Solving Frontier
Problems of Physics:
The Decomposition

Fundamental Theories of Physics






e e

Solving Frontier Problems of Physics:
The Decomposition Method




Fundamental Theories of Physics

An Iniernational Book Series on The Fundamental Theories of Physics:
Their Clarification, Development and Application

Editor: ALWYN VAN DER MERWE
Universiry of Denver, US.A.

Editorial Advisory Board:

ASIM BARUT, Universiry of Colorado, U S.A.

BRIAN D. JOSEPHSON, University of Cambridge, UK.

CLIVE KILMISTER. Universinv of London, UK.

GUNTER LUDWIG. Philipps-Universitéis, Marburg, Germany

NATHAN ROSEN, [srael Institute of Technology, Israel

MENDEL SACHS, Siate University of New York ar Buffale, US.A.

ABDUS SALAM. Intermational Centre for Theoretical Phvsics, Trieste, ltaly

HANS.JURGEN TREDER, Zentralinstitut fiir Astrophysik der Akademie der
Wissenschafier. Germany

Volume 60




Solving Frontier
Problems of Physics:
The Decomposition Metho

by
George Adomian

General Analytics Corporation,
Athens, Georgia, USA.

hd

N

KLUWER ACADEMIC PUBLISHERS
DORDRECHT / BOSTON / LONDOM




Library of Congress Cataloging-in-Publication Data

Adomian, .
Sclving frantier probiens of physics . the cecomposivTion method *
George Agposian.
o. cm, -- (Fundamenta) thearies of physies : v, BOI
Inciuoes wngex,
ISEN (-7923-2644-K (alk. paper)
1. Decompasitvion method. 2. Mathematical phy$I1Cs, T, Totle,
II. Series,
CC20.7.0D48A36 1984
530, 1" 594--a:20 83-3856

ISEN 0-7923-2644-X

Published by Kluwer Academic Publishers,
P.O. Box 17. 2300 AA Dordrecht, The Netherlands.

Kluwer Academic Publishers incorporates
the publishing programmes of
D, Reidel, Maminus Nijhoff, Dr W, Junk and MTP Press.

Sold and distributed in the U5, A, and Canada
by Kluwer Academic Publishers,
101 Philip Drive, Norwell, MA 02061. U.5.A.

In all other countries. sold and distributed
by Kluwer Academic Publishers Group,
P.O. Box 322, 3300 AH Dordrecht. The Netherlands.

Frinted on acid-free paper

All Rights Reserved

£ 1994 Kluwer Academic Publishers

Mo part of the material protected by this copyright notice may be reproduced or
utilized in an¥ form or by any means. electronic or mechanical,

including pholocopving. recording or by any information storage and

retrieval svsiemn, without written permission from the copyright owner.

Printed in the etherlands




IN MEMORY OF MY FATHER AND MOTHER
HAIG AND VARTUHI ADOMIAN

_HJS_H.H u.'l.'l.l.-.‘ nlﬁnﬂh

DN |

45142




EARLIER WORKS BY THE AUTHOR

Applied Stochastic Processes, Academic Press, 1980.

Stochastic Systems, Academic Press, 1983; also Russian transl. ed.
H.G.Volkova, Mir Publications, Moscow, 1987,

Partial Differential Equations with R. E. Bellman, D. Reidel Publishing Co
1985.

Nonlinear Stochastic Operator Equations, Academic Press, 1986.
Nonlinear Stochastic Systems Theory and Applications 1o Physics, Kluwer
Academic Publishers, 1989.




PREFACE
FOREWORD

CHAPTER 1
“CHAPTER 2

CHAPTER 3
CHAPTER 4
CHAPTER 35
CHAPTER 6
CHAPTER 7
CHAPFPTER 8
¥ CHAPTER 9
CHAPTER 10
CHAPTER 11
CHAPTER 12
CHAPTER 13
CHAPTER 14

APPENDIX I
APPENDIX II

TABLE OF CONTENTS

ON MODELLING PHYSICAL PHENOMENA
THE DECOMPOSITION METHOD

FOR ORDINARY DIFFERENTIAL
EQUATIONS

THE DECOMPOSITION METHOD

IN SEVERAL DIMENSIONS

DOUBLE DECOMPOSITION

MODIFIED DECOMPOSITION
APPLICATIONS OF MODIFIED
DECOMPOSITION

DECOMPOSITION SOLUTIONS

FOR NEUMANN BOUNDARY CONDITIONS
INTEGRAL BOUNDARY CONDITIONS
BOUNDARY CONDITIONS AT INFINITY
INTEGRAL EQUATIONS

NONLINEAR OSCILLATIONS IN PHYSICAL
SYSTEMS

SOLUTION OF THE DUFFING

EQUATION

BOUNDARY-VALUE PROBLEMS WITH
CLOSED IRREGULAR CONTOURS

OR SURFACES

APPLICATIONS IN PHYSICS

PADE AND SHANKS TRANSFORMS

ON STAGGERED SUMMATION

OF DOUBLE DECOMPOSITION SERIES

APPENDIX III CAUCHY PRODUCTS OF INFINITE SERIES

INDEX

vii

ix
xi

22
69
115

154

150
196
211
224

228

236

288

302

338

348

350
352







PREFACE

[ discovered the very interesting Adomian method and met George Adomian
himself some years ago at a conference held in the United States. This new
technique was very surprising for me, an applied mathematician, because it
allowed solution of exactly nonlinear functional equations of various kinds
(algebraic, differential, partial differential, integral,...) without discretizing the
equations or approximating the operators. The solution when it exists is found
in a rapidly converging series form, and time and space are not discretized. At
this time an important question arose: why does this technique, involving
special kinds of polynomials (Adomian polynomials) converge? I worked on
this subject with some young collieagues at my research institute and found that
it was possible to connect the method to more well-known formulations where
classical theorems (fixed point theorem, substituted series, ...} could be used.
A general framework for decomposition methods has even been proposed by
Lionel Gabet, one of my researchers who has obtained a Ph.D. thesis on this
subject. During this period a fruitful cooperation has been developed between
George Adomian and my research institute. We have frequently discussed
advances and difficulties and we exchange ideas and results.

With regard to this new book, I am very impressed by the quality and the
importance of the work, in which the author uses the decomposition method
for solving frontier problems of physics. Many concrete problems involving
differential and partial differential equations (including Navier-Stokes
equations) are solved by means of the decomposition technique developed by
Dr. Adomian. The basic ideas are clearly detailed with specific physical
examples so that the method can be easily understood and used by researchers
of various disciplines. One of the main objectives of this method is to provide
a simple and unified technique for solving nonlinear functional equations.

Of course some problems remain open. For instance, practical convergence
may be ensured even if the hypotheses of known methods are not satisfied.
That means that there still exist opportunities for further theoretical studies to
be done by pure or applied mathematicians, such as proving convergence in
more general situations. Furthermore, it is not always easy to take into account
the boundary conditions for complex domains.

In conclusion, I think that this book is a fundamental contribution to the
theory and practice of decomposition methods in functional analysis. It

ix




PREFACE

completes and clarifies the previous book of the author published by Kluwer in
1989. The decomposition method has now lost its mystery but it has won in
seriousness and power. Dr. Adomian is to be congratulated for his
fundamental contribution to functional and numerical analysis of complex

systems.

Y ves Cherruault

Professor

Director of Medimat

Université Pierre et Marie Curie
(Paris VI

Paris, France

September 9, 1993




FOREWORD

This book is intended for researchers and (primarily graduate) students of
physics, applied mathematics, engineering, and other areas such as
biomathemarics and asirophysics where mathematical models of dynamical
syslems require quantitative solutions. A major part of the book deals with the
necessary theory of the decomposition method and its generalizations since
earlier works. A number of topics are not included here because they were
dealt with previously. Some of these are delay equations, integro-differential
equations, algebraic equations and large matrices, comparisons of
decomposition with perturbation and hierarchy methods requiring closure
approximation, stochastic differential equations, and stochastic processes [1].
Other topics had to be excluded due to time and space limitations as well as the
objective of emphasizing utlity in solving physical problems.

Recent works, especially by Professor Yves Cherruault in journal articles
and by Lionel Gabet in a dissertation, have provided a rigorous theoretical
foundation supporting the general effectiveness of the method of
decomposition. The author believes that this method is relevant to the field of
mathematics as well as physics because mathematics has been essentially a
linear operator theory while we deal with a nonlinear world. Applications have
shown that accurate and easily computed quantitative solutions can be
determined for nonlinear dynamical systems without assumptions of “small™
nonlinearity or computer-intensive methods.

The evolution of the research has suggested a theory to unify linear and
nonlinear, ordinary or partial differential equations for solving initial or
boundary-value problems efficiently. As such, it appears to be valuable in the
background of applied mathematicians and theoretical or mathematical
physicists. An important objective for physics is a methodology for solution of
dynamical systems—which yields verifiable and precise quantitative solutions
to physical problems modelled by nonlinear partial differential equations in
space and time. Analytical methods which do not require a change of the model
equation into mathematically more tractable, but necessarily less realistic
representation, are of primary concem. Improvement of analytical methods
would in turn allow more sophisticated modelling and possible further
progress. The final justification of theories of physics is in the correspondence
of predictions with nature rather than in rigorous proofs which may well

xi




i FOREWORD

restrict the stated problem to a more limited universe. The broad applicability
of the methodology is a dividend which may allow a new approach to
mathematics courses as well as being useful for the physicists who will shape
our future understanding of the world.

Recent applications by a growing community of users have included areas
such as biology and medicine, hydrology, and semiconductors. In the author’s
opinion this method offers a fertile field for pure mathematicians and especially
for doctoral students [ooking for dissertation topics. Many possibilities are
included directly or indirectly. Some repetition of objectives and motivations
(for research on decomposition and connections with standard methods) was
believed to be appropriate to make various chapters relatively independent and
permit convenient design of courses for different specialties and levels.

Partial differential equations are now solved more efficiently, with less
computation, than in the author’s earlier works. The Duffing oscillator and
other generic oscillators are dealt with in depth. The last chapter concentrates
on a number of frontier problems. Among these are the Navier-Stokes
equations, the -body problem, and the Yukawa-coupled Klein-Gordon-
Schrodinger equation. The solutions of these involve no linearization,
perturbation, or limit on stochasticity. The Navier-Stokes solution [2] differs
from earlier analyses [3]. The system is fully dynamic, considering pressure
changing as the velocity changes. It now allows high velocity and possible
prediction of the onset of murbulence.

The references listed are not intended to be an exhaustive or even a partial
bibliography of the valuable work of many researchers in these general areas.
Only those papers are listed which were considered relevant to the precise area
and method weated. (New work is appearing now at an accelerating rate by
many authors for submission to journals or for dissertadons and books. A
continuing bibliography could be valuable to future contributors and reprints
received by the author will be recorded for this purpose.)

The author appreciates the advice, questions, comments, and collaboration
of early workers in this field such as Professors R.E. Beliman. N, Bellomo,
Dr. R. MCarty, and other researchers over the years, the important work by
Professor Y ves Cherruault on convergence and his much appreciated review of
the entire manuscript, the support of my family, and the editing and valuable
contributions of collaborator and friend, Randolph Rach, whose insights and
willingness o share his ime and knowledge on difficult problems have been
an important resource. The book contains work originally typeset by Arleue
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Revells and Karin Haag. The camcra-ready manuscript was prepared with the
dedicated effort of Karin Haag, assisted by William David. Laura and William
David assumed responsibility for office management so that research results
could be accelerated. Computer results on the Duffing equation were obtaincd
by Dr. McLowery Elrod with the cooperation of the National Science Center
Foundation headed by Dr. Fred C. Davison, who has long supported this
work. Gratitude is due to Ronald E. Meyers, U.S. Army Research
Laboratories, White Sands Missile Range, who supported much of this
research and also contributed to some of the development. Thanks are also due
1o the Office of Naval Research, Maval Research Laboratories, and Paul Palo
of the Naval Civil Engineering Laboratories, who have supported work
directed toward applications as well as intensive courses at NRL and NCEL.
The author would also like to thank Professor Alwyn Van der Merwe of the
University of Denver for his encouragement that led to this book. Maost of all,
the unfailing support by my wife, Corinne, as well as her meticulous final
editing, is deeply appreciated.

G. Adomian
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CHAPTER 1

ON MODELLING PHYSICAL PHENOMENA

Qur use of the term “mathematical model” or “model”™ will refer to a set of
consistent equations intended to describe the particular features or behavior of
a physical system which we seek to understand. Thus, we can have different
models of the system dependent on the questions of interest and on the fearures
relevant to those questions. To derive an adequate mathematical description
with a consistent set of equations and relevant conditions, we clearly must
have in mind a purpose or objective and limit the problem to exclude factors
irrelevant to our specific interest. We begin by considering the pertinent
physical principles which govern the phenomena of interest along with the
constitutive properties of material with which the phenomena may interact.

Depending on the problem, a model may consist of algebraic equations,
integral equations, or ordinary, partial, or coupled sysiems of differential
equations. The equations can be nonlinear and stochastic in general with [inear
or deterministic equations being special cases. (In some cases, we may have
defays as well.) Combinations of these equations such as integro-differential
equations also occur.

A model using differential equations must also include the initial/boundary
conditions. Since nonlinear and nonlinear stochastic equations are extremely
sensitive to small changes in inputs, param:lerg. or initial conditions, solutions
may change rather radically with such changes. Consequently, exact
specification of the model is sometimes not a simple matter. Prediction of
future behavior is therefore limited by the precision of the initial state. When
significant nonlinearity is present, small changes (perhaps only 1%) in the
system may make possible one or many different solutions. If small but
appreciable randomness, or, possibly, accumulated round-off error in iterative
calculation is present, we may observe a random change from one solution to
another—an apparently chaotic behavior.

To model the phenomena, process, or system of interest, we first isolate the
relevant parameters. From experiments, observations, and known
relationships, we seek mathematical descriptions in the form of equations
which we can then solve for desired quantities. This process is neither
universal nor can it take everything into account; we must tailor the model to fit

1




2 CHAPTER |

the questions to which we need answers and neglect extraneous factors. Thus
a model necessarily excludes the universe external to the problem and region of
interest to simplify as much as possible, and reasonably retain only factors
relevant 1o the desired solution.

Modelling is necessarily a compromise between physical realism and our
ability to solve the resulting equations. Thus, development of understanding
based on verifiable theory involves both modelling and analysis. Any incentive
for more accurate or realistic modelling is limited by our ability to solve the
equations; customary modelling uses restriclive assumptions so that well-
known mathematics can be used. Our objective is to minimize or avoid
altogether this compromise for mathematical tractability which requires
linearization and superposition, perturbation, etc., and instead, to model the
problem with its inherent nonlinearities and random fluctuation or uncertain
data.

We do this because the decomposition miethod is intended to solve nonlinear
and/or stochastic ordinary or partial differential eovations, integro-differential
equations. delay equations, mairix eguations, eic., aveiding cusiomary
restrictive assumptions and metheds, to allow selutions of more realistic
models. If the deductions resulting from solution of this model differ from
accurate observation of physical reality, then this would mean that the model is
a poor one and we must re-model the problem. Hence, modelling and the
solution procedure ought to be applied interactively. Since we will be dealing
with a limited region of space-ume which is of interest 1o the problem a1 hand.
we must consider conditions on the boundaries of the region to specify the
problem completely. If we are interested in dynamical problems such as a
process evolving over ume, then we must consider solutions as time increases
from some initial time: i.e., we will require initial conditions. We will be
interested generally in differential equations which express relations between
functions and denivatives. These equations may involve use of functions,
ordinary or partial derivatives, and nonlinearities and even stochasuc processes
to describe reality. Also, of course. initial and boundary conditions must be
specified 10 make the problem completely determinable.

If the solution is 1o be valid, it must satisfy the differential equation and the
properly specified conditions, so appropriate smoothness must exist. We have
generally assumed that nonlinearities are analytic but will discuss some
exceptions in a later chapter. An advantage, other than the fact that problems
arc considered more realistically than by customary constraints. is that
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solutions are not obtained here by discretized methods: solutions are
continuous and computationally much more efficient as we shall see. If we
can deal with a physical problem as it is, we can expect a useful solution, i.e.,
one in which the mathematical results correspond to realitv. If our model is
poor because the data are found from measurements which have some eror, it
is usual to require that a small change in the data must lead to a small change in
the solution. This does not apply to nonlinear equations because small changes
in initial data can cause significant changes in the solution, especially in
stochastic equations. This is a problem of modelling. If the data are correct and
the equation properly describes the problem, we expect a correct and
convergent solution.

The inital/boundary conditions for a specific partial differential equation,
needless to say, cannot be arbitrarily assigned: they must be consistent with the
physical problem being modelled.

Suppose we consider a solid body where u(x,y,z.1) represents a lemperature
at x.y,z at ume t. If we consider a volume V within the body which is bounded
by a smooth closed surface S and consider the change of heat in V during an
interval (t,,t;), we have, following the derivation of N.S. Koshlyakov, M.M.
Smimov, and E.B. Gliner [1]

Q=" affK(x y.z}—g—;l ds

where n is the normal to S in the direction of decreasing temperatures and k is
the internal heat conductivity, a positive function independent of the direction
of the normal. The amount of heat to change the lemperature of V is

where c(x,y,z) is the specific heat and p(x,y,z) is the density. If heat sources
with density g(x,y,z.t) exist in the body, we have

Q=[" afff s(xy.zr)av

Since Q. = Q, + Q,, it follows that
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c;:.-%li =div(k gradu)+g
t

If cp and k are constants, we can wrile a’=kfcp and f(x,y,z,1) =

g(x,y,z,)/cp . Then
du _

—=a'Vu+r
at a u+

(which neglects heat exchange between S and the surrounding medium).

Now to determine a solution, we require the temperature at an initial instant
u(x,y,zt = 0) and either the remperatures at every point of the surface or the
heat flow on the surface. These are constraints or commonly, the boundary
conditions. If we do not neglect heat exchange 10 the surrounding medium
which is assumed to have uniform temperature u,, a third boundary condition
can be written as a{u-u_)=-kdu/dn|; (if we assume the coefficient of

exchange is uniform for all of 5).

Thus the solution must satisfy the equation, the initial condition, and one of
the above boundary conditions or constraints which make the problem
specific. We have assumed a particular model which is formulated using
fundamental phvsical laws such as conservation of energy. so the initial
distribution must be physically correct and not arbitrary. If it is correct, it leads
to a specific physically correct solution. The conditions and the equation must
be consistent and physically comrect. The conditions must be smooth,
bounded, and physically realizable. The initial conditions must be consistent
with the boundarv conditions and the model. The derived “solution™ is verified
o be consisient with the model equation and the conditions and is therefore the
solution,

NOTE: Koshivakov, et. al. [1] state that we musr specify ult = 0) within
the body and one of the boundary conditions such as u on S. However S is
not insulated from the body. The initial condition u(t = 0) fixes u on S also if
surroundings are ignored. It seems that eirher one or the other should be
enough in a specific problem and if you give both, they must be consistent
with each other and the model (equation). The same situation arises when,
e.g., in a square or rectangular domain, we assign boundary conditions on the
four sides, which means that physically we have discontinuity at the corners.
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CHAPTER 2

THE DECOMPOSITION METHOD FOR ORDINARY
DIFFERENTIAL EQUATIONS

u_/

A cﬁf!‘" ally imporant problem in ﬁunuer science and technology is the
physically gorrect solutipn of nonlinear and/or stochastic s_}rst:ms modelled bg
differ&dal-of pﬂmaﬁp
conditions. vl Lt Al T

The usual proceflures of analysis necessarily change such problems in
essential ways in order 10 make them mathcmaucally;.ral:tkablc by established
methods. Unfortunately these changes necessarily change the solutions;
therefore, they can deviate, sometimes seriously, from the acwal physical
behavior., These procedures include linearization technigues. perturbation
methods. and restrictions on the nature and magnitude of stochastc processes.
The avoidance of these limitations so that physically correct solutions can be
obtained would add in an important way to our insights into the natural
behavior of complex systems and would offer a potentual for advances in
science and technology.

The prior art in mathematical analysis as seen in the literatre necessarily
relies on such limiting procedures. Thus it may well be said that physics is
usually perurbztive theory and mathematics is essentally linear operator
theory. Of courss there are some methods of solving nonlinear equations, but
not general meathods. For example, clever transformation of variables
sometimes resulis in a linear equation; however, this rarely works.

The objective of the decomposition method is o make possibie physically
realistic soluuons of complex systems without the usual modelling and
solution compromises 1o achieve tractability. A bonus is that it essentially
combines the fizlds of ordinary and partial differential equations. This chapter
will summarize the method and will briefly discuss applications and
consequences for analysis ahd computation.

Suppose we think about physical systems described by nonlinear partial
differental equations. In the more complicated problems, we ordinarily must
resort 1o discretized methods and numerical computation. An appropriate
example is fluid flow and “computational fluid dynamics” (C.F.D.), an arez of

&

differential equatmns for” ga:l:Fural m:ua]!boundar}r v :

T
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intensive research in auempting to develop codes for study of transonic and
hypersonic flow. Because of the symbiosis between such existing
methodology and supercomputers, as well as the complexity, these methods
are computationally intensive. Massive printouts are the result and functional
dependences are difficult 1o see. We have a constant demand for faster
computers, superconductivity, parallelism. etc., because of the necessity to cut
down computation time. Thus a continuous solution and considerably
decreased computation is evidently a desirable goal.

Closed-form analytical solutions are considered ideal when possible.
However, they may necessitate changing the actual or real-life problem w a
more tractable mathematical problem. Except for a small class of eguations in
which clever transformations can result in linear equatons, it becomes
necessary to resort to linearization or statistical linearizauon techniques, or
assumptions of “weak nonlinearity.” ewc. What we get then is solution of the
simpler mathematical problem. The resulting solution can deviate
significantly from the solution of the actual problem; nonlinear systems can be
extremely sensitive to small changes. These small changes can occur because
of inherent stochastic effects or computer errors; the resulting solutions
(especially in strongly nonlinear eguations) can show violent, erratic {or
“chaotic™) behavior. Of course, it is clear that considerable progress has been
made with the generally used procedures, and, in many problems, these
methods remain adequate. Thus, in problems which are close to linear, or
where perturbation theory is adequate, excellent solutions are obtained.

In many frontier problems, however, we have strong nonlinearities or
stochasticity in parameters, so that it b;comes important to find a new
approach and that is our subject here. . "‘L‘.J'ﬁ
" We begin with the (deterministic) form Fu = g(t) where F is a nonlinear
ordinary differential operator with linear and nonlinear terms. We could
t:pmsenr the linear term by Lu where L is the linear operator. In this case L
must | 1l)r mw:rqblr. which may not be the case, i.e., we may have a
diffi fr en’s Tﬁﬁcuﬂn and a consequently difficult integration. Instead, we
write the linear term as Lu + Ru where we choose L as the h.lghcst-otdercd
derivative. Now L' is mmply an n-fold integration for an nth order L. The
remainder of the linear ﬂperamr is R. (In cases where swochastic terms are
present in the linear operator, we can include a stochastic operator term Ru.)
The nonlinear term is represented by Nu. Thus Lu+Ru+Nu=g and we
write




Lu=g-Ru-Nu
4, L'Lu=L"g-L"Ru-L"Nu
L {i}m D’
For initial-value problems we conveniently define L™ for L =d°/dt" as the
n-fold definite integration operator from 0 to t. For the operator L = d*/dt®,
for example, we have L'Lu =u—u(0) - w'(0) and therefore

u=u(0)+w’(0)+L'g-L"'Ru—-L"'Nu

For the same operator equation but now considering a boundary value
problem, we let L' be an indefmite integral and write u= A + Bt for the first
two terms and evaluate A, B from the given conditions. The first three terms
) are [identified as u, in the assumed decomposition u= Z:D u,. Finally,

assuming Nu is ana,lytm, we write Nu=3 " A, (u,.u,..,u,) where the A,

are specially gcntrmed (Adomian) polynomials for the, spcmﬁc nonlmeanr.}r
£They depend only on the u, to u, components and form a rap:d]j.r convergent
series. The A, are given as

A = fluy)
A= “L{dfduu)f[uﬂ}
- A, =u,(d/du, Jf(u, )+ (u] /21)(d*/dug )f(u,

, = u,(d/dug )f{u }+u,u,{d fdu; )f(u, {u?fsz]{d3fdug,}f{u

and can be found from the formulz (forn = 1)
A, = ZC{v,n]f[”]{u{,}

In the linear case where f(u)=u, the A, reduce 10 u,. Otherwise A, =
A (ugu,, .., u,). For flu) = v, for example, A ,=u), A,=2uu,
A, =ui +2ugu,, A, =2uu, +2u,,,... Auis o hc noted that in this scheme,
the sum of m:tsu;:scnpts in each term of th“ﬁ; are cqua] to n. The c{v, n) are
products (or sums of products) of v components of u whose subscripts sum
to n, divided by the factorial of the number of repeated subscripts. Thus c(1.3)
“tan only be u,. ¢(2,3) isu,u,and c(3,3)=(1/3!)u]. For 2 nonlinear equation in
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{.‘1, UL«;,’CJ’,/U
u, one may exp:ﬂss any given function f(u) in the A, by f(u)= E

Wé‘haw: pre.vmus]}r pomu:d out that the A, polynomials are not unique, e.g.,
for flu) = v’, A, =u;, A, =2ueu,, A, =u; +2u,u,..... But A could zlso
be 2u,u, + u’, i.e., it could include the first term of A; since u,and u, are
known when u, is 10 be calculated.

Ipis now esmhlzsued that the sum of the series E A, for Nu is equal to

) [ Q Fod e
< thgmm of 2 generalized Taylor series zbout wy(x), that E . is egual 1o a

generalized Taylor series about the function u,, and that the series terms

Iy ‘L5 zpproach zero as 1/(mn)! if m is the order of the highest linear differential | .

Oiges operzior. Since the series converges (in norm) and does so very ff‘)’ldlff' the n- q_,-".'
term partial sum @, = E:’ u, can serve as & pmcm:a] solutien for synthes:s/

a.nddts:gn The 11m Py = Jps ﬁ-{; w u-..a -~ “(/‘.’”-‘/ - Q/’J, -

'"f'-.'-_.\f .PJJ,,.

= Other convcmcnt algorithms have been developed for cmﬁ;msn.

__/ Y f«'nnﬂudmtnsmna] functions as well as for pﬂ.TUClﬂar functions nf intergst. As an
cxamplc for snluuon of. thc Dufﬁﬂ fig equatmn we usv: Lﬁ:: notaunn

A [f(u)]=A ’}(/}" x’“(_,, w i G A G-
If we write f{u]— Zm A,[f(u)] or more simpiy f(“]=2.=o A, and let
f(u)=u, we have u= E:_ﬂ u, since then A, =u,, A, =u,,... . Thus we

#4,¢,+_ cansayu and f(u), i.e., the solution and any nonlinearity, are writien in trms

o of the A, or, that we do this for the nonlinearity and think of u as simply
decomposed into mmpnncnts u; to be evaluated such that the n-term
approximation @, _21 o W _p_;aagi_lg:a u= z lu as n — . The solution
can now be written as: (/!"UIUJ f" y /UV

' O} -"f" ‘C-)

—L"RZ u, —L"‘Z A,

o=l n=l

th

s0 that
=-L"Ru, =LA,

= —L_1Rl.'|.| -L'A
etc. All components are determinable since A, depends only on u,. A; depends

on ug,u,, etc. The practical solution will be the n-term zpproximation or
approximant to u, sometimes written ¢,[u] or simply @,
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=1
0, = Z u;
i=0
limg, = 2 u,=u
e i=0
Convergence has been ri gmouﬂy established by Professor Yves Cherruault
[1]. Also further rigorous re-examination has most recently been done by
Lionel Gabet [2]. The rapidity of this convergence means that few terms are
required as shown in examples, e.g., [1].
i N .
BASIS FOR THE EFFECTIVENESS OF DECGEII:D_SITION: (;‘[,'__Lf_\_:.'f
Let's consider the physical basis for the accuﬂfﬁé}r and rapid rate of
convergence. The initial term u, is an optimal first appmximaﬁéiﬁ:omaining

* essentially all @ prs'gri information about the system. Thus, u, = ®+L"'g

contains the given input g (which is bounded in a physical system) and the
initial or boundary conditions included in @ which is the solution of L® = 0.
Furthermore. the following terms converge for bounded t as 1/(mn)! where n
is the order of L and m is the number of terms in the approximant ¢_ . Hence
gven with very small m, the ¢_ will contain most of the solution. Of the
fp]lnu-ig_g,,dtrivnd terms, u, is particularly simple, since Ay, the first of the

' i:sél}nmﬁials n:pr:]_'._gv.;-.nl.ing the nonlinearity f{u), is f(u,) which of course is also

known. The f(u) need not even be analytic [3] but could be piecewise-

+* differentiable (Sobolev space) and represented by a series of analytic

functions. We do require bounded ¢ and g. which is physically reasonable
and the u. terms must be (Lebesgue) integrable. For nth order differenual
operators L, we must have an n-fold differentiability/continuity requirement on
solutions in order to assure f:?,is_mﬂm and unigqueness. The de v:]gpﬂj_lr:m was
i L e . s ygm

based ocl"f’ﬁ écnnrposftfﬁﬁ in calcdlable terms of the solution 1o E; found rather
than an expansion in a series. We will see that the method works for initial-
value or boundary-value problems and for linear or nonlinear, ordinary or
partial differential equations and even for stochastic systems. We prove now
that the EA“ is a rearranged Taylor series about this optimal firsy
approximation @, =u,.

To see that the series in A, polynomials forms a generalized Taylor scries
aboul a function (rather than a point), we write
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)= 3 A, = f(u,)+ uf(u) + (u?/2)67 u,)

m=0

-E*u:f"”{l.lﬂ :J "'u'!fm{u':l ]H' “ruzfﬂ[u‘l}+{u1li'lr31}fn{u1} e

which can be rearranged as

flu) = flu, )+ (u, +u, +..)f"(u,) +[|[u? /2!) + uyu, + ...]t*”(un} +oe

= flu,) + [(w =, U (0,) ~[(w -, ) /2] w, )= -

= 3 [(u=u,) /ot (u,)
=il
A REFERENCE LIST OF THE ADOMIAN POLYNOMIALS:

A, =f(u,)

A, =u,f(u,)

A, =u, i ug )+ (12 u,)

Ay = usf )+ uyu, 9 (ug )+ (13w (u,)

A, =u () + [(1/20ud + v, ]9 (u,)
+{if2‘}u13u1 (o) + (1740} u,)

A =uf(ug)+ [u,u, + vy, Jf(u,)
H(V2)u,ul +(1/2)u uglf”}[u
+{i;'3!}u,u:f[4’{uu) ],fil]u]sfm{u.;,}

Ag = ugf(u,) +[(1'!2!}u; +U,u, +u,u, ]fm[un}
H(1/30u3 + uu,uy + (12)u]u, [f(u,)
+{(1720)u] (1/2)u3 + (Y308, [ (u,)
+{/4)uyuf (up) + (1/6)uif (u,)

Ay = u,f 0wy )+ [uyu, + g+ uug J17 (u,)
HY2udu, +u, (V2)0] +uuyu, + (Y2, ]6(u,)
o, (/30u2 + (129 uugu, + (1/3)ulu, ) u,)
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30w} (20ul + (Y4, (u,)
H/5Nujuaf (ug )+ (Y7)alf 7y, )
Ay = 1wy Juy + FO[(1/200] + uyu; +uu, + v,

+f{1!(uﬂ][uz(lf21}u +(V2)ulu, +uuu, +uuu, + (12 )ufuﬁ]
+£1 (g [ (V40 + u,(1/2)udu, +(2u? (1/2!)ul

+HY2uju,u, + (1;3!}u3u5] + 19, N (17200 (173003 + (1/3)u]u,u,
+{1/4tutu, ]+ 19 (u, ) (1/a0ud (Y202 + {1;5!111;1_13]

£y ) (176N ufu, + £ (u,)(1/81u’

Ay = fl“{un}un + f{ﬂ{un}[u.uj +Uyug +uyu, + u|'l'11::|

‘A‘Iﬂ

=1, )[(1/3005 + wyugu, + (20wl + v, (1200}
“u.u, U+ U U, +{Ij2!}ufu,l
= g )[(1/30udu, + uu, (172005 +u, (1/20)udu,
~(172))ufuu, + (172 ufuyug + (1/3)u)u, |
=1 *{uy ), (1743 + (1720 (1/2)uzu,
+(1/30u; (1/20)ud + (1/30uu,u, + (1/4!)u;u, ]
=f 1w, ) (1/30u] (173002 + (V4 1)u;u.u, = (1/5)ufu, |
£ o, )[(1/50u] (172903 + (1/6Nufu, ]
—f ", )1/, + £ ug ) (17900

= 17 {ug Juyg + 17wy )[(1/20)u5 + u,u, + uyu. = wyuy +uug |
17 )[(1/2udu, + uy (/2003 + upu,ug = (1/2)udu,
~UU U = U, + U,ugu, + (120, )
=1, [ (1720u3 (172003 + (1/30udu, = u, (1730
+uouugu, +u(1/20ulug + (1/20u] (1/21)u]
-{1/2 '}u: u,u,+{]a’"‘}u2u u,+(]a’3‘;1u?u ]
<151, )[(1/50)u + u,(1/3udu, +(1/2)uiu, (1720
(172w {1/20uiu, + (13)ulu,u,
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+{1/30) ulu,ug + (1741w, ]

£ (g )[ (/20 (1740 + (1/3)u (172,
H{1/aNu (12l + (1/a0utugu, +(1/5)eu,
+7 (uy [ (17400 (1/30u] + (17500 uyuy + (1/6!)u]u, ]
10 (uy) [(1/60)uf (17203 + (YT,

+£ 0, )(1/8%uu, + £ u, )(1/10)u)’

EXAMPLE: Nu=u’.

.I'EILa = I.I[j,
A, = Sugu,
A. =5uju, +10ugy;
A, = Sugu, + 20uju,u, + 10uju’
A, = 5uqu, + Suu, + 10ugu; + 20ugu,u, + 30ujuju,
)/., - ; G"’ﬁ? . J.l i
Notice matf::u“' cachjndf’ﬁﬁuﬂ term is the product of m factors. Each term
of A, has ﬁvclfacr._ors_thc sun:i qf_s#gﬁrsﬂtriq'm is m {or 5 in this case). The
sum OWPE is n. The secofid'tetm of As, as an example, is Suyu,u,u,u,
and the”sum of subscripts is 4. A very convenient check on the numerical
coefficients in each term is the following. Each coefficient is m! divided by the
product of factorials of the superscripts for a given term. Thus, the second
term of A, (u®) has the coefficient 5!/(3!)(11)(1!) = 20. The last term of A, has

the coefficient 5!/(2!)(2!)(1!) = 30. Continuing with the A,, for u* we have

Ay =uj + Sugu, + 20ugu,u, + 20ugu,u, + 20u;uyu,
+30uzuiu, +30ujuiu,

A = Suju, + Sulu, + 10udul + 10ulul + 20udu,u, + 20ulu,u,
+20ujugu, +30ugu;u, + 30u]uly, + 60ugu,u,u,

A, = Sugu, + Suu, + 10uju; + 20uju,u, + 20ugu,u, + 20uguu,
+20u;u,u, + 20ujugu, + 30uguiu, + 30uguiy, + 30ujuiu,

+60ugu,u,u, + 60uTuu,u,
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i
A, = Sugu, + Suju, + Suju, + 10upu; + 10ufu] +20uju,u, + 20ugu.u,
+20ugu,u, + 20ujusu, + 20uju,u, + 30ugu,u; + 30uguju,
+20ugu,u, + 20uju.u, + 20u)u.u, + 30ufu,ul + 30ujujy,

+30ugu;u, + 30uiuju, + 60ulu,u,u, + 60uuiu,u, + 60uju,u,u,
EXAMPLE: Nu=u’

Ag=u]
A, =3ujy,
A. =3uju, +3ufy,
A, =u’ +3uu, + 6uuu,
A, = 3uju, + 3ulu, +3uly, + 6ugu,u,
Ay = 3030, + 300, + 308, + 60,00, + Gtz
A, = ul +3uiy, + 3ulu, + 3uju, + 6uguu, - Gugu,u, + 6uuu,
A = 3uiu. + 3uiug + 3udu, + 3ulu, + 6uguu, + Bugu.u, + 6ugu,u,
A, = 3ujuy + 3uy, +3udu, + 3udu, + 3ulu, + 6uguu. + 6ugu,uy,
=6ugu,u, +6u,u,u, +6u,u,u,
A, = u} +3uly, + 3uly, + 3ulu, + 3uie, + 6u,uu, + 6u,uu,
—bu,u,u, + 6uuu, + 6uuu, +6uu,u, +6u.u,u,
0= 3“%“1:- = 3uju, +3uiu, + 3uju, + 3uiu. + 3“;'“0 - Buguu,g
—6ugu.u, + 6u UL, + 6UguU, + 6U U L, + 6u,u,u,
—6u,u,u, + 6u.u,u,
EXAMPLE: Nu=u’
Ay =ul
A, =2ugy,

A, =ul +2uyu,
Ay = 2uu, + 2u,u,

A, =ui+2uu, +2u.u,
A= 2u,u, +2uu, +2u

EXAMPLE: Nf@=sinf
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1"-\.5 "Siﬂag

A, = 8. cosb,

A, =—(6]/2)sin8, + 8, cosb,

A, = (8] /6)cos8, - 6,8,sin8, + 6, cos8,

EXAMPLE: f(x)=sinh{x/2)

1
A, ;x:cosh{xqﬁ}

A

1 1 .71
A, = ?"=“°‘-"h{"°"1]+5“ [EJ

sinh[fi’l )

| 1 . 1Y
A, —:x,msh X,/2) 1\ J X,X, 51nh[xjj2]+gx:1\§f: cosh(x,/2)

-

1 1 . 1 : .
A, :;xlcoshl:xﬂﬁﬁ[ixi"ﬂr‘w E] sinh(x,/2)

:—%xfx:[%jl cosh(x,/2)+ ]E':L‘[%)J x, sinh(x, /2)

EXAMPLE: f(u)=u™ , m>0

A, =y;
J"L =__mu'["’“u _—
A, =im(m+ Dy Pu? - mu;™ My,

A, :-im(m-r-l]{m-r-Z]u'{"“ Y+ m(m + Duy '™ Py u. —mug' ™y,

EXAMPLE: f(u)=u" where v is a decimal number.

Ay =u]

A= Tug_]ul

A, =1y uy +47(y - uf o]

Ay =yui Ty, +y(7 -Dui “z+ﬂ‘{? D(y -2y

Ag=rul 'y, +y(y-lu 1&“:"‘“1“3}*'%1’ ']}{?'1}1‘54“1“:
+5y(y =1y - 2)(r - 3)ui*uf




EXAMPLE: Consider the linear (deterministic) ordinary differential equation
d*u/dx” —kxfu =g with u(l)=u(-1) = 0. Write L=d*/dx* and Lu=¢g
+ kxfu. Operating with L', we have L'Lu=L"g+ L"kx"u. Then

u=c, +¢,x+gx’/2+ L 'kx"u

Let z:n u, with uy =¢, +¢,x+gx* /2. Then u,,, =L"kx"u, withm 2 0.
Thus

us= i{L"kxp}hun

m=d

u= i(L“kx"}'cl - i{IL“hP]Ncix

m=0 m={

+i{1:’kf}“ gx’ 2

u=cg(x)+c,d.(x)+ I'(x)

where

gl

c.(x)= 3 k™" /(mp+2m-1)(mp+2m)

3]
[
=

k"x“"""" (mp+2m)(mp+2m-1)

o,(x)=

I'x)= (1/2)gk™x™**"* /(mp+2m +1)(mp+2m = 1)

agb 2[\43

o

Since u(l}=u(=1)=0, we have

c@(l)+c.o.(l)=T(1)=0
¢, @ (-1)+c.0.(-1)+T(=1)=0

Hence ¢. and c. are determined.

Suppose that in the above example, we let k=40, p =1, g = 2. Thus we
consider the equation du/dx’ - 40xu =2 with u(=1)=u(1)=0." This is the
one-dimensional case of the elliptic equation Viu=1(x.v,z)+k(x,y,z)u
arising in problems of physics and engineering. Here L = d°/dx" and we have
Lu =2 + 40 xu. This is a relatively stiff case because of the large coefficient of

T

*Mumerogs - ther examnles appear in the literature
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u, and the non- E;ffo};/ﬁg function which vields an additional Airy-like
function. Dgeratmg wuh’ L yieldsu+ A + Bx + L ‘12) + L "'(40xu). Let
u, +A+Bx+ ]':“'I[Z} A+Bx 4{_5{1 and let u= E:_D u, with the components
to be determined so that the sum is u. We identify u,., = L7{40xu, ). Then all
components can be determined, e.g., (_J"P‘" .;jﬁf[-”

u, =(20/3)Ax” +(10/3)Bx* + 2x°
(80/9)Ax*® +(200/63)Bx™ +(10/7)x*

u.

An n-term approximant @, =Z:u u, with n = 12 for x = 0.2 is given by
—0.135649, for x = 0.4 is given by -0.113969, for x = (.6 is given by
~0.083321, for x = 0.8 is given by —0.050944, and for x = 1.0 is, of
course, zero. These easily obtained results are correct to seven digits. We see
that a better solution is obtained and much more easily than by variational
methods. The solution is found just as easily for nonlinear versmns without
linearization. C/’/"‘

041

ALYTIC SIMULANTS OF DECOMPOSITION SOLUTIONS:
‘We now introduce the convenient concept of “simulanis” to solutions by
decomposition. The m-term “approximant” @, to the solution u, indicated by

@ [u], will mean m terms of the convergent series. 3 u, which represents
uin the decomposition method. If we have an equation T'u = g(t) where " is a
general differential operator such as, for example,

d? d
= ()+ f—'a('}ﬂﬁf'}

and we write g(1)= Z:ﬂ g,1" but only use m terms of the series, we have the
m-lerm approximant

¢n{£]=m}f gt"

o=l

The corresponding solution of the equation is the simulant of the solution u,
thus

To,[u]=9¢.[g]
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Analogous 10 the limit m— e of ¢_[g]=g the limit as m— e of
C.ju]=uw

Possible stopping rules arise in computerized calculation when the last
computed simulant @, [u] corresponds 10 ¢,(u) to the number of decimal
places of interest to us.

We can also conceive of using the entire series for g, for example, writing
the sum of the infinite series but using a sequence of approximants to
parameters ¢,f3, ..., in I' and a corresponding sequence of simulants o,[u] as
parametrized by ¢,[¢a] or ¢,[f]. In solving a partial differential equation by
decomposition, we may develop a sequence of simulants ¢.(u) for the solution
u by concurrently improving the level of approximation of the coefficients, or
the given conditions, or the input functions. For example in
Lo, [u]=R,0,[u]=¢,[g] where g(t,x}=z:D z:ﬂ g2,.1'x™ we can
compute each O.(u) for given approximations of g, and of the initial
conditions, or finally of coefficients such as

a{l.x):i i Oyl X"

f=0 mel

We can also use the concept of simulants with asymptotic decomposition
which is discussed in [4). Consider the eguation

du/dx* ~u=g(x)=3 gx' u(0)=c¢, and v’(0)=c,
=0
By the asymptotic decomposition technique [5], the equation is written as
u=g(x)-d'u/dx’

Then u, =g(x)=Y  gx"and u, ==(d*/dx"Ju, , form> 1. Weusean

approximant of g or

¢,(8]= ni g,x"

Then the simulant, or analytic simulant, of u is the solution of
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Mﬂh 0. [u]=9,[g]

dx’
* ‘g, [u]
d*g_|u
a,[u]= ME]-T

o
o, [u] is a series which we wrile as zn_n o."' where

o' =o,[g]
g, = -d—:r:r;:,' (nz1)
=
- 2
Y o =0, =--=al)
dx”

n=1

It is straightforward enough that if we don’t use all of 2, we have only g_[u]

. . . X -1
which approaches u in the limit as m — = in o_ = z: u,. In the same

equation u = g(x)- {d I,.ﬁ:ixz}u

d
u, =g{x u, =—-—u,
i E ] dxh =1
we can write
_ [t o) _
uﬂ_za-}x' "a:nl—gu
o=0
u, =, al®x®
o=0
a™ =—(n+1)(n+2)l>;"
50 that

is the solution for asymptotic decomposition. We make two observations:




1)

2)

The method works very well for nonlinear equations where we solve for
the nonlinear term and express it in the above polynomials,

Ordinary differential equations with singular coefficients offer no special
difficulty with asymptotic decomposition, e.g.,

(1-x)Yd*/dx* Ju+u = g(x)
u=g(x)+(x—1)d*u/dx*
u, = g(x)
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CHAPTER 3

THE DECOMPOSITION METHOD IN SEVERAL DIMENSIONS

Mathematical physics deals with physical phenomena by modelling the
phenomena of interest, generally in the form of nonlinear partial differential
equations. It then requires an effective analysis of the mathematical model,
such that the processes of modelling and of analysis yield results in
accordance with observation and experiment. By this, we mean that the
mathematical solution must conform to physical reality, i.e., to the real world
of physics. Therefore, we must be able to solve differential equations, in
space and time, which may be nonlinear and often stochastic as well, without
the concessions to tractability which have been customary both in graduate
training and in research in physics and mathematics. Nonlinear partial
differential equations are very difficult to solve analytically, so methods such
as linearization, statistical linearization, perturbation, quasi-monochromatic
approximations, white noise representation of actual stochastic processes,
etc. have been customary resorts. Exact solutions in closed form are not a
necessity. In fact, for the world of physics only a sufficiently accuraie
solution matters. All modelling is approximation. so finding an improved
general method of analysis of models also contributes to allowing
development of more sophisticated modelling [1. 2].

Our objective in this chapter is to see how to use the decompositon method
for partial differendal equations. (In the next chapter, we will also introduce
double decomposition which offers computational advantages for nonlinear
ordinary differential equations and also for nonlinear partial differential
equations.) These methods are applicable in problems of interest to
theoretical physicists, applied mathematicians, engineers, and other
disciplines and suggest developments in pure mathematics.

We now consider some generalizations for partial differential equations.
Just as we solved for the linear differential operator term Lu and then
operated on both sides with L™, we can now do the same for highest-ordered
linear operator terms in all independent variables. 1f we have differentiations
{for example, with respect to x and t, represented by L,u and L,u, we obtain
equations for either of these. We can operate on each with the appropnate
inverse. We begin by considering some illuminating examples.

Consider the example du/di+ou/dx+f(u)=0 with u(t=0)=1/2x
and utx = () =- 1/ For simplicity assume f(u) = u®. By decomposition.

b ]




writing L u=—(d/dx)u- u®, then writing u= Z:n u, and representing u’

by u= Z:n A_ derived for the specific function, we have

Lu= *f&fax}i u, - z A,

a=i a=0

u=u, ~L(0/3x)Y, u, ~L7' Y A,
Al a=i
Consequently,
u, = ulx,0y=1/2x

u, =-L"(d/adxu, -L}A,
u, =-L}'(d/dx)u, - LA,

Substituting the A, {u’} and summing, we have

1 3

| t i t

U= —t—t+—+—
2x  4x*  Bx®  16x
t
=—(l+—+—+
2:'{[ 2% 4x° I

which converges if (t/ 2x) < 1 to u = 1/(2x —t). If we solve for L u, we have
Lu=—(g/dthu—f(u) -
u=u,-L'(3/d0Y, u, LY A,

a=l nal)

u, =-1/1
ul"l;:{f;fa[}un‘-];:f&n =='€1xf[=

or u=—(1/t)[1+2x/t+---] which converges near the initial condition if 2x/t
<ltou=1(2x -1).

Both operator equations yield distinct series which converge to the same
function with different convergence regions and different convergence rates.
It is interesting to observe that convergence can be changed by the choice of
the operator equations. In earlier work, the solutions (called “partial
solutions™) of each operator equation were combined to ensure use of all the
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given conditions. We see that partial differential equations are solvable by
looking at each dimension separately, and thus our assertion holds about the
connection between the fields of ordinary and partial differential equations.
There is, of course, much more 10 be said about this and we must [eave
further discussion to the growing literature, perhaps beginning with the
introduction represented by the given references.

Consider the equation u, —u +(d/dt)f(u) =0 where f(u(x,1) is an ana-
Iytic function. Let L, represent &°/dt* and let L, represent 9°/dx*. We
now write the equation in the form

Lu=-Lu=—(3/dt)f(u)
Using the decomposition method, we can solve for either linear term; thus,

Lu=L,u—(d/dt)f(u)
Lu=Lu+(d/at)f(u)

Operating with the inverse operators, we have

u=® +L'Lu-L"(d/dt)f(u)
u=9® +L'Lu+L](d/dt)f(u)

where the @, @ are evaluated from the given initial/boundary conditions.
Generally, either can be used to get a solution, so solving a partial differential
eguation is analogous to solving an ordinary differential equation with the L,
operator in the first equation and the L,operator in the second equation
assuming the role of the remainder operator R in an ordinary differential
equation. The (&/&1t)f(u) is a nonlinearity handled as before. The solution
depends on the explicit f(u) and the specified conditions on the wave
equation.

To illustrate the procedure, we first consider the case with f(u) = 0 in order
to see the basic procedure most clearly. We have, therefore, u, —u,, =0 and

we will take as given conditions u(0, x) = 0, u(t,0) = 0, u (n/2,x) = sin x,
u(Lm/2) = sin t.

Let L, =¢°/dt" and L, =4°/9x" and write the equation as Lu=L,u.
Following our procedure, we can write either u=c k,(x)+c,k,(x)t
+LL,u or u=c. ky()+c, k(Ux+LLu




THE DECOMPOSITION M ETHOD I 5 EVERAL DHMENSIONS 5

Define @, =, k/(x)+c k;(x)tand @, =¢, k,(t) + ¢, k,()x to rewrite the
aboveas u=® +L]L,uand u=®, +LL u

The first approximant @, isu, =®,. The two-term approximant ¢, is
u, +u, where u, = L.'L,u,. Applying the t conditions u(0,x) =0 and
w 7 /2,x) = sin x o the one-lerm approximant &, = u, =c¢, k,(x) = c, k,(x)t

we have
¢, k,(x)=0

c, k,(x)w/2 = sin x

orc, =2/m and k,(x) =sin x.
The next term is u, =L}'L u, =L 'L [c.t sin x], and we continue in the
same manner to obtain u.,u,,...,u, for some n. Clearly, for any n.

u, =(L;'L,) "y, =c, (sin x)(=1)"t"" /(2n = 1)!

If we write for the m-term approximant, we have for the two cases:

®_ =c, sin E(—l}‘tz"'/ﬁn +1

a=0
Since @ (7/2,x)=sin x

¢,k (x)=0
m=]

¢, sin x 2{::;2}“"/:211 +1)!=sin x

As m —ee, c,— 1. The sum approaches sin t in the limit. Hence our
approximation becomes an exact solution u = sin x sin t. (The same result can
be found from the other operator equation.)

Thus, in this case, the series is summed. In general, it is not and we get a
series with a convergence region in which numerical solutions stabilize
quickly to a solution within the range of accuracy needed. Adding the
nonlinear term does not change this; the A, converge rapidly and the
procedure amounts to a generalized Taylor expansion for the solution about
the function u, rather than about a point. We call the solution an
approximation because it is usually not a closed form solution; however, we
point out that all modelling is approximation, and a closed form which
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necessarily changes the physical problem by employing linearization is not
more desirable and is, in fact, generally less desirable in that the problem has
been changed to a different one. Recent work by Y. Cherruault and L. Gabet
on the mathematical framework has provided the rigorous basis for the
decomposiuon method. The method is clearly useful to physicists and other
disciplines in which real problems must be mathematically modelled and
solved. The method is also adaptable to systems of nonlinear, stochastic, or
coupled boundary conditions (as shown in the author's earlier books). The

given conditions must be consistent with the physical problem being solved.
Consider the same example u,-u,=0with0<x<mandt120,

assuming now the conditions which yield -an interesting special case for the
methodology.

u(x.0) = sin x u(0,t)=0

u(x0=0 wn=0

Decomposition results in the equations

u= c1k1{t]"" C:k:“'}x - L;I Ltu
u=ck,(x)+c.k,(x=L'Lu

The one-term approximant ¢, = u, in the first equation is
u, =c,k,(+c.k.(t)x

Satisfving conditions on x we have ¢ k,(1}=0 and c,k,(1)x = 0. Hencey, =
0. The first equation clearly does not contribute in this special case; we need

only the second. Thus,
u, = C,ky(x)+ ¢k (x)t

Applving conditons on t, c.k,(x)=sin x and c.k,(x)t=0. Hence

u, = sin x
u, =L7'L,u,=(=t"/2!sin x

u, = L7'L,u, = (1"/4!)sin x

w=(1=13/20+ 1" /4!~ }sin x =sin x cos 1
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We are dealing with a methodology for solution of physical systems which
have a solution, and we seek 1o find this solution without changing the
problem to make it tractable. The conditions must be known; otherwise, the
model is not complete, If the solution is known, but the initial conditions are
not, they can be found by mathematical exploration and consequent
verification.

Finally, we consider the general form

Lu=Lu+(a/dt)f(u)
Lu=L,u-(d/dt)f(u)

u =gk (t)+ ek, ()x+ L) Lu+L7(d/at)f(u)
u=Cyky(x) +c,k,(x)t+ L' Lu—L;'(3/a1)f(u)

We now let u= E:q“n and f(u)= E:u A and note this is equivalent to

letting u as well as f{u) be equal to z:n A, where the A, are generated for
the specific f(u). If f(u) = u we obtain A,=u,, A =u,..., iet,

Z:ﬂhn{u} =Y " u, Now

u=u,+LIL Y u, +L)(3/91)3, A,

w=u+L'L Y u - L7 (3003 A,

To go further we must have the conditions on u. Suppose we choose

u(0,0=0
u(x,0) = f(x)
u(z,t)=0
u,(x,00=0

Satisfying the conditions, we have ¢ k(t) = c,k,(t) = 0 or u, = 0. Therefore

the equation involving L] does not contribute. In the remaining equation we
get ¢k, (x) = f(x) and c,k,(x)t = 0. Hence,
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u, = f(x)
u, =L'Lu,~L(a/d0A,
u,=L'Lu, ~ L (3/ 1A,

Thus, components of u are determined and we can write @, = E:n u, asan

n-term approximation converging to u as m — == To complete the problem,
f(u) must be explicitly given so that we can generate the A_. We see that the

solution depends both on the specified f(x) and on the given conditions.

RESULTS AND POTENTIAL A PPLICATIONS:

The decomposition method provides a single method for linear and
nonlinear multidimensional problems and has now been applied to a wide
variety of problems in many disciplines. One application of the
decomposition method is in the development of numerical methods for the
solution of nonlinear partial differential equations. Decomposition permits us
1o have an essentially unique numeric method tailored individually for each
problem. In a preliminary test of this notion, a numencal decomposition was
performed on Burger's equation. It was found that the same degree of
accuracy could be achieved in two percent of the time required to compute a
solution using Runge-Kutta procedures. The reasons for this are discussed in

[2].

EXAMPLE: Consider the dissipative wave eguation
u, —u,, +(3/d)(u’)=g=-2sinx sin t cos t

with specitied conditons u(0,t) = u(m,t) = 0 and u(x,0) = sin x, u (x.0) = (.
We have
ue =k, (x)+k,(x)1+Lg

from the L u equation and use of the two-fold definite integration L] and
U = k(0 + k ()x-Lg

from the L,u equation and application of the two-fold indefinite integration
L. Either solution, which we have called “a panial solution”, is already
correct: they are equal when the spatial boundary conditions depend on t and
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the initial conditions depend on x. When conditions on one variable are
independent of the other variable, the partial solutions are asymptotically
equal, From the specified conditions u(x,0) = sin x and u, (x0) =0

k,(x)=sin x
k.(x)=0
s0 that
u, =sin x - (sin” x)(1/2 - /4 sin 2t)

The n-term approximant @, is

a-| n-1
0, =2 (L' L) u,—L'(a/ar) 3 A,
=) m=l
where A, = uyu,, A, = w0, == uqu,.,....

The contribution of the term L™'g to u, results in seif-canceling terms, or
“noise” terms. Hence, rather than calculating exactly, we observe that if we
use only u = sin x, we get u, =(-t*/2!)sinx, u, =(t*/4!)sinx, etc. which
appears to be u = cos t sin x. Thus the solution is u = cos t sin x + other
terms. We write u = cos t sin x + N and substitute in the equation for u and
find that N =0, i.e., the neglected terms are self-canceling and u = cos tsin x
is the correct solution, It is often useful to look for patterns to minimize or

avoid unnecessary work - -
To summarize the procedure, we can write the two operator equations

Lu=g+L u—(d/dt)f(u)
Lu=-g+Lu+(d/dt)f(u)

Applying the operators L]’ to the first equation or L} to the second,

u=k,(x)+k,(x)t+L'g+L;'L u-L;'"(3/d0)f (u)
u=ky(t)+k ()x~-Lg+LL u+L](d/dt)f(u)

Substituting 1.|:=Z:“_m1.|::L and f{u}=z:nﬁn, where A are defined for

f(u), we have
u =k, (x)+k,(x)t+L'g

v, =L'Lou, -L(3/at)A,
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uy =k, () +k, (x~L}g
U, =L Ly, + L/ (3/d1)A,

where, if both make a contribution, either can be solved to get an n-term
approximation @, satisfying the conditions to get the approximant to u. The

partial solution as noted earlier is sufficient. The integration “constants™ are
evaluated from the specific conditions, i.e., each @, satisfies the appropriate

conditions for any n.

The following example illustrates avoidance of often difficult integrations
for solution to sufficient accuracy in a particular problem. The exact solution,
which will then be used for a solution to two or three decimal places in
physical problems, is often unnecessary. We can sometimes guess the sum of
the decomposition series in a closed form and sometimes determine it by
Euler, Padé, Shanks, or modified Shanks acceleration technigues. However,
whether we see this final form or not, the series is the solution we need.

EXAMPLE: u, —u,, +(d/dt)f(u)=g(x.t)

Let g=2e " sinx—2e™ sinx cosx and f(u)=uy,. The initial/boundary
conditions are:
u(x.0)=sinx

u, (% 0)=—sinx

u(0,t)=u(m1)=0
Let L, = 8° /31" and write the equation as
Lu=g —{Efat]f{u}ﬂr(ﬁzfﬂxz}u

(By the partial soluuons tzchnigue, we need only the one operator equation
the &°/@x* is weated like the R operator in an ordinary differential
equation. )

Operating with L;" defined as the two-fold integration from © 1o t and
writing u = z:g u, and t‘{_u}l:E:_] A_ where the A, are generated for

f{u)=uu,, we obtain the decomposition components
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u, =u(x,0)+t,(x.0)+L'g
ug., =-L'(a/dt) A, +L(3* 1 ax*)u,

for m > 0. Then, since z:ﬂ u, is a (rapidly) converging series, the partial

sum ¢, =3 u, is our approximant to the solution.

We can calculate the above terms u,,u,,...,u_ as given. However, since we
calculate approximants, we can simplify the integrations by approximating g
by a few terms of its double Maclaurin series representation. Thus we will
drop terms involving t’ and x’ and higher terms. Then

el =1-t+—
2

sinx=x
X
cosx=1-—
2

50 that
g= 2[l—t+—[2-][x]—2ﬁ —2[+2t1}x{1—52—]

Then L™' g =0 to the assumed approximation. Hence

Uy =X - IX .
u, =L (/) A, +L7(9%/ax* Ju, = xt*f2

Thus the two-term approximation is

0, =u, +u, =x—tx+xt3/2

=(1-+/2)x=e"sinx

Although we can calculate more terms using ug,, for m > 0, substitution
verifies that u = e”sin x is already the correct solution.

If we need to recognize the exact solution, we can carry the series for g to a
higher approximation to see the clear convergence to e sinx. Once we
guess the solution may be e sinx, we can verify it by substitution, or
substitute ¢ sinx + N and show that N = 0.




EQUALITY OF PARTIAL SOLUTIONS:

In solving linear or nonlinear partial differential equations by
decomposition, we can solve separately for the term involving either of the
highest-ordered linear operators” and apply the appropriate inverse operator
to each equation. Each equation is solved for an n-term approximation. The
solutions of the individual equations (e.g., for L u, L u,L u, or Luin a four-
dimensional problem) have been called “partial solutions™ in earlier work.
The reason was that they were o be combined into a general solution using
all the conditions. However, it has now been shown [4] that in the general
case, the partial solutions are egual and each is the solution, This permits a
simpler solution which is not essentially different from solution of an
ordinary differential equation. The other operators, if we solve for L u, for
example, simply become the R operator in Lu + Ru + Nu = g. The procedure
is now a single procedure for linear or nonlinear ordinary or partial
differential equations. (When the u; term in one operator equation is zero,
that equation doss not contribute to the solution and the complete solution is
obtained from the remaining equation or equations.) We will show that the
partial solutions from each eguation lead to the same solution (and explain
why the one parial solution above does not contribute to the solution).

Consider the equation L,u+Lu+Nu=0 with L, =5 /dx" and
L, = d*/gy*, although no limitation is implied and Nu is an analvtic term
accurately representable by the A polynomials. We choose conditions:

uwa.v)=aly) u(x,b,i= (%)
ula. Y= a:{}r} u{mb:} = ﬁzfx]

Solving for the linear operator terms
Liu=-Lu-Nu
Liu=-L,u-Nu
Using the “x - solution”, we have

LiLu=~L]L u-LNu

" Purely nonlinear equations or equations in which the highesi-ordered operator 15 nonlinear
reowre further consideration [3]
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where L7 is an indefinite two-fold integration and L‘,'[-}=”{-}dx dx+ @,
where @ =Z,(y)+x& (y). The &(y)and &(y) are maiching coefficients 1o
the boundary conditions. Hence, L)L u=u-®_ and ® =& (y)+x&(y),
where £, and £ are the integration “constants”. We now have

u=®, -L/Lu-L Nu

Welet u= Z:nun and Nu= E:'.uﬁ.. where the A are defined specifically

for Nu. The u, term is normally taken as @ _(or ®, =L 'g when there is an
inhomogeneous term),

We can take a somewhat different approach (double decomposition),
discussed in Chapter 4, and decompose @ as well. In that case, we write

¢:|:.m = c::},m + xgwl.:n
and
u, =@

o 0

Then instead of the following components being given by

Upy ==L;L,u, =LA, for m 2]
we would have
w=®,, -L'Lu -L'A,
u, = ¢:..: - L-:LLrut - L;El-'_a*lq
u, =@, ,-L]Lu, - LA,
u, =@, -L'Lu

m T ¥y m=1

-LJA,,

The boundary conditions
q’“f: {&:1.}'] = ﬂl{}l’}

P2y, ¥) =05 (y)
determine &, _ and £ . Then

ul:l = ¢LI}
u =0, ~-L'L o, -L'A,
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u, = ¢'1..3 - L;:LT¢L1 + [L_:Ly )Zq)m + L;.:L}'L;.;Au - L-l:lﬁi
u, =@ .- L':Ll,tbm + {L;ILy }1‘1};,1 = {‘L_:IL_T }!{h;.u
~(LIL LA+ LIL LA, - LA,

Uy = i{_l‘:ll"r ) ¢,Lm‘_‘ _ WE_-IE—L:]L‘. }m—:—n L—‘l A,

n=0 —r
Now
U{K.}") = 2 E(_LTL;-}"I)“-“ _ Z z{-_ L;!Lg}n_14L_:An
m=L bp=0 i

which is the solution to the equation in x. We can proceed in the same
manner with the v equation; however, we return to the ordinary or regular
decomposition for clarity. The additional decomposition is of no advantage
for initial-value problems but speeds up convergence in boundary-value
problems by giving us results for u,, u,, ... that are obtained by correcting

constants of integration as we proceed. so that we can then use a corrected
imual value without more matching to conditions. From the x partial
solution.

U, = ¢I|. = ;ﬂ{}r1+x§|{},}

u,=-L7Lu,- Ll:ﬁ‘n

u, = [L,L, Fu, +[LYL LA - L A,

uy =={LJL, Ju, - [LL FLYA, < [LL LA, - LA,

From the v partal solution
u. =@, =7,(x)+ y1(x)
=L'Lu,-L/A,
.=[L)L,Fu, +[LJL, LA =LA,

% m=1 . . .
The mth approximant @ = ZM u, in each cas= above. The integration

constants are determined by satisfying the given conditions by sulution of the




matnx equations

1 a4 ] [en]
| oY) |

L b|- _nu} _.BHII}"
b | Ba(x) ]

to determine £, &, M, ;-

The limit as m — == of @ for the x eguation and the y equation are respec-
tively the x partial solution and y partial solution and are idenucally egual;
either is the actual solution which satisfies the differential equation uniquely
for the given initial/boundary conditions.

REMARKS: Suppose we consider a partial differential equation whose solu-
tion is the surface u(x,t) in a Cartesian system. We write this in the form
Lu + L,u + Ru + Nu = g. The intersections with the u,x plane is u(x,0) = f(x).
As tincreases from this initial value, the surface u is generated. Similarly, the
intersections with the u,t plane is u(0,t) = g(t). As x increases, the surface is
generated,

The partial solutions represent these two possibilities, i.e., we can
determine u either by starting from f(x) and using the t equations (Lu =
g-L,u-Ru-Nu) or starting from g(t) and using the x equation {(L,u =
g—Lu—Ru—Nu) and the appropriate inversions for each.

ux 0y

Consider, as an example, the simple heat flow equation u,=u,,, given
that u(x,0) = sin(mx/&) and u(0,t) = u(£,t) = 0. The solution is




e sin(mx/¢)

The equation in t is Ly = Lu. Applying the L;' operator, we get
=u(x0)+L'L Y u,.

u, = sin (7 x/£)
u, = L7'L,uy = (7% t/£*)sin (7 x/¢)
u, = {JI" tzft"‘]sin(ﬂxjf}

-

u=yu, = e sin(rx x/£)

o=

which is the complete solution usually obtained more easily than the
textbook solutions of this problem. The x equation is L u= L u. . Applying

L,

u=k,(t)+xk,(t)+ L-:Ltzun

s=1

We see u, = k,(t)=xk,(t) = 0 which means all following components must

be zero so this equation, as previously stated, makes no contribution. Here,
the x conditions (houndary conditions) u(0,t) and u(£.t) do not depend on t.
Hence the parual solutions are asvmptotically equal—they both are zero at
[ — e,

Use of the partal solutions technique as compared with the author’s earlier
reatments of parual differenual equations [4] leads to substantially decreased
computation and minimization of extraneous noise [5]. Also we note that the
convergence region can be changed by the choice of the operator equation.

Since the pazrual solutions are equal, we need solve only one operator
equation. (Exceptions occur when the ug term is zero in one of the equations
or the initial/boundary conditions for one operator equation do not involve
remaining variables.) The remaining highest-ordered linecar differential
operators can now be treated like the remainder operator R. Thus ordinary or
parual differential equations are solved by a single method. The decision as
to which operator eguation to solve in a multidimensional problem is made
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on the basis of the best known conditions and possibly also on the basis of
the operator of lowest order 10 minimize integrations.

To make the procadure as clear as possible, we consider first the case
where Nu = 0, i.e., a linear partial differential equation in R7,

Lu+Lu+Ru=¢g

where L, =o"/dx andL,=d"/dy’ with the boundary conditions

specified by boundary-operator equations

E,ui ::;‘."ﬁr{}"} B.u|,.;= Baly)

Bﬂ'ul&mn.: 7i(x) B,u[},_q:= ¥.(x)
Solving for L,u we have L,u=g -L,u ~Ruand operating with L7 we have
=@, +Lg-L/L,u-L;Ru

where @, satisfies L ®, =0. The inverse operator L is a two-fold
(indefinite) integration operator since L, is a second-order differential
operator. The “constants of integration” are added for each indefinite
integration. ** (This makes notation consistent with decomposition solution of

initial-value problems where for L, = d/dt we define L}'[-]= E[-]dt. and for
L, =d"/dt*, we have a two-fold definite integration from zero to t.) Now

the decomposition u= Z::ﬂuB yields
u=®, +Lg-L7L, Y u, ~-L]RY u,
a=0 =0

where we identify
u,=®, +Lg

**For linear ordinary differential equations, but not partial differential equations. we can
view L': as a pure two-fold integration operator not involving constants and simply add
the @  for a general solution
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as the initial term of the decomposition. Since L7 is a two-fold integration,
D =c,(y)+xc,(y) and u, = c,(y) + xc,(v) + L]'g. Hence

u=u,-LJL, i u, — L:’Ri u,
o=0 o=l

Thenform = 0
umfl = -L_:I.ILJ'UI:I _L_I.;Rum

for components after u,. Consequently, all components of the decomposition
are identified and calculable. We can now form successive approximants
g, = Z:n"m as n increases which we match to the boundary conditions.
Thus @, =u,, @, =@ +u,, @ =, +u,, serve as approximate solutions of
increasing accuracy as n — e and must, of course, satisfy the boundary
conditions. Beginning with ¢, = u, =c,(y)+ xc,(y) + L'g, we evaluate c,
and ¢, from the boundary condiuons

——— B,(¥) B:ﬁﬁ';g;-b, = 0.0y

B,gp,

Thus @, is now determined. 5ince u, or @, is now completely known. we
form
v, ==-L]L,u, - L Ru,
Then
p.= -y

which must satisfy the boundary conditions. Continuing to an acceptable
approximation ¢,, we must maich the conditions at each value of n for a
satisfactory solution as decided either by substitution or by a stabilized
numerical answer to a desired number of decimals.

For the special case of a linear ordinary differential equation, we have the
simpler alternative of using the unevaluated u, o get u,, simply carrying
along the constants in u, and continuing in this way to some @,. Thus, in this
case, only one evaluation of the constants is necessary. (For nonlinear cases
or for partial differential equations, the simpler procedure 15 not generally
possible.) To make this clear, consider some examples:
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d*ufdx* -40xu=2

w-D=u(l)=0
Write
Lu=2+40xu

u=¢ +c,x+L"(2)+40L" xz u,
a=d

We can identify
U, =¢, +c,x+L"'2)=¢ +c,x=x*

Now instead of evaluating the constants at this stage, we wrile

u, = 40L"" xu, = (20/3)c,x’ + (10/3)c,x* +2x°
u, = 40L 'xu, = (80/9)¢,x” +(200/63)c.x” +(10/ T)x"

If, for example, @, is sufficient,

@y = €, +Cx+x* +(20/3)¢,x
+(10/3)c,x* +2x° +(80/9)c x*
+(200/63)c,x” +(10/ T)x*

Imposing the boundary conditions at -1 _and 1 on ¢ we have
P (=D=¢y(1)=0 or

14979 473/63) (¢, (-31/7

29/9 -53/63) \c,) \ =3/7
determining ¢, and ¢, and therefore ¢ in a single evaluation. (By @, this
yielded seven-digit accuracy.)

Another example is d’y/dx’+2x dy/dx = 0 with y(0) =0 and y(a) = 1. The
solution is y(x) = (erf x) / (erf a) or

x—(x*13)+(x*110) = (x" / 42) +---
a-(a’/3)+(2°/10)=(a’ /42) +---

Write Ly = —2x(d/dx)y or
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If we satisfy the conditions with ¢, =y, we have y, =x/a as our first
approximant. If we continue to some ¢, and evaluate only then, we have

y, ==2L"x(d/dx)y, ==-2L"'x(d /dx)(c, + c,x) = —¢,x" /3

y. = =2L7"x(d/dx)y, = -2L7"x(d /dx)(=¢,x* /3) = = ¢,x" / 10

If we stop at
P=YFY Y,
@y =C, +Cx—c,x° [3+¢,x° [10

and now satisfy the conditions we have

=x-(x313}+(15;10;
a-(a’/3+@/10)

which is (erf x)/(erf a) to this approximation which can, of course, be
carried as far as we like.

For linear ordinary differential equations, both procedures will work, i.e.,
we can use the evaluated u, to get u,, add it to the unevaluated u, to get g,
then satisfv the conditions at the boundaries, or carry the constants along as
in the examples. The last procedure is most convenient because of the single
evaluation: the first is more general since it applies to nonlinear ordinary
differential equations and linear or nonlinear partial differential equations as
well [6.7].

EVALUATION OF COEFFICIENTS FOR A LINEAR PARTIAL DIFFERENTIAL
EQUATION:

for 0<x<xm/2, 0<y< /2 with the conditions given as

u(0,y)=u(x,0)=0
u(7/2,y)=siny
u(x,7/2)=sm x

Let L,=¢"/dx" and L, =d"/dy’ to write L,u=L u. If we apply inver-
sion to the L, operator, we have u=k,(y)~ xk.(y)+L;'L,u.
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Now @, = k,(y)+ xk,(y). Hence u=®, +L L u. The one-term approx-
imant is @, =u, =®,. A two-term approximant is @, =@, +u, and
u, =L7L_u,. The x conditions are u(0,y) = 0 and u(n/2,y) = sin y. Applying
these conditions to k,(y)+ xk,(y) we see that k, =0and k, =(2/7)sin y.
Thus, if the one-term approximant ¢, were sufficient, the “solution” would
be @, =(2/m)xsin y.

The next erm is u, =L L,u, =L7L,[(2/7)xsin y]. Then @, =u, +u, is
given by @, =k, + xk, —(2/7)(x*/3!)sin y. Because of the condition at x =0,
we have k, = 0. From the condition on x at /2,

(m/2)k,(y) - {Effr}({?rﬁ}’fii!)sin y=siny
k,(y)=(2/m=m/12)sin y
hence
@.=(2/7-7/12)xsiny

The first coefficient was (2/7) = 0.637. The second (from ¢,) is 0.899. As
n — o=, the coefficient approaches 1.0 so that u = x sin y is the solution.

Notice that if we try to carry along the constants of integration, k, and k,,
to some ¢, and do a single evaluation for determination of the constants, we
have u, =L;L u, = LL [k,(y)+ xk,(y)] which we cannot carry out; we
must use the evaluated preceding terms rather than a single evaluation at ¢,.
We have used only the one operator equation; the same results are obtained
from either.

Let us consider a more general form for the linear partial differential
equation L,u+L u+Ru=g where L, =¢°/dx*andL, =3"/dy’" with
conditions specified by B, u(x)|;.., = B(y) and B,u(x)|,.,, = B (). Solving
for L,u and applying the inverse operator, we have

u=@+Lg-L/L u-L]Ru

where @ = ¢, (y) + xc,(y) is the solution of L® =0.
Letu= Z:_ﬂ u, and identify the initial term as uy = ¢,(y)+ xc,(y)+L]g.
Now for m > 0, the remaining components are identified
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Upn = -L‘aIL:.-un - L_:RU

We now form successive approximants ¢, = Z which we match to

lht' bDl.lndﬂI'}" Dﬂnl‘jﬂ.‘lﬂns Thus [;ﬂl = u{. [;ﬂ.t q'} + u” “F! {pn b |_|_11 maw S‘ﬂvt
as approximate solutions of increasing accuracy as n approaches infinity and

must satsfy the boundary conditions. Beginning with
@, =u, =c,(y)+xc,(y)+Lg

we use 'B"I'!L. = f,(y) and ﬁztp:|b:= B.(y) to determine c,(y) and c.(y) so
that ¢, is completely determined. Since u; is now known, we can form
u, =-L7L u,—L;Ru,. Then ¢, =, +u, which must also satisfy the
boundary conditions. Continuing to some ¢, we match the conditions for a
sufficient approximation. Thus carrying along constants to ¢, for a single
evaluation doesn't work except for linear ordinary differential equations. For
linear partial differential eguations, we must use the already evaluated
preceding terms and can do so also for nonlinear ordinary differential
equations.

COEFFICIENT-GENERATING ALGORITHMS FOR SOLUTION OF P ARTIAL
DIFFERENTIAL EQUATIONS IN SERIES FORM:
Let’s consider a model system in the form

& u a-
7 + o ﬁax =g(t.x)

assuming conditions given in the form u(0.x)= o(x) and du/dt(0,x} = n(x).
Write

We note that
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gtx)=Y, g.(x)

msd]

where

2. (X)=D gox°

n=l)

Defining L = 5°/3t° and L' as a two-fold definite integraton from 0 to t,

We Can write

Lu+au+B(d*/ax ju=g(t.x)
Lu =g{[~xj—txu—ﬁ{3=fﬂx:]u

Operating with L", we have

-L'au —L"ﬁ[&z,-"r& x:}u

where
u, =u(0,x)+ [%{ﬂ_x}+ L'g(t.x)
o
S g, (e
u, = o(x)+ tn(x)+ mz.u T

which we will write as

= Tl

mi

al®(x) = zam .

a=f

where

Thus the coefficients are

ay (x)=o(x)
a}”(x)=n(x)
a[ﬂlzf )= 2.(x)

(m+1)}(m+2)

Using decomposition u= 2:_'} Uy,




-L'eu -L",G{Ei,fﬂxz}u

—L"txi u, —L“ﬁ{&’f&xi]i u,

m=( mel

so that for m = 0,

T

m=i

and form > 0,

=-L'au, ,-L"B(2%/dx*u,_,

Since we can also wrte

u, _Z Z aﬁ:n

Eel p=0
we note
=0,
a, =n,
o _ L

a_ .., =
T (m=1)(m~2)
The next component u, 1s

u =-L"au, -L"8(a°/9x* Ju,

Since
(87/dx" Ju, ={3:f&x:)z al"(x)t®
mal
3}5‘:& Ji i a[n' Byt
m=0 =l
=f>i i[m Din+2)a . ™x"
Thus mee e
u, = z E al " x"
ma: pal
— — af’nl’" “x
weel 2 mihmed)
A T 0 mezge (D*1)n+2)
ﬁmzm Z B e e

which we wrilz as
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5 5 s
m=0 a=0
where

ay . = B(n +1)(n+2)al)

s 3
L - m.arl

= (m+1){m+2)

Proceeding in the same way, write
u, =-L'au, - L“ﬁ{é‘lfﬂ xl]u1

(3*/dx* u, = tli i alll_(n+1)(n+2)"x’

m=0 a=0
- [ a.|'I:'| tmrlxn
= - _Smar
w=0% % e med)
ey n+|. n__z’}tmt-l n
.ﬁ; ; amn+- II1+3}[:1'I1+4;]
which is now rewritlen as
- taz Z aq‘ L = n
m=0 a=0
where
4l = ~%4s -aal), =B(n+1)(n+2)a}),.,
= (m+3)(m+4)
Continuing, we calculate u;, Uy, ... and see that we can write for the i th
component of u
u, =t*y Z al) = (e>0)
with e
o - 2’ = B+ (n +2)als)
e (m+ 2u-1)(m+2py)

as a coefficient-generating algorithm. Thus for g =0

ah —
aE:l.n - Cfn
o)
ala =1,
M _ Eaa

=22 (m+ 1) (m+2)




Then the solutionis u= Y~ u,.Consequently

u=i t2*

=0

EME

i )
E]
is the splution with

=1

6.=5 o ;Ea[”

w=l

as the v th approximant to the solution which becomes an increasingly
accurate representation of u as v increases.

MIXED DERIVATIVES:
Consider the equation u, =—-u given the conditions u(x,0) = " and u(0.y)

=e”, Lal
L, =dfox
L = dfdy

Then L':"[.'1=fr:.]|dx and L}’{-}zﬁ{-}d}e_ In operator form. we have

L,L,u=~u. Operating with L' we have

L)L, (L,u)=-Lu
L,u=Lu0.y)=-Lu
Lu=L u0.y)-L'u
Operating now with L' | ‘
LLu=LLu(0y)-L'Lu
u-u(x,0)=u(0.y)=u(0.0)-L,'L u
u=u(x,0)+u(0,y)=u(0.0)-LL; u

u, = u(x,0)=u(0,v)—u(0.0)
u, =e* +e’ -1
u,=-L'Lu,

u, =-L7L7u,
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Hence u=z ar

nal u,
u=» (=L L)y,
a=l
Since
u, =(-LL)%(e +e™ -1)
we have

b, =(-LL Y %H-L;'L;'n“i

u=0

{=v)*

G ST S 2
m! ,?;.5 (m+ﬂ}!+m£§ (m+ i)’

o

Because u= z“ﬂ u,.

= m! ;3 (m+y)! mlo {m+,ujlj

is the solution. However, we can rearrange the terms to get a simpler repre-
sentation using staggered summation:

m=0 =i fm‘l”' F’I‘I

where
[mj ~ m
a) (m=-pu)ly!

We recognize the binomial expansion of (x—y)” and write

which is, of course, the exponential series of (x-y) so that u=e¢*™ which is
the same result in a convenient form.
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REMARK: If we write @, = u, +u,, we can recognize the first six terms of
(1+x+x/2)-(1-y+vy*[2)=e'e™. Write u=e’e™” + N, substitute into the
original equation and see that N must vanish in the limit.

EXERCISE: u_ =u, +u, —u with u(x,0) = e and u(0,y)=e™. (The solu-
tionis u=¢""")

EXERCISE: u, =[4x}r/(l+ xzyl}]u with u(x,0)=u(0,y)=1. (The soluton
is u=1+x’") A generalization to u, +k(x,y)u=g(x,y) with
u(0.y)=£(y) and u(x.0)=n(x) can also be considered using power series
expansions of the functions to several terms.

MODIFIED DECOMPOSITION SOLUTION
u, =u, ~u, —uwith u(x,0)=¢" and u(0,y)=e™. Let

023 3 0

H
o
=
&

u, = i i (m+Dag.,, x"y"

m=0 n=0
u =) > (n+Da,,  x™y"

melf o=l
Ug =, 3, (M D0+ Dag.,, 5"y’

m=0 n=0
ugu = z aﬂlﬂxm

L
ull,y)= z g,y

n=0

We note that urx,ﬁ}':Z:D x‘“/rn! and ufU.y'II:E:D fr}r}“/n!. Sub-
stituting in the equation,
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3 S (mehn+Day, ., xy'=Y

m=1 nal m=0 g=

+ z z (n+Ta,,, x z z a,, x%y"

m=id a=i m=0 B=0

Equating like powers
(m+Na, +(n+Na_ , -a_,

Qpiper =

= (m+D(n+1)

= ]/m!
dy ={-lj‘1'|rn-l

We can now compute a table of coefficients in a convenient riangular form

a':l..'}
8,0 g
day 8y, a,,
80 d., 8, d4
which is given as:
1
1 -1
1 1
—_— _l —
2 2
1o
6 2 2 f
e
24 ] 4 ] 24
and by induction,
a“={'—1]
: m!n!
Therefore
MY v 5 D .
u= a, x
2 2t TYIE 2 2
g;:‘,g m!n! .Z.{, m!E n!

Consequently, u=e*". From the table of coefficients, we see that
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m!n!
Therefore by substitution,

(m+1a,, ,  +(n+1)a

m.ax]

| (m+1)n! m!(n - 1!

e _,f—n“}:ﬂ
'm!n! min!

Consequently we can derive the recurrence relation by substitution:

—_ “.ax‘-r'
- im+Din+1)
a,, = /m!

a,, =(-1)"/n!

u=2 i a,, x"y"

m=0 w=0

m=l.0=)

50 that

GENERALIZATION OF THE A, POLYNOMIALS TO FUNCTIONS OF
SEVERAL V ARIABLES:

In applving the decomposition method to nonlinear differential equations
arising in physical problems, we may encounter nonlincarilies involving
several variables [8]. We now generalize the algorithm for A for f(u) to
analytic functions of several variables such as flu.v). where flu.v) is not
tactorzble into ,(ulf.(v). (The later case, of course, is solvable as a “product
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nonlinearity” by developing the A, for each factor and obtaining their
product.) Examples appear in [2]. Our objective is to extend the class of
solvable systems.

In the use of the method. the solution of a differential or partal differential
equation is written u = 2; u, and flu) = Z:g A (ug,u,, ..., u ) where u,
is a function involving initial/boundary conditions, the [orcing function, and
an integral operator. This amounts to the assumption that the solution and
functions of the solution are expanded in the A, polynomials since A,
reduces to u, for fiu) =u. For development of an algorithm for the A, it is
convenient to assume parametrized forms of the u and f(u). The following
expressions have been given by the author [2] as:

.'Jl.n = Elfh!}fdnfﬂniﬁufl}:ﬂ;.g ff}
orsimply A, =(I/n)D*f|,., where D* = 4°/3A" and
(/3" Ju(A)] 12 = nlu,

The D'f term for n >0 can be writtenas asum from v =1 o n of
terms d"f/du” with coefficients which are polynomials in the d“wdA". Thus,

D'f = (df/du)(du/dA)
D = (d*f/du”)(du/dA)® + (df/du)(d*wdA?)

Df = (d’f/du’Ydu/dA) + 3(d*f/du Ndu/dA)Nd wdA®) +
+ (df/du)(d’wdA)

The result for A, can finally be given in a very convenient form which we
have referred to as Rach's Rule,

A, =2, c(un)f(u,) (2
w=]
Here f*'(uy,) means the wvth derivative of f(u) at u =ug and the 1l/n! is
absorbed in the c(v,n). The first index of c(v,n} progresses from I to n
along with the order of the derivative. The second index is the order of the
polynomial.
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The A, is a function of ug,u,,...,u,, i.e., of the components of the solution
u in the decomposition. The c(v,n) are products (or sums of products) of v
components of u whose subscripts sum up 10 n with the result divided by
the factorial of the number of repeated subscripis. For example c(1,3) can
only be u, (asingle subscript which must be 3). ¢(2,3) can only be u;u,
(two subscripts adding to 3). ¢(3,3)=(1/3"u]. ¢(2,6) has two subscripts
adding to 6 for which we have three possibilities for vy using (2.4), (1,5)
and (3,3). Hence c(2,6) = uyu, + uus + (1/20u 3. The result is

Ap =1(uy)
Ay =u,(d/dug)f(ug)
A = uy(d/dug)f(ug) + (u */21)(d*/du Dif(u,)
Ay = uy(d/duy )f(ug) + u,u, d*/du; )(u,)
+ (u/30(d*/du ) )flu,)

ANALYTIC FUNCTION OF TWO VARIABLES flu.v):
Proceeding analogously to the case of one variable,

D'f = (df/du)(du/dAi) + (dfidv)(dv/dA)

D* f = (d wdA)df/du) + (d*v/dA*)df/dvi+ (du/di) (d*frdu’)
+ 2(du/dA)(dv/dA)Yd* Fidudv)+ (dv/dA) (d*f/dv*)

D*f= (d’w/dA*)(df/du) + (d°v/dAi )(df/dv)
+ 3(du/dA)d *w/d A Nd *fldu®) + 3(dv/dA)d W dAT)d f/ dudv)
+ 3(du/dA)d*v/d A Nd fdud ) F 3dv/daXd vidA ) d dv)
+ 3(dv/dA)du/dA) @ fidvdy’ 1+ 3(du/da)(dv/dA) @ f/dudv?)
+ (du/dA ) @ *fidu’) + (dv/dA) (d*f/dv)

Déf= (d*wdA*)(df /du) + (d*v/dA*)df/dv)
+ 6ldu/d AP @ *w/dANd fdu’ )+ 6(du/d))(d*v/id A Yd £/ du’dv)
+ 12(du/dA)dv/dA)d " wdA®)d fidu dv)
+ 12(du/dA)(dv/dA)d v/ dA*)d T/ dudv)
+ 6ldv/da)Md*w dA*Nd f/dudv?) + 6(dv/dA) (d v/dA  )d f/dv')
+ 3(d wdA P frdu’) + 4(du/d Y d wd A Y du’)
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+ ddv/dA)(d wdA ) d fdvdu) + 6(d*v/dA)(d W dA X d* f/dudv)
+ ddu/dAXd v/dA* Wd fidudv) + 4(dv/dANd wdA X d frdv?)

+ 3(d3v/d ATV (d dv?) + d(dv/dA)du/dAY (d* f/dvdu’)

+ 6(dv/dA)(du/dA)*@*H/dvidu? + 4(du/dA)(dv/dA)s(daf/dudvs)
+ (du/dA)V(d*/du®) + (dv/dA)*(@d*f/dv")

The A, for flu) are written A {f(u)}. Generalizing to A, {f(u,v)} or
Ag | flul A)v( A)) ) we introduce the notation

i

ENEY f(u(A), V(A))| 1m0 = £, (10 Vo)

A

Proceeding analogously to the c(v,n) and ®(u,) for f(u), we can now write
c(u.v,n) and ", or f,(u,,v,)for a function f(u,v).

A, = c(1,0,Df, 5lug,vg) + ¢(0,1,1)f5, (wg,vs)
= ¢(1,0,1)df/du, + c(0,1,1)df/dv,

Comparing with D'f we see that ¢(1,0,1) = du/dA which must be evaluated
aa A=0. Since u=zn_n Au,, dufdAl,., =u,. Hence

Ay =u,dfldu, + v,df/dv,
Ay =ufyy +vify
Proceeding in the same way we can list the A, {f(u,v)}
Ag=_fy
Ay =ufip + vy,
Ay =ugfyp + vafy, +(u 111"2!)2['1:1 +uvify,; + (v 3.!"2!}["&;
Ay =uyfiy + vafy +uyuafy
+ [uyvy + uyvy 0y, #+ vovafoy + (U /30E, + (u /20w, £y,
+ (v I20f s + (v 30fg
Ag=ufig + vy, +[(u :;g_r} + U M+ [uy vy +upv; Uy,
+ [(v 3121 + vyvy oy + (0 T/20u,fsp+[(u /20 v, + uyuyv, I,
+[ugvy vy +ugv 200, + (v 1720V fps+ (u [ /4DE o + (u]/3 0V,
+ (u 7200V [120fa + (v /30 5+ (v /4D,
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Perhaps more conveniently we will write in symmetric form [1,2] where the
indices of f,, start from n,0, subtracting 1 from n and adding 1 to 0 for
the next set ..., and finally reaching (,n. Thus

Apg=1op

Ay :ulfl.u""'"1fn.l

Ay=(u 2050+ uvify  + (VII2DE, 5 + uyf, o+ vafy

A! = (u ?.Ir3 .r.)f!_'[,"" {T.I -Izulr:!}‘l" -|_f1'-|_ + {‘tr ?J’Z.’]u -|_f|'z + f‘l,l' :1"3!}&.‘! +u1u!f}‘n
+ [viuy Fuyvally  + vvalp g+ Usf o+ Vil

As=ufi g+ vy, +(u Eﬂ!}uzfa,u“' (u 3}’2!}\-‘ afa vyt
+uVyVafy 2 (v T /200af, 2 +(v D 120Vvafg s + U 3 /212 0+ uyufs
iUy vausf, y Fugvaf,  + v vl + (v ;IE!}f.u
+ (vmiﬂ!]fg,.ﬁ (v fﬂ!]{u ,lfl!]fu + (uyv :ﬂ!]ﬁ a+(u 1‘!4!}f,_.[,
+(vianf, .

For A;, we have c(0.0:0)= 1. We can list the & as follnwe

Ay=albhf o+,

Ar=c(20:2)f: o + (11D, + c(0.2:2)f; s +¢(1, 03 2)f oy + (0, 1; 2)f,,

Ay =o(1,0:3Df, o+ (0,13, + c(2,03)f, o+ e(1,1.3), , + (0,2:3); -
+¢(3.0;3): o + ¢(2,1:3)f, ; + (1,23, 5 + €(0.3:3)f; -

A, =clL,0:4), o + (0, 1), + c(2.0:)f, ; + (1, 1:4)f,
+c(0.2:4)f - + c(3.0:)f, o+ (2, 1;4)15 , + CLL2:4)) -
+c(0.3:0f; 5 + c(4.0:0f, o+ c(3,1:4)f, , +c(2.2:4); -

+ (1340, 5+ c(0.4:4), .

Ao =l L0 -+ cl0.1:5);; + c(2.0:5)f: o+ c(1.1:5)f, , + ¢(0.2:5)f,
+c(3,0:5: o + c(2,1:5)f; , + ¢(1,2;5)f, 5 + ¢(0,3;:5)f,
+c(4,0:51, o+ (3,155 , +c(2.2.5), ; + o[ L35, 5 + c(0.45)
+¢(5.0:5) fe o+ cld, 1:5), | + ¢(3,2:5)f; - + c(2,3;:5)f; 5
+cl1.4:5, . + o(0.5:5)f; .

A, = cl,0:6)f. o+ c(0,L:6)f; , + c(2,0:6)f; o + (1, 1:6)f, , + c(0.2:6)f;
+cf3.0:60f; ; + c(2,1:6)f; , + c(1.2:6)f, 5 + c(0.3:6)f; ; + c(4,0:6)f, o
+¢(3,1:60f; ., + c(2,2:6)f, - + c(1,3:6)f, ; + c(0.4;6)f;,. + (5.0:6)i.4
+cl4,1:6)f, , + o3, 2:6)f; 5 + c(2.3:6)f; 5 + c(1.4;6), . + c(0.5:6)f; 5
+¢(6.0:6)f, . + cl5,1:6)fs , + c(4,2;6)f, » + c(3.3:6)f; 5 + c(2,4;6)1 .
+cl1.5:6M, - + ¢(0,6:6)f; ¢
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A, = o LODE, o+ (O, LDE o+ (2,01 0 + (LI +(02N)
+cl3.0;Df5 0 + (2, 1D, + (L2 2 + (0,311, 5 + (4,070, o
+c(3, 1D, + 02,21 2 + (1,37, 5 + (0,41, 2 + of5,0: 15 o
+c(d, LT + (32N 2 + (2,3 N5, + e LANE + 00,51y 5
+cld 3 Nf, 5 + 34D+ c(2.5Df; s + c(LEDL, s + 0,776,
+¢l(6,0:Nfs o + (5. 15, + (4.2, T, 2 + (3.3 N, + 24D, 4
+ c(L5:7f; < + (0,65 ¢ + c(7.0:Nf; o + €(6,1:NE; , + (52015 -

Ag = c(1,0:8); o+ c(0,1:8)f, | +c(2,0:8)f3 o + c(1,1;8)f, ,
+¢(0,2:8)f, 2+ (3.0:8)f, o + (2, i®)s , + o(1,2;8)f, . + (0.3:8)f;
+c(4,0:8)f, o + (3, 1;8)5 , + (2,280, ; + o L.3:8)f, ; + c(0,4:8); .
+ ¢(5,0:8)fs o + (4, 1.8)f, , +¢(3,2:8)f; ; + ¢(2,3:8)f; , + o(1,4:8)f, .
+¢l0,5:8)f; s + c(6,0:8)f; o + (5. 1:8)fs , +c(4,2:8)f, : + c(3.3:8)f; ;
= (2,48, +o(1.5:8)1; s + c(0.6;8)f; 5 + c(7,0:8)f; 5 + c(6,1:8)f; ,
+ C(5,2:8)fs 1 + c(4,3.3)f,y + c(3.4:8)f; s +c(2,5:8)f: s +¢(1,6:8)f, ¢
+¢(0,7:8)fp 1+ c(8,0:8)f o+ c(7,1:8)f ) + c(6,2;8)f; - + o(3.3:8)fs »
+c(4,4;8)f 0 +c(3,5:8)f; 5+ c(2,6:8)f: ¢ +c(1,7:8)f, - +c(0,8:8)f; 5

Ay = (L0 o+ c(0, 1,9, +c(2.0:9)f, o + (1, 1;9)f;,, +0c(02:9), ,
+ ¢(3,09f; o + (2,190, + c(1,2;9)f, o+ C{ﬂ'j;g}fﬂ,a + 'D(dr,[};g]f;,u
+c(3, 19, +c(2,29)f; +c(1,3:9)f, 5 + c(0,4;9)f, , +c(5,0,9)f; ,
+ (4,19, +¢(3.29)f; ; +¢(2,3:9f 5 +c(1,4,9f; . +¢(0.5:9), ¢
+¢(6,0:9)f5 5 + c(5,1:9); , +c(4.2:9)f, ; + ¢(3,3:9)f; , +c(24:9)f; ,
+¢(1,5:9f 5 +c(0,69f s + c(7.0:9f; 0+ c(6,1:9)fs,, +¢(5,2:9)f; -
+c(4,3.9f, 5 + c(3.49)f; s + (259 5 + c(1,6:f; 5+ (0,791, ,
+¢(8,0:9)f; o + (7,19, +¢(6,2:9)f; 2 + c(5.3:9)fs  +c(4.4:9f, ,
+¢(3,5:9f, « + c(2,6:9f 5 + (1,791, 7+ c(0,8:9)f; s+ ¢c9,0:9f; 4
+c(8, 195, +c(7.2.9)f; 5 +c(6,3:9)s 5 + c(5,4:9)f: . +c(4,59f, 5
+¢(3,6.90f ¢ + (2,79 ; + (LB, 5+ ¢(0,9:9); 5

Ay =c(1,0;100f; p + ¢(0,1;10)s,, + ©(2,0:10)f; o + c(1,1;100f, ,

+¢(0,2:100fp 5+ (3,0;100f; o+ ¢(2,1;100f; ; + c(1,2;10)f,
+¢(0,3;100f; 5+ c(4,0;10)fi + ¢(3,1; 1005, + <(2.2;10)f;
+¢(1,3;100f, 5 +¢(0,4;100f, o+ c(5,0;10)f; o+ c(4,1;10)f; ,
+¢(3,2;10f; 2+ ¢(2,3;1003 5 + c(1,4; 100, , + c(0,5;10)f, 4
+¢(6,0;10)f; 5+ c(5,1;100f; ; + c(4,2; 11, 5+ ¢(3,3;10)f; ,
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+¢(2,4;100f; o+ c(1,5:100f; 5 + c(5,2:10)f; ; + €(4,3;10)f, 5
+c(3.4:100f; o+ c(2,5;10)f; 5+ c(1,6;10)f, 4+ ¢(0,7;10)f, 5

+ ¢(8,0; 10063 o + (7, L10)f; , + c(6,2;10); .+ c(5,3;10)fs 5
+ c(4,4;10)f, , + ¢(3.5:10)f; 5+ €(2,6; 100, 4+ c(1,7;10), -
+¢(0,8;10)fo s + (9,0,10)f; o + c(8,1;10)f; , + ¢(7,2;10)f;
+¢(6,3;10)f x+ c(5.4:10)fs . + c(4,5;10)f, < + ¢(3.6;10)f ¢

+ ¢(2,7:10)f; 7 + c(1,8;100f, 5+ ¢(0,9;10)f, o + ¢(10,0;10)f 0,0
+¢(9.1;10); , + c(8,2,100f; -+ ¢(7,3:10)f; 5 + c(6,4:10)f;
+¢(5.5:10)fs s + c(4,6;100f. ¢ + c(3,7; 100, 5 + c(2,8;10)f: 5
+¢(1.9:10)f, 5 + c(0,10;10)f;

For A, = ZL“,, c(p.v,1)f,, we need only c(1,0;1)=u, and c(0,1:1)=v,
For A,=3S"

vl c(lu" V.z}fnd_‘ we need
C“,ﬂﬂ}:‘: U
dﬂ11..-?-]= \":

c(l.l:2)y=wuv,
c(02:2) = v, /2!
8 =N e
I amegeim) AT e
c(1.0:3)=u,
c(0,1: 3 =v,
c(2.0:3) =u,u,

c(1,13)=uy vy + uavy
c(0,2:3)=v,v,
c3.0:3) = ui’a’B.‘
e(2,1:3)=ujv,/2!
«(123)=u,vi 2
c03:3)= v/3!

A= 211 cluv.4)f,,
c(1.0:4) = u,
c0.1:d)=v,
cl20d)=u,v; +u ;!2!
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c(1,1:4) =uvy +uyvy +uyv,
o(0,.2:4) = v, v, + V1/2!
¢(3,0:4) = u; u,/2!
o2,1:4) = u,uyv, +u v, /2!
dl2d)=uvvy +u1vf!2!
c(0.3;4) = v v, /2!
cl4,0:d)=u; /4!
c3, 14y =u v, /3
224 =uivi/212!
o(13:4) =u,v /3!
c(0,4:4) = v}/4!

Ag= Zirv-! o wv.5)1,,
¢(1,0:5) = us
c(0,1;:3) =vs
c2,0:5) =uw +u,u,
(LIS =u vy +uavy +uyvy +u,v
c(0,2:5) = v v, +vovy
o(3,0:5) = wui/2! +ufu,/2!
e(2,1:5) = uyup vy + uyy vy +u Ve /2! +udvy/2!
o(1,2;:5) = u, vy Vs + UV vy +u,va/2! + uyvi/2!
¢(0,3;5) = vwgﬂi +v fvgffi!
¢(4,0;5) = uju, /3!
c(3,1:5) = uivy /3! + utuv, /2!
c2,2:5) =ulv,va/2! + uuvi/2!
e(1,3;5) = v /3! +u,vivy /2!
c(0,4;5) =vivy/3!
c(5,0;5) =u;/5!
ci4,1:5) =u:‘v,.|’4!
o3,2;5) =ulv; /213!
€(2,3;5) =u;vi/2!3!
o(1,4;5) = u, v /4!
c(0,5;5) = v;/5!
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A= z:w.L C{ﬂ. V'éjfn,v
c(1,0:6) =y,
c(0,1:6) = v¢
¢(2,0;6) = uyus + Usuy, +u /2!
c(L1;:6) = u, Vs + Uavy + UsVy + U vy + UgV,y
(0,2;6) = vyvs + Vv, + v /2!
€(3,0:6) = uyuyus + 1l u /2! +u /3!
(2. 1:6) = uyus vy + U U V- + U UV, + UslyVy+ U fv.!?! +u 'jv;ﬂ!
(L, 2:6) = v vy + U, VaVy # UV, Wy + Uy Vet u;v%f?! + UV fa’il
c(0,3:6) = v, vavy +v [ v /21 + v /3!
c(4.0:6)=ulul/212! + ulu /3!
e(3,1:6) = vyuyu3/2! + vyu; ug /2! + vaugu /2! + vau /3!
c(2.2:6) =ujvi/22 + v Tul 224 uivy v 2 a2
e(13:6 = uv v I/2 s uv T v /2 v v T2 v R
cf0.4:6) = vivi/212! + v v, /3!
cl(5.0:6 = uu /4!
ci4.1:60 = ul v, /4] + uu.v, /3!
e(3.2:6) = u,v,va/3! +u v /212
cll36r = vimuy /3! + v Tvau P 2121
e 1.4:6) = viu/4! + v v.u; /3!
cf0,5:6; = v v, /4!
c(6.0:6)=u'/6:
c(5.1:6) = ujv, /5!
c(4.2:6)=u, v;/2'4!
c(3.3:6) = u, v, /313!
c(2.4:6)=u v, /24!
cll.5:6)= \'fu_-f.‘"\!
c(0.6:6) = v /6!
A, = 2:,“: C{,LL ""1?}[—4,»

clli71=1
ci0.1:T1=vy
CflU:TJ =U,lU, + u:ui + Uil
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el LT =1 vy + usvs + U0y, + U,V +UgV; + UV,
cl0.2:7) = vivs + Vavs + Vavy
c(3,0:7) = wyu e +uui/2! Fu T ug /2! + u iy /2!
c(2,1;7) = viuyu + Vol U, + v, + v,u /2! + v,
+ 0 vs/20 4 viuus +u s va/2l + vauu,
el 1,2:7) = U, va vy + U3V, vy + Uy Ve + U,V o2 40,y v,
+ v :‘usﬂl UV VsV gugﬂ.’ + Ua¥aVy
c(0,3:7) = vy vav, + v vi/2 4 v v /2! + v v, /2!
c(4,0:7) = uluy /3! + u fupuy /2! + ugu /3!
c(3,1.7) = vjui /3! + vausuy /2! + v uu,u, + vou ;s u, /2!
+vauius/2! + vou /3! + viugu /2!
e(2,2:T) = uivyavy /20 + v I u /20 + S vy vy /204 v T,/ 2!
+ U UV Vs 4V Vs v /20 \r‘.vdu;‘ﬂ.’
(L3N =u,vi/3 +uyvivi /2! 4 u,vyva v,
UV Ve 2 Vv /2 v 3 v 2!
c(0.4:7) =vivi/3l + v ivyv /2l + vvif3t
c(3,0;7) = ujui/2!3! + uu, /4!
c4,1;7) = uluy vy /3 + ufuiv, /212! + u vy /dle ulu v, /3!
¢(3,2;7) = ulvi/213! + uuivi2Rt + uluyv, vy /2!
+uivva/3t +ufuyvi20
c(2,37) = viuif213t+ viviu /212! + v v uy /2!
+ v uuy/3! + v ivauif212!
c(la= v?vzul.l'?:—! +V) Ty u11’2'2f + v /44 v vy, /3!
c(0,5;7) = vivi/213! + v vy /4!
c(6,0;7) = u;uy/5!
c(5,1;7) = ujva/5! + uu,v, /4!
c(4,2;7) =u v,y /4! +u ’uszIZH!
€(3,3:7) = ujviv/213! + viulu,/213!
c(2,47) = viuu/d! + v ivul/213
c(1,5:7) = viuy /5! + v vpu, /4!
c(0,6;7) = v] v,/5!
¢(7,0:7)= u /7!
¢(6,1:7)= ufv/6!
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c(5,2:7) = ufv ffﬂ!ﬁl
c(4,3;7)=u;jvi/314!
c(3,4;7) = v ul/34!
€(2,5:T)=uju;2!5!
c(1,6:7) = v u,/6!
c0,7;N=v]IT!

Av=3 . cmv8)L,

cf1,0:8) = uy
c(0,1:8)= vy
€(2,0:8) = uy Uy + Uallg + Uglg + 1 /2!
i 1,1:8) = 1y v + UaVs + UsVs + UVe + UsVy + UgVy + UsV,
€(0,2:8) = ¥, Vg + VaVs + Vavs + v -2
¢(3,0;8) = uyuyuy + vy +u T u /2 4 u w2 + ulu, /2!
c(2.1:8) = vyl + U, Vol + 1,1, Vs + VUL

S UVl F UG UV, + VUL + U Ve/2!

+ UVl + U IV, /2! + Vil +u vy /2!
C1,2:8) = 1y vavs + ViU Ve + ¥ Valls + U V3V

+ VUV F OV Vel F UV Ve + fuﬁfl.’

VUV VU2 4 U VeV + v /2!
e(0,3:81 = v, Vave + V VeV # Vv /2l + v Iv /2! + v i vy /2!
c(4.0:8) = ujui/22! +uuiu /2! + u i/l vl v /2! +ulud/3!
of3,1:8) = viu,u /2! + Ul vaua /2! + v u i, /2!

+u,Vau /2! u vy +V,aua/3!

UV U U Vol /2! +u v, /2!

+ Vi uTus /2! +u /3!
c(2,2:8) =ulvi22i+viud22 +uyviu v,

+ UV /2! v, v 32+ U U Ve Vs Y VU

+uivi220 +ulvave/2! + v Tupu, /2!

U UV VY Ve, UV Ve /2 Y e 72!
e(1.3:8) = uy v, vi/2T + v v /2! +ugviva /2!

+ VU V20 E v vl +ugva 3T F Vv v,

v IV 2 E v T /2w v 20+ v g /3!
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c(0,4:8) = vivi/22 + vyvivy /2! + v }/4!
+ VvV 2+ v s /3!
c(5,0:8) = uiui/213 +u uu /3 + uiu /4!
c(4,1;8) = v,ujuia’3!+u|1u3v1f2.'2! VU], /2!
+ulvau /3 v/ e v /3 a4
c(3.2:8) =ulv /23 + uluv /212! + v vauu /2!
+V U /2 v v, 2!
V2! U Vv /3 v/
+usuv i 212!
c(2,3:8) = viuf/ 213+ vivul/212! & uyu v, vi/2!
+ U ,21.»'5 voval2l + v fu] U, vy 2!
+V U Vel /2! + v U /3T + v /3 v v, 212!
o(1,3:8) = u, v v /3 + v ivin /212 + uy v vy v 2!
+ v iU Ve 31+ v I vau /3 4 v Ty v /3 4 v a4
c(0,5:8) = v vi/2B3 1 + v vyva /31 + v v, /4!
¢(6,0:8) = u;'ul/214! +uu, /5!
e(5,1;8) = v u ui/213! + vouuy /4! + viu; uy /4l u vy /5!
c(4,2;8) = u;}v3/2!4! + viufui/2212!
+vivau /3 +u I‘v. vy /4! +u vy /213!
(3,38 = 1..:"'n.rl 2!2’3’ +v]uu !2‘3'
+vivauu /22t 4 ulvivg /203 4 v iu /213!
c(2,4;8) = v, u3 /214! + ufva}ﬂ!ﬂ!l'
F U Vv /3 v i /4 + v T v /213
c(1,5;8) = u, v vi/213! + uyv vy /Al uy v vy JAl+ v /8!
c(0,6;8) = vivi/214! +viv,/5!
€(7,0;8) = ufu,/6!
c(6,1;8) = ufvzfﬁl + v,ufu;!i!
c(5,2;8) = ujv,v, /5! + vfuzu 214!
c(4,3;8) =u'vivy/214! +ulviu,/313!
€(3,4;:8) = viuju /214! + v luivy /313!
€(2,5:8) = viuu, /5! +ulvyv /214!
¢(1,6;8) = viW/6! +u,v]v}i/5!
¢(0,7:8) = viv, /6!
©(8,0;8) = u}/8!
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c(7.1"8) = u:vlf?l
c(6,2:8) =ufvi/26!
c(5,3;8) = ulv}/3!5!
c(4,4:8)=u, v, /44!
c(3,5:8)= v u}/3!5!
c(2.6:8) = viuj/2!6!
c(1,7:8) = v u, /7!
c(0.8:8)= v /8!

Ay = : c(mv.9),.

u=va]

(1,09 =u,

c((,1:9) = vy

o(2,0:9) = u, ug + uyu; + Uyl + U s

e(1.1:9) = U, vy + UV + s + UeVe + UgVe +UgVy 4+ Us Vg + Uk,

029 = vy, +vov. vy S vy

c(3.0:9) = uui/2! +ulud/2! +uguu +u 3+ u i /2! + ugusy,
+ U0,

C(2.1:9) = v, u /2! + U U, + U Ve 2!+ UVl + Vil + Uo Vel
UV, + VoS 2!+ v + U Va2 + v i
F UVl + U U-Ve + Vo Ually + U Vally + U Uy Ve

ef1.2:9) = uyvi/20 + v v + v 2ug/21 4 Vol Ve + UV, + VUV
+ VoVl F U V2T UV v U 2! vy
VU Ve + V Vol + U Ve Vs + VU Vs + V Vsl

c(0,3;9) = v vi/2! + v v/ 2l vava Ve + V3 # v v 2l + v Ve
¥V Va Vs

c(4.0:9) = ulu/3! + uyuul/2 + up-u /2! + vl uu/2!
+ 1 uyug/2! + uu /3!

e(3.1:91 = u) vo/ 3!+ voulug /2! + viuu /2! +uvau /2 + uguu v,
R TU T AR TR TR ORI T ELON i AR N TR T T
+u fngJEI + U fu:.,wfl.’ + ViUUsls + U fvgu,fﬁf
+U iU Ve /2! Ul v /3 vu e /2

€(2,2:9)=ulvava/ 2!+ v iusuy /2! + v,v,u /2! +uguav /2!

+ OV, ViUl + U VY + Vv /2t 4+ u,u:..vif?.’




U U Ve Vg + V Vol + U Vv 2T+ v /2!
OV Vil U+ U U YV VU2 u vy vs /2
U UV Vs + Y Vol s + 1V Ve /2! 4 v P ug /2!
e(1,3:9) = viu/3 +uyvive /2! +uyvyv /2! + v uyvi/2!
+Vy Vy Vall U, VIV 2l v VU v+ Y v.*':u*.l’i!
UV VeV VUV 2T v T2 v v v
+v iU ve/2 v T vaug /2! + v /3 4+ uy v v /2!
c0,4:9) = viva /3l + v, vav /2 4 v viv /2l + v vy v, 2!
+v vy ve/2! v v /3!
c(5,0:9) =u, ui/d! +uiuiu/212 +uui/213 + uuyu /3! + u o /4!
c(4,159) = vius/dl+uy vy ul/3+ v nuiu /2! Fufuy v /2!
+uiuiva/22 4+ v ui/22 + u v /3!
+viu nu /2! v /3 4 u v, /3!
+vyujus/3! +uvs/a!
c(3,2:9) = ulv,vy/3 + u uivi/2120 + v T uju, /212!
+uiviug/212! + v vau ul2! + v, vau o,
+vavau /2! +u ] vi/2130 4 v T ug/2!2!
+V, ViU /2! + v T uyuu /2! + vy v /3!
+V VaUu /2! + v v uy /2! +v,’ufu,,a’2[2I+v,\r,u?.f3!
c(2,3:9) = viuuy /3 + v, viui/212 +ulviv /212!
+vIuivy /212 v V2! u v vy v
U UV vy/2! v Jud/213 v v 212
+u, UV v /2 +u fv, VoVl 2! +uguv /3!
AUy Uy vV 2l ugv v /2! Fu v ivs /21214 u ugv 3!
c(1,4;9) = u, v/l + v uv/3+u, v vivi/2T + v vy v /2!
+Vivig /22! +u,vivi2120 + v iy v,/3!
+u, VvV /2 + v T v /3 + v vy /3!
+u,vivs/3! + v lu /4l
c(0,5;9) = v, v3/4! + vTviv;.n’E!Z! +v fv:ﬂ 13!
+vivave/3 4+ v v /dl
c(6,0:9) = ulul/313! +u fuyuy /4! +ufu /5!
c(5,1;9) = v, uju3/213! + voulul/2130 + u fvyuy /4!

+u Ve A+ v ulun /3! + vu /S viu g /dl




[ CHAPTER 3

c(4,2:9) = viuul/230 + v inul213! + vveuluis2n!
+vovau /4l + v} ju!uﬁlflf +V vauiu, /3!
+v‘v,u1u;a’3' +v u qu‘Bl + v, Vyu, /4!

c(3,3;9) =uvi/33 + viul /33w uluyvivg 2120+ u duy vivy /212!
+0 v Vv /3 v a3 u v, v, /212!
+uivivau /212 +ulviv /213 + v 3111114!2’3'

€(2.4:9) = ulv,v1/2131 4 u? v;vjfi 34w, vivinR!
+usuy v /4! +'|.:LI Vivava/212! + U usvivy /3!
+uy U v Va3 u i viv /213 a4

c(1,5:9) = u, vivi/213 +uyvivif2!3 + v fuy vy/d!
+vivpu /Al Fuvivave /3 Fuvi/S 4 u,vyv, /4!

c(0,6:9) = viul/313 + v vyvaldl + v v, /5!

c(7,0:9) =ului/2!5! + uluy/6l

e(6,1:9) =uiu vy /5! +uuiv /29 +u vy /6 +uluy v, /5!

c(32:9)=u vi/2!5! +ujulv /21213 +uuy vy v, /4!
sulv,va/Sl+uiuvi/214!

c(d439) =ufv, vi/214l +uuivi2213! +uu v v, /213!
+uivive/214! + v /303

€(3,4:9) = viuui/214! + v iviui/21213 v vy ufu, /213!
v iuiug /214! + vivau /33!

c(2.5:9) = viui/2!5 + v iviul 21213+ v ivau, u /4
+v iU /5l # v vau /204!

¢(1,6:9) = vivau, /5! +v iviu /214! + v u /6! + v vy, /5!

c(0.7:9) = vIvi/2!15 + v v, /6!

c(8,09)=u u./7!

e(7,19) = u_v/7!+ ujuv, /6!

c(62:9) = u v, v, /6! + uju,v /215!

c(5.3:9) = uivivy /215! +u fu, vi/34!

€(4,4:9) = ulu.vi/314! + v vyu /34!

€(3,59) = viuluy/2!5! + v vui/34!

€(2,69) = v u u, /6! + v i vaul/2!s!

c(1,7:9) = v u/7! + v | vau, /6!
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c(0,8;9) = v v,/ T!
c(9,0:9) = u; /9!
c(8,1:9) =ulv,/8!
c(7,29) = u:vfﬂﬁ'!
c(6,3:9) =u’vi/36!
c(5,4.9) =u ;v /45!
c(4,5:9) = u}vi/415!
c(3,6:9) =ulvé/36!
©(2,7:9) = ujv /27!
c(1,8:9) =y, v}/8!
c(0,9:9) = v]/9!

CONVENIENT RULES FOR USE:
The A, have been written in detail as a convenient reference and an aid in
calculations. However, they can now be written by simply remembering the

algorithm. The c(y,v:n) are written by considering all possibilities for ¢ and
v with g + v =n. Inspection of the listed c(g,vin) will make it clear that

i tells us how many times u appears and v tells us how many times v
appears. Further, we see that the sum of all the subscripts is n and as with
functions of a single variable, repeated indices require division by the
factorial of the number of repetitions.

ANALYTIC FUNCTION OF SEVERAL VARIABLES:
Let's consider f(u,v,w)# f (u)f,(v)f,(w). Thus, N[u,v,w], with N a non-

linear operator, acting on u is an analytic function f(u,v,w) which we set
equal to Z:n A,. Now we define

fova = {‘;k.l"‘-'iln}(‘;'fd"o}[amfama}f{uo- Vnr""’n}
Now
Ag= ff.-,n,n
A, =c(1,0,0:)f, g0 +c(0,1,0: D, , o+ €(0,0,1;1)6, ,,
Ay =c(1,0,0:2)f, o0 +c(0,1,0:2)f,1 0+ €(0,0,1;2) 5, +c(2,0,0:2)f; 0
+c(1,1,0:2)f; ;0 + (1,012, o,
+¢(0,1,1;2)f,1,1 + c(0,2,0;2)f; 2.0+ €(0,0,2,2)f5 0.2




The wvalues of the c{u,v,@) above are

c(1,0,0;1)=u, c(1,1,0:2) = u, v,

c(0,1,0;1) = v, ¢(1,0,1:2) =u,w,
c(0,0,1;1) = w, e(0,1,1:2) = v, w,
(1,0,02) = u, c(2,0,0:2) = u’/2!
c(0,1,0:2) = v, c(0,2,0:2) = vffz!

c(0,0,1:2) = w, ¢(0,0,2;2) = wi/2!
Ay = f(ug,vo,wo)
A, =u(df/du,)+ v (df/dv, ) +w, (af/32,)
A, =u,(df/du, )+ vy(3f/dv, )+ w,(9f/32,)
+u,v (9 /ugd v, )+ uyw, (97 £/dudw, )
+v,w, (8 f/dv,d w,:,} + {ufﬁ!}{& f/a uf,:l
+vi/2)(a t/avy)+(wi/21)(d /aw})

etc. for A.. We can proceed analogously for determination of A, for
functions flu,u-....u.).

APPLICATIONS:

The A, for fluv,w) is needed to solve three coupled nonlinear differenual
equations. In the author’s form [2] for coupled equations, using
decomposition we have

u= L g - LR j{uvw) - LN uvw)
v= LY g - LRy (uvow) — L Ny(u,v,w)
w= L';gg - L' Ry(uvaw) — L3 Nalu,v.w)

We letu= Z:u u,, v= E:u V. W= E:a w, and we write Nj(u,v.w) =
ffuvwl= Z:c An{f{u. !.',w]} for i=1.2,3. Then
u=2% + .llgi where L, ®, =0

vo=®,;+ Lyg: where L.®, =0
wo=®;+ L'g, where L, @, =0

Similarly we require A {flu, ...u,)} for m coupled operalor equations.
An example for a non-factorable nonlinearity f(u,v) is the pair of coupled
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equations
du/dx + aju + byv + fi{uv) =g,
dv/dx + a,u + byv + f{uv)=g,

Finally, we consider N(u,v) = flu,v) = ¢"". This is an interesting case for
comparison purposes since it is a factorable nonlinearity: ¢*" =" -e”, so we
can solve it as a product nonlinearity using A,{f(u)} or with the present
results for A, {flu,v)}. We can now consider a set of two coupled equations
in the general form:

Liu+R (uv)+Nuv)=g

L,v + Ra(uv) + N(u,v) = g,
where N(u,v) = e"".

SOME FINAL REMARKS:

The definition of the L operator avoids difficult integrations involving
Green’s functions. The use of a finite approximation in series form for the
excitation term, and calculation only to necessary accuracy simplifies
integrations still further. (With Maclaurin expansion, for example, of
trigonometric terms, one needs only integrals of t°.) The avoidance of the
necessity for perturbation and linearization means physically more correct
solutions in many cases. The avoidance of discretized or grid methods avoids
the computationally intensive procedures inherent in such methods. The
decomposition method is continuous and requires significantly less
processing time for the computation of results. It has been demonstrated that
very few terms of the decomposition series are necessary for an accurate
solution, and also that the integrations can be made simple by the suggested
methods, or by symbolic methods, and use quite simple computer codes in
comparison with methods such as finite differences or finite elements.

As we have shown, partial differential equations can be solved by choosing
one operator for the inversion and considering all other derivatives to be in-
cluded in the R operator. Hence we solve exactly as with an ordinary differ-
ential equation. We have the additional advantage of a single global method
(for ordinary or partial differential equations as well as many other types of
equations). The convergence is always sufficiently rapid to be valuable for
numerical work. The initial term must be bounded (a reasonable assumption
for a physical system) and L must be the highest-ordered differential.
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CHAPTER 4

DOUBLE DECOMPOSITION

In solving boundary-value problems by the decomposition method, we have
seen that we can either retain the “constants” of integration in the u, term for
the case of linear ordinary differential equations, re-evaluating the constants as
more terms of the approximate solution ¢, are computed, or, we can use the
i evaluated to satisfy the boundary conditions and add constants of integration
for each successive term u,.

For a linear ordinary differential equation, it is more efficient to calculate an
n-term approximation ,, carrying along the constants u,, and finally force ¢,
to satisfy the boundary conditions, thus evaluating the constants of integration.

We now introduce an effective procedure which allows us decreased
computation, especially in partial differential equations. This is done by a
further decomposition, i.e., we now decompose the initial term u, = ¢ into

2:.,; D, ie. ’2:_1, g [1]

At first thought, this seems like an ill-advised procedure which can only
slow convergence, since the new initial term @©, or u,, will be farther from
the optimum value for u,. However, we will see that, as a result, we can use
@, to determine a ¢ which can then be used for further terms of ¢, without
further evaluations. The boundary-value problem becomes an equivalent
initial-value formulation in terms of @. This eliminates further matching to
boundary conditions.

Let us again consider the equation u, —u, =0 with u(0,y) =0, u(x,0)=
0, u(m /2,y) = sin y, and u(x, /2) = sin x whose solution by decomposition is
u(x,y) =sin x sin y. We will again use decomposition and also the concept of
equality of the partial solutions of the operator equations, so only one operator
equation needs to be considered. Also, we will decompose the u, term of the
decomposition series, which means a double decomposition of the solution u.
(This is a much preferable method to that of eigenvalue expansion in m
dimensions.)

We have L,u = Lyu and can apply the inverse operator L on both sides.
Thus L7 L,u=u-®, or u=®,+ L'Lu with u(0,y) =0 and u(z /2 ,y) = sin
¥. Equivalently, we can start with Lyu = L,u and apply L;] to write u = @, +
LY Lou with u(x,0) = 0 and u(x, 7/ 2) = sin x.

69
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L
As usual, we assume u=2m_n u, but now we also decompose u,into

Z_ U, - For the x conditions, we have
m=0 \m

i u, = i ¢Lm+L;’L},i u,
mafl m=0 m=0

with uy =@, gand v, =@, +L'Lu_, We can also write, using the y

conditions, the equation
Su=3 @, +L'LY u,
m=0 m=0 m=i
with u, = ‘I’y,n and u_,, =¢"._m +L;’L,um_|. Since L &, =0 and Lr"-llj. =0,
we have
m:..l:- = E_,,:,{}'} + xé.f}’]'
¢:.= = ‘Eb,m{}r} + ngn{};}
D, =1(x)+ym,(x)
¢'y.m = Tll:'.m {K} + }’Tll.m {x}

where the £'sand n's arise from the indefinite integrations. The conditions
given determine these integration “constants” for the approximate solution
Qo = E:,g u,. Thus @, (0.y)=0and @, (7/2,y)=siny determine
Z.e(viand Z _(y). Similarly, @_,,(x.0)=0and @__,(x.7/2)=sin x de-
termine 7},  (x) and 7, (x).

Let us consider improving approximations to the x-dimensional solution as
we calculate increasing terms of the decomposition series. Of course, the

approximation is the solution in the limit m = ee.
u=® +L Lu=§ +x§ +L“'L}_u
@ =uy =5+ XG5,

Since @,(0,y)=0, §,=0. Since @(x/2,y)=siny, £, =(2/x)siny.
Therefore, @, =u, = (2/x)xsiny. To calculate u, we have
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u, =&, +x&4+LL,u,

L,u, =—(2/m)xsin y

L','I.!,urJ =—(2/m)(x’ /3!)sin y

u, =&, +x& ¢—(2/m)x’ /3!)sin y

A two-lerm approximation is given by ¢, = ¢, +u, (or u, +u,); hence
@, =(2/m)xsin y - (2/m)(x’ /3!)sin Y +So, —rx..f,l_‘

Since @.(0,y) =0, we have &, =0, and since @.(m/2,y)=sin y, we have
&g =(/2)(sin y)/3!

u, = (m/2)(x sin y)/31—(2/x)(x’ sin y)/ 3!
u, =&, +x5;+L Ly,
L,u, = (2/7)(x’ sin y)/3!=(/ 2)(x sin y)/3!
LL u, = (2/7)(x" sin y)/ 5! =(x/2)(x’ sin y)/(3!)’
u, =&, + x&, 4 +(2/7)(x7 sin y)/ S'—(x/ 2)(x" sin y)/(31)°
@, =0, +u, Or u, +u, +1u,
etc. Summarizing, the components of u are

u, =(2/m)xsiny

u, = (1 /2)(x sin y)/3!=(2/x)(x’ sin y)/3!

uy = {=(m/2)’ 1 51+(m/2)’ I(31)* }x sin y

= (m/2)(x’ sin y)/(3!)* +(2/7)(x* sin y)/ 5!

etc. The approximate solutions @,,¢,.@,,... are:

@ =(2/m)xsiny

@, =(2/m+(x/2)/3)x sin y +(2/ w)(—x"/3!) sin y

@, =1 2)+ (I 2)31=(x/2) I 51+( / 2) I(31)*)x sin y
+1/(m/2)+ (/1 2)3(=x" /3 sin y
+ 1/l 2)(x* 15! sin y
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efc., or
@, =(.6366198)x sin y

@, = ((8984192)x sin y + (.6366198)(—x*/3!) sin y
@, =(.9737817)x sin y + (.8984192)(-x*/3!) sin y
+ (.6366198)(x’ /5" sin y

which converges very rapidly to the given solution. It is interesting to write the
result as

@, =a,xsiny+a,,(=x'/3)sin y+a_,(x*/5)sin y+...

m=1

Pp =2 3, (1™ /(2n+Disiny

o=l

where the a_, are numerical series whose sum is 1; each term is delayed
behind the preceding term. Now,

m=1 !
lim @_ = lim > a_, (-1(x**") /(2n+1)!sin y
= mu"n-{l

where lim a__ =1 for all n. Then

) =

=

u=lim @, = S {=DP* ) /2n = 1)1} sin y = sin x-sin y

n=0

The y-dimensional solution is u = sin ¥ sin x since, by symmetry, y is
interchanged with x; i.e., the partial solutions are identical.

Consider the example ug + = g(x,y) = x*+y* with u(0,y) = 0, u(x,0) = 0,
u(l,y) = v*/2. u(x,1) = x*/2. We have shown previously, using decomposition.
that the solution u = x*y*/2 can be obtained in only two terms, It is also clear
that either the operator equation for Lu or for L,u can be used with appropriate
inversions. Thus

Lu=x"+y -L,u

LLu=L(x*+y)-L]L,u

and since LLu=u-®,
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u=¢"+L':(x1+y!j—LfLru f1)
Similarly,
u=®, +L](x"+y)-L]Lu (2)
Using (1),
u, =@, + L7 (x* =y")
> oua=u-LIL, Y v,
m=i a=0

u,.,=-L'L.u

1~y m

form = 0. Now, if we decompose the u, term as well, we write

‘z u_= i ®, . +LJ(¢+y)-L]L, i u,
mwl -] m=]

Identifying u, = @, +L'(x* + y%), all other components are determined by

u,., =¢m-l'-1-_,l Lyuu (3
Proceeding analogously using (2)
u==>, +;‘L‘,‘f{x= +vH)
(4
Uy, = ¢v-m+' - L;' Lu,
Continuing with the x equation, i.e., (1) and (3),
D, =S (¥)+x5(y) 5
¢x.u =§Q~m(y}+ xérn{}']
or from (2) and (4)
D, =y (x)+ ym,(x) “

D, =T (X)+¥7), 0 (%)

The “constants” of (ind:cfmirr,c} integration are now matched with the
approximate solutions ¢, for n = 1,2,... where -:pm_,=zm u,. Thus

p=0 O

Paa(0,)=0, @, (Ly)=y"/2 determines & _(y)and & _(y) in (5).
Similarly, ¢_.,(x,0)=0 and @,,,(x,1) = x*/2 determines 7, ,(x) and 7, _ (x).
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Proceeding with the x-dimensional solution, @, = & (y)+ x&,(y) and
ug =& +x&, + L7 (x* +y"); after decomposition of u,,

up=E&po+x§, 4+ Ll(x*+yH)
Ugn1 = gﬂ,mﬂ + ngm..L - L:I L!l'um
Our first approximation is ¢, = u,, or

@ =800+ X510+ x 12+ X7y /2

where @,(0,y)=0, ¢(1.y}=}'=f2. Since @, =(0,yv)=0, §M=[}, Since

o.(1,y) = v/2,
S+ 1124y 12=y"12

or £, ,=-1/12. Hence
Uy ==x/12+x* 112+ x7y" /2

Then
U =5, x§,; - L_J]-_x u;

1

Since L.u. =x" and 'L u, =L}'x* =x*/12

ul =§n.'- +x:|.| -x/12
Then
D= vy, =0+
—{_i x_+££..!+r; -xf .-x_‘::.
|12 12 2 i“-' M2
3,4
x Xy
= —— += X
Since
©.(0,y)=0 i.=
0,(Ly)=y'/2 =112

u, =x/12-x*/12
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We now have @, =x'y*/2, i.e., the exact solution in two terms. If we

proceed further
=F £ -1
U; =G+ X5~ L: L,u:

We have L,u, =0, LL,u, =0
P=p, +u, = x:}'z 12+ :.-:n.: + K;HI,:

and since @,(0,y)=0, &.=0. Since @,(Ly)=y" /2, &.=0; hence u, =0
50 @, =x"y' /2. We can continue to see limg,, =u= x"y* /2. The same
result is obtained from the y-dimensional solution.

We now apply the double decomposition to a linear ordinary differential
equation represented by Lu + Ru = g where L is the highest-ordered linear
differential operator—in this example we choose L = d*/dx*and R is a linear
operator (the “remainder” operator) which can contain for this L no derivatives
higher than the first (the order of R is always less than the order of L).

DIRICHLET CONDITIONS:
u(b;) =f, and u(b,) =4

Solving for Lu and operating with L, we have u= ®+L"'g— L"'Ru where
L® =0. Now let “=2:.a u, am:l@:z:_n . ; then

g

> u, = 2 o, +L"g-L"Ri u,

m=i m=

(where L™'is a pure integration not involving constants). Let
®_=c,,+Xc,, and define u,=®;+L7'g Now &, =c,,+xC,.
Matching ¢, to the boundary conditions c,, and c, , are determined by two
linear equations. Suppose g = 0 for simplicity. Then

Con * hlcj.ﬂ = lﬁl

oo+ by =5,

or in matrix form
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NiEH

1 b, fcwe B,

if the determinant of the first matrix is non-zero. We now go to the next
approximation . by first determining

u, =®, - L'Ru,

to get ¢. = @, +u,. Matching @, to the boundary conditions to evaluate the
constants, ¢. is determined completely. Continuing in this manner, we
determine u.,u,,.. until we arrive at a satisfactory ¢, verifiable by

substitution or stabilized numerically to sufficient accuracy. We have
v, =®_ -L'Ru__,

where d)m = l|::[..n: - Xcl.m and Poat = P + um' Mﬂlﬂh.l]]g 'tpm-pl to the bﬂuﬂd“}’
conditions. we reguire
Pa.i(b)=0, (b)) +u_(b,)
u_(b,)=®_(b,)=L"'Ru__(b,)

where @ _(b,)=c,_ +b,c, . Substituting and matching the conditions,

¢, . +be,, =L 'Ru,_,(b)+@,(b)=p
¢ _+he —L'Ruy ,(b.)~o, (b.)=F.

Rearranging.

C.m™ b1cl.m = El =Py (bl} + I"_lR“'II:u—r"I}:'I } = .IBLN
C.m =b:Ciy = By~ 0, (b)) + LRu, (b)) = B,
which we wrile simply as
Cl.‘l.m + I::"1"::r.m = -ﬁl.n

cl’.l.m + b2c1.m = ﬁ:.m
or

where
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-

[ﬁl ) {ﬁ. ~@q(b)) +L"Ru,_ (b)) |

ﬁ:.z B = q(by) + L Rum-lihzjj
Thus,
fea] [ b..]"fﬁ;_.q
!-_C:.m _j ]_I b: \_!81.:\'1 _i
Now @ or ¢, and c, . are determined and we remark that

o am [ ]o

The decomposition of the initial term can be used for nonlinear boundary-value
problems (for ordinary or partial differential equations) and also for linear
partial differential equations. [t is not necessary in linear ordinary differential
equations where we can carry along the unevaluated u, and evaluate all at once
in the @, a simpler procedure. The objective of the decomposition of u, is to

allow a convenient matching of the boundary conditions to any approximant
@, Le., for any value of m. Each integration involves constants which are

added to get a better u,. This gives us a useful procedure.

EXAMPLE: u, +u, =0 with the conditions

u(a,.y)=e(y) -
u(a,, y)=a,(y)
u(x,b,) = f,(x)
u(x,b,) = B.(x)

Write L u+L u=0. If we solve for L u, we have u=®, —L]'L .u where

@ =& (y)+x& (y). Now decompose @, also; thus ©_ =Z:’u ®_ .. Then

Uy = 'gn.-:- +xG,0
u =&, +x§, - L;]L;{éu.o +X&10)
uy =& + %62 = LL, (G +x8,) + (LL, ) (G0 +%8,0)

u, = 2 E_L-xll"y}n':éﬂ.n-n + xgl,u-n]

o=0
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where &, . and £, are determined by satisfying the boundary conditions with

the approximate solution @_,, = ZH

mo Uit thus,

Paa(@,y)=a(y)
Py (25, y) = @, (y)

The solution is Zmn u_ or

u= 2 Zﬂ (-LIL, ) (Eomee * %E10)
us i i (-1 (x*/20)1)(3% /Y™ )y ma (1)
_-g; fu, (=1 (™ /20 + 1)) /™ ), oo (¥)
u =§ (=1)"(x*/2n)1)( 9 oy ™ ]Z S, ()
a fﬂ, (=D (x* /(20 + 1)){* /v*" )iﬂ £.
Since we decomposed u,,
Sy = i; .
g Ey}=2 S ()
so that we obtain the solution
u= g[-1]’{11“}{2n}!){32°.ﬂr5ﬁr’h JEa(y)

B am 15 )

=l

We have sesn that the solution can also be obtained from the equation for Lu.

Thus, if we write Lu=-L,u and apply the inverse L
u=<¢ -L "L, uwhere

we have
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'I', = ﬂu{x} + }'ﬂi(x}

Now u=m,(x)+yn(x)-LLu where L, =3°/ox’and L 'is a two-fold

indefinite integration with respect to y. We let u = E" u, where u, is

LE]
normally given by 7,(x}+ yn,(x). We now decompose the u, also, i.e.,

Uy =Tlgg + YNy

Uy =Ty +¥7h, = LyL [Ty + ¥

Uy =1, + ¥y, — L', [Mo, + ¥,
AL, ) M0 + ¥0)

= i(-l‘;ll"! }n[ﬂn.m—n + Y”!,n-n]

o=l

where

¢m+1[x*b1}=ﬁ1(x}
¢mr1[x'bj}= Ba(x)

Now u= lim ¢_,. In the inhomogeneous case g # 0,

u, =0, +L'g
u, =@, -(L"R)L"g-(L'R)®,

= i (-L'R) @, _, +(-L'R)"Lg

Finally, summing to get the solution

5 3 (-UR) 0., +(-LR L

m=0 @=0

Rearranging terms,
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u= z:ﬂ {—L“R}mg; @, +(-L"'R)"Lg

u=Y (-L'R)*{®+Lg}

m={

The value of decomposition of the initial term is the matching of the
boundary conditions for each ¢, for any m. Every integration has new
constants to evaluate. Finally, we can add all the ¢y, and ¢, separately to

form a new ¢, and ¢, or equivalently, a new w, which now is close to a final
value which would be reached as n = e in ¢,.

NONLINEAR CASE:

Consider the ordinary differential equation Lu + Ru + Nu = g. Solving for
Lu and applying L™

u=cy(y}+xe,(y)+L'g=L"Ru-L"'Nu
(Again L' is an indefinite integration—in this case, two-fold.) Since @, =
Coly) + xcy(v) is decomposed,
u,=® ,+L'g
u, =0  ~L'Ru, +L A,

Uy = ml.m - L-IRum—l - l"-.l"ﬁ"m

The solution u=> " u, and &, =Y~ & where
q:il:.lil: = cﬂ,m{y} + xcj.m{?}

NONLINEAR CASE—PARTIAL DIFFERENTIAL EQUATION:

Consider L,u + Lou + Ru + Nu = g. We assume that L, = &°/ax" and
consider the equation for L,u with L, treated as another R term. If there are
also operators L, and L, they are treated exactly like L; then,
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Lu=g-Lu-Ru-Nu
u=® +Lg- L]'L},u— L)Ru-L]Nu

where @ = ¢,(y) + xc,(y). Decomposing ®, where @ =c,(y)+ xc,(y),

— Y =1
U, =Cqy +XC, g + L‘g

_ -1 1=l =l
u, =¢,, +xg,, + L I_.‘,u.j L Ru, -7 A,

To evaluate, we have ¢, = u, which is matched to the boundary conditions.
Suppose the x conditions are u(b,,y)=f, and u(b,,y) = f,. Then

Can ¥ blcm + I_.':g = I‘B1
Cop + DaCy g + Llg=5

so that
Cop T hlcm = ﬁ! = L;Ig

Cop + h:t':m = ﬁz - L-:..E

I b, Con _ .Bl_L_aIE
[I szl- Cio - B:.-Lg

ar

from which we determine ¢, and ¢, ,, so that ¢, = u, is determined com-
pletely. Now u, is calculated from

U, =¢q, +x¢,, —L7L u, ~LRu, =LA,

Since u, has been determined, u, is calculable, so we obtain ¢, = ¢, + u, which
is matched to the boundary conditions using

€y + b6, — LLuy =LRu, =LA, +¢,(b,)= 5,

Coy + ey, = LJL,uy = LRy, - L7A, + ¢,(b,) =B,

so that ¢, is known. The process is continued to a satisfactory ¢@,.
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Consider the equation Lu+ Ru=0 where L = d%dt* and R is a linear
operator possibly involving differentials of lower order. The integral

representation is:
u=®-L"Ru

where L™ is an integral operator defined as an n-fold integration and
» Yields the solution in series form. It is interesting to consider

=3, v

a double series representation
3 o,
=0 o=
= i u,
r

m=l

HM!

If L is of nth order in the single series, we have u, =¢ where L® =0 and ¢
has n terms. Suppose then we decompose ¢=2:..:~¢m and let u, = @
only. Now u,. which was previously identified as u, = =L"'R®. becomes

u, =9, - LR,
u, =@, - LR, + (LR @

u, =®_-L"Ro,  ~..+(-L"R)"" @, +(-L"R|" @,

Now

Su=o0 —L"Rmi @, +...+(-L"R) ",
o=l

o=l pwi

The approximate (m-term) solution is given by:

‘Z o, -L'RS @, +...+(-L'R)"'To, - (-L'R] @,
L1

L]

which we can write as a double summation
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O =i mgl{—L"R) ‘o,
lim o, =n]‘i_r£i mgj(L"R)Httrn =$ i (-L'R) "o,
<SR 0. BUR

s0 we see that our m-term approximation becomes the 2vact solution in the
limit as expected.

We can now view initial-value and boundary-value problems in the same
way, offering clear advantages over finite difference or shooting methods.
Thus in minal-value problems,

u':l = ¢ u'}.n =¢u Z u'},n = z ¢n

gl =l
u = -‘L_IRA) U =_L_]R¢.n i Uie =_L'1Ri ‘I)"
n=0 e=0
“(URfo w=(LR o, . =(LRT o,
a=d o=

=(-LR)% v, =(-L'Rf'0, ¥ v, =(-LR)°Y o,

The approximation @, is given by
t=1 o -
9, =3,(-L'R)"Y @,
m=0 LET]
In the limit 1 — o, this becomes Y (-L"R)"®=1u.

In the boundary-value representation of the decomposition components of
the solution u,
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2
Uy =1y, +u, +u, =, -L'RO, + (L"R) D,

u,.,=u

= 0.m +u

 Fa +u

L.m— m—l.]

m,0

-0, - L‘le?m‘, an. +{—L"R}“’"¢-, +(-L"R)" o,

and the approximant to the solution @

».1 15 given by the staggered
summations. Thus,

=] r=j=m

0, = .,Eu' 2:1 (-L'R) 0

Again in the limit of the approximations we get u; thus

=1 r=l-m

0, = % 2{ (-L'R)"®
tme,= 3 3, (-L'R)"0,= 3(-LR)"Y, @, = 3(-LR "0

We now have an initial-value format for boundary-value problems, We can
determine ¢_ by evaluating an approximauon ¢__, at the boundary

condiuons. then use it in the initial-value format for a better solution, i.e., one
even closer to the final u. The two limiting forms of our approximation are
egual.

To summarize, in a boundary-value problem we compute ¢, =¢_ ~u_

and evaluate at the boundary condituons. Now we can approximate a good
value for u. from

un=¢=i¢p

owfl

Then, using the approximation for . calculate

k=1

b= S (LR

mal

for k as large as we wish without further evaluations sl the boundary
condition: of @_ for higher values of the index m.
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HOMOGENEOUS NONLINEAR ORDINARY DIFFERENTIAL
EQUATION WITH GIVEN BOUNDARY CONDITIONS:

Starting from the usual decomposition form Lu + Nu = 0 where Nu is an
analytic function f(u), the usual integral representation of the solution

u=®-L"'Nu with the (single) decomposition “:2:=q u, and

Nu = Z:_ , A is now written using double decomposition,

5

o=l

Ms

(=]

Now our usual polynomials A, must also be doubly decomposed: thus:

m=0 n=
A= i AL
Now .
=5 5 ve=F 0-'S T A
m=0 =0 m=0 m=0 a=0

where we have decomposed the initial, or u,, term taking only u,, = @, as the
first term. It is not essential, but we can also utilize the analytic grouping
parameter A. In such a case,

>, A%y, Z A", -L" Z ATA,

m=0 m=0
i i lnn-n - Z .lu’(b mﬁuﬂﬁl,_n
m=0 g=0 m=0 m=n" 2=

Without A4

£

You,=0- L"E A,
m=0

L e A

PIDIETED IS b I W S

m=0 g=0 m=l m={ #=i
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An initial-value solution to Lu + Nu = 0 is provided by:

u,=®

u, =-L"A,
u, =_‘L_I‘a‘1
um = _L_Iﬁm—]

A boundary-value solution using decomposition of the initial term gives us

u, =9,
u =0 -L"A,
u,=0,-L"'A,

u, = mm - L.I"ﬁ"m—:

(There are no integration constants implied by L', i.e., it represents & pure
two-fold integration with no constants.) The A_ in the boundary-value
problem are decomposed into A, ; thus:

Ap = App
Ap=Ay, + A

A=A v A=A

"a"n Zp‘m.n-m
m=0
u, =@,
u =P, - L.I{‘dlc.s]
u, =@, -L (A, + A,

=]
un = ¢n - I"'_I Z 'Ani.l—l-m

mal
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u:-l = pel L_1 i ‘A"m.n—m

m=0
r=1 =1 f-l-m

’23.¢r=2 ®,-L"Y Z Aae

il m=0 p=0

6 - s o =
31&1& Yo -L'Y Ya,,=0-L"Y A =u
— L] m=0 o=l m=0

demonstrating convergence. The value of @ is determined by evaluating
@,., = @, = u_ at the boundary conditions.
— r=] . £
In the initial-value problem, ¢, = Em:a u, and !erlzp, = zmu u, =u or
again,

6,=d-L"Y A,
m=il
!HE'FF'I?‘L"Z Ay =u
m=0
What we accomplish, after computing several terms of ¢, is to minimize
our computation for boundary-value problems by avoiding the further
matching to the boundary conditions. Because of the rapid convergence in
decomposition, computation was already minimal in comparison to discretized
methods, and the above procedure offers further decrease.

EXAMPLES OF BOUNDARY-VALUE PROBLEMS:

We now calculate two boundary-value problems to demonstrate how one can
change the boundary-value format to an equivalent initial-value format,
decreasing computation and accelerating convergence by using the concept of
double decomposition.

The first example is an ordinary differential equation. The second is a partial
differential equation which is considered both in the temporal format (t-
coordinate partial solution) and the spatial format (x-coordinate partial
solution); convergence of the spatial solution is accelerated by transforming it
into the initial-value format. The procedure can also be used for nonlinear
equations.

Consider the ordinary differential equation

d*u/dx® + au=f§(x)
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ith boundary conditions
wi wWixiz 5,

o 'r-’"f"l . .E"r“'?-

[9,=0-L"Y A,

&’w]l m=l B
limg,=®-L"Y A, =u

[ bt
m=0

B(x)=3 Box®

m=i
In operator format with L = d* / dx*, we have

Lu+au= f(x)

Then solving for Lu and operating with L™, which is always an indefinite
integraton for boundary-value problems, we have

u=u,-L" au
where
u, = A +Box + [[ B(x)dxdx

By writing u= zm u,, the solution is decomposed into a sum of

. ma=]
components to be determined, and ¢_ = EF“
solution, i.e., a A-lerm approximation converging to u in the limit. The one-

term approximant is ¢, = u, and we must have

u, is the “approximant” o the

Following components are given by
_ -1
u,=-L" au,,

and ¢, . = 0, - u,. The increasingly accurate approximations must still sausfy
the boundary conditions. hence
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a9

¢1{xr}= g
9a(x:)=¢;
‘Paai{x:}z S

Then for A = 0,

u;{x,] =0

uy(x,) =0
while for A =10,

uy(%,)= &,

Uﬂ{x:} = ':':h
Since

- m=1
u, = A, +B,x+L" =A +B _ﬁn;‘._.=
L ] ':Ix-r ﬁt:x] 0 '.'Ix +£ (m"'Ij(m"'Z]

and we know that
¢]{x1]= ';hl
¢|{x:}=‘:z
we have
e mel
A, +Box, + ﬁ ] =
v ,g; (m+1)(m +2)
Ay +Byx, + S B xy? =
i (m+1)(m+2)
Let's write
Ay +Byx, = él[ﬂj
Ay +Byx, =&
where

- m*l

=g~y B

=~ (m+1)(m+2)

O L

m=0 [m+ l}{m+2]

Then,

S
&

®
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1 x) (A (&@

1 x,) \By - ;m
which we can symbolize as a simple matrix equation xA=£ or A=x"'§ if
X, # X,, @ trivial condition, since the points x,, X; must be distinct We now

have
A, 1 (x2 —x) [&”
B, x,-x, (-1 1 ){&"
Thus
A, = Xy éfn} =X “f;nj
X, =X
B, = & =g
X, =X,
oo m-I
u,=A,+Bx = Box
= (m+1){m=+2)
=% & x"=0,
with
= A,
al|;'J] - Bu}
and

2 = B,
" (m=1){m+2)

Now we calculate the u, component to get the ¢: approximant, recalling that
L' represents indefinite integration.

-1
u=-L"ou,

=4, +Bx~ ” o E al¥ x® dxdx
meld
o oy m=21

o imel aa)’ x
= At Bix Z (m=1)(m+2)

m=l

Wehave u./x - =0 and u,(x,)=0 and we let
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A, +Bx, =¢|[I1
A, +Bx, =&
and let
&M =53 i "-13521 X,
TS (meD)(mr2)
i 1 < aay x7
= ;; (m+1)(m+2)

Proceeding as before 1o solve for the “constants of integration™ which we
prefer to call matching coefficients,

=) _ . N
X- X
A= 0o

Xy — X
=) _ =)
E1 - 5 ﬂ
X, — X%,
e " ;1
a_ X
u=A+Bx-a -

u1=i all x™

m=l

e (m+1)(m+2)

with af’ = A, and a{"’ = B, and

o __ —aa®
2 (m+1)(m+2)

We now have ¢, = ¢, +u, and can proceed in the same manner to a general
term u,.

u, = -L* ey,
by = 3, 2
m=1

s {e-1) m
= A, +B,x—xt @3, X
HeT Ry TEETX 2; (m+1)(m+2)

u,{xd = uf{xl} =0
A, +Bx, =&9
A, +Bx, =&
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ah‘-l]

(m+1)(m +2]
aalth x

[m +1)(m+ 2)

¢ :;]'[E:H )

where
;Er] =
{f} = E
mel
or
50 that

We now have

Xy ‘Efn
1 (g

Eif) . =l
X- 5| — X =n
Af
X=X
ElL e
B = & T &, }
=
X:—x1

{where, of course x,, x. are distinct nnints in a boundary-value problem)

Therefore,
u=A,+Bx -
u, = z all x™
m="70
where
i
5] =A,
ir
g, )= B,
alll, =
me fm

and finally 0,_, = ¢, + u,.

=

m={ t:m-]'-;l{m 2}

—aal™"

+1){m=+2)
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SUMMARY:
u, = E alll x™
=l
u = 2 alll x®
m=d
w=3 Al
m=d
and
=
'pnn-r =Z uq‘
=

is the (m + |)-term approximant to the solution u, which we can also write as

o )]

u=i i al® xm:; {Zat'}x" =i a_x"™

a=0 =m=0 o=0 m=3]
We observe that
jim 9, {u} = u
lim '@Im-r'l{a:l} = am
since

s
u=Y o,

a={

ey
u, = Z al®) x®

m=0

Upon substitution,

where

- (g}
a, _zam

o=

Finally we note that no difficulty exists in extension to nonlinear cases since it
only requires use of our A, polynomials for the nonlinear term.




a4 CHAPTER 4

We again consider the same ordinary differential equation
d’u/dx’ +au=P(x)= Y B.x"
ma=l
but with the initial conditions

W0)=A=9,.{A}=3 A,

a=0

-B=4,.{B}=3 B,

n=0

du(0)
d

The (m + 1)-term approximant ¢, ., of u, is
¢m-—1{uﬂ} = ¢m+1{A} + xﬁ:ﬁﬂ{ﬂ}

We can now avoid further evaluations of boundary conditions, as we did
earlier, by recasting the problem into the initial-value problem format. We can
then conunue with less work, i.e., without further matching to the boundary
conditions. This acceleration of convergence by recasting boundary-value
problems into imitial-value format becomes more helpful as the problem
complexity grows and matching boundary conditions becomes more painful,
because we then have a more accurate wnitial term o work with. Thus,

u0)=e,. {A}
du(0)
S =08}

will vield identical analytical and numencal solutions to the boundary-value
format solutions. Thus beginning with Lu + eu= B (x),

Lu=f(x)-au
u=u,-L'au

where L™ is the definite integration operator L I I (-)dxdx and

u, = u(0)+ x d“m +L7 B(x)
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or

_ fod 'Bmxmtz
w=A+BXt Y D)

m=0

We can write u, as

m=l
where
all = A
a” =B
al?_ = B,
m+d
(m+1)(m+2)

We note now that no further boundary condition evaluations are necessary for
computation of the u_ for any m. Continuing,

u,=-L"au__
—_1-
u, =-L" au,
Uy = 3 al x®
m={

ol a{ﬂ) xn 2

u =L 3 A xP=—a V¥
! 2= ) EEeD)

g =x* Y all) x"

m=0

where
0
il o —eay
® (m+1D(m+2)
)
2l g —& 2
®  (m+3)(m+4)
uu:-l:I = xh z a[r::} xﬂl
m=l
where
() o .’ "QL“

- (Zn+m-=1)(2n+m)
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Since ¢, =3, u, and u=3" u u=Y" 3

gered summation is applicable. (See Appendix I1.)

= a' x® Stag-

SOLUTION OF PARTIAL DIFFERENTIAL EQUATIONS IN SPATIAL

AND TEMPORAL FORMATS:

J'u a'u
33 + a(x,tu+ ST B(x,t)
with the ininal conditions
u(0,x) = 7,(x)
du(0, x
::i't }— T,(x)

and boundary conditions

We suppose & and f are given in the form:

al(x,1)= i i (S S

m=0 o=l

Bx)=3 3 Bo.x"r

o=l gl

and the condidoie are also in series form:

u(0,x)= i il x®

m=

LetL=¢"/@x" and write
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Lu = B(x,t) - a(x,thu— /ot
u=u, - L'a(x,thu-L"(3*/at’ ju

where
u, = A, (t)+x B, (1)+L" B(x.1)

-
The solution u is the decomposition u= Em u, and the approximant is

9. =2, t Now

@ =u,
¢1(xirr~] =g,(1)
o (%5.1) = &5(1)

The general component is
u, =-L" a(x,0u, ,-L'(d* /at* ),
L'()= A () +x B (1) + [[()dxdx

Clearly
¢m+l = ¢q. +ur|

9a(xiut)= (1)

Ou(x2:t) = &(1)
Pt (X0t} =5 ()
'Pml{xz' t}: &(t)

Thus for m = 0,

and form =10,

uu{xu[}= é!{t}

up(x;,t) = &(1)
We have
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u, = A (1) +x B,(t) +H B(x.t) dx dx

Bx)=Y Buli)x®

Bu)=3, Bu.
We can also write
A=Y AP
B,(1)= i B!
Now E

= med
u, = As(1)= x By(t)+ 3 Bu(t) x

& (m+1)(m+2)

We now have the first approximant; it must satsfy the boundary conditions
hence,

AgU)+x, By(t)+ E o IJ]E:; 2}=:L{t}
m=1
A3 Byl 3 PR 5

Let's write this as
A)+x, By(t)=E5"(1)

Aq(t)+x, By(1)= :iﬂ:l (1)

where
2 - i {t}:\
W=4&0-2, T y—
o =2 < B (x5~
1)=2%(1)- Z (m=1)(m+2)
or

(1 "‘1 (auﬂ fﬁ““c:}]
kl LEVAN {l]j té”’]ftl
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from which we find that

5o that

becomes

where

and

Wwe can write

or

A (= 28705 200

K: -x1

xz_x'|

ﬁ.n{ }xm-l

S (m+1)(m+2)

[}- X Bg{t]"' E

o=

u, = z 1‘31 ()%~
& (1) = A1)
l.f"l-t: :| .:.(L:'

i'J! (] —'SJ“(‘T;)—-

a1 (m+1]{m +2:l

A-’}([}= E ﬁT] t"

a=d

By()=3, BY ¢

-
ﬁm(t]=§ gL t®
#=F W e=F A0c
a®(t) = E al® ¢ _§ BO ¢
aga(t) = E Bar2a 'Z m 1) m+23'
m=3 Y a0t =0
m=0 n=0
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u, = al (1x®
m=0
where

(=72 al, t*
p=l
We can now calculate the u, component and the ¢, = ¢, +u, approximant. (We
point out that although we explain in considerable detail, the procedure is
simple and straightforward and is easily programmed or even calculated by

hand.)
For the u, component, we have

u, ==L e(x,tu, -L7(d* /91 u,

=i§dw. .

a{x.tjuﬂ(x.t]={iifz,_=x } JZZM‘"] x*t }
= -zﬂéxm e 2 E I )

which is the Cauchy product a(x,t)u,(x,t). (See Appendix III.)
L™(}= 4,(0) = xB,(1) + [ () dx dx
A=Y Alr

c=l

1(1} Z Bil) n
u, = A.(1)+xB,(t)- H z z:& E“iiﬂm Cpay DL dx dx

m=l p=0 umld wel
Lo

z z (n+1)(n+2) E”n“ 21" dx dx

m=d a=0
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u, = A (t)+xB,(t)
_ X e[(n+1)(n+2)al, Y S .l
- mz,g )::, i {m+1}{.m.t:ﬂz;;ﬂq
Since u,(x,,t) and u,(x,,t) must be zero
A (1) +xB,(1)=&"(t)
here A(t)+x;B,(1) = & (1)
- -(n+mn+2‘,~ai‘ 3 Y a2l ]
=y e e :
IR (RSN CTE S 3 YS! ]
Ehy=xiy X x5t ——

m=0 #=0

]

s0 that we obtain

Ay(t)
B,(t)

(m+1)(m+2)

) F}”{t}}
&)

x, E9(t)—x, EM(t)
XX

S0 -&"(1)

LK

A t)=

B,(t)=

(Of course, x, # x,.) We can now write

where

u, = al ()x®
mm{}

ay’ ()= A,(t)
a}” (1)=B,(t)
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. {(n #Dn+2)ah+ Y D) Gy aL‘,’l}
{n t' i
8. (1)= Zﬂ (m+1)(m+2)
Mote that
A1EU=E fﬁ'-‘.“ °
| L]
B.(t}= E Hiﬂ [I
b=l
Finally
-3 S e
m=0 p=0
@ = dr] + U,
where
a, = Al
a = BI“
!P 1 J ]
|(n~#1]{n+2)ﬂﬁ; 'Z Z Cpacs B
L el v=() o
820 (m+1)(m+2)
or
gy =y, an(U)x®
m=(
where
:][: }= z a: a "
n=0

We can conunue in this manner 10 calculate u., us, ...

lerm u, and the ¢,., approximant, we write

. To compute the general

= —L-I ﬂ'{x t)u_f 1= L-][az f&[:)u;_,

zzdlfﬂl :n'.u.

m=1 p=l

fil—l._, (n=1)(n+2)a"">", x=1"
3 =Y T (= 1)n+2pl"

- m=l n=0

=3 5 anur

a=0
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The Cauchy product a(x,t)u,_ (x,t) is given by

al % t"}

(3 Sanwre) {3

1& 4 m=l

iMs

5,03, B¢
= A, )+ xB,(t}~” i ix‘“ t* i i Gy yay d, dxdx
a=d o=l

=0 u=g

-f i i (n+1)(n+2)aly), x™ £ dx dx

m=0 =01

u, = A,(t)+ xB.‘([]

- [{n+1} n+2)al ”1+Z z o, .. a”"J

X ;E;, Zﬂ K {m+1]Em :'2;}
u,(x,,t)=0 '
u,(x,,t)=0

Let
A (t)+x,B,(t)=&(t)
A, (t)+x,B,(t)=&(1)
where

|:(n fD0+220, + 3 Y an ol }

[TE L T b ]

£t)=x i i Sl

@=0 m= (m+1)(m +2)
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{n Do+ 3 S g al |

0y o pml ual ' _f
&' xl;éx‘ (m+1)(m+2)
b X[
1 lzJ B,(t)] [&“()
Consequenty,

Jﬂl;( 1_5”:'([ —KL giﬁ“}

X

(y.y _ El)
E‘I“}= é! {l] k-] {ﬂ
X, =X,
We can now write

- z &Lﬂ (I]Im
m=1
wildi
al' (th= A,lt)
H',‘ (t)=B,(t)
m o -I
t*| (n+1)(n+2)a>", + 2 Z I J!
Hm ) =— L a=0 u=d
(1) ,z_,; (m+1)(m+2)
Since
A=Y Al
g=0
B,()=Y B
ol
Therefore,
o=3, S alme
m=7 g=l
';I.rn =@ +u,
where
= AL

lZ-!‘:I Eifll
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S m+Dn+2al 0+ > Y e aif,:“}

't u=d u=g

Tasaa (m+1)(m+2)

We can write the result as

u, = i &:}[L:Ix

m=i
at(t) = i all
a=i
SUMMARY:
u, zzw* "
m=0 o=l
= U] m n

ma0 8=0
The approximant @, ,,{u} = Zj--j “

=
DIENES

EM~
8 ipe i

0;.{u}= .
i al0 }

=)

M=

2]
a

=2 2 Cafan)

m= p=

We note that AEIP_¢1,1{u}=u and that Jlm ¢1,1{am_,}=a__n, Since
u =z:ﬂ u, and
:E: :Z: ia[ﬂ m n

m= p=0

Substitution leads to
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TRANSFORMATION OF SPATIAL SOLUTION:
Having calculated u, , we know that

mﬁmm=§AM}

o, .{BW}=3 B,(1)

f=h

0 {u-:l} = ﬂ;-u{ﬂit}} - x¢a-:{BEL}}

We can now recast the problem into an initial-value problem format,
accelerating convergence by simplified further calculation through avoidance of
further boundary condition evaluations:

Ay g u

—:_—-:+1':f{i,1}u+:'—r =,51LK.1I:I

xR a1l

u(t.0)= A1)
Ju(r.0) = B(1)
&%

We procesd 1o desired accuracy by choosing 4

u(t.0) = ;.. {A(1)}

du(t,0) .
=g 1B
. 0,.,,{B(1)}
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3 ;
L(]=ﬁf] and L

1(.}=L‘E (-}dx dx. We emphasize that L™ now
represents definite integration. Upon substitution, we have

Lu=f(x.1)-alx,t)u- {31)’3 e }u
u=u,—-L" a(x,)u-L"(d /31 Ju

where
u, = u(t,0) + th“fLr' B(x.1)
u, = A(t)= xB(t) = ; %
with
Alt)= i At
B()=Y B,
Therefore we can write u, as "
u, = i all(t) x®
where =
ay’(t)= A(t)
2 (t)=B(1)
O ()= Ba(t)

2ana(t) = (m+1)(m+2)

We can also write
L=Y 3 a0

m=7 o=l

with
aGa(t)=A,

a2(t)=B,

a — .B.,n
()= (m+1)(m+2)

To calculate the mth component u,, of the decomposition of u, we have

u, =L a(x,tu,_, - L3/ ),
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where L()= [ [* ()dx dx. Thus,

u, ==L a(x, thy, - L"(Stf&tz}u“

(ﬂsfﬂlz}uﬂ = i i (n+1)(n+2)alt _, x=1°

m=0
a(xt)uy(x.t)= i i "t Z Z Campno By
mal m=0 u=0 w=0
50 thar
. EE%—;: e et
- m+2 o u=lu=l
4= Z}g;‘x ! (m=+1)(m=+2)
B . {H-FI:J:‘H'!':]H:L‘:
DI (m +1)(m+2)
u, =X E z X0 a:i:
where e
r [y o (L] ]
-[(n R CRSOHIED I YN A
i - uwl] Ll o
Auu (m+1)(m=+2)
Upsg = x* i i = ii:]:
“1“-11 m=ll p=l

1 b [ -|
S(CRRCEEITEIRD Y0 AN
pel L=l _I

fua (m+1)(m=+2)

i =
The approximants @, = » u,and u=y  u, are computed as usual 50

that

-.Mg

=

ll’
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DouBLE DECOMPOSITION

Staggered summation can be applied at this point.

TEMPORAL FORMAT:
Consider the same partial differential equation

2 2
%}%+ ﬂ'{x,t}u+¥=ﬁl{x,t]

with the initial conditions:
u(x,0)=7,(x)= Z T x®

m=

(x 0) _ z,(x) = E 2 %

=

and boundary conditions:
u(x,t)=§(1)=3 & e*
A=

u(x,t)=&()=3 &

p=0

We will suppose that & and § are given in the form

o oo

a(xt)=3 Y &, X

m=0 a=0
-

Bx)=3 3 B..x* °=‘Z B0

m=0 n=0

where
Bu(x)=73 Buax

m=l

To derive the solution we define as usual L=4g"/dt
L) _r _[t (-)dtdt, a (two-fold) definite integration operator. Then

Lu+ a(x,t)u +{31,J"sz }u = fB(x,t)
= Bx, 1)~ (x5

and operating with L™ we get

and
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u=u, —L" e(x,tJu-L" [:5'!,"5' xz)u
where

Uy = T,(x)+1t r,(x}+j: _L: B(x,t)dudt
Solving by decomposition, the solution u is written u= Z:ﬂ u, and the

approximant ¢, = Z:_n u,. Then

¢ =u,
¢, =8 +u;
=-L" a(x,u,_, -L"(d* /1dx*u,_,

Now we calculate the uy component (and ¢, approximant).

up = 7,(x) + 1. (x) + L7 B(x,1) ;
» = 7,(x) + T (x J+2 BT,

~= (n+ 1}[11 +2)

and we nots that we can write

fx)= 3 e

mah

7,(x)= i T x®

m=l

Bx.0=Y, B.(x)

a=d

and =
u, = Z al” (x)r®
where -
ay'(x)=1,(x)
9 (x)= 7a(x)
ay’(x) Bu(x)

and
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'FF

A0, =
L
‘ta.]] = f‘m
(0 ﬁmm

f2er T N (n+ 2)
Thus we write

) -
R
m=0 g=0
or
-
u, =y al’(x)"
a=0
where

aLni(x Z ﬂiﬂ' o

mad

Now we can compute the u, component and ¢ . approximant:

u, =-L" a(x,t)u, ~L(3* /1 3x )y,

u, -Z Z ald x=®
m=0 o=0
a iy mi
Tt =X X (meD(me2l,, "

o oo

ax)= Y 3 . x

m=l g=0

The Cauchy product a(x,t)u,(x,t) is computed as

a{x.t}un(x,t}={i ia“ x“‘t} {Zza‘”" x*

m=0 =0 a=0u=0
= e m ]
=X XY Y Cape i
m=0 o=0 a=0 w=0

(which can readily be programmed).

L] ] m o
) DYDIE T YD LSRR
m=il o= a=l e

el

'L: j: i 2, (m+1)(m+2)al),, x® 'dedt

m=] o=

)
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- e {{m +1)(m+2)a’d, +Z EI:E_ et “’L}
-1" E E x® " (n+1]{nﬂ+ 5

which we can finally write as

ul=in ia‘;ﬂnx

m=0 g=0

u, =t i alll (x)1°

o=0
with

a)l(x)=Y all, x®

]

We now have @-= @, + u,and can continue in the same manner (o the u,
component and the @,,, approximant.

u, ==L a(x.t)u,_, -L" c}':,f'&x:}um

u,_, =" ”EZ&“ =

m=0 niD
.3. 2 =Y S (me (- 2al L,
X’ m=7 @=1
m_x__t)=z Z oy, X
m=0 B=]

We next compute the Cauchy product indicated by a(x.t)u,_,(x.t) or

mal II-" p=l vai J
e E TS S e
mef nab Pl wel
. - im o
=_I j 1’“'“2 DRECY Y @y ), drdl
4 " m=1 n=0 u=l w=d

-I _[ g2 "z E x® 1°(m+1){m+2)a'"V_ didt

m=0 p=0
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where

_l:(m +1)(m+2)ali7) + z fom—.u,n—u H._:;i:}
fl

u=l w=0 J

faa = (2f+n-1)(2Z+n)

Py =0, T,

SUMMARY:

i
P,y = Eur = ¢1fl{u}
=l

A

bu., = Z (2 - i ai‘; x® °

=0 m=0 o=0

Staggered summation can now be applied.

COMPATIBILITY OF EQUATION AND CONDITIONS:

If the computed solution satisfies the equation and the conditions, we have
the solution. If the physical problem is correctly modelled, no difficulty
appears. One cannot arbitrarily assign conditions to an equation. The
equations, conditions, and solution must be consistent. If attempts to model a
physical system fail 1o give us correct conditions, one can get both temporal
and spatial solutions and find that these solutions are different. If they are
close over a finite region, then we realize the modelling needs improvement.
This may allow us to develop a predictor-corrector methodology which we
leave to future work.
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If incorrect conditions are used for the decomposition solution, we do not
have a solution. If the solution is correct, i.e., it satisfied the equation, we can
do inverse operation, e.g., in Lu + Nu = g, we have u=® - L' Nu and can
solve for F. If L is second order, we know u,=®~-L"g where ®=a + fix;

hence, we know F and have a test for a, b,

NONLINEAR BOUNDARY-VALUE PROBLEMS:

We have two alternative, actually equivalent, approaches for boundary-value
problems, whether ordinary or partial differential equations are involved. The
first is to match each approximant ¢, for n = 1,2...., n to the boundary condi-
tions. In boundary-value problems modelled by ordinary linear differential
equations, only one such matching is necessary. We can carry along the un-
evaluated inital term without evaluating the integration constants by matching
o the boundary conditions and only do the maiching when the m-term
approximant has been calculated. In nonlinear differential equations or (linear
or nonlinear) partial differential equations, this is not possible. Then the
matching must be done for each level of approximation.

The second (or double decomposition) procedure adds decomposition to the
initial term. This allows a convenient match to the boundary conditions of the
approximant ¢_ because the constants from each integration are added to give
a better initial term. As we will discover later, the solution can then be carried
further, if more accuracy is needed, as an initial-value problem. The value of
decomposition of the inital term is in the matching of the boundary conditions
by adding all the integration constants ¢, and ¢, , separatelv to form a new ¢;
and ¢, and new initial term which is now close to a final value as n — = in @,.
Now we can use this u, term without adding further constants of integration
and matching to boundary conditons, since for high approximants o achieve
accurate solutions, the computation is much less.

REFERENCE
1. G. Adomian and R. Rach. Analytic Salution of Nonlinear Boundary-value Problems in
Several Dimensions, J. Math, Anal. and Applic.. 173, (118-137) JMarch 1993).




CHAPTER 5

MODIFIED DECOMPOSITION

The modelling of physical problems can lead to ordinary or partial
differential equations which are quite generally nonlinear. Exampies include
eqguations such as the Navier-Stokes equations in fluid mechanics. the Lane-
Emden equation for stellar structure, nonlinear Schrédinger equations in
guantum theory, soliton equations, etc.

We present here a variation of the decomposiuon method which can also be
applied to such equations to obtain accurate quantitative solutions. A
mathematical advantage of the various adaptations of decomposition is that
linear equations are an easily solved special case and ordinary differential
equations are a special case of the theory for partial differential equations, so
we have a single unified field. This alternative formulation will be referred o
as “modified decomposition” [1,2]. It requires the following result on
ransformation of series [3].

Normally we write fl{u]=z; A,(ug....,u,). However, given a conver-

gent series u = zhﬂ c, x* and f(u), we can write

f(u) =i x" A, (cgynt,)

a=0

We can see this as follows, Let

Bl

We wish to find a transformed series f{u]=f(2 cx“). Since

w0 2

f(u)= 2:-0 A, (ug,....u, ), f(u) can also be written as

Thus for f(u) = u*, for example,we have

115
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A,{uman 2u,u,

= u?
A, =uj +2u,u,

- — — |
Since u, =¢,, u, =C¢,X, U, = C,x",..., we have

FW)=3, Aulcornc,

n=0

with A, =c¢;, A, =2c,C,,....Asan example consider tan”x and f(u) = u’

tan” x=x-x"/3+x%/5
Ay=ul=x

A, =2uu, =-2x°/3

{tan':x}: =x - 2x%[3+-

Power series solutions of linear homogeneous differential equatons in
initial-value problems vield simple recurrence relations for the coefficients but
generally are not adequate for nonlinear equations.

Dealing, for exampie, with a ssmple linear inhomogeneous case Lu+~Ru=g
with second order L. we |2t

g=), gx"

o=l

u=a,Fax+y gx —plu

=0

where ] is an integration and I” will mean a two-fold integration. Thus

i

2 c.x” =ccf.+a,x+i grx"”,."l[n-i-]]{n-!-i}—pi c,x"*f(n=+1)(n+2)

seh n=l pul

withc,=¢ andc,=a;. Fornz2
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= gn- i — pc'\—:

G n{n-=1)

so we obtain coefficients from a recursion formula. The technigue provides an
interesting alternati ve for equations such as the Duffing equation and the Van
der Pol equation.

ONE-DIMENSIONAL CASE:

Consider the nonlinear inhomogeneous ordinary differential eguation
Lu=Ru+Nu=g where Lu=g"/dt",R=p(t), Nu=a(t)f(u). We will
view this as a special case in one dimension of a mult-dimensional partial
differenual equation. (In the following sections, we will consider equations in
two, three, and four dimensions.) We can write

R=p{t]=2p=l‘

g=g[t]=i B, U

ﬂ:=i a, t®

g=l

f =i A, (ag,...,a,)1° =i A t®

a=f =l

u=®d +L'g-L'Ru-L]Nu

where @ =T,+t7, and L= J:L' (-)dtdt. The substitution yields
i a 1" =1, +17, +_|‘T i g, t“dtdt—rr {i e l"}-{i a.:“}dldl
n=0 o0 o= o0 =0 nal

—L:I: {Z ﬂnf’}'{g A, t“}dtdt

Multiplying and collecting like powers of t,
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B:. ﬂnt"H; ant"}=i 12'} P2,

Lo=0 o=l

facpEarl-Sesan

o= o=0 o=0 wsl

Replacing the above quantities in brackets with the equivalent expressions on
the right side,

E}a " -rn+tt,+IJ zgnr. drdt
- z 'S o, ,_v}m

wierll

-] 12 °Y @ A, Jdtdx

u.ﬂ] w=l

Carrying out the integratons, we have

L)

oo L::|--:
Y a =T LT+
o=0 n-tl {n + 1}

- S o

ned f““‘l} n+2] val
=0

':r} 8.

E

',,E n+1}qn+2],E P e

In the summations on the right, n can be replaced by n—2 to write

zat-‘r*[r+2

n= n=ma nfn

) ,,-UEP

— val

gn-:

'1

5 g e

p=d vl

Finally, we can equate coefficients of like powers of t on the left side and on
the right side to arrive at recurrence relations for the coefficients. Thus
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and fornz 2

1

n-2 B=1
- E P~ E o, A,

il

: n{n-=1)

This soluton, of course, 18

u(t)= i a t°

p=i

Two-DIMENSIONAL CASE—NONLINEAR PARTIAL DIFFERENTIAL

EQUATIONS:
Lu+Lu+Ru+Nu=g

We now have two linear operators Loand L, Let L =2°/dt® and
L. =4°/dx". Assume that we can write

u= i i 8o, 1" X"
=0 k=0
or
u= Zt“[z a,, X" [=2a,(x)1°
n=l k=0 o=0

If we have u(x,y)= Z;u Z:ﬂ Cao X" ¥°, We get terms

2 2 : t
Coor CoaYeCoa sover CroXalyy XY oGy a XY seuesCap X7 Cyy XY,

The first group can be written x° E:_n Cp. ¥°, the second group as

x' Y, €.y the third group as x* D ¢, ¥* eic. Thus

wxy)=3, caly)x®

m=0

where c_(y) = E:_u Ca.o ¥ S0 that the double series is collapsed into a single

series. We suppose the operator R is
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R= p(t.x]=i i Py 1" %"
) = 7 £
-3 t“[zx*p,.t -5 pumre

Let the nonlinear term Nu = a(1,x) f(u) and

a{t.x}:iia,_k :i [ia“ }=i a, ()"

o=l k=l k=0 o=l

Write f(u)= Z A, (ag(x)....a,(x))= z:u t* A, (x). Let

emgt=3 3 et =Y ¢ Te., x‘}=i e g.(%)

n=0 k=D o=0 Lket n=0
The decomposition solution using the 1 partial solution is given by:
u=® -L'g~-L"Lu-L"Ru-L'Nu

where
D =1 (x)=1r(x)=u(t=0.x)tou/dL(t=0,x)

and L' = J‘:r{-_]dldl. Substituting for u, f(u). g. and p, we have .

i‘ a, (x)" =7,(x)+ L:.,{:-:}+J:£ i g (x)1"did
(S ] n=g

'I;E{a:"&xi)i a,(x)0" didt

i)

”,;. IE P, (x)1° ? JE a, (x)® ;»dtdl

l
Lo=3

-_” aEaf xjt"} zﬁ{x Jsmm

Ln=D ':u--'I

The bracketed products are
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[ == e ) -

OPICEIR) NETIES D WATNE
[ o= [ o == n

> cxn{x]t“}- ' Aq{x}t"}:E Y a,(x)A,, (x)
L= | paih =0 =]

Substituting the above products
z a(x)c =T7{x}—tr,(x]+rr E g, (x)" dude
=1L (@ f.::lx){ Y a,(x)t “dmu
n=al

"LIL: ii t:E Pufx}ﬁ.-,(x}rdtd:
geil wmd ,
[0S ¢S wtoa o

We now carry out the above integrations to wrile

S 0@t n0 im0+ T e
u-—l a:
'E (+(0+2)3 )
P> (n+l]{n+2]2 pu(x)ases ()
= tn +2 ]

& (n+D)(n+2) Zﬂ a, (XA, (x)

Let n = n—2 on the right side. Then

Y a(x)t? = 1y(x) + 1T {x]+z

n=0

gn(J

ln
i3 nin=1) axt

a,.(x)
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5 —
=2 II 'r-[l
i tn e-2

'E n(n-1)

vl

Emm%wm

Y o (x)A, (%)

Finally, equating coefficients of like powers of t, we derive the recursion

formula for the coefficients
an{x}z TD{x]
a:{x]: I!{X]

and forn = 2,

En_z{ﬂ—{é‘:f&x } aoalX)—

E{Pv X)a, ;.

0+ a, (A, ()]

%(x)= =1

ij z

The final solution is now given by u

. (Whether modified

or regular decomposition is used. we can su]l appl} Fadé approximants,
Shanks, Wvnn. Euler. or Van Wijngaarden transforms to accelerate

convergance. )

THREE-DIMENSIONAL CASE—MNONLINEAR PARTIAL IMFFERENTIAL

EQUATIONS:

Consider Lu-L,u-Lu-Ru-Nu=g where we et L =o o0,

L,=o /ox’, L =3 /gy,

assLme

R=p(ux.y), Nu=a{t,xv)i(u) We now

pall k= ] =
™ M e "I =3
33 S anty -3 wi
o= LEell §al n=fl
R=plLxy)=2 3 > p "x'y
n=l k=0 f=l




MoDIFIED DECOMPOSITION

a:=a[t,x,}f]=z E E, (2 Sy t*x*y’

op=0 k=0 J{=0

:i ‘“[“ i “n-u“tlf'*]=i e, (xy)t’

il k=0 ¢=0 =il
()= A (3)(x.¥) 3, (xy)) = DA (x.y)

g=g(Lxy)= Z z z Zoel xty

g=d k=0 {=0

The t partial solution is

u=d, +L'g-L'Lu-L'L u-LRu-L"Nu
where

®, =u(t=0,x,y)+1 {;—I:{L=ﬂ,x.}r}= (%, )+ 17, (%, y)

We can now write
g a,(x.y)t" = nxy)+ 5 (x.y)
o) 3 eeeyaa
NG “’}io a, (x.y)dtdt
Lo, e e

m=l

—If{i "p.(x.y } {Zt a, }dtdl

T

—_[ I {i: (x y}} {Zt A }dtdt

The bracketed quantities are
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{gt“pn(x-ﬂ} {Et‘ u}}=i Eu‘;p[xaf}a x,¥)
Seeioo) Eono]-5 ¢ atinton

which we can substitute to obtain
Eta (x.5)= 7a(xy) +15,(xy)+ [ Of Zt e (x,y)didt
-LI@ax) gt a,(x.y)dudt
—L'EWE"F:};t”anix-:ﬁ)dtm
-, 1Iri] lzﬂ p(xy)a,. (%, ;-)}d:m

_J-Jﬂi‘i '5‘»['&!-’}-*"L,_..{x.y]}dm:
o=l vad

which we now integrate o get

élzan{x‘y}=‘rn{x‘}.-]'-11'i{x‘y]-rzfn Dn22) 2, (x.y)
-y - o a (x.v)
Z(n=1)(n+2) ox’
iy th—.. a..
a(x.y)

D{n+ 1}{]1'!’2} oy

—Zmzp J.'l.}a f!‘.\r‘
—z Erx (x,v)A,_(x,¥)

We now replace n by n—2 on the right o get

{n+l Jn+2):
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Ztﬂa,{x-}’]fl:g( ¥) T (xy) + E Sn-;{x.}"ll
o=l E-z
- 1t 3 - o 3
. axt ' - _13I'|— 5
a=1 ﬂ(l’l = ]} dx* a,,-z'['-"- }"] “ -1 a}" 1{)& }’}
a-2 —v[ }
'Ii‘]. - ]_} o
— = a h ) .
=l n{“_]} ; '{L}'] r:.-‘..\.{x. }i’]
By equating coefficients of like powers of 1, we have 3,(x,y) = 7,(x.y).

and forn = 2,

al(x-:"'}: T1{x+:7'}

a,(x.y)= {gu-z{x- y)—(a*1ax*a,.
_f [p.{x, y)a, o (xy)+ e (xy)A, ,(x y]l}/n[n -1)

wal

The final solution is now given by u(t,x,y)=3,_

(xy)= (8" 13y*)a, o(x.)

x\‘lt

FOUR-DIMENSIONAL CASE—NONLINEAR PARTIAL DIFFERENTIAL

EQUATIONS:

Lu+Lu+Lu+Lu+Ru+Nu=g

where we let L,=d"/d¢', L, =d"/dx", L, =d"1dy’, L,=d"/dz'. We

Can assume
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R =p(t.x,y,2) EEEZPW.:HYI

pal k=0 #=0 m=0
-3 f[z S 3 Y i |- S0 0)
p=ll k=l (=l m=0 A o=l

Nu = a(t,x,y.z)f(u)

a=3 3> % 2 Uxyeta,,

e=l L=0 fal meDd

$ 05 5 5 v Eeness

cal

k=D fall ms0 p=0
u)= i A (a(x.y.2).....a,(x,y.2)) = i A, (x.y.2)
o=0 n=0
e=glLxyz)=3 3 E Uy 2R g
pal ksl fad m=0
=E t:| E Z X F z .gI.L.l’.L'.- ;=Z " g, J:,,‘_..’.Z]
£=17 k=0 =D m=0 - Bwll

The t eguation is
u=0 +1'g-1[L, +L, ~L,Ju- L7 Ru- L] Nu

with @ =u{1=0.x,y.2)~1t du/di(t=0,xy.z) = 7,(x.y.2) = t7,(x,v.2) and
we can proceed as before with subsitutions and integravons W g2l recursion
formulas for e coefficients.

REMARK: We have seen that nonlinear partial differential equations are solv-
zble by the modified decomposition procedure using concepis of the decom-
position method (partial solutions, the A, and transformations of series using
the A,.). We have seen previously that such equations are solvable by straight-
forward decomposition also, Comparisons can now be made; in general, de-
comiposition solutions converge faster but the solution is identical. A simple
example is Lu+L,u+f(u)=0 where L, =d/dt, L,=d/ax, f(u)=u",
u(t=0.x)=1/2 x, The t partial solution is

u=® -L' Lu-L]flu)
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where @ =u{t=0)=1/2x. Then

u, =-L'(3/ax)u, - L] A,
u, =-L]'(3/dx)u, - L' A,

where the A, are defined for u’. We get the (decomposition) solution

RS ]
U=— l+—F—— 4
2x| 2x 4x* |
1 . L
= f <
2x -1 ' 2x

Using modified decomposition, let

u= i t"a,(x)

Nu=3 A, ()
hence =0
. 3 .
2 An("}=fﬂ(?‘}-‘[ﬂ Y. t*(d/dx)a,(x)dt
- 2‘2 a,.,(x)de-[ i,, t"i, A, (x)dt

T € a,(x)=1(x)- 3 (7 +1)(2/9%)a, (x)

a=l n=0

()3 o= S ) T AL

2 t"a,=7,— é(t“fn}{ﬂa’&x] a,,
SEmE SRS A
s !

from which we get
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a,=T,=1/2x

a,=—(d/dx)ag~a,~ Agla)

a,;=~(9/9x)a,~(1/2)(a, - 3,)- (1/2)A, - A,)
=1/2x=(1/2) 114 x* - -(1/2)(A, -
128" (172)(1/4x 112 )~ (1/2)(A, - A,)
so that !

u—i I+L+ v - -ﬂ
2x 2x 4%’ J

which is the same solution obtained by decomposition. For homogeneous
equations with a constant coefficient of f{u) as in this example, the rate of
convergence is equal. For the general case, we find that the decomposition
method converges faster.

Suppose we consider the solution of a nonlinear equation where the
nonlinearity and the excitation are given as a power series, or cquivalently as
graphs from which series are derived by curve-fitting technigques. Let's write u
and f(u) in series form

Computing [E:D a,,t"}lr we see that
(5 nef -3 enlolnn
n=0 n=0

for all 2 and for v = 0. (Of course, for v = 0 the quanuty on the left is clearly
equal to 1.) Thus, if we define
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o (1)
b, =@, +E £, ﬁ«.ﬂ[u"]l”_a1
w=l 1

o, An{u"l for n=0

b, =

upsag

A el

The A, are easily evaluaed. For example,

ﬁ.,,[u"]=u;

A;[u"iz vu,up”

We observe that Fuﬂ[u":' } =u,, l.¢, the linear case, then

A‘n[f{u}]lu.n, = A:{uk] oAy = An{a{r“ ' '-‘a:]

The previous result on transformation of series stated that if u= zﬂ s 3als

fw)=3 A {(W},....
From (1) =

by = &y (1) + o, (a,) + ety (ag) + &y (2] ) + ... + @ (aF) + ..

(a)) + ey (2a,2, )+ a5 (3aja, ) + -+ + &, (ma, a7 ™)

o
I

ipAi _‘;HEM

1 a, '('Wflagi1 }

[ by = ety (1)+ & (a,) + 0y(a)) + &y (a3 ) + ... + (2] ) + ...
bo=Y a,(a)

vy
g ﬁ b, = a,(a,) + &, (22,3, ) + &, (3233, ) + -+ + ¢ (ma, 2] ™)

kbl = E an(mﬂ?‘;_l)
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The ¢, dominate the convergence. For simplicity of notation, let

Al = An[u"]

= A (ay.....a,)

T T,
Then
b=ty + Y, @, A(a,)= 3, a3
=l a=0
b,= 2 @, ﬁﬁ”]{an_al}
a=]
=Y, A(a,.a,.a;)
o=l
be =2, & Ay(2g.....3,)
nal
flw=Y bt =a,+ ) a A(a,)
B=0 D |
_'12 a, A (a,.a,)- I-E a, Af'a,a,.a,)
ral cal
= D, a, AV (a,a,.a,.,)
‘”tlcrt o=l

b, —*:Iﬂ’ th AlM(a

flul=a +Z Z e, A'"(a a, )

flu)= Z b,

mel

if u= 2: a,t" and :l'I[u]=E::,j o ut.

-

THEOREM: If z:_,_‘ a,” and f(u)=3 "~ @u’ are convergent, then

flu)= ZT_ b_1" is convergent where
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b, = @, +i a, Ay(u’)

R

-Zaﬁ

u=]

uy=ay

UL-IL

This is useful in the following problem. Consider (using modified
decomposition) the nonlinear equation,

£l

dufdt + Nu=g(1)= g,

a=0

with u(0) = ¢, and u’(0)=c¢, and Nu= Z:g au®

Eﬂu—Zgn

n=i a=l

Substiuting

—_—= 2[" +1)(n+2)a,,,t°

omf

and using the theorem above z:ﬂ a,u” :Z:n b,t" with the given

formulas for b,

i (n+1)(n+2)a, 1 +i b, t* :i g t°

a=0 i) n={

Let g, =(n+1)(n+2)a,,, +b, sothat we have found the coefficients

=6
a,=c

a . —— 870
*? (n+1)(n+2)




132 CHAPTER §

with u= E:u a t". (Of course, we can solve the problem by decomposition

as well as by modified decomposition.)
Let us consider, as a generic example, a partial differential equation in the
operator form of the decomposition method:

Lu+L u+Nu=0

where L, is a linear differential with respect to x, L, is a linear differential with
respect to y. and Nu is a nonlinear term. The x-dimension partial solution is

u=@, - L{L,u+Nu

where L, @ = 0. Assume the solution in the form

Lo

u(xy)=3, 3 a.,x"y"

m=l p=0

u= & (y)ix®

m=1

where =Z: . ¥'. Write also Nu={f(u)= z (y)x™ where the
A ly)= Am[i;{y)-_....,mlf}'}} are our polynomials. Subsuru:mg. we have

Z Ly =0, - i Slyx™-LJL, E A (y)x®

m=l m={

Since
LYY Ealylx® =3, &uly)x®f(m+1)(m+2)
=D Ga s (y)x" /m(m-1)
msl
and

L A (yp® Z A, o (y)x" /m(m-1)
We Can write e

i ;Hm . X i =¢i - i l"'_s ‘:m—zf}"}xn’/lﬂ(m- 1]_ i Am—if}llxm/ﬂn{m— I}

a=d mal
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Assuming L, 15 a second-order differential operator,
9, = ku{}']""xkliy}

where the k;, and k; can be determined from the given conditions. We finally
get recurrence relations for the coefficients 5

gﬁ(f] = kn{}'}
S(y)=K(y)
and formz2
Saly) ==L, Sas0)* Aus(y)}/m(m-1)
where  A_(y)=A_(&(y)....<.(y)). The y-dimension partial solution is

similarly obtained. Assuming
L, =d"/dy’

u{m:r'}=i My (x)y*

a={

fw= A,(x)y*

o=

where A, (x) = A,(1(x)..... M. (x)).

i n(x)y"=o,-L] L.i n. {x)}'“-L;‘i A, (x)y"

a=0 a=0 a=0
Proceeding as for the x partial solution, we now get the recurrence relation
() = €4(x)
H1{x}=c1(x}
and forn> 2
(%) = ={L, Myea(x)+ A, (%)} /n(n - 1)

where A_(x)= A, (7,(x).....m.(x)).
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REMARK: When ky(y) and k,(y) are expressed as power series in y, and
cy(x) and ¢,(x) are expressed in power series in x, the series solutions

u=Y &y

me=0

u= i N, (x)y”

o=l

u= i i hm_‘xm y"

m=0 n=0

can be written as

Consider as an example the equation
Fufax’ +dufay’ + plx,y)u+ a(x y)i(u)=g(xy)
Since we have chosen atwo-dimensional case with the conditions,

gu{0,v: .

u(0,y)=C,(y) and e =C,(y)

we assume the solution in the form

and similarly write

(An ordinary differential equation such as d*u/dx” — p(x)u+ a(x)f(u) = g(x)
becomes a special case as do linear cases of both the ordinary and partial
differential equations. We use a single series. For a three-dimensional series,
we use a (riple series.) We wnte the differential equation in our usual

decomposition form as
Liu+Lu+Ru+Nu=g

*Thus could also be solved with houndary conditions,
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We can use either the x or the y partial solution. Using the x partial solution for
which we have stated conditions, we operate on both sides with L)' to write

BU{U y)

L)L u=u-u(0y)-x =L, g-L,Lu-L]Ru-L]Nu

where L7 is the two-fold definite integration from 0 to x. We now have
u=C,(y)+xC,(y)+L, g-LLu=LRu=LNu

Computing L' g we get

o N

L;l g= L_tl E Z 2o X" Fn
a=d msd

=2 2 28Xy (n+1)(n+2)

np=l med

:E Z gn—lu x* }r"lfn{n—”
2=l m=0
Computing L, u, we have

Lu=(#/3y) % T car’y®

o=0 m=d [—

m(m-1)c _ x"y**

"J;.l“rl'li
s £ s

M

[m + IJ[m+2] cu..mi] xn}rm

o
B
=}

=

Now computing L} L u we have

LiLu=L]Y Y (m+l)m+2)c, .. x"y"

_i E (m+i){m+2] a+l . m

o= m=0 {n + l}{n +2} mm et § }r

5 mehmey L

o= m=0 n{n -I} potmed }'
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Computing Ru,
Ru={z > pux"ym}-{z Y oenx y‘“}
a=0 m=0 0 m=0
SR E e ey
o=l m=0 pal p=0
Next,

L, Ru=i i {i }Efm,,cn-z-u.m-ufnin—li}fr“‘

=

H
=

f(u)= f[i iam x"y" J = z iﬂu_m Xy

p=l m=0 n=0 m=0

where the polynomials A, (cntﬂ.,‘,.l:,_,,} are obtained by transformation of
series. We have

[ o 3 o =
vomarw={% 5 e} (55 axy]
= m=fd J 1 m=0 J
= z z {2 E a'ﬂ A *u.m-n} x" }II:

Then

=0 mwd |p=d pg=
fd - -1 m

=2 2 {Z D% A ,J/n{n—n}x v
o=l m=0 |[u=D g=0

We also write Cy(y)= 3, ¢, y* and C,(y)= 37, ¢, y". We know
cﬁ.'r'" c':l.!‘ cﬂ.:' Sim-iiurl}"- Wi kn-ﬂw c|_np C:I.‘-‘ l:l.l ------

u=Cy(y)+xCy(y)+ g~ LLu- L/ Ru-L/Nu

and we can wrile
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z Ecn.ux"}fu:zcﬂ.m}"n+xz Cio ¥ Z Z -ﬂ 1.3 =|
o=l m=d m=0 oy = = n{‘n_ I.}

i i (m+1)(m+2) -

- X
- n(n- 1} a=iLm+l :"'

i {Eiﬂ“ Camzovm- ,,fn[n-l}}

=i w=d gad

S TR

-
i
]

> Y n)iifru.ﬁn- rvay/n(n= l}J»xy

mmid 1.;-‘.1 gl

MI

:r
P

We now eguate coefficients of like powers. We are using the x partial solution;
hence, we are particularly interested in powers of x.

Forn=0, ¢,,=C,,

.Fﬂr n= i' ct,m = C[,m

For n > 2, we have for like powers of y® a recurrence relation vielding the
coefficients

_ &8s _ (m+l)(m+2)

o n(n_ l] I'l[ﬂ _ I} B-Lm+l
= e pnu n-1- U.m—jl _u-i -~ av.u An-l—v.n-u
_E #Eﬂ n(n- Z{, Z;, n(n—1)

and can now write u(x,y)= Z:n z:_ o Com X" ¥" since the coefficients are
determined and the A, can be found. Since Cy,.Cy,. €y, are kmown by
decomposition of Cy(y) we can find other components, e.g., ¢, , depends on
¢, ;- Similarly C,(y) yields components ¢, , for all m, so ¢, for example, is
found from c,,.

The linear cases (& = () are considerably easier since the A, become
unnecessary. Also the recurrence relation simplifies if g = 0 or p = 0. For
example, if we consider the equation g*u/dx* + d'u/ dy’ =0 we have

__(m+1)(m+2)
Com = n{n—-i} o-2m+2
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M ODIFIED DECOMPOSITION SERIES AND BOUNDARY-VALUE
PROBLEMS:

The “modified decomposition™ series solutions have been found for initial-
value problems by incorporating and adapting ideas of the decomposition
method. Now using the double decomposition technique discussed in recent
papers, the procedure can be further generalized to treat initial-value and
boundary-value problems in a similar and computationally efficient formulation
with an acceleration of convergence. We will consider some progressively
more complicated problems.

LINEAR (HOMOGENEOQUS) ORDINARY DIFFERENTIAL EQUATIONS:
Consider the example d’u/dx*+pu=0 for Dirichlet conditions

u{:x = ¢, ] =b, fori= 1, 2. Let pbe a constant (1o simplify the discussion) and
seek the solution in the form of a Maclaurin series

In the usual operator form for decomposition solutions, this equation is
written Lu + Ru = 0 where, in this case, L=d" /dx* and R=p. (Of
course, the method was developed for more general equations.) MNow wrile
L'Lu=-L"Ru where L' is a two-fold indefinite integration vielding
u-c,—cx; hence

__=i ar_xn=cn__xcl_pJ’J’ i ahx" dxdx

o=l

=cb+xc,—ﬂ2 ahx"q/,’n-.]]{n-z;

n=i

=Cy+XC,— P i at_lx"/n(n - 1)

nad

Equating coefficients, a, = ¢, and a, =c, . Forn > 2 we have the recurrence
relation
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a,=—pa,_, /n(n-1)

Using double decomposition,

o
=, ¢

mwl

c, —E c™

m=

a, = a”
med
Also 2™ =c™, al™ =¢™, and for n 2 2, 2 =-pa’®./n(n-1), achiev-
ing a decomposition of the recurrence relation

. =) =) p=d aml me=d
1.€., e

= z utuml

m=0

by staggered summation. (See Appendix [I.) We use the staggered summation
to rearrange the double decomposition components of u into a new series to
achieve a decomposition suitable for boundary-value problems. (The
switching of n and m makes the result computable; only the sum matters —
the components are not unigue.) .

We must now determine ci™ and c¢!™ by use of the boundary conditions.
Instead of u(x=&)=b, and u(x=E&)=b,, we use the approximant @, to
the correct solution u. We can write this as ¢_,,{u}, an operator on u.
Similarly, the approximant to a, is

oufa}=3 o

wall

9, {a} =2y
9, {&if} = at}'-"}
I

Then

We will have determined the solution if we can also compute the values of
ci™ and c!™ matching the (approximant to the) solution with the boundary
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conditions
Puur{uf{x=¢ )=,
¢m¢l{u}[x= g:]' b.
For the staggered series of u
u,=al +al” x

=l 4 4" (0) 2 4 4(%) 3
u =a, +a; x+al’' x" +al’x

w=ay +aPx+allx?+al"x? =2 xf +a" %’

(m}

a(nﬂ +al (9 xtlm'l

(o)
u X+...+a, +ab,, x™®

Equivalently.

Im+|

- (m=[ws2]]
U = E a,

o=
where Enfﬂ] is defined as the greates! integer value less than n/2. Thus the
staggered summation has resulted in a different decomposition of u suitable for
boundarv-value problems.

u= iun - i ‘hi! a-_‘m—fn.':;"x
m={ mel nsl

REMARK: The greatest integer function used here is for a second-order
equation. For a third-order equation. we will have [n /3] and for fourth-order.
we use [n/4]. Next. we derive the approximant for the staggered series of the
solution; thus @__,{u} is given by:

T m ;=
0. ful=u, ~u +-+u -Z a"’] xZa'J"'—x‘z al
n=0 n=10 k=
e E a;ﬂ_!_. ai“' x oo a;:::-l

nal

O jul=0 -113:1}""-%: |‘La]}+x P |'|,""'}

+x-mm{3‘3} T+ x2m¢| {alm} + X' I’m: {azm-l}

or equivalently




MooiFiED DECOMPOSITION 147

lmwl

":a'ml{u} = E ¢mr1-[ni2] {a‘}xn
nal
We use the approximaton of the boundary conditions

{#mwl{u}{x = g! ] = h]
¢m+l{u}(x =&,)=b,

in order to compute the constants c¢;*' and c\™' and consequently the compo-
nents a;"' and a,®' of the Maclaurin series for the solution, thus determining
the solution u.

SUMMARY:
The basic steps are:
1) Compute 2™ and a;*' by matching the solution approximants to the

boundaries, ie.,
¢u41{u}{x = ':fl} =b,
¢m1{“]{x = 5:] =b,

2) Using the recurrence relations for n 2 2, i.e., a™ =—pa'®, /n(n-1),

compute more Components af,"“ to improve the accuracy of the solution

approximants. Thus we have

a= i al™

m=0

and therefore

satisfying both the equation d*u/dx* + pu= 0 and the conditions
u(x=&)=b,

u{x = 51} =b,

We can now accelerate convergence by going to an initial-value formatted
solution without further matching of solution to boundary conditions. Let
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a, = 0,.,{a,}

a= ¢m¢l{&!}
and forn> 2
=-pa,, f]'l{n - l:l

which gives us a new and improved u, to start as an initial-value problem
¢m+!{ufﬂ} = mfl{aﬂ}+ muu{a'l}x
where u})’ is the approximate initial value. Now u- = 2:

N ONLINEAR ORDINARY DIFFERENTIAL EQUATION WITH
CONSTANT COEFFICIENTS:

Consider as a specific example d’u/dx®+ & f(u)=0 given the conditions
5 )=b,
.)=hb.

[}
f'u
[}

u(x

Il
!J"'r'r

u(x

We seek Maclaurin series solution u= Y a,x". The equation in operator
form is Lu + Nu = 0 with L=d*/dx* and Nu= af(u). Operaiing with
L. we have

T JJ f(u)dxdx

Using the result for transformation of series

f{u}-f|zax :-EA ..... a, Jx"

A\.n=0

where the A. are functions of a,,...,a. rather than u,...,u,. Now calculating
the integral
” flujdx dx

ar

H i A x“dxdx= i h"x“‘:/fn +1}n+2)= i A,,_:x“/nfn -1)
malr =il =2
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Therefore
PIERIETAL EEY A.,-,x"/n{n ~1)
o= a=1
Equating coefficients,
a,=¢,
=g
and fornz2
a =-aA_,/n(n-1)

To maich the boundary conditions, we apply decomposition to the
integration constants and double decomposition to the coetficients of the
Maclaurin series solution.

G
— [=]
Cy= z Ca
m=il
T
- (=)
¢ = c
mal}
]
- {m)
a, = Z a,
m=

Substituting into the recurrence relations

_-'-'_F'-'-'_-.
inl = cf-!
fm! E[m'l
and fornz2
2™ =~z A /n(n~1)

We have achieved a decomposition of the recurrence relations which will
determine the solution once the components c™ and ¢{® are found.

Next, we organize the solution into a form suitable for matching at the
boundaries by rearranging the double decomposition components of the
solution into a staggered series. This organizes the solution into the boundary-
value format so that c* and ¢|® components are calculable by use of the

approximants to the boundary conditions

¢m1{u}{x = §|}= b,
¢m¢l{u}{x = 51} =b
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We have

u=§u ax" =:Z“ ; al™x"

To stagger the series,

= (0 L]
Up=ay +2a; X

= gl 4 4" (00,2 L o(0) 3
u, =ay +a) x+ay x +ay X

2 1) 1 ] ]
=al+alPx+al'x?+al"x* 42 x* +al” x

= glm! L 4(m] 0) (2@} | (0 _Zm+l
u, =ay +a™x+...+all xP 42l x

which we can write

' fmeior
_ m-{nil]i_n
Ug = 3 2, x

n=0

where {n,-’ﬂ] is an integer greater than n/2 (for second-order equations). For
third order. we write [n/3] and for fourth order, [n/4]. We now have a
different decomposition of u which is suitable for boundary-value problems:

= o8 Il
ITTT
mal m=0 n=0

Now we derive the solution approximants for the staggered approximants

0,.,{u}= Zu Z ‘“’+:«Z al"+x" Zaﬁ

mEl p={
L3 N (o) o ... 0] o izl 400
+X ; al" + =al) a.,
Hence
C:.-: '{U}’ = ¢mf:{aﬂ} + xmm”{a;} + xzﬁm{ai}
+x’0, {a1}+-- -+ x™, {& Iw} - x“""dr,{am_ ,}
or
2m+]
Op.i{u}= z @ i-juiz) {an}x
=i

Now using the boundary condition approximants -
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¢m_,{u}{x= ';.1]
@m-t{“}'{x=‘§1}=

b,
b,

we can compute the constants ¢, ¢/ and a\™, al™ . the coefficients for
the Maclaurin series determining the solution.

SUMMARY:
The basic steps are:
[) Compute ay and a™ by matching the solution approximants to the
boundaries.
2) Compute components al““'" to improve the accuracy of the solution
approximants using the recurrence relations for n > 2, We get

L]
— {m]
a, = z a'lln
m=(

and finally .

3) Finally we can transpose from the boundary-valuc format to the injtial-

value format
oW} =0, {2s} + 0, u, ) =
with -
dy = ¢m1{an}
q,= ‘ﬂ'm.l{al}

and forn22 a,=-a A, /n(n-1). (Note this is for the case of zero
input.) This avoids further need to match the solution 1o the boundary
conditions. Now u= EM u, =Z._“ a.x" ang convergence is
accelerated over that of the boundary-value formatied sulytion

LINEAR ORDINARY DIFFERENTIAL EQUATIONS WiTiI VARIABLE
COEFFICIENTS:
We consider the example d*u / dx* + p(x)u = 0 with the conditions
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p(x)=Y, px"

and seek the solution in the form u=2“a a_x", The solution is

u=cy+xC, - ﬁ plxjudxdx
Lat
p{x)u={2ﬂpnx“}'ﬁ[2a,f}
pal Lo=0
=2 {iﬂpuan_u}x“
Now )
[fpx)udxax=[[ 3 {Epv a ”f * dx dx
h=0 =

i
We now have

p=2 =0

Zax —Cn+x‘:|'£ ‘[EPL a,. -1..-1 /':ﬂ‘l]

Consequzntly a, =c, and a,=c¢, and forn 2 2

B—2
a, = -anua._ ;_,,/n(n -1)

We conclude with the solution a

=c/™ and a/® =c¢,*. The ¢, and c|"
are detzrmined using the boundary conditions
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¢m~|{u}{x= §1J|= b,
¢mr|{u}{x = g‘l]= h':

and forn > 2, ai"' = Eu Cpoal) L,/n (n=1) achmvmgadccompuaumn

of the recurrence relations. Then computing a, = E ., we have the

soluton u, = Z

m=0

HOMOGENEOUS NONLINEAR ORDINARY DIFFERENTIAL
EQUATIONS WITH YARIABLE COEFFICIENTS:
Consider the example d*u/dx* + & (x)f(u) = 0 with the conditions

u(x=¢&)=b,
u{x ¢,)=b.

Let a(x) = E:n a,x" and seek the solution in the form u= 2:0 ax", ie,
a Maclaurin series. Let Nu = a(x)f{u) and write Lu + Nu = 0 which leads to
the solution u={:n+x{:,—H a(x)f(u)dxdx. To calculate this integral

(which is an indefinite integration for every iteration), we first use the result
for ransformation of series

flu)= ianx”] = i_hnx“

nmi

where A, = A _(a,,....a,). Now

a(x)f(u) = {i;nt} - {):_n Aux“} - 2 {Eﬁcx A"_b}x"
and

[[ax)t(w) ax ax = [f i {iﬂxhn H}x" dx dx
=z Za.ﬂ. }“ /n+t]{u+"]‘

-3 {Ea,_h,, . ,_}x"/l{n -1)

moi [TREL]
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We now have

T ot =cotxe -3, {Dzdtr,ﬁn_l_._,}x“ /n(n -1

o=0 pel |v=0
Equating coefficients a, =c, and a,=c¢, and forn>2
=1
an = Eavﬁn—!-ﬂ/n[n - I]
wval)
Hence, ai™ =c!®, a\™ = c!™), Using

@ml{u}{x =§,)=b,
g, {ul(x=§,)=b,

we determine ¢,® and ¢!® and forn> 2

ali:.] = _z am 'q‘lnu;i-b/n[n - 1}

el
Then. computing a, = > a” weget u=)  ax"

HOMOGENEOUS NONLINEAR ORDINARY DIFFERENTIAL
EQUATIONS WITH VARIABLE COEFFICIENTS FOR LINEAR AND
NONLINEAR TERMS:

Consider a specific example with Dirichlet conditons

d*u/dx’ + p(x)u+a(x) flu)=0
'ﬁ:}=b1
u{:x = ¢J}= b.

ufx

We seek a solution in Maclaurin series form u= Z

- 2, x" satisfying the

boundary conditions. In the operator format of the decomposition method, the
above equation is written Lu+Ru+ Nu=0 with L = d* /dx*, R= plx) and
Nu = a(x) f(u). Operating with L™,




MopiFIED DECOMPOSITION 149

u=c,+XC, - H plx)udxdx - a(x)f(u)dxdx

where this is understood to be an indefinite integration for every iteration,
since itis a nonlinear function. Following the earlier examples. we can write

[m} JAml
a, =g,
a..:n] = cE:J

with ¢ and c|®' to be determined by the specified conditions

Do {u}{x =¢
Do {u}[x = 51] =b,
and forn> 2

) =-z pa® -5 a AR, /n(n—u
u=i

which gives us a decomposition of the recurrence relation. Then, computing
a =Zm . a'™ | we have the solution uzz-ﬂ a x".

COMMENTS:
Comparison of initial-value format and boundary-value format:
1) Initial-value problem, formatted solution u™""

) R

u= 2 v - z Z (m) o
n=0 =0 m=0

l:"-’] Zuﬂ-‘l’]

m=0

B.V.)

2) Boundary-value problem formatted solution u

(V) _ - = (ar2l)
= a"_p

where
ﬂ V.o E dfl-[n]’l]]

o=l
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and where
c
(BY) _ (B.V.)
¢II1'I‘| Z uﬂ
n=0

(1.W.] ; .
We remark further that ul"™"” = ul®" and ¢"¥" = ¢/®¥”, but as n become

n+]
u R . V.
sufficiently large, ¢ 1 becomes numerically equal to ¢*"’, i.e.,

u=lim ¢/*" = lim ¢{*"".

- B—h i

Thus the evident difference between the two is in the organization of the
components of the double decomposition, i.e., the staggering of the double
series summations makes it possible to calculate the matching coefficients.
The procedure is quite general and will work for & wide class of problems.

It is to be emphasized that the series resulting from decomposition is not a
Maclzurin series. [t is actally a generalized Taylor series about a function
rather than about a point. which reduces in trivial cases to the well-known
series. Despite the irnproved applicability of the Maclaurin series with the use
of the A; polvnionuals and decomposition techniques, the decomposition series
is still superior in convergence properties o the modified decomposition
series.

SOLVING EQUATIONS WITH DIFFICULT NONLINEARITIES:
Consider a second-order (nonlinear) ordinary differential equation in the
form u” = g(1)I"(u)= B(1) with initial conditions u(0)=c, and u’(0)=
We suppose I'(u) is obtained by curve-fitting or leads to difficult computation
of the A_ polynomials. Or in a function such as I'(u) = sin u we may prefer 1o

work with the powers of u. We, therefore, write
M(u)= 3, 7,u”
mel

Using modified decomposition, let

iﬂ Z{n Ta, "

||

M 7
|1

ﬁM 3
"

o= i a1 E (n+1)(n+2)a,_.1"
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IM{u) can be wrilten z:ﬂ Ab{uu,,,,.uu} and we have assumed that u is

. HE
written in & convergent series u = a,1° so that

Mu)= i ant“]

=l

withu, =a.t”. Hence

50

Mu) = i A (2g,e..0a, U

a=0
If we wnte for clarity Au{fl{u}}» for the A representing f(u),

rfuai A.,{rtu}}t°=f', A,(a,

a=i n=i

i.e., the A {T'(u)} are functions of a,,...,a,. Since T(u)= E:“ y,u" and
=" A {u"h® the A_{u"} are also functions of a,....a,.

Substituting, we have

(u)= zﬂ Yal® =2 nZ A, (u®
= E.é tng Yau n(u )
which we compare with T(u)= Y~ A_{I(u)}t™ so that

A (rwl=Y r.Aa,{v}

Retuming to the differential equation u” + @l (u) = 8. and substituting the

respective series, we have
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i (n+11[n+2}a,,zl“+{i m}{i A,{rh;}f}:i Bt

g=0 =0 n=0 o=

Performing the Cauchy product

{iﬂ a1 } {Ea A, {T(u)h } En, 2., a,_, A {T(u)}
so that

5 @10+ .ﬂ-z[zu” Arap]e -5 pe

o=0] vl
where we can now substitute

AT} =T 7,4 ()

u=0

which makes it easy to compute the A for I(u). We obtain

$ Geno-2m - E5a Sradeife- o
el =0 | u=0 umf n=0
where the A, = A (a,.....a,) are functions of the coefficients for the series

foru
Equating coefficients of like powers of the independent variable t,

(+)(0+2)a, .+ a3 7,40} =5,

ymf] =l

and solving for a_, we have

=B, - Za, ~ZT A, {u) -:/(rwl} n+2)

1rmf) pml

with g = c,and a, = ¢, 50 we can solve the differental equation for u: the
A, can be obtained by a rapid computer calculation by decomposition into
simple integral powers of u, just as the choice of L in the decomposition
method led to simple integrations, avoiding difficult Green's functions.
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CHAPTER 6
APPLICATIONS OF MODIFIED DECOMPOSITION

We now consider some applications of modified decomposition. The
Duffing equation is an interesting example of an ordinary differential equation;
it has important applications further discussed in Chapters 11 and 12, The
eguation is given as

u”+au+fu+yu’ =g1)

CONSTANT COEFFICIENT CASE:

We assume that the solution, as well as the excitation, 15 in Maclaurin senes
form. Then.

m=0
[ e 1 [ s V| e 1 e
=Bl Sac iS5 A
1Ll 4 bw=0 J | u=0 J m=0
A {a, d,:}:ZZd‘_ a,., a,
v=l we=l
ul)=k, =a, = Z dy lmIu-u
mal
w(0)=k; =2, =3 (m+1)a,,t"|.,
m=0

Subsutuung
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Y (m+lm=2)a, 1" +ay, (m+1a,, "

m=" m=f]

+ﬁz a 1™ ?yz ALl ajt* :=zgm1“‘

m=l
Then

(m+1)(m=2)a, . +a(m+la,, +Ba, +7A. =g,

m+l

We can now write the recursion relations

a, =ul0)

a, =u’(0)

g, —e(m+1a,, - Ba,—vA,
(m+1)(m+2)

a ]

50 the a, are delermined (dependent on the A,) and we can write
ul[t]=2:_n a t*. Thus u, =a,, u =al,...,.

a, = u(0)

a, =u’(0)

2, ={En'{l}fx a, - fa, —yﬁn}f[]}[l}

a,=(g, - (2)a, - Ba, -7 A,)/(2)(3)

a,=(g,-(3)xa, - fa, -y A,)/(3)(4)
(8, —(4)ex a, - Ba, — 7 A,)/(4)(5)

3, =(2,~(S)e a; - Ba, — 7 A,)/(5)(6)

a,=(z,—(6)xa, — ﬁaj
(
(¢

As)/(6)(T)
a5 =(g, - (TN a, - }‘F(T}{S
a,=(g,-(8)aa, - .Iﬂa'r }f

3, =(g, —(9)x a, - fa, - yﬁ,)!{g}{lﬂ}

The approximants to the solution will be given by
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¢ =a,
¢, =3, +2a,1
¢, =a, +a,l+a, U’

¢IIH] -i anl‘

For convenience of the reader we list the Adomian polynomials for the
nonlinearity in the Duffing equation:

Ag =2y,

A, =3a;a,

A, =3aja,+3aa,

A, =a, +3aya, + 6aya,a,

-

. =3amga, + 387 . + 34l ay + 6,88,
o =3mya,+ 38 a, +3ala, + 6,88, +6agi.a,

o

.= a; +3a;a, +3a) a, + 3ala, + Ha.a,a,
+6a,8,8, +6a,8.4,

A.=3aja,+3ala, +3aja, ~3aja, —6a,a.n,
+6aga.8, + Gaga,a, + 6a,8,8,
T TS - S P-a
Ay=3aja,+3a7a,+3ala, +3aja. - 3aja,

—6aga, 8, + 6 ,d,8, + 6d,d,8, — 08,88, + 68,8,2,

i
[

c=a)+3a; 4, + 3a] a, + 34l ag + 327 a, + 6ayaa,
+6ag8,8, + 6 a,a, + 62,8, +6a,8.,
+6a,8,8, + 68.8.8,

Ay =3ag e, + 30l a, +3ala, + 3ala, + 3ala, +3az a,

+haqa,a, +6a,a.a, + 6a,a,8, + 6aa,a,

+6a,a,a, + 6a,a,a, + 6a,a,a, - 6a,a,a

We can substitute the expressions for the A, into the expressions for the a,.
but it is unnecessary, since it is more practical o numerically evaluate the A,
beforchand and then to determine the a,. If one prefers to work with the final
expressions for the a,, they are:
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a, = ul()

a, =u'(0)

a, ={gq —a(l)a, - Ba, - y2)/(1)(2)

{ —a(2)a, —Pa, - v(3a, &J]I/{E

. =(g, —(3)a, - Ba, - (3a] a, +3a; 1,))/(3)(4)
{gi —af(d)a, - ﬂa, —v(a, +3a’ a, + 6,2 a1) /{4}[‘
{

(

g.—of5)a; —Pa, - y(3a;a, + 3a;a, +3ala, + ﬁa.,a,a3}}/[5'1{61

g; —aff)a; - E'as T(3ay 8, + 3] a, + 3a] a,
+6a,a,a, +6a, 4,a,)) /(ﬁ]{?]
ay = (g, —o(T)a, -Ba, - y(a] +3aja, +3a]a, + 3aja,
+6a, 3,3, + 62, ,a, + 63, 2,2,))/(7)(8)
=(g. - «(8)ag —Pa, - y(3uga, + 3a; &, + 3al a, + 3a; a,
+6a, 1,3, + 62, 4,8, + 6y 2,8, + 62, a,2,))/(8)(9)
ay = (g - @(9)a, —Ba, —7(3aja, + 3a] a, + 3ala, +3aja, +3ala,

+0a, 3,3, + 62, 2,3, + 6, 4,3, +6a, a,a, + 63, a,aJ]ﬂQ}{l{]}

VARIABLE COEFFICIENT CASE OF THE DUFFING EQUATION:

Write
u” + {ernt"}u’ + {iﬂﬁmt" iﬂ }u + {iﬂnt"}u’ = iﬁg.t“‘
u =§a“t"
w= fa(“’ Fla,°
=3 e D e
w = _iﬂh-(aﬁ-----am}t" =i, t iﬂ Zé Bes Ay 3,

u(n] = kn =3y = imau l'!:-u

'I.'l'l:ﬂ] = kl =3, = i{m + ]]n‘_‘ lu!"n

m=0
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i{m+ 1)(m+2)a_ ,t" +{ian 1"] l:z (m+1)a__,t ]

fine][B)
{i Am{au.....am};-} To e

m={ m=l

Carrying out the indicated Cauchy products,

nz:n{m+l][m+“)a_dt +§ {;am n(n+l}a,,1}t +; {;ﬁm,au ]!-t
+i {i?m—nﬁ [:a':l }t = Egm

mad

Consequently,

(m=1tm=+2)a .=y a, (n+1a

e+l

*iﬁm—n "'ZTN uﬁ‘[a }=E

psll

50 recursion rzlations can be given

a, =ul0)
a, = u'(0)

gm - i{an:vnfn + Ijan-l + .ﬁm-r_ ap + Tm—p ""’p}
Aa-: = - (m—=1)(m+2)

so that u(lJzE‘:'“u a, 1" is determined since the A, are known. The

computation is easily programmable. We can list the a_, as follows:
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a, =ull))

a, =u'(l)

a, =(g, — a,(l)a, = B2, — 7, A, )/(1)(2)

a, =(g, = e, (Da, — e, (2)a, — B ay = Bya, =7, Ay =7, A )I2)(3)
a, =(g. —a.(l)a, —a,(2)a, —ay(3)a, - B, &, - ﬁ: a, - B, a,

=7 AT F"l =7a ’*:15{3}(41

a, =(g, —a,(l)a, - a.(2)a, —,(3)a, —a,(4)a,

_ﬁla":_ﬁ:n1_ﬁ] ﬂnﬂi fa =71 A =T A= qﬁ:”[‘”[ﬁ}

a, =(g, —a,(l)a, -a,(2)a, —a,(3)a, -« {4 rx.,{ﬁ}at
~B.a, - Bya =B~ fa-Ba,
=V A =T A =7 AL =7, Ay =7, A5)(6)

a; =02, = ag(l)a, - a,(2)a, - &y(3)a, - a,(4)a, - a,(3)a: —a,(6)a,
_ﬁ.t i, _ﬁJ,ar _ﬁsa:dﬁzaj_ﬁr%_ﬁﬂas
=7 =7 A: =7 A =7, A! —“hAT Aﬁ};(.ﬁj(ﬂ

ay = (g, — og(la, —a5(2)a, - (3)a, —a,(4)a, — a,(5)a; — &, (6)a,
_':I'J” ﬁsan -IBja:'ﬁlai'ﬁjaﬂ_ﬁ:aa'ﬁlﬂs_.ﬁﬁaa
=75 g =75 Ay =7, A: VA =T AT AT, A;”[THS}

3, =(g- — ()2, - &(2)a, - &5(3)a, — &, (4)a, - &y(3)a; — e, (6)a,
-&,(T)a; - ay(8)a, — B, 2, — Bya, - B a,-f,a, - Ba,
“B-as-Bia, - Bray —1r A~V A Vs AL -V A - T AL
=72 1IE|L5 =Y As =7 ﬁT]f{E}{Q}

a,=(2- ai{l}al - f:}&z - Q, [3]31 -G [4]3-4 - a;ﬁ]aj - [ﬁ}aﬁ
—a.(7)a, — o (8)ay - &, (9)a; - 2, - B, 3, - Bsa. - Bsa,
'ﬁaa;-ﬁjns-ﬁz,au.'ﬁla?—ﬁnal_ﬂ Ag =T A =758 =15 Ay
.'Ta. AT AT A -1 A -, g,};[gj[m]

u(t)= i a, t”

m=J
$ =2,
¢, =2, +ajt

¢m+l = i a'l. 111

g=d
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REMARK: Possible areas of further investigation include regions of conver-
gence, numerical algorithms for computation, application of convergence ac-
celeration wansforms®, and stochastic versions of the Duffing equation where
we solve for first- and second-order statistics of u. We can, of course, con-
sider special cases of our solution such as

(1) uw0)=k and v (0)=0withg=0

(i) u(0)=0andg=0with v (0)=k

(iii) u(0)=0 and u"(0)=0 with g = g, a constant

(iv) u(0)=u(0)=0,g=go+g torg=g,+gt+gt
(V) u0) =k, W' O)=k, g=Y_  gt°

We might then use double decomposition and write

L]
u, = E Up s = Cog

n=0

with

o=y = z Use

¢:=@:+“:=¢1*i u .

o=0

We emphasize that these problems are also solvable by usual decomposition.
Also, we note that the rate of convergence of the modified decomposition only
approaches that of decomposition when the excitation approaches zero. The
reason for this is that the initial term contains only the furst term of the series
for g: onlv when we go 1o sufficient terms of u will we have enough of the
input to have as good an approximation.

"Such as Padé zpproximants, Shanks and Wynn transforms. and tne Evler and Van
Wijngaarden transiomms.
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APPLICATION TO LINEAR PARTIAL DIFFERENTIAL EQUATIONS:
Suppose we begin with the equation L,u+L u=0 and, 10 be specific,

choose L, =a%/dx* and L, =d%/dy’. Following the decomposition pro-
cedure, we write the equation for the x partial solution :

u=® -L7 L,u

where @ =, (y)+ x&,(v) must be found from the given boundary conditions
and L’," is detined as the two-fold (indefinite) integral H{ Jdxdx. It has been

demonstrated previously that solutions are easily determined by decomposi-
ton. Now, however, we use the modified decomposition method which we
have discussed for ordinary differental equations. Thus we let

mal

or
u= ) a,(yx”
where "
2a(Y)= D Cn’
We now have "
3.5 (5" = 8(9)+ 560)- [[(*/67°) S, ()x" oxox
- m#l 51
Edu{}'}x =& (y)+ x&(y)- ;,,,(m+1)[m+?]r3y aa(y)
Ejﬂu{)fh“' =&(y)+x5(y)- n.z.z?n'[%_i}%? 2a-2(Y)
The coefficients are identified by
an{}"}=‘§n{}']
al{}")=§|(3’}

and for m =2 by the 'rl:currenm relation
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2,(y)=-2"/dy" a,_(y)/m(m - 1)
We can equally well consider the y partial solution by writing
u=® -L/Lu

where ¢-}. = rl'rn{x]+yr,',[x] and u=z::_“ E“u Con X' ¥

u=Tb, (0"

p=0

where b (x)= Z:_D Ca.X and L;‘ = “{-}dy dy is an indefinite integration

operator. Now

S, b, (x)y" = () + ym(x) - [ §{57/35)3, b, (x)y” dydy

=m0, e

=0
bl }‘..'.. a:
=1ly(x)+ ym,(x) 2 nn=D ax O

n=2

b, (x)

(x)

We get immediately
by (x)= 7,(x)
b,(x)=n(x)

and forn = 2.
batx)={-d /%" Jb, :1x)/n(n-1)
We now consider the more general linear form
Lu+Lu-Ru=0
again with L =&°/dx" and L, = ¢"/dy’. The x partial solution is given by
u=®,~L Lu-L, Ru

For simplicity, we choose R = p.
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where a_(y) zﬂn .. ¥ and L7 = ”[-)dxdx is an indefinite integration

operator. Now
i_,n a,(y)x" =&(y)+ x5 (y)
-H (o*/ay’ i (y)x™ dx dx

—”p E,E a(y)dx dx

3 a.(y)x =&(y)+ x& ()
- A 2g(Y)

Z {m+1]{m+2] ay’

—ZP m+1][m+2] 4a ()

a8
[
=

g 2 ()%™ = &5(y) + x&(y)
- x® a
m=1 m[m 1) 3:#1 o I{ﬂ

m-al¥)

-mEP m(m - 1]
o(y)= ‘sﬂ[}r}

so that
al{y} = é1 [}"}

and form =2
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-3 13y )ag_a(y)- piag_s(y)

m(m-1)

ou(y)="

The y partial solution follows similarly:

by(x) = 1, (x)
b,(x)= n,(x)
and forn =2
{_EF fa}’:)bu-z[x]_an-:(x]
n(n-1)

hﬂ{x] =

We consider L,u+L,u+Ru=0.Let R=p(x,y) with L, and L,

as before,

p(x.y)= }E i Pas XY

me nmf

plxy)=3 puly)®

m=0
where

pal9)=3 pury’

o=

u=®, -L7L, u—L Ru

®, = L (y)+x&(y)

-
> o

=0

||'
E I‘/I L gn

a
|
=
]

a, (y)x"

Q«

whers

Now
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3, a.(9)x* = &)+ x5()
—H{B‘fﬂ}"lji a_(y)x™ dx dx

m=0

13, pu1eH E s e
m=] me J
We rewrite the bracketed guantities

(= s | ——
(3 peH{S aer =5 5 nin

m=l
Now
>, 2. (Y)x" =& (y)+x§(y)

L) xlﬂ"'! a! )
_,Z,_, m+ l}[m +2) 9y ()

Ma

(m+1](m+2} Z puly
S aa(y)x® = &(y)+ x&(y)

m=]
- xm al

_m—] ﬂ‘ll:l]l ” 3}"1 A 1{?)

) Z Pul¥)eao2u(¥)

m=l I.'l'l.[ m— 1]

ay(y)= *:u(}')
a,(y)=¢&,(y)

so that

and form =2
( azlr'a}r Ao 1{}’ Z pp Y}dm 1- g{}'}

=0

am{y}_ m{m-l]

The y partial solution follows similarly
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by(x) = 1,(x)

and forn =2 P
(=0 13x )b, (1) 3 Pu(x)b,2u(x)
b, (x)= 2=1)
We have used
R= p{x,}*}=§ ; Paa X" ¥° =§ Pa(x)y"
where

p,(x)= ipm_nx"

m=0

APPLICATION TO NONLINEAR PARTIAL DIFFERENTIAL
EQUATIONS:

Consider L,u=L,u~Nu=0 and the x partial solution with L, = ¢°/dx’.
L, =d°/dv". and L] = [[()dxdx. We let Nu= af(u). (We have shown
algorithms for considering functions such as fi+) or f{u.v,w) in Chapter 3}
We have now

where
@, = S(y)+x5(y)
Let
U= D Ca xTyus= ) a (y)x”
m=0 p=l mal
or

We have generally writien ﬂ'u)=z:ﬂ A,: however, we showed in the
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previous results on the transformation of series that if u= z
we can then wrile

mdl dy X

f(u) = i x™ Aa(y)

mel

where A_(y) = A_{a,(y)...a(y)) and we do so now. We now have

3

(y)x™ = &(y) +x&(y)
‘”.{31;"'3}'3}2 2. (¥)x® dx dx

-ch i x™ A_(y)dxdx
3, 2. ()% =&(y) + % ()

m=]

o8 m+l

2 )
“~ (m+1)(m+2) gy falY

Ea xmi-].

&% e )(m+2) Aaly)

Z an(Y)x™ =& (y) + x& (y)

m=d

~ X &
< m(m-1) 3y’ a-alY)
“m-la m[;:l - 1} A‘m-l{}r}
so that
ay(y)=&(y)
and form>2

a,(y)=4&(y)

(=31 9y )ana(y) - @ Ag ()
%(y)= m{m=-1)

The y partial solution is similarly obtained, letting u= )

b,(x)= Z:-n Cao X~ OT U= E:-o Z:n

- Da(x)y" where
Ca. X"y Let
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f(u)= 3 y* B, (x)

n=l

with B, (x)= Bn(hn{x} ..... b,,l:'hfl}whcre we have now used B, instead of the
usual A, only 1o distinguish it from the previous set of polynomials.

GENERAL INHOMOGENEOUS PARTIAL DIFFERENTIAL EQUATIONS:

Consider the lincar case:
Lyu+Lu+Ru=g

u= 3 aa(yh"

as(y) = 5 (v}
a(y)=&ly)

(=)

and form>

VoY) (7 19Y Jag (¥}~ Epg (¥)ag.,(y)

a_lvy=
T m{m - [)

where

R=p(x.y)= 3 pa(y)x"

m=D

Pal¥) =2 Pust’
g=glxy)= X 7 ly)x®

Yaly)= i £..Y

n=0
®, =L (v)+x3(y)
Now the nonlinear case:
Lu+Lu+Ru~Nu=g

u= 2 a(yn"
Nu= a(x,y)f(x)
ay(y) = &(y)
a(y)=§(y)
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and form>=2
a,ly)= {Tm-z{ﬂ ~(#*3Y* Jags(y) - ZP,, (¥)as_s..(y)
—mfcru {}'Mm:_“{}'}} /m{m -1)
where -
AL(y)=Ag(ay(y)wal(y))
and
a=a(xy)= er
The soluuon is "
u= E i ag 1"
mf’m m=0 pal
Ay, = ':Lﬂ]
By, =y
_Taa— g, _'ﬁl:n + IHD + zjam.n-l
farta = (m+1)(m+2)

Consider the example

gu +a:u+ﬁa - =7(Lx)

o1 )
u=,§, éuﬂ =n§ z:ﬂ g . ™ %"
umnaa JATx"
};ﬂ 3+ ) + 2., %
E-:é zn(ﬂﬂfliﬂ’ri]dmm =x

(LX) = 2 T Faul™x

m=0 g=0
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u(0,x)=4d(x)= i g, x"

=0
a—ul:l],x}= E(x)= Z g,x"
{3‘[ n=h
The solution is

3

=0

i
Ms

=0
a8,

na

A0

1I

_ Tm,n — aam.u - ﬁ{n + I]{I] + z}an.u—z
mede (m+1)(m +2) o

The algorithm has a duality property since we can calculate either the t partial
solution as we have or the x partial solution. Let’s take f§ = 1 1o write

Ve~ @d,, —(n+1)(n+2)a, .,
me (m+1){m=2)

for the x partal solution. If we have a boundary-value problem, we use the
double decomposition technigue for a few terms 1o get a good initial value.

Then rearrange and solve as an initial-value problem.
Summuarizing, the t-coordinate partial solution—we might call it the temporal

format—is

=3 (Saew - 3 oo

m={ ‘o=l m=0

with the y th approximant
sel [
0,= 2, | 28X JI >, a(xp"
m=0 o=l Tﬂl':l

while the spanal format of the solution (or x-coordinate partial solution) is

iam Ex =z a_(t)x"

'\.m I n=l

:"Mt
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with the v th approximant

Y =i

.8 (Foc =g aor
o=l m-l'!l n=0

Each sequence of coefficients in the two formats, i.e., the a_(x) and the a (1)

has its own radius of convergence, and moreover, the solution itself is unigue.

As another example of a linear partial differental equation. consider

du _du AU LU e e o A
—ta— + ~f—= Eus
at aalﬂau 'ax on mz.a Zﬂ mel ¥
w0.x)=Y px°
n=il
Ju(0.x) _ Y o.x a.B,v.8,6 constant
gt |
u=3 3 a,,tx"
m=0 n=0
aﬂ.ﬂ =pﬂ
2, =0,
a — 'Em.n - a{m + 1}a"m.—l..nu - Iﬂam,n - T[n + l}am.nﬂ E[n + 1}[1‘1 ’}}am o=z
e (m+1)(m +2)
. . - m~-1 o=l W
We can now write the approximants @, = >, D a,,1"x",

LINEAR PARTIAL DIFFERENTIAL EQUATION WITH VARIABLE
COEFFICIENTS:

2208 Seweel2 {5 B § B}

m=0 o=l m=0 n=0 mel m=0

Lol L] a =
%zzaﬂ};~22an

m=0 n=0 m=0 n=0

u(0,x)=3 p.x"

m=l

au[ﬂ x) E o.x

m=il
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Using modified decomposition we write

u= i i a, t"x"
m=0 n=0

LINEAR PARTIAL DIFFERENTIAL EQUATION IN TWO SPATIAL
DIMENSIONS AND ONE TEMPORAL DIMENSION:

du du du du .du  _du
— — Y—tb—= -—
5 +a3t ﬁu+fax+ 3}' gar-ﬂ]a}r_

mal h=
—u(0.x,v)= E Z g x"y"
¢ mal m=l

(=l meh n=0
a;.m L pmn
& me {‘Tz.n

qipa = {'Ef.n_n —a(i=a,, .,
_J‘Ba;.m.n —yim+ ]}af.m-i.:
-é(n= I}’a!.m.u-l
-E(m+1)(m+2)a,__,.

-n(n=+1)(n+2)a,,; }/{(1= 1= 2)}

LINEAR PARTIAL DIFFERENTIAL EQUATION IN THREE SPATIAL
DIMENSIONS AND ONE TEMPORAL DIMENSION:

d-u ou du .du .du
———+fut+y—rd—+E—
ar a1 d Tox T dy " dy

& e

=T f;u +{ a‘tf -i-mg;: = z E z E imn 1"1:"}'"?_“

axR’ S}r. kal fsli mal §=
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u{ﬂfx.}r,z]'-z E E pelmxf}r’“z“

d=f) mwl o=0
L0xy)=3 3 T 0rn.xy

t=0 m=0 o=0

Solution by modified decomposition:

i i i ak,mnltx"ymz

Ms

k=0 f=0 m=id p=id
aﬂ.!.m n P
al. f.m.6 gr_m..n

yerimn = {'E'I.f.m.n - {'.Il:k + ”al‘.-i.r.m.n
-B A rma~ ?(f * l]ar.,e~|.m.n = 5[ m+ lja'l..\..ﬂ—‘l.,ﬂ
-g(n+ Day o mnet — ne+1)(£+2)a, ..o,
—C(m+1)(m+2)a, ...,

—(l'l'{l'l + EI{I'I + z}ahhu.nl}/{[k + llk "'2:'}

NONLINEAR PARTIAL DIFFERENTIAL EQUATION:

dlud’u  du du _.du o a_o
FToF e AL PAL Pl Sl VDL
u(0,x) =Y, px°

n=0
du(0,x)

at =2 0

o=l

Assuming constant coefficients, write

2 2t
n=0

Y A,

all g=b

Ma

u=

=]

me

M:

where the A, are our polynomials.
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Apn = {‘Em.n - ﬂ[:m + 1}%11.:: - ﬁau.n - ‘}’[n + ljam.n-b
=d(n+1)(n+2)a,,.. - WA,, }/[m +1)(m + 2)

The approximants will be
=|

a'_.ut”x
=0 w=i

=

N ONLINEAR PARTIAL DIFFERENTIAL EQUATIONS
VARIABLE COEFFICIENTS:

2[5 Sar L (3 Shewhue S S

t e Es m-[ P Lm=0 n=0
T e Ll
+‘IE_ Eann +1E EW‘J x }
\Ex. E= \mal n={
= E E fnm ll:.:.;:u
mx" rel

WITH
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= {Em -i Z AN (TR - S
-iﬂ Eﬂ, ﬁma-iﬂ Ea Yaesa-o(VH D2,
DI NRRCELIVRE
-E zwA} /{(m+ 1)(m+2)}

APPLICATION TO COUPLED PARTIAL DIFFERENTIAL EQUATIONS:
Consider the coupled partial differential equations

%'F%-[—‘:.—ﬂ‘ av=p3(x1)
1 2
jv 311-?’11—5[:([]

with (uncoupled) boundary conditions™*

“{11"‘}: 5.(0 u(x 0)= 1{:(:'
u(x2.0)= &0 2800) - 5
{11 l} T (t) v(x,0) = g,(x)

_ dv(x,0) _ "
v(x,.t)= my(1) = a(x)

We will use the spatial format, hence the initial conditions are not used in this
example. We assume ¢ and ¥ are constants and

Bx0)=3 3 B..x"

m=l p=l

ras

5x)=3 Y 6. x

m=0 gpai

™" Note that the case of coupled boundary equations is solvable.
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E0=Y &

&= &

o=l

H!El} - z f]':[,l}tn

m ()=, o™’

p=l

Define z
9.
L[} - axl { :I

L7()= A(1) +xB(1)+ [[ (-)dxdx

for the u solution and C{I]|+D{t]+”|[-]|dxdx for the v solution. (We point

out also that we can use double decomposition and recast this as an initial-

value or temporal format problem to accelerate convergence.) We begm with
Lu=B(x.t)-(d°/at* ju—av

Lv= El:x.l}—{d':f&lz]lv-— ¥u
or
U =uy-L (6 ot Ju-L av

vy =L far)v-L" yv

v
with
u, = Ay (1) +xB,(1) + H flx,1)dxdx
Vo = Co(1) = xDy(1) + [| 8(x.1)dxdx

L oo
Now we can write the decompositions u= E,_u u, and v= E

v, and the
approximants .

@J:-.‘.{u}: 2 U,
f=0
1
@;..-'['*'}z Z Ve

=0
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The general decomposition components u, and v, are;

u, = A,1)+xB,1)~ ”{3:,"3!:]11;_1 dxdx

—Htx v, dxdx
v,=C,(1)+ ” a *fort)v, , dxdx
—H 7 U, dxdx
We have, of course,
¢I{u}:u':l ¢1{V}="'-:
i A
@L-L{u}zz u, ¢1-|{V}=Z ¥y
fa =il
u= i u, v= i v,
f=d 2=

The approximants must satisfy the boundary conditions; hence

o, {u(x.0)} =&
¢, {u{ X2» T']} =&(t)
(

which implies
u,(x,t) =& (1)
“ﬁ(xh[] =&(t)
Vol X,st) =7, (1)
Vo(x5,t) = m4(t)
Also
#,{u(x,.)} =& (1) b {u(x, . )} =&(1)
¢1{u{x1 t}} =&, (t) ¢4+|{u [}} =&(t)
?: {v{xl "-]} =n,() .y {"'(11 l}} =1,(t)
¢L{V{x1 '-]}" ,(1) ¢1+1{“'{x1 }#fh{t)

Since
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.., {u} =0, {u} +u,
¢1«1{V} =9, {V} +V,

a(x,1) = 1o (2= 0
a50) = Vo (3511) =0

ua[xul]ﬂ;{ﬂ 11.;,('3(1,1]‘-‘:1{1]
"'-J[:xui)z (1) “ﬂ{xrt} =1,(1)

we clearly have

Summarizing,

and for m > 1, ug(x,,t)=u,(x,,t) = v, (x,.1)= v (x,,t)= 0. Write

Ao(1)+x,B, (1) = /(1)
Ay(t)+x,B,(t) = f;gj{rl}
Co()=x,D,(1)= 1" (1)

Co(t) = x.D, (1) = n"(1)
and
A= x,A,(1)= (1)

Al +x:B,(1)= 5"(1)
Clt)= XD (1) = 1, (1)

Co(0)+x.D,(1) = n:"(1)
Now

2= 2(0)- H,ﬁ x,.1)dx, dx.
290 = £ - [ Blx,.1)dx; dx.
n”(0) = ny(0)- [] 8(x,.1)dx, ax,

(1) = ny(1) = [[ 8(x;.1)dx, dx.
and

£ = ”ka fav Ju, ., (x,.1)dx, dx,
_”ﬂf"-;_1{11.lildx,dx._

2= [[(# /90, | (x-)0x. dx,
ja» Xaot)dx. dx.
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(1) = H{&zﬁll}v,ui (x,,t)dx, dx,
+H;ru; J(x,.1)dx, dx,

(1) = H (8*/at*)v,_, (x5.1)dx, dx,
.H,fu,_l x:.:]dx:dxz

We can write
,L':'F[l "T,J &
CE
""m(l] -*"5‘
a= D
1= 1%
A=)
()=, ne
p=0
and

2= &
n=d
200 =3 &0

f,lm{t} Z ‘-I']mt .
Ifzﬂ[l z nrfJ'_

Consequently, we write the matrix equations

(1 x) (A _[E7()
| 11]1'\En[[}] m(ll}
1 xq,’cﬂ.m]_ n.“’(t}]
0 ox) \Dg(1)) ()
(1 x, ] ’A,{m)] ~ ’g:”{r}]
Uox ) (B0 (&9
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Thus, we find

(1 xl}[c,m], n.‘“{tl]
1 x, ) \D,(t) - (1)

Aoy = X820 %, &7

XX
(o) oy
B M-M
slt)=
X, = X,
1‘}} ()
ﬂ{ﬂ‘l - X% é
Il '—li
(o} _ zi0)
B'Y = S10 ~ Sia
: XX
1) 1oy
C,(1)= X, 1 (0 —x 71, (t)
?'. —x
[ﬂ'} (o)
1 1
b ()= 20 =10
X, =X,
tm ()
Crbltl} X. HI " X, rll""
: Xy — X,
&) 0]
) T]E -
Dp .{'l:l‘__, n 1.1
Xa —11
4 X gl —x, 210
' X, =X,
=il gl
B == =
X. = X,
3 £
ﬁu:-z Xy L:.J"'x f‘;r
&
X, - X,

El _ gl
BH;- - =1.n 2.4

X, =X .
x, 111 = x, 72 (1)
X, — X,

[{] 1 r.-:.
D,(1) = Z-{U=10)
F I

C.()=
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4 [#]
Xy TI:.E — X ﬂl.:ln

Cfﬂ -
: X, — X,
(1) ]
6y _ T = Tha
DI
Xa -X:

Now we write the u,, v, components of u and v and the ¢, approximants for

uand v
u, = A, (1) = xB, (1) + [[ B(x.1)dx dx
Substituing
A =2 AT
B,(1) = i B! y®
Bx)=3, 3 B,.x™t
meld a=0
we have
.. . X7t°
Ay (t)+xB,(t)+x ,E.:_-, ; _—-{m+1 {m+2}-
Similarly,
= C,(t) + xDy (t) + [[ 8(x, 1) dx dx
with
(=3, CV'r"
D,(t) =i D"
pe=l
d(x,t)= i i 8, x"t°
so that e

xt.

v, = Cy(t) + xD, (1) + x* Z z

ash a0 [m+l}[m+2}

We can now write u,, vy in a convenient form as
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where

and

[E'!I
-

- hl:m
2® = A

aiﬂ'l B[ﬂ]

B

a®, =
R (m+1)(m +2)
bj! ="
by; =D{”
't'llZI!-dL - Em.r_
(m+1)(m+2)

[ |

A (1)=xB. (1) - H[&:Ml:}uﬁ dx dx
—Hav,_,dx dx
v =C,()= xD,(1) - [[{5°/81" v, dx dx

—_U'}-‘ u. dx dx

Le
A)=2 A

B

B,{1]=i B!lt®

nal

=Y cow

sk

Dj{i} - i D;IJII'

nell

Next, we calculate u, and v, for the ,{u} and ¢.{v} approximants
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“1=ﬁ1{1}+xﬁ.(1}—xzi i w ()

&5 (m+h)(m+2) =

Xt

) = I:‘IbL::'n -
-% mz:'rj E ——-———-—Hl:m_l}(m_l_l}x {

V. *C{t)+xDl :I""X!'Ej ZJ ﬁ%hmtd x™?

i "';3'1: -1
—X e X
mai] ;ﬂ {m""”(m b ?.:]
We can now write
U = E z 'ﬂ'E::.:.In x*t°
mal m=0
Z i hlfl'l n o
m=l Aa=0)
where
= A o) =0
L __@+hn+2)ad, ;- abl)
mota (m+1)(m+2)
and
U} C[I] b“} _ D[;!
o _(+)0+2p8, - yal,
mre (m+1)(m+2)

Now we have the approximants ¢,{u} and ¢,{v}

¢ {u}=9,{u} +y,
¢1{v}= ¢1{""}+V|

Now we write the general components U, and v, and the approximants

¢r+|{u} and 'Frq{""}

u, = A,(t)+xB,(t) - [[(9*/9t*)u,_ dx dx - [[av, dx dx
v, =C,(t)+xD,(t) - H(&‘f&t‘}v,_, dx dx - H}ru,_, dx dx
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At)= i ."!'tr}tn

o=l
B,(t)= 2 EL”["
o=l
CI{I‘}: Z C:Iﬂ'tl
n=0
D;(t] —] E ij[n
n=0
Substituting
=5 3w
mal o=l
o= 3 5 e
w=l o=l
we have
(n=D(n+2) (.,
= A1)+ xBt D A T2 gle-1) e
U, = A, (1) +xB,(1)- xngg meD)(ma2) =
ab!’’ e
=X
z‘ é {m+]]{m+2}
S n+2) i w.
=)= D)= '_'——‘—b' P
vy ( ?ﬁ:{ gﬁ; m_'_nm 2} m.a-i
oo oa I"— )
mtu
2-;3 u; m"']}{m 4-2]
and finally
UF=Z z E[:ln x:r.tr.
maf n=0
‘-"‘,: E z b:‘fﬂ xl:n.[u
m=1 mn=1
where
a:]f:- = HH'I a‘.” _ B'.'r"
al” '|,rI'I+], {n+2 rf 1.- abz__ﬂ:_:

:m:.n: {m*l {m 2)
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(L — 4] {4
h".l.l _Cn ’ bl.: = Dn

b oo (n+1)(n+2)bl ), —yal;)
mrda = (m+1)(m+2)

Now the approximants 9,,,{u} = @,{u} +u, and ¢,.,{v}=0,{v}+v,.
If we write @,,,{u}= z:_n u, and ¢,_,{v}= Ziu v, and substitute

=
il

i ag ER wof

8
=

=
[l

we can write

I

91 {u}

M 28 I M-

gL
[~

L {V}

e
o

I I
b Eps

a8
[l
o

and we note that

iLIIl'ﬁJ.,l{u}: Z Z ‘{E‘ﬂzf:{aﬂ.n}‘mt.

3 o
o=
2, Paa
el

[~1s
i gl

3}
]
=]

It b
S ot
- [ ] =]
- o

[ ]

a

o

—

-

g

"ﬂ

|
=

4 Ng I
N, E
b 2

.M;

B
o

a=0 a=0

or

and analogously

g
=]
o
i
-

e

=

g~

=

F
2]

—
a

+
"u.‘
a
B
[a——
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(-3 miy
To summarize, u= » u,andv:Zr_ﬂ v,

m=0 o=b
v, = i i bl x=®
mel pe=l
mel p=0
v = z Z b, x"t"
msl n=0
_ SIRG,
%0 =2, 20
bmu = i bLﬁn
=i

COUPLED NONLINEAR PARTIAL DIFFERENTIAL EQUATIONS:

g£_+i5+ auv = f{x,1)
& x -
g—;+%‘t—‘:+ Yuv= a(x1}

with uncoupled houndary conditions™™”

In operator form
Lu=f(x.t)={d"/dt" ju- auv

Lv=4a(x,1)=(d"/d1 v - yuv

"**We note that the case of coupled boundary eondinions is also solvable by the decompusition
method




AppLicaTioNng oF MonFIED DECOMPOSTION 187

Operating with the inverse operator (an indefinite integral operator)
u=u, ~L(d*/dt' ju-L'auv
V=V, - L“'{c?]j"al:}v-—L'J?u'-r

where
u, = A, (t)+ xB,(t) + Hﬁ[xﬂl dxdx

vy =Cy(t) + xDy (1) +” 4(x,t)dxdx

uzz u, u=z v,

f=l ‘e
r

uv = {Zu,}- {E Vf}= E z u,_. v,
=0 Awl f=ll A=l
This nonlinearity can be expressed in terms of the A, polynomials
. ¢
Ag= E U, 1V
Amb
where

~

A= ﬁf{uﬂf'“*uf:vﬂ’“"vf}

We have changed the notation of the polynomials slightly, i.e. to A ¢+ 50 that
it will not be confused with the integration constant A (t).

. i - A
The approximants are 9, {u}=Y " u, and ¢, {v}=2 v, and the
components u, and v, are given by:

u,=A,(t)+ xBf{r.]—H{&i,f& t')u,., dxdx

- o‘[z n]ﬁm

A=l

v, =C,()+ xD,(1)- [[(8*/3t*)v,_, dxdx

f T[z . vl}dm

Since
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the term u,_, v, can be written as

{ D) aii.‘.“"““x“t”Hfé S b2 x"t”}

m=l o=l umb  u=lh
oo - n )
=] (f=i=2) A
= Z Z X1 z —ua-s Dns
mel m=0 u=0 =0

which is substituted into the equations for the u, and v, components.

EXERCISE: Generalize the algorithm for the A, polynomials to products

o
LETh] v -
such as u™ v™ observing that “'E:.n u, and

EXERCISES:
1} Show the solution of the anharmonic oscillator

u”+au’ = f()= i g"
o=

with u(0)=c¢,. u(0)=c, is given by
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0=3 v=T oY o
m= m=l a=0
with

o) _ o)
an]—cm a ]"'c1

a0, =B,/(n+1)(n+2)
form=0 and for m >0 by

(m) _ = .-‘5L':;I-i}
" (n+m+1)(n+m=+2)

whﬂrt l'ﬂl'.ln‘I = :-:ﬂ z::ﬂ- a‘lﬁ::nnali:}‘

2) Generalize the algorithm for the A, polynomials to products such as u™v"

. -
observing that u = EM u, and
L {
i
=Y Y uu,
=0 A=l
- [ A
L]
u = Z E Z U ala Y,
=0 A=d pel
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DECOMPOSITION SOLUTIONS
FOR NEUMANN BOUNDARY CONDITIONS

For simplicity, consider a linear differential equation Lu + Ru = g where
L= d°/dx" (and R can involve no differentiations higher than first-order).
Assume conditions are given as

du/dx ., =B,

dufdx

amby = Iﬁl

The decompositon solution is u=¢ - L7 g — L"'Ru where ¢ satisfies
L® =0and L is a pure two-fold integration (not involving constants). The
denvative du/dx or u’ is given by

u' =9 +]g-Riu

where L@ =0 and [ is a single pure integration and is, of course, not equal 10
the two-fold integration operator L. Returning now to the solution u, we have
by decomposition:

u=¢+L'g-L"'Ru

i u, = i ®_+L'g-L'R i u,
m=h m={ mel

where we note the decomposition not only of u but also of ¢. Other
decompositions are also sometimes useful. For example, when integrations
such as L™ Ru or of L™'g become difficult, R or g can be decomposed into
a convenient series so that the individual terms become simpler integrations.
Now u, =@, +L'g and
".".'ul
u, =@, -L'Ru, =Y (-L'R)'®__ ~(-L"R|"Lg

s0 that
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i\i (-L'R)"®,_, +(-L"R)"Lg |

m=0 n=0

S (- L"R“i o, +(-L"R)"L g §
m=0 a=0

S (-L"R)™ {0 +Lg)

m=0

Differentiating u and noting that Ru can be written Rlu", we have
=9 +Ilg-R’

We now solve the u” equation by decomposition just as we did for the u

eguation:
Su,=Y o, +Ig-RI Y u
Hence, " = e
Youi=Y o, +Ig-RIY u,
m=l mel mal
u, =9, +1Ig
and form > 1,
u, =¥, -RIu_,
=2, (R @, +(RI)"Ig
a=0
so that
Z\Z; (- nﬂ} a-a + (-IRD)"Ig
= S{R® T o+ (-R1)"Ig]
m= o=
or °
u'=Y (-IRI)*{®'+Ig}
m={t

We now need to determine " to determine the constants of integration ¢, and
¢, involved in @" or ¢, and ¢, , involved in @, _. For simplicity and clarity

we let g =0 and calculate the series for u. Beginning with Lu + Ru = 0, we
have
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u=®-L"Ru

P=c,+Cx

u= i {—L_lR}u"-b - i {-—L"R)m{cﬂ +c|x]|
me=0 el

=(c, +¢,x)= L R(c, +¢,x) +{L“R}I (co +Cx)—...
The series for dw/dx 1s
. -1 -1 -t MEAL
w'=(d/dx e, +6x ~L'R ¢ - LR cx +(L"R) ¢ +(L'R) eix =+
=¢,—R¢, - Rex +IRI'Re, + IRI'Rejx ... ‘
Noting that I¢, = xc,
u’ =¢ - IRIc, - IRIc, + IRI'R¢, + IRI'RI¢, —...
Rearranging and collecting terms, we have
u’=(c, = IRe, )~ IRI(c, -~ IR¢, )+ (IRI) (¢, = IR¢, )-..
u'=0 = IRI® + ([RIV &' — . =u) —ul +uj +...
¢’ =¢, - IRg,
{bL =:CL;T¥[RCEI
and we note that (d/dx)u, #u, but
Y (drax)u, =Y u
m=0 m={

i.e., the decomposition is not unique. Thus, although dug/dx is not the same
as the corresponding derivative of the mth component of u, the infinite sums
are the same.

Returning to the computation of the solution in general and matching the
solution to the given conditions,
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0 = uy
9/(b,)=5
¢f{b:] = [,

which determines cyp and ¢y ;. For g =0, the matrix equation determining the
integration constants is”

¢.m =Cpp TXC o
@ TRl u;
-E: D= E u,
Ty =0
Matching ¢_,, to the conditions,
¢;-J{br]=.ﬁ1
&ufl( ) ﬁ'}.

determines c,, and c,_. Thus

e &)+

* If R is constant, for instance R = p, the equation for c,, and ¢, is

(o J-G)
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where f§._ and f .. are determined from

Pon =g +9,
where ¢__, represents the sum 2 oY - Now the constants C, g, C)q are
determined for all m. Hence all the @7 and ®_ are determined.

u,=3 (-L'R) @__ +(-L"R)" Lg

n=0

u= ;ﬂ[g (-L'R)" @,_, +(-L"'R)" L'1gji

Upon rearranging terms

=STLR) S @, + (-L7R)" L“g-l

n=0

=3 (LR oL

where =3 &

We have shown a technigue for linear operator equations for development of
an invertible matrix for the vector equation. which determines all constants of
integration. This method is readily extended 1o the nonlinear case and also 10
partial dillzronual sguations,

Consider an example: letR = 1 and g = 0. (Then TRI=1"=L") We have
d’ufdx® =u=0. Substituting g = 0 and R = 1 in the previously derived
solution u, we have

u= ZJ:{-L R"Y ¢, ~(-L'R] Lg]
uné{ -L'R)"{@+L"g}

We compute
u=c, Cos X +¢C, Sin X

u"=-—g, 5N X +C, CO5 X
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Matching u” at the boundaries

du
E[b’} =B,
du
E{blj :}3:

Then
-y 8in b, +¢, cosb, = j,

-c, sin b, +¢, cos b, = f,

-sinb, cos b,] !":;UJ_ [ﬂzxﬁ

\—-sinb, cosb, e, ) 1B,

which. for a non-zero determinant, determines cyand ¢, and a unigue solution
u=c, Cos X =, sin x satisfying the given Neumann conditions.
SUMMARY:

We have shown the solution for Neumann conditions of linear ordinary
differential equations. The procedure can be simplified considerably for linear
differential equations but is a general procedure for nonlinear differential and
partial differential equations for boundary-value problems. The procedure of
decomposition of the initial term, as well as of the solution, yields faster
convergence because when we have found an n-term approximant, the
resulting composite initial term W, incorporates more of the solution. and
hence we accelerate convergence. -
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INTEGRAL BOUNDARY CONDITIONS

We first consider an expository linear example:

dwdx* +yu=0
with conditions given as:

u(x=&)=b,+ [ B u(x)dx
u(x=E)=b, + j B, u(x)dx

¥. B,, and B. are assumed conslants here although thev can be funcuons of x
with minor modifications o the procedure given. In decomposition format we
have Lu+Ru=0or L' Lu= -L"'Ruor

u=c,vcx-y1; Du,
nwll
where I is a two-fold pure integration with respect to x.
Since ¢, - ¢, x is identified as u,, we have u, =-yIlu,, u, = —yIiu,,....

Consequently. we write

u= E (=7) Ty =™ J(2u)+el x* 7 f(20 = 1))
v=0
Since the successive approximanis ¢¢, represent u Lo increasing accuracy as m
increascs. each @, must satisfy the boundary conditions form = 1, 2, ... .
When m =1,
ﬁﬂ';{é-.) = ul:-(fﬂ} = b:

"""l‘:":-‘:z\]I= un{§1I}= b,
or
Cp+¢, G =b,

Cy + ¢ gz =b.

thus the “matchine cocfficients™ ¢ and ¢ must sansfy
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L e

1 &lle b,
The £, and &, are distinct points, i.e., & #&,, in a two-point boundary
problem; hence

{3:; = ] {& _§|]

¢, =(b,=b,)/(& -¢)

Next we determine @, = @, +u,. Since @,()=b, and @,(,)=b, already,
and

08)=b,+ [ B o.xdx

{pl{:'ﬁ;l} =b, ""J-lfl B, @,(x)dx
Equivalendy,
u, {gql = J;:’ ﬁr uu{x} dx

u (&)= [} Brug()dx

The next decomposition component is u,(x) = —¥[c, x* /2 +¢, x'/3!] and we
form @, = @, + u,which we match to the given conditions

G+ x-7lcyx*/2+¢,x°[3!]=b, + I:‘ B(c, +c,x)dx
v

or

Co+€ X= I_-:I-I+J':",rihft:‘J +¢,x)dx + yle, x* 2+ ¢, x* /31

Therefore to match the boundary conditions,

-
&6, = [ B 4 0k + A E 124602 130

+C.“¢1 J By (cs” +¢” x)dx +¥[cs" & 12+ <M & 131

)-"
We have added the superscripts (1) to distinguish new values from the

previously calculated values of ¢, and ¢; on the right-hand side. The right-
hand sides of the two equations are symbolized as b!” and b{". Then
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(0, o0 g _ gl
l:“:I:l +G gr - hﬁ !
M L E _ Rl
€y +¢, 52 - bi}
which is solvable as before for a new ¢, and ¢c,. As m increases, @,
approaches the u very closely so the error vanishes.

A MORE GENERAL PROCEDURE:

d'u/dx* +yu=0
with the conditions

ué)="b,+ J: B, u(x)dx
u(é,)=b, + j:* B u(x)dx

We write Lu=d u/dx* and L' =1} where I. is the two-fold indefinite
integration operator. Then

i u, :¢--L"':Ri u,

o=0 o=l

{
where u,=®=c,+¢cxandu_ =(-L"R)"® or

u.:{—l}"’ ¥E1% (¢, - cx)
so that
Im lm—

U-CLE -1y +c2 (-1 ™ BTy

m=i m=0

Even though the sums are recognizable, write
u=c, 4,(x)+c, iix}

where p, and y represent the sums. Next we can evaluale the constants
c. and ¢, at the boundary conditions. (We call them matching coefficients.)

Thus

i
w1

. - 32 L
G G =0+, B[ mxiax=c B[] (x)dx

Co M (5. )+, ()= b7+cgﬁ='[: uﬂ{x:dx—clﬁzj: . (x)dx




INTEGRAL ROUNDARY CONDITIONS 199

which we can write as
&, o+ &,C =Db,

ail c‘ﬂ + au c| = hz
by defining
[ - {41
., =1;.{._\{r;,1-—ﬁrj5, ,uu{x‘_ﬁdx}
. %1
o, ={.U-1{§,}‘,3| L. ,ll-,lfx}dx}
61
£ ={#‘J{€1}_ ﬁ:L ,u,,{xhdx}
a. = {P-:':‘:':j - ﬁ:!:! .Fhlfx}dx}
Forming the vector equation for the maiching constants,
Gy G| (G| _ b
o, ) \G hzj

If the o matrix is not singular ( &,, &, — &, &t,, # 0), then we can determine

ils inverse
ol
lﬂ‘l =G, @,
50 that =
t=a'b
Consequently
[} 298 4 4
Cp=—2b, — 2
R ,
o, o '
c,= _r'-'lsb-l +|T¢L{'h1
which we can write as
¢, = b =by
y =
oy, 0y — 0,
c = @, h;-gm b,
! Oy Oy — Xy, 00

We have now computed

u(x) = ¢q Uy (X) + ¢, i(x)
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Where of course in this case,
1,(x) = €0 (4 x)

g{x]:sm%@

ANOTHER ALTERNATIVE:
Start with the exact integral boundary condition:

- =
u(Z)=b, + L fﬁlu(xjdfrx

Let us decompose the eguation and the conditions

u(;;}:i u,(x) and u(ﬁ.}=i u, (&)
hence ~ -
g u (&)= bl+E€.in u_(x)dx
Then

uﬂ-{§|} =b,

u,G)=[] Bu.dx @21

Now we use our earlier notation [1] where 4 is a grouping parameter for
collecting terms. Thus

u(g)=b,+ ?J: f{ u(x)dx

U{LEJ: Z u, fal}.}.n

o=l

u(x)= i u, (x)A°

o=l

Substituting.
S u(&)=0,+ ).j:*ﬁz u, (X)2° dx

o= ' Y\ Bt

Equating like powers of 4,
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A u':l([i:l:]= b,
A €)= j':z,ﬁ]' u,_,(x)dx

then we set A = 1. Since each u,(x) has two undetermined coefficients, i.e.,
the ¢ and ¢\, we notice that we have an algorithm to compute ¢;*’ and ¢
without explicit reference to them. However, the earlier way of writing

approximate boundary conditions ¢__(§)=Db, + ri Be_(x)dx is appealing

because the limit as m approaches infinity is explicitly the exact boundary
condition.

EXERCISE: Carry out the computations for the matching coefficients and
verify solutions.

REMARKS: The single decomposition (where we carry along the constants of
integration) is applicable to all linear ordinary differential equations for either
initial conditions or linear integral boundary conditions. (However, if the
boundary conditions are nonlinear, we need to use double decomposition. If
we try to use single decomposition with nonlinear integral boundary
conditions, we must solve for the matching coefficients ¢, and ¢, as roots of
algebraic or transcendental equations, then find which roots are correct. It will
be more simple to use double decomposition in such cases.) We will now use
double decompostion for the case already considered by single decomposition.

UsinG DOUBLE DECOMPOSITION:

= 2 \
= {rm
u E mgnu,
Cp = zcgm"
m=0
C, = ZCE‘“]
m=l
5 =3 ue
m=l

s0 that
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5 S Seroge o S

o=l m=0 m=0 m=0 o=l m=0

We have previously shown for boundary-value problems by application of

staggered summation (see Appendix IT) that

m
- {m=n]
u, = 3 ul

Substituting into the eguation,

ium = icf;‘” + xi el - }'Iii u_

m=1 mwl m=0 m=l
we have
Uﬂ: C;j"—ZXE'in}
u, =c; =xc''=yIiy,
- HE 1 -
u =cy +x¢\V=yhu__,
or
u, =c) = xc®
x° %
S LY m_ [ B |
T = rds 3
x* ‘
-3 1 ik [ A ]| ra ]
u. = ¢ +x¢,7 -y, o ¥c, 3 Y G 4r+}' c,
X" x' x*
(3 3 e H L L | L
u = Cp +XC7 ¥ ?'T b PR a0
5 b i
1 s X X
v S TS

where
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and
uP " = (=)t [ 2y oY x T (20 + 1))

= m

U= E 2{_!’.} {cm Bk _nllir['#}n:lr+cfm I!I:l o= Ijl"--jn_._i::l}
A convenient rearrangement by staggered summation results in

u—f_ f_{ D= e x= Jam)t= ¢x= f2m - 1))

o= mel
or

u= z]{—:r}" {ex®/@m)t+e ™/ 2m+ 1)1}
since '

e Ea

a=0 o=
We now form the approximants to the solution u
o
q’u =l [u] = z ul
o=

and form the approximate boundary conditions. Form= 1,

'?"Er:éi):bl and wi{g-:)mbz
and form > 1,

‘?}mr &) "‘I B, o, (x)dx
Pani(5) =1, +j: B @, (x)dx !

(noting that lim ¢@_,, = lim ¢_ =u and that the approximate boundary

conditions become the exact boundary conditions in the limit).
We have @, = u, = ¢’ +xcl”. Since @,(¢)=b,and ¢,(£)=b,, we have

'-'1:-(5:1] =b, and ua'[&z] =b,
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u,=cl + xcl? -y Py,

q’:'“n"'ui
£)=b+ [ B.o(x)dx

0:(&)= b, + [, B9 (x)ex
Since ¢,(%)=b, and @,(&,) = b,, then

u(&)= f"" B ()dx = [ B ug(x)ox
)= [} B0 (x)dx = [} By uo(x)dx

u. -c[,’--xc Deyliy,
h=0.-u,

@3{;}: b, + Jh B, w-(x)dx

0s(%:)=b,+ _‘: B- o.(x)dx

Since
o(5)=b,+ Jj B, o, (x)dx
@.(5)=b,+ J' B. @,(x)dx
iﬂ'; = ml - U,

then

Pooy =@y FUg
0ui(§)=b.+ [ B ¢u(x)0x

@ I{ } b, "'J :ﬁ:@mijdx

Since @, =@,_, = Uy,
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um{gl} = J: B v, (x)dx
ua(8)= [ By s (x)0x

(2}

Now using

(0}

Uy =Cy + XC,

— EM]. rmr
U, =6 Tlx —_ mz1

u, =c)” +xci”
u, = cif + xef” + {(=y)[cl? x* /20 + % f31)}

uy = xe® + 3 (el x4 i 20 20 + 1Y)

a=|

We can now write
9 £l =1
9 + 0 -
e + £ =1l
et + £V =l

)+ £l =
im) (m) _ pi=)
‘:'ﬂ + ‘J;-'z':r - b!

For computational convenience, we define bl” =b, and b =b,. Form =0
m=|
{m) _ B (B[ m=1-n}_1a m-t-0)_2n-t
b '[g. ﬂ{é{ ) (%™ [(2n)! + =% f(2n + 1)t ) }

—i[“?}'{(cr'”{f” [(2n)t+ ! WER= f2n + I)!)}]

bfn] [[:ﬂz{lnzl (EEIM, 1-m} 1'![21‘1}1-1' c{m 1-n) 1!11’!{-;.“ " 1], )}

a=0

-3 (r){eeg fny+ ce-ge f2n +1}r}]
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Now we can write for m > ()

cs” + & ¢ = b{™

)+ &, = b

which are a set of simultaneous equations for the matching coefficients
ci™ and ¢!®. Equivalently,

b EHERE

If  and Z. are distnct as they must be for two-point boundary conditions,

(= {m)
CE}m] - g: b, - 5; b
gz'_gl
bi®' —bi™
cllm:l - :.
52T 91

s0 that the solution is determined.

ACCELERATION OF CONVERGENCE:

We can accelerate convergence while minimizing further matching coeffi-
cients by now transposing from the boundary-value format, denoted bv B. V..
to an initial-value format denoted by [.V. The procedure is to first compute a
current best esumate of u " (the first term of the decomposition series in ini-

tial-value formulation)

=
vy in) _ TR
U = zu'."l:l = q}m-ﬂ[uﬁ }

n=l

then compute u'* form=1:
u:."r'] - I_T}m{l:‘k }ururv.-.J

W= 3 () (1 g

m=l

u{t\"." - fﬂ;._ | E u!].\' ) } = i I:__T}W ( I:m }uzli.\f'q

mowll




INTEGRAL BOLNDARY CONDITIONS

B
=]
|

(kv

For a reasonable approximation to uj " we have

mp‘lluw.] = i {_T]m.“imh,”‘[ugv.]

mad

where @, [uF]= 3" ul? = uf™). Substituting,

uall

F‘[ uv}] z f} I:u ..pm[ {LvJ]

i)
where
ul? = ¢l xcl®
Consequendy,
P
[L'v' i Im {v] {ull
=Y (=y)*(I ch c;
2 E[ ]

or

W = 3 () (1) pfeo]

m={

+i{'}’}m {Iuh }¢u+l[c1]

ma=d [

The limits of the series for the boundary-value solution and the initial-value
solution are the same, i.e.,

(B.Y) (1MW)

u=u =u

u=g,,,[c) Y (=" @)

m=0

0, 1c]3 NI ()

m={

which we can symbolize by the algorithmic form

u=o... an (U] = {{wuiﬂ [cu ]} '(‘Pp'ﬂ (cos JT_K}) +(@,,,[c,D [%—EJ]

Then in the double limit
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u=lim g,., ,..[u]
o g

=C, msﬁx+c1%‘-f—x

which satisfies the original linear ordinary differential equation
d*u/dx’ +yu= 0 as well as the original linear integral two-point boundary

conditons.

M ATCHING COEFFICIENTS FOR NONLINEAR INTEGRAL
CONDITIONS:

For linear equations, we wrote @_,, = 3. u_ as an (m + 1)-lerm approxi-

a=0 ¥

mation to u. i.e., for a sufficiently high value of m,

Qg lul=uor lim g, [u]l=u

(We note that in practice m does not need to be large.) For a nonlinear func-
tion of the solution such as hiu), we expand in the A, thus

Opor D) =3 A, [h(u)]

o=l

which we can write simply as Z:.n‘ﬁ“n if the context is clear. Thus
hiu}=o__.[h(u)] or h{u)= nllirn @, [h(w)]. The exact boundary conditions

are
u(§)=b,+ _‘:: Bihy (u)dx

u{-f:} =b, + f ﬁ:h.__{u}dx
The approximate boundary conditions are:
Pnau(é)] =1, +_|:: B [h, (ux))]dx

"?qm-l[u{::.: :]} = h: + J:: ﬁ:ﬂ’m!h;fufxl}}dx
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which yield the exact boundary conditions in the [imit. For m = 1 we have

The coefficients ¢/, ¢!® are now calculable by decomposition of u and h(u)

which means that nonlinear integral boundary conditions can also be dealt with
analogously to linear integral boundary conditions.

SUGGESTIONS FOR RESEARCH:
I) Linear equation, linear integral boundary conditions: (§, and j. can be
constants or functions of x)

ux=5)=b, = [ B, (x)u(x)dx
ux=&)=b. + [ .(0u(x)dx
(]
2) Linear equation, nonlinear integral boundary conditions
& '
u(x=£)=b, +J’¢ B,(x) h,(u(x))dx
u(x=§&)=b, + _[::ﬁ.l(x} h,(u(x))dx
3) MNonlinear equation, linear integral boundary conditions
B - £
u(x=&)=b, +L B, (x)u(x)dx

u(x=&)=b, + [* B (x)u(x)dx

4) Nonlinear equation, nonlinear integral boundary conditions
u(x=£&)=b, +_[: B,(x) h,(u(x))dx

u(x=&)=b, +J-:: B, (x) h:(“{x.}} dx
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5) Linear (two-dimensional} partial differential equation, linear contour-
integral boundary conditions. Note that C(x,y) = 0 implies x = £(y)

duldx’ +d'u/dy’ +y(x,y)u=g(xy)
W%, Y)e g0 = s +§_ Bi(xY)ude

U0, Y)|e, o = B +3€C! B, (x.y)ude

6) Linear (three - dimensional) partial differential equation, linear surface-
integral houndary conditions. 5(x,y,z,) implies x= £(v.z)

gruldx® +duldy’ +d'u/dz’ +y(xy,z)u=g(x,v,z)
uix. F'z}isliz,}'.z'lnﬂ = bl +§5| ﬁ:{x!}rl Z}Uds

U Y. 2 aparmo = s+ §, By 2)uds
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BOUNDARY CONDITIONS AT INFINITY

Solutions of problems with boundary conditions involving a limit at infinity
can be difficult. To build some intuition, we will begin with a simple example
modelled by a linear differential egquation. Consider the function
u=eg'= E:_ﬂ(—x}“‘/m!. We obviously have u(0) = I and uf==) = 0. By the
latter. we clearly mean that ll_ffl u(x) = 0. This funcuon satisfies the differential

equation d*w/dx® —u =0 . Letting L denote d*/dx”, we have Lu—u = 0 which
is in our standard format Lu + Ru = 0 with R == [. With L' defined as a
two-fold indefinite integration operator, we have L'Lu = L™u so that
u=C,+C, x+L"u. (Since we are dealing with a linear ordinary differential
eguation, double decomposition is unnecessary.) We identify

u, =C,+C, x
u, =L"y, —

u, =Ly,

ug, :L-Eumr =(L7)" Uy
=Cyx™ [(Zm)!+ Cx™" f(Zm + 1)!

m=0 @

The resulting solution is 'I.J,:z:“I u, or
u=C, cosh x+C, sinh x

Even from the first-order approximation @, = u,, it is clear that C, =1 since
u (0) = 1. We also have the condition u(e)=0 which might make us jump to
the conclusion that C, = 0. However, we would soon see that we do not then
get a verifiable solution. Since u must approach zero as x — ==, we have

lim[cosh x+C, sinh x]=0

s0 that
C, limsinh x =— lim cosh x
ey

K
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lim cosh x
C, =—~5_=T—-_—=—ljmmth x=-—1
lim sinh x Kb

f—

and we see that u=cosh x—sinh x. Substitution of the exponential forms
cosh x=(e"+e™)/2

sinh x = (e* +e”)/2

shows that indeed u=e™ which we started with. Equivalently, since

cosh x= ix"‘/(ﬁm}!
sinh x = ixzm” ﬁ'lm+l]!

m=l
we have

u=(1=x™/20e x4l = )= (x+ X317 51+

=1-x+xY21-x" 3+ =e”
It is instructive to write

C = _Jﬂétx:ilg'ix:i:'fl_‘ﬂ?[x}

where
s =coshx x| < oo
S = sinh x x| < =
v(x}= coth x [x| < & for the series representing coth x

EXERCISE: Write the senes for coth x. Using the Padé transform. show that
the limit, as x — =, is 1. (See Appendix L) For problems in which the de-
composition series is not recognized as we did above. we complete the divi-
sion, e.g2..

C1=xP20 - xFl--
T x4 X3+ xSl

¥(x)

then determune the limit with the Padé approximant

EXERCISE: Consider the eguation d° widx” — p(x)u= 0 with u(0) = 1 and
u(+e=)= 0 and venify the solution.
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EXAaMPLE: Consider a generic second-order linear homogeneous differential
equation with boundary conditions specified at infinity

d? u/dx® + a(x)du/dx + B(x)u=0
Let R = d/dx+ 8
a(x)= 3 ax"

m=i

B(x)= 2 Bux®

u(0)=1
flimu(x)=0

f g

we have u= Z“

aeo U Withu, =C, +Cox. Then

up = (-L'R)®u, = (-L"R)" (1) +(-L"'R)"Cx
u= i{—L"R}“‘ 1+C, i{-x;‘-a}“ X

which we will write

u=&(x)+C, & (x)

Since lim u(x) =0 we have

-

C,=—lim 32—

Xt

&(x)=3 &5 (E™=¢,)

m=0

= lim ¥(x)

K=o

So(x) _
& {x]

Gi(x)= Z & x®

m={

N iiﬂj X

7(x)= 3, Yax® =28—

m=0 ngﬂi} o
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“The series for (x) will usually have a finite radius of convergence. Therefore,
in order to evaluate the limit at + == (0 compute C, we must transform the se-
ries for ¥(x) or a truncated series approximating ¥ (x) to a representation suit-
able at infinity. The Padé approximant is useful here. Write
¥(x)=7¥, + ¥,x + 7,x* +... and calculaie T(x) where I'(x) is the Padé ap-
proximant of y(x). (See Appendix 1.) Then C, = —P_::n_ I(x).

MODIFIED DECOMPOSITION AND CONDITIONS AT INFINITY:
Consider d'wdx® —u=0 with given conditions u(0) = 1 and u(+ == 1= 0
using the modified decomposition. In some cases. it is possible that the result-
ing recurrence relation could provide insight and illuminate the maiching of the
solution to the condition at infinity. A finite decomposition approximant such
as @ = Emc = With a finite radius of convergence might be transformed

into a finite fraction which is accurate for large x 1o obtain the limit at infinity.
Of course. other techniques may be applicable such as Euler ransforms, ana-
Ivtic continuation, ete. If we recognize well-known functions as in our first ex-
ample. this additional step will be eliminated.

SOLUTION: L'Lu=L"u whére L'(-)= C, - C,x = 1}(") where

= J()ax
We have u=C,+Cx~Ilu where we let u=z:_n a_x" instecad of
zm u, . Then
Bl

Lu= i — a2 4=

m=3 (m_- IJ{m}
Consequently,

Eax*C-i-Cx-l-E "

e = I’m?l’mwl}

s0 thal we have recurrence relations for the coefficients;
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50 that

We can now write a., =Cy/(2Zm}! and a, ,, =C,/(2m = 1)! so the solution
can be wrilten as

Gy

u=Y {Cox*®/(2m)!+ Cx*"/(2m+ 1)}

m=0

u =Cgi X [(2m)! + C1i x®"[(2m+1)

m=0 m=0

At this point, we recognize the summations; but let us assume that we do not
see that these are series representations of the hyperbolic trigonometric
functions or know their limit values at infinity, and must proceed in a way
which is usable when the series are not recognized. Evaluation at the zero
boundary u(0) = 1 requires C, = 1. To evaluate at the second boundary gives
us

sl

lim u(x)=0o0r Y x*/(2m)!+C, lim i x=" (2m+1) =
e

g
m=0

hence

Z X f(2m)!

C=—limi{—m=t

I ak

> x®"(2m+1)!

m=0
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EXERCISE: Verify this series. It can also be written

c,=—1im{1+z e B, x“‘-'}

X s (2m)!

where the B, are the Bernoulli numbers” . We list, for convenience of the
reader,

B,= /6 B, = 69172730

B:= 1/30 B, =7/6

Bs= 1/42 Bs = 3617/510

B.= 1/30 B, = 43.867/698
= 5/66 B,o= 174,611/330

The radius of convergence of this series is 7. Thus to evaluate

we need to ransform the series, or at [east, transform the truncated series to a
representation which will be valid as x — +==.

EXERCISE: Show, using Padé approximants, that the limit of

or

is 1 as x — =, (Hinr: Ignore the 1/x which obviously does not contribute.}
Wrile the Padé approximant [2/2] and since C, is egual to the negative of this
limit, show that C,is equal to — 1. Hence

" H. B. Dwight. Table of Integrals and Other Mathematical Data, 4th ed.. MacMillan and
Co. N.Y. (1961,
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L]
-
|

u= i x*=/(2m)! - i X f2m+1)!= {1+ %720+ x4l 4
mai) m=

~{x+x' B+ XS 4= lex X2 = X0 BY 4= E -1)® x®/(m)!
o=l
Thus the solution is computed. Of course, it is the exponental function and it
is easily verified by substitution.

We observe that it may be necessary to transform the solution series to a
representation for which we can easily determine the limit as x — so. A useful
technigue is that of Padé approximants which allows us to evaluate the
matching coefficients C; and C;, ie., the “constants of integration,”
(particularly the condition at infinity). Of course, since we do recognize the
functions we can use the fact that the limit as x — == of coth x = 1 and that the
limitof " is zero. But in general, the functions are not well-known nor will
we know a priori their limits at infinity.

EXAMPLE: Consider the case du/dx*-p(x)u = 0 with u(0) = 1 and lim

X pn

u(x) = 0. Let p(x) = 3, | pox™. Write Lu={3¥ " p,x"}u with L =
d¥/dx*. Operating on both sides with L' = [[ () dx dx,

u=C, +{.'Z,:|c+I.."{i,|::~,,i x‘“}u= i a_ x®

s {3, a5 )5 5. e

Sy

“2 oD m(m_” E Pl 2s

o=0

sl Z pnam—'.l—n
u=Co+Cx+ ) x" 2
o I mz‘_: m(m-l]

Therefore
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a,=C,
a,=C,
and form =2
Z p- m-1-u
a =n=0
== mm-1)
50 that
;= pg a,/1-2
a;=(p, a,+p, 2,)/2-3
a,=(pya,+pa,+p,a,)3-4
a;=(pa,+p,a,+p,a +p, ag)f4-5
Consequently
a,=C,
a, =C,
a.=p,C, /2!

a; = .l'J:lCL -’r-}-"'pzcﬂ.l'fB:
a.=GC,/4l+p,C,[3-4+p.C, /34

a,=p;C, /5! py p, Cy /5!
+p, Py Co/2-4-5+p,C,[4-5+ p,Cy[4-5

Thus,
=C. {1+ px*/21px’ [ 31+(p] = 2p.)x" f4l + -}

=C {x+p,x* 31+ 2p, x* [41p] +6p,)x" 5!+ -}
Since uw(D) =1, Cy= 1. To evaluate C; we write

{1-px*/21pix" ) 41+---k4|-

C,==1l
Il—rrrl{x..‘_p 13‘."3' '?p x*."4r .ID le.(lsl g ovas }
] X . X ]
C =] —_ -
g_l}l{xwtpus Pt

which is the same as our earlier result if p,=1, p,= p; = 0. Of course, if
p= E:,._ p.x" we must include the neglected terms of p in the ratio for C,.
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EXAMPLE: Linear Third-order Equation: The function u = ¢ satisfies the
equation d’u/dx’ + u = 0 with conditions u(0) = I, u(=)=10, and u'(=) = 0.
Let us investigate how to determine this solution if only the equation and
conditions are known. L = d*/dx’ and L is now a thres-fold integration.
FromLu= —uand L'Lu= - L "'u,

u=C,+Cx+Cx*/2-L"Y u,

=l

where
u,=C,+Cx+C,x*/2

u, =-L'y,

u, ==Ly, =(-L")y,

u, = (=L "u, = Cy(=1)® ™ /(3m)! + C,(-1)"x="'(3m + 1)1
+C,(=1)"x*™*? [(3m +2)!

Since u= z:-n u,, we write
u=Cy&(x)+C & (x) +C,6(x)
with
&= Z [—l}"x’“‘/ﬁm]!
£ = i [-l]mxhﬁ3m+l}!
= i (-1 xhd/f3m+2]f
Thus we have =

u=C,&(x)+C &(x) +C,5(x)
w'=C,&(x)+C,&i(x) +C,8(x)

Since ¢ = uy must satisfy u(0) = 1, we know Cg = 1 s0 that

u =§H+CI§I +C:§:
=&+ C&+ Cé

Since u and u’ must approach zero in the limit as x = e, we have




:ILIT-I{§“+C‘§1 +G&}=0
lim & + C,&+ C, &} =0

(3 3){c)m(E)

Solving for the C;. C» and writing D= § & - E'Z,,

[C1]=_ﬁm1[§’z -ﬁ:]_[ﬁu]
C,) ==D\-& & )\&

C, =~ lim (£38, - £,£¢)/D
C; == Jim (-&% ~£.)/D

Svmbolizing this as C, = = lim p(x) and C,= =limg(x) . we can obtain
Padé approximants of p and ¢ to get the [imits.
EXERCISE: Show that C,=—] and C,= 1 so thatu=e™

EXAMPLE: MNonlinear 3rd-order equation—As an example we consider the
Blasius equauon of boundary laver theory:

d*u/dx’ + (1/2)ud’* u/dx* = 0
or in our format Lu + Nu = 0 with L = d*/dx’, Nu = (1/2)uu”, L' defined as a

triple integration and the A calculated for (1/2)uu”. Applying decomposiuon,

u=a+fx+yx2- L"!z A
n=D
uy=a+ fx+yxi2

The given conditions are u(0)=0,u’(0)=0, and u" — | = u— + e=. The first
two conditions require @ = =0 so that
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B
by
—

u, =Yx2
=-L"'A, = =(112)L" (uqug) = =(y*12)(x*/5!)
uy = =LA, = ~(112)L" " (u,up + upuy )= 11{7/4)(x*/8!)
u, = =LAy = ~(12)L " (uuf + uul’+ upuy ) = ~375(718)(x""/111)

Thus,
u=x*2 = (772)(x*151) + 11(71a)(x*181) - 375(7*8)(x"'/111)

which is the Blasius series! Now,
W=7 x = (AN + 117 X T =

We note that u”(0)=y and we have the remaining condition
u'(x)— 1 as x — = for the evalvation of 7.

Since the (x) series lacks the firsttermin 3. ¢, x’, we translate, using
x=z+¢& with £ taken as 1/2, so that the series for each new coefficient will
converge very rapidly. We then have a numerically equal series Z:u b,z
with non-zero bg,b,,b,,... and can find the limit of the series. (See Appendix
L.) Since this invoives ¥ and we have u'(se) =1, we can evaluate ¥ directly
without use of numerical methods such as shooting techniques.

EXERCISE: Carry out the evaluation and verify the solution u(x). Transform
flx)= Z:-u ¢, x" where ¢, =0, (using z=x-Z with£ <1 and within the
radius of convergence) to 2::. b, z" with b, = 0. If the Blasius problem is

given as an initial-value problem, we have u”+un” =0 with
u(0) = u’(0) = 0 and u”(0) = 1. [1) The given conditions are u(0)=u’(0)=0
and u”(0) = 1. The first two conditions require & = § =0 so that

=T11#2
=-L"A, = (/2L (u uy ) = =7 x*/5!
u, = =LA, = -(1/2)L7" (u,ug + uyuf) = 11y°x"/8!

u, =-L"A, —(Iﬂ}L‘*(uiuu+u,u++unu"} =3757*x"n1t
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3
A four-term approximant @, = zm_,, U, is given by

u=yx*2(y? 2)C 151+ 11y J4)x"181-375(y* f8)x" 1111
Now,
u”’ =y =y 3+

We have the remaining condition u” =1 which gives us y = 1.

EXERCISE: Substitute the resulting solution, carrying terms through X’ to
see that the differential equation and given conditions are satisfied.

EXAMPLE: Consider the nonlinear 3rd-order equation
d*w/dx’ + mu d*wdx® = (du/dx)* + ¢ =0

for 0 < u < == and given conditions u(0) =0, u'(0)= 8, and u'(==) = y. We let
L=d"/dx’,L" is defined as a 3-fold integration, and we write
> ., A,luu”} for the first nonlinear term and S, A"} for the sec-

ond. By decomposition,

u=u,- mL"z A {uu”}+ L"'z A _{u'u’)

o=l o=l
u, =E+nx+ox’2-ax’ /3!
u, =mL'A {uu”}+ LA {u'u’)

w =mL" A {uu”}+ LA {u'u')

We can now form an n-term approximant ¢, = E:E u_ which converges to
u as n approaches. Because of the condition on u(0), we have Z=( and
because of the condition u’(0)=f§ wehave n= . Evaluating the A  for
n=0

Agfuu”}=(fx+ox*2- o’ 3)(0 — ox)

A fuu’) = (B+ax-ax’/3)
Hence,




(]
L]
(59}

BouNpary UCONDITIONS AT INFINITY

u, = le{(ﬁx -e-c‘x*,i'l-aff}[](ﬂ'—ax]}
+l.."{ﬁ+dx—m:’;’2!}

EXERCISE: Determine the Padé limit and use it to evaluate the remaining
unknown constant . Verify the solution for u.

EXERCISE: Consider the solution of u™ +u =0 using “modified decompo-
sition”. Let u=Y_ a,x® and Lu=-u with L=d"/dx’. Since
u, = C, +C,x+C,x"/2 (where C,,C,C, are determined from the specified
conditions), show

]

oj0 00

[~
(=1
il

_agL

da T @ D(m+2)(m+3)

for m = 0,1,2.... .

EXERCISE: Show that the solution is

u=C_C, i (=™ x™ /(3m)!+ C, i (-1" x’““/ﬂm + 1)

mel m=l

+C, i {-l)“x’““z/[3m+ !

=l

EXERCISE: Using the same conditions as previously used for the
decomposition method, i.e., u(0) = 1, u(=)= u’(s=s) =), show u=e™.

SUGGESTED READING
1. R.E.Meyer, fnrroduction to Mathematical Fluid Dynamics, Wiley-Interscience
(19713,




CHAPTER 10
INTEGRAL EQUATIONS

Integral equations of Volterra type arise quite naturally in physical
applications modelled by initial-value problems. Consider the linear Volterra
equation of the second kind. (Fredholm equations of the second kind which
are associated with boundary value problems for a finite interval [a,b], are
similar except that the upper limit is b.)

o(x) = £(x)+ 4], K(x,y)p(y)dy

with a<x, y=b.and let A=1. Using decomposition ¢ = E:n 0, (x), we

identfy ¢, = f(x) assuming f(x)= 0, then
o(x)=0,+ [ K(xy)Y. o,(y)dy
a=

and write u;cr=2::D . as the solution, or with an m-term approximant
o= Z:: @,. In some cases, exact solutions are determinable. Consider an
example:

Kixy)=ly-x

fix)=x
¢ = L Iy = xe,(y)dy = L by = xlydy= -x’/3!
Thus the two-lerm approximant is
o=@+, =x—(x"/31)

or ¢ =sinx asis easily verified either by calculating more terms or by
substmution.
Several illuminating further examples on convergence appear in [1].

I} Consider the equation
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2x gl
ul(x)= Tw- _L xtu(thdt

i u,(x) =u, + _l: xli u (t)dt

gl m=10
y, =22
"3
1 i |
u, = 11! E||jT.= Et—
Cod 3 331,
_2x
(3)°
N § 2x
U =X, Loadt=—=x
° (3) (3)
2
u,{x} E—ﬁﬁ
The sequence
‘"(l]" 1 1 1 1
S lz| =lect—t—+—+
= A\3 3 9 27 81
The partial sums are
S, =1.000
5,=1333
S, =1.449
S5, =1481
S, =1.493

and the lim S, = 1.5. Then the solution of the problem is:
- - 2x _2x+v |
U{K}=Z U.{K]=E F=T 37=x
p=i) o=l a={
2) Consider the nonlinear integral equation

ux) = [, (x=0u(0) dt 2 2




226 CHAPTER 10

We get
u,(x)=0.75x+0.20

u(x)=A, = [ (x= 1) uj(t) dt=023x-0.19

uy(x) = A, =3J: (x—t) u, (1) ug(t) dt
= (0.00354712)x — 0.004464994

The approximant to the solution with three terms is:
u(x) = u,(x) +u,(x)+ u,(x) = 0.98x + 0.003
which is verv near to the exact solution which is x.

3) Consider a nonlinear biological problem: Find a real function u defined
on R by

u(x)+025x[ K(x,0 glu()di=1
with Kix.t) = 1/x+t and g(u) = 1/u. The solution by decomposition is:
u(x} = 0.25x (log(x + 1) - log x)
a three-1erm approximant results in

X 0s
0.1 1.059947
0.2 1.089588
0.3 1.109975
0.4 1.125276

0.5 1.137327
0.6 1147124
0.7 1155278
0.8 1162186
0.9 1.168123
1.0 1173287

Of course, we can improve the approximation with more terms until the de
sired accuracy is achieved,
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4) Find areal function u satisfying the integral equation:
u(x) = J.L: xtlu{l]ll dt+x

where ~ is a real parameter, 4 = [0,1]. With a five-term approximation,
decompasition gives the following results:

u.(x)=x

u.(x) = A, ﬂ.I xquﬂ(t]i dl—T

21

. X
u,(x)=A, = 24L Xt uglt) u,(t)= A'T

F

U, (0 = A, = A, xtfduy(0uy©) + 2u} ()] dt = %K

u(x)=A, = J.L' xt[12(uy (D uy (£) + u, () u, (1)]dt = %ﬁ."x

u(x)= I+i+£+—5—%}—+ 91“
4 & 32 16

Assurming a value of A =1/10, [1] show an error of 9.7 x 10~ ~ 107,

REFERENCE
l. ¥. Cherruault, G. Saccomandi, and B. Some. New Results for the Convergence of
Adomian's Method Applied to Integral Equations, Math, Compur. Modelling, 16, (85-
933 (1592,

SUGGESTED READING
1. G. Adomian. Nonlinear Stochastic Operator Equations, Academic Press, New York
(19861,
B. Some, Some Recent Mumerical Methods for Solving Hammerstein's Integral
Equations, Math. Comput. Modelling, to appear.
3. B. Some. A New Computational Method for Solving Integral Equations, submitted for
publication.
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CHAPTER 11

NONLINEAR OSCILLATIONS IN PHYSICAL SYSTEMS

Nonlinear oscillating systems are generally analyzed by approximation meth-
ods which involve some sort of linearization. These replace an actual nonlinear
system with a so-called “equivalent” linear system and employ averaging
which is not generally valid. While the linearizations commonly used are
adeguate in some cases, they may be grossly inadequate in others since
essentially new phenomena can occur in nonlinear systems which cannot occur
in linear systems. Thus, correct solution of a nonlinear system is much more
significant a matter than simply getting more accuracy when we solve the
nonlinear system rather than a linearized approximation. If we want to know
how a physical system behaves, it is essential to retain the nonlinearity for
complete understanding of behavior despite the convenience of linearity and
superposition. Physical problems are nonlinear: linearity is a special case just
as a deterministic system is a special case of a stochastic system. In a linear
system. cause and effect are proportional. Such a linear relation sometimes
occurs but is the exception rather than the rule. The general case is nonlinear
and may be stochastic as well. In such cases. it is natural to make limiting
assumptions—which s not always justified. Using decomposition, these
become unnecessary even for the strongly nonlinear case and the case of
stochastic (large fluctuation) behavior, as well as in the cases where
perturbation would be applicable or in the linear and/or deterministic limits.
“Smallness” assumptions, linearized models, or assumption of sometimes
physically unrealistic processes may result, of course, in mathematical
simplicity but again may not be justified in all circumstances.

Here we are concerned with the study of vibrations, or equivalently with
oscillatory motion and the associated forces. Vibrations can occur in any
mechanical system having mass and elasticity. Consequently, they can occur in
structures and machines of all kinds. In proposed large space structures
containing men and machines, such vibrations will result in difficult and
crucial control problems and also lifetime or duration considerations, since
vibrations can lead to eventual failure.

Oscillatinns can be regular and periodic, or they can be random as in an
carthquake. Randomness leads to stochastic differential equations. In

e
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deterministic systems—the special case where randomness vanishes—the
equations modelling the phenomena or system provide instantaneous values
for any time., When random functions are involved, the instantaneous values
are unpredictable and it is necessary to resort to a statistical description. Such
random functions of time, or stochastic processes occur in problems, for
example, such as pressure gusts encountered by aircraft, jet engine noise, or
ground motion in earthquakes so that F may be a nonlinear stochastic operator
in the most general case.” In such cases, we write

Fu=Lu+Ru+Ry+Nu+Nu=g4

where the script letters indicate stochasticity. Still more generally, Nu may be a
function of u,u’.... as well, but this causes no difficuity. In any case Nu and
A1 can be written in terms of the A,. Although convergence of the decompo-
sition series for y will be most rapid when we invert the entire linear determin-
istic operator, computation of the integrals will, of course, be more difficult
also since we will not then have simple Green's functions. We will let L
denote the highest-order linear differential operator.

In an oscillator we have generally an external force or driving term x(t), a
restoring force f(u) dependent on the displacement u, and a damping force,
since energy is always dissipated in friction or resistance to motion. Usually
this is dependent on velocity and we will write it as g{u”).

If we have a free oscillating mass m on a spring with no damping, we can
write mu” + ku =0 if the spring obeys Hookes' Law, i.e., assuming dis-
placement proportional to force. Of course no spring really behaves this way.
Often the force needed for a given compression is not the same as for an ex-
tension of the same amount. Such asymmetry is represented by a quadratic
force, or force proportional to u® rather than u. We may have a symmetric
behavior but proportionality to u’. Then the solution is not the harmonic sofu-
tion which one gets for the model equation mu” + ku = 0 though it is still a
periodic solution. The damping force g(u’) may be u” where ¢ is constant, or

it may be more complicated such as g(u", u“] so it depends on v* as well as v.
By usual methods, analytic solutions then become impossible.

" When the highest derivative appears in a nonlinear term, multiple solutions or branches
exist [1].
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Suppose we write —f(u) for the restoring force, —h(u’) for the damping
force, and represent the driving force with g; the resulting equation will be
u”+f(u)+h(u") = g. Suppose the restoring force is represented by an odd
function so that f(u)=—f(—u). We have this in most applications; it means
simply that if we reverse the displacement then the restoring force reverses its
direction. A pendulum, for example, behaves this way. We might take the first
two terms of the power series for f(u) and write f(u)=cu+ fu’. Then we
have u” + cu + Pfu’ = g. If we have damping also, we have

u“+cu'+ou+ fui=g

assuming the damping force is —cy”. (This is Duffing’s equation [2].)

The simple case of the harmonic oscillator mu”+ku=g, or the case
avoiding the assumption of limited motion, has been discussed completely in
[3], and we will consider more realistic cases here with damping and
nonlinearity. We might note, however, that if instead of sinu=u, we go a step
further and write sinu = u—u’/3! we get the Duffing equation with £ as a
small parameter, i.e., a perturbation result. It is clear then that we may well
have other nonlinearities than u’, which we consider in the following sections.

The Duffing oscillator in a random force field modelled by
u”+ou’ + Bu+yu’ =g(t) can be analyzed without limiting the force g(t) to
a white noise and allowing a,f,7 to be stochastic processes as well. The
same applies to the Van der Pol oscillator modelled by
u”+ & u’ - fu’ — u = g(t) These equations are in our standard form Fu = g(1)
which can be solved by the decomposition method [2-5]. If the equation is
linear and deterministic, we have simply Lu=gorLu+Ru=g.

THE DUFFING AND VAN DER POL OSCILLATOR EQUATIONS AND
REAL-LIFE PHYSICAL PHENOMENA:

Suppose we make measurements in the laboratory and observe a function
f(u) in a “Duffing” experiment and find an odd function
f(u)=b,u=bu’ +byu’+...or f(u)=3 " bu™" asshown in Figure I
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(0]

Figure |

or, on the other hand, we observe a measurement in a “Van der Pol”
experiment which yields an even function f(u)=b,+b,u”+b,u’+... or

f(u)=Y,, b,u™ asin Figure 2.

f(u)

I\

Figure 2

In the Duffing case our nonlinear oscillator equation is

u” +eau’+ fu) = g(t) (1)

u”+eu’+ Y bout! = g(t)

a=d
u” + f:xu’+bnu+biu3+b1u’ e = g(t)
and if we retain only the first term of the summation,
u+au +fu+yu’=gt

Thus equation (1) subsumes the Duffing equation.
Similarly, we can consider an oscillator equation with nonlinear damping
subsuming the Van der Pol oscillator equation:
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u”+ f(u)u’+ fu=g1)

u”+ {i h,uh’}u'+;3u =g(1)

a=0

u”+ {I:r,, +bu’ +b,u* + -~-}u'+ fu=g(1)
If we retain only the summation ton = 1, we have the Van der Pol equation
u”+ou' +fu+ yuul = g1)

with u(0)=c, and u’(0)=c,. We see that these equations, as commonly
used, are simply first-order perturbations of the real physical models.

Mathematics has progressed considerably using linearity and linear operator
theory. Nonlinear differential equations derived for physical phenomena, e.g.,
in electronic devices, have utilized perturbation theory or linearization of actual
behavior. This is so pervasive in the training and acceptance of what is
possible that models of physical phenomena may be oversimplified under the
assumption that considering the true behavior will represent serious difficulties
in the analysis. It is hoped that the decomposition method may conuribute 10 the
development of more sophisticated models and result in physically realistic
solutions o frontier problems.

DIFFERENTIAL EQUATIONS WITH EMPIRICAL NONLINEARITIES:

MNonlinearities which are specified onlv through expsrimental measurements
then require curve-fiting technigues vielding series representations. We will
consider a generic anharmonic oscillator (subsuming the cases of Duffing and
Van der Pol oscillators [2])

u”+ofu,u’) + Bu) = g(t)

with u(0)=c¢,, u'(0)=c¢, g{l)=z:n g,t® with a{uu’) and flu)

assumed 10 be given as empirical graphs (i.e., as a plotted surface for crand &
plotied contour for f§). The curve-fitling procedures result in:

aluuw)=3 ¥ a,u"u”
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Then the equation
u” +a(u,u’)+ B(u)=g(t)

U"‘ZE% uy +Zﬁmu —Egt

m=l p=0

becomes

Using the decomposition and the polynomials A,{f(u,v)}, discussed in
Chapter 3, and the customary A,[f{u)] which we will now call B,, we can
write

a[u.u’}zz L (TR IR T T

n=l

B(u) = ):B u,)
L= 3, B -mmw

m=0 m=0

{):B..Au[ ]}

Blu) =

EM: gMa ;

- B.[8())= 3, B [v7]
o(u,v) =i Ala(uw)] = .,.i 2 a,, v
-3 3 a3 AL 3 ALY
-2 3. 3 Awfo]- A7)
=§n {E; g gam Au_u[u“‘}h“[u"]}

satsal-5; 5 S Al Al

where the A,, B,are now specified. We can now use the decomposition
method to write
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Lu=g(t)- B(u) - afu,v’)
where L =07/31" and L' is the two-fold integration from 0 to t Operating
with L™, and substituting
u=u,- L'B(u)- La(u.v)
u, =¢, +ct+L7g(1)

u_., =-L"B_-L7A_ (m>0)

m=1

u, and the approximant ¢, [u]=9¢, = 3’
Now if we approximate the input function g(t)= Z:-n g.t" by the mth

Lo
We can write I.IEZm

u
=0 =0 B*

order approximant

6.(8)=3 et

o=l

then we can compute the corresponding mth order simulant to the solution
o, [u] or o, which satisfies the equation

0"+ a(o,,0,)+ B0, )= 6.[g]
a.(0)=c¢,
U’;{U:i= C

Thus the simulant to the solution o_ is the result when ¢.[g) is used for the
input.

To summarize for a given pre-sel precision, we need only approximate the
input and the nonlinearities to compute a convergent sequence of solution
simulants which approach the solution more and more closely as the series for
the approximants are carried farther, Obviously, the technigues discussed can
be valuable in solid-state or vacuum tube electronics and device simulation.
The outcome should be useful in getting realistic models. The Van der Pol
equation, for example, is assumed to have the u’u’® nonlinearity and we have
used @(u,u’). By using the “best” empirical nonlinearity, we are in a better
position to refine the model.

Professor S.N. Venkatarangan (Indian Institute of Technology at Madras)
and his students have prepared several papers and dissertations nearing
publication using the decomposition concept. In [6] he finds & closed form
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solution for a (particular) Duffing equation by applying a Laplace transform to
the decomposition series, then converting the transformed series into a
meromorphic function by forming its Padé approximant and finally doing the
inversion. The technique was also applied to the Van der Pol equation and the
Rayleigh equation.

Professors F. Jin-Quing and Y. Wei-Guang (China Institute of Atomic
Energy ) have developed computer programs using the decomposition method
to study accuracy of the solution of the Duffing equation and for the first time
to study chaotic behavior [7]. The error is only 0.0001% in four terms, which
corresponds closely to our results.
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CHAPTER 12

SOLUTION OF THE DUFFING EQUATION

THE DUFFING EQUATION:
Consider the Duffing equation with variable excitation and constant
coefficients @, f,7
u’+eu + Bu+yu’ =81
u(0)=c¢, u'(0)=c,

(1) will be written as a series (1) = z:ﬂﬁnt". Let L=d?/dt’. Then L
will be the two-fold integration from 0 to t.

Lu=d(t)—-au'- fu-yu’
Operating with L.
L'Lu=L"6(t)-aL'v' = fL'u=- yL"u’
u=u(0)+w(0)+L'8(t)-aL'v'-=fL'u-yL"

Replace u by % u_ and the nonlinearity v’ by E:Dhn . We have

eyl E

L
A, = Uy
A, =3uu,
" 3
A, =3uju, +3ujy,

1 . ,
A, =u, + 3ugu, + 6u,u,u,

(A, through A, are listed in Chapter 2 for reference.) A convenient zlgo-
rithm which also gives us the correct result for this specific case is

" -
A, = E z u,_ M, U,

wel =l

We identify
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u, = u(0) + m’(0) + L™'8(1)
u, =-aL'(d/dt)u, — fL"u, - yL'A (u,)
u, =—aL'(d/dt)u, = fL'w, - yL'A (u,,u,)

u,., =—aL'(d/du, - BLu, -y L'A_(u,,...,u)

. ) -1 .
The solution is the convergent series E u, and ¢@_= z:_ﬂu is the

= m o
approximant to the solution.

Although our definition of L as only the highest-ordered derivative rather
than the entire linear operator avoids difficult Green’s functions, we sull have
integrations of the function é (1) and the A If é(1) is a function such as
sin @ t, the nonlinearity results in a third power of sin@t, and we see that a

proliferation of terms and computations can occur. (see page 254). We
observe, however, that we don’t calculate u but a rapidly converging
approximant ¢,. Since this is the case, we need not use 4(t) but an

approximant of its series, or, @_[d]= Z;‘_; 6,1". The corresponding solution
is called the simulant @,[u]. It satisfies, in this problem, the eguation

oL +ad, +po, +ya, =¢,[8]
o, (0)=c, o’ (0) =,

with 0,[8]=," 6,1°. Of course, lim ¢,[6]=5(t) and lim o [u] = u.

Consider an example with ¢ =f=y=1 and &(f)=c"sinx+¢ " sin’x.
Solution by decomposition will converge to u= e 'sinx. But we choose to
approximate e'by the terms up to but not including the cubic, so
e =1-t+(1*/2). For sin x we write x. Now g=x-xt+(xt*/2) and
L'g=xt*/2 since we are dropping cubic terms and beyond. Hence,

u, =sinx —tsinx + L'g = x — xt + (xt*/2)

a, =(1—1+%](1]

u, =0
s0 we have
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for our “solution” or simulant for our approximant of § which, of course, is
¢”'sinx to the same approximation as used for the sinusoidal and exponential
functions. If o is the mth order simulant, @, [u]=g@,[o,].

If we carry more terms for @_[8], we can identify correspondingly more
terms of g_[u] or, in the limit, u=e"'sinx. As soon as we recognize, or
think we recognize, a known series, we can verify whether the equation and
conditions are satisfied.

If we do not recognize the series, we can verify that computation of more
terms, either for the actwal solution u with the excitation 8, or for o_[u] with
the excitation @_[4d], yields results which have converged sufficiently for the
decimal places of interest, remembering that we are interested in physical
problems. We can plot results for @_[u], or &_[u], for m=123,.N to
show the convergence and establish a solution approximant to a sufficient
accuracy.

We note that for a specified mth order approximant of the excitation 8, we
obtain the mth order simulant g, of the solution. If we approximate to, and
including. cubic terms, we get

.—0—[ ]—!r]_ _i_i_.}j_ .—Ei =p"" g
u, = lu_:k 4= | x= 57 | = ¢ sinx

i.e., to the same approximation with u, =u, =---=0, we have u=e"'sinx.

If one chooses to use the function & rather than ¢_[é], and the result is not a
known series. one doesn’t simply keep calculating with the straightforward
decomposition. a stopping rule is required, i.e., there is no point in further
calculation, with the proliferation of terms which result from nonlinearity, if
the results are past the necessary accuracy. If we need three decimal places and
the solution has stabilized at least that far, it is sufficient. Consider now the
example:

Y +2y +y+ 8y’ =™

YO)=1/2  y(0)=-1/2

Suppose we first write e =1-31. We have
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yo =(12)(1-t+ 0 -1)

y, ==2L"' %yﬂ ~Ly, =8L"y, since Ay(y’)=y,

L d i ;
y, ==2L" oL ~-L'y,-8L"A, (")

A, = 1"";
A= 3}':}'|
A, =3y5y; +3Y,Y]
A, =3ypy, +6y,yy; + 3":
A, =3y3y. +3¥.y: +6%oy,y; + 391y
Ay = 3yoYs + 6oy Ys + 6Yoy, Y, +3¥1Y, +3y,y:
A, =1 +6y,y,Y, +3¥1Y, +3yey)
+6YoYaYa+ 6YoY,¥s +3¥e¥s

oadl o1 :
}r|=-2L'EIE{I—tH‘—t’]-L‘E{I—Ht'-:’]

-8L" %{1- 3t+ 6t =100 +---)

S S S S S

= = e — e —

2 3 4 F 3
L [
tp-.=—(1-l+t= t3}+-!'..4-_t_____ t_
2 3 4 4 12
Sl S ﬁ_ t*

Substitution into the differential equation shows N = 0 so (I/2)e™ is the

(exact) solution. Alternatively, we can compute more terms and group together
terms of the same power. If we approximate e™ with another term of the
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series, we get

(S SR TS SR S G &

=l——F———+———+———+—
Y 2 3 4 20 4 12 24 40
Tt I
—_—— e e — e — i
40 2 2 2

so that the two-term approximation @, is given by

=.l ]._t_q_i_i I
P 2 20 3

so we have another term of ™.

Finally, we can use numerical results with increasing n for @, to show that
the results are converging to the solution, i.e., there is no further change
within the accuracy of our graph or Lable.

If we calculate the one-lerm approximant ¢, =y, for the solution using three
terms of the series for the forcing function, we get the following results:

t (12)e™ o,
0 500 50
N 452 45
2 408 .42
3 370 38
.4 335 .35
5 303 ]|

Convergence 1o the exact solution will be best if the actual forcing function, or
at least more terms of its series are used. In practice, @, will consist of very
few terms. Another example is given by

u’+u +u+u’=cps't—sint
uf)=1 w(y=0
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The solution by decomposition with the above excitation is u = cost, obtained
more easily if we approximate the series represented by the above excitation.
(Those already familiar with the asymptotic decomposition method will see
immediately that the solution for t — == is also cos t. Hence, u = cos t is the
solution for all .}

There is no problem in carrying out solutions where anv or all of the
parameters «, 3,7, as well as the excitation é, are time-varying functions.

ASYMPTOTIC DECOMPOSITION FOR THE DUFFING EQUATION:
Consider the case of unity coefficients for convenience:
u4+u +u+u'=4
Since we are interested in the solution as t — ==, we introduce the notation

Qfuf= limu(t)= lim lim @,

T O —p

for the asymptotic solution. Of course the @, must be computed by the
asymptotic decomposition method for the above identity to be valid.

EXAMPLE: Constant &

o=0

Ay = =l.1:
Hence

u, =EH

) ==y = Uy — Uy

or

3u§u1 =-u,

36%u, = -84

u, =643

o

J'&‘1='-u1-u;—u]

2 1_
3ugu, +3ugu; = —u,
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- r ” o
Aj=-u,—u;-ui=0

1
3uly, +6uuu, +u; =0

36%u, + ﬁa}i(-a'«“ifs)m}- §'127=0

36%u,=6"/27
u, =68 A/81
Q= EH

9, =6%-5%f=0,
0, = 8% 6K 34 6% )34 = 6% —1/36% +1/346%
£6=1. Qu)=l-stam..
S EEERET
If §>>1. Qu)=8%

If &<1. the series diverges.

Thus we get results for 8 2 | in this approach. Asvmptotic decomposition is
applicable to linear as well as nonlinear equatons: hence,

Now

kl rl r
u=4d-u -u' =-u"

u =4

U =-A,-u;-uy
3 1

u =-u, =-4

Q,=56-8 +35"-128"

and we notice that the series converges for 0<d <1,
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[t appears therefore that the magnitude of the excitation must be considered
for a convergent result. Thus if u”+uw +u+u’' =4 for 0<d <1 we solve
for the u, i.e., we write u=d-u’ —u" —u”; while if §>1, we write
u'=§-u-u'—u”. Thus we have a choice in asymplotic decomposition
which we can use to advantage to obtain a convergent series. (We aiso notice
that if &(1) =sint which is between 0 and 1, Q[u] behaves like a Fourier sine
series.)

STAGGERED SUMMATION TECHN]QUE:
Let's first consider the harmonic oscillator with variable excitation o
illustrate procedure:

u”+au=f(t) o constant

u(0)=c,
u'(0)=g¢,

Assume B(t)= 3. B.t".

Lu+aou=g(t)

Lu=f(t)- au

u=u(0)+uw(0)+L" B(t)-L" au

Uy =Cy+ClL+ i B, t"z/:tﬁ 1)(n+2)

We now will write u, as a series; thus,

o
- (0 (o
u, = al’t
a=d
where
0 =c,
agm =&

a5, = B,/(n+1)(n+2)

o+l

u=u,-L" au

With the decomposition u= Y u,,
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==1

u=-L" au,
=_1"

u,=-L"au,

u,=-L"eu,
u, =-L"au,_ =(-L"a)" u,

form > 1and u, = Z:n a'” t*. Hence

- (0} ;e+lm
u, =(-1)" a” ?‘_‘3;
- =) E& [1(n+uv)

The solution of the equation we began with is u= 2" o Uy I we let

(1" a® o
_—
H(D +U)
u=]
we can write u=3 U® Z“ a'™ (. We now rearrange results by
T = ] n=Q -
staggered summaton as shown in the following wabulation.
u, =a, +at +altalt | =al i edl )’ "
u, = 't +al ¢’ wal -l -
u, = -+
u=a, +a’t (2P +a)" ) ~(a” +al"+al pt | +
+(a" +a" ) + (@ +all w2l
u=u +1, +|.|_:_ -

Alernauvely, the solution components can be computed as follows:




SoLUTioN oF THE DUFFING EQUATION 245

where
- __ & ay
(n+1)(n+2)
u,=-L'au =ty ¢’
o=y
where

11], - _a 31;.}
* (n+3)(n+4)
u = e 2 ai:n: e

gul
(m -a al’)
a [ - N
* (n+5)(n+6)

Continuing, we can now write

u, ==Y a® ¢

E=u —
- >
(n+2m-1)(n+2m)

(=) _

o
Since u= Zn_o u,.
O

u=y t** i al®

m=l o=

which is the previously derived result but may be more convenient for
programming. By staggered summation,

u= i a t®

m=i

Form=0
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_—
2,=3

a =a”
Form>1,

o
= (&)
a m z &!m—lu

p=0

m (&)
— [
Aygar = Z L P

w=0

We note that we can write the a'™ in terms of the a/”
a
m___—aay

: _(n+l}{n+2)
1 _ - ET] _ {I: H.Ln]

: _(n+3}(ﬂ+4:| ﬁl:n"i‘U}

v

o —eay - a”

: (I]+5]|[I]T6:| n(n+1}}

el
arn] _ {_Iin:. am al:.-
[T(n+v)
ve|
as expected.

SUMMARY OF FORMULAS:

us 3,00 3 A

where form =0

ay =¢,
ﬂ'.m =0
al"]. = rﬁr
" (n+ I)(n=+2)

and form z 1
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- aLﬂ"“
* " (n+2m-1)(n+2m)

(| -

Since a is constant-valued

my _ (=1 ™ al”

a‘n = m
[l(n+wv)

HARMONIC OSCILLATOR WITH VARIABLE EXCITATION AND

SYSTEM COEFFICIENT:
u” +a(tju= f(t)

a{l]=i o’

a=0

B=3 B

a=0

u(0)=c,

u(0)=c,

L=d*/dt’

We have :
Lu + a(tju = 5(t)

Lu = B(t) - a(t)u -
L7 Lu=L" B(t)- L a(t)u(t)
u=u(0)+u(0)t+L" B(t)=L" a(t)u(t)

u, =u(0)+u(0)t+ L7 B(t)=c, +c,(t)+L" (t)
u, =c, +c,t+L" i Bt°

=l

Ug=cy+ct+L" Y ﬁnt‘"‘/ﬁn +1)(n+2)

P o=l

which we can write as u, = an al” t* where
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0} —
2 =G
al” =,

(o _ rﬂg
BT Er)(n+2)

The following components are derived from

u=u,-L" a(t]i u,

a=0
Thus
u, =-L" ¢(t)u,
u, =-L" a(t)u,
u, =-L" a(t)u,
uy ==L a(t)u,_, =(-L" a(t))" u,
Since
al)= Y, a.t
a=l
r“ B - (1] “1 " :I . 1".1"-1
afthu, = e’ { > alt = Sy, al”
i\ p=D a=0 F o=l Lus
hence
u=-L"Y 1‘{2 o, )’ }
g=l u=g
o B+l { |
u =- ,__t,._jl zan-uafij
o=l {n + 1](“ + 2) Lu=D
u =t'y
n=0
where
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a(r1u.,={z }f gamt} tiln{zaw }

n=1 a=l -

Substituting, we have

- mea e ]
-1.2 al! J [
u, = -L7t g;t<§]’a;u ,} E n+3 -1 Zt}:,_uaujk
u, =t" i alte®
a=0
where
- 1 tx:|1—1.r a{:}
! (n+3)(n+4d)
at)u. = {i‘xuf-"}{t‘ iﬂ'ﬁ s
n=d a=0 J.
- t“i t {zauvu Lﬂ}
n=0 wal
Upon substitution
o5 efgo ]
o=
bl nfﬁ o -
- ; (n+5)(n+6) {éa" v 3 }
u, =t* i at
n=0
where

e,

(3) _ =0
© (n+5)(n+6)

up =t Yy al® ¢

a=g
where
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Finally, since

- i an—u a‘:’- o

T

(n+2m-1)(n+2m)

(=)
n =

=3 u,

m=d

we have the decomposition solution

u= i e i al®he
m=1 o=l

This result can also be rearranged by the staggered summation procedure: thus

where for m =0 we have

and for mi = | we have

and

SUMMARY:

For m = 0. we have

and for m > 1. we have

a]n'
u=0
x 1
- lu
a2m#'. - z alm Tu-1
u=l

m=D p=d
]
4, ‘= Cy
9]
4 =
ap rﬁn

in+1}n+2)
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n
{m-1
SO ICANE
(mb _ pim s

" (n+2m-1)}(n+2m)

a

HARMONIC OSCILLATOR WITH VARIABLE EXCITATION AND A

DAMPING TERM:
u”+au’ - fu=y(t)

Let a. b be numerical constants and y(1) = z"n 7.t Specify

u(0)=c,
u'(0)y=¢,
L =d° /dt?
to get
u=u(0)+u'(0)t+L" #(t)-L" av’' =L Bu
=) arl
U, =C, +C.t + Tt .
am0 (¥ 1)(n+2)
g =3, a¢?
=l
where
i =c,
a&“i =6
(® _ 7s
" (n+1)(n+2)
Continuing,

u=-L"au,-L" Bu,

u, ==L au/-L" Bu,
u, ==L au,_ -L"'Bu,_,

Since uy =Y al’ t"(n+1)=" " bl t* where b =(n +1)al’),

=0 a+l
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u, = ll E ﬂ[." tl

a={
m_—em+lal)l - Ba’ -abl’-pay
© (m+l(n+2)  (n+1)(n+2)

The next component u; 1S given by

=-L'au]-L" Bu,

it
_ (1) pm=2
u= alt

a={

U= é (n+2)al’ *' =t Z., bl t®

and

where b)) = (n+2)al". Thus,

s |{n 2 n+3]| o {n+3 n-+ 4]

u, =t z afj t*
a=0
if
2y _ =& bE,]"
T@)0)
and

(T — bl - fa
(n+3)(n+4)
Now going on 10 us,

uy=-L" au;-L" fu,

Since
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A
u, = E af} t*** or t* E a‘f’ t"

o= n=0
u-; - E (n+3}a1.ﬂ l:h'rl - ll 2 b[:]- 1,.I!I
n=0 m=l)

with bi” = (n +3)a}”,

i —ab®y” ;e =fa® "
U =t E {n+3}(n+=t]|+[ § (n+4)(n=+5)

uy, =t*y alt’

o=l

where a' = —a bl /(3)(4) and

@ _—abl -pgal?
aIH-I =
(n+4)(n+5)

noting that b®™" =(n+ m)a'™". Finally, we write

where ™ = —a b®" /m(m +1) and

(=) _ = b — a™™
*! (n+m+1)(n+m+2)

U, = i ag t®

o=0

L
— (1} ¢n
y=t*y al’t

n=0

u, =ty all et

o=0

u.! __-[-‘ Z aLS} I,-I:I
o=0

Thus, form =0,

and for m > 0,
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u, =17 Y al® e (m>0)

n=0

(=
]
b1
=
B
Il
‘}l:
+
g
=
B

-]
]
=
H
[

i
A

a
]
=

o me < ({m} ,n
a1+ Yy =Y Al
m=1 m=0
which is the solution by decomposition.

EXERCISE: For a damped linear oscillator described by d u/dt’
+2dufdt +u=0 with u(0)=aand u’(0)=0, show that the solution for
decomposition is

k) 3 & 5 §
1 1
u= a{a__.g.z___g__zlt__t_.i_...
2! 3 4! 3 6

EXERCISE: For the undamped nonlinear (Duffing) oscillator described by
Lu+u+u’ =0 with u(0)=aand u'(0)= 0, show that the two-term solution is

tf o oa'tt

T

EXERCISE: Consider u”=@au’+ fu=-yu’ =g(t) with u(0) = a. u'(0) = 0.
Assume a = 0. f=7=1. For g(1) assume sin t and approximate with the first
two lerms of the sine series. Show

u, =a-sint=a—t+1/3

v, ==-a’+3at+3a’ = (1+a’/2)°

PROLIFERATION OF TERMS:

In nonlinear equations, where the initial component of the decomposition
solution consists of several terms, the nonlinearity may result ir a proliferation
of terms and consequent increased computation unless proper steps are taken.
Also it is sometimes convenient 1o write the inhomogeneous term as an infinite
series Lo simplify integrations. 1t may well be the case that the excitation is
known as a power senes representation. We consider such a case here since it




SOLUTION OF THE DUFFING EQUATION 255

is a “worst casc scenario” from the point of view of proliferation of terms. If
one seeks the complete solution (steady-state plus transient), the number of
terms in each of the components u, for m > 1 can increase rapidly because of
the nonlinearity. A number of practical alternatives are possible to solve such
apparent problems, and we will show that rapid convergence to the solution
will be observed. Summations are utilized to organize the derived resulis.

We now consider the Duffing equation with variable excitation and constant
coefficients .

u”rau +fu+yu’ =gt

We assume given conditions u(0)=¢, and u’(0)=c, and assume that
glt)= z:a g U" since it is more general, will frequently simplify integrations
(e.g., if g(th=cos nwt) and is a worst case from the point of view of
computational difficuity arising from the action of the nonlinearity on the initial
term (1, = u(0) + tw’(0) + L™'g(t)). Let L =d*/dt’* and define L™ as the two-
fold definite integration from 0 to t. We have

Lu=g(t)- au' -fu-yu’
Operating with L™
u=u(0)+u(0)t+L'g(t)-L"au = L"fu-L"yu’

We identify the initial term

4 = u(0) + W(0)t+ Lg(1) = u(0) + w(O)+ LS g.e°
nturl

un=utm+u‘fﬂ1”2 ]

which we will write as
uy = z a::!“]ln

n=0

where the coefficients are known;
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aLu} =Gy

4=c

=B
2 (n+1)(n+2)

We can now write u=u,-L'e@uv -L'Bu-L"yu' and assume
“=E:D u, and U3=z:g A, where A, or equivalently, A,{u’} is
calculated for the function u’. (We can also write both u and u’ as sums of the
appropriate A,; then u becomes simply u=E:¢ u, and u’ becomes
I[dfdl}z:ﬂ u,. The A, polynomials for u’ are

ﬁn = I.I;

A, =3uju,

_ a2 1
A, =3,u, +3uu,

A= 3 v 3w,

a=0 uaf

Algorithms have been previously given to generate the A, for general
nonlinearities. however, the above form 15 also convenient for polynomials.
We now have

u= ug—I:'rri u, -L'g i u, -Ly i A, {u'}
o=0 o=l o=0
and can wnits the components

s
_ {0),m
u; =3 2

o=

u, =-L'au, - L'Bu, -L'y Hn{uj}
u, ==L"au/ = L"Bu, -L"y .ﬂu:v{uj'}
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u, =-L'au; -L"'Bu, -L'7 A, {v’}

Uy =-L'au,_ -L'Bu, ,-L'y A, {v]

Since u, is given as a power series, we can use the following result:
If u= z“ﬂ a t®, then f(u)= zm A" where the A(a,, ... a,) are
simplv the A, polvnomials expressed in terms of the coefficients a,

instead of the components u, u, ...
Continuing, we compute u; and u,.

y=Y 2%
a=l
up=a” +allt+ =Y (n+1pllet =Y b
o=l o=l
b = (n + Dal
Aoue) = Ag{r'} =g =3 AP
n=0

using the above result. Thus

AY =2,
ﬂ“’"aawaoa@u +aga,

] 1
{9 o 0
AV =% al, > all Al

u=0 u=l
and
o el e ] 5 e
n=l el a=0 ol
where

a . a o
-3 a0 S
u=0

=0

We can now write
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=-L'au,-L"fu,-L"'vA,

=-L" ltIZ(n + I}ainjlt L"ﬁza[:}ﬁ _ Lvl.rz ﬁlﬂ'ﬂln

o= p=l o=1

= —txi(n +1)all e /gn +1)(n+2)

o=l

ﬁza“” t°*? ﬁn+l (n+2)

o=l

—yi Al yeed /:n +1)(n+2)

o=l

R

==Y "Ha(n+ 12, + Bal” +y AP} (n + 1)(n+ 2)

=0

We see that u, is known in terms of the a‘:” and that we can write the equation
foru, in the convenient form:

3 i
- l! z arul:l lI::u or Z aLf]lu-ri
o= ol

where
(M _ a4 bLD:I - ,BB.EJ:' - ¥ C:
: (n+1)(n+2)
u| = z I:I'I + z}a:]ln-: - lz bL]alu
p=D n=0
where
b = (n +2)al
A, = A, (ug,u, ) =3uu;
where

u, _E afl:':l B

PR
=3 [iamiamzarm}

|._r| o o=l n=0
where
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8 u 1
l=3Yall Za"’] a"‘ﬂ]?

w=f

We now have

y =t alle
n=0
u‘l' =t z bI::['ltu

e
)
2 il
=)
n=0

and
(—a)b™?

e (n=2)(n=+3)

o { ﬁ}a“][ . - { f:l ”t
> arned) Zﬂ (n+3)(n+4)

u, =-L'au]-L"Bu,-L"'7A, =t

n=1

Thus.

b -abl)’ _ablt abl't o
: 2-3 3-4 4.5

- _Bal) B Ballt B Balt B
-4 4-5 -6

cplzrey et yet
34 45 56

J
" _tg{—rxhﬂj - ah‘l“t _ab? }

2-3 3-4 4-5

u, =t —aby) +tl- B 't yet
: 2-3 3.4 3.4

(1,2 (1,1 (1,3 1,3
+[ ﬁ t ’}"'C t +[! ﬁas '- _ T.ctjt
4-5 4-5 56 56

u, =ty alt®

a=i

where
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Going on to u,

Lo
Since u, = Zu_n

where
For A; we have

where

Hence

which we wrile as

and finally

where

and

o _ —abll - Bal’ —ycl
' (n+3)(n+4)

u,=-L"au] -L'Bu, -L"'yA,

(2} e+ . (2} po+l
aP 1" wehave uj=)  (n+3)al’ """ or

up =1y b

o=l
b = (a4 30

_ 2 1
A, =3u,u; + 3u,u,

w=3 e

o=

s
u =ty alt®

o=l

=1 i alh®

o=l

A. =30 Z " 42 a,_bza”‘ a“"]}

e=0 el

a5 el3 e T

o=l Lu-':l y-':I

S e

A, =30 i w,t® +3t° i Wt

o=l o=l

A: - t3 E C_.LII.L#
LE

[:r 3&1 _Bafz]{ rm}




SOLUTION OF THE DUFFING EQUaTioN

4]

Thus,

¢ =3{w, + v}

-t’E a“e
ﬂ_-

u, =t* i _(=a)bit”

: (n+3)(n+4)
oS B
o (n+4)(n+3)

HiE (=y)eit”

(n-4)(n=3)

or more simply, as before,

where

Continuing to u,, us, ...

=Y 2l
u, =ty alt

=l

(5 _ —aby
34

1) i 1
a? = U-’biu ﬁﬂ.}—?‘c;l

nel T

(n+4)(n+35)

, We can write the mth term

u, = t"']z a[:’}t“

]

al® =

Bl

Summarizing, form=0

al®™ =

a=f
-abl™ "
m(m + 1)

bz - par) -y

L Bu, - L'y A,

(n+m+1)(n+m+2)
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u, = 2 al”e®
p=
=ty alle°
p=1
u, =ty alle’
ned
u =ty allt’
n=0
_ pET] < (=) .o
=Y 2l
o="0
The decomposition solutionis u= ~ u, or u=u,+»  u, or

S

m=] n=1

0 . h
u= -

We can alsp wrile the solution by staggered summation in the form

where

and formz=2
m-]
_ 0] Z Tu)
a’m _-aml + am-l-ﬂ

A SUMMARY OF FOrRMULAS USED:

S E e § o

o=0 m=]
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(m=0)  a¥=c,

i _ Zq
“* (n+1)(n+2)

)] (9] _ o W
y_ —ab, —-Ba’ —yc!

(m=1 a
} n (n+1)(n+2)
(m=z2) al® = —-abl®"
| ’ D'I[m-l- 1}
am o 20 = pall —y et

o (n+m+1){n+m+2)

("
u=l

where for m=1 b =(n=1)a
also have

ALGORITHMS FOR THE DUFFING EQUATION:
We consider now explicit solution of the Duffing equation

u’+au’+ fu+yu’ = 8(t)

given initial conditions u(0) = ¢, and u’(0) = ¢,. We assume §(1)=Y

and for m>1, b®" =(n-mja"

" We

§.1%.

Our objective is an efficien! procedure for calculation of the decomposition

series. We have

u=u,-L'au' -L'Bu-L'yu’
where

u, = u(0)+ '’ (0) + L7 8(1)

=Cy+Cl+ I;j: i5=l” didt
a=0
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We note that if the input is a sinusoidal function, integrations will soon become
difficult because of the effect of the nonlinearity. The result for &(t) =sint is

found by setting &,,., =(-1)°/(2n-1)! and §,, = 0.

For cos t, let §,, =(-1)"/(2n)! and §,,,, =0. For (1) = ¢, cost+c,sint,
we can let §,, =(-1)"c,/(2n)! and §,,,, =(-1)c,/(2n +1)!. Finally, in
many cases, a finite series will be sufficient for the required accuracy and we
can write ;’{t]=2:'n5,,!“, ie, 6=, for 0<n <N and §, =0 for
n > N. Convenienty, &(1), assumed to be uniformly convergent, can be

programmed as an N-component vector with the series truncated to the
precision required. Terms after u, are given by

un: = _L.1a u:n-l = L_tﬁ um-l - L.L}; lIl!.":u-I

1 m B m=
where the A_ . = Am_{u } =zn.;.z~.¢”=-:un-1”r‘ @, --—E‘n_t_u11 form = 1
is the approximant 1o the solution. @__, =¢_+u,. and lim ¢, =u. Now

] et

write the initial term u, in the convenient form:

e
- {0y 4o _
Ug = zan U= &

ol
where

i Dy 0. )
a,'=c¢, a"=c, a% =6 /(n+1(n+2)

The approximant ¢, will be written

o= iblhin

where b =2". The u, component can now be calculated and therefore the ¢,
approximant, since ¢. = ¢, + u,. Since

o
by = E’arnﬂ.lln
o=l

we have

.
L]
u; = E{n + la ,\t"

o=0
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Computng A, using the given algorithm,

m=d &
"ﬁl‘ﬂ = Z Zum—uun—vuv
el wel
— .3
Ay =1y

which we know from our general algorithms for f(u) as well. Using our result
for u,, we can find A, as the Cauchy product:

ar={Sare - S {zamt 1

:u-.il 4 u=0

ar

L1 ¥

A=3rS Talata

o=0 w=0 y=0

which we will write as

A, =iﬁ.‘;’h”

o=

where

() 0y (0 [ﬂll
A9 =3 T840
val pwl

Since u, = -L'auy - L™ Bu, - L'y A,, we can now write

2 s 3 I'n}t ﬁ.[n}l
1 Z*___u_.._..._ — 71 ?-
- ( + 2} Sm+Din+2) =m+1(n+2)

In succinct form, u, =1") _ al’t* where

2" = —a(n + l}iﬂ ;Gato} -Y ‘&Ltnn}
: (n+Din+2)

Wenow have @, =@, +u, where @, =Z:nh2]1“ and u, = lzz:na‘;}l“;

hence
P, = thuntn

a=0
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where
bﬂ! hm
bm - bu:
(2} t1:| {1
b,y =b,., +a,

Proceeding 1o the u, component and therefore the ¢, approximant,

u; = -Lau; - L' Bu, - L7 A,

so that from u, —112 "t we write

ui =ty (n+2)alt’
o=
and

- ZZ aeclon b, = 305,
=l el

or the Cauchv product

= (= 1=
=3'!Zalf’t” ~<IZa:F“I"}-<:l=ZaT'I“}

Loa=0 el ] =l

- l: iALI.-ln

kL

where
Hrll E"‘ ; aLﬂJ. {nmy L”
=0 g
Consequenty
" =_at = _ﬁ Z I'I]-t T[‘."“ ﬁii”ln
’ ,.u(nﬂ} “(n+2)(n+4) & (n=3)(n-4)
or

Lo
3 1),n
u =) ale

Bt

where
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l:”f:i'
a,;_?] _ —xin+ 3)3: — ﬁﬂ.l:l:l A 1
et (n+3Xn=4)

Now we have the approximant @, = @, +u, with

[P: - ibil‘.ltn

omf)

=1 z (28

o=

@, = ihf’l‘
o=0

where
) R T |
by" =by
(3 _ i)
b{® = b!
bi3l - hiﬂ
() _ i@ [1]
bn+3 b:r! n

Proceeding 1o the u, ct::mptnnm: and consequently the ¢, approximant, we
have u, = -L"au; —L"fu, —L'yA, using

-
— 1} (21,8
u, =1y

o=

) =1} Z{n +Paee
o=0
m=1 0

2 1
-3 i, = 3+

o=l wal

+s{1=zasu=}.{ﬁzaw}.{m,}

wai) =A

- ‘321“ 32 Zalm H'J Zl 32 Za:ﬂ' rD}

vall y=0 n=0 v=l u=0
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which we will wrile as

A: - ISE hiﬂ:}tﬂ

A{:] _ 32 2 am Lr:l_juaiz}

vall ped

where

sl W

u] (0 {0 II.'I
ni-t 32 Zaift— a‘lﬂ-p 1]

vl uwl

a L
i} m (o)
+3) Y al al’ af

vel u=l

P alh®
p=oa z|[n+e-ﬂ z1:114-‘*-1]an+5}

-

1
—}'l"z“"——ﬁl:’ -

=n+4)n+5)

L
u, = tdza‘uhin

a=0

or

where

ay = —aal’ /4
o _—oam=+4)a? - fa” - yA¥
- (n+4)(n-35)

The next gpproximant ¢, = ¢, +u, using

0.= S0

=l

Rl
— (3,0
=14y al
* o=l

50 that .

el

.= 2 b

with by =b", b} =b/", b =b}", by =by’, and ¥, =b,+

Continuing o the u, component and the ¢, approximant,

i3
ara
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u,=-L'au;-L"Bu,-L"'7A,

for which we need

-y
i (3,0
u, =t*y ah

o=

u, = 13i (n =4
o
"':'"‘!- = Zﬂ Z.]. u'—"..—l-ul.—vuv

S 2
A, =u, +3uu, + 6unu,u,

m=e TS 3,

g=ll  wval u=0

wEesg Fan a0

=0 vall y=0
+l’21 ﬁz z a® al’, %
a=0 vl =0

which we write finally as

A3=142 Ai”tn
a=0

where




270

CHAPTER |2

=0 u
AP =33 Y a®, al)
vl

pwl
¥
3 _ 0 1l.‘l} 13:|
AP =33 3 a4, &
vall y=i
o=l
+6% Y al al? al?
vzl u=0
g+l ¥
3 _ (o) (0 403
ATh=3) X al. ala)
vl y=i
g+l W
(o LiJ :z}
63, 3 an.ala
vell u=0
[ [} UJ
+Z Zan—n = ;.l
vel pe=0

Thus the u, component is given by
- !Hjln a[!;tn

=-ar'y —L—- B
i (n=35) ; (n+5)n+6)

. A l|ﬁ|L|{3-_|1:|:
—-%1 e
4 é (n+35)(n+6)

which we will write as

= :-‘i a*
ral

where

£

a;a' _ —-‘.‘IaE
©s

T —in + 5)&;1_'1 - ﬁa::: —_ T‘A":-_jl
o (n+5)(n~6)

and we have the next approximant ¢, = ¢, —u, with

=3 v

= mal)

5 r4
‘=I Zanrla

n=0
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We wnte now
P = E b‘:jﬂ
=il
with
bﬁ] bf"d bi'-'f]' b' 1)
b{i] bIIJ-'I b':fj — le.
15 _ i# (£
bt = bl b, =blY, +al”
Computing the u, component and ¢, approximation.
-1 . =i -1,
ug=-Lau, -L"Bu, -L7A,
for which we need
=) Al
o=l
wy=1"y (n+5a
n=i
mmd m
= Z Z uu-:uu':u-vuv
p=0 w=Q
A, =3uju, + 3ulu, + 3uju, + 6ugu,u,
_ (0, = @yl )5 (4, 4
1‘!\4—32311}-{23,,[} Yy alh
a=l w=l =0
2 < Lrjl o 2 ), v k| = (2, u
+307 ) al } { Z al 1 1 Z alt
{ o=l umi
1 (3] 3 ), u
+3{tzanl‘-123 4y ™
a=0 w=i =
+ﬁ{}: a{f’t“}-{ﬁz a&,"t"}- Yy alir
a=0 val) a=l
=a a oy a w
- o O 0 8 7 B3 (1 Ll it}
A=Y -3223 A al ey 103 a al" af
n={ val y=l m=0 vul gmd

w03 a3 T a2 0200 06T 63 T a0, a9

a-¥Tw=4 TN
axl vl u=l o=l val gl
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which we now write as '
-
A=Y AL
f.eT ]
where
o=l v
(4) _ (0) L0 ,L(4)
A =3 Y al” al? af
val u=0
=0 v
:41 — (0 00 i) {2} .02 . o 4 (3
’-GZZa“ al” al +3223 Lalal 46> Y al” al al
val =0 vl y=0 vmll pm0
nel W Del W
[l —_ {0} (0 4 (2} {2] {1
““J: 32 Z aﬂ*z—"' a"-l—' a +32 Z ah-r =y v— a
vall y=0 vl pmi
{n: {r: 3 (4] m m
63, 320, %, 20 +3% 3 a0 al),
val yel worll psl
u, can now be written
- ra] B ﬂde £=] |'-
&
u, =-—ot —,3 z E
and finallv
=
g =1y a’
n=0
where
(4)
2% = a
5 =—
6
14 (4]
aﬂ; - _a{n+ﬁ]autl rﬁaz -};An
et (n+6)n+7)

f& g

Thus. the six-term approximant ¢, = ~u, where E:L_b"t and

ug = tﬁz“na'n 1" and we conveniently write

0= 3 b

n=0

with
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(%) _ (5
hl:l = h"!
(8) _ 1,05}
h'l - h'l
b!;‘:l - h'f:.s:l
B _ i L a8
b:l'ré - hn-d &n

(5) _ 105}
b-t - ba
i8) _ (%
bj- - hs
b = b

We now have a six-term approximant to the solution and, if necessary, can
continue in the same manner, (The algorithm can easily be programmed for

machine computation. )

SUMMARY:
Decomposition components are given by:

u, = ath®
o=l

up =1%7" 3 At mz1
=0
Y, ug=u
m=0
The coefficient-generating algorithms are:
ay” = ¢,
a:;u] = C'I
o 6
a+l {|'|+ 1}[n+ 2}
o _ e+ Da? - a7
) @+D(@n+2)
0
(zp _ — 04y
a¥ =0
3
m _ —&(n+ 3}3&'; _ﬁai’! _mi‘l]
" (n+ D@+ 4)
— cpalm")
(=) _

0

(m+1)
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A=Y AV

n=0

A =t'Y A

p=(0

o =1 i Al > A =u’

A
=0 m=l
o =2 b’ lim g, =u

=il

REMARKES: A method of approximation does not need infinite precision, We
need to know that we have uniform convergence of input and coefficient series
and generally & (1) can be truncated afier a few terms for sufficient precision.
Computation will investigate the effect on increased accuracy of adding erms
to the &(t) series to develop stopping rules. An example is instructive,
Consider

' su +u+u =gl

u(0)=0

u'(0)=1

p()=1=(1/20° = (5/6)0°

The solution is sin L If we calculate u(t) by decomposition. we find ¢, = u(1)
=1-(1/3)0° or sin1 1o the same approximation as the series for g. If we
specify ¢ further, we can get more terms of u. Practically, thus means that if
we are interested in accuracy o n decimal places, but further calculation results
in no further change in the n places, the solution is considered known and will
be verifiad 1o satisfy the equation and the given conditions. Because of the
generally rapid convergence, which we have seen in all work on the subject,
we would expect that most of the solution is in the early 1erms of the
decomposition series.

If we have the ¢, approximant 1o three decimal places and further change
exists only in the fourth or fifth place, our result may be sufficiently accurate
so that convergence to a required precision can lead to a stopping rule. As we
gain insight from our computation, we can develop stopping rules, investigate
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convergence rate and error, acceleration techniques (Padé, Euler, Shanks),
checks on the solution by modified decomposition, asymptotic decomposition,
and verification that the solution satisfies the given eguation and conditions,
determination of the region of convergence in initial-value problems and
possible use of analytic continuation, our one-step procedure, and other special
techniques. Because of our choice of L and R with R a lower-order operator
than L, we always have convergence, as we saw in evaluation of matrix
inverses with FL'iﬁ;[c I, and since our integrations are wrivial. i.2.. we have
Green's functions of unity. Adomian and Rach [1] have previously discussed
an initial-value problem with a simple diffusion equation with u(x.,0) = f(x)
where the operator in the solution series u(x,t)= E:q (L7L, )™ f(x)
annihilates f(x) at a finite m; the result then does not satisfy the equation and
conditions.

No closed form solutions exist for the Duffing equation and solutipns have
always been made using perturbation, discretized methods, etc. The results
have shown multiple oscillations—not only at the excitation frequency @ but
also a1 subharmonics @ /n, or superharmonic n@with n= 12, ...

If the excilation contains several terms we gel combination frequencies also.
The nonlinearity causes complex interactions among the input terms: however,
the series captures all of the actual result. One could plot the result and do a
Fourier analysis 10 see components in the output. With non-conservative
systems where the u” term is non-zero, one would not in general expect
sinusoidal outputs unless g(t) compensated appropriately for the damping. We
must be certain that we have a correctly modelled problem whose solution is
consistent with the given conditions, and then solve it 10 see if the harmonics
do exist in fact. Finally, solutions are unstable against small changes which
can result from round-off error or linearization between grid points in the usual
computer methods.

EXAMPLES:

I} To show that the decomposition method yields correct solutions 10 the
degree of approximation that we use for the excitation, we will begin with
u=sint=1-1t"/3' and substitute into the Duffing equation.
u”+u’+u+u’ =g(1). Dropping terms greater than t’, we have
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=1_ﬁ+513
s 2 6

2

L'g= E:;__ (+higher terms >1*)

u, = u(0)+w’(0)+L'g
2

=] —
u, "‘2

¥

=1 t? -l i -1,3
w=-L'-5)-L'e-2)- L

3 3

t
u, = ———— 10 order of
2 6 £
pois B L
: 2 2 3
13
@y =1—— orsinttoorder of g

We now have the solution to the same degree of approximation as g. Thus,
given the problem u”+u’+u+u’ =g(t) where g(t)=1-1"/2=51"/6 with
u(0)=0 and u’(0)=1, we get u=sint tothe approximation @.=1-1"/3.
As the forcing function is approximated more closely, our series for u
approaches the series for sin t more closely. Substitution of the approximant
ip, into the equation mus! satisfy the equation 1o that degree of approximation
and satisfv the given conditions as well.

2} La
. | ) - (_l}n[n I L] {_l}n.l}n-r'l
u=e +sm1——§ o '*E (2n+1)!

o=l

o=l

u'=-1/2 and u”=-1, substituting in the Duffing equation

approximate u with the first two terms of each series. Thus u=1-1'/3!,
Then
u'+u +usu = g()

We get g =2—1, since other terms are greater than t when operated on
by L™ Thus L7g=1"—1"/3!. Since u(0)=1 and u’(0)=0.
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l'!

Uy =1+t° ==

a
Toget u, =-Luy =Ly, ~L ™),
4y =Ly -L"()-L(n=-t- L1
b ) 2 2
{3
=—tz—_
u, 3
u;==2t—1"
uy =0 (ie,>1)
A
t]
¢'1=1'E

u, is zero 1o same approximation so we have @, = u.

t3
@, =(1- :}4{1-5)
Thus, given the problem
U Futw’ =21
u(0)=1
u’(0)=0

we get @, = 1-t’/2 which is correct even if we do not see that this is
(I-t)+(1—1"/3!) and recognize or guess €™ +sint.

A CONVENIENT FORM OF THE SOLUTION OF THE DUFFING
EQUATION IN ASCENDING POWERS OF T:

Considering the Duffing equation u” + au’+ fu+yu’ =g(t) where «, B,y
are constants, u(0)=c,,u’(0)=c¢,, and g= z:ﬂ g.t", we calculate the solu-
tion through the t* term which should generally be sufficient. Letting
L=d?/dt’, R=a(d/dt)+ S, and Nu=vu’, we have in operator format
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Lu + Ru + Nu = g. Decomposition results in u= E“ u, with

o=l
u,=c,+c1+L7'g

Uy =Cy +CyL+ }: gnt"”/{nﬂ}[n +2)

Bl
Up=Co+et+g 2. 1+gt°/3-2
+g. 4348754+

The following components are:
u,,, =-L"a(d/dt)u, -L"fu, - yL'uA,
where the A, for u’ have been given by convenient algorithms. Thus,
u =-act 2- fe’ /2-ag,t’/6- Bet’ /6
—agt* /24~ Bt 24— ag.t’ /60
—Bet 120 gt /120~ Bg,t* 360 —---

(ycig, . 7% | .

1. .
—yeir f2=yeie 2 —_—
S
! 3 1 N
_|¥e YEE, 3y c.c,g It —
L 20 40 20 )
We can continue 1o obtain u.. us, ... . However, 11 1s most convenient 10 write

the solution in ascending powers of t as

u:i c,t”

6 6 6 6 fi 2 £
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i 1 I | 1 1
_a'c, a'fc, a vC , &8 +2ﬁc1+a;rc,,c1 _og,

c,=
24 24 24 24 12 4 24
B Bra B T 1o 769 &
24 fi 24 3 3 4 12

e o e «’Be, _a’rey 'z,  &Bg
U120 120 120 120 40
daiycie, o’y _offc, afyc aBg, _arc
10 120 60 15 60 20

s | r 1 P |
_._a'f‘-'ﬂgu_n+ oryc.g, _og, +.B & +ﬁ"fcgcl _,ﬁg. -

20 5 60 120 5 120 40
_reig  3yceg, ¥o L 8
10 20 20 20

S a’c, a'fc, a'ye a's,  a'Bg
§ 720 720 720 720 180
JEree oy ofc, eifre  ofe  arc

60 720 240 60 240 80
_orag, la'req o'y, of’c 2afrec  afe
30 120 360 240 15 360
_Tar’ee  erae 13eycce, Toye eg o 5B
18 120 120 120 120 720 144
JBls 1By 1Breg,  MBrec Bg 3’ rias,
720 240 120 120 360 80 16
LIS Yag  YSGg Y Vg  YCig &
10 120 30 40 20 30

The sum z:n c,t” is the solution through the t* term and if we have ¢, or ¢,
equal to zero, the result becomes quite simple.

RESPONSE OF NONLINEAR STOCHASTIC OPERATORS:

Random vibrations arise, e.g., in space structures and buildings subjected 1o
seismic events. Our objective will be consideration of randomness in physical
systems, which are generally nonlinear, without the use of perturbation or
linearization which may prevent our seeing real possibilities of catastrophic
failure. We will also consider parameters and excitations without the usual
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restrictive assumptions which are customary but do not necessarily conform to
physical reality.

For the present, assume the equation u” +au’+ Su+¥f(u)=g orLu + Ru
+ Nu = g with L=d*/dt’, R=a(d/d)+B,and Nu=yf(u). We can
consider cases in which one or more of the «,f,7,2 may be stochastic
processes, without restriction to only g being stochastic, and without further

assuming a white noise excitation. Decomposition yields u = z”ﬂ u, with
u, =u(0)+w(0)+L"g
u,., =-L'a(d/dt)u,_, - L"Bu,_, -L'7A,
where the A, are determined for f{u). The approximant ¢, = E: u, Serves

as the solution. Since the procedure converges rapidly so that a few terms are
sufficient in practical cases and because the terms depend on preceding terms
rather than following terms, avoiding closure problems, ensemble averages
can be taken term by term 1o determine < v >. We do make the natural
assumption that the excitation and parameter processes are uncorrelated. Then
taking the ensemble average of the product ¢, (t) @_(t"),we can also get a two-
point correlaton. A review of the necessary knowledge of stochastic processes
for application to solution of physical problems by decomposition appears in
[1].

DUFFING'S EQUATION WITHOUT PERTURBATION TO GIVEN
ACCURACY:

Quantitative general solutions of Duffing’s equation are easily found using
the decomposition method. The motion depends on the initial conditions
u(0), u’(0), the parameters, and the inputs. The method of solution makes no
assumption on the natre of the output or on smaliness of cerain parameters,
and is not restricted 10 a single input or closeness of the excitation frequency
and the natural (unforced) frequency, This section will show that by seeking
solutions to only the necessary accuracy, considerable computation and
difficult integrations are avoidable. The appearance of harmonics and
subharmonics will be demonstrated. Finally, we will demonsirate, using the
Duffing equation, that decomposition subsumes perturbation.
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Llr'-i-au’-i-m_.:'u-i-fju’ = g([]
LetL=d?/dt* and L' = [ [ ()dudt and solve for Lu. Thus,

Lu=g(t)-au - wju- v’
L'Lu=L"g-L"au -L'wju-L"fu’
u=u(0)+w(0)+L'g-L"'au' -L'@lu-L"fu’

Let u be decomposed into components z: , u, with u, identified as
u, =u(0)+w(01+L'g

with other components 1o be determined. | The nonlinear term is writlen as

Em AL {ul} or briefly as E:n A _.} The terms after u, are:
Upe = -L ug - L.hm,il.lm - L-.ﬁ Ag

form> 0. Then ¢, = z::; u, approximates the solution u = z:ﬂ u, ina
rapidly converging series.

Although this provides general solutions, there are difficulties with
trigonometric inputs, for example, and the u’ term; we can still get difficult
integrations despite defining L so that a difficult Green’s function can be
avoided. Also we can get a proliferation of terms, causing unnecessary
computation. Hence, we will assume g=z:u g,t" which might appear

counter-intuitive because of the proliferation problem. However we only need
t0 compute t0 a necessary accuracy in a physical problem which we
demonstrate with some illuminating examples,

EXAMPLE: Consider u” +u’+u+u’ =g(t) where u(0) = 2 and u(0)=-1

and
g=cos t+3e" cos't+3e N cost—sint+e’ +¢"

If we approximate each function in g with the terms of its series through t* and
calculate L''g, we get 9 1*/2 to the above approximation. Hence
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u, =2—-1+(9/2)t* and u, = —(9/2)1*. Therefore the two-term approximation,

correct through the 1* term, is u=2—1t which we can write as

urflil+t:f2}+{1—t‘f2}=c"+cm1_u;=g-cnﬂ’t+--~ and u = cos 1
for large L Note that this is the exact solution.

EXAMPLE: Show superharmonics are possible in a Duffing equation.

u’+u +u+u’=g=t+10t+--
u(0)=1 u’(0)=2

Where g is a trigonometric function as before. To avoid difficult integrations,
we consider the Maclaurin approximation 1o three (erms:
g=3+Tt+100°
Since
u, =u(0)+w’(0)+L'g
we have
3

u5=I+2'['*'T

if we drop terms greater than t*. Then
u, ==Ly, —=L'uy —L vy = -2t
The two-term approximant @, is given by

I:
g, =1+21——
) 9

which we see can be arranged as ¢. = (1 —1°/2) =2t and immediately guess
u=Cosi+sin 2t

showing exisience of a superharmonic. Neediess 1o say, we verify the solution
obtained by direct substitution. (Also we can consider another term of the
Maclaurin expansion of g to get the cubic lerm in our approximant.)

EXAMPLE: Show that subharmonics can arisc in a Duffing equation.
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u+u +u+u’=g

with u(0) = 2 and u’(0) =0. g is again a trigonometric form whose Maclaurin
expansion is given by

_J9 L 1
9 g 18
Then
791"
Llg=—r
LT

through quadratic terms. The first term of the decomposition series is

uﬁ=u(ﬂ}+m’{ﬂ]+L'1g=2+?—?é—r~

Solving the Duffing equation by decomposition, we have
u=u,-L v =L'u-L"v*
Since z:ﬂ u,, the next term u, is
u, =-L"u; =Ly - LA {0’}

The polynomial ﬁkﬂ{u’} is simply u;; therefore, u, = 5t* plus, of course,
higher terms. The two-term approximant @, to the solution is u, + u,; hence

9., _, 11,
=2+—t}=5t1=2~—¢
e 18 18

which we recognize as
t* t?
u=s|l-—+- [+ I=—+--
(g5
1
u#cost+m5-§t

Decomposition yields the solution—it depends on the parameters, given
conditions, and the excitation.
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The fact that we recognize closed forms here is perhaps interesting but of no
rcal significance. The senes can be carried far enough for computation as
necessary. The traditional emphasis on closed form solutions has generally led
to replacement of actual problems with more tractable but less realistic models.

PERTURBATION VS, DECOMPOSITION:
Consider the homogeneous Duffing equation with no damping and assuming
a “small” nonlinear term:
v’ +u+en’ =0
u(0)=a
u'(0)=0

Using perturbation define u = u,(t)+€u,(t)+---. Hence, substituting 10 (),
uy +Eu+u, eu, +(u, —:Eu,]! =0

Egquating powers of £,
up +u, =0

The linear solution (£=0) satisfying the given conditons is u, =acos!t.
The €' terms give us

3 k 3 Ipm
u'+u, =—u,—a cos’t=-a(3cost+ cos3t)

with u (0)=u;(0}=0. Hence we can solve for u. and write u, ~€u,. We
observe that the u, is the solution of uy+u, =0. In decomposition it is
simply u, = u(0}+w’(0). Also the perturbative term is harder to obtain than
the decomposition component u, = =L 'u, —e LA, where the L™ is merely a
double integration. The perturbation case involves integration using a Green's
function and more difficul! integration. Further, the perturbation u, involves
the secular term t sin 1, and we do not get a uniformly valid expansion which
would allow a bounded u for a finite number of terms. Thus
u,fu, —>==ast—e The results converge slowly while decomposition
converges rapidly so few terms are required. The totals should be the same but
not term by erm.

Applying decomposition 1o the equivalent linear system u” +u=0 with
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u(0)=a and u'(0) =0, the decomposition terms are

u, =a
u, =-L"u, =at’/2

u, =-L"y, =at*/2

Therefore, the three-term approximant obtained by decomposition is

tt
!;'3 =ﬂ.[1—-§+-47-)

which is the approximant to u = a cos t. Now consider u”+u+pu’ =0 by
decomposition without assumption of smallness (and use of perturbation). We
get

u, =4

u, =-L'u, =L ') =—a*f2-PBa’t?/2
u, ==Ly, =Ly}

We have added —BL'u} or =B a’t*/2 as a first approximation to the previous
linear result. When the system is close to linear (weakly nonlinear), we get
p=e. -

u’+u+eNu=0

u(0)=a and u'(0)=0

u,=a

u, ==L"'u,—eL"'Nu

Now the £L"'Nu approaches eL™'uor —at®/2. For this weakly nonlinear (or
small €) case the first approximation or € term u +u, =-—acost SO
u, =—at’/2.

Thus the first decomposition addition is equal to the first-order perturbation
result if and only if the nonlinearity Nu is sufficiently small. /n decomposition
there is not a restriction to “close to linear”; it applies generally to non-
linear systems so “weakly nonlinear” or “linear" become special cases,
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u, ==Ly, =-at’/2

@, = a{l—%]= a cos t as the number of terms increases

which is easily checked by finding more components. In the equation
u”+u+eu’ =0, we had
u,=a

u,=-L'u,—eL " uy

For small enough &, we have added -L'u) or —a’t?*/2 as a first

approximation to the linear resultu=acost. When Nu=u, i.e., we have a
weak nonlinearity, we get

u+u+eNu=0
u(0)=a and u(0)=0
u,=a

u,=-L"'u, - EL"uL.

The eL"'Nu or eL"'A, approaches €L 'u, or —at*/2 In the perturbation
case the first approximation or € term now satisfies u -u, =—acost so
u, =—a 1" /2. Thus the first decomposition addition is equal to the first-order
perturbation result. Perturbation is effective if and only if the nonlinearity Nu
is almost linear. Decomposition is effective for general nonlinearities and
includes perturbation as a special case.

Discontinuities in frequency response will occur as a result of varying
excitation frequency, since the nonlinearity acting on the difference between
excitation frequency and natural frequency causes new frequencies to appear
and new multiple possible responses. With small damping. the oscillatory
motion can suddenly change from slow to fast or vice-versa. In phase space
we can have changes from one orbit 1o another and may find separated regions
dependent on initial conditions, parameters, and excitation. If we change
excitation frequency o approach the natural frequency, the behavior can
change significantly. Decomposition yields the actual quantitative results for
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real physical behavior for any given parameters, conditions, and inputs
whether constants or time-varying. However, conditions must be specified.
Further, decomposition provides solutions for real oscillators with any
nonlinearity as determined from laboratory measurement, not only those with a
simple nonlinearity u* which might be, in actuality, u™.
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CHAPTER 13

BOUNDARY-VALUE PROBLEMS
WITH CLOSED IRREGULAR CONTOURS OR SURFACES

The simulant concep! can now be used in an extremely valuable application,
that of boundary-value problems for differential or partial differential equations
modelling physical problems between two closed irregular contours {or
surfaces). These are considered using decomposition of the boundary shape
and simulation of the solution for each boundary approximant.

Our objective is 1o solve “two-limit" boundary-value problems analogous to
two-point boundary-value problems for a second-order ordinary differential
equation with Dirichlet conditions. In two dimensions, the corresponding
situation is a two-contour second-order partial differential equation. In three
dimensions, the analogue is a three-dimensional second-order partial
differential equation solved between two surfaces. We can continue o an n-
dimensional second-order partial differential equation and n-dimensional
manifolds. Our special interest is in solving partial differential equations in
regions bounded by contours or surfaces.

Two-CONTOUR CASE:

Thus for the two-point, i.e., two-limit problem for second-order ordinary
differential equations, which we can think of as a one-dimensional partial
differential equation, we have two-point boundary conditions

u{xj]i,él =b, and u(x}]i_{! =b, where x=¢ and x = &, are embedded in a
line and we are considering equations such as d*u/dx* + f(u,u’)=0. In the
1wo-dimensional case we consider equations such as

U, +U,, +p{x}f(u.ux.u,]l =0
with conditions such as
1
u{x‘}l}lc.fny]-9= I::'I

u{x*ylic.,[:.y]-'}: bi

Thus the limits are smooth closed curves or contours.

IRE
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TWO-SURFACE BOUNDARY-VALUE PROBLEM:
Here, we consider equations such as

U, +u, +u, +p(xy.z)f(uu,,u)=0

in a three-dimensional region bounded by surfaces $,(x,y,z) = 0 and S4(x,y.z)
=0 embedded in the region. Qur boundary conditions are

U{xr}'rz}|$;~a= b,
1.:{::.}',2}';1“,= b,

The surfaces are smooth closed surfaces representing the limits. Obviously the
concept can be extended to equations such as

ialu
dm| _ u
‘ax; + P(x]l““'l& }I’(u, [ U | }

with
u(i)lm1m.n= b,

u{'f}lu,[rpat:I: b,

where X = {xl,.,,. X, ). M, and M, are smooth closed manifolds representing
the limits in n dimensions.

Let us begin with the merely illustrative one-dimensional example for
comparison, using decomposition [1]. Consider a two-point simple one-
dimensional boundary-value problem d*u/dx* + vu=0 with v a numerical
constant and Dirichlet conditions u(x=¢§)=b, and u(x =&,) =b.. The first
example does not require the technique of analytic simulation but serves as an
introduction to the following multidimensional cases. The equation can be
written in the decomposition form as Lu + Ru = 0. Solving by the
decomposition technique yields

z u, =c, +C,x-1-'li£ u,

n=l n=0
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where I} is a two-fold pure integration with respect o x. By double
decomposition,

€y = i c{'nnm ¢ = i Cim] u, = i '-'lE.m:l
o= m=0 ==l

Hence

S 5 ur=3 dexd -y 3

p=l m=0 m=i me=l p=0 m=d
We now have
— 0 0]
Uy =Cy +XC,
= il [+ _ i
u=c, +x¢c;' —viu,
u, =chl+ xcl! - vIiy,

= plml

u, =c™ +xc\™ —v I u,

u, =9 (=v) {c;""“" x*"/(2n) + €™ k¥ f(2n + l}!]

pel

u, = cfnm - ch:nj + i I:—V]"{CLE_D'L x“f{?.n}.' + c:"“] xzuﬁﬁzn + 1},}

In the decomposition method the (m + 1)-lenn approximant (o the solution u is
symbolized by ¢,., = z::n u,. Thus

@ =1y
0, =9 +u,

P =¢m +Ug
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0y

The exact boundary conditions u(x=£,)=b, and u(x= &)= b, can be

approximated successively by the approximate boundary conditions

But since o__, = ¢_ +u,, then

uy(x=§)=b, u(x=¢,)=b.
u(x=§)=0 u(x=§,)=0
Ug(x=5)=0 ug(x=3)=0

Define b{” =b, and bl" =b,. Then,

0™ = 3, (V) (e € fanped 8 f2n 4 1))

n=]

b =3 (v e & fn) = £ 2n +1)1)

o=l
¢ + & o = b

i + & ¢ =

or
1 §L CLMJ bﬁm!
1 &) ™) | b
Thus for & &,
Cgm] - g; bEm' — g] h{;‘]
éz_gt
b[ﬂ'l_btfll
¢ -
g:"fl

Using staggered summation
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u=§ un=§ g u”
mi:‘:] g uEm—n]=§ ; ul,nm]

Recasting this example in the format of higher dimensional cases,
d’ufdx* +vu=10
u':ﬂlr.lrrl-n =b,

u(lemﬂxu =b,

where P,(x)=x-£, and P,(x)=x-&, We consider the simulants o to
the approximations of the boundaries and denote them by o_[u] which
becomes u in the limit. Thus

(d°1dx*)a, +va, =0
CF,[:K]]“H-: = bl

Op(x)],ugm =,

Successive simulants are ©,,7,,...,0_. The éim g.(x)=u(x). In the one-

dimensional case it is x=&=p, a “radius”. (We may develop a point
sequence where lim £®' =& and similarly for £®'. Thus lim o, =u) In
M=t

m—e=

the two-dimensional case, the limits are not points but closed contours in R*
described by C(x,y) = 0 and we can have a contour sequence C'™'(x.v)=0.
If the contours are not smooth but consist, for example, of piecewise
differentiable funciions, we can represent them by smooth continuous
functions as accurately as we wish, and without Gibbs phenomena, by a recent
combination of techniques for decomposition of algebraic and differential
equations [2]. Thus we can assume that the contours (or surfaces) are smooth
though irregular in shape.
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Two-DIMENSIONAL CASE:
Now we consider a two-dimensional case with the model equation on R?

Fuldx’+a'ul vt =0

which we view as a two-dimensional analogue of the first example with
v(y)=4d"/ dy’. Analogous boundary conditions are

u(x, 3"}11:,(:,;3-4 =b,
u{x"‘y}‘ﬁl[ﬁ..ﬂxﬂ = hl

where C, and C, are closed contours representing the boundaries in R,

(We can, if we wish, let the outer contour = == or the inner contour approach
the orngin.) The model equation is written as L.u+L u=0 where

L,=3"/dx" and L, =3°/3y*. Operating with L,

LiLu=-L]Lu
u=cu[3’}+xc1{3"}_l‘y [:u

Decomposing u into z:‘ , U, we have

Y u=coy)+xe,(y)-LE Y u,

o=l B=0

Using double decomposition u= Z: , Z:n ul™ . Also,

&)=Y co(y)

=0

¢ ly)= i Ci®(y)

-]
= (=}
u, = Z u,
=

ol e

T3 = d)exS dp)-L,e3 T ue

o=0 m=0 m=0 m=0 n=0 ma=0
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ue = (y) + xci”(y)
u,=cy)(y)+xc{(y)-L,Lu
u; =cf(y)+ xel(y)-L, Ly,

u, = ¢ (y)+ xc®(y)-L,1

\'l.ml

We can write
um - i uLm—lﬂ
o=
ug =i (-L, ) {el= %™ /(2m)1 + (== x***" [(2n + 1)1}
n=1
or

up = = xe™ + ) (-L, j]ﬂ{c[.,m'"] x* f(2n)'+ = x> f(2n + ]}!}

The approximant to the solution is ¢, _E:.-: u,. The exact boundary
conditions are:

U{xrb"}|c,u.,|-u =b,

u':x-}’}]c:u.,]-b =b,
are approximated by

mﬂ*l{x‘y}]':.[i,jisn =b,
d’m-nfxd’ﬂc,i;.ﬂ-s =b,

form=0.12,...8ince ¢, , =0, +u,., we have

uﬂl:x‘}r}|c|l!.-?'m'ﬂ = bl unix‘}l}lczlh??'n = b!
=)

Cylan,ylmi

U-.[x-}’}|c‘r,,_,'_..n =0 “1[ :

um[x"y}|ﬂgr1.v -0 = 0 U'{I,}"}ICI fayj=d = 0
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The interior contour or boundary is given as C,(x,y}=0 so that x=§(y).
The exterior boundary C,(x,y)=0 sothat x=&,(y).” These can be
approximated by &,®'(y) and &!™(y). If we wish for a particular model,
we can consider  lim &/ (y) — = so the exterior boundary —=e. Define
bi” =b, and b’ = b, and

m ___m {g-'”h"} 1V elmen ”“i(}rj o= lﬂ ]I
by = :Z Jl o (-L,) Cleei(y) + [2]””,'[ Jc J}
m) ___m ’ .';:n'[z""J m-n ; I{"r} m o) 1
b =2, Sy (L ,) () + ——-”,{ v )}

50 WE Ccan wrile
Cf:lm:l +§, C{lmi = |:"lm
CE;‘:I +§2 Ctlm] =b[,_m

1 &) (ci= bi™
[1 rsj'(ca“*):[b‘:‘]

Ctnr ézh = ol bm

or

us

& -4
gl_gl

THREE-DIMENSIONAL CASE:

We can generalize to R’ with two closed surfaces S,(x,y,z)=0 and
S,(x,v,z) =0 (or even to manifolds in R*) and simulate the solution u(x,y,z)
representing the model phenomena The Dirichlet conditions are

u{x“y‘z}lsa{u.ﬂ-ﬂ =b, for i=12

The simulants are ¢ [u] = u for sufficiently high-order m, i.e., lim o_ =u.

The boundary shape is subjected to decomposition and simulants are found for

" See implicit function theorem. Also see chapter on decomposition of algebraic equations [1].
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successive boundary approximations to higher and higher order. Thus o
satisfies the model equation and the boundary condition

Crm{xu }'rz}ls_u..f,:jrl:l = bi

fori=1,2form=1,2,3,... As we increase the dimensionality, we can use
the previous resulls by writing

Lu+L .u=0
where L, = d°/dx* and L,.=3°/dy® + 3°[/dz’. Then
Lu=-L u

LLu=L]L u

where y* = (y,z). Decomposition u = E:u u, vields

z u, = C,,[}":I+XC5{}"}— Ly'ﬁ. i u,

E=0 p=0

With double decomposition u= 3~ ¥~ u® and

o

Cly)= 3, cly)

Cy)= 3 cy)

o, - iﬂ ul®)

2 iﬁ u,? = ij Cyl(y' )+ xC®(y’)-L, I} iﬂ iﬂ ul®

50 that
uy = Cy(y")+ xC(y’)

u, =Cy(y')+xCY(y)=L, 1},
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u, = CP(y) +xCP(y) <L, L

C&”E}f )+xC™(y’)-L

We can write
_% | fm-q)
u, =, ul
o=l
_ - N (m-a
u=> u =9 > ul
m=0 m=0 @p=l
Then

b= 3 (L, e e i fan s )

QOur (m + 1) term approximants to the solution are

‘;a'nrl = i u,
n=1

@ =y,
=0+,

¢m¢1 = :ra'm + Un
The exact boundary conditions are
u[x-}"}ls,{u'}-n =bh,
U[X,, F*)lﬁ{af']lﬂ = bi

The approximate conditions are

cﬂ',{x,}"}ls,“_,-}.n =Db,

‘?m{x' }”}lsﬁt.:'hu = b:

for successive m but since @_,, = @, + Uy,

m+]

u_=C™ +xCl™ + i {—L,.}D{CL’“"] x* f(2n)1 + Cl== k=" f(2n + 1]!}




298 CHAFTER 13

uu (K, Y'}IS,,-U = bi
ul(x'}r’}l5=hﬂ =b,
form=0,1,2 3. . 85(x,y)=0 implies x=£(y’) and S,(x,y’)=0 im-

plies x = &£(y’). Hence x=£™(y’) and x=E"(y") are the approximate
explicit functions. Defining bl” = b, and bl" = b,.

b!m} - ] J_ﬁl {“_Lr.}ﬂ Cgm-n] . (izjiljr (_LF_}D CEE_H]}

1o 3 gin ? m{m-p ‘..E"luhl B omfm-n
o =3 (B e B )

so that
Cl;:,ml +‘§1. Cllnp - bllu':
ieldi Cy + &, ™ =pl™
vielding
LB - b"
Clcml — == — : 2
e
@] [m b
) _ b =D,
C, e
=z =

if we exclude the trivial case

DATY

c# g I lim S®(x.y,z)=S5(x.y.z). then

limo_[u]=u

el

The ideas used for the solution by decomposition of algebraic equations can
be used 10 obtain smooth expansions of piecewise-differentiable functions and
do so without Gibbs phenomena. Thus in our consideration of irregular
contours and surfaces, we can if necessary go farther and consider non-
smooth conours and surfaces as well. Physically, this means we can
approximate shapes of antificial devices. Mathematically, it means broadening
of the class of nonlinearities.

Consider. for example, the function formed on the domain 0 < x < 2 by wo
simple parabolas, one with vertex at x = (), y = 0 and one with vertex atx = 2,
v=0.eg, v=x"and y=(x-2)°. Write y(x)=P,(x) for 0 <x< 1 and
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y(x) = Py(x) for 1 < x < 2. Now y(x) is non-differentiable at (1,1). We will

show that an A, expansion can be carried out, i.e., the analytcity requirement

can be weakened. Write [y - P,(x)][y — P,(x)] = 0 considering P,(x) and P.(x)

as roots of a quadratic equation to be solved by decomposition. Of course, the

functions need not both be parabolas, or for that matter, other functions can be

used for either one with a discontinuity in the derivative at the intersection.
Consider the example

yix) = x? Dex< |l
yix)=x l€xges
or
(y-x¥(y-x)=0
The decomposiuon form of this quadratic equation iny is given as

yx) =2t —— Ay

I+x x(1+x) =

where the An{yl} are the A, polynomials for the function y*. The decom-
positon of y into components results in

x-’-

Yo = 1+x)
1 4
= A1y 20
FII.-I: Kf.l +x} :{F } n

=1

determining y = Z:n ¥, An n-term approximation @, = E:.,f"i is

o, =(x*/(1+ x]l](] +x(1+x)" + 253 /(1+ x)* +5x/(1+ x)° +)

The result can be written

y(x)=(x*/(1+x) Y km(x",i"(l + x)h']

m=0

if we define ko=1 and knpi= 3o Koo (ko=1 k=1, k=2,

ky =35, ks =14, ks = 42,... .) This result now represents the function of
interest; thus, it is analogous to a Fourier expansion. Note that the limit of y as
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X — o= is X, i.e., in the region ] < x < eo; the limit of y as x — 0 is x*. In [1] it
is shown that the smallest root of a quadratic (or higher degree polynomial) is
obtained first and we sec the smallest root values in 0 < x < ] are from the y =
x* section, while in the IS X < e region, the smallest root values are fromy =
x. The farther apart the roots are, the faster the convergence will be.

The second root of ¥* - fx+ x1}}’+ x’ =0 is obtained by dividing this by
the root already obtained, e.g., if we consider only ¢, a one-term approximant
of the first root or @, = x*[(1+x}, we have

[}F —(x+xy+ f}/{y— x 1+ x}}= 0

Thus, neglecting the remainder, the second root is y = (x+x* )~ x*[(1+x)
whose limit for small x is x and whose limit for large x is x*. If the first root is
f,(x), the second root is [y’ —(x+x)y+ xj]f[y-— f,(x)] or

y= (5 +x=)=(x' = 6 +x=1))/y =1

which is solvable by decomposition. We can now do numerical calculations to
see how well the result approximates the function of interest. We choose one
value of x in each region and one at the discontinuity. At x = 1/2, we must

have y = 1/4,ie., limgp, = E"" y, gives exactly those values.
[ e L1y

x=1/72 x=2 =1
= 1666667 @, = 1.3333333 gy = 3000000
o= .2037037 @ = 1.6296296 @.= 6250000
o= 2201646 @ = 17613169 o= 6875000
p,= 2293096 . = 1.8344764 P= 7265625
p= .2349998 @ = 1.879998 @, = 7539063
ps= .2387932 o = 19103456 g= 7744141
= 2414426 o = 1.9315408 = 79052174
o= .2433551] o, = 194682485 o= 8035194
= .2447734 @ = 1.0591975 po= 9145204
= .2458444 Q= 1.9667548 @0= 8238030
lim 6. = 1/4 Jim 9. =2 Jim g, = 1

1.6% error by @ 1.6% error by @,
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We note from observation of the values at x = | that the expansion in the A,
polynomials does not display the Gibbs phenomenon which we see in Fourier
series [2]. Instead, we get a blending effect at the point of discontinuity in the
derivative—an interesting application of the decomposition method.
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Functions, Appl. Math, Lett.. 2, (377-79) (1989).




CHAPTER 14

APPLICATIONS IN PHYSICS

Real problems of physics are generally nonlinear and often stochastic as
well, Linearity and determinism should be viewed as special cases only. The
general practices of linearization, perturbation, white noise, and quasi-
monochromatic approximations necessarily change the problems whose
solutions are desired, to be tractable by convenient mathematics. They are not
then identical to the physical solutions which we seek. The alternative of using
the decomposition method will be explored here as we consider examples of
problems of physics. These problems are often quite difficult because
nonlinearity and stochasticity are involved. Decomposition makes unnecessary
procedures such as closure approximations [1] and perturbation and white
noise processes in differential equations which involve stochastic process
parameters, inputs, or initial/boundary conditions. Decomposition also avoids
discretization and consequent intensive computer calculation and vields analvtic
expressions rather than tables of numbers. Thus guantitative solutions are
obtained for dynamical systems. (When the systems are stochastic as well, the
decomposition series involves stochastic terms from which siaustics can be
calculated.) The method applies to linear or nonlinear, ordinary or partial
differential equations and is useful for many algebraic, integral, and delay-
differential equations [2]. This chapter will outline procedures for typical
applications.

ANALYTICAL SOLUTION OF THE NAVIER-STOKES EQUATIONS:
The Navier-Stokes model” [1, 2] for an incompressible fluid of kinematic
viscosity v, and constant density pis given as :

[0/ +(T-V)i-uV'T+(l/p)Vp=F ueQx(0.T)
V.u=( Qx(0,T)
=0 dQ2x(0,T)

where U is a vector with components u, v, w.

" Thus reatmens differs from the carlier work presented in {2] in that pressure is dynamic
aliowing for large velocity and turbulence.

ioz
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We assume that the velocity T(x,y,z,t, @), the pressure, p(x,v,z,t, @), and
the external force, F are stochastic processes. In terms of velocity components
u, v, w, we write

(dufdt)=u(dufdx)+ v(du/dy)+w(du/dw) ‘
—u{{&zu{&xlﬁ{Er“ufay:]v{aluf:?z:]} (1)
+(/pNap/Ix)=F,

with similar equations for v (replacing F, by F, and dp/dx by dp/dy) and
for w (replacing F, by F, and dp/dy by dp/dz). We define an initial-
boundary problem by specifying initial conditions for u, v, w and for t > (),
specifying u, v, w, on the boundary.

Let's rewrite the system (1) in the equation above in the decomposition form.

Lu +N/(uv,w)=g
Lv +N1(U. V,W}:gz
Lw + Ny(u,v.w) =g,

We have some choice on the definition of nonlinear terms. Let's consider

L =(3/dt)-v(d*/ax*)-v(d*/dy*)-v(d*/az*)
=L +L +L, +L,

N, = u(du/dx)+v(du/dy)+w(du/dz)

N, =v(dv/dy)+w(dv/dz)+u(dv/dx)

N, =w(dw/dz)+u(dw/dx)+v(Iw/dy)

g =F, ~(Yp)dp/dx)
g, =F, '{UP}EJWQY]
g, =F,—(1/p)(dp/d2)

To complete the specification of g,, g, g; we must know the pressure
function. We can assume an initial pressure which will, of course, become a
function of x, v, 2, t as any disturbance occurs. However, we must determine
the functional dependence of pressure on the velocities u, v, w so that the g,,
€ .,2, are calculable.
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If we find the divergence of each term in the Navier-Stokes equation, the
Vp becomes V'p or I/pV’p depending on the definition used for p. The first
and third terms vanish from the divergence condition. The second term gives
us V(T -V)-u. Thus

Vip=V-F-V(u-V).1

1 2 2

= [du dv adw

L +L +LJp=V-E-| 28| -[Z¥] -|2¥

[boety s Lp [ax) [ay) [azj
dudv anau dw dv

) ———— ] —— ] ———

dydx dxdz dydz

Thus,

Svmbolizing the right side by f, solving for L,p and inverting the operator L,,

we have
p=A+Bx+Lf-L/Lp-L/Lp

Writing p = E:ﬂ p, and identifying
p,=A+Bx+L]f

we have fornz= 0} )
P,.. =-LiL,p, - LL.p,

and we can write an n-term approximation for p by ¢, = ZT_'; p, which con-
verges (o Z: o P Or p. (Similar equations can be written for L,p and L,p.)

We assumed an inital pressure which gives us the A in our equation for p,.
The coefficient B is zero since the disturbance vanishes as x — ==. We use this
p to find u. v, w. The resulting velocities are used in our equation for p, as a
function of velocities, to yield an improved p = p; + p, (which re-calculates p;,
because of the change in f). This is used to improve results for velocities u, v,
w. These calculations can proceed until we have sufficiently accurate results
for u, v, w, p. We have

Lu+Lu+Lu+Lu=g -N,
Lv+L,v+Lv+Lyv=g,-N,
Lw+Lw+Lw+Lw=g N,

from which
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Lu=g -N,-Lu-Lu-L,u
Liu=g -N,-Lu-Lu-L.u
Lu=g -N-Lu-Lu-L,u
Lu=g-N-Lu-Lu-Lu

Four similar equations can be written for v with g, and N, replaced by g; and
N. and also four equations for w using g, and N,,

It has been shown in Chapter 3 that when the boundary conditions are gen-
eral (when conditions on any one variable depend upon all the others) that to
solve for u, v, w, we can use any of the four operator equations depending on
the given conditions and integrations required. If we know inital conditions,
the equations involving the operator L,on the left side will be simplest since
only a single integration will be required. We can also solve the system as a
boundary-value problem using any of the equations involving L,, L, or L; on
the left side as discussed in Chapter 4. Hence, using the first equation of each
set above and operating with L;', we have

u=u(0)+L'g, —LN,-LJ(L, +L, +L,)u
v=v(0)+L'g, - L'N, —Lj‘(Lx +L, +L,)v
w=w(0)+ L'g, ~L{N, - L]'(L, +L, +L,)w

Now write the decompositons 1.::2:;J u.,,v=2:n v.,w=z:“ w,.
Also, write Ny, Ny, N; in terms of the A, polynomials and finally identify:

u, = u(0)+L'g,
vo=v(0)+Lg,
w, =w(0)+L'g,

The remaining components of u, v, w for n 2 0 can now be determined

g = =LA (N} -LY(L L, + L, )y,
Vo ==LIA (N }-LI(L, + L, +L,)v,
W, =LA {N,}-LJ(L, +L, +L,)w,

where the notation A_{} refers to the A, for the quantity in brackets. We now
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have a completely calculable system which, if we ignore stochasticity for the
moment, and approximate by

we have found u. v, w to n-term approximations.

In the stochastic case, the expressions for u, v, w are stochastic series, i.e.,
series containing stochastic processes which we must solve for first- and sec-
ond-order statistics, where each velocity component is replaced by a sum of a
deterministic component velocity and a stochastic component. We do this now
in spite of the fact that the equation obtained by replacing velocities with
stochastic processzs may noi be the correct siochastic model since the equation
was derived deterministically. An example of this is the problem of wave prop-
agation in a random medium where it is incorrect o simply replace the velocity
in the d'Alembertian operator with a stochastic quantity: i.e.. a stochastic
model must be derived which has the deterministic model as a limit rather than
using the deterministic mode! (0 obtain 2 stochastic model [3]. Thus, we must

obtain
(u) = {'ﬂ} { (u
()={vo)+ {‘r}-{*':}-"'
(o) = o)+ (o)~ ()=

remembering that g, ., g.. g, are stochastic, since F and p are stochastic
and the A, are stochastc,

The two-puint correlation for each velocity component u, v, w is obtained
by averaging the product of series for the velocily component at two space-
time points. 1f we consider, for example, fixed space position and tme scales
such that stavonanty can be assumed, the ergodic hypothesis may hold so tha
ensemble averages can be replaced with lime averages of observations.

Since nonlinear terms can contain both functions of a single variable, such as
f(u), and also functions of variables, such as {(u,v) and {(u,v.w), we have
listed these generahized A, in Chapter 3. We can use the A, {f(u,v}} since
N,. N, N; can be considered term by term. Now the coefficients in the

-‘.‘,_,.a
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generalized algorithm for f{u,v) will involve three quantities, the derivative is
%) and the summation is over y, v. Using the resulting gencralized A., we
obtain a general solution. Smooth solutions (to the incompressible problem
under consideration) do exist for short times and are continuously dependent
on the iniual data.

A basic guestion is whether the Navier-Stokes equations are an adequate
model for real turbulent fluids. The linear constitutive law used in the deriva-
tion means that derivatives of the velocity components u, v, w are necessarily
small. Secondly, stochasticity cannot be considered as an afterthought; it must
be considered in the iniual modelling. A more general model due to
Ladyzhenskaya has partially addressed this issue by allowing nonlinearity in
the constitutive law which leads to a global uniqueness for nonstationary three-
dimensional flow. A truly nonlinear stochastic model coupled with the decom-
position method of solution may resolve remaining difficulties.

SOME THOUGHTS ON THE ONSET OF TURBULENCE:

Consider first a very simple equation whose solution is trivial. Thus consider
dy/dx =(y- 1}1 which obviously is satisfied by y = 1. Now consider the ef-
fect of a 1% change in a parameter by writing dy/dx = (y —1)° + .01** This
now yields apcri-:idic solution y =1+ 0.1tan(x/10) which has vertical asymp-
totes at (2k + 1)5, k=0,x1,£2,....

Now, let’s make a 1% change in the initial condition, or ¥(0) = 1.01. We
now have a hyperbola y=1-1/(x—100)""" and only one vertical asymptote
at x= 100. Thus the effect in a nonlinear equation of even very small changes
in inputs or parameters can result in large effects on the solution.

Suppose now that very small fluctuations are present in the input and pa-
rameter because of small inherent randomness, Then the solution could change
randomly between the possibilities above and appears very complex indeed.

Now considering the Navier-Stokes system with its nonlinear terms where
there could be small fluctuations in density, pressure, viscosity, and velocities,
itis clear that we can expect similar effects and a “chaotic-looking” or turbulent
case.

The nonlinear terms cause small fluctuations to become large fluctuations

™ We have considered y* =(y—1)+a with a > 0. If a < 0, solution varies between two

horizontal asymptotes with inflection point at (0,1). The asymptotes coincide if a = 0.
The solution ¥y = | is a singular solution not derivable from the general solution,

***If y = 0.99, the asymptote moves to x = — 100,
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while friction terms tend to remove differences in velocities. The Reynolds
number is a measure of the ratio of nonlinear terms to frictional terms, so it is
reasonable that if the number becomes large, the tendency to turbulence in-
creases. However, factors such as smoothness of boundaries and the magni-
tude of initial fluctuations also influence the resulting flow.

In the simple deterministic case, consider one nonlinear term udu/dx di-
vided by a molecular friction term v@*u/dx*. If uand du/dx are assumed to
be of the order U, and L is a typical distance over which the velocity varies
by U, the ratio is of the order (U*/L)/{v-U*/L}=U-L/v or the Reynolds
number. In the general case, if we have a fluctuation in v or v we can see that
large changes can occur in the tendency to turbulent behavior.

The best way, apparently, to determine when turbulence starts is to solve the
stochastic Navier-5tokes system as we have outlined and study the behavior as
a function of the parameters of the flow. A comparison of a deterministic solu-
tion and & siochastic solution with varying conditions should illuminaie the
problem of the onset of trbulence. Suppose we consider flow in a flat chan-
nel as an idealization of a pipe in a plane. We have

X

VITIINIIIIIA

- TTTTTIITIIT

Replace x by %/ fto make the half-width unity and assume ¢p/dx =0, Write

Lu=v(d"/dx" Ju-u(d/dx

u=L'v(d/ox*)Y u, - L i A,

a={ a=0

where the A, polynomials are generated for the nonlinear term. Then

u, = u(0)+tu’(0)
u,., =L'v(efaxju, — LA,
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fornz=0. If v is constant and u, is deterministic, u is deterministic. If u, has
a random component, this component will cause new terms to keep appearing
because of the expressions on the right side of the equation for u,,, for anyn >
(), especially from the term involving A,. This is obvious by inspection of the
A, for increasing n. The effect of physically unrealistic change in the solution
by a linearization is also clear. Consequently, as a result of any randomness
and the nonlinearity, the flow is radically altered— the effect increasing as the
fluctuation becomes larger. Random boundary conditions resulting from
roughness in the walls will have the same effect.

The general problem may have random initial/boundary conditions. p is
generally taken as a constant and set equal to unity; however, compressibility
becomes a factor with increasing depth and p may not only be a function of z
but random in turbulent conditons.

THE VAN DER POL EQUATION:

u”+au + fu+yuu =gt)

u(0)=c,
w'(0)=c,
Let
L=d*/dt
L'()=], [ ()dtat
gn)=2, gt
Lu=¢g(t)— a(d/dt)u= fu-vu'u’
u=u,-L'a(d/dt)u-L"fu-L'vuu’
with

4y = u(0) + t’(0) + Lg(t) = u(0) + w'(0) + 3 g, /{n +1)(n+2)

o=l

Let '|.1=z:i‘_n u_, u’u1=z:_ﬁ A . The A, can be found from




g CHAPTER 14

Since we have w,, all the following components are determined from
u, = -L"£Iu:n_. -L l,ﬁ u__, - L"jf AL,

The approximants to the solution are given by

¢ =u,
¢mt! = ¢m + um
Jim 6, =u

The A, are

s
ﬁ,:, = U,y

A, = ulu) + 2uju,u,

A, = uju + 2ulugu, + uju + 2ufuu,

A, = ujul + 2ufugu, + uu? + 2ujuu,
+2ugu,u, + 2ugugu,

A, =ulu; + 2uluu, + uly] + 2ubuu,
+2ujuu, = 2ulugu, + ujui + 2uju,u,
+2ugu,u,

Ag=u; + 2uju,u, +uiu + 2uiuu,
+2uluu, + 2ulugu, + vl + 2uluy,
+Jujuu, + 2uju.u, + 2uiu ., + 2uiuu.

Ay =uju; + 2uuu, + uju; - 2ujuu.
+2ulu,u, + 2ujuu, +ulul + 2uluu,
+2ulugu, + 2uu,u,y + 2uuu, = 2uluu,

+upu; + 2uju,u, + 2ugu,u, + 2ugugu,

NOTE: This is done by writing u’u” = Nu= N, N,, writing E E, foru’
and F_ C, for v’ and considering the possible producis, e.g.,
A.=B.C.-B,C,+..+B,C, +B.C,. (See Chapter 2.)

Given the A_, the uy, can be calculated and rearranged in ascending powers
of t {see Appendix 1I) 1o get solutions to any required answer. The same

procedure as with the Duffing equation can be used to write u= E c,l

o=l W

o

and calculawe the c,. However, we can get a guick approximation as in the
following example.
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EXAMPLE: u”+u’+u+u'u’=-sint—(sint)(cos’t)

with u(0)=1and u’(0) = 0. Approximating sin t by tand costby I - t*/2, we
find L'g doesn’t contribute, u, =1, u, =—t*/2, so ¢, =1-1°/2 which we
recognize as a two-term approximant of u = cos t and we can verify by
showing that it satisfies the equation and the given conditions.

BURGER'S EQUATION:
The equation is v, +uu, = vu_ forx=0 and t 20 where necessary condi-

tions must, of course, be given. We write

Lu=vl_u-uu,

L'I.[_Ef 0)=1(x)
with L, = 9/t and L, =%/ ax. Operating with L = [()dt, we have
u=u(t=0)+L'vL, u-L"uu,
o

We identify u(t 3 0) = f(x) as the u, term of the decomposition u = 2

and write the nonlinearity uu, as Zn_ o A where

Ag =U,uy

Ay =uguj +uug

A, =u,up +uul +ugu;

A, =u,ug +u,u] +uul +uu;

A, =Uup + U, U U U
Now the components after u, are given by

=L'vL u__ -L'A

and we can write the m-term approximant which converges rapidly to the cor-
rect solution §_ = E::: u,. Since either of the possible operator equations for
Lu and L_u can yield the solution in the general case where the conditions for
t = () depend on x and the conditions on x depend on t, it is no longer nec-
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essary to use both operator equations as in earlier work. (When the conditions
are not general in this way, we have asymptotic equality.) Integrations for a
difficult f(x) can be made trivial by writing f(x) in series form and carrying a
limited number of terms. If we use the Lu equation, u; = A + Bx where the
A, B are evaluated from the boundary conditions and we note that L7} repre-
sents a two-fold indefinite integration. If we have a non-zero u(x, t = 0) = f(x),
the problem is simply solved. If f(x) = (), we must use the L ,u equation.

KURAMOTO-SIVASHINSKY EQUATION:
The K-S equation is given as

u, +uu, +pu, + o, =0
In the operator notation of the decomposition method, this is

Lu+Lu+Ru+Nu=0

where
L, = dldt
L, = va'/ax*
Ru= uou/adx’

Nu=u{d/ox)u

This equation describes problems in fluid motion, fluctuations in the position
of a flame front and oscillating chemical reactions. There are a number of
possibilities dependent on the stated conditions. Suppose we know that u(x.0)
= fi(x) explicitly. Then we write

Lu=-Ru-L u-Nu
and define L7 =_[I; (-)dt. Now
L' Lu=-Lu(¢ /ax* Ju-L] v(¢*/ax* Ju=L. u(d/ax)u

Substituting u= z:ﬂ u,, Nus= Z:D A where the A, are generated for
u(d/@x Ju or un’. These are found as
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A, =u,u;
A, =ugu; +uu,

. ¢ L
A, =uyu; +uuy +u,ug

— roL ¥ s ¥
A =ugu; +Fuu U

In the decomposiuon of u into E:n we identify u, = f(x). Then from

u=f(x)-L; p(a*/ax’) E u, =L} v{&‘.f&x‘}iun -L ie‘h

we have
U-r, = ﬂ:x]

u,,, =-L'p(d*1ax Ju, =L (& fax* Ju, -L A,

for n = 0 so all components are calculable. We compute ¢, = Z:. u, as an n-

term approximant to the solution u = Z:ﬂ u,. The results are sufficient for a
complete solution if f(x) is continuous and n-times differentiable or may be ap-
propriately transformed by Fourier series. Now ¢, must satisfy the equation
to nth approximation and exactly as n — ==, Of course, a numerical result de-
pends on an explicit f(x).

Given boundary conditions on X, such as:

u(x=¢&,t)=b,
u(x=¢&,.t)=b

u{x-é,, } 1
u(x = &,t)=b,

we can also solve Lyu which will require four-fold (indefinite) integrations.
Then

L';{-}=in cu{t]x“/n! + (W) [[()ax dx dx ax

(If v is a function of x, it must, of course, be inside the integration.) We write
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u=cy(t)+c,(tx +c,(Ux* [2+c,(1)x° /6
~L(1/vXa/dtju—-15(1/v)Ru-13(1/v)Nu

where I,()= [(-)dx. By decomposition

u=u, - I:{l;’v}[ﬂf&t}i u,

-lj{ﬂm[ﬁm;é u]} - zfngv}:Eu A,

Now
U, =Cp+Cx—Cx* [2+¢,x° /6

u,., = =TI/ v) (@1 atu, - L{(L/ v){(ud /1 ax Ju, }- Ti(1/ V)A,

Since this is a nonlinear equation, we must evaluate the coefficients for each
approximant @, for each m = 1,2... . Alternatively, we can use double
decomposition. In this case we wrile

b .
u, = E uLn:l
==l
u, = ‘;: ul™

H
-

A, = )i Al
==

¢ ()= i ™) i=0,1.2,3

e

,
u=uf=y c["“{t}x“/k!
Eml

u, = i an](qxt/kg_]:[ifu){&,ﬂ’é’t}um_.

k=0

~I (v pd* fox* ju,  —Ti(1IVIA,_,
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Matching the solution approximants at the boundaries determines the
components of the integration constants as discussed in Chapters 3 and 4.

THE LANE-EMDEN EQUATION:

This is one of the basic equations in the theory of stellar structure in
astrophysics and was recently solved by N.T. Shawagfeh [4] using the
decomposition method. Itis given by

r EzT[HT] +AT®=0
dr-

where m is particularly of interest in the range from 0 to 5 with the conditions

T(0)=1 and [dT/dr]_,=0

‘What was needed was an approximation which did not require 4 to be small.
Such a non-perturbative solution follows. First, the dependent and
independent variables are transformed™ using 6= £ T and & = 1"°r to obtain
azﬁ — [=m @
i
8(0)=0
de
I3

g=0 =1
which is written as
LE=_§I—EHE

where L = d*/d& and L™ is a two-fold integration with respect to §. Now

92 an - L-!gt-man

where 8, = £(0)+£d6/dS

where

¢.0 =§. The nonlinearity is f(8)=6" = E:u A,

* This step is eliminated and results generalized in work to be published.
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Ay = f{'gn]

A= ﬂ:f’{ﬂn}

A= ﬁlfr{eﬂ } +6; f 2 f”{au }

A, =6,{(6,)+6,6,"(6,) + 6] /311" (6,)

Now 6= " 6, where

i

6, =
Eu-r! = _L-Igh‘nhn

for n > (. € can now be written as a series in the form

=4

8=E,+c & +c,8

where the ¢’s are determined as follows:

=-1/3!
¢, = m/5!
(1 f?‘}l 8m’ ~ 5m ]
3
Finally, since 8=:T, T=c¢, " +c.2* +¢,£% +-.-. An accurate and easily

computed solution is obtained with seven terms.

NONLINEAR TRANSPORT IN MOVING FLUIDS:

A new approach to time-dependent spread of contaminants in moving fluids
is provided by decomposition which is easily extended 10 nonlinear and
stochastic partial differential equations as well. First we consider

The one-dimensional advection eguation:

duldt+adul/dx=0 O0<t<T, 0x<1, >0
u(x.0)=f(x)
u(0,t)= g(t)

By decomposition and using the partial solution for L, we have
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v=u(x.0)- L a(dfdx) i u,

where
— = _I — ! ¥
L, =dfdt L —L (-)de

u=

[~

u u(x,0) = f(x)

=1

is identified as u,, and f(x) is assumed differentiable as necessary. Then

u, = f(x)
u, =-a L7(d/dx) f(x)=-atf(x)
uy = (™t 1 2!) £(x)

u, = (=1)*(et*/n!) £ (x)

s0 that
u=:2ﬂ (-1 (et /n 1)) (x)
and
e = 2 (D (/)0 2

is an (m + I)-term approximation to u, satisfying the equation and the
condition at t = 0 using the t-dimension “partial solution”.
The x-dimension partial solution is derived by

adul/dx=-dufdt

Lu=-a"(d/dt) z u,

u=u(0,t)—a™'L}(d/at) Y u,

T
o=l

Consequently,
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u, = g(t)
u, = —! L;'(&f&t}uu =—g'x g-’{[]
=a” {xlﬁﬂgm[‘)

(3)

O =2, (=1)" @™(x*/21)g™ (1)

nai)

Either the t equation or the x equation represent the solution under general
condidons.

ADVECTION-DIFFUSION EQUATION:
Let &(x.y,z,t) represent concentration. Let the fluid velocity be u with

components u, v, w in R’ and assume an incompressible fluid
dElgt+u-VE=DVE

where D 1s the diffusion constant (which is a constant for a particular fluid or
contaminant, temperature and pressure), &(,y.2.0) is a given initial condition
and various boundary conditions are possible, e.g., £ — 0 as x, v,z ===, or
£(t) is specified on a boundary I' , or, we have a preassigned flux at ', We
have
dijot=D{F Elox*+F oy + nﬁj'&‘z"’}
—ugifox—val/dy—wdildz

{4

By decomposition , using L, = d/dt and L™ =_Lr ()dt

= o

£=E(t=0)+ DL afax}io £, - DL;(8 ﬂ’ar}Z

e

~DL}( a*xaz’}za L'u(@/9x) Y, &,

o= =g

_Ljv{a;aﬂi £ v-L‘.’WEafaI]'i %

o= &(t=0)=f(xy.z)
=DL V' E_-L'u VE,

JY g
1]
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for m = 0. Now all components are determined and we can write
M=l N . . . -
du(€)= Z £_ as an approximation to & , improving as N increases.

m =

If we have turbulent motion of the fluid, we can have random fluctuations of
the concentration and hydrodypamical variables; hence statistical description

becomes necessary. (<) becomes a series of stochastic terms and we form

{0,(&)) to get the expectation as a function of average velocity components.
The customary treatments of turbulent motion lead to a lack of closure and
concomitant assumptions which are avoided by using decomposition. Thus, in

the above method, u,v,w, and & are replaced by their corresponding steady-
stale values plus quantities representing fluctuations from the steady-states.

Thus £=E+&', u=u+u, v=v+Vv, w=w+w'. Statistical averaging
causes terms such as

DVHE) (@fatfE)
w(ofaxKE) (w)@rox)s

etc, to vanish, We then have

(3/3t)E + u(3/ax)E + v(a/ay)E + w(a/az)E

=DV E-u'(9/9x)E’ - v(0/ay)E’ - w(9/az)E’

The last three correlation terms involve correlations of velocities and concen-
tration which are unknown. Then the procedure is to let u; for i =1, 2, 3 de-
note u,v,w, and X; for j = 1, 2, 3 represent x,y,z and to write terms as being
proportional to a mean gradient of the concentration in terms of a “turbulent
diffusion tensor” —K,-j(xj,t)&‘é I dx;. To clarify the difficulty, consider the
operator format Lu + Ru=gor u=L"g—-L"Ru. If we average we have
{u) =L"'(g) - L""(Ru). We can think of g as an input to a system containing
R. The output u can be statistically independent of g but not of R. To achieve
closure, one must approximate. By decomposition one writes

u=L"g-L"RY u,=L"g-L'RL'g+L'RL'RL'g -

=i

Averaging is no problem since g is statistically independent of B. We have
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(u)=L"(g)- L"(R)L"'(g) + (RL'R){g) -

NONLINEAR TRANSPORT:
Let's consider the equation LE + R + N& = g where

L=dl/dl
Né=1(¢)
R=u-V-DV*

Let =Y £ and N§=Y" A, Then

(=Lg-L'RY &-L'F A,
a=0 o=l

where
o=L'g

-1 = 1!
= T R;n. Li Jﬁ'm

afre e

=+

] . - = .
for m 2 0. Then @,.,=) " & which convergesto £=), & . Further

peneralizations are straightforward. We can, for example, consider Fu= g

where
Fu=Lu+Lu+Lu+Lu+Ru+Nu=g¢g

and solve for Lou, L u, L u, or L,u which would simply treat the other op-

erator terms 2s the remainder operator R and would require the appropriate
given boundary conditions.

The case of stochastic g or stochastic processes in the R term leads to a
stochastic O which can be averaged or from which expectations and covari-
ances can bz found. The solutions are verifiable by checking that the original
equation and the given conditions are satisfied.

Since the concern here is solution of physical systems, inputs and conditions
are assumed 1o be bounded. If the model equation and the conditions are
physically correct and consistent, a solution is obtained which 1s unigue and
accurate. If numerical results are calculated, one sees the approach 10 a stable
solution for the desired number of decimal places. If conditions on one vari-
able are better known than the others, we consider the corresponding equation
which can vield the solution most accurately.
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THE KDV EQUATION:
The equation is u, + @uu, + Su,_, = 0. In decomposition form, we wrilz

Lu=-auu, -fu,,

where uix.r = () = f{x) is given. This equation was previously solved (2] also
using the operator equation
Lu==0"u, —af uu,

where L =5°/dx’. This was done to ensure use of all the appropriate ini-
tial/boundary conditions. However, in Chapter 3 we saw that the solutions
from each of the operator equations—called “partial solutions”—are actually
the solution and identical in the general case when the t conditions depend on
X, as above, and the x conditons depend on t. Therefore, we can simply use
one or the other saving considerable computation. Since solving the Lu equa-

tion involves a single integration and the L,u equation involves three integra-
tions, the optimal procedure is clear. We proceed by application of the L'

which is a simple definite integration from 0 to t Thus

u=u(t=0)-aL'uu, - BL;'(8*/ax*Ju
Identifying u(t = 0) as u, in the decomposition u =z:|:| u, and writing the
nonlinear term uu, as 3 A, {uu, } we have:

u=u,—aL; i A,-B Lj’(&’f&x’}i u,

a=d =0
if & and [ are constants.We can now write the decomposition components
u, =f(x)
u, =-a LA, - BL7(0°/9x* Ju,
u,=-a LA, - L7 (5'3f:911}u,
u, =—a LJ'A__, - BL(F/axu,_,

Indicating u, as u’, we can write the A_ for uu” as:




322 CHAPTER |4

r
Ay =,y
— ¥ "
A, =ugup + U,uy
- - ¥ r
A, =uyu) +uu; +u,ug

| r LY o
A =uul +--+uug

m-1

We can now write the m-term approximant to the solution as ¢, =
which converges to u,

el un

THE NOKLINEAR KLEIN-GORDON EQUATION:

u, = Vu-f(u)=0

Now L, = d°/dt* and L' is a two-fold definite integration from 0 to t and we
can write

Lu=Vu+i(u)

u=A+Bt+L] Viu+L'f(u)
Then.

u, = A + Bt

u, = L'V u, + LA {f(u)}
u, = L'Vu, + LA {f(u)}

u, -L L'V, + L:’ﬁm_,{f(u}}

Thus, with specification of the explicit function f(u) and the conditions on t as-
suming dependence on x, v, z, we can calculate ¢, . We can use one of the
other possible operator equations if the appropriate conditions on x. v. or z are
better known and do not give a vanishing u, term. If a forcing functon g is
also present, the u, term becomes u, = A+ Bt+L'g.

NONLINEAR HEAT EQUAT[UN:
cpu, = [l‘;{uju,}l

With L, = ¢/dt and L;' as integrations from 0 to t
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Lu =—-Iuai[k{u] (d/dx)u ]

u=u(t=0)+ EL’: %[k{u]%u}

We need to know u(t = 0) which we identify as u, in the decomposition, and

also need the function k(u) for the specific model being studied. For illustra-
tion, we use k(u) = | + u which gives us a nonlinear term uu, or uu’. Now

Ay = Ul
A, =ugun +u,uy
Ay = I.I,_-,I.I; +u,uy + u,ug

A, =ugul +-+u Uy
i
u, _LL"[; ~u ax ﬁuuj|

) 2 2
u = L [:}'x —A,}

Now

and ¢_ = E: u,.
RANDOM NONLINEAR HEAT EQUATION:

We can write using L, = d/dt,

_ad du
Lu= &x[k[u]ax]+g
and assuming
k(u)=1+a(L@)u

d du
Lu=—|(1 —
u 3x|:( +cxu}axj|+g
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u, =u(x,0)+L'g
u -L"iu +i au i'|.1
| |ax? 0 t?‘.& ﬂlax ]

For either random g or random &, for stationary or nonstationary cases, <u >
is found by writing out the series and taking term by term expectations without
closure approximation or perturbation, If g is random,

<y, >=u(x,0)+L' <g>
L 9 o 0 d
{u,}:LL1F{uﬂ>+L11-—€a>-¢ uu}a—-iuo}

ax

where we note that the input of g would not be correlated with &, which is a
system parameter. If @ is random,

2
c:u.|>=L;’a—.ua-:L"a—€—[-f.cz>{un>

dx* ' dx ax

2.
J
SINE-GORDON EQUATION:
dufdt dx=sinu

Letting L, = d/dtandL,u=u, =v’,

Lu'=sinu

v =u(0)+Lsinu=u’(0)+ L i A, {sin u}

mmfd

u(0)=u, if u’=E u,

B=0

u, = Ju’[{}}dx =u(0)
u =LA,
v = [(L7A)dx =17 LYA,

Thus the svstem is calculable using the A, for sin
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A, =sinu,
A, =u, Cosu,
A, ==(uf/2)sin u, +u, cos u,

Aj = —{u:iﬁ}ms u, = u,u, sin Uy + u, Cos U,

SCHRODINGER EQUATION WITH QUARTIC POTENTIAL:

h? dzw 1
g 3V TEY

describes the case of a particle in a quartic potenual V(x)=(1/2)ax". It can be
written
dw/d’ +ax*y+By=0

If L=d"/dx’, L= [[()axox,

Ly+ax'yv+By=0
Y= "P-L"{ax'-{-ﬁ}w
Thus -
Vo=@

where @ satsfies the conditions. Then forn> 0
l#‘lrs-inl = _L':{ax‘ +ﬁ}wn
W= Z::: v, is the solution.

A LINEAR EXAMPLE:
d*u fdx* - kxPu=g
u(l)=u(-1)=0

We have, using decomposition,

Lu=g+kx"u
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Assume g is a constant. Then u=¢, +¢,x + gx*/2+ L™ kx"u is decomposed
into

U, =c¢,+c,x+gx'/[2

U, =L k'y,  (m20)

Sinceu= Z:_n

I3

(L7 kx?)

{:r: kx? )" c++z (L") e,

m=0

a
[
=

i
s

¢

L

+E (L L'Jr.“] gx’/

m={

We can write the result in the form

u=c,a(x) + c:B(x) + 7(x)

where

aix)= i k®x™"** f(mp + 2m—1)(mp + 2m)

m=l

B(x)= i k®x™ " f(mp +2m)(mp + 2m + 1)

=={

y(x) = i (1/2)gk®x™" " [(mp+2m+1)(mp + 2m = 2}

We can use the conditions u(1) = u(-1) = 0 to evaluate ¢, and c..

c,a(l)+ (1) + 7(l) =
ca(-1)+cf(-1)+7(-1)=0
_ Bn=1)- A=)
L a(B(-1)-B(1)a(-1)
o - =Dy A=Y
T ap(-1)-a-1)

(The case g = 2. k = 40, p = 1 was verified to se ven-digit accuracy.)

s0 that
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NONLINEAR SCHRODINGER EQUATION:

iu, + 2ufuf +u,, =0
can be written
iLu+Nu+Lu=0

where L, = /a1, L, =3"/dx*, and Nu=2uju|’. We can solve either for the
L, operator or the L, operator. If we solve for L,u, we get immediately
u=1u(x,0)+iL;'Nu+iL;'L,u
u, = u(x,0)
u, =iL'A, +iL7'L,u,
u, =il'A, +il]'L,u,

u,,, =iL'A_+iL;'L,u,

and ¢, = E: U, as an n-lerm approximation converging 1o u. If we solve for
L,u, we have

u=u,—iLl]Lu-LNu

u,=a+fx

Voot = _ij"_l.l L:un - L-IIAH

forn = 0. The given conditions determine «, . If instead of a finite interval
we have a limit such as u— () as x — ==, then we set :Iimu= 0 and find the

limit of the series.
TIME-DEPENDENT GENERALIZATION OF THE YUKAWA-COUPLED
KLEIN-GORDON SCHRODINGER EQUATION:
VIV -3'V/ar -V +|yf =0
ViV+idy/dt+Vy=0
The equations involve operalors in x,y, z and t. Our specific solution depends

on the given initial/boundary conditions. Considering the equation for V, and
assuming conditions on t are given, '
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LV=V V=Vl
V, = A+Bt
Vo =LV, =LV, + LA, {uf |

The A and B must satisfy given conditions, whether initial or boundary or limit
conditions at infinity. The ¥ equation, now using L = d/d't, results in

%‘it’-=ivw+i?1v
Vo= w(xy,zt=0)

W, =il VIV, + il A [V

To solve the system we find (w,,V,), then (w,,V,), then (y,.V.). elc.
Difficult integrations will arise because of difficult initial conditions for which
solution is desired. This problem essentially vanishes by approximation of
these functions by a few (erms of an equivalent series, e.g., a Maclaurin se-
ries, or decomposition of the functions to arrive at elementary integrations.

THE N-BODY PROBLEM:

The problem of the interaction of N bodies is important in many connections
and for manv force laws which can involve attraction or repulsion, or even
collisions. The problem is soluble by decomposition because the nonlinearity
can be represented by the generalized polynomials (Chapter 3) which can be
calculated. Here. we will consider N-body dynamics in a gravitational field.
Assume a system of N point masses m where i = 2,3,..N, with positions
specified by vectors T, from a chosen origin. The distance between m; and m;
will be denoted by T, =iﬁ - i*51=[(1"i =-1)- (T, *f,.}]m where the multiplication
indicates & scalar product.

The trivial one-body case is described simply by m, f,' ={ with initial
condiuons

T 5“:’} =5

(0)=v,

Two BODIES:
For two bodies in a gravitational field, we have two coupled equations
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" m, m, _
m,;f, =-0 |_ ]! A
1.2
m,i. =-Giihg
.
with initial condiuons
5(0)=7, 5(0)=p;
T (0)=7 i, (0)=7,

2 - . .
noting that 1‘*1_34’|f,L,|J=r|I=II:‘*1_:] where 1,, is the unit vector. We can for

example, let one mass be a sufficiently large, say M, to be assumed as a fixed
origin, then find the motion of the small mass m. Or, the origin can be the
observer on earth considering the effect of the sun on the moon. Or, finally,
the origin can be in a rocket traveling through the solar system.

THREE BODIES:

For three bodies, we have:
m, flu = 'GE_IE;LF:,E -G = I'I: 1-'11
|1'! :] ]fI:J
m,f, = fi;, G—f_i—l;-’-ru
m,f =-GLElE, - GIIR g,
lf:n B2 l

with initial conditions:
L0=5  L0=5 50)=5
TO=V, RO=7 §0)=7
FOUR BODIES:

We now have four coupled equations and the corresponding initial
conditions to consider.
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" m, M _ mm r ITII.'I] _
m,§ =-G—=%7 Jun S 2 P
[l Ifsl
" Glam. _ oM, m,,_
m,i, =-G

m
—%, - -Gl Y,
Bl TR TORS
m3?3”=‘ LoLl —G—’—;l = m“
l’ |] l F‘i 4]
m-l.-fd.u =-G T T = G#I—:.z - ML
Fa f Foo|
with initial conditions with T(0)=5,and f (0)=7, withi=12,3,4.
GENERALIZING TO N-BODY DYNAMICS:
In a gravitational field, we first simplify notation by writing

FE.0)=@ ~IE ~1)-( - 1)

which is a convenient form for use of the generalized A, for f(u,v) discussed
in Chapter 3. The indicated multiplication is a scalar product. Hence for s
bodies.

=-Gm,Y m f(.F)
1=l

Let L=d*/dt’ to write the left side as m LT, and apply L™, a two-fold
b Pl
definite integration from 0 o t, i.e., LL{-}dtdt. to both sides. Also let
=3 Rlandf=3 7
n=0 o

We can identify T,” as the solution of LT" =0, or,

-r-r;j:] = f'ﬁ‘-.‘-{t = u} -+ -LT'J:] U_ = ﬂ}= 2 =+ v,
Analogously,
=P+ 17,
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The first decomposition component is determined and the following
components are calculable from

£ =L GZ m, A, {1(7, )}
£

g =-L" GE o A!{fﬁi’fi}}
=k
jE1

Thus n = 0, for
) =-L GZ m, A, {f(F,5)}

1=l
=i

so all components are calculable by determining the A, using the methods of
Chapter 3. For convenience, the necessary quantities are listed.

The A, for u™ are;
Ay =u"
A - _mu—{mﬁ} u!

{m+1) u'l - mua{m'r'lll

Ay =(1/2)m(m + Lju,
A, ==(1/6)m(m + 1)(m + Du;™V o’

+m(m+ Duy M u u, - mu;™ "y,

u.

The A, for f(u,v) are given by

A= 3 clpmvin)f,

M

where
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ay:nn

f#.v & a{ f{un !vn }
Ay =1,
A= ulfm +Vlfo.1

2
u
A= uzft.n + Vzin_t + 'Eirfi.n
]
W
+u v £, *jfu,:
Ay=uf,+vfy, +uu,f,

+[u, v, +uyv, ] £+ Vivafys

3 1

LU u;
3 Zhetor o £,
. 3
+Luf M £,

2! 3

For scalar problems, f(r)=r"= Z::. A,

A,=1,°
A =-211
=3r“"r,: 5
A, -4r ﬁr rn-"rﬂ T

>

—I,‘_I.': Al
=00 L —AG I

A, =-105"r +125;° 1,1, - 371,

For the nonlinearity f(r,,1;) we define the necessary polynomials by Al

ie.,
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j33

Since

-3 R

"'“
"II

i@ -1)=G-D[G-5) @ -5)]
= E(E.5)h(E.D)

We can now write

so that

E{?i.ff:':{fl _Tjj=z Qi..]."

awil

which can be rewritten as

a”]} Z E:F.L'l b”ﬂ

m=0

We can decompose the T, and T; thus:

Then

el

[
A
-

2]
[
=]

T
Il

(agk

Cy.

i
=

Err*[j} {ri_rj} Z{-[ﬂ ~m Z =(Lj)

hﬁ.,fj:n=z pi»

o=l

ﬂ

Since the h function is a nonlinear function of two variables, we can write it in
terms of the generalized polynomials A, {f(u,v)} in Chapter 3 (and also in ref-

erence [4]). Thus

e F h(, 2
pitd = (1) : v
s “EI ¢ (i vm) a* féi} J *]_éﬂ
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Thus we have a system of N coupled nonlinear second-order equations, or
Volterra integral equations when the L' operator is applied, which are solv-
able by the decomposition method since the nonlinearity, though difficult, can
be expresséd by methods of Chapter 3 and reference [2]. Details for specific
special cases will appear in a forthcoming paper as they are programmed and
calculated.

NONLINEAR RELATIVISTIC PARTIAL DIFFERENTIAL EQUATIONS:
A class of nonlinear equations occuring in mathematical approaches to ele-
mentary particle theory [5] is given by

Vip-d'pldt’ =mip+go’ (m, g=>0)

The objective is to obtain a non-perturbative time-development of the field of
this and similar equations involving other nonlinear interactions, without the
use of cutoff functions or truncations. In decomposition form [2-5]

(L,~L,+L)p-Lp=m'p+gp’

where L, =" /dx*,L, =d"1dy’ L, =" /d2’,L =~3*/dt". The possi-
ble operator equations for parial solutions [ 4] are:

Lip=m'@+ge’'-(L,+L,-L,)o
Lp=m'g+ge’ —(L,+L,-L)g
Lo=m'p+gp’'-(L,+L -L)o
Lo=-m'p-gp +(L,+L, +L,)e

The solution @(x.y,z.1} will be approximated by the n-term decomposition
series @,
D, =Y (%Y. 2, 1)

m=0

We visualize a manifold in a four-dimensional coordinate system with x,y.z,1
axes. On the coordinate planes we have curves @(x), @{y).¢z), and (1) rep-
resenting intersection s of the ¢ “surface™ with the planes. We can stant from
any of these functions (i.e., the initial-boundary conditions) to generate
((x,y,z,1). We can begin with any one of these equations 1o yield the solution
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and in general all of the results are identical. (In special cases, they are

asymptotically equal.)

Suppose we consider the fourth equation. Then operating with L;' or the

two-fold definite integration from ( to t and identifying the initial term
o=p(t=0, x,y,2)+t(t=0, x,y,2)

we have
p=¢,+L'm'p-L"ge’ +L]'[L, + L +Llp

We now apply the decomposition

p=2 0,
LT L]
We can now determine all components of ¢, thus,
@, = —L:! mE% - L.:r gA, '*‘L:'[L; + L:r +L)p,
@, ==L m’p - L7 gA + L] (L, +L, +L,)g,

P =-Li mip, - L' gA_ +L(L +L +L,)o,
Now

is a convergent approximation to @ = 2:-:: @,, i.e., to the solution. Which of

the four equations we use depends on which initial/boundary conditions are
best known or measured. When the nonlinearity is of higher degree, e.g. in the

scalar reladvistic equation:

Vip-(3* 19t )o=mip+ge’

the same procedure applies with the appropriate A for ¢ for which rules are

given in [2].

TIME-DEPENDENT SCHRODINGER EQUATION IN CONFIGURATION

SPACE:
The equation is [6]




336 CHAPTER 14

1
- vy veren=-12F
Zm i ot
The vector T is the position vector of the particle referred 1o a convenient ori-
gin. We can introduce unit vectors along axes of rectangular (x,y,z) or spheri-
cal (r,8,¢) coordinates. In terms of rectangular Cartesian coordinates, the op-
erator V' =L, +L +L, where L, =d*/ox’, L, =d"/dy*, L=/’
Then
2m B‘P

[+l +L,J¥="2 > vy

Using decomposition, we can solve for any of the operators L,, L, L,, or
L, = d/dt as long as we know the appropriate conditions on x, y, z, or t The
inverse operators L7, L}, L' are two-fold indefinite integrations respectively
in x, v, z. The inverse L] is a single definite integration from zero 1o t
representing an initial condition problem for which W(1 = () is required. In the
other cases. we have boundary-value problems for which we need values of
¥ attwo values of x or y or z. Suppose we solve in terms of L, . then

L ¥= u%?+ﬂv~?+ L¥-LY

where & =2m/ik and p=2m/#*. Then we must operate on all terms with
L;. The left side becomes L' L ¥ =¥ — A — Bx. Rearranging, we have
¥=A+Bx-al]g/d1¥-BLV¥-L/[L,+L,J¥. Let ¥=3Y_ ¥
and identify ¥, as A +Bx. Then an n-term approximant to ¥ denoted by ¢,
will be

=1

Q.[¥]=3 ¥,

mal
which becomes ¥ in the limit as n — =, Because of rapid convergence, a
few terms are generally sufficient. (When this is not the case, one can use Padé

approximants or other acceleration techniques or the method of asymptotic
decomposition.) The decomposition components are
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¥, =A+Bx

¥ =al 29 - L VY, - L[L, +LJ%

¥, =L %q-r, -BLI VY, -L[L, +L,]¥,

¥, = oLy 2w, - pL V¥, - LI[L, +L, ¥,

and we can now write @ [¥]. For a particular potential, e.g. an isotropic
harmonic oscillator, V =1/2 m@*(x* +y* +2z*), we can now calculate the
solution. Ewvidently, we can also deal with nonlinear potential functions or
nonlinear Schridinger equations. The decomposition method is not restricted
to potentials varying slowly in a de Broglie wavelength.

The problem solution is complete when A and B are evaluated by matching
to the given conditions. This requires matching the ¢, to the boundary
conditions for each value of n as previously discussed.

Other interesting examples (Ginzburg-Landau equation, Euler equations for
inviscid flow, isentropic flow) as well as further results on Navier-Stokes
equations and on numerical computation will appear in future publications.
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APPENDIX 1

PADE AND SHANKS TRANSFORMS

PADE APPROXIMANTS:
The objective here is to find a solution in the large, i.e., in the range (0,<)

from the decomposition series which normally has a finite circle of conver-
gence for initial-value problems. The procedure is to seek a rational function
for the series. Given a function f(z) expanded in a Maclaurin series
f(z)= Z: , €,2°. we can use the coefficients of the series to represent the

function by a ratio of two polynomials

a,+az+--+a,2z"
b, +b:z+---+hnz"

symbolized by [L/M] and called the Padé approximant. The basic idea is 10
match the series coefficients as far as possible. Even though the series has a
finite region of convergence, we can obtain the limit of the function as x — =
ifL=M.

Notice that if we are satisfied with [1/1]. we will have

(a,+az)=(b,+bz)c,+cz+cz + .-.)

so that coefficients of z° are zero, ie.,

bye, + by, =0
Taking by= 1, we have
b, +c=0
Now consider [2/2] or

(ar+az+az)=(by+bz+bhzNy+cz+ e+’ + -..)
Clearly the coefficients of 2z’ are zero, so that we can write
bacy + bycs + bpey = 0

In general, we note that there are L + 1 independent coefficients in the

numerator and M + 1 coefficients in the denominator. To make the system

determinable, it is customary 1o let b, = |. We then have M independent
338
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coefficients in the denominator and L + M + 1 independent coefficients in all.
Mow the [L/M] approximant can fit the power series through orders
1,z,2%,...,2"™ with an error of O(z**"), For example, for

f{z}—I*%z+%z'+
we have
].+{l,"6}z 3
= =1 o
(1)= 1 = 2) +Of2)
Consequendy,

(2 + 2,2 + = +8,2") = (by + b,z + ... + byz™)(cy + iz +--.)
Equating coefficients of ', 2., 2™ in turn, we can write
DwmCLmet + DyiCosez + -+ + by =0
buc},mz + by Gy + o + Byl =0
hyF;. + By Gy + or +bpCy =0

Setting by = 1, we have M linear equations for the M coefficients in the denom-
inator.

Cr-met Cromez ""Co Dy - Crm
Cromsr Cromes "Coyy Byt _ | €L
c Cy *CL e h1 Cram
We invert the matrix on the left and solve for the b, for i=1,..., M. Since

we know the ¢, €y, Cy, ..., We can equate coefficients of 1, z, 2%, ..., z" to
get ag, a,,..., 8. Thus

2, =G

a,=c +bg,

a,=c,+bgc, +b,e,

min (L.m)
a =c .+ E, bcy
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Thus the numerator and denominator of the Padé approximant are determined
and we have agreement with the original series through order z“*™, From the
matrix equation, we can write the lower-order approximants. (For higher or-
ders, one can use symbolic programs.)

M) =[]
2)  [LM]=[22]) bi=-c

@ SG)-(e)

(o) o))

where D = c,c, — ¢ so that we have

or

-
C.C,—C;
hi =—'_"'-.—;T-
¢, -

C:C! —'f:ll:.':d

b =——=—*
C]C! —"C:

For f(z) = ¢,+ ¢,z +¢;2° + --. we have

az .
[1n]=—"—L b b lim(1/1] =, /b,
[2/2)= ZeZ222 22 lim[2/2)=a,/b,
22 b,+bz+ b,z iﬂ[w =2/

a,+az+a,z’ +a,z’

13/3]=
/3] by + b,z + b.z* = bz’

lim[3/3]=a,/b,
lim{m/m]=a,/b,

EXAMPLE: Find the limit for e ¥(1*%),

[1/71] = .333...
[2/2] = .368...
[3/3] = 368...

ExAMPLE: For e, we have
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2+x

2-x

12+ 6x+x°
12-6x+x*
120 + 60x + 12x" + x’
120-60x+12x° - x°

1=

[272]-

[373]=
Note that if we let x =1 to consider the series for e, we get the correct limit.

[I11]=3

[2/2] = 2.714
(3/3] =2.718
[4/4] = 2.718

PROBLEM: Noting that the limit is correct for x = | but the limit at = for
[1/1], [2/2], [3/3] fluctuates between + | for both ¢” and €7, ie., ag/b,=% 1
as m increases, explain the lack of convergence to a limit since we know
e*—=0as x—e and e* — e as x — . Try the Shanks (or Wynn")
transformation. These transformations are effective in accelerating convergence
of many slowly convergent series.

For cases where the Padé approximant appears inapplicable, we can some-
times use transformations of the series. Consider

f(z) =co+ 0z + ¢z’ + .
i.e., Cig %0 DUl Cigyy = Cymey = 0. Welet y =2’ s0 that

fly)=cotcy+cy +..
is now in a form for Padé transformation. In general for a series
f(z)= Y, CyaZ™
m=0

where N is a positive integer (or “skip factor”) with ¢, =0 but cy,,,=0
for [<v<N-1.Wesubstitute y=2Z" to get

* Other useful transforms used to accelerate convergence are the Euler, Wynn, and Van
Wijngaarden ransforms.
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fly)=co+cyy + cmf + o

f(y)= i c,y"

e=0

or

where n= Nm.

2
1__@21_] 123,

1+ 2x o

EXAMPLE: f(x)= [ R

To approximate by [1/1] we have

E:b; = —C:
3,39
32

a =r:|+b,lcﬂ——%+-1§-l—?f8

Consequently
1+(7/8 N
1+ (1R =0.54

1= 1=(138)x

{which is within 8% of the correct limit of 0.5 for the function).

VERIFICATION:

( ( 2\
.1"'_ \'I -—-—-x-—ggx -=1+1x—:ﬂ{x5]

kE)'k432J

EXERCISE: Calculaie [2/2] and [3/3] 10 show that the limit approaches 0.5
more and more closely as we go 10 higher-order [L/M].

EXAMPLE: fix)=1 — x+x%2! = x'/3! + ...

1) = 1=H2%

= -1 -
=2y T

EXAMPLE: fix)=¢*
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2+3x
1=
[”J 2-x
12+ 6x +x°
=
[2}’] 12—fx+x
EXAMPLE:
r+2x7" 1 5. 13 o 141 ,
f(x)= =l+=x-=x° —_xt
(x) |_1+xJ R METIET

We note that even though the series has alimited region of convergence
{x £ 1/2), the function is smooth for 0 < x < oo, If we wrile a ratio

(a+bx) f(c+dx)

it is clear that we get a finite limit as x approaches ==. Calculaiing [L/M] =

[1/1], we have
(V1] = :%EE lL4dasx — oo

and carrying out the division, we get

1ol 5..25, 125,
[1;1] :|.+“'—X—S +Ex —EI +

which exactly matches the first three terms of the Taylor series. If we go as
high as [5/5], we match the first 11 terms of the Taylor series

1+(13/4)x + (41/16)x*

2= e s 29716y

—+ 14137 as x — ==

which is the correct limit of 2'* to three-place accuracy.
EXERCISE: Since cos x = Z:ﬁ (-1)° x/{in}!, show that
[2/2]=(12-5x%) /(12 + x*)

uses the first five terms of the Taylor series. Show that [2/2] is closer to the
exact value of cos x than the sum of the first 5 terms.




344 APPENDI |

SERIES NOT SUITABLE FOR PADE TRANSFORM:
Sometimes the series is not in a convenient form for the Padé transform

which is designed for a series z:n ¢, x" with non-zero ¢, ¢, Ca.

If we have missing terms, e.g., f(x)= 2:,:. c,,.x”' where N is a positive
integer and ¢, # 0, e.g., z:u c,x” + ¢;x” + ¢,x* +--- then we use the trans-
form z = x™ (or z=x" in this specific case) and let b, = ¢, to write
f(z)= Z:q b,z" and b, # 0 which is now suitable for the Padé transform.

If f(x]=z:u c,x" and c, =0, we can apply a translation z=x - with

& < p with p symbolizing the radius of convergence. If we use |5/ <1, the
result will be simpler for manual computation because the resulting series for
each new coefficient in f(z) = 2; b,z" will converge rapidly. The result for
b, will be b, # 0 and

which is equivalent 10 an analytic continuation.

THE SHANKS TRANSFORM:

This is a nonlinear transform which can be very effeclive, parucularly in
accelerating convergence of slowly converging series. 1t has even been applied
to diverging series which seems contradictory. However, if a power series has
been oblained by dividing out a ratonal function, this nonlinear wransform is a
means of inverting the procedure 10 obtain the rational function.

The Shanks wansform is related to the Padé approximant. 11 is more accuraie;
however, the Padé approximant is more explicitly expressed in terms of the
coefficients of the original series. Lers write the sequence of partial sums
{5.} foraseries and define the Shanks wansform by

T{Sn} = Sn*‘SE-I — Sn
5tu-l T Slui - 25-

We often want repeated transforms, called the iteraied Shanks transform, so it
is convenient to write {A,} for the {5,}. The iterated wransforms will ofien
lead 10 an extremely accurate solution. The first-order transform is writien as:
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B, =T{A,} = —etflan = 85
AL +A 24,
C,=T{B,}
D, =T{C,}
We now write the sequence simply as
Ay
aﬁq B|
‘&"‘l BI CI
Ay By G Dy

where A =3,.

EXAMPLE : In the continued fracion representing V2, the sequence of
partial sums {S,} is S,=1, S;=3/2, §5,=7/5. Find the limit. Calculation

yields:

n | A | B, G
1 1

2 3R 17/12

3 715 99/70 19601/13860
4 17/12 577/408

5 41729

We note that Ag = 1.4137 which is correct to 3 figures, while C, =
1.414213564 is correct to 9 figures.

EXERCISE: Verify all results.

EXAMPLE: The Leibnitz series for m is m=4-43 +4/5-4/7 + .... The
results are:
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n [A, B, C, D, E,

0 | 4.0000000

1 | 2.6666667 | 3.1666667

2 | 3.4666667 | 3.1333333 | 3.1421053

3 | 2.8952381 | 3.1452381 | 3.1414502 | 3.1415993

4 | 3.3396825 | 3.1396825 | 3.1416433 | 3.1415909 | 3.1415928
5 |2.9760462 | 3.1427129 [ 3.1415713 | 3.1415933 | 3.1415927
6 | 3.2837385 | 3.1408814 | 3.1416029 | 3.1415925

7 {3.0170718 | 3.1420718 | 3.1415873

8 |3.2523659 |3.1412548

9 |3.041839

We see that the enth parual sum A, or S, is correct only o one figure.
Shanks [1] points out that 1o give an answer correct to eight figures would
require n = 30 million in S, while we note that es(S,). or E,, is already correct
o eight figures.

EXERCISE: [n the example

I 39 .
f(x)= 1= + om g = e
(x)=1=7x+33

in the previous section on Padé wansforms, we obtained [1/1] = .54 which
was close o the correct limit of .5, Show that the Shanks wransform T(S,) =
54 also. Investigate the relationship between the two procedures,
Another related transform (which can also be iterated like the Shanks
transformy} is the Aitken transform defined by
T{S,}=S,-{(S,.,-8,) [S,.. - 28,., = S,)}

The first-order Shanks transform is equivalent (o the Aitken (47 ) process and
the mth order Shanks transform of the nth parual sum is equivalent (o the [m/n]
Fadé approximant. We can view the Shanks transform as a unifying conceplt
subsuming the Aitken process and the Padé approximent




PADE AND SHANKS TRANIFORMS 147

SUGGESTED READING
Daniel Shanks, Nonlinear Transformations of Divergent and Slowly Converging Series
S Marh. and Physics, 34, (1-42) (1953).
A.C. Aitken, On Bernoulli's Numerical Solution of Algebraic Equations, Pree. Roy
Soc., Edinburgh, (289-305) (1926).




APPENDIX I

ON STAGGERED SUMMATION
OF DOUBLE DECOMPOSITION SERIES

u, = ul?
u, =up’ +ul®
— (@ ) 4 (0
u, =uP s u 4y
: ?} I} : () ()
_ ) ()
uy = ul +ul® 5yl

u, =uh + ol 4l ol s ol

The first column on the right of the equation is equal to u;. The second column
is equal to u,. The third column is equal to u,, etc. These sums of each column
will be denoted by uj, u, u;....respectively where i indicates the initial-
value format. The sum of the column to the lefi of the equal sign is denoted by

E:‘.-n u;, for boundary-value format. We have

s el
u=Y ul =y +ul+o.= Y ul
gy h n=l

Thus in writing the approximants ¢, we can write

6, [u*]=0,[us]
¢,[u"]=5[us] + 0[u)]
¢=[u"]=?s[ualwz[ui]w.[u;]

0] 0[] ]+ ]

which can be writlten

ouf0']= 3 6. [ul]

n=1

Referring again 1o (1), we have




STAGGERED SUMMATION iq9

{2) (n {0

-1 -
uy, =up™ +ul® Y+ ul® s u® w0l sl

m

or u, =3 u®" in our boundary-value format. Returning (o (1) we can
write in initial-value format,
uy =ul + o+l

1

(7, .
I I

u,=ul” +u

S ¢ NPT 1) NP ) B
u, =uy A+

u .
o=0 O

or u, = z;_g ul™ (in initial-value format). By decomposition u= Y

By double decomposition u= Z:ﬂ Z:-n ul™

FORMULAS OF INTEREST:

Sy {m) 1MWI
= m)
22 uw=3 Xu

g=0 m=0

o=l
up i;.o ul™
b Y (m=a)
u E Z{ ul
W= 3 o

o= med
u=u'
Jim g, [u"] ="

-1 -
im 5o, fut]= 5 v
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CAUCHY PRODUCTS OF INFINITE SERIES

. a - s m .
In one dimension for u= zu_n a,x"and f= zn_n f.x", we can write

Bu= i x= i B...a,

In two dimensions,

o = ]
e E-l m m
B=2 2 2 Popmw, AT NS
E=0 m.-=0 m. =
s oo .t
023 T S e xiar
Hyby,u 1
P, ST, T




CalcHy PRODUCTS OF INFINITE SERIES 5]

555 Seenn

my =0 my e my =0 m,=0

m Ma m my
3 3 2 2 Aumremmrimeon S
m1-y|.m.-:-u1.m|-u..m¢-nq By Ey ke

II By =i p.,- .20

In N dimensions,

B=Y 3 Bu o, X XD

my = my =0

u= Z E I X9 eexy

=0 uy =0

L1 BB ¢
= @y,
ﬁu_ Z E I= i Z 'Bﬂh'llm- g =y a-“'\--'ul'."'
my =0 iy =l Ly =l aw =0

These can all be programmed using “do-loops” and stopping rules. These
product rules should be useful in programming solutions where the system
input and system coefficients are known only as power series.
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