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Overview and Summary

The Method of Lagrange Multipliers is used to determine extrema of a real function subject to some
number of constraint equations. The main purpose of this document is to provide a solid derivation of the
method and thus to show why the method works. A secondary purpose is to provide some interesting and
illustrative examples.

Although we discuss the relevant gradient approach in Section 4, it seems more convincing to derive
the method using a matrix approach where the candidate solution points of a constrained extremum
problem are associated with the points at which a certain matrix drops below full rank (an approach used
by Buck, see References). Then the gradient statement of "why it works" follows at once.

Every document on this subject needs a "Theorem 1" and ours is no exception. Fortunately for the
reader, there are no other theorems (ignoring the appendices), and Theorem 1 is fairly easy to prove. The
reader should be at least dimly familiar with the basic facts of linear algebra.

Here is a concise summary of the document:

Section 1 gives a statement of Theorem 1 in the context of a certain R matrix

Section 2 shows how Theorem 1 provides an immediate derivation of the Method of Lagrange
Multipliers.

Section 3 then proves Theorem 1.

Section 4 gives the gradient interpretation with two visualizable examples.

Section 5 presents another example which, though simple, requires numeric work to solve.

Section 6 provides an extended standard example involving statistical mechanics.

Appendix A proves for a general matrix that column rank = row rank = rank.
Appendix B derives a batch of facts about determinants which are used in Appendix A.

References (a very short list) are provided on the last page.
The general tone is more that of an engineer or physicist, not that of an abstract mathematician.

Maple code is used where it seems useful to implement calculations or display graphs.
When an earlier equation is quoted, its equation number is put in italics.



1. The R matrix and its Rank

We shall operate in N dimensional space EN with coordinates r = (X1, X2 ... XN).

We seek an extremum of a real function f(r) subject to S-1 constraints a(r) = 0, b(r) =0, ... q(r) = 0 where
we use q generically to represent the last constraint function. For example, if there are two constraints,
then S = 3 and the two constraint equations are a(r) = 0 and b(r) = 0. So here is the problem:

find extremum of f(r) subject to constraints a(r)=0, b(r)=0, c(r)=0, .... q(r)=0. (1.1)
1 2 3 S-1

Construct the following matrix of partial derivatives, where fi(r) = 0if(r) = Of(r)/0Ox;. That is, the
subscript on f indicates which of the arguments x1,X2, X3....Xy the partial is with respect to. So here is that
matrix, which we shall call R :

fy f, fa fy f
a7 do s . an a
R = b]_ b2 b3 bN = b
da 4z di Un q

(1.2)

For example, f2 = 0f(x1,X2, X3....XN)/0X2.

On the far right we abbreviate each row of functions in beld, indicating a row vector like f .

The matrix has S rows and N columns. We shall only be interested in S <N (see comment below). If
S =N, the matrix is square, otherwise it has more columns than rows, so has a horizontal band shape.

The maximum possible rank of the above matrix is S since this is the smaller of the number of rows
and columns (see below).

Since all the functions are functions of r, we really have R(r). As the point r is varied, the elements of
the matrix R(r) generally change.

If S = N, the matrix is square and we can talk about the determinant det(R). In this case there is only one
SxS "submatrix" and it is the entire matrix R.

If S <N, the matrix is wider than it is tall. In this case, we can talk about square submatrices within R
which are of shape SxS. For example, for N = 6 and S = 4 we have three constraints and the R matrix is
this,

ay A9 a3 ag as g
R= l)1 l)2 b3 b4 b5 b5
€1 C2 €3 Ca C5 Ce

(1.3)



Here we have outlined two 4x4 submatrices in red and blue. The columns of a submatrix need not be
contiguous, so the three green boxes indicate another 4x4 submatrix. In this example, the number of
submatrices is given by the binomial factor (6,4) -- pick a committee of 4 columns from 6 candidates. So
we have shown only 3 out of (6,4) = 6!/(4!2!) = 15 possible 4x4 submatrices. We can indicate a submatrix
using this notation:

red = (f1,f2,f3,f4) blue = (f2,f3,4,fs) green = (f1,f2,f4.f6) (1.4)

That is to say, we abbreviate the submatrix by stating only the values in the first row of the submatrix.
Since our main interest will be whether or not the determinants of these 4x4 submatrices vanish, the
ordering of the columns within a submatrix is not important.

For the general R matrix shown above with N columns and S rows, there are (N,S) possible submatrices
of size SxS. A particular submatrix is then indicated by a sequence of S subscripted f values.

Why not S>N? One can regard u = f(x1,X2, X3....Xy) as an N-dimensional surface in E¥*T where the extra
dimension is u. For example, for N =2, u = f(x,y) is a 2-dimensional surface in E3.

The constraint equation a(x1,X2, X3....Xy) = 0 is an N-1 dimensional surface in EN Again for N = 2,
a(x,y) = 0 is a 1-dimensional surface (a curve) in E?. If a(x,y) = x*-y®-1, that curve is a circle.

A constraint surface can be "extruded" in the u direction of E" to give an N dimensional surface in
EM?T For N=2, if the constraint is a circle, that extruded surface is a cylinder in E3.

The intersection of the N-dimensional surface u = f with the N-dimensional extruded surface a = 0 is
a surface of dimension N-1. In our N = 2 example, the 2D surface u = f intersects the cylinder in a curve.

Each extra constraint lowers the dimensionality of the final intersection surface. If S = 2 (one
constraint), the intersection surface was just seen to be of dimension N-1. For S = 3 (two constraints), that
surface is down to dimension N-2. The dimension of the final intersection surface is thus N-S+1. When S
=N, the final surface is a 1D curve. If we try to set S > N, the intersection has no degree of freedom at all
and one cannot have a continuous extremum situation.

An N =2 example of this paragraph's discussion is presented in Section 4 (Example 1).

We now quote a few facts from linear algebra concerning the rank of a matrix:

Definitions: A minor of matrix A is the determinant of any square submatrix of A obtained by crossing
out some rows and columns The rank r of an m x n matrix A is the dimension of the largest non-
vanishing minor within A. [Shilov 1.92 | Thus, r < min(m,n). (1.5)

Definitions: [Shilov 2.21] Consider an m x n matrix A. Let r1, rp, ...ry be an arbitrary selection of N
rows (row vectors) from the matrix A. This set of N rows is linearly dependent if one can find a set of
constants k; at least one of which is non-zero such that

kiritkoro+....+ky ry=0 . (1.6)

There could be several such equations, or there could be only one. This generally means that at least one
row can be expressed as a linear combination of the other rows. A legal such equation would be rz = 0 in

which case ko = 1. One could then say that r; is a linear combination of the other rows with coefficients
all zero. In any event, if one or more rows are all zeros, a set of N rows are linearly dependent. If no such



equation (1.6) exists, then the set of N rows is linearly independent. For example, the set of vectors r; =
(1,0) and r2 = (0,1) is linearly independent.
The above discussion also applies to columns. Take "row" — "column" and r; — ¢; .

Facts: The rank r as defined in (1.5) has these properties for any m x n matrix A: (1.7)
(a) the rank r equals the number of linearly independent columns of A [Shilov 3.12 ]
(b) the rank r equals the number of linearly independent rows of A [Shilov 3.13 ]

See Appendix A below for a proof of the claims of (1.7).

With the above as background, the following theorem is fundamental to our Lagrange Multiplier
presentation:

Theorem 1. If the point r is a solution to the extremum problem (1.1), then rank[R(r)] < S. (1.8)
According to the rank definition (1.5),

rank(R) < S = all SxS submatrices must have zero determinant (1.9)
If, for example, the red submatrix in Fig 1.3 had a non-zero determinant, then rank(R) =4 = S.

The point of Theorem 1 is that the solution point r of the constrained extremum problem must be a point
where the R(r) matrix drops below full rank. We shall prove this theorem in Section 3 by showing that, if
r is a solution to the extremum problem, then all those SxS submatrices discussed above have zero
determinant and thus rank(R) < S. If one is searching for candidate solutions r to the extremum problem,
one can restrict one's search to points r for which rank[R(r)] <S.

Comment on the R matrix. Imagine a general transformation from x-space x = (X1, X2, ....Xy) to u-space

with coordinates u = (u1, Uz, ... ug). One might write such a transformation as u = F(x) where F:EN— ES.
Although this transformation in general is non-linear, in a tiny neighborhood of point x in x-space (and
the corresponding point u in u-space), the transformation will be linear if certain conditions are met. That
local linear relation is then described by du = Rdx where R is a matrix (N columns, S rows) whose matrix
elements are R; 5 = 0ui/0x5. If we think of

f=ui1(x1, X2, ....XN) Ri1 =0ui/0x1 = ofloxy =13 Rio=1, etc.
a=uz(X1, X2, ....Xn) Rso1 =0us/0x1 = 0a/0x1 = az Roo =as etc
b =us(x1, X2, ....XN)

q = us(X1, X2, ....XN) (1.10)

then the matrix shown in (1.2) is exactly the R matrix for this general transformation u = F(x). If S <N,
then the R matrix is not square, the relation du = Rdx is a "projection" of a larger space into a smaller
one, and the equation therefore cannot be inverted. This notation "R" is used extensively in our Tensor
Analysis document, see in particular Chapter 2, though only invertible transformations F:EN— EV are
considered there. Sometimes R is referred to as "the differential” of a transformation.

Before proving Theorem 1, we want to cut to the chase and state the Method of Lagrange Multipliers
to create a framework in which candidate solutions for the extremum problem can be found.



2. The Method of Lagrange Multipliers
The extremum problem stated above in (1.1),
find extremum of f(r) subject to constraints a(r)=0, b(r)=0, c(r)=0, .... q(r)=0. (1.2)
1 2 3 S-1
can be solved in the following manner:
(a) Define the following function H [ the A; are the "Lagrange multipliers" |
H(r,h) =1f(r) + Ma(r) + A2 b(r) +...... +As-1 q(r) . 2.1
Notice that H is a function of N + (S-1) = N+S-1 variables which are the x; and A;.
(b) Compute all N+S-1 partial derivatives of H, which as usual we denote by Hj.
For the first N partials i = 1,2..N one gets

H;y =1f; + X a; Az bi+...... +Ag-1 qdi 1=1,2..N . (22)

For the final S-1 partials one finds,

Hy+1= a
Hy+2 =b
Hys-1= - (2.3)

(c) Now set all N+S-1 partials of H to 0, that is, set H; = 0 for i = 1 to N+S-1. Then (2.2) and (2.3) read
fi(r) + Azai(r) + A2 ba(r) + ...... +As-1 qi(r) =0 i=12..N /' =Hj(r)
a(r)y=0 b(r)=0 qr)=0. 1=N+1..N+S-1 2.4
The second group of S-1 equations is a statement of the S-1 constraints of the problem.
The first set of equations in (2.4) can be written in this vector notation
f(r) + Aa(r) + 22 b(r) +...... +As-1q(r) =0 // =H(r) (2.5)

where each bolded vector is a row of the R matrix (1.2). This equation has the form (1.6) and certainly the
coefficient of f(r) is non-zero, being one.

Equation (2.5) thus says that the S rows of the R matrix are linearly dependent! According to (1.7), this
means that rank[R(r)] < S. If one had rank(R) = S, all S rows of R would be linearly independent and then
an equation of the form (2.5) could not exist. According to Theorem 1 of (1.8), any point r which makes



(2.5) be true is therefore a candidate for a solution to the constrained extremum problem (1.1). Such a
solution value of r will be associated with solution values for the ;.

(d) It is then incumbent on the problem solver to solve the following N+S-1 equations for the N+S-1
unknowns which are r = ( x1, X2 .....Xy) and Az, A2.....As-1 . Here again are the equations to solve:

f1(r) + A1a1(r) +2A2ba(r) +...... T As-1 qa(r) =0

fo(r) + Araz(r) + Az ba(r) + ...... +Ag-1q2(r) =0 // recall: by means 0b/0x2

.f;(r) + Aian(r) + Az by(r) + ... +As-1 qn(r) =0 // N equations

a(r)y=0

b(r)=0

‘c;(r) =0 // S-1 constraint equations (2.6)

Since all the functions in these equations are known (since f(r) and all the constraints are known), it is in
principle possible to solve the equations for r and the A;. Then those solution r values are candidate
solutions to the constrained extremum problem and need to be studied more to see if they really solve the
problem of interest (max, min, saddle, etc). In general the various functions of r are non-linear and not
just polynomials, and there are likely to be multiple candidate solutions. A numeric solution may be
required. At least this method very significantly reduces the search for solutions to the initial problem
(1.1). The Method of Lagrange Multipliers does not provide a silver bullet for solving these equations.
Most examples one sees in texts and on the web have very simple functions allowing a straightforward
analytic solution.

Since the A; appear linearly in the first N equations in (2.6), it is possible to obtain expressions for the A5
as follows. First, write the first N equations of (2.6) in matrix form,

fl al bl .. (1 7\.1
) f2 _ az b2 .. 2 7»2 (2 7)
fi an by ... qn As-

where the matrix has S-1 columns (one column for each constraint) and N rows. Since S <N, one has S-1
< N so there are fewer columns than rows. This matrix is the transpose of the R matrix (1.2) with the f;

elements removed.

Taking only the first S-1 rows of the above matrix equation, one finds

fl al b1 o Q1 7\.1
f: bo ... A

i 2 _ az 2 q2 2 (2.8)
fs- as-1 bs-1 ... qs-1 As-



where the matrix is now square. Assuming this matrix has non-zero determinant, one can invert (2.8) to
obtain expressions for the Lagrange multipliers A;(r) as functions or r. These A; functions can be inserted
into the first N equations of (2.6) and then one can proceed to solve those N equations for r.

By making different versions of (2.8) taking different sets of S-1 rows from (2.7), one may produce
several different sets of {A;i(r)} corresponding to different candidate solutions r.

Stationary Points vs. Extremum Points

The Method of Lagrange Multipliers really identifies stationary points of f some of which may be
extremum points. A stationary point (critical point) of f(x1,Xx2, X3....Xy) is one where all the partial
derivatives vanish. In the notation above, we would write f; = 0 for i = 1,2...N or just f=0. The Lagrange
Multiplier method looks for stationary points of the auxiliary function H where H = 0 as in (2.5). For
f(x,y) the reader well knows that a stationary point where 0xf=0 and 0yf = 0 could be a saddle point which
is neither a minimum nor a maximum. There could be many stationary points for a given problem, some
of which are extrema, and some of which are not ( see Example 3 in Section 5). Each stationary point will
have its own set of Lagrange Multipliers { A;}. Moreover, a true extremal point may occur at a boundary
of the domain of interest, and would then not be detected by the Lagrange Multiplier method.
The following 1D function f(x) illustrates many of these points.

f(x)

x—
(2.9)

Here the domain of interest is the portion of the x axis lying between the two vertical bars. Point a is the
true minimum and occurs at a boundary. Point b is the true global maximum, while point e is only a local
maximum. Point d wants to be the global minimum but is trumped by point a. Point ¢ has 0xf = 0 but is
neither a local minimum nor a local maximum -- it is the 1D analog of a saddle point. Had points b and e
the same height, there would be two equal global maxima. All these situations can occur for the function
H for the constrained extremum problem and so analysis is required after the stationary points of H are
located.

Comments

1. For the Lagrange Multiplier method to be valid, the functions f(r), a(r), b(r)....q(r) must be continuous
and differentiable in all arguments x; and their derivatives must also be continuous. The functions are
therefore C° and C*. This ensures that the R(r) matrix in (1.2) behaves smoothly (is continuous) as a
function of r.



2. Notation: Some authors use the notation fx,= 0f/0x; and the constraints are g(s)(x) =0 where s is a

label, Then the first derivative of a constraint function is g(s)xi(x). Another choice is to refer to the

2s
OX;i *

though less rigorous notation provides more clarity. Writing 0f/0x; = f; is a notation promoted by Buck.

constraint functions as gs(x) where s is a label, and then one just writes out We feel that our simple

3. The A; terms in (2.1) often appear with minus signs in place of plus signs. This removes the minus
sign in (2.7) and (2.8). These signs are just a convention and have no effect on the solution points r.

4. The function H in (2.1) is sometimes referred to as the Lagrangian and is written as L. This
Lagrangian differs from that which appears in the Lagrangian formulation of particle motion. In
Lagrangian dynamics, the motion of a set of particles (perhaps comprising a rigid body) can be
determined from a certain Lagrangian L=T - V where T and V are the kinetic and potential energies of

the set of particles. L is a function of the "generalized coordinates" qx and velocities Jx = dqx/dt of the

particles, and of time t, so one writes L(qx,Jx, t). The equations of motion in the absence of constraints

. oL d oL
are known as the Euler-Lagrange equations, ( aﬁqkf at e
(413

constraints to the problem of the form Zya;xdqx = 0 where the a;x are functions causing the particles to

) = 0. One may add a set of differential

be constrained in their motion. For example, the particles may be constrained to move only along certain
oL d JL

curves like beads on a wire. The adjusted Euler-Lagrange equations then have the form ( 0 d
Qe At o
YiAjaix = 0. This equation is similar to the first line of our equation (2.4). See Goldstein page 41 (2.23)

and (2.27). Goldstein refers to this method of incorporating constraints into particle dynamics as the
method of Lagrange undetermined multipliers.



3. Proof of Theorem 1
Theorem 1. If the point r is a solution to the extremal problem (1.1), then rank[R(r)] < S. (1.8)

(a) Proof for N=6and S =4

The more general the proof is made, the less clear it becomes due to the notational baggage that must be
added. Therefore we shall prove Theorem 1 for the specific case shown above in Fig (1.3) where N = 6
and S = 4 (3 constraints). The reader should have no trouble following each step for this sample case.
When we reach the proof conclusion for the sample case, we start over again doing the general case and
compare each step to the steps of this sample case. Although a lot of equations appear below (and a lot of
column inches are consumed), everything is really quite simple.

So, for our sample case we start off with this R matrix, again with bolded row vectors on the right,

f1 f2 f3 f4 f5 fs f
al az as ag as de a

R = by b b3 ba bs be = b 3.1
C1 C2 C3 Ca Cs Ce C

We want then to find an extremum of f(x1, X2, X3, X4, X5, Xg) subject to these constraints:

a(x1, X2, X3, X4, X5, Xg) =0

b(x1, X2, X3, Xa, X5, Xg) =0

(X1, X2, X3, X4, X5, Xg) =0. (3.2)

In practice, a person solving this problem might try to eliminate variables. For example, somehow with
enough labor one should be able to "use up" the three constraint equations to eliminate three of the six
variables x;. There are of course (6,3) ways to select three variables for elimination.

For starters, imagine that we have used up the 3 constraints to eliminate variables x1, X2 and x3. Then
we write

1
a(x1, X2, X3, X4, X5, Xg) =0 x1 = X7(Xa4, X5, X6)
2
b(x1, X2, X3, X4, X5,Xe) =0 = X2 = X“(X4, Xs, X¢)
3
c(X1, X2, X3, X4, X5, Xg) =0 x3 = X(Xa, X5, X6) (3.3)

where X, X? and X3 are three resulting functions. This is a "theoretical" elimination, one does not

actually have to do the process, one need only understand that in principle it could be done and the
functions X* could in principle be found.

Now rewrite the function f and the three constraint functions in this manner, substituting for example the
function X* for x1 everywhere it appears,

10



1 2 3 —
(X" (x4, X5, X6), X (X4, X5, X6), X (X4, X5, X6), X4, X5, X¢) = F(X4, Xs, X6)

a(X*(x4, Xs, X6), X?(X4, X5, X6), X>(Xa, X5, X¢), X4, X5, X¢)
b(X (X4, X5, X6), X2(Xa, Xs, X), X°(Xa, X5, X6), X4, X5, Xg) = B(x4, X5, X¢)
C(X4, X5, Xs) . (34)

A(Xa, X5, X6)

1 2 3
c(X(x4, X5, Xe), X“(Xa, Xs, X6), X (X4, X5, X6), X4, X5, X¢)

In this way we have defined four new functions F,A,B,C each of the 3 variables shown (those that were
not eliminated).

Next, compute the first partial derivatives of F using the chain rule. For example

OF _of X! of OX®  of OX°  of

Oxa Oxy Oxa | Oxp Oxa | Oxa Oxa | Oxa (3.52)
In our compact notation where F; means 0F/0x; this can be restated as

Fg=f1X % + X3 +3X3, + 1 . (3.5b)
Doing this for each of the non-eliminated variables one gets,

Fo=fiX'e + X% + £3X3, + £,
Fg = f1X15 + f2X25 + f3X35 + fg
Fe= f]_Xls + f2X26 + f3X35 +fg . (36)

Notice that the subscripts on the leftmost three f; correspond to those of the eliminated variables i = 1,2,3.

Now, since we are seeking an extremal point of F(x4, X5, Xg) With no constraints at all (the three initial
constraints have all been absorbed in the process of eliminating three variables), we require that (x4, Xs,
Xg) be a "critical point" for the function F, which means we require that F4 = F5 = Fg = 0. Then the above
equations become,

f1X14 + f2X24 + f3X34 +f, =0
f1X15 + f2X25 + f3X35 +fs =0
f1X16 + £2X%6 + f3X76 +f6 = 0. (3.7)

Now apply the same process to the three constraint functions A,B,C. First compute the derivatives, and
then set the derivatives to zero. One does this for A(x4, Xs, Xg), for example, because the constraint
condition a = 0 says that that A(x4, X5, Xg) = 0 = a constant, for all values of x4, X5, X¢ , so all first
derivatives must vanish. Doing this for function A then gives these three equations,

31X14 + 32X24 + a3X34 +ag =0
31X15 + 32X25 + a3X35 + as = 0
a1X'6 +a2X%6 + 23X’ +ag = 0. (3.8)

We have just taken the previous equations and replaced f— a everywhere. Then do this for B and C. One
ends up then with this set of 12 equations:

11



f1X14 + f2X24 + f3X34 +f, =0
f1X15 + f2X25 + f3X35 +fs =0
f1X16 + f2X25 + f3X35 +fe =0

31X14 + 32X24 + a3X34 + ag = 0
31X15 + 32X25 + a3X35 +as =0
ales + azXZG + a3X36 +ag =0

b1X14 + b2X24 + b3X34 +bg =0
b1X's + byX?%5 + bsX35 +bs =0
b1X16 + b2X26 + b3X36 +bg =0

01X14 + 02X24 + C3X34 +cg =0
C]_Xls + 02X25 + C3X35 +Cs5 = 0
c1Xte + c2X%6+caX36+c6 = 0. (3.9

Here there are S = 4 equation groups, and each group has N-S+1 = 6-4+1 = 3 equations (this last 3 is the
number of non-eliminated variables).

Next reorder these equations into three groups of four, for example taking the first equation in each group
above to make the first new group below,

f1X g+ £2X% +£3X3,+1f1 =0

31X14 + 32X24 + a3X34 +ag =0
b1X s + X% +b3X34 +bs =0
01X14 + 02X24 + C3X34 +cq4 =0

f1X%s + £,X%5 + f3X35 + f5 =0

31X15 + 32X25 + a3X35 +as =0
b1X15 + b2X25 + b3X35 +bs =0
01X15 + 02X25 + C3X35 +c5 =0

f1X16 + f2X25 + f3X35 +fg =0
a1X'6 + a,X%6 + 23X’ +ag =0
b1X15 + b2X26 + b3X35 +bg =0
c1X'6 +c2X%6 +caX36tcg =0 . (3.10)

Now there are N-S+1 = 3 equation groups, and each group has S = 4 equations.

Next, write each of these three equation sets as a matrix equation,
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0 fi f2 f3 fy X:4 X;4

8 gi Ez : Iji §34 = (f1,12, f3, fa) i((sz

0 C1 C2 €3 Ca 1 1

0 fi f2 f3 fs X:S Xls

8 gi Ez : I: §35 = (f1,12, f3, f5) i((s:

0 c1 C2 €3 Cs 1 1

0 fi f2 f3 fe Xzs Xzs

8 lii 12;2 Ez ljz ;(36 = (f1,12, f3, fe) §32 (3.11)
0 C1 C2 C3 Cg 1 1

On the right we show our abbreviated notation for a matrix, just showing the first row.

Now we claim that the three matrices shown must have zero determinant! Suppose the first matrix
equation had a non-zero determinant. It could then be inverted (see (B.4.8)) to give

X1,

X2,

X3,
1

= (f1,f2, fa, fa)*

0
8 (3.12)
0

SO OO

But this produces a blatant contradiction that 1 = 0 (not to mention the other rows), and therefore we must
have

det (f1,f2, f3, f4) =0

det (f1 ,fz, f3, f5) =0

det (f1 ,fz, f3, fg) =0
or

det (f1,f2, f3, fn) =0 m#1,23 . (3.13)
Therefore, we have shown that three of the SxS = 4x4 submatrices of Fig (1.3) vanish. But there are 15
such submatrices, and in order to show that rank(R) < S, we have to show that all 15 SxS determinants
vanish.

But that can be demonstrated by starting over several times and each time choosing to eliminate three
different variables. Notice in the det = 0 equations above that the first three f; values correspond to the

three eliminated variables X1, X2 and x3, Had we instead chosen to eliminate x1, Xo and x4, we would
have obtained,
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det (f1,f2, fq, f3) =0
det (fl,fZa fq, f5) =0
det (f1,f2, fq, fg) =0
or
det (fy, f2, fa, ) = 0 m#124 . (3.14)

More generally, had we chosen to eliminate variables x;, X5 and xx (i # j # k), we would have obtained
det (fi,f3, fx, fn) =0 m#i,jk . (3.15)

As 1,j,k range over all possible values 1,2,3,4,5,6, we clearly hit all possible 4x4 subdeterminants, and
thus we have shown that they all vanish, and therefore rank(R) <S, QED.

Lest it be overlooked, one must keep in mind that r = (x1, X2, X3, X4, X5, Xg) must be a solution to the
extremum problem (or at least a critical point as in (3.7) ) including meeting all the constraints. And then
the conclusion is that, for such a solution point r, one has rank[R(r)] <S .

Having now shown that rank[R(r)] < S for a solution point r, we know from (1.7) (b) that the S rows of
the R matrix must be linearly dependent for that r. This means that one can find a set of constants
M1,A2,A3 such that

f(r) + Ma(r) + A2 b(r) + Az e(r) =0 . (2.5)

These constants are the Lagrange Multipliers and we see that the fact that they exist follows directly from
the fact that rank[R(r)] < S.

To summarize, one theoretically eliminates N-S+1 of the N variables to create the functions F,A,B,C of
(3.4). One then looks for the normal (unconstrained) critical points of F where all partials vanish. Since
the constraints all have the form A = 0, B = 0, C = 0, their partials vanish as well. Writing all these
equations in matrix form (for various sets of eliminated variables) leads to the conclusion that all the SxS
minors of matrix R vanish so that rank(R) < S.

(b) Proof for general S <N
To generalize now to general N and S, we restate some of the previous equations (adding a prime to the
equation number) using a more generalized notation. The reader will note how even our simple notation

becomes rather unpleasant.

Comment: This complexity increases further if one denotes the constraint functions by a notation like a =
g® b=g® . q=g®1 We avoid the idea of a = g1, b = g5 etc because we want a subscript to
indicate a partial derivative, not a label.

We start off with this R matrix which has N columns and S < N rows. The S-1 constraint functions are
a,b,....q. Remember that f; means 0f/0x.
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f1 f2 f3 vee fN

a1 az as aN a
R = b, b, bs by = b 3.1y
q1 q2 q3 In q

Here are the S-1 constraint equations,

a(x1, X2, ...xy) =0 // S-1 constraint equations
b(x1, X2, ...Xn) =0

q(Xl, X2, ...XN) =0.

(3.2)
Eliminate (theoretically) the first S-1 variables X1,X5....Xg-1 using the S-1 constraint equations:
a(xy, X2, ...xy) =0 X1 = Xl(xs, XS+1 - XN)
b(x1, X2, ...Xxny) =0 = Xo = Xz(xs, XS+1 .. XN)
;i(xl, X2, .Xy) =0 Xs-1 = X*"}(Xg, Xg41 ... Xn) - (3.3)

Substitute to get the F,A,B...Q equations (a set of S equations),

f(Xl(Xsa Xs+1 .- XN), XZ(XS: Xs+1 - XN),
a(X (s, Xs41 - Xn)s X2(Xs, X541 - Xn),
b(X*(xs, Xs41 ... Xn), X2(Xs, X541 .- X)),

s-1 —

. X777 (Xs, XS41 .- XN) 5 X8, X541 ... Xn) = F(Xs, X541 ... Xn)
s-1 _

. X (Xs, Xg+1 ... XN) , Xg, XS+1 --- XN) = A(Xs, Xs+1 .- XN)
s-1 _

. X7 (X8, Xs41 --- XN) 5 X8, X541 ... XN) = B(Xs, Xs+1 ... XN)

i 1 2 s-1 —
q(X (Xs, XS+1 ... XN), X (Xs, Xs+1 --- XN), . X (Xs, Xs+1 ... XN) , Xg, X841 ... Xn) = Q(Xs, Xg+1 ... Xn) .

(3.4)
Now take first derivatives as shown in (3.5) to get this generalized version of (3.6),
FS = flxls + f2X23 + f3X3s + ...t fs_]_XS_ls + fs
Foi1 = fiX se1 + £2X%641 + £3X g1 + .o+ fso1 X5 Tspn + foua
Fsiz = f1X 42 + £2XPs42 + £3X7s42 + .o + f51X5 542 + fou2
Fy =0OX +60X% +63X% +..+ fs X5y + fy . // N-S+1 equations (3.6)

Requiring (xs, Xs+1 ... Xn) to be a "critical point", we set all the these first derivatives to 0 to get,
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lels + szzs + f3X3S + ...t fs_lXS_ls + fs =0
f1X s41 + F2XPs41 + F3X3g41 + ..+ fso1 X5 Pgp1 + fonn =0
f1X g4z + F2X2s42 + £3X 3542 + ... + foo1 X5 Tgin + foun =0

Xty X% XN fot e XSy + By

Il
(el

// N-S+1 equations 3.7

A similar set of equations is obtained for a,b,c...q. Just replace f—a, then f— b and so on. We shall not
write out all these equations as we did in (3.9). We have then S sets of equations, each set containing N-
S+1 equations. As in the sample case, we then reorder the equations to get first this group,

f]_Xls + f2X23 + f3X3s + ...+ fs_lxs_ls + fg =0
ales + azXzs + a3X3s +...+ as_]_XS_ls + ag =0
b]_Xls + bzxzs + b3X33 + ...+ bs_lxs_ls + bg =0
quls + quzs + q3X3S +...+ qs_lXS_ls + Qs =0 . /I S equations (3.10)'s

The next group has S—S+1 in all subscript positions. The last group has S—N, and here is that last
group,

fj_XlN + f2X2N + f3X3N + ..+ fs_lxs_ln + fy =0
3.1X1N + aZXZN + a3X3N + ...t as_]_XS_lN + ayn =0
b]_XlN + b2X2N + b3X3N + ...+ bs_1XS_1N + by =0
aXi X% +t@sXy tt qs1 XSy v =0. //'S equations  (3.10)'y

So there are now N-S+1 groups of equations and each group has S equations each having S terms.
The next task is to write each set of S equations as a matrix equation. Here we do that just using the
abbreviated notation for the matrix,

0 Xls

0 X%s

= (fl,f2, f3, fs_]_, fs)

0 X571

0 1

0 Xls+1

0 X2s+1
=(f1,f2, f3, ... fs-1, fs41) .

0 D G

0 1

0000

0 X'y

0 X2y
=(f1,12, f3, ... fs_1, fy) . 3.11)

0 XS,

0 1
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We then argue as before that, to avoid the contradiction 0 = 1, the determinants of these SxS submatrices
must be zero,

det(fl,fz, f3, ... fs-1, fs) =0
det(fy,f2, f3, ... fg-1, f541) =0

det(fl,fz, f3, ... fs-1, ) =0
or
det(fy o, fs, ... fo-1, fm) = 0 m#123.81 | (3.13y

Finally, if we start off by eliminating the S-1 variables xj, X3, Xk.... Xy Where i # j #k....#r, we would find
that

det(fs fy, fx, ... fe, f) = 0 m#ijk..r . (3.15)
Since this includes any possible SxS subdeterminant of the R matrix, we have then shown that all (N,S)
SxS subdeterminants vanish, and therefore rank[R(r)] < S when r is a solution or critical point of the

extremum problem.

Having now shown that rank[R(r)] < S for a solution point r, we know that the S rows of the R matrix
must be linearly dependent for that r. This means that one can find a set of constants Aq,A2,...Ag—1 such
that

f(r) + Aa(r) + Az b(r) + ...... +Xs-1q(r) =0 . (2.5)

These constants are the Lagrange Multipliers and we see that the fact that they exist follows directly from
the fact that rank[R(r)] < S.
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4. The Gradient Interpretation: Examples 1 and 2
4.1 Setup
Recall that, for r such that rank[R(r)] < S, one can find Lagrange multipliers A; such that
f(r) + A1a(r) + 22 b(r) + ...... +As-1q(r) =0, (2.5)

where the bolded letters are the rows of the R matrix shown in (1.2). In component notation this equation
reads

fi(r) + Azai(r) + A2 ba(r) + ...... +As-1qi(r) =0 i=12..N (4.1.1)
where recall f; = 0f/0x;. In the usual gradient operator V notation this can be written

VAi(r) + A Va(r) + 212 Vb(r) + ...... +As-1Vq(r) =0 V =(01,02...0n) . (4.1.2)
Having obtained this equation by the matrix rank method, we shall now show that it makes perfect sense
in terms of the gradients. We shall consider two Examples below in order to build up to the general claim
made at the end in Section 4.4. The reader uninterested in examples may skip to that section.
Before continuing, here are a few Facts which perhaps are "old hat" to the reader but need stating:

Fact 1: The equation F(x1,X2.....xn) = K defines an n-1 dimensional surface in E™ . (4.1.3)

For example, F(x,y,z) = x*+y?+z? with F = R? describes a spherical 2D surface of radius R in E>.
F(x,y)= xz+y2 with F=R? describes a 1D surface (curve) in E?, a circle

Fact 2: VF(r) is always locally normal to the surface F(r) = K, where r = (x1,X2.....Xn) . (4.1.4)

Proof: Start at point r on the surface F(r) = K and move a small distance dr in an arbitrary direction
along the surface. Since one stays on the surface, F(r+dr) = K. Then dF = F(r+dr)- F(r) = 0. But one
knows that dF = VF e dr so, in order that dF = 0 for all dr displacements on the surface, VF(r) must be
locally normal to the surface at point r.

Fact 3: As K takes a set of different values K1, K».....Kg, the equation F(x1,X2....xn) = K describes a
family of so-called level surfaces (level sets). If S is large and the range of the K; is small, these surfaces
will be closely spaced. Adjacent surfaces then have nearly the same shape, although in general all the
surfaces in the family of surfaces do not have the same shape. (4.1.5)
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Example: F(x,y) = szrZy4 and F=K for K =1 to 10. Here "level surfaces" means "level curves".

restart ;with(plots)

F = x"2+2%y"4,

F:x2+2y4
implicitplot({seq(F = K, ,EK=1..10)},x=-4..4,y=-2. .2, ,scaling=constrained, numpoints=1000,
color = blue}) ;

(4.1.6)
Fact 4: The gradient VF points in the direction in which F changes most rapidly. (4.1.7)

Proof: For tiny displacement dr, dF = VF e dr is largest positive when dr points in the direction of VF
("uphill"). And dF = VF e dr is largest negative when dr points opposite the direction of VF ("downhill").

With these Facts established, we now consider a simple Lagrange Multiplier example.
4.2 Example 1: Half sphere with one simple constraint

Let u = f(x,y) represent the surface of a sphere (radius R = 2) in E3, centered at the origin. We consider
only the upper half of this surface, and we want to find (x,y) that maximizes f. If there are no constraints,
then (4.1.2) above says Vf= 0. The only place on our u = f surface having Vf= 0 is the north pole of the
sphere. This is just a regular "critical point" where Oxf = 0 and O,f = 0, so we are happy with this
interpretation of (4.1.2) with no constraints.

We now add a constraint a(x,y) = 0 where a(x,y) = y-1. This constraint is the line y=1 in the x-y plane
E?. We can extrude this line into a plane y = 1 in E3. The hemispherical surface is a 2D surface in E>,
and the extruded constraint plane is also a 2D surface in E3. These 2D surfaces intersect in a 1D surface
which is a curve. There is hopefully some point on this curve that maximizes f.

Below is a picture of the sphere. The intersection of the upper spherical surface with the plane y = 1 is
shown as a red curve (a half circle). Due to the constraint, we cannot get to the north pole so the
maximum value of f is some value less than that u = 2 at the north pole. The extremum of this constrained
problem will be at point A, and point B is not an extremum.
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(4.2.1)

What is potentially misleading in this example (so far) is the notion of surface and gradient. For the above
sphere, the surface is described by r = 2 in spherical coordinates, and then if f(r) = r, one finds that Vf =
O.f t =1, and this is indeed normal to the surface at every point on it, as predicted by Fact 2 above.
Similarly, the y=1 plane constraint function a(x,y) = y-1 = 0 has Va = § and this is everywhere normal to
the constraint plane.

The potential confusion is that the Lagrange Multiplier Show does not play out on the stage shown in
(4.2.1). It plays out in a space of one lower dimension. For Example 1, the Lagrange Multiplier Show
plays out on the disk which lies at u = 0 in (4.2.1). The gradients involved with the Lagrange Multiplier
method for Example 1 are 2D gradients which lie in this disk, not the 3D gradients to surfaces appearing
in (4.2.1).

So let us move then to the proper setting which is this u=0 disk in the x,y plane: (viewed from above)

Z
N\

(4.2.2)
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We wish to maximize the function f(x,y) = \/4 - x2- y2 subject to the constraint y = 1. In (4.2.1) the
spherical surface is u2+x2~l—y2 =R%=4, s0 f(x,y) is then height u. So the function \/ 4 - x*- y2 = \/ 4-1?
is the height of the hemisphere in Fig (4.2.1) above the point (x,y). If we consider f(x,y) = K for a set of K
values, we get a set of level curves in (4.2.2) which are circles with r = \/H( . On each circle in (4.2.2),
the height of the sphere lying over the surface in (4.2.1) is constant -- that is why they are called level
curves.

The constraint is a(x,y) = 0 with constraint function a(x,y) = y-1, and the constraint y = 1 is shown as
the red line in (4.2.2). We compute,

a=y-1 (4.2.3)
SO

VE =VA[4-1% = [1A[412] §

Va=V(y-1)=9. (4.2.4)

For any point r in the disk of (4.2.2), Vf therefore points toward the disk center, and this is then the uphill
direction for the hemisphere in (4.2.1). In Cartesian coordinates,

VE =VAf4-x2-y2 =-(x/DR - (y/D = \/ﬁ_yz R \/ﬁ—yz 9. (4.2.5)

Now, equation (4.1.2) says
Vi(r)= -2 Va(r) =0. (4.2.6)

How do we make geometric sense of this equation? If r is an "extremum" location, we should have df =0
for any legal small displacement dr starting at this point r. Eq. (4.2.6) dotted into dr then says,

0= df=Vf(r)edr = —2;Va(r) e dr. (4.2.7)

If we displace dr in any direction on the constraint surface (which from Fact 2 has normal Va(r)), then
Va(r) e dr = 0 and we find df = 0, so we are thus at an extremum of f. For other values of position r , we
will find either that df > 0 or df < 0 if we move dr along the constraint surface. If we are looking for a
maximum of f, for example, then it is to our advantage to move a little dr in a direction for which df > 0.
Doing this repeatedly to find a maximum (minimum) of f is called the method of gradient ascent
(descent)

In our example with only one constraint, (4.2.6) says that we have reached an extremum when Vf and
Va are collinear. Let's draw onto (4.2.2) the points a and b which lie under points A and B in (4.2.1), and
we include a point b' which is a mirror image of b :
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()

(4.2.8)

At each of the points a,b,b' we show Vf in black and Va in red. At point a we have reached the closest
distance to the center that is allowed for points on the red constraint line, so this will correspond to the
maximum value of f, which is point A in (4.2.1). At point a we see that in fact the two gradients are
collinear as required by (4.1.2) at an extremum.

Suppose we are at point b. We may compute df for a small displacement upwards (minus x direction)

dfb)=Vfedr =[-xD& - (/DI ] e |dx|(-R) = [dx| (x/H) >0 since x>0 and £50 . (4.2.9)

Since df > 0, it is to our advantage in finding max f to move upwards in (4.2.8). Conversely, suppose we
are instead at point b'. Then moving toward a gives,

df(b')=Vfedr =[-x/HX -y ]e|dx|(R)=|dx| (-x/f) >0 since x<0 and >0 . (4.2.10)
and again we find that df > 0. From either starting position b or b', moving toward point a is a win.
It is an easy matter to compute the solution value of the Lagrange Multiplier A; and r. Inserting

(4.2.4) into (4.2.6) gives

Vi(r) = — A Va(r) =

X Yy
'\/4-x2-y2 ﬁ -'\/4-X2-y2§’ :'9\419 . (4.2.11)

This says x = 0, and then using the constrainty = 1,

; § =9 = h=1Af3. (4.2.12)
The solution to the Example 1 extremum problem is then
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r=(0,1) A= 1A[3. (4.2.13)

We have claimed in (2.1) that at the solution point, the Lagrangian function H(x,y) should have a
maximum, since the whole theory is based on H being the function to maximize without constraints. One
has,

H(xy) = f(r) + Ma(r) =A[4-x%-y> + (1A3) (y-1). (4.2.14)

Now u = (1/\/§ ) (y-1) is a plane sloping up to the right in Fig (4.2.1). This is different from the plane y =
1 which is the vertical constraint plane in that figure. In (4.2.14) we are adding a spherical surface to a
plane sloping up to the right, and the result is an ellipsoidal-like surface (really a quartic surface) which
has a maximum at the point A = (0,1). Here is a plot of that surface:

H := sqri(4-x"2-v"2) + (1/sgqrt(3))*(y-1),
1
H=ald-x2-5° +§ﬁ(y— 1
plot3d(H,x=-2..2,v = -sqrt(4-x"2)+l1le-8. .sqrt(d-x"2)-1e-8, axes=boxed  grid = [20,20])},

(4.2.15)
One can see from these plots that the maximum of H(x,y) occurs at x =0 and y = 1.
A direct method of confirming the maximum is provided by examining Hi; .
Hi =1 +lay Hii =fis +Aass a3 = 0°(y-1)/0xs? =0
f=\/4-xz-y2 =\/4-x12-xz2 = f; = -x/f f>0
fis=-[f*1-xifi]/ % =-[f -xs(-xs/D]/ 2 = - (1) - (xa/D)?
His = fis +Mass = fis = - (/) - (xe/D)2 <0 . (4.2.16)
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This shows that the function H(x,y) is "cupping down" at all locations, as the graph suggests. The point A
where H; =0 (see (2.4) ) thus also has Hj; <0 and is thus a maximum.

If we had a surface in (4.2.1) more complicated than a sphere, and a constraint more complicated than y =
1, the nature of the interpretation of (4.1.2) does not change. For example, if (4.2.1) contained a surface u
= f(x,y) whose level curves were those of (4.1.6) with f =K values increasing toward the center, and if the
constraint a(x,y) = 0 were some arbitrary constraint curve (shown in red), we would have this picture:

S I——

(4.2.17)

In this case the red arrow Va changes direction as one moves along the red curve, but the solution point is
shown as the black dot a where the red arrow and the black arrow representing Vf are collinear. At point
b the gradient arrows do not line up, and there is advantage for increasing f by moving toward point a.

Notice that saying the two arrows are collinear is to say they are linearly dependent. Equation (4.1.2) says
that the gradients are linearly dependent in the general case as well as this simple case.

4.3 Example 2: Half 4D sphere with two simple constraints

In order to better demonstrate the interpretation of (4.1.2) concerning the gradients. we upgrade Example
1 and then allow two constraints. We take the surface of (4.2.1) to be the "upper half" of a 4D sphere,
whatever that means. Since we cannot draw such a thing in E* even in a projection drawing like (4.2.1),
we don't even try. However, the Lagrange Multiplier scenario (the analog of (4.2.2)) exists in E*, not E*,
and we can at least draw that. In Example 1 the level curves were a set of concentric circles in E2. For
Example 2 the level surfaces are a set of concentric spheres in E3 each labeled by a value of K, where
f(x,y,z) = K and where f(x,y,z) = m . We are not proving this claim, it is just based on
analogy: if the slice of a 3D sphere is a 2D sphere (a disk), then a slice of a 4D sphere ought to be a 3D
sphere.
We take as our two constraints the equations y = 1 and x = 1, just to keep it simple. Thus
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f(x,y,z) = \/4 -xPy gt = \/4 -1
a(X’yaz) = y-l
b(x,y,z) = x-1. (4.3.1)

The gradients of interest are now 3D gradients in E® space, so

VE=VA[4-12) =[1Af412]F = - /DR - (y/DF - (D2 points to sphere center
Va=V(y-1)=9
Vb=V(x-1)=%. (4.3.2)

Equation (4.1.2) reads
Vi(r) + MVa(r) + 2, Vb(r) =0 . (4.3.3)

This says that the three gradients must be linearly dependent, which means they must be coplanar! Before
solving the problem, we would like to draw a picture corresponding to (4.2.2) for Example 1. Although
one could in fact draw such a picture with some effort, we shall decline this task and instead draw two z =
constant slices of the desired picture. On the left below is a slice at z = 0, while on the right is a slice at z
=1 (these are not precision pictures) :

Il
-

y=1 y

)

\
<

)

.-\

NN\ N/
N

4 =

this arrow dips into the plane of paper
(4.3.4)

\

NS

®
N>
x

>

In these pictures, we are viewing the two red constraint planes y = 1 and x = 1 edge on. The surface which
satisfies both constraints is a line normal to the plane of paper which is the intersection of the two
constraint planes. The circles on the left are slices of the family of concentric spheres taken at the equator
z=0. At z=+1 since our slicing plane is closer to the north pole, some of the inner spheres no longer cut
the plane z = 1, and those that still do have smaller diameter circles.
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Consider now the point r = b shown as a black dot on the right. The two red arrows are Va = § and
Vb= X, each normal to its constraint plane. The black arrow dips into the plane of paper because V=
[-r/\/E2 ] £ which points toward the sphere center. The three arrows Vf, Va,Vb are therefore not
coplanar, so they are linearly independent. That means that equation (4.3.3) cannot exist [ see (1.6) ] for
this point r. This black point b is located outside the r = 7 units sphere (in our crude picture).

Consider next the point r = a shown as a black dot on the left. Since this is the equatorial slice, the
black arrow Vf lies in the plane of paper so the three arrows are coplanar. This means the three vectors
V{, Va,Vb are coplanar so they are linearly dependent. For this point a, the equation (4.3.3) can and does
exist, and therefore point a is the problem solution. This point is located inside the r = 6 unit sphere.

Once again, at an extremum point we should have df = 0. Moving an amount dr which is consistent
with both constraints (meaning dr is in the z direction) we then have from (4.3.3),

df=Vfedr = —Ai[Va(r)edr] — Az [Vb(r)e dr] =—A1 [0] - A2[0] =0 (4.3.5)
and sure enough, df = 0. At point b one finds for a dr pointed down toward the equatorial plane,

df=Vfedr = [- (/DX - (y/DY - (D2 ] e (-|dr| 2)=(z/Hdr >0 (4.3.6)
and so it is advantageous to move dr = |dr|2 toward a and thereby increase f, so b is not an extremum.

Evaluating (4.3.6) at z = 0 for point a again shows df = 0.
Finally, we solve the problem. Inserting (4.3.2) into (4.3.3) gives

VA(r) = — MVa(r) — A2 Vb(r) =

y A z

X A A A A
: - - =— MV — A . 4.3.7
N T AN o (43.7)

We see at once that z = 0 and then the above becomes

—2 ), —L—= - (4.3.8)
\4 -x2-y? \4 -x2-y? ’ o

But the constraints say x =1 and y =1 so,

S N L e
N A N e T = M=lk=1A2. (43.9)

Therefore the solution to Example 2 is this:

r=(1,1,0) M=1A2  d=1A2 . (4.3.10)

It is simple matter conceptually to generalize our Example 2 to more complicated functions f,a,b. For
some arbitrary function f(r) there will be a set of 2D surfaces in E3 which are the level surfaces on which
f(r) = K for various values of K. These level surfaces then replace the set of concentric spheres of our
simple case. We then imagine replacing our simple planar constraint functions a(x,y,z) and b(x,y,z) with
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general functions which then result in arbitrarily shaped 2D constraint surfaces a(x,y,z) = 0 and b(x,y,z) =
0 in E*. The gradients Va and Vb vary over their respective surfaces (being normal vectors). The
intersection of these two 2D constraint surfaces in E* will be a curve in E* (1D surface in E®). Potential
solution points r must lie on this curve. At each point r on this curve, the gradients Va(r) and Vb(r)
define a local plane. At a stationary point one will find that the gradient V{(r) lies in the same plane as
Va(r) and Vb(r) so the three gradients are linearly dependent and then Vf(r) + A;Va(r) + A2 Vb(r) =0
for some A; and A,. At such a point r, if one considers any dr which lies on both constraint surfaces, one
will then find that df = Vf edr = 0 so the point r is therefore a stationary point.

The situation is described by a 3D version of drawing (4.2.17).

Note that the intersection of the two constraint surfaces might result in multiple curves, and each must
then be considered. For example, the intersection of two thin (prolate) ellipsoids might be two closed

curves. If the intersection of the constraint surfaces is null ( 1st ellipsoid inside 2nd ), the problem has no
solutions.

4.4 The General Case

Here we summarize what has been demonstrated in the above examples. We have the general gradient
equation (4.1.2) emerging from the Lagrange Multiplier analysis,

VA1(r) + M Va(r) + 212 Vb(r) +...... +2s-1 Vq(r) =0 V =(01,02...08) . (4.1.2)
This equation only exists if r is an extremum!! Solving for Vf(r) and dotting with dr gives
df(r) = Vf(r) e dr = —A1[Va(r) e dr] — A, [Vb(r) e dr] —...... —Xs-1[Vq(r) edr]. (4.4.1)

If dr at point r is chosen so all the constraints are respected (that is, we stay on all the constraint surfaces
as we displace dr from r) , then Va(r) e dr =0, Vb(r) e dr =0 ..... and Vq(r) e dr = 0. Then

df(r) = VA(r) e dr =—A1[0] —A2 [0] — cooo.. —Ag-1 [0] = O.. (4.4.2)

Since df(r) = 0, the point r is a stationary point of f(r) subject to these constraints. The point r is then a
candidate for being an extremum point of f(r).
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5. Example 3: Extremal distances between an ellipse and a circle

Many examples of the use of the Method of Lagrange Multipliers can be found in texts and on the web.
See for example Trench or the wiki Lagrange Multiplier page.

Our Example 3 has two constraints so S = 3. There are four coordinates so N = 4. It happens that these
four coordinates are not those of a single point in E* but represent two points in E2. This example is a bit
more complex than the toy examples in texts and we obtain a numerical solution after carrying out the
analytic steps of the Lagrange Multiplier algorithm.
Consider then these two curves in E?:

x?/A% +y?/B%=1 ellipse centered at the origin, semimajor/minor axes A and B

(x'—oc)2 + (y'-B)2 =R?. circle of radius R centered at (a.,p3) (5.1
What is the minimum and maximum distance between these two curves?
The distance squared is given by

f=(x-x")? + (y—y‘)2 = f(x,y,x",y") N = 4 coordinates (5.2)
while the constraint functions are

a(x,y,x\y") = x%/A% + y2/B2 -1 a(x,y,x,y) =0

b(xy.xy) = (x-0) +(y-$)* - R® b(xy.x'y)=0 . (5.3)
Notice that the vector r for this problem is r = (x,y,x",y").

The various derivatives are,

f1 = Oxf =2(x-x') a1 = O0xa = 2x/A? b1 =0xb=0

fo = 0yf =2(y-y') ap = Oya = 2y/B? b2 =0yb=0

f3 =0y = -2(x-X") az=0xa =0 b3 = 0x'b=2(x"-a)

fg =0y F=-2(y-y") ag=0y1a =0 by =0dy'b=2(y-p) . (5.4)

The H function of (2.1) is then,
Hx,yx,y'A,02)=f + Mqa+A2b
= (x-x)2 + (y-y)? + A [xP/A% + y?/B2 - 1]+ 22 [(x-0)? + (y'-B)? - R?]. (5.5)

Compute the four first derivatives as in (2.2),
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Hi= f1 + Aa1 +Az2 by = 2(xx") + Ay 2x/A?
Hy= f, + Maz+ Az by = 2(y-y") + Az 2y/B?
Hz= f3 + Ajaz+ Az bz = 2(x-Xx") + A22(x"-0)
Hy= f4 + Ajag + A by -2(y—y') + 7\.22(}7'—3) . (56)

Set these derivatives to 0 as in (2.4) to find this set of six equations (2.6)

(x-x") + A1 x/A% =0 1
(y-y) +21 y/BZ =0 2
- (x-x) + Az (X-0) = 0 3
-(y-y)+r2 (y-B) =0 4

x?/A2+y?/B2-1=0
(x-0)2 + (y-p)® -R%=0 6 (5.7)

(9]

where the 6 unknowns are x,y,x',y',A1,A2 .

Notice that a possible A; solution is A;= A2 = 0 in which case one gets x = x' and y = y'. Certainly this is
an extremum situation since distance squared is f = (x-x')2 + (y-y')*> = 0, a minimum. Insertion of x' = x
and y' =y into 5 and 6 above and elimination of x yields an equation for y of the form

kiy? +koy® +ksy?+key +kg =0. x =+ A/1-(y/B) (5.8)
If the ellipse and circle intersect, one will find that the above equation has 1,2,3 or 4 real roots which then
represent the intersection point(s) of the two curves. If the curves don't intersect, the solution y values will

be complex so there are no physical solutions for A;=21, =0 .

So how does one go about solving the set of 6 equations shown in (5.7)? The possible first step is to find a
viable set of A;. From a version of (2.8) using the first and third rows of (2.7) one may write,

(@) = (20 =y )

where
al b1 a 0
M_(as bs) _(0 bs) (5.9)
so that
- bz 0 1 bs 0 )
1_ _o_
M —( 0 al)/det(M) = a1b3(0 e (5.10)
Therefore,
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() - () - a5 ) () (5.11)

and thus

1 1
= a1b3 b3f1 -7\.2 = a1b3 31f3 =

M
A =-fr/a; = -2(x-x")/[2x/A%] =- A%(x-x")/x
Aa =- fa/bs = 2(x=x")/[2(x-a)] = (x-x")/(x'-cx)

and we then have a candidate solution set {A; }. The first four equations of (5.7) become

(x-x") + [- A%(x-x")/x] x/A% =0 1
(y-y) + [ A%(x-x')/x] y/B* = 0 2
- (xx") + [ xx")/(x"-0)] (x'-a) = 0 3
- (y-y) +2[ x-x)/(x"-0)] (y'-B) = O 4
or
xx")-(xx") =0 1
(y-y") - (A/B)3(x-x")y/x =0 b
-(xx")+ (xx") =0 3
- (y-y) + (-PE-x)(x'-a) =0 4 . (5.12)
Two of these equations are identities, while the other two are
(v-y) - (A/B)*(x-x)y/x =0 2
- (y-y) + (y-P)(x-x)/(x"-0) =0 4
or
(y-y)x - (A/B)*(x-x)y =0 2
- (y-y)(x-0) + (y'-B)(x-x") =0 4. (5.13)
Including the last two equations (5.7), one has four equations in four unknowns x,y,x',y" :
(y-y)x - (A/B*(x-x)y =0 2
- (y-y)(x-0) + (y-P)(x-x") =0 4
x?/A2+y?B%-1=0 5
(x-0)? + (y-B)2-RZ=0 . 6 (5.14)

This is a system of four 2nd degree polynomial equations in four variables. When we ask Maple to
analytically solve these equations for the four unknowns x,y,x',y' the results are very messy and involve
roots of fourth degree polynomials. In this situation, the analytic solution exists, but is so complicated it
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hardly seems very useful. We selected this example just to show that even a relatively simple problem can
be nearly intractable analytically.

We turn then to a numerical solution for the particular ellipse + circle case shown in this scaled figure
where the background boxes are 1 unit squares,

N (8,0)

(5.15)

The circle has radius R = 2 and is centered at (a,3) = (3,1). The semi ellipse axes are A =8 and B =4. We
enter into Maple the 6 original equations (5.7) in the 6 unknowns x,y, X',y A1,A2 (xp =x%', L1 =124, etc) :

el = (x-xp) + L1*{x/RA"2) = 0,
Lix
gl =x—xp+ 5 =0
A
e? = (y-vp) + L1*{yv/B"2) = 0,
Li
92:=_y—yp+—2y=0
b
e3d = —(x-xp)+ LZ*{xp-alpha) = 0;
el =—x+zp+LZ{xp—x)=0
ed = —(y-vpl+ L2*{yp-beta) = 0,
ed =—y+ayp+Ll0Hp-B1=0
ebh = (x"2/n"2) + (y"2/B"2)- 1 = 0,
x2 y2
e5:=—2+—2—1=0
A r:)
eb = (xp-alpha)”2 + (yp-beta)"2 - R"2 = 0,
2 2 2
e ={xp—x) +0p-pB1 -R" =10 (5.16)
We next set in the specific parameters for the figure shown above
A =8, B :=4; R := 2; alpha := 3; beta := 1;
A=8
B=4
R=2
o=
p=1 (5.17)
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Without given a starting point, Maple finds the following solution

fsolve({el, e2, e3,ed b, a6}, {x, v, xp,vp, L1, L2}),
(L1 =-27T90619099 12 = 32032353092 x = 3637316709, xp = 2 497845176, y = 3557528444 yp = 2. 937046768}

which we approximate as
A =-28 A2=.32 (x,y) = (3.66, 3.56) (x.,y")=(3.50,2.94) . (5.18a)

Plotting this on our figure,

(x.y) = (3.66, 3.56)
(x.y") = (3.50, 2.94)

!
N 8.0)

(5.18b)

we see that this solution corresponds to the minimum distance between the two curves. Maple computes
this minimum distance to be .6406470846 units.

Another solution is found by giving Maple a search starting point (-8,0) on the ellipse and (5,1) on the
circle :

fsolve({el e, ,e3 , ed,eb, et} , {x=-8,yv=0,xp=5,vp=1,L1,L2}},
(2= -7 987607508, p=- 2221078222, L1 = -103. 9635963 yp = 1221087675, xp = 4 98742455, L2 = -6 527706691}

which we approximate as
M =-104 X2=-6.5 (x,y) =(-7.99, -.22) (xLy') =(4.99,1.22) . (5.19a)

Plotting this solution,
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(xy") = (4.99, 1.22)

(8,0)

(x.y) = (-7.99, -22) (5.19b)

we see that this solution corresponds to the maximum distance between the two curves. Maple computes
this maximum distance to be 13.05541338 units.

A third candidate solution is found by giving Maple a starting point (-8,0) on the ellipse and (1,1) on the
circle:

fsolve{{el, e?,e3 ed,eb et} , {x=-8,yv=0,xp=1,vp=1,L1,L2}},
(2= -T987657508, y= - 2221078222, yp = TTER123247 L1 =72 11057310, L2 = 4 527706691, xp = 1.012257502}

which we approximate as
M=-72 X2=45 (x,y) =(-7.99, -.22) (x.y')=(1.01,0.78) . (5.20a)

Plotting this solution,

(x'y") = (1.01,0.78) (0,4)

NS (8.0)

(x,y)=1(-7.99,-22)

(5.20b)
one sees that this solution represents a "stationary point" but is not in fact a solution to the problem.
Finally, we find this fourth solution,

fsolve({el,e?, a3 ed, eb, a6}, {x=0,v=4,xp=3,vp=-1,L1,L2}),
{zp = 2502154824, ypr = - 9370467677, L2 = -2, 3203235358, L) = -20.21437201, x = 3.657316705, » = 3.057525444”°

which we approximate as
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M =-202 Ap=-23 (x,y)=(3.66,3.56)  (x,y")=(2.50, -.94) . (5.21a)

Plotting this solution,

(x.y") = (2.50,-.94)

(5.21b)

we find a situation similar to the third candidate solution -- a stationary point which is neither a global
maximum nor a global minimum.
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6. Example 4: The Boltzmann factor in Statistical Mechanics
6.1 Statement of The Boltzmann Extremum Problem

Imagine a system which has m state levels into which particles can be placed. At a given energy level ¢;,
the number of available states is g;, known as the degeneracy at energy €;. A particular state of the
entire system of particles is characterized by the number of particles N; in each of the states, so system
state = (N1,N2...Np) = N, a vector. The total number of particles in the system is fixed at M = X;Nj, and
the total energy is U = £;&;N;. The system is isolated so its initial energy U does not change, nor can
particles be created or destroyed, so U and M are both fixed constants. The system of particles (perhaps a
box of gas atoms) is assumed to be at thermal equilibrium so all its macroscopic characteristics (like
pressure and temperature) are stable.

Imagine a billion of these particle systems (an "ensemble"). Each system settles into its own partition set
{Ni} = N. If M is very large, one will find that those billion N vectors are all very similar. This is so

because certain {N;} partitions are statistically favored over other partitions just because there are a lot
more "states" available to a system with those favored {Nj} partitions.

So, how many states are available ("accessible") to such a system characterized by vector N which
represents some partitioning of the particles {N;}?

The number of different "ways" of placing N indistinguishable balls into g boxes is a fascinating

N+g-1
elementary problem and the answer is ( I\% ), a binomial coefficient.

Footnote: One arrives at this answer by thinking of N balls and g-1 "partitions" between boxes, all of
which have to be laid out in a row, such as | * * * | * | | * for the case N =5 and g-1 = 4. Here the
leftmost bin is empty, as is the second bin from the right. Each layout of the 9 objects is characterized
by picking a committee of 5 balls from the 9 positions (or a committee of 4 partitions). So in this case

. . (9 9! 9
the number of unique layouts is ( 5 ) =314 = ( 4) . (6.1.1)

N+
The count ( I\EI% ) allows multiple balls to be in any given box. This count is then associated with so-

called Bose-Einstein statistics -- multiple bosons are allowed in the same state (for example, photons or
any integral-spin particles). If at most one ball is allowed in any given box , the count of ways is just the

number of ways to pick a committee of N boxes from the set of g boxes, and this count is (I%I) This

count is then associated with so-called Fermi-Dirac statistics -- only one fermion is allowed in a state
(for example electrons or any half-integral spin particles). The fact that electrons are fermions is the
reason the periodic table of elements exists.

However, we shall assume that g; >> N; (known as the Boltzmann limit), and this allows a simplification
of the state count. Both the Bose and Fermi state counts reduce to the same count in this limit:
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N+g- 1 ! -1)..(g-N+1 g"
Ways:( N ): (1%1) =N (g-N)! - )N(!g = N - (6.1.2)

So in our particle problem, the number of ways of having N; particles in states with energy €; is %

For each of these ways, there are % ways of putting N particles in energy level €2. And so on. Thus, the

total number of available states ("microstates") for a partition {N;} of the M particles is given by

g1N1 g2N2 gmN“‘
QNLNz.Na) =7 N7 Nl - (6.1.3)

So here is our initial extremum problem:

No N,

| o gt e g .
Find N which maximizes Q(N) = Nyl Np! Nyl subject to these two constraints:
ZiNi =M and ZiSiNi =U. (614)

When M is a very large number (like Avogadro's number), it turns out that Q(N) has a very strong and
sharp maximum at a certain N which is the solution value N for this extremum problem. Thus, when one
examines an ensemble of such systems, this solution N is the overwhelmingly likely partitioning of the
particles into {N;}. Our task is then to solve this problem for N.

This vector N = (N1, N2..Np) is the vector r = (x1,X2..Xy) of our general Lagrange Multiplier
presentation in Section 2, so in this application the number of components in the vector is N = m, and we
don't want to confuse this previous use of symbol N with N or N; of the present problem!

One might observe that the x; in the general analysis were reals, whereas the Nj here are integers. We
can dispense with this issue by simply writing Nj! = I'(N3j+1) which then serves to interpolate Nj
between its integer values. Another approach is to replace N; everywhere in the above problem statement
by n; = N3i/M. Since M and the solution Nj values are very large integers, one can regard this n; as
essentially a continuous real (albeit rational) variable.

It should be noted that the value of U is restricted to a certain range.

Mémin < U < Ménax (6.1.5)

The limits represent the two extreme possible partitions {Nj} of the particles (all in lowest energy state,
or all in highest energy state). It is useful to define the average energy of a particle,

u= U/M = average energy of particle in the system (6.1.6)
and then (6.1.5) says,

< U< Epax - (6.1.7)
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6.2 Solution of The Boltzmann Extremum Problem
Maximizing the state count Q of (6.2) is the same as maximizing f' = In€, and from (6.1.3),
f(N1, N2..Np) = InQ(N1,N2..Np) = 25 [Nilng; | -Z; [ In Nji! ] (6.2.1)
where X; means X;=1". Assuming all the N; are very large numbers, we may use Stirling's formula,
x! =2nx x*e™* = Inx! = ln\/zr +(1/2) Inx + xlnx -x ~ xIlnx-x, x>>1. (6.2.2)
Then In Nj! = N;InN;- Nj so that,
f=InQ = %3 [Nilngi ] -Z; [InN3i!] = 25 [ N Ings ] - Z5 [NiInN;- Nj]
= X; [(1+Ings)Ns - N3InN; ] = X5 Nj [1 +In(gi/Ns)] . (6.2.3)
Here then is a restatement of the extremum problem given in (6.1.4):
Find N which maximizes f(N) = X; [(1+In g;)N; - N;InNj ] subject to these two constraints:
a(N)=%2;N; -M=0
b(N)=2;e;N;-U=0 . (6.2.4)
Following now the prescription of Section 2, we write our "Lagrangian" H as
H(N,A) =f(N)+ Aza(N) + Az b(N)
=2%; [(1+In g3)Ni - NilnNj ]+ 241 [ ZiN; - M] + Az [Z3e:N;-U] . (6.2.5)
The next step (b) is to compute the m derivatives with respect to Nj :

f; = O0f/ON; = (1+Ing;) - N3 (l/Nl) - InN; =Ing; - InN; = ll’l(gi/Ni)

ai

E)a/aNi = 65_ [Eij - M] =1

bs

ab/aNl = 6i [EjEij-U] =& . (626)
In step (c) we set the partials of H to zero, so

0= Hl(N,;\,) = fi + 7\.1215_ + }»2 bi = 1n(gi/Ni) + 9\,1 + 9\,281 1= 1,2m
or

ln(gi/Ni) +A1+Ae; =0 1=1,2..m
or
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In(Ni/gi) = A1 + X285 . 1=1,2..m (6.2.7)

Step (d) just displays the set of equations one needs to solve :

ln(Ni/gi) = A1+ A2gi 1=1,2..m
2iNi =M /l a(N) =0
TieN; =U /I BN) =0 . (6.2.8)

This is a system of m+2 equations in m+2 unknowns which are the Nj, A1 and A,. To solve these
equations, we first solve the first set of m equations for N, leaving A; and A, as unknowns:

In(Ni/gi) = A1+ Aoes
or
N; = gz el 281 | (6.2.9)

Already a major result has emerged from our Lagrange Multiplier analysis! The population N; of states
at energy level ; depends exponentially on &;. We intuitively expect higher energy levels to be less
populated than lower ones, so we expect A, to be negative. For this reason, and following tradition, we set
A2 =- B where p> 0. And while we're at it, we can set e*! = A to simplify notation. So

Pp=-22

A= M (6.2.10)
and then (6.2.9) reads,

Ni=A g;ePei, (6.2.11)
A study of the statistical mechanics of thermal equilibrium in fact shows that

B=1/KT (6.2.12)

where T is absolute temperature and k is Boltzmann's constant. The factor ¢ P*1 in (6.2.11) is referred

to as the Boltzmann factor. The quantity S = k InQ = kf is the entropy of a system. The idea that § =
1/KT is really the definition of absolute temperature, but all these matters are not of immediate interest, so
we continue onward.

From (6.2.11) the probability of a particle having energy €; is given by

A “Bes
Pi=73[ =M &i€ Pei (6.2.13)

38



. A _Bes . ) ) .
Since X;p; = 1 one finds that 1 = M [Zigi e '“1] which then determines the derived Lagrange multiplier

constant A (expressed in terms of ),

M
A= (6.2.14)

igie £
The denominator in (6.2.14) is called the partition function for the system.
Using (6.2.11) for Nj, the two constraint equations shown in (6.2.4) [£iN;=M and X;N;je;= U] read

A Zigie_pei =M
AXiesge PEi =U . (6.2.15)

Dividing these two equations and using (6.1.6) that u = U/M, one gets this self-consistent result,

U Tigaese Pt (A/M)Sigiese P mipies
USM T Tigie PR (AM)Tige PR 1 ZaPifi T <67 (6.2.16)

To find the derived Lagrange multiplier constant p = -A,, write out the second equation of (6.2.15),
Tigies e PEL = U/A = (U/M)M/A) = (u) ( Zigs e PEL) (6.2.17)

so this is the equation one must solve for B. Recall that €;, g;, and u are all known quantities. For the
lowest energy states one will have €; < u ( recall that u = <g¢5> ) so [es1 - u] will be negative. For high
energy states [ €; - u ] will be positive, so that is why (6.2.17) at least stands a chance of having a solution
for B. As noted in (6.2.12), the solution for B indicates the temperature of the system of particles.
Changing u changes the solution f, so one concludes that the mean particle energy u is a function of
temperature.

For general values of &; (6.2.17) is a transcendental equation which must be solved numerically for f.
If it happens that all the €; are ratios of integers, the equation can be written as a polynomial equation, but
since those integers are likely to be large, the order of this polynomial is large and again one must do a
numerical solution.

Notice that the solution to our particle system problem has the same general form regardless of the
number m of energy levels g;. If we take m very large and make the energy levels &; be very closely
spaced, they approach a continuum of energy values and the conclusions apply to a classical system. For
small finite m, the discrete energy levels indicate a quantum mechanical system.

To summarize, we have used the method of Lagrange multipliers to solve the Boltzmann extremum
problem stated in either (6.1.4) or (6.2.4). Since the problem has two constraints, there are two Lagrange
multipliers A1 and A2 which we replaced with the numbers A = ¢** and B = - A, . We showed how P is

determined by numerically solving (6.2.17), and then A is determined by (6.2.14). Then the solution
(extremum) vector N = {N;} is given by (6.2.11) which says N; = A g; e Pei
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What we have not shown is that this extremum solution is a maximum. nor have we shown the fact that
Q(N) has a very sharp peak at the solution value N, which then statistically forces a system to assume a
value N very close to this solution N. We shall deal with these issues in the following section.

6.3 More details of the solution

Start with

f=InQ = %; [(1+Ilngi)Ns - NiInN;j | =Z; N; [1 +1In(gi/Ni)] . (623)

The constraints £;N;= M and X;N;g;= U can be regarded as two equation in the two unknowns N; and
N2 which are easily solved to obtain,

Ni= +(e2-81) "[62M- U+ Zi3™ (e3-82)Ni] = Na(N3, .. Nn)
Nz =- (e2-€1) ' [etM - U+ Zi-3" (es - e1)Ni] = No(N3, .. Nn) . (6.3.1)

Notice that, fori=3,4...m,

ON1 1 €i-€2
oN, - T(eze) Tl(eire2)] = T
ON2 -1 €i-€1
N, - (Ezre) T [(ei-ey) ] =- o (6.3.2)
Now think of f as function of N3,,,,Ny, (analogous to the first line of (3.4)) ,
f(N1(N3, .. Nm), N2(N3, .. . Nn), N3, ....Np) . (6.3.3)
Compute the total derivative df/dN; fori=3,4...n:
df ON1 ON2 _of
dN; = f; oN; + f5 oN; + f; where f; :6Nj_
S iR g, BT g 6.3.2
B 182-81 T2 £€2-€1 T h (6.3.2)
€i-€2 €i-€1
= In(g1/N1) Pl In(g2/N2) — + In(gi/Nji) . (6.2.6) (6.3.4)

Installing the solution values In(Nji/g;) = A1 + Age; shown in (6.2.8) we continue,

df £i-€2 £i-€1
— = + — (M + — + (1 + hogs
aN; (A1 + Aze1) 261 (A + Az2e2) t2-61 (A1 + A2ey)
€i-€2 €i-€1 €i-€2 €i-€1
= — - —— 4+ 1]+ -8, — 4 gs
9 [82_81 — 1]+%2 [ &1 L €i ]
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€i-€2 €i-€1  €2-81 €i-€2 €i-€1 €2-€1

- +2 e - €5
€2-€1 £2-81 82-81] 2l Leggr %2 gy 1

=M [

[—

€2-€1
=)\ [0] +22[0] =0 . (6.3.5)
This is the expected result since the solution is supposed to be a critical point of f given in (6.3.3).

Our main interest is in the second derivative d*f/dN;? . If this comes out negative at the solution point,

we know we have a maximum. Applying d/dN; to the second line in (6.3.4), and then using the first line
of (6.3.4) sequentially for f — f3, f> and f; , one gets

d*f  dfi e dfy eie1  dfy
dzNi B le €2-€1 B le €2-€1 +dNi

¢ €i-€2 . €i-€1 b f €i-€2 £z o*f "
=g o, - fe g Thslg o 335 PNgoN; D3k
€i-€2 €i-€1 €i-€1
- _— + f5
[ f21 - f22 - f21] -
€i-€2 €i-€1
+ [ f; - £y +154] . i=34..m 6.3.6
[ i1l €2-€1 i2 €2-€1 11] 3, ( )

Recall now that

f=InQ = Z; [(1+Ing;)N; - N3InNj ]| (623)
fj_ = lngi - lan_ (626)
fij =- 613(1/N1) . (637)

Therefore (6.3.6) simplifies to

d*f €i-€2 5 €i-€1 ,
d™Ns fua [ €2-€1 I" +f22 [ €2-€1 i
B 1 &g 5, 1 &i€1 , 1
o {Nl €2-€1 +N2 €2-€1 + N; ;o (6.3.8)

This says that the curvature of f in all independent directions N; for i = 3,4...m is negative and this is true
for all vectors N = {N;}. This is of course then true for the solution vector N. But for the solution vector
N we also have df/dN; = 0 from (6.3.5) and therefore the solution is a maximum of f and therefore of Q.

Finally, we may estimate the width of the peak of f and then of Q. The energy fractions in (6.3.8) are on

the ballpark order of unity and the N; are on the order of M, the total number of particles. If we do a
Taylor expansion of f(N) in the i direction only (i = 3,4...m) about the solution N, then
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f(N; +dN;) =~ f(Ni) + (df/dN;)dN; + (1/2)(d*f/d®N;) (dN;)? . (6.3.9)
But at the solution point (df/dN;) = 0 so one finds

df = f(N; +dNj) - f(N;) = (1/2)(d*f/d®N;) (dN;)? (6.3.10)
SO

(dN;)? = Ez%/glzﬂl\l—ﬂ . (6.3.11)
Suppose we are interested in finding dN; such that the Q(N) drops to half its peak value. Then

Oha1£/Qpear = 1/2 = In Onaie - In Qpeax = 1/2 =

fhalf - fpeak = 111(1/2) = ‘dﬂ = fpeak - fhalf = 111(2) = 0.7 . (6312)

In this case, the half-width (6.3.11) of the Q plot is

/ 1.4
dN; = m . (6.3.13)

For a ballpark estimate, we can interpret (6.3.8) as saying

d?f .
PN M = dN; = %~\/ﬁ (6.3.14)

so the fractional half-width is roughly.

dN;

1
M M

(6.3.15)

dN;
For a macroscopic box of gas particles, one might have M = 102° and then Vl ~ 107° | Since this is

the fractional half-width of the peak in Q, the peak is extremely sharp. This then is why, in an ensemble
of macroscopic particle systems, all systems will have almost the same N value.
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6.4 A numerical example with plots

For this example we choose three energy levels (m = 3) so the state count is given by

N N N
g1 1gz? g3

Q(N1.N2,N3) = 7 10,1 o1 (6.1.3)
and correspondingly (this uses the Stirling approximation),
f=InQ = ¥3-1> N; [1 +In(gs/N;)] . (6.2.3)

Assume the three energy levels are ordered in this manner, where €; is the lowest energy state,
€1 <ex<eg3. and recall u=UM ande; <u<es .
We regard both N; and N as functions of N3 where, according to (6.3.1),

Ni= +(e2-£1) ‘[£2M - U+ (e3- £2)N3] = Ni(Na)
N2 =- (s2-£1) [eaM - U+ (e3-£1)N3] = Np(N3) . (6.3.1)

It seems clear that one must have

0<N; <M
0<N2<M.

(6.4.1)

(6.4.2)

(6.4.3)

(6.4.4)

(6.4.5)

Using the expressions (6.4.4) in these inequalities and making use of (6.4.3) and the fact that &1 <u < &3,

one finds that all four inequalities can be summarized as just two inequalities which we write as,

N3min < N3 < N3max

u-€2
N3apin = max(83_ & M, 0)
. u-€1 u-€1 .
N3max = min( o M) = S M. // since u < g3

To find the Lagrange multiplier  we must solve (6.2.17),

Yo [ei-ulgs e PEi=0. (6.2.17)
Then the other derived multiplier is given by (6.2.14)

M M
V4

A=y o oPeL =

P where Z= XjgsePei (6.2.14)

The components N; of the solution vector are then given by

(6.4.6)

(6.4.7)

(6.4.8)
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Ni=A g;ePei, (6.2.11) (6.4.9)

The curvature of f at its peak is,

d2f 1 €8 , 1 _&3€ , 1
d*Ns = N1 [82-81 ] +N2[ £2-€1 [ N3 ;e (6.3.8) (6.4.10)

The half-width of the Q peak is then given by

1.4
dN; =\ /m . (6.3.13) (6.4.11)

For our specific Maple plots, we shall assume

€3=3 M = 1000 = number of particles
€2 =2 u= 1.5 = average energy
e1=1 g1= go= g3 = 5000 = degeneracy (6.4.12)

Here then is our Maple code. We first enter Q,

restart; with(plots)
Oomega = product (g[i] "W[i]l/(W[i]!)},i=1..3),
Ny Ny My
1 & &3
N1! N2! N3!

The quantities N1 and Ny are then replaced as in (6.4.4) [ we use e; in place of €3],

H[1] := (e[2]*M-U+{e[3]-e[2])}*0W[3])/(e[2]-=[1]1) .
Nl =
279
H[2] = —-(e[l]l*M-U+{e[3]-e[l])*H[3])/(e[2]-e[1]1}.

Noyo=—
2 g3 7

We next enter most of the data shown above and use it to compute Napipn and Napax

el[l] = 1: e[2] = 2: &[3] = 3: un = 1.6: M := 1000: U = M*n
H3min = max(0 M*{u-=[2])/(e[3]1-e[2]1}}.
H3max := M*{u-e[l1l])/{e[3]-e[1]}.

Mimin =10

Nz = 2500000000
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so the legal range of N3 is (0,250). Here is a plot of N3 (red) and Na(black) versus N3 :

plot{[W[1] ,H[2]],H[3] = H3min..H3max, color = [red,blackl]);

7007
B004
5007
400
3004
200

1007

U750 40 BOD B0 100 1Eﬁ5fdn 160 120 200 220 240

(6.4.13)
We then enter the degeneracies and take a look at Q in its numerical form,
g[l] := 5000: g[2] := 5000: g[3] := 5000
Omega,
(500.0+N5)  (5000-2N5) M
5000 2000 5000
SO004+ A0 (3000 =2 A0 AL
( R AR (6.4.14)

As is typical in statistical mechanics, at its peak the value of Q is a very large number. Even with the
relatively small number of particles M = 1000 and degeneracy g = 5000, the peak value is (see below)

Qpeax = 6.71 x 10*°1? (6.4.15)

Maple is uncomfortable plotting numbers larger than about 10% so we pre-scale Q down by 10*°*° to
make the scaled Q be Maple-digestible. This scaling process in turn creates numbers smaller than 10740
which are also rejected by the Maple plotter, so we use a Heaviside function to pin small numbers to 0
unless they are greater than the arbitrary value .01. Here then is a plot of Q(N3),
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scale = 1lelbhls,

scale = .1 10 1520

OmegaScaled = (Omega/scale)*Heaviside{Omega/scale-.01}
¥x¥ = plot({ OmegaScaled H[3] = H3min..H3max,numpoints=100 )
display{xx}

0 20 40 B 80 100 120 140 160 180
M[3]
(6.4.16)

We broke the display command into two pieces: first create xx then plot xx. Replacing : with ; after the
plot command gives one a list of numbers to be plotted, and from this list one can determine a reasonable
scale factor. Once that is found, the plotting coordinates need not be displayed. The curve Q(N3) has the

typical Gaussian (normal) shape which no doubt the energetic reader could show results from the central
limit theorem.

A plot of f = In(Q2) has a much smoother and broader shape,

plot{(In{Omega) H[3] = H3min..HN3max,numpoints=100 )

3500
3450
3400;
350 ]
3300 ]
3250

3200

3] 20 40 B0 B0 100 1%@51 140 160 180

(6.4.17)

Recall from (6.3.8) that PN, is everywhere negative, consistent with the cupping down seen in this plot.
1

Next, we have Maple solve (6.2.17) for the Lagrange multiplier f3,
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eq = sum({(e[i]-u)*g[i] *exp(-beta*e[i]) , i=1..3) = 0,

-1 -2 -3
eq:=-—2500.9( 6)4-2500.9( 6)4-?500.9( B):

s = solwve(eq,beta),

0

&= 26445970943 — 31415926354 1, 8341151345
beta = s[2],;

B=.8341151543

With w = ¢ P the above equation is 3w?+w-1 = 0 which has solutions w = (-1 + \/1_3)/6. The minus sign

gives the complex § noted, while the plus sign gives the physical solution = - In[( -1 + \/1_3)/6] =.834.
From this § value we compute the other Lagrange parameter A from (6.2.14),

]
I

sum{g[i] *exp{(-beta*e[i] )}, i=1. .3},
£ =3523 658588

el
|

M/Z,
A= 2837959397

Once these parameters are known, we use (6.2.11) to display the solution vector N = {Nj }.

for i in [3,2,1] do H[i] = A*g[i]*exp(-beta*e[i]) od,
N3 =116.2040605

Ny = 2675918753
Ny =616.2040607

Since we set u < g, we see here a normal distribution where higher energy states have fewer particles.

Our final task is to use (6.3.8) and (6.3.13) to determine the half-width of the Q peak,

curve = (1/H[1]}*({(e[3]-=[2])/(e[2]-e[1])}) 2 +
(L/M[2])y*({(e[3]-e[l])/{el2]-e[1]1})"2 + 1/WM[3],

curve = 02517652703
dH3 = sqrt(l.4/curve),

dN3 =T7457033725

which says ANj /2 = 7.5. This width and the solution N3 = 116.2 can be verified from this blowup plot of
the Q peak,
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xx := plot( OmegaScaled, N[3] = 90..150,numpoints=100 ):
display(xx) ;

, 71N

2: /X/ \\

{ o

0 100 110 120 130 © 140 150
N(3]

(6.4.18)

Notice that this Maple code does not use the Stirling approximation and provides a continuous
interpolation of N! as I'(N+1).

The peak value of Q is found to be

evalf{Omega},

BT10572392 10 1520

In the above example we used u = 1.5 < gz =2. If we instead use u = 2.5 > g5 =2, we find that the state
populations are as shown above but in reverse order. Such a inverted situation corresponds to a negative
absolute temperature T (B = -.834 = 1/(kT) ) and cannot therefore arise in thermal equilibrium. It does
arise in a laser medium which is driven by some power source ("population inversion").
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Appendix A : Matrix rank equals the number of independent columns and rows

This Appendix proves that, for a general m x n matrix M, the number of linearly independent columns
and the number of linearly independent rows are the same, and both numbers are equal to the rank of the
matrix. The reader will appreciate that this fact is non-obvious. Shilov proves it but the proof is a bit
spread out over several sections. Here we provide a self-contained alternate proof.

We first quote a series of square-matrix theorems that are proved from scratch in our Appendix B. These
are doubtless very familiar to the reader, but we just want to get them stated. The derivations of these

theorems may be less familiar.

Theorem 1: det(MT) = det(M). Switching rows with columns does not change a determinant. ~ (B.1.10)

Theorem 2: det(M) can be represented in these two ways, where ¢ is the permutation tensor (B.2.1) :

det(M) = Zajap-. ag fajag- ag M1a;M2ay - Mna (B.2.10a)
det(M) = Zajap-. ag fajag- ag MagiMay2 «oo. Ma_n - (B.2.10b)

Theorem 3: For a square matrix M, adding a multiple of one row to another does not change det(M).

The same is true for adding a multiple of one column to another. (B.2.12)
Theorem 4: Swapping two rows (columns) of square matrix M causes det(M) — - det(M). (B.2.13)
Corollary 4: If two rows (columns) of square matrix M are the same, then det(M) = 0. (B.2.14)
Theorem 5: det(AB) = det(A)det(B) (B.2.15)
Corollary 5: det(ABC) = det(A)det(B)det(C) and so on. (B.2.16)

Theorem 6 (Cofactor Expansions):

det(M) = X, Mgp cof(Mgn) =Zn (rs)n cof(Mgn) work across row s s=12..n (B.3.16a)
det(M) = X, Mps cof(Mps) =Zn (€s)n cof(Mns) work down columns s=12..n (B.3.16b)

_CT [eof )T cof(MT) .
=T = detM) = det(M) for square matrix M. (B.4.8)

Theorem 7: Mt

Theorem 8 (Cramer's Rule):
det(M[cs— y])
y=Mx =  x¢= T;/I) (B.4.14)
To this list, we shall now add four new Theorems which will be proven right here. The definition of
linear independence and linear dependence is given in the discussion surrounding (1.6) and won't be
repeated here.
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Theorem 9: Columns of square matrix M are linearly dependent <> det(M) =0 (A.1)
Contrapositives: Columns of square matrix M are linearly independent < det(M) # 0

If we can prove Theorem 9 as stated, then the theorem is also true for rows. The reason is that swapping
rows and columns corresponds to M <> M™ and Theorem 1 says det(M") = det(M).

Proof of =: According to (1.6) and nearby discussion, our premise of linear dependence says that either
one or more columns of M are zero, Or at least one column can be written as a linear combination of the
other columns, so perhaps ¢35 = Z;iksc; . If a column is zero, det(M) = 0 from Theorem 6 going down that
column. If ¢5 = Zjz5kjc;, one can add -Xjz5kics to ¢5 without changing det(M) according to Theorem 3.
But this makes the new column j vanish, so again det(M) = 0.

Proof of <=: Here we shall prove the contrapositive instead of the claim:

claim: det(M) = 0 = the columns of M are linearly dependent
contrapositive: the columns of M are linearly independent = det(M) # 0

If the column vectors ¢; of matrix M are linearly independent, then (1.6) says Xx;¢; =0 = x = 0.
Therefore we know that Xx;jMj; =0 = x5 = 0 which is the same as Mx = 0 = x = 0. Thinking of
M:E" — E", we claim that mapping Mx =y is one-to-one. Certainly each x goes into a single y, Could a'y
map back into two different values of x, call them x and x' with x # x' ? Then Mx =y and Mx' =y .
Subtract to get M(x-x') = 0. But since Mz = 0 = z = 0 (as just shown), we find x = x'. Thus, the mapping
Mx =y really is one-to-one, and that means it is invertible and the inverse is unique. From Theorem 7 the
inverse is in fact given by M™* = cof(MT)/det(M). For M™? to exist, one must have det(M) # 0.

Another proof is very simple but perhaps less convincing. One can show (see our Tensor Analysis
document (B.6.10) in Refs) that if a set of column vectors ¢; of matrix M spans an n-piped in E", the
"volume" of that n-piped is given by V = |det(M)|. If those vectors are linearly independent, then V # 0.
This is obvious in 2D (volume = area) and 3D but less obvious for general E”. For example, in 3D if a

third vector lies in the plane of the other two (is dependent), there is no volume.

Theorem 10 (mini-columns theorem). Let R be a subset of N rows of nxm matrix A, and let S be a
subset of columns {c;} in A. The matrix elements of A included in the intersection of these two sets form

a set of "mini-columns" {C;}. This set of mini-columns forms a matrix B within A. Matrix B could be
contiguous, or it could be non-contiguous in one or both directions. The claim and its contrapositive are:

(a) {Ci} linearly independent in B = {c;} linearly independent in A
(b) {ci} linearly dependentin A = {C;} linearly dependent in B (A.2)

A picture is worth a thousand words. Here matrix B happens to be contiguous in both directions.
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{ei}

matrix A

A/

{Ci}

matrix B (4x4)
N=4

k| = = = = =M
* k| F & | *w

ok F OF F OEF|k ok
ok ® % % Hlw wON

*
*
"
"

(A.3)

Proof of (b): If the set {c;} is linearly dependent in A, then from (1.6) one can write X; ¢s kics =0 with k
# 0. This is a set of m equations which contains as a subset the set of N equations X; cs k; C; = 0. This last
equation then says that the {C;} are linearly dependent in B. There is of course a similar "mini rows
theorem".

Theorem 11. If all kxk minors in k columns of matrix A vanish, the k columns are linearly dependent.
(A4)
Contrapositive: If k columns are linearly independent, they must contain at least one non-zero kxk minor.

Once proven for columns, replacing A—AT gives the same theorem for rows.

Proof: Assume matrix A has m rows and n columns. In order for kxk minors to exist, one must have k <
min(m,n). Gather up the k columns and make them be the leftmost k columns of a new matrix B. Since
these columns have m elements, and since k < m, add m-k arbitrary new columns to the right of the k
columns so that matrix B is then a square matrix. On the left below we show the k columns taken from
matrix A in red, and then the arbitrary added columns are shown in blue.

4——m—>p 4“—mn—>
E mattix B E Kk
<> <>

(A.5)

Consider now the process of computing det(B) by going down the rightmost column using the standard
cofactor sum formula of Theorem 6. This det(B) is a linear combination of (m-1)x(m-1) minors all in the
left m-1 columns. Consider one of these minors. If we evaluate it using the same cofactor formula (of one
less dimension), it will be a linear combination of (m-2)x(m-2) minors in the left m-2 columns. We keep
going until we are evaluating a set of kxk cofactors in the left k columns. But these all vanish by the
theorem premise. Thus, reversing this logic we conclude that det(B) = 0. The picture on the right above
shows one minor at each level of the descent just described (red dot goes with red minor, etc).

Now suppose it were possible that the k red columns were independent. Since the added blue columns
are arbitrary, we could certainly find a set of added blue columns so that all m columns were independent.
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But then we would have det(B) # 0 by Theorem 9. But we just showed that det(B) = 0, so it must not be
possible to have the k red columns be independent, so they must be dependent.

We are finally ready for the Main Act. Recall first that :

Definition: The rank r of an m x n matrix A is the dimension of the largest non-vanishing minor within
A. [Shilov 1.92 ] Thus, r < min(m,n). (1.5) (A.6)

Theorem 12. For a general nxm matrix A, (A7)
rank(A) =1 < A has exactly r linearly independent columns

Once this theorem is proved for columns, it is also true for rows since rank(AT) = rank(A).

Proof of =: If rank(A) =r, A must have at least one non-vanishing rxr minor. Think of this minor being
a set of mini-columns as in Theorem 10. Since then det(minor) # 0, this set of mini-columns is linearly
independent according to Theorem 9. Thus, the set of corresponding full columns (those that pass down
through the minor) are linearly independent from Theorem 10 (a). So matrix A has at least these r
independent columns.

Now let k = r+1. Since rank(A) =r we know that all kxk minors in A vanish. By Theorem 11, any
set of k columns must be linearly dependent. Since k = r+1, any r+1 columns are linearly dependent, so
the number of independent columns is just r, the number of columns passing down through the minor.

Proof of «: If there are r linearly independent columns, then at least one rxr minor within those columns
must be non-zero (contrapositive of Theorem 11). Suppose there were an (r+k)x(r+k) non-vanishing
minor. Then the r+k mini-columns of that minor would be independent, and thus by Theorem 10 there
would be r+k independent full columns. But the theorem premise says there are only r independent
columns, so all minors larger than rxr must vanish. Therefore rank(A) =r.

Sometimes the number of linearly independent rows of a matrix is called the row rank, and the number
of independent columns is called the column rank. Theorem 12 and its row version show that

column rank = row rank = rank = dimension of largest non-vanishing minor (A.8)

Basis Minors and Basis Columns. If rank(A) = r, we know there must exist at least one non-vanishing rxr
minor in A. Shilov refers to such a minor as a basis minor and the columns passing through this minor
are called basis columns. We showed in Theorem 10 that the set of such basis columns is linearly
independent (which is why they are called basis columns). Obviously any of these columns can be written
as a linear combination of the basis columns, such as ¢o = Zi=1k kici =1 ¢ca. If k =r+1, all kxk minors
vanish and by Theorem 11 all sets of k = r+1 columns are linearly dependent. Thus, every non-basis
column is a linear combination of the basis columns. We have thus proved Shilov's Basis Minor Theorem
which we quote from section 1.93 of his book (p 25)

THEOREM (Basis minor theorem). Any column of the matrix A is a linear
combination of its basis columns. (A.9)

In his proof that column rank = rank, Shilov uses the above theorem as a starting point.
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Appendix B : Determinants

There must be hundreds of definitions and theorems inhabiting Matrix World. Here we provide our own
"take" on a small number of them relating to the determinant of a square matrix. The reader might be
surprised to see "group theory" playing a major role in the development below. There are many ways to
skin a cat, and the following thread is just one of those ways. Most of the Theorems proven below are
used in Appendix A.

B.1 Definition of the determinant

First, we define zg to be the n-component vector of increasing integers 1 to n,

zo=|"1. (B.1.1)

n

Let a be some permutation (reordering) of these integers, so write

a1 1
az 2

a= = A =Azo (B.1.2)
an n

where A is an nxn matrix which has 1's in the right places to create this permutation vector a. For

example,
1 1 1
a=Az, o 3|1=10 2.
2 0 3

The vector a can be obtained from the vector zog by making S, pairwise swaps of elements of zo.

00
01
10

Although S, is not unique, the number (-1)%2 is unique. For example, to get from (1,2,3) to (1,3,2) one
could swap the second pair so Sy = 1, but one could then swap the first pair twice and then S; = 3. This
number (-1)%2 is of course +1 and we shall call it the parity of the permutation a,

Parity(a) = (-1)%2 . (B.1.3)
Fact: Parity(Ca) = Parity(CAzo) = (-1)5¢*a = Parity(C™*a) (B.1.4)
Proof: Doing permutation CA involves first doing A with its S, swaps, and then doing C with its S¢

swaps, for a total of S,+Se swaps. The inverse permutation C™ obviously involves the same number of
swaps as the permutation C.
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Moving now toward the definition of the determinant of a matrix M, define (I meaning "product")
II(a,b; M) = Map = Ma;p;Majp, ... Ma b, = productofn factors . (B.1.5)

The notation [1(a,b; M) is easier to deal with than Mp, but we shall use both these notations.

Suppose ¢ = Czg is some arbitrary permutation of zg. Then:

Fact: II(Ca,Cb; M) =TIl(a,b; M) (B.1.6)

Proof: Applying the same permutation to both the ax and by indices of Ma;p;Majby .- Ma, b, just

reorders the terms in the product but the product stays the same.
Fact: II(a,b; MT) =TII(b,a; M) (B.1.7)

Proof: T(a,b; M™) = M"a;5;M a6, . MTa 5. = Mpbya;Mbgay - Mpoa, = II(b,a; M)

We shall now define the determinant of an n x n matrix M in the following admittedly obscure manner
(later we will show that it reduces to more familiar forms),

1 1
det(M) = 7 ZaZp (-1)%"% T(ab; M) = 7 Za,p (-1)%2% My
1
= 7 ZaZb (-1)®¥" Ma;p,Magby oo Magby, (B.1.8)

Here X, means the sum over all permutations a of zg. In (B.1.8) the columns and rows of M are on a
completely equal footing. Notice that a and b are in effect dummy summation indices. If we do a<b, the
expression for det(M) is unchanged. Thus one can rewrite (B.1.8) as

]
det(M) = <7 %p %a (-1)°p*Sa [I(b,a; M) . (B.1.9)

We are now ready for our first determinant theorem:

Theorem 1: det(MT) = det(M). Switching rows with columns does not change a determinant.  (B.1.10)

Proof: det(MT) = % Ty Za (-1)°0Sa [1(b,a; MT) // (B.1.9) applied to MT
1
= 77 b Za (-2 T(ab; M) // (B.1.7) applied to MT
= det(M) // (B.1.8)
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B.2 The permutation group and the permutation tensor

Definition. A set of elements {g;} form a group G if :
e gig5 is also in the group (closure)
e g; ! exists for each g; in G, where g; ! is also in G (inverse)

* (8183)gk = i(g;8k) (associative) (B.2.1)

Comment: It is implicit in the above definition that the group has some "operation" which gives meaning
to gigs, which we shall just think of as "multiplication". When group elements are represented by
matrices, that operation is multiplication of those matrices, and that will apply to the permutation group
below.

Fact: g;G =G (the rearrangement theorem) (B.2.2)

This says that multiplication of all the elements of a group by an element g; in the group creates a
reordering of the group elements.

Proof. Consider g;G = g; [g1, €2....8n] = [gig1, Eig2....2ign| = set of n elements. Unless two elements
are the same, this must exhaust the entire group. How do we know that g;g; and g; g, might not be the
same? Apply g; "t from the left and that would say g1 = g» which is not the case.

Fact: g f(g) = X4 f(g12) if X4 runs over the entire group G (B.2.3)

Proof: In X4 f(g1g), as g runs over G, the argument g' = g1g runs over G by the rearrangement theorem.
Thus, the sum XZq f(g1g) is just a reordering of the terms in the sum Xq f(g).

It is easy to show that the set of permutations of zo forms a group and therefore the above facts can be
used. For example, the product of two permutations is a permutation, and every permutation clearly has
an inverse, and (AB)C = A(BC) for any matrices. Fact (B.2.3) can be written

g f(Bzo) = =g f(CBzo) //'b =Bz

Here the sum Xp is over all permutation matrices which correspond to permutations b of zg, and C is
some arbitrary permutation matrix associated with some permutation ¢ of zg. An equivalent way of stating
the above involves a direct summation Xy, over all permutation vectors b of zg ,

3y f(b) = Xy f(Ch) . // permutation sum rearrangement theorem (B.2.4)

Throwing in the arbitrary permutation C merely causes a reordering of the sum. This is an extremely
powerful and useful fact. Consider then :

55



1
det(M) = -7 Za[Zs (-1)5a%5p TI(a,b; M) ] // (B.1.8)
1
= 7 Za [Zp (-1)%"e T(AT'a,AT'D; )] //(B.1.6) with C= A7 A™ha = AT Azo = 7

1 } B} . i
= 7 ZalZp Parity(A 'b) M(zo,A™*b;M)] //(B.1.4)withC=A"randa=b

= # Ya [ Zp Parity(b) I(zo,b; M) ] // (B.2.4) with C=A"" (key step)

= Y Parity(b) Il(zo,b; M) // n! identical terms in X5

= X, Parity(a) I1(zp,a; M) // rename dummy sum variable

= Xa Parity(a) M1a;Ma2a, ...... Mna,, - // (B.1.5) (B.2.5)

Since det(MT) = det(M) from Theorem 1 (B.1.10), we can also write this result as

det(M) = X, Parity(a) Ma;1Mayz2 ...... Ma n (B.2.6)
Proof: det(M) = det(M*) =X, Parity(a) M*1a,;M"2a, ... MTna_ = Za Parity(a) Ma;1Map2 ... Ma_n
Here then are last two results: ( recall that S; is the number of pairwise swaps to get from zg to a )

det(M) = X, Parity(a) Mia;M2a, ...... Mna, Parity(a) = (-1)52 (B.2.7a)
det(M) = X, Parity(a) Ma;1May2 ... Ma_n Parity(a) = (-1)52 (B.2.7b)

Definition: The permutation tensor &;4x. . (n subscripts) :

°c12...n =1

o for any index swap, € changes sign: €. .i..9.. =-€..§..i..
o therefore, if any two indices are the same,e=0 € i .i.. =-€. .i..i.. =0 (B.2.8)
Fact: If a is a permutation of zo, then €a,a,... a, = Parity(a) = (-2 = g,. (B.2.9)

Proof: Since indices a; represent a permutation of zo , it takes Sa swaps to get from €a;a,... a, t0

€123. . .n by the definition of €. In dense notation, one could say €5 = (—1)Sa €z -

Using (B.2.9) in (B.2.7) then gives these two classic det(M) expressions,
Theorem 2: det(M) can be represented in these two ways:

det(M) = Zajay- ag fajag- ag M1a;M2ay - Mna, (B.2.10a)
det(M) =Zajay ag fajap ag MajiMag2 - Magn - (B.2.10b)
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In dense notation, one could write the above as (a is now a vector),

det(M) = Zata Mzga (B.2.10a)
det(M) = ZataMaz, - (B.2.10b)'

In most applications, the following simpler notation suffices:

det(M) = Zape. .q €abe. .q MlaMZbMBC----an (B.2.11a)
dEt(M) = Yabe. .q €abc. .q MaleZMc3----qu . (B.2.1 lb)

Theorem 3: For a square matrix M, adding a multiple of one row to another does not change det(M).
The same is true for adding a multiple of one column to another. (B.2.12)

Proof: (rows) Suppose we replace r3 — r3 + a ra. This says M3; — Ma; + o Ma; . Eq (B.2.11a) says :
det(M') = Zape. .q €abe. .q MiaMop(M3sc + o M2c) ----an
=det(M) + o Zape. .q €abe. .q Mi1aM2pMa2c ----an .
Since M1aM2pMac ....Mnq is symmetric under b<>c while €apc. .4 IS anti-symmetric, the extra o term
vanishes. That is to say, sum = Zpc ApcSbe = Zcb AcbScb = Zeb (-Abc)(Spe) = - sum = 0. Using
(B.2.11Db) this argument shows that ¢3 — ¢3 + o ¢z similarly does not alter det(M).
Theorem 4: Swapping two rows (columns) of square matrix M causes det(M) — - det(M). (B.2.13)

Proof: Let's swap rows 1 and 3 in M to get M'. Then from (B.2.11a),

dEt(Ml) = ZXabe. .q €abe. .q M3aM2bM1c....an

=ZXabe. .q [~ Ecba. .ql M3aM2pMic...Mnq /| swap a<>c on g

= - Xabe. .q €abe. .q M3cM2pM1a....Mnq // dummy rename a<>c
=-Zabe. .q €abe. .q M1aM2pMa3c....Mnq // reorder product
=-det(M) .

Using Theorem 1, we then know that det(M'™) = - det(MT), so swapping columns 1 and 3 negates det(M).
An obvious corollary follows if the two swapped columns have identical data :

Corollary 4: If two rows (columns) of square matrix A are the same, then det(M) = 0. (B.2.14)
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Here is one more well-known determinant theorem which again demonstrates the power of the
rearrangement theorem (B.2.4).

Theorem 5: det(AB) = det(A)det(B) (B.2.15)

Proof: Since we already use A in a = Azg , we shall prove det(XY) = det(X)det(Y) to avoid overloading
symbols. Note that Parity(a) Parity(b) = (-1)%2(-1)%p = (-1)5a*b = Parity(Ab) from (B.1.4). Then :

det(X)det(Y) =[ X5 Parity(a) I1(zo,a; X)] [ Xp Parity(b) I1(zo,b; Y)] /1 (B.2.5) twice

Ya [ Zp Parity(a) Parity(b) Il(zg,a; X) Il(zo,b;Y) ]

=2a[ Zp Parity(Ab) [1(zo,a; X) II(Azo,Ab;Y) ] // (B.1.6) with C = A
=% [ Zp Parity(Ab) [(zg,a; X) Il(a,Ab;Y) ] // Azg=a
=% [ Parity(b) [I(zp,a; X) Il(a,b;Y)] //(B.2.4)withC=A
= Y Parity(b) X5 I1(zo,a; X) I1(a,b; Y) // move X5

= Xp Parity(b) 2, I(zo,b; XY)

det(XY) .
The idea here is to get a in the right place on both IT's so that
2a H(zo,a; X) I(a,b; Y) =X a5y a, X1a7X2ap «ovo Xna, YajbjYaoby oo Yayb,
= X ajap- ap (X1a; Yaibg)(X2ap; Yagby)- - (Xnay Yapby,)
= (XY)1b; (XY)2by .. (XY)np, = I(zo,b; XY)
which in dense notation one would write as
Xa XzgaYab = (XY)zgp -

Corollary 5: det(ABC) = det(A)det(B)det(C) and so on. (B.2.16)

Proof: det(ABC) = det(A[BC]) = det(A)det(BC) = det(A)det(B)det(C) .
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B.3 Minors, Cofactors, and the Cofactor Expansions of det(M)

Definition: The minor of a matrix element My is the determinant of the submatrix obtained by crossing
out the r*® row and the s* column. It is a challenge, however, to write this out in symbols. Let's start with
a more detailed version of (B.2.11a), where the a; are column summation indices,

det(M) =ZXaja5a3a4a5. . .a, €ajapaszagas. . .ap M1a;M2a,M32:M4a,Msag -..... Mna,, - (B.3.1)
We shall make the following conjecture for the form of minor(Mz3)

minor(Msz) = (-1)*2 Zajapagas...an Sajarzagas...an MiaM2aMaagMsag .. Mna,  (B.3.2)
Compared to det(M) shown in (B.3.1), we have made these changes :

e Removed the factor M3a, ( since row-3 matrix elements cannot appear in minor(Msz) )

e Removed the sum over as.
e Replaced a3 by the number 2 on the ¢ tensor.
e added a sign factor (-1)3 2,

Notice that since there is a 2 on the € tensor, any time a summation index a; = 2 there is no contribution
since then the € tensor has two indices the same, so in effect the value 2 has been removed from all the
residual summations a;. That is good, since column 2 is supposedly "crossed out" in minor(Msz). The
factor (-1)>72 is added so that the "diagonal term" in the minor will be positive. This sign (-1)*2 gets
used up if we slide the "2" to its natural position (position 2) on the € tensor,

minor(M32) = 2a1a2a4a5. ..ap faj2ajagas...ap M1a1M2a2M4a4M5a5 ------ lv[nan . (B33)
The diagonal term in minor(M33) is then positive, matching the mechanical crossing-out method,

€12345. .0 M11M22M44Mss ... Mnn = + M11M22M4g4Mss ...... Mnn - (B.3.4)
A more compact notation for (B.3.2) would be

. 3-2

minor(Msz2) = (-1)7° Za;,i#3 €a;,a3=2 [liza (Mi,a;) - (B.3.5)

Starting over, we could show similarly that

minor(Maz) = (-1)*"? Za;,iz4 €ay,az=2 Miza (Mi,ay) (B.3.6)

We now have a sign factor (-1)*"2 because the "2" on ¢ has to be slid 2 positions to get to its natural
location (position 4 on €). More generally we can say

minor(Ms2) = (-1)°7% Za; ,i#s €ay,ag=2 Ilizs (Mi,a;) (B.3.7)
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where the slide is now s-2 places. Still more generally we find, replacing 2 by r,
minor(Msz) = (-1)*F Za;,izs €ay,ag=r Hizs (Mi,a;) . (B.3.8)
This then is our "best form" expression for a minor of matrix element Mg,. Either sign will do, since
(-DST = (-D)¥F(-1)%F =(-1)5"F since (-1)%* =1 .
Choosing the + sign in (B.3.8) and putting (—1)err on the left side we get,
(-D®** minor(Msr) = Za;,i#s €aj,ag=r Hizs (Mi,a;) - (B.3.9)
The left side here is called the cofactor of Mgy, written cof(Mg,). Thus we have shown that
cofMsz) = (-1)*** minor(Msz) = Zay,its €a;,ag=r Ilizs Mi,a;) - (B.3.10)

Fact: Neither minor(Msy) nor cof(Msy) are functions of the Mg, matrix elements of M! In (B.3.10) this
is so because: (1) row s is excluded in IT5£s(Mj ,a;); (2) a; = r is excluded by the factor €a;  ag=r . More
intuitively, this is so because to get minor(Mgy) we "cross out" row s and column r. Thus,

Ocof(Msy) ~ Ominor(Msy) ] EUT 1
Mey M., =0 or any pairr,s in 1,2...n . (B.3.11)

Finally, suppose we replace r with an integer which we call as. Doing this causes
€a;,ag=r — £aj,ag=ag — €aj — fajagagas...a, = thenormal ¢ tensor form . (B.3.12)
Then (B.3.10) becomes the following,
cof(Msag) = (-1)°*** minor(Msa,) = Za;,i¢s fay Iigs (Mi,a;) - (B.3.13)
Now start again with det(M) of (B.3.1) and rewrite it in our compact notation:
det(M) = Zajajazagas. . .a, Cajajazagas. . .an M1a;M2a,M3a3Maa,Msag ... Mhna,
=2a; €a; [Ii(Mi,a;) // next, extract the as sum and its Msa factor :
=2ag Msag [Za;,its €ay Hizs (Mi,a;)] /I next use (B.3.12) to get
= Zag Msag [cof(Msag)]  // next, change summation index from as to n

= ¥4 Mgn cof(Mgn) . // valid for any s in 1,2..n (B.3.14)
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This is the cofactor expansion of det(M) where one "works across row s" and n is a column index.
Another form of this expansion is

det(M) = det(M?) = 2, MTgn cof(M”sn)
= Xn Mps cof(Mps) (B.3.15)
and in this form one "works down column s" where n is now a row index. We have just proven :
Theorem 6 (Cofactor Expansions):

det(M) = £, Mgy cof(Mgn) =Zn (rs)n cof(Mgn) work across row s s=1,2..n (B.3.16a)
det(M) = X, Mps cof(Mps) = Zn (€s)n cOf(Mns) work down columns s=1,2..n (B.3.16b)

The term "cofactor" presumably arose because each sum term consists of a "factor" Mj 4 and a "co-factor"
which cooperates with the factor to make the sum, as coauthors cooperate to write a book. A common

notation is to define M*J = cof(Mj 5) and then the cofactor expansions become

det(M) = n MgaM>"
det(M) = £, MasM™S .

Although compact, this is not so handy for tensor notation with its up and down indices (see Lucht Ref).
B.4 Expressions for the inverse matrix M™! and Cramer's Rule
Consider the expansion (B.3.16a) working across row s,

det(M) = X, Mgn cof(Mgn) - (B.4.1)

Suppose we replace the elements of row s (Mgp) with the elements of some other row r in M (Myp). In
doing so we have created a new matrix, call it M'. Notice that cof(M'sn) = cof(Mgn) because, although
going from M to M' we have altered row s, we have not altered cof(Mgy) since this depends only on the
entries in all the rows other than row s (think "crossing out" row s for minor(Mgp) ). See Fact (B.3.11)
and text above. Therefore we find,

det(M') = Xy M'sp cof(M'sp) = Zn Mien cof(Msp) . (B.4.2)
But by Corollary 4 (B.2.14) det(M'") = 0 since two rows of M' are the same. Thus

0=2n Myp cof(Mgp) . r#s (B.4.3)
Combining this with (B.4.1) gives,

%n Mgn cof(Men) = det(M)3; s . (B.4.4)

61



Now for clarity define a cofactor matrix C in this manner

Csn = cof(Mgn) . (B.4.5)
In matrix notation, we could define the matrix cof(M) to be matrix C and then

C = cof(M) = Csn = [cof(M)]sn =cof(Msn) . (B.4.6)
Now (B.4.4) says

2nMrp Con = det(M)dy, s
or

YaMin CTas = det(M)3;,
and finally in matrix notation,

MCT = det(M) 1

or
T

M[m] =1. (B.4.7)

Therefore we find this classic square matrix inversion formula,

} ok [cofM)]T  cof(MT)
"SeD) © deM) | — det(M) (B.4.8)

Theorem 7: M

To verify the last equality in (B.4.8) consider :

= [cof(M)]%ns = [cof(M)]sn // meaning of transpose
= cof(Man) // (B.4.6)

= cof(M%s)

= [cof(M™)]ns // (B.4.6) applied to M”

and therefore we have this matrix identity,
[cofM)]T = [cof(MT)] . (B.4.9)

Using (B.4.8) it is trivial to solve a non-singular (detM#0) system of linear equations y = Mx :

- 1 1
y = Mx = x=M1 y :det(M) cofMT) y = m [cof M)]*y . (B.4.10)
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In components,

1 1 1
Xs = Gotn) Zn ([CofM)TF)sn Yo = Gorgy Zn Yo [cofM)lne = Gy Zn Yo c0fMas) . (B4.11)

Now recall the cofactor expansion (B.3.16b),
det(M) = Zn Mns cof(Mns) = Zn (€s)n cOf(Mps) . (B.4.12)
If one replaces column ¢ in M by y one gets
detM[es— ¥]) = Zn yn cofiMps) // (B.4.12)
= det(M) xs . // (B.4.11) (B.4.13)
Solving this for xs we obtain another classic result,
Theorem 8 (Cramer's Rule, 1750): // Gabriel Cramer (1704-1752), Swiss, made it to age 47

yeMy oy YD (B4.14)

Comment: Names of Matrices

Historically the matrix CT = [cof(M)]T = [cof(MT)] was called the adjoint of matrix M and was often

denoted by M and then (B.4.8) reads Mt = N/ [M|. But this then conflicted with another usage, namely
the matrix MT = (MT)" = (M™)T being the adjoint of M (the conjugate transpose of M). When M = M,
M is said to be self-adjoint and has significance in quantum (matrix) mechanics: the quantum operators
of all physical observables are self-adjoint and thus have real eigenvalues. Nowadays the matrix
[cof(M)]” is called the classical adjoint of M, while M is then the Hermitian adjoint (or Hermitian
conjugate) of M and is sometimes written M®. If M = M then M is said to be Hermitian. Historically
when [cof(M)]T was the adjoint of M, M?' was called the associate of M. The classical adjoint sometimes

appears as the adjugate or adj(M). Transpose matrices MT are often denoted M .
On a related matter, some older authors used the word minor to refer to what we now call a cofactor.
See for example Morse & Feshbach page 509. These authors never use the word cofactor.
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