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ABSTRACT. An integral transform Snvolving the associated Legendre function of zero

order, Pgyz.(2)s = € [1s0), as the Kernel (considered as a function of ), 1s called
enler-Fock transform. Sone generalizations, involving the function 7,2), vhere

have been known for some tine. In this preseat note, ve define a general Nehler-Fock

transform involving, a8 the Kernel, the Legendre function P,,(2), of general order
and an arbitrary index -24 t, t= 4 ix, -© <1 <, Then we develop a symetric
fnversion formulae for these transforms. Many well-known result are derived as

special cates of uMs general fors. These transforas are widely used for solving many

axisymetric potential probless.
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1, twropvcrroN.

To solve many axisyemetric potential problens, integral transforms involving

associated Legendre functions as kernels, are used widely. When the associated

Legendre function of the first Kind, Pg,),(2), # € (ly), 1s used as the kernel, the
transform is called Nehler-Fock transform of order zero, (1, p.175(8,9)], and index

sore general assoctated Legendre function, nasely, Fy, ;,(2), my a non-negative
Anceger (2, p.390] and H4,,(2)s where w # 0 [3], have been know for some tine,
[ef 4]. t att these generalizations, the emphasis has been to generalize the order

u of the Legendre function F(z), but no attempt has been made to extend the results
for an arbitrary index v. In this note we define transforms, involving a nore

general form of the kernel function, the associated Legendre function of the first

kind PA 4(2), vith index ¢ =o + fx, -e <1 <8 and u an arbitrary complex number.
fn inversion foraula 1s developed, also, involving the Legendre function Ps) as
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kernel, thus establishing a symmetric inversion theory for general Mehler-Fock trans~

formation. Also, @ Farseval type relation for these general transforms is produced.

ALL the well-known results are derived as special cases.

2. THE PRELIMINARY RESULTS.

We note below, for future reference, sone of the properties of the associated

Legendre function of the first kind, P!(2) of order u and index v for unrestricted vu
and # [1,111]. The function is one-valued and regular in the complex plane supposed

cut along the real axis from 1 to -*.

Pay = Pye) en

= EQ) pegHie) = FD ew, 1,250 (2.2)
‘An Important case is when y= 0 and v 4s an non-negative integer. Then

pe - @y",
Pat ae

the Legendre polynomial.

Now, consider the representation, (1, p.128 (28)],

ryt gorPooay = 24 (a2-ayFY GHED ory [-vu, $s 1-20; EEE¥ TG z eae
Res > LandRey <1,

Also, [2,p.78(1)],

sora) « P20) f aig eadFadio® = TareeareD |, Ta T ae
1 :

. f awe0 Getrs)®
Reo > Reb>0.

Using the inequality

r 1
os, ee,

Q-tta)?  -2)*
it 4s clear that

aFy(a,byoia) s 2
(as)

Thus

2 2" (aa vgP=iy Ht aPia) = ir: Reu<}e
ras) 2?) a1)

whence,

Pl@y~a¥ as +e (2.3)
and

Pe ~ pF ase. 2.4)
‘Also, that

2FyoHtr,bies2) = 0G), as |r] +9,
whence

PesG@) = 00) as |r] +, 2.5)
1provided Re u <3.
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We shall also need the following result, (5, p.75(76)].

Lemna 1.

Let $0) = 00), as ve

= 00%), as v +0.
7

1 pote 1sa) -2[ temocnae, a> =F, 2.6

tren ott = [ L2 zenav, an0

where K,(0) and Z,(0) are the Macdonald function and the Bessel function respectively
of order t, a complex number. Next let us consider the contour integral

re [+ xcoocae .
where C 1a the closed contour in the s-plane as show. Now X,(u) {8 an entire func~
tion of 2 and 4 1s clear that g(a) t= x

regular inside and on C from (2.7) above.

Thus, by Cauchy's eheoren of residues,

Tso, : ;
wots otter

ons fT Cet ipWoa(orenay :
m9 ae 1

: ‘ 2 z+f cert Kpnaterirnde 2, ot

+8] CHD Rosey acrtindy
+f) cto &, ,,tag@inae
=htheyen, oy,

Now the existance of the integral in (2.6), implies that

l@Hn kK, We@Hin| +0 as |r] +,
thus

lg] and [Z,[both vanish as |x] + =.
Aad we now have,

Ty + -t; 0 |e] +=

#f GoHt KypyCoatorenrdy = -t [ComeR yy oottvrdy
on simplifying, we obtain

ote ote

[oS se coaeae = -f ye Maaads
+ ifW,

using (2.6) and the fact that Kj) = KW).
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Thus, 1 pte
seo = Ay f pa ale (9C@) 92) Ide (2.8)

From the definition of the function g given by (2.7),

g(a) - g(-n) = f LY U, - Liev,0

°

If we let

= gla) = gt-2)- FAG ZEC®) « r.2), say,
then (2.8) and (2.9) reduce to

: tesoy = & fs stn coark,cortares
and o-t=

re) = [ L xeora,0

respectively.

Now we have a generalized Kontorovich-Lebedev transforms in a symmetrical form,

(ef. 6]. Thus, we have shown:

Lema 3. Let f(v) = 0(e™”), asus

=00, as vo.
a

2 onfo = Bf" s sinoareoreras , (2.10)
then ote

re) = [ED ners, ean
were [ol <3.
If we set ¢ = 0, the above pair reduces to

fo-%ii + sinh(or)k (PCEDwhere
ren = f LO x, corde,° ie

siving us the usual Kontorovich-Lebedev transformation (2, p-361].

Lema 4, Tf y(t) € L(o-t=, ote), ol <4, and Rey < 1,
thea ; ;

- ey ette otis

¢ 7 - fat esi Gore C. vcor4, arate = /2 C. WOK ae -
Proof. Consider the double integral

[fe PO scent, ,rat||2 Ge Jonge (OMe
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ajotte ) sy
eC)< gy |edyWes | Gaye Me

FL ee wort ety cree [eedLL. Ga? rere

se _“J f ls lacay +f a eei le

ae —y ~~é : wf é := voting" acdy + [P| 2, oreo |aray

ff afl worolas fe aya w(otin lar + .

a yeah Iam 8 yay?

f |y(otiz)|dr <=, due to the hypotheses.
Hence

r pm scopes1 docte Gane? Pye whaeay
iis absolutely convergent, and therefore the change of order of integration is possible.

And, oy phe
leody I HP erat

ove oy y=f
eae |I. 1 gape He ay

ote

= fork " veongterde, kev <a.ote

by evaluating the y-integral, (6,p-179(1)].

3. The main results and special cases.

Theorem 1.

Let fy) = 0(e%), assy >=
=o), asyolt

" ote
é 1 1 ,

On F sin(st)P = v= TG =u + OPH WP(eae cnet)
then :

FQ)» i" SUPE dy 6.2)
wheret= o+it, -e<r<m, lol <$-u,  Rev<d.
Proof. Using the estimates (2.3) and (2.4) of the functfon P,,,(y), along with the
conditions imposed on f, the integral in (3.2) defining the function g, exists. Note

that in order to ensure the existence of the integral in (3.1), representing the func~

tion f, one must have t!”*4F(t) € L(o-i=,oti=) at least.

Now let,

Wo Fry ord- ve ore ox
then from (3.1)
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2 pe 5

m=C # sin(rer(erPey,de « (3.4)
Next, we define an integral operator.

of = 1, nef Ee fund nevefeniseosyssls] Ee rea, new.
Note that this 1s a Linear, self adjoint operator, a sort of generalized incomp-

lete Laplace operator. Now applying this operator to both sides of the equation

(3.4) above, we obtain

farns £[ <= a fo DPE udcfd «$f © sim(ne9(e)-P  (urde1 gay Gaye dete wee
: ote

bf ft smomsernycerae,
due to lemma 4,

or, = i

vo: ff 1 GannFO = ae] # aimee conn tordt,
whence, according to lena 3, we have the inversion,

1 = [2 gerd ,oP

provided the integral exists. Also,

Lf got of 2%00+ Ff now av [7Ge
an ) — eo+ Fftaae [oho Kerner«wp 0

The change of order of integration can be justified due to absolute convergence, by

making use of the estinates of the Macdonald's function X,(¥) along with the condi-
tons tnposed on the function f. Now the v-integral can be evaluated, (6,p-198(27)],

to give, .

o@) «FG -u-org-u+o f FOP dy «1

And from (3.3), we have finally,

Peperen = [OP eae.
as required.

Thus we have # ayenetric transformation, in that, if

pte 1 1 xto +f" ec sincord -y- ord -» + oFrod,
then ote

reo =f rrr cna,
defining a more general form of the Nehler-Fock transform of order y and arbitrary
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Corollary: If the function f, satisfies the conditions of the above theorem, thea

Ef fe cineord =v ord v4 OP, coe td sendaforay] J) esr — word -u + oP anek, 00 ronduae.6.5)

Note that from the definition of g, in (3.3), we have

g(-t) = g(t) (3.6)

Now we shall look at some of the special cases.

Let = 0, Then (3.1) reduces to

fy) = ah |b sin =u = Ord = ut OP @prcendt
r : cop :

“2 in r sinh(rord - u- eord- w+ EOP) Pend .
ence

sq) =f sincord- y-dord - y+ tory, wrdnarFJ, z 2 Sate ,
using the properties (2.1) and (2.6),

where (it) = Meine P(it) Ji ree ectnae,
giving us a generalized Mehler-Fock transformation [3].

Further {f we put y= 0, then the above pair 8 reduced to

= [contre yy, WFtindrsw)

i ENP 4 (WP):and .

Fen = [rere (a
the usual Mohler-Fock transformation of zero order (2, p-389]. Next, we shall derive,

formally, a Parseval type relation. Let us define the function F(t) and G(t) te be

the generalized Mehler-Fock transforms of the function f(y) and g(y) respectively, so

chat

P(t) = ff ree oraand a

ace) = if BWP dy,
where ¢ = 0 + tt, |o| <4, Rey <1 and -» <r <=, And of course, as proved above

jotta 1 1ro Ze mer -u- ord =v + oP, rede,
and a similar formula for 9(y)-

Consider the integral,

2 pte 1 2
EJ + imag -v- org =u + wetoceae

ore potion

PEL veorcoemat, vay
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El corcme [ ow, na
2 ) te” 7 OOPOG
ie ate
&] ewe C OP erPy dy
+f owrure .1

Thus we have,

Theoren 2.

let F and be the generalized Mehler-Fock transforms of f and g. Then,

_ joe 1 ‘
[Te sincord -u- ord -u + rwmowrae

+f semowa on1

This is « formal derivation, but the analysis can be justified by absolute convergence,

using suitable conditions on the functions savolved. If ve set c= 0 in (3.7), we can

easily deduce that

2 ff < stmcrord - v - eord ~ u + enreenaenae
° =f raw . os)

1

a known result (3]. If, further, we put u = 0, then (3.8) reduces to (2,p.394),

Aff « cannesnecenaeena: = [ reneunay «
where, -

F(it) -f ryt.1

POP gov

and a similar representation for G(éz).
Although the functions P and f satisfying (3.1) and (3.2) are defined for restricted

values of 4, one can formally extend the results as follows:

we ape 1 a
f= J (eb ainGrG -m- Or m+ OPM WPedt, — (3.9)then wie

P(E) = f fOF, ay @.10)1 Ope Od

where t= 04 it, Jol <4, we <r ew and m= 01,2... «And all the results derived
above hold. For instance, if o = 0, then ve have from above,

1 := rd-m+en

sey = cay Fe cannery) EA netiwhere a rd +m+in

Fen = [0%(04 -
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TE we ter rG mein
4 = ——— ran,

rd+n+inMeo ef roy ETE
. es | LO rene in ge as

FO = [, s@ Pheer Wey
using the property (2.2), where

s@) = CD) i, x canFW(Odt
giving us a pair of Mehler-Fock transform of order m, [2, p-416]. It may be pointed

out here that one can prove Lemma 4, using the result of Theorem 1. In other words,

assume (3.1) and (3.2) hold one can show that if

2 potsfo) = $f | 8 sin(na)K,(0) F(a)dsthen ne

ra = [FO now, Jol <¥
the so called generalized Kontrovich-Lebedev transform. Cosequently one can say that

there is an equivalence between the generalized Nehler-Fock and generalized Kontrovich-

A slightly different form of the Mehler-Fock transformation and its inversion,

can easily be established, by making use of the pair of Kontrovich-Lebedey transforms

(3, p.75(76)1,

1 pete70-2 [a wacwae Gay
and oe

ott) = i £2 rea Gay
That As,

Theorem 3.

Te

1 yorefa
= BP sory ends, Cth) o.then ote

g(a) =o i $0) TE, Wd, — Revcd, — dol <¥ G14)
where PH and QH are the associated Legendre funetions of first and second kind respec-
tively.

steernaetvelys ye popia po
0 [a ge (hy, Oia

The proof of the above theoren is on the sane lines as the proof of Theoren 1,

the Linear operator used in the proof will now be
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aires yar = [ey Arenay
Which on applying to the equation (3.13), vill reduce 1t to the form (3.11). Then

lasing the inversion (3.10), will produce equation (3.16), as desired.
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