Part I
APPLICATIONS OF LINEAR
ALGEBRA

INTRODUCTION

This course “Applications of Linear Algebra” is based on the lectures
given by the author to postgraduate students at Tallinn Technical Univer-
sity. Our aim was to acquaint the students with the linear algebra packages
LINPACK, EISPACK and LAPACK, and with the theoretical fundamentals
of the parts of the packages MATLAB, MAPLE, MATHCAD and MATH-
EMATICA related to linear algebra. We have tried to explain the linear
algebra methods which form the basis for the computing methods used in
the packages. We would like to stress that the aim of the course is not to
work out concrete computing algorithms but to learn about the basic ideas
related to these algorithms. It will be assumed that the reader is acquainted
with the basic ideas of algebra.

The author would like to thank Assoc. Prof. Ellen Redi (Tallinn Ped-
agogical University) whose help in the improvement of the presented math-
erial both in its contents and its form has been enormous. Many of the
examples and problems were prepared by students Kristiina Kriispan, Kadri
Mikk, Reena Prints (Tallinn Pedagogical University), Andrei Filonov, Dmitri
Tseluiko (Tartu University) Juhan-Peep Ernits and Heiki Hiisjarv (Tallinn
Technical University) within the framework of the TEMPUS-project during
their stay at Tampere University of Technology in June, 1997.

The numbers of their examples and problems are marked by an asterisk
Wk

The matherial is based on the monographs of G.H.Golub and C.F.Van
Loan (1996), and G.Strang (1988).

I hope that the course will help the reader interested in applications of
linear algebra more to use the linear algebra packages more effectively.

Author.



1 FUNDAMENTATIONS OF LINEAR AL-
GEBRA

1.1 Vectors
1.1.1 Vector Spaces

One of the fundamental concepts of linear algebra is that of vector space.
At the same time it is one of the more often used concepts of algebraic
structure in modern mathematics. For example, many function sets studied
in mathematical analysis are with respect to their algebraic properties vector
spaces. In analysis the notion “linear space” is used instead of the notion
“vector space”.

Definition 1.1.1. A set X is called a vector space over the number field K,
if to every pair (x,y) of elements of X there corresponds a sum x +y € X,,
and to every pair (o, x), where @ € K and x € X,, there corresponds an
element ax € X, with the properties 1-8:
1. x +y =y + x (commutability of addition);
2. x+ (y+z) = (x+y) + z (associativity of addition);
3. 30€ X : 0+ x = x (existence of null element);
4. VxeX =3 —x€X:x+(—x) = 0 (existence of the inverse
element);
5. 1-x = x (unitarism);
6. a(fx) = (af)x (associativity with respect to number multiplication);
7. a(x+y) = ax + ay (distributivity with respect to vector addition);
8. (a+ f)x = ax + fx (distributivity with respect to number addition).

The properties 1-8 are called the vector space axioms. Axioms 1-4 show
that X is a commutative group or an Abelian group with respect to vector
addition. The second correspondence is called multiplication of the vector by
a number, and it satisfies axioms 5-8. Elements of a vector space are called
vectors. If K = R, then one speaks of a real vector space, and if K = C,
then of a complex vector space. Instead of the notion “vector space” we shall
use the abbreviative “space”.



Example 1.1.1. Let us consider the set of all n x 1—matrices with real
elements:
&

X ={x:x=|: | AN&LEeR}.
&n

The sum of two matrices we define in the usual way by the addition of the
corresponding elements. By multiplying the matrix by a real number \ we
multiply all elements of the matrix by this number. The simple check will
show that conditions 1-8 are satisfied. For example, let us check conditions
3 and 4. We construct

0 =&
0= , —X= :
0 —&n
0 &1 0+& &1
O+x=|: |+ | = : = | =%
0 &n 0+ &n &n

the element O satisfies condition 3 for arbitrary x € X, and thus it is the
null element of the space X. For the element —x

&1 —& & —& 0
Sl = =] =0

i.e., condition 4 is satisfied. Make sure of the valitidy of the remaining
conditions 1-2 and 5-8.

X+ (—x) =

The vector space in example 1.1.1 is called an n-dimensional real arith-
metical space or in short R". Declaring the vector x of the space R"™ we often
use the transposed matrix

x=[& ... &] .

In this presentation we often use punctuation marks (comma, semicolon) to
separate the components of the vector, for example

x=[&, .. &



Example 1.1.1.* Let U be a set that consists of all pairs of real numbers
a = (ag,a), b= (1, 0s), ... We define addition and multiplication by a
scalar in U as follows:

a+b=((a}+ 83 (af + 5,

aa =(aaq, ).

Is the set U a vector space?

Proposition 1.1.1. Let X be a vector space. For arbitrary vectors
x,y € X and number A € K the following assertions and equalities are valid:

e the null vector 0 of the vector space X is unique;
e the inverse vector —x of each x € X is unique;
e the uniqueness of the inverse vector allows to define the operation of

subtraction by
d
x—y < x+ (-y);

ex=y & x—-y=0;
e )Ix=0 VxeX ;

e \0=0 Ve K;

e (—)x=-x;

e \Xx=0 & (A=0V x=0).

Become convinced of the trueness of these assertions! O

Example 1.1.2. Let us consider the set of all (m X n)—matrices with
complex elements. The sum of these matrices will be defined by the addition
of the corresponding elements of the matrices. By multiplying the matrix by
a complex number A one will multiply by this number all the elements of the
matrix. We leave the check that all conditions 1-8 are satisfied to the reader.
This vector space over the complex number field C will be denoted C™*™. If
we confine ourselves to real matrices, then we shall get a vector space R™*"
over the number field R. The space C™*! will be identified with the space
C™ and the space R™*! with the space R™.



Example 1.1.3. The set F [«, 5] of all functions x: [, ] — R is a
vector space (prove!) over the number field R if
(x+3)(0) < x(t) +y(t) Vi € [0
and
Ox) () Y Mx(t) Yt € [a, B].

1.1.2 Subspaces of the Vector Space

Definition 1.2.1. The set W of vectors of the vector space X (over the
field K) that is a vector space will respect to vector addition and multiplica-

tion by a number defined in the vector space X, is called a subspace of the
vector space X and denoted W < X.

Proposition 1.2.1. The set W of vectors of the vector space X is a
subspace of the vector space X iff for each two vectors x,y € W and each
number A € K vectors x +y and Ax belong to the set W.

Proof. Necessity is obvious. To prove sufficiency, we have to show that in
our case conditions 1-8 for a vector space are satisfied. Let us check condition
1. Let x,y € W C X. By assumption, x +y € W C X. As X is a vector
space, then for X axiom 1 is satisfied, and then x +y = y + x. Therefore,
for W axiom 1 is satisfied, too. Let us test the validity of condition 4.
Let x € W C X. By assumption, (—1)x € W C X. On the other hand, by
preposition 1, in X the equality (—1)x = —x. holds. Hence the inverse vector
—x belongs to set W with the vector x, i.e., condition 4 is satisfied. Prove
by yourselves the validity of conditions 2, 3 and 5-8. O

Example 1.2.1. The vector space Cla, 5] over R of all functions conti-
nouos on [, 3] (example 1.1.3) is a subspace of vector space F [, §]. As the
sum of two functions continouos on the interval, and the product of such a
function by a number are functions continouos on this interval, by proposition
1.2.1, Cla, ] is a subspace of the vector space F [a, 3].

Example 1.2.2. Let P,, be the set of all polynomials agt* 4+ a,t*~! +
oot ap_it+ar = x (k <n)of at most degree n with real coefficients. We
define addition of two polynomials and multiplication of a polynomial by a
real number in the usual way. As a result, we get the vector space P, of
polynomials of at most degree n. If we denote by P, [«, 5] the vector space of
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polynomials of at most degree n defined on the interval [a, 3], then P, [c, (]
will be a subspace of the vector space Cla, j3].

Example 1.2.3.* Let us show that the set H = {l 8 i ] ta, bcé€ R}

is a subspace of the matrix vector space R?*2.
The set H is closed with respect to additism and multiplication by scalar

since
a b d e| |a+d b+e
lo c]+lo f]_l 0 c+f]

a b| | aa ab
“Yoec|T] 0 acl

Thus the set H is a subspace of the matrix vector space R?*2.

and

Problem 1.2.1.* Prove that the set of all symmetric matrices form a
subspace of the vector space of all square matrices R™*™.

Proposition 1.2.2. If S;,...,S; are subspaces of the vector space X,
then the intersection S = S; NS, N ...N S, of the subspaces is a subspace of
the vector space X.

Prove! O

Proposition 1.2.3. If S;,---, S, are subspaces of the space X and
S={x,+xs+...+x,: x,€8; (i=1:k)}

is the sum of these subspaces, then S is a subspace of X.

Definition 1.2.2. If each x € S can be expressed uniquely in the form
X=X +X2+...+x¢ (x; €8;), then we say that S is the direct sum of
subspaces S;, and it denoted S=S; S, D --- B Sy, .

Definition 1.2.3.Each element of the space X that can be expressed
as a1Xy + ... + a,Xx,, where o; € K, is called a linear combination of the
elements x1, ...,x, of the vector space X (over the field K).

Definition 1.2.4.The set of all possible linear combination of the set Z
is called the span of the set ZC X.

Example 1.2.4. Let X =R? and Z= {[1;1;0)7,[1;~1;0]T }. Then
span Z={ [a; 3;0]" : a, 3 € R }. Prove!



Proposition 1.2.4. The set span Z of the set Z C X is the least subspace
that contains the set Z.

Proof. First, let us prove that span Z is a subspace of the space X. It
is sufficient, by proposition 1.2.1, to show that span Z is closed with respect
to vector addition and multiplication of the vector by a number:

n m
X,y € span Z @x:Zaiui /\y:Zﬁjvj/\ai,ﬁj ceKAu,v,eZ =
i=1 j=1

n m
x—i—y:Zaiui—l—Zﬂjvj Nag, B e KA, v; € Z& x+y Espan Z
i=1 j=1

ANeKAx€EspanZ &\ € K/\x:Zaiui/\ui € Zhaj, e K=
i=1

n n n
Ax :)\Z au; = Z()\iai)ui = Zﬂiui NGieKAuw € Z & Axespan Z .

i=1 i=1 i=1
Thus, span Z is a subspace of the space X. Let us show that span Z is
the least subspace of the space X that contains the set Z. Let Y be some
subspace of the space X for which Z C Y. As 7 C Y and Y is a subspace,
the arbitrary linear combination of the elements os the set Z belongs to the
subspace Y. Therefore, span Z as the set of all such linear combinations
belongs to the space Y. O

Corollary 1.2.1. A subset W of the vector space X is a subspace iff it
coincides with its span, i.e., W < X < W =spanW.

T
Problem 1.2.2.* Does the vector d = [ 8§ 7 4 ] belong to the sub-
space span{a,b,c},, when

a=[1 -1 0] ,b=[231],e=[6093]7



1.1.3 Linear Dependence of Vectors. Basis of the Vector Space.

Definition 1.3.1.A set of vectors
{x1,.. ., Xz}
in the vector space X (over the field K) is said to be linearly dependent if
Jay,...,o €K |og|+ .. 4 o] ZOA agxy + ... 4+ agx = 0.

Definition 1.3.2. A set of vectors in the space X (over the field K) is
said to be linearly independent if it is not linearly dependent.

Example 1.3.1.* Let us check if the set U = {1 + x, v + 22, 1 + 2%} is
linearly independent in the vector space P, (n > 2) of all polynomials of at
most degree n with real coefficients.

Let us consider the equality

a(l + )+ Bz +2%) + (1 +2?) = 0.

It is well-known in algebra that a polynomial is identically null iff all its
coefficients are zeros. Thus we get the system

a+v=0
a+3=0
B+v=0

This system has only a trivial solution. The set U is linearly independent.

Problem 1.3.1.* Prove that each set of vectors that contains the null
vector is linearly dependent.

Problem 1.3.2.* Prove that if the column-vectors of a determinant are
linearly dependent, then the determinant equals 0.

Definition 1.3.3. A subset V={x;,,...,x; }oftheset U = {xy,...,x,}
of vectors of the vector space X is called a mazimal linearly independent sub-
set if V' is linearly independent and it is not a proper subset of any linearly
independent subset of the set U.

Proposition 1.3.1. If V is a maximal linearly independent subset of the
set U, then spanU = span'V' .



Proof. As V.CU, span'V C span U, by the definition of the span. To prove
our assertion, we have to show that span V' D span U. Let, by antithesis, exist
a vector x of the subspace span U that does not belong to the subspace
span V. Thus, the vector x cannot be expressed as a linear combination of
vectors of V' but can be expressed as a linear combination of vectors of U,
when at least one vector x; € U is used, at which x; ¢ V and x; is not
expressable as a linear combination of vectors of V. Set VU{x;} C U is
linearly independent and contains the set V' as a proper subset. Hence V is
not the maximal linearly independent subset. We have got a contradiction
to the assumption. Thus span VD span U, Q.E.D. O

Definition 1.3.4. A set B = {x;};cs of vectors of the vector space X
is called a basis of the vector space X if B is linearly independent and each
vector x of the space X can be expressed as a linear combination of vectors
of the set B, x = Y ;o a;x;, where coeffitients o; (i = 1 : n) are called
coordinates of the vector x relative to the basis B.

Definition 1.3.5. If the number of vectors in the basis B of the vector
space X, i.e., the number of elements of the set I, is finite, then this number
is called the dimension of the vector space X and denoted dim X, and the
space X is called a finite-dimensional or a finite-dimensional vector space. If
the number of vectors in the basis B of the vector space X is infinite, then
the vector space X is called infinite-dimensional or an infinite-dimensional
vector space.

Proposition 1.3.2. A subset B of the vectors of the vector space X is
a basis of the space iff it is the maximal linearly independent subset.

Example 1.3.2. Vectors
e, =[0;0;...;0;1;0;...;0]" (k=1:n)

k —1 zeros n—k zeros

form a basis in space R". Let us check the validity of the conditions in
definition 1.3.4. As

n n
Zakek =0& [al,...,an]T: [0,,0]T<:> Z|C¥k| :0,
k=1 k=1
the vector system {ej }r—1., is linearly independent, and, due to

n
[al, Ceey an]T = Z A€,
k=1

9



an arbitrary vector of the space R™ can be expressed as a linear combination
of vectors ey.

Problem 1.3.3. Vector system

ool [oa] [Vo) 15 2l)

forms a basis in space R?*2.

Example 1.3.3. Vector system {1;¢;¢?;...;¢"} forms a basis in vector
space P, of polynomials of at most degree n. Truely, the set {1;¢;%;...;t"}
is linearly independent since

x =apt" +a;t" ' +...+a, t+a,=0=a,=0 (k=1:n)

and each vector of the space P, (i.e., arbitrary polynomial of at most degree
n) can be expressed in the form

x =apt" + a1 t" 4+ ..+ a,_1t + ay,.

Definition 1.3.6. Two vector spaces X and X' are called isomorphic,
if there exist a one-to-one correspondence between the spaces ¢ : X — X/,
such that
1) vx,y € X p(x+y) =p(x) +o(y);
2)Vx e X, Vae K  ¢(ax) = ap(x).

Proposition 1.3.3. All vector spaces (over the same number field K) of
the same dimension are isomorphic.

1.1.4 Scalar Product

Definition 1.4.1. A vector space X over the field K is called a space
with scalar product if to each pair of elements x,y € X there corresponds a
certain number (x,y) € K, called the scalar product of the vectors x andy,
such that following condition (the axioms of scalar product) are satisfied:

L. (x,x) >0; (x,x)=0=x=0;
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2. (x,y)=(y,x) , when (y,x) 1is the conjugate complex number of
(x,¥);
3. (x+y,z) = (x,2) + (y + z) (additivity with respect to the first fac-

tor);
4. (\x,y) =X(x,y) (homogeneity with respect to the first factor).

If X is a vector space over R, then, by the definition, (x,y) € R, and
condition 1 acquires the form (x,y) = (y,x), i.e., in this case scalar product
is commutative.

Example 1.4.1. Let us define in C” the scalar product of vectors

x=l& o el Ay=[m o om]
by the formula
(Xa}’>:Z§kW
k=1

Let us check the validity of conditions 1-4: (x,x) =0, && = S0, |&° >
0,
(x,x) =" &’ =0 = & =0 (k=1:n) &x=0;
(%,¥) = Shet ST = oy Sk = Sy el = (¥, X);
(x+y,2) =81 (& + M)k = Loy &6k + Zioy %S = (X, 2)+(y, 2);
(AX, y) =201 ATl = A X5o) &l = A%, y)-
Example 1.4.2.Let us consider the vector space Ly|c, ] of all functions

integrable (in Lebesque’s sense) on the interval [, 3]. We define the scalar
product for such functions by the formula

(x,y) = / ’ x(t)y (t)dt.

«
Verify that all the axioms 1-4 of scalar product are satisfied.

Proposition 1.4.1. Scalar product (x,y) has the following properties:

1. (x,y+2z)=(xy)+ (x,z) (additivity with respect to the second
factor);

2. (x,)\y) =X\(x,y) (conjugate homogeneity with respect to the second
factor);
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4. (Ax,\y) = |)\|2 (x,y).

Let us prove these assertions:

(x,y +2) =y +2,x) = (y,x) + (z,x)=(y, x)+(z,x) = (x,y) + (x, 2);

(x,\y) =(\y. x) = My, x) = My, x) = Mx,y); (x,0) = (x,0x) =0(x, x) =0;

(Ax,Ay) =MA(x,y) =[\]” (x,¥). O

Proposition 1.4.2 (Cauchy-Schwartz inequality). For arbitrary vectors
x and y of the vector space with scalar product X it holds the inequality

(%, )| < /(% x)/ (¥, ¥)-

Proof.If (x,y) =0, then, by the definition of the scalar product (condition
1) the inequality holds. Now let us consider the case (x,y) #0. We define an
auxiliary function

P(A) = (x + Ax,y)y, x + A(x,¥)y).
Asfor A e R
P(A) = (%, %)+, ¥) (%, ¥) A, y) (¥, )+ [, ) * (y. y) =
= \? |<X:Y>|2 (y,y)+2)\ |(x, y>|2 +(x,x) >0 VAeR &

1%y = (3 (%, %)(v, y) <0.
The last inequality is equivalent to the inequality |(x,y)|* < (x,x)(y,y), and
this — to the Cauchy-Schwartz inequality. The Cauchy-Schwartz inequal-
ity makes it possible to define the angle between two vectors by the scalar
product.

Definition 1.4.2. The angle between arbitrary vectors x and y of the
vector space with scalar product X is defined by the formula

cos(x,y) = (x,¥)/(\/ {x, x)/ (¥, ¥))-

Problem 1.4.1.* Show that for each two complex vectors x and y the
equality

<Xay> = <ia Y>'
holds.
Problem 1.4.2.* The scalar product in the vector space P, [«, (] of poly-

nomials of at most degree n with real coefficients on [, (] is defined by the
formula

pey) = [ xinr

[0
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Find the angle between the polynomials x =t — 1 and y = 2 4+ 1.

1.1.5 Norm of a Vector

Definition 1.5.1. A vector space X (over the number field K) is called
a normed space, if to each vector x € X there corresponds a certain non-
negative real number ||x||, called the norm of the vector, such that the fol-
lowing conditions are satisfied:

l. [[x]| =0« x=0 (identity axiom);
2. ||IXx||=|Al||x|| (homogeneity axiom);
3. [[x+y| <|Ix|| +|ly]] (triangle inequality).

Definition 1.5.2. The distance p(x,y) between two vectors in the normed
space X is defined by the formula p(x,y) =||x —y|| .

Proposition 1.5.1 (Holder inequality). If 1 <p < oo, 1/p+1/¢=1,

x=[& - &) e ny=[m - ] ecC,
then

n n /p / n 1/q
> |&kmi] < (Z |§k|p> (Z |77k|q> -
k=1 k=1 k=1
Proof. See E.Oja, P.Oja (1991, pp. 11-12).
Proposition 1.5.2 (Minkowski inequality). If 1 < p < oo,
T n T n
x=[& - &) €C'Ay=[m - m] eC,
then

n 1/p n 1/p n 1/p
<XN&+mf> S(ZN&P) +(§nmv> |
k=1 k=1 k=1

Proof. See E.Oja, P.Oja (1991, pp. 10-11).

Example 1.5.1. One defines in C" the p-norm (1 < p < oo) of the
vector x by the formulas

x|, = (& + ...+ [&)? (1 <p< o),

13



Il = max. il

Let us verify that the p-norm (1 < p < oo) satisfies the conditions 1-3 in
definition 1.5.1:

Ixll, = (&al” + .. +1€al") 7 = 008 =0 (1 <k <n) & x=0;
xll, = (A& 4+ &) = AP (Gl + ..+ |6l P =

= A&+ ..+ &)Y = ] I, 5
using the Minkowski inequality, we get

n 1/17 n 1/17 n 1/1’
||x+y||p=(z|§k+nk|") s(zmkv) +<Z|m|”> — ]+l
k=1 k=1 k=1

Verify conditions 1-3 in case of the norm ||| !
The most often used p-norms are:

[Ixlly = 16 4 4 1€l 5

2 2
Ix[l, = ([&l” + -+ l&l)?;

Il = max il

Problem 1.5.1.* Let be given the vectors u = [ 1 -1 3 ]Tjav = [ 0 3 2 ]T.
Find

lut vl [lutvilys o+ v, lally+ vy flall, +[lviy, el +1vie

[=5ully +5[vlly [[=5ully +5[vlly s [[=5ull +5 vl -

Proposition 1.5.3. All the p-norms of the space C™ are equivalent, i.e.,
if |||, and [|-[|; are the p-norms of the space C", then there exist positive
constants ¢; and ¢y, such that

a[xll, < lIx[lg < eaflxl,  vx e C™

At the same time
Ixl, < [Ix[l, < Vo llxll,,
1%/l < lIxll, < Vo llxll,

[/l < [lxll, < 7 flxl -

14



Let us prove the last three assertions:

n n 1/2
Ixll, = (62 + .. + &) < (ZZI&II&) -

i=1j5=1

ZI& Y2 = x|,
Using the Holder inequality, we get in case p = ¢ = 2 that
Ix[l; =&l + -+l =1 1G]+ ...+ 1 |Gl =1 &+ + 1 & <

<P+ ARG+ O =Vnx],
x|l = max [§| = ((max [&]) )1/2 <G+ ) = |xly;

1<k<n 1<k<n
Ielly = (€7 + -+ €0 < ((mpx 1807+ + (max [&])")"” =
= (n(max &))" = vl ;
lellog = max [&] < [€1] + .. + €] < 1 max (6] = nlx]l

Proposition 1.5.4. A space with scalar product X is a normed space
with the norm
1x[] =/ (%, x).

Proof. Let us verify the validity of conditions 1-3:

Ix||=0< /(x,x) =0 < (x,x) =0 & x = 0;

12| = /(AxAx) = AP (x, %) = AL x) = 3 1]
Ix+yll = Vx+y.x+y) = /xx)+xy) + y,x)+(yy) =
— VI + (6, 7) 0, 9) + Iy [P = VIxI? + 2R(x, y) + Iyl <

< VI + 216591+ + [y I < VIl + 2 1]yl + v <

< U+ y D2 = [+ Iy [l

R(x,y) is the notation for the real part of the complex number (x,y).
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Proposition 1.5.5. In the normed space with scalar product the paral-
lelogram rule:
2 2 2 2
lx + ylI” + llx = y[I” = 2([x[]" + Iy [I")-

holds.
Proof. By the immediate check, we get

Ix+ylP+x—yl|*=x+y.x+y)+x—yx—y)=
= (x,x) + (%, ¥) + (¥, X) +(y,¥) + (x,%) — (x,5) — (v,%) +({y,y) =
= 2(|)x)1* + [ly|I*)-

Definition 1.5.3. It is said that the sequence {x*)} of the elements of
the space C" converges with respect to the p-norm to the element x € C" if

lim Hx(k) — XH = 0.
k—o00 p

In this case we shall write x*)— x.

Remark 1.5.1. Since all the p-norms of the space C™ are equivalent,
this implies that the convergence of the sequence {x*)} with respect to the
a-norm will yield its convergence with respect to the S-norm.

Problem 1.5.2. Show that if x € C", then lim, . [[x[[, = [|x||, -
Problem 1.5.3. Show that if x € C", then

11, < e(IRx]], + [|Sx]],),
where x = 2*x +iQx and Rx, Ix € R". Find such a constant ¢,, that

en([IRx[], + [13x]l,) < llzll,  vx e C"

Definition 1.5.4. A vector x€ R" is called an approzimation to the
vector x € R" if it differs little from x in some sense.

Definition 1.5.5. In case of the fixed norm ||-||, the quantity
Eabs = || X — x|

is called the absolute error of the approximation X to the vector x, and the
quantity
Erel = ||3E - X“ / ||X||
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is called the relative error of the approximation (x # 0).

In case of the co—norm the relative error can be considered as an index
of the correct significant digits. Namely, if [|x — x| / [|x]|,, & 107%, then
the greatest component of the vector X has k correct significant digits.

Example 1.5.2.  Let x =[2.543; 0.06356]7 and x=[2.541; 0.06937]".
Find e, and ¢,,, and then the number of the correct significant digits
of the greatest component of the approximation X by &,,. We get X —
x = [—0.002; 0.00581])7, €45 = [|X — x|, = 0.00581 and ||x||,, = 2.543 and
Erel ~ 0.0023 ~ 1072 = k = 3. Thus the greatest component {Al of X has
three correct significant digits. At the same time, the component 52 has only
one correct significant digit.

1.1.6 Orthogonal Vectors

Definition 1.6.1. The vectors x and y of the vector space with scalar
product X are called orthogonal if (x,y) =0. We write x L y to indicate the
orthogonality of vectors x and y. A vector x of the vector space X is called
orthogonal to the set Y C X ifx L'y Vy €Y.

Problem 1.6.1." Find all vectors that are orthogonal both to the vector
T T
a=[406 -2 0] andb=[2 1 -1 1 1] .
Definition 1.6.2. The sets Y and Z of the vector space X are called
orthogonal if y 1 z Vy €Y and Vz €Z.

Definition 1.6.3. A sequence {x®)} of vectors of the vector space with
scalar product X is called a Cauchy sequence if for any € > 0 there is a
natural number ngy such that for all m € N and n > nyg

||X(n) _ X(n+m)|| _ \/<X(n) — x(ntm) x(n) — x(ntm)) < ¢,

Definition 1.6.4. A vector space with scalar product X is called com-
plete if every Cauchy sequence is convergent to a point of the space X.

Definition 1.6.5.A vector space with complex scalar product is called a
Hilbert space H if it turns out to be complete with respect to the convergence

by the norm ||x|| =y/(x, x).
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Proposition 1.6.1. The space C™ with the scalar product (x,y) =>7_; &7

is a Hilbert space.

Proposition 1.6.2. The space Ly|a, (] of all square-integrable functions
on the interval [, 3] with the scalar product (x,y) = [7 z(t)y(t)dt is a Hilbert
space.

Proposition 1.6.3. Orthogonality of vectors in the vector space with
scalar product X has the following properties (1-4):

1. x 1Lx&x=0;

2.xlyeylx

3.x L {y, ... ykt=xL(y,+...+¥);

4.x Lly=x1lly VIeK,
orthogonality of vectors in a Hilbert space has an additional property:
5. xly, m=1;23..) Ny, >y =x1ly.
Let us prove these assertions:
xlxe (x,x)=0x=0;
xlyexy)=0o({y,x)=0& (y,x) =0y Lx;
X 1Ay, .., exLly A Ax Ly, < (Xy,) =0A. . AX,y,) =0

= (X, y)+.. +xy,) =0 X, y+.. .4y =0 x L (y,+...+Y%);
x Lye((xy) =0 \Mxy)=0V\eK &

S (x\y)=0 Vie K& x Ly

xly,VneN ANy,—wy < (x,y,)=0A |y, —y|]| = 0=

= (6 3,) = DAY, — (53] = 1%, 9] < I Iy — 3] 0=
= (x,y) =0 & x1ly.

Definition 1.6.6. The orthogonal complement of the set Y C X is the
set Y+ of all vectors of the space X that are orthogonal to the set Y, i.e.,

Yi={x: (xeX)A(xLly VyeY)}

T T
Problem 1.6.2.* Let U = spcm{[ 10 1] ,[o 2 1] } C R3.
Find the orthogonal complement of the set U.
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Proposition 1.6.4. If X is a vector space with scalar product, x € X,
Y ¢ X and x LY, then x | spanY. If, in addition, X is complete, i.e., is a
Hilbert space, then x L span Y.

Proof. By assertions 3 and 4 of proposition 1.6.3, x L span Y. If y €spany’,
i.e., dy, € spanY such that y,, — vy, then, due to the orthogonality x L y,
and assertion 5 of proposition 1.6.3, we get x 1 y, i.e., x L spanY.

Proposition 1.6.5. The orthogonal complement Y+ of the set Y C X is
a subspace of the space X. The orthogonal complement Y+ of the set Y ¢ H
is a closed subspace of the Hilbert space H, i.e., Y- is a subspace of the
space H that contains all its boundary points.

Proof. Due to the proposition 1.2.1, it is sufficient for the proof of the
first assertion of proposition 1.6.5 to show that Y is closed with respect to
vector addition and scalar multiplication. It will follow from assertion 5 of
the same proposition, it holds the second assertion of proposition 1.6.5 too.

Proposition 1.6.6. If Y is a closed subspace of the Hilbert space
H, then each x € H can be expressed uniquely as the sum x =y + z,,
yeY, zeYt

Corollary 1.6.1. If Y is a closed subspace of the Hilbert space, then

the space H can be presented as the direct sum H =L @ L* of the closed
subspaces L and L*, and (L*)* = L.

Definition 1.6.7. The distance of the vector x of the Hilbert space H
from the subspace Y C H is defined by the formula

p(x,Y) = inf [Ix —y|.

Proposition 1.6.7. If Y is a closed subspace of the Hilbert space H
and x € H, then there exists a uniquely defined y € Y such that ||x — y|| =
p(x,Y).

Definition 1.6.8. The vector y in proposition 1.6.7 is called the orthog-
onal projection of x onto the subspace Y.

Definition 1.6.9.A vector system S = {x,...,Xx} is called orthogonal
if (x;,%;) = ||xi||” d;;, where ;; is the Kronecker delta. The vector system
S ={xy,...,xx} is called orthonormal if (x;,x;) = &;;.

Example 1.6.1. The vector system {e;} ( k = 1: n), where e, =
[0;0;...;0;1;0;...;0]", is orthonormal in C".

k —1 zeros n—k zeros
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Example 1.6.2. The vector system

{1/V27, (cost) [/, (sint)//7, (cos2t)/\/m, (sin2t)/v/T, ...}

is orthonormal in Ly[—m, 7] .

Example 1.6.3. The vector system {exp(i27kt)}recz is orthonormal in
L,[0; 1]. Truely,

1 1
(xp, X;) = / exp(i2mkt)exp(i2mjt)dt = / exp(i2n(k — j)t)dt =
0 0

_ { (exp(i2(k — ) — 1)/ (i2n(k — ) =0, kui k £ j;
1 , as k= j.

Proposition 1.6.8. (Gram-Schmidt orthogonalization theorem). If
{x1,...,Xx} is a linearly independent vector system in the vector space with
scalar product H, then there exists an orthonormal system {eq,...,&x} such
that span{xi,...,xx} = span{e, ..., e}

Let us prove this assertion by complete induction. In the case £ = 1,
we define 1 = x;/ [|x1]| , and, obviously, span {x1} = span{s:}. So we have
shown the existence of the induction base. We have to show the admiss-
abily of the induction step. Let us assume that the proposition holds for
k =i —1, i.e., there exists an orthonormal system {ey,...,2, ;} such that
span{xi,...,X;_1} = span{ey,...,e;_1}. Now we consider the vector

Yi:)\lgl + .+ ANsiEim X , )‘j € K.

Let us choose the coefficients A, (v =1:i-1) so that y; L ¢, (v=1: i-1), i.e,
(vi,e0) = 0. We get i — 1 conditions:
MN(ev,e0) + (x5,8,) =0, ehk N\, = —(x;,8,) (v =1: i-1).
Thus,
Yi=X; — (Xj,e1)er — ... — (Xi, 1)1

Now we chose ¢; = y;/ ||y;|| - Since
£, € span{xy,...,x;_1} (v =1: i-1),

we get, by the construction of vectors y; and ¢;, &; € span{xy,...,x;}.
Hence
span{ey,...,e;} C span{xy,...,x;}.
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From the representation of the vector y; we see that x; is a linear combination
of vectors e1,...,¢;.
Thus,

span{xy,...,x;} C span{ey,...,&;}.

Finally,
span{xy,...,x;} = span{ey,..., &;}.

Example 1.6.4. Given a vector system {x,xy,x3} in R*, where
x; = [1;0;1;0]7, x3 = [1;1;1;0]", x5 = [0; 1;0; 1]7.
Find such an orthogonal system {e1, 25,25}, for which
span {X1,Xs,X3} = span {e1,e9,3}.

To apply the orthogonalization process of proposition 1.6.8, we check first the
system {x;,Xs, X3} for the linearly independence (one can omit this process,
too, because the situation will be clear in the course of the orthogonalization:

1 010 1 010
1110~ ]101°00
01 01 01 01
the system {xi,Xs,x3} is linearly independent. Now we find
er =x1/ x| = [1/v2;0;1/v2;0]".
For y, we get:

Vo =Xy — (X2,21)e1 = [1;1;1; 07 — v/2[1/v/2;0;1/v/2; 0] = [0;1; 0;0]7.

As ||ly2ll = 1, g2 = y2/ |ly2|| = [0; 1;0;0]”. The vector y3 can be expressed in
the form:
Y3 = X3 — (X3,€1)61 — (X3,62)62 =
=10;1;0;1)" =0 [1/v2;0;1/v/2;0]" — 1105 1;0;0]" = [0;0; 0; 1]""
Thus,
es =3/ llysll = 1050505 1]".
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Example 1.6.5. Given a linearly independent vector system {xi, Xz, X3}
in Ly[—1;1], where x; = 1, x, = t and x3 = t?. Find an orthogonal system
{e1,£4,25}, such that

span {X1,Xa,x3} = span {e1,9,e3}.

Check that the system {xi,Xs,x3} is linearly independent. The first vector
is

er=x1/ x| = 1/V2.
The vector y, can be expressed in the form:
1

mzﬁ—mgmﬁﬁ—%ﬁm

1 _ 2 3
ey =yo/ |lyall =t/ / PRt = )2 = 2t
. 5|2

The vector y3 can be expressed in the form:

Ydt)t =t —0-t=t.

N

Thus,

y3 = X3 — (X3,51)51 - (X3,52)52 =

Therefore,

o=yl ol = (2= D[ = e~ Dy

The functions 1, £9 and 3 are the normed Legendre polynomials on [—1;1].

Problem 1.6.3. Show that a vector system {zi,...,z,} with pairwise
orthogonal elements is linearly independent.
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1.2 Matrices

1.2.1 Notation for a Matrix and Operations with Matrices

The vector space of all m x n—matrices with real elements will be denoted
by R™*"™ and

ayp  cc O1p
AeR™" & A= (azk) = , aix € R.

ami ' Omp

The element of the matrix A that stands in the i—th row and k—th column
will be denoted by a;, or A(i, k) or [A];x. The main operations with matrices
are following:

e transposition of matrices (R™*™ — R"*™)

B:AT <~ bik:a,

e addition of matrices (R™*" x R™*" — R™*")

C=A+B & cik:aik+bik,

e multiplication of matrices by a number (R x R™*" — R™*")

e multiplication of matrices (R™*? x RP*" — R™*™)

p
C=AB & ¢y = Zaijbjk.

=1

Problem 2.1.1.* Let

I

a ¢ e ki
A= [ ] CB=| I
b d f m
Find the matrix AB.
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Problem 2.1.2.* Let

1 0 0 0 0
11 0 0 0

A=| 0T 00 g
0 0 - 10
(0 0 0 11|

Find the matrix A" L.
Problem 2.1.3.* Let

11
A:ll 1

Prove that
A" =971 A (n € N).

Example 2.1.1.* Let us show that multiplication of matrices is not

commutative. Let
1 4 -2 5
A= l 3 2 ] , B= l 1 2 ] )

We find the products:
1 4 -2 5 2 13
AB_[Z& 2][ 12]_l—4 19]’

-2 5 1 4 13 2
pa=| 1353175
As AB # BA does not hold for the example, multiplication of matrices is
not commutative in general.

Proposition 2.1.1. If A € R™*P and B € RP*", then
(AB)" = BT AT,

Proof. 1If C = (AB)”, then
P
cik = [(AB)"]ix = [AByi = Y axjbii-
j=1
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If D= B"A”, we also have
P P

dix = [B" Ay = D _[B"]5[A"]jn = D_[Blil Al =

p
= Z akjbji =cj. U
Jj=1

Definition 2.1.1. A matrix A € R™" is called symmetric if AT = A
and skew-symmetric if AT = —A.

Problem 2.1.4.* ITs matrix A symmetric or skew-symmetric if

-1 3 2 02 —4 2 -3 5
a)A=| 31 3|, b)A=|-21 -7|,c)A=| 3 1 2
2 3 —1 47 2 5 1 4

Proposition 2.1.2. Each matrix A € R™"™ can be expressed as a sum
of a symmetric matrix and a skew-symmetric matrix.

Proof. Each matrix A € R"*" can be expressed as A = B + C, where
B=(A+AT)/2 and C = (A — AT)/2. As
B'=(A+A")/2)" =(A"+A4)/2=B
and
CT=((A-A"Y/2)' =C = (A" - A)/2=-C,
the proposition holds. O
Problem 2.1.5.* Represent the matrix

2 =3 51
-3 =2 30
A= 3 =7 0 6
4 5 2 4

as a sum of a symmetric and a skew-symmetric matrix.

Definition 2.1.2. If A is a m X n—matrix with complex elements, i.e.,
A € C™*" then the transposed skew-symmetric matriz A” will be defined
by the equality
B =AY & by = Q.
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Definition 2.1.3. A matrix A € C™*" is called an Hermitian matriz if

Al = A,

Problem 2.1.6.* Is matrix A an Hermitian matrix if

l —24+1 =5+ 3% Y 2431 1+
a) A= 2+i 5} —2+i |, b)A=|2-3i -3 -2
5+3i 241 —81 1—1 21 0

Problem 2.1.7.* Let A € C™*"_ Show that matrices AA” and A" A
are Hermitian matrices.

The matrix A € C™ " can be expressed both by the column-vectors
¢, (k=1: n) of the matrix A and by the row-vectors r/ (i=1:m) of
the transpose of matrix A (“pasting” the matrices of the column-vectors or

of the transposed row-vectors)
A:[Cl Cn]E[Cl, ;cn]: )

where ¢, € C™ and r; € C" and

ai1 a1k
r, = ) Cp =

i Amk

Example 2.1.2. Let us demonstrate these notions on a matrix A € R3*2:

2 3 2 3
A = 4 1 | =ci=4|Acg=|1]A
| 3 2 3 2
[ 2 4 3
r = 3]Ar2:l1]Ar3:[2]A
rl = {2 3]/\1';:[4 1]/\1'3:[3 2]/\
r{
4= [oe]-lo o]
3
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If Ae R™", then A(7,:) denotes the i—th row of the matrix A, i.e.,
A(r,:) = [ @ip ot Qin |,

and A(:, k) denotes the k-th column of the matrix A, i.e.,

A1k
A(s, k) = :
Qmk
fl1<p<g<n AN 1<r<m,then
A(r, p: q) - [ Urp *** Qg ] c RIX(Q*PJrl)

andif 1 <p<n A 1<r<s<m,then

Qrp
A(r:s,p)=| : | e R
Usp
If Ae R™" and i = (iy,...,iy) and k = (ky,..., k,), where
i1yt € {1250 05my A Ky, kg €{1;2;...;n},

then the corresponding submatriz is

Aliy, ky) - Ay, ky)
Al k) = : :
A(ipakl) e A(ipakQ)
Example 2.1.3. If
1 4 -1 2 —4 8
2 -2 4 1 35
A= 5 6 -7 2 -1 9
4 5 6 -4 91

and i = (2;4) and k = (1;3;5), then

A(i,k):li . g]
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1.2.2 Band Matrices and Block Matrices

Definition 2.2.1. A matrix whose elements different from zero are only
on the main and some adjacent diagonals is called a band matriz.

Definition 2.2.2. It is said that the matrix A € R™*" is a band matrix
with the lower bandwidth p if

(i>k+p)= ayr=0
and with the upper bandwidth q if
(k >Z—|—Q) = Qg :0,

and with the bandwidth p 4+ ¢ + 1.
Example 2.2.1. The matrix

o X X X X ©
X X X X © O
X X X © o O
X X oo oo
X © oo oo

O O O X X X
S O X X X X

| J

is a band matrix because all the elements different from zero are on the main
and two lower and one upper diagonals. The lower bandwidth of the matrix
A is 2 because a;;, = 0 as i > k + 2, and the upper bandwidth is 1 because
a;; = 0 as k > 7+ 1. The bandwidth of the matrix is 2 + 1+ 1 = 4. The
elements of the matrix that are necessarily not zeros are denoted by crosses.

Some of the most important types of band matrices are presented in
table 2.2.1. If D € R™*" is a diagonal matrix, ¢ = min{m,n} and d; = d;;,
then the notation D = diag(dy, ..., d,). will be used.
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Table 2.2.1.

The matrice’s type | Lower bandwidth | Upper bandwidth

diagonal matrix 0 0

upper triangular matrix 0 n-1
lower triangular matrix m-1 0
tridiagonal matrix 1 1
upper tridiagonal matrix 0 1
lower tridiagonal matrix 1 0

upper Hessenberg matrix 1 n-1
lower Hessenberg matrix m-1 1

Problem 2.2.1.* Find the type, lower bandwidth, upper bandwidth and
bandwidth of the matrix A if

1 1 0 O 0 1
13000 2 2 1 0 0 0
4 2 110 1 2 3 1 0 0

A=102 3 4 1|,A=10 1 2 4 0

0 05 46 . .
0 00 6 5

0 0 n—1 1

0 0 0 O 2 n |

Definition 2.2.3. A matrix A = (A4,3) € R™*" is called a ¢ x r—block
matriz if

Al;l s Al; r my
A = : : ;
m
Aq;l e Aq; r q
n Ty

where my+...+my, = m and n; +...+n, = n and A,s is a m, X ng—matrix.

Example 2.2.2. The matrix

o 2 2 2
o 2 2 2
o 2 2 2

QU o
QU T



is a 2 X 2—block matrix, where m; =3, my =1, ny =3 and ny = 2 and

a a a b b
Al;lz a a a ,Al;gz b b ,AQ;IZ[CCC],AQ;QZ[d d]
a a a b b
Let
Bl;l Bl;r mq
B = : : )
Bq;l Bq;r mq
ny Ny
and C = A+ B. Then
01;1 01;,« A1;1+B1;1 A1;7~+Bl;,«
C=| : L= : :
Cpi oo Cyy Agi+ Byt ... By o+ By,

Proposition 2.2.1. If A € R™?, B € RP*" and C' = AB are block
matrices:

i Al;l Al;r i

mq
A=| Aas oo Ay | M,
L Aga Agir | M
h Pr
Bl;l Bl;ﬁ Bl;s D1
B = : )
Bei ... By ... By, | Pr
nq ng Ng
[ 01;1 Cl;ﬁ Cl;s i my
C = Ca;l . Ca;ﬁ C’oz;s Mq
L qu Cq;ﬁ : Cq s g
nq ng Mg



where 1 <a<q, 1 <B<s, m+...+my=m, py+...+Dps =D,
ny+...+n, =n, then

Coip = AayBys (a=1:q A f=1:5).
y=1

Proof. Let

A=mi+...4+me, p=n1+...+ng_1,1 <y<r,

V=pi+...+py1, Mo =mng=po=0.

As [Ca, gli;k is an element of the block C,. 5 of the matrix C' standing in the
i—th row and k—th column of this block, and [A,.,];; j is an element of the
block A, of the matrix A standing in the ¢—th row and j—th column of this
block, and [B,, ] is an element of the block B,,s of the matrix B standing
in the j—th row and £—th column, then

[Ca;ﬁ]i;k = Cxti;ptk [ ,v]z, J = Oxtisv4j s [Bv;ﬁ]j;k = bV+j;u+k :
Therefore,
(Cosglisk = xtisier = D arsis jbjs sk =
j=1
p1 p1+p2 p
= Wi j0jiprk Do Oagi by oo > Urti; 05 vk =
j=1 J=p1+1 j=p1+p2+t...4+pr—1+1
p1 pr
Z alzyBlﬁ]k+Z a2]zg[B2 ﬁ]jk+ +Z[Aa;r]i;j[Br;ﬂ]j;k:
= j=1 j=1

= [Aa;1B;slisk + [Aas2Boglisk + -+ [Aa;rBrglick = [ A jBjsslik
7=1

Therefore, all the corresponding elements of the matrices C,, 3 and 22:1 Ay yBy. s

are equal, and our proposition holds. O

Al mi
Corollary 2.2.1. f Ae R™?, Be RV A= | : ;
Mg



and m; +...+my=mand n; +...+n, =n, then

Cl 1 . C’1; r mq
Co - Cgr Myq
nq Ny

where Cop = AaBs (a=1:qAf=1:1).
Corollary 2.2.2. If A € R™*P, B € RP*",

A:[Al As],
b1 Ps
By y4i
B=1]:
B, | s

and py +...+ps=p,then AB=C=3"_, A;By.
Example 2.2.3. It holds

Ar Ago Ty _ A1 + Ay oo
Agy Ago Ta Ag 11 + Agome |

Example 2.2.4. It holds

a a a b
a a a b e f
b e f f| | A B E F | | AE+BG AF +BH
ZZZd e f f| |c bpl|l|Gg H| T |CE+DG CF+DH |’
g h h
c ¢ ¢ d

where A = (a) is a 3 x 3—matrix, B = (b) is a 3 X 1—matrix, C' = (¢) is a
2 x 3—matrix, D = (d) is a 2 X l—matrix, F = (e) is a 3 x 1—matrix, F = (f)
is a 3 x 2—matrix, G = (¢) is a 1 x l—matrix and H = (h) is a 1 x 2—matrix.
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Example 2.2.5.* Let us find the product AB of block matrices A and

B, when A and B are 3 x 3—matrices

1 2 2 -3 1 0 1
A - 3 4 0  B- 2 3 -1 1
0 0 -1 0 0 0 1]
We denote

and

2 3 -1 1

G:l_?’ Lo ],H:lI],K:[O 0 0],L:[1].

We note that the dimensions of the matrices are in accordance with the

conditions of multiplication of block matrices. If we denote

R S
n-[1 )
then
1 2 -3 1 0 2 17 =2
R_CG+DK_l3 4H2 3 _1]+[0][0 0 0]___1 5 4

swenem=[3 ][]+ 1] 000- )

2 3 -1

T=EG+FK =0 o]l_?’ Lo ]+[—1][0 0 0]=[00 0]

and

U=EH+FL=][0 0]“]+[—1][1]:[—1].
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Thus

1 7 =2 5 1 7 =2 5
AB=| -1 15 -4 7 = -1 1 -4 7
000 -1 0 0 0 -1

Problem 2.2.2.* Find the product AB of 4 x 5-matrix A and 5 x
4—matrix B in block form, when

- : 1 4 0 0
1 2 3 0 0
2 3 0 0
0 -1 4 0 0
Ao p=| 5 -1 0 0
0 0 0 41
0 0 -1
0 0 0 75 _
) ] L0 0 i 4 -3

1.2.3 Determinants

Let us consider an n X n—matrix, the so-called matriz of order n

a1 Q12 ... QAip
A= 21 Q99 ... Q9p
ap1 QAp2 ... QApp
Definition 2.3.1. Arbitrary ordering 1,2, ..., n of indices iy, i, ..., iy is

called a permutation.

Definition 2.3.2. The ordering of two indices in the permutation ¢s . . . 7,
is called natural if the smaller index stands before the greater one; in the op-
posite case, the greater index standing before the smaller one, it is said that
the two indices form an nversion.

Definition 2.3.3. A determinant is a law (mapping, function) that
associates with each square matrix A a number, so-called determinant of the
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matrix

air Gz ... Gip
o1 Q92 ... 03

det(A) = " =) (—1)7 a1, 00,0, 05, - - - Gn, s
ap1 Gp2 ... Gpp

where the summation goes over all the permutations iyist3...%, of indices
1,2,3,...,n and o is the number of inversions in the permutation i ist3. .. %,
of the row indices. We will use expressions: determinant of order n and its
rows and columns.

Example 2.3.1. Let us consider the third order determinant
apix G2 13
det(A) =| az1 ag a3 | =
az1 dagz Ass3
= (—1)()@11@22@33 + (—1)1011023032 + (—1)1012021033+
+(—1)2a12a23a31 + (—1)2a13a21a32 + (—1)3a13a22a31.

Let us examine the last summand (—1)3ai3a99a3;. In the permutation 3 2 1
of the column indices the index 3 forms with the index 2 and the index 1 an
inversion. The index 2 does the same with the index 1. So the number of
inversions ¢ in the permutation of the column indces is equal to 3.

Problem 2.3.1.* Which sign has the product
(1,n,02,n—103,n—2 " * * Up—1,20n,1
of elements of a determinant expression.

Properties of determinant

e The determinants of a matrix and its transpose are equal, det(A”) =
det(A).

e Multiplying all the elements of the row (column) of the determinant
by the same number the determinant will be multiplied by the same
number.

e Interchanging two rows (columns) of the determinant the determinant
will change its sign.
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e If two rows (columns) of the determinant are identical, then the deter-
minant is equal to 0.

e If each element in the row (column) of the determinant is a sum of
two summands, then the determinant expands into the sum of two
determinants, where in the considered row (column) in the first of them
there will be the first summands and in the second of them there will
be the second summands, and all the remaining rows (columns) will be
identical to those of the given matrix:

a11 A1n ai A1n a11 Q1p
ag1 + b1 Ak, + bpn, | = | Qk1 Qkn br1 bin
an1 Ann an1 Ann an1 Anpn

e The determinant will not change if an arbitrary row (column) multi-
plied by an arbitrary number isadded to a row (column).

e The fundamental formulas of the determinant theory (or theorem of
expansion by cofactors) are valid:

ailAkl + a/Z'QAkQ + ...+ CLmA]m = det(A) . 5ika
CbliAlk —+ a/2iA2k + ...+ CLm'Ank = det (A) . (5ik;

where
P { 1, ast =k
ik 0, asi# k
is the Kronecker symbol and A;; is the product of the number (—1)
and the determinant of the (n —1) x (n — 1)—matrix obtained from the
given matrix by deleting the i-th row and k-th column.

i+k

Example 2.3.2. Let us evaluate the determinant of order n, using the
expansion by cofactors by the first column and then by the first row.

-2 1 0 0 0
1 =2 1 0 0
D, = 1 -2 0 0
0o 0 0 -2 1
0o 0 0 1 -2




1 0 0 O
1 -2 ... 0 0
=(=2)(-D)"'D,  +1- (=1 o =
o o0 ... =2 1
o o0 ... 1 =2
= —2Dp_1 — Dp—»
or
Dn+2Dn—1+Dn—2:0- (].)

Equation (1) is a linear homogeneous difference equation with constant co-
efficients which has the solution of type A". Let us try to find them:

N 22X N2 =0 & A H (A2 + 20+ 1) = 0.

We are interested in a non-trivial solution. So we have get a quadratic
equation
M 42X +1=0,

to find the solution of the difference equation (1). It has the solutions
A2 = —1, and so one of the solutions of equation (1) is D, = (—1)". As
the number —1 is a double solution of the quadratic equation, D, = (—1)"n
will be a solution of the equation (1), too. Thus, we have got two linearly
independent particular solutions of the linear homogeneous difference equa-
tion with constant coefficients. The general solution of the equation can be
expressed in form

From the conditions D; = —2 and Dy = 3 we can find the coefficients C
and Cy :

Cl(—1)1+02(—1)11:—2 01:1

Ci(=1)2 +Cy(~1)2-2=3 | Co=1

So the given problem has the solution

Dy = (=1)"(n+1).
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Problem 2.3.2.* Compute the determinant of order n

7 5 0 0 O
2 7 5 0 O
0 2 7 0
o o0 . . 7 5
o o o "~ 2 7

Example 2.3.3. Evaluate the Vandermonde determinant

1 1 1 e 1
T i) T3 e Tn
2 2 2 2
— 1 2 3 n
Vn(l'l, T2, ... ,xn) =
R
o toaht ot gt

We substract x; times the penultimate row from the last row, then z; times
the (n — 2)—th row from the penultimate row, then z; times (n — 3)—th row
from the (n — 2)—th row etc., in the end 2 times the second row from the
first one. As a result, we get

1 1 1 . 1
0 To — Ty T3 — I T, — T
0 2 _ 2 _ 2 _
- Ty T1T9 X3 T1T3 C Xy, T1Tp
0 ab 2—aal® oy -z ® ... 22— gand
0 af '—mal? af -zt o gt — g2

Using the expression by the first column and factoring out the common fac-
tors in the elements, we get

To — I1 I3 — X1 Tp — X1
oy — 1)  w3(xz—m1) ... xp(Tp —31)
oy 3 (xg —xy) 2 P(rs—m) ... 23w, — 1)
oy 2wy —x1) o (ws—21) ... 2%z, — 1)
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Factoring out from the first columns the common factor x5 — x¢, from the

second column z3 — xy , ..., from the (n — 1)—th column z,, — z;, we get
1 1 ... 1
T2 T3 TN Tn
= ( 2 2 2
= (v —m)(r3 —m1) (T —21)| 25 x5 ... X
n—2 n—2 n—2
xy xy x,

Using the same operations cycle, results in

Valzy, 2oy xy) = H () — ;).
>k>i>1

Proposition 2.3.1 (The Laplace expansion theorem). The so-called

Laplace formula
det(A): Z Mk An—k:

holds, where the summation on the right goes over all determinants (minors)
M, of order k that can be formed of rows iy, is, ..., 7, and columns j;, jo,

., jr, and A,_ is the product of the number (—1)iFet+iFitit. ik
and the determinant of the matrix remaining from the matrix A by deleting
the rows 41, 42, ..., 7% and the columns j;, jo, ..., jr used in forming the
minor M.

Proof. See Kangro (1962, pp. 37-39). O

Example 2.3.4. Using the Laplace expansion by the first two rows,
transform the determinant

a b ¢ 0
d e f 0O
0 a b c
0 d e f

As only three minors are not equal to zero , we get the expansion

a b ¢ 0

d e f 0 o 1\1424142 a b b C

0 a b c =(=1) d e e f +
0 d e f
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4 (_1) 1+2+2+3

+(_ 1)1+2+1+3

a ¢ a ¢ bc‘Oc

d fl|df f110f

Problem 2.3.3.* Compute by the use of the Laplace formula the deter-
minant

0 00 2 —1
0 01 5 3
0 00 2 3
-1 13 1 2
2 200 3
Ci1 ... Cin
By the Laplace expansion theorem, it holds for each matrix C' = ..
Cn1 Cnn
the equality
ayy ... Qip 0 N 0
P S B EA R B T
cn e b . by e P R (2)
" " Ap1 ... Qpp bnl e bnn
Cpl .- Cpn bnl bnn
-1 0
Choosing C = | ... ... ... |, we transform the determinant
0 -1
aiyr ... Qip 0 NN 0
apt -+ Gpp, 0 ... 0
-1 ... 0 b11 bln
0 ... =1 by ... bun
so that all the elements b;; become zeros. To make b1, o1, ..., b,y into zeros

we have to add to the (n + 1)-th column by; times the elements of the first
column, by; times the elements of the second column etc, and, in the end, b,
times the elements of the n-th column. Next we make into zeros the elements
b1, bag, . . ., byo. For this we add to the (n + 2)—th column b5 times the first
column, byy times the second column etc, and, in the end, b, times the n-th
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column etc. The last step will nullify the elements by, ba,, ..., b,,. For this
we add to the 2n—th column by, times the first column, b,,, times the second
column etc, and, in the end, b, times the n-th column. The result will be

ayy ... Qip 0 e 0 aiyr ... Qip d11 NN dln
pi oov Gpp 0 oo 0 | ap oo Gpp dpr oo dpp |
-1 ... 0 by ... byp | | -1 ... 0 0o ... 0 |
0 ... —1 by ... bun 0 ... =1 0 ... 0
-1 0 dyy dip,
— (_1)n+1+n+2+...2n+1+2+...n L —
0 -1 dnl dnn
g | 0
dpy .. dpp dpy .. dpn
where .
dij = airbj. (3)
k=1

Taking into account (2) and the fact that, by (3), D = A - B, we reach the
assertion.

Proposition 2.3.1 (the theorem about the determinant of the product
of matrices). For arbitrary matrices A and B of order n it holds

det(AB) = (det A)(det B).

1.2.4 Four Subspaces of a Matrix

Let us consider an m X n—matrix

a1 19 ... QA1p
A= Qg1 @22 ... Q2p
Am1 Am2 ... Omn
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with real elements. The matrix A can be expressed both by the column-
vectors ¢, (k=1 : n) of A or by the row-vectors r; (i=1: m) by the
transpose of A

rl ]
A:[C1 Cn]:[cla ,Cn]: Co,
rl |
a;1 a1k |
where r; € R” and ¢, € R™, and r; = , Cp =
Qi Amk

Definition 2.4.1. The subspace span{ci,...,c,} of the set {cy,...,c,}
of column-vectors of the matrix A is called the subspace of column-vectors of
the matrix A, and denoted by R(A) or ran(A).

Definition 2.4.2. The subspace span{ri,...,r,} of the set {ry,...,r;}
of the row-vectors of the matrix A is called the subspace of row-vectors of
the matrix A, and denoted by R(A”T) or ran(A”).

Definition 2.4.3. The rank of the matriz A is the greatest natural
number k, for which there exist a minor of order k different from zero. We
denote the rank of A by rank(A).

Let rank(A) = r. Due to the theorem about the rank of the matrix, we
get

Proposition 2.4.1. The rank of the matrix is equal to the dimension of
the subspace of its row-vectors or column-vectors, i.e.,

rank(A) = dim R(A") = dim R(A) = r.

Definition 2.4.4. The (right) null space of the matrix A is the set of all
solutions
&

T
=& ...«
&n [ 1 ]

X =
of the system of equations

Ax = 0. (4)
It is a subspace, denoted N'(A) or null(A).
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Proposition 2.4.2. For every matrix A € R™*" with the rank r,
dimN(A) =n—7r A N(A) L R(AT) A N(A) @ R(AT) = R™.

Proof. The matrix of the system has the rank r, and the number of
variables in (4) equals n. Therefore, the number of degrees of freedom of the
system is n —r. The number of degrees of freedom gives the dimension of the
null space. Thus, dim N (A4) = n — r. We can rewrite the system (4) in form

rf'x 0
rl x 0

Therefore, rfx = 0 & rp L x (k= 1: m), i.e., the row-vectors of A are
orthogonal to any vector of the null space A/(A) of the matrix A. Hence
N(A) L R(AT). As, in addition, dimAN(A) = n — r and dimR(A") = r,
dim NV (A) +dim R(A”) = n and the space R" can be expressed by the direct
sum

R" = N (4) @ R(A"). O

Definition 2.4.5. The (left) null space of the matrix A is the set of all

solutions
Ui T

Nm

of the system of equations
ATy =0 (5)

This subspace is denoted by N (A”) or null(AT).
Proposition 2.4.3. For every matrix A € R™*" with the rank 7,

dim N (AT) =m —r A N(AT) L R(A) A N(AT) @ R(A) = R™.

Proof. The matrix of the system A’ has the rank r, and, the number of
variables in (5) equals m. Therefore, the number of degrees of freedom of the
system is m — r and

dim N (AT) =m — .
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The system (5) can be expressed in form

cly
s

C..y

0

0

Sociy=0&c¢, Ly (k=1: m)and N(A") L R(A). As dim N (AT) =
m —r and dimR(A) = r, dim N (A") + dimR(A4) = m, and the space R™
can be expressed by the direct sum

R™ = V(A7) & R(A). D

Example 2.4.1. Let us find the dimensions and bases of the subspaces
R(A), N(A), R(AT) and N (AT) for the matrix

A=

==
N B
o~ o
=
— = =

We will illustrate the assertion of propositions 2.4.2 and 2.4.3 in case of this
example.

We start with the examination of the space R(A). Substituting from the
second column of A two times the first column, we get

12011 10011
01 101(~]101101]/|n~;
12011 1 0011

then substracting from the third column the new second one, from the fourth
column the first one and from the fifth column the first one and the new

second one, we get
1 00 00
~|0 100 0].
1 00 00

The symbol 7 ~ ” between the matrices marks that R(A) is not changed.
The last matrix has only two columns different from the null vector =
dimR(A) = 2. The basis in the space R(A) will be

0
17}
|

)

1
1
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To describe the space N'(AT), we solve system (5):

1010 10110
2 1210 010°1%0
010:0[~[000¢:o0],
101:0 0000
11 1:0] 000 0]

ie.,

+ 0+ = 0
{771 e =m=0An=pAmp=-p=

M2 =0

—p —1 -1
y|: 0 :|p|: 0 ]idim./\/’(AT)l/\SN‘(AT){|: 0 :|}
p 1 1

Let us check by scalar product that Sg(a)y L Syary :

~1
[1 0 1]{ 0 ]1-(1)+0-0+1-10;
1

[010].{01}0.

1

The union Sz(4) U Sy(4r) contains three linearly independent vectors of R?.
These vectors form a basis in R?. Thus, R? = N'(AT) @ R(A). To describe
the space R(A”) let us find its dimension and basis:

12011 12011
01 101(~]01101|=
12011 000O0O

dim R(AT) =2A SR(AT) = {

— = O N
= =)
—~
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To describe the space N'(A), we solve system (4):

12011 :0 12011 :0
01101:0|~0110T1¢:0]|=
12011 :0 000O0O0°:0
§1+25+0853+8+E& =0 N $=p&=q&=t N
S+ &+ 08 +& =0 So=-p—1t,5=2p—q+t
2p—q+1 ]| 2 [ —1 1
—p—t ~1 0 -1
X = P =p| 1 +q| 0 | +q]| O =
q 0 1 0
£ 0 0 1
2 ] —1 1 ]
-1 0 —1
SN(A):{ 1 1,1 0 |,] O }:>dimSN(A):3.
0 1 0
0] | o 1

The vectors of the basis Sir4) are orthogonal to the vectors of the basis
Sgr(ary. Thus, R(AT) LN (A) and the union Sk ary U Sx(ay forms a basis in
R5. Therefore

N(AT) @ R(A) =R’
Problem 2.4.1. Let A € R™". Show that N (AT A) = N (A).
Problem 2.4.2. Show that
N(B) A N(AB)T) D N(AT) A
R(A) A R((AB)") CR(B").
Problem 2.4.3.* Find the dimensions and bases of the subspaces R(A),

N(A), R(AT) and N(AT) of the matrix A. Demonstrate the assertion of
proposition 2.4.2 and 2.4.3 on the matrix A, where

—2 -2 —10 1
32 12 -1 |, b)A=

-1 -1 -5 1

a) A=
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8 16 2 6 1 2 -1 2 —2
9 4 —1 3 1 -2 2 -3 3
VA=19 18 2 7" DA=| 1 5 o 1 1
3 6 0 3 2 4 0 -2 2

Problem 2.4.4.* Find the dimensions and bases of the subspaces R(AB),
N(AB), R((AB)") and N'((AB)") of the product AB, where

1 -1 -1 -1 2146 _212

A=] 0 1 3 5| AB=
5 5 5 5 9 18 2 7
3 6 0 3

Compare the results obtained with the results of Problem 2.4.3* in case b)
and c).

1.2.5 Eigenvalues and Eigenvectors of a Matrix

Definition 2.5.1. If
Ax = Ax, (6)

where A € C™" x € C" and A is a number, then the number A is called
an eigenvalue of the matrix A and the vector x a (right) eigenvector of the
matrix A corresponding to the eigenvalue \.

Definition 2.5.2. The vector x is called a (left) eigenvector of the matrix
Aif x7 A = Mx, where x¥ is the transposed skew-matrix.

Proposition 2.5.1. If x is a left eigenvector of the matrix A correspond-
ing to the eigenvalue A, then this x is a right eigenvector corresponding to
the eigenvalue \.

Proof. We get a chain of assertions:
xHA =\ & (x4 = (W) & Aflx = \x. O

It is obvious that if x is a eigenvector corresponding to the eigenvalue A,
then ¢x, ¢ € C is an eigenvector, too. The equation (6) can be expressed in
form

(A—X)x =0, (7)
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where [ is the identity matrix of order n. As the null vector is an eigenvector
for every square matrix A in eigenvalues problem (6), in following we will
confine ourselves to the non-trivial eigenvectors. The equation (7) presents a
system of homogeous linear algebraic equations that has a non-trivial solution
iff the matrix A — Al of the system is singular, i.e.,

det(A — \I) = 0. (8)

The equation (8) is called the characteristic equation of the matrix A, and
the polynomial
p(A) = det(A — \I)

is called the characteristic polynomial of the matrix A. The equation (8) is
an algebraic equation of order n with respect to A, and it can be written
down in form:

aj; — A 12 Q1n
21 Az — A Q2n — 0 (9)
an1 ap2 Qpp — )\

According to the fundamental theorem of algebra, the matrix A € C"*" has
exactly n eigenvalues, taking into account their multiplicity.

Definition 2.5.3. The set of all eigenvalues {)\,..., A, } of the matrix
A € C™™ is called the spectrum of the matrix A and denoted by A(A).

Example 2.5.1. Find the eigenvalues an d eigenvectors of the matrix
111
A=111 1
1 11

We compose the characteristic equation (9) corresponding to the given ma-
trix:

1—A 1 1
1 1—-A 1 = 0.
1 1 1—-A

Calculating the determinant, we get the cubic equation

(1=X)? —3(1=X) +2 =0,
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with the solutions \;y = Ay = 0 and A3 = 3. Let us find the eigenvectors
corresponding to the eigenvalues A\; = Ay = 0. We replace in system (7) the
variable A by 0 and solve the equation:

1-0 1 1 : 0 11 1:0
1 1-0 1 0 |~1000:0
1 1 1-0 : 0 000 :0

There is only one independent equation remained:

S +&+&=0.

The number of degrees of freedom of the system is 2, and the general solution
of the system is

& —q—p -1 -1
x=|& | = q =p | 0 | +¢q| 1 |,
&3 D 1 0

where p and ¢ are arbitrary real numbers. Thus, the vectors x that corre-
spond to the eigenvalues Ay = Ay = 0 form a two-dimensional subspace in
the space R?, and vectors x; = [-1 0 1]7 and x5 = [-1 1 0]" can be
chosen for its basis. To find the eigenvector corresponding to the eigenvalue
A3 = 3 we have to replace in the system of equations (7) the variable A by 3.
As a result, we get the system of equations:

1-3 1 1

)
—_
—_
|
[\
)

1 1-3 1 o~ 1 =2 1 01~
1 1 1-3 : 0 -2 1 1 :0
1 1 -2 :0 11 -2 :0 10 -1 :0
~/0 -3 3 :0[~[01 —-1:0|~]01 —-1:0
0 3 =-3:0 00 0 :0 00 0 :0

The number of degrees of freedom of this system is 1, and the eigenvectors
of the matrix A corresponding to the eigenvalue \3 = 3 can be expressed in

form
1
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They form a one-dimensional subspace in R? with the basis vector x3 =
11 1"

Problem 2.5.1.* Find the eigenvalues and eigenvectors of the matrix A,

where
a)A:[_f 2] b)A:[‘;’ _Z] c)A:l; _41]

Problem 2.5.2.* Find the eigenvalues and eigenvectors of the matrix A,
when

3 —2 2 111
a)A=| 0 10|, bA=]011
-1 10 000

Proposition 2.5.2. If A, Ay, - - -, A\, are the eigenvalues of the matrix A,
then
det(A) = )\1)\2 T )\n

Proof. The left side of the characteristic equation (8) with the zeros
A1, -+, A, can be expressed in form

det(A — M) = (=1)"(A = X)) - (A= \n). (10)

If we take in this equation A = 0, we get the assertion of the proposition. O
Corollary 2.5.1. Not a single one of the eigenvalues of a regular matrix
A is equal to 0.

Proposition 2.5.3. If x is an eigenvector of the regular matrix A corre-
sponding to the eigenvalue A, then the same vector x is as eigenvector of the
inverse matrix A~! corresponding to the eigenvalue 1/\.

To prove the assertion we multiply the both sides of the equality (6) on
the left by the matrix A™'. We get A™'Ax = A7 " Ax or A7'z = (1/M\)x. O

Proposition 2.5.4. If x is an eigenvector of the matrix A corresponding
to the eigenvalue A, then the same vector x is an eigenvector of the matrix
A? corresponding to the eigenvalue \2.

Proof. This assertion follows from the chain:

A?x = A(Ax) = A(Mx) = A(4x) = A\(\x) = A\’x. O
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Problem 2.5.3.* Let Ay,..., )\, be the eigenvalues of the matrix A €
C™ ™. Prove that A¥,... AF are the eigenvalues of the matrix A* (k € N).

Problem 2.5.4.* Prove that if Ay, ..., A\, are the eigenvalues of the matrix
A e C™" then \; + pu,..., A\, £ i are the eigenvalues of the matrix A 4+ ul.

Proposition 2.5.5. The trace of the matrix A, i.e., the sum of the
elements on the main diagonal, is equal to the sum of all eigenvalues of the
matrix A.

To prove the assertion we will use the equality (10). In the expansion of
the left side by the powers of the variable \ the coefficient by the power A" !
is (—=1)" (a1 +ag +- -+ an,) and at the right side it is (—1)" " (A + Ay +
4. O

Example 2.5.2.* Suppose we know three eigenvalues A\; =4, \, =1 and
A3 = 6 of the matrix

A=

O O O =
o W= O
~N W O W~

2
2
0
4

Let us find the forth eigenvalue of the matrix A and its determinant. Since
the trace of the matrix A equals the sum af all eigenvalues,

44+243+7=4+14+6+ X = M\ =5.
Computing the determinant, we get

Problem 2.5.5.* Suppose we know three eigenvalues A\ = 7, \y = =7
and A3 = 21 of the matrix

67 266 —30 64
-24 -91 12 =20
-6 —42 10 12
42 126 —-21 21

A=

Find the forth eigenvalue of the matrix A and its determinant.

Proposition 2.5.6. The eigenvalues of both an upper triangular or a
lower triangular matrix are the elements of the main diagonal.
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Proof. Let us consider the case of an upper triangular matrix A. We form
the characteristic equation

aj;; — A @12 Q1p
0 ag — A C.LQn — 0
0 0 e A — A

Expanding the determinant we get from here

(CLH — )\)(GQQ — )\) s (ann — )\) =0. O

Problem 2.5.6.* Find eigenvalues and eigenvectors of the matrix A,
where
111 017 T
a) A=10 2 1], b)A=

00 2 00 3 8

00 0 =2

Proposition 2.5.7. The eigenvectors of the matrix A corresponding to
different eigenvalues are linearly independent.

Proof. Let x1,%g,- -+, X, be the eigenvectors of the matrix A correspond-
ing to the different eigenvalues A, Ao, -+, Ax (k= 2: n). We will show that
the system of these eigenvectors is linearly independent. Avoiding complex-
ity we shall go through the proof in case £k = 2. Let us suppose that the
antithesis is valid, i.e., the vector system {x;,x,} is linearly independent:

(e, ) 1 Xy +agxa =0 A |on| + |ag| # 0. (11)
Multiplying the equality in (11) on the left by matrix A, we get
CYlel + CYQAXQ =0 (12)

or
al)\lxl + CYQ)\QXQ = 0. (13)

Multiplying the equality in (11) by A;, and substracting the result from (13),
we get
Oég()\g - )\1)X2 = 0.

On the left in this equality only the first factor as can equal 0. Analogously,
multiplying in (11) by (11) by Ao, we get the equality oy = 0. So |ay|+]|ae| =
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0, and this is in contradiction with the assumption (11). Therefore, the
system of eigenvectors {x,x,} is linearly independent. O

Let us suppose that the system of eigenvectors {xy,...,x,} of the matrix
A is linearly independent. Let us form the n x n—matrix S, choosing the
vector X;, as the first column-vector, the vector x5 as the second column-

vector, ..., the vector x,, as the n-th column-vector, i.e.,
S=[x1 - x| (14)
Let us denote
AN - 0
A= . (15)
0 -+ A\,
For the above example 2.5.1, we get
-1 -1 1 000
S=1 0 1 1 AA=1]0 00
1 0 1 00 3

Proposition 2.5.8. If the matrix A has n linearly independent eigenvec-
tors xi, - -+, X%, corresponding to the eigenvalues Ay, ---, A\, then the matrix
A can be expressed in form

A=SASY, (16)

where the matrices S and A are defined by (14) and (15).
For the proof it will suffice to show that

AS = SA. (17)
Let us start from the left side of (17):
AS=A[x1 -+ x, | =
= [ Axy -0 Ax, ] = [ MXT o A\pXy, ]

From the right side of (17) we get:

AN oo+ 0

=[x x|t o s |-
0 - A

53



:[)\1X1 )\nxn]

Therefore, equality (17) holds, and consequently equality (16), and also the
equality
A = S7l4S. O (18)

Example 2.5.3.* Find a 3 x 3-matrix A whose eigenvalues and corre-
sponding eigenvactors are:

M=3=x=[-321],
=-2=x=][-210],

M=1=x=[-6 3 1]T.

As the wanted matrix A can be reprezented in form A = SAS™!, where

30 0
S:X1X2X3]AA:0—20,
0 0 1
then
3 -2 673 001[-3 -2 67"
A=1| 2 1 3|l0 =2 0 2 1 3| =
1 0 1]/]0o o1 1 0 1
9 4 —6 1 2 0 1 6 —18
—| 6 -2 3 1 3 -3|=|10 9
3 0 1||-1 -2 1 2 4 1

Problem 2.5.7.* Find a 2 x 2-matrix A whose eigenvalues and corre-
sponding eigenvectors are:

)\1:1 :>X1:[i

N A2:2:>X2:[?].

Problem 2.5.8.* Find a 3 x 3-matrix A whose eigenvalues and corre-
sponding eigenvectors are:

T
M=3=x=]-1 -1 1],
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T
)\2:—3 :>X2:[2 1 0] s

T
A3 =95 :>X3:|:0 0 ]_] .

Example 2.5.4.* Find matrices A and A'®5, where

41 —30
A_[56 —41]'
Since
4a1-x =30 | . .
‘ - _41_)\‘_0:>)\—1_0
)\1:1 jxlzli /\)\2:—1 :>X2:[?],
and
T IS [3 5 o [ 7 =5
A= SAS /\A—[O _1]/\5—[4 7]/\S —[_4 3 ]
then
AN = (SASTH(SAS ™) -+ (SAS™!) = SAMS ! =
3 5[t o ([ 7 -5] _[10 g
4T[0 (D] -4 3] |0 1]
and
s [35][1™ o ][ 7 —-5] [41 —=30]
A R 0 (=™ || -4 3 | |56 -4l =4

Problem 2.5.9.* Find matrices A% and A", where

C‘)A:l—_zi 21 b)A:l_—ng g]'

Proposition 2.5.9. If all the eigenvalues of the matrices A and B are
single and the matrices A and B are commutative, then they have common

eigenvectors.

Proof. Let x be an eigenvector of the matrix A corresponding to the
eigenvalue A, i.e., it holds (6). Let us multiply both sides (6) on the left by
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the matrix B. Due to the commutability of the matrices A and B, we get
the chain:

Ax = \r = B(Ax) = B(M\x) & (BA)x = A(Bx) < A(Bx) = \(Bx).

Thus, if x is an eigenvector of the matrix A corresponding to the eigenvalue
A, then Bx is also an eigenvector of the matrix A corresponding to the single
eigenvalue is a one-dimensional subspace in R", then the vectors x and Bx
are collinear, i.e.,

du : Bx = ux.

Thus, the eigenvector x of the matrix A corresponding to the eigenvalue
A is also the eigenvector of the matrix B corresponding to the eigenvalue
it . Analogously one can show that each eigenvector of the matrix B is an
eigenvector of the matrix A O

Proposition 2.5.10. If the matrices A, B € C™*" have n common
linearly independent eigenvectors, then these matrices are commutative.

Proof. Due to proposition 2.5.8, these matrices can be expressed in form
A=SAS!', B=5SYSH (19)

where S is the matrix formed of the eigenvectors as column-vectors, and A
is a diagonal matrix with eigenvalues of the matrix A on the main diagonal,
and T is a diagonal matrix with the eigenvalues of the matrix B on the main
diagonal. Let us find the products AB and BA, using the representation in
(19):

AB = SAS'SYS ' =SAYS !

and
BA=SYS'SAS ! =STAS .

As the diagonal matrices A and T are commutative, AB = BA, q.e.d. O

1.2.6 Schur’s Decomposition

The eigenvector x of the matrix A € C"*™ determines in the space C" a
one-dimensional subspace that is invariant with respect to the multiplication
by the matrix A on the left.
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Definition 2.6.1. The subspace S C C" is called invariant with respect
to the multiplication by the matrix A on the left if x € S = Ax €5.

Proposition 2.6.1. If A €¢ C"", B € C** X ¢ C"™* and AX =
X B, then the space R(X) of the matrix X is invariant with respect to the
multiplication by the matrix A on the left and the space R(X7) is invariant
with respect to the multiplication by the matrix B on the right. In addition,
the following connections

dimR(X) =k = \(B) C A(4)

and
dimR(X) =k =n= AB) = A(4).
holds.
Proof. If X =[c; ... ¢, then

AX =Alcy ... ¢cp] =[Acy ... Acy]

and
bl;l Tt bl;k
XB=1c; ...cg : =
bk;l P bk;k
:[b1;1C1+...+bk;1Ck bl;kC1—|—...—|—bk;ka]
and

ACi:bl;icl—f—...—Fbk;iCk (1: 1: k) :>AR(X) QR(X)

Therefore, the space R(X) of the column-vectors of the matrix X is invariant
with respect to the multiplication by the matrix A on the left. Analogously,
one can prove that the space R(XT) of the row-vectors is invariant with
respect to the multiplication by the matrix B on the right. If By = Ay, then

A(Xy) = (XB)y = Xy =\(Xy),

i.e., A is an eigenvalue of the matrix A if A is a eigenvalue of the matrix B.
Naturally,

y#0 dimgX):k Xy #0.
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therefore, if the column-vectors of the matrix X are linearly independent,
then A\(B) C A(A). If Az =Az and X is a regular square matrix (dim R(X) =
k = n), then it follows from the equality AX = X B that A = XBX ! and

XBX 'z =)z &B(X 'z) = A\(X'2),

i.e., every eigenvalue of the matrix A is an eigenvalue of the matrix B, A(4) C
A(B), and thus A\(B) = \(A). O

Definition 2.6.2. Matrices A, B € C™*" are said to be similar if there
exists a regular matrix X € C"*" such that A = XBX 1,

Due to proposition 2.6.1 (the last assertion), the spectrum of two similar
matrices are equal. We can get this result also directly:

det(A — M) = det(XBX ! — XAIX!) =
= det(X (B — M) X™') = det(X) det(B — M) det(X ™).

Problem 2.6.1.* Are the matrices A and B similar if

1 i 0 1+i 7 2
a)A=|i2 -1 | AB=| 0 1 9 |,
0 i 1 0 0 2—3i
25+25 25 100 100 354200 —5+15i
b) A= 25 100 25+25i | AB=|95+15i 76+16i —43+ 12
25+25i 25 100 40 — 200 —43+12i 49+ 9i

Proposition 2.6.2. If 7' € C™*™ and

r- B
p q
then A (T) = A (T1,1) U X (Th,2).
Proof. It Tx =Xx, ie., A € A(T), x = l 2 ] , X1 € C? and x, € CY,
then

T2;2X2 = Xy

[Tl;l T1;2 ] [Xl ] —\ [ X1 ] :>{ T1;1X1+T1;2X2:)\X1



If x5 # 0, then
T2;2X2 = )\XQ = AEN (TQ;Q).

If xo = 0, then
T1;1X1 =X => €N (Tl;l)-
Thus,
MT) € A(Th1) UA (Tha).

Since the potencies of the sets A (71.1) U A (Ta.2) and A (T) are equal, then
the proposition holds. O

Example 2.6.1. Using proposition 2.6.2, let us find the spectrum of the
matrix

11 56
-1 1 7 3
A= 00 21
00 —4 3
. . . 11 2 1
First, we find the eigenvalues of the matrices [ 11 ] and [ 4 3] :
1—-Xx 1 N M =141
-1 1-=X| Ao=1—17"

2— A 1 A3 = (b +iv15)/2
=0= , .
—4 3-) A = (5—iV15)/2
Thus, the spectrum of the matrix is A(4) = {1 +14; 1 —4; (5 +iv/15)/2; (5 —
Problem 2.6.2.* Find by the use of proposition 2.6.2 the spectrum of
the matrix A if

-3 17 36

2
2 17 =2
a) A= 46113 , D)A=|0 -2 —1|.
0 0 4 4 0 5 o
o 0 3 8

Definition 2.6.3. A matrix ) € C"*" is called a unitary matriz if
QTQ=0QQ" =1
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Problem 2.6.3.* Is the matrix () a unitary matrix if
_1 l\/g ]

w0 =

[ V33
25 Livs
—| 3 5

0= 2 1)

Proposition 2.6.3 (the QR factorisation theorem) . If A € C™*" then

the matrix A can be expressed in form A = QQR, where matrix ) € C™*"™ is
unitary matrix and matrix R € C™*" is an upper triangular matrix.

Proposition 2.6.4. If A € C™*", B CP*P X € C"*P,

a) @ =

cosx ¢Ssing
tsinx cosz |’

AX = XB (20)
and rank(X) = p, then there exists a unitary matrix ) € C"*" such that

T« T;.
H 4 - T 1;1 1;2 p
@7AQ 0 Ty n—p

p n—=p
where A(T1,1) = A(A) N A(B).
Proof. Let us consider for the matrix X its QR factorization X =
Q [ 1?)1 ] , where () € C™*™ and R; € CP*P. Substracting the factorization
of the matrix X into equality (20), we get

o[8]-o[&]roera[ §]-[3]

The spectrums of the matrices Q7 AQ and A coincide, i.e. A\(QTAQ) = \(A).
Representing the matrix A in form

QHAQ _ [TI;I TI;Z] np ,

T2;1 T2;2 —D
p n—p
we find
[Tm Ti.o ] [Rl ] _ [ R\B ] j{ Ti;1Ry = BB prop. 2.6.1 { MTi1) = MB)
Tos1 Too 0 0 Ty Ry =0 det Ry £0 Ty, = 0.
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Therefore, the proposition holds. O

Remark 2.6.1. Proposition 2.6.4 makes it possible, if we know an in-
variant subspace of the given matrix, to transform it by unitary similarity
transformations into a triangular block form.

Proposition 2.6.5 (Schur’s decomposition). If A € C"*" then there
exists a unitary matrix () € C"*™ such that

QTAQ=T=D+ N, (21)

where D = diag(\, ..., \,) and N € C™ ™ is a strictly upper triangular
matrix, i.e., an upper triangular matrix with zeros on the main diagonal.
The matrix ) can be formed so that the eigenvalues of the matrix A are in
the given order on the main diagonal of the matrix D.

To prove this assertion we will use the method of complete induction. As
the assertion holds for n = 1, the base for the induction exists. We are going
now to show the admissibility of the induction steps. We suppose that the
assertion holds for the matrices whose order is less or equal to £ — 1. Let us
show that the assertion will be valid for k, too. If Ax = Ax and x # 0, then,
by lemma 2.6.4, choosing X = x, B=), there exists a unitary matrix U such
that

0 C E—1"
1 k-1

H
UHAU:T:[)‘U]] 1

Since €' € CH=Dx(k-1)" the assertion is valid for this matrix, i.e., there

exists a unitary matrix U such that UZCU is an upper triangular matrix. If
Q = Udiag(1;U), then

- [i bl ]

[1 o0 A w11 0]
“lo UH 0 C 0o U |~
A w71 0] A wHU
“lo UHCc ||o0o U | |0 UfCU

and so the matrix Q7 AQ is an upper triangular matrix. O

Y
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Example 2.6.2. Let

A:[—?} 2] and Q:[i//\\//gﬁ —12/z'>/35 '

Let us show that () is unitary matrix. For this we, first, find the product
Q" AQ. The checking of the matrix @ for unitarity gives:

wo [ =2i/V5 —1VET[ 2i/v5 VB 11 0]
QQ—_ 1/v/5 22'/\/5__—1/\/5 —22'/\/5___0 L]
w_ | 2/V5 VG T =2i/VE =1V 1 0]
COTE1 15 2 || VB 2 | T [0 1]

w_ [ 2V5 LNV L =2ifyE VG0
COTE1 L1 2 || VB 2 | T [0 1]

Let us find the product

a=[ 5 w15 31150 -

[ 344 -6
0 3—di |

Consequently, we have obtained the Schur decomposition of the matrix A.
Now (21) can be represented in the form AQ = QT. Replacing @ =
[q1 - - dyn], where the vectors q; are called Schur vectors, into the last equality
, we get
Alqy -~ qn] = a1 -+ @] T

or
[Aqi -+ Adn] =
= [ i Aol + i 0 ApOp F N + N2 + o A N1 Qn—1 ]
or
i—1
Agi = Niqi +nyiqn + - 0 = A+ kzlnm'% (i=1:n).
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From this equality it turns out that all subspaces Sy = span{qy, ... ,qr} (
k = 1: n) are invariant with respect to multiplication by the matrix A on
the left, and Schur vector q; is an eigenvector of the matrix A if and only if
in the i-th column of the matrix N there are only zeros.

Definition 2.6.4. If A € C™*" and A"A = AAY then A is called a
normal matriz.
Exercise 2.6.4.* Check the normality of A if

1 -1 -1 i =1 i iii
a)A=| 1 i 1|, 0)A=|1 i 1|, )A=|—i i —i
1 -1 1 i =1 i iii

Proposition 2.6.6. A matrix A € C"*" is normal matrix iff there
exists a unitary matrix Q € C™*", satisfying the condition Q¥ AQ = D =
diag(A1, ..., \p)-

Proof. If the matrix A is unitarily similar to the diagonal matrix D, then

Q"AQ =D o A=QDQ" = A"A =QD"Q"QDQ" = QD" DQ"A

and since diagonal matrices are commutative, then A7A = AAH and the
matrix A is normal . Vice versa, if the matrix A is normal and the Schur
decomposition of this matrix is Q7 AQ = T, then T is also normal because

TIT = QTATQQ"AQ = QTAT AQ
and
TTH = QT AQQTATQ = QT AA" Q).

Since a triangular matrix is normal only if it is a diagonal matrix, then it
has been proved that a unitary matrix is similar to a diagonal matrix. O

Proposition 2.6.7 (block-diagonal-decomposition). Let

Tl; 1 T1;2 et Tl;q
Qiag=r=| O T o T
0 0 Tq;q
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be the Schur decomposition of the matrix A € C™*" , where the blocks T;,; are
square matrices. If A(T;,;) N A(Tj,;) =0 (i # j), then there exists a regular
matrix

Y € C™*" such that

(QY)_IA(QY) = diag(TI;l y s et aTq;q)-

Corollary 2.6.1. If A € C™", then there exists a regular matrix X
such that

XT'AX =diag(MT+ Ny, AJ+N,)  N;ecCrxm,

where A\i,...,\;, n1+...4+ny, =n and each N, is a strictly upper triangular
matrix.

Proposition 2.6.8 (Jordan decomposition). If A € C"*", then there ex-

ists a regular matrix X € C"*" such that X 'AX = J = diag(J,, ..., J;),where
m;+...+my=n,
XA 1L 0 -0 0]
0 N 1 :
JZ — . . .
: .. .. o]
0 e e 0N

is an m; X m; Jordan block, and the matrix J is called the Jordan normal
form of the matrix A .

Proof. See Lankaster (1982, p. 143).

Example 2.6.3. Using "Maple” , we find the Jordan decompositions
A= XJX ! of two matrices:

00100 10100][010O00][1000 -1
00010 0001 0[[0010O0[|0O0T10 0
00001(={01000[/000O0O0[[0O00O0O0 1
00000 00001([{000O0TI1[|0100 0
00000 00100/[000D0O0]|0O00T1 0
and

1 -1 0 -1 -2 -1 3 -177[-1 0007101
o 2 0 1| | 5 1 —5 0 0110|020
-2 1 -1 1| | 2 1 -3 1 0010|111
. 2 -1 2 0 -2 -1 2 0 000 1]J[001

(@)
g
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1.2.7 Norms and Condition Numbers of a Matrix

Definition 2.7.1. A mapping f : R™*" — R is called the norming of
a matriz and the obtained value the matriz norm if the following three
conditions are satisfied:

f(A) >0 A e R™™ (f(A)=0& A=0)
f(A+B)< f(A)+f(B) A BeR™",
f (@A) =|a| f(A) a € R, Ac R™™.

The matrix norm will be denoted f (A) = ||4]| .

The most frequently used norms in linear algebra are the Frobenius norm

FAE =\ 22 D laijl? (22)
i=1j=1
and the p—norms (p > 1),
ey 23)
28 T,
From (23) it follows that
x#0

1All, = (4|, / [1xl,

or
x#0
[Ax[l, < [JAll, lIx[], (24)

Let us verify that p—norm satisfies the conditions of the matrix norm. We
find that

[Ax[l, =0 A [lz]l, > 0= [|Ax]], / |[x[l, = 0= [lAl|, =sup [Axl, / lIxll, =0,
1Al, =sup 1Axl, / ||z]l,= 0 < [[Ax[], = 0 Vx € R" & A =0,

further

|4+ Bl, =sup [[(A+ B)x||, / [lz[[, =sup ||[Ax + Bx[|, / ||l=l, <
x#0 x#0
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<sup (|Ax], + 1Bx,) / e, <sup [14x], / el + sup 1Bx], / fie], =

= || All, + [IB]l,
and
HaAM=fi%H@UUﬂu/IMm7ZQQIMHAML/Imm,Z
ZkﬂigﬂAﬂb/HﬂbZﬂMHAM-

Exercise 2.7.1. Verify that the Frobenius norm satisfies the conditions
of the matrix norm.
Exercise 2.7.2.* Compute the Frobenius norm || A|| if

11111

Loy 0 012 RO

A A=1054|, A= ] |, 9A=][0 1010
2 13 L3 9 9 34343
5555 5

Definition 2.7.2. For the fixed matrix norm the value
EA) = (1A |Aa7

is called the condition number corresponding to the regular square matrix
Ae R™™.

The condition number corresponding to the Frobenius norm will be de-
noted kp(A) and the condition number corresponding to the p—norm will
be denoted k,(A). For a singular square matrix A € R"*" we will define
k(A) = 4o0.

Exercise 2.7.2. Show that if A € R"*", then
1
n

e (4) < FaA) < 1o (A),

n

L h(A) < koo(4) < 02 ka(A).

n2
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Proposition 2.7.1. Rule (23) for the calculation of the norm [|A||, can
be transformed to the form

|41l = sup |z, . (25)

|1, =

Proof. Using the third property of the norm and the homogeneity of
multiplication of a vector by a matrix, we have

Az 1
L O
el [T, ), Al
where ||| =1. O
=l ],
Proposition 2.7.2. If A € R™", B € R™ and p > 1, then || ABJ|, <
IA[l, 1BI], -

Proof. Using (24) and (25), we find that

1ABIl, = sup [(AB)z], = sup [|A(Br)ll, < sup [|A]l, | Bzl =

llell, =1 llzll,=1 llzll,=

= (1Al e 1Bl = | All, 1BI], -

|z

Remark 2.7.1. Since kp(A) = lAlL 1A, > ([AA], = [T, =
then always k,(A) > 1.

Remark 2.7.2. For each A € R™*" and x € R” and for arbitrary
vector norm ||-[|, on R" and ||||; on R™ the relation

1A%l < (|41l 5 1l
holds, where [|A[|, 5 is a matrix norm defined by

A =sup ||Ax x
4l =sup 145 / ],

Since the set {x € R" : ||x||, = 1} is compact and ||||5 is continuous, it
follows that
1Al

for some x* € R™ with ||x*||, =

y —Hmax J4xil, = 14x|
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Definiton 2.7.3.If £(A) is relativly small, then the matrix A is called a
well-conditioned matriz, but if k(A) is great, then an ill-conditioned matriz.

Definition 2.7.4. A norm ||A]|of the square matrix A is said to be
consistent with the vector norm ||x|| if

[Ax[| < [ All || =]
and it is submultiplicative, i.e.,

[AB| < [[All [[BIl-

Definition 2.7.5. The norm ||A]| of the square matrix, consistent with
the vector norm ||x|| is said to be subordinate to the vector norm ||x|| if
for any matrix A there exists a vector x = x(A) # 0 such that || Ax|| =
AT ]l

Proposition 2.7.3. For arbitrary vector norm ||x|| there exists at least
one matrix norm [|A|| subordinate (and thus at least one consistent ) to this
vector norm, and this is

[ Ax|

|A|| =max [|Ax|| =max —— .
=i x20 x|

Remark 2.7.3. Not all matrix norms satisfy the submultiplicative prop-
erty || AB|| < ||A]| || B||. For example, if we define ||A[|, =max |a;;| , then
iy

L1 ] we have [|A[|, = |B||, = 1 and

for the matrices A = B = [ 01

1 2
481 = 1 | 5 3] lls =2 Il 11,

Proposition 2.7.4. If A € R™*", then the following relations between
the matrix norms hold:

14l = s, 3o (26)
4l = s, 3 sl (1)
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[A[l, < [JAllp < v [|All,,
[Alla < [Ally < Vmn || Al
1
NG 4]l < Al < vm [ Al
1
NG 1Al < 14l < Vi 1AL -
[fAeC™™ 1< <ig<mand]1<j <j,<n, then

[ A (i1 2 iz, 51z g2)ll, < TA]l, -

Prove the relation (27) . We have

[Az]l, = max
)

n
> aijé
j=1

n
<max 3 ai;] €] <
j=1

n n
< max Yl el = lloll 3 o .
7=1 7=1

where we suppose that maximum has been gained if the index 7 obtains the
value k£ . We have the estimation

n
|4l <max 21 i -
‘]:

Let

and
o 1, kuiaijO;
= —1, kui ax; < 0.

Since ||z||, = 1, then

n

n
> Zakj% = Z |ak |,

J=1 J=1

n
Z @i jS5

JAlL, = sup [ Asl], > [ Az], =max
j=1

lelloo=1

and thus .
[A]], = max > lagl. O
j=1
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Example 2.7.1. Let us calculate the norms ||A||, and [|A]|, for the
matrix A if
aip a2 a3
A= ax azp a3
az1 G32 033

From (26) and (27) we find that

a1; A2 Qi3
Q21 Q22 Q23 =
31 as2 ass |,

= max (Jay| + [ag1| + |az1], [a12| + |aze| + |ass|, |a13| + |ags| + |ass])

and
@11 QA2 13
G21 QA22 (23 =

az1 Az 433 |

= max (|ay| + |aiz| + a3, [asi| + |as2| + |ass], [az1| + |age| + |ass]) -

Example 2.7.2. Let us calculate the inverse matrix A~! of the matrix A4 ,
the norms [l [ A 1], . [4]ly, A, [ 4l |4, and the condition
numbers of matrix A ki(A), ka(A), koo (A) if

-2 1 0

A= 1 -2 1

0 1 =2

It follows that
3 _1 _1
1 t 2 1
A = —5 —1 —5 y

1 1 _3
4 2 4

1AL = A6l = 4, 1411, = 2+ V2,

[, = ] =2
and
2

a7, =1+ %\/5 Fr(A) = koo (A) = 2, ky(A) = % (2+Vv2)

If formulae (26) and (27) enable us to calculate easily 1—norm and co—norm,
respectively, then the calculation of the 2—norm is more complicated. The
matrix 2—norm is called also the matriz spectral norm.
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Proposition 2.7.5. If A € R™*", then

Al =
[RYP J, nax

i.e., || All, is the square root of the largest eigenvalue of ATA .
Proof. To calculate || A|,, we find first || A||,7. Thus,

J4ll, = max [l4x]l, = || A" = max [l4x];’ = max x"ATAx.
2 2 =1

Let ATA = B € R™™. The matrix B is a symmetric matrix because

BT = (ATA)T = AT A

and
bi;i - biyn &1
XTATAx:xTBX:[& fn] e =
bn 1 . bn;n én
b1;1€1+---+b1;n§n
:[51 gn] R
bp1&i 4. o+ by n&n
= [&Zbl;j@-+---+€n2bn;j£j],
= =
:Z@Z
=1
then x7 AT Ax is a function of n variables &, ..., &, and

O(xTATAx) & birj =biss
% lebz jfj—kalb] i& 22@ ]fj—Q[ATAX],

7=1
o(xTx)
) o =2,
The problem of finding max xT AT Ax is a problem of finding the relative

extremum. To solve our problem we form an auxiliary function

(& .., &nip) =X AT Ax+p (1 —x"x)
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To find the stationary points of ®, we form the system of equations:

0P 0d
_— = :1 —_— =
3 0 (i n) A o 0,
ie.,
2 [ATAx| — 24 [x]; =0 (i=1:n)
1-x"x=0
or

{ AT Ax =pux |

%l =1

Thus, any stationary point for relative extremum is the normed vector
x corresponding to an eigenvalue of AT A. Let us express from the relation
AT Ax = px the eigenvalue ;. We obtain that u = x” AT Ax, where ||x||, =1.
Comparing this result with the original formula for finding |||, , we notice
that [|A], = max p. Thus,

HEX(AT A)
All, = / m
|| ||2 /LE)\(%%(A) Ma

i.e., || All, is the square root of the largest eigenvalue of ATA .

Corollary 2.7.1. If matrix A € R™*" is symmetric, then

|All, = max_A.

X
AEA(A)

Example 2.7.3. Let us calculate the inverse matrix A~! of the matrix A,
the norms [[A], . [A~]],, 1]l [A™" . [|All. . A", and the condition
numbers of the matrix A
kl(A)a kQ(A)v koo(A) if

1 1
A= l 1 1.00000001 ] '

We obtain that

AT — l ji?oxxlfgs _1%(-)0:1%)28 ] AL = 1Al = 4], ~ 2,
HA71H1 - HAilHoo ~ HA71H2 ~ 2 x 10°% ki(A) = koo(A) ~ 4 x 10%.
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Example 2.7.4. Let us see how the almost singularity (the value of the
determinant is close to zero) and ill condition of the matrix are related. For
the matrix

1 -1 -1 - -1
o 1 -1 --- -1

A,=1 0 0 1 -+ —1]eR™™™
o o0 o --- 1

det(A,) =1 but ks(A,) = n2" L. In contrast, for the diagonal matrix
D,, = diag(z, ... ,e) € R™"

k,(D,) =1 but det(D,,) = ™ for an arbitrarily small e.

Exercise 2.7.4.* Find the inverse A~' of the matrix A, the norms
JAIL 1A AL 1Ay 4] 14 ], and the condition numbers
kl(A)a kQ(A)v koo(A) if

001 300 _12_21f:;

a) A=10 10|, b)A=]|02 0|, c) A=
111 00 1 2 12
0 2 0 1

1.2.8 Cayley-Hamilton Theorem
Proposition 2.8.1 (Cayley-Hamilton theorem). If A € C™*™ and

p(\) = det (A — D),

then p(A) =0, i.e., the matrix A satisfies its characteristic equation.

Proof. According to proposition 2.6.7, there exists a regular matrix X €
C™ "™ such that

X_IAX = JE diag(,]l, Cee Jt),
where
T 1 0 --- 01
0o N 1 :
Ji: . . .
o
L 0 0 Al
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is an upper bidiagonal m; x m;—matrix (Jordan block) that has on its main
diagonal the eigenvalue A; of the matrix A( at least m;—mutiple eigenvalue
of the matrix A since to this eigenvalue may correspond some more Jordan
blocks) and my + ...+ m; = n. Since J; — A\, I = (0, j—1), then (0k, j_1)™ =

and (J; — A1 )™ = 0. If p(\) is the characteristic polynomial of the matrix

A and the zeros of this polynomial are Ay, ..

.y At , then

PA) = (=1)" (A = A)™ - (A = Ap)™
and
p(J) = (=1)"(J =\ )™ - (J = N D)™.
We show that p(.J) = 0. Let the matrix J have the block form:
[, 0 0 0] m
0 J2 0 0 ma
J=10 0 Js 0 ms
I 0O 0 O J | oy
We obtain that
p(J)=(=D)"(J=MD)™ ...(J=\I)™ =
T — M\ 0 0 o 1™
0 Jo — M1 0 0
=(=1)" 0 0 J3 — M I 0
i 0 0 0 Jy— M1 |
CJ = NI 0 0 0 e
0 Jo — NI 0 0
0 0 J3 — NI 0 =
i 0 0 0 Je— NI
(S — )™ 0 0 0 T
0 (Jo — M I)™ 0 0
=(=1)" 0 0 (J3 — MI)™ 0
I 0 0 0 (Jy = A D)™ |
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C(Jy = A\ )™ 0 0 0 7
0 (Jp — NI)™ 0 0
0 0 (J3 — A I)™ 0 =
i 0 0 0 (Je = D)™
0 0 0 0 ]
0 (J,— )™ 0 0
L0 0 0 (Jy = M d)™ |
T (= A\ )™ 0 0 0
0 (Jo — AJ)™ 0 0
0 0 (J5 — AT)™ 0 | =
L 0 0 0 0 |
r 0 0 0 0 7
0 0 0 0
=(-1)"| 0 0 0 0 | =0
. 0 0 0 0 |

From the relation X 'AX = J it follows that A = XJX '. We complete
the proof with
p(A) =p(XJX ™) =

(—1)”(XJX71_X)\1[X*l)(XJX*I_X)\ZIXfl) . (XJXil—X)\n[Xfl) _
(—D)"X(J-MDX'X(T-ADX - X(J-NDX ' =Xp(J)X '=0. O

Example 2.8.1. Verify the assertion of the Cayley-Hamilton theorem
for the matrix
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We construct the characteristic polynomial

p(\) = det(A — \I) = “;A de‘:A2—(a+d)A+ad—cb
and find
2
a b a b 1 0
p(A)—[C d] —(a+d)[c d]+(ad—b0)l0 1]—
| a*+bc—a*—ad—be ab + bd — ab — bd _9
- ac+cd—ac—cd be+d®>—ad—d*>+ad—be |

Exercise 2.8.1.% Let
2 31
A=|3 1 2
1 2 3
Compute A2, and using the Cayley-Hamilton theorem, find the matrix

AT — 345+ A* 4343 —24% + 31

Definition 2.8.1. A polynomial ¢()\) is called a nullifying polynomial of
the matrix A € C™*" if ¢(A) =0.

The characteristic polynomial of the matrix A € C™*" is a nullifying
polynomial of this matrix (by the Cayley-Hamilton theorem).

Definition 2.8.2. The nullifying polynomial of the matrix A € C™*" of
the lowest degree is called the minimal polynomial of the matrix A.

Exercise 2.8.1. Verify that the characteristic polynomial of matrix
A € C™*™ is divisible by the minimal polynomial of the matrix A without
remainder.

Proposition 2.8.2. Let p(\) and ¢(A) be the characteristic polynomial
and the minimal polynomial of the matrix A, respectively. Let the greatest
common divisor of the matrix (I A —A)Y, that is, the matrix of algebraic
complements of the elements of the matrix (I A —A) , be d()\). Then,



Proof. See Lankaster (1982, p. 123-124).

Example 2.8.2. Find the characteristic polynomial and the minimal
polynomial of the matrix D = diag(a, a,b,b). First we find that

(IX—D)Y =diag(\ —a, A\ —a, A\ —b,\ — b)Y =

(A —a)(A — b)? 0 0 0

B 0 (A —a)(A —b)? 0 0

- 0 0 (A —a)?(\ — b) 0
0 0 0 (A — a)2(\ — b)

and the greatest common divisor of the elements of the matrix (I A —D)V
is d(A\) = (A — a)(\ — b). By the assertion of proposition 2.8.2 )(\) = (A —
a)(A —b). Let us check

00 0 0 a—=b 0 00
oo 0o 0 0 a-b00]|_,
00 b—a 0 0 0 00 '
00 0 b—a 0 0 00

Indeed, v (A) is the nullifying polynomial. Tt is easy to verify that no poly-
nomial of first degree can nullify the matrix A. Thus, ¢()\) is the minimal
polynomial of the matrix A.

Example 2.8.3. Find the characteristic and the minimal polynomials of
the matrices

6 2 —2 6 2 2
A=| -2 2 2| and B=| -2 2 0
2 2 2 0 0 2
First we find the characteristic polynomials:
6—-XA 2 -2
paN) =] =2 2—X 2 [=) —10)\*+32)\ - 32

2 2 2—-A
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and
6— A\ 2 2

-2 2= 0
0 0 2—-X

Next we find the minimal polynomials:

pe()\) = =A% — 10A% + 32\ — 32.

(Ix—A)Y =
A-6 -2 2 77 A2 -4\ =20 +8 2\ — 8
=| 2 A-—2 -2 | =] 2A-8 A2—8A+16 2\-38 =
—2 -2 A-2 —2A4+8  2A—-8  A2—8\+16
AA=4) =20 —4) 2(\—4)
= 20—=4) (A—4)?2 20—4) | =>d\)=r—4=
—2(A—4) 2\ —4) (A—4)?
A3 — 10A2 + 32\ — 32
= pa(h) = - — N 6A+8
A—4
and
(Ix—B)Y =
A-6 -2 -2 1" [(A=2?% —201-2) 0
= 2 A-2 0 =20=2) A=2)(A=6) 0 =
0 0 A-2 2(\ — 2) —4 (A — 4)?
A3 — 10A2 + 32\ — 32
= dp(\) = 1= dp()) = IL — AP~ 10A% + 32\ — 32.

1.2.9 Functions of Matrices
Let us consider a matrix A € C™*" and a function of a complex variable
f(z), f:C—C.

There are a lot of possibilities to define a function of matrix f(A) starting
from the function of a complex variable f(z). The simplest of these possibil-
ities seems to be the substituting the variable ”z” by the variable " A”. For
example,

f(2) =22 4327 f(A) = A2+ 34 71
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and

445z _
f(z) = 3=, = f(A) = (4] +54)(3] - 84) Y
as well o o
2 z
€ :ZﬁﬂeA:ZF,
k=0 k=0
S s A= Y (A
COS 2 = — COS = — 5
P (2k)! P (2K)!

00 ) ZZlc—l—l o] . A2k+1
inz=> (- —"—v ssind=Y (-1)F
S e ,;f it ,§0< T
In(1 —00—1’f+li In(1 A—Oo—1k+1‘4—k

k=1 k=1

It turns out that this approach is not very practical for solving problems.

Definition 2.9.1. If A € C™" | f(2) is analytic in the open domain
®,T is a closed simple line (does not cut itself) in ® and the spectrum \(A)
of the matrix A is included in domain ©r enfolded by I', then

)Y o FE) T - ) e, (28)

where the integral is applied to the matrix element by element.

Remark 2.9.1. Formula (28) is an analogue to the Cauchy integral
formula proved for functions of a complex variable.

8 ZC) ] . Check how to calculate
by rule (28). Since A\; = a and Ay = ¢ are the eigenvalues of A , then let us
choose the line I' : | z| = r, where r > max(|a|, |¢|). The function f(z) = z is
analytic in domain ©r. First we find

Example 2.9.1. Let f(2) = zand A = l

(z]—A)_lzl'Z—a - ]_1

0 zZ—c

_ | V(z=a) (b/(a=0)(1/(z=a)=1/(z = c)) ]
0 1/(z —¢) ’
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and then

([ g g]) _ 1 7|{z:r l Z/(ZO— a) (b/(a—C))(Zl//((zz—_ag)—Z/(Z—C)) ] ds

f

T omi

_ l ori fz=r 2/ (2 —@)dz 55§, (0/(a = 0))(2/(2 — a) — 2/(z — ¢))dz :l
0 ﬁjﬂz‘zrl/(z—c)dz

:[gg].

Proposition 2.9.1. If f(A) = (fi, ;), then

_ 1 T A\la.
fk;j—%ﬁf(z)ek@[ A)” ejdz,

where e is a vector in space C"™ whose k—th component is one and the
remaining ones are zeros.

Proof. Let B = (b, j) = (2 — A)~". Then,
e{(z] — A)_lej = efBej = [ bk;l s bk;n :| ej = bk;j-
Since the matrix is integrated element by element, we obtain that
1 § F()ef (o — A) ez = = § 7@z = fusj. O
21 Jr b T o Jr kgt = ks g
Proposition 2.9.2. If A € C™™ | there 3 f(A), i.e., the conditions of
definition 2.9.1 are satisfied, and
A= XBX'= Xdiag(By, ... ,B,)X™", By € CUW*m, (29)

then
f(A) =X f(B) X! = X diag(f(By), ..., f(By)X™". (30)

Proof. From (28) , (29) and XX ! =T we find that

f(A) = %?{Ff(z)(zl — A) Mz = % Ff(z)(Xz[Xfl ~ XBX V) 'dz =
= i ﬁXf(z)(zl—B)*lX*dz = X%é f(2)(zI-B) 'dzX"' =X f(B)X .
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Since
(Iz— B) ' =diag(Iz—By) ", ... ,(Iz— B,) ™)

and

F(B)= 5 § 1) -~ B) iz =

- diag(%jl{rf(z)(zl ~ B ldz ... ;diag(%jl{rf(z)(zl _B,) ldz) =

= diag(f(B1); ... 5 [(By)),
then
f(A) =X f(B)X™' = X diag(f(By), ..., f(B,)X 7",
which was to be proved. O

Proposition 2.9.3. If A € C"*" and X 'AX = diag(J1, ..., Jp) is the
Jordan normal form of the matrix A , where

A1 0 - 0]
0 AN 1 '
JZ: . . .
: S |
0 e e 0 N

is an m; x m; Jordan block, my + ...+ m, = n, and f(2) is analytic on an
open set that includes the spectrum A(A) of the matrix A, then

fA) = X diag( f(J1), ..., f(J,)) X', (31)
where
) FIN) e e fUmEI )/ (my — 1)
0 o0 .
f(Ji) = : : (32)
: : . f’()\i)
0 F) |

Prooof. Using Proposition 2.9.2 it is sufficient to consider only the value
F(G), where G = A + E is a ¢ x ¢ Jordan block and E' = (J;;;_1). Let the
matrix zI — G be regular. Since

Ef = (6;5-) = (k> ¢ = EF =0),
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then
- EF

(21 = G)” Z NG

and

/@) 2m?§f (] = G) e = 27(27{f ( A)kA1

k f(z ? f A
_ZE 27”%%&2—2 k!( )E

k=0

Now, taking into account the condition E¥ = (d;.; 1), the assertion holds. O

Example 2.9.2. Find cos A if

00111
00011
A=10 0 0 0 1
00 0O00O
00 0O00O0
Since Ay = ... = A5 = 0 and the function cos z is analytic in the neigh-

bourhood of 0 , then for the calculation of cos A we can apply the algorithm
given in Proposition 2.9.3. We use for the calculation of Jordan decomposi-

tion of the matrix A "Maple”:

11110 01 00O 1 -1 0
01010 001 0O 0 0 1
A=XJX'=|0 10 0 0 000O0O 0 0 0
00001 0 00O0T1 0o 1 -1
00100 000O0O0 0 0 0

Therefore, J = diag(.J;, J>),where

010
000

Using (3), we find the matrices cos J; and cos J; :

cos0 (—sin0)/1! (—cos0)/2! 10 -3
cos.J; = 0 cos 0 (—sin0)/1! 01 0
0 0 cos () 00 1
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and

cos Jy =

cos0 (—sin0)/1' | |1 0
0 cos 0 S0 1|

After that, using (2), we find the matrix wanted:

11110][10—-400][1 -1 0 0 —1
0101001 0 00|][0 0 1 0 0
cosA=[01000[[00 1T 00|[0 0O 0 0 1 |=
000011f|[0O0 0O 10|]0 L =10 0
00100f[0O0 0O O01][0 0 0 1 0
1000 —

0100 0
={0010 0
0001 0
0000 1

Corollary 2.9.1. If A € CY" | A = X diag()\y, ..., \,)X " and there
3 f(A), then

f(A) = X diag( f(M), .., fFW)X

Proof. This is a special case of Proposition 2.9.3. All the Jordan blocks
are 1 x 1.

Example 2.9.3. If A\, ..., A\, are the eigenvalues of the matrix A €
C™ "™ and x4, ... ,X, are the corresponding linearly independent eigenvectors
,i.e., X1, ... ,X, generate a basis in C”, then X = [ X; o X, ] , and from
the analyticity of exp z, cos z, sin z in the whole finite part of complex plane
it follows that

exp A = X diag( exp Ay, ... ,expA) X7 = X (expA) X,
cos A = X diag(cos A, ... ,cos \y) X' = X(cos A)X ™!,
sin A = X diag(sin A\, ... ,sin \,) X 1 = X(sinA)X 1,

where A, exp A, cos A, sin A, exp A, cos A, sin A € C"*" and

)\1 0 exp)\l 0
A=| + . |, expA= : :
0 - )\, 0 cee eXp A,

Y
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COS Ay - 0 sinA\; - 0
cos A = : . : , sinA = : ) :
0 <.+ COS Ay, 0 .-+ sin A,
Next we consider the problem arising in the approximation of the function

f(A) by the function g(A). This kind of problem arises, for example, if we
replace f(A) with its Taylor polynomial of degree q.

Proposition 2.9.4. Let A € C"*" X~ 'AX = diag(Jy, ... ,J,), where
A1 0 - 0]
0 XN 1 :
JZ — . . .
: .. .. S|
0 - o 0N

is an m; x m; Jordan block and my + ...+ m, = n. If the functions f(z) and

g(z) are analytic on an open set containing the spectrum A(A) of the matrix
A, then

(M) = g (O
) = ol < b)) 97O

1<i<p A 0<r<m;—1 r!

(33)
Proof. Choosing h(z) = f(z) — g(z) we have

1 £(A) = g(A)ll2 = | X diag(h(]1), ... ,h(J)) X ||z <
< 1X Iz lldiag(A(11), - s hCIp)) 2 [1IXTH T2 < Ra(X) max [[A(T)]]a.

Using Proposition 2.9.3 and inequality ||B||2 < n- max |b; ;| we find that
i)

ey

0<r<m;—1 r!
and thus, the assertion holds. O
Example 2.9.4. Let

A=1| 0 1/10 1/10

0 0 1/10

1/10 1/10 0 ]
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We estimate the difference sin A — A.

Since Ay = A2 = A3 = .1 and the functions f(z) = sinz and g(z) = z are
analytic in the neighbourhood of .1,then we can apply the estimation (33)
obtained in Proposition 2.9.4. First, we use "Maple” for finding the Jordan
decomposition of the matrix A :

<0 11[+ 1 07[10 0 -100
A=XJX"'=| 0 &£ 0|0 £ 1 0 10 0
0 0 1 0 0 % 0 0 1

—

0

Hence, there is only one Jordan block in the Jordan decomposition of the
matrix A, i.e.

J = Jl = dzag(Jl)

Second, we use ”Maple” for finding the condition number of X:
ko(X) =~ 200.01.
Since

f(2) —g(z) =sinz — 2z = |f(.1) — g(.1)]/0! = |sin.1 — .1| ~ 1.6658 x 107",

f'(z) —g(z) =cosz—1=|f(1) —¢g'(1)|/1! = |cos.1 — 1] ~ 4.9958 x 10 *
and
f'(2) —g"(z) = —sinz = [f"(1) — ¢"(1)|/2! = | —sin.1]|/2 ~ 4.9917 x 1072,
then, by estimation (30), we have that

l|sin A — A||, < 200.01 -3 - 4.9917 x 1072 a2 20.952.

It is known that matrix X in the Jordan decomposition of A is not uniquely
determined. We try to choose the matrix X so that the condition number
ko(X) should be minimal. Applying the Filipov algorithm to find the Jordan
decomposition of A (see Proposition 2.5.2.1), we obtain that

1 0 0 = 1 0 1 0 0
A=XJX'=|0 10 0 0 & 1 0 & 0 |,
000 1000 0 ][00 5
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where

k>(X) = 100.
It turns out that
= 0 0 = 1 0 10 0 0
A=XJX'=|0 1 0 0 & 1 0 1 0
0010 0 & 0 0 &

is also a Jordan decomposition of A, where
k2 (X) = 10.
Therefore, the best estimation we can have by Proposition 2.9.4 is
||sin A — Al|, <10-3-4.9917 x 102 ~ 1.4975.

Otherwise, in this example for calculating sin A we can apply the algorithm
given in Proposition 2.9.3. Using the formula (32), we have that

sin.1 (cos.l)/1! (—sin.1)/2!
sinJ = { ] =

0 sin .1 (cos.1)/1!
0 0 sin .1

0 .099833 995
0 0 .099833

{ 099833 995  —.049917 ]

By formula (31) we calculate the value of the function in question:

1

oo 0 1 171 .099833  .995  —.049917 100 0 —100
sinA=1] 0 % 0 0 .099833 995 0 10 0 =
0 0 1] 0 0 .099833 0 0 1
[.099833 .0995 —.00049917
= 0 .099833 .0995
i 0 0 .099833
Hence,
099833 — .1  .0995 —.1 —.00049917
sinA— A= 0 099833 — .1  .0995 — .1 =

0 0 099833 — .1
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—1.67 x 10~ —.0005 —4.9917 x 1074
= 0 —1.67 x 10°* —.0005
0 0 —1.67 x 10~*

and
|sin A — AJ|, ~ 8.8098 x 107"

As a result of this example, we can assert that estimation (33) proved in
Proposition 2.9.5 is quite rough.

Proposition 2.9.5. If the Maclaurin expansion of the function f(z)
f(2) =3 2"
k=0

is convergent in the circle containing the spectrum A\(A) of the matrix A €
C™ " then
oo
f(A) = Z e A
k=0

Prove this assertion with an additioal assumption that the matrix A has
a basis consisting of its eigenvectors. In this case, by Corollary 2.9.1,

F(A) = X diag( f(\), ..., fOR) X! =

= X diag(d_ A, ... )Y aA)X =
k=0 k=0

=X (Z Ck D’“) X '=Y aq(XDX Y=Y A" O
k=0

k=0 k=0

Proposition 2.9.6. If the Maclaurin series of the function f(z)
f(z)=> ¢ 2"
k=0

is convergent in the circle containing the spectrum A\(A) of the matrix A €
C™" then

T max [JATHF (D (A,

q
_ k -
1704) = 2 aed®lls < 7y s,
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Proof. Let us define the matrix E(s) by

f(As) = i cr(As)F+ E(s) (0<s<1). (34)

k=0

If fi.;(s) =[f(As)]; ;, then f; ;(s) is analytic, and therefore,

7 fl(qul) i g
fuste) = 3o e o Lo ol o (35)

where 0 < ¢;,; < s < 1.By comparing the powers of the variable s in (34)
and (35), we conclude that [E(s)];, ; has the form

g5 (5) = fi qul)(gi;j) g+
’ (¢+1)!
If £ = [Aet1 f (e¥1)(As)];, 5, then
| fi; oy (3 4) +1 £ (g+1)
&3 5(5))] Sofgggl W <n 0221 AT LD (As)]],. O

Exercise 2.9.1. Prove that for an arbitrary matrix A € C"*"
I+ cos(24) = 2cos” A
and
sin(2A) = 2sin A - cos A.

Exercise 2.9.2. Apply Proposition 2.9.6 to the estimation of the errors

in the approximate equalities
q A2k+1

sin A & 1)
162:%( ) (2k + 1)!

and
AQk:

cos A ~ Z

Proposition 2.9.7 (Sylvester theorem). If all eigenvalues ) of the
matrix A € C"*" are different, then

4) = z £ () Rizeld = Ail) (36)

ik (Ae — Ai)
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or

f) = 3 Ak, (37)
k=1

where Ay (k = 1;2;...;n) is the determinant obtained from the Vander-
monde determinant

1 1 1
Ao M R An
D

by replacing the k-th row vector
ATAST AT

by the vector
(f(A1) f(A2) oo f(An))-

Example 2.9.4. Calculate exp A if A = [ _11 1 ] .

First we find the eigenvalues of A :
‘ 1-x 1

_ )2 _
1 1_)\‘—0:>(1 A)+1—0:>{

Then we use formula (36):

1 1] A-(-dI A= (149 B
eXpl—l 1] = Txioi g ot e —i) =
11 —7 1
1 i . —1 —i
= exp( —|—z)+7_2i =

:e_l (expi + exp(—i)) /2 (eXpi—eXp(—i))/%]:e_[ cos 1 sinl]
—(expi —exp(—i))/2i (expi+ exp(—i))/2 —sinl cosl

Now applying (37), we have

exp[—11 ” - (1/det[11tz' 1ii])[1detlexpl(ij;i) expl(l_;i) ] "

+ [ _11 1 ]det [ exp(i—i—i) exp(i—i) ]]
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- —%z{[ é (1) ] [(1—i) expi—(1+1) exp(—i)]—i—[ _11 } ] [exp(—i)—expi]} =

e | —iexpi—iexp(—i)  exp(—i)—expi _ .| cos 1 sinl
- —2i | —exp(—i)+expi —iexpi—iexp(—i) | —sinl cosl |’

We solve this problem once more using the formula exp A = SexpAS~!,
where S is the matrix formed of the eigenvalues of A. Find the eigenvalues

of A:
M=14+i= - b0 :>$1:[1‘|
-1 —i 0 L
and
) 1
M=1—1=> = Ty = A
—1 i !
and the matrix
szll. 1.].
1 —1
Hence
- 4 |11 et 0 /2 —if2 |
expA = SexpAS _[i —i 0 et |12 i |

_ et et 1/2 —if2] _
| |1 %]

iel Tt —jel /2 i/2
_ . [ (expi+exp(—i))/2 (expi —exp(—i))/2i ]
—(expi —exp(—i))/2i (expi+ exp(—i))/2

cos? sint
= e .. .
—sin? cosi

2 Computation Methods in Linear Algebra

2.1 LU-Factorization
2.1.1 Solution of Triangular Systems
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Let us consider the solution of a 2 x 2— lower triangular system

liv 0O SRS
[ by Iy ] l 3 ] = [ by ] (il 7 0)
by forward substitution. From the first equation we obtain & = by /Iy, and

then from the second one & = (by — 21&1) /l2s.

Proposition 1.1.1 ( forward substitution). If L = (I;;) € R™" is a
lower triangular matrix, [T, /;; # 0 and Lx = b, then the solution is

i—1
&= (b — Z Lik€e)/lii (i=1:n).
k=1
Solve the 2 x 2—upper triangular system
b
[ “61 Z;j ] [ 2 ] - l b; ] (ur1ug # 0)

by back substitution. From the second equation we obtain & = by/ug, and
then from the first one 51 = (b1 — U12§1)/U11.

Proposition 1.1.2 (back substitution). If U = (u;,;) € R"*" is an upper
triangular matrix, [T, u;; 7 0 and Ux = b, then the solution is

n

&= (b — D winke)/uy (i=1:n).

k=i+1

In the case of forward substitution as well as in the case of back sub-
stitution the solution of the system with a regular n x n—triangular matrix
requires 1 +3 4 ...+ (2n — 1) = n? operations.

Proposition 1.1.3 (forward substitution: row version). If L € R"*" is
lower triangular, [T ,l; # 0, Lx = b, and & has been found, then after
substitution of & into the equations from the second to the n-th, we obtain
anew (n— 1) x (n— 1)— lower triangular system

L(2:n;2:n)x(2:n)=b(2:n) —x(1)L(2:n;1).

Proposition 1.1.4 (back substitution:column version). If U € R"*" is
upper triangular, J]7", u; # 0, Ux = b, and &, has been found, then after
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the substitution of &, into the equations from the first to the (n — 1)-th, we
obtain a new (n — 1) x (n — 1)—upper triangular system

Ul:(n—1);1:(n—1))x(1:(n—1))=b(l: (n—1))—x(n)U(Ll: (n—1);n).

Now we consider the simultaneous solution of several systems with a
common system matrix. Let us consider the system LX = B, where L €
R™ " is a regular lower triangular matrix, B € R"*? and the unknown is
X € R™9. We represent this system in block form

Ly o .- 0 X, B,
Loy Loy - 0 Xo By

: : .. : : - : ’ (1)
Lyt Lya -+ Lyn Xn By

where the diagonal blocks are square. From the equation L1 X; = By we
can find X;. By using for system (1) the row version given in Proposition
1.1.3, we obtain

L22 0 te 0 X2 B2 - L21X1
Ly Lzz --- 0 Xs | | Bs—LaX,
Lys Lys --- Lyn Xy By — Ly X,

Continuing in this way we obtain the solution of system (1).

Proposition 1.1.5. Triangular matrices have the following properties:

e the inverse of an upper (lower) triangular matrix is upper (lower) tri-
angular;

the product of two upper (lower) triangular matrices is upper (lower)
triangular;

the inverse of an unit upper (lower) triangular matrix is unit upper
(lower) triangular;

the product of two unit upper (lower) triangular matrices is upper
(lower) triangular.

e Exercise 1.1.1.* Prove Proposition 1.1.5.
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2.1.2 Gauss Transformation and LU-Factorization

Under certain conditions the system matrix A of the equation Ax =b
can be expressed in the form of a product of a unit lower triangular matrix
L with units on the main diagonal and an upper triangular matrix U,and as
the result, one has to solve two systems with triangular matrices.

Proposition 1.2.1 (LU—method). If A € R"™", A = LU, where L
is unit lower triangular, U is regular upper triangular and Ax = b, then
LUx = b, and for the solution of the system one has first to solve the system
Ly = b and then the system Ux =y.

Example 1.2.1. Solve the system

1 2] [1
34|75
using LU-method. Since

sl A

then, by Proposition 1.2.1, we have to solve first the system

EHIEIRE]

The solution of this system is 7; =1 and 17, =5 — 3 -1 = 2. Second, solving

the system
1 2 &G |1
0 —2 S| 2]

T
we find that & = —1 and § = 1-2- (1) =3. Thus, x=[ 3 —1] .
The Gaussian elimination method considered in the main course of linear

algebra for solution of systems of linear equations is also applicable also to
the LU-factorization. Let x € R™, where & # 0. If

ni=&/& (i=(k+1):m) t(k):[o o 0 Tey vt Tm
k zeros
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and

M, =T—t®el (2)
then ) o ) ) )
1 0 0 -0 &1 &1
0 1 0 0 &k &k
M,x = —
L I T 1 0] & 0
0 - =T 0 e 1| & 0

Definition 1.2.1. A matrix M, of the form (2) is called a Gauss matriz,
the components t((k + 1) : n) are called Gauss multipliers, and the vector
t() is called the Gauss vector. The transformation defined with the Gauss
matrix My is called the Gauss transformation.

Definition 1.2.2. The value

di — aii, lszl,
PO det(A(1:k, 10 k) /det(A(1:k—1,1:k—1)),if k=2:p,

is called the k—th pivot of the matrix A € R™*", where p = min(m,n) and
det(A(1:4,1:49))#0 (i=1:p—1).

If A € R™", then for the nonzero pivots of A the Gauss matrices My, ..., M,
can be found such that M, M, o---MyM;A = U is upper triangular.

Example 1.2.2. Let us consider the finding of the Gauss matrices M;
and M, and the upper triangular matrix U for

2 -1
A= 5 2
1 2

By relation (2), we obtain that

100 0
M1[t<1>e{{010]{ 4/2 }[100}
00 1 (~2)/2
100 000 100
=l0o10|=-| 200(=|-210
001 ~1.00 101



Thus,

1 00 2 2 —1 2 2 -1
MiA=1| -2 1 0 45 2|=|01 4
1 01 -2 1 2 03 1
and
1 00 0
My=T—-t%el'=]{0 1 0|0 [010]:
0 01 3
1 00 0 00 1 00
=|1010]—]00O0|=1]0 10
0 01 0 30 0 -3 1
Therefore,
1 00 2 2 —1 2 2 -1
U=MMA=1]0 10 01 4|(=]01 4
0 -3 1 0 3 1 0 0 —11

Note that matrix A®=Y = M, ;.- M, A is upper triangular in columns
1 to k-1, and for the calculation of the elements of the Gauss matrix M we
use the matrix vector A®~V(k : m, k). The calculation of M is possible if

alE:I;c_l) # 0. Moreover, M, ' =T + t®e]". If to choose
L — Mfl . MTZ}17
then
A=LU.

We stress that in our treatment the lower triangular matrix L is a unit lower
triangular matrix.

Proposition 1.2.2.If det(A(1:k,1:k)) # 0 for (kK =1:n-1),then A €
R"™ has an LU factorization. If the LU factorization exists and A is regular,
then the LU factorization is unique and det(A) = uy; -+ Upy -

Proof. Suppose k — 1 steps have been taken and the matrix A*1 =
Mj,_1 -+ - M; A has been found. The element a,(!z_l) is the k-th pivot of A and

det(A(1:k, 1:k)) = oY .. angl). Hence, if A(1:k,1:k) is regular, then
a,(ﬁ;l) # 0, and A has an LU factorization. Let us suppose that the regular

matrix A has two LU factorizations A = L,U; and A = LyU,. We have
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LU, = LyU, or L;lLl = UgUfl. Since LglLl is unit lower triangular and
U,U; 'is upper triangular, then Ly'L; = T, UyU; ' = T and Ly, = L; and
also Uy, = U;. O

Example 1.2.3.* Find the LU factorization of the matrix

21
2]
Find the Gauss matrix M; for A :

s[4 1))

[ a]-lee]-[ 48]
=[] 5) =]

10 2 1 10 2 1
vl ] o=d ] amw= [0 V[0

Thus,

and

_ 1

Example 1.2.4.* Find the LU factorization of

2 3 3

0 5 7.

6 9 8
Find the Gauss matrix M; for A:

1 00 0
My=T—tVef=|010|-| 0 [[100]=
0 01 6/2

A=




and since M7 A is upper triangular, then My = I and

100 2 3 3
L010,U057],
301 00 —1
100723 3

A=LU = 010”05 7].
301/]00 —1

Example 1.2.5.* By using the LU factorization, solve the system Ax = b,
where

A= .

2 3 3
0 57
6 9 8

2
AN b=]|2
5

In example 1.2.4 we found the LU factorization for A:

0 0 2 3 3
10 05 7 |.
01 0 0 -1

By solving the system Ly = b , i.e.,
m 2
12 - 2 )
M3 5

H
[3)(3)
{

A=LU =

w O =

10
0 1
3 0

_ o O

we obtain

By solving the system Ux =y , i.e.,

2 3 3
05 7
0 0




we obtain that

&1 1
X = €2 = —1
&3 1
Exercise 1.2.1." Find the LU factorization of A if
1 -1 0
a)Azlz H b)A:[; (1)] GA=| -1 2 -1
0 -1 1

Exercise 1.2.2.* By using the LU factorization solve the system Ax = b,
where

1 -1 0 2
A= -1 2 -1 AN b=]| -3
0 -1 1 4

If the principal minors of a rectangular matrix A € R™*™ are nonzero,
ie.,

det(A(1:k,1:k)#0 (k=1:min(m,n)),
then A has an LU factorization.

Example 1.2.6. The following equalities hold:

17 [1 0
J-1 ]
51 |2 32

2 8 4] [ 1 0][2 8 4

16 5 |1/2 1 0 2 3|
As is known from the main course of algebra, the direct application of the
Gaussian elimination, therefore also the direct realization of the LU factor-
ization fails, if at least one of the principal minors is singular. It turns out
that for a regular matrix it is possible after an appropriate interchange of

matrix rows to find the LU factorization. Permutation matrices are used for
interchanging the matrix rows (columns).

= 00 N

Definition 1.2.3. A permutation matriz P € R" " is the identity [
with its rows reordered.
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Example 1.2.7. Consider the effect of multiplying a 4 x 4 matrix A by
a concrete permutation matrix P.

0010 ail G2 13 A4 31 (32 (33 A34
PA— 0001 21 Gy Qg3 G24 | _ | Q41 Ga2 Q43 Ay
0100 a3y a3z (33 A3 A1 G2 (23 (o4
1 000 41 Q42 Q43 OG44 aip a2 a1z A4

Multiplying by the permutation matrix P on the left, we obtain a new matrix,
where the rows of initial the matrix are reordered exactly in the same way
as the rows of the identity I are reordered for getteing P. Multiplying on the
right,

aip a2 a1z A4 0010 Q14 aiz ail Aa12
AP = Q21 Qg2 A23 (24 0001 _ Q24 A23 A21 (G22

31 (32 G33 A34 0100 a4 Qzz G31 G32 |’

(41 Q42 (43 Q4q 1000 (44 Q43 Q41 Q42

we obtain a new matrix, where the columns of the initial matrix are reordered
in the same way as the columns of the identity I are reordered for getting P.
The following holds

Proposition 1.2.3. If A € R™" and det(A) # 0, then there exists a
permutation matrix P € R"*" such that all the principal minors of PA are
nonzero, and consequently, there exists the LU factorization

PA=1LU.
Example 1.2.8.*% Let
0 —2 2
A=11 2 —1
3 5 —8

Find for a certain permutation matrix P € R**3 the LU factorization of PA.
Interchange the first and second rows of A, i.e., choose

P =

O = O
o O =
o O
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and find for the matrix

01
PA=1|1 0
0 0

the Gauss matrix
1

0 0 0 1 0
My=I-tWel=]0 10| 0 |[10O0]=]0 1
00 1 3/1 0

Thus,

MIPA:

_ o O
S

and
1 0 01 2 -1 1 2 -1 100
MyMiPA=]10 1 0]]0 -2 2 |=]0 -2 2 |, My'=|0 10
0 —3 1]]0 -1 =5 0 0 —6 0 5 1
Consequently,
1 00][1 00 100 1 2 -1
L=M'™;'=10 10|01 0]|= 10|, U=|0 -2 2
301[10 %1 341 0 0 -6
and
1001 2 -1
PA=LU=|0 1 0|0 -2 2
3 5110 0 -6

Exercise 1.2.3." Find for a certain permutation matrix P the LU fac-
torization of PA if

0 5 7

a)A:[g ;] b)A:[g ;] gA=|2 3 3],

6 9 8
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2.2 QR Factorization
2.2.1 Householder Reflection

Definition 2.1.1. If v € R" and v # 0, then the matrix of the form

VVT

H=1-2—— 1

Ty (1)
is called the Householder matriz or Householder reflection and the vector v
is called the Householder vector.

Proposition 2.1.1. The Householder matrix H is symmetric and or-
thogonal. The Householder reflection reflects every vector x € R" in the
hyperplane span{v}".

Proof.
S (O P A0 LSS A S
viv viv
and
T T T \.T
HHT = HTH = (1—2¥Y =1 Y YV Vv
( vTv) vy (v v)(v'v)

To prove the third part of the assertion, we choose on the hyperplane spcm{v}L
an orthogonal basis {a;, ...,a,_1}. Hence,v 1 a; (i=1: n—1) and vIa; =0
(i1=1:n-—1). If

x =fv+pia; + ...+ Bu1an-1,

then
Hx =H(pv)+ H(fha))+ ...+ H B, 1a, 1) =

T T VVT

vv vV
= B(I — 2m)v + ﬁl([ - 2m)al+ e +Bn—1(l - 2m)an_1 =

v(viv)

) + Bi(a — 27V(VTa1))+ + Bt (n_y — 27V(VTa"‘1)) -
1\a41 viv ce n—1\Anp—1 VT =

= _ﬂv—i_ﬁlal +...+ ﬂnflanfla

i.e., the vectors x and Hx have the same orthogonal projection onto the
hyperplane spcm{v}L

= v -2

V'V

ﬂlal + ...+ ﬁnflanfla
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but projections onto the vector v have opposite directions. Thus Hx is the
reflection of x in the hyperplane span{v}". It is significant to note that the
Householder matrix H depends only on the direction of Householder vektor
v and does not depend on the sign of the direction and length of v.

Proposition 2.1.2. If x € R™ and v = x= [|x]|, e, then vector Hx,
where H is the Householder matrix denoted by (1), has the same direction
as ey, i.e., the Householder reflection H applied to the vector x annihilates
all but the first component of the vector x.

Proof. Our aim is to determine for a nonzero vector x the Householder
vector v so that Hx €span{e;}. Since

vvT v(v'x) vix
HX: (I—Qm)X:X—Q VTV :X—QW

and Hx €span{e, }, then v €span{x, e, }. By choosing v = x+ae;, we obtain

that

vix = xTx4aelx = xTx+af,,

viv = (xT+ae1T)(x+ae1) = x"x+2aé; + o’
and - T ¢
vix X" X+
Hx =x-2—v =x-2 X+tae;) =
vlv xT'x+2a&; + a2( Y
T T
= (1 X X+CY€1 )X—Q&Eel.

C TxTxA420 + o2 vlv

Choose « so that in the latter representation of Hx the coefficient of x is

zero, i.e.,
x"x+ag;

~ “xTx+20€, + a2
o xI'x+20é +o? — 2xT'x — 206, =0 &

=0&

sx'x=ad & x|, =+
For this choice @ = £ ||x||, we have v = x=£ ||x||, e; and

vlx x'x+a

Hx = —20——e, = —2
x YTy axTx:I:2a§1+xTx

e = —ae; = F ||X||2 e;.

Example 2.1.1 Let x =[2 6 — 3]7. Find the Householder vector v and
hence to it the Householder transformation that annihilates the two last coor-
dinates of the vector x. By Proposition 2.1.1 we compute v = x=+ ||x||, e; =

102



[26 — 3]" £ Te;. Choose the sign plus for coefficient of e;
and we obtain v =[9 6 — 3]”. Find the Householder matrix H that depends
only on direction of v,

3
2 2
H=I— - wli=71-21] 2 [32-4 -
viv 14 1
9 6 —3 ] 1 -2 -6 3
=] —— 6 4 -2 | = ? —6 3 2
-3 -2 1| 3 26
Check,
1 -2 —6 3] 2 -7
Hx = ? —6 3 2 6 | = 0
3 26| -3 0

Exercise 2..1.1.* Find the Householder matrix H such that Hx €
span{e;}, where x :[ -3 1 -5 1 ]T.

Let Q; € R™™ (i=1:7) be the Householder matrices. Consider the
product of these matrices

Q=Qi Q,
where
Q=1 5].V(j)v(j)T

and each v(9) has the form

ﬂﬂ:[o.nollﬁ)“.wﬂr.

] n
j — 1zeros

The matrix () can be written in the form
Q=I1+WY", (2)

where W and Y are n x r—matrices. The answer to the question how to find
representation (2) is given by the following proposition.

Proposition 2.1.3. Suppose Q = I + W YT € R™ " is an orthogonal
matrix with W, Y e R™J. If H = I — Bvv’, where v € R" and z = —3Qv,
then

Qi=QH=T+W,Y,",
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where W, = [W z]and Y, = [Y v], and consequently, W, , Y, € R™0U+1,
Proof. Since

QH=(T+WYD)YI = pvww) =T+ WYT - B(I+WYT)vv! =
=T+WYT —8Qvww =T +WYT —zvT

and

YT
] =1+ [WYT+2v7| =T+ WYT 4297,

I+[wW z]lvT

then QH = I+ W,Y,”, and the assertion of the proposition holds.

2.2.2 (Givens Rotations

The Householder reflection is effective for intruducing zeros if there are
"many” components to be annihilated. If it is necessary to nullify only one
component or sometimes a couple of components, then usually the Givens
method is used. The Givens rotation is realized by an n x n—matrix

(1 0o - 0 0]
0 ¢ - 5 -+ 0
G(i,k,0) = | : P |
0 —s c 0
: k
0 0 0 1]
1 k

where ¢ = cosf and s = sinf. This matrix G(i, k, 0) is evidently orthogonal.
If x € R" and y = G(i, k,0)"x, then

Cgi_sé'ka ]ZZ,
n; = S§i+0€k7 ]: )
éja ]%Zak
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By setting
G

_ & =5k
ere T je+a

Example 2.2.1. Consider the annihilation of the last component of the
vector x =[2 6 — 3]T given in example 2.1.1 with Givens rotations. Find the
values of ¢ and s:

we get n, = 0.

& 6 2v/5
Cc = = — ,
Jegrg VB S
S = _63 = 3 :é
Jeg+g Vi S
Check
1 0 0 2 2 2
o5 %5 || 6 |- | s |~ |55
0 ¥ 26 —3 0 0

2.2.3 Householder QR Factorization

Apply the Householder reflection to the matrix A € R™" (m > n) to
obtain the QR factorization.

Example 2.3.1. Suppose A € R*** and assume that the Householder
matrices H; and Hy have been computed so that

o o o o X
o © O X X
¥ QX X
X X X X X

H2H1A -
®
Concentrating on the highlighted vector | ® | , we determine a Householder
®
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matrix ﬁg such that

H|l®|=|0
® 0

Choosing Hs = diag (I, Hs),we get

H3H2H1A -

O O O O X
o O O X X
S O X X X

X R X X X

Next consider the highlighted vector l g ] and determine H, such that

w[e]=15)

Choosing Hy = diag (I3, ﬁ4), we have

H4H3H2H1A -

oo oo X
oo o X X
S O X X X
o X X X X
|
=

By setting Q = H1H2H3H4, we obtain QR = H1H2H3H4H4H3H2H1A = A.

Proposition 2.3.1. If A € R™ ™ (m > n), then there exist Householder
matrices H; such that

Q:{ H ---H,, kuim>n,

H---H,_y, kuim=n "~

p_ | HooHA, kuim>n,
| Hi---H, 1A, kuim=n

and
A=QR,

where () € R™*™ is orthogonal and R € R™*" is upper triangular.
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Example 2.3.2. Find the Householder Q)R factorization for

2 0 1
A= 6 2 0
-3 -1 -1

In example 2.1.1 the Householder matrix for the transformation of the first
column vector [2 6 — 3]7 of A has been found:

1| —2 -6 3
2 6

3
Then
1 -2 —6 3 2 0 1 1 —49 —-15 -5
HIA:? -6 3 2 6 2 0 :? 0 4 -8 |.
3 26 -3 -1 -1 0 -2 =3

To find ﬁg, we compute the Householder vector

[4]-ali]-[ 0]

—2 0 —2
Hence . \/_
5 _
Hy=T-22—= :—l 2 1]
vlv 5 | -1 =2
and
1 0 0
Hy = diag(l,, Hy) = | 0 25ﬁ —¥
_V5 _2v5
0 5 5
and also
] 1 0 0 —49 —-15 -5
R=HHA=-]0 256 5 0 4 -8|=
7 0 Yo _ 2/ 0 -2 -3
5 5
ST
— | 0 26 _1
7 35
0 0 2v5



Find also the orthogonal matrix

. 1 0 0 —2 -6 3
Q=HHy,=-|0 % —% -6 3 2| =
Tl o _\8 _u5 3 26
5 5
—-2v/5 —15 0
5
:3—\£ —6v5 4 =T
3vh -2 —14
and check the result
3 —2v5 —-15 0 -7 -2 =3
QR=—r| 65 4 -7 0 25 185 | _ 4
3Wvs -2 —14 0 0 2v/6

Example 2.3.3*. Find the Householder QR factorization of
11
A=12 3
2 1
T
The vector that has to be transformed is x = [ 1 2 2 ] ,, where ||x]||, =
V12 4+ 22 + 22 = 3. Construct the vector
1

v =x=|[x|,e; =] 2 | £ 3e.
2

Choose a minus sign for the coefficient of e; and take into account that H
depends only on the direction of v:

v=[-222] ~[-111].

Find the Householder matrix

9 9 -1
H=1———vwl=1— 1 [—1 1 1]:
vTv (-D(-1)+1-141-1 1
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9 1 -1 -1 1 1 2 2
=1- 3 -1 1 1] = 3 2 1 =2 7].
-1 1 1 2 =2 1

Verify that H; annihilates all the elements of the first column of A but the

first one.
12 2)[1 1] [ [9 9 3 3
9 1 —20|l23l=2]0 3 |=|0 1.
9 —2 1]|l2 1| 3|0 -3 0 —1

T
Further we transform the vector x = [ 1 -1 ] ,where ||x||, = v/2. Find the
Householder vector according to x

17114:1
3

-1
v =x*|x],e; = l 1 ] + V/2e;.

Choose a minus sign for coefficient of e;:

-[177)
1
Using this vector we obtain the Householder matrix
— 2 2 ~1-+2
Hy=1- —Z-vv' =1~ “1-v2 1=
T (—1—ﬁ)2+1l ! M V2]
2 3-2v2 v2-11_ 1 [-14V2 —V2+1]_
202-v2) | V2-1 1 22 —V2+1 —V2+1
R B T T VO B |
22| -1 -1 2 |-1 -1

and find that
N 1 0 0
Hy = diag(I,, Hy) = | 0 V2/2 —/2/2 |.
0 —v2/2 —V2/2
Thus,

R = H2H1A =




and

1 1 2 2 1 0 0
Q=HH=52 1 =210 W2 =iV2
2 -2 1 0 —1v2 —-1V2
Let us check the result:
10 -%3/2773 3
QR=|2 13 13 |0 val-
o v Jlo o

—

\]

\]

Exercise 2.3.1." Find the QR factorization of A if

a) A=

d) A=

— Ot Qo

2.2.4 Givens QR Factorization

O = = O

00
1 31; b)A:l152 ?],
0 2

o~ oo
—_o o~

c) A=

WINowW W =

w

w

e}

DN | =
S o
)

|
NI
>

o ot W

S OO

D= =

Next we consider how to use the Givens rotations to compute the QR

factorization of a given matrix.

Example 2.4.1. Consider for A € R**? the idea of the Givens QR

factorization:
X X X X X
X X X GT(3,4) X X
A= —
X X X X X
X X X 0 x
X X X X X X
0 X x |a6Te4a | 0 x X
0 x X 0 x X
0 x X 0 0 x

X X X X

o O X X

X X X X

X X X X

X X X X



o O X
o X X X

X
X
0
0 0
The orthogonal matrix has the form:
Q =Gy (37 4)G2(27 3)G3(17 2)G4(37 4)G5(27 3)G6(37 4)
Example 2.4.2.* Find the Givens QR factorization of
2 0 1
6 2 0].

-3 1 -1

A=

Let us annihilate the element A(3,1) of A. For this we construct the Givens
matrix G1(2,3). Find the values ¢ and s:

. 6 6 25 o 3 3 5
e (3 VA 5T e (3 VA 5

Thus, we have

|
[

S
SN
SS o
o] Ot
1

and
1 0 0 2.0 1
AD =GT(2,3)A=]0 25 ;\/EH 6 2 0}
0 +vV5 V5 -3 1 —1
2 0 1
{3\/5 35 V5
0 V5 -3/5

For the annihilation of the element A (2, 1) of A() we construct the Givens
matrix Go(1,2). Find the values ¢ and s:

2 -3v5 3v5

—. § = —

2
ey T 2+ (3ve)e T
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Thus,

R NEN
Go(L,2)=1] 2y5 2 0
0 0 1
and
2 25 0 2 0
A =@ (1,2)AW = | -2/5 2 0| |3V5 V5
0 0 1 0 V6
[ :
=0 £v5 -5 |.
0 V6 —-2V5
To annihilate the element A (3,2) of A?)
G5(2,3). Find the values of ¢ and s:
=/5 Vo 3
= 35 _ 35 — _\/ﬁ
2 2 2./41 205
&)+ (v P
and )
—4/5
5= ‘;\/_ ——% 205.
J5v5) + (4v9)
Thus,
1 0 0
G3(2,3)=| 0 52=v205 —5:v/205
0 35:V205  5-1/205
and
1 0 0 T2
R=G1(2,3)A® = | 0 3205 2205 | |0 £V5
0 —5:V205 55=v/205 | [ 0 25
7 9 5
7 7
=0 2Vi1 —2ZV41
0 0 VAL

| i
SN S
ot

E

|
SIS .

a5

S — |



and

10 0 2 - |1 0 0
{0 25 ;\/5] 35 2 || 0 5=v205 —55 205]
0 —3v5 2Vo | 0 0 1]L0 55V205 55v205
?oagVAL gVl
=| 7 agVAl —gvil
—r VAL gVl

Let us check:

|

2 6 9 5
QR = E ﬁi/\{;_? —Ii\/\;l_i_l g 2741 —4—77 41 | =
B _7§ g\/ﬁ iﬂ\/ﬁ 0 70 37 41 a
7 287 a1 a1
2 0 1
= 6 2 0 = A.
{3 1 -1

Exercise 2.4.1. Find the Givens QR factorization of the matrix A in
example 2.3.2.

Exercise 2.4.2.* Find the Givens QR factorization of A if

-1 12 —

3 1
—6 2 -3 1 2].
4
R |

2 1
a) A = 4 0 ,b)A:[ ],C)A:
3 3 8 4

2.2.5 Main Theorem of QR Factorization

Proposition 2.5.1. If A = [a;---a,] € R™" (m > n) with linearly
independent column vectors a; (i =1:n) can be factored into A = QR,
where Q@ = [q1 -+ - Q] € R™™ and R € R™*" then

span{ay,...,a;} = span{qi,...,qr} (k=1:n). (3)
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In particular, if

Qi =Q(1:m,1:n), Q=Q(1:m,n+1:m), Ry =R(1:n,1:n),

then
R(A) = R(Qy) (4)
R(A) =R(Q2) (5)

and
A=Q Ry, (6)

Proof. If A =QR, then

m -0 k .
Qi = Zqiﬂjk r;kfk Zqijrjk (t=1:m, k=1:n)
j=1 j=1

or
k

ap = erkqj (k =1 TL)

J=1

Thus, a; € span{qy,...,qx} and span{ai,...a;} C span{qy,...,qx}. Since
rank(A) = n, then rank(span{ai,...ax}) = k, and relation (3) holds. Rela-
tion (3) for k = n yields relation (4), and this yields (5). From

m n
ik = Zqimk = Z 4i57 ik
j=1 j=1

results assertion (6). O

2.3 Singular Value Decomposition

2.3.1 Existence of Singular Value Decomposition

Proposition 3.1.1. If V; € R"*" (r < n) has orthonormal columns,
then there exists V5 € R™ (") such that V = [V} V4] is orthogonal, where
the orthogonal complement R(V;)% of the span of column vectors of the
matrix V; is equal to the span R(V3) of the column vectors of the matrix V5
e, R(VI)E = R(Va).
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Proof is based on the Gram-Schmidt orthogonalization. O

Proposition 3.1.2. If x € R" and () € R™*" has orthonormal columns,
then [|Qx||, = [|x[[, -

Proof. If Q € R™*" has orthonormal columns, then Q”Q = I, and
Qx5 = (@%)"Qx = x"QTQx = x"x = |||,

Proposition 3.1.3. Let A € R™" If Q € R™™ and Z € R™*" are
orthogonal, then

1QAZ| [y = [|All ¢

and
1QAZ]|, = ||All, - (1)

Prove relation (1):

1Q4Z]], = max, QAZx], = max, |QA(Z)]|, =

X [1QAzll, = max {|Q(Az)], = max [l Az]l, = [A]l, -

H ”2_1 2, =1 llzll,=

Proposition 3.1.4 (ezistence theorem of the singular value decomposi-
tion). If A € R™*" then there exist orthogonal matrices

U=[u - u,] e R™™

and
V=[vy v, € R"",
such that
UTAV =¥ = diag(o,...,0,) € R™™ (p=min{m,n}) (2)
with

o1 209> ...20,>0.

Proof. By the definition of the matrix 2-norm there exist vectors x € R”
and y € R™ such that Ax = oy, where ||x||, = |ly|l, = 1 and o = ||A]],.
By Proposition 3.1.1, there exist matrices V5 € R**(®~1) and U, € R™*(m~1)

115



such that V' = [x V5] and U = [y U,] are orthogonal. Using this notation,
we obtain

UTAV:[i;]A[x VQ]:M;MAX AV, | =

T T T
|y _|oy'y y AV, |
‘lUZTM“y AVZ]‘[aUgTy U%’sz]—

o wl
:[0 B]:Al

with w =V,l ATy and B = UL AVj. Since

U R I N

then )

o 2 T \2

> .
‘Al [ w , = (0' +w )
On the other hand,
o 111 o 1|I°
2 2
[ 2 )] < 1) 2] = 1w,
and therefore,
1AL]5 > o + wl'w = ||A]| + wTw.

By Proposition 3.1.3, we find that |4, = ||A||>. Consequently, w"w =0
and w = 0. We obtain
o 07 ]

T AV —
UAV—[O B

or

_ o 0" T
A_Ulo B]v

and

o 0o o 0" o2 0
ATA:V[O BT]UTU[O B]VT:V[O BTB]VT.
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a2 of

- T
Thus, the matrices A” A and 0o BTB

] are similar, and they have the

same eigenvalues. Consequently,
MATA) = {s?} U ANBTB),

where 02 as ||A|2 is the greatest eigenvalue of ATA. Note that since A7 A
is symmetric then all eigenvalues of AT A are non-negative. The Reasoning
used for the matrix A will be used in the next step for the matrix B etc. So,
on the main diagonal of ¥ there are the square roots of the eigenvalues of
AT A | more exactly, the first p = min{m, n} of them in descending order. O

Definition 3.1.1. The relation in form (2) is called the singular value
decomposition of the matrix A € R™*™. The elements o; (i =1 : min{m, n})
on the main diagonal of ¥ are called the singular values of the matrix A.

2.3.2 Properties of Singular Value Decomposition

Relation (2) yields the relations
AV = US (3)

and
ATU = vy, (4)

Proposition 3.2.1. If A e R™" A=USVT U =[u, --- u,| € R™*m™
and
V =1[v1 vy € R"™" then for each i =1 : min{m,n} the following holds

AVZ' = o;u;, (5)
ATlli = 0;V;, (6)
[Allp =0f+...+0, (p=min{m,n}),
[Ally = o
and A
in IAx]l, _ o, (m>n).

20 x|,
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Proof. Suppose n > m. Consider relation (3) which can be written in the
form

op 0 -0 0
0 o9 -+ 0 O
Avi-val=lawa] | .
o 0 --- o, 0
or
[Avl---Avn]:[alul s opu,, O

The latter is (5) for the elements in the m first columns of the matrix. Con-
sider relation (4) that can be written in the form

'01 0 --- 0 ]
0 oy -+ 0
ATl - up] = [vi vl | 0 :
0 0 Om
0 0 0 |
or
(AT, ---ATum]:[01v1 amvm],

which represents relation (6) by elements. We note that ”0” denotes also
certain blocks consisting of zeros. O

Proposition 3.2.2. If the singular values in the singular value decom-
position (2) of A € R™*" satisfy the inequalities

01> ... 20 >0 =...=0,=0,
then
1. spanf{uy,..., u,} = R(A);
2. span{vy,..., v,} = R(AT);
3. span{u,yq,..., uy,} = N(AT);
4. span{v,i1,..., vo} = N(A);
5. rank(A) = r;
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6. the singular values of A are equal to the semi-axes of the hyperellipsoid
B = {Ax: |)x|| = 1}

_ r T

Prove the first of these properties. Consider the relation A = UXVT.

Since
T‘_n T ajvkj, iszl:r,
[V e = ;U]svs’“ - { 0, kui j=r+1:m,
then
m r
ag = [USVT ]y = Z Uij[EVT]jk = Z UijOjUk;
=1 =1
or ;
ap = Zajvkjuj-
7j=1
Thus,
a; € span{uy,..., w,} (k=1:n) = span{uy,..., u,} =R(A). O

Proposition 3.2.3. If A € R™" and A = UXV7 is a singular value
decomposition of the matrix A, then the column-vectors of U € R™*™ are
the normed eigenvectors of AA” and the column-vectors of V'€ R™*" are the
normed eigenvectors of AT A. Singular values of the matrix A can be found
as square roots of the eigenvalues of AT A or AAT.

Proof. Proceeding from the singular value decomposition of the matrix
A we will find expressions of AAT and AT A:
AAT = UuxvTvsTuT = ueshu” (7)

and
ATA =vyTUtusvt = velsy?t, (8)

Since the matrices ¥X7 and X7Y are diagonal matrices, the orthogonal matri-
ces U and V in the expressions (7) and (8) must be formed by the eigenvectors
of the matrices AAT and AT A respectively. O
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2.3.3 Algorithm of Singular Value Decomposition

Algorithm 3.3.1. To find the singular value decomposition of the matrix
A € R™" one has to:
I Find the eigenvalues of the matrix A” A and arrange them in descending
order.
IT Find the number of nonzero eigenvalues of the matrix A7 A.
I1T Find the orthogonal eigenvectors of the matrix AT A corresponding to the
eigenvalues, and arrange them in the same order to form the column-vectors
of the matrix V' € R™ ™.
IV Form a diagonal matrix ¥ € R™*" placing on the leading diagonal the
square roots ; = v/A; of p = min{m, n} first eigenvalues of the matrix AT A
obtained in I in descending order.
V Find the first column-vectors of the matrix U € R™*™:

w, =0, 'Av; (i=1:7). 9)

VI Add to the matrix U the rest of m — r vectors using the Gram-Schmidt
orthogonalization process. O

Example 3.3.1. Let us find the singular value decomposition of the
matrix

11
A=10 1| e R¥
1 0

I Find the eigenvalues of the matrix AT A = [ 21 ] :

1 2
)\1 = 3, )\2 =1.
IT Find the number of nonzero eigenvalues of the matrix AT A: r = 2.
III Find the orthonormal eigenvectors of the matrix A7 A corresponding to
the eigenvalues \; and A:
vy = v2/2 and vy = v2/2 formi tri
1= V2/2 9 = _V3)2 orming a matrix

o o \/5/2 \/5/2 2x2
V—[Vl VQ]_l\/i/Q _\/5/2161% .
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IV Find the singular value matrix ¥ € R3*? :

V3 0 V3 0
[
0 0 0 0

Y =

on the leading diagonal of which are the square roots of the eigenvalues of the
matrix A7 A (in descending order) and the rest of the entries of the matrix
Y are zeros.

V Find the first two column-vectors of the matrix U € R**? using the formula

(9)

IRV I R 725 B O
3L |

and

11 0
_ 2/2
u =0, ' Avy = | 0 1 l_gﬁ] = | —v2/2 |
10 V2/2
VI To find the vector us we shall first find, applying the Gram-Schmitd
process, a vector iz perpendicular to u; and us:

T
f].g =€ — (uipel)ul — (U?GQ)U.Q = |: ]./3 —]./3 —]_/3 ] .
Norming the vector 13, we get
V3/3
U3 = —\/5/3 .
_\/5/3

Hence /3 ) V33
U:|:U.1 U9 1].3]|:\/6/6 \/5/2 \/g/3i|
V6/6 —V2/2 —V/3/3

and the singular value decomposition of the matrix A is

V6/3 0 V3/3 V3 0
V6/6 —\/2/2 \/5/3” 0 1] lgg _gg]
V6/6  V2/2  —\/3/3 0 0
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Example 3.3.2. Let us find the singular value decomposition of the
matrix A=[2 1 -2 |.
I Find the eigenvalues of the matrix AT A:

4-—X 2 —4 A =09,
det(ATA-X)=0&| 2 1-)X -2 |=0=4{ A =0,
—4 =2 4-) A3 = 0.

IT Find the number of the nonzero eigenvalues of the matrix AT A: r = 1.
I1T Find the eigenvector of the matrix AT A:

M=9 = vi=[-2/3 —1/3 23],

a0 & va=[-V5/5 2V5/5 0], )
’ vs=[ 4V5/15 2V5/15 5V5/15 | .

Since the eigenvalue 0 is multiple, the Gram-Schmidt orthogonalization process
is used to find the vector v3. We compile the orthonormal matrix V' :

—2/3 —/5/5 4V/5/15
~1/3 2/5/5 2v5/15 |.
2/3 0  5V5/15

V=

IV Form the singular value matrix:

x=[300].
V Calculate the unique column-vector of the matrix U applying the formula
(9):

ulzéAv1:%[2 1 -2 ][ -2/3 —1/3 2/3] =[-1].

Thus the singular value decomposition of the matrix A is

—2/3  —1/3  2/3
A=usvi=[-1][3 0 0]| V5/5 2V5/5 0 .
45/15 2/5/15 5/5/15
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Example 3.3.3.* Let us find the singular value decomposition of the
matrix

2 2 2 2
A— |1 L _1m _1
10 10 10 10
3 9 3 9
5 5 5 5

The given 3 x 4 matrix A has three nonzero singular values. Therefore it is
enough to find nonzero singular values of the matrix A using the 3 x 3 matrix
AAT (not the 4 x 4 matrix AT A). Since

2 2 2 2 2 }_lg % 16 0 0
AAT — |10 1 _1r 1|2 1 5 | _| g 2 12
| 1 10 10 10 o It _3 |7 5 05 |
3 9 _3 _3 10 5 0 12 36
5 5 5 5 9 L _3 5 5
10 5

then the characteristic equation of AA” is

16 — A 0 0
29 12 _
8 S 36€)\ =0
5 B

or

(16— \) (36 — 13X+ \?) =0,

and the solutions of this equation are A\; = 16, A\, = 9 and A3 = 4. Since

A\; = 0? and the matrix ¥ is a 3 x 4 matrix, then on the leading diagonal

of the matrix ¥ there are the singular values of the matrix A in descending
order, and all other elements of the matrix > are zeros:

4 0 00
Y=103 00
0020

The matrix U has for column-vectors the orthonormed eigenvectors of the
matrix AAT: .
A =16 = u; = |: 1 00 ] )
T
M=9 = u = [ 0 3 % ] )

)\3:4:>U.3:|:0 —% %]T
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Collecting the vectors uy, uy and usz, we obtain the matrix

1 0 0
U=1]0 2 -3
Oif
5 5

According to the relation (6), we shall find the first three column-vectors of
the matrix V' (the matrix ¥ has three nonzero entries on its leading diagonal
) using the formula

1
v, = —ATui.
o]
Hence

1 1 _1
2 2 2
1 1 1
Vi = i y Vo = _i y V3 = i
2 2 2
1 _1 _1
2 2 2

To calculate the vector vy, we find first, using the Gram-Schmitd orthog-
onalization process, the vector v, perpendicular to the vectors vq, v, and
V3!
{\’4 =€ — (v{el)vl — (V2Te1)v2 — (V3Te1)v3 =
1 1 1
[ 1

:e1—§v1—§V2+§v3:

Since [|V4||, = 3, then

T
—9, — (1 1 1 _1
V4_2V4_[2 2 2 2]
and
1 1 _ 1 1
2 2 2 2
1 1 1 _1
_ |2 2 2 2
V=11 4 1 1
2 2 2 2
i 1 1 _1
2 2 2 2
Let us check the result:
1 1 1 1
1 0 0 4 0 00 7 7 2, 2
T _ 3 _4 2 2 T2 T2 _
UXVi =10 ¢ = 0 300 R 2 1=
4 3 2 2 2 2
0 5 3 0020 R S S
2 2 2 2
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2 2 2 2
— | r 1 _1r _ 1 | _
— | 10 10 10 10 =4
3 9 _3 _9
5 5 5 5
and
i 1 _1 1
1 0 0 2 2 2 2 ? 7 12 2,
T — 3 4 r 1 _ 17 _ 1 2 2 2 T 2| _
U AV =10 i 5 10 10 10 10 1 _1 1 1 -
0o -4 3 3 9 _3 _9 2 2 2 2
5 5 5 5 5 5 1 _1 _1 _1
2 2 2 2

4 000
=103 0 0|=2X%
0020

Problem 3.3.1.* Applying the singular value decomposition of the ma-
trix A obtained in example 3.3.3, find the bases of the subspace of the column-
vectors R(A), the right null space N (A), the subspace of the row-vectors
R(AT), and the left null space N'(A”) of the matrix A.

Problem 3.3.2.* Find the singular value decomposition and the QR

factorization of the matrix A = l i ] )

Problem 3.3.3.* Find the singular value decomposition of the matrix

A=[-2+3v3 3V3+3].

2.4 Pseudoinverse Matrix

2.4.1 Least-Squares Method

Let us consider the solution of a system of linear equations
Ax=Db (1)
by the least-squares method in the case where the condition of the Kronecker-

Capelli theorem is not satisfied, i.e., the system has no solution in an ordinary
sense.
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Example 4.1.1. Let the system be

aix Q12 [&] B

Q21 QA22 & = 52 )
asi s B3

where b = [ Br B2 [ ]T ¢R(A) and rank(A) = 2. Let p be the orthog-
onal projection of the vector b onto the space R(A). Since the vector p €
R(A) and rank(A) = 2, the system AX= p has a unique solution. Tak-
ing into consideration that R? = R(A) & N (AT), we get b — p eN(AT) &
AT(b —p) =0 and AT (b—AX) =0 or

AT Ax = ATb. (2)

The matrix A7 A of the system (2) is regular since rank(A) = 2. Therefore
the system (2) is uniquely solvable on the given conditions and

X = (ATA)'ATb. (3)
By minimizing the square of the norm of discrepancy Ax — b
|Ax — b||> = (Ax — b)"(Ax — b) =(xTAT — bT)"(Ax — b)

( grad ||Ax — b]||> = 0), we obtain the same system (2), and hence the same
solution X determined by the formula (3), the least-square solution of the
equation (1).

The line of reasoning given in example 4.1.1 can be realized also in a more
general case.

Definition 4.1.1. If A € R™*" then system (2) is called the system of
normal equations of system (1).

Proposition 4.1.1. If A € R™" b ¢R(A) and suppose rank(A) = n,
then the system of normal equations (2) of system (1) is uniquely solvable
and the least-squares solution X of the system (1) is given by (3).

Example 4.1.2.* Let us solve by the least-squares method the system of

equations
11 1
2 3 [51 ] =11
2 1



We form the system of normal equations A7 AX = ATb :

12 2 ;;__122 iigg__5
13121"_131 1 9 11| |5 |"

Thus, 3 3 3
O 496 =5 | (&=}
9 +11&, =5 §,=0 .

If A € R™" b¢R(A) and rank(A) < n, then the system of normal
equations (2) has an infinite number of solutions, which can be all expressed
as

X =X;+Xp,

where X, € R(AT) and %, € N'(A). From among the solutions X we will find
the one having the least norm, the so-called optimum solution x*. From the
orthogonality of the vectors X, and X,, it follows that

—12 — 112 —= |12
1X[l5 = %l + 1%l -
Since from X,, € N (A) it follows AX,, = 0, then
AX=p & AX+X,) =p & AX+AX,=p = AX, =p

and X, € R(A”) is the optimum solution x* of the equation AX = p. Thus,
xt=x. 0O

2.4.2 Pseudoinverse Matrix and Optimum Solution

Next we will consider the algorithm for findig the optimum solution.

Example 4.2.1. Let b = [ G (o (3 ]T and

o 0 0 0
S=|0 o0, 0 0],
0 0 00
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where o1 # 0 and 0y # 0. We will find the optimum solution of the system
Yx =bh.

T

The orthogonal projection of the vector b on the space R(X) isp = [ B1 B2 0O ] ,
T

andb—p = [ 0 0 f3 ] . To find the solution X, one must solve the system

XX =p,
ie., 3
01 0 0 O §1 51
0 09 0 0 §2 = 52
0O 0 00 §3 0
€4
or —
01%1 + 052 + 053 + 054 = 51 %1 i SI§ZI
08, + 09, + 083 + 08, = 51 = ZQ: d
0&; + 08, + 083+ 08, =0 53:3
=

where 7, € R are arbitrary. Taking v = § = 0, we obtain the solution with
the least 2-norm

X+:|:51/0'1 /82/0-2 0 O]T

We state that x* can be expressed also by

BI/UI ]_/0'1 0 0 ﬁ
X+: 52/0'2 _ 0 1/0'2 0 |:51 :|
0 0 0 0 2|
0 0 0 0 s

The optimum solution x* of the given example can be obtained from the
vector b by multiplying it on the left by the matrix

1/0'1 0 0
0 1/oy O

+
= 0 0 0
0 0 0

The matrix X7 is obtained from the matrix ¥ by transposing and afterwards
replacing the nonzero entries by their reciprocals. Hence x™ = A™b.
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Let us generalize the result obtained in example 4.2.1.
Proposition 4.2.1. If

Y =diag(o1,...,0p) € R™" (p=min{m,n}) (1)

and
012022 ...20, > 0p41 =...=0p, (2)

then the optimum solution x* of the system

Yx=Db
is given by
xT =Xh,
where
E+:diag(l/al,...,1/0“0,...,0) e R"™, (3)
Definition 4.2.1. Let
A=UxVT

be the singular value decomposition of the matrix A € R"™*". The pseudoin-
verse matriz of the matrix A is a matrix

AT =VvEtuT,
where ¥ and 7 are given by relations (1-3).

Problem 4.2.1. Let A € R™" and det(A) # 0. Show that AT = A~".

Problem 4.2.2. Let us find the pseudoinverse matrix of the matrix
A = [ 2 1 =2 ] given in example 3.3.2. We found the singular value
decomposition of the matrix A in this example

-2/3  —1/3 2/3
V5/5  2v/5/5 0 }

A=Usv'=[-1][3 0 0]
44/5/15 2v/5/15 5v/5/15

Using definition 4.2.1,
AT =VvetuT,

ie.,

At =| —-1/3 2V5/5 25/15 0
2/3 0 5V5/15 0

-2/3 /5/5 4/5/151[1/3 2/9
IHISRET
—2/9
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Proposition 4.2.2. If A € R™*", then the optimum solution x* of the
system Ax = p (in the sense of least-squares) is given by

xt = A"b.

Proof. When a vector is multiplied by the orthogonal matrix U7, its
2-norm is conserved. Therefore,

[4x = b, = [USVTx — b|_ =[SV x-UTb)| .
Let substitute y =V 7x. Hence

min ||Ax — b||, =min HEy—UTbH .
xeR™ yeR"™ 2

Proposition 4.2.1 implies that the minimizing vector for the expression HEy—UTbH2

is the vector
yt=2tUTp

and the vector
xT=Vyt =VSTU"b =4"b

minimizes the expression ||Ax — bl[,. O

Example 4.2.3. Let us find the optimum solution of the system
261+ & — 26 =09.
In example 4.2.2, we found the pseudoinverse matrix

2/9
At =| -1/9
~2/9

of the matrix of the system A = [ 2 1 =2 ]
In virtue of proposition 4.2.2, we get the optimum solution

2/9 2
xt=A'b=| -1/9 |[9]=| -1
—2/9 —2
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Example 4.2.4. Let us find the optimum solution of the system

bl

In example 3.3.1, we found the singular value decomposition of the system
matrix A

VOIS0 V38 VB0 aap
A=|V6/6 V2/2 —V3/3 0 1 :
V6/6 —V2/2 \/5/3” 0 Ohﬁ/z _ﬂﬁ]

Using definition 4.2.1, we will find the pseudoinverse matrix

V2/2 —\/2/2 0 10 0

V6/3 V6/6  V/B/6
A+:[ﬂ/z \/5/2H1/\/§00H Yol ﬁﬁ}
V3/3 —V3/3 —V3/3

1 1/3 2/3 -—1/3
| 1/3 =1/3 2/3 |’
The optimum solution of the system will be

S b IR ]

Problem 4.2.2.* Find the pseudoinverse of the matrix A = [0] and
explain the result. Answer: AT =[0].

Problem 4.2.3.* Find the pseudoinverse of the matrix A

11
2 3 1|.
2 1

Problem 4.2.4.* What is the pseudoinverse matrix of the matrix A with
orthogonal columns? Answer: AT = AT,

a)A:[i],b)A:
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Problem 4.2.5.* Find the optimum solution of the system

Proposition 4.2.3 (Conditions of Moore-Penrose.) If A € R™*", then
the conditions

AXA=A, XAX =X, (AX)" = AX, (XA)T =XA

are satisfied only by one matrix X € R™™, and this is A™.

Problem 4.2.6." A matrix A is called a projectionmatriz if
A2=A N AT = A

Check the Moore-Penrose conditions for the projectionmatrix. Does AT =
A?

2.5 Jordan Form of a Matrix

2.5.1 Matrix Diagonalization

In proposition 1.2.6.8 on the Jordan decomposition it is stated that if
A € C™" then there exists such a regular X € C"*" that

XT'AX = J =diag(Jy, ..., J), (1)

where m; + ...+ m; = n and

A1 0 e 0]
0 N 1 I
L 0 0 A |
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is a Jordan block or Jordan box, and the matrix .J is called a Jordan canonical
form or Jordan normal form of the matrix A. The number of Jordan blocks
in decomposition (1) equals the number of the linearly independent eigen-
vectors of the matrix A. Namely, to each linearly independent eigenvector
corresponds one block. Hence if the matrix A has a basis of eigenvectors,
then all the Jordan blocks are 1 x 1 blocks, and the Jordan normal form
coincides with the diagonal form of the matrix given in proposition 1.2.5.8
ST'AS = A, where A = diag()\y,...,)\,) and the matrix S has for columns
the linearly independent eigenvectors of the matrix A corresponding to these
eigenvalues.

Example 5.1.1.* Let us find the Jordan form of the matrix

3 -1 2
A= 1 -1 1
-1 1 0
We shall find the eigenvalues of the matrix A:
)\1 - ]_,
det(A— M) =0 & (M-1)(A=2) = { Ap=—1,
A3 = 2.

Now we shall find the eigenvectors corresponding to these eigenvalues:

3—1 -1 2 0
M=1-| 1 -—1-1 1 io|®
-1 1 0-1 0
1 -2 1 :0 (1 2110 1
: Ir—21 . _ _
~12 -1 250,510 30:0 :>X1—_(1):
-1 1 -1 :0 L0 -1 0 0
—1] 5
)\2 =—1 = x9=| =2 ; )\3 =2 = X3= 1
1 | 2
We compile the matrix of eigenvectors of the matrix A
1 -1 5
S = X1 X9 X3 ] = 0 —2 1
-1 1 =2
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and find the inverse matrix

1 _1 _3
g1 — 12 T2
P
3 3
As the result, we obtain
1 1 3
13 3 -1 2 1 -1 5
STTAS=| ¢+ —5 % 1 -1 1 0 -2 1 |=
i i
oo L]l -1t 1 0]]l-1 1 =2
1 0 0
=10 —1 0| =A.
0 0 2

Proposition 5.1.1. Any Hermitian (symmetric) matrix A € C"*" (A €
R"*™) can be diagonalized using a unitary matrix U € C"*™ (an orthogonal
matrix @@ € R™"), i.e., there exists such U € C"*" (@) € R™*"), that

UTAU = A (QTAQ = A). (2)

Proof. The Schur factorisation (proposition 1.2.6.5) implies that the Her-
mitian matrix A € C"*" can be given in the form

UTAU =T, (3)

where U € C™*" is a unitary matrix and 7" € C™*" is an upper triangular
matrix. Finding the transpose conjugate matrices of both sides of (3), we
get

UPA"U =TH.
In virtue of the Hermitian matrix definition A¥ = A, we find that

UTAU =T". (4)

From (3) and (4) it follows that T = D. The diagonal elements of the diagonal
matrix D similar to the matrix A are the eigenvalues of the matrix A. The
assertion about the symmetric matrix A € R"*" is a special case of the
complex version. O
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Problem 5.1.1.* Let

1 2 0
-1 1 -1
1 1 =2
-1 -2 0

A=

o = O

Find such an orthogonal matrix Q € R*4, that QTAQ = A, where A is a
diagonal matrix.

Problem 5.1.2.* Let

1 I
A= — -1 1
1—:7 1 0

Find such a unitary matrix U € C™*", that UPAU = A, where A is a
diagonal matrix.

Not every square matrix can be put in form (2). Proposition 1.2.6.6
implies that only a normal matrix A (A”A = AA") can be expressed in
form (2). In the general case of the diagonalization of a matrix one must
confine himself to the Jordan normal form (1).

2.5.2 Analysis of Jordan Form of a Matrix

It is not sufficient to find the eigenvalues of the matrix to obtain the
Jordan form of this matrix.

Example 5.2.1. Let us find the Jordan matrices J of the matrices

NS ) PR |

It is easy to find out that the spectra of T, A, B and I are the same,
MT) = AMA) = A(B) = AM(I) = {1;1}. Let us find the eigenvectors corre-

sponding to A = 1:
T — 020 %xlzlé];
00 :0




00 :0 [0]
. X1 1 )
1 0 :0

I — 000 —>X1:|‘(]j AXQZ[?]
0 0 :0

We see that the matrices T, A and B have only one independent eigenvector
and only one Jordan block corresponding to the eigenvalue A = 1, and thus
the matrices T, A and B have the same Jordan matrix

11
[0
The matrix I has two linearly independent eigenvectors and, consequently,

two Jordan blocks, and the corresponding Jordan matrix coincides with the
matrix 1.

Problem 5.2.1. Verify that the matrix

1 1 +-+ 1
01 --- 1
00 --- 1
corresponds the one-block Jordan matrix
11 0 -+ 0]
01 1 .0
00 0 -+ 1]
Example 5.2.2. Let us consider the Jordan matrix
31000
03 000 Ji
J=]100 01 0]|= Jo . (5)
00 0O0O0 J3
00 0O0O0
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Let us find the eigenvectors corresponding to the eigenvalue A = 3 of multi-
plicity 2:

(01 0 0 0 fo0]
00 0 0 0 0 ﬁ’
00 -3 1 0 0| =x=|0
00 0 -3 0 0 8
(00 0 0 -3 : 0|

Therefore, one linearly independent eigenvector e; and one Jordan block
corresponds to the eigenvalue A = 3:

o5l

Let us find the eigenvectors corresponding to the eigenvalue A = 0 of multi-
plicity 3:

3 0 0
0 0 0
0 01
0 0 0

o o o o
"
I

= o OO

1
3
0
0

o O O O O

0000

Hence two linearly independent eigenvectors e and e5 and two Jordan blocks
correspond to the eigenvalue A = 0

kN

[0].
The question arises, what conditions must the the 5 x 5 matrix A satisfy to

have for the corresponding Jordan matrix the .J given by (5)? How do we
find the regular matrix X such that

and

X 1AX =7 (6)
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The first condition is A(A) = A(J), but it is not sufficient. The eigenvalues
of the matrix A must be also considered. We express the relation (6) in the
form AX = XJ or

31
3
A[Xl X5]:[X1 e Xp 01
0
0
Having multiplied the matrices, we get the formulas
AXI = 3X1, AX2 == 3X2 + X4 (7)
and
AX3 = 0X3, AX4 = 0X4 + X3, AX5 = 0X5. (8)

From the formulas (7) and (8) it follows that similarly to the matrix .J the
matrix A must have three eigenvectors x;, x3 and x5. In addition, the matrix
A must have two generalized eigenvectors or two first order flag vectors X
and x4. It is said that the vector x5 belongs to the chain that begins with the
vector x; and is defined by the formula (7). This chain determines the Jordan
block J;. The two first formula of (8) define the second chain consisting of
the vectors x3 and x4, and this chain, in its turn, defines the Jordan block .J5.
The last of the formulas (8) defines the third chain consisting of the vector
X5, and this chain, in its turn, defines the Jordan block .J5.

Proposition 5.2.1. The determination of the Jordan form of the ma-
trix A € C™*" reduces to the finding of chains. Every chain starts on the
eigenvector of the matrix A and for every value of the indexi=1:n

AXi = )‘ixi V AXi = )\ixi + X;_1. (9)

The vectors x; are the column vectors of the matrix X, and every chain
determines one Jordan block.

2.5.3 Algorithm of Filipov
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If n = 1, then the Jordan block coincides with the given matrix and
formula (9) is true. Let us suppose that the Jordan form of the matrix A is
found by applying the Jordan block construction formula (9) if the order of
the matrix A is smaller than n. we will use mathematical induction.

I step. Assume that A is singular, dimR(A) = r < n. Considering the
corresponding r X r matrix we find that in this case the construction based on
formulas (9) is realizable. Namely, in the space R(A) there are r independent
vectors w; such that the following relations hold

IT step. Let us suppose that dimR(A) NN (A) = p. Every vector of
the null space N(A) is an eigenvector of the matrix A corresponding to the
eigenvalue of the matrix A A = 0. Therefore, there must be p chains on the
I step which begin with the eigenvectors corresponding to the eigenvalue 0.
We are interested in the last vector of each such chain. Since the vectors w;
belonging to the subspace R(A) NN (A) must also belong to the space R(A),
then they have to be the linear combinations of the column vectors of the
matrix A

w; = Ay;
with some y;. Therefore, the vector y; follows the vector w; in the chain
corresponding to the eigenvalue A = 0.

III step. Since dim N (A) = n — p, there must be n —r — p more linearly
independent vectors z; of the space N'(A) in the orthogonal complement of
the subspace R(A) NN (A).

Proposition 5.3.1. The algorithm of Filipov defines r vectors w;, p
vectors y; and n—r —p vectors z;, which determine the Jordan chains. These

vectors are linearly independent, they can be chosen for the column-vectors
of the matrix X, and J = X1AX.

Proof. See Strang (1988, p. 457). O

Example 5.3.1. Let us find the Jordan normal form of the matrix

0 1
A=10 0
0 0

S O N

using the algorithm of Filipov.
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I step. From the form of the matrix A(4) = {0;0;0} and R(A) =
span{e;}. Hence r = 1 and there is a vector w; = e; from this subspace
R(A) satistying the condition (10).

IT step. Let us find the basis of the null space N'(A) of the matrix A:

012 :0

1 0
000 :0|=>n=|0]|An= 2 1.
000 :0 0 -1

The vector n; belongs to the subspace R(A) NN (A) and p = dimR(A) N
N(A) = 1. We solve the system

012 1 0
000 :0 :>YI|:1]-
000 :0 0

III step. We take for the vector z; the vector ny, and form the matrix

X
0
2 .
-1

o O =
o = O

. ZI}{

Now we find the inverse matrix

10 0:100 100:10 0
01 2:010|~|010:01 2|=
00 -1 :0 01 001 :00 —1

and the Jordan matrix

1
X'AX =] 0
0

O = O
|

=N O
e — |
1



The software package “Maple” gives for the Jordan decomposition:
0 1 2 010
000 000
000 000

2 1
=100 1
01

1
2

N[

1
2
0
0

= O

1
1
5 0
Since the matrix X in the Jordan decomposition of the matrix A is not
uniquely defined, then for many problems it is of interest to choose the matrix
X so that the conditional number k(X)) is the least. Such a problem arose
in example 1.2.9.4.

Problem 5.3.1. Find the Jordan decomposition of the matrix

3 1 00

-4 -1 00

A= T 1 21
-17 -6 -1 0

Problem 5.3.2.* Find the Jordan decomposition of the matrix

2 1 2 0

-2 2 1 2

A= -2 -1 -1 1
3 1 2 -1

Problem 5.3.3." Find the Jordan decomposition of the matrix

20 0
A= 11 -1
-1 1 3

Problem 5.3.4. Let the Jordan decomposition of the matrix A € R"*"
be A= MJM™'. Show that A2 = A= J? = J.

2.6 Strict Methods of Solving Linear Algebraic Sys-
tems of Equations

2.6.1 LDM?" Decomposition and LDL" Decomposition of a Matrix
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Next we will consider the special cases of LU factorizations of square
matrices.

Proposition 6.1.1. If all the principal minors of the matrix A € R™*"
are different from zero, then there exist lower triangular matrices L and M
with the unit leading diagonal and a diagonal matrix D = diag(ds, ..., d,)
that

A=LDMT, (1)

and the decomposition (1) is unique.

Proof. Since all the principal minors of the matrix A € R"*" are nonzero,
then the proposition 1.2.2 implies that there exists a unique LU factorization
of the matrix A

A=LU. (2)
Let D = diag(dy,...,d,), where d; = u; (i =1: n). From the regularity of
the matrix A it follows that the matrix D is regular. Therefore, 3 D! and
M" = D=U is an upper triangular matrix. Hence

A=LU=LD(D'U)=LDM".
The uniqueness of the decomposition (1) follows from the uniqueness of the

factorization (2). O

Definition 6.1.1. The decomposition (1) is called the LDM" decompo-
sition of the regular matrix A € R"*".

Example 6.1.1.* Let us find the LDM7T decomposition of the matrix

1 2 0 1
-1 -1 -3 0
A= -1 -3 2 2
2 4 0 1

We state that if the principal minors of the matrix A are different from zero,
then, by transforming the matrix A to the triangular form by the Gauss
transformation, we find simultaneously both the matrix L and the matrix
U. Namely, the entry l;; (i > j) of the lower triangular matrix L equals the
factor by which the j-th row must be multiplied when it is substracted from
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the i—th row to delete the entry in the i—th row. We find

l21:—1
1 2 0 1] m=-1711 2 0 1 l3o = —1
-1 -1 =3 0| =210 1 -3 1| =0
-1 -3 2 2 0 -1 2 3
2 4 0 1 0 0 0 -1
12 0 1 12 0 1
01 =3 1 | l=01]01 -3 1 U
00 —1 4 00 —1 4
00 0 -1 00 0 -1
and
1 0 00
-1 1 00
L=1_41 414 0
2 0 01
Let us check:
1 0 00 12 0 1 1 2 0 1
-1 1 00 01 -3 1 -1 -1 =3 0
Lu -1 -110 00—14‘—1—322‘A‘
2 0 01 00 0 -1 2 4 0 1

Proposition 6.1.2. If the regular matrix A € R™" is symmetric and
the LDM™ decomposition of it has the form (1), then L = M, i.e.,

A=LDL". (3)
Proof. From decomposition (1) it follows that
AM T =LD.
Multiplying both sides of the last equality on the left by matrix A !, we get
M7AM™T = M7'LD. (4)
The matrix M 'AM~T is symmetric since

(M7TAM ) =M 'ATM T = MTTAMTT.
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The matrix M~'AM~T is a lower triangular matrix since both M~! and
AM~T = LD are lower triangular matrices. In virtue of relation (4), the
matrix M ' LD is also symmetric and lower triangular. Therefore, the matrix
M~'LD is diagonal. Since the matrix D is regular, then also the matrix
M 'L is diagonal. In addition, the matrix M 'L is a lower triangular matrix
with the unit diagonal. Hence M~'L =T or L = M. O

Problem 6.1.1.* Find the LU factorization, LDM7" decomposition and
LDLT decomposition of the matrix

1 -1 2 0

-1 2 -3 1

A= 2 -3 1 3
0o 1 3 -4

2.6.2 Positive Definite Systems

Definition 6.2.1. The matrix A € R™*" is a positive definite matriz if
xTAx >0

for all nonzero vector x € R".

Example 6.2.1. The matrix
2 1
=[]
T
is a positive definite one since for Vx = [ & & ] € R?
26+ & ] _

X Ax = | & &][f }HZ]:[& & ]| %S

=27 +206+8 =6+ (G + &) >0
Problem 6.2.1.* Show that the matrix

3 21
A=12 2 1
1 11
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is positive definite.

Proposition 6.2.1. If A € R"*" is a positive definite matrix and the
column vectors of the matrix X € R™** are linearly independent, then the
matrix

B=XTAX e RF*F

is also positive defined.
Proof. If for the vector z € R* the relation

0>z'Bz

holds, then
0>2z"Bz=2"XTAXz = (Xz)T A(Xz)

and from the positive definiteness of the matrix A it follows that Xz = 0.
Since the column vectors of the matrix X are linearly independent, then
from Xz = 0 it follows that z = 0. Hence from conditions z € R¥ and z # 0
it follows that z” Bz >0, i.e., the matrix B is positive definite. O

Corollary 6.2.1. If the matrix A € R™*" is positive definite, then all
the submatrices of the matrix A obtained by deleting the rows and columns
of the matrix A with the same numbers are positive definite and all the
elements on the leading diagonal of the matrix are positive.

Proof. If v.€ R¥ (k < n) is a vector with natural number coordinates
satisfying the condition

1<y <... <y <n,

then
X =1I,(;, v) e RV

is a matrix obtaines from the unit matrix I, by taking the column-vectors
with indices v, ..., ;. Hence the column-vectors of the matrix X are linearly
independent, and proposition 6.2.1 implies that the matrix X7 AX is positive
definite. The matrix X7 AX is a submatrix of the matrix A obtained from
the rows and columns with numbers v, ..., v of the matrix A. Therefore, all
the submatrices of the matrix A obtained by deleting the rows and columns
of the matrix A with the same numbers are positive definite. Taking & =1,
we get the second part of the statement. O
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Corollary 6.2.2. If A € R™*" is positive definite, then the matrix A has
a decomposition A = LDM?' and all the leading diagonal elements of the
matrix D are positive.

Proof. On the ground of corollary 6.2.1, all the submatrices A(1 : k, 1: k)
(1 < k < n) of the matrix A are positive definite, and, therefore, regular
matrices, and proposition 6.1.1 implies the existence of the LDM7” decom-
position. Taking X = L~7 in proposition 6.2.1, we find that the matrix

B=DM"'L"=17'AL7"

is positive definite. Since the matrix M7 L~" is an upper triangular matrix
with the unit diagonal, the matrices B and D have the same leading diagonal
and the elements on it must be positive, provided that B is positive definite.
(I

Proposition 6.2.2 (Cholesky factorization). If the matrix A € R"*" is
symmetric and positive definite, then there exists exactly one lower triangular
matrix G' with the positive leading diagonal such that

A=GG". (5)

Proof. In virtue of proposition 6.1.2, there exist and are uniquely defined
the lower triangular matrix L with the unit diagonal and the diagonal matrix
D = diag(dy, . ..,d,) such that the decomposition (3) holds, i.e., A = LDL".
The corollary 6.2.2 provides that elements d of the matrix D are positive.
Therefore, the matrix

G:L@:L-diag(@,...,@)ER”X"

is a lower triangular matrix with the positive leading diagonal, and equality
(5) holds. The uniqueness of the the factorization follows from the uniqueness
of the decomposition (3). O

The factorization (5) is known as the Cholesky factorization. The matrix
G is called the Cholesky triangular matriz of the matrix A. To solve the
system of equations
Ax=Db

having the symmetric and positive definite matrix A, one has to find the
Cholesky triangular matrix of the matrix A. Secondly, one has to solve the
system with the triangular matrix

Gy = b.



Thirdly, one has to solve the system
GTx =y.

The Cholesky factorization can be found step by step.

Proposition 6.2.3. If the matrix A € R"*" is symmetric and positive
definite, then, denoting
T
a v

the matrix A can be expressed by

I A | e | A

where 3 = y/a. The matrix B — vvT /a is positive definite. If

B—vv'/a=G\GT,

G:lv% gT]

Proof. Let us check the accurancy of the decomposition (6):

s 2 5] [0 2]

_lﬂ 0" HﬂvT/ﬁ]:lﬂQ vl ]:

then A = GGT, where

v/B B-—vvl/a 0 I, v wl/f2+B—vvl/a
a v
_[v B]_A.
If v
1 —v'/«
Lo ]
then
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|« vT 1 —~Vvija| |« o”
“ 10 B-vvl/a 0 I,y | |0 B-—wl/a|"
Since the matrix A is positive definite and the column-vector system of the

matrix X is linearly independent, proposition 6.2.1 implies the positive defi-
niteness of the matrix

o o’

0 B-vvl/a
and from corollary 6.2.1 it follows that the matrix B — vvT /a is likewise
positive definite. So we can, analogously to the partition of the matrix A
into blocks, decompose the matrix B — vvl /a into blocks, etc.

Example 6.2.2. Let us find the LU, LDM", LDL" and Cholesky

factorizations of the matrix

12 0
A=12 8 4
0 4 13

—_

The principal minors of the matrix A are nonzero. We find

12 0 2 0 120
A=|2 8 4 |5 4 4 |50 4 4]=0,
04 130 4 13 009
and
100
L=1]210
01 1
and also
10071 20
A=LU=12101]]0 4 4
01 1]]00 09

Knowing the LU factorization of the matrix A, we will find the LDMT
decomposition, LDL”T decomposition and Cholesky factorization of it:

1 00 100 1 20
A=LDM" =12 1 0 0 40 01 1|=LDL"
01 1 009 00 1
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and

Let us find the Cholesky factorization of the matrix A also step by step using
the algorithm given in proposition 6.2.3. Since at the first step

2 8 4
041:1,51:\/041:1,%:[0],31:[4 13],
then

Bl_vlv{/al:li 143]_““2 0]/1:lj 143]'

On the next step,
vy =4, By =V4=2, v2:[4],32:[13]
and
By—vovijas=[13] —[4][4] ja=]0]=[3][3] .

Therefore,

G2:[3]
[ s o] [2o0
&= s @)= 3
100
G:[ﬁ1 0]: 2 2 0.
vi/b G 02 3

Problem 6.2.2.* Find the Cholesky factorization of the positive definite
matrix

and

and

12 -1 2
28 6 0
A= -1 6 21 -2
2 0 =2 25
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Problem 6.2.3.* Solve the system of equations Ax = b, where

1 -1 1 2
A=]-1 10 =10 | A b=]| -2 |,
1 —10 14 6

when the Cholesky factorization of the matrix A is given

1 00
A=GGT AN G=| -1 3 0
1 -3 2

2.6.3 Positive Semidefinite Matrices

Definition 6.3.1. A matrix A € R"*" is called a positive semidefinite
matriz if
Vx € R" = x! Ax >0.

Example 6.3.1. The matrix
11
1=111]

T
is positive semidefinite since for Vx = [ & & ] € R?

xAx=[ & 62]“ }Hg]:

:[51 52][21212(51+§2)220,

and in the case & = —& A& # 0 we see that xT Ax =0, but x # 0, i.e., the
matrix A is a positive semidefinite matrix, but it is not positive definite.

Problem 6.3.1.* Show that the matrix

1 2 3
A= 4
6

NelNe)

2
3
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is positive semidefinite.

Proposition 6.3.1. If A € R™" is a symmetric positive semidefinite

matrix, then
|laij| < \/aiaj;, (7)

a; = 0= A(i,:) = A(:,i) = 0, (8)
|aij| < (aii + aj;)/2 (9)
and
max |a;;| =max a;;. (10)
N i

Proof. Let o € R and x = e; + ae; € R™. Since the matrix A is positive
semidefinite and symmetric, then

i 0
aii Qnn, 1
0<x"Ax=[07 1 0T o 07| : 0| =
| n1 Unn @
0
a1; + aaq; |
_ [ o 1 of o oF ] = a;; + aaq; + aaj; + a2ajj,
Oni + Qg J
and
;i + 20a;; + aaj; > 0. (11)

Condition (11) is satisfied exactly when

2
aij - CLZ'Z'CLj]‘ S 0,

from which, in its turn, it follows (7), and from it (8). Fixing in inequality
(11) @ = £1 and taking into consideration the symmetry of the matrix A,
we get
ai; + ajj > —2a;4,
aii + ag; > 20,5,
and assertions (9) and (10). O
Problem 6.3.2. Show that the algorithm of the Cholesky factorization

A = GGT is applicable (with small changes) also to the symmetric positive
semidefinite matrix A.
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2.6.4 Polar Decomposition of a Matrix and Method of Square
Roots

Proposition 6.4.1 (on the reduced singular value decomposition of a ma-
triz). If the matrix A € R™*™ (m > n) has the singular value decomposition
A =UXVT, where U € R™™ and VV € R™" are orthogonal matrices and
Y =diag(oy,...,0,) € R™™ then the reduced singular value decomposition

of this matrix A is
A=Ux, VT,

where Uy = U(:,1:n) and ¥y = X(1 : n, :).
Proof. 1f one uses the representation of the matrices U and V by the
column-vectors

U:[u1 um]
and
V:[Vl vn],
then
01 0 V?
A:UEVT:[ul um] o Un VT _
0 0 n
J1Vy
:[ul um] O'EVT :alu1V1T+...+01unv£+0
nOn
and
o - 0 Vif
A:U121VT:[111 un] ol : =
0 On vl

T T
=owv; +...+ou,v,.

Example 6.4.1. Find the reduced singular value decomposition of the
matrix

A= € R,

—_ o
o = o
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The singular value decomposition A = UXV7T of the matrix A was found
in example 3.3.1. It is

VOB 0 VB T TVE 0T a g
V6/6 —2/2 —\/3/3 0 1 :
V6/s V32 ﬁ/?)” 0 OHﬁ/z Vil

According to proposition 6.4.1, the reduced singular value decomposition has
the form

A=

A=U5VT,
where Uy = U(:,1:n) and £, = X(1 : n, ), i.e,
v6/3 0

V6/6 —V2/2
V6/6 V2/2

A=

V3 0l [v2/2 V22
53] ]

Proposition 6.4.2. If the matrix A € R™*" has the reduced singular
value decomposition

A=Ux, VT,

then the matrix A can be written in the form
A=7P, (12)

where Z = U;VT € R™ ™ is a matrix with orthogonal columns and P =
VY, VT is a symmetric positive semidefinite matrix.

Proof. Since A = U; 2, VT, then
A=U,V"VS, VT = vV VT = ZP.

Let us check the correctness of the assertion of the proposition. Firstly, Z is
a matrix with orthonormal columns since

7'7 = (VHT V) = VUlu) vt = Vvt = 1L

Secondly, P = V3, V7 is a positive semidefinite matrix since

x"Px =x"VE,\Vix = (VIx)"S (VTx) =Y o > 0 (vx € R"),

=1
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where n; = > ), vgi&. O
Definition 6.4.1. The factorization of the matrix A € R™*" in the form
(12) is called the polar decomposition.

Example 6.4.2. Find the polar decomposition of the matrix

11
A=10 1| e R**
1 0

In example 6.4.1 the reduced singular value decomposition A = U; 3, V7
of the matrix A was found. Let us find the factors Z and P occuring in the
polar decomposition of the matrix A:

Z=U,V"=|6/6 —2/2 V22 2

V6/3 0 Hﬁﬁ \/5/2]:
V6/6  V2/2

$V3
iV RE vl
tV3+3 3 3

V3
V3+
V3
v (181 ][

:H\/ﬁjﬁ

Hf /2 ﬂ/?]
V2/2 —\/3)2
set]

Ve

Hence the polar decomposition of the matrix A is

1

N[N |
N[N =

2

l\/g l\/§

3 3 L/34 1 _1
a=zp=| Wi-b Wasd || T T

sV3+3 §V3—3 2

Problem 6.4.1." Find the polar decomposition of the matrix

1 -1
A=| —1 1]
V2 V2
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Definition 6.4.2. Let A € R™*™. If the matrix X € R™*" satisfies the
equation X2 = A, then the matrix X is the square root of the matriz A.

Proposition 6.4.3. If
A=GG"

is the Cholesky factorization of the symmetric positive semidefinite matrix
A e R™" and
G=UzvT

is the singular value decomposition of the matrix G and
X =UxU7T,

then
X?2=A

)

i.e., the matrix X is the square root of the matrix A, where X is a symmetric
positive semidefinite matrix. Only one such X exists.

Proof. We find
A=GG" = Uxvh(usvh =usvTvsut =Us?UT =

=US(UTU)SU" = (UsSU)(USUT) = X2,

Show that the matrix X is a uniquely defined symmetric positive semidefinite
matrix! O

Example 6.4.3. Let us find the square root of the matrix
11
A= [ L ] .

The matrix A is symmetric and positive semidefinite (see example 6.3.1),

and
A:GGTZH 8“3 (1)]
Since
c=vov=[ 38 BRI
then

X =UxUT =
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VB Va2 VR o[ Va2 VB
lﬂm —ﬂ/2H0 OH\/§/2 —ﬂ/2]
-[1% )

Problem 6.4.2.* Find the square root of the matrix

210
A=11 20
0 0 4

2.6.5 Systems with Band Matrices

In many applications the matrix A of the system of equations Ax = b is a
band matrix, i.e., the unknown quanlity &; appears with a nonzero coefficient
only in the i-th equation and some “neighbouring” equations.

Proposition 6.5.1. Let A = LU be the LU factorization of the band
matrix A € R"*”. If the upper band width of the matrix A is ¢ and the
lower band width is p, then the matrix U has the upper band width ¢ and
the matrix L has the lower band width p.

Proof. We will prove it by induction. In the case n = 1, this assertion
is valid. Let us show the admissibility of the step of induction. Let the
proposition be correct for an (n — 1) x (n — 1) matrix A. Let the matrix A
be given in the form

Ao l a wTl ]

v B
The following equality is valid:

1 o’ 1 o’ a wl
v/ia I, 4 0 B—vw'/« 0 I,y
Since in the vectors v and w at the most only the first p and ¢ coordinates are

different from zero, then the matrix B — vw’ /a has the upper band width
p and the lower band width ¢. The matrix B —vw! /aisa (n—1) x (n—1)
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matrix, and, hence B —vw’ /oo = LU}, where U; has the upper band width
q and L; has the lower band width p. The matrices

v=[ a1,

o-[3 7]

and

0 U
have the band width p and ¢, respectively, and A = LU. O

Problem 6.5.1. Find for the LU factorization of the matrix given in
example 6.2.1 the upper and lower band width for the matrices A, L and U.

2.6.6 Block Systems

Let us consider the system in the form

"D, F 0 T T T by
E, Dy "-. : X9 b,
S =l s | o
: D, F, ¥n-1 Do
0 - E,, D, |L X | [ ba |

where D;, E;, F; € R7? and x;, b; € RY. If we represent the matrix A in
the form

r 7 07 'U1 Fl 0 ]
Ly 1 : U, - :

A= . . ,
I Un—l Fn—l

0 Lo. T]1] 0 Up |
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then

U, F, 0

LU, LiFy+U, E
LyU, LyFy +Us Fy

L3Us

. T ' anl
0 e Ln—lUn—l Ln—an—l + Un i

Let us find step by step the blocks L; and U; :

U =Dy — solve LiU; = E; —
— Uy =Dy — L F| — solve LyUy = Ey — - -+ —
—Up_1=Dp_1— Ly_oF,_5 —solve L,_1U,_1 = E,_1 —
—U,=D, — L, 1F,_;.

To solve system (13), one must first solve the system

! O ] [
L, I : Yo b,

: . [ Vn-1 bnfl
0 .- Ly, 1|]L Yy 1 | b, |

We find that
yi=bi = Liyi+y2=by =y, =by— Ly, = —

= Liayia+yi=bi=yi=bi— Ly — - —
— Ln71Yn71 +¥n = b, — Yn = b, — Ln71Yn71-

Secondly, we have to solve the system

U1 Fl ‘e 0 - X - - - -
Uy . : X2 y2
Un—l Fn—l Xp—1 Yn-1
i 0 Un ] L Xn 1 L Yn 1




Example 6.6.1.* Let us solve the system of equations Ax = b, where

1 -1 21 0 0 TH1 1

1 0 10 0 0 3, 1
o o2 21 41 1 g | -4
A=19 4 01 2 1| MNP T s
0 0 11 1 1 55 0

0 0 -1 1 2 —1| s | 1)

This is a block system given by relation (13) since

D, Fy 0
Ey Dy F
0 Ey Ds

A=

where D;, E;, F; € R**? and

1 -1 2 1 0 2 2 1
Dl_[l 0 AFI_[10 AEI_[1—1 ADZ_[—1 1]
-1 1 11 1 1
PR PP PP P
We will express the matrix A in the form
IZ 0 0 U1 F1 0
A:LU: Ll 12 0 0 U2 F2 =
0 L2 IQ 0 0 U3
Uy F 0

— L1U1 L1F1 —|— U2 F2
LyU, LyFy + Us

1 -1

Now we find

-2 2
L,U, = Ey :>L1:[ 1 Ola

LiFy+Uy =Dy = U2:l_4 3])
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1/3 1/9
LUy =Fy, = L2:l1§3 7%];

LFy+ Us = Dy :>U3:[10/9 5/9]

7/9 —19/9
and

1 0 0 O 0071 -1 2 1 0 0 ]

0 1 0 0 00 1 0 1 0 0 0

A_|22 1 0 o00ff0 0 43 -1 1

o 1 0 0 1 00 0O 0 -3 0 2 1

0 0 1/3 1/9 1 0 0O 0 0 0 10/9 5/9
. 0 0 1/37901][0 0 0 0 7/9 -19/9

To find a solution of the system Ax = b, we shall solve two systems Ly = b
and Ux = y. The system Ly = b can be expressed in the form

I, 0 0 yi b,
L, I, 0]{}’2]{b2],
0 Ly Ip V3 bs
BT
o-[4]-[

B _ |0
e [2]-[2]:

1 —4
YI:blzlll Ay2:b2_L1y1:[ 2] A

where

and

ANys = b3 — Loys.

Solving the system Ux =y, which can be given in the form

U, Fi 0 X1 1
0 U2 F2 X2 = Yo )
0 0 Us X3 y3
we obtain
1 1 1 0
X3:U3 Y3 = 0 N X9 :U2 (y2_F2X3) = _1 N




Thus,

2.6.7 Solution of the Systems of Equations by QR Method

Let us consider the system
Ax = b, (14)

where A = QR is a QR factorization of the regular matrix A € R™*", while
@ € R™"™ is an orthogonal matrix and R € R™ " ia on upper triangular
matrix. Substituting in (14) the matrix A by its QR factorization, we get

QRx =b. (15)

Multiplying the both sides of equality (15) on the left by the matrix QT, we
find
Rx =Q"b. (16)

System (16) has an upper triangular matrix R. From the regularity of the
matrix A it follows the regularity of the matrix R. Hence system (16) is
uniquely solvable. For this the substitution given in proposition 1.1.2 will be
used backwards.

Example 6.7.1. Let us solve the system

2 0 1 1
6 2 0|lx=]|0 (17)
-3 -1 -1 1

using the QR method.
In example 2.3.2 the QR factorization of the matrix of the system

2 0 1 5 —2v5 —15 0 -7 -2 2
6 2 0=—2|-6/5 4 T 0 28 135
-3 -1 -1 3vV6 -2 —14 0 0 2v/5

o ‘
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was found. We respect system (17) in form (16):

-7 - -2 SB[ ~2vh —6v5 V51
0 25 -5 x=—=| -5 4 =2 0],
0 0 25 0 —7 14 ][1
ie.,
7 15 _5 1
2 / 137 177
0 7\/g ——5\/5 X = —g\/g
0 0 2V5 —-2V/5

We solve the obtained system with the upper triangular matrix using the
T
backwards substitution. The result is x = [ 1 -3 -1 ] .

Let us consider the solving of system (14), where A = QR is a QR
factorization of the regular matrix A € R™*" (m > n), where Q) € R™*™ ig
an orthogonal matrix and R € R™"™ is an upper triangular matrix, by the
least-squares method. Let

R
QTA:R:[ 01]
and -
C
QTb:[d ,

where R; € R™", ce R" and d € R™™". We find

Jax bl = o sl = || |- | 5]

. R1X—C
N 0—-d

Since the quantity ||d||> is a constant, we can minimize only the quantity

2
2 2
= [[Rax — c[l; + [|d[]; .
2

1Rix —el5.

and the minimal value of it is 0. Really, from the condition dim A = n it
follows that the matrix R, is regular. Hence the system

Rixps = c,
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where the symbol x5 i denotes the least-squares solution of system (14), is
uniquely solvable.

Example 6.7.2. Let us find the least squares solution of the system

1 0 0 1
0 1 0 0
0 0 —-1|x=|1
1 0 0 0
0 -1 0 1

using the QR method.
Using the software package “Maple”, we obtain the Q)R factorization of
the matrix of the system

1 0 0 -1/V2 0 0 —1/v/2 0 V2 0 0
0 1 0 0 ~1/v/2 0 0 1/V2 0 —v2 0
0 0 —1]|= 0 0 -1 0 0 0 0 1
1 0 0 -1/vV2 0 0 1/v2 0 0 0 0
0 -1 0 0 1/vV2 0 0 1/V2 0 0 0
From this factorization it arrears that
V2 0 0
Ri=| 0 —/2 0
0 0 1
To get the vector c, we find
-2 0 0 -iv2 o 1 —V2
0 —3v2 0 0 $vV2]]0 V2
Qb = 0 0 -1 0 0 1|=] -1
-2 0 0 v2 0 0 -2
0 WZ o 0 Ivz|[1 NG
Hence

c=[-1v2 vz -1]".

We get for the concrete form of the system Ryx;g =c
-2 0 0 —1V2
0 _\/E 0 XLs = %\/5 )
0 0 1 -1
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from which it follows that

In example 2.3.3 it was found the Q)R factorization of the matrix of the
system:

11 0 22773 3
2 3|=|2 L2 L2010 V2 |=QR
2 1 2 V2 —3V2 ][0 0

Omitting the last row of zeros in the matrix R, we get

3 3
R, = Oﬂ_'

Now we find

o
—_
wlot

1 2
3 3

Q=| 0 V2 -Lv2||l1|=| 0
22 -2 L2 1 W2

Taking the first two components of this vector (the matrix Ry has two rows),

we obtain .
—| 3
c [ : ] |

We get the least-squares solution of the initial system from R1x;s = c, i.e.,

A B

Problem 6.7.1." Solve the system of equations

O wlot

12 -3 1 —2
-3 1 2|x=| 2
4 -2 -1 1
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knowing the QR factorization of the system matrix

12 5 133 2
2= 1 wow LY e o
ol 2=l oE g || Y T T

Problem 6.7.2.* Find the least-squares solution of the system

0 2 -3
1 3 l&]: 4
0 2 & 2

2.7 Iterative Solution of Systems of Equations

2.7.1 Powers of a Matrix and Inverse Matrix

Proposition 7.1.1. If F' € R™" and ||F||, <1, then I — F' is a regular
matrix and

I-F)'=3Y FF
k=0
while
1

H(I — F)_al < m.

Proof. If we suppose the contrary to the assertion that the matrix I — F
is singular, then there exists a nonzero vector x € R" that (I — F)x =0, i.e.,
x =Fx and ||x||,=[|Fx[,, [[F]|, > 1. Hence the matrix / — F' is a regular

matrix. To find the matrix (I — F)~", we consider the identity

(ZFk> (1= F)=1-F".
k=0
Since
k k . r
HF Hp <|IFl, AlIFN, <1 = lim F* =0,
then )
) . B
(JL%%F ) I-F=1
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that implies
-1 ko k
(I-F)t=lim > F*=3 F
k=0 k=0

and . .
|a-F)7) < > IF|I; < T

which was to be proved. O

Proposition 7.1.2. Let Q¥ AQ = T = D+ N be the Schur factorization
of the matrix A € C"*" while D is a diagonal matrix and N is a strictly
upper triangular matrix (on the leading diagonal there are zeros). Let A
and p be respectively the greatest and the least modulus eigenvalues of the
matrix A. If § > 0, then for all £ > 0

o s e (o 285

If A is a regular matrix and the number 6 is such that
(L4 0)ul >IN,
then for all kK > 0

1 )’“
il = 1Flp/(1+0))

Proof. See Golub, Loan (1996, pp 336-337). O
The formula

a4, < 0o

B'=A"1"-BYB-A4)A™"

which is easily checked shows how the inverse matrix changes when the matrix
A is substituted by the matrix B. The modification of this formula is a
formula of Sherman-Morrison-Woodbury given in the following proposition.

Proposition 7.1.3. If A € R"" and U, V € R™*, while matrices A
and I + VTA-'U are regular,

(A+UVvHt=at AU+ viatu)ytvTa

Proof. See Golub, Loan (1996, pp. 50). O
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2.7.2 Jacobi’s and Gauss-Seidel Method

Let A€ C"" and a;; # 0 (i =1 : n). We will consider the solution of

the system of equations
Ax=b (1)

by an iterative method.

Definition 7.2.1. The approzimation or the approximate value of the
solution x of system (1) is a vector that in certain sense differs little from
the vector x. Let us represent system (1) in the form

= ﬁl—zn:aij{j)/aii (Z = ]_I n)

i

Jacobi’s iterative process is defined by the algorithm

g = Zazgf )/ai (i =1:n). (2)

J#z

The Gauss-Seidel iterative process is defined by the algorithm

i—1 n
k k k '
§5Y = (8= Y ey = 3 ay)faa (i = 1: ). 3)
j=1 j=i+1

In case of both Jacobi’s and the Gauss-Seidel iterative processes the transition
from the approximation x(*) = {§§k)} of the solution of system (1) to the next

approximation x*+1) = {fl( k+1)} can be described using the matrices

0 0o --- 0 0 aip -+ ai,
Ui Apy -+ 0 0O 0 --- 0

and D = diag(ai1,- .., apy), while A = L + D + U. For example, Jacobi’s
algorithm can be represented as

Myx*HD = Nyx®) 4p, (4)
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where M; = D and N; = —(L 4 U). The Gauss-Seidel algorithm (3) can be
represented as
Mex™) = Nex®) + b, (5)

where Mg = D + L and Ng = —U.
Example 7.2.1.* Let us solve the system Ax = b,, where

11 -1 0
-1 3 0| Ab= 2
10 -2 -3
by Jacobi’s method.

Let us represent the matrix A in the form

A=

000 10 O 01 —1
A=L+D+U=| -1 0 0|+]0 3 O|+]00 O
1 00 0 0 -2 00 O
We will form the matrices M; and N :
10 O 0 -1 1
Mj=D=|03 0|,N,=—(L+U)= 1 0 0
00 =2 -1 0 0

The algorithm of Jacobi’s iterative process can be given in the form

xFHD = MANx® + M b

Since
1 0 0 0 -1 1 0 -1 1
M;'N;=10 1/3 0 1 0 0f=|% 0 0
0 0 —-1/2][ -1 0 0 5 0 0
and
1 0 0 0 0
-1
M7'b=|0 1/3 0 2| =21,
0 0 —-1/2]| -3 3
then
0 -1 1 0
xtD =11 0 0|x®4 |2
2 00



T
If we take for the initial approximation x(® = [ 0 00 ] , then we shall
have

0 -1 1770 0 0
xU=14% 0 0||0|+]|2|=|.66667 |,
5 0 0]]0 2 15
[0 -1 1]] 0 ] [0] [.83333]
x@ =11 0 0]||.66667 |+ |2 |=].66667 |,
5 0 0] 15 2] | 15 ]
[0 —1 17[.833337 [07] [.83333]
x® =11 0 0]|.66667 |+ |2 |=].94444 |,
5 0 0] 15 2| | 1.9167 |
[0 —1 17[.833337 [0] [.97226]
x® = % 0 0 94444 | + § = | .94444 |,
2 0 0| 1ow67] | 3] | 19167
0 —1 177 .97226 0 97226
x® =11 0 0]|.94444 | +| 2| = .99075
5 0 0| 19167 2 1.9861

T
and so on (the exact solution of this equation is x = [ 11 2 ] ).

Problem 7.2.1." Solve the system given in example 7.2.1 by the Gauss-
Seidel method.

2.7.3 Decomposition of the System Matrix and Convergence of
the Iterative process

Both Jacobi’s and the Gauss-Seidel algorithms are of the type
MxUHD = Nx®) 4 p, (6)

where A = M — N. Assume that the decomposition of the matriz A is given.
Applying the iterative algorithm, it is important that the linear system (6)
with the system matrix M is easy to solve. By Jacobi’s method M is a
diagonal matrix and by the Gauss-Seidel method it is a lower triangular
matrix. It appears that the convergence of the iterative process given by (6)
depends on the spectral radius of the matrix M ~!N.
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Definition 7.3.1. The quantity
p(G) = max{|\|: X € \(G)}

is the spectral radius of the matriz G € C"*".,
Proposition 7.3.1. Let A = M — N be the decomposition of the regular
matrix A € R"*" and let b € R". If the matrix M is regular and
p(IN) < 1 )

then the sequence of the approximation {x(*)} defined by algorithm (6) con-

verges to the solution x =A~'b of system (1) by arbitrary initial approxima-
tion x(9).
Proof. Let us get
e =x®) _x (8)

Since the exact solution satisfies the equality
Mx =Nx +b, (9)
then from equalities (6) and (9) we get
M (x5 — x) =N (xP - x).

Taking into account (8), we find for arbitrary non-negative integer £ the

relation
MelFtD) = Nek)

or
et = M INel®) = (M IN)FHel®,
By virtue of proposition 7.1.2, it follows from inequality (7) that
lim (M~'N)F =o0.

k—o0

Thus,

lim x* =x. O
k— o0

Example 7.3.1." Let the matrix of the system Ax = b be

2 0 1
A=101 0
10 -1
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We will prove that the sequence of the approximations {X(k)} defined by
Jacobi’s algorithm converges to the solution of the system for any initial
approximation x(©).

Since
000 20 0 001
A=L+D+U=[000|+|0 1 0]+|0 0 0],
1 00 00 —1 000
(2 0 0 [0 0 —1
M;=D=|01 0], Nj=—(L+U)=| 00 0
0 0 -1 -1 0 0
and
[1/2 0 0 00 —1 [0 0 —3
M;'N; = 01 0 00 O|=|00 0],
00 -1 -10 0 10 0
then ) .
MMIN) = {0, 52'\/5, —§¢\/§}
and

_ _ 1
p(M; ' N;) = max{|A] : A € A(M; 'N;)} = 5\/5 <1

We note that the matrix A is regular. Hence, by virtue of proposition 7.3.1,
the sequence of the approximations {x*)} defined by Jacobi’s algorithm con-
verges to the solution of the system x =A~!'b for any initial approximation

x(0),

Problem 7.3.1.* Solve the system

-2 1 -1 3
-1 4 =2 |x= 2
-1 -2 -2 —4

both by Jacobi’s and the Gauss-Seidel method. Prove that the sequences of
the approximations defined by these algorithms converge to the solution of

this system for any initial approximation x(©.

Problem 7.3.2.* Solve the system

2 1 —1 5
-1 3 -1 |x=|3
-1 -1 4 0
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both by Jacobi’s and the Gauss-Seidel method. Prove that the sequences of
the approximations defined by these algorithms converge to the solution of
this system for arbitrary initial approximation x(®.

Definition 7.3.2. The matrix A € C"*" is a matriz with the strictly
dominant diagonal if

n
|au~| > Z|ai]~| (Z =1: n)
j=1
J#i

Remark 7.3.1. If the matrix A € R™" is a matrix with the strictly
dominant diagonal, then the spectral radius p(M; ' Ny) of the matrix M ;' N;
satisfies the condition

p(M;'N;) <1,

i.e., the iteration given by formula (4) converges.
Proof. See Golub, Loan (1996, pp. 120, 512). O

Proposition 7.3.2. If A € R™*" is a symmetric positive definite matrix,
then the Gauss-Seidel iterative process converges for arbitrary x(®.

Proof. Let us denote A = L + D + LT, where L is a strictly lower
triangular matrix (zeros on the leading diagonal) and D is a diagonal matrix.
Since the matrix A is positive definite, then, by virtue of corollary 6.2.1, the
matrix D is also positive definite. Hence /D exists. The matrices A and
L + D are regular. Therefore, by virtue of proposition 7.3.1, to prove the
convergence of the Gauss-Seidel iterative process, it is sufficient to show
that the spectral radius p(G) of the matrix G = —(L + D)~'U satisfies the
condition p(G) < 1. Let G; = DY2GD~'/2. Since the similar matrices G
and G have the same spectrum, then it is sufficient to check the condition
p(G1) < 1. Let L; = D™'2LD~'/2, We find that

Gl — DI/QGDfl/Z — _DI/Z(L + D)flLTDfl/Q —
— _DI/Z(DI/QLIDI/Z + D1/2[D1/2)71D1/2L{Dl/ZDfl/Z —
— —D1/2[D1/2(L1 4 I)DI/Q]—IDI/QL'{'DI/QD—I/Q —
— _D1/2D71/2(L1 +[)71D71/2D1/2LfD1/2D71/2 — _(Ll —|—I)71Lf

Hence it is sufficient to prove that p(G;) < 1. If Gix =)\x, while x7x =1,
then
—(I+ L)) 'LTx =)x,

172



—LTx =\(I + L))x

and
—x"LTx = x"x+A\x"L,x

and
—x"LTx =2+ x"Lix

If we set x¥L1x =a +if3, then x’LTx =a — i3 and

—a+iBA=\1+a+if),

and also
_ —a+if
14 a+ip’
Thus,
| |2 _ a? +ﬂ2

= . 10
a? +2a+ 1+ (2 (10)

Since, the matrix A is positive definite, then, by virtue of proposition 6.2.1,
the matrix D—1/24D~1/2 is also positive definite and

D™'PADV? = DTVA(D + L+ L")D7'? =

— D—I/Q(DI/QIDI/Q _|_D1/2L1D1/2 _+_D1/2L'{'D1/2)D—1/2 —
=I1+L +L7.

Hence
0<x"(I+L+L])x=1+x"Lix+x"LTx =1+ 2a

=l+a+if+a—if=2a+1,
and condition (10) implies |A\| < 1, i.e,, p(Gy) < 1. O
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2.7.4 Acceleration of the Convergence of an Iterative Process

If the quantity p(Mg'Ng) is smaller than one but close to one, then the
Gauss-Seidel method converges, but very slowly. A problem arises how do we
accelerate the convergence of the sequence of approximations {x¥)}? One
of the processes of acceleration of the convergence is the so-called method of
relaxation. The relaxation method is based on the algorithm

1—1 n
&8 =B - Xapg"™ = X ayg")faw + (1-w)g" (i = 13 n),
j=1 j=i+1

which can be written in the matrix form
M, x*1 = N x®) + wb,

where M, = D +wL and Nw = (1 —w)D — wU. The problem lies in finding
the parameter w so that p(M;'N,) were the least. By certain additional
conditions, this problem can be solved.

The second way of acceleration of the convergence is the so-called Cheby-
shev method of convergence acceleration. Let us suppose that we have found
using algorithm (6), the approximations x(M, ..., x®) of the solution x of

system (1). Let
k

y® = 3wk (11)

=0
The problem lies in finding the coefficients v;(k) in formula (11) so that the
error vector y(®) —x of the approximation y*) is smaller than the error vector

x*) — x. In case of .
xW=x (j=1:k),

it is natural to demand that y*) = x. This is just a case when
k
> vj(k) = 1. (12)
5=0

How do we choose the factors v;(k) so that they would satisfy (12), and the
error vector were the shortest? Since

x®) —x = (MIN)kel®),
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where G = M~'N and

0
From condition (12), it follows that py(1) = 1. In addition,

[y =], <lipe(@1l, [ (13)

We confine ourselves further to the case of a symmetric matrix G. Let the
eigenvalues \; of the symmetric matrix GG satisfy the chain of inequalities

—l<a< ), <...< )\ <pg<1.

If A is the eigenvalue corresponding to the eigenvector x, then

pe(G)x =D vi(k)G'x =" v;(k)Nx,

=0 j=0

i.e., the vector x is also the eigenvector of the matrix p;(G) corresponding
to the eigenvalue

;)yj(kw = pr(N).

In the case of the symmetric matrix G, the matrix pi(G) is also symmetric.
Hence

k
A, = (BN < M.
P (G) 1], Jmax, IJZ%VJ( )| < max, IPe(N)|

To decrease the quantity ||pi(G)||, one must find a polynomial p,(z) that has
small values on the segment [«, 5] and satisfies the condition py(1) = 1. The
Chebyshev polynomials have these properties. The Chebyshev polynomials
are defined on the segment [—1;1] by the recurrence relation

¢j(2) = 2z¢j1(2) = ¢j0(2) (1=22),
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while ¢y(2) = 1 and ¢;(2) = z. These polynomials satisfy the inequality
G <1 ze-151]

and ¢;(1) = 1, and the values |¢;(z)| grow quickly outside the segment [—1; 1].

The polynomial

cr(=1+2(z—a)/(f —a))
¢k (k)

pe(z) = , (14)

where

1— 1—
@ _ 1, ol=0

0 —« 0 —«
satisfies the conditions py(1) =1 and

p=—1+2 > 1,

Ipk(2)] <1 2 € [a; ).
Taking into account relations (13) and (14), we find
k

=

e ()]

sl < P

Therefore, the greater is u, the greater is |cx(p)], and the greater will be the

Chebyshev’t acceleration.

2.8 Numeric Stability

In the following part we will consider how the deviations of the entries of
the regular matrix A € R™*™ and vector b € R" will cause the deviations of
the solution x of the linear system

Ax = b. (1)
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2.8.1 Singular Value Decomposition and Numeric Stability

Definition 8.1.1. The e—rank of the matrix A is defined by the formula

rank(A,e) = min rank(B).
|A-Bl|<e

Example 8.1.1.* Let us find the e-rank of the matrix

0.1 0.01
A= l —0.1 0.01 ]

if e =0.14.
Evidently,
0 < rank(A,e) < 2.

If the equality

rank(A,e) =0,
holds, then
dB: rank(B) =0 A [|[A— B|, <e.
Since -
rank(B) =0 < B = [0 o |
then

0.1 0.01 00
1A= Bll, = Hl ~0.1 0.01 ] N l 0 0] -
0.1 0.01
g SR R T

where \; and )\, are the eigenvalues of the matrix
0.1 -0.1 0.1 0.01 | | 0.02 0
0.01 0.01 -0.1 0.01 | 0 0.0002 |-

Therefore, \; = 0.02 and Ay = 0.0002 and

|A = B|l, = v0.02 ~ 0.14142 > 0.14 = ¢.
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This is a contradiction, and it means that rank(A,e) > 0. Let us show that
rank(A, ) = 1. Now, for the matrix

0.1 0.01
o=

rank(B) =1 and

0.1 0.01 0.1 0.01
||A_B||2:Hl—0.1 0.01]_l 0 0 ]

H —8.1 0.((])1 HL :max{\/;h \/;2}

where A\; and )\, are the eigenvalues of the matrix
0 —0.1 0 0 - .01 —.001
0 0.01 —-0.1 0.01 | | —.001 .0001 |-

Thus, Ay = 0.01 and Ay = 0.0001, and

2

A= B|l,=+v0.0l ~ 0.1 <0.14 =e.

But this means that rank(A,¢) = 1.

Proposition 8.1.1. Let A = UXV7 be the singular value decomposition
of a matrix A € R™*". If k < r = rank(A) and

k
T
Ay = Zaiuivi )

i=1
then
i A= Bl =4 = A, = o
Proof. Since
UrA,v =U" Ekj o v,V =

=1

k
T
_ T T T .
—[ul llm] Zaiuivi[vl Vn]—
i=1
[T 17 k T k T _
=|lu - u, Yl OV, VY e Y oWV V| =
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uy
= : [01111 e opu, O .- 0]:
uy,
alulTul - akur{uk 0O --- 0
oulu;, -+ omulu, 0 -0 0

= diag(al,...,ak,o,...,O) e R™"

and
UT(A — AV = diag(0,...,0,0%11,---,0,),

while p = min{m, n}. Since the Euclid norm of the matrix A — A; equals the
greatest entry of the matrix UT (A — Ag)V, then

|A = Aill, = Oks1.

Let B € R™*" be a matrix for which rank(B) = k. We can find the ortho-
normal vectors Xi,...,X,_j, such that the null space of the matrix B is a
linear span of the vectors xy,...,%,_j, i.e.,

N(B) = span{xy,...,X, 1}
Since in the space R™ n + 1 vectors are linearly dependent, then
span{xy,..., X, .10 span{v, ..., vi1} # {0}.

If z is a unit vector (by the Euclidean norm) from this intersection, then
Bz =0 and

k+1 k+1

T r
Az =Y oyuv] Y (viz)v, = ou; y (viz)(v]v) =
j=1 i=1 j=1 i=1

r k+1 k+1
= ZO']‘U.J' Z(VzTZ)(S” = Z O'i(ViTZ)lli.
j=1 i=1 i=1
Hence
2 2 2 sy 20T _\2
|A =Bl > (A= Bz, = |[Azll; = > _ o7 (viz)* >
=1
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k+1 k+1

> Z UI%H(VZTZ)Z = UI%H Z(Vz‘TZ)Q = O-l%Jrl' O
i=1 i=1

Corollary 8.1.1. If the matrix A € R™" is regular, then the least
singular value o, of the matrix A determines the distance of the matrix A
from the nearest singular matrix.

Corollary 8.1.2. If r. = rank(A,¢), then

01> ... >0, >E> 041> ... >0, (p=min{m,n}).

Problem 8.1.1.* Use corollary 8.1.2 to solve the problem given in exam-
ple 8.1.1.

Proposition 8.1.2. If
A=Y o] =UTV”"
i=1
is the singular value decomposition of the regular matrix A € R™*", then

the solution x of system (1) can be expressed in the form

" u’b

x=A"'"b=UZV") b=}

i=1 Ti

Proof. Let us check the correctness of the assertion of the proposition:
x =A""b =(USV)'b =VEtU"b =
" ulb

= iviu?b/ai = iVi(u?b)/Ui = Z

i=1 i=1 Y

V;.

Corollary 8.1.3. From the representation of the solution in form (2)
it appears that small deviations of the entries of the matrix A could cause
great deviations of the solution x if o, is small.

Example 8.1.2.* For which system

54/125 —169/250 | [ & ] [ 2
53/125 —54/125 || & |~ | 1
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41/16250 —99/13000 | [ & ] [ 2
46/15101 —17/3250 || & |~ | 1

small deviations of the entries of the system matrix can cause greater devia-
tions of the solution x? Applying the package “Maple”, we find the singular
value decomposition of both system matrices:

eyl B Bl L ]

and

41/16250 —99/13000 | | —.8 —.6 01 0 —.38462 .92308
46/15101 —17/3250 | | —.6 .8 0 .001 92308 38462 |-

We see that the least singular value oy of the first system matrix is hundred
times smaller than the least singular value of the second system matrix.
Therefore, in virtue of corollary 8.1.3, we can state that the first system is
more stable than the second one, i.e., small deviations of the entries of the
second system matrix can cause greater deviations of the solution x than the
deviation of the same order of the entries of the first system matrix.

Problem 8.1.2." Which of the two systems

5400/169 —3940/169 ][ & ] [ 11
14650/169 —5400/169 | | & |~ | 7

or

141/845 —841/850 | [ & ] [ 11
291/676 —141/845 | | & |~ | 7

is more stable?

2.8.2 Taylor Development

We can obtain the exact evaluation of the sensibility of system (1) using
the system depending on a parameter

(A + 6F)x(8) = b + of, (3)
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where ' € R"", f € R™ and x(0) = x. If A is a regular matrix, then x(J)
is a differentiable function of the parameter § in some neighbourhood of the
value 0. Differentiating the both sides of equality (3) with respect to the
parameter 9§, we get

Fx(6) + (A + 5F)Z—’;(5) .y
and i
—5(0) = (A4 SF) ™' (f — Fx(6)) (4)

It follows from relation (4) that

dx

%(0) = A Mf - Fx).

Let us write the first order Taylor formula for the function x(4)

x(8) = x + 5%(0) +0(62) = x+ 0A (£ — Fx) + O(62).

As the result, we obtain for arbitrary vector norm and for the matrix norm
corresponding to it

x(6) = x|| _ [05F0) + 0G| _ |sa- (£ = Fx) + 0@)]| _
] ] ] =
”“Wﬂwﬂ”““+owaswwywdﬂLHWM+ow»

[l

< 1514

Taking into account that from relation (1) it follows ||b|| < ||A]|||x||, we
obtain the estimate

[1x(9) — || -1 £l £ 2
g < LA AN (s + ) + O00),
[l 47 bl [lAll
or 5
B < KA eal) + o) + 06,
where £,¢(A) = |6|% and e,¢(b) = |5|% are the relative errors of the

matrix A and the vector b, respectively.
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Proposition 8.2.1. If A € R™"*" is a regular matrix, then the relative
error £,¢(x) of the solution of the linear system (1) corresponding to the
relative error £,,(A) of the matrix A and the relative error £,.(b), of the
vector b is given by

Eret(x) mk(A)(grer(A) + erer(b)).

Corollary 8.2.1. In case of the Euclidean norm the estimate the

£ret(x) 2L (Erer(A) + v (b)),

n

holds.

Proof. The relation ||A||, = oy holds. As the matrix A is regular, it follows
from its singular value decomposition A = ULVT that A=! = VE+UT, where
¥t = diag(1/o1,...,1/0,). Since max 1/o; = 1/0y, then ||[A7Y], = 1/0,
and o
ko (A) = |A]l [[A7Y], = 01/0w. O

Example 8.2.1.* Let us estimate the relative error &,(x) of the solution
x of the system Ax = b in the case of the Euclidean norm if

80 18 24
A=|60 —24 —32 |,
0 4/5 —3/5

eret(A) = 0.09 and &, (b) = 0.01.
Let us find the singular decomposition of the matrix A

80 18 24
A=]60 —24 -32 |=
0 4/5 —3/5
~8 6 0 1000 0 0 ~10 0 0
=| -6 -8 0 0 500 0 0 6 38
0 0 10 0 0 10 0 8 —.6

In virtue of corollary 8.2.1, we can state

100
£ rer(X) zg—;(srel(A) +2ra(b)) = —(0.09 +0.01) = 10.
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Problem 8.2.1.* Estimate the relative error £,.(x) of the solution x of
the system Ax = b in case of the Euclidean norm if

65 —144/13 60/13
A=115 60/13 —25/13 |,
0 5/13  12/13
eret(A) = 0.008 and &,(b) = 0.002.

Remark 8.2.1. Kahan (1966) proved that
1 . 1AA],

kp(A)  araasingular [|All,

and Rice (1966) proved that

] |(A+AA)~L— AL 1
kE(A) =lim sup . )
()E%MM@WI £ | A=

2.8.3 Strict Estimations

The assertion of proposition 8.2.1 is of a local kind. Namely, this proposi-
tion is proved for relatively small deviations. Next we will give the evaluation
of the deviation of the solution in general case. First we will prove one nec-
essary auxiliary result.

Proposition 8.3.1. If the matrix A € R"*" is a regular matrix and
r= HA_IEH <1,
p
then A + F is regular and

112
< NEl, A7,

|4+ Byt — a7 < 1—r

Proof. A regular matrix can be represented in the form

A+E=A(I-F),
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where F' = —A~'E. Since |F||, = < 1, then, in virtue of proposition 7.1.1,
the matrix I — F' is regular and

(L

P 1—1r
Hence
(A+E)y'=I-F)'at
and
a7, < 1T

P 1—r
From the equality
Bl'=A"1"-BYB-A4)A"
it follows that
(A+E)'—A''=-ATE(A+ E)!

and
_1112
Jea+ 7t — ], < ) e Jas 2y, < P g
Proposition 8.3.2. Let
Ax = b, AeR"™™ 0#beR",

(A+ AA)y =b+Ab, AAeR™™ AbeR",
while ||AA|| < §||Al| and [[Ab]| < d/b]|. If § - k(A) =r < 1, then A+ AA

is a regular matrix, and

Ugl—l—r
Il ST
wnd ly—x| _ 2
y—X
< 22 k(a).
R ST1-v

Proof.Since ||A7'AA|| <6 [|[A7Y]||A]| = r < 1, then, in virtue of proposi-
tion 8.3.1, A + AA is a regular matrix. Applying proposition 7.1.1 and the
equality

(I+ A 'AA)y =x+ A 'Ab,
we find
Iyl < [[(7+ A7 247 (x| +3]|A~ | Ib]) <
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| ) 1 Ib]
A 1 = — B — .
—— (il + 5 4 bl = 5 (nxn e

- T

<

In addition, we find that ||b|| = || Ax|| < ||A4]|| ||x|| . Hence

1
< —_
Ivll < (il + 7 I,

and that means that the first part of the assertion is true. Since the relation
y —x = A 'Ab—A"'Ay,

holds, then
ly — x| < A=Y bl +o | A~ 1| All Iy

and therefore,

Iy — x| bl Iy
<dk(A +ok(A) T <
I P TI IARAT™

< 5 k(A) (1+1f:> 2 LAy o

Example 8.3.1.% Let

40

A:l52.8 60.4 01 A by, < 4.

29.6 52.8

A JJAA], <8 /\b:[

We will estimate the relative error of the solution of the system Ax = b using
the Euclidean norm. Since

AT A — 02.8 29.6 52.8 60.4 | | 3664 4752
- | 60.4 52.8 29.6 52.8 | | 4752 6436

and the eigenvalues AT A are \; = 10000 and )\, = 100, then

1], = max{\/):, \/E} — 100.

Let us find the Euclidean norm of the vector b:

bll, = V402 + 302 = 50.
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If one takes 0 = 0.08, then the conditions |[AA|| < d||Al| and |[|Ab]| < ¢ ||b]|
are satisfied. From the singular value decomposition of the matrix A

52.8 604 | | —8 —.6 100.0 0 -6 —.8
296 528 | | —6 .8 0 10.0 -8 6

we find that
o1 _

O'Q_W

100

ks (A) = ~ 10.

Hence
r=20-ky(A)=0.08-10=08<1,

and, in virtue of proposition 8.3.2, we get

|Ax]|, 20 2-0.8
< ko(A) = -10=28
Ix[, —1—r 2(4) =103
Problem 8.3.1.* Let
120

65 —12
4= l ~156 -5

A | AA[, < 169/15 A b= l

S0 | A labl, < 13/15.

Find the relative error of the solution of the system Ax = b. Use the Euclid-
ean norm.

187



References

G.H.Golub and C.F.Van Loan (1996). Matrix Computations, John Hop-
kins
University Press, London.
G.Kangro (1962). Higher Algebra, Estonian State Publishers, Tallinn
(in Estonian).
P.Lankaster (1982). Theory of Matrices, Nauka, Moscow (in Russian).

E.Oja and P.Oja (1991). Functional Analysis, Tartu University Press,
Tartu (in Estonian).

G.Strang (1988). Linear Algebra and its Applications, Harcourt Brace
Jovanovich College Publishers, Orlando, Florida.

188



