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PREFACE

I discovered the very interesting Adomian method and met George Adomian

himself some years ago at a conference held in the United States. This new

technique was very surprising for me, an applied mathematician, because it

allowed solution of exactly nonlinear functional equations of various kinds

(algebraic, differential, partial differential, integral...) without discretizing the
equations or approximating the operators. The solution when it exists is found

in a rapidly converging series form, and time and space are not discretized. At

this time an important question arose: why does this technique, involving

special kinds of polynomials (Adomian polynomials) converge? I worked on

this subject with some young colleagues at my research institute and found that,

it was possible to connect the method to more well-known formulations where

classical theorems (fixed point theorem, substituted series, ..) could be used.

A general framework for decomposition methods has even been proposed by

Lione! Gabet, one of my researchers who has obtained a Ph.D. thesis on this

subject. During this period a fruitful cooperation has been developed between

George Adomian and my research institute. We have frequently discussed

advances and difficulties and we exchange ideas and results.

With regard to this new book, I am very impressed by the quality and the

importance of the work, in which the author uses the decomposition method

for solving frontier problems of physics. Many'concrete problems involving

differential and partial differential equations (including Navier-Stokes

equations) are solved by means of the decomposition technique developed by

Dr. Adomian. The basic ideas are clearly detailed with specific physical

examples so that the method can be easily understood and used by researchers

of various disciplines. One of the main objectives of this method is to provide

a simple and unified technique for solving nonlinear functional equations.

Of course some problems remain open, For instance, practical convergence

may be ensured even if the hypotheses of known methods are not satisfied.

‘That means that there still exist opportunities for further theoretical studies to

be done by pure or applied mathematicians, such as proving convergence in

More general situations. Furthermore, itis not always easy to take into account

the boundary conditions for complex domains.
In conclusion, I think that this book is a fundamental contribution to the

theory and practice of decomposition methods in functional analysis. It
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completes and clarifies the previous book of the author published by Kluwer in

1989. The decomposition method has now lost its mystery but it has won in

seriousness and power. Dr. Adomian is to be congratulated for his

fundamental contribution to functional and numerical analysis of complex

systems,

Yves Cherruault

Professor

Director of Medimat

Université Pierre et Marie Curie

(Paris VD)
Paris, France

September 9, 1993



FOREWORD

‘This book is intended for researchers and (primarily graduate) students of

physics, applied mathematics, engineering, and other areas such as
biomathematics and astrophysics where mathematical models of dynamical

systems require quantitative solutions. A major part of the book deals with the
necessary theory of the decomposition method and its generalizations since

earlier works. A number of topics are not included here because they were

dealt with previously. Some of these are delay equations, integro-differential

equations, algebraic equations and large matrices, comparisons of
decomposition with perturbation and hierarchy methods requiring closure

approximation, stochastic differential equations, and stochastic processes [1].
Other topics had to be excluded due to time and space limitations as well as the

objective of emphasizing utility in solving physical problems.

Recent works, especially by Professor Yves Cherruault in journal articles

and by Lionel Gabet in a dissertation, have provided a rigorous theoretical

foundation supporting the general effectiveness of the method of

decomposition. The author believes that this method is relevant to the field of

mathematics as well as physics because mathematics has been essentially a

linear operator theory while we deal with a nonlinear world. Applications have

shown that accurate and easily computed quantitative solutions can be

determined for nonlinear dynamical systems without assumptions of “small”

nonlinearity or computer-intensive methods.

The evolution of the research has suggested a theory to unify linear and

nonlinear, ordinary or partial differential equations for solving initial or

boundary-value problems efficiently. As such, it appears to be valuable in the

background of applied mathematicians and theoretical or mathematical

physicists. An important objective for physics is a methodology for solution of

dynamical systems—which yields verifiable and precise quantitative solutions

to physical problems modelled by nonlinear partial differential equations in

space and time, Analytical methods which do not require a change of the model

equation into mathematically more tractable, but necessarily less realistic

tepresentation, are of primary concern. Improvement of analytical methods

would in turn allow more sophisticated modelling and possible further

Progress. The final justification of theories ofphysics is in the correspondence

of predictions with nature rather than in rigorous proofs which may well
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restrict the stated problem to a more limited universe. The broad applicability

of the methodology is a dividend which may allow a new approach to

‘mathematics courses as weil as being useful for the physicists who will shape
our future understanding of the world.

Recent applications by a growing community of users have included areas

such as biology and medicine, hydrology, and semiconductors. In the author's

opinion this method offers a fertile field for pure mathematicians and especially
for doctoral students looking for dissertation topics. Many possibilities are

included directly or indirectly. Some repetition of objectives and motivations
(for research on decomposition and connections with standard methods) was

believed to be appropriate to make various chapters relatively independent and

permit convenient design of courses for different specialties and levels,

Partial differential equations are now solved more efficiently, with less

computation, than in the author's earlier works. The Duffing oscillator and

other generic oscillators are dealt with in depth. The last chapter concentrates

on a number of frontier problems. Among these are the Navier-Stokes

equations, the N-body problem, and the Yukawa-coupled Klein-Gordon-

Schrodinger equation. The solutions of these involve no linearization,

perturbation, or limit on stochasticity. The Navier-Stokes solution [2] differs

from earlier analyses [3]. The system is fully dynamic, considering pressure

changing as the velocity changes. It now allows high velocity and possible

prediction of the onset of turbulence.

The references listed are not intended to be an exhaustive or even a partial

bibliography of the valuable work of many researchers in these general areas.

Only those papers are listed which were considered relevant to the precise area

and method treated. (New work is appearing now at an accelerating rate by

many authors for submission to journals or for dissertations and books. A

continuing bibliography could be valuable to future contributors and reprints

received by the author will be recorded for this purpose.)
The author appreciates the advice, questions, comments, and collaboration

of early workers in this field such as Professors RE. Bellman, N. Bellomo,

Dr. R. MCarty, and other researchers over the years, the important work by

Professor Yves Cherruault on convergence and his much appreciated review of

the entire manuscript, the support of my family, and the editing and valuable

contributions of collaborator and friend, Randolph Rach, whose insights and

willingness to share his time and knowledge on difficult problems have been

an important resource. The book contains work originally typeset by Arlette
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Revells and Karin Haag. The camera-ready manuscriptwas prepared with the
dedicated effort of Karin Haag, assisted by William David. Laura and William

David assumed responsibility for office management so that research results

could be accelerated. Computer results on the Duffing equation were obtained

by Dr. McLowery Elrod with the cooperation of the National Science Center

Foundation headed by Dr. Fred C. Davison, who has long supported this

work. Gratitude is due to Ronald E. Meyers, U.S. Army Research

Laboratories, White Sands Missile Range, who supported much of this

research and also contributed to some of the development. Thanks are also due

to the Office of Naval Research, Naval Research Laboratories, and Paul Palo

of the Naval Civil Engineering Laboratories, who have supported work

directed toward applications as well as intensive courses at NRL and NCEL.

‘The author would also like to thank Professor Alwyn Van der Merwe of the

University of Denver for his encouragement that led to this book. Most of all,

the unfailing support by my wife, Corinne, as well as her meticulous final

editing, is deeply appreciated,

G. Adomian
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CHAPTER 1

ON MODELLING PHYSICAL PHENOMENA

Our use of the term “mathematical model” or “model” will refer to a set of
consistent equations imended to describe the particular features or behavior of

a physical system which we seck to understand. Thus, we can have different

models of the system dependent on the questions ofinterest and on the features

relevant to those questions. To derive an adequate mathematical description

with a consistent set of equations and relevant conditions, we clearly must

have in mind a purpose or objective and limit the problem to exclude factors

irrelevant to our specific interest. We begin by considering the pertinent

physical principles which govern the phenomenaof interest along with the
constitutive properties of material with which the phenomena may interact.

Depending on the problem, a model may consist of algebraic equations,

imegral equations, or ordinary, partial, or coupled systems of differential

equations. The equations can be nonlinear and stochastic in general with linear

or deterministic equations being special cases. (In some cases, we may have

delays as well.) Combinations of these equations such as integro-differential

equations also occur.

A model using differential equations must also include the initial/boundary

conditions. Since nonlinear and nonlinear stochastic equations are extremely

sensitive to small changes in inputs, parameters, orinitial conditions, solutions
may change rather radically with such changes. Consequently, exact

specification of the model is sometimes not a simple matter. Prediction of

future behavior is therefore limited by the precision of the initial state. When
significant nonlinearity is present, small changes (perhaps only 1%) in the

system may make possible one or many different solutions. If small but

appreciable randomness, or, possibly, accumulated round-off error in iterative

calculation is present, we may observe a random change from one solution to

another—an apparently chaotic behavior.

To model the phenomena, process, or system ofinterest, we first isolate the

relevant parameters. From experiments, observations, and known

relationships, we seek mathematical descriptions in the form of equations

which we can then solve for desired quantities. This process is neither

universal nor can it take everything into account; we must tailor the model to fit
1
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the questions to which we need answers and neglect extraneous factors. Thus

a model necessarily excludes the universe external to the problem and region of

imerest to simplify as much as possible, and reasonably retain only factors
relevant to the desired solution.

Modelling is necessarily a compromise between physical realism and our

ability to solve the resulting equations. Thus, development of understanding

based on verifiable theory involves both modelling and analysis. Any incentive

for more accurate or realistic modelling is limited by our ability to solve the

equations; customary modelling uses restrictive assumptions so that well-

known mathematics can be used. Our objective is to minimize or avoid

altogether this compromise for mathematical tractability which requires

linearization and superposition, perturbation, etc., and instead, to model the

problem with its inherent nonlinearities and random fluctuation or uncertain
data.

‘We do this because the decomposition micthod is intended to solve nonlinear

and/or stochastic ordinary or partial differential equations, integro-differential

equations, delay equations, matrix equations, etc., avoiding customary

restrictive assumptions and methods, to allow solutions of more realistic

models. If the deductions resulting from solution of this model differ from

accurate observation of physical reality, then this would mean that the model is

a poor one and we must re-model the problem. Hence, modelling and the

solution procedure ought to be applied interactively. Since we will be dealing

with a limited region of space-time which is of interest to the problem at hand.

we must consider conditions on the boundaries of the region to specify the

problem completely. If we are interested in dynamical problems such as a

process evolving over time, then we must consider solutions as time increases

from some initial time: i.¢., we will require initial conditions. We will be

interested generally in differential equations which express relations between

functions and derivatives. These equations may involve use of functions,

ordinary or partial derivatives, and nonlinearities and even stochastic processes

to describe reality. Also, of course. initial and boundary conditions must be

specified to make the problem completely determinable.

If the solution is to be valid, it must satisfy the differential equation and the

properly specified conditions, so appropriate smoothness must exist. We have

generally assumed that nonlinearities are analytic but will discuss some

exceptions in a later chapter. An advantage, other than the fact that problems

are considered more realistically than by customary constraints. is that
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solutions are not obtained here by discretized methods: solutions are

continuous and computationally much more efficient as we shall see. If we

can deal with a physical problem as itis, we can expect a useful solution, i...

one in which the mathematical results correspond to reality. If our model is

poor because the data are found from measurements which have some error, it
is usual to require that a small change in the data must lead to a small change in

the solution. This does not apply to nonlinear equations because small changes

in initial data can cause significam changes in the solution, especially in

stochastic equations. This is a problem of modelling. If the data are correct and.

the equation properly describes the problem, we expect a correct and

convergent solution.

‘The initial/boundary conditions for a specific partial differential equation,

needless to say, cannot be arbitrarily assigned: they must be consistent with the
physical problem being modelled.

‘Suppose we consider a solid body where u(x,y,z.t) represents a temperature

at x,y,z at time t. If we consider a volume V within the body which is bounded

by a smooth closed surface $ and consider the change of heat in V during an

interval (t,t), we have, following the derivation of N.S. Koshlyakov, MM.

Smimov, and E.B. Gliner [1]

Qaf a Jfelxy.2)22asa an

where nis the normal to $ in the direction of decreasing temperatures and k is

the internal heat conductivity, a positive function independent of the direction
ofthe normal, The amount of heat to change the temperature ofV is

=f" aff oe2evee IY Poe

where c(x,y,2) is the specific heat and p(x.y,2) is the density. If heat sources

with density g(x,y.2.1) exist in the body, we have

Q =f a fff euy.zuav

SinceQ: = Q, + Qs, it follows that
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cp ot = div(k grad u) +at

If cp and k are constants, we can write a’=k/ep and f(x,y,z,1) =

g(x.yz.0/ep . Then
OU _ ag?

eavuse

(which neglects heat exchange between S and the surrounding medium).

Now to determine a solution, we require the temperature at an initial instant

1u(x,y,z,t = 0) and cither the temperatures at every point of the surface or the

heat flow on the surface. These are constraints or commonly, the boundary

conditions. If we do not neglect heat exchange to the surrounding medium

which is assumed to have uniform temperature up, a third boundary condition

can be written as @(u-u,)=-kdu/dn|, (if we assume the coefficient of

exchange is uniform for all of S).

‘Thus the solution must satisfy the equation, the initial condition, and one of

the above boundary conditions or constraints which make the problem

specific. We have assumed a particular model which is formulated using

fundamental physical laws such as conservation of energy. so the initial

distribution must be physically correct and not arbitrary. If it is correct, it leads
to a specific physically correct solution, The conditions and the equation must.

be consistent and physically correct. The conditions must be smooth,

bounded, and physically realizable. The initial conditions must be consistent

with the boundary conditionsand the model. The derived “solution” is verified
to be consistent with the model equation and the conditions and is therefore the
solution,

NOTE: Koshlyakov, et. al, [1] state that we must specify u(t = 0) within

the body and one of the boundary conditions such as u on S. However S is

not insulated from the body. The initial condition u(t = 0) fixes u on S also if

Surroundings are ignored. It seems that either one or the other should be

enough in a specific problem and if you give both, they must be consistent

with each other and the model (equation). The same situation arises when,

€.g., in a square or rectangular domain, we assign boundary conditions on the

four sides, which means that physically we have discontinuity at the comers
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CHAPTER 2

THE DECOMPOSITION METHOD FOR ORDINARY

DIFFERENTIAL EQUATIONS

A on

‘A ciitiCally important problem in frontier science and technology is the ur.
physically gorrect solution of nonlinear and/or stochastic systems modelled by;
differGhtacoF |rad itterentat equations for"gerféral_initial/boundary ©,”conditions. yb CE UR GRR ~‘The usual procéfures of analysis necessarily change such problems in

essential ways in order to make them mathematicallytractable by established
methods, Unfortunately these changes necessarily change the solutions;
therefore, they can deviate, sometimes seriously, from the actual physical

behavior. These procedures include linearization techniques. perturbation

methods, and restrictions on the nature and magnitude of stochastic processes.
The avoidance of these limitations so that physically correct solutions can be

obtained would add in an important way to our insights into the natural

behavior of complex systems and would offer a potential for advances in

science and technology.

‘The prior art in mathematical analysis as seen in the literature necessarily

relies on such limiting procedures. Thus it may well be said that physics is

usually perturbative theory and mathematics is essentially linear operator

theory. Of course there are some methods of solving nonlinear equations, but

not general methods. For example, clever transformation of variables

sometimes results in a linear equation: however, this rarely works.

The objective of the decomposition method is to make possibie physically

realistic solutions of complex systems without the usual modelling and

solution compromises to achieve wactability. A bonus is that it essentially

combines the fieldsof ordinary and partial differential equations. This chapterwill summarize the method and will briefly discuss applications and

consequences for analysis ahd computation

Suppose we think about physical systems described by nonlinear partial

differential equations. In the more complicated problems, we ordinarily must

resort to discretized methods and numerical computation. An appropriate

example is fluid flow and “computational fluid dynamics” (C.F.D.), an aree of
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intensive research in attempting to develop coues for study of transonic and

hypersonic flow, Because of the symbiosis between such existing

methodology and supercomputers, as well as the complexity, these methods

are computationally intensive. Massive printouts are the result and functional

dependences are difficult to see, We have a constant demand for faster

computers, superconductivity, parallelism, etc., because of the necessity to cut

down computation time. Thus a continuous solution and considerably

decreased computation is evidently a desirable goal.

Closed-form analytical solutions are considered ideal when possible.

However, they may necessitate changing the actual or real-life problem to a

more tractable mathematical problem. Except for a small class of equations in

which clever transformations can result in linear equations, it becomes

necessary to resort to linearization or statistical linearization techniques, or

assumptions of “weak nonlinearity,” etc. What we get then is solution of the

simpler mathematical problem. The resulting solution can deviate
significantly from the solution of the actual problem; nonlinear systems can be

extremely sensitive to small changes. These small changes can occur because

of inherent stochastic effects or computer errors; the resulting solutions

(especially in strongly nonlinear equations) can show violent, erratic (or

“chaotic”) behavior. Of course, it is clear that considerable progress has been

made with the generally used procedures, and, in many problems, these

methods remain adequate. Thus, in problems which are close to linear, or

‘where perturbation theory is adequate, excellent Solutions are obtained.

In many frontier problems, however, we have strong nonlinearities or

stochasticity in parameters, so that it becomes important to find a new

approach and that is our subject here,» (0° eyVWe begin with the (deterministic) form Fu g(t) where F is a nonlinear
ordinary differential operator with linear and nonlinear terms. We could

represent the linear term by Lu where L is the linear operator. In this case L
must, be cagily invertible which may not be the case, ie, we may have a
ontoease‘Yanction and a consequently difficult integration. Instead, we
write the linear term as Lu+Ru where we chooseL as the highest-ordered
derivative. Now Lis simply an n-fold integration for an nth order L, The
remainder of the linear’ opérator is R. (In cases where stochastic terms are
present in the linear operator, we can include a stochastic operator term ‘Ru.)

‘The nonlinear term is represented by Nu. Thus Lu+Ru+Nu=g and we
write



7 Lu=g-Ru-Nu

fede LoLu=L"g-L"Ru-L"'Nu
. 4, -of Gomi 4For initial-value problems we conveniently define L"' for L = d*/dt* as the

n-fold definite ineggon ‘operator from 0 to t. For the operator L = d’/dt’,for example, we havé L’'Lu = u—u(0)—tu’(0) and therefore

u=u(0)+w'(0)+L"'g-L"Ru-L'Nu

For the same operator equation but now considering a boundary value

problem, we let L”' be an indefinite integral and write u= A+ Bt for the first
two terms and evaluate A, B from the given conditions. The first three terms

» ate identified as uy in the assumed decomposition u= 5”, u,. Finally,
assuming Nu is analytic, we write Nu=S-", A,(up.t,...,u,) where the A,

rearespecially generated (Adomian) polynomials for the specific nonlinearity.
£They depend only on the up to u, components and form a rapidly convergent

series. The A, are given as

Ap = f(U)

A, = u,(d/du,)f (Us)
Az = ty(d/Att)f(up) + (u /21K{6°/dus )f( ue)
A, = us(4/dup)f(¥)+ 1,43 (6"/du5 (uo) + (uj /31\ 4° /aus )E(u,)

and can be found from the formule (for n > 1)

A,= Devan)" (us)

In the linear case where f(u)=u, the A, reduce to u,. Otherwise A,=

A,(Uot;, 5 Up). For f(u) = u, for example, A,=u3, A,=2u,u,,

A, = uj + 2ugu,, Ay =2uyu; + 2upus,... -Itistobbe noted thatin this scheme,the sum of the subscripts in each term of tA, aequal to n. The c(v, n) areproducts (or sumsof products) of v components of u whose subscripts sum
to n, divided by the factorial of the number of repeated subscripts. Thus c(1,3)

“can only be us. c(2,3) is uyu, and (3,3) = (1/3!)u; .For a nonlinear equation in
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(Pee .
u, one may express any given function f(u) in the A, by f= D>, AL
Woriave {reviously pointed out that the A, polynomials are not unique, e.2.,

for flu) =u’, A, =uj, A; =2ugu,, A, =u; +2uyu;,.... But A; could also

be 2u,u, +i, ie., it could include the first term of A; since uy and u, are

known when us is to be calculated.
~

Inis now established that the sum of the series J, A, for Nu is equal toa)EPGee ; Dees As! .
thé sum of 2 generalized Teylor series zbout u(x), that J", u, is equal to a
generalized Taylor series about the function us, and that the series terms

Jy,e2 proach zero as 1/(mn)! if m is the order of the highest linear differential
IC operator. Since the series converges (in norm) and does so very rapidly, then= C/)

term partial sum g, = 0" u, can serve as @ practical solution forsynthesis“
apd design. The lim 9, =u. yrys.Pe CF CI" OM = CPLeam Ss OO PE (jy Baer." Oiiier Convenient algorithms have been developed for comput’ aid

7/2Toutidimensional functions as well as for particular functions of interest. As an
example for solution of. the Duffiig dquation, we we the notation
A,[f(u)]= ALWIL SUL ag OY1-1-

If we write f(u)= D7, A,[f(u)] or more simply f(u)=0™, A, and let
f(u)=u, we have u=D™, u, since then Ay=uy, A,=u,,... .Thus we

-fotss camsay wand f(u), i, the solution and any nonlinearity, are written in terms
C7 of the A,, or, that we do this for the nonlinearity and think ofu as simplydecomposed intd, components u, to be evaluated such that the n-term

approximation 9, =." u, approaches u= Je as n+, The solution
can now be writtenas: C02 Lfssh) YS

. | OREw= usu,-L'RY u,-L"y A,
= Fd Ef

so thet

u, =-L"Ru, -L"A,

u, =-L"Ru,-LA,

etc. All components are determinable since Ay depends only on up. A; depends
on u,,u, etc. The practical solution will be the n-term epproximation or

approximant to u, sometimes written @,{ul or simply @,.
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=Du,
a

limg,= usu

Convergence has been rigofously established by Professor Yves Cherruaull
[1}. Also further rigorous re-examination has most recently been done by

Lionel Gabet {2}. The rapidity of this convergence means that few terms are|
required as shown in examples, e.g., (1).

BASIS FOR THE Entchivensss OF DECOMPOSITION: (J2.=/
Let's consider the physical basis for the Sccu¥acy and rapid rate o!

| convergence. The initial term up is an optimal first approximatiGif containingi. GY? essentially all a Prigri information about the system. Thus, Wy = O+L"g|
contains the given ‘input g (which is bounded in a physical system) and the|

initial or boundary conditions included in which is the solution of L® = 0.
Furthermore. the following terms converge for bounded t as 1/(mn)! where n|
is the order of L and mis the number of terms in the approximant 0... Hence|

even with very small m, the 4, will contain most of the solution. Of the|

; ,.. following-derived terms, u, is particularly simple, since Ao, the first of the
2’ polynomials representing the nonlinearity f(u), is flu,) which of course is also

|. known, The f(a) heed not even be analytic [3] but could be piecewise-
1g! differentiable (Sobolev space) and represented by a series of analytic]

functions, We do require bounded © and g, which is physically reasonable|

and the u. terms must be (Lebesgue) integrable. For nth order differential

operators L, we must have an n-fold differentiability/continuity requirement on|

solutions ip order to assure existence and uniqueness. The development wasbased or izconnpdsitionin ealeifable terms of the solution to be’foumnd rather|
than an expansion in a series. We will see that the method works for initial-

value or boundary-value problems and for linear or nonlinear, ordinary or|

partial differential equations and even for stochastic systems, We prove now]

that the 5A, is a rearranged Taylor series about this optimal first}
approximation 0, = up

To see that the series in A, polynomials forms a generalized Taylor scries|

about a function (rather than a point), we write
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f(uy= 5, A, = f{uy)+uf)(a9)+ (u2/2(u,)
+u,f(u,)+ust(0,)+ uu, (u,) +(u3/3}¢(u,) +

which can be rearranged as

fu) = f{u,) +(u, +, +...) (up) +[(u?/2!)+ uu, +...JP(ug) +
= tu.) +[(u-u,)/t]f(u,)=[(u-w,)* /24¢"(u,)-~
= Dla) Afro)

A REFERENCE LIST OF THE ADOMIAN POLYNOMIALS:

Ay = f(y)

Ay =uf"(u)

Az = ust (up) + (1/2)ujf(u,)

Ay =ugf"(uy)+ umf (ug) + (1/3!)u}t (uy)
A, = ut (uy) + [(V2!)u +u,0,]f(u)

+(1/2)ujuzt”(up) + (1/4!)u; (up)
Ag = ust (uy) + (u,v, + 0,4, ]f(u)

+{(0/2)uju3 + (Y2)uu,e (U4)
+{1/3!)ufu,t(up) + (I/Stu;t (up)

Ag = uct (U9) +[(I/2!)uj +u,u, + uu, f(y)

+[(u3u; + uuu, + (Y/2)uju,]f

(us)+[(y2)u(1/2)u; + (1/3))aju,je (U5)
+(1/41)ufu,t(up) + (Y6!)uft (uy)

Ay = upfl'(uy)+ [Uyuy + gu, + uu,]f"(u)
+[(y2)ezu, + u,(1/2)!u} + uju,u, + (V2)uFu,]0(u)

+[us(3)u3 + (1/21)ujusu, + (1/3!)uru, J(u)
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+[(/3!)u}(1/21)u3 + (1/41)ufu, J(u)
+(I/St)ufu.t (uy)+ (1/7!)uzf(uy)

Ag = £(u,)u, +£[(1/2)ui + uu, +u,u, + 4,5]

+£(ug)[u,(1/2!)uj + (1/21)uzu, + u,u,u, + uuu, + (1/2)uzu,]

+£°%(us [(4t)u$ + u,(Y/2)uzu, + (12!)uj(Y2)us
+(Y/2)uFuzu, + (1/3)upus] + £ (u9){(1/2!)u7(1/3!)u3 + (1/3))uzu,u,

+(1/4!)uju,] + £ (up )f(1/4!)uf (1/21)u3 + (1/5!)uyu|
+£(ug)(1/6t)ufu, +£(u,)(1/8!)up

Ay =f"(up)uy +£(uy)[usus + usu, + UzU; + U,U5]

+£°)(ug)[(0/3!)u} + wus, + (1/21)uzu, + u,(1/2uz

su.uyu, = 4,u,u, + (1/2!)uzu,|
=f 9(up)[(3)udu, + uju,(1/2!)u; +u,(/2)uzu,

~(1/2!)uzuu, + (1/2)ufuguy + (1/3!)u}u,|
=£\(up)fu,(1/4!)u5+ (1/2!)u5 (1/2!)uzu,
+(1/3!)up(1/2!)uj + (1/3!)uju,u, + (1/4!)ufus]

=£°(u,){(1/3})u3(1/32)u3 + (1/4))usu.u, ~ (1/S))u‘u,}

£7(u,)[(1/5!)u§(1/2)ud + (1/6!)ufu,|
—£(u,O/T uyu, + £(uy)(1/)uy

Ayo =£1iyo + £"(up)[(1/2!)us + UU, + UU, + UU, + UU]
+£(u,)[(/2)usu, + u,(1/2)uz + uju,u, + (1/2Juzu,

u.uyu, = WyuU, +U,UsU,+(1/2))uzy,]
=£(uy)[(1/21u3(1/2!)u5 + (1/3!)uzu, + u,(1/3!)u3
+u.u,u,u, +u,(1/2)uZuy +(1/2)u; 1/2)uy
= (1/21uF uy us + (1/2)uju ug + (1/3!u; u,)
+£(uy){(1/S!)u$ + u,(1/3!)uzu, + (1/2!)uzu,(1/2!)u
+(1/2!)u7(1/2!)uiu, + (1/3!)ujusu,
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+(1/3!) ujusu, + (1/4!)usu,]

+£°° (uo) [(1/21)us(1/48)u5 + (1/5!)u(1/2!)uu,
+(1/4})u$(1/2!)u; + (1/41)uyuzu, + (1/S!)ufuy]

£7 (uy )f(1/4!)ut(1/3!)u} + (1/5!ufuguy +(1/6!)ufu,]

+£ (ug) (1/61)us (1/2:)u} + (1/7)ujuy|
+£"(u, )(1/8!)ufu, + fu, )(1/10!)u)?

EXAMPLE: Nu =u"

Ag =uy

A, = Sugu,

A, =Suju, + 10uyu;

Ay = Sugu,+20upu,u,+ 10uzu?
Ay = Sufu, + Sufu, + 10uju +20u3u,u, + 30ujuhu,

So!Notice whiteeach inal term isthe product ofm factors. Each temof A, has five factors—the sum gf superscripts is m (or 5 in this case). The
me cn isn. The act eae asan Sept is Snowsand thé“suim of subscripts is 4. A very convenient check on the numerical
coefficients in each term is the following. Each coefficient is m! divided by the

product of factorials of the superscripts for a given term. Thus, the second

term of A,(u*) has the coefficient 51/(3!\(1!)(1!) = 20. The last term of Ay has
the coefficient 5!/(2!)(2!)(1!) = 30. Continuing with the A,, for u’ we have

A, =uj + Susu, +20u3u,u, + 20uju,u, + 20u;u,u,

+30uzutu, +30uzu7u,

Ag = Suju, + Sufu, + 10u3u; + 10uju} + 20upu,u, + 20u3u,u,

+20uyupu, + 30uju;u, + 30u;uzu, + 60u5u,u,U,

A, = Sugu, + Sufu, + 10u;u; + 20u;u,u, + 20uzu,u, + 20uzu,u,

+20u4u,u, +20u?ugu, +30uzulu, + 30uzuu, + 30uutu,

+60uzu,u,u, + 60uzu,u,u,
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Ay = Susu, + Suju, + Susu, + 10u3u; + 10uzu} + 20u3u,u, + 20uu,u,

+20uzu,u, + 20u;u,u, + 20u;u,u, + 30uzu,u5 + 30uzuzu,

+20uzu,u, + 20uju,u, + 20u;u,u, + 30uju,u; + 30u;uzu,

+30upu;u, + 30u;u;u, + 60u;u,U,U, + 60u,uzu,U, + 60u;U,U,U,

EXAMPLE: Nu=u?

Ag =u

A, =3uju,

A, =3uju, +3ujuy

Ay =u; +3ugu, + 6u,u,u;

A, = 3uju, +3u7u, +3uzu, + 6ugu,us

Ag = 3uju, + 3u7u, + 3uzu, + 6u,u,u, + 6u,u-u,

A, = ul + 3uiu, + 3u7u, + 3uju,+ 6upu,u, + 6uu,u, + 6u,U,U5
A, = Sulu, +3u2u, + 3uju, + 3uju, + 6u,u,u, + 6uyuzu, + 6u,usU,

A, = 3uju, + 3u7u, + 3uju, + 3uju, + 3uzu, + 6upuju, + 6uyu,u,
Gust, + 6uyu,U, + 6u,U,U,

A, =u) +3ulu, + 3uvu, +3uiu, +3uzu, + 6u,u,u, + 6u,u,u,

=6ujUjU, + 6upU,U, + 6u,U,U, + 6u,U,U, + 6U,U,U,

Avy = 3ujUje = 3u7u, + 3uzu, + 3uju, + 3uzu. + 3uru, = 6u,U,U,

—6u,U,U, + 6UjUjU, + 6U;u,U, + 6u,U,U, + 6u,U,U,

=6u,u,U, + 6u,u,U,

EXAMPLE: Nu=u

Ag=up
A, = 2uyu,

A, =u? +2u,u,
Ay = 2uju; + 2ugu

A, =u} +2u,u, +2ugu,

Ag = 2uyu, +2u,u, + 2ueu,

EXAMPLE: N@=sin@
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A, =sin8,

A, = 8,cos,
A, = -(67/2)sin@, + 8, cos,

A, = -(0;/6)cos@, - 0,0, sind, + 8, cos8,

EXAMPLE: f(x) =sinh(x/2)
at h(x, /2A, = 7H 608 (x,/2)

1 1 s(ly (xAe 4, osh(x/2)+ Sai 4) sim{ 2)
2 at

AS= $s eosh(x,/2)+(2) XXsinh(x,/2)+2i{3) cosh(x,/2)
1 1, 1)As $s, cosh(s,/2)+[ Eh +x6|(4) sinh(x9/2)

oEate(Z) cost /2)+ (2) stsinn 2)22 re a2) °

EXAMPLE: f(u)=u"™ , m>0

A= U5"

A, = ~muj"u, -

A, = }m(m+ usu? ~ mua,

A, = —$m(m +1)(m + 2)ug*u} + m(m+ 1)us'**u,u, -mu;'"*u,

EXAMPLE: f(u) =u’ where 7 is a decimal number.

Ay =u

Al= 7p "4,
A= uty; +£7(7— lustu
Age up, +7(7 — Nag uyu, + 57(7 ~1)(y ~ 2)usu}
A= 10h

ag + (7 — usu + uu) +47(7 ~1)(7-2)us uj,+h r(r- Wr 2)(7-3)uy“uy



EXAMPLE: Consider the linear (deterministic) ordinary differential equation

du/dx? ~lofu= g with u(1)=u(-1) = 0. Write L=d?/dx* and Lu=g
+ kx?u. Operating with L"', we have L"'Lu = L'g+L“kx*u. Then

w=, +¢,x+ gx?/2+L keto

Let Su, with uy =c,+0,x+gx7/2. Then ug.) =L ku, with m2 0.
Thus

us S(L'ePu,=)
u=DbFre, + P(t")Pe,xEe) Eo

Sew yen

U=6,0,(x)

+ 6.0.(x)+ I(x)where
o.(x)= Y k®x"°2*/(mp+ 2m -1)(mp+2m)

cad

0,(x)= SY kex**?*"/(mp+ 2m)(mp+2m-1)

(x)= ¥ (1/2)gk* x°°"7*"*/(mp+2m +1)(mp +2m+1)

Since u(1) = u(-1)=0, we have

€,9,(1)+¢,9.(1)+T(1)=0

¢,6(-1) +¢,0,(-1)+1(-1)= 0
Hence c, and c, are determined.

Suppose that in the above example, we let k= 40, p = 1, ¢ = 2. Thus we

consider the equation d*u/dx’ - 40xu= 2 with u(-1)= u(1) = 0." This is the
one-dimensional case of the elliptic equation V7u=f(x,y,z)+k(x,y.z)u

arising in problems of physics and engineering. Here L = d?/dx* and we have
Lu= 2+ 40 xu. This is a relatively stiff case because of the large coefficient of
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wi,” , .
u, and the non-zero forcing function which yields an additional Airy-like

function. Operatingwin, L' yields u+ A+ Bx + L"(2) +L "(40xu). Letuy +A + BSE (2) £4 $B £4? andtet u= Su, with the components
to be determined so that the sum is u, We identify u,.. = L“(40xu,).Then alt
components can be determined, e.g.. “2” r=

u, =(20/3)Ax? +(10/3)Bx* +2x°

u, =(80/9)Ax® +(200/63)Bx’ +(10/7)x*

An n-term approximant @, = J") u, with n = 12 for x = 0.2 is given by
0.135649, for x = 0.4 is given by -0.113969, for x = 0.6 is given by

0.083321, for x = 0.8 is given by -0.050944, and for x = 1.0 is, of

course, zero. These easily obtained results are correct to seven digits. We see

that a better solution is obtained and much more easily than by variational

methods. The solution is found just as easily for nonlinear versions without

linearization. Cr"
On

‘AWALYTIC SIMULANTS OF DECOMPOSITION SOLUTIONS:
We now introduce the convenient concept of “simulants” to solutions by

decomposition. The m-term “approximant” @, to the solution u, indicated by

q {u}, will mean m terms of the convergent series..™ ju, which represents

u in the decomposition method. If we have an equation Tu= g(t) where Tis a
general differential operator such as, for example,

&d
2

4a 8( +Bge OF eG O+8O

and we write g(t) =", gt" but only use m terms of the series, we have the
m-term approximant

onle]= > &t°

The corresponding solution of the equation is the simulant of the solution u,
thus

To,lu]=¢a[e]
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Analogous to the limit mo of ¢,[g]=g, the limit as me of
o,[u)=u.
Possible stopping rules arise in computerized calculation when the last

computed simulant ¢,.;{u) corresponds to @,(u) to the number of decimal

places of interest to us.

‘We can also conceive of using the entire series for g, for example, writing

the sum of the infinite series but using a sequence of approximants to

parameters o,f, .., in T and a corresponding sequence of simulants ¢,{u] as

parametrized by 9,[@] or ¢,{4]. In solving a partial differential equation by

decomposition, we may develop a sequence of simulants ¢(u) for the solution

uby concurrently improving the level of approximation of the coefficients, or

the given conditions, or the input functions, For example in

Log[u]+R,ca(u}=¢a[e] where g(t.x)=7, D7, Beat/x™ we can
compute each o,(u) for given approximations of g, and of the initial

conditions, or finally of coefficients such as

aun=> ¥ aygt'x®
of an

We can also use the concept of simulants with asymptotic decomposition

which is discussed in [4). Consider the equation

du/dx?-u=g(x)=> gx" u(0)=c, and u’(0)=c,

By the asymptotic decomposition technique [5], the equation is written as

us g(x)- d?u/dx?

Then u, = g(x)= 0, g.x" and u, =-(4°/dx")u,., for m > 1. We use an
approximantof g or

9els}= > 8.x"

Then the simulant, or analytic simulant, of u is the solution of
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@o,[ul
ttl og{ul = 0.)ae (u]= 9.{8]

or

oulo,(u]= ¢,(g]-alu]= ¢q{8]-—F

g,[u) is a series which we write as)”, 0” where

oy" = 0,[8]

seg 8 gin)OM s-—0") (neet )

$ om =0,--“a'2De al aalairead
Itis straightforward enough that if we don’t use all of g, we have only ful

which approaches u in the limit as m+ in 0, = 5°) u,. In the same
equation u = g(x)—(d?/dx*)u

&
uy = £(x) ug =,19 = (x) 2 Gre

we can write

use5 ae
af) =-(n+1)(n+2)a;

so that
wed ad Saeed oF M-Sat
a ae mS Fer}

where a, = 7, al. Therefore

us 3 age
a

is the solution for asymptotic decomposition. We make two observations:
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1) The method works very well for nonlinear equations where we solve for

the nonlinear term and expressit in the above polynomials.
2) Ordinary differential equations with singular coefficients offer no special

difficulty with asymptotic decomposition, e.g.,

(1=x)(4?/dx?)u+u = g(x)
u=g(x)+(x-1)d*u/dx?

up = g(x)
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CHAPTER 3

‘THE DECOMPOSITION METHOD IN SEVERAL DIMENSIONS

‘Mathematical physics deals with physical phenomena by modelling the
phenomena of interest, generally in the form of nonlinear partial differential
equations. It then requires an effective analysis of the mathematical model,

such that the processes of modelling and of analysis yield results in

accordance with observation and experiment. By this, we mean that the

mathematical solution must conform to physical reality, i.e., to the real world

of physics. Therefore, we must be able to solve differential equations, in

space and time, which may be nonlinear and often stochastic as well, without

the concessions to tactability which have been customary both in graduate

training and in research in physics and mathematics. Nonlinear partial

differential equations are very difficult to solve analytically, so methods such

as linearization, statistical linearization, perturbation, quasi-monochromatic

approximations, white noise representation of actual stochastic processes,

etc. have been customary resorts. Exact solutions in closed form are not a

necessity. In fact, for the world of physics only a sufficiently accurate

solution matters, All modelling is approximation, so finding an improved

general method of analysis of models also contributes to allowing

developmentof more sophisticated modelling [1. 2}Our objective in this chapter is to see how to use the decomposition method

for partial differential equations. (In the next chapter, we will also introduce

double decomposition which offers computational advantages for nonlinear

ordinary differential equations and also for nonlinear partial differential

equations.) These methods are applicable in problems of interest to

theoretical physicists, applied mathematicians, engineers, and other

disciplines and suggest developments in pure mathematics.
We now consider some generalizations for partial differential equations.

Just as we solved for the linear differential operator term Lu and then

operated on both sides with L”', we can now do the same for highest-ordered
linear operator terms in all independent variables. If we have differentiation
for example, with respect to x and t, represented by L,u and L.u, we obtain

equations for either of these. We can operate on each with the appropriate

inverse. We begin by considering some illuminating examples.

Consider the example u/dt+du/ax+f(u)=0 with u(t = 0) = 1 2x

and u(x = 0) ==1/. For simplicity assume f(u) = u*. By decomposition



writing L,u=-(2/x)u-u’, then writing u=S0™, u, and representing u?

by u=D, A, derived for the specific function, we have

Lu=-(/dny u,-¥ A,

usu, -Li(#/any, u,-LiD A,
Consequently,

uy = u(x,0)= 1/2x
u, = -L;'(A/dx)uy -L7'Ay

u, =-L)(8/ xu, -L'A,

Substituting the A, (u*} and summing, we have

ee eS
ustt ete e.

2x ae” 6x

>u=to+te bey2x 2x 4x

which converges if (t/ 2x) < 1 tou= W(2x-1). If we solve for Lyu, we have
Lyu=-(9/d)u-flu) ~

us uy-Li(a/d0>, ul DA,
BOS

uy =-Vt

uy “L310/ At), -LitAy = 2x?

or u=-(I/t)[1+2x/t+---] which converges near the initial condition if 2x/t
<1tous (2x0.

Both operator equations yield distinct series which converge to the same

function with different convergence regions and different convergence rates.

It is interesting to observe that convergence can be changed by the choice of

the operator equations. In earlier work, the solutions (called “partial
Solutions”) of each operator equation were combined to ensure use of all the
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given conditions. We see that partial differential equations are solvable by

fooking at each dimension separately, and thus our assertion holds about the

connection between the fields of ordinary and partial differential equations.

There is, of course, much more to be said about this and we must leave

further discussion to the growing literature, perhaps beginning with the

introduction represented by the given references.

Consider the equation u,—u,, +(d/dt)f(u) = 0 where f(u(x,t) is an ana-
lytic function. Let L, represent °/3t? and let L, represent d°/ax?. We

now write the equation in the form

Lu-L,u=-(9/0t)f(u)

Using the decomposition method, we can solve for either linear term; thus,

Lu=L,u-(a/at)f(u)

Lyu=Lwu+ (d/at)f(u)

Operating with the inverse operators, we have

v=o, +L)Lu-L;'(a/a1)f(u)

us, +LLu+L;(9/at)f(u)

where the ,,, are evaluated from the given initial/boundary conditions.

Generally, either can be used to get a solution, so solving a partial differential

equation is analogous to solving an ordinary differential equation with the L,

operator in the first equation and the L,operator in the second equation

assuming the role of the remainder operator R in an ordinary differential

equation. The (6/4t)f(u) is a nonlinearity handled as before. The solution

depends on the explicit f(u) and the specified conditions on the wave

equation.

To illustrate the procedure, we first consider the case with f(u) = 0 in order
to see the basic procedure most clearly. We have, therefore, u, -u,, =0 and

we will take as given conditions u(0, x) = 0, u(t,0) = 0, u (7/2,x) = sin x,

uc.n?2) = sin t.

Let L,=0°/dt' and L, =d°/dx° and write the equation as Lu=L,u.
Following our procedure, we can write either u=c, k,(x)+c,k,(x}t

+LO Lu or usc, k, (+e, k,(0x+ Li Lu.
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Define ®, = c, k,(x)+¢, k,(x)t and ®, =c, k,(t) +c, k,(0)x to rewrite the
above as u= 0, +L;'Lu and v=, +LiLu.
The first approximant ¢, isu, =,. The two-term approximant ¢, is

uy+u, where u,=L;'L,u,. Applying the t conditions u(0,x)=0 and
u(t /2,x) = sin x to the one-term approximant 4, =u, =¢, ky(x)~c, k,(x)t

we have

o, k(x) =0

yk,(x) /2 = sin x

orc, =2/7 and k, (x) =sin x.
The next term is u,=Lj'L,u, =L;'L,{c,t sin x}, and we continue in the

same manner to obtain u;,Uy,...u, for some n. Clearly, for any n.

u, =(L;'L,)°uy = c, (sin x)(-1)°E*" /(2n =D!

If we write for the m-term approximant, we have for the two cases:

©, =c, sin Eee fon +D!
Since ©, (1/2,x) =sin x

k(x) = 0 -

ca sin x ¥(/2)™" [es + Di=sin x
As m—-,c,-1. The sum approaches sin t in the limit, Hence our

approximation becomes an exact solution u = sin x sin t, (The same result can

be found from the other operator equation.)

Thus, in this case, the series is summed. In general, it is not and we get a

series with a convergence region in which numerical solutions stabilize

quickly to a solution within the range of accuracy needed. Adding the

nonlinear term does not change this; the A, converge rapidly and the

procedure amounts to a generalized Taylor expansion for the solution about

the function u, rather than about a point. We call the solution an

approximation because it is usually not a closed form solution; however, we

Point out that all modelling is approximation, and a closed form which
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necessarily changes the physical problem by employing linearization is not

more desirable and is, in fact, generally less desirable in that the problem has

been changed to a different one. Recent work by Y. Cherruault and L. Gabet

on the mathematical framework has provided the rigorous basis for the

decomposition method. The method is clearly useful to physicists and other

disciplines in which real problems must be mathematically modelled and

solved. The method is also adaptable to systems of nonlinear, stochastic, or

coupled boundary conditions (as shown in the author's earlier books). The

given conditions must be consistent with the physical problem being solved.
Consider the same example u,-u,=0with 0S x< mand t20,

assuming now the conditions which yield an interesting special case for the

methodology.

u(x,0) = sin x w(0,t) = 0

44 (x,0)=0 wrt) =0
Decomposition results in the equations

u=qk,(t)+c.k,(x+ LY Lu

u=c,k,(x)+e,k(xt=L Liu

The one-term approximant g, = u, in the first equation is

uy = c)k (1)+ ek. (OX
Satisfying conditions on x we have ¢yk,(t)=0 and c,k,(t)@= 0. Hence u, =
0. The first equation clearly does not contribute in this special case; we need

only the second. Thus,

Uy = Chk, (X) +C,k(XIE
Applying conditions on t, c,k,(x)= sin x and ¢,k,(x)t= 0. Hence

u, = sin x

u, = L)'L,u,= (-/2!)sin x
u, = Lj L,u,=(t°/4!)sin x

o

v= (1-0/2!+14/4tn...)sin x = sin x cos t
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We are dealing with a methodology for solution of physical systems which

have a solution, and we seek to find this solution without changing the

problem to make it tractable. The conditions must be known; otherwise, the

model is not complete. If the solution is known, but the initial conditions are

not, they can be found by mathematical exploration and consequent

verification.

Finally, we consider the general form

Lu=Lu+(a/a0)t(u)

Lyu=L.u-(a/a¢)f(u)
o

u=ck,(t)+c.k,(t)x+Ly Lu+Ly(d/at)f(u)

w= Ok, (x) +c,k,(x)t+Lj' Lu -L7'(9/dt) flu)

We now let u= 5.” ,u, and f(u)= 0" A, and note this is equivalent to
letting u as well as f(u) be equal to A, where the A, are generated for

the specific f(u). If f(u) = u we obtain Ay=uy, Ay=uj,.., ie,

ST, Aatuh = Du. Now

usutLiL,> u,+Lbi(a/ay a,

u=up +L L,> u,-L(a/ay a,

To go further we must have the conditions on u, Suppose we choose

u(0,1) =0

u(x,0) = £(%)

ula.) =0

u,(%,0) = 0

Satisfying the conditions, we have c,k(t) = ¢,k,(t) = 0 or u, =0. Therefore

the equation involving L;’ does not contribute. In the remaining equation we
Bet Ck, (x) = f(x) and c,k,(x)t= 0. Hence,
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uy = £(%)

u, =L'L,uy -L7'(2/ ddA,

u, = Li Lu, -L7(@/ aA,

‘Thus, components of u are determined and we can write p= So" ju, as an
n-term approximation converging to u as m+, To complete the problem,

f(u) must be explicitly given so that we can generate the A,. We see that the

solution depends both on the specified f(x) and on the given conditions.

RESULTS AND POTENTIAL APPLICATIONS:

The decomposition method provides a single method for linear and

nonlinear multidimensional problems and has now been applied to a wide

variety of problems in many disciplines. One application of the

decomposition method is in the development of numerical methods for the
solution of nonlinear partial differential equations, Decomposition permits us

to have an essentially unique numeric method tailored individually for each

problem. In a preliminary test of this notion, a numerical decomposition was

performed on Burger's equation. It was found that the same degree of

accuracy could be achieved in two percent of the time required to compute a

solution using Runge-Kutta procedures. The reasons for this are discussed in
2).

EXAMPLE: Consider the dissipative wave equation

u, Uy, +(8/90)(u*) = g = -2sin?x sin tcos t
with specitied conditions u(0,t) = u(x,t) = 0 and u(x,0) = sin x, u,(x,0) = 0.

We have

up = k(x)+k, (t+ Lg
from the L,u equation and use of the two-fold definite integration L;’ and

up = k, (+k, (x-Lg

from the L,u equation and application of the two-fold indefinite integration

L;\. Either solution, which we have called “a partial solution”, is already

correct: they are equal when the spatial boundary conditions depend on t and
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the initial conditions depend on x. When conditions on one variable are

independent of the other variable, the partial solutions are asymptotically
equal. From the specified conditions u(x,0) = sin x and u,(x,0) = 0

k,(x) = sin x

k,(x)=0
so that

u, = sin x—(sin* x)(1/2- 1/4 sin 2t)
‘The n-term approximant 9, is

=! Pa

=LOL)uy -Li(a/a) DA,aS a

where A, = Upty, Ay = Uyt == Ugt;,...

‘The contribution of the term L”'g to uo results in seif-canceling terms, or

“noise” terms. Hence, rather than calculating exactly, we observe that if we

use only us = sin x, we get u,=(-t"/2!)sinx, u; =(t*/4l)sinx, etc. which
appears to be u = cos t sin x. Thus the solution is u = cos t sin x + other

terms, We write u = cos t sin x +N and substitute in the equation for u and

find that N= 0, ic., the neglected terms are self-canceling and u = cos t sin x

is the correct Solution. It is often useful to look for pattems to minimize or

avoid unnecessary work. -

To summarize the procedure, we can write the two operator equations

Lu=g+L,u-(a/at)f(u)

Lu =-g+L,u+(d/at)f(u)

Applying the operators L;' to the first equation or L;' to the second,

u=k,(x)+k,(x)t+Lj'g+L/'L,u-L7'(a/anf(u)

u=k,(t)+k,(0x-Lig+Lj'Lu+Li(a/anf(u)

Substituting u=)\~,u, and f(u)=7 ,A,, where A, are defined for
f(u), we have

Up =k(x)+k,Qn +Li'g
uy. Li Lyu, -Li'(a/dA,
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o

uy =k, (+k (Ox-Ljg

uy = LL, +Ly(a/a)a,

where, if both make a contribution, either can be solved to get an n-term

approximation @, satisfying the conditions to get the approximant to u, The

partial solution as noted carlier is sufficient. The integration “constants” are

evaluated from the specific conditions, i.c., each @, satisfies the appropriate

conditions for any n.

The following example illustrates avoidance of often difficult integrations

for solution to sufficient accuracy in a particular problem, The exact solution,

which will then be used for a solution to two or three decimal places in

physical problems, is often unnecessary. We can sometimes guess the sum of

the decomposition series in a closed form and sometimes determine it by

Euler, Padé, Shanks, or modified Shanks acceleration techniques. However,

whether we see this final form or not, the series is the solution we need.

EXAMPLE: u, uy +(9/ dt)f(u)= g(x.t)
Let g=2e" sinx—2e™ sinx cosx and f(u)=uu,. The initial/boundary

conditions are:

u(x.0) = sinx

u,(x,0) =-sinx

u(0,t)= u(z,t)=0

Let L, = 0*/dt° and write the equation as

Lu = g—(9/0t)f(u)+(0*/ax*)u

(By the partial solutions technique, we need only the one operator equation

the @*/dx? is weated like the R operator in an ordinary differential

equation.)

Operating with L;' defined as the two-fold integration from 0 to t and
writing u= 7, u, and f(u)= D7, A, where the A, are generated for
{(u)= uu, , we obtain the decomposition components
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uy =u(x,0)+ 4,(x,0)+Ljg
ug. =-Li(9/ aA, +L(9? Jax")uy

for m> 0. Then, since \™, u, is a (rapidly) converging series, the partial

sum 9, =", u, is our approximant to the solution.
We can calculate the above terms Us,U,,...,Uq aS given. However, since we

calculate approximants, we can simplify the integrations by approximating g

by a few terms of its double Maclaurin series representation. Thus we will

drop terms involving v and x’ and higher terms. Then

etek
2

sinx=x

©
cosx =1-
nr)

so that

g=2] ree (x)-2{t-20+28)e{1-2 m2

Then L“' g= 0 to the assumed approximation, Hence

uy =x =x -

u, =Li(a/dt)A, +L)(3?/ax*)u, = xt°/2

Thus the two-term approximation is

@, =u, tu, =x-tx+xe/2
=(I-E+0/2)x=e'sinx

Although we can calculate more terms using u,., for m > 0, substitution

verifies that u = e“sin x is already the correct solution.
If we need to recognize the exact solution, we can carry the series for g to a

higher approximation to see the clear convergence to e“'sinx. Once we

guess the solution may be e“sinx, we can verify it by substitution, or

substitute e~' sinx +N and show thatN = 0.



EQUALITY OF PARTIAL SOLUTIONS:

In solving linear or nonlinear partial differential equations by

decomposition, we can solve separately for the term involving either of the

highest-ordered linear operators” and apply the appropriate inverse operator
to each equation. Each equation is solved for an n-term approximation. The

solutions ofthe individual equations (¢.g., for L,u, Lu, Lu, or L,u in a four-

dimensional problem) have been called “partial solutions” in earlier work.

‘The reason was that they were to be combined into a general solution using

all the conditions. However, it has now been shown [4] that in the general

case, the partial solutions are equal and each is the solution. This permits a

simpler solution which is not essentially different from solution of an

ordinary differential equation, The other operators, if we solve for Lu, for

example, simply become the R operator in Lu + Ru + Nu= g. The procedure

is now a single procedure for linear or nonlinear ordinary or partial

differential equations. (When the up term in one operator equation is zero,

that equation does not contribute to the solution and the complete solution is,

obtained from the remaining equation or equations.) We will show that the

partial solutions from each equation lead to the same solution (and explain

why the one partial solution above does not contribute to the solution).

Consider the equation L,u+L,u+Nu=0 with L,=0°/dx" and
L, = 4°/4y*, although no limitation is implied and Nu is an analytic term

accurately representable by the A,, polynomials, We choose conditions:

ula,.y)= ay) u(x,b,)= Bx)wla;.y)= @(y) u(x,b.)= B(x)

Solving for the linear operator terms

Lyu=-L,u-Nu

Lyu=-Lu-Nu

‘Using the “x - solution”, we have

LyLyu=-LjLju-LyNu

* Purely nonlinear equations or equations in which the bighest-ordered operator 1s nonlinear
require further constaeration [3]
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where L? is an indefinite two-fold integration and L;'()=j [()dxdx+,
where ®, =,(y)+xé,(y). The &(y) and &(y) are matching coefficients to
the boundary conditions. Hence, L'Lu=u-®, and ®, =4,(y)+xG(y),
where ¢, and &, are the integration “constants”. We now have

u=0,-L{Lu-L{Nu

Welet u= Yu, and Nu= "A, where the A, are defined specifically
for Nu. The u, term is normally taken as ©, (or ®, Lig when there is an

inhomogeneous term).

We can take a somewhat different approach (double decomposition),

discussed in Chapter 4, and decompose ®, as well. In that case, we write

Pi = Soa Xin
and

Uy =O, 5

‘Then instead of the following components being given by

ug. =-LiLu, -LJA, for m21
we would have

u, =®,,-LLyu,- LIA,

u; =; -LyLyu,- LA,
u, = 0,,-LiLyu, -L'A,

uy = ®,_ Libya. Li Aa.)

The boundary conditions Prov (BY) = Cy)
Pour (@ss¥) = Oy)

determine &,., and &,,,. Then

u,=,,

u, =O, “LAL, O,9 Ly Ag
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u =, .-L{L,0,, +LjL,7, +LYL,LYA,- LyA,

u, = ,,- LIL, ®,, +(LYL,P',, - (LAL,

~(LIL, LIA, +L L,LZA, - LA,

uy = CLL, ®,..- DLLPL A,

Now

vasy= DY YELL. Y-LIL ELA,
at ae

which is the solution to the equation in x. We can proceed in the same

manner with the y equation; however, we return to the ordinary or regular

decomposition for clarity. The additional decomposition is of no advantage

for initial-value problems but speeds up convergence in boundary-value

problems by giving us results for u,, u,, ... that are obtained by correcting

constants of integration as we proceed. so that We can then use a corrected

initial value without more matching to conditions. From the x partial
solution.

Up = ®, = Ea(y)+xGi(y)

uy, =-LyLu,- LA,

u, = (LVL, uy +ILZL LA, - LA.

uy = {LDL Puy - LLPLYAg = ILL, JLy A, “LYAS

From they partial solution
uu, = @, = Mp(X)+ y7}, (x)
u,=LyL,u,- LA

u,<1L,Fu+L IA: - LA,

The mth approximant @,, = ""' u, in each case above, The integration
constants are determined by satisfying the given conditions by solution of the
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The limit as m— © of @,, for the x equation and the y equation are respec-

tively the x partial solution and y partial solution and are identically equal;

either is the actual solution which satisfies the differential equation uniquely

for the given initia/boundary conditions.

REMARKS: Suppose we consider a partial differential equation whose solu-

tion is the surface u(x,t) ina Cartesian system. We write this in the form

Lu +L,u+Ru + Nu =g. The intersections with the u,x plane is u(x,0) = f(x).

As t increases from this initial value, the surface u is generated. Similarly, the
intersections with the u,t plane is u(0,t) = g(t). As x increases, the surface is

generated.

The partial solutions represent these two possibilities, ic., we can

determine u either by starting from f(x) and using the t equations (Lu =

g—L,u-Ru-Nu) or starting from g(t) and using the x equation (L.u =

g—Lu—Ru—Nu) and the appropriate inversions for each.

ea

Consider, as an example, the simple heat flow equation u,=u,,, given

that u(x,0) = sin(x/é) and u(0,t) = u(é,t) = 0. The solution is
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oF sin(ex/l)

The equation in t is Lu = Lu. Applying the L;’ operator, we get

u=u(x,0) +L L, 57, uy

uy =sin(x/0)

u, = LiL,uy = (27 t/é7)sin (7 x/é)
u, = (2*/¢*)sin(wx/2)

us Yu, =e" sin(ax/e)

which is the complete solution usually obtained more easily than the
textbook solutionsof this problem. The x equation is L,u=L,u. .Applying
Ly

w=k()+xk,O+LL,Duy

We see uy = k;(t)+xk,(t)= 0 which means all following components must
be zero so this equation, as previously stated, makes no contribution. Here,

the x conditions (boundary conditions) u(0,t) and u(Z.t) do not depend on t.

Hence the partial solutions are asymptotically equal—they both are zero at
(oe.

Use of the partial solutions technique as compared with the author's earlier

treatments of partial differential equations [4] leads to substantially decreased

computation and minimization of extraneous noise {5}. Also we note that the

convergence region can be changed by the choice of the operator equation.

Since the partial solutions are equal, we need solve only one operator

equation. (Exceptions occur when the up term is zero in one ofthe equations

or the initial/boundary conditions for one operator equation do not involve

remaining variables.) The remaining highest-ordered linear differential

operators can now be treated like the remainder operator R. Thus ordinary or

partial differential equations are solved by a single method. The decision as

to which operator equation to solvein a multidimensional problem is made
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on the basis of the best known conditions and possibly also on the basis of

the operator of lowest order to minimize integrations.

To make the procedure as clear as possible, we consider first the case

where Nu =0, ice., a linear partial differential equation in R*,

Lu+Lu+Ru=g

where L,=4°/dx’ andL,=0'/dy’ with the boundary conditions

specified by boundary-operator equations

Buu} ..,= Bly) Baul ..2,= Bay)

Buu] .,=71(%) Bau]yan. 720%)
Solving for L,u we have L,u=g —L,u ~Ru and operating with L? we have

u=0,+Lig-LiLu-L7Ru

where ®, satisfies L,®,=0. The inverse operator Lj! is a two-fold
(indefinite) integration operator since L, is a second-order differential

operator. The “constants of integration” are added for each indefinite

integration. ** (This makes notation consistent with decomposition solution of

initial-value problems where for L, = 9/dt we define L;'(]= {i[Jét, and for
L, =07/dt", we have a two-fold definite integration from zero to t.) Now

the decomposition u= D°~ ,u, yields

u=,+Lig-LiL,Yu, -L:R Dw,
where we identify

u, =, +L

“*For linear ordinary differential equations, but not partial differential equations. we can
View L! as a pure two-fold integration operator not involving constants and simply add

the ©, for a general solution.
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as the initial term of the decomposition. Since L? is a two-fold integration,

, = coy) + xe\(y) and uy = cy(y) + xc,(y) + Lig. Hence

u=u-LyL, Yu, -LiRD
Then form > 0

: m

Up. =“LyLju, -LZRu,

for components after us. Consequently, all components of the decomposition

are identified and calculable. We can now form successive approximants

= Do ue as n increases which we match to the boundary conditions.
Thus 9; =Ugy : = + Uy, P= G2 + Us, Serve as approximate solutions of

increasing accuracy as ne and must, of course, satisfy the boundary

conditions. Beginning with g, =u, =c,(y)+xc,(y)+L;'g, we evaluate c,
and c, from the boundary conditions

Biro, = BY) BsPfans, = BY)

Thus @, is now determined. Since u, or g, is now completely known, we

form

u,=-LL,u,-L Ru,
Then

9.= 9, uy,

which must satisfy the boundary conditions. Continuing to an acceptable

approximation g,, we must match the conditions at each value of n for a

satisfactory solution as decided either by substitution or by a stabilized
numerical answer to a desired number of decimals.

For the special case of a linear ordinary differential equation, we have the
simpler alternative of using the unevaluated u, to get u,, simply carrying

along the constants in u, and continuing in this way to some g,. Thus, in this
case, only one evaluation of the constants is necessary. (For nonlinear cases

or for partial differential equations, the simpler procedure 1s not generally

possible.) To make this clear, consider some examples:
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@u/dx? - 40xu =2
u(-1) = ul) =0

Write

Lu=2+40xu
o

usc, +¢,x+L"(2)+40L "xu,
We can identify

~

Uy = 6, +6,x+L(2)= 6 +0,x=x*

Now instead of evaluating the constants at this stage, we write

u, = 40L™ xu, -(20/3)¢,x?+ (10/3)e,x* + 2x°
u, = 40L"'xu, ~ (80/9)e,x" + (200/63)e,x" +(10/7)x*

If, for example, @, is sufficient,

= C, +C,xX+x7 +(20/3)¢,x”

+ (10/3)e,x* +2x° +(80/9)¢,x°

+ (200/63)c,x” +(10/7)x*

Imposing the boundary conditions at -1, and 1 on g we have

9,2 = 9(1)= 0 or
149/9 473/63) (¢,)_(-31/7
2919-53163) \c,) \-3/7

determining c, and c, and therefore @, in a single evaluation, (By g,.this

yielded seven-digit accuracy.)

Another example is. d”y/dx? +2x dy/dx = 0 with y(0)= 0 and y(a) = 1. The
solution is y(x) = (erf x) / (erf a) or

= (0/3) + (0° /10) = (x7 /42) +

a= (a? /3) + (a? /10)—(a"/42) +---
Write Ly= -2x(dldx)yor
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If we satisfy the conditions with g,=y, we have y,=x/a as our first

approximant. If we continue to some gy, and evaluate only then, we have

yy =—2L'x(d/dx)yy = -2L'x(d/dx)(C, + cx)= -C)x7/3
Yz = -2L"'x(d/dx)y, = -2L'x(d/dx)(-64x" /3) = —c,x° 10

If we stop at

B= Yor MtY2

x =, +€,x— C,x°/3+,x5/10

and now satisfy the conditions we have

ya 222/39 10)
a-(a°/3)+(a*/10)

which is (erf x)/(erf a) to this approximation which can, of course, be
carried as far as we like.

For linear ordinary differential equations, both procedures will work, i.¢.,

we can use the evaluated u, to get u,, add it to the unevaluated u, to get 9,

then satisfy the conditions at the boundaries, or carry the constants along as

in the examples, The last procedure is most convenient because ofthe single

evaluation: the first is more general since it applies to nonlinear ordinary

differential equations and linear or nonlinear partial differential equations as

well [6.7].

EVALUATION OF COEFFICIENTS FOR A LINEAR PARTIAL DIFFERENTIAL

EQUATION:

Uy —Uy =0

for OS x£ 7/2, 0S y<A/2 with the conditions given as
u(0,y)= u(x,0)=0
u(r/2y)=sin y

u(x,/2) = sin x

Let L, = 0° /ax? and L, =d°/dy’ to write L,u=L,u. If we apply inver-

sion to the L, operator, we have u=k,(y)~ xk.(y)+L'Lyu.
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Now ©, = k,(y)+xky(y). Hence =, +L/L,u. The one-term approx-
imant is g,=u,=,. A two-term approximant is 9,=9,+u, and

u, =LiL,u,. The x conditions are u(0,y) = 0 and u(7/2,y) = sin y. Applying
these conditions to k,(y)+xk,(y) we see that k, =O and k, = (2/z)sin y.
Thus, if the one-term approximant g, were sufficient, the “solution” would

be 9, =(2/m)xsin y.‘The next term is u, =L{Lju, =L7L,{(2/z)xsin y]. Then g, =u, +u, is
given by 9, =k, + xk, ~(2/z)(x/3!)sin y. Because ofthe condition at x = 0,

we have k, =0. From the condition on x at %/2,

(7 12)ky(y)~ (2/)((7/2) /3!)sin y=sin y
k,(y) = (2/a = a/l2)sin y

hence

9, =(2/t-7/12)xsin y
The first coefficient was (2/7)= 0.637. The second (from 9,) is 0.899. As
n=, the coefficient approaches 1.0 so that u = x sin y is the solution.
Notice that if we try to carry along the constants of integration, k, and k,,

to some g, and do a single evaluation for determination of the constants, we
have u, = LL,u, = LyL,[k,(y)+xk,(y)] which we cannot carry out; we
must use the evaluated preceding terms rather than a single evaluation at ¢.

We have used only the one operator equation; the same results are obtained
from either.

Let us consider a more general form for the linear partial differential

equation Lu+Lju+Ru=g where L,=0°/dx* andL,=d'/dy* with

conditions specified by B, u(x)],.., = B,(y) and B,u(x)|,.4, = B,(y). Solving
for L,u and applying the inverse operator, we have

u=O+Lig-L{Lu-L{Ru

where © = c,(y)+ xc, (y) is the solution of Lo = 0.
Let u= 7 ,u, and identify the initial term as u, = ¢,(y)+ xc,(y)+L;g.

Now for m > 0, the remaining components are identified
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We now form successive approximants p, = \*"u,, which we match to
the boundary conditions, Thus y= Uy, @ =, +Uys y=, +Ug, = Serve

as approximate solutions of increasing accuracy as n approaches infinity and
must satisfy the boundary conditions. Beginning with

9, = Uy = Oy)+Xe)+L 'g
we use B,g|,, = B(y) andBy,= By(y) to determine c\(y) and c,(y) sothat g, is completely determined, Since u, is now known, we can form

u, =-L;'L,u,-LyRu,. Then g,=¢,+u, which must also satisfy the
boundary conditions. Continuing to some g, we match the conditions for a

sufficient approximation, Thus carrying along constants to @, for a single

evaluation doesn't work except for linear ordinary differential equations. For

linear partial differential equations, we must use the already evaluated

preceding terms and can do so also for nonlinear ordinary differential

equations.

COEFFICIENT-GENERATING ALGORITHMS FOR SOLUTION OF PARTIAL

DIFFERENTIAL EQUATIONS IN SERIES FORM:

Let's consider a model system in the form

eu au
28, us ple aot
oe Ut BGs = alts)

assuming conditions given in the form u(0.x)= o(x) and du/at(0,x)= n(x).Write
a(tix)=> Y gast™s®

ced

a(x)=3 9x"
m

n(x)= > nx"

We note that
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(x)= >, g,(x)t®
where,

2a()= > Baak®

Defining L=4?/at* and L" as a two-fold definite integration from 0 to t,
wwe can write

Lu+au+B(d?/dx")u=a(t,x)
o

Lu=g(t,x)-@u-B(a*/dx")u

Operating with L*, we have

usu, -L'au-Lp(#"/ax")u
where

u, = u(0,x)+ Fx) +L'g(tx)
o

gals"
1p = O(x) + t7(x =vena) ine) + Bemad)

which we will write as

uy = Yal(x)e

where os
a(x)F ax?

Thus the coefficients are

af)(x)= 0(x)
a(x)= n(x)
af?) (x)= fal)22) =Nan)

Using decomposition u= x2. Us,



uu, —L'au-L"'B(d?/dx")u

usuy-L'aSi uy -L1B(a*/ax")>) u,Land me0
so that form = 0,

bo =D ali(xye
and for m> 0,

=

uy = Lieu, ,-LB(#/8x*)ug.,

Since we can also write
v= DD aehtx”

we note

areas

ann = oy

aan,

a, <=—Se=
oes" (m=1)(m~2)

The next component u, is

u, =-L'au, -L'B(07/9x*)u,Since
(°/8x*)uy =(8*/Ox*)S a(x)je®

=(#F/ax)d Y alieext
et eo

= Liw= ins 2hall), ex"
ms

Thus

ee alma

weed 2 msnimed)
pS Fg getge (2+ DIn+2)
> x Sowa Um iym*2)

which we write as
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as

where

at, = abl = Bln +Dint 2a
aa (m+i(m+2)

Proceeding in the same way, write

u, =-L au, -Lp(F*/ax*)u,
(@/ax)u, =D Y aly (n+l) (n+2)e2x"

an

ah ¥ all tetTEs BS (m+ Ima)

By Fath GAN =2t8"*x*
By z See Tema)

which is now rewritten as.

weed Sahin

where meee
af) = 2@a@s — Bln (n+ 2)ao.e
se (m+3)(m+4)

Continuing, we calculate us, us, ... and see that we can write for the 4th
componentof u

w- Fs Fleet (yoo)with as

ale) = 2eaES - Bln Nin + 2),
sa (m+2u-1(m+2p)

as a coefficient-generating algorithm. Thus for p =0

ate =e

af =,

a), =——Sas_
srt8 (m+ 1)(m+2)
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Then the solution is u=)™, u,. Consequently

Sey F alee

is the solution with

:

=FEF aes

as the ¥'th approximant to the solution which becomes an increasingly

accurate representation of u as V increases.

MIXED DERIVATIVES:

Consider the equation u,, =—u given the conditions u(x,0) = e* and u(0.y)

=e. Let L,=a/ax
L, = aay

Then Ly')=f'Qdx and LQ fOdy. In operator form, we have
L,L,u =~u. Operating with L;' we have

LIL)=u

Lyu-L,u(0,y)=-Lj'u

Lu=L,u(0.y)-Lyu

Operating now with L;!

Ly Lu =L}'L,u@y)-LS Lu

u-u(x,0)= u(0.y)- u(0,0)- Ly Ly u

u=u(x,0)+u(0,y)-u(0,0)- LE Ly u
Let

u, = u(x,0)+u(0,y)— u(0.0)

u,=et+e?-1

uy =-LI Liu,

u,=-LILyu,
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Hence u= 7, wor

w= DCL Lu,
Eo

Since

ug = (-LLY)%(e' +e? -D
we have

-pyey aieney (yya, = (GL) 24 -uL)y pie2

cyte ot ee Cy
Ory ey OY

m! % (m+y)! mi (m+ 4)!
Because u= 7, uy.

= fore ot es ey]vey (O*y ey OY5{ m! % (m+ y)! ma (m+ py!)
is the solution. However, we can rearrange the terms to get a simpler repre.

sentation using staggered summation:

Sem yyus
oy> p (m=p)! pt

ZS 1S (mM) oy

where

(")- minw) (m= pint

We recognize the binomial expansion of (x- y)" and write

w=} to-yye
Am

which is, of course, the exponential series of (x-y) so that u=e'? which is
the same result in a convenient form.
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REMARK: If we write g; =u, +u,, we can recognize the first six terms of
(+x+x?/2)-(l-y+y?/2)= ete. Write u=e%e? +N, substitute into the
original equation and see that N must vanish in the limit.

EXERCISE: u, =u, +u,~u with u(x,0)=e* and u(0,y)=e". (The solu-
tion is u=e")

EXERCISE: u,, =[4xy/(1+x’y')]u with u(x,0)= u(,y)= 1. (The solution
is u=I+x’y?) A generalization to u,+k(x,y)u= g(x,y) with
u(0.y) = &(y) and u(x,0)=7(x) can also be considered using power series

expansions of the functions to several terms.

MODIFIED DECOMPOSITION SOLUTION:

u,, =u, =u, —u with u(x,0) =e" and u(0,y) =e", Let

w= DD arty?

Then

=> DY (meday.. xy"

w= > Y mtday,.x*y"

uy =D Y (m=YO=Yax?y
ad

tom Z tox

wOy)= > ay®

We note that uix,0)= 07, x*/m! and u0.y)= 07, (-y)*/n!. Sub-
stituting in the equation,
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YY m+ dea axy¥= > Y (m+Nazi.x"y”

+L LD @tnaxy-> Y ane y
Equating like powers

(m+ Nagg+ (0+ Nage1 BonBaga
gey
Bt

= (m+in+1)

Ago= Vm!
a, =(-D*/a!

We can now compute a table of coefficients in a convenient triangular form

aon

Ay ays

Ang Ay Ao

Le

which is given as: re
1

1-1

1 1
2.4 21
2 2

foot ha
6 2 2 6

to ft aot
m4 6 4 6

and by induction,

a=
mint

Therefore

Se aeus aga X= cry

-F F SO _F 8 F Or

Consequently, u=e'?, From the table of coefficients, we see that
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see oy 21s(m..us
So et xB-8(—LX woo 2h my la POSince

oF (Mee ye
x-y)P= =(x-y) > (ts cy

Fy Gay oy
od ese

ADDENDUM: From the table of coefficients in triangular form, we have

a.
“min!

Therefore by substitution,

(m+1Day.,.++ Dag.

= fom P+ py OE}{ (m+n! mi(n~ 10"!

=o 0") 4min! mint J

Consequently we can derive the recurrence relation by substitution:

MaeAgee) = —=)" ne (n+1)
a= /m!

a,

= (-1)"/n!so that

u=y Dasty!
ae

GENERALIZATION OF THE A, POLYNOMIALS TO FUNCTIONS OF

SEVERAL VARIABLES:
In applying the decomposition method to nonlinear differential equations

arising in physical problems, we may encounter nonlinearities involving

several variables [8]. We now generalize the algorithm for A, for f(u) to

analytic functions of several variables such as f(u.v), where f(u.v) is not

tactorable into {,(u)f(v). (The latter case, of course, is solvable asa “product
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nonlinearity” by developing the A, for each factor and obtaining their

product.) Examples appear in (2]. Our objective is to extend the class of

solvable systems.

In the use of the method, the solution of a differential or partial differential
equationis written u=.~, u, and flu) =", A,(up,uy,.... ¥,) where uy
is a function involving initial/boundary conditions, the forcing function, and

an integral operator. This amounts to the assumption that the solution and

functions of the solution are expanded in the A, polynomials since A,

reduces to u, for f(u) = u. For development of an algorithm for the A,, it is
convenient to assume parametrized forms of the u and {(u). The following

expressions have been given by the author (2} as:

Ag = (1/n(6/d2*)fluCA)ano wo

orsimply A, =(I/n!)D*f],., where D* = d°/a2? and

(2/02? )u(A)|sno = ny

The D*f term for n>0 can be writtenas a sum from v =1 to n of
terms "f/du" with coefficients which are polynomials in the d’wdA”. Thus,

D'f = (df/du)(du/da)

D'f= (d*t/du*)(du/da)* + (df/du)(d*wd?)

D'f= (°f/du*\(du/da)? +3(d?t/du*\(du/da Kwa?) +
+ (df/du)(d’wdi?)

‘The result for A, can finally be given in a very convenient form which we
have referred to as Rach’s Rule,

A=, (v,0)f(up) @

Here (up) means the vth derivative of f(u) at u=up and the I/n! is

absorbed in the c(v,n). The first index of c(v,n) progresses from 1 to n

along with the order of the derivative. The second index is the order of the

polynomial.
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The A, is a function of to, Uy... iL€., of the components of the solution
w in the decomposition.The c(v,n) are products (or sums of products) of v
components of u whose subscripts sum up to n with the result divided by
the factorial of the numberof repeated subscripts. For example ¢(1,3) can
only be u; (a single subscript which must be 3). ¢(2,3) can only be u, 1,
(two subscripts adding to 3). (3,3)= (1/3!)u}. (2,6) has two subscripts
adding to 6 for which we have three possibilities for uj using (2,4), (1,5)
and (3,3), Hence c(2,6)= ust + Ujus + (1/2!u3. The resultis

Ao= fluo)

A, = u,(d/dup}f(Ue)

Az = Ua(G/duflte) + (Uj /2!9(0"/du 5 flo)

Ay = Us(@/dup)f(uo) + uu; 67/du fluo)
+ (w}/39(4°/du§ flue)

ANALYTIC FUNCTION OF TWO VARIABLES f(u.):

Proceeding analogously to the case of one variable,

D'f= (dffduydu/da) + (f/dv\(dv/d2)

D* f= ("wad )\df/du) + (d?v/dA*)idf/dv'+ (du/dA)*(G"f/du’)
+ 2(du/d.)(dv/dAXG*/dudv)+ (dv/d/)*(67#d7)

D'f= (d'wei'\(df/du) + (6 v/a2\f/dv)

+ 3(du/d2)(d?wd2*\6"t/du*) + 3(dv/d2\(d*wd2?\(6"f/ dud)

+ 3du/dAd? v/d2?Xd"f/dud “)* 3(dv/dAXd? vida? \d"f/dy" )

+ 3dv/dA\idu/d2)°@fldvdur + 3(du/dAy(dv/day'(d*f/dudv?)

+ (du/da)*@'Eldu’) + (dv/dA)*@?E/dv")

Dé f= (d*w/d2*)(df/du) + (d*vidA‘\(AEdv)
+ 6(du/d2)*(d*wd22\(a°f/du?)* 6(du/d2)"(d*v/d 7X0"f/du'dv)
+ 12(du/dAy(dv/ddy(d*w/dA?Xa"f/ du" dv)
+ 12(du/d2)(dv/dy(d?v/d27\d°f/dudv*)

+ 6(dv/d4)N*w/dA2\(6°E/dudv)+ 6(dv/d2)#(6*v/dA7 \d°£dv*)
+ 3id*uldA?"(G"f/du’) + 4(du/d2\id*wd4'\d*f/du*)
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+ Mdv/dAy(d?dd? \(d?t/dvdu) + 6(d*v/dA?\d*wda2Xed fidudv)
+ 4(du/dA\d?v/dA? YXd"£/dudv) + 4(dv/dAXaWid XP td?)
+ 3(d?vidA?Ud" flav’) + A(dv/dA)(du/dAy "tlavdu>)
+ 6(dv/dA)"(du/dA)'(G*f/dvédut+ 4(du/dA)(dv/dA)s(dst/dudvs)
+ (du/dd)*(d*t/du') + (dv/da)"(a"t/av')

The A, for f(u) are written A,(f(u)}. Generalizing to A,(f(u.v)} or

Ag(f(u(),v(2))} we introduce the notation

10), Wan =6,.(00.%9)ao , V(A))fano = Lar (Yor Vo,
Proceeding analogously to the c(v,n) and f(up) for f(u), we can now write

c(u.v,n) and £*”,or f,,(Uy,Vo)for a function f(u,v).

Ay = (1,0, Df; p(to.¥») + (0.1.1, (to.¥o)
= ¢(1,0,1)df/duy + c(0,1,1)df/dv,

Comparing with D'f we see that c(1,0,1) = du/da. which must be evaluated

a A=0. Since u= 7, Hu,, du/dajs.,=u,. Hence

Ay = undffduy + v,df/dvo

Ai =Urfia + Vifor

Proceeding in the same way we can list the A, (f(u,v))

Ao=fao

AL =Uifis + Vifar

Al=Uafiy + Var + (UT/2Dfoo + Ur Vif, + (VF/2)Fos
Ay =Usfig + Votan + UsUafeo

+ [U.Va + UaVy HE) + ViVafoa+ (UI/3Dfap + (UT/2)Vifar
+ (Uivj/2Dfi2 + (V}/3Dfas

Ag Ushio + Valo) + (03/2) + sus rot (Wi¥s + tvs + Usd
+ [(v 3/2! + vyvo]foa + (u7/2Duafyy+f(u 7/2)va+ witsys ay

+ [Way vp + UV7/22 + (Vv F/2DVafas+ (U f/4DFoo + (UI/3DVfay
+ (UPD PDfas +UVMs+ (v {/4DFos
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Pethaps more conveniently we will write in symmetric form [1,2] where the

indices of f,., start from n,0, subtracting 1 from n and adding 1 to 0 for

the next set ,.., and finally reaching O,n, Thus

Ao=foo
Arsurfio

+ ¥if,.Az= (U7/2)f2,0+ Ui Vifia + (V j/2)fo2 + Uafy,o+ Vafo
Ay = (U3/3Dfs,0+ (7/20 fay + (v7 /2)uif a+ (v 1/3 Dos + U Uaf,o+(vith+ UValla + ViValoa+ Ushi o+ Valo,
Acs taf o+ Vafo + UT/2)uafs9+ (UT/2Dvofe + UrVitab,

+ uyvialig + (v 7/2uafy2 HV T/2)vafos + U Z/2fao+ Uitste,o
TVithbh y+ Vata 1+ UV of + ViVatoa + (V 3/202
+ (UBLot (W /2D(U F/2Dfas + (UV SDE,a + U F/4DEeo
+(V5/4 Dee

For As, we have c(0.0:0)= 1. We can list the A, as follows
Ay = CU:ihe + 0.1:

Az = 0(2,0:2)f2 + (11-206; 1 + €(0,2:2)f2 +€(1, 0; 2)fyo + €(0, 1: fo,
Ay = €(1,0:3)f:,0+ €(0,1:3)fo,: + (2,033)ot C(11:3)f,,5 + €(0.2;3)f,2

+ €(3.0;3)f.0 + ©(2,1:3)fp,. + €(1,2:3)f2 + 0(0.3:3)f,s
A= CL0:4)f, 0 + 0(0,1:4)fo1 + 0(2,0:4)fa9 + CCL. 4)f, 1

+ C(O.2:4)fe= + (3,024)o + (2,15 a, + CULL:fy 2
+ CO.3ADE s+ 40:4)Eo + €B,1:4)f) + C(2.2:4)f2,2

+ (13:4),3 + C(0,4:4)fo
Ac = LOS): + CO1:S)fo,: + €2.0:5)fc+ C(1,1:S)f,: + 00.25)2

+ €(3,0:50f,9 + €(2,1:5)f, + 6(1.2:5)f 2 + (0.3:5)fo,s

+ 064,0:5)f + 3,19). + 02.2:5)f22+ C135); s+ 00,45).

+ 0(5.0:5) fe# C4, 1:5)E.,. + 63,23562 + (23:5)
+ C(1.4:5)f.< + (0.5:5)fo.5

Ag = C10:6)f: 0 + 6(0,1:6)f,: + €(2,0:6)f:0 + C(1,1:6)f; : + (0.2:6)fo2+.€3.0:6)f5,. + €(2,1:6)fe,1 + C(1.2;6)h 2 + 03:6), + o(4.0;6)f..0
+ (3.1:6)f.) + (2,2:6)fy2 + C(1,3:6)h,» + C(0.4i6)fo,« + €(5,0:6)fsn
+ C14, 1:6)fe1 + 13,256)2+ C2.3:O)fe,3 + C146), « + 0.53605+ €(6,0:6)f.,, + €(5,1:6)fs,: + 0(4,2:6)f,2 + (3.3:6)f5,s + O(2,4;6)fo,6

+ (1 S:60f, . + €(0,6:6)fo,6
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Ay = CLONE, 9+ COLD o + CC20:7h,o + CULM, +00.2Dho2
+(3,0:7)0 + 2A TIfa,s + 12: 2 + (0,3: Mf,s +014,0:T)fi,o
FABLDG + 22Mha + CIM» + 0.4:0f,.+ 5.0:Dfs,0

+ (41M + B.2:)fi,2 + (2,3; ifa,s + CCA: + (0,5: 7)fo,5
+ (4.3: + CB.4:Dha + C2,5:ifa,s + C(LE:TIE 2 + 0,7: T)fa,2
+ €(6,0:T)fe,o + €(5,1:7)fs1 + 664.2: + 3.3:Nh3 +€2.4:7)fe,0
+ ALS ME 5 + C0,6-ho,e + CT.0;TIh 0 + C61; Mex + C5.2:7)I5,2

Ag = €(1,0:8)f, 9 + (0, 1:8), + €(2,0;8)f 0 + €(1.1:8)f,,1
+ €(0,2:8)f2+ €3,0;8)h9 + (21:8) 1 + (1.2:8)f,,2 + (03:8) 5
+ c(4,0:8)f,9 + €(3,1;8)f1 + €(2,2;8)f,2 + €(1,3:8)f),s +.0,4:8)f,«
+ €(5,0;8)fs,0 + 0(4,1:8)f.,1 + 6B,2:8)f2 + (23:8) +01 4:8)f.
+ 0(0,5:8)fo,s + €(6.0:8)f5,0 + (5.1;8)fs,1 + €(4,2:8)f,,2 +6B.3:8)6»
+ CAB)a + C(1.5:8)65 + €(0,6;8)fo,5 + (7,0:8)2 + (6.1:8)f.,1
+ (5,2:8)fs2 +0(43:9)fi3 +CB.4:8)fs,. + (2,5:8)f,5 +11. 68)F,,6
+ €(0,7:8)fo,7+ €(8,0:8)f 0+ 0(7,1:8)f1) + €(6.2:8)fs,: + 0(5.3:8)f5
+ 0(4,4;:8)fau + 0(3,5;8)f5,5+ C(2,6;8)f,6 + 0(1,7;8)f 7 +.0(0,8:8)h 5

Ag = €(1,0:9)f,,9 + €0,1:9)fo,1 + €(2,0;9)f,0 + C(1,1:9)f,,) + (02:9)9
+ 0(3,0:9)f5,0 + C(2,1:9)fa,1 + €(1,2;9)f, 2+ €(0,3;9)fo,3 + 0(4,0;9)fs,0

+ CBLIE1 +(2,29)f,2 + (1.3:9)f; 9 + €(0,4:9)fo,.+ 65,0:9)f,0
FOAL FOB2MG2 +€(23:9)f2 +.C(1.4: Fi. + 000,5:9)f,5
+(6,0:9)fo,0 + (5,1) fe,r + 6(4,2:9)f.2 + €3,3:9)6 » +624:9)F
FC(LS:9)fi,5 + 0(0,6;:9)fo,6 + €(7,0;9)fr,0 + C(6,1:9)fs,1+ (5,2:9)F5 2

+ C4,3:9)fa3 +349) « + 25:905 + C(1,6:9)f 6+ (0,7:9)fo,2
+ €(8,0:9)f5,0 + CTL MDE. +.(6,2:9)fe,2 + €(5,3:9)f,5 +064,4:9)fe,4

+ 3,5:9)f,s + 26.9) fis +6170 7 + 0,8:9)f,s+ 69.0: 9
+BLMF +7202 + C(6.3:9)fo3 + (5,4: 9)Fs,. + 664,5:9)fa,s
+03,6:9)66+27» + (1,8:9F 2+ €(0,9:9)fo9

Ayy = (1,0;10)f,0 + €(0,1:10)fo,; + (2.0:10)f9 + e(1,1;10)f,
+ €(0,2;10)fo,2+ €(3,0:10)f0+ €(2,1;10)f3,1 + €(1,2;10)f,2
+ 6(0,3;10)fo,3+ €(4,0;10fio + 6(3,1;10)f,.+ C(2.2:10)f,2
+ O(1,3;100f,5 +€(0,4;10)f1+ €(5,0:10)f 0+ C4, 1:10)E.,,
+ .6(3,2:10)f 2+ (2,3;10)fs,s + 6(1,4:10)f, ,s + €(0,5;10)fo,s

+ €(6,0;10)f5,0+ €(5,1;10)f5,1 + (4,2; 10)f 2+ €(3,3;10)65
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+ 0(2,4;10)f2<4 CCL S:10Vf5 + €(5,2;10)fs,2 + 4,3:10),5
+ C(3.4;10)f51+ C(2,5; 10) s+ C(1,6;10)f, 6 + 6(0,7;10)fo7
+ (8,0;10)fs,0+ C(7,1:10)f;. + €(6,2;10)f6,2+ C(5,3;10)fs,3
+ €4,4:10)fa,4 + 6B,5:10)b 5+C2610)+C(1,7310)6, 5
+ €(0,8;10)fo,s + C(9,0;10)fo + (8,1; 10)fs,1 + €(7,2;10)f2
+ 0(6,3;10)fes+ C(5,4;10)fs. + 0(4,5:10)fs,5 + €(3,6;10)f5,6
+ c(2,7;10)fs,7+ (1,8;10}f,5+ €(0,9510)fo,» + €(10,0;10)f0,9
+ 0(9.1;10}f,: + 8.210)2+ C(7,3;10)f,3 + C(6,4:10)fe0
+ C(5.5:10)f5,s + €(4,6;10)f.6 + C(3,7;10)fs7 + C(2,8:10)F:
+ €(1.9;10)f9 + €(0,10;10}f, 10

For A, = Dow c(H.v.1}f,,, we need only c(1,0;1)=u, and c(0,1;1)= vy

For A,= 32. (H,V.2)fyu We need
(1,022)= us
(0,12) =v;

€2.0;2)

= uj /2!(1,12) = u,v,

(02:2)

= vj /2!ASE, fe.
€(1,0:3)= us
€(0,1:3) = vs

€2.0:3)= uju,
(1,13)

= uyv2 + Uav,(02:3) = v,v2

6(3,0:3)= u}/3!
€(2,1:3) =u} v,/2!

o(1,2:3)= uyvj/2
(0,3;3) = v}/3!

Ae Dicer CHV ADE
(1,0:4) = ws

(0,1:4) =v.

¢(2,0:4)= u,vs +u 3/2!
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(11:4) 2 uy¥5 +u3v +Usv;

0(0,2:4) = vi v5 + 93/2
6(3,0;4)= uj uy/2!
€(2,1:4)= uyusy, +uv,/2!
(1,2:4) = uy Vi V2 +ugv}/2!
€(0,3:4)= v}v,/2!
(4,0:4)= u}/4!
¢3,1;4)su}v,/3!
¢(2,2:4)= u7 v7/212!
o(1,3:4)=u, v3/3!
(0,434)= v7/4t

As Dives CY S)ie
€(1,0:5) = us

(0,1;5)= v5
€2,0;5) = uu U3,

(11:5) = uyVe + gy + UV + UUM,
€(0,2:5) = v,¥s + ¥2y

€(3,0;5) = 03/2! + u?u,/2!

(2,155) = uy uy v2 + UyuyV, + ?¥5/2! + udv/2t
©(1,2;5) =U, V,¥s + UavyVv, + UyV3/2! + u3v7/2!
€(0,3;5)= vyv3/2! + v?v,/2!
0(4,0;5)

= u}u,/3!€G,1;5) =ujv:/3! +uju,v,/2!
€(2,2;5) =u? v,v2/2! + uyusv;/2!
€(1,3;5)= u,v3/3! + uyv7V_/2!
€(0,4;5) = v3vs/3!

€(5,0;5)= uf/5!
€(4,1;5) =ufv,/4!

€3,2;5) =ujv;/2!3!
€(2,3;5) =ujv}/2!3!

(1,435) =u,vj/4!
€(0,5;5) = v3/5!
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A= TE, UM Ola
(1,0;6)= ug
(0, 1:6) = ve

(2,0;6) = uyus + usu + U 3/2!

(1,156) = Uys + UaVe + UV + Wavy + USvs

€(0,2;6) = ViV5 + Vave + ¥5/2!

¢(3,0:6) = uj uz, + u?u,/2! + 03/3!
(2,136)= uty + UysVs + UY, + UsUsV+UT¥4/2! +Uj V2/2!
©(1,2:6) = WV,Ve + WyV2Vy + UV, Vy + UgVyVg+ UV 9/2! + WAP
(0,326)= ViV2V5 + Vj Va/2! + 3/3!
¢(4,0;6)=u? u3/2!2! + ufus/3!
6(3,1:6)= vjuju 3/2! + vu; u;/2! + vguzuj/2! + v.u}/3!
(2.236)= uj V3/2!2! + v Pu2/2!2!4 uw? vyvy/2! + uyuyv/2!
(13:6)= u-viv 2/2! + wavy /2M wavey3/2! + wav ?/3!
(0.426) = Vj vi/2!2! + v ivy /3!
($,0:615us u,/4!
€(4.1:6) = uf,/4t + ufusw/3!

€(3.2:6)= uj vi ¥3/3! + uj uv; /2!2!
C12.3:61= V}uju,/3! + v }vyu7/2!2!
e(1.4:6)= viu/4!+ v}¥.ui/3!
€(0,8:6) =v y5/4!

6(6.0:6)= u5/6!
(5.126) = ujv,/5!

0(4,2:6)= ufvj/2!4!
€(3.3:6) = ujvi/33!

6(2.4:6)= uj v{/2!4!
(15:6)= vu,/5!
6(0.6:6)= v{/6!

A= Di Ye
(10:7) = Ur

€(0.1:7) = vy

C(2.0:7) = Uy + UgUs + UU
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CCD L;7) = UyVg #Us¥s + UY, + UAVs + UgVs + U4Y,
(0,257) = VV + V2V5 + V5¥e

(3,037) = uyuyuy +0 ,U3/2! + u jus/2! + up uy/2!
0(2,1;7) = vjuzuy + V2U,Uy + Vu;Us + V,U 3/2! + vyu,Uy

u}¥s/2! + vityus + vs/2! + vou;uy
(1,237) = u,VzV. + UgVyVy + UAVV2 + U,V 3/2! + UsV,V5

$v Fus/2! + UyVyVs + v 23/2! + UaV2Vy
(0,337) = V,VaV, + VV 5/2! + VF ¥5/2! + ¥ Z 5/2!

(4,0:7) = uj u,/3! + uuu, /2! + uu }/3!

€(3,1;7) = vyu}/3! + vaudu,/2! + vjujugu, + vzujus/2!

+ vsuruy/2! + v.uj/3! + vjuu;/2!

¢(2,2;7) =u} vyv,/2! + v juyu,/2! + Uj vzv5/2!4 vf usu,/2!
# UyUyVAVy + Vy Vous + Uyuav /2! + v,veuj/2!

(1,337)= u,v 3/3! + Uv} v,/2! + U,V, ¥2V5
+ugy| vy/2!+ Uyv7vy/2! + uv 3/3! + U,vev 7/2!

6(0,4;7) = v} v,/3! + Vj VQV/2! + vv3/3E

6(5,0;7) = u}u3/2!3! + ufus/4t

6(4,1;7) = utu,y,/3! + uf ujv,/2!2! + uj Vv,/4l+ ufuy,/3!

6(3,2;7) = u}v 3/213! + uyujv 7/212! + us uavyva/2!
+u}yvy/3! + ufuyv7/212! _

0(2,3;7) = v}u3/213! + v,vju7/2!2! + v?veuu,/2!

+v }u,u,/3! + vivyut/212!

€(1,4:7) = v}vgu,/3! + v7 v3u,/212! + v iu, /4!+v vyu,/3!
€(0,5;7)= v}v3/2!3! + v fvs/4t
¢(6,0;7) = ufu,/5!

(5,137) = ufvs/5!+ ufuyy,/4!
¢(4,2;7) = ul y,v,/4! + u}uvi/213!

€(3,3:7) = ulv3v,/213! + v3utu,/213!

¢(2,4:7) = vj uyu2/4! + v fvu7/213!

(15:7) = vfu,/5!+ vf vau,/4!

€(0,6;7) =v} vy/S!
¢(7,0;7)= uj/7!

¢(6,1;7)= ufy/6!
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e(5,2:7) = wiv 2/2!5!
6(4,3;7) = uf vi3l4!

c3,4;7) = viupBiat
€(2,5:7)= uju;/2!5!
€(1,6;7) = vf u,/6!

(0,7;7)= vj/7!
Bee Chaves M8)

(1,038)= Us
€(0,1;8)= ve(2, 0:8) = uy uy + Wade+ usus + u 3/2!
(11:8)= uy Vy + Uae + UsVs + sve + U5V9 + UgV2 + UGV)
©(0,2:8) = VyVp + ¥2V6 + V3V5 + 2/2!

0(3,0;8)= Uy upUs + UUs, + Uj U_/2! + U Fuy/2! + up uy/2!
(2,138)= vj ugus + Wy Vet + Uj U,Vs + VU,

$+ UyVety + UyUsY, + {UUs + 76/2!

+ uzvou, + U Zv,/2!+ vytgu; +uFv9/2!
(12:8)= uyVaVs + ViUaVs + ¥; Vals + ULVSVe

FV UAVe+ V:Vu + ULV¥e + Vj Ug/2!
$V 2U:Ve + V u./2! + usvav; + V Fu,/2!

(0,328) = Vi Vas + ViVav.+ VF¥p/2! + vEve/2! + v2 v2/2!
0(4,0;8) = uj u/2!2! + uyusu,/2!+ up/4l+ ujusu,/2! + u fu/3!

(31:8) = v,u,u2/2! + uFvyus/2!+ vyuzus/2!
+ u,¥su3/2! + ujusuyv, +V2U3/3!

+ ujvjusus tu vou/2! uj uve/2!

+vyuju/2!+uiv/3!

6(2,2:8) = uF v3/2!2! + viu3/212! +u,VviwsVs

+ uyuyv$/2! + v,vyu$/2! + uyuavavs + V;ValnUs

up 3/212! + uj vavel2! + vj uswy/2!
FU ULV,Ve + Vy VgU\ Uy U7 Vy V6/2!4 V7,Us/2!

0(1,3:8) = uy ¥,¥ 3/2! + vj usvs/2! + wiv) v3/2!
$V :UgV3/2! + v Vy Vallp +UQV3/3! + Vi) Va¥e
$V TUsVal2! + vjVoug/2! + U:ViVs/2! + VpUs/3!
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(0,438)= vv 3/212! + vivivs/2! + v 3/4!
+ vi vav/2! +V ¥5/3!

6(5,0;8) = u7u3/2!3! +u}u;u,/3!+upu,/4!

(4, 1;8) = v,uju 3/3! + u}udy,/2!2! + vu? uus/2!

+ Uf V;uy/3! + u juyvs/3! +u fy u/3!+ ut y,/4!

6(3,2:8) = u}vj/213!+ ujuv 3/212! + vyv.u,u3/2!

+ {uyuUs/2! +u}¥,vu,/2!

+ UT Vit vs/2! + uj vavs/3! + Uvve/3!

+ up uy; /2!2!
0(2,3;8) = v3uj/213! + v}vzud/2!2! + uyuzv,v 3/2!

+ U2 v,¥v5/2! +v Puy uyvs/2!
+v7u,vzus/2! + v }uyus/3! + v}uju,/3!+ vi v,uz/212!

(14:8) = uy v,v 3/3! + vi V3u,/2!2! + uyvjvv,/2!
$V [Ugv5/3! + Vv }vgus/3! + v {uy Va/3H+ v ful!

6(0,5;8) = v} v3/28!+ Vj vave/3! + viva/4t

€(6,0;8) = uf'u3/2!4!+ u fu /S!
¢(5,1;8) = v,uju3/2!3! + vu; u,/4! + v,usuy/4!+ ufy,/5!
¢(4,2;8) = ufv3/2!4!+ vjuju3/21212!

+ V,VqU}W2/3! +u fyvs/4! + uv;Us/213!
€(3,3;8) = u}y,v3/213! + v?u,u3/2!3!

+v?v,u,u?/2!2!+ uiviv,/2i3!+ vu? u,/23!
(2,438) = vfuj/2!4! +ujv}v3/212!2!

+ Ut] V2/3! + vfuu/4! +VUv4/213!
(1,538) =uv}¥ 3/213! + Uv} vy/4! + wiv; vy/4!+Vv fuy/5!
€(0,6;8) = viv3/2!4!+ viv,/5!
6(7,0;8) = ut u,/6!

¢(6,1;8) = ufv2/6!+ v,uju,/S!
€(5,2;8) = u}v,v,/5!+ vj uu {/2!4!
6(4,3;8) = us vi vy/2i4! + uv}uy/3!3!

€(3,4;8) = vfuju,/2!4! +v}u}va/313!

€(2,5;8) = vju,u/5! + ujv,v4/2!4!
C(1,6;8) = vi U,/6! + u,viv;/5!
€(0,7;8) = vf va/6!
(8,0;8)= u¥/8!
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(7,1:8)= ujv,/7!
(6,2;8) = uS v3/2!6!
(5,358)= u}v 3/315!
(4,438) =ufv;/4t4t
6(3,5;8)= vjuj/3!5!
6(2,6;8)= vfu;/216!
o(1,7;8)= v[u,/7!
(0,8:8)= 4/8!

AS Der CM DNE
(1,09) =u,

(0,1:9)= vy
€(2,0:9) = uyUy + usu, + st + Usd,
C(1.1:9)= Uy ¥y + UsVs + UsVs + UAVs + USNs +UEYy + Us Vy + UF
02:9)= vy; + VEY EVE, + Ns
6(3.0:9)= u.u 7/2! + ujus/2! + uuu + 3/3! + u7u,/2! + U,usu,

+ uuu,

(21:9)=v,UH/2! + Uytavg + ve/2! + UVotls + Vet, + Usyth
+ UUsVg + V3U5/2! + V,UyUy + Uf V9/2! + ¥, UUs

FU VaUg + UULVe + Vly + UL Vls +0) U,¥50(1.2:9)= uv 3/2! + v,vau, + V 2ug/2! + VataVs + UZ Vy Ve + ValVe
VGN gle + UV 3/2! + Uy ypVy + V2u5/2! + UL VEVe

FV UV +, Val, + U VAs +10,¥5 + VNUs0(0,3:9) = vv /2! + v 3vs/2! + vavgVe + V 3/3! + v 2vy/2! + V,ViNe

FVIVBVs

0(4.0:9) = u3us/3! + uyu,u 3/2! + u,-u ju,/2! + u7uu,/2!
tu fujus/2!+ u}u/3t

6G.1:9) =u} v,/3! + vjuzu,/2! + v,uju 3/2! +u,vu3/2! + uu;

+ yyudus/2! + ujusvsue + upudve/2! + vst

+ ui vyus2! + uP uyv4/2! + vj ujuaus + UP ¥gUs/2!

+ U [Un Vs/2! + ul ve/3! + vue u/2t
€(2,2:9) = wi vyv5/2! + v 3uyuy/2! + v,vqu 3/2! + uyusv 3/2!

FV, Vat Us + Uj UVZV, + ¥,v,U3/2! + uyuve/2!



+ UU Vave + Vy Vauuy tu ?%yVv,/2! + v7 uu/2t

$+ Vyvyujus +yuyi ve+ Pups!2! + U2 vi v5/2!
UUV; Vs + V; VayUs FU Pv, v6/2! + v Pu, U6/2!

6(1,3;9) = v}uy/3!+u,v 3v,/2! + uy vav 5/2! + vityV 5/2!
$V, Vp Vy Huy Viv4/21+V,Vat Ve + VV 5UL/2!
FULVy VaVe #V; Us V4/2! + Vj Vyte/2! + Uy Vi Ves
FV [Uy Vs/2! + VP vz Us/2! + v fug/3! + U,V; V6/2!

c(0,4:9) = v3v5/3! + v, v.V 3/2! + vy V3V4/2! + Vj Vy V4/2!

FV i vavs/2!+viv/3!
6(5,0;9) =u, u3/4!+ufulus/2!2! + ujus/2!3! + ujuu/3! + ufus/4!

6(4,1;9) =v, u3/4! uy vy u3/3!+V¥,u,u5us/2! +U juyv-us/2!
+ulujy,/212! + v,ujuj/2!2!+ulvus/3t

+vyufusu/2!+uivju/3!+ulus v/3!
$v, wfus/3!+ufys/4!

6(3,2;9) = uv; vg/3! + uy w3v 3/22! + vju;Uy /2!2!
tu }yiuy/2!2! + v,vyu, 3/2! + v, v2u)Uy Uy
+ vavyu?u/2! + u? v5/213!+v2u, u3/2!2!

+V, Vgu7uy/2! +v7u, ugu/2! + v2 v07/3!
+ vy vququl/2! + v, vag uy/2! + vFuzu/212MVv, vsui/3!

(2,339) = v}uy u,/3! + v,vju3/2!2! + uf vg v5/2!2!

tv Pudvy/2!2! + uy uyy, v3/2! + wy Uy vy vEV3
+ ug Wyviv,/2! +v}uj/213! + u Fy, vj/212!

+ Uy V7 Vy/2! + Uy vaVe/2! + UgUV/3!
Huy Uy Vav 7/2! + Uy Uv vg/2! + u Pv;v5/2!2!+uy Usv3/3!

(1,459) =u, v3/4! + v, Upv3/3! + vy V3 V9/2! + Vf vaVs/2!
+viviuy/212! +u,vivi/212! + vtu,vs/3!

+ uy Vi vavy/2! + vfusvi/3! + v}v2u4/3!
+,vivs/3!+v fus/4t

6(0,5;9) =v, vi/4! + viviv9/2!2! + v}v3/213!

+Vivavi/3!+V fvs/4t

6(6,0;9) = u}u3/3!3! + u fuu,/4! +u fu/5!

(5,1;9) = v, u}u 3/213! + v.u}u3/2!3! + u fv, uy/4!

+ufu,y)/4!+ Vv, u}usus/3! + vyui/Si+v,usu/4!
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6(4,2;9) = viuu3/2!3! + v3uyu}/2!3! + v,veu;u3/212!

+ vavyus/4! + vjuju;u/2!2! + v, vyutus/3!

Vy Vguyur/3!+v/u;u/213! + v, vas/4!
0(3,3;9) = u}v3/3!3! + v {u3/3!3!+uj uy vz Vv; /212! + u iuyV; va/2!2!

+ }V,¥2¥3/3! + v tu, us uy/3! + U2 vi uzvs/2!2!

+ uf vivo us/2!2! +ujy; ve/213! + v pu;wy/2!3!
0(2,4:9)= u? v, v3/2!3!+u tv, v}/2!3! +u,u,vivi/22!

+upuy{/4! + u} v3 v,vy/2!2! + uy us viv3/3!
uy Wv{V2/3! +ujv;v./2!3! + uy mvs /4t

(15:9)= wy v3v3/2!3! +u,v}v3/2!3! +v fus vs/4l
$V f¥:Us/4! + Uy;Va ¥5/3! + vy/5!4 U, Vi vA/4!

6(0,6:9)= v}u2/3!3! + v {va vs/4!+ v iv/5!
¢(7,0;9) = uu /2!5!+u fus/6

€(6,1:9) = ulus v2/5!+u suzy /2!4! +f y3/6! +u Susy,/5!
6(5,2,9) = ufvi/2I5! + u july; /2!2!3! +u fu, vy, v2/4!

sulvvs/St+usuy3/2i6!

(4.3.9) = uty, vi/2I! +uluzvi/228! +ufu.v?v,/23!
+ufvivs/214! + ujuy}/3!3!

6(3,4:9) = fu, uz/214! + v ?v5uj/21213! + v fvguzu,/2!3!
+ vfupus/2!4! + vivsuj/3!3!

6(2.5:9)= vivi/2!5! + vjviuZ/2!213! + viveu;u/4!
+viuyu,/5!+ vivyuj/2!4!

€(1,69) = vivzu,/5! +v fv2u,/214! + v6us/6! + vivsu/5!

€(0,7:9) = vivi/2!5!+v fv3/6!

(8,09) =u/u./7!

(71:9) = uly./7!+ ufuy/6

€(6.2:9) =u‘ v,¥,/6!+ Survj/2!5!
(5,339) = uivi vy/215! +u fu, vj/3tat

¢(4,4:9) = uly v{/3!4! + v}vjuf/3!4t
€(3,5,9)= viuiu,/2!5! + vj vpuj/3!4t
(2,69)= vSu,u,/6! + v fv,u7/2!5!
(1,7;9)= v7u./7! + v fv2u,/6!
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(0,89) = v/v4/7!

(9,0:9) = u?/9!

€(8,1;9) =uyy,/8!

(72:9) =ujv7/2!7!

€(6,3:9) =u’ v}/3!6!

(5,459) = ui vi/415!

(45:9) =ujvi/ais!
6(3,6:9) =u} v{/3!6!

€(2,7;9) = ujv,/2!7!

(1,8:9) =u; v}/8!

€(0,9:9) = vj/9!

CONVENIENT RULES FOR USE:

The A, have been written in detail as a convenient reference and an aid in

calculations. However, they can now be written by simply remembering the

algorithm. The c(jt,Vsn) are written by considering all possibilities for and

v with  +Vv =n. Inspection ofthe listed c(,vzn) will make it clear that

tells us how many times u appears and v tells us how many times v

appears. Further, we see that the sum of all the subscripts is m and as with

functions of a single variable, repeated indices require division by the
factorial of the number of repetitions.

ANALYTIC FUNCTION OF SEVERAL VARIABLES:

Let's consider f(u,v,w)# f(u)E,(v)f,(w). Thus, N[u.v.w), with N a non-
linear operator, acting on u is an analytic function f(u,v,w) which we set

equal to 1 ,A,. Now we define

faves = (2*/Ato) (3/A¥0)(3*/305)f(os ¥oro)Now
Ao =fo.n0

A, = (1.0.0:fi ao + €00,1,0: 6,0 0,0,151)F5
Az = C(1,0,0;2)fi 00 + €(0,1,0;2)f9,1,0+ €(0,0,152)fo,0,1 +0(2,0,0;2)f2,0,0

+ €(11,0:2)f,x0 + (10,1220on
+ €(0,1,1;2)fo,41 + €(0,2,0:2)fo20+ €(0,0,2:2)02
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The values ofthe c(J1,V,@) above are
(1,0,0;1) = uy €(1,1,0;2)= uv,€(0,1,0;1) =v, €(1,0,1;2) =u,w,€(0,0,1;1) = w, (0,1,1:2)= yyw,(1,0,0;2) =u, (2,0,0;2)= u 7/2!
€(0,1,0;2) = vz (0,2,0:2)= v3/2!c(0,0,1;2)= w2 £(0,0,2;2)= w7/2!Thus

Ao = flUoYo,Wo)

A, =u,(9f/du,)+ v,(8£/2 vo) + w,(9£/22,)
A, =u,(0£/duy)+ v,(A£/d vo) + w3(Af/92,)

+u,y,(3?£/du,dv,)+ uw,(d?£/9u,dwe)
+yyw,(2?£/9v9 wo) + (uj /2)(9 £/2u3)
+(vi/21)(a £/a v5) +(w;/2(2 f/aws)

etc. for A. We can proceed analogously for determination of A, for

functions f(uy,uz....s)-

APPLICATIONS:

The A, for fiu,v,w) is needed to solve three coupled nonlinear differential

equations. In the author's form [2} for coupled equations, using

decomposition we have

us Ly'g)- Li'R,(uy.w)- LN, (uw)
v= Lj g:— L]R,(uv.w)— L} N2(u,v,w)
w= Lj'gs— L3Ri(uy.w)— L3'Ns(u,v.w)

Weletu= D7, uy, ve EZ, vy. w= EZ, w, and we write N(uv.w) =
fuvw)= D7, A,{f(u.v,w)} for i= 1.2,3. Then

Uy = 0, + Li'g, where L,o, =0
Vo=®,+ Lig: where L:0,= 0

Wo =;+ Lj'g, where L,o, = 0
Similarly we require A,{flu,,...tq)) for m coupled operator equations

An example for a non-factorable nonlinearity f(u,v) is the pair of coupled
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equations
du/éx + au + bv + flu) =,

dv/dx + au + bv + f,(uy)=g,

Finally, we consider N(u,v) = f(u,v) = e'**. This is an interesting case for

comparison purposes since it is a factorable nonlinearity: e*" = e* -e", so we

can solve it as a product nonlinearity using A,(f(u)} or with the present

results for A,/f(u,v)}. We can now consider a set of two coupled equations

in the general form:

Lu +R,(uv) + Nw) = 8)
Liv +R, (u,v) + N(u,v) = g

wheré N(u.v) =e

SOME FINAL REMARKS:

The definition of the L operator avoids difficult integrations involving

Green's functions. The use of a finite approximation in series form for the

excitation term, and calculation only to necessary accuracy simplifies

integrations still further. (With Maclaurin expansion, for example, of

trigonometric terms, one needs only integrals of t°.) The avoidance of the

necessity for perturbation and linearization means physically more correct

solutions in many cases. The avoidance of discretized or grid methods avoids

the computationally intensive procedures inherent in such methods. The

decomposition method is continuous and requires significantly less

processing time for the computation of results, It has been demonstrated that

very few terms of the decomposition series are necessary for an accurate

solution, and also that the integrations can be made simple by the suggested

methods, or by symbolic methods, and use quite simple computer codes in

‘comparison with methods such as finite differences or finite elements.

As we have shown, partial differential equations can be solved by choosing

one operator for the inversion and considering all other derivatives to be in-

cluded in the R operator. Hence we solve exactly as with an ordinary differ-

ential equation. We have the additional advantage of a single global method

(for ordinary or partial differential equations as well as many other types of

equations). The convergence is always sufficiently rapid to be valuable for

numerical work. The initial term must be bounded (a reasonable assumption

for a physical system) and L mustbe the highest-ordered differential.
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CHAPTER 4

DOUBLE DECOMPOSITION

In solving boundary-value problems by the decomposition method, we have

seen that we can either retain the “constants” of integration in the uy term for
the caseof linear ordinary differential equations, re-evaluating the constants as
‘more terms of the approximate solution g, are computed, or, we can use the

tu evaluated to satisfy the boundary conditions and add constants of integration

for each successive term u,.

For a linear ordinary differential equation, it is more efficient to calculate an

n-term approximation @,, carrying along the constants us, and finally force @,
to satisfy the boundary conditions, thus evaluating the constants of integration.

We now introduce an effective procedure which allows us decreased

computation, especially in partial differential equations. This is done by a
further decomposition, i.e., we now decompose the initial term u, = ® into

Ti, Par ies te = D2, Yow [I
At first thought, this seems like an ill-advised procedure which can only

slow convergence, since the new initial term ®, Or Ugo will be farther from
the optimum value for us. However, we will see that, as a result, we can use

©, to determine a which can then be used for further terms of g, without

further evaluations. The boundary-value problem becomes an equivalent

initial-value formulation in terms of ©. This eliminates further matching to

boundary conditions.

Let us again consider the equation u,,-u,,=0 with u(y) =0, u(x,0) =
0, u(x 2,y) = sin y, and u(x,1 /2) = sin x whose solution by decomposition is

u(x,y) = sin x sin y. We will again use decomposition and also the concept of
equality of the partial solutions of the operator equations, so only one operator
‘equation needs to be considered. Also, we will decompose the uy term of the

decomposition series, which means a double decomposition of the solution u.
(This is a much preferable method to that of eigenvalue expansion in m
dimensions.)

We have L,u = Lu and can apply the inverse operator L;’ on both sides.
‘Thus L7' Lu =u-, or u=,+ Lj)Lyu with u(0,y) = 0 and u(/2.,y) = sin
y. Equivalently, we can start with Lu = Lu and apply Lj’ to write u = &,+L;'Lyu with u(x,0) = 0 and u(x, 2/2) = sin x.

69
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As usual, we assume u=.”_, u, but now we also decompose us into

Dz, Yon: For the x conditions, we have

Yvan dL wet, wenm =

with up =,» and u,,, =. +L;'L,u,.,. We can also write, using the y
conditions, the equation

Dred Met GLY ve
mm Ea]

with up =,, and uz, =0,,, +L;'Lu,.y. Since L,, = 0 and L,®, = 0,
we have

0 =Eo(y)+x6(y)
=Syn)+ 6,09)
®,.9 = M(x)

+YT, (%)=Maa)+ Mw (X)
where the £'s and 7's arise from the indefinite integrations. The conditions

given determine these integration “constants” for the approximate solution

Paes = ng Yer Thus y.,(Oy)=Oand 9,,,(8/2,y)= sin y determine
Suu (y) and &,.(y). Similarly, ,.,(x,0)=0 and 9, .,(x,2/2)=sin x de-

termine 7, (x) and 7),,, (x).
Let us consider improving approximations to the x-dimensional solution as

we calculate increasing terms of the decomposition series. Of course, the

approximation is the solution in the limit m —> o

us, +LLu=g+xG+L Lye
Y= Uy = Soo XSi

Since 9,(0,y)=0, &.=0. Since 9,(4/2,y)=sin y, $,. =(2/x)sin y.
Therefore, 0, = uy = (2/z)xsiny. To calculate u, we have
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= Gy +XE,4 +LLuy
Lu, =-(2/)xsin y

LitLyu, = -(2/ 2)(x° /3!)sin y
uy =, +xG,q~ (2/2) /3!)sin y

‘A vwo-term approximation is given by 9, = @, +u; (or u, +u,); hence

02 = (QU m)xsin y — (2/a\x /31)sin y +S, = x3,
Since 9.(0,y)=0, we have ,,=0, and since g,(/2,y)=ssin y, we have

Sug = (/2\(sin y)/3!

uy = (/2)(x sin y)/3!'—-2/ x)(x° sin y)/3!
uy = S52 +6, +L EL,uy
L,u, = (2/m)(x? sin y)/3!-(e/2)(x sin y)/3!

Li Lu, = (2/2)(x° sin y)/5!-(1/2)(x° sin y)/(G3!)*

uy = Ena +xG,2 +(2/2)(x° sin y)/5!-(2/ 2)(x°’ sin y)/G!°
9, = 0, +0; OF Uy +, +U,

etc, Summarizing, the components ofu are
u, =(2/7)xsin y

u, = (#/2)(x sin y)/3!-(2/2)(x’ sin y)/3!

uy = {-(@/29 /51+(2/29 GB!) }x sin y
—(#/2)(X sin y) GIF + (2/2)(X* sin y)/5!

etc. The approximate solutions 9,,9:,y,... are:
Q, =(2/x)xsiny

x = (2/ m+ (0/2)/3!)x sin y +(2/#)(-x?/3!) sin y
y= (12) + (02/2) /31-(8/2) 51+(2/2) (G1)*)x sin y
+112)+ (@/2)(3!)(-x? /3!) sin y
+1/(r/2)(x5/5!) sin y
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etc, oF

, = (.6366198)x sin y

9, = (.8984192)x sin y + (.6366198)(—x° /3!) sin y

9, = (9737817)x sin y + (.8984192)(—x?/3!) sin y
+ (.6366198)(x°/5!) sin y

which converges very rapidly to the given solution. It is interesting to write the
resultas

Pq = AnoX Sin ¥+8_(-X°/3!)sin y +a,.(x°/5!)sin y+
or

Pn = > Baal") 20+)! sin y
Fd

where the a,,, are numerical series whose sum is 1; each term is delayed

behind the preceding term. Now,

a
san

|

lim g, = lim ¥ a,.,(-1)*08*" fen +1!sin ypone ~ gin2
where lim a,., =1 for all n. Then

u= lim @, =D {Cp°oe*)/2n+} sin y= sin x-sin y

The y-dimensional solution is u = sin y sin x since, by symmeuy, y is

imterchanged with x; ic., the partial solutions are identical.

Consider the example Uy + Uy = g(x,y) = x*+y? with u(0,y) = 0, u(x,0) = 0,
u(Ly) = y*/2, u(x,1) = x°/2. We have shown previously, using decomposition,
that the solution u = x’y’/2 can be obtained in only two terms. It is also clear

that either the operator equation for Lu or for L,u can be used with appropriate

inversions. Thus

Lu=x'+y?-Lyu

LyLu=L* +y?)- LeLu

and since L'L,u=u-,
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usO,4+Li(x+y?)-LiLu 7)Similarly,
uso, +Li(e+y*)-L Lu @

Using (1),

uy =O, +L3(x° +y")

DY 4-4 -LiL, Yu
Ss =

uy. =-LyLyu,

form >0. Now, if we decompose the up term as well, we write

Y=LO. +y)-LIL, Du

Identifying u, = ©,, +L;'(x’ + y*), all other components are determined by

Un) =O.)-Li Lyuy cd)

Proceeding analogously using (2)
Uy =O, +L (x? +y*)

: aUae = Pas Ly Lvs

Continuing with the x equation, i.e, (1) and (3),”

©, = Gly)+xG(y) “6
i =Saal YW XE,a(¥)

‘ from (2) and (4)
0,=> = N(x)+ y7, (x) oy
yy = Masa (X) + YT (*)

The “constants” of (indefinite) integration are now matched with the

approximate solutions g, for n = 1,2... where Puui= Suevg Us Thus
Pa.(0y)=0, Pau (ly)=y'/2 determines &,(y) andé,,(y) in (5).
Similarly, 9,,,(x,0) = 0 and $,4:(X,1) = x°/2 determines 7,,(X) and 1), (X)-
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Proceeding with the x-dimensional solution, ®,= &,(y)+xé(y) and
Uy = & + x6, +L3'(x? +y*); after decompositionof up,

Ue = Foot xSio tL (x? +y*)

Uaer = Somme XS rae) “Ly Lye

Our first approximation is @, = u,, or

=Soot XSi9 FXM2+x7y7/2

where 9,(0,y)=0, @,y)=y*/2. Since 9,=(Oy)=0, &9=0. Since
O(Ly)

= 72, Ey t/12+y?/2=y°/2
or ,.= 1/12. Hence

uy =—x/12+x4/12+x°y7/2
Then

u, = 55,428, -LiL,u,

Since L,u. = x* and L;'L,u, =Ly!x* = x4 /12

w= Sy) XSMID
Then

= Uy +t, =9,+U,

‘ayn 4afZEAle xz 2X-|1 2 prise *u- Dl
eene eTRa beta

Since

0.(0,y)=0 £20

o,(Ly) = y?/2 5.51/12
uy = x/12=x8/12
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We now have g,=xy?/2, i.e., the exact solution in wo terms. If we

proceed further

w= G2 4x6. -Ly Lu,

We have L,u, = 0, Li'Lu, =0

B=, tu, = YDS2 $HS2
and since 9,(0,y)=0, 3 =0. Since ,(I,y)=y"/2, §,.=0; hence u, =0

s0 9, =x'y"/2, We can continue to see lim Q,,, = u=x°y*/2, The same

result is obtained from the y-dimensional solution.

We now apply the double decomposition to a linear ordinary differential

equation represented by Lu + Ru = g where L is the highest-ordered linear

differential operator—in this example we choose L = d’/dx’ and R is a linear
operator (the “remainder” operator) which can contain for this L no derivatives

higher than the first (the order of R is always less than the order ofL)..

DIRICHLET CONDITIONS:

u(b,) =f, and utb;) =p,

Solving for Lu and operating with L", we have u= ®+L"'g-L™Ru where

L®=0. Nowlet u= 0, u, and =", ©,;then

Yuw=Y +L'g-LRY vy,a ot =

(where Lis a pure integration not involving constants). Let

©, = Cog +X,_ and define u,=,+L"g. Now ©, =) +XC5.
Matching , to the boundary conditions c, and ¢,. are determined by two

linear equations. Suppose g = 0 for simplicity. Then

C09 *PiC,9 = By

C0 + BCo = B:
orin matrix form
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1 bi] feoo]_[B,
1b.) Lew) LB,

if the determinant of the first matrix is non-zero. We now go to the next

approximation g. by first determining

u, =, -L"Ru,

to get @, = y,+u,. Matching 9, to the boundary conditions to evaluate the

constants, g. is determined completely. Continuing in this manner, we

determine u.,u,,... until we arrive at a satisfactory 9, verifiable by

substitution or stabilized numerically to sufficient accuracy. We have

u, =®, -L"Ru,_,

where ®, =c;,,.~XC,,, and Q,,.,=@, +U,. Matching @,,, to the boundary

conditions, we require

ari(0)=a0)+Ug(0,)
u,(b,) =, (b,)- L"Ru,_,(b,)

where ®,(b,)=C;,. +b,C;,q. Substituting and matching the conditions,

Cog + DiCg —L "Rug (04) + Pa (b,)= B,
c,h, -L'Ru,_.(b-)+9,(6,) = 8,Rearranging.

Com FDC = B,- Pq (B,) +L"Ruy .(0,) = Bye

Cin = 0:61 = By ~ Pq (bs)+L "Ru, (0) * Brn
which we write simply as

Com +P Cie = Bie

Com + DC ,.0 = Baw
or

[} b,]fee]_[Bie]
Lb lle |Loss,

where



Dovste Decourosrrioy 7

[Bim]
_[

B ~Pa(b))+L "Ru. (b,) ]Boa!” |B:-oa(b;) +L"Ru,,,(b.) |Thus,
fom] _f? halLea} [2 be (a |

Now ®, of C,,,and ¢,,, are determined and we remark that

con] 1
lim [oom] lim Baloo
em loat 8 [Bre

‘The decomposition of the initial term can be used for nonlinear boundary-value
problems (for ordinary or partial differential equations) and also for linear

partial differential equations. It is not necessary in linear ordinary differential
‘equations where we can carry along the unevaluated up and evaluate all at once

in the Q, a simpler procedure. The objective of the decomposition of uy is to

allow a convenient matching of the boundary conditions to any approximant
Ga ie., for any value of m. Each integration involves constants which are

added to get a better uy. This gives us a useful procedure.

EXAMPLE: u,, +1, =0 with the conditions

ua,y= aly) -

uaz-y)= @(y)
u(x,b,)= B(x)
U(%,,)= B(x)

Write L,u+L,u=0. If we solve for Lu, we have u=®,-L7!L,u where
©, =&(y) +x6(y). Now decompose ®, also; thus ©, =)”, ®,,,. Then

Up = So +XE,0

uy = Soy +S, “LAL, (Goo + X5,0)
us = Gy x8, LIL,Gy +xG) + LY L,) (Gyo + 6,0)

Ug =D (LIL, Gare + Xmas)
Fd
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where €,,, and &,,, are determined by satisfying the boundary conditions with

the approximate solution @,,, =D), u;; thus,

Gaei(@¥)= @,(y)
Gaei(@zry)= On(y)

‘The solution is), u,, or

= DD LY Cane +See)
ao ot

w= DD CN/201)(9149" nwo)
2X DCM/20 + D)(9"/49™ Ewen)at ob

v= -1"(/om)(a*/a*)E, 4.0)

=Y eensYaa) &.09

Since we decomposed u,,

SM= > £0)

ém= > &.0)

so that we obtain the solution

w= DCD (e*/(2nynfa*/ay** Soy)

Laan= ya /a* Ey)
We have seen that the solution can also be obtained from the equation for L,u.

Thus, if we write Liu=-L,u and apply the inverse L;! we have

us, -L/L,u where
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, = M(x)+T(x)

Now u=n,(x)+yn,(x)-LyL,u where L,=0?/dx and L;'is a two-fold

indefinite integration with respect to y. We letu =." u, where up is
normally given by To(x) + yn,(x). We now decompose the u, also, i.e.,

Y= Meo + ¥ho

Y= Mes FM LL [Mo + M0]

Us = Mea t¥Mha “LLMs + YM]

+(L7L,)[Moo + vt]

Ug = L(-LFL.) [Mowe + ¥Tha-s]

where

Gaoi(%-b,)= B,(x)
Gavi(Xsb2)= B,(X)

Now u=lim @,,,. In theinhomogeneouscase 8 #0,
uy =O, +L'g -

u, = ®, -(L"R)L"g-(L"R)®,

ug =, (-L"R)'®,_,+(-L'R)"L"'g
Ea}

Finally, summing to get the solution

v= 3S (ewye.+(RyL's
Rearranging terms,
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us (-L'R)"Y o, +(-L'R)*L'g
a a

u= > (L'R)"{o+L"g}
=

The value of decomposition of the initial term is the matching of the

boundary conditions for each @, for any m, Every integration has new

constants to evaluate. Finally, we can add all the Coq and Cc), Separately to

form anew cy and c, or equivalently, a new uy which now is close to a final

value which would be reached as ne in ¢,.

NONLINEAR CASE:

Consider the ordinary differential equation Lu + Ru + Nu = g. Solving for

Lu and applying L”:

u=c,(y)+xe,(y)+L7g-L"Ru-LNu

(Again L’' is an indefinite integration—in this case, two-fold.) Since ©,=
co(y) + xC\(y) is decomposed,

Up = Oot L'g

u, =,,-L"Ru, +L°A,

Up =O,_~L'Rug.) LAs;

The solution u= ju, and ®, = 7,®,., where

Do = Com¥) + XC.n(¥)
NONLINEAR CASE—PARTIAL DIFFERENTIAL EQUATION:

Consider Lu + Lu + Ru + Nu= g. We assume that L, = 2°/a* and

consider the equation for Liu with L, treated as another R term. If there are
also operators L, and L,, they are treated exactly like L,; then,
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L,u=g-Lju-Ru-Nu

u=, +Lg-L{Lju-L{Ru-LNu

where ®, =c,(y)+ xc,(y). Decomposing , where , = c,(y)+ xc,(y),
Uy = epg RCo HL

u, = Cy) xe), + L'Lyu, -L3Ru, - LA,

To evaluate, we have , =u, which is matched to the boundary conditions.

Suppose the x conditions are u(b,,y) = 8, and u(b,,y) = 8. Then

Sr0 + DC ,9 + LB = B,

Coo + Baty +L B= B
so that

Coo + DCy0 =, - Lig

Con +batyo = By -Li'g
or

1 by] [e0]_[ 8, -Lig
1 br} Go) [6 -Li'g,

from which we determine c,, and c,o, so that 9, = uy is determined com-

pletely. Now u, is calculated from

uy = Cy, +x¢,, -L7 Lu, - LYRuy - LA,

‘Since uphas been determined, u,is calculable, so we obtain $, = 9, + u, which
is matched to the boundary conditions using

Coy + bie, ~ LLUy —LERuy —L3'Ag + 6,(,)=
Go + Bae, = LfLy LRULg + 6,(b2)= By

so that 4, is known, The process is continued to a satisfactory ¢,.
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Consider the equation Lu +Ru=0 where L=d%dt* and R is a linear

operator possibly involving differentials of lower order. The integral

representation is:

u=®-L'Ru

where L~' is an integral operator defined as an n-fold integration and

u=>2, u, yields the solution in series form. It is interesting to consider

a double series representation

u=% D tes

ee 2 Yes
eae

If L is of nth order in the single series, we have u, = ® where L® = 0 and ®
has n terms. Suppose then we decompose =)”, and let u, = ,
only, Now uj, which was previously identified as u, = -L"R@. becomes

u, =, -L'RO,

u; = ©, - L"RO, +(L"R)',

uz =O, -L'RO,,,~...+(-L"R)""®, +(-L'R}°o,
Now

¥ v= > o,-L RY ©, +...+(-LR)o,

‘The approximate (m-term) solution is given by:

On. = Y, O,-LRY, ©, +...4+(-L°R)” Yo, - (-L"R}"o,

which we can write as a double summation
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a act on

MY Y (ERO,

at i aS

=3(-'R)"S 0, = S(-rjro- u

so we see that our m-term approximation becomes the exact solution in the

limit as expected.
We can now view initial-value and boundary-value problems in the same

way, offering clear advantages over finite difference or shooting methods.

Thus in initial-value problems,

u, =-L'RO u,, =-L"R®, by Us =D o,
a B

weClRyo u,=(-br)o, YS u,,=(41'R) yo,
Ed En

u,=(-L'R)"® u,,=(-L'R)"o, > Uns = (RP > o,

The approximation ¢, is given by

el ot

a= D(-E'R)D
Ea} a

In the limit re, this becomes)”, (-L"R) =u.
In the boundary-value representation of the decomposition components of

the solution u,

Ug = Up, = Py

U, Up, +U,) =O, -L "RO,
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“1 “pyU; = Up; Uy, +U;9 =, ~LRO, +(L"R) ©,

Ug = Yom + ims te FU + Uno

=, -L'RO, _,+...+(-L"R)”©, +(-L"R)*®,
and the approximant to the solution 9,,, is given by the staggered
summations. Thus,

kl ke .

a=2 YER o,Eo’

Again in the limit of the approximations we get u; thus

o-d D ('Ryo,

lime, = SY (-L'R)"®, = Y(-L'R)"Y ®, = D(-L'R)"@=u
poe ==0 m= eet

We now have an initial-value format for boundary-value problems. We can

determine ©, by evaluating an approximation 0,., at the boundary

conditions. then use it in the initial-value formatfor a better solution, ie., one
even closer to the final u. The two limiting forms of our approximation are

equal

To summarize, in a boundary-value problem we compute 0,.,; =, ~ Us

and evaluate at the boundary conditions. Now we can approximate a good
value for u. from:

u=02 5 0,

Then, using the approximation for ®, calculate

a= DLR)

for k as large as we wish without further evaluations at the boundary

conditions of o,, for higher values of the index m.
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HOMOGENEOUS NONLINEAR ORDINARY DIFFERENTIAL

EQUATION WITH GIVEN BOUNDARY CONDITIONS:

Starting from the usual decomposition form Lu + Nu = 0 where Nu is an

analytic function f(u), the usual integral representation of the solution

u=®-L"Nu with the (single) decomposition u= 7", u, and

Nu= D~_, Aq is now written using double decomposition,

u= 2D Men
me

y= 2 Yas

Now our usual polynomials A, must also be doubly decomposed; thus:

fu)= DD Aas
Ei

Aa=D Aas
Fa

Now

=D toed Oe-LDY D Anea a ae

where we have decomposed the initial, or u, term taking only u,, =, as the

first term. It is not essential, but we can also utilize the analytic grouping

parameter A. In such a case,

> Ma, = POL-L'Y wa,
a Ea} a

end Ea eeWithout4
Fuso-' Fa,
Ea Ea
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An initial-value solution to Lu + Nu = 0 is provided by:

uj=0

u=-L'A,

u,=-L'A,

uy =-L'A,,

A boundary-value solution using decomposition ofthe initial term gives us
u,=®,

u,=0,-L"A,

u,=0,-L"A,

u,=0,-LA,.

(There are no integration constants implied by L'', ie., it represents a pure
two-fold integration with no constants.) The A, in the boundary-value

problem are decomposed into Ags ; thus:

Ao= Ava

Ar = Agi + Aro

Ars Agar Ayo An

A= Dawes

Uy = 0,

uj = -L"(Aoo)

u, = ®,-L"(Ags + Aro)

B= ,-LD Agate
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bys =OyLY Anse

40 = J o,-L'd D> Aas
oo = = = =

lim® Yo,-L'Y Ya.,=0-L'Y as=u

demonstrating convergence. The value of ©, is determined by evaluating

05.1 =9q ~ Yq at the boundary conditions.

In the initial-value problem, 9, = 0', u, and lime, = Di, te =u or
again,

O=O-L"D Ay

limg, =®-L")) A, =u

‘What we accomplish, after computing several terms of ¢,, is to minimize

our computation for boundary-value problems by avoiding the further

matching to the boundary conditions. Because of the rapid convergence in

decomposition, computation was already minimal in comparison to discretized

methods, and the above procedure offers further decrease.

EXAMPLES OF BOUNDARY-VALUE PROBLEMS:

We now calculate two boundary-value problems to demonstrate how one can

change the boundary-value format to an equivalent initial-value format,

decreasing computation and accelerating convergence by using the concept of

double decomposition.

The first example is an ordinary differential equation. The second is a partial
differential equation which is considered both in the temporal format (t-

coordinate partial solution) and the spatial format (x-coordinate partial

solution); convergence of the spatial solution is accelerated by transforming it

‘nto the initial-value format. The procedure can also be used for nonlinear

equations.

Consider the ordinary differential equation

@u/ dx? + au = B(x)
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with boundary conditions 0 | oy
Moose Beg

[¢,=0-LY a,
. c=geo ;

\fime = 0-1" Ag=u
Blx)=  Bax™

Ear}

In operator format with L = d? / dx*, we have

Lu+ou= A(x)

Then solving for Lu and operating with L", which is always an indefinite
integration for boundary-value problems, we have

u=u,-L' au
where

uy = Ay + Byx + ff Blx)dxdx

By writing u=)~, u,, the solution is decomposed into a sum of
components to be determined, and 6, ="! u, is the “approximant” to the
solution, i.e., a A-term approximation converging to u in the limit. The one-

term approximant is 9, = u, and we must have
4(,)= 8.

O(x2)= $3

Following components ave given by

u=-L ou,

and ,., = 0, +u,. The increasingly accurate approximations must still satisfy

the boundary conditions, hence
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dalm)=§

O:(%:)=&

Gauls) =

alts) =o
Then for 4 > 0,

u,(u)=0

u,(x,)=0
while for 4=0,

uy(m)=

u, (x2) =:Since
uy = Ay +B)x+L" B(x) =A, +B,x +znT cErie

and we know that

(x)= S

44(82)

=6:we have
F _ BaxAor Bint D ohms
= _ Baxi?AoBt Dd Sma

Let's write

Ay + Bux = GI

Ag+ Bors = 6p)
where

gong-F 2B a£4 (m+l)(m+2)

weg 5 Be"OO

St (me i)(m+2)Then,
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1 x,) (Ax) _(&?

1 ox,) (Bo) (a

which we can symbolize as a simple matrix equation xA=& or A=x" if,
x, # X,, 4 trivial condition, since the points x,, xz must be distinct. We now
have

Ay\__ 1 (%2 —m) (8

B,) x—x,(-1 1 J (e
Thus

Aya SSP”
Xo %

5 eee.

X27 %

uy Ag+Box + 5 Ba& (m+1)(m+2)

=> late,

with . a=,
al” =B,

and

a? =——Pa_
=" (m= i)(m+2)

Now we calculate the u, component to get the g: approximant, recalling that

L™ represents indefinite imegration.

u=-L' eu,

=A,+Byx~ff oY al xdxdxEs}

= gale?=A,+Bx-y AtexD Gestymad)

Wehave u.!x.+=0 and u,(x;)=0 andwe let
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Ay + Bx, = 8"

Ay +By, =a)
and let

= 0) 42

2) 22 @al) xf
S = X enasd)
pu ay? Oa xP
= D> (m+i(m+2)

Proceeding as before to solve for the “constants of integration” which we

preferto call matching coefficients,
ay 2

a= EGons
a

en _ at)

3-24!
x %

wm gh xan?
a x

u, =A, +Byx-a )) —*—__
& (meine?)

=D al xe
a

with af? = A, and a( =B, and

al) =a
= (m+i)(m+2)

We now have 9, = @, + u, and can proceed in the same manner to a general
tem u,.

u,=-L" ou,

ud ale

cee

& (m+1)(m+2)

ur(x,)= U(x) =0
A, + Bx, = 89
Ap + Bay, = 89
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where

= (on ge

Bax? aay! xi
" > (m+1)(m+2)

= (et) 4

(0) = x? ag x?

Ss >> (m+1)(m+2)or
(Es) (Ad ae
hog) (Be) (ee

so that

Ad\__ 1 (% —™) (g/°

BJ xo-mt 1 J (EeWe now have

Ape Go
x

HO_ 210p= 22=8

xX

(where, of course x;, x; are distinc’ points in a boundary-value problem)
Therefore,

az wall xe=A,<Bx -x7 5 88sme x8 2 Toh)
w= Fal

where

ay) =A,

a=B,

0,2 aa
=? (m+1)(m+2)

and finally @,_, = @, + Uy.
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SUMMARY:

w= 5 al

wed ae

we Sale
and

an =, Ye

is the (m + 1)-term approximant to the solution u, which we can also write as

= = wf.) =

ued Faeres Saye oS ax
Weobserve that

(dit tanh
lim Q..1{2a}= 2

since

ved 7

&

Upon substitution,

where

Finally we note that no difficulty exists in extension to nonlinear cases since it

only requires use of our A, polynomials for the nonlinear term.
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We again consider the same ordinary differential equation

@u/dx? +au= (x)= > B,x™

but with the initial conditions

u0)=A=CanfA}= > Ay

du(0) 2
SO =B = ben {B}= > Byze an{B} 2

The (m+ 1)-term approximant 9, of uy is
Ga.1{Uo}= Gan {A} +%O01{B}

We can now avoid further evaluations of boundary conditions, as we did

earlier, by recasting the problem into the initial-value problem format, We can

then continue with less work, ie., without furtier matching to the boundary

conditions. This acceleration of convergence by recasting boundary-value

problems into initial-value format becomes more helpful as the problem

complexity grows and matching boundary conditions becomes more painful,

because we then have a more accurate initial term to work with. Thus,

u(0)= 0,..{A}
du(0)
20) 61B}
dx

will yield identical analytical and numerical solutions to the boundary-value

format solutions. Thus beginning with Lu + a u= B(x),
3

Lu=A(x)- ou

usu,-L'au

where L" is the definite integration operator L"' = fi*f (dx dx and

u, = u(0)+x 20). 1 Bx)
dx
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or

= a

uy =A+Be+SB_& (m+1)(m+2)

We can write u as

uy = Dal x®
s

where

alsa

a =B

= Ba
‘or? (m+1)(m+2)

We note now that no further boundary condition evaluations are necessary for

computation of the u, for any m. Continuing,

u,=-L" au,

u=-L' au,

uy =D ag x®

= = gat

yebie Sea fez ° z (m+(m+2)
vat Sax

where -
2ea

=“ (m+ij(m+2)

a =a al)
= *(m+3)(m+4)

Uggo =, a x
a

where

a) 2 aa?
® " (2n+m-=-1)(2n+m)
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Since 6,.,= 2, u, and u= YO") uu=7, x PO, al) x® Stag-
‘gered summation is applicable. (See Appendix TI.)

SOLUTION OF PARTIAL DIFFERENTIAL EQUATIONS IN SPATIAL

AND TEMPORAL FORMATS:

2 2

Foe e(s.nur = f(x
with the initial conditions

u(0,x)= T(x)

au(0.x

202) 560)
and boundary conditions

lyst)= &,(0)
ulxsst)= S(t)

We suppose o and B are given in the form:

Bst)= FY Baa x

and the conditicins are also in series form:

u(0,x)= D7) x*
Ea

9u(0,x) _ S22) =us)

ac
u(x,t) 20

Es

utl=> oe
LaL=@ /dx* and write
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Lu = A(x,t)- a(x,t)u-d*u/ae?

usu, -L'a(x,thu-L(a"/ae*ju

where

u, = Ag(t) +x By(t)+L" (x,t)

The solution u is the decomposition u= J”, u, and the approximant is

=D2 u,. Now
9 = Uy

(xt) = 60)

(st)=8.10)
‘The general component is

uy =-L" @(x,tju,,-b(a/ae ja,

L"()= A(t) +x B,(0)+ ff(dxax
Clearly

Gast = Oq +

Ga(Rst)= Git)
Ga(Xaot)= S(t)
Gan(Xt)=5(0)
Gani(%rt)=&(0)

Thus for m>0,

u,(x,,t)}=0

ug (x,t)=0
and for m = 0,

us(xist)= E(t)
Uo(Xast)= S(t)We have
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uy = A,(t) +x BA(t)+ff B(x.t) dx dx
Atsst)= 5 B(x

Balt) Bas ®

We can also write
A(=y Alle

B,(t)= x BO
Now

mAs 5 felt)?u, = Ag(t): xB,()+ Ta+D@ey
We now have the first approximant; it must satisfy the boundary conditions
hence,

LS Belts?Ag(t)+%, Bo(t)+ z cesyersiia E(t)
yee alte?Ads BOD Tejasa)

Let's write this

as Aolt)+% Bo(t)= 5° (0)
Ag(t) +x, By(t)= & (0)

where

29 esq 5 —Baltar?
Se (Y= S(t) = (m=1(m>d)
20 aya 5 alt?

SP (= S(t) Dy @=)(im>d)
or

(1 x) (Ao(t))_(20)ta as) (Bec) Lev
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from which we find that

Ag(ty = SW
=X,

supe SIE
XTX

‘so that

=A+ $ _Bolte"= A+ KBO+D SA
‘becomes

By =F alias
where

=

a= Ad(t)

a(t)= BC)and
a),(t)= Baldorth! (m+i)(m+2)

Since

A= at

B=5 Be

Balt)= BSL

we can write

PAE Meal ae

WHT We=y woe
o Wye¥ = Bast”Wee a, ve as

-
aa()= 2 aaa t “Zz (m+iime2)

1s

wed z al x =o,
or
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a= ¥ a (yx?
where

“

a=2 ae t*

We can now calculate the u, component and the ¢, = @; +, approximant. (We

point out that although we explain in considerable detail, the procedure is

simple and straightforward and is easily programmed or even calculated by

hand.)

For the u, component, we have

u,=-L? @(x,t)u, -L(a?90 ju,

aa.tun(e={F 50, x hE Ea xt "

which is the Cauchy product a(x,t)u,(x,t). (See Appendix III.)

L*()= A\()+xB(1)+ff axa
A(p=y Ae

Bey Bor

u, = Al) =xB(-ff DY Dee YY ayas Hil dx dx

=f DY Car 1in+2/a,., xB ax dx
ced
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= A,(t)+ xB (t)

=~. el(osnin=2the+ + + Gag ay aL,
>) mam +2)

Since u,(x,,t) and u,(x,,t) must be zero

AQ+ xB(D=F(0)
A(t)x B(Q=80,where

oar |
~ = (ns 1in+2)Q

e+ LY Ganev Ae |PMany Dre (m=i(m+2)
ww [CFV+2) DS Oe naw 8D() = x2 = Be

POY Dee (a+ im +2)

1 x] FAC] _/EP(t)
F *} B()) (2)

.

so that weobtain

a=B=M0
XX

By= 20-20‘
XX

(Of course, x, # x,.) We can now write

w= FE Morwhere ~

a) ()=A,(t)

a} (1)=B,(t)
and
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oO @Me-Fe mos
ala (Oe-Be (m+i(m+2)

Note that

A(d= ale
a

BYt)= > ByeFinally =

wD Dae

=o +u;
where

ad = al?

a= 3,

[enn +2). 2+ DD Oana tl
Bese (m+ ij(m=2) 7

or

wed or
where

-

a= aes
a

We can continue in this manner to calculate us, us, .. .To compute the general
term u, and the ¢., approximant, we write

u, = Lt a(x,tju,,-L(2?/ae? ju,

aD Daa

a = x zy (n=1)(n+2)alyx®> as

agv= > Fatt
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The Cauchy product ax, t)u,.;(x,t) is given by

L*() = A(t) +xB,(1) + ff dxdx
Atoed ave

BA(t)= y Bye

w= A(oesBd)-ff E Tare EY a euals eax

-fj > by (n+ 1)(n+2)alQ), x* ef dx dx
uy = A(t) +3B,(t)

we, [ormorantth+S Sasa als”whee (m+i)(m+2)

u,(x,,t) =0

u(x,t)=0
Let

Adt)+x B(t)= S()
Adt)+xB,(0)= 52(0)where

sax = ee CESCES)
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-- [in-mnn-2ya HDS see ai |
s-ny Letam)

i mea1 a -XONMESZO)
Consequently,

toryan 219Ay= SOE)
=X

aioe 49-Ea
We can now write

° :

ue Dal (x®
with

~

al! (t)= A,(t)

a" ()=B,(0)
r 7 7

eM 2A + YY anne 2” |als Wad 7 (m+iy(m+2)
Since

Adt=y AD

Bt)= x BOTherefore, “

Oy 0+
where

a= alo

a <3
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Jo yoo+ 2+ Sasan af?
Savas (m=i(m+2)

‘We can write the resultas
w= a(x®
s

ane S ae
4

SUMMARY:

wed Fae

wad Feet
aa

The approximant 4,.,{u}= Dr, uy

Lae

ao}=y YYQe
BSS

Bole

=D DY Pe bfaach
as

We note that fim4,.,{u}=u and that lim 4,.,{an.}=ae.- Since
us D7, wand

wed Pager
‘Substitution leads to

—
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uP Dae

=DE axe

where a=, as

TRANSFORMATION OF SPATIAL SOLUTION:

Having calculated u, , we know that

.n{AD}=> Arlt)a

2, ..{BO}=2 B,(t)
6,-1{¥}= {Al} x0,.-{B(0}

We can now recast the problem into an initial-value problem format,

accelerating convergence by simplified further calculation through avoidance of

further boundary condition evaluations:

Ses a(stusZS = purr)oe a

u(t.0)= A(t)

2x9) « 3(0)
ox

We proceed to desired accuracy by choosing A.

u(t.0)= 65..{A(0)}

du(t,0)
2060)gy 1Bae BO}



Dovste Decourosmiow 107

z ape

LO=F 5) and Lo=ff ()dx dx. We emphasize that L? now
represents definite integration. Upon substitution, we have

Lu=B(x,t)- a(x,tu-(#/ae)u

wsuy—Lt a(x.tju-L(97/90)u
where.

vy = u(t,0)x28)61 B(x.1)ax
5 _Ba(tx**=A(t)=xB()= 5 Balta = A()*xB(0) z (m+(m+2)with

A=y At

B=) Be
Therefore we can writeuy as ”

uy =D alo) x®
where

~

a(t)= AC)
al(t)=B(t)

9 (t)2 Balt)
aa) mad)

We can also write
w=> DY aleewith ms

al(= Ay

an()=B,

9), ()=Pas_aetaal =med)
To calculate the mth component u, of the decomposition of u, we have

ue =-L" a(x,thu,., -L(F/at Jug,
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where L"()= f" f° (Jax dx. Thus,

u, =-L" a(x,t)u-L"(97/dt)uy

mit

(#/a0*)u, = ¥ y (n+1)(n + 2)a@)_, xB"

agns)ustnd= SE x S asa tl
Be met

so that

=- nea ps deberd

wae Be ee)
SS

ort ys MF Nin + esEe etm)

where “ee
is 2 2 7

TCO MO=2eE = DN acrans BeBee =

(m+ Iim+2)

~

with mat
7 OFMOn2D Berean He |Bae =

(m+iy(m+2)

‘The approximants o,.,=),_, u, and u= 7, u, are computed as usual so
that
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Staggered summation can be applied at this point.

TEMPORAL FORMAT:

Consider the same partial differential equation

2 2

Fee abssus Z2= p00.)
with the initial conditions:

u(,0)= 1408)= ay) x
du(x,0) ee

cane ie) x!
‘and boundary conditions:

oGt) == are

uast)=4)= > gre

‘We will supposethat @ and i are given in the form

ax.t)= > Ya. xtt
cad

Blxt)= YD Bas =D B(x)
me Ea

where

B(x)= DY Baw x

To derive the solution we define as usual L=d*/dt? and

LQ= f i ()dtdt, a (two-fold) definite integration operator. Then

Lut a(s,t)u+(2°/2x7)u = B(x,t)

Lu= A(x,t)—a(x,t)u—(2°/ax")u

and operating with L” we get
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usu, —L o(x,thu-L"(0°/dx"*)u
where

wa aretaQd+f fi Altera

Solving by decomposition, the solution u is written u= 07, u, and the
approximant 9, = J.) u,. Then

= Up

O44, =O + Uy

up =-L" @(x,thu,,-L'(a*/ax?)u,,

Now we calculate the us component (and 9, approximant)

ug = 7(x)+ t72(x) +L" Bla.t)
. S B(x?
weno)DY Brean h

and we note that we can write

a(x) = > Tl x®

ot

B=> Bx)

Bos)

D Baex®and -

uy =, a(x

where “
ayi(x)= T(x)
a)"(x)= 22(x)

29,()= Bb) —(n+i)(n+2)
and
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ae?

a) =—Bea
=a? (n+ 1)(n +2)

Thus we write
= DD al t=9,

uy =F aayet

where: =
al(n)= Dae x

a

Now we can compute the u, component and 9; approximant:

u, =-L? a(x,t)uy -L(?/3x7)u,

2 en

Su, = ¥ Caenmernd,. xe
an=S Faget |

me

The Cauchy product 0(x,t)ug(x,t) is computed as

atone) ={E Fane ‘| {E52 e |

(which can readily be programmed).

-fi f LE (m+1)(m+2)a%,., x® dt dt
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=, (menimsamttireS Seriesatt|=-t eelTegwerk Eee

(a+ ijn +2)

which we can finally writeas

«

aS

wet DY al (xywith =

alix)= Dall x*

We now have @.= 4, +u,and can continue in the same manner to the u,

component and the @,., approximant.

u, =-L a(x.tju,,-L(8?/ax?ju,

am

AruLE (rs ew- anh are
aixt)=> Saxe

We next compute the Cauchy product indicated by a(x.t)u,.,(x.t) oF

Sean

wef f voy x x® ey YD eecpane wh”at dt
-f f coy + x™ (m41)(m+ 2a, dt dt



a= SY ea’,

where

-|(m+1(m +2) + De wane an]
ale =) v0 J
i=

ee (2¢+n-1)(22+n)
Pry =O + Uy

SUMMARY:

wed yaar

wae Feet
a

201 = D8 = darfu}
MoD OY Y aloe

Staggered summation can now be applied.

COMPATIBILITY OF EQUATION AND CONDITIONS:

If the computed solution satisfies the equation and the conditions, we have

the solution. If the physical problem is correctly modelled, no difficulty

appears. One cannot arbitrarily assign conditions to an equation. The

equations, conditions, and solution must be consistent. If attempts to model a

physical system fail to give us correct conditions, one can get both temporal

and spatial solutions and find that these solutions are different. If they are

close over a finite region, then we realize the modelling needs improvement.

This may allow us to develop a predictor-corrector methodology which we
leave to future work.
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If incorrect conditions are used for the decomposition solution, we do not

have a solution. If the solution is correct, i.e., it satisfied the equation, we can

do inverse operation, e.g., in Lu + Nu = g, we have u= @—-L" Nu and can

solve for F. If Lis second order,we know uy = - Lg where ® = a+ Bx;
hence, we know F and have a test for a, b.

NONLINEAR BOUNDARY-VALUE PROBLEMS:

We have two alternative, actually equivalent, approaches for boundary-value

problems, whether ordinary or partial differential equations are involved. The
first is to match each approximant 9, for n = 1,2....,n to the boundary condi-

tions. In boundary-value problems modelled by ordinary linear differential

equations, only one such matching is necessary. We can carry along the un-

evaluated initial term without evaluating the integration constants by matching

to the boundary conditions and only do the matching when the m-term

approximant has been calculated. In nonlinear differential equations or (linear

or nonlinear) partial differential equations, this is not possible. Then the

matching must be done for each level of approximation.

The second (or double decomposition) procedure adds decomposition to the

initial term. This allows a convenient match to the boundary conditions of the

approximant 0_ because the constants from each integration are added to give
a better initial term. As we will discover later, the solution can then be carried

further, if more accuracy is needed, as an initial-value problem. The value of

decomposition of the initial term is in the matching of the boundary conditions

by adding all the integration constants C,,, and ¢,. separately to form anew cp

and c, and new initial term which is now close to a final value as n ~ ~ in @,.

Now we can use this up term without adding further constants of integration

and matching to boundary conditions, since for high approximants to achieve

accurate solutions, the computation is much less.
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CHAPTER 5

MODIFIED DECOMPOSITION

The modelling of physical problems can lead to ordinary or partial

differential equations which are quite generally nonlinear. Examples include

equations such as the Navier-Stokes equations in fluid mechanics. the Lane-

Emden equation for stellar structure, nonlinear Schrédinger equations in

quantum theory, soliton equations, etc.

We present here a variation of the decomposition method which can also be

applied to such equations to obtain accurate quantitative solutions. A

mathematical advantage of the various adaptations of decomposition is that

linear equations are an easily solved special case and ordinary differential

equations are a special case of the theory for partial differential equations. so

we have a single unified field. This alternative formulation will be referred to

as “modified decomposition” [1,2]. It requires the following result on
transformation of series [3].

Normally we write f(u)=)”, A,(Uo...uu,). However, given a conver-

gentseries u=S\~, c, x* and f(u), we can write

F(u) =D) XA, (Coyne)
Ea}

We can see this as follows. Let

w= xt
BS

We wish to find a transformed series f(u)= *(Dz.6%")- Since
f(u) = 2, Ay (Yost), flu) can also be written as

DY AalCoveesCa)e™

‘Thus for f(u) = u’, for example,we have

lis
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Ao(Uo)= us
A,(up,u,)= 2ugu,
A, =u} +2u,u,

Since Uy = Cy,Uy = CX, Uy = C3X7,..., We have

£0) =D Ag (Cooney)x"FE
with A,=c3, A, =2c,¢,,.... AS an example consider tan”x and f(u) = u?

tan" x=x-x1/3+x3/5
Ap=up=x?

A, =2u,u, =-2x 4/3

(tan"'x)'= x -2x4/3+-
Power series solutions of linear homogeneous differential equations in

initial-value problems vield simple recurrence relations for the coefficients but

generally are not adequate for nonlinear equations

Dealing, for example, with a simple linear inhomogeneous case Lu + Ru= g

with second order L. we let

e- Dax

ura,+ax+ > g.x°- plu

where J is an integration and I’ will mean a two-fold integration. Thus

DY ox*= a. -ax+>) gx°?/(n+1)(n+2)- py c,x*7/(n=1)(n+2)

with ¢, = and; = oj, Forn 22
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¢, = Baia Poae
n(n 1)

so we obtain coefficients from a recursion formula, The technique provides an

interesting alternative for equations such as the Duffing equation and the Van

der Pol equation.

ONE-DIMENSIONAL CASE:

Consider the nonlinear inhomogeneous ordinary differential equation

Lu+Ru+Nu=g where Lu=d*/dt,R=p(t), Nu=a(t)f(u). We will

view this as a special case in one dimension of a multi-dimensional partial

differential equation. (In the following sections, we will consider equations in
wo. three, and four dimensions.) We can write

uD ae
Fed

R=p(t)=> pt

g=a(t)=> gt

a-Dac
Ferd

£2 D Ax (Q0a,)P= > AL
S Ford

u=0,+L;'g-L)Ru-L) Nu

where = +4, and Ly’ = f/f’ ()dtdt. The substitution yields

> ata +tr+ ff Dy gr aa-f'f {5 Py v} {5 a. fova
-ff {5 ae 1S A, voce

Multiplying and collecting like powers of t,
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and

Replacing the above quantities in brackets with the equivalent expressions on

theright side,

x atatrins ff > gat? dtdt
feos

AE eS ona, fvaBS

on

fS ae )-ff 5 ey a, Aca fatdt
Carrying out the integrations, we have

=. = oeaver tin+y —se,RaveneneS Goyer&=~
wt

-Y Spa

2 Ganmsy yet
-Y yaa

2 Daneey Zohn
In the summations on the right, n can be replaced by n—2 to write

- = oe

vencn+y —e.= at =t)7tt, z meant

i ona-)aQr

= oP oe
ee ea

Finally, we can equate coefficients of like powers oft on the left side and on
the right side to arrive at recurrence relations for the coefficients. Thus
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a =%

ast

and forn > 2

B.D Pe bene Dy Oe Acre
n(n —l)

This solution, of course, is

u()= ae
Ft

TWO-DIMENSIONAL CASE—NONLINEAR PARTIAL DIFFERENTIAL

EQUATIONS:

Lu+L,u+Ru+Nu=g

We now have two linear operators Land L,. Let L,=d*/at? and

L, =0°/dx*, Assume that we can write

u=d ayes
BG

or

= LS Fe}

Ifwehave u(xy)= ~_, Dag Cua xX” y*, we get terms
0.0» Co Yr CoaY reer Gyo Ko Cy XY » C2 XY" voee9Cn9X" 9 Cry KYse

The first group can be written x?” cy, y®, the second group as

xr, Ce Ys the third group as x* J)", c,, y° etc. Thus

u(xy)= D ca(y)x*
a

where c,(y)= D, Coa ¥” So that the double series is collapsed into a single
series. We suppose the operator R is
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R= p(tx)= YY pat xt
ied

~T= 2

“2d [Brea fd poor
Let the nonlinear term Nu = ai(t,x) f(u) and

a(x)SF a8 => “ E.3'|-E a,(x)t*init mole a

Write f(u)= 7, tA,(ao(x)--.84(8))= Oo, MA, (x). Let

- = - fe Le
seein DZ gata ZlYee x]d als)dec} Fa tert fod

The decomposition solution using the t partial solution is given by:
u=0,-L'g-L L,u-L?Ru-L'Nu

where

©, = F9(x)= 10, (x)= u(t = 0.x) +t 5u/At(t=0,x)

and L;' = f'[/()dtdt. Substituting for u, f(u), g. and p, we have

>» a(x’ = 2,(x)+14(x)~ ff)xy g,(x)t" dtdt
-ff@rax)E aoe aa

ff ‘5 plx)t?> by a(x) }didt
an

le = )~ff > eaten} = As(a)e java
The bracketed productsare



sooinen becourostron 221

t= = ) ee

[Soe| {3 stave Ee E a...t0
by assy} by agoe} -& Cby (x) A... (X)

Substituting the above products

by (xe = 4,(x)+10(x)+ ff) by g,(x)t° dtdt

-ffi won a,(x)t*atat}
wee [om .

“LLCS 2 cepa,to) ae
-{i {5 ED aA,..(a)att

We now carry out the above integrations to write

~ oa

Lacon)en) SoarHO)
3 oaS0
&% (n+1)(n+2) ax *
Penner

S Tansy& Pe)
aeeeanan

ZS Taney& MMA
Let n> n~2 on the right side, Then

z a(x)? = T(x) + 0+,cc 85-2(8)
- os F

“2 ieee te
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= op

& sary Pelt)
oo

~Y FY a0) gal

& rary MOA)

Finally, equating coefficients of like powers of t, we derive the recursion
formula for the coefficients

(x)= T(x)

a,(x)= 50)
and forn > 2,

8-203) ~(8/9")a, 208) D {0,8} 2-8)+ (RAL. 62}8,8)$$ n(n~1)

‘The final solution is now given by u(t,x)= .__, a,(x)t*. (Whether modified
or regular decomposition is used. we can still apply Padé approximants,

Shanks, Wynn, Euler. or Van Wijngaarden transforms to accelerate

convergence.)

THREE-DIMENSIONAL CASE—NONLINEAR PARTIAL DIFFERENTIAL

EQUATIONS:

Consider Lu-i,u-L,u+Ru-Nu=g where we let L=o vat’.
L,=o sox", Ly=d'/dy*, R=p(tx.y), Nu=a(tx.y){(u), We now
assume

wed Y Yaen'y’

“Leyy aory’ 2D ale)
R=p(uxy)=> YY Paty!

=Yey YS austy =D pleyy
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a=a(tx9)= 3 Dy Easy
-E fz z auonty|-E a (xy)t"

)=3 PA (a(x). -ae)= Zea)

“5 ap » tasty |eE Ug(xy)
The t partial solution is

hi uso, +L) g-LL Ly Lu Ly Ru-LNu

We can now write

Dy a,(xy)P =T(ny)+ta (xy)
“Ll. Ztas(us)ata
Karax)S, ta,(x,y)dtde

LiEron| {Ses oo9] aca

‘The bracketed quantities are
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which we can substitute to obtain

Eeeralsy) +15 (x.y) ff Er g,(xy)dtde.

SL 2e Zea sy
LearZealxraa

EOE @, (xy)An. (ova
which we now integrate to get

ores)= ay(x.y)

itPK Ya (RY)

We now replace n by n—2 on the right to get
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Sea(a)mnley)eler)+Ds sale)
ao =~ 3

Dery ag Leagan ay ea)
ed

Zar PL y)a,24(%¥)
~ oe oe

eran 2 06, (5 Y)Ag2-o(%Y)
By equating coefficients of like powers of t, we have a,(x,y) = 7,(x.y),

a,(x,y)= 7,(x,y) and for n> 2,

a,(xy)={8,-2(%y)(2° /2x")a,_ (ny) (2 /2y")a, (69)a
S [plsydas soley) +a,(uy)A,2-609)fotoFo

The final solution is now given by u(t,x,y)=S, a, (X.Y)

FOUR-DIMENSIONAL CASE—NONLINEAR PARTIAL DIFFERENTIAL

EQUATIONS: .

Lu+Lu+Lju+Lu+Ru+Nu=g

where we let L,= 2/90, L,=2°/8x7, L,=3*/ay', L,=F/d2*. We
can assume

w= DD tect ty zt
Baa

Bla S J

=Yr'a,(xy.2)
B
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R= plny2)= DY DD Parent xyz
Bane

=F EE Ey eteasee| EratoBlame 1

Nu=a(t,x,y,2)f(u)

a= VLD Lewy 2? ete
Bam ms

mls Fad

f(u)=J A, (a9(xy,2),--0a,(%9.2))=DMA (YZ)

exatuxy2)=> OES Usty'2 ace
mee Ss

HLL LD Vv ye eve Hd Ceey.z)

The t equationis
u=@,+Li'e-Li[L,+L, +L, Jub’ Ru-LNu

with ©, =ult=0.x,y.z)-t du/dt(t=0,x,y.2)= t)(x.y.2)+ t7,(x,y.2) and
we can proceed as before with substitutions and integrauons t get recursion
formulas for the coefficients.

REMARK: We have seen that nonlinear partial differential equations are solv-

able by the modified decomposition procedure using concepts of the decom-

Position method (partial solutions, the A, and transformationsof series usingthe A,,). We have seen previously that such equations are solvable by straight-

forward decomposition also, Comparisons can now be made; in general, de-

composition solutions converge faster but the solution is identical. A simple

example is L.u+L,u+f(u)=0 where L,=0/dt, L,=0/dx, f(u)=u",

u(t=0,x)=1/2x. The t panial solution is
u=,-L;' L.u-L} fu)
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where ®, = u(t=0)=1/2x. Then

u, =-L;'(0/dx)u,- Ly Ay

u, =-L;(2/2x)u,-L? A,

where the A, are defined for u®. Weget the (decomposition) solution

et fete Hy.)
uagbegtagt J

1

"ho if et
‘Using modified decomposition, let

u= 5 a(x)

Nu= 5 A(x)hence ~

- % -_
Y 8 A(x)= t(x)-| YO @/Ax)a,(x)at

-f » ey ayao(s) at~ f z ey A,_,(x)dt
¥ 8 ag(x)= Hx) -F (07/041) (9/dx)a,(9)

“Tle +S aoo-F(e7m+)S ALG)

Ef a,=2-F(/n)(a/9x)a,5

from which we get soa!
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a= tH =1/2x
a, =-(9/9 x)ay ~~ Aalay)
a, =-(9/4 x)a,5(1/ Ma, = 49) (1 2XA, ~ Ap)
=1/2x?~(1/2)(1/4 x= 1/2 x)= (1/2)(A, AoNo Urayly ae1/23) 17 2¥As~ As)

so that ve

wed tee]2x| 2x ae
|

which is the same solution obtained by decomposition. For homogeneous

equations with a constant coefficient of f(u) as in this example, the rate of

convergence is equal. For the general case, we find that the decomposition

method converges faster.

Suppose we consider the solution of a nonlinear equation where the

nonlinearity and the excitation are given as a power series, or equivalently as

graphs from which series are derived by curve-fitting techniques. Let's write u
and f(u) in series form

u=d ae

fu)= >, au"

fu)=>,aS ast:
ise gplComputing fF, a,t } we see that

{Zac} -E eadens
for all 2 and for v > 0, (Of course, for v = 0 the quantity on the left is clearly
equal to 1.) Thus, if we define
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= 7)

by =O +> & Agu Ifa,
my

b, -> a, Auas for n>0

‘The A, are easily evaluated. For example,

A,[u’]=u3
A[u’}=vu,uy7

We observe that A,[u’*']=u,, ic, the linear case, then

ALCfa, = AsLe”Icnn, = Bales)
The previous resulton transformation of series stated that if u= J)”, a,t°,

fW)=Y PALM,
From (1)

_

bo = oty(1)+ a% (a9) + 0,(a5)+%4(ag) +... + On(a9) +..

be= ¥ a4(23)
b, = @,(2,) + a,(2aya,) + 0, (3aja,) +--+ a.,(ma, az)
b= @,(naay")

by = &%(1) + (a) + @,(a5) + a%,(ag) +... + o,(az) +...

bo= > a, (a3)
CTS 4, = a5(0,) rc (2a40,)+ a5 (30h) + + cay 9")

b=) a,(na,a5")
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The a, dominate the convergence. For simplicity of notation,let

AQ) = ALU fayen, = As (Borns)
Then

bo= G+ > a, ADa)=> a, a5= =

b,= a, AM"(ay,a,)

b= @ AD(aayaz)=

be = Dd, & AL (age)

fw=¥ bth =a,+ > @, Aa)

1, @, AMap.a,)= 8S a, AM (ac.aas)

aU Y @, AM(aya;ayay)

oewhere =

f(u)= a+ YY a, AM(ap.....a,)
mF

f(u)= > bv"

if us DO, at and s(u)= 7, @,u"

THEOREM: If S”, at" and f(u)= 0, au’ are convergent, then

f(u)= 07, bt is convergent where
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b= a+), & Ad(U’)farea

boo=2 & Aa(t laren,
This is useful in the following problem. Consider (using modified

decomposition) the nonlinear equation,

Pu/de +Nu=g(t)=> gt"

with u(0) =c, and u’(0)=¢, and Nu= x, au*

a.

wry ou -z gat
Substituting

=D at

du_<
=> (n+l)ae xe 2.
ys

PBF (nen +2)a,.,t°aS

and using the theorem above Y”, a,u*=\~, b,t* with the given
formulas for bs,

Y (a+ Hr+2a, 0+) b= > ge
Ed Fa card

Let g, =(n+1)(n +2)a,,, +b, so that we have found the coefficients,

B= Cy

aac,

8, —b,a, =See

(n+ 1)(n +2)
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with u= 0", a,t. (Of course, we can solve the problem by decomposition
a well as by modified decomposition.)

Let us consider, as a generic example, a partial differential equation in the

operator form of the decomposition method:

Lu+Lju+Nu=0

where L, isa linear differential with respect to x, Ly isa linear differential with
respect to y, and Nu is a nonlinear term. The x-dimension partial solution is

u=,-L3{Lju+Nu}

where L,©, = 0, Assume the solution in the form

uxy)= dD aaaxy”
me

=) &(y)x*

where 2, =", ay. y®. Write also Nu=f(u)= 7, A, (y)x™ where the
A, (y)= Ag(E:(y)----.$e(y)) are our polynomials. Substituting. we have

& sel =O, - LLY Sy - LIL, DS Aa(yx®
sine 7 Fr =

LEY Saly)x* =D Saly)x*7/(m+(m= 2)

= LS_-2(y)x* /m(m-1)at

and

LD A(x =X Agaly)x®/m(m=1)
we can write

~ —

& Stow" =9,- Fb Salone /mim—9-¥ Ag stoye* /mim—)
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Assuming L, is a second-order differential operator,

9, = koly)+ xk,(y)
where the ko and k, can be determined from the given conditions. We finally

get recurrence relations for the coefficients &,,

Sal) = koly)

Sly) =ki(y)

and form2>2

Salv)={by Sa-sl¥)* Aanaly)}/m(m—1)
where Ag(y)=Ag(So(y)--a(¥)). The y-dimension partial solution is
similarly obtained. Assuming

L=#lay*

u(xy)= m(x)¥*Ford

f(u)=> Ay"E4

where Ax(x)=A,(Mo(*)---.Ta(%)).

Y my" =, - LLY n(xy*-L7 YA (xy®
Fd far Ea}

Proceeding as for the x partial solution, we now get the recurrence relation

ox)

= ¢o(x)n(x) =6,(x)
and forn >2

g(x)= {LaMya)+ Ay-a(3)}/a(n 1)
where A(x) = A,(19(x),---+M.(%)).
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REMARK: When kj(y) and k,(y) are expressed as power series in y, and

Co(x) and ¢,(x) are expressed in power series in x, the series solutions

u= (yx
=

=D n(x)y"
Fd

can be written as

uD beexty

Consider as an example the equation

Fufax’ +au/dy? + plx.yu+ a(x.y)i(u) = g(x,y)
Since we have chosen a two-dimensional case with the conditions,

du(0,3i :u(0,y)=Cy(y) and >Cy)x

‘we assume the solution in the form

and similarly write
——

P= D Pear¥*
w= me

(An ordinary differential equation such as du/d x" — p(x)u + a(x )f(u) = g(x)
becomes a special case as do linear cases of both the ordinary and partial

differential equations. We use a single series, For a three-dimensional series,

we use a triple series.) We write the differentia) equation in our usual

decomposition form as

Lyu+Lju+Ru+Nu=¢

This coule also te solved with noundary conditions.



Mooitie> Decourosirion 1s

We can use either the x or the y partial solution. Using the x partial solution for

which we have stated conditions, we operate on both sides with L;’ to write

(0. tet “ “LiLyusu- (0.y)=x 2400. Li g-L}Lju-Ly Ru-L Nux

where L7! is the two-fold definite integration from 0 to x. We now have

u=Cy(y)+xC,(y) +L; g- Ly Lu-L; Ru- Ly Nu

Computing L;! g we get

List) D tay

=D D eax tylnti(n+2)

=D D Berar? y*/n(n-1)AS

Computing L,u, we have

Lue(Hav)E Eee
aa.

=D ZY mm-Ne..xy**
mam

=X Y (m+(m+2)cay
am

Now computing Ly’ L,u we have

LILw=L YD DY (m+i(m+2)e02%°¥*
am

=F F (m+D(m+2) ae ye

“ZZ Ganon eee
=F F (e(m+2) aye

>» Dy n(n =I) Cynara® ¥
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Computing Ru,

po = ass} {5 = cary}Bm een]

Fier Corde

Next,

Foire Corder}

Also

«=f¥ Saevy)-¥ Faceymt mm

where the polynomials A,..(Co.:--++Co) are obtained by wansformation of
series, We have

ae \ia=

nur atiul=(3 F aax'y") {5 yay}BS Ils }

Then

Li! Nu= > > Da Ya, Aven [ineine ay st"Salam i}

-EE(SSe, Aes io ohtyat am [Se

We also write Cx(y)=S), Coa¥® and C(y)= 7, Cin ¥*. We know
5,94 €o,»s Co,>. Similarly,we KNOW C).5,C,. Cy.g-05

u=C,(y)+xC,(y)+Ly g-LyLju-Ly Ru-Ly Nu

and we can write
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ny a_¥ = = ay FS Bete yye
DV aa y=d coy xd car td Y exty
am Ed = & S&S nln-1)

SS (m+1)(m+2) oye
- oe las

= ey ee
- = (te 1LL LD easter eaeu/Mn- Dpy™
st ash (oa J

ao fst }

“ZZ EL der neelmoreEstee ocho}

We now equate coefficients of like powers. We are using the x partial solution;

hence, we are particularly interested in powers ofx
For n=0, Cra =Coa

Forn=l G4 =Cig

For n> 2, we have for like powers of y® a recurrence relation yielding the
coefficients

go Bene _(mtI(m+2) |
sce ma)
2 a

3

Pow Ss-ronmea FS Cog Asctnmesn& z n(n=1) >» »» n(n=1)
and can now write u(x,y)=.-, Dinwy Cam XY" since the coefficients are
determined and the A, can be found. Since Cy», Cy:.C)3 are Known by

decomposition of Co(y) we can find other components, ¢.g., ¢,,, depends on
3. Similarly C,(y) yields components c,,, for all m, so c,,, for example, is

found from ¢,.

The linear cases (a = 0) are considerably easier since the A, become

unnecessary. Also the recurrence relation simplifies if g = 0 or p= 0. For

example, if we consider the equation 9*u/ dx? + d*u/ dy* =0 we have

n(n =1) .
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MODIFIED DECOMPOSITION SERIES AND BOUNDARY-VALUE

PROBLEMS:

The “modified decomposition” series solutions have been found for initial-

value problems by incorporating and adapting ideas of the decomposition

method. Now using the double decomposition technique discussed in recent

Papers, the procedure can be further generalized to weat initial-value and

boundary-value problems in a similar and computationally efficient formulation
with an acceleration of convergence. We will consider some progressively

more complicated problems.

LINEAR (HOMOGENEOUS) ORDINARY DIFFERENTIAL EQUATIONS:

Consider the example d’u/dx?+pu=0 for Dirichlet conditions

u(x=&)=b, fori= 1, 2. Let p be a constant (to simplify the discussion) and
seek the solution in the form of a Maclaurin series

us Dax
=

w= Du,

u, =a,x"

In the usual operator form for decomposition solutions, this equation is

written Lu + Ru = 0 where, in this case, L=d°/dx? and R=p. (Of

course, the method was developed for more general equations.) Now write

L"Lu=-L'Ru where L” is a two-fold indefinite integration yielding
u¢,—¢,x; hence

wad ax =cy=xe,-pff Y a,x" dxdx

=, +xc,—p> at [neyn=2)Ed

=e,+x0,-p > a8 fo by)Est

Equating coefficients, a, =c, and a, =c, .Forn > 2 we have the recurrence
relation
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a, =-pa,_; /n(n~1)

Using double decomposition,

=yc
a

g=D

a= a

Also a =c\"’, a\®) =c\"', and for n > 2, a®) =—pa'!/n(n-1), achiev-

ing a decomposition of the recurrence relation

u=YuaD Lowry Due
ie. -

= ut)

by staggered summation. (See Appendix I.) We use the staggered summation

to rearrange the double decomposition components of u into a new series to

achieve a decomposition suitable for boundary-value problems. (The

switching of n and m makes the result computable; only the sum matters —

the components are not unique.)

‘We must now determine c\") and c\*) by use of the boundary conditions.
Instead

of u(x=,)=b, and u(x=,)=b,, we use the approximant Gari tothe correct solution u. We can write this as @,,,{u}, an operator on u.
Similarly, the approximant to a, is

et

oa{a.}= > at?
fod

Then

$,{20}= as?

oi{ay} =a?
1

We will have determined the solution if we can also compute the values of

cl") and cl) matching the (approximant to the) solution with the boundary
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conditions

Gaar{u}(x= §,)=b,

Gnu {u}(x= S2)= bs

For the staggered series ofu
uu,= al? +ax
ua all acral eae?

uy =a +alx-eallx? eax? alate ala?

tag = ale + al he ale x2) + al) x2?

Equivalently. rast .
ug= alee

where [n/2] is defined as the greatest integer value less than n/2. Thus the
staggered summation has resulted in a different decomposition of u suitable for

boundary-value problems.

~ = te!
.

REMARK: The greatest integer function used here is for a second-order

equation. For a third-order equation, we will have [n /3) and for fourth-order.

we use [n/4]. Next, we derive the approximant for the staggered series of the

solution; thus @,,_,{u} is given by:

o,. fu=u,+u,t-+u,=>) asx > alex? Sat

a Fa sna xt ah ex! a,
0 5-{U}=Gar{o}+X n0y{8)}+ XO mes {22}27°g {as} +--+27°0,{a1g}+ O° 0, fas0.1}

or equivalently
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ren

anit}= Yi Panraras {25}
We use the approximation of the boundary conditions

Paaiful(x=§)=d,

Gaur {ul(x= §,)=b;

in order to compute the constants c{*) and c\®! and consequently the compo-

nents a”) and a{*) of the Maclaurin series for the solution, thus determining
the solution u.

SUMMARY:

The basic steps are:

1) Compute a{*) and a{*) by matching the solution approximants to the
boundaries, i-e.,

Gaalul(x=6)=by

Ganful(x=f,)= by

2) Using the recurrence relations for n > 2, ic., a =-pal®) /n(n-1),
compute more components a‘") to improve the accuracy of the solution
approximants. Thus we have -

a> ao

and therefore

w= Dae
a

satisfying both the equation d*u/ dx’ + pu=0 and the conditions

ulx=6,)=b,

u(x=6,)=b;

We can now accelerate convergence by going to an initial-value formatted

solution without further matching ofsolution to boundary conditions. Let
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8) = Onaif{ao}

31= beufai}
and forn>2

a, =—p ag /n(n—1)

which gives us a new and improved uy to start as an initial-value problem

Genr{U8)}=2nif80} + O0.rf8i}x
where u{? is the approximate initial value. Now u=.~, u, =~, a,x*
NONLINEAR ORDINARY DIFFERENTIAL EQUATION WITH

CONSTANT COEFFICIENTS:

Consider as a specific example d*u/ dx? + @ f(u)=0 given the conditions

u(x=é)=b,

u(x=é)=b;

We seck Maclaurin series solution u= J)”, a,x". The equation in operator
form is Lu + Nu = 0 with L=d?/dx? and Nu=cf(u). Operating with
L". we have

u=cy+xc,— a ff f(u)dxdx
Using the result for transformation of series

fa \e

flu)=1) Dax” |= DA, (a... Je”
Ans J a0

where the A. are functions of a...) rather than Up,...us. Now calculating

the integral

Jf fayax ax
or

Sf D Avtdxax=> Ast fos Hin+2)=> Ax! fio 1)
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Therefore

F axtecy +xq,-05, Avant /nin=0
Equating coefficients,

a=c,

asc
and forn >2

a,=-aA,,/n(n—1)

To match the boundary conditions, we apply decomposition to the

integration constants and double decomposition to the coefficients of the
Maclaurin series solution,

=>

Q=d
Ea

Ea

Substituting into the recurrence relations
—_—

oer)

a -
and forn >2

a =-a AS/n(n—1)

We have achieved a decomposition of the recurrence relations which will

determine the solution once the components c{) and c{*) are found.
Next, we organize the solution into a form suitable for matching at the

boundaries by rearranging the double decomposition components of the

solution into a staggered series. This organizes the solution into the boundary-

value formatso that c{*) and c{*) components are calculable by use ofthe
approximants to the boundary conditions

Gan{u}(x=6)=b,
Gani {u(x= &)=d;
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‘We have

To stagger the series,

uy = a + ax

uaa sa x ax? eax?

uy = al? +axs allxt eal? eax! + ax!

ug = aff) +a)x...all x0) 4a) x2

which we can write

tes ,

vga areal
Fed

where [n/2] is an integer greater than n/2 (for second-order equations). For
third order. we write [n/3} and for fourth order, [n/4]. We now have a
different decomposition ofu which is suitable for boundary-value problems:

= SO se tesa)i> ee> i aeaa a

Now we derive the solution approximants for the staggered approximants

°F ale) ane x al) ext al”),
Fool

Hence

C2-:{U}= b501{40}

+ Xe01{8:} +%°0.{a,}77°, {as} 70 {az} 779, {res}
or

Gnu fuh= 2 aeictra) {40}

Now using the boundary condition approximants >
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Gnui{ul(x= 6) =b,

Gani{ul(x=,)=b.

we can compute the constants '*), e{*? and a”, al” the coefficients for
the Maclaurin series determining the solution.

SuMMaRY:

The basic steps are:

1) Compute a{*) and a‘*) by matching the solution Approximants to the
boundaries.

2) Compute components a,’ to improve the accuracy of the solution
approximants using the recurrence relations for n > 2. We get

a= 3 ae
a

and finally 7

u=¥ ax"
Et

3) Finally we can transpose from the boundary-valuc farmatto the initial-
value format

Gani{0s)}= On {20}+ banifa,}=with -

=Pardo}

4, = bani{ai}

and forn>2 a,=-@A,_,/n(n—l). (Note this is for the case of zero

input) This avoids further need to match the solution (o the boundary
conditions. Now u=") u= >, a,x" and convergence is
accelerated over that of the boundary-value formatted solution,

LINEAR ORDINARY DIFFERENTIAL EQUATIONS WITH VARIABLE
(COEFFICIENTS:

‘We consider the example d°u / dx? + p(x)u = 0 with the conditions
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u(x= é,)=b,

u(x=&)=b,
Let

p(x)= >, p,x*

and seek the solution in the form u= ).™, a,x". The solution is

uscy+xe,— ff p(x)udedx
Le

stays~ {Foa'| [Saar]2 it)

=z [Saab
Now

“

= fe )[fetedx dx= ff > {Epa dx dx” aed (ued

fe )

=Y Yaabf +1)(n~=2)Ported z

= fat )

=D [drt ba frie
We now have

=. = fe lL.

Dax’ =cot ae D4Deadsne s* /nn-))
Consequently a, =c, and a, =c, and forn>2

a2-Zpa. ss /rin-0
We conclude with the solution a{”’ = cj") and a\®/=;"!. The ¢,’ and c\"

are determined using the boundary conditions



Movin Decourosirton 17

G.1{ul(x=§,)= by

Gani {ul(x=§,)= bs

and forn 2, a” =-S" p, al®)_, /n(n—l) achieving a decomposition
of the recurrence relations. Then computing a=)”, a/®', we have the

solution u, =~, a,x’.

HOMOGENEOUS NONLINEAR ORDINARY DIFFERENTIAL

EQUATIONS WITH VARIABLE COEFFICIENTS:

Consider the example du/dx? + a (x)f(u) = 0 with the conditions

u(x=&)=b,

u(x=é,)=b;

Let a(x) =~, a,x" and seek the solution in the form u=S", a,x*, i.e.
a Maclaurin series. Let Nu = a(x)f(u) and write Lu + Nu=0 which leads to

the solution usc, +xe,~ fff @(x)f(u)dxdx. To calculate this integral
(which is an indefinite integration for every iteration), we first use the result
for transformation of series

EF Fd

where A, =A,(a,,....a,). Now

atsytey= {Fax} {Eax}-5 {Seachos Et Ble

and

ffeGor(u)axax = ff Y [Saa, fe dx dx
=r {Eaa, fe *oeninen
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We now have

Faxt =e e25-F {Soro} vofod Alm
Equating coefficients ay = cy and a,=c, and forn>2

Py

card

Hence, ai) = cf, aj") = c\"?. Using

Gaa{ul(x=6)= by

Gan{u}(x= 82) = ds

wedetermine ci") and c\*) and forn>2

a™=-> a, Ais, ota -1)
Then. computing a, =~, a\"),we get u= a,x”
HOMOGENEOUS NONLINEAR ORDINARY DIFFERENTIAL

EQUATIONS WITH VARIABLE COEFFICIENTS FOR LINEAR AND

NONLINEAR TERMS:

Consider a specific example with Dirichlet conditions

d’u/ dx? + p(x)u+ a(x) f(u)=0
u(x=)=,

u(x=&)=b,

We seek a solution in Maclaurin series form u= Y~, u,x° satisfying the

boundary conditions. In the operator format ofthe decomposition method, the

above equation is written Lu + Ru + Nu = 0 with L = d* / dx*, R= p(x) and

Nu= a(x) fu). Operating with L*,
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u=o, +x0,~ ff plx)udxdx~ a(x) f(u)dxdx

where this is understood to be an indefinite integration for every iteration,

since itis a nonlinear function, Following the earlier examples, we can write

at ec?

ai?) 2c”

with c\®’ and c\®) to be determined by the specified conditions

Gq-1{u}(x= 8) =,

Gani {u}(x= 62) = by
and forn>2

a =¥ path, B a, as,fon
which gives us a decomposition of the recurrence relation. Then, computing

a, =~, al®,we have the solution u=)™, a, x"
COMMENTS:

Comparison of initial-value format and boundary-value format:

1) _Initial-value problem, formatted solution u""Y?

LV)
A

Lv.)ay = Zu

2) Boundary-value problem formatted solution u‘*¥?

-

>

ov)

>

(m-{0!2}) 50u= > uf = afer) x!
where

299 FF eteruh) = SY aleterad xo
Ford
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and where

ony ue

We remark further that u{’”) ¢ ul®” and g{t¥? # 98%), but as n become
sufficiently large, ¢°”? becomes numerically equal to 9°”, ie,

u= lim ¢) = lim g®)

Thus the evident difference between the two is in the organization of the

components of the double decomposition, i.e., the staggering ofthe double

series summations makes it possible to calculate the matching coefficients.

The procedure is quite general and will work for a wide class of problems.

Ic is to be emphasized that the series resulting from decomposition is not a

Maclaurin series. It is actually a generalized Taylor series about a function

rather than about a point, which reduces in wivial cases to the well-known

series. Despite the improved applicability of the Maclaurin series with the use

of the A, polynomials and decomposition techniques, the decomposition series
is still superior in convergence properties to the modified decomposition

series

SOLVING EQUATIONS WITH DIFFICULT NONLINEARITIES:

Consider a second-order (nonlinear) ordinary differential equation in the
form u”=~ a(t)I(u) = B(t) with initial conditions u(0)=c, and u'(0)=c,We suppose ['(u) is obtained by curve-fitting or leads to difficult computation

of the A, polynomials. Or in a function such as (uw) = sin u we may prefer to

work with the powers ofu.We, therefore, write

T(u)= Yeu"

‘Using modified decomposition, let

v= Dat=ya, w= Dud (ne daa
a a mM

o=Dan" "=D (n+1)(n+ 2)a,.20
B=> B
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T(u) can be writen J”, A,(up,...u,) and we have assumed that u is
written in a convergent series u= J, u,t® so that

T(u)= {& a]
with u, =a,t’. Hence

A, (uy.esest,) =0°A,(d5y0-018,)
so

T(u) =F A,(29.--124)
B

If we write for clarity A, {f(u)} for the A, representing f(u),

Tu) =D ALM} =D As(aoeeet)O

ie,, the A,{T(u)} are functions of a,,...,a,. Since T(u)= 0, y,u* and
u'= DF, Aa{ut}™, the A,{u"} are also functions of a9,...,2—:
Substituting, we have

Tew)= D rau” =D rad, As(u)t
eo Eire!

=Ley 7A.(u")
Pore)

which we compare with [(u)= S\>, A, {F(u)}t® so that

AAT} =¥ 7eAafe"}

Retuming to the differential equation u” + aF(u) = B. and substituting the

respective series, we have
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DY (n+1(n+2)a,,.0° ff ae} {3 area} =D A
Performing the Cauchy product

{Ear} {E acroye]-F eS a. astreop
so that

Dy (0-902 FS, a.trro}e =d
where we can now substitute

AAT)}= TA(u’)
which makes it ezsy to compute the A, for F(u), We obtain

E (we insr.0-E1Sa.. Sraueye=¥ ae

where the A, = A,(ay,....a,) are functions of the coefficients for the series
for u.

Equating coefficients of like powers of the independent variable t,

(n+ 1)(0+2),2+D BoD rA{u") = Be

and solving for a,,. we have

wus B Sen Srale!] [o-0-2
with 2= C,and a, = ¢, so we can solve the differential equation for u: the

A, can be obtained by a rapid computer calculation by decomposition into

simple integral powers of u, just as the choice of L in the decomposition

method led to simple integrations, avoiding difficult Green's functions.
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CHAPTER 6

APPLICATIONS OF MODIFIED DECOMPOSITION

We now consider some applications of modified decomposition. The

Duffing equation is an interesting example ofan ordinary differential equation;
it has important applications further discussed in Chapters 11 and 12. The

equation is given as

u"+au’+Bu+yu'=g(t)

CONSTANT COEFFICIENT CASE:

We assume that the solution, as well as the excitation, is in Maclaurin series

form. Then.

id= > g.t®

ue Sale

u’=du/dte=S) (m+1ag,

ee Puld? = L (m= 1(m-2)a, 2"

fe Ve Je. jos

Aaa =D acter ty

wO)=k, =ap= Yat hoo

w(0)=k,=a,= Y (mslay. ho

Subsutuung
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F (ms ifm=2)a,..t2 aS (m+ Yaga
as mS

BY, gt 7S, Aalayende t= 5 gat®Then os a s

(m+1)(m=2)a,.;+(m+ lag, +Ba,+7A,= fq

We can now write the recursion relations

a, = u(0)

a, =u(0)

a, = $a 7am tay. ~Bas~7Ag
ae (m+1)(m+2)

so the a, are determined (dependent on the Aq) and we can write

u(t)= 7, agt™. Thus uy =a), uy = aytn.
ay = u(0)

a, =u'(0)

a, = (go (1a a, ~ Bag — 7 Ao)/(1)(2)

a =(g,-(2)e@a, - Ba, -7 A,)/(2)(3)
a. =(2:~G)@a, — Ba, 7 A,/3)(4)
as =(g, -(4)a a, ~ Ba, - 7 A,)/(4)(5)

a, =(2,—(S)a as ~ Ba, - 7 A,)/(5)(6)

a, =(25—(6)a a, - Bas ~ 7 As)/(6)(7)

ay = (26 — (7) a, ~ Bag — 7 Ag)(7)(8)

ay = (2, ~ (8) a, - Ba, 7 A,)/(8)(9)

Aq = (5 — (9) ay ~ Bay — 7 Ay) /(9)(10)

‘The approximants to the solution will be given by
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0,= a

=a) tat

Q =a, tajteae

Gen=d at

For convenience of the reader we list the Adomian polynomials for the

nonlinearity in the Duffing equation:

Ay=a}

A, =3a}a,

A, =3a}a, +3a}ay
3 43aAy= a) +3a5 a, + 6aa,a,

A, = Sapa, + 3a?a, +343ay + 6aya,ay
Ac = 3a§ a + 3aj a, +3ai a, + 6apa.a, + 698,25

A, = a) +3aj a, + 3a) a, +3ai a, + 6a,a,a,
+68, +6a,.25

A, = Baja, +3a} a, +3a}a, +3aj a, - 6a,aay
igs + 6ayase, + 62,a,a,

Ay = 3a a, + 3a; a, + Baia, + 3a} a, - Baja,

big, + 6adsa, + Oates — 62, 8.85 + 64,ay2,
A, =a} +3aj ae +3aj a, + 3a}as + 3a)a,+ 6a,a,a,

+6iigt8, + Gigiiyal, + 6p esa + 68,52,
+6ayiya,+ 6888,Aj) = 345 dig + 3a a, + 3a}a, + Bafa, + Sada, +3ai ay
+6igt,a, + Oagtna, + 6iy2,a, + 6aga,a,

+6a;i,8, + Oaaya, + 62,A,8, ~ 622,85

‘We can substitute the expressions for the A, into the expressions for the a,

but it is unnecessary, since it is more practical to numerically evaluate the A,

beforchand and then to determine the a,. If one prefers to work with the final

expressions for the a, they are:
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ay = u(0)

a, = u'(0)

a, = (8) ~ (1a, ~ Bay ~Y85)/(1)(2)
a, = (8, ~a(2)e, ~Ba, ~ (35 ,)}/(2)(3)
a, =(g, ~ 0(3)a, ~Ba, ~ y(3a9 a, + 3a; a9))/(3)(4)

ag = (8, ~ 0(4)a, ~ Bas ~ 7a! +3} ay + 6a, 0,24) /(4)(5)
a, =(g, -0(S)as -Ba, - yGada, +3a}a, + 3a ay + 6a, .2,))/(5)(6)
a, = (25 ~ 06), — Bas ~ 7(3a5 a, + 3aj a, + 3aza,

+6a, 4,8, + 6 3245))/(6)(7)
a, = (g,—0(7)a, ~Ba,- 1a} +3aza, +3a7a, +3aza,

+a, aa, + 625 apa + 6a, 2,2,))/(7)(8)
a, =(g,-0(8)a5 —Ba, — 7Baza, +37a, + 3az a, + Sala,

+6ay 4,84 + 6a, 2:05 + 6g 2a, + 6a, 2.2,))/(8)(9)
ayy = (84 - (9a, — Bay —7(3a5 a, + 3aj a, + 3aza, +3a5a,+3aia,

+6a, 4,2, +64, 0,8, + bay 4,8, + 6a, a,a5 + 6a, 2,2,))/(9)(10)
VARIABLE COEFFICIENT CASE OF THE DUFFING EQUATION:

Write

wf Zavehre[Sae$ po {Eeratefor= Sese= me mS les Fo)

a

w= Y(m+tja,,t?
a

u”= SY (m+l)(m+2)a,,.t™
=

Es ote
(0) = ky =a = Ya, thao

a

w= k, =a, = D(m+ Dag hao
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Llm+(m+2)a, a" -[E-.eS (m Drea]
Ex Ex =}

Carrying out the indicated Cauchy products,

Lm+ y(m+2)a,.0 + {Feast Die e +> {SaaleFa} am (38 mle J
+E Sr calen valhin= Zeean mn

Consequently,

(m= 1m+2)ay..=Yay..(0 + Day,
Dect+ Ee Aeltor ts)= Be

0 recursion relations can be given

a, = u(0)

a,=u'(0)

80 ~ $5 {ete-(0* 8401+ Bonet t Few A}Be 5

im=1(m=2)

so that u(t)= 7, a, t® is determined since the A, are known. The
computation is easily programmable, We can list the a, as follows:
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a, = u(0)

a, =u(0)

a, = (8, ~ &5(1)8, ~ By Ay ~ 7 Ao)/(1)(2)

8, = (2) ~ G4(I)a ~ &%(2)ag ~ By Bo ~ By; 7) Ay ~ Yo A1)/(2)(3)
a, =(8: — @, (Ia, ~ 0 (2)4, ~ (3),~ By ay ~ B, a, ~ By;

W128 ~ TA, 7 ADIB)(4)

a, = (g, — @4(I)a, ~ oF(2)a, ~ &%(3) ~ 0(4)e,
By a, ~ B,a, ~ B, 8 ~ By a, ~ 75 Ay ~ 72 Ay~ 7, Az = Zo Ay)/(4)(5)

a, = (2. — (ay ~ 0(2)a ~ 0(3)a, ~ 0 (4)a, ~ 0(5)ee

Baty ~ By ay ~ By a ~ By ay ~ By ay
HH Ag Ty AL 72 As 1) Ay = Tr ADMS)(6)

a, = (25 ~ O45 (1)ay ~ 0r4(2)a, ~ 0%(3), - 2(4)a,, ~ ,(5)ay -025(6)ay
Bety ~ Bay ~ By ty ~ Ba, ~ Bra, ~ By as
W715 Xa 1 Ar ~ 7% Ar 12 As AaZo Ag)/(6)(7)

ay = (85 — &(I)a, ~ 24 (2)a, ~ 44 (3)a, ~05(4)a, ~ 0(5)a5 ~ 04 (6)a,

G(T); ~ By dy — Bsa ~Bas~ Byay ~ By as ~ Bas ~ By ay
W150 715 A ~ 7A ~ HAS 12 Aa TAs ~ Fo AST)B)

a, = (g- ~ ,(I)a, ~ Of6(2)a, ~ 5 (3)a, — (4a, ~ O(S)as ~ OF(6)ay
—0%,(7)a, ~ O9(8)a, - By ay — Bya, - Bea: - B.a, - Ba,
Bz 5 ~ By 8g ~ Byty ~ 14 Ag 15 Ar ~ 5 Aa~ Tes Tr Ae
12 As —NAs~ To Ar)IB)(9)

yp = (83 — (Ia, ~ 0,(2)a, - O,(3)a, ~ 0 (4)a, - o,(5)as — (6a,

—&,(7)a, ~ %(8)a, ~ %(9)25 — By 2, ~ B,a, ~ Bea, - Ba,
~ Ba, ~ Bys ~ By a5 ~ By 2, ~ Body ~Yx Ag 1 Ay ~ 7s Aa 15 Ay
1X6 TAS TAs ~ 1 Ad Yo As)/(9)(10)

u(t)= 5 ay

=a,
O,= a) +ayt

Fd
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REMARK: Possible areas of further investigation include regions of conver-

gence, numerical algorithms for computation, application of convergence ac-
celeration ansforms”, and stochastic versions of the Duffing equation where
we solve for first- and second-order statistics of u. We can, of course, con-

sider special cases of our solution such as

(uO) =k, and v’ @)=0 with g=0

(i) u(0) = 0 and g=Owith u’(0)=k
(ii) u(0)=0 and u’ (0)= 0 with g = go, a constant

(iv) uO) = uO) =0, g= gor gytor g=g,+8,t+ Bt"

©) u@ =k, wO=k, = D7, gt?

‘We might then use double decomposition and write

=D Yea = Coe

=D Yas

with “
4, = Uy = Ure

6=6.4u,26,+5 uy
Fo

We emphasize that these problems are also solvable by usual decomposition.

‘Also, we note that the rate of convergence of the modified decomposition only

approaches that of decomposition when the excitation approaches zero. The

reason for this is that the initial term contains only the first term of the series
for g; only when we go to sufficient terms ofu will we have enough of the
input to have as good an approximation.

“Such as Padé approximants, Shanks and Wynn wansforms, and the Euler and Van
Wiingaarden transforms
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APPLICATION TO LINEAR PARTIAL DIFFERENTIAL EQUATIONS:

Suppose we begin with the equation L,u+L,u=0 and, to be specific,

choose L,=3?/dx* and L, =0*/dy’. Following the decomposition pro-
cedure, we write the equation for the x partial solution

u=0,-LI Lu

where ©, =4,(y) +x6;(y) must be found from the given boundary conditions

and L7! is detined as the two-fold (indefinite) integral ff () dx dx. It has been
demonstrated previously that solutions are easily determined by decomposi-

tion. Now, however, we use the modified decomposition method which we

have discussed for ordinary differential equations. Thus we let

w= Deas xy
on

aS

u= Die(yR™
where

-

aaly)= Dee¥
We now have

.

Fo aly)x® =Sly)+ 8) - [f(2"/2y") Eacty)x® ax axa aS

Sasi =86)e86)- SEa = Sly) + x6\(¥) ~ YateDalya? = Sly) + x69) Lier oy el)
~

we = gt
a =&(y)+x8(y)- Y——asDaalve” = Sly) + x69) eres =p ay tes)

‘The coefficients are identified by

ely)= Soy)
a,(y)=8,(y)

and for m >2 by the recurrence relation
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ag(y)=-2/dy? a,.a(y)/m(m -1)

‘We can equally well consider the y partial solution by writing

u=0,-L} Lu

where , = no(x)+yn(x) and u= 7, D7, cae BY

u=Sb,(x) 9”
Eat

where b,(x)= S7, CaX® and Lj! = ifff(dy dy is an indefinite integration
operator. Now

Db, (x}y" = n(x)yn,(x)- Sfielex yd b, (x)y" dydy

=n(x)+yn@),——# 9,(x). & (n-)(ns2)ax *

= yet gt

= n(x) YIOE Mas) ae)
We get immediately

bo(x)= M(x)

b,(x)= n(x)
and forn

> 2. balx)=(-0°/2x" jb,_-t)/n(n 1)
We now consider the more general linear form

Lyv+L,u=Ru=0

again with L, = 0°/dx* and L, = 0°/dy*. The x partial solution is given by

u=0,-L) Lyu-Ly Ru

For simplicity, we choose R = p.
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©, = Sly) +xG(y)

ued Yay

a= ¥ ay)

where a,(y)= D", Cas ¥* and Li! = ff())dxdx is an indefinite integration
operator. Now

E a.)x" =80) +80)

[ead a(y)x® dx dx
F-}

~ffoX, ag(y)oxx
E ao)" =80)+ 80)
&

= yt gt

2 wepag)
en

~Learae +2) #a(y)

¥ a(x =&0)+ x40)
~ 2 3

x mma) dy te)

Dayae2(¥)
so that

a9(y)= Soy)
a(y)=S(y)

and form >2
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(ye FLAY Janal¥)= Peal ¥)
a

‘The y partial solution follows similarly:

bo(x)= Mo)
b,(x)= m(x)

and forn >2
;

b)= (-F / By" )bq.2(x)—pb,-2(X)
n(n-1)

We consider L,u+L,u+Ru=0. Let R= p(x,y) with L, and L,
as before,

PXY)= DD Pak”

p(xy)= > Pely)x®

where -
Pal¥)= > Pas¥”

u=,-Ly L,u-L} Ru

®, = Sy)+ x8(y)

u= Ya, (y)x*

where: =
ag(y)= > Cue¥"

Now

“



E ss(v)s" -80)+50)

eary, agly)x® dx dx
“IE, extore}(E soya haven

We rewrite the bracketed quantities

fe = le.s

{E oat}E sso" |=¥ «°F lon.)
Now

x a(y)x® = S(y)+xG(y)

2 (mrhmsy ay =)

>» jrnmsy PalY)Ba-u(Y)
¥ sab)s" =80)+580)

= x ae -.

>mma ay 220)

so that

ay(y)= So(y)
a(y)=,(y)

and form>2

(-27/8y")an-a(¥)— Y Pul¥)@e-2-4(¥)

wa(m—1)

The y partial solution follows similarly
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bo(x)= mo(x)

bi(x)= n(x)
and forn 22

a

(-818x')o.2(0)~ Y Polbs-2-08)
b.(x)= Pd
a(x) ane)

We have used

R=p(sy)= DY Park y=> palxdy®an 8 m

where

Pal)=F Pne®”

Also, v= 7b,(x)y” with b,(x)=7 ca. 8” and

un DD aed
mis

APPLICATION TO NONLINEAR PARTIAL DIFFERENTIAL

EQUATIONS:

Consider L,u ~L,u~Nu=0 and the x partial solution with L, = d*/dx*.

L, = F/dy*. and Ly! = f{()dxdx, We let Nu= arf(u). (We have shown
algorithms for considering functions such as f(z") or f(u.v,w) in Chapter 3.)

We have now

u=,-L;'Lju-L;Nu
where

, = Ely) +x6,(y).Let
vad Yo cgaxtytus¥ agly)x®am Eo

or

a,(y)= x Con ¥

We have generally written f(u)= 0”, A,; however, we showed in the
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previous results on the transformation ofseries that if u= "a, x”
we can then write

Fu)= Dx Ay)

where A,,(y) = A,.(29(¥),.-2_(y)) and we do so now, We now have

¥ aa(y)s* = 0) +80)

-[(wayS ag (y)x® dx dx
7)

-fa x x" A, (y)dxdx

E a.) -S0)+80)
= et gt

2 any ay
ae

Zero)

> ag(y)x™ = Sol¥)+ E:(¥)
ee B

~ oe

DamnSe)
so that

oly) = Say) a(y)=4(¥)
and for m>2

_ (21 Ay*Jago(¥)~ & Awaly)aa(y)-—aa-)

The y partial solution is similarly obtained, letting u= .~, b,(x)y® where

bi(x)= Dong Ca¥ Or u= D.Dong Cana X*y* Let
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f(u)= Dy BA)

with B,(x)= B,(b9(x),...,.b,(x))where we have now used B, instead of the
usual A, only to distinguish it from the previous set of polynomials.

GENERAL INHOMOGENEOUS PARTIAL DIFFERENTIAL EQUATIONS:

Consider

the linear case: Lu+Lju+Ru=g
u= Daa(ye*

ag(y)= Sly)

aly)= Sy)and for m>2

Fac) (0°193°) ay. (9)~ Lo (9)te-s-0(9)
a, (¥) = —$—$$&as ——————__tra

m(m ~1)
where

R= plxy)= D paly)x

Pald)=¥ Paod®
2=a(sy)= D7e(y)x®

Yal)=¥ Sa0¥"

©, = Bly)+ x5(y)Now the nonlinear case:

Lyu+L,u+Ru+Nu=¢

u= Da, (ye"
Nu=a(x,y) flv)

aly)= Eo(¥)
a(y)= 6(y)
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and form>2

at

a,(y)= {rantd) ~(#/2Y*Jag s(Y)- Dea (Y)aa2-a(Y)

Sa,(etnHN)where “

Aaly)= Aa(ao(y).-Ba(¥))
and

@=a(x,y)= Da(y)x®

‘The solutionis
-

etine aS
ay, = 02

a, =o!

= Vag Gig, ~B(0+1)(0+ 2) 5-2fart =

(m+1)(m+2)

Considerthe example

+Qu+ pB- 7(tx)

mea" BS

Ugg = ay atx"
Yee

a= z Yim +1)(m+2)a,,,,0%

= = > dea +1)(n+2)a,.,2t7X”
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u(0,x)= 6(x)= } 6x"

Boxe)¥ ex?
a Ford

The solution is

a, = 6,

aie =F

ao Zan Me ~ Bln +1) +2)geen
‘woke (m+1)(m +2)

‘The algorithm has a duality property since we can calculate either the t partial

solution as we have or the x partial solution. Ler’s take B = 1 to write

aw Yaa Wes (041/02)
a (m+1)(m+2)

for the x partial solution. If we have a boundary-value problem, we use the

double decomposition technique for a few terms to get a good initial value.

‘Then rearrange and solve as an initial-value problem.

‘Summarizing, the t-coordinate partial solution—we might call it the temporal
format—is

ved | Sacax |e = 3 aon"as =

with the u th approximant

S/F. ele 2
=D | Dae i © aa(x)tEat a

while the spatial format of the solution (or x-coordinate partia! solution) is

w/e) «

v=> | Dat” => a(x"
ost \m=0 / bao
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with the v th approximant

a=d (Sane }e -Y aor’ae? (ano aed

Each sequence of coefficients in the two formats, i.e., the a,(x) and the a,(t)

has its own radius of convergence, and moreover, the solution itselfisunique.
As another example of a linear partial differential equation. consider

Fu, au du_.Fu_ SS. an
Stat+ Bury -5l5= FaePoa a Pa p> ant X
u(0.x)=>) pax*a

2u(0.x) _ ox @.B,7.6,€ constanta

w= DD tax”
BS

Bn. = Pe

ay =O,

a, = fae O(M + Dagng — Baas ~1(0 + 1)ap 001 (+10 *2)89.0-2are
(m+1)(m+2)

We can now write the approximants ¢,.= 0") Dir, a0".

LINEAR PARTIAL DIFFERENTIAL EQUATION WITH VARIABLE
COEFFICIENTS:

Fu f[SS, wld [SSy, woly le Sy welsuaoe ax pees Ja t°x* bu Tag Ox?
FFs

ee Pte Fee4H bast =DD eaalxano eo Ox mae

u(0,x)= px"

alos) “Sex
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Using modified decomposition we write

ua DD ae ths*

LINEAR PARTIAL DIFFERENTIAL EQUATION IN TWO SPATIAL

DIMENSIONS AND ONE TEMPORAL DIMENSION:

Fu du du, .du_,Fu Fu
easBusy pe eheal An RRR RRL Ne
HDL DY Feaat’x*y”

ul0.xy)= 2D Paar"
Se

a SF game
Fvl0.ny= DL oeax*y

The solution by modified decomposition is

Bam

Bree= Paw
Bee = Fme

Bysren = {Eeme AE DB yi
BA.

~ MFM )B eae~B(0= Dyan
~E(m+1)(m+2)a,0.25

Han =1)(0+ 2) e.ne2}/{(C> IMC 2)}

LINEAR PARTIAL DIFFERENTIAL EQUATION IN THREE SPATIAL

DIMENSIONS AND ONE TEMPORAL DIMENSION:

ca ou du ,du_ du
LY GB Bysys52h eeBe ay PEt a OT eS,
a sme

nob+p Phe X- eaume OXY
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ul0.xy.2)=5 YS prwax'y2"
a ees tyme
Foxy2)= TLS Faax'¥2

Solution by modified decomposition:

Bytom = Pre

Bieme =Frm0

Arena = {Excme HK * DR ce
Ba cae H+ DA cree SUM +N cane
H+1% goons“MEE+2) pars~$(m+1)(M+2)2

parr~0(0 +10 +2) emara}/{(ke+IKK +2)}
NONLINEAR PARTIAL DIFFERENTIAL EQUATION:

aud u ou au .au 2+et my

roi nA TL Pa a -z x Eqgt™x
u(0,x) = YA,"

20x) _S 5 yeend oF
Assuming constant coefficients, write

w= Fayex

>

where the Aj. are our polynomials.
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Aon = Po

ai = Oy

Qee2a = {Exe (M+ 1)dp..4~ Bdge 710 + 1)de2.y
~5(n+1)(0+ 2)aq.2—VAna}/(m +1)(m +2)

‘The approximants will be

ae= DD aaot'x®

NONLINEAR PARTIAL DIFFERENTIAL EQUATIONS WITH

VARIABLE COEFFICIENTS:

Fe f[S Se ells Sp eelaele F ne

a Jax le }

HL Deets?

u(0,x)= px?

5 «
Zyox=¥ ox"Fux) 2 o,x

For the solution by modified decomposition. we write

wD Daeet

we DD Anots®

where the 4... are our polynomials.
Bon = Pr
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[| ae
Bana = )Ema 7 DD anal * Daye

tC" SS

HEY Byron DY Pocusral?* D2

EY Sasa elVA D042 Bon

-2 Even]fo Y(m+2)}
APPLICATION TO COUPLED PARTIAL DIFFERENTIAL EQUATIONS:

Consider the coupled partial differential equations

Fu eu

wee= B(x.t)
av av

Sat Set rus (x)
with (uncoupled) boundary conditions™

u(x,t) =8(0) u(x,0)= (x)

du(x,0)uest)= (9) 229) 509)t

wrat)= (0 ¥(%.0)= 6((3)
Av(x,0)voxnt)= m0) 269) Ga)

We will use the spatial format, hence the initial conditions are not used in this

example. We assume o and 7 are constants and

Blxt)= YD Bas

I= > Fare

** Note that the case of coupled boundary equations is solvable.



176 Charron 6

gM=y He
Ex}

eW=y oe

no=y me

n()=> Pe
Define

2
Lo= 530

L()= A(t) +xB(t)+ff dxdx

for the u solution and C(t)+D(t)+ [[()dxdx for the v solution, (We point
out also that we can use double decomposition and recast this as an initial-

value or temporal format problem to accelerate convergence.) We begin with

Lu=B(x.1)-(#/aF)u-av

Lv = 8(x,1)-(2'/avv— yu
or

us uy-i (eer u-L? av

vey Lb (8/orw-L rv
with

Ug = Ag(t)=xB,(1)+ ff B(x.t)dxdx
Vo = Co(t)+xD(t)+ff 5(x.1)dxdx

Now we can write the decompositions u= 7, u, and v=, v, and the
approximants

o,n{u}=> uy,
Et

Av}= 2
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‘The general decomposition components u, and v, are:

u, = A,(1) +xB,(1)~ff(F/9t?)u,., dxdx
—ffo ven dxdx

vs = C,(t)+xD,(t)= ff(#/a)v,., dxdx
Shyu dxdx

We have. of course.

9 {u} =u, ov} =.
a a

dulu}=> wy Gufvh=d ve

‘The approximants must satisfy the boundary conditions; hence

a,{u(xt)}= 800
9,{u(xa0t)}= E300)
o{v(x,t)} = (0)

4,{v(x20t)}= (0)which implies

Uo(Xist)

= S(0)Uo(x2+t) = &(t)

val Xst)

=m (0)¥o(Xast) = M(t)
Also

o{u(st)} = (0) Safa t}}=G(0
os{u(st}} =&(0) Grnf{uleat)}= &(0
d(x. h=m(0 Aia{Md}=m(0
1{v(x2.t)}= m(0) in{r(xnt)}=m0)Since



4..Au)= o,{u} +0,

Oatvh= Oty} ty,
we clearly have

tg (Xt)= ua (2,1)= 0
vast)= v_(x55t)=0Summarizing,

u(t) = &(t) 42.1)

= E2(1)volXst}=m1(0), vo(X3.1)= a(t)

and for m 31, ty (Rist)= ty (Rast)= ve (Rot)= Vo(ast) = 0. Write
Ag(t)+XBol(t)= 6:0)
Aa(t)+x2By(t)= 2(0)
Colt)= x De (1)= 1:(2)
Cot)= Dot)= m7)and
Adit) HAC) = FC)

A(t) +x:B (Y= 50)

Cal eDA(t)= mf"(0)
C(t)+xD/(= (0)Now

E11)=E(0-[JBlx,.0)dx, dx,
8)= £.(0)~ [J B(x,.-1) 6x, dx;
nt)= n(t)~Jf 6(x,.1) dx, 6x,
n'(t)= n,(0)~Jf (x2-t)dx; deand
EM)= [f(F/2e uy. (x.t)dx, dx,

= ffevea(x.t)dx, dx,

EM)= ff(F Av Vu, , (x..t)dx,dx,
a ffev, (xs.tjdx,dx,
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nit)= ff/A2Wv,. (Xit)ax,dx,
+fJrecilxet)dx,de,

TH(0) = [f(/007)ve(Kae) day dy
+ffrea(st)dx,dx,

We can write .
aM=y ae

P=E ne

=>,meand “

SHM=y sae
Fd

a= Be

(=¥ gea

no=>, mae
Consequently, we write the matrix equations

1 *) me (0)( x) (B00)

( *) (60) (0)1) (D0) (Po,

( =.) (200)1 x,) (By) (6°,
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1 x) (C(0)_(n)
1x) (D0) (no,

Thus, we find

_ EKEY,Ag(t)=
2

B,()==SPO°

yo

.

3%

1) 300
(0) _ Sie = Si
Bee

%y—Xy

10) 10(=x MCEc= 22 Wea ©
b(t)= 22= 0)°

Xp Xp

donq = SMe =x)
CP)=
oqye ame

xo 0
Ace

%)—

p28
aX

a XX

B= —
cape SEW xn)“

XX

p=Wan)’

Xy—X
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coo 2Me
. Xy—X,

po = anne
8 gk

Now we write the up, V) Components ofu and v and the @; approximants for
uandv

uu, = Ag(t)+ xB, (1) + ff B(x.t)dxdxSubstituting
A()=3, age

B,(t)= > BOY

Blur)= DD Baar?
Eceen

we have

tae Bate=A B, 7 att=o,uy = Ag(t)+ xB,(t) +x >> jar h(msd o,{u}
Similarly,

Vo =Co(t) + xD, (t)+ ff 5(x,0) dxdxwith
cy=y coe

D()=y Pe
Et

(x)= YY Saxe

so that “se
Vp =Co(t)+xD,(t) +x? ¥ xy boa Ugty. .

a & (m+1)(m+2) "

We can now write Us, vo in a convenient form as
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wed Fare

wed Dba
me

where

an An

ay= BY?

a), =Pes
ste (m+1)(m+2)

and

bil =c®

b= Do

= (m+1)(m+2)

Next, we calculate u, and v, for the @,{u} and o,{v} approximants

u, = A(t) = xB, (1) — ff (2/9 )uy dx dx
~[fevedx ax

Vp =Cy(t)+xD,(1)= [f(2*/2E vo dx dx
—[Jrecax dx

Let

Aged abet

B=) Be

qed cr

Dwy=d Dye
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_ Hee F LANM+2) 40) pepeu, = A,(1)+ xB, (1)-x’ =z z (mei(maaj tre
25 FH be ee

“2 D> (mzh(m+a)**
= Hey F (92142) 0 popev,
=C,(t)+xD,(t)-x’ z > imzim=2) beh, x"
1 F Yass yaa

“2S Garni
We can now write

y= YW ee

wed F ote
where “ee

ah = At? ai = By)

a, =O D(a + 2)a8.,= abeond
(m+1)(m+2)

and

bea =Cy? bia =D.)

po, = FD+2)b2.n7aere
(m+1)(m+2)

Now we have the approximants 9, {u} and 9, {v}

o.{u}= {up +u,
orv}=olv}+y,

Now we write the general components u, and v, and the approximants

Geoi{u} and O1{}

u, = A,(t) + xB,(t) = ff(#/t?)u,.,dx dx - ffav,,dx dx
ve =Ci(t)+xDA(0)~ ff(F/2U verde dx ~[f7u.dx dx
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age, ave

B=E ae
CA)= 5 cle

b= vite

Substituting =
ws Dace

we have

we Aft)exe (eS F OLNO*2 gor yee(O-8 XE Gmeymen ee
ee ee eT
“22 Gena

ee Cilt) aden SF A ANA2) yen mexD/(t) “Zz im+iims3) bys, x
oe SS te cee
“22 Gey

and finally uaX x a xett
ved Fv xe

where “es

aio, = FM (n+ 2)aes = aE
ese (m=1im+2)
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bach, bl =DY

pio, =e Din +2)b32, = 7a?
aoe (m+1)(m+2)

Now the approximants 4,,,{u} = @,{u}+u, and 9,.,{v}=0,{v}+v,.

Tiwe write @,..{u}= D4, u, and ¢,.,{v} = y., vy, and substitute

wed Fee
we can write

.

.

aotv}= DY Yaar

=D DY Grftea bere
ean

da}=dy DY baread

~ =e

- EE Suhream lS

=D YD buifdon}eret

and we note that

fimesatu}= DD fim Ora {daahee™
or

=D Dare

and analogously

v= > Yd
a ot
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To summarize, u= 7, u, andv= 7, v,

w= Dal xe

wad Y bo et

ued Saere

vey Doe
at

ane a

ban =D di

COUPLED NONLINEAR PARTIAL DIFFERENTIAL EQUATIONS:

28 FO, uve Bx.)ax ot

av ay
LY yuv= a(x,

Bx ae 7 TUYe CR)
with uncoupled boundary conditions"**

ulxit)= S(t)

u(x,t)= E(t)
v(xyt)= mt)

v(x:.t)= M(t)
In operator form

Lu= B(x.t)~(0°/d1* ju- auv

Lv=8(x,1)~(0°/at jv- yuv

*** We note that the case of coupled houndary conditions is also solvable by the decomposition
method.
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Operating with the inverse operator (an indefinite integral operator)

usu, -L'(e/dt)u-Liaw

ve vy L'a /at)v-Loyuv
where

uu, = Ag(t)+xB,(t)+ ffA(x.:)dxax
Vo = Cy(t)+ xDo(t)+ff 6(s,t)dxdxLet
u=¥ u, ved.

Es Ss

w=iEo} {E+}-£ Svar
This nonlinearity can be expressed in terms of the A, polynomials

.

A= tay

where “
Ay = A,(UpseoenttpiVoree¥e)

We have changed the notation of the polynomials slightly, i.e. to A,, so that
it will not be confused with the integration constant A,(t).

The approximants are $,,,{u}=F, uy and o,,,{v}= Dy, ve and the
components u, and v, are given by:

u, = A,(t)+xB,(0)~ ff(/ar?)u,., dxdx
et-ff of Soi vaisFad

v= C(t)+ xD,(t)= ff(3"/2t?)v_., dxdx

-ff 15 Una vipa&

Since
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=DY aly eet

on 8

theterm u,.,.;,¥, canbe writtenas

[$ Earee}{E See
Deere yy alee
BR Me

which is substiruted into the equations for the u, and v, components,

EXERCISE: Generalize the algorithm for the A, polynomials to products

such as u vs observing that u= x, u, and

wed Yuu

V=SY Yessy,

Aw]=d Yu uu,

EXERCISES:

1) Show the solution of the anharmonic oscillator

u"+au'=B()=>, Bt

with u(0)=¢,, u'(0)=6, is given by
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with

af) =cy, at” = c

ath, = Ba/(n + In +2)

for m=0 and for m >0 by
gio) =___~@ AS
* * (eme(n+ms2)

where AP) =P" Ye, aera.
2) Generalize the algorithm for the A, polynomials to products such as uv

observing that u="~, u, and

WDD teat
mo

PADDY vest ats
oS it

a

. ra

Adv ]=2 2 seats
Rim



CHAPTER 7

DECOMPOSITION SOLUTIONS

FOR NEUMANN BOUNDARY CONDITIONS

For simplicity, consider a linear differential equation Lu + Ru = g where

L= d°/dx* (and R can involve no differentiations higher than first-order).
Assume conditions are given as

du/dx|,.4, = B

ula| sas, = Bs
The decomposition solution is u= + L”’g-L"'Ru where @ satisfies

Lo =0 and L” is a pure two-fold imtegration (not involving constants). The

derivative du/dx or u’ is given by

u’=0'+Ig-IR’

where L@’ = 0 and I is asingle pure imegration and is, of course, not equal to
the two-fold integration operator L’', Returning now to the solution u, we have
by decomposition:

u=+L's-L'Ru

Y= Lo. +Le-E RY vy,

where we note the decomposition not only of u but also of @. Other

decompositions are also sometimes useful. For example, when integrations

such as L“Ru or of Lg become difficult, R or g can be decomposed into

4 convenient series so that the individual terms become simpler integrations.

Now u, =, +L''g and

2B > =uy =, -L Ru, = ¥ (-LR)'®,_, +(-L7R) Lg
so that
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2

u= SUy (-b'rs'o,., +(-L°R)"L's 5

= Scere oer)"'e
u=¥ (-L'R)*{0+L"g}

Differentiating u and noting that Ru can be written Riu’, we have
v=’ +Ig-IRW’

We now solve the u’ equation by decomposition just as we did for the u

equation:

Y w= d op+e-RY wy
Bs a

Hence,

Yu=y Oo +le- RY wy
mS a

u, = 05 +1g
and for m> 1,

uy = ®% -IRIu,.,
=D Cryo, +(-IRIPIg

so that
.. ~

w= SYD CRD... +(ef
aes

= D{Cry* Yo +(-mRy"Ie}
Ea Ed

or
.

v= (-IRN*{0’+Ig}
Eat

‘We now need to determine’ to determine the constants of integration c, and
¢; involved in ©’ or coq and ¢, involved in ®,,.. For simplicity and clarity

we let g = 0 and calculate the series for u. Beginning with Lu +Ru= 0, we
have



192 . Churren 7

u=0-L'Ru

@=c, 40x

a= P(E RYO=D (R)"(c +014)

= (c5 +¢;x)-L“R(c, +¢,x) +(L"R)(cy +¢,x)-...
The series for du/dx is

. =i = -py, “py,w = (dldx {oy #¢x-L RcLR ex +(L"R) ¢, +(L"R) ox--}=¢,-IRe, - Rex +IRPRe, +IRPRox.. .
Noting that Ie, = xe,

vu’ =c, - IRIc,~ IRic, + IRVRe, + IRVRi¢, ~...
Rearranging and collecting terms, we have

u’=(c, ~ TRe,)= IRI(e, ~ Teg)+ (IRI)"(¢, ~ Rey )=..
w= 0’IRI’+ (IRI) @’ =u,-up tuys...Thus

©’ =c,~IRey

=, ¥IRe,,.

and we nots that (d/dx)u, # Uz but

DY (wexju, =F uy

i.e., the decomposition is not unique. Thus, although dug/dx is not the same

as the corresponding derivative of the mth component of u, the infinite sums
are the same.

Returning to the computation of the solution in general and matching the

solution to the given conditions,
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Uy= Co +XCyo +L"
1 = Cy ~ Rey, +18

=u,

9i(b)=B,
94(b.)= Bs

which determines Cop and ¢9,. For g = 0, the matrix equation determining the

integration constants is”

~{R(b, ab, (eu) (8)~JR(b,)ad, 1) (eo (a,

Uy =®,-L' Ru,

Oy = Cog FXOg
uy =) - IRI uy,

: 2e%,=>

Matching 9%,,, to the conditions,

Gani(b,)=B,

2 4(b2)=B:
determines Cy, and C,.,. Thus

~JR(b,)ao, 1 (::)- Boa~JR(b,)ab, 1) (ee) Bro

"IER is constant,for instance R = p, the equation for cy and Cyy is

“Pb 1) (ee) (8,

pr, UW le)
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where §.. and f+, are determined from

Fan =U +%%

where @%., represents the sum J’,u,. Now the constants C..n, Chm are

determined for all m. Hence all the %, and ©, are determined.

weed CLR) OL +CE Re

= re = = a]v= SE ery on. een) bg]

Upon rearranging terms

STR) F =p) Lg]v= Severs Eo sree]Eo Fx} 3
u= > (-L'R)"{o+L"e}

where d= S", o,
We have shown a technique for linear operator equations for development of

an invertible matrix for the vector equation, which determines all constants of

integration. This method is readily extended to the nonlinear case and also 10

Partial differensis! 2quations.

Consider an example: let R = | and g = 0. (Then IRI= I? = L",) We have

@u/dx? +u=0. Substituting g = 0 and R = 1 in the previously derived
solution u. we have

ve Fce'wy E @. Chery eg
un 5 (1R/(o+L's}

We compute
u=c,cos x+¢, sin x
u’=—c, sin x+¢, cosx
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Matching u’ at the boundaries
du
Zi (b= Bslb =B
du

Xy,)=B:galt) =B:
Then

=c4 sin b, +c, cos b, = B,

=c, sin b, +c, cos b; = By

(7s b, cosb,) (co) _(B,)
\-sinb, cos b,) (c,) \B,)

which. for a non-zero determinant, determines coand c, and a unique solution

u=C, cos xc, sin x satisfying the given Neumann conditions.

SUMMARY:

We have shown the solution for Neumann conditions of linear ordinary

differential equations. The procedure can be simplified considerably for linear

differential equations but is a general procedure for nonlinear differential and

Partial differential equations for boundary-value problems. The procedure of

decomposition of the initial term, as well as of the solution, yields faster

convergence because when we have found an n-term approximant, the

resulting composite initial term wp incorporates more of the solution. and

hence we accelerate convergence.
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INTEGRAL BOUNDARY CONDITIONS,

We first consideran expository linear example:

duldx?+yu=0
with conditions given as:

f:uex=§)=b,+f"8, u(adex
u(x=&)= b: +f B, u(x)dx

y- Bj. and B, are assumed constants here although they can be functions of x

with minor modifications to the procedure given. In decomposition format we
have Lu + Ru= Oor L*Lu= -L'Ru or

where [} is a two-fold pure integration with respect to x.

Since c, —¢, x is identified as u,, we have u,=—yI2u,, u,=-yIiu,,..
Consequently, we write

=D (7)legx (2v)+¢} "(20+ 1)
Since the successive approximants @, represent u (o increasing accuracy as m

increases, each g, must satisfy the boundary conditions for m = 1, 2,

When m =1,

(G,)= Uo(E,)= db;

GCE.)= Uo (Es)= dyor
C9 +0,6, =b,

cy +¢,8,=b;

thus the “matchine coefficients” ¢. and ¢ must satisfy
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fi §] (el-(r]Ue Si les Lbs

The and are distinct points, i.e., &#6,, in a two-point boundary

problem; hence

& = (xb, ~ 4 b:)ME -§)

¢, = (b, bE - 4)

Next we determine 9, =9,+u,. Since @,(2,)=b, and 9,(é,)=b, already,

and ;
E)eb,+[*ox(8)=b, + fF B oCoax
(Ge)=b. +f Br o(arax

Equivalently,

uG)= £ By to(x)dx
4G)= fF AruaCdax

The next decomposition component is u,(x) = ~Y{¢y x7/2+¢,x°/3!] and we

form 9, = 9, + u,which we match to the given conditions

& +E, x-71ex?/2+q,x°/3!]=d, + ff Be +enax
or

vt

fo 46, X= Bet[AGHaetl x /2+Gx°/31+}, B

Therefore to match the boundary conditions,
be

Ge gg, -fBID+xydx+ oPE12402 131]

+E =EBull?+ xydx + 71 2/24 02/31]
on

We have added the superscripts (1) to distinguish new values from the
previously calculated values of cy and c, on the right-hand side. The right-

hand sides ofthe two equations are symbolized as b(” and b{”. Then
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+e & <b?

ee & = 0

which is solvable as before for a new c, andc,. As m increases, @y

approaches the u very closely so the error vanishes.

A MORE GENERAL PROCEDURE:

@u/dx?+yu=0
with the conditions

UG) =b, +f", wlardx

uGG,)=b, +f” B, ude

We write Lu=d°u/dx’ and L'=I? where I is the two-fold indefinite

integration operator. Then
Yu, =o-L'RY u,

afwhere uy = @ =c, +¢,x and uz = (-L™R)*@ or

uc" y® 2 (c, ex)
so that

= wo eeu=c, -1P y® +0, ¥ (-*y*LM oe ZO aaa
Even though the sums are recognizable, write

WCHa(x)+6; HAC)
where #4, and 11, represent the sums. Next we can evaluate the constants

, and ¢, at the boundary conditions. (We call them matching coefficients.)

Thus

© Me(E.I* 6, HCG) = b, +65 Bf sylxrdx+e,Bf wddx
CyMe(E:) #6, Hy(G,)= bs +6yB:J" piy(x)dx—c, By” y,(x)dx
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which we can write as

G,,Cy + O2.C, =b,
69 + Og, = By

by defining

Locate&,, = {ut&)~ Bf ua(ndox}
a, ~{ucd)-B [ mcoas}

és

ca = (ne)- Af wn(sdax}
= (uc)Bfmoar

Forming the vector equation for the matching constants,
G%, 2) (Cy) _(b,)
@%, G2) eq) \bi)

If the @ matrix is not singular (a, Of. ~ 04, @%,# 0), then we can determine

its inverse awd nanaeaa 8, Oy
so that -

t=a'b

Consequently
Go

cy = Seb, — 225,

° ah ah /
a, @, ‘c,=-S10, +p,
lof" Jol *

which we can write as

cy = biz tiabe
Gy — O30,

c= Sabana by
Oy —Ora,

We have now computed

u(x) = Co fy (X) +e, 14 (x)
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Where of course in this case,

g(x)= cos (4/7x)
Qyx(x)= sin: v7

ANOTHER ALTERNATIVE:

Start with the exact integral boundary condition:

ug )=b, +f" Busdérr
Let us decompose the equation and the conditions

u(x)=D u,(x) and u(G)=Pu, (G,)
hence -“ “

XY uG= +f"BY vcoex
Then °

u(S,)= dy

u.G)=[PBuodx (n>)

Now we use our earlier notation [1] where 4 is a grouping parameter for
collecting terms. Thus

uG)=b, + ae Butxrax
w=> u,G)2
u(x) =P u, (x)a

Substituting.

= w= b+ al BS 1, (x)2° dx
Equating like powersof 2,
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Bs ugG)=b,
nat a
HS uG)=[Bu s(odxad

then we set 4 =. Since each u,(x) has two undetermined coefficients, i.e.,

the c;" and c{"”, we notice that we have an algorithm to compute c;f’ and c;"”

without explicit reference to them. However, the earlier way of writing

approximate boundary conditions @,.,,(é,) = b, + iBo, (x)dx is appealing
because the limit as m approaches infinity is explicitly the exact boundary
condition.

EXERCISE: Carry out the computations for the matching coefficients and

verify solutions.

REMARKS: The single decomposition (where we carry along the constants of

integration) is applicable to all linear ordinary differential equations for either

initial conditions or linear integral boundary conditions. (However, if the

boundary conditions are nonlinear, we need to use double decomposition. If

we try to use single decomposition with nonlinear integral boundary

conditions, we must solve for the matching coefficients Cy and c, as roots of

algebraic or transcendental equations, then find which roots are correct. It will

be more simple to use double decomposition in such cases.) We will now use

double decompostion for the case already considered by single decomposition.

UsING DOUBLE DECOMPOSITION:

~ = \

c= Dem
Ec)

o= Fe
a

a= Sul
a

so that
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We have previously shown for boundary-value problems by application of

staggered summation (see Appendix I) that

>y ee Fy)
uo = Us

Substituting into the equation,

we have

- - “ =

Uy= cy” = xe{)
u, =f = xe = 7 Fu,

uy = cb" + xe)" — 7 Tua
or

u, = cf" = xe!”

0 ay wo X ei!&uy= ef! + xef— yey" 70
a= of excl?pelyeSa pec Zaytci”S= cp 75Vet tH ey Taye

a cP axelpelRenz el Bay? gt XEuy= cp) xe — 705" meV 47? ce
‘ ‘ :

et Xs coXs coX.sPeL—
poe — poePeg Tegra

uy = Yr) {el x* /(2n)! + of" x"! /(2n + 1)}}
where
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u, = due?

and ~
ue = (~y)* {of 'x** /(2n)! + cf x" /(2n + 1}
w= Y Leperex® Amt+ ox /2n=1)}}

‘A convenient rearrangement by staggered summation results in

w= Leff xamis cx"! (2m =)!
oe

a)

w= LH? {6.x/2m)!+e,x°*"'/m+ Di}
since 7”

Fo] =
We now form the approximants to the solution u

anifl= De

and form the approximate boundary conditions. For m= 1,

9(&)=b, and 9(6,)=b,
and for m > 1,

4Paci(Ss)= By + [Br Pal)dx
Pani) =bs + [Br Oa(a)dx )

(noting that tim g,,, = lim g, =u and that the approximate boundary

conditions become the exact boundary conditions in the limit).

We have 9, =u, = ch) +xcl, Since 9,(&,)=b, and @,(&)=b, , we have
Uup(,) = b, and up(E,) = b,



_——————— ad

u, = eh) + xel—7 Fu,

Py = Uy + Uy

o.(E)=b + f° Bo (x)ox
o(&)=b. + [7B a.(x)x

Since g,(3,)=b, and g,(&,)=b,, then

1)= [Bi (s)8x= f° B,vs(x)ox
1 (&)= fF Bondar= [* B, uolx)ex
u,= 02 + xe?) -7 Eu,

=92-4
o,(&)=b, + [* B,0.(x)dx

(Es)= bs + JP Be os(a)asSince
ox(5))= bi + [7 Br os(x)dx

o&)=b, + [7 B,(x)ex
Q.= 0,70,

then

us(G)= ff Bi ws(x)ax

uy =O) x0)" —7 Tues
Pars = Px + Ue

ani(&) =; + [/ B Pal#)Ex

Gq-i(5)= Bs +f B.g2(x)dx
Since 9, = Q,.-;=Us-)
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ua(G) = fF Br ten (%)ex
¥&)= Badal

Now using

Uy = ch? + xc”

usc excl" -yRu,, mel
Thus

u, =e = xei

u, = oP + xe{) + (C7) x7/21+ eP?/31]}

ug sof + xl + (=p) fol? x22 /+ 2x74 /(2n) (2m + DI}
We can now write

ef) + Ger = BI

cy? + &,c = by?

eg ge = BP)
cf) +e) = by

f+ Ede) =v)
of + ci) = De

For computational convenience, we define bi” = b, and bi” = b,. Form=0.

Ye +iy a(S(nelerany +oe/(20 +1)ex}OTS

Snrleo rs lame ose fan+0)}]
ro -[afS ere tone eo9300/29 41) jou

— Ler" /C2nye+ of" /2n -o4]a
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Now we can write for m2 0
oo) +, cf9) = BI?

oP +S cf" = ve -

which are a set of simultaneous equations for the matching coefficients

c{) and c!™). Equivalently,

fh) fee)_ fom)
br at Ld |7 Lo}

If & and & are distinct as they must be for two-point boundary conditions,
om Eb= ve)P=

a8

bin? plecm = tek

so that the solution is determined.

ACCELERATION OF CONVERGENCE:

‘We can accelerate convergence while minimizing further matching coeffi-

cients by now transposing from the boundary-value format, denoted by B.V..

to an initial-value format, denoted by I.V. The procedure is to first compute a

‘current best estimate of u('*” (the first term of the decomposition series in ini-
al-value formulation)

then compute u* for m2 1

us) = (-7)°(E jus?

heYr)(Ee es
ul sg.fas 3 (-7)*(0 un”?
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For a reasonable approximation to u‘Y” we have

galI= > (P(E)o, [eh]

where g,.,[us"’]= "_, ul? = ull, Substituting,

o,.[u =X (7 (HP Jou]where _

Ul = el el?
Consequently,

ue Senne)Ee +e]
uh) = Y7)(IF Pelco]

:

+L C7)(Joule)

The limits of the series for the boundary-value solution and the initial-value

solution are the same, i.e.,

us ye? 2 he
~

-

B= Ball DCN

+ eaeENV)
5

which we can symbolize by the algorithmic form

(sin 7x)=Ga anil® 4 (GyulCol)*(Opa(C08 YF) +(Psuil6,D ( }. { ol)-(®pa(c0s 7) i
‘Then in the double limit
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=i1

fim Pps eet]

sin 7xcy 008.7 x40, Wy
which satisfies the original linear ordinary differential equation

duldx? + 7u=0 as well as the original linear integral two-point boundary
conditions.

MATCHING COEFFICIENTS FOR NONLINEAR INTEGRAL

Conprtions:

For linear equations, we wrote @,., = J" Ut, a5 an (m + 1)-term approxi-
mation to u, i, for a sufficiently high value of m,

Paai{u] =u or lim glu] =u

(We note that in practice m does not need to be large.) For a nonlinear func-

tion of the solution such as hu), we expand in the A,: thus

Paeilh(u)]= YA, {h(u))
a

which we can write simply as "A, if the context is clear. Thus

h(u)=o,_.{h(u)] or h(u)= lim ¢,,,[h(w)]. The exact boundary conditions
ae

UG)=b, + f° Biai(u)ax

ug, )=b, + [* Beh(u)dx

The approximate boundary conditions are:

ans{u(S)]= 61 + f- Bi@a[b(u(x))]dx
eui[ul&)]=b: +f B,0,[h,(u(x)}dx
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which yield the exact boundary conditions in the limit, For m= I we have

g,{u(,)1=b,

g,{u(S,))=b,

The coefficients c™, c{*! are now calculable by decomposition of u and h(u).
which means that nonlinear integral boundary conditions can also be deait with

analogously to linear integral boundary conditions.

SUGGESTIONS FOR RESEARCH:

1) Linear equation, linear integral boundary conditions: (f, and B, can be
constants or functions of x)

ux=5)=b, + i By(x)u(x)dx

ux=G)=b. + [* Boucods
2) Linear equation, nonlinear integral boundary conditions

ulx=&)=b, + & By(x) hy(u(x))dx
ula =&)=b, + [By (0) by(uC)dx

3) Nonlinear equation, linear integral boundary conditions

ug)=b + fF Reoucoer

ulx=&)=b, +fBGdueodx

4) Nonlinear equation, nonlinear integral boundary conditions

uta= §) = b, + FP BC n(ulx))ax
u(x= &)= by +f By(x) hy(u(x)ax
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5) Linear (two-dimensional) partial differential equation, linear contour-

integral boundary conditions. Note that C(x,y) = 0 implies x = &(y)

Puldx? +P u/dy? +7(x,y)u= g(x,y)

Uafeyayne =. +f,Bmwude
UO Deanna Bs +f, Bray uae

6) Linear (three - dimensional) partial differential equation, linear surface-

integral boundary conditions. S(x,y,z,) implies x= &(y.z)

Fuldx? + Fuldy’ +HPuldz? +7(x,y,2)u= x,y,z)

URY.2s ayaa = By +§,8 (x,y,z)uds
URS DWsscapane =b:+$ Bosy.z)uds
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CHAPTER 9

BOUNDARY CONDITIONS AT INFINITY

Solutions of problems with boundary conditions involving a limit at infinity

can be difficult. To build some intuition, we will begin with a simple example

modelled by a linear differential equation. Consider the function

use" =~ ,(-x)" /m, We obviously have u(0) = I and u(s)=0. By the
later, we clearly mean that lim u(x) = 0, This function satisfies the differential

equation d?u/dx? — u =0 . Letting L denote d*/dx", we have Lu—u = 0 which
is in our standard format Lu + Ru = 0 with R =- |. With L” defined as a

two-fold indefinite integration operator, we have L'Lu = Lu so that

u=C,+C, x+L"u. (Since we are dealing with a linear ordinary differential

equation, double decomposition is unnecessary.) We identify

uy =C, +C, x

u, =L"u, ~

u, =L"y,

ug = Lug, =P ty

=C,x™* /(2m)!+ Cx" (2m +)!

The resulting solution is u=\, u,, or
u=C, cosh x+C, sinh x

Even from the first-order approximation 9, = uy, itis clear that C,=1 since

u (0) = 1. We also have the condition u(se)=0 which might make us jump to

the conclusion that C, = 0. However, we would soon see that we do not then

geta verifiable solution. Since u must approach zero as xo», we have

lim{cosh x +C, sinh x}=0
so that

C, fim sinh x =~ lim cosh x
or

aun
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Jim cosh x

C, =-4==——= - lim coth x=-1Jim sink x >>

and we see that u =cosh x~sinh x. Substitution of the exponential forms
cosh x=(e' +e")/2

sinh x = (e +e")/2

shows that indeed u = e™* which we started with, Equivalently, since

cosh x= Eo /tom

sinh x= x7**) [omy
we have

=

w= (1-x7/2!+x°/4!~ ...)-(x+x°/3!4x°/5!+..)

sl-xex7/2t-x/3!+..=e7

It is instructive to write

C, = =fim &5(x)/E,(x) == lim 7 (x)
where

&.= cosh x bl<e

£.= sinh x Ice

7(x) = coth x Ix] <7 for the series representing coth x

EXERCISE: Write the series for coth x. Using the Padé transform, show that

the limit, as x + ©, is 1. (See Appendix 1.) For problems in which the de-

composition series is not recognized as we did above, we complete the divi-

sion, €.2.,

(x)= 1-x7/2!+ x‘/4!-.-HOS Tae BIE RB

then determine the fimit with the Padé approximant.

EXERCISE: Consider the equation d? u/dx* ~ p(x)u = 0 with u(0) = 1 and
u(+ee) = 0 and verify the solution.



Bouvoany Conorrions ar neiwery a

EXAMPLE: Consider a generic second-order linear homogeneous differential
equation with boundary conditions specified at infinity

G? u/dx? + a(x)du/dx+ B(x)u = 0
Let R =o didx+B

a(x)= Sax

B(x) = & Bax"

u(0)=1

Jim u(x)= 0
wehaveu=)\, u, with u=C,+C,x. Then

ug = (-L™R)®uy = (-L"R)*(1)+(-L"R)"C,x
w= YCLIR)?-1+C, CLR)? x

which we will write

w= G(x) +C,8(x)

Since lim u(x) =0 we have
7

=— Fim 22) tim 7¢xsin 3) =m 7)

(x)= > rx (6 =&.)
ead

G(x) =D Gfx
a

. Sao
7(03)= D tax=

a yee
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The series for (x) will usually have a finite radius of convergence. Therefore,
in order to evaluate the limit at + © 10 compute C;, we must transform the se-

ries for (x) or a truncated series approximating ¥ (x) to a representation suit-
able at infinity. The Padé approximant is useful here. Write

W(X)= Yo + 7X4 72x? +... and calculate T(x) where I(x) is the Padé ap-
proximant of (x). (See Appendix I) Then C, =~ lim T(x).

MODIFIED DECOMPOSITION AND CONDITIONS AT INFINITY:

Consider d*wdx’ - u=0 with given conditions u(0) = 1 and u(+ © ) = 0
using the modified decomposition. In some cases. it is possible that the result-

ing recurrence relation could provide insight and illuminate the matching of the

solution to the condition at infinity. A finite decomposition approximant such

as %= S._.Ye with a finite radius of convergence might be transformed

into a finite fraction which is accurate for large x to obtain the limit at infinity.
Of course. other techniques may be applicable such as Euler transforms, ana-

lytic continuation, etc. If we recognize well-known functions as in our first ex-

ample. this additional step will be eliminated.

SOLUTION: L"Lu=L"u whére L"'()= C, - C,x=12() where

1,0 = Jax

We have u=C,+C,x+Iiu where we let u= 7, a,x” instead of
SE. te. Then

2

<

agpKus) —t2_ x=* x (m-1)(m)
Consequently,

ax" =C,+Cx+ 5 238yo + 2 Tama
so thal we have recurrence relations for the coefficients:
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a =Cy

a, =C,

a, =—2at
=~ m(m-1)

so that

a, =C,/21

a, =C,/3!

a, =C,/4!

a, =C,/5!

We can now write a., =C,/(2m)! and a,,,, =C,/(2m-~+1)! so the solution

can be written as

w= {Cox"* /(2m)!+ C,x*"'/(2m + 1)!}
emt

u=C,>) x*/(2m)+C,¥) x*"'/(2m+1)
a End

At this point, we recognize the summations; but let us assume that we do not

see that these are series representations of the hyperbolic trigonometric

functions or know their limit values at infinity, and must proceed in a way

which is usable when the series are not recognized. Evaluation at the zero

boundary u(0) = 1 requires C. = 1. To evaluate at the second boundary gives
us

lim u(x)=Oor Y) x*/(2m)!+C, lim Sx "'/(2m+1)!=0
ae a0 a0

hence

Y x*/2m)
C, =~ fim }=*=*————_—.

Y Pyem+y!

days?

c=-tim{1,2-*4 2e_ ey.rom [x 3 45” 945 4725
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EXERCISE: Verify this series. It can also be written

yee

C,=-lim Ly con? Bewelx Sj Qm)

where the B, are the Bernoulli numbers” . We list, for convenience of the

reader,

B,= 16 B, = 6912730

B:= 1/30 B, = 7/6

By= 1/42 By = 3617/510

B.= 1/30 B, = 43,867/698

Bs= 5/66 Byo= 174,611/330

The radius of convergence of this series is 7. Thus to evaluate

{ sons

tim/t 8-228]
xor[x 3 45° 945 J

‘we need to transform the series, of at feast, transform the truncated series to

representation which will be valid as x + +2

EXERCISE: Show, using Padé approximants, that the limit of

1 zee
x 3 45 945

or

LoS ye 2 tet
2+¥ Cy" — B, x*X ast (2m)!

is 1 as x. (Hint: Ignore the 1/x which obviously does not contribute.)

Write the Padé approximant [2/2] and since C, is equal to the negative of this

limit, show that C, is equal 0 — 1, Hence

” H.B. Dwight. Table of Integrals and Other Mathematical Data, 4th ed.. MacMillan and
Cou. NY-(1961
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us x2/2m!- Ye /2m+Y= {1+ 21+ x'/4t +--+}

-{xtxBl+ S14} slo xe x2! xe BI+--= DY (-1)* x8/(m)!

Thus the solution is computed. Of course, it is the exponential function and it

is easily verified by substitution.

We observe that it may be necessary to transform the solution series to a

representation for which we can easily determine the limit as x °°. A useful

technigue is that of Padé approximants which allows us to evaluate the

matching coefficients C, and Ci, i., the “constants of integration,”

(particularly the condition at infinity). Of course, since we do recognize the

functions we can use the fact that the limitas x > © of coth x = 1 and that the
limit of e™* is zero. But in general, the functions are not well-known nor will

we know a priori their limits at infinity.

EXAMPLE: Consider the case d*u/dx*—p(x)u = 0 with u(0) = 1 and lim

ua) = 0. Let p(x) = 7, pg x. Write Lu={S70, x*}u with L =
ldx?. Operating on both sides with L' = ff() dx dx,

u=C, wcxet'{Zp, e}ue a,x*ot Ext

a= a= Ee}

-~ 2 a aeL' =L' 7 =-y ——_Pixue LY x2 Ptae Dd Taxtmey oy Pte
= ea

“2 mma) pi Pbate
=U Pens

=C,+Cx+ au x x ees)
Therefore
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ay=Cy

a,=C,and for m>2
a

© Peters

a=

2°" mm)

so that A, = Pp Ao/1-2
8, = (pp &+p; &)/2-3
2, = (Dp 8 +P, 81+ Pz @p)/3-4

8g = (Pp as + P, Ay + Pz A, + Ps p)/4°S

Consequently

a,=Cy

a=C,

a, =p5Co/2!

a, = pC, /3!+p,C,/3!

a, =C,/4l+p,C,/3-4+ p;Co/3-4

a, = piC, /5! py p,Cy/S!

+P; PoCo/2-4-5+p2C,/4-5+ psCo/4-S

Thus,

va. {1+ p,x?/2!pyx’/3!+(p; +2p,)x*/4! +}

=C,{x + pyx? /3!+2p, x*/41(pi + 6p,)x°/514 -}

Since u(0) = 1, C)= 1. To evaluate Cy we write

1 = pox? /2! pix‘ [414 hd)C.=-lim gy Tetarae fat pyx'/3!+2p,x4/4!+ pax’ [St +
Loox 3x? \

C,=-Iim\+ + p,4-p2% + ---)snl Pox Pig ty)
which is the same as our earlier result if p= 1,9 1= p:= 0. Of course, if
p= D2, pax® we must include the neglected terms of p in the ratio for C,
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EXAMPLE: Linear Third-order Equation: The function u = e* satisfies the

equation d’u/dx’ + u = 0 with conditions u(0) = 1, u(=)=0, and u’(~) = 0,
Let us investigate how to determine this solution if only the equation and

conditions are known. L = d°/dx’ and L” is now a three-fold integration.
From Lu = -uand L"Lu=—L"u,

u=C,+Cx+Cx72-L'Y u,

where “
u, =C, +Cx+Cx/2

u, =-L"u,

u, = -Ltu, =(-L" Puy

u, =(-L")®u, =C,(-1)® x" /(3m)! + C,(-1)" x" "3m +1)!

+C,(-1)*x'*"7/3m+2)!

Since u=S\, Uy, we write

w= Co (x) +C,6(x) +C 64x)
with

6-5 core fom=

&=> core fomensa

&=> (1 x? famaa

Thus we have

w= Coba(x) + C, G(x) + Cz 64(x)

ul = Co Sox) + C(x) + Cr E(x)

Since @ = uy must satisfy u(0) = 1, we know Co = 1 so that

u =G+C,6+C.6

w+ C+ C&

Since u and u’ must approach zero in the limit as x» e, we have
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Fim{E,+C,& + C,g,}=0

tim {6 +C, 6+ C, &} = 0
or

& :) (¢) ()tim) |< |== timole alas Ale

Solving for the Cy. Cz and writing D=& &~ 6,

(e)-- umd ~&),(%(GJ DUS)

Cy =~ fim (E:E_ ~ 6:85)/D

C, == fim(-E, ~8:65)/D

Symbolizing this as C, = fim p(x) and C, =~ lim o(x), we can obtain
Padé approximants of p and 6 to get the limits,

EXERCISE: Show that C, =-1 and C,= I so that u=e*

EXAMPLE: Nonlinear 3rd-order equation—As an example we consider the

Blasius equation ofboundary layer theory:

Puldx?+ (1/2)ud" u/dx? = 0
or in our format Lu + Nu = 0 with L = d'/dx’, Nu= (I/2)uu”, L"' defined as a

iple integration and the A, calculated for (1/2)uu”. Applying decomposition,

usa+Bx+yx2-L'y A,and “

uy a4 Bx4yx7/2

The given conditions are u(0)= 0, u'(0)= 0, and u’> Ie u—+ +e. The first
wo conditions require a = f= 0 so that
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uy =7x/2

u, = “LA, = -(1/2)L"(ugug) = -(97/2)(x*/5!)

uy =-LA, =-(1/2)L"(uug + uguy)= 11(7°/4)(x°8!)

u, =-LA, = -(1/2)L"(uzuy+jul uguy ) = ~375(7°/8)(x"'/11!)

Thus,

w= x7/2—(77/2)x°/5!) + 11(7°/4)(x°/8!) — 375(7*/8)(x"/11)

which is the Blasius series! Now,

w= 7x(PRIN+A)=>

We note that u%(0)=7 and we have the remaining condition

u(x) as xe forthe evaluation of 7.

Since the u’(x) series lacks the first term in™, c, x°, we transiate, using
x=z+§ with & taken as 1/2, so that the series for each new coefficient will

converge very rapidly. We then have a numerically equal series ~, b,2*
with non-zero bg,b,,b;,... and can find the limit of the series. (See Appendix
1) Since this involves 7 and we have u’(ce)=1, we can evaluate 7 directly

without use of numerical methods such as shooting techniques.

EXERCISE: Carry out the evaluation and verify the solution u(x), Transform

f(x)= 7, ©, x* where c, =0, (using z= x- with €<1 and within the
radius of convergence) to)", b, 2° with b, #0. Ifthe Blasius problem is
given as an initial-value problem, we have u”+uu”=0 with

u(0) = u’(0)=0 and u"(0)= 1. [1] The given conditions are u(0) = u’(0)=0

and u"(0) =I. The firsttwo conditions require a: = = 0 so that
uy =7x/2

uy =-LTA, =-(1/2)L"(uguy ) = 77°15!

u, =-LA, = -(12)L"(uyuy+ upuy’) = 1x8!
uy = “LA, = -(12)L"(uzug+ ujuft ugu) = -3757*x"/11!
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A four-term approximant ®= Din.y Us is given by

w= 7x°/2(7? /2)x*/S!+11(7°/4)x*8!-375(74 /8)x" LL
Now,

way PxBie

‘We have the remaining condition u” = 1 which gives us y = 1.

EXERCISE: Substitute the resulting solution, carrying terms through x° to
see that the differential equation and given conditions are satisfied.

EXAMPLE: Consider the nonlinear 3rd-order equation

@u/dx? + mu d?u/dx? - (du/dx)? +a =0

for 0 <u<ee and given conditions u(0)= 0, u'(0)= f, and u’(ee) = 7. We let

L=d’/dx’,L"' is defined as a 3-fold integration, and we write

CZ, Aa{uu”} for the first nonlinear term and S™, A,((u’)*) for the sec-
ond. By decomposition,

usu-mL'DY A,{uu}+L'S A fue’)

uy = + qx+0x7/2-ax'B!

u,=mL'A,{uu"}+L"'A,{u'u’}

u, =mL"A,{uu"}+L'A,{u'u’}

We can now form an n-term approximant g, = "|, u,, which converges to
u as n approaches. Because of the condition on u(0), we have = 0 and

because of the condition u’(0)= 8 wehave n= f. Evaluating the A, for
n=0

A,{uu”) =(Bx+ox7/2- ax?/3!)(o- ax)
Aj(u'u’)=(B+ ox- ax!"

Hence,
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u, =mb"{(Bx+ox/2-ax’i(o-ax)}
+L B+ ox-oxt2}

EXERCISE: Determine the Padé limit and use it to evaluate the remaining

unknown constant &.. Verify the solution tor u,

EXERCISE: Consider the solution of u” + u=0 using “modified decompo-

sition”. Let u= 307 a,x™ and Lu=-u with L=d'/dx’. Since
uy = Cy + Cx +C,x"/2 (where C,,C,C, are determined from the specified
conditions), show

a =Cy

a =C,

[on

aS

ag.) =——5=
n+ 1(m+2)\(m+3)

for m= 0,1,2,... «

EXERCISE: Show that the solution is

u=C, > (-D* x fomec. cote fomen:a ob

+O) core? ome 2
EXERCISE: Using the same conditions as previously used for the

decomposition method, i.e., u(0) = 1, u(c=)= u’(es)= 0, show u= e™*.

SUGGESTED READING

1. R.E. Meyer, Introduction to Mathematical Fluid Dynamics, Wiley-Interscience
as7D.



CHAPTER 10

INTEGRAL EQUATIONS

Integral equations of Volterra type arise quite naturally in physical

applications modelled by initial-value problems. Consider the linear Volterra

equation of the second kind, (Fredholm equations of the second kind which

are associated with boundary value problems for a finite interval [a,b], are

similar except that the upper limit is b.)

Ox) =f) +A] Ke. yoyey

with a Sx, ySb, and let 2= 1. Using decomposition g =~, ¢,(x), we
identify @, = f(x) assuming £(x)# 0, then

o(x)= 0+) K(xy)> o,(y)dy

and write =, @, as the solution, or with an m-term approximant

© = D2) gq. In some cases, exact solutions are determinable. Consider an
example:

K(xy)=ly- x}

fie x

Then

a= J ly~sooty)dy= J ly- lydy=-x' /3!

Thus the two-term approximant is,

979, +9, = x- (0/3!)

or @=sinx as is easily verified either by calculating more terms or by

substitution.

Several illuminating further examples on convergence appear in [1].

1) Consider the equation
26
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(a) = 2+ J xeucoat
Y vx(x)=uy+f xt, u,(tyee

2x
u,=2%3

w=fi x ar=92g]WS 33 hay

2x

= 3%OF

vt 2x
w=xf bar=3axl artte By

us) =x

O° GeThe
sequence = Qy LitaDY [s) <l+s+ct seat

4G 379° 277 8

The partialsums are , =1.000
8, =1.333 -

5, =1.449

$,=1.481

S, = 1.493

and the lim S, =1.5. Then the solution of the problem is:

~ => ~

u@=F u@=> 22H Lex
= oo 3a 3

2) Consider the nonlinear integral equation

wa) = [| «=v orSkat
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We get
u(x) = 0.75x+0.20

U(X)= Ay = ff (X=) uf(t) dt= 0.23x-0.19
2,0) =A, =3f) OH u(t) CO at

= (0.00354712)x— 0.004464994

‘The approximant to the solution with three terms is:

u(x)= ug(x)+ u(x) + uy (x) = 0.98x+ 0.003
which is very near to the exact solution which is x.
3) Consider a nonlinear biological problem: Find a real function u defined

onR by

u(x)+ 0.25x{" Kx,2) g(ult)ét=1
with K(x) = I/x+t and g(u) = 1/a. The solution by decomposition is:

u(x) = 0.25x (log(x+ 1)~ log x)
a three-term approximant results in

x os

Ol 1.059947

0.2 1.089588

0.3 1.109975,

0.4 1.125276

0.5 1.137327

0.6 1.187124

0.7 1.155278

08 1.162186

0.9 1.168123

1.0 1.173287

Of course, we can improve the approximation with more terms until the de
sired accuracy is achieved.
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4) Find a real function u satisfying the integral equation:

uGs) = Af} xtfucofat +x
where 7. isa real parameter, A (0,1]. With a five-term approximation,

decomposition gives the following results:

u(x) =x

ua) =A, = Af! xtu(of? at = 4%: 2 = AY, thug 7
af #xu,() =A, =24f) xt uo) woe

1 > SR
yQo=A,=af) x[4u,(du,()+2u)@) a=ASx

1U0) = Ay = Af! xf12(u,(0), (0 + 4,u,(O)]o= ax

u(x) = 14342, 52 98 Ix.4° 8° 22° 16

Assuming a valueof A = 1/10, [1] show an error of 9.7 x 10“ ~107.

REFERENCE

1. Y, Cherruault, G. Saccomandi, and B. Some. New Results for the Convergence of
Adomian's Method Applied to Integral Equations, Math. Comput. Modelling, 16, (85-
93) (1992).
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CHAPTER 11

NONLINEAR OSCILLATIONS IN PHYSICAL SYSTEMS

Nonlinear oscillating systems are generally analyzed by approximation meth-

ods which involve some sort of linearization. These replace an actual nonlinear
system with a so-called “equivalent” linear system and employ averaging

which is not generally valid. While the linearizations commonly used are

adequate in some cases, they may be grossly inadequate in others since

essentially new phenomena can occur in nonlinear systems which cannot occur

in linear systems. Thus, correct solution ofa nonlinear system is much moresignificant a matter than simply getting more accuracy when we solve the

nonlinear system rather than a linearized approximation, If we want to know

how a physical system behaves, it is essential to retain the nonlinearity for

complete understanding of behavior despite the convenience of linearity and

superposition. Physical problems are nonlinear: linearity is a special case just

as a deterministic system is a special case of a stochastic system. In a linear

system, cause and effect are proportional. Such a linear relation sometimes
occurs but is the exception rather than the rule. The general case is nonlinear

and may be stochastic as well. In such cases. it is natural to make limiting

assumptions—which is not always justified. Using decomposition, these

become unnecessary even for the strongly nonlinear case and the case of

stochastic (large fluctuation) behavior, as well as in the cases where

perturbation would be applicable or in the linear and/or deterministic limits.

“Smaliness” assumptions, linearized models, or assumption of sometimes

physically unrealistic processes may result, of course, in mathematical

simplicity but again may not be justified in all circumstances.

Here we are concerned with the study of vibrations, or equivalently with

oscillatory motion and the associated forces. Vibrations can occur in any

mechanical system having mass and elasticity. Consequently, they can occur in

structures and machines of all kinds. In proposed large space structures

containing men and machines, such vibrations will result in difficult and

crucial control problems and also lifetime or duration considerations, since
vibrations can lead to eventual failure.

Oscillations can be regular and periodic, or they can be random as in an

carthquake. Randomness leads to stochastic differential equations. In

on
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deterministic systems—the special case where randomness vanishes—the

equations modelling the phenomena or system provide instantaneous values

for any time, When random functions are invoived, the instantaneous values

are unpredictable and it is necessary to resort to a statistical description. Such
random functions of time, or stochastic processes occur in problems, for

example, such as pressure gusts encountered by aircraft, jet engine noise, or

ground motion in earthquakes so that F may be a nonlinear stochastic operator

in the most general case." In such cases, we write

Fu sLu+RutRy+Nu+Nu=g

where the script letters indicate stochasticity. Still more generally, Nu may be a

function of u,u’.... as well, but this causes no difficulty. In any case Nu and

‘Nu can be written in terms of the A,. Although convergence of the decompo-

sition series for y will be most rapid when we invert the entire linear determin-

istic operator, computation of the integrals will, of course, be more difficult,

also since we will not then have simple Green’s functions. We will let L

denote the highest-order linear differential operator.

In an oscillator we have generally an external force or driving term x(t), a

restoring force f(u) dependent on the displacement u, and a damping force,

since energy is always dissipated in friction or resistance to motion. Usually

this is dependent on velocity and we will write it as g(u’).

If we have a free oscillating mass m_on a spring with no damping, we can

write mu” +ku=0 if the spring obeys Hookes’ Law, ie., assuming dis-

placement proportional to force. Of course no spring really behaves this way.
Often the force needed fora given compression is not the same as for an ex-tension of the same amount. Such asymmetry is represented by a quadratic

force, or force proportional to u* rather than u. We may have a symmetric

behavior but proportionality to u’. Then the solution is not the harmonic solu-
tion which one gets for the model equation mu” +ku = 0 though it is still a

periodic solution. The damping force g(u’) may be u” where c is constant, or

itmay be more complicated such as g(u’,u’*) so it depends on vas well as v.
By usual methods, analytic solutions then become impossible.

“Whenthe highes drvaive appers in saline tem, ipl soins or branchesexist (1)
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Suppose we write —f(u) for the restoring force, —h(u’) for the damping

force, and represent the driving force with g; the resulting equation will be

+ f(u) +h(u’)= g. Suppose the restoring force is represented by an odd

function so that f(u)=—f(-u). We have this in most applications; it means

simply that if we reverse the displacement then the restoring force reverses its
direction. A pendulum, for example, behaves this way. We might take the first

two terms of the power series for f(u) and write f(u)=au+ Bu’. Then we
have u” + au-+Bu’ = g. If we have damping also, we have

u"teu'+ou+Bu'=g

assuming the damping force is ~cy’. (This is Duffing’s equation [2}.)

The simple case of the harmonic oscillator mu”+ ku = g, or the case
avoiding the assumption of limited motion, has been discussed completely in

[3], and we will consider more realistic cases here with damping and

nonlinearity. We might note, however, that if instead of sin u= u, we go a step
further and write sinu = u-u’/3! we get the Duffing equation with € as a
small parameter, i.e., a perturbation result, It is clear then that we may well

have other nonlinearities than u’. which we consider in the following sections

The Duffing osciffator in a random force field modelled by

u’+au’+ Bu+yu’ = g(t) can be analyzed without limiting the force g(t) to
a white noise and allowing af, to be stochastic processes as well. The

same applies to the Van der Pol oscillator modelled by

u”+ Guu’ - Su’ ~u= g(t), These equations are in our standard form Fu = git)

which can be solved by the decomposition method [2-5]. If the equation is

linear and deterministic, we have simply Lu = g or Lu + Ru = g

THE DUFFING AND VAN DER POL OSCILLATOR EQUATIONS AND

REAL-LIFE PHYSICAL PHENOMENA:

Suppose we make measurements in the laboratory and observe a function

f(u) in a “Duffing” experiment and find an odd function

f(u)=b,u=b,u? +b,u* +... or f(u)= ™, bu"! as shown in Figure 1



[NowuBiE4R OSCILLATIONS Iv PaYsicaL SYSTEMS 231

fu)

HFu
Figure |

or, on the other hand, we observe a measurement in a “Van der Poi”

experiment which yields an even function f(u)=b,+bu*+b,u‘+... or

f(u)= D2, b,u™ as in Figure 2.

flu)

fe.
Figure 2

In the Duffing case our nonlinear oscillator equation is,

u” +oru’+ f(u) = g(t) m
vu’ +ou'+ Y bu = g(t)

or

uw” + @u’ +byu+bd,u?+b,u? +--+ = g(t)

and if we retain only the first term of the summation,
uv +au'+Buryw=g

‘Thus equation (1) subsumes the Duffing equation.

Similarly, we can consider an oscillator equation with nonlinear damping

subsuming the Van der Pol oscillator equation:
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u”+ f(u)u’ + Bu= g(t)

w+ {& but ferss = a(t)
u” + {by +bu+b,ut+--}u’+ Bu= g(t)

If we retain only the summation ton = 1, we have the Van der Pol equation

vu" +au'+Bu+yuu’ = g(t)
with u(0)=cy and u’(0)=c,. We see that these equations, as commonly

used, are simply first-order perturbations ofthe real physical models.

‘Mathematics has progressed considerably using linearity and linear operator

theory. Nonlinear differential equations derived for physical phenomena, ¢.g.,
in electronic devices, have utilized perturbation theory or linearization of actual

behavior. This is so pervasive in the training and acceptance of what is

possible that models of physical phenomena may be oversimplified under the

assumption that considering the wue behavior will represent serious difficulties

in the analysis. It is hoped that the decomposition method may contribute to the

development of more sophisticated models and result in physically realistic

solutions to frontier problems.

DIFFERENTIAL EQUATIONS WITH EMPIRICAL NONLINEARITIES:

Nonlinearities which are specified only through experimental measurements

then require curve-fitting techniques yielding series representations. We will

consider a generic anharmonic oscillator (subsuming the cases of Duffing and

Van der Pol oscillators [2})
vu" +a(u,u’)+B(u)= g(t)

with u(0)=e,, w(O)=c, gt)= D7, gt? with a(uu’) und Blu)
assumed to be given as empirical graphs (i.e., as a plotied surface for a and a

plotted contour for ), The curve-fitting procedures result in:

a(uu')= > ¥ a, uty”

Blu)= ¥ Bou*



‘Then the equation

u” +a(u,u’)+B(u) = g(t)becomes
w+dD Ya ,uru+> Bur => et?

Using the decomposition and the polynomials A,{f(u,v)}, discussed in

Chapter 3, and the customary A,[f(u)] which we will now call B,, we can
write

(uu)=F, Ay(vyreeatyitynntt)
Bw)=F, B(vynnt)
Au)=> B[aw]=¥ sur =¥ BE Alu]

ie,

B,[5@)]= ¥ BoA,[e]

“2 z Gand ale) > A[u"]

ie.

Alau =X YD Does Avfut} afer]

where the A,, B,are aow specified. We can now use the decomposition
methodto write
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Lu= g(t)- B(u)- a(u,u’)

where L=4?/d1" and L" is the two-fold integration from 0 to t Operating

with L", and substituting

uu) —L1B(u)—L'a(uu’)

uy =, +6,t+L g(t)
up. =-L'B, “LA, (m20)

wecan write u=~, u, and the approximant 4,[u]= 0, = D2) u,.

Now if we approximate the input function g(t)= J), g,t” by the mth
order approximant

oalgl= > B.t*

then we can compute the corresponding mth order simulant to the solution

@,[u} or o, which satisfies the equation

9”+ (04,02) +B(F.)= el8]
0,,(0)=c,

0, (0)=¢
‘Thus the simulant

to the solution o,, is the result when Qq[g] is used for theinput
To summarize for a given pre-set precision, we need only approximate the

input and the nonlinearities to compute a convergent sequence of solution

simulants which approach the solution more and more closely as the series for

the approximants are carried farther. Obviously, the techniques discussed can
be valuable in solid-state or vacuum tube electronics and device simulation

The outcome should be useful in getting realistic models. The Van der Pol

equation, for example, is assumed to have the u’u’ nonlinearity and we have
used @(u,u’). By using the “best” empirical nonlinearity, we are in a better

position to refine the model.

Professor S.N. Venkatarangan (Indian Institute of Technology at Madras)

and his students have prepared several papers and dissertations nearing

publication using the decomposition concept. In [6] he finds « closed form
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solution for a (particular) Duffing equation by applying a Laplace transform to

the decomposition series, then converting the transformed series into a

meromorphic function by forming its Padé approximant and finally doing the
inversion. The technique was also applied to the Van der Pol equation and the

Rayleigh equation.

Professors F. Jin-Quing and Y, Wei-Guang (China Institute of Atomic

Energy ) have developed computer programs using the decomposition method

to study accuracy ofthe solution of the Duffing equation and for the first time

to study chaotic behavior [7]. The error is only 0.0001% in four terms, which

corresponds closely to our results.
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CHAPTER 12

SOLUTION OF THE DUFFING EQUATION

THE DUFFING EQUATION:

Consider the Duffing equation with variable excitation and constant

coefficients 0, B,7

u"+au'+ Buty’ =d()

u()=c, — u'()=c,
6(t) will be written as a series 6(t)= "6,1? Let L=42/dt?. Then L”
will be the two-fold integration from 0 to t.

Lu=6(t)-au’-Bu~yu’

Operating with L*.

L"Lu=L'6(t)-@L"'u’~ BL'u-7 Lv’

u=u(0)+1u’(0)+L6()- aL’ -BL'u-yL'w

Replace u by S",u, and the nonlinearity u’by "A, We have

Ag=u

A, =3uiu,

Ay = Sulu, +3ujuy

A, =u) +3uju, + 6u,u,u,

(A, through A.) are listed in Chapter 2 for reference.) A convenient zlgo-

rithm which also gives us the correct result for this specific case is

mm

We identify
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uu, = u(0) + tw’(0) + L"5(1)

u, =-aL\(d/dt)u, - BL"u, -7L"A,(u,)

u, = aL" (d/dt)u, — BL", -7L'A,(uy.u,)

Ug. =-@L"(d/dt)u, -— BL uy -7L'Ag (Uo sa)

The solution is the convergent series Du, and g,=D2 yu, is the
approximant to the solution.

Although our definition of L as only the highest-ordered derivative rather

than the entire linear operator avoids difficult Green’s functions, we still have

integrations of the function 6 (t) and the A,. If 5(t) isa function such as
sin (1, the nonlinearity results in a third power of sinqt, and we see that a

proliferation of terms and computations can occur. (see page 254). We

observe, however, that we don’t calculate u_ but a rapidly converging

approximant g,. Since this is the case, we need not use 6(t) but an

approximant of its series, or, 9,[5]= )\-",6,t°. The corresponding solution
is called the simulant gu). It satisfies, in this problem, the equation

OG + AG, + BO, +7 Tq = Gald].(0)=¢, o%0)=¢,

with ¢,(6]= 027 8,t°. Of course, lim 9,(6]=5(t) and lim o,,(u)= u.
Consider an example with @=B=7=1 and 4(t)=c‘sinx+e™'sin’x.

Solution by decomposition will converge to u=e“'sinx. But we choose to
approximate e* by the terms up to but not including the cubic, so

e“ =1-t+(?/2). For sin x we write x. Now g=x-—xt+(xt?/2) and
L''g=xt*/2 since we are dropping cubic terms and beyond. Hence,

uy =sinx —tsinx + L'g=x—xt+(xt?/2)
a, =0

so we have

eto,= [ltZz)
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for our “solution” or simulant for our approximant of 6 which, of course, is
‘sinx to the same approximation as used for the sinusoidal and exponential
functions. If 0, is the mth order simulant, 9,(u]= [7]

If we carry more terms for g{6], we can identify correspondingly more

terms of c,{u] or, in the limit, u=e"'sinx. As soon as we recognize, or

think we recognize, a known series, we can verify whether the equation and

conditions are satisfied.

If we do not recognize the series, we can verify that computation of more

terms, either for the actual solution u with the excitation 6, or for g_ful with

the excitation (4), yields results which have converged sufficiently for the

decimal places of interest, remembering that we are interested in physical

problems. We can plot results for g,{uJ, or ¢,{u}, for m=1,2,3,..N to

show the convergence and establish a solution approximant to a sufficient
accuracy

We note that for a specified mth order approximantof the excitation 6, we
obtain the mth order simulant ¢,, of the solution. If we approximate to, and

including. cubic terms, we get

vu =o;lul={1- e$-£ xX) -esinsU 23 3

i.e., to the same approximation with u, =u, =--=0, wehave u=e"'sinx
If one choosesto use the function 6 rather than g,(6), and the resultis not a

known series. one doesn’t simply keep calculating with the straightforward

decomposition: a stopping rule is required, i.e., there is no point in further

calculation, with the proliferation of terms which result from nonlinearity, if

the results are past the necessary accuracy. If we need three decimal places and

the solution has stabilized at least that far, it is sufficient, Consider now the

example:

y"+2y'+ys8y=e™

yO)=12 y')=-1/2

Suppose we first write e"* = 1-31. We have
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yo =(1/2)(I-t+0-)

ys sa'sy, -L'yp-8L'yg since Ag(y’)=y5jt

yo ab Sy, -L'y, LA)
- dt

AD=Y

Ay =3ya¥1

AL=3Y0Y2 *3¥0¥i

AS =3¥¥s +OyeTY
Ag = 3yi¥s + 3¥0¥i + O¥0Ys + 3ViY2
Ay = 3yaYs + 6Yo¥i¥e + OVoyays +3¥iVs+ ByiV
Ag = Y2 4 OYY29s + 3YYaty oY

+ 6YoYaYa + OYo¥iYs + 3¥a¥s

at 1 :2-2 Sa(1-t+-P)-La(l-te =?vs Li oali-t P)-L'S(l-tee-e)
=8b Laat 6 100? +--+)

SatSS23°44°12 2°20 2°221 2p) fe tt ee=h(1-tee-r)eE EE Eew= 7 ier ere
ye eye ee
272 2°92 2

1 ia
atieretan.|..il 2 }
a feten

Substitution into the differential equation shows N = 0 so (1/2)e™ is the

(exact) solution, Alternatively, we can compute more terms and group together
terms of the same power. If we approximate e~ with another term of the
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series,we get
1 2_ pat

pa tfi-tee Pee* x 4 )
ee te te

yat-feh Eee ee
ots420 4712 2440fe Pe’
Hee 8.

4 2°22

so that the two-term approximation @, is given by

o=ti-tee-2)e...
2 Ty

so we have another term of e”'.

Finally, we can use numerical results with increasing n for @, to show that

the results are converging to the solution, i.e., there is no further change

within the accuracy of our graph or table.

If we calculate the one-term approximant ©, =y; for the solution using three

terms of the series for the forcing function, we get the following results

a

ee|[_o [.soo [so |fa [4s2 fas |

[4 [sss [3s |

Convergence to the exact solution will be best if the actual forcing function, or

at least more terms of its series are used, In practice, @, will consist of very

few terms. Another example is given by

u’ tu’ +u+u? =cost~sint
u(0)=1 w@=0
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The solution by decomposition with the above excitation is_u=cost, obtained

more easily if we approximate the series represented by the above excitation,

(Those already familiar with the asymptotic decomposition method will see

immediately that the solution for t > +» is also cos t. Hence, u = cos t is the
solution for all t)

There is no problem in carrying out solutions where any or all of the

parameters c,f,7, as well as the excitation 4, are time-varying functions.

ASYMPTOTIC DECOMPOSITION FOR THE DUFFING EQUATION:

Consider the case ofunity coefficients for convenience:

u’+ususu=6

Since we are interested in the solution as_t — ©, we introduce the notation

Q[u] = lim u(t)=lim lim 9,
for the asymptotic solution. Of course the g, must be computed by the

asymptotic decomposition method for the above identity to be valid.

EXAMPLE: Constant 6

w=d-u-u'-u"

=u,

w=SA,

Aj=6=u,
Hence

u, = 6%
Ay =-u,—uy -uy

or

3uju, =—u,

36%u, = -5%

u, =-64/3
A,=-u,-uy-uy

3uzu, +3u,uy =—u,
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A,=-u,-uj-uy=0

3ulu, + 6u,u,u, +u) =0

364u, + 664(-6%/3)(0)— S'/27=0
36%u,= 6°"'/27
u,=5 481

9-65

9, = 64-54 =9,

0, = 54 - 6% 3464/3! = 6% —1/36% + 1/354

et. ajyj=i-teb-.
_ “3781

If B>>1. Qfuy=3%

If 5 <1, the series diverges.

‘Thus we get results for 521 in this approach. Asymptotic decomposition is

applicable to linear as well as nonlinear equations: hence,

u=6-u'-u'-u"

u,=68

u,=-A,-u,—uy

u,=-u2 =-8"
u, =~, “usu

u, = ~3uzu, =-367(-6”)

u, = 35°

u, =-A,-us—uy

uy = -3uzu,- 3u,u?
u, =-1267

Now

Q. = 5-8 +36 - 126"

and we notice that the series converges for 0< 6 <1
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It appears therefore that the magnitude of the excitation must be considered

for a convergent result. Thus if u”+u’+u+u’=6 for 0<d<1 we solve
for the u, ie. we write u=6-w’—u’—u"; while if 5>1, we write

w =§-u-u’—u”. Thus we have a choice in asymptotic decomposition

which we can use to advantage to obtain a convergent series. (We also notice
thatif 6(t) =sint which is between 0 and 1, Qu] behaves like a Fourier sine
series.)

STAGGERED SUMMATION TECHNIQUE:

Let’s first consider the harmonic oscillator with variable excitation to

illustrate procedure:

u"+au=B(t)  o constant

(0)= cg
u(0)=¢,

Assume B(t)= ", Bt

Lu+au= Ait)

Lu= B(t)- au

u=u(0)+u(O)t+L" B(t)-L" au

Uy=cy+et+> B, & fase n(a=2)
‘We now will write up as a series; thus,

Fo

where

a) = cy

a =a,

aft, = B,/(n+1)(n +2)

usu,-Ltau

With the decomposition u = x u,
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u=-L' eu,

u,=-Lteu,

u=-L au,

u, =-L'@u,,=(-L"¢)* uy

form> 1 and uy = 7, al 0°, Hence

eee eteue = CN a"Fe
=o TH(n+v)

The solution of the equation we began with is u= x, u,. If we let

1) = CDP a aea?=
T(n+v)

we can write w=", °* SO", al" t®. We now rearrange results by
staggered summation as shown in the following tabulation,

Pawan Taree are To]Ca aaEea
waalealit Pa (aleagee [=a eat) eal}

e (area)e | (a eat =a JeST EES|
w= Su=S ae
B78

Altcmatively, the solution components can be computed as follows:



SoumiowoF THe DuFria Equarion 25

yes we
.

w=Lawuse Fe

where

-a al”)Ws .

(a+i(n+2)

we awet Se

where

qo) 2a
* (ae a+4)

wtde

~a a?a?) =2s
(n+5)(n+6)

Continuing, we can now write

ase sae
Fx}

a ae)(= or af

(a+ 2m=1)(n+2m)

Since u= >, uy,

a= FoF Fae
ree

which is the previously derived result but may be more convenient for

programming. By staggered summation,

we dae
et

Form=0
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a= a?

ay=a)
For m> 1,

ies Dy alas
rod

Breer =D, Mheetees

‘We note that we can write the a!" in terms of the a!”

-aa”a)= 0a(a+i)(n+2)

ave aay) a al
* @r3+4) Tay)

-aa®)—— ata)ae eal ne a

+508) Tine)

aia) = CDE aE a?
=

T(n+v)

as expected.
SUMMARY OF FORMULAS:

wed ey ae
mo

where for m =0

al) = cy
al=c,

a?) e Be
nel(n=2)

and for m2 1
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: a= -a ae)
> * (+ 2m=1)(n+2m)

Since a is constant-valued

“aye g® al?aor Ut a
Ta +v)

HARMONIC OSCILLATOR WITH VARIABLE EXCITATION AND

SYSTEM COEFFICIENT:

u”+a(t)u= A(t)

a(t)=¥, ae

B= > Be
a

u(0)=cy

u'(0)=¢,

L=d?/dt?
We have

Lu+a(tu= p(t)

Lu= f(t) (tu -
L" Lu=L" (t)-L" a(t) u(t)

u=u(0)+u/(0)t+L" B(t)—L™ a(t) u(t)

uy =u(0)+u/(O)t +L" B(t)=cy +e,(t) +L" Blt)

Uy =, +et+L" >) Bt
Fd

Uy =cy +e,t+L"by ast feastKa2)
which we can writeas uy = Y, a” e* where
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al)= cy
a=c,

oo 2B.
Boer (n+1)(n+2)

The following components are derived from

u=u-L' aS, a
Ex}

Thus

u,=-L" a(t) uy

u, =-L" a(t),

u, =-L" a(t)u,

u, =-L' a(t) uy, =(-L" a(t)" uy
Since

a=) a,c

(See l Fameles elt |(thu=| Dae |Yah = Y ra, al}(ers Aes) US 2

hence

= lS

=FSaal‘= ape ae)

where

a eat
ens2)

u; =-L" a(t)y,
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@(t)u, = {Saclle Sere} =eby “Se. «)
Substituting, we have

—pee eft ole refs «|eee Ee (So.01} & weyey Be)
wae Fave

where

= (n+3)(n+4)

Farle Face!(tu, “ze Me = i i
. att “(Se «}

Upon substitution

wees “fS. oh
a58 Sa aey war {Ee wo}

yale we
where

.

Sa... a?
aa
* “(n+5)(n+6)

wants Babe

where:
~
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-Sa,, a
ae) = at

* (a+ 2m—1)(n+2m)

Finally, since

udu

we have the decomposition solution

ue So F awe

This result can also be rearranged by the staggered summation procedure: thus

ue Sage
E]

where for m = we have

a, = al”

asa’
and form 2 | we have

a= Yan,

and .
sees = Dy Anat

Fert

SUMMARY:

ued oS alee
BS

For

m = 0. we have avec,
a=,

ao,-_4
2 ae ljin2)

and form > |. we have
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{2

* * (a+ 2m—1(n+ 2m)
HARMONIC OSCILLATOR WITH VARIABLE EXCITATION AND A

DAMPING TERM:

u’+au’~Bu=7(t)

Let a. b be numerical constants and 7(0)= ~, 7,t°. Specify

u(0)=¢,

w)=«,

L=d°/dt?

toget

u=u(0)+u'(0)t+L" 7(t)-L" au’ -L* Bu
= yetUy =c,+c,t+ >,—2—__° ° 2 (n+i)(n+2)

a

where

ay” =cy

a =,

),=-——%a
eae i)(n+2)

Continuing,

u=-Ltauy-L" Buy

u,=-L" auf-L" Bu,

usb! aul, -L" Buy,

Since us = Ya, t*(n+1)= Y-, bf? e° where be =(n+ 1a,
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wee swe
Fd

a0) = 2e(n+ Na ~ Bal? _ ab? ~ Ba”
° (a+1(n+2) (a+(a +2)

The next component uw is given by

u,=-L'aui-L" Bu,
and

> ror

uD (ne 2)aM etary we

where bf” = (n+2)al”. Thus,

we Save

weaty le

= abe (epee

weeS Coble Le F CBee= (n=2)(n=3) 35 (n+3)(n+4)

We can combine these terms to write

wet Sale
if

-

arabe
° QO)

and

af, 220 = Bal!
er (n+ 3)(n +4)

Now going on to us,

web au;-L Bu,
Since
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wed er ore’d Fler

wed (nese erae FE we
Et Et

with by) =(n+3)a,

= abt = gaye

wet SeeF Bae“3 (n+3)(n+4) Sp (n+4)(n=5)

wae he

where al) =—a bj /(3)(4) and

a), = eb Ba?
(n+ 4)(n+5)

noting that b\~” =(n+m)a(®"”. Finally, we write

we Fae
Fd

where al) =—-a bi?) /m(m +1) and

a) - rab Bae?
“(n+ m+l)(n+m+2)

Thus, for m = 0,

Fd

and for m > 0,

ya de
Fd

wae Sage
Fd

Fx}
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ug= al (m>0)

w= Suse uy

uaF esy er Fale
a a MS

which is the solution by decomposition,

EXERCISE: For a damped linear oscillator described by d°u/dt?
+2du/ét+u=0 with u(0)=aand u'(0)=0, show that the solution for

decomposition is
2 op ye agt

vealaSar st yt ef,ou "3 4a "Ss! 6

EXERCISE: For the undamped nonlinear (Duffing) oscillator described by

Lu +u +u' = 0 with u(0)=a and u'(0)= 0, show that the two-term solution is,

rat’
peaat

hr ar

EXERCISE: Consider u” + au’+Bu=yu’ = g(t) with w(0) = a. u’(0) = 0.Assume a = 0. B = 7 = 1. For g(t) assume sin t and approximate with the first,
two terms of the sine series. Show

u,=a-sintea-t+r/3!

u, =~a? +3a't+3at?—(1=a°/2)t*

PROLIFERATION OF TERMS:

In nonlinear equations, where the initial component of the decomposition

solution consists of several terms, the nonlinearity may result ir. a proliferation

of terms and consequent increased computation unless proper steps are taken.

Also it is sometimes convenient to write the inhomogeneous term as an infinite

series to simplify integrations. It may well be the case that the excitation is

known as a power Series representation. We consider such a case here since it
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is a “worst case scenario” from the pointof view ofproliferation of terms. If

‘one seeks the complete solution (steady-state plus transient), the number of

terms in each of the components u,, for m > 1 can increase rapidly because of

the nonlinearity. A number of practical altematives are possible to solve such
apparent problems, and we will show that rapid convergence to the solution

will be observed. Summations are utilized to organize the derived results.

We now consider the Duffing equation with variable excitation and constant

coefficients .

u +au’+But7u = g(t)

We assume given conditions u(0)=cy andu’(0)=c, and assume that

g(t)=x g,t” since it is more general, will frequently simplify integrations
(e.g., if g(t) =cos nat) and is a worst case from the point of view of

computational difficulty arising from the action of the nonlinearity on the initial

term (u, = u(0) +tu’(0)+L""g(t)). Let L=a?/dt? and define L as the two-
fold definite integration from 0 to t. We have

Lu=g(t)- au’-Bu-yw

Operating with L"'

u=u(0)+u‘(O)t+ L'g(t)-L'au’-Lpu-L'yu*

We identify the initial term

Up = u(0) + u'(O)t+L*g(t)= u(0)+u'(O)t+L"Y g,t®

up =uO)+u(Onr+ Ss EE_& (a+1(n+2)

which we will write as

cd

where the coefficients are known:
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a = cy

A=e,

0, = _—&
2 (n+ 1)(n +2)

We can now write u=u,-L'@u’-L"Bu-L"yu’ and assume

u= 7, u, and w=", A, where A, or equivalently, A,{u’) is
calculated for the function u’. (We can also write both u and u’as sums of the

appropriate A,; then u becomes simply u= J”, u, and u’ becomes

(4/at)",, u,. The A, polynomials for u? are

Ay=us

A, =3u5u,

A, =32u, +3u7u,

Ae= 2 Yacs D Yaastl

Algorithms have been previously given to generate the A, for general

nonlinearities: however, the above form is also convenient for polynomials.
We now have

veu,-Lied uf-LiS w-Ly ¥ a(u'}
Ed Ft Ford

and can write the components

uy = 5 a?

u, = -L" au; -L"Bu, -L'yA,{u'}

u, =-L'euy-L"Bu,-L'yA,{u'}



SoumonoF THe DuFriva EquaTion 257

u; =-L"'au; -L "Bu, -L'y A, {u’}

Since uy is given as a power series, we can use the following result:

If w=, at, then f(u)= 7, Age where the Axa... a) are
simply the A, polynomials expressed in terms of the coefficients a,

instead of the components uy u),
Continuing, we compute wu; and u,.

uy > at

uy = ai + atte = Sins = Ybor

by = (n+ ale,

Ag(to)= Ao{u’}=u3 = > Age
Ed

using the above result. Thus

AQ =a}

AY) = 2,05 + a3;a5 + a5,

and

ade{5 2,529, “| F aveCaer) Fd

where

We {E 2,549 a
We can now write
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u,=-L'aus-L"Buy-L"yA,
= L'a SD (n+ tale’ -L'py ah’ -L'yy Ar

=-aD (n+ Nate? jon +1)(n+2)
BYar? |e +1)(n+2)
7D Aore [a +1)(n+2)ford

=D? {a(n + Nal?) + Bal + VAP} (n+ In 2)
B

We see that u; is known in terms of the a” and that we can write the equation
foru, in the convenient form:

wat da or 5 ale?

where

at = DEON = Bal=
. (n+1)(n+2)

uy= DS (ne 2)ae t= ey) we?

where

bt =(n+2)a\"”

Ay = A,(Wo.tt,)= 34,u5where
=o

weed ave
Te = = 9

Aya 3e| Sal S aSal” ferLnso ad med

where
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a Fat) ya olaS Fo. |ef Zee Dae a? i
We now have

wae Sale

uae) pie

Ayaby le

and

~ os

aoe! -bigu -Llya, <P & abeayo Liaus Liu -Liva =e Sa
= (pr (cle

ay (-B)ate ay (neve
ws (n+3)(n+4) a (n+3)(n+4)

Thus.

up ae [reese _ abite atte23. 34 45

pa” Bal re

+r {Ban_ Bait_ Bar’_34 45 5-6

Ac A oS
34° 45° «56°

* 230° 34 4-5

ab!) 0 0uae. carbs) | as] Bae _ yehe
23 34 3-4

pale veld? Oe yeea pfcbate rete), af aate redea5 45 56 56

wee Sate
Et

where
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a) = obi = Ba? - ve)
. (n+3)(n+4)

Going on to us

u, =-Llau; -L"Bu, -L"yA,

Since u, = 07, af 1°", we have uy= 0", (n+ 3)al ee or

use? ype
Eo

where

be) =(n+3)al”
For As we have

A, = 3u,u} +3u,u
where

wae 5 arr

wat 5 ale
Hence

~ [a . )Ala30 S85 al Dal a” |

a3 Defy al, Yall, al)

which we write as

A,=30 DY oth +3 Y wt
Food Edand finally

Agate
where

.

eff! = 305 = 3a?(al”)
and
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of, =3{0,,,+ v,}
Thus,

wees abe

wet y are

aa’ dS ae

uy =-Lau! -L"gu,-L'7A,

ae _ aye?pet yy etweed Gana
we & ae
i (n+4)(n+5)

5 net"oy
> (aranz5)

‘or more simply, as before,
wy =e ave

Fd

where

(9) abs
on s4

a), = Deb = Bal ~ 7c?
at (n+4)(n+5)

Continuing to uy, us... , We can write the mth term

ueae
3

gn cave
> 'm(m +1)

ata) =e bey? — Bal? ~ ye?
ot (n+ m+1)(n+m+2)

Summarizing, for m= 0.
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y=8S et

wee 5 ae
a

wetdy ae

uae awe
a

The decomposition solution is u=~, u, or u=u,+ >, uy or

uy aes Ser yaw

‘We can also write the solution by staggered summation in the form

us Dar

where ”
asa?

a, =a”
and for m > 2

anal + > al,

A SUMMARY OF FORMULAS USED:

Fae aE ery awe
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(m=0) alc,

al=c,

co) Ba

feet (nd)

arb — Ba 7(m=1) al?= AO = Bal = rel(n+1)(n+2)

able"

(m22) a2)ae
m(m +1)

ain) aUBayer
ot (a+ m+1)(n+m+2)

where for m=1. bi =(n=1)a\®, and for m>1, b'*"? =(n- mal". We
also have

u=du,
Eo

wea,

Aafu"}= Di tae De Yaote
mS

ALGORITHMS FOR THE DUFFING EQUATION:
We consider now explicit solution of the Duffing equation

vu’ rau’+ Bus yu" = 5)

given initial conditions u(0) = ¢ and u’(0)= ¢,. We assume 6(1)= J, 5,1°.
Our objective is an efficient procedure for calculation of the decomposition
series. We have

u=u,-L'au’-L“Bu-L"yu°
where

uu, = u(0) + tu’(0) + L“5(t)

restoreffl Zara
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We note that if the input is a sinusoidal function, integrations will soon become

difficult because of the effect of the nonlinearity. The result for 6(1)= sint is
found by setting 5,,., =(-1)°/(2n-1)! and 6,, = 0.

For cos t, let 5,, =(-1)*/(2n)! and 6,,,,=0. For (t)= c, cost +c,sint,
we can let 5, =(-1)*cy/(2n)! and  6,,,,=(-1)°¢,/(2n+1)!. Finally, in
many cases, a finite series will be sufficient for the required accuracy and we

can write £()=DN gt, ie, 6,=f, for 0S n<N and 6,=0 for
n>N. Conveniently, 6(t), assumed to be uniformly convergent, can be

programmed as an N-component vector with the series truncated to the

precision required. Terms afer u, are given by

uy = Laul, -L*Bu)- Ly An,

where the Ay..=Ag{w} =D S 0 juecleat: Ox = De gYs form > }
is the approximant to the solution. @,.,=@_+U,. and limo, =u, Now

write the initial term u, in the convenient form:

a= Sa =9,
Fe]

where

ali=cy, ase, a@, =d,/ns)in+2)

The approximant ¢, will be written

a= Dlr
Fed

where | =2{°. The u, component can now be calculated and therefore the @

approximant, since @, = @, + u,. Since

uy= Dal’
we have

-

uy = Dims bale
Ed
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Computing A, using the given algorithm,

we

Bee Dea adenety
Ay =u

which we know from our general algorithms for f(u) as well. Using our result

for u,, we can find A, as the Cauchy product:

or

which we will write as

y= SAMEwhere “

Since u, = -L"'aus ~L"'Buy - Ly Ag, we can now write

=n oe ame = Amee-aP FS _gepy te FLAsaad PO Lerner 1 Larned

In succinct form, u, =~, al!® where
a) = a(n + Da, = Ba -7 Ae
7 (a+Den+2)

Wenow have @, =9, +u, where Q, = LT,be and u, = ey T ales
hence:

=Yee
&
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where

b= bf?

b=b
b®, <b”), +20?

Proceeding to the u, component and thereforethe @, approximant,

u,=-Lau;-L'Bu,-L'y A,

so that from u,=1?))" a* we write

uy =e (n+ 2)al?

and .ete

AL= > Yue cue. = 3upu,

or the Cauchy product
\e (Sool lak

A aN YAM LS ale’ ey alee

A scDaie

where “
Ag =3)) Yala?al?

Consequenuy

seat ate ae Ateupe-eP FE gy yep _At° dasa! Lana” Lane
or

wae Sart
where

a



a? =-aa/3

ge = ain Dal, = Bal? = 7 A?
“ (n+3)(n+4)

Now wehave the approximant g, =, +u; with

one Soe

wat Saee

where. “

yaa

wane

Proceeding to the u, component and consequently the @, approximant, we

have u, = -L"au, -L“Bu, -L"7A, using

war Saee

w=Ya +3)aer

A =3 Ear}. {Eaor|. pear
eSaor}-feSarr} {Ere}



268 Curren 12

which we will write as

A =P Ae

where -
AD =3y Dal, aa?

AM =3D Dalian aay?
ce}

233 Fa, a, 2
Thus

Balt pegau=-or' St gsy at

mo(n+4) 8 et
(n+ 4)(n +5)AaKS

-yty At

Lae
or

wat Sar"
B

where

af = aa?/4
at, = Ten 4a, = Ba = 7A“ (n+4)(n=5)

The next approximant 9, = 9, +u, using

= Yeen®

war Sale
so that .

a= Dover
Ea

with by =b2), bi= bi", be = bY, by=dy, and byt,=bP, +2(?
Continuing to the u, component and the g, approximant,
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u, =-L'aus-L"pu,-L"yA,

for which we need

erp ag
&

wat d medal
ae

As DD veateatly

A, =u) +3uju, + 6u,u,u)

Ay -{eSee} (eEsr} [eg oe}
al we {5 we} [oF vel
+f we} {eS we} LPS we

A= Oded Fal,
B48

HSe-3y Fa 2, a
ae

aS ey Fa,a, a?
which we write finally as.

Ayer age
where

“
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ap=ay,by a, al
A? 35. Da a2) a”

+65 Fal. a, a?
am

ADS = 3D a vale?

+d SY alat’a”

Thus the u, componentis givenby
mar altu=-ary 2 ges at

ara OS war
ce Noeayy
Art"% Grams

which we will write as.

wet aewhere -

af = aa
° 5

ait = 2a + Sal’, ~ Bal’ — yA’
ot (n+5)(n +6)

and we have the next approximant @, = @,—u, with

m= > dor

weed alr
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We write now

=> vor

with “
Oe <b BP =a

bab! BP =o

bP = dy bly = byes +a,”

Computing the u, component and @ approximation.

u,=-L'au, -LBu,-L'yA,

for which we need

wavy awe

werd m+sair

AL= DD teat te
fed

A, =3uju, + 3u7u, + 3ujuy + 6u,u,U,

A =f we} {5 or} eS a}B 4 =

fed wel {o| fo elEd a =

Fon] a =

lS we} {e§ we} Fae= cd =

Aad 0-35 Ya, 0,ery o 3 Ya, aa?
SB Om a OM

+S v 3E Ya a0 eS v6, Vaal’, a0?
Some mB es
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which we now write as ‘

Ane aoe
where

-

aa

A = 35) a®, a, a43) Ya 2,20 +65, Ya al, a”
am ies 3 is

u, can now be written

= a gt = wp

ee alt . al? . Alyu=-aty tgp et __y yyAct_p» (n+6) id x (n+6)(0+7) D> (n+6)(n=7)
and finally

aay, ar®
where

“

“

9 _ oatag =2

a, = Dal + Bays, — Bas! 7A
a (n+6)(n+7)

Thus. the six-term approximant g,=,+u, where So" bv" and
ug =U" alt? and we conveniently write

=> vor
&

with
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be? <b b=”

bi =D bi =p?

oy =o? by 0?

bY, = bd, =a

We now have a six-term approximant to the solution and, if necessary, can

continue in the same manner, (The algorithm can easily be programmed for

machine computation.)

SUMMARY:

Decomposition components are given by:

w= ae?

ugary ah mel

S ogee
=

The coefficient-generating algorithms are:

ay? = co

a=,

a, =6
(a+ D(n+2)

0 = mln + Da, = Bal” = 7A
° (a+1(a+2)

o

a) 2 0aa@) =

rr)

a, = 2a(n+ Bas, = Bay 7A?
eet (n+3)(n+4)

eatag) =Sa m22
(m+D
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Ace ate
=

As=P 3 are
=

ager S aoe Ss avew
a 3

Pn = >, B® lim 9, =u
Pa cd

REMARKS: A method of approximation does not need infinite precision. We

need to know that we have uniform convergence of input and coefficient series

and generally 6 (1) can be truncated after a few terms for sufficient precision,

Computation will investigate the effect on increased accuracy of adding terms

to the 5(t) series to develop stopping rules. An example is instructive,

Consider

u”+u’+utu=g(t)

u(0)=0

u'(0)=1

g(t) =1-(1/2)¢ + (5/6)

The solution is sin t. If

we calculate u(t) by decomposition. we find g: = u(t)=1-(1/3)U or sin t to the same approximation as the series for g. If we

specify ¢ further, we can get more terms of u. Practically, this means that if

we are interested in accuracy to n decimal places, but further calculation results

in no further change in the n places, the solution is considered known and will

be verified to satisfy the equation and the given conditions. Because of the

generally rapid convergence, which we have seen in all work on the subject,

we would expect that most of the solution is in the early terms of the

decomposition series.

If we have the @, approximant to three decimal places and further change

exists only in the fourth of fifth place, our result may be sufficienUy accurate

so that convergence to a required precision can lead to a stopping rule. As we

gain insight from our computation, we can develop stopping rules, investigate
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convergence rate and error, acceleration techniques (Padé, Euler, Shanks),

checks on the solution by modified decomposition, asymptotic decomposition,

and verification that the solution satisfies the given equation and conditions,

determination of the region of convergence in initial-value problems and

possible use of analytic continuation, our one-step procedure, and other special

techniques. Because of our choice ofL and R with R a lower-order operator
than L, we always have convergence, as we saw in evaluation of matrix

inverses with [L"R| <1, and since our integrations are trivial. i... we have
Green's functions of unity. Adomian and Rach (1] have previously discussed

an initial-value problem with a simple diffusion equation with u(x,0) = f(x)

where the operator in the solution series u(x,t)= ), (LEL £00)
annihilates f(x) at a finite m; the result then does not satisfy the equation and

conditions.

No closed form solutions exist for the Duffing equation and solutions have

always been made using perturbation, discretized methods, etc. The results

have shown multiple oscillations—not only at the excitation frequency @ but

also at subharmonics  /n, or superharmonic nw with n= 1,2, ..
If the excitation contains several terms we get combination frequencies also.

The nonlinearity causes complex interactions among the input terms: however,

the series captures all of the actual result. One could plot the result and do a

Fourier analysis to see components in the output. With non-conservative

systems where the u’ term is non-zero, one would not in general expect

sinusoidal outputs unless g(t) compensated appropriately for the damping. We

must be certain that we have a correctly modelled problem whose solution is,

consistent with the given conditions, and then solve it to see if the harmonics

do exist in fact. Finally, solutions are unstable against small changes which

can result from round-off error or linearization between grid points in the usual
computer methods.

EXAMPLES:

1) To show that the decomposition method yields correct solutions to the

degree of approximation that we use for the excitation, we will begin with

u=sint=t-1/3! and substitute into the Duffing equation

u”+u’+u+u’ = g(t). Dropping terms greater than 1’, we have
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-1- ie+ Sv

8 2.6

L'g 5 (+higher terms >1*)
u, = u(0)+tu'(0)+L"g

e
etek

Wyatt T

web)y-be
‘ 2 6

wen” to orderofaward g
ppp

MTTR

0 a5 or sint to order of g
‘We now have the solution to the same degree of approximation as g. Thus,

given the problem u”+u’+u+u’ = g(t) where g(t)=1-1°/2= 51/6 with

u(0)=0 and u’(0)=1, we get u=sint tothe approximation g. = t-1°/3!.
As the forcing function is approximated more closely, our series for u

approaches the series for sin t more closely. Substitution of the approximant

@, imto the equation must satisfy the equation to that degree of approximation

and satisfy the given conditions as well

2) Let

- Sp Sep!= re yO yogeet

esint= PT * Gash!
u’=-0/2 and u”=-t, substituting in the Duffing equation

approximate u with the first two terms of each series. Thus u = 1-1°/3!,
Then

uv tu’ +usu =g(t)

We get g= 2-1, since other terms are greater than t' when operated on

by L": Thus L“g=t?-1'/3!. Since u(0)=1 and u’(0)=0
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uy =1+e
z

To get u, =-L'u, -L“u, -L“u,

eee=-L12-L"()-L"() =-+-+->uy )-L'M-L'=-F- 5-5
°

peop.
3

uy =-2t-
uy =0 (ie,>0)

2Pri,
sie-L-bap%

a3

e

9 =1->

u, is zero to same approximation so we have = u,

2

% -a-9+(1-£)
‘Thus, given the problem u"tusutu’ =2-1

u(0)=1

u'(0)=0

we get g,=1-t/2 which is correct even if we do not see that this is

(1-1)+(t-1/S!) and recognizeor guess e' +sint.

A CONVENIENT FORM OF THE SOLUTION OF THE DUFFING

EQUATION IN ASCENDING POWERS OF T:

Considering the Duffing equation u” + au’ +Bu+yw’ = s(t) where 0, B,y

are constants, u(0) = c,,u’(0) = c,and g=, g,t®, we calculate the solu-
tion through the t* term which should generally be sufficient. Letting

L=d?/dt?, R=a(d/dt)+B, and Nu=vu’, we have in operator format
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Lu +Ru+ Nu=g. Decomposition results in u= 0~, u, with

un=c)+et+L'g
or

Up = co +et+> ea fnenia 2)Ed

up =C, +e,t+ got7/2-14+gv /3-2
+g,¢/4-3+ 20° /5-4+-

The following components are:

u,4, =-L'a(d/dtju, - L"Bu, - Lua,
where the A, for u’ have been given by convenient algorithms. Thus,

u, =-aet' /2- Bot? /2- ag,’ /6- Bo’ /6

~ arg," /24~ Bgnt* /24—as.t° /60
—Bg,t'/120- ag," /120- Bg,t* /360--

: : (ye cm~re[oie/2—| Tie. Tek ye8 4)

{xe_ vers, | Freee \s
(20740 2)

We can continue to obtain us.us, .... However. it is most convenient to write

the solution in ascending powers of tas

ude
where ¢. and ¢, are given and

m

=~ 20Be_16 , Bonr ar ria’
c= Fy Gite, Ye, Be Bo _yeiss _6 6 6 6 6 2 6
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Lo a tye gt 2

= - 2 OB otro , alee , BG | area _ aeyr ir cain a aT2, A Xs 2Be Brey Boo 1°) 7658) 7G, Be
24 6 24 8 8 4 12

°° "720120120120 40

2a 7c, o's, afc, aByo, abe, ay",
4 1200:«tCS( (CC

PLES) , OFC OB:, Bey, By cic, Be.. g7"cxcy20 3 60 10° 5 120 40

40 20 20 "20

cya 2 Bey _ a7, a's, , BG° 720-720-720 * 720 * 180
aScic a's, aBley are) a*Be, , a7'c

60 720° 240 +«60 «©2240 ~—«80

2758 Mary ech, a*g, afte, 2aBresc, | abs,
80 120” 360 240 15360

Tara , areie, 1307 6% 8. , Tare; a8, Be SB*rch48 120 120 120-120 720 ~«144

4 fi8o IBYcs , TBY C85, IBYyc} Be, 3775, 7*crg5720 240 120 120 360 80” 16

TCC _YCGR, _ YCGS, 1 VCRs _ 1TB) , Se
40 2030 40-20-30

The sum °~, c,t® is the solution through the t* term and if we have c, or ¢,
equal to zero, the result becomes quite simple.

RESPONSE OF NONLINEAR STOCHASTIC OPERATORS:

Random vibrations arise, e.g., in space structures and buildings subjected to

seismic events. Our objective will be consideration of randomness in physical

systems, which are generally nonlinear, without the use of perturbation or

linearization which may prevent our seeing real possibilities of catastrophic

failure. We will also consider parameters and excitations without the usual
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restrictive assumptions which are customary but do not necessarily conform to

physical reality.

For the present, assume the equation u” + au’ + Bu+yf(u)=g or Lu + Ru
+ Nu = g with L=d?/dt?, R=«a(d/dt)+B,and Nu=yf(u). We can
consider cases in which one or more of the ,B,7,g may be stochastic

processes, without restriction to only g being stochastic, and without further

assuming a white noise excitation. Decomposition yields u=.~, u, with

u, = u(0)+1u'(0)+L"'g

U5 =—L%a(4/at)u,.)- LBu,v,

where the A, are determined for f(u). The approximant @, =“ u,, serves
as the solution. Since the procedure converges rapidly so that a few terms are

sufficient in practical cases and because the terms depend on preceding terms

rather than following terms, avoiding closure problems, ensemble averages

can be taken term by term to determine < u >. We do make the natural

assumption that the excitation and parameter processes are uncorrelated. Then

taking the ensemble average of the product ¢,,(t) dy (t"),we can also get a two-

point correlation. A review ofthe necessary knowledge of stochastic processesfor application to solution of physical problems by decomposition appears in

0).

DUFFING’S EQUATION WITHOUT PERTURBATION TO GIVEN

ACCURACY:

Quantitative general solutions of Duffing’s equation are easily found using

the decomposition method. The motion depends on the initial conditions

u(0), u’(O), the parameters, and the inputs, The method ofsolution makes no

assumption on the nature ofthe output or on smaliness of certain parameters,

and is not restricted to a single input or closeness of the excitation frequency

and the natural (unforced) frequency. This section will show that by seeking

solutions to only the necessary accuracy, considerable computation and

difficult imegrations are avoidable. The appearance of harmonics and

subharmonics will be demonstrated. Finally, we will demonswate, using the

Durffing equation, that decomposition subsumes perturbation.
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u” + @u’+@ju+Bu’ = g(t)

LetL =? /at* and L" = f'f" ()atde and soive for Lu. Thus,

Lu=g(t)- @u’-wju-fu’

L'Lu=L"'g-Lau’-L'oju-L"Bw?
u=u(0)+w’(0)+L"g-L'au’-L"oju-L"Bu?

Let u be decomposed into components J, u, with u, identified as

u, = u(0) + tu'(0+L"'g

with other components to be determined. (The nonlinear term is written as

Dz, Aa{u’} or briefly as S", A,.) The terms after uy are:

Uge =-L uy -Laju, -L"B A,

form>.0. Then ¢, =" u, approximates the solution u=™, u, ina
rapidly converging series.

Although this provides general solutions, there are difficulties with

trigonometric inputs, for example, and the u’ term; we can still get difficult
integrations despite defining L so that a difficult Green’s function can be

avoided. Also we can get a proliferation of terms, causing unnecessary

computation. Hence, we will assume g= >”, g,t” which might appear

counter-intuitive because of the proliferation problem, However we only need
to compute to a necessary accuracy in a physical problem which we

demonstrate with some illuminating examples.
EXAMPLE: Consider u”+u’+u+u’ =g(t) where u(0) = 2 and u(0)=-1
and

g= cos’ t+3e™ cos*t+3e™ cost—sint+e™' +e

If we approximate each function in g with the terms of its series through and

calculate L*'g, we get 9 17/2 to the above approximation. Hence
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u, =2-1+(9/2)t? and u, = -(9/2)t*. Therefore the two-term approximation,
correct through the 1? term, is u=2—t which we can write as

us(1-t+1)/2)+(1-17/2)=e'+005 t,uj =g=cos’t+- and u = cos t
for large t_ Note that this is the exact solution.
EXAMPLE: Show supetharmonics are possible in a Duffing equation.

u’+u’+utu=g=t+10t+-
u(0)=1 u(0)=2

Where g is a trigonometric function as before. To avoid difficult integrations,

we consider the Maclaurin approximation to three terms:

ga347+100
Since

u, = u(0)+1’(0)+L"'g
we have

uy =1420~38

if we drop terms greater than t°, Then

u,=-Lu, - buy - Lu) = 2°

The two-term approximant 9, is given by

steak
° 2

which we see can be arranged as ¢. =(1-1°/2)-2t and immediately guess

w= cost+ sin 2t
showing existence of a superharmonic. Neediess to say, we verify the solution
obtained by direct substitution. (Also we can consider another term of the

Maclaurin expansion ofg to get the cubic term in our approximant.)
EXAMPLE: Show that subharmonics can arise in a Duffing equation.
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u’+u'tu+w=g

with u(0) = 2 and u’(0)=0. g is again a trigonometric form whose Maclaurin

expansion is given by

=Uuea aT)
Then

79bigs 2
s=8

through quadratic terms. The first term ofthe decomposition series is

uy =u(0)+ 0u'(0) +Lg2
Solving the Duffing equation by decomposition, we have

u=u,-L'u’-L"u-L’

Since ™, u,, the next term u, is

uy =—Lu, Lu, - "A, {u"}

The polynomial A,{u’} is simply up; therefore, u,=5t plus, of course,
higher terms. The two-term approximant 9, to the solution is u, + u,; hence

B2_g2-5 1a
=2+40-st 22-4%

18 18

which we recognize as

a ia
=| 1-4 |+] 1-i+e.

or

1
= cost+cos=t

3

Decomposition yields the solution—it depends on the parameters, given
conditions, and the excitation,
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The fact that we recognize closed forms here is perhaps interesting but of no
real significance. The series can be carried far enough for computation as

necessary. The traditional emphasis on closed form solutions has generally led

to replacement of actual problems with more tractable but less realistic models.

PERTURBATION VS. DECOMPOSITION:

Consider the homogeneous Duffing equation with no damping and assuming

“small” nonlinear term: u"+uteu=0
u(0)=a

u'(0)=0

Using perturbation define u = u,(t)+eu,(t)+---. Hence, substituting to O(e),

uy +eu+u,eu, +(u,+eu,) =0

Equating powers of €,

vytu,=0

The linear solution (€ = 0) satisfying the given conditons is u, =a cost

The e! terms give us

ul u, =—u} a" cos’t=-a"(3cost+ cos3t)

with u,(0)=uj(0)=0. Hence we can solve for u, and write u, +eu,. We
observe that the u, is the solution of u+u,=0. In decomposition it is

simply u, = u(0)+tu’(0). Also the perturbative term is harder to obtain than

the decomposition component u, = -L“'u, -€L™'A, where the L” is merely a

double integration. The perturbation case involves integration using a Green's

function and more difficult integration. Further, the perturbation u, involves

the secular term t sin t, and we do not get a uniformly valid expansion which
would allow a bounded u for a finite number of terms. Thus

U, /Uy > e ast e°. The results converge slowly while decomposition
converges rapidly so few terms are required. The totals should be the same but

not term by term.

Applying decomposition to the equivalent linear system u” +u=0 with
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u(0)=a and u’(0)=0, the decomposition terms are

uy =a

u, =-L"u, =at"/2

u, =-Ly, =at"/2

Therefore, the three-term approximant obtained by decomposition is

eo
sa 1-4o=qi-£+5)

which is the approximant to u = a cos t.Now consider u”+u+Bu’ =0 by
decomposition without assumption of smallness (and use of perturbation). We

get

u) =a

u, =—-Lu, —BL"u} = -a7/2-Ba’e?’/2

u, =-L"u, BL“?

‘We have added —BL“'u} or —B a’t?/2 as a first approximation to the previous

linear result. When the system is close to linear (weakly nonlinear), we get

Bee.

vu’ tuteNu=0

u(0)=a and u’(0)=0

u, =a

u, =-L"'uy-eL Nu

Now the eL™'Nu approaches €L”'u or —at?/2. For this weakly nonlinear (or
small €) case the first approximation or € term u/+u,=—acost so

u, =-at?/2.
Thus the first decomposition addition is equal to the first-order perturbation

result if and only if the nonlinearity Nu is sufficiently small. In decomposition
there is not a restriction to “close to linear”; it applies generally to non-
linear systems so “weakly nonlinear” or “linear” become special cases,
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u, =-Lu, =-at?/2

e .a= (1-5) @ cost as the numberof terms increases

which is easily checked by finding more components. In the equation

u”+u+eu’ =0, we had
uy=a

“1 ay

u,=-L'u)-eL us

For smal] enough ©, we have added -L"'u} or -a°t?/2 as a first

approximation to the linear result u= a cos. When Nu=u, i.e., we have @

weak nonlinearity, we get

vu" +useNu=0

u(0)=a and u'(0)=0

usa

u,=-L"u, -eL"u,

The eL'Nu or €L”'A, approaches €L"'u, or -at*/2. In the perturbation
case the first approximation or € term now satisfies uy +u,=—a cost so

u,=—at"/2. Thus the first decomposition addition is equal to the first-order

perturbation result. Perturbation is effective if and only if the nonlinearity Nu

is almost linear. Decomposition is effective for general nonlinearities and

includes perturbation as a special case.

Discontinuities in frequency response will occur as a result of varying

excitation frequency, since the nonlinearity acting on the difference between

excitation frequency and natural frequency causes new frequencies to appear

and new multiple possible responses. With small damping. the oscillatory

motion can suddenly change from slow to fast or vice-versa. In phase space

we can have changes from one orbit to another and may find separated regions

dependent on initial conditions, parameters, and excitation. If we change

excitation frequency to approach the natural frequency, the behavior can

change significantly. Decomposition yields the actual quantitative results for
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real physical behavior for any given parameters, conditions, and inputs

whether constants or time-varying. However, conditions must be specified.

Further, decomposition provides solutions for real oscillators with any

nonlinearity as determined from laboratory measurement, not only those with a

simple nonlinearity u’ which might be, in actuality, u%

SUGGESTED READING

L.A. Blaguiére. Nonlinear System Analysis, AcademicPress (1988)2. J. Hale, Oscillations in Nonlinear Systems, McGraw-Hill (1963).

3. C. Hyashi. Nonlinear Oscillationsin Physical Systems, McGraw-Hill (1963),4. G. Duffing, Erwungene Schwingungen bei Verdnderlicher Eigenfrequen und ihre
technische Bedeutung, Vieweg (1918).

5. 1. Guckenbeimer and P. Holmes, Nonlinear Oscillations. Dynamical Systems. and
Bifurcations, Springer-Verlag (1983).

6. K. Kreith, Oscillation Theory, Springer-Verlag (1973).
7. P. Hagedorn, Nonlinear Oscillations, 2nd ed, Clarendon (1988).
8. 1.D.Cole, Perturbation Methods in Applied Mathematics, Blaisdell (1968).
9. ALA. Andronov. A. A. Vite and S. E, Khaikin. F. Immirzi. transl. Theory of

Oscillators, Addison-Wesley (1966).



CHAPTER 13

BOUNDARY-VALUE PROBLEMS

WITH CLOSED IRREGULAR CONTOURS OR SURFACES

‘The simulant concept can now be used in an extremely valuable application,

that of boundary-value problems for differential or partial differential equations

modelling physical problems between two closed imegular contours (or

surfaces). These are considered using decomposition of the boundary shape

and simulation of the solution for each boundary approximant.

Our objective is to solve “two-limit" boundary-value problems analogous to

two-point boundary-value problems for a second-order ordinary differential

equation with Dirichlet conditions. In two dimensions, the corresponding

situation is a two-contour second-order partial differential equation. In three

dimensions, the analogue is a three-dimensional second-order partial

differential equation solved between two surfaces. We can continue to an n-

dimensional second-order partial differential equation and n-dimensional

manifolds. Our special interest is in solving partial differential equations in

regions bounded by contours or surfaces.

TWo-CoNTOUR Cask:

Thus for the two-point, i.e., two-limit problem for second-order ordinary

differential equations, which we can think of as a one-dimensional partial

differential equation, we have two-point boundary conditions

u(s)|gag,=b, and u(x)},.¢, =b, where x=é, and x=, are embedded in a
line and we are considering equations such as d*u/dx’ + f(u,u’) = 0. In the
two-dimensional case we consider equations such as

with conditions such as

4 yfcaro Bi

U(Y) tayo Ds

Thus the limits are smooth closed curves or contours.

ans
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TWo-SURFACE BOUNDARY-VALUE PROBLEM:

Here, we consider equations such as

ut, +U, +p(%y.z)E(u,u,,u,)=0

in a three-dimensional region bounded by surfaces S,(x,y.2) = 0 and S(x,y.2)

= embedded in the region. Our boundary conditions are

(5,942)00% by
U(K,y,2))o,00% Bs

The surfaces are smooth closed surfaces representing the limits. Obviously the

concept can be extended to equations such as

Sau
——__*______=0

OK, + Ripe X, )E(U st, )with
UCR) fayao= bs

U(R)fgcxj0De
where X=(x,,...,%,).M; and M; are smooth closed manifolds representing
the limits in n dimensions.

Let us begin with the merely illustrative one-dimensional example for

comparison, using decomposition [1]. Consider a two-point simple one-

dimensional boundary-value problem d’u/dx? + vu=0 with v a numerical

constant and Dirichlet conditions u(x =&)=b, and u(x =,)=b.. The first
example does not require the technique ofanalytic simulation but serves as an

introduction to the following multidimensional cases. The equation can be

written in the decomposition form as Lu + Ru = 0. Solving by the

decomposition technique yields

DY u=c+ex-vE> uy,Fors fod
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where I? is a two-fold pure integration with respect to x. By double
decomposition,

Ford a emtHence
yD wr=L Pend vey Yur
mm cod Ext ma

We now have

uy = ef? + xel®?

u =cl +xcl vu,

u, =e?+ xc! vu,

u, =)" +xe\-v Eu,

We can write

wd ur
Fd

u=Yu=y Yur
a has

uy = (vy? {oft x7*/(2n)!+of" x"!/(2n + 1))}

uy = ci = x02) + (vy {ele x3 /(2n) + effx"/(2n + 1)!}

In the decomposition method the (m + 1)-term approximant to the solution u is

symbolized by 0,., =", u,. Thus

=U,

O,=0,+u,

Far = Oy + Ue



Bousoare Vauve PROBLEMS WITH CLOSED IRREGULAR CONTOURS OR SvRFACES 201

‘The exact boundary conditions u(x=§,)=b, and u(x=,)=b, can be
approximated successively by the approximate boundary conditions

a(x=S)=b, 9(x=S,)=by
Gaui(8=S)=D, Gan(X=5s)= bs

But since 9,_, = 0, +u,. then

u(x = 51) =b, u,(x=)=b:

u(x=G)=0 u(x=)=0

u,(x =) =0 u,(x=3,)=0

Define b{” = b, and b{” = b,. Then,

be =D vy" {ot SF [anysg"""/(20+ 1)}

be) = cv)" {ol /(2nyt cl") 2"! /(2n +1}
a

LOE ol) =

cyt) +, cf) = be?
or

1 &) (of) _(o™
1 & Jam) (oe

Thus for &, # &

(a) _g pm)yoy - S,B=8, BP)oe
BA

go t=
$1

Using staggered summation
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w= Sd u=y Yule

u=yYu=y Yu
Bo me

ywr=L Lu
a mm

Recasting this example in the format of higher dimensional cases,

@u/dx?+vu=0

UOD|paro™ Pr

UR)apo = be
where P(x)=x-, and P,(x)=x~E,, We consider the simulants ¢,, to
the approximations of the boundaries and denote them by ¢,[u] which

becomesu in the limit Thus

(# /dx*)o, +vo, =0

oalhagn =,

Fu(%)|gag) = bs

Successive simulants are 6,,0;....Fq. The lim (x)= u(x). In the one
dimensional case it is x= =p, a “radius”. (We may develop a point

sequence where lim £(*) =&, and similarly for 4°, Thus lim o, =u.) In

the two-dimensional case, the limits are not points but closed contours in R*
described by C(x,y) = 0 and we can have a contour sequence C'®’(x.y)=0

If the contours are not smooth but consist, for example, of piecewise

differentiable functions, we can represent them by smooth continuous

functions as accurately as we wish, and without Gibbs phenomena, by a recent

combination of techniques for decomposition of algebraic and differential

equations [2]. Thus we can assume that the contours (or surfaces) are smooth

though irregular in shape
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TWO-DIMENSIONAL CASE:

Now we consider a two-dimensional case with the model equation on R*

Puldx?+Fuldy=0

which we view as a two-dimensional analogue of the first example with

v(y)=0* / dy*. Analogous boundary conditions are

UO y)feyupne =P

u(y) eggusyeo =bs

where C, and C, are closed contours representing the boundaries in R®.

(We can, if we wish, let the outer contour —> = or the inner contour approach

the origin.) The model equation is written as Lu+Lju=0 where

L, =2°/0x? and L, = 0° /dy*. Operating with Ly,

LiLu=-LiL,u

us ce(y)+xe,(y)-L, Ru

Decomposing w into)", u, we have

D 4 =co(y)+xe,()- LEY vyEf Fa

Using double decomposition u=~, Y, ul). Also,

coly) = Cy)
emt

aly)= > Cy)

a= yuo
a

DL uP=Y MO)+xd M)-L LY Y we
Bas End Em mm
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ug = en"(y)+xe)"(y)
1, =65)(y) + xe}"(y)—L Th up

u, = p'(y)+ xeP(y)-L, uy,

ue = G(y)

+ xe"(y)-L, Hue,We can write

ued ue
s

ue = (Ly) fel x28 /(2n)! + of") x2" /(2n + 1)}}
ad

or

ug =e." =xej" +) (-L, fer x7* /(2n)t+ cf" x?" /(2n + »}

The approximant to the solution is 9,,, =)", u,- The exact boundary
conditions are:

U(X y)Jeyayeo = bs
US y)Jestayie0 = Bs

are approximated by O0-1(%-¥)feonsie0 =b
4.21 0¥)Jeyiagyo = Bs

form =0, 1,2, .... Since @,.,= 0, +u,, We have

UC Y)Jesayeo =O U,(%y)feyrarieo =O

Ug (%Y)Jojayyo =O 4, (KYegrageo=O
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The interior contour or boundary is given as C,(xy)=0 so that x= &(y)
The exterior boundary C,(x,y)=0 sothat x=é,(y).’ These can be

approximated by &;""(y) and &"(y). If we wish for a particular model,

we can consider lim &{")(y)+ © so the exterior boundary + =». Define
b=, and bY” = b, and

& {EO) yy Coen (yy 4 SY) (L  comany)}be =-> (YL cen - -L,) ce"y2 (Gn): (LY ero) a lt) (ot
ve =-5, [Q) (LJ. ceQ)+ ey) (4,) cen(y)}PAE Gay ho) MO) Gas) MOD}

‘so we can write

cf +2, cl =n")

clo) +2, cle =n
or

.

1&4) (cy) _(oi")

1 & J} lem)Thus
fo) = S204 0

&-§

cobe
ara

THREE-DIMENSIONAL CASE:

We can generalize to R’ with two closed surfaces S,(x,y,z)=0 and
S,(x,y,2)=0 (or even to manifolds in R*) and simulate the solution u(x.y,2)

representing the model phenomena. The Dirichlet conditions are

U(Xy.2)fsayaye0=b, for i=1,2

‘The simulants are o.[u]> u for sufficiently high-order m, ic, lim0 =u.
‘The boundary shape is subjected to decomposition and simulants are found for

™ See implicit function theorem. Also see chapter on decomposition of algebraic equations (1).
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successive boundary approximations to higher and higher order. Thus

satisfies the model equation and the boundary condition

(922) yoo = Bs
for i= 1, 2 for m= 1, 2, 3,... AS we increase the dimensionality, we can use

the previous results by writing

Lu+L,u=0

where L, = °/x* and L,.= 0*/dy* + d*/2*, Then

Lw=-L,u

LyLu=L Le

where y’ = (y,z). Decomposition u= J", u, yields

Dw Cy)exC(y)-Ly- ED vs

With double decomposition u= ~~, u!® and

Cly)= YL Cry)
as

Cly)= Dd cP)

w= uf?

D Lowa LT cre xqry’)-Ly YD wy

so that

uy = Cy’) Cy’)

B= Cy)+ XC My) -L, Huy
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= CMY) +xCM(y')-LyRu,

Ug = CMy)+xCMy)-Ly BetasWe can write
w= ue

=}

w= u-F SueThen a7 Oe

u, =by (-L,. Y{es x?/(2n)! + Ce" x" /(2n +1)'}
Et

uy = C+ xCl + > (-L, Yio x°*/(2n)t+ Cf" x7 /(2n + 1)!h

Our (m+ 1) term approximants to the solution are

an =) Ys
Ef

BaUy

Or. =O +Uy

Past = Om + Uy

The exact boundary conditions are

us Ifcrro =P:

UyVs car reo = Pe
‘The approximate conditions are

4a(%Y fearro =P

4_(%Y'Ifstureo = Ps

for successive m but since ¢,,; = Oa +a»
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ug (%y)}sje0 = bs

ua (%YIeje0 = bs

for m= 0, 1, 2, 3... S,(x,y’)=0 implies x=&(y’) and S,(x,y’)=0 im-

plies x = &(y’). Hence x=€'")(y’) and x=E")(y’) are the approximate

explicit functions. Defining 6° = b, and b®) =b,.

pee SLE CL ten, EE tes
‘ 2 oo SVC aay Je

vee a (Jie+ ot (-2,)'ce* leas oy Qn+r ho

so that

CP) +," = bie?

CFE Cape?
yielding

ci)= bs be
57 G

bie) be2) d

if we exclude the trivial case 2. 4 Z,. If lim S™(x.y,z)=S(x.y.2). then

lim o,[u}=u.

The ideas used for the solution by decomposition of algebraic equations can

be used to obtain smooth expansions of piecewise-differentiable functions and

do so without Gibbs phenomena. Thus in our consideration of irregular

contours and surfaces, we can if necessary go farther and consider non-

smooth contours and surfaces as well. Physically, this means we can

approximate shapes of artificial devices. Mathematically, it means broadening
Of the class of nonlinearities,

Consider, for example, the function formed on the domain 0 < x < 2 by two

simple parabolas, one with vertex at x = 0, y = 0 and one with vertex at x = 2.

y=0.cg., y =x and y = (x-2)*, Write y(x) =P\(x) for 0<x< 1 and
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y(x) = P(x) for 1 < x-< 2. Now y(x) is non-differentiable at (1,1). We will

show that an A, expansion can be carried out, ie., the analyticity requirement

can be weakened. Write [y - P,(x)][y - P,(x)] = 0 considering P,(x) and P.(x)
as roots of a quadratic equation to be solved by decomposition. Of course, the

functions need not both be parabolas, or for that matter, other functions can be

used for either one with a discontinuity in the derivative at the intersection.

Consider the example

yx) =x Osxsl

y(x) = sxc
or

(y-xy-x)= 0
The decomposition form of this quadratic equation in y is given as

x Lo Sap
=. SayYO)" Ty Xian) > +")

where the A,fy} are the A, polynomials for the function y*. The decom-
position ofy into components results in

=

x

aries)
1 2

=—— fy} 20You" Fey Maly} on

determining y=" ,y, Ann-term approximation g, = Y.*'y, is

9, = (x /(1+x))(1+ x/(1 + xf +28/(1+ x) +50/(1+ x) +...)
‘The result can be written

yx) =(x'/(1+ x) k.(x°/(1+9)"*)

if we define ky=1 and ky,)= an Ky kyo (Ko = k= 1, ky = 2,
ky = 5, ky = 14, ky = 42,... .) This result now represents the function of

interest; thus, it is analogous to a Fourier expansion, Note that the limit of y as
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x& is x, i.e., in the region ] < x < ex; the limitof y asx 0 is x’, In [1] it
is shown that the smallest root ofa quadratic (or higher degree polynomial) isobtained first and we see the smallest root values in 0< x < J are from the y=

x? section, while in the I< x <e= region, the smallest root values are from y =
x. The farther apart the roots are, the faster the convergence will be.

The second root of y*~(x+x*)y+x’ =0 is obtained by dividing this by
the root already obtained, e.g., if we consider only @, a one-term approximant

of the first root or ¢, = x?/(1+x), we have

fy —(x+x*)y+ x}/fy- xU(1+x)}=0

Thus, neglecting the remainder, the second root is y= (x +x")- x*/(1+x)
whose limit for small x is x and whose limit for large x is x*, If the first root is

£,(x), the second root is [v =(x+x3)y+ xJy- £,(x)] or

ye(sex-t)+(xe-8 (x +x-§))/y-F,

which is solvable by decomposition. We can now do numerical calculations to

see how well the result approximates the function of interest. We choose one

value of x in each region and one at the discontinuity. At x = 1/2, we must

have y = 1/4, i.e, limo, = X.Y, gives exactly those values.
x=12 x=2 x=l

Qi= -1666667 p, = 13333333 = 5000000

@,= .2037037 9: = 1.6296296 = 6250000

= .2201646 = 1.7613169 = 6875000

9.= 2293096 Gu = 18344764 @.= .7265625

Q= .2349998 G = 1.879998 = .7539063

Q.= .2387932 g.= 19103456 Q= .7744141

r= 2414426 G = 1.9315408 = 79052174

= 2433561 @ = 1.94682485 = 8036194

Q= 2447734 9,= 1.0591975 = 9145204
p= -2458464 p= 1.9667548 Gyo= 8238030

aime. 14 dim. =2 ding.= 11.6% error by Pio 1.6% error by Pio
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We note from observation of the values at x = | that the expansion in the A,

polynomials does not display the Gibbs phenomenon which we see in Fourier

series (2]. Instead, we get a blending effect at the point of discontinuity in the

derivative—an interesting application of the decomposition method.
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CHAPTER 14

APPLICATIONS IN PHYSICS

Real problems of physics are generally nonlinear and often stochastic as

well. Linearity and determinism should be viewed as special cases only. The

general practices of linearization, perturbation, white noise, and quasi-

monochromatic approximations necessarily change the problems whose

solutions are desired, to be tractable by convenient mathematics. They are not

then identical to the physical solutions which we seek. The alternative of using

the decomposition method will be explored here as we consider examples of

problems of physics. These problems are often quite difficult because

nonlinearity and stochasticity are involved. Decomposition makes unnecessary

procedures such as closure approximations [1] and perturbation and white

noise processes in differential equations which involve stochastic process

parameters, inputs, or initial/boundary conditions. Decomposition also avoids

discretization and consequent intensive computer calculation and yields analytic

expressions rather than tables of numbers. Thus quantitative solutions are

obtained for dynamical systems. (When the systems are stochastic as well, the

decomposition series involves stochastic terms from which statistics can be

calculated.) The method applies to linear or nonlinear, ordinary or partial

differential equations and is useful for many algebraic, integral, and delay-

differential equations [2]. This chapter will outline procedures for typical

applications

ANALYTICAL SOLUTION OF THE NAVIER-STOKES EQUATIONS:

‘The Navier-Stokes model” 1, 2] for an incompressible fluid of kinematic

viscosity v, and constant density p is given as

(aB/at)+(B-VG-vV'T+(I/p)Vp=F ue Qx(0.T)
Vv-a=0 2Qx(0.T)

T=0 42x(0,T)

where @ is a vector with components u, v, Ww.

” This weatment differs from the earlier work presentedin [2] in that pressure is dynamicaliowing far large velocity and turbulence

302
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We assume that the velocity U(x,y,z,t,@), the pressure, p(x,y,2,t,a), and

the external force, F are stochastic processes. In terms of velocity components
u, vow, we write

(du/at)= u(du/ax)+ v(du/ay)+w(du/aw)
-v{(Fu/ax’) +(#u/ay*)+(#u/az")} wD
+(Wp\ab/ax)=F,

with similar equations for v (replacing F, by F, and dp/dx by p/dy) and
for w (replacing F, by F, and dp/dyby dp/dz). We define an initial-
boundary problem by specifying initial conditions for u, v, w and for t > 0,

specifying u, v, w, on the boundary.

Let's rewrite the system (1) in the equation above in the decomposition form.

Lu +N,(uvw)= 3,

Ly +N,(u,v.¥)= gy

Lw+N,(uyw)=2,

We have some choice on the definition of nonlinear terms. Let's consider

L=(a/at)- v(a*/ax*)- o(a?/ay*)-v(a*/a2*)
=L,+L,+L,+L,

N, =u(du/dx)+ v(du/dy)+w(du/dz)
N, =v(av/dy)+ w(dv/dz) + u(av/ax)
N, = w(dw/dz)+ u(aw/ax)+ (aw/dy)
8) =F, ~(I/p\(ap/ax)

82 =F, -(1/p9p/2y)
8 = F,—(/p)(9p/42)

To complete the specification of g,, g2, g) We must know the pressure

function, We can assume an initial pressure which will, of course, become a

function of x, y, 2, tas any disturbance occurs. However, we must determine

the functional dependence of pressure on the velocities u, v, w so that the g,,

2,8) are calculable,
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If we find the divergence of each term in the Navier-Stokes equation, the

Vp becomes V’p or 1/pV’p depending on the definition used for p. The first

and third terms vanish ftom the divergence condition. The second term gives
us V(U-V)-@. Thus

Vip=V-F-V(G-V)-0
Thus,

2 2 2p_(auy) _(avy _(awL, +L, +L,}p=V-F-|<2} -| 2) -|beet +hp (5) (5) (=)
29 dv,dwdu_,dwav
dyax  dxdz dy dz

Symbolizing the right side by f, solving for L,p and inverting the operator L,,
we have

p=A+Bx+L;f-LjL,p-LjL,p

Writing p=x p, and identifying

p= A+Bx+Lit

we have for n> 0
;

Pye =-LiLyp, — LyLp,

and we Can write an n-term approximation for p by ¢, =... p, which con-

verges to.” p, or p. (Similar equations can be written for L,p and L,p.)
We assumed an initial pressure which gives us the A in our equation for po.
The coefficient B is zero since the disturbance vanishes as x —> s». We use this

p to find u, v, w. The resulting velocities are used in our equation for p, as a

function of velocities, to yield an improved p = py + p; (which re-calculates py

because of the change in f). This is used to improve results for velocities u, v,

w. These calculations can proceed until we have sufficiently accurate results

for u,v, w, p. We have

Lu+Lu+Lu+L,u=g,-N,

Ly+L,v+L,v+L,v=g,-N,
Lw+L,w+L,w+L,w=g,-N,

from which
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Lu=g,-N,-Lwu-Lju-Lu

Lu=g,-N,-Lu-Lu-Lu
Lyu=g,-N,-Lyu-Lyu-L,u
Liw=g,-N,-Lwu-Lu-Lu

Four similar equations can be written for v with g, and N, replaced by g; and

N; and also four equations for w using g, and Ny

Ithas been shown in Chapter 3 that when the boundary conditions are gen-

eral (when conditions on any one variable depend upon all the others) that to

solve for u, v, w, we can use any of the four operator equations depending on.

the given conditions and integrations required, If we know initial conditions,

the equations involving the operator L,on the left side will be simplest since

only a single integration will be required. We can also solve the system as a

boundary-value problem using any of the equations involving L,, L,, or L, on
the left side as discussed in Chapter 4. Hence, using the first equation of each

‘set above and operating with L;', we have

u=u(0)+Ly'g, -LiN,-Ly(L, +L, +L,)u
v= v(0)+Li'g) -L;'N, -Ly(L, +L, +L,)v
w= w(0)+L;'g,-L'N,-L(L, +L, +L)

Now write the decompositons u=)'", uy.v=D, Vee = yg We
Also, write Ny , Nz, Ny in terms of the A, polynomials and finally identify:

uy = u(0)+L;'g, .
vo=v(0)+Lie,
w= (0) +L,

The remaining components of u, v, w forn > 0 can now be determined
by =“LVA{NJL (L, +L, +L,)uy
Van =—LiA.{N}-Li(L, +L, +Ly)ve
Wey =HLIAL{N,}-L3(L, +L, +L, )w,

where the notation A, {+} refers to the A, for the quantity in brackets. We now
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have a completely calculable system Which, if we ignore stochasticity for the

moment, and approximate by

oad a,

eS,

we have found u. v, w to n-term approximations,

In the stochastic case, the expressions for u, v, w are stochastic series, i.e.,

series containing stochastic processes which we must solve for first- and sec-

‘ond-order statistics, where each velocity component is replaced by a sum of a

deterministic component velocity and a stochastic component. We do this now

in spite of the fact that the equation obtained by replacing velocities with

stochastic processes may not be the correct stochastic model since the equation

‘was derived deterministically, An example of this is the problem of wave prop

agation in a random medium where it is incorrect to simply replace the velocity

in the d’Alembertian operator with a stochastic quantity; i.e.. « stochastic

model must be derived which has the deterministic model as a limut rather than

using the deterministic mode! to obtain 2 stochastic model [3]. Thus, we must
obtain:

(u)= (up)+ (us) ~ (us) =
(=(so) +(s)=(6:)-—(1) = (4) + (8) + (a) +

remembering that g;,g:,g5 are stochastic, since F and p are stochastic

and the A, are stochastic.

The two-point correlation for each velocity component u, v, w is obtained

by averaging the product of series for the velocity component at two space-

time points. If we consider, for example, fixed space position and time scales

such that stauonarity can be assumed, the ergodic hypothesis may hold so that

ensemble averages can be replaced with time averages of observations.

Since nonlinear terms can contain both functions of a single variable, such as
f(u), and also functions of variables, such as f(u,v) and f(u,v.w), we have

listed these generalized A, in Chapter 3, We can use the A,{f(u,v)} since
N,. No, Ns can be considered term by term. Now the coefficients in the
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generalized algorithm for f(u,v) will involve three quantities, the derivative is

f*! and the summation is over 11, v. Using the resulting generalized A,, we

obtain a general solution, Smooth solutions (to the incompressible problem
under consideration) do exist for short times and are continuously dependent
on the initial data.

A basic question is whether the Navier-Stokes equations are an adequate
model for real turbulent fluids. The linear constitutive law used in the deriva-

tion means that derivatives of the velocity components u, v, W are necessarily

small, Secondly, stochasticity cannot be considered as an afterthought; it must

be considered in the initial modelling. A more general model due to

‘Ladyzhenskaya has partially addressed this issue by allowing nonlinearity in

the constitutive law which leads to a global uniqueness for nonstationary three-

dimensional flow. A truly nonlinear stochastic model coupled with the decom-

position method of solution may resolve remaining difficulties.

SOME THOUGHTS ON THE ONSET OF TURBULENCE:

Consider first a very simple equation whose solution is trivial. Thus consider

dy/dx =(y-1) which obviously is satisfied by y = 1. Now consider the ef-
fect ofa 1% change in a parameter by writing dy/dx= (y~1)* +.01.** This
now yields a periodic solution y = 1 + 0.1tan(x/10) which has vertical asymp-
totesat (2k +1)S1, K=0,41,£2,....
Now, let’s make a 1% change in the initial condition, or y(0) = 1.01. We

now have a hyperbola y=1-1/(x—100)*** and only one vertical asymptote

at x= 100. Thus the effect in a nonlinear equation of even very small changes
in inputs or parameters can resultin large effects on the solution,‘Suppose now that very small fluctuations are present in the input and pa-

rameter because of small inherent randomness. Then the solution could change

randomly between the possibilities above and appears very complex indeed.
Now considering the Navier-Stokes system with its nonlinear terms where

there could be small fluctuations in density, pressure, viscosity, and velocities,

it is clear that we can expect similar effects and a “chaotic-looking” or turbulent
case.

The nonlinear terms cause small fluctuations to become large fluctuations

We bave considered y’=(y—1)+a with a > 0. If a <0, solution varies between two

horizontal asymptotes with inflection point at (0,1). The asymptotes coincide if a = 0.
‘The solution y = | isa singular solution not derivable from the general solution,

“*"Ify =0.99, the asymptote movesto x = —100.
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while friction terms tend to remove differences in velocities. The Reynolds
number is a measure of the ratio of nonlinear terms to frictional terms, so it is

reasonable that if the number becomes large, the tendency to turbulence in-

creases. However, factors such as smoothness of boundaries and the magni-

tude of initial fluctuations also influence the resulting flow.

In the simple deterministic case, consider one nonlinear term udu/@x di-

vided by a molecular friction term vd"u/dx’. If u and du/dx are assumed to

be of the order U, and L isa typical distance over which the velocity varies
by U, the ratio is of the order (U*/L)/(v- U*/L)= U-L/v or the Reynolds
number. In the general case, if we have a fluctuation in v or v we can see that

large changes can occur in the tendency to turbulent behavior.

The best way, apparently, to determine when turbulence starts is to solve the

stochastic Navier-Stokes system as we have outlined and study the behavior as

a function of the parameters of the flow. A comparison of a deterministic solu-

tion and z stochastic solution with varying conditions should illuminate the
problem of the onset of turbulence. Suppose we consider flow in a flat chan-

nel as an idealization of a pipe in a plane, We have
x

¢ LLLLLLLLLLL.

-—
Replace x by x/£t0 make the half-width unity and assume dp/dx =0. Write

Lu= (a?/dx")u- u(a/x)u

u=Lio(F/ax)S u,-L YA,

where the A. polynomials are generated for the nonlinear term. Then

u, = u(0)+tu’(0)

u,,, = Li'v(#/ax")u, - LTA,
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forn>0. If v is constant and uy is deterministic, u is deterministic. If u, has
random component, this component will cause new terms to keep appearing

because of the expressions on the right side of the equation for u,,; for any n>

0, especially from the term involving A. This is obvious by inspection of the

A, for increasing n. The effect of physically unrealistic change in the solution

by a linearization is also clear. Consequently, as a result of any randomness
and the nonlinearity, the flow is radically altered— the effect increasing as the

fluctuation becomes larger. Random boundary conditions resulting from

roughness in the walls will have the same effect.

‘The general problem may have random initial/boundary conditions. 9 is

‘generally taken as a constant and set equal to unity; however, compressibility

becomes a factor with increasing depth and p may not onlybe a function ofz
but random in turbulent conditions.

THE VAN DER POL EQUATION:

u" +au'+Butyu'y =g(t)

u(0) = cy

y(0)=¢,
Let

L=d?/at?

L'Q= [fora

a(t)=) eat*

Lu = g(t)- a(d/dt)u- Bu-vu'u*

usu, —L'a(d/dtju-L"Bu-L'vu'u
with

uy = u(0) + u'(0)+L“g(t) = u(0) + w’(0)+ ae? fo +1)(n+2)cod

Letu=> uy, wur= 7, A,. The A, can be found from

Aged DY taal
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Since we have us, all the following components are determined from

uy = Lau, -L Bu, -LyA,

The approximants to the solution are given by

9, = Up

Gan = bq + Us

lim @, =u

The A, are Ag = UpuG
A, = u'u} +2usugu,

A, = uyu; +2ufu,u, + ufu? + 2ueu,u,
A, =ujui + 2usu,u, + ufu? + 2uyu,u,,

2uguju; + 2u;upu,

A, =utu) +2u(u,u, + usu? +2usu,u;

+2ujuyu, + 2ufuyus + usu; +2u;u,u,
+2ujusus

A, =ulu; +2ujuju, + usu; +2usuou,

2uiuju, + 2uiu,u, + ufu; + 2ujuu,

+2uju,u, +2uju,u, + 2u{uu, + 2usuou,

Ag=ulu; +2ufuyu, + usu; + 2ujupu,

+2uiu,u, + 2ujugu, + uly; + 2usu.u,

42u‘ugu, + 2u/u,u, +2u;u,u, + 2u‘u.us

tuju; +2uju,u, +2u;u,u, +2uzu,u,

NOTE: This is done by writing u’u*= Nu=N,-N,, writing )) B, for u’
and SC, for u’ and considering the possible products, e.g

A, = B.C.~B,C,+..+B,C,+B,Co. (See Chapter 2.)
Given the A,, the ue can be calculated and rearranged in ascending powers

of t (see Appendix II) to get solutions to any required answer. The same

procedure as with the Duffing equation can be used to write u=)", ¢,t°
and calculate the c,. However, we can get a quick approximation as in the

following example.
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EXAMPLE: u’+u'+u+u'u?=—sint—(sint)(cos*t)
with u(0) = 1 and u’(0)= 0. Approximatingsin tby tand costby 1—t?/2, we
find L"g doesn’t contribute, u,=1, u,=-t?/2, so ¢,=1-07/2 which we

recognize as a two-term approximant ofu = cos t and we can verify byshowing that it satisfies the equation and the given conditions.

BURGER’S EQUATION:

The equation is U, +uu, = vu,, for x> 0 and t20 where necessary condi-

tions must, of course, be given. We write

Lu=vLu-uuy,

U(r 0) =£(x)

with L, = /at and L,,=4?/ax*, Operating with L! = f'()dt, we have

u=u(=0)+L/v LuLu,
Me

We identify u(t x 0) = f(x) as the us term of the decomposition u= S)", u,
and write the nonlinearity uu, as)”, A, where

Ag = Unt
A, = Upu; + ujuy

A, = uu, tuyuy +u,uy

Ay =ujuy +uzul + uu; +uyu;

A= ujuy tu, uy +.tuus, +uu

Now the components after up are given by

uy = Lo Lau. “LA,

and we can write the m-term approximant which converges rapidly to the cor-

rect solution 9, = J.” u,. Since either of the possible operator equations for
Lu and Lu can yield the solution in the general case where the conditions for

t =0 depend on x and the conditions on x depend on t, it is no longer nec-



312 Cuarren 14

essary to use both operator equations as in earlier work. (When the conditions

are not general in this way, we have asymptotic equality.) Integrations for a

difficult f(x) can be made trivial by writing f(x) in series form and carrying a

limited number of terms. If we use the L,,u equation, uy = A + Bx where the
A,B are evaluated from the boundary conditions and we note that L; repre-

sents a two-fold indefinite integration, If we have a non-zero u(x, t= 0) = f(x),
the problem is simply solved. If f(x) = 0, we must use the Lu equation,
KURAMOTO-SIVASHINSKY EQUATION:

‘The K-S equation is given as

UF UU, +My + tn =O

In the operator notation of the decomposition method, this is
Lu+Lu+Ru+Nu=0

where

L,= a/at

L,= va‘/ax*

Rus pau/ax?

Nu=u(a/dx)u

This equation describes problems in fluid motion, fluctuations in the position

of a flame front and oscillating chemical reactions. There are a number of

possibilities dependent on the stated conditions. Suppose we know that u(x.0)

= f(x) explicitly. Then we write

Lu=-Ru-L,u-Nu

and define Lj = f (dt. Now

Li) Le =-L7'u(a/ax")u-L7! v(a*/ax‘)u-L'u(d/ax)u

Substituting u= D7, u,, Nu= 0", A, where the A, are generated for
u(9/@x )u or uu’. These are found as
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Ay = Uyus

A, =uyuy +u,us

Ay =uguy +u,uy + uu,

Ay suyul + uu, + tuyuy

In the decomposition of u into J™, u,, we identify uy = f(x). Then from

u=f(x)-Li'w(a?/ax)> u,-Li' (a'/ax*) Su, -L DA,
B Ft &

we have

uy = f(x)

u,., =-Li'u(d?/ax?Ju, - Li (o*/ax*)u,-L A,

forn > 0 so all components are calculable. We compute ¢, =") u, as an n-
term approximant to the solution u= ).~, u,. The results are sufficient for a
complete solution if f(x) is continuous and n-times differentiable or may be ap-

propriately transformed by Fourier series. Now g, must satisfy the equation
to nth approximation and exactly as n=, Of course, a numerical result de-

pends on an explicit f(x).
Given boundary conditions on x, such as:

u(x = &,t)=b,

u(x =,,t)=b,

u(x=é,,t)=b,

u(x=g,,t)=d,

we can also solve Lyu which will require four-fold (indefinite) integrations.
Then

2

Li0=> extort /atervyfffooas dx dx dx
(Ifv is a function of x, it must, of course, be inside the integration.) We write
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U=Co(t)#C,(t)x +e, (t)x?/2 +e,(t)x?/6,
-Hi(/vXa/anu-1(V/v)Ru-1k(1/v)Nu

where I,(-)= Oa. By decomposition

usuy-I(yvya/ayy, uy,

aam{sa'forS »,na aNow
Up = Cp +O,X— C57 /24Ojx°16

uy.) STL v9/ atu, = 1{(U/ v\(ua / ax? Ju, }- EL A,
Since this is a nonlinear equation, we must evaluate the coefficients for each

approximant ¢, for each m = 1,2... . Alternatively, we can use double
decomposition. In this case we write

w= du?
Fa

= uy

Aad Am

e(t}= > c(t) i= 0,1.2,3‘Then i

u, = ul” => ero fs

ud eon isa ¥N/20404a

“TU v (ue 8x? )ug, UI VAS
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Matching the solution approximants at the boundaries determines the

components of the integration constants as discussed in Chapters 3 and 4.

THE LANE-EMDEN EQUATION:

This is one of the basic equations in the theory of stellar structure in

astrophysics and was recently solved by N.T. Shawagfeh [4] using the

decomposition method. Itis given by

2

eDer-ate=0dre

where m is particularlyof interest in the range from 0 to 5 with the conditions
T(0)=1 and [dT/dr],,,=0

‘What was needed was an approximation which did not require 2 to be small,

Such a non-perturbative solution follows. First, the dependent and

independent variables are transformed” using @= €T and € =4'"r to obtain

a)
FO __gumge
we €
6(0)=0
dé

which is writen as

Le=-g'"6"

where L = d?/d&? and L" is a two-fold integration with respect to §. Now

= 6, -L"g""6"

where @ =&(0)+§d0/d5|,..=&. The nonlinearity is £(6)=0" =~, A,
where

* This step is eliminated and results generalized in work to be published.



316 Curren 14

Ay = £(6.)

A, = 8,(6,)

Az = 836 (0) +8;/21"(6.)
Ay = 5(B.)+ 8,036(8)+ 6; /31E°(6.)

Now @=~, 8, where
=F

a= LIA,

forn > 0. @ can now be written as a series in the form
O= E+ oF H0,Eo +o

where the c’s are determined as follows:

o=-¥3!

c, = m/s!

«= (7h)eee3

Finally, since @=2T, T=c,é?+c,2*+c,é*+--. An accurate and easily

computed solution is obtained with seven terms.

NONLINEAR TRANSPORT IN MOVING FLUIDS:

‘Anew approach to time-dependent spread of contaminants in moving fluids

is provided by decomposition which is easily extended to nonlinear and

stochastic partial differential equations as well. First we consider

‘The one-dimensional advection equation:

dul dt>adu/ax=0 O<tsT, OSx<1, a>0

u(x,0)= f(x)
u(0,t)= g(t)

By decomposition and using the partial solution for t, we have
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u=u(x,0)-L;' a(a/ax) Yu,

where “
L,=d/at Lu =f, (dt
u=d uy, u(x,0)= f(x)

is identified as u,, and f(x) is assumed differentiable as necessary. Then

Up = f(x)

u, =-@ L;'(a/Ax) f(x) =-aef’(x)

u, =(at?/2!) £"(x)

uy = ($1)*(a*t?/n!) f(x)
‘so that

uD (-1)°(a*?/ni) f(x)and m

Gans =D, (D(a? /nt)f(x) @)
=

is an (m + 1)-term approximation to u, satisfying the equation and the

condition at t= 0 using the t-dimension “partial solution”.

‘The x-dimension partial solution is derived by

aduldx=-du/at

Lu=-a"(a/at)> u,
=

u=u(0,t)-a L3(a/ay)> u,
Fd

Consequently,
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up = a(t)

u, =a L3(0/2t)u =~ "x (0)

uy = a7(x7/2 20)
: a)

Gon, DE a*(x?/21)2()
a

Either the t equation or the x equation represent the solution under general
conditions.

ADVECTION-DIFFUSION EQUATION:

Let &(x.y,z,t) represent concentration. Let the fluid velocity be u with
components u, v, w in R’ and assume an incompressible fluid

af /ateu-VE=DVE

where D is the diffusion constant (which is a constant for a particular fluid or
contaminant, temperature and pressure), &(X.y.2,0) is a given initial condition
and various boundary conditions are possible. ¢.g., $+ 0 as x,y,z. or

&(t) is specified on a boundary I’, or, we have a preassigned flux at. We
have

05/at=D{a bax? +a E/ay* +F é/a2"} ’“
wat/ax—vae/ay— wAF/az

By decomposition , using L, = /dt and L"’ = f (ar

E=E(t=0)+DL;(a'/ax") DE, - DL;{a*/ay’) D &.

+DL}'(8 /4z") YE, - Li'u(a/ax) Y &,

-Liv(8/8y)D &.~Li'w(a/ez)D &,
5) = E(t =0)= flx,y.2)

Sea = DL VG Lit Vee
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for m > 0. Now all components are determined and we can write

os(€) = ae &,, a8 an approximation to € , improving as N increases.
If we have turbulent motion ofthe fluid, we can have random fluctuations of

the concentration and hydrodynamical variables; hence statistical description

becomes necessary. ,() becomes a series of stochastic terms and we form
(0,(€)) to get the expectation as a function of average velocity components.
The customary treatments of turbulent motion lead to a lack of closure and
concomitant assumptions which are avoided by using decomposition. Thus, in

the above method, u,v,w, and § are replaced by their corresponding steady-
state values plus quantities representing fluctuations from the steady-states.

Thus £=€+8', u=u+u’, vav+v’, w=W+w’, Statistical averaging
causes terms such as

Dvg) (a/aryé')

W(a/ax\e) (wY(/axjs

etc. to vanish. We then have

(a/NE+ B(a/ax}E+ Va/ay)E+ W(a/az)—

=DV*E-w(alaxe -Vdlayye - wajane

The last three correlation terms involve correlations of velocities and concen-

tration which are unknown, Then the procedure is to let u; for i = 1, 2, 3 de-

note u,v,w, and x; for j = 1, 2, 3 represent x,y,z and to write terms as being

proportional to a mean gradient of the concentration in terms of a “turbulent

diffusion tensor” -K,(x,,t)@E/9x;. To clarify the difficulty, consider the
operator format Lu + Ru=g or u=L"'g-L™Ru. If we average we have
(u) =L“'(g)-L"(Ru). We can think of g as an input to a system containing

R. The output u can be statistically independent of g but not of R. To achieve

closure, one must approximate. By decomposition one writes

usL'g-LR Yu, =L'g-LRL'g+LRLURL'g
Et

Averaging is no problem since g is statistically independent of R.We have
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(u)=L'(g)- L"(RYL"(g) + (RL"R)(8)—---

NONLINEAR TRANSPORT:

Let's consider the equation LE + RE + NE = g where

L=a/a

NE=£(6)
R=u-V-DV"

Let =~, & and NE=~, A,. Then

geLie-ERY E-LDA,
where

So =Lig

San = LR, LIA,

form20.Then ,..=>.., 6 which converges to $=)", é,. Further
generalizations are straightforward. We can, for example, consider Fu = ¢
where

FusLu+Lju+L.u+Lu+Ru+Nu=g

and solve for L,u, L,u, L,u, or L,u which would simply treat the other op-

erator terms as the remainder operator R and would require the appropriate

given boundary conditions.

The case of stochastic g or stochastic processes in the R term leads to a

stochastic 0; which can be averaged or from which expectations and covari-

ances can be found. The solutions are verifiable by checking that the original

equation and the given conditions are satisfied,

Since the concern here is solution of physical systems, inputs and conditions

are assumed to be bounded. If the model equation and the conditions are

physically correct and consistent, a solution is obtained which is unique and

accurate. If numerical results are calculated, one sees the approach to a stable

solution for the desired number of decimal places. If conditions on one vari-

able are better known than the others, we consider the corresponding equation

which can yield the solution most accurately.
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THE KDV EQuaTion:

The equation is u, + au, +Bu,,, =0. In decomposition form, we write

Lu=-awy, -B uy,
where u(x.t = 0) = f(x) is given. This equation was previously solved [2] also

using the operator equation

L.u=-8"u, - of"'wu,

where L, = 4°/2x°. This was done to ensure use of all the appropriate ini-
tial/boundary conditions. However, in Chapter 3 we saw that the solutions

from each of the operator equations—called “partial solutions" —are actually

the solution and identical in the general case when the t conditions depend on

X, as above, and the x conditions depend on t. Therefore, we can simply use

one or the other saving considerable computation. Since solving the Lu equa-

tion involves a single integration and the L,u equation involves three integra-

tions, the optimal procedure is clear. We proceed by application of the L;'

which is a simple definite integration from 0 to t Thus

u=u(t=0)-aLj'u, -BL;'(0/dx’)u

Identifying u(t= 0) as uy in the decomposition u= J, u, and writing the
nonlinear term wu, as J", A, {uu,} we have:

u=u,-aL;' } A,-BL(3/ax’)> u,
co fd

if o and Bi are constants,We can now write the decomposition components
uy = f(x)

u, =-a L'A,- BL (9/ax’uy
u, =-a@ LA, - BL3(2/ax)u,

uy =-a LIA, -BL(P/dx us,

Indicating u, as u’,we can write the A, for wu’ as:
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Ag = uguy

A, = ugu +U,u5

A, = ugus + uu; +uzuy

A, = ugh, +++ uu,

We can now write the m-term approximant to the solution as 6, = =) u,
which converges to u.

THE NONLINEAR KLEIN-GORDON EQUATION:

u,—Veu-f(u)=0

Now L, = 4°/0t? and L;' is a two-fold definite integration from 0 to t and we

can write Lu=V'u+f(u)
u=A+Bt+L) Vu+Li'f(u)

Then.

uy=A+Be

= L'V'uy + Li'Ag{t(u)}

u, = LV, +L'A,{f(u)}

uy = L'Viug + LAL ff(u)}

‘Thus, with specification of the explicit function f(u) and the conditions on t as-

suming dependence on x, y, z, we can calculate ¢,,. We can use one of the

other possible operator equations if the appropriate conditions on x. y. orz are
better known and do not give a vanishing up term. Ifa forcing function g is
also present, the u, term becomes uy = A+Bt+L;'g

NONLINEAR HEAT EQUATION:

cou, =[k(u)u,),

With L, = 4/At and L; as integrations from 0 tot
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1aLu=@Syl k(uN(0/9x)4]

u=u(t=0)+oe Zing]
We need to know u(t = 0) which we identify as uy in the decomposition, and

also need the function k(u) for the specific mode! being studied. For illustra-

tion, we use k(u) = 1 + u which gives us a nonlinear term uu, or uu’. Now

Lifes ac nlusu tou le wetFS Mela i
Ay =Ugus

A, = ugus +u,u5

A, sup +u,u; + uuy

A, = ugu ++ u,us
Now

1 of 2 a

u, -su[Ze -Za,]
Life 21) =—L;'] Su, +2,ar [OOK |

and 6, =7 Ua.

RANDOM NONLINEAR HEAT EQUATION:

We can write using L, = /3t,
a du

Lue] Kuytwe Zfuoe]ae
and assuming

K(u)=1+o(,o)u

a au
Lu=S}(1+auwZfo-an]es
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uy = u(x,0)+L;'g

4 =UFy + 2a, 2
Oe OK Pax

For either random g or random @, for stationary or nonstationary cases, <u >

is found by writing out the series and taking term by term expectations without

closure approximation or perturbation, If g is random,

<u, >= u(x,0)+Lj' <g>

<u, oe. sett Zcar<y, >eu>nLSo > +L 5 a> 5 < Ue
where we note that the input of g would not be correlated with a, which is a

system parameter. If a: is random,

ae a2 a \<u>=Li Su +L'2|<a><u>2u,

SINE-GORDON EQUATION:

Fu/dtax=sinu

Letting L, = 4/AtandL.u=u, =u’,

Lu’ssinu

v’=v'(0)+L} sinu=u(0)+Ly > A,{sin u}

u(0)=u, if w= uy
Fd

up = Ju'(O)dx= u(0)
uy =LyA,

u = [(LFAy)ax= Ly LIA

Thus the system is calculable using the A, for sin u:
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A, =sin Uy

A, =u, cos Uy

A, =~(u?/2)sin uy + u, cosuy
A, =~(u2/6)c0s uy ~ uy Sinuy + u, c0s us

SCHRODINGER EQUATION WITH QUARTIC POTENTIAL:

Mey aye
2m ox? 2" Ey

describes the case of a particle in a quartic potential V(x) = (I/2)ax*. It can be
written

@y/dx* +ax*y+By=0

If L=d'/dx*, L= [J()axdx,

Ly+ax‘y+By=0

yv=O-L'(ax*+A)yThus :

W=

where ® satisfies the conditions, Then for n> 0

Vou =L'(ax* + B)y,

v=DZ) vs is the solution,

A LINEAR EXAMPLE:

@u/dx?-keu=g

u(t)= u(-1)=0
We have, using decomposition,

Lu=g+kx’u
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Assume g is a constant. Then U= c, +¢,x + gx?/2+L"' kx’u is decomposed
into

ug=¢,+,x+ gx?/2
ug, = ku, — (m20)

Since u= 7, Uys

usby (L' ’)Pu,,

usby (LiPo +by (Et tex
= Ed

Lee eer

‘We can write the result in the form

= c,a(x) + c,B(x)+ 7(x)where
a(x)= Y k*x""**/(mp +2m—1)(mp + 2m)

Bix) = y k®x"?"78*!/(mp +2m)(mp +2m+1)

x)=, (/2)ek"x°"°7="/(mp + 2m+1)(mp +2m=2)
We can use the conditionsu(1) =u(—1) = 0 to evaluate¢, and c,

c,a(1) +¢,B(1)+ 71) =0
¢,a(-1)+ ¢,B(-1)+ (-1)=0so that

«, - BUH= BD)*
@(1)B(-1)- B()a(=1)

=SD)BO NL
*@(1)B(-1)-Ba)a(=1)

(The case g = 2. k = 40, p = 1 was verified to se ven-digit accuracy.)
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NONLINEAR SCHRODINGER EQUATION:

iu, +2ubf +u,, =0
can be written

iLu+Nu+Lu=0

where L, = 9/01, L, = 0?/Ax?, and Nu = 2ujul’. We can solve either for the

L operator or the L, operator. If we solve for L.u, we get immediately
u=u(x,0)+iL;'Nu+iL;Lu
ty = u(x,0)

u, = iL7'Ay +iL;'L,uy
u, =iLJA, +iLj'L,u,

uy, HLA, +iL/Lu,

and ¢, = 0") u, as an n-term approximation converging to u. If we solve for
L,u, we have

u=u,-iL) Lu-L Nu

u, = a+ Bx

4&4 =I Lu, - LA,

forn >0. The given conditions determine o.,. If instead of a finite interval
we have a limit such as u->0.asx—>, then we set limu=0 and find the
limit of the series.

TIME-DEPENDENT GENERALIZATION OF THE YUKAWA-COUPLED

KLEIN-GORDON SCHRODINGER EQUATION:

Viv-av/ar-V+|yf =0
VV+idy/dt+Vy=0

The equations involve operators in x,y, z and t. Our specific solution depends

on the given initial/boundary conditions. Considering the equation for V, and

assuming conditions on tare given,
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L.V=V°V-V+l|yP
V,=A+Bt

Ven SLIVV, -LV, +A, {lt}
The A and B must satisfy given conditions, whether initial or boundary or limit
conditions at infinity. The V equation, now using L; = d/dt, results in

x=ivy+iv?V
Wo = WXY.z,t = 0)

Vou Sik VV, +iL) A,{Vy}

To solve the system we find (y,,V,), then (y;,V,), then (y2,V;), etc.

Difficult integrations will arise because of difficult initial conditions for which

solution is desired, This problem essentially vanishes by approximation of

these functions by a few terms of an equivalent series, e.g., a Maclaurin se-

ries, oF decomposition of the functions to arrive at elementary integrations.

THE N-BODY PROBLEM:

The problem of the interaction ofN bodies is important in many connectionsand for many force laws which can involve attraction or repulsion, or even

collisions. The problem is soluble by decomposition because the nonlinearity

ccan be represented by the generalized polynomials (Chapter 3) which can be

calculated. Here. we will consider N-body dynamics in a gravitational field

Assume a system of N point masses m, where i = 2,3,...N, with positions

specified by vectors ¥, froma chosen origin. The distance between m; and mj
will be denoted by #,, =f, -@[=((,-#)-(-7)]"” where the multiplication
indicates « scalar product.

‘The trivial one-body case is described simply by m, i, =0 with initial
conditions

F,0)=p,

7O=y

Two BODIES.

For two bodies in a gravitational field, we have two coupled equations
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mg” =-os,
Fral

fel
with initial conditions

#(0)=3, #0) =p;
% O)=7, % (0) =,

noting that ,2/f,a) =#2/f,.| where, is the unit vector. We can for
example, let one mass be a sufficiently large, say M, to be assumed as a fixed

origin, then find the motion of the smal] mass m. Or, the origin can be the

observer on earth considering the effect of the sun on the moon. Or, finally,

the origin can be in a rocket traveling through the solar system,

THREE BODIES:

For three bodies, we have:

fal Ral
-” m,m,_ .M, mM, _

mi =-G 1h, -Go a,

Fal fel
3” gt mM _ ogmym_

m5 oerGSE,Bu Foal
with initial conditions:

IO=F 2O=7%, BO=7,

FO RO=% HO=¥
Four BODIES:

‘We now have four coupled equations and the corresponding initial
conditions to consider.
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mf =-GDs,GOs,oratfal fel Fl

mf,” =-GETp,-GHaMy GBB,|Fal Fal Fal

mf, =-GT Tis, -GDan, Gn,
fal ful Bul

mi, =-Gs,,Gs,oon,

Fas Frasl fish
with initial conditions with %(0)= B, and % (0) =, with i= 1,2,3,4.
GENERALIZING TO N-BODY DYNAMICS:

Ina gravitational field, we first simplify notation by writing

FG,.5)=@ EG -#)-@ -7)P?

which is a convenient form for use of the generalized A, for f(u,v) discussed

in Chapter 3. The indicated multiplication is a scalar product. Hence for N
bodies.

” & mf -7,

mz, =-Gm>,aot iF

=-Gm,>) m,fG.i)
ot

Let L=d*/dt? to write the left side as m,L®, and apply L*, a two-fold

definite integration from0 to tie., | ()état, to both sides. Also let

i= x H? and z=
fod Ex}

We can identify ¥” as the solution of Li{" =0, or,

FO =P =O) +t FOC =0)=p,+1y,
Analogously,

=D+,
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The first decomposition component is determined and the following

components are calculable from

# =-L"GY, m, Ao{f(,7)}

# =-LGY. m,A,{F6,5)}

Thus n 2 0, for
x

Bi=-L'GY, m,A,{f6,7)}
ff

so all components are calculable by determining the A, using the methods of
Chapter 3. For convenience, the necessary quantities are listed

The A, for u"™ are:

Ay =u,"

A, =-mu*"u,

A, =(1/2)m(m + Dug"? uj = muy?"u,

A, =-(1/6)m(m + 1)(m + 2)u5**? u}

+m(m+ Duy? uu, — mu;**? u,

The A, for f(u,v) are given by

A= DY cluvindf,,

where =
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onSpe =u, ¥,no = Sry toe)
Ao = foo

Ay = Uifie + Vibe

aAsm Wah + Val + Gt hae
2

MiPUY fho
Ay = Usfig + V5 fo + Us foo

+furvs tev] + Vivafos

we tt

+5phe +a" fy
vo
lat Phas

For scalar problems, f(r)=r7= "A,

Agahe

A, = 7215,

A, =3y'f -2G
A= 45°) -6r-25

For f(r)=r? =", A,

A=

A, =-31‘f,

A, = 6591-35

A, =-104g6 r? +1215 1,1 — 31 t

For the nonlinearity f(r,,r,) we define the necessary polynomials by A",
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i@-H)= AYSince “

¥@-#)=G-a[@-z)-@ -2)]"”
=EG,E)nG.i)

We can now write
BG.1) =, -1)= a?

nG5) =), bY
so that

-

~ ~ ~ 4

by ao ={$ «| 5 ot}or) asd a0 J
which can be rewritten as

ae aS wey no

We can decompose the 7, and 7, thus:

i= le
a

5-LeThen =

BGA) =G-H= > @-2)=y wv
Es a

hG.E)= vy?
=

Since the h function is a nonlinear function of two variables, we can write it in

terms of the generalized polynomials A, {f(u, v)} in Chapter 3 (and also in ref-
erence (4)). Thus

. one,

ct FQ ae
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‘Thus we have a system of N coupled nonlinear second-order equations, or

Volterra integral equations when the L"' operator is applied, which are solv-
able by the decomposition method since the nonlinearity, though difficult, can

be expressed by methods of Chapter 3 and reference [2]. Details for specific
special cases will appear in a forthcoming paper as they are programmed and
calculated.

NONLINEAR RELATIVISTIC PARTIAL DIFFERENTIAL EQUATIONS:

A class of nonlinear equations occuring in mathematical approaches to ele-

mentary particle theory [5] is given by

Vo-Fg/dt =mo+s9° (m, g>0)

The objective is to obtain a non-perturbative time-development of the field of

this and similar equations involving other nonlinear interactions, without the

use of cutoff functions or truncations. In decomposition form [2-5]

(L,=L,+L)o-L=m'9+ eg"

where L, = 0°/dx*,L, = 0° /dy*, L, = 07/027, L, =-07/at". The possi-

ble operator equations for partial solutions { 4] are:
Ly=m*9+e9°-(L,+L,-Lo

L,o=m'g+g9'-(L, +L, -Lg
L.o=m'o+g9'-(L,+L,-L)o

L.y=-m’g-gg°+(L, +L, +L,)o

The solution ¢({x.y,z.t) will be approximated by the n-term decomposition
series ®,

0, =F ey,

We visualize a manifold in a four-dimensional coordinate system with x,y.z,t

axes. On the coordinate planes we have curves 9(x), p(y)@\2).and @(t) rep-

resenting intersection s of the @ “surface” with the planes. We can start from

any of these functions (i.e., the initial-boundary conditions) to generate

y(x,y,2,1). We can begin with any one of these equations to yield the solution
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and in general all of the results are identical. (In special cases, they are

asymptotically equal.)

Suppose we consider the fourth equation. Then operating with L;' or the

two-fold definite integration from0 to t and identifying the initial term

=O =0, X,y,2)+t9"(t=0, XY.2)

we have

9=Q+Li mg-L}' gg’ +L)'[L, +L, +L,19

We now apply the decomposition

9-L%
=

We can now determine all components of @; thus,

9 =-L' mg, —L;' gy +Li'(L, +L, +L.)

9, =-Lim’g, -Li gA, + LL, +L, +L)9,

an =—Liim'p, -Li' gA, +L UL, +L, +1.)PqNow
=J

is aconvergent approximation to @ =)”, @,, i.e., to the solution. Which of
the four equations we use depends on which initial/boundary conditions are

best known or measured, When the nonlinearity is of higher degree, e.g. in the

scalar relativistic equation:

Vip-(Fdt )p= m’p+ gy?

the same procedure applies with the appropriate A, for g? for which rules are
given in (2)

TIME-DEPENDENT SCHRODINGER EQUATION IN CONFIGURATION

SPACE:

The equation is (6]
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2

- Lvvenev@ven=2%
2m iat

The vector F is the position vector of the particle referred to a convenient ori-
gin. We can introduce unit vectors along axes of rectangular (x,y,z) or spheri-

cal (r,8,0) coordinates. In terms of rectangular Cartesian coordinates, the op-

erator Vi =L,+L,+L, where L,=d*/d?, L,= day", L,= Fa’.
Then

2m av 2mL, +L, +L,jy=2 Sy[Ltt +h.) ih a

Using decomposition, we can solve for any of the operators L,,L,,L,, or
L, = d/dt as long as we know the appropriate conditions on x, y, 2, or t The

inverse operators L;', Ly’, L;' are two-fold indefinite integrations respectively
in x, y, 2, The inverse L;' is a single definite integration from zero to t

representing an initial condition problem for which \¥(t = 0) is required, In the

other cases. we have boundary-value problems for which we need values of

W at two values of x or y or2.Suppose we solve in terms of L,, then

L,W= 0% «pve - L,Y-L.Y
where & = 2m/ih and B = 2m/h?. Then we must operate on all terms with
Lj). The left side becomes L;'L,¥ =¥- A-Bx. Rearranging, we have

Y= A+Bx-aLy a/at¥~ BL] VY-L;[L, +L,J¥. Lee Y= DO, Y,
and identify , as A +Bx. Then an n-term approximant to Y denoted by @,
will be

ol¥l= 2D Ye
which becomes ¥ in the limit as nee. Because of rapid convergence, a

few terms are generally sufficient. (When this is not the case, one can use Padé

approximants or other acceleration techniques or the method of asymptotic

decomposition.) The decomposition components are
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Y, =A+Bx

ad = =

Healy oy - BL VY, -L IL, +L.)%

w= au, - BL VY, -Li[L, +L.)

¥, soL 24, BL VY, -Li[L, +L,}¥.

and we can now write ©,[‘]. For a particular potential, e.g. an isotropic

harmonic oscillator, V = 1/2 mw*(x’ +y? +z"), we can now calculate the
solution, Evidently, we can also deal with nonlinear potential functions or

nonlinear Schrédinger equations, The decomposition method is not restricted

to potentials varying slowly in a de Broglie wavelength.

The problem solution is complete when A and B are evaluated by matching

to the given conditions. This requires matching the @, to the boundary
conditions for each value ofn as previously discussed,Other interesting examples (Ginzburg-Landau equation, Euler equations for

inviscid flow, isentropic flow) as well as further results on Navier-Stokes

‘equations and on numerical computation will appear in future publications,
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APPENDIX I

PADE AND SHANKS TRANSFORMS

PADE APPROXIMANTS:

The objective here is to find a solution in the large, i. in the range (0,<)

from the decomposition series which normally has a finite circle of conver-

gence for initial-value problems. The procedure is to seek a rational function

for the series. Given a function f(z) expanded in a Maclaurin series

f(z)=O~, ¢,2". we can use the coefficients of the series to represent the
function by a ratio of two polynomials

a,taz+--taz"

b, +b.z+--+b,2"

symbolized by [L/M] and called the Padé approximant. The basic idea is to

match the series coefficients as far as possible. Even though the series has a

finite region of convergence, we can obtain the limit of the function as x — ©

ifL=M.

Notice thatif we are satisfied with [1/1]. we will have
(a +a,2)=(b,+ b2Nlc, +024 E24...)

so that coefficients of 2° are zero, ie,

bic, + bye; = 0

Taking by = 1, we have

bc, + =0

Now consider [2/2] or

(ay + a2 + 8:27) = (Dy + biz+ baz"Cy + C2 + C2?+ C2 +--+)
Clearly the coefficients of 2’ are zero, so that we can write

bac; + bye; + byes = 0

In general, we note that there are L + 1 independent coefficients in the

numerator and M + 1 coefficients in the denominator, To make the system

determinable, it is customary to let_by = 1, We then have M independent
338
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coefficients in the denominator and L+M + | independent coefficients in all
Now the [L/M] approximant can fit the power series through orders

1,z,2?,...,24™ with an error of 0(z*"), For example, for

Lila
f(z)=1-s24a2? +(2)=1-p2432

we have

1+(/6)z 2Wj =———= = f(z) + ofN=
Tape 712) * 0’)Consequently,

(ao + ajZ + + az") = (Dp +D,Z + + DYZ™(G +E,Z+---)

Equating coefficients of z*', z**,..., 24 in tum, we can write

Duicrater + DserCusiga too + BoC = 0

DaCosta + DaeiCeases + o> + Daca = 0

bye + Dreier tos + Doc Lyy = 0
Setting by = 1, we have M linear equations for the M coefficients in the denom-

inator.

Cuemet Stamos CL Dy fern

Cum Semees CLs || Paer | | Cuee

c oy Cusaatd LOy Cue,

‘We invert the matrix on the left and solve for the b, for i= 1,..., M. Since

we know the Co, Ci, Cay.» WE Can equate coefficients of 1, 2, 2% ..., 2 to
BOt Ay, 5,..45 a4. Thus

y= Cp

a, =e, +bic

a, =¢, +b, +b,c

aint.

aaaqt Yd
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Thus the numerator and denominator of the Padé approximant are determined

and we have agreement with the original series through order z“*™, From the

matrix equation, we can write the lower-order approximants. (For higher or-

ders, one can use symbolic programs.)

) fMj= 01)

2) MMJ=(22] b= -G

% 6) (b:)__(%
& &)\b) le

or

»,)_(G/D -e/P) (-c,
db)" -qD a/D J \-c

where D = ¢,¢, — c} so that we have

csc, -¢?b,= SST
Fee

b, = Sf 78ies
ee

For f(z) = cy + cz +¢,27+ --. we have
Gn) e Both(ijj=-2— lim{i/1]=a,/b,l=
ee

;

Jim[ya]=a/

[oya}= Betease lim[2/2}=a,/b,PPI oaths Jim[2/2}=a,/b,
a, +az+a,2°+a,2°gp3}=eterae +2 Jim|3/3]= a/b,[3/3] Secrets tim[3/3]=a,/b,

tim[m/m]=a,/bx
EXAMPLE: Find the limit for e° “('**)

(1) = .333...

[2/2] = 368...

[3/3] = .368...

EXAMPLE: For e*, we have
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2ex
y=22%W}=s=

124 6x422/2)=$=Carer ees

120+ 60x+ 12x" +x"33) =$ee(l= 90 ¢0x+ 1a=

Note that if we let x= to consider the series for e, we get the correct limit,

(wn =3

(22) =2.714

(3/3) =2.718

[4/4] = 2.718

PROBLEM: Noting that the limit is correct for x = 1 but the limit at © for

(1/1), (22), {3/3} fluctuates between + I for both e* and e%,i.e., ag/b_=+ 1

as m increases, explain the lack of convergence to a limit since we know

e*0 as xo0 and e* $00 as xo, Try the Shanks (or Wynn")
transformation. These transformations are effective in accelerating convergence

of many slowly convergent series.

For cases where the Padé approximant appears inapplicable, we can some-

times use transformations of the series. Consider

H(2)= Cy + yz + Caz+ oo
1.04, Cu #0 DUE Cres = Cra2 = 0. We let y =z? so that

fly) = co toy + ery? + ~~
is now in a form for Padé transformation. In general for a series

f(@)= D cya”

where N is a positive integer (or “skip factor”) with cy, #0 but Cyq., =0

for 1s v< N-1. Wesubstitute y=Z" to get
* Other useful transforms used to accelerate convergence are the Euler, Wynn, and Van
‘Wijngaarden transforms
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f(y) = Co# Cy + Cony? + +or
fy)=d ay"

where n= Nm,

-

2

exampce: — f(x)=(22@2%)" 21-3542 2H...T+2x 4°" 32

To approximate by [/1] we have

cbr = —¢:

3, 38
4732

b= 138

p= Cy = 1 3B
=¢,+b¢)=-2+ B12aseebe=-s+E 1s 78

Consequently

1+ _1)= 2 UB _ 054Wl gap

(which is within 8% of the correct limit of 0.5 for the function).

VERIFICATION:

6B, 3,392) 102 5Lex} 1-Sx-dex? = 1+2 x= Oxgageyn tt grr)
EXERCISE: Calculate {2/2} and (3/3} to show that the limit approaches 0.5
more and more closely as we go to higher-order [L/M].

EXAMPLE: f(x) = 1 — x+x7/2! - xB!+
1-(/2)synj=tO2s |, «Ww) Tax 8*>

EXAMPLE: f(x) = e*
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2+xy= 228==

124 6x+x°Pl
12-6x+x°

EXAMPLE:

fle2x7* 1.5.,,13., M1,
10" Tex | mleg* tig 8"

We note that even though the series has a limited region of convergence

(x < 12), the function is smooth for 0<x <o, If we writea ratio
(a+bx) /(c+dx)

it is clear that we get a finite limit as x approaches 2, Calculating (L/M] =

(U1, we have

1+ (7/4)x
Y= 14 ~

(vj Gaye Mee
and carrying out the division, we get

1 5.,25 5 125 4
qjeisdx—-3e Bye Bey...fy] tpxcge type age +

which exactly matches the first three terms of the Taylor series. If we go as
high as [5/5], we match the first 11 termsof the Taylor series

1+ (13/4)x+(41/16)x?2/2) =Oe+ CTO + 1.413721) =  aiiax+ asx > MB7 x
which is the correct limit of 2' to three-place accuracy.

EXERCISE: Since cos x= ~, (-1)*x/(2n)!, show that

[2/2] = (12 - 5x*) / (12 + x?)

uses the first five terms of the Taylor series, Show that [2/2] is closer to the

exact value of cos x than the sum of the first 5 terms.
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SERIES NOT SUITABLE FOR PADE TRANSFORM:

Sometimes the series is not in a convenient form for the Padé transform

which is designed fora series J)", cx” with non-zero Cy Cy, C2.
If we have missing terms, ¢.g., (x)= D.™, Cys where N is a positive

integer and cy #0,€.24 Ding COX? + Gx? + c,x° ++ then we use the trans-
form z= x" (orz=x° in this specific case) and let b, = c,, to write

£(z)= D7, b,2* and b, #0 which is now suitable for the Padé transform.

If £(x)= D7, ox" and cy =0, we can apply a translation z= x-E with
&<p with p symbolizing the radius of convergence. If we use |{|< 1, the

result will be simpler for manual computation because the resulting series for

cach new coefficient in f(z)= .™, b,z* will converge rapidly. The result for
b, willbe b, #0 and

alvt "b= C06yon)
which is equivalent to an analytic continuation.

THE SHANKS TRANSFORM:

This is a nonlinear transform which can be very effective, particularly in

accelerating convergence of slowly converging series. It has even been applied

to diverging series which seems contradictory. However, ifa power series hasbeen obiained by dividing out a rational function, this nonlinear transform is a

meansof inverting the procedure 10 obtain the rational function.‘The Shanks wansform is related to the Padé approximant. It is more accurate:

however, the Padé approximant is more explicitly expressed in terms of the

coefficients of the original series. Lets write the sequence of partial sums

{S,) fora series and define the Shanks transform by

T{s,}=SSeS
© Spar Sy > 2S

We often want repeated transforms, called the iterated Shanks transform, so it

is convenient to write {A} for the {S,}. The iterated transforms will ofien

lead (o an extremely accurate solution. The first-order transform is written as:
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B, =T(A,}=—AssAsr As
Ay t Al 7 2A,

C.=T{B,}

D,=T{C,}

‘We now write the sequence simply as

Ag

A, By

Ar Br Cr

As B,C, Ds

where A, =S,.

EXAMPLE : In the continued fraction representing YZ , the sequence of
partial sums {S,} is S,=1, S,=3/2, S;=7/5. Find the limit. Calculation

yields:

ee ee
a

[2 [32 {ime [ t
g99r70_ | 19601/13860,[a |) | s7708 [|Ls [ang|

We note that As = 1.4137 which is correct to 3 figures, while C, =

1.414213564 is comect to 9 figures.

EXERCISE: Verify all results.

EXAMPLE: The Leibnitz series for m is m= 4 - 4/3 + 4/5 - 4/7 + .... The

results are
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[0 [s.cooo00] fT
[1 [2.666667 [3.166667] |

3.466667 | 31333333 |3.1421053[ |S[3 | 2.8950381 | 3.1452381 |3.1414502[3.1415993||
[4_| 3.2396825 | 3.1396825 | 3.1416433 | 3.1415909 | 3.1415928

2.9760462 | 3.1427129 | 3.1415713 | 3.1415933 | 3.1415927[6 | 3.2837385 [3.1408814 [31416029 | 3.141s925[i
30170718 [31420718 [3.i4iss73[|

[s_[3.2823659[ssaiasaa[TT

[o_[s.osisz06 |
We see that the tenth partial sum Ag, or Se, is correct only to one figure.

Shanks [1] points out that to give an answer correct to eight figures would

require n = 40 million in S, while we note that e,(S,). or E,, is already correct

to eight figures.

EXERCISE: In the example

3.39:f(xje 13x + 22 x8 -Wal gx 3

in the previous section on Padé transforms, we obtained [1/1] = .54 which

was close to the correct limit of.S.Show that the Shanks transform T(S;) =.54 also. Investigate the relationship between the two procedures.

Another related transform (which can also be iterated like the Shanks

transform) is the Aitken transform defined by

T{S,}=S, -{(S,., -S,)° MS, -28,.,+S,)}
The first-order Shanks transform is equivalent to the Aitken (67) process and
the mth order Shanks transform of the nth partial sum is equivalent to the [rm/n]}

Padé approximant. We can view the Shanks transform as a unifying concept

subsuming the Aitken process and the Padé approximent.
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APPENDIX IT

ON STAGGERED SUMMATION

OF DOUBLE DECOMPOSITION SERIES

uy = ul”

a, =u +

a =u) +n! +a

uy =u?) + ul ul + ul?

uy = ul + ul) + ul) eu? +0?

The first column on the right of the equation is equal to us. The second column

is equal to u;, The third column is equal to u;, etc. These sums of each column

will be denoted by u}, uj, u}.... respectively where i indicates the initial-

value format. The sum of the column to the lefi of the equal sign is denoted by

SE, uh for boundary-value format. We have
>

u=D) ubsujtul+.= Yul

‘Thus in writing the approximants 0, we can write

o[u*]=¢,[us]

4,lu]= o,{us]+0,[u)]
afu’}=o,[u,}+e,fui]+9[u;]

al" )= 4-[us]+4.[ui]+--+ [42-1]
which can be written

Ge{0"]= X G0-a[4s] (2)

Referring again to (1), we have
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ag = Ue) + ul? eu pee uD, + ul, eu?

or u, =", ue" in our boundary-value format. Retuming to (1) we can
write in initial-value format,

uu, =u) + uf + uf +

=u + ul uf4

uy =u + ul + uf) 4

or u, = 5, uf? (in initial-value format). By decomposition u= ™, u,.
a

a -v” te),By double decomposition u= >", Y-, ul”.

FORMULAS OF INTEREST:

ELw-E Ew
a mm

ea[u"]= Y 9.-.[4.]
Fd

a> yo
wey ufPs
Let youl= > uf

wad Sue”
cand

ms 2%

w=u'

Jim ,[u*]=u°

lim Y 4.-.[us]= > uh =u"
mon ano and

,



APPENDIX III

CAUCHY PRODUCTS OF INFINITE SERIES

In one dimension for =>, a,x’ and B=zr, Bjx®, we can write

Bu- > « x Bana
In two dimensions,

In three dimensions,

;

In four dimensions,

sso
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bus YY YY xe xp gh x

=O ge ge gad
m=

In N dimensions,

wed Say tox

These can all be programmed using “do-loops” and stopping rules. These

product rules should be useful in programming solutions where the system

input and system coefficients are known only as power series.



INDEX

Mixed Derivatives 46

Acceleration Techniques 30, 206, 338 Modified Decomposition 115, 131, 138,
(Adomian) Polynomials Reference List 214
1 ‘Neumann Boundary Conditions 190

Analytic Simulants 17, 289 Noise Terms 29

Applications Nonlinear Partial Differential Equations‘Advection 316 80

‘Advection-Diffusion 318 Nonlinear Ordinary Differential Equations

Burger's Equation 311 85
Dissipative Wave Equation 28, 30 Nonlinear Oscillations 228,
KAV Equation 321 Partial Solutions 23, 28. 30, 32, 35. 36

Kuramoto-Sivasbinsky Equation 312 Perturbation 284
Lane-Emden Equation 315 Proliferation of Terms 254
N-body Problem 328 ‘Smooth Expansions of Piecewise-
Navier-Stokes Equation 302 Differentiable Functions 298
Nonlinear Heat Equation 322 Spatial and Temporal Formats 97,
Nonlinear Kiein-Gordon Equation 322 106.109,
Nonlinear Relativistic Partial Staggered Summation 243, 348

Differential Equation 334 Stopping Rules 18
Nonlinear Transpor in Moving

Fluids 316

Random Nonlinear Heat Equation 323
‘Schrddinger Equation

Nonlinea: 327

Quartic Potential 325

‘Yukawa-coupled Kiein-Gordon 327
Sine-Gordon Equation 324
‘Turbulence 367

Van der Po! Equation 230. 231.308

Applications of Modified Decomposition
154

Asymptotic Decomposition 18. 241
Boundary Conditions at infinity 211

Boundary-value Problems 87, 114. 138,
288

Cauchy Products 350

Convergence Regions 23. 25
Decomposition

for ordinary differential equations 6.28
for partial differential equations 22, 28

Difficult Nonlinearities 150

Dirichlet Conditions 75

Double Decomposition 22. 69, 87
Duffing Equation, 154, 157, 230, 231,

235, 236. 263, 277, 280

Generalized (Adomian) Polynoesials SO
Generalized Taylor Series 10

Gibbs Phenomena 301

Harmonic Oscillator 247. 251

Integral Boundary Conditions 196
Integral Equations 224

lnegular Contours or Surfaces 288



Fundamental Theories of Physics

22. AO. Barut and A. van der Merwe (eds,): Selected Scientific Papers of Alfred Landé.

[1888-1975], 1988 ISBN 90-277-2594.2

23. W.T. Grandy, Jr: Foundations ofStatistical Mechanics.

Vol. I: Nonequiliorium Phenomena. 1988 ISBN 90-277-2649-3

24, ELL Bitsakis and C.A. Nicolaides (eds.): The Conceptof Probability. Proceedings ofthe
Delphi Conference (Delphi, Greece, 1987). 1989 ISBN 90-277-2679-5,

25. A. van der Merwe, F Selleri and G. Tarozzi(eds.): Microphysical Reality and Quantum
Formalism, Vol. 1. Proceedings of the International Conference (Urbino, Italy, 1985).
1988 ISBN 90-277-2683-3,26. A. van der Merwe, FSelleri and G. Tarozzi (eds.): Microphysical Reality and Quantum
Formalism, Vol. 2. Proceedings of the Intemational Conference (Urbino, Italy, 1985),
1988 ISBN 90-277-2684-1

27, LD. Novikov and V.P. Frolov: Physics of Black Holes. 1989 ISBN 90-277-2685-X

28. G. Tarozzi and A. van der Merwe (eds): The Nature of Quantum Paradoxes. Italian

Studies in the Foundations and Philosophy of Modern Physics. 1988
ISBN 90-277-2703-1

29. BR. Iyer, N. Mukunda and CV. Vishveshwara (eds.): Gravitation, Gauge Theories

and the Early Universe. 1989 ISBN 90-277-2710-4
30, H. Mark and L. Wood (eds.): Energy in Physics, War and Peace. A Festschrift

celebrating Edward Teller’s 80th Birthday. 1988 ISBN 90-277-2775-9
31, GJ. Erickson and C.R. Smith (eds.): Maximum-Entropy and Bayesian Methods in

Science and Engineering.

Vol.I: Foundations. 1988 ISBN 90-277-2793-732. GJ. Erickson and CR, Smith (eds.): Marimum-Eniropy and Bayesian Methods in

Science and Engineering.

Vol. It: Applications. 1988 ISBN 90-277-2794-5

33. MEE. Noz and Y.S. Kim (eds.): Special Relativity and Quantum Theory. A Collection of
Papers on the Poincaré Group. 1988 ISBN 90-277-2799-6

34, L¥u, Kobzarev and Yu. Manin: Elementary Particles. Mathematics, Physics and

Philosophy. 1989 ISBN 0-7923-0098-X

35. F. Seller: Quantum Paradoxes and Physical Reality. 1990 _ ISBN 0-7923-0253-2
36. J. Skilling (ed.): Maximum-Entropy and Bayesian Methods. Proceedings of the Sth

International Workshop (Cambridge, UK, 1988). 1989 ISBN 0-7923-0224-9

37. M, Kafatos (ed.): Bell's Theorem, Quantum Theory and Conceptions of the Universe.
1989 ISBN 0-7923-0496-9

38. Yu.A, Izyumov and V.N. Syromyatnikov: Phase Transitions and Crystal Symmetry.

1990 ISBN 0-7923-0542-639. PLP. Fougtre (e4,): Maximum-Entropy and Bayesian Methods. Proceedings of the 9th
Intemational Workshop (Dartmouth, Massachusetts, USA, 1988). 1990

ISBN 0-7923-0928-6

40. L. de Broglie: Heisenberg's Uncertainties and the Probabilistic Interpretation of Wave

Mechanics. With Critical Notes ofthe Author. 1990 ISBN 0-7923-0929-4

41, WT. Grandy, Jr: Relativistic Quantum Mechanics of Leptonsand Fields. 1991ISBN 0-7923-1049-7

42. YuL, Kiimontovich: Turbulent Motion and the Structure of Chaos. A New Approachto the Statistical Theory of Open Systems. 1991 ISBN 0-7923-1114-0



Fundamental Theories of Physics

43. W.T. Grandy, Jr. and LH. Schick (eds.): Maximum-Entropy and Bayesian Methods
Proceedings of the 10th Intemational Workshop (Laramie, Wyoming, USA, 1990)
1991 ISBN 0-7923-1140-X

44, PPtdk and S. Pulmannové: Orthomodular Structures as Quantum Logics. Intrinsic
Properties, State Space and Probabilistic Topies. 1991 ISBN 0-7923-1207-4

45. D. Hestenes and A. Weingartshofer

(eds,): The Electron. New Theory and Experiment.1991 ISBN 0-7923-1356-9

46. P.PIM. Schram: Kinetic Theoryof Gases and Plasmas. 1991 ISBN 0-7923-1392-5,47, A. Micali,R. Boudet andJ. Helmstetter (eds.): Clifford Algebras and their Applicationsin Mathematical Physics. 1992 ISBN 0-7923-1623-1

48, E, Prugovedki: Quantun Geometry. A Framework for Quantum General Relativity

1992 ISBN 0-7923-1640-149. MH. Mac Gregor: The Enigmatic Electron, 1992 ISBN 0-7923-1982-6
50, C.R. Smith, GJ. Ericksonand P.O, Neudorfer (eds.): Maximum Entropy and BayesianMethods. Proceedings ofthe 1th International Workshop (Seattle, 1991). 1993

ISBN 0-7923-2031-X

SI. DJ. Hoekzema: The Quantum Labyrinth. 1993 ISBN 0-7923-2066-2

52. Z Oriewicz, B. Jancewica and A. Borowiec (eds.): Spinors, Twistors, Clifford Algebras
and Quantwn Deformations. Proceedings of the Second Max Bom Symposium
(Wroclaw, Poland. 1992), 1993 ISBN 0-7923-2251-7

53. A. Mohammad-Djafari and G. Demoment (eds.): Maximum Entropy and Bavestan
‘Method Proceedings ofthe 12th Intemational Workshop (Paris. France, 1992). 1993,

ISBN 0-7923-2280-0

54. M. Riesz: Cliford Numbers and Spinors with Riesz” Private Lectures to E. Folke

Bolinder and a Historical Review by Perti Lounesto. E.F. Bolinder and P. Lounesto

(eds. 1993 ISBN 0-7923-2299-1

55. F, Bracks, R, Delanghe and H. Serras (eds): Clifford Algebras and their Applications
in Mathematical Physics. Proceedings of the Third Conference (Deinze, 1993) 1993

ISBN 0-7923-2347-5

56. 1.R. Fanchi: Parametrized Relativistic Quantum Theory. 1993 ISBN 0-7923-2376-9
57. A. Peres: Quantum Theors: Conceptsand Methods. 1993 ISBN 0-7923.2549-458. PL. Antonelli, R.S. Ingarden and M. Matsumoto: The Theory of Sprays and Finsler

Spaces with Applications in Physics and Biologs. 1993 ISBN 0-7923-2577-X
59. R, Miron andM. Anastasiei: The Geometry of Lagrange Spaces: Theory and Applications. 1994 ISBN 0-7923-2591-5

60. G. Adomian: Solving Frontier Problems of Physics: The Decomposition Method. 1994ISBN 0-7923-2644-X

KLUWER ACADEMIC PUBLISHERS - DORDRECHT/ BOSTON / LONDON


