk

∂x′i
Ak −Ai ≈ −ξk,iAk, (1.2.59)

δ̄Ai ≈ −ξk,iAk − ξ
kAi,k. (1.2.60)

The variation (1.2.59) is not a tensor, but (1.2.60) is:

δ̄Ai = −ξk
;i
Ak − ξkAi;k − 2Sjikξ

kAj . (1.2.61)

We refer to −δ̄T as a Lie derivative of T , LξT . For a contravariant vector

δBi =
∂x
′i

∂xk
Bk −Bi ≈ ξi

,k
Bk, (1.2.62)

δ̄Bi ≈ ξi
,k
Bk − ξkBi,k = ξi

;k
Bk − ξkBi;k + 2Sijkξ

kBj . (1.2.63)

For a scalar density

δs =

(∣∣∣∣ ∂xi∂x′i

∣∣∣∣− 1

)
s ≈ −ξi,is, (1.2.64)

δ̄s ≈ −ξi,is− ξks,k = −ξi;is− ξks;k + 2Siξ
is. (1.2.65)

The chain rule for δ implies that for a tensor density of weight w (which includes tensors as densities
of weight 0)

δTij...kl... ≈ ξ
i
,mTmj...kl... + ξj,mTim...kl... + · · · − ξm,kT

ij...
ml... − ξ

m
,lT

ij...
km... − . . .

−wξm,mTij...kl..., (1.2.66)

δ̄Tij...kl... ≈ ξ
i
;mTmj...kl... + ξj;mTim...kl... + · · · − ξm;kT

ij...
ml... − ξ

m
;lT

ij...
km... − . . .

−wξm;mTij...kl... − ξ
mTij...kl...;m + 2Sinmξ

mTnj...kl... + 2Sjnmξ
mTin...kl... + . . .

−2Snkmξ
mTij...nl... − 2Snlmξ

mTij...kn... − · · ·+ 2wSmξ
mTij...kl.... (1.2.67)

A Lie derivative of a tensor density of rank (k, l) and weight w is a tensor density of rank (k, l) and
weight w.

The formula for a covariant derivative of T can be written as

T;k = T,k + Γ j
i kĈ

i
jT, (1.2.68)

where Ĉ is an operator acting on tensor densities:

Ĉijφ = 0, ĈijAk = −δikAj , ĈijBk = δkjB
i, Ĉijs = −δijs, (1.2.69)

or generally

Ĉmn Tij...kl... = δinT
mj...

kl... + δjnT
im...
kl... + · · · − δmk Tij...nl... − δ

m
l Tij...kn... − · · · − wδ

m
n Tij...kl.... (1.2.70)

Such defined operator also enters the formula for δT :

δT = Ĉki Tξ
i
,k. (1.2.71)
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1.2.10 Killing vectors

A vector ζi that satisfies
ζ(i;k) = 0 (1.2.72)

is referred to as a Killing vector. Along an affine geodesic

D

ds
(uiζi) = uk(uiζi);k = uiukζi;k + ζiu

kui;k = 0. (1.2.73)

The first term in the sum in (1.2.73) vanishes because of the definition of ζi and the second term
vanishes because of the affine geodesic equation. Therefore, to each Killing vector ζi there corre-
sponds a quantity uiζi which is constant along an affine geodesic.
References: [1, 2, 3].

1.3 Curvature

1.3.1 Curvature tensor

The commutator of covariant derivatives of a contravariant vector is a tensor:

[∇j ,∇k]Bi = 2∇[j∇k]B
i = 2∂[j∇k]B

i − 2Γ l
[k j]∇lB

i + 2Γ i
l [j∇k]B

l

= 2∂[j(Γ
i
|m| k]B

m) + 2Sljk∇lBi + 2Γ i
l [j∂k]B

l + 2Γ i
l [jΓ

l
|m| k]B

m

= 2(∂[jΓ
i
|m| k] + Γ i

l [jΓ
l
|m| k])B

m + 2Sljk∇lBi = RimjkB
m + 2Sljk∇lBi, (1.3.1)

where || an index which is excluded from symmetrization or antisymmetrization. Therefore Rimjk,
defined as

Rimjk = ∂jΓ
i
mk − ∂kΓ i

m j + Γ i
l jΓ

l
m k − Γ i

l kΓ l
m j , (1.3.2)

is a tensor, referred to as the curvature tensor. The curvature tensor Rimjk is antisymmetric in the
indices j, k and has generally 96 independent components. The commutator of covariant derivatives
of a covariant vector is

[∇j ,∇k]Ai = −RmijkAm + 2Sljk∇lAi, (1.3.3)

and the commutator of covariant derivatives of a tensor is

[∇j ,∇k]T in...lp... = RimjkT
mn...

lp... +RnmjkT
im...
lp... + · · · −RmljkT in...mp... −RmpjkT in...lm...

− · · ·+ 2Sljk∇lT in...lp.... (1.3.4)

A change in the connection
Γ i
j k → Γ i

j k + T ijk, (1.3.5)

where T ijk is a tensor, results in the following change of the curvature tensor:

Riklm → Riklm + T ikm;l − T ikl;m + T jkmT
i
jl − T

j
klT

i
jm. (1.3.6)

For a projective transformation (1.2.50), T ijk = δijAk, so

Riklm → Riklm + δik(Am;l −Al;m). (1.3.7)

The variation of the curvature tensor is

δRiklm = (δΓ i
km),l − (δΓ i

k l),m + δΓ i
j lΓ

j
km + Γ i

j lδΓ
j
km − δΓ

i
j mΓ j

k l − Γ i
j mδΓ

j
k l

= (δΓ i
km);l − Γ i

j lδΓ
j
km + Γ j

k lδΓ
i
j m + Γ j

m lδΓ
i
k j − (δΓ i

k l);m + Γ i
j mδΓ

j
k l − Γ j

kmδΓ
i
j l

−Γ j
lmδΓ

i
k j + δΓ i

j lΓ
j
km + Γ i

j lδΓ
j
km − δΓ

i
j mΓ j

k l − Γ i
j mδΓ

j
k l

= (δΓ i
km);l − (δΓ i

k l);m − 2SnlmδΓ
i
k n. (1.3.8)
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1.3.2 Integrability of connection

The affine connection is integrable if parallel transport of a vector from point P to point Q is inde-
pendent of a path along which this vector is parallelly translated, or equivalently, parallel transport
of a vector around a closed curve does not change this vector. For an integrable connection, we can
uniquely translate parallelly a given vector hi at point P to all points in spacetime:

δhi = dhi, (1.3.9)

or
hi,k = −Γ i

j kh
j . (1.3.10)

Therefore

(Γ i
j kh

j),l − (Γ i
j lh

j),k = Γ i
j k,lh

j − Γ i
j kΓ j

m lh
m − Γ i

j l,kh
j + Γ i

j lΓ
j
mkh

m = Rijlkh
j = 0, (1.3.11)

so, because hi is arbitrary,
Riklm = 0. (1.3.12)

Spacetime with a vanishing curvature tensor Riklm = 0 is flat. We consider 4 linearly independent
vectors hia, where a is 1,2,3,4, and vectors inverse to hia:∑

a

hiahka = δik. (1.3.13)

If the affine connection is integrable then (1.3.10) becomes

hia,k = −Γ i
l kh

l
a. (1.3.14)

Multiplying (1.3.14) by hja gives

Γ i
j k = −hjahia,k = hja,kh

i
a. (1.3.15)

An integrable connection has thus 16 independent components. If the connection is also symmetric,
Sijk = 0, then

hja,k − hka,j = 0, (1.3.16)

which is the condition for the independence of the coordinates

ya =

∫ Q

P

hiadx
i (1.3.17)

of the path of integration PQ. Adopting ya as the new coordinates (with point P = (0, 0, 0, 0) in
the center) gives

∂ya
∂xi

= hia,
∂xi

∂ya
= hia, (1.3.18)

so (1.3.15) becomes

Γ i
j k(xi) =

∂xi

∂ya

∂2ya
∂xk∂xj

. (1.3.19)

The transformation law for the connection (1.2.5) gives (with ya corresponding to x′j)

Γ i
j k(ya) = 0. (1.3.20)

A torsionless integrable connection can be thus transformed to zero; one can always find a system
of coordinates which is geodesic everywhere. If a connection is symmetric but nonintegrable then a
geodesic frame of reference can be constructed only at a given point (or along a given world line).
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1.3.3 Parallel transport along closed curve

We consider parallel transport of a covariant vector around an infinitesimal closed curve. Such
transport changes this vector by

∆Ak =

∮
δAk =

∮
Γ i
k lAidx

l =
1

2

∫ (
∂(Γ i

kmAi)

∂xl
− ∂(Γ i

k lAi)

∂xm

)
df lm

≈ 1

2

∫ [(
∂Γ i

km

∂xl
− ∂Γ i

k l

∂xm

)
Ai + (Γ i

kmΓ n
i l − Γ i

k lΓ
n
im)An

]
df lm

=
1

2
RiklmAi∆f

lm, (1.3.21)

where we use Stokes’ theorem (1.1.33) and Ak,l = Γ i
k lAi which is valid along the curve and thus is

approximately valid (to terms of first order in ∆f lm) inside this curve. The change of a contravariant
vector due to parallel transport around an infinitesimal closed curve results from ∆(AkB

k) = 0:

δBk = −1

2
RkilmB

i∆f lm, (1.3.22)

and the corresponding change of a tensor results from the chain rule for parallel transport:

δT ik...np... = −1

2
(RijlmT

jk...
np...+R

k
jlmT

ij...
np...+ · · ·−R

j
nlmT

ik...
jp...−R

j
plmT

ik...
nj...− . . . )∆f lm. (1.3.23)

1.3.4 Bianchi identities

We consider

∇j∇[k∇l]Bi =
1

2
∇j(RimklBm) +∇j(Smkl∇mBi) (1.3.24)

and

∇[j∇k]∇lBi = −1

2
Rmljk∇mBi +

1

2
Rimjk∇lBm + Smjk∇m∇lBi = −1

2
Rmljk∇mBi

+
1

2
Rimjk∇lBm + Smjk∇l∇mBi + SmjkR

i
nmlB

n + 2SmjkS
n
ml∇nBi. (1.3.25)

Total antisymmetrization of the indices j, k, l in (1.3.24) and (1.3.25) gives

∇[j∇k∇l]Bi =
1

2
∇[jR

i
|m|kl]B

m +
1

2
Rim[kl]∇j]B

m +∇[jS
m
kl]∇mB

i + Smkl∇j]∇mBi (1.3.26)

and

∇[j∇k∇l]Bi = −1

2
Rm[ljk]∇mB

i +
1

2
Rim[jk∇l]B

m + Sm[jk∇l]∇mB
i

+Sm[jkR
i
|nm|l]B

n + 2Sm[jkS
n
|m|l]∇nB

i, (1.3.27)

so

1

2
∇[jR

i
|m|kl]B

m +∇[jS
m
kl]∇mB

i = −1

2
Rm[ljk]∇mB

i + Sm[jkR
i
|nm|l]B

n

+2Sm[jkS
n
|m|l]∇nB

i. (1.3.28)

Comparing terms in (1.3.28) with Bi gives the first Bianchi identity or simply Bianchi identity:

Rin[jk;l] = 2Rinm[jS
m
kl], (1.3.29)

while comparing terms with ∇kBi gives the second Bianchi identity or cyclic identity:

Rm[jkl] = −2Sm[jk;l] + 4Smn[jS
n
kl]. (1.3.30)
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For a symmetric connection, Sijk = 0, these identities reduce to

Rin[jk;l] = 0, (1.3.31)

Rm[jkl] = 0. (1.3.32)

The cyclic identity (1.3.32) imposes 16 constraints on the curvature tensor, so the curvature tensor
with a vanishing torsion has 80 independent components.

1.3.5 Ricci tensor

Contraction of the curvature tensor with respect to the contravariant index and the second covariant
index gives the Ricci tensor:

Rik = Rjijk = Γ j
i k,j − Γ j

i j,k + Γ l
i kΓ j

l j − Γ l
i jΓ

j
l k. (1.3.33)

Contraction of the curvature tensor with respect to the contravariant index and the third covariant
index gives the Ricci tensor with the opposite sign due to the antisymmetry of the curvature tensor
with respect to its last indices. Contraction of the curvature tensor with respect to the contravariant
index and the first covariant index gives the homothetic or segmental curvature tensor:

Qik = Rjjik = Γ j
j k,i − Γ j

j i,k, (1.3.34)

which is a curl. A change in the connection (1.3.5) results in the following changes of the Ricci
tensor and segmental curvature tensor:

Rik → Rik + T lik;l − T lil;k + T jikT
l
jl − T

j
ilT

l
jk, (1.3.35)

Qik → Qik + T jjk,i − T
j
ji,k. (1.3.36)

For a projective transformation (1.2.50)

Rik → Rik +Ak;i −Ai;k, (1.3.37)

Qik → Qik + 4(Ak,i −Ai,k). (1.3.38)

Therefore the symmetric part of the Ricci tensor is invariant under projective transformations. The
variation of the Ricci tensor is

δRik = (δΓ l
i k);l − (δΓ l

i l);k − 2SjlkδΓ
l
i j , (1.3.39)

while the variation of the segmental curvature tensor is

δQik = (δΓ j
j k),i − (δΓ j

j i),k. (1.3.40)

1.3.6 Geodesic deviation

We consider a family of affine geodesics characterized by the affine parameter s and distinguished
by a scalar parameter t. We define the separation vector

vi =
dxi

dt
, (1.3.41)

so

vi;ku
k − ui;kvk = vi,ku

k − ui,kvk − 2Siklu
kvl =

dui

dt
− dvi

ds
− 2Siklu

kvl = −2Siklu
kvl. (1.3.42)
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Therefore

D2vi

ds2
= (vi;ju

j);ku
k = (ui;jv

j);ku
k − 2(Siklu

kvl);ju
j

= ui;jkv
juk + ui;jv

j
;ku

k − 2(Siklu
kvl);ju

j

= ui;kjv
juk −Riljkulvjuk − 2Sljku

i
;lv
juk + ui;jv

j
;ku

k − 2(Siklu
kvl);ju

j

= ui;kjv
juk −Riljkulvjuk − 2Sljku

i
;lv
juk + ui;j(u

j
;kv

k − 2Sjklu
kvl)

−2(Siklu
kvl);ju

j = (ui;ku
k);jv

j +Rijklu
jukvl − 2(Siklu

kvl);ju
j

= Rijklu
jukvl − 2

D

ds
(Siklu

kvl) (1.3.43)

or
D

ds

(
Dvi

ds
+ 2Siklu

kvl
)

= Rijklu
jukvl. (1.3.44)

This is the equation of geodesic deviation. If we replace affine geodesics by arbitrary curves then
ui;ku

k 6= 0 and (1.3.44) becomes

D

ds

(
Dvi

ds
+ 2Siklu

kvl
)

= Rijklu
jukvl + (ui;ku

k);jv
j . (1.3.45)

References: [1, 2, 3, 4].

1.4 Metric

1.4.1 Metric tensor

An affine parameter s is a measure of the length only along an affine geodesic. In order to extend
the concept of length to all points in spacetime, we equip spacetime with an algebraic object gik,
referred to as the covariant metric tensor and defined as

ds2 = gikdx
idxk. (1.4.1)

The metric tensor is a symmetric tensor of rank (0,2):

gik = gki. (1.4.2)

The affine parameter s, whose differential is given by (1.4.1), is referred to as the interval. Because
ds does not change under parallel transport along an affine geodesic from point P (xi) to point
Q(xi + dxi), ds|Q = ds|P , and dxi|Q is a parallel translation of dxi|P , gik|Q = gik|P + gik,jdx

j is a
parallel translation of gik|P :

gik|Q = gik|P + δgik, (1.4.3)

so
Dgik = gik;jdx

j = dgik − δgik = gik,jdx
j − δgik = 0. (1.4.4)

Therefore a covariant derivative of the covariant metric tensor vanishes:

Njik = −gik;j = 0 (1.4.5)

or
gik,j − Γ l

i jglk − Γ l
k jgil = 0, (1.4.6)

where Nijk is the nonmetricity tensor. The symmetric contravariant metric tensor gik = gki is
defined as the inverse of gik:

gijg
ik = δkj . (1.4.7)
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A covariant derivative of the contravariant metric tensor also vanishes:

gik;j = 0. (1.4.8)

The metric tensor allows to associate covariant and contravariant vectors:

Ai = gikAk, (1.4.9)

Bi = gikB
k, (1.4.10)

because such association works for the covariant differentials of these vectors which are vectors:

DAi = D(gikAk) = gikDAi, DBi = D(gikB
k) = gikDB

k (1.4.11)

(raising and lowering of coordinate indices commutes with covariant differentiation with respect to
Γ ρ
µ ν). For covariant and contravariant indices of tensors and densities this association is

gimTij...kl... = T j...
m kl..., (1.4.12)

gkmTij...kl... = Tijm...l.... (1.4.13)

The contravariant and covariant components of a two-dimensional vector are shown in Fig. 1. The
square root of the absolute value of the determinant

g = |gik| (1.4.14)

of the metric tensor is a scalar density, which we can use to multiply covariant integrands that
contain dual densities of weight -1, since

eiklm =
√
|g|εiklm, eiklm =

1√
|g|
εiklm (1.4.15)

are tensors. Thus the relations (1.1.27) are also valid if we replace ε by e. The variation of the
determinant of the metric tensor is

δg = ggikδgik = −ggikδgik. (1.4.16)

A covariant derivative of the determinant of the metric tensor vanishes:

g;j = 0. (1.4.17)

A Lie derivative of the metric tensor is

Lξgik = −2ξ(i;k) − 4S
(ik)

lξ
l, (1.4.18)

where ;i =;k g
ik. The four-velocity vector (1.2.46) is normalized due to (1.4.1):

uiui = 1, (1.4.19)

thus having 3 independent components.

The commutator of covariant derivatives (1.3.4) of the metric tensor gives

R
(ij)

kl = −N ij
[k ;l] − S

m
klN

ij
m = −N ij

[k ,l], (1.4.20)

so the segmental curvature tensor (1.3.34) is

Qkl = −N ij
[k ,l]gij . (1.4.21)

Because the nonmetricity tensor (1.4.5) vanishes, the curvature tensor is antisymmetric in its first
two indices:

Rijkl = −Rjikl. (1.4.22)

Thus the segmental curvature tensor also vanishes, and

Rijklg
jl = Rik, (1.4.23)

so there is only one independent way to contract the curvature tensor, which gives the Ricci tensor
up to the sign.
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Figure 1: Contravariant and covariant components of a vector.

1.4.2 Christoffel symbols

The condition (1.4.5) is referred to as metricity or metric compatibility of the affine connection, and
imposes 40 constraints on the connection:

gik;j + gkj;i − gji;k = gik,j − Γ l
i jglk − Γ l

k jgil + gkj,i − Γ l
k iglj − Γ l

j igkl − gji,k + Γ l
j kgli

+Γ l
i kgjl = gik,j + gkj,i − gji,k − 2Γ l

(i j)gkl − 2Slkjgil − 2Slkigjl = 0. (1.4.24)

Multiplying (1.4.24) by gkm gives

Γ m
(i j) = { mi j }+ 2S

m
(ij) , (1.4.25)

where

{ mi j } =
1

2
gmk(gki,j + gkj,i − gij,k) (1.4.26)

are the Christoffel symbols, symmetric in their covariant indices:

{ ki j} = { kj i}. (1.4.27)

Because Γ k
i j = Γ k

(i j) + Skij , the metric-compatible affine connection equals

Γ k
i j = { ki j}+ Ckij , (1.4.28)

where
Ckij = 2S

k
(ij) + Skij (1.4.29)

is the contortion tensor, antisymmetric in its first two indices:

Cijk = −Cjik. (1.4.30)

The inverse relation between the torsion and contortion tensor is

Sijk = Ci[jk]. (1.4.31)

The difference between two affine connections is a tensor, so the sum of a connection and a
tensor of rank (1,2) is a connection. Therefore the Christoffel symbols form a connection, referred
to as the Levi-Civita connection. We define the covariant derivative with respect to the Levi-Civita

connection analogously to (1.2.11), with Γ k
i j replaced by { ki j}, and denote it :i instead of ;i, or ∇{}i

instead of ∇i. A covariant derivative with respect to the Levi-Civita connection of the metric tensor
vanishes due to the definition of the Christoffel symbols:

gik:j = gik,j − { li j}glk − { lk j}gil = 0, (1.4.32)

which gives the inverse relation between ordinary derivatives of the metric tensor and the Christoffel
symbols. The variation of the Levi-Civita connection is a tensor:

δ{ ki j} =
1

2
gkl
(
(δgli):j + (δglj):i − (δgij):l

)
. (1.4.33)
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The covariant derivative over s of a tensor density with respect to the Levi-Civita connection is,
analogously to (1.2.49),

D{}T

ds
= T:iu

i. (1.4.34)

One can show that the following formulae hold:

{ kk i} = (ln
√
|g|),i, (1.4.35)

{ ki j}gij = − 1√
|g|

(
√
|g|gik),i, (1.4.36)

Bi:i =
1√
|g|

(
√
|g|Bi),i, (1.4.37)

F ik:i =
1√
|g|

(
√
|g|F ik),i, (1.4.38)

Ai:k −Ak:i = Ai,k −Ak,i, (1.4.39)∮
Bi
√
|g|dSi =

∫
Bi:i

√
|g|dΩ, (1.4.40)

where F ik = −F ki. The Christoffel symbols satisfy all formulae that are satisfied by Γ k
i j in which

Sijk = 0. Because the Levi-Civita connection is a symmetric connection, it can be brought to zero
by transforming the coordinates to a geodesic frame. In a geodesic frame, the covariant derivative

with respect to the Levi-Civita connection, ∇{}i , coincides with the ordinary derivative ∂i. A Lie
derivative of the metric tensor (1.4.18) can be written as

Lξgik = −2ξ(i:k), Lξgik = 2ξ(i:k), (1.4.41)

where :i =:k g
ik. A Killing vector (1.2.72) for the Levi-Civita connection satisfies

ζ(i:k) = 0, (1.4.42)

thus becomes a generator of isometries, transformations that do not change the metric tensor.
If the nonmetricity tensor does not vanish, the general formula for the affine connection (1.4.28)

is

Γ k
i j = { ki j}+ Ckij −Nk

ij +
1

2
N

k
(i j). (1.4.43)

1.4.3 Riemann curvature tensor

The curvature tensor constructed from the Levi-Civita connection is referred to as the Riemann
tensor:

P imjk = ∂j{ imk} − ∂k{ im j}+ { il j}{ lm k} − { il k}{ lm j}. (1.4.44)

The commutator of covariant derivatives of the metric tensor vanishes:

[∇{}j ,∇
{}
k ]glp = −Pmljkgmp − Pmpjkglm = 0, (1.4.45)

so the covariant Riemann tensor Pimjk is also antisymmetric in the indices i,m. Substituting (1.4.26)
in (1.4.44) gives

Piklm =
1

2
(gim,kl + gkl,im − gil,km − gkm,il) + gjn({ jim}{

n
k l} − {

j
i l}{

n
km}), (1.4.46)

which explicitly shows the following symmetry and antisymmetry properties:

Piklm = −Pikml, (1.4.47)

Piklm = −Pkilm, (1.4.48)

Piklm = Plmik. (1.4.49)
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Accordingly, the Riemannian Ricci tensor is symmetric:

Pik = P jijk = Pki. (1.4.50)

Substituting (1.4.28) in (1.3.5) and (1.3.6) gives the relation between the curvature and Riemann
tensors:

Riklm = P iklm + Cikm:l − Cikl:m + CjkmC
i
jl − C

j
klC

i
jm. (1.4.51)

Contracting (1.4.51) with respect to in the indices i, l gives

Rkm = Pkm + Cikm:i − Ciki:m + CjkmC
i
ji − C

j
kiC

i
jm. (1.4.52)

Consequently, the Ricci or curvature scalar,

R = Rikg
ik, (1.4.53)

is given by
R = P − gik(2Clil:k + CjijC

l
kl − ClimCmkl), (1.4.54)

where P is the Riemannian curvature scalar,

P = Pikg
ik. (1.4.55)

The variation of the Riemann tensor is, analogously to (1.3.8),

δP iklm = (δ{ ikm}):l − (δ{ ik l}):m, (1.4.56)

and the variation of the Riemannian Ricci tensor is

δPik = (δ{ li k}):l − (δ{ li l}):k. (1.4.57)

The Bianchi identities (1.3.29) and (1.3.30) contracted with respect to one contravariant and one
covariant index give

Rin[ik;l] = 2Rinm[iS
m
kl], (1.4.58)

Rk[jkl] = −2Sk[jk;l] + 4Skn[jS
n
kl]. (1.4.59)

Contracting these equations with the metric tensor gives

Rnk;l −Rnl;k +Rinkl;i = −2RnmS
m
kl − 2RinmkS

m
il + 2RinmlS

m
ik (1.4.60)

and the contracted cyclic identity:

Rjl −Rlj = −2Sj;l + 2Sl;j − 2Sklj;k + 4SnS
n
lj . (1.4.61)

Further contraction of (1.4.60) with the metric tensor gives the contracted Bianchi identity:

Ril;i −
1

2
R;l = 2RkmS

mk
l −RikmlSmik. (1.4.62)

The Bianchi identities (1.3.31) and (1.3.32) for the Riemann tensor are

P in[jk:l] = 0, (1.4.63)

Pm[jkl] = 0. (1.4.64)

Contracting these equations with the metric tensor gives

Pnk:l + P inkl:i − Pnl:k = 0, (1.4.65)

Pjl − Plj = 0, (1.4.66)

in agreement with (1.4.50). Further contraction of (1.4.65) with the metric tensor gives the covariant
conservation,

Gik:i = 0, (1.4.67)

of the symmetric Einstein tensor,

Gik = Pik −
1

2
Pgik. (1.4.68)
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1.4.4 Properties of Riemann tensor

In two dimensions there is only 1 independent component of the Riemann tensor, P1212. The
Riemann scalar is

P =
2P1212

s
, (1.4.69)

where s is the determinant of the two-dimensional metric tensor γik:

s = |γik| = γ11γ22 − γ2
12. (1.4.70)

A surface near point x = 0, y = 0 is given by

z =
x2

2ρ1
+

y2

2ρ2
, (1.4.71)

where ρ1 and ρ2 are the radii of curvature. Substituting (1.4.71) to

dl2 = dx2 + dy2 + dz2 = γikdx
idxk (1.4.72)

gives γik(x, y), which then gives
P

2

∣∣∣∣
x=y=0

= K =
1

ρ1ρ2
, (1.4.73)

where K is the Gaußcurvature.
In three dimensions there are 3 independent pairs, 12, 23, and 31, so the Riemann tensor has 6

independent components: 3 with identical pairs and 3·2
2 = 3 with different pairs (the cyclic identity

does not reduce the number of independent components). The Ricci tensor has also 6 components,
which are related to the components of the Riemann tensor by

Pαβγδ = Pαγγβδ − Pαδγβγ + Pβδγαγ − Pβγγαδ +
P

2
(γαδγβγ − γαγγβδ). (1.4.74)

Choosing the Cartesian coordinates at a given point, defined by the condition

gαβ = diag(1, 1, 1), (1.4.75)

and diagonalizing Pαβ , which is equivalent to 3 rotations, brings Pαβ to the canonical form with
6 − 3 = 3 independent components. Consequently, the Riemann tensor in three dimensions has 3
physically independent components. The Gaußcurvature of a surface perpendicular to the x3 axis is
given by

K =
P1212

γ11γ22 − γ2
12

. (1.4.76)

In four dimensions there are 6 independent pairs, 01, 02, 03, 12, 23, and 31, so there are 6
components with identical pairs and 6·5

2 = 15 with different pairs. The cyclic identity reduces the
number of independent components by 1, so the Riemann tensor in four dimensions has generally
20 independent components. Choosing the Cartesian coordinates at a given point and applying 6
rotations brings Pijkl to the canonical form with 20− 6 = 14 physically independent components.

1.4.5 Weyl tensor

In four dimensions the Weyl tensor is defined as

Wiklm = Piklm −
1

2
(Pilgkm + Pkmgil − Pimgkl − Pklgim) +

1

6
P (gilgkm − gimgkl). (1.4.77)

This tensor has all the symmetry and antisymmetry properties of the Riemann tensor, and is also
traceless (any contraction of the Weyl tensor vanishes).
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1.4.6 Metric geodesics

We consider two points in spacetime, P and Q. Among curves that connect these points, one curve
has the minimal value of the interval s =

∫
ds, and is referred to as a metric geodesic. The equation

of a metric geodesic is given by the condition that
∫
ds be an extremum with the endpoints of the

curve fixed:

δ

∫
ds = δ

∫
(gikdx

idxk)1/2 =

∫
δdxigijdx

j

ds
+

1

2

∫
δgijdx

idxj

ds
=

∫
giju

jδdxi

+
1

2

∫
gij,kδx

kuiujds =

∫
d(uiδx

i)−
∫
duiδx

i +
1

2

∫
gij,kδx

kuiujds

= −
∫
dui
ds

δxids+
1

2

∫
gjk,iδx

iujukds = 0, (1.4.78)

where we omit the total differential term
∫
d(uiδx

i) because δxi = 0 at the endpoints. Since δxi is
arbitrary, we obtain

d

ds
(giju

j)− 1

2

∫
gjk,iu

jukds = gij
duj

ds
+ ukgij,ku

j − 1

2

∫
gjk,iu

jukds

= gij
duj

ds
+ { mj k}gimujuk = 0 (1.4.79)

or, after multiplying (1.4.79) by gil:

D{}ul

ds
=
dul

ds
+ { lj k}ujuk = uiul:i = 0. (1.4.80)

The metric geodesic equation (1.4.80) can be written as

d2xi

ds2
+ { ik l}

dxk

ds

dxl

ds
= 0. (1.4.81)

Using (1.4.28) and (1.4.29), the affine geodesic equation (1.2.45) can be written as

d2xi

ds2
+ { ik l}

dxk

ds

dxl

ds
+ 2S i

kl

dxk

ds

dxl

ds
= 0. (1.4.82)

If the torsion tensor is completely antisymmetric then the last term in (1.4.82) vanishes and the affine
geodesic equation coincides with the metric geodesic equation. The equation of geodesic deviation
with respect to the Levi-Civita connection is, analogously to (1.3.44),

D{}2vi

ds2
= P ijklu

jukvl. (1.4.83)

1.4.7 Galilean frame of reference and Minkowski tensor

At a given point, the nondegenerate (g 6= 0) metric tensor can be brought to a diagonal (canonical)
form gik = diag(±1,±1,±1,±1). Physical systems are described by the metric tensor with g < 0.
Without loss of generality, we assume that the canonical form of the metric tensor is

gik = ηik = diag(1,−1,−1,−1), gik = ηik = diag(1,−1,−1,−1). (1.4.84)

A frame of reference in which gik has the canonical form is referred to as Galilean. The spatial
coordinates in the Galilean frame of reference are Cartesian (1.4.75). The transformation (1.2.35)
with (1.2.38) brings a symmetric affine connection, thus the Christoffel symbols, to zero at a given
point without changing the components of the metric tensor because of (1.2.36). Therefore a frame
of reference can be both geodesic and Galilean. In such locally inertial frame first derivatives of the
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metric tensor vanish because of (1.4.32). The corresponding metric tensor (1.4.84) is referred to as
the Minkowski tensor. The interval for this metric is

ds2 = c2dt2 − dx2 − dy2 − dz2. (1.4.85)

In a locally inertial frame the coordinates xi, not only the differentials dxi, are components of a
contravariant vector.

In the absence of torsion, spacetime with a vanishing Riemann tensor P iklm = 0 is flat. In the
new coordinates ya (1.3.17), (1.3.18) gives

gab(y) = gik(x)
∂xi

∂ya

∂xk

∂yb
= gik(x)hiahkb = ηab. (1.4.86)

Therefore in a flat spacetime without torsion one can always find a system of coordinates which is
Galilean everywhere.

1.4.8 Intervals, proper time and distances

The form of the Minkowski tensor distinguishes the coordinate x0 from the rest of the coordinates
xα, where the index α can be 1,2,3. The temporal coordinate x0 = ct, where t is referred to as time
and c is referred to as the velocity of propagation of interaction. The coordinates xα are spatial and
span space. The set of 4 coordinates xi describe an event and span spacetime. The curve xi(λ),
where λ is a parameter, is referred to as a world line of a given point. The quantitites

vα =
dxα

dt
(1.4.87)

are the components of a three-dimensional vector, the velocity of this point. An infinitesimal interval
ds is timelike if ds2 > 0, spacelike if ds2 < 0, and null if ds2 = 0. In the Galilean frame, the interval
between two infinitesimally separated points (events) is

ds2 = ηikdx
idxk = c2dt2 − dxαdxα, (1.4.88)

where dxi are infinitesimal coordinate differences between the two points. The interval between two
finitely separated points is

∆s2 = ηik∆xi∆xk = c2∆t2 −∆xα∆xα, (1.4.89)

where ∆xi are finite coordinate differences between the two points. If ∆s is timelike, one can always
find a frame of reference in which the two events occur at the same place, ∆xα = 0. A frame of
reference in which dxα = 0 describes a point at rest and is referred to as the rest frame or the
comoving frame. In this frame t = τ ,

ds2 = c2dτ2, (1.4.90)

where τ is the proper time. If dxα 6= 0 along a world line then the point moves or is in motion. The
proper time for a moving point is equal to the time measured by a clock moving with this point.
If ∆s is spacelike, one can always find a frame of reference in which the two events occur at the
same time (are synchronous), ∆x0 = 0. If ds = 0 along a world line, this world line describes the
propagation of a signal (interaction), with v = (vαvα)1/2 = c. Equations (1.4.88) and (1.4.90) give

dτ2 = dt2 − 1

c
dxαdxα, (1.4.91)

so the proper time τ goes more slowly than the coordinate time t. If ∆s is timelike, the two events
occur at different times: t1 6= t2. If t2 > t1 then t2 is in the future with respect to t1 and t1 is in the
past with respect to t2. The time of a measurement t0 is called the present time.

All events for which t < t0 form the absolute past relative to the event O at the present (events in
this region occur before O in all systems of reference). All events for which t > t0 form the absolute
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future relative to the event O at the present (events in this region occur after O in all systems
of reference). Such a division into the absolute past and the absolute future with respect to O is
possible only for events for which their intervals with respect to O are timelike, as shown in Fig. 2.
For O = (0, 0, 0, 0), these events (ct, x, y, z) lie within a cone (ct)2 − x2 − y2 − z2 = 0 which is called
the null cone or light cone. All events for which their intervals with respect to O are spacelike are
absolutely remote relative to O. The principle of causality states that any event O can be affected
only by events in the absolute past relative to O.

Figure 2: Light cone.

In the rest frame dxα = 0 gives uα = 0. At each point in space, the condition dxα = 0 gives the
relation between the proper time and the coordinate time:

dτ =
1

c

√
g00dx

0, (1.4.92)

which requires
g00 ≥ 0. (1.4.93)

The relation (1.4.19) gives
u0 = (g00)−1/2. (1.4.94)

The distance between two infinitesimally separated points cannot be obtained by imposing dx0

because x0 transforms differently at these points. Instead, consider a signal that leaves point B(xα+
dxα) at x0 + dx0

−, reaching point A(xα) at x0 and coming back to point B at x0 + dx0
+, as shown

in Fig. 3. Therefore
ds2 = g00(dx0)2 + 2g0αdx

0dxα + gαβdx
αdxβ = 0 (1.4.95)

gives

dx0
± =

1

g00
(−g0αdx

α ±
√

(g0αg0β − g00gαβ)dxαdxβ). (1.4.96)

The difference in the time coordinate between emitting and receiving the signal at point B is equal
to the difference between dx0

+ and dx0
− times

√
g00/c, and the distance dl between points A and B

is equal to this difference times c/2:
dl2 = γαβdx

αdxβ , (1.4.97)

where
γαβ = −gαβ +

g0αg0β

g00
(1.4.98)

is the symmetric spatial metric tensor of spacetime, i.e. the metric tensor of space. The event
at point A at x0 is synchronized with the event at point B at the arithmetic mean of the time
coordinates of emitting and receiving the signal, i.e. at

x0 +
1

2
(dx0
− + dx0

+) = x0 + gαdx
α, (1.4.99)
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where
gα = −g0α

g00
. (1.4.100)

Therefore
δx0 = gαδx

α, (1.4.101)

which is equivalent to δx0 = 0, is the difference in x0 between two synchronized infinitesimally
separated points.

Figure 3: Distance.

1.4.9 Spatial vectors

The spatial components of a contravariant four-vector Ai form a three-dimensional, spatial vector
A:

Ai = (A0, Aα) = (A0,A). (1.4.102)

The contravariant four-vector index α is also the contravariant spatial-vector index. The covariant
components of a spatial vector are related to the contravariant components by the spatial metric
tensor (1.4.98) which raises and lowers indices of spatial vectors analogously to the metric tensor
acting on four-vectors:

Aα = γαβA
β , (1.4.103)

Bα = γαβBβ , (1.4.104)

where γαβ is the inverse of γαβ :
γαδγβδ = δαβ . (1.4.105)

One can show that the following formulae hold:

γαβ = −gαβ , (1.4.106)

g = −g00s, (1.4.107)

gα = −g0α, (1.4.108)

g00 =
1

g00
− gαgα, (1.4.109)

where
s = detγαβ . (1.4.110)

The components gα form a spatial vector g.
The scalar product of two spatial vectors is

A ·B = γαβA
αBβ . (1.4.111)

The square of a spatial vector A is
A2 = A ·A (1.4.112)

and its norm is
A =

√
A2. (1.4.113)

29



The angle between two spatial vectors θ is defined through

A ·B = ABcosθ. (1.4.114)

In three-dimensional space, the permutation symbol is defined as

εαβγ = −ε0αβγ . (1.4.115)

The three-dimensional equivalent of (1.4.15) is

eαβγ =
√
sεαβγ , e

αβγ =
1√
s
εαβγ . (1.4.116)

The cross product of two three-dimensional vectors A and B, C = A×B is

Cα = eαβγA
βBγ , Cα = eαβγAβBγ . (1.4.117)

The permutation symbol (1.4.115) satisfies

εαβγε
α
δζ = δβδδγζ − δβζδγδ, (1.4.118)

εαβγε
αβ
δ = 2δγδ, (1.4.119)

εαβγε
αβγ = 6. (1.4.120)

The spatial covariant derivative ∇α acts on spatial vectors analogously to the metric covariant
derivative acting on four-vectors:

∇αAβ = ∂αA
β + { βγ α}γAγ , (1.4.121)

∇αAβ = ∂αAβ − { γβ α}γAγ , (1.4.122)

where { δα β}γ are the three-dimensional, spatial Christoffel symbols:

{ δα β}γ =
1

2
γδγ(γγα,β + γγβ,α − γαβ,γ). (1.4.123)

The gradient operator is given by

(grad)α = (∇)α = γαβ∇β . (1.4.124)

The spatial components of a covariant-vector operator ∂i acting on a scalar φ form the gradient of
φ:

∂iφ =

(
∂φ

c∂t
,
∂φ

∂xα

)
=

(
∂φ

c∂t
,∇φ

)
. (1.4.125)

The divergence of a spatial vector A is, analogously to (1.4.37),

divA = ∇ ·A =
1√
s
∂α(
√
sAα). (1.4.126)

The curl of a spatial vector is

(curlA)α = (∇×A)α = eαβγ∂βAγ . (1.4.127)

The Laplace-Beltrami operator or Laplacian is the divergence of the gradient,

4 = ∇2 = ∇ ·∇ =
1√
s
∂α(
√
sγαβ∂β). (1.4.128)

The d’Alembert operator or d’Alembertian is defined as

� =
1

c2
∂2

∂t2
−4. (1.4.129)
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In a locally Galilean frame of reference, the covariant and contravariant three-dimensional com-
ponents of a vector are identical because

γαβ = δαβ , (1.4.130)

where δαβ is the Cartesian metric tensor,

δαβ = diag(1, 1, 1), δαβ = diag(1, 1, 1). (1.4.131)

In this frame we refer to the coordinates x1, x2, x3, which are Cartesian, as x, y, z. One can show
that the following formulae hold:

A×B = −B×A, (1.4.132)

A · (B×C) = B · (C×A) = C · (A×B), (1.4.133)

A× (B×C) = B(A ·C)−C(A ·B), (1.4.134)

(A ·B)2 + (A×B)2 = A2B2, (1.4.135)

curl gradφ = 0, (1.4.136)

div curl A = 0, (1.4.137)

grad(φψ) = gradφψ + φ gradψ, (1.4.138)

grad(A ·B) = (A ·∇)B + (B ·∇)A + A× curl B

+B× curl A, (1.4.139)

div(φA) = gradφ ·A + φ div A, (1.4.140)

curl(φA) = gradφ×A + φ curl A, (1.4.141)

div(A×B) = B · curl A−A · curl B, (1.4.142)

curl(A×B) = (B ·∇)A− (A ·∇)B + A div B−B div A, (1.4.143)

curl curl A = grad div A−4A, (1.4.144)

where
(A ·∇)B = Aα∂αB. (1.4.145)

The cross product of two spatial vectors A and B satisfies

A×B = ABsinθn, (1.4.146)

where n is a unit vector perpendicular to both A and B, in the direction given by the right-handed
corkscrew rule.
References: [1, 2, 3, 4].

1.5 Tetrad and spin connection

1.5.1 Tetrad

In addition to the coordinate systems, at each spacetime point we set up four linearly independent
vectors eia such that

eiaeib = ηab, (1.5.1)

where a, b = 0, 1, 2, 3 are Lorentz indices and ηab = diag(1,−1,−1,−1) is the coordinate-invariant
Minkowski metric tensor in a locally geodesic frame of reference at this point. This set of four vectors
is referred to as a tetrad. The inverse tetrad eai satisfies

eiae
b
i = δba, (1.5.2)

eiae
a
k = δik. (1.5.3)

The coordinate metric tensor gik is related to the Minkowski metric tensor through the tetrad:

gik = eai e
b
kηab. (1.5.4)
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Accordingly, the determinant g of the metric tensor gik is related to the determinant of the tetrad
e = |eai | by √

|g| = e. (1.5.5)

Any vector V can be specified by its components V i with respect to the coordinate system or by
the coordinate-invariant projections V a of the vector onto the tetrad field:

V a = eai V
i, Va = eiaVi, (1.5.6)

V i = eiaV
a, Vi = eai Va, (1.5.7)

and similarly for tensors and densities with more indices. We can use ηab and its inverse ηab to lower
and raise Lorentz indices, as we use gik and its inverse gik to lower and raise coordinate indices.

1.5.2 Lorentz transformation

The relation (1.5.4) imposes 10 constraints on the 16 components of the tetrad, leaving 6 components
arbitrary. If we change from one tetrad eia to another, ẽib, then the vectors of the new tetrad are
linear combinations of the vectors of the old tetrad:

ẽia = Λbae
i
b. (1.5.8)

The relation (1.5.4) applied to the tetrad field ẽib,

gik = ẽai ẽ
b
kηab, (1.5.9)

imposes on the matrix Λba the orthogonality condition:

ΛcaΛdbηcd = ηab. (1.5.10)

We refer to Λba as a Lorentz matrix, and to a transformation of form (1.5.8) as the Lorentz trans-
formation.

1.5.3 Tetrad transport

A natural choice for the zeroth component of a tetrad at a given point is

ei0 = ui. (1.5.11)

Along a world line this tetrad should be transported such that the zeroth component always coincides
with the four-velocity. The Fermi-Walker transport of a tetrad is defined as

∇eia
ds

= −uieja
Duj
ds

+
Dui

ds
ejauj . (1.5.12)

Putting a = 0 in (1.5.12) gives
∇ui

ds
=
Dui

ds
, (1.5.13)

so the Fermi-Walker transport of the four-velocity is equivalent to its covariant change and thus
(1.5.11) is valid at all points. This transport does not change the orthogonality relation for tetrads
(1.5.1) since (1.5.12) gives

∇
ds

(eiaeib) = 0. (1.5.14)
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1.5.4 Spin connection

We define
ωiak = eia;k = eia,k + Γ i

j ke
j
a. (1.5.15)

The quantities
ωabi = eajω

j
bi (1.5.16)

transform like vectors under coordinate transformations. We can extend the notion of covariant dif-
ferentiation to quantities with Lorentz coordinate-invariant indices by regarding ωabi as a connection,
referred to as Lorentz or spin connection. For a contravariant Lorentz vector

V a|i = V a,i + ωabiV
b, (1.5.17)

where |i is a covariant derivative of such a quantity with respect to xi. The covariant derivative of
a scalar V aWa coincides with its ordinary derivative:

(V aWa)|i = (V aWa),i, (1.5.18)

which gives a covariant derivative of a covariant Lorentz vector:

Wa|i = Wa,i − ωbaiWb. (1.5.19)

The chain rule implies that a covariant derivative of a Lorentz tensor is equal to the sum of the
corresponding ordinary derivative of this tensor and terms with spin connection corresponding to
each Lorentz index:

T ab...cd...|i = T ab...cd...,i + ωaeiT
eb...
cd... + ωbeiT

ae...
cd... + · · · − ωeciT ab...ed... − ωediT ab...ce... − . . . . (1.5.20)

We assume that the covariant derivative |i is total, that is, also recognizes coordinate indices, acting
on them like ;i. For a tensor with both coordinate and Lorentz indices

T aj...bk...|i = T aj...bk...,i + ωaeiT
ej...
bk... + Γ j

l iT
al...
bk... + · · · − ωebiT

aj...
ek... − Γ l

k iT
aj...
bl... − . . . . (1.5.21)

A total covariant derivative of a tetrad is

eia|k = eia,k + Γ i
j ke

j
a − ωbakeib = 0, (1.5.22)

due to (1.5.15). Therefore total covariant differentiation commutes with converting between coor-
dinate and Lorentz indices. Equation (1.5.22) also determines the spin connection ωabi in terms of
the affine connection, tetrad and its ordinary derivatives:

ωabi = eak(ekb,i + Γ k
j ie

j
b). (1.5.23)

Conversely, the affine connection is determined by the spin connection, tetrad and its derivatives:

Γ j
i k = ωjik + eai,ke

j
a. (1.5.24)

The torsion tensor is then
Sjik = ωj[ik] + ea[i,k]e

j
a, (1.5.25)

and the torsion vector is
Si = ωk[ik] + ea[i,k]e

k
a. (1.5.26)

Metric compatibility of the affine connection leads to

gik;j = gik|j = eai e
b
kηab|j = −eai ebk(ωcajηcb + ωcbjηac) = −(ωkij + ωikj) = 0, (1.5.27)

so the spin connection is antisymmetric in its first two indices:

ωabi = −ω a
b i. (1.5.28)
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Accordingly, the spin connection has 24 independent components. The contortion tensor is

Cijk = ωijk + ∆ijk, (1.5.29)

where
∆ijk = eiae

a
[j,k] − ejae

a
[i,k] − ekae

a
[i,j] (1.5.30)

are the Ricci rotation coefficients. The first term on the right-hand side in (1.5.29) is expected
because both the contortion tensor and spin connection are antisymmetric in their first two indices.
The quantities

$i
ak = eia:k = eia,k + { ij k}eja (1.5.31)

form the Levi-Civita spin connection and are related to the Ricci rotation coefficients by (1.5.29)
with Cijk = 0,

$ijk = −∆ijk, (1.5.32)

so
Cijk = ωijk −$ijk. (1.5.33)

1.5.5 Tetrad representation of curvature tensor

The commutator of the covariant derivatives of a tetrad with respect to the affine connection is

2eka;[ji] = Rklije
σ
a + 2Slije

k
a;l. (1.5.34)

This commutator can also be expressed in terms of the spin connection:

eka;[ji] = ωka[j;i] = (ekbω
b
a[j);i] = ωba[jω

kb
i] + ωba[j;i]e

k
b

= ωba[jω
kb
i] + ωba[j,i]e

k
b + Slijω

k
al. (1.5.35)

Consequently, the curvature tensor with two Lorentz and two coordinate indices depends only on
the spin connection and its ordinary derivatives:

Rabij = ωabj,i − ωabi,j + ωaciω
c
bj − ωacjωcbi. (1.5.36)

Because the spin connection is antisymmetric in its first two indices, the tensor (1.5.36) is antisym-
metric in its first two (Lorentz) indices, like the Riemann tensor. The contraction of the curvature
tensor (1.5.36) with a tetrad gives the Ricci tensor with one Lorentz and one coordinate index:

Rbj = Rabije
i
a. (1.5.37)

The contraction of the tensor Rai with a tetrad gives the Ricci scalar,

R = Raie
i
a = Rabije

i
ae
j
b. (1.5.38)

The Riemann tensor with two Lorentz and two coordinate indices depends on the Levi-Civita
connection (1.5.31) the same way the curvature tensor depends on the affine connection:

P abij = $a
bj,i −$a

bi,j +$a
ci$

c
bj −$a

cj$
c
bi. (1.5.39)

The contraction of (1.5.39) with a tetrad gives the Riemannian Ricci tensor with one Lorentz and
one coordinate index:

Pbj = P abije
i
a. (1.5.40)

The contraction of the tensor P ai with a tetrad gives the Riemann scalar,

P = P aie
i
a = P abije

i
ae
j
b. (1.5.41)

References: [3, 4, 5, 6, 7].

34



1.6 Lorentz group

1.6.1 Subgroups of Lorentz group and principle of relativity

A composition of two Lorentz transformations Λ1 and Λ2,

Λab = Λa(1)cΛ
c
(2)b, (1.6.1)

satisfies (1.5.10), so it is a Lorentz transformation. The Kronecker symbol δab also satisfies (1.5.10),
so it can be regarded as the identity Lorentz transformation. Therefore Lorentz transformations
form a group, referred to as the Lorentz group. Taking the determinant of the relation (1.5.10) gives

|Λab| = ±1. (1.6.2)

A Lorentz transformation with |Λab| = 1 is proper and with |Λab| = −1 is improper. Proper
Lorentz transformations form a group because the determinant of the product of two proper Lorentz
transformations is 1. Improper Lorentz transformations include the parity transformation P

Λab(P ) = diag(1,−1,−1,−1), t→ t, x→ −x, (1.6.3)

and the time reversal T
Λab(T ) = diag(−1, 1, 1, 1), t→ −t, x→ x. (1.6.4)

The relation (1.5.10) gives Λ0
0Λ0

0 − Λ0
αΛ0

α = 1, so

|Λ0
0| ≥ 1. (1.6.5)

Lorentz transformations with Λ0
0 ≥ 1 are orthochronous and form a group. If xi is a timelike vector,

xixi > 0, then for an orthochronous transformation x′0 = Λ0
0x

0 + Λ0
αx

α,

|Λ0
αx

α| ≤
√

Λ0
αΛ0

αx
βxβ <

√
(Λ0

0)2(x0)2 = |Λ0
0x

0|. (1.6.6)

Thus the time component of a timelike vector does not change the sign under orthochronous trans-
formations. Einstein’s principle of relativity states that all physical laws are invariant under trans-
formations within the orthochronous proper subgroup of the Lorentz group.

Under the parity transformation, the spatial components of contravariant and covariant vectors
(three-dimensional vectors) change the sign, while the spatial components of dual vectors (such as
cross products of vectors) do not change the sign. Similarly, the scalar contraction of the Levi-Civita
symbol and a tensor changes the sign, while a scalar does not. Quantities that transform under
proper Lorentz transformations like vectors and do not change the sign in their spatial components
under parity are referred to as axial vectors or pseudovectors. Quantities that transform under
proper Lorentz transformations like scalars and change the sign under parity are referred to as
pseudoscalars.

1.6.2 Infinitesimal Lorentz transformations

We consider an infinitesimal Lorentz transformation

Λµν = δµν + εµν , (1.6.7)

where εµν are infinitesimal quantities. The relation (1.5.10) gives

εµν = −ενµ, (1.6.8)

where the indices are raised and lowered using the Minkowski metric tensor. Therefore Lorentz
transformations are given by 6 independent antisymmetric parameters εµν . The corresponding
transformation of a contravariant vector Aµ is

A′µ = Aµ + εµνA
ν = Aµ +

1

2
ερσ(δµρ ησν − δµσηρν)Aν = Aµ +

1

2
ερσJµνρσA

ν , (1.6.9)
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where
Jµνρσ = δµρ ησν − δµσηρν . (1.6.10)

We define matrices Jρσ such that
(Jρσ)µν = Jµνρσ. (1.6.11)

Therefore, in the matrix notation (with Aµ treated as a column),

A′ =
(

1 +
1

2
ερσJρσ

)
A. (1.6.12)

The 6 matrices Jρσ are the infinitesimal generators of the vector representation of the Lorentz group.
The explicit form of the generators of the Lorentz group in the vector representation is

J01 =


0 −1 0 0
−1 0 0 0
0 0 0 0
0 0 0 0

 , J02 =


0 0 −1 0
0 0 0 0
−1 0 0 0
0 0 0 0

 ,

J03 =


0 0 0 −1
0 0 0 0
0 0 0 0
−1 0 0 0

 , J12 =


0 0 0 0
0 0 −1 0
0 1 0 0
0 0 0 0

 ,

J23 =


0 0 0 0
0 0 0 0
0 0 0 −1
0 0 1 0

 , J31 =


0 0 0 0
0 0 0 1
0 0 0 0
0 −1 0 0

 . (1.6.13)

1.6.3 Generators and Lie algebra of Lorentz group

The commutator of the generators of the Lorentz group in the vector representation is, using (1.6.10)
and (1.6.11),

[Jκτ , Jρσ]µν = (Jκτ )µλ(Jρσ)λν − (Jρσ)µλ(Jκτ )λν = (−Jκρητσ − Jτσηκρ + Jκσητρ + Jτρηκσ)µν , (1.6.14)

so
[Jκτ , Jρσ] = −Jκρητσ − Jτσηκρ + Jκσητρ + Jτρηκσ. (1.6.15)

The relation (1.6.15) constitutes the Lie algebra of the Lorentz group. If a set of qantitites φ
transforms under a Lorentz transformation Λ with a matrix D(Λ)

φ→ D(λ)φ, (1.6.16)

then D is a representation of the Lorentz group if

D(I) = I, D(Λ1Λ2) = D(Λ1)D(Λ2), (1.6.17)

where I denotes the identity transformation, and Λ1 and Λ2 are two Lorentz transformations. There-
fore

D(Λ−1) = D−1(Λ), (1.6.18)

where Λ−1 is the Lorentz transformation to Λ: ΛΛ−1 = I. For an infinitesimal Lorentz transforma-
tion in any representation,

D(Λ) = I +
1

2
ερσJρσ, (1.6.19)

according to (1.6.12). The relation

D(Λ1Λ2Λ−1
1 ) = D(Λ1)D(Λ2)D−1(Λ1) (1.6.20)

gives (1.6.15), valid for any representation of the Lorentz group.

36



If Λ1 and Λ2 are two group transformations then Λ3 = Λ1Λ2Λ−1
1 is a group transformation. If

Λ2 = I+ ε2G2 is an infinitesimal group transformation with generator G2 then Λ3 = I+ ε2Λ1G2Λ−1
1

is an infinitesimal group transformation with generator G3 = Λ1G2Λ−1
1 . If Λ1 = I + ε1G1 is an

infinitesimal group transformation with generator G1 then, neglecting terms in ε1 of higher order,
G3 = G2 + ε1[G1, G2], so [G1, G2] is a generator. For a finite number N of linearly independent
generators, a general infinitesimal group transformation is Λ = I + ΣNa=1εaGa. Because [Ga, Gb] is
a generator, it is a linear combination of the N generators: [Ga, Gb] = ΣNc=1fabcGc, where fabc are
structure constants of the Lie algebra of the given group. For the Lorentz group, εaGa = D(Λ)− I,
where D(Λ) is given by (1.6.19).

1.6.4 Rotations and boosts

Rotations are proper orthochronous Lorentz transformations with

Λ0
α = Λα0 = 0, Λ0

0 = 1. (1.6.21)

Rotations act only on the spatial coordinates xα and form a group, referred to as the rotation group.
Boosts are proper orthochronous Lorentz transformations with

Λαβ = 0. (1.6.22)

We define

Jα =
1

2
eαβγJ

βγ , (1.6.23)

Kα = J0α, (1.6.24)

and

ϑα =
1

2
eαβγε

βγ , (1.6.25)

ηα = ε0α (1.6.26)

(for the Lorentz group g = 1, so the tensors e and densities ε are numerically identical). The explicit
form of the generators of the rotation group Jα in the vector representation is

J1 =

 0 0 0
0 0 −1
0 1 0

 , J2 =

 0 0 1
0 0 0
−1 0 0

 , J3 =

 0 −1 0
1 0 0
0 0 0

 . (1.6.27)

For an infinitesimal Lorentz transformation (1.6.19)

D = 1 + ϑ · J + η ·K. (1.6.28)

A finite Lorentz transformation can be regarded as a composition of successive identical infinites-
imal Lorentz transformations:

D = limn→∞(1 + θ · J/n+ η ·K/n)n = eθ·J+η·K. (1.6.29)

The finite parameters θ, η are the canonical parameters for a given Lorentz transformations. For a
finite Lorentz transformation, (1.6.19) gives

D(Λ) = e
1
2 ε
ρσJρσ , (1.6.30)

so

Jµν =
∂D(Λ)

∂εµν

∣∣∣
Λ=I

. (1.6.31)
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The explicit form of a finite Lorentz transformation in the vector representation is

R1 = eθJ1 =


1 0 0 0
0 1 0 0
0 0 cosθ −sinθ
0 0 sinθ cosθ

 , R2 = eθJ2 =


1 0 0 0
0 cosθ 0 sinθ
0 0 1 0
0 −sinθ 0 cosθ

 ,

R3 = eθJ3 =


1 0 0 0
0 cosθ −sinθ 0
0 sinθ cosθ 0
0 0 0 1

 , B1 = eηK1 =


coshη sinhη 0 0
sinhη coshη 0 0

0 0 1 0
0 0 0 1

 ,

B2 = eηK2 =


coshη 0 sinhη 0

0 1 0 0
sinhη 0 coshη 0

0 0 0 1

 , B3 = eηK3 =


coshη 0 0 sinhη

0 1 0 0
0 0 1 0

sinhη 0 0 coshη

 ,

(1.6.32)

where Rα denotes a rotation about the xα-axis and Bα denotes a boost along this axis. The canonical
parameters θ and η are respectively referred to as the angle of rotation and rapidity. The parameters
ϑ and η in (1.6.25) and (1.6.26) are thus respectively infinitesimal values of the angle of rotation
and rapidity. A rotation about any axis, say z, by an angle θ turns the two other axes, x and y, into
new axes, x′ and y′, such that the angle between x and x′ (or y and y′) (1.4.114) is θ. The rotation
group is compact: θα ∈ [0, 2π] and θ = 2π ⇔ θ = 0. The explicit form of a finite rotation in the
three-dimensional vector representation is

R1(θ) =

 1 0 0
0 cosθ −sinθ
0 sinθ cosθ

 , R2(θ) =

 cosθ 0 sinθ
0 1 0

−sinθ 0 cosθ

 ,

R3(θ) =

 cosθ −sinθ 0
sinθ cosθ 0

0 0 1

 . (1.6.33)

For instance,  Vx
Vy
Vz

→
 V ′x

V ′y
V ′z

 = R3

 Vx
Vy
Vz

 =

 Vxcosθ − Vysinθ
Vxsinθ + Vycosθ

Vz

 . (1.6.34)

The relation (1.6.31) gives

Jα =
∂Rα(θ)

∂θ

∣∣∣
θ=0

. (1.6.35)

The orthogonality relation (1.5.10) applied to any of the rotation matrices (1.6.33) shows that a
rotation matrix R is orthogonal, that is, its transpose RT is equal to its inverse R−1:

RTα = R−1
α , RαR

T
α = RTαRα = I, (1.6.36)

where I is the identity matrix.
The commutation relation (1.6.15) gives

[Jα, Jβ ] = eαβγJγ , (1.6.37)

[Jα,Kβ ] = eαβγKγ , (1.6.38)

[Kα,Kβ ] = −eαβγJγ . (1.6.39)

Therefore rotations do not commute and form a nonabelian group, rotations and boosts do not
commute, and boosts do not commute. Changing the order of two nonparallel boosts is equivalent
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to applying a rotation, referred to as the Thomas-Wigner rotation. The structure constants of the
Lie algebra of the rotation group are fabc = eabc. Moreover, the square of the generators of rotation,

J2 = JαJα, (1.6.40)

commutes with Jα:

[J2, Jβ ] = [Jα, Jβ ]Jα + Jα[Jα, Jβ ] = eαβγ(JγJα + JαJγ) = 0. (1.6.41)

Definining

L =
1

2
(J + iK), (1.6.42)

Q =
1

2
(J− iK), (1.6.43)

gives

[Lα, Lβ ] = eαβγLγ , (1.6.44)

[Qα, Qβ ] = eαβγQγ , (1.6.45)

[Lα, Qβ ] = 0, (1.6.46)

so the Lorentz group is isomorphic with the product of two complex rotation groups. Accordingly,
the Lorentz group can be regarded as the group of four-dimensional rotations in the Minkowski
space, or the group of tetrad rotations.

1.6.5 Poincaré group

Under the infinitesimal coordinate transformation (1.2.55) in a locally flat spacetime, (1.4.41) gives

ηik → ηik − ξi,k − ξk,i. (1.6.47)

Thus the tensor ηik is invariant under (1.2.55) (isometric) if ξi is a Killing vector,

ξ(i,k) = 0, (1.6.48)

which has the solution
ξi = εikxk + εi, (1.6.49)

where εik and εi are constant. The first term on the right-hand side of (1.6.49) corresponds to a
Lorentz rotation described by 6 parameters εik. The second term on the right-hand side of (1.6.49)
corresponds to a translation. A combination of two translations does not change if their order is
reversed, so translations commute:

[Tµ, Tν ] = 0, (1.6.50)

where Tµ is the generator of translation. The relations (1.6.37) and (1.6.38) mean that Jα and Kα

are spatial vectors under rotations. Spatial translations are spatial vectors under rotations, while a
time translation is a scalar:

[Jα, Tβ ] = eαβγTγ , (1.6.51)

[Jα, T0] = 0. (1.6.52)

The last relation indicates that the generators of rotations, like generators of spatial translation,
correspond to conserved quantities, which are quantities that do not change in time. The covariant
generalization of (1.6.51) and (1.6.52) is

[Jµν , Tρ] = Tµηνρ − Tνηµρ. (1.6.53)
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The relations (1.6.15), (1.6.50) and (1.6.53) constitute the Lie algebra of the inhomogeneous Lorentz
or Poincaré group. In particular,

[Kα, Tβ ] = −T0δαβ , (1.6.54)

[Kα, T0] = −Tα. (1.6.55)

The last relation indicates that the generators of boosts do not correspond to conserved quantities.
For an infinitesimal rotation about the z-axis,

(1 + θJz)f(ct,x) = D(Rz(θ))f(ct,x) = f(ct, Rz(θ)x) ≈ f(ct, x− θy, θx+ y, z)

= f(ct,x)− θy ∂f
∂x

+ θx
∂f

∂y
, (1.6.56)

or

Jz = x
∂

∂y
− y ∂

∂x
, (1.6.57)

which gives the differential representation of rotations:

Jα = eαβγxβ∂γ . (1.6.58)

For an infinitesimal boost along the z-axis,

(1 + ηKz)f(ct,x) = D(Bz(η))f(ct,x) = f(Bz(η)(ct,x)) ≈ f(ct+ ηz, y, z + ηct)

= f(ct,x) + ηz
∂f

c∂t
+ ηct

∂f

∂z
, (1.6.59)

or

Kz = z
∂

c∂t
+ ct

∂

∂z
, (1.6.60)

which gives the differential representation of boosts:

Kα = xα
∂

c∂t
+ ct

∂

∂xα
. (1.6.61)

The relation for an infinitesimal translation, analogous to (1.6.19), is

D(t) = I + εµTµ, (1.6.62)

so a finite translation is given by
D(t) = eε

µTµ . (1.6.63)

Translation in (1.6.49) can also be written as

tµ(ε)xν = xν + εδνµ. (1.6.64)

The relation analogous to (1.6.35) is

Tµ =
∂tµ(ε)

∂ε

∣∣∣
ε=0

. (1.6.65)

The differential representation of a translation is thus

Tµ =
∂

∂xµ
. (1.6.66)
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1.6.6 Invariants of Lorentz and Poincaré group

Analogously to (1.6.41),

[L2, Lβ ] = 0, (1.6.67)

[Q2, Qβ ] = 0, (1.6.68)

so L2 and Q2 commute with all 6 generators of the Lorentz group. Consequently, J2 +K2 and J ·K
commute with all generators of the Lorentz group, that is, are the invariants or Casimir operators
of the Lorentz group. The Casimir operators of Lorentz group do not commute with the generators
of translation Tµ, so they are not the invariants of the Poincaré group. Instead, the mass operator

m2 = −TµTµ (1.6.69)

and
W 2 = WµWµ, (1.6.70)

where Wµ is the Pauli-Lubański pseudovector

Wµ =
1

2
eµνρσJρσTν , (1.6.71)

commute with all generators of the Poincaré group, so they are the Casimir operators of the Poincaré
group. The Pauli-Lubański pseudovector obeys the commutation relations

[Tµ,Wν ] = 0, (1.6.72)

[Jµν ,Wρ] = Wµηνρ −Wνηµρ, (1.6.73)

[Wµ,W ν ] = eµνρσWρTσ. (1.6.74)

The relation (1.6.73) is analogous to (1.6.53) because Wµ behaves like a vector under proper Lorentz
transformations.

We define the four-momentum operator

Pµ = iTµ, (1.6.75)

whose time component is the energy operator P0 = iT0 and spatial components form the momentum
operator Pα = iTα. We define the angular four-momentum operator

Mµν = iJµν , (1.6.76)

whose spatial components form the angular momentum operator

Mα = iJα. (1.6.77)

Therefore the following relations are satisfied:

[Mµν ,Mρσ] = −i(Mµρηνσ +Mνσηµρ −Mµσηνρ −Mνρηµσ), (1.6.78)

[Pµ, Pν ] = 0, (1.6.79)

[Mµν , Pρ] = i(Pµηνρ − Pνηµρ), (1.6.80)

m2 = PµPµ, (1.6.81)

Wµ = −1

2
εµνρσMρσPν , (1.6.82)

[Pµ,Wν ] = 0, (1.6.83)

[Mµν ,Wρ] = i(Wµηνρ −Wνηµρ), (1.6.84)

[Wµ,W ν ] = −ieµνρσWρPσ, (1.6.85)

[Mα,Mβ ] = ieαβγMγ . (1.6.86)
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1.6.7 Relativistic kinematics

We consider a boost in the direction of the z-axis

x′i = e−ηK3xi, (1.6.87)

where xi and x′i have a form of a column (4×1 matrix), and eηK3 is given by (1.6.32). Therefore
the coordinates in an inertial K-system (unprimed) are related to the coordinates in an inertial
K ′-system (primed) by

ct = ct′coshη + z′sinhη,

x = x′, y = y′,

z = z′coshη + ct′sinhη. (1.6.88)

We consider the origin of the K ′-system, x′ = y′ = z′ = 0, in the K-system. Therefore

ct = ct′coshη,

z = ct′sinhη, (1.6.89)

which gives the relation between the rapidity η and velocity V = dz
dt of K ′ relative to K:

tanhη = β, (1.6.90)

where

β =
V

c
. (1.6.91)

Accordingly, coshη = γ and sinhη = βγ, where

γ =
(

1− V 2

c2

)−1/2

. (1.6.92)

The relations (1.6.88) become

t = γ
(
t′ +

V

c2
z′
)
,

x = x′, y = y′,

z = γ(z′ + V t′), (1.6.93)

and are referred to as a special Lorentz transformation in the z-direction. The reverse transformation
is

t′ = γ
(
t− V

c2
z
)
,

x′ = x, y′ = y,

z′ = γ(z − V t). (1.6.94)

For a boost along an arbitrary direction, the spatial vector x = (x, y, z) transforms such that its
component parallel to the velocity V = cβ of K ′ relative to K, x‖ = (x · V)V/V 2 (similarly for
primed), behaves like z in (1.6.93) and its component perpendicular to V, x⊥ = x − x‖, behaves
like x in (1.6.93):

t = γ
(
t′ +

V · x′

c2

)
,

x⊥ = x′⊥,

x‖ = γ(x′‖ + Vt′), (1.6.95)

so

x = γ(x′‖ + Vt′) + x′⊥ = γVt′ + x′ +
(γ − 1)(V · x′)V

V 2
. (1.6.96)
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Therefore the transformation law for the coordinates in two inertial frames of reference is(
ct
x

)
=

(
γ γβ

γβ 1 + (γ−1)β
β2 β

)(
ct′

x′

)
, (1.6.97)

or equivalently (
ct′

x′

)
=

(
γ −γβ
−γβ 1 + (γ−1)β

β2 β

)(
ct
x

)
. (1.6.98)

The matrix in (1.6.98) is called a boost matrix. In the local Minkowski spacetime, contravariant
vectors transform like xi, according to (1.6.95) and (1.6.97),(

W 0

W

)
=

(
γ γβ

γβ 1 + (γ−1)β
β2 β

)(
W ′0

W′

)
, (1.6.99)

covariant vectors transform such that they remain related to contravariant vectors by the Minkowski
metric tensor, and tensors transform like products of vectors. For example, if V = cβẑ is parallel to
the z-axis, a tensor of rank (0,2) transforms according to

T00 = γ(T00′ + βT03′) = γ2(T0′0′ + βT3′0′ + βT0′3′ + β2T3′3′),

T0⊥ = γ(T0′⊥′ + βT3′⊥′),

T03 = γ(T03′ + βT00′) = γ2(T0′3′ + βT3′3′ + βT0′0′ + β2T3′0′),

T⊥⊥ = T⊥′⊥′ ,

T3⊥ = γ(T3′⊥′ + βT0′⊥′),

T33 = γ(T33′ + βT30′) = γ2(T3′3′ + βT0′3′ + βT3′0′ + β2T0′0′), (1.6.100)

where the index ⊥ denotes either 1 or 2, and the transposed components TTik = Tki transform like
the transpositions of the right-hand sides in (1.6.100). If Tik is antisymmetric then T03 = T0′3′ .

The relations (1.6.93) can be written as

dt = γ
(
dt′ +

V

c2
dz′
)
,

dx = dx′, dy = dy′,

dz = γ(dz′ + V dt′), (1.6.101)

which gives

vx =
v′x

γ(1 + V v′z/c
2)
,

vy =
v′y

γ(1 + V v′z/c
2)
,

vz =
v′z + V

1 + V v′z/c
2
, (1.6.102)

where

v =
dx

dt
, v′ =

dx′

dt′
. (1.6.103)

Two special Lorentz transformations in the same direction commute because of (1.6.39). If a Lorentz
transformation from K ′ to K has parameters β1 and γ1, and a Lorentz transformation from K ′′ to
K ′ has parameters β2 and γ2, then a Lorentz transformation from K ′′ to K has parameters β3 and
γ3 such that

β3 =
β1 + β2

1 + β1β2
, γ3 = γ1γ2(1 + β1β2). (1.6.104)
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For a boost along an arbitrary direction, (1.6.97) gives the Lorentz transformation of velocities:

v =
v′ + γV + (γ − 1)(v′ ·V)V/V 2

γ(1 + v′ ·V/c2)
. (1.6.105)

If v′ = |V′| = c then v = |V| = c, in agreement with the constancy of the velocity of propagation of
interaction.

We consider two points at rest in the inertial frame of reference K with positions z1 and z2, so
the distance between them is ∆z = z2 − z1. In the inertial frame K ′, moving relative to K in the
z-direction with velocity V , z1 = γ(z′1 + V t′1) and z2 = γ(z′2 + V t′2), so if t′1 = t′2 is the time at
which we measure (simultaneously) the positions of the two points then ∆z = γ(z′2 − z′1) = γ∆z′.
Therefore the length of an object in K ′, whose length in the rest frame K is l (proper length), is

l′ =
l

γ
< l, (1.6.106)

which is referred to as the Lorentz-FitzGerald contraction. The volume of an object in K ′, whose
volume in the rest frame K is V (proper volume), is

V ′ =
V

γ
. (1.6.107)

Suppose that there are two rods of equal lengths, moving parallel relative to each other. From the
point of view of an observer moving with the first rod, the second one is shorter, and from the point
of view of an observer moving with the second rod, the first one is shorter. There is no contradiction
in this statement because the positions of both ends of a rod must be measured simultaneously and
the simultaneity is not invariant: from the transformation law (1.6.93) it follows that if δt = 0 then
δt′ 6= 0 and if δt′ = 0 then δt 6= 0.

We consider a clock (any mechanism with a periodic or evolutionary behavior) at rest in K ′ with
position z′; the time difference between two events with t′1 and t′2, as measured by this clock, is
∆t′ = t′2 − t′1. In the frame K, t1 = γ(t′1 + V z′/c2) and t2 = γ(t′2 + V z′/c2), so

∆t = t2 − t1 = γ∆t′ > ∆t′. (1.6.108)

Thus the rate of time is slower for moving clocks than those at rest (time dilation), in agreement
with (1.4.91) and (1.4.97), from which c2dτ2 = c2dt2 − dl2 and

dτ =
1

γ
dt. (1.6.109)

Suppose that there are two clocks linked to the inertial frames K and K ′, and that when the clock
in K passes by the clock in K ′ the readings of the two clocks coincide. From the point of view
of an observer in K clocks in K ′ go more slowly, and from the point of view of an observer in K ′

clocks in K go more slowly. There is no contradiction in this statement because to compare the
rates of the two clocks in K and K ′ we must compare the readings of the same moving clock in
K ′ with different clocks in K; we require several clocks in one frame and one in the other, thus the
measurement process is not symmetric with respect to the two frames of reference. The clock that
goes more slowly is the one which is being compared with different clocks in the other frame. The
time interval measured by a clock is equal to the integral

∆t =
1

c

∫
ds (1.6.110)

along its world line. Since the world line is a straight line for a clock at rest and a curved line for a
clock moving such that it returns to the starting point, the integral

∫
ds taken between two world

points has its maximum value if it is taken along the straight line connecting these two points.
For a Lorentz transformation with velocity V = |V|, (1.6.105) gives

tanθ =
v′sinθ′

γ(v′cosθ′ + V )
, (1.6.111)
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where θ is the angle between v and V, and θ′ is the angle between v′ and V. If v = v′ = c then

cosθ =
cosθ′ + V

c

1 + V
c cosθ′

, (1.6.112)

which is referred to as the aberration of a signal. Suppose an observer in frame K measures a
periodic signal with period T , frequency ν = 1

T and wavelength λ = c
ν , propagating in the −z

direction; the number of pulses in time dt is n = νdt. A second observer in frame K ′, moving in the
z direction with velocity V relative to the first one, travels a distance V dt and measures V dt

λ more

pulses: n′ = ν(1 + V
c )dt. Because the time interval dt with respect to K ′ is dt′ = dt

γ , the frequency

of the signal in K ′ is ν′ = γν(1 + V
c ) or

ν′ = eην. (1.6.113)

This dependence of the frequency of a signal on a frame of reference is referred to as the Doppler
effect.

When c→∞ (at which γ → 1) the above formulae, referring to relativistic kinematics, reduce to
their nonrelativistic limit. The Lorentz transformation (1.6.97) reduces to the Galileo transformation,

t = t′,

x = x′ + Vt′, (1.6.114)

so the time is an absolute (invariant) quantity in nonrelativistic (Newtonian) physics. Any two
Galileo transformations commute. The transformation law for velocities (1.6.105) reduces to the
simple addition of vectors,

v = v′ + V. (1.6.115)

1.6.8 Four-acceleration

In a locally inertial frame of reference, the four-velocity is

ui =
(
γ, γ

v

c

)
, ui =

(
γ,−γv

c

)
, (1.6.116)

where v is the velocity and γ = (1− v2

c2 )−1/2. We define the four-acceleration

wi =
Dui

ds
=
D2xi

ds2
= ukui;k, (1.6.117)

which is orthogonal to ui because of (1.4.19):

wiui = 0, (1.6.118)

thus having 3 independent components. In a locally inertial frame of reference, the four-acceleration
is

wi =
dui

ds
=
d2xi

ds2
= c−2

(
γ4 v · a

c
, γ2a + γ4 (v · a)v

c2

)
, (1.6.119)

where a is the three-dimensional acceleration vector

a =
dv

dt
=
d2x

dt2
. (1.6.120)

The invariant square of the four-acceleration is thus

wiwi = −γ
4

c4

(
a2 +

γ2

c2
(v · a)2

)
. (1.6.121)

If v = 0 at a given instant of time, the corresponding frame of reference is referred to as the
instantaneous rest frame. In this frame

wiwi = −a
2

c4
, (1.6.122)
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so
a0 = c2

√
−wiwi (1.6.123)

is the absolute value of the acceleration in the instantaneous rest frame, called the proper acceleration.
References: [2, 3].

1.7 Spinors

1.7.1 Spinor representation of Lorentz group

Let γa be the coordinate-invariant 4×4 Dirac matrices defined as

γaγb + γbγa = 2ηabI, (1.7.1)

where I is the unit 4×4 matrix (4 is the lowest dimension for which (1.7.1) has solutions). Accord-
ingly, the spacetime-dependent Dirac matrices, γi = eiaγ

a, satisfy

γiγj + γjγi = 2gijI. (1.7.2)

Under a tetrad rotation, (1.5.8) gives
γ̃a = Λabγ

b. (1.7.3)

Let L be a 4×4 matrix such that

γa = ΛabLγ
bL−1 = Lγ̃aL−1, (1.7.4)

where L−1 is the matrix inverse to L: LL−1 = L−1L = I. The condition (1.7.4) represents the
constancy of the Dirac matrices γa under the combined tetrad rotation and transformation γ →
LγL−1. We refer to L as the spinor representation of the Lorentz group. The relation (1.7.4) gives
the matrix L as a function of the Lorentz matrix Λab. For an infinitesimal Lorentz transformation
(1.6.7), the solution for L is

L = I +
1

2
εabG

ab, L−1 = I − 1

2
εabG

ab, (1.7.5)

where Gab are the generators of the spinor representation of the Lorentz group:

Gab =
1

4
(γaγb − γbγa). (1.7.6)

A spinor ψ is defined as a quantity that, under tetrad rotations, transforms according to

ψ̃ = Lψ. (1.7.7)

An adjoint spinor ψ̄ is defined as a quantity that transforms according to

˜̄ψ = ψ̄L−1, (1.7.8)

so the product ψ̄ψ is a scalar:
˜̄ψψ̃ = ψ̄ψ. (1.7.9)

The indices of the γa and L that are implicit in the 4×4 matrix multiplication in (1.7.1), (1.7.2) and
(1.7.4) are spinor indices. The relation (1.7.4) implies that the Dirac matrices γa can be regarded as
quantities that have, in addition to the invariant index a, one spinor index and one adjoint-spinor
index. The product ψψ̄ transforms like the Dirac matrices:

ψ̃ ˜̄ψ = Lψψ̄L−1. (1.7.10)

The spinors ψ and ψ̄ can be used to construct tensors. For example, ψ̄γaψ transforms like a
contravariant Lorentz vector:

ψ̄γaψ → ψ̄L−1ΛabLγ
bL−1Lψ = Λabψ̄γ

bψ. (1.7.11)
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1.7.2 Spinor connection

The derivative of a spinor does not transform like a spinor:

ψ̃,i = Lψ,i + L,iψ. (1.7.12)

If we introduce the spinor connection Γi that transforms according to

Γ̃i = LΓiL
−1 + L,iL

−1, (1.7.13)

then a covariant derivative of a spinor,

ψ;i = ψ,i − Γiψ, (1.7.14)

is a spinor:
ψ̃;i = ψ̃,i − Γ̃iψ̃ = Lψ,i + L,iψ − (LΓiL

−1 + L,iL
−1)Lψ = Lψ;i. (1.7.15)

Because ψ̄ψ is a scalar,
(ψ̄ψ);i = (ψ̄ψ),i, (1.7.16)

the chain rule for covariant differentiation gives a covariant derivative of an adjoint spinor

ψ̄;i = ψ̄,i + ψ̄Γi. (1.7.17)

Also
ψ|i = ψ;i, ψ̄|i = ψ̄;i. (1.7.18)

The Dirac matrices γa transform like ψψ̄, whose covariant derivative is

(ψψ̄);i = ψ;iψ̄ + ψψ̄;i = (ψψ̄),i − Γiψψ̄ + ψψ̄Γi = (ψψ̄),i − [Γi, ψψ̄]. (1.7.19)

Therefore a covariant derivative of the Dirac matrices is

γa;i = γa,i − [Γi, γ
a] = −[Γi, γ

a], (1.7.20)

so
γj;i = γj|i = γj,i + Γ j

k, iγ
k − [Γi, γ

j ]. (1.7.21)

Accordingly
γa|i = ωabiγ

b − [Γi, γ
a]. (1.7.22)

The quantity ψ̄γiψ|i transforms under Lorentz rotations like a scalar:

ψ̄γiψ|i → ψ̄L−1LγiL−1Lψ|i = ψ̄γiψ|i. (1.7.23)

The relation ηab|i = 0 implies that
γa|i = 0, (1.7.24)

because the Dirac matrices γa only depend on ηab. Multiplying both sides of (1.7.22) by γa from
the left gives

ωabiγ
aγb − γaΓiγ

a + 4Γi = 0. (1.7.25)

We seek the solution of (1.7.25) in the form

Γi = −1

4
ωabiγ

aγb −Ai, (1.7.26)

where Ai is a spinor-tensor quantity with one vector index. Substituting (1.7.26) to (1.7.25), together
with the identity γcγ

aγbγc = 4ηab, gives

−γaAiγa + 4Ai = 0, (1.7.27)

so Ai is an arbitrary vector multiple of I. Therefore the spinor connection Γi is given, up to the
addition of an arbitrary vector multiple of I, by the Fock-Ivanenko coefficients:

Γi = −1

4
ωabiγ

aγb = −1

2
ωabiG

ab. (1.7.28)

Using the definition (1.5.15), we can also write (1.7.28) as

Γi = −1

8
ejc;i[γj , γ

c] =
1

8
[γj;i, γj ]. (1.7.29)
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1.7.3 Curvature spinor

The commutator of total covariant derivatives of a spinor is

ψ|ji − ψ|ij = (ψ|j),i − Γiψ|j − Γ k
j iψ|k − (ψ|i),j + Γjψ|i + Γ k

i jψ|k

= −Γj,iψ + ΓiΓjψ + Γi,jψ − ΓjΓiψ + 2Skijψ|k = Kijψ + 2Skijψ|k, (1.7.30)

where Kij = −Kji is defined as
Kij = Γi,j − Γj,i + [Γi,Γj ]. (1.7.31)

Substituting (1.7.13) to (1.7.31) gives

K̃ij = Γ̃i,j − Γ̃j,i + [Γ̃i, Γ̃j ] = L(Γi,j − Γj,i + [Γi,Γj ])L
−1 = LKijL

−1, (1.7.32)

so Kij transforms under tetrad rotations like the Dirac matrices γa, that is, Kij is a spinor with one
spinor index and one adjoint-spinor index. We refer to Kij as the curvature spinor.

The relation (1.7.24) leads to
γk|i = 0. (1.7.33)

Thus the commutator of covariant derivatives of the spacetime-dependent Dirac matrices vanishes:

2γk|[ji] = Rklijγ
l + 2Slijγ

k
|l + [Kij , γ

k] = Rklijγ
l + [Kij , γ

k] = 0. (1.7.34)

Multiplying both sides of (1.7.34) by γk from the left gives

Rklijγ
kγl + γkKijγ

k − 4Kij = 0. (1.7.35)

We seek the solution of (1.7.35) in the form

Kij =
1

4
Rklijγ

kγl +Bij , (1.7.36)

where Bij is a spinor-tensor quantity with two vector indices. Substituting (1.7.36) to (1.7.35) gives

γkBijγ
k − 4Bij = 0, (1.7.37)

so Bij is an antisymmetric-tensor multiple of I. The tensor Bij is related to the vector Ai in (1.7.26)
by

Bij = Aj,i −Ai,j + [Ai, Aj ]. (1.7.38)

Because ψ has no indices other than spinor indices, Ai is a vector and [Ai, Aj ] = 0. The invariance
of (1.7.35) under the addition of an antisymmetric-tensor multiple Bij of the unit matrix to the
curvature spinor is related to the invariance of (1.7.25) under the addition of a vector multiple Ai of
the unit matrix to the spinor connection. Setting Ai = 0, which corresponds to the Fock-Ivanenko
spinor connection, gives Bij = 0. Therefore the curvature spinor Kij is given, up to the addition of
an arbitrary antisymmetric-tensor multiple of I, by

Kij =
1

4
Rklijγ

kγl =
1

2
RklijG

kl. (1.7.39)

References: [3, 4].
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2 Fields

2.1 Principle of least action

The most general formulation of the law that governs the dynamics of classical systems is Hamilton’s
principle of least action, according to which every classical system is characterized by a definite
scalar-density function L, and the dynamics of the system is such that a certain condition is satisfied.
Let φA(xi) be a set of physical fields, being differentiable functions of the coordinates, and let L be
a Lorentz covariant quantity constructed from the φA and their derivatives. We consider a scalar
quantity

S =
1

c

∫
LdΩ, (2.1.1)

where the integration is over some region in locally Minkowski spacetime. Let δφA be arbitrary
small changes in φA (regarded as a dynamical variable) over the region of integration, which vanish
on the boundary. Then the change in S can be written as

δS =
1

c

∫
FAδφAdΩ. (2.1.2)

The principle of least action states that the dynamics of a physical system is given by the condition
the scalar S be a local minimum. Therefore any infinitesimal change in the dynamics of the system
does not alter the value of S:

δS = 0 (2.1.3)

(S is a local extremum). If L is covariant and φA transform covariantly under the Lorentz group,
the variational condition (2.1.3) gives the Lorentz covariant equations

φA = 0. (2.1.4)

These equations are also invariant for any other transformations (internal symmetries) for which
L is invariant. L is referred to as the Lagrangian density, S is the action functional, δS = 0 is
the principle of least action, and FA = 0 are the field equations. The field equations of a physical
system are the result of the action being a local extremum. The condition that the action be a local
minimum imposes additional restrictions on possible choices for S. The number of independent field
equations for a given system is referred to as the number of the degrees of freedom representing this
system.

In most cases L contains only φA and their first derivatives (the Lagrangian density for the
gravitational field contains second derivatives). A Lagrangian density containing higher derivatives
can always be written in terms of first derivatives by increasing the number of the components of
φA. We consider a physical system in the galilean frame of reference. If L depends only on φA and
∂iφA, L = L(φ, φ,i), then

δS =
1

c

∫ (
∂L

∂φ
δφ+

∂L

∂(φ,i)
δ(φ,i)

)
dΩ =

1

c

∫ (
∂L

∂φ
δφ+

∂L

∂(φ,i)
(δφ),i

)
dΩ

=
1

c

∫ (
∂L

∂φ
δφ− ∂i

(
∂L

∂(φ,i)

)
δφ+ ∂i

(
∂L

∂(φ,i)
δφ

))
dΩ. (2.1.5)

The last term in the second line of (2.1.5) is a divergence, which, after integration, can be transformed
into a hypersurface integral over the boundary of integration region, where δφ = 0 on the boundary,
so this term does not contribute to the action variation:

δS =
1

c

∫ (
∂L

∂φ
− ∂i

(
∂L

∂(φ,i)

))
δφdΩ +

∫
∂L

∂(φ,i)
δφdSi =

1

c

∫ (
∂L

∂φ
− ∂i

(
∂L

∂(φ,i)

))
δφdΩ. (2.1.6)

If δS = 0 for arbitrary variations δφ that vanish on the boundary then

∂L

∂φ
− ∂i

(
∂L

∂(φ,i)

)
= 0, (2.1.7)
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or
δL

δφ
= 0, (2.1.8)

where
δL

δφ
=
∂L

∂φ
− ∂i

(
∂L

∂(φ,i)

)
(2.1.9)

is a variational derivative of L with respect to φ. This set of equations, for each component φA, is
referred to as the Lagrange equations. Generalizing the Lagrange equations to an arbitrary coordinate
frame gives

∂L

∂φ
−∇{}i

(
∂L

∂(φ,i)

)
= 0. (2.1.10)

There is some arbitrariness in the choice of L; adding to it the divergence of an arbitrary vector
density or multiplying it by a constant produces the same field equations. If a system consists
of two noninteracting parts A and B, with corresponding Lagrangian densitites LA(φA, ∂φA) and
LB(φB , ∂φB), then the Lagrangian for this system is the sum LA + LB . This additivity of the
Lagrangian density means that the field equations for either of the two parts do not involve quantities
pertaining to the other part. If LA also depends on φB and/or ∂φB , and/or LB depends on φA
and/or ∂φA, then the subsystems A and B interact.
References: [1, 2, 3].

2.2 Action for gravitational field

We consider a Lagrangian density that depends on the affine (or spin) connection and its first
derivatives. Such Lagrangian density can be decomposed into the covariant part that contains
derivatives of the affine/spin connection, which is referred to as the Lagrangian density for the
gravitational field, and the covariant part that does not contain these derivatives, which is referred
to as the Lagrangian density for matter. The simplest covariant scalar that can be constructed
from the affine/spin connection and its first derivatives is the Ricci scalar R. The corresponding
Lagrangian density for the gravitational field is proportional to the product of R and the scalar
density

√
−g:

Lg = − 1

2κ

√
−gR, (2.2.1)

where κ is Einstein’s gravitational constant. There exist two variational principles in the theory
of the gravitational field. The metric variational principle regards the metric tensor or tetrad as a
dynamical variable and assumes the affine connection to be the Levi-Civita connection. The metric-
affine variational principle regards both the metric tensor (or tetrad) and the metric-compatible
affine connection (or spin connection) as dynamical variables.

In the metric variational formulation, the Lagrangian density for the gravitational field is pro-
portional to the Riemann scalar P :

Lg = − 1

2κ

√
−gP. (2.2.2)

Because P is linear in derivatives of { ik l}:
√
−gP =

√
−ggik({ li k},l − { li l},k + { mik }{ lm l} − { mi l }{ lm k})

= (
√
−ggik{ li k}),l − { li k}(

√
−ggik),l − (

√
−ggik{ li l}),k + { li l}(

√
−ggik),k

+
√
−ggik({ mik }{ lm l} − { mi l }{ lm k}), (2.2.3)

we can subtract from
√
−gP total derivatives without altering the field equations, replacing P by a
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noncovariant quantity G:

√
−gG = { li l}(

√
−ggik),k − { li k}(

√
−ggik),l +

√
−ggik({ mik }{ lm l} − { mi l }{ lm k})

= { li l}
(
(
√
−ggik):k + { jj k}

√
−ggik −

√
−g{ ij k}gjk −

√
−g{ kj k}gij

)
−{ li k}

(
(
√
−ggik):l + { jj l}

√
−ggik −

√
−g{ ij l}gjk −

√
−g{ kj l}gij

)
+
√
−ggik({ mik }{ lm l} − { mi l }{ lm k}) = { li l}

(
{ jj k}
√
−ggik −

√
−g{ ij k}gjk

−
√
−g{ kj k}gij

)
− { li k}

(
{ jj l}
√
−ggik −

√
−g{ ij l}gjk −

√
−g{ kj l}gij

)
+
√
−ggik({ mik }{ lm l} − { mi l }{ lm k}) =

√
−ggik({ mi l }{ lm k} − { mik }{ lm l}). (2.2.4)

Therefore
G = gik({ mi l }{ lm k} − { mik }{ lm l}), (2.2.5)

and the Lagrangian density for the gravitational field is

Lg = − 1

2κ

√
−gG. (2.2.6)

.
Any coordinate transformation results in variations of gik, so S is not necessarily a minimum

with respect to these variations (only an extremum) because not all δgik correspond to actual
variations of the gravitational field. In order to exclude the variations δgik resulting from changing
the coordinates, we must impose on the metric tensor 4 arbitrary constraints. If we choose

g0α = 0, |gαβ | = const, (2.2.7)

then G becomes

G = −1

4
g00gαβgγδgαγ,0gβδ,0. (2.2.8)

In the locally galilean frame gαβ = −δαβ , so

G = −1

4
g00(gαβ,0)2. (2.2.9)

For physical systems g00 > 0. Therefore in order for S to have a minimum, κ must be positive,
otherwise an arbitrarily rapid change of gαβ in time would result in an arbitrarily low value of S
and there would be no minimum.
References: [2, 3].

2.3 Matter

2.3.1 Metric dynamical energy-momentum density

The variation of the matter action Sm =
∫
LmdΩ with respect to the metric tensor,

δSm =
1

2c

∫
TijδgijdΩ = − 1

2c

∫
T ijδgijdΩ, (2.3.1)

defines the metric dynamical energy-momentum density Tij , which is symmetric:

Tij = Tji. (2.3.2)

Equivalently

Tij = 2
δLm
δgij

= 2

(
∂Lm
∂gij

− ∂k(
∂Lm

∂gij

)
. (2.3.3)

The metric dynamical energy-momentum tensor Tij is defined as

Tij =
Tij√
−g

. (2.3.4)
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2.3.2 Tetrad dynamical energy-momentum density

The variation of the matter action Sm with respect to the tetrad,

δSm =
1

c

∫
T a
i δe

i
adΩ, (2.3.5)

defines the tetrad dynamical energy-momentum density T a
i . Equivalently

δLm = T a
i δe

i
a (2.3.6)

or

T a
i =

δLm
δeia

. (2.3.7)

If Lm depends only on tensor matter fields expressed in terms of the coordinate indices and it
depends on neither derivatives of the metric tensor nor derivatives of the tetrad then the tetrad
enters Lm only through the metric tensor, in a combination gij = ηabeiae

j
b. Thus

δeia =
1

2
eajδg

ij . (2.3.8)

Substituting (2.3.8) to (2.3.5) gives

δSm =
1

2c

∫
Tijδg

ijdΩ, (2.3.9)

where
Tij = eajT

a
i . (2.3.10)

The tensor Tij is generally not symmetric. Comparing (2.3.9) with (2.3.1) gives the relation be-
tween the tetrad dynamical energy-momentum density and the metric dynamical energy-momentum
density for tensor matter fields:

T(ij) = Tij . (2.3.11)

2.3.3 Canonical energy-momentum density

If we express the matter Lagrangian density Lm, depending on matter fields φ and their first deriva-
tives φ,i, only in terms of Lorentz and spinor indices, then the tetrad appears in Lm only through a
derivative of φ, in a covariant combination eiaφ|i. Since Lm = eL, where L is a scalar, we obtain

δLm = eδL− eeaiLδe
i
a = e

∂L

∂φ|a
φ|iδe

i
a − Lme

a
i δe

i
a =

(∂Lm
∂φ|a

φ|i − Lme
a
i

)
δeia

=
(∂Lm
∂φ,a

φ|i − Lme
a
i

)
δeia. (2.3.12)

The last term in (2.3.12),

Θ a
i =

∂Lm
∂φ,a

φ|i − eai Lm, (2.3.13)

is referred to as the canonical energy-momentum density. Accordingly

Θ i
j =

∂Lm
∂φ,i

φ|j − δijLm. (2.3.14)

Comparing (2.3.12) with (2.3.6) shows that the canonical energy-momentum density is identical with
the dynamical tetrad energy-momentum density:

Θ a
i = T a

i . (2.3.15)
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2.3.4 Spin density

The variation of the matter action Sm with respect to the spin connection,

δSm =
1

2c

∫
S i
ab δω

ab
idΩ, (2.3.16)

defines the dynamical spin density S i
ab :

S i
ab = 2

δLm
δωabi

, (2.3.17)

which is antisymmetric in the Lorentz indices:

S i
ab = −S i

ba . (2.3.18)

In the metric variational formulation of gravity, the variations δωabi = δω
{}ab

i are functions of

the variations δeia and their derivatives, so the spin density is a function of the energy-momentum
density. In the metric-affine variational formulation of gravity, the variations δωabi are independent
of δeia and their derivatives. The relation (1.5.29) indicates that the spin density is generated by the
contortion tensor:

S k
ij = 2

δLm

δCijk
. (2.3.19)

Accordingly, the variation of Lm with respect to the torsion tensor,

τ jk
i = 2

δLm
δSijk

, (2.3.20)

is a homogeneous linear function of the spin connection because of (1.4.29):

τijk = 2
δLm
δSijk

= 2
δLm
δClmn

∂Clmn

∂Sijk
= Slmn(δliδ

m
[j δ

n
k] + δmi δ

n
[jδ

l
k] + δni δ

m
[j δ

l
k])

= Sijk −Sjki + Skij , (2.3.21)

Sijk = τ[ij]k, (2.3.22)

antisymmetric in the last two indices:
τijk = −τikj . (2.3.23)

The variation of Lm with respect to the metric-compatible affine connection in the metric-affine
variational formulation of gravity is equivalent to the variation with respect to the torsion (or con-
tortion) tensor. The spin connection ωabi enters Lm only through derivatives of φ, in a combination
− ∂L
∂φ,i

Γiφ, where Γi is the covariant derivative acting on φ:

Γi = −1

2
ωabiG

ab. (2.3.24)

Consequently, the dynamical spin density S i
ab is identical with

Σ i
ab =

∂Lm
∂φ,i

Gabφ, (2.3.25)

referred to as the canonical spin density. Spin tensor is defined as

sijk =
Sijk√
−g

. (2.3.26)
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2.3.5 Belinfante-Rosenfeld relation

The total variation of the matter action with respect to geometrical variables is either

δSm =
1

c

∫
dΩT a

i δe
i
a +

1

2c

∫
dΩS i

ab δω
ab
i (2.3.27)

or

δSm =
1

2c

∫
dΩTikδgik +

1

2c

∫
dΩτ ik

j δSjik. (2.3.28)

Equation (1.5.25) gives

1

2

∫
dΩτ ik

j δSjik =
1

2

∫
dΩτ ik

j

(
δ(ejaeibω

ab
k) + δeai,ke

j
a + eai,kδe

j
a

)
=

1

2

∫
dΩ
(
τ li
j δ(ejaelb)ω

ab
i + τ i

ab δω
ab
i + (τ ik

j ejaδe
a
i ),k − (τ ik

j eja),kδe
a
i + τ ik

j eai,kδe
j
a

)
=

1

2

∫
dΩ
(
τ lk
j ωcbkelbδe

j
c + τ li

j ωabie
j
aδelb + τ i

ab δω
ab
i − (τ ik

j eja),kδe
a
i + τ lm

j ebl,mδe
j
b

)
+

1

2

∫
dSkτ

ik
j ejaδe

a
i =

1

2

∫
dΩ
(
−τ lk

j ωcbkelbe
i
ce
j
aδe

a
i + τ il

j ωbale
j
bδe

a
i + τ i

ab δω
ab
i

−(τ ik
a |k − S

i
jkτ

jk
a − 2Sjτ

ij
a + ωbakτ

ik
b )δeai − τ

lm
j ebl,me

i
be
j
aδe

a
i

)
=

1

2

∫
dΩ
(
τ i
ab δω

ab
i − τ ik

j ;ke
j
aδe

a
i + 2Sjτ

ij
a δeai

)
, (2.3.29)

so comparing of (2.3.27) with (2.3.28) leads to∫
dΩT a

i δe
i
a +

1

2

∫
dΩS i

ab δω
ab
i =

1

2

∫
dΩTikδgik +

1

2

∫
dΩ
(
τ i
ab δω

ab
i − τ

ik
j ;ke

j
aδe

a
i

+2Sjτ
ij

a δeai

)
=

∫
dΩTikekaδeia +

1

2

∫
dΩτ i

ab δω
ab
i +

1

2

∫
dΩτ jk

i ;ke
a
j δe

i
a

−
∫
dΩSjτ

kj
b eake

b
iδe

i
a. (2.3.30)

The terms with δωabi give (2.3.22), while the terms with δeia give

T a
i = Tikeka +

1

2
τ jk
i ;ke

a
j − Sjτ

aj
i (2.3.31)

or

Tik = Tik −
1

2
∇j(S j

ik −S j
k i + Sj

ik) + Sj(S
j

ik −S j
k i + Sj

ik). (2.3.32)

Equation (2.3.32) is referred to as the Belinfante-Rosenfeld relation between the dynamical metric
and dynamical tetrad (canonical) energy-momentum densites. In the absence of torsion, (2.3.32) is
consistent with (2.3.11). The Belinfante-Rosenfeld relation can be written as

Tik =
1√
−g

Tik −
1

2
∇∗j (s

j
ik − s

j
k i + sjik), (2.3.33)

where
∇∗i = ∇i − 2Si (2.3.34)

is the modified covariant derivative.
References: [2, 3, 4, 6, 8]
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2.4 Symmetries and conservation laws

2.4.1 Noether theorem

We consider a physical system in the galilean frame of reference, described by the Lagrangian density
L that depends on matter fields φA, their first derivatives φ,i, and the coordinates xi. The change
of the Lagrangian density δL under an infinitesimal coordinate transformation (1.2.55) is thus

δL =
∂L

∂φ
δφ+

∂L

∂φ,i
δ(φ,i) +

∂̄L

∂xi
ξi, (2.4.1)

where the changes δφ and δ(φ,i) are brought by the transformation (1.2.55) and ∂̄ denotes partial
differentiation with respect to xi at constant φ and φ,i. The variation δL under this transformation
is also given by (1.2.64):

δL = ξi,iL. (2.4.2)

Using the Lagrange equations (2.1.7) and the identities

L,i =
∂̄L

∂xi
+
∂L

∂φ
φ,i +

∂L

∂φ,j
φ,ji, (2.4.3)

δ(φ,i) = (δφ),i − ξj,iφ,j , (2.4.4)

we bring (2.4.1) to

δL = ξiL,i +
( ∂L
∂φ,i

(δφ− ξjφ,j)
)
,i
. (2.4.5)

Combining (2.4.2) and (2.4.5) gives the conservation law,

Ji,i = 0, (2.4.6)

for the current

Ji = ξiL +
∂L

∂φ,i
(δφ− ξjφ,j) = ξiL +

∂L

∂φ,i
δ̄φ =

∂L

∂φ,i
δφ−Θ i

j ξ
j . (2.4.7)

Equations (2.4.6) and (2.4.7) represent the Noether theorem, which states that to each continuous
symmetry of a Lagrangian density there corresponds a conservation law. Generalizing (2.4.6) to an
arbitrary coordinate frame gives

Ji:i = 0. (2.4.8)

2.4.2 Conservation of spin

The Lorentz group is the group of tetrad rotations. Since a physical matter Lagrangian density
Lm(φ, φ,i) is invariant under local, proper Lorentz transformations, it is invariant under tetrad
rotations:

δLm =
∂Lm
∂φ

δφ+
∂Lm
∂φ,i

δ(φ,i) + T a
i δe

i
a +

1

2
S i
ab δω

ab
i = 0, (2.4.9)

where the changes δ correspond to a tetrad rotation. Under integration of (2.4.9) over spacetime,
the first two terms vanish because of the Lagrange equations for φ (2.1.7):∫ (

T a
i δe

i
a +

1

2
S i
ab δω

ab
i

)
d4x = 0. (2.4.10)

For an infinitesimal Lorentz transformation (1.6.7), the tetrad eai changes by

δeai = ẽai − eai = Λabe
b
i − eai = εai, (2.4.11)

and the tetrad eia, because of the identity δ(eai e
j
a) = 0, according to

δeia = −εia. (2.4.12)
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The spin connection changes by

δωabi = δ(eajω
jb
i) = εajω

jb
i − e

a
j ε
jb

;i = εacω
cb
i − eaj ε

jb
|i + εacω

bc
i = −εab|i. (2.4.13)

Substituting (2.4.12) and (2.4.13) to (2.4.10), together with partial integration (1.2.34), gives

−
∫ (

T a
i ε

i
a +

1

2
S i
ab ε

ab
|i

)
d4x = −

∫ (
Tijε

ij +
1

2
S k
ij ε

ij
|k

)
d4x

=

∫ (
−T[ij] − SkS k

ij +
1

2
S k
ij ;k

)
εijd4x. (2.4.14)

Since the infinitesimal Lorentz rotation εij is arbitrary, we obtain the covariant conservation law for
the spin density:

S k
ij ;k = Tij − Tji + 2SkS

k
ij (2.4.15)

or

∇∗ks
k

ij =
1√
−g

(Tij − Tji). (2.4.16)

The conservation law for the spin density (2.4.16) also results from antisymmetrizing the Belinfante-
Rosenfeld relation (2.3.33) with respect to the indices i, k. If we use the metric-compatible affine
connection Γ k

i j , which is invariant under tetrad rotations, instead of the spin connection ωabi as a

variable in Lm then we must replace the term with δωabi in (2.4.9) by a term with δ(eia,j).

2.4.3 Conservation of metric energy-momentum

We consider the metric variational formulation of gravity. Under an infinitesimal coordinate trans-
formation (1.2.55), the matter Lagrangian density Lm(φ, φ,i) changes according to

δLm =
∂Lm
∂φ

δφ+
∂Lm
∂φ,i

δ(φ,i) +
∂Lm
∂gik

δgik +
∂Lm
∂gik,l

δ(gik,l). (2.4.17)

The matter action Sm = 1
c

∫
Lm(φ, φ,i)dΩ is a scalar, so it does not change under this transformation:

δSm =
1

c

∫ (
∂Lm
∂φ

δφ+
∂Lm
∂φ,i

δ(φ,i) +
∂Lm
∂gik

δgik +
∂Lm
∂gik,l

δ(gik,l)

)
dΩ = 0. (2.4.18)

The first two terms in (2.4.18) vanish because of the Lagrange equations for φ (2.1.7), so

δSm =
1

c

∫ (
∂Lm
∂gik

− ∂l
∂Lm
∂gik,l

)
δgikdΩ =

1

c

∫
δLm
δgik

δgikdΩ =
1

2c

∫
TijδgijdΩ = 0. (2.4.19)

If the components of the metric tensor change because of an infinitesimal coordinate transformation
(1.2.55) then the corresponding variation of the metric tensor is given by (1.4.41):

δgij = δ̄gij = −2ξ(i:j), (2.4.20)

so

δSm = δ̄Sm = − 1

2c

∫
T ij δ̄gijdΩ = −1

c

∫
T ijξ(i:j)dΩ = −1

c

∫
T ijξi:jdΩ

= −1

c

∫
(T ijξi):jdΩ +

1

c

∫
T ij:jξidΩ = −1

c

∫
(T ijξi),jdΩ +

1

c

∫
T ij:jξidΩ

= −1

c

∫
T ijξidSj +

1

c

∫
T ij:jξidΩ = 0. (2.4.21)

If the variation of the coordinates ξi vanishes on the boundary of the region of integration then∫
T ij:jξidΩ = 0, (2.4.22)
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which, for arbitrary variations ξi gives the covariant conservation of the metric energy-momentum
density (4 equations):

T ij:j = 0. (2.4.23)

Equivalently
T ij:j = 0. (2.4.24)

Note that vanishing of
∫
T ij δ̄gijdΩ in (2.4.21) does not imply T ij = 0, because 10 variations δ̄gij

are functions of 4 variations ξi and thus not independent.

2.4.4 Conservation of tetrad energy-momentum

The matter Lagrangian density Lm is invariant under infinitesimal translations of the coordinate
system (1.2.55). The corresponding changes of the tetrad and spin connection are given by Lie
derivatives

δ̄eia = −Lξeia = ξi,je
j
a − ξjeia,j , (2.4.25)

δ̄ωabi = −Lξωabi = −ξj,iω
ab
j − ξjωabi,j . (2.4.26)

Equation (2.4.10) becomes now ∫ (
T a
i δ̄e

i
a +

1

2
S i
ab δ̄ω

ab
i

)
d4x = 0. (2.4.27)

Substituting (2.4.25) and (2.4.26) into (2.4.27) gives∫ (
T a
i ξ

i
,je

j
a − T a

i ξ
jeia,j −

1

2
S i
ab ξ

j
,iω

ab
j −

1

2
S i
ab ξ

jωabi,j

)
d4x

=

∫ (
−T j

i ,j − T a
j e

j
a,i +

1

2
(S j

ab ω
ab
i),j −

1

2
S j
ab ω

ab
j,i

)
ξid4x = 0. (2.4.28)

This equation holds for an arbitrary vector ξi, so we obtain

S j
ab ,jω

ab
i + S j

ab (ωabi,j − ωabj,i)− 2T j
i ,j − 2T a

j e
j
a,i

= (S j
ab |j − 2SkS

k
ab + S j

cb ω
c
aj + S j

ac ω
c
bj)ω

ab
i − 2T j

i ,j − 2T a
j e

j
a,i

+S j
ab (−Rabij + ωaciω

cb
j − ωacjωcbi) = 0, (2.4.29)

which reduces to

(S j
ab |j − 2SkS

k
ab )ωabi −RabijS

j
ab − 2T j

i ;j + 4SjT
j
i − 2Tjkω

jk
i + 4SjkiTjk

= (S k
jl ;k − 2SkS

k
jl )ωjli −R

kl
ijS

j
kl − 2T j

i ;j + 4SjT
j
i − 2Tjkω

jk
i

+4SjkiTjk = 0. (2.4.30)

The conservation law for the spin density (2.4.15) brings (2.4.30) to the covariant conservation law
for the energy-momentum density:

T j
i ;j = 2SjT

j
i + 2SjkiT

k
j +

1

2
S j
kl R

kl
ji (2.4.31)

or

Tij:j = C i
jk Tjk +

1

2
SkljR

klji. (2.4.32)
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2.4.5 Conservation laws for Lorentz group

We consider a matter Lagrangian Lm for a physical system in the galilean and geodesic frame
of reference, that depends on the coordinates only through a field φ and its first derivatives φ,i.
Therefore

∂iLm =
Lm
∂φ

φ,i +
∂Lm
∂φ,j

φ,ji = ∂j

(
∂Lm
∂φ,j

)
φ,i +

∂Lm
∂φ,j

φ,ji = ∂j

(
Lm
∂φ,j

φ,i

)
, (2.4.33)

where we use the Lagrange equations (2.1.7), from which we obtain the conservation law,

θ ji ,j = 0, (2.4.34)

for

θ ji =
∂Lm
∂φ,j

φ,i − δjiLm. (2.4.35)

The conservation law (2.4.34) is a special case of (2.4.31) in the absence of torsion and spin, expressed
in the Galilean and geodesic frame. The quantity (2.4.35) is a special case of the canonical energy-
momentum density (2.3.14) in the absence of torsion and spin, expressed in the galilean and geodesic
frame.

If xi are Cartesian coordinates then for translations, ξi = εi =const and δφ = 0, the current
(2.4.7) is

Ji = εiLm −
∂Lm
∂φ,i

εjφ,j . (2.4.36)

The conservation law (2.4.6) gives
εjθ i

j ,i = 0, (2.4.37)

which gives (2.4.34) because εi are arbitrary. For Lorentz rotations, ξi = εijx
j and φ = 1

2εijG
ijφ,

where Gij are the generators of the Lorentz group, the current (2.4.7) is

Ji = εijxjLm +
∂Lm
∂φ,i

(
1

2
εklGklφ− εjkxkjφ,j

)
= εkl

(
xk
∂Lm
∂φ,i

φ,l−xkδilLm +
1

2

∂Lm
∂φ,i

Gklφ

)
. (2.4.38)

The conservation law (2.4.6) gives

εkl
(
∂Lm
∂φ,i

φ,[lxk] − δi[lxk]Lm +
1

2

∂Lm
∂φ,i

Gklφ

)
,i

, (2.4.39)

which, because εkl are arbitrary, gives
M i
kl ,i = 0, (2.4.40)

where

M i
kl = xkθ

i
l − xlθ i

k +
∂Lm
∂φ,i

Gklφ. (2.4.41)

The quantity M i
kl is referred to as the angular momentum density, and is the sum,

M i
kl = Λ i

kl + Σ i
kl , (2.4.42)

of two densities: the orbital angular momentum density,

Λ i
kl = xkθ

i
l − xlθ i

k , (2.4.43)

and the canonical spin density (2.3.25).
The conservation law (2.4.40) for the angular momentum density is equivalent to

θkl − θlk − Σ i
kl ,i = 0, (2.4.44)
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which is a special case of the conservation law for the spin density (2.4.15) in the absence of torsion,
expressed in the galilean and geodesic frame. The canonical energy-momentum density θik is not
symmetric. However, the quantity

τik = θik −
1

2
∂j(Σ

j
ik − Σ j

k i + Σjik), (2.4.45)

is symmetric, which follows from (2.4.44), and conserved:

τik = τki, (2.4.46)

τ i
k ,i = 0. (2.4.47)

The symmetric energy-momentum density τik corresponds to the metric dynamical energy-momentum
density (2.3.3), expressed in the galilean and geodesic frame. Equation (2.4.45) is a special case of
the Belinfante-Rosenfeld relation (2.3.32) in the absence of torsion, expressed in the Galilean and
geodesic frame. The second term on the right-hand side of (2.4.45) has the form ∂jψ

ikj , where
ψikj = −ψijk. Adding such term to θik preserves the conservation law (2.4.34) and brings θik to a
symmetric form.

2.4.6 Components of energy-momentum tensor

Integrating the conservation law (2.4.34), valid in the galilean and geodesic frame of reference, over
a hypersurface enclosing matter represented by τ ik and using the Gauß-Stokes theorem gives∮

τ ikdSk = 0, (2.4.48)

which gives the conservation of the four-momentum vector

P i =
1

c

∫
τ ikdSk = const. (2.4.49)

Choosing the volume hypersurface dV = dS0 gives

P i =
1

c

∫
τ i0dV, (2.4.50)

so the components 1
c τ
i0 form the four-momentum density. The component τ00, referred to as the

energy density,

W = τ00 = φ̇
∂Lm

∂φ̇
− Lm, (2.4.51)

integrated over the volume gives the time component of the four-momentum, the energy

E = cP0, cP
0 =

∫
τ00dV = φ̇

∂L

∂φ̇
− L, (2.4.52)

where

L =

∫
LmdV (2.4.53)

is the Lagrange function or Lagrangian. Hereinafter, a dot above any quantity φ denotes the partial
derivative of φ with respect to time, φ̇ = dφ

dt , and two dots above φ denote the second derivative of

φ with respect to time, φ̈ = d2φ
dt2 . Consequently, the action of a physical system is the time integral

of the Lagrangian,

S =

∫
Ldt. (2.4.54)

The components 1
c τ
α0, referred to as the momentum density, integrated over the volume give the

spatial components of the four-momentum, the momentum vector

P : Pα =
1

c

∫
τα0dV. (2.4.55)
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Adding a total divergence ∂jψ
ikj to τ ik does not alter the definition of the four-momentum vector

(2.4.49).
The symmetry of τ ik can be written as

∂l(x
iτkl − xkτ il) = 0, (2.4.56)

which upon the integration over a hypersurface enclosing matter represented by τ ik and using the
Gauß-Stokes theorem gives ∮

(xiτkl − xkτ il)dSl = 0, (2.4.57)

which gives the conservation of the angular momentum tensor

M ik =

∫
(xidP k − xkdP i) =

1

c

∫
(xiτkl − xkτ il)dSl = const. (2.4.58)

Choosing the volume hypersurface dV = dS0 gives

M ik =
1

c

∫
(xiτk0 − xkτ i0)dV. (2.4.59)

The conservation of M0α,

Mα0 =
1

c

(∫
xατ00dV − x0

∫
τα0dV

)
=

1

c

∫
xατ00dV − ctPα = const, (2.4.60)

divided by the conservation of P 0 (2.4.50), P 0 = const, gives

Xα = V αt+ const, (2.4.61)

where

V α =
cPα

P 0
(2.4.62)

and

Xα =

∫
xατ00dV∫
τ00dV

. (2.4.63)

The relation (2.4.61) describes a uniform motion of the center of inertia, whose coordinates are Xα,
with velocity V α. The coordinates of the center of inertia (2.4.63) are not the spatial components
of a four-dimensional vector.

The conservation law (2.4.34) can be written as

1

c

∂τ00

∂t
+
∂τ0α

∂xα
= 0, (2.4.64)

1

c

∂τα0

∂t
+
∂ταβ

∂xβ
= 0. (2.4.65)

Integrating these equations over the volume hypersurface and using the Gauß-Stokes theorem gives

∂

∂t

∫
τ00dV = −c

∮
τ0αdfα, (2.4.66)

∂

∂t

∫
1

c
τα0dV = −

∮
ταβdfβ , (2.4.67)

where
dfα = df?0α (2.4.68)

is the spatial surface element (1.1.30). The integral of a three-dimensional vector V α over the two-
dimensional surface element dfα,

∮
V αdfα, is referred to as the flux of this vector. Therefore the

components
Sα = cτ0α (2.4.69)

60



of the energy current S form, upon integrating over dfα, the energy flux. The components ταβ

represent the momentum current and give, upon integrating over dfα, the momentum flux. The
stress tensor is defined as

σαβ = −ταβ . (2.4.70)

The components of the energy-momentum tensor form the matrix

τ ik =

(
W S

c
S
c −σαβ

)
. (2.4.71)

We define the spatial surface force vector,

Fα =

∮
σαβdfβ . (2.4.72)

The relations (2.4.55), (2.4.67), (2.4.70) and (2.4.72) equal the time derivative of the momentum Pα

to the surface force Fα,
Ṗα = Fα. (2.4.73)

In an arbitrary frame of reference, the metric dynamical energy-momentum density Tik describing
isotropic spinless matter (without a preferred direction in its rest frame) can be decomposed into
the part proportional to uiuk, as in a system of particles (2.4.194), the part proportional to the
projection tensor,

hik = gik − uiuk, (2.4.74)

which is orthogonal to ui,
hiku

k = 0, (2.4.75)

and parts containing covariant derivatives of ui. The projection tensor satisfies

h j
i h

k
j = h k

i . (2.4.76)

We assume that Tik does not depend on derivatives of ui. Therefore

Tik = εuiuk − phik = (ε+ p)uiuk − pgik, (2.4.77)

where a scalar ε is equal to the energy density W in the locally Galilean rest frame and a scalar p is
the pressure. In this frame T ik = diag(ε, p, p, p) and the stress tensor σαβ = −pδαβ , so (2.4.72) gives

Fα = −p
∮
dfα = −p

∮
nαdf, (2.4.78)

which states that the force per unit surface df acting on a surface is parallel, with the opposite sign,
to the outward normal vector of this surface nα, dFα

df = −pnα, and which is referred to as Pascal’s
law. The scalars ε and p can also be written as

ε = Tiku
iuk, (2.4.79)

p = −1

3
Tikh

ik. (2.4.80)

Matter described by the tensor (2.4.77) represents an ideal fluid. The relation (2.4.77) can be written
as

Tik = (cπi + pui)uk − pgik, (2.4.81)

where

πi =
1

c
Tiku

k =
ε

c
ui (2.4.82)

is equal to the four-momentum density in the locally Galilean rest frame (cf. (2.4.50)):

πi =
1

c
Ti0. (2.4.83)
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We also have
πiu

i =
ε

c
. (2.4.84)

The relation between ε and p is referred to as the equation of state.
In the Galilean frame of reference, combining (1.6.116), (2.4.71) and (2.4.77) gives

W =
ε+ pv2/c2

1− v2/c2
, (2.4.85)

S =
(ε+ p)v

1− v2/c2
, (2.4.86)

σαβ = − (ε+ p)vαvβ
c2 − v2

− pδαβ . (2.4.87)

The relation (2.4.77) gives
T = T ii = ε− 3p. (2.4.88)

The component T00 = εu2
0 + p(u2

0 − g00) is, using u0 = g00dx
0+g0αdx

α

ds , (1.4.97) and (1.4.98), equal to

T00 = εu2
0 + pg00

(
dl

ds

)2

, (2.4.89)

so it is positive under physical conditions ε > 0, p > 0 and g00 > 0. If Tik depends also on derivatives
of ui then matter described by the tensor (2.4.77) with the corresponding additional terms represents
a viscous fluid.

In an arbitrary frame of reference, the tetrad dynamical energy-momentum density Tik describing
isotropic matter with spin cannot be decomposed, because of its asymmetry, as in (2.4.77). However,
it can be decomposed as in (2.4.81):

Tik =
√
−g
(

(cpi + pui)uk − pgik
)
, (2.4.90)

where

pi =
1

c
√
−g

Tiku
k (2.4.91)

is the corresponding four-momentum density in the locally Galilean rest frame. The conservation
law for the spin density (2.4.16) gives

c(piuj − pjui) = ∇∗ks
k

ij . (2.4.92)

Defining
ε = cpiu

i (2.4.93)

and multiplying (2.4.92) by uj gives

pi =
ε

c
ui +

1

c
∇∗ks

k
ij u

j . (2.4.94)

Thus we obtain
Tij =

√
−g(εuiuj − phij +∇∗ks k

il u
luj), (2.4.95)

which, using the Belinfante-Rosenfeld relation (2.3.33), gives the metric dynamical energy-momentum
tensor for isotropic matter with spin:

Tij = εuiuj − phij +∇∗ks k
il u

luj −
1

2
∇∗k(s k

ij + 2sk(ij)). (2.4.96)

Substituting (2.4.94) into (2.4.92) gives the dynamical equation for the spin tensor:

∇∗ks
k

ij −∇
∗
ks

k
il u

luj +∇∗ks
k

jl u
lui = 0. (2.4.97)
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If sijk = 0 then (2.4.94) gives pi ∝ ui. Multiplying (2.4.97) by uj gives the identity, so any 3
components of (2.4.97) are linear combinations of the other components. Thus we can impose 3

constraints on s k
ij .

The spin density Sijk describing isotropic matter with spin can be decomposed as (cf. (2.4.180))

Sijk =
√
−gsijuk, (2.4.98)

where

sij =
1√
−g

Sijku
k. (2.4.99)

The 3 constraints on sijk, which are now the 3 constraints on sij , can be taken as siju
j = 0 (cf.

(2.4.182)). Substituting (2.4.90) and (2.4.98) into the conservation law for the energy-momentum
density (2.4.32) gives

(cpiuj):j + (puiuj − pgij):j = C i
jk cp

juk +
1

2
sklujR

klji. (2.4.100)

If p = 0 then integrating (2.4.100) over the volume gives

cD{}P i

ds
= C i

jk cP
juk +

1

2
SklujR

klji, (2.4.101)

where

P i =

∫
pidV, Sij =

∫
sijdV. (2.4.102)

2.4.7 Mass and Papapetrou equations of motion

We consider matter which is distributed over a small region in space and consists of points with the
coordinates xi, forming an extended body whose motion is represented by a world tube in spacetime.
The motion of the body as a whole is represented by an arbitrary timelike world line γ inside the
world tube, which consists of points with the coordinates Xi(τ), where τ is the proper time on γ.
We define

δxi = xi −Xi, δx0 = 0, ui =
dXi

ds
. (2.4.103)

Also define the following integrals:

M ik = u0

∫
TikdV, (2.4.104)

M ijk = −u0

∫
δxiTjkdV, (2.4.105)

N ijk = u0

∫
SijkdV, (2.4.106)

J ik =

∫
(δxiTk0 − δxkTi0 + Sik0)dV =

1

u0
(Mki0 −M ik0 +N ik0). (2.4.107)

The quantity J ik is equal to
∫

(δxiTkl − δxkTil + Sikl)dSl taken for the volume hypersurface, so it
is a tensor, which we call the total spin tensor. The quantity N ijk is also a tensor. The relation
δx0 = 0 gives

M0jk = 0. (2.4.108)

We assume that the dimensions of the body are small, so integrals with two or more factors δxi

multiplying Tjk and integrals with one or more factors δxi multiplying Sjkl can be neglected.
The conservation law for the tetrad energy-momentum density (2.4.32) is

Tji,i + { ji k}T
ik − C j

ik Tik − 1

2
R j
ikl S

ikl = 0. (2.4.109)
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Integrating (2.4.109) over the volume hypersurface and using Gauß-Stokes theorem to eliminate
surface integrals gives∫

Tj0,0dV +

∫
{ ji k}T

ikdV −
∫
C j
ik TikdV − 1

2

∫
R j
ikl S

ikldV = 0. (2.4.110)

Expanding

Γ i
j k = Γ

i(0)
j k + Γ

i(0)
j k,l δx

l, (2.4.111)

where the superscripts 0 denote the values at Xi, and substituting these expressions into (2.4.110)
gives (omitting the superscripts)(∫

Tj0dV
)
,0

+ { ji k}
∫

TikdV + { ji k},l
∫
δxlTikdV − C j

ik

∫
TikdV

−C j
ik ,l

∫
δxlTikdV − 1

2

∫
R j
ikl S

ikldV = 0 (2.4.112)

or, using the definitions (2.4.104), (2.4.105) and (2.4.106),

d

ds

(
M j0

u0

)
+ { ji k}M

(ik) − { ji k},lM
l(ik) − C j

ik M
[ik] + C j

ik ,lM
l[ik] − 1

2
R j
ikl N

ikl = 0. (2.4.113)

The conservation law (2.4.109) gives

(xlTji),i = Tjl − xl{ ji k}T
ik + xlC j

ik Tik +
1

2
xlR j

ikm Sikm, (2.4.114)

(xlxmTji),i = xmTjl + xlTjm − xlxm{ ji k}T
ik + xlxmC j

ik Tik

+
1

2
xlxmR j

ikn Sikn. (2.4.115)

Integrating (2.4.114) over the volume hypersurface and using Gauß-Stokes theorem to eliminate
surface integrals gives∫

(xlTj0),0dV =

∫
TjldV −

∫
xl{ ji k}T

ikdV +

∫
xlC j

ik TikdV +
1

2

∫
xlR j

ikm SikmdV. (2.4.116)

Substituting (2.4.103) into (2.4.116) gives

ul

u0

∫
Tj0dV +X l

∫
Tj0,0dV +

∫
(δxlTj0),0dV =

∫
TjldV −X l

∫
{ ji k}T

ikdV

−
∫
δxl{ ji k}T

ikdV +X l

∫
C j
ik TikdV +

∫
δxlC j

ik TikdV

+
1

2
X l

∫
R j
ikm SikmdV, (2.4.117)

which reduces, due to (2.4.110), to

ul

u0

∫
Tj0dV +

(∫
(δxlTj0dV

)
,0

=

∫
TjldV −

∫
δxl{ ji k}T

ikdV +

∫
δxlC j

ik TikdV. (2.4.118)

Substituting (2.4.111) into (2.4.118), omitting the superscripts and using the definitions (2.4.104),
(2.4.105) and (2.4.106), turns (2.4.118) into

ul

u0
M j0 − d

ds

(
M lj0

u0

)
= M jl + { ji k}M

lik − C j
ik M

lik. (2.4.119)

Putting l = 0 in (2.4.119) gives the identity because of (2.4.108).
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Integrating (2.4.115) over the volume hypersurface and using Gauß-Stokes theorem to eliminate
surface integrals gives∫

(xlxmTj0),0dV =

∫
xmTjldV +

∫
xlTjmdV −

∫
xlxm{ ji k}T

ikdV

+

∫
xlxmC j

ik TikdV +
1

2

∫
xlxmR j

ikn SikndV. (2.4.120)

Substituting (2.4.103) into (2.4.116) gives

X lXm

∫
Tj0,0dV +

ul

u0
Xm

∫
Tj0dV +

ul

u0

∫
δxmTj0dV +

um

u0
X l

∫
Tj0dV

+
um

u0

∫
δxlTj0dV +X l

∫
δxmTj0,0dV +Xm

∫
δxlTj0,0dV

= −X lXm
(∫
{ ji k}T

ikdV −
∫
C j
ik TikdV − 1

2

∫
R j
ikl S

ikldV
)

+X l
(∫

TjmdV −
∫
δxm{ ji k}T

ikdV +

∫
δxmC j

ik TikdV
)

+Xm
(∫

TjldV −
∫
δxl{ ji k}T

ikdV +

∫
δxlC j

ik TikdV
)

+

∫
δxmTjldV +

∫
δxlTjmdV, (2.4.121)

which reduces, due to (2.4.110) and (2.4.118), to

ul

u0

∫
δxmTj0dV +

um

u0

∫
δxlTj0dV =

∫
δxmTjldV +

∫
δxlTjmdV (2.4.122)

or
ul

u0
Mmi0 +

um

u0
M li0 = Mmil +M lim. (2.4.123)

The expressions analogous to (2.4.114) and (2.4.115) with higher multiples of xi do not introduce
new relations.

The conservation law for the angular momentum density (2.4.15) is

Sijk
,k − Γ i

l kS
jlk + Γ j

l kS
ilk − 2T[ij] = 0. (2.4.124)

Integrating (2.4.124) over the volume hypersurface and using Gauß-Stokes theorem to eliminate
surface integrals gives∫

Sij0
,0dV −

∫
Γ i
l kS

jlkdV +

∫
Γ j
l kS

ilkdV − 2

∫
T[ij]dV = 0. (2.4.125)

Substituting (2.4.111) into (2.4.125), omitting the superscripts and using the definitions (2.4.104)
and (2.4.106), turns (2.4.125) into

d

ds

(
N ij0

u0

)
− Γ i

l kN
jlk + Γ j

l kN
ilk − 2M [ij] = 0. (2.4.126)

The conservation law (2.4.124) gives

(xlSijk),k = Sijl + xlΓ i
l kS

jlk − xlΓ j
l kS

ilk + 2xlT[ij]. (2.4.127)

Integrating (2.4.127) over the volume hypersurface and using Gauß-Stokes theorem to eliminate
surface integrals gives∫

(xlSij0),0dV =

∫
SijldV +

∫
xlΓ i

mkS
jmkdV −

∫
xlΓ j

mkS
imkdV + 2

∫
xlT[ij]dV. (2.4.128)
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Substituting (2.4.103) into (2.4.128) gives

ul

u0

∫
Sij0dV +X l

∫
Sij0

,0dV =

∫
SijldV +X l

(∫
Γ i
mkS

jmkdV −
∫

Γ j
mkS

imkdV

+2

∫
T[ij]dV

)
+ 2

∫
δxlT[ij]dV, (2.4.129)

which reduces, due to (2.4.125), to

ul

u0

∫
Sij0dV =

∫
SijldV + 2

∫
δxlT[ij]dV (2.4.130)

or

M l[ij] = −1

2

(
ul

u0
N ij0 −N ijl

)
. (2.4.131)

Putting l = 0 in (2.4.131) gives the identity because of (2.4.108). The expressions analogous to
(2.4.127) with higher multiples of xi do not introduce new relations.

Taking the cyclic permutations of the indices i, l,m in (2.4.123), adding the first and second of
these relations, and subtracting the third, gives

ul

u0
M [mi]0 +

ui

u0
M [ml]0 +

um

u0
M (li)0 = M l[im] +M i[lm] +Mm(il). (2.4.132)

Substituting (2.4.107) and (2.4.131) into (2.4.132) gives

Mm(il) = u(iJ l)m +
um

u0
M (il)0 +Nm(il). (2.4.133)

Putting m = 0 in (2.4.133), substituting it into (2.4.133) and using (2.4.108) gives

Mm(il) = u(iJ l)m − um

u0
(u(iJ l)0 +N0(il)) +Nm(il). (2.4.134)

Combining (2.4.131) and (2.4.134) gives

Mmil = u(iJ l)m − um

u0
(u(iJ l)0 +N0(il)) +Nm(il) − 1

2

(
um

u0
N il0 −N ilm

)
. (2.4.135)

Therefore
M (ik)0 = −(u(iJk)0 +N0(ik)). (2.4.136)

Combining the antisymmetric part of (2.4.119) and (2.4.126) gives

M jl −M lj =
ul

u0
M j0 − uj

u0
M l0 − ({ ji k} − C

j
ik )M lik + ({ li k} − C l

ik )M jik

− d

ds

(
M lj0 −M jl0

u0

)
. (2.4.137)

Using (2.4.107), (2.4.131) and (2.4.134) brings (2.4.137) to

−Γ j
i kN

lik + Γ l
i kN

jik =
ul

u0
M j0 − uj

u0
M l0 − { ji k}

(
uiJkl +N lik − ul

u0
(uiJk0 +N0ik)

)
−1

2
C j
ik

( ul
u0
N ik0 −N ikl

)
+ { li k}

(
uiJkj +N jik − uj

u0
(uiJk0 +N0ik)

)
+

1

2
C l
ik

(uj
u0
N ik0 −N ikj

)
+

d

ds
J lj , (2.4.138)

which, using D{}

ds J
lj = d

dsJ
lj + uk{ li k}J ij + uk{ ji k}J li, turns into

D{}

ds
J lj =

[
uj

u0
M l0+

uj

u0
{ li k}(uiJk0+N0ik)−1

2
C l
ik

(uj
u0
N ik0−N ikj

)
+ClikN

jik

]
−
[
l↔ j

]
(2.4.139)
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or, using the four-momentum

P l =
1

c

∫
Tl0dV, (2.4.140)

into

D{}

ds
J lj =

[
cujP l+

uj

u0
{ li k}(uiJk0+N0ik)− 1

2
C l
ik

(uj
u0
N ik0−N ikj

)
+ClikN

jik

]
−
[
l↔ j

]
. (2.4.141)

Therefore

D{}J li

ds
ui = cP l +

1

u0
{ li k}(uiJk0 +N0ik)− 1

2
C l
ik

( 1

u0
N ik0 −N ikjuj

)
+ ClikN

jikuj

−culujP j −
uluj
u0
{ ji k}(u

iJk0 +N0ik) +
1

2
C j
ik

( ul
u0
N ik0 −N ikl

)
uj

−CjikN
likuj , (2.4.142)

which gives with (2.4.141)

D{}J lj

ds
+ ului

D{}Jji

ds
− ujui

D{}J li

ds
= ClikN

jik +
1

2
C l
ik N

ikj − CjikN
lik

−1

2
C j
ik N

ikl − ujum
(
ClikN

mik +
1

2
C l
ik N

ikm − CmikN lik − 1

2
C m
ik N ikl

)
+ulum

(
CjikN

mik +
1

2
C j
ik N

ikm − CmikN jik − 1

2
C m
ik N ikj

)
= 2(δl[nδ

j
m] − u

ju[mδ
l
n] + ulu[mδ

j
n])
(
CnikN

mik +
1

2
C n
ik N ikm

)
. (2.4.143)

This equation for Jik, except for the terms with N ijk, resembles (2.4.97) for ∇∗ks
k

ij .
Multiplying (2.4.143) by uj gives the identity, so only 3 equations in (2.4.143) are independent.

Thus 3 components of J ik are arbitrary and we can impose 3 constraints on J ik. A simple and
natural choice is

J ikuk = 0, (2.4.144)

which means that in the local rest frame Jα0 = 0, so the three independent components of J ik

are the spatial Jαβ . Analogously to the Pauli-Lubański pseudovector (1.6.71), define the four-spin
pseudovector

J i =
1

2
eijklujJkl, (2.4.145)

which is orthogonal to ui,
J iui = 0. (2.4.146)

The condition (2.4.144) gives the relation inverse to (2.4.145):

J ik = −eikjlujJl. (2.4.147)

Differentiating (2.4.145) covariantly with respect to { ij k} and using (2.4.143) gives

D{}J i

ds
= −1

2
eijkl

D{}uj
ds

eklmnu
mJn + eijklujδ

k
[nδ

l
m]

(
CnprN

mpr +
1

2
C n
pr Nprm

)
= −uiD

{}uk

ds
Jk + eijnmuj

(
CnprN

mpr +
1

2
C n
pr Nprm

)
= −uiD

{}uk

ds
Jk +

D{}ui

ds
ukJk + eijnmuj

(
CnprN

mpr +
1

2
C n
pr Nprm

)
. (2.4.148)

Thus the covariant (with respect to the Levi-Civita connection) change of the spin pseudovector
along the world line γ is the sum of the corresponding Fermi-Walker transport (with respect to the
Levi-Civita connection) and a term which depends on the torsion and spin density.
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In (2.4.142), the four-momentum P l depends on terms proportional to the four-velocity ul and
terms in which the index l appears in other quantities. We define the mass of the system described

by the energy-momentum density Tik as the coefficient m of ul in the expansion for P l

c ,

P l

c
= mul + terms not proportional toul, (2.4.149)

so
m =

uj
c
P j +

uj
c2u0

{ ji k}(u
iJk0 +N0ik)− uj

2c2u0
C j
ik N

ik0 =
uj
c

Πj , (2.4.150)

where

Πj = P j +
1

cu0
{ ji k}(u

iJk0 +N0ik)− 1

2cu0
C j
ik N

ik0 (2.4.151)

is the modified four-momentum. Substituting (2.4.150) and (2.4.151) into (2.4.142) gives

D{}

ds
J liui = cΠl −mc2ul + uj

(
ClikN

jik +
1

2
C l
ik N

ikj
)
− uj

(
CjikN

lik +
1

2
C j
ik N

ikl
)
, (2.4.152)

so Πl −mcul = Πj(δlj − uluj) is a vector. Thus the modified four-momentum Πi is a vector and the
mass m is a scalar. Substituting (2.4.151) into (2.4.141) gives the Papapetrou equation of motion
for the spin:

D{}

ds
J lj = cujΠl − culΠj + ClikN

jik +
1

2
C l
ik N

ikj − CjikN
lik − 1

2
C j
ik N

ikl. (2.4.153)

Putting (2.4.119), (2.4.126), (2.4.131), (2.4.134), (2.4.136) and (2.4.151) into (2.4.113) gives

d

ds

(
cΠj − 1

u0
{ ji k}(u

iJk0 +N0ik) +
1

2u0
C j
ik N

ik0
)

+ { ji k}u
k
(
cΠi − 1

u0
{ jlm}(u

lJm0

+N0lm) +
1

2u0
C j
lm N lm0

)
− { ji k}({

i
lm} − C i

lm )Mklm − { ji k}
d

ds

(
M (ik)0

u0

)
−{ ji k},l

(
u(iJk)l − ul

u0
(u(iJk)0 +N0(ik)) +N l(ik)

)
− 1

2
C j
ik

d

ds

(
N ik0

u0

)
−1

2
C j
ik (−Γ i

lmN
klm + Γ k

lmN
ilm)− 1

2
C j
ik ,l

(
ul

u0
N ik0 −N ikl

)
− 1

2
RikljNikl

= c
D{}Πj

ds
− { ji k}{

i
lm}(ulJmk +Nklm)− { ji k},m(uiJkm +Nmik)

+
1

2
{ ji k}C

i
lm N lmk + C j

ik Γ i
lmN

klm +
1

2
C j
ik ,mN

ikm − 1

2
RikljNikl = 0. (2.4.154)

Using (1.4.51) turns (2.4.154) into the Papapetrou equation of motion for the momentum:

D{}Πj

ds
= − 1

2c
P jimku

iJmk − 1

2c
NiklC

ikl:j . (2.4.155)

If the spin density vanishes then the Einstein-Cartan gravitational field equations reduce to the
Einstein-Hilbert gravitational field equations. The conservation law for the spin density (2.4.15)
with the condition Sijk = 0 gives the symmetry of the energy-momentum density, Tik = Tki. The
relations (2.4.104), (2.4.105), (2.4.106) and (2.4.107) give then

M ik = Mki, (2.4.156)

M ijk = M ikj , (2.4.157)

N ijk = 0, (2.4.158)

J ik = cLik =

∫
(δxiTk0 − δxkTi0)dV =

1

u0
(−M ik0 +Mki0), (2.4.159)
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where Lik is the angular momentum tensor, analogous to (2.4.58). The modified four-momentum
(2.4.151) reduces to

Πj = P j +
1

u0
{ ji k}u

iLk0 (2.4.160)

and (2.4.152) gives

Πl = mcul +
D{}Lli

ds
ui. (2.4.161)

The relation (2.4.148) reduces to

D{}J i

ds
= −uiD

{}uk

ds
Jk +

D{}ui

ds
ukJk, (2.4.162)

so the covariant (with respect to the Levi-Civita connection) change of the spin pseudovector along
the world line γ is equal to the corresponding Fermi-Walker transport. Multiplying (2.4.162) by Ji
and using (2.4.146) gives

J iJi = const, (2.4.163)

so the change of the spin pseudovector along a world line is a rotation, called spin precession. The
Papapetrou equation of motion for the spin (2.4.153) reduces to

D{}Llj

ds
= ujΠl − ulΠj , (2.4.164)

while the Papapetrou equation of motion for the momentum (2.4.155) reduces to

D{}Πj

ds
= −1

2
P jimku

iLmk. (2.4.165)

The change of the mass m along the world line γ is, using (1.4.48), (2.4.144), (2.4.150), (2.4.161)
and (2.4.165),

dm

ds
=
D{}m

ds
=

1

c
uj
D{}Πj

ds
+

1

c
ΠjD

{}uj
ds

=
1

c
ΠjD

{}uj
ds

=
1

c

D{}Lji

ds
ui
D{}uj
ds

= −1

c
Lji

D{}ui
ds

D{}uj
ds

= 0, (2.4.166)

so
m = const. (2.4.167)

In the absence of the external gravitational field and neglecting the gravitational field of the
body, the relation (2.4.160) gives

Πj = P j , (2.4.168)

so (2.4.165) reduces to
dP j

ds
= 0, (2.4.169)

whose integration gives the conservation of the four-momentum along a world line:

P i = const. (2.4.170)

The equation of motion for the spin (2.4.164) becomes

dLlj

ds
= ujP l − ulP j , (2.4.171)

whose integration gives the conservation of the angular momentum along a world line:

Lik +XiP k −XkP i = const. (2.4.172)
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The tensor Lik is the intrinsic angular momentum of the body, while the tensor (in the absence of
the gravitational field) XiP k−XkP i is the orbital angular momentum associated with the motion of
the body as a whole. If Lik = 0 then (2.4.172) gives P i ∝ ui, so (2.4.170) is equivalent to ui = const
and thus Xi is a linear function of the proper time τ . If Lik 6= 0 then Xi can be given by 3 arbitrary
functions of τ (since uiui = 1). In the momentum rest frame, in which Pα = 0, uα 6= 0, so the
body has an arbitrary internal motion. The 3 constraints (2.4.144) eliminate this arbitrariness, so
the equations of motion entirely determine the motion of the body.

2.4.8 Spin tensor for particles

If the body is not spatially extended then it is referred to as a particle. The corresponding condition
δxα = 0 gives

M ijk = 0, Lik = 0. (2.4.173)

Therefore (2.4.131) reduces to ul

u0N
ij0 −N ijl = 0, which with (2.4.107) gives

N ijl = J ijul, (2.4.174)

so
J ij = Sij = N ijkuk, (2.4.175)

where Sij is the intrinsic spin tensor. If the body is spatially extended then the difference

Rik = J ik − Sik (2.4.176)

is the rotational spin tensor. The difference between the rotational spin tensor and angular momen-
tum tensor is, due to (2.4.107) and (2.4.131),

Rik − cLik =
N ik0

u0
−N iklul = −2M l[ik]ul. (2.4.177)

This expression vanishes, because of (2.4.108), in the velocity rest frame, in which uα = 0, which is
also locally Galilean, so uα = 0. The relation (2.4.152) becomes

cΠl = mc2ul +
D{}

ds
Sliui − uj

(
ClikS

jiuk +
1

2
C l
ik S

ikuj
)

+ uj

(
CjikS

liuk +
1

2
C j
ik S

ikul
)
, (2.4.178)

while the Papapetrou equation of motion for the spin (2.4.153) becomes

D{}

ds
Slj = cujΠl − culΠj + ClikS

jiuk +
1

2
C l
ik S

ikuj − CjikS
liuk − 1

2
C j
ik S

ikul. (2.4.179)

The relation (2.4.174) implies that the spin tensor for a system of particles satisfies

sijl = sijul, (2.4.180)

where
sij = sijlul (2.4.181)

is the spin-density tensor, which is orthogonal to ui (cf. (2.4.97) and (2.4.144)):

sijuj = 0. (2.4.182)

Thus sij has 3 independent components. A system satisfying (2.4.180) is referred to as a spin fluid.
The spin tensor (2.4.180) is traceless, due to (2.4.182). The relation (2.4.92) gives

c(piuj − pjui) = uk∇∗ksij + sij∇∗kuk =
D{}

ds
sij + other terms, (2.4.183)
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which resembles (2.4.179) in which Sik is replaced by sik and Πi by pi. Moreover, (2.4.93) corre-
sponds to (2.4.150) in which mc2 is replaced by ε. Similarly, (2.4.94) gives

pi =
ε

c
ui +

1

c
(uk∇∗ksij + sij∇∗kuk)uj =

ε

c
ui +

uj

c

D{}

ds
sij + other terms, (2.4.184)

which resembles (2.4.178). In a locally Galilean frame of reference which is also a rest frame, (2.4.182)
becomes

s0α = 0. (2.4.185)

In this frame, the 3 components of sij are spatial, sαβ , and are equivalent to 3 components of the
spatial spin-density pseudovector:

sα =
1

2
eαβγsβγ . (2.4.186)

2.4.9 Energy-momentum tensor for particles

If a particle is spinless then its four-momentum is proportional to its four-velocity due to (2.4.160)
and (2.4.161):

P l = mcul, (2.4.187)

which gives
P 2 = m2c2, (2.4.188)

in agreement with (1.6.81). Equations (2.4.119), (2.4.140), (2.4.156), (2.4.158) and (2.4.187) give

M ik =
ui

u0
Mk0 =

uiuk

(u0)2
M00 = mc2uiuk, (2.4.189)

so ∫
TikdV = mc2

uiuk

u0
(2.4.190)

or

Tik(x) = mc2δ(x− x0)
uiuk

u0
, (2.4.191)

where δ(x − x0) is the spatial Dirac delta representing a point mass located at x0. We define the
mass density µ such that

µ
√
sdV = dm, (2.4.192)

where s is given by (1.4.110). The mass density for a particle located at xa is

µ(x) =
m√
s
δ(x− xa), (2.4.193)

so (2.4.191) turns into

Tik = µc2
√
s
uiuk

u0
. (2.4.194)

Thus the energy-momentum tensor for a spinless particle is given by

T ik(x) = µ(x)c2
uiuk
√
g00u0

=
µ(x)c
√
g00

dxi

ds

dxk

dt
= mc2δ(x− xa)

uiuk√
−gu0

= mc2
∫

uiuk√
−g

δ(x− xa(τ))dτ, (2.4.195)

where xa(τ) is the particle’s wordline as a function of its proper time τ . For a system of particles,
we have

T ik(x) =
∑
a

mac
2δ(x− xa)

uiuk√
−gu0

. (2.4.196)
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The Papapetrou equation of motion (2.4.165) for a spinless particle reduces to the metric geodesic
equation (1.4.80),

D{}ui

ds
= 0. (2.4.197)

In the absence of torsion and in the locally Galilean frame of reference, the conservation law for
the energy-momentum tensor is given by (2.4.34), so

T i
α ,i = 0. (2.4.198)

We consider a closed system of particles which carry out a finite motion, in which all quantities
vary over finite ranges. We define the average over a certain time interval τ of a function f of these

quantities as f̄ = 1
τ

∫ τ
0
fdt. The average of the derivative of a bounded quantity

¯̇
f = 1

τ

(
f(τ) −

f(0)
)
→ 0 as τ →∞. Thus averaging (2.4.198) over the time gives

T̄ β
α ,β = 0. (2.4.199)

Multiplying (2.4.199) by xα and integrating over the volume gives, omitting surface integrals,∫
xαT̄ β

α ,βdV = −
∫
T̄ α
α dV = 0. (2.4.200)

The average energy of the system (2.4.52) is thus

Ē =

∫
T̄ 0

0 dV =

∫
T̄ i
i dV. (2.4.201)

Substituting (1.6.116) into (2.4.196) gives

T i
i (x) =

∑
a

mac
2δ(x− xa)

(
1− v2

c2

)1/2

, (2.4.202)

so T i
i ≥ 0. Putting (2.4.202) into (2.4.201) gives

Ē =
∑
a

mac
2
(

1− v2

c2

)1/2

, (2.4.203)

which is referred to as the virial theorem.
Comparing (2.4.88) with (2.4.202) gives

ε− 3p =
∑
a

mac
2
(

1− v2

c2

)1/2

, (2.4.204)

where the summation extends over all particles in unit volume, so p ≤ ε/3. In the nonrelativistic limit
p ≈ 0, while in the ultrarelativistic limit (v ∼ c) p ∼ ε/3. We consider a system of noninteracting
identical particles of mass m, which we call an ideal gas, with the number of particles in unit volume
(concentration) n, so

µ = nm. (2.4.205)

Comparing (2.4.77) in the locally Galilean rest frame with (2.4.195) gives the kinetic formulae for
ideal gases:

ε = nmc2γ̄, (2.4.206)

p =
nm

3
γv2. (2.4.207)

In a locally inertial frame of reference, (1.6.116) and (2.4.187) give

P i = mcγ

(
1,

v

c

)
, (2.4.208)
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so the energy and momentum of the particle are

E = mc2γ, (2.4.209)

P = mγv. (2.4.210)

Thus (2.4.188) gives
E2 = (Pc)2 + (mc2)2. (2.4.211)

In the rest frame of the particle, P = 0, (2.4.211) reduces to Einstein’s formula for the rest energy,

E = mc2. (2.4.212)

The formulae (2.4.209) and (2.4.210) give

v =
Pc2

E
. (2.4.213)

Taking the differential of (2.4.211) gives EdE = c2P · dP, from which we obtain, using (2.4.213),

dE = v · dP. (2.4.214)

If a particle is massless, m = 0, then (2.4.211) and (2.4.213) give

E = Pc, v = c. (2.4.215)

References: [2, 3, 4, 5, 6, 8, 9].

2.5 Gravitational field equations

2.5.1 Einstein-Hilbert action and Einstein equations

The Einstein-Hilbert action for the gravitational field and matter is, due to (2.2.2),

S = − 1

2κc

∫
P
√
−gdΩ + Sm, (2.5.1)

where the metric tensor is regarded as a variational variable and the affine connection is the Levi-
Civita connection. Varying (2.5.1) with respect to the metric tensor gives, using (2.3.1) and the
identity δ

√
−g = − 1

2

√
−ggikδgik (which results from δg = ggikδgik = −ggikδgik),

δS = − 1

2κc

∫ (
δPikg

ik√−g + Pikδg
ik√−g− 1

2
P
√
−ggikδgik

)
dΩ +

1

2c

∫
Tik
√
−gδgikdΩ. (2.5.2)

Partial integration of the first term on the right-hand side of (2.5.2), using (1.4.57), brings this term
to zero:∫

δPikg
ikdΩ =

∫ (
(δ{ li k}):l − (δ{ li l}):k

)
gikdΩ = −

∫
(gik:lδ{ li k} − gik:kδ{ li l})dΩ = 0, (2.5.3)

where
gik =

√
−ggik (2.5.4)

is the contravariant metric density, whose covariant derivative with respect to the Christoffel symbols
vanishes, gik:l = 0. Equaling δS = 0 in (2.5.2) gives the Einstein equations of the general theory of
relativity:

Gik = κTik (2.5.5)

or

Pik = κ

(
Tik −

1

2
Tgik

)
. (2.5.6)
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Because δ
∫
P
√
−gdΩ = δ

∫
G
√
−gdΩ, where the noncovariant quantity G is given by (2.2.5), the

left-hand side of the Einstein equations is

Gik =
1√
−g

∂(
√
−gG)

∂gik
. (2.5.7)

The covariant conservation of the Einstein tensor (1.4.67) imposes the conservation of the metric
dynamical energy-momentum tensor (2.4.23). Therefore the gravitational field equations contain
the equations of motion of matter. In vacuum, where Tik = 0, the Ricci tensor in (2.5.6) vanishes:

Pik = 0. (2.5.8)

Thus vanishing of Pik at a given point in spacetime is a covariant criterion of whether matter is
present or absent at this point.

The Einstein equations (2.5.5) are 10 second-order partial differential equations for: 10− 4 = 6
independent components of the metric tensor gik (the factor 4 is the number of the coordinates which
can be chosen arbitrarily), 3 independent components of the four-velocity ui, and either ε or p (which
are related to each other by the equation of state). The contracted Bianchi identity (1.4.67) gives
the equations of motion of matter. In vacuum, the Einstein equations are 10 − 4 = 6 independent
equations (the factor 4 is the number of constraints from the contracted Bianchi identity) for 6
independent components of the metric tensor gik.

In the Einstein equations, the only second time-derivatives of gik are the derivatives of the spatial
components of the metric tensor, g̈αβ , and they appear only in the αβ components of the field
equations (2.5.5). Therefore the initial values (at t = 0) for gαβ and ġαβ can be chosen arbitrarily.
The first time-derivatives ġ0α and ġ00 appear only in the αβ components of the field equations
(2.5.5). The 0α and 00 components of the field equations (2.5.5) give the initial values for g0α and
g00. The undetermined initial values for ġ0α and ġ00 correspond to 4 degrees of freedom for a free
gravitational field. A general gravitational field has 8 degrees of freedom: 4 degrees of freedom for
a free gravitational field, 3 related to the four-velocity, and 1 related to ε (or p).

2.5.2 Einstein pseudotensor and principle of equivalence

We define
G =
√
−gG, (2.5.9)

where G is the noncovariant quantity (2.2.5). The action for the gravitational field and matter,

S = − 1

2κc

∫
GdΩ + Sm =

1

c

∫ (
− 1

2κ
G + Lm

)
dΩ, (2.5.10)

produces the Einstein field equations by varying the metric tensor, because G differs from
√
−gP by

a total divergence:
δ

δgik

(
− 1

2κ
G + Lm

)
= 0. (2.5.11)

Construct a canonical energy-momentum density (2.4.35) corresponding to the gravitational field,
treating − 1

2κG (which depends only on gij and its first derivatives gij,k) like Lm and gik like a matter
field φ:

t ik = − 1

2κ

(
∂G

∂gjl,i
gjl,k − δ

i
kG

)
. (2.5.12)

This quantity is not a tensor density since G is not a scalar density and its division by
√
−g,

t i
k√
−g ,

is referred to as the Einstein energy-momentum pseudotensor for the gravitational field. The four-
momentum corresponding to the total energy-momentum density for the gravitational field and
matter (which is not a vector) is then

Pi =
1

c

∫
(t ki + T k

i )dSk, (2.5.13)
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where the sum t ki + T k
i is called the Einstein energy-momentum complex. The definition (2.5.12)

gives

2κt ik ,i = ∂i
∂G

∂gjl,i
gjl,k −

∂G

∂gjl,i
gjl,ki + G,k = ∂i

∂G

∂gjl,i
gjl,k −

∂G

∂gjl,i
gjl,ki +

∂G

∂gjl
gjl,k

+
∂G

∂gjl,i
gjl,ik =

(
∂G

∂gjl
− ∂i

∂G

∂gjl,i

)
gjl,k =

δG

δgjl
gjl,k, (2.5.14)

which, using (2.5.11), gives

t ik ,i =
δLm
δgjl

gjl,k =
1

2
Tjlgjl,k. (2.5.15)

The covariant conservation (2.4.23) gives

T i
k ,i = { lk i}T i

l =
1

2
glmgim,kT i

l = −1

2
glm,kTlm, (2.5.16)

so the total energy-momentum density for the gravitational field and matter is ordinarily conserved:

(t ik + T i
k ),i = 0. (2.5.17)

Integrating (2.5.17) over the four-dimensional volume and using the Gauß-Stokes theorem gives∮
(t ik + T i

k )dSi = 0, (2.5.18)

so the four-momentum (2.5.13) is conserved, Pi = const. Because the quantity tik is not symmetric
in the indices i, k, the total angular momentum constructed from P i as in (2.4.58),

M ik =

∫
(xidP k − xkdP i) =

1

c

∫ (
xi(tkl + T kl)− xk(til + T il)

)
dSl, (2.5.19)

is not conserved. The conservation law (2.5.17) gives t lk + T l
k = η li

k ,i, where ηkli = −ηkil, so

t lk −tlk = (η li
k −ηl ik ),i. Analogously to (2.4.44) and (2.4.45), we could bring t lk +T l

k to a symmetric
form. However, using (η li

k −ηl ik ) instead of Σ li
k in (2.4.45), where θ ki is replaced by t ki +T k

i , gives
τ k
i = 0, so this symmetrization procedure does not work for the Einstein pseudotensor.

The Einstein pseudotensor (2.5.12) can be explicitly written as

t ik =
1

2κ
({ ilm}glm,k − { lm l}gmi,k + δikG), (2.5.20)

so it is a homogeneous quadratic function of the Christoffel symbols. Thus it vanishes in the local
Galilean frame of reference. It can also differ from zero in the Minkowski spacetime (in the absence
of the gravitational field) if we choose the coordinates such that the Christoffel symbols do not
vanish. Therefore the energy of the gravitational field is not absolutely localized in spacetime; it
depends on the choice of the coordinates. The gravitational field can be always eliminated locally
by transforming the coordinate system to the local Galilean frame of reference in which the Einstein
pseudotensor vanishes. This property of the gravitational field is referred to as the principle of
equivalence.

The construction of a conserved four-momentum for the gravitational field and matter is possible
because the Lagrangian density for the gravitational field Lg is linear in the second derivatives of
the metric tensor. The Lagrangian density (2.2.2) can be generalized to

Lg = − 1

2κ

√
−g(P + 2Λ), (2.5.21)

where Λ is referred to as the cosmological constant, without altering the Einstein energy-momentum
pseudotensor (2.5.12). Another scalar density which is linear in curvature is εijklPijkl, but this parity-
violating expression vanishes due to the cyclic identity (1.4.64). Therefore the simplest choice for
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a gravitational Lagrangian density, linear in P , is the only one which admits ordinary conservation
laws for the gravitational field and matter, and thus it is physical. Other possible gravitational
Lagrangians can contain terms which depend explicitly on the torsion tensor, but such modifications
of general relativity or the Einstein-Cartan gravity would involve free parameters and thus they would
be less fundamental.

2.5.3 Landau-Lifshitz energy-momentum pseudotensor

The covariant conservation (2.4.23) in the local Galilean frame of reference is

T i
k ,i = 0, (2.5.22)

so T ik can be expressed as T ik = ηikl,l, where ηikl = −ηilk. The Einstein equations (2.5.5) in the
Galilean frame are

(−g)T ik = hikl,l, (2.5.23)

where

hikl = λiklm,m = −hilk, (2.5.24)

λiklm =
1

2κ
(−g)(gikglm − gilgkm). (2.5.25)

In an arbitrary frame of reference, (2.5.23) is not valid. We define tik such that

(−g)(tik + T ik) = hikl,l. (2.5.26)

Therefore (
(−g)(tik + T ik)

)
,k

= 0, (2.5.27)

so there is a conservation of the four-momentum of the gravitational field and matter,

P i =
1

c

∫
(−g)(tik + T ik)dSk. (2.5.28)

The quantity tik is not a tensor density, so the conserved four-momentum P i (2.5.28) is not a vector.
The four-momentum P i is not a vector even for Lorentz transformations, because of the factor −g
instead of the correct (weight 1) density

√
−g in (2.5.28). Dividing P i by

√
−g at some fixed point

(a natural choice is infinity) turns it into a vector under Lorentz transformations. Using (2.5.26)
turns (2.5.28), for the hypersurface dS0 = dV , into

P i =
1

c

∫
hikl,ldSk =

1

2c

∮
hikldf∗kl =

1

c

∮
hi0αdfα. (2.5.29)

The quantity tik is referred to as the Landau-Lifshitz energy-momentum pseudotensor for the grav-
itational field, and the sum (−g)(tik + T ik) is called the Landau-Lifshitz complex.

The explicit expression for the Landau-Lifshitz pseudotensor is

tik =
1

2κ

(
(gilgkm − gikglm)(2{ nlm}{ pn p} − { nl p}{ pmn} − { nl n}{ pmp})

+gilgmn({ kl p}{ pmn}+ { kmn}{
p
l p} − {

k
n p}{

p
lm} − {

k
lm}{ pn p})

+gklgmn({ il p}{ pmn}+ { imn}{
p
l p} − {

i
n p}{

p
lm} − {

i
lm}{ pn p})

+glmgnp({ il n}{ kmp} − { ilm}{ kn p})
)

(2.5.30)

or

(−g)tik =
1

2κ

(
gik,lg

lm
,m − gil,lg

km
,m +

1

2
gikglmgln,pg

pm
,n

−(gilgmng
kn
,pg

mp
,l + gklgmng

in
,pg

mp
,l) + glmg

npgil,ng
km

,p

+
1

8
(2gilgkm − gikglm)(2gnpgqr − gpqgnr)gnr,lgpq,m

)
. (2.5.31)
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This pseudotensor is symmetric in the indices i, k, so there is a conservation of the total angular
momentum constructed from P i as in (2.4.58),

M ik =

∫
(xidP k − xkdP i) =

1

c

∫ (
xi(tkl + T kl)− xk(til + T il)

)
(−g)dSl. (2.5.32)

Dividing M ik by
√
−g at infinity turns it into an antisymmetric tensor under Lorentz transforma-

tions. Using (2.5.24) and (2.5.26) turns (2.5.28), for the hypersurface dS0 = dV , into

M ik =
1

c

∫
(xiλklmn,nm − xkλilmn,nm)dSl =

1

2c

∮
(xiλklmn,n − xkλilmn,n)df∗lm

−1

c

∮
(λklin − λilkn),ndSl =

1

c

∮
(xihk0α − xkhi0α + λi0αk)dfα. (2.5.33)

Choosing the volume hypersurface dV = dS0 gives

M ik =
1

c

∫ (
xi(tk0 + T k0)− xk(ti0 + T i0)

)
(−g)dV. (2.5.34)

The conservation of M0α in (2.5.34) divided by the conservation of P 0 in (2.5.28) gives a uniform
motion (2.4.61) with velocity (2.4.62) of the center of inertia for the gravitational field and matter,
with the coordinates

Xα =

∫
xα(t00 + T 00)(−g)dV∫
(t00 + T 00)(−g)dV

. (2.5.35)

The coordinates of the center of inertia (2.5.35), like (2.4.63), are not the spatial components of a
four-dimensional vector.

2.5.4 Utiyama action

The Utiyama action for the gravitational field and matter is equal to (2.5.1), where the tetrad is
regarded as a variational variable and the spin connection is the Levi-Civita spin connection (1.5.31).
Thus (2.3.5) gives

δS = − 1

2κc

∫
δ(eP )dΩ +

1

c

∫
T a
i δe

i
adΩ. (2.5.36)

The Lagrangian density for the gravitational field is given by (2.2.2), with the Riemann scalar P
given by (1.5.39) and (1.5.41):

eP = eeiae
jb($a

bj,i −$a
bi,j +$a

ci$
c
bj −$a

cj$
c
bi) = 2eijab($

ab
j,i +$a

ci$
cb
j), (2.5.37)

where
eijab = ee[i

ae
j]
b . (2.5.38)

Varying eP and omitting total derivatives gives in the absence of torsion, using δe = eeiaδe
a
i and

eijab|j = eijab,j −$c
aje

ij
cb −$c

bje
ij
ac = 0 (which results from (1.5.22)),

δ(eP ) = (2P ai − Peai )eδeia + 2eijabδ($
ab
j,i +$a

ci$
cb
j) = (2P ai − Peai )eδeia

+2(eijab,j −$
c
aje

ij
cb −$

c
bje

ij
ac)δ$

ab
i = (2P ai − Peai )eδeia. (2.5.39)

Equaling δS = 0 gives the tetrad Einstein equations:

P ai −
1

2
Peai =

κ

e
T a
i , (2.5.40)

equivalent to the metric Einstein equations (2.5.5) because of (2.3.4) and (2.3.32) (in the absence of
torsion).
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2.5.5 Møller pseudotensor

The Riemann scalar P is linear in derivatives of $a
bi:

eP = (eeiae
j
b$

ab
j),i − (eeiae

j
b),i$

ab
j − (eeiae

j
b$

ab
i),j + (eeiae

j
b),j$

ab
i + eeiae

j
b$

ac
i$

b
c j

−eeiae
j
b$

ac
j$

b
c i = 2(eeiae

j
b$

ab
j),i − 2(eeiae

j
b),i$

ab
j + eeiae

j
b$

ac
i$

b
c j

−eeiae
j
b$

ac
j$

b
c i. (2.5.41)

Thus we can subtract from eP total derivatives without altering the field equations, replacing P by
a noncovariant quantity M :

eM = −2(eeiae
j
b),i$

ab
j + eeiae

j
b$

ac
i$

b
c j − eeiae

j
b$

ac
j$

b
c i

= −2e({ kk i}$
ij
j +$i

ai$
aj
j − {

i
k i}$

kj
j +$j

bi$
ib
j − {

j
k i}$

ik
j)

+e(ωiciω
j
c j − ω

ic
jω

j
c i) = e(ωiaiω

j
aj − ω

ia
jω

j
ai), (2.5.42)

using (1.4.35) and (1.5.31). Therefore

M = ωiaiω
j
aj − ω

ia
jω

j
ai. (2.5.43)

Because of (1.5.15), the quantity (2.5.43) depends on the tetrad eia and its first derivatives eia,j .
Therefore, analogously to (2.5.12), we can construct a canonical energy-momentum density corre-
sponding to the gravitational field, treating − 1

2κeM :

m i
k = − 1

2κ

(
∂(eM)

∂eja,i
eja,k − δ

i
keM

)
. (2.5.44)

This quantity is not a tensor density since eM is not a scalar density and its division by e,
m i
k

e ,
is referred to as the Møller energy-momentum pseudotensor for the gravitational field. One can
show, analogously to the steps leading to (2.5.17, that the total energy-momentum density for the
gravitational field and matter is ordinarily conserved:

(m i
k + T i

k ),i = 0. (2.5.45)

Thus the corresponding total four-momentum is conserved:

Pi =
1

c

∫
(m k

i + T k
i )dSk = const, (2.5.46)

where the sum m k
i + T k

i is called the Møller energy-momentum complex. The Møller pseudotensor
depends on the choice of both the coordinates and the tetrad. To fix the tetrad, one can impose on
it 6 constraints which are covariant under constant Lorentz transformations but not under general
Lorentz transformations (otherwise these constraints would not fix the tetrad since Lorentz trans-
formations are tetrad rotations). A natural choice is to constrain the 6 components of the spin
connection ωijk in which the last index is contracted with a covariant derivative or the trace of the
spin connection.

2.5.6 Einstein-Cartan action

If we regard the torsion tensor as a variational variable (in addition to the metric tensor) then the
action for the gravitational field and matter is, due to (2.2.1),

S = − 1

2κc

∫
R
√
−gdΩ + Sm, (2.5.47)

and it is referred to as the Einstein-Cartan action. Using (1.4.54) gives

S = − 1

2κc

∫ (
P − gik(2Clil:k + CjijC

l
kl − ClimCmkl)

)√
−gdΩ + Sm. (2.5.48)
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Partial integration of the terms with covariant derivatives : and omitting total derivatives (which do
not contribute to the field equations) reduces (2.5.48) to

S = − 1

2κc

∫ (
P − gik(CjijC

l
kl − ClimCmkl)

)√
−gdΩ + Sm. (2.5.49)

Varying (2.5.49) with respect to the metric tensor and contortion tensor (which is equivalent to
varying with respect to the torsion tensor) gives, using (2.3.19), (2.3.26) and (2.5.3),

δS = − 1

2κc

∫ (
Pik −

1

2
Pgik − CjijC

l
kl + ClimC

m
kl +

1

2
gik(CjmjC

l
ml − C

lj
mC

m
jl)

)
×
√
−gδgikdΩ− 1

κc

∫
(Ckji − C

lj
lδ
k
i )
√
−gδCijkdΩ +

1

2c

∫
Tik
√
−gδgikdΩ

+
1

2c

∫
s ik
j

√
−gδCjikdΩ. (2.5.50)

For variations δgik, δS = 0 gives the first Einstein-Cartan equation

Gik = κ(Tik + Uik), (2.5.51)

where

Uik =
1

κ

(
CjijC

l
kl − ClijC

j
kl −

1

2
gik(CjmjC

l
ml − CmjlCljm)

)
(2.5.52)

or

Uik =
1

κ

(
−(Slij + 2S

l
(ij) )(Sjkl + 2S

j
(kl) ) + 4SiSk +

1

2
gik(Smjl + 2S(jl)m)

×(Sljm + 2S(jm)l)− 2gikS
jSj

)
. (2.5.53)

For variations δCjik, δS = 0 gives the second Einstein-Cartan equation

Ck[ji] − δ
k
[iC

l
j]l =

κ

2
s k
ij (2.5.54)

or
T jik = −κ

2
s j
ik , (2.5.55)

where
T jik = Sjik − Siδ

j
k + Skδ

j
i (2.5.56)

is the modified torsion tensor. The relation (2.5.55) is equivalent to

Skij = −κ
2

(s k
ij + δk[is

l
j]l ). (2.5.57)

This relation between the torsion and spin tensors is algebraic: torsion at a given point in spacetime
does not vanish only if there is matter at this point, represented in the Lagrangian density by
a function which depends on torsion. Unlike the metric, which is related to matter through a
differential field equation, torsion does not propagate. Combining (2.5.52) and (2.5.57) gives

U ik = κ

(
−sij[ls

kl
j] −

1

2
sijlskjl +

1

4
sjlis k

jl +
1

8
gik(−4slj[ms

jm
l] + sjlmsjlm)

)
. (2.5.58)

The tensor (2.5.58) represents a correction to the dynamical energy-momentum tensor from the
spin contributions to the geometry of spacetime, quadratic in the spin density (so the sign of the
spin density does not affect this correction) and corresponding to a spin-spin contact interaction. If
matter fields do not depend on torsion then Uik = 0 and the first Einstein-Cartan equation (2.5.51)
reduces to the Einstein equations (2.5.5).
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2.5.7 Sciama-Kibble action

The Sciama-Kibble action for the gravitational field and matter is equal to (2.5.47), where both the
tetrad and spin connection are regarded as variational variables. Thus (2.3.27) gives

δS = − 1

2κc

∫
δ(eR)dΩ +

1

c

∫
T a
i δe

i
adΩ +

1

2c

∫
S i
ab δω

ab
idΩ. (2.5.59)

The Lagrangian density for the gravitational field is given by (2.2.1), with the curvature scalar R
given by (1.5.36) and (1.5.38):

eR = eeiae
jb(ωabj,i − ωabi,j + ωaciω

c
bj − ωacjωcbi) = 2eijab(ω

ab
j,i + ωaciω

cb
j). (2.5.60)

Varying eR and omitting total derivatives gives, using eijab|j = eijab,j − ωcaje
ij
cb − ωcbjeijac + Γ i

k je
kj
ab +

Γ j
k je

ik
ab − Γ k

k je
ij
ab = 0 (which results from (1.5.22)),

δ(eR) = (2Rai −Reai )eδeia + 2eijabδ(ω
ab
j,i + ωaciω

cb
j)

= (2Rai −Reai )eδeia + 2(eijab,j − ω
c
aje

ij
cb − ω

c
bje

ij
ac)δω

ab
i

= (2Rai − Peai )eδeia − 2(Sikje
kj
ab + 2Sje

ij
ab)δω

ab
i. (2.5.61)

For variations δωabi, δS = 0 gives

Siab − Saeib + Sbe
i
a = − κ

2e
S i
ab , (2.5.62)

equivalent to the second Einstein-Cartan equation (2.5.55). For variations δeia, δS = 0 gives

Rai −
1

2
Reai =

κ

e
T a
i (2.5.63)

or

Rki −
1

2
Rgik =

κ√
−g

Tik. (2.5.64)

Substituting (2.5.55) and (2.5.64) into the conservation law for the spin density (2.4.16) gives

−2(Skij;k − Si;j + Sj;i) = Rji −Rij − 4Sk(Skij − Siδkj + Sjδ
k
i ), (2.5.65)

which is equivalent to the contracted cyclic identity (1.4.61). Thus the contracted cyclic identity
imposes the conservation law for the spin density in the Einstein-Cartan gravity. Substituting
(2.5.55) and (2.5.64) into the conservation law for the energy-momentum density (2.4.31) gives

Rji;j −
1

2
R;i = 2Sj

(
Rji −

1

2
Rδji

)
+ 2Sjki

(
Rkj −

1

2
Rδkj

)
− (Sjkl − Skδ

j
l + Slδ

j
k)Rklji, (2.5.66)

which is equivalent to the contracted Bianchi identity (1.4.62). Thus the contracted Bianchi identity
imposes the conservation law for the energy-momentum density in the Einstein-Cartan gravity.
Substituting (2.5.55) and (2.5.64) into the Belinfante-Rosenfeld relation (2.3.33) gives

κTik = Rki −
1

2
Rgik +∇∗j (S

j
ik + 2Skδ

j
i − 2S

j
(ik) − 2Sjgik) = Rki −

1

2
Rgik

+∇∗j (−C
j
ki + Clklδ

j
i − C

lj
lgik). (2.5.67)

Combining (1.4.52), (1.4.54) and (2.5.67) gives

κTik = Pik −
1

2
Pgik + Clki:l − Clkl:i + CjkiC

l
jl − C

j
klC

l
ji −

1

2
gik(−2Cljl:j

−CljlC
m
jm + CmjlCljm)− Cjki:j − C

j
ljC

l
ki + ClkjC

j
li + ClijC

j
kl + Cjkj:i

−ClkiC
j
lj − gik(Cljl:j + CjljC

ml
m)− Cj(−Cjki + Clklδ

j
i − C

lj
lgik), (2.5.68)

which is equivalent to the first Einstein-Cartan equation (2.5.51). Thus the relation between the
Ricci tensor and the Riemannian Ricci tensor is equivalent to the Belinfante-Rosenfeld relation in
the Einstein-Cartan gravity, and (2.5.64) is another form of the first Einstein-Cartan equation.
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2.5.8 Einstein-Cartan pseudotensor

Replacing the action for the gravitational field and matter (2.5.49) by

S = − 1

2κc

∫ (
G− gik(CjijC

l
kl − ClimCmkl)

)√
−gdΩ + Sm (2.5.69)

produces the first Einstein-Cartan equation by varying the metric tensor, because
√
−gG differs

from
√
−gP by a total divergence:

δ

δgik

(
− 1

2κ

(
G − gnp(CjnjC

l
pl − ClnmCmpl)

)
+ Lm

)
= 0. (2.5.70)

The canonical energy-momentum density for the gravitational field is also given by (2.5.12). The
relations (2.5.14) and (2.5.70) give

t ik ,i =
δ
(
Lm + 2κgnp(CjnjC

l
pl − ClnmCmpl)

)
δgjl

gjl,k =
1

2
(Tjl +

√
−gUjl)gjl,k. (2.5.71)

The covariant conservation (2.4.23) gives

(T i
k +

√
−gU i

k ),i = { lk i}(T i
l +

√
−gU i

l ) =
1

2
glmgim,k(T i

l +
√
−gU i

l )

= −1

2
glm,k(Tlm +

√
−gUlm), (2.5.72)

so the total energy-momentum density for the gravitational field and matter is ordinarily conserved:

(t ik + T i
k +

√
−gU i

k ),i = 0. (2.5.73)

Thus the corresponding four-momentum is conserved:

Pi =
1

c

∫
(t ki + T k

i +
√
−gU k

i )dSk = const. (2.5.74)

The quantity
t ki√
−g +U k

i is referred to as the Einstein-Cartan energy-momentum pseudotensor for the

gravitational field, and the sum t ki +T k
i +

√
−gU k

i is called the Einstein-Cartan energy-momentum
complex.

2.5.9 Palatini variation

If the matter action Sm does not depend on the affine connection, its variation with respect to the
metric and connection (δΓ j

i k is a tensor) is referred to as the Palatini variation. Varying (2.5.47)
with respect to Γ k

i j gives, due to (1.3.39),

δS = − 1

2κc

∫
δRikg

ikdΩ = − 1

2κc

∫ (
(δΓ l

i k);l − (δΓ l
i l);k − 2SjlkδΓ

l
i j

)
gik
√
−gdΩ. (2.5.75)

Partial integration and omitting total derivatives in (2.5.75) gives, using (1.2.34),

δS =
1

2κc

∫
(δΓ l

i kg
ik

;l − 2SlδΓ
l
i kg

ik − δΓ l
i lg

ik
;k + 2SkδΓ

l
i lg

ik + 2SjlkδΓ
l
i jg

ik)dΩ. (2.5.76)

Since the affine connection is metric-compatible, gij;k = 0, δS = 0 turns the torsion tensor into
zero, so the connection is formed by the Christoffel symbols and the field equations are the Einstein
equations (2.5.5). Thus varying the action for matter fields, which do not depend on the affine
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connection, with respect to the connection is equivalent to varying it with respect to the torsion
tensor. However, if the matter action Sm depends on the affine connection then (2.5.76) becomes

δS =
1

2κc

∫
(δΓ l

i kg
ik

;l − 2SlδΓ
l
i kg

ik − δΓ l
i lg

ik
;k + 2SkδΓ

l
i lg

ik + 2SjlkδΓ
l
i jg

ik)dΩ

+
1

2c

∫
Πi k
j δΓ

j
i kdΩ, (2.5.77)

where the hypermomentum density is defined as

Πi k
j = 2

δLm

δΓ j
i k

. (2.5.78)

Since the connection is metric-compatible, δS = 0 gives

gikSj − δkj Si − Skij =
κ

2
√
−g

Πi k
j . (2.5.79)

Contracting the indices i, j gives
Πi k
i = 0, (2.5.80)

which also results from the invariance of the Lagrangian density under a projective transformation
(1.2.50) (the symmetric part of the Ricci tensor is invariant under this transformation):

δL = δLm =
1

2
Πi k
j δΓ

j
i k =

1

2
Πi k
j δ

j
i δAk = 0. (2.5.81)

The relation (2.5.80) constrains possible forms of matter Lagrangians algebraically, so it is not a
conservation law. Therefore varying the action with respect to the affine connection, unlike that
with respect to the torsion (or spin connection), does not constitute a physical variational principle.
Only the antisymmetric part of the connection (torsion) can be regarded as a dynamical variable; its
symmetric part can always be brought locally to zero by a suitable transformation of the coordinates.

2.5.10 Gravitational potential

If the metric tensor gij is approximately equal to the Minkowski metric tensor ηij then the corre-
sponding gravitational field is weak. We can write

g00 ≈ 1 +
2φ

c2
, (2.5.82)

where φ is referred to as the gravitational potential. Thus nonrelativistic gravitational fields, cor-
responding to the limit c → ∞, are weak. Also u0 ≈ 1 and uα ≈ 0. In this limit, the leading
component of the Levi-Civita connection is

{ α0 0} ≈ −
1

2
gαβ

∂g00

∂xβ
=

1

c2
∂φ

∂xα
, (2.5.83)

so the metric geodesic equation (1.4.80) reduces to

dv

dt
= g = −∇φ, (2.5.84)

where g is the acceleration due to gravity. The quantity G in (2.2.5) reduces to

G =
2

c4
(∇φ)2. (2.5.85)

The leading component of the Riemannian Ricci tensor is

P00 ≈
∂{ α0 0}
∂xα

=
1

c2
∂2φ

∂xα2
=

1

c2
4φ. (2.5.86)
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The leading component of the energy-momentum tensor (2.4.195) is

T00 = µc2. (2.5.87)

Therefore the Einstein equations in the nonrelativistic limit reduce to the Poisson equation:

4φ = 4πGµ, (2.5.88)

where

G =
c4κ

8π
(2.5.89)

is Newton’s gravitational constant. In vacuum, where µ = 0, the Poisson equation reduces to the
Laplace equation:

4φ = 0. (2.5.90)

2.5.11 Relativistic ideal fluids

The covariant conservation (2.4.24) of the metric energy-momentum tensor (2.4.77) gives(
(ε+ p)uk

)
:k
ui + (ε+ p)ukui:k = p,kg

ik. (2.5.91)

Multiplying (2.5.91) by ui gives (
(ε+ p)uk

)
:k

= p,ku
k, (2.5.92)

which, upon substituting into (2.5.91) yields the Euler equation:

(ε+ p)
D{}ui

ds
= p,kh

ik. (2.5.93)

If p,i ∝ ui (which includes the case p = const) then (2.5.93) reduces to the metric geodesic equation
(1.4.80). Defining a quantity n such that

dn

n
=

dε

ε+ p
(2.5.94)

brings (2.5.92) to the conservation law
(nui):i = 0. (2.5.95)

The quantity n may thus represent the proper (in the rest frame) number density of particles com-
posing the fluid.

In the nonrelativistic limit, c → ∞, u0 ∼ 1, uα ≈ vα

c , ε ≈ µc2 and p � ε, so (2.5.92) reduces to
the equation of continuity:

∂µ

∂t
+ div s = 0, (2.5.96)

where
s = µv (2.5.97)

is referred to as the mass current. Integrating (2.5.96) over the volume gives

∂

∂t

∫
µdV +

∮
s · df = 0, (2.5.98)

which means that the change in time of the total mass inside a volume, m =
∫
µdV , is balanced by

the mass flux through the surface bounding this volume, representing the conservation of the total
mass of a fluid. The Euler equation (2.5.93) reduces in this limit to

µ

(
∂vα

∂t
+ vα,βv

β

)
= µφ,βη

αβ + p,βη
αβ (2.5.99)
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or

µ
dv

dt
= µ

(
∂v

∂t
+ (v ·∇)v

)
= −µ∇φ−∇p. (2.5.100)

Integrating (2.5.100) over the volume gives, using P =
∫
µvdV , the change in time of the total

momentum of a fluid:
dP

dt
= −

∫
∇φdm−

∮
pdf . (2.5.101)

Without pressure gradients, (2.5.100) reduces to (2.5.84).
The number of particles dN in a volume element dV in the rest frame of reference is equal to

dN = ndV, (2.5.102)

where n is the proper number density. In a frame of reference moving relative to the rest frame with
velocity v, the same volume element is given by dV ′ = dV

√
1− v2/c2 (1.6.107), and the number

density is n′. Since dN ′ = n′ dV ′ and dN ′ = dN is an invariant, we have

n′ =
n√

1− v2/c2
. (2.5.103)

2.5.12 Relativistic spin fluids

For a spin fluid, substituting (2.4.180) into the second Einstein-Cartan equation (2.5.57) and using
(2.4.182) gives

Si = 0, ∇∗i = ∇i. (2.5.104)

Thus the corresponding metric dynamical energy-momentum tensor (2.4.96) reduces to

Tij = εuiuj − phij −∇ksk(ij) +∇ks k
il u

luj −
1

2
∇ks k

ij . (2.5.105)

Accordingly, the torsion tensor is

Sjik = −1

2
κsiku

j . (2.5.106)

The last two terms on the right of the second line of (2.5.105) can be written, using (2.4.92), (2.4.94)
and (2.4.182), as

∇ks k
il u

luj −
1

2
∇ks k

ij = c(piul − plui)u
luj −

1

2
c(piuj − pjui)

=
1

2
c(piuj + pjui)− εuiuj =

1

2
(∇ks k

il u
luj +∇ks k

jl u
lui) = −∇ls l

k(i u
kuj)

= −∇l(sk(iu
l)ukuj) = −∇lsk(iu

lukuj) = −∇l(sk(iuj))u
luk

= −∇l(sk(iuj))uku
l. (2.5.107)

The metric dynamical energy-momentum tensor (2.5.105) is then

T ij = εuiuj − phij − (δlk + uku
l)∇l(sk(iuj)). (2.5.108)

The last term on the right of (2.5.108) can be decomposed according to (1.4.28) into

−(δlk + uku
l)∇l(sk(iuj)) = −(δlk + uku

l)∇{}l (sk(iuj))− (δlk + uku
l)(Ckmls

m(iuj)

+Cimls
k(muj) + Cjmls

k(ium)). (2.5.109)
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This term reduces, using (2.4.182) and (2.5.54), to

−(δlk + uku
l)∇{}l (sk(iuj))− δlk(Cimls

k(muj) + Cjmls
k(ium))− ukulCkmlsm(iuj)

= −(δlk + uku
l)∇{}l (sk(iuj))− Cimksk(muj) − Cjmks

k(ium)

= −(δlk + uku
l)∇{}l (sk(iuj)) +

1

2
κ(smku

i + s i
k um + s i

m uk)sk(muj)

+
1

2
κ(smku

j + s j
k um + s j

m uk)sk(mui)

= −(δlk + uku
l)∇{}l (sk(iuj))− 1

2
κ(skls

kluiuj − siksjk). (2.5.110)

Thus (2.5.108) becomes

T ij = εuiuj − phij − (δlk + uku
l)∇{}l (sk(iuj))− κs2uiuj +

1

2
κsiksjk, (2.5.111)

where

s2 =
1

2
sijsij > 0. (2.5.112)

Substituting (2.4.180) into (2.5.58) and using (2.4.182 gives

U ij =
1

2
κs2uiuj +

1

4
κs2gij − 1

2
κsiksjk. (2.5.113)

Adding (2.5.111) and (2.5.113) brings the combined energy-momentum tensor T ij +U ij in the first
Einstein-Cartan equation (2.5.51) to

T ij + U ij =
(
ε− 1

4
κs2
)
uiuj −

(
p− 1

4
κs2
)
hij

−(δlk + uku
l)∇{}l (sk(iuj)). (2.5.114)

If the spin orientation of particles (cf. (2.6.60)) in a spin fluid is random then the macroscopic
spacetime average of sij and of its gradients, such as of the last term on the right of (2.5.114), vanish.
On the contrary, the terms that are quadratic in the spin tensor do not vanish after averaging. Thus
the combined energy-momentum tensor of a macroscopic spin fluid describes a perfect fluid with the
effective energy density

ε̃ = (Tij + Uij)u
iuj = ε− 1

4
κs2 (2.5.115)

and the effective pressure

p̃ = −1

3
(Tij + Uij)h

ij = p− 1

4
κs2. (2.5.116)

If the spin orientation of particles (cf. (2.6.60)) in a spin fluid is not random then the combined
energy density of a macroscopic spin fluid is

ε̃ = ε− 1

4
κs2 − (δlk + uku

l)ui∇{}l s
k
i = ε− 1

4
κs2 −∇{}k s

k
iu
i

= ε− 1

4
κs2 + ski∇{}[k ui] = ε− 1

4
κs2 + ski∂[kui]. (2.5.117)

In a locally Galilean frame of reference which is also a rest frame, (2.5.117) becomes

ε̃ = ε− 1

4
κs2 +

1

2
s · curl v. (2.5.118)

where s is the spatial spin-density pseudovector (2.4.186). The quantity
√
s2 is proportional to the

square of the proper particle number density, n2.
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2.5.13 Raychaudhuri equation

We consider a congruence of particles with four-velocity ui. We define the expansion/contraction
scalar θ, the traceless shear tensor σik, and the antisymmetric rotation/vorticity tensor ωik according
to

θ = ui:i, (2.5.119)

σik = u(i:k) −
1

3
θhik − w(iuk), (2.5.120)

ωik = u[i:k] − w[iuk], (2.5.121)

where wi is the four-acceleration (1.6.117). Expansion has θ > 0 and contraction has θ < 0. These
definitions give

ui:jh
j
k = σik + ωik +

1

3
θhik. (2.5.122)

Contracting ui:jk − ui:kj = Rilkju
l with respect to the indices i, j gives θ:ku

k − uj:kjuk = −Rklukul
or

−Rklukul = θ:ku
k − wi:i + ui:ku

k:i. (2.5.123)

Defining

σ2 =
1

2
σikσ

ik, ω2 =
1

2
ωikω

ik (2.5.124)

gives

ui:ku
k:i = 2(σ2 − ω2) +

1

3
θ2, (2.5.125)

which brings (2.5.123) to the Raychaudhuri equation:

dθ

ds
= −2(σ2 − ω2)− 1

3
θ2 + wi:i −Rikuiuk. (2.5.126)

For a perfect fluid, the Einstein equations give

Riku
iuk =

κ

2
(ε+ 3p). (2.5.127)

We define four energy conditions. The null energy condition is satisfied if

Tijk
ikj ≥ 0 (2.5.128)

for any null, future-pointing vector ki. For a perfect fluid, this condition gives

ε+ p ≥ 0. (2.5.129)

The weak energy condition is satisfied if

Tiju
iuj ≥ 0 (2.5.130)

for any causal (null or timelike), future-pointing vector ui. For a perfect fluid, this condition gives

ε+ p ≥ 0, ε ≥ 0. (2.5.131)

The strong energy condition is satisfied if(
Tij −

1

2
Tgij

)
uiuj ≥ 0 (2.5.132)

for any causal, future-pointing vector ui. For a perfect fluid, this condition gives

ε+ p ≥ 0, ε+ 3p ≥ 0. (2.5.133)
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The dominant energy condition is satisfied if the weak condition is satisfied and Tiju
j is a causal,

future-pointing vector. For a perfect fluid, this condition gives

ε+ p ≥ 0, ε ≥ |p|. (2.5.134)

This condition guarantees that particles in a congruence do not move faster than light. The dominant
condition implies the weak condition. The weak condition implies the null condition. The strong
condition implies the null condition.

If the strong condition is satisfied and particles in a congruence move without rotation and
acceleration (ωik = wi = 0) then (2.5.126) and the Einstein equations give

dθ

dτ
≤ − c

3
θ2. (2.5.135)

If θ0 is θ at τ = 0 then

θ−1 ≥ θ−1
0 +

cτ

3
. (2.5.136)

Therefore, if θ0 < 0 (initial contraction) then θ diverges to a curvature singularity (a point in
spacetime where the density of matter and curvature are infinite) as τ increases: θ → −∞.

2.5.14 Event horizon

If a hypersurface S in spacetime is given by an equation of constraint,

f(xi) = 0, (2.5.137)

then the vector normal to this hypersurface is

ni =
∂f

∂xi
. (2.5.138)

If such a vector is a null vector,
nin

i = 0, (2.5.139)

then S is a null hypersurface. All infinitesimal displacements dxi along such a hypersurface satisfy,
according to (2.5.138),

df = nidx
i = 0. (2.5.140)

Equations (2.5.139) and (2.5.140) indicate that ni lies itself on the null hypersurface to which it is
normal,

dxi ∝ ni, (2.5.141)

which also gives
ds2 = dxidx

i ∝ nini = 0. (2.5.142)

Thus all world lines on a null hypersurface are null. The light cones at the points of such a hy-
persurface are tangent to this hypersurface. Since all physical world lines must lie within the local
light cones, the forward-time motion through a null hypersurface can occur in only one direction.
To avoid any discontinuities, this direction is the same for all points on such a hypersurface. A null
hypersurface is therefore an event horizon: a boundary in spacetime beyond which events cannot
affect events on the other side. All laws of classical physics are known to be time-symmetric, that
is, symmetric under the transformation t→ −t. However, the existence of event horizons, which are
solutions to these laws and provide boundary conditions for spacetime, violates this symmetry. The
unidirectional character of the motion of matter through an event horizon can be used to define the
past and the future: the arrow of time.
References: [1, 2, 3, 4, 5, 6, 8].
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2.6 Spinor fields

2.6.1 Dirac matrices

The Dirac matrices defined by (1.7.1) are complex. A particular solution of (1.7.1) is given by the
Dirac representation:

γ0 =

(
I 0
0 −I

)
, γα =

(
0 σα

−σα 0

)
, (2.6.1)

where I is the unit 2×2 matrix and

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
(2.6.2)

are the Pauli matrices (all indices are coordinate invariant). The Pauli matrices are traceless tr(σα) =
0 and Hermitian σα† = σα (the Hermitian conjugation of a matrix A is the combination of the
complex conjugation and transposition, A† = A∗T ), satisfy

σασβ = δαβ + iεαβγσγ , (2.6.3)

and their square is I. The identity (2.6.3) gives the anticommutation relation[σα
2
,
σβ
2

]
= iεαβγ

σγ
2
, (2.6.4)

so γα
2 form the lowest, two-dimensional representation of the angular momentum operator Mα

(1.6.77). The properties of σα imply that the Dirac matrices are traceless tr(γi) = 0 and satisfy

γ0† = γ0, γα† = −γα, γi† = γ0γiγ0, γi∗ = γ2γiγ2. (2.6.5)

The relation (1.7.1) yields the total antisymmetry of γ0γ1γ2γ3:

γ0γ1γ2γ3 = γ[0γ1γ2γ3]. (2.6.6)

We define

γ5 = − i

24
eijklγ

iγjγkγl = iγ0γ1γ2γ3, (2.6.7)

which is traceless tr(γ5) = 0 and Hermitian γ5† = γ5, and satisfies

{γi, γ5} = 0, (γ5)2 = 1. (2.6.8)

In the Dirac representation,

γ5 = γ5∗ =

(
0 I
I 0

)
. (2.6.9)

The anticommutation relation (1.7.1) gives

γiγi = 4, (2.6.10)

γiγjγi = −2γj , (2.6.11)

γiγjγkγi = 4ηjkI, (2.6.12)

γiγjγkγlγi = −2γlγkγj , (2.6.13)

γiγjγk = ηijγk + ηjkγi − ηikγj + ieijklγlγ
5. (2.6.14)

The Dirac representation is not unique; the relation (1.7.1) is invariant under a similarity trans-
formation γi → SγiS−1, where S is a nondegenerate (detS 6= 0) matrix. Accordingly, ψ → Sψ

and ψ̄ → ψ̄S−1. Taking S = 1√
2

(
I −I
I I

)
turns the Dirac representation into the chiral or Weyl

representation, in which

γ0 =

(
0 I
I 0

)
, γα =

(
0 σα

−σα 0

)
, γ5 =

(
−I 0
0 I

)
. (2.6.15)
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For an infinitesimal Lorentz transformation (1.6.7), the relations (1.7.5) and (1.7.6) give L =
I + 1

8εab(γ
aγb − γbγa), so

L† = I +
1

8
εab(γ

b†γa† − γa†γb†) (2.6.16)

is equal to L−1 (so L is unitary) for rotations and equal to L for boosts. The relation (2.6.5) gives
then

L†γ0 = γ0 +
1

8
εab(γ

b†γa† − γa†γb†)γ0 = γ0 − 1

8
εabγ

0(γaγb − γbγa) = γ0L−1. (2.6.17)

Thus the quantity ψ†γ0 transforms under (1.7.7) like an adjoint spinor:

ψ†γ0 → ψ†L†γ0 = ψ†γ0L−1. (2.6.18)

The spinors ψ and ψ†γ0 can be used to construct tensors, as in (1.7.11): ψ†γ0ψ transforms like
a scalar, ψ†γ0γiψ is a vector, ψ†γ0γ[iγj]ψ is an antisymmetric tensor, ψ†γ0γ5ψ is a pseudoscalar
(dual scalar density), and ψ†γ0γiγ5ψ is a pseudovector (dual vector density). Higher-rank tensors
constructed from ψ and ψ†γ0 reduce to the above 5 kinds of tensors because of (2.6.14). Hereinafter,
we will use ψ̄ to denote ψ†γ0. To show that ψ̄γ5ψ transforms like a pseudoscalar, we substitute
(1.7.4) into (2.6.7) and use (2.6.6), which gives

γ5 = iΛ0
aΛ1

bΛ
2
cΛ

3
dLγ

aγbγcγdL−1 = iΛ0
aΛ1

bΛ
2
cΛ

3
dLγ

[aγbγcγd]L−1. (2.6.19)

Using (1.1.22) and
γ[aγbγcγd] = −ieabcdγ5, (2.6.20)

which results from (2.6.7), gives

γ5 = eabcdΛ0
aΛ1

bΛ
2
cΛ

3
dLγ

5L−1 = det(Λab)Lγ
5L−1. (2.6.21)

Therefore we have
ψ̄γ5ψ → ψ̄L−1det(Λab)Lγ

5L−1Lψ = det(Λab)ψ̄γ
5ψ, (2.6.22)

which is the transformation law for a Lorentz scalar density. Similarly,

ψ̄γcγ5ψ → ψ̄L−1Λcddet(Λab)Lγ
dγ5L−1Lψ = det(Λab)Λ

c
dψ̄γ

dγ5ψ, (2.6.23)

which is the transformation law for a Lorentz vector density.
We define the chirality projection operators

P± =
I ± γ5

2
, P+ + P− = I, P 2

± = I, P+P− = P−P+ = 0. (2.6.24)

They project a spinor ψ into the right-handed spinor ψR and left-handed spinor ψL,

ψR = P+ψ, ψL = P−ψ, ψ = ψR + ψL. (2.6.25)

If we split a spinor ψ into two two-component parts,

ψ =

(
u
v

)
, (2.6.26)

then, in the chiral representation:

ψL =

(
u
0

)
, ψR =

(
0
v

)
. (2.6.27)

An infinitesimal rotation is described by a Lorentz matrix (1.6.7) with ε0α = 0. The correspond-
ing spinor transformation matrix (1.7.5) in the Dirac representation is, using (1.6.25),

L = I +
1

4
εαβγ

αγβ = I +
1

4
eαβγγ

αγβϑγ = I − i

2
ϑα

(
σα 0
0 σα

)
. (2.6.28)
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Thus the (unitary) spinor transformation matrix for a finite rotation by an angle ϑ about an axis
parallel to a unit vector n, ϑ = ϑn, is

L = exp

[
− i

2
ϑ ·
(
σ 0
0 σ

)]
= cos

ϑ

2
I − i sin

ϑ

2
n ·
(
σ 0
0 σ

)
. (2.6.29)

If we split a spinor ψ into two parts u and v (2.6.26), then both u and v transform under rotations
according to

u→ Su, v → Sv, (2.6.30)

where

S = cos
ϑ

2
I − i sin

ϑ

2
n · σ. (2.6.31)

A rotation by a full angle 2π changes the sign of a spinor. A rotation by 4π brings a spinor into its
original position.

An infinitesimal boost is described by a Lorentz matrix (1.6.7) with εαβ = 0. The corresponding
spinor transformation matrix (1.7.5) in the Dirac representation is, using (1.6.26),

L = I +
1

2
ε0αγ

0γα = I +
1

2
ηαγ

0γα = I +
1

2
ηα

(
0 σα
σα 0

)
. (2.6.32)

Thus the spinor transformation matrix for a finite boost with a rapidity η along an axis parallel to
a unit vector n, η = ηn, is

L = exp

[
1

2
η ·
(

0 σ
σ 0

)]
= cosh

η

2
I + sinh

η

2
n ·
(

0 σ
σ 0

)
. (2.6.33)

Using (1.6.90) gives

L =
1√

2(1 + γ)

(
1 + γ γβ · σ
γβ · σ 1 + γ

)
. (2.6.34)

If this boost transforms a particle of mass m from rest to a motion with momentum p and energy
E then (2.6.34) is equivalent, due to (2.4.209) and (2.4.210), to

L =
1√

2mc2(E +mc2)

(
E +mc2 cσ · p
cσ · p E +mc2

)
. (2.6.35)

2.6.2 Dirac equation

A Lagrangian density for dynamical spinor fields must contain first derivatives of spinors. The
simplest scalar containing derivatives of spinors is quadratic in ψ, ψ̄γiψ;i, where ψ;i is the covariant
derivative of ψ (1.7.14). This quantity is complex. In the locally inertial frame of reference, its
complex conjugate is

(ψ̄γiψ,i)
∗ = (ψ̄γiψ,i)

† = ψ†,iγ
i†ψ̄† = ψ̄,iγ

0γi†γ0ψ = ψ̄,iγ
iψ, (2.6.36)

so both ψ̄γiψ,i + ψ̄,iγ
iψ and i(ψ̄γiψ,i − ψ̄,iγiψ) are real. The former is, however, equal to a total

divergence (ψ̄γiψ),i, so a Lagrangian density proportional to such term does not contribute to field
equations. Thus the simplest dynamical part of a spinor Lagrangian density is proportional to
i(ψ̄γiψ,i − ψ̄,iγiψ). Another scalar that can be used in a spinor Lagrangian is proportional to ψ̄ψ.
Therefore the simplest Lagrangian density for spinor fields, in the locally Galilean frame of reference,
has the form

Lψ =
i

2
(ψ̄γiψ,i − ψ̄,iγiψ)−mψ̄ψ, (2.6.37)

where m is a real scalar constant called the spinor mass, and it is referred to as the Dirac Lagrangian
density. For any frame of reference,

Lψ =
ie

2
(ψ̄γiψ;i − ψ̄;iγ

iψ)−meψ̄ψ =
ie

2
eia(ψ̄γaψ;i − ψ̄;iγ

aψ)−meψ̄ψ. (2.6.38)
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We consider the metric formulation of gravity with the Einstein-Hilbert action (2.5.1). Therefore
spacetime has the Riemannian geometry, so ψ;i = ψ:i. Varying (2.6.38) with respect to ψ̄ and
omitting total derivatives gives

δLψ = δψ̄(iγiψ:i −mψ), (2.6.39)

so the stationarity of the action δS = 0 under δψ̄ gives the Dirac equation:

iγiψ:i = mψ. (2.6.40)

Varying (2.6.38) with respect to ψ and omitting total derivatives gives the adjoint conjugate of
(2.6.40):

−iψ̄:iγ
i = mψ̄. (2.6.41)

The Dirac equation is linear in ψ, so ψ can be multiplied by an arbitrary constant without altering
(2.6.40). Varying (2.6.38) with respect to eia gives the tetrad energy-momentum density for the
spinor field,

T a
i =

ie

2
(ψ̄γaψ:i − ψ̄:iγ

aψ − eai ψ̄γjψ:j + eai ψ̄:jγ
jψ) +meeai ψ̄ψ, (2.6.42)

so

Tik =
i

2
(ψ̄γ(kψ:i) − ψ̄:(iγk)ψ − gikψ̄γjψ:j + gikψ̄:jγ

jψ) +mgikψ̄ψ. (2.6.43)

The conservation law (2.4.24) applied to the energy-momentum tensor (2.6.43) gives the Dirac
equations (2.6.40) and (2.6.41).

Subtracting (2.6.41) multiplied by ψ from (2.6.40) multiplied by ψ̄ gives, using (1.7.33) and
ψ|i = ψ:i,

(ψ̄γiψ)|i = (ψ̄γiψ):i = 0, (2.6.44)

so the vector density
jiV = eψ̄γiψ, (2.6.45)

called the vector Dirac current, is conserved: jiV,i = 0 or

∂ρ

∂t
+ ∇ · j = 0, (2.6.46)

where
cρ = eψ†ψ, j = eψ̄γψ. (2.6.47)

The vector Dirac current is real because

(ψ̄γiψ)∗ = (ψ†γ0γiψ)† = ψ†γi†γ0ψ = ψ†γ0γiψ = ψ̄γiψ. (2.6.48)

The spinor density ρ is real and positive. The conservation law (2.6.46) is referred to as the equation
of continuity, like (2.5.96).

The Dirac equation (2.6.40) gives

−γj(γiψ:i)|j = imγjψ:j (2.6.49)

or, due to (1.7.33),
−γjγiψ:ij = m2ψ. (2.6.50)

Using (1.7.30) (in the absence of torsion) and (1.7.39) turns (2.6.50) into the Klein-Gordon-Fock
equation:

ψ
i

:i +m2ψ =
1

8
Pklijγ

kγlγiγjψ, (2.6.51)

where Pijkl is the Riemann curvature tensor. If a spinor is equal to its either left- or right-handed
projection, ψ = ψL or ψ = ψR, then it is called a Weyl spinor. Multiplying (2.6.40) by P± gives

iP±γ
iψ:i = iγiP∓ψ:i = mP±ψ (2.6.52)

or
iγiψ

L(R)
:i = mψR(L). (2.6.53)

Thus if ψ is a Weyl spinor then m = 0.
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2.6.3 Spinors in Einstein-Cartan-Sciama-Kibble gravity

We consider the metric-affine formulation of gravity with the Einstein-Cartan action (2.5.47), in
which spacetime has the Riemann-Cartan geometry. Varying (2.6.38) with respect to eia gives the
tetrad energy-momentum density for the spinor field,

T a
i =

ie

2
(ψ̄γaψ;i − ψ̄;iγ

aψ − eai ψ̄γjψ;j + eai ψ̄;jγ
jψ) +meeai ψ̄ψ. (2.6.54)

Putting the definition of the covariant derivative of a spinor (1.7.14) into (2.6.38) gives

Lψ =
ie

2
(ψ̄γiψ,i − ψ̄,iγiψ)− ie

2
ψ̄{γi,Γi}ψ −meψ̄ψ. (2.6.55)

Using the Fock-Ivanenko coefficients (1.7.28) as the spinor connection Γi turns (2.6.55) into

Lψ =
ie

2
(ψ̄γiψ,i − ψ̄,iγiψ) +

ie

8
ωabiψ̄{γi, γaγb}ψ −meψ̄ψ. (2.6.56)

The spin density (2.3.17) corresponding to the Lagrangian density (2.6.56) is, due to the identity
{γi, γjγk} = 2γ[iγjγk],

Sijk =
ie

2
ψ̄γ[iγjγk]ψ. (2.6.57)

The spin density (2.6.57) is totally antisymmetric,

Sijk = S[ijk], (2.6.58)

and independent of the spinor mass m. The corresponding spin tensor is also totally antisymmetric,

sijk =
i

2
ψ̄γ[iγjγk]ψ = s[ijk] = −eijklsl, (2.6.59)

where

si =
1

2
ψ̄γiγ5ψ. (2.6.60)

The second Einstein-Cartan equation (2.5.57) for the spin tensor (2.6.59) gives a totally antisym-
metric torsion tensor,

Sijk = − iκ
4
ψ̄γ[iγjγk]ψ, (2.6.61)

so Si = 0. Thus the contortion tensor is, using (2.6.14),

Cijk =
κ

4
εijklψ̄γ

lγ5ψ. (2.6.62)

The pseudovector density
jiA = eψ̄γiγ5ψ = 2esi (2.6.63)

is called the axial Dirac current. The axial Dirac current and the pseudovector (2.6.60) are real
because

(ψ̄γiγ5ψ)∗ = (ψ†γ0γiγ5ψ)† = ψ†γ5γi†γ0ψ = ψ†γ5γ0γiψ = ψ†γ0γiγ5ψ = ψ̄γiγ5ψ. (2.6.64)

Thus the spin tensor (2.6.59) is also real.
Varying (2.6.56) with respect to ψ̄ gives, after omitting total divergences,

i

2

(
eγkψ,k + (eγkψ),k − e{Γk, γk}ψ

)
− emψ = 0. (2.6.65)

Substituting
(eγkψ),k = eγkψ,k + eγk;kψ − 2eSkγ

kψ = eγkψ,k + e[Γk, γ
k]ψ (2.6.66)
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into (2.6.65) gives
iγkψ,k − iγkΓkψ −mψ = iγkψ;k −mψ = 0. (2.6.67)

The relation (1.5.33) gives

ψ;k = ψ:k +
1

4
Cijkγ

iγjψ, (2.6.68)

from which we obtain, upon substituting (2.6.62),

γkψ;k = γkψ:k +
κ

16
εijkl(ψ̄γ

lγ5ψ)γkγiγjψ = γkψ:k +
iκ

16
εijkl(ψ̄γ

lγ5ψ)εijkmγmγ
5ψ

= γkψ:k −
3iκ

8
(ψ̄γlγ5ψ)γlγ

5ψ. (2.6.69)

Therefore (2.6.67) becomes the Hehl-Datta equation:

iγkψ:k +
3κ

8
(ψ̄γkγ

5ψ)γkγ5ψ = mψ. (2.6.70)

Varying (2.6.56) with respect to ψ gives the adjoint conjugate of (2.6.70),

−iψ̄:kγ
k +

3κ

8
(ψ̄γkγ

5ψ)ψ̄γkγ5 = mψ̄. (2.6.71)

The Hehl-Datta equation (2.6.70) differs from the Dirac equation (2.6.40) by a nonlinear term,
cubic in the spinor field and representing a spinor self-interaction, corresponding to a spin-spin
interaction in the tensor (2.5.58). The conservation law (2.4.32) applied to the energy-momentum
density (2.6.54) gives the Hehl-Datta equations (2.6.70) and (2.6.71). Subtracting (2.6.71) multiplied
by ψ from (2.6.70) multiplied by ψ̄ gives the conservation of the vector Dirac current (2.6.45). In
the metric formulation of gravity, (2.6.70) and (2.6.71) are the field equations corresponding to the
Hehl-Datta Lagrangian density:

Lψ =
ie

2
(ψ̄γiψ:i − ψ̄:iγ

iψ)−meψ̄ψ +
3κe

16
(ψ̄γkγ

5ψ)(ψ̄γkγ5ψ). (2.6.72)

The total antisymmetry of the spin density (2.6.58) implies

N ijk = N [ijk], (2.6.73)

where N ijk is given by (2.4.106). We also have

N ijk = 3S[ijuk], (2.6.74)

where Sij is the intrinsic spin tensor (2.4.175). The covariant (with respect to the Levi-Civita
connection) change (2.4.148) of the spin pseudovector along a world line becomes

D{}J i

ds
= −uiD

{}uk

ds
Jk +

D{}ui

ds
ukJk +

3

2
eijnmujS

n
ikN

ikm = 3Sijku
jNk, (2.6.75)

where

N i =
1

6
eijklNjkl. (2.6.76)

If N i ∝ J i then (2.6.75) gives J iJi = const. For a point or a system of points, M i[jk] given by
(2.4.105) vanishes. Thus (2.4.131) reduces to

N ijl =
ul

u0
N ij0, (2.6.77)

which for a spinor particle gives N il0 = − ul

u0N
i00 and thus N ijk = 0 or

ψ = 0. (2.6.78)
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Therefore a spinor field in the Einstein-Cartan-Sciama-Kibble gravity cannot be approximated as a
point particle or a system of point particles.

For a totally antisymmetric spin tensor, the correction to the dynamical energy-momentum tensor
from the spin contributions to the geometry of spacetime (2.5.58) reduces to

U ik =
κ

4

(
sijlskjl −

1

2
giksjlmsjlm

)
. (2.6.79)

The relation (2.6.74) suggests that
sijk = 3s[ijuk], (2.6.80)

where sij is the spin-density tensor (2.4.181). Analogously to (2.4.145), we can define the spin-density
pseudovector

si =
1

2
eijklujskl, (2.6.81)

which is orthogonal to ui,
siui = 0. (2.6.82)

The inverse relation is
sik = −eikjlujsl. (2.6.83)

The spin-density pseudovector (2.6.81) coincides with the pseudovector (2.6.60).

2.6.4 Discrete symmetries of spinors

The spinor representation of the parity transformation (1.6.3) is given by

LP = Cγ0, (2.6.84)

where C = const. Indeed, substituting (3.1.170) into (1.7.4) gives, using (2.6.5),

γa = Λabγ
0γbγ0 = Λabγ

b†, (2.6.85)

which holds if Λab = Λab(P ). Since the double parity transformation is equivalent to the iden-
tity transformation, L2

P = I, we have C = ±1. The spinor representation of the time-reversal
transformation (1.6.4) is given by

LT = Cγ0γ5, (2.6.86)

where C = const. Indeed, substituting (3.1.172) into (1.7.4) gives, using (2.6.5) and (2.6.8),

γa = Λabγ
0γ5γbγ5γ0 = −Λabγ

b†, (2.6.87)

which holds if Λab = Λab(T ). Since the double time-reversal transformation is equivalent to the
identity transformation, L2

T = I, we have C = ±i.
The charge conjugation of a spinor ψ is defined as

ψc = −iγ2ψ∗, ψ∗ = −iγ2ψc. (2.6.88)

The double charge-conjugation transformation is equivalent to the identity transformation:

(ψc)c = −iγ2(ψc)∗ = −iγ2(−iγ2ψ∗)∗ = γ2γ2∗ψ = ψ. (2.6.89)

The charge conjugation of the left-handed projection of a spinor is the right-handed projection of
the charge conjugation of the spinor and vice versa (cf. (2.6.25)):(

(I ∓ γ5)ψ
)c

= −iγ2
(

(I ∓ γ5)ψ
)∗

= −iγ2(I ∓ γ5)ψ∗ = −i(I ± γ5)γ2ψ∗

= (I ± γ5)γc. (2.6.90)

References: [3, 4, 11].
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2.7 Electromagnetic field

2.7.1 Gauge invariance and electromagnetic potential

The Lagrangian density (2.6.38) is a real combination of the complex Dirac matrices γi and spinors
ψ, ψ̄. It is invariant under a gauge transformation of the first type of the spinor fields,

ψ → ψ′ = eieαψ, ψ̄ → ψ̄′ = e−ieαψ̄, (2.7.1)

if eα is a real scalar constant, but it is not invariant for eα(xi), because

ψ′;µ = eieα(ψ;µ + ieα,µψ). (2.7.2)

Introduce a compensating vector field Aµ, called the electromagnetic potential, such that the Weyl
or electromagnetic covariant derivative

Dµ = ∇µ − ieAµ (2.7.3)

of a spinor ψ,
Dµψ = ψ;µ − ieAµψ, (2.7.4)

transforms under (2.7.1) like ψ:
Dµψ

′ = eieαDµψ. (2.7.5)

This requirement gives
ψ′;µ − ieA′µψ′ = eieα(ψ;µ − ieAµψ), (2.7.6)

which, with (2.7.1) and (2.7.2), yields the transformation law for the electromagnetic potential,

A′µ = Aµ + α,µ, (2.7.7)

called a gauge transformation of the second type. The real scalar constant e is called the spinor
electric charge. The adjoint conjugation of (2.7.4) is

Dµψ̄ = ψ̄;µ + ieA∗µψ̄. (2.7.8)

The scalar ψ̄ψ is invariant under (2.7.1), so

Dµ(ψ̄ψ) = ∂µ(ψ̄ψ), (2.7.9)

which constraints the electromagnetic potential to be real:

A∗µ = Aµ. (2.7.10)

The time component of Aµ, φ = A0, is called the electric potential and the spatial components
Aα form the magnetic potential A:

Aµ = (φ,A). (2.7.11)

The gauge transformation (2.7.7) reads

φ′ = φ+
∂α

c∂t
, A′ = A−∇α. (2.7.12)

In the local Minkowski spacetime, Aµ transforms according to (1.6.99),(
φ
A

)
=

(
γ γβ

γβ 1 + (γ−1)β
β2 β

)(
φ′

A′

)
. (2.7.13)

The gauge-invariant modification of the Dirac Lagrangian density (2.6.38) is

Lψ =
ie

2
eia(ψ̄γaDiψ −Diψ̄γ

aψ)−meψ̄ψ. (2.7.14)
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The spin density corresponding to the Lagrangian density (2.7.14) remains equal to (2.6.57); it is
independent of the electric charge e. The electromagnetic potential corresponds, up to the multipli-
cation by an arbitrary constant, to the vector multiple of I in the formula for the spinor connection
(1.7.26). The electromagnetic potential is analogous to the affine connection: it modifies a derivative
of a spinor so such derivative transforms like a spinor under unitary gauge transformations of the
first type, while the connection modifies a derivative of a tensor so such derivative transforms like a
tensor under coordinate transformations.

The gauge-invariant modification of the Dirac equation (2.6.40) is

iγkψ:k + eAkγ
kψ = mψ, (2.7.15)

whose adjoint conjugate is
−iψ̄:kγ

k + eAkψ̄γ
k = mψ̄. (2.7.16)

The gauge-invariant modification of the Hehl-Datta equation (2.6.70) is

iγkψ:k + eAkγ
kψ = mψ − 3κ

8
(ψ̄γ5γkψ)γ5γkψ, (2.7.17)

whose adjoint conjugate is

−iψ̄:kγ
k + eAkψ̄γ

k = mψ̄ − 3κ

8
(ψ̄γ5γkψ)ψ̄γ5γk. (2.7.18)

Taking the complex conjugate of (2.7.17) gives, using (2.6.64),

−iγk∗ψ∗:k + eAkγ
k∗ψ∗ = mψ∗ − 3κ

8
(ψ̄γ5γkψ)γ5∗γk∗ψ∗. (2.7.19)

Using (2.6.5), (2.6.8), (2.6.9) and (2.6.88) turns (2.7.19) into

iγkψc:k − eAkγkψc = mψc − 3κ

8
(ψ̄γ5γkψ)γ5γkψc. (2.7.20)

Finally, one can show that
ψ̄γ5γkψ = (ψ̄γ5γkψ)∗ = −ψ̄cγ5γkψ

c, (2.7.21)

so (2.7.20) reads

iγkψc:k − eAkγkψc = mψc +
3κ

8
(ψ̄cγ5γkψ

c)γ5γkψc. (2.7.22)

Comparing (2.7.22) with (2.6.70) shows that ψ and ψc satisfy, apart from the cubic term, the same
equation for e and −e, respectively. Thus the charge-conjugation transformation changes sign of the
spinor electric charge. In the Einstein gravity, the cubic term vanishes; (ψ,Ai) and (ψc,−Ai) are
symmetric under the charge-conjugation transformation. In the Einstein-Cartan gravity, the cubic
term does not vanish and it changes sign under the charge-conjugation transformation. In this case,
(ψ,Ai) and (ψc,−Ai) are not symmetric under the charge-conjugation transformation: the torsion
generates an asymmetry between a spinor and its charge conjugate.

2.7.2 Electromagnetic field tensor

The commutator of total covariant derivatives of a spinor is given by (1.7.30) with the curvature
spinor Kij given by (1.7.36), where the tensor Bij is related to the vector Ai in (1.7.26) by (1.7.38).
Therefore the commutator of the electromagnetic covariant derivatives of a spinor, [Di, Dj ]ψ, is
given by (1.7.30) with the curvature spinor

Kij =
1

4
Rklijγ

kγl + ieFijI, (2.7.23)

where the antisymmetric tensor

Fij = Aj,i −Ai,j = Aj:i −Ai:j (2.7.24)
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is referred to as the electromagnetic field tensor. The electromagnetic field tensor is analogous to
the curvature tensor: it appears in the expression for the commutator of electromagnetic covariant
derivatives of a spinor, while the curvature tensor appears in the expression for the commutator of
coordinate-covariant derivatives of a tensor. Substituting (2.7.7) into (2.7.24) gives

F ′ij = Fij , (2.7.25)

so the electromagnetic field tensor is gauge invariant. The definition (2.7.24) is equivalent to the
first Maxwell-Minkowski equation

Fij,k + Fjk,i + Fki,j = Fij:k + Fjk:i + Fki:j = 0 (2.7.26)

or
εijklFjk,l = εijklFjk:l = 0. (2.7.27)

We define a spatial vector E whose covariant components are related to the 0α components of
the electromagnetic field tensor (2.7.24):

Eα = F0α, (2.7.28)

and a spatial tensor Bαβ equal to the spatial part of (2.7.24):

Bαβ = Fαβ , B
α = − 1

2
√
s
εαβγBβγ , Bαβ = −

√
sεαβγB

γ , (2.7.29)

where s is given by (1.4.110). The component of (2.7.26) with all spatial indices, Bαβ,γ + Bβγ,α +
Bγα,β = 0, gives, using (1.4.126),

div B = 0. (2.7.30)

The components of (2.7.26) with one temporal index, Bαβ,0 +Eα,β−Eβ,α = 0, gives, using (1.4.127),

curl E = − 1

c
√
s

∂(
√
sB)

∂t
. (2.7.31)

The spatial vector E is called the electric field and the spatial pseudovector B is the magnetic field.
In the locally geodesic and Galilean frame of reference, these fields depend on the components

of the electromagnetic potential (2.7.11) according to (2.7.24):

E = −∂A

c∂t
−∇φ, (2.7.32)

B = ∇×A, (2.7.33)

and they are invariant under (2.7.12). The tensor Fij is given by

Fij =


0 Ex Ey Ez
−Ex 0 −Bz By
−Ey Bz 0 −Bx
−Ez −By Bx 0

 , E = (F01, F02, F03), B = (F32, F13, F21), (2.7.34)

and transforms according to (1.6.100). Thus the electric and magnetic fields transform according to

E = γ(E′ − β ×B′) +
1− γ
β2

(β ·E′)β, (2.7.35)

B = γ(B′ + β ×E′) +
1− γ
β2

(β ·B′)β. (2.7.36)

In this frame, (2.7.30) and (2.7.31) become the first pair of the Maxwell equations:

div B = 0, (2.7.37)

curl E = −∂B

c∂t
. (2.7.38)
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Applying the div operator to (2.7.33) gives (2.7.37) and applying the curl operator to (2.7.32) gives
(2.7.38). Applying the div operator to (2.7.38) gives (2.7.37). Integrating the first pair of the
Maxwell equations over the volume and surface area, respectively, gives∮

B · df = 0, (2.7.39)∮
E · dl = − ∂

c∂t

(∫
B · df

)
. (2.7.40)

The integral
∮

A ·df is the flux of a vector A through the surface f and the integral
∮

A ·dl is called
the circulation of A along the contour l. Thus the flux of the magnetic field through a closed surface
vanishes and the circulation of the electric field along a contour, which is called the electromotive
force, is equal to the minus time derivative of the flux of the magnetic field through the surface
enclosed by this contour (Faraday’s law).

In a locally Galilean frame of reference, the simplest invariants (under proper Lorentz transfor-
mations) of the electromagnetic field are quadratic in Fij :

FijF
ij = 2(B2 − E2) = const, eijklFijFkl = 8E ·B = const. (2.7.41)

If the vectors E and B are mutually perpendicular in frame K, E ·B = 0, then they are mutually
perpendicular in other inertial frames. If E and B are equal in magnitude in K, B2 −E2 = 0, then
they are equal in magnitude in other inertial frames. The transformation laws (2.7.35) and (2.7.36)
imply that if E′ = 0 in the frame K ′ then in the frame K

E = −γβ ×B′ = −β ×B, (2.7.42)

and if B′ = 0 in the frame K ′ then in the frame K

B = γβ ×E′ = β ×E. (2.7.43)

If the vectors E and B are mutually perpendicular in K, but not equal in magnitude, then there
exists a frame K ′ in which the field is either electric, B′ = 0 (if E > B), or magnetic, E′ = 0 (if
E < B). The velocity of K ′ relative to K is perpendicular to E and B, and it is equal in magnitude
to respectively either cBE or cEB . Equivalently, if one of the vectors E,B vanishes in one frame of
reference then these vectors are mutually perpendicular in other inertial frames. Except for the case
where the vectors E and B are mutually perpendicular and equal in magnitude, there exist frames
in which these vectors are parallel to each other at a given point. These frames move relative to one
another with velocities parallel to both vectors. One of such frames, K ′ (in which E′ ‖ B′), has a
velocity V relative to K which is perpendicular to both vectors E and B. Substituting the formulae

E′ = γ(E + β ×B) +
1− γ
β2

(β ·E)β, (2.7.44)

B′ = γ(B− β ×E) +
1− γ
β2

(β ·B)β, (2.7.45)

which are inverse to (2.7.35) and (2.7.36), into the condition E′ × B′ = 0 and using β = kE × B,

where k is a constant of proportionality, gives
(
E + k(E×B)×B

)
×
(
B− k(E×B)×E

)
= 0 or

k = 1+β2

E2+B2 , so
V
c

1 + V 2

c2

=
E×B

E2 +B2
. (2.7.46)

2.7.3 Lagrangian density for electromagnetic field

The simplest gauge-invariant Lagrangian density representing the electromagnetic field is a linear
combination of terms quadratic in Fij :

√
−gFijF ij and εijklFijFkl, which a locally Galilean frame

of reference reduce to (2.7.41). The second term is a total divergence because of (2.7.27):

εijklFijFkl = 2(εijklFijAl),k, (2.7.47)
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so it does not contribute to the field equations. Thus the Lagrangian density for the electromagnetic
field is given by

LEM = − 1

16π

√
−gFijF ij , (2.7.48)

where the Gaußian factor 1
16π sets the units of Ai. In the locally geodesic and Galilean frame of

reference, (2.7.48) becomes

LEM =
1

8π
(E2 −B2). (2.7.49)

Therefore in order for the action S to have a minimum, there must be the minus sign in front of
the right-hand side of (2.7.48). Otherwise an arbitrarily rapid change of A in time would result in
an arbitrarily large value of E, according to (2.7.32), and thus an arbitrarily low value of S, so the
action would have no minimum. A generalization of the tensor (2.7.24) to a covariant derivative
with respect to the affine connection Γ k

i j , Aj;i − Ai;j = Fij + 2SkijAk, is not gauge invariant, so
the torsion tensor cannot appear in a gauge-invariant Lagrangian density which is quadratic in Fij .
Thus the electromagnetic field, unlike spinor fields, does not couple to torsion.

2.7.4 Electromagnetic current

We define the electromagnetic current density

ji = −cδLm
δAi

, (2.7.50)

and the electromagnetic current vector

ji =
ji√
−g

. (2.7.51)

The invariance of the action under an arbitrary infinitesimal gauge transformation δAi = A′i−Ai =
φ,i gives, upon partial integration and omitting a total divergence,

δS = − 1

c2

∫
jiδAjdΩ = − 1

c2

∫
jiφ,idΩ =

1

c2

∫
ji,iφdΩ = 0, (2.7.52)

so the electromagnetic current is conserved,

ji,i = 0, ji:i = 0. (2.7.53)

The gauge-invariant Lagrangian density (2.7.14) for spinor matter is

Lψ =
ie

2
eia(ψ̄γaψ;i − ψ̄;iγ

aψ)−meψ̄ψ − eAieψ̄γiψ, (2.7.54)

so the electromagnetic current for the spinor field is

ji = eceψ̄γiψ, (2.7.55)

which is proportional to the conserved vector Dirac current (2.6.45). The electromagnetic current
density (2.7.50) corresponds to the current (2.4.7) with ξi=0 and δ̄φ = ieαφ (which is equal to the
infinitesimal φ′ − φ due to (2.7.1)).

We consider matter which is distributed over a small region in space, as in section (2.4.7). Inte-
grating (2.7.53) over the volume hypersurface and using Gauß-Stokes theorem to eliminate surface
integrals gives ∫

j0,0dV = 0. (2.7.56)

The conservation law (2.7.53) also gives

(xkji),i = xk,ij
i + xkji,i = δki j

i = jk, (2.7.57)
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which, upon integrating over the volume hypersurface and using Gauß-Stokes theorem to eliminate
surface integrals, gives (∫

xkj0dV

)
,0

=

∫
jkdV. (2.7.58)

Using (2.4.103) turns (2.7.58) into

uk

u0

∫
j0dV +

(∫
δxkj0dV

)
,0

=

∫
jkdV. (2.7.59)

For a particle located at xa,
∫
δxkj0dV = 0 and ji(x) is thus proportional to δ(x− xa), so

jk =
uk

u0
j0. (2.7.60)

We define the electric charge density ρ such that

j0 =
cρ
√
g00

. (2.7.61)

The electric charge density is not a tensor density. We define the electric charge e such that

ρ
√
sdV = de. (2.7.62)

The electric charge density for particles with charges ea located at xa is

ρ(x) =
∑
a

ea√
s
δ(x− xa), (2.7.63)

and
∫
j0dV (which is equal to

∫
jidSi for a volume hypersurface, so it is a scalar) is∫

j0dV =
∑
a

∫ √
−g cea√

g00

√
s
δ(x− xa)dV = c

∑
a

ea, (2.7.64)

so the electric charge is a scalar. Thus the electromagnetic current vector for a system of charged
particles is

jk(x) =
∑
a

cuk

u0

ea√
−g
δ(x− xa), (2.7.65)

analogously to (2.4.201). The relation (2.7.56) represents the conservation of the total electric charge
of a physical system. For a particle moving along a wordline xa(τ), we have

jk(x) =
cuk

u0

e√
−g
δ(x− xa) = ec

∫
uk√
−g

δ(x− xa(τ))dτ. (2.7.66)

In the locally geodesic and Galilean frame of reference, ui

u0 = (1,v/c), so

ji = (cρ, j), (2.7.67)

where j is the spatial current vector,
j = ρv. (2.7.68)

The conservation law (2.7.53) in this frame, ji,i = 0, has the form of the equation of continuity
(2.6.46). For one particle located at x0(t), ρ(x) = eδ(x− x0), (2.6.46) is explicitly satisfied since

∂ρ

∂t
= e

∂

∂t
δ(x− x0) = ev · ∂

∂x0
δ(x− x0) = −ev · ∂

∂x
δ(x− x0)

= − ∂

∂x
·
(
evδ(x− x0)

)
= −∇ · j, (2.7.69)
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where v = dx0

dt . For a system of charged particles, we also have∫
jdV =

∑
a

eava. (2.7.70)

The equation of continuity (2.6.46) represents, upon integrating over the volume, the conservation
of the total electric charge:

∂

∂t

(∫
ρdV

)
+

∮
j · df = 0. (2.7.71)

2.7.5 Maxwell equations

The total Lagrangian density for the electromagnetic field and matter is the sum of (2.7.48) and the
term −

√
−gAiji due to (2.7.50):

LEM = − 1

16π

√
−gFikF ik −

1

c

√
−gAkjk, (2.7.72)

where we omit the terms corresponding to the gravitational field and matter which does not depend
on Ak. Varying (2.7.72) with respect to Ak, integrating partially and omitting total divergences
gives

δLEM = − 1

8π

√
−gF ikδFik −

jk

c
δAk = − 1

8π

√
−gF ik(δAk,i − δAi,k)− jk

c
δAk

=
1

4π

√
−gF ikδAk,i −

jk

c
δAk =

1

4π
(
√
−gF ik),iδAk −

1

c

√
−gjkδAk, (2.7.73)

so the principle of least action δS = 0 for arbitrary variations δAk yields the second Maxwell-
Minkowski equation

(
√
−gF ik),i =

4π

c
jk (2.7.74)

or

F ik:i =
4π

c
jk. (2.7.75)

The electromagnetic field equation (2.7.74) implies that ji is conserved, ji,i = 0, which corresponds
to the conservation of the total electric charge, but does not constrain the motion of particles.
Therefore a configuration of charged particles producing the electromagnetic field can be arbitrary,
subject only to the condition that the total charge be conserved, unlike a configuration of particles
producing the gravitational field which is not arbitrary but constrained by the gravitational field
equations.

We define

Dα = −√g00F
0α, (2.7.76)

Hαβ =
√
g00F

αβ , Hα = −1

2

√
sεαβγH

βγ , Hαβ = − 1√
s
εαβγHγ . (2.7.77)

The relations F0α = g0igαjF
ij and Fαβ = gαigβjFij give then

Dα =
Eα√
g00

+ gβHαβ , (2.7.78)

Bαβ =
Hαβ

√
g00
− gαEβ + gβEα, (2.7.79)

or, in the spatial-vector notation,

D =
E
√
g00
− g ×H, (2.7.80)

B =
H
√
g00

+ g ×E. (2.7.81)
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Using (1.4.107) brings the temporal component of (2.7.74) to

1√
s

(
√
sDα),α = 4πρ (2.7.82)

or
div D = 4πρ. (2.7.83)

The spatial components of (2.7.74) read

1√
s

(
√
sHαβ),β +

1√
s

(
√
sDα),0 = −4πρ

dxα

dx0
(2.7.84)

or

curl H =
1

c
√
s

∂(
√
sD)

∂t
+

4π

c
j. (2.7.85)

The conservation law (2.7.53) reads

1√
s

∂(
√
sρ)

∂t
+ div j = 0. (2.7.86)

In the locally geodesic and Galilean frame of reference, (2.7.80) and (2.7.81) reduce to

D = E, (2.7.87)

B = H. (2.7.88)

In this frame, (2.7.83) and (2.7.85) become the second pair of the Maxwell equations:

div E = 4πρ, ) (2.7.89)

curl B =
∂E

c∂t
+

4π

c
j. (2.7.90)

Applying the div operator to (2.7.90) and using (2.7.89) gives (2.6.46). Integrating the second pair
of the Maxwell equations over the volume and surface area, respectively, gives∮

E · df = 4πq, (2.7.91)∮
B · dl =

∂

c∂t

(∫
E · df

)
+

4π

c

∫
j · df . (2.7.92)

Thus the flux of the electric field through a closed surface is proportional to the total charge inside
the volume enclosed by the surface f (Gauß’ law) and the circulation of the magnetic field along a
contour is equal to the time derivative of the flux of the electric field through the surface enclosed
by this contour, called the displacement current, plus the surface integral of the current vector (the
Ampère-Ørsted law).

The two pairs of the Maxwell equations are linear in the fields E and B. The sum of any two
solutions of the Maxwell equations is also a solution of these equations. Thus the electromagnetic
field of a system of sources (particles) is the sum of the fields from each source. The additivity of
the electromagnetic field is referred to as the principle of superposition.

2.7.6 Energy-momentum tensor for electromagnetic field

The metric energy-momentum tensor (2.3.3) for the electromagnetic field TEMik is given by the
Lagrangian density (2.7.48):

δLEM =
1

32π

√
−gglmFikF ikδglm −

1

8π

√
−gFikFlmgilδgkm

=
1

8π

√
−g
(

1

4
gikFlmF

lm − F j
i Fkj

)
δgik, (2.7.93)

102



so

TEMik =
1

4π

(
1

4
gikFlmF

lm − F j
i Fkj

)
. (2.7.94)

The corresponding energy density W , energy current S called the Poynting vector, and stress tensor
σαβ called the Maxwell stress tensor, are given in the locally geodesic and Galilean frame of reference,
due to (2.4.71), by

W =
1

8π
(E2 +B2), (2.7.95)

S =
c

4π
E×B, (2.7.96)

σαβ =
1

4π

(
EαEβ +BαBβ −

1

2
δαβ(E2 +B2)

)
. (2.7.97)

Multiplying (2.7.38) by B and (2.7.90) by E and adding these scalar products gives

1

c
E · ∂E

∂t
+

1

c
B · ∂B

∂t
= −4π

c
j ·E− (B · curl E−E · curl B), (2.7.98)

from which we obtain
1

2c

∂

∂t
(E2 +B2) = −4π

c
j ·E− div(E×B) (2.7.99)

or
∂W

∂t
+ j ·E + div S = 0. (2.7.100)

Under Lorentz transformations, W , S and σαβ transform like the corresponding components of a
tensor of rank (0,2) (2.4.71), according to (1.6.100).

The energy-momentum tensor for the electromagnetic field is traceless,

TEMik gik = 0, (2.7.101)

so (2.4.202) and the virial theorem (2.4.203) remain unchanged if the particles interact electromag-
netically. The condition (2.7.101) also gives, using (2.4.88),

εEM = 3pEM , (2.7.102)

so (2.4.204) implies that the free electromagnetic field is ultrarelativistic. In a frame of reference, in
which the vectors E and B are parallel to one another or one of them vanishes (and the x-axis is
along the direction of these vectors), the nonzero components of the tensor Tik are

T00 = −T11 = T22 = T33 = W. (2.7.103)

If the vectors E (along the x-axis) and B (along the y-axis) are mutually perpendicular and equal
in magnitude then

T00 = T03 = T33 = W. (2.7.104)

2.7.7 Lorentz force

We consider a charge particle interacting with the electromagnetic field. The total energy-momentum
tensor for the particle and electromagnetic field is covariantly conserved, which gives the motion of
the particle. The electromagnetic part yields, using (2.7.26) and (2.7.75),

T k
i :k =

1

4π

(
1

2
Flm:iF

lm − Fil:kF kl − FilF kl:k
)

=
1

4π

(
−1

2
Fmi:lF

lm − 1

2
Fil:mF

lm

−Fil:kF kl − FilF kl:k
)

=
1

4π
FilF

kl
:k = −1

c
Filj

l. (2.7.105)
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The particle part gives, using (2.4.195),

T k
i :k =

(
µc2

uiu
k

√
g00u0

)
:k

, (2.7.106)

so we obtain (
µc2

uiu
k

√
g00u0

)
:k

− 1

c
Filj

l = 0. (2.7.107)

Multiplying (2.7.107) by ui and using (2.7.60) gives(
µc2

uk
√
g00u0

)
:k

, (2.7.108)

which turns (2.7.107) into

µc2
uk

√
g00u0

ui:k =
1

c
Filρ

ul
√
g00u0

(2.7.109)

or

mc
D{}ui

ds
=
e

c
F ijuj , (2.7.110)

which is the equation of motion of a particle of mass m and charge e in the electromagnetic field
Fij . Multiplying (2.7.110) by ui gives the identity, so (2.7.110) has 3 independent components. The
right-hand side of (2.7.110) is referred to as the Lorentz force.

In the locally geodesic and Galilean frame of reference, D{}

ds = d
ds = u0

c
d
dt and ui = (γ, γv/c), so

(2.7.110) reads (we choose the spatial components as the 3 independent ones)

mc
duα

dt
= eFα0 +

e

c
Fαβvβ (2.7.111)

or, using (2.4.187),
dP

dt
= eE +

e

c
v ×B. (2.7.112)

The temporal component of (2.7.110) is

mc
du0

dt
=
e

c
F0αv

α (2.7.113)

or
dE

dt
= ev ·E, (2.7.114)

which also results from multiplying (2.7.112) by v and using (2.4.214). Integrating (2.7.100) over
the volume gives

∂

∂t

∫
WdV +

∫
j ·EdV +

∮
S · df = 0, (2.7.115)

which, with (2.7.70) and (2.7.114), yields the conservation of the total energy (2.4.66) of the elec-
tromagnetic field and particles:

∂

∂t

(∫
WdV +

∑
a

Ea

)
+

∮
S · df = 0. (2.7.116)

References: [2, 3].
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3 Particles

3.1 Lagrangian mechanics

3.1.1 Coordinates, velocities and accelerations

For a system of particles, which is localized at a finite number of points in space, spatial coordinates qs
of particles can be taken for physical fields φ. Any quantities qs which completely define the position
of a system of particles are called generalized coordinates of the system. They are differentiable
functions of the time coordinate t, the first derivatives q̇s are called generalized velocities of the
system, and the second derivatives q̈s are called generalized accelerations.

We consider the frame of reference which is locally geodesic and Galilean. The position of
the particle in space is defined by its three-dimensional radius vector r, whose components are its
Cartesian coordinates x, y, z. The velocity of the particle is v = ṙ and its acceleration is a = r̈. We
consider a particle moving along a curve r(t). We define a tangent vector,

t =
dr

ds
, (3.1.1)

where
ds = |dr| =

√
dx2 + dy2 + dz2 (3.1.2)

is the length of an infinitesimal arc of the curve. The tangent vector is a unit vector: |t| = 1. The
velocity is thus tangent to the path of the particle:

v =
dr

dt
=
dr

ds
ṡ = ṡt = vt. (3.1.3)

We define a normal vector,

n =
dt
ds

κ
(3.1.4)

where

κ =

∣∣∣∣dtds
∣∣∣∣ (3.1.5)

is the curvature of the curve. The normal vector is also a unit vector: |n| = 1, and it is orthogonal
to the tangent vector: n · t = 0, which follows from differentiating t · t = 1 with respect to s. The
inverse of the curvature is called the radius of curvature of the curve,

ρ = κ−1. (3.1.6)

The acceleration of the particle is then, using (3.1.3),

a = s̈t + ṡṫ = s̈t + ṡ
dt

ds

ds

dt
= s̈t +

ṡ2

ρ
n, (3.1.7)

so it is the sum of the tangent acceleration s̈t = v̇t and the normal or centripetal acceleration
ṡ2

ρ n = v2

ρ n.
Higher time derivatives of the radius vector, such as the jerk vector

j = ˙̈r, (3.1.8)

involve another unit vector,
b = t× n, (3.1.9)

called the binormal vector. The three mutually perpendicular unit vectors t,n,b constitute a Frenet
trihedron, which can be used as a local basis of a spatial frame of reference associated with a given
particle. We define the torsion of a curve,

τ =
dn

ds
· b, (3.1.10)
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whose inverse is called the radius of torsion of the curve,

σ = τ−1. (3.1.11)

The derivatives of the three vectors t,n,b with respect to s depend on these vectors according to
the Frenet-Serret formulae:  dt/ds

dn/ds
db/ds

 =

 0 κ 0
−κ 0 τ
0 −τ 0

 t
n
b

 . (3.1.12)

3.1.2 Hamilton principle and Lagrange equations

According to the principle of least action or Hamilton’s principle, the dynamics of every classical
system is governed by minimizing the action of the system (2.1.1). We consider a locally Galilean
frame of reference, in which generalized coordinates coincide with Cartesian radius vectors of parti-
cles. The energy-momentum tensor Tik(x) as a function of x for one particle located at the position
x0 is proportional to δ(x− x0), and so is the Lagrangian density L. Thus we can use, instead of L,
the Lagrangian L =

∫
LdV (2.4.53). The action (2.1.1) becomes

S =

∫ t2

t1

L(q, q̇, t)dt, (3.1.13)

where the integration over t is between the instants t1 and t2, and q denotes the generalized coordi-
nates qs.

The principle of least action states that the dynamics of a mechanical system is given by the
condition (2.1.3): the system moves between the positions q(t1) and q(t2) at these instants in such
a way that the integral (3.1.13) takes the least possible value. In most cases L depends only q and
q̇, but not higher derivatives with respect to t, so the mechanical state of the system is completely
defined by the coordinates and velocities (a Lagrangian containing higher derivatives can always be
written in terms of first derivatives by increasing the number of the coordinates qs). The condition
δS = 0 gives, using δq̇ = dδq

dt and integrating by parts,

δ

∫ t2

t1

L(q, q̇, t)dt = δ

∫ t2

t1

(
∂L

∂q
δq +

∂L

∂q̇
δq̇

)
dt =

∫ t2

t1

(
∂L

∂q
− d

dt

∂L

∂q̇

)
δq dt

+

[
∂L

∂q̇
δq

]t2
t1

= 0. (3.1.14)

Since the positions of the system are fixed at t1 and t2, the second term vanishes, so δS = 0 for
arbitrary variations δq gives the Euler-Lagrange or Lagrange equations for each degree of freedom
s = 1..n:

d

dt

∂L

∂q̇s
− ∂L

∂qs
= 0. (3.1.15)

These n second-order differential equations give the relations between accelerations, velocities and
coordinates, i.e. they are the equations of motion of the system. The general solution of the equations
of motion contains thus 2n arbitrary constants, related to the initial velocities and coordinates. If
we do not fix δq = 0 at t1 and t2 then the variation of the action (3.1.14) is, using the Lagrange
equations,

δS =

[
∂L

∂q̇s
δqs

]t2
t1

. (3.1.16)

Adding the total derivative with respect to time of some function f(q, t) to a Lagrangian L gives
a new Lagrangian L′,

L′ = L+
df

dt
, (3.1.17)
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the new action is thus
S′ = S + f

(
q(t1), t1

)
− f

(
q(t2), t2

)
, (3.1.18)

so the conditions δS = 0 and δS′ = 0 are equivalent, and the Lagrange equations do not change.
Thus the Lagrangian of a system is defined up to the additive total time derivative of an arbitrary
function of the coordinates and time. If a system consists of two noninteracting parts A and B,
with corresponding Lagrangian LA(qA) and LB(qB), then the Lagrangian for this system is the sum
LA+LB . This additivity of the Lagrangian means that the field equations for either of the two parts
do not involve quantities pertaining to the other part. If LA also depends on qB and/or q̇B , and/or
LB depends on qA and/or q̇A, then the subsystems A and B interact. Multiplying the Lagrangian L
by an arbitrary constant does not change the Lagrange equations for the corresponding system. The
additive property of Lagrangians admits only the simultaneous multiplication of the Lagrangians of
all the systems by the same constant, corresponding to choosing the unit of the Lagrangian.

If we vary the time, in addition to varying q, then the variation δf of any function f(q, t) can be
decomposed into the part ḟ δt resulting from varying t and the part δ̄f which equals δf if δt = 0:

δf = ḟ δt+ δ̄f. (3.1.19)

Thus the variation of the action is, using d
dt δ̄f = δ̄ḟ and (3.1.19) for f = q,

δS = Ṡδt+ δ̄S = Lδt|t2t1 +

∫ t2

t1

δ̄Ldt = Lδt|t2t1 +

∫ t2

t1

(
∂L

∂q
δ̄q +

∂L

∂q̇
δ̄q̇

)
dt

= Lδt|t2t1 +

∫ t2

t1

(
∂L

∂q
δ̄q +

∂L

∂q̇

d

dt
δ̄q

)
dt = Lδt|t2t1 +

∫ t2

t1

(
∂L

∂q
− d

dt

∂L

∂q̇

)
δ̄q dt

+
∂L

∂q̇
δ̄q

∣∣∣∣t2
t1

=

∫ t2

t1

(
∂L

∂q
− d

dt

∂L

∂q̇

)
δ̄q dt+

[
∂L

∂q̇
δq−

(
∂L

∂q̇
q̇ − L

)
δt

]t2
t1

. (3.1.20)

If δq = 0 and δt = 0 at t1 and t2 then (3.1.20) gives for arbitrary variations δ̄q the Lagrange
equations (3.1.15). If we do not fix the endpoints t1 and t2 and the positions q at these instants
then the variation of the action (3.1.20) is, using the Lagrange equations,

δS =

[
∂L

∂q̇
δq−

(
∂L

∂q̇
q̇ − L

)
δt

]t2
t1

. (3.1.21)

3.1.3 Action for particles

The Lagrange equations (3.1.15) in the Cartesian coordinates are

d

dt

∂L

∂v
− ∂L

∂r
= 0. (3.1.22)

The energy-momentum tensor for a point particle of mass m located at the radius vector r0 is given
by (2.4.196):

T ik(r) = mc2δ(r− r0)
uiuk√
−gu0

, (3.1.23)

so the variation of the action with respect to the metric tensor (2.3.1) gives

δS = − 1

2c

∫
T ikδgik

√
−gdΩ = −mc

2

∫
uiuk

u0
δgikdx

0 = −mc
2

∫
uiukδgikds

= −mc
2

∫
δgikdx

idxk

ds
= −mc

∫
δ
√
gikdxidxk = −mcδ

∫
ds. (3.1.24)

Thus the action for a free (interacting only with the gravitational field) particle is

S = −mc
∫ 2

1

ds, (3.1.25)
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where 1 and 2 denote the world points corresponding to the arrival of the particle at the initial and
final position. The equation of motion of a free particle is thus the metric geodesic equation (1.4.80).
The action for a system of noninteracting particles is the sum of the actions corresponding to each
particle:

S = −
∑
a

mac

∫
dsa. (3.1.26)

If the particles interact with each other then we must add to (3.1.26) the action describing fields
which carry this interaction.

Multiplying the action (3.1.26) by an arbitrary constant does not change the Lagrange equations
for the corresponding system. The additive property of actions admits only the simultaneous multi-
plication of the masses of all the particles by the same constant, corresponding to choosing the unit

of the mass. The integral
∫ 2

1
ds has its maximum value along a straight world line (cf. text after

(1.6.110)). By integrating ds along a curved world line we can make
∫
ds arbitrarily small. Thus if

m < 0 then the action (3.1.25) cannot have a minimum, so the mass of a particle must be a positive
quantity.

The form of the action for a free particle (3.1.25) can also be obtained from general considerations.
The action is a scalar integral whose integrand is a differential of first order. The only scalar of this
kind that one can construct for a free particle is proportional to the integral of the interval ds
along the world line of the particle between two given world points. The constant of proportionality
characterizes the particle and we denote it −mc, calling the scalar m the mass of the particle.

In a frame of reference which is inertial (locally geodesic and Galilean), space is homogeneous and
isotropic and time is homogeneous. The homogeneity of space and time implies that the Lagrangian
of a particle cannot depend explicitly on either r or t, so it must be a function of v only. The
isotropy of space implies that this Lagrangian cannot depend on the direction of v, so it must be a
function of v2. In an inertial frame, the action (3.1.25) is

S = −mc2
∫
γ−1dt = −mc2

∫ √
1− v2

c2
dt. (3.1.27)

Thus the corresponding Lagrangian is

L = −mc2
√

1− v2

c2
. (3.1.28)

For a free particle, the Lagrange equations in the Cartesian coordinates (3.1.22) give

∂L

∂v
= const. (3.1.29)

Since L is a function of the velocity only, we obtain

v = const, (3.1.30)

so a free particle moves with a velocity which is constant in both magnitude and direction (uniform
in a straight line). This is referred to as the law of inertia or Newton’s first law of dynamics. This
law is invariant under Lorentz transformations which preserve the Minkowski metric tensor. Thus
there exists an infinity of inertial frames, moving relative to one another uniformly in a straight
line, in which the properties of space and time and the laws of mechanics are the same (Einstein’s
principle of relativity).

The electromagnetic current vector for a point particle of charge e located at the radius vector
r0 is given by (2.7.65):

jk(r) =
cuk

u0

e√
−g
δ(r− r0). (3.1.31)

Substituting (3.1.31) into the second term of (2.7.72) gives

S = − 1

c2

∫ √
−gAkjkdV dx0 = −e

c

∫
Ak

uk

u0
dx0 = −e

c

∫
Akdx

k, (3.1.32)
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so the total action for a particle of massm and charge e interacting with the electromagnetic potential
Ai is

S = −mc
∫
ds− e

c

∫
Aidx

i. (3.1.33)

For a system of particles, the total action is the sum of the actions (3.1.33) for each particle. Under
the gauge transformation (2.7.7), the action (3.1.33) changes by the integral of a total differential:

S′ = −mc
∫
ds− e

c

∫
Aidx

i − e

c

∫
dα, (3.1.34)

so the conditions δS = 0 and δS′ = 0 are equivalent, and the corresponding Lagrange equations are
gauge invariant.

The form of the term − ec
∫
Aidx

i in (3.1.33) can also be obtained from general considerations.
The action is a scalar integral whose integrand is a differential of first order, and the only gauge-
invariant scalar of this kind that one can construct from the electromagnetic potential is proportional
to the integral of the product Aidx

i along the world line of the particle between two given world
points. The constant of proportionality characterizes the interaction of the particle with the elec-
tromagnetic field and we denote it − ec , calling the scalar e the electric charge of the particle.

The variation of (3.1.25) with respect to the coordinates xi gives, using (1.4.78), (1.4.79) and
(1.4.80),

δS = mc

(∫
D{}ui
ds

δxids−
∫
d(uiδx

i)

)
. (3.1.35)

The variation of
∫
Aidx

i is

δ

∫
Aidx

i =

∫
δAidx

i +

∫
Aiδdx

i =

∫
Ai,jδx

jdxi +

∫
Aidδx

i

=

∫
Ai,jδx

jdxi +

∫
d(Aiδx

i)−
∫
dAiδx

i =

∫
Ai,jδx

jdxi +

∫
d(Aiδx

i)

−
∫
Ai,jdx

jδxi =

∫
Fijdx

jδxi +

∫
d(Aiδx

i)

=

∫
Fiju

jδxids+

∫
d(Aiδx

i). (3.1.36)

Thus the variation of (3.1.33) is, using the expression for the four-momentum pl = mcul (2.4.187),

δS = mc

∫
D{}ui
ds

δxids− e

c

∫
Fiju

jδxids−mc
∫
d(uiδx

i)− e

c

∫
d(Aiδx

i)

=

∫ (
D{}pi
ds

− e

c

∫
Fiju

j

)
δxids−

∫
d

(
piδx

i +
e

c
Aiδx

i

)
=

∫ 2

1

(
D{}pi
ds

− e

c

∫
Fiju

j

)
δxids−

(
pi +

e

c
Ai

)
δxi
∣∣∣∣2
1

, (3.1.37)

where the limits 1 and 2 denote the endpoints of the particle’s world line. The principle of least
action δS = 0 for arbitrary δxi vanishing at the endpoints gives the Lorentz equation of motion of
a particle of mass m and charge e in the electromagnetic field Fij (2.7.110).

In a frame of reference which is locally geodesic and Galilean, the action (3.1.33) for a particle
in the presence of the electromagnetic field gives

S =

∫ (
−mcds+

e

c
A · dr− eφdt

)
(3.1.38)

or

S =

∫ (
−mc

2

γ
+
e

c
A · v − eφ

)
dt. (3.1.39)

109



Thus the Lagrangian for this particle is

L = −mc2
√

1− v2

c2
+
e

c
A · v − eφ. (3.1.40)

The Lagrange equations (3.1.22) for the Lagrangian (3.1.40) give

d

dt

(
p +

e

c
A

)
=
e

c
∇(A · v)− e∇φ =

e

c
(v ·∇)A +

e

c
v × (∇×A)− e∇φ

=
e

c

(
dA

dt
− ∂A

∂t

)
+
e

c
v ×B− e∇φ, (3.1.41)

which is equivalent to (2.7.112). The Lagrangian for a system of particles is the sum of the La-
grangians (3.1.40) for each particle:

L = −
∑(

mc2
√

1− v2

c2
+
e

c
A · v − eφ

)
. (3.1.42)

3.1.4 Conservation laws and integrals of motion

During the motion of a mechanical system with n degrees of freedom, the 2n quantities qs and q̇s
vary with time according to the Lagrange equations. Since the general solution of the equations of
motion contains 2n arbitrary constants, we can express these constants as functions of qs and q̇s
that remain constant during the motion. Such functions are called integrals of motion. A system of
particles which interact with one another but with no other bodies is said to be closed. For a closed
system of particles, the Lagrangian does not depend explicitly on time, so the origin of time t0 may
be chosen arbitrarily as an additive constant. The remaining 2n − 1 constants are functions of qs
and q̇s, so a closed mechanical system with n degrees of freedom has 2n − 1 independent integrals
of motion.

According to the Noether theorem, each continuous symmetry of a Lagrangian leads to some
conservation law. For mechanical systems, the homogeneity and isotropy of space and time yields
the constancy of certain quantities, which are said to be conserved. These quantities are additive,
their values for a system composed of noninteracting parts are equal to the sums of their values for
each part. Therefore the additivity of conserved integrals of motion relates the states of interacting
bodies after the interaction to their states before the interaction, regardless of the nature of this
interaction.

The variation of the action as a function of the coordinates (3.1.35) for a system of particles of
masses ma, using the geodesic equation of motion,

δS = −
∑
a

[piaδx
i
a]21, (3.1.43)

where
pia = macuia (3.1.44)

is the four-momentum for the ath particle. The variation (3.1.43) is equivalent to

pia = − ∂S

∂xia
, (3.1.45)

so the four-momentum operator (1.6.75) (which is proportional to the differential generator of trans-
lation (1.6.66)) acting on the action S gives the four-momentum pi (with the minus sign). If the
spacetime is homogeneous then the mechanical properties of a closed system do not change un-
der any translation of the system in space or time. Thus the variation δS (3.1.43) vanishes if
δxia = εi = const:

δS = −
∑
a

[pia]21ε
i = 0 (3.1.46)
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or, using the arbitrariness of εi, [∑
a

pia

]2

1

= 0, (3.1.47)

so the total four-momentum of a closed system is conserved:∑
a

pia = const. (3.1.48)

This conservation, using the decomposition of pi into the energy E and momentum p:

pi =

(
E

c
,p

)
, (3.1.49)

contains the conservation of the total energy of the system,∑
a

Ea = const, (3.1.50)

and the conservation of the total momentum of the system,∑
a

pa = const. (3.1.51)

For a system composed of one particle (3.1.43) becomes

δS = [p · δx− Eδt]21, (3.1.52)

Comparing (3.1.52) with (3.1.21) gives

p =
∂L

∂v
, (3.1.53)

E =
∂L

∂v
· v − L = p · v − L. (3.1.54)

In generalized coordinates, we define the generalized momenta ps conjugate to the coordinates qs:

ps =
∂L

∂q̇s
, (3.1.55)

while the energy is

E =
∂L

∂q̇s
q̇s − L = psq̇s − L, (3.1.56)

in agreement with (2.4.52). The variation of the action (3.1.21) in this notation is

δS = [psδqs − Eδt]t2t1 , (3.1.57)

which is equivalent to

ps =
∂S

∂qs
, E = −∂S

∂t
. (3.1.58)

Substituting the Lagrangian (3.1.28) into (3.1.53) gives

p =
mv√
1− v2

c2

, (3.1.59)

as in (2.4.210), while substituting it into (3.1.54) gives

E =
mc2√
1− v2

c2

, (3.1.60)
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as in (2.4.209).
Under Lorentz transformations, the four-momentum pi (3.1.49) transforms like the Lorentzian

coordinate vector xi, according to (1.6.97). The energy and momentum of a particle, which form
such a four-vector, transform according to (1.6.95):

E = γ(E0 + V · p0),

p⊥ = p⊥0, p‖ = γ
(
p‖0 +

VE0

c2

)
, (3.1.61)

or equivalently

E0 = γ(E −V · p),

p⊥0 = p⊥, p‖0 = γ
(
p‖ −

VE

c2

)
, (3.1.62)

where p is the momentum of the particle in a frame of reference K, p0 is the momentum of the
particle in a frame of reference K ′, V is the velocity of the reference frame K ′ relative to K, and
γ = 1√

1−V 2/c2
. Accordingly, E =

√
p2c2 +m2c4 is the kinetic energy of the particle in K, and

E0 =
√

p2
0c

2 +m2c4 is the kinetic energy of the particle in K ′.
If the spacetime is isotropic then the mechanical properties of a closed system do not change under

any rotation of the system in spacetime (spatial rotation or boost). Thus the variation δS vanishes
if δxia = εikxka, where εik = −εki = const represents an infinitesimal Lorentz transformation:

δS = −
∑
a

[piax
k
a]21εik = −1

2

∑
a

[piax
k
a − pkaxia]21εik = 0 (3.1.63)

or, using the arbitrariness of εik, [∑
a

M ik
a

]2

1

= 0, (3.1.64)

where
M ik
a = xiap

k
a − xkapia (3.1.65)

is the tensor of angular momentum (2.4.58) for the ath particle. Therefore the total angular mo-
mentum of a closed system is conserved: ∑

a

M ik
a = const. (3.1.66)

We define the spatial angular momentum vector:

M : Mα =
1

2
eαβγMβγ (3.1.67)

or, due to (3.1.65),
M = r× p. (3.1.68)

The isotropy of space thus implies the conservation of the total angular momentum vector.
The conservation of the total spatial vector M0α,

M0α =
∑
a

M0α
a =

∑
a

(ctpa − Eara) = const, (3.1.69)

divided by the conservation of energy (3.1.50) gives

R = Vt+ const, (3.1.70)

where

V =
c2
∑
a pa∑

aEa
(3.1.71)

112



and

R =

∑
aEara∑
aEa

. (3.1.72)

The relation (3.1.70) describes a uniform rectilinear motion (2.4.61) of the center of inertia of the
system, that is, of the system as a whole. The constant (due to (3.1.51)) velocity of this motion is
equal to V (2.4.62) and the coordinates of the center of inertia are given by the radius vector R.

This is a generalization of the law of inertia for one particle (3.1.30) to a system of particles. so
a free particle moves with a velocity which is constant in both magnitude and direction (uniform
in a straight line). This is referred to as the law of inertia The velocity of the system of particles
as a whole (3.1.71) has the same form as the velocity for one particle (2.4.213). We can always
choose a frame of reference in which the total momentum

∑
a pa vanishes, so the system as a whole

is at rest, V = 0. If the particles interact then we must add to Ea the energy of the fields which
carry the interaction. Since the components of the center of inertia (3.1.72) do not form the spatial
components of any four-vector, they do not transform like the coordinates of a point under Lorentz
transformations. Thus the location of the center of inertia relative to the particles depends on the
frame of reference.

The angular momentum (3.1.68) contains the radius vector, so it depends on the choice of the
point with respect to which it is defined. If the radius vectors of the ath particle in two different
frames are ra and r′a, and the origins of these frames are separated by a constant vector a, then

ra = r′a + a. (3.1.73)

If Ma is the angular momentum of the particle in the unprimed frame and

M′
a = r′a × pa (3.1.74)

is the angular momentum of this particle in the primed frame then

M =
∑
a

Ma =
∑
a

ra × pa =
∑
a

r′a × pa + a×
∑
a

pa = M′ + a×P, (3.1.75)

where P is the total momentum of the system. Thus, in the rest frame of reference, in which P = 0,
the angular momentum of the system does not depend on the choice of the origin of the Cartesian
coordinates. If the system is closed, the conservation of its total angular momentum is independent
of the choice of the origin because the total momentum of such system is also conserved.

The antisymmetric tensor of angular momentum (3.1.65) transforms under Lorentz transforma-
tions according to (1.6.100). If a system of particles is at rest as a whole in the frame K, in which
its angular momentum is M, and moves with velocity V = V ẑ in the frame K ′, in which its angular
momentum M′ is defined with respect to the center of inertia R in K (M′ in K ′ depends on the
choice of the r because P 6= 0), then K moves relative to K ′ with V, so (1.6.100) gives

M ′12 = M12, M ′13 = γ

(
M13 +

V

c
M10

)
, M ′23 = γ

(
M23 +

V

c
M20

)
, (3.1.76)

where γ =
√

1− V 2

c2 . In K,
∑
a pa = 0 (system at rest) and

∑
aEara = 0 (origin at the center of

inertia), so (3.1.69) gives M0α = 0. Thus (3.1.76) reduces to

M ′x = γMx, M
′
y = γMy, M

′
z = Mz. (3.1.77)

The Lagrangian for a charged particle in the presence of the electromagnetic field (3.1.40) gives,
upon substitution into (3.1.53),

p =
mv√
1− v2

c2

+
e

c
A, (3.1.78)

while substituting it into (3.1.54) gives

E =
mc2√
1− v2

c2

+ eφ. (3.1.79)
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The relation (2.4.211) between the momentum and energy turns into

(E − eφ)2 = (pc− eA)2 + (mc2)2. (3.1.80)

The momentum (3.1.78) and energy (3.1.79) of a charged particle are the sums of their values in
the absence of the electromagnetic field, (3.1.59) and (3.1.60), called respectively the kinematic
momentum and kinematic energy, and terms linear in the electromagnetic potential.

3.1.5 Nonrelativistic mechanics and Galileo principle of relativity

In the nonrelativistic limit, the Lagrangian for a free particle (3.1.28) becomes

L = −mc2 +
mv2

2
. (3.1.81)

The first term in (3.1.81) is constant and thus it does not contribute to the Lagrange equations.
The form of the second term can also be obtained from the invariance of the variation of the action
under Galileo transformations (1.6.114), which is referred to as Galileo’s principle of relativity. If
an inertial frame K is moving with an infinitesimal velocity ε relative to another inertial frame K ′

then the addition law for velocities (1.6.115) gives v′ = v + ε. The Lagrangian in K ′ is related to
the Lagrangian in K by

L(v′2) = L(v2 + 2v · ε+ ε2) ≈ L(v2) +
∂L

∂v2
2v · ε. (3.1.82)

Since the Lagrangian L′ in K ′ can differ from the Lagrangian L in K only by the total time derivative
of a function of the coordinates and time, the second term on the right-hand side of (3.1.82) must
be linear in v, so ∂L

∂v2 is independent of v, and thus L is proportional to v2. The constant of
proportionality characterizes the particle and we can denote it m

2 , calling the scalar m the mass of
the particle. If K is moving with a finite velocity V relative to K ′ then the addition law for velocities
(1.6.115) gives v′ = v + V. The Lagrangian in K ′ is thus related to the Lagrangian in K by

L′ =
1

2
mv′2 =

1

2
m(v + V)2 =

1

2
mv2 +mv ·V +

1

2
mV 2 = L+

d

dt

(
mr ·V +

1

2
mV 2t

)
, (3.1.83)

in which the last term is a total time derivative and may be omitted. The integral S = m
2

∫ 2

1
v2dt

has a minimum if m is not negative, otherwise S would take arbitrarily large negative values for
an arbitrarily rapid motion of the particle from point 1 to point 2. In the nonrelativistic limit, the
Lagrangian (3.1.40) for a particle in the electromagnetic field is

L = −mc2 +
mv2

2
+
e

c
A · v − eφ. (3.1.84)

We consider a closed system of particles. If the particles are nonrelativistic (c → ∞) then the
interactions between them propagate instantaneously. Otherwise the nonrelativistic addition law
for velocities (1.6.115) would imply that the velocity of propagation of interaction and thus the
interaction vanishes in some frame of reference, contradicting Galileo’s principle of relativity. Thus
the fields which carry these interactions depend on the positions of the particles at a given instant,
so the interaction can be described by adding to the total Lagrangian of noninteracting particles∑
a

1
2mav

2
a a certain function of the coordinates −U(ra), called the potential energy:

L =
∑
a

1

2
mav

2
a − U(ra) = T (va)− U(ra). (3.1.85)

The term T in (3.1.85) is referred to as the kinetic energy. The Lagrangian (3.1.85) is invariant
under the time reversal t→ −t, so all motions which obey the laws of mechanics are reversible.
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For arbitrary generalized coordinates qs, the transformations

ra = ra(qs), va =
∂ra
∂qs

q̇s (3.1.86)

turn the Lagrangian for a system of interacting nonrelativistic particles (3.1.85) into

L =
1

2
mrs(q)q̇r q̇s − U(q) = T (q, q̇)− U(q), (3.1.87)

where

mrs =
∑
a

ma
∂ra
∂qr

∂ra
∂qs

(3.1.88)

is the symmetric mass tensor, mrs = msr. The Lagrangian L, due to the kinetic energy T , is a
quadratic function of the velocities.

We consider a system A which is not closed and interacts with another system B executing a
given motion; the system A moves in an external field due to the system B. If the system A+B is
closed then

L = TA(qA, q̇A) + TB(qB , q̇B)− U(qA, qB). (3.1.89)

Substituting for qB the given functions of time and omitting the term T (qB(t), q̇B(t)), which depends
on time only so it is the total time derivative of some function of time, gives

L = TA(qA, q̇A)− U(qA, qB(t)). (3.1.90)

Thus the motion of a system in an external field is described by a Lagrangian in which the potential
energy depends explicitly on time.

3.1.6 Momentum, force and Newton equations of motion

If the space is homogeneous then the mechanical properties of a closed system do not change under
any translation of the system in space. In the Cartesian coordinates, a translation by a constant
vector ε results in r→ r + ε, so the corresponding change in L for a closed system is

δL =
∑
a

∂L

∂ra
· δra = ε ·

∑
a

∂L

∂ra
= 0. (3.1.91)

Since ε is arbitrary, this condition is equivalent to∑
a

∂L

∂ra
= 0, (3.1.92)

so the Lagrange equations (3.1.22) give

P =
∑
a

pa =
∑
a

∂L

∂va
= const, (3.1.93)

where P is the additive momentum of the system, equal to the sum of its values pa for each particle,
regardless of the nature of the interaction between them. The additivity of the momentum follows
from the additivity of the Lagrangian. If a system is not closed but its Lagrangian does not depend
explicitly on all the Cartesian coordinates, then the components of P which are parallel to the
Cartesian coordinates which do not appear in L are conserved.

The Lagrange equations in the Cartesian coordinates (3.1.22) for the ath particle are equivalent
to

ṗa = fa, (3.1.94)

where

fa =
∂L

∂ra
(3.1.95)
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is referred to as the force acting on the ath particle. This form of the equations of motion is
called Newton’s equations and constitutes Newton’s second law of dynamics. The relation (3.1.94) is
consistent with (2.4.73). The covariant form of (3.1.94) is

dpi

ds
= gi, (3.1.96)

where gi is the force four-vector, parallel to the four-acceleration and thus perpendicular to the
four-velocity, giu

i = 0. The components of gi are

gi =

(
f · vγ
c2

,
fγ

c

)
. (3.1.97)

Combining (3.1.59) and (3.1.94) gives the equation of motion of a particle of mass m moving under
the influence of the force f :

d

dt
(mγv) = f . (3.1.98)

As v → c, the momentum tends to infinity, so accelerating a massive particle to the velocity of
propagation of interaction c requires an infinite force and thus is impossible. In the nonrelativistic
limit, the momentum (3.1.59) reduces to

p = mv. (3.1.99)

The equation of motion (3.1.98) reduces to

ma = f = −∂U
∂r

, (3.1.100)

which also results from substituting (3.1.85) into (3.1.22). Adding a constant to the potential energy
does not affect Newton’s equations (such a constant is a total time derivative of some function), so
U is defined up to an additive constant, which usually is chosen such that U → 0 as ra → ∞. A
field in which the same force f acts on a particle at any point is uniform. The potential energy in
such field is

U = −f · r. (3.1.101)

In a weak gravitational field, the Lagrangian of a particle is

L = −mc2 +
mv2

2
−mφg, (3.1.102)

where φg is the gravitational potential (2.5.82), because the corresponding Lagrange equations
(3.1.22) coincide with (2.5.84). The term mφg is thus the potential energy of the particle in a
nonrelativistic gravitational field,

Ug = mφg. (3.1.103)

The action for (3.1.102) is

S =

∫
Ldt = −mc

∫ (
c− v2

2c
+
φg
c

)
dt, (3.1.104)

which, compared with (3.1.25), gives

ds =

(
c− v2

2c
+
φg
c

)
dt. (3.1.105)

Omitting terms vanishing in the limit c→∞ gives

ds2 = (c2 + 2φg)dt
2 − dr2, (3.1.106)

which is consistent with (2.5.82). In the presence of a weak gravitational field, the Lagrangian
(3.1.84) turns into

L = −mc2 +
mv2

2
−mφg +

e

c
A · v − eφ. (3.1.107)
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The relation (3.1.92) is equivalent to ∑
a

fa = 0, (3.1.108)

so the sum of the forces in a closed system vanishes. For a system of two particles, f1 + f2 = 0, so the
force on the first particle exerted by the second is equal in magnitude and opposite in direction to
the force on the second particle exerted by the first (this statement is valid only for nonrelativistic
particles, for which we can neglect fields propagating the interaction). This is the action-reaction
law or Newton’s third law of dynamics. For a system of particles, summing (3.1.94) over a gives

Ṗ =
∑
a

ṗa =
∑
a

fa. (3.1.109)

Since the forces of interaction between particles cancel out due to the action-reaction law, (3.1.109)
becomes

Ṗ = F, (3.1.110)

where F is the sum of external forces acting on the particles. If no external forces act on a mechanical
system then the system is closed, Ṗ = 0.

The Lagrangian L of a closed system does not depend explicitly on qs,
∂L
∂qs

= 0, so the Lagrange

equations (3.1.15) with (3.1.55) give,
ps = const. (3.1.111)

If L depends on qs then

Fs =
∂L

∂qs
(3.1.112)

are called generalized forces. The Lagrange equations (3.1.15) are in this notation

ṗs = Fs. (3.1.113)

The form of the Lagrangian (3.1.87) gives the relation between generalized momenta and generalized
velocities:

pr = mrs(q)q̇s. (3.1.114)

Substituting (3.1.87) into the Lagrange equations (3.1.15) gives

mrsq̈r + ṁrsq̇r =
1

2
mrt,sq̇r q̇t −

∂U

∂qs
, (3.1.115)

where

mrs,t =
∂mrs

∂qt
, (3.1.116)

or

mrsq̈r +mrs,tq̇tq̇r −
1

2
mrt,sq̇r q̇t = − ∂U

∂qs
. (3.1.117)

Defining the inverse of the mass tensor m−1
rs ,

m−1
rs mst = δrt, (3.1.118)

and multiplying (3.1.117) by m−1
us gives

q̈u + [rt, u]q̇r q̇t = −m−1
su

∂U

∂qs
, (3.1.119)

where the quantities [rt, u] are analogous to the Christoffel symbols (1.4.26):

[rt, u] =
1

2
m−1
us (msr,t +mst,r −mrt,s). (3.1.120)
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3.1.7 Energy

If the time is homogeneous then the mechanical properties of a closed system do not change under
any translation of the system in time, so the Lagrangian of a closed system does not depend explicitly
on time. The total time derivative of the Lagrangian L(q, q̇) is thus, using the Lagrange equations
(3.1.15),

dL

dt
=
∂L

∂qs
q̇s +

∂L

∂q̇s
q̈s =

d

dt

∂L

∂q̇s
q̇s +

∂L

∂q̇s
q̈s =

d

dt

(
∂L

∂q̇s
q̇s

)
(3.1.121)

or
d

dt

(
∂L

∂q̇s
q̇s − L

)
=
dE

dt
= 0. (3.1.122)

Hence the energy of such system is conserved. The additivity of the energy follows from the additivity
of the Lagrangian. Mechanical systems whose energy is conserved are said to be conservative. In
the nonrelativistic limit, the energy of a particle of mass m moving with velocity v (3.1.60) reduces
to

E = mc2 +
1

2
mv2, (3.1.123)

where it is the sum of its rest energy mc2 and its kinetic energy 1
2mv

2. The energy is a positive
quantity because m > 0 (if m = 0 then E = Pc > 0). In the nonrelativistic mechanics the energy
can be of either sign, since adding a constant to the potential energy does not affect the Newton
equations. The equivalence of mass and energy (2.4.212) is valid not only for a single particle, but
also for a system of particles which is at rest as a whole, if m is the total mass of such system
and E is its total energy. The energy of a composite body at rest contains, in addition to the rest
energies of its constituent particles, their kinetic energies and the energies of their interactions. Thus
mc2 6=

∑
amac

2, so the mass, unlike energy, is not additive; the mass of a composite body is not
equal to the sum of the masses of its parts:

m 6=
∑
a

ma. (3.1.124)

Since the Lagrangian L(q, q̇) = T (q, q̇)−U(q) for a system of nonrelativistic particles is a quadratic
function of q̇, Euler’s theorem on homogeneous functions gives

∂L

∂q̇s
q̇s =

∂T

∂q̇s
q̇s = 2T. (3.1.125)

Combining (3.1.56) and (3.1.125) gives

E = T (q, q̇) + U(q). (3.1.126)

In the Cartesian coordinates the energy of a system of nonrelativistic particles is the sum of the
kinetic energy, which depends on the veloctites of the particles, and the potential energy, which
depends on their coordinates:

E = T (va) + U(ra) =
∑
a

1

2
mav

2
a + U(ra). (3.1.127)

The change of kinetic energy in time is, due to (2.4.214) and (3.1.94),

dE

dt
= v · dp

dt
= v · F =

dW

dt
, (3.1.128)

where
dW = F · dr (3.1.129)

is an infinitesimal work done by a force F over a displacement dr. Thus a work over a finite
displacement is

W =

∫
F · dr. (3.1.130)
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The quantity P = dW
dt is called a power. If we regard a system of particles as a fluid and the force

on this system is a surface force due to pressure (2.4.78) then (3.1.129) gives

dW = −p df n · dr = −p dV. (3.1.131)

Thus the pressure is given by

p = −∂E
∂V

. (3.1.132)

3.1.8 Center of mass

We consider a system of nonrelativistic particles. If a frame of reference K ′ moves with velocity V
relative to a frame K then the velocities v′a and va of the particles in these two frames are related
by

va = v′a + V. (3.1.133)

The momenta P′ and P of the system are related by

P =
∑
a

mava =
∑
a

mav
′
a + V

∑
a

ma = P′ + V
∑
a

ma. (3.1.134)

Thus we can choose a frame K ′ in which the system as a whole is at rest, P′ = 0. The velocity of
this rest frame in K is

V =
P∑
ama

=

∑
amava∑
ama

. (3.1.135)

This velocity is the velocity of the system of particles as a whole. The relation (3.1.135) between the
momentum P and velocity V of the system of particles is the same as that for one particle (3.1.99),

P = MV, (3.1.136)

of mass
M =

∑
a

ma. (3.1.137)

Thus the mass in nonrelativistic mechanics is additive. The relation (3.1.135) is the time derivative
of

R =

∑
amara
M

. (3.1.138)

The radius vector R of the system as a whole is the nonrelativistic limit of the center of inertia
(3.1.72) of such system (since Ea ≈ mac

2), and it is referred to as its center of mass. Since the
components of the center of mass (3.1.138) transform like the coordinates of a point under Galileo
transformations, the location of the center of mass relative to the particles does not depend on the
frame of reference. The center of mass (3.1.138) contains the radius vectors of the particles, so it
depends on the choice of the point with respect to which it is defined, like the angular momentum
(3.1.68). If the origins of two frames are separated by a constant vector a then the radius vectors of
the ath particle in these frames, ra and r′a, satisfy (3.1.73). If R′ is the center of mass in the primed
frame,

R′ =

∑
amar

′
a

M
, (3.1.139)

then
R′ = R− a. (3.1.140)

If we choose a = R then R′ becomes zero, corresponding to setting the origin of the frame of
reference at the center of mass of the system.
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The energy of a mechanical system which is at rest as a whole is referred to as its internal energy
ε. The energies E′ and E of the system in the two frames K ′ and K are related by

E =
1

2

∑
a

mav
2
a + U =

1

2

∑
a

ma(v′a + V)2 + U =
1

2

∑
a

mav
′2
a + U + V ·

∑
a

mav
′
a

+
1

2
MV 2 = E′ + V ·P′ + 1

2
MV 2. (3.1.141)

The corresponding Lagrangians are related by

L = L′ + V ·P′ + 1

2
MV 2, (3.1.142)

so the corresponding actions are related by

S = S′ +MV ·R′ + 1

2
MV 2t. (3.1.143)

If the center of mass is at rest in K ′ then P′ = 0, so E′ = ε, and (3.1.141) reduces to

E = ε+
1

2
MV 2. (3.1.144)

Thus the energy of a system moving as a whole is the sum of its internal energy and the kinetic
energy of its center of mass, which is called König’s theorem.

3.1.9 Angular momentum and torque

If the space is isotropic then the mechanical properties of a closed system do not change under
any rotation of the system in space. A Lorentz matrix (1.6.7) with ε0α = 0, which represents an
infinitesimal rotation, changes the spatial coordinates according to

δxα = −εαβxβ = −eαβγxβδφγ (3.1.145)

or
δr = δφ× r, (3.1.146)

where we donote the angle of this rotation (1.6.25) δφ. The corresponding change in the velocity
relative to an inertial frame of reference is

δv = δφ× v. (3.1.147)

Thus the corresponding change in L for a closed system of particles is

δL =
∑
a

(
∂L

∂ra
· δra +

∂L

∂va
· δva

)
=
∑
a

(ṗa · δφ× ra + pa · δφ× va)

= δφ ·
∑
a

(ra × ṗa + va × pa) = δφ · d
dt

∑
a

ra × pa

= δφ ·
∑
a

Ṁa = 0. (3.1.148)

Since δφ is arbitrary, this condition gives the conservation of the total angular momentum of the
system (3.1.68): ∑

a

Ma = 0. (3.1.149)

The additivity of the angular momentum follows from the additivity of the Lagrangian. There
are no other additive integrals of motion; every closed system has 7 such integrals: energy, the
3 components of momentum and the 3 components of angular momentum. The component of the
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angular momentum of a particle along any axis i coincides with its generalized momentum conjugate
to the angle of rotation φi about this axis, regarded as a generalized coordinate qs:

Mi =
∂L

∂φ̇i
. (3.1.150)

The Lagrange equations (3.1.15) give then

Ṁi =
∂L

∂φi
. (3.1.151)

If a system is not closed but interacts with an external field which is symmetrical about some axis
then the component of M along this axis relative to a point lying on the axis is conserved.

Differentiating the angular momentum for the ath particle with respect to time gives, using
(3.1.59) and (3.1.94),

Ṁa =
d

dt
(ra × pa) = va × pa + ra × Fa = τa, (3.1.152)

where
τa = ra × Fa (3.1.153)

is referred to as the torque acting on the ath particle. For a system of particles, summing (3.1.152)
over a gives

Ṁ =
∑
a

Ṁa =
∑
a

τa. (3.1.154)

Since the total angular momentum M for a closed system is conserved, the sum of internal (within
the system) torques exerted on the particles vanishes. Thus (3.1.154) becomes

Ṁ = K, (3.1.155)

where K is the sum of external torques acting on the particles. If no external torques act on a
mechanical system then Ṁ = 0. The relation (3.1.151) implies that the component of the torque
acting on a particle along any axis i coincides with its generalized force related to the angle of
rotation φi about this axis, regarded as a generalized coordinate qs:

τi =
∂L

∂φi
. (3.1.156)

Equation (3.1.155) is a Lagrange equation for the rotational coordinate φ.
If a frame of reference K ′ moves with velocity V relative to a frame K then the velocities v′a

and va of the particles in these two frames are related by (3.1.133). Thus the angular momenta M′

and M of the system are related by

M =
∑
a

mara × va =
∑
a

mara × v′a +
∑
a

mara ×V = M′ +MR×V. (3.1.157)

If the system as a whole is at rest in K ′ then V is the velocity of its center of mass and MV is its
total momentum P (3.1.136) relative to K, so

M = M′ + R×P. (3.1.158)

Thus the angular momentum of a moving system is the sum of its intrinsic angular momentum in a
frame in which it is at rest and the (orbital) angular momentum of its motion as a whole.

The torque τ contains the radius vector, so it depends on the choice of the point with respect
to which it is defined, like the angular momentum. If the origins of two frames are separated by
a constant vector a then the radius vectors of the ath particle in these frames, ra and r′a, satisfy
(3.1.73). If τa is the torque acting on the particle in the unprimed frame and

τ ′a = r′a × fa (3.1.159)
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is the torque acting on this particle in the primed frame then

K =
∑
a

τa =
∑
a

ra × fa =
∑
a

r′a × fa + a×
∑
a

fa = K′ + a× F. (3.1.160)

Thus, if the total external force acting on the system of particles F = 0 then the total torque acting
on this system does not depend on the choice of the origin of the Cartesian coordinates. In this case,
the system is said to be acted on by a couple. If F and K are perpendicular then we can choose
the vector a for which K′ = 0, so K = a× F. In this case, the effect of all the forces acting on the
system reduces to that of a single force F. This choice is not unique: adding to a any vector parallel
to F does not change K′ = 0.

3.1.10 Mechanical similarity

We consider a similarity transformation in which the coordinates ri of all the particles (indexed by
i) in a nonrelativistic mechanical system are multiplied by a constant factor a and the time by a
constant factor b:

ri → r′i = ari, t→ t′ = bt. (3.1.161)

This transformation changes the velocities vi by a factor a
b , so the kinetic energy T changes by

a factor a2

b2 . If the potential energy of the system is a homogeneous function of the Cartesian
coordinates,

U(ari) = akU(ri), (3.1.162)

where k is the degree of homogeneity of U , then it changes by a factor ak. The equations of motion
remain unchanged if the Lagrangian T − U of the system changes by the same factor:

a2

b2
= ak, (3.1.163)

which transforms a path of each particle into a geometrically similar path of different size. The
relations between the ratios of mechanical quantities corresponding to the two paths and the ratio
l′

l of linear dimensions of these paths are

t′

t
=

(
l′

l

)1− k2
,
v′

v
=

(
l′

l

) k
2

,
p′

p
=

(
l′

l

) k
2

,
E′

E
=

(
l′

l

)k
,
M ′

M
=

(
l′

l

)1+ k
2

. (3.1.164)

The kinetic energy T of a nonrelativistic system of particles is a quadratic function of the veloc-
ities, so Euler’s theorem on homogeneous functions gives

2T =
∑
i

vi ·
∂T

∂vi
=
∑
i

vi · pi =
d

dt

(∑
i

ri · pi
)
−
∑
i

ri · ṗi. (3.1.165)

If the motion of the system is finite in space then averaging (3.1.165) over the time and using
vanishing of the average of the time derivative of any bounded quantity gives

2T̄ = −
∑
i

ri · ṗi = −
∑
i

ri · fi =
∑
i

ri ·
∂U

∂ri
. (3.1.166)

If the potential energy of a system of particles is a homogeneous function of the coordinates (3.1.162)
then Euler’s theorem turns (3.1.166) into the nonrelativistic virial theorem:

2T̄ = kŪ . (3.1.167)

If the system is closed then its energy E = T + U is constant, so (3.1.167) gives

T̄ =
kE

k + 2
, Ū =

2E

k + 2
. (3.1.168)
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The nonrelativistic limit of (2.4.208) gives

E =
∑
a

mac
2 −

∑
a

1

2
mav2 =

∑
a

mac
2 − T̄ , (3.1.169)

which is consistent with (3.1.168), if we omit the rest energies of the particles, for k = −1. Thus
nonrelativistic charged particles interact with each other through a force which is proportional to
the inverse of the distance between them.

3.1.11 Dissipation

If the mechanical energy E of a system is transformed into other, nonmechanical forms of energy,
we refer to a process of such a transformation as the dissipation of energy. We define the dissipative
function,

F =
1

2
αstq̇sq̇t, (3.1.170)

which modifies the Lagrange equations (3.1.15) to include dissipation:

d

dt

∂L

∂q̇s
=
∂L

∂qs
− ∂F

∂q̇s
. (3.1.171)

Thus the generalized force fs = ∂L
∂qs

is modified by an additional part,

f (fr)
s = −αstq̇t, (3.1.172)

called the resistive force. The change of energy during dissipation is

dE

dt
=

d

dt

(∑
s

q̇s
∂L

∂q̇s
− L

)
=
∑
s

q̇s

(
d

dt

∂L

∂q̇s
− ∂L

∂qs

)
= −

∑
s

q̇s
∂F

∂q̇s
= −2F. (3.1.173)

Therefore F > 0, so the quadratic form (3.1.170) is positive definite. If F were a linear function of
q̇s then the sign of dE

dt could not be fixed negative. If F did not depend on q̇s then dE
dt = 0. Thus

(3.1.170) is the simplest function which can represent dissipation of energy in (3.1.171). For one
particle, αst is a 3× 3 symmetric matrix. Since a particle is mechanically isotropic, αst is diagonal,

αst = αδst, (3.1.174)

where α > 0 is a scalar. The resistive force (3.1.172) acting on a particle is then

f (fr) = −αv. (3.1.175)

References: [2, 12].

3.2 Rigid bodies

3.2.1 Angular velocity

A system of particles in which the distances between the particles do not change is referred to as
a rigid body. The interaction between the particles which imposes the constancy of their relative
distances must propagate instantaneously. Thus the concept of a rigid body is valid only in non-
relativistic mechanics. To describe the motion of a rigid body, we use two frames of reference: an
inertial frame K and a moving frame K ′ rigidly fixed in the body. The origin of K ′ is usually taken
at the center of mass of the body. The position of a rigid body with respect to K is determined
by the position of K ′: the 3 components of the radius vector R of the origin of K ′ in K and 3
angles representing the orientation of the axes of K ′ relative to the axes of K. Thus a rigid body is
a mechanical system with 6 degrees of freedom. If the distances between the particles in a system
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change under the action of external forces or torques, and they return to their original values when
this action ends, then such a system is referred to as an elastic body.

An arbitrary displacement of a rigid body is the sum of an infinitesimal translation of the body
as a whole dR and an infinitesimal rotation of the body about its center of mass. If r is the radius
vector of the particle in K, dφ is an infinitesimal angle of rotation of K ′ with respect to K, and r′

is the radius vector of the particle in K ′, then (3.1.146) gives

dr = dR + dφ× r′. (3.2.1)

Dividing (3.2.1) by dt gives
v = V + ω × r′, (3.2.2)

where the vector

V =
dR

dt
(3.2.3)

is the velocity of the center of mass of the body, called the translational velocity of the body, and
the pseudovector

ω =
dφ

dt
(3.2.4)

is the angular velocity of the rotation of the body. The term ω × r is the rotational velocity of the
body. Under rotations, boosts and translations, the angular velocity behaves like a spatial vector.
The time derivative of the angular velocity is called the angular acceleration:

ε = ω̇. (3.2.5)

If we choose a different frame K ′′ rigidly fixed in the body, with the origin at a distance a from
the origin of K ′, then the radius vector r′′ of the particle in K ′′ satisfies

r′ = r′′ + a. (3.2.6)

Thus (3.2.2) becomes
v = V + ω × a + ω × r′′. (3.2.7)

If the translational velocity of the body in K ′′ is V′ and its angular velocity is ω′ then (3.2.2) gives
(v does not change because it is related to K)

v = V′ + ω′ × r′′. (3.2.8)

Comparing (3.2.8) with (3.2.2) gives

V′ = V + ω × a, (3.2.9)

ω′ = ω. (3.2.10)

Thus the angular velocity of rotation of a rigid body at any instant is, unlike the translational
velocity, independent of a system of coordinates chosen for a moving frame rigidly fixed in the body.
Thus ω is the angular velocity of the body. If V and ω at any instant are perpendicular for some
choice of the origin of K ′ then (3.2.9) implies that V′ and ω′ are also perpendicular. In this case,
(3.2.2) implies that the velocities v of all points of the body are perpendicular to ω, so we can choose
the origin of K ′ whose velocity V′ = 0 at this instant. The corresponding motion is a pure rotation
about an axis which passes through the origin of K ′, called the instantaneous axis of rotation. If V
and ω are not perpendicular then we can choose the origin of K ′ for which V and ω are parallel at
a given instant.
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3.2.2 Inertia tensor

The kinetic energy of a rigid body is given by substituting (3.2.2) (where we omit the prime) into
(3.1.123) and summing over all the particles:

T =
∑
a

1

2
mav

2
a =

∑
a

1

2
ma(V + ω × ra)2

=
∑
a

1

2
maV

2 +
∑
a

maV · (ω × ra) +
∑
a

1

2
ma(ω × ra)2

=
1

2
MV 2 +

∑
a

mara · (V × ω) +
∑
a

1

2
ma

(
ω2r2

a − (ω · ra)2
)
. (3.2.11)

If the origin of the moving frame rigidly fixed to the body is at its center of mass then
∑
amara = 0

and (3.2.11) reduces to

T =
1

2
MV 2 +

∑
a

1

2
ma(x2

aδαβ − xαaxβa)ωαωβ =
1

2
MV 2 +

1

2
Iαβωαωβ , (3.2.12)

where the symmetric tensor

Iαβ =
∑
a

ma(x2
aδαβ − xαaxβa) (3.2.13)

is referred to as the inertia tensor. Thus the kinetic energy of a rigid body is the sum of the
kinetic energy of the translational motion of its center of mass, 1

2mV
2, and the kinetic energy of the

rotational motion of the body (rotational kinetic energy) about an axis passing through the center
of mass,

Trot =
1

2
Iαβωαωβ . (3.2.14)

The inertia tensor is additive, which follows from the additivity of the kinetic energy. If a rigid body
is regarded as continuous then the mass of each particle must be replaced by the mass ρdV with
density ρ contained in a volume element dV , and the summation over all particles by the integration
over the volume of the body. The inertia tensor (3.2.13) becomes then

Iαβ =

∫
ρ(x2δαβ − xαxβ)dV. (3.2.15)

The inertia tensor (3.2.13) contains the radius vector, so it depends on the choice of the origin
of a frame rigidly fixed in a rigid body. If the radius vectors of the ath particle composing the body
in two different frames are ra and r′a, and the origins of these frames are separated by a constant
vector a, then substituting (3.1.73) into (3.2.13) gives

I ′αβ =
∑
a

ma

(
(ra − a)2δαβ − (xαa − aα)(xβa − aβ)

)
=
∑
a

ma

(
(x2
a − 2xa · a + a2)δαβ − xαaxβa + xαaaβ + xβaaα − aαaβ

)
=
∑
a

ma(x2
aδαβ − xαaxβa)−M

(
(2R · a− a2)δαβ + (Xαaβ +Xβaα − aαaβ)

)
= Iαβ −M

(
(2R · a− a2)δαβ + (Xαaβ +Xβaα − aαaβ)

)
, (3.2.16)

where
I ′αβ =

∑
a

ma(x′2a δαβ − x′αax′βa) (3.2.17)

and R = (Xα) is the radius vector of the center of mass of the body (3.1.138). If the origin of the
unprimed frame is at the center of mass of the body then R = 0 and (3.2.16) reduces to

I ′αβ = Iαβ +M(a2δαβ − aαaβ), (3.2.18)
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which is called the parallel-axis or Steiner’s theorem.
The diagonal components of the inertia-tensor matrix are called the moments of inertia about

the corresponding axes. The inertia tensor can be reduced to a diagonal form by an appropriate
choice of the axes of a frame rigidly fixed in a rigid body, called the principal axes of inertia. The
corresponding values of the diagonal components of Iαβ are called the principal moments of inertia,
I1, I2, I3. The rotational kinetic energy of the body (3.2.14) is then

Trot =
1

2
(I1ω

2
1 + I2ω

2
2 + I3ω

2
3), (3.2.19)

where ω1, ω2, ω3 are the components of the angular velocity along the principal axes of inertia. None
of the three principal moments of inertia can be larger than the sum of the other two. If the body
has a plane of symmetry then its center of mass and two of the principal axes of inertia must lie in
that plane. If the body has an axis of symmetry then this axis is one of the principal axes of inertia
and it passes through its center of mass.

The angular momentum of a rigid body, defined with respect to its center of mass, is given by
substituting (3.2.2) (where we omit the prime) into (3.1.68) and summing over all the particles:

M =
∑
a

mara × (V + ω × ra) =
∑
a

mara × (ω × ra) =
∑
a

ma

(
r2
aω − (ra · ω)ra

)
(3.2.20)

or
Mα = Iαβωβ . (3.2.21)

If the axes of a frame rigidly fixed in the body coincide with the principal axes of inertia then

M1 = I1ω1, M2 = I2ω2, M3 = I3ω3. (3.2.22)

3.2.3 Eulerian angles

The orientation of the axes x′ = x1, y
′ = x2, z

′ = x3 of a frame K ′ moving with a rigid body relative
to the axes x, y, z of an inertial K can be represented by 3 Eulerian angles θ, φ, ψ, as shown in Fig.
4. The origins of K and K ′ can be taken to coincide (at a point O) because the orientation of K ′

relative to K does not change under translations. The x′y′ plane intersects the xy plane along the
line of nodes ON , in the direction of z × z′, perpendicular to both z and z′. The angle θ ∈ [0, π]
is between the z and z′ axes, φ ∈ [0, 2π] between ON and the x axis, and ψ ∈ [0, 2π] between ON
and the x′ axis. The polar angle and azimuth of the direction z′ with respect to K are θ and φ− π

2 .
The polar angle and azimuth of the direction z with respect to K ′ are θ and π

2 − ψ.

Figure 4: Eulerian angles.

The angular velocity θ̇ is along ON , so its nonvanishing components along the axes of K ′ are:
θ̇1 = θ̇ cosψ, θ̇2 = −θ̇ sinψ. The angular velocity φ̇ is along the z-axis, so φ̇3 = φ̇ cosθ, φ̇1 =
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φ̇ sinθ sinψ, φ̇2 = φ̇ sinθ cosψ. The angular velocity ψ̇ is along the z′-axis, so its only nonvanishing
component is ψ̇3 = ψ̇. Thus the components of the angular velocity ω along the axes of K ′ are ω1

ω2

ω3

 =

 cosψ sinθ sinψ 0
−sinψ sinθ cosψ 0

0 cosθ 1

 θ̇

φ̇

ψ̇

 . (3.2.23)

Substituting (3.2.23) into (3.2.21) gives the angular momentum of a rigid body in terms of the
Eulerian angles and its derivatives. If the axes of K ′ are the principal axes of inertia of the body
then (3.2.22) gives

M1 = I1(cosψ θ̇ + sinθ sinψ φ̇), M2 = I2(−sinψ θ̇ + sinθ cosψ φ̇), M3 = I3(cosθ φ̇+ ψ̇). (3.2.24)

Substituting (3.2.23) into (3.2.14) gives the rotational kinetic energy of a rigid body in terms of the
Eulerian angles and its derivatives. If the axes of K ′ are the principal axes of inertia of the body
then (3.2.19) gives

Trot =
1

2

(
I1(cosψ θ̇ + sinθ sinψ φ̇)2 + I2(−sinψ θ̇ + sinθ cosψ φ̇)2 + I3(cosθ φ̇+ ψ̇)2

)
. (3.2.25)

A product of 3 rotations (which is a rotation) brings the frame K to K ′: a rotation about the z-
axis by an angle φ transforms the x-axis into a new x′′-axis (which coincides with the line of nodes),
then a rotation about the x′′-axis by an angle θ transforms the z-axis into the z′-axis, and then a
rotation about the z′-axis by an angle ψ transforms the x′′-axis into the x′-axis. The corresponding
orthogonal matrix of this rotation is

R(φ, θ, ψ) = Rz′(ψ)Rx′(θ)Rz(φ), (3.2.26)

where Rα are given by (1.6.33) and describe rotations with respect to moving axes. If a rotation
R transforms an axis n to a new axis n′ then a rotation R′ about n′ is related to the rotation R′

about n by
R′n′ = RR′nR

−1. (3.2.27)

Thus we can rewrite (3.2.26) in terms of rotations with respect to the fixed axes of K:

R(φ, θ, ψ) =
(
Rx′(θ)Rz(φ)

)
Rz(ψ)

(
Rx′(θ)Rz(φ)

)−1

Rx′(θ)Rz(φ)

= Rx′(θ)Rz(φ)Rz(ψ) = Rz(φ)Rx(θ)R−1
z (φ)Rz(φ)Rz(ψ)

= Rz(φ)Rx(θ)Rz(ψ). (3.2.28)

3.2.4 Newton and Euler equations

We consider a rigid body in an inertial frame of reference. The Lagrangian of a rigid body is given
by

L =
1

2
MV 2 +

1

2
Iikωiωk − U, (3.2.29)

where the potential energy U is a function of the 6 degrees of freedom of the body. The Lagrange
equations (3.1.15) for the 3 components of the radius vector R of the center of mass of the body are

d

dt

∂L

∂V
− ∂L

∂R
= 0. (3.2.30)

The change of the potential energy under a translation of the body through a distance δR is

δU =
∑
a

∂U

∂ra
δra =

∑
a

∂U

∂ra
δR = −

∑
a

fa ·R = −F ·R, (3.2.31)

so

F = −∂U
∂R

. (3.2.32)
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Substituting (3.2.29) into (3.2.30) gives, using (3.1.136) and (3.2.32), the Newton equation of trans-
lational motion of a rigid body (3.1.110).

The Lagrange equations (3.1.15) for the 3 angles φα representing the orientation of the principal
axes of inertia of the body relative to the axes of the inertial frame are

d

dt

∂L

∂ωα
− ∂L

∂φα
= 0. (3.2.33)

The change of the potential energy under a rotation of the body by an angle δφ is

δU = −
∑
a

fa · ra = −
∑
a

fa · (δφ× r) = −δφ ·
∑
a

ra × fa = −δφ ·
∑
a

τa = −K · δφ, (3.2.34)

so

K = −∂U
∂φ

. (3.2.35)

Substituting (3.2.29) into (3.2.33) and using (3.2.21) gives

Ṁα = − ∂U

∂φα
(3.2.36)

or, using (3.2.35), the Newton equation of rotational motion of a rigid body (3.1.155).
If a rigid body interacts with a uniform field E then the force on each particle composing the

body is f = eE, where e characterizes the properties of the particle with respect to the field. The
corresponding total force F = E

∑
a ea and the total torque K =

∑
a eara ×E. If

∑
a ea 6= 0 then

K = r0 × F, (3.2.37)

where

r0 =

∑
a eara∑
a ea

. (3.2.38)

Thus the effect of a uniform field on a moving rigid body reduces to the action of a single force F
applied at the point with the radius vector (3.2.38). In a uniform electric field, E is the electric
field vector and e is the electric charge of the particle. In a uniform gravitational field, E is the
gravitational acceleration due to gravity, e is the mass of the particle and r0 is the radius vector of
the center of mass of the body.

We consider a frame of reference K ′ moving with a rigid body, whose axes are the principal axes
of inertia, relative to an inertial frame K. If the change of any vector A in K ′ is d′A

dt then its change
in K is, according to (3.2.2),

dA

dt
=
d′A

dt
+ ω ×A. (3.2.39)

Thus the Newton equations of motion of a rigid body (3.1.110) and (3.1.155) are equivalent to

d′P

dt
+ ω ×P = F, (3.2.40)

d′M

dt
+ ω ×M = K. (3.2.41)

Projecting (3.2.40) onto the axes of K ′ and using (3.1.136) gives

M(V̇1 + ω2V3 − ω3V2) = F1,

M(V̇2 + ω3V1 − ω1V3) = F2,

M(V̇3 + ω1V2 − ω2V1) = F3. (3.2.42)

Projecting (3.2.41) onto the axes of K ′ and using (3.2.22) (which is valid for the principal axes of
inertia) gives Euler’s equations:

I1ω̇1 + (I3 − I2)ω2ω3 = K1,

I2ω̇2 + (I1 − I3)ω3ω1 = K2,

I3ω̇3 + (I2 − I1)ω1ω2 = K3. (3.2.43)
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3.2.5 Noninertial frames of reference

In an inertial frame of reference K0, the Lagrangian for a nonrelativistic particle of mass m moving
with velocity v0 in an external field represented by the potential energy U is

L0 =
1

2
mv2

0 − U, (3.2.44)

which gives the Newton equation of motion mdv0

dt = −∂U∂r . We consider a frame of reference K ′,
which moves relative to K0 with translational velocity V(t). Substituting the relation v0 = v′ + V,

where v′ = dr′

dt is the velocity of the particle in K ′, into (3.2.44) gives

L′ =
1

2
mv′2 +mv′ ·V+

1

2
mV2−U =

1

2
mv′

2
+
d

dt
(mr′ ·V)−mr′ · dV

dt
+
d

dt

(
1

2
mV2t

)
−U, (3.2.45)

which, after omitting total time derivatives, reduces to

L′ =
1

2
mv′

2 −mr′ ·A− U, (3.2.46)

where A = dV
dt is the translational acceleration of K ′. The Lagrange equations (3.1.22) in K ′ are

d
dt
∂L′

∂v′ −
∂L′

∂r′ = 0, giving the Newton equation of motion:

m
dv′

dt
= −∂U

∂r′
−mA. (3.2.47)

The effect of a translational motion of a frame of reference with acceleration A(t) is equivalent to
the effect of a uniform field of force −mA. This force acts on the particle in the direction opposite
to the acceleration.

We consider a frame of reference K, which rotates relative to K ′ with angular velocity ω(t) and
whose origin coincides with the origin of K ′, so r = r′. Substituting the relation v′ = v + ω × r,
where v = dr

dt is the velocity of the particle in K, into (3.2.46) gives

L =
1

2
mv2 +mv · (ω × r) +

1

2
m(ω × r)2 −mr′ ·A− U, (3.2.48)

so
∂L

∂v
= mv +mω × r,

∂L

∂r
= mv × ω +m(ω × r)× ω −mA− ∂U

∂r
. (3.2.49)

Thus the Lagrange equations (3.1.22) in K give the Newton equation of motion:

m
dv

dt
= −∂U

∂r′
−mA−mα× r− 2mω × v −mω × (ω × r), (3.2.50)

where α(t) = ω̇ is the angular acceleration of K. The effect of a rotational motion of a frame of
reference with angular velocity ω is equivalent to the effect of three forces: the force mα× r arising
from the nonuniformity of the rotation, the Coriolis force

fC = −2mω × v, (3.2.51)

and the centrifugal force
fc = −mω × (ω × r). (3.2.52)

The Coriolis force depends on the velocity v, but it is perpendicular to v so it does not produce any
work. The centrifugal force acts in the direction opposite to r (away from the center of K) and its
magnitude is mω2ρ, where ρ is the distance of the particle from the axis of rotation.
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3.2.6 Constraints and d’Alembert principle

A rigid body is in equilibrium if the total force and torque acting on it vanish:

F =
∑

f = 0, K =
∑

r× f = 0. (3.2.53)

According to (3.1.110) and (3.1.155), such body is at rest (static). The equations of equilibrium
(3.2.53) do not depend on the choice of the origin with respect to which the torque is defined
because of (3.1.160). For a system of rigid bodies, (3.2.53) must be satisfied for each body. The
consistency of these equations with Newton’s third law for each pair of bodies implies the appearance
of additional forces exerted on each body by the bodies with which it is in contact and acting at
the points of contact. These forces are referred to reactions and must be included in (3.2.53). They
satisify Newton’s third law: the mutual reactions of two bodies in contact are equal in magnitude
and opposite in direction. Solving the equations of equilibrium (3.2.53) gives the reactions. If the
system of bodies is not in equilibrium then reactions must be included in (3.1.110) and (3.1.155).
Solving these equations give the motion of the bodies and the reactions. In addition to reaction,
dissipative forces of friction opposing the motion appear if two bodies in contact are in relative
motion.

The motion of bodies in contact is a combination of sliding and rolling. Sliding is characterized
by a reaction R perpendicular to the surfaces in contact and a friction T tangential to these surfaces
and proportional in magnitude to the reaction,

T = µR. (3.2.54)

The constant of proportionality µ is called the coefficient of kinetic friction. Two bodies in contact
have a smaller number of degrees of freedom relative to these bodies in free motion. In sliding, the
constraints impose relations between the coordinates of the bodies only; such constraints are called
holonomic. The number of generalized coordinates n describing rigid bodies in sliding is n = n0−k,
where n0 is the number of degrees of freedom of the bodies in free motion and k is the number of
(holonomic) constraints.

Rolling is characterized by no relative motion of the bodies at their instantaneous point of contact,
with an arbitrarily oriented force of reaction and a friction torque opposing the rotation. In rolling,
the velocities of the points in contact are thus equal. This condition is expressed by the equations
of constraint on the generalized velocities q̇s:∑

s

cjsq̇s = 0, (3.2.55)

where the index j = 1..k numbers these equations and the functions cjs depend only on the gen-
eralized coordinates qs. If

∑
s cjsq̇s is not the time derivative of some function of the coordinates

then (3.2.55) cannot be integrated to relations between the coordinates of the bodies only; such
constraints are called nonholonomic. For a rigid body rolling on another body at rest, (3.2.55) in
the Cartesian coordinates gives

V + ω × r = 0, (3.2.56)

where r is the radius vector of the instantaneous point of contact with respect to the center of mass
of the rolling body. For sliding, the reaction is perpendicular to the surface of contact of the bodies.
Since the motion in sliding is tangential to this surface, the work of forces of reaction along a virtual
displacement (displacement at a fixed time) δr, which is consistent with the constraints, vanishes:∑

R · δr = 0, (3.2.57)

where the summation extends over all the bodies. This relation is equivalent to d’Alembert’s prin-
ciple: ∑

(f − ṗ) · δr = 0, (3.2.58)

where p is the momentum of the body and f is the total force acting on it. The static (p = 0) case
of d’Alembert’s principle is called the principle of virtual work.
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Multiplying (3.2.55) by δt gives ∑
s

cjsδqs = 0, (3.2.59)

so the variations δqs are not independent. The dynamics of a mechanical system is given by the
stationarity of the action δS = 0 with k additional constraints (3.2.59). Lagrange’s method of finding
conditional extrema gives

δS +

∫ ∑
j,s

λjcjsδqsdt = 0, (3.2.60)

where λj are some functions of the coordinates, called Lagrange multipliers. The variations δqs in
(3.2.60) are now independent, so using (3.1.14) yields∫ t2

t1

(
∂L

∂qs
− d

dt

∂L

∂q̇s
+
∑
j

λjcjs

)
δqs dt = 0. (3.2.61)

Since the variations δqs are arbitrary, (3.2.61) gives the Lagrange equations with constraints for each
degree of freedom s = 1..n:

d

dt

∂L

∂q̇s
− ∂L

∂qs
=
∑
j

λjcjs. (3.2.62)

These n second-order differential equations, together with k equations of constraint (3.2.55), are the
equations of motion of the system for n coordinates qs and k multipliers λj . The right-hand sides
of (3.2.62) are the generalized forces of reaction:

Rs =
∑
j

λjcjs. (3.2.63)

The condition (3.2.59) is also valid for holonomic constraints. In this case,
∑
s cjsq̇s in (3.2.55)

is the time derivative of some function of the coordinates fj , so (3.2.59) gives

δfj =
∑
s

cjsδqs, (3.2.64)

which then gives

cjs =
∂fj
∂qs

. (3.2.65)

The Lagrange equations with constraints (3.2.62) become thus

d

dt

∂L

∂q̇s
− ∂L

∂qs
=
∑
j

λj
∂fj
∂qs

. (3.2.66)

3.2.7 Maggi and Appell equations

References: [12].

3.3 Ideal fluids

3.3.1 Lagrange formulation

3.3.2 Euler formulation

References: [13, 14].
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3.4 Hamiltonian mechanics

3.4.1 Legendre transformation, Hamilton and Routh equations

For a particle, the Hamiltonian is

H =
√

p2c2 +m2c4. (3.4.1)

In the nonrelativistic limit, (3.4.1) reduces to

H =
p2

2m
+mc2. (3.4.2)

3.4.2 Poisson brackets

{Mα,Mβ} = eαβγMγ , (3.4.3)

which resembles (1.6.37). This relation gives

{M2,Mβ} = {MαMα,Mβ} = 0, whichresembles(1.6.41). (3.4.4)

The square of the angular momentum vector is therefore the Casimir invariant of the rotation group,
that is, a quantity whose Poisson brackets with M vanish.

3.4.3 Maupertuis principle

3.4.4 Canonical transformations

3.4.5 Liouville theorem and distribution functions

3.4.6 Adiabatic motion

References: [12, 14].

3.5 Hamilton-Jacobi mechanics

3.5.1 Hamilton-Jacobi equation

pi = − ∂S
∂xi and pip

i = m2c2 give the Hamilton-Jacobi equation

∂S

∂xi
∂S

∂xk
gik = m2c2. (3.5.1)

Substituting
S′ = S +mc2t (3.5.2)

into (3.5.1) in the Galilean frame of reference gives

1

2m
(∇S′)2 − 1

2mc2

(
∂S′

∂t

)2

+
∂S′

∂t
= 0. (3.5.3)

In the nonrelativistic limit, (3.5.3) reduces to

1

2m
(∇S′)2 +

∂S′

∂t
= 0. (3.5.4)

3.5.2 Canonical variables

References: [12, 14].
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4 Applications

4.1 Mechanics

4.1.1 Orthonormal systems of coordinates

The position of a particle in the Cartesian coordinates is given by the radius vector

r = (x, y, z) = xαeα, (4.1.1)

where the Cartesian unit vectors (versors) are constant vectors:

e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1). (4.1.2)

The velocity of the particle is
v = vαeα = ẋαeα, (4.1.3)

so
vα = ẋα. (4.1.4)

The acceleration of the particle is
a = aαeα = v̇αeα, (4.1.5)

so
aα = ẍα. (4.1.6)

The Cartesian versors are orthonormal (unit and orthogonal):

eα · eβ = δαβ . (4.1.7)

We consider a transformation from the Cartesian coordinates xα to generalized (curvilinear)
coordinates qβ :

xα = xα(qβ). (4.1.8)

The differential dr is thus
dr = hβdq

β , (4.1.9)

where

hβ =
∂r

∂qβ
. (4.1.10)

The scalar product

hα · hβ =
∂xγ

∂qα
∂xδ

∂qβ
eγ · eδ = γαβ , (4.1.11)

where γαβ is the spatial metric tensor (1.4.98). If γαβ is diagonal then one can define a vector

nα =
hα√
γαα

(4.1.12)

for each α. These vectors are orthonormal,

nα · nβ = δαβ , (4.1.13)

and form a basis of an orthonormal system of coordinates in which the upper and lower indices α
are identical.

The vectors nα generally are not constant. The time derivative ṅα can be expressed as linear
combinations of nβ :

ṅα = ωαβnβ , (4.1.14)

where the coefficients ωαβ depend on the chosen coordinates qα. Multiplying (4.1.14) by nγ gives

ṅα · nγ = ωαβnβ · nγ = ωαβδβγ = ωαγ , (4.1.15)
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so
ωαβ + ωβα = (nα · nβ)· = 0. (4.1.16)

Thus the spatial tensor ωαβ is antisymmetric. The velocity is given by

v =
∂r

∂qα
q̇α = q̇αhα =

∑
α

√
γααq̇

αnα. (4.1.17)

The acceleration is given by

a =
∑
α

(
√
γααq̇

α)·nα +
∑
α

√
γααq̇

αṅα =
∑
α,β

(
ωαβ
√
γααq̇

α + δαβ(
√
γααq̇

α)·
)
nβ . (4.1.18)

The passage from the Cartesian coordinates x, y, z to the cylindrical coordinates r, φ, z is given
by

x = r cosφ, y = r sinφ, z = z. (4.1.19)

The radius vector is r = (r cosφ, r sinφ, z) and the metric tensor is

γαβ =

 1 0 0
0 r2 0
0 0 1

 , (4.1.20)

which gives
nr = (cosφ, sinφ, 0), nφ = (−sinφ, cosφ, 0), nz = (0, 0, 1). (4.1.21)

Thus ṅr = φ̇nφ, ṅφ = −φ̇nr and ṅz = 0, so

ωαβ =

 0 φ̇ 0

−φ̇ 0 0
0 0 0

 . (4.1.22)

The velocity is given by (4.1.17):
v = ṙnr + rφ̇nφ + żnz, (4.1.23)

so
vr = ṙ, vφ = rφ̇, vz = ż. (4.1.24)

The acceleration is given by

a = (ṙnr + rφ̇nφ + żnz)
· = (r̈ − rφ̇2)nr + (rφ̈+ 2ṙφ̇)nφ + z̈nz, (4.1.25)

so
ar = r̈ − rφ̇2, aφ = rφ̈+ 2ṙφ̇, az = z̈. (4.1.26)

The gradient (1.4.124), divergence (1.4.126) and Laplacian (1.4.128) in the cylindrical coordinates
are

∇ψ =

(
∂ψ

∂r
,
∂ψ

r∂φ
,
∂ψ

∂z

)
, (4.1.27)

div v =
∂vr
∂r

+
vr
r

+
∂vφ
r∂φ

+
∂vz
∂z

, (4.1.28)

4 =
1

r

∂

∂r

(
r
∂

∂r

)
+

∂2

r2∂φ2
+

∂2

∂z2
. (4.1.29)
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4.1.2 Uniformly accelerated motion

If the four-velocity ui of a particle is constant then its motion is uniform. If the four-acceleration
wi of a particle is constant then its motion is uniformly accelerated. We consider wi = const and
v ‖ a. If v is along the x direction, v = vex and a = aex, then (1.6.119) gives

wx =
γ2a

c2
+
γ4v2a

c4
=
γ4a

c2
, (4.1.30)

where γ = (1− v2/c2)−1/2. We also have

wx =
dux

ds
=
u0

c2
d(γv)

dt
=

γ

c2
d(γv)

dt
, (4.1.31)

which gives
d

dt
(γv) = γ3a. (4.1.32)

The relations (1.6.121) and (1.6.123) give the proper acceleration (1.6.123)

a2
0 = γ4

(
a2 +

γ2v2

c2
a2

)
= γ6a2, (4.1.33)

which brings (4.1.32) to
d

dt
(γv) = a0. (4.1.34)

If the time is chosen such that v = 0 at t = 0 then (4.1.34) integrates to

v = c
a0t

(c2 + (a0t)2)1/2
. (4.1.35)

As t→∞, v → c. If the coordinates are chosen such that x = c2

a0
, y = z = 0 at t = 0 then (4.1.35)

integrates, using v = dx
dt , to

x2 − (ct)2 =
c4

a2
0

. (4.1.36)

The motion is thus hyperbolic, with a parametric solution

ct =
c2

a0
sinhη, x =

c2

a0
coshη. (4.1.37)

The proper time of the particle τ is given by

τ =

∫ t

0

dt

u0
=

∫ t

0

(1− v2/c2)1/2dt =
c

a0
sinh−1 a0t

c
=
cη

a0
. (4.1.38)

The world line (4.1.36) is represented by a hyperbola AC in Fig. 5. As t → ∞, this curve
asymptotically tends to the line ct = x, which is represented by a line OB. No signal emitted in the
region on the left of this line can therefore reach a point moving along the world line (4.1.36). Such
a point has an event horizon: no signals from world points which are behind the given point (in the

instantaneous rest frame) at distances larger than c2

a0
at t = 0 (|OA| in Fig. 5) can reach this point.

We consider the following transformation from the Cartesian coordinates ct, x, y, z to new coor-
dinates (cT,X, y, z):

ct = Xsinh
cT

α
, x = Xcosh

cT

α
, (4.1.39)

where α = const. The inverse transformation is

cT = αtanh−1 ct

x
, X =

√
x2 − (ct)2. (4.1.40)
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Figure 5: Event horizon in uniformly accelerated motion.

Substituting (4.1.39) into the Minkowski interval (1.4.85) gives

ds2 =
X2

α2
c2dT 2 − dX2 − dy2 − dz2. (4.1.41)

The interval (4.1.41) is called the Rindler metric. If a point is at rest in the Rindler metric,

X =
c2

a0
, y = const, z = const, (4.1.42)

where a0 = const, and we define

η =
cT

α
, (4.1.43)

then (4.1.39) gives (4.1.37). Thus a point at rest in the Rindler coordinates cT,X is moving with a
constant proper acceleration a0 in the Galilean coordinates.

In the nonrelativistic limit, a0t� c, (4.1.35) reduces to

v = a0t, (4.1.44)

which integrates to

x =
1

2
a0t

2 + x0. (4.1.45)

Therefore a nonrelativistic uniformly accelerated motion is parabolic. As t → ∞, v → ∞, so the
applicability of this limit is restricted to velocities much smaller than c. Formulae (4.1.44) and
(4.1.45) are special cases of the nonrelativistic kinematics of a particle moving in a uniform field of
force f with a constant acceleration a = f

m , which integrates to

v = at+ v0, r =
1

2
at2 + v0t+ r0, (4.1.46)

where v0 and r0 are the velocity and position of the particle at t = 0.

4.1.3 Uniformly rotating frame of reference

The Galilean frame of reference in the cylindrical coordinates is described, due to (4.1.20), by the
interval

ds2 = c2dt2 − dr2 − r2dφ2 − dz2. (4.1.47)

We consider a transformation to a frame of reference which rotates uniformly about the z-axis with
angular velocity ω:

φ = φ′ + ωt. (4.1.48)

The interval in this frame is

ds2 = (c2 − ω2r2)dt2 − 2ωr2dφ′ dt− dr2 − r2dφ′2 − dz2. (4.1.49)
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The rotating frame can be realized with physical bodies if g00 > 0 which gives

r <
c

ω
, (4.1.50)

representing the impossibility of exceeding the speed of propagation of interaction by physical bodies
rotating with this frame. The square of an infinitesimal distance (1.4.97) corresponding to the
interval (4.1.49) is

dl2 = dr2 + dz2 +
r2dφ′2

1− ω2r2

c2

, (4.1.51)

so the ratio of the circumference of a circle at z = const to its radius is 2π/
√

1− ω2r2

c2 . The time

difference between two synchronized infinitesimally separated points is, due to (1.4.101),

∆t =
1

c2

∫
ωr2dφ′

1− ω2r2

c2

. (4.1.52)

Thus the time difference along an infinitesimal closed curve connecting synchronized points is

∆t =
1

c2

∮
ωr2dφ′

1− ω2r2

c2

, (4.1.53)

which, in the limit ωr
c � 1, gives

∆t =
ω

c2

∮
r2dφ′ = ±2ω

c2
S, (4.1.54)

where S is the surface area of the projection of the contour on the plane perpendicular to the z-axis
and the sign ± depends on whether the synchronization takes place in the direction of the rotation
or the opposite. If the length of the contour is L then the time of the propagation of a signal along
the contour is thus

t =
L

c
± 2ω

c2
S, (4.1.55)

so the speed of propagation of interaction in the rotating frame measured in the inertial frame is

c′ = c± 2ωS

L
. (4.1.56)

The metric tensor corresponding to the interval (4.1.49) is

gik =


1− ω2r2

c2 0 −ωr
2

c 0
0 −1 0 0

−ωr
2

c 0 −r2 0
0 0 0 −1

 , gik =


1 0 −ωc 0
0 −1 0 0

−ωc 0 ω2

c2 −
1
r2 0

0 0 0 −1

 . (4.1.57)

Substituting the corresponding Christoffel symbols (1.4.26) into the metric geodesic equation (1.4.80)
gives the equations of motion of a particle in a uniformly rotating frame of reference:

du0

ds
= 0,

duz

ds
= 0, (4.1.58)

dur

ds
− r
(
ω

c
u0 + uφ

)2

= 0, (4.1.59)

duφ

ds
+

2

r
uruφ +

2ω

cr
u0ur = 0. (4.1.60)

Due to (4.1.58), we can take s = ct. Thus (4.1.59) and (4.1.60) give, using (4.1.26),

ar =
∂vr

∂t
− rvφ2 = ω2r + 2ωrvφ, (4.1.61)

aφ = r
∂vφ

∂t
+ 2vrvφ = −2ωvr. (4.1.62)
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We consider a nonrelativistic particle in a frame of reference K which rotates uniformly relative
to an inertial frame K0 with angular velocity ω and whose origin coincides with the origin of K0,
so r = r0. Substituting ω̇ = 0 and A = 0 into the Lagrangian (3.2.48) gives

L =
1

2
mv2 +mv · (ω × r) +

1

2
m(ω × r)2 − U, (4.1.63)

so the equation of motion (3.2.50) is

m
dv

dt
= −∂U

∂r′
− 2mω × v −mω × (ω × r). (4.1.64)

This nonrelativistic equation of motion in a uniformly rotating frame of reference is consistent with
(4.1.61) and (4.1.62) for U = 0 (no external forces). Thus the relativistic Coriolis and centrifugal
inertial forces have the same forms as their nonrelativistic expressions. The momentum p = ∂L

∂v for
the Lagrangian (4.1.63) is

p = mv +mω × r = mv0 = p0, (4.1.65)

where v0 is the velocity of the particle in K0. The momentum of the particle p in K coincides with
the momentum p0 in K0. Thus the angular momentum of the particle M = r × p in K coincides
with the angular momentum M0 = r0 × p0 in K0. The energy E = p · v − L for the Lagrangian
(4.1.63) is

E =
1

2
mv2 − 1

2
m(ω × r)2 + U, (4.1.66)

where the term − 1
2m(ω × r)2, which is independent of the velocity, is referred to as the centrifugal

potential energy. Substituting v0 = v + ω × r in (4.1.66) gives, using E0 = 1
2mv2

0 + U , the relation
between the energies E and E0 in the two frames:

E =
1

2
mv2

0 −mv0 · (ω × r) + U = E0 −mω · (r× v0) = E0 −M · ω. (4.1.67)

The relation E = E0 −M · ω is also valid for a system of particles due to the additivity of the
Lagrangian.

4.1.4 Unidimensional nonrelativistic motion

In 1 dimension, the Lagrangian for a particle in an external field U is given by

L =
1

2
a(q)q̇2 − U(q), (4.1.68)

where q is a generalized coordinate. In the Cartesian coordinates, the Lagrangian becomes

L =
1

2
mẋ2 − U(x). (4.1.69)

The conservation of energy,
1

2
mẋ2 + U(x) = E, (4.1.70)

gives

t =

√
m

2

∫
dx√

E − U(x)
+ const. (4.1.71)

The motion of the particle is possible in the regions where U(x) < E. The points where U(x) = E
are called turning points. At these points, the particle is at rest: ẋ = 0. If the region of motion is
bounded by 2 turning points then such a motion is finite, that is, it takes place in a finite region of
space. A finite motion is oscillatory with a period (the doubled time of the motion of the particle
from one turning point to the other)

T (E) =
√

2m

∫ x2(E)

x1(E)

dx√
E − U(x)

, (4.1.72)
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where x1(E) and x2(E) are the coordinates of the turning points. The inverse function x(U) is
two-valued. If the region of motion is bounded by 1 or no turning points then such a motion is
infinite.

If the potential energy U(x) has a local minimum, whose coordinate can be taken at x = 0 and
whose value can be set to 0, then (4.1.72) gives

T (E) =
√

2m

∫ 0

E

dx1(U)

dU

dU√
E − U

+
√

2m

∫ E

0

dx2(U)

dU

dU√
E − U

, (4.1.73)

where x1(U) and x2(U) are the two branches of the function x(U), as shown in Fig. (6). Integrating∫ K

0

T (E)dE√
K − E

=
√

2m

∫ K

0

∫ E

0

(
dx2

dU
− dx1

dU

)
dU dE√

(K − E)(E − U)

=
√

2m

∫ K

0

(
dx2

dU
− dx1

dU

)
dU

∫ K

U

dE√
(K − E)(E − U)

. (4.1.74)

Using
∫K
U
dE/

√
(K − E)(E − U) = π and taking K = U gives

x2 − x1 =
1

π
√

2m

∫ U

0

T (E)dE√
U − E

. (4.1.75)

If the function U(x) is symmetric with respect to its minimum then x2 = −x1 = x, yielding the
function x(U):

x(U) =
1

2π
√

2m

∫ U

0

T (E)dE√
U − E

. (4.1.76)

Inverting this function gives the potential energy U(x) as a functional of the period T (E).

Figure 6: Potential energy in a finite motion.

4.1.5 Central field

We consider a nonrelativistic particle in an external field. If the potential energy U depends only
on the distance r of the particle from the a fixed point, called the center of the field, then the field
is referred to as central. The force acting on the particle is given by

F = −∂U
∂r

= −dU
dr

r

r
. (4.1.77)

Since the angular momentum M of the particle (or any system) in such a field relative to the center
is conserved (cf. (3.1.151)),

Ṁ = r× F = −1

r

dU

dr
r× r = 0, (4.1.78)

and M is perpendicular to r, the radius vector r and the path of the particle lie in a plane per-
pendicular to the constant vector M. The motion of the particle in a central field is therefore
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two-dimensional. The Lagrangian of a particle in a central field U(r) in the cylindrical coordinates
(r, φ, z) is given by

L =
1

2
m(ṙ2 + r2φ̇2)− U(r). (4.1.79)

The relation ∂L
∂φ = 0 shows that φ is a cyclic coordinate. The Lagrange equations for φ, d

dt
∂L
∂φ̇

= ∂L
∂φ ,

give the conservation of the corresponding generalized momentum,

pφ =
∂L

∂φ̇
= mr2φ̇ = Mz, (4.1.80)

which coincides with the conserved angular momentum M = Mz ẑ.
The area of an infinitesimal, triangular region bounded by the radius vectors r, r + dr, and the

element of the path dr = r dφ is

df =
1

2
r2dφ, (4.1.81)

as shown in Fig. (7). The absolute value of angular momentum M = mr2φ̇ is therefore equal to

M = 2mḟ, (4.1.82)

where ḟ is called the sectorial velocity of the particle. The conservation of angular momentum in a
central field gives thus Kepler’s second law: the radius vector of a particle in such a field sweeps out
equal areas in equal times.

Figure 7: Radius vector.

The energy of the particle in a constant central field U(r) is conserved,

E =
1

2
m(ṙ2 + r2φ̇2) + U(r). (4.1.83)

Using (4.1.80) in (4.1.83) gives

E =
1

2
mṙ2 + Ueff, (4.1.84)

where

Ueff = U(r) +
M2

2mr2
(4.1.85)

is the effective potential and M = Mz. The term M2

2mr2 is the centrifugal potential energy (cf.
(4.1.66)). The centrifugal energy diverges as r tends to 0. Therefore, the particle cannot reach the
center of the field unless U tends to −∞ as r → 0 sufficiently enough so that Ueff tends there to a
finite value. The motion of the particle is possible in the regions where Ueff < E. The points where
Ueff = E are the turning points for the r coordinate, ṙ = 0. At these points, however, the particle
is not at rest: φ̇ 6= 0. If the region of motion is bounded by 2 turning points for r, r1 ≤ r ≤ r2,
then such a motion is finite. If the region of motion is bounded from below by 1 turning point for
r, r ≥ r1, then such a motion is infinite.

Integrating (4.1.84) gives

t(r) =

∫
dr√

2
m (E − U)− M2

m2r2

+ const, (4.1.86)
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which upon inversion gives the motion of the particle, r(t). Substituting ṙ = dr
dφ φ̇ into (4.1.84) and

integrating gives

φ(r) =

∫ M
r2 dr√

2m(E − U)− M2

r2

+ const, (4.1.87)

which upon inversion gives the path of the particle, r(φ). Since φ̇ does not change sign, φ(t) is a
monotonic function. Substituting

dr

dt
=
dr

dφ

dφ

dt
=

M

mr2

dr

dφ
= −M

m

d

dφ

(1

r

)
(4.1.88)

into (4.1.84), and defining

u =
1

r
, (4.1.89)

gives

E =
M2

2m

[(
du

dφ

)2

+ u2

]
+ U(1/u). (4.1.90)

Differentiating (4.1.90) with respect to φ and dividing by M2

m
du
dφ gives

d2u

dφ2
+ u = − m

M2

d

du
U(1/u). (4.1.91)

The path of a particle in a central field is a closed curve if the change of φ during the period of the
oscillation of the r coordinate,

∆φ = 2

∫ r2

r1

M
r2 dr√

2m(E − U)− M2

r2

, (4.1.92)

is a rational fraction of 2π. The only central potentials that lead to closed paths are U ∼ r2 (∆φ = π)
and U ∼ 1/r (∆φ = 2π).

The concept of the potential energy is not valid in relativistic mechanics. For a charged particle
in an electromagnetic field, however, the energy of the particle has an additive contribution from
the field. We consider a relativistic particle of charge e in a central electrostatic field produced by
a fixed charge e′. The motion of the particle takes place in a plane perpendicular to the constant
angular momentum vector. The conserved energy of the particle is given by (3.1.80):

E =
√
p2c2 +m2c4 + eφ, (4.1.93)

where φ = e′

r (4.2.7) and A = 0. The momentum of the particle can be decomposed into the angular
and radial parts:

p2 =
M2

r2
+ p2

r. (4.1.94)

The corresponding Hamilton-Jacobi equation is

− 1

c2

(
∂S

∂t
+
ee′

r

)2

+

(
∂S

∂r

)2

+
1

r2

(
∂S

∂φ

)2

+m2c2 = 0. (4.1.95)

Putting S = −Et+Mφ+ Sr gives

S = −Et+Mφ+

∫
dr

√
1

c2

(
E − ee′

r

)2

− M2

r2
−m2c2. (4.1.96)

The motion of the particle is given by ∂S
∂E = const, whereas its trajectory is given by ∂S

∂M = const. If
ee′ < 0 then the motion is finite (and the path is not closed) for E < mc2 and infinite for E ≥ mc2.
If ee′ > 0 then the motion is infinite.
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The motion of two interacting particles regarded as a closed system is referred to as the two-body
problem. For nonrelativistic particles, such a motion can be separated into the motion of the center
of mass of the system and the motion of the particles relative to the center of mass. The Lagrangian
of the system of two particles with masses m1 and m2 is given by

L =
1

2
m1ṙ

2
1 +

1

2
m2ṙ

2
2 − U(|r1 − r2|). (4.1.97)

Defining the separation vector,
r = r1 − r2, (4.1.98)

and using the center of mass of the system (3.1.138),

R =
m1r1 +m2r2

m
, (4.1.99)

where m is the total mass of the system (3.1.137),

m = m1 +m2, (4.1.100)

gives

r1 =
m2r

m
+ R, r2 = −m1r

m
+ R. (4.1.101)

The first terms on the right-hand sides in (4.1.101) are the coordinates of the two particles relative
to the center of mass. Accordingly, the Lagrangian (4.1.97) becomes

L =
1

2
mṘ2 +

1

2
µṙ2 − U(|r|), (4.1.102)

where
µ =

m1m2

m1 +m2
(4.1.103)

is referred to as the reduced mass. The Lagrangian (4.1.102) describes the free motion of a particle
of mass m and the motion of a particle of mass µ in an external field U(r). The motion of the
two particles is then given by substituting R(t) and r(t) into (4.1.101). The generalized momenta
corresponding to the coordinates R and r are

P =
∂L

∂Ṙ
= mṘ = m1ṙ1 +m2ṙ2, p =

∂L

∂ṙ
= µṙ. (4.1.104)

The quantity P is the total momentum of the system.

4.1.6 Kepler motion

We consider the motion of a particle with mass m in a nonrelativistic (Newtonian) gravitational
field of a body with mass µ. Such a field is central, with the potential energy given by (3.1.103) and
(4.3.59):

U(r) = −Gµm
r

. (4.1.105)

The motion in such a field is referred to as a Keplerian motion. The effective potential is thus

Ueff = −γ
r

+
M2

2mr2
, (4.1.106)

where
γ = Gµm > 0. (4.1.107)

The particle therefore cannot reach the center of the field unless it moves radially, M = 0. The
effective potential Ueff(r) is shown in Fig. 8. Such a potential has a minimum at

Umin = −mγ
2

2M2
. (4.1.108)
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Figure 8: Effective potential in an
attractive field 1/r.

Figure 9: Effective potential in a
repulsive field 1/r.

The motion of the particle is finite for E < 0 and infinite for E ≤ 0. If γ < 0 then the effective
potential Ueff(r) is shown in Fig. 9. The motion in such a field is infinite.

The Newton equation of motion (3.1.100) in a Newtonian field gives

mr̈ = −γr

r3
. (4.1.109)

Since such a field is central, the angular momentum of the particle, M = mr × ṙ, is conserved (cf.
(4.1.78)). The field is constant in time, so that the energy of the particle is conserved,

E =
1

2
mṙ2 +

γ

r
, (4.1.110)

which can also be obtained by multiplying (4.1.109) by ṙ and integrating. We consider a quantity

L =
1

m
p×M− γr

r
. (4.1.111)

Differentiating L with respect to time gives, using (4.1.109),

dL

dt
= r̈×M− γ d

dt

r√
r · r

= − γ

r3
r× (r× ṙ) + γ

(
(r · ṙ)r

r3
− ṙ

r

)
= 0. (4.1.112)

The vector (4.1.111) is thus conserved and it is referred to as the Laplace-Runge-Lenz vector. Unlike
the energy and angular momentum, this conserved quantity is not an additive constant of motion.
The existence of such a one-valued function of r and v is related to a specific character of the motion
in the 1

r potential, called degeneracy (cf. ??). The Laplace-Runge-Lenz vector is perpendicular to
the angular momentum vector:

L ·M =
1

m
(p×M) ·M− γr

r
· (r× p) = 0, (4.1.113)

so that it lies in a plane of the motion and has 2 independent components. The number of the
conserved quantities in the Keplerian motion is thus 6: 3 components of M, 2 components of L, and
E, related to 2n arbitrary constants of the equations of motion for n = 3 degrees of freedom of a
particle.

The square of the Laplace-Runge-Lenz vector is, using (4.1.110), equal to

L2 = L · L = (v ×M)2 − 2γ

r
r · (v ×M) + γ2 = v2M2 − (v ·M)2

−2γ

r
M · (r× v) + γ2 = v2M2 − 2γ

mr
M2 + γ2 =

2EM2

m
+ γ2. (4.1.114)

We also have

L · r =
1

m
r · (p×M)− γr =

1

m
M · (r× p)− γr =

M2

m
− γr. (4.1.115)
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Defining φ as the angle between L and the radius vector r gives L · r = Lr cosφ, so that (4.1.115)
turns into

r =
p

1 + e cosφ
, (4.1.116)

where

p =
M2

mγ
, e =

L

γ
. (4.1.117)

The relation r(φ) (4.1.116) is the equation of a conic-section curve with latus rectum 2p and eccen-
tricity e, giving a mathematical formulation of Kepler’s first law. It is a circle or radius p for e = 0,
an ellipse for 0 < e < 1, a parabola for e = 1, and a hyperbola for e > 1. Substituting (4.1.117) into
(4.1.114) gives

E =
γ(e2 − 1)

2p
, e =

√
1 +

2EM2

mγ2
. (4.1.118)

The path of the particle (4.1.116) can also be obtained from (4.1.87) or (4.1.91). The latter gives
d2u
dφ2 + u = mγ

M2 = 1
p .

The path of a particle in a Newtonian field for e < 1 (E < 0) is shown in Fig. 10. The origin of
the field is in one of the two foci of the ellipse, F . The center of the ellipse is at point O. The semi-
major axis of the ellipse is |OP | = |FB| = a, the semi-minor axis is |OB| = b = a

√
1− e2 = M√

−2mE

(due to (4.1.118)), |OF | = ae, and |FD| = p. The Laplace-Runge-Lenz vector is directed along
the vector FP . When φ = 0, the particle is located at the point P which is closest to the center,
called a periastron, for which r = rmin = p

1+e . When φ = π, the particle is located at the point
A which is furthest from the center, called a apoastron, for which r = rmax = p

1−e . The relation
rmin + rmax = 2a gives

p = a(1− e2), (4.1.119)

so that rmin = a(1− e), rmax = a(1 + e), and (4.1.118) yields

a = − γ

2E
. (4.1.120)

Accordingly, the equation of path (4.1.116) is

r =
a(1− e2)

1 + e cosφ
. (4.1.121)

The periastron and apoastron are turning points: rmin and rmax are the two roots of the equation
Ueff(r) = E. If E = Umin then e = 0.

Some properties of the Keplerian motion can be obtained using mechanical similarity. The
potential energy in such a field is a homogeneous function of the Cartesian coordinates (3.1.162)
with degree of homogeneity k = −1. The first relation in (3.1.164) gives thus

t′

t
=

(
l′

l

)3/2

. (4.1.122)

Accordingly, the period T of revolution of a particle along an elliptical orbit is related to the semi-
major axis a of the ellipse by

T 2 ∼ a3, (4.1.123)

which constitutes Kepler’s third law. The value of T is given by the constancy of the sectorial velocity
in (4.1.82), which constitutes Kepler’s second law. This law gives MT = 2πmab, from which

T = 2π

√
m

γ
a3/2. (4.1.124)

Substituting (4.1.118) and (4.1.120) into (4.1.86) gives

t =

√
ma

γ

∫
rdr√

a2e2 − (r − a)2
. (4.1.125)

144



Integrating (4.1.125) over the whole ellipse gives the period (4.1.124),

T = 2

√
ma

γ

∫ a(1+e)

a(1−e)

rdr√
a2e2 − (r − a)2

. (4.1.126)

The expression (4.1.126) can also be derived using (4.1.88) and the equation of path (4.1.116).
Substituting

r = a(1− e cosξ), (4.1.127)

where ξ is a parameter, into (4.1.125) and putting t = 0 when the particle is at the periastron gives
Kepler’s equation

ωt = ξ − e sinξ, (4.1.128)

where

ω =
2π

T
. (4.1.129)

Combining the equation of path (4.1.121) with (4.1.127) leads to

ae+ r cosφ = a cosξ, (4.1.130)

tan
φ

2
=

√
1 + e

1− e
tan

ξ

2
. (4.1.131)

The relation (4.1.130) is represented in Fig. 11 which shows the auxiliary circle with radius a,
corresponding to the Keplerian ellipse in Fig. 10. The angle φ between the major axis and the
radius vector r is, in astronomy, denoted v and called the true anomaly. The angle ξ is between the
major axis and a vector, which is directed from the center of the circle (and of the ellipse) to the
point on the circle with the same horizontal coordinate as the particle. This angle is, in astronomy,
denoted E and called the eccentric anomaly. The quantity ωt in (4.1.128) is, in astronomy, denoted
M and called the mean anomaly. Kepler’s equation (4.1.128) is then

M = E − e sinE. (4.1.132)

Figure 10: Keplerian motion on
an ellipse.

Figure 11: Auxiliary circle.

For E = 0, (4.1.118) indicates the motion on a parabola, e = 1. The only turning point is located
at the periastron, rmin = p

2 , due to (4.1.116). Such a motion is given by (4.1.86):

t =

∫
rdr√

2γ
m r −

M2

m2

. (4.1.133)

Substituting

r =
1

2
p(1 + η2), (4.1.134)
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where η is a parameter, into (4.1.133) and putting t = 0 when the particle is at the periastron gives√
γ

mp3
t =

1

2

(
η +

η3

3

)
. (4.1.135)

For E > 0, (4.1.118) indicates the motion on a hyperbola, e > 1, as shown in Fig. 12. The
equation of path is

r =
a(e2 − 1)

1 + e cosφ
, (4.1.136)

where the semi-major axis of the hyperbola is given by

a =
γ

2E
=

p

e2 − 1
. (4.1.137)

The periastron is located at |FP | = rmin = a(e − 1), and |FB| = p. The parametric equations
(4.1.127) and (4.1.128) are replaced by

r = a(e coshξ − 1), (4.1.138)

ωt = e sinhξ − ξ. (4.1.139)

Defining

tan
φ

2
=

√
1 + e

e− 1
tanh

H

2
(4.1.140)

leads to Kepler’s equation
M = e sinhH −H. (4.1.141)

If the field is repulsive, γ < 0, then the motion is shown in Fig. 13. The equation of path is

r =
p

e cosφ− 1
, (4.1.142)

where

p = −M
2

mγ
. (4.1.143)

The periastron is located at |FP | = rmin = a(e + 1). The parametric equations (4.1.127) and
(4.1.128) are replaced by

r = a(e coshξ + 1), (4.1.144)

ωt = e sinhξ + ξ. (4.1.145)

Figure 12: Keplerian motion on a
hyperbola.

Figure 13: Motion on a hyperbola
in a repulsive field.

We consider the motion of a particle in a perturbed Keplerian field, described by the Lagrangian
(4.1.79) with

U(r) = −γ
r

+ δU(r), (4.1.146)
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where δU(r) is a small correction to the Newtonian potential −γr . The change of φ during the period
of the oscillation of the r coordinate (4.1.92) can be written as

∆φ = −2
∂

∂M

∫ rmax

rmin

√
2m(E − U)− M2

r2
dr. (4.1.147)

Substituting (4.1.146) into (4.1.147) and expanding in δU gives

∆φ = 2π + δφ, (4.1.148)

where

δφ =
∂

∂M

∫ rmax

rmin

2mδU dr√
2m(E + γ

r )− M2

r2

=
∂

∂M

(
2m

M

∫ π

0

r2δU dφ

)
. (4.1.149)

If E 6= 0 then we normalize the Laplace-Runge-Lenz vector by defining

D =
L√

2m|E|
. (4.1.150)

The Poisson brackets of the components of such a vector and the components of the angular mo-
mentum vector are

[Dα, Dβ ] = −sgn(E)eαβγMγ , (4.1.151)

[Dα,Mβ ] = eαβγDγ . (4.1.152)

If E < 0 then the relations (3.4.3), (4.1.151) and (4.1.152) form the Lie algebra of the rotation
group in the four-dimensional Euclidean space. The Casimir invariants Ci of such a group are the
quantities whose Poisson brackets with M and D vanish:

{Ci,Mα} = 0, {Ci, Dα} = 0. (4.1.153)

These invariants are

C1 = M ·D = 0, C2 = M2 + D2 =
mγ2

2|E|
. (4.1.154)

4.1.7 Decays and collisions of particles

We consider a free body with mass M at rest, decaying into two particles with masses m1,m2

and momenta p10,p20. The energies of the resulting particles are E10 =
√

p2
10c

2 +m2
1c

4, E20 =√
p2

20c
2 +m2

2c
4. The conservation of momentum in this frame of reference gives p10+p20 = 0, so that

E2
10−m2

1c
4 = E2

20−m2
2c

4. Combining this relation with the conservation of energy, E10+E20 = Mc2,
gives the values of E10 and E20. The rest frame of the body is the center-of-inertia frame (C-frame) of
the two resulting particles. If the internal state of particles does not change during the collision then
such a collision is called elastic. The decay is possible if the binding energy Eb = (M −m1 −m2)c2

is positive, otherwise the body is unstable with respect to this decay.
In a laboratory frame (L-frame), the body moves with velocity V and decays into the same two

particles with momenta p1,p2 and energies E1 =
√

p2
1c

2 +m2
1c

4, E2 =
√

p2
2c

2 +m2
2c

4. We consider
one of the emerging particles, omitting the subscripts 1,2. We take the plane in which the vectors
V, p and p0 lie as the xy-plane (the x-axis along the vector V). We choose the L-frame as K
and the C-frame as K ′ in (3.1.61) and (3.1.62), so that V is the velocity of the C-frame relative to
the L-frame. If m is the mass of the particle, θ is the angle between p and V, and θ0 is the angle
between p0 and V, then (3.1.61) and (3.1.62) give

E0 =
E − (V/c)

√
E2 −m2c4 cosθ√

1− V 2/c2
, E =

E0 + (V/c)
√
E2

0 −m2c4 cosθ0√
1− V 2/c2

, (4.1.155)

p cosθ = px =
p0 cosθ0 + E0V/c

2√
1− V 2/c2

, p sinθ = py = p0 sinθ0. (4.1.156)
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The value of θ0 depends on the law of interaction of the particles and their relative positions. If we
regard the two resulting particles as a single composite system then the velocity of its motion as a

whole is given by (3.1.71), (p1+p2)c2

E1+E2
= V. The invariant mass of such a composite system,

minv =
1

c2

√(∑
a

Ea

)2

−
(∑

a

pa

)2

c2, (4.1.157)

is equal to 1
c2

√
(E1 + E2)2 − (p1 + p2)2c2 = M .

The relations (4.1.156) give (px
√

1− V 2/c2 − E0V/c
2)2 + p2

y = p2
0, which is represented by a

kinematic ellipse in Fig. 14. The major semiaxis of the ellipse is along the x-axis and it is equal to
p0√

1−V 2/c2
. The minor semiaxis is along the y-axis and it is equal to p0. The vector AO = V E0/c

2√
1−V 2/c2

and the vector AB = p. If V < v0 = p0c
2

E0
then A lies inside the ellipse. In this case, for each θ

there is 1 value of E and thus 1 value of θ0. If V > v0 then A lies outside the ellipse. In this case,
for each θ there are 2 values of E and thus 2 values of θ0. Also, θ cannot exceed a value θmax

given by sinθmax =
p0
√

1−V 2/c2

mV . The angles of emergence of the two particles in the C-frame satisfy
θ10 + θ20 = π. The separation angle in the L-frame, which is the angle between the directions of the
particles after decay, is equal to Θ = θ1 + θ2.

In the nonrelativistic limit, the relations (4.1.155) and (4.1.156) reduce to v = v0 + V, where
v is the velocity of a decay particle in the L-frame, and v0 is the velocity of this particle in the
C-frame. This relation gives v2 = v2

0 + V 2 + 2v0V cosθ0 and v2
0 = v2 + V 2 − 2vV cosθ, from which

tanθ = v0 sinθ0
v0 cosθ0+V . Accordingly, the ellipse in Fig. 14 reduces to a circle of radius p0, where

AO = mV and AB = mv, so that OB = mv0. An equivalent circle of radius v0 = p0
m , where

AO = V, AB = v and OB = v0, is shown in Fig. 15. If V > v0 then sinθmax = v0
V .

Figure 14: Kinematic ellipse of a
decay.

Figure 15: Nonrelativistic limit.

For a system of decaying particles that are randomly oriented in space, every decay particle of
a given kind has the same energy in the C-frame and the angular distribution of their directions
of motion is isotropic. The fraction of particles in a solid angle do0 is thus equal to dN = do0

4π ,
where do0 = 2π sinθ0 dθ0 and θ0 ∈ [0, π]. The angular distributions dN and the ranges of possible
values of other quantities can be obtained from the relations between θ0 and those quantities, such
as (4.1.155). If a particle decays into 3 or more particles then the laws of conservation of energy
and momentum allow more freedom in directions of motion and velocities of the emerging particles.
The kinetic energy of each decay particle cannot exceed the maximum value which the particle has
if the system of the other particles has the least possible mass. Such a mass is equal to the sum of
the masses of those particles and describes the case where the particles move with the same velocity.

We consider two colliding particles with masses m1,m2 and four-momenta pi1, p
i
2. We consider

an elastic collision, which is a collision during which the internal states of particles do not change.
The conservation law of four-momentum is

pi1 + pi2 = p′i1 + p′i2 , (4.1.158)
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where the primed quantities refer to the particles after the collision. This law gives, using p1ip
i
1 =

p′1ip
′i
1 = m2

1c
2 and p2ip

i
2 = p′2ip

′i
2 = m2

2c
2,

p1ip
i
2 − p1ip

′i
1 − p2ip

′i
1 +m2

1c
2 = 0,

p2ip
i
1 − p2ip

′i
2 − p1ip

′i
2 +m2

2c
2 = 0. (4.1.159)

Inelastic collisions, where the states of colliding particles change, are possible if the invariant mass
(4.1.157) of the resulting particles does not exceed the invariant mass of the original particles.

The L-frame for collisions is defined as a frame of reference in which one of the colliding particles,
for example m2, is at rest, so that p2 = 0 and E2 = m2c

2. The velocity of the motion of the system
of such particles as a whole (3.1.71),

V =
p1c

2

E1 +m2c2
, (4.1.160)

is the velocity of the C-frame relative to the L-frame. Therefore, before the collision, the particle
with mass m2 moves in the C-frame with velocity −V, so that its momentum is

p20 = − m2V

1− V 2/c2
. (4.1.161)

If θ1 is the angle between p1 and p′1, and θ2 is the angle between p1 and p′2, then in the L-frame
we obtain p1ip

i
2 = E1m2, p1ip

′i
1 = E1E

′
1/c

2 − p1 · p′1 = E1E
′
1/c

2 − p1p
′
1 cosθ1, p2ip

′i
1 = m2E

′
1,

p2ip
′i
2 = m2E

′
2 and p1ip

′i
2 = E1E

′
2/c

2 − p1 · p′2 = E1E
′
2/c

2 − p1p
′
2 cosθ2. These quantities are scalars

so that they have the same values in all frames of reference. Substituting the above expressions into
(4.1.159) gives the relations between the energies of the particles and the directions of their motion.
The time component of (4.1.158) in the L-frame is the conservation of energy, E1 +m2c

2 = E′1 +E′2.
The energy in the L-frame transferred from the incident particle m1 to the target particle m2 is
equal to Et = E′2 −m2c

2. If m1 > m2 then the scattering angle θ1 has a maximum value given by
sinθmax = m2

m1
.

In the C-frame, the momenta of the two particles before the collision, p10 = p0 and p20, satisfy
p10 + p20 = 0. The conservation of momentum causes that the momenta of the particles rotate
during the collision, remaining opposite in direction and equal in magnitude. The conservation
of energy causes that the values of the momenta (and of the energies) do not change during the
collision. If χ is the angle of such a rotation (angle of scattering), that is, the angle between p10

and p′10 or between p20 and p′20, then in the C-frame we obtain p1ip
i
2 = E10E20/c

2 − p10 · p20 =√
(p2

0 +m2
1c

2)(p2
0 +m2

2c
2)+p2

0 and p1ip
′i
1 = E10E

′
10/c

2−p10 ·p′10 = E2
10−p2

0 cosχ = p2
0(1−cosχ)+m2

1.
Substituting the above expressions into (4.1.159) gives the relations between the energies of the
particles and χ. A head-on collision corresponds to χ = π.

An elastic collision of two particles with masses m1,m2 and momenta p1,p2 = 0 is equiva-
lent (with respect to the resulting particles) to a decay of a particle with mass equal to minv =
1
c2

√
(E1 +m2c2)2 − p2

1c
2 (4.1.157), moving with velocity (4.1.160). Therefore, the vector AB = p′1

lies on an ellipse in Fig. 16, which is analogous to that in Fig. 14. The major semiaxis of this ellipse
is equal to p0√

1−V 2/c2
and its minor semiaxis is equal to p0, where p0 = p′10 = p′20 = p20 = m2V√

1−V 2/c2

(due to (4.1.161)) and V = p1c
2

E1+m2c2
(due to (4.1.160)). The length of the vector AC is equal

to V E10/c
2√

1−V 2/c2
+ p10√

1−V 2/c2
, where E10 =

√
p2

0c
2 +m2

1c
4, leading to |AC| = p1. Thus we obtain

AC = p1. The spatial components of (4.1.158) in the L-frame are the conservation of momentum,
p1 = p′1 + p′2, so that the vector BC = p′2. If m1 < m2 then A lies inside the ellipse. If m1 > m2

then A lies outside the ellipse.
In the nonrelativistic limit, the ellipse in Fig. 16 reduces to a circle of radius µv1 in Fig. 17,

where µ is the reduced mass (4.1.103), and the angle between the vectors OB and OC is χ. Thus
we find

tanθ1 =
m2 sinχ

m1 +m2 cosχ
, θ2 =

π − χ
2

, v′2 =
2m1v

m1 +m2
sin

χ

2
. (4.1.162)
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This circle can also be constructed from the two-body problem. Differentiating (4.1.101) with respect
to time gives

v1 =
m2v

m1 +m2
+ V, v2 = − m1v

m1 +m2
+ V, (4.1.163)

where v1 and v2 are the velocities of the particles before the collision, v = v1 − v2 is the relative
velocity (the time derivative of the the separation vector (4.1.98)), and V = m1v1+m2v2

m1+m2
is the

velocity of the center of mass of the particles (3.1.135) (the time derivative of R (4.1.99)). During
the collision, the vector of relative velocity rotates without changing its magnitude, by an angle χ.
If n is the unit vector along the direction of the velocity of the particle m1 after the collision, then
v in (4.1.163) turns into vn, so that v′1 = m2vn

m1+m2
+ V, v′2 = − m1vn

m1+m2
+ V or

p′1 = µvn +
m1

m1 +m2
(p1 + p2), p′2 = −µvn +

m2

m1 +m2
(p1 + p2). (4.1.164)

In the L-frame, p2 = 0, so that the formulae (4.1.164) correspond to Fig. 17 with OB = µvn. A
head-on collision corresponds to n = −v

v .

Figure 16: Kinematic ellipse of a
collision.

Figure 17: Nonrelativistic limit.

For two particles with masses m1,m2, velocities v1,v2 and four-momenta pi1, p
i
2, we have from

(3.1.59) and (3.1.60):

p1ip
i
2 = m1m2c

2 1− v1 · v2/c
2√

(1− v2
1/c

2)(1− v2
2/c

2)
. (4.1.165)

In the rest frame of the particle m2, (4.1.165) becomes

p1ip
i
2 =

m1√
1− v2

rel/c
2
m2c

2, (4.1.166)

where vrel is the velocity of the particle m1 in this frame,

vrel = c

√
1− m2

1m
2
2c

4

(p1ipi2)2
. (4.1.167)

Because (4.1.167) is symmetric under interchanging m1 and m2, vrel is the relative velocity of the
two particles. Substituting (4.1.165) into (4.1.167) gives

vrel =

√
(v1 − v2)2 − (v1 × v2)2/c2

1− v1 · v2/c2
. (4.1.168)

In the nonrelativistic limit, (4.1.168) reduces to vrel = |v1 − v2|, in agreement with v in (4.1.163).
The relative velocity dlv between particles with velocities v and v + dv gives thus the element of
length in velocity space,

dl2v =
dv2 − (v × dv)2/c2

(1− v2/c2)2
=

dv2

(1− v2/c2)2
+

v2

1− v2/c2
(dθ2 + sin2θ dφ2), (4.1.169)

where θ and φ are the polar angle and azimuth of the direction of v. In terms of the rapidity
(1.6.90), (4.1.169 is a line element in a three-dimensional Lobachevskii space (space of constant
negative curvature),

dl2v = dη2 + sinh2η(dθ2 + sin2θ dφ2). (4.1.170)
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4.1.8 Scattering of particles

The trajectory of a particle with mass m moving in an external central field with potential U(r)
(in a plane) is deflected from a straight line, as shown in Fig. 18. The impact parameter ρ is the
distance at which the particle would pass the center of the field if the field were absent. The angle
of deflection χ is the angle between the asymptotes representing the trajectory of the particle far
from the field. It is given by

χ = |π − 2φ0|, (4.1.171)

where φ0 is the angle in the polar coordinates of the point of the trajectory which is closest to the
center. If the motion is nonrelativistic then φ0 results from (4.1.87):

φ0 =

∫ ∞
rmin

M
r2 dr√

2m(E − U)− M2

r2

, (4.1.172)

where rmin is the distance of this point from the center. Far from the field, the conserved energy
and angular momentum of the particle are given by

E =
1

2
mv2
∞, M = mρv∞, (4.1.173)

where v∞ is the corresponding velocity of the particle. Accordingly, (4.1.172) becomes

φ0 =

∫ ∞
rmin

ρ
r2 dr√

1− ρ2/r2 − 2U
mv2∞

. (4.1.174)

Figure 18: Deflection in a central field.

The deflection of a uniform (in cross section) beam of particles with the same velocities but with
different impact parameters results in different angles of deflection. If dN is the number of particles
scattered per unit time into the angles of deflection between χ and χ+ dχ, and n is the number of
particles passing per unit time through unit area of the cross section of the beam, then the scattering
cross section is defined as

dσ =
dN

n
. (4.1.175)

Particles which are scattered into the angles of deflection between χ and χ+dχ have impact param-
eters between ρ and ρ + dρ, so that dN = ndS, where dS = 2πρ dρ is the area between the circles
of radii ρ and ρ+ dρ. Therefore, we obtain

dσ = 2πρ dρ = 2πρ

∣∣∣∣ dρdχ
∣∣∣∣dχ =

ρ

sinχ

∣∣∣∣ dρdχ
∣∣∣∣do, (4.1.176)

where do = 2π sinχdχ is the element of the solid angle between the cones with vertical angles χ
and χ+ dχ. Particles that reach the center of the field satisfy E∞ > Ueff,max, where Ueff,max is the
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maximum value of the effective potential (4.1.85), which gives ρ < ρmax, where ρmax is a solution of
Ueff,max = E∞. The cross section for a particle to reach the center is thus given by σ = πρ2

max.
Scattering of two particles with masses m1,m2 interacting through the potential energy U(r),

where r is the separation vector (4.1.98), is equivalent to scattering of a particle with reduced mass
µ (4.1.103) by the field U(r) whose origin is located at the center of mass of the two particles
(4.1.99). Accordingly, scattering of a beam of particles by a central field is equivalent to scattering
of two beams of particles. The cross section (4.1.176) is then a function of the angle of scattering
χ in the C-frame. In the L-frame, in which one beam is at rest, the scattering cross section for
incident particles is given by (4.1.176) upon substituting the relation χ(θ1) from (4.1.162), whereas
the scattering cross section for particles initially at rest is given by (4.1.176) upon substituting the
relation χ(θ2) from (4.1.162).

We consider two colliding beams of particles with particle number densities n1, n2. In the rest
frame of one beam (L-frame), the invariant number of collisions in a volume element dV and in time
interval dt is equal to

dν = σvreln1n2dV dt, (4.1.177)

where σ =
∫
dσ is the total scattering cross section given by (4.1.176) and vrel is the relative velocity

of the two beams. In the frame of reference in which the beams have velocities v1,v2, an invariant
quantity which reduces in the L-frame to n1n2, is equal to n1n2

E1E2
p1ip

i
2, due to n = n0γ (2.5.103) and

(3.1.60). The number of collisions in this frame in thus

dν = σvrel
n1n2

E1E2
p1ip

i
2dV dt. (4.1.178)

Substituting (4.1.165) and (4.1.168) into (4.1.178) gives the Pauli formula,

dν = σ
√

(v1 − v2)2 − (v1 × v2)2/c2n1n2dV dt. (4.1.179)

For a system of particles, the distribution function for the momenta of the particles, f(p), is
defined according to

dN = f(p)dp, (4.1.180)

where dN is the number of particles whose components of momenta lie in the intervals [px, px+dpx],
[py, py + dpy] and [pz, pz + dpz], and

dp = dpxdpydpz (4.1.181)

is a volume element in momentum space. An element of a hypersurface is a four-vector along the
normal to the hypersurface. For the hypersurface pip

i = m2c2, such a four-vector is parallel to
pi. The element (4.1.181), which is the 0th component of an element of this hypersurface, is thus
proportional to p0 = E

c . Accordingly, a quantity dp
dE is an invariant, which also results from

2

c
δ(pip

i −m2c2)d4p =
dp√

p2c2 +m2c4
=
dp

dE
, (4.1.182)

where
d4p = dp0dp (4.1.183)

is an invariant. The invariance of dN in (4.1.180) yields the invariance of a quantity f(p)E:

f(p′)E′ = f(p)E, (4.1.184)

where the energies and momenta transform according to (3.1.61) or (3.1.62). In the spherical coor-
dinates, dp = p2dp do, where do is the element of a solid angle around the direction of p, so that
p dp = E dE

c2 leads to the invariance of p dE do.
The distribution function for the momenta and positions of particles, f(p, r), is defined according

to
dN = f(p, r)dp dV, (4.1.185)
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where dN is the number of particles whose components of momenta lie in a momentum-space volume
element (4.1.181) and in a volume element dV . The product

dq = dp dV (4.1.186)

is an element of phase space (space of the momenta and positions of particles). Since dV =
dV0

√
1− v2/c2 (due to (1.6.107)) and E = E0/

√
1− v2/c2, where the subscripts 0 refer to the

rest frame of a particle in the volume element dV , a quantity E dV is an invariant. The invariance
of dp

dE yields then the invariance of (4.1.186):

dq′ = dq. (4.1.187)

Accordingly, the invariance of dN in (4.1.185) yields the invariance of f(p, r):

f(p′, r′) = f(p, r). (4.1.188)

4.1.9 Small oscillations

4.1.10 Motion of rigid bodies

We consider the motion of a free asymmetrical top with the principal moments of inertia I1 < I2 < I3.
The conserved energy E of the top is equal to (3.2.19). Substituting (3.2.22) into (3.2.19) gives

M2
1

I1
+
M2

2

I2
+
M2

3

I3
= 2E. (4.1.189)

The terminus of the angular momentum vector M thus lies on an ellipsoid with semiaxes 2EI1, 2EI2
and 2EI3. The angular momentum M of the top is also conserved,

I2
1ω

2
1 + I2

2ω
2
2 + I2

3ω
2
3 = M2

1 +M2
2 +M2

3 = M2. (4.1.190)

The terminus of M thus also lies on a sphere of radius M . When the vector M moves relative
to the axes of inertia, its terminus moves along the line of intersection of the two surfaces. Such
an intersection exists because 2EI1 < M2 < 2EI3. If M2 is near 2EI1 then the sphere intersects
the ellipsoid along 2 small, closed curves around the poles of the ellipsoid on the x1 axis. As M2

increases, the curves become larger. If M2 = 2EI2 then the sphere intersects the ellipsoid along 2
ellipses intersecting at the poles of the ellipsoid on the x2 axis. As M2 increases further, the curves
become smaller and separate. If M2 is near 2EI3 then the sphere intersects the ellipsoid along 2
closed curves around the poles of the ellipsoid on the x3 axis. The curves of intersection are closed,
so that the motion of M relative to the axes of inertia is periodic. Paths passing near the poles on
the x1 and x3 axes lie entirely near these poles. However, paths passing near the poles on the x2

axis go far from these poles. Therefore, the rotation of a top about the x1 or x3 axis is stable, while
the rotation about the x2 axis is unstable.

The relations (3.2.19) and (4.1.190) give ω1 and ω3 as functions of ω2: Substituting these compo-
nents into Euler’s equation (3.2.43) for ω2(t) in the absence of external torques, I2ω̇2+(I1−I3)ω3ω1 =
0, and defining

τ =

√
(I3 − I2)(M2 − 2EI1)√

I1I2I3
t,

w =

√
I2(I3 − I2)√
2EI3 −M2

ω2,

k2 =
(I2 − I1)(2EI3 −M2)

(I3 − I2)(M2 − 2EI1)
< 1, (4.1.191)

gives
dw

dτ
=
√

(1− s2)(1− k2s2). (4.1.192)
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Setting t = 0 when ω2 = 0 gives τ(w) =
∫ w

0
dx√

(1−x2)(1−k2x2)
, which upon inverting gives w(τ) as a

Jacobian elliptic function w(τ) = snτ . The components of ω are thus

ω1 =
√

2EI3−M2√
I1(I3−I1)

cnτ,

ω2 =
√

2EI3−M2√
I2(I3−I2)

snτ,

ω3 =
√
M2−2EI1√
I3(I3−I1)

dnτ, (4.1.193)

where cnτ =
√

1− sn2τ and dnτ =
√

1− k2sn2τ . These functions are periodic in τ (with period
4τ(w = 1)). Within a finite time, the vector ω returns to the same position relative to the principal
axes of inertia.

The polar angle and azimuth of the direction of the vector M (along the fixed z axis) with respect
to the x′ = x1, y

′ = x2, z
′ = x3 axes fixed with the top are θ and π

2 −ψ. The absolute motion of the
top relative to the fixed x, y, z axes is therefore given by

M sinθ sinψ = M1 = I1ω1,

M sinθ cosψ = M2 = I2ω2,

M cosθ = M3 = I3ω3, (4.1.194)

in which we used (3.2.22). These relations give θ and ψ as functions of ω (4.1.193), cosθ = I3ω3

M

and tanψ = I1ω1

I2ω2
. Accordingly, θ(t) and ψ(t) are periodic. The Eulerian angle φ does not appear in

(4.1.194). The function φ(t) can be instead found by integrating

φ̇ =
M(I1ω

2
1 + I2ω

2
2)

I2
1ω

2
1 + I2

2ω
2
2

, (4.1.195)

derived from (3.2.23). It turns out that φ(t) is not periodic. A free asymmetrical top thus never
returns to the same position within a finite time.

We now consider the motion of a free symmetrical top with the principal moments of inertia
I1 = I2 < I3. The parameter k2 in (4.1.191) vanishes, so that cnτ , snτ and dnτ reduce to cosτ ,
sinτ and 1. Accordingly, the quantities (4.1.193) reduce to ω1 = A cos(Ωt), ω2 = A sin(Ωt) and

ω3 =
√
M2−2EI1√
I3(I3−I1)

, where A =
√

2EI3−M2√
I1(I3−I1)

and Ω =

√
(I3−I1)(M2−2EI1)

I1
√
I3

. Equivalently, Euler’s equations

(3.2.43) with K = 0 give ω̇1 = −Ωω2, ω̇2 = Ωω1 and ω3 = const, where Ω = ω3(I3−I1)
I1

, in agreement
with (4.1.193). The vectors ω and M therefore rotate uniformly with a constant angular velocity
Ω about the axis of the top (the z axis). The relations (4.1.194) for the Eulerian angles give
cosθ = I3ω3

M = const (θ̇ = 0) and tanψ = cot(Ωt), so that ψ = π
2 − Ωt (ψ̇ = −Ω). The relation

(4.1.195) reduces to φ̇ = M
I1

, which, using (3.2.24), gives ψ̇ = M cosθ( 1
I3
− 1

I1
). We also find

A = φ̇ sinθ, in agreement with (3.2.23).
The motion of a free symmetrical top can also be directly obtained from (3.2.23) and (4.1.194).

Since the axes x′ and y′ can be chosen arbitrarily, because of the symmetry of the top, we can choose
the x′-axis along the line of nodes, so that ψ = 0. Equations (3.2.23) therefore reduce to ω1 = θ̇,
ω2 = φ̇ sinθ and ω3 = φ̇ cosθ + ψ̇. The relations (4.1.194) reduce to M1 = 0, M2 = M sinθ and
M3 = M cosθ. The relations (3.2.24) give thus θ̇ = 0, I1φ̇ = M and I3(φ̇ cosθ + ψ̇) = M cosθ, in
agreement with the formulae obtained from Euler’s equations.

Finally, we derive the motion of a free symmetrical top solely from (3.2.22). Since the axes x′

and y′ can be chosen arbitrarily, we can choose the y′-axis perpendicular to the plane containing
the constant angular momentum vector M and the z′-axis. We have thus M2 = 0 and then ω2 = 0,
so that the vectors M, ω and the axis of the top (the z′-axis) are at every instant in the same
plane, as shown in Fig. 19. The velocity of all points on the axis of the top, v = ω × r, is therefore
perpendicular to that plane. Accordingly, the axis of the top rotates uniformly about the vector
M, along the surface of a circular cone. Such a rotation is referred to as precession. If θ is the
(constant) angle between the axis of the top and the vector M then the other components of the
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angular momentum are M1 = M sinθ and M3 = M cosθ. The angular velocity of the top about

its axis is thus ω3 = M cosθ
I3

. We also have ω1 = M sinθ
I1

. Since M, ω and the z′-axis lie in the
same plane, the vector ω can be projected into the axis of the top and the direction of the angular
momentum. The first component is equal to ω3, whereas the second one causes the motion of the
axis of the top, so that it is equal to the angular velocity of precession ωpr. The relation ω1 = ωprsinθ

gives then ωpr = M
I1

. Therefore ωpr = φ̇, in agreement with φ̇ being the angular velocity of rotation
about the z-axis.

Figure 19: Symmetrical top.

4.1.11 Motion of ideal fluids

4.1.12 Motion in ideal fluids

4.2 Electromagnetism

4.2.1 Electrostatic field

A static (constant in time) electric field is called an electrostatic field. In such field, (2.7.38) reduces
to

curl E = 0, (4.2.1)

which implies
E = −∇φ, (4.2.2)

in agreement with (2.7.32). Substituting (4.2.2) into (2.7.89) gives the Poisson equation

4φ = −4πρ. (4.2.3)

The general solution of (4.2.3) is

φ =

∫
ρ

R
dV, (4.2.4)

where R is the vector from the element of volume dV to the point at which φ is calculated. If the
source of an electric field is a system of static point charges then (4.2.4) becomes

φ =
∑
a

ea
Ra

, (4.2.5)

where Ra is the vector from a charge ea to the point at which φ is calculated. Thus the electric field
is

E =
∑
a

eaRa

R3
a

, (4.2.6)
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in agreement with the principle of superposition for the electric field. For one charge e we have

φ =
e

R
, E =

eR

R3
, (4.2.7)

so the Lorentz force (2.7.112) exerted on a static charge ea from a static charge eb gives the Cavendish-
Coulomb law:

fab =
eaebRab

R3
ab

, (4.2.8)

where
Rab = Ra −Rb. (4.2.9)

The Coulomb force (4.2.8) is repulsive for charges of the same sign and attractive for charges with
opposite signs. According to Newton’s third law, the force fba exerted on a static charge eb from a
static charge ea is equal in magnitude and opposite in direction to fab:

fba = −fab. (4.2.10)

The energy of an electrostatic field is, due to (2.7.95),

U =
1

8π

∫
E2dV = − 1

8π

∫
E ·∇φdV = − 1

8π

∫
∇ · (Eφ)dV +

1

8π

∫
φ∇ ·E dV. (4.2.11)

The first term on the right of (4.2.11) can be transformed into a surface integral using the Gauß’
theorem. This integral vanishes if the surface of integration is taken at infinity, so (2.7.89) and
(4.2.11) give

U =
1

2

∫
ρφ dV =

1

2

∑
a

eaφa, (4.2.12)

where φa is the electric potential at the point occupied by a charge ea. In calculating φa, we must not
include the electric field produced by ea because the corresponding contribution to the electrostatic
energy, which is a self-energy (energy of an interaction of a point with itself), is infinite. Subtracting
this self-energy, which process is a renormalization of the energy, from U gives

U =
1

2

∑
a

eaφ
′
a, (4.2.13)

where
φ′a =

∑
b6=a

eb
Rab

. (4.2.14)

For two static charges e1 and e2 separated by a distance r, the energy of their interaction is thus
U = e1e2

r , in agreement with −∇U = f , where f is given by (4.2.8).
We consider a system of static point charges ea located at ra and take the origin of the Cartesian

system of coordinates anywhere within the system. The electric potential at a point with the radius
vector R is thus

φ =
∑
a

ea
|R− ra|

. (4.2.15)

If R� ra then the electric potential (4.2.15) can be expanded in a Taylor series with respect to the
small quantity ra

R :

φ ≈ φ0 + φ1 =
1

R

∑
a

ea −∇ 1

R
·
∑
a

eara =
1

R

∑
a

ea −∇ 1

R
· d, (4.2.16)

where the spatial vector

d =
∑
a

eara (4.2.17)
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is referred to as the electric dipole moment of the system. It has 3 independent components. If we
shift the origin by a constant vector a then

r′a = ra + a, (4.2.18)

so
d′ = d + a

∑
a

ea. (4.2.19)

Therefore if the total electric charge of the system is zero then its dipole moment does not depend
on the choice of the origin. In this case, (4.2.16) becomes

φ =
d ·R
R3

, (4.2.20)

which gives

E =
3(d · n)n− d

R3
, (4.2.21)

where

n =
R

R
(4.2.22)

is the unit vector in the direction of R. If the charge-to-mass ratio ea
ma

= e
m is equal for all the

charges in the system then the dipole moment of the system is proportional to the radius vector of
its center of mass X:

d =
e

m
X. (4.2.23)

The next term in a Taylor expansion of the electric potential (4.2.15) is (omitting the subscripts
a)

φ2 =
1

2

∑
exαxβ

∂2

∂Xα∂Xβ

1

R
=

1

6
Dαβ

∂2

∂Xα∂Xβ

1

R
=

1

2R3
Dαβnαnβ , (4.2.24)

where xα are the components of r, Xα are the components of R, and the symmetric spatial tensor

Dαβ =
∑

e(3xαxβ − r2δαβ) = Dβα (4.2.25)

is the electric quadrupole moment of the system. This tensor is traceless,

Dαα = 0, (4.2.26)

so it has 5 independent components. Similarly, the l-th term φl in a Taylor expansion of the electric
potential (4.2.15) depends on the 2l-pole moment of a system of charges which is a totally symmetric
tensor of rank l with 2l + 1 independent components. The expansion of 1

|R−r| can be written as

1

|R− r|
=

∞∑
l=0

rl

Rl+1
Pl(cosχ) =

∞∑
l=0

l∑
m=−l

4π

2l + 1

rl

Rl+1
Y ∗lm(θ, φ)Ylm(ϑ, ϕ), (4.2.27)

where χ is the angle between R and r, θ and φ are the polar angle and azimuth of the direction
along R, and ϑ and ϕ are the polar angle and azimuth of the direction along r. Therefore φl is given
by

φl =
1

Rl+1

l∑
m=−l

√
4π

2l + 1
QlmY

∗
lm(θ, φ), (4.2.28)

where

Qlm =

√
4π

2l + 1

∑
a

ear
l
aYlm(ϑa, ϕa). (4.2.29)
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We consider a system of static charges in an external field with potential φ, whose spatial vari-

ations are small within the system, R|∇φ|
φ � 1. The electrostatic energy (4.2.12) of such a system

is
U =

∑
a

eaφ(ra) ≈ U0 + U1 + U2, (4.2.30)

where

U0 = φ0

∑
a

ea, (4.2.31)

U1 = ∇φ0 ·
∑
a

eara = −d ·E0, (4.2.32)

U2 =
1

2

∑
exαxβ

∂2φ0

∂xα∂xβ
=

1

6
Dαβ

∂2φ0

∂xα∂xβ
, (4.2.33)

where the subscripts 0 refer to the field at the origin. For two static dipoles d1 and d2 separated by
a vector R, the energy of their interaction is given by (4.2.21) and (4.2.32):

U =
(d1 · d2)− 3(d1 · n)(d2 · n)

R3
. (4.2.34)

The total force on a system in an electrostatic field in the dipole approximation is

F = E0

∑
a

ea + (d ·∇)E0. (4.2.35)

The total torque on such a system is

K =
∑
a

eara ×E0 = d×E0. (4.2.36)

For a nonrelativistic scattering in a Coulomb field, U(r) = −γr , where γ = const, (4.1.171) and
(4.1.174) give the impact parameter as a function of the scattering angle,

ρ2 =
γ2

m2v4
∞

cot2χ

2
. (4.2.37)

Substituting (4.2.37) into (4.1.176) gives the Rutherford formula for the scattering cross section in
such a field:

dσ =

(
γ

2mv2
∞

)2
do

sin4 χ
2

. (4.2.38)

4.2.2 Magnetostatic field

A static magnetic field is called a magnetostatic field. We consider a system of charges which move
with finite velocities within a finite region of space. Such a motion is stationary; in this case we can
average the magnetic field over the time and regard it as magnetostatic. Thus (2.7.33) gives

div B̄ = 0, (4.2.39)

which implies
B̄ = ∇× Ā, (4.2.40)

as in (2.7.33). After averaging, (2.7.90) simplifies to

curl B̄ =
4π

c
j̄. (4.2.41)

Substituting (4.2.40) into (4.2.41) gives

∇(∇ · Ā)−4Ā =
4π

c
j̄. (4.2.42)
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Gauge invariance of the electromagnetic potential allows to impose one condition on Ai. If we impose
the Coulomb gauge,

∇ ·A = 0, (4.2.43)

then (4.2.42) reduces to the Poisson equation

4Ā = −4π

c
j̄. (4.2.44)

The general solution of (4.2.44) is

Ā =
1

c

∫
j̄

R
dV, (4.2.45)

where R is the vector from the element of volume dV to the point at which Ā is calculated. Thus
the magnetic field is given by the Biot-Savart-Laplace law:

B̄ =
1

c

∫
j̄×R

R3
dV. (4.2.46)

If the source of a magnetic field is a system of stationary point charges then (4.2.45) becomes

Ā =
1

c

∑
a

eava
Ra

dV, (4.2.47)

where Ra is the vector from a charge ea to the point at which Ā is calculated.
We consider a system of stationary point charges ea located ra and take the origin of the Cartesian

system of coordinates anywhere within the system. The magnetic potential at a point with the radius
vector R is thus

Ā =
1

c

∑
a

eava
|R− ra|

. (4.2.48)

If R � ra then the magnetic potential (4.2.48) can be expanded in a Taylor series with respect to
the small quantity ra

R (omitting the subscripts a):

Ā ≈ 1

cR

∑
ev − 1

c

∑
ev

(
r ·∇ 1

R

)
=

1

cR

d

dt

∑
er +

1

cR3

∑
ev(r ·R)

=
1

cR3

(
1

2

d

dt

∑
er(r ·R) +

1

2

∑(
v(r ·R)− r(v ·R)

))
=

1

2cR3

∑
e(r× v)×R

=
m̄×R

R3
, (4.2.49)

where the spatial pseudovector

m =
1

2c

∑
a

eara × va (4.2.50)

is referred to as the magnetic moment of the system. Thus the magnetic field is

B̄ =
3(m̄ · n)n− m̄

R3
. (4.2.51)

The total force on a system of charges in a magnetostatic field vanishes:

F̄ =
∑ e

c
v ×B =

d

dt

∑ e

c
r×B = 0. (4.2.52)

The total torque on such a system is, analogously to (4.2.49),

K̄ =
∑ e

c
r× (v ×B) =

∑ e

c

(
v(r ·B)− 1

2
B
d

dt
r2

)
= m̄×B. (4.2.53)
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The expression for the torque on a magnetic dipole (4.2.53) is similar to that for the torque on an
electric dipole (4.2.36). If the charges are nonrelativistic, va � c, and their charge-to-mass ratio
ea
ma

= e
m is equal for all the charges in the system then the magnetic moment of the system is

proportional to its angular momentum:

m =
e

2mc
M. (4.2.54)

A general system with a total mass m and electric charge e has

m =
ge

2mc
M, (4.2.55)

where the constant of proportionality g is called the gyromagnetic ratio. Thus a system of nonrel-
ativistic particles with the same charge-to-mass ratio has g = 1. Combining (4.2.53) and (4.2.54)
gives the Larmor precession,

˙̄M = ω × M̄, (4.2.56)

with angular velocity

ω = − e

2mc
B. (4.2.57)

If a magnetostatic field is uniform (in space) then

A =
1

2
B× r (4.2.58)

is the solution of (2.7.33). Substituting (4.2.58) into the term
∑

e
cA · v in the Lagrangian (3.1.42)

turns this term into m ·B. Thus the magnetostatic (potential) energy of such a system is

U = −m ·B. (4.2.59)

The expression for the energy of a magnetic dipole (4.2.59) is similar to that for the energy of an
electric dipole (4.2.32).

4.2.3 Motion in constant uniform electromagnetic field

The equation of motion (2.7.110) of a charged particle in an electromagnetic field integrates to

ui(τ) = (e
e
mc

∫ τ
0
F (τ ′)dτ ′)iju

j(0), (4.2.60)

where the exponent of a matrix A is defined as a Taylor expansion:

(eA)ij = δij +Aij +
1

2
AikA

k
j +

1

6
AikA

k
lA
l
j + .... (4.2.61)

If the field is constant and uniform then (4.2.60) becomes

ui(τ) = (e
eτ
mcF )iju

j(0). (4.2.62)

Equations (2.7.112) and (2.7.114) integrate to

p− p0 = e(Et+ r×B),

E − E0 = eE · r. (4.2.63)

The mixed components of the electromagnetic field tensor are

F ij =


0 Ex Ey Ez
Ex 0 Bz −By
Ey −Bz 0 Bx
Ez By −Bx 0

 , (4.2.64)
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which gives

(F 2)ij = F ikF
k
j =

(
E2 −E×B

E×B EαEβ +BαBβ −B2δαβ

)
. (4.2.65)

If E ·B = 0 then (F 3)ij = F ikF
k
lF

l
j = (E2−B2)F ij . This case includes a constant uniform electric

field and a constant uniform magnetic field.
We consider the motion of a particle with mass m and charge e in a constant uniform electric

field E, which we choose to be along the z axis. The particle moves in such a field in a plane, which
we choose as the xz-plane. If the initial velocity of the particle is v(0) = v(0)êx then its initial
four-velocity is

u0(0) = γ(0), ux(0) =
γ(0)v(0)

c
, γ(0) =

1√
1− v2(0)

c2

. (4.2.66)

The equation of motion (4.2.62) gives

u0 = γ(0) cosh(wτ), ux = ux(0), uy = 0, uz = γ(0) sinh(wτ), (4.2.67)

where

w =
e|E|
mc

. (4.2.68)

If t(0) = x(0) = y(0) = z(0) = 0 then the trajectory of the particle is a catenary curve:

t =
γ(0)

w
sinh(wτ), x = γ(0)v(0)τ, y = const, z =

γ(0)c

w

(
cosh(wτ)− 1

)
. (4.2.69)

In the nonrelativistic limit, γ(0) ≈ 1 and wτ � 1, this curve reduces to a parabola:

t = τ, x = v(0)t, y = const, z =
1

2
cwt2 =

1

2
a0t

2, (4.2.70)

where

a0 =
e|E|
m

. (4.2.71)

If v(0) = 0 then the motion of a particle in a constant uniform electric field E coincides with the
relativistic motion (4.1.37) with constant proper acceleration a0 (the electric field does not change
under boosts along the direction of the field). This motion can also be obtained by integrating
(2.7.112) and using (2.4.213).

We consider the motion of a particle with mass m and charge e in a constant uniform magnetic
field B, which we choose to be along the z axis. If the initial velocity of the particle is v(0) =
(vx(0), 0, vz(0)) then its initial four-velocity is

u0(0) = γ(0), ux(0) =
γ(0)vx(0)

c
, uz(0) =

γ(0)vz(0)

c
, γ(0) =

1√
1− v2x(0)+v2z(0)

c2

. (4.2.72)

The equation of motion (4.2.62) gives

u0 = γ(0), ux = ux(0) cos(ωτ), uy = −ux(0) sin(ωτ), uz = uz(0), (4.2.73)

where

ω =
e|B|
mc

. (4.2.74)

The first equation in (4.2.73) represents the constancy of the energy in the magnetic field. If

t(0) = x(0) = z(0) = 0 and y(0) = ux(0)
ω then the trajectory of the particle is a helix:

t = γ(0)τ, x =
sin(ωτ)

ω
ux(0), y =

cos(ωτ)

ω
ux(0), z = uz(0)τ. (4.2.75)
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The axis of this helix is parallel to the direction of the field and its radius is

r =
ux(0)

ω
. (4.2.76)

This motion can also be obtained by integrating (2.7.112) and using (2.4.213) and the constancy of
the energy in the magnetic field.

We consider the motion of a particle with mass m and charge e in a superposition of a constant
uniform electric field and a constant uniform magnetic field if both fields are mutually perpendicular
and equal in magnitude. Thus (F 3)ij = 0, so if the particle is at rest at τ = 0 then the equation of
motion (4.2.62) gives

u0 = 1 +
1

2
(ωτ)2, u =

E

E
ωτ +

E×B

2E2
(ωτ)2. (4.2.77)

As τ →∞, the direction of the velocity of the particle tends to that of E×B.

4.2.4 Electromagnetic waves

In the absence of electric charges, the Maxwell equations (2.7.37), (2.7.38), (2.7.89) and (2.7.90)
reduce to

∇ ·B = 0, (4.2.78)

∇×E = −1

c
Ḃ, (4.2.79)

∇ ·E = 0, (4.2.80)

∇×B =
1

c
Ė. (4.2.81)

Gauge invariance of the electromagnetic potential allows to impose on it one condition. If we impose

φ = 0 (4.2.82)

then (2.7.32) simplifies to

E = −1

c
Ȧ. (4.2.83)

Thus (4.2.81) gives

∇× (∇×A) = −4A + ∇(∇ ·A) = − 1

c2
Ä. (4.2.84)

This equation is invariant under a transformation

A→ A + ∇f(r), (4.2.85)

where f(r) is any function of the spatial coordinates. Therefore we can impose another constraint on
A. If we choose the Coulomb gauge (4.2.43) then (4.2.84) reduces to the d’Alembert wave equation:

�A =
1

c2
Ä−4A = 0. (4.2.86)

Its solutions are called electromagnetic waves. They have 2 degrees of freedom because the 2 con-
ditions (4.2.82) and (4.2.43) constrain the 4 components of Ai. The fields E and B also satisfy the
wave equation (4.2.86). The second Maxwell-Minkowski equation in the absence of charges (2.7.75)
becomes

F ik,k = 0. (4.2.87)

Substituting (2.7.24) into (4.2.87) gives

∂i∂iAj − ∂j(∂iAi) = 0. (4.2.88)
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If we impose on the electromagnetic potential, due to gauge invariance, the Lorentz gauge

∂iAi = 0 (4.2.89)

then (4.2.88) simplifies to
∂i∂iAj = 0, (4.2.90)

which is identical with (4.2.86). This equation is invariant under a transformation

Ai → Ai + ∂if, (4.2.91)

where f is any function satisfying the wave equation ∂i∂if = 0. This invariance allows imposing on
Ai another condition, such as A0 = 0 (4.2.82).

A solution of (4.2.86) which depends on time and only one spatial coordinate describes a plane
wave. If we choose the Cartesian frame of reference such that this coordinate is x then (4.2.86) gives

∂2Ai(t, x)

c2∂t2
=
∂2Ai(t, x)

∂2x
, (4.2.92)

whose solution is
Ai = f

(1)
i (t− x/c) + f

(2)
i (t+ x/c), (4.2.93)

where f
(1)
i and f

(2)
i are vector functions of their arguments. If f (2) = 0 then the field has the same

values for events (t, x) which satisfy the relation

x = ct+ const. (4.2.94)

Thus this field propagates along the x-axis with velocity c, representing a plane wave moving in
the positive direction along this axis. Therefore electromagnetic waves move with the velocity of
propagation of interaction. If f (1) = 0 then the field represents a plane wave moving in the negative
direction along this axis. If we impose the Coulomb gauge then ∂Ax

∂x = 0, which gives, due to

(4.2.92), −cEx = ∂Ax
∂t = const. A constant electric field does not represent a wave, so

Ax = 0. (4.2.95)

The electric and magnetic fields corresponding to a plane wave propagating along the +x-axis are

E = −1

c

∂A

∂(t− x/c)
, (4.2.96)

B = ∇(t− x/c)× ∂A

∂(t− x/c)
= n×E, (4.2.97)

where n = ∇x is the unit vector in the direction of propagation of the wave. A plane wave is
transverse (perpendicular to the wave vector):

E ⊥ n, B ⊥ n, (4.2.98)

which gives

E2 = B2, (4.2.99)

W =
E2

4π
= −σxx, (4.2.100)

S =
c

4π
E2n = cWn. (4.2.101)

The relation between the energy density W and the momentum density S
c2 is the same as for a

particle moving with the velocity of propagation of interaction c. Under a Lorentz transformation
with V = cβẑ, W transforms like the 00 component of the tensor (2.4.71), according to (1.6.100):

W =
1

1− V 2

c2

(
W ′ + 2

V

c2
S′z −

V 2

c2
σ′zz

)
. (4.2.102)
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If α′ is the angle between the z′-axis (which coincides with the z-axis) and n then S′z = cW ′cosα′

and σ′zz = −W ′cos2α′, so

W =
(1 + V

c cosα′)2

1− V 2

c2

W ′. (4.2.103)

A plane wave reflecting from a plane whose normal vector is N exerts on the plane the force fα =
−(σαβ+σ′αβ)Nβ , where σαβ and σ′αβ are the stress tensors of the wave before and after the reflection.
This force is thus f = Wn(N · n) +W ′n′(N · n′).

A solution of (4.2.86) which is a periodic function of time can be represented as a superposition
of monochromatic waves. A monochromatic plane wave along the x-axis is a sinusoidal solution of
(4.2.86),

A = Re(A0e
−iω(t−x/c)), (4.2.104)

where ω is the angular frequency of the wave. If this wave propagates in the direction of r then

A = Re(A0e
i(k·r−ωt)), (4.2.105)

where
k =

ω

c
n (4.2.106)

is the wave vector. A monochromatic plane wave satisfies, due to the wave equation,

4A +
ω2

c2
A = 0. (4.2.107)

For linear operations on A we can omit the real-part operator Re. Thus A = A0e
i(k·r−ωt), from

which we obtain
E = ikA, B = ik×A, (4.2.108)

where
k = |k|. (4.2.109)

The electric field is a real vector,
E = Re(E0e

i(k·r−ωt)), (4.2.110)

where E0 is a complex vector. Its square can be written as

E2
0 = |E2

0|e−2iα, (4.2.111)

where α is the phase of the wave, so

E0 = be−iα, b2 = |E2
0|, (4.2.112)

where b is a complex vector whose square is a real scalar. Writing

b = b1 + ib2, (4.2.113)

where b1 and b2 are real vectors, gives then

b1 · b2 = 0, (4.2.114)

so these vectors are perpendicular to each other. Equation (4.2.110) gives

E = Re(bei(k·r−ωt−α)) (4.2.115)

or, if b1 is along the y-axis and b2 along the z-axis,

Ey = b1cos(ωt− k · r + α), Ez = b2sin(ωt− k · r + α), (4.2.116)
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which describes an elliptically polarized wave:

E2
y

b21
+
E2
z

b22
= 1. (4.2.117)

If b1 = b2 then a wave is circularly polarized. If b1 = 0 or b2 = 0 then a wave is plane polarized or
linearly polarized. Similar expressions can be obtained for the vector B.

The frequency and wave vector form a four-vector:

ki =

(
ω

c
,k

)
, (4.2.118)

which is a null vector,
kiki = 0. (4.2.119)

The potential (4.2.105) is then

A = Re(A0e
−ikixi). (4.2.120)

The energy-momentum tensor (2.7.94) for a monochromatic plane wave is

T ij =
Wc2

ω2
kikj . (4.2.121)

If a source at rest in a frame K emits a monochromatic wave with frequency ω then its frequency ω′

in a frame K ′ in which the source moves with velocity v along the x-axis is given by the corresponding
Lorentz transformation of the vector ki:

k0 =
k′0 − v

ck
′1√

1− v2/c2
. (4.2.122)

If α′ is the angle between v and k′ then k′1 = k′cosα′, so

ω′ = ω

√
1− v2/c2

1− v
c cosα′

, (4.2.123)

as in formula (1.6.113) for the Doppler effect.
A wave can be represented as a superposition of monochromatic waves with different frequencies,

which is referred to as spectral resolution. A periodic field f(t) can be represented as a discrete super-
position of monochromatic waves with frequencies which are integral multiples of the fundamental
frequency ω0 (Fourier series):

f(t) =

∞∑
n=−∞

fne
−inω0t. (4.2.124)

The inverse relation is

fn =
1

T

∫ T/2

−T/2
f(t)einω0tdt, (4.2.125)

where

T =
2π

ω0
(4.2.126)

is the period of the field. Since f is real, f−n = f∗n. The time average of f2 satisfies, using f̄ = 0,

f2 = 2

∞∑
n=1

|fn|2. (4.2.127)

A nonperiodic field f(t) which vanishes for t → ±∞ can also be represented as a superposition of
monochromatic waves, but the distribution of the frequencies is continuous (Fourier transform):

f(t) =
1

2π

∫ ∞
−∞

fωe
−iωtdω. (4.2.128)
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The inverse relation is

fω =

∫ ∞
−∞

f(t)eiωtdt. (4.2.129)

Since f is real, f−ω = f∗ω. The time integral of f2 satisfies∫ ∞
−∞

f2dt =
1

π

∫ ∞
−∞
|fω|2dω. (4.2.130)

We consider an electromagnetic field in the absence of charges enclosed inside a finite volume
taken as a parallelepiped with sides a, b, c. We can expand the field A inside this parallelepiped into
plane waves through a Fourier series:

A(r) =
∑
k

Ake
ik·r, (4.2.131)

where the summation extends over all values of k = (kx, ky, kz) with

kx =
2πnx
a

, ky =
2πny
b

, kz =
2πnz
c

, (4.2.132)

where nx, ny, nz are integers. The field A is real, so

A−k = A∗k. (4.2.133)

The Coulomb gauge implies
k ·Ak = 0, (4.2.134)

while the wave equation gives
Äk + ω2

kAk = 0, (4.2.135)

where
ωk = ck. (4.2.136)

The vectors Ak are thus harmonic functions of time. We can choose these functions to represent
running waves:

A =
∑
k

(ake
ik·r + a∗ke

−ik·r), (4.2.137)

or
Ak = ak + a∗−k. (4.2.138)

Thus ak ∼ eiωkt and a∗k ∼ e−iωkt, so

Ȧk = −ick(ak − a∗−k). (4.2.139)

The electric and magnetic fields are given by

E = −1

c

∑
k

Ȧke
ik·r, (4.2.140)

B = i
∑
k

(k×Ak)eik·r, (4.2.141)

so the total energy and momentum of the electromagnetic field inside the parallelepiped are

E =
1

8π

∫
(E2 + B2)dV =

∑
k

Ek, (4.2.142)

p =
1

4πc

∫
E×B dV =

∑
k

k

k

Ek

c
, (4.2.143)
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where

Ek =
k2V

2π
ak · a∗k (4.2.144)

and V = abc is the volume of the parallelepiped.
Defining

Qk =

√
V

4πc2
(ak + a∗k), ) (4.2.145)

Pk = Q̇k = −iωk

√
V

4πc2
(ak − a∗k), (4.2.146)

allows to write the energy of the field (4.2.142) as a Hamiltonian:

H =
∑
k

1

2
(P2

k + ω2
kQ2

k). (4.2.147)

The Hamilton equations for this Hamiltonian are

Q̇k =
∂H

∂Pk
→ Pk = Q̇k, (4.2.148)

Ṗk = − ∂H

∂Qk
→ Q̈k + ω2

kQk = 0, (4.2.149)

in accordance with (4.2.135) and (4.2.145). The vectors Qk and Pk are perpendicular to the wave
vector k, so they have 2 independent components α = 1, 2 which determine the polarization of the
wave. Thus we can put in (4.2.147)

Q2
k =

∑
α

Q2
kα, P2

k =
∑
α

P2
kα. (4.2.150)

The Hamiltonian (4.2.147) is thus the sum of the Hamiltonians corresponding to one-dimensional
harmonic oscillators:

H =
∑
kα

Hkα, Hkα =
1

2
(P2

kα + ω2
kQ2

kα). (4.2.151)

The field of charges can also be expanded into plane waves,

f(r) =

∫ ∞
−∞

fke
ik·r dk

(2π)3
, fk =

∫ ∞
−∞

f(r)e−ik·rdV. (4.2.152)

We consider a charge q in uniform rectilinear motion with velocity v, so that ρ = qδ(r − vt). The
scalar potential satisfies then �φ = 4πqδ(r − vt), so that it Fourier transform satisfies (�φ)k =

4πqe−ik·vt. The relation (�φ)k = φ̈k

c2 + k2φk gives then

φk = 4πq
e−ik·vt

k2 − (k · v/c)2
. (4.2.153)

The vector potential is given by Ak = v
c φk. The dependence of the Fourier-transformed fields on

the Fourier-transformed potentials results from (2.7.32) and (2.7.33) by substituting ∇ by ik:

Ek = −ikφk −
Ȧk

c
, (4.2.154)

Bk = ik×Ak. (4.2.155)

For a static charge, φk = 4πq
k2 and Ek = − 4πiq

k2 k, so that its electric field is resolved into waves
directed along the wave vector (longitudinal waves).
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4.2.5 Retarded potentials

In the presence of electric charges, the Maxwell-Minkowski equation (2.7.75) and the Lorentz gauge
(4.2.89) give

�Ai =
1

c2
∂2Ai

∂t2
−4Ai =

4π

c
ji. (4.2.156)

The time component of (4.2.156) is
�φ = 4πρ, (4.2.157)

whose physical solution vanishing at infinity is

φ(t, r) =

∫
ρ(t−R/c, r′)

R
dV ′, (4.2.158)

where
R = |r− r′| (4.2.159)

is the distance from the source at r′ to the field point r. The spatial components of (4.2.156) are

�A =
4π

c
j, (4.2.160)

whose physical solution vanishing at infinity is

A(t, r) =

∫
j(t−R/c, r′)

cR
dV ′. (4.2.161)

The potentials (4.2.158) and (4.2.161) are referred to as the retarded potentials. If we replace the
minus sign in (4.2.158) and (4.2.161) with the plus sign then the corresponding potentials, which
also are solutions of (4.2.157) and (4.2.160), are called the advanced potentials. Only the retarded
potentials are physical, in accordance with the finite velocity of propagation of interaction c and the
principle of causality. Their values at t depend on the distribution of electric charges at the earlier,
retarded time,

tR = t−R/c, (4.2.162)

which is the time at which a signal emitted from the source located at r′ reaches the field point
located at r at time t. Adding to the right-hand sides of (4.2.158) and (4.2.161) the general solutions

φ0 and A0 of the corresponding homogeneous equations ∂2φ
c2∂t2 −4φ = 0 and (4.2.86) does not alter

(4.2.156). The quantities φ0 and A0 correspond to the external field acting on the system. For a
static field, (4.2.157) and (4.2.160) reduce to (4.2.3) and (4.2.44). In the absence of charges, (4.2.157)
and (4.2.160) reduce to the wave equations ∂i∂

iφ = 0 and (4.2.86).
We consider an electric charge e moving along a path given by a radius vector r0(t). The vector

from the charge to the field point located at r is thus R(t) = r− r0. The electromagnetic potential
Ai(t, r) depends on the motion of the charge at the retarded time t′ satisfying

t′ +
R(t′)

c
= t. (4.2.163)

In the frame of reference in which the charge is at rest at time t′, v0(t′) = ṙ0(t′) = 0, the potentials
(at time t) are

φ =
e

R(t′)
, A = 0. (4.2.164)

Therefore, in the frame of reference in which the charge is moving at time t′ and its four-velocity is
ui, the electromagnetic potential is

Ai =
eui

ukRk
, (4.2.165)

where Ri is the four-vector with components

Ri =
(
c(t− t′),R

)
. (4.2.166)
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This vector is a null vector, RiRi = 0. The temporal and spatial components of (4.2.165) are referred
to as the Lienard-Wiechert potentials:

φ =
e

R− v·R
c

, (4.2.167)

A =
ev

c(R− v·R
c )

. (4.2.168)

The left-hand sides of (4.2.167) and (4.2.168) are evaluated at t, while their right-hand sides must
be evaluated at t′. The Lienard-Wiechert potentials can also be obtained by substituting ρ(t, r) =
eδ(r− r0(t)) and j(t, r) = evδ(r− r0(t)) into the retarded potentials (4.2.158) and (4.2.161).

Differentiating R(t′) = c(t− t′) with respect to t and using ∂R(t′)
∂t′ = −v(t′) gives ∂R

∂t = ∂R
∂t′

∂t′

∂t =

−R·v
R

∂t′

∂t = c(1− ∂t′

∂t ), so
∂t′

∂t
=

R

R− v·R
c

. (4.2.169)

Differentiating R(t′) = c(t− t′) with respect to r gives ∂t′

∂r = − 1
c
∂R(t′)
∂r = − 1

c (∂R∂t′
∂t′

∂r + R
R ), so

∂t′

∂r
= − R

c(R− v·R
c )

. (4.2.170)

Substituting these formulae into (2.7.32) and (2.7.33), written as

E = − ∂A

c∂t′
∂t′

∂t
−∇φ− ∂φ

∂t′
∂t′

∂r
, (4.2.171)

B = ∇×A +
∂t′

∂r
× ∂A

∂t′
, (4.2.172)

gives the electric and magnetic field produced by a moving charge:

E =
e(1− v2

c2 )(R− v
cR)

(R− R·v
c )3

+
eR×

(
(R− v

cR)× v̇
)

c2(R− R·v
c )3

, (4.2.173)

B =
1

R
R×E, (4.2.174)

where

v̇ =
∂v

∂t′
. (4.2.175)

The left-hand side of (4.2.173) is evaluated at t, while its right-hand side must be evaluated at t′.
For large R, the first term on the right of (4.2.173) varies like 1

R2 , while the second term varies like
1
R . The first term on the right of (4.2.173) does not depend on the acceleration v̇, so it correponds
to the electric field produced by a uniformly moving charge. If the velocity v is constant then

R(t′)− v

c
R(t′) = R(t′)− v(t− t′) = R(t) (4.2.176)

and

R(t′)− R(t′) · v
c

=

√
R2(t)− 1

c2
(v ×R(t))2 = R(t)

√
1− v2

c2
sin2θ(t), (4.2.177)

where θ(t) is the angle between R(t) and v. Thus (4.2.173) reduces to

E =
eR(t)

R3(t)

1− v2

c2

(1− v2

c2 sin2θ(t))3/2
, (4.2.178)

while (4.2.174) is equivalent to

B =
1

c
v ×E. (4.2.179)
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These fields can also be obtained by applying a Lorentz transformation from the frame in which the
charge is at rest and where φ = e

R and A = 0 to the frame in which the charge moves with velocity
v.

Spectral resolution (4.2.128) of ρ and φ into ρωe
−iωt and φωe

−iωt turns the wave equation
(4.2.157) into 4φω + k2φω = −4φρω, and the formula for the retarded potential (4.2.158) into

φω =

∫
ρω
eikR

R
dV. (4.2.180)

Analogously, (4.2.161) gives

Aω =

∫
jω
eikR

cR
dV. (4.2.181)

The inverse relation (4.2.129) applied to ρω and substituted into (4.2.180) gives φω =
∫
ρ
Re

i(ωt+kR)dV dt.
Substituting to this relation the charge density of an electric charge e moving along a path given
by a radius vector r0(t), ρ(t, r) = eδ(r − r0(t)), gives the spectral representation of the scalar
Lienard-Wiechert potential:

φω = e

∫
1

R
eiω(t+R/c)dt. (4.2.182)

Analogously, the vector potential gives

Aω = e

∫
ṙ0

cR
eiω(t+R/c)dt. (4.2.183)

For a discrete spectral resolution of the field, (4.2.182) becomes

φn =
e

T

∫ T

0

1

R
einω0(t+R/c)dt. (4.2.184)

4.2.6 Electromagnetic field in second approximation

The Lagrangian for a particle of mass m and charge e moving with velocity v in a field represented
by the potentials φ and A is given by (3.1.40). Because the velocity of propagation of interaction
is finite, the field must be considered as a system with degrees of freedom independent of those of
the particles. If the velocities of the particles in a system of charges are small compared to c then
the degrees of freedom of the field can be represented in terms of the coordinates and velocities of
the particles. The Lagrangian for the system can then be described in terms of the coordinates and
velocities of the particles only up to terms of second order in v

c , because moving charges radiate
electromagnetic waves (which have their own degrees of freedom) at the third order. Expanding the
retarded scalar potential in series of powers of R/c and using the conservation of the total charge
yields

φ =

∫
ρ

R
dV − ∂

c∂t

∫
ρdV +

1

2c2
∂2

∂t2

∫
RρdV =

∫
ρ

R
dV +

1

2c2
∂2

∂t2

∫
RρdV, (4.2.185)

where all the quantities are evaluated at the same time t. Expanding the retarded vector potential
in series of powers of R/c yields

A =
1

c

∫
ρv

R
dV. (4.2.186)

The retarded potentials due to one charge are

φ =
e

R
+

e

2c2
∂2R

∂t2
, (4.2.187)

A =
ev

cR
. (4.2.188)
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Applying a gauge transformation (2.7.12) with

α = − e

2c

∂R

∂t
(4.2.189)

brings the potentials (4.2.187) and (4.2.188) to

φ =
e

R
, (4.2.190)

A =
ev

cR
+

e

2c
∇∂R

∂t
=

e

2cR

(
v + (v · n)n

)
. (4.2.191)

The Lagrangian for a charge ea is given by (3.1.40) in which m = ma, e = ea, and φ and A are the
potentials of the field produced by all the other charges at the position of ea, given by the sums of
(4.2.190) and (4.2.191). This Lagrangian is thus, omitting the constant term −mac

2,

La =
mav

2
a

2
+
mav

4
a

8
− ea

∑
b 6=a

eb
Rab

+
ea
2c2

∑
b6=a

eb
Rab

(
va · vb + (va · nab)(vb · nab)

)
, (4.2.192)

where

Rab = ra − rb, nab =
Rab

Rab
. (4.2.193)

Consequently, the Lagrangian for a system of charges is

L =
∑
a

mav
2
a

2
+
∑
a

mav
4
a

8c2
−
∑
a,b6=a

eaeb
2Rab

+
∑
a,b6=a

eaeb
4c2Rab

(
va · vb + (va · nab)(vb · nab)

)
, (4.2.194)

and is called the Darwin Lagrangian.
The corresponding Darwin Hamiltonian is obtained from (4.2.194) by substituting va = pa

ma
and

changing the signs of all the terms except the nonrelativistic kinetic term
∑
a
mav

2
a

2 (these other
terms are regarded as the potential energy):

H =
∑
a

p2
a

2ma
−
∑
a

p4
a

8c2m3
a

+
∑
a,b6=a

eaeb
2Rab

−
∑
a,b6=a

eaeb
4c2mambRab

(
pa ·pb+(pa ·nab)(pb ·nab)

)
. (4.2.195)

The center of inertia of the system R in this approximation is given by (3.1.72) in which we must
add to Ea the energy of the field:

R =

∑
aEara +

∫
Wr dV∑

aEa +
∫
W dV

. (4.2.196)

In the numerator, we have∫
Wr dV =

1

8π

∫
E2r dV =

1

8π

∫
(∇φ)2r dV =

1

8π

∫
r

(
∇φ2

2
· df
)

− 1

8π

∫
∇φ2

2
dV − 1

8π

∫
φ4φ r dV. (4.2.197)

At infinity, the first two terms on the right of (4.2.197) vanish, which gives∫
Wr dV = − 1

8π

∫
φ4φ r dV =

1

2

∫
ρφr dV =

1

2

∑
a

eaφara. (4.2.198)

Therefore the radius vector of the center of inertia is

R =
1

E

∑
a

ra

(
mac

2 +
p2
a

2ma
+ ea

∑
b6=a

eb
2Rab

)
, (4.2.199)

where the energy of the system is

E =
∑
a

(
mac

2 +
p2
a

2ma

)
+
∑
a,b6=a

eaeb
2Rab

. (4.2.200)
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4.2.7 Electromagnetic radiation

We consider a system of charges ρdV located r and take the origin of the Cartesian system of
coordinates anywhere within the system. If R is the radius vector of a point at which we measure
the field and this point is located at a distance which is large compared to the size of the system,
R� r, then |R− r| ≈ R− r · n, where n = R

R . The retarded potentials in this approximation are

φt =
1

R

∫
ρt−R/c+r·n/cdV, (4.2.201)

At =
1

cR

∫
jt−R/c+r·n/cdV. (4.2.202)

The vector Lienard-Wiechert potential (4.2.168) from a single charge is

At =
evt′

cR(1− vt′ ·n
c )

, (4.2.203)

where the retarded time t′ satisfies

t′ +
R

c
− 1

c
rt′ · n = t. (4.2.204)

If the field point is also located at a distance which is large compared to the wavelength of the
radiated electromagnetic waves (in a wave zone), R� λ, then these waves can be approximated as
plane waves. The magnetic field of this wave is given by (4.2.97):

B =
1

c
Ȧ× n, (4.2.205)

while the electric field is

E = B× n =
1

c
(Ȧ× n)× n. (4.2.206)

The energy of the radiation per unit time and per unit solid angle do is called the intensity of the
radiation. It is equal to the flux of the Poynting vector through a surface element R2do of a sphere
of radius R:

dI = S · df , (4.2.207)

which gives, due to (4.2.101),

dI =
c

4π
B2R2do. (4.2.208)

Since, for large R, (4.2.173) varies like 1
R , the intensity (4.2.208) is independent of R. Continuous

spectral resolution of the vector potential,

Aω =
eikR

cR

∫
jωe
−ik·rdV, (4.2.209)

gives, using (4.2.130),

B = ik×Aω, (4.2.210)

E =
ic

ω
k× (Aω × k), (4.2.211)

dInω =
c

2π
|Bω|2R2do

dω

2π
. (4.2.212)

Analogously, discrete spectral resolution gives

dInn =
c

2π
|Bn|2R2do. (4.2.213)
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If a radiating system of charges is nonrelativistic then the wavelength of the radiated electro-
magnetic waves λ is large compared to the size of the system a because λ ∼ ac/v. Expanding the
retarded vector potential (4.2.202) in a Taylor series with respect to the small quantity r ·n/R gives

At =
1

cR

∫
jt−R/cdV +

1

c2R

∂

∂(t−R/c)

∫
(r · n)jt−R/cdV, (4.2.214)

which for the system of charges becomes

A =
1

cR

∑
ev +

1

c2R

∂

∂t

∑
ev(r · n. (4.2.215)

The quantity r · n/c is on the order of a/c, where Using v(r · n = 1
2
∂
∂t

(
r(r · n)

)
+ 1

2 (r× v)× n and

the definitions of the electric and magnetic dipole momenta turns (4.2.215) into

A =
1

cR
ḋ +

1

2c2R

∂2

∂2t

∑
er(r · n) +

1

cR
ṁ× n. (4.2.216)

Since adding to A any vector proportional to n does not alter the fields (4.2.205) and (4.2.206), we
can write (4.2.216) as

A =
1

cR
ḋ +

1

6c2R

∂2

∂2t

∑
e
(

3r(r · n)− nr2
)

+
1

cR
ṁ× n =

1

cR
ḋ +

1

6c2R
D̈ +

1

cR
ṁ× n, (4.2.217)

where the components of the electric quadrupole vector D are

Dα = Dαβnβ . (4.2.218)

Thus the magnetic field is given by

B =
1

c2R

(
d̈× n +

1

6c
˙̈D× n + (m̈× n)× n

)
. (4.2.219)

Substituting (4.2.219) into (4.2.208) and integrating over the solid angle gives, using
∫
nαnβdo =

4π
3 δαβ and

∫
nαnβnγnδdo = 4π

15 (δαβδγδ + δαγδβδ + δαδδβγ),

I =
2

3c3
d̈2 +

1

180c5
˙̈D2
αβ +

2

3c3
m̈2. (4.2.220)

The first term on the right of (4.2.220) represents the electric dipole radiation, the second one the
electric quadrupole radiation, and the third one the magnetic dipole radiation. These terms must be
evaluated at the time t − R/c. For the electric dipole radiation, (4.2.212) and (4.2.213) integrated
over the solid angle give

dIω =
4ω4

3c3
|dω|2

dω

2π
, (4.2.221)

In =
4ω4

0n
4

3c3
|dn|2, (4.2.222)

where dω and dn are the spectral representations of d. The recoil force acting on a closed radiating
system is

Fα =

∫
σαβnβR

2do, (4.2.223)

which, using the Maxwell stress tensor (2.7.97) and the radiation fields for the vector potential
(4.2.217), gives

Fα = − 1

c4

(
1

15c
˙̈Dαβ d̈β +

2

3
(d̈× m̈)α

)
. (4.2.224)

If all the charges in a closed system move with velocities v � c and have the same charge-to-mass
ratio then they do not produce the electric dipole radiation because the dipole moment of the system
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is proportional to the conserved radius vector of its center of mass (4.2.23). They also do not produce
the magnetic dipole radiation because the magnetic moment of such a system is proportional to its
conserved angular momentum (4.2.54).

If the field point is located at a distance which is not large compared to the wavelength of the
radiated electromagnetic waves then these waves cannot be approximated as plane waves. In the

electric-dipole approximation, (4.2.217) gives A = ḋ
cR , so the magnetic field is

B =
1

c
∇× ḋ

R
. (4.2.225)

After spectral resolution, in which d ∼ dωe
−iω(t−R/c) and B ∼ Bωe

−iωt, (4.2.225) gives

Bω = −ik∇×
(

dω
eikR

R

)
. (4.2.226)

To calculate the scalar potential, we use the Lorentz gauge, obtaining

φ = −∇ · d

R
, (4.2.227)

so the electric field is

E = ∇
(
∇ · d

R

)
− d̈

c2R
= ∇×

(
∇× d

R

)
. (4.2.228)

The angular momentum radiated away by electromagnetic waves is

Ṁα =

∫
eαβγxβσγδnδR

2do, (4.2.229)

which gives, using the Maxwell stress tensor (2.7.97),

Ṁ =
2

3c3
ḋ× d̈. (4.2.230)

In the next approximation, the potentials due to the electric quadrupole moment are

φ =
1

6

∂2

∂Xα∂Xβ

Dαβ

R
, Aα = − 1

6c

∂

∂Xβ

Ḋαβ

R
, (4.2.231)

and the potentials due to the magnetic dipole moment are

φ = 0, A = ∇× m

R
. (4.2.232)

If the intensity of the radiation in the rest frame K ′ of the radiating source is

dI ′ = f(cosθ′, φ′)d(cosθ′)dφ′, (4.2.233)

then in the frame K moving relative to K ′ with velocity V we have dE′ = dE−V·dP√
1−V 2/c2

= dE 1−V cosθ/c√
1−V 2/c2

,

φ = φ′ and dt = dt′/
√

1− V 2/c2. Thus dI = (dE/dt)d(cosθ)dφ gives, using (1.6.112),

dI =
(1− V 2/c2)2

(1− V cosθ/c)3
f

(
cosθ − V/c

1− V cosθ/c
, φ

)
d(cosθ)dφ. (4.2.234)

For the dipole radiation, f = const · sin2θ′, (4.2.234) gives

dI = const
(1− V 2/c2)3

(1− V cosθ/c)5
sin2θd(cosθ)dφ. (4.2.235)
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4.2.8 Radiation reaction

Expanding the retarded scalar potential in series of powers of R/c up to the cubic term yields

φ =

∫
ρ

R
dV +

1

2c2
∂2

∂t2

∫
RρdV − 1

6c3
∂3

∂t3

∫
R2ρdV, (4.2.236)

while expanding the retarded vector potential yields

A =
1

c

∫
ρv

R
dV − 1

c2
∂

∂t

∫
ρvdV. (4.2.237)

The last terms on the right-hand sides of (4.2.236) and (4.2.237) correspond to the radiation of
electromagnetic waves. Applying a gauge transformation (2.7.12) with

α =
1

6c2
∂2

∂t2

∫
R2ρdV (4.2.238)

brings these terms to

φrad = 0, Arad = − 2

3c3

∑
ev̇, (4.2.239)

so the corresponding electric field is

Erad =
2

3c3
˙̈
d. (4.2.240)

The force acting on a charge e in this field is then

f =
2e

3c3
˙̈
d (4.2.241)

The sum of the forces (4.2.241) acting on charges in a closed, electrically neutral system vanishes,
so it does not appear in the total recoil force (4.2.224). If the charge is point-like then expanding
A to terms of higher power of R/c does not change (4.2.241) because these terms vanish as R→ 0.
The energy radiated per unit time equals to the total power:∑

f · v =
2

3c3
˙̈
d ·
∑

ev =
2

3c3
˙̈
d · ḋ =

2

3c3
d

dt
(d̈ · ḋ)− 2

3c3
d̈2, (4.2.242)

so the average loss of the energy (radiation damping) through the electric dipole radiation is

dE

dt
=
∑

f · v = − 2

3c3
d̈2, (4.2.243)

in agreement with the first term on the right of (4.2.220). The angular momentum radiated per unit
time equals to the total torque:∑

r× f =
2

3c3

∑
er× ˙̈

d =
2

3c3
d× ˙̈

d =
2

3c3
d

dt
(d× d̈)− 2

3c3
ḋ× d̈, (4.2.244)

so the average loss of the angular momentum through the electric dipole radiation is

dM

dt
=
∑

r× f = − 2

3c3
ḋ× d̈, (4.2.245)

in agreement with (4.2.230).
For a nonrelativistic particle with mass m and electric charge e, its equation of motion must also

include the recoil force (4.2.241) due to the interaction with its own electromagnetic field, which is
called the Abraham-Lorentz force:

f =
2e2

3c3
v̈. (4.2.246)
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This force is a recoil force on an accelerating charged particle caused by emitting an electromagnetic
radiation, and it is also called the radiation-reaction force. It is proportional to the particle’s jerk.
Thus the equation of motion is

mv̇ = eE +
e

c
v ×B +

2e2

3c3
v̈, (4.2.247)

or
mv̇ = Fext +mt0v̈, (4.2.248)

where

t0 =
2e2

3mc3
(4.2.249)

is on the order of the time of propagation of interaction through a distance equal to the classical
radius of the particle,

r0 =
e2

mc2
. (4.2.250)

The classical radius of a particle is on the order of the radius of a uniformly charged sphere whose
electrostatic energy and rest energy are on the same order. Integrating (4.2.247) once gives

mv̇ =
1

t0

∫ ∞
t

e−
t′−t
t0 Fext(t

′)dt′, (4.2.251)

which means that future values of the external force unphysically (violating causality) affect the
acceleration of the particle in the present, indicating limits of the classical (based on the principle

of least action) description of electrodynamics. The weight factor e−
t′−t
t0 falls of rapidly for times

greater than t0 in the future.
To eliminate these noncausal pre-acceleration effects, caused by the third-order character of

(4.2.247), we can apply to this equation a reduction of order due to Landau and Lifshitz. Dif-
ferentiating (4.2.247) with respect to the time, in the frame of reference in which the particle is
instantaneously at rest, gives

v̈ =
e

m
Ė +

e

mc
v̇ ×B. (4.2.252)

Substituting (4.2.247) with v = 0 and without (4.2.246) into (4.2.252) gives

v̈ =
e

m
Ė +

e2

m2c
E×B, (4.2.253)

so the Abraham-Lorentz force (4.2.246) becomes in this approximation

f =
2e3

3mc3
Ė +

2e4

3m2c4
E×B. (4.2.254)

Thus (4.2.247) turns into a second-order equation, which is free of noncausal solutions,

mv̇ = eE +
e

c
v ×B +

2e3

3mc3
Ė +

2e4

3m2c4
E×B. (4.2.255)

The above method of reduction of order is valid if the force f � eE. If the frequency of the
electromagnetic waves radiated by the particle is ω then Ė ∼ ωE. The first term in (4.2.254) is
much smaller than eE if the wavelength of these waves is much larger than the classical radius of
the particle:

λ =
c

ω
� r0. (4.2.256)

The second term in (4.2.254) is much smaller than eE if the magnetic field is not too strong:

|B| � m2c4

e3
. (4.2.257)
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The above conditions limit the classical description of the interaction of charged particles with
electromagnetic waves and thus the classical theory of electromagnetic fields.

In the frame of reference in which the particle is instantaneously at rest, the radiated energy and
momentum are

dE =
2e2

3c3
a2dt, dp = 0. (4.2.258)

Thus the relativistic expression for the radiated momentum four-vector in any frame of reference is,
using (1.6.122),

dpi = −2e2

3c

duk

ds

duk
ds

dxi. (4.2.259)

Substituting here (2.7.110) in the locally Galilean system of coordinates gives

dpi = − 2e4

3m2c5
Fklu

lF kmumdx
i. (4.2.260)

The time components of (4.2.259) and (4.2.260) gives the intensity of the radiation:

I =
2e2

3c3
a2 − (v × a)2/c2

(1− v2/c2)3
=

2e4

3m2c3
(E + v

c ×B)2 − (v
c ·E)2

1− v2/c2
. (4.2.261)

In the case of a uniform motion on a circle in a constant uniform magnetic field, E = 0 and B ⊥ v,
leading to the synchrotron radiation:

I =
2e4

3m2c5
B2v2

1− v2/c2
. (4.2.262)

Substituting the Lienard-Wiechert electric (4.2.173) and magnetic (4.2.174) fields in the wave zone
(for large R),

E =
e

c2R

n×
(

(n− v
c )× a

)
(1− n·v

c )3
, B = n×E, (4.2.263)

into (4.2.208) gives

dI =
e2

4πc3

(
2(n · a)(v · a)

c(1− n · v/c)5
+

a2

(1− n · v/c)4
− (1− v2/c2)(n · a)2

(1− n · v/c)6

)
do, (4.2.264)

whose right-hand side must be evaluated at the retarded time t′. Integrating (4.2.264) over the solid
angle gives (4.2.261), while the angular distribution of the total radiated energy is

dEn =

∫
dI dt =

∫
dI(1− n · v/c)dt′. (4.2.265)

The relativistic equation of motion of a charged particle in an external electromagnetic field in
the locally Galilean system of coordinates, including radiation damping, is

mc
dui

ds
=
e

c
F ikuk + gi, (4.2.266)

where the relativistic Abraham-Lorentz force four-vector gi must be orthogonal to ui and its spatial
components must reduce in the nonrelativistic limit to (4.2.246). These requirements yield

gi =
2e2

3c

(
d2ui

ds2
− uiuk d

2uk
ds2

)
. (4.2.267)

Substituting here (4.2.266) without gi gives the approximated expression for the relativistic Abraham-
Lorentz force:

gi =
2e3

3mc3
∂F ik

∂xl
uku

l − 2e4

3m2c5
F ilFklu

k +
2e4

3m2c5
Fklu

lF kmumu
i. (4.2.268)

In the nonrelativistic limit, the spatial components of (4.2.268) reduce to (4.2.255).
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4.2.9 Scattering of electromagnetic waves

We consider a plane electromagnetic wave impinging on a system of charges. The resulting motion
of the charges produces an electromagnetic radiation. This process can be regarded as a scattering
of the incident wave on the system of charges. The intensity of the radiation dI is proportional to
the energy flux of the incident wave S = |S|. Thus the scattering of an electromagnetic wave on the
system is characterized by their ratio, called the scattering cross section for waves:

dσ =
dI

S
. (4.2.269)

For a free nonrelativistic charge at rest, we can neglect the magnetic field in the Lorentz force,

so the equation of motion of the charge is mr̈ = eE and thus d̈ = e2

mE, from which (4.2.208) and
(4.2.219) give

dI =
e4

4πm2c3
(E× n)2do. (4.2.270)

This expression also results from (4.2.264) for v = 0. For a linearly polarized wave, E = E0cos(k ·
r− ωt). If the wave is weak then the charge executes a small motion, so r ≈ 0. Since the Poynting
vector is S = c

4πE2, (4.2.269) gives

dσ = r2
0sin2θ do, (4.2.271)

where r0 is the classical radius of the charge (4.2.250) and θ is the angle between n and E. Integrating
(4.2.271) over the solid angle gives the Thomson formula:

σ =
8π

3
r2
0. (4.2.272)

The time-averaged force (4.2.254) exerted on a scattered charge is

f =
2e4

3m2c4
E2n = σW̄n. (4.2.273)

In the (locally) rest frame of the charge, its acceleration is thus a0 = σW̄0/m. In any frame, using
(4.1.34) and (4.2.103), this equation gives the speed of the charge v:

d

dt

v√
1− v2/c2

=
σW̄

m

1− v/c
1 + v/c

. (4.2.274)

In the rest frame of the charge, the frequency of the scattering wave is equal to the frequency of the
incident wave, ω′ = ω. In any frame, in which the charge moves with velocity V, this condition is
k′iu
′i = kiu

i or

ω′
(

1− V

c
cosθ′

)
= ω

(
1− V

c
cosθ

)
. (4.2.275)

For an elliptically polarized wave (with r ≈ 0), E = E1cosωt+E2sinωt, which gives for a free charge
at rest:

dσ = r2
0

(E1 × n)2 + (E2 × n)2

E2
1 + E2

2

do. (4.2.276)

For a linearly polarized wave impinging on a free electric dipole which is a rotator with moment of
inertia I and frequency ω0, ḋ = ω0 × d, the equation of motion of the dipole is K = Iω̇0 = d×E.
If |ω0| � ω then d̈ = I−1(d × E) × d, which leads to dσ upon using (4.2.208) and (4.2.219). If an
incident wave is unpolarized then averaging (4.2.271) over all the directions perpendicular to n and

using EαEβ = 1
2E2(δαβ − kαkβ

k2 ) gives

dσ =
1

2
r2
0(1 + cos2ϑ)do, (4.2.277)

where ϑ is the angle between n and k.
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4.2.10 Light

The wave vector

ki =
dxi

dλ
, (4.2.278)

where λ is the affine parameter. The wave vector satisfies

dki

dλ
+ Γ i

j lk
jkl = 0 (4.2.279)

and
kiki = 0. (4.2.280)

It also satisfies

ki =
∂ψ

∂xi
, (4.2.281)

where ψ is the eikonal. Thus (4.2.280) gives

gik
∂ψ

∂xi
∂ψ

∂xk
= 0. (4.2.282)

The Fermat principle is

δ

∫
kαdx

α = 0. (4.2.283)

4.3 Gravity

4.3.1 Constant gravitational field

A gravitational field is constant if the metric and torsion tensors do not depend on the time coordinate
x0. In this case, the time coordinate is called the world time. The constancy of the metric tensor
gik = gik(xα) is invariant under transformations

x0 → x0 + f(xα), (4.3.1)

where f is an arbitrary function of the spatial coordinates. The three-dimensional scalar g00, three-
dimensional tensor γαβ (1.4.98) and three-dimensional curl of gα (1.4.100),

fαβ = gβ,α − gα,β , (4.3.2)

are invariant under (4.3.1). The spatial metric tensor γαβ is used to lower contravariant spatial
indices. The tensor γαβ , which is inverse to γαβ , is used to raise covariant spatial indices. If the
source of a field is at rest, both directions of time, t and −t, are equivalent. Such a field is referred
to as static and the corresponding metric tensor has

g0α = 0. (4.3.3)

If g0α 6= 0 then t and −t are not equivalent and the field is referred to as stationary. The proper
time is given by

τ =
1

c

√
g00x

0. (4.3.4)

For a weak field,

τ =
x0

c

(
1 +

φ

c2

)
. (4.3.5)

In a stationary gravitational field, the interval is

ds2 = g00(dx0 − gαdxα)2 − dl2, (4.3.6)
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where dl2 is given by (1.4.97). The three-dimensional velocity of a particle,

vα =
dxα

dτ
, (4.3.7)

is defined in terms of the synchronized proper time (corresponding to the difference in x0 between
two synchronized infinitesimally separated points (1.4.101)):

dτ =
1

c

√
g00(dx0 − δx0) =

1

c

√
g00(dx0 − gαdxα). (4.3.8)

Thus the interval (4.3.6) becomes

ds2 = g00(dx0 − gαdxα)2

(
1− v2

c2

)
, (4.3.9)

where
v2 = γαβv

αvβ . (4.3.10)

Using (4.3.6) in the definition of the four-velocity gives

uα =
vα

c
√

1− v2/c2
, u0 =

1
√
g00

√
1− v2/c2

+ gαu
α, (4.3.11)

from which we find

u0 =

√
g00√

1− v2/c2
. (4.3.12)

Thus a particle in a stationary gravitational field has a constant energy:

E0 = −c ∂S
∂x0

= mc2u0 =
mc2
√
g00√

1− v2/c2
= const, (4.3.13)

where S is the principal function. Since a static field is the special case of a stationary field, (4.3.13)
is also the energy of a particle in a static gravitational field. In a weak field, (4.3.13) reduces to

E0 = mc2 +
mv2

2
+mφ. (4.3.14)

The force acting on a particle in a constant gravitational field is equal to

fα =
∇pα

dt
= c

(
1− v2

c2

)
∇pα

ds
= c

(
1− v2

c2

)
uβpα:β , (4.3.15)

where ∇ is the three-dimensional Riemannian covariant differential and colon denotes the three-
dimensional Riemannian covariant derivative, both defined with respect to the three-dimensional
Christoffel symbols (1.4.26) constructed from the spatial metric tensor γαβ (1.4.98) instead of gik,

{ δα β} =
1

2
γδζ(γζα,β + γζβ,α − γαβ,ζ). (4.3.16)

Using the metric geodesic equation (1.4.80) valid for a particle in the gravitational field turns (4.3.15)
into

fα =
mc2√

1− v2/c2

(
−(ln

√
g00)α +

√
g00(gβ,α − gα,β)

vβ

c

)
. (4.3.17)

In the spatial-vector notation, this equation is

f =
mc2√

1− v2/c2

(
−∇ln

√
g00 +

√
g00

v

c
× (∇× g)

)
. (4.3.18)
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If a particle is at rest, v = 0, then the force (4.3.18) has a potential:

f = −∇(mc2ln
√
g00). (4.3.19)

If v � c then the second term on the right of (4.3.18) has the form of the Coriolis force (3.2.51)
with the angular velocity

ω = − c
2

√
g00∇× g. (4.3.20)

For a ray of light in a stationary gravitational field, its frequency, measured in terms of the world
time, is constant:

ω0 = −c ∂ψ
∂x0

= const, (4.3.21)

where ψ is the eikonal. If the frequency is measured in terms of the proper time then

ω = −∂ψ
∂τ

= − ∂ψ
∂x0

c
√
g00

=
ω0√
g00

. (4.3.22)

For a weak field, (4.3.22) reduces to

ω = ω0

(
1− φ

c2

)
. (4.3.23)

This decrease of the frequency of light in a gravitational field is referred to as the redshift.
The null condition for the wave vector, kik

i = 0, can be written, analogously to (4.3.6), as

g00(k0 − gαkα)2 − γαβkαkβ = 0. (4.3.24)

The constant frequency satisfies

ω0

c
= k0 = g00(k0 − gαkα), (4.3.25)

so (4.3.24) gives

kα =
ω0

c
√
g00

dxα

dl
. (4.3.26)

The Fermat principle (4.2.283) reads

δ

∫ (
dl
√
g00

+ gαdx
α

)
= 0. (4.3.27)

In a constant gravitational field, gα appears in the Einstein field equations only in the tensor
fαβ which is invariant under (4.3.1). The terms containing gα or g(α:β), which are not invariant
under (4.3.1), vanish. The component R0

0 of the Riemannian Ricci tensor Rik can be written, using
(1.4.32) and (1.4.35), as

R0
0 = gi0Ri0 = gi0({ ji 0},j − {

j
i j},0 + { ki 0}{

j
k j} − {

k
i j}{

j
k 0}) =

1√
−g

(
√
−ggi0{ ji 0}),j

− 1√
−g

(
√
−g),jg

i0{ ji 0} − g
i0
,j{

j
i 0}+ gi0({ ki 0}{

j
k j} − {

k
i j}{

j
k 0})

=
1√
−g

(
√
−ggi0{ ji 0}),j − {

k
k j}gi0{

j
i 0} − (gi0:j − { ik j}gk0 − { 0

k j}gik){ ji 0}

+gi0({ ki 0}{
j
k j} − {

k
i j}{

j
k 0}) =

1√
−g

(
√
−ggi0{ αi 0}),α + gik{ 0

k j}{
j
i 0}

=
1√
−g

(
√
−ggi0{ αi 0}),α +

1

2
gik{ 0

k j}gjl(gli,0 + gl0,i − gi0,l)

=
1√
−g

(
√
−ggi0{ αi 0}),α + gk(igl)j{ 0

k j}g0[l,i] =
1√
−g

(
√
−ggi0{ αi 0}),α. (4.3.28)
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Therefore, we have ∫
R0

0

√
−gdV =

∮ √
−ggi0{ αi 0}dfα. (4.3.29)

We define
h = g00. (4.3.30)

If the metric tensor satisfies g0α = 0 then g0α = 0 and g00 = 1/g00. In this case, R0
0 in (4.3.28)

reduces, using (1.4.106), (1.4.107) and (1.4.128), to the Levi-Civita identity:

R0
0 =

1√
hs

(
√
hsg00{ α0 0}),α =

1

2
√
hs

(√
hsh−1gαβ(2gβ0,0 − g00,β)

)
,α

=
1√
hs

(
√
sγαβ

√
h,β),α =

1√
h
4
√
h. (4.3.31)

If the torsion tensor vanishes then the Einstein equations for a constant field are

1

h
R00 =

1√
h

(
√
h) α

:α +
h

4
fαβf

αβ = κ

(
ε+ p

1− v2/c2
− ε− p

2

)
,

1√
h
Rα0 = −

√
h

2
fαβ:β −

3

2
fαβ(

√
h):β = κ

ε+ p

1− v2/c2
vα

c
,

Rαβ = Pαβ +
h

2
fαγfβγ −

1√
h

(
√
h):αβ = κ

(
ε+ p

1− v2/c2
vαvβ

c2

+
ε− p

2
γαβ

)
, (4.3.32)

where Pαβ is the three-dimensional Ricci tensor constructed from the spatial metric tensor γαβ
instead of gik.

4.3.2 Synchronous system of reference

A system of coordinates in which
g00 = 1, g0α = 0 (4.3.33)

is referred to as a synchronous system of reference. In such a system, we also have

gα = 0, γαβ = −gαβ , g = −s, g00 = 1, g0α = 0, (4.3.34)

and the interval reduces to
ds2 = c2dt2 + gαβdx

αdxβ . (4.3.35)

In a synchronous system of reference, the difference in x0 between two synchronized infinitesimally
separated points (1.4.101) vanishes. For a given metric gik, there exists an infinite number of coor-
dinate transformations leading to synchronous systems of reference. An infinitesimal transformation
from one synchronous system to another is given by

ct→ ct+ φ(xα), xα → xα + ξα(xi), (4.3.36)

where φ and ξ are infinitesimal functions. Such a transformation does not change g00 = 1, whereas
the condition g0α = 0 yields the relation between ξ and φ:

ξα = cφ,β

∫
γαβdt+ fα(xβ), (4.3.37)

where fα are arbitrary infinitesimal functions. The corresponding change in γαβ is given by

γαβ → γαβ − ξα:β − ξβ:α − φκαβ . (4.3.38)
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In a synchronous system of reference, time lines u0 = 1, uα = 0 are geodesic, that is, they
identically satisfy the metric geodesic equation (1.4.80). They are also normal to the hypersurface
t = const: ni = (ct),i gives the normalized normal vector n0 = 1, nα = 0, which then gives
n0 = 1, nα = 0, leading to

ni ∝ ui. (4.3.39)

A synchronous system of reference for a particle in a gravitational field can be constructed from
the Hamilton-Jacobi equation (3.5.1) for the principal function S. A complete integral of this
equation depends on four parameters, out of which one is an additive function of the other three:
S = f(xi, ξα) +A(ξα). The world trajectory, which is a metric geodesic, is given by

∂S

∂xα
= 0. (4.3.40)

Choosing

xi
′

=

(
− S

mc
, ξα
)

(4.3.41)

as the new coordinates gives, using (3.5.1),

g0′0′ = gik
∂x0′

∂xi
∂x0′

∂xk
= gik

∂(−S/mc)
∂xi

∂(−S/mc)
∂xk

= 1. (4.3.42)

The four-velocity of the particle in the new coordinates is, using mcui = pi = − ∂S
∂xi , (4.3.40) and

(4.3.41),

ui′ = −∂(S/mc)

∂xi′
= (1,0). (4.3.43)

The new four-velocity ui
′

satisfies the metric geodesic equation (1.4.80) in the new coordinates. The
hypersurface of constant time in the new coordinates is −S/mc = const. The corresponding normal
vector is, using (4.3.40),

ni′ =
∂(−S/mc)

∂xi′
= (−1,0), (4.3.44)

which is proportional to ui′ . Thus the primed coordinate system of reference (4.3.41) for this particle
is synchronous:

g0′α′ = 0. (4.3.45)

We define
καβ = γαβ,0, (4.3.46)

which gives
καα = καβγ

αβ = (lns),0. (4.3.47)

The components of the Riemann tensor are

R0α0β =
1

2
καβ,0 −

1

4
καγκ

γ
β ,

R0αβγ =
1

2
(καγ:β − καβ:γ),

Rαβγδ = −Pαβγδ +
1

4
(καδκβγ − καγκβδ), (4.3.48)

where colon denotes the three-dimensional Riemannian covariant derivative with respect to the
three-dimensional Christoffel symbols (4.3.16) and Pαβγδ is the three-dimensional Riemann tensor
constructed from the spatial metric tensor γαβ instead of gik. The components of the corresponding
Ricci tensor are

R0
0 = −1

2
καα,0 −

1

4
κβακ

α
β ,

R0
α =

1

2
(κβα:β − κ

β
β:α),

Rβα = −P βα −
1

2
√
s

(
√
sκβα),0, (4.3.49)
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where Pαβ is the three-dimensional Riemannian Ricci tensor constructed from the spatial metric
tensor γαβ instead of gik. For a perfect fluid, the Einstein equations for R0

0 give

R0
0 = κ

(
T 0

0 −
1

2
T

)
= κ

(
ε+ 3p

2
+

ε+ p

1− v2/c2
v2

c2

)
. (4.3.50)

If καβ = 0 then the first equation in (4.3.49) and the Einstein equations require vanishing of the
energy-momentum tensor Tik. In this case, the third equation in (4.3.49) leads to Pαβ = 0, which
then gives Pαβγδ = 0 because of (1.4.74). However, the condition Pαβγδ = 0 means that the space
is Euclidean: the gravitational field vanishes. Therefore a synchronous system of reference in the
presence of a gravitational field is nonstationary.

For a perfect fluid, if p 6= 0 then the motion is nongeodesic (cf. (2.5.93)). Therefore in a
synchronous system of reference, the wordlines of particles are not time lines, so matter is not at
rest. In such a coordinate system one cannot construct a comoving frame of reference. If p = 0 then
a synchronous and comoving frame of reference yields u0 = 1, uα = 0, which then gives

uα:β − uβ:α = 0. (4.3.51)

This equation is equivalent to
curlv = 0. (4.3.52)

Thus a synchronous and comoving frame of reference can be constructed only if the motion of dust
(p = 0) is irrotational.

For a perfect fluid, the first equation in (4.3.49) and (4.3.50) give

1

2
καα,0 +

1

4
κβακ

α
β ≤ 0. (4.3.53)

The algebraic inequality

καβκ
β
α ≥

1

3
(καα)2 (4.3.54)

leads then to the Landau inequality, (
(καα)−1

)
,0
≥ 1

6
. (4.3.55)

This inequality, together with (4.3.47), means that the determinant of the spatial metric tensor, s,
becomes zero in a finite time. The determinant of the metric tensor, g, becomes zero in a finite time
as well. Thus physical synchronous systems of reference cannot be constructed for all values of the
time coordinate t.

4.3.3 Nonrelativistic gravity

The Poisson equation for a nonrelativistic gravitational field (2.5.88) has the general solution

φ = −G
∫

µ

R
dV, (4.3.56)

where R = |R| and R is the vector from the element of volume dV to the point at which φ is
calculated. If the source of a gravitational field is a system of static point masses then (4.3.56)
becomes

φ = −G
∑
a

ma

Ra
, (4.3.57)

where Ra is the vector from a mass ma to the point at which φ is calculated. Thus the gravitational
acceleration in (2.5.84) is

g = −G
∑
a

maRa

R3
a

, (4.3.58)
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representing the principle of superposition for the gravitational field. For one mass m we have

φ = −Gm
R

, g = −GmR

R3
, (4.3.59)

so the force f = mg exerted on a nonrelativistic mass ma from a nonrelativistic mass mb gives
Newton’s law of universal gravitation:

fab = −GmambRab

R3
ab

, (4.3.60)

where
Rab = Ra −Rb. (4.3.61)

The gravitational potential (4.3.59) is negative. Thus the force of gravitation (4.3.60) is attrac-
tive. According to Newton’s third law, the force fba exerted on a nonrelativistic mass mb from a
nonrelativistic mass ma is equal in magnitude and opposite in direction to fab:

fba = −fab. (4.3.62)

The action for the gravitational field corresponding to G (2.5.85) is

Sg = − 1

8πG

∫ ∫
(∇φ)2dV dt, (4.3.63)

which gives the total action for the nonrelativistic gravitational field and matter:

S =

∫ ∫ (
µv2

2
− µφ− 1

8πG
(∇φ)2

)
dV dt. (4.3.64)

Varying the action (4.3.64) with respect to the gravitational potential φ gives, for δφ vanishing at
the surface embracing the volume of integration,

δS =

∫ ∫ (
− µδφ+

1

4πG
4φδφ

)
dV dt. (4.3.65)

The stationarity of this action, δS = 0, under δφ gives the Poisson equation (2.5.85).
The integrand in (4.3.64) is the nonrelativistic Lagrangian density for the gravitational field

and matter. The corresponding Hamiltonian density is given by changing the signs of the terms in
(4.3.64) containing φ (corresponding to the potential energy in nonrelativistic mechanics). Thus the
energy for the gravitational field and matter is

E =

∫ (
µv2

2
+ µφ+

1

8πG
(∇φ)2

)
dV. (4.3.66)

Using
∫

(∇φ)2dV = −
∫
φ4φdV +

∮
φ∇φ ·dS and that the surface integral vanishes at infinity (since

φ depends on R according to (4.3.59)), gives, together with (2.5.85),

E =

∫ (
µv2

2
− 1

8πG
(∇φ)2

)
dV. (4.3.67)

Therefore the energy of the nonrelativistic gravitational field is given by

U = − 1

8πG

∫
(∇φ)2dV = − 1

8πG

∫
(g)2dV. (4.3.68)

This energy is not equal to the (−g)t00 component of the Landau-Lifshitz energy-momentum com-
plex, where tik is the Landau-Lifshitz energy-momentum pseudotensor (2.5.30); (−g)Tik also con-
tributes to U . Analogously to (4.2.11), we have

U =
1

8πG

∫
g ·∇φdV =

1

8πG

∫
∇ · (gφ)dV − 1

8πG

∫
φ∇ · g dV. (4.3.69)
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The first term on the right of (4.3.69) can be transformed into a surface integral using the Gauß’
theorem. This integral vanishes if the surface of integration is taken at infinity, so (2.5.85) and
(4.3.69) give

U =
1

2

∫
µφdV =

1

2

∑
a

maφa, (4.3.70)

where φa is the gravitational potential at the point occupied by a massma. In calculating φa, we must
not include the gravitational field produced by ma because the corresponding contribution to the
gravitational energy (a self-energy), is infinite. Subtracting this self-energy from U (renormalizing
the masses of the particles) gives

U =
1

2

∑
a

maφ
′
a, (4.3.71)

where
φ′a = −G

∑
b 6=a

mb

Rab
. (4.3.72)

We consider a system of static point masses ma located at ra and take the origin of the Cartesian
system of coordinates anywhere within the system. The gravitational potential at a point with the
radius vector R is thus

φ = −G
∑
a

ma

|R− ra|
. (4.3.73)

If R� ra then the gravitational potential (4.3.73) can be expanded in a Taylor series with respect
to the small quantity ra

R :

φ ≈ φ0 + φ1 + φ2 = −G
R

∑
a

ma +G
∑
a

mara ·∇
1

R
− G

2

∑
maxαxβ

∂2

∂Xα∂Xβ

1

R

∣∣∣∣
a

= −GM
R

+GMρ ·∇ 1

R
− G

6
Dαβ

∂2

∂Xα∂Xβ

1

R

∣∣∣∣
a

= −GM
R
− GMρ · n

R2

− G

2R3
Dαβnαnβ , (4.3.74)

where M is the total mass of the system (3.1.137), ρ denotes the radius vector of its center of mass
(3.1.138), xα are the components of r, Xα are the components of R, n is the unit vector in the
direction of R, and the symmetric spatial tensor

Dαβ =
∑
a

ma(3xαxβ − r2δαβ)|a = Dβα (4.3.75)

is the tensor of mass quadrupole moment of the system. This tensor can be written as

Dαβ =

∫
µ(3xαxβ − r2δαβ)dV, (4.3.76)

where µ is the mass density, M =
∫
µdV . The tensor of mass quadrupole moment is traceless,

Dαα = 0, (4.3.77)

so it has 5 independent components. It is related to the inertia tensor (3.2.13) by

Dαβ = Iγγδαβ − 3Iαβ . (4.3.78)

If we choose the origin of the frame of reference at the center of mass of the system then ρ = 0 and
(4.3.74) reduces to

φ = −GM
R
− G

2R3
Dαβnαnβ . (4.3.79)

This reduction is possible because the masses of the particles are of the same (positive) sign. The
electric charges of the particles can have different signs. In the analogous expression for the electric
potential (4.2.16), we can eliminate the electric-dipole term φ1, which corresponds to the center-of-
mass term φ1 in (4.3.74), only if the total electric charge of the system is different from zero.
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4.3.4 Schwarzschild metric

A centrally or spherically symmetric gravitational field is the field in which the generators of rotations
(1.6.58) are also generators of isometries (transformations that do not change the metric tensor).
The generators (1.6.58) in the Cartesian coordinates are

Jx = y
∂

∂z
− z ∂

∂y
, Jy = z

∂

∂x
− x ∂

∂z
, Jz = x

∂

∂y
− y ∂

∂x
. (4.3.80)

In the spherical coordinates (r, θ, φ), they are

Jx = −sinφ
∂

∂θ
− cotθ cosφ

∂

∂φ
,

Jy = cosφ
∂

∂θ
− cotθ sinφ

∂

∂φ
,

Jz =
∂

∂φ
. (4.3.81)

We can write them as
Jα = ξiα∂i, (4.3.82)

where

ξ0
x = ξ0

y = ξ0
z = 0, ξrx = ξry = ξrz = 0,

ξθx = −sinφ, ξφx = −cotθ cosφ,

ξθy = cosφ, ξφx = −cotθ sinφ,

ξθz = 0, ξφz = 1. (4.3.83)

They are generators of isometries if ξiα are Killing vectors. For the Levi-Civita connection, (1.4.42)
gives

gikξ
k
α,j + gjkξ

k
α,i + gij,kξ

k
α = 0. (4.3.84)

For α = z, (4.3.84) gives
gij,φ = 0, (4.3.85)

so the metric tensor gij is independent of φ. For α = x, y, we consider different components gij . If
i, j ∈ {0, r} then (4.3.84) gives

α = x : −gij,θsinφ− gij,φcotθ cosφ = 0,

α = y : gij,θcosφ− gij,φcotθ sinφ = 0, (4.3.86)

which, using (4.3.85), yields
gij,θ = 0. (4.3.87)

Thus
g00 = g00(t, r), g0r = g0r(t, r), grr = grr(t, r). (4.3.88)

If i ∈ {0, r} and j = θ then (4.3.84) gives

α = x : giφ
cosφ

sin2θ
− giθ,θsinφ− giθ,φcotθ cosφ = 0,

α = y : giφ
sinφ

sin2θ
+ giθ,θcosφ− giθ,φcotθ sinφ = 0, (4.3.89)

which, using (4.3.85), yields
giφ = 0, giθ,θ = 0. (4.3.90)
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If i ∈ {0, r} and j = φ then (4.3.84) gives

α = x : −giθcosφ+ giφcotθ sinφ− giφ,θsinφ− giφ,φcotθ cosφ = 0,

α = y : −giθsinφ− giφcotθ cosφ+ giφ,θcosφ− giφ,φcotθ sinφ = 0, (4.3.91)

which, using (4.3.85) and (4.3.90), yields
giθ = 0. (4.3.92)

Thus
g0θ = g0φ = grθ = grφ = 0. (4.3.93)

If i = θ and j = θ then (4.3.84) gives

α = x : 2gθφ
cosφ

sin2θ
cosφ− gθθ,θsinφ = 0,

α = y : 2gθφ
sinφ

sin2θ
cosφ+ gθθ,θcosφ = 0, (4.3.94)

which yields
gθφ = 0, gθθ,θ = 0. (4.3.95)

If i = θ and j = φ then (4.3.84) gives

α = x : −gθθcosφ+ gθφcotθ sinφ+ gφφ
cosφ

sin2θ
− gθφ,θsinφ = 0,

α = y : −gθθsinφ− gθφcotθ cosφ+ gφφ
sinφ

sin2θ
+ gθφ,θcosφ = 0, (4.3.96)

which, using (4.3.95), yields
gφφ = sin2θ gθθ. (4.3.97)

If i = φ and j = φ then (4.3.84) gives

α = x : 2gφφcotθ sinφ− 2gθφcosφ− gφφ,θsinφ = 0,

α = y : −2gφφcotθ cosφ− 2gθφsinφ+ gφφ,θcosφ = 0, (4.3.98)

which, using (4.3.95) and (4.3.97), leads to the identity. Thus

gθθ = gθθ(t, r), gθφ = 0, gφφ = sin2θ gθθ. (4.3.99)

Combining (4.3.88), (4.3.93) and (4.3.99) gives the general form of the metric tensor in a spher-
ically symmetric gravitational field (r = 1, θ = 2, φ = 3):

gij =


g00(t, r) g01(t, r) 0 0
g01(t, r) g11(t, r) 0 0

0 0 g22(t, r) 0
0 0 0 sin2θ g22(t, r)

 (4.3.100)

or

ds2 = g00(t, r)c2dt2 + 2g01(t, r)cdt dr + g11(t, r)dr2 + g22(t, r)(dθ2 + sin2θ dφ2). (4.3.101)

This form can also be obtained from general considerations. We can apply a coordinate transforma-
tion from t, r, θ, φ to t′(t, r), r′(t, r), θ, φ such that

g0′1′ = 0, g22 = g22(r′). (4.3.102)

Accordingly, the interval (4.3.101) becomes (omitting the primes)

ds2 = g00(t, r)c2dt2 + g11(t, r)dr2 + g22(r)(dθ2 + sin2θ dφ2). (4.3.103)
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In the locally Galilean frame of reference, (4.3.103) should coincide with the Minkowski metric tensor
(1.4.84) in the spherical coordinates,

ds2 = c2dt2 − dr2 − r2(dθ2 + sin2θ dφ2), (4.3.104)

which implies that g00(t, r) > 0, g11 < 0, g22 < 0. Thus we can write

g00(t, r) = eν(t,r), g11 = −eλ(t,r), g22 = −f2(r), (4.3.105)

where ν, λ and f are real functions. We can still apply coordinate transformations t → t′(t) and
r → r′(r) without changing the form of the interval (4.3.104). Specifically, we can use r → r′(r) to
define the radial coordinate r such that

f(r) = r, (4.3.106)

for which a circle composed of points with r = R has the circumference 2πR and the sphere composed
of points with r = R has the surface area 4πR2. The corresponding radius, defined as the distance

from the origin to a point where r = R, is
∫ R

0
eλ/2dr, which is equal to R only if λ = 0. Thus the

interval for a spherically symmetric gravitational field is given by

ds2 = eν(t,r)c2dt2 − eλ(t,r)dr2 − r2(dθ2 + sin2θ dφ2), (4.3.107)

where we can still use t → t′(t) to redefine the time coordinate t. The gravitational field given by
the interval (4.3.107) is symmetric about the origin r = 0.

The Christoffel symbols for the interval (4.3.107) that do not vanish are

{ 0
0 0} =

ν̇

2
, { 0

0 1} =
ν′

2
, { 0

1 1} =
λ̇

2
eλ−ν ,

{ 1
0 0} =

ν′

2
eν−λ, { 1

0 1} =
λ̇

2
, { 1

1 1} =
λ′

2
, { 1

2 2} = −re−λ, { 1
3 3} = −rsin2θ e−λ,

{ 2
1 2} = { 3

1 3} =
1

r
, { 2

3, 3} = −sinθ cosθ, { 3
2 3} = cotθ, (4.3.108)

where dot denotes a derivative with respect to ct and prime denotes a derivative with respect to r.
The corresponding components of the Einstein tensor that do not vanish identically are

G0
0 =

1

r2
− e−λ

(
1

r2
− λ′

r

)
,

G1
1 =

1

r2
− e−λ

(
1

r2
+
ν′

r

)
,

G2
2 = G3

3 = −1

2
e−λ

(
ν′′ +

ν′2

2
− ν′λ′

2
+
ν′ − λ′

r

)
+

1

2
e−ν

(
λ̈+

λ̇2

2
− ν̇λ̇

2

)
,

G1
0 = −e−λ λ̇

r
. (4.3.109)

In vacuum, the Einstein equations (as well as the Einstein-Cartan equations) give Gij = 0. The last
equation in (4.3.109) gives

λ̇ = 0→ λ = λ(r). (4.3.110)

Adding the first and second equation in (4.3.109) gives

(ν + λ)′ = 0→ ν + λ = f(t). (4.3.111)

However, we can use t→ t′(t) to redefine the time coordinate t such that f(t) = 0. Thus

ν = −λ, (4.3.112)

which also leads to
ν̇ = 0→ ν = ν(r). (4.3.113)
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Therefore the metric tensor of a spherically symmetric gravitational field does not depend on time.
The existence of the three Killing vectors associated with the generators of rotations (1.6.58) implies
the existence of the fourth Killing vector associated with time translation:

ξi0 = δi0. (4.3.114)

A spherically symmetric gravitational field in vacuum is static, which constitutes the Birkhoff theo-
rem.

We consider a spherically symmetric gravitational field in vacuum around a massive sphere. Such
a field vanishes at infinity. Integrating the first equation in (4.3.109), with the condition eλ → 1 at
r →∞, gives

e−λ = eν = 1 +
C

r
, (4.3.115)

where C is a constant. Comparing (4.3.115) with (2.5.82) and (4.3.59) yields

C = −rg, (4.3.116)

where

rg =
2Gm

c2
(4.3.117)

is called the gravitational or Schwarzschild radius corresponding to the mass m. The corresponding
interval,

ds2 =

(
1− rg

r

)
c2dt2−

(
1− rg

r

)−1

dr2 − r2(dθ2 + sin2θ dφ2), (4.3.118)

describes the Schwarzschild metric for a spherically symmetric gravitational field. For a spherically
symmetric cavity inside the sphere, the regularity of the metric at the center, r = 0, requires C = 0.
Thus the gravitational field there vanishes. For a spherically symmetric gravitational field inside
a massive sphere of radius R, the regularity of the metric at the center yields λ = 0 at r = 0.
Integrating the first equation in (4.3.109) then gives

λ = −ln

(
1− κ

r

∫ r

0

T 0
0 r

2dr

)
, (4.3.119)

yielding eλ ≥ 1. The first and second equation in (4.3.109) give also ν′ + λ′ ≥ 0, yielding ν + λ ≤ 0.
Outside the sphere, (4.3.119) gives

λ = −ln

(
1− κ

r

∫ R

0

T 0
0 r

2dr

)
= −ln

(
1− κ

r

∫ R

0

ε̃r2dr

)
, (4.3.120)

where ε̃ is the effective energy density (2.5.115) of a spin fluid. Without spin, ε̃ = ε is the ordinary
energy density of an ideal fluid. Comparing (4.3.120) with (4.3.115) and (4.3.117) gives

m =
4π

c2

∫ R

0

ε̃r2dr <
4π

c2

∫ R

0

ε̃eλ/2r2dr =
1

c2

∫
ε̃dV. (4.3.121)

This inequality indicates the gravitational mass defect.
The spatial interval (1.4.97) for the Schwarzschild metric is given by

dl2 =

(
1− rg

r

)−1

dr2 + r2(dθ2 + sin2θ dφ2). (4.3.122)

The proper time τ is related to the coordinate time t by dτ =
√
g00dt, yielding dτ ≤ dt. Thus

the time is slower in the presence of a gravitational field, in accordance with the time dilation in
noninertial frames of reference and the principle of equivalence. The distance between two points
with the same angular components of the spherical coordinates, located at r1 and r2, is bigger than
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the difference between their radial components:
∫ r2
r1

dr√
1−rg/r

≥ r2 − r1. For a weak gravitational

field, the metric (4.3.118) can be approximated as

ds2 = ds2
0 −

rg
r

(c2dt2 + dr2), (4.3.123)

where ds2
0 is the interval corresponding to the Minkowski tensor of a flat spacetime (1.4.84). For

a plane passing through the origin of the Schwarzschild field, we can take θ = π/2. The spatial
interval (4.3.122) on this plane is

dl2 =

(
1− rg

r

)−1

dr2 + r2dφ2. (4.3.124)

The form of the surface of rotation on which the geometry is the same as on this plane is

dl2 = dr2 + dz2 + r2dφ2 = dr2(1 + z′2) + r2dφ2, (4.3.125)

where z′ = dz
dr and 1 + z′2 = (1− rg/r)−1, yielding Flamm’s paraboloid:

z = 2
√
rg(r − rg). (4.3.126)

The surface of rotation (4.3.126) represents embedding of the non-Euclidean, two-dimensional equa-
torial plane of the Schwarzschild geometry into the three-dimensional Euclidean space. Such a space
has no physical meaning and merely serves to visualize Flamm’s paraboloid, as shown in Fig. 20.

Figure 20: Flamm paraboloid.

The nonzero components of the curvature tensor which for the Schwarzschild field is equal to the
Riemann tensor (1.4.44) are

R01
01 = R23

23 = −rg
r3
, R02

02 = R03
03 = R12

12 = R13
13 =

rg
2r3

. (4.3.127)

The Kretschmann scalar,
I = RijklR

ijkl, (4.3.128)

is singular at the origin r = 0:

I =
12r2

g

r6
. (4.3.129)

Thus the Schwarzschild field has a spacetime (curvature) singularity at the origin, indicating its
unphysical character. The nonzero components of the spatial Ricci tensor (1.4.74) (the Ricci tensor
constructed from the spatial metric tensor (1.4.98)) are

P 1
1 = −rg

r3
, P 2

2 = P 3
3 =

rg
2r3

. (4.3.130)

Thus the spatial Ricci scalar P = 0. For a plane perpendicular to the radius, the Gauß curvature
(1.4.76) is

K =
P2323

γ22γ33
= −P 1

1 > 0. (4.3.131)
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Thus the sum of the angles ∆ of a small triangle on such a plane embracing its intersection with the
above radius is ∆ > π. For a plane passing through the origin, K < 0. Thus the sum of the angles
of a small triangle on such a plane is ∆ < π, except for triangles embracing the origin, for which
∆ > π.

The choice (4.3.106) of the radial coordinate r is not unique. Using the Birkhoff theorem, we
can write the interval for a spherically symmetric gravitational field as

ds2 = eν(r)c2dt2 − eλ(r)dr2 − eµ(r)r2(dθ2 + sin2θ dφ2), (4.3.132)

and use the freedom of applying a transformation r → r′(r) to impose a constraint

f(ν, λ, µ) = 0. (4.3.133)

The Einstein equations in vacuum for the metric (4.3.132) give the de Sitter formulae:

eν = 1− rg
R
, eλ =

R′2

1− rg
R

, eµ =
R2

r2
, (4.3.134)

where R = R(r) is a function fixed by (4.3.133) and R′ = dR
dr . The Schwarzschild-Hilbert constraint

µ = 0 gives R = r (4.3.106) and the Schwarzschild metric (4.3.118). Droste’s constraint λ = 0 yields

r = R

(
1− rg

R

)1/2

+
rg
2

ln

√
R+

√
R− rg√

R−
√
R− rg

+ const. (4.3.135)

Schwarzschild’s constraint λ+ 2µ+ ν = 0 gives

R = (r3 + r3
g)

1/3, (4.3.136)

which is equivalent to (4.3.118) with the origin at r = −rg. Weyl’s constraint λ− µ = 0 gives

R = r

(
1 +

rg
4r

)2

, (4.3.137)

which yields the metric describing a spherically symmetric gravitational field in the isotropic spherical
coordinates:

ds2 =
(1− rg/(4r))2

(1 + rg/(4r))2
c2dt2 − (1 + rg/(4r))

4
(
dr2 + r2(dθ2 + sin2θ dφ2)

)
. (4.3.138)

The Einstein-Rosen constraint λ− µ+ ν + ln4 = 0 yields

R = rg +
r2

4rg
, (4.3.139)

which is equivalent to (4.3.138).
A hypersurface of constant radius, f(r) = r − const = 0, has the normalized normal vector

(2.5.138) given in the spherical coordinates (ct, r, θ, φ) by

ni = (0, 1, 0, 0). (4.3.140)

In a Schwarzschild field,

nin
i =

rg
r
− 1. (4.3.141)

Thus the Schwarzschild sphere r = rg is an event horizon.
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4.3.5 Motion in Schwarzschild field

define black hole and white hole

dΩ2 = dθ2 + sin2θ dφ2 (4.3.142)

tortoise radial coordinate

dr∗ =
dr

1− rg
r

(4.3.143)

r∗ = r + rgln

(
r

rg
− 1

)
(4.3.144)

free-fall velocity
V

c
=

√
rg
r

(4.3.145)

proper coordinates

dT 2 =

(
1− rg

r

)
dt2,

dR2 =

(
1− rg

r

)−1

dr2. (4.3.146)

We consider a massive particle moving radially in the gravitational field described by the metric
(??). For brevity, we use

h = g00 =
(1− rg/(4r))2

(1 + rg/(4r))2
, f = −grr = (1 + rg/(4r))

4. (4.3.147)

The motion of the particle is given by the radial geodesic equations. If the particle is at rest at
r = r0, then these equations are

dt

dτ
= u0 =

√
h0/h, (4.3.148)

dr

cdτ
= ur = ε(h0h

−1f−1 − f−1)1/2, (4.3.149)

where τ is the proper time of the particle, h0 = h|r=r0 , and ε = −1 (+1) for an infalling (outgoing)
motion. We consider a particle falling into a black hole, ε = −1. As r → rg/4, h goes to zero and
f → 16, so both u0 and ur become infinite. Even if the initial motion were not purely radial, the
components u0, ur would still become infinite at r = rg/4, with uθ, uφ remaining finite. Therefore,
each motion of a massive particle becomes effectively radial at the surface r = rg/4.

A distant observer situated in a nearly Galilean spacetime measures the velocity of the infalling
particle as

vd =
dr

dt
= c

ur

u0
= −c (h0f

−1h− f−1h2)1/2

√
h0

. (4.3.150)

As r → rg/4, vd goes to zero. Writing r = rg/4 + ξ, where 0 < ξ � rg, gives vd ≈ −cξ/(2rg) and
thus r − rg/4 ∼ exp(−ct/(2rg)), so the particle reaches the surface of a black hole r = rg/4 after
an infinite time t. This surface is an event horizon for a distant observer, as it is for the standard
Schwarzschild metric [?]. The proper time ∆τ of the particle for moving radially from r = r0 to
r = rg/4 is finite, which can be shown by considering r0 = rg/4 + ξ:

c∆τ =

∫ rg/4+ξ

rg/4

dr/ur ≈ rg. (4.3.151)

After reaching the surface r = rg/4, the particle continues moving; its radial coordinate r decreases
to r1 = r2

g/(16r0) ≈ rg/4 − ξ (at which ur = 0) in a proper time ∆τ = rg/c. The radial motion of
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a massive particle (in terms of the proper time) in the spacetime (??) for r ≤ rg/4 is the image (in
the sense of the method of image charges for spheres in electrostatics) of the particle’s motion for
r ≥ rg/4. Applying the transformation (??) to Eqs. (4.3.148) and (4.3.149) in the region r ≤ rg/4
gives

dt

dτ
=
√
h0/h, (4.3.152)

dr′

cdτ
= −ε(h0h

−1f−1 − f−1)1/2, (4.3.153)

where h = (1 − rg/(4r
′))2/(1 + rg/(4r

′))2 and f = (1 + rg/(4r
′))4. An infalling radial geodesic

motion inside a black hole appears, in terms of the new radial coordinate r′, as an outgoing motion
from a white hole (the time reversal of a black hole).

The local velocity of the particle vl, measured in terms of the proper time, as determined by static
clocks synchronized along the trajectory of the particle, is related to u0 by u0 = (h(1−v2

l /c
2))−1/2 [2].

As the particle moves from r = r0 to r = rg/4, vl increases from zero to c, and as the particle moves
from r = rg/4 to r = r1, vl decreases to zero. In a Schwarzschild field, vl exceeds c inside a black
hole, which does not violate Einstein’s theory of relativity because the interior of a Schwarzschild
black hole is not static and neither can be clocks synchronized along the trajectory of the particle.

4.3.6 Other coordinates for Schwarzschild field

The Schwarzschild metric (4.3.118) has a coordinate singularity at the surface r = rg, where g00 = 0
and g11 is infinite. The components of the curvature tensor (4.3.127) and the Kretschmann scalar
(4.3.129) are finite at this surface, though. Therefore an appropriate coordinate transformation,
that is singular at r = rg, can remove this apparent singularity. Defining new coordinates τ±, R
such that

±cdτ± = cdt+ f(r)dr∗,

dR = cdt+
dr∗
f(r)

, (4.3.154)

where dr∗ is the tortoise coordinate (4.3.143), turns (4.3.118) into

ds2 =
1− rg/r
1− f2

(c2dτ2
± − f2dR2)− r2dΩ2. (4.3.155)

We also have

R∓ cτ± =

∫
1− f2

f
dr∗. (4.3.156)

The physical case of gravitational attraction (black hole) corresponds to plus signs in (4.3.154). The
metric (4.3.155) is regular at r = rg if f(rg) = 1. Taking

f(r) =

√
rg
r

(4.3.157)

turns (4.3.155) into the Lemâıtre metric:

ds2 = c2dτ2 − rg
r(τ,R)

dR2 − r2(τ,R)dΩ2, (4.3.158)

where τ = τ+ and r(τ,R) is given by integrating (4.3.156):

r =

(
3

2
(R− cτ)

)2/3

r1/3
g . (4.3.159)

The Lemâıtre metric (4.3.158) is regular at the gravitational radius. It is singular at r = 0, where
cτ = R. The Lemâıtre metric is synchronous, g00 = 1 and g0α = 0. Thus the bodies at rest in the
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Lemâıtre coordinates (τ,R) are freely falling in the gravitational field. The time coordinate τ is the
proper time. Radial null geodesics, ds = dΩ = 0, are given by

cdτ

dR
= ±

√
rg
r
, (4.3.160)

where plus sign corresponds to a radially outgoing signal and minus sign to a radially infalling signal.
Since all physical world lines must lie within the local light cones, no signal can escape from inside
the Schwarzschild sphere, where dr

dτ < 0, as shown in Fig. 21. Thus signals emitted there radially
inwards and outwards both reach the origin. The radially falling bodies reach the gravitational
radius and then the origin within finite proper time. The unphysical case of gravitational repulsion
(white hole) corresponds to minus signs in (4.3.154). In this case, no signal can enter inside the
Schwarzschild sphere. In Fig. 21, this case corresponds to τ = −τ−.

Figure 21: Lemâıtre coordinates.

We can define new time coordinates v, u according to

v = ct+ r∗,

u = ct− r∗. (4.3.161)

The v coordinate is the ingoing null coordinate or advanced Eddington-Finkelstein time and u is the
outgoing null coordinate or retarded Eddington-Finkelstein time, analogously to the advanced and
retarded time (4.2.162). Replacing t by v turns (4.3.118) into the ingoing Eddington-Finkelstein
metric:

ds2 =

(
1− rg

r

)
dv2 − 2dv dr − r2dΩ2. (4.3.162)

The metric (4.3.162) is regular at r = rg and describes a black hole. Radial null geodesics are given
by

dv = 0, dv = 2dr∗, (4.3.163)

where the first case corresponds to a radially infalling signal and the second one to a radially outgoing
signal. Since all physical world lines must lie within the local light cones, no signal can escape from
inside the Schwarzschild sphere, where dr

dv < 0, as shown in Fig. 22. Replacing t by u turns (4.3.118)
into the outgoing Eddington-Finkelstein metric:

ds2 =

(
1− rg

r

)
du2 + 2du dr − r2dΩ2. (4.3.164)

The metric (4.3.164) is regular at r = rg and describes a white hole. Radial null geodesics are given
by

du = 0, du = −2dr∗, (4.3.165)

where the first case corresponds to a radially outgoing signal and the second one to a radially infalling
signal. No signal can enter inside the Schwarzschild sphere. This case is described by Fig. 22, in
which v is replaced by −u.
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Figure 22: Eddington-Finkelstein coordinates.

We can define new time coordinates ṽ, ũ according to

dṽ = cdt+

√
rg
r
dr∗,

dũ = cdt−
√
rg
r
dr∗. (4.3.166)

The ṽ coordinate is the advanced Painlevé-Gullstrand time and ũ is the retarded Painlevé-Gullstrand
time. Integrating (4.3.166) gives

ṽ = ct+ 2
√
rgr + rgln

√
r −√rg√
r +
√
rg
,

ũ = ct− 2
√
rgr − rgln

√
r −√rg√
r +
√
rg

(4.3.167)

Replacing t by ṽ turns (4.3.118) into the ingoing Painlevé-Gullstrand metric:

ds2 =

(
1− rg

r

)
dṽ2 − 2

√
rg
r
dṽ dr − dr2 − r2dΩ2. (4.3.168)

The metric (4.3.168) is regular at r = rg and describes a black hole. Radial null geodesics are given
by

dṽ =
(√rg

r
± 1
)
dr∗, (4.3.169)

where plus sign corresponds to a radially outgoing signal and minus sign to a radially infalling signal.
Replacing t by ũ turns (4.3.118) into the outgoing Painlevé-Gullstrand metric:

ds2 =

(
1− rg

r

)
dũ2 + 2

√
rg
r
dũ dr − dr2 − r2dΩ2. (4.3.170)

The metric (4.3.170) is regular at r = rg and describes a white hole. Radial null geodesics are given
by

dũ =
(
−
√
rg
r
± 1
)
dr∗, (4.3.171)

where plus sign corresponds to a radially outgoing signal and minus sign to a radially infalling signal.
The Painlevé-Gullstrand coordinates can also be obtained through a special Lorentz transfor-

mation (1.6.93) with the free-fall velocity V (4.3.145) in the R-direction applied (locally) to the
stationary proper time T (4.3.146):

dṽ =

(
1− V 2

c2

)−1/2(
cdT +

V

c
dR

)
,

dũ =

(
1− V 2

c2

)−1/2(
cdT − V

c
dR

)
. (4.3.172)
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Thus the Painlevé-Gullstrand time is the proper time measured by clocks that fall freely in the
spherically symmetric gravitational field. This result agrees with the metric geodesic equations
(1.4.81) corresponding to (4.3.168) and (4.3.170), for which, respectively, dṽ

ds = 1 and dũ
ds = 1.

Replacing both t and r by the null coordinates v and u (4.3.161) turns (4.3.118) into

ds2 =

(
1− rg

r

)
du dv − r2dΩ2. (4.3.173)

Defining the Kruskal coordinates,

U = e−u/(2rg), V = ev/(2rg),

T +R = V, T −R = −U, (4.3.174)

turns (4.3.173) into the Kruskal-Szekeres metric:

ds2 =
4r3
g

r
e−r/rg (dT 2 − dR2)− r2dΩ2, (4.3.175)

where r = r(T,R) is given by a transcendental equation,

er/rg
(
r

rg
− 1

)
= R2 − T 2. (4.3.176)

The metric (4.3.175) is regular at r = rg and singular at r = 0. It is also singular (det gij = 0) for
rg = 0. T is the time coordinate and R is the radial coordinate. Region I in Fig. 23 (V > 0, U > 0)
represents the exterior of a black hole (r > rg), where the transformation from (t, r) to (T,R) is
given by

T =

(
r

rg
− 1

)1/2

er/(2rg)sinh
ct

2rg
,

R =

(
r

rg
− 1

)1/2

er/(2rg)cosh
ct

2rg
. (4.3.177)

Region II in Fig. 23 (V > 0, U < 0) represents the interior of a black hole (r < rg), where the
transformation from (t, r) to (T,R) is given by

T =

(
1− r

rg

)1/2

er/(2rg)cosh
ct

2rg
,

R =

(
1− r

rg

)1/2

er/(2rg)sinh
ct

2rg
. (4.3.178)

The lines r = const are given by UV = const and the lines t = const by V/U = const. The curvature
singularity r = 0 is given by UV = −1 and the event horizon by UV = 0. Radial null geodesics,
which are the boundaries of light cones, are given by dU dV = 0: V = const describes an ingoing
null geodesic and U = const describes an outgoing null geodesic.

A Schwarzschild black hole is represented by V > 0. However, the coordinates (V,U) can be
extended to V < 0. Region III in Fig. 23 (V < 0, U < 0) represents the exterior of a white hole
(r > rg), where the transformation from (t, r) to (T,R) is given by

T = −
(
r

rg
− 1

)1/2

er/(2rg)sinh
ct

2rg
,

R =

(
r

rg
− 1

)1/2

er/(2rg)cosh
ct

2rg
. (4.3.179)
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Region III is mathematically equivalent to the time-reversed region I. Region IV in Fig. 23 (V <
0, U > 0) represents the interior of a white hole (r < rg), where the transformation from (t, r) to
(T,R) is given by

T =

(
1− r

rg

)1/2

er/(2rg)cosh
ct

2rg
,

R = −
(

1− r

rg

)1/2

er/(2rg)sinh
ct

2rg
. (4.3.180)

Region IV is mathematically equivalent to the time-reversed region II. These 4 regions represent
a maximally extended Schwarzschild solution. The Schwarzschild metric (4.3.118) is covered only
by region I or region III. The ingoing Eddington-Finkelstein and Painlevé-Gullstrand metrics are
covered by regions I and II. The outgoing Eddington-Finkelstein and Painlevé-Gullstrand metrics
are covered by regions III and IV.

Figure 23: Kruskal coordinates.

4.3.7 Weyl isotropic metric

The interval of the static, spherically symmetric gravitational field in vacuum, expressed in isotropic
spherical coordinates (ct, ρ, θ, φ), is given by the Weyl isotropic metric (4.3.138):

ds2 =
(1− rg/(4ρ))2

(1 + rg/(4ρ))2
c2dt2 − (1 + rg/(4ρ))4(dρ2 + ρ2dΩ2), (4.3.181)

where 0 ≤ ρ <∞ is the radial coordinate in Weyl’s constraint. This metric does not change its form
under the radial coordinate transformation

ρ→ ρ′ =
r2
g

16ρ
, (4.3.182)

and is Galilean for ρ → ∞. Therefore it is also Galilean for ρ → 0, describing an Einstein-Rosen
bridge or wormhole: two Schwarzschild solutions of the Einstein field equations (a black hole and
white hole) connected at the common event horizon r = rg/4. The metric tensor at the horizon is
singular, det gik = 0. The nonzero components of the Riemann curvature tensor for this metric are
given by

R02
02 = R03

03 = R12
12 = R13

13 =
rg

2ρ3(1 + rg/(4ρ))6
,

R01
01 = R23

23 = − rg
ρ3(1 + rg/(4ρ))6

, (4.3.183)
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so the Kretschmann scalar (4.3.128) is finite everywhere,

I = 12r2
gρ
−6(1 + rg/(4ρ))−12, (4.3.184)

going to zero as ρ→∞ and ρ→ 0. For ρ� rg/4, the interval (4.3.181) reduces to

ds2 =

(
1− rg

ρ

)
c2dt2 −

(
1 +

rg
ρ

)
(dx2 + dy2 + dz2). (4.3.185)

The Weyl metric for ρ > rg/4 describes the exterior sheet of a Schwarzschild black hole. The
transformation of the radial coordinate,

ρ→ r = ρ(1 + rg/(4ρ))2, (4.3.186)

brings the interval (4.3.181) into the standard Schwarzschild form (4.3.118). The spacetime given
by the metric (4.3.181) for ρ < rg/4 is regarded by observers at ρ > rg/4 as the interior of a
black hole. Because of the invariance of the metric (4.3.181) under the transformation (4.3.182),
this interior is an image of the other exterior sheet. Since the motion through the event horizon
of an Einstein-Rosen bridge is unidirectional, this interior is equivalent to the exterior sheet of a
Schwarzschild white hole. The spacetime of an Einstein-Rosen bridge is regular everywhere. The
surface of rotation representing embedding of the non-Euclidean, two-dimensional equatorial plane
of the Einstein-Rosen geometry into the three-dimensional Euclidean space is the combination of
two Flamm’s paraboloids, as shown in Fig. 24.

Figure 24: Einstein-Rosen bridge.

We define a new radial coordinate ξ such that

r = rg +
ξ2

4rg
. (4.3.187)

The Schwarzschild metric (4.3.118) becomes

ds2 =
ξ2

4r2
g + ξ2

c2dt2 −
4r2
g + ξ2

4r2
g

dξ2 −
(
rg +

ξ2

4rg

)2

dΩ2, (4.3.188)

which is equivalent to the Weyl metric (4.3.181), describing an Einstein-Rosen bridge. Near the
horizon, where ξ ≈ 0, (4.3.188) reduces to

ds2 =
ξ2

4r2
g

c2dt2 − dξ2 − r2
gdΩ2. (4.3.189)

Introducing new coordinates t̃, r̃ such that

ct̃ = ξ sinh
ct

2rg
, r̃ = ξ cosh

ct

2rg
, (4.3.190)
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turns (4.3.189) into
ds2 = c2dt̃2 − dr̃2 − r2

gdΩ2. (4.3.191)

Thus the (t̃, r̃) subspace of the spacetime represented by the interval (4.3.191) is flat. Accordingly,
the (t, ρ) subspace of the spacetime represented by the interval (4.3.181) near the event horizon is
nearly flat. The interval (4.3.189) is analogous to the Rindler metric (4.1.41) and the coordinates
ct, ξ in (4.3.189) are analogous to cT,X (4.1.40). If ξ = c2/a0, where a0 = const, then (4.3.190)
gives a hyperbola r̃2 − (ct̃)2 = c4/a2

0, which is analogous to (4.1.36). Therefore (4.3.187) gives the
proper acceleration of a massive particle near the event horizon:

a0 ≈
1

2rg
√

1− rg/r
. (4.3.192)

4.3.8 Interior Schwarzschild solution

We consider a spherically symmetric gravitational field in spacetime filled with an ideal fluid. The
general form of the metric in such a field is given by the interval (4.3.101). We can apply a coordinate
transformation from t, r, θ, φ to τ(t, r), R(t, r), θ, φ such that

g01 = 0, u1 =
dR

dτ
= 0. (4.3.193)

The second condition means that no radial motion takes place in this frame of reference. Since
the spherical symmetry also requires u2 = u3 = 0, this frame of reference is a comoving frame.
Accordingly, the interval (4.3.101) becomes

ds2 = eν(τ,R)c2dτ2 − eλ(τ,R)dR2 − eµ(τ,R)R2(dθ2 + sin2θ dφ2), (4.3.194)

where ν, λ and µ are real functions. We can still apply coordinate transformations τ → τ ′(τ) and
R → R′(R) without changing the form of the interval (4.3.194). The components of the Einstein
tensor corresponding to (4.3.194) that do not vanish identically are

G0
0 = −e−λ

(
µ′′ − 2

R2
+

3

4

(
µ′ +

2

R

)2

− 1

2

(
µ′ +

2

R

)
λ′

)
+

1

2
e−ν

(
λ̇µ̇+

µ̇2

2

)
+
e−µ

R2
,

G1
1 = −1

2
e−λ

(
1

2

(
µ′ +

2

R

)2

+

(
µ′ +

2

R

)
ν′

)
+ e−ν

(
µ̈− 1

2
µ̇ν̇ +

3

4
µ̇2

)
+
e−µ

R2
,

G2
2 = G3

3 = −1

4
e−λ

(
2ν′′ + ν′2 + 2µ′′ − 4

R2
+

(
µ′ +

2

R

)2

− ν′λ′

+

(
µ′ +

2

R

)
(ν′ − λ′)

)
+

1

4
e−ν(2λ̈+ λ̇2 + 2µ̈+ µ̇2 − λ̇ν̇ − µ̇ν̇ + λ̇µ̇),

G1
0 =

1

2
e−λ

(
2µ̇′ +

(
µ′ +

2

R

)
(µ̇− λ̇)− ν′µ̇

)
, (4.3.195)

where dot denotes differentiation with respect to τ and prime denotes differentiation with respect
to R. The Einstein equations in this frame of reference are

G0
0 = κε, G1

1 = G2
2 = G3

3 = −κp, G1
0 = 0. (4.3.196)

The corresponding conservation law T ik:k = 0 gives

λ̇+ 2µ̇ = − 2ε̇

ε+ p
, ν′ = − 2p′

ε+ p
, (4.3.197)

where the constants of integration depend on the allowed transformations τ → τ ′(τ) and R→ R′(R).
For a spherically symmetric gravitational field in spacetime filled with a spin fluid, ε→ ε̃ and p→ p̃.
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If a spherically symmetric sphere of radius a is in hydrostatic equilibrium then the metric does
not depend on the time coordinate and the interval (4.3.194) reduces to

ds2 = eν(r)c2dt2 − eλ(r)dr2 − r2(dθ2 + sin2θ dφ2), (4.3.198)

where we used the freedom of applying a coordinate transformation r → r′(r) to set µ(r) = 0, as in
(4.3.107). The Einstein equations (4.3.195) reduce to (cf. (4.3.109))

1

r2
− e−λ

(
1

r2
− λ′

r

)
= κε,

1

r2
− e−λ

(
1

r2
+
ν′

r

)
= −κp. (4.3.199)

Integrating the first equation in (4.3.199) gives

eλ =

(
1− κ

r

∫ r

0

εr2dr

)−1

=

(
1− rg(r)

r

)−1

, (4.3.200)

where

rg(r) = κ

∫ r

0

ε(r)r2dr (4.3.201)

is the gravitational radius of the sphere of radius r centered at the origin (cf. (4.3.117), (4.3.119)
and (4.3.121)). The second equation in (4.3.199) and the second equation in (4.3.197) yield

p′ = −1

2
(ε+ p)

(
eλ
(

1

r
+ κpr

)
− 1

r

)
= − 1

2r2
(ε+ p)eλ

(
rg(r) + κpr3

)
, (4.3.202)

which, upon substituting (4.3.200), gives the Tolman-Oppenheimer-Volkoff equation:

dp

dr
= − 1

2r2

(ε+ p)
(
rg(r) + κpr3

)
1− rg(r)

r

. (4.3.203)

In the nonrelativistic limit, (4.3.203) reduces to

dp

dr
= −Gm(r)ρ(r)

r2
, (4.3.204)

where ρ is the mass density and

m(r) = 4π

∫ r

0

ρ(r)r2dr (4.3.205)

is the mass of the sphere of radius r centered at the origin. The hydrostatic condition (4.3.204) can
also be derived for a spherically symmetric system from (2.5.100) for v = 0, using (4.3.56).

If the energy density inside the sphere is homogeneous, ε = const, then (4.3.200) gives

eλ(r) =

(
1− 1

3
κεr2

)−1

, (4.3.206)

which, with (4.3.202), leads to

p′ = −1

2
(ε+ p)

(
1− 1

3
κεr2

)−1(
ε

3
+ p

)
κr. (4.3.207)

Integrating this equation with the condition that the pressure vanishes at the boundary of the sphere,
p(a) = 0, gives

p(r) = ε
h(r)− h(a)

3h(a)− h(r)
, (4.3.208)
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where

h(r) =

(
1− 1

3
κεr2

)1/2

. (4.3.209)

The pressure (4.3.208) is a decreasing function of r. The condition that p(0) be finite gives

a >
9

8
rg. (4.3.210)

Physically realistic equations of state obey p ≤ ε/3. Thus we have p(0) ≤ ε/3, which yields

a ≥ 9

5
rg. (4.3.211)

The second equation in (4.3.197) integrates to

eν(r) = eν(a)

(
1 +

p(r)

ε

)−2

. (4.3.212)

The continuity of the metric at the boundary of the sphere, r = a, requires (cf. (4.3.112))

eν(a) = e−λ(a). (4.3.213)

Thus the interval for the interior Schwarzschild metric for a constant energy density is given by

ds2 =
9

4

(
h(a)− 1

3
h(r)

)2

c2dt2 − h−2(r)dr2 − r2(dθ2 + sin2θ dφ2). (4.3.214)

4.3.9 Tolman solution

4.3.10 Kerr metric

The spacetime geometry in the region surrounding a mass m rotating with angular momentum L is
given by the Kerr metric:

ds2 =

(
1− rgr

ρ2

)
c2dt2 − ρ2

∆
dr2 − ρ2dθ2 −

(
r2 + a2 + a2sin2θ

rgr

ρ2

)
sin2θdφ2

+2asin2θ
rgr

ρ2
cdt dφ, (4.3.215)

where

a =
L

mc
, (4.3.216)

ρ2 = r2 + a2cos2θ, (4.3.217)

∆ = r2 − rgr + a2. (4.3.218)

A coordinate transformation,

x+ iy = (r + ia)sinθeiφ,

z = rcosθ, (4.3.219)

brings the coordinates (r, θ, φ), referred to as the Boyer-Lindquist coordinates, to the Kerr-Schild
coordinates (x, y, z), in which the Kerr metric becomes

gij = ηij + fkikj , (4.3.220)

where

k0 = 1, kx =
rx+ ay

r2 + a2
, ky =

ry − ax
r2 + a2

, kz =
z

r
,

f =
rgr

3

r4 + a2z2
. (4.3.221)
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The vector k is a unit vector. The relation between the Boyer-Lindquist and Kerr-Schild coordinates
is the same as the relation between the oblate spheroidal and Cartesian coordinates. The Kerr
metric is the stationary (∂gij/∂t = 0), axisymmetric (∂gij/∂φ = 0), asymptotically flat (gij → ηij
as r →∞), vacuum (Tij = 0) solution of the Einstein equations. !

4.3.11 Motion in Kerr field

4.3.12 Reissner-Nordström metric

4.3.13 Kerr-Newman metric

The spacetime geometry in the region surrounding a mass m of charge q rotating with angular
momentum L is given in the Boyer-Lindquist coordinates (r, θ, φ) (4.3.219) by the Kerr-Newman
metric:

ds2 =

(
1−

rgr − r2
q

ρ2

)
c2dt2 − ρ2

∆
dr2 − ρ2dθ2 −

(
r2 + a2 + a2sin2θ

rgr − r2
q

ρ2

)
× sin2θdφ2 + 2asin2θ

rgr − r2
q

ρ2
cdt dφ, (4.3.222)

where a and ρ2 are given by (4.3.216) and (4.3.217), and

∆ = r2 − rgr + a2 + r2
q , (4.3.223)

where

r2
q =

Gq2

c4
. (4.3.224)

The electromagnetic potential in the Kerr-Newman field is given by

Aidx
i =

qr cdt

ρ2
− qra sin2θ dφ

ρ2
. (4.3.225)

This metric can be written in the Kerr-Schild form (4.3.220), where f is generalized to

f =
r2

r4 + a2z2
(rgr − r2

q). (4.3.226)

The electromagnetic potential in these coordinates is given by

Ai =
qr3

r4 + a2z2
ki. (4.3.227)

The Kerr-Newman metric is the stationary (∂gij/∂t = 0), axisymmetric (∂gij/∂φ = 0), asymp-
totically flat (gij → ηij as r → ∞) solution of the Einstein-Maxwell equations without sources
(ji = 0).

At large distances r � a, the electric potential in (4.3.225) reduces to the Coulomb potential
φ = q

r and the magnetic potential in (4.3.225) reduces to (4.2.49) for the magnetic moment

m = qaẑ. (4.3.228)

Thus we have
m =

q

mc
M, (4.3.229)

so the gyromagnetic ratio (4.2.55) for the Kerr-Newman field is g = 2 which is twice larger than
that for a nonrelativistic particle or a system of identical nonrelativistic particles.

!
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4.3.14 Weak gravitational field

The component h03 = 2GM
rc2 sin2θ satisfies the field equation P03 = 0 linearized in h03. Thus, for a

slowly rotating body, h03 = 2GM
rc2 sin2θ is valid even if the gravitational field is strong.

4.3.15 Gravitational waves

4.3.16 Kottler-de Sitter metric

In the presence of the cosmological constant Λ, the Lagrangian density (2.5.21) gives the field
equations

Pik −
1

2
Pgik = κTik + Λgik. (4.3.230)

For a spherically symmetric gravitational field around a massive sphere, these equations give the
Kottler metric:

ds2 =

(
1− rg

r
− Λr2

3

)
c2dt2−

(
1− rg

r
− Λr2

3

)−1

dr2 − r2(dθ2 + sin2θ dφ2), (4.3.231)

which generalizes the Schwarzschild metric (4.3.118). If rg = 0, the Kottler metric (4.3.231) reduces
to the de Sitter metric:

ds2 =

(
1− Λr2

3

)
c2dt2−

(
1− Λr2

3

)−1

dr2 − r2(dθ2 + sin2θ dφ2). (4.3.232)

For the de Sitter metric (4.3.232), the curvature is given by

Rijkl = −Λ

3
(gikgjl − gilgjk). (4.3.233)

4.3.17 Friedmann-Lemâıtre-Robertson-Walker metric

4.4 Spinors

4.4.1 Free spinors

4.4.2 Dirac equation in central electric field

4.4.3 Schrödinger equation in central electric field

4.4.4 Dirac equation in uniform magnetic field
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