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[bookmark: _Toc259538264][bookmark: _Toc259602756][bookmark: _Toc259604857][bookmark: _Toc259604875][bookmark: _Toc281669735][bookmark: _Toc281669756][bookmark: _Toc281669795][bookmark: _Toc289440392]1. Expansion, Projection, Completeness, Orthogonality, Addition Theorem
I need more precision on this subject, want to know why we need ∫dg = 1 and perhaps a few other things. One source is my thesis page 45, but a proof of this requirement is missing. Vilenkin's book I know has this somewhere, but it is a big book. Hermann's book on Fourier Analysis on Groups I think has what I need on page 53 which I will write out in the notation of my thesis page 45:

	f(g) = Σσ Σk,k' fσkk' Dσk'k(g)   =  Σσ dσ  trace[ fσ Dσ(g)]  		//expansion,  in matrix notation

where dσ is the dimensionality of the matrix representation σ. This would be (2j+1) for rotation group eg. This is the "expansion" formula which I unfortunately omitted from my thesis. The projection that goes with it is this, according to Hermann, [ unless otherwise noted, ∫dg implies integration over the entire group parameter space ]

	fσ  =   ∫dg f(g) Dσ(g-1)			// matrix form
	fσkk'  = ∫dg f(g) Dσkk'(g-1)		// show matrix elements

The representations are unitary irreducible representations so

	Dσkk'(g-1)  = Dσkk'-1(g)  =  Dσkk'†(g)   =  Dσk'k(g)*
	
So we can summarize what we have so far: 

matrix form: 
	fσ  = ∫dg f(g) Dσ(g-1)						// projection
	f(g) = Σσ dσ tr[ fσ Dσ(g)]						// expansion

showing matrix indices: 
	fσkk'  = ∫dg f(g) Dσkk'(g-1)   =   ∫dg f(g) Dσk'k(g)*		// projection
	f(g) = Σσ  dσ Σk,k' fσkk' Dσk'k(g)					// expansion

Now let's use these and see what they imply. First, stick the projection into the expansion: 

f(g) = Σσ dσ tr[ fσ Dσ(g)] = Σσ dσ tr[{∫dg' f(g') Dσ(g'-1) }Dσ(g)]  =  ∫dg' f(g') Σσ dσ tr[Dσ(g'-1)Dσ(g)] 

The requirement would then be, to get f(g) as a result, ( this is the completeness relation)

	Σσ dσ tr[Dσ(g'-1)Dσ(g)]  = δ(g-g')		where of course ∫dg' δ(g-g') = 1

Now stick the expansion into the projection, 

	fσ  = ∫dg f(g) Dσ(g-1)  = ∫dg { Σσ' dσ' tr[ fσ' Dσ'(g)]} Dσ(g-1)

I need to get the integral acting on the two D functions, so better write out indices

	fσkk'  =  ∫dg { Σσ' dσ' tr[ fσ' Dσ'(g)]} Dσ(g-1)kk'

		   = ∫dg  Σσ' dσ'  fσ'mn Dσ'(g)nm Dσ(g-1)kk'

		   = Σσ' dσ'  fσ'mn ∫dg  Dσ'(g)nm Dσ(g-1)kk'

If we want this to come out being fσkk', we require this to be true

	∫dg  Dσ'(g)nm Dσ(g-1)kk'   =  (1/dσ) δσσ' δmk  δnk'
or
	∫dg  Dσ'(g)nm Dσ(g)k'k*   =  (1/dσ) δσσ' δnk' δmk  

So here then are our statements of completeness and orthogonality: 

	Σσ dσ tr[Dσ(g'-1)Dσ(g)]  = δ(g-g')				// completeness

	∫dg  Dσ'(g)nm Dσ(g-1)kk'   =  (1/dσ) δσσ' δmk  δnk'	// orthogonality

Just for the record, an orthogonality result of this form appears in Vilenkin  p 160 (4). My D functions are of course normalized in such a way above to get 1 on the RHS of completeness. 

When we say that Dσ(g)nm is a representation of the group, it follows that

	Σb Dσ(g1)ab Dσ(g2)bc = Dσ(g1g2)ac		or	Dσ(g1) Dσ(g2) = Dσ(g1g2)

where on the right we show the matrix form. The leftmost form is the "addition theorem" for the particular representation σ of the group G, but it is really just "the group property" of a representation. 

[bookmark: _Toc259538265][bookmark: _Toc259602757][bookmark: _Toc259604858][bookmark: _Toc259604876][bookmark: _Toc281669736][bookmark: _Toc281669757][bookmark: _Toc281669796][bookmark: _Toc289440393]2. Application to the abelian group G =  SO(2). 

In this case, everything is 1D matrices, so can ignore "trace" and ignore lower indices altogether. Then perhaps we try this: ( note that dσ = 1) 

	Dσ(θ)  = e-iσθ  		σ = integers

Aside:  Suppose we put a constant out front like C

	Dσ(θ)  = C e-iσθ  		Dσ(θ)-1  = [C e-iσθ]-1 = (1/C) e+iσθ	
					Dσ(θ)†  = Dσ(θ)*  = C* e+iσθ

If you want Dσ(θ) to be unitary, then you must have C = e-iδ so 1/C = C*.  We of course choose C = 1. The point is that you cannot throw in factors of π or what have you in the definition of D. Unitarity determines that scale or magnitude of D. 

Then how does the above completeness come out?  

	Σσ tr[Dσ(g')Dσ(g)*]  = δ(g-g')

	Σσ e-iσθ' eiσθ   =   = δ(g-g')	    // see Spec. The. p 14 (13.2), on -π,π
					    // see Spec. The. p 13 (13.1)

So if we want to use our notation above, we must accept that δ(g-g') = 2π δ(θ'-θ). Then we are forced to take dg = dθ/2π  in order to get

	∫dg δ(g-g') = ∫ dθ/2π  2π δ(θ'-θ) = 1

and we thus end up with

	∫dg =∫ dθ/2π  = 1

Orthogonality then says: 

	∫dg Dσ'(g) Dσ(g-1)  = δσσ'

	∫ dθ/2π  ei(σ-σ')θ  =  δσσ'		// integrate cos(mx) of sin(mx) over 1 cycle, get 0, m ≠ 0 integer

So for this simple case, things seem to work OK.
	
Here is another way to arrive at ∫dg = 1 more generally. First, our orthogonality from above is this,

	∫dg  Dσ'(g)nm Dσ(g-1)kk'   =  (1/dσ)  δσσ' δmk  δnk'

For a 1D irreducible representation of the group, this says: 

	∫dg  Dσ'(g) Dσ(g-1)   =  δσσ'

But we know there is always the 1D representation called the trivial representation where Dσ(g) = 1 for any g. If we set σ = σ' in the above for this trivial representation, we get

	∫dg  1 * 1   =  1			=>		∫dg = 1

While we're here, we might as well state the projection and expansion formulas for G = SO(2). First, here are the general formulas, 

	fσkk'  = ∫dg f(g) Dσkk'(g-1)   =   ∫dg f(g) Dσk'k(g)*		// projection
	f(g) = Σσ  dσ Σk,k' fσkk' Dσk'k(g)					// expansion

and then for our 1D case we remove all indices and set dσ = 1 and Dσ(g) = e-iσθ  and dg = dθ/2π and σ=n

	fn  =  (1/2π) ∫dθ f(θ) e+inθ			// projection	 //Complex Fourier Series Transform
	f(θ) = Σn fn e-inθ				// expansion
	(1/2π)∫ dθ einθ e-in'θ    =  δnn'		// orthogonality
	(1/2π)Σn e-inθ' einθ        =  δ(θ-θ')		// completeness	

This is the usual Fourier Series written in exponential notation. If we write out the exponential we get

	fn  =  (1/2π) ∫dθ f(θ) (  cos(nθ) + i sin(nθ) ) 
	f(θ) = Σn fn (  cos(nθ) -  i sin(nθ) )

If we define these real coefficients  (we assume f(θ) is real ) , 

	an = (1/π) ∫dθ f(θ) cos(nθ)		bn =  (1/π)∫dθ f(θ) sin(nθ)	

where we note in passing that a-n = an and that b-n = - bn , we then have

	2fn  =  an + ibn
	f(θ) = Σn (an + ibn) (  cos(nθ) -  i sin(nθ) )/2  =  (1/2) Σn an cos(nθ)  + (1/2) Σn bn sin(nθ)

where the cross terms must vanish because f(θ) = real, so we don't write them out. At this point, sums Σn are still over all integers. We can break out n = 0 and reflect the rest. The n=0 sine term gives nothing and we then write

	Σn<0 an cos(nθ) + Σn>0 an cos(nθ)   =  Σn>0 a-n cos(-nθ) + Σn>0 an cos(nθ)  = 2 Σn>0 an cos(nθ)

	Σn<0 bn sin(nθ) + Σn>0 bn sin(nθ)    =  Σn>0 b-n sin(-nθ) + Σn>0 bn sin(nθ)   = 2 Σn>0 bn sin(nθ)

So our result is then

	f(θ) = a0/2 + Σn=1 an cos(nθ)  + Σn=1 bn sin (nθ)
	
	an = (1/π) ∫dθ f(θ) cos(nθ)		bn =  (1/π)∫dθ f(θ) sin(nθ)

which agrees with Schaum p 131 with L = π. This is the traditional Fourier Series. 

Comments.  Hermann says that even in 1969 when he wrote his Fourier Group stuff, the entire field was poorly developed. This suggests that in 2010 there must be some better standard book on this subject. Maybe I should take a look for this supposed book. // I downloaded lots of books from the usual place. 

[bookmark: _Toc259538266][bookmark: _Toc259602758][bookmark: _Toc259604859][bookmark: _Toc259604877][bookmark: _Toc281669737][bookmark: _Toc281669758][bookmark: _Toc281669797][bookmark: _Toc289440394]3. Diagonalization of Convolution Equations

Here we show such a convolution equation, along with the addition theorem noted above and projection:

	A(g) = ∫dg1B(g1)C(g2)	where g2 = g1-1g. 		// convolution equation   g = g1g2   (*)

	Σb Dσ(g1)ab Dσ(g2)bc = Dσ(g1g2)ac				// "addition theorem" for group rep

	fσkk' = ∫dg f(g) Dσkk'(g-1)				// projection (Hermann)  

If we apply the projection operator ∫dg Dσkk'(g-1) to both sides of the integral equation we get Aσkk' on LHS of (*). Meanwhile, we know that g-1 = g2-1g1-1  since g = g1g2.  Moreover, consider : 

	I  ≡  ∫dg h(g)  = ∫dg' h(g)   =  ∫d(g1g) h(g)

As g moves over G, so does g' where g' = g1g with g1 some fixed group element. This fact is known as the rearrangement theorem. Symbolically, then, since this is true for any h(g), we write as an operator, 

	∫dg    =  ∫d(g1g)  = ∫dg'		where g' = g1g

Thus the RHS of (*) becomes  [ here we use the above line as ∫dg2 = ∫d(g1g2) = ∫dg ] 

	Aσkk'  = ∫dg Dσkk'(g-1) ∫dg1B(g1)C(g1-1g)  

		   = ∫dg2 Dσkk'(g2-1g1-1) ∫dg1B(g1)C(g2)

		 = ∫dg2 Σk" Dσkk"(g2-1) Dσk"k'(g1-1) ∫dg1B(g1)C(g2)

		= Σk" {∫dg2 C(g2) Dσkk"(g2-1) } { ∫dg1B(g1) Dσk"k'(g1-1)} 

		= Σk" Bσk"k'Cσkk"

		= Σk" Cσkk" Bσk"k'

or in matrix form

	Aσ = Cσ Bσ

If we apply † to this equation, we get

	(Aσ)† = (Bσ)† (Cσ)†

where the dagger projection would be the second line below, 

	fσ  =   ∫dg f(g) Dσ(g-1)

	(fσ)†  =   ∫dg f(g) [Dσ(g-1)]†  =  ∫dg f(g) Dσ(g)

This is the projection I use in my Thesis I page 46 (6.3) and I do that only because it has the benefit of keeping things in A,B,C order in both the integral and diagonalized equations. 
	Now go back to our integral equation and its diagonalization: 

	A(g) = ∫dg1B(g1)C(g2)		where g2 = g1-1g.

	Aσ = Cσ Bσ

Suppose B(g1) is the unknown function in our "integral equation". Then we can first compute

	Bσ = (Cσ)-1Aσ

which means we compute the inverse of some finite dimensional matrix, do a matrix multiplication and then we have the finite matrix Bσ . Then

	B(g) = Σσ dσ tr[ Bσ Dσ(g)]

So to get the full answer, we have to compute Bσ for ALL representations, and as dσ gets larger, this requires more and more work. The hope is that B(g) is a "low frequency" function so you only need to do this with the lowest several representations. This is the way low energy partial wave scattering analysis works.  
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Our integral equation of interest is this

	A(g) = ∫dg1B(g1)C(g2)	where g2 = g1-1g. 		// convolution equation   g = g1g2
or
	A(θ) = ∫dθ1/2π B(θ1) C(θ-θ1)			(*)

We read off the diagonalized equation  (set σ = n as traditional)

	An = Bn Cn 					(**)

where we change the BC ordering since just numbers. The various projections and expansions are:

	An  =  (1/2π) ∫dθ A(θ) e+inθ		// projection
	A(θ) = Σn An e-inθ				// expansion
	
and similarly for B and C. If our unknown function is B(θ), then we have the following solution to our integral equation:

	B(θ) = Σn (An/Cn) e-inθ

Note added 1.8.11.  Is this diagonalization valid for any functions A,B,C?  I think each of these functions has to be "defined on the group SO(2)". A function F(θ) is defined on the group means (1) it is a functions which is defined on (0,2π), and (2) F(θ) = F(θ+2π).  I think a general condition is that F(θ) has to be at least piecewise continuous everywhere on the group space, and that does mean F(θ) = F(θ+2π). So consider the function F(θ) = 1/(a2+θ2) for θ in (-∞,∞). This function does NOT have F(θ) = F(θ+2π) so our diagonalization would not apply to it. It would apply if for example you considered instead the function  F(θ) = 1/(a2+θ2)  for (0,2π) and you replicated this in each 2π interval to make F(θ) be periodic. 
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This obvious group (translations in 1 dimension) does not seem to have a standard name such as SO(2). This is an abelian non-compact group (parameter range is unbounded) and we can write everything as in the SO(2) case except now θ covers the range (-∞,∞), AND at the same time the representation label σ, instead of being integers, becomes a continuous real variable. We can then do these comparisons with SO(2): 

	fσ  =  (1/2π) !Syntax Error, Idθ f(θ) e+iσθ		// projection			// Fourier Series
	f(θ) = Σn=-∞∞ fσ e-iσθ			// expansion

	fσ  =  (1/2π) !Syntax Error, Idθ f(θ) e+iσθ		// projection			// Fourier Transform
	f(θ) = !Syntax Error, Idσ fσ e-iσθ			// expansion

Often one thinks of θ = t, a time variable, and σ = ω, its conjugate frequency variable, or θ =x a spatial coordinate and then k as the wave number. There is always a question of how to distribute the 2π constant. In my Spectral Theory book, I include 1/2π in the expansion instead of the projection, as shown Chap 1, first two equations. Going with the above we have the following obvious orthogonality and completeness statements: 

	!Syntax Error, I dθ/2π  ei(σ-σ')θ  =  δ(σ-σ')			// orthogonality
	!Syntax Error, I dσ/2π e-iσ(θ'-Θ)  =  δ(θ'-θ)			// completeness

The diagonalization of a convolution equation then works like this: 

	A(θ) = ∫dθ1/2π B(θ1) C(θ-θ1)				(*)

	Aσ = Bσ Cσ							(**)	

where the various projections and expansions are:

	Aσ  =  (1/2π) !Syntax Error, Idθ A(θ) e+iσθ		// projection
	A(θ) = !Syntax Error, Idσ Aσ e-iσθ			// expansion

and similarly for B and C. If our unknown function is B(θ), then we have the following solution to our integral equation:

	B(θ) = ∫dσ (Aσ/Cσ) e-iσθ

In my spectral theory paper, things look slightly different due to several issues: 

(1) In that paper, I put the 1/2π in the expansion instead of the projection as in my thesis, as shown Chap 1 page 1. For this reason, the diagonalization which exactly matches what I just did above is given by (3.3) and (3.4) and not (3.1) and (3.2). It is just a question of where you put the 2π !  That is to say, equation (3.3) matches (*) above, while (3.4) matches (**), in terms of 2π factors. 

(2) I also write the integral equation with the difference argument first, and I call that function B, so that means a B↔C swap compared to the above. So just accounting for this fact, the above reads

	A(θ) = ∫dθ1/2π B(θ-θ1) C(θ1)

	Aσ = Bσ Cσ	

I think this is more the standard way a "convolution equation" is written. If I had things to start over again, I would probably do it this way which is consistent with the integral operator notion A = B[C] and in particular its matrix interpretation Aθ= Σθ1 Bθ,θ1Cθ1 . 

So here is a summary of the T(1) results just stated, converted to more familiar coordinates. Also, I have moved the 

	!Syntax Error, I dx ei(k-k')x  =  2πδ(k-k')			// orthogonality
	!Syntax Error, I dk e-ik(x'-x)  =  2πδ(x-x')			// completeness

	A(k)  =  (1/2π) !Syntax Error, Idx a(x) e+ikx		// projection
	a(x)   = !Syntax Error, Idk A(k) e-ikx			// expansion  (same for b and c below)

	a(x) = (1/2π)!Syntax Error, Idx' b(x-x') c(x')		// convolution-form integral equation

	A(k) = B(k) C(k)				// its diagonalization by the Fourier Integral transform

Let's restate the above one more time with a different convention. Define

	a'(x) ≡  (1/2π) a(x)

and we will then have

	A(k)  =   !Syntax Error, Idx a'(x) e+ikx			// projection
	a'(x)   =  (1/2π) !Syntax Error, Idk A(k) e-ikx		// expansion  (same for b' and c' below)

	2πa'(x) = (1/2π)!Syntax Error, Idx' 2πb'(x-x') 2πc'(x')	
or	
	a'(x) = !Syntax Error, Idx' b'(x-x') c'(x')		// convolution-form integral equation

	A(k) = B(k) C(k)				// its diagonalization by the Fourier Integral transform

This form is nicer because there is no factor of 2π either in the integral equation or in the diagonalized equation. So now let's re-summarize all the results in this convention, removing now the primes, and also changing the sign in the exponents to get a match to Bateman ET1 tables. 

	!Syntax Error, I dx ei(k-k')x    =  2πδ(k-k')		// orthogonality
	!Syntax Error, I dk e-ik(x-x')  =  2πδ(x-x')		// completeness

	A(k)  =   !Syntax Error, Idx a(x) e-ikx			// projection
	a(x)   =  (1/2π) !Syntax Error, Idk A(k) e+ikx		// expansion  (same for b and c below)

	a(x) =!Syntax Error, Idx' b(x-x') c(x')			// convolution-form integral equation

	A(k) = B(k) C(k)				// its diagonalization by the Fourier Integral transform

There are two applications that come to mind of this diagonalization. The first is that one can use it to solve for one of the functions in the integrand, if the other two functions are known, and in this sense one is "solving an integral equation". The second application is just an idea. Maybe you know b and c, but you cannot evaluate the dx' integral to find a. If you can compute B and C, then you know A, and then maybe from A you can compute a. In any event, all this stuff is predicated on functions whose integrals converge. 
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It is not easy to reconcile these two "worlds".  The word "diagonalization" has a meaning in each case, but it is not the same meaning. I tried hard to force these worlds together in the following subsections, but they don't really fit., 

[bookmark: _Toc281669801][bookmark: _Toc289440398](a) Fredholm Integral Equation and solution using a complete basis of eigenfunctions

In the Fredholm integral equation world, we perhaps have an equation of this form: ( here I am trying to express things in a form that can be compared to a later group theory interpretation) 

	A(g) =∫dg1 K(g, g1) B(g1)	

where K is an integral operator that acts on functions defined on the group G so then A = KB and we have overloaded the symbol K. Now one of the Fredholm techniques is to take a function like A(g) and project it onto a complete set of basis functions φi. We might say  (where i is a symbolic composite index) 

	A(g) =  Σi Ai φi(g) 		Ai = ∫dg φi(g) A(g) 

Now suppose we can find the eigenvalues and eigenfunctions of the integral operator K whose kernel is K(g, g1). Then we have Kφi = λiφi and we can use the φi as our complete basis (providing K is Hermitian). Then we have A(g) =  Σi Ai φi(g) and we can insert this into our integral equation this way

	A = K B		=>	Σi Ai φi(g)  =  K { Σi Bi φi(g) }  = Σi Bi{ K φi(g) } = Σi Biλi φi(g)

				=>	Ai = Biλi	=> 	Bi= Ai/λi   and B(g) =  Σi Bi φi(g)

What have we done here? Write things in QM notation. First, let φi → |i>, 

	K|i> = λi|i>		=>	<j|K|i> = λi<j|i>  = λiδij	=>	Kij = λi δij

So in this φi basis, we find that our matrix K is diagonal!  We go on then to solve our A = KB : 

	K|B> = |A>		=>	Σj <i|Kj><j|B> = <i|A>	=>	Kii<i|B>  = <i|A>

	=>	λi Bi  = Ai	=>	Bi = λi-1Ai 		=>	|B> = Σi |i><i|B> = Σi λi-1Ai|i>

Basically, our integral equation A = K B  has been "diagonalized" into the form Ai = Kii Bi where in fact Kii = λi. Recall Matrix binder Theorem 19C:  A Hermitian matrix can be diagonalized by a unitary similarity. So our basis φi is the basis in which K is diagonal, and our diagonalized problem is then trivial to solve.  Here we are just "diagonalizing" a matrix K, and a priori, this has no connection whatever to the group theory concept of diagonalizing a convolution equation. Our Fredholm diagonalization has been achieved by finding a complete set of basis functions φi which diagonalize the matrix K. We can regard these basis functions as defining a generalized "Fourier Transform" which would be this: 

	A(g) =  Σi Ai φi(g)				expansion		<g|A> = Σi <g|i><i|A>
	Ai = ∫dg φi(g) A(g)			projection		<i|A> = ∫dg <i|g><g|A>

(I am assume a real Hilbert space here) . 
	So the upshot is that we can use a Fourier Transform to "diagonalize" our Fredholm integral equation and make it trivial to solve. We must of course find the right set of basis functions, and those will be the functions which are the eigenfunctions of the operator K in our integral equation. ( this gives us strong motivation perhaps to be able to find the eigenfunctions of an integral operator K! ). 
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Consider again the convolution equation A(g) = ∫dg1B(g1)C(g2)  where g2 = g1-1g. In order to make this look like a Fredholm equation,  let's rewrite is this way,

	A(g) = ∫dg1B(g1)C(g1-1g)  =  ∫dg1 K(g, g1) B(g1)		K(g, g1)   ≡ C(g1-1g)

In the matrix sense we can think of A and B as vectors, and K as a matrix, so we have

	Ag  = Σg1 Kg,g1Bg1		or		A = K B

In this matrix equation A = KB, the vector A has an infinite number of components labeled by g, where g is an element of our group G. The matrix K is an ∞ x ∞ matrix that is "fully populated" with matrix elements. 

	  = 

where it just helps me to "see" the drawing of some kind of matrix. A label here like "1" means perhaps something like φ1,θ1,ψ1 for SO(3) Euler angles. We are trying to solve this matrix equation which requires us to invert the matrix K which is a painful thing to do. The matrix K is highly "non-diagonal". 
	So my point so far is that yes, we can regard our convolution equation as a Fredholm equation, and we might go so far as to assume that the kernel K is Hermitian. We might then try to find the eigenfunctions of K, and carry out the program outlined in (a) above. 
	But this is not quite what the group theoretic analysis does. In the group theory approach, we replace our Fourier Transform with a Fourier Transform on a Group, which is a different animal! We pause now to compare these two Fourier concepts, and then we attempt to make the Group version look as much like the non-group version as possible. After doing this, we shall resume trying to analyze the convolution equation as a Fredholm kernel equation. 

[bookmark: _Toc281669803][bookmark: _Toc289440400](c) Comparing the regular Fourier Transform with the Fourier Transform on a Group

Here is a comparison:

Fourier Transform: 

	A(g) =  Σi Ai φi(g)				expansion		<g|A> = Σi <g|i><i|A>
	Ai = ∫dg A(g)φi(g)			projection		<i|A> = ∫dg <i|g><g|A>
	∫dg φi(g)φj(g)  = δij			orthogonality		<i|j> = δij
	Σi φi(g) φi(g') = δ(g-g') 			completeness		1 = Σi |i><i| 

Fourier Transform on a Group:

	A(g) = Σσ dσ tr[ Aσ Dσ(g)]	= Σσ  dσ Σk,k' Aσkk' Dσk'k(g)			expansion
	Aσkk'  = ∫dg A(g) Dσkk'(g-1)						projection
	∫dg  Dσ'(g)nm Dσ(g)k'k*   =  (1/dσ) δσσ' δnk' δmk				orthogonality
	Σσ dσ tr[Dσ(g'-1)Dσ(g)]  = Σσ dσ Σk,k'Dσ(g'-1)kk'Dσ(g)k'k =  δ(g-g')		completeness

I don't have any instant analogous bra-ket representation to write on the right hand side here, but let's try to construct something.  Let's try these forms: 

	Dσk'k(g)	≡  <g | σ,k',k> 

	Dσkk'(g-1)  = Dσkk'-1(g)   =  Dσkk'T*(g)  = Dσk'k*(g)  =  <g | σ,k',k>*  = < σ,k',k | g > 

	<g|g'> = δ(g-g')					1 = ∫dg |g><g|

	<σ,a,b| σ',a',b'> =  (1/dσ) δσσ'δaa'δbb'		1  = Σσ,k,k' | σ,k,k'> dσ < σ,k,k' | 

	Aσkk'  =  <σ,k',k|A>  // note order change! 		A(g) = <g|A>

Using these rules, I will now try to "translate" each of the four lines in our group transform: 

expansion:	<g|A> = Σσ,k,k' dσ <σ,k',k|A> <g | σ,k',k> =  Σσ,k,k' <g | σ,k',k> dσ <σ,k',k|A>

And we can then use 1 = ...  to recover <g|A>, so the expansion line looks good. Next: 

projection:	Aσkk'  = ∫dg A(g) Dσkk'(g-1)
			<σ,k',k|A> =  ∫dg <g|A> < σ,k',k | g > = ∫dg < σ,k',k | g ><g|A>    = OK

So this also looks good. Next:

orthogonality: ∫dg  Dσ'(g)nm Dσ(g)k'k*  = ∫dg <g | σ',n,m> <g | σ,k',k>* 

		=  ∫dg < σ,k',k |g><g | σ',n,m>  = < σ,k',k | σ',n,m>  =  (1/dσ) δσσ'δk'nδkm   = OK

One more line to check out

completeness:   Σσ dσ Σk,k'Dσ(g'-1)kk'Dσ(g)k'k  = Σσ,k,k' dσ < σ,k',k | g' > <g | σ,k',k> 

		= Σσ,k,k' <g | σ,k',k> dσ < σ,k',k | g' >  = <g | g' >  = δ(g-g')

so we are cooking with gas now. Here is a summary: 

Fourier Transform: 

	A(g) =  Σi Ai φi(g)				expansion		<g|A> = Σi <g|i><i|A>
	Ai = ∫dg A(g)φi(g)			projection		<i|A> = ∫dg <i|g><g|A>
	∫dg φi(g)φj(g)  = δij			orthogonality		<i|j> = δij
	Σi φi(g) φi(g') = δ(g-g') 			completeness		1 = Σi |i><i| 

Fourier Transform on a Group:

A(g) = Σσ  dσ Σk,k' Aσkk' Dσk'k(g)	expansion 	<g|A> = Σσ,k,k' <g | σ,k',k> dσ <σ,k',k|A>
Aσkk'  = ∫dg A(g) Dσkk'(g-1)		projection	<σ,k',k|A> =  ∫dg < σ,k',k | g ><g|A>
∫dg  Dσ'(g)nm Dσ(g)k'k*   =  (1/dσ) δσσ' δnk' δmk	orthogonality      = ∫dg < σ,k',k |g><g | σ',n,m>	
Σσ dσ Σk,k'Dσ(g'-1)kk'Dσ(g)k'k =  δ(g-g')	completeness   =  Σσ,k,k' <g | σ,k',k> dσ < σ,k',k | g' >
Dσk'k(g)  ≡  <g | σ,k',k> 
Dσkk'(g-1)  = Dσkk'-1(g)   =  Dσkk'T*(g)  = Dσk'k*(g)  =  <g | σ,k',k>*  = < σ,k',k | g > 
<g|g'> = δ(g-g')					1 = ∫dg |g><g|
<σ,a,b| σ',a',b'> =  (1/dσ) δσσ'δaa'δbb'		1  = Σσ,k,k' | σ,k,k'> dσ < σ,k,k' | 
Aσkk'  =  <σ,k',k|A>		A(g) = <g|A>

Now, finally, let's try to identify  the composite index i with σ,k',k  so that |i> = | σ,k',k > which we mean as just a shorthand notation. Then Σσ,k,k'  becomes just Σi and we can try to write our four lines for Fourier Transform on a group. Start with the expansion: 

		<g|A> = Σσ,k,k' <g | σ,k',k> dσ <σ,k',k|A> =  Σi <g|i> di <i|A>  = Σi diAi φi(g) 

so this looks like our regular Fourier expansion except we have the dimension di = dσ sitting in there. Next, the projection, 

<σ,k',k|A> =  ∫dg < σ,k',k | g ><g|A>	or	<i|A> = ∫dg <i|g><g|A>   or	Ai = ∫dg A(g) φi(g)

and this exactly matches our Fourier projection with no adjustment. Next, the orthogonality: 

	(1/dσ) δσσ' δnk' δmk  = ∫dg < σ,k',k |g><g | σ',n,m>  =  ∫dg < i |g><g | i'>   =  ∫dg φi(g)* φi'(g)

	=  <i|i'>  = (1/di) δii'

So in this case we do have an adjustment, and we write

	∫dg φi(g)φj(g)  =  (1/di) δij

where of course δij is shorthand for δσσ'δaa'δbb'. Finally we come to completeness:

	Σσ,k,k' <g | σ,k',k> dσ < σ,k',k | g' > =  Σi <g|i> di <i |g'> = <g|g'> = δ(g-g')

So now let's do a comparison between our Fourier Transform and our Group version with this compacted notation: 

Fourier Transform: 

	A(g) =  Σi Ai φi(g)				expansion		<g|A> = Σi <g|i><i|A>
	Ai = ∫dg A(g)φi(g)			projection		<i|A> = ∫dg <i|g><g|A>
	∫dg φi(g)φj(g)  = δij			orthogonality		<i|j> = δij
	Σi φi(g) φi(g') = δ(g-g') 			completeness		1 = Σi |i><i| 

Fourier Transform on a Group:		|i> = | σ,k',k >	di = dσ		Σi = Σσ,k,k'

	A(g) =  Σi diAi φi(g)			expansion		<g|A> = Σi di<g|i><i|A>
	Ai = ∫dg A(g)φi(g)			projection		<i|A> = ∫dg <i|g><g|A>
	∫dg φi(g)φj(g)  =  (1/di)δij		orthogonality		<i|j> = (1/di)δij
	Σi φi(g) di φi(g') = δ(g-g') 			completeness		1 = Σi |i>di<i| 


[bookmark: _Toc281669804][bookmark: _Toc289440401](d) Resume our attempted interpretation of a convolution equation as a Fredholm equation

Earlier we got things rolling by writing the convolution equation in this Fredholm manner

	A(g) = ∫dg1B(g1)C(g1-1g)  =  ∫dg1 K(g, g1) B(g1)		K(g, g1)   ≡ C(g1-1g)

We know that the diagonalized version of this equation has this form within each σ subspace, 

	Aσkk'  =  Σk" Cσkk" Bσk"k' 

	<σ,k',k|A>  = Σk" <σ,k",k|C><σ,k',k"|B>

	<i1|A> = Σk" <i2|C> <i3|B>

I seem to be unable to force this diagonalized equation into any kind of reasonable notation using the composite index  |i> = | σ,k',k > . The diagonalized equation involves three different composite indices which I have called i1,2,3 all of which have the same σ.  The sum is then somehow only over a part of the composite index. 
	Perhaps we would like to see the kernel K object in there instead of C. We know that

	Cσkk" = ∫dg' C(g') Dσkk"(g'-1)

As we did in earlier sections, we can use the invariant measure idea.  Suppose we set g' = g1-1g so that then g'-1 = (g1-1g)-1 = g-1 g1 and we can then write

	Cσkk" = ∫d(g1-1g) C(g1-1g) Dσkk"( g-1 g1)

		  = ∫dg C(g1-1g) Dσkk"( g-1 g1)		// here we use the invariant measure idea! 

		= ∫dg K(g, g1)  Dσkk"( g-1 g1)			// and now K appears

		= ∫dg K(g, g1)  Σk' Dσkk'(g-1) Dσk'k"(g1)	// "the group property" of representations

		= Σk' {  ∫dg K(g, g1)  Dσkk'(g-1)}   Dσk'k"(g1)

		= Σk' { Kσkk'(g1) }   Dσk'k"(g1)		// treat g1 as a parameter in the K projection

I don't know whether this is buying us anything, but we then have

	Cσkk" =  Σk' Kσkk'(g1) Dσk'k"(g1)		// which is somehow independent of g1

Then we can get K into our diagonalized equation
	
	Aσkk'  =  Σk" Cσkk" Bσk"k'  =  Σk" { Σn Kσkn(g1) Dσnk"(g1)} Bσk"k' 

	= Σn,k" Kσkn(g1) Dσnk"(g1) Bσk"k'

This does nothing for me whatsoever! 
	
[bookmark: _Toc281669741][bookmark: _Toc281669762][bookmark: _Toc281669805][bookmark: _Toc289440402](e) Conclusions

I have tried to make the Fourier on a Group situation "look like" a regular Fourier case by using the composite index  |i> = | σ; k',k >.  But this just does not cut the mustard. We need more than one symbol.  We need σ to specify a subspace σ, and then within that subspace we need two more indices to specify our representation function D, and you cannot just sweep this all under the rug. In the group case, we end up with a finite matrix equation Aσkk'  =  Σk" Cσkk" Bσk"k' within each subspace. We can in principle invert this equation to find the Bσk"k' in each finite subspace, and then we have a theoretical solution to the overall problem of solving the integral equation. In the Fredholm case, we don't have these subspaces. The group method aligns with the Fredholm method only if all representations are 1D, and then there are no k type indices and it all works out. 
	So we really have two distinct "worlds" here. A convolution equation is a very special case of an integral equation. It has to have the invariant measure of some group, and it has to have the special convolution form.  Stak uses * to indicate such a form I think.  When you "diagonalize" the convolution equation, you end up with an infinite number of finite dimensional matrix equations. You can in theory solve all of these finite matrix equations A = BC to get B, and in that way you can say you have solved the integral equation. Maybe there is a perturbation approach when you do that. 
	The Fredholm integral equation (meaning inhomo Fred 1) is a much more general animal. If you can find a set of eigenfunctions of the kernel operator K, you can solve such a Fred equation as outlined above, where you have in effect "diagonalized" the matrix K. 
	For the convolution equation case, you can think of a composite index  |i> = | σ; k',k >  and you can think then of vector components Ai, but one finds that the coefficients only "interact" with each other in σ subspaces. Perhaps one should think of  A(g) = Σσ A(σ)(g) so the function has pieces in the different subspaces, and we similarly have our Hilbert Space H = ΣσH(σ).  We could talk then about <g|A(σ)> as one of the function pieces.  Then

	A(σ)(g) =  <g|A(σ)> =  dσ Σk,k' Aσkk' Dσk'k(g)   =  dσ trace[ AσDσ(g)] 

This says then that the piece of A(g) inside subspace σ  is a linear combinations of the harmonics of that subspace with coefficients Aσkk'. You can write the harmonics as <g| σ,k',k> if you want, and then you can think of Aσkk' = <σ,k',k|A> as being the amount of that harmonic contained in A(σ)(g). I was looking for some object of the form <σ,k | A | σ,k'> but I don't see this as having any meaning because A is a ket, not an operator. We CAN think of Dσk'k(g) as <σ,k'|D(g)|σ,k> where D(g) is an operator. So

	A(σ)(g) = dσ Σk,k' Aσkk' <σ,k'|D(g)|σ,k>

but there is no operator A  that makes any sense to me. Aσkk' is just a coefficient, a number. Yes, you can write it as <σ,k',k|A>, but all you mean is that it is the amount of Dσk'k(g) = <g|σ,k',k> in A(g). 
	We could have started off writing this

	A(g) = Σσ,σ' Aσ,σ'k,k' <σ',k'|D(g)|σ,k>

but we quickly find that if we use the right kets, the matrix <σ',k'|D(g)|σ,k> has block diagonal form. So THIS is the matrix that we should be thinking of in terms of diagonalization into block form. 
	So in a convolution equation we are dealing with a diagonalization of the group operators D(g) into a matrix which is in block diagonal form, where each block is associated with a subspace σ. In each subspace, we have a finite matrix problem of dimension dσ to deal with. 
	In a Fred 1 equation, if we use the eigenfunction method described above, we are in effect diagonalizing the operator K into a fully diagonal (infinite discrete) matrix <j|K|i> = λi<j|i>  = λiδij. These two concepts of diagonalization are just not closely connected with each other, that is the upshot of this entire section! 

[bookmark: _Toc289440403]7. Application of Section 6 to Green's Functions in Potential Theory

Suppose we have this integral equation in regular potential theory ( g is symmetric) 

	a(x) = ∫g(x,x')b(x')dx'				g(x,x')  = Σi φi(x) φi(x')*/λi

where the φi and λi come from the problem -2φi(x) = λi φi(x) with φi(x on σ) = 0. We can write our integral equation this way

	ax = Σx Gx,x'bx'

and obviously our kernel is not diagonal in the x basis. But, we can show that G is diagonal in the "i" basis:  

	Gij  = ∫dx ∫dx' <i|x><x|G|x'><x'|j>   = ∫dx ∫dx' φi(x)*g(x;x')φj(x') 

		= ∫dx ∫dx' φi(x)*{ Σk φk(x)φk(x')*/λk }φj(x') 

		= ∫dx' φi(x')* φj(x')/λi  = δij /λi   =  δijμi

and indeed, in this "i basis", operator G is diagonal with diagonal elements equal to the eigenvalues of the integral equation Gφi = μiφi which we know are the same as those of -2φi = λiφi. 
	Now back to the integral equation which was in the coordinate basis

	<x|a>   = ∫dx' <x|G|x'><x'|b> 

We slice off <x| and change the left sides to the i basis, 

	<i|a>   = ∫dx' <i|G|x'><x'|b> 

Then we insert completeness Σj |j><j| = 1 on the RHS after the G

	<i|a>   = ∫dx' <i|G Σj |j><j|x'><x'|b>   = Σj Gij∫dx'<j|x'><x'|b>  = Σj Gij <j|b>

and no surprise we end up with

	ai = Σj Gijbj   =  Giibi  = (1/λi) bi 

So here we have diagonalized an integral equation in which the kernel is a potential theory Green's Function. We did not use the "group theory method" since the Green's Function is not of convolution form. We simply used the "find a basis in which the integral operator G is diagonal" method. 
	
[bookmark: _Toc289440404]8. Repeat Section 7 in Heat Conduction Theory

Suppose we have this integral equation in heat conduction theory where t > t' : 

	a(x,t) = ∫g(x,t;x',t')b(x',t')dx'	g(x,t;x',t') = θ(t-t') Σi φi(x) φi(x')* e-λ(t-t')	

where the φi and λi come from the problem -2φi(x) = λi φi(x) with φi(x on σ) = 0. That is to say, these are the same φi we had in Section 7 above. 

We can write our integral equation this way, where we suppress the time labels on things, 

	ax = Σx Gx,x'bx'

and obviously our kernel is not diagonal in the x basis. But, we can show that G is diagonal in the "i" basis.  Again, we just regard t and t' as parameters which don't change and we could put them in if we wanted, but we suppress them:  

	Gij  = ∫dx ∫dx' <i|x><x|G|x'><x'|j>   = ∫dx ∫dx' φi(x)*g(x;x')φj(x') 

		= ∫dx ∫dx' φi(x)*{ Σk φk(x)φk(x')* e-λ(t-t') }φj(x') 

		= ∫dx' φi(x')* φj(x') e-λ(t-t')  = δij e-λ(t-t')

and indeed, in this "i basis", operator G is diagonal with diagonal elements as shown. 
	Now back to the integral equation which was in the coordinate basis (and we continue to suppress time labels) 

	<x|a>   = ∫dx' <x|G|x'><x'|b> 

We slice off <x| and change the left sides to the i basis, 

	<i|a>   = ∫dx' <i|G|x'><x'|b> 

Then we insert completeness Σj |j><j| = 1 on the RHS after the G

	<i|a>   = ∫dx' <i|G Σj |j><j|x'><x'|b>   = Σj Gij∫dx'<j|x'><x'|b>  = Σj Gij <j|b>

and no surprise we end up with

	ai(t) = Σj Gijbj   =  Giibi  = e-λ(t-t')bi(t') 

So here we have diagonalized an integral equation in which the kernel is a heat conduction theory Green's Function. We did not use the "group theory method" since the Green's Function is not of convolution form in spatial coordinates. We simply used the "find a basis in which the integral operator G is diagonal" method. 
	
Example:  In the discussion of Stak page 229-230, we have our finite length l rod with u = 0 on both ends, and we have a set of φn(x) = sin(nπx/l) so that

	g(x,t;x',t') = θ(t-t') Σn φn(x) φn(x')* e-λ(t-t')  =  θ(t-t') (2/l) Σn sin(nπx/l) sin(nπx'/l) e-λ(t-t')

where in this problem λn = (nπ/l)2 .  Our integral equation b(x,t) = ∫g(x,t;x',t')a(x',t')dx'  is stated as 7.90  (notice we have reversed b and a relative to discussion above) where he uses t' = 0 and t = 1 and suppresses the time indices in a and b. We know from above that our diagonalized equation will be this: 

	bn(t) = e-λ(t-t')an(t')	
or
	bn(1) = e-λ an(0)
or
	bn = exp[-(nπ/l)2] an
or
	an = exp[ (nπ/l)2] bn

which we see agrees with page 230 B and C. The projections are given of course by

	an = ∫dx φn(x) a(x) = !Syntax Error, Idx sin(nπx/l) a(x)

and these are just Fourier Sine Series projections, so we are talking this transform. If we attempt to solve for a(x) given b(x) we get

	a(x) =  Σn an sin(nπx/l)  =   Σn exp[ (nπ/l)2] bn sin(nπx/l)		// page 230 D


and Stak comments that it is "unlikely" that this Σn converges. He knows and we know that the only chance this has of converging is if b(x) is infinitely differentiable, see page 230. But assuming Stak's condition E is met by the projections of b(x), there will be a unique solution a(x). 
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