
Part I

APPLICATIONS OF LINEAR

ALGEBRA

INTRODUCTION

This course \Applications of Linear Algebra" is based on the lectures
given by the author to postgraduate students at Tallinn Technical Univer-
sity. Our aim was to acquaint the students with the linear algebra packages
LINPACK, EISPACK and LAPACK, and with the theoretical fundamentals
of the parts of the packages MATLAB, MAPLE, MATHCAD and MATH-
EMATICA related to linear algebra. We have tried to explain the linear
algebra methods which form the basis for the computing methods used in
the packages. We would like to stress that the aim of the course is not to
work out concrete computing algorithms but to learn about the basic ideas
related to these algorithms. It will be assumed that the reader is acquainted
with the basic ideas of algebra.

The author would like to thank Assoc. Prof. Ellen Redi (Tallinn Ped-
agogical University) whose help in the improvement of the presented math-
erial both in its contents and its form has been enormous. Many of the
examples and problems were prepared by students Kristiina Kr�uspan, Kadri
Mikk, Reena Prints (Tallinn Pedagogical University), Andrei Filonov, Dmitri
Tseluiko (Tartu University) Juhan-Peep Ernits and Heiki Hiisj�arv (Tallinn
Technical University) within the framework of the TEMPUS-project during
their stay at Tampere University of Technology in June, 1997.

The numbers of their examples and problems are marked by an asterisk
\*".

The matherial is based on the monographs of G.H.Golub and C.F.Van
Loan (1996), and G.Strang (1988).

I hope that the course will help the reader interested in applications of
linear algebra more to use the linear algebra packages more e�ectively.

Author.
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1 FUNDAMENTATIONS OF LINEAR AL-

GEBRA

1.1 Vectors

1.1.1 Vector Spaces

One of the fundamental concepts of linear algebra is that of vector space.
At the same time it is one of the more often used concepts of algebraic
structure in modern mathematics. For example, many function sets studied
in mathematical analysis are with respect to their algebraic properties vector
spaces. In analysis the notion \linear space" is used instead of the notion
\vector space".

De�nition 1.1.1:A setX is called a vector space over the number �eld K;
if to every pair (x;y) of elements of X there corresponds a sum x+ y 2 X;,
and to every pair (�;x); where � 2 K and x 2 X;, there corresponds an
element �x 2 X, with the properties 1-8:

1. x+ y = y + x (commutability of addition);

2. x+ (y + z) = (x+ y) + z (associativity of addition);

3. 9 0 2 X : 0+ x = x (existence of null element);

4. 8 x 2 X ) 9 �x 2 X : x + (�x) = 0 (existence of the inverse
element);

5. 1 � x = x (unitarism);

6. �(�x) = (��)x (associativity with respect to number multiplication);

7. �(x+ y) = �x+ �y (distributivity with respect to vector addition);

8. (�+�)x = �x+�x (distributivity with respect to number addition).

The properties 1-8 are called the vector space axioms. Axioms 1-4 show
that X is a commutative group or an Abelian group with respect to vector
addition. The second correspondence is called multiplication of the vector by
a number, and it satis�es axioms 5-8. Elements of a vector space are called
vectors. If K = R, then one speaks of a real vector space, and if K = C,
then of a complex vector space. Instead of the notion \vector space" we shall
use the abbreviative \space".
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Example 1.1.1. Let us consider the set of all n� 1�matrices with real
elements:

X = f x : x =

2664
�1
...
�n

3775 ^ �i 2 R g:

The sum of two matrices we de�ne in the usual way by the addition of the
corresponding elements. By multiplying the matrix by a real number � we
multiply all elements of the matrix by this number. The simple check will
show that conditions 1-8 are satis�ed. For example, let us check conditions
3 and 4. We construct

0 =

2664
0
...
0

3775 ; �x =

2664
��1
...

��n

3775 :
As

0+ x =

2664
0
...
0

3775+
2664
�1
...
�n

3775 =
2664
0 + �1

...
0 + �n

3775 =
2664
�1
...
�n

3775 = x;

the element 0 satis�es condition 3 for arbitrary x 2 X, and thus it is the
null element of the space X. For the element �x

x+ (�x) =

2664
�1
...
�n

3775 +
2664
��1
...

��n

3775=
2664
�1 � �1

...
�n � �n

3775 =
2664
0
...
0

3775 = 0;

i.e., condition 4 is satis�ed. Make sure of the valitidy of the remaining
conditions 1-2 and 5-8.

The vector space in example 1.1.1 is called an n-dimensional real arith-
metical space or in short Rn. Declaring the vector x of the space Rn we often
use the transposed matrix

x =
h
�1 : : : �n

iT
:

In this presentation we often use punctuation marks (comma, semicolon) to
separate the components of the vector, for example

x =
h
�1; : : : ; �n

iT
:
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Example 1.1.1.� Let U be a set that consists of all pairs of real numbers
a = (�1; �2); b = (�1; �2); : : : We de�ne addition and multiplication by a
scalar in U as follows:

a + b = ((�3
1 + �3

1)
1=3; (�3

2 + �3
2)

1=3);

�a =(��1; ��2):

Is the set U a vector space?

Proposition 1.1.1. Let X be a vector space. For arbitrary vectors
x;y 2 X and number � 2 K the following assertions and equalities are valid:

� the null vector 0 of the vector space X is unique;

� the inverse vector �x of each x 2 X is unique;

� the uniqueness of the inverse vector allows to de�ne the operation of
subtraction by

x� y
def
= x+ (�y);

� x = y , x� y = 0 ;

� 0x = 0 8x 2 X ;

� �0 = 0 8� 2 K ;

� (�1)x = �x ;

� �x = 0 , (� = 0 _ x = 0):

Become convinced of the trueness of these assertions! 2

Example 1.1.2. Let us consider the set of all (m � n)�matrices with
complex elements. The sum of these matrices will be de�ned by the addition
of the corresponding elements of the matrices. By multiplying the matrix by
a complex number � one will multiply by this number all the elements of the
matrix. We leave the check that all conditions 1-8 are satis�ed to the reader.
This vector space over the complex number �eld C will be denoted Cm�n: If
we con�ne ourselves to real matrices, then we shall get a vector space Rm�n

over the number �eld R: The space Cm�1 will be identi�ed with the space
Cm and the space Rm�1 with the space Rm:
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Example 1.1.3. The set F [�; �] of all functions x : [�; �] ! R is a
vector space (prove!) over the number �eld R if

(x+ y)(t)
def
= x(t) + y(t) 8t 2 [�; �]

and
(�x)(t)

def
= �x(t) 8t 2 [�; �]:

1.1.2 Subspaces of the Vector Space

De�nition 1.2.1. The set W of vectors of the vector space X (over the
�eld K) that is a vector space will respect to vector addition and multiplica-
tion by a number de�ned in the vector space X, is called a subspace of the
vector space X and denoted W � X:

Proposition 1.2.1: The set W of vectors of the vector space X is a
subspace of the vector space X i� for each two vectors x;y 2 W and each
number � 2 K vectors x+ y and �x belong to the set W.

Proof. Necessity is obvious. To prove su�ciency, we have to show that in
our case conditions 1-8 for a vector space are satis�ed. Let us check condition
1. Let x;y 2W � X: By assumption, x+ y 2W � X. As X is a vector
space, then for X axiom 1 is satis�ed, and then x + y = y + x. Therefore,
for W axiom 1 is satis�ed, too. Let us test the validity of condition 4.
Let x 2W � X: By assumption, (�1)x 2W � X: On the other hand, by
preposition 1, inX the equality (�1)x = �x: holds. Hence the inverse vector
�x belongs to set W with the vector x, i.e., condition 4 is satis�ed. Prove
by yourselves the validity of conditions 2, 3 and 5-8. 2

Example 1.2.1. The vector space C[�; �] over R of all functions conti-
nouos on [�; �] (example 1.1.3) is a subspace of vector space F [�; �]: As the
sum of two functions continouos on the interval, and the product of such a
function by a number are functions continouos on this interval, by proposition
1.2.1, C[�; �] is a subspace of the vector space F [�; �]:

Example 1.2.2. Let Pn be the set of all polynomials a0t
k + a1t

k�1 +
: : :+ ak�1t+ ak = x (k � n) of at most degree n with real coe�cients. We
de�ne addition of two polynomials and multiplication of a polynomial by a
real number in the usual way. As a result, we get the vector space Pn of
polynomials of at most degree n: If we denote by Pn[�; �] the vector space of
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polynomials of at most degree n de�ned on the interval [�; �], then Pn[�; �]
will be a subspace of the vector space C[�; �]:

Example 1.2.3.� Let us show that the set H =

("
a b
0 c

#
: a; b; c 2 R

)
is a subspace of the matrix vector space R2�2:
The set H is closed with respect to additism and multiplication by scalar
since "

a b
0 c

#
+

"
d e
0 f

#
=

"
a+ d b+ e
0 c+ f

#
and

�

"
a b
0 c

#
=

"
�a �b
0 �c

#
:

Thus the set H is a subspace of the matrix vector space R2�2:

Problem 1.2.1.� Prove that the set of all symmetric matrices form a
subspace of the vector space of all square matrices Rn�n:

Proposition 1.2.2. If S1; : : : ;Sk are subspaces of the vector space X,
then the intersection S = S1 \S2 \ : : :\Sk of the subspaces is a subspace of
the vector space X:

Prove! 2

Proposition 1.2.3. If S1; � � � ;Sk are subspaces of the space X and

S = fx1 + x2 + : : :+ xk : xi 2 Si ( i = 1 : k )g

is the sum of these subspaces, then S is a subspace of X:

De�nition 1.2.2. If each x 2 S can be expressed uniquely in the form
x = x1 + x2 + : : : + xk (xi 2 Si); then we say that S is the direct sum of
subspaces Si; and it denoted S = S1 � S2 � � � � � Sk :

De�nition 1.2.3.Each element of the space X that can be expressed
as �1x1 + : : : + �nxn ; where �i 2 K; is called a linear combination of the
elements x1; : : : ;xn of the vector space X (over the �eld K).

De�nition 1.2.4.The set of all possible linear combination of the set Z
is called the span of the set Z� X:

Example 1.2.4. Let X = R3 and Z= f [1; 1; 0]T ; [1;�1; 0]T g: Then
spanZ= f [�; �; 0]T : �; � 2 R g: Prove!
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Proposition 1.2.4. The set spanZ of the set Z � X is the least subspace
that contains the set Z:

Proof. First, let us prove that spanZ is a subspace of the space X. It
is su�cient, by proposition 1.2.1, to show that spanZ is closed with respect
to vector addition and multiplication of the vector by a number:

x;y 2 spanZ , x =
nX
i=1

�iui ^ y =
mX
j=1

�jvj ^ �i; �j 2 K ^ ui;vj 2 Z )

x+ y =
nX
i=1

�iui +
mX
j=1

�jvj ^ �i; �j 2 K ^ ui;vj 2 Z, x + y 2spanZ ;

� 2 K ^ x 2 spanZ ,� 2 K ^ x =
nX
i=1

�iui ^ ui 2 Z^�i ; � 2 K)

�x =�
nX
i=1

�iui =
nX
i=1

(�i�i)ui =
nX
i=1

�iui ^ �i 2 K ^ ui 2 Z ,�x 2spanZ :

Thus, spanZ is a subspace of the space X. Let us show that spanZ is
the least subspace of the space X that contains the set Z: Let Y be some
subspace of the space X for which Z � Y: As Z � Y and Y is a subspace,
the arbitrary linear combination of the elements os the set Z belongs to the
subspace Y: Therefore, spanZ as the set of all such linear combinations
belongs to the space Y: 2

Corollary 1.2.1. A subset W of the vector space X is a subspace i� it
coincides with its span, i.e., W � X , W =spanW:

Problem 1.2.2.� Does the vector d =
h
8 7 4

iT
belong to the sub-

space spanfa;b; cg;, when

a =
h
1 �1 0

iT
; b =

h
2 3 1

iT
; c =

h
6 9 3

iT
?
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1.1.3 Linear Dependence of Vectors. Basis of the Vector Space.

De�nition 1.3.1.A set of vectors

fx1; : : : ;xkg

in the vector space X (over the �eld K) is said to be linearly dependent if

9 �1; : : : ; �k 2 K : j�1j+ : : :+ j�kj 6= 0 ^ �1x1 + : : :+ �kxk = 0:

De�nition 1.3.2. A set of vectors in the space X (over the �eld K) is
said to be linearly independent if it is not linearly dependent.

Example 1.3.1.� Let us check if the set U = f1 + x; x + x2; 1 + x2g is
linearly independent in the vector space Pn (n � 2) of all polynomials of at
most degree n with real coe�cients.
Let us consider the equality

�(1 + x) + �(x+ x2) + 
(1 + x2) = 0:

It is well-known in algebra that a polynomial is identically null i� all its
coe�cients are zeros. Thus we get the system8><>:

� + 
 = 0
� + � = 0
� + 
 = 0

:

This system has only a trivial solution. The set U is linearly independent.

Problem 1.3.1.� Prove that each set of vectors that contains the null
vector is linearly dependent.

Problem 1.3.2.� Prove that if the column-vectors of a determinant are
linearly dependent, then the determinant equals 0.

De�nition 1.3.3. A subset V=fxi1 ; : : : ;xikg of the set U = fx1; : : : ;xng
of vectors of the vector space X is called a maximal linearly independent sub-
set if V is linearly independent and it is not a proper subset of any linearly
independent subset of the set U .

Proposition 1.3.1. If V is a maximal linearly independent subset of the
set U; then spanU = span V :
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Proof. As V�U; span V� spanU; by the de�nition of the span. To prove
our assertion, we have to show that span V� spanU: Let, by antithesis, exist
a vector x of the subspace spanU that does not belong to the subspace
span V: Thus, the vector x cannot be expressed as a linear combination of
vectors of V but can be expressed as a linear combination of vectors of U;
when at least one vector xj 2 U is used, at which xj =2 V and xj is not
expressable as a linear combination of vectors of V: Set V [fxjg � U is
linearly independent and contains the set V as a proper subset. Hence V is
not the maximal linearly independent subset. We have got a contradiction
to the assumption. Thus span V� spanU; Q.E.D. 2

De�nition 1.3.4. A set B = fxigi2I of vectors of the vector space X
is called a basis of the vector space X if B is linearly independent and each
vector x of the space X can be expressed as a linear combination of vectors
of the set B; x =

P
i2I �ixi, where coe�tients �i (i = 1 : n) are called

coordinates of the vector x relative to the basis B:

De�nition 1.3.5. If the number of vectors in the basis B of the vector
space X; i.e., the number of elements of the set I; is �nite, then this number
is called the dimension of the vector space X and denoted dimX; and the
space X is called a �nite-dimensional or a �nite-dimensional vector space. If
the number of vectors in the basis B of the vector space X is in�nite, then
the vector space X is called in�nite-dimensional or an in�nite-dimensional
vector space.

Proposition 1.3.2. A subset B of the vectors of the vector space X is
a basis of the space i� it is the maximal linearly independent subset.

Example 1.3.2. Vectors

ek = [0; 0; : : : ; 0
k�1 zeros

; 1; 0; : : : ; 0
n�k zeros

]T (k = 1 : n)

form a basis in space Rn: Let us check the validity of the conditions in
de�nition 1.3.4. As

nX
k=1

�kek = 0, [�1; : : : ; �n]
T = [0; : : : ; 0]T ,

nX
k=1

j�kj = 0;

the vector system fek gk=1:n is linearly independent, and, due to

[�1; : : : ; �n]
T =

nX
k=1

�kek;
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an arbitrary vector of the space Rn can be expressed as a linear combination
of vectors ek:

Problem 1.3.3. Vector system("
1 0
0 0

#
;

"
0 1
0 0

#
;

"
0 0
1 0

#
;

"
0 0
0 1

#)

forms a basis in space R2�2:

Example 1.3.3. Vector system f1; t; t2; : : : ; tng forms a basis in vector
space Pn of polynomials of at most degree n : Truely, the set f1; t; t2; : : : ; tng
is linearly independent since

x =a0t
n + a1t

n�1 + : : :+ an�1t + an = 0) ak = 0 ( k = 1 : n)

and each vector of the space Pn (i.e., arbitrary polynomial of at most degree
n) can be expressed in the form

x =a0t
n + a1t

n�1 + : : :+ an�1t + an:

De�nition 1.3.6. Two vector spaces X and X0 are called isomorphic,
if there exist a one-to-one correspondence between the spaces ' : X! X0;
such that

1) 8x;y 2 X '(x+ y) ='(x) + '(y);
2) 8x 2 X; 8�2 K '(�x) = �'(x):

Proposition 1.3.3. All vector spaces (over the same number �eld K) of
the same dimension are isomorphic.

1.1.4 Scalar Product

De�nition 1.4.1. A vector space X over the �eld K is called a space
with scalar product if to each pair of elements x;y 2 X there corresponds a
certain number hx;yi 2 K; called the scalar product of the vectors x and y ;
such that following condition (the axioms of scalar product) are satis�ed:

1. hx;xi �0; hx;xi = 0) x = 0;

10



2. hx;yi =hy;xi ; when hy;xi is the conjugate complex number of
hx;yi;

3. hx+ y; zi = hx; zi+ hy + zi (additivity with respect to the �rst fac-
tor);

4. h�x;yi =�hx;yi (homogeneity with respect to the �rst factor).

If X is a vector space over R, then, by the de�nition, hx;yi 2 R; and
condition 1 acquires the form hx;yi = hy;xi, i.e., in this case scalar product
is commutative.

Example 1.4.1. Let us de�ne in Cn the scalar product of vectors

x =
h
�1 � � � �n

iT ^ y =
h
�1 � � � �n

iT
by the formula

hx;yi =
nX

k=1

�k�k .

Let us check the validity of conditions 1-4: hx;xi =Pn
k=1 �k�k =

Pn
k=1 j�kj2 �

0;

hx;xi =Pn
k=1 j�kj2 = 0 ) �k = 0 (k = 1 : n) , x = 0;

hx;yi =Pn
k=1 �k�k =

Pn
k=1 �k�k =

Pn
k=1 �k�k = hy;xi;

hx+ y; zi =Pn
k=1(�k + �k)&k =

Pn
k=1 �k&k +

Pn
k=1 �k&k = hx; zi+hy; zi;

h�x;yi =Pn
k=1 ��k�k = �

Pn
k=1 �k�k = �hx;yi:

Example 1.4.2.Let us consider the vector space L2[�; �] of all functions
integrable (in Lebesque's sense) on the interval [�; �] : We de�ne the scalar
product for such functions by the formula

hx;yi =
Z �

�
x(t)y(t)dt:

Verify that all the axioms 1-4 of scalar product are satis�ed.

Proposition 1.4.1. Scalar product hx;yi has the following properties:
1. hx;y + zi = hx;yi+ hx; zi (additivity with respect to the second

factor);

2. hx;�yi =�hx;yi (conjugate homogeneity with respect to the second
factor);

3. hx; 0i = h0;yi =0 8x;y 2 X;
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4. h�x;�yi = j�j2 hx;yi:
Let us prove these assertions:

hx;y + zi =hy + z;xi = hy;xi+ hz;xi=hy;xi+hz;xi = hx;yi+ hx; zi;
hx;�yi =h�y;xi = �hy;xi = �hy;xi = �hx;yi; hx; 0i = hx;0xi =0hx;xi =0;
h�x;�yi =��hx;yi = j�j2 hx;yi: 2
Proposition 1.4.2 (Cauchy-Schwartz inequality). For arbitrary vectors

x and y of the vector space with scalar product X it holds the inequality

jhx;yij �
q
hx;xi

q
hy;yi:

Proof.If hx;yi =0, then, by the de�nition of the scalar product (condition
1) the inequality holds. Now let us consider the case hx;yi 6=0:We de�ne an
auxiliary function

'(�) = hx+ �hx;yiy;x+ �hx;yiyi:
As for � 2 R

'(�) = hx;xi+�hx;yihx;yi+�hx;yihy;xi+�2 jhx;yij2 hy;yi =
= �2 jhx;yij2 hy;yi+2� jhx;yij2+hx;xi �0 8� 2 R,
, jhx;yij4 � jhx;yij2 hx;xihy;yi �0:

The last inequality is equivalent to the inequality jhx;yij2 � hx;xihy;yi; and
this | to the Cauchy-Schwartz inequality. The Cauchy-Schwartz inequal-
ity makes it possible to de�ne the angle between two vectors by the scalar
product.

De�nition 1.4.2. The angle between arbitrary vectors x and y of the
vector space with scalar product X is de�ned by the formula

cos(dx;y) = hx;yi=(
q
hx;xi

q
hy;yi):

Problem 1.4.1.� Show that for each two complex vectors x and y the
equality

hx;yi = hx;yi:
holds.

Problem 1.4.2.� The scalar product in the vector space Pn[�; �] of poly-
nomials of at most degree n with real coe�cients on [�; �] is de�ned by the
formula

hx;yi =
Z �

�
x(t)y(t)dt:
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Find the angle between the polynomials x =t� 1 and y = t2 + 1 :

1.1.5 Norm of a Vector

De�nition 1.5.1. A vector space X (over the number �eld K) is called
a normed space, if to each vector x 2 X there corresponds a certain non-
negative real number kxk ; called the norm of the vector, such that the fol-
lowing conditions are satis�ed:

1. kxk = 0, x = 0 ( identity axiom);

2. k�xk= j�j kxk (homogeneity axiom);

3. kx+ yk � kxk+ kyk (triangle inequality).

De�nition 1.5.2. The distance �(x;y) between two vectors in the normed
space X is de�ned by the formula �(x;y) = kx� yk :

Proposition 1.5.1 (H�older inequality). If 1 < p <1; 1=p+ 1=q = 1;

x =
h
�1 � � � �n

iT 2 Cn ^ y =
h
�1 � � � �n

iT 2 Cn;

then
nX

k=1

j�k�kj �
 

nX
k=1

j�kjp
!1=p  nX

k=1

j�kjq
!1=q

:

Proof. See E.Oja, P.Oja (1991, pp. 11-12).

Proposition 1.5.2 (Minkowski inequality). If 1 � p <1;

x =
h
�1 � � � �n

iT 2 Cn ^ y =
h
�1 � � � �n

iT 2 Cn;

then  
nX

k=1

j�k + �kjp
!1=p

�
 

nX
k=1

j�kjp
!1=p

+

 
nX

k=1

j�kjp
!1=p

:

Proof. See E.Oja, P.Oja (1991, pp. 10-11).

Example 1.5.1. One de�nes in Cn the p-norm (1 � p � 1) of the
vector x by the formulas

kxkp = (j�1jp + : : :+ j�njp)1=p (1 � p <1) ;
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kxk1 = max
1�k�n

j�kj :
Let us verify that the p-norm (1 � p < 1) satis�es the conditions 1-3 in
de�nition 1.5.1:

kxkp = (j�1jp + : : :+ j�njp)1=p = 0,�k = 0 (1 � k � n), x = 0;

k�xkp = (j��1jp + : : :+ j��njp)1=p = [j�jp (j�1jp + : : :+ j�njp)]1=p =
= j�j (j�1jp + : : :+ j�njp)1=p = j�j kxkp ;

using the Minkowski inequality, we get

kx+ ykp =
 

nX
k=1

j�k + �kjp
!1=p

�
 

nX
k=1

j�kjp
!1=p

+

 
nX

k=1

j�kjp
!1=p

= kxkp+jjyjjp:

Verify conditions 1-3 in case of the norm k�k1!
The most often used p-norms are:

kxk1 = j�1j+ : : :+ j�nj ;

kxk2 = (j�1j2 + : : :+ j�nj2)1=2 ;
kxk1 = max

1�k�n
j�kj :

Problem 1.5.1.� Let be given the vectors u =
h
1 �1 3

iT
ja v =

h
0 3 2

iT
:

Find

ku+ vk1 ; ku+ vk2 ; ku+ vk1 ; kuk1+ kvk1 ; kuk2+ kvk2 ; kuk1+ kvk1 ;

k�5uk1+5 kvk1 ; k�5uk2+5 kvk2 ; k�5uk1+5 kvk1 :

Proposition 1.5.3. All the p-norms of the space Cn are equivalent, i.e.,
if k�k� and k�k� are the p-norms of the space Cn, then there exist positive
constants c1 and c2 ; such that

c1 kxk� � kxk� � c2 kxk� 8x 2 Cn:

At the same time
kxk2 � kxk1 �

p
n kxk2 ;

kxk1 � kxk2 �
p
n kxk1 ;

kxk1 � kxk1 � n kxk1 :

14



Let us prove the last three assertions:

kxk2 = (j�1j2 + : : :+ j�nj2)1=2 �
0@ nX
i=1

nX
j=1

j�ij j�jj
1A1=2

=

= ((
nX

k=1

j�ij)2)1=2 = kxk1 ;

Using the H�older inequality, we get in case p = q = 2 that

kxk1 = j�1j+ : : :+ j�nj = 1 � j�1j+ : : :+ 1 � j�nj = j1 � �1j+ : : :+ j1 � �nj �

� (12 + : : :+ 12)1=2(�21 + : : :+ �2n)
1=2 =

p
n kxk2 ;

kxk1 = max
1�k�n

j�kj = (( max
1�k�n

j�kj)2)1=2 � (�21 + : : :+ �2n)
1=2 = kxk2 ;

kxk2 = (�21 + : : :+ �2n)
1=2 � (( max

1�k�n
j�kj)2 + : : :+ ( max

1�k�n
j�kj)2)1=2 =

= (n( max
1�k�n

j�kj)2)1=2 =
p
n kxk1 ;

kxk1 = max
1�k�n

j�kj � j�1j+ : : :+ j�nj � n max
1�k�n

j�kj = n kxk1 : 2

Proposition 1.5.4. A space with scalar product X is a normed space
with the norm

kxk =
q
hx;xi:

Proof. Let us verify the validity of conditions 1-3:

kxk = 0,
q
hx;xi = 0, hx;xi =0, x = 0;

k�xk =
q
h�x;�xi =

q
j�j2 hx;xi = j�j

q
hx;xi = j� j kxk ;

kx+ yk =
q
hx+ y;x+ yi =

q
hx;xi+ hx;yi+ hy;xi+ hy;yi =

=
q
kxk2 + hx;yi+hx;yi+ kyk2 =

q
kxk2 + 2<hx;yi+ kyk2 �

�
q
kxk2 + 2 j(x;y)j++ kyk2 �

q
kxk2 + 2 kxk kyk+ kyk2 �

�
q
(kxk+ kyk)2 = kxk+ kyk :

<(x;y) is the notation for the real part of the complex number hx;yi:

15



Proposition 1.5.5. In the normed space with scalar product the paral-
lelogram rule:

kx+ yk2 + kx� yk2 = 2(kxk2 + kyk2):
holds.

Proof. By the immediate check, we get

kx + yk2 + kx� yk2 = hx+ y;x+ yi+ hx� y;x� yi =
= hx;xi+ hx;yi+ hy;xi+ hy;yi+ hx;xi � hx;yi � hy;xi+ hy;yi =

= 2(kxk2 + kyk2):
De�nition 1.5.3. It is said that the sequence fx(k)g of the elements of

the space Cn converges with respect to the p-norm to the element x 2 Cn if

lim
k!1




x(k) � x




p
= 0:

In this case we shall write x(k)! x:

Remark 1.5.1. Since all the p-norms of the space Cn are equivalent,
this implies that the convergence of the sequence fx(k)g with respect to the
�-norm will yield its convergence with respect to the �-norm.

Problem 1.5.2. Show that if x 2 Cn, then limp!1 kxkp = kxk1 :

Problem 1.5.3. Show that if x 2 Cn, then

kxkp � c(k<xkp + k=xkp);
where x = <x +i=x and <x, =x 2 Rn. Find such a constant cn, that

cn(k<xk2 + k=xk2) � kxk2 8x 2 Cn:

De�nition 1.5.4. A vector bx2 Rn is called an approximation to the
vector x 2 Rn if it di�ers little from x in some sense.

De�nition 1.5.5. In case of the �xed norm k�k, the quantity
"abs = jj bx� x jj

is called the absolute error of the approximation bx to the vector x ; and the
quantity

"rel = kbx� xk = kxk

16



is called the relative error of the approximation (x 6= 0).

In case of the 1�norm the relative error can be considered as an index
of the correct signi�cant digits. Namely, if kbx� xk1 = kxk1 � 10�k; then
the greatest component of the vector bx has k correct signi�cant digits.

Example 1.5.2. Let x =[2:543; 0:06356]T and bx=[2:541; 0:06937]T :
Find "abs and "rel, and then the number of the correct signi�cant digits
of the greatest component of the approximation bx by "rel. We get bx �
x = [�0:002; 0:00581]T ; "abs = kbx� xk1 = 0:00581 and kxk1 = 2:543 and

"rel � 0:0023 � 10�3 ) k = 3: Thus the greatest component b�1 of bx has
three correct signi�cant digits. At the same time, the component b�2 has only
one correct signi�cant digit.

1.1.6 Orthogonal Vectors

De�nition 1.6.1. The vectors x and y of the vector space with scalar
product X are called orthogonal if hx;yi =0:We write x ? y to indicate the
orthogonality of vectors x and y: A vector x of the vector space X is called
orthogonal to the set Y � X if x ? y 8y 2Y:

Problem 1.6.1.� Find all vectors that are orthogonal both to the vector

a =
h
4 0 6 �2 0

iT
and b =

h
2 1 �1 1 1

iT
:

De�nition 1.6.2. The sets Y and Z of the vector space X are called
orthogonal if y ? z 8y 2Y and 8z 2Z:

De�nition 1.6.3. A sequence fx(k)g of vectors of the vector space with
scalar product X is called a Cauchy sequence if for any � > 0 there is a
natural number n0 such that for all m 2 N and n > n0

jjx(n) � x(n+m)jj =
q
hx(n) � x(n+m);x(n) � x(n+m)i < ":

De�nition 1.6.4. A vector space with scalar product X is called com-
plete if every Cauchy sequence is convergent to a point of the space X.

De�nition 1.6.5.A vector space with complex scalar product is called a
Hilbert space H if it turns out to be complete with respect to the convergence

by the norm kxk=
q
hx;xi.
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Proposition 1.6.1. The spaceCn with the scalar product hx;yi =Pn
k=1 �k�k

is a Hilbert space.

Proposition 1.6.2. The space L2[�; �] of all square-integrable functions
on the interval [�; �] with the scalar product hx;yi = R �� x(t)y(t)dt is a Hilbert
space.

Proposition 1.6.3. Orthogonality of vectors in the vector space with
scalar product X has the following properties (1-4):

1. x ? x, x = 0;

2. x ? y, y ? x;

3. x ? fy1; : : : ;ykg ) x ? (y1 + : : :+ yk);

4. x ? y) x ?�y 8� 2 K;
orthogonality of vectors in a Hilbert space has an additional property:

5. x ? yn (n = 1; 2; 3; : : :) ^ yn ! y ) x ? y :

Let us prove these assertions:

x ? x, hx;xi = 0, x = 0;

x ? y, hx;yi = 0, hy;xi = 0, hy;xi =0, y ? x;

x ? fy1; : : : ;ykg , x ? y1^: : :^x ? yk , hx;y1i = 0^: : :^hx;yki = 0
)

) hx;y1i+: : :+hx;yki = 0, hx;y1+: : :+yki = 0, x ? (y1+: : :+yk);

x ? y, hx;yi =0, �hx;yi = 0 8� 2 K,
, hx;�yi = 0 8� 2 K, x ?�y;
x?yn 8n 2 N ^ yn! y, hx;yni = 0 ^ kyn � yk ! 0)
) hx;yni = 0 ^ jhx;yni � hx;yij = jhx;yn�yij � kxk kyn � yk ! 0)
) hx;yi = 0 , x?y:
De�nition 1.6.6. The orthogonal complement of the set Y � X is the

set Y ? of all vectors of the space X that are orthogonal to the set Y , i.e.,

Y ? = fx : (x 2 X) ^ (x ? y 8y 2Y )g:

Problem 1.6.2.� Let U = span
�h

1 0 1
iT
;
h
0 2 1

iT� � R3:

Find the orthogonal complement of the set U:
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Proposition 1.6.4. If X is a vector space with scalar product, x 2 X;
Y � X and x ? Y; then x ? span Y: If, in addition, X is complete, i.e., is a
Hilbert space, then x ? span Y :

Proof. By assertions 3 and 4 of proposition 1.6.3, x ? span Y . If y 2span Y ;
i.e., 9yn 2 span Y such that yn ! y; then, due to the orthogonality x ? yn
and assertion 5 of proposition 1.6.3, we get x ? y, i.e., x ? spanY :

Proposition 1.6.5. The orthogonal complement Y ? of the set Y � X is
a subspace of the space X: The orthogonal complement Y ? of the set Y � H
is a closed subspace of the Hilbert space H ; i.e., Y ? is a subspace of the
space H that contains all its boundary points.

Proof. Due to the proposition 1.2.1, it is su�cient for the proof of the
�rst assertion of proposition 1.6.5 to show that Y ? is closed with respect to
vector addition and scalar multiplication. It will follow from assertion 5 of
the same proposition, it holds the second assertion of proposition 1.6.5 too.

Proposition 1.6.6. If Y is a closed subspace of the Hilbert space
H ; then each x 2 H can be expressed uniquely as the sum x = y + z;,
y 2 Y; z 2Y ?:

Corollary 1.6.1. If Y is a closed subspace of the Hilbert space, then
the space H can be presented as the direct sum H = L� L? of the closed
subspaces L and L?, and (L?)? = L:

De�nition 1.6.7. The distance of the vector x of the Hilbert space H
from the subspace Y � H is de�ned by the formula

�(x;Y) = inf
y2Y

kx� yk :

Proposition 1.6.7. If Y is a closed subspace of the Hilbert space H
and x 2 H, then there exists a uniquely de�ned y 2 Y such that kx� yk =
�(x;Y):

De�nition 1.6.8. The vector y in proposition 1.6.7 is called the orthog-
onal projection of x onto the subspace Y.

De�nition 1.6.9.A vector system S = fx1; : : : ;xkg is called orthogonal
if (xi;xj) = kxik2 �ij; where �ij is the Kronecker delta. The vector system
S = fx1; : : : ;xkg is called orthonormal if (xi;xj) = �ij.

Example 1.6.1. The vector system fekg ( k = 1 : n), where ek =
[0; 0; : : : ; 0
k�1 zeros

; 1; 0; : : : ; 0
n�k zeros

]T ; is orthonormal in Cn.

19



Example 1.6.2. The vector system

f1=
p
2�; (cos t)=

p
�; (sin t)=

p
�; (cos 2t)=

p
�; (sin 2t)=

p
�; : : :g

is orthonormal in L2[��; �] :
Example 1.6.3. The vector system fexp(i2�kt)gk2Z is orthonormal in

L2[0; 1]: Truely,

(xk;xj) =
Z 1

0
exp(i2�kt)exp(i2�jt)dt =

Z 1

0
exp(i2�(k � j)t)dt =

=

(
(exp(i2�(k � j))� 1)=(i2�(k � j)) = 0, kui k 6= j;
1 ; as k = j:

Proposition 1.6.8. (Gram-Schmidt orthogonalization theorem). If
fx1; : : : ;xkg is a linearly independent vector system in the vector space with
scalar product H, then there exists an orthonormal system f"1; : : : ; "kg such
that spanfx1; : : : ;xkg = spanf"1; : : : ; "kg:

Let us prove this assertion by complete induction. In the case k = 1,
we de�ne "1 = x1= kx1k ; and, obviously, span fx1g = spanf"1g: So we have
shown the existence of the induction base. We have to show the admiss-
abily of the induction step. Let us assume that the proposition holds for
k = i � 1, i.e., there exists an orthonormal system f"1; : : : ; "i�1g such that
spanfx1; : : : ;xi�1g = spanf"1; : : : ; "i�1g: Now we consider the vector

yi=�1"1 + : : :+ �i�1"i�1 + xi ; �j 2 K:
Let us choose the coe�cients �� (� =1: i-1) so that yi ? "� (�=1: i-1); i.e,
(yi; "�) = 0: We get i� 1 conditions:
��("�; "�) + (xi; "�) = 0; ehk �� = �(xi; "�) (� =1: i-1):
Thus,

yi = xi � (xi; "1)"1 � : : :� (xi; "i�1)"i�1:

Now we chose "i = yi= kyik : Since
"� 2 span fx1; : : : ;xi�1g (� =1: i-1);

we get, by the construction of vectors yi and "i, "i 2 span fx1; : : : ;xig:
Hence

span f"1; : : : ; "ig � span fx1; : : : ;xig:
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From the representation of the vector yi we see that xi is a linear combination
of vectors "1; : : : ; "i :
Thus,

span fx1; : : : ;xig � span f"1; : : : ; "ig:
Finally,

span fx1; : : : ;xig = span f"1; : : : ; "ig:

Example 1.6.4. Given a vector system fx1;x2;x3g in R4, where

x1 = [1; 0; 1; 0]T ; x2 = [1; 1; 1; 0]T ; x3 = [0; 1; 0; 1]T :

Find such an orthogonal system f"1; "2; "3g, for which

span fx1;x2;x3g = span f"1; "2; "3g:

To apply the orthogonalization process of proposition 1.6.8, we check �rst the
system fx1;x2;x3g for the linearly independence (one can omit this process,
too, because the situation will be clear in the course of the orthogonalization:264 1 0 1 0

1 1 1 0
0 1 0 1

375 II-I�
264 1 0 1 0
0 1 0 0
0 1 0 1

375 III-II�
264 1 0 1 0
0 1 0 0
0 0 0 1

375)
the system fx1;x2;x3g is linearly independent. Now we �nd

"1 = x1= kx1k = [1=
p
2; 0; 1=

p
2; 0]T :

For y2 we get:

y2 = x2 � (x2; "1)"1 = [1; 1; 1; 0]T �
p
2[1=

p
2; 0; 1=

p
2; 0]T = [0; 1; 0; 0]T :

As ky2k = 1; "2 = y2= ky2k = [0; 1; 0; 0]T : The vector y3 can be expressed in
the form:

y3 = x3 � (x3; "1)"1 � (x3; "2)"2 =

= [0; 1; 0; 1]T � 0 � [1=
p
2; 0; 1=

p
2; 0]T � 1 � [0; 1; 0; 0]T = [0; 0; 0; 1]T :

Thus,
"3 = y3= ky3k = [0; 0; 0; 1]T :
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Example 1.6.5. Given a linearly independent vector system fx1;x2;x3g
in L2[�1; 1], where x1 = 1; x2 = t and x3 = t2: Find an orthogonal system
f"1; "2; "3g, such that

span fx1;x2;x3g = span f"1; "2; "3g:

Check that the system fx1;x2;x3g is linearly independent. The �rst vector
is

"1 = x1= kx1k = 1=
p
2:

The vector y2 can be expressed in the form:

y2 = x2 � (x2; "1)"1 = t� (
Z 1

�1
t � ( 1p

2
)dt)t = t� 0 � t = t:

Thus,

"2 = y2= ky2k = t=

sZ 1

�1
t � tdt = t=

s
2

3
=

s
3

2
t:

The vector y3 can be expressed in the form:

y3 = x3 � (x3; "1)"1 � (x3; "2)"2 =

= t2 � (
Z 1

�1
t2 � ( 1p

2
)dt)

1p
2
� (

Z 1

�1
t2(

s
3

2
t)dt)

s
3

2
t =

= t2 � 1

2
� 2
3
� 0 = t2 � 1

3
:

Therefore,

"3 = y3= ky3k = (t2 � 1

3
)=

sZ 1

�1
(t2 � 1

3
)(t2 � 1

3
)dt =

= (t2 � 1

3
)=

s
2

5
� 4

9
+
2

9
=

s
45

8
(t2 � 1

3
) =

3

2

s
5

2
(t2 � 1

3
):

The functions "1; "2 and "3 are the normed Legendre polynomials on [�1; 1]:
Problem 1.6.3. Show that a vector system fx1; : : : ; xng with pairwise

orthogonal elements is linearly independent.
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1.2 Matrices

1.2.1 Notation for a Matrix and Operations with Matrices

The vector space of allm�n�matrices with real elements will be denoted
by Rm�n and

A 2 Rm�n , A = (aik) =

2664
a11 � � � a1n
...

...
am1 � � � amn

3775 ; aik 2 R:

The element of the matrix A that stands in the i�th row and k�th column
will be denoted by aik or A(i; k) or [A]ik: The main operations with matrices
are following:

� transposition of matrices (Rm�n ! Rn�m)

B = AT , bik = a;

� addition of matrices (Rm�n �Rm�n ! Rm�n)

C = A+B , cik = aik + bik;

� multiplication of matrices by a number (R�Rm�n ! Rm�n)

B = �A , bik = �aik

� multiplication of matrices (Rm�p �Rp�n ! Rm�n)

C = AB , cik =
pX

j=1

aijbjk:

Problem 2.1.1.� Let

A =

"
a c e
b d f

#
; B =

264 k n
l p
m r

375 :
Find the matrix AB:
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Problem 2.1.2.� Let

A =

26666666666664

1 0 0 � � � 0 0

1 1 0
. . . 0 0

0 1 1
. . . 0 0

...
. . . . . . . . . . . . . . .

0 0
. . . . . . 1 0

0 0 0 � � � 1 1

37777777777775
2 Rn�n:

Find the matrix An�1:

Problem 2.1.3.� Let

A =

"
1 1
1 1

#
:

Prove that
An = 2n�1A (n 2 N):

Example 2.1.1.� Let us show that multiplication of matrices is not
commutative. Let

A =

"
1 4
3 2

#
; B =

" �2 5
1 2

#
:

We �nd the products:

AB =

"
1 4
3 2

# " �2 5
1 2

#
=

"
2 13
�4 19

#
;

BA =

" �2 5
1 2

# "
1 4
3 2

#
=

"
13 2
7 8

#
:

As AB 6= BA does not hold for the example, multiplication of matrices is
not commutative in general.

Proposition 2.1.1. If A 2 Rm�p and B 2 Rp�n; then

(AB)T = BTAT :

Proof. If C = (AB)T ; then

cik = [(AB)T ]ik = [AB]ki =
pX

j=1

akjbji:
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If D = BTAT ; we also have

dik = [BTAT ]ik =
pX

j=1

[BT ]ij[A
T ]jk =

pX
j=1

[B]ji[A]kj =

=
pX

j=1

akjbji = cik: 2

De�nition 2.1.1. A matrix A 2 Rn�n is called symmetric if AT = A
and skew-symmetric if AT = �A:

Problem 2.1.4.� Is matrix A symmetric or skew-symmetric if

a) A =

264 �1 3 2
3 1 3
2 3 �1

375 ; b) A =

264 0 2 �4
�2 1 �7
4 7 2

375 ; c) A =

264 2 �3 5
3 1 2

�5 1 4

375 :
Proposition 2.1.2. Each matrix A 2 Rn�n can be expressed as a sum

of a symmetric matrix and a skew-symmetric matrix.

Proof. Each matrix A 2 Rn�n can be expressed as A = B + C; where
B = (A+ AT )=2 and C = (A� AT )=2: As

BT = ((A+ AT )=2)T = (AT + A)=2 = B

and
CT = ((A� AT )=2)T = C = (AT � A)=2 = �C;

the proposition holds. 2

Problem 2.1.5.� Represent the matrix

A =

26664
2 �3 5 1
�3 �2 3 0
3 �7 0 6
4 5 2 4

37775
as a sum of a symmetric and a skew-symmetric matrix.

De�nition 2.1.2. If A is a m � n�matrix with complex elements, i.e.,
A 2 Cm�n; then the transposed skew-symmetric matrix AH will be de�ned
by the equality

B = AH , bik = aki:
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De�nition 2.1.3. A matrix A 2 Cn�n is called an Hermitian matrix if

AH = A:

Problem 2.1.6.� Is matrix A an Hermitian matrix if

a) A =

264 i �2 + i �5 + 3i
2 + i 5i �2 + i
5 + 3i 2 + i �8i

375 ; b) A =

264 5 2 + 3i 1 + i
2� 3i �3 �2i
1� i 2i 0

375 :
Problem 2.1.7.� Let A 2 Cm�n: Show that matrices AAH and AHA

are Hermitian matrices.

The matrix A 2 Cm�n can be expressed both by the column-vectors
ck ( k = 1 : n) of the matrix A and by the row-vectors rTi ( i = 1 : m ) of
the transpose of matrix A (\pasting" the matrices of the column-vectors or
of the transposed row-vectors)

A =
h
c1 � � � cn

i
�
h
c1; � � � ; cn

i
=

2664
rT1
...
rTm

3775 ;
where ck 2 Cm and ri 2 Cn and

ri =

2664
ai1
...
ain

3775 ; ck =

2664
a1k
...

amk

3775 :

Example 2.1.2. Let us demonstrate these notions on a matrixA 2 R3�2:

A =

264 2 3
4 1
3 2

375) c1 =

264 2
4
3

375 ^ c2 =
264 3
1
2

375 ^
r1 =

"
2
3

#
^ r2 =

"
4
1

#
^ r3 =

"
3
2

#
^

rT1 =
h
2 3

i
^ rT2 =

h
4 1

i
^ r3 =

h
3 2

i
^

A =
h
c1 c2

i
=
h
c1; c2

i
=

264 rT1
rT2
rT3

375 :
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If A 2 Rm�n; then A(i; :) denotes the i�th row of the matrix A, i.e.,

A(i; :) =
h
ai1 � � � ain

i
;

and A(:; k) denotes the k-th column of the matrix A, i.e.,

A(:; k) =

2664
a1k
...

amk

3775 :
If 1 � p � q < n ^ 1 � r � m; then

A(r; p : q) =
h
arp � � � arq

i
2 R1�(q�p+1)

and if 1 � p � n ^ 1 � r � s � m; then

A(r : s; p) =

2664
arp
...
asp

3775 2 Rs�r+1:

If A 2 Rm�n and i = (i1; : : : ; ip) and k = (k1; : : : ; kq); where

i1; : : : ; ip 2 f1; 2; : : : ;mg ^ k1; : : : ; kq 2 f1; 2; : : : ;ng;
then the corresponding submatrix is

A(i;k) =

2664
A(i1; k1) � � � A(i1; kq)

...
...

A(ip; k1) � � � A(ip; kq)

3775 :
Example 2.1.3. If

A =

26664
1 4 �1 2 �4 8
2 �2 4 1 3 5
5 6 �7 2 �1 9
4 5 6 �4 9 1

37775
and i = (2; 4) and k = (1; 3; 5); then

A(i;k) =

"
2 4 3
4 6 9

#
:
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1.2.2 Band Matrices and Block Matrices

De�nition 2.2.1. A matrix whose elements di�erent from zero are only
on the main and some adjacent diagonals is called a band matrix.

De�nition 2.2.2. It is said that the matrix A 2 Rm�n is a band matrix
with the lower bandwidth p if

(i > k + p)) aik = 0

and with the upper bandwidth q if

(k > i+ q) ) aik = 0;

and with the bandwidth p + q + 1:

Example 2.2.1. The matrix

A =

2666666664

� � 0 0 0 0 0
� � � 0 0 0 0
� � � � 0 0 0
0 � � � � 0 0
0 0 � � � � 0
0 0 0 � � � �

3777777775
is a band matrix because all the elements di�erent from zero are on the main
and two lower and one upper diagonals. The lower bandwidth of the matrix
A is 2 because aik = 0 as i > k + 2; and the upper bandwidth is 1 because
aik = 0 as k > i + 1: The bandwidth of the matrix is 2 + 1 + 1 = 4: The
elements of the matrix that are necessarily not zeros are denoted by crosses.

Some of the most important types of band matrices are presented in
table 2.2.1. If D 2 Rm�n is a diagonal matrix, q = minfm;ng and di = dii ;
then the notation D = diag(d1; : : : ; dq): will be used.
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Table 2.2.1.
The matrice's type Lower bandwidth Upper bandwidth

diagonal matrix 0 0
upper triangular matrix 0 n-1
lower triangular matrix m-1 0
tridiagonal matrix 1 1

upper tridiagonal matrix 0 1
lower tridiagonal matrix 1 0
upper Hessenberg matrix 1 n-1
lower Hessenberg matrix m-1 1
Problem 2.2.1.� Find the type, lower bandwidth, upper bandwidth and

bandwidth of the matrix A if

A =

26666664
1 3 0 0 0
4 2 1 1 0
0 2 3 4 1
0 0 5 4 6
0 0 0 6 5

37777775 ; A =

26666666666666664

1 1 0 0 � � � 0 1

2 2 1 0
. . . 0 0

1 2 3 1
. . . 0 0

0 1 2 4
. . . . . . 0

...
. . . . . . . . . . . . � � � ...

0 0 0
. . . � � � n� 1 1

0 0 0 0 � � � 2 n

37777777777777775
:

De�nition 2.2.3. A matrix A = (A��) 2 Rm�n is called a q � r�block
matrix if

A =

2664
A1;1 : : : A1; r
...

...
Aq;1 : : : Aq; r

3775 m1

mq

;

n1 nr

where m1+ : : :+mq = m and n1+ : : :+nr = n and A�� is a m��n��matrix.
Example 2.2.2. The matrix

A =

26664
a a a b b
a a a b b
a a a b b
c c c d d

37775
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is a 2� 2�block matrix, where m1 = 3; m2 = 1; n1 = 3 and n2 = 2 and

A1;1 =

264 a a a
a a a
a a a

375 ; A1;2 =

264 b b
b b
b b

375 ; A2;1 =
h
c c c

i
; A2;2 =

h
d d

i
:

Let

B =

2664
B1;1 : : : B1; r
...

...
Bq;1 : : : Bq; r

3775 m1

mq

;

n1 nr

and C = A+B: Then

C =

2664
C1;1 : : : C1; r
...

...
Cq;1 : : : Cq; r

3775 =
2664
A1;1 +B1;1 : : : A1; r +B1; r

...
...

Aq;1 +Bq;1 : : : Bq; r +Bq; r

3775 :
Proposition 2.2.1. If A 2 Rm�p; B 2 Rp�n and C = AB are block

matrices:

A =

266666664

A1;1 : : : A1; r
...

...
A�;1 : : : A�; r
...

...
Aq;1 : : : Aq; r

377777775

m1

m�

mq

;

p1 pr

B =

2664
B1; 1 : : : B1;� : : : B1; s
...

...
...

Br; 1 : : : Br;� : : : Br; s

3775 p1

pr

;

n1 n� ns

C =

266666664

C1;1 : : : C1;� : : : C1; s
...

...
...

C�;1 : : : C�;� : : : C�; s
...

...
...

Cq;1 : : : Cq;� : : : Cq; s

377777775

m1

m�

mq

;

n1 n� ns
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where 1 � � � q; 1 � � � s; m1 + : : :+mq = m; p1 + : : :+ ps = p;
n1 + : : :+ nr = n , then

C�;� =
rX


=1

A�; 
B
;� (�= 1 : q ^ �= 1 : s).

Proof. Let

� = m1 + : : :+m��1 ; � = n1 + : : :+ n��1 ; 1 � 
 � r;

� = p1 + : : :+ p
�1; m0 = n0 = p0 = 0:

As [C�;�]i; k is an element of the block C�;� of the matrix C standing in the
i�th row and k�th column of this block, and [A�; 
]i; j is an element of the
block A�;
 of the matrix A standing in the i�th row and j�th column of this
block, and [B
;�] is an element of the block B
;� of the matrix B standing
in the j�th row and k�th column, then

[C�;�]i;k = c�+i;�+k ; [A�; 
]i; j = a�+i; �+j ; [B
;�]j;k = b�+j;�+k :

Therefore,

[C�; �]i; k = c�+i;�+k =
pX

j=1

a�+i; jbj;�+k =

=
p1X
j=1

a�+i; jbj;�+k+
p1+p2X
j=p1+1

a�+i; jbj;�+k+ : : :+
pX

j=p1+p2+:::+pr�1+1

a�+i; jbj;�+k =

=
p1X
j=1

[A�; 1]i; j[B1;�]j;k +
p2X
j=1

[A�; 2]i; j[B2;�]j;k + : : :+
prX
j=1

[A�; r]i; j[Br; �]j;k =

= [A�; 1B1; �]i;k + [A�; 2B2;�]i; k + : : :+ [A�; rBr;�]i;k = [
rX

j=1

A�; jBj;�]i; k :

Therefore, all the corresponding elements of the matricesC�;� and
Ps


=1A�; 
B
;�

are equal, and our proposition holds. 2

Corollary 2.2.1. If A 2 Rm�p; B 2 Rp�n; A =

2664
A1
...
Aq

3775 m1

mq

;

B =
h
B1 : : : Br

i
;
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n1 nr

and m1 + : : :+mq = m and n1 + : : :+ nr = n; then

AB = C =

2664
C1;1 : : : C1; r
...

...
Cq;1 : : : Cq; r

3775 m1

mq

;

n1 nr

where C�� = A�B� (�= 1 : q ^ �= 1 : r) .

Corollary 2.2.2. If A 2 Rm�p; B 2 Rp�n;

A =
h
A1 : : : As

i
;

p1 ps

B =

2664
B1
...
Bs

3775 p1

ps

and p1 + : : :+ ps = p ; then AB = C =
Pp

k=1AkBk :

Example 2.2.3. It holds"
A1; 1 A1; 2

A2; 1 A2; 2

# "
x1
x2

#
=

"
A1; 1x1 + A1; 2x2
A2; 1x1 + A2; 2x2

#
:

Example 2.2.4. It holds26666664
a a a b
a a a b
a a a b
c c c d
c c c d

37777775
26664
e f f
e f f
e f f
g h h

37775 =
"
A B
C D

# "
E F
G H

#
=

"
AE +BG AF +BH
CE +DG CF +DH

#
;

where A = (a) is a 3 � 3�matrix, B = (b) is a 3 � 1�matrix, C = (c) is a
2�3�matrix, D = (d) is a 2�1�matrix, E = (e) is a 3�1�matrix, F = (f)
is a 3�2�matrix, G = (g) is a 1�1�matrix and H = (h) is a 1�2�matrix.
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Example 2.2.5.� Let us �nd the product AB of block matrices A and
B, when A and B are 3� 3�matrices

A =

266666664
1 2

... 2

3 4
... 0

� � � � � � ... � � �
0 0

... �1

377777775 ; B =

266666664
�3 1 0

... 1

2 3 �1 ... 1

� � � � � � � � � ... � � �
0 0 0

... 1

377777775 :

We denote

A =

"
C D
E F

#
; B =

"
G H
K L

#
;

where

C =

"
1 2
3 4

#
; D =

"
2
0

#
; E =

h
0 0

i
; F =

h
�1

i
and

G =

" �3 1 0
2 3 �1

#
; H =

"
1
1

#
; K =

h
0 0 0

i
; L =

h
1
i
:

We note that the dimensions of the matrices are in accordance with the
conditions of multiplication of block matrices. If we denote

AB =

"
R S
T U

#
;

then

R = CG+DK =

"
1 2
3 4

# " �3 1 0
2 3 �1

#
+

"
2
0

# h
0 0 0

i
=

"
1 7 �2
�1 15 �4

#
;

S = CH +DL =

"
1 2
3 4

# "
1
1

#
+

"
2
0

# h
1
i
=

"
5
7

#
;

T = EG+FK =
h
0 0

i " �3 1 0
2 3 �1

#
+
h
�1

i h
0 0 0

i
=
h
0 0 0

i
and

U = EH + FL =
h
0 0

i " 1
1

#
+
h
�1

i h
1
i
=
h
�1

i
:
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Thus

AB =

264 1 7 �2
�1 15 �4

5
7

0 0 0 �1

375 =
264 1 7 �2 5
�1 15 �4 7
0 0 0 �1

375 :
Problem 2.2.2.� Find the product AB of 4 � 5-matrix A and 5 �

4�matrix B in block form, when

A =

26666666664

1 2 3
... 0 0

0 �1 4
... 0 0

� � � � � � � � � � � � � � � � � �
0 0 0

... 4 1

0 0 0
... 7 5

37777777775
; B =

26666666666664

1 �4 ... 0 0

2 3
... 0 0

5 �1 ... 0 0
� � � � � � � � � � � � � � �
0 0

... 1 �1
0 0

... 4 �3

37777777777775
:

1.2.3 Determinants

Let us consider an n� n�matrix, the so-called matrix of order n

A =

26664
a11 a12 : : : a1n
a21 a22 : : : a2n
: : : : : : : : : : : :
an1 an2 : : : ann

37775 :

De�nition 2.3.1. Arbitrary ordering 1; 2; : : : ; n of indices i1; i2; : : : ; in is
called a permutation.

De�nition 2.3.2. The ordering of two indices in the permutation i1i2 : : : in
is called natural if the smaller index stands before the greater one; in the op-
posite case, the greater index standing before the smaller one, it is said that
the two indices form an inversion.

De�nition 2.3.3. A determinant is a law (mapping, function) that
associates with each square matrix A a number, so-called determinant of the
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matrix

det(A) �

���������
a11 a12 : : : a1n
a21 a22 : : : a2n
: : : : : : : : : : : :
an1 an2 : : : ann

��������� =
X

(�1)�a1;i1a2;i2a3;i3 � � �an;in;

where the summation goes over all the permutations i1i2i3 : : : in of indices
1; 2; 3; : : : ; n and � is the number of inversions in the permutation i1i2i3 : : : in
of the row indices. We will use expressions: determinant of order n and its
rows and columns.

Example 2.3.1. Let us consider the third order determinant

det(A) =

�������
a11 a12 a13
a21 a22 a23
a31 a32 a33

������� =
= (�1)0a11a22a33 + (�1)1a11a23a32 + (�1)1a12a21a33+
+(�1)2a12a23a31 + (�1)2a13a21a32 + (�1)3a13a22a31:

Let us examine the last summand (�1)3a13a22a31: In the permutation 3 2 1
of the column indices the index 3 forms with the index 2 and the index 1 an
inversion. The index 2 does the same with the index 1: So the number of
inversions � in the permutation of the column indces is equal to 3.

Problem 2.3.1.� Which sign has the product

a1;na2;n�1a3;n�2 � � �an�1;2an;1
of elements of a determinant expression.

Properties of determinant

� The determinants of a matrix and its transpose are equal, det(AT ) =
det(A):

� Multiplying all the elements of the row (column) of the determinant
by the same number the determinant will be multiplied by the same
number.

� Interchanging two rows (columns) of the determinant the determinant
will change its sign.
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� If two rows (columns) of the determinant are identical, then the deter-
minant is equal to 0.

� If each element in the row (column) of the determinant is a sum of
two summands, then the determinant expands into the sum of two
determinants, where in the considered row (column) in the �rst of them
there will be the �rst summands and in the second of them there will
be the second summands, and all the remaining rows (columns) will be
identical to those of the given matrix:������������

a11 : : : a1n
: : : : : : : : :

ak1 + bk1 : : : akn + bkn
: : : : : : : : :
an1 : : : ann

������������
=

������������

a11 : : : a1n
: : : : : : : : :
ak1 : : : akn
: : : : : : : : :
an1 : : : ann

������������
+

������������

a11 : : : a1n
: : : : : : : : :
bk1 : : : bkn
: : : : : : : : :
an1 : : : ann

������������
:

� The determinant will not change if an arbitrary row (column) multi-
plied by an arbitrary number isadded to a row (column).

� The fundamental formulas of the determinant theory (or theorem of
expansion by cofactors) are valid:

ai1Ak1 + ai2Ak2 + : : :+ ainAkn = det(A) � �ik;
a1iA1k + a2iA2k + : : :+ aniAnk = det(A) � �ik;

where

�ik =

(
1; as i = k
0; as i 6= k

is the Kronecker symbol and Aik is the product of the number (�1)i+k
and the determinant of the (n�1)� (n�1)�matrix obtained from the
given matrix by deleting the i-th row and k-th column.

Example 2.3.2. Let us evaluate the determinant of order n, using the
expansion by cofactors by the �rst column and then by the �rst row.

Dn =

��������������

�2 1 0 : : : 0 0
1 �2 1 : : : 0 0
0 1 �2 : : : 0 0
: : : : : : : : : : : : : : : : : :
0 0 0 : : : �2 1
0 0 0 : : : 1 �2

��������������
=
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= (�2)(�1)1+1Dn�1 + 1 � (�1)2+1

������������

1 0 : : : 0 0
1 �2 : : : 0 0
: : : : : : : : : : : : : : :
0 0 : : : �2 1
0 0 : : : 1 �2

������������
=

= �2Dn�1 �Dn�2

or
Dn + 2Dn�1 +Dn�2 = 0: (1)

Equation (1) is a linear homogeneous di�erence equation with constant co-
e�cients which has the solution of type �n: Let us try to �nd them:

�n + 2�n�1 + �n�2 = 0, �n�2(�2 + 2�+ 1) = 0:

We are interested in a non-trivial solution. So we have get a quadratic
equation

�2 + 2�+ 1 = 0;

to �nd the solution of the di�erence equation (1). It has the solutions
�1;2 = �1, and so one of the solutions of equation (1) is Dn = (�1)n: As
the number �1 is a double solution of the quadratic equation, Dn = (�1)nn
will be a solution of the equation (1), too. Thus, we have got two linearly
independent particular solutions of the linear homogeneous di�erence equa-
tion with constant coe�cients. The general solution of the equation can be
expressed in form

Dn = C1(�1)n + C2(�1)nn:
From the conditions D1 = �2 and D2 = 3 we can �nd the coe�cients C1

and C2 : (
C1(�1)1 + C2(�1)1 � 1 = �2
C1(�1)2 + C2(�1)2 � 2 = 3

)
(
C1 = 1
C2 = 1

So the given problem has the solution

Dn = (�1)n(n+ 1):
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Problem 2.3.2.� Compute the determinant of order n������������������

7 5 0 � � � 0 0

2 7 5
. . . 0 0

0 2 7
. . . . . . 0

...
. . . . . . . . . . . . . . .

0 0
. . . . . . 7 5

0 0 0
. . . 2 7

������������������
:

Example 2.3.3. Evaluate the Vandermonde determinant

Vn(x1; x2; : : : ; xn) =

��������������

1 1 1 : : : 1
x1 x2 x3 : : : xn
x21 x22 x23 : : : x2n
: : : : : : : : : : : : : : :
xn�21 xn�22 xn�23 : : : xn�2n

xn�11 xn�12 xn�13 : : : xn�1n

��������������
:

We substract x1 times the penultimate row from the last row, then x1 times
the (n� 2)�th row from the penultimate row, then x1 times (n� 3)�th row
from the (n � 2)�th row etc., in the end x1 times the second row from the
�rst one. As a result, we get

=

��������������

1 1 1 : : : 1
0 x2 � x1 x3 � x1 : : : xn � x1
0 x22 � x1x2 x23 � x1x3 : : : x2n � x1xn
: : : : : : : : : : : : : : :
0 xn�22 � x1x

n�3
2 xn�23 � x1x

n�3
3 : : : xn�2n � x1x

n�3
n

0 xn�12 � x1x
n�2
2 xn�13 � x1x

n�2
3 : : : xn�1n � x1x

n�2
n

��������������
:

Using the expression by the �rst column and factoring out the common fac-
tors in the elements, we get

=

������������

x2 � x1 x3 � x1 : : : xn � x1
x2(x2 � x1) x3(x3 � x1) : : : xn(xn � x1)

: : : : : : : : : : : :
xn�32 (x2 � x1) xn�33 (x3 � x1) : : : xn�3n (xn � x1)
xn�22 (x2 � x1) xn�23 (x3 � x1) : : : xn�2n (xn � x1)

������������
:
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Factoring out from the �rst columns the common factor x2 � x1, from the
second column x3 � x1 ; : : : , from the (n� 1)�th column xn � x1; we get

= (x2 � x1)(x3 � x1) � � � (xn � x1)

������������

1 1 : : : 1
x2 x3 : : : xn
x22 x23 : : : x2n
: : : : : : : : : : : :
xn�22 xn�23 : : : xn�2n

������������
:

Using the same operations cycle, results in

Vn(x1; x2; : : : ; xn) =
Y

n � k > i � 1

(xk � xi):

Proposition 2.3.1 (The Laplace expansion theorem). The so-called
Laplace formula

det(A)=
X

Mk An�k

holds, where the summation on the right goes over all determinants (minors)
Mk of order k that can be formed of rows i1, i2, : : : , ik and columns j1; j2;
: : : , jk, and An�k is the product of the number (�1)i1+i2+:::+ik+j1+j2+:::+jk
and the determinant of the matrix remaining from the matrix A by deleting
the rows i1, i2, : : : , ik and the columns j1; j2; : : : , jk used in forming the
minor Mk.

Proof. See Kangro (1962, pp. 37-39). 2

Example 2.3.4. Using the Laplace expansion by the �rst two rows,
transform the determinant ���������

a b c 0
d e f 0
0 a b c
0 d e f

��������� :

As only three minors are not equal to zero , we get the expansion���������
a b c 0
d e f 0
0 a b c
0 d e f

��������� = (�1)1+2+1+2

����� a b
d e

����� �
����� b c
e f

�����+
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+(�1)1+2+1+3

����� a c
d f

����� �
����� a c
d f

�����+ (�1)1+2+2+3

����� b c
e f

����� �
����� 0 c
0 f

����� :
Problem 2.3.3.� Compute by the use of the Laplace formula the deter-

minant ������������

0 0 0 2 �1
0 0 1 5 3
0 0 0 2 3
�1 1 3 1 2
2 2 0 0 3

������������
:

By the Laplace expansion theorem, it holds for each matrixC =

264 c11 : : : c1n
: : : : : : : : :
cn1 : : : cnn

375
the equality��������������

a11 : : : a1n 0 : : : 0
: : : : : : : : : : : : : : : : : :
an1 : : : ann 0 : : : 0
c11 : : : c1n b11 : : : b1n
: : : : : : : : : : : : : : : : : :
cn1 : : : cnn bn1 : : : bnn

��������������
=

�������
a11 : : : a1n
: : : : : : : : :
an1 : : : ann

������� �
�������
b11 : : : b1n
: : : : : : : : :
bn1 : : : bnn

������� (2)

Choosing C =

264 �1 : : : 0
: : : : : : : : :
0 : : : �1

375 ; we transform the determinant

��������������

a11 : : : a1n 0 : : : 0
: : : : : : : : : : : : : : : : : :
an1 : : : ann 0 : : : 0
�1 : : : 0 b11 : : : b1n
: : : : : : : : : : : : : : : : : :
0 : : : �1 bn1 : : : bnn

��������������
so that all the elements bij become zeros. To make b11; b21; : : : ; bn1 into zeros
we have to add to the (n + 1)-th column b11 times the elements of the �rst
column, b21 times the elements of the second column etc, and, in the end, bn1
times the elements of the n-th column. Next we make into zeros the elements
b12; b22; : : : ; bn2: For this we add to the (n+ 2)�th column b12 times the �rst
column, b22 times the second column etc, and, in the end, bn2 times the n-th
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column etc. The last step will nullify the elements b1n; b2n; : : : ; bnn: For this
we add to the 2n�th column b1n times the �rst column, b2n times the second
column etc, and, in the end, bnn times the n-th column. The result will be��������������

a11 : : : a1n 0 : : : 0
: : : : : : : : : : : : : : : : : :
an1 : : : ann 0 : : : 0
�1 : : : 0 b11 : : : b1n
: : : : : : : : : : : : : : : : : :
0 : : : �1 bn1 : : : bnn

��������������
=

��������������

a11 : : : a1n d11 : : : d1n
: : : : : : : : : : : : : : : : : :
an1 : : : ann dn1 : : : dnn
�1 : : : 0 0 : : : 0
: : : : : : : : : : : : : : : : : :
0 : : : �1 0 : : : 0

��������������
=

= (�1)n+1+n+2+:::2n+1+2+:::n

�������
�1 : : : 0
: : : : : : : : :
0 : : : �1

������� �
�������
d11 : : : d1n
: : : : : : : : :
dn1 : : : dnn

������� =

= (�1) (1+2n)2n
2

+n

�������
d11 : : : d1n
: : : : : : : : :
dn1 : : : dnn

������� =
�������
d11 : : : d1n
: : : : : : : : :
dn1 : : : dnn

������� ;
where

dij =
nX

k=1

aikbkj: (3)

Taking into account (2) and the fact that, by (3), D = A � B, we reach the
assertion.

Proposition 2.3.1 (the theorem about the determinant of the product
of matrices). For arbitrary matrices A and B of order n it holds

det(AB) = (detA)(detB):

1.2.4 Four Subspaces of a Matrix

Let us consider an m� n�matrix

A =

26664
a11 a12 : : : a1n
a21 a22 : : : a2n
: : : : : : : : : : : :
am1 am2 : : : amn

37775
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with real elements. The matrix A can be expressed both by the column-
vectors ck (k= 1 : n) of A or by the row-vectors rTi (i=1 : m) by the
transpose of A

A =
h
c1 � � � cn

i
=
h
c1; � � � ; cn

i
=

2664
rT1
...
rTm

3775 ;

where ri 2 Rn and ck 2 Rm; and ri =

2664
ai1
...
ain

3775 ; ck =

2664
a1k
...

amk

3775 :
De�nition 2.4.1. The subspace spanfc1; : : : ; cng of the set fc1; : : : ; cng

of column-vectors of the matrix A is called the subspace of column-vectors of
the matrix A, and denoted by R(A) or ran(A):

De�nition 2.4.2. The subspace spanfr1; : : : ; rmg of the set fr1; : : : ; rmg
of the row-vectors of the matrix A is called the subspace of row-vectors of
the matrix A, and denoted by R(AT ) or ran(AT ):

De�nition 2.4.3. The rank of the matrix A is the greatest natural
number k; for which there exist a minor of order k di�erent from zero. We
denote the rank of A by rank(A):

Let rank(A) = r: Due to the theorem about the rank of the matrix, we
get

Proposition 2.4.1: The rank of the matrix is equal to the dimension of
the subspace of its row-vectors or column-vectors, i.e.,

rank(A) = dimR(AT ) = dimR(A) = r:

De�nition 2.4.4. The (right) null space of the matrix A is the set of all
solutions

x =

264 �1
: : :
�n

375 = h
�1 : : : �n

iT
of the system of equations

Ax = 0: (4)

It is a subspace, denoted N (A) or null(A):
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Proposition 2.4.2. For every matrix A 2 Rm�n with the rank r;

dimN (A) = n� r ^ N (A) ? R(AT ) ^ N (A)�R(AT ) = Rn:

Proof. The matrix of the system has the rank r, and the number of
variables in (4) equals n: Therefore, the number of degrees of freedom of the
system is n� r: The number of degrees of freedom gives the dimension of the
null space. Thus, dimN (A) = n� r: We can rewrite the system (4) in form264 rT1 x

: : :
rTmx

375 =
264 0
: : :
0

375 :
Therefore, rTk x = 0 , rk ? x (k= 1 : m); i.e., the row-vectors of A are
orthogonal to any vector of the null space N (A) of the matrix A. Hence
N (A) ? R(AT ): As, in addition, dimN (A) = n � r and dimR(AT ) = r;
dimN (A)+dimR(AT ) = n and the space Rn can be expressed by the direct
sum

Rn = N (A)�R(AT ): 2

De�nition 2.4.5. The (left) null space of the matrix A is the set of all
solutions

y =

264 �1
: : :
�m

375 = h
�1 : : : �m

iT
of the system of equations

ATy = 0 (5)

This subspace is denoted by N (AT ) or null(AT ):

Proposition 2.4.3. For every matrix A 2 Rm�n with the rank r;

dimN (AT ) = m� r ^ N (AT ) ? R(A) ^ N (AT )�R(A) = Rm:

Proof. The matrix of the system AT has the rank r; and, the number of
variables in (5) equals m: Therefore, the number of degrees of freedom of the
system is m� r and

dimN (AT ) = m� r:
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The system (5) can be expressed in form264 cT1 y
: : :
cTmy

375 =
264 0
: : :
0

375 :
So cTk y = 0 , ck ? y (k= 1 : m) and N (AT ) ? R(A): As dimN (AT ) =
m � r and dimR(A) = r; dimN (AT ) + dimR(A) = m; and the space Rm

can be expressed by the direct sum

Rm = N (AT )�R(A): 2

Example 2.4.1. Let us �nd the dimensions and bases of the subspaces
R(A); N (A); R(AT ) and N (AT ) for the matrix

A =

264 1 2 0 1 1
0 1 1 0 1
1 2 0 1 1

]

We will illustrate the assertion of propositions 2.4.2 and 2.4.3 in case of this
example.

We start with the examination of the space R(A). Substituting from the
second column of A two times the �rst column, we get264 1 2 0 1 1

0 1 1 0 1
1 2 0 1 1

375 �
264 1 0 0 1 1
0 1 1 0 1
1 0 0 1 1

375 �;
then substracting from the third column the new second one, from the fourth
column the �rst one and from the �fth column the �rst one and the new
second one, we get

�
264 1 0 0 0 0
0 1 0 0 0
1 0 0 0 0

375 :
The symbol " � " between the matrices marks that R(A) is not changed.
The last matrix has only two columns di�erent from the null vector )
dimR(A) = 2: The basis in the space R(A) will be

SR(A) = f
264 1
0
1

375 ;
264 0
1
0

375g:
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To describe the space N (AT ), we solve system (5):266666666664

1 0 1
... 0

2 1 2
... 0

0 1 0
... 0

1 0 1
... 0

1 1 1
... 0

377777777775
�

266666666664

1 0 1
... 0

0 1 0
... 0

0 0 0
... 0

0 0 0
... 0

0 0 0
... 0

377777777775
;

i.e., (
�1 + 0�2 + �3 = 0

�2 = 0
) �2 = 0 ^ �3 = p ^ �1 = �p)

y =

264 �p0
p

375 = p

264 �10
1

375) dimN (AT ) = 1 ^ SN (AT ) = f
264 �10

1

375g:
Let us check by scalar product that SR(A) ? SN (AT ) :

h
1 0 1

i
�
264 �10

1

375 = 1 � (�1) + 0 � 0 + 1 � 1 = 0;

h
0 1 0

i
�
264 �10

1

375 = 0:

The union SR(A) [ SN (AT ) contains three linearly independent vectors of R
3.

These vectors form a basis in R3. Thus, R3 = N (AT )�R(A): To describe
the space R(AT ) let us �nd its dimension and basis:264 1 2 0 1 1

0 1 1 0 1
1 2 0 1 1

375 �
264 1 2 0 1 1
0 1 1 0 1
0 0 0 0 0

375)

dimR(AT ) = 2 ^ SR(AT ) = f

26666664
1
2
0
1
1

37777775 ;
26666664
0
1
1
0
1

37777775g:
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To describe the space N (A), we solve system (4):26664
1 2 0 1 1

... 0

0 1 1 0 1
... 0

1 2 0 1 1
... 0

37775 �
26664
1 2 0 1 1

... 0

0 1 1 0 1
... 0

0 0 0 0 0
... 0

37775)
(
�1 + 2�2 + 0�3 + �4 + �5 = 0

�2 + �3 + 0�4 + �5 = 0
) �3 = p; �4 = q; �5 = t

�2 = �p� t; �1 = 2p� q + t
)

x =

26666664
2p� q + t
�p� t
p
q
t

37777775 = p

26666664
2
�1
1
0
0

37777775 + q

26666664
�1
0
0
1
0

37777775+ q

26666664
1
�1
0
0
1

37777775)

SN (A) = f

26666664
2
�1
1
0
0

37777775 ;
26666664
�1
0
0
1
0

37777775 ;
26666664

1
�1
0
0
1

37777775g ) dimSN (A) = 3:

The vectors of the basis SN (A) are orthogonal to the vectors of the basis
SR(AT ): Thus, R(AT )?N (A) and the union SR(AT ) [ SN (A) forms a basis in
R5: Therefore

N (AT )�R(A) = R5:

Problem 2.4.1. Let A 2 Rn�n: Show that N (ATA) = N (A):

Problem 2.4.2. Show that

N (AB) � N (B) ^ N ((AB)T ) � N (AT ) ^
R(AB) � R(A) ^ R((AB)T ) � R(BT ):

Problem 2.4.3.� Find the dimensions and bases of the subspaces R(A);
N (A); R(AT ) and N (AT ) of the matrix A. Demonstrate the assertion of
proposition 2.4.2 and 2.4.3 on the matrix A, where

a) A =

264 �2 �2 �10 1
3 2 12 �1

�1 �1 �5 1

375 ; b) A =

264 1 �1 �1 �1
0 1 3 5

�2 2 2 2

375 ;
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c) A =

26664
8 16 2 6
2 4 �1 3
9 18 2 7
3 6 0 3

37775 ; d) A =

26664
1 2 �1 2 �2

�1 �2 2 �3 3
�1 �2 0 �1 1
�2 �4 0 �2 2

37775 :
Problem 2.4.4.� Find the dimensions and bases of the subspacesR(AB);

N (AB); R((AB)T ) and N ((AB)T ) of the product AB, where

A =

264 1 �1 �1 �1
0 1 3 5

�2 2 2 2

375 ^ B =

26664
8 16 2 6
2 4 �1 3
9 18 2 7
3 6 0 3

37775 :

Compare the results obtained with the results of Problem 2:4:3� in case b)
and c).

1.2.5 Eigenvalues and Eigenvectors of a Matrix

De�nition 2.5.1. If
Ax = �x; (6)

where A 2 Cn�n, x 2 Cn and � is a number, then the number � is called
an eigenvalue of the matrix A and the vector x a (right) eigenvector of the
matrix A corresponding to the eigenvalue �.

De�nition 2.5.2. The vector x is called a (left) eigenvector of the matrix
A if xHA = �xH ; where xH is the transposed skew-matrix.

Proposition 2.5.1. If x is a left eigenvector of the matrix A correspond-
ing to the eigenvalue �, then this x is a right eigenvector corresponding to
the eigenvalue �.

Proof. We get a chain of assertions:

xHA = �xH , (xHA)H = (�xH)H , AHx = �x: 2

It is obvious that if x is a eigenvector corresponding to the eigenvalue �,
then cx; c 2 C is an eigenvector, too. The equation (6) can be expressed in
form

(A� �I)x = 0; (7)
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where I is the identity matrix of order n. As the null vector is an eigenvector
for every square matrix A in eigenvalues problem (6), in following we will
con�ne ourselves to the non-trivial eigenvectors. The equation (7) presents a
system of homogeous linear algebraic equations that has a non-trivial solution
i� the matrix A� �I of the system is singular, i.e.,

det(A� �I) = 0: (8)

The equation (8) is called the characteristic equation of the matrix A, and
the polynomial

p(�) = det(A� �I)

is called the characteristic polynomial of the matrix A. The equation (8) is
an algebraic equation of order n with respect to �, and it can be written
down in form: ���������

a11 � � a12 � � � a1n
a21 a22 � � � � � a2n
� � � � � � � � � � � �
an1 an2 � � � ann � �

��������� = 0: (9)

According to the fundamental theorem of algebra, the matrix A 2 Cn�n has
exactly n eigenvalues, taking into account their multiplicity.

De�nition 2.5.3. The set of all eigenvalues f�1; : : : ; �ng of the matrix
A 2 Cn�n is called the spectrum of the matrix A and denoted by �(A):

Example 2.5.1. Find the eigenvalues an d eigenvectors of the matrix

A =

264 1 1 1
1 1 1
1 1 1

375
We compose the characteristic equation (9) corresponding to the given ma-
trix: �������

1� � 1 1
1 1� � 1
1 1 1� �

������� = 0:

Calculating the determinant, we get the cubic equation

(1� �)3 � 3(1� �) + 2 = 0;
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with the solutions �1 = �2 = 0 and �3 = 3: Let us �nd the eigenvectors
corresponding to the eigenvalues �1 = �2 = 0. We replace in system (7) the
variable � by 0 and solve the equation:26664

1� 0 1 1
... 0

1 1� 0 1
... 0

1 1 1� 0
... 0

37775 �
26664
1 1 1

... 0

0 0 0
... 0

0 0 0
... 0

37775 :
There is only one independent equation remained:

�1 + �2 + �3 = 0:

The number of degrees of freedom of the system is 2, and the general solution
of the system is

x =

264 �1
�2
�3

375 =
264 �q � p

q
p

375 = p

264 �10
1

375 + q

264 �11
0

375 ;
where p and q are arbitrary real numbers. Thus, the vectors x that corre-
spond to the eigenvalues �1 = �2 = 0 form a two-dimensional subspace in
the space R3, and vectors x1 = [�1 0 1]T and x2 = [�1 1 0]T can be
chosen for its basis. To �nd the eigenvector corresponding to the eigenvalue
�3 = 3 we have to replace in the system of equations (7) the variable � by 3:
As a result, we get the system of equations:26664

1� 3 1 1
... 0

1 1� 3 1
... 0

1 1 1� 3
... 0

37775 �
26664

1 1 �2 ... 0

1 �2 1
... 0

�2 1 1
... 0

37775 �

�

26664
1 1 �2 ... 0

0 �3 3
... 0

0 3 �3 ... 0

37775 �
26664
1 1 �2 ... 0

0 1 �1 ... 0

0 0 0
... 0

37775 �
26664
1 0 �1 ... 0

0 1 �1 ... 0

0 0 0
... 0

37775 :
The number of degrees of freedom of this system is 1, and the eigenvectors
of the matrix A corresponding to the eigenvalue �3 = 3 can be expressed in
form

x =

264 r
r
r

375 = r

264 1
1
1

375 :
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They form a one-dimensional subspace in R3 with the basis vector x3 =
[1 1 1]T :

Problem 2.5.1.� Find the eigenvalues and eigenvectors of the matrix A,
where

a) A =

"
2 3

�1 6

#
; b) A =

"
5 �2
7 4

#
; c) A =

"
1 �1
2 4

#
:

Problem 2.5.2.� Find the eigenvalues and eigenvectors of the matrix A,
when

a) A =

264 3 �2 2
0 1 0

�1 1 0

375 ; b) A =

264 1 1 1
0 1 1
0 0 0

375 :
Proposition 2.5.2. If �1; �2; � � � ; �n are the eigenvalues of the matrix A,

then
det(A) = �1�2 � � ��n:

Proof. The left side of the characteristic equation (8) with the zeros
�1; � � � ; �n can be expressed in form

det(A� �I) = (�1)n(�� �1) � � � (�� �n): (10)

If we take in this equation � = 0; we get the assertion of the proposition. 2

Corollary 2.5.1. Not a single one of the eigenvalues of a regular matrix
A is equal to 0:

Proposition 2.5.3. If x is an eigenvector of the regular matrix A corre-
sponding to the eigenvalue �, then the same vector x is as eigenvector of the
inverse matrix A�1 corresponding to the eigenvalue 1=�.

To prove the assertion we multiply the both sides of the equality (6) on
the left by the matrix A�1: We get A�1Ax = A�1�x or A�1x = (1=�)x: 2

Proposition 2.5.4. If x is an eigenvector of the matrix A corresponding
to the eigenvalue �, then the same vector x is an eigenvector of the matrix
A2 corresponding to the eigenvalue �2.

Proof. This assertion follows from the chain:

A2x = A(Ax) = A(�x) = �(Ax) = �(�x) = �2x: 2
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Problem 2.5.3.� Let �1; : : : ; �n be the eigenvalues of the matrix A 2
Cn�n: Prove that �k1; : : : ; �

k
n are the eigenvalues of the matrix Ak (k 2 N).

Problem 2.5.4.� Prove that if �1; : : : ; �n are the eigenvalues of the matrix
A 2 Cn�n, then �1� �; : : : ; �n� � are the eigenvalues of the matrix A� �I.

Proposition 2.5.5. The trace of the matrix A, i.e., the sum of the
elements on the main diagonal, is equal to the sum of all eigenvalues of the
matrix A.

To prove the assertion we will use the equality (10). In the expansion of
the left side by the powers of the variable � the coe�cient by the power �n�1

is (�1)n�1(a11+a22+ � � �+ann) and at the right side it is (�1)n+1(�1+�2+
� � �+ �n): 2

Example 2.5.2.� Suppose we know three eigenvalues �1 = 4; �2 = 1 and
�3 = 6 of the matrix

A =

26664
4 2 0 4
0 2 �1 0
0 0 3 3
0 4 0 7

37775
Let us �nd the forth eigenvalue of the matrix A and its determinant. Since
the trace of the matrix A equals the sum af all eigenvalues,

4 + 2 + 3 + 7 = 4 + 1 + 6 + �4 ) �4 = 5:

Computing the determinant, we get

det(A) = �1�2�3�4 = 4 � 1 � 6 � 5 = 120:

Problem 2.5.5.� Suppose we know three eigenvalues �1 = 7; �2 = �7
and �3 = 21 of the matrix

A =

26664
67 266 �30 64
�24 �91 12 �20
�6 �42 10 �12
42 126 �21 21

37775 :

Find the forth eigenvalue of the matrix A and its determinant.

Proposition 2.5.6. The eigenvalues of both an upper triangular or a
lower triangular matrix are the elements of the main diagonal.
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Proof. Let us consider the case of an upper triangular matrix A. We form
the characteristic equation���������

a11 � � a12 � � � a1n
0 a22 � � � � � a2n
� � � � � � � � � � � �
0 0 � � � ann � �

��������� = 0:

Expanding the determinant we get from here

(a11 � �)(a22 � �) � � � (ann � �) = 0: 2

Problem 2.5.6.� Find eigenvalues and eigenvectors of the matrix A,
where

a) A =

264 1 1 1
0 2 1
0 0 2

375 ; b) A =

26664
1 2 4 �3
0 1 7 7
0 0 3 8
0 0 0 �2

37775 :
Proposition 2.5.7. The eigenvectors of the matrix A corresponding to

di�erent eigenvalues are linearly independent.

Proof. Let x1;x2; � � � ;xk be the eigenvectors of the matrix A correspond-
ing to the di�erent eigenvalues �1; �2; � � � ; �k (k= 2 : n). We will show that
the system of these eigenvectors is linearly independent. Avoiding complex-
ity we shall go through the proof in case k = 2: Let us suppose that the
antithesis is valid, i.e., the vector system fx1;x2g is linearly independent:

9(�1; �2) : �1x1 + �2x2 = 0 ^ j�1j+ j�2j 6= 0: (11)

Multiplying the equality in (11) on the left by matrix A, we get

�1Ax1 + �2Ax2 = 0 (12)

or
�1�1x1 + �2�2x2 = 0: (13)

Multiplying the equality in (11) by �1, and substracting the result from (13),
we get

�2(�2 � �1)x2 = 0:

On the left in this equality only the �rst factor �2 can equal 0: Analogously,
multiplying in (11) by (11) by �2; we get the equality �1 = 0. So j�1j+ j�2j =
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0; and this is in contradiction with the assumption (11). Therefore, the
system of eigenvectors fx1;x2g is linearly independent. 2

Let us suppose that the system of eigenvectors fx1; : : : ;xng of the matrix
A is linearly independent. Let us form the n � n�matrix S; choosing the
vector x1; as the �rst column-vector, the vector x2 as the second column-
vector, : : : ; the vector xn as the n-th column-vector, i.e.,

S =
h
x1 � � � xn

i
: (14)

Let us denote

� =

2664
�1 � � � 0
... � � � ...
0 � � � �n

3775 : (15)

For the above example 2.5.1, we get

S =

264 �1 �1 1
0 1 1
1 0 1

375 ^ � =

264 0 0 0
0 0 0
0 0 3

375 :
Proposition 2.5.8. If the matrix A has n linearly independent eigenvec-

tors x1; � � � ;xn corresponding to the eigenvalues �1; � � � ; �n; then the matrix
A can be expressed in form

A = S�S�1; (16)

where the matrices S and � are de�ned by (14) and (15).

For the proof it will su�ce to show that

AS = S�: (17)

Let us start from the left side of (17):

AS = A
h
x1 � � � xn

i
=

=
h
Ax1 � � � Axn

i
=
h
�1x1 � � � �nxn

i
:

From the right side of (17) we get:

S� =
h
x1 � � � xn

i 2664
�1 � � � 0
... � � � ...
0 � � � �n

3775 =
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=
h
�1x1 � � � �nxn

i
:

Therefore, equality (17) holds, and consequently equality (16), and also the
equality

� = S�1AS: 2 (18)

Example 2.5.3.� Find a 3 � 3-matrix A whose eigenvalues and corre-
sponding eigenvactors are:

�1 = 3 ) x1 =
h
�3 2 1

iT
;

�2 = �2 ) x2 =
h
�2 1 0

iT
;

�3 = 1 ) x3 =
h
�6 3 1

iT
:

As the wanted matrix A can be reprezented in form A = S�S�1; where

S =
h
x1 x2 x3

i
^ � =

264 3 0 0
0 �2 0
0 0 1

375 ;
then

A =

264 �3 �2 �6
2 1 3
1 0 1

375
264 3 0 0
0 �2 0
0 0 1

375
264 �3 �2 �6

2 1 3
1 0 1

375
�1

=

:

=

264 �9 4 �6
6 �2 3
3 0 1

375
264 1 2 0

1 3 �3
�1 �2 1

375 =
264 1 6 �18
1 0 9
2 4 1

375 :
Problem 2.5.7.� Find a 2 � 2-matrix A whose eigenvalues and corre-

sponding eigenvectors are:

�1 = 1 ) x1 =

"
3
4

#
^ �2 = 2 ) x2 =

"
5
7

#
:

Problem 2.5.8.� Find a 3 � 3-matrix A whose eigenvalues and corre-
sponding eigenvectors are:

�1 = 3 ) x1 =
h
�1 �1 1

iT
;
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�2 = �3 ) x2 =
h
2 1 0

iT
;

�3 = 5 ) x3 =
h
0 0 1

iT
:

Example 2.5.4.� Find matrices A100 and A155; where

A =

"
41 �30
56 �41

#
:

Since ����� 41� � �30
56 �41� �

����� = 0 ) �2 � 1 = 0

�1 = 1 ) x1 =

"
3
4

#
^ �2 = �1 ) x2 =

"
5
7

#
;

and

A = S�S�1 ^ � =

"
1 0
0 �1

#
^ S =

"
3 5
4 7

#
^ S�1 =

"
7 �5
�4 3

#
;

then
A100 = (S�S�1)(S�S�1) � � � (S�S�1) = S�100S�1 =

=

"
3 5
4 7

# "
1100 0
0 (�1)100

# "
7 �5
�4 3

#
=

"
1 0
0 1

#
= I

and

A155 =

"
3 5
4 7

# "
1155 0
0 (�1)155

# "
7 �5
�4 3

#
=

"
41 �30
56 �41

#
= A:

Problem 2.5.9.� Find matrices A100 and A155; where

a) A =

" �5 2
�21 8

#
; b) A =

" �20 42
�9 19

#
:

Proposition 2.5.9. If all the eigenvalues of the matrices A and B are
single and the matrices A and B are commutative, then they have common
eigenvectors.

Proof. Let x be an eigenvector of the matrix A corresponding to the
eigenvalue �, i.e., it holds (6). Let us multiply both sides (6) on the left by
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the matrix B. Due to the commutability of the matrices A and B, we get
the chain:

Ax = �x ) B(Ax) = B(�x) , (BA)x = �(Bx) , A(Bx) = �(Bx):

Thus, if x is an eigenvector of the matrix A corresponding to the eigenvalue
�, then Bx is also an eigenvector of the matrix A corresponding to the single
eigenvalue is a one-dimensional subspace in Rn, then the vectors x and Bx
are collinear, i.e.,

9� : Bx = �x:

Thus, the eigenvector x of the matrix A corresponding to the eigenvalue
� is also the eigenvector of the matrix B corresponding to the eigenvalue
� : Analogously one can show that each eigenvector of the matrix B is an
eigenvector of the matrix A 2

Proposition 2.5.10. If the matrices A; B 2 Cn�n have n common
linearly independent eigenvectors, then these matrices are commutative.

Proof. Due to proposition 2.5.8, these matrices can be expressed in form

A = S�S�1; B = S�S�1; (19)

where S is the matrix formed of the eigenvectors as column-vectors, and �
is a diagonal matrix with eigenvalues of the matrix A on the main diagonal,
and � is a diagonal matrix with the eigenvalues of the matrix B on the main
diagonal. Let us �nd the products AB and BA; using the representation in
(19):

AB = S�S�1S�S�1 = S��S�1

and
BA = S�S�1S�S�1 = S��S�1:

As the diagonal matrices � and � are commutative, AB = BA; q.e.d. 2

1.2.6 Schur's Decomposition

The eigenvector x of the matrix A 2 Cn�n determines in the space Cn a
one-dimensional subspace that is invariant with respect to the multiplication
by the matrix A on the left.
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De�nition 2.6.1. The subspace S � Cn is called invariant with respect
to the multiplication by the matrix A on the left if x 2 S) Ax 2S:

Proposition 2.6.1. If A 2 Cn�n; B 2 Ck�k; X 2 Cn�k and AX =
XB; then the space R(X) of the matrix X is invariant with respect to the
multiplication by the matrix A on the left and the space R(XT ) is invariant
with respect to the multiplication by the matrix B on the right. In addition,
the following connections

dimR(X) = k ) �(B) � �(A)

and
dimR(X) = k = n) �(B) = �(A):

holds.

Proof. If X = [c1 : : : ck]; then

AX = A [c1 : : : ck] = [Ac1 : : : Ack]

and

XB = [c1 : : : ck]

2664
b1;1 � � � b1;k
...

...
bk;1 : : : bk;k

3775 =
=
h
b1;1c1 + : : :+ bk;1ck � � � b1; kc1 + : : :+ bk; kck

i
and

Aci = b1; ic1 + : : :+ bk; ick ( i = 1 : k ) ) AR(X) � R(X):

Therefore, the space R(X) of the column-vectors of the matrixX is invariant
with respect to the multiplication by the matrix A on the left. Analogously,
one can prove that the space R(XT ) of the row-vectors is invariant with
respect to the multiplication by the matrix B on the right. If By = �y; then

A(Xy) = (XB)y = X�y =�(Xy);

i.e., � is an eigenvalue of the matrix A if � is a eigenvalue of the matrix B:
Naturally,

y 6= 0
dimR(X)=k) Xy 6= 0:
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therefore, if the column-vectors of the matrix X are linearly independent,
then �(B) � �(A): If Az =�z and X is a regular square matrix (dimR(X) =
k = n), then it follows from the equality AX = XB that A = XBX�1 and

XBX�1z =�z,B(X�1z) = �(X�1z);

i.e., every eigenvalue of the matrix A is an eigenvalue of the matrix B, �(A) �
�(B), and thus �(B) = �(A): 2

De�nition 2.6.2. Matrices A;B 2 Cn�n are said to be similar if there
exists a regular matrix X 2 Cn�n such that A = XBX�1:

Due to proposition 2.6.1 (the last assertion), the spectrum of two similar
matrices are equal. We can get this result also directly:

det(A� �I) = det(XBX�1 �X�IX�1) =

= det(X(B � �I)X�1) = det(X) det(B � �I) det(X�1):

Problem 2.6.1.� Are the matrices A and B similar if

a) A =

264 1 i 0
i 2 �1
0 i 1

375 ^ B =

264 1 + i 7 2
0 1 9
0 0 2� i

375 ;

b) A =

264 25 + 25i 25 100
25 100 25 + 25i

25 + 25i 25 100

375 ^ B =

264 100 35 + 20i �5 + 15i
95 + 15i 76 + 16i �43 + 12i
40� 20i �43 + 12i 49 + 9i

375?
Proposition 2.6.2. If T 2 Cn�n and

T =

"
T1; 1 T1; 2
0 T2; 2

#
p
q
:

p q

then � (T ) = � (T1; 1) [ � (T2; 2):
Proof. If T x =�x; i.e., � 2 � (T ); x =

"
x1
x2

#
; x1 2 Cp and x2 2 Cq;

then "
T1; 1 T1; 2
0 T2; 2

# "
x1
x2

#
= �

"
x1
x2

#
)
(
T1; 1x1 + T1; 2x2 = �x1

T2; 2x2 = �x2
:
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If x2 6= 0; then
T2; 2x2 = �x2 ) � 2 � (T2; 2):

If x2 = 0; then
T1; 1x1 = �x1 ) � 2 � (T1; 1):

Thus,
� (T ) � � (T1; 1) [ � (T2; 2):

Since the potencies of the sets � (T1; 1) [ � (T2; 2) and � (T ) are equal, then
the proposition holds. 2

Example 2.6.1. Using proposition 2.6.2, let us �nd the spectrum of the
matrix

A =

26664
1 1 5 6

�1 1 7 3
0 0 2 1
0 0 �4 3

37775 :

First, we �nd the eigenvalues of the matrices

"
1 1

�1 1

#
and

"
2 1

�4 3

#
:

����� 1� � 1
�1 1� �

����� = 0)
(
�1 = 1 + i
�2 = 1� i

;

����� 2� � 1
�4 3� �

����� = 0)
(
�3 = (5 + i

p
15)=2

�4 = (5� i
p
15)=2

:

Thus, the spectrum of the matrix is �(A) = f1 + i; 1� i; (5 + i
p
15)=2; (5�

i
p
15)=2g:
Problem 2.6.2.� Find by the use of proposition 2.6.2 the spectrum of

the matrix A if

a) A =

26664
2 �3 17 36
4 6 11 �13
0 0 4 4
0 0 3 8

37775 ; b) A =

264 2 17 �2
0 �2 �1
0 5 2

375 :

De�nition 2.6.3. A matrix Q 2 Cn�n is called a unitary matrix if
QHQ = QQH = I:
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Problem 2.6.3.� Is the matrix Q a unitary matrix if

a) Q =

" �1
2

1
2

p
3

1
2

p
3 1

2

#
; b) Q =

"
cos x i sinx
i sin x cos x

#
;

c) Q =

"
2
5

p
5 1

5
i
p
5

�1
5

p
5 2

5
i
p
5

#
:

Proposition 2.6.3 (the QR factorisation theorem) . If A 2 Cm�n, then
the matrix A can be expressed in form A = QR; where matrix Q 2 Cm�m is
unitary matrix and matrix R 2 Cm�n is an upper triangular matrix.

Proposition 2.6.4. If A 2 Cn�n; B 2 Cp�p; X 2 Cn�p;

AX = XB (20)

and rank(X) = p; then there exists a unitary matrix Q 2 Cn�n such that

QHAQ = T =

"
T1; 1 T1; 2
0 T2; 2

#
p

n� p
;

p n� p

where �(T1; 1) = �(A) \ �(B):
Proof. Let us consider for the matrix X its QR factorization X =

Q

"
R1

0

#
; where Q 2 Cn�n and R1 2 Cp�p: Substracting the factorization

of the matrix X into equality (20), we get

AQ

"
R1

0

#
= Q

"
R1

0

#
B , QHAQ

"
R1

0

#
=

"
R1

0

#
B :

The spectrums of the matricesQHAQ and A coincide, i.e. �(QHAQ) = �(A):
Representing the matrix A in form

QHAQ =

"
T1; 1 T1; 2
T2; 1 T2; 2

#
p

n� p
;

p n� p

we �nd"
T1; 1 T1; 2
T2; 1 T2; 2

# "
R1

0

#
=

"
R1B
0

#
)
(
T1; 1R1 = R1B
T2; 1R1 = 0

prop. 2.6.1
=)

detR1 6=0

(
�(T1; 1) = �(B)

T2; 1 = 0 :
:
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Therefore, the proposition holds. 2

Remark 2.6.1. Proposition 2.6.4 makes it possible, if we know an in-
variant subspace of the given matrix, to transform it by unitary similarity
transformations into a triangular block form.

Proposition 2.6.5 (Schur's decomposition). If A 2 Cn�n; then there
exists a unitary matrix Q 2 Cn�n such that

QHAQ = T = D +N ; (21)

where D = diag(�1; : : : ; �n) and N 2 Cn�n is a strictly upper triangular
matrix, i.e., an upper triangular matrix with zeros on the main diagonal.
The matrix Q can be formed so that the eigenvalues of the matrix A are in
the given order on the main diagonal of the matrix D.

To prove this assertion we will use the method of complete induction. As
the assertion holds for n = 1, the base for the induction exists. We are going
now to show the admissibility of the induction steps. We suppose that the
assertion holds for the matrices whose order is less or equal to k � 1: Let us
show that the assertion will be valid for k, too. If Ax = �x and x 6= 0; then,
by lemma 2.6.4, choosing X = x; B=�, there exists a unitary matrix U such
that

UHAU = T =

"
� wH

0 C

#
1

k � 1
;

1 k � 1

Since C 2 C(k�1)�(k�1); the assertion is valid for this matrix, i.e., there

exists a unitary matrix Û such that ÛHCÛ is an upper triangular matrix. If
Q = U diag(1; Û); then

QHAQ =

"
1 0

0 ÛH

#
UHAU

"
1 0

0 Û

#
=

=

"
1 0

0 ÛH

# "
� wH

0 C

# "
1 0

0 Û

#
=

=

"
� wH

0 ÛHC

# "
1 0

0 Û

#
=

"
� wHÛ

0 ÛHCÛ

#
;

and so the matrix QHAQ is an upper triangular matrix. 2
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Example 2.6.2. Let

A =

"
3 8
�2 3

#
and Q =

"
2i=
p
5 1=

p
5

�1=p5 �2i=p5
#
:

Let us show that Q is unitary matrix. For this we, �rst, �nd the product
QHAQ: The checking of the matrix Q for unitarity gives:

QHQ =

" �2i=p5 �1=p5
1=
p
5 2i=

p
5

# "
2i=
p
5 1=

p
5

�1=p5 �2i=p5
#
=

"
1 0
0 1

#
;

QQH =

"
2i=
p
5 1=

p
5

�1=p5 �2i=p5
# " �2i=p5 �1=p5

1=
p
5 2i=

p
5

#
=

"
1 0
0 1

#
:

QQH =

"
2i=
p
5 1=

p
5

�1=p5 �2i=p5
# " �2i=p5 �1=p5

1=
p
5 2i=

p
5

#
=

"
1 0
0 1

#
:

Let us �nd the product

QHAQ =

" �2i=p5 �1=p5
1=
p
5 2i=

p
5

# "
3 8
�2 3

# "
2i=
p
5 1=

p
5

�1=p5 �2i=p5
#
=

=

"
3 + 4i �6
0 3� 4i

#
:

Consequently, we have obtained the Schur decomposition of the matrix A.

Now (21) can be represented in the form AQ = QT: Replacing Q =
[q1 � � � qn]; where the vectors qi are called Schur vectors, into the last equality
, we get

A [q1 � � � qn] = [q1 � � � qn]T
or

[Aq1 � � � Aqn] =
=
h
�1q1 �2q2 + n1;2q1 � � � �nqn + n1;nq1 + n2;nq2 + : : :+ nn�1;nqn�1

i
or

Aqi = �iqi + n1; iq1 + : : :+ ni�1; iqi�1 = �iqi +
i�1X
k=1

nkiqk ( i = 1: n).
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From this equality it turns out that all subspaces Sk = spanfq1; : : : ;qkg (
k = 1: n) are invariant with respect to multiplication by the matrix A on
the left, and Schur vector qi is an eigenvector of the matrix A if and only if
in the i-th column of the matrix N there are only zeros.

De�nition 2.6.4. If A 2 Cn�n and AHA = AAH ; then A is called a
normal matrix.

Exercise 2.6.4.* Check the normality of A if

a) A =

264 1 �1 �1
1 i 1

�1 �1 1

375 ; b) A =

264 i �1 i
1 i 1
i �1 i

375 ; c) A =

264 i i i
�i i �i
i i i

375 :
Proposition 2.6.6. A matrix A 2 Cn�n is normal matrix i� there

exists a unitary matrix Q 2 Cn�n; satisfying the condition QHAQ = D =
diag(�1; : : : ; �n):

Proof. If the matrix A is unitarily similar to the diagonal matrix D; then

QHAQ = D, A = QDQH ) AHA = QDHQHQDQH = QDHDQH^

AAH = QDQHQDHQH = QDDHQH

and since diagonal matrices are commutative, then AHA = AAH and the
matrix A is normal . Vice versa, if the matrix A is normal and the Schur
decomposition of this matrix is QHAQ = T; then T is also normal because

THT = QHAHQQHAQ = QHAHAQ

and
TTH = QHAQQHAHQ = QHAAHQ:

Since a triangular matrix is normal only if it is a diagonal matrix, then it
has been proved that a unitary matrix is similar to a diagonal matrix. 2

Proposition 2.6.7 (block-diagonal-decomposition). Let

QHAQ = T =

26664
T1; 1 T1; 2 � � � T1; q
0 T2;2 � � � T2; q
� � � � � � � � � � � �
0 0 � � � Tq; q

37775

63



be the Schur decomposition of the matrixA 2 Cn�n , where the blocks Ti; i are
square matrices. If �(Ti; i) \ �(Tj; j) = ; (i 6= j); then there exists a regular
matrix
Y 2 Cn�n such that

(QY )�1A(QY ) = diag(T1;1 ; : : : ; Tq; q):

Corollary 2.6.1. If A 2 Cn�n; then there exists a regular matrix X
such that

X�1AX = diag(�1I +N1 ; : : : ; �qI +Nq) Ni 2 Cni�ni;

where �1; : : : ; �q , n1+ : : :+nq = n and each Ni is a strictly upper triangular
matrix.

Proposition 2.6.8 (Jordan decomposition). If A 2 Cn�n; then there ex-
ists a regular matrixX 2 Cn�n such thatX�1AX = J = diag(J1 ; : : : ; Jt);where
m1 + : : :+mt = n ,

Ji =

2666666664

�i 1 0 � � � 0

0 �i 1
. . .

...
...

. . . . . . . . .
...

...
. . . . . . . . . 1

0 � � � � � � 0 �i

3777777775
is an mi � mi Jordan block, and the matrix J is called the Jordan normal
form of the matrix A .

Proof. See Lankaster (1982, p. 143).

Example 2.6.3. Using "Maple" , we �nd the Jordan decompositions
A = XJX�1 of two matrices:26666664
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

37777775 =
26666664
1 0 1 0 0
0 0 0 1 0
0 1 0 0 0
0 0 0 0 1
0 0 1 0 0

37777775

26666664
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0

37777775

26666664
1 0 0 0 �1
0 0 1 0 0
0 0 0 0 1
0 1 0 0 0
0 0 0 1 0

37777775
and26664

1 �1 0 �1
0 2 0 1

�2 1 �1 1
2 �1 2 0

37775 =
26664
�1

2
�1 3

2
�1

1
2

1 �1
2

0
3
2

1 �3
2

1
�3

2
�1 3

2
0

37775
26664
�1 0 0 0
0 1 1 0
0 0 1 0
0 0 0 1

37775
26664
1 0 1 0
0 3

2
0 1

2

1 1 1 1
0 0 1 1

37775 :
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1.2.7 Norms and Condition Numbers of a Matrix

De�nition 2.7.1. A mapping f : Rm�n ! R is called the norming of
a matrix and the obtained value the matrix norm if the following three
conditions are satis�ed:

f (A) � 0 A 2 Rm�n; ( f (A) = 0, A = 0 )
f (A +B) � f (A) + f (B) A;B 2 Rm�n;
f (�A) = j�j f (A) � 2 R; A2 Rm�n:

The matrix norm will be denoted f (A) = kAk :

The most frequently used norms in linear algebra are the Frobenius norm

kAkF =

vuut mX
i=1

nX
j=1

jai jj2 (22)

and the p�norms ( p � 1);

kAkp =sup
x 6=0

kAxkp
kxkp

: (23)

From (23) it follows that

kAkp
x 6=0� kAxkp = kxkp

or

kAxkp
x 6=0� kAkp kxkp (24)

Let us verify that p�norm satis�es the conditions of the matrix norm. We
�nd that

kAxkp � 0 ^ kxkp > 0) kAxkp = kxkp � 0) kAkp =sup
x 6=0

kAxkp = kxkp � 0 ;

kAkp =sup
x 6=0

kAxkp = kxkp= 0, kAxkp = 0 8x 2 Rn , A = 0;

further

kA+Bkp =sup
x 6=0

k(A+B)xkp = kxkp =sup
x 6=0

kAx +Bxkp = kxkp �
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�sup
x 6=0

(kAxkp + kBxkp) = kxkp �sup
x 6=0

kAxkp = kxkp + sup
x 6=0

kBxkp = kxkp =

= kAkp + kBkp
and

k�Akp =sup
x 6=0

k(�A)xkp = kxkp =sup
x 6=0

j�j kAxkp = kxkp =

= j�j sup
x 6=0

kAxkp = kxkp = j�j kAkp :

Exercise 2.7.1. Verify that the Frobenius norm satis�es the conditions
of the matrix norm.

Exercise 2.7.2.* Compute the Frobenius norm kAkF if

a) A =

264 1 2 3
0 5 4
2 1 3

375 ; b) A =

26664
0 0 1 2
3 0 5 4
1 1 1 2
1 3 2 2

37775 ; c) A =

26666664
1 1 1 1 1
2 3 4 5 6
0 1 0 1 0
3 4 3 4 3
5 5 5 5 5

37777775 :

De�nition 2.7.2. For the �xed matrix norm the value

k(A) = kAk



A�1




is called the condition number corresponding to the regular square matrix
A 2 Rn�n:

The condition number corresponding to the Frobenius norm will be de-
noted kF (A) and the condition number corresponding to the p�norm will
be denoted kp(A): For a singular square matrix A 2 Rn�n we will de�ne
k(A) = +1:

Exercise 2.7.2. Show that if A 2 Rn�n; then

1

n
k2(A) � k1(A) � n k2(A);

1

n
k1(A) � k2(A) � n k1(A);

1

n2
k1(A) � k1(A) � n2 k1(A):
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Proposition 2.7.1. Rule (23) for the calculation of the norm kAkp can
be transformed to the form

kAkp = sup
kxkp=1

kAxkp : (25)

Proof. Using the third property of the norm and the homogeneity of
multiplication of a vector by a matrix, we have

kAxkp
kxkp

=






 1

kxkp
Ax







p

=






A x

kxkp







p

;

where




 x
kxkp






p
= 1: 2

Proposition 2.7.2. If A 2 Rm�n, B 2 Rn�q and p � 1; then kABkp �
kAkp kBkp :

Proof. Using (24) and (25), we �nd that

kABkp = sup
kxkp=1

k(AB)xkp = sup
kxkp=1

kA(Bx)kp � sup
kxkp=1

kAkp kBxkp =

= kAkp sup
kxkp=1

kBxkp = kAkp kBkp : 2

Remark 2.7.1. Since kp(A) = kAkp kA�1kp � kAA�1kp = k I kp = 1;
then always kp(A) � 1.

Remark 2.7.2. For each A 2 Rm�n and x 2 Rn and for arbitrary
vector norm k�k� on Rn and k�k� on Rm the relation

kAxk� � kAk�;� kxk� ;
holds, where kAk�;� is a matrix norm de�ned by

kAk�;� =sup
x 6=0

kAxk� = kxk� :

Since the set fx 2 Rn : kxk� = 1g is compact and k�k� is continuous, it
follows that

kAk�;� = max
kxk�=1

kAxk� = kAx�k�
for some x� 2 Rn with kx�k� = 1:
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De�niton 2.7.3.If k(A) is relativly small, then the matrix A is called a
well-conditioned matrix, but if k(A) is great, then an ill-conditioned matrix.

De�nition 2.7.4. A norm kAk of the square matrix A is said to be
consistent with the vector norm kxk if

kAxk � kAk kxk
and it is submultiplicative, i.e.,

kABk � kAk kBk :

De�nition 2.7.5. The norm kAk of the square matrix, consistent with
the vector norm kxk is said to be subordinate to the vector norm kxk if
for any matrix A there exists a vector x = x(A) 6= 0 such that kAxk =
kAk kxk :

Proposition 2.7.3. For arbitrary vector norm kxk there exists at least
one matrix norm kAk subordinate (and thus at least one consistent ) to this
vector norm, and this is

kAk =max
kxk=1

kAxk =max
x 6=0

kAxk
kxk :

Remark 2.7.3. Not all matrix norms satisfy the submultiplicative prop-
erty kABk � kAk kBk . For example, if we de�ne kAk� =max

i ; j
jai jj , then

for the matrices A = B =

"
1 1
0 1

#
we have kAk� = kBk� = 1 and

kABk� = jj
"
1 2
0 1

#
jj� = 2 > kAk� kBk� :

Proposition 2.7.4. If A 2 Rm�n, then the following relations between
the matrix norms hold:

kAk1 = max
1� j�n

mX
i=1

j ai jj; (26)

kAk1 = max
1� i�m

nX
j=1

j ai jj; (27)
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kAk2 � kAkF �
p
n kAk2 ;

kAk� � kAk2 �
p
mn kAk� ;

1p
n
kAk1 � kAk2 �

p
m kAk1 ;

1p
n
kAk1 � kAk2 �

p
n kAk1 :

If A 2 Cm�n; 1 � i1 � i2 � m and 1 � j1 � j2 � n; then

kA (i1 : i2 , j1 : j2)kp � kAkp :

Prove the relation (27) . We have

kAxk1 = max
i

������
nX

j=1

ai j�j

������ �max
i

nX
j=1

jai jj j�jj �

� max
i

nX
j=1

jai jj kxk1 = kxk1
nX

j=1

jak jj ;

where we suppose that maximum has been gained if the index i obtains the
value k . We have the estimation

kAk1 �max
i

nX
j=1

jai jj :

Let
z =

�
&1 : : : &n

�T
and

&j =

(
1; kui ak j � 0;
�1; kui ak j < 0:

Since kzk1 = 1; then

kAk1 = sup
kxk1=1

kAxkp � kAzk1 =max
i

������
nX
j=1

ai j&j

������ �
nX
j=1

ak j&k =
nX

j=1

jak jj ;

and thus

kAk1 = max
i

nX
j=1

jai jj : 2
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Example 2.7.1. Let us calculate the norms kAk1 and kAk1 for the
matrix A if

A =

264 a11 a12 a13
a21 a22 a23
a31 a32 a33

375 :
From (26) and (27) we �nd that








a11 a12 a13
a21 a22 a23
a31 a32 a33









1

=

= max (ja11j+ ja21j+ ja31j ; ja12j+ ja22j+ ja32j ; ja13j+ ja23j+ ja33j)
and 








a11 a12 a13
a21 a22 a23
a31 a32 a33









1

=

= max (ja11j+ ja12j+ ja13j ; ja31j+ ja32j+ ja33j ; ja21j+ ja22j+ ja23j) :
Example 2.7.2. Let us calculate the inverse matrix A�1 of the matrix A ,

the norms kAk1 ; kA�1k1 ; kAk2 ; kA�1k2 ; kAk1 ; kA�1k1 and the condition
numbers of matrix A k1(A), k2(A); k1(A) if

A =

264 �2 1 0
1 �2 1
0 1 �2

375 :
It follows that

A�1 =

264 �
3
4
�1

2
�1

4�1
2
�1 �1

2�1
4
�1

2
�3

4

375 ;
kAk1 = kAk1 = 4; kAk2 = 2 +

p
2;



A�1




1
=



A�1


1 = 2

and 


A�1



2
= 1 +

1

2

p
2; k1(A) = k1(A) = 2; k2(A) =

1

2

�
2 +

p
2
�2
:

If formulae (26) and (27) enable us to calculate easily 1�norm and1�norm,
respectively, then the calculation of the 2�norm is more complicated. The
matrix 2�norm is called also the matrix spectral norm.
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Proposition 2.7.5. If A 2 Rm�n; then

kAk2 =
r

max
�2�(ATA)

�;

i.e., kAk2 is the square root of the largest eigenvalue of ATA .

Proof. To calculate kAk2 ; we �nd �rst kAk 2
2 : Thus,

kAk2 = max
kxk2 =1

kAxk2 ) kAk 2
2 = max

kxk2 =1
kAxk 2

2 =max
xT x=1

xTATAx:

Let ATA = B 2 Rn�n: The matrix B is a symmetric matrix because

BT = (ATA)T = ATA

and

xTATAx = xTBx =
h
�1 � � � �n

i 2664
b1 ; 1 � � � b1 ;n
... � � � ...

bn ; 1 � � � bn ;n

3775
2664
�1
...
�n

3775 =

=
h
�1 � � � �n

i 264 b1 ; 1�1 + : : :+ b1 ;n�n
� � � � � � � � �
bn ; 1�1 + : : :+ bn ;n�n

375 =
=

24�1 nX
j=1

b1; j�j + : : :+ �n
nX

j=1

bn; j�j

35 ;
xTx =

nX
j=1

� 2
j ;

then xTATAx is a function of n variables �1; : : : ; �n and

@ (xTATAx)

@�i
=

nX
j=1

bi; j�j +
nX

j=1

bj; i�j
bi; j=bj; i
= 2

nX
j=1

bi; j�j = 2
h
ATAx

i
i
;

@(xTx)

@�i
= 2�i = 2 [x]i :

The problem of �nding max
xT x=1

xTATAx is a problem of �nding the relative

extremum. To solve our problem we form an auxiliary function

�(�1; : : : ; �n; �) = xTATAx+� (1� xTx) :
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To �nd the stationary points of �; we form the system of equations:

@�

@�i
= 0 ( i = 1 : n) ^ @�

@�
= 0;

i.e., (
2
h
ATAx

i
i
� 2� [x]i = 0 ( i = 1 : n)

1� xTx = 0

or (
ATAx =�x ;
kxk2 =1 :

Thus, any stationary point for relative extremum is the normed vector
x corresponding to an eigenvalue of ATA. Let us express from the relation
ATAx =�x the eigenvalue � :We obtain that � = xTATAx, where kxk2 =1 :
Comparing this result with the original formula for �nding kAk 2

2 ; we notice
that kAk 2

2 = max
�2�(ATA)

�. Thus,

kAk2 =
r

max
�2�(ATA)

�;

i.e., kAk2 is the square root of the largest eigenvalue of ATA .

Corollary 2.7.1. If matrix A 2 Rm�n is symmetric, then

kAk2 = max
�2�(A)

�:

Example 2.7.3. Let us calculate the inverse matrix A�1 of the matrix A,
the norms kAk1 ; kA�1k1 ; kAk2 ; kA�1k2 ; kAk1 ; kA�1k1 and the condition
numbers of the matrix A
k1(A), k2(A); k1(A) if

A =

"
1 1
1 1:00000001

#
:

We obtain that

A�1 =

"
1:0� 108 �1:0� 108

�1:0� 108 1:0� 108

#
; kAk1 = kAk2 � kAk1 � 2;




A�1



1
=



A�1


1 �




A�1



2
� 2� 108; k1(A) = k1(A) � 4� 108:
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Example 2.7.4. Let us see how the almost singularity (the value of the
determinant is close to zero) and ill condition of the matrix are related. For
the matrix

An =

26666664
1 �1 �1 � � � �1
0 1 �1 � � � �1
0 0 1 � � � �1
� � � � � � � � � � � � � � �
0 0 0 � � � 1

37777775 2 R
n�n

det(An) = 1 but k1(An) = n2n�1: In contrast, for the diagonal matrix

Dn = diag("; : : : ; ") 2 Rn�n

kp(Dn) = 1 but det(Dn) = "n for an arbitrarily small ".
Exercise 2.7.4.* Find the inverse A�1 of the matrix A, the norms

kAk1 ; kA�1k1 ; kAk2 ; kA�1k2 ; kAk1 ; kA�1k1 and the condition numbers
k1(A), k2(A); k1(A) if

a) A =

264 0 0 1
0 1 0
1 1 1

375 ; b) A =

264 3 0 0
0 2 0
0 0 1

375 ; c) A =

26664
�2 �1 2 �1
1 2 1 �2
2 �1 2 1
0 2 0 1

37775 :

1.2.8 Cayley-Hamilton Theorem

Proposition 2.8.1 (Cayley-Hamilton theorem). If A 2 Cn�n and

p(�) = det (A� �I);

then p(A) = 0, i.e., the matrix A satis�es its characteristic equation.

Proof. According to proposition 2.6.7, there exists a regular matrix X 2
Cn�n such that

X�1AX = J � diag(J1 ; : : : ; Jt);

where

Ji =

2666666664

�i 1 0 � � � 0

0 �i 1
. . .

...
...

. . . . . . . . .
...

...
. . . . . . . . . 1

0 � � � � � � 0 �i

3777777775
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is an upper bidiagonal mi �mi�matrix (Jordan block) that has on its main
diagonal the eigenvalue �i of the matrix A( at least mi�mutiple eigenvalue
of the matrix A since to this eigenvalue may correspond some more Jordan
blocks) and m1+ : : :+mt = n: Since Ji��iI = (�k; j�1); then (�k; j�1)mi = 0
and (Ji � �iI )mi = 0: If p(�) is the characteristic polynomial of the matrix
A and the zeros of this polynomial are �1; : : : ; �t , then

p(�) = (�1)n(�� �1)
m1 � � � (�� �t)

mt

and
p(J) = (�1)n(J � �1I)

m1 � � � (J � �tI)
mt:

We show that p(J) = 0: Let the matrix J have the block form:

J =

266666664

J1 0 0 � � � 0
0 J2 0 � � � 0
0 0 J3 � � � 0
...

...
...

. . .
...

0 0 0 � � � Jt

377777775

m1

m2

m3
...
mt

:

We obtain that

p(J) = (�1)n(J � �1I)
m1 : : : (J � �tI)

mt =

= (�1)n

266666664

J1 � �1I 0 0 � � � 0
0 J2 � �1I 0 � � � 0

0 0 J3 � �1I
. . . 0

...
...

. . . . . .
...

0 0 0 � � � Jt � �1I

377777775

m1

� � �

� � �

266666664

J1 � �tI 0 0 � � � 0
0 J2 � �tI 0 � � � 0

0 0 J3 � �tI
. . . 0

...
...

. . . . . .
...

0 0 0 � � � Jt � �tI

377777775

mt

=

= (�1)n

266666664

(J1 � �1I)
m1 0 0 � � � 0

0 (J2 � �1I)
m1 0 � � � 0

0 0 (J3 � �1I)
m1

. . . 0
...

...
. . . . . .

...
0 0 0 � � � (Jt � �1I)

m1

377777775 � � �
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� � �

266666664

(J1 � �tI)
mt 0 0 � � � 0

0 (J2 � �tI)
mt 0 � � � 0

0 0 (J3 � �tI)
mt

. . . 0
...

...
. . . . . .

...
0 0 0 � � � (Jt � �tI)

mt

377777775 =

= (�1)n

266666664

0 0 0 � � � 0
0 (J2 � �1I)

m1 0 � � � 0

0 0 (J3 � �1I)
m1

. . . 0
...

...
. . .

. . .
...

0 0 0 � � � (Jt � �1I)
m1

377777775 � � �

� � �

266666664

(J1 � �tI)
mt 0 0 � � � 0

0 (J2 � �tI)
mt 0 � � � 0

0 0 (J3 � �tI)
mt

. . . 0
...

...
. . . . . .

...
0 0 0 � � � 0

377777775 =

= (�1)n

266666664

0 0 0 � � � 0
0 0 0 � � � 0

0 0 0
. . . 0

...
...

. . . . . .
...

0 0 0 � � � 0

377777775 = 0 :

From the relation X�1AX = J it follows that A = XJX�1: We complete
the proof with

p(A) = p(XJX�1) =

= (�1)n(XJX�1�X�1IX�1)(XJX�1�X�2IX�1) � � � (XJX�1�X�nIX�1) =

= (�1)nX(J��1I)X�1X(J��2I)X�1 � � �X(J��nI)X�1 = Xp(J)X�1 = 0: 2

Example 2.8.1. Verify the assertion of the Cayley-Hamilton theorem
for the matrix

A =

"
a b
c d

#
.
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We construct the characteristic polynomial

p(�) = det(A� �I) =

����� a� � b
c d� �

����� = �2 � (a+ d)�+ ad� cb

and �nd

p(A) =

"
a b
c d

#2
� (a+ d)

"
a b
c d

#
+ (ad� bc)

"
1 0
0 1

#
=

=

"
a2 + bc� a2 � ad� bc ab + bd� ab� bd
ac+ cd� ac� cd bc+ d2 � ad� d2 + ad� bc

#
= 0 :

Exercise 2.8.1.* Let

A =

264 2 3 1
3 1 2
1 2 3

375 :
Compute A2; and using the Cayley-Hamilton theorem, �nd the matrix

A7 � 3A6 + A4 + 3A3 � 2A2 + 3I:

De�nition 2.8.1. A polynomial q(�) is called a nullifying polynomial of
the matrix A 2 Cn�n if q(A) = 0:

The characteristic polynomial of the matrix A 2 Cn�n is a nullifying
polynomial of this matrix (by the Cayley-Hamilton theorem).

De�nition 2.8.2. The nullifying polynomial of the matrix A 2 Cn�n of
the lowest degree is called the minimal polynomial of the matrix A.

Exercise 2.8.1. Verify that the characteristic polynomial of matrix
A 2 Cn�n is divisible by the minimal polynomial of the matrix A without
remainder.

Proposition 2.8.2. Let p(�) and  (�) be the characteristic polynomial
and the minimal polynomial of the matrix A; respectively. Let the greatest
common divisor of the matrix (I � �A)_; that is, the matrix of algebraic
complements of the elements of the matrix (I � �A) , be d(�). Then,

p(�) = d(�) (�):
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Proof. See Lankaster (1982, p. 123-124).

Example 2.8.2. Find the characteristic polynomial and the minimal
polynomial of the matrix D = diag(a; a; b; b): First we �nd that

(I ��D)_ = diag(�� a; �� a; �� b; �� b)_ =

=

26664
�� a 0 0 0
0 �� a 0 0
0 0 �� b 0
0 0 0 �� b

37775
_

=

=

26664
(�� a)(�� b)2 0 0 0

0 (�� a)(�� b)2 0 0
0 0 (�� a)2(�� b) 0
0 0 0 (�� a)2(�� b)

37775
and the greatest common divisor of the elements of the matrix (I � �D)_
is d(�) = (� � a)(� � b): By the assertion of proposition 2.8.2  (�) = (� �
a)(�� b): Let us check

 (D) = (D � aI )(D � b I) =

=

26664
0 0 0 0
0 0 0 0
0 0 b� a 0
0 0 0 b� a

37775
26664
a� b 0 0 0
0 a� b 0 0
0 0 0 0
0 0 0 0

37775 = 0 :

Indeed,  (�) is the nullifying polynomial. It is easy to verify that no poly-
nomial of �rst degree can nullify the matrix A: Thus,  (�) is the minimal
polynomial of the matrix A.

Example 2.8.3. Find the characteristic and the minimal polynomials of
the matrices

A =

264 6 2 �2
�2 2 2
2 2 2

375 and B =

264 6 2 2
�2 2 0
0 0 2

375
First we �nd the characteristic polynomials:

pA(�) =

�������
6� � 2 �2
�2 2� � 2
2 2 2� �

������� = �3 � 10�2 + 32�� 32
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and

pB(�) =

�������
6� � 2 2
�2 2� � 0
0 0 2� �

������� = �3 � 10�2 + 32�� 32:

Next we �nd the minimal polynomials:

(I �� A)_ =

=

264 �� 6 �2 2
2 �� 2 �2
�2 �2 �� 2

375
_

=

264 �2 � 4� �2� + 8 2�� 8
2�� 8 �2 � 8�+ 16 2�� 8
�2� + 8 2�� 8 �2 � 8�+ 16

375 =

=

264 �(�� 4) �2(�� 4) 2(�� 4)
2(�� 4) (�� 4)2 2(�� 4)
�2(�� 4) 2(�� 4) (�� 4)2

375) dA(�) = �� 4)

)  A(�) =
�3 � 10�2 + 32�� 32

�� 4
= �2 � 6�+ 8

and
(I �� B)_ =

=

264 �� 6 �2 �2
2 �� 2 0
0 0 �� 2

375
_

=

264 (�� 2)2 �2(�� 2) 0
2(�� 2) (�� 2)(�� 6) 0
2(�� 2) �4 (�� 4)2

375)
) dB(�) = 1)  B(�) =

�3 � 10�2 + 32�� 32

1
= �3 � 10�2 + 32�� 32:

1.2.9 Functions of Matrices

Let us consider a matrix A 2 Cn�n and a function of a complex variable

f(z); f : C! C:

There are a lot of possibilities to de�ne a function of matrix f(A) starting
from the function of a complex variable f(z). The simplest of these possibil-
ities seems to be the substituting the variable "z" by the variable "A": For
example,

f(z) = z2 + 3z � 7! f(A) = A2 + 3A� 7I
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and

f(z) =
4 + 5z

3� 8z
! f(A) = (4I + 5A)(3I � 8A)�1;

as well

ez =
1X
k=0

zk

k!
! eA =

1X
k=0

Ak

k!
;

cos z =
1X
k=0

(�1)k z2k

(2k)!
! cosA =

1X
k=0

(�1)k A
2k

(2k)!
;

sin z =
1X
k=0

(�1)k z2k+1

(2k + 1)!
! sinA =

1X
k=0

(�1)k A2k+1

(2k + 1)!
;

ln(I + z) =
1X
k=1

(�1)k+1 z
k

k
! ln(I + A) =

1X
k=1

(�1)k+1A
k

k
:

It turns out that this approach is not very practical for solving problems.

De�nition 2.9.1. If A 2 Cn�n , f(z) is analytic in the open domain
D;� is a closed simple line (does not cut itself) in D and the spectrum �(A)
of the matrix A is included in domain D� enfolded by �, then

f(A)
def
=

1

2�i

I
�
f(z)(zI � A)�1dz ; (28)

where the integral is applied to the matrix element by element.

Remark 2.9.1. Formula (28) is an analogue to the Cauchy integral
formula proved for functions of a complex variable.

Example 2.9.1. Let f(z) = z and A =

"
a b
0 c

#
: Check how to calculate

by rule (28). Since �1 = a and �2 = c are the eigenvalues of A , then let us
choose the line � : j zj = r; where r > max(jaj; jcj): The function f(z) = z is
analytic in domain D�: First we �nd

(zI � A)�1 =

"
z � a �b
0 z � c

#�1
=

=

"
1=(z � a) (b=(a� c))(1=(z � a)� 1=(z � c))

0 1=(z � c)

#
;
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and then

f (

"
a b
0 c

#
) =

1

2�i

I
j zj= r

"
z=(z � a) (b=(a� c))(z=(z � a)� z=(z � c))

0 1=(z � c)

#
dz =

=

"
1
2�i

H
j zj= r z=(z � a)dz 1

2�i

H
j zj= r(b=(a� c))(z=(z � a)� z=(z � c))dz

0 1
2�i

H
j zj= r 1=(z � c)dz

=

#

=

"
a b
0 c

#
:

Proposition 2.9.1. If f(A) = (fk; j); then

fk; j =
1

2�i

I
�
f(z)eTk (zI � A)�1ejdz;

where ek is a vector in space Cn whose k�th component is one and the
remaining ones are zeros.

Proof. Let B = (bk; j) = (zI � A)�1: Then,

eTk (zI � A)�1ej = eTkBej =
h
bk; 1 � � � bk;n

i
ej = bk;j:

Since the matrix is integrated element by element, we obtain that

1

2�i

I
�
f(z)eTk (zI � A)�1ejdz =

1

2�i

I
�
f(z)bk;jdz = fk; j : 2

Proposition 2.9.2. If A 2 Cn�n , there 9 f(A); i.e., the conditions of
de�nition 2.9.1 are satis�ed, and

A = XBX�1 = X diag(B1; : : : ; Bp)X
�1; Bk 2 Cnk�nk ; (29)

then
f(A) = X f(B)X�1 = X diag(f(B1); : : : ; f(Bp))X

�1: (30)

Proof. From (28) , (29) and XX�1 = I we �nd that

f(A) =
1

2�i

I
�
f(z)(zI � A)�1dz =

1

2�i

I
�
f(z)(XzIX�1 �XBX�1)�1dz =

=
1

2�i

I
�
X f(z)(zI�B)�1X�1dz = X

1

2�i

I
�
f(z)(zI�B)�1dzX�1 = X f(B)X�1:
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Since
(Iz � B)�1 = diag((Iz �B1)

�1; : : : ; (Iz � Bp)
�1)

and

f(B) =
1

2�i

I
�
f(z)(zI � B)�1dz =

= diag(
1

2�i

I
�
f(z)(zI � B1)

�1dz; : : : ; diag(
1

2�i

I
�
f(z)(zI � Bp)

�1dz) =

= diag(f(B1); : : : ; f(Bp)) ;

then
f(A) = X f(B)X�1 = X diag(f(B1); : : : ; f(Bp))X

�1;

which was to be proved. 2

Proposition 2.9.3. If A 2 Cn�n and X�1AX = diag(J1; : : : ; Jp) is the
Jordan normal form of the matrix A , where

Ji =

2666666664

�i 1 0 � � � 0

0 �i 1
. . .

...
...

. . . . . . . . .
...

...
. . .

. . .
. . . 1

0 � � � � � � 0 �i

3777777775
is an mi �mi Jordan block, m1 + : : : +mp = n; and f(z) is analytic on an
open set that includes the spectrum �(A) of the matrix A, then

f(A) = X diag( f(J1); : : : ; f(Jp))X
�1 ; (31)

where

f(Ji) =

2666666664

f(�i) f 0(�i) � � � � � � f (mi�1)(�i)=(mi � 1)!

0 f(�i)
. . . � � � ...

...
...

. . . . . .
...

...
...

...
. . . f 0(�i)

0 � � � � � � � � � f(�i)

3777777775
: (32)

Prooof. Using Proposition 2.9.2 it is su�cient to consider only the value
F (G), where G = �I + E is a q � q Jordan block and E = (�i; j�1): Let the
matrix zI �G be regular. Since

Ek = (�i; j�k)) (k � q ) Ek = 0);
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then

(zI �G)�1 =
q�1X
k=0

Ek

(z � �)k+1

and

f(G) =
1

2�i

I
�
f(z)(zI �G)�1dz =

1

2�i

I
�
f(z)

q�1X
k=0

Ek

(z � �)k+1
dz =

=
q�1X
k=0

Ek 1

2�i

I
�

f(z)

(z � �)k+1
dz =

q�1X
k=0

f ( k )(�)

k!
Ek:

Now, taking into account the condition Ek = (�i; j�k); the assertion holds. 2

Example 2.9.2. Find cosA if

A =

26666664
0 0 1 1 1
0 0 0 1 1
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0

37777775 :

Since �1 = : : : = �5 = 0 and the function cos z is analytic in the neigh-
bourhood of 0 , then for the calculation of cosA we can apply the algorithm
given in Proposition 2.9.3. We use for the calculation of Jordan decomposi-
tion of the matrix A "Maple":

A = XJX�1 =

26666664
1 1 1 1 0
0 1 0 1 0
0 1 0 0 0
0 0 0 0 1
0 0 1 0 0

37777775

26666664
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0

37777775

26666664
1 �1 0 0 �1
0 0 1 0 0
0 0 0 0 1
0 1 �1 0 0
0 0 0 1 0

37777775 :

Therefore, J = diag(J1; J2);where

J1 =

264 0 1 0
0 0 1
0 0 0

375 ^ J2 =

"
0 1
0 0

#
:

Using (3), we �nd the matrices cos J1 and cos J2 :

cos J1 =

264 cos 0 (� sin 0)=1! (� cos 0)=2!
0 cos 0 (� sin 0)=1!
0 0 cos 0

375 =
264 1 0 �1

2

0 1 0
0 0 1

375
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and

cos J2 =

"
cos 0 (� sin 0)=1!
0 cos 0

#
=

"
1 0
0 1

#
:

After that, using (2), we �nd the matrix wanted:

cosA =

26666664
1 1 1 1 0
0 1 0 1 0
0 1 0 0 0
0 0 0 0 1
0 0 1 0 0

37777775

26666664
1 0 �1

2
0 0

0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

37777775

26666664
1 �1 0 0 �1
0 0 1 0 0
0 0 0 0 1
0 1 �1 0 0
0 0 0 1 0

37777775 =

=

26666664
1 0 0 0 �1

2

0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

37777775 :

Corollary 2.9.1. If A 2 Cn�n , A = X diag(�1; : : : ; �n)X
�1 and there

9 f(A); then
f(A) = X diag( f(�1); : : : ; f(�n))X

�1 :

Proof. This is a special case of Proposition 2.9.3. All the Jordan blocks
are 1� 1:

Example 2.9.3. If �1; : : : ; �n are the eigenvalues of the matrix A 2
Cn�n and x1; : : : ;xn are the corresponding linearly independent eigenvectors
, i.e., x1; : : : ;xn generate a basis in C

n; then X =
h
x1 � � � xn

i
; and from

the analyticity of exp z; cos z; sin z in the whole �nite part of complex plane
it follows that

expA = X diag( exp�1; : : : ; exp�n)X
�1 = X (exp �)X�1;

cosA = X diag(cos�1; : : : ; cos�n)X
�1 = X(cos � )X�1;

sinA = X diag(sin�1; : : : ; sin�n)X
�1 = X(sin� )X�1;

where �; exp�; cos �; sin �; expA; cosA; sinA 2 Cn�n and

� =

2664
�1 � � � 0
...

. . .
...

0 � � � �n

3775 ; exp � =

2664
exp�1 � � � 0

...
. . .

...
0 � � � exp �n

3775 ;
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cos � =

2664
cos�1 � � � 0
...

. . .
...

0 � � � cos�n

3775 ; sin� =

2664
sin�1 � � � 0
...

. . .
...

0 � � � sin�n

3775 :
Next we consider the problem arising in the approximation of the function

f(A) by the function g(A): This kind of problem arises, for example, if we
replace f(A) with its Taylor polynomial of degree q:

Proposition 2.9.4. Let A 2 Cn�n, X�1AX = diag(J1; : : : ; Jp); where

Ji =

2666666664

�i 1 0 � � � 0

0 �i 1
. . .

...
...

. . . . . . . . .
...

...
. . . . . . . . . 1

0 � � � � � � 0 �i

3777777775
is an mi�mi Jordan block and m1+ : : :+mp = n: If the functions f(z) and
g(z) are analytic on an open set containing the spectrum �(A) of the matrix
A; then

kf(A)� g(A)k2 � k2(X) max
1�i�p^ 0�r�mi�1

mi

���f ( r)(�i)� g( r)(�i)
���

r!
: (33)

Proof. Choosing h(z) = f(z)� g(z) we have

jj f(A)� g(A)jj2 = jjX diag(h(J1); : : : ; h(Jp))X
�1jj2 �

� jjX jj2 jjdiag(h(J1); : : : ; h(Jp)) jj2 jjX�1jj2 � k2(X) max
1�i�p

jj h(Ji)jj2:
Using Proposition 2.9.3 and inequality jjBjj2 � n� max

i ; j
jbi ; jj we �nd that

jj h(Ji) jj2 � mi max
0� r�mi�1

���h( r)(�i)���
r!

and thus, the assertion holds. 2

Example 2.9.4. Let

A =

264 1=10 1=10 0
0 1=10 1=10
0 0 1=10

375 :
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We estimate the di�erence sinA� A:

Since �1 = �2 = �3 = :1 and the functions f(z) = sin z and g(z) = z are
analytic in the neighbourhood of :1;then we can apply the estimation (33)
obtained in Proposition 2.9.4. First, we use "Maple" for �nding the Jordan
decomposition of the matrix A :

A = XJX�1 =

264
1

100
0 1

0 1
10

0
0 0 1

375
264

1
10

1 0
0 1

10
1

0 0 1
10

375
264 100 0 �100

0 10 0
0 0 1

375 :
Hence, there is only one Jordan block in the Jordan decomposition of the
matrix A, i.e.

J = J1 = diag(J1):

Second, we use "Maple" for �nding the condition number of X:

k2(X) � 200:01:

Since

f(z)� g(z) = sin z � z ) jf(:1)� g(:1)j=0! = j sin :1� :1j � 1:6658� 10�4;

f 0(z)� g0(z) = cos z � 1) jf 0(1)� g0(1)j=1! = j cos :1� 1j � 4:9958� 10�3

and

f 00(z)� g00(z) = � sin z ) jf 00(1)� g00(1)j=2! = j � sin :1j=2 � 4:9917� 10�2;

then, by estimation (30), we have that

jj sinA� Ajj2 � 200:01 � 3 � 4:9917� 10�2 � 29:952:

It is known that matrix X in the Jordan decomposition of A is not uniquely
determined. We try to choose the matrix X so that the condition number
k2(X) should be minimal. Applying the Filipov algorithm to �nd the Jordan
decomposition of A (see Proposition 2.5.2.1), we obtain that

A = XJX�1 =

264 1 0 0
0 10 0
0 0 100

375
264

1
10

1 0
0 1

10
1

0 0 1
10

375
264 1 0 0
0 1

10
0

0 0 1
100

375 ;
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where
k2(X) = 100:

It turns out that

A = XJX�1 =

264
1
10

0 0
0 1 0
0 0 10

375
264

1
10

1 0
0 1

10
1

0 0 1
10

375
264 10 0 0

0 1 0
0 0 1

10

375
is also a Jordan decomposition of A, where

k2(X) = 10:

Therefore, the best estimation we can have by Proposition 2.9.4 is

jj sinA� Ajj2 � 10 � 3 � 4:9917� 10�2 � 1:4975:

Otherwise, in this example for calculating sinA we can apply the algorithm
given in Proposition 2.9.3. Using the formula (32), we have that

sin J =

264 sin :1 (cos :1)=1! (� sin :1)=2!
0 sin :1 (cos :1)=1!
0 0 sin :1

375 =

=

264 :099833 :995 �:049917
0 :099833 :995
0 0 :099833

375 :
By formula (31) we calculate the value of the function in question:

sinA =

264
1

100
0 1

0 1
10

0
0 0 1

375
264 :099833 :995 �:049917

0 :099833 :995
0 0 :099833

375
264 100 0 �100

0 10 0
0 0 1

375 =

=

264 :099833 :0995 �:00049917
0 :099833 :0995
0 0 :099833

375 :
Hence,

sinA� A =

264 :099833� :1 :0995� :1 �:00049917
0 :099833� :1 :0995� :1
0 0 :099833� :1

375 =
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=

264 �1:67� 10�4 �:0005 �4:9917� 10�4

0 �1:67� 10�4 �:0005
0 0 �1:67� 10�4

375
and

ksinA� Ak2 � 8:8098� 10�4:

As a result of this example, we can assert that estimation (33) proved in
Proposition 2.9.5 is quite rough.

Proposition 2.9.5. If the Maclaurin expansion of the function f(z)

f(z) =
1X
k=0

ck z
k

is convergent in the circle containing the spectrum �(A) of the matrix A 2
Cn�n; then

f(A) =
1X
k=0

ckA
k:

Prove this assertion with an additioal assumption that the matrix A has
a basis consisting of its eigenvectors. In this case, by Corollary 2.9.1,

f(A) = X diag( f(�1); : : : ; f(�n))X
�1 =

= X diag(
1X
k=0

ck �
k
1 ; : : : ;

1X
k=0

ck�
k
n )X

�1 =

= X

 1X
k=0

ckD
k

!
X�1 =

1X
k=0

ck (XDX
�1)k =

1X
k=0

ckA
k : 2

Proposition 2.9.6. If the Maclaurin series of the function f(z)

f(z) =
1X
k=0

ck z
k

is convergent in the circle containing the spectrum �(A) of the matrix A 2
Cn�n; then

jj f(A)�
qX

k=0

ckA
kjj2 � n

(q + 1)!
max
0� s�1

jjAq+1f ( q+1)(As)jj2 :
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Proof. Let us de�ne the matrix E(s) by

f(As) =
qX

k=0

ck(As)
k + E(s) (0 � s � 1): (34)

If fi; j(s) = [f(As)]i; j , then fi; j(s) is analytic, and therefore,

fi; j(s) =
qX

k=0

fi; j(0)

k!
sk +

f
(q+1)
i; j ("i; j)

(q + 1)!
s q+1; (35)

where 0 � "i; j � s � 1:By comparing the powers of the variable s in (34)
and (35), we conclude that [E(s)]i; j has the form

"i; j(s) =
f

(q+1)
i; j ("i; j)

(q + 1)!
s q+1:

If f
( q+1)
i; j = [Aq+1f ( q+1)(As)]i; j ; then

j"i; j(s)j � max
0� s� 1

j f (q+1)
i; j ("i; j)j
(q + 1)!

� n max
0� s�1

jjAq+1f ( q+1)(As)jj2 : 2

Exercise 2.9.1. Prove that for an arbitrary matrix A 2 Cn�n

I + cos(2A) = 2 cos2A

and
sin(2A) = 2 sinA � cosA:

Exercise 2.9.2. Apply Proposition 2.9.6 to the estimation of the errors
in the approximate equalities

sinA �
qX

k=0

(�1)k A2k+1

(2k + 1)!

and

cosA �
qX

k=0

(�1)k A
2k

(2k)!
:

Proposition 2.9.7 (Sylvester theorem). If all eigenvalues �k of the
matrix A 2 Cn�n are di�erent, then

f(A) =
nX

k=1

f(�k)
�i6=k(A� �iI)

�i6=k(�k � �i)
(36)
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or

f(A) =
1

�

nX
k=1

�kA
k�1; (37)

where �k (k = 1; 2; : : : ;n) is the determinant obtained from the Vander-
monde determinant

� =

���������
1 1 : : : 1
�1 �2 : : : �n
: : : : : : : : : : : :
�n�11 �n�12 : : : �n�1n

���������
by replacing the k-th row vector

(�k�11 �k�12 : : : �k�11 )

by the vector
(f(�1) f(�2) : : : f(�n)):

Example 2.9.4. Calculate expA if A =

"
1 1
�1 1

#
:

First we �nd the eigenvalues of A :����� 1� � 1
�1 1� �

����� = 0) (1� �)2 + 1 = 0)
(
�1 = 1 + i
�2 = 1� i

Then we use formula (36):

exp

"
1 1
�1 1

#
=

A� (1� i)I

1 + i� 1 + i
exp(1 + i) +

A� (1 + i)I

1� i� 1� i
exp(1� i) =

=

"
i 1
�1 i

#
2i

exp(1 + i) +

" �i 1
�1 �i

#
�2i =

= e �
"

(exp i + exp(�i))=2 (exp i� exp(�i))=2i
�(exp i� exp(�i))=2i (exp i + exp(�i))=2

#
= e �

"
cos 1 sin 1
� sin 1 cos 1

#
Now applying (37), we have

exp

"
1 1
�1 1

#
= (1= det

"
1 1

1 + i 1� i

#
)[I det

"
exp(1 + i) exp(1� i)

1 + i 1� i

#
+

+

"
1 1
�1 1

#
det

"
1 1

exp(1 + i) exp(1� i)

#
]
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=
e

�2if
"
1 0
0 1

#
[(1�i) exp i�(1+i) exp(�i)]+

"
1 1
�1 1

#
[exp(�i)�exp i]g =

=
e

�2i
" �i exp i� i exp(�i) exp(�i)� exp i
� exp(�i) + exp i �i exp i� i exp(�i)

#
= e �

"
cos 1 sin 1
� sin 1 cos 1

#
:

We solve this problem once more using the formula expA = S exp �S�1;
where S is the matrix formed of the eigenvalues of A: Find the eigenvalues
of A :

�1 = 1 + i)
24 �i 1

... 0

�1 �i ... 0

35) x1 =

"
1
i

#

and

�2 = 1� i)
24 i 1

... 0

�1 i
... 0

35) x2 =
1
�i ;

and the matrix

S =

"
1 1
i �i

#
:

Hence

expA = S exp�S�1 =

"
1 1
i �i

# "
e1+i 0
0 e1�i

# "
1=2 �i=2
1=2 i=2

#
=

=

"
e1+i e1�i

ie1+i �ie1�i
# "

1=2 �i=2
1=2 i=2

#
=

= e

"
(exp i+ exp(�i))=2 (exp i� exp(�i))=2i
�(exp i� exp(�i))=2i (exp i+ exp(�i))=2

#
=

= e

"
cos i sin i
� sin i cos i

#
:

2 Computation Methods in Linear Algebra

2.1 LU-Factorization

2.1.1 Solution of Triangular Systems
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Let us consider the solution of a 2� 2� lower triangular system"
l11 0
l21 l22

# "
�1
�2

#
=

"
b1
b2

#
(l11l22 6= 0)

by forward substitution. From the �rst equation we obtain �1 = b1=l11; and
then from the second one �2 = (b2 � l21�1)=l22:

Proposition 1.1.1 ( forward substitution). If L = (li j) 2 Rn�n is a
lower triangular matrix,

Qn
i=1 li i 6= 0 and Lx = b; then the solution is

�i = (bi �
i�1X
k=1

lik�k)=li i (i=1:n):

Solve the 2� 2�upper triangular system"
u11 u12
0 u22

# "
�1
�2

#
=

"
b1
b2

#
(u11u22 6= 0)

by back substitution. From the second equation we obtain �2 = b2=u22; and
then from the �rst one �1 = (b1 � u12�1)=u11:

Proposition 1.1.2 (back substitution). If U = (ui j) 2 Rn�n is an upper
triangular matrix,

Qn
i=1 ui i 6= 0 and Ux = b; then the solution is

�i = (bi �
nX

k=i+1

ui k�k)=uii (i=1:n):

In the case of forward substitution as well as in the case of back sub-
stitution the solution of the system with a regular n� n�triangular matrix
requires 1 + 3 + : : :+ (2n� 1) = n2 operations.

Proposition 1.1.3 (forward substitution: row version). If L 2 Rn�n is
lower triangular,

Qn
i=1 lii 6= 0 , Lx = b; and �1 has been found, then after

substitution of �1 into the equations from the second to the n-th, we obtain
a new (n� 1)� (n� 1)� lower triangular system

L(2 : n; 2 : n)x(2 : n) = b(2 : n)� x(1)L(2 : n; 1):

Proposition 1.1.4 (back substitution:column version). If U 2 Rn�n is
upper triangular,

Qn
i=1 uii 6= 0 , Ux = b; and �n has been found, then after

91



the substitution of �n into the equations from the �rst to the (n� 1)-th, we
obtain a new (n� 1)� (n� 1)�upper triangular system
U(1 : (n�1); 1 : (n�1))x(1 : (n�1)) = b(1 : (n�1))�x(n)U(1 : (n�1);n):

Now we consider the simultaneous solution of several systems with a
common system matrix. Let us consider the system LX = B; where L 2
Rn�n is a regular lower triangular matrix, B 2 Rn�q and the unknown is
X 2 Rn�q. We represent this system in block form266664

L11 0 � � � 0
L21 L22 � � � 0
...

...
. . .

...
LN1 LN2 � � � LN N

377775
266664
X1

X2
...
XN

377775 =
266664
B1

B2
...
BN

377775 ; (1)

where the diagonal blocks are square. From the equation L11X1 = B1 we
can �nd X1. By using for system (1) the row version given in Proposition
1.1.3, we obtain266664

L22 0 � � � 0
L32 L33 � � � 0
...

...
. . .

...
LN2 LN3 � � � LN N

377775
266664
X2

X3
...
XN

377775 =
266664
B2 � L21X1

B3 � L31X1
...

BN � LN1X1

377775 :
Continuing in this way we obtain the solution of system (1).

Proposition 1.1.5. Triangular matrices have the following properties:

� the inverse of an upper (lower) triangular matrix is upper (lower) tri-
angular;

� the product of two upper (lower) triangular matrices is upper (lower)
triangular;

� the inverse of an unit upper (lower) triangular matrix is unit upper
(lower) triangular;

� the product of two unit upper (lower) triangular matrices is upper
(lower) triangular.

� Exercise 1.1.1.* Prove Proposition 1.1.5.
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2.1.2 Gauss Transformation and LU-Factorization

Under certain conditions the system matrix A of the equation Ax = b
can be expressed in the form of a product of a unit lower triangular matrix
L with units on the main diagonal and an upper triangular matrix U ,and as
the result, one has to solve two systems with triangular matrices.

Proposition 1.2.1 (LU�method). If A 2 Rn�n; A = LU; where L
is unit lower triangular, U is regular upper triangular and Ax = b; then
LUx = b; and for the solution of the system one has �rst to solve the system
Ly = b and then the system Ux = y:

Example 1.2.1. Solve the system"
1 2
3 4

#
x =

"
1
5

#

using LU -method. Since"
1 2
3 4

#
=

"
1 0
3 1

# "
1 2
0 �2

#
;

then, by Proposition 1.2.1, we have to solve �rst the system"
1 0
3 1

# "
�1
�2

#
=

"
1
5

#
:

The solution of this system is �1 = 1 and �2 = 5� 3 � 1 = 2: Second, solving
the system "

1 2
0 �2

# "
�1
�2

#
=

"
1
2

#
;

we �nd that �2 = �1 and �1 = 1� 2 � (�1) = 3: Thus, x =
h
3 �1

iT
:

The Gaussian elimination method considered in the main course of linear
algebra for solution of systems of linear equations is also applicable also to
the LU -factorization. Let x 2 Rm; where �k 6= 0: If

�i = �i=�k (i = (k + 1) : m) t(k) =
h
0 � � � 0 �k+1 � � � �m

i
k zeros
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and
Mk = I � t(k)eTk ; (2)

then

Mkx =

266666666664

1 � � � 0 0 � � � 0
...

. . .
...

...
...

0 1 0 0
0 ��k+1 1 0
...

...
...

. . .

0 � � � ��m 0 � � � 1

377777777775

266666666664

�1
...
�k
�k+1
...
�m

377777777775
=

266666666664

�1
...
�k
0
...
0

377777777775
:

De�nition 1.2.1. A matrixMk of the form (2) is called a Gauss matrix,
the components t((k + 1) : n) are called Gauss multipliers, and the vector
t(k) is called the Gauss vector. The transformation de�ned with the Gauss
matrix Mk is called the Gauss transformation.

De�nition 1.2.2. The value

dk =

(
a11; if k = 1;

det(A(1 : k; 1 : k))= det(A(1 : k � 1; 1 : k � 1)); if k = 2 : p;

is called the k�th pivot of the matrix A 2 Rm�n; where p = min(m;n) and
det(A(1 : i; 1 : i)) 6= 0 (i = 1 : p� 1):

If A 2 Rn�n; then for the nonzero pivots ofA the Gauss matricesM1; : : : ;Mn�1
can be found such that Mn�1Mn�2 � � �M2M1A = U is upper triangular.

Example 1.2.2. Let us consider the �nding of the Gauss matrices M1

and M2 and the upper triangular matrix U for

A =

264 2 2 �1
4 5 2

�2 1 2

375
By relation (2), we obtain that

M1 = I � t(1)eT1 =

264 1 0 0
0 1 0
0 0 1

375�
264 0

4=2
(�2)=2

375 h 1 0 0
i
=

=

264 1 0 0
0 1 0
0 0 1

375�
264 0 0 0

2 0 0
�1 0 0

375 =
264 1 0 0
�2 1 0
1 0 1

375 :
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Thus,

M1A =

264 1 0 0
�2 1 0
1 0 1

375
264 2 2 �1

4 5 2
�2 1 2

375 =
264 2 2 �1
0 1 4
0 3 1

375
and

M2 = I � t(2)eT2 =

264 1 0 0
0 1 0
0 0 1

375�
264 0
0
3

375 h 0 1 0
i
=

=

264 1 0 0
0 1 0
0 0 1

375�
264 0 0 0
0 0 0
0 3 0

375 =
264 1 0 0
0 1 0
0 �3 1

375 :
Therefore,

U =M2M1A =

264 1 0 0
0 1 0
0 �3 1

375
264 2 2 �1
0 1 4
0 3 1

375 =
264 2 2 �1
0 1 4
0 0 �11

375 :
Note that matrix A(k�1) =Mk�1 � � �M1A is upper triangular in columns

1 to k-1, and for the calculation of the elements of the Gauss matrix Mk we
use the matrix vector A(k�1)(k : m; k): The calculation of Mk is possible if

a(k�1)kk 6= 0 . Moreover, M�1
k = I + t(k)eTk : If to choose

L =M�1
1 � � � M�1

n�1;

then
A = LU:

We stress that in our treatment the lower triangular matrix L is a unit lower
triangular matrix.

Proposition 1.2.2.If det(A(1: k, 1: k)) 6= 0 for (k =1:n-1);then A 2
Rn�n has an LU factorization. If the LU factorization exists and A is regular,
then the LU factorization is unique and det(A) = u11 � � � unn :

Proof. Suppose k � 1 steps have been taken and the matrix A(k�1) =
Mk�1 � � �M1A has been found. The element a

(k�1)
kk is the k-th pivot of A and

det(A(1:k, 1:k)) = a(k�1)11 � � � a(k�1)kk : Hence, if A(1:k, 1:k) is regular, then

a
(k�1)
kk 6= 0; and A has an LU factorization. Let us suppose that the regular
matrix A has two LU factorizations A = L1U1 and A = L2U2: We have
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L1U1 = L2U2 or L
�1
2 L1 = U2U

�1
1 : Since L�12 L1 is unit lower triangular and

U2U
�1
1 is upper triangular, then L�12 L1 = I , U2U

�1
1 = I and L2 = L1 and

also U2 = U1: 2

Example 1.2.3.� Find the LU factorization of the matrix

A =

"
2 1
8 7

#
:

Find the Gauss matrix M1 for A :

M1 = I � t(1)eT1 =

"
1 0
0 1

#
�
"

0
8=2

# h
1 0

i
=

=

"
1 0
0 1

#
�
"
0 0
4 0

#
=

"
1 0
�4 1

#
:

Thus,

M1A =

"
1 0
�4 1

# "
2 1
8 7

#
=

"
2 1
0 3

#
; M�1

1 =

"
1 0
4 1

#

and

L =

"
1 0
4 1

#
; U =

"
2 1
0 3

#
; A = LU =

"
1 0
4 1

# "
2 1
0 3

#
:

Example 1.2.4.� Find the LU factorization of

A =

264 2 3 3
0 5 7
6 9 8

375 :
Find the Gauss matrix M1 for A:

M1 = I � t(1)eT1 =

264 1 0 0
0 1 0
0 0 1

375�
264 0

0
6=2

375 h 1 0 0
i
=

=

264 1 0 0
0 1 0
0 0 1

375�
264 0 0 0
0 0 0
3 0 0

375 =
264 1 0 0

0 1 0
�3 0 1

375 :
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Thus,

M1A =

264 1 0 0
0 1 0
�3 0 1

375
264 2 3 3
0 5 7
6 9 8

375 =
264 2 3 3
0 5 7
0 0 �1

375 ; M�1
1 =

264 1 0 0
0 1 0
3 0 1

375
and since M1A is upper triangular, then M2 = I and

L =

264 1 0 0
0 1 0
3 0 1

375 ; U =

264 2 3 3
0 5 7
0 0 �1

375 ;

A = LU =

264 1 0 0
0 1 0
3 0 1

375
264 2 3 3
0 5 7
0 0 �1

375 :
Example 1.2.5.� By using the LU factorization, solve the system Ax = b,

where

A =

264 2 3 3
0 5 7
6 9 8

375 ^ b =

264 2
2
5

375 :
In example 1.2.4 we found the LU factorization for A:

A = LU =

264 1 0 0
0 1 0
3 0 1

375
264 2 3 3
0 5 7
0 0 �1

375 :
By solving the system Ly = b , i.e.,264 1 0 0

0 1 0
3 0 1

375
264 �1
�2
�3

375 =
264 2
2
5

375 ;
we obtain

y =

264 �1
�2
�3

375 =
264 2

2
�1

375 :
By solving the system Ux = y , i.e.,264 2 3 3

0 5 7
0 0 �1

375
264 �1
�2
�3

375 =
264 2

2
�1

375 ;
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we obtain that

x =

264 �1
�2
�3

375 =
264 1
�1
1

375 :
Exercise 1.2.1.� Find the LU factorization of A if

a) A =

"
3 1
6 7

#
; b) A =

"
1 0
8 1

#
; c) A =

264 1 �1 0
�1 2 �1
0 �1 1

375 :
Exercise 1.2.2.� By using the LU factorization solve the system Ax = b,

where

A =

264 1 �1 0
�1 2 �1
0 �1 1

375 ^ b =

264 2
�3
4

375 :
If the principal minors of a rectangular matrix A 2 Rm�n are nonzero,

i.e.,
det(A(1 : k; 1 : k) 6= 0 (k = 1 : min(m;n));

then A has an LU factorization.

Example 1.2.6. The following equalities hold:264 2 1
8 6
4 5

375 =
264 1 0
4 1
2 3=2

375 " 2 1
0 2

#
;

"
2 8 4
1 6 5

#
=

"
1 0
1=2 1

# "
2 8 4
0 2 3

#
:

As is known from the main course of algebra, the direct application of the
Gaussian elimination, therefore also the direct realization of the LU factor-
ization fails, if at least one of the principal minors is singular. It turns out
that for a regular matrix it is possible after an appropriate interchange of
matrix rows to �nd the LU factorization. Permutation matrices are used for
interchanging the matrix rows (columns).

De�nition 1.2.3. A permutation matrix P 2 Rn�n is the identity I
with its rows reordered.
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Example 1.2.7. Consider the e�ect of multiplying a 4� 4 matrix A by
a concrete permutation matrix P .

PA =

26664
0 0 1 0
0 0 0 1
0 1 0 0
1 0 0 0

37775
26664
a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44

37775 =
26664
a31 a32 a33 a34
a41 a42 a43 a44
a21 a22 a23 a24
a11 a12 a13 a14

37775
Multiplying by the permutation matrix P on the left, we obtain a new matrix,
where the rows of initial the matrix are reordered exactly in the same way
as the rows of the identity I are reordered for getteing P: Multiplying on the
right,

AP =

26664
a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34
a41 a42 a43 a44

37775
26664
0 0 1 0
0 0 0 1
0 1 0 0
1 0 0 0

37775 =
26664
a14 a13 a11 a12
a24 a23 a21 a22
a34 a33 a31 a32
a44 a43 a41 a42

37775 ;

we obtain a new matrix, where the columns of the initial matrix are reordered
in the same way as the columns of the identity I are reordered for getting P .
The following holds

Proposition 1.2.3. If A 2 Rn�n and det(A) 6= 0; then there exists a
permutation matrix P 2 Rn�n such that all the principal minors of PA are
nonzero, and consequently, there exists the LU factorization

PA = LU:

Example 1.2.8.* Let

A =

264 0 �2 2
1 2 �1
3 5 �8

375 :
Find for a certain permutation matrix P 2 R3�3 the LU factorization of PA.
Interchange the �rst and second rows of A, i.e., choose

P =

264 0 1 0
1 0 0
0 0 1

375
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and �nd for the matrix

PA =

264 0 1 0
1 0 0
0 0 1

375
264 0 �2 2
1 2 �1
3 5 �8

375 =
264 1 2 �1
0 �2 2
3 5 �8

375
the Gauss matrix

M1 = I � t(1)eT1 =

264 1 0 0
0 1 0
0 0 1

375�
264 0

0
3=1

375 h 1 0 0
i
=

264 1 0 0
0 1 0
�3 0 1

375 :
Thus,

M1PA =

264 1 0 0
0 1 0
�3 0 1

375
264 1 2 �1
0 �2 2
3 5 �8

375 =
264 1 2 �1
0 �2 2
0 �1 �5

375 ; M�1
1 =

264 1 0 0
0 1 0
3 0 1

375
and

M2 = I�t(2)eT2 =

264 1 0 0
0 1 0
0 0 1

375�
264 0

0
(�1)=(�2)

375 h 0 1 0
i
=

264 1 0 0
0 1 0
0 �1

2
1

375
and

M2M1PA =

264 1 0 0
0 1 0
0 �1

2
1

375
264 1 2 �1
0 �2 2
0 �1 �5

375 =
264 1 2 �1
0 �2 2
0 0 �6

375 ; M�1
2 =

264 1 0 0
0 1 0
0 1

2
1

375 :
Consequently,

L =M�1
1 M�1

2 =

264 1 0 0
0 1 0
3 0 1

375
264 1 0 0
0 1 0
0 1

2
1

375 =
264 1 0 0
0 1 0
3 1

2
1

375 ; U =

264 1 2 �1
0 �2 2
0 0 �6

375
and

PA = LU =

264 1 0 0
0 1 0
3 1

2
1

375
264 1 2 �1
0 �2 2
0 0 �6

375 :
Exercise 1.2.3.� Find for a certain permutation matrix P the LU fac-

torization of PA if

a) A =

"
0 2
3 5

#
; b) A =

"
0 7
5 3

#
; c) A =

264 0 5 7
2 3 3
6 9 8

375 :
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2.2 QR Factorization

2.2.1 Householder Re
ection

De�nition 2.1.1. If v 2 Rn and v 6= 0; then the matrix of the form

H = I � 2
vvT

vTv
(1)

is called the Householder matrix or Householder re
ection and the vector v
is called the Householder vector.

Proposition 2.1.1. The Householder matrix H is symmetric and or-
thogonal. The Householder re
ection re
ects every vector x 2 Rn in the
hyperplane spanfvg?.

Proof.

HT = IT � 2
(vvT )T

vTv
= I � 2

vvT

vTv
= H

and

HHT = HTH = (I � 2
vvT

vTv
)2 = I � 4

vvT

vTv
+ 4

v(vTv)vT

(vTv)(vTv)
= I :

To prove the third part of the assertion, we choose on the hyperplane spanfvg?
an orthogonal basis fa1; : : : ; an�1g: Hence, v ? ai (i=1 : n�1) and vTai = 0
(i=1 : n� 1). If

x =�v+�1a1 + : : :+ �n�1an�1;

then
Hx =H(�v) +H(�1a1) + : : :+H(�n�1an�1) =

= �(I � 2
vvT

vTv
)v + �1(I � 2

vvT

vTv
)a1+ : : :+�n�1(I � 2

vvT

vTv
)an�1 =

= �(v� 2
v(vTv)

vTv
) + �1(a1 � 2

v(vTa1)

vTv
)+ : : :+�n�1(an�1 � 2

v(vTan�1)
vTv

) =

= ��v+�1a1 + : : :+ �n�1an�1;

i.e., the vectors x and Hx have the same orthogonal projection onto the
hyperplane spanfvg?

�1a1 + : : :+ �n�1an�1;

101



but projections onto the vector v have opposite directions. Thus Hx is the
re
ection of x in the hyperplane spanfvg?. It is signi�cant to note that the
Householder matrix H depends only on the direction of Householder vektor
v and does not depend on the sign of the direction and length of v.

Proposition 2.1.2. If x 2 Rn and v = x�kxk2 e1; then vector Hx,
where H is the Householder matrix denoted by (1), has the same direction
as e1, i.e., the Householder re
ection H applied to the vector x annihilates
all but the �rst component of the vector x.

Proof. Our aim is to determine for a nonzero vector x the Householder
vector v so that Hx 2spanfe1g: Since

Hx = (I � 2
vvT

vTv
)x = x�2v(v

Tx)

vTv
= x�2v

Tx

vTv
v

andHx 2spanfe1g; then v 2spanfx; e1g: By choosing v = x+�e1; we obtain
that

vTx = xTx+�eT1 x = xTx+��1;

vTv = (xT+�eT1 )(x+�e1) = xTx+2��1 + �2

and

Hx = x�2v
Tx

vTv
v = x�2 xTx+��1

xTx+2��1 + �2
(x+�e1) =

= (1� 2
xTx+��1

xTx+2��1 + �2
)x�2�v

Tx

vTv
e1:

Choose � so that in the latter representation of Hx the coe�cient of x is
zero, i.e.,

1� 2
xTx+��1

xTx+2��1 + �2
= 0,

, xTx+2��1 + �2 � 2xTx� 2��1 = 0,
, xTx = �2 , kxk2 = ��:

For this choice� = �kxk2 we have v = x�kxk2 e1 and

Hx = �2�v
Tx

vTv
e1 = �2� xTx���1

xTx�2��1 + xTx
e1 = ��e1 = �kxk2 e1:

Example 2.1.1 Let x =[2 6 � 3]T : Find the Householder vector v and
hence to it the Householder transformation that annihilates the two last coor-
dinates of the vector x. By Proposition 2.1.1 we compute v = x�kxk2 e1 =

102



[2 6 � 3]T � 7e1: Choose the sign plus for coe�cient of e1
and we obtain v =[9 6 � 3]T : Find the Householder matrix H that depends
only on direction of v,

H = I � 2

vTv
vvT = I � 2

14

264 3
2

�1

375 h 3 2 �1
i
=

= I � 1

7

264 9 6 �3
6 4 �2

�3 �2 1

375 = 1

7

264 �2 �6 3
�6 3 2
3 2 6

375 :
Check,

Hx =
1

7

264 �2 �6 3
�6 3 2
3 2 6

375
264 2

6
�3

375 =
264 �70

0

375 :
Exercise 2..1.1.* Find the Householder matrix H such that Hx 2

spanfe1g, where x =
h
�3 1 �5 1

iT
:

Let Qi 2 Rn�n (i=1: r) be the Householder matrices. Consider the
product of these matrices

Q = Q1 � � � Qr ;

where
Qj = I � �jv

( j)v( j)T

and each v( j) has the form

v( j) =
h
0 � � � 0 1 �( j)j+1 � � � �( j)n

iT
:

j � 1 zeros

The matrix Q can be written in the form

Q = I +W Y T ; (2)

where W and Y are n� r�matrices. The answer to the question how to �nd
representation (2) is given by the following proposition.

Proposition 2.1.3. Suppose Q = I +W Y T 2 Rn�n is an orthogonal
matrix with W;Y 2 Rn� j: If H = I � �vvT ; where v 2 Rn and z = ��Qv;
then

Q+ = QH = I +W+Y+
T ;
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whereW+ = [W z] and Y+ = [Y v]; and consequently,W+ , Y+ 2 Rn�( j+1) :

Proof. Since

QH = (I +WY T )(I � �vvT ) = I +WY T � �(I +WY T )vvT =

= I +WY T � �QvvT = I +WY T � zvT

and

I + [W z]

"
Y T

vT

#
= I +

h
WY T + zvT

i
= I +WY T + zvT ;

then QH = I +W+Y+
T ; and the assertion of the proposition holds.

2.2.2 Givens Rotations

The Householder re
ection is e�ective for intruducing zeros if there are
"many" components to be annihilated. If it is necessary to nullify only one
component or sometimes a couple of components, then usually the Givens
method is used. The Givens rotation is realized by an n� n�matrix

G(i; k; �) =

266666666666664

1 � � � 0 � � � 0 � � � 0
...

. . .
...

...
...

0 � � � c � � � s � � � 0
...

...
. . .

...
...

0 � � � �s � � � c � � � 0
...

...
...

. . .
...

0 � � � 0 � � � 0 � � � 1

377777777777775
i

k

i k

where c = cos � and s = sin �. This matrix G(i; k; �) is evidently orthogonal.
If x 2 Rn and y = G(i; k; �)Tx; then

�j =

8><>:
c�i � s�k; j = i ,
s�i + c�k; j = k ;

�j; j 6= i; k :
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By setting

c =
�iq

�2i + �2k
^ s =

��kq
�2i + �2k

;

we get �k = 0 :

Example 2.2.1. Consider the annihilation of the last component of the
vector x =[2 6 � 3]T given in example 2.1.1 with Givens rotations. Find the
values of c and s:

c =
�2q

�22 + �23
=

6p
45

=
2
p
5

5
;

s =
��3q
�22 + �23

=
3p
45

=

p
5

5
:

Check 2664
1 0 0

0 2
p
5

5
�
p
5
5

0
p
5
5

2
p
5

5

3775
264 2

6
�3

375 =
264 2

15
p
5

5

0

375 =
264 2

3
p
5

0

375 :

2.2.3 Householder QR Factorization

Apply the Householder re
ection to the matrix A 2 Rm�n (m � n) to
obtain the QR factorization.

Example 2.3.1. Suppose A 2 R5�4 and assume that the Householder
matrices H1 and H2 have been computed so that

H2H1A =

26666664
� � � �
0 � � �
0 0 
 �
0 0 
 �
0 0 
 �

37777775 :

Concentrating on the highlighted vector

264 





375 , we determine a Householder
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matrix fH3 such that

fH3

264 





375 =
264 �0

0

375
Choosing H3 = diag(I2; fH3);we get

H3H2H1A =

26666664
� � � �
0 � � �
0 0 � �
0 0 0 

0 0 0 


37777775 :

Next consider the highlighted vector

" 



#
and determine fH4 such that

fH4

" 



#
=

" �
0

#
:

Choosing H4 = diag(I3; fH4); we have

H4H3H2H1A =

26666664
� � � �
0 � � �
0 0 � �
0 0 0 �
0 0 0 0

37777775 = R :

By setting Q = H1H2H3H4; we obtain QR = H1H2H3H4H4H3H2H1A = A:

Proposition 2.3.1. If A 2 Rm�n (m � n); then there exist Householder
matrices Hi such that

Q =

(
H1 � � �Hn ; kui m > n ;
H1 � � �Hn�1 ; kui m = n

;

R =

(
Hn � � �H1A ; kui m > n ;
H1 � � �Hn�1A ; kui m = n

and
A = QR;

where Q 2 Rm�m is orthogonal and R 2 Rm�n is upper triangular.
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Example 2.3.2. Find the Householder QR factorization for

A =

264 2 0 1
6 2 0

�3 �1 �1

375 :
In example 2.1.1 the Householder matrix for the transformation of the �rst
column vector [2 6 � 3]T of A has been found:

H1 =
1

7

264 �2 �6 3
�6 3 2
3 2 6

375 :
Then

H1A =
1

7

264 �2 �6 3
�6 3 2
3 2 6

375
264 2 0 1

6 2 0
�3 �1 �1

375 = 1

7

264 �49 �15 �5
0 4 �8
0 �2 �3

375 :
To �nd fH2; we compute the Householder vector

v =

"
4
�2

#
�
p
20

"
1
0

#
=

"
4� 2

p
5

�2
#
:

Hence fH2 = I � 2
vvT

vTv
= � � � =

p
5

5

"
2 �1
�1 �2

#
and

H2 = diag(I1; fH2) =

2664
1 0 0

0 2
p
5

5
�
p
5
5

0 �
p
5
5

�2
p
5

5

3775
and also

R = H2H1A =
1

7

2664
1 0 0

0 2
p
5

5
�
p
5
5

0 �
p
5
5

�2
p
5

5

3775
264 �49 �15 �5

0 4 �8
0 �2 �3

375 =

=

2664
�7 �15

7
�5

7

0 2
p
5

7
�13

p
5

35

0 0 2
p
5

5

3775 :
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Find also the orthogonal matrix

Q = H1H2 =
1

7

2664
1 0 0

0 2
p
5

5
�
p
5
5

0 �
p
5
5

�2
p
5

5

3775
264 �2 �6 3
�6 3 2
3 2 6

375 =

=

p
5

35

264 �2
p
5 �15 0

�6p5 4 �7
3
p
5 �2 �14

375
and check the result

QR =

p
5

35

264 �2
p
5 �15 0

�6p5 4 �7
3
p
5 �2 �14

375
2664
�7 �15

7
�5

7

0 2
p
5

7
�13

p
5

35

0 0 2
p
5

5

3775 = A:

Example 2.3.3�. Find the Householder QR factorization of

A =

264 1 1
2 3
2 1

375 :
The vector that has to be transformed is x =

h
1 2 2

iT
; ; where kxk2 =p

12 + 22 + 22 = 3: Construct the vector

v = x�kxk2 e1 =
264 1
2
2

375� 3e1:

Choose a minus sign for the coe�cient of e1 and take into account that H
depends only on the direction of v:

v =
h
�2 2 2

iT � h
�1 1 1

iT
:

Find the Householder matrix

H1 = I � 2

vTv
vvT = I � 2

(�1)(�1) + 1 � 1 + 1 � 1

264 �11
1

375 h �1 1 1
i
=
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= I � 2

3

264 1 �1 �1
�1 1 1
�1 1 1

375 = 1

3

264 1 2 2
2 1 �2
2 �2 1

375 :
Verify that H1 annihilates all the elements of the �rst column of A but the
�rst one.

H1A =
1

3

264 1 2 2
2 1 �2
2 �2 1

375
264 1 1
2 3
2 1

375 = 1

3

264 9 9
0 3
0 �3

375 =
264 3 3
0 1
0 �1

375 :
Further we transform the vector x =

h
1 �1

iT
;where kxk2 =

p
2: Find the

Householder vector according to x

v = x�kxk2 e1 =
" �1

1

#
�
p
2e1:

Choose a minus sign for coe�cient of e1:

v =

"
�1�p2

1

#
:

Using this vector we obtain the Householder matrix

fH2 = I � 2

vTv
vvT = I � 2

(�1�p2)2 + 1

"
�1�p2

1

# h
�1�p2 1

i
=

= I � 2

2(2�p2)

"
3� 2

p
2
p
2� 1p

2� 1 1

#
=

1

2�p2

" �1 +p2 �p2 + 1

�p2 + 1 �p2 + 1

#
=

=

p
2� 1

2�p2

"
1 �1
�1 �1

#
=

p
2

2

"
1 �1
�1 �1

#
and �nd that

H2 = diag(I1; fH2) =

264 1 0 0

0
p
2=2 �p2=2

0 �p2=2 �p2=2

375 :
Thus,

R = H2H1A =

264 1 0 0

0 1
2

p
2 �1

2

p
2

0 �1
2

p
2 �1

2

p
2

375
264 3 3
0 1
0 �1

375 =
264 3 3

0
p
2

0 0

375
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and

Q = H1H2 =
1

3

264 1 2 2
2 1 �2
2 �2 1

375
264 1 0 0

0 1
2

p
2 �1

2

p
2

0 �1
2

p
2 �1

2

p
2

375 =
264

1
3

0 �2
3

p
2

2
3

1
2

p
2 1

6

p
2

2
3
�1

2

p
2 1

6

p
2

375 :
Let us check the result:

QR =

264
1
3

0 �2
3

p
2

2
3

1
2

p
2 1

6

p
2

2
3
�1

2

p
2 1

6

p
2

375
264 3 3

0
p
2

0 0

375 =
264 1 1
2 3
2 1

375 = A:

Exercise 2.3.1.� Find the QR factorization of A if

a) A =

264 0 0
1 3
0 2

375 ; b) A =

"
5 9
12 7

#
; c) A =

264 3 3 0
3 5 0
0 0 6

375 ;

d) A =

26664
1 0 0 1
3 1 0 0
5 1 1 0
1 0 0 1

37775 :

2.2.4 Givens QR Factorization

Next we consider how to use the Givens rotations to compute the QR
factorization of a given matrix.

Example 2.4.1. Consider for A 2 R4�3 the idea of the Givens QR
factorization:

A =

26664
� � �
� � �
� � �
� � �

37775 GT
1 (3;4)�!

26664
� � �
� � �
� � �
0 � �

37775 GT
2 (2;3)�!

26664
� � �
� � �
0 � �
0 � �

37775 GT
3 (1;2)�!

26664
� � �
0 � �
0 � �
0 � �

37775 GT
4 (3;4)�!

26664
� � �
0 � �
0 � �
0 0 �

37775 GT
5 (2;3)�!

26664
� � �
0 � �
0 0 �
0 0 �

37775 GT
6 (3;4)�!
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26664
� � �
0 � �
0 0 �
0 0 0

37775 = R

The orthogonal matrix has the form:

Q = G1(3; 4)G2(2; 3)G3(1; 2)G4(3; 4)G5(2; 3)G6(3; 4):

Example 2.4.2.� Find the Givens QR factorization of

A =

264 2 0 1
6 2 0

�3 1 �1

375 :
Let us annihilate the element A(3; 1) of A: For this we construct the Givens
matrix G1(2; 3): Find the values c and s:

c =
6q

62 + (�3)2
=

6p
45

=
2
p
5

5
; s =

3q
62 + (�3)2

=
3p
45

=

p
5

5
:

Thus, we have

G1(2; 3) =

264 1 0 0

0 2
5

p
5 1

5

p
5

0 �1
5

p
5 2

5

p
5

375
and

A(1) = GT
1 (2; 3)A =

264 1 0 0

0 2
5

p
5 �1

5

p
5

0 1
5

p
5 2

5

p
5

375
264 2 0 1

6 2 0
�3 1 �1

375 =

=

264 2 0 1

3
p
5 3

5

p
5 1

5

p
5

0 4
5

p
5 �2

5

p
5

375 :
For the annihilation of the element A(1)(2; 1) of A(1) we construct the Givens
matrix G2(1; 2): Find the values c and s:

c =
2q

22 + (3
p
5)2

=
2

7
; s =

�3p5q
22 + (3

p
5)2

= �3
p
5

7
:
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Thus,

G2(1; 2) =

264
2
7

�3
7

p
5 0

3
7

p
5 2

7
0

0 0 1

375
and

A(2) = GT
2 (1; 2)A

(1) =

264
2
7

3
7

p
5 0

�3
7

p
5 2

7
0

0 0 1

375
264 2 0 1

3
p
5 3

5

p
5 1

5

p
5

0 4
5

p
5 �2

5

p
5

375 =

=

264 7 9
7

5
7

0 6
35

p
5 �13

35

p
5

0 4
5

p
5 �2

5

p
5

375 :
To annihilate the element A(2)(3; 2) of A(2) we construct the Givens matrix
G3(2; 3): Find the values of c and s:

c =
6
35

p
5r�

6
35

p
5
�2

+
�
4
5

p
5
�2 =

6
35

p
5

2
7

p
41

=
3

205

p
205

and

s =
�4

5

p
5r�

6
35

p
5
�2

+
�
4
5

p
5
�2 = � 14

205

p
205:

Thus,

G3(2; 3) =

264 1 0 0

0 3
205

p
205 � 14

205

p
205

0 14
205

p
205 3

205

p
205

375
and

R = GT
3 (2; 3)A

(2) =

264 1 0 0

0 3
205

p
205 14

205

p
205

0 � 14
205

p
205 3

205

p
205

375
264 7 9

7
5
7

0 6
35

p
5 �13

35

p
5

0 4
5

p
5 �2

5

p
5

375 =
:

=

264 7 9
7

5
7

0 2
7

p
41 � 47

287

p
41

0 0 4
41

p
41

375
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and
Q = G1(2; 3)G2(1; 2)G3(2; 3) =

=

264 1 0 0

0 2
5

p
5 1

5

p
5

0 �1
5

p
5 2

5

p
5

375
2664

2
7

�3
p
5

7
0

3
p
5

7
2
7

0
0 0 1

3775
264 1 0 0

0 3
205

p
205 � 14

205

p
205

0 14
205

p
205 3

205

p
205

375 =

=

264
2
7
� 9

287

p
41 6

41

p
41

6
7

22
287

p
41 � 1

41

p
41

�3
7

38
287

p
41 2

41

p
41

375 :
Let us check:

QR =

264
2
7

� 9
287

p
41 6

41

p
41

6
7

22
287

p
41 � 1

41

p
41

�3
7

38
287

p
41 2

41

p
41

375
264 7 9

7
5
7

0 2
7

p
41 � 47

287

p
41

0 0 4
41

p
41

375 =

=

264 2 0 1
6 2 0
�3 1 �1

375 = A:

:

Exercise 2.4.1. Find the Givens QR factorization of the matrix A in
example 2.3.2.

Exercise 2.4.2.� Find the Givens QR factorization of A if

a) A =

264 �12 1
4 0
3 3

375 ; b) A =

" �6 2
8 4

#
; c) A =

264 12 �3 1
�3 1 2
4 �4

3
�1

375 :

2.2.5 Main Theorem of QR Factorization

Proposition 2.5.1. If A = [a1 � � �an] 2 Rm�n (m � n) with linearly
independent column vectors ai (i =1:n) can be factored into A = QR;
where Q = [q1 � � �qm] 2 Rm�m and R 2 Rm�n; then

spanfa1; : : : ; akg = spanfq1; : : : ;qkg (k=1:n) . (3)

113



In particular, if

Q1 = Q(1 : m; 1 : n); Q2 = Q(1 : m;n+ 1 : m); R1 = R(1 : n; 1 : n);

then
R(A) = R(Q1) (4)

R(A)? = R(Q2) (5)

and
A = Q1R1 ; (6)

Proof. If A = QR; then

aik =
mX
j=1

qijrjk
rjk=0
=
j>k

kX
j=1

qijrjk (i = 1 : m; k = 1 : n)

or

ak =
kX

j=1

rjkqj (k = 1 : n):

Thus, ak 2 spanfq1; : : : ;qkg and spanfa1; : : :akg � spanfq1; : : : ;qkg: Since
rank(A) = n; then rank(spanfa1; : : :akg) = k; and relation (3) holds. Rela-
tion (3) for k = n yields relation (4), and this yields (5). From

aik =
mX
j=1

qijrjk =
nX

j=1

qijrjk

results assertion (6). 2

2.3 Singular Value Decomposition

2.3.1 Existence of Singular Value Decomposition

Proposition 3.1.1. If V1 2 Rn� r (r < n) has orthonormal columns,
then there exists V2 2 Rn� (n�r) such that V = [V1 V2] is orthogonal, where
the orthogonal complement R(V1)? of the span of column vectors of the
matrix V1 is equal to the span R(V2) of the column vectors of the matrix V2
; i.e., R(V1)? = R(V2):

114



Proof is based on the Gram-Schmidt orthogonalization. 2

Proposition 3.1.2. If x 2 Rn and Q 2 Rm�n has orthonormal columns,
then kQxk2 = kxk2 :

Proof. If Q 2 Rm�n has orthonormal columns, then QTQ = In and

kQxk22 = (Qx)TQx = xTQTQx = xTx = kxk22 : 2

Proposition 3.1.3. Let A 2 Rm�n: If Q 2 Rm�m and Z 2 Rn�n are
orthogonal, then

kQAZkF = kAkF
and

kQAZk2 = kAk2 : (1)

Prove relation (1):

kQAZk2 = max
kxk2=1

kQAZxk2 = max
kxk2=1

kQA(Zx)k2 =

= max
kzk2=1

kQAzk2 = max
kzk2=1

kQ(Az)k2 = max
kzk2=1

kAzk2 = kAk2 : 2

Proposition 3.1.4 (existence theorem of the singular value decomposi-
tion). If A 2 Rm�n; then there exist orthogonal matrices

U = [u1 � � � um] 2 Rm�m

and
V = [v1 � � �vn] 2 Rn�n;

such that

UTAV = � = diag(�1; : : : ; �p) 2 Rm�n (p = minfm;ng) (2)

with
�1 � �2 � : : : � �p � 0:

Proof. By the de�nition of the matrix 2-norm there exist vectors x 2 Rn

and y 2 Rm such that Ax = �y; where kxk2 = kyk2 = 1 and � = kAk2 :
By Proposition 3.1.1, there exist matrices V2 2 Rn�(n�1) and U2 2 Rm�(m�1)
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such that V = [x V2] and U = [y U2] are orthogonal. Using this notation,
we obtain

UTAV =

"
yT

UT
2

#
A
h
x V2

i
=

"
yT

UT
2

# h
Ax AV2

i
=

=

"
yT

UT
2

# h
�y AV2

i
=

"
�yTy yTAV2
�UT

2 y UT
2 AV2

#
=

=

"
� wT

0 B

#
= A1

with w =V T
2 A

Ty and B = UT
2 AV2: Since

A1

"
�
w

#
=

"
� wT

0 B

# "
�
w

#
=

"
�2 +wTw

Bw

#
;

then 




A1

"
�
w

#





2

2

� (�2 +wTw)2:

On the other hand,




A1

"
�
w

#





2

2

� kA1k22






"
�
w

#





2

2

= kA1k22 (�2 +wTw);

and therefore,
kA1k22 � �2 +wTw = kAk22 +wTw:

By Proposition 3.1.3, we �nd that kA1k22 = kAk22 : Consequently, wTw =0
and w = 0: We obtain

UTAV =

"
� 0T

0 B

#
or

A = U

"
� 0T

0 B

#
V T

and

ATA = V

"
� 0T

0 BT

#
UTU

"
� 0T

0 B

#
V T = V

"
�2 0
0 BTB

#
V T :
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Thus, the matrices ATA and

"
�2 0T

0 BTB

#
are similar, and they have the

same eigenvalues. Consequently,

�(ATA) = f�2g [ �(BTB);

where �2 as kAk22 is the greatest eigenvalue of ATA. Note that since ATA
is symmetric then all eigenvalues of ATA are non-negative. The Reasoning
used for the matrix A will be used in the next step for the matrix B etc. So,
on the main diagonal of � there are the square roots of the eigenvalues of
ATA , more exactly, the �rst p = minfm;ng of them in descending order. 2

De�nition 3.1.1. The relation in form (2) is called the singular value
decomposition of the matrix A 2 Rm�n: The elements �i (i =1 : minfm;ng)
on the main diagonal of � are called the singular values of the matrix A.

2.3.2 Properties of Singular Value Decomposition

Relation (2) yields the relations

AV = U� (3)

and
ATU = V �T : (4)

Proposition 3.2.1. If A 2 Rm�n; A = U�V T ; U = [u1 � � � um] 2 Rm�m

and
V = [v1 � � �vn] 2 Rn�n; then for each i =1 : minfm;ng the following holds

Avi = �iui ; (5)

ATui = �ivi ; (6)

kAkF = �21 + : : :+ �2p (p = minfm;ng);
kAk2 = �1

and

min
x6=0

kAxk2
kxk2

= �n (m � n):
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Proof. Suppose n > m: Consider relation (3) which can be written in the
form

A[v1 � � �vn] = [u1 � � � um]

266664
�1 0 � � � 0 0
0 �2 � � � 0 0
...

...
. . .

...
...

0 0 � � � �m 0

377775
or

[Av1 � � �Avn] =
h
�1u1 � � � �mum 0

i
:

The latter is (5) for the elements in the m �rst columns of the matrix. Con-
sider relation (4) that can be written in the form

AT [u1 � � � um] = [v1 � � �vn]

266666664

�1 0 � � � 0
0 �2 � � � 0
...

...
. . .

...
0 0 � � � �m
0 0 � � � 0

377777775
or

[ATu1 � � �ATum] =
h
�1v1 � � � �mvm

i
;

which represents relation (6) by elements. We note that "0" denotes also
certain blocks consisting of zeros. 2

Proposition 3.2.2. If the singular values in the singular value decom-
position (2) of A 2 Rm�n satisfy the inequalities

�1 � : : : � �r > �r+1 = : : : = �p = 0;

then

1. spanfu1; : : : ; urg = R(A);
2. spanfv1; : : : ; vrg = R(AT );

3. spanfur+1; : : : ; umg = N (AT );

4. spanfvr+1; : : : ; vng = N (A);

5. rank(A) = r;
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6. the singular values of A are equal to the semi-axes of the hyperellipsoid
E = fAx : jjxjj = 1g ;

7. A =
Pr

i=1 �iuiv
T
i :

Prove the �rst of these properties. Consider the relation A = U�V T .
Since

[�V T ]jk =
nX

s=1

�jsv
T
sk =

(
�jvkj; if j = 1 : r;

0; kui j = r + 1 : m;

then

aik = [U�V T ]ik =
mX
j=1

uij[�V
T ]jk =

rX
j=1

uij�jvkj

or

ak =
rX

j=1

�jvkjuj:

Thus,

ak 2 spanfu1; : : : ; urg (k = 1 : n)) spanfu1; : : : ; urg = R(A): 2

Proposition 3.2.3. If A 2 Rm�n and A = U�V T is a singular value
decomposition of the matrix A, then the column-vectors of U 2 Rm�m are
the normed eigenvectors of AAT and the column-vectors of V 2 Rn�n are the
normed eigenvectors of ATA. Singular values of the matrix A can be found
as square roots of the eigenvalues of ATA or AAT .

Proof. Proceeding from the singular value decomposition of the matrix
A we will �nd expressions of AAT and ATA:

AAT = U�V TV �TUT = U(��T )UT (7)

and
ATA = V�TUTU�V T = V �T�V T : (8)

Since the matrices ��T and �T� are diagonal matrices, the orthogonal matri-
ces U and V in the expressions (7) and (8) must be formed by the eigenvectors
of the matrices AAT and ATA respectively. 2
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2.3.3 Algorithm of Singular Value Decomposition

Algorithm 3.3.1. To �nd the singular value decomposition of the matrix
A 2 Rm�n one has to:
I Find the eigenvalues of the matrix ATA and arrange them in descending
order.
II Find the number of nonzero eigenvalues of the matrix ATA.
III Find the orthogonal eigenvectors of the matrix ATA corresponding to the
eigenvalues, and arrange them in the same order to form the column-vectors
of the matrix V 2 Rn�n.
IV Form a diagonal matrix � 2 Rm�n placing on the leading diagonal the
square roots �i =

p
�i of p = minfm;ng �rst eigenvalues of the matrix ATA

obtained in I in descending order.
V Find the �rst column-vectors of the matrix U 2 Rm�m:

ui = ��1i Avi (i = 1 : r): (9)

VI Add to the matrix U the rest of m � r vectors using the Gram-Schmidt
orthogonalization process. 2

Example 3.3.1. Let us �nd the singular value decomposition of the
matrix

A =

264 1 1
0 1
1 0

375 2 R3�2:

I Find the eigenvalues of the matrix ATA =

"
2 1
1 2

#
:

�1 = 3; �2 = 1:
II Find the number of nonzero eigenvalues of the matrix ATA: r = 2.
III Find the orthonormal eigenvectors of the matrix ATA corresponding to
the eigenvalues �1 and �2:

v1 =

" p
2=2p
2=2

#
and v2 =

" p
2=2

�p2=2
#
forming a matrix

V =
h
v1 v2

i
=

" p
2=2

p
2=2p

2=2 �p2=2
#
2 R2�2:
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IV Find the singular value matrix � 2 R3�2 :

� =

264
p
3 0

0
p
1

0 0

375 =
264
p
3 0
0 1
0 0

375 ;
on the leading diagonal of which are the square roots of the eigenvalues of the
matrix ATA (in descending order) and the rest of the entries of the matrix
� are zeros.
V Find the �rst two column-vectors of the matrix U 2 R3�3 using the formula
(9)

u1 = ��11 Av1 =

p
3

3

264 1 1
0 1
1 0

375 " p2=2p
2=2

#
=

264
p
6=3p
6=6p
6=6

375
and

u2 = ��12 Av2 =

264 1 1
0 1
1 0

375 " p
2=2

�p2=2
#
=

264 0

�p2=2p
2=2

375 :
VI To �nd the vector u3 we shall �rst �nd, applying the Gram-Schmitd
process, a vector �u3 perpendicular to u1 and u2:

�u3 = e1 � (uT1 e1)u1 � (uT1 e2)u2 =
h
1=3 �1=3 �1=3

iT
:

Norming the vector �u3; we get

u3 =

264
p
3=3

�p3=3
�p3=3

375 :
Hence

U =
h
u1 u2 u3

i
=

264
p
6=3 0

p
3=3p

6=6
p
2=2 �p3=3p

6=6 �p2=2 �p3=3

375
and the singular value decomposition of the matrix A is

A =

264
p
6=3 0

p
3=3p

6=6 �p2=2 �p3=3p
6=6

p
2=2 �p3=3

375
264
p
3 0
0 1
0 0

375 " p2=2 p
2=2p

2=2 �p2=2
#
:
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Example 3.3.2. Let us �nd the singular value decomposition of the
matrix A =

h
2 1 �2

i
.

I Find the eigenvalues of the matrix ATA:

det(ATA� �I) = 0,
�������
4� � 2 �4
2 1� � �2
�4 �2 4� �

������� = 0)
8><>:
�1 = 9;
�2 = 0;
�3 = 0:

II Find the number of the nonzero eigenvalues of the matrix ATA: r = 1:
III Find the eigenvector of the matrix ATA:

�1 = 9 ) v1 =
h
�2=3 �1=3 2=3

iT
;

�2;3 = 0 )
8><>: v2 =

h
�p5=5 2

p
5=5 0

iT
;

v3 =
h
4
p
5=15 2

p
5=15 5

p
5=15

iT
:

Since the eigenvalue 0 is multiple, the Gram-Schmidt orthogonalization process
is used to �nd the vector v3. We compile the orthonormal matrix V :

V =

264 �2=3 �p5=5 4
p
5=15

�1=3 2
p
5=5 2

p
5=15

2=3 0 5
p
5=15

375 :
IV Form the singular value matrix:

� =
h
3 0 0

i
:

V Calculate the unique column-vector of the matrix U applying the formula
(9):

u1 =
1

3
Av1 =

1

3

h
2 1 �2

i h
�2=3 �1=3 2=3

iT
=
h
�1

i
:

Thus the singular value decomposition of the matrix A is

A = U�V T =
h
�1

i h
3 0 0

i 264 �2=3 �1=3 2=3p
5=5 2

p
5=5 0

4
p
5=15 2

p
5=15 5

p
5=15

375 :
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Example 3.3.3.� Let us �nd the singular value decomposition of the
matrix

A =

264 2 2 2 2
17
10

1
10

�17
10

� 1
10

3
5

9
5

�3
5

�9
5

375 :
The given 3� 4 matrix A has three nonzero singular values. Therefore it is
enough to �nd nonzero singular values of the matrix A using the 3�3 matrix
AAT (not the 4� 4 matrix ATA). Since

AAT =

264 2 2 2 2
17
10

1
10

�17
10

� 1
10

3
5

9
5

�3
5

�9
5

375
26664
2 17

10
3
5

2 1
10

9
5

2 �17
10

�3
5

2 � 1
10

�9
5

37775 =
264 16 0 0

0 29
5

12
5

0 12
5

36
5

375 ;

then the characteristic equation of AAT is�������
16� � 0 0

0 29
5
� � 12

5

0 12
5

36
5
� �

������� = 0

or
(16� �)

�
36� 13�+ �2

�
= 0;

and the solutions of this equation are �1 = 16; �2 = 9 and �3 = 4: Since
�i = �2i and the matrix � is a 3 � 4 matrix, then on the leading diagonal
of the matrix � there are the singular values of the matrix A in descending
order, and all other elements of the matrix � are zeros:

� =

264 4 0 0 0
0 3 0 0
0 0 2 0

375 :
The matrix U has for column-vectors the orthonormed eigenvectors of the
matrix AAT :

�1 = 16 ) u1 =
h
1 0 0

iT
;

�2 = 9 ) u2 =
h
0 3

5
4
5

iT
;

�3 = 4 ) u3 =
h
0 �4

5
3
5

iT
:
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Collecting the vectors u1; u2 and u3; we obtain the matrix

U =

264 1 0 0
0 3

5
�4

5

0 4
5

3
5

375 :
According to the relation (6), we shall �nd the �rst three column-vectors of
the matrix V (the matrix � has three nonzero entries on its leading diagonal
) using the formula

vi =
1

�i
ATui:

Hence

v1 =

26664
1
2
1
2
1
2
1
2

37775 ; v2 =
26664

1
2
1
2�1
2�1
2

37775 ; v3 =
26664
�1

2
1
2
1
2�1
2

37775 :
To calculate the vector v4, we �nd �rst, using the Gram-Schmitd orthog-
onalization process, the vector bv4 perpendicular to the vectors v1; v2 and
v3: bv4 = e1 � (vT1 e1)v1 � (vT2 e1)v2 � (vT3 e1)v3 =

= e1 � 1

2
v1 � 1

2
v2 +

1

2
v3 =

h
1
4
�1

4
1
4
�1

4

iT
:

Since kbv4k2 = 1
2
; then

v4 = 2bv4 = h
1
2
�1

2
1
2
�1

2

iT
and

V =

26664
1
2

1
2

�1
2

1
2

1
2

1
2

1
2

�1
2

1
2
�1

2
1
2

1
2

1
2
�1

2
�1

2
�1

2

37775 :
Let us check the result:

U�V T =

264 1 0 0
0 3

5
�4

5

0 4
5

3
5

375
264 4 0 0 0
0 3 0 0
0 0 2 0

375
26664

1
2

1
2

1
2

1
2

1
2

1
2

�1
2
�1

2�1
2

1
2

1
2

�1
2

1
2

�1
2

1
2

�1
2

37775 =
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=

264 2 2 2 2
17
10

1
10

�17
10

� 1
10

3
5

9
5

�3
5

�9
5

375 = A

and

UTAV =

264 1 0 0
0 3

5
4
5

0 �4
5

3
5

375
264 2 2 2 2

17
10

1
10

�17
10

� 1
10

3
5

9
5

�3
5

�9
5

375
26664

1
2

1
2

�1
2

1
2

1
2

1
2

1
2

�1
2

1
2
�1

2
1
2

1
2

1
2
�1

2
�1

2
�1

2

37775 =
:

=

264 4 0 0 0
0 3 0 0
0 0 2 0

375 = �:

Problem 3.3.1.� Applying the singular value decomposition of the ma-
trix A obtained in example 3.3.3, �nd the bases of the subspace of the column-
vectors R(A); the right null space N (A); the subspace of the row-vectors
R(AT ), and the left null space N (AT ) of the matrix A.

Problem 3.3.2.� Find the singular value decomposition and the QR

factorization of the matrix A =

"
3
4

#
.

Problem 3.3.3.� Find the singular value decomposition of the matrix
A =

h
�5

2
+ 3

p
3 5

2

p
3 + 3

i
.

2.4 Pseudoinverse Matrix

2.4.1 Least-Squares Method

Let us consider the solution of a system of linear equations

Ax = b (1)

by the least-squares method in the case where the condition of the Kronecker-
Capelli theorem is not satis�ed, i.e., the system has no solution in an ordinary
sense.
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Example 4.1.1. Let the system be264 a11 a12
a21 a22
a31 a32

375 " �1
�2

#
=

264 �1
�2
�3

375 ;
where b =

h
�1 �2 �3

iT
=2R(A) and rank(A) = 2: Let p be the orthog-

onal projection of the vector b onto the space R(A): Since the vector p 2
R(A) and rank(A) = 2; the system Ax= p has a unique solution. Tak-
ing into consideration that R3 = R(A)� N (AT ); we get b� p 2N (AT ) ,
AT (b� p) = 0 and AT (b�Ax) = 0 or

ATAx = ATb: (2)

The matrix ATA of the system (2) is regular since rank(A) = 2: Therefore
the system (2) is uniquely solvable on the given conditions and

x = (ATA)�1ATb: (3)

By minimizing the square of the norm of discrepancy Ax� b

kAx� bk22 = (Ax� b)T (Ax� b) =(xTAT � bT )T (Ax� b)

( grad kAx� bk22 = 0), we obtain the same system (2), and hence the same
solution x determined by the formula (3), the least-square solution of the
equation (1).

The line of reasoning given in example 4.1.1 can be realized also in a more
general case.

De�nition 4.1.1. If A 2 Rm�n; then system (2) is called the system of
normal equations of system (1).

Proposition 4.1.1. If A 2 Rm�n; b =2R(A) and suppose rank(A) = n;
then the system of normal equations (2) of system (1) is uniquely solvable
and the least-squares solution x of the system (1) is given by (3).

Example 4.1.2.� Let us solve by the least-squares method the system of
equations 264 1 1

2 3
2 1

375 " �1
�2

#
=

264 1
1
1

375 :
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We form the system of normal equations ATAx = ATb :

"
1 2 2
1 3 1

# 264 1 1
2 3
2 1

375x =

"
1 2 2
1 3 1

# 264 1
1
1

375 )
"
9 9
9 11

#
x =

"
5
5

#
:

Thus, (
9�1 + 9�2 = 5
9�1 + 11�2 = 5

)
(
�1 =

5
9

�2 = 0
:

If A 2 Rm�n, b =2R(A) and rank(A) < n, then the system of normal
equations (2) has an in�nite number of solutions, which can be all expressed
as

x=xr+xn;

where xr 2 R(AT ) and xn 2 N (A): From among the solutions x we will �nd
the one having the least norm, the so-called optimum solution x+: From the
orthogonality of the vectors xr and xn it follows that

kxk22 = kxrk22 + kxnk22 :

Since from xn 2 N (A) it follows Axn = 0; then

Ax = p , A(xr+xn) = p , Axr+Axn = p ) Axr = p

and xr 2 R(AT ) is the optimum solution x+ of the equation Ax = p. Thus,
x+ = x: 2

2.4.2 Pseudoinverse Matrix and Optimum Solution

Next we will consider the algorithm for �ndig the optimum solution.

Example 4.2.1. Let b =
h
�1 �2 �3

iT
and

� =

264 �1 0 0 0
0 �2 0 0
0 0 0 0

375 ;
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where �1 6= 0 and �2 6= 0: We will �nd the optimum solution of the system

�x = b:

The orthogonal projection of the vector b on the spaceR(�) is p =
h
�1 �2 0

iT
,

and b� p =
h
0 0 �3

iT
: To �nd the solution x, one must solve the system

�x = p;

i.e., 264 �1 0 0 0
0 �2 0 0
0 0 0 0

375
26664
�1
�2
�3
�4

37775 =
264 �1
�2
0

375
or 8><>:

�1�1 + 0�2 + 0�3 + 0�4 = �1
0�1 + �2�2 + 0�3 + 0�4 = �1
0�1 + 0�2 + 0�3 + 0�4 = 0

)

8>>><>>>:
�1 = �1=�1
�2 = �2=�2
�3 = 

�4 = �

;

where 
; � 2 R are arbitrary. Taking 
 = � = 0; we obtain the solution with
the least 2-norm

x+ =
h
�1=�1 �2=�2 0 0

iT
:

We state that x+ can be expressed also by

x+ =

26664
�1=�1
�2=�2
0
0

37775 =
26664
1=�1 0 0
0 1=�2 0
0 0 0
0 0 0

37775
264 �1
�2
�3

375 :

The optimum solution x+ of the given example can be obtained from the
vector b by multiplying it on the left by the matrix

�+ =

26664
1=�1 0 0
0 1=�2 0
0 0 0
0 0 0

37775 :

The matrix �+ is obtained from the matrix � by transposing and afterwards
replacing the nonzero entries by their reciprocals. Hence x+ = A+b:
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Let us generalize the result obtained in example 4.2.1.

Proposition 4.2.1. If

� = diag(�1; : : : ; �p) 2 Rm�n (p = minfm;ng) (1)

and
�1 � �2 � : : : � �r > �r+1 = : : : = �p; (2)

then the optimum solution x+ of the system

�x = b

is given by
x+ = �+b;

where
�+ = diag(1=�1; : : : ; 1=�r; 0; : : : ; 0) 2 Rn�m: (3)

De�nition 4.2.1. Let
A = U�V T

be the singular value decomposition of the matrix A 2 Rm�n. The pseudoin-
verse matrix of the matrix A is a matrix

A+ = V �+UT ;

where � and �+ are given by relations (1-3).

Problem 4.2.1. Let A 2 Rn�n and det(A) 6= 0: Show that A+ = A�1:

Problem 4.2.2. Let us �nd the pseudoinverse matrix of the matrix
A =

h
2 1 �2

i
given in example 3.3.2. We found the singular value

decomposition of the matrix A in this example

A = U�V T =
h
�1

i h
3 0 0

i 264 �2=3 �1=3 2=3p
5=5 2

p
5=5 0

4
p
5=15 2

p
5=15 5

p
5=15

375 :
Using de�nition 4.2.1,

A+ = V �+UT ;

i.e.,

A+ =

264 �2=3
p
5=5 4

p
5=15

�1=3 2
p
5=5 2

p
5=15

2=3 0 5
p
5=15

375
264 1=3

0
0

375 h �1 i =
264 2=9
�1=9
�2=9

375 :
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Proposition 4.2.2. If A 2 Rm�n; then the optimum solution x+ of the
system Ax = p (in the sense of least-squares) is given by

x+ = A+b:

Proof. When a vector is multiplied by the orthogonal matrix UT , its
2-norm is conserved. Therefore,

kAx� bk2 =



U�V Tx� b





2
=



�V Tx�UTb





2
:

Let substitute y =V Tx: Hence

min
x2Rn

kAx� bk2 =min
y2Rn




�y�UTb




2
:

Proposition 4.2.1 implies that the minimizing vector for the expression



�y�UTb





2

is the vector
y+ = �+UTb

and the vector
x+ = V y+ = V �+UTb =A+b

minimizes the expression kAx� bk2 : 2
Example 4.2.3. Let us �nd the optimum solution of the system

2�1 + �2 � 2�3 = 9:

In example 4.2.2, we found the pseudoinverse matrix

A+ =

264 2=9
�1=9
�2=9

375
of the matrix of the system A =

h
2 1 �2

i
:

In virtue of proposition 4.2.2, we get the optimum solution

x+ = A+b =

264 2=9
�1=9
�2=9

375 h 9 i =
264 2
�1
�2

375 :
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Example 4.2.4. Let us �nd the optimum solution of the system264 1 1
0 1
1 0

375x =

264 1
2
3

375 :
In example 3.3.1, we found the singular value decomposition of the system
matrix A

A =

264
p
6=3 0

p
3=3p

6=6
p
2=2 �p3=3p

6=6 �p2=2 �p3=3

375
264
p
3 0
0 1
0 0

375 " p2=2 p
2=2p

2=2 �p2=2
#
:

Using de�nition 4.2.1, we will �nd the pseudoinverse matrix

A+ =

" p
2=2

p
2=2p

2=2 �p2=2
# "

1=
p
3 0 0

0 1 0

# 264
p
6=3

p
6=6

p
6=6

0
p
2=2 �p2=2p

3=3 �p3=3 �p3=3

375 =

=

"
1=3 2=3 �1=3
1=3 �1=3 2=3

#
:

The optimum solution of the system will be

x+ = A+b =

"
1=3 2=3 �1=3
1=3 �1=3 2=3

# 264 1
2
3

375 = "
2=3
5=3

#
:

Problem 4.2.2.� Find the pseudoinverse of the matrix A = [0] and
explain the result. Answer: A+ = [0]:

Problem 4.2.3.� Find the pseudoinverse of the matrix A

a) A =

"
3
4

#
; b) A =

264 1 1
2 3
2 1

375 :
Problem 4.2.4.� What is the pseudoinverse matrix of the matrix A with

orthogonal columns? Answer: A+ = AT :
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Problem 4.2.5.� Find the optimum solution of the system264 1 1
2 3
2 1

375 " �1
�2

#
=

264 1
1
1

375 :
Proposition 4.2.3 (Conditions of Moore-Penrose.) If A 2 Rm�n; then

the conditions

AXA = A; XAX = X; (AX)T = AX; (XA)T = XA

are satis�ed only by one matrix X 2 Rn�m, and this is A+:

Problem 4.2.6.� A matrix A is called a projectionmatrix if

A2 = A ^ AT = A:

Check the Moore-Penrose conditions for the projectionmatrix. Does A+ =
A?

2.5 Jordan Form of a Matrix

2.5.1 Matrix Diagonalization

In proposition 1.2.6.8 on the Jordan decomposition it is stated that if
A 2 Cn�n; then there exists such a regular X 2 Cn�n that

X�1AX = J = diag(J1 ; : : : ; Jt); (1)

where m1 + : : :+mt = n and

Ji =

2666666664

�i 1 0 � � � 0

0 �i 1
. . .

...
...

. . . . . . . . .
...

...
. . . . . . . . . 1

0 � � � � � � 0 �i

3777777775
2 Cmi�mi
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is a Jordan block or Jordan box, and the matrix J is called a Jordan canonical
form or Jordan normal form of the matrix A. The number of Jordan blocks
in decomposition (1) equals the number of the linearly independent eigen-
vectors of the matrix A. Namely, to each linearly independent eigenvector
corresponds one block. Hence if the matrix A has a basis of eigenvectors,
then all the Jordan blocks are 1 � 1 blocks, and the Jordan normal form
coincides with the diagonal form of the matrix given in proposition 1.2.5.8
S�1AS = �; where � = diag(�1; : : : ; �n) and the matrix S has for columns
the linearly independent eigenvectors of the matrix A corresponding to these
eigenvalues.

Example 5.1.1.� Let us �nd the Jordan form of the matrix

A =

264 3 �1 2
1 �1 1
�1 1 0

375 :
We shall �nd the eigenvalues of the matrix A:

det(A� �I) = 0 , (�2 � 1)(�� 2) )
8><>:

�1 = 1;
�2 = �1;
�3 = 2:

Now we shall �nd the eigenvectors corresponding to these eigenvalues:

�1 = 1 !

26664
3� 1 �1 2

... 0

1 �1� 1 1
... 0

�1 1 0� 1
... 0

37775 I$II�

�

26664
1 �2 1

... 0

2 �1 2
... 0

�1 1 �1 ... 0

37775 II�2�I�
III+I

26664
1 �2 1

... 0

0 3 0
... 0

0 �1 0
... 0

37775 ) x1=

264 1
0

�1

375 ;

�2 = �1 ! x2=

264 �1�2
1

375 ; �3 = 2 ! x3=

264 5
1

�2

375 :
We compile the matrix of eigenvectors of the matrix A

S =
h
x1 x2 x3

i
=

264 1 �1 5
0 �2 1
�1 1 �2

375
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and �nd the inverse matrix

S�1 =

264 �
1
2
�1

2
�3

2
1
6

�1
2

1
6

1
3

0 1
3

375 :
As the result, we obtain

S�1AS =

264 �
1
2
�1

2
�3

2
1
6

�1
2

1
6

1
3

0 1
3

375
264 3 �1 2

1 �1 1
�1 1 0

375
264 1 �1 5

0 �2 1
�1 1 �2

375 =

=

264 1 0 0
0 �1 0
0 0 2

375 = �:

Proposition 5.1.1. Any Hermitian (symmetric) matrix A 2 Cn�n (A 2
Rn�n) can be diagonalized using a unitary matrix U 2 Cn�n (an orthogonal
matrix Q 2 Rn�n); i.e., there exists such U 2 Cn�n (Q 2 Rn�n); that

UHAU = � (QTAQ = �): (2)

Proof. The Schur factorisation (proposition 1.2.6.5) implies that the Her-
mitian matrix A 2 Cn�n can be given in the form

UHAU = T; (3)

where U 2 Cn�n is a unitary matrix and T 2 Cn�n is an upper triangular
matrix. Finding the transpose conjugate matrices of both sides of (3), we
get

UHAHU = TH :

In virtue of the Hermitian matrix de�nition AH = A, we �nd that

UHAU = TH : (4)

From (3) and (4) it follows that T = D: The diagonal elements of the diagonal
matrix D similar to the matrix A are the eigenvalues of the matrix A. The
assertion about the symmetric matrix A 2 Rn�n is a special case of the
complex version. 2
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Problem 5.1.1.� Let

A =

26664
0 1 2 0
1 �1 1 �1
2 1 1 �2
0 �1 �2 0

37775 :
Find such an orthogonal matrix Q 2 R4�4; that QTAQ = �; where � is a
diagonal matrix.

Problem 5.1.2.� Let

A =

264 1 i 1 + i
�i �1 1
1� i 1 0

375 :
Find such a unitary matrix U 2 Cn�n; that UHAU = �; where � is a
diagonal matrix.

Not every square matrix can be put in form (2). Proposition 1.2.6.6
implies that only a normal matrix A (AHA = AAH) can be expressed in
form (2). In the general case of the diagonalization of a matrix one must
con�ne himself to the Jordan normal form (1).

2.5.2 Analysis of Jordan Form of a Matrix

It is not su�cient to �nd the eigenvalues of the matrix to obtain the
Jordan form of this matrix.

Example 5.2.1. Let us �nd the Jordan matrices J of the matrices

T =

"
1 2
0 1

#
; A =

"
2 �1
1 0

#
; B =

"
1 0
1 1

#
; I =

"
1 0
0 1

#
:

It is easy to �nd out that the spectra of T; A; B and I are the same,
�(T ) = �(A) = �(B) = �(I) = f1; 1g: Let us �nd the eigenvectors corre-
sponding to � = 1:

T !
24 0 2

... 0

0 0
... 0

35! x1 =

"
1
0

#
;
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A!
24 1 �1 ... 0

1 �1 ... 0

35! x1 =

"
1
1

#
;

B !
24 0 0

... 0

1 0
... 0

35! x1 =

"
0
1

#
;

I !
24 0 0

... 0

0 0
... 0

35! x1 =

"
1
0

#
^ x2 =

"
0
1

#
:

We see that the matrices T; A and B have only one independent eigenvector
and only one Jordan block corresponding to the eigenvalue � = 1, and thus
the matrices T; A and B have the same Jordan matrix

J =

"
1 1
0 1

#
:

The matrix I has two linearly independent eigenvectors and, consequently,
two Jordan blocks, and the corresponding Jordan matrix coincides with the
matrix I:

Problem 5.2.1. Verify that the matrix266664
1 1 � � � 1
0 1 � � � 1
...

...
. . .

...
0 0 � � � 1

377775 2 Rn�n

corresponds the one-block Jordan matrix2666666664

1 1 0 � � � 0

0 1 1
. . . 0

0 0 1
. . .

...
...

...
. . . . . .

...
0 0 0 � � � 1

3777777775
2 Rn�n:

Example 5.2.2. Let us consider the Jordan matrix

J =

26666664
3 1 0 0 0
0 3 0 0 0
0 0 0 1 0
0 0 0 0 0
0 0 0 0 0

37777775 =
264 J1

J2
J3

375 : (5)
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Let us �nd the eigenvectors corresponding to the eigenvalue � = 3 of multi-
plicity 2: 266666666664

0 1 0 0 0
... 0

0 0 0 0 0
... 0

0 0 �3 1 0
... 0

0 0 0 �3 0
... 0

0 0 0 0 �3 ... 0

377777777775
) x =

26666664
p
0
0
0
0

37777775 :

Therefore, one linearly independent eigenvector e1 and one Jordan block
corresponds to the eigenvalue � = 3:"

3 1
0 3

#
:

Let us �nd the eigenvectors corresponding to the eigenvalue � = 0 of multi-
plicity 3: 266666666664

3 1 0 0 0
... 0

0 3 0 0 0
... 0

0 0 0 1 0
... 0

0 0 0 0 0
... 0

0 0 0 0 0
... 0

377777777775
) x =

26666664
0
0
q
0
r

37777775 :

Hence two linearly independent eigenvectors e3 and e5 and two Jordan blocks
correspond to the eigenvalue � = 0"

0 1
0 0

#

and
[0] :

The question arises, what conditions must the the 5� 5 matrix A satisfy to
have for the corresponding Jordan matrix the J given by (5)? How do we
�nd the regular matrix X such that

X�1AX = J? (6)
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The �rst condition is �(A) = �(J); but it is not su�cient. The eigenvalues
of the matrix A must be also considered. We express the relation (6) in the
form AX = XJ or

A
h
x1 � � � x5

i
=
h
x1 � � � x5

i
26666664
3 1

3
0 1

0
0

37777775 :

Having multiplied the matrices, we get the formulas

Ax1 = 3x1; Ax2 = 3x2 + x1 (7)

and
Ax3 = 0x3; Ax4 = 0x4 + x3; Ax5 = 0x5: (8)

From the formulas (7) and (8) it follows that similarly to the matrix J the
matrix A must have three eigenvectors x1; x3 and x5: In addition, the matrix
A must have two generalized eigenvectors or two �rst order 
ag vectors x2
and x4: It is said that the vector x2 belongs to the chain that begins with the
vector x1 and is de�ned by the formula (7). This chain determines the Jordan
block J1: The two �rst formula of (8) de�ne the second chain consisting of
the vectors x3 and x4, and this chain, in its turn, de�nes the Jordan block J2:
The last of the formulas (8) de�nes the third chain consisting of the vector
x5, and this chain, in its turn, de�nes the Jordan block J3:

Proposition 5.2.1. The determination of the Jordan form of the ma-
trix A 2 Cn�n reduces to the �nding of chains. Every chain starts on the
eigenvector of the matrix A and for every value of the index i = 1 : n

Axi = �ixi _ Axi = �ixi + xi�1: (9)

The vectors xi are the column vectors of the matrix X, and every chain
determines one Jordan block.

2.5.3 Algorithm of Filipov
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If n = 1, then the Jordan block coincides with the given matrix and
formula (9) is true. Let us suppose that the Jordan form of the matrix A is
found by applying the Jordan block construction formula (9) if the order of
the matrix A is smaller than n: we will use mathematical induction.

I step. Assume that A is singular, dimR(A) = r < n: Considering the
corresponding r�r matrix we �nd that in this case the construction based on
formulas (9) is realizable. Namely, in the space R(A) there are r independent
vectors wi such that the following relations hold

Awi = �iwi _ Awi = �iwi +wi�1: (10)

II step. Let us suppose that dimR(A) \ N (A) = p: Every vector of
the null space N (A) is an eigenvector of the matrix A corresponding to the
eigenvalue of the matrix A � = 0: Therefore, there must be p chains on the
I step which begin with the eigenvectors corresponding to the eigenvalue 0.
We are interested in the last vector of each such chain. Since the vectors wi

belonging to the subspace R(A)\N (A) must also belong to the space R(A);
then they have to be the linear combinations of the column vectors of the
matrix A

wi = Ayi

with some yi. Therefore, the vector yi follows the vector wi in the chain
corresponding to the eigenvalue � = 0.

III step. Since dimN (A) = n� p; there must be n� r� p more linearly
independent vectors zi of the space N (A) in the orthogonal complement of
the subspace R(A) \N (A).

Proposition 5.3.1. The algorithm of Filipov de�nes r vectors wi; p
vectors yi and n�r�p vectors zi; which determine the Jordan chains. These
vectors are linearly independent, they can be chosen for the column-vectors
of the matrix X, and J = X�1AX:

Proof. See Strang (1988, p. 457). 2

Example 5.3.1. Let us �nd the Jordan normal form of the matrix

A =

264 0 1 2
0 0 0
0 0 0

375
using the algorithm of Filipov.

139



I step. From the form of the matrix �(A) = f0; 0; 0g and R(A) =
spanfe1g: Hence r = 1 and there is a vector w1 = e1 from this subspace
R(A) satisfying the condition (10).

II step. Let us �nd the basis of the null space N (A) of the matrix A:

26664
0 1 2

... 0

0 0 0
... 0

0 0 0
... 0

37775) n1 =

264 1
0
0

375 ^ n2 =

264 0
2

�1

375 :

The vector n1 belongs to the subspace R(A) \ N (A) and p = dimR(A) \
N (A) = 1: We solve the system26664

0 1 2
... 1

0 0 0
... 0

0 0 0
... 0

37775) y1 =

264 0
1
0

375 :

III step. We take for the vector z1 the vector n2 and form the matrix
X :

X =
h
w1 y1 z1

i
=

264 1 0 0
0 1 2
0 0 �1

375 :
Now we �nd the inverse matrix26664

1 0 0
... 1 0 0

0 1 2
... 0 1 0

0 0 �1 ... 0 0 1

37775 �
26664
1 0 0

... 1 0 0

0 1 0
... 0 1 2

0 0 1
... 0 0 �1

37775)

X�1 =

264 1 0 0
0 1 2
0 0 �1

375
and the Jordan matrix

X�1AX =

264 1 0 0
0 1 2
0 0 �1

375
264 0 1 2
0 0 0
0 0 0

375
264 1 0 0
0 1 2
0 0 �1

375 =
264 0 1 0
0 0 0
0 0 0

375 :

140



The software package \Maple" gives for the Jordan decomposition:264 0 1 2
0 0 0
0 0 0

375 =
264 2 1 �1

2

0 0 1
0 1 �1

2

375
264 0 1 0
0 0 0
0 0 0

375
264

1
2

0 �1
2

0 1
2

1
0 1 0

375 :
Since the matrix X in the Jordan decomposition of the matrix A is not

uniquely de�ned, then for many problems it is of interest to choose the matrix
X so that the conditional number k(X) is the least. Such a problem arose
in example 1.2.9.4.

Problem 5.3.1. Find the Jordan decomposition of the matrix

A =

26664
3 1 0 0

�4 �1 0 0
7 1 2 1

�17 �6 �1 0

37775 :

Problem 5.3.2.� Find the Jordan decomposition of the matrix

A =

26664
2 1 2 0

�2 2 1 2
�2 �1 �1 1
3 1 2 �1

37775 :

Problem 5.3.3.� Find the Jordan decomposition of the matrix

A =

264 2 0 0
1 1 �1

�1 1 3

375 :
Problem 5.3.4. Let the Jordan decomposition of the matrix A 2 Rn�n

be A =MJM�1: Show that A2 = A) J2 = J:

2.6 Strict Methods of Solving Linear Algebraic Sys-

tems of Equations

2.6.1 LDMT Decomposition and LDLT Decomposition of a Matrix
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Next we will consider the special cases of LU factorizations of square
matrices.

Proposition 6.1.1. If all the principal minors of the matrix A 2 Rn�n

are di�erent from zero, then there exist lower triangular matrices L and M
with the unit leading diagonal and a diagonal matrix D = diag(d1; : : : ; dn)
that

A = LDMT ; (1)

and the decomposition (1) is unique.

Proof. Since all the principal minors of the matrix A 2 Rn�n are nonzero,
then the proposition 1.2.2 implies that there exists a unique LU factorization
of the matrix A

A = LU: (2)

Let D = diag(d1; : : : ; dn); where di = uii (i =1: n). From the regularity of
the matrix A it follows that the matrix D is regular. Therefore, 9 D�1 and
MT = D�1U is an upper triangular matrix. Hence

A = LU = LD(D�1U) = LDMT :

The uniqueness of the decomposition (1) follows from the uniqueness of the
factorization (2). 2

De�nition 6.1.1. The decomposition (1) is called the LDMT decompo-
sition of the regular matrix A 2 Rn�n.

Example 6.1.1.� Let us �nd the LDMT decomposition of the matrix

A =

26664
1 2 0 1
�1 �1 �3 0
�1 �3 2 2
2 4 0 1

37775 :

We state that if the principal minors of the matrix A are di�erent from zero,
then, by transforming the matrix A to the triangular form by the Gauss
transformation, we �nd simultaneously both the matrix L and the matrix
U . Namely, the entry lij (i > j) of the lower triangular matrix L equals the
factor by which the j-th row must be multiplied when it is substracted from
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the i�th row to delete the entry in the i�th row. We �nd

26664
1 2 0 1
�1 �1 �3 0
�1 �3 2 2
2 4 0 1

37775
l21 = �1
l31 = �1
l41 = 2�!

26664
1 2 0 1
0 1 �3 1
0 �1 2 3
0 0 0 �1

37775
l32 = �1
l42 = 0�!

26664
1 2 0 1
0 1 �3 1
0 0 �1 4
0 0 0 �1

37775 l43 = 0�!

26664
1 2 0 1
0 1 �3 1
0 0 �1 4
0 0 0 �1

37775 = U

and

L =

26664
1 0 0 0
�1 1 0 0
�1 �1 1 0
2 0 0 1

37775 :
Let us check:

LU =

26664
1 0 0 0
�1 1 0 0
�1 �1 1 0
2 0 0 1

37775
26664
1 2 0 1
0 1 �3 1
0 0 �1 4
0 0 0 �1

37775 =
26664

1 2 0 1
�1 �1 �3 0
�1 �3 2 2
2 4 0 1

37775 = A:

Proposition 6.1.2. If the regular matrix A 2 Rn�n is symmetric and
the LDMT decomposition of it has the form (1), then L =M; i.e.,

A = LDLT : (3)

Proof. From decomposition (1) it follows that

AM�T = LD:

Multiplying both sides of the last equality on the left by matrixM�1; we get

M�1AM�T =M�1LD: (4)

The matrix M�1AM�T is symmetric since

(M�1AM�T )T =M�1ATM�T =M�1AM�T :
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The matrix M�1AM�T is a lower triangular matrix since both M�1 and
AM�T = LD are lower triangular matrices. In virtue of relation (4), the
matrixM�1LD is also symmetric and lower triangular. Therefore, the matrix
M�1LD is diagonal. Since the matrix D is regular, then also the matrix
M�1L is diagonal. In addition, the matrixM�1L is a lower triangular matrix
with the unit diagonal. Hence M�1L = I or L =M: 2

Problem 6.1.1.� Find the LU factorization, LDMT decomposition and
LDLT decomposition of the matrix

A =

26664
1 �1 2 0

�1 2 �3 1
2 �3 1 3
0 1 3 �4

37775 :

2.6.2 Positive De�nite Systems

De�nition 6.2.1. The matrix A 2 Rn�n is a positive de�nite matrix if

xTAx > 0

for all nonzero vector x 2 Rn.

Example 6.2.1. The matrix

A =

"
2 1
1 1

#

is a positive de�nite one since for 8x =
h
�1 �2

iT 2 R2

xTAx =
h
�1 �2

i " 2 1
1 1

# "
�1
�2

#
=
h
�1 �2

i " 2�1 + �2
�1 + �2

#
=

= 2�21 + 2�1�2 + �22 = �21 + (�1 + �2)
2 > 0:

Problem 6.2.1.� Show that the matrix

A =

264 3 2 1
2 2 1
1 1 1

375
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is positive de�nite.

Proposition 6.2.1. If A 2 Rn�n is a positive de�nite matrix and the
column vectors of the matrix X 2 Rn�k are linearly independent, then the
matrix

B = XTAX 2 Rk�k

is also positive de�ned.

Proof. If for the vector z 2 Rk the relation

0 � zTBz

holds, then
0 � zTBz = zTXTAXz = (Xz)TA(Xz)

and from the positive de�niteness of the matrix A it follows that Xz = 0:
Since the column vectors of the matrix X are linearly independent, then
from Xz = 0 it follows that z = 0: Hence from conditions z 2 Rk and z 6= 0
it follows that zTBz >0; i.e., the matrix B is positive de�nite. 2

Corollary 6.2.1. If the matrix A 2 Rn�n is positive de�nite, then all
the submatrices of the matrix A obtained by deleting the rows and columns
of the matrix A with the same numbers are positive de�nite and all the
elements on the leading diagonal of the matrix are positive.

Proof. If v 2 Rk (k � n) is a vector with natural number coordinates
satisfying the condition

1 � �1 < : : : < �k � n;

then
X = In(:; v) 2 Rn�k

is a matrix obtaines from the unit matrix In by taking the column-vectors
with indices �1; : : : ; �k: Hence the column-vectors of the matrixX are linearly
independent, and proposition 6.2.1 implies that the matrixXTAX is positive
de�nite. The matrix XTAX is a submatrix of the matrix A obtained from
the rows and columns with numbers �1; : : : ; �k of the matrix A. Therefore, all
the submatrices of the matrix A obtained by deleting the rows and columns
of the matrix A with the same numbers are positive de�nite. Taking k = 1;
we get the second part of the statement. 2
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Corollary 6.2.2. If A 2 Rn�n is positive de�nite, then the matrix A has
a decomposition A = LDMT and all the leading diagonal elements of the
matrix D are positive.

Proof. On the ground of corollary 6.2.1, all the submatrices A(1 : k; 1 : k)
(1 � k � n) of the matrix A are positive de�nite, and, therefore, regular
matrices, and proposition 6.1.1 implies the existence of the LDMT decom-
position. Taking X = L�T in proposition 6.2.1, we �nd that the matrix

B = DMTL�T = L�1AL�T

is positive de�nite. Since the matrix MTL�T is an upper triangular matrix
with the unit diagonal, the matrices B and D have the same leading diagonal
and the elements on it must be positive, provided that B is positive de�nite.
2

Proposition 6.2.2 (Cholesky factorization). If the matrix A 2 Rn�n is
symmetric and positive de�nite, then there exists exactly one lower triangular
matrix G with the positive leading diagonal such that

A = GGT : (5)

Proof. In virtue of proposition 6.1.2, there exist and are uniquely de�ned
the lower triangular matrix L with the unit diagonal and the diagonal matrix
D = diag(d1; : : : ; dn) such that the decomposition (3) holds, i.e., A = LDLT :
The corollary 6.2.2 provides that elements dk of the matrix D are positive.
Therefore, the matrix

G = L
p
D = L � diag (

q
d1; : : : ;

q
dn) 2 Rn�n

is a lower triangular matrix with the positive leading diagonal, and equality
(5) holds. The uniqueness of the the factorization follows from the uniqueness
of the decomposition (3). 2

The factorization (5) is known as the Cholesky factorization. The matrix
G is called the Cholesky triangular matrix of the matrix A. To solve the
system of equations

Ax = b

having the symmetric and positive de�nite matrix A, one has to �nd the
Cholesky triangular matrix of the matrix A. Secondly, one has to solve the
system with the triangular matrix

Gy = b:
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Thirdly, one has to solve the system

GTx = y:

The Cholesky factorization can be found step by step.

Proposition 6.2.3. If the matrix A 2 Rn�n is symmetric and positive
de�nite, then, denoting

A =

"
� vT

v B

#
;

the matrix A can be expressed by

A =

"
� vT

v B

#
=

"
� 0T

v=� In�1

# "
1 0T

0 B � vvT=�

# "
� vT=�
0 In�1

#
; (6)

where � =
p
�: The matrix B � vvT=� is positive de�nite. If

B � vvT=� = G1G
T
1 ;

then A = GGT ; where

G =

"
� 0T

v=� G1

#
:

Proof. Let us check the accurancy of the decomposition (6):"
� 0T

v=� In�1

# "
1 0T

0 B � vvT=�

# "
� vT=�
0 In�1

#
=

=

"
� 0T

v=� B � vvT=�

# "
� vT=�
0 In�1

#
=

"
�2 vT

v vvT=�2 +B � vvT=�

#
=

=

"
� vT

v B

#
= A:

If

X =

"
1 �vT=�
0 In�1

#
;

then

XTAX =

"
1 0T

�v=� In�1

# "
� vT

v B

# "
1 �vT=�
0 In�1

#
=
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=

"
� vT

0 B � vvT =�

# "
1 �vT=�
0 In�1

#
=

"
� 0T

0 B � vvT=�

#
:

Since the matrix A is positive de�nite and the column-vector system of the
matrix X is linearly independent, proposition 6.2.1 implies the positive de�-
niteness of the matrix "

� 0T

0 B � vvT=�

#

and from corollary 6.2.1 it follows that the matrix B � vvT=� is likewise
positive de�nite. So we can, analogously to the partition of the matrix A
into blocks, decompose the matrix B � vvT=� into blocks, etc.

Example 6.2.2. Let us �nd the LU , LDMT , LDLT and Cholesky
factorizations of the matrix

A =

264 1 2 0
2 8 4
0 4 13

375 :
The principal minors of the matrix A are nonzero. We �nd

A =

264 1 2 0
2 8 4
0 4 13

375 l21=2!
l31=0

264 1 2 0
0 4 4
0 4 13

375 l32=1!
264 1 2 0
0 4 4
0 0 9

375 = U;

and

L =

264 1 0 0
2 1 0
0 1 1

375
and also

A = LU =

264 1 0 0
2 1 0
0 1 1

375
264 1 2 0
0 4 4
0 0 9

375 :
Knowing the LU factorization of the matrix A, we will �nd the LDMT

decomposition, LDLT decomposition and Cholesky factorization of it:

A = LDMT =

264 1 0 0
2 1 0
0 1 1

375
264 1 0 0
0 4 0
0 0 9

375
264 1 2 0
0 1 1
0 0 1

375 = LDLT
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and

A = GGT =

264 1 0 0
2 2 0
0 2 3

375
264 1 2 0
0 2 2
0 0 3

375 :
Let us �nd the Cholesky factorization of the matrix A also step by step using
the algorithm given in proposition 6.2.3. Since at the �rst step

�1 = 1; �1 =
p
�1 = 1; v1 =

"
2
0

#
; B1 =

"
8 4
4 13

#
;

then

B1 � v1v
T
1 =�1 =

"
8 4
4 13

#
�
"
2
0

# h
2 0

i
=1 =

"
4 4
4 13

#
:

On the next step,

�2 = 4; �2 =
p
4 = 2; v2 =

h
4
i
; B2 =

h
13

i
and

B2 � v2v
T
2 =�2 =

h
13

i
�
h
4
i h

4
iT
=4 =

h
9
i
=
h
3
i h

3
iT
:

Therefore,
G2 =

h
3
i

and

G1 =

"
�2 0

v2=�2 G2

#
=

"
2 0
2 3

#
and

G =

"
�1 0

v1=�1 G1

#
=

264 1 0 0
2 2 0
0 2 3

375 :
Problem 6.2.2.� Find the Cholesky factorization of the positive de�nite

matrix

A =

26664
1 2 �1 2
2 8 6 0

�1 6 21 �2
2 0 �2 25

37775 :
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Problem 6.2.3.� Solve the system of equations Ax = b; where

A =

264 1 �1 1
�1 10 �10
1 �10 14

375 ^ b =

264 2
�2
6

375 ;
when the Cholesky factorization of the matrix A is given

A = GGT ^ G =

264 1 0 0
�1 3 0
1 �3 2

375 :

2.6.3 Positive Semide�nite Matrices

De�nition 6.3.1. A matrix A 2 Rn�n is called a positive semide�nite
matrix if

8x 2 Rn ) xTAx �0:
Example 6.3.1. The matrix

A =

"
1 1
1 1

#

is positive semide�nite since for 8x =
h
�1 �2

iT 2 R2

xTAx =
h
�1 �2

i " 1 1
1 1

# "
�1
�2

#
=

=
h
�1 �2

i " �1 + �2
�1 + �2

#
= (�1 + �2)

2 � 0;

and in the case �1 = ��2 ^�1 6= 0 we see that xTAx =0; but x 6= 0; i.e., the
matrix A is a positive semide�nite matrix, but it is not positive de�nite.

Problem 6.3.1.� Show that the matrix

A =

264 1 2 3
2 4 6
3 6 9

375
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is positive semide�nite.

Proposition 6.3.1. If A 2 Rn�n is a symmetric positive semide�nite
matrix, then

jaijj � p
aiiajj; (7)

aii = 0) A(i; :) = A(:; i) = 0; (8)

jaijj � (aii + ajj)=2 (9)

and
max
i; j

jaijj =max
i

aii: (10)

Proof. Let � 2 R and x = ei + �ej 2 Rn: Since the matrix A is positive
semide�nite and symmetric, then

0 � xTAx =
h
0T 1 0T � 0T

i 2664
a11 � � � ann
...

. . .
...

an1 � � � ann

3775
26666664
0
1
0
�
0

37777775 =

=
h
0T 1 0T � 0T

i 2664
a1i + �a1j

...
ani + �anj

3775 = aii + �aij + �aji + �2ajj;

and
aii + 2�aij + �2ajj � 0: (11)

Condition (11) is satis�ed exactly when

a2ij � aiiajj � 0;

from which, in its turn, it follows (7), and from it (8). Fixing in inequality
(11) � = �1 and taking into consideration the symmetry of the matrix A,
we get

aii + ajj � �2aij;
aii + ajj � 2aij;

and assertions (9) and (10). 2

Problem 6.3.2. Show that the algorithm of the Cholesky factorization
A = GGT is applicable (with small changes) also to the symmetric positive
semide�nite matrix A.
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2.6.4 Polar Decomposition of a Matrix and Method of Square
Roots

Proposition 6.4.1 (on the reduced singular value decomposition of a ma-
trix ). If the matrix A 2 Rm�n (m � n) has the singular value decomposition
A = U�V T ; where U 2 Rm�m and V 2 Rn�n are orthogonal matrices and
� = diag(�1; : : : ; �n) 2 Rm�n; then the reduced singular value decomposition
of this matrix A is

A = U1�1V
T ;

where U1 = U(: ; 1 : n) and �1 = �(1 : n; :):

Proof. If one uses the representation of the matrices U and V by the
column-vectors

U =
h
u1 � � � um

i
and

V =
h
v1 � � � vn

i
;

then

A = U�V T =
h
u1 � � � um

i
266664
�1 � � � 0
...

. . .
...

0 � � � �n
0 � � � 0

377775
2664
vT1
...
vTn

3775 =

=
h
u1 � � � um

i
266664
�1v

T
1

...
�nv

T
n

0

377775 = �1u1v
T
1 + : : :+ �1unv

T
n + 0

and

A = U1�1V
T =

h
u1 � � � un

i 2664
�1 � � � 0
...

. . .
...

0 � � � �n

3775
2664
vT1
...
vTn

3775 =
= �1u1v

T
1 + : : :+ �1unv

T
n :

Example 6.4.1. Find the reduced singular value decomposition of the
matrix

A =

264 1 1
0 1
1 0

375 2 R3�2:
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The singular value decomposition A = U�V T of the matrix A was found
in example 3.3.1. It is

A =

264
p
6=3 0

p
3=3p

6=6 �p2=2 �p3=3p
6=6

p
2=2 �p3=3

375
264
p
3 0
0 1
0 0

375 " p2=2 p
2=2p

2=2 �p2=2
#
:

According to proposition 6.4.1, the reduced singular value decomposition has
the form

A = U1�1V
T ;

where U1 = U(: ; 1 : n) and �1 = �(1 : n; :); i.e.,

A =

264
p
6=3 0p
6=6 �p2=2p
6=6

p
2=2

375 " p3 0
0 1

# " p
2=2

p
2=2p

2=2 �p2=2
#
:

Proposition 6.4.2. If the matrix A 2 Rm�n has the reduced singular
value decomposition

A = U1�1V
T ;

then the matrix A can be written in the form

A = ZP; (12)

where Z = U1V
T 2 Rm�n is a matrix with orthogonal columns and P =

V �1V
T is a symmetric positive semide�nite matrix.

Proof. Since A = U1�1V
T ; then

A = U1(V
TV )�1V

T = (U1V
T )(V�1V

T ) = ZP:

Let us check the correctness of the assertion of the proposition. Firstly, Z is
a matrix with orthonormal columns since

ZTZ = (U1V
T )T (U1V

T ) = V (UT
1 U1)V

T = V V T = I:

Secondly, P = V�1V
T is a positive semide�nite matrix since

xTPx = xTV �1V
Tx = (V Tx)T�1(V

Tx) =
nX
i=1

�i�
2
i � 0 (8x 2 Rn);
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where �i =
Pn

k=1 vki�k: 2

De�nition 6.4.1. The factorization of the matrix A 2 Rm�n in the form
(12) is called the polar decomposition.

Example 6.4.2. Find the polar decomposition of the matrix

A =

264 1 1
0 1
1 0

375 2 R3�2:

In example 6.4.1 the reduced singular value decomposition A = U1�1V
T

of the matrix A was found. Let us �nd the factors Z and P occuring in the
polar decomposition of the matrix A:

Z = U1V
T =

264
p
6=3 0p
6=6 �p2=2p
6=6

p
2=2

375 " p2=2 p
2=2p

2=2 �p2=2
#
=

=

264
1
3

p
3 1

3

p
3

1
6

p
3� 1

2
1
6

p
3 + 1

2
1
6

p
3 + 1

2
1
6

p
3� 1

2

375 ;
P = V �1V

T =

" p
2=2

p
2=2p

2=2 �p2=2
# " p

3 0
0 1

# " p
2=2

p
2=2p

2=2 �p2=2
#

=

"
1
2

p
3 + 1

2
1
2

p
3� 1

2
1
2

p
3� 1

2
1
2

p
3 + 1

2

#
:

Hence the polar decomposition of the matrix A is

A = ZP =

264
1
3

p
3 1

3

p
3

1
6

p
3� 1

2
1
6

p
3 + 1

2
1
6

p
3 + 1

2
1
6

p
3� 1

2

375 " 1
2

p
3 + 1

2
1
2

p
3� 1

2
1
2

p
3� 1

2
1
2

p
3 + 1

2

#
:

Problem 6.4.1.� Find the polar decomposition of the matrix

A =

264 1 �1
�1 1p
2
p
2

375 :
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De�nition 6.4.2. Let A 2 Rm�n: If the matrix X 2 Rm�n satis�es the
equation X2 = A; then the matrix X is the square root of the matrix A:

Proposition 6.4.3. If
A = GGT

is the Cholesky factorization of the symmetric positive semide�nite matrix
A 2 Rn�n and

G = U�V T

is the singular value decomposition of the matrix G and

X = U�UT ;

then
X2 = A;

i.e., the matrix X is the square root of the matrix A; where X is a symmetric
positive semide�nite matrix. Only one such X exists.

Proof. We �nd

A = GGT = (U�V T )(U�V T )T = U�V TV �UT = U�2UT =

= U�(UTU)�UT = (U�UT )(U�UT ) = X2:

Show that the matrixX is a uniquely de�ned symmetric positive semide�nite
matrix! 2

Example 6.4.3. Let us �nd the square root of the matrix

A =

"
1 1
1 1

#
:

The matrix A is symmetric and positive semide�nite (see example 6.3.1),
and

A = GGT =

"
1 0
1 0

# "
1 1
0 0

#
:

Since

G = U�V T =

" p
2=2

p
2=2p

2=2 �p2=2
# " p

2 0
0 0

# "
1 0
0 1

#
;

then
X = U�UT =
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=

" p
2=2

p
2=2p

2=2 �p2=2
# " p

2 0
0 0

# " p
2=2

p
2=2p

2=2 �p2=2
#
=

=

"
1
2

p
2 1

2

p
2

1
2

p
2 1

2

p
2

#
:

Problem 6.4.2.� Find the square root of the matrix

A =

264 2 1 0
1 2 0
0 0 4

375 :

2.6.5 Systems with Band Matrices

In many applications the matrix A of the system of equations Ax = b is a
band matrix, i.e., the unknown quanlity �i appears with a nonzero coe�cient
only in the i-th equation and some \neighbouring" equations.

Proposition 6.5.1. Let A = LU be the LU factorization of the band
matrix A 2 Rn�n. If the upper band width of the matrix A is q and the
lower band width is p; then the matrix U has the upper band width q and
the matrix L has the lower band width p:

Proof. We will prove it by induction. In the case n = 1; this assertion
is valid. Let us show the admissibility of the step of induction. Let the
proposition be correct for an (n � 1)� (n� 1) matrix A. Let the matrix A
be given in the form

A =

"
� wT

v B

#
:

The following equality is valid:

A =

"
1 0T

v=� In�1

# "
1 0T

0 B � vwT=�

# "
� wT

0 In�1

#
:

Since in the vectors v andw at the most only the �rst p and q coordinates are
di�erent from zero, then the matrix B � vwT=� has the upper band width
p and the lower band width q. The matrix B� vwT=� is a (n� 1)� (n� 1)
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matrix, and, hence B� vwT=� = L1U1; where U1 has the upper band width
q and L1 has the lower band width p. The matrices

L =

"
1 0T

v=� L1

#

and

U =

"
� wT

0 U1

#
have the band width p and q, respectively, and A = LU: 2

Problem 6.5.1. Find for the LU factorization of the matrix given in
example 6.2.1 the upper and lower band width for the matrices A; L and U .

2.6.6 Block Systems

Let us consider the system in the form2666666664

D1 F1 � � � 0

E1 D2
. . .

...
. . . . . . . . .

...
. . . Dn�1 Fn�1

0 � � � En�1 Dn

3777777775

266666664

x1
x2
...

xn�1
xn

377777775 =
266666664

b1

b2
...

bn�1
bn

377777775 ; (13)

where Di; Ei, Fi 2 Rq�q and xi, bi 2 Rq: If we represent the matrix A in
the form

A =

2666666664

I � � � 0

L1 I
...

. . . . . .
...

. . . I
0 � � � Ln�1 I

3777777775

2666666664

U1 F1 � � � 0

U2
. . .

...
. . . . . .

... Un�1 Fn�1
0 � � � Un

3777777775
;
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then

A =

2666666666664

U1 F1 � � � 0

L1U1 L1F1 + U2 F2
...

L2U2 L2F2 + U3 F3

L3U3
. . . . . .

...
. . . . . . Fn�1

0 � � � Ln�1Un�1 Ln�1Fn�1 + Un

3777777777775
:

Let us �nd step by step the blocks Li and Ui :

U1 = D1 ! solve L1U1 = E1 !
! U2 = D2 � L1F1 ! solve L2U2 = E2 ! � � � !

! Un�1 = Dn�1 � Ln�2Fn�2 ! solve Ln�1Un�1 = En�1 !
! Un = Dn � Ln�1Fn�1:

To solve system (13), one must �rst solve the system2666666664

I � � � 0

L1 I
...

. . .
. . .

...
. . . I

0 � � � Ln�1 I

3777777775

266666664

y1
y2
...

yn�1
yn

377777775 =
266666664

b1

b2
...

bn�1
bn

377777775 :

We �nd that

y1 = b1 ! L1y1 + y2 = b2 ! y2 = b2 � L1y1 ! � � � !
! Li�1yi�1 + yi = bi ! yi = bi � Li�1yi�1 ! � � � !
! Ln�1yn�1 + yn = bn ! yn = bn � Ln�1yn�1:

Secondly, we have to solve the system2666666664

U1 F1 � � � 0

U2
. . .

...
. . . . . .

... Un�1 Fn�1
0 � � � Un

3777777775

266666664

x1
x2
...

xn�1
xn

377777775 =
266666664

y1
y2
...

yn�1
yn

377777775 :
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Example 6.6.1.� Let us solve the system of equations Ax = b; where

A =

2666666664

1 �1 2 1 0 0
1 0 1 0 0 0
0 2 2 1 �1 1
1 �1 �1 1 2 1
0 0 1 1 1 1
0 0 �1 1 2 �1

3777777775
^ b =

2666666664

�1
�2
�3
�4
�5
�6

3777777775
=

2666666664

1
1

�4
3
0
1

3777777775
:

This is a block system given by relation (13) since

A =

264 D1 F1 0
E1 D2 F2

0 E2 D3

375 ;
where Di; Ei; Fi 2 R2�2 and

D1 =

"
1 �1
1 0

#
^ F1 =

"
2 1
1 0

#
^ E1 =

"
0 2
1 �1

#
^ D2 =

"
2 1

�1 1

#

^ F2 =

" �1 1
2 1

#
^ E2 =

"
1 1

�1 1

#
^ D3 =

"
1 1
2 �1

#
:

We will express the matrix A in the form

A = LU =

264 I2 0 0
L1 I2 0
0 L2 I2

375
264 U1 F1 0

0 U2 F2

0 0 U3

375 =

=

264 U1 F1 0
L1U1 L1F1 + U2 F2

L2U2 L2F2 + U3

375 :
Now we �nd

U1 = D1 =

"
1 �1
1 0

#
;

L1U1 = E1 ) L1 =

" �2 2
1 0

#
;

L1F1 + U2 = D2 ) U2 =

"
4 3

�3 0

#
;
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L2U2 = E2 ) L2 =

"
1=3 1=9
1=3 7=9

#
;

L2F2 + U3 = D3 ) U3 =

"
10=9 5=9
7=9 �19=9

#
and

A =

2666666664

1 0 0 0 0 0
0 1 0 0 0 0
�2 2 1 0 0 0
1 0 0 1 0 0
0 0 1=3 1=9 1 0
0 0 1=3 7=9 0 1

3777777775

2666666664

1 �1 2 1 0 0
1 0 1 0 0 0
0 0 4 3 �1 1
0 0 �3 0 2 1
0 0 0 0 10=9 5=9
0 0 0 0 7=9 �19=9

3777777775
:

To �nd a solution of the system Ax = b, we shall solve two systems Ly = b
and Ux = y: The system Ly = b can be expressed in the form264 I2 0 0

L1 I2 0
0 L2 I2

375
264 y1y2
y3

375 =
264 b1

b2

b3

375 ;
where

b1 =

"
�1
�2

#
=

"
1
1

#
^ b2 =

"
�3
�4

#
=

" �4
3

#
^

^ b3 =

"
�5
�6

#
=

"
0
1

#
;

and

y1 = b1 =

"
1
1

#
^ y2 = b2 � L1y1 =

" �4
2

#
^

^ y3 = b3 � L2y2:

Solving the system Ux = y; which can be given in the form264 U1 F1 0
0 U2 F2

0 0 U3

375
264 x1
x2
x3

375 =
264 y1
y2
y3

375 ;
we obtain

x3 = U�13 y3 =

"
1
0

#
^ x2 = U�12 (y2 � F2x3) =

"
0

�1
#
^
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^ x1 = U�11 (y1 � F1x2) =

"
1
�1

#
:

Thus,

x =

264 x1
x2
x3

375 = h
1 �1 0 �1 1 0

iT
:

2.6.7 Solution of the Systems of Equations by QR Method

Let us consider the system

Ax = b; (14)

where A = QR is a QR factorization of the regular matrix A 2 Rn�n, while
Q 2 Rn�n is an orthogonal matrix and R 2 Rn�n ia on upper triangular
matrix. Substituting in (14) the matrix A by its QR factorization, we get

QRx = b: (15)

Multiplying the both sides of equality (15) on the left by the matrix QT ; we
�nd

Rx =QTb: (16)

System (16) has an upper triangular matrix R: From the regularity of the
matrix A it follows the regularity of the matrix R. Hence system (16) is
uniquely solvable. For this the substitution given in proposition 1.1.2 will be
used backwards.

Example 6.7.1. Let us solve the system264 2 0 1
6 2 0

�3 �1 �1

375x =

264 1
0
1

375 (17)

using the QR method.

In example 2.3.2 the QR factorization of the matrix of the system264 2 0 1
6 2 0

�3 �1 �1

375 = p
5

35

264 �2
p
5 �15 0

�6p5 4 �7
3
p
5 �2 �14

375
2664
�7 �15

7
�5

7

0 2
p
5

7
�13

p
5

35

0 0 2
p
5

5

3775
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was found. We respect system (17) in form (16):264 �7 �15
7

�5
7

0 2
7

p
5 �13

35

p
5

0 0 2
5

p
5

375x =

p
5

35

264 �2
p
5 �6p5 3

p
5

�15 4 �2
0 �7 �14

375
264 1
0
1

375 ;
i.e., 264 �7 �15

7
�5

7

0 2
7

p
5 �13

35

p
5

0 0 2
5

p
5

375x =

264
1
7

�17
35

p
5

�2
5

p
5

375 :
We solve the obtained system with the upper triangular matrix using the

backwards substitution. The result is x =
h
1 �3 �1

iT
:

Let us consider the solving of system (14), where A = QR is a QR
factorization of the regular matrix A 2 Rm�n (m � n), where Q 2 Rm�m is
an orthogonal matrix and R 2 Rn�n is an upper triangular matrix, by the
least-squares method. Let

QTA = R =

"
R1

0

#

and

QTb =

"
c
d

#
;

where R1 2 Rn�n; c 2 Rn and d 2 Rm�n: We �nd

kAx� bk22 =



QTAx�QTb




2
2
=







"
R1

0

#
x�

"
c
d

#





2

2

=

=







"
R1x� c
0� d

#





2

2

= kR1x� ck22 + kdk22 :

Since the quantity kdk22 is a constant, we can minimize only the quantity

kR1x� ck22 ;
and the minimal value of it is 0. Really, from the condition dimA = n it
follows that the matrix R1 is regular. Hence the system

R1xLS = c;
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where the symbol xLS i denotes the least-squares solution of system (14), is
uniquely solvable.

Example 6.7.2. Let us �nd the least squares solution of the system26666664
1 0 0
0 1 0
0 0 �1
1 0 0
0 �1 0

37777775x =

26666664
1
0
1
0
1

37777775
using the QR method.

Using the software package \Maple", we obtain the QR factorization of
the matrix of the system26666664
1 0 0
0 1 0
0 0 �1
1 0 0
0 �1 0

37777775 =
26666664
�1=p2 0 0 �1=p2 0

0 �1=p2 0 0 1=
p
2

0 0 �1 0 0

�1=p2 0 0 1=
p
2 0

0 1=
p
2 0 0 1=

p
2

37777775

26666664
�p2 0 0

0 �p2 0
0 0 1
0 0 0
0 0 0

37777775 :

From this factorization it arrears that

R1 =

264 �
p
2 0 0

0 �p2 0
0 0 1

375 :
To get the vector c, we �nd

QTb =

26666664
�1

2

p
2 0 0 �1

2

p
2 0

0 �1
2

p
2 0 0 1

2

p
2

0 0 �1 0 0

�1
2

p
2 0 0 1

2

p
2 0

0 1
2

p
2 0 0 1

2

p
2

37777775

26666664
1
0
1
0
1

37777775 =
26666664
�1

2

p
2

1
2

p
2

�1
�1

2

p
2

1
2

p
2

37777775 :

Hence
c =

h
�1

2

p
2 1

2

p
2 �1

iT
:

We get for the concrete form of the system R1xLS = c264 �
p
2 0 0

0 �p2 0
0 0 1

375xLS =

264 �
1
2

p
2

1
2

p
2

�1

375 ;
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from which it follows that

xLS =
h

1
2
�1

2
�1

iT
:

Example 6.7.3.� Let us �nd the least-squares solution of the system264 1 1
2 3
2 1

375 " �1
�2

#
=

264 1
1
1

375 :
In example 2.3.3 it was found the QR factorization of the matrix of the

system: 264 1 1
2 3
2 1

375 =
264

1
3

0 2
3

p
2

2
3

1
2

p
2 �1

6

p
2

2
3
�1

2

p
2 �1

6

p
2

375
264 3 3

0
p
2

0 0

375 = QR:

Omitting the last row of zeros in the matrix R, we get

R1 =

"
3 3

0
p
2

#
:

Now we �nd

QTb =

264
1
3

2
3

2
3

0 1
2

p
2 �1

2

p
2

2
3

p
2 �1

6

p
2 �1

6

p
2

375
264 1
1
1

375 =
264

5
3

0
1
3

p
2

375
Taking the �rst two components of this vector (the matrix R1 has two rows),
we obtain

c =

"
5
3

0

#
:

We get the least-squares solution of the initial system from R1xLS = c; i.e.,"
3 3

0
p
2

#
xLS =

"
5
3

0

#
) xLS =

"
5
9

0

#
:

Problem 6.7.1.� Solve the system of equations264 12 �3 1
�3 1 2
4 �4

3
�1

375x =

264 �22
1

375
164



knowing the QR factorization of the system matrix264 12 �3 1
�3 1 2
4 �4

3
�1

375 =
264

12
13

� 5
13

0
� 3

13
�36

65
�52

65
4
13

48
65

�39
65

375
264 13 �133

39
2
13

0 � 5
13

�29
13

0 0 �1

375 :
Problem 6.7.2.� Find the least-squares solution of the system264 0 2

1 3
0 2

375 " �1
�1

#
=

264 �34
2

375 :

2.7 Iterative Solution of Systems of Equations

2.7.1 Powers of a Matrix and Inverse Matrix

Proposition 7.1.1. If F 2 Rn�n and kFkp < 1; then I � F is a regular
matrix and

(I � F )�1 =
1X
k=0

F k;

while 


(I � F )�1




p
� 1

1� kFkp
:

Proof. If we suppose the contrary to the assertion that the matrix I � F
is singular, then there exists a nonzero vector x 2 Rn that (I�F )x = 0; i.e.,
x =Fx and kxkp= kFxkp, kFkp � 1: Hence the matrix I � F is a regular

matrix. To �nd the matrix (I � F )�1, we consider the identity 
nX

k=0

F k

!
(I � F ) = I � F n+1:

Since 


F k




p
� kFkkp ^ kFkp < 1 ) lim

k!1
F k = 0;

then  
lim
n!1

nX
k=0

F k

!
(I � F ) = I;
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that implies

(I � F )�1 = lim
n!1

nX
k=0

F k =
1X
k=0

F k

and 


(I � F )�1




p
�

nX
k=0

kFkkp �
1

1� kFkp
;

which was to be proved. 2

Proposition 7.1.2. Let QHAQ = T = D+N be the Schur factorization
of the matrix A 2 Cn�n, while D is a diagonal matrix and N is a strictly
upper triangular matrix (on the leading diagonal there are zeros). Let �
and � be respectively the greatest and the least modulus eigenvalues of the
matrix A. If � � 0; then for all k � 0




Ak




2
� (1 + �)n�1

 
j�j+ kNkF

1 + �

!k
:

If A is a regular matrix and the number � is such that

(1 + �)j�j > kNkF ;
then for all k � 0




A�k



2
� (1 + �)n�1

 
1

j�j � kFkF =(1 + �)

!k

:

Proof. See Golub, Loan (1996, pp 336-337). 2

The formula
B�1 = A�1 �B�1(B � A)A�1

which is easily checked shows how the inverse matrix changes when the matrix
A is substituted by the matrix B: The modi�cation of this formula is a
formula of Sherman-Morrison-Woodbury given in the following proposition.

Proposition 7.1.3. If A 2 Rn�n and U; V 2 Rn�k; while matrices A
and I + V TA�1U are regular,

(A+ UV T )�1 = A�1 � A�1U(I + V TA�1U)�1V TA�1:

Proof. See Golub, Loan (1996, pp. 50). 2
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2.7.2 Jacobi's and Gauss-Seidel Method

Let A 2 Cn�n and aii 6= 0 (i = 1 : n). We will consider the solution of
the system of equations

Ax = b (1)

by an iterative method.

De�nition 7.2.1. The approximation or the approximate value of the
solution x of system (1) is a vector that in certain sense di�ers little from
the vector x: Let us represent system (1) in the form

�i = (�i �
nX

j=1
j 6=i

aij�j)=aii (i = 1 : n):

Jacobi's iterative process is de�ned by the algorithm

�
(k+1)
i = (�i �

nX
j=1
j 6=i

aij�
(k)
j )=aii (i = 1 : n): (2)

The Gauss-Seidel iterative process is de�ned by the algorithm

�
( k+1)
i = (�i �

i�1X
j=1

aij�
( k+1)
j �

nX
j=i+1

aij�
( k)
j )=aii (i = 1 : n): (3)

In case of both Jacobi's and the Gauss-Seidel iterative processes the transition
from the approximation x(k) = f�(k)i g of the solution of system (1) to the next

approximation x(k+1) = f�( k+1)
i g can be described using the matrices

L =

2666664
0 0 � � � 0

a21 0
. . . 0

...
. . . . . .

...
an1 an2 � � � 0

3777775 ; U =

2666664
0 a12 � � � a1n

0 0
. . . a2n

...
. . . . . .

...
0 0 � � � 0

3777775
and D = diag(a11; : : : ; ann); while A = L + D + U: For example, Jacobi's
algorithm can be represented as

MJx
( k+1) = NJx

(k) + b; (4)
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where MJ = D and NJ = �(L+ U): The Gauss-Seidel algorithm (3) can be
represented as

MGx
( k+1) = NGx

(k) + b; (5)

where MG = D + L and NG = �U:
Example 7.2.1.� Let us solve the system Ax = b;, where

A =

264 1 1 �1
�1 3 0
1 0 �2

375 ^ b =

264 0
2

�3

375
by Jacobi's method.
Let us represent the matrix A in the form

A = L +D + U =

264 0 0 0
�1 0 0
1 0 0

375+
264 1 0 0
0 3 0
0 0 �2

375+
264 0 1 �1
0 0 0
0 0 0

375 :
We will form the matrices Mj and Nj :

Mj = D =

264 1 0 0
0 3 0
0 0 �2

375 ; Nj = �(L+ U) =

264 0 �1 1
1 0 0
�1 0 0

375
The algorithm of Jacobi's iterative process can be given in the form

x(k+1) =M�1
j Njx

(k) +M�1
j b:

Since

M�1
j Nj =

264 1 0 0
0 1=3 0
0 0 �1=2

375
264 0 �1 1

1 0 0
�1 0 0

375 =
264 0 �1 1

1
3

0 0
1
2

0 0

375
and

M�1
j b =

264 1 0 0
0 1=3 0
0 0 �1=2

375
264 0

2
�3

375 =
264 0

2
3
3
2

375 ;
then

x(k+1) =

264 0 �1 1
1
3

0 0
1
2

0 0

375x(k) +
264 0

2
3
3
2

375 :
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If we take for the initial approximation x(0) =
h
0 0 0

iT
; then we shall

have

x(1) =

264 0 �1 1
1
3

0 0
1
2

0 0

375
264 0
0
0

375+
264 0

2
3
3
2

375 =
264 0
:66667
1:5

375 ;

x(2) =

264 0 �1 1
1
3

0 0
1
2

0 0

375
264 0
:66667
1:5

375 +
264 0

2
3
3
2

375 =
264 :83333
:66667
1:5

375 ;
:

x(3) =

264 0 �1 1
1
3

0 0
1
2

0 0

375
264 :83333
:66667
1:5

375 +
264 0

2
3
3
2

375 =
264 :83333
:94444
1:9167

375 ;

x(4) =

264 0 �1 1
1
3

0 0
1
2

0 0

375
264 :83333
:94444
1:9167

375 +
264 0

2
3
3
2

375 =
264 :97226
:94444
1:9167

375 ;

x(5) =

264 0 �1 1
1
3

0 0
1
2

0 0

375
264 :97226
:94444
1:9167

375+
264 0

2
3
3
2

375 =
264 :97226
:99075
1:9861

375
and so on (the exact solution of this equation is x =

h
1 1 2

iT
).

Problem 7.2.1.� Solve the system given in example 7.2.1 by the Gauss-
Seidel method.

2.7.3 Decomposition of the System Matrix and Convergence of
the Iterative process

Both Jacobi's and the Gauss-Seidel algorithms are of the type

Mx( k+1) = Nx(k) + b; (6)

where A =M �N: Assume that the decomposition of the matrix A is given.
Applying the iterative algorithm, it is important that the linear system (6)
with the system matrix M is easy to solve. By Jacobi's method M is a
diagonal matrix and by the Gauss-Seidel method it is a lower triangular
matrix. It appears that the convergence of the iterative process given by (6)
depends on the spectral radius of the matrix M�1N .
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De�nition 7.3.1. The quantity

�(G) = maxfj�j : � 2 �(G)g
is the spectral radius of the matrix G 2 Cn�n.

Proposition 7.3.1. Let A =M�N be the decomposition of the regular
matrix A 2 Rn�n and let b 2 Rn: If the matrix M is regular and

�(M�1N) < 1; (7)

then the sequence of the approximation fx(k)g de�ned by algorithm (6) con-
verges to the solution x =A�1b of system (1) by arbitrary initial approxima-
tion x( 0).

Proof. Let us get
e(k) = x(k) � x: (8)

Since the exact solution satis�es the equality

Mx =Nx + b; (9)

then from equalities (6) and (9) we get

M(x( k+1) � x) =N(x( k) � x):

Taking into account (8), we �nd for arbitrary non-negative integer k the
relation

Me(k+1) = Ne(k)

or
e(k+1) =M�1Ne(k) = (M�1N)k+1e(0):

By virtue of proposition 7.1.2, it follows from inequality (7) that

lim
k!1

(M�1N)k = 0:

Thus,
lim
k!1

x(k) = x: 2

Example 7.3.1.� Let the matrix of the system Ax = b be

A =

264 2 0 1
0 1 0
1 0 �1

375 :
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We will prove that the sequence of the approximations fx(k)g de�ned by
Jacobi's algorithm converges to the solution of the system for any initial
approximation x(0).
Since

A = L+D + U =

264 0 0 0
0 0 0
1 0 0

375+
264 2 0 0
0 1 0
0 0 �1

375+
264 0 0 1
0 0 0
0 0 0

375 ;

Mj = D =

264 2 0 0
0 1 0
0 0 �1

375 ; Nj = �(L + U) =

264 0 0 �1
0 0 0

�1 0 0

375
and

M�1
j Nj =

264 1=2 0 0
0 1 0
0 0 �1

375
264 0 0 �1

0 0 0
�1 0 0

375 =
264 0 0 �1

2

0 0 0
1 0 0

375 ;
then

�(M�1
j Nj) =

�
0;
1

2
i
p
2;�1

2
i
p
2
�

and

�(M�1
j Nj) = maxfj�j : � 2 �(M�1

j Nj)g = 1

2

p
2 < 1:

We note that the matrix A is regular. Hence, by virtue of proposition 7.3.1,
the sequence of the approximations fx(k)g de�ned by Jacobi's algorithm con-
verges to the solution of the system x =A�1b for any initial approximation
x(0).

Problem 7.3.1.� Solve the system264 �2 1 �1
�1 4 �2
�1 �2 �2

375x =

264 3
2

�4

375
both by Jacobi's and the Gauss-Seidel method. Prove that the sequences of
the approximations de�ned by these algorithms converge to the solution of
this system for any initial approximation x(0).

Problem 7.3.2.� Solve the system264 2 1 �1
�1 3 �1
�1 �1 4

375x =

264 5
3
0

375
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both by Jacobi's and the Gauss-Seidel method. Prove that the sequences of
the approximations de�ned by these algorithms converge to the solution of
this system for arbitrary initial approximation x(0).

De�nition 7.3.2. The matrix A 2 Cn�n is a matrix with the strictly
dominant diagonal if

jaiij >
nX

j=1
j 6=i

jaijj (i = 1 : n):

Remark 7.3.1. If the matrix A 2 Rn�n is a matrix with the strictly
dominant diagonal, then the spectral radius �(M�1

J NJ) of the matrixM
�1
J NJ

satis�es the condition
�(M�1

J NJ) < 1;

i.e., the iteration given by formula (4) converges.

Proof. See Golub, Loan (1996, pp. 120, 512). 2

Proposition 7.3.2. If A 2 Rn�n is a symmetric positive de�nite matrix,
then the Gauss-Seidel iterative process converges for arbitrary x(0).

Proof. Let us denote A = L + D + LT ; where L is a strictly lower
triangular matrix (zeros on the leading diagonal) and D is a diagonal matrix.
Since the matrix A is positive de�nite, then, by virtue of corollary 6.2.1, the
matrix D is also positive de�nite. Hence

p
D exists. The matrices A and

L + D are regular. Therefore, by virtue of proposition 7.3.1, to prove the
convergence of the Gauss-Seidel iterative process, it is su�cient to show
that the spectral radius �(G) of the matrix G = �(L +D)�1U satis�es the
condition �(G) < 1: Let G1 = D1=2GD�1=2: Since the similar matrices G
and G1 have the same spectrum, then it is su�cient to check the condition
�(G1) < 1. Let L1 = D�1=2LD�1=2: We �nd that

G1 = D1=2GD�1=2 = �D1=2(L +D)�1LTD�1=2 =

= �D1=2(D1=2L1D
1=2 +D1=2ID1=2)�1D1=2LT

1D
1=2D�1=2 =

= �D1=2[D1=2(L1 + I)D1=2]�1D1=2LT
1D

1=2D�1=2 =

= �D1=2D�1=2(L1 + I)�1D�1=2D1=2LT
1D

1=2D�1=2 = �(L1 + I)�1LT
1 :

Hence it is su�cient to prove that �(G1) < 1: If G1x =�x; while xHx = 1,
then

�(I + L1)
�1LT

1 x =�x;
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�LT
1 x =�(I + L1)x

and
�xHLT

1 x =�xHx+�xHL1x

and
�xHLT

1 x =�+�xHL1x

If we set xHL1x =� + i�; then xHLT
1 x =�� i� and

�� + i�� = �(1 + � + i�);

and also

� =
�� + i�

1 + � + i�
:

Thus,

j�j2 = �2 + �2

�2 + 2� + 1 + �2
: (10)

Since, the matrix A is positive de�nite, then, by virtue of proposition 6.2.1,
the matrix D�1=2AD�1=2 is also positive de�nite and

D�1=2AD�1=2 = D�1=2(D + L+ LT )D�1=2 =

= D�1=2(D1=2ID1=2 +D1=2L1D
1=2 +D1=2LT

1D
1=2)D�1=2 =

= I + L1 + LT
1 :

Hence

0 < xH(I + L1 + LT
1 )x = 1 + xHL1x+ xHLT

1 x =1 + 2�

= 1 + � + i� + �� i� = 2� + 1;

and condition (10) implies j�j < 1; i.e., �(G1) < 1: 2
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2.7.4 Acceleration of the Convergence of an Iterative Process

If the quantity �(M�1
G NG) is smaller than one but close to one, then the

Gauss-Seidel method converges, but very slowly. A problem arises how do we
accelerate the convergence of the sequence of approximations fx(k)g? One
of the processes of acceleration of the convergence is the so-called method of
relaxation. The relaxation method is based on the algorithm

�
( k+1)
i = !(�i �

i�1X
j=1

aij�
( k+1)
j �

nX
j=i+1

aij�
(k)
j )=aii + (1� !)�

(k)
i (i = 1 : n);

which can be written in the matrix form

M!x
(k+1) = N!x

(k) + !b;

where M! = D+ !L and N! = (1� !)D� !U: The problem lies in �nding
the parameter ! so that �(M�1

! N!) were the least. By certain additional
conditions, this problem can be solved.

The second way of acceleration of the convergence is the so-called Cheby-
shev method of convergence acceleration. Let us suppose that we have found
using algorithm (6), the approximations x(1); : : : ;x(k) of the solution x of
system (1). Let

y(k) =
kX

j=0

�j(k)x
( j): (11)

The problem lies in �nding the coe�cients �j(k) in formula (11) so that the
error vector y(k)�x of the approximation y(k) is smaller than the error vector
x(k) � x: In case of

x( j) = x ( j = 1 : k);

it is natural to demand that y(k) = x: This is just a case when

kX
j=0

�j(k) = 1: (12)

How do we choose the factors �j(k) so that they would satisfy (12), and the
error vector were the shortest? Since

x(k) � x = (M�1N)ke(0);
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then

y(k) � x =
kX

j=0

�j(k)(x
( j) � x) =

kX
j=0

�j(k)(M
�1N)je( 0) =

=
kX

j=0

�j(k)G
je( 0) = pk(G)e

(0);

where G =M�1N and

pk(z) =
kX

j=0

�j(k)z
j:

From condition (12), it follows that pk(1) = 1: In addition,


y(k) � x




2
�kpk(G)k2




e(0)



2
: (13)

We con�ne ourselves further to the case of a symmetric matrix G. Let the
eigenvalues �i of the symmetric matrix G satisfy the chain of inequalities

�1 < � � �n � : : : � �1 � � < 1:

If � is the eigenvalue corresponding to the eigenvector x, then

pk(G)x =
kX

j=0

�j(k)G
jx =

kX
j=0

�j(k)�
jx;

i.e., the vector x is also the eigenvector of the matrix pk(G) corresponding
to the eigenvalue

kX
j=0

�j(k)�
j = pk(�):

In the case of the symmetric matrix G, the matrix pk(G) is also symmetric.
Hence

kpk(G)k2 = max
� i2�(G)

j
kX

j=0

�j(k)�
j
i j � max

�2[�;�]
jpk(�)j:

To decrease the quantity kpk(G)k2 one must �nd a polynomial pk(z) that has
small values on the segment [�; �] and satis�es the condition pk(1) = 1: The
Chebyshev polynomials have these properties. The Chebyshev polynomials
are de�ned on the segment [�1; 1] by the recurrence relation

cj(z) = 2zcj�1(z)� cj�2(z) (j = 2 : ),
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while c0(z) = 1 and c1(z) = z: These polynomials satisfy the inequality

jcj(z)j � 1 z 2 [�1; 1]

and cj(1) = 1, and the values jcj(z)j grow quickly outside the segment [�1; 1]:
The polynomial

pk(z) =
ck(�1 + 2(z � �)=(� � �))

ck(�)
; (14)

where

� = �1 + 2
1� �

� � �
= 1 + 2

1� �

� � �
> 1;

satis�es the conditions pk(1) = 1 and

jpk(z)j � 1 z 2 [�; �]:

Taking into account relations (13) and (14), we �nd




y(k) � x




2
�



x(k) � x





2

jck(�)j :

Therefore, the greater is �; the greater is jck(�)j, and the greater will be the
Chebyshev'i acceleration.

2.8 Numeric Stability

In the following part we will consider how the deviations of the entries of
the regular matrix A 2 Rn�n and vector b 2 Rn will cause the deviations of
the solution x of the linear system

Ax = b: (1)
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2.8.1 Singular Value Decomposition and Numeric Stability

De�nition 8.1.1. The "�rank of the matrix A is de�ned by the formula

rank(A; ") = min
kA�Bk�"

rank(B):

Example 8.1.1.� Let us �nd the "-rank of the matrix

A =

"
0:1 0:01
�0:1 0:01

#

if " = 0:14:
Evidently,

0 � rank(A; ") � 2:

If the equality
rank(A; ") = 0;

holds, then
9B : rank(B) = 0 ^ kA� Bk2 � ":

Since

rank(B) = 0 , B =

"
0 0
0 0

#
;

then

kA�Bk2 =






"

0:1 0:01
�0:1 0:01

#
�
"
0 0
0 0

#





2

=

=







"

0:1 0:01
�0:1 0:01

#





2

= max
�q

�1;
q
�2

�
;

where �1 and �2 are the eigenvalues of the matrix"
0:1 �0:1
0:01 0:01

# "
0:1 0:01
�0:1 0:01

#
=

"
0:02 0
0 0:0002

#
:

Therefore, �1 = 0:02 and �2 = 0:0002 and

kA�Bk2 =
p
0:02 � 0:14142 > 0:14 = ":
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This is a contradiction, and it means that rank(A; ") > 0: Let us show that
rank(A; ") = 1: Now, for the matrix

B =

"
0:1 0:01
0 0

#

rank(B) = 1 and

kA� Bk2 =






"

0:1 0:01
�0:1 0:01

#
�
"
0:1 0:01
0 0

#





2

=

=







"

0 0
�0:1 0:01

#





2

= max
�q

�1;
q
�2

�
;

where �1 and �2 are the eigenvalues of the matrix"
0 �0:1
0 0:01

# "
0 0

�0:1 0:01

#
=

"
:01 �:001
�:001 :0001

#
:

Thus, �1 = 0:01 and �2 = 0:0001, and

kA� Bk2 =
p
0:01 � 0:1 < 0:14 = ":

But this means that rank(A; ") = 1:

Proposition 8.1.1. Let A = U�V T be the singular value decomposition
of a matrix A 2 Rm�n. If k < r = rank(A) and

Ak =
kX
i=1

�iuiv
T
i ;

then
min

rank(B)=k
kA� Bk2 = kA� Akk2 = �k+1:

Proof. Since

UTAkV = UT
kX
i=1

�iuiv
T
i V =

=
h
uT1 � � � uTm

iT kX
i=1

�iuiv
T
i

h
v1 � � � vn

i
=

=
h
uT1 � � � uTm

iT h Pk
i=1 �iuiv

T
i v1 � � � Pk

i=1 �iuiv
T
i vn

i
=
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=

2664
uT1
...
uTm

3775 h �1u1 � � � �kuk 0 � � � 0
i
=

=

2664
�1u

T
1 u1 � � � �ku

T
1 uk 0 � � � 0

...
...

...
...

�1u
T
mu1 � � � �1u

T
muk 0 � � � 0

3775 =
= diag(�1; : : : ; �k; 0; : : : ; 0) 2 Rm�n

and
UT (A� Ak)V = diag(0; : : : ; 0; �k+1; : : : ; �p);

while p = minfm;ng: Since the Euclid norm of the matrix A�Ak equals the
greatest entry of the matrix UT (A� Ak)V , then

kA� Akk2 = �k+1:

Let B 2 Rm�n be a matrix for which rank(B) = k: We can �nd the ortho-
normal vectors x1; : : : ;xn�k; such that the null space of the matrix B is a
linear span of the vectors x1; : : : ;xn�k, i.e.,

N (B) = spanfx1; : : : ;xn�kg:

Since in the space Rn n+ 1 vectors are linearly dependent, then

spanfx1; : : : ;xn�kg\ spanfv1; : : : ;vk+1g 6= f0g:

If z is a unit vector (by the Euclidean norm) from this intersection, then
Bz = 0 and

Az =
rX

j=1

�jujv
T
j

k+1X
i=1

(vTi z)vi =
rX

j=1

�juj
k+1X
i=1

(vTi z)(v
T
j vi) =

=
rX

j=1

�juj
k+1X
i=1

(vTi z)�ij =
k+1X
i=1

�i(v
T
i z)ui:

Hence

kA� Bk22 � k(A� B)zk22 = kAzk22 =
k+1X
i=1

�2i (v
T
i z)

2 �
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�
k+1X
i=1

�2k+1(v
T
i z)

2 = �2k+1

k+1X
i=1

(vTi z)
2 = �2k+1: 2

Corollary 8.1.1. If the matrix A 2 Rn�n is regular, then the least
singular value �n of the matrix A determines the distance of the matrix A
from the nearest singular matrix.

Corollary 8.1.2. If r" = rank(A; "); then

�1 � : : : � �r" > " � �r"+1 � : : : � �p ( p = minfm;ng):

Problem 8.1.1.� Use corollary 8.1.2 to solve the problem given in exam-
ple 8.1.1.

Proposition 8.1.2. If

A =
nX
i=1

�iuiv
T
i = U�V T

is the singular value decomposition of the regular matrix A 2 Rn�n, then
the solution x of system (1) can be expressed in the form

x =A�1b =(U�V T )�1b =
nX
i=1

uTi b

�i
vi: (2)

Proof. Let us check the correctness of the assertion of the proposition:

x =A�1b =(U�V T )�1b = V �+UTb =

=
nX
i=1

viu
T
i b=�i =

nX
i=1

vi(u
T
i b)=�i =

nX
i=1

uTi b

�i
vi:

Corollary 8.1.3. From the representation of the solution in form (2)
it appears that small deviations of the entries of the matrix A could cause
great deviations of the solution x if �n is small.

Example 8.1.2.� For which system"
54=125 �169=250
53=125 �54=125

# "
�1
�2

#
=

"
2
1

#
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or "
41=16250 �99=13000
46=15101 �17=3250

# "
�1
�2

#
=

"
2
1

#
small deviations of the entries of the system matrix can cause greater devia-
tions of the solution x? Applying the package \Maple", we �nd the singular
value decomposition of both system matrices:"

54=125 �169=250
53=125 �54=125

#
=

" �:8 �:6
�:6 :8

# "
1:0 0
0 :1

# " �:6 :8
:8 :6

#

and"
41=16250 �99=13000
46=15101 �17=3250

#
=

" �:8 �:6
�:6 :8

# "
:01 0
0 :001

# " �:38462 :92308
:92308 :38462

#
:

We see that the least singular value �2 of the �rst system matrix is hundred
times smaller than the least singular value of the second system matrix.
Therefore, in virtue of corollary 8.1.3, we can state that the �rst system is
more stable than the second one, i.e., small deviations of the entries of the
second system matrix can cause greater deviations of the solution x than the
deviation of the same order of the entries of the �rst system matrix.

Problem 8.1.2.� Which of the two systems"
5400=169 �3940=169
14650=169 �5400=169

# "
�1
�2

#
=

"
11
7

#
or "

141=845 �841=850
291=676 �141=845

# "
�1
�2

#
=

"
11
7

#
is more stable?

2.8.2 Taylor Development

We can obtain the exact evaluation of the sensibility of system (1) using
the system depending on a parameter

(A+ �F )x(�) = b + �f ; (3)

181



where F 2 Rn�n, f 2 Rn and x(0) = x: If A is a regular matrix, then x(�)
is a di�erentiable function of the parameter � in some neighbourhood of the
value 0. Di�erentiating the both sides of equality (3) with respect to the
parameter �, we get

Fx(�) + (A+ �F )
dx

d"
(�) = f

and
dx

d�
(�) = (A+ �F )�1(f � Fx(�)) (4)

It follows from relation (4) that

dx

d�
(0) = A�1(f � Fx):

Let us write the �rst order Taylor formula for the function x(�)

x(�) = x + �
dx

d�
(0) +O(�2) = x+ �A�1(f � Fx) +O(�2):

As the result, we obtain for arbitrary vector norm and for the matrix norm
corresponding to it

kx(�)� xk
kxk =




(� dx
d�
0) +O(�2)





kxk =

k�A�1(f � Fx) +O(�2)k
kxk �

� j�jkA
�1k (kfk+ kFk � kxk )

kxk +O(�2) � j�j



A�1


 ( kfkkxk + kFk) +O(�2):

Taking into account that from relation (1) it follows kbk � kAk kxk ; we
obtain the estimate

kx(�)� xk
kxk � j�j




A�1


 kAk ( kfkkbk + kFk
kAk) +O(�2);

or kx(�)� xk
kxk � k(A)("rel(A) + "rel(b)) +O(�2);

where "rel(A) = j�jkFkkAk and "rel(b) = j�j kfkkbk are the relative errors of the
matrix A and the vector b, respectively.
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Proposition 8.2.1. If A 2 Rn�n is a regular matrix, then the relative
error "rel(x) of the solution of the linear system (1) corresponding to the
relative error "rel(A) of the matrix A and the relative error "rel(b); of the
vector b is given by

"rel(x) �k(A)("rel(A) + "rel(b)):

Corollary 8.2.1. In case of the Euclidean norm the estimate the

"rel(x) ��1
�n

("rel(A) + "rel(b)):

holds.

Proof. The relation kAk2 = �1 holds. As the matrixA is regular, it follows
from its singular value decomposition A = U�V T that A�1 = V�+UT ; where
�+ = diag(1=�1; : : : ; 1=�n): Since max

1�i�n
1=�i = 1=�n; then kA�1k2 = 1=�n

and
k2(A) = kAk2 kA�1k2 = �1=�n: 2

Example 8.2.1.� Let us estimate the relative error "rel(x) of the solution
x of the system Ax = b in the case of the Euclidean norm if

A =

264 80 18 24
60 �24 �32
0 4=5 �3=5

375 ;
"rel(A) = 0:09 and "rel(b) = 0:01:
Let us �nd the singular decomposition of the matrix A

A =

264 80 18 24
60 �24 �32
0 4=5 �3=5

375 =

=

264 �:8 :6 0
�:6 �:8 0
0 0 1:0

375
264 100:0 0 0

0 50:0 0
0 0 1:0

375
264 �1:0 0 0

0 :6 :8
0 :8 �:6

375 :
In virtue of corollary 8.2.1, we can state

"rel(x) ��1
�3
("rel(A) + "rel(b)) =

100

1
(0:09 + 0:01) = 10:
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Problem 8.2.1.� Estimate the relative error "rel(x) of the solution x of
the system Ax = b in case of the Euclidean norm if

A =

264 65 �144=13 60=13
156 60=13 �25=13
0 5=13 12=13

375 ;
"rel(A) = 0:008 and "rel(b) = 0:002:

Remark 8.2.1. Kahan (1966) proved that

1

kp(A)
= min
A+�Asingular

k�Akp
kAkp

and Rice (1966) proved that

k(A) =lim
"!0

sup
k�Ak�"kAk

k(A+�A)�1 � A�1k
"

� 1

kA�1k :

2.8.3 Strict Estimations

The assertion of proposition 8.2.1 is of a local kind. Namely, this proposi-
tion is proved for relatively small deviations. Next we will give the evaluation
of the deviation of the solution in general case. First we will prove one nec-
essary auxiliary result.

Proposition 8.3.1. If the matrix A 2 Rn�n is a regular matrix and

r �



A�1E




p
< 1;

then A+ E is regular and




(A+ E)�1 � A�1




p
� kEkp kA�1k2p

1� r
:

Proof. A regular matrix can be represented in the form

A+ E = A(I � F );
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where F = �A�1E: Since kFkp = r < 1; then, in virtue of proposition 7.1.1,
the matrix I � F is regular and


(I � F )�1





p
<

1

1� r
:

Hence
(A+ E)�1 = (I � F )�1A�1

and 


(A+ E)�1




p
� jjA�1jjp

1� r
:

From the equality
B�1 = A�1 �B�1(B � A)A�1

it follows that
(A + E)�1 � A�1 = �A�1E(A + E)�1

and




(A+ E)�1 � A�1




p
�



A�1




p
kEkp




(A+ E)�1




p
� kA�1k2p kEkp

1� r
: 2

Proposition 8.3.2. Let

Ax = b; A 2 Rn�n; 0 6= b 2 Rn;
(A +�A)y = b+�b; �A 2 Rn�n; �b 2 Rn;

while k�Ak � � kAk and k�bk � � kbk : If � � k(A) = r < 1; then A +�A
is a regular matrix, and

kyk
kxk �

1 + r

1� r

and ky � xk
kxk � 2�

1� r
k(A):

Proof.Since kA�1�Ak � � kA�1k kAk = r < 1; then, in virtue of proposi-
tion 8.3.1, A + �A is a regular matrix. Applying proposition 7.1.1 and the
equality

(I + A�1�A)y = x + A�1�b;

we �nd
kyk �




(I + A�1�A)�1



 (kxk + �




A�1


 kbk) �
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� 1

1� r
(kxk + �




A�1


 kbk) = 1

1� r

 
kxk+ r

kbk
kAk

!
:

In addition, we �nd that kbk= kAxk � kAk kxk : Hence

kyk � 1

1� r
(kxk+ r kxk);

and that means that the �rst part of the assertion is true. Since the relation

y � x = A�1�b�A�1�y;

holds, then
ky � xk � �




A�1


 kbk+� 


A�1


 kAk kyk
and therefore,

ky � xk
kxk � � k(A)

kbk
kAk kxk + � k(A)

kyk
kxk �

� � k(A)
�
1 +

1 + r

1� r

�
=

2�

1� r
k(A): 2

Example 8.3.1.� Let

A =

"
52:8 60:4
29:6 52:8

#
^ k�Ak2 � 8 ^ b =

"
40
30

#
^ k�bk2 � 4:

We will estimate the relative error of the solution of the system Ax = b using
the Euclidean norm. Since

ATA =

"
52:8 29:6
60:4 52:8

# "
52:8 60:4
29:6 52:8

#
=

"
3664 4752
4752 6436

#

and the eigenvalues ATA are �1 = 10000 and �2 = 100; then

kAk2 = max
�q

�1;
q
�2

�
= 100:

Let us �nd the Euclidean norm of the vector b:

kbk2 =
p
402 + 302 = 50:
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If one takes � = 0:08; then the conditions k�Ak � � kAk and k�bk � � kbk
are satis�ed. From the singular value decomposition of the matrix A"

52:8 60:4
29:6 52:8

#
=

" �:8 �:6
�:6 :8

# "
100:0 0
0 10:0

# " �:6 �:8
�:8 :6

#

we �nd that

k2(A) =
�1
�2

=
100

10
= 10:

Hence
r = � � k2(A) = 0:08 � 10 = 0:8 < 1;

and, in virtue of proposition 8.3.2, we get

k�xk2
kxk2

� 2�

1� r
k2(A) =

2 � 0:8
1� 0:8

� 10 = 8:

Problem 8.3.1.� Let

A =

"
65 �12

�156 �5
#
^ k�Ak2 � 169=15 ^ b =

"
120
50

#
^ k�bk2 � 13=15:

Find the relative error of the solution of the system Ax = b. Use the Euclid-
ean norm.
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