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T following investigation was originally undertaken as the foundation for coptain .
‘researches on the theory of vortex rings, with especial reference to a theory 'I:I'F-.gm‘i'i'..' et :
tation: propounded by the author in the Proceedings of the Cambridge Philosophical :
‘§miety {vol. iii. ,111, 276).  As the results mme& interesting in' themselves, and as
they also serve as a basis for other investigations, more particularly in electnmty and
conduction of heat, I have thought it advisable to publish it as a separate paper,
cspecially as I cannot llupe to find ]Elﬂl.ll‘ﬁ fm BOME tuuu to numple'l:e my qumn.l
purpose. _

The word “ tore " in used as a name for an anchor-ring, here reatrmted toa cumﬂa;lr
section, and by  toroidal functions” are understood functions which satisfy LAPLACE'S
eqquation and which are suitable for conditions given over the surfaces of torés. :

The first section is devoted to the general theory of the amplu}rmeut of two dimen- _
sional equipotential lines in certain cases as orthogonal co-ordinates in problems -:11!'(-‘f
three dimensions. From this we pass at once to the particnlar case where the. two- .
-’.li_rm‘::lmiun:ﬂ lines are the system of ecircles through two fixed points and the Hj'H-‘t&:l'll Al B
circles orthogonal to them. It is shown that these satisfy the conditions of applica-
bility. By revolution about the line through tlie two points we have functions suit- °
able for problems connected with two spheres. By revolution about the line bisacting
at right angles the distancs between the points we have functions nssociated with
ancher-rings or tores. By the Emt_.-ayateﬁ it is also possible to dedlfq_!: -'!'unctiqrﬁs _fp':" R R
what may be called a self-intersecting tore, and by the second for two mtersectmg--_._---= e
spheres. A second. a.pphmtwn is made for the pnrtu:ular case where the upamng ol s
tore vanishes and there js a double euspidal point at the centre. ;

The second section is @evoted to the development of zonal toroidal functlmm——that- :
is, for conditions symimetrical about the axis* of a tore.. It is shown that, for Epm i 2
not containing the critical axis. t]mm are the same as zonal spherma.] hnrmomca of -

=" ¥ Throughont the paper: thioaxin-of Wre in hkm to be ﬂm Im& purpmdmhr to its plu:uu tln-nugh its
oentre ; the circle traced out by the centre of the generating circlo of n t.rmnmli be enlled t.bl circalar
axis, and the circlo by the two p-x{nh above mentioned the critical mrda e :
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1mag*um.r:,r ul:gumafut and [whe_; the whole of space outside a tore is in qucutu:m} of

urcIera (2n41)/2. For space inside 4 fore we have-a Wm[lmldl.llg analogy with zoiul | - I

Lurmumus of ‘the second kind. ~The properties of these functions are found to have

am..logmg with those gftllq ordinary al;imnml hurmonies, but with essential differences, '

The space outside a tore is different from that outside’a sphere ‘in being eyelic; in
~ general, then, the functions for space outside will not be determinate from the surface
conditions alone, . The above functions are suitable only when thefe is no cyclic
function : it is shown how to obtain a fuhetion whieh will complete the solution.

The third section deals with tesseral toroidal functions, which come into use for the
most general case of non-symmetrical conditions, It is- shown Thow the different
orders and ranks depend on each other, so that they may be calculated in teruis of

two. Integral expr&ssmlm are also obtained, as in the smud section, uhmh ure uen.iln:tl :

in fmdmg the ecefficients in expansions in series.:

The fourth section briefly notices the functions suitable for tores witholit a cnulml
opening. These functions bear the same relation to the foregoing quctmu:u i_I.mt.
cylindrie harmonies (Besser's functions) do to spherical harmonies.

In the fifth section a few examples are given of the application of the method, such
as the potential of a ring, the electrie potential of u tore and its eapacity, the electric
potential of a tore and an electrified civcular wire whose uxis is the same us that of the

~{ore, the potential under the influence of an electrified point arbitrarily placed, and

the velucity potential for a tore moving parallel to its axis, as well as the energy of
the motion.

Of previous writings on the subject, or nearly connected therewith, 1 am only
" acquainted with two, In RIeMaxy's * '[ma.nmmelte Werke "* (chap. xxiv.) is a short
paper of six pages, “Teber dus Potential eines li.ll.igo.s." He arrives at the same diffe-

rential équation as ('.T:I in this paper, points out that a solution cap-be expressed as

u hiypergeometric sevies in several ways, and that vach function can be expressed in
terms of two, which are elliptic integrals of the first and second kinds. The paper is
a posthumous orie and is not developed. There is & note on the same subject by
W. D. Nivex in the ‘ Messenger- of Mathematics’ for December, 1880. Though not
hearmh on the same subject, a paper muy be mentioned by C, NEUMANN, “Allgemeine
Lisung des Problemes’ iber den stationiren 'l.em[mmturmsl.md eines l’mpoganen
Kérpers ‘welcher von irgend zwei nichtconcentrischen Kuge]ﬂ.y.hen begrenzt wird ”
(H. W. Scuyipr, Halle).  This is a pumph]et. of ubout 150 pages. He uses co-ordinates
analogous to those in the present puper, “but the method of develupment is very

_ different, The functions are spherical and eylindric hurmonics of real argument, and
those of the second kind do not enter. He considers the stationary 'tmnpemture inw

shell bounded by non-concentric spheres; in an infinite medium in which are two

- spherical cavities; and similar cases when the boundaries touch. _ Its interest in con-

# The greater portion of tho following pages was completed Lefore I beeame ‘seyquainted mlh this
paper of B.uumx 5o wnt.h t.!mt. of Nevsaxx's mnhumd below,
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. : DIMENSBIONS. BPECIAL CASE.

]t is weil known that if Lariaces equation be referved toa Hj'atemnf nrthngnm_l '
co- mﬂmut?ﬂ w, v, w it takes the form T s T

| (w.a:é n%(ﬁ_ o ﬁﬁ) 0 g e (T

G

=\ar &y :

where

o

SIAN
+H)* (@

Let us now tuke u, v to be any conjugate functions of PP being the o;rhndneal_.. e
en-ordinates of a point, Also take w to r&present a series oi‘ p]nnea thmugh the XM
of z, so that w= tan™! y/x, R e

Then w, v, w are orthogonal surfuces nnd

o0 (::)*+(“>'%ew.' i

St g ST R e

St sqstion (1) boomer - oo
§(PH)+:('°E)+P{($):-£}$=° .t

Tl

Iu this write dn—w.\/' , then:

mrlf_h%wm}.} . ’{-‘w ;{:r ‘ﬂ ﬁ; _n- .:

Fay 4112
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_' Here since 4, v are pcnjugaie ﬁmnt‘r_ma of p,
am"‘
2\, [3p\?  WCAE R
(SE) -+(SE) ='.?_'F"E__E)"“=-‘E'* Goy) ©
. ; ' (hp) ) '
5o that

ﬁa:f"'b:f ’F{bu—-'l',"b]' e s e om v {2]

_ By putting ?;:0 we get the equation for functions satisfying conditions sym-
metrical about an axis which by an obvious analogy may be called zonal functmns
In general, put y=14' cos (hiw+=), then ' must satisfy

. Hr' 4w —1

When uv nrﬁ'.}'llh;:tions such that 1/(p€)? is of the form 4(f(u)+F(v)), it is possible -
" to obtain solutions of the form Yy=2X.,Y.. cos (mw+a) where \

TN (4m—1) f (@)X 422X -

.-HY_, .

—1)F(o)Y =n®Y

which are such that X__,, are constant when w is constant and Y., constant when v is

constant,
s an instance of functions satisfying these conditions we mn._',r take the elliptic
co-ordinates
. p=amhumav z=aq sinh u gin v
Here '

1_ 11
pE costu  coshiu

o )

And the eqnations for the functions 3{. Y are

(L ) X0
dY (-hw. =1

4 pos® v

= :|;n=) Y=0 -
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npherlc&l harmonics of nrgumernt T, a.m:l m'dar —2~~ i Thﬂ aur&mea e cmmh gwe

b
confoeal ﬁpherouls Since v p-'.fﬁmBE 008 v, lt will mﬂulh that q&- is expmusﬂ aa.
the sum of terms of the form fﬁLP{u}+BQ{u]}{ GP"[-L]-I»DQ'{::}} uoa{mw-i-ﬂfi wham

e A

P, Q' are spherical hnrmumcs of a.rgument -ru anid P @ are spherical ha.rmurmm uF

imaginary argument. . i et
In the applications that follow 1t ha.ppem that w, v are such that: ;rE* I8 a fumtmn

of w only, say f{#); in thla case we obtain ﬂu]ut.wna by putting ¢~¢mq{:w+ﬁ‘j

WIlEE‘L

Bl e

The solutions of -this equation for m=0 may 'b-& uulled zonal functu-ns fur -ai-—fl
seetorinl functions, and for m.n general, tesseral functions.” If U,.,, U,,,., are two
independent solutions of thus equation the general value of ¢ is given hj Py

J@:i}ﬂﬂU“me (ne-4a) cos {imﬂ-l-ﬂ} + AT, cos (neda') cos [ﬂiW*!“ﬁ'”

If ¢ be given over any two surfuces w= const., it is clear that the constants can I:-e
determined in the above by means of Fourier's theurnm This will be more fully
discussed in the sequel.

2. Before passing on to particular cases, there is one remnrknble resmlt toi:emtmed
- Ifin the equation trapsformed as above, we put rb...tp o8 {ﬁw+ﬂ then q': mtmﬁea i

the equntl-:m
Lo A,
i}u’ + 42 e

Henge if W be any two&mamwunl put.eutml f'unctmu thnn v) 1}: cos. {iw-{-y} isa

three-dimensional putenml funotion.  Since this exprgeamn changea sign . when
increases by 2w it is not suitable for all space ; ‘but a diaphragm must he auppmai to

extend from the axis of z to.infinity i in one d:re-ctlon and to be 1mpambla Thnugh :
the result is mt.ereatmg it does not seem to carry important consequences, as there'is
not auﬂimmt generality in the expression. We may choose ‘the form of the surface,
and wrtmu other conditions, but all the surface conditions are not arbitrary.  Thus let
us take an anchor ring divided by a plane thruugh its' axis’ " Toet.us ke.ap the curved
surface and one end at zero temperature, then the dmt.nhutmn of temperatire at-the -
other end is determinate t.l:mugh its. absolute magmtnda i arbitrary, To prove thls,
we notice that if (a, ) be t.he radii of the cireular ¢ axis, and ganaratmg’ mmia rmpea::-
tively, and » tha dmtalm& uf a.ny pﬂmt ﬁ‘um th& ﬁm:ulnr axig' o o 2
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| Wi (p—n)i+2°
LRI AT i i i l:l -_-ll'lga:i-!gg -'_jl;i'_m i
T T .
frg SRR SERTO (- ) e .
= s 1 s lhety)
—r - “%

* Thisis to be zero when =0 .. y=§ and

(p—a)t4
o BN

But now the distributtiml of temperature at the other end is given by

leaving only the absolute magnitude A at our disposal. Further, there must be
supposed a generation of heat all along the circular axis. This example serves to show

_the artificiality of solution given by this form.

# For the case of an anchor ring, or tore, it is at once evident that the proper
functions w, v to take are the well known dhes given by

iri=log :i—"‘ri‘

viz. 1 v==const. 'ntlgpfea of circles through two points (£, 0) and n=const. a geries of
circles orthogonal to them, and each containing one of the fixed points. If these be
made to revolve about the line through the fixed points, we get functions proper for
two spheres (u); or the surface formed by the revolution of a circle about a line cutting -
it (). If they revolve about the axis of 2, we get functions proper for circular tores
(n) ; or for two intersecting spheres (v). It will be useful to set down here in a com-

- pact form, formulm relating to these functions, which will be reqhireud later on.  Most

- of them are easily proved and are et down without proof.

- M T 24 (pta)?
o= Mg Ty

: e t=—tan~" - —tan! ORI L T "
| . _ pratt T (4)




{ -::ml[ u-—cm L

o uumh =0 mni+ i kel ol R g
._f_‘ 2 T e
whenee the statement nuula ubove that pf-'_f(u] 0 BT

Let It,  be the radii of the cireular axis nnd normal section of a l.ara {u‘j, I
radiug of a sphere (v); then : : '

Ri—pi=?

cosh u="

= %
- = = LRl

Lo
-

Further, if' », the radius of « tore to a p-umt. P (u L] nu.l.ke an :mgic 8 with tha PIH.H.E-_._: :
ol the ring ik

r=Ttcos . P ' e L e
wama B S PR At

OV hfu #

R"?'f cos 8

COB == —

sin b=

Wkt o s o) ol b i e

g‘ u-q&-;-“ﬂmg- R )

Thm‘emulluﬁulﬁul whmh"t.ha mnnnom uaad ubum beuunm uugumr;,r—m when ! ]
is zero, or the tores are such thut R=p and they touch themselves at the origin, Bl g
this case the proper curves wre the two orthogonal families of ulmlaﬂ. tnuahmg ﬂlﬁ urna_ e
auttheamofﬁandtheotharthtumufpatthaongm—m s
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and

slorr |

(utvi)(pFa)=a 7
i A
U=y
LS
'I-'-—-—P"!_i. 2 .-l'
fan *
P g . (8)
PR
T
ol " e
r.fu_f-p5+:*— "
"
[ -
Ay =
il = -lir5 ¥=0

It will be shown that between the latter surfices and tores there is o similur rela-
tion to that between cylinders and spheres, and between the functions to that between
Spherieal Harmonies and Bessens fonetions, :

4. The potential due to a ring of radius b, centre at (0.2} and plane per ]H:ndlctﬂur to

axis of z, Is

“_ I-____ e

,_.\f[ - ,] +P‘ +<‘.-'3 'ﬁpul.‘gﬂ

N/ o rfa <
2p), \,r’u—t'u-iﬂ'

~ In the cuse where it is the critical circle

and liere

_itpida’
dnp
’_l' a8
T el s @

~=cuth

In general the distunce between two points is.(z=—z') +p° +p‘3-2pp cos (w—u'),
which expressed in blp-u]ar mtﬂlmm becomes '

[mah ] i_}(mall w' —e0s v')

{mﬂh t cosli u'—cos (v— tf}—-funh u sinh o' cos (w—w')}
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5. ]tl the case wherﬂ the conditions are u]rnmmtnml ubuut ﬂm nxm,oﬁm mdepan&mt-
of wiand is of the form '

=y R P e _'
th= - m';].i'."’"mm(nu+u] A i e e
i -‘.b" [ I
where v, is the general integral in'lmlving two arbitrary constants of the equation :
oy v _
P l'&+4_ﬁnl.|.§u_£
From the potential of a ring, at the end of the lust section, it is at once seen ﬂmt_ 5
a particular mt«.gml for space, not uu.ludmg the critical circle, when n=0is
= :
%_ V{m“h I: \,/’cmh 'II—HII:I-lI 1t 005 E
In the same way, ealling the potential of the ring ¢, it may be shown b_',r ﬁnd.mg' AL
M th
at '
g AN L e
Y= /sl u ;;L{ osll i —sin " Lmﬂ]; ' bkt SR g \'_
From analogy with this we might assume
if

Y= V'sm]iu

{,(ouull u-ﬂmuh 1 008 ﬂ‘_}! :

and by subamutmg we almu]d find it puaalhie b}' putting ;p— + 1' or ._.?1‘_{ to uﬁfy ST

the equation. But the following, by making use of theorems altmdy pm“_,,d for m_- .. b ]
harmonics, seems to be more direct. Putting, in the dsﬂ’emum.l aquatmn hiios B R o

P=4/ am]n wP =
I,“,+cuth e —{u—;}(ﬂ.i.i}p_u B ledse et {g} o A
whence. it is at once aﬂdent. that P,isa :mnal aphanm] hurmm:m of :1 2n+1 1

with a pum jm_ugmarjr t'n.r mmt HEH!E, in «hlﬂ,' Hamihunh dBl' Kﬂgﬁlﬁlnnt[m .-: | ;
_ MDCOOLXXXL 4 L : Al




b 1 B MR WM. HIOKS ON TOROIDAL FUNCTIONS,

* has to some extant mnmdured spherical harmonies with i mmgmarjr argument, but he
" has not dsm]npa& thpm at least for fractional indices, in a form suitable for appli-
_cation here. Consequently they will be here considered independently and with
especial reference to physical applications. Hereafter, C, 8 will bﬂ used in general to
represent cosh w, sinh mpactaval;r .
We !m.ve then in gﬁnﬁm'l

u"ﬁ_—_u %(AP,+B.Q.) c0s (nv+a)

where P,, Q. are two independent mtagra]s of equation (9). We first discuss the

© integral already obtained
. il
p_=5'....__*’-m-,. e 10)
(C=Scosd) T ’

It is well known that this integral is the same as

];(C—smae}'_*%'da R (1),

the second solution ni:rlainﬂtl above ; this ﬁ:my be easily shown by the transformation
(C—8 cos #)(C—8 cos #)=1 or by means of the sequence Equa.hl:rn (14) below.

6. Discussion of P...
We have
drs (Ett!) . B-Cend
ot : 2 S'(C SDDEP)‘I'
s [
Whence .
) 28 dpP, _ i
. - 2R+1E; -+1 GP " - * [ - * - " {la}
Bimilarly from '
s 2""[ (C=S cos 6) * (S—C cos 6)06
98 dp, .
2}:1;{;=GP‘_P"'_' e e e e e e (18)

Combining (12) and (13), we have
: (2n41)P,, = 4aCP +(2n=1)P, ;=0 . . . . . . (14)

- This _?sequ;zrnue equation ma_j.r also be deduced at once from (10) or (11).
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In {14) ]:“ltl . Rteah L __.I_-_ - :-___“__ [ _____._.;._"__ = ......:_.E: ! flre e Ty

43 b (n—2@n-4)...2
P=Gn —@n=3)...9.1""

with . . s
'Pn=_"n-' Py=u, 2
then

(2n+ 1}’

2n(2n+ 2;“"‘“ o

Uppg— zcul+ 1 +

o ar

ﬂn+j= mu‘l{-]_f-“‘n .
Y )
2

Ton(Zn+2)T (2a+1P=1" Zn+2

It is clear from this that w, 1;5 of the form a,u, — 8,1, where a,',:ﬂ;i\mmhcrﬁai :nfegm.l : 5

where

and

algebraical functions of 2C; a, of degree ﬂ—] and ,B. uf' dtg'ree n—2, The first

three values are {WHtmg 20=ux)

&

=ty

=i
-
= (a = Ju,—dam,

We can now show that a,, 8, are ul' the form

ul=f¢l.ljz'-] +'u#.1‘r*3+a.l.w+- w .'r . +ﬂnJI.-_E‘H:I+ '. o

For supposing a, of this form, i.e, wanting every other pnwerufm,ul‘u]]m“mw_._'_" fiel
.th“'*“-+.muftheanmafum,mdltmmnbavethatu,mufﬂmfmm whnnmtha'l- i

statement is generally true, and so also for 8.,
Now a, satisfies the equation

with .
=0 a=1

Hence substituting the above value for @, we must have -
a‘u=ﬂ'u-].r‘*w._’_p_1 ks st e HaEka

L :

“";=m1"'.'“l-iﬂi—g_“ T ;”. . Sea {15} e L e
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Cumy 3 calling this a’,_; we can then write

Hence ‘F '
4 . 'ﬂ..r=.'-'{0.u-z O Coise Oagircy oo o -;+c‘.rh1‘5‘-3f-1r-|:'
From this ' '

oy ==(CztCimgt . . +0)
ﬂn_q."-:{_f»‘u_-_g{ﬂ-...l.'l' B T T (SO U Y T S SN

= Sum of products two and two together, withythe ex_capti.on of all products where

the subscript numbers are successive.
Assume that (—)a,,=sum of products of the e, up to c._,, r together with the

exception of any in which successive subscripts occur.  Then

ity .+,={.—]'.'+‘ {¢.s(prod. up to c,_,, r together, &e. .. .)
+['_,__H( (i) LH 'f-",__-. " ]

+. }
=(=)*'{Prod. (r+1) together up to c,.; without successive subscripts. }

Whenee by induction the assumption is seen to be universally true. It may be
thus stated, a,, is the sumn » together of the terms

Lo o CLs)
24407 08T (Zu—2)(2n—4)
all products being thrown out in which, regarding the numbers in the denominators as
undecomposable, a square oceurs in the denominator,
“We have
' a,= 1

(411—3){:1-2}
d(a=1)

1:

This result is of very little use for application. If the co-efficients (=,) are needed
for particular values of x they can be very rapidly caleulated by means of equation (15),
while if their gﬁnﬂml values are to be tabulated, oqnmtmn (16) will serve to caleulate
them in succession.

Further, 28,is the same kind of functmn us e, in every way exeept that it does not
contain ¢;; in fact 28, is the same function of ¢, ¢, . . . Cuuy, that &, 8 of ¢, ¢y, .

5



r:,, 0, ma ]\F ex s ﬁ]ll iv in v;Ls;' :
5 pti 5, vir,

g
.[-./L- smrﬂ‘ﬂf TR 'iTrWFF

where . SR

=28 8 1
- TS {C+8p

or :
HPe=1=piv e p=In : il

and e o
RE20= H+;’ :;i

Henee ;

_{g"__?l{?ﬁ:_‘!}-uz_ﬂ_:__ Tk | L '. ..:.- L .-.
P,=2 {2»-1}..___.3 ( k,E—&v'T‘a._lF) S .{133.

where we may suppose -the numerical factor dropped rf we are daalmg mt.h the
differential equation, but not if we are dealing with the séquence eqlmtmn

The value of P, when u=01is =

" " = is o

These statements ure at once seén to be true. Since u becomes infinite a.Iﬂng tlie: % 0ih
eritieal cirele it follows that the P, are not the suitable functions to use by which -
to express functions which are finite in spaces containing the critieal circle, i.e., mthm. 1
any tore. But it is finite and continuous for all space outside any tcrm i i

7. If we put for P, in Bquatmn {'J} PO, we ﬁnd_ in t_he usual way -

y ' P,Q —BP, +AP[E,P5 3 __':- S

Regarded as an analytical solution of the 9qua.bmn thm is omnplet.e but in thm o 3
it is altogether useless for application. Now Heme* has Bhuwn tlw.t th:a @henml P
harmonie of the second kind is expreaalble in trhe ﬂ':rm : _

%‘;ﬂf (x_ @_lm " i

‘I{ugelfmet.hnm Knp nI L
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A Waﬁmtulmw that :'this wi;li a modifieation satisfies the equation (9). For putting

.- a8 . -
. 1 T l:- * - " M & * . 3 5 e lﬂ
.r- i f : . Q 5-({:4_5,1‘}03“}"?‘& - { ]
T!Q'z ..2“.""1. ”__ B-I‘C-‘.'mhgTdﬂ- . '
de 2 ) C+Scosh) T
o? 2 ]_ 2 Dy i - Fi wis
rff'?’::(“: ) Q.— E-:.L gmh 3{;&{C+Sm #)- = da

. 2 * " cosh 848
=(2u 1) Q.*i‘ﬂ’;;l _—
 (C+Scoh8) T

2 ¢ ant1 CS4(2—1) cosh @
P | coth ﬂ@‘i=(2ff 2+ .1.) Q. % CB4(T 1) cond g
dn? _ , (C+Scosh@) s

=1
===

. Here also as in the case of the F functions it can be easily shown that

a4l du "”TDQ'
28 dQu_ '

2t dn T e

P, = - .

(2n+1)Q4 ) — 40CQ,+(20—1)Q,, =0

: Hanue a8 b;af'ore : .

Q=T =)

where

=
"“‘-.L'W
N (e b
U7 ) CaBeot )l

II - 1+ & =T S g b3



Hn. w iL mﬁxs ﬂk Tumtlm. rﬂman‘l

In thﬂaa uhangﬂ_ﬂ into ‘25 thuu ]

”“"'EI ;?"{:-ﬂ Wﬂ
""“rfm s+23eom'ﬂh' o '_ e R

Aga.m write cosh f=sec ¢, them ﬂmh ﬂ'“t-m lfs, dﬂ-—mm nnd whnn §=ﬂ'nt an. . i Bt

$=0 -:-r = !

I[eme

LT
N

B ki g e

Also

. oo iy
“'_EIuiL+$ a4, i S}am’ﬂl

8 7 K= sin® ¢
= el s %%

Now !
pELf i,

o (T=27 sin’ §)1

f e
and '

.-"m 1., #
K= E—F

e nmeggeEL ey

Ry k,w-m-;aw}-_,_- i

Thevaluaqu.fnru—ﬂmm mdﬁ:uru_.-m is zero. Hm@.mhumhhfﬂr
HPﬂﬂEmtlnnatom,andmtfuupnmmcludmgthentm T
8 Thufomgmngvaluaqu.hubmnuhbunﬂﬁnmuﬂnlogymththtﬁrP., Bqt
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1540 A ek wily 0s P, [f-:ur space outside tore) was obtained fmm the pobe.ut.ml of a
~ ring, so also may Q,l be determined fiom the potential of a pmnt ut the origin, for
space not mnt,mnmg ity 1.e., for space mthm a tore. For the inverse distance of a

~ point from the orlgm is :
1 Sl =
« '\/Utl- cus v

=%(A.P,+B,Q.) cos (nv+a)

Hence -
1

v CHeosr
Now, firstly, since this is to be finite throughout all space not including the axis

A,=0. Also it is clear since C>cos v that 1/,/C+ cos v can be expanded in a series of

powers of cos v, and therefore in a series of cosines of multiple angles only.  If this be

done the coefficient of cos sy must be B,Q.. ' :
Hence by Fourien's theorem

7 = gy el
TBQ=[ G east

If we define Q, so as to make #B,/2=(—1)",/3, then

cns nihid
VIQ= "_}.[ JL +ons @

. * . pos uf
= =f.;.¢c-.:medﬁ‘ L (29)

We will now H.ho;w that this expression for Q, ngrnes.with the former one.  Inte-
grating by parts and dropping /2 us unnecessary in the sequence equation

- ) . 'alnu-ﬁninﬂ -
EHQ.{—} =_luﬁaTm£ﬂj‘dﬂ s

“ ulsu:

oy [T es wB(U 4 cos 8)
[-_] Qﬂ'"‘j; {L--i-ﬁﬂl! ﬂ}‘ L{B

e 'mnﬂv.:m-ﬂ . ) -
_Lr([+mﬁjl L'{E+ma}=

Hence

(EeNQ(=)=, .;1‘+‘ca;'a}* n{[t"f':: E‘f

; : 7> coy nfl vos n—18
it {EH—IIQ-(—] ""'-c_[; {C+cos F}I-Jl} (C +cos @)}

E e |




' un. w u mes -‘.}H Tcmamu. th‘.rmns! Fa R

{E“-I]Q--ﬁ {211+1}Q.-+r-+\__ )m(}r e T:::;} :-+ iﬂ

sin né sin 8

s-ro g
=IﬂGQ.. '

The same sequence equation as before, - Hatme it is nn!_v nmamu‘y ﬁml‘.hnr to ahuw Fs ;
that%Q,arethamnmthﬂtwum :

Now
g
Q=[] ;;Tﬂae
5' /\/C+1-2m1’a
; df
*,,AJ 5| I g v -
where 1.\'.-_.-"'.':':..
M= !
If C, 8 be eliminated between A’ and k’#EH;’[U-I-;S} there result the equations
2% g 12
b= +2' F=ii
Hence by the second quadrie tm__rmformatiaﬁ
F,=(14-F)F
and since : '
- N=2/R(14-F)
; Q0=3JPF'.
~Qu/a=Xv[" W : N
=-.1§ (2B — (4B ;
- Now '

Em NG -i’-‘?+ NE(N)

| a!{ & dk,m-mr-{-uﬂ}r}
MDCCCLXXXE, . 0 o0 o -lu FRTAL
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which on rednctmn 's.m'_l' substitution for T becomes

E(\ =l;—.,;,{}aE'-_—vr}

=0, ﬁ:ﬁi.{cﬂ'—zAJF'_;s{1+k"*1F'}

=L E-F)

and _ .
g (2=2).. By o ' oy
X Jr_,cF —E) =’/ |

We have in fact proved that

" a0 coa nfhdd
ma=(=—1p2 —————
gﬁ{mh w4+ sinh ﬁ,mhﬂj"i ’ ( ] J!: '\.—”’mﬂ-i‘ cos §
——— By means of the identity
EF +EF—FF'=]
or
. LT A
E—F=(;—EF)
(), can be expressed in the following manner, viz.:

(2n—2)

9 ﬂ.E .
Q=2 {wmor—i(op+ie )}
9. The following relations between P and Q functions will be useful in applications,
viz.: : :

@) P Q—PQu=gr

B) P.Q—-P.Q.=f _ L @
{?} - P’.Qrwﬂ- .HQ',,:{EI_I;-]-I} E

They are aaml:,r proved, for substlt.utmg for P,,; Qusy from their sequence equations
it follows that :



MR, W, M, HICKS ON Tunmmr. thmmm :

{25+1}[P¢+1Qu-P~Q3+I} IW_IHF Qn--l"' -—tQﬂl}
—PQ{:-Pu o) : :
=4{EF=F(F'—E)} :
=4EF4FE~FF)

=2

it \ i T
28(P,Qu—P, Q) =(210+1){Qu(P,,,~CP.) =P,(Qu ., — OQ, }}' :
—{2”+1}fP-+1Q PQIH]} : ¥

In a similar way () may also be proved, ;

10. As bearing on the question of the convergeney or dwargemcj of series ooctm'mg
in any investigation it will be important to consider the values of P.Q, when e 1.5 o
mﬁult,e Taking the expression for P,

P.={(C—8 cos 8)F df

it 18 clear at once that . £, ;i
P._+_1{{~G+E!}P.;-P, = s e r.-

Further since P, incr&ssa:ea with 1, :E is positive, hence P,,, >CP,

Also from
- » m s
Q.= : Batl
(C+Scosh 6) T
0 -3

i 1
Qua < ﬁ'qu*_

Also since (), decreases with u, ﬂ: is n.egative,' and therefore Q,_,>CQ, 3
Hence - o et
Pu]. Akl {P-Q-r

but tends to the ]m:ut. unity, so thut the series

EP Q. is dwargent.
But the series ;
: 2P,Q, cos ii(v4=) is mnvergeht] T £k !
except when v+ a=0, - jayc % i e & i Sl { i
: o ; AN K G LT
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 Fuither if '> (P, ), here standing for P(v), Q(u))

C+8
AV P!+]Q,Jr+1 < m-PIQ}l
Hence the series i
O L]

and is therefore -eonvergent. ‘Much mere-then is the series EP,Q’, cos u(v+a)
convergent. ' -
Again if W' <wu
; C+8.
F'-r+| ""'{-LT-l:ﬁP Q.

and as before, the series P, Q. cos n(v+«) is always convergent.
11. Both the functions P,.Q., except along the critical circle and axis respectively,

make ¢ finite, continuous, and single valued when « is integral. The first statement

has already been proved, the second follows from the way in which %, % are expres-

sible in terms of two successive P, or Qu, and the third is seen to be at once true by

integrating E round a cirenit I}riﬁg on amny tore u= constant, when Ijﬁdﬂ is seen to

vanish. - Now the space is a cyclic one. Hence the above functions are not suitable
for expressing any general conditions in the space without a tore, though they are
suitable for any given surface conditions whatever. '

Still keeping to physical analogies in order to obtain solutions suitable to this case,

- we will consider the potential due to a vortex ring or electric current along the critical

gircle. This would give eyclic functions, but also certain surface conditions. In any
particular cage then it will be necessary to take account of these surface conditions
by means of the P, or Q.. This potential is measured by the solid angle subtended
hy the rlng ' ' ' - .
The (solid angle) X s can be expressed in the form ;—c.s. denoting cos v, sin v,—

it . s CHe—Scosdp  dd
i!.pr v/ Zp gin v4/C ) FiPatp JO-Send

or

.Epwr-—.pk:’i%g{ : Uﬁ-ﬂi{ﬂs—:}.‘[ﬂvk}
. gl
| + e Nl
where : i £
ity e o . .
ﬂ‘_m "’-__ —2 48
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B "'bmhu+mu #-—mnhﬂm# &'ﬁ :
Asinv aln'v-i-lm.nh’u lm'i V’mhu—li.nhmﬁ-"

We shall dernute thu! b}' tba let-ter Aﬂ m tha.l:. th& anlld .-mgln vanes a.n ﬂy’ﬂ
SECTORIAL AND TESSERAL m&ﬂ'ﬂ,
12. The differentil equation which has to be considered in the general case is

H'—ﬂ‘-ﬁ : m‘nhni'#—'] ok ::'.- f"'} .- "-:."‘:

‘which in the case of mt-nna.l fum:t:on.a beuomm

'l ATEN. i IIH’ 4!131'1*“

-

In the rest of this paper wsnhiﬂ'caﬂﬂﬁmwder ﬁf the function andm t.lm m.nk e

Culling the solution of (7} ., we proceed to show how q:_, can® i:e expmmad in
terms of Yo, Y. :

Dropping the m for the 't.]mﬂ, naanme

=0

¢-.+.«~w ﬂu}+“;}"~'¢{u} o
Then writing {im’-l},-‘d.—.l, and n'u’hutifuting in tha bq.uu.tip.n wI::ui_:a]:ill;.'.«,'H mtinﬁea, : _.
mﬂhﬂg use of the- equahau for |,&. to express %, and fﬁ m“*:tarnia_ of W, and ;‘—f—lfuf;"wé:" FiLEy e

'l'l (ﬂ'+1}'ﬁlﬂ+sﬂ#z+] .. _ el :

{.._.[2“4.1} f+f"+gni¢ 2&&( )}+¢“{V+f-mi .- .-

-

'*-“““'““Lmﬂ'_'#_'e_'?t#“- S
f"—(ﬂn+1}f+ﬂa’¢‘— = ( )-a_-_ e
_:"{2“+1H'+%'"=0 o
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' H'wa try ¢_&S we aha.ll find t,]mt buth the equutmna

Frm (2 1) 20AC=0
2f'—2nAS=0

can 'he.ﬂétiaﬁed simultaneously if f=aAC.
Henee, whatever X be, the equation

. |—A(”U¢' +S(hh)
holds.
Agmn we may 11&0 detel mine f, ¢, =0 thaL
v, -r-lhf 1ok i

In this case the equations fur_,!"and ¢ are

A=) 2= ,,HL")-‘-n
A =(2n—=1)d42f" =0

which are satisfied by $=BS, Sf= —uBC.

Hence, t,_. —B{--ﬂCg& +-5,) .

The toroidal functions themselves are o .,/’R,\ and 'I.he two particular mtegmlﬂ are
npre»enpod by Pug Q... For these functions the above egyuations hecome

Pows =A{28F 4 (2041 }'UP.-.»-. }
P..,,._.-‘H,{ ZEP . —(2n—=1)CP..}

“~and-similar-equations for the Q -

Since the solutions P, of the differential equation are multiplied 'hjr an arbitrary
constant, we may, when ‘we confine ourselves to one of the above equationsfput A or
B=1,and after solving the equation of mixed differences multiply the result by an

- arbitrary constant. But if we wish to combine both formul® 80 s to eliminate the
differential co-efficient in them, then the P-in both must be the same, and a relation
will hold between A and B. This we proceed to find. Dropping the (m) as unneces-
sary, write’ ' ,

-

A ANt : Pl=ﬂn-1{23?:-1""(2”_”01)#-];
and substitute therein ! i
L P,_,=B,{28P,—(2a—1)CP,}

‘Whence : |




———— whmh sinee

hecomes

Hence
It we choose

then

these conditions are satisfied, and the fommlm agraa mt.h t-h-:ma fmmﬁ im' ﬂm zuml
ﬂum'hn-u when m-l‘.} Hﬂ!lm

e

From this there follows at onee the saqu:l;rm;g acju.u.t_ic:‘n :

(2m+ 2“';:1:']?“1.1;-.4’@015 u:-‘i'-fiﬂ;" 1= 2"-"}1’%-1=ﬂ i L

In this write

|

Then

whenee, if

&

and a,,, «,,_ are the same fnnehuua ofc.,,,,, &r:., as,u., a..., nre Dfﬂ

e P

~

.I P.={imi....(mn.,.1}i; Jl......B.l"_

?.SP “,—{2m+ﬁu+ VP, —(2a+1)CP,,,

Irn+ P’i"‘iﬂT" e

w—-l"E r‘:m+“_”{2m__“+” SR ey

1 .

. 1'{1:2{}?:—-“}""1 PET e .”"-3'-.-".-

e ¥ o

+1]P*"1+{2“"1]CPM}. .F

B

u,.",--ﬂmim+ 3 “{h 3] -u--:—ﬂ e

fﬂﬂ —ﬁ}{ﬁﬂ *1} ;

ki A

Fie .?‘Hn—l
-im-l-ﬁﬂ-l}{hﬂ-lﬂ—.?} {Em+__;-}“'f-~ :

(2n— 1_}*—«.-

! e is I it e
ﬂ. gg 1 im : L -.. -.-.--... #
M «muhlr—I s A

‘ ¥

e '_z.g
. Fmﬁwﬂfﬂmﬂ-—m g
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and t.mml functmns of the first order and same rank. In the same way as was
_proved in the case of zonal functions, it may be shown that

m..!u ]Qu..ﬂ. Pn_lq-n.u+1

{2:1-—1-2»1-}[2:1.-3 2m} 247} -
T (2n+142m)(2n—1+2m) . . (3+2m}{P"1Q"-° PusQui) - - (29)

also that
(2'“‘_1-_ E‘Iﬂ-} {1 —3m) P, Q-t.n_tl-r ().,

(30)

13. In the same way as relations have been found betwéen successive orders of
toroidal functions, relations may be found between successive ranks.
Not putting the order n in evidence, write

' L I:ﬁbw+ ',
Proceeding us before it will be found that £, ¢ must su.tisfy the equat:iom; '

w41, dmi=1C 1
=i f —=— ¢+2(1+ i }tb—u L
= .Er.lr.+|¢+2! =0 [
J .
which are satistied by
‘ $=A, f=—"0AL

leading to the relations _
- Pn+I=A-(P’n_ mlgPu)
-

“In precisely thnu'mu_ manner it may be shown that

P.,= B,(P'.,—Fm;—JP.)'

'-m-d that .
. — +
- #'I_;‘-+1=w-[2m+1ji
If we put :
2
5 A._23+2lﬂ-+1

. o

: / . B.= In—=2m+1



FI]]J.I..IF tnI.'IE“ . . e i i R =5 '. . : 3 : | LR iz
25_1?__,: _IEMGP.,.-l-..I:E-H-f 1""'2“]&?’4'-1;@. 3| i : _ ._ i 3 J

from which the sequence equation follows at once -
(2m+2041)SP,, 4 4mCPu+(2m—20—1)SPuy=0. . . . (32)

I we write in this ) RECRES o
P= :\___ An(2m=2) L 42 (ﬂ.)"“' T i et S O g A
T ZmA T+ 2a)(Zm—1420) .., (T4 2a)\S o e

“then e
=1 =
i‘”*1+3“‘+r{2m-r:}'—1 ( \]“"“"1-:0 3
By combining the formule {26} and (31) it is also poﬂmble to obtain mtataunu between
order and mank together. For instance, froin the hm-t al’ equat.lml (2&} and the mond

of equation (31), we et —

-{Em+2“+leaJ+[—{g“+lmP!.l+ﬂsP - - Gy e r.
) ,_{ﬂu-*-”CP‘-_—EML.T"+{E;1+1-__‘m}SP-_“ Sl g & !_-:.. £
. . —{'2n+1—2m}[CP..,.+SP._1 ‘} : e e

with three other relations.

The four formule are
o

(16a, 31a). ...._______P__,n]... P“..B_P““_ﬂ )

%\lﬂl (204 142m) Poyyy—=(20+1—=2m)(CPuy+8Pu,)=0  ~
. (268.%1a). (2m+1=2n)(Puscy—CPus) =(2m+1+20)8P0 =0 - A

{263 313} (2Zm+1—2n) P.._1+{m—1+:au)cP.,.+{2m—1-2.:}3}*.,_,,,..0 i

We arp tmw ina pomtmn to reduce still further the. rulat]cma («2’5.}. '[3“]
For put.t.mg n=0 in t]u; m:d of (32&} '

i (2m+ 1}1’.,1--—(21“-1}{9f.ﬂ+sp._w;r
whenee
{E’m + 1 HPi-]Q-.u e ._.;,QM} -- {Eﬂt'— 1}8 [P-.nQ-l.u"‘

II‘—I.!]QHI.L]
nmuxx! i
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- But (32} :
; (2m— l}SP.J,— —(2m— B}SP._M—:t{m- I}G‘P.._] 0.

.'Thﬁl‘ﬁfﬂl'e the above

=8{P14Qe0—=PyQus} |
But h'om the firat nf {32a)

smrmqm—mm-rum PuQu=2r
Hence : \
(2u—=1—=20)(2n—3=2m) . . . (1=2m}
P Qua— “*‘Q'-'”_g (@ 1+ 2m)(2n—1+2m) . .. (L+2m) "
and v )
PuQiu=P, :*.'={2:a—l-2m}...ft—!!rn}_-ur :

(Zu+142m) ... (142m) 8

In the same way, or by substituting in P'.,Q..—P..Q'.. the first of (26) or the
first Df{EI} there fo]]u‘l.\rs

™, l+|QJ| i Pll !Qﬂ -H-l—'ﬁu- il JQH _ljbr.HQ-+|.v:|

14. From the formulie now developed it is possible to find the complete integral of

———the general differential equation. But as in applications the co-eflicients are deter-

mined in terms of definite integrals it will be well also to consider the solutions from a
different point of view. If any potential function be expanded in a series of multiple
sines and cosines of #, w, multiplied by +/C—¢, we know that the co-efficients must
be of the form AP4BQ. Now such a funetion is the inverse distance of any poini

‘from a fixed point. Let us chgose as fixed point, to simplify the expression as much

as possible, a point on the axis of # within the critical circle, say (v".7.0). Then the

-distance of (w.v.w) from this is

LT e {Cﬂ+c ESumw}"

VT
HE'?{’E"E,{ (U0 +¢— 59 cos )
will be of the form AP..+BQ.. Further, fcrrpumta within the tore u’ (i.e., u> )
A=0, whilst for points without, and therefore mcludmg the axis (u<u’), E 0.
- Hence

be expanded in a series, the coefficient of cos mmw cos ny

FLE L . ool N AbK Hedibds .
JL +1fu [n v‘rﬁf# cua s-ﬁﬂ.‘mw}*ﬁfn,r or BQ...,

; n.mordmg am wSi'

Now if -the fixed pr:rmt. be on the eritical circle B is alwnys equal ta:r ‘zero and

'ic_a_m}

[}




We have already found that' - A BT
- e a W " ERmRa
' P, S-_T.e'ﬂ
- _ _ : J (C—Secoso} T

we are therefore led to expeet that in general b

. cos mﬂdﬂ
: i P._.;ﬂ H._H-T H
o . o . {(.-#E p@ﬂza} T
“hlnh ean enml_',r be'shown to be. the case, i
By mkmg the fixed point at t]:ue ongm.*ii!e hﬂa

. g

-

nA : 'BA Q 1 F Fmﬂmanrdmd'.u :
: Jc | i .:'\.
Here B=0 unless m:ﬂ, and ﬂ'l-ﬂ'ﬂ vE \ ‘ | oy %

- Qu.-:[' ,,n:““"""&‘”

- sl

an expmmmn whitch hu.a‘beun aer&dJ fquml : i e :

. These expressions as single definite mtegm.ls are a]rendy knmtp ha mlutmm uf
the differential equations, and are given by Heve in his' ‘Kug‘e‘lﬁnutmnm:’ i Thay
may casily be proved directly, and connected with the values found nlneady by the
sequence equations, and tha values. for Py, P ﬂtﬁ. Thuﬂ wntmg

s = -t
] {73 Eﬂ*ﬁﬂﬂl

the integral is mly ki 5 mtnfy equam 112}, a tha un]y furthar m‘nd

requmlte in thnt A shall b& r:‘huaen au an ta mti?m lt. ngreié wlth P P
How ) g
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. Hence | .
s " mmﬂd’&
A=1 [I,'n[l Plr:u S ke e
' (C—Scoadl) 't

Hal:unung to the general mt&gml since u, anter sjmmetnmlly, and sinece if
uzn', w'Su, it follows that

- €08 mar 008 e e ’ )
! Y= e LB Qs o L Qe

according a8 uSu’, whem L is independent of u or u' ‘Hence L may be dﬂj,enﬁilled
by giving- particular values to » or ', Sl.lppvl?ﬂl: u’lnt. the origin then

J"I" b0k #ilw cos nedindy

————

LQ,,.m hm

To find thB 't’ﬂlﬂﬁ of this axpa.m:l the expressions under the mtagmlr! in ascending
——powers of 8'; which is -ultimately to vapish.
Then if _
p<mn _rma mi cos” wdw=0 "
0 . -

p=m rcﬁa_-mtc cos™ wdw= -;i
o : .

p>m  the integral is finite =1 (say)

[Lommo] et Lo (50w Yy )

—'i—irmmﬂ(ﬁ.q mﬂ+...)-

LQu=lim e

k o, = C0, ﬂfﬂ-‘ m [l-‘x}-l =1-3:5 ' ,’iﬂm—]}
ﬁ.-= " = 5 {1 —:E:Ih" {231‘1}{2‘“-?3;’“ |:23|1-+2jm.- l_}

‘ o s i cos widy

LQ..= S"‘ T ]

{G— cos ) %




Qll --—Hs’ __ﬁ-lr]

Jo (G- oon9) 3

where M |s sume mnst:mt dﬂpundmg on nLi. T]_1iu' Hu"__'ﬁﬁw.' mbﬁ .fi:l:l.il.!l.ti:'. IF :p;:d':_f.
write : : ; S R LS

it is BBHI]]’ shown thut

(2041 --s.rm}U.,.ﬂ— 4nCU, .+[§u—1 +2m}U._._1_u :

24 2p—1 i+ 1 5 1
NU.,= fq o 12,;; ﬁ_;’mi Q..
Henee
{zu_n__— _1 j 1:9 {‘?m+ 1) M
. H—m - (L—=2m)
and ) :
NS"' — l_hl i
Qu= 5[&- mwf“'
where N is a funchqn of m n:.nl_!,T i
Here again t]'.ua is found to satisfy - : ; s el
{'3ﬂ1+1]%+|o*4=iim-n+(ﬂm—1}BQu-m"—'ﬂ FiET % _

which agrees with (32) if : e R A B
‘N= ( }"N P

wll...l
%—Nf;;?:-w L

But from ilue km:-wn value nf QM we nee thu.t H‘" !}v’i\ Henua

: B :|- (il M}
.Q" ﬁ mu-1+2-m}




"53'3 '_'-"".._-'_"" TNRWE MG ITI’CKH OF TDRDID.’LL FUNCTIGNS

e

Ma. ; i
i 145 ... (2 =1) ,Ba=1+2m).. {..'?m_+1].
_ =l }k"”_{zu L 2 Bn— B 2mi) . .. {EJH-I} (En—=1=2m)...(1=2m) ..
=\4”2L.:* : {my} .

Since the distance between two points is

V27100 — on (=)= o po—u) 1
[

It follows thet the potential for a unit puint at {u'.i*’. w') is

: = v {L—{}{L —c’)2EL,,P. Qe Loos n(v—1") cos m(tr.r—u'} '
for points nutsnda the tore u’; whilst for points inside, it is . L. (35)

b= ;]; V(C=e)[C—=¢)22L, P, Q. .co8 n{v—1) cos m(w—uw')

———where, when m=0 or n=0, half the above value for L., must be taken.
When v=0 P,.,=0 except when m=0 when Pu_.,—wr, which agrees with the
value found in section I1.
Also P, behaves in a similar way to P, for increasing n, whilst P, }P . when
o is ]mge as is clear at once from the integral expression for P_.
. Also since | _ t
T Qs *‘S ettt
: glC—con )%

-it is elear that when =1 Q_,_{] for all values of m.n. Also L;' bfhmres as Q
for i increasing n.

Iv.
T'U'IIES WITH NO CENTRAL GE'ENJI‘I'G

> 15. In th& case where the hole of a tore vanishes the functions Iut.hertu considered

- become nugatory. In this -case we must have recourse to the co- ordinates already

referred toin (8). It is not here intended to develop the theory with the fulness of
tha geneml cuse. The functional differential equntlun ]ms begn shown tn he

:F\? Sl 4:!1 -1 3
g~ TR, o o ..

e ]
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In t.lua wntﬁ ¢|— »,f-uG when :' 3 :“
P61 dG o IRl
oo aetim G-_;:-':_*f.“

the equation of c:,rimdrm lmrmnmm {Bmgmt.s iuuqtmnn} wnt.h mmgmary urgumenﬁ,
Let G.H be the two particular mtﬂgrulu aormapundmg tu t.he r:_',rhud.nc fum#mn J Y i
of the first and second kind,;: Thﬂn s :

a __/"r' .[ﬂu}—J .{nuf}
// - Huo(nu)=Y . [nui)
And the potential ﬁlnctmn can be expressed in the furm

STk i

Many of ﬂ]a properties of these funclidns ®an be at once wnt-tﬁn dtlwn :ﬁ:um' ﬂm
- -dunlogous pmpert.ms of J.Y, Thus o
[
wwhih

__;':"H]‘ “'Iu!
Gu(mu)=57-7 2m{1 +om +3+z4{.am+°;(;m+4}+ }

=Irmﬁ I::ii;ﬂ.l]‘.l ﬂ—-mﬂ}dﬂ .
Wy .l e eyl

{reae)=
=55 e zm_ - Tr (o {u., CoB E] sin ﬂcm
&e,
So ulso b
f(r..
r‘}__ _mG !‘Gn*] -\J

o= ._]—m'GI'r
aund . : i
e G‘_'_!"'—'giu .+G.\_1—--D
A : ; E3i
which equat.mna tha H also satisfy. . ; ; s At
The sequence equation has been solved by LOHHELL, 50 88 tvu !u.l']y axprm G 4
and H, in terms of G,, G, H, H, But in any particular cise whm the values are

required it is best to caleulate uuuoeaawaly by means of t.lw sequence aqun.tmn dmact. R,
In the space within & tore # can become infinite, viz. : at’ t_Jle origin, a.nd is nrmar

zero ; t]ua is evident from tlmﬂ]umm e s i :
L F‘+*"  Derpan g A
qﬂwduunﬁhrdhnmlmm“hmm lLir % A T
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=5 LL .; i e _._._. T

'.:. ”' 'Wltfmut lt ma.;,r bet:nme #ET0, a]nng t.lle axis but. |nﬁ:||tu nowhc.m iurr as it uppmm:lms £
ﬂm ﬂng'm it st a.ppmmla it finite. limit which depends on the circle along which it
imioves, Nﬁwwwhun s infinite, G is infinite, " Hence the G fanctions belong to spice

-~ outside 4 tore. ‘We dre led to conclude that the H functions belong to space within,
" This may be proved as follows : Amongst many integral expressions known for Y, one
-~ is given by Huove,® vie.: " R O I AP

) Thm Etlfgmtﬂ ": - B L -
S AT e A] R X
T]:na. is m.ull}r \wjmacl iI'Ql auhat.ltut.mg in lhu differential equation it lus o 'h:

. .‘,houu t}mt e

~

{ ' {iﬁnhf o= cosh B)e= = 4dB=0

whicl, on mtcgmtmg tlm first term by parts follows at once, l'mm this form we
guth-,: that ) : :
i AR Rt O N swhen =0 H,,,: ilfl=eo
- : L (1

=,

»

n=co Hi=0

- whenee H, is" “the p:‘upm function Tor space within n tore.  From the sequence
u[unt.mu this is seen to u|rpl}' also. to the H,, in guleml o

V.

A

EXAMPLES AND APPLICATIONS.

In this section I propose to give a few examples of the applieation of the foreguing
theory, to the solution of physical pruhlermn.

16. Potential of a ring whose axis is the same as Mc eritical cirele,

Let 2" be its distance from the plane of the eritical cirele, b its radius, o', ¢ ile
dipolar co-ordinates. .

-Then the pntent.ml is 0
ﬂpbj' v’l{x T+ '+ b —2hp cos 0
~ This ﬂx[muded tukes the form

V{:-—Tﬂz.&.l’,m.ﬂ I:u'r-]-{u.} )

- for points outside the tore u',

* ¢ Kugolfonctionen,” p. 181,




R o R R g R P

F-:rr a pnmt on- thr
ﬂwv"l—:g

mr.l mf ‘1—1.!&&,. m&_(w»l—n} ;'
It wnll thz-wfnm l:o mare.- n-qmement f:p t!etaennma ths j..., nr... fmm ‘thll!hrtnphﬁed :
ease, ik
Tt is clear ﬂm.t t {ﬂ'—an-uv-—: }' c-m bﬂ expanded in a series . t:rf poWerﬂ uf ooarmm
- of (r—1') and thérﬂfure cf multiples of the same. T
Huwﬂ ' 4
,.;n.,:—uv
nml
Eﬂﬂ'
: LT ma}“‘n"m"ﬂ
Therefore
_.uﬁ WHu&fﬂ_ FI SR LS e e
T2l Tt T e S NEEENET AN
=4u8Q. ' e B
ehmQ T e

Tlence i gant‘m‘l’tht"pi‘}‘trrirﬁd‘fﬁrpni‘ntu ontside the tore v’ is

= e mu{v-w}—-mqol el g

But

- '2 y e

C-u.msequenﬂy the potential for points 'mthm ﬂm tore u’ is '_ g ; ...h' ' _ : VE e 15: ;

o

o= ){}.P.ﬂ,cm n{v—v‘} 4? q_,,t SRl e
Roth these series have been slmwn to be convargent _ i : gl
thf.be the whole mass of the ring - A L |'_ Fp,

e TR EC g T HHE"‘!‘F—EH’FL"HH . :

It follows as a i:ﬂmlla.ly tha.t. tha putenl;ml ﬂm: A mass H on t.he axk is, for a]i pmnt.n_ i
not un thu axis, '

2“*" “‘“vr{x.,umnw-v;—iﬁ:i ran

Also, putting M at 04" md —H—at IL—vu and mnkmg ¥ mro anl:l ]l[ mﬁmte t.he
potential f'ur n umfann field nf furca pam.l]&l to uxu} is -_--._'_f; S o
. I v‘c-riquuslnml B RN

an.'dc'nk_x_xl, 15} -t 0.
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7. Eiéf tric pfn‘em#m! of atore and its w:pm ity. :
o Let Vile the constant put.ﬂnt.ml of t.he tore (). Then (A,, e} fanst be detemmed
5 ﬂmt :
d=,/C —eE AP, cos n(v4a.)

.muy-'_-V for all values of v when u=1’.
Hence «,=0 and

AP =gV _cos i
fA.P._m[w,u,._mﬂ
p =2./IVQ’.
and ) ’
mAP=/2VQ, _
I#-V; -,,/L- { ,1,Pcmnu+Q"P} R £ ]
- This series is easily seen to be punve-.rgem:, since {S 10) it is less-than X :i?:: i' .

wherra C48<048,
To find the ¢apacity of the ring we must take the surface integral uf' o ‘?‘?‘ over it
| t]enntmg the capacity, :
: b d
1= v J zﬂpn’s d’i‘m d'u
. i_ r {BJC_P+V}L_-¢ ]- mﬂ:wdt
or dropping the dashes, and writing

; dPy 2n4l

e = 25 [P“”_.GP"}
_Evrﬁﬁ% 2ﬂ-+1 2 ood ur
S 7= r{ "'f“ 25 ( f c) «,,}'l.,—.:'II
Now . - . J )
[ E=viQ
and _ i | _ e
o - : d'Q. on+1 ;
s . i du 25 {Q“l m} o Cesns .
s e bt
e b Rty
3 q=.52{zn+1}{P__,,,Q“-P,q__ﬂj.g:

s .=dq':£|_%:+.ﬂu%by(2ld} Redeigs o e 40)
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Th:a exprenmun for the mpaclt:,rm an mﬁnite sanm s more mnvergarrt. ﬁmn Ea"“‘ i
When the section uf tlw nng ‘is not verjr larga mmp@rﬂd WIth thﬂ m nri'm;
mrculnr axis, : : & P

i

(g"+2ui') very rmrly"'
4 E:‘E' . 3 ¥ i S : :
or et 2“( +2 i ) CEQW R .- i e . {40&} L

where

Measured in terms of the m]nmt.}‘ of a sphara whose radius 1 13 e_%al toa t:,mga
from the centre to the tore, the capacity is

EF

When R=3r the omission of tl'le term dapendmg s:m = mtrodum an error of nbnut

27 per cent.
& uy be e_lrpra-;sﬁd l.ﬁ terms of the ﬂ.ng]c subtended at the centre ].r:f the ture vm.
if’ this angle be 2=, -

1+cosa 2
A £
e e
.L_wt.a.lzl.2

When P
k' =sin 3° (about r_?gR} — e ?33xmmmtj ui' nbuva sp]mm AL
 K'=sin 6° (about »= } 11; =898 . '

18. We may find the putentml alio: fnr the e]mtnmtjr mduued on a tore, put tn
earth, by a charged circular wire with the same axis as the tum. Fcrr ﬂlﬁ pﬂﬁnhnl

of the wire (', v') for points within (') is (36b) = -~ = = : i ot
A w= o, mntu—ﬂ-sﬁ'm el :

- whilst thut, for pumta uutmde the tore (u;) due t.o thu c]mrge mduced on 1t s

¢g= v’( —cEA P cos ﬂ{v—u,]

* T’h:ea.tptmmnglminthu Prhwadmg- :mmrm;t e i f

sty
b

= (ke F
B e o
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“and ﬂle oonﬂltmrnmt}mt wl-mn =ty ¢,+q&,_n e s ;

e o=t APtr “"“P Q"” pee aﬂr’%w—‘ﬁ UQ"
Whencu 3
i ----Jr::z{zl.,{rw-@P}mn(u-m,..tm —@ue)} L ()

and the gem:ru.l so]utiun when the tore is insulated and has a charge of its own is

found by adding the potential found in the last article.

Also if the section of the wire be very small we can find the capucity of the system

" approximately, by EIIPFDBIIIE' the wire to colncide iuth one of the erllupotelltnl sirfaces
near it.

. 1%, As an example of the use of tesseral functions with constant surface ﬂﬂlldlt.lr)nu,
we will take the problem of the electrical induction on a tore under the influence of «
point arbitrarily placed. We lose no generality by supposing it in the plane of (uz) ;
let then its co-ordinates be (u”.¢".0). The potential due to this for points \nﬂun o'
lius been found at the end of Saetlﬂ‘n 1L, iz,

$=t /TG00 ST P Qs 008 a0 008 1{v—1')

As before, the potential of the induced charge will be of the form
'{p: VU=cEA, L. cos mw cos (v —1r)
and (the tore being u,) |
AP == VL Q.

T gl U S (P Qua— QP chwmn{v—a} (42)

When t.ha p-uint is on the axis, all these terms vanish (§ 14) except for m=0.

If necessary, alst, the Capacity of a tore and a verj. small sphere can be found
appmmmat.eljr from these formulee.

20. One more uxnmPIe illustrating the application to cases of differential surfuce
conditions may be given. Take the ense of - tore- moving parallel to its axis ﬂlmugh '
an infinite fluid. with velocity V. = Here the conditions are that if ¢ be the velocity
pdtenhnl for fluid rnuwng past it, o .

¢!=—‘-’#_+-#1
-~ and ' '

E:D vfﬁe.n U=ty




._‘ er.;; ,,!,nQ,,ammr

To ‘determine w we notice thnt at the cr:tu:ml mmla1{ua everywhnre on 'h]lﬁ plane

ool xy) ] d¢d R A
| g SRt
-:in e =¥

L Taking a point outside the antmal cms'la

a v e /
s L

Tlm casiest way to mlculam: tlus is to make the [wmt- nppmucfh the l:lnt:ml clrr-ie

i, =g, when~-

—V=&ﬁm{0—1]’ﬁh : .

== £ lim (U-—I} rmﬂ}' i _. ¥ e “ :f

which gives the theorem
S Q"_ [L—l} *—* ; cosech? ; .
Hence g

.g,_ﬂdﬁ_‘.f‘,/(,._gz(ﬁ 1‘ sin i i,—u..j—n](.}. sin.'aw} =

whené ?5-—0 when u=1i for all va.lues of o Tha terms in cos ny "wuuld merﬂ]y

increase ¢ by the series for a constant, we may thereﬁu@ wit.]u:-ut lmsat' genemht:.r
put u‘_ﬂ and then usmg duahnd Iat.tam t.o denut.e dlﬁ'mntml co-eﬁctent&, ;

4/2 aV du |2y/C=er "
=0 whan u-ua

i v =2 -nmwe cm.P .-uq.:} s o

" ok i e R i
L R

- E{S@,P W@}Hm—ﬁ}{ﬁ P-'r _*nqr ” ﬂm. H!J‘_ﬂ hI‘¢ ,V'H*




.""E'-:i:"-'.' e MR, W, 3, 'ﬁmn:s ON TOROIDAL FUNCTIONS. ;
Now it is. i';sil_v,t shown that
e B f’;+1+P'._.—{SP.+ECP’.};u
with p_,. similar formula for _Q.:, we ma¥ hience wz_*jté the above equation
(Aniy —A*"]P '-41_.(*‘1!_ An—l}P’»-|=Q"g+|"'Q'~-1
- with initial equation
: (A—A I.]'P:ﬂ__ A1P'u= Q=~Q,

To get a first integral of this write the suceessive equations in order, multlply those
containing P, P, by I, and add, we get

'.A‘-rﬂ-ﬂL )P +|P --& P P —P Q +1""P]Q +‘.A-I{Per‘r¢|_P'r+|qir}

=@ P e

— {?‘LTI _‘ULJ'I 0 . ul
lrfnl ]Jd.luuﬂ + 'l l.l"lrﬁl
' &
- Put
. . W
{"ﬂ"lp —Q I]Pru=1._:'3-s 3

a__
[

1"
then since

L i s .
T=zlw V=Pl )

e
-‘1~+1_-""*~—""-f+1+_¢ +l{ w1 =)

— (e + 1 o),y — (0 e, }

J.:Hl
- Hence
{u+l}=+u rta _1ta
Aun—A= Ingl L2 G By
and
f__ 1) +a .
A.¢+| Zu+1 -4]""23147, 1 —ary

A, is undetérmined to the extent of a; but since the velocity potential must-be
finite everywhere, @ must be chosen so that the series AP, (1) shall be convergent.
It will first be necessary to prove that A, is finite when n is large ; « must then be
chosen so that A, vanishes for n infinite, and lastly, it will remain to show that with
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this !mlua of a the series EA.P. {u} F qqnwrgent, ﬁ'nm whmh tlm ﬁqurgénqr of lfr
~ will flow’ at onee, Now Pt e

o g cq._-j--"--'
ST ?’“u EoU T

q,,' 00 S

hp"‘ el % "
Ea:'-r: Q-J Ly L

S J e
¥

~Both the series on the right are finite, hence so also are —E x a‘.ml x, ::;Hl.t,. and

A, tends to a finite limit with increasing n. It is therefore pmalbla to gura a8 mlua' A

which shull make this limit zero. It is gwen by

wr'+a: :
22141‘ [ ma_ﬂ
whenee ' ; : 7
) = gl ok k¥ 1 :
A= “":. zs,i;—“lm, LRSSy {43}

Lastly it remaing to consider the mnvatgﬂmj of thﬂ series Eﬁ. P [u} Whnn 0 :a _' i £

very large —A,.l tends to the limit -—@-:li:-a

&,y which is

{HJL_=(Q-~:_.;;Q-)

(In+ 1) 5T

=] 4\—]

- Also since w<u, P (u) <P, Hence the Qarins under cmidmﬁuh- is

{;’E{;f;}{q,_',r GQMI }

j [y

The sum of the first set Df terms i in -:‘.{G"-Q}’Eu +'Q=-g, Imd nf' t]ua mnd seb s b

-

211.1

e g =
"JEH- Qi both of thmea.ruﬁmta. Hanua t.he st EA P,.mﬁmte a.ud ﬂ

fartwu the sum AP, (u) sin siv,

Finally then the velocity potential for fluid umt,mn due to a tum mmmg pa.m]loi to
itself through a fluid at rest at mﬁmty is. : ;

¢= “"V’“v,ﬂfa A'P,mnm: SRR A
whm .A mgwen b;,r (43] umi :
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e it - - lﬂ . Q‘rr
e I e e R _Hu-{.a-l v,

L ="

Q5 -
3'“+ ﬂil 'I'?_ T"

and :arhare'P‘ Q. stand for r{"n)' !f?;:lh.:l
l) L

We may now find tlne efiergy nr[' the fluid motion. This is, the density of the fluid
being umt.jr -
' ‘:'g-" _ - dw’ d

o e " Vin .
and

: = Dy Vgi — r}"'ﬁdﬂ

=—8,/20VI'EA Pf “‘“"”'“‘""a

e Al e T

‘/"{ -_
But
2 C08 Wi
.‘n '&E;ifl!':ﬂ‘v}JQu
. . ivd d 1
= ST==F @VSIAP, ¢ Q@)
But

Qfd—l_Q’-Hl: —2a80),

) 123«’\"82 APQ, L ()

which is more mnvergent than the series for ¢.

In a similar manner may be found the velocity pnt.ernt.m] Fm any motion of trans-
lntlnn or the magnetisin induced in a uniform field of force,
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on-a tore f'urthaat. fmm the axis to that at a pomt. nearest tha a:m. The pnbentiﬁ] Z BELL
e to the distribution of a]ecmm.t.y on the tore is gwen I:n}r {39] Tha nb.'mnl fnrnu ARG
at any point of the tore is T

hﬁhu ﬂ_—jbﬁ it e T
bﬂ-hkﬁ_ﬂ A B T

whilst for points furthest from the axis u=u’ =0, and fur pumts nearést u_ .r
r=w. -Putting these in, remembering that 28dP, fdu-{2n+l}{P.,1-CP,} -and:
(2041)(P,s1Q.—P.Q,.1)=2m, it is easily shown that the above ratio is

p+q G%_;+%f; )—HQﬁQg.ﬂﬂ+nq ruQ.
S 2'(21* +p +1: )+HQ{=—Q:J—2{0-1}211Q,

If the first 5 sequence Equatlunh. in ) be added together there results
O =1)EnQ, = (21 41)(Quui— Q) +Q—Q,

whence 4(C—1)Za(), Q,, Q,, ' s
Further, putting { 7Q.=1q., the sequence m}u&tmn for ¢ is

(2n+ ll'f +1+4"C'vu+{2n—1}qw.~—0
whence as before

'u{t,_'+1}sr)»nq;4{{:+1}£-;,q“_—;q1_;!,,=' ~@+Q)

l'mul]} then the ratic of the densities is

=
(1+A 3P +£l l;__
-
'P +EI.P

If terms higher than P, be neglected this is

m-ﬂr
(1-—;.: E+2k’F

I have not been abla to find a hl:llt& expteaaluu for ElfP and 2[—] I.I'IE" but vrhah 5 :-;'-_ -*
the ratio of r to R is \TEI'_F umu]I the first two terms are auibment In uny ut’bar case i R
O 9 Ly : :

Ty o |
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. We can mﬂﬂj‘ find the limits of error produced by nuglectmg terms nﬂar a given one,
: T'hua suppmun]laﬂ:ar P, bﬂ neglected, then § 10

111'1

. R }L‘ S ]‘*—L{tll'ﬂ'-l
| whenee it follows that '
1 ! S T | a1
: R At T o

Similarly it may be shown that, » lbeing odd -

Boo1— =2
Ea(=)/P, ey =y

24 (1 K1
"1+¢'t{ 1" 1—&-'*}1-,

For the two cases of K'= sin 3% and kF'=sin 6° (corresponding very nearly to R=10»
and 5 respectively) the ratios are 5171 and *2636.

The ratio of the velocity of the fluid at the centre of a tore to that of the tum itself
when it moves without eycli¢ motion, parallel to its axis, is {.'aﬂ.l‘ﬂl} found.  The point is

- given by u=0 v=w which mukes P,=mn. - The velocity of the Huid =':'h b

¢ ol
=

=ﬂ‘:}" V’T_*Eru A, ?:I'['-'-}"

therefore ratio =—165(—)"uA, -

In the table below are given the values in t.u.r,u coses of a, A A, T (the effective
mass of the fluid measured in terms of the fluid displaced), and V' , the ratio of the
velocity at the centre, to that at an infivite distance when the tore is held at rest in

the stream.
| T | -
3 | a ! A, { A,y T 1 v |
a 1
win §° ! L ) | L L] e LT k BTN . JRIEELTH
sin 60| —0l868 | ~ 00871 —00007 | 10D 113712
1 _ y I |

Suppose the tore held in a uniform field of electric force |m1j.el to its axis, The

potential of the field is ;
Bl qﬁﬂrﬂ

P P g’{C—c}EnQ. sin 1w




The density at any point of th_a _tt'nria s
. o=y Aty iﬁ{ Py ‘%} sl

.-FV’"{C—c}IE--- sin we _ gl s e

Now at the points where ‘the mculutmg plntm tuuuhea the tom ==: nnd p-..R
wlhenee

C—c=Ssore=1/C. =8 '_ 3

The greatest density on a £|.]:-h+mr[ei similarly ii:ﬂu_.ﬂiﬂed is ;: T.Ile ratio Eg.t_hgi_uj'_:.:-. 3 '3 -

=0 t:pg"‘@w,"'} R T TR

The value of this ratio for the cases already: considered are

for .l"="'si11'_3".'; 675 e b Sl e
wRmsn ey

When the uhm;tmn of tlw u!acl.l i ﬁehl is p-f-rpcmlmu]nr to ﬂw mns lla pot.cntuﬂ Iﬁ ot :

—_——

:w . -. i i -- a
‘ﬁ'l—FF“m"':‘Fh 'L"' : I R bR T

1S -'1-.1-.

Hence clearly the functions for tlm expmmnn of i.hla are t.'lm tm&emi fhuctmns P,.., oy
Q; ., and the mnd;tmna since the put.eni:::d Imlda for. upime uutandﬂ t}m t.qre a.m t}u;t
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Hence :
A F,.+2,msj';{ Cdv=0
or T

ﬂ&,P‘l_.—dpn&i{Q'“_.JEI=ﬂ
and
A=l02 2{m+1]}m W M=CQ)
But

. . 5
A= Eﬁ;{q o =CQ5)
From the first of (32a)

SP,.=P,,.;—CP,, =21

S “;';'{Pn.u:' .

~ which enables us to write the above in several ways. As before, the densities of
electricity induced at points (#".0.0} and (v".7.0) are easily found.]




Xv. Polﬂcnnthus Foxii, n {m-qrc uﬂdm'n'bfd ,Dmmw ﬁ'om the Weﬂh’m FEH mnhon:.:
in the Isle of Wight. e i L

By J,_‘W'. Huike, FRS,

Reeeived January 3, —Rend January 27, 1894,
[PraTes 70-76.]

For the opportunity of studying the remains described in this note I am indebted to = -
the courtesy of the Rev. W. Fox, of Brixton, [sle of Wight, who last autuinm gave ;
me free access to his rich collection of fossils obtained in that |um]lt.}r Py

Much shattered by being very hastily dug out, and since much damaged by t-haf e
accidental breakages and the dissociations searcely avoidable in the ahsence ol
suitable place for their safe-keeping, there is risk of these remains becoming before
Iung lnat to the puﬂmnntxﬂngmt. [n ?iew of this not imprahi;h]e nvi:nt:tlh]it.y I venture 'J. ‘
it was to this huclety the late Dy, (3, .:'L MANTELL, now more than fifty years amcm .' S
eommunicated his first discoveries of Iguanodont and H_v,rla}nsmumu remains.

The remains of Polacanthius were found by Mr, Fox in 1865 in a bed of blue al'm.!}f
clay, which oceurs near the middle of the eliff, u short distance east of Bame's Chine, -
The bed is easily recognisable by the large quantities of lignite which it containg. ; e

Professor R. Owex, to whom Mr. Fox showed some of these fossils soon after thelr ;i
discovery, suggested for the animal indicated by them the name PﬂMaﬂhus—mmy
spined—P. Foxii, and this name Mr. Fox adopted in an account of his dlmmrmjr read
by him at the next meeting of the British Association. " A brief notice of tlmdlmovarj‘
with a rude wmdcut._ also appeared about the same time in the “ THustrated London
News" Both these communications have only the value of Fireltmliuuj motices by
persons withont anatomical training, and no ﬂeacnphm nf' the foﬂmla suﬂiment f-:-r the
use of palmontologists hos yet appeared. -

Mr. Fox's M8, read at the meeting of tha Bntmh Associntion, munul; now ba f'numl."- -
and his paper 1[093 not appear in the * Reports.” An abst.ra.ct. ‘which L rnada 0[’ lb in =
1869 gives the foliuwmg list of the p'l.tba he believed. he had secnred. - e

“Sacrum and pelvis; 7 Jumbar, 7 unterior dorsal vertebrm with: rtlimr‘ b ﬂﬂ-.'_' AT
candal vertebrm; 2 femora; 1 i:lhm. with fibala; 3- meta.tﬁrmls, phalaﬂgua Mh‘]: e ~
unguals ; 20 to 30 large dermal spines, and as. mnnj' sentes.” - SR

The amttemr! remaing whmh laat a.utumu I uuumadﬂd in hrmg'ing wgether ug-a.m dn_- :




