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1. Operations on tensors

a.

Let S and T be (p, q) tensors. Show that S + T is also a (p, q) tensor.

b.

Let S be a (p, q) tensor and T be an (r, s) tensor. Show that S⊗T is a (p+r, q+s)
tensor.

c.

Let T be a (p, q) tensor. Show that T
ρµ1...µp−1

ρν1...νq−1 is a (p−1, q−1) tensor.

c.

Let T be a (p, 0) tensor. Show that T(µ1...µp) is a symmetric tensor and T[µ1...µp]

is an antisymmetric tensor, i.e. show that the symmetry/antisymmetry is pre-
served by coordinate transformations.

d.

Let T be a (p, q) tensor. Show that ∂ρT
µ1...µp

ν...νq is a (p, q+1) tensor when re-
stricted to inertial frames, i.e. when the coordinate transformations are Poincare
transformations.

2. Levi-Civita tensor

The Levi-Civita symbol ε̃µ1...µn
is totally antisymmetric and de�ned such that

ε̃01...(n−1) = 1 in all coordinate systems. Although the Levi-Civita symbol is
invariant under Lorentz transformations, it doesn't trasform as a tensor under
general coordinate transformations. On the other hand, the following object is
a tensor in all coordinates systems:

εµ1...µn =
√
−gε̃µ1...µn
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where g is the determinant of the metric gµν . Verify that

εµ′1...µ′n =
∂xµ1

∂x̃µ
′
1

...
∂xµn

∂x̃µ
′
n
εµ1...µn

where εµ1...µn
is the Levi-Civita tensor in the x cordinate system and εµ′1...µ′n is

the Levi-Civita tensor in the x′cordinate system. Show that the volume element

εµ1...µn
dxµ1 ⊗ ...⊗ dxµn ≡

√
−gdx0 ∧ dx2... ∧ dxn−1

is invariant under coordinate transformations.

3. Maxwell's equations in inertial coordinates

Show that in an inertial coordinate system, Maxwell's equations can be written
as follows:

∂αF
αβ = Jβ , ∂αFβγ + ∂βFγα + ∂γFαβ = 0

(in appropriate units) where J is the current 4-vector. The Maxwell stress-
energy tensor is de�ned as

Tµν = FµαF να −
1

4
FαβFαβη

µν

where F να = ηµαF
νµ, Fαβ = ηναηµβF

νµ. Assuming that J vanishes, show that

∂µT
µν = 0.

4. Energy-momentum tensor of a perfect �uid

The energy momentum tensor of a perfect �uid in Minkowski space is given by

Tµν = (ρ+ p)UµUν − pηµν

where ρ is the rest-frame energy density, Uµ is the 4-velocity of the �uid, and p is
the rest-frame pressure. The motion of the �uid is described by the conservation
equation

∂µT
µν = 0

By projecting this equation onto Uν (Uν∂µT
µν = 0), show that

∂µ(ρU
µ) + p∂µU

µ = 0. (1)

By projecting onto the the 3d space perpendicular to Uν using the tensor

Pµν = UµUν − gµν ,

show that

(ρ+ p)
dUµ

dτ
= −Pµν∂νp (2)

where τ is the proper time of the �uid. Approximating the velocity of the �uid
by Uµ ∼ (1, ~w) show that in the non-relativistic limit, eqs. 1 and 2 reduce to

∂tρ+ ~∇ · (ρ~w) = 0, ρ∂t ~w + ρ
(
~w · ~∇

)
~w = −~∇p.

2


