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1 Spacetime

Einstein’s principle of general covariance states that all physical laws do not change their form (are
covariant) under continuous coordinate transformations in four-dimensional spacetime.

1.1 Tensors
1.1.1 Vectors

We consider a coordinate transformation from old (unprimed) to new (primed) coordinates in a
four-dimensional manifold: _ o
' =l (z"), (1.1.1)

where 27 are differentiable and nondegenerate functions of z* and the index i can be 0,1,2,3. Thus

the matrix %3; ” has the nonzero determinant |d“;f | # 0, so x' are differentiable and nondegenerate
functions of 2 4. The matrix g“ii. is the inverse of %wij :
' J €T
Ou’ 0xt _ oy (1.1.2)
— Jxd ox't T o
K2
where
; 1 i=k
52_{0 i;«ék}' (1.1.3)
The differentials and derivatives transform according to
PO T N
dz’ = Bxxi dz’, (1.1.4)
0 ozt 9

9o " o or (1.1.5)

A scalar (invariant) is defined as a quantity that does not change:
¢ = o. (1.1.6)
A contravariant vector is defined as a quantity that transform like a differential:

/4_8.’1,‘in

Al = - 1.1.7
e (1.1.7)
A covariant vector is defined as a quantity that transforms like a derivative:
oz’
Bij =5 D (1.1.8)

Therefore a derivative of a scalar is a covariant vector. The coordinates z* do not form a vector.

1.1.2 Tensors

A product of several vectors transforms such that each coordinate index transforms separately:

B ox't 92’7 9xP Oxd
© 9x™ dzm Ox'k 9!

AB9 . CDy- A™B"...C,D,... . (1.1.9)

A tensoris defined as a quantity that transforms like a product of vectors:

oz’ 92’7 dzP Oz,
Ty = 9z dxm O’k awllT pq..." (1.1.10)




A tensor is of rank (k,1) if it has k contravariant and [ covariant indices. A scalar is a tensor of
rank (0,0), a contravariant vector is a tensor of rank (1,0), and a covariant vector is a tensor of rank
(0,1). A linear combination of two tensors of rank (k,!) is a tensor of rank (k,l). The product of
two tensors of ranks (ki,l1) and (k2,l5) is a tensor of rank (ki + ka,l1 + l2). Tensor indices (all
contravariant or all covariant) can be symmetrized:

1
Tij..ky) = ol Z Tk} (1.1.11)

permutations

or antisymmetrized:
1 m
Tiij..k) = ] g T{ijmk}(—l) , (1.1.12)

" permutations
where n is the number of symmetrized or antisymmetrized indices and m is the number of per-
mutations that bring T;;. x into T k). For example for two indices: Tiry = %(Tzk + T};) and
Thin) = %(Tik — T};), and for three indices: Tj; ) = (Tl]k + Tjri + Thij). If n >4 then Ty, ) = 0.
Symmetrized and antisymmetrized tensors or rank (k: 1) are tensors of rank (k,l). Symmetrization
of an antisymmetric tensor or antisymmetrization of a symmetric tensor bring these tensors to zero.
Any tensor of rank (0,2) is the sum of its symmetric and antisymmetric part,

T(zk) + T[zk] = Tik. (1.1.13)
The number 0 can be regarded as a tensor of arbitrary rank. Therefore all covariant equations of
classical physics must be represented in the tensor form: 7%, =0.

1.1.3 Densities

The element of volume in four-dimensional spacetime transforms according to

7.

ox?
oxk

da’ = d*z. (1.1.14)

A scalar density is defined as a quantity that transforms such that its product with the element of
volume is a scalar, §'d*z’ = sd*x:
, | ox

5 = W S

A tensor density, which includes a contravariant and covariant vector density, is defined as a quantity
that transforms like a product of a tensor and a scalar density:

(1.1.15)

ox't 92’ OxP Oxd

I’ij... oz’ .
Ox™ Ox™ Ox'F Oz’ pq..."

kl.. ’(’h’k (1.1.16)

For example, the square root of the determinant of a tensor of rank (0, 2) is a scalar density of weight

1:
Ozl Oxz™ oI
VTl = \/I e ml\/l |2 Tk = | I\/I Tkl (1.1.17)

The above densities are said to be of weight 1. One can generahze this definition of densities

is

by introducing densltlteb of weight w, which transform like normal densities except that | 5aF
replaced by } 5.5 | - For example, d*z is a scalar density of weight -1. A linear combination of two
densities of weight w is a density of weight w. The product of two densities of weights w; and ws is
a density of weight w; 4+ we. Symmetrized and antisymmetrized densities of weight w are densities
of weight w. Densities of weight 1 are simply referred to as densities. Tensors are densities of weight

0.




1.1.4 Contraction

We adopt Einstein’s convention: if the same coordinate index i appears twice (as a contravariant
index and covariant index) then we perform the summation ), over a given tensor or density. Such
a tensor or density is said to be contracted over index i. A contracted tensor of rank (k,[) transforms
like a tensor of rank (k — 1,1 —1):

i _ 077 0x7 0aP 0at 0270 020 )y, 029 0204,
i Jpm 9z Px't Ozt Pg-- Pgn gt ™ pa- ggn Ox'l mg...

(1.1.18)

For example, the contraction of a contravariant and covariant vector A’B; is a scalar (scalar product).
A contracted tensor density of rank (k,l) and weight w transforms like a tensor density of rank
(k—1,1—1) and weight w:

i Ox' | 02’ 0z Da? 0a? . | 92 |V 0z 9zt 5P g mn...
L K I L T e Pa | 9’k | Qgn Qx0T P
dz’ wax’j da1 "mn...
=577 oS e (1.1.19)

Contraction of a symmetric tensor with an antisymmetric tensor (over indices with respect to which
these tensors are symmetric or antisymmetric) gives zero. If contraction of two tensors gives zero,
these tensors are said to be orthogonal. Two orthogonal vectors (one contravariant and one covariant)
are said to be perpendicular.

1.1.5 Kronecker and Levi-Civita symbols

The Kronecker symbol &% (1.1.3) is a tensor with constant components:

o 9zt oxt . 9t Bad ;
5t = i J - 77— 5. 1.1.20

k 3x3 6I/k 1 aIJ 333"“ k ( )
A totally antisymmetric tensor of rank (4,0), T%* = T3kl has 1 independent component T: Tk =

Tk where €7k is the totally antisymmetric, contravariant permutation Levi-Civita symbol:
1B =1, €k = (—1)™, (1.1.21)

and m is the number of permutations that bring €% into €123, The determinant of a matrix St

det(S}) = | Sy, is defined through the permutation symbol:

S5 |kl = St SISk Glemnpa, (1.1.22)
Taking S} = % gives

92" 9277 9’k 0!
Ox™ Ox™ OxP Oz

'
ijkl _ ‘ Ox

ox's

emnPa, (1.1.23)
This equation looks like a transformation law for a tensor density with constant components: ¢ 1kl =
€kl Accordingly, T is a scalar density of weight -1. We also introduce the covariant Levi-Civita
symbol €;;; through:

oL, 5; 5;? 6}1
o) 62 o)

6ijklewmil?q:_ 5k sk 5£ 52 (1.1.24)
m n D (i
st, oL o ol

Thus the covariant Levi-Civita symbol is a tensor density of weight -1 and its product with a scalar
density is a tensor. The covariant Levi-Civita symbol is given by

€012 = —1, €5 = (—1)", (1.1.25)



where m is the number of permutations that bring €;;5; into €p123, and satisfies
|ST €55kt = SZ”S}LSgSlqemnpq. (1.1.26)

Contracting (1.1.24) gives the following relations:

s, & al
eI e gt = — | 0L, 8L 82 |,
sk gk gk
m n P
€Tk ey = —2(88 89 — 6867 ),
€M e ity = —66L,,
eIkl i = —24. (1.1.27)

1.1.6 Dual densities

A contracted product of a covariant tensor and the contravariant Levi-Civita symbol gives a dual
contravariant tensor density:

EiklmAm _ Q[ik:l7 EiklmBlm _ %ik:7 eiklmcklm _ Q:i, (1128)

A contracted product of a contravariant tensor and the covariant Levi-Civita symbol gives a dual
covariant tensor density:

€irimA™ = Wi, €iramB™ = Bik, €iamCH™ = €. (1.1.29)

Therefore there exists an algebraic correspondence between covariant tensors and contravariant den-
sities, and between contravariant tensors and covariant densities.

1.1.7 Covariant integrals

A covariant line integral is an integral of a tensor contracted with the line differential dz’: [ lef_'_'_dxi.
A covariant surface integral is an integral of a tensor contracted with the surface differential df** =
dzidz'® —dzkdax' (which can be geometrically represented as a parallelogram spanned by the vectors
dz’ and dxli): f T]i‘,'ﬂ'___dfik. A covariant hypersurface (volume) integral is an integral of a tensor

det  da't da"
contracted with the volume differential dS™*! = | daz* da'* da** (which can be geometrically
dat  da'l da"

represented as a parallelepiped spanned by the vectors da?, dx/i) and dz Ik Tji',;l___dSikl. A covariant

four-volume integral is an integral of a tensor contracted with the four-volume differential dS%/*!,
defined analogously to dS**!. The dual density corresponding to the surface element is given by

1
dff, = 5el,m-kdflm. (1.1.30)
The dual density corresponding to the hypersurface element is given by
1
ds; = geklmidSklm. (1.1.31)

The dual density corresponding to the four-volume element is given by

1 .
dQ = ﬂei,mds““m = da%dx'dz?da®. (1.1.32)



Covariant integrands that include the above dual densities of weight -1 must be multiplied by a scalar
density, for example, by the square root of the determinant of a tensor of rank (0,2). According to
Gauf}’ and Stokes’ theorems, there exists relations between integrals over different elements:

de’ < d ik%, (1.1.33)
dfs. < dSi% — dsk%, (1.1.34)
dsS; < dQ%. (1.1.35)
1.1.8 Derivatives
A derivative of a covariant vector does not transform like a tensor:
/ ! m 1 5,.m 2,.m
7ot = oriw (0evin)  aa g e (1139)

because of the second term which is linear and homogeneous in A;, unless z* are linear functions

of 2’9, This term is symmetric in the indices i, k so the antisymmetric part of %’2? with respect to

these indices is a tensor:

O Al ox! ox™ ozl ox™

d
ozt "
part of 9;Ay: 0;Ar — Ox A, and is a tensor. We will also use ; = % to denote a partial derivative
with respect to z*. Similarly, totally antisymmetrized derivatives of tensors of rank (0,2) and (0, 3),
0iBryy and 0(;Chiy), are tensors. If By = Ay then 9); By = 0, or conversely, if ;B = 0 then
there exists a vector A; such that By; = A[k,l]~ The divergence of a tensor (or density) is a contracted
derivative of this tensor (density): BiT"jiklj::. Because of the correspondence between tensors and
dual densities, divergences of (totally antisymmetric if more than 1 index) contravariant densities

are densities, dual to totally antisymmetrized derivatives of tensors:

where we denote 9; = The curl of a covariant vector A; is defined as twice the antisymmetric

82-@ = Eiklma[icklm], 8;.58““ = Eiklma[kBlm], 81Q[ikl = Eiklma[lAm]. (1.1.38)

For example, the equations %’ik,i =j* and Flik,y = 0, that describe Maxwell’s electrodynamics, are
tensorial.
References: [1, 2].

1.2 Affine connection
1.2.1 Covariant differentiation of tensors

An ordinary derivative of a covariant vector A; is not a tensor, because its coordinate transformation
law contains an additional noncovariant term, linear and homogeneous in A;. We consider the

expression
A = A — T AL (1.2.1)

where the quantity '}, (in the second term which is linear and homogeneous in A;) transforms such
that A; is a tensor:

ozt 9x™ ozt Ox™
Ay B R RIS 1.2.2
Gk 9yt g R Ox't 835"“( b {mAAn) ( )
On the other hand (1.1.36) gives
m l 2..m n
o= AL — LA = Ox™ Ox PRI ailr;lkAn, (1.2.3)

— Ay -
Ax'k o't ™ T 9x'ka T 91



so we obtain

ox™_,,  Oxt 9™ 9?zn
— I = — n -, 1.2.4
R L i T R L e el ( )
Multiplying this equation by %ﬁ ,,J gives the transformation law for '}, :
'j l m 'j 2.1
i - Ox7 Oz' Oz™_, Oz’ O%x (1.2.5)

Oz 0t 9x'k ™ T 9gn 9x'kdx't

The algebraic object I‘il,€7 which equips spacetime in order to covariantize a derivative of a vector,
is referred to as the affine connection, affinity or simply connection. The connection has generally
64 independent components. The tensor A; is the covariant derivative of a vector A; with respect
to zt. We will also use V; =.; to denote a covariant derivative. The contracted affine connection
transforms according to
ox™ or't 9%
L O T
The affine connection is not a tensor because of the second term on the right-hand side of (1.2.5).
A derivative of a scalar is a covariant vector. Therefore a covariant derivative of a scalar is equal
to an ordinary derivative:

AR (1.2.6)

Gy = b (1.2.7)

If we also assume that a covariant derivative of the product of two tensors obeys the same chain rule
as an ordinary derivative:
(TU);; = T;;U + TU;, (1.2.8)

then
(AkB¥); = (AxB"); = Ay B* + AyB*; = A, ;B¥ —T %A B' + A, B, (1.2.9)

Therefore we obtain a covariant derivative of a contravariant vector:
k k k pl
B, =B",+1;B". (1.2.10)

The chain rule (1.2.8) also implies that a covariant derivative of a tensor is equal to the sum of the
corresponding ordinary derivative of this tensor and terms with the affine connection that covari-
antize each index:

Tz_]l.C.

l...om

=T+ Dot T AT T o = DT =TT~ (12.10)
A covariant derivative of the Kronecker symbol vanishes:

k k si j ok
o =T50] =T/567 = 0. (1.2.12)

The second term on the right-hand side of (1.2.5) does not depend on the affine connection, but
only on the coordinate transformation. Therefore the difference between two different connections
transforms like a tensor of rank (1,2). Consequently, the variation 6T/, which is an infinitesimal
difference between two connections, is a tensor of rank (1,2).

1.2.2 Parallel transport

We consider two infinitesimally separated points in spacetime, P(z*) and Q(x" + dz*), and a vector
field A which takes the value A* at P and A* + dA* at Q. Because dA* = Ak’idxi and Akj is not
a tensor, the difference dA* is not a vector, which is related to subtracting of two vectors at two
points with different coordinate transformation laws. In order to calculate the covariant difference
between two vectors at two different points, we must bring these vectors to the same point. Instead of
subtracting from the vector A*+dA* at @ the vector A* at P, we must subtract a vector A* +5A* at
Q that corresponds to A* at P, so the resulting difference (covariant differential) DA* = dA* — 5 A*
is a vector. The vector A¥ + §AF is the parallel-transported or parallel-translated A* from P to Q.
A parallel-transported linear combination of vectors must be equal to the same linear combination
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of parallel-transported vectors. Therefore § A¥ is a linear and homogeneous function of A*. It is also
on the order of a differential, thus a linear and homogeneous function of dz?. The most general form
of §AF is

SAF = —1 )k Aldat, (1.2.13)

K2

SO
DAF = dAF + T h Aldat = A da’. (1.2.14)

K2

Because JA* is not a vector, I'}¥ is not a tensor. Because DA* is a vector, A, is a tensor. The

expressions for covariant derivatives of a covariant vector and tensors result from

5¢ =0, §(TU) = 6TU + ToU. (1.2.15)

1.2.3 Torsion tensor

The second term on the right-hand side of (1.2.5) is symmetric in the indices 7, k so the antisymmetric
part of the connection with respect to these indices,

S =Tk (1.2.16)

is a tensor:

o'l dxt dxz™
dam 9’ 9o’k
This tensor is called the Cartan torsion tensor. The torsion tensor has generally 24 independent
components. The contracted torsion tensor,

S, = (1.2.17)

Sk, =S, (1.2.18)

is called the torsion trace or torsion vector.

1.2.4 Covariant differentiation of densities

A derivative of a scalar density of weight w, s, does not transform like a covariant vector density:

w—1

0.5 Ox’! 5 z7 ws oz! | Ox7 w@s N ox' | 027 ox" .
iS = 575 ATk = a7l a7k Wo—7 7 7
92’1 '\ | 0z'F ozt | 0z'k | 7 0x't | Ox'*k Hox's
Oul | 027 (" - Oal | Oa YT 9z |9 D oam
= | — W—r —
o't | 9z'F| 0x't | Ox'k 0x's | Ox™ Oxl Ox'™
ozt | 9x7 |" oxd | oz’ 92x™
= . s 5. 1.2.19
o |oa k| 4T w‘ ox'k| Qx™ Oz'mox"t ( )
We consider the expression
54=56,;— wI‘is, (1.2.20)
where the quantity I'; transforms such that s.; is a vector density of weight w:
ozt | 97 |" ozt | 07 |"
,‘3/:7,7, $ 1= =¥ |=7 s —wlys). 1.2.21
T or ok | Tt T 92| 92 (s, — wlis) ( )
On the other hand (1.2.19) gives
oz | x7 |* oxd |V o' 92z™ oz |
s.o=5 —wlls' = — || 05 5 — I's 1.2.22
@ = % T W 027t | oaF| T w‘ o'k | Qx™ dx'mdz" w‘ o'k | ( )
so we obtain the transformation law for I';:
oz R
= —-"I/4+ -, 1.2.23
i opi ! + Ox™ Ox'moz"t ( )
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which is the same as the transformation law for T';*, (1.2.6). Therefore the difference T'; — '}, is
some covariant vector V.
If we assume that parallel transport of the product of a scalar density of any weight and a tensor

obeys the chain rule:
0(sT) = 68T + 50T, (1.2.24)

so a covariant derivative of such product behaves like an ordinary derivative:
(sT),i = 5., + T, (1.2.25)

then a covariant derivative of a tensor density of weight w is equal to the sum of the corresponding
ordinary derivative of this tensor, terms with the affine connection that covariantize each index, and
the term with I';:

T =S DS T T+
_Fknmfgijm L Fl?nzijkﬁ.,. — = wrmzij'k'z'...- (1.2.26)

nl.

A covariant derivative of the contravariant Levi-Civita density is

ijhl  _pi ikl jginkl ko ijnl U ijkn ijkl
e =Ty €T T et LT F e T €97 — T e ™, (1.2.27)

3

In the summations over n only one term does not vanish for each term on the right-hand side of
(1.2.27), so

ikl _ i n=i|jkl j i|n=j|kl k ijin=k|l ! ijk|n=l ijkl
€ mo Fn:i\me + 1—‘n=j|m€ + 1—‘n:k|m€ + 1_\n:l|'m€ — e
= (1), — D) = —V, €9kt (1.2.28)

The Levi-Civita symbol is a tensor density with constant components, so it does not change under
a parallel transport, ¢ = 0. Therefore ewkl;m =0,s0 V; =0 and

I, =Tk (1.2.29)

1.2.5 Covariant derivatives

Totally antisymmetrized ordinary derivatives of covariant tensors, Ak, Bk and Cligm), are
tensors because of antisymmetrization. Totally antisymmetrized covariant derivatives of tensors are
clearly tensors because V; is a covariant operation, and are given by direct calculation using the
definition of a covariant derivative:

Apirg = A — S Al Bk = Bl — 25" Biym- (1.2.30)

Divergences of (totally antisymmetric if more than 1 index) contravariant densities, @ﬂv, %ikvi and

ikl ;» are densities because of the correspondence between tensors and dual densities. Covariant
divergences of contravariant densities are clearly densities, and are given by direct calculation:
)

¢, =, +25,¢, B =B, — 5 BT+ 28,8, (1.2.31)

1.2.6 Partial integration

If the product of two quantities (tensors or densities) TU is a contravariant density €* then
/TU;de = /(TU);de—/T;k.UdQ = /(TU)7de+2/SkTUdQ—/T;kUdQ. (1.2.32)

The first term on the right-hand side can be transformed into a hypersurface integral [TUdSy. If

the region of integration extends to infinity and ¢* corresponds to some physical quantity then the

boundary integral [TUdS), vanishes, giving

/TU;de = 2/SkTUdQ - /IkUdQ. (1.2.33)

12



If T = 6F then U = ¢ and
/cﬂidQ = 2/Si€idQ. (1.2.34)

1.2.7 Geodesic frame of reference

We consider a coordinate transformation

1 /
=2k 4 2aklmx Ly'm (1.2.35)

where aklm is symmetric in the indices I, m. Substituting this transformation to (1.2.5) and calcu-
lating it at z* = 2k =0 gives

gjk = i (1.2.36)
and ‘ ‘ A
I =T +d,. (1.2.37)
Putting 4 4
@’ = =T /1 lar=0 (1.2.38)
gives
1“(2 i = 0. (1.2.39)

Therefore there always exists a coordinate frame of reference in which the symmetric part of the
connection vanishes locally (at one point). If the affine connection is symmetric in the covariant
indices, I';, = T')/. (the torsion tensor vanishes) then (1.2.39) gives

I =0. (1.2.40)

The coordinate frame of reference in which the connection vanishes (locally) is referred to as geodesic.

1.2.8 Affine geodesics and four-velocity

We consider a point in spacetime P(z*) and a vector dz* at this point. Construct a point P’(z*+dz*)
and find the vector d’z* which is the parallel-transported dz* from P to P’. Then construct a point
P"(2* + dx* + d’z*) and find the vector d”z* which is the parallel-transported d’'z* from P’ to
P". The next point is P (z* 4+ dz* + d'z* + d"2*) etc. Repeating this step constructs a polygonal
line which in the limit dz* — 0 becomes a curve such that the vector %\k (where A is a parameter
along the curve) tangent to it at any point, when parallely translated to another point on this curve,
coincides with the tangent vector there. Such curve is referred to as an autoparallel curve or affine
geodesic. Affine geodesics can be attributed with the concept of length, which, for the polygonal
curve, is proportional to the number of parallel-transport steps described above.
The condition that parallel transport of a tangent vector be a tangent vector is

dz’ dz? da:i da: dz? d2 i

where the proportionality factor M is some function of A, or
d?z’ n ; dz dx! _1-M dx?
o TR I T T

from which it follows that M must differ from 1 by the order of dA. In the first term on the left-hand
side of (1.2.42) we can therefore put M =1, and we denote 1 — M by ¢(A)dA, so

M= (1.2.42)

A2yt n dxkdx o >dxi
A2 KU d\ d\ )\’

(1.2.43)
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If we replace A by a new variable s(\) then (1.2.43) becomes

d*a’ ;dzbdxt ¢s' — s dat

2 TN s T T s (1.2.44)

where the prime denotes differentiation with respect to A. Requiring ¢s’ — s’ = 0, which has a
general solution s = fA d) exp[— f)‘ ¢(x)dz], brings (1.2.44) into

d*z’ ; da® dat
7 =0 1.2.45

sz TR gs ds ’ ( )
where the scalar variable s is the affine parameter. The autoparallel equation (1.2.45) is invariant

under linear transformations s — as + b since the two lower limits of integration in the expression
for s(\) are arbitrary. Defining the four-velocity vector

. dat
' = 1.2.46
u'=— ( )
brings (1.2.14) into
DAF . dAF -
= AFat, — = AF W 1.2.4
ds ,zu " T ds ,zu s ( 7)
SO Dyl du
u' u' p P
Pl Ikt =o' ju? =0. (1.2.48)
The relations (1.2.47) can be generalized to any tensor density T
DT . dT ,
—— =T, — =T, 1.2.49
ds W s A4 ( )

The vector %|Q is a parallel translation of %| p. Because ds is a scalar, it is invariant under
parallel transport, ds|g = ds|p. Therefore the vector dz’|q is a parallel translation of dz’|p, so ds
measures the length of an infinitesimal section of an affine geodesic.

Only the symmetric part I‘( kZ ) of the connection enters the autoparallel equation (1.2.45) because

of the symmetry of ddL:dd—gf: with respect to the indices k, [; affine geodesics do not depend on torsion.

At any point, a coordinate transformation to the geodesic frame (1.2.35) brings all the components

F(kil) to zero, so the autoparallel equation becomes dd—'f; = 0. The autoparallel equation is also
invariant under a projective transformation
Il = T + 6L A, (1.2.50)

where A; is an arbitrary vector. Substituting this transformation to (1.2.48) gives

du’
ds

+ T uful = —uluF Ay (1.2.51)
If we replace s by a new variable §(s) then (1.2.51) becomes

aue .
g—‘-rklUkUl:

uPALs + §" dat
B 52 ds’

(1.2.52)

where )
_dzx’
I
and the prime denotes differentiation with respect to s. Requiring u¥ A5’ + 3 = 0, which has a
general solution § = — [ dsexp[[” Agu®(z)dz], brings (1.2.52) into

Ui

(1.2.53)

dU’ :
—+ rL,URU = 0. (1.2.54)
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1.2.9 Infinitesimal coordinate transformations
We consider a coordinate transformation
gi=at+ ¢, (1.2.55)

where £ = 6 is an infinitesimal vector (variation of 2%). For a tensor or density T define

6T = T'(z) — T(zh), (1.2.56)
6T = T'(2%) — T(z') = 6T — €*Ty,. (1.2.57)
For a scalar we find -
5¢ =0, 6=~ . (1.2.58)
For a covariant vector
k
6A; = %Ak Ay~ g A, (1.2.59)
oz’ i
5A; ~ = Ay — " A (1.2.60)
The variation (1.2.59) is not a tensor, but (1.2.60) is:
0A; = —€" Ap — € Ay — 257,67 A;. (1.2.61)
We refer to —0T as a Lie derivative of T, L¢T. For a contravariant vector
i 9z’ k i i pk
0B'~ ¢ B*—¢"B' = ¢ B* —¢"By +257,6" B (1.2.63)
For a scalar density
Ox’ ;
05 = (‘8:5'1 - 1)5 ~ = s, (1.2.64)
b5~ —¢ 5 — s = —&s — ey 4+ 25, (1.2.65)

The chain rule for § implies that for a tensor density of weight w (which includes tensors as densities
of weight 0)
6T mE T T A =T = T~

—wg” 200
0T LT Ty e gy T e T

—wg™ T = €T 28T 28 €T
=28 €T = 28" T = 208 T (1.2.67)
A Lie derivative of a tensor density of rank (k,1) and weight w is a tensor density of rank (k,) and
weight w.
The formula for a covariant derivative of T' can be written as
Ty =Ty +T7CIT, (1.2.68)
where (' is an operator acting on tensor densities:
Cip =0, ClAx = —6,A;, C;B* =67B', Cjs = —6is, (1.2.69)
or generally
O T = ST ST A = ST = O e e T L (1.2.70)

Such defined operator also enters the formula for 67"

0T = CFTE . (1.2.71)
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1.2.10 Killing vectors
A vector (; that satisfies

Cisky = 0 (1.2.72)
is referred to as a Killing vector. Along an affine geodesic
D k(i i,k k, i
£(u G) = u"(u'Gi)p = u'u"Gip + Guu'y, = 0. (1.2.73)

The first term in the sum in (1.2.73) vanishes because of the definition of ¢; and the second term
vanishes because of the affine geodesic equation. Therefore, to each Killing vector (; there corre-
sponds a quantity u*¢; which is constant along an affine geodesic.

References: [1, 2, 3].

1.3 Curvature
1.3.1 Curvature tensor
The commutator of covariant derivatives of a contravariant vector is a tensor:
[V, Vi]B' = 2V;ViyB' = 20;;VyB' — 2T} Vi B + 21|,V B'
= 20Ty sy B™) + 25", Vi B' + 20,0 B' + 20, T} 1y B™
= 2(0,T iy + DTy i) B™ + 28", ViB' = R, B™ + 25",V B, (1.3.1)

where || an index which is excluded from symmetrization or antisymmetrization. Therefore R’
defined as

mjk>’

Rimjk =00}, — 3kFTij + Flijrrfzk —-T5L) (1.3.2)

myjo

is a tensor, referred to as the curvature tensor. The curvature tensor R’, ., is antisymmetric in the
indices j, k and has generally 96 independent components. The commutator of covariant derivatives
of a covariant vector is

[V, Vi]A; = —=R™ ;. A + 25,V 1 A;, (1.3.3)

and the commutator of covariant derivatives of a tensor is

[Vj,Vk] Ip... — R mjk Ip... +R mijk Ip... +- =R ljkT mp... R pik Im...

— 280, VT (1.3.4)

A change in the connection _ _ _
L = D + T, (1.3.5)

where Tij i is a tensor, results in the following change of the curvature tensor:

Ry = Rl + Tt = Tt + T T = T T (1.3.6)
For a projective transformation (1.2.50), T = %Ay, so
Rt = Rl + 64 (Amit = Atm). (1.3.7)

The variation of the curvature tensor is

OR 4 = (00 1) 0 — (8T)) m + 6Fjil1—‘kjm + Fjilérkjm - 6Fjimrkjl - Fjim(srkjl
= (6T} ) — D400+ T 00 + .0 6T, — (0T )im + 10T, — T2 6T,
7Fl]m5]‘—‘kz] + 5Fjil]'—‘kjm + Fjil(;]‘—‘kjm - 5]‘—‘jimrkjl - ]‘—‘jim(srkjl
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1.3.2 Integrability of connection

The affine connection is integrable if parallel transport of a vector from point P to point @ is inde-
pendent of a path along which this vector is parallelly translated, or equivalently, parallel transport
of a vector around a closed curve does not change this vector. For an integrable connection, we can
uniquely translate parallelly a given vector h® at point P to all points in spacetime:

Sht = dh', (1.3.9)

or . . )
iy =T/ b (1.3.10)

Therefore
(Db — (Djhd) o =T B =TT ™ =T W+ TAT ) R =R b =0, (1.3.11)
so, because h' is arbitrary, .

Spacetime with a vanishing curvature tensor R’y = 0 is flat. We consider 4 linearly independent
vectors h!, where a is 1,2,3,4, and vectors inverse to h:

> hihga = 6. (1.3.13)

If the affine connection is integrable then (1.3.10) becomes

hi = —T\hL. (1.3.14)

Multiplying (1.3.14) by hj, gives

I = —hjahl o = hjachl. (1.3.15)

An integrable connection has thus 16 independent components. If the connection is also symmetric,
Sljk =0, then

Rjak = hka,j = 0, (1.3.16)
which is the condition for the independence of the coordinates
Q .
o= [ hiads (1.3.17)
P

of the path of integration PQ. Adopting y, as the new coordinates (with point P = (0,0,0,0) in
the center) gives ‘
0Yq oz’

' = hig, —— = h, 1.3.18
oz’ g ( )

so (1.3.15) becomes

. ort 0%y,
T (1) — N 1.3.19
]k(x) aya ﬁzkaxﬂ ( )
The transformation law for the connection (1.2.5) gives (with g, corresponding to z'7)
I/ (ya) = 0. (1.3.20)

A torsionless integrable connection can be thus transformed to zero; one can always find a system
of coordinates which is geodesic everywhere. If a connection is symmetric but nonintegrable then a
geodesic frame of reference can be constructed only at a given point (or along a given world line).
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1.3.3 Parallel transport along closed curve

We consider parallel transport of a covariant vector around an infinitesimal closed curve. Such
transport changes this vector by

Ady = j{(sAk _ fr,;‘lA»dxl _1 /(mrkimAi) - 6(F’51Ai))dflm

2 3xl axm
~ 1 a]‘—‘kinz 8]‘—‘kll 3 n i n m
T2 / {<a$l G A+ (0I5 =T 0, An | df
1 .
= g Mun AL (1.3.21)

where we use Stokes’ theorem (1.1.33) and Ay ; = I‘,lei which is valid along the curve and thus is
approximately valid (to terms of first order in A f'™) inside this curve. The change of a contravariant
vector due to parallel transport around an infinitesimal closed curve results from A(AB*) = 0:

1 .
oBk = —iR’“ilmBlA fim (1.3.22)
and the corresponding change of a tensor results from the chain rule for parallel transport:

1

ik... i ik... ij... j ik... j ik... m
orT knpw = _§(R jlmT] np... +RkjlmT jnp... +-- '_R]nlmT kjpm _ijlmT knju- T )Afl : (1'3'23)
1.3.4 Bianchi identities
We consider )

and
% 1 m 7 1 7 m m i 1 m 7
1 . ) . .
Total antisymmetrization of the indices j, &, in (1.3.24) and (1.3.25) gives

;1 ; 1. ) .

and
V,;ViVyB' = —%R”L[ljk]vai + %Rimwvl]Bm + 8",V Vim B’
STk R B 4 28515y Vi B (1.3.27)
SO
1_ | . |
SV R iy B + VS Vi B' = =5 R 1539V B' + S R B
+2871S gy Vi B (1.3.28)

Comparing terms in (1.3.28) with B® gives the first Bianchi identity or simply Bianchi identity:
Rin[jk;l] = 2Rlnm[jsmkl]7 (1329)
while comparing terms with V;, B’ gives the second Bianchi identity or cyclic identity:

Ry = =25 gy +45™ 05 k- (1.3.30)
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For a symmetric connection, Sijk = 0, these identities reduce to

Rk = 0, (1.3.31)

The cyclic identity (1.3.32) imposes 16 constraints on the curvature tensor, so the curvature tensor
with a vanishing torsion has 80 independent components.
1.3.5 Ricci tensor

Contraction of the curvature tensor with respect to the contravariant index and the second covariant
index gives the Ricci tensor:

Rig = Ry =Ty ;= Ty + DALY = T

ij

T/ (1.3.33)

Contraction of the curvature tensor with respect to the contravariant index and the third covariant
index gives the Ricci tensor with the opposite sign due to the antisymmetry of the curvature tensor
with respect to its last indices. Contraction of the curvature tensor with respect to the contravariant
index and the first covariant index gives the homothetic or segmental curvature tensor:

Qik = Rjjik = Fjjk7' - F]

% Ji,k?

(1.3.34)

which is a curl. A change in the connection (1.3.5) results in the following changes of the Ricci
tensor and segmental curvature tensor:

Ri = Rig + Tl — Tl + 17, T — T7, T, (1.3.35)
Qir = Quk + T, =T . (1.3.36)
For a projective transformation (1.2.50)

Rix — R + Agyi — Ai, (1.3.37)
Qik — Qi + 4(Ak,i — Aik). (1.3.38)

Therefore the symmetric part of the Ricci tensor is invariant under projective transformations. The
variation of the Ricci tensor is

ORq), = (§Filk);l - (§Fill);k - QSjlk‘sFilja (1.3.39)
while the variation of the segmental curvature tensor is
0Qik = (6T /)i — (OT 7)) - (1.3.40)

1.3.6 Geodesic deviation

We consider a family of affine geodesics characterized by the affine parameter s and distinguished
by a scalar parameter t. We define the separation vector

. dat
i 1.3.41
BT (1.341)
o
T S T S S S S S A (A R ikl
vhput —ul vt =0 put —ut ot — 28" ut :Efg—zskluv = -25",u"v’.  (1.3.42)
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Therefore

D%yt S R . .
T = W = (a2
=u' kvju + ', v ku — 2(8uth) ud
=u .kjvj - Rz pulviuf — QSZAku .lvju + ', ;v kuk — 2(S oty ud
=u ,wvj Rl pulviu® — 28t K lvju + ', (u kv — 287, ukal)

—2(S’klu v )juj = (u’ ;kuk);jvj + lekluju b — 2(S’Zklu v );juj

::}wjmuﬁukvl—-23;(Szﬂukv6 (1.3.43)
or
D ([ Dv* ) .
ds( dv + 25" ,u v) = leklujukvl. (1.3.44)

This is the equation of geodesic deviation. If we replace affine geodesics by arbitrary curves then
ui;kuk # 0 and (1.3.44) becomes
D (Dv

s\ + 28" u v) =R kluju o'+ (u kuk);j’uj. (1.3.45)

References: [1, 2, 3, 4].

1.4 Metric
1.4.1 Metric tensor

An affine parameter s is a measure of the length only along an affine geodesic. In order to extend
the concept of length to all points in spacetime, we equip spacetime with an algebraic object g,
referred to as the covariant metric tensor and defined as

ds? = ggpdada®. (1.4.1)
The metric tensor is a symmetric tensor of rank (0,2):
ik = Gki- (1.4.2)

The affine parameter s, whose differential is given by (1.4.1), is referred to as the interval. Because
ds does not change under parallel transport along an affine geodesic from point P(z%) to point
Q(z' + dzx"), ds|g = ds|p, and dz*|q is a parallel translation of dz*|p, girlo = gik|p + gir,jdz’ is a
parallel translation of g;x|p:
giklQ = giklp + 0gir, (1.4.3)
SO _ _
Dgir = gik;jde’ = dgix, — 8girx = gik,jdx’ — 6gs, = 0. (1.4.4)

Therefore a covariant derivative of the covariant metric tensor vanishes:
Njik = —gik;; =0 (1.4.5)

or
gikj — Uiligme — T j9i = 0, (1.4.6)

where N;j; is the nonmetricity tensor. The symmetric contravariant metric tensor g = ¢k is
defined as the inverse of g;x: _
9i59"™" = 0} (1.4.7)
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A covariant derivative of the contravariant metric tensor also vanishes:

_
gk, =o0. (1.4.8)
The metric tensor allows to associate covariant and contravariant vectors:
Al = gF Ay, (1.4.9)
B; = g1 B¥, (1.4.10)

because such association works for the covariant differentials of these vectors which are vectors:
DA* = D(¢"*Ay) = ¢"**DA;, DB; = D(g;xB*) = gy, DB* (1.4.11)

(raising and lowering of coordinate indices commutes with covariant differentiation with respect to
I'f,). For covariant and contravariant indices of tensors and densities this association is

gimS7 =%, (1.4.12)
g =g (1.4.13)

The contravariant and covariant components of a two-dimensional vector are shown in Fig. 1. The
square root of the absolute value of the determinant

9= lgixl (1.4.14)

of the metric tensor is a scalar density, which we can use to multiply covariant integrands that
contain dual densities of weight -1, since

Ciktm = V/|0l€ikim, €M™ = ——=ekm (1.4.15)

are tensors. Thus the relations (1.1.27) are also valid if we replace € by e. The variation of the
determinant of the metric tensor is

59 = 09" 6gir. = — 0969 (1.4.16)
A covariant derivative of the determinant of the metric tensor vanishes:
g, =0 (1.4.17)

A Lie derivative of the metric tensor is
Legh = 2600 — 4500 ¢l (1.4.18)
where i = g**. The four-velocity vector (1.2.46) is normalized due to (1.4.1):
ulu; =1, (1.4.19)
thus having 3 independent components.
The commutator of covariant derivatives (1.3.4) of the metric tensor gives

R(ij)kl _ 7N[kij;l] N Smkleij — _N ij

5 (1.4.20)

so the segmental curvature tensor (1.3.34) is
le = _N[k”,l]gij' (1421)

Because the nonmetricity tensor (1.4.5) vanishes, the curvature tensor is antisymmetric in its first
two indices:

Rijii = —Rjin- (1.4.22)
Thus the segmental curvature tensor also vanishes, and
Rijklgjl = Rix, (1.4.23)

so there is only one independent way to contract the curvature tensor, which gives the Ricci tensor
up to the sign.
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% =0

X, =0

(AL 0) (A, 0)
Figure 1: Contravariant and covariant components of a vector.

1.4.2 Christoffel symbols

The condition (1.4.5) is referred to as metricity or metric compatibility of the affine connection, and
imposes 40 constraints on the connection:

Giksj + Gjii — Giie = Ging — Lijame — Ty 9a + grji — Diagy — Tigrt — ik + T rgui
L0950 = Gikg + Ggi — 9jie — 204 jygm — 28" ;9 — 25',951 = 0. (1.4.24)

Multiplying (1.4.24) by g*¥™ gives

1—‘(Z'T?) = {5+ 2S(ij) ) (1.4.25)
where .
(5} = 50™" (gwig + 983 — 9ii) (1.4.26)
are the Christoffel symbols, symmetric in their covariant indices:
{z’;} = {gkz} (1.4.27)

the metric-compatible affine connection equals

k_pk k
Because I'j = T' /%) + 5%,

Fi’} = {z’;} + Ckz’ja (1.4.28)

where .
Eo_ k
C%; = QS(ij) +5%; (1.4.29)
is the contortion tensor, antisymmetric in its first two indices:
Cijk = —Cjik- (1.4.30)
The inverse relation between the torsion and contortion tensor is

S =C'y- (1.4.31)

The difference between two affine connections is a tensor, so the sum of a connection and a
tensor of rank (1,2) is a connection. Therefore the Christoffel symbols form a connection, referred
to as the Levi-Clivita connection. We define the covariant derivative with respect to the Levi-Civita

connection analogously to (1.2.11), with Fi’} replaced by {113}7 and denote it .; instead of .;, or Vl{}
instead of V;. A covariant derivative with respect to the Levi-Civita connection of the metric tensor
vanishes due to the definition of the Christoffel symbols:

Giksi = Gikg — {5 o — {19 = 0, (1.4.32)

which gives the inverse relation between ordinary derivatives of the metric tensor and the Christoffel
symbols. The variation of the Levi-Civita connection is a tensor:

{5} = %gkl ((6g16):5 + (8g15)-i — (8gi5)a1)- (1.4.33)
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The covariant derivative over s of a tensor density with respect to the Levi-Civita connection is,
analogously to (1.2.49),

piT ,
= Tu'. 1.4.34
s iU ( )
One can show that the following formulae hold:

{5} = (ny/]g]) 4, (1.4.35)

y 1 .
{5197 = ——=(lalg™).i. (1.4.36)

’ Vel
1

Bl = —— BY), 1.4.37
i \/@(\/@ ), ( )

Fik = 1 Fiky L 1.4.38
i \/@(\/@ ), ( )

Ay — Agai = Ak — Agis (1.4.39)
%Bi\/@d& = /Bi:i\/ la]dq, (1.4.40)

where F* = —F¥_ The Christoffel symbols satisfy all formulae that are satisfied by I‘i’} in which
Szjk = 0. Because the Levi-Civita connection is a symmetric connection, it can be brought to zero
by transforming the coordinates to a geodesic frame. In a geodesic frame, the covariant derivative
with respect to the Levi-Civita connection, v coincides with the ordinary derivative 9;. A Lie

7 7

derivative of the metric tensor (1.4.18) can be written as
Leg™ = —2609 " Legi = 280, (1.4.41)
where ¥ = g**. A Killing vector (1.2.72) for the Levi-Civita connection satisfies
Ca:ky = 0, (1.4.42)

thus becomes a generator of isometries, transformations that do not change the metric tensor.
If the nonmetricity tensor does not vanish, the general formula for the affine connection (1.4.28)
is
1
k _rk k k k
1.4.3 Riemann curvature tensor

The curvature tensor constructed from the Levi-Civita connection is referred to as the Riemann
tensor:

Pk = 0ilm i} = Okl + U5 okt — Lo (1.4.44)

The commutator of covariant derivatives of the metric tensor vanishes:
V3 Vg = —Pxgon = Py = 0, (1.4.45)
so the covariant Riemann tensor P;,j, is also antisymmetric in the indices ¢, m. Substituting (1.4.26)

in (1.4.44) gives

1 . .
Pikim = i(gim,kl + Ght,im — Gitgm — Jkmit) + Gin P HE T — LA HEm )+ (1.4.46)

which explicitly shows the following symmetry and antisymmetry properties:

Pikim = —Pikmi, (1.4.47)
Pikim = —Pritm., (1.4.48)
Pikim = Pimik- (1.4.49)

23



Accordingly, the Riemannian Ricci tensor is symmetric:
Py, =P, = Py (1.4.50)

Substituting (1.4.28) in (1.3.5) and (1.3.6) gives the relation between the curvature and Riemann
tensors:

R = Pl + Clima — Cliom + Cjkmcijl - Cjklcijm' (1.4.51)
Contracting (1.4.51) with respect to in the indices i, gives
Riem = Pem + Clhmsi — Cliom + Ojkmciji - Cjkicijm' (1.4.52)
Consequently, the Ricci or curvature scalar,
R = Rirg™*, (1.4.53)
is given by .
R=P —g" (20" + C7;Cl% = 4 C™), (1.4.54)
where P is the Riemannian curvature scalar,
P = Pyg'*. (1.4.55)
The variation of the Riemann tensor is, analogously to (1.3.8),
5Piklm = (5{kim})ll - (5{kil}):m’ (1.4.56)
and the variation of the Riemannian Ricci tensor is
0P = (8{i%})a — (041 })n- (1.4.57)

The Bianchi identities (1.3.29) and (1.3.30) contracted with respect to one contravariant and one
covariant index give

Rin[ik;l] = 2Rinm[i5mkl]a (1.4.58)
Contracting these equations with the metric tensor gives
R”k;l - Rnl;k + Rinkl;i = _2ansmkl - 2Rinmksmil + 2Rinmlsmik (1460)
and the contracted cyclic identity:
Rji — Ryj = =28 +28),; — 25% ;. + 45,5™,. (1.4.61)
Further contraction of (1.4.60) with the metric tensor gives the contracted Bianchi identity:
i 1 mk ik m
R lii — §R;l = 2kaS 1~ R mlS ik- (1462)
The Bianchi identities (1.3.31) and (1.3.32) for the Riemann tensor are
Pin[jk:l] =0, (1.4.63)
Contracting these equations with the metric tensor gives
Pkt + P i — Park = 0, (1.4.65)
Py —P; =0, (1.4.66)

in agreement with (1.4.50). Further contraction of (1.4.65) with the metric tensor gives the covariant
conservation,

G'h.i =0, (1.4.67)
of the symmetric Finstein tensor,
1
Gik = Py, — §Pgik~ (1.4.68)
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1.4.4 Properties of Riemann tensor

In two dimensions there is only 1 independent component of the Riemann tensor, Pjsis. The
Riemann scalar is

P= Qiﬁ, (1.4.69)
where s is the determinant of the two-dimensional metric tensor ~y;:
5 = |yik| = 111722 — V12- (1.4.70)
A surface near point z = 0,y = 0 is given by
z= ;;1 + Qy;, (1.4.71)
where p; and ps are the radii of curvature. Substituting (1.4.71) to
di? = dx? + dy* + d2* = yipda'da® (1.4.72)
gives ik (x,y), which then gives
g " K= (1.4.73)

where K is the Gaulcurvature.

In three dimensions there are 3 independent pairs, 12, 23, and 31, so the Riemann tensor has 6
independent components: 3 with identical pairs and % = 3 with different pairs (the cyclic identity
does not reduce the number of independent components). The Ricci tensor has also 6 components,

which are related to the components of the Riemann tensor by

P
Popys = Payyps — PasVpy + Pasvay — PayYas + 5(%6%7 — YaryVB6)- (1.4.74)

Choosing the Cartesian coordinates at a given point, defined by the condition
gap = diag(1,1,1), (1.4.75)

and diagonalizing P,s, which is equivalent to 3 rotations, brings P,s to the canonical form with

6 — 3 = 3 independent components. Consequently, the Riemann tensor in three dimensions has 3

physically independent components. The GauBcurvature of a surface perpendicular to the 23 axis is

given by

K Pio1o -

V11722 — V12

In four dimensions there are 6 independent pairs, 01, 02, 03, 12, 23, and 31, so there are 6

components with identical pairs and 6%25 = 15 with different pairs. The cyclic identity reduces the

number of independent components by 1, so the Riemann tensor in four dimensions has generally

20 independent components. Choosing the Cartesian coordinates at a given point and applying 6
rotations brings F;ji; to the canonical form with 20 — 6 = 14 physically independent components.

(1.4.76)

1.4.5 Weyl tensor

In four dimensions the Weyl tensor is defined as

1 1
Wikim = Pikim — §(Pilgkm + Prmgit — Pimrt — Prigim) + EP(gilgkm — Gim9kl)- (1.4.77)

This tensor has all the symmetry and antisymmetry properties of the Riemann tensor, and is also
traceless (any contraction of the Weyl tensor vanishes).
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1.4.6 Metric geodesics

We consider two points in spacetime, P and (). Among curves that connect these points, one curve
has the minimal value of the interval s = [ ds, and is referred to as a metric geodesic. The equation
of a metric geodesic is given by the condition that [ ds be an extremum with the endpoints of the

curve fixed:
J drtdrd ) )
J/ds—é/ gzkdaczdx 1/2 /M+ Z/W :/gijujédxz

—|—2 /g” poxFuiulds = /d (u;dz?) /duzéx + = /gij,kéxkuiujds

- —/ du; Sxtds + = /gjk)iéxiujukds =0, (1.4.78)

where we omit the total differential term [ d(u;0z") because dz° = 0 at the endpoints. Since dz is
arbitrary, we obtain

d - 1 - du? | .
ds (gzj ) - 5 /ij,iujukds = gijg + ukgij,kuj - 5 /gjk,iujude
du? m .
=9ij g T {1 gimu/u” =0 (1.4.79)

or, after multiplying (1.4.79) by g%:

DUl dul , i
F Pl { et = v, = 0. (1.4.80)
The metric geodesic equation (1.4.80) can be written as
d*a’ dz* dgc
d82 {kl} ds 8 = 0. (1.4.81)

Using (1.4.28) and (1.4.29), the affine geodesic equation (1.2.45) can be written as

d2 g dx dx ; do® dz!

If the torsion tensor is completely antisymmetric then the last term in (1.4.82) vanishes and the affine
geodesic equation coincides with the metric geodesic equation. The equation of geodesic deviation
with respect to the Levi-Civita connection is, analogously to (1.3.44),

D{}2 i

g = P ol (1.4.83)

1.4.7 Galilean frame of reference and Minkowski tensor

At a given point, the nondegenerate (g # 0) metric tensor can be brought to a diagonal (canonical)
form g;;, = diag(£1,+1,£1,+1). Physical systems are described by the metric tensor with g < 0.
Without loss of generality, we assume that the canonical form of the metric tensor is

gik = Nik = dlag(L _15 _17 _1)? glk = Uik = dlag(la _17 _L _1) (1484)

A frame of reference in which g;; has the canonical form is referred to as Galilean. The spatial
coordinates in the Galilean frame of reference are Cartesian (1.4.75). The transformation (1.2.35)
with (1.2.38) brings a symmetric affine connection, thus the Christoffel symbols, to zero at a given
point without changing the components of the metric tensor because of (1.2.36). Therefore a frame
of reference can be both geodesic and Galilean. In such locally inertial frame first derivatives of the

26



metric tensor vanish because of (1.4.32). The corresponding metric tensor (1.4.84) is referred to as
the Minkowski tensor. The interval for this metric is

ds* = Adt* — da* — dy* — dz*. (1.4.85)

In a locally inertial frame the coordinates x?, not only the differentials dz?, are components of a
contravariant vector.

In the absence of torsion, spacetime with a vanishing Riemann tensor P, = 0 is flat. In the
new coordinates y, (1.3.17), (1.3.18) gives

oz 0z .
P(y) = gin(x) 57— = gir (@) LR = 7. (1.4.86)

g Yo oYy

Therefore in a flat spacetime without torsion one can always find a system of coordinates which is
Galilean everywhere.

1.4.8 Intervals, proper time and distances

The form of the Minkowski tensor distinguishes the coordinate z° from the rest of the coordinates
2%, where the index « can be 1,2,3. The temporal coordinate z° = ct, where ¢ is referred to as time
and c is referred to as the velocity of propagation of interaction. The coordinates x® are spatial and
span space. The set of 4 coordinates x’ describe an event and span spacetime. The curve z¢(\),
where ) is a parameter, is referred to as a world line of a given point. The quantitites

_da
Cdt

[}

(1.4.87)

are the components of a three-dimensional vector, the velocity of this point. An infinitesimal interval
ds is timelike if ds® > 0, spacelike if ds?> < 0, and null if ds?> = 0. In the Galilean frame, the interval
between two infinitesimally separated points (events) is

ds® = mkdmidack = Adt? — dz®dz®, (1.4.88)

where dx’ are infinitesimal coordinate differences between the two points. The interval between two
finitely separated points is

As? = mkAa:iAxk = AN — Az Az®, (1.4.89)

where Az’ are finite coordinate differences between the two points. If As is timelike, one can always
find a frame of reference in which the two events occur at the same place, Az® = 0. A frame of
reference in which dz® = 0 describes a point at rest and is referred to as the rest frame or the
comoving frame. In this frame t = T,

ds? = 2dr?, (1.4.90)

where 7 is the proper time. If dz® # 0 along a world line then the point mowves or is in motion. The
proper time for a moving point is equal to the time measured by a clock moving with this point.
If As is spacelike, one can always find a frame of reference in which the two events occur at the
same time (are synchronous), Axz® = 0. If ds = 0 along a world line, this world line describes the
propagation of a signal (interaction), with v = (v®v®)'/2 = ¢. Equations (1.4.88) and (1.4.90) give

1
dr?* = dt* — —dx®dx®, (1.4.91)
C

so the proper time 7 goes more slowly than the coordinate time t. If As is timelike, the two events
occur at different times: t; # to. If t5 > t; then ¢5 is in the future with respect to t; and ¢; is in the
past with respect to . The time of a measurement tq is called the present time.

All events for which ¢ < tg form the absolute past relative to the event O at the present (events in
this region occur before O in all systems of reference). All events for which ¢ > ¢y form the absolute
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future relative to the event O at the present (events in this region occur after O in all systems
of reference). Such a division into the absolute past and the absolute future with respect to O is
possible only for events for which their intervals with respect to O are timelike, as shown in Fig. 2.
For O = (0,0,0,0), these events (ct, z,y, 2) lie within a cone (ct)? — 22 — y? — 22 = 0 which is called
the null cone or light cone. All events for which their intervals with respect to O are spacelike are
absolutely remote relative to O. The principle of causality states that any event O can be affected

only by events in the absolute past relative to O.

absolute|future

absolutely o) absolutely
remote remote X

absolute |past

Figure 2: Light cone.

In the rest frame dz® = 0 gives u® = 0. At each point in space, the condition dz® = 0 gives the
relation between the proper time and the coordinate time:

1
dr = 24 /900d$07 (1492)
which requires
The relation (1.4.19) gives
u® = (goo) /2. (1.4.94)

The distance between two infinitesimally separated points cannot be obtained by imposing dz°
because 20 transforms differently at these points. Instead, consider a signal that leaves point B(z® +
dz®) at 20 + dz° | reaching point A(z%) at 2° and coming back to point B at 20 + dxg, as shown
in Fig. 3. Therefore

ds* = goo(da®)? + 2goadz’da® + gapda®dz® =0 (1.4.95)
gives
0 1 a adqyB
dey = gg(—g(mdx + \/(QOaQOB = googap)dx®dzP). (1.4.96)

The difference in the time coordinate between emitting and receiving the signal at point B is equal
to the difference between al:rf)F and dx° times /goo/c, and the distance dl between points A and B
is equal to this difference times ¢/2:

di* = yopdz®da”, (1.4.97)

where 9o0a g0
Yas = —Gap + ad0p (1.4.98)

goo

is the symmetric spatial metric tensor of spacetime, i.e. the metric tensor of space. The event
at point A at 2° is synchronized with the event at point B at the arithmetic mean of the time
coordinates of emitting and receiving the signal, i.e. at

1
0+ §(dx(l +dz%) = 2° + gada®, (1.4.99)
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where

o = — 2. (1.4.100)
goo
Therefore
620 = go 022, (1.4.101)

which is equivalent to dzg = 0, is the difference in 2° between two synchronized infinitesimally
separated points.

| x4+ dx?

D

Figure 3: Distance.

1.4.9 Spatial vectors

The spatial components of a contravariant four-vector A* form a three-dimensional, spatial vector
A:
Al = (A A%) = (AY A). (1.4.102)

The contravariant four-vector index « is also the contravariant spatial-vector index. The covariant
components of a spatial vector are related to the contravariant components by the spatial metric
tensor (1.4.98) which raises and lowers indices of spatial vectors analogously to the metric tensor
acting on four-vectors:

Ag = YapAP, (1.4.103)
B = 48 By, (1.4.104)
where 7 is the inverse of Yas:
v ygs = 65 (1.4.105)
One can show that the following formulae hold:
B = —goB (1.4.106)
g9 = —goos, (1.4.107)
g* = —¢"°, (1.4.108)
1
¢ = — — g.9%, (1.4.109)
goo
where
5 = detyag. (1.4.110)
The components g* form a spatial vector g.
The scalar product of two spatial vectors is
A B =r,5A°B". (1.4.111)
The square of a spatial vector A is
A2=A A (1.4.112)

and its norm is

A=VA2 (1.4.113)
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The angle between two spatial vectors 6 is defined through

A - B = ABcos#. (1.4.114)
In three-dimensional space, the permutation symbol is defined as

€afy = —€0apy- (1.4.115)

The three-dimensional equivalent of (1.4.15) is

1
Capy = VS€asy, PV = =P (1.4.116)

N

The cross product of two three-dimensional vectors A and B, C = A x B is
Co = eap APBY, C* = PV AgB,. (1.4.117)

The permutation symbol (1.4.115) satisfies

EaB’yeaﬁg = (555574 - 6546%, (14118)
€apy€’s = 20,5, (1.4.119)
€apr €77 = 6. (1.4.120)

The spatial covariant derivative V, acts on spatial vectors analogously to the metric covariant
derivative acting on four-vectors:

Vod? = 0,A4° + {1, A7, (1.4.121)
VadAp =004 — {5114, (1.4.122)

where { O? 3 }. are the three-dimensional, spatial Christoffel symbols:

1
{a(csﬁ}v = 5767(’7704,6 + VB — 7a5,7)~ (14123)

The gradient operator is given by

(grad)® = (V)* = 1PV, (1.4.124)
The spatial components of a covariant-vector operator 9; acting on a scalar ¢ form the gradient of
¢:
9¢ 09 9¢
00 =|—= =|(—,Vo]. 1.4.125
i (c@t’@xa) (c@t7 ¢ ( )
The divergence of a spatial vector A is, analogously to (1.4.37),
1
divA =V A= Eaa(\/gAa). (1.4.126)
The curl of a spatial vector is
(curlA)® = (V x A)™ = e*P793A,,. (1.4.127)

The Laplace-Beltrami operator or Laplacian is the divergence of the gradient,

1
A=V*=V.V= Eaa(\/gyaﬁaﬂ). (1.4.128)

The d’Alembert operator or d’Alembertian is defined as

1 2
0= g% —A. (1.4.129)
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In a locally Galilean frame of reference, the covariant and contravariant three-dimensional com-
ponents of a vector are identical because

YaB = Oap; (1.4.130)
where 0,4 is the Cartesian metric tensor,
Sap = diag(1,1,1), 6*7 = diag(1,1,1). (1.4.131)

In this frame we refer to the coordinates z',z?, x3, which are Cartesian, as x,%,z. One can show
that the following formulae hold:

AxB=-BxA, (1.4.132)
A- (BxC)=B-(CxA)=C-(AxB), (1.4.133)
Ax(BxC)=B(A-C)—-C(A B), (1.4.134)
(A-B)’>+ (A xB)? = A’B? (1.4.135)
curlgrade = 0, (1.4.136)
divcurl A =0, (1.4.137)
grad(¢y) = grad¢ ¢ + ¢ grady, (1.4.138)
grad(A-B)=(A-V)B+ (B-V)A+ A xcurlB
+B X curl A, (1.4.139)
div(¢A) = grade - A + ¢div A, (1.4.140)
curl(pA) = grad¢ x A + ¢curl A, (1.4.141)
div(A x B) =B -curl A — A - curl B, (1.4.142)
curlAxB)=(B-V)A—-(A-V)B+ AdivB —BdivA, (1.4.143)
curlcurl A = graddiv A — AA, (1.4.144)
where
(A-V)B = A°9,B. (1.4.145)
The cross product of two spatial vectors A and B satisfies
A x B = ABsinfn, (1.4.146)

where n is a unit vector perpendicular to both A and B, in the direction given by the right-handed
corkscrew rule.
References: [1, 2, 3, 4].

1.5 Tetrad and spin connection
1.5.1 Tetrad

In addition to the coordinate systems, at each spacetime point we set up four linearly independent
vectors e;, such that .
eleib = Nab, (1.5.1)

where a,b = 0,1,2,3 are Lorentz indices and 1y, = diag(1l, —1,—1,—1) is the coordinate-invariant
Minkowski metric tensor in a locally geodesic frame of reference at this point. This set of four vectors
is referred to as a tetrad. The inverse tetrad e® satisfies

(1.5.2)
erer = 0p. (1.5.3)

The coordinate metric tensor g;i is related to the Minkowski metric tensor through the tetrad:

Gir = €2einap. (1.5.4)
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Accordingly, the determinant g of the metric tensor g;x is related to the determinant of the tetrad

¢ = |ef| by
Vigl=e. (1.5.5)

Any vector V can be specified by its components V¢ with respect to the coordinate system or by
the coordinate-invariant projections V¢ of the vector onto the tetrad field:

Ve =elVE V, =e Vi, (1.5.6)
Vi=elVe V= eV, (1.5.7)

and similarly for tensors and densities with more indices. We can use 7, and its inverse n%° to lower
and raise Lorentz indices, as we use g, and its inverse ¢** to lower and raise coordinate indices.

1.5.2 Lorentz transformation

The relation (1.5.4) imposes 10 constraints on the 16 components of the tetrad, leaving 6 components
arbitrary. If we change from one tetrad e’ to another, é!, then the vectors of the new tetrad are
linear combinations of the vectors of the old tetrad:

el =A"el. (1.5.8)
The relation (1.5.4) applied to the tetrad field &,
Gik = €€ Nab, (1.5.9)
imposes on the matrix Aba the orthogonality condition:
A A ed = Nab- (1.5.10)

We refer to A®, as a Lorentz matriz, and to a transformation of form (1.5.8) as the Lorentz trans-
formation.

1.5.3 Tetrad transport
A natural choice for the zeroth component of a tetrad at a given point is
eh = u'. (1.5.11)

Along a world line this tetrad should be transported such that the zeroth component always coincides
with the four-velocity. The Fermi- Walker transport of a tetrad is defined as

Vel ; +Duj  Du' .
5 = U e{zd—sj + I elu;. (1.5.12)
Putting a = 0 in (1.5.12) gives
Vu'  Dul
===, (1.5.13)

so the Fermi-Walker transport of the four-velocity is equivalent to its covariant change and thus
(1.5.11) is valid at all points. This transport does not change the orthogonality relation for tetrads
(1.5.1) since (1.5.12) gives

VvV .
g(efleib) =0. (1.5.14)
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1.5.4 Spin connection

We define . ‘ . o
Wk = €qk = € + 1} 1eh- (1.5.15)

The quantities '
wy; = ejw’y, (1.5.16)

transform like vectors under coordinate transformations. We can extend the notion of covariant dif-
ferentiation to quantities with Lorentz coordinate-invariant indices by regarding w“bi as a connection,
referred to as Lorentz or spin connection. For a contravariant Lorentz vector

4G =V 4w,V (1.5.17)

|2

where |; is a covariant derivative of such a quantity with respect to 2. The covariant derivative of
a scalar V*W, coincides with its ordinary derivative:

(VW) = (VWa) i, (1.5.18)
which gives a covariant derivative of a covariant Lorentz vector:
Waji = Wai — 'y Wo. (1.5.19)

The chain rule implies that a covariant derivative of a Lorentz tensor is equal to the sum of the
corresponding ordinary derivative of this tensor and terms with spin connection corresponding to
each Lorentz index:

T i =T+ w T+ T %+ =T —wy T —....  (1.5.20)

We assume that the covariant derivative |; is total, that is, also recognizes coordinate indices, acting
on them like ;. For a tensor with both coordinate and Lorentz indices

T i =T W% +TAT G+ =, T =TT - (15.21)
A total covariant derivative of a tetrad is
Calk = Cak + kel = Worei, =0, (1.5.22)

due to (1.5.15). Therefore total covariant differentiation commutes with converting between coor-
dinate and Lorentz indices. Equation (1.5.22) also determines the spin connection w®,; in terms of
the affine connection, tetrad and its ordinary derivatives:

Wy = ef(eh; +Tf5e)). (1.5.23)

Conversely, the affine connection is determined by the spin connection, tetrad and its derivatives:

D = o’y + efped. (1.5.24)
The torsion tensor is then _ _ ‘
ik =Wy e uens (1.5.25)
and the torsion vector is
Si = wWhiig + €fs mea- (1.5.26)

Metric compatibility of the affine connection leads to
Gik;j = Gik|j = e?einabu = —G?GZ(Wcajﬂcb + chj%c) = —(wWhij + wik;) =0, (1.5.27)
so the spin connection is antisymmetric in its first two indices:

wh; = —wp. (1.5.28)
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Accordingly, the spin connection has 24 independent components. The contortion tensor is
Cijr = Wijk + Ajk, (1.5.29)
where
Aijk = eiaet[lj,k] - ejael[li,k] - ekaet[li,j} (1.5.30)

are the Ricci rotation coefficients. The first term on the right-hand side in (1.5.29) is expected
because both the contortion tensor and spin connection are antisymmetric in their first two indices.
The quantities . ‘ ‘ o

@k = Cak = Car T k1€ (1.5.31)

form the Levi-Civita spin connection and are related to the Ricci rotation coefficients by (1.5.29)
with Cjj, =0,

wijk = —Aijk, (1.5.32)
S0

Cijk = Wijk — Wijk- (1.5.33)

1.5.5 Tetrad representation of curvature tensor

The commutator of the covariant derivatives of a tetrad with respect to the affine connection is

2k o= Rk“jeg + 28 ek (1.5.34)

a;[j1) ij“asl:
This commutator can also be expressed in terms of the spin connection:
k k k b kb b k

Cali) = W ali) = (€& g = @oali" "y + W gl

_ NN kgl ok (1.5.35)
—Cdba[JW i w a[j’i]eb ”UJ al* ..
Consequently, the curvature tensor with two Lorentz and two coordinate indices depends only on
the spin connection and its ordinary derivatives:

a — a a a c a c
R bij — w bji w bi,j +w i bj — w Cjw bi+ (1.5.36)

Because the spin connection is antisymmetric in its first two indices, the tensor (1.5.36) is antisym-
metric in its first two (Lorentz) indices, like the Riemann tensor. The contraction of the curvature
tensor (1.5.36) with a tetrad gives the Ricci tensor with one Lorentz and one coordinate index:

Ry; = R%; €l (1.5.37)
The contraction of the tensor R%; with a tetrad gives the Ricci scalar,

R=R%e., = R", ¢lel. (1.5.38)

ja

The Riemann tensor with two Lorentz and two coordinate indices depends on the Levi-Civita
connection (1.5.31) the same way the curvature tensor depends on the affine connection:

a _ a a a C a C
Pl =% — % ; + @ @% — @@ %, (1.5.39)

The contraction of (1.5.39) with a tetrad gives the Riemannian Ricci tensor with one Lorentz and
one coordinate index: _

Pyj = P%;;eq- (1.5.40)
The contraction of the tensor P% with a tetrad gives the Riemann scalar,

P =P, = P ele]. (1.5.41)

References: [3, 4, 5, 6, 7).
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1.6 Lorentz group
1.6.1 Subgroups of Lorentz group and principle of relativity

A composition of two Lorentz transformations A; and As,
A% = Ay Ay (16.1)

satisfies (1.5.10), so it is a Lorentz transformation. The Kronecker symbol d; also satisfies (1.5.10),
so it can be regarded as the identity Lorentz transformation. Therefore Lorentz transformations
form a group, referred to as the Lorentz group. Taking the determinant of the relation (1.5.10) gives

A%, = +1. (1.6.2)

A Lorentz transformation with [A%| = 1 is proper and with |[A%| = —1 is improper. Proper
Lorentz transformations form a group because the determinant of the product of two proper Lorentz
transformations is 1. Improper Lorentz transformations include the parity transformation P

A% (P) = diag(1,-1,—-1,-1), t = ¢, x = —X, (1.6.3)

and the time reversal T
A% (T) = diag(—1,1,1,1), t - —t, x = x. (1.6.4)

The relation (1.5.10) gives A% A% — A° A% =1, so
|A%| > 1. (1.6.5)

Lorentz transformations with A% > 1 are orthochronous and form a group. If 2% is a timelike vector,

x'z; > 0, then for an orthochronous transformation 20 = A% z% + A° 2%,

A%, 27 < /A%, A afaf < \/(A%)2(a0)2 = [A%a”). (1.6.6)

Thus the time component of a timelike vector does not change the sign under orthochronous trans-
formations. Einstein’s principle of relativity states that all physical laws are invariant under trans-
formations within the orthochronous proper subgroup of the Lorentz group.

Under the parity transformation, the spatial components of contravariant and covariant vectors
(three-dimensional vectors) change the sign, while the spatial components of dual vectors (such as
cross products of vectors) do not change the sign. Similarly, the scalar contraction of the Levi-Civita
symbol and a tensor changes the sign, while a scalar does not. Quantities that transform under
proper Lorentz transformations like vectors and do not change the sign in their spatial components
under parity are referred to as axial vectors or pseudovectors. Quantities that transform under
proper Lorentz transformations like scalars and change the sign under parity are referred to as
pseudoscalars.

1.6.2 Infinitesimal Lorentz transformations

We consider an infinitesimal Lorentz transformation
A, =6y + €, (1.6.7)
where e, are infinitesimal quantities. The relation (1.5.10) gives
€pr = —€ups (1.6.8)

where the indices are raised and lowered using the Minkowski metric tensor. Therefore Lorentz
transformations are given by 6 independent antisymmetric parameters €,,. The corresponding
transformation of a contravariant vector A* is

1 1
AW = A A = A S (S — S ) A = AV S T, A (1.6.9)

9 vpo
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where
LYoo = 00 MNow — 05 M0 (1.6.10)
We define matrices J,, such that
(Joo )ty = Shpor- (1.6.11)

Therefore, in the matrix notation (with A* treated as a column),
A= L oo A
- (1 + 3¢ Jpg) . (1.6.12)

The 6 matrices J,, are the infinitesimal generators of the vector representation of the Lorentz group.
The explicit form of the generators of the Lorentz group in the vector representation is

0 -1 0 0 0 0 -1 0
-1 0 0 0 0 0 0 0
Jo=1 9 o oo | 7= 10 0 0|
0 0 00 0 0 0 0
0 0 0 -1 00 0 0
0 00 0 00 -1 0
Js=1 9 00 o "7 o1 0o ol
-1 00 0 00 0 0
000 0 0 0 00
00 0 0 0 0 0 1
=1 000 -1 "= 0 0 0 o0 (1.6.13)
00 1 0 0 -1 0 0

1.6.3 Generators and Lie algebra of Lorentz group

The commutator of the generators of the Lorentz group in the vector representation is, using (1.6.10)
and (1.6.11),

[Jm, dew = (JM)&L(JPU)Q - (Jpcr)l;(Jn'r)z)/\ = (_ann'ra - J'ro77rep + er??'rp + J’rpﬂna)ff, (1~6~14)

SO
[me Jpa} = 7J/<,p’r"rrr - J-ronnp + Jmﬂh—p + !]Tplr]]{a'~ (1615)

The relation (1.6.15) constitutes the Lie algebra of the Lorentz group. If a set of qantitites ¢
transforms under a Lorentz transformation A with a matrix D(A)

¢ = D(N)9, (1.6.16)
then D is a representation of the Lorentz group if
D(I) =1, D(A1A2) = D(A1)D(A2), (1.6.17)

where I denotes the identity transformation, and A; and As are two Lorentz transformations. There-

fore
DA™Y =D (A), (1.6.18)

where A~ is the Lorentz transformation to A: AA~! = I. For an infinitesimal Lorentz transforma-
tion in any representation,

1
DA =1+ iep”Jpg, (1.6.19)
according to (1.6.12). The relation
D(AAsAT!) = D(A1)D(A2) D™ (Ay) (1.6.20)

gives (1.6.15), valid for any representation of the Lorentz group.
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If A; and As are two group transformations then Az = AlAgAl_1 is a group transformation. If
Ao = I+ €3G5 is an infinitesimal group transformation with generator Go then Az = I +e3A4 GgAl_1
is an infinitesimal group transformation with generator G3 = AngAfl. If Ay =1+ eGqis an
infinitesimal group transformation with generator G then, neglecting terms in €; of higher order,
G3 = Go + €1[G1,Gs), so [G1,G3] is a generator. For a finite number N of linearly independent
generators, a general infinitesimal group transformation is A = I + Zfl\’:leaGa. Because [G,, Gp] is
a generator, it is a linear combination of the N generators: [G,, G| = Zévzl fabeGe, where fqp. are
structure constants of the Lie algebra of the given group. For the Lorentz group, ¢,G, = D(A) — I,
where D(A) is given by (1.6.19).

1.6.4 Rotations and boosts

Rotations are proper orthochronous Lorentz transformations with
A, =A% =0, A% =1. (1.6.21)

Rotations act only on the spatial coordinates ¢ and form a group, referred to as the rotation group.
Boosts are proper orthochronous Lorentz transformations with

A% =0. (1.6.22)
We define
1
Jo = ieomﬂ”, (1.6.23)
Ko = Joa: (1.6.24)
and
1
Vo = ieameﬁn (1.6.25)
Tlae = €0 (1626)

(for the Lorentz group g = 1, so the tensors e and densities € are numerically identical). The explicit
form of the generators of the rotation group J, in the vector representation is

0 0 O 0 01 0 -1 0
J = 00 -1 |, Jo= 0 0 0], J3= 1 0 0 ]. (1.6.27)
0 1 0 -1 0 O 0 0 O
For an infinitesimal Lorentz transformation (1.6.19)
D=1+9-J+7n-K. (1.6.28)

A finite Lorentz transformation can be regarded as a composition of successive identical infinites-
imal Lorentz transformations:

D =lim, 0o (1+80-J/n+n -K/n)" = fIH1K (1.6.29)

The finite parameters 8, 1) are the canonical parameters for a given Lorentz transformations. For a
finite Lorentz transformation, (1.6.19) gives

D(A) = e o, (1.6.30)

% aD(A)
- 1.6.31
Tra Jerv |a=1 (16:31)
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The explicit form of a finite Lorentz transformation in the vector representation is

1 0 O 0 1 0 0 0
Ry =" = 8 (1) C(?SH —s(i)n9 ; Ry = el = 8 COOSH (1) 5139 ’
0 O sinfd cosf 0 —sinf 0 cosf
1 0 0 0 coshn sinhpn 0 0O
0 cos# —sinfd O sinhn coshn 0 0O
J— ‘9J3 J— _ 7]K1 _ ’r] 77
Ry =™ = 0 sinfd cosf 0 |’ By =™ = 0 0 10 |
0 0 0 1 0 0 0 1
coshn 0 sinhnp O coshn 0 0 sinhy
0 1 0 0 0 1 0 0
— K2 . — e1K3 —
Bo=e"™ =1 Guhn 0 coshy 0o |2 B3=¢ 0 01 0 ’
0 0 0 1 sinhn 0 0 coshny

(1.6.32)

where R, denotes a rotation about the x“-axis and B, denotes a boost along this axis. The canonical
parameters 0 and 7 are respectively referred to as the angle of rotation and rapidity. The parameters
¢ and n in (1.6.25) and (1.6.26) are thus respectively infinitesimal values of the angle of rotation
and rapidity. A rotation about any axis, say z, by an angle 6 turns the two other axes, x and y, into
new axes, &' and g’, such that the angle between z and 2’ (or y and y’) (1.4.114) is 0. The rotation
group is compact: 6, € [0,27] and § = 27 < 6 = 0. The explicit form of a finite rotation in the
three-dimensional vector representation is

1 0 0 cos# 0 sind
Ri(0)=1| 0 cosf —sinf |, Ry(f) = 0 1 0 ,
0 sind cosH —sinf 0 cosf

cosf —sinf 0

R3(0)=| sinf cosd 0 |. (1.6.33)
0 0 1
For instance,
Ve V) Ve Vzcost — Vyysind
Vy | = Vy | =Rs| Vy | =] Vasind+ Vycost |. (1.6.34)
Ve 74 Vz V.
The relation (1.6.31) gives
OR.(0)
Jo = . 1.6.35
09  lo=0 ( )

The orthogonality relation (1.5.10) applied to any of the rotation matrices (1.6.33) shows that a
rotation matrix R is orthogonal, that is, its transpose R is equal to its inverse R~!:

R’ =R;', R,RT =RTR, =1, (1.6.36)

«

where [ is the identity matrix.
The commutation relation (1.6.15) gives

[Ja, Jﬁ] = 6a57J77 (1.6.37)
[Jom Kﬁ} = eaﬂ'yK'yv (1638)
[Kom KB] = 76aﬁ'yt]'y- (1639)

Therefore rotations do not commute and form a nonabelian group, rotations and boosts do not
commute, and boosts do not commute. Changing the order of two nonparallel boosts is equivalent
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to applying a rotation, referred to as the Thomas-Wigner rotation. The structure constants of the
Lie algebra of the rotation group are fupc = €qp.. Moreover, the square of the generators of rotation,

J? = JuJa, (1.6.40)
commutes with J,:
[J2, T3] = [Ju, J8] o + Ja[Jas J5] = €apy(JyJa + Jady) = 0. (1.6.41)
Definining
L= %(J +iK), (1.6.42)
Q= %(J —iK), (1.6.43)
gives
[La, Lg] = €apyLy, (1.6.44)
[Qa, Qs] = €apyQ, (1.6.45)
[La,@s] = 0, (1.6.46)

so the Lorentz group is isomorphic with the product of two complex rotation groups. Accordingly,
the Lorentz group can be regarded as the group of four-dimensional rotations in the Minkowski
space, or the group of tetrad rotations.

1.6.5 Poincaré group
Under the infinitesimal coordinate transformation (1.2.55) in a locally flat spacetime, (1.4.41) gives
Nik — Nik — Sik — Skyi- (1.6.47)
Thus the tensor 7;;, is invariant under (1.2.55) (isometric) if £ is a Killing vector,
§ik) =0, (1.6.48)
which has the solution _ _ '
¢ =t + €, (1.6.49)

where ¢'* and €’ are constant. The first term on the right-hand side of (1.6.49) corresponds to a
Lorentz rotation described by 6 parameters €. The second term on the right-hand side of (1.6.49)
corresponds to a translation. A combination of two translations does not change if their order is
reversed, so translations commute:

[TH’TV] =0, (1650)

where T}, is the generator of translation. The relations (1.6.37) and (1.6.38) mean that J* and K*
are spatial vectors under rotations. Spatial translations are spatial vectors under rotations, while a
time translation is a scalar:

[Jng] = eagva (1.6.51)
[Jo, To] = 0. (1.6.52)

The last relation indicates that the generators of rotations, like generators of spatial translation,
correspond to conserved quantities, which are quantities that do not change in time. The covariant
generalization of (1.6.51) and (1.6.52) is

[J;un Tp] = Tunup - Tunup~ (1653)
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The relations (1.6.15), (1.6.50) and (1.6.53) constitute the Lie algebra of the inhomogeneous Lorentz
or Poincaré group. In particular,

(Ko, Ts] = —Tobagp; (1.6.54)
[Ka,To] = —Ta. (1.6.55)

The last relation indicates that the generators of boosts do not correspond to conserved quantities.
For an infinitesimal rotation about the z-axis,

(14+0J,)f(ct,x) = D(R,(0)) f(ct,x) = f(ct, R,(0)x) = f(ct,x — Oy,0x +y, z)

of of
= f(ct,x) — Oy—=— + Oz — 1.6.
et ) Oy + 0 (1.6.56)
. o 0
=r— —Yy-— 1.6.
=g v (1.6.57)
which gives the differential representation of rotations:
Ja = eag.yl'ﬁa—y. (1.6.58)

For an infinitesimal boost along the z-axis,

(1 +nK2) f(ct,x) = D(Bz(n)) f(ct,x) = f(Bz(n)(ct,x)) = f(ct +nz,y, 2 + net)

of of
_ 95 1.6.
fet,x) + Nz 5 + nct 57’ (1.6.59)
or 5 9
K,=z— +ct—, 1.6.
i +c o (1.6.60)
which gives the differential representation of boosts:
0 0
K, =2g— +ct——. 1.6.61
Lo lot e oz (16:61)

The relation for an infinitesimal translation, analogous to (1.6.19), is
D(t) = I + €T, (1.6.62)

S0 a finite translation is given by
D(t) = e Tr. (1.6.63)

Translation in (1.6.49) can also be written as

tu(e)z” =" + €d},. (1.6.64)
The relation analogous to (1.6.35) is
Ot (€)
T, =L . 1.6.65
" Oe e=0 ( )
The differential representation of a translation is thus
0
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1.6.6 Invariants of Lorentz and Poincaré group
Analogously to (1.6.41),

[L?, Lg] = 0, (1.6.67)

so L? and Q? commute with all 6 generators of the Lorentz group. Consequently, J%+ K2 and J-K
commute with all generators of the Lorentz group, that is, are the invariants or Casimir operators
of the Lorentz group. The Casimir operators of Lorentz group do not commute with the generators
of translation 7}, so they are not the invariants of the Poincaré group. Instead, the mass operator

m? = —T"T, (1.6.69)

and
W2 =WHW,, (1.6.70)

where W*# is the Pauli-Lubanski pseudovector
1
WH = ie“””"JpoTu, (1.6.71)

commute with all generators of the Poincaré group, so they are the Casimir operators of the Poincaré
group. The Pauli-Lubanski pseudovector obeys the commutation relations

[T, W,] = (1.6.72)
[JIJ«W W, ] Wunup - Wunu,m (1673)
[(WH, W] = PP W,T,. (1.6.74)

The relation (1.6.73) is analogous to (1.6.53) because W# behaves like a vector under proper Lorentz
transformations.
We define the four-momentum operator

P, = iT,, (1.6.75)

whose time component is the energy operator Py = i1 and spatial components form the momentum
operator P, = iT,. We define the angular four-momentum operator

M, =1iJ,, (1.6.76)
whose spatial components form the angular momentum operator
M, =1iJ,. (1.6.77)

Therefore the following relations are satisfied:

(M, Mpo] = =i(Myupive + MyoTup — Muonup — Mypipe), (1.6.78)
[Py, P)] =0, (1.6.79)
[Mltva Pp] = i(Punup - Punup)y (1680)
m” = P"P, (1.6.81)
we P Mpo Py, (1.6.82)
[Py, W] =0, (1.6.83)
(M, W] = i(Wthp — Wotip), (1.6.84)
[WH W] = —iet"P W, P,, (1.6.85)
(M, Mg] = i€apy M,. (1.6.86)

41



1.6.7 Relativistic kinematics
We consider a boost in the direction of the z-axis
Qj/i = eiﬂK3jS, (1687)

where 2 and 2"* have a form of a column (4x1 matrix), and e"%2 is given by (1.6.32). Therefore
the coordinates in an inertial K-system (unprimed) are related to the coordinates in an inertial
K'-system (primed) by
ct = ct’coshn + 2'sinhn,
z=a, y=y,
z = z'coshn + ct'sinh. (1.6.88)
We consider the origin of the K’-system, 2’ =3’ = 2’ = 0, in the K-system. Therefore
ct = ct’coshn,
z = ct'sinhn, (1.6.89)

which gives the relation between the rapidity n and velocity V = % of K’ relative to K:

tanhn = 3, (1.6.90)
where v
B=—. (1.6.91)
c
Accordingly, coshn = v and sinhn = 8, where
V2\-1/2
y= (1 - 0—2) . (1.6.92)

The relations (1.6.88) become

/ VI
t:'y(t —1——22),
c
=1, y=v,

2=~z +Vt'), (1.6.93)

and are referred to as a special Lorentz transformation in the z-direction. The reverse transformation

1S
t = 7<t - Kz)
c2”)’
=,y =y,
2 =~(z = Vt). (1.6.94)

For a boost along an arbitrary direction, the spatial vector x = (x,y, z) transforms such that its
component parallel to the velocity V' = ¢3 of K’ relative to K, x; = (x - V)V /V? (similarly for
primed), behaves like z in (1.6.93) and its component perpendicular to V, x; = x — x|, behaves
like « in (1.6.93):

(s, VX
t=9t'+—5—),

c
x| =x,
x| = ’}/(Xh + Vt/), (1.6.95)
SO
(v=D(V-x)V
V2 '

x =(x) + V') + x| =9Vt +x' + (1.6.96)
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Therefore the transformation law for the coordinates in two inertial frames of reference is

( (;f ) = ( ,;Yﬁ 1+ (Zi;),@ﬁ ) ( if/ )7 (1'6'97)
ct! Y -8 ct
( <! > = < —B 1+ (7;21)516 ) ( x ) (1.6.98)

The matrix in (1.6.98) is called a boost matriz. In the local Minkowski spacetime, contravariant
vectors transform like z*, according to (1.6.95) and (1.6.97),

W(] W/O
( W >= ( N (Zi;)ﬁﬁ ) ( s ) (1.6.99)

covariant vectors transform such that they remain related to contravariant vectors by the Minkowski
metric tensor, and tensors transform like products of vectors. For example, if V = ¢32Z is parallel to
the z-axis, a tensor of rank (0,2) transforms according to

or equivalently

Too = ¥(Too + BTos) = v*(Too + BTxo + Blos + B7Tsa),
Tor =v(Tor1r + BT 10),
Tos = Y(Toz + BToo) = v (Tors + BTss + BToo + B T30 ),

Ty =T,
T3, =Tz 1+ BTo 1),
Tss = y(Tss + BT30) = ¥ (T3 + Blos + BTzo + B2 Toor), (1.6.100)

where the index | denotes either 1 or 2, and the transposed components TZ:',; = Ty; transform like
the transpositions of the right-hand sides in (1.6.100). If T} is antisymmetric then Tps = Tprgr.
The relations (1.6.93) can be written as

|4
dt = y(dt’ n C—zdz’),
dx =dz’, dy=dy,

dz = ~v(dz' + Vdt'), (1.6.101)
which gives
,U/

Vg = —357

~(1 + Vol /c?)

oW

Y1+ VL e?)

v+ V

? = s, 1.6.102
LTI Vol [c? ( )

where
dx , dx

at’ ¥ T dr
Two special Lorentz transformations in the same direction commute because of (1.6.39). If a Lorentz
transformation from K’ to K has parameters $; and 73, and a Lorentz transformation from K" to
K’ has parameters 82 and 72, then a Lorentz transformation from K” to K has parameters 33 and
~3 such that

P+ P

1+ BB

(1.6.103)

Bs ;3 =771+ B162). (1.6.104)
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For a boost along an arbitrary direction, (1.6.97) gives the Lorentz transformation of velocities:

v/ (v ?
v +7Y&flvﬁ&7§YﬂUV_ (1.6.105)

If o = |[V'| = ¢ then v = |V| = ¢, in agreement with the constancy of the velocity of propagation of
interaction.

We consider two points at rest in the inertial frame of reference K with positions z; and zs, so
the distance between them is Az = z5 — 21. In the inertial frame K’, moving relative to K in the
z-direction with velocity V', z3 = y(z] + Vt}) and zo = (25 + Vit}), so if ] = t} is the time at
which we measure (simultaneously) the positions of the two points then Az = (2 — 2]) = yAZ'.
Therefore the length of an object in K, whose length in the rest frame K is | (proper length), is

l
V'=-<l, (1.6.106)
v

which is referred to as the Lorentz-FitzGerald contraction. The volume of an object in K/, whose
volume in the rest frame K is V' (proper volume), is

Vi = —. (1.6.107)
v
Suppose that there are two rods of equal lengths, moving parallel relative to each other. From the
point of view of an observer moving with the first rod, the second one is shorter, and from the point
of view of an observer moving with the second rod, the first one is shorter. There is no contradiction
in this statement because the positions of both ends of a rod must be measured simultaneously and
the simultaneity is not invariant: from the transformation law (1.6.93) it follows that if §¢ = 0 then
0t" # 0 and if 6t = 0 then ot # 0.
We consider a clock (any mechanism with a periodic or evolutionary behavior) at rest in K’ with
position 2’; the time difference between two events with ¢} and t,, as measured by this clock, is
At =t —t}. In the frame K, t; = y(t; + V2'/c?) and ty = v(th + V2'/c?), so

At =ty —t; = yAt > At (1.6.108)

Thus the rate of time is slower for moving clocks than those at rest (time dilation), in agreement
with (1.4.91) and (1.4.97), from which ¢?dr? = c2dt? — di? and

dr = 1dt. (1.6.109)
Y

Suppose that there are two clocks linked to the inertial frames K and K’, and that when the clock
in K passes by the clock in K’ the readings of the two clocks coincide. From the point of view
of an observer in K clocks in K’ go more slowly, and from the point of view of an observer in K’
clocks in K go more slowly. There is no contradiction in this statement because to compare the
rates of the two clocks in K and K’ we must compare the readings of the same moving clock in
K’ with different clocks in K; we require several clocks in one frame and one in the other, thus the
measurement process is not symmetric with respect to the two frames of reference. The clock that
goes more slowly is the one which is being compared with different clocks in the other frame. The
time interval measured by a clock is equal to the integral

1
At = f/ds (1.6.110)
c
along its world line. Since the world line is a straight line for a clock at rest and a curved line for a
clock moving such that it returns to the starting point, the integral [ ds taken between two world
points has its maximum value if it is taken along the straight line connecting these two points.
For a Lorentz transformation with velocity V' = [V, (1.6.105) gives
v'sing’
tan = ———, 1.6.111
an ~v(v'cost’ + V) ( )
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where 6 is the angle between v and V, and 6’ is the angle between v/ and V. If v = v/ = ¢ then

cost’ + %

cosf = ,
1+ %COSH’

(1.6.112)

which is referred to as the aberration of a signal. Suppose an observer in frame K measures a

periodic signal with period T, frequency v = % and wavelength A\ = £, propagating in the —z

direction; the number of pulses in time dt is n = vdt. A second observer in frame K', moving in the
z direction with velocity V relative to the first one, travels a distance Vdt and measures VTdt more
pulses: n' = v(1+ ¥)dt. Because the time interval dt with respect to K’ is dt’ = %, the frequency
of the signal in K’ is v/ = yw(1+ ¥) or

/

v =e. (1.6.113)

This dependence of the frequency of a signal on a frame of reference is referred to as the Doppler

effect.

When ¢ — oo (at which v — 1) the above formulae, referring to relativistic kinematics, reduce to
their nonrelativistic limit. The Lorentz transformation (1.6.97) reduces to the Galileo transformation,

t=t,
x=x +Vt, (1.6.114)

so the time is an absolute (invariant) quantity in nonrelativistic (Newtonian) physics. Any two
Galileo transformations commute. The transformation law for velocities (1.6.105) reduces to the
simple addition of vectors,

v=v +V. (1.6.115)

1.6.8 Four-acceleration

In a locally inertial frame of reference, the four-velocity is

u = (7,7%), u; = (’y, —7%), (1.6.116)

where v is the velocity and v = (1 — Z—j)_l/Q. We define the four-acceleration

;. Du' D%t
w = ds = W =UuUu ik (16117)

which is orthogonal to u’ because of (1.4.19):
w'u; = 0, (1.6.118)

thus having 3 independent components. In a locally inertial frame of reference, the four-acceleration
is

; dut %ot _of aV-a o 4(V-a)wv
- (7 2 5%t T) (1.6.119)
where a is the three-dimensional acceleration vector
dv  d*x
The invariant square of the four-acceleration is thus
4 2
w'w; = —2—4 <a2 + Z—Q(v : a)2>. (1.6.121)

If v.= 0 at a given instant of time, the corresponding frame of reference is referred to as the
instantaneous rest frame. In this frame

wiw; = — L (1.6.122)



SO

ag = v/ —wiw; (1.6.123)
is the absolute value of the acceleration in the instantaneous rest frame, called the proper acceleration.
References: [2, 3].

1.7 Spinors
1.7.1 Spinor representation of Lorentz group
Let v* be the coordinate-invariant 4x4 Dirac matrices defined as
70yt 4 4Py = 2], (1.7.1)

where [ is the unit 4x4 matrix (4 is the lowest dimension for which (1.7.1) has solutions). Accord-
ingly, the spacetime-dependent Dirac matrices, v* = e}, v*, satisfy

Yiyd 4 iyt =2¢YT. (1.7.2)
Under a tetrad rotation, (1.5.8) gives
7% = A%AP. (1.7.3)
Let L be a 4x4 matrix such that
=AY ALY = L3 LY, (1.7.4)

where L~! is the matrix inverse to L: LL~! = L7'L = I. The condition (1.7.4) represents the
constancy of the Dirac matrices v* under the combined tetrad rotation and transformation v —
LyL=t. We refer to L as the spinor representation of the Lorentz group. The relation (1.7.4) gives
the matrix L as a function of the Lorentz matrix A%,. For an infinitesimal Lorentz transformation
(1.6.7), the solution for L is

1 1
L=1+ 5eabGab, Lt'=1- ieabaab, (1.7.5)

where G are the generators of the spinor representation of the Lorentz group:

G = i(v”vb =77 (1.7.6)
A spinor 1 is defined as a quantity that, under tetrad rotations, transforms according to
b= L. (1.7.7)
An adjoint spinor 1) is defined as a quantity that transforms according to
R (1.7.8)
so the product 91 is a scalar:
W = Py (1.7.9)

The indices of the v* and L that are implicit in the 4x4 matrix multiplication in (1.7.1), (1.7.2) and
(1.7.4) are spinor indices. The relation (1.7.4) implies that the Dirac matrices v* can be regarded as
quantities that have, in addition to the invariant index a, one spinor index and one adjoint-spinor
index. The product 17 transforms like the Dirac matrices:

b = L L, (1.7.10)

The spinors 1 and v can be used to construct tensors. For example, 1)y%t) transforms like a
contravariant Lorentz vector:

Py = LAY LA LT L = A%y "y (1.7.11)
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1.7.2 Spinor connection

The derivative of a spinor does not transform like a spinor:

$i =L+ L. (1.7.12)
If we introduce the spinor connection I'; that transforms according to
T, =L, L '+ L;L7Y, (1.7.13)
then a covariant derivative of a spinor,
Vi =1, — iy, (1.7.14)
is a spinor: ~ ~ o
Vo=, Ty =L+ Ly — (LT L™+ L;L™ 1)L = L. (1.7.15)
Because 11 is a scalar, - -
(V)i = (YY) i, (1.7.16)
the chain rule for covariant differentiation gives a covariant derivative of an adjoint spinor
Vi =1, + YT, (1.7.17)
Also - -
w|z = w;ia '(/)|z = ’(/);i- (1-7~18)
The Dirac matrices 4¢ transform like 1), whose covariant derivative is
()i = i) + Pihy = (Y1) i — Dip) + Py = (1)) 5 — [T, P1h). (1.7.19)
Therefore a covariant derivative of the Dirac matrices is
v =" — Loy = =[], (1.7.20)
Yi=7i =7 +T¢ A~ = [Ti, ¥ (1.7.21)
Accordingly
7 = W%y = [Ca v (1.7.22)

The quantity @viw‘i transforms under Lorentz rotations like a scalar:

DY = PLTLY LT Ly = ' (1.7.23)
The relation 7,p); = 0 implies that
yali =0, (1.7.24)
because the Dirac matrices v* only depend on 74,. Multiplying both sides of (1.7.22) by =, from
the left gives
Wabi VY — Yaliv® +40; = 0. (1.7.25)
We seek the solution of (1.7.25) in the form

1
Fl' = *Zwabi"ya"yb - Ai7 (1726)

where A; is a spinor-tensor quantity with one vector index. Substituting (1.7.26) to (1.7.25), together
with the identity ~,y%yy¢ = 41, gives
—’}/aAi’Ya + 4A7, = 0, (1727)

so A; is an arbitrary vector multiple of I. Therefore the spinor connection I'; is given, up to the
addition of an arbitrary vector multiple of I, by the Fock-Ivanenko coefficients:

1 1
r; = —Zwabﬂaﬁ’b = _§wabiGab~ (1.7.28)
Using the definition (1.5.15), we can also write (1.7.28) as
1, w1
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1.7.3 Curvature spinor
The commutator of total covariant derivatives of a spinor is
Yo — Vg = W) — Dby — T — (W) 5 + Ty + T,
= 7Fj7ﬂ/} + FiFj’l/) + F17j¢ - FjFﬂ/) -+ ZSkide“C = szw + ZSkij’ll)“c, (1730)

where K;; = —Kj; is defined as
Kij =Ti; =T+ [y, Ty]. (1.7.31)

Substituting (1.7.13) to (1.7.31) gives
Kij=T;; —T;;+[[s,T;] = L(T;; —Tj; + [T, T;)) L' = LK L7, (1.7.32)

so K;; transforms under tetrad rotations like the Dirac matrices v¢, that is, K;; is a spinor with one
spinor index and one adjoint-spinor index. We refer to K;; as the curvature spinor.
The relation (1.7.24) leads to
7*,;=0. (1.7.33)

Thus the commutator of covariant derivatives of the spacetime-dependent Dirac matrices vanishes:
Q’Yk”ji] = Rklz‘j’Yl + QSlij’qu + [Kija’Yk] = szij’YZ + [Kijv’Yk] =0. (1.7.34)

Multiplying both sides of (1.7.34) by i from the left gives
Riijv™' + mKijy" — 4K;; = 0. (1.7.35)

We seek the solution of (1.7.35) in the form

K;; = iRklij’Yk’Yl + Bij, (1.7.36)
where B;; is a spinor-tensor quantity with two vector indices. Substituting (1.7.36) to (1.7.35) gives
Y, Bijy* —4B;; = 0, (1.7.37)

so B;j is an antisymmetric-tensor multiple of I. The tensor B;; is related to the vector A; in (1.7.26)
by

B;; = Aj)i - AiJ' + [A“A]] (1738)
Because 9 has no indices other than spinor indices, A; is a vector and [A;, A;] = 0. The invariance
of (1.7.35) under the addition of an antisymmetric-tensor multiple B;; of the unit matrix to the
curvature spinor is related to the invariance of (1.7.25) under the addition of a vector multiple A; of
the unit matrix to the spinor connection. Setting A; = 0, which corresponds to the Fock-Ivanenko
spinor connection, gives B;; = 0. Therefore the curvature spinor Kj; is given, up to the addition of
an arbitrary antisymmetric-tensor multiple of I, by

1 1
Kij = ZRklij'yk'Yl = §Rkliijl. (1.7.39)

References: [3, 4].
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2 Fields

2.1 Principle of least action

The most general formulation of the law that governs the dynamics of classical systems is Hamilton’s
principle of least action, according to which every classical system is characterized by a definite
scalar-density function £, and the dynamics of the system is such that a certain condition is satisfied.
Let ¢a(x") be a set of physical fields, being differentiable functions of the coordinates, and let £ be
a Lorentz covariant quantity constructed from the ¢4 and their derivatives. We consider a scalar

quantity
5= l/mg, (2.1.1)

C

where the integration is over some region in locally Minkowski spacetime. Let d¢4 be arbitrary
small changes in ¢4 (regarded as a dynamical variable) over the region of integration, which vanish
on the boundary. Then the change in S can be written as

68 = 1/lu“f‘aqudQ. (2.1.2)
C

The principle of least action states that the dynamics of a physical system is given by the condition
the scalar S be a local minimum. Therefore any infinitesimal change in the dynamics of the system
does not alter the value of S:

08 =0 (2.1.3)

(S is a local extremum). If £ is covariant and ¢4 transform covariantly under the Lorentz group,
the variational condition (2.1.3) gives the Lorentz covariant equations

¢4 =0. (2.1.4)

These equations are also invariant for any other transformations (internal symmetries) for which
£ is invariant. £ is referred to as the Lagrangian density, S is the action functional, §S = 0 is
the principle of least action, and F4 = 0 are the field equations. The field equations of a physical
system are the result of the action being a local extremum. The condition that the action be a local
minimum imposes additional restrictions on possible choices for S. The number of independent field
equations for a given system is referred to as the number of the degrees of freedom representing this
system.

In most cases £ contains only ¢4 and their first derivatives (the Lagrangian density for the
gravitational field contains second derivatives). A Lagrangian density containing higher derivatives
can always be written in terms of first derivatives by increasing the number of the components of
¢a. We consider a physical system in the galilean frame of reference. If £ depends only on ¢4 and

ai¢Aa £= 2(¢7 ¢,i)7 then

55 = 1/(2’;5¢+ ifi)é(ab,i))dﬂ— /(gi‘w (8¢, (0 )

=2 [ (G500 a2+ 2 (a0 )0 2.15)

The last term in the second line of (2.1.5) is a divergence, which, after integration, can be transformed
into a hypersurface integral over the boundary of integration region, where d¢p = 0 on the boundary,
so this term does not contribute to the action variation:

08 = i/(gi 8i<8izi)>)§¢d9+/a?;z)5¢d /(g; &(%))Mdﬂ. (2.1.6)

If 65 = 0 for arbitrary variations d¢ that vanish on the boundary then

% _8i<(9isi)> ~0, (2.1.7)
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or

5o
5 =0 (2.1.8)

where 5e oe ae
5= (0 219

is a wvariational derivative of £ with respect to ¢. This set of equations, for each component ¢4, is
referred to as the Lagrange equations. Generalizing the Lagrange equations to an arbitrary coordinate

frame gives
0L {}( 0L )
9% _ gl —0. 2.1.10
56~ ' \8(6.) (2:1:10)

There is some arbitrariness in the choice of £; adding to it the divergence of an arbitrary vector
density or multiplying it by a constant produces the same field equations. If a system consists
of two noninteracting parts A and B, with corresponding Lagrangian densitites £4(¢4,0¢4) and
Lp(¢p,005), then the Lagrangian for this system is the sum £4 + £5. This additivity of the
Lagrangian density means that the field equations for either of the two parts do not involve quantities
pertaining to the other part. If £4 also depends on ¢p and/or d¢p, and/or £ depends on ¢4
and/or O¢4, then the subsystems A and B interact.

References: [1, 2, 3].

2.2 Action for gravitational field

We consider a Lagrangian density that depends on the affine (or spin) connection and its first
derivatives. Such Lagrangian density can be decomposed into the covariant part that contains
derivatives of the affine/spin connection, which is referred to as the Lagrangian density for the
gravitational field, and the covariant part that does not contain these derivatives, which is referred
to as the Lagrangian density for matter. The simplest covariant scalar that can be constructed
from the affine/spin connection and its first derivatives is the Ricci scalar R. The corresponding
Lagrangian density for the gravitational field is proportional to the product of R and the scalar
density /—g:

i\/?gR, (2.2.1)
2K

where k is FEinstein’s gravitational constant. There exist two variational principles in the theory
of the gravitational field. The metric variational principle regards the metric tensor or tetrad as a
dynamical variable and assumes the affine connection to be the Levi-Civita connection. The metric-
affine variational principle regards both the metric tensor (or tetrad) and the metric-compatible
affine connection (or spin connection) as dynamical variables.

In the metric variational formulation, the Lagrangian density for the gravitational field is pro-
portional to the Riemann scalar P:

L,=—

1
€ =—5-v-aP. (2.2.2)

Because P is linear in derivatives of {,,}:

V=P = V=ag" ({{i} = Libx + GHm o = G0 H ) |
= (V=og" D — {3 (V=89")0 = (V=ag™ (i) + {1} (V=09™)
+v=ag" (T Homd = G e ) (2.2.3)

we can subtract from /—gP total derivatives without altering the field equations, replacing P by a

50



noncovariant quantity G:

V=G = {1} (vV=89") k — {3 (V=89™) 0 + V=ag™ (L Hm i} = LT Homw )

= {H=89™) + {u V=89 — v=a{/i 1" = v=a{/i}¢")

{9 + {3V =™ = Vel et = v=eliteY)

Va9 (o = G D) = L V=89 — V=8l

*\/jg{jkk}gij) - {ilk}({jjl}\/jggik - \/jg{jiz}gjk - \/jg{ykz}gm)

+/=ag ™ ((EHm o = LT D) = Vg™ T Hon e — G- (2.2.4)
Therefore

G =g" ([T Hmed = EHm D), (2.2.5)

and the Lagrangian density for the gravitational field is

1
€= —5-V1G. (2.2.6)

Any coordinate transformation results in variations of ¢g’*, so S is not necessarily a minimum
with respect to these variations (only an extremum) because not all dg** correspond to actual
variations of the gravitational field. In order to exclude the variations §g°* resulting from changing
the coordinates, we must impose on the metric tensor 4 arbitrary constraints. If we choose

9oa = 0, |gap| = const, (2.2.7)

then G becomes

1
G= —Zgoogaﬁgvggaw,ogaa,o. (2.2.8)

In the locally galilean frame gog = —dag, SO

1
G= _1900(9a6,0>2- (2.2.9)

For physical systems g% > 0. Therefore in order for S to have a minimum, x must be positive,
otherwise an arbitrarily rapid change of gog in time would result in an arbitrarily low value of S
and there would be no minimum.

References: [2, 3].

2.3 Matter
2.3.1 Metric dynamical energy-momentum density

The variation of the matter action S,, = [ £,,dQ2 with respect to the metric tensor,

1 - 1 .
0Sm = — 17097dQ) = —— 15g;:dS2, 2.3.1
5. [ Tt s [ T (231)
defines the metric dynamical energy-momentum density T;;, which is symmetric:
Tii = T (2.3.2)
Equivalently
i =2—=2 — — 0 — . 2.3.3
Tia = 5g0 (39” k((?g” ) (25:3)
The metric dynamical energy-momentum tensor Tj; is defined as
Ty = Ty (2.3.4)



2.3.2 Tetrad dynamical energy-momentum density

The variation of the matter action S, with respect to the tetrad,
1 ags i
0Sm = — [ F,%0el dQ, (2.3.5)
c

defines the tetrad dynamical energy-momentum density T,*. Equivalently

6Lm = T;%0cl, (2.3.6)
or 58
a_ I=m 2.3.
T = e (23.7)

If £,, depends only on tensor matter fields expressed in terms of the coordinate indices and it
depends on neither derivatives of the metric tensor nor derivatives of the tetrad then the tetrad
enters £,, only through the metric tensor, in a combination g = n“bege{). Thus

del, = geaj(Sg”. (2.3.8)
Substituting (2.3.8) to (2.3.5) gives
1 .
(5Sm = % /Tiﬂg”dﬂ, (239)
where
Tij = eajii“. (2.3.10)

The tensor ¥;; is generally not symmetric. Comparing (2.3.9) with (2.3.1) gives the relation be-
tween the tetrad dynamical energy-momentum density and the metric dynamical energy-momentum
density for tensor matter fields:

Ty = Ty (2.3.11)

2.3.3 Canonical energy-momentum density

If we express the matter Lagrangian density £,,, depending on matter fields ¢ and their first deriva-
tives ¢ ;, only in terms of Lorentz and spinor indices, then the tetrad appears in £,, only through a
derivative of ¢, in a covariant combination e, ¢);. Since £,,, = eL, where L is a scalar, we obtain

; oL ; , oL .
0Lm = edL — eef Lie, = e——¢0e, — Lefde, = - i—ﬂm§152
e eej Loey, 68¢|a¢‘ eg, ejdey, (5¢|a o] e ) e
0Lm o) o
= (Waa(bli - Smei)(sea. (2.3.12)
The last term in (2.3.12),
0L
0" = b — i Lm 2.3.13

(3 6@57(1‘ (ZS‘Z ez S 9 ( )

is referred to as the canonical energy-momentum density. Accordingly

. 0L, .
0, = 5. Bj — 0iLm. (2.3.14)

Comparing (2.3.12) with (2.3.6) shows that the canonical energy-momentum density is identical with
the dynamical tetrad energy-momentum density:

0," =%, (2.3.15)
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2.3.4 Spin density

The variation of the matter action S, with respect to the spin connection,

1 .
88m = o7 / G ow,dQ, (2.3.16)
defines the dynamical spin density GGbi:
i 0Lm
Gab == ZW, (2317)
which is antisymmetric in the Lorentz indices:
G = —6,," (2.3.18)

{}ab

In the metric variational formulation of gravity, the variations 5w“bi = dw", are functions of

the variations de! and their derivatives, so the spin density is a function of the energy-momentum
density. In the metric-affine variational formulation of gravity, the variations dw?; are independent
of de?, and their derivatives. The relation (1.5.29) indicates that the spin density is generated by the

contortion tensor:
0L

6, =220 2.3.19
S = (23.19)
Accordingly, the variation of £,, with respect to the torsion tensor,
; 0L
Jk m
)t =2__" (2.3.20)
05"y,
is a homogeneous linear function of the spin connection because of (1.4.29):
61:7” 6!:W1 é)(jlnmn Lsmsn m sn sl n sm sl
Tijk = 25Sijk - 25Olmn 9Siik Sumn (930 %) + 01" 030 + 07075 0y )
=Gijk — Sjki + Skij, (2.3.21)
Sijk = Tijlks (2.3.22)
antisymmetric in the last two indices:
Tijk = —Tikj- (2.3.23)

The variation of £,, with respect to the metric-compatible affine connection in the metric-affine
variational formulation of gravity is equivalent to the variation with respect to the torsion (or con-
tortion) tensor. The spin connection wabi enters £,, only through derivatives of ¢, in a combination
—%Fi(b, where T'; is the covariant derivative acting on ¢:

1
I, = —§wabiG“b. (2.3.24)

Consequently, the dynamical spin density GGbi is identical with

- aé:nl
99,

referred to as the canonical spin density. Spin tensor is defined as

A
Zab

Gab, (2.3.25)

sy = Didk
RV

(2.3.26)
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2.3.5 Belinfante-Rosenfeld relation

The total variation of the matter action with respect to geometrical variables is either

5S,, = 1 dQT .%et + i dOS t5web. (2.3.27)
- i a %2 ab i
or
1 . ik 5 i
08y = o [ dQTidg™ + o [ dr; 657, (2.3.28)

Equation (1.5.25) gives
1
2

=3 / dQ (lelé(eflelb)w“bi + 7, 0w, + (TjZkeflée?)k - (Tj’kefllkée? + TjZkeﬁkée@

o 1 . , , ,
/dQTj 1k653ik =3 /dQTjZk (6(e£eibwabk) + def el + ef,kéefl)

1 " _ . _ _ - .
b l b b k Im b
3 dQ (Tj w@endel + 7, w el den + Ty 0wy — (1, el) kef + 7 mel,mée{)>

1

& 1
+z / dSir; *eldef = =

2

lk, cb i j il b _j is ab
5 /dQ(ij wpeecerdef + 7wy epded + 74, 0w

ik ik i b ikys.a Im b i js.a
—(r, |k—Sjk.Ta — 28,7, + w1, ") o€ -7 el mepenoe;

1 _ o y
=3 / dQ (Tab’(Swabi -T; “C;kefl(Sef + 2SjT(L”5€?), (2.3.29)
so comparing of (2.3.27) with (2.3.28) leads to
ags i 1 ig .ab 1 ik 1 ig .ab ik _jc a
dQT ey, + 3 dQG " 6w = 3 dQTik0g"™ + 3 dQ) (Tab ow® — 7, peg o€
g 1 , 1 , _
—|—25j7'a”66§1) = /dQ'ﬁkekaéefl—F §/dQTab’5wabi+ i/dQTi]k;kegéefl
- / QST edebsel . (2.3.30)
The terms with dw?®, give (2.3.22), while the terms with e, give

1 . .
T, = Tiet + QTijk;ke‘; - ST, (2.3.31)

or
1 . . , , , .
Tir = Tik — §Vj(6ikj - 6kji + Gjik) + Sj(Gikj - Gk:ji + 6]2‘1@)' (2.3.32)
Equation (2.3.32) is referred to as the Belinfante-Rosenfeld relation between the dynamical metric
and dynamical tetrad (canonical) energy-momentum densites. In the absence of torsion, (2.3.32) is
consistent with (2.3.11). The Belinfante-Rosenfeld relation can be written as

Tie = 5 Vi(su = si +57), (2.3.33)

Tip = ——=
SN o Vi

where

Vi=V,—-25; (2.3.34)

is the modified covariant derivative.
References: [2, 3, 4, 6, 8]
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2.4 Symmetries and conservation laws
2.4.1 Noether theorem

We consider a physical system in the galilean frame of reference, described by the Lagrangian density
£ that depends on matter fields ¢4, their first derivatives ¢ ;, and the coordinates z*. The change
of the Lagrangian density 6£ under an infinitesimal coordinate transformation (1.2.55) is thus

Y 0L 0L

08 =—9¢ i 4

= 96271 99,000 T

where the changes d¢ and §(¢ ;) are brought by the transformation (1.2.55) and d denotes partial

differentiation with respect to z* at constant ¢ and ¢ ;. The variation §€ under this transformation
is also given by (1.2.64):

¢, (2.4.1)

se=¢" L. (2.4.2)
Using the Lagrange equations (2.1.7) and the identities
5,9 0L
;= i 2.4.
Ci=g5+ ¢¢ +a¢ b ji» (2.4.3)
8(¢4) = (0)i =€ 1.5, (2.4.4)
we bring (2.4.1) to
—giq . I
6£—5£,Z+(8¢Z(6¢> g6,)) . (2.4.5)
Combining (2.4.2) and (2.4.5) gives the conservation law,
J,=0, (2.4.6)
for the current
gt oo, =Eet o= S ap -6 (247)
00 99, 99, o

Equations (2.4.6) and (2.4.7) represent the Noether theorem, which states that to each continuous
symmetry of a Lagrangian density there corresponds a conservation law. Generalizing (2.4.6) to an
arbitrary coordinate frame gives

3,=0. (2.4.8)

2.4.2 Conservation of spin

The Lorentz group is the group of tetrad rotations. Since a physical matter Lagrangian density
L (®, ¢;) is invariant under local, proper Lorentz transformations, it is invariant under tetrad
rotations:

0L, 0L,
=56 % B

where the changes 0 correspond to a tetrad rotation. Under integration of (2.4.9) over spacetime,
the first two terms vanish because of the Lagrange equations for ¢ (2.1.7):

. 1 .
§(p) + T, del, + §6ab15w“”i =0, (2.4.9)

[ (06t + 50150 )t = (2.4.10)

For an infinitesimal Lorentz transformation (1.6.7), the tetrad el changes by

Sef =& —ef = A%el —ef = ¢, (2.4.11)

K3 19

and the tetrad e’, because of the identity d(efe’) = 0, according to
sel = —¢' . (2.4.12)



The spin connection changes by

J G J 3t ¢

dw, = 5(e?wjbi) =t — et = W — efe | + € Wb, = —e“b“. (2.4.13)

Substituting (2.4.12) and (2.4.13) to (2.4.10), together with partial integration (1.2.34), gives

7/(1;162 + Gsze“b )d4:£ = *\/(‘Zij(?ij + %Gijkeij‘k)d‘lx
=/<—3m1 $16,;" + 6” b )elde. (2.4.14)

Since the infinitesimal Lorentz rotation ¥ is arbitrary, we obtain the covariant conservation law for
the spin density:

k E

Gij &= T — %+ ZSkGij (2.4.15)

or

PR ST 2.4.1

kSij *\/7_—9( i — Tji)- (2.4.16)
The conservation law for the spin density (2.4.16) also results from antisymmetrizing the Belinfante-
Rosenfeld relation (2.3.33) with respect to the indices i, k. If we use the metric-compatible affine

ab

connection I‘Z i which is invariant under tetrad rotations, instead of the spin connection w®; as a

variable in £,, then we must replace the term with éw®; in (2.4.9) by a term with 5(el, ;).
2.4.3 Conservation of metric energy-momentum

We consider the metric variational formulation of gravity. Under an infinitesimal coordinate trans-
formation (1.2.55), the matter Lagrangian density £,,(¢, ¢ ;) changes according to

oL oL AL .. 0L 4
0L, = —285h + —15(h ™ 5 gtk T 5(g™ ). 2.4.17
£ ¢+ 6. (¢,0) + g g +6g“il (9" 1) ( )

d¢

The matter action S, = % [ L (¢, ¢,:)dSYis a scalar, so it does not change under this transformation:

. oL, oL, OLm o O%m o 0 -
88, = /( 96 8¢+ 96, 5(p,i) + s 59" + 8gik7l5(g J))on. (2.4.18)

The first two terms in (2.4.18) vanish because of the Lagrange equations for ¢ (2.1.7), so

1 [(080 . 0%\ i 3L - i 1 y
_ 1 m_ g, Om ) s kg0 = — [ T;;697d2 = 0. 41
08 = - / ( o~ O ag“{l)é a0 = [ sopbeta = o / TijdgPdQ=0.  (2.4.19)

If the components of the metric tensor change because of an infinitesimal coordinate transformation
(1.2.55) then the corresponding variation of the metric tensor is given by (1.4.41):

89 = 0gij = —2(ij), (2.4.20)

SO
5 L[ i L[ i L[ i
§Sm = 5Sm = —% T 591‘de = —E T S(Zj)dQ = —E T §”dQ
=Ygy an -+t [T a0= 1 [(Tie) a0+t [T g0
- i):7 ¢ g5 c Y c g5t
1 . 1 .
= /T”fidsj + /f{jfidﬁ =0. (2.4.21)
If the variation of the coordinates ¢! vanishes on the boundary of the region of integration then

/f{jfidQ =0, (2.4.22)
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which, for arbitrary variations ¢! gives the covariant conservation of the metric energy-momentum
density (4 equations): -
TY. =0. (2.4.23)

Equivalently N
TV . =0. (2.4.24)

Note that vanishing of [ 7T%dg;;dS) in (2.4.21) does not imply 7% = 0, because 10 variations dg;;
are functions of 4 variations £ and thus not independent.
2.4.4 Conservation of tetrad energy-momentum

The matter Lagrangian density £,, is invariant under infinitesimal translations of the coordinate
system (1.2.55). The corresponding changes of the tetrad and spin connection are given by Lie
derivatives

del, = —Leef, = €' el — ey, (2.4.25)

S, = —Lew®, = —¢0 W, — ot (2.4.26)
Equation (2.4.10) becomes now

/(‘Sﬂgefl - %Gabigwabi)d‘*x =0. (2.4.27)

Substituting (2.4.25) and (2.4.26) into (2.4.27) gives
aci ag¢j i 1 i¢J  ,ab 1 i¢j, ab 4
((Sz‘ f,jea -%, €a,j — ieab § PN B §Gab §w i,j)d T

a,t

: . 1 : 1 . ,
= /(—fsi{j - %%+ 5(6@”&1“2)4 - §6ab]w“bj7i)§ld4x =0. (2.4.28)

This equation holds for an arbitrary vector £, so we obtain
Sy i+ By (W — ) =287 2T e
= (8, = 25k8 4" + 6,/ Wy + B why )W — 257 ;- 2T %,
+6,, (—R™;; + v w?; —w,;w?) =0, (2.4.29)
which reduces to
(8,47 = 25k6,,F )™ — R™,;6,,) — 2T, +48,%7 — 2% 0’ + 457", T
= (6, — 256, ", - R¥, 6,7 — 2T/, + 45T — 2T ;50"
+457F %, = 0. (2.4.30)
The conservation law for the spin density (2.4.15) brings (2.4.30) to the covariant conservation law
for the energy-momentum density:

. ) ) 1 .
T =287 +28, T + §6kl]R“ﬁ (2.4.31)

or
| .y 1 ;)
TV, =T+ iﬁwR’“lﬂ. (2.4.32)
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2.4.5 Conservation laws for Lorentz group

We consider a matter Lagrangian £,, for a physical system in the galilean and geodesic frame
of reference, that depends on the coordinates only through a field ¢ and its first derivatives ¢ ;.

Therefore
0Ly = %m az ) ( ng:)"b + 855’" 6.5 = 0; ( 8“;] s ) (2.4.33)
where we use the Lagrange equations (2.1.7), from which we obtain the conservation law,
aij,j =0, (2.4.34)
v g — IEm Yhi— 0L, (2.4.35)
i 96,

The conservation law (2.4.34) is a special case of (2.4.31) in the absence of torsion and spin, expressed
in the Galilean and geodesic frame. The quantity (2.4.35) is a special case of the canonical energy-
momentum density (2.3.14) in the absence of torsion and spin, expressed in the galilean and geodesic
frame.
If 2 are Cartesian coordinates then for translations, £ = ¢’ =const and §¢ = 0, the current
(2.4.7) is
J =L, - ggb Z ;. (2.4.36)

The conservation law (2.4.6) gives o
9!, =0, (2.4.37)
which gives (2.4.34) because €' are arbitrary. For Lorentz rotations, £ = €’;a7 and ¢ = 16,;GY o,

where G are the generators of the Lorentz group, the current (2.4.7) is

105,
209,

62m
00,

The conservation law (2.4.6) gives

1 0L,
( G —ei* zk]¢;> = ¢kt (Ik b1 — k0] S + =

90, le¢) (2.4.38)

I =€z L+

oL ; 108%,
Kl j

0Ty Lm =G 2.4.39
<3¢ [Tk — O Th)om T 5 206, kl¢> ( )
which, because €* are arbitrary, gives 4

My =0, (2.4.40)
where
6‘£

5%

The quantity smkli is referred to as the angular momentum density, and is the sum,

M’ = A" + 230 (2.4.42)
of two densities: the orbital angular momentum density,

Ayt = b, — 20,7, (2.4.43)

and the canonical spin density (2.3.25).
The conservation law (2.4.40) for the angular momentum density is equivalent to

Orr — O — Ekliﬂv =0, (2.4.44)
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which is a special case of the conservation law for the spin density (2.4.15) in the absence of torsion,
expressed in the galilean and geodesic frame. The canonical energy-momentum density ;5 is not
symmetric. However, the quantity

1 . ) )
ik, = Ouip, — 5@-(2,»,5 -5+, (2.4.45)

is symmetric, which follows from (2.4.44), and conserved:

Tik = Tki, (2.4.46)
7' =0. (2.4.47)

The symmetric energy-momentum density 7;; corresponds to the metric dynamical energy-momentum
density (2.3.3), expressed in the galilean and geodesic frame. Equation (2.4.45) is a special case of
the Belinfante-Rosenfeld relation (2.3.32) in the absence of torsion, expressed in the Galilean and
geodesic frame. The second term on the right-hand side of (2.4.45) has the form 5}-@/}“” , where
ki = —4piik - Adding such term to 6% preserves the conservation law (2.4.34) and brings 67 to a
symmetric form.

2.4.6 Components of energy-momentum tensor

Integrating the conservation law (2.4.34), valid in the galilean and geodesic frame of reference, over
a hypersurface enclosing matter represented by 7% and using the GauB-Stokes theorem gives

f{ 7*kdS), =0, (2.4.48)
which gives the conservation of the four-momentum vector
. 1 .
Pi==C / 7*dS;, = const. (2.4.49)
c

Choosing the volume hypersurface dV = dSy gives
. 1 .
Pi=Z / 704V, (2.4.50)
c

so the components %Tio form the four-momentum density. The component 7%°, referred to as the
energy density,

0L
W=7r"=¢p="" -8, (2.4.51)
o
integrated over the volume gives the time component of the four-momentum, the energy
. 0L
E =cPy, cP’ = /TOOdV =¢— — L, (2.4.52)
¢
where
L= /Sde (2.4.53)
is the Lagrange function or Lagrangian. Hereinafter, a dot above any quantity ¢ denotes the partial
derivative of ¢ with respect to time, ¢ = %, and two dots above ¢ denote the second derivative of

¢ with respect to time, gb = ‘57‘5. Consequently, the action of a physical system is the time integral
of the Lagrangian,

S = / Ldt. (2.4.54)

The components %TO‘O, referred to as the momentum density, integrated over the volume give the

spatial components of the four-momentum, the momentum vector

1
P: PY=— / 704V (2.4.55)
C
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Adding a total divergence 9;9%* to 7% does not alter the definition of the four-momentum vector
(2.4.49).
The symmetry of 7°% can be written as

Ay (i — gkrity =, (2.4.56)

which upon the integration over a hypersurface enclosing matter represented by 7%* and using the
Gauf3-Stokes theorem gives

%(wlﬁ'kl —z*rhds; =0, (2.4.57)
which gives the conservation of the angular momentum tensor
M = /(mide —zkdP’) = %/(ﬂ#kl — zF71)dS) = const. (2.4.58)
Choosing the volume hypersurface dV = dSj gives
M* = % / (i7" — 2F 70V (2.4.59)
The conservation of M°%,
M0 = i( / 70V — 20 / T“OdV> = % / 704V — ctP* = const, (2.4.60)

divided by the conservation of P° (2.4.50), P = const, gives

X% =Vt + const, (2.4.61)
where pa
Ve = CI?O (2.4.62)
and I 00417
T
XV = 2.4.63
fTOOdV ( )

The relation (2.4.61) describes a uniform motion of the center of inertia, whose coordinates are X,
with velocity V. The coordinates of the center of inertia (2.4.63) are not the spatial components
of a four-dimensional vector.

The conservation law (2.4.34) can be written as

1979 9§70«

-z =0 2.4.64
c ot e (2.4.64)
19720 9rob
-———+ —=—==0. 2.4.65
¢ ot " oup (2.4.65)
Integrating these equations over the volume hypersurface and using the Gauf-Stokes theorem gives
0
5 / 700V = —¢ 7{ 9., (2.4.66)
0] 1 .0
— [ =70V = — ¢ P4 2.4.67
at | ¢ v _7{ 7" dfs, ( )
where
dfo = dfgy, (2.4.68)

is the spatial surface element (1.1.30). The integral of a three-dimensional vector V' over the two-
dimensional surface element df,, fVO‘dfa, is referred to as the fluz of this vector. Therefore the
components

S = cr0@ (2.4.69)
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of the energy current S form, upon integrating over df,, the energy flur. The components 7%
represent the momentum current and give, upon integrating over df,, the momentum flux. The
stress tensor is defined as

Oaf = —TagB- (2.4.70)

The components of the energy-momentum tensor form the matrix
s

v _ [ W P

T ( s e

We define the spatial surface force vector,

) . (2.4.71)

Fo = ]{ P dfs. (2.4.72)

The relations (2.4.55), (2.4.67), (2.4.70) and (2.4.72) equal the time derivative of the momentum P
to the surface force F'¢,

P = F*. (2.4.73)

In an arbitrary frame of reference, the metric dynamical energy-momentum density 7;; describing
isotropic spinless matter (without a preferred direction in its rest frame) can be decomposed into
the part proportional to w;ug, as in a system of particles (2.4.194), the part proportional to the
projection tensor,

hik = Gik — U;UL, (2474)

which is orthogonal to u?,
hiu® =0, (2.4.75)

and parts containing covariant derivatives of u’. The projection tensor satisfies
hih® = hr. (2.4.76)
We assume that 7;; does not depend on derivatives of u’. Therefore
Tir, = eujuy, — phix = (€ + p)usur — pgir, (2.4.77)

where a scalar € is equal to the energy density W in the locally Galilean rest frame and a scalar p is
the pressure. In this frame T = diag(e, p, p, p) and the stress tensor Oap = —Pdag, 50 (2.4.72) gives

Fe = —p?{dfo‘ = —py{nadf, (2.4.78)
which states that the force per unit surface df acting on a surface is parallel, with the opposite sign,
to the outward normal vector of this surface n®, d(lj—f = —pn®, and which is referred to as Pascal’s
law. The scalars € and p can also be written as

e = Tyu'u, (2.4.79)
1 )
p=—3Twh™. (2.4.80)

Matter described by the tensor (2.4.77) represents an ideal fluid. The relation (2.4.77) can be written
as

T = (cmi + pui)ur, — pgin, (2.4.81)
where 1
M = ~Tyu® = Su, (2.4.82)
c c

is equal to the four-momentum density in the locally Galilean rest frame (cf. (2.4.50)):

mi = - T, (2.4.83)
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We also have

b= -, 2.4.84
U p ( )

The relation between € and p is referred to as the equation of state.
In the Galilean frame of reference, combining (1.6.116), (2.4.71) and (2.4.77) gives

€+ pv?/c?
=" 7 2.4.
W= e (2.4.85)
(e+pv
S 2.4.
Ty (2.4.86)
(e + p)vavg
Cap = —5 5 — POag. (2.4.87)
The relation (2.4.77) gives _
T=T,=c—3p. (2.4.88)

The component Tpg = eud + p(ud — goo) is, using ug = M:%M, (1.4.97) and (1.4.98), equal to

AN
Too = €u(2) -+ Pgoo <d$) s (2489)

so it is positive under physical conditions € > 0, p > 0 and goo > 0. If T;; depends also on derivatives
of u® then matter described by the tensor (2.4.77) with the corresponding additional terms represents
a viscous fluid.

In an arbitrary frame of reference, the tetrad dynamical energy-momentum density %;; describing
isotropic matter with spin cannot be decomposed, because of its asymmetry, as in (2.4.77). However,
it can be decomposed as in (2.4.81):

Tik = —9<(Cpi + pui)uk — pgik)7 (2.4.90)
where
1
QYo"
is the corresponding four-momentum density in the locally Galilean rest frame. The conservation
law for the spin density (2.4.16) gives

pi = Tpul (2.4.91)

c(piuj — pjui) = stzjk- (2.4.92)
Defining 4
€ = cp;u’ (2.4.93)
and multiplying (2.4.92) by u’ gives
€ ]. * ki
Pi = Ui + Evksij u’. (2.4.94)
Thus we obtain
fij = v/ 7g(€uiu]‘ 7phij + V}’;silkuluj), (2495)

which, using the Belinfante-Rosenfeld relation (2.3.33), gives the metric dynamical energy-momentum
tensor for isotropic matter with spin:

* 1 * k
T;; = euwju; — phij + Visy ulu; — ivk(sij + 25k(ij)). (2.4.96)
Substituting (2.4.94) into (2.4.92) gives the dynamical equation for the spin tensor:

V,ﬁsijk — VisyFuluj + VZsﬂkului =0. (2.4.97)
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If s;j5 = 0 then (2.4.94) gives p; o u;. Multiplying (2.4.97) by u’ gives the identity, so any 3
components of (2.4.97) are linear combinations of the other components. Thus we can impose 3
constraints on sijk.

The spin density &;;;, describing isotropic matter with spin can be decomposed as (cf. (2.4.180))

Sijk = vV —9Sijuk, (2.4.98)

where
1

Sij = —/—
v
The 3 constraints on s;j, which are now the 3 constraints on s;;, can be taken as sijuj =0 (cf.

(2.4.182)). Substituting (2.4.90) and (2.4.98) into the conservation law for the energy-momentum
density (2.4.32) gives

Gyjput. (2.4.99)

(ep'u?).; + (pu'e! —pg”).; = Cix epluF + §skluijlﬂ. (2.4.100)

If p = 0 then integrating (2.4.100) over the volume gives

cD{} pi i ik L klji
ds = jk CPJU/ + §Sklu_]R J 5 (2.4101)
where
Pt :‘/p"d‘/7 St :/sijdV (24102)

2.4.7 Mass and Papapetrou equations of motion

We consider matter which is distributed over a small region in space and consists of points with the
coordinates z¢, forming an extended body whose motion is represented by a world tube in spacetime.
The motion of the body as a whole is represented by an arbitrary timelike world line ~ inside the
world tube, which consists of points with the coordinates X*(7), where 7 is the proper time on 7.

We define )
dX?

St =2t — X', 62 =0, u' = I (2.4.103)
Also define the following integrals:
M* =0 / Tkqv, (2.4.104)
Mk = 40 / Sz TRV, (2.4.105)
Nk = uO/Gijde, (2.4.106)
J = / (02T — 52rT0 + &)V = %(M’“'O — MO L N0 (2.4.107)

The quantity J* is equal to [(62'T* — 62T + G'*1)dS, taken for the volume hypersurface, so it
is a tensor, which we call the total spin tensor. The quantity N*/* is also a tensor. The relation
520 = 0 gives

MYk = 0. (2.4.108)

We assume that the dimensions of the body are small, so integrals with two or more factors dxz
multiplying /% and integrals with one or more factors d2° multiplying &/*' can be neglected.
The conservation law for the tetrad energy-momentum density (2.4.32) is

1 o
~R, /6" =0. (2.4.109)

Sji@ + {Z]k}:zzk _ Cikj‘zik o 5

63



Integrating (2.4.109) over the volume hypersurface and using Gauf-Stokes theorem to eliminate
surface integrals gives

/ T (dV + / {7 )E*dv — / C,Tkav — 5 / R,/ G™*adv = 0. (2.4.110)

Expanding
I3 (0 (0
R N S W (2.4.111)

where the superscripts 0 denote the values at X*, and substituting these expressions into (2.4.110)
gives (omitting the superscripts)

</TJOdV) . +{Z]k}/rzzkd‘/+ {i]}c},z/&clTidefCikj/Tide
_Cz'kj,l /&Elsikdv - %/Rikljgikldv =0 (2.4.112)
or, using the definitions (2.4.104), (2.4.105) and (2.4.106),

1

jo . . . ) . ) . . .
F (5 ) + M (410 = 0 M 1 €y M - RN <o, (24113)

ds \ u
The conservation law (2.4.109) gives
('g9%) ; = T — 2735 12l I T 4 ileikaGl’“m, (2.4.114)
(xlszzji)vi — il + plgim _ lem{ij}c}sik + zlxmcikj(sik
1 o
+§xlmeikn76”m. (2.4.115)

Integrating (2.4.114) over the volume hypersurface and using Gauf-Stokes theorem to eliminate
surface integrals gives

/ (2'F90) gdV = / Tilqy — / o' { I 3THRAV + / 2'C TRV + 3 / 'R, TGPV, (2.4.116)

Substituting (2.4.103) into (2.4.116) gives

ul

fo/ffodvjuxl/fzfo Odv+/(5a:lij°),odv = /ledV—Xl/{ij}c}T'de
" :
- / sl {2 1%*av + X' / C, kv + / szl Cy TRav
+%Xl / R, &*mqy, (2.4.117)
which reduces, due to (2.4.110), to
ul . . . . i i
= / v + ( / (&gl‘zﬂodv)ﬂ: / Tlqy — / sl { ]y TRy + / 52'CL TRV, (2.4.118)

Substituting (2.4.111) into (2.4.118), omitting the superscripts and using the definitions (2.4.104),
(2.4.105) and (2.4.106), turns (2.4.118) into

ULMJO d (Mljo

- = M7 4 LIAplR o T ik, 2.4.119
’LLO dS ’lLO ik 1k

Putting ! = 0 in (2.4.119) gives the identity because of (2.4.108).
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Integrating (2.4.115) over the volume hypersurface and using Gauf-Stokes theorem to eliminate
surface integrals gives

/ (z'2™mFI0) 4dV = / 2TV + / ' TV — / alam{J TRy
+ / ala™ O I TRV + % / ala™R,, TGV (2.4.120)
Substituting (2.4.103) into (2.4.116) gives
0 ul . ut . u™ .
Xle/‘ZJ odV + —OXm/‘IJOdV+ —0/5wmfjodV+ —OXl/TJOdV
’ u (A (A

+ / 52! TI0qV + X! / a0 AV 4 X™ / 52T v

y , ,
= —x!'xm ( / {7 TV — / C? TRV — 3 / RikﬂG’“dV)
+x'( / TImqy — / s {J TRV + / 627 C,\ AV )
+xm( / Ty — / el {J TRV + / 62'C,, TV )
+ / Sz TV 4 / sx'gImqy, (2.4.121)

which reduces, due to (2.4.110) and (2.4.118), to

= / 52TV + L / 52! 0V = / sz TV + / 5z T AV (2.4.122)
u u
or
ul . um ) ) .
70M7n10 + TMMO _ Mmzl + Mltm. (24123)
u u

The expressions analogous to (2.4.114) and (2.4.115) with higher multiples of # do not introduce
new relations.
The conservation law for the angular momentum density (2.4.15) is

GiijC — T, &M% 4 T eh — gl (2.4.124)

Integrating (2.4.124) over the volume hypersurface and using Gauf-Stokes theorem to eliminate
surface integrals gives

/ &7 ydv — / .6y + / T &"ay —2 / glilgy = 0. (2.4.125)
Substituting (2.4.111) into (2.4.125), omitting the superscripts and using the definitions (2.4.104)
and (2.4.106), turns (2.4.125) into
d <Nij0

’ > T N TN g plid] = g, (2.4.126)
u

ds
The conservation law (2.4.124) gives
(#'&1F) ), = &Y 4 2T & — 2T, &R 4 22!, (2.4.127)

Integrating (2.4.127) over the volume hypersurface and using Gauf-Stokes theorem to eliminate
surface integrals gives

/(xZGijO)’OdV: /Giﬂdv+/xlrnﬁksjmw—/xlr,j;kGimdeJrz/xls“ﬂdV (2.4.128)
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Substituting (2.4.103) into (2.4.128) gives

%/Gwodv+xl/6”° 0dV = /G”IdV+Xl</F,;k6jmde — /FjlkG“”de
u

+2 / glislqy +2 / szl qy, (2.4.129)
which reduces, due to (2.4.125),
% / GI0JY = / GGV + 2 / szl gy (2.4.130)
or
Al — L i ) (2.4.131)
2\ uo

Putting { = 0 in (2.4.131) gives the identity because of (2.4.108). The expressions analogous to
(2.4.127) with higher multiples of #* do not introduce new relations.

Taking the cyclic permutations of the indices 4,1, m in (2.4.123), adding the first and second of
these relations, and subtracting the third, gives

l [ m
%M[mi]o + U—OM[ml]O + UTM(li)O — ppllim] o ppilim) 4 g pmiD) (2.4.132)
u u u
Substituting (2.4.107) and (2.4.131) into (2.4.132) gives

MM = g6 gm %OM(”)O + NmED, (2.4.133)

Putting m = 0 in (2.4.133), substituting it into (2.4.133) and using (2.4.108) gives

MM = G ghm %(u(iﬂ)o + N0y 4 N, (2.4.134)
u
Combining (2.4.131) and (2.4.134) gives
. . m . . . 1 mo .
Mm’Ll — u(ZJl)m _ QZT(U(ZJZ)O + NO(zl)) + Nm,(zl) _ 5 (’ZLON’LIO _ Nﬂm). (24135)
Therefore . ‘ ‘
MORIO — (4,0 R0 4 NOGK)Y, (2.4.136)
Combining the antisymmetric part of (2.4.119) and (2.4.126) gives
4l 1j u! 30 w J gy A glik I N7 pdik
MP = M7 =M = 5 M7 = ({73} = G )M + (i} = G )M
d Mle Mle
. 2.4.137
ds ( u? ) ( )

Using (2.4.107), (2.4.131) and (2.4.134) brings (2.4.137) to

ul

) ) . . J . . ) Lo )
_Fijklek T NI = EMgo _ %MZO _ {i]k}(uzjkl 4 Nk _ %(UZJko n NOlk))

1 ol ) o . Jo )
_§Cikj (%Nsz o Nzk:l) + {ilk}(UZka + N]zk: . %(uleco + NOzk))

1 i o d .
+5Cu’ (U—ON’kO - N””) + Y, (2.4.138)
u s
which, using [?T{S}JU = LJU 4RI+ wF{J }JU, turns into

JY = |: MlO 0{1 }(uiJkO+N0ik)—%

D

i )
= C,! (%N”“LN””) +Cl,;kNﬂ’“} - [l & j] (2.4.139)
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or, using the four-momentum

1
Pl==C / T4V, (2.4.140)
C
into
pU ‘ j ‘ o i . y
——JY = cuﬂPl+%{jk}(uzJ’“0+N0““)—§q. I(ZONWO—N““Q—FCZMNJ”“} - {z o j] (2.4.141)
Therefore
DU g 1 i i 1 L i ikj i
;= P+ {0+ N0 - l<@N RO ’Wuj) + Ol Ntk
vy i i 1 (u! i i
—culu; P7 — —uoj {23 (Wt TR0 4 NO#) 4 §Cik] (@N kO _ N kl)uj
~C7 Ny, (2.4.142)

which gives with (2.4.141)

D gl ; D gii i D gli

_ ClikN]zk + §CiklNij _ CjikNle

ds ds
1 . , : 1 . : 1 ,
_icikJlel _ ujum (OlikNmzk 4 5Cviklj\/'zkm _ Omiklek _ §CikmN1kl)
g (CF N o 2Cy I NPT — O N — 2 Cy N )
= 28,87 ) — wugdly + ulug, o) (C”iklek + 5c*ik”_zw’“m). (2.4.143)

This equation for J;;, except for the terms with N“*  resembles (2.4.97) for V?;sijk.
Multiplying (2.4.143) by u,; gives the identity, so only 3 equations in (2.4.143) are independent.
Thus 3 components of J* are arbitrary and we can impose 3 constraints on J**. A simple and

natural choice is 4
JFu, =0, (2.4.144)

which means that in the local rest frame J*° = 0, so the three independent components of J**
are the spatial J*?. Analogously to the Pauli-Lubaiiski pseudovector (1.6.71), define the four-spin
pseudovector

) 1 ..
Jt = §e”klujjkl, (2.4.145)

which is orthogonal to u?, .
Jiu; = 0. (2.4.146)

The condition (2.4.144) gives the relation inverse to (2.4.145):
TR = —eMily, g, (2.4.147)

Differentiating (2.4.145) covariantly with respect to {jik} and using (2.4.143) gives

D gt 1 ..., DUy . 1
dSJ _ _iez_ﬂfl dsuj eklmnumjn + eljkluj(;{jzéfn] (CmpTNmpr + 5Cvprnj\/'pr'm>
D{uF i 1
S ds“ Jr+ed u; (C”pTNmpT + 5CW"J\ZP”")
DUyt DUy 5 1
= ds” T + ds“ uF T+ el (C"per”T + ECPT”NPT’”). (2.4.148)

Thus the covariant (with respect to the Levi-Civita connection) change of the spin pseudovector
along the world line v is the sum of the corresponding Fermi-Walker transport (with respect to the
Levi-Civita connection) and a term which depends on the torsion and spin density.
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In (2.4.142), the four-momentum P' depends on terms proportional to the four-velocity u' and

terms in which the index [ appears in other quantities. We define the mass of the system described
. 1
by the energy-momentum density T as the coefficient m of u! in the expansion for %,

l

— = mu! + terms not proportional tou!, (2.4.149)
c
50 U U U, U
j i\ (i TKO 0ik j ATikO j
m = ?JPJ + ﬁ{iﬂk}(u JHO 4 NUEY QCzjuoCiij = ?]HJ, (2.4.150)
where 1 1
i — pJ J i 7kO 0ik J A7ikO
IV = P7 + ﬁ{ik}(u JW 4+ NO) — 300 Cir’ N (2.4.151)

is the modified four-momentum. Substituting (2.4.150) and (2.4.151) into (2.4.142) gives

Dt . 3 1 o . ) 1 o
=y = el — et + (cgkNﬂ’“ + 5ci,JN“W) _ (CjikN“’“ + 5Ci,ﬂ\f““), (2.4.152)

so ! — meu! = Hj(éé- — uluy) is a vector. Thus the modified four-momentum II* is a vector and the

mass m is a scalar. Substituting (2.4.151) into (2.4.141) gives the Papapetrou equation of motion
for the spin:

Dt . ) . y 1 o . ) 1 o
e JYU = T — cul TV + CY) NI iCiklN”“ — 7, N — icikJlel~ (2.4.153)
s

Putting (2.4.119), (2.4.126), (2.4.131), (2.4.134), (2.4.136) and (2.4.151) into (2.4.113) gives

dy 1 ik Lo i ' g

ds (CHJ - E{/k}(ulJ’“O + NO#F) 4 2 Cz’ijmO) + {ik (CHZ a E{ﬂm}(uumo
) - _ i i . . d [ Mk

a5 Con! N™) = () (i} = CunI0™ = (25 (5 )

2u0 u0

10

+NOmy 4

l 1k0
Ny G gk _ U, 7RO L ATO(ik) Nl(ik)) Ll AN
{’Lk?}al (U J 10 (u J + ) + 2Czk ds w0

1 ; , . 1 , Lo . 1
_icik](_FlZmehn 4 Fllz:nNzlm) _ §Cik],l (Z()Nzko _ Nzkl) _ §R1liNikl

DU o ) ) .
=c ph _ {i]k}{llm}(ul‘]mk + Nklm) _ {i]k},m(ulem + Nmtk)
1 . ) o 1 ) , 1 ...
+5 {5 Com N 4 G Ty N 4 26 N — S REI Ny = 0. (2.4.154)

Using (1.4.51) turns (2.4.154) into the Papapetrou equation of motion for the momentum:

DU _ _in,
ds 2¢~ mk

) 1 el
uszk? _ %Niklczkld' (24155)

If the spin density vanishes then the Einstein-Cartan gravitational field equations reduce to the
Einstein-Hilbert gravitational field equations. The conservation law for the spin density (2.4.15)
with the condition &% = 0 gives the symmetry of the energy-momentum density, T = T, The
relations (2.4.104), (2.4.105), (2.4.106) and (2.4.107) give then

M* = Mk (2.4.156)

Mk = ppiks (2.4.157)

Nk — (2.4.158)

J* =Lt = / (02'TH — 625 T0)dV = — (—M™0 + M*0), (2.4.159)
u
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where L% is the angular momentum tensor, analogous to (2.4.58). The modified four-momentum
(2.4.151) reduces to

. . 1 ] ]
IV = P —{J 'L (2.4.160)
U
and (2.4.152) gives
D{}le
I = meu! + P (2.4.161)

The relation (2.4.148) reduces to

D i DU E Dyt
= —u' Jp +
ds ds

Rt ub Ty, (2.4.162)

so the covariant (with respect to the Levi-Civita connection) change of the spin pseudovector along
the world line « is equal to the corresponding Fermi-Walker transport. Multiplying (2.4.162) by J;
and using (2.4.146) gives

J'J; = const, (2.4.163)

so the change of the spin pseudovector along a world line is a rotation, called spin precession. The
Papapetrou equation of motion for the spin (2.4.153) reduces to

piru ) )
= T — W1, (2.4.164)
ds
while the Papapetrou equation of motion for the momentum (2.4.155) reduces to
DU 1 . )
=—-P, u'L™ 2.4.165
ds 9! imkY ( )

The change of the mass m along the world line v is, using (1.4.48), (2.4.144), (2.4.150), (2.4.161)
and (2.4.165),

dm DUm 1 DUID 1HjD{}uj _}HjD{}uj_lD{}Lﬁ DUy

ds - ds - Euj ds c ds ¢ ds ¢ ds i ds
1_..DUw DB,
— _ i i J —0 2.4.166
c ds ds ’ ( )
SO
m = const. (2.4.167)

In the absence of the external gravitational field and neglecting the gravitational field of the
body, the relation (2.4.160) gives

IV = PJ, (2.4.168)
so (2.4.165) reduces to

dpPi

- =0 2.4.169

"y (24.169)

whose integration gives the conservation of the four-momentum along a world line:
P = const. (2.4.170)

The equation of motion for the spin (2.4.164) becomes

darLb ; 4
——= uw Pt — ' P, (2.4.171)
whose integration gives the conservation of the angular momentum along a world line:
Lk + X'P* — X*P? = const. (2.4.172)
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The tensor L** is the intrinsic angular momentum of the body, while the tensor (in the absence of
the gravitational field) X P* — X* P? is the orbital angular momentum associated with the motion of
the body as a whole. If L* = 0 then (2.4.172) gives P’  u’, so (2.4.170) is equivalent to u’ = const
and thus X? is a linear function of the proper time 7. If L’* # 0 then X can be given by 3 arbitrary
functions of 7 (since u'u; = 1). In the momentum rest frame, in which P* = 0, u® # 0, so the
body has an arbitrary internal motion. The 3 constraints (2.4.144) eliminate this arbitrariness, so
the equations of motion entirely determine the motion of the body.

2.4.8 Spin tensor for particles

If the body is not spatially extended then it is referred to as a particle. The corresponding condition
ox® = 0 gives N _
Mk =0, L* =o. (2.4.173)

Therefore (2.4.131) reduces to Z—éNUO — N9l = 0, which with (2.4.107) gives
Nl = Jidy!, (2.4.174)

SO
JU = 84 = Nidky, (2.4.175)
where S% is the intrinsic spin tensor. If the body is spatially extended then the difference
R* = jik _ gk (2.4.176)
is the rotational spin tensor. The difference between the rotational spin tensor and angular momen-
tum tensor is, due to (2.4.107) and (2.4.131),
) ) NilcO ) )
R*% —cL* = —— — Nkl = —2 "1y, (2.4.177)
u

This expression vanishes, because of (2.4.108), in the welocity rest frame, in which u® = 0, which is
also locally Galilean, so u, = 0. The relation (2.4.152) becomes

pit g 1 o ) ) 1 o
ell' = mctu! + ——8"u; — (ClikS“uk + §Cile”“uJ) +u (C’JikS“uk + 5ci,js“cul), (2.4.178)

while the Papapetrou equation of motion for the spin (2.4.153) becomes

pi _ ) 3 1 o ) _ 1 o
Ksla = cu! Tl — cu! T + C', STk + icilelkuJ -7, Stk — 5ci,js“cul. (2.4.179)
The relation (2.4.174) implies that the spin tensor for a system of particles satisfies

sl = iyl (2.4.180)

where N N
s = stly, (2.4.181)

is the spin-density tensor, which is orthogonal to u® (cf. (2.4.97) and (2.4.144)):
s%u; = 0. (2.4.182)

Thus s;; has 3 independent components. A system satisfying (2.4.180) is referred to as a spin fluid.
The spin tensor (2.4.180) is traceless, due to (2.4.182). The relation (2.4.92) gives

Dt
c(piuj — pju;) = u"Vis;; + s Viuk = 55 St other terms, (2.4.183)
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which resembles (2.4.179) in which S% is replaced by s** and II* by p’. Moreover, (2.4.93) corre-
sponds to (2.4.150) in which mc? is replaced by e. Similarly, (2.4.94) gives

€ 1 . € u? DU
Pi = Ui + E(U'“VZSU- + 51, ViuF )l = e +

75 i -+ other terms, (2.4.184)
s

which resembles (2.4.178). In a locally Galilean frame of reference which is also a rest frame, (2.4.182)
becomes
Soa = 0. (2.4.185)

In this frame, the 3 components of s;; are spatial, 5,3, and are equivalent to 3 components of the

spatial spin-density pseudovector:

1
s = 5eaﬁ%sM (2.4.186)

2.4.9 Energy-momentum tensor for particles

If a particle is spinless then its four-momentum is proportional to its four-velocity due to (2.4.160)
and (2.4.161):
P! = meu!, (2.4.187)

which gives
P? =m?c?, (2.4.188)

in agreement with (1.6.81). Equations (2.4.119), (2.4.140), (2.4.156), (2.4.158) and (2.4.187) give

ut o utuf

M = M = (UO)QMOO = mcutul, (2.4.189)
SO Pk
/ TkQY = me? “ulg (2.4.190)
or .
uiuk

TH(x) = me?d(x — xq) (2.4.191)

0 )
u
where §(x — x¢) is the spatial Dirac delta representing a point mass located at xo. We define the
mass density p such that

pu/sdV = dm, (2.4.192)
where s is given by (1.4.110). The mass density for a particle located at x, is
u(x) = L o(x — xa), (2.4.193)

NG

so (2.4.191) turns into

i,k
T = pP e, (2.4.194)
u
Thus the energy-momentum tensor for a spinless particle is given by
i u'uP w(x)e dat dak uiu®
T‘kac:uxc2 = = = me?d(x — X,
(=) ) Vgoou’  \/goo ds dt ( )\/ —gu’
2/ uut 5( (r))d (2.4.195)
=mc x — x4(7))dT, 4.
v—8

where z,(7) is the particle’s wordline as a function of its proper time 7. For a system of particles,

we have

wuk

T (2.4.196)

T (x) = Zmac%'(x — Xgq)
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The Papapetrou equation of motion (2.4.165) for a spinless particle reduces to the metric geodesic
equation (1.4.80),
Dyt
ds
In the absence of torsion and in the locally Galilean frame of reference, the conservation law for
the energy-momentum tensor is given by (2.4.34), so

= 0. (2.4.197)

T, =0. (2.4.198)

We consider a closed system of particles which carry out a finite motion, in which all quantities
vary over finite ranges. We define the average over a certain time interval 7 of a function f of these

quantities as f = % fOT fdt. The average of the derivative of a bounded quantity f = %( flr) —
f(0)) = 0 as 7 — oo. Thus averaging (2.4.198) over the time gives

T’ =0. (2.4.199)

Multiplying (2.4.199) by z“ and integrating over the volume gives, omitting surface integrals,
/ 2T, " jdV = — / T,*dV = 0. (2.4.200)
The average energy of the system (2.4.52) is thus
E= /TOOdV = /T/‘dv. (2.4.201)

Substituting (1.6.116) into (2.4.196) gives
2(1/2
Zma (X — %) (1 - %) , (2.4.202)
c

so T,* > 0. Putting (2.4.202) into (2.4.201) gives

Zma (1 . 7)1/2’ (2.4.203)

which is referred to as the virial theorem.
Comparing (2.4.88) with (2.4.202) gives

€—3p= Zma (1— —)1/2

where the summation extends over all particles in unit volume, so p < €/3. In the nonrelativistic limit
p ~ 0, while in the ultrarelativistic limit (v ~ ¢) p ~ €/3. We consider a system of noninteracting
identical particles of mass m, which we call an ideal gas, with the number of particles in unit volume
(concentration) n, so

(2.4.204)

= nm. (2.4.205)

Comparing (2.4.77) in the locally Galilean rest frame with (2.4.195) gives the kinetic formulae for
ideal gases:

€ = nmc?y, (2.4.206)
. %,wz. (2.4.207)

In a locally inertial frame of reference, (1.6.116) and (2.4.187) give

Pl = mey (1, V), (2.4.208)
C
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so the energy and momentum of the particle are

E = mc?y, (2.4.209)
P =myv. (2.4.210)
Thus (2.4.188) gives

E? = (Pc)? + (mc?)2. (2.4.211)
In the rest frame of the particle, P = 0, (2.4.211) reduces to Einstein’s formula for the rest energy,
E =mc. (2.4.212)

The formulae (2.4.209) and (2.4.210) give

Pc?

= —. 2.4.213
vt (24213)

Taking the differential of (2.4.211) gives EdE = ¢*P - dP, from which we obtain, using (2.4.213),
dE = v - dP. (2.4.214)
If a particle is massless, m = 0, then (2.4.211) and (2.4.213) give

E=Pc, v=c (2.4.215)

References: [2, 3, 4, 5, 6, 8, 9].

2.5 Gravitational field equations
2.5.1 Einstein-Hilbert action and Einstein equations
The FEinstein-Hilbert action for the gravitational field and matter is, due to (2.2.2),

1
S=—— [ Py/—gdQ+ Sy, (2.5.1)
2KcC

where the metric tensor is regarded as a variational variable and the affine connection is the Levi-
Civita connection. Varying (2.5.1) with respect to the metric tensor gives, using (2.3.1) and the

identity §/—g = —%\/—ggikégik (which results from 6g = gg**6gir = —ggidg'*),

1 ; ; 1 4 1 ,
68 = —— <5Pingk\/—g+Pikdglk —g— 2P,ﬁ—ggik5gm>dﬂ+ 5% / Tir/—gdg*dQ. (2.5.2)

" 2ke

Partial integration of the first term on the right-hand side of (2.5.2), using (1.4.57), brings this term
to zero:

[oragtan = [ (61500 - GLiDa)ghio = - [l - g*astinin =0, (253)
where ' .

g = v=ag" (2.5.4)

is the contravariant metric density, whose covariant derivative with respect to the Christoffel symbols

vanishes, g%, = 0. Equaling S = 0 in (2.5.2) gives the Einstein equations of the general theory of

relativity:
Gir = KT (2.5.5)

or X
Py = H(Tik - 2ng'k>- (2.5.6)
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Because § [ P\/=gdQ = § [ G\/=gdf?, where the noncovariant quantity G is given by (2.2.5), the
left-hand side of the Einstein equations is

1 0(v/—9G
G — (V=80 (2.5.7)
V-9 g
The covariant conservation of the Einstein tensor (1.4.67) imposes the conservation of the metric

dynamical energy-momentum tensor (2.4.23). Therefore the gravitational field equations contain
the equations of motion of matter. In vacuum, where T, = 0, the Ricci tensor in (2.5.6) vanishes:

Py, = 0. (2.5.8)

Thus vanishing of Pj; at a given point in spacetime is a covariant criterion of whether matter is
present or absent at this point.

The Einstein equations (2.5.5) are 10 second-order partial differential equations for: 10 — 4 = 6
independent components of the metric tensor g;; (the factor 4 is the number of the coordinates which
can be chosen arbitrarily), 3 independent components of the four-velocity u®, and either € or p (which
are related to each other by the equation of state). The contracted Bianchi identity (1.4.67) gives
the equations of motion of matter. In vacuum, the Einstein equations are 10 — 4 = 6 independent
equations (the factor 4 is the number of constraints from the contracted Bianchi identity) for 6
independent components of the metric tensor g;i.

In the Einstein equations, the only second time-derivatives of g;; are the derivatives of the spatial
components of the metric tensor, g.s, and they appear only in the o components of the field
equations (2.5.5). Therefore the initial values (at t = 0) for gos and gap can be chosen arbitrarily.
The first time-derivatives g, and oo appear only in the «f components of the field equations
(2.5.5). The Oa and 00 components of the field equations (2.5.5) give the initial values for gg, and
goo- The undetermined initial values for go, and gop correspond to 4 degrees of freedom for a free
gravitational field. A general gravitational field has 8 degrees of freedom: 4 degrees of freedom for
a free gravitational field, 3 related to the four-velocity, and 1 related to € (or p).

2.5.2 Einstein pseudotensor and principle of equivalence

We define
g =v—gG, (2.5.9)

where G is the noncovariant quantity (2.2.5). The action for the gravitational field and matter,

§—— L /ng+ Sy = 1/<1g+£m)d9, (2.5.10)
2KcC c 2K

produces the Einstein field equations by varying the metric tensor, because G differs from \/—gP by
a total divergence:

1 1
— | —= m | =0. 2.5.11
5gzk< 2K9+2 ) 0 (2.5.11)

Construct a canonical energy-momentum density (2.4.35) corresponding to the gravitational field,
treating —5-G (which depends only on ¢g*/ and its first derivatives g*/ , ) like £, and g'* like a matter

field ¢:
. 1/ 06 _
' = —— (,lgj k— 526). (2.5.12)
2K agJ p
This quantity is not a tensor density since & is not a scalar density and its division by +/—g, %,

is referred to as the FEinstein energy-momentum pseudotensor for the gravitational field. The four-
momentum corresponding to the total energy-momentum density for the gravitational field and
matter (which is not a vector) is then

P== /(tﬁ + T; *)dSk, (2.5.13)
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where the sum t* + 7, * is called the Einstein energy-momentum compler. The definition (2.5.12)
gives

X 06 4 06 4 06 4 o6 4 06 4
264 =0 ¢ )~ 9 TGk =09~ 9 it g
k., 89“71- ok agjl7i k ) ag]l,i & 8gjl7i K 8ng ke
s 5 (0% 0 g 06 g
+agjlig ik T (8gjl - 169]174) kT 5gjlg ks (2514)
which, using (2.5.11), gives
i _08m g 1o g
ki = gt Tk = 3 Titg” - (2.5.15)
The covariant conservation (2.4.23) gives
i l 7 1 Im i 1 Im
77c g {m}ﬂ =39 gim,k,]z = —=g ,k,ﬁrm (2.5.16)

2 2

so the total energy-momentum density for the gravitational field and matter is ordinarily conserved:

(4 + T, D). =0. (2.5.17)

i

Integrating (2.5.17) over the four-dimensional volume and using the Gauf-Stokes theorem gives
f(t,j + Ti H)dS; = 0, (2.5.18)

so the four-momentum (2.5.13) is conserved, P; = const. Because the quantity t;; is not symmetric
in the indices 14, k, the total angular momentum constructed from P’ as in (2.4.58),

_ _ . 1 . . .
M* = /(aslde —a*dPY) = = /(xl(tkl + THY — 2¥(¢h 4+ 7)) dS), (2.5.19)
c
is not conserved. The conservation law (2.5.17) gives t,! + T, ! = nkliﬂ-, where n* = —pFil 5o
t,!—tl, = (n,"—n'.").;. Analogously to (2.4.44) and (2.4.45), we could bring t,! +7, ! to a symmetric
form. However, using (' — ') instead of £, in (2.4.45), where 60," is replaced by t,* + T, *, gives

Tik = 0, so this symmetrization procedure does not work for the Einstein pseudotensor.
The Einstein pseudotensor (2.5.12) can be explicitly written as

6 = ﬂ({lm}gl k= Lhitg™ e 618, (2.5.20)

so it is a homogeneous quadratic function of the Christoffel symbols. Thus it vanishes in the local
Galilean frame of reference. It can also differ from zero in the Minkowski spacetime (in the absence
of the gravitational field) if we choose the coordinates such that the Christoffel symbols do not
vanish. Therefore the energy of the gravitational field is not absolutely localized in spacetime; it
depends on the choice of the coordinates. The gravitational field can be always eliminated locally
by transforming the coordinate system to the local Galilean frame of reference in which the Einstein
pseudotensor vanishes. This property of the gravitational field is referred to as the principle of
equivalence.

The construction of a conserved four-momentum for the gravitational field and matter is possible
because the Lagrangian density for the gravitational field £, is linear in the second derivatives of
the metric tensor. The Lagrangian density (2.2.2) can be generalized to

1
g, = _ﬂ‘/jg(PJrQA)’ (2.5.21)
where A is referred to as the cosmological constant, without altering the Einstein energy-momentum

pseudotensor (2.5.12). Another scalar density which is linear in curvature is €/ klPijkl, but this parity-
violating expression vanishes due to the cyclic identity (1.4.64). Therefore the simplest choice for
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a gravitational Lagrangian density, linear in P, is the only one which admits ordinary conservation
laws for the gravitational field and matter, and thus it is physical. Other possible gravitational
Lagrangians can contain terms which depend explicitly on the torsion tensor, but such modifications
of general relativity or the Einstein-Cartan gravity would involve free parameters and thus they would
be less fundamental.

2.5.3 Landau-Lifshitz energy-momentum pseudotensor

The covariant conservation (2.4.23) in the local Galilean frame of reference is

Tr'i =0, (2.5.22)
so T can be expressed as T* = 7]”“171, where n*! = —pi'* The Einstein equations (2.5.5) in the
Galilean frame are 4 .

(—g)T™* = h'* |, (2.5.23)
where
hikl — Aiklmﬂn _ _hilk7 (2524)
. 1 . .
)\zklm _ %(_g)(gzkglm _ gzlgkm). (2.5.25)
In an arbitrary frame of reference, (2.5.23) is not valid. We define ¢** such that
(—g) (" +T%) = n'™ . (2.5.26)
Therefore _ _
((—g)t™* +T*)) , =0, (2.5.27)
so there is a conservation of the four-momentum of the gravitational field and matter,
1 , ,
Pl / (—g)(t™* + T™*)dS,. (2.5.28)

The quantity t** is not a tensor density, so the conserved four-momentum P? (2.5.28) is not a vector.
The four-momentum P? is not a vector even for Lorentz transformations, because of the factor —g
instead of the correct (weight 1) density y/—g in (2.5.28). Dividing P* by /=g at some fixed point
(a natural choice is infinity) turns it into a vector under Lorentz transformations. Using (2.5.26)
turns (2.5.28), for the hypersurface dSy = dV, into

. 1 . 1 . 1 .
pPi = E/hlkl,ldsk - %%hlkldfgl == %hwadfa. (2.5.29)

The quantity t** is referred to as the Landau-Lifshitz energy-momentum pseudotensor for the grav-
itational field, and the sum (—g)(t** + T*) is called the Landau-Lifshitz complex.
The explicit expression for the Landau-Lifshitz pseudotensor is

e (A AL LOICI R TE SR HSTE N S A TE Y
9" g S H LY+ Lk HY = LEH = W5 D))
Mg o H o} + L HY = LY = G A D)
+" g ({1 Hok o}~ U D) (2.5.30)

or

pm

) ik _ (gzk’lgl’m’m _ ng,lgkm,m + *glkglmgln’pg .

—o)t
(-9 2% 2

(9" gmn&"™" &7 |+ 9" grng™ L& ) + Gimg 8" 8",

1 7 m 7 m nr
+5(20 g5 — g™ g™ (20npYar — Gpanr)8 ,zg”q,m>- (2.5.31)
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This pseudotensor is symmetric in the indices 7, k, so there is a conservation of the total angular
momentum constructed from P’ as in (2.4.58),

Mk = /(mide — z"dPt) = %/(wi(tkl +TH) =2 (" + 7)) (—9)dS:. (2.5.32)

Dividing M by /—g at infinity turns it into an antisymmetric tensor under Lorentz transforma-
tions. Using (2.5.24) and (2.5.26) turns (2.5.28), for the hypersurface dSy = dV, into

v 11, , 1 . , .
M'Lk _ E /(;1; )\klmn’nm _ xk}\zlmn’nm)dsl _ % j{(mz)\klmn’n _ mk}\zlmnm)dflm

1 : X 1 X . .
_E j{()\klzn _ )\zlkn)mdsl — E f(xzhkOa _ xkhan + )\mak)dfa. (2533)

Choosing the volume hypersurface dV = dSy gives
4 1 , , ,
M* = E /(m’(tko + T — 2P (0 + 7)) (—g)aV. (2.5.34)

The conservation of M in (2.5.34) divided by the conservation of P° in (2.5.28) gives a uniform
motion (2.4.61) with velocity (2.4.62) of the center of inertia for the gravitational field and matter,

with the coordinates 00 0
o L 4 T )V
T+ T0) (—g)dV

The coordinates of the center of inertia (2.5.35), like (2.4.63), are not the spatial components of a
four-dimensional vector.

(2.5.35)

2.5.4 Utiyama action

The Utiyama action for the gravitational field and matter is equal to (2.5.1), where the tetrad is
regarded as a variational variable and the spin connection is the Levi-Civita spin connection (1.5.31).
Thus (2.3.5) gives
1 1 .
55 = -1 [sepyan+ L / T 26¢i Q. (2.5.36)
2kc c

The Lagrangian density for the gravitational field is given by (2.2.2), with the Riemann scalar P
given by (1.5.39) and (1.5.41):

_ i jb a _ a a c _ _a c _ ij ab a cb
eP = ee e’ (@ — @ j + @@ — @ @) = 20(@® + @ w@T)), (2.5.37)

where

el = eelie]]. (2.5.38)

Varying ¢P and omitting total derivatives gives in the absence of torsion, using de = ee’de? and

ij g i ¢ ,ij _ :
Cablj = Cab,; i — @pj¢. = 0 (which results from (1.5.22)),

c

=¢ w

5(eP) = (2P% — Pef)edel, + 2¢,5(w™; ; + @ w™;) = (2P% — Pel)edel,
+2(eijé,,j - wcajeg - wcbjegjc)(Swabi = (2P% — Pe%)ede’. (2.5.39)

Equaling 45 = 0 gives the tetrad Einstein equations:

1
P — 5Peg = gsﬂ, (2.5.40)

equivalent to the metric Einstein equations (2.5.5) because of (2.3.4) and (2.3.32) (in the absence of
torsion).
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2.5.5 Mgller pseudotensor

The Riemann scalar P is linear in derivatives of w®,;:

(.t J __ab i ] ab i J __ab i J ab i J _ac b
eP = (eeey@™;) i — (eepey) iw™; — (eepey@™) j + (eegey) ;o + e ey,
i Jj__ac b _ i J.__ab \ i3\ .,—ab i j_ac _ b
—eeq e, = 2(eeqey ™) i — 2(eeyey) iw®; + eeqeyw .
i J,._ac b
—ee e, (2.5.41)

Thus we can subtract from ¢P total derivatives without altering the field equations, replacing P by
a noncovariant quantity M:

eM = —2(2626{;)7iwabj + eeieiw“ciwcbj - eeieiwacjwcbi
= _29({kki}wijj + wiaiwajj - {kii}wkjj + wjbiwibj - {chi}wikj)
+e(wiciwcjj - wicjwcji) = e(wwiwjaj - wi“jwjm), (2.5.42)
using (1.4.35) and (1.5.31). Therefore
M= wi“iwjaj - wijjm-. (2.5.43)

Because of (1.5.15), the quantity (2.5.43) depends on the tetrad e’ and its first derivatives e’

a,j-
Therefore, analogously to (2.5.12), we can construct a canonical energy-momentum density corre-

sponding to the gravitational field, treating fziKeM :

; 1 [0(eM) ; ;

m' = —— —el  —6reM ). 2.5.44

= o (B0 - (2:5.44)
a,i

This quantity is not a tensor density since e¢M is not a scalar density and its division by e, me’“l,

is referred to as the Myller energy-momentum pseudotensor for the gravitational field. One can

show, analogously to the steps leading to (2.5.17, that the total energy-momentum density for the

gravitational field and matter is ordinarily conserved:

(m, + T, =0. (2.5.45)

)

Thus the corresponding total four-momentum is conserved:

P = % /(m/c + T; ¥)dSy, = const, (2.5.46)
where the sum m* + 7; ¥ is called the Myller energy-momentum compler. The Mgller pseudotensor
depends on the choice of both the coordinates and the tetrad. To fix the tetrad, one can impose on
it 6 constraints which are covariant under constant Lorentz transformations but not under general
Lorentz transformations (otherwise these constraints would not fix the tetrad since Lorentz trans-
formations are tetrad rotations). A natural choice is to constrain the 6 components of the spin
connection wj;j in which the last index is contracted with a covariant derivative or the trace of the
spin connection.

2.5.6 Einstein-Cartan action

If we regard the torsion tensor as a variational variable (in addition to the metric tensor) then the
action for the gravitational field and matter is, due to (2.2.1),

1
5= —*/R\/jgdﬂ + Sm, (2.5.47)
2Kc
and it is referred to as the Finstein-Cartan action. Using (1.4.54) gives
1 ) .
S = ~ 3 (P —g* (20, + Cﬂijclkl —-c. mkl))\/fgdg +S,. (2.5.48)
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Partial integration of the terms with covariant derivatives : and omitting total derivatives (which do
not contribute to the field equations) reduces (2.5.48) to

1 . .
S——— (P — g (Ci,Chy - climcmkl)) V=g + Sy (2.5.49)

ke

Varying (2.5.49) with respect to the metric tensor and contortion tensor (which is equivalent to
varying with respect to the torsion tensor) gives, using (2.3.19), (2.3.26) and (2.5.3),

1 1 . 1 - o
8S = ~ % (Pik - ipgik — 70 + Cl CMg + igik(C'J 1O — cv,C jl))

, 1 4 . , 1 .
x\/—gdgFd — — / (O, — CY,6%)\/=goC";dQ + % / Ti/—g0g™do
ke c
1 ik j
t5 / s;7V/—g0C7 ;.. (2.5.50)
For variations dg**, §S = 0 gives the first Einstein-Cartan equation
Gik = K(Tik + Usr), (2.5.51)
where ) )
Ui = — (Cjijclkl —CYC0 - ggik(cjmjclmz - ijlCljm)) (2.5.52)
or

1 . ; 1 ) )
Ui = — <—(5lz‘j + 2S(ij)l)(‘9]kl +28,") + 485K + igik(sm]l +2500m)

X (Sijm + 28(jmyu) — 2giijSj>~ (2.5.53)

For variations (SCjik7 0S5 = 0 gives the second Finstein-Cartan equation

k kAl _ Rk
Cly = 05 Cn = 554 (2:5.54)
or ‘ .
170, = _53%37 (2.5.55)
where _ _ _ _
17, =57, — Sio] + Skd] (2.5.56)
is the modified torsion tensor. The relation (2.5.55) is equivalent to
Kook !
sk = _§(Si i+ 5{j.sj]l ). (2.5.57)

This relation between the torsion and spin tensors is algebraic: torsion at a given point in spacetime
does not vanish only if there is matter at this point, represented in the Lagrangian density by
a function which depends on torsion. Unlike the metric, which is related to matter through a
differential field equation, torsion does not propagate. Combining (2.5.52) and (2.5.57) gives

ik ij Kkl L ik Lo,k Lok 1 jm jlm

U™ =r|=s;s"; - 3578 + 15 Sit + 39 (=488 gt Sjim) |- (2.5.58)
The tensor (2.5.58) represents a correction to the dynamical energy-momentum tensor from the
spin contributions to the geometry of spacetime, quadratic in the spin density (so the sign of the
spin density does not affect this correction) and corresponding to a spin-spin contact interaction. If

matter fields do not depend on torsion then U, = 0 and the first Einstein-Cartan equation (2.5.51)
reduces to the Einstein equations (2.5.5).
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2.5.7 Sciama-Kibble action
The Sciama-Kibble action for the gravitational field and matter is equal to (2.5.47), where both the
tetrad and spin connection are regarded as variational variables. Thus (2.3.27) gives
1 1 ) 1 .
68 =—=— [ 0(eR)dQ+ — [ T,"0eldQ+ — 5w, dS2. 2.5.
S Y (eR) +C/Tz el +20/6ab w; (2.5.59)

The Lagrangian density for the gravitational field is given by (2.2.1), with the curvature scalar R
given by (1.5.36) and (1.5.38):

eR = eeflejb(wabji —wh; twwS; — W W) = Zeijé(w“bm + waciw"’bj). (2.5.60)

Varying ¢R and omitting total derivatives gives, using ¢!
Fk]] eik Fkk] Z]b = 0 (which results from (1.5.22)),

— _ c _
ab\j eaby w a]e('b w* b] + Fk]

5(eR) = (2R%, — Req)e6ei +2e2 5w + w W)

= (2R%, — Ref)edel + 2(e* Cabj wcaj o~ W bje” )ow®,
= (2R, — Pef)edel, — 2(S'y ekt + 28;e! )ow®,. (2.5.61)
For variations dw?;, 65 = 0 gives
St — Sael + Spel = —2%6&;7 (2.5.62)

equivalent to the second Einstein-Cartan equation (2.5.55). For variations de’, §S = 0 gives

1
Ra, — §Re§‘ _ gfgia (2.5.63)
or
Rii— ~Rgyy = —— (2.5.64)
ki — s Rgik = ik 9.
2 V=9

Substituting (2.5.55) and (2.5.64) into the conservation law for the spin density (2.4.16) gives
—2(8%,; — Sij + Sjii) = Rji — Rij — ASk(S¥,; — Si6% + 5;6F), (2.5.65)

which is equivalent to the contracted cyclic identity (1.4.61). Thus the contracted cyclic identity
imposes the conservation law for the spin density in the Einstein-Cartan gravity. Substituting
(2.5.55) and (2.5.64) into the conservation law for the energy-momentum density (2.4.31) gives

. 1 ) 1 . . 1 . . .
Ry —5Rq =28, (RQ —~ 2355) +257,, (R’fj - 235}“) — (S — Skb] + Si6L)R* ;. (2.5.66)

which is equivalent to the contracted Bianchi identity (1.4.62). Thus the contracted Bianchi identity
imposes the conservation law for the energy-momentum density in the Einstein-Cartan gravity.
Substituting (2.5.55) and (2.5.64) into the Belinfante-Rosenfeld relation (2.3.33) gives

1 . ) . ) 1
kT = Ry — §Rgik + V; (S]ik + QSkéﬁ - QS(M)Q - QSjgik) = Ry; — gRgik
+V;(—ij +C6] = CYgar). (2.5.67)
Combining (1.4.52), (1.4.54) and (2.5.67) gives

1 . . 1 .
KT, = P, — ipgik + Clig — Clya + ijCljz - Cjklclji - *gik(_QCUz:j

2
*Cljlcmjm + ijlcljm) - Cjki:j - lejclki + Clkjcjli + Clijcjkl + Cjkj:i
folkicﬂu - gik(c“l:j + lejcmlm) — Cj(~Cy, + CYd — CYga), (2.5.68)

which is equivalent to the first Einstein-Cartan equation (2.5.51). Thus the relation between the
Ricci tensor and the Riemannian Ricci tensor is equivalent to the Belinfante-Rosenfeld relation in
the Einstein-Cartan gravity, and (2.5.64) is another form of the first Einstein-Cartan equation.
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2.5.8 Einstein-Cartan pseudotensor

Replacing the action for the gravitational field and matter (2.5.49) by

1 . )
S=——— (G — g (7, Oty - Climkal))\ﬁ—ng + 5, (2.5.69)

2Kc

produces the first Einstein-Cartan equation by varying the metric tensor, because /—gG differs
from /—gP by a total divergence:

o 1 i
(Sgﬁ (—25 (g - gnp(cjnjclpl - Clnmcmpl)) + Sm) =0. (2.5.70)

The canonical energy-momentum density for the gravitational field is also given by (2.5.12). The
relations (2.5.14) and (2.5.70) give

5(Lm +26g"P(C,CL = CLLLC™)

tk‘z}i = 59]1 P g]l,k = 5(7}[ —+ \/_ngl)g]l’k' (2571)

The covariant conservation (2.4.23) gives

(7;1'_’_ V=aU,")i = (L T+ V=aU)h) = *9 " Gim (T, "+ /=80, ")
= —=¢"" 1 (Tim + V=0Uim), (2.5.72)
so the total energy-momentum density for the gravitational field and matter is ordinarily conserved:
(' + T "+ V=9U,"),i =0. (2.5.73)

Thus the corresponding four-momentum is conserved:

P = %/( ¥ 4+ /=gU;*)dSy = const. (2.5.74)

k
The quantity \;lfg +U,* is referred to as the Einstein-Cartan energy-momentum pseudotensor for the

gravitational field, and the sum t,* +7; * 4+ /=gU,* is called the Einstein-Cartan energy-momentum
complex.

2.5.9 Palatini variation

If the matter action S,, does not depend on the affine connection, its variation with respect to the
metric and connection (6T is a tensor) is referred to as the Palatini variation. Varying (2.5.47)
with respect to I‘i’} gives, due to (1.3.39),

1 , .
- —_ /éRzkg’de =—— [((6D}4)u — (6T 4) ik — QSJlkarilj)gzk,/—ng. (2.5.75)

2kc
Partial integration and omitting total derivatives in (2.5.75) gives, using (1.2.34),

1 , , ,

08 = o — / (0T g™, — 25101 g™ — 0T g™ | + 25,01 g™ + 257,61 g )d.  (2.5.76)
Since the affine connection is metric-compatible, g;;., = 0, 6S = 0 turns the torsion tensor into
zero, so the connection is formed by the Christoffel symbols and the field equations are the Einstein
equations (2.5.5). Thus varying the action for matter fields, which do not depend on the affine
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connection, with respect to the connection is equivalent to varying it with respect to the torsion
tensor. However, if the matter action S,, depends on the affine connection then (2.5.76) becomes

7 3 3

1 i ) 7 . . .
4S8 = % /(6Filkglk;l _ QSl(SFilkgzk T ‘llglk;k + QSk(SF'llglk + QSjlk(SF'ljglk)dQ

1 i ke d
+%/Hj 6T /. de, (2.5.77)
where the hypermomentum density is defined as
; 0L
mr=2—=" (2.5.78)
T,
Since the connection is metric-compatible, 65 = 0 gives
g S — okt — gk = %HZ’“. (2.5.79)
Contracting the indices i, j gives _
> =o, (2.5.80)

which also results from the invariance of the Lagrangian density under a projective transformation
(1.2.50) (the symmetric part of the Ricci tensor is invariant under this transformation):

1 . . 1 . .
5L =68, = 5Hlj’%srgk — 5113’6555,4,@ = 0. (2.5.81)

The relation (2.5.80) constrains possible forms of matter Lagrangians algebraically, so it is not a
conservation law. Therefore varying the action with respect to the affine connection, unlike that
with respect to the torsion (or spin connection), does not constitute a physical variational principle.
Only the antisymmetric part of the connection (torsion) can be regarded as a dynamical variable; its
symmetric part can always be brought locally to zero by a suitable transformation of the coordinates.

2.5.10 Gravitational potential

If the metric tensor g;; is approximately equal to the Minkowski metric tensor 7;; then the corre-
sponding gravitational field is weak. We can write

2¢

where ¢ is referred to as the gravitational potential. Thus nonrelativistic gravitational fields, cor-
responding to the limit ¢ — oo, are weak. Also u® ~ 1 and u® ~ 0. In this limit, the leading
component of the Levi-Civita connection is

1 30900 1 0¢

2l — = —=— 2.5.83
{00} 29 d1B 2 Ox’ ( )
so the metric geodesic equation (1.4.80) reduces to
dv
L —g = 2.5.84
o =8=-Vo, ( )
where g is the acceleration due to gravity. The quantity G in (2.2.5) reduces to
2 2
G= E(V(ZS) . (2.5.85)
The leading component of the Riemannian Ricci tensor is
H& 1 92 1
Pyo ~ {db} _ o _ —A¢. (2.5.86)

oz~ 2 0z (2
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The leading component of the energy-momentum tensor (2.4.195) is
Too = pc?. (2.5.87)

Therefore the Einstein equations in the nonrelativistic limit reduce to the Poisson equation:

A¢ = AnGu, (2.5.88)
where .
c*K
= — 2. .
5 (2.5.89)

is Newton’s gravitational constant. In vacuum, where p = 0, the Poisson equation reduces to the
Laplace equation:

Ao = 0. (2.5.90)
2.5.11 Relativistic ideal fluids

The covariant conservation (2.4.24) of the metric energy-momentum tensor (2.4.77) gives
((e —I—p)uk):kui + (e + p)uFuly, = p g™ (2.5.91)

Multiplying (2.5.91) by u; gives
((e +pu®), =pru, (2.5.92)

which, upon substituting into (2.5.91) yields the Fuler equation:

Dy )
(e +p) o = p bk (2.5.93)

If p; o u; (which includes the case p = const) then (2.5.93) reduces to the metric geodesic equation
(1.4.80). Defining a quantity n such that

dn _ _de (2.5.94)
n e+p

brings (2.5.92) to the conservation law ,
(nu'),; = 0. (2.5.95)

The quantity n may thus represent the proper (in the rest frame) number density of particles com-
posing the fluid.
In the nonrelativistic limit, ¢ — oo, u® ~ 1, u® ~ %, e~ pc® and p < €, so (2.5.92) reduces to
the equation of continuity:
ou

5 Tdivs =0, (2.5.96)

where

S=puv (2.5.97)

is referred to as the mass current. Integrating (2.5.96) over the volume gives

%/,udV + j{s -df =0, (2.5.98)

which means that the change in time of the total mass inside a volume, m = [ udV, is balanced by
the mass flur through the surface bounding this volume, representing the conservation of the total
mass of a fluid. The Euler equation (2.5.93) reduces in this limit to

81;0‘ « (e (a4
“(at +v ,Bvﬁ> = ué an*” + p gn™? (2.5.99)

83



or
dv ov
— — =— — Vp. 2.5.100
Hor = (atﬂv V)) pVeo—Vp ( )
Integrating (2.5.100) over the volume gives, using P = [ puvdV, the change in time of the total

momentum of a fluid:

Vdm — ¢ pdf. (2.5.101)
AL

Without pressure gradients, (2.5. 100) reduces to (2.5.84).
The number of particles dV in a volume element dV in the rest frame of reference is equal to

dN = ndV, (2.5.102)

where n is the proper number density. In a frame of reference moving relative to the rest frame with
velocity v, the same volume element is given by dV’ = dV /1 — v2/¢? (1.6.107), and the number
density is n’. Since dN' =n'dV’ and dN’' = dN is an invariant, we have

Y L— (2.5.103)

V1—02/c?
2.5.12 Relativistic spin fluids

For a spin fluid, substituting (2.4.180) into the second Einstein-Cartan equation (2.5.57) and using
(2.4.182) gives

S;i=0, Vi=V,. (2.5.104)
Thus the corresponding metric dynamical energy-momentum tensor (2.4.96) reduces to
1
Tij = EUU; — phij — Vksk(ij) + Vksilkuluj — ivksijk. (25105)
Accordingly, the torsion tensor is
) 1 )
S = fiﬁsikuj. (2.5.106)

The last two terms on the right of the second line of (2.5.105) can be written, using (2.4.92), (2.4.94)
and (2.4.182), as

1 1
Vksilkuluj — —V4s, k— c(piug — plui)uluj — —c(piuj — pju;)

2 "7 2
— %c(piuj + pju;) — euuy = %(Vk.silkuluj + Vksjlkului) = —Vlsk(ilukuj)
= —Vl(sk(iul)ukuj) = —Vlsk(iulukuj) = —Vl(sk(iuj))uluk
= —Vl(sk(iuj))ukul. (2.5.107)
The metric dynamical energy-momentum tensor (2.5.105) is then
TV = eu'n’ — ph' — (5,lC + ukul)Vl(sk(iuj)). (2.5.108)

The last term on the right of (2.5.108) can be decomposed according to (1.4.28) into

(0% + upu )V (sFu?)) = — (5% + ukul)Vf}(sk(iuj)) — (8% + uput)(CF sy
+C s mud) 07 sR ™), (2.5.109)
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This term reduces, using (2.4.182) and (2.5.54), to
—((5,l€ + ukul)Vi{}(sk(iuj)) - 6,2(Cimlsk(muj) + ijlsk(iu”b)) — ukulC’kmlsm(iuj)
= (8L + ukul)Vf}(sk(iuj)) — L sF ) — C’jmksk(ium)
= (0 + ukul)Vf}(sk(iuj)) + %/@(smkui + 54 U + 5, g ) sF M)
1 _ , _ .
+§ﬁ(smku3 + 5.7 U + 8,7 g )s* M)
= (oL + ukul)Vf}(sk(iuj)) - %/@(sklskluiuj - siksjk). (2.5.110)
Thus (2.5.108) becomes
TY = eu'n? — ph — (5}, + ukul)Vl{}(sk(luj)) — ks?u'u? + iﬁsms]k, (2.5.111)

where

1 .
s? = 581]Sij > 0. (2.5.112)

Substituting (2.4.180) into (2.5.58) and using (2.4.182 gives

1 o1 T T
U = §I{SQU1U] + Zﬂs2gm _ il{slks]k‘ (2.5.113)

Adding (2.5.111) and (2.5.113) brings the combined energy-momentum tensor 7% + U% in the first
Einstein-Cartan equation (2.5.51) to

3 » 1 o 1 »
TV 4+ UY = (e — Zns2>ulu3 — (p — ZI{S2> h*
—(6L + ukul)Vf}(sk(iuj)). (2.5.114)
If the spin orientation of particles (cf. (2.6.60)) in a spin fluid is random then the macroscopic
spacetime average of s;; and of its gradients, such as of the last term on the right of (2.5.114), vanish.
On the contrary, the terms that are quadratic in the spin tensor do not vanish after averaging. Thus

the combined energy-momentum tensor of a macroscopic spin fluid describes a perfect fluid with the
effective energy density

o 1
€= (Ty; + Uij)u'v = e — ZHSQ (2.5.115)
and the effective pressure
1 - 1
p=—3(Ty +UyhV =p - 1532. (2.5.116)

If the spin orientation of particles (cf. (2.6.60)) in a spin fluid is not random then the combined
energy density of a macroscopic spin fluid is

1 - 1 )
E=¢€— ZKSQ — (8% + ukul)u’Vi{}ski =€— imSQ - V,E}skiuz

1 , 1 ,
=€— 1/@52 + skZka}ui] =€— 1;{32 + skla[kui]. (2.5.117)

In a locally Galilean frame of reference which is also a rest frame, (2.5.117) becomes

1 1
E=¢c— 1;‘682 + 38 curlv. (2.5.118)

where s is the spatial spin-density pseudovector (2.4.186). The quantity v/ s? is proportional to the
square of the proper particle number density, n2.
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2.5.13 Raychaudhuri equation

We consider a congruence of particles with four-velocity u’. We define the expansion/contraction
scalar 0, the traceless shear tensor o1, and the antisymmetric rotation/vorticity tensor w;y according
to

0=u',, (2.5.119)
1

Oik = U(izk) — gﬁhik — W(Uk), (2.5.120)

Wik = Ulj:k] — W[iUk]s (2.5.121)

where w® is the four-acceleration (1.6.117). Expansion has # > 0 and contraction has § < 0. These
definitions give

uijhh = o + wik + éﬂhm. (2.5.122)
Contracting ui:jk — ui:kj = Rilkjul with respect to the indices i, j gives 6.,u* — uj:kjuk = —RpuFul
. —Rpuful = 0.uF — w', + wipue (2.5.123)
Defining

o = %aikaik, w? = %wikwik (2.5.124)
gives

ugpuft = 2(0? — w?) + %92, (2.5.125)

which brings (2.5.123) to the Raychaudhuri equation:

o

1 . .
= —2(0? —w?) — 592 +w'; — RyutuF. (2.5.126)

For a perfect fluid, the Einstein equations give
K
5

Ripuluf = 5 (€ +3p). (2.5.127)

We define four energy conditions. The null energy condition is satisfied if

T;jk'k? >0 (2.5.128)
for any null, future-pointing vector k?. For a perfect fluid, this condition gives

e+p>0. (2.5.129)
The weak energy condition is satisfied if

T;ju'u? >0 (2.5.130)
for any causal (null or timelike), future-pointing vector u’. For a perfect fluid, this condition gives

e+p>0, e>0. (2.5.131)

The strong energy condition is satisfied if
1 P
Tij — iTgij u'v? >0 (2.5.132)

for any causal, future-pointing vector u’. For a perfect fluid, this condition gives

e+p>0, e+3p>0. (2.5.133)
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The dominant energy condition is satisfied if the weak condition is satisfied and Tj;u’ is a causal,
future-pointing vector. For a perfect fluid, this condition gives

e+p>0, €>|pl (2.5.134)

This condition guarantees that particles in a congruence do not move faster than light. The dominant
condition implies the weak condition. The weak condition implies the null condition. The strong
condition implies the null condition.

If the strong condition is satisfied and particles in a congruence move without rotation and
acceleration (w;, = w' = 0) then (2.5.126) and the Einstein equations give

Z—f < —%92. (2.5.135)
If Oy is 6 at 7 = 0 then
CT
0=t >0, + 3 (2.5.136)

Therefore, if 6y < 0 (initial contraction) then 6 diverges to a curvature singularity (a point in
spacetime where the density of matter and curvature are infinite) as 7 increases: § — —oo.

2.5.14 Event horizon
If a hypersurface S in spacetime is given by an equation of constraint,
fz') =0, (2.5.137)

then the vector normal to this hypersurface is

of
i = -, 2.5.138
" i ( )
If such a vector is a null vector, _
nin' =0, (2.5.139)

then S is a null hypersurface. All infinitesimal displacements dx* along such a hypersurface satisfy,
according to (2.5.138), 4
df = nydx* = 0. (2.5.140)

Equations (2.5.139) and (2.5.140) indicate that n’ lies itself on the null hypersurface to which it is
normal,

da’ o n’, (2.5.141)

which also gives 4 4
ds® = dx;dx’ < nyn' = 0. (2.5.142)

Thus all world lines on a null hypersurface are null. The light cones at the points of such a hy-
persurface are tangent to this hypersurface. Since all physical world lines must lie within the local
light cones, the forward-time motion through a null hypersurface can occur in only one direction.
To avoid any discontinuities, this direction is the same for all points on such a hypersurface. A null
hypersurface is therefore an event horizon: a boundary in spacetime beyond which events cannot
affect events on the other side. All laws of classical physics are known to be time-symmetric, that
is, symmetric under the transformation t — —t. However, the existence of event horizons, which are
solutions to these laws and provide boundary conditions for spacetime, violates this symmetry. The
unidirectional character of the motion of matter through an event horizon can be used to define the
past and the future: the arrow of time.

References: [1, 2, 3, 4, 5, 6, 8].
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2.6 Spinor fields
2.6.1 Dirac matrices

The Dirac matrices defined by (1.7.1) are complex. A particular solution of (1.7.1) is given by the

Dirac representation:
I 0 0 foan
0 «
W_<O —I)”y_(—oo‘ O)’ (2.6.1)

where I is the unit 2x2 matrix and

al—((l) (1)) 02:(? Oi),a3=((1) 01> (2.6.2)

are the Pauli matrices (all indices are coordinate invariant). The Pauli matrices are traceless tr(c®) =
0 and Hermitian 0% = ¢® (the Hermitian conjugation of a matrix A is the combination of the
complex conjugation and transposition, AT = A*T), satisfy

0008 = 0a8 + t€a8y0, (2.6.3)

and their square is I. The identity (2.6.3) gives the anticommutation relation
Oa 08 ) o
{7‘1, ?} = zeam%, (2.6.4)

so %> form the lowest, two-dimensional representation of the angular momentum operator M,
(1.6.77). The properties of o imply that the Dirac matrices are traceless tr(y') = 0 and satisfy

PP =% 4% = =%, T =129 7™ =244 (2.6.5)
The relation (1.7.1) yields the total antisymmetry of 70~y2~3:
Voyly?y® = 401423 (2.6.6)
We define
V= 24euw Yyt =iyt (2.6.7)
which is traceless tr(y®) = 0 and Hermitian 4°" = 4°, and satisfies
{v,7°} =0, (v*)*=1. (2.6.8)
In the Dirac representation,
. 0 I
P =" = ( 70 ) (2.6.9)
The anticommutation relation (1.7.1) gives
Yoy = =29, (2.6.11)
iyl akn; = 4k, (2.6.12)
VWWW% = —2v'9%7, (2.6.13)
VAN =0 4y =y ey (2.6.14)

The Dirac representation is not unique; the relation (1.7.1) is invariant under a similarity trans-
formation 7* — Sy4S~!, where S is a nondegenerate (det.S # 0) matrix. Accordingly, v — S

and ¢ — S~ TaklngS—<I -1

VA ) turns the Dirac representation into the chiral or Weyl

representation, in which

o (0 I W (0 o° s (-1 0
7(] 0 s V= —o® 0 , Y= 0 I . (2615)



For an infinitesimal Lorentz transformation (1.6.7), the relations (1.7.5) and (1.7.6) give L =
I+ gea(v%9" =2"7%), so ,
LT =T+ gew(y"y"T = 7"1y") (2.6.16)

is equal to L™! (so L is unitary) for rotations and equal to L for boosts. The relation (2.6.5) gives
then
L

LT,YO _ ,YO + gEab(’Yb

1 p—
=" =97 = cean (39" = 4"") =L (2.6.17)

vt

Thus the quantity 1T+ transforms under (1.7.7) like an adjoint spinor:
»Ty0 = pTLTH0 = T40L 71, (2.6.18)

The spinors 1 and ¥77° can be used to construct tensors, as in (1.7.11): ¥T7%¢ transforms like
a scalar, 11799 is a vector, T2~y is an antisymmetric tensor, ¥494%¢ is a pseudoscalar
(dual scalar density), and ¥T+%yi~v%) is a pseudovector (dual vector density). Higher-rank tensors
constructed from 9 and ¥T7° reduce to the above 5 kinds of tensors because of (2.6.14). Hereinafter,
we will use 1 to denote ¥T49. To show that 1)7°1 transforms like a pseudoscalar, we substitute
(1.7.4) into (2.6.7) and use (2.6.6), which gives

7% =N AL A2 A3 LAyt L = iAC AV A2 A3 Lylanbyeyd Lt (2.6.19)
Using (1.1.22) and
,y[a,yb,yc,yd] _ _ieabcd,.y5’ (2620)
which results from (2.6.7), gives
7% = el N0 AL A% AP DALY = det(AY,)LYPLTL (2.6.21)
Therefore we have - - ~
UySep — L det(AY) Ly° L™ Ly = det(A%) Yy ), (2.6.22)

which is the transformation law for a Lorentz scalar density. Similarly,
Py = YLTA et (AY) Ly Iy L™ Ly = det(A%) Ay ™y 4, (2.6.23)

which is the transformation law for a Lorentz vector density.
We define the chirality projection operators

_Ii'y5

Py 5 Pr+Po=1, P} =1, P,P_.=P P, =0. (2.6.24)
They project a spinor ¥ into the right-handed spinor ¥ and left-handed spinor ¢,
Yr =Py, Y =P_¢, Y =9¢r+Yr. (2.6.25)

If we split a spinor v into two two-component parts,

= ( Y ) (2.6.26)

wL<g>,wR<g>. (2.6.27)

An infinitesimal rotation is described by a Lorentz matrix (1.6.7) with ep,, = 0. The correspond-
ing spinor transformation matrix (1.7.5) in the Dirac representation is, using (1.6.25),

then, in the chiral representation:

1 1 1 o 0
— = a B _ - a B9 —7_~ o
L=1+ €87 I+ 6B Uy =1 219a ( 0 o, > . (2.6.28)
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Thus the (unitary) spinor transformation matrix for a finite rotation by an angle ¥ about an axis
parallel to a unit vector n, ¥ = 9Jn, is

7 o 0 ) .. 0 o 0
—219-<0 0_)]—00821—zsm2n-<0 a)' (2.6.29)

If we split a spinor ¢ into two parts u and v (2.6.26), then both v and v transform under rotations
according to

L =exp

u— Su, v— Sv, (2.6.30)

where 9 9
S = cos§I - isin§ n-o. (2.6.31)

A rotation by a full angle 27 changes the sign of a spinor. A rotation by 47 brings a spinor into its
original position.

An infinitesimal boost is described by a Lorentz matrix (1.6.7) with €43 = 0. The corresponding
spinor transformation matrix (1.7.5) in the Dirac representation is, using (1.6.26),

- ]. OO(_ ]- Oa_ 1 O Ua
L=1+ 5607 7" =1+ 502777 I+2’7“<aa 0 > (2.6.32)

Thus the spinor transformation matrix for a finite boost with a rapidity n along an axis parallel to
a unit vector n, n = nn, is

B 1 0 o - n .7 0 o
L =exp [2n~ ( o 0 >] = cosh§I+s1nh§n~ ( o 0 ) . (2.6.33)
Using (1.6.90) gives
1 .
L:< L+7 8 "). (2.6.34)
20+) \ 18- 1+~

If this boost transforms a particle of mass m from rest to a motion with momentum p and energy
E then (2.6.34) is equivalent, due to (2.4.209) and (2.4.210), to

1 2 .
L= Ed+me co-p ) (2.6.35)
2mc?(E 4 mc?) co-p E+mc

2.6.2 Dirac equation

A Lagrangian density for dynamical spinor fields must contain first derivatives of spinors. The
simplest scalar containing derivatives of spinors is quadratic in 1, ﬁ'yiw;i, where 1,; is the covariant
derivative of 1 (1.7.14). This quantity is complex. In the locally inertial frame of reference, its
complex conjugate is

(D' $.0)" = (@) = 6l T = §.7% 1% = Dav'e, (2.6.36)

so both i) ; + ;v and i(Yyip; — 1 v'p) are real. The former is, however, equal to a total
divergence (1/_)7"1/1)71, so a Lagrangian density proportional to such term does not contribute to field
equations. Thus the simplest dynamical part of a spinor Lagrangian density is proportional to
i(@[_ryiz/}’i — @,iviz/}). Another scalar that can be used in a spinor Lagrangian is proportional to 1.
Therefore the simplest Lagrangian density for spinor fields, in the locally Galilean frame of reference,
has the form

Ly = %(%%,i — ') — mapip, (2.6.37)

where m is a real scalar constant called the spinor mass, and it is referred to as the Dirac Lagrangian
density. For any frame of reference,

1

2y = Sy — D) — e = el (B s — ) — med. (26.9)
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We consider the metric formulation of gravity with the Einstein-Hilbert action (2.5.1). Therefore
spacetime has the Riemannian geometry, so ¢, = 9,. Varying (2.6.38) with respect to ¢ and
omitting total derivatives gives

6Ly = 6Y(iv'eh.; — mab), (2.6.39)
so the stationarity of the action 65 = 0 under d¢ gives the Dirac equation:
iy = map. (2.6.40)

Varying (2.6.38) with respect to ¢ and omitting total derivatives gives the adjoint conjugate of
(2.6.40):

—ity' = ma. (2.6.41)
The Dirac equation is linear in 1, so ¥ can be multiplied by an arbitrary constant without altering
(2.6.40). Varying (2.6.38) with respect to ¢! gives the tetrad energy-momentum density for the
spinor field,

Tz'a = 2(1/_)’7“1/1:1' - 1/_}:1'7“7/} - elillzryqu):j + 6?1/_1:j’yj¢) + me@?ﬂ_ﬂ/}y (2642)
) )
T = %(@V(k%) — V.V ¥ — ik Vg + gV V) + mginp. (2.6.43)

The conservation law (2.4.24) applied to the energy-momentum tensor (2.6.43) gives the Dirac
equations (2.6.40) and (2.6.41). -
Subtracting (2.6.41) multiplied by ¢ from (2.6.40) multiplied by ¢ gives, using (1.7.33) and

)i = i,

(') = (7). =0, (2.6.44)
so the vector density _ o
i = edye, (2.6.45)
called the vector Dirac current, is conserved: ﬁ,l =0or
Idp
LTiv.i=0 2.6.46
5 TVi=0, ( )
where -
cp=eplp, j= ey (2.6.47)
The vector Dirac current is real because
Wy 9)" = (@I 9)t = Ty = Ty Py = gty (2.6.48)

The spinor density p is real and positive. The conservation law (2.6.46) is referred to as the equation
of continuity, like (2.5.96).
The Dirac equation (2.6.40) gives

—y (Y4pa)); = imA7 1y (2.6.49)

or, due to (1.7.33), o
Y iy = m*P. (2.6.50)

Using (1.7.30) (in the absence of torsion) and (1.7.39) turns (2.6.50) into the Klein-Gordon-Fock
equation:

i 1 i g
'+ m = 2Py, (2.6.51)

where Pjji; is the Riemann curvature tensor. If a spinor is equal to its either left- or right-handed
projection, 1) = v, or ¢ = ¥R, then it is called a Weyl spinor. Multiplying (2.6.40) by Py gives

iPey . = iy Peipy = mPat) (2.6.52)

or
iyl E ) = B, (2.6.53)

Thus if ¢ is a Weyl spinor then m = 0.
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2.6.3 Spinors in Einstein-Cartan-Sciama-Kibble gravity

We consider the metric-affine formulation of gravity with the Einstein-Cartan action (2.5.47), in
which spacetime has the Riemann-Cartan geometry. Varying (2.6.38) with respect to e’, gives the
tetrad energy-momentum density for the spinor field,

T4 = %(%“w;i — Py — elYI ) + ef1h T Y) 4+ meel . (2.6.54)

Putting the definition of the covariant derivative of a spinor (1.7.14) into (2.6.38) gives

e, - - e -
Ly = 5 Wi = var'Y) = S Ti}y — meyy. (2.6.55)
Using the Fock-Ivanenko coefficients (1.7.28) as the spinor connection I'; turns (2.6.55) into

e

3 wapih {7, 7Y} — megpp. (2.6.56)

e - T
Ly = EWV Vi — YY) +
The spin density (2.3.17) corresponding to the Lagrangian density (2.6.56) is, due to the identity
{7, 799*} = 29liy7yM, _
Siik — %%WWW (2.6.57)

The spin density (2.6.57) is totally antisymmetric,
Sk = glikl (2.6.58)

and independent of the spinor mass m. The corresponding spin tensor is also totally antisymmetric,
sHk = ziﬁ'y[i'ijk]z/z = gl — _giiklg, (2.6.59)
2

where 1
st = §mw5w. (2.6.60)

The second Einstein-Cartan equation (2.5.57) for the spin tensor (2.6.59) gives a totally antisym-
metric torsion tensor,

1K -
Sije = =YW Y (2.6.61)
so S; = 0. Thus the contortion tensor is, using (2.6.14),

K

Cijr = 1

€' Y. (2.6.62)
The pseudovector density ' o 4
i = ey = 2es’ (2.6.63)

is called the azial Dirac current. The axial Dirac current and the pseudovector (2.6.60) are real
because

WY Y)* = (T2 )T = 9Ty 0% = piyPalqiy = yinOyinSy = gyirdy.  (2.6.64)

Thus the spin tensor (2.6.59) is also real.
Varying (2.6.56) with respect to 1 gives, after omitting total divergences,

(ev* bk + (ev*) & — efTk, ¥¥ ) — emap = 0. (2.6.65)

| =

Substituting
(7" Y) ) = e Yk + eyF ) — 2eSp7 ¥ = eyFp + e[Dh, 00 (2.6.66)
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into (2.6.65) gives
¥4 g — iy Trp — map = i — myp = 0. (2.6.67)
The relation (1.5.33) gives
1 o
Yk =V + Ecijk’}/l’)/]w, (2.6.68)

from which we obtain, upon substituting (2.6.62),

K — o 1K _ .
Yo = 75 + e Em @YYV = PP+ e (P )€ mn Y
3ik , -
=7 — - (P )Y (2.6.69)
Therefore (2.6.67) becomes the Hehl-Datta equation:
_k 3K T 5N k5
W Y+ o (W Y)Y Y = my. (2.6.70)

Varying (2.6.56) with respect to ¢ gives the adjoint conjugate of (2.6.70),

_ 3k _ _
—ihy* + g(wvm%)wf’ = ma. (2.6.71)

The Hehl-Datta equation (2.6.70) differs from the Dirac equation (2.6.40) by a nonlinear term,
cubic in the spinor field and representing a spinor self-interaction, corresponding to a spin-spin
interaction in the tensor (2.5.58). The conservation law (2.4.32) applied to the energy-momentum
density (2.6.54) gives the Hehl-Datta equations (2.6.70) and (2.6.71). Subtracting (2.6.71) multiplied
by % from (2.6.70) multiplied by ¢ gives the conservation of the vector Dirac current (2.6.45). In
the metric formulation of gravity, (2.6.70) and (2.6.71) are the field equations corresponding to the
Hehl-Datta Lagrangian density:

Ly = %(%iw;i — ') — medp + %(%m%)(%kv%)- (2.6.72)
The total antisymmetry of the spin density (2.6.58) implies
Nk — Nk (2.6.73)
where N is given by (2.4.106). We also have
Ntk — ggliig k] (2.6.74)

where S% is the intrinsic spin tensor (2.4.175). The covariant (with respect to the Levi-Civita
connection) change (2.4.148) of the spin pseudovector along a world line becomes

DU i DUk DUyt 3 . " i
ds —u' ds Jp + A Ji + 3¢ T i S N = 38" 0! N7, (2.6.75)
where
R Ty
N' = 68 Njkl~ (2676)

If N* o J® then (2.6.75) gives J'.J; = const. For a point or a system of points, MUK given by
(2.4.105) vanishes. Thus (2.4.131) reduces to

!
ijl _ W arij0
N9 = @Nﬂ , (2.6.77)
which for a spinor particle gives N0 = —;L—(l)NiOO and thus N%* =0 or
1 = 0. (2.6.78)
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Therefore a spinor field in the Einstein-Cartan-Sciama-Kibble gravity cannot be approximated as a
point particle or a system of point particles.

For a totally antisymmetric spin tensor, the correction to the dynamical energy-momentum tensor
from the spin contributions to the geometry of spacetime (2.5.58) reduces to

, 3 1. .
Uik — Z(sljlskjl _ 2glk8ﬂm8ﬂm). (2.6.79)

The relation (2.6.74) suggests that - -
stk = 3l gkl (2.6.80)

where s¥ is the spin-density tensor (2.4.181). Analogously to (2.4.145), we can define the spin-density
pseudovector

. 1 ..
st = 5e”’clujs,d, (2.6.81)
which is orthogonal to u?, '
s'u; = 0. (2.6.82)
The inverse relation is 4 o
sth = —etkilys). (2.6.83)

The spin-density pseudovector (2.6.81) coincides with the pseudovector (2.6.60).

2.6.4 Discrete symmetries of spinors

The spinor representation of the parity transformation (1.6.3) is given by
Lp=Cy°, (2.6.84)
where C' = const. Indeed, substituting (3.1.170) into (1.7.4) gives, using (2.6.5),
7= A%y = AT, (2.6.85)

which holds if A% = A%(P). Since the double parity transformation is equivalent to the iden-
tity transformation, L% = I, we have C = +1. The spinor representation of the time-reversal

transformation (1.6.4) is given by
L = C~%5, (2.6.86)

where C' = const. Indeed, substituting (3.1.172) into (1.7.4) gives, using (2.6.5) and (2.6.8),
7" = A% = A%y, (2.6.87)

which holds if A% = A% (T). Since the double time-reversal transformation is equivalent to the
identity transformation, L% = I, we have C' = .
The charge conjugation of a spinor v is defined as

WO = iy, O = —inyt. (2.6.88)
The double charge-conjugation transformation is equivalent to the identity transformation:
(1) = =iy (9°)* = —iy* (=i ™) = 7> Y = 4. (2.6.89)

The charge conjugation of the left-handed projection of a spinor is the right-handed projection of
the charge conjugation of the spinor and vice versa (cf. (2.6.25)):

((I F 75)¢)c = —WQ((I T 75)w)* = —i*(I F° )" = —i(l £9°)7*¢*
= (T £~°)y" (2.6.90)

References: [3, 4, 11].
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2.7 Electromagnetic field
2.7.1 Gauge invariance and electromagnetic potential

The Lagrangian density (2.6.38) is a real combination of the complex Dirac matrices % and spinors
1, 1. It is invariant under a gauge transformation of the first type of the spinor fields,

= = e, PP =T, (2.7.1)
if e« is a real scalar constant, but it is not invariant for ea(z?), because
1/);//1 = e (Vs + e u1h). (2.7.2)

Introduce a compensating vector field A, called the electromagnetic potential, such that the Weyl
or electromagnetic covariant derivative

D, =V, —icA, (2.7.3)
of a spinor ¥,
D/ﬂ/} = 1/’;;1 - Z'EA/ﬂ/J, (2.7.4)
transforms under (2.7.1) like ¢: ‘
D' = e D (2.7.5)
This requirement gives _
Y, —ieAL ) = e (Y, —ieAu), (2.7.6)

which, with (2.7.1) and (2.7.2), yields the transformation law for the electromagnetic potential,
A;L = A/L + oy, (277)

called a gauge transformation of the second type. The real scalar constant e is called the spinor
electric charge. The adjoint conjugation of (2.7.4) is

Dty =y, +ieAly. (2.7.8)
The scalar ¥1) is invariant under (2.7.1), so

D, () = 0, (), (2.7.9)

which constraints the electromagnetic potential to be real:
Al = Ay (2.7.10)
The time component of A*, ¢ = A°, is called the electric potential and the spatial components

A® form the magnetic potential A:
AP = (¢, A). (2.7.11)

Tlle ga’uge tIaIl&fCIIIlELtl:Il (2 ‘) I 32":15
¢, ¢ I A, A‘ ; Q. (2 ‘ 12)
C()t

In the local Minkowski spacetime, A* transforms according to (1.6.99),

(4)- ( § H&;mﬁ > (%) (27.13)

The gauge-invariant modification of the Dirac Lagrangian density (2.6.38) is
ie oy ) 7,
Ly = S Ditp = Diypy* ) — megpi). (2.7.14)
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The spin density corresponding to the Lagrangian density (2.7.14) remains equal to (2.6.57); it is
independent of the electric charge e. The electromagnetic potential corresponds, up to the multipli-
cation by an arbitrary constant, to the vector multiple of I in the formula for the spinor connection
(1.7.26). The electromagnetic potential is analogous to the affine connection: it modifies a derivative
of a spinor so such derivative transforms like a spinor under unitary gauge transformations of the
first type, while the connection modifies a derivative of a tensor so such derivative transforms like a
tensor under coordinate transformations.
The gauge-invariant modification of the Dirac equation (2.6.40) is

P+ eApy Y = my, (2.7.15)
whose adjoint conjugate is - - -
—ithy" + eApipy" = mi. (2.7.16)
The gauge-invariant modification of the Hehl-Datta equation (2.6.70) is
. 3K, -
iy + Ay = my — = (0 )y, (2.7.17)
whose adjoint conjugate is
.= - - 3K, - -
—iay" + eAryt = my — = (Y )y (2.7.18)

Taking the complex conjugate of (2.7.17) gives, using (2.6.64),

. * )k EAS * 3H . * * )k
—iy P+ AT = myt = = (G )y Y (2.7.19)

Using (2.6.5), (2.6.8), (2.6.9) and (2.6.88) turns (2.7.19) into

ke ¢ . Ok, - .
iy U — e ARy Yt = mut — <=y )y Y (2.7.20)
Finally, one can show that - - -
PV = (P )" = =y s, (2.7.21)
so (2.7.20) reads
. c c e Ok, - . .
e (T P (2.7.22)

Comparing (2.7.22) with (2.6.70) shows that ¢ and ¢ satisfy, apart from the cubic term, the same
equation for e and —e, respectively. Thus the charge-conjugation transformation changes sign of the
spinor electric charge. In the Einstein gravity, the cubic term vanishes; (¢, A;) and (¢¢, —A;) are
symmetric under the charge-conjugation transformation. In the Einstein-Cartan gravity, the cubic
term does not vanish and it changes sign under the charge-conjugation transformation. In this case,
(¥, A;) and (¢, —A;) are not symmetric under the charge-conjugation transformation: the torsion
generates an asymmetry between a spinor and its charge conjugate.

2.7.2 Electromagnetic field tensor

The commutator of total covariant derivatives of a spinor is given by (1.7.30) with the curvature
spinor K;; given by (1.7.36), where the tensor B;; is related to the vector A; in (1.7.26) by (1.7.38).
Therefore the commutator of the electromagnetic covariant derivatives of a spinor, [D;, D;], is
given by (1.7.30) with the curvature spinor

1 :
Kij = ZszZ‘ﬂkW’l +iel;1, (2.7.23)
where the antisymmetric tensor

Fij=Aji—Aij = Aji — A (2.7.24)
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is referred to as the electromagnetic field tensor. The electromagnetic field tensor is analogous to
the curvature tensor: it appears in the expression for the commutator of electromagnetic covariant
derivatives of a spinor, while the curvature tensor appears in the expression for the commutator of
coordinate-covariant derivatives of a tensor. Substituting (2.7.7) into (2.7.24) gives

F}; = Fy, (2.7.25)

so the electromagnetic field tensor is gauge invariant. The definition (2.7.24) is equivalent to the
first Mazwell-Minkowski equation

Fijie + Fjki + Frij = Fijie + Fjgei + Frij = 0 (2.7.26)
El]lejk’l = kalek;l =0. (2727)

We define a spatial vector E whose covariant components are related to the Oa components of
the electromagnetic field tensor (2.7.24):

E, = Fya, (2.7.28)

and a spatial tensor B,g equal to the spatial part of (2.7.24):

1
Bap = Fag, B = —ﬁeaﬂmﬁv, Baop = —Vs€apy B7, (2.7.29)
where s is given by (1.4.110). The component of (2.7.26) with all spatial indices, Bagy + Bgy,a +
Bya,3 =0, gives, using (1.4.126),
divB = 0. (2.7.30)

The components of (2.7.26) with one temporal index, Bag 0+ Ea,g—Eg,o = 0, gives, using (1.4.127),

curl E = b O(v5B) . (2.7.31)

c/s Ot
The spatial vector E is called the electric field and the spatial pseudovector B is the magnetic field.
In the locally geodesic and Galilean frame of reference, these fields depend on the components
of the electromagnetic potential (2.7.11) according to (2.7.24):

OA
E=-— Vo (2.7.32)
B=VxA, (2.7.33)

and they are invariant under (2.7.12). The tensor F;; is given by

o E E, E.
-E, 0 -B. B,
-E, B, 0 -B,
~E. -B, B, 0

F; = . E = (Fo1, Fo2, Fo3), B = (Fsa, F13, Fo1), (2.7.34)

and transforms according to (1.6.100). Thus the electric and magnetic fields transform according to

E—~(E —BxB)+ 1ﬁ_27(ﬂ BB, (2.7.35)

B—+(B +8xE)+ 15_27(5 B8, (2.7.36)

In this frame, (2.7.30) and (2.7.31) become the first pair of the Mazwell equations:

divB =0, (2.7.37)
OB

IE=——/—. 2.7.
cur — (2.7.38)
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Applying the div operator to (2.7.33) gives (2.7.37) and applying the curl operator to (2.7.32) gives
(2.7.38). Applying the div operator to (2.7.38) gives (2.7.37). Integrating the first pair of the
Maxwell equations over the volume and surface area, respectively, gives

}{ B.df =0, (2.7.39)

jfE.dl_cgtUB.df). (2.7.40)

The integral § A - df is the flux of a vector A through the surface f and the integral § A -dl is called
the circulation of A along the contour 1. Thus the flux of the magnetic field through a closed surface
vanishes and the circulation of the electric field along a contour, which is called the electromotive
force, is equal to the minus time derivative of the flux of the magnetic field through the surface
enclosed by this contour (Faraday’s law).

In a locally Galilean frame of reference, the simplest invariants (under proper Lorentz transfor-
mations) of the electromagnetic field are quadratic in Fj;:

F;jF9 =2(B?* — E?) = const, ¢* F;;F; = 8E-B = const. (2.7.41)

If the vectors E and B are mutually perpendicular in frame K, E - B = 0, then they are mutually
perpendicular in other inertial frames. If E and B are equal in magnitude in K, B? — E?2 = 0, then
they are equal in magnitude in other inertial frames. The transformation laws (2.7.35) and (2.7.36)
imply that if E' = 0 in the frame K’ then in the frame K

E=-v3xB =-3xB, (2.7.42)
and if B’ = 0 in the frame K’ then in the frame K
B-+8xE =8 xE. (2.7.43)

If the vectors E and B are mutually perpendicular in K, but not equal in magnitude, then there
exists a frame K’ in which the field is either electric, B’ = 0 (if £ > B), or magnetic, E' = 0 (if
E < B). The velocity of K’ relative to K is perpendicular to E and B, and it is equal in magnitude
to respectively either c% or c%. Equivalently, if one of the vectors E, B vanishes in one frame of
reference then these vectors are mutually perpendicular in other inertial frames. Except for the case
where the vectors E and B are mutually perpendicular and equal in magnitude, there exist frames
in which these vectors are parallel to each other at a given point. These frames move relative to one
another with velocities parallel to both vectors. One of such frames, K’ (in which E’ || B’), has a

velocity V relative to K which is perpendicular to both vectors E and B. Substituting the formulae

E’:7(E+ﬁ><B)+1B_2

1—
B'=1(B-8xE)+ 1(8-B)B, (2.7.45)
which are inverse to (2.7.35) and (2.7.36), into the condition E’ x B’ = 0 and using 8 = kE x B,

where k is a constant of proportionality, gives (E + k(E x B) x B) X (B — kE(E x B) x E) =0or

(B-E)B, (2.7.44)

2
k;:EIJTBBQ,SO
y ExB
2 Tk (2.7.46)

2.7.3 Lagrangian density for electromagnetic field

The simplest gauge-invariant Lagrangian density representing the electromagnetic field is a linear
combination of terms quadratic in Fy;: /—gFi; F¥ and ¥ F;; Fy,;, which a locally Galilean frame
of reference reduce to (2.7.41). The second term is a total divergence because of (2.7.27):

EIME, Fly = 2(67MF; A) 1, (2.7.47)
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so it does not contribute to the field equations. Thus the Lagrangian density for the electromagnetic
field is given by

1 y
Son = — VO FY, (2.7.48)

where the Gauflian factor ﬁ

reference, (2.7.48) becomes

sets the units of A;. In the locally geodesic and Galilean frame of

1
= —(E? - B?). 2.7.4
Lem 877( ) (2.7.49)

Therefore in order for the action S to have a minimum, there must be the minus sign in front of
the right-hand side of (2.7.48). Otherwise an arbitrarily rapid change of A in time would result in
an arbitrarily large value of E, according to (2.7.32), and thus an arbitrarily low value of S, so the
action would have no minimum. A generalization of the tensor (2.7.24) to a covariant derivative
with respect to the affine connection I‘i’;'-, Aji — Ay = Fiy + 2SkijAk, is not gauge invariant, so
the torsion tensor cannot appear in a gauge-invariant Lagrangian density which is quadratic in Fj;.
Thus the electromagnetic field, unlike spinor fields, does not couple to torsion.

2.7.4 Electromagnetic current

We define the electromagnetic current density

(2.7.50)

and the electromagnetic current vector

jt= : (2.7.51)

The invariance of the action under an arbitrary infinitesimal gauge transformation §A4; = A} — A; =
¢,; gives, upon partial integration and omitting a total divergence,

1 X 1 . 1 .
58 =~ /j%SAde == /midQ == /jl .6dQ =0, (2.7.52)
C C ’

2
so the electromagnetic current is conserved,
i'i=0, j;=0. (2.7.53)

The gauge-invariant Lagrangian density (2.7.14) for spinor matter is

ie VNN 7 A0 7 )
Ly = eV Vi — Yy "Y) — medyp — edseypyy, (2.7.54)
so the electromagnetic current for the spinor field is

jt = ecepyiep, (2.7.55)

which is proportional to the conserved vector Dirac current (2.6.45). The electromagnetic current
density (2.7.50) corresponds to the current (2.4.7) with £=0 and 6¢ = iea (which is equal to the
infinitesimal ¢’ — ¢ due to (2.7.1)).

We consider matter which is distributed over a small region in space, as in section (2.4.7). Inte-
grating (2.7.53) over the volume hypersurface and using Gauf-Stokes theorem to eliminate surface
integrals gives

/jo,odv =0. (2.7.56)

The conservation law (2.7.53) also gives

(z¥j') s = 2" ji + 2Fj ;= ot = i, (2.7.57)

99



which, upon integrating over the volume hypersurface and using Gauf}-Stokes theorem to eliminate

surface integrals, gives
(/xkjodV> :/jde. (2.7.58)
0

s

Using (2.4.103) turns (2.7.58) into

k
%/deV—k </ 5x’fj0dv) = /j’fdv. (2.7.59)
,0

For a particle located at x,, [6z¥]°dV = 0 and j*(x) is thus proportional to §(x — x,), s0

k
u” .o

ko
=gl (2.7.60)

We define the electric charge density p such that

o= (2.7.61)

v 400 ’

The electric charge density is not a tensor density. We define the electric charge e such that

pVsdV = de. (2.7.62)

The electric charge density for particles with charges e, located at x, is
p(x) = Z %5@( — X,), (2.7.63)
and [ j°dV (which is equal to [j'dS; for a volume hypersurface, so it is a scalar) is

/deV = 2@: / \/?g\/gTO“\/ga(x —x,)dV = c%:em (2.7.64)

so the electric charge is a scalar. Thus the electromagnetic current vector for a system of charged
particles is

cuf e,
(%) = ZF\/_—gé(x—xa), (2.7.65)

analogously to (2.4.201). The relation (2.7.56) represents the conservation of the total electric charge
of a physical system. For a particle moving along a wordline z,(7), we have

cuf e uk
§*(x) = o \/jgé(x —X,) = ec \/—796(1: — 24(7))dr. (2.7.66)
In the locally geodesic and Galilean frame of reference, Z—; = (1,v/e), so
3t = (cp,j), (2.7.67)
where j is the spatial current vector,
j=pv. (2.7.68)

The conservation law (2.7.53) in this frame, j’; = 0, has the form of the equation of continuity
(2.6.46). For one particle located at xo(t), p(x) = ed(x — xq), (2.6.46) is explicitly satisfied since

op 0

5 ea(S(X —Xp)=ev- B—XO&(X —Xg) = —ev- aé(x — Xq)
- 7(% : (eva(x - x0)> - -V.j, (2.7.69)
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where v = %. For a system of charged particles, we also have

/ jAV = eava. (2.7.70)

The equation of continuity (2.6.46) represents, upon integrating over the volume, the conservation

of the total electric charge:
;(/ pdV) + j{j -df = 0. (2.7.71)

2.7.5 Maxwell equations

The total Lagrangian density for the electromagnetic field and matter is the sum of (2.7.48) and the
term —y/—gA;j* due to (2.7.50):

1 ; 1 .
Lem = _167\/ng1,ka - Ev—gAk3k7 (2.7.72)

where we omit the terms corresponding to the gravitational field and matter which does not depend
on Ag. Varying (2.7.72) with respect to Ay, integrating partially and omitting total divergences
gives

1 , ik 1 . ik
08 = ——VmBF S Fy, — T 0Ay = ——mgF ™ (0 Ak — 0Aix) — oA
8 c s s s c

1 , ik 1 , 1 ,
= VaF A %5Ak = - (VEaFY) 04 - — V=g, (2.7.73)

so the principle of least action 45 = 0 for arbitrary variations 0 Ay yields the second Mazwell-

Minkowski equation

Ay

(V=0F"™); j (2.7.74)

c
or A
- 7r
Fho= —jk. (2.7.75)
c
The electromagnetic field equation (2.7.74) implies that j* is conserved, ji’i = 0, which corresponds
to the conservation of the total electric charge, but does not constrain the motion of particles.
Therefore a configuration of charged particles producing the electromagnetic field can be arbitrary,
subject only to the condition that the total charge be conserved, unlike a configuration of particles

producing the gravitational field which is not arbitrary but constrained by the gravitational field

equations.
We define
D% = —\/goo F°°, (2.7.76)
1 1
HY = [gooF*?, H, = 75\/36043711/”, HP = fTeaﬁva. (2.7.77)
5

The relations Fy, = gOigajFij and FP = go‘igﬁjFZ-j give then
Eq

D, =—- +¢°H,z, 2.7.78
HeP
B = = _ g*EP 4 4P E°, (2.7.79)
goo
or, in the spatial-vector notation,
E
D= —g x H, 2.7.80
7 8 ( )
H
B = +g x E. (2.7.81)



Using (1.4.107) brings the temporal component of (2.7.74) to
1

\/g(\/ED“),a = 4mp (2.7.82)
or
divD = 4mp. (2.7.83)
The spatial components of (2.7.74) read
1 1 dz®
—(VsH*? — (VD) g = —dmp—— 2.7.84
T VRH) 5+ S (VaD") o = ~dmp (2.7.84)
. O(/3D)
1 5 4
1H = — + —j. 2.7.
cur /s ot + o (2.7.85)

The conservation law (2.7.53) reads

1 9(Vsp)
N

In the locally geodesic and Galilean frame of reference, (2.7.80) and (2.7.81) reduce to

+divj=0. (2.7.86)

D =E, (2.7.87)
B =H. (2.7.88)

In this frame, (2.7.83) and (2.7.85) become the second pair of the Mazwell equations:

divE = 47mp,) (2.7.89)
OE  4r

I1B=— + —j. 2.7.90

o cot + c J ( )

Applying the div operator to (2.7.90) and using (2.7.89) gives (2.6.46). Integrating the second pair
of the Maxwell equations over the volume and surface area, respectively, gives

%E - df = 4rq, (2.7.91)

0 dr [,
j{B~dl_wt</E-df>+c/,]'df. (2.7.92)

Thus the flux of the electric field through a closed surface is proportional to the total charge inside
the volume enclosed by the surface f (Gaufs’ law) and the circulation of the magnetic field along a
contour is equal to the time derivative of the flux of the electric field through the surface enclosed
by this contour, called the displacement current, plus the surface integral of the current vector (the
Ampére-Orsted law).

The two pairs of the Maxwell equations are linear in the fields E and B. The sum of any two
solutions of the Maxwell equations is also a solution of these equations. Thus the electromagnetic
field of a system of sources (particles) is the sum of the fields from each source. The additivity of
the electromagnetic field is referred to as the principle of superposition.

2.7.6 Energy-momentum tensor for electromagnetic field

The metric energy-momentum tensor (2.3.3) for the electromagnetic field TEM is given by the
Lagrangian density (2.7.48):

1 ) 1 )
0LEM = 397V —ggim Fin F* g™ — 3V —oE Fimgogk™

1 1 . A
— &T,ﬁg(élgikFlmFlm — Fiijj)(;g’k, (2.7.93)
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1 /1 ;
EM l
Ty = P <4gikFlmF - Fi]ij) (2.7.94)
The corresponding energy density W, energy current S called the Poynting vector, and stress tensor
0qp called the Mazwell stress tensor, are given in the locally geodesic and Galilean frame of reference,
due to (2.4.71), by

1
W = —(E* 4+ B?), (2.7.95)
8
C
S=—ExB 2.7.96
1 ExB; ( )
1 1
Gas = o (EQEB + BoBs — iéaB(EQ + B2)>. (2.7.97)

Multiplying (2.7.38) by B and (2.7.90) by E and adding these scalar products gives

‘L B2 - i E_(B-cwlE-E-culB 2.7.
B + - 5 . (B - cur curl B), (2.7.98)
from which we obtain
L9 g2y g2 =~ B div(E < B) (2.7.99)
R = — 3. — div .
2¢Ot ¢
or o
—— +j-E4+divS=0. (2.7.100)

ot

Under Lorentz transformations, W, S and 0,3 transform like the corresponding components of a
tensor of rank (0,2) (2.4.71), according to (1.6.100).
The energy-momentum tensor for the electromagnetic field is traceless,

TiMg* =0, (2.7.101)

s0 (2.4.202) and the virial theorem (2.4.203) remain unchanged if the particles interact electromag-
netically. The condition (2.7.101) also gives, using (2.4.88),

EEM = 3pEM; (2.7.102)

so (2.4.204) implies that the free electromagnetic field is ultrarelativistic. In a frame of reference, in
which the vectors E and B are parallel to one another or one of them vanishes (and the z-axis is
along the direction of these vectors), the nonzero components of the tensor T are

Too = —Ti1 = Tag = T3 = W. (2.7.103)

If the vectors E (along the z-axis) and B (along the y-axis) are mutually perpendicular and equal
in magnitude then
Too = Tos =T33 =W. (2.7.104)

2.7.7 Lorentz force

We consider a charge particle interacting with the electromagnetic field. The total energy-momentum
tensor for the particle and electromagnetic field is covariantly conserved, which gives the motion of
the particle. The electromagnetic part yields, using (2.7.26) and (2.7.75),

1 /1 1 1 1
Tk: — 7F'm-7'Flm _ E ) Fkl _ E Fkl. — 77F’ml" Flm — —F, ”mFlm
ik T (2 Im:i il:k TRAR I o Hmitl o Hitom

1 1 .
—Fy FM — Filel:k) = WMy = - it (2.7.105)
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The particle part gives, using (2.4.195),

Tk = <,uc2 “i“k()) , (2.7.106)
Vgoou” J
so we obtain
w;uf 1 )
<u02 goou0> - <Fu jt=o. (2.7.107)
:k
Multiplying (2.7.107) by u® and using (2.7.60) gives
k
5 U
e 0) , (2.7.108)
( v goott k

which turns (2.7.107) into
k 1 ’U/l

50 U
U = —Fyp—o—r 2.7.109
: Voou’ S lp\/goou0 ( )
or O
Dy e .
= —F"/ 2.7.110
me—— = I, ( )

which is the equation of motion of a particle of mass m and charge e in the electromagnetic field
F,;. Multiplying (2.7.110) by u; gives the identity, so (2.7.110) has 3 independent components. The
right-hand side of (2.7.110) is referred to as the Lorentz force.

pi} d u® d

In the locally geodesic and Galilean frame of reference, Z— = #£ = =% and u’ = (v,7v/c), so

(2.7.110) reads (we choose the spatial components as the 3 independent ones)

e}

u e
— =eF*0 4 —F°P 2.7.111
me— - =e + . vg ( )
or, using (2.4.187),
dP
o =B+ Zv x B. (2.7.112)
The temporal component of (2.7.110) is
dug e
0 _ ™ 2.7.113
me—= = —Foav ( )
or IE
=V E, (2.7.114)

which also results from multiplying (2.7.112) by v and using (2.4.214). Integrating (2.7.100) over
the volume gives

%/WdV—ir/j-EdV—l—]{S-df:O, (2.7.115)

which, with (2.7.70) and (2.7.114), yields the conservation of the total energy (2.4.66) of the elec-
tromagnetic field and particles:

i(/ Wdv + za:Ea> +7{s -df = 0. (2.7.116)

References: [2, 3].
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3 Particles

3.1 Lagrangian mechanics
3.1.1 Coordinates, velocities and accelerations

For a system of particles, which is localized at a finite number of points in space, spatial coordinates ¢,
of particles can be taken for physical fields ¢. Any quantities g5 which completely define the position
of a system of particles are called generalized coordinates of the system. They are differentiable
functions of the time coordinate ¢, the first derivatives ¢s are called generalized velocities of the
system, and the second derivatives §s are called generalized accelerations.

We consider the frame of reference which is locally geodesic and Galilean. The position of
the particle in space is defined by its three-dimensional radius vector r, whose components are its
Cartesian coordinates z,y, z. The velocity of the particle is v = r and its acceleration is a = ¥. We
consider a particle moving along a curve r(t). We define a tangent vector,

dr

t=— 1.1
=3 (3.1.1)

where

ds = |dr| = v/dz? + dy? + dz? (3.1.2)

is the length of an infinitesimal arc of the curve. The tangent vector is a unit vector: |[t| = 1. The
velocity is thus tangent to the path of the particle:

dr dr
:—:i':'t: t. '1'
V== d=dt=v (3.1.3)
We define a normal vector,
dt
ds
= &2 3.14
n= & (3.1.4
where J
t
= | = 3.1.5
- (3.15)

is the curvature of the curve. The normal vector is also a unit vector: |n| = 1, and it is orthogonal
to the tangent vector: n -t = 0, which follows from differentiating t -t = 1 with respect to s. The
inverse of the curvature is called the radius of curvature of the curve,

p=r1L (3.1.6)
The acceleration of the particle is then, using (3.1.3),

.. N Ldtds $
a=st+st=st+s—— =5t+ —n
p

= 1.
ds dt ’ (3.1.7)

so it is the sum of the tangent acceleration §t = ¥t and the normal or centripetal acceleration
Spo iy
Higher time derivatives of the radius vector, such as the jerk vector

j="r, (3.1.8)
involve another unit vector,
b=txn, (3.1.9)

called the binormal vector. The three mutually perpendicular unit vectors t, n, b constitute a Frenet
trihedron, which can be used as a local basis of a spatial frame of reference associated with a given
particle. We define the torsion of a curve,

dn

=—"'b 3.1.10
r="b, (3.1.10)
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whose inverse is called the radius of torsion of the curve,
o=1""1 (3.1.11)

The derivatives of the three vectors t,n, b with respect to s depend on these vectors according to
the Frenet-Serret formulae:

dt/ds 0 x O t
dn/ds | =| —x 0 7 n (3.1.12)
db/ds 0 —r 0 b

3.1.2 Hamilton principle and Lagrange equations

According to the principle of least action or Hamilton’s principle, the dynamics of every classical
system is governed by minimizing the action of the system (2.1.1). We consider a locally Galilean
frame of reference, in which generalized coordinates coincide with Cartesian radius vectors of parti-
cles. The energy-momentum tensor T;,(x) as a function of x for one particle located at the position
X is proportional to §(x — xg), and so is the Lagrangian density £. Thus we can use, instead of £,
the Lagrangian L = [ £dV (2.4.53). The action (2.1.1) becomes

to
S:/ L(q, 4, t)dt, (3.1.13)

t1

where the integration over ¢ is between the instants ¢; and t2, and ¢ denotes the generalized coordi-
nates gs.

The principle of least action states that the dynamics of a mechanical system is given by the
condition (2.1.3): the system moves between the positions ¢(t1) and ¢(t2) at these instants in such
a way that the integral (3.1.13) takes the least possible value. In most cases L depends only g and
¢, but not higher derivatives with respect to ¢, so the mechanical state of the system is completely
defined by the coordinates and velocities (a Lagrangian containing higher derivatives can always be
written in terms of first derivatives by increasing the number of the coordinates ¢;). The condition

0S5 = 0 gives, using d§ = —q and integrating by parts,
270L doL
t = g+ =54 )dt = = _-= t
5/ (g,q,t)d 5/ < oq + 5q)d /t1 <8q dt8q>5qd
+| =6 =0. 3.1.14
a5, .

Since the positions of the system are fixed at ¢; and t9, the second term vanishes, so 5 = 0 for
arbitrary variations dq gives the Euler-Lagrange or Lagrange equations for each degree of freedom
s=1.n:

d oL 0L
dt dgs  Oqs
These n second-order differential equations give the relations between accelerations, velocities and
coordinates, i.e. they are the equations of motion of the system. The general solution of the equations
of motion contains thus 2n arbitrary constants, related to the initial velocities and coordinates. If

we do not fix d¢g = 0 at ¢; and t5 then the variation of the action (3.1.14) is, using the Lagrange
equations,

(3.1.15)

oL . 1"
58 = { (5q3] . 3.1.16
93,0, ( )

Adding the total derivative with respect to time of some function f(g,t) to a Lagrangian L gives

a new Lagrangian L/,
df

L'=L+—=%
+dt’

(3.1.17)
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the new action is thus

S =5+ f<Q(t1)at1) - f(Q(tQ)atz), (3.1.18)

so the conditions 6S = 0 and 4S5’ = 0 are equivalent, and the Lagrange equations do not change.
Thus the Lagrangian of a system is defined up to the additive total time derivative of an arbitrary
function of the coordinates and time. If a system consists of two noninteracting parts A and B,
with corresponding Lagrangian L 4(qa) and Lg(¢g), then the Lagrangian for this system is the sum
L s+ L. This additivity of the Lagrangian means that the field equations for either of the two parts
do not involve quantities pertaining to the other part. If L4 also depends on ¢p and/or ¢p, and/or
L depends on g4 and/or ¢4, then the subsystems A and B interact. Multiplying the Lagrangian L
by an arbitrary constant does not change the Lagrange equations for the corresponding system. The
additive property of Lagrangians admits only the simultaneous multiplication of the Lagrangians of
all the systems by the same constant, corresponding to choosing the unit of the Lagrangian.

If we vary the time, in addition to varying ¢, then the variation ¢ f of any function f(q,t) can be
decomposed into the part f&t resulting from varying ¢ and the part 6 f which equals 6 f if 6¢ = 0:

6f = fot+4f. (3.1.19)

Thus the variation of the action is, using %gf = 6f and (3.1.19) for f =g,

tz to B B
68 = 86t +0S = Lit|;> + | SLdt = Lot|> + / (aL(Sq + 6L5q') dt
t1

t1 6(] 8L]
2/9L_ 9L d - 2790  d oL\ -
= Lot ——0q+ — —06q | dt = Lit|2 / =~ ;0 |oqdt
“+/tl (361 10 i q) Ch ” <8q dt@g) a
oL - |™ oL d AL\ - oL oL t2
a4 q “ +, \Oq dt9oq q 0q q 8qq " ( )

If 6¢ = 0 and 6t = 0 at t; and ¢, then (3.1.20) gives for arbitrary variations éq the Lagrange
equations (3.1.15). If we do not fix the endpoints ¢; and to and the positions ¢ at these instants
then the variation of the action (3.1.20) is, using the Lagrange equations,

o

ta
9400 aqq—L>6t} : (3.1.21)

ty

3.1.3 Action for particles
The Lagrange equations (3.1.15) in the Cartesian coordinates are
dor oL _
dt v Or
The energy-momentum tensor for a point particle of mass m located at the radius vector ry is given
by (2.4.196):

(3.1.22)

" ) wiuk
T" ([‘) = mc (S(I' — ro)m, (3123)
so the variation of the action with respect to the metric tensor (2.3.1) gives
1 ) i,k )
55 = —5- / T 6 gi/—gd = —% / L2 gida® = —% / wiuF S gds
c u
me [ 0gidxidx® .
= | Ty = me 0V gigdxtdz® = —mcd | ds. (3.1.24)
s
Thus the action for a free (interacting only with the gravitational field) particle is
2
S = —mc/ ds, (3.1.25)
1
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where 1 and 2 denote the world points corresponding to the arrival of the particle at the initial and
final position. The equation of motion of a free particle is thus the metric geodesic equation (1.4.80).
The action for a system of noninteracting particles is the sum of the actions corresponding to each

particle:
S =— Zmac/dsa. (3.1.26)

If the particles interact with each other then we must add to (3.1.26) the action describing fields
which carry this interaction.

Multiplying the action (3.1.26) by an arbitrary constant does not change the Lagrange equations
for the corresponding system. The additive property of actions admits only the simultaneous multi-
plication of the masses of all the particles by the same constant, corresponding to choosing the unit
of the mass. The integral f12 ds has its maximum value along a straight world line (cf. text after
(1.6.110)). By integrating ds along a curved world line we can make [ ds arbitrarily small. Thus if
m < 0 then the action (3.1.25) cannot have a minimum, so the mass of a particle must be a positive
quantity.

The form of the action for a free particle (3.1.25) can also be obtained from general considerations.
The action is a scalar integral whose integrand is a differential of first order. The only scalar of this
kind that one can construct for a free particle is proportional to the integral of the interval ds
along the world line of the particle between two given world points. The constant of proportionality
characterizes the particle and we denote it —mc, calling the scalar m the mass of the particle.

In a frame of reference which is inertial (locally geodesic and Galilean), space is homogeneous and
isotropic and time is homogeneous. The homogeneity of space and time implies that the Lagrangian
of a particle cannot depend explicitly on either r or ¢, so it must be a function of v only. The
isotropy of space implies that this Lagrangian cannot depend on the direction of v, so it must be a
function of v. In an inertial frame, the action (3.1.25) is

2
S = —mc? /’y_ldt = —mc? / \/1- %dt. (3.1.27)

Thus the corresponding Lagrangian is
V2
L=—-mc*/1—-—. (3.1.28)
c

For a free particle, the Lagrange equations in the Cartesian coordinates (3.1.22) give

% = const. (3.1.29)

Since L is a function of the velocity only, we obtain
v = const, (3.1.30)

so a free particle moves with a velocity which is constant in both magnitude and direction (uniform
in a straight line). This is referred to as the law of inertia or Newton’s first law of dynamics. This
law is invariant under Lorentz transformations which preserve the Minkowski metric tensor. Thus
there exists an infinity of inertial frames, moving relative to one another uniformly in a straight
line, in which the properties of space and time and the laws of mechanics are the same (Einstein’s
principle of relativity).

The electromagnetic current vector for a point particle of charge e located at the radius vector

ro is given by (2.7.65):
k

& cu® e
=——0(r —rp). 3.1.31
40 = S b m (3.1.31)
Substituting (3.1.31) into the second term of (2.7.72) gives
1 & 0 € ut g € k
S=—— [ V-9Arj"dVdz" = —— Ak—odac = —— [ Apdz”, (3.1.32)
c c u c
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so the total action for a particle of mass m and charge e interacting with the electromagnetic potential
Ai is

S = fmc/dsf E/Aidaci. (3.1.33)
c

For a system of particles, the total action is the sum of the actions (3.1.33) for each particle. Under
the gauge transformation (2.7.7), the action (3.1.33) changes by the integral of a total differential:

S = —mc/ds— Z/Aida:i - S/da, (3.1.34)

so the conditions §S = 0 and §5’ = 0 are equivalent, and the corresponding Lagrange equations are
gauge invariant.

The form of the term —< [ A;da’ in (3.1.33) can also be obtained from general considerations.
The action is a scalar integral whose integrand is a differential of first order, and the only gauge-
invariant scalar of this kind that one can construct from the electromagnetic potential is proportional
to the integral of the product A;dz’ along the world line of the particle between two given world
points. The constant of proportionality characterizes the interaction of the particle with the elec-
tromagnetic field and we denote it —<, calling the scalar e the electric charge of the particle.

The variation of (3.1.25) with respect to the coordinates x! gives, using (1.4.78), (1.4.79) and
(1.4.80),

DOw . )
08 = mc( 7 Y sxids — /d(uﬁx’)). (3.1.35)
s

The variation of [ A;dz’ is
) / Aidrt = / SA;dx’ + / A;ddxt = / A; j6x7 dz’ + / A;déx
= / A, j0xddz’ + / d(Adz’) — / dA;6x' = / A; ot dxt + / d(A;0z°)
- / A, jdal szt = / Fijdaisa* + / d(A;6z")
. / Fyuisaids + / d(Aisa?). (3.1.36)

Thus the variation of (3.1.33) is, using the expression for the four-momentum p! = mcu! (2.4.187),

DG S ) )
58 = mc/ dsuz dx'ds — Z/Fijujéxlds - mc/d(uiéw”) - Z/d(Aiéa:')

3. ) . ) )
= /(D Pi _ e/thH)éﬂdS—/d(piéml—i— eAi5x1>
ds c c
2/ pity, , ) |2
:/ ( Pi_ e/Fiju3>6xids - <pz' + eAz') oz’

1 ds c : c

5 (3.1.37)
1
where the limits 1 and 2 denote the endpoints of the particle’s world line. The principle of least
action 6S = 0 for arbitrary §z' vanishing at the endpoints gives the Lorentz equation of motion of
a particle of mass m and charge e in the electromagnetic field F;; (2.7.110).
In a frame of reference which is locally geodesic and Galilean, the action (3.1.33) for a particle
in the presence of the electromagnetic field gives

S = /(—mcds +SA dr - egbdt) (3.1.38)
c

or

2
S = /(—"f+iA~v—e¢>dt. (3.1.39)
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Thus the Lagrangian for this particle is

5 v2 e
L=—-mc l—C—Q—i—EA-v—e(b. (3.1.40)

The Lagrange equations (3.1.22) for the Lagrangian (3.1.40) give

d e e e e
dt(p+c >CV(A.V)6V¢C(v~V)A+Cvx(V><A)eV¢
e(dA OA e

which is equivalent to (2.7.112). The Lagrangian for a system of particles is the sum of the La-
grangians (3.1.40) for each particle:

L:—Z(ch\/l—Z;—FiA-v—eaﬁ). (3.1.42)

3.1.4 Conservation laws and integrals of motion

During the motion of a mechanical system with n degrees of freedom, the 2n quantities g5 and ¢;
vary with time according to the Lagrange equations. Since the general solution of the equations of
motion contains 2n arbitrary constants, we can express these constants as functions of ¢; and ¢,
that remain constant during the motion. Such functions are called integrals of motion. A system of
particles which interact with one another but with no other bodies is said to be closed. For a closed
system of particles, the Lagrangian does not depend explicitly on time, so the origin of time ¢y may
be chosen arbitrarily as an additive constant. The remaining 2n — 1 constants are functions of ¢,
and ¢, so a closed mechanical system with n degrees of freedom has 2n — 1 independent integrals
of motion.

According to the Noether theorem, each continuous symmetry of a Lagrangian leads to some
conservation law. For mechanical systems, the homogeneity and isotropy of space and time yields
the constancy of certain quantities, which are said to be conserved. These quantities are additive,
their values for a system composed of noninteracting parts are equal to the sums of their values for
each part. Therefore the additivity of conserved integrals of motion relates the states of interacting
bodies after the interaction to their states before the interaction, regardless of the nature of this
interaction.

The variation of the action as a function of the coordinates (3.1.35) for a system of particles of
masses mg, using the geodesic equation of motion,

58 = _Z[pia(st]% (3.1.43)

a

where
DPia = MaCliq (3144)

is the four-momentum for the ath particle. The variation (3.1.43) is equivalent to

Pia = g (3.1.45)
so the four-momentum operator (1.6.75) (which is proportional to the differential generator of trans-
lation (1.6.66)) acting on the action S gives the four-momentum p; (with the minus sign). If the
spacetime is homogeneous then the mechanical properties of a closed system do not change un-
der any translation of the system in space or time. Thus the variation 65 (3.1.43) vanishes if
Szl = €' = const:

58 == [pialie' =0 (3.1.46)
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or, using the arbitrariness of €,
2
X -0
a 1

so the total four-momentum of a closed system is conserved:

Z pfl = const.
a

This conservation, using the decomposition of p’ into the energy E and momentum p:

b = — P,
C

contains the conservation of the total energy of the system,
Z FE, = const,
a
and the conservation of the total momentum of the system,

Z Pq = const.
a

For a system composed of one particle (3.1.43) becomes
6S = [p- ox — Edt]3,

Comparing (3.1.52) with (3.1.21) gives

(3.1.47)

(3.1.48)

(3.1.49)

(3.1.50)

(3.1.51)

(3.1.52)

(3.1.53)

(3.1.54)

(3.1.55)

oL
p - av)
oL
F=_—.-v—-L=p-v—L.
ov
In generalized coordinates, we define the generalized momenta ps conjugate to the coordinates g,:
0L
bs = 66}57
while the energy is
oL

Ezi-s_L: s.s_La
P q Psq
in agreement with (2.4.52). The variation of the action (3.1.21) in this notation is
45 = [psdgs — Eét]if,

which is equivalent to

o5, 08
P =% 7T T
Substituting the Lagrangian (3.1.28) into (3.1.53) gives
mv
P=——F
_ v

(3.1.56)

(3.1.57)

(3.1.58)

(3.1.59)

(3.1.60)



as in (2.4.209).

Under Lorentz transformations, the four-momentum p (3.1.49) transforms like the Lorentzian
coordinate vector z¢, according to (1.6.97). The energy and momentum of a particle, which form
such a four-vector, transform according to (1.6.95):

E =~(Ey+V -po),

VE
PL =Plio; P = 7(p\|0 + C2O>, (3.1.61)
or equivalently

Ey=~(E-V-p),

VE
PLlo =PLl, Po= ’Y(PH T e ), (3.1.62)
where p is the momentum of the particle in a frame of reference K, pg is the momentum of the
particle in a frame of reference K’, V is the velocity of the reference frame K’ relative to K, and

v = \/ﬁ Accordingly, E = /p2c2 + m2c* is the kinetic energy of the particle in K, and
Ey = \/pic? + m2c* is the kinetic energy of the particle in K.

If the spacetime is isotropic then the mechanical properties of a closed system do not change under
any rotation of the system in spacetime (spatial rotation or boost). Thus the variation 0S5 vanishes

if 5503 = Gikicka, where €% = —¢F = const represents an infinitesimal Lorentz transformation:
; 1 . .
08 == [phualiein = =5 D _[hre — pawelien =0 (3.1.63)
a a

or, using the arbitrariness of ¢;,
2

[Z M;’f} =0, (3.1.64)

a 1
where ‘ ‘ '
Mk = gt pk gyt (3.1.65)

a

is the tensor of angular momentum (2.4.58) for the ath particle. Therefore the total angular mo-
mentum of a closed system is conserved:

> MF = const. (3.1.66)

a

We define the spatial angular momentum vector:
1
M: M* = 560*571\45V (3.1.67)
or, due to (3.1.65),
M=rxp. (3.1.68)

The isotropy of space thus implies the conservation of the total angular momentum vector.
The conservation of the total spatial vector M°®,

MO =3 Mg = (ctpa — Eara) = const, (3.1.69)

a a

divided by the conservation of energy (3.1.50) gives
R = Vt + const, (3.1.70)

where )
V = Czjiapa (3.1_71)
Za Ea
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and
R = 2o Fata, (3.1.72)
Za Ea

The relation (3.1.70) describes a uniform rectilinear motion (2.4.61) of the center of inertia of the
system, that is, of the system as a whole. The constant (due to (3.1.51)) velocity of this motion is
equal to V (2.4.62) and the coordinates of the center of inertia are given by the radius vector R.

This is a generalization of the law of inertia for one particle (3.1.30) to a system of particles. so
a free particle moves with a velocity which is constant in both magnitude and direction (uniform
in a straight line). This is referred to as the law of inertia The velocity of the system of particles
as a whole (3.1.71) has the same form as the velocity for one particle (2.4.213). We can always
choose a frame of reference in which the total momentum ) p, vanishes, so the system as a whole
is at rest, V.= 0. If the particles interact then we must add to E, the energy of the fields which
carry the interaction. Since the components of the center of inertia (3.1.72) do not form the spatial
components of any four-vector, they do not transform like the coordinates of a point under Lorentz
transformations. Thus the location of the center of inertia relative to the particles depends on the
frame of reference.

The angular momentum (3.1.68) contains the radius vector, so it depends on the choice of the
point with respect to which it is defined. If the radius vectors of the ath particle in two different
frames are r, and r/, and the origins of these frames are separated by a constant vector a, then

r,=r,+a. (3.1.73)
If M, is the angular momentum of the particle in the unprimed frame and
M/, =71/ X pa (3.1.74)
is the angular momentum of this particle in the primed frame then

M:ZMa:Zraxpa:ngxpa—l—apra:M/—i—aXP, (3.1.75)
a a a a

where P is the total momentum of the system. Thus, in the rest frame of reference, in which P = 0,
the angular momentum of the system does not depend on the choice of the origin of the Cartesian
coordinates. If the system is closed, the conservation of its total angular momentum is independent
of the choice of the origin because the total momentum of such system is also conserved.

The antisymmetric tensor of angular momentum (3.1.65) transforms under Lorentz transforma-
tions according to (1.6.100). If a system of particles is at rest as a whole in the frame K, in which
its angular momentum is M, and moves with velocity V = V2 in the frame K’, in which its angular
momentum M’ is defined with respect to the center of inertia R in K (M’ in K’ depends on the
choice of the r because P # 0), then K moves relative to K’ with V, so (1.6.100) gives

M/12 — ]\4’127 M/13 — ,Y<M13 + ‘Z]\4’10>7 M/23 — ’7<M23 + ZM20>7 (3176)

where 7 = /1 — ‘c/—; In K, Y, pPa =0 (system at rest) and > E,r, = 0 (origin at the center of
inertia), so (3.1.69) gives M%* = 0. Thus (3.1.76) reduces to

The Lagrangian for a charged particle in the presence of the electromagnetic field (3.1.40) gives,
upon substitution into (3.1.53),

p= "V L CA (3.1.78)
_»v C
c2
while substituting it into (3.1.54) gives
2
E=—"" teg. (3.1.79)
-



The relation (2.4.211) between the momentum and energy turns into
(E — ep)? = (pc — eA)? + (mc?)?. (3.1.80)

The momentum (3.1.78) and energy (3.1.79) of a charged particle are the sums of their values in
the absence of the electromagnetic field, (3.1.59) and (3.1.60), called respectively the kinematic
momentum and kinematic energy, and terms linear in the electromagnetic potential.

3.1.5 Nonrelativistic mechanics and Galileo principle of relativity
In the nonrelativistic limit, the Lagrangian for a free particle (3.1.28) becomes

2

L=-me+ % (3.1.81)
The first term in (3.1.81) is constant and thus it does not contribute to the Lagrange equations.
The form of the second term can also be obtained from the invariance of the variation of the action
under Galileo transformations (1.6.114), which is referred to as Galileo’s principle of relativity. If
an inertial frame K is moving with an infinitesimal velocity € relative to another inertial frame K’
then the addition law for velocities (1.6.115) gives v/ = v + €. The Lagrangian in K’ is related to
the Lagrangian in K by

L(v?) = L(v®> +2v - € + %) =~ L(v?) + % 2v - €. (3.1.82)
Since the Lagrangian L’ in K’ can differ from the Lagrangian L in K only by the total time derivative
of a function of the coordinates and time, the second term on the right-hand side of (3.1.82) must
be linear in v, so % is independent of v, and thus L is proportional to v2. The constant of
proportionality characterizes the particle and we can denote it 7, calling the scalar m the mass of
the particle. If K is moving with a finite velocity V relative to K’ then the addition law for velocities

(1.6.115) gives v/ = v + V. The Lagrangian in K’ is thus related to the Lagrangian in K by

1 1 1 1 d 1
L' = §mv'2 = §m(v +V)?2 = §m1)2 +mv-V+ §mV2 =L+ pn (mr -V + 2mV2t>, (3.1.83)

in which the last term is a total time derivative and may be omitted. The integral S = % 12 v2dt
has a minimum if m is not negative, otherwise S would take arbitrarily large negative values for
an arbitrarily rapid motion of the particle from point 1 to point 2. In the nonrelativistic limit, the

Lagrangian (3.1.40) for a particle in the electromagnetic field is

2
L= —m02+%+EA~vfe¢. (3.1.84)

We consider a closed system of particles. If the particles are nonrelativistic (¢ — oo) then the
interactions between them propagate instantaneously. Otherwise the nonrelativistic addition law
for velocities (1.6.115) would imply that the velocity of propagation of interaction and thus the
interaction vanishes in some frame of reference, contradicting Galileo’s principle of relativity. Thus
the fields which carry these interactions depend on the positions of the particles at a given instant,
so the interaction can be described by adding to the total Lagrangian of noninteracting particles

D %mavg a certain function of the coordinates —U(r,), called the potential energy:

L=>Y" %mavz —U(ry) = T(va) — U(ry). (3.1.85)

The term T in (3.1.85) is referred to as the kinetic energy. The Lagrangian (3.1.85) is invariant
under the time reversal ¢t — —t, so all motions which obey the laws of mechanics are reversible.
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For arbitrary generalized coordinates ¢, the transformations

ro =rq(qs), Vo= Z—qu (3.1.86)

turn the Lagrangian for a system of interacting nonrelativistic particles (3.1.85) into

1 . .
L= §mrs(q)qrqs - Ul(q) =T(q,4) — Ul(q), (3.1.87)
where e
rll ra
= — .1.
Mps = Ma Ta. Ba. (3.1.88)

a

is the symmetric mass tensor, m,s = mg,. The Lagrangian L, due to the kinetic energy T, is a
quadratic function of the velocities.

We consider a system A which is not closed and interacts with another system B executing a
given motion; the system A moves in an external field due to the system B. If the system A + B is
closed then

L =Tx(qa,q4) +Ts(aB,4B) — U(qa,qB). (3.1.89)

Substituting for ¢p the given functions of time and omitting the term T (g5 (t), ¢5(t)), which depends
on time only so it is the total time derivative of some function of time, gives

L =Ta(qa,4a) —Ulqa,q5(1)). (3.1.90)

Thus the motion of a system in an external field is described by a Lagrangian in which the potential
energy depends explicitly on time.

3.1.6 Momentum, force and Newton equations of motion

If the space is homogeneous then the mechanical properties of a closed system do not change under
any translation of the system in space. In the Cartesian coordinates, a translation by a constant
vector € results in r — r + €, so the corresponding change in L for a closed system is

oL oL
6L = Xa: I T, =€ Xa: . = 0. (3.1.91)
Since € is arbitrary, this condition is equivalent to
oL
=0 3.1.92
2 o =0 (3.1.92)

a

so the Lagrange equations (3.1.22) give

P= Zpa = Z SVL = const, (3.1.93)

where P is the additive momentum of the system, equal to the sum of its values p, for each particle,
regardless of the nature of the interaction between them. The additivity of the momentum follows
from the additivity of the Lagrangian. If a system is not closed but its Lagrangian does not depend
explicitly on all the Cartesian coordinates, then the components of P which are parallel to the
Cartesian coordinates which do not appear in L are conserved.

The Lagrange equations in the Cartesian coordinates (3.1.22) for the ath particle are equivalent
to

Pa = fo, (3.1.94)
where oL
= 3.1.95
or. ( )
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is referred to as the force acting on the ath particle. This form of the equations of motion is
called Newton’s equations and constitutes Newton’s second law of dynamics. The relation (3.1.94) is
consistent with (2.4.73). The covariant form of (3.1.94) is
dp’ _ i
ds g,

(3.1.96)

where ¢* is the force four-vector, parallel to the four-acceleration and thus perpendicular to the
four-velocity, g;u* = 0. The components of g* are

o (f-ovy f
gz( ;W,’Y)- (3.1.97)

C Cc

Combining (3.1.59) and (3.1.94) gives the equation of motion of a particle of mass m moving under
the influence of the force f:

d
a(m'yv) =f. (3.1.98)

As v — ¢, the momentum tends to infinity, so accelerating a massive particle to the velocity of
propagation of interaction ¢ requires an infinite force and thus is impossible. In the nonrelativistic

limit, the momentum (3.1.59) reduces to
p = mv. (3.1.99)

The equation of motion (3.1.98) reduces to

ou

ma=f=-— (3.1.100)

which also results from substituting (3.1.85) into (3.1.22). Adding a constant to the potential energy

does not affect Newton’s equations (such a constant is a total time derivative of some function), so

U is defined up to an additive constant, which usually is chosen such that U — 0 as r, — co. A

field in which the same force f acts on a particle at any point is uniform. The potential energy in
such field is

U=—f-r. (3.1.101)

In a weak gravitational field, the Lagrangian of a particle is

mv2

2

where ¢, is the gravitational potential (2.5.82), because the corresponding Lagrange equations
(3.1.22) coincide with (2.5.84). The term m¢, is thus the potential energy of the particle in a
nonrelativistic gravitational field,

L=-mc®+

— Moy, (3.1.102)

Uy = mog. (3.1.103)

v? up
S= | Ldt=—-mc [ |c— —+ == |dt, (3.1.104)
2c c

which, compared with (3.1.25), gives

The action for (3.1.102) is

v
ds = — — 4+ )4t 3.1.105
5 (c 2c + c ) ( )

Omitting terms vanishing in the limit ¢ — oo gives
ds? = (¢* + 2¢,)dt* — dr?, (3.1.106)
which is consistent with (2.5.82). In the presence of a weak gravitational field, the Lagrangian

(3.1.84) turns into
2

L= fmc2+% fm¢g+§A~vfe¢. (3.1.107)
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The relation (3.1.92) is equivalent to
> f.=0, (3.1.108)

so the sum of the forces in a closed system vanishes. For a system of two particles, f; +f5 = 0, so the
force on the first particle exerted by the second is equal in magnitude and opposite in direction to
the force on the second particle exerted by the first (this statement is valid only for nonrelativistic
particles, for which we can neglect fields propagating the interaction). This is the action-reaction
law or Newton’s third law of dynamics. For a system of particles, summing (3.1.94) over a gives

P=> p.=) fa. (3.1.109)

Since the forces of interaction between particles cancel out due to the action-reaction law, (3.1.109)
becomes )
P=F, (3.1.110)

where F is the sum of external forces acting on the particles. If no external forces act on a mechanical
system then the system is closed, P = 0.

The Lagrangian L of a closed system does not depend explicitly on gs, g—qu = 0, so the Lagrange
equations (3.1.15) with (3.1.55) give,

ps = const. (3.1.111)
If L depends on g, then
oL
Fs = 3.1.112
2. ( )

are called generalized forces. The Lagrange equations (3.1.15) are in this notation
ps = F. (3.1.113)

The form of the Lagrangian (3.1.87) gives the relation between generalized momenta and generalized
velocities:

pr = Mys(q)gs. (3.1.114)
Substituting (3.1.87) into the Lagrange equations (3.1.15) gives

1 ou
rsr Nrsr = Mt sQrdt — 75— 3.1.115
MrsQr + MrsQr = 5Mrt,sqrqs o0, ( )
where 9
m'r‘s
rs,t — 5 3.1.116
st Oq ( )
or . o
mrsd'r + mrs,tq'tq'r - 7m'rt,s(1rq.t = — 5 - (31117)
2 9qs
Defining the inverse of the mass tensor m, ,
Mo Mgy = O, (3.1.118)
and multiplying (3.1.117) by m ! gives
ou
Gu + [rt, u)grge = —my, 2 —, (3.1.119)
9qs
where the quantities [rt,u] are analogous to the Christoffel symbols (1.4.26):
Lo
[Tt’ u] = 5Mys (msr,t + Mstr — m'rt,s)- (31120)

2
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3.1.7 Energy

If the time is homogeneous then the mechanical properties of a closed system do not change under
any translation of the system in time, so the Lagrangian of a closed system does not depend explicitly
on time. The total time derivative of the Lagrangian L(q,¢) is thus, using the Lagrange equations
(3.1.15),

dL _ 9L, 9L, _doL.  OL. d (0L (3.112)
a0 T 0T T wag. T 0. T ar\9g. " o
o d (oL dE
(% ) =2~ 1.122
dt(@gsq ) a = (3:.1.122)

Hence the energy of such system is conserved. The additivity of the energy follows from the additivity
of the Lagrangian. Mechanical systems whose energy is conserved are said to be conservative. In
the nonrelativistic limit, the energy of a particle of mass m moving with velocity v (3.1.60) reduces
to

E=mc® + %mvz, (3.1.123)
where it is the sum of its rest energy mc? and its kinetic energy %mvz. The energy is a positive
quantity because m > 0 (if m = 0 then E = Pc > 0). In the nonrelativistic mechanics the energy
can be of either sign, since adding a constant to the potential energy does not affect the Newton
equations. The equivalence of mass and energy (2.4.212) is valid not only for a single particle, but
also for a system of particles which is at rest as a whole, if m is the total mass of such system
and F is its total energy. The energy of a composite body at rest contains, in addition to the rest
energies of its constituent particles, their kinetic energies and the energies of their interactions. Thus
mc? # > mac?, so the mass, unlike energy, is not additive; the mass of a composite body is not
equal to the sum of the masses of its parts:

m#£ Y ma. (3.1.124)

Since the Lagrangian L(q, ¢) = T'(q,¢)—U(q) for a system of nonrelativistic particles is a quadratic
function of ¢, Euler’s theorem on homogeneous functions gives

oL or
=9 o 1.12
94 b 8QSq 8 2
Combining (3.1.56) and (3.1.125) gives
E=T(q,q) +Ulq). (3.1.126)

In the Cartesian coordinates the energy of a system of nonrelativistic particles is the sum of the
kinetic energy, which depends on the veloctites of the particles, and the potential energy, which
depends on their coordinates:

E=T(va) +U(ra) =) %mavg + U(ry). (3.1.127)

The change of kinetic energy in time is, due to (2.4.214) and (3.1.94),

dE dp dw
E_V.E_V.F_W’ (3.1.128)
where
dW =F -dr (3.1.129)

is an infinitesimal work done by a force F over a displacement dr. Thus a work over a finite
displacement is

W:/F-dr. (3.1.130)
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The quantity P = % is called a power. If we regard a system of particles as a fluid and the force
on this system is a surface force due to pressure (2.4.78) then (3.1.129) gives

dW = —pdfn-dr = —pdV. (3.1.131)
Thus the pressure is given by
oF
=——. 3.1.132
P=-3 ( )

3.1.8 Center of mass

We consider a system of nonrelativistic particles. If a frame of reference K’ moves with velocity V
relative to a frame K then the velocities v/, and v, of the particles in these two frames are related
by

vo=v,+ V. (3.1.133)

The momenta P’ and P of the system are related by
P:Zmava :Zmav;—l—VZma :P’—i—VZma. (3.1.134)

Thus we can choose a frame K’ in which the system as a whole is at rest, P’ = 0. The velocity of
this rest frame in K is
P > mava

V:Z T (3.1.135)

This velocity is the velocity of the system of particles as a whole. The relation (3.1.135) between the
momentum P and velocity V of the system of particles is the same as that for one particle (3.1.99),

P=MV, (3.1.136)

of mass

M= m,. (3.1.137)

Thus the mass in nonrelativistic mechanics is additive. The relation (3.1.135) is the time derivative
of

R = % (3.1.138)

The radius vector R of the system as a whole is the nonrelativistic limit of the center of inertia
(3.1.72) of such system (since E, ~ m,c?), and it is referred to as its center of mass. Since the
components of the center of mass (3.1.138) transform like the coordinates of a point under Galileo
transformations, the location of the center of mass relative to the particles does not depend on the
frame of reference. The center of mass (3.1.138) contains the radius vectors of the particles, so it
depends on the choice of the point with respect to which it is defined, like the angular momentum
(3.1.68). If the origins of two frames are separated by a constant vector a then the radius vectors of
the ath particle in these frames, r, and r/,, satisfy (3.1.73). If R’ is the center of mass in the primed
frame,

!/
R — 2aala 3.1.139
fhal, (31.139)

then
R'=R -—a. (3.1.140)

If we choose a = R then R’ becomes zero, corresponding to setting the origin of the frame of
reference at the center of mass of the system.
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The energy of a mechanical system which is at rest as a whole is referred to as its internal energy
€. The energies £’ and E of the system in the two frames K’ and K are related by

E = ;Za:mavg+U: ;zﬂ:ma(v;+V)2+U= ;zﬂ:mav;MUJrv-za:mav;
+%MV2 =E+V-P+ %MVQ. (3.1.141)
The corresponding Lagrangians are related by
L:L’+V~P’+%MV2, (3.1.142)
so the corresponding actions are related by
S=8+MV-R + %MV%. (3.1.143)
If the center of mass is at rest in K’ then P’ =0, so E' = ¢, and (3.1.141) reduces to
E=c+ %MVQ. (3.1.144)

Thus the energy of a system moving as a whole is the sum of its internal energy and the kinetic
energy of its center of mass, which is called Kdnig’s theorem.
3.1.9 Angular momentum and torque

If the space is isotropic then the mechanical properties of a closed system do not change under
any rotation of the system in space. A Lorentz matrix (1.6.7) with g, = 0, which represents an
infinitesimal rotation, changes the spatial coordinates according to

0To = —€apTp = —€apyTa0dy (3.1.145)

or
or =0¢ xr, (3.1.146)

where we donote the angle of this rotation (1.6.25) d¢. The corresponding change in the velocity
relative to an inertial frame of reference is

ov=20¢ X v. (3.1.147)

Thus the corresponding change in L for a closed system of particles is

oL oL .
5Lz<ara ~5ra+ava~§va> :Z(pa-5¢xra+pa'5¢xva)

a a

. d
:5¢-Z(ra><pa—|—va><pa):6¢)-£2raxpa

=0¢-Y M, =0. (3.1.148)

Since d¢ is arbitrary, this condition gives the conservation of the total angular momentum of the
system (3.1.68):

> M, =0. (3.1.149)

The additivity of the angular momentum follows from the additivity of the Lagrangian. There
are no other additive integrals of motion; every closed system has 7 such integrals: energy, the
3 components of momentum and the 3 components of angular momentum. The component of the
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angular momentum of a particle along any axis i coincides with its generalized momentum conjugate
to the angle of rotation ¢; about this axis, regarded as a generalized coordinate gs:

oL
06
The Lagrange equations (3.1.15) give then
. oL
M,; = . 3.1.151
90, ( )

If a system is not closed but interacts with an external field which is symmetrical about some axis
then the component of M along this axis relative to a point lying on the axis is conserved.

Differentiating the angular momentum for the ath particle with respect to time gives, using
(3.1.59) and (3.1.94),

- d
M, = %(ra X Pa) = Ve X Pg + 1o X Fy =1, (3.1.152)
where

To =14 X Fy (3.1.153)

is referred to as the torque acting on the ath particle. For a system of particles, summing (3.1.152)
over a gives
M=> M,=) 7. (3.1.154)

Since the total angular momentum M for a closed system is conserved, the sum of internal (within
the system) torques exerted on the particles vanishes. Thus (3.1.154) becomes

M =K, (3.1.155)

where K is the sum of external torques acting on the particles. If no external torques act on a
mechanical system then M = 0. The relation (3.1.151) implies that the component of the torque
acting on a particle along any axis ¢ coincides with its generalized force related to the angle of
rotation ¢; about this axis, regarded as a generalized coordinate gs:

)
- 0¢

Equation (3.1.155) is a Lagrange equation for the rotational coordinate ¢.

If a frame of reference K’ moves with velocity V relative to a frame K then the velocities v/,
and v, of the particles in these two frames are related by (3.1.133). Thus the angular momenta M’
and M of the system are related by

(3.1.156)

Ti

M= mare X Vo= Mala X Vi + Y mare x V=M + MR x V. (3.1.157)

If the system as a whole is at rest in K’ then V is the velocity of its center of mass and MV is its
total momentum P (3.1.136) relative to K, so

M=M +RxP. (3.1.158)

Thus the angular momentum of a moving system is the sum of its intrinsic angular momentum in a
frame in which it is at rest and the (orbital) angular momentum of its motion as a whole.

The torque 7T contains the radius vector, so it depends on the choice of the point with respect
to which it is defined, like the angular momentum. If the origins of two frames are separated by

a constant vector a then the radius vectors of the ath particle in these frames, r, and r/, satisfy
(3.1.73). If 7, is the torque acting on the particle in the unprimed frame and
T =1 xf, (3.1.159)
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is the torque acting on this particle in the primed frame then
K=Y 1= roxf,=)» t,xf,+ax» f,=K +axF. (3.1.160)

Thus, if the total external force acting on the system of particles F = 0 then the total torque acting
on this system does not depend on the choice of the origin of the Cartesian coordinates. In this case,
the system is said to be acted on by a couple. If F and K are perpendicular then we can choose
the vector a for which K’ =0, so K = a x F. In this case, the effect of all the forces acting on the
system reduces to that of a single force F. This choice is not unique: adding to a any vector parallel
to F does not change K’ = 0.

3.1.10 Mechanical similarity

We consider a similarity transformation in which the coordinates r; of all the particles (indexed by
1) in a nonrelativistic mechanical system are multiplied by a constant factor a and the time by a
constant factor b:

r; > r,=ar;, t—t =0bt. (3.1.161)
a

2 b

a factor fz. If the potential energy of the system is a homogeneous function of the Cartesian
coordinates,

This transformation changes the velocities v; by a factor so the kinetic energy T changes by
Ul(ar;) = a*U(r;), (3.1.162)

where k is the degree of homogeneity of U, then it changes by a factor a*. The equations of motion
remain unchanged if the Lagrangian T — U of the system changes by the same factor:

(3.1.163)

which transforms a path of each particle into a geometrically similar path of different size. The
relations between the ratios of mechanical quantities corresponding to the two paths and the ratio
ZT of linear dimensions of these paths are

C(UNTE v N o yE B ey
t  \1 ’vil’pil’Eil’Mil ’ o

The kinetic energy T' of a nonrelativistic system of particles is a quadratic function of the veloc-
ities, so Euler’s theorem on homogeneous functions gives

ZTZZi:Vi'g‘Z:zi:"i'pi::i(zizri'm)—zi:ri'pi- (3.1.165)

If the motion of the system is finite in space then averaging (3.1.165) over the time and using
vanishing of the average of the time derivative of any bounded quantity gives

S e NN (3.1.166)

If the potential energy of a system of particles is a homogeneous function of the coordinates (3.1.162)
then Euler’s theorem turns (3.1.166) into the nonrelativistic virial theorem:

oT = kU (3.1.167)
If the system is closed then its energy E =T + U is constant, so (3.1.167) gives

_ E _ 2F
7o FE o 2B

) 3.1.168
kE+2’ k+2 ( )



The nonrelativistic limit of (2.4.208) gives

E= Zmac2 — Z %mav2 = Zma02 —T, (3.1.169)

which is consistent with (3.1.168), if we omit the rest energies of the particles, for ¥ = —1. Thus
nonrelativistic charged particles interact with each other through a force which is proportional to
the inverse of the distance between them.

3.1.11 Dissipation

If the mechanical energy E of a system is transformed into other, nonmechanical forms of energy,
we refer to a process of such a transformation as the dissipation of energy. We define the dissipative
function,

1
F = Sasudsir, (3.1.170)

which modifies the Lagrange equations (3.1.15) to include dissipation:
d oL 9L OF

—_—— = — = —. 3.1.171
06 00 i, (3.L.171)

Thus the generalized force f; = % is modified by an additional part,
9 = —agqy, (3.1.172)

called the resistive force. The change of energy during dissipation is
dE  d oL d OL 0L oF
—_— = — s— — L) = s\ —=—— — = — js—— = —2F. 3.1.173
dt ~ dt (Z 4 04 > ;q‘ (dt 9. aqs> ZS:‘]S 9d. (3.1173)

Therefore F' > 0, so the quadratic form (3.1.170) is positive definite. If F' were a linear function of
s then the sign of % could not be fixed negative. If F' did not depend on ¢s then % = 0. Thus
(3.1.170) is the simplest function which can represent dissipation of energy in (3.1.171). For one

particle, ag is a 3 X 3 symmetric matrix. Since a particle is mechanically isotropic, a; is diagonal,

Qgt = Qst, (3.1.174)
where a > 0 is a scalar. The resistive force (3.1.172) acting on a particle is then
£Um) = —av. (3.1.175)

References: [2, 12].

3.2 Rigid bodies
3.2.1 Angular velocity

A system of particles in which the distances between the particles do not change is referred to as
a rigid body. The interaction between the particles which imposes the constancy of their relative
distances must propagate instantaneously. Thus the concept of a rigid body is valid only in non-
relativistic mechanics. To describe the motion of a rigid body, we use two frames of reference: an
inertial frame K and a moving frame K’ rigidly fixed in the body. The origin of K’ is usually taken
at the center of mass of the body. The position of a rigid body with respect to K is determined
by the position of K': the 3 components of the radius vector R of the origin of K’ in K and 3
angles representing the orientation of the axes of K’ relative to the axes of K. Thus a rigid body is
a mechanical system with 6 degrees of freedom. If the distances between the particles in a system
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change under the action of external forces or torques, and they return to their original values when
this action ends, then such a system is referred to as an elastic body.

An arbitrary displacement of a rigid body is the sum of an infinitesimal translation of the body
as a whole dR and an infinitesimal rotation of the body about its center of mass. If r is the radius
vector of the particle in K, d¢ is an infinitesimal angle of rotation of K’ with respect to K, and r’
is the radius vector of the particle in K’, then (3.1.146) gives

dr=dR +d¢ x r'. (3.2.1)
Dividing (3.2.1) by dt gives
v=V+4wxr, (3.2.2)
where the vector iR
v="2 (3.2.3)

is the velocity of the center of mass of the body, called the translational velocity of the body, and
the pseudovector
_ d¢

T
is the angular velocity of the rotation of the body. The term w X r is the rotational velocity of the
body. Under rotations, boosts and translations, the angular velocity behaves like a spatial vector.
The time derivative of the angular velocity is called the angular acceleration:

(3.2.4)

€=w. (3.2.5)

If we choose a different frame K" rigidly fixed in the body, with the origin at a distance a from
the origin of K’, then the radius vector r” of the particle in K" satisfies

r=r"+a. (3.2.6)

Thus (3.2.2) becomes
v=V+4+wxatwxr’ (3.2.7)

If the translational velocity of the body in K" is V' and its angular velocity is w’ then (3.2.2) gives
(v does not change because it is related to K)

v=V' +uw xr’. (3.2.8)

Comparing (3.2.8) with (3.2.2) gives
V' =V +wxa, (3.2.9)
w =w. (3.2.10)

Thus the angular velocity of rotation of a rigid body at any instant is, unlike the translational
velocity, independent of a system of coordinates chosen for a moving frame rigidly fixed in the body.
Thus w is the angular velocity of the body. If V and w at any instant are perpendicular for some
choice of the origin of K’ then (3.2.9) implies that V' and w’ are also perpendicular. In this case,
(3.2.2) implies that the velocities v of all points of the body are perpendicular to w, so we can choose
the origin of K’ whose velocity V' = 0 at this instant. The corresponding motion is a pure rotation
about an axis which passes through the origin of K’, called the instantaneous axis of rotation. If V
and w are not perpendicular then we can choose the origin of K’ for which V and w are parallel at
a given instant.
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3.2.2 Inertia tensor

The kinetic energy of a rigid body is given by substituting (3.2.2) (where we omit the prime) into
(3.1.123) and summing over all the particles:

T:Z%mQUE:Z%ma(V—wara)z
Z maV2 Zma (wxr, —I—Z mawxra)

= 5MV2 + z@:mara (V xw)+ z@: 5Ma (w2r2 —(w- ra)2>. (3.2.11)

If the origin of the moving frame rigidly fixed to the body is at its center of mass then ) mqr, =0
and (3.2.11) reduces to

1 1 1 1
T = 5MV2 + za: ima(xiaaﬁ — Loalpa)Wals = 5Mv2 + 5 lapatp, (3.2.12)

where the symmetric tensor
Iog = Z Ma(22608 — TaaTsa) (3.2.13)

a

is referred to as the inertia tensor. Thus the kinetic energy of a rigid body is the sum of the
kinetic energy of the translational motion of its center of mass, %mv% and the kinetic energy of the
rotational motion of the body (rotational kinetic energy) about an axis passing through the center
of mass,

1
Trot = ilaﬂwawﬁ. (3.2.14)

The inertia tensor is additive, which follows from the additivity of the kinetic energy. If a rigid body
is regarded as continuous then the mass of each particle must be replaced by the mass pdV with
density p contained in a volume element dV', and the summation over all particles by the integration
over the volume of the body. The inertia tensor (3.2.13) becomes then

I = /p(m25a5 — zqxg)dV. (3.2.15)
The inertia tensor (3.2.13) contains the radius vector, so it depends on the choice of the origin
of a frame rigidly fixed in a rigid body If the radius vectors of the ath particle composing the body

in two different frames are r, and r/, and the origins of these frames are separated by a constant
vector a, then substituting (3.1.73) into (3.2.13) gives

aﬁ = Zma< 604,3 — (Taa — @a)(Tga — a,@))
= Zma ((asa —2X,-a+ a2)6a5 — ZTaaZBa + Taals + TBaGo — aaag)
a
= Zma(x25ag — Taa¥Ba) — M((2R -a— a2)6a5 + (Xoas + Xgaq — aaag))

= Ios— M((QR ca—a2)0as + (Xaas + Xgaq — aaa/_;)), (3.2.16)

where

wp = Zma 22505 — TaT,) (3.2.17)

and R = (X,) is the radius vector of the center of mass of the body (3.1.138). If the origin of the
unprimed frame is at the center of mass of the body then R = 0 and (3.2.16) reduces to

Ig = lap + M(a*0ap — aaag), (3.2.18)
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which is called the parallel-axis or Steiner’s theorem.

The diagonal components of the inertia-tensor matrix are called the moments of inertia about
the corresponding axes. The inertia tensor can be reduced to a diagonal form by an appropriate
choice of the axes of a frame rigidly fixed in a rigid body, called the principal azes of inertia. The
corresponding values of the diagonal components of 1,3 are called the principal moments of inertia,
I, I, Is. The rotational kinetic energy of the body (3.2.14) is then

1
Trot = 5 (hw? + hws + Iw3), (3.2.19)

where w1, ws, w3 are the components of the angular velocity along the principal axes of inertia. None
of the three principal moments of inertia can be larger than the sum of the other two. If the body
has a plane of symmetry then its center of mass and two of the principal axes of inertia must lie in
that plane. If the body has an axis of symmetry then this axis is one of the principal axes of inertia
and it passes through its center of mass.

The angular momentum of a rigid body, defined with respect to its center of mass, is given by
substituting (3.2.2) (where we omit the prime) into (3.1.68) and summing over all the particles:

M= Zmara X (V4+wxr,) = Zmara X (wXry) = Zma (rzw —(rq - w)ra> (3.2.20)

or
Ma = IagW5. (3221)

If the axes of a frame rigidly fixed in the body coincide with the principal axes of inertia then

Ml = Ilwl, M2 = IQWQ, M3 == 13(4)3. (3222)

3.2.3 Eulerian angles

The orientation of the axes ' = 1,3’ = x9,2’ = x3 of a frame K’ moving with a rigid body relative
to the axes x,y, z of an inertial K can be represented by 3 Fulerian angles 0, ¢, 1, as shown in Fig.
4. The origins of K and K’ can be taken to coincide (at a point O) because the orientation of K’
relative to K does not change under translations. The z'y’ plane intersects the zy plane along the
line of nodes ON, in the direction of z x z’, perpendicular to both z and z’. The angle 6 € [0, 7]
is between the z and 2’ axes, ¢ € [0,27] between ON and the z axis, and ¢ € [0, 27] between ON
and the 2" axis. The polar angle and azimuth of the direction 2’ with respect to K are 6 and ¢ — 7.
The polar angle and azimuth of the direction z with respect to K are 6 and § — .

Figure 4: Eulerian angles.

~ The angular velocity 0 is along ON, so its nonvanishing components along the axes of K’ are:
0, = Ocosy, f; = —Osinyy. The angular velocity ¢ is along the z-axis, so ¢3 = ¢cost, ¢ =
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(;'Ssinﬁ siny, (;52 = Q'Ss@nﬁ cosy. The angular velocity w is along the z’-axis, so its only nonvanishing
component is ¢35 = 1. Thus the components of the angular velocity w along the axes of K’ are

w1 cosyp  sinfsiny 0 9
wy | = | —siny sinfcosy O o |- (3.2.23)
w3 0 cosf) 1 ")

Substituting (3.2.23) into (3.2.21) gives the angular momentum of a rigid body in terms of the
Eulerian angles and its derivatives. If the axes of K’ are the principal axes of inertia of the body
then (3.2.22) gives

M, = I, (cosy) § + sinf sing) @), My = Ip(—sinip 0 + sinf costh ¢), Mz = I3(cosh é +1)).  (3.2.24)

Substituting (3.2.23) into (3.2.14) gives the rotational kinetic energy of a rigid body in terms of the
Eulerian angles and its derivatives. If the axes of K’ are the principal axes of inertia of the body
then (3.2.19) gives

Trot = % (Il(coszlzé + sind sine ¢)% + Ip(—sine 0 + sinf costp ¢)? + I3(cosf ¢ + w)z) (3.2.25)

A product of 3 rotations (which is a rotation) brings the frame K to K’: a rotation about the z-
axis by an angle ¢ transforms the z-axis into a new z’-axis (which coincides with the line of nodes),
then a rotation about the z’-axis by an angle # transforms the z-axis into the z’-axis, and then a
rotation about the z’-axis by an angle v transforms the z'/-axis into the z’-axis. The corresponding
orthogonal matrix of this rotation is

R($,0,¢) = R () Rer (0) R (), (3.2.26)

where R, are given by (1.6.33) and describe rotations with respect to moving axes. If a rotation
R transforms an axis n to a new axis n’ then a rotation R’ about n’ is related to the rotation R’
about n by

', =RR,R". (3.2.27)

n’ =

Thus we can rewrite (3.2.26) in terms of rotations with respect to the fixed axes of K:

-1
R(6,0,0) = (R (0)R=(9) ) R () (R (0)R=(9))  Ror (0) R (0)

= Ru (0)R($) R (v) = R.(6) Ra(0) RS (6) R(6) R (1)
= R.(¢) R (0)R= (). (3.2.28)

3.2.4 Newton and Euler equations

We consider a rigid body in an inertial frame of reference. The Lagrangian of a rigid body is given
by

1 1
L= 5MV2 + L = U, (3.2.29)
where the potential energy U is a function of the 6 degrees of freedom of the body. The Lagrange

equations (3.1.15) for the 3 components of the radius vector R of the center of mass of the body are

d oL 0L

%aiv - aiR —_— O. (3-2~30)
The change of the potential energy under a translation of the body through a distance JR. is
ou ou
oU = —r, = —O/R=-)» f,-R=-F: R, .2.31
U=2 5.0 o > (3.2:31)
a a a

SO -
F=—-——. 3.2.32
IR ( )
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Substituting (3.2.29) into (3.2.30) gives, using (3.1.136) and (3.2.32), the Newton equation of trans-
lational motion of a rigid body (3.1.110).

The Lagrange equations (3.1.15) for the 3 angles ¢, representing the orientation of the principal
axes of inertia of the body relative to the axes of the inertial frame are

d 0L oL
fad —_ = —o. 2.
dt Owa Oy 0 (3:2:33)
The change of the potential energy under a rotation of the body by an angle ¢ is
oU = —Zfa-ra = —Zfa (6 x 1) = —6¢>-Zra x £, = —5(;5-27'@ =K. -d¢p, (3.2.34)

SO

oU
K=———. 2.
5 (3.2.35)
Substituting (3.2.29) into (3.2.33) and using (3.2.21) gives
- oU
M, = -2 2.
5o (3.2.36)

or, using (3.2.35), the Newton equation of rotational motion of a rigid body (3.1.155).

If a rigid body interacts with a uniform field E then the force on each particle composing the
body is f = eE, where e characterizes the properties of the particle with respect to the field. The
corresponding total force F = E ) e, and the total torque K=)"_e,r, x E. If >~ e, # 0 then

K=r, xF, (3.2.37)

where
_ 2aCala
Za €a '
Thus the effect of a uniform field on a moving rigid body reduces to the action of a single force F
applied at the point with the radius vector (3.2.38). In a uniform electric field, E is the electric
field vector and e is the electric charge of the particle. In a uniform gravitational field, E is the
gravitational acceleration due to gravity, e is the mass of the particle and rg is the radius vector of
the center of mass of the body.
We consider a frame of reference K’ moving with a rigid body, whose axes are the principal axes
of inertia, relative to an inertial frame K. If the change of any vector A in K’ is ‘{l—f then its change
in K is, according to (3.2.2),

dA dA
— = A. 2.
= o W (3.2.39)
Thus the Newton equations of motion of a rigid body (3.1.110) and (3.1.155) are equivalent to
!
P
ddt +wxP=F, (3.2.40)
d'M
= twxM=K. (3.2.41)

Projecting (3.2.40) onto the axes of K’ and using (3.1.136) gives
M(Vi +wsVs — wsla) = I,
M(Va + wsVi — wiVs) = P,
M(Vs +wiVa — waVi) = Fs. (3.2.42)

Projecting (3.2.41) onto the axes of K’ and using (3.2.22) (which is valid for the principal axes of
inertia) gives Fuler’s equations:

Ild)l + (13 — IQ)(A)ng = Kl,
Lo + (I — I3)wswy = Ko,
I3z + (I2 — I)wiws = K. (3.2.43)
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3.2.5 Noninertial frames of reference

In an inertial frame of reference Ky, the Lagrangian for a nonrelativistic particle of mass m moving
with velocity vg in an external field represented by the potential energy U is

1
Ly = imvg - U, (3.2.44)
which gives the Newton equation of motion m% = —%—g. We consider a frame of reference K’,
which moves relative to K¢ with translational velocity V(¢). Substituting the relation vo = v/ +V,

where v/ = % is the velocity of the particle in K’, into (3.2.44) gives

1 1 1 d av d (1
L= imv’2 +mv' -V + §mV2 -U = §mv'2 + g(mr’ “V)—mr'- T (2mV2t) —U, (3.2.45)
which, after omitting total time derivatives, reduces to
1
L' = imvl2 —mr' - AU, (3.2.46)

where A = % is the translational acceleration of K’. The Lagrange equations (3.1.22) in K’ are

% ‘33: — %f,/ = 0, giving the Newton equation of motion:
dv’ oUu
— = ——— —mA. 3.2.47
mn dt or’ m ( )

The effect of a translational motion of a frame of reference with acceleration A(t) is equivalent to
the effect of a uniform field of force —mA.. This force acts on the particle in the direction opposite
to the acceleration.

We consider a frame of reference K, which rotates relative to K’ with angular velocity w(t) and
whose origin coincides with the origin of K/, so r = r’. Substituting the relation v/ = v + w X r,

where v = % is the velocity of the particle in K, into (3.2.46) gives
L 2 1 2 /
inmv +mv~(wxr)+§m(wxr) —mr' - A-U, (3.2.48)
* oL oL oU
6—V:mv+mwxr, E:mvxw—f—m(wxr)xw—mA—E. (3.2.49)
Thus the Lagrange equations (3.1.22) in K give the Newton equation of motion:
d
md—;’:f%fmAfma><I‘f2m<.u><vfmc4.7><(w><r)7 (3.2.50)

where a(t) = w is the angular acceleration of K. The effect of a rotational motion of a frame of
reference with angular velocity w is equivalent to the effect of three forces: the force ma X r arising
from the nonuniformity of the rotation, the Coriolis force

fo = —2mw x v, (3.2.51)

and the centrifugal force
f. = —mw x (w xr). (3.2.52)

The Coriolis force depends on the velocity v, but it is perpendicular to v so it does not produce any
work. The centrifugal force acts in the direction opposite to r (away from the center of K) and its
magnitude is mw?p, where p is the distance of the particle from the axis of rotation.
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3.2.6 Constraints and d’Alembert principle

A rigid body is in equilibrium if the total force and torque acting on it vanish:

F=) f=0 K=) rxf=0. (3.2.53)

According to (3.1.110) and (3.1.155), such body is at rest (static). The equations of equilibrium
(3.2.53) do not depend on the choice of the origin with respect to which the torque is defined
because of (3.1.160). For a system of rigid bodies, (3.2.53) must be satisfied for each body. The
consistency of these equations with Newton’s third law for each pair of bodies implies the appearance
of additional forces exerted on each body by the bodies with which it is in contact and acting at
the points of contact. These forces are referred to reactions and must be included in (3.2.53). They
satisify Newton’s third law: the mutual reactions of two bodies in contact are equal in magnitude
and opposite in direction. Solving the equations of equilibrium (3.2.53) gives the reactions. If the
system of bodies is not in equilibrium then reactions must be included in (3.1.110) and (3.1.155).
Solving these equations give the motion of the bodies and the reactions. In addition to reaction,
dissipative forces of friction opposing the motion appear if two bodies in contact are in relative
motion.

The motion of bodies in contact is a combination of sliding and rolling. Sliding is characterized
by a reaction R perpendicular to the surfaces in contact and a friction T tangential to these surfaces
and proportional in magnitude to the reaction,

T = uR. (3.2.54)

The constant of proportionality g is called the coefficient of kinetic friction. Two bodies in contact
have a smaller number of degrees of freedom relative to these bodies in free motion. In sliding, the
constraints impose relations between the coordinates of the bodies only; such constraints are called
holonomic. The number of generalized coordinates n describing rigid bodies in sliding is n = ng — k,
where ng is the number of degrees of freedom of the bodies in free motion and k is the number of
(holonomic) constraints.

Rolling is characterized by no relative motion of the bodies at their instantaneous point of contact,
with an arbitrarily oriented force of reaction and a friction torque opposing the rotation. In rolling,
the velocities of the points in contact are thus equal. This condition is expressed by the equations
of constraint on the generalized velocities ¢;:

D cjsds =0, (3.2.55)

where the index j = 1..k numbers these equations and the functions c;; depend only on the gen-
eralized coordinates g,. If > cjsds is not the time derivative of some function of the coordinates
then (3.2.55) cannot be integrated to relations between the coordinates of the bodies only; such
constraints are called nonholonomic. For a rigid body rolling on another body at rest, (3.2.55) in
the Cartesian coordinates gives

V+wxr=0, (3.2.56)

where r is the radius vector of the instantaneous point of contact with respect to the center of mass
of the rolling body. For sliding, the reaction is perpendicular to the surface of contact of the bodies.
Since the motion in sliding is tangential to this surface, the work of forces of reaction along a wvirtual
displacement (displacement at a fixed time) dr, which is consistent with the constraints, vanishes:

> R.or=0, (3.2.57)

where the summation extends over all the bodies. This relation is equivalent to d’Alembert’s prin-
ciple:

> (f—p)-or=0, (3.2.58)

where p is the momentum of the body and f is the total force acting on it. The static (p = 0) case
of d’Alembert’s principle is called the principle of virtual work.
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Multiplying (3.2.55) by dt gives
> cjsbgs =0, (3.2.59)

so the variations dgs are not independent. The dynamics of a mechanical system is given by the
stationarity of the action 65 = 0 with k additional constraints (3.2.59). Lagrange’s method of finding
conditional extrema gives

88 + / D Ajejsdgadt =0, (3.2.60)
J»s
where A; are some functions of the coordinates, called Lagrange multipliers. The variations dgs in
(3.2.60) are now independent, so using (3.1.14) yields

oL d oL
/m <5qs T aag, Zj:AJ‘%)éqs dt = 0. (3.2.61)

Since the variations dgs are arbitrary, (3.2.61) gives the Lagrange equations with constraints for each
degree of freedom s = 1..n:

d oL  OL
e > Ajcje (3.2.62)
s S ]

These n second-order differential equations, together with k equations of constraint (3.2.55), are the
equations of motion of the system for n coordinates ¢; and £ multipliers A;. The right-hand sides
of (3.2.62) are the generalized forces of reaction:

R, =) \jcje. (3.2.63)
J

The condition (3.2.59) is also valid for holonomic constraints. In this case, >, ¢;sqs in (3.2.55)
is the time derivative of some function of the coordinates f;, so (3.2.59) gives

5fj = Z Cj55QS; (3264)
which then gives
af,;
The Lagrange equations with constraints (3.2.62) become thus
d oL 0L of;
— = —— =) )\ 3.2.66
dt 9gs  0qs ZJ: 7 dg, ( :

3.2.7 Maggi and Appell equations
References: [12].

3.3 Ideal fluids

3.3.1 Lagrange formulation
3.3.2 Euler formulation

References: [13, 14].
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3.4 Hamiltonian mechanics
3.4.1 Legendre transformation, Hamilton and Routh equations

For a particle, the Hamiltonian is
H = /p2c® + m3ct.
In the nonrelativistic limit, (3.4.1) reduces to
2
2

H:p——kmc.
2m

3.4.2 Poisson brackets
{Ma, Mg} = eapy My,
which resembles (1.6.37). This relation gives

{M? Mg} = {M,M,, Mg} = 0,whichresembles(1.6.41).

(3.4.1)

(3.4.2)

(3.4.3)

(3.4.4)

The square of the angular momentum vector is therefore the Casimir invariant of the rotation group,

that is, a quantity whose Poisson brackets with M vanish.

3.4.3 Maupertuis principle

3.4.4 Canonical transformations

3.4.5 Liouville theorem and distribution functions
3.4.6 Adiabatic motion

References: [12, 14].

3.5 Hamilton-Jacobi mechanics

3.5.1 Hamilton-Jacobi equation

pi = — g f and p;p’ = m2c? give the Hamilton-Jacobi equation
a8 9S
g = m2
Oxt Oxk
Substituting
S =S 4+ mc?t

into (3.5.1) in the Galilean frame of reference gives

1 gz L (957)°, 98 _
2m(VS) 2mc2<8t ot =0

In the nonrelativistic limit, (3.5.3) reduces to

1
2m

05

N2
(VS + o

0.

3.5.2 Canonical variables

References: [12, 14].
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4 Applications

4.1 Mechanics
4.1.1 Orthonormal systems of coordinates

The position of a particle in the Cartesian coordinates is given by the radius vector
r=(z,y,2) = 2%, (4.1.1)

where the Cartesian unit vectors (versors) are constant vectors:

e; = (1,0,0), ey =(0,1,0), es = (0,0,1). (4.1.2)
The velocity of the particle is
v =1v%, = 1%, (4.1.3)
SO
Vo = . (4.1.4)
The acceleration of the particle is
a=a%e, =0%", (4.1.5)
SO
oy = . (4.1.6)

The Cartesian versors are orthonormal (unit and orthogonal):
€y e = 5a5. (4.1.7)

We consider a transformation from the Cartesian coordinates x® to generalized (curvilinear)
coordinates ¢°:

= z%(¢"). (4.1.8)
The differential dr is thus
dr = hgdq®, (4.1.9)
where 9
r
hg = —. 4.1.10
B aqg ( )
The scalar product
Az 9z

where 7,4 is the spatial metric tensor (1.4.98). If v,z is diagonal then one can define a vector

h,
n, = (4.1.12)
Yoo
for each a. These vectors are orthonormal,
n, - 1’16 = 6a5a (4113)

and form a basis of an orthonormal system of coordinates in which the upper and lower indices «
are identical.
The vectors n, generally are not constant. The time derivative n, can be expressed as linear
combinations of ng:
fla = Waphg, (4114)

where the coefficients w,s depend on the chosen coordinates ¢*. Multiplying (4.1.14) by n., gives

Ny - Ny = WagNg Ny = Wag0gy = Wary, (4.1.15)
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S0
Wap +wga = (N -ng) =0. (4.1.16)

Thus the spatial tensor w,pg is antisymmetric. The velocity is given by

Or .o .o el
V=it =i ho =) Vaad N (4.1.17)

The acceleration is given by
a=> (VIaal®) o + Y VAaal e = Z(”aﬂ\/%ad“ + 5&5(\/7@40‘)')105- (4.1.18)
a « a,B

The passage from the Cartesian coordinates z,y, z to the cylindrical coordinates r, ¢, z is given
by
T =rcos¢, y=rsing, z=z. (4.1.19)

The radius vector is r = (r cos¢, r sing, z) and the metric tensor is

1 0 0
vas=| 0 72 0|, (4.1.20)
0 0 1
which gives
n, = (cos¢,sing,0), n, = (—sing, cosy,0), n, = (0,0,1). (4.1.21)

Thus n, = gf)n¢, ng = fqi.)nr and n, =0, so

0 ¢ 0
Wag=1 —@p 0 0 |- (4.1.22)
0 0 O
The velocity is given by (4.1.17): .
vV =7n, + r¢ng + Zn,, (4.1.23)
SO )
Vp = 7:" ’Ud) = ’I’¢, Vy = 2‘:. (4'1’24)
The acceleration is given by
a= (fn, +rény +sn,) = (¥ — rd?)n, + (ré + 2-d)ny + in,, (4.1.25)
SO . .. .
ar =7 —1¢?, ay =ro+2id, a, =z (4.1.26)

The gradient (1.4.124), divergence (1.4.126) and Laplacian (1.4.128) in the cylindrical coordinates
are

_ (%% 9y 9¥
Vo= <8r "rdg’ 0z )’ (4.1.21)
. 0v. v Ovuy | Ov,
divv = or ot rdd + 0z’ (4.1.28)
10 0 o2 0?
A:rar(’“ar) T 2ag T (4.1.29)
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4.1.2 Uniformly accelerated motion

If the four-velocity u® of a particle is constant then its motion is uniform. If the four-acceleration
w® of a particle is constant then its motion is uniformly accelerated. We consider w® = const and
v || a. If v is along the z direction, v = ve, and a = ae,, then (1.6.119) gives

2 4,2 4
. e ~Wwa ~'a
wo = 072 c4 = CT, (4130)
where v = (1 —v2/c?)~/2. We also have
L. du®  uld(yw) v d(yw)
T=—=— = — 4.1.31
v ds 2 dt 2 dt ( )
which gives
d
() =7 (4.1.32)
The relations (1.6.121) and (1.6.123) give the proper acceleration (1.6.123)
2,2
ag =~ <a2 + ’YC;J a2) =1%a?, (4.1.33)
which brings (4.1.32) to
d
If the time is chosen such that v = 0 at ¢ = 0 then (4.1.34) integrates to
t
v=c a0 (4.1.35)

As t — 00, v — ¢. If the coordinates are chosen such that = = %, y=2z=0at t =0 then (4.1.35)
dz

dt to

integrates, using v =
4
c
z® — (ct)? = —. (4.1.36)
)
The motion is thus hyperbolic, with a parametric solution
2 2

ct = —sinhp, = C—coshn. (4.1.37)
Qo ao

The proper time of the particle 7 is given by
t t
dt t
T :/ - z/ (1 — 02/ 2dt = L sinh 1200 = (4.1.38)
o u 0 ao c ap

The world line (4.1.36) is represented by a hyperbola AC in Fig. 5. As t — oo, this curve
asymptotically tends to the line ¢t = x, which is represented by a line OB. No signal emitted in the
region on the left of this line can therefore reach a point moving along the world line (4.1.36). Such
a point has an event horizon: no signals from world points which are behind the given point (in the

instantaneous rest frame) at distances larger than % at t =0 (JOA| in Fig. 5) can reach this point.

We consider the following transformation from the Cartesian coordinates ct, x,y, z to new coor-
dinates (T, X, y, 2):

cT cT
ct = Xsinh—, x = Xcosh—, (4.1.39)
« «
where o = const. The inverse transformation is

¢
T = atanh <, X = /22 — (ct)2. (4.1.40)
X
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(6] A X
Figure 5: Event horizon in uniformly accelerated motion.

Substituting (4.1.39) into the Minkowski interval (1.4.85) gives

X2
ds* = ECQdT2 —dX? —dy?* — d2*. (4.1.41)
The interval (4.1.41) is called the Rindler metric. If a point is at rest in the Rindler metric,

2

X = c—, y = const, z = const, (4.1.42)
ao
where ag = const, and we define
T
n= (4.1.43)
@

then (4.1.39) gives (4.1.37). Thus a point at rest in the Rindler coordinates ¢T', X is moving with a
constant proper acceleration ag in the Galilean coordinates.
In the nonrelativistic limit, agt < ¢, (4.1.35) reduces to

v = agpt, (4.1.44)
which integrates to
1
T = antQ + x9. (4.1.45)

Therefore a nonrelativistic uniformly accelerated motion is parabolic. As t — oo, v — 00, so the
applicability of this limit is restricted to velocities much smaller than ¢. Formulae (4.1.44) and
(4.1.45) are special cases of the nonrelativistic kinematics of a particle moving in a uniform field of
force f with a constant acceleration a = %, which integrates to

1
v=at+vg, r= §at2+vot+r0, (4.1.46)
where v and rg are the velocity and position of the particle at ¢ = 0.

4.1.3 Uniformly rotating frame of reference

The Galilean frame of reference in the cylindrical coordinates is described, due to (4.1.20), by the
interval

ds® = c2dt? — dr® — r’d¢® — dz*%. (4.1.47)

We consider a transformation to a frame of reference which rotates uniformly about the z-axis with
angular velocity w:

¢=¢" +wt. (4.1.48)

The interval in this frame is

ds* = (¢* — w?r?)dt? — 2wr?dg’ dt — dr* — r?d¢’* — dz*>. (4.1.49)
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The rotating frame can be realized with physical bodies if ggg > 0 which gives

c
4.1.50
r< o’ ( )

representing the impossibility of exceeding the speed of propagation of interaction by physical bodies
rotating with this frame. The square of an infinitesimal distance (1.4.97) corresponding to the
interval (4.1.49) is
T2d¢12
T w2
02

di? = dr® 4+ dz* + (4.1.51)

so the ratio of the circumference of a circle at z = const to its radius is 27/4/1 — “’25 >, The time
difference between two synchronized infinitesimally separated points is, due to (1.4.101),

1 2dg
At = E/M (4.1.52)
c 1— wc;
Thus the time difference along an infinitesimal closed curve connecting synchronized points is
1 wr?dg’
Af — ;2% 43 (4.1.53)
which, in the limit <F <1, gives
w 2w
At = = 7{7“2d¢>’ = 1675, (4.1.54)

where S is the surface area of the projection of the contour on the plane perpendicular to the z-axis
and the sign £ depends on whether the synchronization takes place in the direction of the rotation
or the opposite. If the length of the contour is L then the time of the propagation of a signal along
the contour is thus

L 2w
t=—4+—=25 4.1.55
Z+=2s, (4.1.55)
so the speed of propagation of interaction in the rotating frame measured in the inertial frame is
2wS
¢ =c+ WT (4.1.56)

The metric tensor corresponding to the interval (4.1.49) is

2

11—« o0 -2 9 1 0o -2 0
0 -1 0 0 " 0 -1 0 0
i = , g = 4.1.57
[ e Al I R
0 0o 0 -1 0 0 0o -1

Substituting the corresponding Christoffel symbols (1.4.26) into the metric geodesic equation (1.4.80)
gives the equations of motion of a particle in a uniformly rotating frame of reference:

du® du?
=0, — = 1.
Is P 0, (4.1.58)
du” w 2
—r( ZW L) = 4.1.
it ( U +u ) 0, (4.1.59)
du® 2 2
S Zurut + 20 = 0. (4.1.60)
ds r cr
Due to (4.1.58), we can take s = ct. Thus (4.1.59) and (4.1.60) give, using (4.1.26),
. ov”
- (’;}t —rv?? = Wi + 2wrv®, (4.1.61)
¢
a® = r% 20T = — 2w (4.1.62)
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We consider a nonrelativistic particle in a frame of reference K which rotates uniformly relative
to an inertial frame K, with angular velocity w and whose origin coincides with the origin of Ky,
SO r = rg. Substituting &w = 0 and A = 0 into the Lagrangian (3.2.48) gives

1 1
L= §mv2 +mv-(wxr)+ §m(w xr)? U, (4.1.63)

so the equation of motion (3.2.50) is

m%:—%—Qmwxv—mwx (wxr). (4.1.64)

This nonrelativistic equation of motion in a uniformly rotating frame of reference is consistent with

(4.1.61) and (4.1.62) for U = 0 (no external forces). Thus the relativistic Coriolis and centrifugal

inertial forces have the same forms as their nonrelativistic expressions. The momentum p = g—é for
the Lagrangian (4.1.63) is

pP=mv+mw Xr =mvy= Ppog, (4.1.65)

where v is the velocity of the particle in Ky. The momentum of the particle p in K coincides with
the momentum pg in Ky. Thus the angular momentum of the particle M = r X p in K coincides
with the angular momentum My = ro X pg in Ky. The energy £ = p - v — L for the Lagrangian
(4.1.63) is

-

1
E= Zmv = im(w x )2+ U, (4.1.66)

where the term —%m(w x r)2, which is independent of the velocity, is referred to as the centrifugal

potential energy. Substituting vo = v + w x r in (4.1.66) gives, using Ey = %mv% + U, the relation
between the energies E and Ey in the two frames:

1
E:§mvg—mvo-(w><r)+U:E0—mw-(r><v0):EO—M-w. (4.1.67)

The relation £ = Ey — M - w is also valid for a system of particles due to the additivity of the
Lagrangian.

4.1.4 Unidimensional nonrelativistic motion

In 1 dimension, the Lagrangian for a particle in an external field U is given by

L= %a(q)(f —Ulq), (4.1.68)
where ¢ is a generalized coordinate. In the Cartesian coordinates, the Lagrangian becomes

L= %mi’Q —U(x). (4.1.69)
The conservation of energy,

%ma'cQ +U(x) = E, (4.1.70)

gives

t= \/T/\/Eix—w + const. (4.1.71)

The motion of the particle is possible in the regions where U(z) < E. The points where U(z) = E
are called turning points. At these points, the particle is at rest: @ = 0. If the region of motion is
bounded by 2 turning points then such a motion is finite, that is, it takes place in a finite region of
space. A finite motion is oscillatory with a period (the doubled time of the motion of the particle
from one turning point to the other)

22(E) dx

T(E) =V2m e BTG (4.1.72)
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where x1(E) and z3(F) are the coordinates of the turning points. The inverse function z(U) is
two-valued. If the region of motion is bounded by 1 or no turning points then such a motion is
infinite.

If the potential energy U(z) has a local minimum, whose coordinate can be taken at = 0 and
whose value can be set to 0, then (4.1.72) gives

dxq( das( dU
T(E) F/ C}U \/ﬁJrF/ ;U VR (4.1.73)

where 1 (U) and x2(U) are the two branches of the function x(U), as shown in Fig. (6). Integrating

0 ( r/ / (dm_(m)\/(KfUEc)lé—U)

:\/%/0 (cfoQ dx1> U/ N o L (4.1.74)

Using [ dE/\/(K — E)(E — U) = = and taking K = U gives

1 V' T(E)dE
m2mJo VU-E

If the function U(x) is symmetric with respect to its minimum then z, = —z; = z, yielding the
function z(U):

(4.1.75)

To — 1 =

") === | (4.1.76)

Inverting this function gives the potential energy U(z) as a functional of the period T'(E).

Figure 6: Potential energy in a finite motion.

4.1.5 Central field

We consider a nonrelativistic particle in an external field. If the potential energy U depends only
on the distance r of the particle from the a fixed point, called the center of the field, then the field
is referred to as central. The force acting on the particle is given by

oU dU r
F=——u=——-. 4.1.
or dr r (4.1.77)

Since the angular momentum M of the particle (or any system) in such a field relative to the center

is conserved (cf. (3.1.151)),

: 1dU
M=rxF=——rxr=0, (4.1.78)

and M is perpendicular to r, the radius vector r and the path of the particle lie in a plane per-
pendicular to the constant vector M. The motion of the particle in a central field is therefore
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two-dimensional. The Lagrangian of a particle in a central field U(r) in the cylindrical coordinates
(r, ¢, 2) is given by

1 .
L= §m(¢2 +720%) = U(r). (4.1.79)
. oL _ . . . . d OL __ 8L
The relation 7z = 0 shows that ¢ is a cyclic coordinate. The Lagrange equations for ¢, 5 04 = 94
give the conservation of the corresponding generalized momentum,
oL 9
Py = — =mr’¢ = M, 4.1.80
= 99 ( )

which coincides with the conserved angular momentum M = M, 2.
The area of an infinitesimal, triangular region bounded by the radius vectors r, r + dr, and the
element of the path dr = rd¢ is

1
df = §r2d¢57 (4.1.81)
as shown in Fig. (7). The absolute value of angular momentum M = m7"2¢.> is therefore equal to
M = 2mf, (4.1.82)

where f is called the sectorial velocity of the particle. The conservation of angular momentum in a
central field gives thus Kepler’s second law: the radius vector of a particle in such a field sweeps out
equal areas in equal times.

rdeg
de  r+dr

Figure 7: Radius vector.

The energy of the particle in a constant central field U(r) is conserved,

E = %m(fQ +724%) + U(r). (4.1.83)
Using (4.1.80) in (4.1.83) gives
E = %miﬂz + Uesr, (4.1.84)
where A2
Ut =U(r) + 35— (4.1.85)

2

is the effective potential and M = M,. The term Q%ﬁ is the centrifugal potential energy (cf.
(4.1.66)). The centrifugal energy diverges as r tends to 0. Therefore, the particle cannot reach the
center of the field unless U tends to —oco as 7 — 0 sufficiently enough so that U.g tends there to a
finite value. The motion of the particle is possible in the regions where Usg < E. The points where
U.g = E are the turning points for the r coordinate, 77 = 0. At these points, however, the particle
is not at rest: ¢ # 0. If the region of motion is bounded by 2 turning points for r, 71 < 7 < 7o,
then such a motion is finite. If the region of motion is bounded from below by 1 turning point for
r, r > r1, then such a motion is infinite.
Integrating (4.1.84) gives

+ const, (4.1.86)

_ dr
t(r)_/wi(E—U)—W

m2r2
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which upon inversion gives the motion of the particle, r(¢). Substituting 7 = g—;é into (4.1.84) and
integrating gives
M Zdr

= + const, (4.1.87)

/\/Zm

which upon inversion gives the path of the particle, r((b). Since ¢ does not change sign, ¢(t) is a
monotonic function. Substituting

dr _ drdg _ Mﬁff%iG) (4.1.88)
dt dodt mr2de  mdo\r o
into (4.1.84), and defining
1
= -, 4.1.89
u= (1.8
gives
M2 du\?
— ) +d?| + U1/ ). (4.1.90)
do
Differentiating (4.1.90) with respect to ¢ and dividing by %2% gives
d*u m d
— =———U(1/u). 4.1.91
00 +u e duU( Ju) (4.1.91)

The path of a particle in a central field is a closed curve if the change of ¢ during the period of the
oscillation of the r coordinate,

M >dr

/ \/2m Ve ’

Agp =2 (4.1.92)

is a rational fraction of 2. The only central potentials that lead to closed paths are U ~ 72 (A¢ = )
and U ~ 1/r (A¢ = 2m).

The concept of the potential energy is not valid in relativistic mechanics. For a charged particle
in an electromagnetic field, however, the energy of the particle has an additive contribution from
the field. We consider a relativistic particle of charge e in a central electrostatic field produced by
a fixed charge ¢/. The motion of the particle takes place in a plane perpendicular to the constant
angular momentum vector. The conserved energy of the particle is given by (3.1.80):

E = /p*c® + m2ct + eg, (4.1.93)

where ¢ = 67/ (4.2.7) and A = 0. The momentum of the particle can be decomposed into the angular
and radial parts:

2 = ]\f—; + p2. (4.1.94)
The corresponding Hamilton-Jacobi equation is
é(aaeref/)er <g§>2+:2(gi)2+m2c2 = 0. (4.1.95)
Putting S = —Et+ M¢ + S, gives
=—FEt+M¢ —|—/dr\/ E—-—) — ]\f—; —m?2c2. (4.1.96)

The motion of the particle is given by g—f: = const, whereas its trajectory is given by gTS; = const. If
ee’ < 0 then the motion is finite (and the path is not closed) for E < mc? and infinite for E > mc?.
If e’ > 0 then the motion is infinite.

141



The motion of two interacting particles regarded as a closed system is referred to as the two-body
problem. For nonrelativistic particles, such a motion can be separated into the motion of the center
of mass of the system and the motion of the particles relative to the center of mass. The Lagrangian
of the system of two particles with masses m, and ms is given by

1 1
L = —mm I‘% + 5

5 mata — U(|ry — 1a|). (4.1.97)

Defining the separation vector,
r=r; —ry, (4.1.98)
and using the center of mass of the system (3.1.138),

R = rLfmars (4.1.99)
m

where m is the total mass of the system (3.1.137),
m=mi + ma, (4.1.100)

gives
ri="2" R, =" R (4.1.101)
m m
The first terms on the right-hand sides in (4.1.101) are the coordinates of the two particles relative
to the center of mass. Accordingly, the Lagrangian (4.1.97) becomes

1 . 1
L= 5mR2 + §/u‘~2 —U(|r|), (4.1.102)

where My
_ 4.1.103
e ( )

is referred to as the reduced mass. The Lagrangian (4.1.102) describes the free motion of a particle
of mass m and the motion of a particle of mass p in an external field U(r). The motion of the
two particles is then given by substituting R.(¢) and r(¢) into (4.1.101). The generalized momenta
corresponding to the coordinates R and r are
oL : . .
P= 87];{ :mR:m1r1+m2r2, P

The quantity P is the total momentum of the system.

oL

=2 = i 4.1.104
rial (4.1.104)

4.1.6 Kepler motion

We consider the motion of a particle with mass m in a nonrelativistic (Newtonian) gravitational
field of a body with mass . Such a field is central, with the potential energy given by (3.1.103) and

(4.3.59):
Uy = —Grm. (4.1.105)

r
The motion in such a field is referred to as a Keplerian motion. The effective potential is thus

v, M
=1 , 41.1
Uet r + 2mr? ( 06)
where
v =Gum > 0. (4.1.107)

The particle therefore cannot reach the center of the field unless it moves radially, M = 0. The
effective potential Ueg(r) is shown in Fig. 8. Such a potential has a minimum at

m’yz

Umin:*2M2-

(4.1.108)
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u eff

Figure 8: Effective potential in an Figure 9: Effective potential in a
attractive field 1/r. repulsive field 1/7.

The motion of the particle is finite for £ < 0 and infinite for £ < 0. If v < 0 then the effective
potential Ueg(r) is shown in Fig. 9. The motion in such a field is infinite.

The Newton equation of motion (3.1.100) in a Newtonian field gives
mi = — L. (4.1.109)

Since such a field is central, the angular momentum of the particle, M = mr X ¥, is conserved (cf.
(4.1.78)). The field is constant in time, so that the energy of the particle is conserved,
1 Y

E = im# +- (4.1.110)

which can also be obtained by multiplying (4.1.109) by ¥ and integrating. We consider a quantity

1
L=—-pxM-2. (4.1.111)
m T

Differentiating L with respect to time gives, using (4.1.109),

dL d r r-r)r r
dt:i‘xM—ydtm:—;rx(rxf)+”y((Tg)—r>:0. (4.1.112)
The vector (4.1.111) is thus conserved and it is referred to as the Laplace-Runge-Lenz vector. Unlike
the energy and angular momentum, this conserved quantity is not an additive constant of motion.
The existence of such a one-valued function of r and v is related to a specific character of the motion
in the % potential, called degeneracy (cf. ??). The Laplace-Runge-Lenz vector is perpendicular to
the angular momentum vector:

1
L-M=—(pxM)- M- 2. (rxp)=0, (4.1.113)
T

m
so that it lies in a plane of the motion and has 2 independent components. The number of the
conserved quantities in the Keplerian motion is thus 6: 3 components of M, 2 components of L, and
E, related to 2n arbitrary constants of the equations of motion for n = 3 degrees of freedom of a
particle.

The square of the Laplace-Runge-Lenz vector is, using (4.1.110), equal to

2y

LP=L-L=(wvxM?-"r-(vxM)++?=0v2M?— (v -M)?
r
2 2 2EM?
~IM- (rxv)++%=0v"M? — T2 +4% =T 42 (4.1.114)
r mr m
We also have
1 1 M?
Lr=—r-(pxM)—yr=—M-:(rxp)—yr=——r (4.1.115)
m m m
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Defining ¢ as the angle between L and the radius vector r gives L - r = Lr cos¢, so that (4.1.115)

turns into
p

R — 4.1.116
"7 + ecosg’ ( )
where )
M L
p=——y e= . (4.1.117)
my Y

The relation r(¢) (4.1.116) is the equation of a conic-section curve with latus rectum 2p and eccen-
tricity e, giving a mathematical formulation of Kepler’s first law. It is a circle or radius p for e = 0,
an ellipse for 0 < e < 1, a parabola for e = 1, and a hyperbola for e > 1. Substituting (4.1.117) into
(4.1.114) gives
21 2EM?
g -1

=4/1 .
2p € + mry?2

The path of the particle (4.1.116) can also be obtained from (4.1.87) or (4.1.91). The latter gives

d’u Ly ="0 1
M?2 p°
The path of a particle in a Newtonian field for e < 1 (E < 0) is shown in Fig. 10. The origin of
the field is in one of the two foci of the ellipse, F'. The center of the ellipse is at point O. The semi-
major axis of the ellipse is |OP| = |F B| = a, the semi-minor axis is |[OB| =b=av1 — €% = \/%
(due to (4.1.118)), |OF| = ae, and |FD| = p. The Laplace-Runge-Lenz vector is directed along
the vector F'P. When ¢ = 0, the particle is located at the point P which is closest to the center,
called a periastron, for which r = ry;, = ﬁ. When ¢ = 7, the particle is located at the point
A which is furthest from the center, called a apoastron, for which r = ry.c = &. The relation
Tmin + "max = 2a gives

(4.1.118)

p=a(l —e?), (4.1.119)
so that rmin = a(1 — €), rmax = a(1 + ), and (4.1.118) yields
Y
=——. 4.1.12
a 5B ( 0)

Accordingly, the equation of path (4.1.116) is

a(l —e?)

=—= 4.1.121
1+ ecoso ( )

The periastron and apoastron are turning points: ryi, and ry.x are the two roots of the equation
Uett(r) = E. If E = Uy, then e = 0.

Some properties of the Keplerian motion can be obtained using mechanical similarity. The
potential energy in such a field is a homogeneous function of the Cartesian coordinates (3.1.162)
with degree of homogeneity k = —1. The first relation in (3.1.164) gives thus

+ I 3/2
o) 4.1.122
: ( l) (4.1122)

Accordingly, the period T of revolution of a particle along an elliptical orbit is related to the semi-
major axis a of the ellipse by
T2 ~ a®, (4.1.123)

which constitutes Kepler’s third law. The value of T is given by the constancy of the sectorial velocity
n (4.1.82), which constitutes Kepler’s second law. This law gives MT = 2wmab, from which

T =2m, | a3, (4.1.124)
v

Substituting (4.1.118) and (4.1.120) into (4.1.86) gives

t= / . (4.1.125)
a262 (r—a)?
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Integrating (4.1.125) over the whole ellipse gives the period (4.1.124),

a(l+e)
T=2, /@/ rdr . (4.1.126)
Y Ja(i—e) ya?e? — (r—a)?

The expression (4.1.126) can also be derived using (4.1.88) and the equation of path (4.1.116).
Substituting

r =a(l — ecosf), (4.1.127)

where £ is a parameter, into (4.1.125) and putting ¢ = 0 when the particle is at the periastron gives
Kepler’s equation

wt =& — esing, (4.1.128)
where 5
s
= —. 4.1.129
w=2 (11.129)

Combining the equation of path (4.1.121) with (4.1.127) leads to

ae + rcosg = acost, (4.1.130)
1
tan® = /1% ant. (4.1.131)
2 1—e 2

The relation (4.1.130) is represented in Fig. 11 which shows the auziliary circle with radius a,
corresponding to the Keplerian ellipse in Fig. 10. The angle ¢ between the major axis and the
radius vector r is, in astronomy, denoted v and called the true anomaly. The angle £ is between the
major axis and a vector, which is directed from the center of the circle (and of the ellipse) to the
point on the circle with the same horizontal coordinate as the particle. This angle is, in astronomy,
denoted E and called the eccentric anomaly. The quantity wt in (4.1.128) is, in astronomy, denoted
M and called the mean anomaly. Kepler’s equation (4.1.128) is then

M = F — esinFE. (4.1.132)

Figure 10: Keplerian motion on

an ellipse.
Figure 11: Auxiliary circle.

For E = 0, (4.1.118) indicates the motion on a parabola, e = 1. The only turning point is located
at the periastron, rmi, = %, due to (4.1.116). Such a motion is given by (4.1.86):

L / rdr (4.1.133)
[22) _ M2
Substituting
1
r=gp(l+ n?), (4.1.134)
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where 7 is a parameter, into (4.1.133) and putting ¢ = 0 when the particle is at the periastron gives

Y 1 n’
=z 7. 4.1.1
mp® 3 <17 + 3 > ( 35)

For E > 0, (4.1.118) indicates the motion on a hyperbola, e > 1, as shown in Fig. 12. The
equation of path is

2
-1
po e =l (4.1.136)
1+ ecoso
where the semi-major axis of the hyperbola is given by
a= -1 P (4.1.137)

TOoFE  e2—1

The periastron is located at |FP| = rpim = a(e — 1), and |FB| = p. The parametric equations
(4.1.127) and (4.1.128) are replaced by

r = a(ecoshf — 1), (4.1.138)
wt = esinhf — €. (4.1.139)
Defining
o  [l+te H
tan2 Voo 1tanh 5 (4.1.140)
leads to Kepler’s equation
M = esinhH — H. (4.1.141)

If the field is repulsive, v < 0, then the motion is shown in Fig. 13. The equation of path is

p
= 4.1.142
" ecosp — 1’ ( )
where )
M
p=—2_ (4.1.143)
my

The periastron is located at |FP| = rpyi, = a(e + 1). The parametric equations (4.1.127) and
(4.1.128) are replaced by

r = a(ecoshé + 1), (4.1.144)
wt = esinh + &. (4.1.145)

F B

P

Figure 12: Keplerian motion on a

Figure 13: Motion on a hyperbola
hyperbola.

in a repulsive field.
We consider the motion of a particle in a perturbed Keplerian field, described by the Lagrangian

(4.1.79) with
U(r) = —% U (r), (4.1.146)
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where 0U(r) is a small correction to the Newtonian potential —1. The change of ¢ during the period
of the oscillation of the r coordinate (4.1.92) can be written as

Tmax 2
Ap=— aiM \/Zm(E —U) - ]\f—zdr. (4.1.147)

Tmin

Substituting (4.1.146) into (4.1.147) and expanding in 06U gives

Ap =27 + 8¢, (4.1.148)

Tmax 2 2 ™
56 = 8iM moUdr a‘;(ﬁ/ r25Ud¢). (4.1.149)
roin\f2m(E + 7) — M2 0

If F # 0 then we normalize the Laplace-Runge-Lenz vector by defining

L
D=~ (4.1.150)

/2m|E|

The Poisson brackets of the components of such a vector and the components of the angular mo-
mentum vector are

where

[Da, Dg] = —sgn(E)eqsy M., (4.1.151)
[Da,Mg] = eoégfyD,y. (41152)

If E < 0 then the relations (3.4.3), (4.1.151) and (4.1.152) form the Lie algebra of the rotation
group in the four-dimensional Euclidean space. The Casimir invariants C; of such a group are the
quantities whose Poisson brackets with M and D vanish:

{Ci, My} =0, {C;,Dy} =0. (4.1.153)

These invariants are
my?

=M-D= =M?+D*= —.
Cy 0, Cy + o]

(4.1.154)

4.1.7 Decays and collisions of particles

We consider a free body with mass M at rest, decaying into two particles with masses my,ms
and momenta pig, P2o. The energies of the resulting particles are Fjg = /p%,c? + mict, By =

P3¢ + mict. The conservation of momentum in this frame of reference gives p1o+p2o0 = 0, so that
E120 —m%c4 = Ego —m%c‘l. Combining this relation with the conservation of energy, F1o+Fag = Mc?,
gives the values of Eyg and Fag. The rest frame of the body is the center-of-inertia frame (C-frame) of
the two resulting particles. If the internal state of particles does not change during the collision then
such a collision is called elastic. The decay is possible if the binding energy Ey, = (M —my — ma)c?
is positive, otherwise the body is unstable with respect to this decay.

In a laboratory frame (L-frame), the body moves with velocity V and decays into the same two
particles with momenta p;, p2 and energies F; = /p%c? + mict, Es = \/p3c? + m3c*. We consider
one of the emerging particles, omitting the subscripts 1,2. We take the plane in which the vectors
V., p and pg lie as the zy-plane (the z-axis along the vector V). We choose the L-frame as K
and the C-frame as K’ in (3.1.61) and (3.1.62), so that V is the velocity of the C-frame relative to
the L-frame. If m is the mass of the particle, 8 is the angle between p and V, and 6 is the angle
between pg and V, then (3.1.61) and (3.1.62) give

E —(V/c)VE? — m2c* cosd Eo+ (V/e)\/E2 — m2c* costy
) E: 3
V1-V2/c? V1-V2/c2

0o + EqV/c?
pcost = p, = Po cosfl + EoV/e , psind = p, = pgsinfy. (4.1.156)

NS
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The value of 6y depends on the law of interaction of the particles and their relative positions. If we
regard the two resulting particles as a single composite system then the velocity of its motion as a

whole is given by (3.1.71), % = V. The invariant mass of such a composite system,
1 2 2
Miny = 5 (Z Ea) - (Z pa) 2, (4.1.157)
is equal to 5 \/(E1 + E2)? — (p1 + p2)2c® = M.

The relatlons (4.1.156) give (pz+/1— V2/62 EoV/c?)? + pg = pZ, which is represented by a
kinematic ellipse in Fig. 14. The major semiaxis of the ellipse is along the z-axis and it is equal to
Po . . o . _ . oy . _ E()/C2
v The minor semiaxis is along the y-axis and it is equal to pg. The vector AO = Vi\/m
and the vector AB =p. If V < vy = poc then A lies inside the ellipse. In this case, for each 0
there is 1 value of E and thus 1 value of 00 If V > vy then A lies outside the ellipse. In this case,

for each 6 there are 2 values of E' and thus 2 values of 6y. Also, # cannot exceed a value Omax

given by sinfmax = poiw. The angles of emergence of the two particles in the C-frame satisfy
010 + 029 = w. The separation angle in the L-frame, which is the angle between the directions of the
particles after decay, is equal to © = 67 + 6.

In the nonrelativistic limit, the relations (4.1.155) and (4.1.156) reduce to v = v + V, where
v is the velocity of a decay particle in the L-frame, and v is the velocity of this particle in the
C-frame. This relation gives v? = v2 + V2 + 2ugV cosfp and v3 = v? + V2 — 20V cosf), from which
tanf = %. Accordingly, the ellipse in Fig. 14 reduces to a circle of radius py, where
AO = mV and AB = mv, so that OB = mvy. An equivalent circle of radius vo = 22, where
AO =V, AB = v and OB = vy, is shown in Fig. 15. If V' > vg then sinfmax = 3.

Figure 14: Kinematic ellipse of a

Figure 15: Nonrelativistic limit.
decay.

For a system of decaying particles that are randomly oriented in space, every decay particle of
a given kind has the same energy in the C-frame and the angular distribution of their directions
of motion is isotropic. The fraction of particles in a solid angle doy is thus equal to dN = %,
where dog = 27 sinfy dfy and 6y € [0, w]. The angular distributions dN and the ranges of possible
values of other quantities can be obtained from the relations between 6y and those quantities, such
s (4.1.155). If a particle decays into 3 or more particles then the laws of conservation of energy
and momentum allow more freedom in directions of motion and velocities of the emerging particles.
The kinetic energy of each decay particle cannot exceed the maximum value which the particle has
if the system of the other particles has the least possible mass. Such a mass is equal to the sum of
the masses of those particles and describes the case where the particles move with the same velocity.
We consider two colliding particles with masses my,ms and four-momenta pi,ph. We consider
an elastic collision, which is a collision during which the internal states of particles do not change.
The conservation law of four-momentum is

Pl +ps =i + 15, (4.1.158)
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where the primed quantities refer to the particles after the collision. This law gives, using p1;p} =
2

PPy = mic® and pyiph = phpy = m3c?,
priph — pripy — paipt +mic* =0,
PP} — p2ips — p1ipy +mic® = 0. (4.1.159)

Inelastic collisions, where the states of colliding particles change, are possible if the invariant mass
(4.1.157) of the resulting particles does not exceed the invariant mass of the original particles.

The L-frame for collisions is defined as a frame of reference in which one of the colliding particles,
for example meo, is at rest, so that ps = 0 and Fy = mac?. The velocity of the motion of the system
of such particles as a whole (3.1.71),
pic?

V=—'"
E1+TTLQCQ,

(4.1.160)

is the velocity of the C-frame relative to the L-frame. Therefore, before the collision, the particle
with mass my moves in the C-frame with velocity —V, so that its momentum is

mQV

—_— . 4.1.161
1-V2/c? ( 61)

P20 =

If 0, is the angle between p; and pj, and 65 is the angle between p; and pj, then in the L-frame
we obtain pyiph = Eyma, pupl = E\Ej/c¢* —p1 - p) = E\Ej/c? — pip} costy, paspl = maEY,
p2ipy = maEL and pypy = E1EY/c? — p1 - Py = E1ES/c® — piph cosfla. These quantities are scalars
so that they have the same values in all frames of reference. Substituting the above expressions into
(4.1.159) gives the relations between the energies of the particles and the directions of their motion.
The time component of (4.1.158) in the L-frame is the conservation of energy, E; +mac? = E| + E}.
The energy in the L-frame transferred from the incident particle m; to the target particle mo is
equal to Ey = E5 — mac?. If m; > my then the scattering angle §; has a maximum value given by
sinfmax = %

In the C-frame, the momenta of the two particles before the collision, p1g = pg and p2g, satisfy
Pio + P20 = 0. The conservation of momentum causes that the momenta of the particles rotate
during the collision, remaining opposite in direction and equal in magnitude. The conservation
of energy causes that the values of the momenta (and of the energies) do not change during the
collision. If x is the angle of such a rotation (angle of scattering), that is, the angle between pig
and p}, or between pgy and phy, then in the C-frame we obtain py;pb = E19E20/c? — p1o - P20 =
V(03 +mic2)(pf + m3c)+pg and pupi = E10Ejy/c® —pio-Pho = Eip—pg cosx = pj(1—cosx)+mi.
Substituting the above expressions into (4.1.159) gives the relations between the energies of the
particles and x. A head-on collision corresponds to y = .

An elastic collision of two particles with masses mi,ms and momenta pi,p2 = 0 is equiva-
lent (with respect to the resulting particles) to a decay of a particle with mass equal to mj,, =
L/ (E1 4+ mac?)? — p3c? (4.1.157), moving with velocity (4.1.160). Therefore, the vector AB = p/
lies on an ellipse in Fig. 16, which is analogous to that in Fig. 14. The major semiaxis of this ellipse

is equal to \/ﬁw and its minor semiaxis is equal to pg, where py = pjy = Phy = P20 = \/%
(due to (4.1.161)) and V = ]513_17722202 (due to (4.1.160)). The length of the vector AC is equal

to V\/ioégjﬁ + \/1532/&’ where E19 = /p3c? + m3ct, leading to |[AC| = p;. Thus we obtain

AC = p;. The spatial components of (4.1.158) in the L-frame are the conservation of momentum,
p1 = P} + pPh, so that the vector BC' = p). If my; < my then A lies inside the ellipse. If m; > maq
then A lies outside the ellipse.

In the nonrelativistic limit, the ellipse in Fig. 16 reduces to a circle of radius pwv; in Fig. 17,
where p is the reduced mass (4.1.103), and the angle between the vectors OB and OC' is x. Thus
we find

i — 2
tanf, = — 200X g, o TTX o STY g X (4.1.162)
my + Mg cosy 2 my + mo 2
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This circle can also be constructed from the two-body problem. Differentiating (4.1.101) with respect
to time gives

MoV myv
Vi=—2 4V, vpg=—— 1 4V, (4.1.163)

my + me my + mo
where vi and vo are the velocities of the particles before the collision, v = v; — vs is the relative
velocity (the time derivative of the the separation vector (4.1.98)), and V = M¥imavz js the

velocity of the center of mass of the particles (3.1.135) (the time derivative of R 4 1. 99?) During
the collision, the vector of relative velocity rotates without changing its magnitude, by an angle x.
If n is the unit vector along the direction of the velocity of the particle m; after the collision, then

v in (4.1.163) turns into vn, so that v = 120 +V, vj = — 98- 4+ V or
"= pon+ — (py + , Ph=— o+ —"2__(p) +po). 4.1.164
py=pwn+t (P A P2), Py = —pent (P14 p2) ( )

In the L-frame, po = 0, so that the formulae (4.1.164) correspond to Fig. 17 with OB = pvn. A

head-on collision corresponds to n = —7.

Figure 16: Kinematic ellipse of a

o Figure 17: Nonrelativistic limit.
collision.

For two particles with masses my, ms, velocities vi,vo and four-momenta p}, p}, we have from
(3.1.59) and (3.1.60):
1-— Vi - V2/62

i 2
P1iPa = M1mac . (4.1.165)
V(I —0i/)(1 - v3/c)
In the rest frame of the particle ms, (4.1.165) becomes
priph = —— e myc?, (4.1.166)
V1-wv,/c
where v, is the velocity of the particle my in this frame,
2,2 4
Vpet = ¢y [1 — TAT2E (4.1.167)
(privh)

Because (4.1.167) is symmetric under interchanging mi and mag, vy is the relative velocity of the
two particles. Substituting (4.1.165) into (4.1.167) gives

V(Vi = v2)? = (Vi x va)?/e?

1—wvy-vy/c?

Urel = (4.1.168)
In the nonrelativistic limit, (4.1.168) reduces to vy = |Vi — V2|, in agreement with v in (4.1.163).
The relative velocity dl,, between particles with velocities v and v + dv gives thus the element of
length in velocity space,
dv? — (v x dv)?/c? dv? v?

diz = = d6? + sin®@ d¢® 4.1.169

v (1—v2/c?)? (1 —v2/c2)? * 1—1}2/02( +sin0dg"), ( )
where 6 and ¢ are the polar angle and azimuth of the direction of v. In terms of the rapidity
(1.6.90), (4.1.169 is a line element in a three-dimensional Lobachevskii space (space of constant
negative curvature),

di? = dn? + sinh?n(d6? + sin®6 d¢?). (4.1.170)
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4.1.8 Scattering of particles

The trajectory of a particle with mass m moving in an external central field with potential U (r)
(in a plane) is deflected from a straight line, as shown in Fig. 18. The impact parameter p is the
distance at which the particle would pass the center of the field if the field were absent. The angle
of deflection x is the angle between the asymptotes representing the trajectory of the particle far
from the field. It is given by

X = |7 — 2¢o], (4.1.171)

where ¢ is the angle in the polar coordinates of the point of the trajectory which is closest to the
center. If the motion is nonrelativistic then ¢q results from (4.1.87):

> %dr

ruin  [2m(E — U) — 22

bo = (4.1.172)

where rpni, is the distance of this point from the center. Far from the field, the conserved energy
and angular momentum of the particle are given by

1
E = imv2

00

M = mpuo, (4.1.173)

where v is the corresponding velocity of the particle. Accordingly, (4.1.172) becomes

oo
Lrdr

$o = (4.1.174)

U
Tmin \/1—p2/1"2— 3
oo

Figure 18: Deflection in a central field.

The deflection of a uniform (in cross section) beam of particles with the same velocities but with
different impact parameters results in different angles of deflection. If dV is the number of particles
scattered per unit time into the angles of deflection between x and x + dy, and n is the number of
particles passing per unit time through unit area of the cross section of the beam, then the scattering
cross section is defined as AN

n

do (4.1.175)

Particles which are scattered into the angles of deflection between y and x + dx have impact param-
eters between p and p + dp, so that AN = ndS, where dS = 2mwpdp is the area between the circles
of radii p and p + dp. Therefore, we obtain

p

do =2mpdp = 2mp —_—
siny

dp dp
—|dx = — 4.1.1
ax ’dx ‘ ax do, ( 76)

where do = 2w siny dx is the element of the solid angle between the cones with vertical angles x
and x + dx. Particles that reach the center of the field satisfy Foo > Usst max, Where Usg max is the
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maximum value of the effective potential (4.1.85), which gives p < pmax, where pmax is a solution of
Uett,max = Foo. The cross section for a particle to reach the center is thus given by o = ﬂpfnax.

Scattering of two particles with masses m, mo interacting through the potential energy U(r),
where r is the separation vector (4.1.98), is equivalent to scattering of a particle with reduced mass
p (4.1.103) by the field U(r) whose origin is located at the center of mass of the two particles
(4.1.99). Accordingly, scattering of a beam of particles by a central field is equivalent to scattering
of two beams of particles. The cross section (4.1.176) is then a function of the angle of scattering
x in the C-frame. In the L-frame, in which one beam is at rest, the scattering cross section for
incident particles is given by (4.1.176) upon substituting the relation x(6;) from (4.1.162), whereas
the scattering cross section for particles initially at rest is given by (4.1.176) upon substituting the
relation x(62) from (4.1.162).

We consider two colliding beams of particles with particle number densities n1,ns. In the rest
frame of one beam (L-frame), the invariant number of collisions in a volume element dV and in time
interval dt is equal to

dv = oveninadV dt, (4.1.177)

where o = [ do is the total scattering cross section given by (4.1.176) and vy is the relative velocity
of the two beams. In the frame of reference in which the beams have velocities v1, vo, an invariant
quantity which reduces in the L-frame to nins, is equal to ETIE p1ipy, due to n = ngy (2.5.103) and
(3.1.60). The number of collisions in this frame in thus

ning i
dv = 0Uel EPMPQCZV dt. (4.1.178)

Substituting (4.1.165) and (4.1.168) into (4.1.178) gives the Pauli formula,

dv = o\/(v1i — v2)2 — (Vi X v2)2/2nynydV dt. (4.1.179)

For a system of particles, the distribution function for the momenta of the particles, f(p), is

defined according to
dN = f(p)dp, (4.1.180)

where dN is the number of particles whose components of momenta lie in the intervals [p,., p. +dpz],

[py7py + dpy] and [pmpz + dsz and
dp = dpgdpydp: (4.1.181)

is a volume element in momentum space. An element of a hypersurface is a four-vector along the

normal to the hypersurface. For the hypersurface p;p’ = m2c?, such a four-vector is parallel to

p;. The element (4.1.181), which is the Oth component of an element of this hypersurface, is thus

proportional to py = % Accordingly, a quantity g—g is an invariant, which also results from
2 ; dp dp
Z85(p:nt — m2c2)d4p = = = 4.1.182
c (plp m-c ) p \/Im dE? ( )
where
dp = dp®dp (4.1.183)

is an invariant. The invariance of dN in (4.1.180) yields the invariance of a quantity f(p)E:

f(PE = f(p)E, (4.1.184)

where the energies and momenta transform according to (3.1.61) or (3.1.62). In the spherical coor-
dinates, dp = p?dpdo, where do is the element of a solid angle around the direction of p, so that
pdp = EcdzE leads to the invariance of p dE do.

The distribution function for the momenta and positions of particles, f(p,r), is defined according
to

dN = f(p,r)dpdV, (4.1.185)

152



where dN is the number of particles whose components of momenta lie in a momentum-space volume
element (4.1.181) and in a volume element dV. The product

dq =dpdV (4.1.186)

is an element of phase space (space of the momenta and positions of particles). Since dV =
dVo/1 —v%/c? (due to (1.6.107)) and E = Ey/+/1 — v?/c?, where the subscripts 0 refer to the
rest frame of a particle in the volume element dV, a quantity F dV is an invariant. The invariance
of g—g yields then the invariance of (4.1.186):

dq' = dq. (4.1.187)
Accordingly, the invariance of dN in (4.1.185) yields the invariance of f(p,r):

@)= f(p,r). (4.1.188)

4.1.9 Small oscillations
4.1.10 Motion of rigid bodies

We consider the motion of a free asymmetrical top with the principal moments of inertia I} < Iy < I5.
The conserved energy E of the top is equal to (3.2.19). Substituting (3.2.22) into (3.2.19) gives

L2 T8 _9p, (4.1.189)

The terminus of the angular momentum vector M thus lies on an ellipsoid with semiaxes 2E1;, 2E 15
and 2F 3. The angular momentum M of the top is also conserved,

Lw? + Iws + Bwi = M7 + M3 + M2 = M?. (4.1.190)

The terminus of M thus also lies on a sphere of radius M. When the vector M moves relative
to the axes of inertia, its terminus moves along the line of intersection of the two surfaces. Such
an intersection exists because 2FEI; < M? < 2FEI3. If M? is near 2E1; then the sphere intersects
the ellipsoid along 2 small, closed curves around the poles of the ellipsoid on the x; axis. As M?
increases, the curves become larger. If M? = 2FEI, then the sphere intersects the ellipsoid along 2
ellipses intersecting at the poles of the ellipsoid on the x5 axis. As M?2 increases further, the curves
become smaller and separate. If M? is near 2EI3 then the sphere intersects the ellipsoid along 2
closed curves around the poles of the ellipsoid on the x3 axis. The curves of intersection are closed,
so that the motion of M relative to the axes of inertia is periodic. Paths passing near the poles on
the x1 and z3 axes lie entirely near these poles. However, paths passing near the poles on the x5
axis go far from these poles. Therefore, the rotation of a top about the x; or x3 axis is stable, while
the rotation about the x5 axis is unstable.

The relations (3.2.19) and (4.1.190) give w; and w3 as functions of wy: Substituting these compo-
nents into Euler’s equation (3.2.43) for wo () in the absence of external torques, Iows+ (11 —I3)wsw; =
0, and defining

__ V(I3 — L) (M2 - 2E11)t

VoL :
VI2(Is — Ip)

T VZEL - Y
o _ (o= 1)QEL - M?)

(Is — I5)(M? — 2FE1) ’

(4.1.191)

gives
‘C%” = /(1 —5s2)(1 — k2s2). (4.1.192)
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Setting ¢t = 0 when wy = 0 gives 7(w) = [ which upon inverting gives w(7) as a

(1— 932) —k2z2)’
Jacobian elliptic function w(7) = sn7. The components of w are thus

wr = VZEL =M
Y /-1
_ V2EL—M?
w2 \/Iz(fs—fz)snT’
— VM2—-2FEI,; 4.1.1
w3 7?(13_11)&17, (4.1.193)

where ent = v/1 — sn?7 and dnr = /1 — k2sn?7. These functions are periodic in 7 (with period
47(w = 1)). Within a finite time, the vector w returns to the same position relative to the principal
axes of inertia.

The polar angle and azimuth of the direction of the vector M (along the fixed z axis) with respect
to the o’ = x1,y" = 22, 2’ = 23 axes fixed with the top are # and § — . The absolute motion of the
top relative to the fixed x,y, z axes is therefore given by

cnr,

M sinf sinyy = My = Lws,
M sinf cosyp = My = Ihws,
M cosh = M3 = I3ws, (4.1.194)

in which we used (3.2.22). These relations give 6 and v as functions of w (4.1.193), cosf = Lsvs

and tany = ?‘“1 Accordingly, 6(t) and (t) are periodic. The Eulerian angle ¢ does not appear in
(4.1.194). The function ¢(t) can be instead found by integrating

. M(Lw? + Lw?
5= M 11 +22“’2),, (4.1.195)
Rwi + w3
derived from (3.2.23). It turns out that ¢(t) is not periodic. A free asymmetrical top thus never
returns to the same position within a finite time.

We now consider the motion of a free symmetrical top with the principal moments of inertia
I, = Iy < I3. The parameter k2 in (4.1.191) vanishes, so that cn7, sn7 and dn7 reduce to cosT,
sint and 1. Accordingly, the quantities (4.1.193) reduce to wy = Acos(Qt), we = Asin(Qt) and
VMZ—2EI; _ \2EI;—MZ2 _ A\/U3—1)(M2-2EI) . ) .
V) where A = W and Q = T . Equivalently, Euler’s equations
ws(Is—11)

I

w3z =

(3.2.43) with K = 0 give wq = —Quws, wo = Qw; and w3 = const, where @ = , in agreement
with (4.1.193). The vectors w and M therefore rotate uniformly with a constant angular velocity
) about the axis of the top (the z axis). The relations (4.1.194) for the Eulerian angles give
cos) = L3¢5 = const (0 = 0) and tanp) = cot(Qt), so that ¢ = 5=t (¢p = —Q). The relation

(4.1.195) reduces to ¢ = %, which, using (3.2.24), gives ¢) = J\/[cosﬂ(ll—3 - %) We also find

A = ¢sind, in agreement with (3.2.23).

The motion of a free symmetrical top can also be directly obtained from (3.2.23) and (4.1.194).
Since the axes ' and y’ can be chosen arbitrarily, because of the symmetry of the top, we can choose
the z’-axis along the line of nodes, so that ¢ = 0. Equations (3.2.23) therefore reduce to w; = 0,

Wy = ¢Sln9 and ws = (;Scose + w The relations (4.1. 194) reduce to My = 0, My = M sinf and
Ms = M cosf. The relations (3.2.24) give thus = 0, ;¢ = M and I3(¢cos + 1)) = M cosf, in
agreement with the formulae obtained from Euler’s equations.

Finally, we derive the motion of a free symmetrical top solely from (3.2.22). Since the axes z’
and vy’ can be chosen arbitrarily, we can choose the 3’-axis perpendicular to the plane containing
the constant angular momentum vector M and the z’-axis. We have thus M = 0 and then ws = 0,
so that the vectors M, w and the axis of the top (the z’-axis) are at every instant in the same
plane, as shown in Fig. 19. The velocity of all points on the axis of the top, v = w X r, is therefore
perpendicular to that plane. Accordingly, the axis of the top rotates uniformly about the vector
M, along the surface of a circular cone. Such a rotation is referred to as precession. If 6 is the
(constant) angle between the axis of the top and the vector M then the other components of the
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angular momentum are M; = M sinf and Mz = M cosf. The angular velocity of the top about
its axis is thus w3 = w. We also have w; = w. Since M, w and the z’-axis lie in the
same plane, the vector w can be projected into the axis of the top and the direction of the angular
momentum. The first component is equal to w3, whereas the second one causes the motion of the
axis of the top, so that it is equal to the angular velocity of precession wpr. The relation w; = wprsing
gives then wpr = % Therefore wpr = (i), in agreement with é being the angular velocity of rotation
about the z-axis.

Figure 19: Symmetrical top.

4.1.11 Motion of ideal fluids
4.1.12 Motion in ideal fluids
4.2 Electromagnetism
4.2.1 Electrostatic field

A static (constant in time) electric field is called an electrostatic field. In such field, (2.7.38) reduces
to
curl E =0, (4.2.1)

which implies
E=-Vo, (4.2.2)

in agreement with (2.7.32). Substituting (4.2.2) into (2.7.89) gives the Poisson equation
NP = —4mp. (4.2.3)

The general solution of (4.2.3) is
P
= | =dV, 4.2.4
o= [ pav (424)

where R is the vector from the element of volume dV to the point at which ¢ is calculated. If the
source of an electric field is a system of static point charges then (4.2.4) becomes

€aq
= o (4.2.5)
where R, is the vector from a charge e, to the point at which ¢ is calculated. Thus the electric field

18
eq.Rq
E=) I (4.2.6)
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in agreement with the principle of superposition for the electric field. For one charge e we have

e eR

- — E=—, 4.2.7
o=+, B=" (427
so the Lorentz force (2.7.112) exerted on a static charge e, from a static charge e, gives the Cavendish-

Coulomb law:

eatpRap
fop = ; (4.2.8)
Ry,
where
R =R, —Ry. (4.2.9)

The Coulomb force (4.2.8) is repulsive for charges of the same sign and attractive for charges with
opposite signs. According to Newton’s third law, the force f;, exerted on a static charge e, from a
static charge e, is equal in magnitude and opposite in direction to fgp:

fba = —Iab- (4210)

The energy of an electrostatic field is, due to (2.7.95),

1 1 1 1
L grav=-_2L [E. N (B — "EdV. 4.2.11
U 87(/ av SW/ Vodv SW/V ( ¢)dV+87r/q§V dv. ( )

The first term on the right of (4.2.11) can be transformed into a surface integral using the Gaufy’
theorem. This integral vanishes if the surface of integration is taken at infinity, so (2.7.89) and
(4.2.11) give

U= %/p(;SdV = ;Z@:ea(zﬁa, (4.2.12)

where ¢, is the electric potential at the point occupied by a charge e,. In calculating ¢,, we must not
include the electric field produced by e, because the corresponding contribution to the electrostatic
energy, which is a self-energy (energy of an interaction of a point with itself), is infinite. Subtracting
this self-energy, which process is a renormalization of the energy, from U gives

1 /
U= 3 Ea €aPy; (4.2.13)
where e
I = . 4.2.14
- (42.14)

For two static charges e; and ey separated by a distance 7, the energy of their interaction is thus
U = 42 in agreement with —VU = f, where f is given by (4.2.8).

r
We consider a system of static point charges e, located at r, and take the origin of the Cartesian
system of coordinates anywhere within the system. The electric potential at a point with the radius

vector R is thus e
_ a 4.2.15
¢ Z Rox (4.2.15)

If R > r, then the electric potential (4.2.15) can be expanded in a Taylor series with respect to the
small quantity %:

1 1 1 1
¢%¢o+¢>1:Rza:eafVﬁ-za:eara:Eza:eafvﬁd, (4.2.16)

where the spatial vector

d=>eur, (4.2.17)
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is referred to as the electric dipole moment of the system. It has 3 independent components. If we
shift the origin by a constant vector a then

rl, =r,+a, (4.2.18)

SO
=d+a) e (4.2.19)
a
Therefore if the total electric charge of the system is zero then its dipole moment does not depend

on the choice of the origin. In this case, (4.2.16) becomes

d-R

which gives
(d-nn—d
E = T (4.2.21)
where R
= — 4.2.22
n=" (1222)
is the unit vector in the direction of R. If the charge-to-mass ratio - = = is equal for all the

charges in the system then the dipole moment of the system is proportional to the radius vector of
its center of mass X: .
d=—X. (4.2.23)
m
The next term in a Taylor expansion of the electric potential (4.2.15) is (omitting the subscripts
a)
2 1 1 9% 1 1

PN AN S SN A S S 4.2.24
=5 e POX0Xs R 6 “POX,0Xs R 2Rs fNels (4.2:24)

where x,, are the components of r, X, are the components of R, and the symmetric spatial tensor
D, = Z e(3zars — 1%00p) = Dpa (4.2.25)

is the electric quadrupole moment of the system. This tensor is traceless,
Dy =0, (4.2.26)

so it has 5 independent components. Similarly, the [-th term ¢; in a Taylor expansion of the electric
potential (4.2.15) depends on the 2!-pole moment of a system of charges Which is a totally symmetric

tensor of rank [ with 2] + 1 independent components. The expansion of |R 7 can be written as

|R— r‘ Z Rl+1 COSX Z Z 2[+ 1 Rl+1 lm(‘9 qj))}/lm<197%0), (4.2.27)

=0 m=—1

where y is the angle between R and r, 6 and ¢ are the polar angle and azimuth of the direction
along R, and ¢ and ¢ are the polar angle and azimuth of the direction along r. Therefore ¢; is given
by

1 l
b = Wm; 3 HQmYlmw %), (4.2.28)

Qim = ’/25 — Zear Yim (9a, @a)- (4.2.29)
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We consider a system of static charges in an external field with potential ¢, whose spatial vari-
ations are small within the system, W < 1. The electrostatic energy (4.2.12) of such a system
is

U= ead(ra) = Uy + Uy + Us, (4.2.30)
where '
Uo=¢o Y €a, (4.2.31)
Up=Véo- Y earq =—d-Ey, (4.2.32)
Us; = 1Zeacach Pén = 1Dag O dn , (4.2.33)
2 Ozr,0xg 6 0xq0x3

where the subscripts 0 refer to the field at the origin. For two static dipoles d; and ds separated by
a vector R, the energy of their interaction is given by (4.2.21) and (4.2.32):

(dl . dg) — 3(d1 . n)(d2 . Il)

U= 73 . (4.2.34)
The total force on a system in an electrostatic field in the dipole approximation is
F=E» e+ (d-V)E. (4.2.35)
The total torque on such a system is
K=Y e.rq x Eg=d x Ey. (4.2.36)
For a nonrelativistic scattering in a Coulomb field, U(r) = —2, where v = const, (4.1.171) and
(4.1.174) give the impact parameter as a function of the scattering angle,
2
p? = —Lcot?. (4.2.37)

m2vd 2
Substituting (4.2.37) into (4.1.176) gives the Rutherford formula for the scattering cross section in

such a field:
2 do
do = <7> 0 (4.2.38)

sin® &

2 4x
2muz, 3

4.2.2 Magnetostatic field

A static magnetic field is called a magnetostatic field. We consider a system of charges which move
with finite velocities within a finite region of space. Such a motion is stationary; in this case we can
average the magnetic field over the time and regard it as magnetostatic. Thus (2.7.33) gives

divB =0, (4.2.39)
which implies
B=VxA, (4.2.40)
as in (2.7.33). After averaging, (2.7.90) simplifies to
4o
curl B = 1. (4.2.41)
c
Substituting (4.2.40) into (4.2.41) gives
_ 4o
V(V-A) - AA = 7] (4.2.42)
c



Gauge invariance of the electromagnetic potential allows to impose one condition on A4;. If we impose
the Coulomb gauge,

V.A=0, (4.2.43)
then (4.2.42) reduces to the Poisson equation
AA = _47”3. (4.2.44)
The general solution of (4.2.44) is B
173
=- / %dv, (4.2.45)

where R is the vector from the element of volume dV to the point at which A is calculated. Thus
the magnetic field is given by the Biot-Savart-Laplace law:

_ 1 [jxR
B=- dv. 4.2.4
/ v (4.2.46)

If the source of a magnetic field is a system of stationary point charges then (4.2.45) becomes

bl

1 €aVa
= - dV, 4.2.47
c Z R, ’ ( )

where R, is the vector from a charge e, to the point at which A is calculated.
We consider a system of stationary point charges e, located r, and take the origin of the Cartesian
system of coordinates anywhere within the system. The magnetic potential at a point with the radius

vector R is thus
€aVa
4.2.48
Z |R - I‘a| ( )

If R > r, then the magnetic potential (4.2.48) can be expanded in a Taylor series with respect to
the small quantity % (omitting the subscripts a):

A”;gze"_izev(fv ) Rdtze r+ R3Zevr R)
ch3<2dtZerrR Z((I‘ R)—r(v- R))) RBZ e(rxv) xR

m x R
=~ (4.2.49)
where the spatial pseudovector
1 > X (4.2.50)
=— €qlq X Vg 2.
2c -
is referred to as the magnetic moment of the system. Thus the magnetic field is
g dm-mn-m (4.2.51)

The total force on a system of charges in a magnetostatic field vanishes:

Z VXB:£Z “rxB=0. (4.2.52)

The total torque on such a system is, analogously to (4.2.49),

K:Zm: Z‘Z<v(r]3) ;Bjtr?> —mxB. (4.2.53)
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The expression for the torque on a magnetic dipole (4.2.53) is similar to that for the torque on an
electric dipole (4.2.36). If the charges are nonrelativistic, v, < ¢, and their charge-to-mass ratio
%ﬂ = = is equal for all the charges in the system then the magnetic moment of the system is
proportional to its angular momentum:

e
= —M. 4.2.54
m 2me ( )

A general system with a total mass m and electric charge e has

_ ¢

-9 M 4.2.55
5 M, (4.2.55)

where the constant of proportionality g is called the gyromagnetic ratio. Thus a system of nonrel-
ativistic particles with the same charge-to-mass ratio has ¢ = 1. Combining (4.2.53) and (4.2.54)
gives the Larmor precession,

M=w x M, (4.2.56)
with angular velocity
e
— B. 4.2.57
@ 2mce ( )

If a magnetostatic field is uniform (in space) then
1
A= §B X T (4.2.58)

is the solution of (2.7.33). Substituting (4.2.58) into the term ) €A - v in the Lagrangian (3.1.42)
turns this term into m - B. Thus the magnetostatic (potential) energy of such a system is

U=-m-B. (4.2.59)

The expression for the energy of a magnetic dipole (4.2.59) is similar to that for the energy of an
electric dipole (4.2.32).

4.2.3 Motion in constant uniform electromagnetic field
The equation of motion (2.7.110) of a charged particle in an electromagnetic field integrates to
wi(r) = (e Jo F(r’)dr’)ijuj(g)’ (4.2.60)
where the exponent of a matrix A is defined as a Taylor expansion:
(eh); =6+ Al + %AikAkj + %AikAklAlj 4 (4.2.61)
If the field is constant and uniform then (4.2.60) becomes

et

ui(r) = (e

Fyi ,j
)*u?(0). (4.2.62)
Equations (2.7.112) and (2.7.114) integrate to

p — po = e¢(Et +r x B),
E-Ey=¢E-r. (4.2.63)

The mixed components of the electromagnetic field tensor are

O E, B, E,
T Ez 0 Bz *By
R I (4.2.64)

E. B, -B, 0
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which gives
; ; E? -ExB
2\e ik
(F7)'y = oIy = ( ExB E.Ez+ BoBsg —B?,3 )

If E-B =0 then (F?)'; = F, FR F', = (E> — B?)F";. This case includes a constant uniform electric
field and a constant uniform magnetic field.

We consider the motion of a particle with mass m and charge e in a constant uniform electric
field E, which we choose to be along the z axis. The particle moves in such a field in a plane, which
we choose as the zz-plane. If the initial velocity of the particle is v(0) = v(0)é, then its initial
four-velocity is

(4.2.65)

u’(0) = 7(0), u®(0) = ===, 9(0) = ———. (4.2.66)
c | _ 220
C2
The equation of motion (4.2.62) gives
u® = 4(0) cosh(wr), u® =u”(0), v’ =0, u* = (0)sinh(wr), (4.2.67)
where E
w=4El (4.2.68)
me
If ¢(0) = (0) = y(0) = 2(0) = 0 then the trajectory of the particle is a catenary curve:
t= @sinh(wT), x =~(0)v(0)r, y=const, z= 70 (cosh(wT) = 1). (4.2.69)
w w
In the nonrelativistic limit, 7(0) &~ 1 and w7t < 1, this curve reduces to a parabola:
Lo 1
t=71, x =v(0)t, y=const, z= §cwt = iaot , (4.2.70)
where E
—iol (4.2.71)
m

If v(0) = 0 then the motion of a particle in a constant uniform electric field E coincides with the
relativistic motion (4.1.37) with constant proper acceleration ag (the electric field does not change
under boosts along the direction of the field). This motion can also be obtained by integrating
(2.7.112) and using (2.4.213).

We consider the motion of a particle with mass m and charge e in a constant uniform magnetic
field B, which we choose to be along the z axis. If the initial velocity of the particle is v(0) =
(v5(0),0,v,(0)) then its initial four-velocity is

40(0) = 7(0), u®(0) = R (0) = L 4(0) = — o (4.2.72)

The equation of motion (4.2.62) gives

u’ =~(0), u® =u"(0)cos(wr), u¥ = —u®(0)sin(wr), u* = u?(0), (4.2.73)

where B
w= M. (4.2.74)

me

The first equation in (4.2.73) represents the constancy of the energy in the magnetic field. If
t(0) = 2(0) = 2(0) = 0 and y(0) = ") then the trajectory of the particle is a helix:

w

t=~0)r, z= Smiﬂuwm), y= COSSJ“’T) w(0), z = u(0)r. (4.2.75)
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The axis of this helix is parallel to the direction of the field and its radius is

(4.2.76)

This motion can also be obtained by integrating (2.7.112) and using (2.4.213) and the constancy of
the energy in the magnetic field.

We consider the motion of a particle with mass m and charge e in a superposition of a constant
uniform electric field and a constant uniform magnetic field if both fields are mutually perpendicular
and equal in magnitude. Thus (F?’)ij = 0, so if the particle is at rest at 7 = 0 then the equation of

motion (4.2.62) gives
uo—l_t'_l(w )2 u—Ew _;’_M
T BE T T o

As 7 — oo, the direction of the velocity of the particle tends to that of E x B.

(w)?. (4.2.77)

4.2.4 Electromagnetic waves

In the absence of electric charges, the Maxwell equations (2.7.37), (2.7.38), (2.7.89) and (2.7.90)
reduce to

V- -B=0, (4.2.78)
VxE:—%R (4.2.79)
V-E =0, (4.2.80)
VxB:%E (4.2.81)

Gauge invariance of the electromagnetic potential allows to impose on it one condition. If we impose

¢ =0 (4.2.82)
then (2.7.32) simplifies to
E— 1A (4.2.83)
c
Thus (4.2.81) gives
1 .
VXx(VxA)=-AA+V(V-A)= —C—QA. (4.2.84)

This equation is invariant under a transformation
A— A+Vf(r), (4.2.85)

where f(r) is any function of the spatial coordinates. Therefore we can impose another constraint on
A. If we choose the Coulomb gauge (4.2.43) then (4.2.84) reduces to the d’Alembert wave equation:

DA:%A—AA:Q (4.2.86)
C

Its solutions are called electromagnetic waves. They have 2 degrees of freedom because the 2 con-
ditions (4.2.82) and (4.2.43) constrain the 4 components of A;. The fields E and B also satisfy the
wave equation (4.2.86). The second Maxwell-Minkowski equation in the absence of charges (2.7.75)
becomes

F* e =0. (4.2.87)

Substituting (2.7.24) into (4.2.87) gives

D'0;A; — 0;(0"A;) = 0. (4.2.88)
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If we impose on the electromagnetic potential, due to gauge invariance, the Lorentz gauge
D'A; =0 (4.2.89)
then (4.2.88) simplifies to '
0'0;A; =0, (4.2.90)

which is identical with (4.2.86). This equation is invariant under a transformation

where f is any function satisfying the wave equation 9°9; f = 0. This invariance allows imposing on
A; another condition, such as Ag =0 (4.2.82).

A solution of (4.2.86) which depends on time and only one spatial coordinate describes a plane
wave. If we choose the Cartesian frame of reference such that this coordinate is = then (4.2.86) gives

82Ai(t,x) - 82A1(t,$)
2otz 9%z

(4.2.92)

whose solution is
A= fP(t = /o) + [Pt + 3 /o), (4.2.93)

where fi(l) and fi(2) are vector functions of their arguments. If f(2) = 0 then the field has the same
values for events (¢,x) which satisfy the relation

x = ct + const. (4.2.94)

Thus this field propagates along the z-axis with velocity ¢, representing a plane wave moving in
the positive direction along this axis. Therefore electromagnetic waves move with the velocity of
propagation of interaction. If f(!) = 0 then the field represents a plane wave moving in the negative

direction along this axis. If we impose the Coulomb gauge then ag}; = 0, which gives, due to

(4.2.92), —cE, = 654; = const. A constant electric field does not represent a wave, so

A, =0. (4.2.95)
The electric and magnetic fields corresponding to a plane wave propagating along the +xz-axis are
1 0A
E=———— 4.2.96
co(t—=x/c)’ ( )
0A
B=V(t—- —_— = E 4.2.97
( x/c)xa(t_w/c) nxE, ( )

where n = Vz is the unit vector in the direction of propagation of the wave. A plane wave is
transverse (perpendicular to the wave vector):

Eln B.ln, (4.2.98)
which gives
E? = B?, (4.2.99)
E2
4
S=-"FEn=cWn. (4.2.101)
4

S

The relation between the energy density W and the momentum density = is the same as for a
particle moving with the velocity of propagation of interaction c¢. Under a Lorentz transformation
with V = ¢f82, W transforms like the 00 component of the tensor (2.4.71), according to (1.6.100):
1 Vv V2
W=—ZF W +2=585 — —0l. | 4.2.102
1 % ( + 2% 2 Oz ( )
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If o is the angle between the z’-axis (which coincides with the z-axis) and n then S, = ¢W’cosa/
and o/, = —W'cos?d/, so
(1+ Ycosa/)?

V2
c2

W = w'. (4.2.103)
A plane wave reflecting from a plane whose normal vector is N exerts on the plane the force f, =
—(0ap+04,5)Np, where 0,5 and 0, 5 are the stress tensors of the wave before and after the reflection.
This force is thus f = Wn(N - n) + W'n'(N - n’).

A solution of (4.2.86) which is a periodic function of time can be represented as a superposition
of monochromatic waves. A monochromatic plane wave along the z-axis is a sinusoidal solution of
(4.2.86),

A = Re(Age @t=2/9), (4.2.104)

where w is the angular frequency of the wave. If this wave propagates in the direction of r then

A = Re(Ageitkr—wt)) (4.2.105)

where w
k=—n (4.2.106)

&

is the wave vector. A monochromatic plane wave satisfies, due to the wave equation,
w2
AA+—A=0. (4.2.107)
c

For linear operations on A we can omit the real-part operator Re. Thus A = Age'KT=«")  from
which we obtain

E=ikA, B=ik x A, (4.2.108)
where
k= k| (4.2.109)
The electric field is a real vector, .
E = Re(Ege'er—wt)) (4.2.110)

where Ej is a complex vector. Its square can be written as
E; = |[Eje %, (4.2.111)
where « is the phase of the wave, so
Eo =be ™, b?=|E}|, (4.2.112)
where b is a complex vector whose square is a real scalar. Writing
b = by + ibg, (4.2.113)
where b; and by are real vectors, gives then
by -by =0, (4.2.114)
so these vectors are perpendicular to each other. Equation (4.2.110) gives
E = Re(be!kr—wi=a)) (4.2.115)
or, if by is along the y-axis and bs along the z-axis,

E, =bicos(wt—k-r+a), E, =bsin(wt —k-r+a), (4.2.116)
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which describes an elliptically polarized wave:

E2  E?
< 4+ E=1. (4.2.117)
b b3
If by = by then a wave is circularly polarized. If by = 0 or by = 0 then a wave is plane polarized or
linearly polarized. Similar expressions can be obtained for the vector B.
The frequency and wave vector form a four-vector:

k= (“’,k) (4.2.118)
C

which is a null vector, ,
k'k; = 0. (4.2.119)

The potential (4.2.105) is then v
A = Re(Age "), (4.2.120)

The energy-momentum tensor (2.7.94) for a monochromatic plane wave is
o We ..
T = Z K. (4.2.121)
w

If a source at rest in a frame K emits a monochromatic wave with frequency w then its frequency w’
in a frame K’ in which the source moves with velocity v along the z-axis is given by the corresponding
Lorentz transformation of the vector k*:
k/O _ ykll
)= — (4.2.122)

V1—v2/c

If o/ is the angle between v and k’ then k'! = k’cosa/, so

/ 272

W =Y (4.2.123)
1 — Zcosa/

as in formula (1.6.113) for the Doppler effect.

A wave can be represented as a superposition of monochromatic waves with different frequencies,
which is referred to as spectral resolution. A periodic field f(¢) can be represented as a discrete super-
position of monochromatic waves with frequencies which are integral multiples of the fundamental
frequency wy (Fourier series):

ft)= D faem ol (4.2.124)
The inverse relation is
1 [T/2 }
fn == / f(t)e™otat, (4.2.125)
T J 72
where 5
7=2" (4.2.126)
wo

is the period of the field. Since f is real, f_,, = f*. The time average of f? satisfies, using f = 0,
2=2)"|fal* (4.2.127)
n=1

A nonperiodic field f(¢) which vanishes for ¢ — £o0o can also be represented as a superposition of
monochromatic waves, but the distribution of the frequencies is continuous (Fourier transform):

f(t) = % [ N fue™ ' dw. (4.2.128)
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The inverse relation is

fo= [ h f(t)e™ dt. (4.2.129)

Since f is real, f_,, = f*. The time integral of f? satisfies

o0 1 o0
/ f2dt = ;/ | fuo |2 dw. (4.2.130)

We consider an electromagnetic field in the absence of charges enclosed inside a finite volume
taken as a parallelepiped with sides a, b, c. We can expand the field A inside this parallelepiped into
plane waves through a Fourier series:

Alr) =) Aye™™, (4.2.131)
k

where the summation extends over all values of k = (kg, ky, k.) with

2mn 2mn 2mn
ks = Lk, = Y ok, = =, 4.2.132
a Y b c ( )

where 1, ny,n, are integers. The field A is real, so

A=A} (4.2.133)
The Coulomb gauge implies
k- A =0, (4.2.134)
while the wave equation gives )
A+ wiAy =0, (4.2.135)
where
wg = ck. (4.2.136)

The vectors Ay are thus harmonic functions of time. We can choose these functions to represent
running waves:

A=) (axe™™ +aje *T), (4.2.137)
k
or
Ak = ax + aik. (4.2.138)
Thus ay ~ e“*! and aj, ~ e~ k! 5o
Ak = 7Z'Ck'(ak — a*_k). (42139)

The electric and magnetic fields are given by

1 .

E=—-) Apekr 4.2.140
Z ke, (4.2.140)

B=i) (kxAge*, (4.2.141)
k

so the total energy and momentum of the electromagnetic field inside the parallelepiped are

1
E=— [(E*2+B)»dV =) FE 4.2.142
. /( +B”) Ek K ( )
1 k By
_ B N 4.2.14
p 47TC/E><BdV Ekkc, (4.2.143)
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where 12
Ek = —Vak ak (42144)
2

and V = abc is the volume of the parallelepiped.

Defining
*
Qk = V Arc? (ak ak)7> (42145)

. . i% .
Pr = Qk = —iwky/ m(ak —ay), (4.2.146)

allows to write the energy of the field (4.2.142) as a Hamiltonian:
1
H= Zk: 5(P;i +wiQ}). (4.2.147)

The Hamilton equations for this Hamiltonian are

Qk = ﬁ — Px = Qk7 (42148)
Py = gg = Qi +wiQr =0, (4.2.149)

in accordance with (4.2.135) and (4.2.145). The vectors Qg and Py are perpendicular to the wave
vector k, so they have 2 independent components o = 1,2 which determine the polarization of the
wave. Thus we can put in (4.2.147)

Qi => Qi. Pi=> PL. (4.2.150)

The Hamiltonian (4.2.147) is thus the sum of the Hamiltonians corresponding to one-dimensional
harmonic oscillators:

1
~(Pia + wiQia)- (4.2.151)

H:ZHkaa Hka = 2

ka

The field of charges can also be expanded into plane waves,

/ fice™ 2 fk*/ f(r)e *Tqv. (4.2.152)

We consider a charge ¢ in uniform rectilinear motion with velocity v, so that p = ¢d(r — vt). The
scalar potential satisfies then ¢ = 4mwqd(r — vit), so that it Fourier transform satisfies (O¢)x =

4mqe= ™Vt The relation ((g)y = ¢k + k2¢y gives then

e—ik‘vt

R

(4.2.153)

The vector potential is given by Ax = T¢r. The dependence of the Fourier-transformed fields on
the Fourier-transformed potentials results from (2.7.32) and (2.7.33) by substituting V by ik:

A
Ex = —ikoy — —=, (4.2.154)
¢
Bk =1k x Ak. (42155)
For a static charge, ¢ = % and Eyx = 74£§qk, so that its electric field is resolved into waves

directed along the wave vector (longitudinal waves).
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4.2.5 Retarded potentials

In the presence of electric charges, the Maxwell-Minkowski equation (2.7.75) and the Lorentz gauge
(4.2.89) give

.1 9%A° . Am o,
0A = — —ANA* = —j". 4.2.156
2 ot? ¢’ ( )
The time component of (4.2.156) is
O¢ = 4mp, (4.2.157)
whose physical solution vanishing at infinity is
t—R/c, 1’
(t,r) = /%dvﬂ (4.2.158)
where
R=r—71| (4.2.159)
is the distance from the source at r’ to the field point r. The spatial components of (4.2.156) are
4
OA = 73, (4.2.160)
c
whose physical solution vanishing at infinity is
j(t —R/c,x’
A(t,r) = /%dvﬁ (4.2.161)
c

The potentials (4.2.158) and (4.2.161) are referred to as the retarded potentials. If we replace the
minus sign in (4.2.158) and (4.2.161) with the plus sign then the corresponding potentials, which
also are solutions of (4.2.157) and (4.2.160), are called the advanced potentials. Only the retarded
potentials are physical, in accordance with the finite velocity of propagation of interaction ¢ and the
principle of causality. Their values at ¢t depend on the distribution of electric charges at the earlier,
retarded time,

tr=t— R/c, (4.2.162)

which is the time at which a signal emitted from the source located at r’ reaches the field point
located at r at time ¢. Adding to the right-hand sides of (4.2.158) and (4.2.161) the general solutions

¢o and Ay of the corresponding homogeneous equations % — A¢ =0 and (4.2.86) does not alter
(4.2.156). The quantities ¢g and Ag correspond to the external field acting on the system. For a
static field, (4.2.157) and (4.2.160) reduce to (4.2.3) and (4.2.44). In the absence of charges, (4.2.157)
and (4.2.160) reduce to the wave equations 9;0°¢ = 0 and (4.2.86).

We consider an electric charge e moving along a path given by a radius vector rq(t). The vector
from the charge to the field point located at r is thus R(¢) = r — rg. The electromagnetic potential
Ai(t,r) depends on the motion of the charge at the retarded time t' satisfying

R(t)

C

t+ =t. (4.2.163)
In the frame of reference in which the charge is at rest at time t’, vo(t') = 1o(t') = 0, the potentials
(at time t) are

e
=——, A=0. 4.2.164
Therefore, in the frame of reference in which the charge is moving at time ¢’ and its four-velocity is

u?, the electromagnetic potential is ‘
(2

, eu
(. 4.2.165
IR ( )
where R? is the four-vector with components
Ri = (c(t —t), R). (4.2.166)
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This vector is a null vector, R*R; = 0. The temporal and spatial components of (4.2.165) are referred
to as the Lienard- Wiechert potentials:

¢ = ——o, (4.2.167)

A= R E) (4.2.168)

C

The left-hand sides of (4.2.167) and (4.2.168) are evaluated at ¢, while their right-hand sides must
be evaluated at t’. The Lienard-Wiechert potentials can also be obtained by substituting p(¢,r) =
ed(r —ro(t)) and j(t,r) = evd(r — ro(t)) into the retarded potentials (4.2.158) and (4.2.161).

Differentiating R(t') = c¢(¢t — ') with respect to ¢ and using 6%&/) = —v(t') gives %—? = 25 %tt' =
_Rwvot' 371‘/')
7o = (1= Gp)s so )
ot R
—_— = —. 4.2.169
ot R-YR ( )
Differentiating R(t') = c(t — ') with respect to r gives %—f; =-1 a%(rt,) = —%(%%’: + B so
ot’ R
—_— = 4.2.170
or c¢(R— %) ( )
Substituting these formulae into (2.7.32) and (2.7.33), written as
OA o O¢ ot’
E=- — —V¢p— —— 4.2.171
cot’ ot ¢ ot or’ ( )
ot OA
B=VXxXA+—x— 4.2.172
XA ar ot ( )
gives the electric and magnetic field produced by a moving charge:
2 v y
e(1— L) R—YR) eRX ((Rf *R) x v)
E— c Rl /. 42173
(- B2y (R E¥y (247
1
B=_RxE, (4.2.174)
R
where 5
v
Vv — —. 4.2.175
V= ( )

The left-hand side of (4.2.173) is evaluated at ¢, while its right-hand side must be evaluated at t'.
For large R, the first term on the right of (4.2.173) varies like #, while the second term varies like
%. The first term on the right of (4.2.173) does not depend on the acceleration v, so it correponds
to the electric field produced by a uniformly moving charge. If the velocity v is constant then

R(t) — %R(t’) =R(t) - v(t—t') = R(?) (4.2.176)
and
R(t) — @ - \/32(7:) - ciQ(v x R(£))2 = R(t)y/1 — %Snﬂe(t), (4.2.177)

where 6(t) is the angle between R(¢) and v. Thus (4.2.173) reduces to

2

R(t 1-%
E=° 3( ) — , (4.2.178)
R3(t) (1 — Y3sin®6(t))3/2
while (4.2.174) is equivalent to
B=lyvxE. (4.2.179)

c
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These fields can also be obtained by applying a Lorentz transformation from the frame in which the
charge is at rest and where ¢ = £ and A = 0 to the frame in which the charge moves with velocity
V.

Spectral resolution (4.2.128) of p and ¢ into pye~ ! and ¢,e ™! turns the wave equation

(4.2.157) into A¢y, + k%¢, = —4¢p,,, and the formula for the retarded potential (4.2.158) into

ik R
ou= [ 0.5 (12150)
Analogously, (4.2.161) gives
esz
A, = [j,S—av. 4.2.181
[i (2181)

The inverse relation (4.2.129) applied to p,, and substituted into (4.2.180) gives ¢, = [ %ei(‘”t*kR)dV dt.
Substituting to this relation the charge density of an electric charge e moving along a path given
by a radius vector ro(t), p(t,r) = ed(r — ro(t)), gives the spectral representation of the scalar
Lienard-Wiechert potential:

1 .
bo=e / — Wt/ gt (4.2.182)
R
Analogously, the vector potential gives
ro
A, =e [ ewtHR/O g 4.2.183
e/cRe ( )

For a discrete spectral resolution of the field, (4.2.182) becomes

T
1, :
0

4.2.6 Electromagnetic field in second approximation

The Lagrangian for a particle of mass m and charge e moving with velocity v in a field represented
by the potentials ¢ and A is given by (3.1.40). Because the velocity of propagation of interaction
is finite, the field must be considered as a system with degrees of freedom independent of those of
the particles. If the velocities of the particles in a system of charges are small compared to ¢ then
the degrees of freedom of the field can be represented in terms of the coordinates and velocities of
the particles. The Lagrangian for the system can then be described in terms of the coordinates and
velocities of the particles only up to terms of second order in ¢, because moving charges radiate
electromagnetic waves (which have their own degrees of freedom) at the third order. Expanding the
retarded scalar potential in series of powers of R/c and using the conservation of the total charge

yields

p 0 1 92 / p 1 02
= [ =dV — — dV + ——= | RpdV = | =dV + ——= [ RpdV, 4.2.185
¢ / R ot | P + 2¢2 Ot2 P R + 2¢2 Ot2 pav ( )
where all the quantities are evaluated at the same time ¢. Expanding the retarded vector potential
in series of powers of R/c yields
1 [ pv
A=- [ —dV. 4.2.186
| & ( )

The retarded potentials due to one charge are

e e O°R
A= %. (4.2.188)
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Applying a gauge transformation (2.7.12) with
e OR

__con 4.2.189
“ 2c Ot ( )
brings the potentials (4.2.187) and (4.2.188) to
e
=_, 4.2.190
=% (42.190)
ev e _OR e

The Lagrangian for a charge e, is given by (3.1.40) in which m = m,, ¢ = e,, and ¢ and A are the
potentials of the field produced by all the other charges at the position of e,, given by the sums of
(4.2.190) and (4.2.191). This Lagrangian is thus, omitting the constant term —mgc?,

Mev?  mavt ep e ep
L, =M% y Ma%a N €, Ca 7((1. 1) (Vs - a)7 4.2.192
e : e Z i + 5.2 o Vo Vp+ (Vo - Dap) (Vi - Dgp) ( )
b#a b#a
where R
Rop =Ty — Iy, Dgp = —22. (4.2.193)
Rab

Consequently, the Lagrangian for a system of charges is

M2 Mas €at €at
" za: 2 Z 82 Z 2Rap i z; 4¢?Ryp (Va Vs + (Va - nap)(ve - nab))’ (4:2.194)

a a,b#a a,b#a

and is called the Darwin Lagrangian.
The corresponding Darwin Hamiltonian is obtained from (4.2.194) by substituting v, = 22 and

Ma

2
changing the signs of all the terms except the nonrelativistic kinetic term ), m‘;U“ (these other

terms are regarded as the potential energy):

2 4
P P €q€h €a€h
- s a_ _27( .- Ty .a). 4.2.195
za: 2y 2 802m3+a5¢a 2R, =, 4c¢2mgmy Ry Pa Pb+(Pa-Nap) (Py-Nab) ). ( )

The center of inertia of the system R in this approximation is given by (3.1.72) in which we must
add to E, the energy of the field:
Yo Earg+ [WrdV

R = ST Ty (4.2.196)

In the numerator, we have

/WrdV: %/EQrdV:%/(ng)?rdV: 817T/r<V¢22-df)

L /V¢2dV L /¢A¢ dv. (4.2.197)
87 2 87 rar -
At infinity, the first two terms on the right of (4.2.197) vanish, which gives
1 1 1
/WrdV = —§/¢A¢rdv =3 /pgf)rdV =5 za:eaqsara. (4.2.198)
Therefore the radius vector of the center of inertia is
1 2 pg €p
R=_ ;ra <mac g e b#za 2Rab>’ (4.2.199)
where the energy of the system is
2
p €a€p
E= o€’ o : 4.2.2
;(m ¢+ 2ma) + a%a SR, ( 00)
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4.2.7 Electromagnetic radiation

We consider a system of charges pdV located r and take the origin of the Cartesian system of
coordinates anywhere within the system. If R is the radius vector of a point at which we measure
the field and this point is located at a distance which is large compared to the size of the system,

R > r,then |R —r|~ R —r-n, where n = %. The retarded potentials in this approximation are
1
¢t = E pt—R/c—i-r-n/chva (42201)
1 .
A, = B /Jt,R/CH_n/CdV. (4.2.202)

The vector Lienard-Wiechert potential (4.2.168) from a single charge is

EVys

cR(1 = YZmy’

c

A, = (4.2.203)

where the retarded time t’ satisfies
R 1
Pty n=t. (4.2.204)
c c

If the field point is also located at a distance which is large compared to the wavelength of the
radiated electromagnetic waves (in a wave zone), R > X, then these waves can be approximated as
plane waves. The magnetic field of this wave is given by (4.2.97):

B=lAx n, (4.2.205)
C

while the electric field is )
E=Bxn=-(A xn)xn. (4.2.206)
c

The energy of the radiation per unit time and per unit solid angle do is called the intensity of the
radiation. It is equal to the flux of the Poynting vector through a surface element R2do of a sphere
of radius R:

dl =S - df, (4.2.207)

which gives, due to (4.2.101),

c
T 4r
Since, for large R, (4.2.173) varies like &, the intensity (4.2.208) is independent of R. Continuous
spectral resolution of the vector potential,

dI B2R%do. (4.2.208)

eikR

A, = joe TV, 4.2.209
7 | e ( )
gives, using (4.2.130),

B=ikx A, (4.2.210)
E= "k x (A, x k), (4.2.211)

w

c 99, dw

= — B, =, 4.2.212
dl. 27r|B I“R d027r ( )

Analogously, discrete spectral resolution gives
Ay = — B, |>R*do. (4.2.213)

2w
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If a radiating system of charges is nonrelativistic then the wavelength of the radiated electro-
magnetic waves \ is large compared to the size of the system a because A\ ~ ac/v. Expanding the
retarded vector potential (4.2.202) in a Taylor series with respect to the small quantity r-n/R gives

1 1 0
Ar=— | jir/edV+ == ‘N)js_pr/dV, 4.2.214
t R /.]t R/c + CQRa(t—R/C) /(I‘ n).]f R/c ) ( )
which for the system of charges becomes
1 1 0

The quantity r-n/c is on the order of a/c, where Using v(r-n = %%( (r- n)) + 3(rxv) xn and
(

2]
the definitions of the electric and magnetic dipole momenta turns (4.2.215) into

1. 1 1
A= ad +— 57 R (‘3225 Zer (r-n)+ —Rm X 1. (4.2.216)

Since adding to A any vector proportional to n does not alter the fields (4.2.205) and (4.2.206), we
can write (4.2.216) as

1. 1 8 N 1. 1 .1

where the components of the electric quadrupole vector D are

Dy = Dogng. (4.2.218)
Thus the magnetic field is given by
1 1
B*C2R(dxn+6Dxn+(mxn)xn> (4.2.219)

Substituting (4.2.219) into (4 2.208) and integrating over the solid angle gives, using [ n,ngdo =
471-(5 af and fnan,gnwn(;do = —(5a,35 5+ 50476[36 + 6 5(5ﬁ7)
2

I == 7d2
3c3 + 180c®

1 = o 2 . 2

The first term on the right of (4.2.220) represents the electric dipole radiation, the second one the
electric quadrupole radiation, and the third one the magnetic dipole radiation. These terms must be
evaluated at the time ¢ — R/c. For the electric dipole radiation, (4.2.212) and (4.2.213) integrated
over the solid angle give

4w dw
dI, = d,|>?— 4.2.991
4
I, = ”0” Id,|?, (4.2.222)

where d, and d,, are the spectral representations of d. The recoil force acting on a closed radiating
system is

F, = / oapnsR%do, (4.2.223)

which, using the Maxwell stress tensor (2.7.97) and the radiation fields for the vector potential
(4.2.217), gives

1/ 1 = . 2 ..
- _ _ Z m . 4.2.224
F, 7 (150 Dopds + 3(d X )a) (4.2.224)

If all the charges in a closed system move with velocities v < ¢ and have the same charge-to-mass
ratio then they do not produce the electric dipole radiation because the dipole moment of the system
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is proportional to the conserved radius vector of its center of mass (4.2.23). They also do not produce
the magnetic dipole radiation because the magnetic moment of such a system is proportional to its
conserved angular momentum (4.2.54).

If the field point is located at a distance which is not large compared to the wavelength of the
radiated electromagnetic waves then these waves cannot be approximated as plane waves. In the

electric-dipole approximation, (4.2.217) gives A = %, so the magnetic field is

d

1
B=-Vx—. 4.2.225
SV xp ( )
After spectral resolution, in which d ~ d,e~**=%/¢) and B ~ B,e~ ™", (4.2.225) gives
ik R
To calculate the scalar potential, we use the Lorentz gauge, obtaining
¢=-V d (4.2.227)
= 7 2.
so the electric field is -
E-v(v.3) -4 g (vxd (4.2.228)
B R) AR R) -
The angular momentum radiated away by electromagnetic waves is
M, = / aprTa0sns R2do, (4.2.229)
which gives, using the Maxwell stress tensor (2.7.97),
M= 2dxd (4.2.230)
=33 . 2.
In the next approximation, the potentials due to the electric quadrupole moment are
1 & D, 1 Do
¢ = 1o ZaB g, = L N (4.2.231)
6 0X.,0Xg R 6c0Xg R
and the potentials due to the magnetic dipole moment are
6=0, A=V x %. (4.2.232)
If the intensity of the radiation in the rest frame K’ of the radiating source is
dI' = f(cost', ¢")d(cost))d¢’, (4.2.233)

. . . . . ! _ dE-V.dP _ 1-VCOSO/c
then in the frame K moving relative to K’ with velocity V we have dE' = Vivija dE Viovija’

¢=¢ and dt = dt'/\/1 —V?/c2. Thus dI = (dE/dt)d(cost)d¢ gives, using (1.6.112),

(1-V2/c?)? cosf —V/c
dl = d(cosf)da. 4.2.234
(1 —Vecosh/c)3" \ 1 — Vcos@/c’(b (cost)de ( 34)
For the dipole radiation, f = const - sin®¢’, (4.2.234) gives
1—12/e2)3
dI = const (1=V7/c) 5sin20d(0089)d¢. (4.2.235)

(1 =Vecosf/c)
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4.2.8 Radiation reaction

Expanding the retarded scalar potential in series of powers of R/c up to the cubic term yields

_[Pay s L O 2
qS—/Rd + 5350 /R e 3at3 /R pdV, (4.2.236)

while expanding the retarded vector potential yields

1 [ pv 10

The last terms on the right-hand sides of (4.2.236) and (4.2.237) correspond to the radiation of
electromagnetic waves. Applying a gauge transformation (2.7.12) with

L& R?pdV (4.2.238)
~ 62 o -
brings these terms to
2 .
Grad =0, Avgq = ~33 Z ev, (4.2.239)
so the corresponding electric field is
2 -
E = -—d. 4.2.240
47 33 ( )
The force acting on a charge e in this field is then
2e -
f=—d 4.2.241
303 ( )

The sum of the forces (4.2.241) acting on charges in a closed, electrically neutral system vanishes,
so it does not appear in the total recoil force (4.2.224). If the charge is point-like then expanding
A to terms of higher power of R/c does not change (4.2.241) because these terms vanish as R — 0.
The energy radiated per unit time equals to the total power:

so the average loss of the energy (radiation damping) through the electric dipole radiation is

=Y f-v= —3%37, (4.2.243)

in agreement with the first term on the right of (4.2.220). The angular momentum radiated per unit
time equals to the total torque:

so the average loss of the angular momentum through the electric dipole radiation is
M = . 2 —=
— = drxf= —5gdxd (4.2.245)

in agreement with (4.2.230).
For a nonrelativistic particle with mass m and electric charge e, its equation of motion must also
include the recoil force (4.2.241) due to the interaction with its own electromagnetic field, which is

called the Abraham-Lorentz force:

2 2
f= 3—i3v (4.2.246)
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This force is a recoil force on an accelerating charged particle caused by emitting an electromagnetic
radiation, and it is also called the radiation-reaction force. It is proportional to the particle’s jerk.
Thus the equation of motion is

2

e 2e
s — eE 4 C B+ v 4.2.247
mv=e —|—Cv>< ~t—303v7 ( )
or

mv = Fout + mtoV, (4.2.248)

where )

2e
to = 4.2.249
0= 33 ( )

is on the order of the time of propagation of interaction through a distance equal to the classical

radius of the particle,

62

ro = (4.2.250)

—
me
The classical radius of a particle is on the order of the radius of a uniformly charged sphere whose
electrostatic energy and rest energy are on the same order. Integrating (4.2.247) once gives

. 1 0Oy , ,

mv = t—/ e 0 Fepe(th)dt, (4.2.251)
0 J¢

which means that future values of the external force unphysically (violating causality) affect the

acceleration of the particle in the present, indicating limits of the classical (based on the principle

of least action) description of electrodynamics. The weight factor e~ falls of rapidly for times
greater than ty in the future.

To eliminate these noncausal pre-acceleration effects, caused by the third-order character of
(4.2.247), we can apply to this equation a reduction of order due to Landau and Lifshitz. Dif-
ferentiating (4.2.247) with respect to the time, in the frame of reference in which the particle is
instantaneously at rest, gives

v=“E+-SvxB. (4.2.252)
m me
Substituting (4.2.247) with v = 0 and without (4.2.246) into (4.2.252) gives

€ 62
v=—E+-—ExB, (4.2.253)
m m=c

so the Abraham-Lorentz force (4.2.246) becomes in this approximation

23 . 2¢4
f=—+ ——FE x B. 4.2.254
3me3 3m2ct x ( )

Thus (4.2.247) turns into a second-order equation, which is free of noncausal solutions,

. e 2¢3 . 2¢t
mv = eE + Ev x B+ 3m03E + 3m204E x B. (4.2.255)

The above method of reduction of order is valid if the force f <« eE. If the frequency of the
electromagnetic waves radiated by the particle is w then E ~ wE. The first term in (4.2.254) is
much smaller than eE if the wavelength of these waves is much larger than the classical radius of
the particle:

A= 5 > ro. (4.2.256)

The second term in (4.2.254) is much smaller than eE if the magnetic field is not too strong:

m2ct

IB| <«

= (4.2.257)
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The above conditions limit the classical description of the interaction of charged particles with
electromagnetic waves and thus the classical theory of electromagnetic fields.
In the frame of reference in which the particle is instantaneously at rest, the radiated energy and

momentum are )
2e

dE = —d?dt, dp =0. 4.2.258

3.3 P ( )

Thus the relativistic expression for the radiated momentum four-vector in any frame of reference is,

using (1.6.122),

LRt 7 LS 4.2.2
dp 3c ds ds du ( 59)

Substituting here (2.7.110) in the locally Galilean system of coordinates gives

2¢*

3m2cd

dp' = — Fu' FF™ oy, dxt. (4.2.260)

The time components of (4.2.259) and (4.2.260) gives the intensity of the radiation:

2 .2 2/.2 4 E v B 2 _ (v, E 2
_2a’—(vxap/ct | 2 (Bt xB) - (3 B (4.2.261)
33 (1 —v2/c2)3 3m?2e3 1—v2/c?

In the case of a uniform motion on a circle in a constant uniform magnetic field, E =0 and B L v,

leading to the synchrotron radiation:
2¢4 B2%y?
T gyl (4.2.262)

Substituting the Lienard-Wiechert electric (4.2.173) and magnetic (4.2.174) fields in the wave zone
(for large R),

= PR = ;)3 , B=nxE, (4.2.263)
into (4.2.208) gives
¢ (2(n-a)(v-a) a? (1 —2v%/c?)(n-a)?
dl = 4mc3 <c(1—n-v/c)5 + 1-n-v/e)r  (1—-n-v/e)s >d0’ (42.264)

whose right-hand side must be evaluated at the retarded time ¢'. Integrating (4.2.264) over the solid
angle gives (4.2.261), while the angular distribution of the total radiated energy is

dE, = /dldt = /dl(l —n-v/e)dt. (4.2.265)

The relativistic equation of motion of a charged particle in an external electromagnetic field in
the locally Galilean system of coordinates, including radiation damping, is

du® . )
mell = EFlkuk +4°, (4.2.266)
ds c

where the relativistic Abraham-Lorentz force four-vector g* must be orthogonal to u? and its spatial
components must reduce in the nonrelativistic limit to (4.2.246). These requirements yield

- 2e? (d*u? e dPuy,
i _ i . 4.2.267
g 3c ( dsz " Tds? > ( )

Substituting here (4.2.266) without g gives the approximated expression for the relativistic Abraham-
Lorentz force:

; 263 6‘F“€ 264 ; 264
% l il k
g = ——=—upu’ — — F“Fyu® +

3mc® Ozl b 3m2cd M 3m2cd

In the nonrelativistic limit, the spatial components of (4.2.268) reduce to (4.2.255).

Ful FF™ 0t (4.2.268)

177



4.2.9 Scattering of electromagnetic waves

We consider a plane electromagnetic wave impinging on a system of charges. The resulting motion
of the charges produces an electromagnetic radiation. This process can be regarded as a scattering
of the incident wave on the system of charges. The intensity of the radiation dI is proportional to
the energy flux of the incident wave S = |S|. Thus the scattering of an electromagnetic wave on the
system is characterized by their ratio, called the scattering cross section for waves:

_d

d
7775

(4.2.269)
For a free nonrelativistic charge at rest, we can neglect the magnetic field in the Lorentz force,
- 5
so the equation of motion of the charge is mi = eE and thus d = < E, from which (4.2.208) and
(4.2.219) give

e

drI (E x n)%do. (4.2.270)

 4mm2c3
This expression also results from (4.2.264) for v = 0. For a linearly polarized wave, E = Eqcos(k -
r — wt). If the wave is weak then the charge executes a small motion, so r ~ 0. Since the Poynting
vector is S = £ E?, (4.2.269) gives

do = r2sin?@ do, (4.2.271)

where 7 is the classical radius of the charge (4.2.250) and 6 is the angle between n and E. Integrating
(4.2.271) over the solid angle gives the Thomson formula:
8T 4

7 =30 (4.2.272)

The time-averaged force (4.2.254) exerted on a scattered charge is

2¢* —— =
= 5 o En=oln. (4.2.273)

f
In the (locally) rest frame of the charge, its acceleration is thus ag = cWy/m. In any frame, using
(4.1.34) and (4.2.103), this equation gives the speed of the charge v:

W1-
Y =7 v/e (4.2.274)

d
@,/1f1;2/02  om 1+v/c
In the rest frame of the charge, the frequency of the scattering wave is equal to the frequency of the

incident wave, w’ = w. In any frame, in which the charge moves with velocity V, this condition is
kiu'" = k;u' or

W (1 - ‘C/COSH/) = w(l - Zcos@). (4.2.275)

For an elliptically polarized wave (with r  0), E = E;coswt + Eosinwt, which gives for a free charge

at rest: E ) B )

da:rg( 1 ><n)2+(22><n)
Ef + E;5

For a linearly polarized wave impinging on a free electric dipole which is a rotator with moment of

inertia I and frequency wy, d = wp x d, the equation of motion of the dipole is K = Iwg =d x E.

If |wo| < w then d = I71(d x E) x d, which leads to do upon using (4.2.208) and (4.2.219). If an
incident wave is unpolarized then averaging (4.2.271) over all the directions perpendicular to n and

do. (4.2.276)

using EqEg = $E*(0ap — k‘l:l;fﬁ) gives
1
do = §r§(1 + cos?¥)do, (4.2.277)

where ¥ is the angle between n and k.
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4.2.10 Light

The wave vector ,
K= & (4.2.278)
dN] -

where X is the affine parameter. The wave vector satisfies

dk?

T Ik E =0 (4.2.279)
and .
k'k; = 0. (4.2.280)
It also satisfies o0
B 4.2.281
py ( )
where v is the eikonal. Thus (4.2.280) gives
% OV 0Y
ik
- —— = (. 4.2.282
Ox' dxk ( )
The Fermat principle is
5/kadxo‘ =0. (4.2.283)

4.3 Gravity
4.3.1 Constant gravitational field

A gravitational field is constant if the metric and torsion tensors do not depend on the time coordinate
2. In this case, the time coordinate is called the world time. The constancy of the metric tensor
gik = gir(x®) is invariant under transformations

¥ — 2% + f(z%), (4.3.1)

where f is an arbitrary function of the spatial coordinates. The three-dimensional scalar ggg, three-
dimensional tensor v,p (1.4.98) and three-dimensional curl of g, (1.4.100),

fap = 98,0 — Ya,p (4.3.2)

are invariant under (4.3.1). The spatial metric tensor 7,5 is used to lower contravariant spatial
indices. The tensor v*?, which is inverse to YaB, is used to raise covariant spatial indices. If the
source of a field is at rest, both directions of time, ¢ and —t, are equivalent. Such a field is referred
to as static and the corresponding metric tensor has

goa = 0. (4.3.3)
If goo # O then t and —t are not equivalent and the field is referred to as stationary. The proper
time is given by

1
T = E gooxo. (434)

I (1 + j;) (4.3.5)

For a weak field,

C

In a stationary gravitational field, the interval is

ds* = goo(dz® — godax™)? — di?, (4.3.6)
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where dl? is given by (1.4.97). The three-dimensional velocity of a particle,

«
o dz

is defined in terms of the synchronized proper time (corresponding to the difference in z° between
two synchronized infinitesimally separated points (1.4.101)):

dr = %\/ﬁ(dwo —62°) = ! Voo (dz’ — gadz®). (4.38)

C

Thus the interval (4.3.6) becomes

2
ds? = goo(dajo _ gadxa)Q (1 — ;), (4_3.9)

where
v? = Y5007, (4.3.10)
Using (4.3.6) in the definition of the four-velocity gives

a 1
e Y 0= + gau®, (4.3.11)

c/1T—0v2/c2’ /goor/1 —v2/c?

from which we find

1@ = (4.3.12)

Thus a particle in a stationary gravitational field has a constant energy:

ug =

oS 2/
Ey = —c—— = mc*uy = S VA - const, (4.3.13)
90 N

where S is the principal function. Since a static field is the special case of a stationary field, (4.3.13)
is also the energy of a particle in a static gravitational field. In a weak field, (4.3.13) reduces to

2
Ey = mc® + % + mo. (4.3.14)
The force acting on a particle in a constant gravitational field is equal to

N vpa ’U2 vpa 1]2 8 o

where V is the three-dimensional Riemannian covariant differential and colon denotes the three-
dimensional Riemannian covariant derivative, both defined with respect to the three-dimensional
Christoffel symbols (1.4.26) constructed from the spatial metric tensor v, (1.4.98) instead of g,

1
{25} = 5754(7<a,a + VB0 — Yap,c)- (4.3.16)

Using the metric geodesic equation (1.4.80) valid for a particle in the gravitational field turns (4.3.15)
into

mc? B
fr= Nierar: ((ln\/gﬁ)a + V900(98.0 — ga,ﬁ)c). (4.3.17)

In the spatial-vector notation, this equation is

m02

f= e (—vm\/gEJr \/gR% x (V x g)). (4.3.18)
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If a particle is at rest, v = 0, then the force (4.3.18) has a potential:

f = —V(mc*Iny/goo).- (4.3.19)

If v < ¢ then the second term on the right of (4.3.18) has the form of the Coriolis force (3.2.51)
with the angular velocity

w = —%«ﬁgoov X g. (4.3.20)

For a ray of light in a stationary gravitational field, its frequency, measured in terms of the world
time, is constant:

wo = —c% = const, (4.3.21)

where 1 is the eikonal. If the frequency is measured in terms of the proper time then
op O ¢ wo

w=—-———

or _@ 1/ 400 B \/900.

w = wo (1 - j;) (4.3.23)

This decrease of the frequency of light in a gravitational field is referred to as the redshift.
The null condition for the wave vector, k;k* = 0, can be written, analogously to (4.3.6), as

(4.3.22)

For a weak field, (4.3.22) reduces to

900 (k® = gak®)* = Yapk®k? = 0. (4.3.24)
The constant frequency satisfies
% = ko = goo(k® — gak®), (4.3.25)
0 (4.3.24) gives e
@ — C\“/’g%%. (4.3.26)

The Fermat principle (4.2.283) reads

dl
) + godz® ) = 0. 4.3.27
/(x/goo Jot ) ( )

In a constant gravitational field, g, appears in the Einstein field equations only in the tensor
Jap which is invariant under (4.3.1). The terms containing g, or g(s:s), which are not invariant
under (4.3.1), vanish. The component R of the Riemannian Ricci tensor R; can be written, using
(1.4.32) and (1.4.35), as

Ry =g Rio = ¢ ({v}s — {50 + L5HY — U5HGD = = (=89 {4
—\/%(W) 59170} = 9 o + Y — 5D
(Wg“’{zo}) — {3 0Y = (0 — (539" = (3™
+g L — 5D = \/%—g(\/jgg"o{i%}),a + g™ Hib)
1

1 . ,
=——(/- 9948 o + §glk{k0j}g]l(gli,0 + gio,i — gio,1)

EH

ﬁ\

(V=089" {8 D) o + 6" gV (0 g0 = (V=89"{:0}) - (4.3.28)

jla
-
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Therefore, we have
/ Rgy/—gdV = j{ V=09"{:5}df o- (4.3.29)
We define
h = goo. (4.3.30)

If the metric tensor satisfies goo = 0 then g% = 0 and ¢°° = 1/ggo. In this case, R in (4.3.28)
reduces, using (1.4.106), (1.4.107) and (1.4.128), to the Levi-Civita identity:

1
7 9vhs

1 o _ 1
— (V5 Vi g0 = AV (1331)

If the torsion tensor vanishes then the Einstein equations for a constant field are

e’

1 1 h €E+p €E—Dp
— = — @ — Otﬁ: —
hROO \/E(\/E):a + 4f04[3f ﬂ(l _ ’U2/62 2 >’

L pa_ VR
i 2
h 1 . e+p v*f

RoB — poB L Zpav B =\ JpyeB —
+2f fy \/E(\/») K 1702/02 02

+€;pv‘15)7 (4.3.32)

(e

€E+p v
1—v2/c2 ¢’

1%~ gfaﬂ(ﬁ):ﬁ =K

where P, is the three-dimensional Ricci tensor constructed from the spatial metric tensor v,z
instead of g;-
4.3.2 Synchronous system of reference

A system of coordinates in which
900 =1, goa =0 (4.3.33)

is referred to as a synchronous system of reference. In such a system, we also have

9o =0, Yap = —Gap, 8=-5, ¢ =1, ¢g"* =0, (4.3.34)

and the interval reduces to
ds? = dt? + gapdrdaP. (4.3.35)

In a synchronous system of reference, the difference in 2° between two synchronized infinitesimally
separated points (1.4.101) vanishes. For a given metric g;, there exists an infinite number of coor-
dinate transformations leading to synchronous systems of reference. An infinitesimal transformation
from one synchronous system to another is given by

ct — ct + ¢(x%), % — x4+ £%(2"), (4.3.36)

where ¢ and £ are infinitesimal functions. Such a transformation does not change ggo = 1, whereas
the condition gy, = 0 yields the relation between & and ¢:

€ =co g / B dt + f (2P, (4.3.37)
where f< are arbitrary infinitesimal functions. The corresponding change in «y,3 is given by

YaB = YaB — Ea:p — EBia — PRags- (4.3.38)
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In a synchronous system of reference, time lines u® = 1, u® = 0 are geodesic, that is, they
identically satisfy the metric geodesic equation (1.4.80). They are also normal to the hypersurface
t = const: n; = (ct),; gives the normalized normal vector ng = 1, n, = 0, which then gives
ng = 1, n® = 0, leading to

n' oc u'. (4.3.39)
A synchronous system of reference for a particle in a gravitational field can be constructed from
the Hamilton-Jacobi equation (3.5.1) for the principal function S. A complete integral of this
equation depends on four parameters, out of which one is an additive function of the other three:
S = f(x%,£) + A(£¥). The world trajectory, which is a metric geodesic, is given by

a8
=0 4.3.40
e ( )
Choosing
i’ S a
= -——¢ (4.3.41)
me
as the new coordinates gives, using (3.5.1),
o~ 020 920 5 0(=S/mc) (=S /me)
0°0 ik ik
= - = - =1. 4.3.42
dzi kY ox? Oxk ( )
The four-velocity of the particle in the new coordinates is, using mcu; = p; = fgfi, (4.3.40) and
(4.3.41),
9(5/mc)
= ——2t (1, 0). 4.3.43
wp = =220~ (1,0) (13.43)

The new four-velocity u’ satisfies the metric geodesic equation (1.4.80) in the new coordinates. The

hypersurface of constant time in the new coordinates is —S/mc = const. The corresponding normal

vector is, using (4.3.40),

d(—S/mc)
ox¥

which is proportional to u; . Thus the primed coordinate system of reference (4.3.41) for this particle

is synchronous:

= (_1’0)7 (4344)

ngr =

gorar = 0. (4.3.45)
We define
Kap = Yap,0, (4.3.46)
which gives
K2 = KapY™® = (Ins) g. (4.3.47)
The components of the Riemann tensor are
1 1
ROaO/ﬁ = 5505,0 - Zﬁa'yﬁgv
1
Roapy = g(ﬁa'y:ﬂ — Kapiy),
1
Ragvg = _Paﬁfyé + Z(Km;l{gy - Ka,yliﬁg), (4.3.48)

where colon denotes the three-dimensional Riemannian covariant derivative with respect to the
three-dimensional Christoffel symbols (4.3.16) and P,g+s is the three-dimensional Riemann tensor
constructed from the spatial metric tensor v, instead of g;;. The components of the corresponding
Ricci tensor are

1 1
0
Ry = —il-@g,o — Zﬁgng,
1
RO = i(ﬁf‘:ﬁ Iig o)

RS =P8 — ——_(Vs62) 0, (4.3.49)



where P,g is the three-dimensional Riemannian Ricci tensor constructed from the spatial metric
tensor 7,4 instead of g;,. For a perfect fluid, the Einstein equations for R) give

1 e+ 3p e+p 02
0 _ 0 _
RO = K,(TO — 2T> = ;‘f( 9 + 1— '1)2/62072 . (4350)

If ko = 0 then the first equation in (4.3.49) and the Einstein equations require vanishing of the
energy-momentum tensor Tj,. In this case, the third equation in (4.3.49) leads to P,s = 0, which
then gives P,3,5 = 0 because of (1.4.74). However, the condition P,g.; = 0 means that the space
is Euclidean: the gravitational field vanishes. Therefore a synchronous system of reference in the
presence of a gravitational field is nonstationary.

For a perfect fluid, if p # 0 then the motion is nongeodesic (cf. (2.5.93)). Therefore in a
synchronous system of reference, the wordlines of particles are not time lines, so matter is not at
rest. In such a coordinate system one cannot construct a comoving frame of reference. If p = 0 then
a synchronous and comoving frame of reference yields ug = 1, u, = 0, which then gives

Uq:g — UB:a = 0. (4351)

This equation is equivalent to
curlv = 0. (4.3.52)

Thus a synchronous and comoving frame of reference can be constructed only if the motion of dust
(p = 0) is irrotational.
For a perfect fluid, the first equation in (4.3.49) and (4.3.50) give

PRS0+ RERG <0 (4.3.53)
The algebraic inequality
KEKD > %(;@)2 (4.3.54)
leads then to the Landau inequality, )
((”"3)_1)70 = (4.3.55)

This inequality, together with (4.3.47), means that the determinant of the spatial metric tensor, s,
becomes zero in a finite time. The determinant of the metric tensor, g, becomes zero in a finite time
as well. Thus physical synchronous systems of reference cannot be constructed for all values of the
time coordinate ¢.

4.3.3 Nonrelativistic gravity

The Poisson equation for a nonrelativistic gravitational field (2.5.88) has the general solution

¢=—G / v, (4.3.56)

where R = |R| and R is the vector from the element of volume dV to the point at which ¢ is
calculated. If the source of a gravitational field is a system of static point masses then (4.3.56)
becomes

6=-GY =, (4.3.57)

where R, is the vector from a mass m, to the point at which ¢ is calculated. Thus the gravitational
acceleration in (2.5.84) is

maeRe
g=-G>_ T (4.3.58)
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representing the principle of superposition for the gravitational field. For one mass m we have

Gm GmR
- _ . g=— , 4.3.59
¢ 7 8 7 ( )
so the force f = mg exerted on a nonrelativistic mass m, from a nonrelativistic mass m; gives
Newton’s law of universal gravitation:

GmambRab
£, = , (4.3.60)
R,
where
R., =R, — Ry. (4.3.61)

The gravitational potential (4.3.59) is negative. Thus the force of gravitation (4.3.60) is attrac-
tive. According to Newton’s third law, the force f,, exerted on a nonrelativistic mass m; from a
nonrelativistic mass m, is equal in magnitude and opposite in direction to f,;:

fou = —Fup. (4.3.62)

The action for the gravitational field corresponding to G (2.5.85) is

_ 1 2
Sy=—5= / / (Vo)2dV dt, (4.3.63)

which gives the total action for the nonrelativistic gravitational field and matter:

S = //(“;2 — g — 87T1G(V¢)2>dv dt. (4.3.64)

Varying the action (4.3.64) with respect to the gravitational potential ¢ gives, for d¢ vanishing at
the surface embracing the volume of integration,

58 = / / ( — b + 47T1GA¢6¢) dV dt. (4.3.65)

The stationarity of this action, S = 0, under d¢ gives the Poisson equation (2.5.85).

The integrand in (4.3.64) is the nonrelativistic Lagrangian density for the gravitational field
and matter. The corresponding Hamiltonian density is given by changing the signs of the terms in
(4.3.64) containing ¢ (corresponding to the potential energy in nonrelativistic mechanics). Thus the
energy for the gravitational field and matter is

_ pv? 1
E= /(2 + g + 87rG(vgzs)Q) dv. (4.3.66)

Using [(V¢)2dV = — [ ¢A¢dV + ¢ $V ¢-dS and that the surface integral vanishes at infinity (since
¢ depends on R according to (4.3.59)), gives, together with (2.5.85),

2
[add 1 2

E= — = V dv. 4.3.

/( 2 87TG( d))) v (4.3.67)
Therefore the energy of the nonrelativistic gravitational field is given by
1 2 1 2

- _ Vo)2dV = — dV. 4.3.

u 8rG (Vo) dv 8rG (g)"dV. (4.3.68)

This energy is not equal to the (—g)tgo component of the Landau-Lifshitz energy-momentum com-
plex, where t** is the Landau-Lifshitz energy-momentum pseudotensor (2.5.30); (—g)Tix also con-
tributes to U. Analogously to (4.2.11), we have

1 1 1
U= [ 8 V00 = o [V t@onav - o [ 69 gav. (43.69)
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The first term on the right of (4.3.69) can be transformed into a surface integral using the Gauf’
theorem. This integral vanishes if the surface of integration is taken at infinity, so (2.5.85) and
(4.3.69) give

U= %/wdv = ;;mma, (4.3.70)

where ¢, is the gravitational potential at the point occupied by a mass m,. In calculating ¢,, we must
not include the gravitational field produced by m, because the corresponding contribution to the
gravitational energy (a self-energy), is infinite. Subtracting this self-energy from U (renormalizing
the masses of the particles) gives

1 /
U= 3 Ea Ma Py, (4.3.71)

where e
=G . 4.3.72
o, béaj e (4.3.72)

We consider a system of static point masses m, located at r, and take the origin of the Cartesian
system of coordinates anywhere within the system. The gravitational potential at a point with the

radius vector R is thus
o=-G E —_— 4.3.73
- |R - ra\ ( )

If R > r, then the gravitational potential (4.3.73) can be expanded in a Taylor series with respect
to the small quantity %5:

G 1 G 9? 1
¢%¢0+¢1+¢2Z—Eza:maﬁ-Gza:mara'Vﬁ—5Zma$a$6m§a
GM 1 G 0? 1 GM GMp-n
= —_—— M . ———Da P I T e —
R TEMPVE T B&XO,@XBRL R R
Dagnanﬂ, (4.3.74)

2R3

where M is the total mass of the system (3.1.137), p denotes the radius vector of its center of mass
(3.1.138), x, are the components of r, X, are the components of R, n is the unit vector in the
direction of R, and the symmetric spatial tensor

Dap =Y _ ma(3zaxs — r*00p)|a = Dpa (4.3.75)
is the tensor of mass quadrupole moment of the system. This tensor can be written as
Dop = /u(&vaxﬁ —12843)dV, (4.3.76)

where p is the mass density, M = f udV. The tensor of mass quadrupole moment is traceless,
Do =0, (4.3.77)
so it has 5 independent components. It is related to the inertia tensor (3.2.13) by
Dop = 114008 — 3ag. (4.3.78)

If we choose the origin of the frame of reference at the center of mass of the system then p = 0 and
(4.3.74) reduces to
_ GM G
=R
This reduction is possible because the masses of the particles are of the same (positive) sign. The
electric charges of the particles can have different signs. In the analogous expression for the electric
potential (4.2.16), we can eliminate the electric-dipole term ¢7, which corresponds to the center-of-
mass term ¢; in (4.3.74), only if the total electric charge of the system is different from zero.

D, gngng. 4.3.79
B B
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4.3.4 Schwarzschild metric

A centrally or spherically symmetric gravitational field is the field in which the generators of rotations
(1.6.58) are also generators of isometries (transformations that do not change the metric tensor).
The generators (1.6.58) in the Cartesian coordinates are

0 0 0 0 0
oy _ 5 -y —p— . 4.3.
=Y, " Fay’ Ty “or Yoz o= Yoy " Yor (4.3.80)
In the spherical coordinates (r, 8, ¢), they are
Jy = —sing— 0 — cotf cosqb
* 89 gi)
Jy = cos@ﬁa — cotd smd) Pr
0
=2 4.3.81
J 96 (4.3.81)
We can write them as '
Jo = &,0;, (4.3.82)
where
G=6=8=0, §=6=¢6=0,
fz = —sing, ff = —cotf cosg,
53 = cos¢, £2 = —cotfsing,
=0, €=1. (4.3.83)

They are generators of isometries if £, are Killing vectors. For the Levi-Civita connection, (1.4.42)
gives
giba; + 9in€ai + gika = 0. (4.3.84)
For o = z, (4.3.84) gives
9ij.6 =0, (4.3.85)

so the metric tensor g;; is independent of ¢. For oo = x,y, we consider different components g;;. If
i,7 € {0,7} then (4.3.84) gives

o =2: —g;j65in¢ — g;j4cotd cosgp = 0,

a=y: GijeCoS8P — g;j pcotdsing = 0, (4.3.86)
which, using (4.3.85), yields
iz = 0. (4.3.87)
Thus
goo = gOO(ta 7")7 gor = gOr(ta 7”), Grr = grr(ta T)~ (4388)
If i € {0,r} and j = 6 then (4.3.84) gives
a=x: gw o8 q; 9i0,051n¢ — gig gcotB cosg = 0,
a=y: gw S ¢9 + Gi0,6C0S¢ — gip,pcotfsing = 0, (4.3.89)
which, using (4.3.85), yields
9i¢ =0, gio,0 = 0. (4.3.90)
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If i € {0,r} and j = ¢ then (4.3.84) gives

a=1x: —gipcosp + gipcotd sing — g, ¢5ing — gig pcotl cosg = 0,

a=1Yy: —gigsing — gigcotl cosg + gig 9Co5¢ — gig pcotl sing = 0, (4.3.91)
which, using (4.3.85) and (4.3.90), yields
gin = 0. (4.3.92)
Thus
900 = gop = gro = gr¢ = 0. (4.3.93)
If i = 6 and j = 0 then (4.3.84) gives
a=zx: 2994,@00%5 — goo,95in¢ = 0,
sin“6
a=1y: 2g9¢%cos¢ + goo,pcosp = 0, (4.3.94)
sin“6
which yields
9go¢ =0, ggg,p = 0. (4.3.95)
If i = 6 and j = ¢ then (4.3.84) gives
. cos¢ .
a=1T: —gpecosd + goycotd sing + gge— 29~ 9o4,05in¢ = 0,
sin
. sing
a=1y: —gggsing — ggscotl cosd + gee 20 + gy pcosp = 0, (4.3.96)
which, using (4.3.95), yields
Jos = sin’0 ggg. (4.3.97)

If i = ¢ and j = ¢ then (4.3.84) gives

a=x: 2gsecotd sing — 2ge4scosp — geg,esing = 0,
a=1y: —2gspcoth cosp — 2ggssing + geg ecosp = 0, (4.3.98)

which, using (4.3.95) and (4.3.97), leads to the identity. Thus
900 = 9o0(t,7), 9op =0, gop = sin’0 ggp. (4.3.99)

Combining (4.3.88), (4.3.93) and (4.3.99) gives the general form of the metric tensor in a spher-
ically symmetric gravitational field (r =1, 0 =2, ¢ = 3):

goo(t,r) gor(t,7) 0 0
| goalt,r) gnlt,r) 0 0
gl] - 0 0 922 (t, 7") 0 (43100)
0 0 0 sin?6 gos (t,7)
or
ds? = goo(t,7)?dt* + 2901 (t,7)cdt dr + g1y (t,7)dr? + gaa(t,7)(d6* + sin®@ d¢?). (4.3.101)

This form can also be obtained from general considerations. We can apply a coordinate transforma-
tion from ¢, 7,0, ¢ to ¢'(t,r),r'(¢,7), 6, ¢ such that

gorrr =0, ga2 = gaa(r’). (4.3.102)
Accordingly, the interval (4.3.101) becomes (omitting the primes)

ds® = goo(t,7)2dt* + g1 (t,7)dr® + gao(r)(d6* + sin?6 dp?). (4.3.103)
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In the locally Galilean frame of reference, (4.3.103) should coincide with the Minkowski metric tensor
(1.4.84) in the spherical coordinates,

ds* = dt? — dr? — r2(d6* + sin6 dp?), (4.3.104)
which implies that goo(t,7) > 0, g11 <0, goo < 0. Thus we can write
goo(t,7) = e’ gy = =M goy = — f2 (), (4.3.105)

where v, A and f are real functions. We can still apply coordinate transformations t — t'(¢) and
r — 7' (r) without changing the form of the interval (4.3.104). Specifically, we can use r — 7/(r) to
define the radial coordinate r such that

fr)y=r, (4.3.106)
for which a circle composed of points with » = R has the circumference 27 R and the sphere composed
of points with » = R has the surface area 47 R?. The corresponding radius, defined as the distance

from the origin to a point where r = R, is fOR e 2dr, which is equal to R only if A = 0. Thus the
interval for a spherically symmetric gravitational field is given by

ds? = e’ e2d? — 2 dr? — 12(dh? + sin6 do?), (4.3.107)

where we can still use ¢t — t/(¢) to redefine the time coordinate ¢. The gravitational field given by
the interval (4.3.107) is symmetric about the origin r = 0.
The Christoffel symbols for the interval (4.3.107) that do not vanish are

v v A L
{000} 9y {001} 9 {101} = §€A )
7 A N _ . _
{010} = 56 /\7 {011} 9y {111} 9 {212} =-—re )\7 {313} = —rsin®fe?,
1
{5} =1{%} = -, {5} = —sinfcost, {55} = cotb), (4.3.108)
r .

where dot denotes a derivative with respect to ¢t and prime denotes a derivative with respect to r.
The corresponding components of the Einstein tensor that do not vanish identically are

1 1 )\,
0 A
GO — i2 — € (2 - ),

Gy =—e =, (4.3.109)

In vacuum, the Einstein equations (as well as the Einstein-Cartan equations) give G; = 0. The last
equation in (4.3.109) gives

A=0=A=\(r). (4.3.110)
Adding the first and second equation in (4.3.109) gives
(+N =0—=v+X=f(1). (4.3.111)
However, we can use t — t'(t) to redefine the time coordinate ¢t such that f(t) = 0. Thus
v= -\ (4.3.112)

which also leads to
v=0—v=u(r). (4.3.113)



Therefore the metric tensor of a spherically symmetric gravitational field does not depend on time.
The existence of the three Killing vectors associated with the generators of rotations (1.6.58) implies
the existence of the fourth Killing vector associated with time translation:

& = 60. (4.3.114)

A spherically symmetric gravitational field in vacuum is static, which constitutes the Birkhoff theo-
rem.

We consider a spherically symmetric gravitational field in vacuum around a massive sphere. Such
a field vanishes at infinity. Integrating the first equation in (4.3.109), with the condition e* — 1 at

r — 00, gives

C
e r=e"=1+—, (4.3.115)
r

where C'is a constant. Comparing (4.3.115) with (2.5.82) and (4.3.59) yields

C = —r, (4.3.116)
where e
ry = c2m (4.3.117)

is called the gravitational or Schwarzschild radius corresponding to the mass m. The corresponding
interval,

-1
ds? :(1 - 7;’9>c2dt2— <1 - 7;?) dr® — r%(d6? + sin?6 d¢?), (4.3.118)

describes the Schwarzschild metric for a spherically symmetric gravitational field. For a spherically
symmetric cavity inside the sphere, the regularity of the metric at the center, r = 0, requires C' = 0.
Thus the gravitational field there vanishes. For a spherically symmetric gravitational field inside
a massive sphere of radius R, the regularity of the metric at the center yields A = 0 at r = 0.
Integrating the first equation in (4.3.109) then gives

A=-—In (1 - f/ TQH&«), (4.3.119)
™ Jo

yielding e* > 1. The first and second equation in (4.3.109) give also v/ 4+ X' > 0, yielding v + A < 0.
Outside the sphere, (4.3.119) gives

KR R K R
A= —ln(l - f/ Tgerr) = —ln(l - 7/ Er2dr>, (4.3.120)
™ Jo ™ Jo

where € is the effective energy density (2.5.115) of a spin fluid. Without spin, € = € is the ordinary
energy density of an ideal fluid. Comparing (4.3.120) with (4.3.115) and (4.3.117) gives

4r B 4 (B 1
m= 1/ erldr < 1/ M 22y = —/ede. (4.3.121)
2 Jo 2 Jo c?

This inequality indicates the gravitational mass defect.
The spatial interval (1.4.97) for the Schwarzschild metric is given by

-1
r
di* = (1 — -") dr? 4+ r*(d6? + sin®6 d¢?). (4.3.122)
r

The proper time 7 is related to the coordinate time t by dr = /goodt, yielding dr < dt. Thus
the time is slower in the presence of a gravitational field, in accordance with the time dilation in
noninertial frames of reference and the principle of equivalence. The distance between two points
with the same angular components of the spherical coordinates, located at r; and 72, is bigger than
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the difference between their radial components: f:f \/%7/ > ry —r1. For a weak gravitational
—'f‘g T

field, the metric (4.3.118) can be approximated as
ds? = ds? — "2 (2dt? + dr?), (4.3.123)
r

where ds3 is the interval corresponding to the Minkowski tensor of a flat spacetime (1.4.84). For
a plane passing through the origin of the Schwarzschild field, we can take § = 7/2. The spatial
interval (4.3.122) on this plane is

—1
a2 :(1 — Trg> dr? + r2de?. (4.3.124)

The form of the surface of rotation on which the geometry is the same as on this plane is

di? = dr? + dz* + r2d¢? = dr*(1 + 2'%) + r?d¢?, (4.3.125)

where ' = & and 1+ 22 = (1 —r,/r)7?, yielding Flamm’s paraboloid:

dr
z=2\/re(r —ry). (4.3.126)

The surface of rotation (4.3.126) represents embedding of the non-Euclidean, two-dimensional equa-
torial plane of the Schwarzschild geometry into the three-dimensional Euclidean space. Such a space
has no physical meaning and merely serves to visualize Flamm’s paraboloid, as shown in Fig. 20.

Figure 20: Flamm paraboloid.

The nonzero components of the curvature tensor which for the Schwarzschild field is equal to the
Riemann tensor (1.4.44) are

r r
30101 = R2323 = _r%’ R0202 = 30303 = 31212 = 31313 = 27?3- (4.3.127)

The Kretschmann scalar, B
I =Ry R™, (4.3.128)

is singular at the origin r = 0:
12r§
I=—5~. (4.3.129)
r

Thus the Schwarzschild field has a spacetime (curvature) singularity at the origin, indicating its
unphysical character. The nonzero components of the spatial Ricci tensor (1.4.74) (the Ricci tensor
constructed from the spatial metric tensor (1.4.98)) are

1 Tg 2 _p3_Tyg
P; = —5 Py =Py = 25" (4.3.130)

Thus the spatial Ricci scalar P = 0. For a plane perpendicular to the radius, the Gaufl curvature
(1.4.76) is
Pa323

Y22733

K = =P} >0. (4.3.131)
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Thus the sum of the angles A of a small triangle on such a plane embracing its intersection with the
above radius is A > 7. For a plane passing through the origin, K < 0. Thus the sum of the angles
of a small triangle on such a plane is A < 7, except for triangles embracing the origin, for which
A>T,

The choice (4.3.106) of the radial coordinate r is not unique. Using the Birkhoff theorem, we
can write the interval for a spherically symmetric gravitational field as

ds? = e’ 2dt? — NN dr? — et r2(dh? + sin6 dp?), (4.3.132)
and use the freedom of applying a transformation » — r/(r) to impose a constraint
fly, A\, ) =0. (4.3.133)
The Einstein equations in vacuum for the metric (4.3.132) give the de Sitter formulae:

12 2
_ Ty A R . R
€ = -5y € = T, € = 2
R -3 r

(4.3.134)

where R = R(r) is a function fixed by (4.3.133) and R’ = ‘fi—f. The Schwarzschild-Hilbert constraint
=0 gives R = r (4.3.106) and the Schwarzschild metric (4.3.118). Droste’s constraint A = 0 yields

B Ty 1/2 rg vVR+ /R~—r,
r=R + “ln———F——— + const. (4.3.135)
R 2 VR-/R—r,

Schwarzschild’s constraint A + 2u 4+ v = 0 gives
R=(r®+rl/3, (4.3.136)

which is equivalent to (4.3.118) with the origin at r = —r,. Weyl’s constraint A — = 0 gives

2
r
R=r{1+-2 4.3.137
T( +4r) ’ ( )

which yields the metric describing a spherically symmetric gravitational field in the isotropic spherical
coordinates:

ds® = m&dﬁ = (L1 (4r))* (dr? 4 r2(d6? + sin®0 dg?) ). (4.3.138)

The Einstein-Rosen constraint A — 4+ v + Ind = 0 yields

2
r
R= — 4.3.139
T'g + 4rg’ ( )
which is equivalent to (4.3.138).

A hypersurface of constant radius, f(r) = r — const = 0, has the normalized normal vector
(2.5.138) given in the spherical coordinates (ct,r, 6, ¢) by

ni = (0,1,0,0). (4.3.140)
In a Schwarzschild field,
nint =9 1. (4.3.141)
r

Thus the Schwarzschild sphere r = r; is an event horizon.
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4.3.5 Motion in Schwarzschild field
define black hole and white hole

d0? = d6? + sin?6 do? (4.3.142)
tortoise radial coordinate i
dr, = — (4.3.143)
1_Tg
r
Te =1+ rqln( — 1) (4.3.144)
[ ry

free-fall velocity

V_ o (4.3.145)
C T

proper coordinates

-1
dR? = ( — ) dr?. (4.3.146)

We consider a massive particle moving radially in the gravitational field described by the metric
(?7?). For brevity, we use

(1 —ry/(4r))?

h= 900 = (3, Jan)P

f=—gr = (1+ry/(4r)". (4.3.147)

The motion of the particle is given by the radial geodesic equations. If the particle is at rest at
r = rg, then these equations are

—;lt =u" = \/ho/h, (4.3.148)

T

—C(i; = u" = e(hgh™ f 7t — Y2 (4.3.149)
T

where 7 is the proper time of the particle, hg = h|,—,, and e = —1 (+1) for an infalling (outgoing)
motion. We consider a particle falling into a black hole, e = —1. As r — r4/4, h goes to zero and
f — 16, so both u° and u” become infinite. Even if the initial motion were not purely radial, the
components u”, u” would still become infinite at 7 = r,/4, with «%, u® remaining finite. Therefore,
each motion of a massive particle becomes effectively radial at the surface r = ry/4.

A distant observer situated in a nearly Galilean spacetime measures the velocity of the infalling
particle as

r -1 —12\1/2
SR LA Y e i (4.3.150)
dt u? Vho

As r — ry/4, vg goes to zero. Writing r = r,/4 + &, where 0 < § < 1y, gives vg = —c£/(2ry) and
thus 7 — r,/4 ~ exp(—ct/(2ry)), so the particle reaches the surface of a black hole r = r,/4 after
an infinite time ¢. This surface is an event horizon for a distant observer, as it is for the standard
Schwarzschild metric [?]. The proper time A7 of the particle for moving radially from r = ry to
r =r4/4 is finite, which can be shown by considering 7o = r4/4 + &:

rg/4+€
cAT = / dr/u” = rg. (4.3.151)
rg/4

After reaching the surface r = r;/4, the particle continues moving; its radial coordinate r decreases
to ri = 7r2/(16r¢) = ry/4 — £ (at which u” = 0) in a proper time A1 = ry/c. The radial motion of
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a massive particle (in terms of the proper time) in the spacetime (??) for r < ry/4 is the image (in
the sense of the method of image charges for spheres in electrostatics) of the particle’s motion for
r > rq/4. Applying the transformation (??) to Eqgs. (4.3.148) and (4.3.149) in the region r < r,/4
gives

;Li = /ho/h, (4.3.152)
dr’ —1,-1 —1\1/2
e —e(hoh™ f71 = f71)"/9, (4.3.153)

where h = (1 — r,/(4r"))?/(1 + ry/(4r"))? and f = (1 +7,/(4r'))*. An infalling radial geodesic
motion inside a black hole appears, in terms of the new radial coordinate 7/, as an outgoing motion
from a white hole (the time reversal of a black hole).

The local velocity of the particle v;, measured in terms of the proper time, as determined by static
clocks synchronized along the trajectory of the particle, is related to u® by u® = (h(1—v?/c?))~1/2 [2].
As the particle moves from r = ¢ to r = r,/4, v; increases from zero to ¢, and as the particle moves
from r = ry/4 to r = 71, v; decreases to zero. In a Schwarzschild field, v; exceeds ¢ inside a black
hole, which does not violate Einstein’s theory of relativity because the interior of a Schwarzschild
black hole is not static and neither can be clocks synchronized along the trajectory of the particle.

4.3.6 Other coordinates for Schwarzschild field

The Schwarzschild metric (4.3.118) has a coordinate singularity at the surface r = r,, where ggo = 0
and gq1 is infinite. The components of the curvature tensor (4.3.127) and the Kretschmann scalar
(4.3.129) are finite at this surface, though. Therefore an appropriate coordinate transformation,
that is singular at » = r,, can remove this apparent singularity. Defining new coordinates 74+, R
such that

tedre = cdt + f(r)dry,

dr,
dR = cdt + =, 4.3.154
) 3150
where dr, is the tortoise coordinate (4.3.143), turns (4.3.118) into
1—ry/r
ds® = 177;2(0%1 — f2dR?) — r?dQ>. (4.3.155)
We also have
1— f2
RFcry = 7 dr. (4.3.156)

The physical case of gravitational attraction (black hole) corresponds to plus signs in (4.3.154). The
metric (4.3.155) is regular at r = r4 if f(ry) = 1. Taking

) =2 (4.3.157)
turns (4.3.155) into the Lemaitre metric:
ds* = c*dr* — r(:,gR) dR? — r*(1, R)d?, (4.3.158)
where 7 = 74 and (7, R) is given by integrating (4.3.156):
3 2/3
r= (2(R - cr)) r;/?’. (4.3.159)

The Lemaitre metric (4.3.158) is regular at the gravitational radius. It is singular at » = 0, where
cr = R. The Lemaitre metric is synchronous, gopg = 1 and ggo, = 0. Thus the bodies at rest in the
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Lemaitre coordinates (1, R) are freely falling in the gravitational field. The time coordinate 7 is the
proper time. Radial null geodesics, ds = df) = 0, are given by

Cdd—; - i,/%’, (4.3.160)

where plus sign corresponds to a radially outgoing signal and minus sign to a radially infalling signal.
Since all physical world lines must lie within the local light cones, no signal can escape from inside
the Schwarzschild sphere, where g—: < 0, as shown in Fig. 21. Thus signals emitted there radially
inwards and outwards both reach the origin. The radially falling bodies reach the gravitational
radius and then the origin within finite proper time. The unphysical case of gravitational repulsion
(white hole) corresponds to minus signs in (4.3.154). In this case, no signal can enter inside the
Schwarzschild sphere. In Fig. 21, this case corresponds to 7 = —7_.

R
Figure 21: Lemaitre coordinates.
We can define new time coordinates v, u according to
v =ct+ry,
u=ct—ry. (4.3.161)

The v coordinate is the ingoing null coordinate or advanced Eddington-Finkelstein time and u is the
outgoing null coordinate or retarded Eddington-Finkelstein time, analogously to the advanced and
retarded time (4.2.162). Replacing ¢t by v turns (4.3.118) into the ingoing Eddington-Finkelstein
metric:

ds? = (1 - ?)va — 2dvdr — r2d0?. (4.3.162)

The metric (4.3.162) is regular at r = r, and describes a black hole. Radial null geodesics are given
by
dv =0, dv=_2dr,, (4.3.163)

where the first case corresponds to a radially infalling signal and the second one to a radially outgoing
signal. Since all physical world lines must lie within the local light cones, no signal can escape from
inside the Schwarzschild sphere, where Z—Z < 0, as shown in Fig. 22. Replacing ¢ by u turns (4.3.118)
into the outgoing Eddington-Finkelstein metric:

ds® = (1 - T:’)duz + 2du dr — r2dQ?. (4.3.164)

The metric (4.3.164) is regular at r = r4 and describes a white hole. Radial null geodesics are given
by
du =0, du= —2dr,, (4.3.165)

where the first case corresponds to a radially outgoing signal and the second one to a radially infalling
signal. No signal can enter inside the Schwarzschild sphere. This case is described by Fig. 22, in
which v is replaced by —u.
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[+4 =

Figure 22: Eddington-Finkelstein coordinates.

T

We can define new time coordinates v, 4 according to

4o = cdt + | Ldr,,
T

dii = cdt — 1| Ldr,. (4.3.166)
T

The ¥ coordinate is the advanced Painlevé-Gullstrand time and @ is the retarded Painlevé- Gullstrand
time. Integrating (4.3.166) gives

~ Vi
U:Ct+2 Tg?""‘Tgan%,
Vi- v
VI T

Replacing ¢ by ¢ turns (4.3.118) into the ingoing Painlevé-Gullstrand metric:

ds? = (1 - Tg)df)z — 2/ a5 dr — dr? — r2d02. (4.3.168)
T T

The metric (4.3.168) is regular at r = r, and describes a black hole. Radial null geodesics are given

by
o Tg
do = (1 / . + 1)dr*, (4.3.169)

where plus sign corresponds to a radially outgoing signal and minus sign to a radially infalling signal.
Replacing t by @ turns (4.3.118) into the outgoing Painlevé-Gullstrand metric:

ds? = (1 — ?)d?f +24/ %gdﬂdr —dr? — r2dQ?. (4.3.170)

The metric (4.3.170) is regular at r = r, and describes a white hole. Radial null geodesics are given

by
du = ( v/ o + 1>d7“*, (4.3.171)

where plus sign corresponds to a radially outgoing signal and minus sign to a radially infalling signal.

The Painlevé-Gullstrand coordinates can also be obtained through a special Lorentz transfor-
mation (1.6.93) with the free-fall velocity V' (4.3.145) in the R-direction applied (locally) to the
stationary proper time 7' (4.3.146):

U =ct—2,rgr —rgln (4.3.167)

2\ —1/2
du = <1 - V> (ch — VdR). (4.3.172)
c



Thus the Painlevé-Gullstrand time is the proper time measured by clocks that fall freely in the

spherically symmetric gravitational field. This result agrees with the metric geodesic equations

(1.4.81) corresponding to (4.3.168) and (4.3.170), for which, respectively, % =1 and % =1.
Replacing both ¢ and r by the null coordinates v and u (4.3.161) turns (4.3.118) into

ds? = (1 - 7;g>dudv — 2402, (4.3.173)

Defining the Kruskal coordinates,
U=e w9 1 =ev/(rg)
T+R=V, T—R=-U, (4.3.174)

turns (4.3.173) into the Kruskal-Szekeres metric:

A3
ds? = 9 ,—r/rg (dT? — dR?) — r2dQ2, (4.3.175)
T

where r = r(T, R) is given by a transcendental equation,
er/mo (’" - 1> = R -T2 (4.3.176)
Tg
The metric (4.3.175) is regular at r = r, and singular at » = 0. It is also singular (det g;; = 0) for
rg = 0. T is the time coordinate and R is the radial coordinate. Region I in Fig. 23 (V >0, U > 0)

represents the exterior of a black hole (r > rg;), where the transformation from (¢,7) to (T, R) is
given by

T 1/2 ct
T = < — 1> er/(Zr-‘?)sinhT,

7’9 7’9
. 1/2 ot

R= ( — 1> e/ (2re) cosh —— . (4.3.177)
rg 27“9

Region II in Fig. 23 (V > 0, U < 0) represents the interior of a black hole (r < r;), where the
transformation from (¢,r) to (7', R) is given by

1/2 .
T= (1 - T) e’“/(g’“ﬁ’)cosh;—7

T'g Tg
r 1/2 ct

R= (1 — ) e/ (2ra)ginh —- . (4.3.178)
Tg 2rg

The lines r = const are given by UV = const and the lines ¢t = const by V/U = const. The curvature
singularity » = 0 is given by UV = —1 and the event horizon by UV = 0. Radial null geodesics,
which are the boundaries of light cones, are given by dU dV = 0: V = const describes an ingoing
null geodesic and U = const describes an outgoing null geodesic.

A Schwarzschild black hole is represented by V' > 0. However, the coordinates (V,U) can be
extended to V' < 0. Region IIT in Fig. 23 (V < 0, U < 0) represents the exterior of a white hole
(r > ry), where the transformation from (¢,7) to (7, R) is given by

1/2 .
T=- (T — 1) e/ (2ro)ginh
2 )

Tg Tg

r 1/2 ct
R ( _ 1) /20 cosh - (4.3.179)
rg 27”9
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Region IIT is mathematically equivalent to the time-reversed region I. Region IV in Fig. 23 (V <
0, U > 0) represents the interior of a white hole (r < r,), where the transformation from (¢,r) to
(T, R) is given by

r\ Y2 ct
T= (1 - ) er/(QT-‘?)coshQ—,

Tg Tg
1/2
¢
R=-— <1 - T) e/ @ra)ginh = (4.3.180)
Ty 2ry

Region IV is mathematically equivalent to the time-reversed region II. These 4 regions represent
a mazimally extended Schwarzschild solution. The Schwarzschild metric (4.3.118) is covered only
by region I or region III. The ingoing Eddington-Finkelstein and Painlevé-Gullstrand metrics are
covered by regions I and II. The outgoing Eddington-Finkelstein and Painlevé-Gullstrand metrics
are covered by regions III and IV.

T
Vv
=10 .
T = I=T
II
f’ t= const
i/
!
2
o
Ll |
|
III '. r= const R
\\
\
\
P ¢
v %
~
r=0
U

Figure 23: Kruskal coordinates.

4.3.7 Weyl isotropic metric

The interval of the static, spherically symmetric gravitational field in vacuum, expressed in isotropic
spherical coordinates (ct, p, 0, @), is given by the Weyl isotropic metric (4.3.138):

1—714/(4p))?
ds® = ( g Adt? — (1 41,/ (4p)(dp? + p*dQ?), 4.3.181
where 0 < p < oo is the radial coordinate in Weyl’s constraint. This metric does not change its form

under the radial coordinate transformation

2

- _9
~ 16p’
and is Galilean for p — oo. Therefore it is also Galilean for p — 0, describing an Finstein-Rosen
bridge or wormhole: two Schwarzschild solutions of the Einstein field equations (a black hole and
white hole) connected at the common event horizon r = r,/4. The metric tensor at the horizon is
singular, det g;x = 0. The nonzero components of the Riemann curvature tensor for this metric are
given by

/

p—=p (4.3.182)

Tg

203 (1+74/(4p))®"

pP(1+7g/(4p))%

02 _ p03 _ pl2 _ pl3 __
R OQ_R OS_R 12_R 13 —

R, = R¥,, = — (4.3.183)
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so the Kretschmann scalar (4.3.128) is finite everywhere,
I=12r2p7%(1 4 14/(4p)) ", (4.3.184)

going to zero as p — oo and p — 0. For p > r,/4, the interval (4.3.181) reduces to
ds? = (1 - Tg>Cth2 - (1 + rg) (dz? + dy? + d2?). (4.3.185)
p p

The Weyl metric for p > r,/4 describes the exterior sheet of a Schwarzschild black hole. The
transformation of the radial coordinate,

p—r=pl+7r,/(4p))? (4.3.186)

brings the interval (4.3.181) into the standard Schwarzschild form (4.3.118). The spacetime given
by the metric (4.3.181) for p < r4/4 is regarded by observers at p > r,/4 as the interior of a
black hole. Because of the invariance of the metric (4.3.181) under the transformation (4.3.182),
this interior is an image of the other exterior sheet. Since the motion through the event horizon
of an Einstein-Rosen bridge is unidirectional, this interior is equivalent to the exterior sheet of a
Schwarzschild white hole. The spacetime of an Einstein-Rosen bridge is regular everywhere. The
surface of rotation representing embedding of the non-Euclidean, two-dimensional equatorial plane
of the Einstein-Rosen geometry into the three-dimensional Euclidean space is the combination of
two Flamm’s paraboloids, as shown in Fig. 24.

Figure 24: Einstein-Rosen bridge.

We define a new radial coordinate £ such that

52
= = 4.3.187
r Tg + 4,,,9 ( )
The Schwarzschild metric (4.3.118) becomes
&€ 50 Argt€ AN
ds® = —>——c2dt* — —4——=-d¢* - o’ 4.3.1
s drZ +¢2 ¢ 4r? ¢ ot dry ’ (4.3.188)

which is equivalent to the Weyl metric (4.3.181), describing an Einstein-Rosen bridge. Near the
horizon, where & ~ 0, (4.3.188) reduces to

52
ds* = @czdtQ —dg® — r2d0*. (4.3.189)

Introducing new coordinates Z,# such that

] t
of = gsmh;—, 7 = €cosh—, (4.3.190)



turns (4.3.189) into
ds® = 2dt® — di* — r2dQ>. (4.3.191)

Thus the (£, 7) subspace of the spacetime represented by the interval (4.3.191) is flat. Accordingly,
the (¢, p) subspace of the spacetime represented by the interval (4.3.181) near the event horizon is
nearly flat. The interval (4.3.189) is analogous to the Rindler metric (4.1.41) and the coordinates
ct,& in (4.3.189) are analogous to ¢T, X (4.1.40). If & = ¢*/ag, where ag = const, then (4.3.190)
gives a hyperbola 72 — (ct)? = ¢*/a2, which is analogous to (4.1.36). Therefore (4.3.187) gives the
proper acceleration of a massive particle near the event horizon:

1

2rg/T 1

apg ~

(4.3.192)

4.3.8 Interior Schwarzschild solution

We consider a spherically symmetric gravitational field in spacetime filled with an ideal fluid. The
general form of the metric in such a field is given by the interval (4.3.101). We can apply a coordinate
transformation from ¢, 7,6, ¢ to 7(¢t,7), R(t,7), 6, ¢ such that
dR

g =0, u' = 7 =0 (4.3.193)
The second condition means that no radial motion takes place in this frame of reference. Since
the spherical symmetry also requires u? = u? = 0, this frame of reference is a comoving frame.
Accordingly, the interval (4.3.101) becomes

ds? = e?" B 2gr? — MR GR? — et (R R2(d62 + sin6 d¢?), (4.3.194)

where v, A and p are real functions. We can still apply coordinate transformations 7 — 7/(7) and
R — R'(R) without changing the form of the interval (4.3.194). The components of the Einstein
tensor corresponding to (4.3.194) that do not vanish identically are

2 ) —
2 3 2 1 2 1 . Z
G —e—*<u”—R2+4<u’+R) —2<u’+R>X>+2e—”<Ap+“2)+€RQ,
_16—/\ 1 /+z 2+ /_’_z U e --_1'1)_’_%'2 _;’_ﬂ
2 2o\ TR TR ST R?’

2
1 4 2
G3=G3 = —ie*)‘ <2y” + 2 42" — =t <,u’ + R> -\

Q
I

1 . . .
+(u’ + )(u’ - X)) e @A N 4 2+ P = A — - M),

1 2 :

where dot denotes differentiation with respect to 7 and prime denotes differentiation with respect
to R. The Einstein equations in this frame of reference are

GY =ke, G} =G3 =G5 =—rp, Gy =0. (4.3.196)

The corresponding conservation law T, = 0 gives

/

2  , 2

A2 =— LV == ,
€+p €+p

(4.3.197)

where the constants of integration depend on the allowed transformations 7 — 7/(7) and R — R'(R).
For a spherically symmetric gravitational field in spacetime filled with a spin fluid, ¢ — € and p — p.
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If a spherically symmetric sphere of radius a is in hydrostatic equilibrium then the metric does
not depend on the time coordinate and the interval (4.3.194) reduces to

ds? = e’ 2dt? — A dr? — r2(dh? + sin®0 dg?), (4.3.198)

where we used the freedom of applying a coordinate transformation r — /() to set u(r) =0, as in
(4.3.107). The Einstein equations (4.3.195) reduce to (cf. (4.3.109))

1 1
= —e ( + ”) = —rp. (4.3.199)

et = (1 - ’:/Or er2dr> o (1 - 7"97(,7“)) 71, (4.3.200)

rg(r) = Fa/ore(r)ﬁdr (4.3.201)

is the gravitational radius of the sphere of radius r centered at the origin (cf. (4.3.117), (4.3.119)
and (4.3.121)). The second equation in (4.3.199) and the second equation in (4.3.197) yield

where

p = —%(e +p) (6A C + “pr) N i) - _21?(6 +p)e (ry(r) + rpr®), (4.3.202)

which, upon substituting (4.3.200), gives the Tolman-Oppenheimer-Volkoff equation:

dp _ 1 (c+p)(rg(r) + rpr?)

In the nonrelativistic limit, (4.3.203) reduces to

dp _ Gm(r)p(r)

_—=— 4.3.204

dr r2 ’ ( )
where p is the mass density and

m(r) = 47?/ p(r)rdr (4.3.205)
0

is the mass of the sphere of radius r centered at the origin. The hydrostatic condition (4.3.204) can
also be derived for a spherically symmetric system from (2.5.100) for v = 0, using (4.3.56).
If the energy density inside the sphere is homogeneous, e = const, then (4.3.200) gives

-1
A = (1 — ;Her2> : (4.3.206)
which, with (4.3.202), leads to
, 1 1 .\ e
p = —5(6 +p)(1- g her 3 +p |kr. (4.3.207)

Integrating this equation with the condition that the pressure vanishes at the boundary of the sphere,
p(a) = 0, gives

h(r) — h(a)

=t 4.3.208

P) = ey~ h(r) ( )
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where

1 1/2
h(r) _(1 - 3mz> : (4.3.209)
The pressure (4.3.208) is a decreasing function of 7. The condition that p(0) be finite gives
9
a > 3T (4.3.210)
Physically realistic equations of state obey p < €/3. Thus we have p(0) < €/3, which yields
a> grg. (4.3.211)
The second equation in (4.3.197) integrates to
p(r)\
e’ = ev(@) (1 + ) : (4.3.212)
€
The continuity of the metric at the boundary of the sphere, r = a, requires (cf. (4.3.112))
e?(@) = =AM, (4.3.213)
Thus the interval for the interior Schwarzschild metric for a constant energy density is given by
9 1 2
ds* = 1 (h(a) - 3h(7")> Adt? — h=2(r)dr? — r2(d6* + sin®0 d¢?). (4.3.214)

4.3.9 Tolman solution
4.3.10 Kerr metric

The spacetime geometry in the region surrounding a mass m rotating with angular momentum L is
given by the Kerr metric:

2
ds® = (1 — %)chtZ P2 p2do? — (7‘2 +a%+ aQSin29Tg2r)sin29d¢2
p P

A
+2asin29%cdt do, (4.3.215)
where
o= % (4.3.216)
p* =1r? + a*cos?, (4.3.217)
A=71%—r,r+ad’ (4.3.218)

A coordinate transformation,
x + iy = (r + ia)sinfe’®,
z = rcosb, (4.3.219)

brings the coordinates (r,0, ¢), referred to as the Boyer-Lindquist coordinates, to the Kerr-Schild
coordinates (x,y, z), in which the Kerr metric becomes

gij = Mij + [kik;, (4.3.220)
where
T+ ay rYy — axr z
ko =1, kx:m, ky:m, k’z:;7
3
rgr
=1, 2.3 4.3.221
f 7‘4 +a222 ( )

202



The vector k is a unit vector. The relation between the Boyer-Lindquist and Kerr-Schild coordinates
is the same as the relation between the oblate spheroidal and Cartesian coordinates. The Kerr
metric is the stationary (0g¢;;/0t = 0), axisymmetric (0g¢;;/0¢ = 0), asymptotically flat (g;; — 75
as 7 — 00), vacuum (73; = 0) solution of the Einstein equations. !

4.3.11 Motion in Kerr field
4.3.12 Reissner-Nordstrom metric

4.3.13 Kerr-Newman metric

The spacetime geometry in the region surrounding a mass m of charge ¢ rotating with angular
momentum L is given in the Boyer-Lindquist coordinates (r,0,¢) (4.3.219) by the Kerr-Newman
metric:

2 2 2
Ty —7T Tl —T
ds? = (1 229 )2q2 — P gp2 _ p2do* — [ + a® + a?sin?0-2——2
P2 A 2
2
TgT — Ty

x sin?0d¢? + 2asin29720dt do, (4.3.222)
p

where a and p? are given by (4.3.216) and (4.3.217), and

A=r*—ryr+ad®+ rg, (4.3.223)
where G2
q

ry = I (4.3.224)

The electromagnetic potential in the Kerr-Newman field is given by

_grcdt _qra sin?6 d¢

Ada’ e e (4.3.225)
This metric can be written in the Kerr-Schild form (4.3.220), where f is generalized to
r? 9
f= m(rgr —ry)- (4.3.226)
The electromagnetic potential in these coordinates is given by
qr’
A = k (4.3.227)

-
7-4 + a222

The Kerr-Newman metric is the stationary (0g;;/0t = 0), axisymmetric (0g;;/0¢ = 0), asymp-
totically flat (g;; — m;; as r — o0) solution of the Einstein-Maxwell equations without sources
(j*=0).

At large distances r > a, the electric potential in (4.3.225) reduces to the Coulomb potential
¢ = 2 and the magnetic potential in (4.3.225) reduces to (4.2.49) for the magnetic moment

m = gaZ. (4.3.228)
Thus we have
m=-LM, (4.3.229)
me

so the gyromagnetic ratio (4.2.55) for the Kerr-Newman field is ¢ = 2 which is twice larger than

that for a nonrelativistic particle or a system of identical nonrelativistic particles.
!
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4.3.14 Weak gravitational field

The component hgs = QTGCJQW sin® satisfies the field equation Py = 0 linearized in hgs. Thus, for a
2GM

slowly rotating body, hgs = 7811129 is valid even if the gravitational field is strong.
4.3.15 Gravitational waves
4.3.16 Kottler-de Sitter metric

In the presence of the cosmological constant A, the Lagrangian density (2.5.21) gives the field
equations

1

For a spherically symmetric gravitational field around a massive sphere, these equations give the
Kottler metric:

2 rg AN 5o Tg AT2712 20902 | 2 2

which generalizes the Schwarzschild metric (4.3.118). If ry = 0, the Kottler metric (4.3.231) reduces
to the de Sitter metric:

Ar? A2\
ds? :(1 _ ;)czdﬁ_ (1 - ;) dr? — r2(d6? + sin6 d¢?). (4.3.232)
For the de Sitter metric (4.3.232), the curvature is given by

A
Riji = *g(gz‘kgjz = Yigijk)- (4.3.233)

4.3.17 Friedmann-Lemaitre-Robertson-Walker metric
4.4 Spinors

4.4.1 Free spinors

4.4.2 Dirac equation in central electric field

4.4.3 Schroédinger equation in central electric field

4.4.4 Dirac equation in uniform magnetic field
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