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‘Tue, following investigation’ was originally undertaken as the foundation for coptain :
researches on the theory of vortex rings, with especial reference to a theory of gravi-
tation: propounded by the author in the Proceedings.of the. Cambridge Philosophical
Society (vol. iii, ‘p. 276). As the’ results seemed interesting in’ themselves, and as
they also serve as a basis for other investigations, more: particularly in electricity-and ‘
conduction of heat, I have thought it advisable to publish itvas a separate paper,

especially as I cannot hope to find leisure for some time to complete my original Hi
purpose:

‘The word “ tore” ix used asa name for an anchor-ring, here restricted to a circular
section, and by “ toroidal functions” are understood fiinctions which satisfy Lartace's
equation and which are suitable for conditions given over the surfaces of torts.

‘The ‘first section is devoted to the general theory of the employment of two dimen-

* sional equipotential Hines in certain eases as orthogonal co-ordinates in problems of
three dimensions. From this wo pass at once to the particular case where the two-
dimensional lines are the system of circles through two fixed points and the system of
citeles orthogonal to them. It is shown that. these satisfy the conditions of applica-

Dility. By revolution about the line through the two points we have functions suit- :
able for problems connected with two spheres. By revolution about the line bisecting
at right angles the distance between the points we have fimetions assoviated with

auchor-rings or tores. By the first systeni it is alao possible to deduge functions for”

‘what may be called a self-intersecting tore, and. by the second for two intersecting :" spheres,” A second application is made for the particular caso where the opening of a z
tore vanishes and theres a double cuspidal point at the centre.

‘The second section is Aevoted to the development of zonal toroidal funetions—that

is, for conditions symmetrical about the axis* of a tore.. It is shown that, for space
not containing the critical axis these aro the sume as zonal spherical harmonies of

./* Throughout the paper tho axis of toro is taken to be the line porpondizalar to ie plane thrvogh ita
centre; tho circle truced out hy the centr of the generating circle of w tore will bo elle by cirealer

‘xis, and the cirele by the tno points abore mentioned the eitcal crete,
Mpocotsexxt, : 4
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f -imaginary argument and (when the whole of space outside a tore is in question) of

orders (n+ 1)/2: For space inside a fore we have-a corespondiing snalogy with zotial
harmonies of the second kind. “The properties of these functions are found. to have.

‘analogies with those ofthe ordinary spherical hirmonies, but with essential differences
‘The space outside a tore is different from that dutsidle’a sphere in being eyelie; ingeneral, then, the fuctions for space outside will not be determinate from the surface -
conditions alone, ‘The above, functions are suitable only when thete is no cyclic
function

: it is shown how to obtain a function which will complete the solution.‘The third section deals with tosseral toroidal functions, whieh come into use for the

most general case of non-syinmetrical conditions. It’ is- shown''how the different
orders and ranks depend on each other, so that they may be calculated in ternis of

two. Integral expressions are also obtained, as in the second section, which are needed
in finding the eoefficients in expansions in series.’

‘The fourth section briefly notices the functions suitable for tores witholit a central
_ opening. ‘These functions bear the same relation to the foregoing functions that

cylindric harmonies (Besse1’s functions) do to spherical harmonies, ‘
In the th section a fewv examples are given of the application of the method, such

as the potential of a ring, the electric potential of a tore and its capacity, the electric
potential of a tare aud an electrified ‘circular wire whose axis is the same as that of the

——tore, the potential under the influence of an electrified point arbitrarily placed, and
the velocity potential for a tore moving parallel to its axis, as well as the energy of

=

the motion. \

OF previous writings on the subject, or nearly connected therewith, I am only
2) acquainted with two, In Rumtayy’s ‘Gesammelte Werke" (chap. xxiv.) is a short

paper of six pages, “Ueber das Potential eines!Itinges.” »Hie arrives at the sane diff
rential equation as (7) in this paper, points out that a solution ean be expressed as

+ a hypergeometrig series in several ways, and that each function can be expressed in
terms of two, which gre elliptic integrals of the first.and second kinds. The paper is
‘@ posthumoué ore and is not developed. There is a note on the same subject, by
‘W. D. Niven in the ‘Messenger-of Mathematies’ for December, 1880. ‘Though not

bearing on the same subject, a paper inay be mentioned by C, Neumasy, “Allgemeine
Lésung des Problemes’ uber’ don -stationiiren ‘Temperaturzustand eines Tiomogenen
Karpers ‘welcher von irgend zwei nichtooncentrischen Kugelflichen begrenzt_ wird”
(EL W. Scuaupr, Halle). “This is a pamphlet of ubout 150 pages. He uses co-ordinates
analogous to those in the present paper, but the method of development is very
different. ‘The functions are spherical and cylindric, harmonies of real argument, and
‘those of the second kind do not enter. He considers the stationary temperature in w

shell bounded by non-concentric-spheres; in an infinite medium in which are two
spherical cavities; auid similar cases when the boundaries touch, Its interest in con-
* The greater portion of the following pager was completed before I became acquainted with this

paper of Rasy’ of with tha of Nevsany's mentioned below,
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W. M. HICKS ON TOROIDAL FUNCTIONS, OMe heatnetion with the following pages- consists chiellyin the fact that the potential is‘expresied in a series of the form, es.

“AerSF.(u), Gale) ae pT
and that the orthogonal, co-ordinates employed are closely allied.

GENERAL THEORY OF CONJUGATE CURVILINEAR CO-ORDINATES IN THREE
DIMENSIONS. SPECIAL CASE.

1. Tt is well known that if Lartace's equation be referred toa system of orthogonal
co-ordinates 1, m it takes the form

i
.

.

2(U dg) 1d (Vag). 2 /W dg)_oe own) tie (Gwis)tao(tvae)=?where einen
~

ya (OO (anh 2
wae) ++) :
yee (Pg (20)? 5 Yoel?we(e) +5) +0)

ri\® = Pt fou? d zwe (yey +) :

Let us now take u, r to be any conjugate fimetions-of p, 2; p, x being the eylindrical
co-ordinates of a point. Also take w to representa series of planes through the axis iof =, so that w=-tan~! y/-r

Then u, v, w are orthogonal surfaces and a

eee (*) 4 (2H) (2808 (2)? ye :veg) +E) Geyer,
tek

: Wes
:

So that eqnation (1) becomes eee oe

2 Beetee Lua Pees iSB MP in)Fin (Pde)FT reaNeeaPT eROsa3 ole) +8)) pes
In this write 6=¥//p, then

Oa gO[Boi Sal] a (te. 2) Maer acaa8: .eoeearrf eriieea caesar “Baty be .: Pag Fa : \
# 4K2 Put
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_ Here since'u, 0 are conjugate finetions of p, =
ee,
aetye=? e

ap\t opis dy :

: (+) =parepreerop) Ha:

so that

i a ee bn = (2)ene +p {arti} =0 ren)

By putting 2¥0 we got the equation for functions satisfying conditions sym-
metrical about an axis which by-an-obvious analogy may be called zonal functions.
In general, put Y=y' cos (miv+-a), then ’ must satisfy .

By BW stad
~ Bee pp vee

‘When uj» are functions such that 1/(p£)* is of the form 4(/(u)-+F(0)), it is possible
to obtain solutions of the form Y=EX...Yua 008 (mie-ba) where

" ( ee =(4m? 1) fw)XX

oe ‘ Phe (dnt 1) FWY —0¥
which are such that X,.. are constant when « is constant and Y... constant when v is
constant, :
As an instance of functions satisfying these conditions we may take the elliptic

co-ordinates:

‘ p=acosh wcosvy  =asinh usin d
: Here

poemtste
PE cos? cosh?x

And the, equations for the functions X, Y are
@X [4nd

ihe +(; saat") x0,
Ov (amt

oa —(feaeee) Y=0

5 f
\
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‘The first, produces-finetions- analogous-to-those discussed inthis paper—the second ©)

sphorical harmonies of argument ¥—v, and order “F ‘The surfuces u= const. give
confocal spheroids, Since V/p= Ve eash weos8, it will result that ¢ is expressed 08
the sum of terms of the form {AP(x)-+BQ(i)}{CP(i)-+DQ(e)} cos (nw), where’
PY, Q are spherical harmonies of argument 7--v,.and P, Q are spherical harmonies of oe
imaginary argument, : oe

In the applications that follow it happens that, vare such that p%é? is a function :
of w only, say f(u); in this case we obtain solutions by putting y’=ycos (nv+8),where ¢,

ey_ (op ot gaTew eno EO a
The solutions of this equation for m=0 may be called zonal functions, for n=0 :

sectorial functions, and for m.n general, tesseral functions:” If Un U'ns-are two
independent solutions of this equation the general value of ¢ is given by

Vpb=ES{AU4 608 (nv$a) 005 (120+ 8)-++A’U'a, C08 (n-f.a') cos (mie+8)}
If @ be given over any two surfices «= const, it-is clear that the constants can be =

determined in the above by means of Fourter’s theorem, This will be more fully.
discussed in the sequel.

2. Before passing on to partioular cases, there is one remarkable result to be noticed.If in the equation transformed as above, we put p=w cos (fv+-y) then W satisfies
the equation £

a ae as
Fe mare ee

Hence if y’ be any two-dimensional potential function, then AL cos (§w-ty) isn!
three-dimensional potential fonction. Since this expression changes sign when w
increases by 2x it is not sultable for all space; but a diaphragm must he supposed to :extend from the axis of = to. infinity in one direction, and to be impassable, Though = =the result is interesting it does not seem to earry important. consequences, as thereis
not sufficient generalityin the expression. We may choose the form of the surface, <and certain other conditions, but all the surface conditions are not arbitrary. . Thus let
us take an anchor ring divided by-a plasie through its axis:* Tet.us keep the curved 5surfage and one end at zero temperature, then the distribution of temperature at-the-other end is determinate though its absolute magnitude is arbitrary. To prove this, © =we notice that if (a2) be the radii of the circular axis, and generating civele respec

tively, and r the distance of any point from the citeular axis :
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oe atts

.

W=log 2} log 0-0
and :

AL erarte .= 5 Noy cos (4ay Fe log OY condiy)
This is to be zero when w=0 .~. y=™ and

A O42. w.

t=50y, be Cont? in

But now the distribution of temperature at the other end is given by

Ay. pape?= N log Patt?taj, toe ie

leaving only the absolute magnitude A at our disposal, Further, there must. be
supposed a generation of heat all along the circular axis. ‘This example serves to show

__ the artificiality of solution given by this form.

3. For the case of an anchor ring, or tore, it is at once evident that. the proper
functions 1, v to'take are the well known des given by ”

cm low bats!vipriclog PEE

viz. : e=const. aseples of circles through two points (4, 0) and u=const. a series of
* circles orthogonal to them, and each containing one of the fixed points. If these be

made to revolve about the line through the fixed points, we get functions proper for
‘vo Spheres (u)s oF the surface formed by the revolution of a cirele about a line cutting

it (0). If they revolve about the axis of 2, we get functions proper for circular tores
(i); oF for two intersecting spheres (x). Tt will be useful to set down here in a com

pact form, formuke relating to these funictions, which will be required Inter on, Most
of them are easily proved and are set down without proof.

zs ue flog Zhe :
= Se ee pen? |1st ttm be

wd psa
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PAE ahbedaa ¥ + mete
tewcy Canes eres

sinh

pe eee eee darepticmer feb) :

oeeae Oa
gg OE v

whence the statement made above that pé=/(w)-

Lat It, r be the radii of the circular axis and normal section of a tore (w); 2the

radius of a sphere (v); then :

Rose :

coh w= :

sinh x ZOE Rep eeere ne.)

Further, if, the radius of u tore to a point P (u, o) make an angle @ with the plane.
of the ring : ‘

caus Artem: : >
ahaa rT)

:

inp VINiu besoresin

With the above values of (u,v) the general equation for toroidal tesseral functions is

OF yg SL
rkar)

‘There is one case in whieh the functions used above become nugutory—viz. : when «
is zero, or the tores are such that Rr and ‘they touch themselves at the origin, In
this case the proper curves aré the two orthogonal families of circles, touching, the one
set the axis of 2, and the other the axis of p at the origin—viz :



616 ~MROWeM. HICKS ON TOROLDAL FUNCTIONS,

(utri(pfa)=a

ea

¥ Me Ree

enya . -

& dep nate

n= BES= 0 )
7

and

Se

: da OH gg FO

It will be shown that between the latter surfaces and tores there isa similar relo-
____

tion to that between cylinders and spheres, and between the functions to that between

Spherical Harmonics and Brsse’s functions,
4. The potential due to a ring of radius b, centre at (0.2') and plane perpendicular to

axis of 2, is

= . . we

s t= Temp ep om
2 aa =f +f x

alWocea
In the case where it is the critical circle

and lieve

“iov=(yaa mat

Tn general the distance between two points is.(e—z')'+p?+p2—2pp’ cos (w—w'),
which expressed in bipolar co-ordinates becomes

Gsu-os&) Coe ws {0088 1 cosh wf —cos (v=) —ainh w sinh W eos (w—w')}
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ZONAL, TOROIDAL FUNCTIONS. a"

5, In the case where the conditions are synimetrical about the axis, gis independent. = *
of wund is of the form ‘s ¥

$=AJ hi 3008 (nha) =m oe
where y is the general integral involving two arbitrary constants of the equation

E

Ye ayy

H

Tats =O
ae Faint ue

From the potential of a ring, at the end of the last section, it is at once seen that
«particular integral for space, not including the critical circle, when n=0 is

- 0wav sf jh wah wo8
In the same way, calling the potential of the xing ¢, it may be shown by finding

that

= *: ae
eet An ex teenerer oe

From analogy with this we might assume

sift 0Y= Vial sahwe8?
o Sore e Qwth Qn-1 BLand by substituting we should find it possible by puttingp=" or —2*=) to eatinty

the equation, But the following, by making uso of theorems already proved for zonal
harmonies, seems to be more direct. Putting, in the differential equation, 2

y=vsinh u.P

ep aw

aartooth wie —(M—Ant PHO. (9)

whenco it is at once evident that P, is « zonal spherical harmonic of degree 21, °
with a pure imaginary for urgument, Hews, in his.‘ Handbuch der Kugelfunctionen,’

MpocoLacxxt, 44 a



618 SMR W.-M. HIOKS OY ‘ToROIDAL FUNCTIONS. 5

hhas to some extent considered spherical harmonies with imaginary argument, but he
has not developed: them, at least for fractional indices, in a form suitable for appli
cation here. Consequently they will be here considered independently and with
especial reference to physical applications. Hereafter, C, will be used in general to
represent cosh 1 sinh w, respectively. ERGY:

‘We have then in general

$= VO=e280 1(A,P,+B,Q,) cos (n0-+a)
* where P,, Q. are two independent integrals of equation-(9). We first discuss the

integral already obtained :

Pa( ee ee (tO)
(C=S 008 6)

It is well known that this integral is the same as no

[(C-Seoom Fo. ee

the second solution obtained above; this may be easily shown by the transformation(C8 cos 6)(C—8 cos #'}=1 or by means of the sequence equation (14) below.6. Discussion of Py.=
We have

ae, _[2nt\e"_S—Conad

a(S i) (C-Seo6)3
Whence

28 dP, ‘
BRPSP OP ee 8)

Similarly from
ary a-1 cs

oa [[(C-S 08 ¥'(S—Ccos 800
2 ay

Foy ROP ee (18)

‘Combining (12) and (13), we have

(2n41)Pey:—4nOPe(2n—1)P.=0 2... (Id)

- This sequence equation may also be deduced at once from (10) or (11).
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Tn (14) put : 3 ae

_ Cn-9)@n—4)2 : : ih
_ Pe=Grctensh). awith

. sofPiety B=n, 3

then - |
nF) :taoa 20h bg 0 ‘ :

Atapg= 20) Cate :where :

= Cnt?Cnt pee0 Gn) Gata Hg ania}
and

ort

Ii is clear from thia that u, is of the'form-a,u,—B,¥, where a, are rational integral’ 2
algebraical functions of 2C'; a, of degree n—I, and B, of degree n—2. The first
three values are (writing 20=2)

tht

=H,

ae

j= (ete), hay
We can now show that «,, 8, are of the form

StaOs CbOO 6. pay
For supposing a, of this form, ie., wanting every other power of x, it follows at once i

that yy, is of the same form, and it is seen above that ay is of this form, whence the
statement is generally true, and so also for By :
Now a, satisfies the equation :

‘ 2 ecmaass omy ees Sy :with
ee041

Hionce substituting the above value for a, we must have : :

ayes Ocpiaguey cece aay
Oud oe SL,

:

a 4u2
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Hence a i
Gay (Caa Genera Plas: Cengrart + 6 bOheiMly-im)

From this

Wage (Corteest ota)

ng {CnagCnnsh oo HOA Cans tb) oe Heyer

= Sum of products two and two together, withshe exception of all products where
the subscript numbers are successive,

Assume that (—}'a,,=sum of products of the cs up to ¢..» 7 together with the
exception of any in which successive subscripts occur. ‘Thea

(aor =(—Y" {c,-2(prod. up to cy 7 together, &e. .. .)
Sn )

+... 5

~™ =(—)*!{Prod. (r+1) together up to ¢,_; without suecessive subscripts.}
~

Whenee by induction the assumption is seen to be universally true. It may be
thus stated, a,, is the sum r together of the terms

- BoP Qnaayt

28 46° 68° °° “Gn—2)Qn—4y
all products being thrown out in which, regarding the numbers in the denominators as

‘undecomposable, a square occurs in the denominator.
‘We have

a= 1

= _ n= 3)(n—-2)=~ wl)

This result is of very little use for application. IF the coceflicients (a,) are needed

for particular values of z they can be very rapidly calculated bymeansof equation (15),while if their general values are to be tabulated, equation (16) will serve to calculate

them in succession,
Further, 28,is the same kind of function us a in every way except that it does notcontain ¢,; in fact 28, is the same fimetion of cy, €y. »- Cons that ty. i8 of ¢,, €)- »»

nny5 calling this a’,_y we can then write
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«rj 4; may he expressedas elliptic integrals, vie, : oa

7 ao SLR’ Neca := [op tageevlf tga eVPF 4 ae
na[Vo=Sema= J,[ViFant ads Fe|

where

a 28 fo)# C48 - (C45

. Bei-e™ vae™
‘

and sarcev 4} ;
Hence 7

ARPA) 2.2/oe  y Bg! aPaseo (Soe 4V Ea iF) Ae year 1a

where we may suppose the numerical factor dropped if we are dealing with the
differential equation, but not if we are dealing with the séutence equation:
The value of P, when u=0 is #

These statements are at once seén to be true. Since 1 becomes infinite along the
critical ciele it follows that the P, ate not the suitable functions to use by which
to express fictions which are fnite in spaces containing the critical circle, i.e, within

any tore, But it is tinite and continuous for all space outside any tore,

7. If we put for P, in equation (9) P,Q’, we find in the visual way

" P.Q.=BPL+APSe,
Regarded as an analytical solution of the equation this is complete, but in this form é

it is altogether useless for application, Now Hes" has shown that the spherical *
harmonic of the second kind is expréssible in the form

ee de *Ue leae :

+ Kugelfanetionen’ Kap. ji :
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: We first show that this with a modifeation satisfies the equation (9). For putting

". agonl nae SO SSS SS gy; (C48 cosh 2

Qe __2n41("_84C oshayg ~ .ee) eeseahoe
#Q,_/(2u+i\t, _m4if" 5 9d uy“.-( + ya- SEP sinh OF(C++ cosh 6)-" 0

(mt I\25 WIC cosh B10eae acres
4 CQ. aQ_/2n+}\%) _2n+1(" C84 (C=1)cosh 8aa \. orsenere

ab a=

=o.

Here also as in the case of the P functions it can be easily shown that

28 aQy_
Berl dhe Wr TOW

: 28 Qe,
Invi dy=OQe

‘and -
(201) Qe An CQu + (22— 1)Q1=0

Hence as before

n—2)..2a a ay bet)

where éd ={"- em.eee ly JC+S cosh @
har conesal oreean ay,

4
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In these change0 into 28, then i : Pol
; fee oe2) CH 8F 28 comb O if

2 eee

om] caer are ‘ 2
Again, write cosh @=ee 4, then sinh O=tan ¢, dO=seolf, and when @=0 or ©,

$20 orf ;
Hence

aol c. Sees

waal VC48=C=H aint} ne eR
SB VER ce eeeOS

Also

: By (ge

neomaforearg
2 [Fer sint g= palyecitaint gy

Pa Sale AlPSL.See r= Te— Sih C0 sin? ot 3

Now
=

pit_ (FW aint gg“qlacwansy :
dé

=[aceae ‘
and

; yeh =E) a Eee Gy s
and finally ?

BS eee en

‘The.value of Q, for usb: ace y-and for usvenvts moro. Henoe, Q. iat wuilable: for x
space within a tore, and not for space including the axis,

8. ‘The foregoing value of Q, bas been obtainedfrom atlalogy withthat for P,; but)
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in the same way as P, (for space outside a tore) was obtained from the potential offaring, s0 also may Q, be determined froin the potential of a point at the origin, for
space not containing ityi, for space within a tore. For the inverse distance of a
point from the origin is

1 fizaee

« VeFoun8Hence
1 p, v-4 008 v=A-Pa AB,Q,) c08 (na)

Now, firstly, since this is to be finite throughout all space not including the axis

A,=0. Also it is clear since C> cos v that 1/,/C+ cos can be expanded in a series of
powers of cos v, and therefore in a serie’ of cosines of multiple angles only. If this be
done the coefficient of cos nv must be B,Qe

ence by Fourten’s theorem es 08nbHdaie)

____If we define Q, 80 as to make #B,/2=(—1)*/3, then

= cs nBld

VIR ieee

_— con 8

> ={, onan es 28)

: We will now show that this exp¥esion for Q, agrees with the former one. Inte-
grating by parts and dropping \/2 as unnecessary in the sequence equation

mm 5 vce _["sitund sin @

2nQ.(=) =-fCrean .also .

cy fe nOlC eos 8)
5 (refa eronae 0

El eed cosn808 +ScNatetes creo)
‘Hence

3H “= of one ‘cos (n+)Acree ha gf Cranes | (Crem Oy *=
ifr conn [F cos a=101 ronere-Cfetiam |eraa!
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gia Fi a (yenig (cent8 cos E18 4FON Qarh(OFQre (PrefPERT i
sof” sin nin 8=eea! :

=4n0Q. 9

‘The same sequence equation as before. - Hence it is only necessary further to show.
that Q, Q; are the same in the two cases, f e
Now

aeawv7=[ rere
Wee

. = Terre{ AJC+1=26int
2 fw

=Fif, ViR—w sine

Meer

If C, $ be eliminated between N’ and #=28/(C-+8) there result the equations

w2VX polod
ey idee 1+ i

Hence by the second quadric transformation —_,

F,=(1+h)F
and since

2 Weay/E(+k)

Q=2PF.Again 2
0

> ge 2840

~aviarvalary

=P 2B,0)Now ns

EQ)=r 204 .RQ")
s

dk de " a=n Se ethe + (+k)F }Mococtxxxt, ai
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‘which on reduction and substitution for 2 becomes

EQ)=;4; BHF)

©

Qi FoyAREFLF EF)
=v? Ee
=yi EF)

and
:

ep HR) 2 CE) eR”a SpE) deve}

We have in fact proved that

. ao. 008 nOdO—_* eri 5,lawGanpV,Jason ows
By means of the identity

. EF+EF-FF=}
<

or

» pele

E-F'=;(}-EF)

. can be expressed in the following manner, viz,

pO) Bf wm Fak a,QW=2G,=1) are #(aptt aF)}
9, The following relations between P and Q functions will be useful in applications,

viz:

ae() Pa Q—P.Qn sory
B)- P.Q—P.Q=5 woe ee ee QM)

) PQ Poni Qs= (nt) F

They are easily proved, for substituting for P,iy Qusx from their sequence equations
it follows that
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(2m+1) (Pos Qv=P.Qre1)=(2n—1)(P,Q-1 PQ) é q
=P.Q-P,Q yy
=4{EP—-F@—B)} 3
=4(EF-+FE—FF) ;
=on 4

‘Again ‘ 3
28(P'.Q.— P,Q) = (201) £Q.(Pasi CP.) —Pa(Qey—CQ,)} :

=(2n+1)(PrQ—P.Qus) pace Ss

Ina similar way (y) may also be proved,

10, As bearing on the question of the convergeney or divergeney of series occurring
in any investigation it will be important to consider the values of P,.Q, when-n is

infinite. Taking the expression for P, e

P.={(C—8.005oyd0
it is clear at once that. rf

Pan <(C+8)P.> Py é :

Further since P, incregses with u, 4° is positive, hence P,,,>CP,
Also from

“wo=| ——n

1

Qn<ghge

Also since Q, deereasos with v, 4 is negative, and therefore Q.4>CQ.
Hence

Pari Qeri <P.Qe

but tends to the limit unity, so that the series

P,Q, is divergent.
But the series

P,Q. cos n(v+a) is convergent,

except when v-+a=0, i
sue

:
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Puithor if w’>'u (PY, QY, here standing for P(), Q(w))

y C+8.Pan Qen<qrghiQs
Hence the series Byes

c+8\

sP..<3x(575)

and is therefore -convergent. Much more-then is the series P,Q, cos u(v-+a)
convergent.

Again if w’ <u was
Pri Qea Gp ge Oe

and as before, the series 2P’,Q, cos n(v-+-a) is always convergent.
11. Both the functions P,.Q., except along the critical circle and axis respectively,

* make @ finite, continuous, and single valued when w is integral. The first statement
has already been proved, the second follows frou the'way in which “, 4 are expres-
sible in terms of two successive P, or Q., and the third is seen to be at once true by

___ integrating * round a circuit lying on any tore u= constant, when [2820 is seen to
vanish. . Now the space is « cyclic one. Hence the’ above functions are not suitable
for expressing any general conditions in the space without a tote, though they are
suitable for any given surface conditions whatever.

Still keeping to physical analogies in order to obtain solutions suitable to this ease,
wwe will consider the potential due to a vortex ringor electric current along the eriticalCircle, Thia would give cyclic functions, but also certain surface conditions, In any
particular cage then it will be necessary to take acount of these surface conditions
by means of the P, or Q,. This potential. is measured by the solid angle subtended
hy the ring.

‘The (eolid angle) Xe can be expressed in the form ;—c.s. denoting cos v, sii 6,—

_— in v/Cael Cte Soe tb __348 — VIpsin 0 ORC Sat JOS
ksine |Ore JOme

- O4e—/0=e,

+End)
whore

=

aa sce

SYS ne)
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To complete the general expression for y we must therefore addaterm ==

= Ss v3 os iJn v( “008k 1 + cos o—sinhw a fe QAsn Srenmneeg Varrreag:
‘We shall denote this by the letter AQ, so that the solid angle varies as 0\/O—<

1m.

SEOTORIAL AND TESSERAL FUNCTIONS.

12, The differntial equation which has to be considered in the general case is q

y nth 4
‘ eteceeco PEL

which in the ease of sectorial functions becomes gece

Py dott
ded Asin?

In the rest of this paper we shall ealln the order of the function and m the rank,
Calling the solution of (7) Yu.» we proceed to show how y., can'be expressed in

terns of Yum Yas

Dropping the m for the time, assume

Boks Yen=pe A+ Ppa) :
‘Then writing (4m?—1)/4=2, and substituting in the equation which Ysqy satities,

making use of the equation for Ys to expresa “¥*, and “¥* in terms of yy and ee”
shall get :

Won Mant avon :

auf embry tap 2 2(8) Lew (arto mr)
Now choosef; 4, 60 that ee ‘ :

.

2 ae SN 2 z

: Sone) frrnig—2 7()—0 :
: #—Qnb1)6+4/'=0 A ye
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If we try $=AS, we shall find that both the equations

i

x F’— (2041) F420 C=O

2f’—2nAS=0 .

can be.satisfied simultaneously if f=nAC.
Hence, whatever be, the equation

Yor A(uCy tS) *
holds.

Again, we may also determine /; 4, so that

: vanst ee
. In this case the equations for fand ¢ are “

areve ay 2h UPsmn npewg 2 AP)20
as

4° -(Qn—1)b+2/" =o .

* Which are satisfied by $=BS,f=—/BC.
Hence, .:= B(—nOv.+SY).The toroidal functions themselves are y,/S, and the two purticular integrals are

~ represented by P..# Qe For these functions the above equations become -

‘ .

Pasay Anf28P nat (20+ 1)CP..}
Py)=B.{28P".,.—(2n—-1)CP...}

~—and-similar equuitions for the Q. “ -#
Since thé solutions P,,, of the differential equation are multiplied by an arbitrary

conitant, we ma, when ‘we confine ourselves to one of the above equations, put A or

- B=1,and after solving the equation of mixed differences multiply the result by an
arbitrary constant. But if we wish to combine both formule 80 as to eliminate the
differential co-eficient in tliem, then the P-in-both must be the same, and a relation

will hold-between-A and B, This we proceed to find. Dropping the (m) as unneces-

‘sary, write 2
Py= Af28Pe1+(2H—1)CP 4}

and substitute therein

a P,.,=B,{28P’,—(2a—1)CP,}Whence :
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Pi=A._.BAS(P+5P,— 1,a * a;
4which since 3 : BN

veg debe wee :

Pte SB yee FG :becomes es Ky aes, NX Pes ttn'=(en— 9B, :
Hence, cs

es :

: AaBGx Gm =n) ;
If we choose el

1 :

he temtm—t

then. = 2mn)1 2
these conditions are satisfied, and the formule agree with those found for the zonal
function when m=0., Hence : :

. 2SP,,.=(2mp2n41)P...5,—(20+ NOP, 5 fe =
5 2SP"_,S(2m—2n4 1)P.-H(2n—1)CP,.. [> oP)

: From this there follows at once the sequenceequation ,
(2m+2n-1)P.ng,—4nOP,.+ 2n—1—2m)P.0 ss (QR)

In this write et

ae and

== Git Daa Tig 2a 8). Gnd)Then ee
Nesey BOs Ceesanes Oa+ Ea aes =0whenee, if

-

ae (2n — 1)? —4ni® erg
Gait nes

and a... a’... are the same fanetions of cx, &¢, 8 fq; a.) are of Cy

. eel (2n—2)(Qn--4). 2 iy ra: RS shar LayPas= GHG De— Time de—Als, Gm ponte Heme Pad (28) 7
‘These formule hold for thé two particular integrals P,. and Qe and they aa

‘express the tessoral function of any-order and rank in terms of sectorial functions
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‘and tesseral functions of the first order and same rank. In the same way as was

proved in the case of zonal functions, it may be shown that .

Pars: Qua —PasQaier .
= @n=1—2m)(Qn—3—2m) . «(= 2m), =] 29= Gu FTF2m)n—1 Im). BFBm)EEI eno—PacQas) « «28

also that,

pk a Hn B= 2m).(1—2m) Pas Qan— PraPius Qua—PusQns=Gigizin) Grim)as 2M)

13. In the sume way as relations have been found betwéen successive orders of | *
toroidal functions, relations may be found between successive ranks.

Not putting the order n in evidence, write

Ok

Proceeding as before it will be found that,f, mist satisfy the equations

sex

21, SmtC spam)we ey ba(n Soo it ;
z RMN ge,

ole4 ey'=0 J
. which are satistied by

, .

; gaa, fat
leading to the relations

Pay=A.{P—mgP.)

in precisely “ne ‘manner it may be shown that
* Pi=B,(P-tm&P.)

and that é

: AB. =5=ABest =GG— mt ie .

+ Tewe put
:

y paaeas ay
Aaamt)then 4

:

* po oace ian) eres
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and when m=0 the P,, have the samo values as for the toroidal functions already ee i
discussed. ay

Finally then, : a4

2SP..=  I2mCPa np (2n-+142m)SPa5, i aS
. 2SP'n = —2MCPpat (2N-f1—BM)SPreye fo ey 6
from which the sequence equation follows at: once 2 :

(2m+2n41)SPyss+4mOPy-+(2m—2n—1)SPx.=0. s+ + (82)

If we write in this rm
mlm). AD CV" : *

‘then y Pi
ou OmaD t= Aat (8: Haart ttt Gye (e) Hie?

By combining the formule (26) and (31) it is also possible to obtain relations between
onder and ink together, For instance, froin the first of equation (26) and the second ss
of equation (31), we get a

m+ 2n-$1) y= (2H CPF 28P ae
=(2n+1)0P,,.—2mCP+ (2n-$1—2m)SPaya +

. . =(2n+1=2n)(CPat SPon.)
with three other relations,

‘

The four formule are i

(260,312). Pacey CPnu—SPay n=O et
Cone (20+1-$ 2m) Pang —(2n-+1—2m)(CPae +SP pn) =O (624)

« P6B. Sta), (2m--1— Ln)(Pay — CPna) =(m+ 1+2n) SP y= Ese
(268. 316). (2m-1—2n) Pusat(Qm—1+3n)OPuF (2m —1—2n)SPan y= 0
Wo arp now ina position to reduce still further the relations (29), (30). ~~~
For putting n=0 in the second of (32a)

(m+ 1)P,. = —(2m—1)(CP y+ Sania) ¥ i:whenoe “|

: :

3 (2m1){PxQuy—PasQa}=2m—1)S(PxiQuaiv—PanisQas)MDCLCLAXXL © ex : :
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But (82) =

(2m=1)SPx=—(2m—3)SPany —4(M—1)CPay
‘Therefore the above

=S{PiQio~ Pua} .But from the first of (32a)

SPioQ.o— Poor) = Pos Qoo— Puc Qoi=27 ~Hence :

z eg QH—1=2ii)(Qn—B—2m) (= 20)Passa
Qua PasQhanr=2 Or5 1p 2m)(2un—142n)-- (2m) ™and

1m)
~ (38)

> or ac 1=2m) = 2m)
‘ Pa Qea— Pas Q n= ne Ein) (En) §

In the same way, or by substituting in P'.,Q..—P...Q'au the first of (26) or the
first of (31), there follows

aa ParsiQaePaaQnari=S(Prng1Qau=PQue)
14, From the formule now developed it is possible to find the complete integral of

—the general differential equation, But as in spplications the co-efficients are. deter-
‘mined in terms of definite integrals it will be well also to consider the solutions from a
different point of view. If any potential function be expanded in a series of mitltiple

~ sine and cosines of v, w, multiplied by /C—e, we know that the co-eflicients must

be of the form AP+BQ. Now such a function is the inverse distance of any point:
froma fixed point, Let. us choose as fixed point, to simplify the expression as much
18 possible, a point on the axis of « within the critical circle, say (w'.0). ‘Then the
distance of (w.v.w) from this is

. Wl? * 0G 4e-88"VCER IOC +e-88 cos wh *Ea
Hence it geen cara]<raz:be expanded in a series, the eoolfciont of cos mw eos newill be of the form AP,.-+BQus Further; for points within the tore w (ie, >’)

A=0, whilst for points without, and therefore including the axis (u<w’), B=0.

Heneé :
ETAL"(, cosmesormeded gpv omy, (; VUCOFcos o= 8S cos a] = APs OF BQna .

according as wu’.

Now if-the fixed point be on the critical circle B is always equal to “zero and
(C=8=0) - ‘ *
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S 0m mi.con ni 4 io eet|arcs [ Jieoe ; hore

Here A=0 unless n=0. .Hence ‘ Peete |
cos me pis seAP natal peg 0 ae

We have already found that : :

f ooPat |as 2: |, (CSene 2
wwe are therefore led to expect that in general ae ee ;

508 Oki eenFae a ec aeea |, {C—8con a} “ete
which can easily be-shown to be.the case. i *

By taking the fixed point at the origin-we have ee é
pay = (Pena inteomn ish :Ben ffs Vicente

Here B=0 unless m=0, and then < {2 #

te cop nd. fase éoOee :

an expression which, has’ been already found.
:

‘These. expressions as single definite integrals are already known to be solutions of
the differential equations, and are given by Henve in his’ *Kugelfunetionen’ They
may easily be-pro¥ed-directly, and connected with the values found already by the
sequence equations, and the values for Py, Pyy, ee. ‘Thus writing. :

ys os madd eedPA) ast

J, (C—Sieona)* 3
tho integral is easily shown to eatialy equations (32), and the only further condition
requisite is that A shall he chosen so as to mike it agree with Pow Pay fe
Now. ee Bee

": 8 LayPie) eniis Vee i
i

ANS :
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Hence : "608 Odd .
A=1 and Py= | en =|,CBee

Returning to the general integral, since u, w’ enter symmetrically, and since if

122, u'Su, it followsF(7 cos mircos nvdiato . %[eyegEP a Qa ot LP hnQew
accordingas usu’, where Lis independent of w or 1. Heneo L may'be determinedby giving. particular values to or 1’, Suppose w’ at the origin, then

oo tL ai ab cos nro—_
LQ. linaa

i. EaSse(8 oon

To find the value of this expand the expressions under the integrals in ascending
powers of $'; which is ultimately to vanish, ot

Then if

< - p<m [cosmu cos? wndw=0

. : pam f 68 me exe wel=

p>m — the integral is finite =I (say) -Hence -

05 mw 98! cos \*rose tinane25 taa* (coon) + --'}
a Fone

cml cosmb (.Ree )
where .

.

ca, 0. ofa in (Ima)? = 138 Gm)ae

_ e221 (2n+I)2nt3)... On +2n—1)ICet

"cos weelyLQ. eS) aa Mie
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‘This at once gives an expressionfor:Quy vie! as
*

cos nedy z,: MSA)

where Mis aome ‘constant depending. on min. This has now to be. found: If, we 4
write =

: { co nn ea, U..=8" en *

:

J, cc—coney

it is easily shown that
.

.

(241 2n)U nay 4nCU nat Qn—1-42m)Uaiy=0
‘This will agree with (27) if . ¥ ia

_f2m+2n—1)... CwtT) :

:

NY aa=Gy1—din) cs—2m)OeHence
= Om—1420).. @m41). N= Gy=1=3n) dm)

and
.

-

coe
2

a (C= ese)
;

where N is a function of m only.
Here again this is found to satiafy - Lone

(2-+1)8Qe15—4MOQig++ CM—1)8Q. 150 ne
which agrees with (82) if

. N=(=)"N_ ‘and ass
‘ &

WN es
.

But from the known value of Quy we see that N=1/x/3, Hence. ie aH

(=) Cn1— 2m). amg ( coangte —) :an eeCe ar eae cars te (RA)VE Gi=1+2m), FIM) \ooae :

ase i SCC aaa cers itis
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: Also. © 4 uf c

asia. :
= 135... Gm=1) (Ca= 142m). Qn) A

+S Vth (ay)

Since the distance between two points is a

Te BICC — 08 (P= ¥) 88 con ew)"
. I

It follows thet the potential for « unit point at (w.'.w) is

$=!VC=HO=FEL...P_.Q%.,£08 n(v—v) cos m(o—w') ‘
«for points outside the tore w'; whilst for points inside, it is “. (38)

b=}V(CLGO=ePEEL...P.Q...008 n(0—0') 608 m(V0—w’)

where, when m=0 or n=0, half the above value for L,., must be taken.

\ When v=0 P,.=0 except when m=0 when P,.=m, which agrees with thevalue found in section II.

‘Also P,,,, behaves in a similar way to P,,, for increasing n, whilst P.,,,,>P.., when

« mis large, as is clear at once from the integral expression for P....
1.

Also since| : }
7 Quace Safe nee

|, (C=con oF
it is lear that when w=0o Q,.=0 for all valués of mn Also Qu. behawes 18 Qua
for increasing n. :

IV. 4

TORES WITH NO CENTRAL OPENING.

.

= "15, In the ease where the hole of a tore vanishes the functions hitherto considered

ecomie nugatory. In-this ‘ease we must have recourse to the éo-ordinates already
roforred to'in (8). It is not here intended to develop the theory withi the fulness of

° the general cuse. The functional differential equation has been shown to be

: Py _ py ttl eFr ash le dae :
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In this write Y= V/w@ when ‘s ‘ ae

@O dG a ee aaaiee
+ gategeOa eta Re:

the equation of cylindric harmonics (Brsset’s functions) with imaginary argument. a
Let G.H be the two particular integrals corresponding to the cylindric function J.Y .
of the frst and second kind, ‘Then ee

a Gale) =I (iui
V Ha(uu)=Ye(ni) as :

And the potential fimetion canbe expressed in the form 3
$=ViEFESYAGAnu) +BeHa(nu)) c08 (nv-+a) 008 (in-+8) Bae

Many of the properties of these fanetiéns tan be at once written down fromthe
analogous propertiesof J.Y, Thus i

. Safe) Og a

=2["cos (mu sin 0—méyio
55 LI" os (uz ens 8) sin® do
ke. ee

So also
‘

Bigs

wn. tGesy :

, =uG,.—mG, [ ‘and “

Guu BGG. =0|
wid ‘equations the H als¢ satisfy. s : Moa
The sequence equation has been solved by Losmtxt," soos, to fally express Gy <

and H,, in terms of G,, G,, Hy H,. But in-any particular ease where the values site 4:
required it is best to calculate successively: by means of the sequence equation direct, Ma

In the space within a tore x can become infinite, viz.> atthe origin, and is never‘ero; this is evident. from thie equation ,
Z usshs

* “Studion ter die Hesselchen unctionen' pf
: he
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(><, Without, it may become zero.along the axis but infinite nowhere, for as it‘approaches,

(5 the originic must approach a finite limit which depends on the circlo along which it© auoves,  Now.wlici Wis infinite,G is infinite, Henge the G fanctions belongto spiceoutside 4 tore. We're led to conclude that the H functions belong to space within

This may be proved as follows : Amongst many integral expressions known for Y, one
ig given by Hutve,* viz: pot .

saga ts [esmao -
CS Phi emaioste a : se

KO ieee :

"This ig easily verified, for substituting in the differential equation it. has to be
shown that, <3

ae . Fink? 0—1 cosh yen! do==0 : .

which, oi,integiatiiig the first terin-by parts follows at once. From this form we
-gather that ; .

Les fed whenu=0  H=["d0=0
Be ue HO

-cwheiee “Hy” isthe proper fanetion for space within a tore. From the sequence
‘equation this is seen to apply also.to the H,, in general. .

:

EXAMPLES AND APPLICATIONS.

In this section I propose to give a few examples of the-upplication of the foregoing
theory, to, the solution of physical problems,

16. Potential of a ring those ais is the same as'the critical vivele.
Let 2’ be its distanige from the plane of the critical circle, its radius, wv’ ite

dipolar co-ordinates, eat
_ -Then the potential ig)” .

oul”reneen kena= Ho GAPEPEE Lip wos 0
‘This expanded takes the form

VC=EA.D,005 (nef a) « >
+ for points outside the tore 1’,

© «Kugelfaetionen’ p11
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For a point on the axis, w=0P= and the above become respectively a i

HS‘and mya eek 608 (va). ee:
Te will therefore be snore conyenient to determine the Ay a, from this simplified

Tt is cleat that 1/4’— cos ¥—#"}! cans be expanded in-a series of powers of cosinesof (r=) and threfore of multiples of the same: ;
“Hence :

4O= He
and

of
‘

MS oa.
: Faeww =EA- 08 08Therefore .

iio34S"
con nO : :wanaVeron "7

=48Qe : ; £But
<TA = 2u8'Q',

Hence: itr generat the-potentiat-for points outside the tore wis

=P (ES) P,Q conn(vv)—4P,Qo} - . ss (86a)
Consequently the potential for points within the fore w’ is ‘

Mp8 Cae hon, i ror

oa (&) {P,Q cos n(v—v')—4PQ} ss ss (36)

Both these series have been shown to be convergent. }If M be the whole mass of the ring *
M=2elp=2mue, as

Te follows as a corollary that the potential for a mass Mon the axis is, for all points. >
‘not on the axis, 5

: IM Bain pe : ge

BEVIS T= Qecos nov) HO}... + (87) 4
Also, pitting M at 0.’and —M-at 0,0, and making v zero and M infinite, the i
Potential for'a uniform field of force parallel to axis is , :

BVT eSpnQeainne (88) ‘mpedeuexn, ho
:
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17. Bléctrio potential of a-tore aud ite capacity.
Let V-be the constant potential ofthe tore (u’). Then (A., a.) ust. be determined,

80 that x
5 : $= JO=IA.P,cos n(oba,)

may2=V for all values of » when ww’.

.

Hence .=0 and ‘

7 oy ("cosa
=2/2VQ

and oe
wAP= /2VQ%

“ = VY 7o=e{ 28, P, cos not 2? Ph} we (88)
This series is easily seen to he convergent, since (§ 10) it is less than Lietey

where C+S<C'+8, 7
~

To find the éapacity of the ring we must take the surface integral of <4, 8 over it
So, q denoting'the capacity,

A a Pigg dn’ 4,08 du2 avi, MP Ge ou adn
2 _VBaSy[* Af 8 iP.) Qs .a eh clagecBet VORG | pos nade

or dropping the dashes, and writing

; aH
.

t= ag (Per CP,)

a2 2080,(" ft 2n41/Panyo)| conae

Now . ak room ed
[ogtt=vI2.and |

: Q,_ 241 :
: Qu CQ.) aes onwhenee ;

:

2a

, IASR1+1)Pan P,Q)
403, 420% by QL. HO)
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‘This expression for the capacity in an infinite series is more convergentthane
When the section of the ring is not vety large compared with thé radius of its by Fs

circular axis, 4 es

a=ta( 9420) very nearly* : :
(Fy FE’ Ss

:

or

:

. seg1(40M).
. =ayn=r{ae—Fe} ‘

where
-

pagy Woe
Baaeae

Measured in terms of the capacity of a sphere whose radiusis equal to a tangentfivm the centre to the tore, the capacity is =

ere ©

When R=3; the omission of the term depending on © introduces an error of about.
27 per cent,

B may be expressed iti terms of the angle subtended at the centre by the tore, viz.

if this angle be 2a, > pote ofTrea

088 #88 (9¥atn5
When

K=sin 3° (about r=iygR) ~q="793 xcupacity of above sphere
K=sin 6° (about r= }R)  q=-898x... |

18. We may find the potential also’ for the electricity induced on a tore, put,toearth,
by a charged circular wire with the-same-axis as the tore. For the potential =of the wire (w’,v') for points’ within (w’) is (36b) : ae

. ApS <i epy y.

$= /0=e2P%Q, cos nfo— 2)=3P.Q} -
whilst that for points outside the tore (u,) due to.the charge induced on it is

$y=/CZA.P! 008 n(v—a,)

* ‘The expression given in tho‘ Procedingy’ is incotrect.
402 {
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‘and the condition is that-when u=n) $,+¢,=0 i
a

0, AP Pg, and AP y=EPO, -
eu ‘Whence’ *

© os" P's, Py ap8 6Yom,WP, 008vv)+ EPLQ— UPD} « (41)
and the general solution when the tore is insulated and has a charge of its own is
found by adding the potential found in the last article.

Also if the section of the wire be very small we can find the capacity of the system* approximately, by supposing the wire to coincide with one of the equipotential surfaces
near it. ‘

19. As an example of the use of tesseral functions with constant surface conditions,

we will take the problem of the electrical induction on a tore under the influence of a
point arbitrarily placed. We lose no generality by supposing it in the plane of (22);~~
Jet then its co-ordinates be (w.v’.0). The potential due to this for points within u'
hus been found at the end of Section HL, viz,

o=t (CIC =2) EDP’ Qu.s C08 mw cos n(v—v')
‘As before, the potential of the induced charge will be of the form

>

F $= VE=EEA,P.,,cos mw cos in(v—e')
+ and (the tore being 1) i

AaPia pVEOL, Pras Qan

FS =WOVE=O 91,2 Bo" (Phe Qaa—QarPas) 608 jw eos n(v—e’). (42)
When the point is on the axis, all these terms vanish (§ 14) except for m=0,

If necessary, also; the Tapacity of a tore and a very small sphere can be found
| approximately from these formule,

20. One more example illustrating the application to cases of differential surfuce
conditions may be given. ‘Take tlie ease-of --tore- moving paralldl to its axis through

an infinite fluid with velocity V. Here the conditions ure that if ¢ be the velocity .
potential for fluid moving past it,

b=-Vet 4,
and

ee
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‘Tho expansion for @ has already been given, viz: (for points not on the axis) i

‘ pfCZeREnQ,sin ny + re

‘To determine jx we notice that at the critical circle| (as everywhereon the plane * :
of ay)

a

:

:

1 do
pie

ag

Taking a point outside the critical circle

avay En'Q. 4

The easiest way to calculate ‘this is to make the point approach. thie eritical circle;
ies ue, when

=V=" lim (C—1)'Q,
.

= ao

:

=, lim=fGreat a : |
ofa :

' =f Work oa 4/3
which gives the theorem

war ae— 1S, eosech* 2|
Hence

2 beets

2 gvYo—e (AP, sinNea alain nv) :
wher’ #0 when uty for all values of v, ‘The terms: in eos” nv would merely
inerease 4 by the series for a constant, we may therefore -without loss of generality
put «.=0, and then, ising dashed letters to denote differential coefficients,

aes 8 ae

we #-8{5Jota Pen) + VO-A ANP”=n} sin nv
. 0 when um ee

os EES(A,P.-11Q)+2(C—0)(AP —nQ')| sin ne=0 Ramsar
APs tA P ASP. +20) —s

5 lub)QO),— 6.4.200
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‘Now it is easily- shown that

PrytP.—(SP.+2CP",)=0
with a similar formula for Q., we maY-hence write the’above equation

(Any Ae) Png (Aa AaB = Qing = Vea
with initial equation

(A.A)P2-AP=Os—Q,

‘To get a first integral of this write the successive equations in order, multiply those
containing P’,,,, P’, by BP’. and add, we get

(Ae ADR PAP PUP Qe PVP Qi Pi)

: HPQPQ FS ert)
. aM AN HO ageeSeeA AA— °

Put

7 yt, We
(APLQ Peay Sen

then since

: ™ lpy —p

; Fea U/W oP
Me Meth peas)

1 A ‘

Spy lOF +a) ba)e}
ey Henee

(ut Dita oye te. ite .Aen Agtentke
and

Ota gost tte
Aan te 2hTatty

‘A, is undetermined to the extent of «; but since the velocity potential must-be
finite everywhere, « must be chosen so that the series ZA,P,(u) shall be convergent,
Tt will first be necessary to prove that A, is finite when n is large; « must then be‘chosen so that A, vanishes for n infinite, and lastly, it will remain to show that with
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this value of a the series 24.2.0) convergent, from which the convergency of @
will flow’ at once, Now é ret

wpMeGy OD ; ‘Senses eal5H oN a
. ey =CQ |

ne lgtQey Cg

wasn ds}$e-s ! beeced

Both the series on the right are finite, hence so also are ~8), and 377-**2, and
A. tends to a finite limit with increasing n. , It is therefore possible to give a a'value
which shall make this limit zero, It is given by

otha :

os EM —an=0whence
ata, igor rta

: Aegan,Sta es veg earn (AB)
Lastly it remains to considet the convergency of the series ZA,P,(u). When n is

very lange —A. tends to the limit O's, which is

(tI ta/Qey Qe
<Gatnee ep) be

Also since <u, P,(u) <P... Hence the series under consideration is.

Ay te [QugPe (Qualys<@en Ryo
&

é

Tho sum of the first set of germs is <°45"'s 29. . and of the second ct ia :
C49) ont :

<“V'sE40. both of these are finite: Henco the sum £A.P, is fnite anda
Sortiori the sum ZA,P,(u) sin nv, 3

_. Finally then the velocity potential for fluid motion due to a tore moving. parallol to
itself through a fluid at rest at-infinity is

btv8y/oxest AP, sin ne
where Ay is given by (48) and
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:

- ba
i gee

: SEA :

Scat ipe
and where P,Q stand for “Pt, den)
‘We may now find the energy of the fluid motion. ‘This is, the density of the fluid

Being ity, gy : de

T=—[anpndo. gi? \ ‘and )
wa
t=O

7

ab_yiiy &
aoVon
Pome

_ “T= —2natV si" erate

:

=— 820 VSEA.P," cr”
nL) (L208 (4 I)e— oon 41

But .

ff Sehae=2v20,
=o aly _o

oTS—F @VSEA.P. 1 QQ)
But

WaWr=—208Q,,

Pe OVSSIAPQ. oe (AM)

which is more convergent than the series for ¢.
Ja similar manner may be found the velocity potential for any motion of trans:

lation, or the magnetism indticed in a uniform field of force.
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[September, 1881.—At the suggestion of one of the Reforeos I give a fow additional =
nomerical iustrations,. The first is the ratio of the density of electricity at a point a
‘on-a-tore furthest from the axis to that at a point nearest the axis. ‘The potential a
‘hie to the distribution of electricity on the tore is given by (39). ‘The normal foree e

at any point of the tore is :
ap bu__ Ce :

whilst for points furthest from the axis u=w, v=0, and for points nearest u=v',,
ram Putting these in, remembering that 2SdP,/du=(2n-1)(P,.,—CP,) and
(2n-+1)(P.41Q.—P.Qu41)=2m, it is easily shown that the above ratio is”

1 ri hd

i (a rerar

NEM on(shtp tat }$HQ—Q)—20~1)200,
Ifthe first. sequence equations in Q he added together there results

4(C=1)550Q,= (21+1)Qu Q) +WA
whence 4(C—1)22Q,=Q)—Q, :

Further, putting (—)"Q.=yu the sequence equation for y is >

(20 Utes ANC, A (201) g-4=0
whence as before :

(CHS).(CHS.4. H=— (QQ) -
Finally then the ratio of the densities is any

: 1 yy

ee=(e) :

opty, 3
If terms higher than P, be neglected this is

a (ueeyEamer

lave not heen able to find a finite expression for 31/P, and 3(=)'/2.cbut when :
the ratio of r to Ris very small, the first two ternns are suflcient, In any other ewe
MDCOCLARt. de



650. MR_W. M, HICKS ON TOROIDAL FUNCTIONS.

we can easily find the limits of error produced by nioglecting terms after a given ono,
‘Thos suppose all after P, be neglected, then § 10

pias ties eeev7G80”
| whenee it follows that =

: valwa

oe : SaVP.> ip p< a—ePP,

Similarly it may be shown that, being odd ~

:

+ (oyypey BI a2
BalVP ay UP,

me pees ey

<:se(ie) “ie,

For the two cases of= sin 3° and ¥’= sin 6? (corresponding very nearly to R=10r

und 5r respectively) the ratios are “5171.and °2656. .
‘The ratio of the velocity of the fluid at the centre of a tore to that of the ture itself’

when it moves withont eycli¢ motion, parallel to its axis, is easily found. ‘The point is

= given by w=0 v= which mukes Pam, ‘The velocity of the,tuid =9

. aN? axtud.a(—y
therefore ratio =—1685(—)'wA, ~

Inthe table below are given the values in two cases of a, Ay, Ay, TY (the effective

mass of the fluid measured in terms of the fluid displaced), and V’, the ratio of the
velocity at the centre, to that at an infinite distance when the tore is held at rest in
the stream.

SS

eof es fw A rj ow |
: wine | voces | ote —ew000. wy | tosis |

rao | ones | Sort or | neous | risz |
Lex oS

Suppose the tore held in a uniform field of electric force parallel to ite axis, ‘The

potential of the field is .

eee ou

ai2AC—e)EnQ, sin ww
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Hence, supposing the-tore-to-be at. zero potentialand to have no charge, the =potential of the disturbed field is, dashed letters denoting functions of wv’, i Res

BeCoin(a-2P) sin no
i | 4

‘The density at any point of the tore is :

Voyage "fpr Woo Pe]

. ato =e re{P eng, “re fain nw
SA (C—e)!3 sin ne

i
i

Now at the points where the osculating plane touches the tore =r and p=R, ~
whence

CHc=S8rore=1/C. s=8,C :

‘The greatest density on.a sphere similnty tnflyeticed is * ‘The ratiois then vist
—_ayisyp sas ree
= elem ter,t}

‘The value of this ratio for the eases already: considered are

for F=sin 9, “075

w Basin 698

When the direction of the electric field is perpendicular to the axis, its potential is :
.

Scns.4
=p con. apir=Hp cos w=pin

Hence clearly the functions for the expansion of this.are the tesseral functions, Pay
Qj... and the conditions, since the potential holds for space outside the tore, are that

HeeeeEERE eo WEALD, o98 n=9

when wu! for all vatnes of

i ee ae :

4
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Henoe e
: FAP a+ Daal Oe" deo

or

APMQa I=0
and

ee eg
AEMFant 1)(Qo-%—CY.)But

s aa.
Be BC -CXad)

From the first of (32)

5 wa

BP..=Phaci—OPoes ee A(Pa,)
“Which enables us to write the above in several ways, As before, the densities of

electricity induced at points (w’0.0) and (w'.r.0) ate easily found.)
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XV. Polacanthus Foxii,« large undescribed Dinosanr. from the Wealden Formation’ =
in the Isle

of Wight, = iaBy J. W. Hotxr, PRS, :

Received Jannary 3,—Real Jannary 27, 18

. [Phares 70-76.)

Fon the opportunity of studying the remains described in this note Tam indebted to a
the courtesy of the Rev. W. Fox, of Brixton, Isle of Wight, who last autumn gaye
ine free access to his rich collection of fossils obtained in that locality, £

Much shattered by being very hastily dug out, and since much damaged by the
accidental breakages and the dissociations scarcely avoidable in. the absence of
suitable plice for their safe-keeping, there is risk of these remains becoming: before
long lost to the paleontologist... In view of this not improbable eventuality I venture

to offer to the Royal Society these notes, in writing which I have been reminded that
it was to this Speiety the late Dr. G. A. Maxrett, now more than fifty years sinco,

communicated his first discoveries of Iguanodont and Hylwosaurian remains,
‘The remains of Polacanthns were found by Mr. Fox’ in 1865 in a bed off blue shaly.

clay, which occurs near the middle of the cliff, a short distance east of Barne's Chine,

The bed is easily recognisable by the large quantities of lignite which it contains. ee
Professor R. Owen, to whom Mr. Fox showed some of these fossils soon after their

discovery, suggested for the animal indicated by them the naine Polacanthus—many-
spined—P. Fonii, and this name Mr. Fox adopted in an account-of his discovery read.

by him at the next meeting of the British Association. A brief notice of the discovery
with a rude woodent also appeared about the same time in the “Tlnstrated London :
News.” Both these cominnications have only the value of preliminary notices. by vee:
persons without anatomical training; and no description of the fossils sufficient for the :

use of paleontologists has yet appeared. x
Mr. Fox's MS., read at the meeting of the British Association, cannot now be found,

and his paper does not appear in the “ Reports.” An abstract which L made of it in
1869 gives the following list of the parts he believed hie had secured. 3
“Sacrum and pelvis; 7 lumbar, 7 anterior dorsal vertebrae with their’ ribs; 20

© caudal vertebre; 2 femora; 1 tibia with fibula; 3- metatarsals, phalanges, and 3
‘unguals; 20 to 80 large derinl spines, and as many scutes.” j :‘The éeattered remains which last-autuinn I sucsveded in bringing together again do


