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PREFACE

The aims, the history, and the organization of these Tables of Integral
Transforms were described in the Introduction to vol, I. A little more
than one half of the present second, and last, volume consists of tables
of further integral transforms, the remaining part of this volume contains
integrals of higher transcendental functions,

Under the generic name Bessel transforms we list not only the famil-
iar Hankel transforms but also other transformations whose kernels are
Bessel functions in the widest sense of the word. In addition to these
we list fractional integrals, and also Stieltjes and Hilbert transforms. As
far as we know, no extensive tables exist for any of the transformations
included in this volume, in fact, for some of them there are comparatively
few known transforn. pairs. A list of all transforms included in this work
is given on p. xiff

The second part of the volume contains miscellaneous integrals
involving higher transcendental functions, Some of these integrals cannot
be written as transforms, others were not included in the transform tables
and are given here, Generally speaking, an integral which can be written
as a transform is more likely to be found in the transform tables than
among integrals of higher transcendental functions. The latter are ar-
ranged according to their integrands. The “‘hierarchy’’ of functions given
on p.xii of vol. I has been followed and, as in vol. I, composite functions
are classified according to the “‘highest’’ function occurring in them. A
list of definitions of higher transcendental functions is given in the
Appendix.

Acknowledgments and thanks are due to the same persons and organ-
izations as in connection with vol. I. Acknowledgments are also due to
Mr. John B. Johnston who read the proofs and rendered other valuable
technical assistances

Corrections of errors, additions, and suggestions for improvement will
be received gratefully by the Editor.

A.ERDELYI






STANDARD FORMS
Fourier cosine transform (%c , Chapter I)
fow f(x) cos (xy) dx
Fourier sine transform (%} _, Chapter II)
f0°° f(x) sin (xvy) dx
Exponential Fourier transform (3, Chapter III)
J* fx) e ™ dx
Laplace transform (2, Chapter IV)

T f(e) e Ptde

Inverse Laplace transform (Chapter V)

1 ctioco
s f g()efdp
T c— 100

Mellin transform (t, Chapter VI)
f:o flx) x*7" dx

Inverse Mellin transform (Chapter VII)
¢+ ioco
" o) 2™ dis
278 o mioo

Hankel transform ($ ,, Chapter VIII)
09 %
fo f) J, (xy) (xy)* dx

Y -transform (@V, Chapter IX)
f:o f@) Y, (y) (oy)* dx

xi



xii INTEGRAL TRANSFORMS
K - transform (& ,,, Chapter X)
JTF) K, Gey) Gey)* dx
H - transform (Chapter XI)
L7 16 m () ay)*
Kontorovich -1 ebedev transform (Chapter XII)

ST r@ K ) dx

Riemann-Liouville fractional integral (}Ru’ Chapter XIII)

: ’ (=) ( ' d
-I:z#—) i f@)ly —x x

Weyl fractional integral (& , Chapter XIII)

= W VY g
F(#)/ fx) (x —y) x

Stieltjes transform (6, Chapter XIV)

/ f=) dx
0 x+y

Generalized Stieltjes transform (Gp, Chapter XIV)

f ——f(X) dx
0o (m+y)

Hilbert transform (Chapter XV)

1 / f(x)
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BESSEL TRANSFORMS

or

integral transforms whose kernels are Bessel functions or functions
related to Bessel functions.






CHAPTER VIII
HANKEL TRANSFORMS

We call
gly; V=9 if(x); yl = f: f(®) I, (xy) (xy)* dx

the Hankel transform of order v of f(x) and take y to be a positive real
variable. For the sake of brevity we often write g (y) instead of g (y; v).
This form of the Hankel transform has the advantage of reducing to the
Fourier sine or cosine transform when v = + %, Many authors regard

f:’ f(x) J,, (xy) x dx

or

I 7 @) J, [2(xy)*] dx
(o]

as the Hankel transform of order v of f(x). The Hankel transform is self-
reciprocal [seg 8.1(1)] and no table of inverse transforms is required.

Hankel’s inversion theorem is proved in detail, and many Hankel
transforms are evaluated in Watson’s (1922) book on Bessel functions.
The theory and application of Hankel transforms is described in several
books on Fourier integrals, among which we mention Sneddon (1951) and
Titchmarsh (1937).

From the transform pairs given in this chapter further transform pairs
may be derived by means of the methods indicated in the introduction
to volume I of this work, and also by means of the general formulas
given in sec, 8,1, Tricomi (1935) discovered the relation

LAV gl(2e)% 5 v]; s ) =7V QUAVTH fI20)%]; 571

between Hankel transforms and Laplace transforms, and this relation may
be used to evaluated Hankel transforms by means of the tables of Laplace
transforms and inverse Laplace transforms given in chapters IV and V of

volume 1.
3
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HANKEL TRANSF ORMS

8.1. General formulas

f(x) I @), y) ()% dx
=gy; v) y>0
(1) fomg(y) J (xy) (xy) % dy g ()
Rev>-%
(2)| f(ax) a>0]a " 'g@a"y;)
d mn
3)| =™ f(x) m =0, 1, 2, s y""”(—-) [y¥=%*® g(y; v+m)]
ydy
; d \"
4)| =* f(x) m=0,1,2, | D" y"“’ <—
ydy
% b,—% +n —vg(y; v—m)]
5G)| 2vx! f(x) ygly; v=1) +yg(y; v+1)
6) =" f(x) y%-v foyn”'% g(n; v=1)dy
(D] =7" flx) g A fymn"’"% g(n, v+1) dy
8)| x* fx) VLT (W] y %V
Re v+ 1 > Re I 2 0 X j‘oy T’V—}L"‘% (yz_nz)u-'g(n;y—u) d'n




6 INTEGRAL TRANSFORMS 8.1
General formulas (cont’d)
f@) I @) I xy) (ey)¥ dx
=gy v) y>0
(9) |x7#f(x) e~ g%
B e B2 % R p 2 Xf?n”“”“f‘fwﬂghnwmﬂn
(10)| 2vf “(x) (=" ygly;v+1)

(1)

xx_v( d ) ¥ % f ()]
xdx

m=0, 1, 2, eee

- (v+%) ygly; v=1)

y™ gly; v+m)

(12)

d n
x’“”( ) [ =% fa)]
x dx
m = 0, 1, 2, (XY}

9" gy; v—m)

(13)

x%—vf‘ fv-;ﬁ% (xz—fz)“_'
& ¢

xf(ddé&
Rev+%>Re >0

24T (W) y Mg (ys v—p)

(14)

xhtv f°° (f%_“_”(tfz—xz)“_'

xf(&)d¢&
Rev+1>Re p>0

24V () y Mg (y; v+ p)

(15)

AT () %Y
5 f xé_%—K—u-h/(xz_é:Z)p.—l
0
xf(&) d&

Re A>0, Repu>0
Re v>Re(A+p) - %

2L () y%7v
i

x g(n; v—=A—pdn
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General formulas (cont’d)

f(x)

I () J, y) (xy)* dx
=g0; v y>0

(16)

AT () x%+v

xf°° gx-K-u—v(fz_xz)g—l

x f(£) d¢

Re A>0

Re u>0, Rev>|Re(A—p)|-1

24T () y % +v
[y
x g(n; v+ A+p) dy

8.2. Hankel transforms of order zero; Elementary functions

f(x) f:cf(x) J, (xy) (xy) % dx y>0
(1) [«7% y %
(2 | 7% 0<x<1|y%J () +%ay*[J,(y) H,(y)
0 l1<x<e -J () H, ()]
@ | o 0<x<l|y™-y*¥J () +%ny*[J, () H ()
&% l<x<oe| =J (y) H ()]
@) | x%(a?+x2)~H% Re a>0 | y™% ¢~ay
(5) | % (@a2-x? % 0 <x<a|y % sin(ay)
0 a<x <o
6)]0 0<x<a|y™ % cos(ay)
x%(x2-a?)"% a<x <o
(7) | x% (6240?32 Rea>0| aq 'y*% e 2y

(8)

x4 (x44+aq*)!

larga| < % n

—-a™? y% keio(ay)
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Elementary functions; Order zero (cont’d)
fx) f:of(x) J, (xy) (xy)* dx y>0
(9) | x52(x%+a*) ! larga| < %m | y% ker (ay)
(10)| x*2(x*~a4)~" a>0| %y%[K (ay)-Y%nY, (ay)]
The integral is a Cauchy Principal
Value
(x2+a2)* -x
(11) x4 x_a— Re ¢ >0 y-l/'2+2a—2 y—S/Z(aye—ay+e—ay_1)
(x2+a?)%+x
(12) x”(x‘+2a2x2+b‘)"‘ y% IO[Z-% (az—bz)%y]
a>b>0 XK°[2—%(a2+b2)% y]
(13)| % (x*+2a%x 2+ b4)7¥ y* J,[27% (b2-a?)¥ y]
b>a>0 xK°[2-%(Gz+bz)%y]
(14) 2172 (b2—x2) (x4 £2a%x%+ b4)"3/2 | 2712 (h2F g2)~1/2 o 32
0<a<b| xd,[(4b2F %a?)'2y]
XK [(4b7 +%a?)2y]
(15)| 7% (a2=x ) Hi[x + (@®-a?¥P" | (<1)" a2 %y % [J_(4ay)]?
+[x-(x2-a)%]? 0<x<a
0 a<x<oo
(16)| s (a*+2 ) % (a*+x )% +2]% | y% a4 K (4ay) I_ (ay)
Rea>0, Repu<¥
(17) xh4 (x2+a2)-% (x2+32)—5( y%(az_BZ)uKu[%y(a+B)]
x[(x2+a?)% +(x %+ B2)*] x I_ [%y(a=P)]
Rea>0, RepB>0 e
Re u< ¥
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8.2
Elementary functions; Order zero (cont’d)
f (x) I 7 @) J, (ey) (xy) % dx y >0
(18)|x =% e ~ax Re a>0 | y%(y2+a?)~*
(19)| x 32 (1-e —2%) Re a>0 | y% sinh™' (a/y)
5 nly* a
(20)| x* 7% ¢~ Re a>0 — P
€a (a2+yz)%n+,4 n (a2+y2)%
(21)] %2432 ¢=%7/2 Re u>0 | 27" (W) y % F (s 15 =%y?)
(22) x 7" exp(=2Bx%)  Re B>0|n™" By K K, (he*kimB2y )
x K, (he 517 g2y=1)
(23) x 172 exp[—a(x2+32)'/z] ay 1/2 (}'2+ a2)—3/2 exp [_B(y2+a2)1/2]
Rea>0, ReB>0| x[l+B(y2+a?)'/?
(24)| ## 2474 y ot +a?) K exp[-By*+aD¥]
x exp [-a(x 2+ B2)*#]
Rea>0, RepB>0
(25)| x % (x 2+ B%) 7 , tiyh(a?-y?) %
x exp [ +ia(x2+B2)%] xexp[tiB(a®-y?)*%] 0<y<a
a>0, Repg>0] |,
)’A()’z—az)—%
x exp [- B (y2-a?)¥] a<y <o
(26)| £ ix*(b2-xH)7% Y @2 +a?) ™% expl£ib(y2+a?)¥]
xexp[tia(b?-x?)%]
O<y<b
2% (x2-b2)%
xexp [~ a(x2=b52)%]

Re a>0
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Elementary functions; Order zero (cont'd)
f(x) I @) I, Gey) (xy) % de y >0
@2n|x~% log x -y ™% log(2yy)
(28)| x4 (x 2+ a?) 7% y*[% K2 (%ay)
x log[x+(x2+a?)%] a>0 +logaI (zay) K (Y ay)]
(29)| x % (x2+a?) "% y % KZ(4ay)
1 (x2+a?) % +x o 5
p 4 >
°8 (x2+a?)%-x ke
(30)| % log(l+a2x~2) Re a>0 2y'%[y"—aK‘(ay)]
(31)| x*% log[ax ™"+ (1+a2x~2)%) y 32 (1-¢ =)
Re a>0
(32)| x 7% sin (ax) a>0| y%(a2-y?)~% O<y<a
0 a<y <o
(33)| x =32 sin (ax) a>0| Y%my% O<y<a
y% sin™" (a/y) a<y <eo
(34) x 7% (1+x) ™" sin (1+x) Ymy* J, @) 1<y <o
(35)| * % (B2+x?) ! sin (ax) y% B~ sinh (Ba) K, (By) a<y<e
a>0, ReB>0
(36)| % (B2 +x7)™" sin (ax) lmy% e A I (y B) O<y<a
a>0, RepB>0
(37)| x =32 € " sin (ax) l sin”~ ( )
7
ri=b2+(a+y)? r, >0
e =b*+la~9)% 7,30
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Elementary functions; Order zero (cont’d)

f(x)

f:"f(x) J, (oy) (xy)%dx y >0

(38) |x”% sin (4 aZx?) a>0|a"2y% cos(Ma~2y?)
(39)| x~¥2?sin (4 a? x2) Liy*% si(ba~2y?)
% N -
(40)| ™" e™%* " sin(ax*) Yoy ~# al, Cia®/y) K, Cda®/y)
larga| < Y% n

(41)| x % (B2+x2) 7% y#(a2-y?) % cos[B(a?-y2)%]
x sin [a (B2+x2)%] O<y<a
a>0, Rep>0|g a<y <o
(42)| ™% cos (ax) a>0]0 O<y<a
y%(yz-az)_% a<y<o
(43)| x732[1-cos (ax)] a>0]| 5% cosh™ (a/y) O<y<a
0 a<y <o

(44)| x ™% (x2+ B2)™" cos (ax) %B ™ my* e=B I (By)

a>0, ReB>0 0<y<a
(45)| % (B2+x2) ™" cos (ax) y% cosh(Ba) KO(B)')

a>0, Rep>0 a<y<e

(46)| x 7% e~ cos (ax) y% 2 % [(b2+y2—a?)2+4a2b 2]
xi[(b2+y2~a?)2+4a% 2%
+b2+y2—a?}¥

47)| x% cos (4a?x?) a>0|a"2y% sin(4a~2y2)

(48)

x 732 [1-cos (% a?x?)]

-%y% Ci(4a~%y?)
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Elementary functions; Order zero (cont'd)
f&) I7 1) dy ) ey) bdx y >0
(49)| ™" e =" cos (ax) Yay ™ I_, (a®y™")
orkal < | K o y)
(50)| x% (B2+x 1) ™* ~y%(a?~y?) % sin [Bla-y ) ¥]

x cos [a (B2+x2)%]

a>0, ReB>0

O<y<a
y%(y2-a?)~% ¢ A0 -a®)*
a<y<oo

(51)

x 732 ¢7%% ginh (ax) Re a>0

Yy ¥ log[2ay ™ '+(1+4 a2y ~2)%]

(52)

x ™% e~%* ginh (Bx)
Re a > |Re B|

(aBy)%r‘_' r'z"(rz—rl)%(r{#-r‘)'%
ro=h*+ (B-a)?*
ry=b?+(B+a)?*

(53)

x% e~%* ginh(ax~') Re a>0

2ay ™4 J, (2a¥y*)K (2a*y*)

(54)

x ™% e "% cosh (Bx)
Re a> |Re B

(aBy)* r;' r;‘ (r2+r')%(rz-r,)'%
ro=ly?+ (B-a?%
"2=[)’2+(B+a)2]%

(55)| % sinh™! (ax"") Re a>0 | y™32(1-e™27)
(56) x % (1+x2)"% 7~ sin(mp) % [K &)1
x sinh (2 sinh ™! x) a
IHC y,l <%
(57| x5 (L+x D)~

x cosh (2 sinh™" x)
|Re u| <%

Yoy % K (sy)
x[1,Czy) + I_,Cay)]
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8.3. liankel transforms of order zero; Higher transcendental functions

f(x) J7f@ J ) ey)bdx y >0
(1) |x*% P (1-2x%) O<x<l]|y™* sy @)
0 l<x <o
(2) | x5 Pn(1—2x2) O0<x<1l|y%@2n+D"!
0 l<x<oo| *x[+D)J7 . G)=nJ; ()]

(3)

2
x¥he 5L (x?)

Dre Wty % L (y2)

(4)

x% exp(~Y%ax? L (% Bx?)

y (a=B)"

Yy —r—exp(-Ya 'x?)
a

Re a >0
2
< L [ By ]
"L2a(B-a)

5) |x% e L &% [11]71 27201 y2n+% o~y *
(6) | 7% si(ax) a>0 |-y % sin"' (y/a) O<y<a

0 a<y<oo
(7) | x"% si(@?x? a>0| -2y7%2 gin (% x%/a?)
(8) | x% Ci(a2x?) a>0| 2y~32[1-cos (%4 x2/a?)]
9) | x~% Ci(a?x?) a>0| y%[Ci(%x%/a?) +log(¥% y>x2/a?)]

(10)

x4 (1+x2)~v-!
xP, [(1-x 2)(1+x2)""

Re v>0

2T (v+ D] 72y 2* ™ K (y)

1y

x % {P)\-x [+ a?x2)%]}2

Rea>0, |Re)| <Y

2r%cos A\m)a”'y % (K\Gsy/a)]?
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Higher functions; Order zero (cont’d)
f(x) f:“ fx) J, (xy)(xy)hdx  y >0
(12) x%PU_% [(1+a%x2)*%] a 'y % I _Ciy/a) K (2y/a)
xQ, _y [(1+a2x2)%]
Rea>0, Reo>-Y%
(13) x%gpg_% [(1+a2x2)%]}2 _i”—iy—B/Z u“ U(y/a)
Re a>0 iy, / i
W -W m
|Reo| < %4, Repu<l [ #-U(e y/a) u.a(e y/a)]
(14)| x%PL_, [(1+ax?)*] 2771y cos (o m)
x PR [(1+a2x?)*%] W, 0/ W_, (y/a)
Rea>0, |R60|<%
. T -
(15)| =% PL_, [(1+a?x2)%] e _Iffl’”’z l;) a2
+
x Q4 _, [(1+a2x?)¥] v tld
Rea>0| *Fuol DM_,, ,/d
Reo>-%, Repu<l
(16) x'an[l—Jo(ax)] a>0|0 y>a
y%log(a/y) y<a
(17)| 2% J, (ax) e 5% 20 "y AK(2a%y%/k) k%
Re B> |Ima| kE=[a+y)2+ B2%
(18) x'%Ji(dx) a>0|a"'y¥ O<y<a
0 a<y <o
(19)] 732 J, (ax) a>0|27""y"% E(y/a) 0<y<a
2y 32 a a? a
()52 6)
ra y

a<y <oo
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Higher functions; Order zero (cont’d)
f(x) fowf(x) J, (xy) (xy)%dx  y>0
(20)| x % J2 (% ax) Rev>-%| 27 'y #(a2-y?)%
i x cos[2 v sin T (y/a)]
O<y<a
0 a<y <o
@D| x* J_(ax) Y (ax) a>0]0 0<y<2a
—217"}'"% (y2—4a2)"‘
2a <'y < o0
(22)| % M, (ax) =Y (ax)] a>0| 477" (a+y)™" y*
x K[la=y| (a+y)7"]
(23)| x ™% cosh (Bx) Ko(ax) y*%(u +v)"% K (k)
Re a > |ReB|| u=%i[(a?+B2+y?)2-44282]%
+a%?-B2-y?
i = 1/2”(“2*’32"'72)2"4@232]%
_az s Bz+yz}
k2=v(u+0)™!
(24)| x 7% sinh(Bx) K, (ax) a”'y*[uE (k) - K (k) E (u)
+ K (k) snu dnu/(cnu)]
Re a > |Re B]| en?u = 29[(a? 4 B +y?)?
—4a2f32]%—a2+32 +),z}-l
k2=%11~(a?- B2-y?)
X[(a2+62+yz)2—4a262]—%}
25)] x* J (ax) K ,(Bx) y4(B*+a*+y*—2a?y?
ReB > |Ima|| +2a2B2+2B2y2)7%
(26)| x 32 J, (ax) K (Bx) 2ay% (a?+B2-y2)

Re B> |Imal, Rea>0

x[(a2+Bz+y2)2—4y2az]—3n
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Higher functions; Order zero (cont’d)
&) f:f(x) J, y) (xy) kdx ¥y >0

(27)

x4 I, (a%) K (Bx)
Re B>Re a

y%(a4+84+y4_2a262
+2a%y2 +2RB2y2)7H%

(28)

x 32 I, (ax) K’(Bx)
Re B> |Rea]

2y % B(B*+y?-a)
X[(}’2+a2+62)2—4a2 821—3/2

(29)

x % I,(ax) K,(Bx)
Re 8>Rea>0

271y% g7 B (a2 + B2+y2)
X[(az+Bz+y2)2—4a282]-%—1§

(30)

x% Ku(ax) Iu(Bx)
Re p >-1, Re a > |Re B

y%r"' r—zl (rz-ri)"‘(r2+r1)-“'
ro=[y?+ (B-a)?]*

r=ly?+ (B+a)?¥

(31)

x A I Ciax) K (4 ax)

a ' yEP [y ?/a®)]

Rea>0, Repu>-%| x Qu‘% [(Q+y2/a?)%]
(y2+4 @s+y
(32)| x* KZ(ax) Rea>0 |y #(y2+4a?)™¥ log —————
° a y Y a og (yz+4a2)%—y
(33)| x* Ki(ax) 7271 T2k g 72K (gin pm) ! y'%
Rea>0, |Rep|<1l| x(y2+4a? %i[(y2+4a2)b+y]
. ~[(y2+4a?)*% —y] 24}
(34) x7% J (@*x™") J_,@*x™" —icsc(2pum) y ™%

a>0, IReuI(%

x[ez”"“Jm(2ay%e"‘"")
" )
x J_m(2ay e
—e 2L J2#(2ay% eXmt)
x J_w(2ay% e~k
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Higher functions; Order zero (cont’d)

fx) f0°°f(x) J (xy) ey)%dx  y >0
(35) x4 [J 2 (a2 ™) =2 (a®x "] | sec(um)y~*

a>0, |Repu|<y

x [Jz#(‘2ay g M iy Jw(2ay e UML)
~ L, 2ay ¥ J (2ay¥e ™)

(36)

x % H:L”(azxﬂ)f]:f)(azx_')

largal <lim, |Reu| <X

16 7 2 cos (um) y %
x K Zu(zay he iy zu(zay %e-%wi)

(37)

x % Iu(azx_') K“(azx")

larga| <%m Rep>-Y4

2y % JZ#(Zay%)KZMQay%)

(38)

x4 J (ax %) K#(ax%)

largal < %m, Rep>-1

by ™A I, Cha?y ™MK, Cia’y™")

39) x* Y (ax¥) K (ax¥) ~%n 'y RK (a2 /y)]?
larga| < Y% n

(40)| x ™% Y#(ax%) K, (ax*) Yy % sec (hum K, (4a’y ™"

largal <Jm [Rep|<1| x[z7'K, (4a’y~"

+ sin (% pm) Iy, Cia*y™)]
41)| 75K (ae¥mix¥) 2742 [cos (% pm)] ™
xK (ae #mixk) xH ' Cha®/y) H 2 Cha®/y)
larga| <)4m, |Rep| <1

(42)

x4 Dn (ax) Dn+1 (ax)
larga| <X n

1"y D _(y/a) D,,, y/a)

(43)

%! Dv(a%x%) D_V_‘ (a®x%)
Re a>0

2-3/2 "a—l/zy 1/2
XP"I;‘/Z +1/4 [(1+4)’ Z/az) 1/2]
xp-_;;/z—l/l [(1+4y z/aZ) l/z]

l
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Higher functions; Order zero (cont’d)

f(x) I3 @) J @) ey ¥dx y >0

T'(1+2p
F(l/z+p.+K) Y

(44)| x~372 WK'M(ax) M_K'“(ax) e TiKm %

Re a>0
Re u>~%, Rex<¥| xPX, [1+y*/a®)¥]

X Oﬁ_% [(1+y2/a?)*]

(45)| x =37 W,,'M(ax) W_k'u(ax) Ym cos (umy* Pt_% [(A+y2/a®)"%]
Rea>0, -%<Repu<y XP;:%[(1+72/&2)K]

(46)| x % JF L -2 =) ReA>0 [22>‘" Ml 'y 2A=3/2 exp(—=%y?2)

8.4. Hankel transforms of order unity

fx) @) J,Gy) ) %de ¥ >0

1) [ =% 0<x<a|ly™*[1-J,(ay)]

0 a<x <o
2|0 O<x<al|y™% J, (ay)

x4 a<x<oo
(3) | v 7% (x2+a?)7* Rea>0 (a7 'y~ (1-e"%)
(4) | x % (@2-x?) % O<x<a|ag™"y #[l-cos(ay)]

0 a<x <o
(5) |0 0<x<a|a~'y~* sin(ay)

x4 (x2-a?) % a<x <o
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Order unity (cont’'d)
f =) J7 @ J,(y) y)idx y >0
(6) | x7% ea* Re a>0 | y %#[1-a(a?+y?) %]
(7) | x~% e‘l/“”"2 Re a>0 y'%(l-e'yz/“)
(8) x V2 g—ox?/4 Re a>0 4a—2y3/2€—y2/a
(9) | x™% exp [~a(x?2+B?) %] y % [e Ba- a(a2+y2)-2
Rea>0, Rep>0 xe-,@(a2+y2)%]
(10) x4 (Bz +x2)'54 y“% B—l [e -Ba_ e—ﬁ(a2+y2)%]
X exp[—a(Bz'l-xz)%]
Rea>0, Rep >0
(11)] x 7% log x -y % log (4 yy)
(12)| x =% log(a? + x 2) 2y ™% [Ko(ay) + log a]
(13)] x™% log(1 +x %)% 2y % ker y
(14)| x ™% sin (ax) a>0]|0 O<y<a
ay % (y2-a?)"% a<y<oo
(15)] x~¥2 e~ sin (bx) by % (1-r)
peo ¥ %
1-r2 r2
(16)| % sin (4 ax 2) a>0|y*% sin(y2/a)
(17)| % sin2 (4 ax?) a>0 ‘/zy'.% cos (%y2/a)
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Order unity (cont’d)
f(x) f:of(x) J,(xy) (xy)% dx ¥y >0
(18)| x % (x% + ad) ™% a”'y % {sin(ab) - sin [a(b2-y2)4]}
x sin [b(x 2 + a?) %] O<y<b
Rea>0, b>0 /| a 'y %sin(ab) b<y <o
(19)| x 7% cos (ax) a>0|y%[1l-a(a?-y2)7%] O<y<a
y % a<y <o
(20)| * ™% cos (4 ax?) a>0 | 2y~"% sin2(%y2/a)
QD|* % @2+ a?)~% a” 'y ¥l-cos[a(b? —y?)*]
x cos[b(x2 + a?) %] + cos (ab)} O<y<b
Rea>0, b>0|qa™'y %lcos(ab)
—exp[~aly?2-52)%]} b<y<e
(22)| x 7% tan "' (x?) -2y % kei |y
(23)[x¥2 P (1-2x%)  0<x<l|@r+D7'y*[+D)J,,,4)
0 l1<x<ow| =n Jzn(y)]
(24)[ 7% [D, (ax)]?  |argal <Ym | D'y (D (y/a)]?
(25)| 7% si(a?x?) a>0 |y ™% [-si(4x2/a®)~Y%nl
(26)| 7% J (ax) a>0 0<y<a
y % a<y<oo
@7)| 7% J, (ax) 2an~" y A [E (y/a)~(1-y%4?) K(y/)]

O<y<a
27 'y % E (a/y) a<y <oo




8.5 HANKEL TR ANSFORMS 21
Order unity (cont’d)
f(x) fowf(x) J, () (xy)kdx ¥ >0
(28)] x~*2[J, (ax)-1] a>0 -4y ¥2[1+ 2log (a/y)]
O<y<a
~Yy'2a? a<y <o
(29)| x 7% J  (ax) J (bx) a, 5>0 |0 0<y<l|a=-b|
7'y~ % cos™[(a?+ b2 y®)/(2ab)]
la—b|<y<a+b
y =% a+b<y <o
“(y +a) 2iy%a*
(30)| ™2 J, (ax) a>0 |7 [E e
m ly - al
K <2iy%a%>j|
» ly = al
3| x7* Yo(ax) a>0 | =g~y % log(1 - y2/a2)
0O<y<a
(32) x* kei  x ~Y%y % tan~"! (y2)
(33)| x % kerox 1/2)/"/z log(l+y‘)%
HANKEL TRANSFORMS OF ORDER v
8.5. Algebraic functions and powers with arbitrary index
f(x) fo"" f(x) J ) xy)bdx ¥y >0
'%+%
(1) O<x<l| 2%yt 2 2V)+(v—l/z) J,(y)

1<x < o0
Re v >-3/2

L +4%v
XSog,pr )= Sy ()
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8.5

Algebraic functions (cont’d)

Re(p+v) >-8/2

f(x) fo"" f() I (xy)xy)*#dx 5y >0
21 o 0<x<l _'(y)S%,V(y)
1 I<x<oo| +(=0)d () S_y ,_, ()
(3) P Re v>-1 y"‘
- 21—vyv—3/2 _
(4) | % | O<x<1 Tw 7 VB o 00
0 l1<x <o
(5)| x¥ % 0<x <l |2V ' yh Yk (v+)
0 l<x<o | X[OWH _ )-B ()J,_ ()]
Re v>-4%
(6) | xv** O<x<l|y™% J,e @)
0 1 A R
Re v>-1
1
(7)| x# ~Reyp-38/2 <Re p<-1/2 Y] y ~h-1 M
F'v=-%u+%)
('8) x 0<x<1 y"‘" [(v+u—%)y J,)
0 1 <x < oo

S sy O¥ (y)S 4%, Y)
INCATESA v+V)]

+Qu¥k = T T
FCav=%u+%)

(9

VR (x + )"
-1/2 <Re v < 3/2,

|argal <=

véELl/2

YmaVsec (vm)y ¥ [H_

Jay)
-Y_ (ay)]
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Algebraic functions (cont’d)
f@) Sy f@) J (ey)ay)¥dx  y >0
Y% o=u=1
(10)| xP~32 (x + o) ~+~! |ar a| 25 Yy ma
R sin(p+ v—p) 7 ' (u+1)
Re(p+ 1) >0 pN 4 P,
Re(p — p) <5/2 "L D" Gay P2 "IN(p +v+2m)
ne o mIT(w4+m +1)T(p +v—p+2m)
v Gay D (ym +1)
am oM ! Tls(p+v—p+m+3)]
« sin l/z(p+y—p,—m.)77
'[% (u—v—p+m+3)]
(11)| x % (x2+ a2)7* | y% I, ,Caay) K, Ciay)
Rea>0, Rev>-1
(12)] x¥*% (x 24 g2 ! : a’ yh K (ay)
Rea>0, -1<Revr<3/2
(13)| ¥ % (x2+a?)™! Yyna?™" sec(vm) y% [Z(ay)-L_ (ay)]
Rea>0, -1/2<Rev<5/2
(14)| ™V % (x 2+ @?) ™! Yma V7V yt [Iv(ay)—Ly(ay)]
Rea>0, Rev>-Y%
(15)| x¥* % (x2 + a?)7*% 2% g g% K, (ay)
Rea>0, -1<Rev<y
(16)| x % ~¥(x2+q2) 7% mA27% g% ¥ " (a)’)—LV_% (ay)]
Rea>0, Rev>-Y%
(17| "V % (x2 42 "V4 Vg 2V y Kty L(w- i
Rea>0, Rev>-% ['2v+1)

x I,Czay) K, (say)
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Algebraic functions (cont'd)
fx) f:f(x) Jv(xy)(xy)"‘dx y>0
% -%
(18) xv+% (x2+a2)'7/‘% % yv
Rea>0, Rev>-% 2¥e® (v + %)
(19)| x¥*'/2 (x 2+ g2) V™32 ik
Rea>0, Rev>-1 2¥*" qe®? T'(v+3/2)
: -~ %
(20)| x ¥ 1% (x 24 q2) K1 Re a>0 a¥Thykt KV"‘(ay)
~1<Rewv<2Re p+3/2 26T (p+1)
(21) xhar2 (x2+a?)™* ' Rea>0 y LA DAYy +1)
—Re v <Re A <2Re p +7/2 v azu-%ﬂ”z T(u+DT(v+1)
x F A +Y4v; A +Ysv—p, v+1; Hy? o)
+y2u-“5’2r(m+l/w—u-1)
22u-M3 %y ~%A +p+2)
x'Fz(u+1;p,+2+l/zu—'z)\,,
u+2-%A-Y%y; Yy 2 a?
(22)| x % (a2-x2)"% 0<x<a|%ny*ldy, (hay)?
0 a<x< o
Rev>-1
23)| 0 O<x<a|-%my*d, Usay) ¥, (4ay)
x % (x2—qa?) ¥ a<x<
(24)| x % "V(a2-x2)"% O<x<a|2°% g% a%"”HV_% (ay)
0 a<x <o
(25) xv—%(az_xz)v—% O<x<a |2V rr%r'(v+l/2)a2”y%_v
0 a<x<oo ><[JV(‘/2ay)]2

Re V>—l/2
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Algebraic functions (cont’d)

f) I @) I, ¥ds  y >0
(26)| 0 O0<x<a|=-27Y""a™ 2 ['(4-)yVth %
x VKR (x2-a2)"" % gex <o xd Chay) Y (ay)
|Rev| <%
@D|x¥*% (a2-x®)V % O<x<a| o% 27T (%~ 1)y Y% sin (ay)
a<x<o
|Rev| <¥%
(28)| 0 O<x<a|n%2"I"(L+v)y ¥ % cos (ay)
2V (x2-a?)V % g <x <o
|Rev| <%
(29) xuﬁ/Z(az_xz)—v-a/z O<x<a 2"'Vn_%r‘(—‘/z—u)a" cos(ay)
0 a<x<o % yv+%
-1<Rev<-Y%
(30)| 0 O<x<a |27 'n % a "' T'(v-%)y % Vsin(ay)
x%-v(xz_az)v—a/z 8<% < oo
1/2 <Re v < 5/2
QN =vau~vH ¢ (a‘}’)
% - i, pmvH
31| x%4v(a2-x )~ 0O<x<a y‘“'% r’:(s)p v
0 a<x <o
Re u>—1
(32)| 0 0<x<a|26T(u+Da’ ¥y w4y (ay)
x %V (x2-a?)# a<x<oo
Re p>-1, Relv-2p)>%
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Algebraic functions (cont’d)
f(x) f:o f(x) Jv(xy)(xy) %dx y>0

(33)|x V% (a2 —x 2)H 0<x <a| 24T (u+1) y~H % gviutt

0 a<x <o X Jy+“+| (ay)
Rev>-1, Repu>-1
A
(34) | x4 % (a2~ 2)}‘ 0<x<a afturytly R BOWL, i +4)
Y41 ' (p+1)
0] a <x < oo
ReA>-1, Re(p+v)>-1 1+pu+ 3+u+ 2y2
" X 1F2( : v;v+1, s V+A;_a_}9.
2 2 4

(35)| x ™% (a?+2x) 7% 2T (w+%) n™%D_,_, (ae¥ ™'y %)

x[(a2+2x)% —a]?¥ xD__, (ae~%miy%)
Re v>-% —v-¥%

(36)| x ™% (x 2+ a2) ™% 27~"24¥=3/2 sinh (% ay)K _y C4ay)
x[(x2+a?)% +x]v"! v
Rea>0, -1<Rev<5/2

(87) x % (x2+a2) "% nh gk Ve %y Iv_%('/zay)
x[(x2+a?)%+x]' "

Rea>0,. Rev>-%

(38)| x % (x 2+ a?) ™% y% at T %ay) K % ay)

x[(x2+a2)% tx]* Rea>0 Wip) Klvtu)
Re v > -1, Reu<3/2

(39) | x "V*¥% (x2+g2) % y % ey ¢

x [(x2+a?)*%-q]¥
Rea>0, Rev>-1
(40) x—u—% (x2+a2)_lA F(l/2+l/21/—l/2[1)

x[(x 2+ a?)% + g]#
Rea>0, Re(v-p >-1

ay % I'(v+1) W%u. %v(ay) M-%u. Kv(ay)
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Algebraic functions (cont’d)

f(x) f:o flx) J,, (xy) (xy)%dx y>0
(an)| © 0<x<a |-n'2a¥"*?2[sin(Y%ay) J 4y, V2ay)
x % (x2=-a?) % i[x +(;\¢2—¢12)%]”'M +cos (%ay) Yv*% (Y% ay)]
+[x—(x2-a?) %]V *1}
a<x <o
Rev<k
(42)| 0 0<x<a [#'2aV"¥2 [cos (ay)d -y (%ay)
xH(x%-a?) A [x+(x>~a?#]V"" | —sin (bay) Y,y (Ghay)]
+x~(x2-a?)%]V"1}
a<x <oo
Re v <5/2
43)| x % (a2-x2) %1 [x+i(a?~x 24| mak y % J, Ysay) Iy, _ (%ay)
+[x-i(@?-x2) ¥4} 0 <x<a e e
0 a<x< oo
Re(p+v)>-1
(44)| 0 - ) 0<x%<a -%ny%a#[JWM(yzay) Yy - (Hay)
x A (x2-a?) A [x +(x 2—a?) AL _ (May) Y % ay)]
+x-(x2-a?) %4} a<x < i ) g F
Re p<3/2
(45) [z ~#7% (a2~ %)% a’ B (s +% v+, Yo+ Yov—p) y V¥
xi[a+(a2-x2)%]2K 1
+[la-(a?-x?)%]2#} 0 <x <a L+ 2
0 b exew x'FI(‘/z+‘/2v—u;v+1;-iay)
1 1 ——F i iy
Re(2i) <Re v +1 x  F (+%y—p v+ 1 iay)
(46)| x+% (1—2ax+az)—% 0 <x <1 |see Bose, S. K., 1946: Bull. Calcuta
0 1 <x < oo ﬂlath- ,SOC-, 38, 177' 1.80'
Re(v+ p+ %)>0
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Algebraic functions (cont’d)
fx) f: f(x) Jv(xy)(xy)% dx y>0
%
(47)]| x¥*5/2 (x4 + 4 %) "V~1/2 Ay * I, (ay) K, _, (ay)
larga| <7/4, Rev>1/6 22V 1@ V2 (v + 1)
y** 2% d (ay) K (ay)

(48)

x V(x4 4% V%

largal < 4m, Rev>-%

a2 T (v + %)

(49

x VA (x4 +2a2x2+ b4 %
x[b2+x 2+ (x4 £2a%% + b4)AT
O<ac<b

Re v>-%

)

(b2Fa®) ™ 2% y ¥ K [(15b2 tha?)*y]
x J [(46%F %a?)"y]

(50)

0 O<x<a

x % V(x2-a?)™%
xi[a+(a2-x2) %]V

2y % cos (ay — % vn)

+[_a—(02—x2)%]”¥ a <% < oo
Re v>-1

8.6. Exponential and logarithmic functions

-ax

x % e
Rea>0,

(1

Rev>-1

y A (a?+y ) % [(a?+y D)% - a]”

-a.x

-3/ze
Re a> 0,

x

(2)

Re v >0

vy %5 V(e +y 2) % - al?

xn+% e~ ax

(3)

Rev>-m -

m+1
da

x[(@?+y?)% -al¥

Ha?+y2)7%

A, +1,. %~
21 CD
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Exponential and logarithmic functions (cont’d)
f ) I :, f@) J (=) xy) #dx ¥ >0
(4) xv+% e ~ax 17—1/22v+lr(v+3/2)ayv+l/z
Rea>0, Rev>-1| x(a?+y?)7v"32
(5) |a¥K gmas 2¥ % T (w4 )y V% (a2 +y ) v ¥
Re a>0, Rev>-Y%
(6) L H—32 g —ax y%(az+y2)'%“r(u+v)
a>0, Re(p+1)>0 xP;‘_"[a(az+yz)—%]
(7) |xp3r2 e max PTG+ v
Re a>0, Re(p+1)>0 2Y a** T (v+1)
ptv ptv+l y?
XZF'I<2 ’ 2 ;V+1;—;T>
yYHA T (u+v)
- 2¥(a?+y ) REPIT (p+ 1)
+v l—p+v 2
x,F, l:u——-,L; v+l 2)’*
2 2 (a2+y?)
¥t 2 2
8) | x7% %" é ; exp<_y_> IyV@
Rea>0, Rev>-1 2a 8a *"\8a
1/2 3/2 2
(9) X % e_axz 7 exp(— y_.
Rea>0, Rev>-2 8a 8a
¥~ y*
[LA V=% Q)‘ Loy 84 ]
(10) V4 e-axz

Re ¢ >0,

Rev>-1
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Exponential and logarithmic functions (cont’d)
f(x) f:’ f@&) J,(xy)xy)%dx ¥ >0
(11)| x¥~¥2 e ~ox” 2”"'7%'”y<v,y2
Rea>0, Rey>0 4da
. v+% 2
(12)| xV+% e tiox® t ST P[ii Ij+117-y—-
a>0, -1<Rey<y| (29 2 4a
(13) x2n+v+% e-%xz 22n+v+l n!yv+% e—yz L:(}’z)
Re v>—-1-2n
(14) | x#~% e ox® y VT Chyt Yo + )
Re a > 0, Re (I-L + v) o 2V+' a%(‘“"’”)r'(v+ 1)
vip+l ‘
xlF' ( ; s v+l; —y )
P(‘/zv+’/2u+‘/2
2ZET (e D) 7 ea
%u.%an>
(15) |x =32 ¢=a /= Rea>0|2y% J, [(2ay) %] K [(2ay)*]
(16) ¥ =2 e-a/;{—Bx>0 . 2}’% in(2a)%[([32+yz)%-[3]%}
ea ) REB> XKV!(2a)%[(Bz+)’2)%+B]%l
R <
17D)|x"" e~ m % 2% T v+ B D_ y (2% aeXmiyH)
o
Rea>0, Rev>-Y% - D-v—% (2-% ae""” y %)
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Exponential and logarithmic functions (cont’d)

f(x)

J7 1@ I, @y)¥dx y>0

(18)

L V% ea(l—xz) 0wl

(2¢a)~"" )’%”[Uv“ (2ia,y)

Rea>0, ReB>0, Repy>-1

0 1<z<o | =iU,,,(2ia,y)]
Re v>-%
(19) x V% exp [—a(x2+62)%] % ”)-)4 an-ra/zva/z (yz+az)—v-3/4

XK, i3 [Bly?+a?)'?]

(20)

2% (B24+x )%
x exp [~a(B2+x2)%]
Rea>0, Re 8>0

Re v >-1

y* I, 1% Bl(a*+y?) % - al}
x K, % Bla®+y?% +al}

(21)

xVth(B24x2)H
x exp [ia (B2 +x2)*%] a>0
Re >0, -1<Rev<k

;2% % B% HW(a2-y2) KKy U4y

x B [Bla?-y?)¥]
O<y<a
2% g4 B% ?vy% +v(,’,Z_az)-K -%v

XK,y (Bl -a]
a<y <o

4

(22)

x V% (B24+x2)H
x exp [~ a(B2+x2)%]
Rea>0, ReB>0, Rerv>-1

(l/2 ”)‘K Bv+%yv+% (a2+y2)—x v=Y%
xKv4.% [B (a2+7 2) 5‘]

(23)

x V% (x2+BZ)-x
x[(x2+B2)*%-B]¥
x exp[—alx2+B2)%]
Rea>0, Re8>0, Rerv>-1

y””‘ [a+(y2+a2)"]'”(yz+a2)'x
x exp[-B (y 2+ a?)¥]

(24)

x% A (x2+ B2 7% [(x 2+ 42)44 817
x exp [~a(x 2+ B2)*]
Rea>0, Repg>0
Re(v+0)>-1

I'Gv+%o+%)
B (v+1) y*%

xW_yo s 1By 2+ a®) ¥ +alk

My, 1o \BLOZ+ @2Vall
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Exponential and logarithmic functions (cont’d)

f(x) fo°° f&) I, xy)axy)kdx ¥ >0

For other Hankel transforms containing exponential functions see
Laplace transforms.

(25)| x4 log x 24ROk Yo )
x o =
et R P 4 <0 | D=2 pur Ry

x [ G4 p+¥s v+%)
+y Cav—Y%u+%) ~log 44y )]

8.7. Trigonometric and inverse trigonometric functions

(1) | x~% sin (ax) cos (%5 m) y¥*¥ (a?—y2)7%

a>0, Rev>-2 x[a+(a2-y?)% 1™ O0<y<a

y%(y2-a?) % sin[vsin~' (a/y)]
a<y<o

(2) | x~¥2 gin (ax) v ' sin um) y V%
a>0, Rev>-1 x[a+(@2-y2)%]™* O<y<a
vy % sin[usin ™' (a/y)]

a <y <oo

(3) | x¥** sin (ax)

a>0, -3/2<Rev<-1/2|-2"*3""2gin(um)T" (b+3/2)a

xyv+1/2(az_y2)—u-3/2
O<y<a

=24 =121 (b4 3/2)
xava/z(yz_GZ)-v—s/z

a<y<e
(4) | x¥~¥% sin (ax) [CCs—0)]"" ¥ 2vyvH%
a>0, -1<Rev<Y| x(a2-y?)~v¥% O<y<a

0 a<y<eo
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Trigonometric functions (cont’d)
f(®) JTI® J, ey bde y >0
(5) | x %77 sin (ax) 0 O<y<a
a>0, Rev>Y% |g1-y 72 (y=14)]" 1y 124V
x (y 2—q?2)v=3/2 <y <o
(6) | x ¥ 2" % gin (ax) 0 0<y<a
a>0, Rev>2n+Y% (-1)rgv-2n=2y 2n-v+3/2 (9, 4 1)
xI'(v=2n-1)[I"(2v-2n-1)]""
x(yz_aZ)v—zn—a/z C;’f:"’(ay")
a<y <o
VHAT (v + p) sin[Y
@) | 24792 gin (ax) ¥ V(ku) sin [} 7 (v+ )]
a>0, -Rewv<Repu<3/2 2¥a¥ 1T (v+1)
1+p+ + 2
XZF" Y u’z_u;v+1;z__.
2 2 a?
O<y<a
2ha "G+ Yv+ Y )
YA %+ Y% v—Y% )
l+v+pu 14p-v 3 a?
Rl —— 5=
2 2 2 y¢?
a<y <o
(8) xv—%(x2+Bz)-'Siﬂ(ax) a>0 B”"sinh(aB)y%Ku(By) y>a
Re 3>0, -1<Revr<3/2
(9) | x%¥(x2+ B2 sin(ax) a>0 Y B Ve "By ¥ Iv(By)
" Re >0, Rev>-Y4 O<y<a
(10)| x 32 ¢ ~*2cd e gin(xasiny) |a¥ ™" (sin @)% (tan¥s ) sin(1))

Rev>-1, a>0, 0<, i< n

y =a sin ¢
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Trigonometric functions (cont’d)
f %) fomf(x) Jy(xy)(xy)"‘dx y >0
(11)| x¥+% e ~axcosd cosUgin(ax siny) | 2V 77121 (p+3/2) a~V=3/2
a>0, 0<e¢,y<YBnm| x(sing)?*'2(cos?y
Re v>-3/2 | +sin?y cos?¢) V™32
x sin[(v+3/2)a] y =a sin ¢
tan (}, ) = tan iy cos ¢
(12)| x V% e —*2c2 P cosgin (xa sin W | 2Y7r % a V% T (1+ %) (sin PV
a>0, 0<¢,y<hn x (cos?y+sin2y cos?p) V%
Rev>-1| xsin[(v+3/2)a] y =a sin ¢
tan (J4a) = tan ) cos ¢
Yia ¥ 2
(13)| x ™% sin (ax 2) -—% sin(—y—— e 9
a>0, Rep>-3 2a” 8a
2
¥
72y
(14)| x% sin (ax?) cos s S
a>0, Reyv>-4 8“ 4 AVAB“
fy? um
vy, 2
(15)| x¥** sin (ax2) % cos<y__£”_
a>0, —-2<Rev<ly 2¥"a¥ 4a 2
(16)| x¥** sin (ax 2) O0<x <b | Qa) ¥ ' y¥*% [sin (abz)Uvﬂ(2abz,’by)
0 b<x <o - cos(abz)l/y+2 (2ab? by)]
Re v > -2 :
- % . 1 1 1 1
(A7)| x™'e ™" sin (ax¥) 2782 E D W) Dy, (ay %)
a>0, Rev>-1 ’

x[D i (iay"‘)-—D__V_,/2 (~iay ™%)]
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Trigonometric functions (cont’d)
f(x) I7 @) I, ey wy) % dx y >0
(18) xV*% gin [a(x 2+B z)%] a>0 | (%7 Uzana/zva/z (az__yz)—v/z—eu
Re >0, =-1<Rev<-%| xisin (yrr)Jv+3/2[B(a2—y )2y

+cos (Vﬂ) Yy+3/2 [B (az_y 2)1/2]}
O<y<a
_(% ”)—1/2 an+3/2yv+|/‘2(y2__a2)-u/2-e/4
XK 43 [B*-a®"?] a<y<ew

(19)

e (xz+82)-%

Yimy*#d, Vi Bla-(a?-y2)%]}

xsin[a(x2+32)%] a>0 J 1 2_.2\%
Re >0, Rev>-1 S s ]C:<y<a
(20)| x¥*% (B2+x2)~% . O~ 4 B% vy g2y 2)"K-%v
x sin [a (B%+x 2)%] a>0 xJ_v_%[B(az-yz)%] O<y<a
Re >0, -1<Rev<y
0 a<y<oo
(21)| x ¥4 (b2 +x2)"2 ay* b"Kv(yb) y>a
x sin [a (x 2+ b 2)%] a>0
b>0, -1<Rev<7/2

(22)

x % (@2-x2) "%
xsin[b(a2-x2)%] O<x<a

—x A (x2-q?)"%
xexp [-b(x2-a?)%]
: a<x <o

6>0, Rev>-1

Ymy® Jy al(B2+y?-b]
Y, sal(?+y?)*+o}}

(23)

xv+%(a2_xz)—%
x sin[b(a?-x?)%] O0<x <a
—x V% (x2-a?) ¥
x exp [~ b (x 2—a?) %]
a<x <o

6>0, Rewv>-1

oY% ok avth (bz+y2)"’4 v=y yv+‘A
2 Yv+y2 [a(bz.‘*‘yz)l/‘]
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Trigonometric functions (cont’d)

flx)

fooo f(x) J, (xy)(xy) % dx y>0

(24)| 0 O<x<a
x % Vsin[b(x2—a?)¥%]
' a<x <o

b>0, Rev>¥4%

0 O<y<b
2-1/2”1/203/2—uby1/2—v
x (yz—b 2)7//2—3/4
% Jp-a/z [a (yz_b 2) 1/2]
b<y<ow

x%"V(xz+ BZ)—% [(x2+Bz)%_B]u
x sin [a (x 2+ B 2) %] a>0
Re >0, Rev>-1

(25)

yy«HA [a+(a2—y2)%]"”(a2—y2)'%
xcos[Bla2-y?) % +Y%m)]

O<y<a

y Al ?-a®) " exp[-Bly2-a?)¥]

x sin[vsin"'(a/y)] a<y <o

(26)| 0 O<x<e
x AV (x 24+ 52)71
xsinfa(x?2-c?)%] ¢ <x <o

Re v>-3/2

L %
Yy kb v e+ I o
0<y<a

For other Hankel transforms containing sines see the table of
Fourier sine transforms.

(27)| x~¥2 cos (ax) a>0| v cos (B vmy? % [a+(a2-y?)%]7Y
Re v>0 O<y<a
! y% cos[v sin™'(a/y)]
a<y<oo
(28)| x¥*% cos (ax) 2171 2g (=Y~ yvtis2
a>0, -1<Rev<-Y%| x(a2-y?)~v-32 O<y<a
0 a<y <oo

xV™% cos (ax)
a>0,

(29)
|Re v| <%

-2¥77% sin(v) ' (% +v)
xy’”'% (az_yz)—v-% 0< y<a
2V AT+ )y Vi (y 2—a?) V%
a<y< o
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Trigonometric functions (cont’d)
f@) 76 I, ay)en)¥de ¥y >0
0
(30)| x~V7% cos (ax) 0 ' O<y<a
a>0, Rev>-Y% ”%(yz_GZ)‘U—%
2%y VAL (vt 1) Geree
B1)| x7¥*2" % cos (ax) 0 O<y<a
a>0, Rev>2n-% (=1)ry "Vt gu=an=11 (5, 9y)
x[[(2v=2n)1"" (2n)!
x(yz_aZ)v—er-‘A C;_Z"(ay-')
a <y <o
+4% /
(32)| x#732 cos (ax) s F(v+;+L)COS['/zn(v+u)]
a>0, -Rewv<Rep<3/2 2Ya¥ T (v+1)
+p v+ p+l 2
X P <u,v c ;v+1;y >
2 2 a?
O<y<a
2Ty BT (Yu+ % )
ra+%v-%u
+p p—v 1 a?
X 2[:,‘ (V_I;L’IJ'_V;_; az)
2" 2 2y
a<y <oo
(33)| x¥*% (x 2+ B2)7! cos (ax) BY cosh (a B) y* K, (By) y>a
a>0, Ref>0, -1<Rev<%
(34)| x™¥7 % (x 2+ B2) 7" cos (ax) BaB Ve Py % I (By)
a>0, Rep>0, Rev>-3/2 O<y<a
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Trigonometric functions (cont’d)

f(x)

j:” f(x) Jv(xy)(xy)l/’ dx y >.0

(85)| x ~3/2 g ~xacosgcosys a” v~ (sin ¢p)* (tan %)Y cos (1))
x cos (xa sin ¢) a>0 y =a sin ¢
0<¢, y<%m Rev>0
(36) xu-o-% e—ucosq‘)cos\,b ov+i "—I/ZF(V+3/2)a—v—3/2
x cos (ax sin i) a>0 | x(sing)¥*"2(cos?y
0<¢, y<%Bm Rev>-1 +sin? Y cos?p) V"2
xcos [(1+3/2)a] y = a sin ¢
tan (% a) = tany cos ¢
(37)| xv™% ¢ ~xacosdcosy 2¥r A a”V AT (v+ %) (sin ¢)¥ %
x cos (xa sin ¢) a>0| x(cos?iy+sin?ycos?p) V%
0<¢, y<%m Rev>-%| xcos[(v+4%)a] y = a sin ¢
tan (3 a) = tan i cos ¢
Y% 2
(38)| x™% cos (ax?) . y °°S(y—_ o )
a>0, Rev>-1
)
72y 32 .
(39) x% cos (axz) _ coSs y— e
8(13’2 8a 4
a>0, Reyp>-2
2
y
X e s
Yvth
s <8a>
w2 i 52
+sm(8—a-—z><]%v_%<8a):|
(40)| x¥**% cos(ax?) -1<Rev<k%




8.7 HANKEL TRANSFORMS 39
Trigonometric functions (cont’d)
f@) J7 @ J,enen¥de x>0
(41)| x¥*% cos (ax?) 0<x<b |(2a)~ Vv 'yvt¥
0 b S ¥ s x [sin (ab?) UV+2(2ab,2 by)
Reps—1] * cos (ab?) Vo (2ab? by)]
(2] x™" e ™" cos (ax¥) 2% a AT W+ D __y, (ay %)
a>0, Rev>-%

X [D_v_%(iay'%)+D_v_% (—iay ~%)]

0O<x<a
0 a<x < oo
Rev>-1

43)| x¥ % cosla(x*+BD*] * a>0 |(4n)'2a grizyvti2
Re >0, -1<Rev<-% x (a2—y2)~v/2=3/4
xtcos(m) J,,,,,[Bla*~y?)'"?]
— sin (7v) ¥ ien [B(a2-y?) ']}
O<y<a
0 a<y <o
(44)| =% (x 2+ ) 7H iy “d, S Bla=(a?~y %]}
x cos [a (x 2+ B2)%] a>0 y 1 2_,2) %7}
Re >0, Rev>-1 " _%v{/ZB[a+(a y)0]<y<a
(45)] x¥+% (x2+B)H% ) —2 % % B‘% +uy% * (a2—y2)y %KV
xcos [a(x2+B2)*%] a>0 xY_V_%[B(az—yz)%] O0<y<a
_ 1
Rep >0, 1<Rev<k 0% 4K Bl Huy K4y (y 2 g2y K=K
% Ky [Bly2-a?)%] a<y<oo
(46)| x™" /2 (x 2+ 2)"¥2 y* YK (by) y>a
xcos[a(x2+b2)*%] a>0
b>0, -1<Rewv<5/2
(47)| x ™% (a2=x2) % cos[bla2—x 2)%] l/zﬂy%J%VI’/za[(b2+yz)%—b]}

x Jy, Vhal(62+y?) %+ b1}
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Trigonometric functions (cont’d)
fx) J7 @) I, ey ds y >0
(48)xV+%(a2—x§’% 2—%"%av+%yv+%(bz+yq—%v-%
xcos[b(@2-x?)%] O<x<a| x J;+%[a(b2+y2)%]
0 a<x <oo
Re v>-1
(49)| 0 0<x<alO O<y<b
x%—v(xZ_az)-% 92-% ”%a%-vy%—v(yz_bz)‘,{v—%
xcos[b(x?2-a?d)%] a<x <oo ny_%[a(yz-bz)%] b<y<o
b>0, Rev>-%
(50) x%-V(x2+Bz)—% _yv+% [a+(a2—y2)%]_”(a2—y z)-%
x[(x2+B )%~ B1Y xsin[B(a?-y2) % +% m]
xcos [a(x 2+ B2)%] a>0 O<y<a
Re B > 0, Re v> —1 y—% (yz_az)—% exp [_B(yg_az)%]
xcos[vsin'(a/y)] a<y <
(s1)| 0 O<x<c |Y%ny% b ¥(c2+b?) 7%
3 N %
x AV (x24b2) "V (x2=c2)"% xealc?+b?) I,(by) 0<y<a
x cos[a(x2=c2)%] ¢ <x <o
Re v >-5/2
For other Hankel transforms containing cosines see the table of
Fourier cosine transforms.
(52)| x % (x2-1)"% 7% sin (%) Jy,_y (2y)
xcos [(v=1)cos™'x]
0<x<l
0 l<x<o
Re v>0
(53)| x % (1-x2)~% 0<x<1| % cos(4y) Jyay (27)
xcos[(v+1) cos™'x]
' 0 1 <x <o

Rev>-1
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Trigonometric functions (cont’d)

f(x) f: fx) I (xy)(xy) % dx y>0

(54) % (1-x2)7% t:OS(ucogt;';c)< ; Yy % Jy 00, 047) Iy -py 1Y)

0 l1<x <o
Re(p+v)>-1

(55) 0 0<x<l|y™* cosly—Y%vnm)
x%(x2=1)"%cos (vcos™'x"")
1<x<oo
Rev>-1

8.8. Hyperbolic and inverse hyperbolic functions

(1) | x¥™% e %7* csch (4 mx) 7 A2V (p+ )y V1

. |
Re v>-% x °2° (n2”2+y2)-v-'A

n=1

x coshx + sinhx . o
(2) |x* For this and similar integrals

sinh (2x) + 2% see Boit, M. A.,1935:
J. Appl. Phys., 6, 367-375.

(3) |x¥** sinh (ax) csch (7x) 27"V gk io =D"""n?Y sin(n a)
|[Rea| <7, Rewv>-1 .
x K (ny)
For other similar integrals see Weber, H., 1873 : J. of Math. 75,
75-105.
(4)| %1 +x2)"% sinh(2usinh™ x) %y%[I% v_u(‘zy)K%v;H(‘/zy)

Re v>-1, |Rep|< ¥4

=L, %9 Ky Gi9)]
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Hyperbolic functions (cont’d)
fx) JT@ I, eney¥ds ¥ >0
(5) | x % Q+x2)"% co;h (2usinh™ xs) Ly *% [I% V_u(yzy)K%Vﬂ‘(l/z)')
Rev>=1, [Reul <X | 41, . %K, Gyl
6) | o 0<x<l1 "/zrr%[cos(‘/zy) Jv_%(‘/zy)
e Vi -sin(ay) Y _, (ay)]
x cosh [(y—=1) cosh™'«]
1<x <o
-1/2<Re v<5/2
(M| 0 0<x<l|=Yn%[sin(hy) d,,, (4y)
2% (x2-1)~% ) +cos(4y) Y, %y)]
x cosh [(v+1) cosh™'x]
1<x <o
-5/2<Re v<1/2
® |0 0 <z <1 | =4myR[dy 0 40)Y (., \(4Y)
x A @?-1) "% cosh(ucosh™'x) | +J, Y)Yy, 4]
l<x <o
|Re p| < 3/2
8.9. Orthogonal polynomials
)| 7 #A-2)74T, &) 0<x<1| %ny* d, ., %) Iy )
0 1 <x <oo
Rev>-n-1
(2) V% e-xz L::(x z) Re v>-1| 2-2-v-1! (n !)-Iy2n+u+% exp(_%yz)
(3) | 2% e 5" L¥(x®) Rev>-1| (e’ yv#% [¥(y2)
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Orthogonal polynomials (cont’d)
f(x) _I;mf(x) Ju(xy)(xy)%dx y>0
(4) x2n+v+% e-‘/zxz Lv+n(1/2x2) y2n+v+% e—‘/gy2 ) v+n(%y2)
Rev>-1 "
(5) xy'f% e _sz L’;(axz) -y—l B-V—n—l (B a)n v+Yy
Re 850, Rev>0 ]
xexp| -
4B(a B)
(6) xVth o a"z[Lf”(axz)]z 2a V! yv+%
Rea>0, Rev>-1 xexp(—i)l:L%V<yz )]z
da " \da
N o . yA +v
(7)) | xvt¥ e B [L;f”(ai\:z)]2 F(n+1+'/zv)(2B)-v_
Re8>0, Rewv>-1
X exp (— )
i ()T (a=1+ BT U+ %)
C+1+%v)n=-0)!
2a B 21 2
2B (2a B)
(8) | x¥*% eo*” LY (ax?) LZ(ax?)| (1)"*"(2q) V™' y V*% exP<- —)
Re a > 0’ Re v> -1
xLO"l+n Lv—a'+u—n
4a 4a
(9| x¥*h e LOALYo(?) |27 yvHk e HY® Loy 2)
Rev>=-1| xL¥9(%y?)
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Orthogonal polynomials (cont’d)
f(x) fowf(x) Jv(xy)(xy)% dx y>0
(10)| 0 0<x<a|(-1)" 2" Y*' T (2v-2n)
x PYhEV(y2_g2)v-2n—y x [(20)! T (p=2n)] 7y "V ¥on=4
o x cos (ay)
x CY (a/x) a<x <o
2n-Y% <Rev<2n+Y4%
(1| o 0<% <a | CD)"227 Y421 (2y—0n~1)
x TVHI2 (g2 g 2yv-2n=3/2 X[(g::z}zLF Sv—zn—l)]-'
x C;’n'f;"" (a/x) a<x<oo e sin iay)
2n+1/2<Re v<2n+ 3/2
(12) xy“éil;;;xz) —% Szirl;[a%—xz)%] (=1)r2~% 4 yu+% (a2+y 2)-Y%v-¥
x 2n+1[(1"x ) %1 <%z <1 XC::;/" laly 2+ a?)~%]
0 I<x <o | xd,, 0 onll@®+y)¥%]
Rev>-%
(13) xv+%£1+;x2)-%:(:;[41—::2)%1 D27 Ky % (a2 4y 2) RV K
€ [(Ll-x%)*] Oxw<l xC’;:'A[a(y2+az)'%]
0 l<x <o | X, L, (0P +y D)%)
Rev>-1%
8.10. Legendre functions
Y¥-v, Y% -% 2
(1) | @2+2)7%v=% p-v=%(x241) 2 i [K/.LH; @7y
o Re =1 F(V+u+3/2)r(v—p,+1/2)
-3/2-Re v<Re p <Rev+1/2
@ lo O<x<a [2% %y n% cos [ay + Y% (v—p) ]
(xz—az)"‘“"‘P_@:‘:(ax")
a<x< oo
|Reu| <%, Rev>-1
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Legendre functions (cont’d)

f(x)

f: f(x) J,,(xy)(xy)%dé y>0

(3)

XV A (L—x2)hvHU

x p;v-%(zx-z-l) 0<x<l1
0 ' l1<x <o
-3/2-Rev<Rey<Rev+1/2

U@G/2+p+ )T G+ v=p)(2y) ¥ H%

(2m %[ (3/2+1)]2
x F (v+p+3/2;2v+2;iy)
x F v+ p+3/2; 20+ 2;-iy)

yu.-3/2 e~y

(4) | % (a?+x?) 4K :
xP7% [a(a®+x?) %] Rea>0 | I'(+v)
Rev>-1, Reu>Y%
2 Y o ——¥%
(58)| 2V (@2442)%¥ (—L[K o (G ay)1?
224902 n(-v) Al
a
p [ ]
*H 2a(x2+a?)*
Rea>0, —-1<Rer<O
it _ (2 )I‘U
(6)| x% ¥ (x2+a?)~HY ;(h) y* A I, Chay)
x2+2q? v
XPV-' 2a(x2+q2)" XKV—‘A Ciay)
Rea>0, O<Rev<l
(0| »¥1P-%¥[(1+ 222 D)% )}2 2K 4y Cea” N2
. Re a>0 | mal’ L+ u+ %) T Cov—p) y*
-% <Re u<-1Y4, Rev>—].
(8)| x¥(1+a2x?)7*% r* Kynfha'y) Kﬂ+3/z(l/2a-‘7)

X P;%V[(l+ a?x?)%]

x P‘;A'” [(1+ a?x2)*%]
Rev>-1, Rea>0

-7/4 <Re p<-1/4

7a? T (2+ % v+ )T (% v—p)




46

INTEGRAL TRANSFORMS 8.10

Legendre functions: (cont’d)

f(x)

f: fx) J ey )Nxy)* dx y>0

y#IK oy, Gra™' 2

XOZ"'% (1+2a?/x%) Rea>0

Re(p+ v)>-3/2
Re(v - p) >-1/2

(9) [x%(1+a2x?)™"% .
XP;%—%V[(1+a2x2)%] 7a? T (v/2+ p+3/2) T (v/2- p+1/2)
x PA%V[(1+a2x2)%]
s Rev>-1, Rea>0
-5/4 <Re p<1/4
(10) Ov_% [(@2+x?) x~") 27% gy ™% exp[-(a2-%)"y]
Rev>-la| xJ (zy)
(LD)| 2 %74 (L+q2x2) ~H%u¥% i(2m)% e imWHEVR) - yH=%
x O;‘fé‘ (tiax) Rea>0| x1I (4a™'y) Ku(l/g a”'y)
-3%-%Rev<Repu<l+Rev
(12)| (x2+2)~%v-¥% OZ"’% (x2+1) 2 V% gk o WkImiy vty
Rev>-1| xK . (27%y) I , (27%y)
Re(2p+ 1) >-5/2 e HER
(13)| x™¥7% Q¥ A (1+2a%/x %) —ie '™V 7427V (y/a)V %
Rea>0, O<Rer<3/2 XIV_,/Z(‘/gay) Kv_%(’/zay)
(14)| x V™% (a2 +x 2)% thv —ie V12 2V [ (3/2+ p+ 1)]?

XF(1/2+1/— #) av—!/zy-v—alz

x W-u--%.v+% (ay)

cos (um)
“| Tarzy Murnwen (@)

. sin (mv) (@)
T (vt p+3/2)  wthws @Y
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Legendre functions (cont’d)

f@) J7f@) I ) ay)bdx ¥ >0

-y=3/2

T /
(15)] x V"% (x 24 q2) 4%V ie ™7 7'2(3/2+u-v)

x Q% ~¥(1+2a?/x?) Re a>0 2Y g¥*2(20)

O<Rev<Repu+3/2| xM yanNW_ _y . (ay)

= -u-

. “Kvmip (1 1
(16)| 2% P ¥ [(1+a?x9)¥] — ( ;“;/’%") Iw<;>
xQZHV[(1+a?x)%] Req>0| @ 1 M2V E

¢ 4
Re#>—%, Re v>-1 XK#"%(Z)

8.11. Bessel functions of argument kx

(1) | 7% J,_, (ax) 0 O<y<a
a>0, Rev>-1 av=ly VY a<y<oo

(2) | x732 J(ax) Yv~! a7V y VA O<y<e
a>0, Rev>0 Yyl a¥y v a<y <o

@) [ 7% J,, (ax) a7Vl y VA begae
a>0, Re v>-3/2 0 a<y <o

@ | =% J (ax) a>0 a¥y ¥ D (y-A+ %)
Be vt %> Re > k| 2@+ 2 MDA DO+ %)

1 0 4
x oFy |:v—)\+—- v+—;2v+]; lz]

7" "2 (a+y)
(5) | 7% I sansy (a%) yvth gmv-t P¥+0(1-2y2/a?)
a>0, Rev>-1-n O<y<a

0 a<y<oo
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Bessel functions of kx (cont’d)
f(x) I 16 I Gey)xy) % d y>0
(6) | x % J (ax) y P HE g=vl ¥ oipe fort %l
H C+D) I'p—Y%r+ %)
a>0, Re(p+v)>-1
u+v+1 V_I-H'l yz\
o , sv+l;
X 2 2 a?J
0O<y<a
Fory >a interchange y and v.
2v-p.+1 yy+',4
(7) | x¥ 4% T (ax) T (at-y e
S I'(p—v) a#
a>0, -1<Rev<Rey Bcy<a
0 a<y<eo
(8) | 47V J (ax) 0 0<y<a
a>0, Rev>Repu>-1 -
e B g R
I(y—p)y?r ™™ ¥
a<y<e
(9) A J (ax) a>0 L Df (ury-A+D] y
m

Re(p+ 1) +1>Re X >-1

22V A P (L4 DT [% (A tp—p+1)]
x..F (u+v—A+1 -A-ptl

9 7

2 2
O<y<a
' [% (p+v=1+1)] a#
gkyu-}\+%l‘(,1+l)lﬂ[!é()\+v—#+1)]
1 pa-vil §
xft(uw_M bl o

2 & ¥ )

a<y <oo
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Bessel functions of 4x (cont’d)
f(x) f: f@&) I (xy)(xy)* dx y>0
(10)| x*¥ @2+ B3~ J (ax)  a>0 |y* I (yB) K (ap) 0<y<a
Re >0, Rev>-1 y
y* I,@p)K (yPB) a<y <o
(11)] %72 (82 4 42y~ J, (ax) D" BTy I,&yp)K, (ap)
a>0, Rep>0 O<y<a
Rew>n=1, n=0,L 2w |)ng-=y% I @K lyp)
a <y<oeo
(12) x4 (B24x %) 7" J (ax) B Hy* I, @B K, yp)
a>0, RepB>0 a <y <o
l+Repu>Rev>-1
(13)] ¥~ HretH (52 4 5 %)™ J (ax) | (-1)" BYutam 4 % I#(a B K (y B)
a>0, Rep>0 a<y<e
Repy-2n+1>Rev>-n-1
n integer
(14)| x# 74 (B2+x3) 7" J (ax) y* B~ I (y B) K (ap)
a>0, ReB>0 . D<y<ea
l+Rev>Repu>-1
(15)| #7424 (B2x2) 7! J (ax) | 1 Ay % [ Gy B)K (a )
a>0, RepB>0 O<y<a
Rev-2n+1>Repu>-n-1
n integer
(16)| x% &2+ B2 J _, (ax) D"y I p K, _,,@p)
a>0, RepB>0 O<y<a

Rev>n-1

(1)~ y'/z Iv_zn(aB) Kv(y B)
a<y<oo
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Bessel functions of kx (cont’d)
f&) J7fG) I, eney)¥de y>0
2 2, .2
(17)|x ™% e ™% J(Bx) alEHG, <*”>
Rea>1m6>0, Re v>-% By
v, VY% 2
(18) xu—3/ze—a3J (Bx) B y F(ﬂ“‘ V)
& rd*t2'T (2 + 1)
Re a> |ImB|, Re(u+2v)>0
i 7 u+1 u?
X ; 5 -2—+V,T+v;u+1;-;—z-
x (sin ¢)?¥V d ¢
u?=B2+y2-2By cos ¢
(19)| x~" e ~*acospcasy J#(ax sin ¢) [(p+v+%) (sin )%
a>0, 0<g, y<%m| X P;‘j% (cos ) P;_% (cosy)
Re(p+v)>-% y =asin y
(20)| x™% e =F* J (ax) 207" o B y¥*4 [ %28 sec GH*Y
Re B8 > |Imq| ¢
Re(u+v+1)>0 | x(B%sec?f+y?~a’+u)™H
x(B2?sec? @+ a?~y2+u)"
xsec? @ cos[(u—v)0lu~'dg
u?=(sec?0b?+q2+y2)2-4g%y2
v+¥% 1 m
(21) xu-v—% e ~ax J#(Bx) 23:3; F(It"/é)f (sin ¢)2V
Rea>[ImB|, Reu>-Y% 7' (v+%) o
x[(a+iycosp)2+B? "+ % dg
(22) x)\.—3/2 e ~ax J (Bx) y% Z F(A'*'u"" v+ 2m) <_ Bz n
“Rea>ImB>0 n=o Mm!T(u+m+1) 4q?

Re(A+ p+1)>0

X B Emy—p—m;v+ ;92 72
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Bessel functions of kx (cont’d)
f ) f:o f(x) Jy(xy)(xy)%dx y>0
2 % a +y
(23)|x% e ™A J (ax) T b
Re >0, Rev>-1
N T m+Yu+ Yop+ %))
(24)| #™% e=" ] (Bx) Rea>0|yk ) - oVTARTA >
Rt n=o0 m!l_'(m+u+l)
Re(u+ v+ 2)>-2
X F(=m,—p-m;v+l;y28-2)
A cos (bx) L
(25)] ™ J (ax) see under Fourier transforms.
H sin (bx)
% 24p2 b
(26)| % sin (ax?) J,,(bx) \ —2}': cos <y4a - %) J, <£
a>0, 5>0, Repy>-2
% b24n2
(27)| 5% cos (ax?) J, (bx) 2y—a sin( 4: —%> Jv<2bz
a>0, b>0, Rev>-1
(28)| x7# [, (% ax)]? y~ U’%y_% [(1-a?/y?)%]}2
a>0, Rev>-1 a<y<o
(29)| x *# [J (/211417)]2 217_’)'-% (az—yz)'% O<y<a
a>0, Rev>-1 0 &<y <o
o1-v v-%( 2_ z)v—%
(30)| x % [, (4am)]? e — O0<y<a
a>0, Rev>-% n” a?¥T" (v+%%)
0 a<y<e
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Bessel functions of kx (cont’d)
f(x) f:f(x) J, (xy)(xy)* dx y>0
2. _bzv—% b)2— 21v-4%
GD| x5V J (ax) I (bx) by l(a )31Y % [(a +b)2~y 2]
v v yu-A 923v-1 Y% @)’T (v + %)
a, b>0, Rev>-Y%
la-bl<y<a+b
0
O<y<|a=b] or a+b<y<eo
(32)|x*% J Tywem®ax) dy o (Ghax) | 207y (@2 -y)E T (@™'y)
a>0, Rev>-1 0O<y<a
0 a<y <o
(33)| 7% 72 (4ax) a>0| 0gayzny-zu-y_LUtlv+n)
Re v+ Re 2> -1 M(u+DI12TCs +Y0-p)
x| F[/z /zV+u,l/z+/;v+p,u+l;
Yo=Y (1~a?/y2)%]}2
a<y <oo
2=% (sinh u)4~%
(34)| 251 J (ax) J.(bx) @ b >0 | L SmRETE s
= Y %)% arp!w
Rev>-1, Repu>-%

x sin[(v—p) 7] O'/ " (coshu)

0<y<a—b
bu—' y#-%
—  (sinu)e~%P%-
(2m % ok (sinv) Pv_%“(cosv)
la-bl <y<a+b
0

O<y<b-a or a+b<y<ew

2by coshu=a?-5b2—y?2
2by cosv=b2+y2—qa?
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Bessel functions of kx (cont’d)
f(x) J ) T, Gey)eey) % dx y>0
(35) x%7¥ J (ax) J (bx) a, b>0|0 0<y<la=-b|
Re py>-1, Rev>-Y4% (ab)¥™!

@m% 5o R (sinu)¥~ %I’y “V(cosu)
m

la=bl <y <a+b

(ab)¥~! (sinhv)¥V ™%

e W=lmi

(%na)%yy_%
xsin [(p—1v) rr]Qlﬁ:; (coshv)
a+b< Y < o0

2abcosu=a?+ b2 - y2

2ab coshv=y2-ag2%2-p2
(36)| xP~H-V+% J (ax) J (bx) (O O<y<b-a
b>a>0
Rep>-1, Re(p-pu-v)<4%
20=u=Vv=1 yv+% Lu
(37)| xP~H-v=3/2 J (ax) Jp(bx) Y a F(P)

b>a>0

Re p>0, Re(p—p-v)<5/2

bPT (u+1) I'(p+1)
O<y<b-a

(38)

x4 Ju(xa sin¢ cos w)Jp(ax)

a>0, 0<@,y<Y%n
Re(#+ v+ p)>—1

a A T'[% (1 +g+p)]
F(p+DIT(v+1) I'[%(1-0+p)]
X (sin ¢ cos ) “(sin i cos ) V%

l+o-p 1+0+
xF( 2ap 20 p,u+lsm<9

+o—p l+o+
(120 s 20 p’ v+1; sin 1//>

Yy =a cos ¢ sin ¢

x F

271

0= U+ v,
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Bessel functions of kx (cont’d)

f(x)

I @) J, Gey)ay) ¥ dx y >0

(39)

x % Ju(xa sin ¢ cos ) Jv_#(ax)
a>0, 0<¢,y<Yn
Rev>-1

27" a™¥2 sin(um)(sin )4 (siny P +'72
x (cos (j,)'/2 Y (cosy)TH
x[cos(¢+ ) cos(p—y)]™!

y =a cos ¢ sin

(40)

s J#(ax) Jp (bx)

see Bailey, W. N., 1936: Proc.
London Math. Soc. (2), 40, 37-48.

(41)

X U2 (g2 o 2)=1

X Jy(ax) Ju(bx) a>b>0
Rev>Y%—-n
Re u> 2n - 9/2

(—l)" +1 c2n—u-2 y% I#(bc)

ny(yc)KV(ac) O<y<a-b

(42)

X VWY ﬁ

$="1

Ju l_(aix)

¢

_ M
1=1
-1<Rev<ReM +%k - Y%

a.>0

1 ’

k
2 a,<y<eo

i=1

(43)

R
UL (@)

i=1

a.

‘>0, M Iy

i=1

O<Rev<ReM+ k/2+3/2

T
al

k
ov—H-1 %-vr( ) i
’ ’ ;l;[| F@+p))

k
Eai<y<oo

i=1

(44)

x~ A% Y#(ax)

see under Mellin transforms

(45)

x%(x2+ 82! Y ey (ax)
a>0, RepB>0

Rev>n-Y%

D"y % Iy B) K (ap)

v=2n=1
0<y<a
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Bessel functions of kx (cont’d)
f(x) fowf(x) J,, (ey)xy)* dx y>0
(46)| x % (x2+ B2 "" y* I (By) K, (ap) O<y<a
xtcos [% (v—p) 7] Ju(ax)
+sin[l(v-wal ¥ (ax)}
a>0, Rep>0
Re (v iu) > =2
@7)| xPHA(B2+x ! BPy* I, (B K (@ap) 0<y<a
xicos [% (p—pu+ 1) 7l J#(ax)
+sin[% (p— p+ 1) 7] Yu(ax)f
a>0, Rep>0
Re(uiu+p)>—2, Re p<1
(48) x%J%y('/zax) Y, (zax) 0 O<y<a
a>0, Rev>-1 —211-'}'_%()'2—02)_%
a<y <oo
(49)| x¥*% J,(sax) Y, (rax) 0 O<y<a
a>0, |Rey| <k 2Vl g2V g V% (5 2_g2) V%
7% T (%=1)
a <}’ < oo
(50)| xP*H (x4 y*) 7" I (bx) Yy¥ 1,09 I,y K, (ay)
xtcos [} (p+p) 7] J (ax) O<y<a-b
+ sin[% (p+ p) 7] Yv(ax)}
a>b>0, Rep<3/2
Re(p+p+2v)>-2
Re(u * p) > -2
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Bessel functions of kx (cont’d)

@) I @ e bde y>0

(51)| xPH% (x 2+ 82" .ﬁ,[%.(cix)l BPy* I,(BY)K (ap) f I, (Be)
1= T i=1 i
xlcos [% (p+ M=) w1 J, (ax) 0O<y<a- % ¢

+sinl% (p+ M- 7 Y, (@)} e

i
a>0, ¢,>0

k
vt X p,=M, Rep<(k+3)/2

1=1

Re(p+ M) > |Re p| — 2

8.12. Bessel functions of other arguments

(1) 2% J,,(hax?) 207"y % Jy(y?/a)
a>0, Rev>-1

2
@) [x% exp-Y%axD)d,, % px?) z(a=+B=)“%y%exp<-%
a?+pB?

Re a > |ImB|, Rewv>-1
(Byz )
.o
Yv a2+BZ

1 2
(3) |x v exp (4 ax?i) av-2)/3 y B-v)/3 exp %—ml—i-i)
2
X ymtyyys 4 ax%) , “
Ima>0, Rev>-1 a J ¥
(v-%y3 4‘(1
2
@) |x %)/ 3gin (Y ax?) a W=2)/3 ., G-v)/3 gip <—u;-1 n— g—>
a

X J(V_%)/3 M ax?

2
S BERRSSR XJ(»-%)/S(Z)
a
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Bessel functions of other arguments (cont’d)

f(x) J °°°f(x) J, (ey) (xy) % dx y >0
b L v+l y2
(5) | x %"Y)/3¢cos (Y ax?d) a(”_z)/ay(/"”)/acos< =
i J(v—% )/3 (l/“/axz) ¢ e
¢1>0, Rev>-1 yz
Yw-%1/3\1a
% 2 2
¥ Yy y
©) | x%1J, (4ax?)]? g (—)y%< >
50, Rey>-1| @ **\4a/ ¥¥\da
R e A
a>0, Rev>—2
() o ()]
(8) xl (ax )vaﬂ.t(axZ) ny [e%"”"‘%‘y(u)w_“ Yv ()
a>0, Rev>-4% o
+e Wu " 1,(v) W_u.%v(v)]
u:y_ze%ﬂi, v=_2 =Ymi
8a 8a
©) |7 J (ax™" Y% J,, (2a%y¥)
v 2y
a>0, Rev>-Y4%
(10)) £7%* 7 (ax ™" Ty, (2ay )
a>0, Rev>-Y%
D=7 J,_, (ax™") a7 Jy -y @a¥y¥)
a>0, Re v>—l/2
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Bessel functions of other arguments (cont’d)
f(x) f:’ fx) J (xy)xy)* dx y>0
(12) x'Z”J% _v(ax—') Y% i csc(2vm) (y/a)? ™"
a>0, -Y<Rev<3| x[e?¥"'J _, @)dJ,,_,®

—eT2vmig W) d,_,, )] .
u= (l/zay)% CKWl
v=(%ay) e %mi

(13) xp—3/2 Jﬂ(x-‘) l/ziT cSscC [l/z (u—v—p) n]yV+%

—3/2-Reu<Rep <Reu+3/2

2
x4 F 1+V’1+p—;&v’1+u+v+p;y_
9 2 2 16
—ymB (1o 1P L R
2 2 16

A7 =2"*T A+ )T [1+% (p— p+ )]
xT'[1+% (p+ p+ )]
B~'=2267P (14 )T [14 % (u+ = p)]
xI'[1+%(u—v-p)]

2
: B

(14) x* (B2 +x?) "exp(—BZHz) e hr g, (2ay¥)

2

X dJ <5a b .,)
+x°
Re >0, Rev>-%

(1s)| J,,_, (ax*) Re v>-Y% | %ay™2J _ (4a®y™")
(16)| x7* J, (ax*) Re v>-% | y™J (4a®y™")

(17| =

% ¢=P= J,,(2ax*)
Re 3>0, Rev>-%

2
yA(y?+ 83" "exr’<%
x d <B +y>
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Bessel functions of other arguments (cont’d)
f@) L@ J,enen¥ds y>0
(18) x”"'%(x2+B 2)-Y%pu a'“y’“‘% B—u.+v+l (az_y2)'/,u—%u—%
xJ#[a(x2+Bz)%] a>0 xJ#_v_‘[B(az_),Z)%] O<y<a
Re >0, Repu>Rev>-1 | a<y <o
(19) xVt4 ("2+B 2)°'Au—| (Y% a)4! Bv[r(u)]—ly‘/zKV(By)
xJﬂ_,[a(xzﬂsz)%] a>0 i
Re >0, Re(p+2)> Repv>-1
(20) x V32 (x2+B z)-u/z B-uzv—i r (V)}’%_VJA(G B)
xJ#[a(x2+Bz)"z] a>0 a<y <o
Re 8 >0, Re(u+2)> Rev>0
@D 2" (= +a?) 7' @2+ BHTEL | a¥y % (B2-a?) THH ] [c (B2-a?)¥]
xJu[c(x2+Bz)%] xK_(ay) ¢ <y <oo
Rea>0, Rep >0, ¢>0
~1<Rev<2+Reyp
(22) xVten=3/2 2+ a?) " (x2+ BZ)—p./z (_1)n+| y‘A gvtan-2 (B z_a2)—%u.
xd [e@?+B8%)'7] xd [e (B*-a)*1K (ay)
Rea>0, RepB>0, ¢>0 ¢ <y<oo
-n<Rev<4-2n+Rep
(23)] x V% (x2+/82)'% v=¥% (1) 2% Y% a%—vyv+% (a2-y?2)~%
x CLEIBG?+ B)7H] it [ (65~ %)
2% Jv+a/2 +z,.[a(x2+32)%] xcﬁ.ﬁ[(l‘yz/"z)%] 0<y<a
a>0, ReB8>0, Rev>-1 0 a<y<eoo
(24)| x V% (x2+ g2) K V¥ (-1)r2% 7% g% vy V¥ (g2-y 2)~%

XCZT% [B(x2+B2)7*%]
X Iy ay 4onla @2+ 8%
a>0, RepB>0, Rev>-1

xcos [B (az—yz)x]
x CYHA[(1-y2e?)%]
0 a<y<oo

OD<y<a
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Bessel functions of other arguments (cont’d)
f(x) fowf (x) J(xy)xy)* dx y>0
(25) xv-sn(x2+62)—n#/z ov=1 B—nu F(V)y%—v ii‘l‘ Jp_(aiB)
x M J [a (x2+B2%] 5 o8 <o
gy M P i=r
a,>0, Rep>0
Re(np+ %n +%)>Rev>0
+% & Ty n
@6) ™™ 0z *d, (a;2) 0 2 a<y<e
a;>0, Rep;>0
z,=(x%+ B,z)%
Yan + i p;=%>Rev>-1
=1
(27)| xv-32 ﬁ z:“i Ju. (aizi) gv-i F(V)y%-v
i=1 i
n Ty
s i) 8.
a,>0, Rep;>0 " ir=11 B “i(a‘B‘)]
z,=(x?+ g% i a,<y<e
v= 1
Yn+ 3 4. +3/2>Rev>0
i=1
@8)| ¥4 (1= ¥4 J [a(1-22%] | a#y ¥+ (a2+y ) HWivtD)
0<x<]l| x J#h”“ (a2 +y2)%]
0 l<x <o
Re u>-1, Rev>-1
(29)| 0 0<x<c|O O<y<a
x%°”(xz—c2)%"'Ju[a(xz—c2)%] ay.c|+p,—yy—v+% (yz_az)%v—xu.-%
¢ <x<oo xJV_M_i[c(yz_az)%]
a>0, Rev>Rep>-1 a<y<e
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Bessel functions of other arguments (cont’d)
f(x) I @) J, Gy Yay) ¥ dx y>0
(30)| 0 0<x<ec| B2+ BNy K [alc?+BD)¥]

x%"”(x2+Bz)_'(x2—cz)%“
X Ju[a(xz—cz)%] c<x% <o
a>0, Rep>0
-1<Re u<2+Rev

O<y<a

X Iv(yB)

(31)

0 O<x<e

x4 V(g2 +Bz) 1 (x2 _CZ)%y_+n -1

(__ )n+1 B-v(82+02)%u+n—l y%
X K, la(B*+c®*] I, (by)

\<J[a(x —c)%] c<x <o 0<y<a
a>0, Rep>0
-n <Re p<4-2n+Revp
(32)] x¥¥2n K (L 2) ¥ Atn a _M( >< )
X J)\[a(l—xz)%] 0<x<1 ydy
0 lex< xla2>\+2' 2v+2n
450, Rea>-1 Rey>_1 sela® +yz)-%0\+v+- +n+1)

X J}\+v+n +n+1 [(a2+y2)%]}

(33)] xP(L-x2)~ Jyla(l-x 2)%] see Bailey, W. N., 1938: Quart. J.
O<x <1 Math. Oxford Series 9, 141-147.
0 l1<x <o
(B4) % J, Vhal(x+B)% Bl 2r "'y % (a2-y2) 7%
y el g%+ gl xcos[Bla®-yH*]  O<y<a
a>0, Rev>-1/0 a<y <o
(35) % Y, (4ax?) -2a7" y% B, _(y?/a)
a>0, Rev>-1
y2\ |

a>0, Rev>-1
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Bessel functions of other arguments (cont’d)
f (x) f: f(x) Jv(xy)(xy)%dx y>0
BN x7# Y, (ax™" -2n7'y *[K, (2a%y¥%)
0, |Rev| <% ; %
.a>0, 2 _1/2"}/2#(20 7)]
(38)|x7>2 Y (ax™" 2y%a”'n 'K, (2a%y¥)
a>0, [Rev|<%| ,y,v, (2a%y%)
(39)| x % sz(2ax"‘) 2sec(vm) y 7% [% cos (vm) Y (a?/y)
@>0, Rewv>—%| _y_ /) +8_ ¥y
(40)| 0 0<x<c | D" B Vy% (B2+c2)khutn=%
x5V (24 B2) 7 (x 2—c DU LtNR| X K“[a(Bz+cz)%] I,,(B}’)
XY#[G(xz-cz)%] c<x <o O0<y<a
a>0, RepB>0
-%-n<Re p<3-2n+Rev
(41) x*% J%vl‘/za[(xz+Bz)"—-B]} 2 1y % (a2-y2) "%
xY%vi‘/za[(x2+Bz)"+B]l xsin[B(a?-y?)*] O<y<a
a>0, Rev>-1|-27""y % (y2-q2) 7%
xexp[-B(y2-a?)%] a<y<e
@) 4D, @B, @xd | AT A Dl urkiy)
L X1 in[[(%v+1)]2 y32
=~ slax®) H ;‘zv’_u(ax B!
Re v >-4% (y_e%-m)
Y\8a

Re(s tu+ %) >0

2
XMﬂ-ry
2
Y J
RANC, & 2
xM”'%D(ae )
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8.13. Modified Bessel functions of argument kx
f(x) I o“f(x) J, (xy)xy) % dx y >0
()| =¥ e s I (ax) — xp( ) (
Re >0, Rev>-1
v+¥%
@) | 2% K_(ax) L
Rea>0, Re pis={ a()’ +a)
@) xFHE K (ax) 2V (pt vt 1) y ¥ ¥%
M a-u(y2+a2)y+v+l
Re a>0, Re(v+1)> |Rey|
- A=y I'[% = A+ p+DIT 4 (v= A= p+1)]
(4)| = K (ax) Re a>0 s g T Ty
Re(v = A+ 1)> |Rey| “ ek Ly
F v=A+p+l v=-A—p+l y?
x R TR ;v’rl;-a—2
cos (Bx)
(5) x)\ Ku(ax) . (2 ) see under Fourier transforms
sin (Bx
(6) x%[\’o(ax) Jv(Bx) y% r:'r;’(rz—rj)’“(rz+r‘)"’
Re v>-1, Rea> |Im}f]| = [t + (B ~9) %%
r,=la?+ (B + y) 2%
D | 2% T Gax) K (a) e i
v v Y 4 4\v+Yy
|larga| < 7/4, Rev>-Y% e
. 23v v vth 1
(8) x vVt Jv(ax) KV(Bx) (GB) Yy F(V+/2)

Re 8> |Ima|, Rev>-%

”‘A [(a2+32+y2)2-—4a2yz]”+%
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Modified Bessel functions of kx (cont’d)
f(x) f:f(x) Jy (xy)xy) % dx y>0
. i 93v-1 azv—zr(v+ 1/2) yv+5/2
(9) | x¥*4 Jv'-i (ax) Ky (ax) % (y 4+ ab)vH”
largal < 7/4, O <Rev<k
(10)| x* J (xa sing) (sin ) (sin )’ *% (cos ) H(cos Y7
lad ad? (1-sin?¢ sin?y)
xK,_ (xa cos¢ cosy) y = a siny
a>0, 0<¢, y<%n
Re p>-1, Rev>-1
(11) x¥* J (xa siny) ET i ilain s T of]
7 qVtasz (cos w)zun
x Ku(xa cos ¢ cos ) P .
a0, O<g,p<lhn| v (Ccosa =
Rev>-1, Relu+)>-1 tan (J; @) = tan ¢ cos ¢
(12)| x#*% J, (Bx) K  (a%) (B} g it y~Hh g = bk e
Rea>|mp| | x(@?-1)7ku¥ Qutx "
Re v>—1, Re(p+1/)>—1
2B8yu=q®+ B2+ y?2
13) %% J (e sin ) (sin @) #(sin y) V1%
"

x Kp (xa cos ¢ cosy))

a>0, 0<o¢,y<Y%n
Re(u+v+1)>Rep

2a% (cos ¢ cos )P
XF[l/z(1+u+v—p)]F[%(1+u+V+p)]
A+ C'+v)
1
sz(lﬂ;-w—p, +”2_v_p;;;+1;sin2¢>

1+ 1
szI< u+v-—p, +—1p
2

———;v+l;sin ¢)

Y =a sin ¢
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Modified Bessel functions of kx (cont’d)
fx) f:of(x) J(wy)(ey)* dx y >0
(1) |x P75 (ax) K (B ) 221 [ (ut DI T (p+ 14 1)
Re B> [Ima|, Rewv>-1 xC(p+ DI (w+ 1) gh™P7v 2y %
Rep>-1, Rep>-1 x(cgsho-cosG)Pp';/;_#(cos 0)
Re(p+1v)>-1 XPp+’;-u(C°s}“7)
y+iB=iactn[%(6+i0)]
(15) x)\Ju(ax) Kp(Bx) see Bailey, W. N., 1936: Proc.
London Math. Soc. (2), 40, 37-48.
(16) x* I, (ax) K, (ax) y T (y2+44%) 7%
Rea>0, Rewv>-1
v 2v 1
(7| 2% I 4 ax) K_(%ax) e
v v ﬂA (y3+a2y)y+%
Rea>0, |Rev|<¥%
; 23Y(aB)Vy VAT (v+ %)
vty 2
(18)| Iv(ax) K, (Bx) (B2 -a?+y2)2+4q2y2|VH4
Re B>Rea, Rev>-% i “ry 4
. F( ) (2 V=1 2 2 2
(19)| x¥~*% I, (% ax) K,_y(zax) —% P_, I:%J
Rea>0, O<Rew<3/2| Balte™ 4y
(20) x7% I C4ax) K, Chaz) o [ly+arid)
- Rea>g Rev>-1 P&yt )y *
Re(w+2p)>-1| *BL, [A+a®/y*]
x QL [A+a?/yD)*]
(21)| xH**% 1,(%ax) Ku(‘/z ax) G my Ha™ly H e kv i
Rea>0, Rey>-1| X(A+y*/a®) 4% Qutk(iy/q)

—Rev—1<Reu<%
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Modified Bessel functions of kx (cont’d)
f@) I f@) I ) bde ¥y >0
(22) | x #+% Iv(ax) Kﬂ(Bx) (2p)" % @K1 Buy—u-%e-(u-%wk)ni
Re 8> |Rea| | x(v2+1) %K% Oﬁ:é (iv)
Re v>-1, Re(p+v)>-1 Qayv = B2 — a? + 2
(23) |« % I%(y—u)(%“")K%(vm)(l/mx) aFyTE(y2+a®) # ly+ (y 2+ a?) % ]H
Rea>0, Reyp>-1
Re(v—-p) >-2
(24)| xV*% I,(Bx) K (ax) 2n) % (aB)!-v-a y v+ g~ wHK)mi
Rea> [ReB|, Rep>-1| *@?=D)7#¥7% Q¥1¥(u)
Re(p+ ) >-1 2aBu=a’+ B2+y?
(25) x}‘I#(ax) Kp(ﬁx) see Bailey, W. N., 1936: Proc.
London Math. Soc. (2) 40, 37-48.
(26)] x~v—% [K’”% (% ax)]? % (2q)" V! r(_v)yv+x (a2+yz)%v
. 2 2
Rea>0, -1<Rey<0| xP [L”—J
V[ 2a(a2+y2)%
2umi,, Y 1
@7)| <4 1K (4 ax)]? Boast | L TR
Re (% v ill) S| (’,V +a2)%r(%v—u)
x QAL+ a?/yD)¥]
x Qg _, [+ a?/yH¥]
2pumi
@8)| x %K Gsam)]?  Rea>0 | LA*AVHY

Re(%v tp)>-Y%

D%+ Y%v—p) y%
x 1034 _,, [(1+a?/y)¥1}




HANKEL TRANSFORMS

X IV(% azxz)

larga| <47, Rev>-Y%
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Modified Bessel functions of kx (cont’d)
f &) ST @) T, Gy )ay) ¥ dx y >0
(29 |x% K, Gham) K, Chan) | o L0yt ut Dy
X2 x x 1
M—ZB:(Z>0“+%R:Z>—1 Llse=yl o= u)*
Reu| <1+ %Rey | X Q7% [A+a?/y®¥]
x Qs [+ a?/y %]
%o vtk
Tty F(V+u+1)r(v—u+1)
(80)| =¥ Ku(ax) K#(Bx) 232 (aB)V*! (u2-1)/2+1/4
Rea>0, Rep>0 Pv%()
1) >-1, >=1] XF,
Re (v * p) Re v u=% SaBu=y?+ B2+ g2
(31) x)\Ku(ax) Kp(Bx) see Bailey, W. N., 1936: Proc.
London Math. Soc. (2) 41, 215-220.
8.14. Modified Bessel functions of other arguments
(1) [ 2%V exp(-Y%a®x?

Gm) % ay Hexp (—

¥
X D_zy(_a_>

y? )
442

2
@ |22 exp(-4a?x?) (U m) ™% y¥*% exp (— 2 )
* Iv+| 4 a’x?) e
largal < %m Rew>-1| x D_w_3<y—)
a
(3) |x% exp(=% ax? I, ,Ciax?)

Rea>0, ReV>_1

yZ
(% may) ™% exp (" )
2a
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Modified Bessel functions (cont’d)
f(x) 7 f@) J () ay) # dx y >0
(4) | x¥241/8 exp (=Y ax?) 7= @Yy VI3 1/ expéyz >
X I, s 416 Ui ax®) .
Rea>0, -1<Rer<5/2 /3+|/o( )
(5) x 1/6=v/3 exp (_%ax 2) au/a-*z/ayl/a-v/‘:! exp (__ yz )
X I, 5 ax®) ) s
Rea>0, Rev>-1 I y
v/3-1/6 4q
(6) x%+2/“_”exp(—’/4 ax?) 22u-v+h (ﬂa)-% %+
s T (/4 ax?) Re a >0 [T Ca—pu+ )]y 247%
Re v > 2Re pt+ /2 yz
F, 6/z+u;l/z-p+v;— %
(7) | x%*V"2h exp(~ Y% a?x?) a4 2K B 2V=6L) y-h v tu gy ut
><I (% a’x?) largal <% nm 2
-1 %Rew<2Re ut¥%| xexpl= ¥ >
2a?
2k=l/z+l/—3u,, 2m=—l/g+u—v
N K 1~,L,1+
(8) | xexp(-4% azxz)Iu('/; a’x?) 2m~ A( )
largal < % n hy %, k
-3/2-Re(2pu+1v) <Re A<0 h=%+%A+%v
k=%+%A=Y%v
9 | x* K, (4ax? y411, %/ a)-L, (y*/a)]
Rea>0, Rey>-1
(10)] &32 wa% (4 ax? 2ma”2y ¥2 1, i (y %/ a)
Rea>0, Rev>-1 %(yz/a)]

Ly
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Modified Bessel functions (cent’d)
f(x) f:’ f@) J, (xy)(xy)* dx y >0
(11) xu/sﬂ/c exp(—%axz) —v/a 2/3 v/3+1/6exp<
<Ky sa1s6Vhax?) fa
Re a>0, Rev>-1 v/3+1/e<4a )
(12)] x ¥+ 8 exp (4 ax ?) e IV RSV exp(yz)
& Kv/3+|/5(/ a’_i)
-1<Rev<5/2 P 4-a
(13)| x 24*Y* exp (- % a?x?) ¥ Qg IHIV=2y VR 1149 44 )
XKM('/uzzxz) larga| <¥m | [(p+v+3/2)]7!
= . 3 2
Re v>-1, Re(@u+y)>-1 X,F,<1+2u+v;u+v+—;—y )
2" 2a?
(14)| x2#*v* 4 exp (4 a®x ?) 7' 2T (1+2pu+0) [T (- p)] "1 2327k
xK (4a®x?) AR - y?
Rea>0, Rev>-1 y H Texp e Wh,.é?)
~1<Reu+v)<-% ‘
2k=-Y%-3u-v, 2m=Y%+u+v
5% )\+| 1- p,,1+p,
(15) | x"* exp (-%azxz)K#(%azxz) (/zrr)"( > 2 — .
‘ larga| <% n ol ik
Re(A+ v £ 2p) >-3/2 h=%+%A+%v, k=¥%+%A-Y%v
(16)| x™ exp (4 a2x DK yGha?x?) (2m) 7% cos (um) (2/y) 1
Re a>0 y? 1—p, 1+
-3/2-Re(vt2y) <Re A <0 xG2
2% | poyk
h=%+%A+Y%v
k=% +%A=Y%v
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Modified Bessel functions (cont’d)

f(x) f:o f@) J, (xy)(xy)* dx y>0

%
A7) | 251, 4 axdK, (% ax?) Lo (y—z)x (y)
v KV a ¥v 4a ¥Xv 4a

Re a>0, Rev>-1

(18)| x* T (% ax?) =1 1 ‘/u) ( >
!n((v—u)l X F(l-&-/zv)y %u.%v 4q
XK%(V_H_‘)(/zax ) Re a>0

Rev>-1, Re(v-w>-2| xM,, qu—)
g a

(19) 27 K, (ax™") ia”'yh[e#VTIK, (2a% e ¥ iy )
Re a>0, |Rey|<5/2 —e'%”"il(zy(za%e-%ﬂiy%)]

(20)| x~2v-2 K%_y(ax") (2m) % q V% yvHh Kw(2% a’y*%)
Rea>0, -% <Rev<?2 wa(2%a”y%)

ey K_,,, (2ax’%) ~Y nasec(vm) y_a/z[H_v_, (a?/y)
Rea>0, Rev>-1 _V_ (a?/y)]

(22)| x™% K, (2ax*) Ym sec(vr) y A [H_,(a?/y)
Rea>0, Rev>-% =Y_ (a®/y)]

(23)| 5% J,(2a*¥x %) K (2a%x%) | yy~3/2 em20/y

Rea>0, Rev>-1

(24)| ¥4 J, (2a* x¥) K, (2a%x%) | n~% 27 a¥*yT2VT2K, _ (2a/y)
Rea>0, Rev>-Y4

(25)| % -v-% Jz “(2(1%5\5%) k2 v 2a-v- zv[qu_%(za/y)

xK, ., 2a*x¥%) -L,,, 2a/y)]
Re a >0, Re v >-1
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Modified Bessel functions (cont’d)
f@) [ @ T, eny)kdx ¥ >0
= 1 ) ) F(%+‘/2IL+%V)}’% 2a
% %% %% i
(26)| x JM(Za % )Ku(Za % 4) 4aT+p u—%v.%u(,, )

Rea>0, Re v > -1
Re(v + I—L)>_1

2
My .y <_a>
s /2 L y

(27)

x'%[sz(2a%x%)
~Y%nY, (2a%x%)]

a>0, Rev>-Y%

~Ymy A Y, (a/y)

(28)

s XK _(2c%x%) ¥ (2a%4¥)
Rea>0, Rev>-%

“HaT'y Wy, 2aly)
X W_y o (2a/y)

(29)

x4 K“(Zaxx%)
x{sin[¥% (u—2) ml JM(2a%x%)
+cos[¥%(u—v) 7] Y“(Za% x %)}
Rea>0, Re(vtp)>-1

-Ya'yk W, V'%#(Za/y)
X W_y 0%, (2a/y)

(30)

xH Kﬂ[(2ax) % eHTi)
X K#[(?.ax) #e=X¥mi

Yot yk r(“”“’) 1“(1_’”")
2 )

14 =1 s ¥
BA a0, Reledal s x _%M%u(ay_ e_l ).
X Wy ulay ™ AT
@B x 7K, [(2ax)%e ¥ =27%2 7% csc (vm)a™V "2y 2V
wa+|[(2ax)%e-%"i] x[n,,,, (a/y)—Yy+% La/y)]
Rea>0, —1<Rev<0
(32)| x V% (v 2+ g2 H VX nh 27 gV Ry V¥R (g2 4y 2) %

x K, lalc?+ B %]
Rea>0, Rep>0
Re v >-1

X e_B(az +y 2)%
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Modified Bessel functions (cont’d)

f(x) j;m f(x) I (xy)xy) % dx y >0
(33) xVth (xz+B z)-% v-¥% w1297 1/2 g=v=3/2 B—i yv+|/2
XK, 4aplal?+B2)] x e~Ala® +y )%
Rea>0, Rep>0
Re v>-1
(34)| x¥¥% (x2+a2)'%(”+”l yVHE (y 24 g?) R OFY)
xKypanla?+a?*] X Ky pplaly?+a?)%]
Rea>0, Rewv>-1
(35) x V% (x2+B 2)—%u a—p‘BVH—“')’v"'% (a2+y2)%u—% v-Y%

xKﬂ[a(x2+BZ)%] Rea>0| xK _ _ [Ba+y?)¥]
Re >0, Rev>-1 :

(36) x V4 (bz—xz)%’“‘}:‘[a(bz—xz)%] a“b‘“’”“y’”% (az+yz)~%(u+v+|)
O0<x<b| XY, 44 [b@®+y?%]
2r Vx V% (x 2-p2) KK
x K [a(x2-b2)%]
M
b<x <o
Rea>0, Rev>-1, Rep>-1

@[ ¥ I, 1% Bla?+29% ~all |y % (B2+y) % expl-a(B2+y?)4]
x Ky 4B (a?+2)% +al}

Rea>0, Rep>0
Re vy>-1

8.15. Functions related to Bessel functions

(1) Hv_%(ax) 2% havhy kv (g2oy )
a>0, -1<Rev<3/2 0O<y<a
0 a<y<e
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Functions related to Bessel functions (cont’d)
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f(x)

fowf(x) Jv (xy)xy) ¥ dx

y>0

(2)

x}‘H#(ax)

a>0
-5/2- Re v<Re(A + ) <0

2)\.‘*‘% y “A-1

af¥| 2

3302

(3)

H, (4ax?)
a>0, -2<Rev<3/2

(4)

M H (a/x)
“a>0, Re(+1)>-2
—Rev-5/2<Re(A-p) <1

(5)

x%[H

_lax) -

Y_, (ax)]

largal <m, -Y% <Revwv

2a7Vn " cos (bm) y Y TH(

y+a)~!

(6)

kaﬂ(ax) -

Yu(ax)]

larga| <m, Re(A+p) <1
Re(\ + v) + 3/2 > |Re p|

oA+% -A-1

72 cos (um)y

h
) *#” 1_.&’ 1+£__
y 2 2

%G 2

33

a8 Xip 1=

9

+ —
4 2 2

A=v
2

m

3
=+
4

(7)

x4 [H

_v(ax—') - Y,v(ax—')]

largal <7, |Rev| <%

47" cos (vn) y'% sz

(2a%y*%)
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Functions related to Bessel functions (cont’d)
f(x) f:f(x) Jv(xy)(xy)% dx y>0
(8) |x~32 H__, (ax™" —Ar"'a % cos (vn) K_, ., (2a%y™%)
-Y_,_ (ax™"] )
larga| <@, |Rev| <’
9) xz"[l-lw% (ax")—Yv+%(ax")] —925/2573/2 qV¥1/2,, V=172 gip ()
|arga| <7, —1<Rev<-1/6 szvﬂ(gx a% e ¥miyk)
xK, . (2% a¥ e ¥miy%)
(10)| x" 1 (ax™" =Y (ax "] oMK 172 og (um)y A1
larga| <m, Re A <—|Reuy] l+p
Re(v—p+A) >-5/2 e a’y? 2
15\ 16 1+
h’ —IL’-.£7 ﬁ’k
2 2°2
3 3 -
h =—+m, k=—+ i
4 2 4 2
(11) Iv_% (ax) - L, (ax) 2k R gV Ry KV (y 24 g2) K
Rea>0, |Rev|<¥%
(12) x%[IV(ax) _ Lv(ax)] 91 gVt y-v—% (y2+a?)"!
Rea>0, -1<Rev<-%
2;1.-1/4'1 m=1 N v=2u=Y%
(13)| x4 ¥*% I (ax) - L, (ax)] - Ml
. “ Rea>0 7% T (v=p+%)
-1<2Rep+1<Rev+%| x,FQ, % v-pu+th-y?/a?
QUHH [ (3/2+ 1) o'
(14)| x4 [ L (a) - L (a)] B2

Rea>0, -1<Rev<-%

7 (8/2+ p) yv*5/2
x ,F(1,3/2+v;3/2+ p;—a?/y?)
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8.15 HANKEL TRANSFORMS
Functions related to Bessel functions (cont'd)
f(x) I :f (x) J, (xy)(xy)* dx y >0
2VTHT (% + v) oM
(15)| x¥"4% (I (ax) - L (ax)] Lre
M M ”%F(l*'#))’v %
Rea>0, |Rev|<% —_
x,F Ci+v, %1+ ps—a?/y?)
(16) x}\[Iu(ax)—Lu(ax)] Rea>0 | 2M% n"y'}\°'
-Re v—-3/2<Re(A+p) <0 1H 1-y 1K
2 A =
ol 2 2 22
az 3 A+v l—u 3 A=V
4 2° 2’4 2

(17)

x¥ [Z,(ax) - L_, (ax)]
Rea>0, Rev>Y%

277 'a’ "’y”_%.cos (vm) (y 24 @2)!

(18)

] [Iu(ax) - L_#(ax)]

2u—v+| a-u.-lyv-%
r'G-wrGs+v)

Rea>0, Rev>-%, Repu>-1
x (L, e+ ps Yo+ vi~y?/a®)
(19)| xV-Hut¥% [Iu(ax) - L_#(ax)] 22¥V Uy =372 cos (um) T (8/2+ v—u)
Re a>0, Re V>'—‘/2 xa!-,uy—slz'bzu-v
Re (v—p)>-1, Re(v-2p)<%

x F,(3/2+v-p,1;3/2;~a?/y?)

(20)

x“+”_%[1“(ax) - L_u(ax)]
Rea>0, ~1<Rev<3/2

Be(u+1v)>-1/2

TQ+pTG-p °

mty 1
2K (Yo + pu+v) u.y-%-uz—zv

X FGa+p+v, Yo+ps 1+ p;a%/y?)
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Functions related to Bessel functions (cont’d)
f(x) j:o f(x) Jv(xy)(xy)%dx y>0
(21)| #M[ I, (a%) ~ L_,(ax)] oM% =1 cos (um) y'>\'
Rea>0, Re(u+v+X)>-3/2 o
—Re v-5/2<Re(A-p) <1 2| —1-—,1+
XGZZ y_ 2
B\ a?|8 A+w 1+u 3 A-v
—t—, —, = ——
4 2 2 4 2
(22) xzy[Iuﬂg (ax—l) . Lv+%(ax-|)] 23/2”—1/2y-v—l/2‘/azv+1/2 s
Rea>0, -1<Rev<y xJzV”[(Zay) ]sz+|[(2¢17) ]
(23) v+Y Uyﬂ (ZGZB, ax) (2B)v+l yv+% cos [B(az‘y z)]
a>0, Rev>-1 O<y<a
0 a < Yy <eo
(24)| ¥*% U, (2a2B, ax) @p)*'y¥*# sin[B(a?~y?)]
a>0, Rev>-1 O<y<a
0 a<y <o
8.16. Parabolic cylinder functions
(1) | =¥ exp %= D,,_, &) ~Yisec(um)y¥ ™% exp (X% y?)
Rev>-Y% X[Dzv—l(y)—Dzv—l(-y)]
(2) | x¥ 7% exp(-¥%x?) y? 7% exp(-Y%y?)
x} [1 2 cos (vm)] Dzv_| (x) x}[1 = 2cos(vn)] DZV_‘ (y)
D,,_, x) Rev>-% D,, _,(-y}
(3) | V7% exp(=¥%x?) —y¥ % exp(-Y%y?)
x| [1 + 2cos (vm)] Dzv-! (%) x 1 [1+ 2cos (vr)] Dzv—x (y)
D,y o2l Re v>-% D,, ¥y}
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Parabolic cylinder functions (cont’d)
f(x) fowf(x) Jy(xy)(xy)% dx y >0
@) | x¥7% exp (4 x2) D, ;x) 2%V sin (v) I'(20) y # 7Y

- <Rev<k

x exp (4 v2?) KV(%yz)

larga| < 47, Rev>-%

(5) | x¥ #exp(=¥%x?) D, &) Yosec(vm) exp(=Y%y?) y?t*
Rev>-% x[DzV(y)+D2V(—y)]
6) | x¥*% exp(=%x?) y”'+% exp(=%vy?)
x1[1 + 2cos (vm)] D, &) {1 + 2cos (vm)] D, (x)
=D, ., =2} Rev>-% +D,, -2
(7) | ¥ 7% exp(=Y%x?) —y?t% exp(=Y%y?)
x 1 [1 = 2cos(vm)] D, 1 &) x}[1- 2cos(v1r)]D2v(y)
—Dzv“(—x)} Rev>-% +DZV(—y)}
8) | x¥7* exp(-%4x?)D_, (x) 27% 7% %V exp (=% y?) I,Ciy?
Re v>-%
9 | x* % exp (4x*) D _, , (x) y* 7 expliy®)D_,, ()
Rev>-%
10) x* % exp4x*)D_,,_, (x) Qu+ D)™y exp Uiy ?)D_, bt &)
Rev>-%
, 2;1--% r 1 v+}%
()| x¥ 7% exp (-4 a?x DD, (ax) kb

I'(yv—p+1) o' 27

1 y?
e V+§; v—p+l; - P
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Parabolic cylinder functions (cont’d)
f(x) fom f(x) Jv(xy)(xyv)% dx y>0
. I'%+v) a? 27tH
(12)| xV*% exp(%azxz)l)z#(ax) T s )y o exp(
larga| < % n
~%<Rev<Re(i-24)| _p (y )
k,m 2&2
2k=Y+p-v, 2m=Y%+p+v
(13)| x¥* % exp (=% x2) D, () Yosec (va) y¥ ™% exp(=Y%y?)
Rev>-1|( xID,,,, »)-D,, 4, 3]
(14)| xV* exp (% x?) y¥ "% exp (% y?)
x![1+2cos(vn)]D2y(x) x[1 + 2cos(w‘r)]Dw,H (y)
DZV(—x)} Rev>-1 DZVH(—y)}
15)| x¥** exp(-Y%x?) —y V% exp(=%y?)
x1[1-2cos(wm]D,  (x) Xl[l-—-QCos(Vﬂ)]DzyH()’)
Dzv(-—x)f Rev>-1 Dzvﬂ(—y)}
(16)| x¥*% exp(=Y%x?) Dzv+2(x) —Ysec (Vﬂ))’y+% exp(=Y%y?)
Re v>-1 X[Dzy+z(7)+Dzy+z(—y')]
(17)| x¥**% exp(-% x?) yV*% exp (=% y?)
x{[1 =2 cos (v)] D, %) x{[l—200s(vn)]DzV+z(y)
+D, ., %) Rev>-1| +D, . (~y)}
(18)| x*** A exp(=%x?) —y’”x exp(-%y?)
x1[1+2cos(mlD, ., &) xt[1 +2coswmlD,, ., ¥)
+D, ., x) Rev>-1| +D, ., (-y)}
(19)| x¥*# exp (42 1Dy, sk%) 7 'sin(vr)[(2v+3)y V372

-1<Rev<-=5/6

xexp (ay K ., Ciy?)
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Parabolic cylinder functions (cont’d)
fx) f:of(x*) Jv(xy)(xy)% dx y >0
(20)| x¥*% exp (4 x?) D_,, ) @uv+1)y? % exp(4y?) D_,, .,
Rev>-%
(21) xv+%exp(—‘4x2) D—zv—a (x) o=1/2 172 y_y-alzexp(—%yz)
Rev>-1 xIVﬂ(‘/;yz)
(22)| x¥** expUx®)D_, . (x) y*™% expCiy)D_,,_. ()
Rev>-1
2T (v+3/2) yv+%
+y 2,2
(23) x™"* exp (-4 a*x*) D, (ax) T (= pe3/2) 4277
largal < %4m Rerv>-1 N 5 B
Y
x IF‘l <V+2—; V'—/.L+§; —'2—a-z>
F(3/2+V) 2%+m+y_ a2k+l
(24)| x¥** exp (% a?x?) D, (ax) Ty #7572
largal < % m 2' 5
-1<Rev<-%-2R e/ Y
ev 2 en xexp(4az> Wk"'<2a2>
2k=p-v-1, 2m=p+v+1
2—«:—31//2 1/2 F(2b) v+i1/2
@5)| x N exp(—%azxz)D#(ax) = 4

larga| < 4w

Re(\ + v)>-3/2

e+ Te+%) a2

1 1 y?
X, b,b+§;v+1,c+§; —2a2—

2b=A+v+3/2, 2c=A-p+3/2
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Parabolic cylinder functions (cont’d)
f @) I @) J, ey) Gey) dx y >0
QA% u=Y =%
(26) x.}\exp(%azxz)D (ax) = = aa
K '~y
|arg a] <%m |
Re p <—Re A <Re v+ 3/2 e |
vz X .
28\ 2423 A+v L3 A-v
—t———, —+
4 2 24 2
(27) D_.A_V(aezﬂix%) 27V Al w+2)]7! y'”'%
x D_%_V(ae'%ﬂ"x%) x(a2+2y) % [(a?+2y)% - a]?¥
Rea>0, Rev>-%
(28)| x =% D_, _V(ae’“"'x'%) 2% 72 [T (v+%)]7" y7!
x D_%_v(ae"%"ix_%) x exp[—a(2y)%]
Rea>0, Rev>-%
8.17. Gauss’ hypergeometric function
1) | x 2atv=% ilr%+a) " HB+a+v) —pr=aja
e 8 (a—v-%,a;2a;—A%x?) Rk g2 et
)
Rev<-%, ReA>0 Wy s y/)
Re(a+v)>-% ’ .
x[W%_a._%_u(e Yy /X)
~Wyea, =y e 9/ M)]
s
) p2a-v-Y 227" (L + a) —
2.2 AT (2) )’
x B (v+ta-Y%, a; 2a;-A%x?)
Rea>-%, Rev>% XMa,-%,v—%(y/)\)W‘A—a., y=¥ (y/XN)

ReA>0
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Gauss’ hypergeometric function (cont’d)

fx)

f:cf(x)rfy(xy)(xyr)% dx y>0

(3)

x V% ol (a, B3 v+1;-A%?)
-1<Rev
< 2max (Re a, Re B) — 3/2
Re A> 0

2vaB2 ' (y41)
2B (@B 7
x K, _gy/N)

atfB-v-3/2

(4)

x”“AzF'[a, B; %(B+v)+1; - x 2]

—-1<Rev
< 2max(Re a, ReB) — 3/2

C®%B+%v+l) 4B %

"'A l"(a)I‘(B‘) 98-1 AVHBH

y 2
< [Kyo-pen) (ﬁ)]

(5)

LV 2F1 (a,B;y;—)\zxZ)
-1<Rev
< 2max (Re a, ReB) - 3/2
ReA>0

2v+| F(y)
TOTIE

2
Y
><Gz:<;A2

-v=3/2

¥
v+l, a, B

(6)

xS—% ZFI (a,B;y;—)\zxz)
—Rev—-1<Red
< 2max (Rea, ReB) - %
Re A>0

T@T@

28 F(y) —5-y

31
xGu

(al oL
AN%|1+8+v 1+86-v
a

/

Yy 4

2 2

(7

x—-za—a/'z

(1 i . 4\?
F\-+ta l+a;l+la;——
X2\ 9 2

Rev>-1, ReA>0

Rea>-%

ATy R T A Ky ()

(8)

P 1
xV 4at+¥

><2F| (aya+Y%;v+1;-A%x72)
Rea-1<Rev<4Rea-3/2
ReA >0

')
I'2a)
xK i

2a-y-—

2v)\! —2a‘y2a-v~‘é Iv(% )\y)

, Gary)

i
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4x. :’
"(14x)?

—-1<Rev<2Rea-3/2

1
¥ F l:a,u+-2—;2v+ L

8.17
Gauss’ hypergeometric function (cont’d)
fx) f:o f ) J (xy) (xy)% dx y >0
5 28 (y) i
(9) | 7% ,F (@ B;y;~-A%x7?) ey O
()
-1-Rev-2min(Re a, Re 3) - l-q,1-8
<Reds<-% <G 2 ATy ’
ReA>0 04 [1+8+v 1+86-v
s Uy LY,
(10) V4 (1+x)"2@ Fw+DTI (v-a+1l) 2v—2a+1

I' (a)

Xy 2a—-2py-3/2 Jy (x)

8.18. Confluent hypergeometric functions

(1) | x7 " exp(=¥x%) (2v+1)2-”y”_% Erfc (%)
<Myt vy &)
Rev>-%
F( 2) v+Y4%
(2)] x ™% exp(-%=x?) it

1
Tora/zr ety

xM
VoL,

(%x?)
Rev>-Y%

XMy g, ey @°)
Rev>-1
(3) | x2# ¥ i exp (-% x2) y 2V hexp (-4 y?)
XMau-vHé.u(l/zxz) XM3#_V+%'#(1/2y2)
Rep>-%, Re(@pu-v)>-%
) reu+1
(4) xv—zu—éexp(_%xz) ( pt )

s ki Y o | Y 2
e | PR

xDZV_‘u(y)




8.18 HANKEL TRANSFORMS 83
Confluent hypergeometric functions (cont’d)
f(x) fomf(x)Jy(xy)(xy)% dx y >0
_—re F({)Il*'l) &4
(5) | xV72#7% exp (- Y% x?) [(+3/2) ovAF y¥* % exp (% y?)
x MV__#“'#(%xz)
Rev> -1 xnzv—auﬂ(y)
(6) M exp(-%x?) 7 A9 sktv/3) —F(2#+1) A+2p
'dp-v)
X M>\-+M- /)_xz)
A=2pu-v-% xexp(—%yz)K)\(%yz)

-1 <Rev<4Re p

- 27 KM(w+1) ,
7) | x7% exp(=%x?) g 8%
Wl | exp (/x 2 F(K+/zv+l/z)y
b K %v 2%
x exp (=%
Rew%=1, Rex<Y A
%4 -K+3u-v)
" _ '2up+l)2 K
(8) exp(-x ) ~ (1 1=-K+u
<M, (l/ %) i ta=phrey
2% 2 2
—/z<Rey<Re(K+ V) - xexp (=ly*) M 5(/2y )
2a— 4+ K+ 3pu—v
2B=-Y+Kk—-p+v
(9) L 2 =Y exp(—l/ ) 2%(‘/1—K-3u.+v) F(2#+ 1) K+p=1
(Y x2) I (p+k+%)
s ,
_1<1z.ev<2ne(,<+u)—‘/: xexp X%y *) W, 50hy?)
2a=k-3p+v+%
2B=k+p-v-%
; I'2u+1) e d
(10) x?'p—/;eXP(—!{.axz)MK,#(axZ) F—(%Z“’y B
72
—-1-Re(2v+p)<Rep<Rex—% 4 u Yoru
Rea>0

‘e Vi, ¥
XGZZ; 1
& 1/2*p+/‘V,K,/w+p

/ZV
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Confluent hypergeometric functions (cont’d)
fx) I &) T, Gey) (ey)* dxc y>0
(11)| x¥72+7% exp (- % x?) ah VT3 Y VR oy (Y% y 2)
X Wsu—v—%,iu(%xz) = Iv-'z,u+% (%yz)
Rev>-1, Re(v-2p)>-1
(12)| #7724 % exp (4 x2) oot guman LI V220 oy
Frdu-v)
/4 Y x?
# V"‘3y,+%,ip,(/2x ) i B 5
Rev>-1, Re(v-2p)>-1 x exp (4y )Kv-zu.’r%(l/‘y )
Re(Bv-8u)<-3/2
(13)| x¥247% exp (4 x?) y V" R exp Yy ?)
2 2
xwau—v-%.iu(%x ) >4 WB/J.-V-VZ,iy_(%y )
Rev>-1, Re(v—-2p)>-1
Re(v—-4p)>-%
e ) PQ+v-2p) o o,
(14)] x¥V ™24 exp(-Y%x ) Sllweeb i | o /3#y ©
v (x?) ra+2p)
X Wy, 1\ 2% .2 2
’ x Y%y M (Gy?)
Rev>-1, Re(yv-2p)>-1 XpAY G"B( =¥
2a=Y+k+v-3pu
2B=Y%—k+v-—p
1 F(1+V_2[L) Y
(15 o %4 x?) 2A(A tK=3puty ), pu=K=1
) Pis %+ p—«) ¥

x WK'i#(%xz)
Rev>-1, Re(v-2p)>-1
Re(k —p+ %v)<-4%

<exp iy ?) W, 5(ay?)
2a=k+3pu-v-%
2B=k—-p+v+h
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Confluent hypergeometric functions (cont’d)
flx) fomf(x‘) J, Gey) (xy)* dx y >0
16)| x277% oxp (<% ax?) A+ p+/2+p)T A= p+v/2+p)
2 teed Re a> 0 Fw+1)I'(3/2-k+v/2+p)
K,
Re(p tp+ %v)>-1 « 27V =% v—p—k y V4
1 2
X Fz()nu A=y v+1, == A--L>
2 Hy I»l,V ? 2 K+ ’ 4(1
A=1+%v+p
22py—-2p—%
(17)| x2P % exp (Yax?)
. T Ch+ p—r) T Chm =)
xW, u_(ax ) larg a| < 7 . y
-1-Re(v ) %G 2 y_z A=pu b
<Re p<-%-Rexk B \da Yt p+ Y% vy—k, Yot p= Yoo,
=%+ hri '(1+)]?
-y ; : ge [ ¥ —Y-2K
e R e sl Ferrwwer ST e e
a>0, Rev>-1, |Rek|<X4
x(a? —yz)_xi[a+(a2—-yz)%]2K
+la-(a? - y)*]12K} 0<y<a
0 a<y <o
F(V+ 1) |
1 %M ( — e
(19)| = ¥ Ky ax) ar(l/z_%#+%v)y
XW%#,y,y(ax‘) Rev>-1
Rep<%, Rea>0 xla +(a®+y )% (a®+y*)7*
(20) xz“—”"% WK'#(ax)M_K‘#(ax) 22u—v+2Ka2Kyv-2/J.—ZK—%
Repu>-%, Rea>0 'Cu+1)

Re(2p+2xk-v)< 4%

xF(V—K—p.+l/z)

x oF, Ga=iy L=k, Yo= it p;
1-2k, %=—k—p+v;—y?%/ a?)
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Confluent hypergeometric functions (cont’d)

f(x)

f:of(x) Jv(xy)(xy)% dx y >0

220"V=2 (24 1)

(21)| x2P7v-572 W, (ax) v=2p+3/2
bl %
M (ax)# Rea>0 ot T-x4p)
=K, yz 1/290,%-I1,l/2+ﬂ-
Re p>0, Re(p+p)>0 fof‘ =2
Re(2p+2K_V)<5/2 ¢ p_%’_K,K’p’_V_l/é
I g IN'(p=p) T'(2
(22) Zp—v—S/ZW (ax) (P+#) (P #) ( P)
( ) MG+ k+p) T G=—k+p)T (1+0)
_K# ax o y
Rep> |Rey|, Rea>0| X2777'a'72Py¥"
x oF, (py p+ %25 p+ py p— i3
Yo+ k+py Yo—k+py L +v; =y 2/ a?)
2p~v=5/2 14 ( ) 22p-v—2yv—2p+3/2
23 v 1
) = -K'#zax n'/zr(l/z—x+y)r('/z—r<—y)
K.u-(_L ax) Rea>0
Re(2p + 2k — v) <5/2 <Gy 22
p—Yoy =Ky Ky p—v—"5
_ FQ+%v) y*%
@) x> M_, , 4x?) W/_y) T, UyD Ky, Uy
%x?) Rev>-1 AT
¥Xv
I'dl+%v-2y)
=3/2 : D =3k 1/..2
) Macp iy ey 7T ey A0
atB K vty 2¥
Re B3<1/8, Rewv>-1| *Waiy uyspgr?
Re(v—4y)>-2
AT (1+2p) i
26 (Y W_, , (2 ——y A J, (2yP)K, (2y*%
(26) %E“ 2ix 1 %VR'“ /:) . UASTI y 2,(27%) 2y‘( ¥y ™)
ev>-1, epu>-4%
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Confluent hypergeometric functions (cont’d)
fx) I @) T y) (xy) % dx y>0
@D 2% Wy, /Wy, | (2/x) ~4y % sin[(p=t20)ml J, (25%)

Re(v +2p)>-1

+cos [(u=% 1) 7] YZ‘L(Z)' %) Kzu(Zy%)

(28)

xAW_y, \ia/x)
% W_%y'#(—ia/x)
[Reu| <%,

Re a>0
Rev>-1

day AT Ga+ p+ % )T (G- p+ %)™
xK“[(2Lay) ]KM[(—-QHZ)’) ]

(29)

xAM tal(B2+x2)%-B1}

=, K

x W {a[(Bz+x2)%+B]}

M, BV
Re v> -1,
Re a > 0,

Re u<h
Re 8>0

al’(1+v) [(a?+y2)% +a]?#
UG+ Yv—p)y % P21 (a2 4y 2)%

X exp [—ﬁ(a2+y2)y’]

'8.19. Generalized hypergeometric series and miscellaneous functions

2v7ot% ' (a+1) —

+% ’
(1) o 1FI(2a—v;a+1,—l/2xz) m
Rev>-1, Re(da-3v)>%
xexp %y K, ,_, Ciy?
2 a-y F( l+a+v x2> . F( l+a+v y?
- LT . —
1' a’ 2 ’ 2 y " a, 2 2 2
Rea>-%, Rela+v)>-1
. 7 T (1 +v—a)
(3) x”’%_za‘lﬂ(a;1+v-—a;—'/2x2) 2a-v=§

Rea-1<Rev<4Rea-%

926~ V=% T"(gq) ¢

X exp (—%)’Z) Ia_% (‘/ayz)
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Miscellaneous functions (cont’d)
fx) fomf(x)e]v(xy)(xy)y’dx y >0
. 21-aF(B) _
(4) |7 (F (a3 8 = Ax?) T ¥ " e""(sa
—-1<Rev<2Rea-%
ReA>0 yz
Vv, l-—
AW
2k=a=-2B+v+ 2
2p=a-v-1
22,8—2a.—v-11—‘(3)
(5) xZ,B—v—a/z F(a;B;—)\xz) 2a=2B+v+4%
ko I'fa~ B+ v+ 1) X*
0<ReB<¥%+Rela+ %)
Re)\>0 yz
% ‘F1 a;1+a—,8+v;-4)\
" 22°P T (B)
6)| x2P™% F (a; B; —Ax?) ik
I'(a) y2Pt%
—1-Rev<2Rep <% + 2Rea
ReA>0 62 1, B >
><C§_f5 —
g Yot p+Yiv,a, Yo+ p—Yu,
) J
(7 x VA IF(a;B,v+1;-—l/‘x2) M 2a~-v—-3/2
. I'a)I'B -a)
Rev>-1, ReB>Rea>0
x (L—y2)B-a-1 0<y<l1
0 1<y<ew
(8)| ¥4 (L=apmimt 2247V UL (L4 )T (u—v)y V%

Flp+%; 2p+1, p—v;~a(1—=?)]
0<x<1
0 l1<x<oo

Re p>Rev>-1

xd [% (y2+4a?®) % +%y]
xd [ (y2+4a?)% -Y%y]
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Miscellaneous functions (cont’d)
fx) I @) I, (ey) (ey) % dx y >0

(9)

L V172 (1-x 2);1,—3/2

yrp=Er I () a—u—vyvﬂé Uv+u(4a, y)

Xth '2
O0<xx<1l
Rev>-1, Repu>0
(10)| xP~% (1) yP%
p+m+l pdmd1
X2F2<p7 2 9 X 2F2 (p, 2 ;
p—m+l p+v+1_i) p—m+1 P+V+1. _ﬁ)
2 ° 2 °2 R e S
Re(p+v+1)>0, Rep>Y%
Re(p—m+1)>0
(11) | x¥*% Q¥R (o2 YT Lo+ 1)
) %
x F,(a,a+pB,a—p; 7 T(@) I (a+B) T (a-p)
a+l/2,1/+ 1;—x2) a3y ,
R6a>l/2Rey+l/4>_% XY amves [KB(I/ZY)]
[ReB| <Re a— %Re v - 4%
(12)| xv+% 2v+3=2 81 (2B) y2 V-2
x

X Fp(B+ps B—p,2B-v-1;
BsB+Y%;—Y%x?)
[Rep| <Re B—%Rev-Y4%
Rev>-1, Re(4B-3v)>5/2

rB+p'B-prep-v-1)

XKV'H —B+p (y)K‘IJ+1 —/3~p(y)
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Miscellaneous fun

ctions (cont’d)

flx)

fom fG) I, (xy) (xy)* dx

(13)

1
x V%

x F,(a,a+%,2a-v-1;
a+l/2+K,a+l/2—K;—xz)
—1<Rev<2Rea-1/2

Re(4a-3v)>5/2

IMNa+%+k) T (a+%—«k)

v+1
rea)r(2a-v-1)
Xyza—V"S/Z AP (y)
XW—K,a—u-1 (y)

F'(rv+x+ 1) T'(p—k+1) 7172217V

y >0

x JF(a+B,a=B,at+y,a-y;
a,a+%, v+1;—x?)
—1<Rev<2Rea-¥%

[ReB| <Rea-%Rev-4%

(14) xv+% 1 1 =] 1
x oF, (vt Yoy vt Yo tp, vt Yo —p; C+ B T+ %+ T+ %—p)
1+, v+l—k;—x2 B
v+l+k, v+ E,e Vx>)_.l/2 ><yV 3/2 WK'u(}’) W_K.#(y)
|Reu| <%Re v+ %
(15)| »**% 5 [ (w+k+3/2) T (v—k+3/2)n% 277
XSFZ <V+2—7V+1+[1.,V+1—p_; F(V+3/2) F(V+ 1+ #)F(V-"l—ll-)
3 3 > xy V% WK'M(},) W—K,,L(Y)
P T D
v 3 K V+2 K:—%
Rev>-1
|Repu| <% Re v+ %
(16)| »#*4 2V"4a*3 1(20) T (p4+ 1) y 20~ V~3/2

IM'a+B) IM'(@a-B) T(a-y) I'(a+y)
%K g0 Chy) K 5 ()

|Rey| <Rea—-Y%Re v-%
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Miscellaneous functions (cont’d)
fx) I @) I, () () dx y>0
17| v+ I'%+a+k) I'Gra-) T (w+1)
xlpa(a’ a+'/2,a+y,a—u; r(2a)r(a+ﬂ) F(a—#)
1 e & sy
Yo+ a+k,s+a—k;—x?) x2VH g 2a=v=5/2 WK,u(y)W-K,u(y)
—1<Rev<2Rea-¥%
|Rep| <Rea-%Rev-Y%
(18)| 520~ L@, re) 020 =20
prp(a', ey @ F(a‘) . Iﬂ(ap)
B,,...,Bp;—)\xz) ol )2 1,B,,...,Bp
-1-Rev<2Rep<)+2Rea, xc;+|,p+2 Ty .
ReA>0, r=1,..,p ,a,,...,ap,k
h=Y%+p+%hv, k=Y%+p-Y%v
2p . "
(19)| x2P~% 22T (B,) F(lf_.ix
wee P
X.HF.(a',...,a_,H; ) F(ai) 1_‘(a.‘m))'
ﬁp--"B.;_A x 5 1’B1""’B.
Re(2p+v)>-1, ReA>0 <Gntza (Y
Re(p—ar)<l/4’ r=1y---,m+1 kg 4)\2 h’a|!---,a.+lsk
h=%+p+%v, k=%+p-Y%v
@y q oo il 22P
(20) x*P7A G2 (Ax?| T P ) |
P /3,, vees Bq y2p+%
p+q<2(m+n) o h,a',...,ap,k
largA| < (m +n = %p - % q@)n xG;;'fq' —
Re(Bj+p+l/2V)>—l/2 4 B‘,...,Bq
j=15 50 5 7
Re(aj+p)<%, Je=ds sen s h=Y—-p-Y%v, k=Y%-p+Y%v
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Miscellaneous functions (cont’d)
fx) fo‘” () I, Gey) (xy )% dx y>0
21| x¥***" ' [Bla+x,a—x)]"" 0 7<y <oo
—~1<Rev<2a-2r-7/2
I" (1:4+3/2)
(22)| x¥**% Erfc (ax) g = / o (
larga| < %7, Rewv>-1 TG +2) 8a*
M%vi»% Kv+y 4a? >
" '(v+1/2) 2
(23)| x¥™* Erfc (ax) 2% gk v Vh ! exp <_)'_2
|arg al< %7, Rev>-% F(V+3/2) 5 8a
b 4
XM%v-%.%vH( 4a?
(24)| x~~~% LT (x) 2V () y% Y (1-y 2
Repu>-1, -1<Rev<3/2 0<y<1
0 1 < y < o0




CHAPTER IX
Y- TRANSFORMS
We call

LAy = [ f&) Y, (xy) (ey)” dx

the Y-transform of order v of f(x) and regard y as a positive real variable.
The inversion formula 9.1(1) has been given by Titchmarsh (1937,
ps 215). The reciprocal transform is the H-transform (see chapter XI).

From the transform pairs given in this chapter further transform pairs
may be derived by means of the methods indicated in the introduction to
volume I, and also by the general formulas of sec. 9.1. Moreover, Y-
transforms and Hankel transforms are connected by the relation

L (x); ) = cta (wr) § 1 (x); y} = esclwm) §_ Hf (x); ¥

which is an immediate consequence of the relation between Bessel
functions of the first and second kind and may be used to evaluate Y-
transforms by means of the table of Hankel transforms given in chapter

VIII.

REFERENCE

Titchmarsh, E.C., 1937: Introduction to the theory of Fourier integrals, Oxford.
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Y-TRANSFORMS

9.1. General formulas

f(x') fomf(x) Y, (xy) (xy)* dx
= gly; v) y>0
(| J T5) 0 (vy)(xy)” dy g®)

- <Rev<h

=i

(2) | flax) a>0 [a "gla " y;v)
1 - d " 1
(3)] x™ fx) m =0, 1, 2, eee y ATV <——> [yV—/’+’"g(y; v+m)l
y dy
wio 4\
(| =™ f(x) m=0,1,2, 0 | D"y
y dy
x by 7T g by v = m)l
6G)| 2vxT" fx) ygly; v=1D+ygly; v+ 1)
(6)| 2v fx) =" ygly; v+ 1)

—w+ W) ygly; v=-1)
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General formulas (cont’d)
f&) Jo 1) Y, (xy) (xy)* dx
=gly; v) y>0
Y=v d " m
(7) | = y" gly; v+m)
x dx
x[xV** 7% f(x)]
me= 0, L 2, e
% +v d ! n
(8) | x =" gly; v=—m)
x dx
x [x* 7% f(x))
m = 0, 1, 2, see
©) | x%7V [F Evr¥E (2 - g2t | 2T (W y THg iy v - )
(o]
x f(&) d&
Rev+3/2>Rep>0
(10)| x ™ f(x) LAl )
Rep>0, Rev>-3/2 ijn%—u—zz(nz_yz)p,—l
xgn; v+ p)dny
9.2, Algebraic functions and powers with an arbitrary index
fx) I7 @) Y, Gy) (ey)” dx y>0
( [« ~1<Rev<1l| —tan(Yvn) y ™%
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Algebraic functions (cont’d)
fx) Jo @) Yv(xy)(xy)% dx y>0
@21 o O<x<a —aVHy_% Y, (ay)
x5t a<x<oo
Re v<-%
(3) | 2+ |Rev| -3/2<p<0 | 2% e [%(v + %= p)aly T
DG+ v+ %ap)
x
D04+ %v =%y
@/ o O<x<a | ay™ Y, (ay) S,y (ay)
m
x a <x < oo —(p+v—’/z)YV(ay)
Re ‘u<0 xsu_%,v—‘(ay)]
G| 2+ a) my”% esc(vr) (E,(ay)+Y, (ay) ]
larga| <7, —-1<Rev<1l| +2ctnlvnm) [Ju(ay)—J;(ay)]
v£0, + %
©) | x" #x+a)! larga| <7 | =2 77 a¥y AT + 1)
-1/2<Rev<3/2 xS_V_i,v(ay)
(D x7 % (x + a)! largal <7 | @ ¥y %1% tan(vm) LY, (ay)

-3/2<Rev<1/2

-H_(ay)] -2""" 77" cos(vn)
xI'(1=1v) Sv_‘_v(ay)f
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Algebraic functions (cont’d)

f(x)

T @) Y, ay) ey V¥ y>0

(8)

% (x + )"

Re(p tv)>-1,

larga| <7
Re p<3/2

(2ay 7" 4%
xisinllam (=T (%+ Y% p+ Y% v)
xI'Ce+ ap-Y%0v)S_, (ay)
—2cos hr(p—)IT 1+ Yop+ %v)
x I'(1+ Yap = Vo) S (ay)}

-pu=1,v

(9)

x—%(x —a)~"

a>0,

-1<Rev<l

7y % {etn (vrr) Y, (ay) + E (ay)]
+ Jv(ay) + 2[ctn (vmr)]?
x [J(ay) = J (ay)}}

The integral is a Cauchy
Principal Value.

(10)

xv—% (x — a)—!

a>0, -1/2<Rev<3/2

avy% [ Jv(ay)— o2t 7V D e 1)
x S (ay)]

s Il I V]

The integral is a Cauchy
Principal Value.

(11)

x—v-‘A (x —a)™!

a>0, -3/2<Rev<l/2

a_vyl/2 {% m tan (vm) [Hv(ay)
=Y, (ay)]+ 7 J(ay)
-2""" 77" cos () ' (1-v)
x SV_1’V(ay)}

The integral is a Cauchy
Principal Value.
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Algebraic functions (cont’d)

f ) Jo @) Y, ) ) idx y >0
(12)| x* % (x - a) ™" a>0 |maty* J (ay) - (2ay*n " y*
Re(u £v)>-1, Rep>3/2 s bt (o e v)JF(/2+/2,L+,2V)
XF(/z-#-/zu—/zV)S_#'v(ay)

+ 2 cos [am(p—v)] T (1 + Yop+ Yov)
x T'(1+ Yap=Yaw) S (ay)}

-u=1,v

The integral is a Cauchy
Principal Value.

Y%
(13) x-/z (x2+ az)-l Y [__ tan(—)%(a)’)
Rea>0, —-1<Rew<1 |C€0S e
1 y sin (Javm)
- K (ay) + S
2 2
%o B, (1;3-1/’ 3+V;a y \]
2 2 a4/
(14)| x¥ % (x% + a?)™! —g ! yl/’ K, (ay)
Rea>0, -1/2<Rev<5/2
(15) xVT2(2 4 a?)™! o’ y% KV(ay)
Rea>0, -=3/2<Rev<1/2
(16)| x 7V % (x? + a?)”! Rea>0 |a™ " y%{Y% 7 tan(vr) [L J(ay)

-5/2<Re v<1/2

- I (ay)]-sec(vn) K (ay)}
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Algebraic functions (cont’d)

f(x) Jo &)Y, @) ) Edx x>0

(17| x* ¥ (x?2 + a®)™! Rea>0 | 2#73 57! ys/z_“ cos 2 (p—v)]
|Rev| <Re p<7/2 | .1 G+ Yow—1) T (U= Yov— 1)

2 2
x F (L2222 o ¥ 27
2 2 4

/ =2
- Yot 1/2

y % escllam(p+v)]
x ctn [ 7 (p=2)] I (ay)
= gt 2 y'/z esclam(p—v)] Ky(ay)

(18) x % (x? + a?)™%

=iV y% sec(%vm) K./zy(l/zay)
Rea>0, —-1<Rev<l x[K%V(‘/éay)+nsin(}gyn)

x I, Caay)l

(19)] x%*¥(x? + a®)* Re a0

2¥7 7T aPPP (L4 )T () y R
-1<Rev<-2Reyp

x F (13 1-v, 24p; % a®y?)

— 2H gV (inum) ! I'(p+1)
g

Xy #[Iu+y+‘(ay)

—2cos(pm) K, (ay)]

(20) x%# ¥ (x? + a?)* Re a>0 | 2# gt V! y AR g
A+2Re p<Re WL | PGB TGIL, )

= 2escm) [ WITK, - (ay)}

T ctn(wr)yyzhj

¥ (34 1) Dirg 1)

cos (vm)

x F(Lv+l, p+2; Ya®y?)
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Algebraic functions (cont’d)
f(x) f:o fx) Yv(xy) (xy)l/’ dx y>0
@D x % @x?-a?)"" Yima™! y%[Jv(ay)
a>0, —1<Rev<1 +tan(l/2Vﬁ)itan(l/gVﬂ)[JV(ay)
-J,(ay)]l - E (ay) - Y, (ay)}]
The integral is a Cauchy
Principal Value.
(22)| 2" 7# (x* - a®)™" Yma¥™' y% J (ay)

a>0, —1/2<Rev <5/2

The integral is a Cauchy
Principal Value.

(23)

v+¥% (xz _ aZ)—I

-1 <Rev<3/2

x

a>0,

Ym a"y% J, (ay)
- ¥ T P 1) avy%
xs-v—l,v(ay)

The integral is a Cauchy
Principal Value.

(24)

% (g - a?)"!

-5/2<Rev<1/2

x
a>0,

—u-1
Y“Yma™

+ sin(v7) H (ay)]

y% sec (vr) [J_V(ay)

The integral is a Cauchy
Principal Value

(25)

xH3/2 (x 2

a>0,

_ a2)—l

|[Rev| <Re u<7/2

Yom ah™2 4% J, (ay)

+ 2871 77 a#T2 Rk cos[ Y (p-v)]

f r—v pt+v
xI( = )F( 5 )S‘_u.v(ay)

The integral is a Cauchy

Principal Value
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Algebraic functions (cont’d)
f(x) _j:cf(x) Yv(xy)(xy)% dx y>0
(26)| x % (a2 = x?)7% O0<x<a | Y%ay™ J Chay) Y, (say)
0 a<x<oo
v=20
27| 0 O<x<a %ﬂy%i[z]%v(l/éay)]z
x A (x? —a®)™* a<x<oo -y, (2ay)]?}
(28)] x¥*% (a2 — x2)7% O<x<a | 4a)% a¥*% cscvn)
0 a<x <o x [cos (vm) J,,,,, (ay)
Rev>-1 —H—v-% (y)]
(29) 0 O0<x<a | 4m)% a?*" Jv+% (ay)
(2 -a?) ™ a<ax<w
Rev<%
(30)| x% ¥(@a?-x»)"% O0<x<a (‘/zn)%a%_victn(w)[lly_%(ay)
a<x<e | -V _,(ay)-J, _, )}
Rev<1
BD| x4 @?-x)"% O0<x<a | 2¥ ' n¥% az”y%_vl—‘(v+ %)
a<x <o | xJ,(Gay) Y, (hay)
Rev>-Y%
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Algebraic functions (cont’d)
f@) IS @ Y, ) ) dx ¥ >0
(32)| 0 O<x<a | 2V 2 4% a?’y V(v + %)
2V H(x?—a?)Vh a<x<w x [, (Y2 ay) J_, (eay)
-%<Rev<h - Y, (zay) Y_, (ay)]
33)] 0 0<x<a | 2¥a %y 5 VI (v+%) sin (ay)
A V(x2-a?)’% a<x<w
-Y%<Rev<kh
(34)| 0 O<x<a | 27V72 g% a-zvy’”% ré:-v)
x V% (x? = g2) VK x AL, Caay)]? - [¥ (% ay)1?}
a<x <o
-%<Rev<k
@5)| x”**(a? = x®*  O<x<a | afH TR QR (e 1)
0 a<x <oo xY#+v+,(ay)+2y+'n_'1_'(v+l)
Rep>-1, Rev>-1 xSu_V’l”V“(ay)]
(36)| 0 O<x<a —2“a“+y+'y~”_%l—‘(u+1)
xv+%(x2_az)/_4, & Lo

-2<2Rep<-%-Rev

x [sin(pm) J 4,4, (ay)

+cos(um) ¥, ., (ay)]
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Algebraic functions (cont’d)
f(x) fo fx) Yy(xy)(xy)% dx y >0
(37) x%—v(az—xz)“ O0<x<a ah~vH y-“_’g 2" 77! cos(vm)
a<x <o xP(A=v)s o, pa (@)
Bey>—1, Rev< 1 —2#CSC(V77)I_‘(/,L+1)
& J/,r-v+| (ay)]
(38)| 0 O<w<a | 22aWVH B8 Py 4 1)
x %7V (x2 — a?)# a<x<o R ¥ e gy (8)

-1<Rep<hRev-%

(39)| xHVHALTE (x4 4 g )R see Watson, G.N., 1922:
Bessel Functions, p. 432,
Cambridge.

(40)| x ™% (x2 + a?)7% a* y* [ctn (vir) I%M./W(‘/zay)

x [(x2 + az)% —x]#

Rea>0, Repu>-3/2
-1<Rev<l

x Ky oy, Uaay)
— csc(vm) I%“_%V(%ay)

x Ky 4y, (hay)l

(41)

x % (x? + @)%
xH(x? + a®)” + x]*

+ [(x2 + a?)® = x]#} v=0
-3/2<Re p<3/2

277" a#y* cos (% pm)
x [K,, ,(Chay))?
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Algebraic functions (cont’d)
fx) f:o f(x) Yy(xy)(xy)%dx y >0
(42)| x 7% (x% + a®) ™% g ! g% W_, o (ay)
x [(® + a®)* - o] s+ %v+k)
Rea>0, |Rev|<%+Rek x4 ——  tan[(w —k)nl
I'e+1)
xM y(ay) + sec[(av - k) 7]
xW, y,(ay)
(43)| 0 O<x<a ‘/na“y%[c]%y,,% (Yay)
x_% (xz_az)-x AV-A#(/zay) %v.,,%#(l/zay)
xilx + (x2 - a?) x Yy oy, Usay)]
+[x - (22 - a®*1¥}
a<x <oo
-3/2<Re p<3/2
9.3. Other elementary functions
(1) [z % e y (2 + a®)™* csclum)
Rea>0, —-1<Rev<l xty¥[ly? + a®)* + al™¥cos (vn)
_y'V[(yZ + aZ)% + al?}
(2) | ah R g =277 "' T (p+v)y % (y2 +a2) %K
a>0, Rep>|Rev|

x QoY la(y? + a®)™*]
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Elementary functions (cont’d)
) I @ Y, ey ds y>0
G 2
(3) | x™# ™ __(ny) exp ( )
Rea>0, -1<Rev<l
% [tan— 1, ( )
8a
oonee Sk (5]
7  sec — K,
2 " A¥\ 8a
1, - 2 == P
(4) | 2% g% —a Aty Tk sec[B(v—p) 7]
Rea>0, Rep>|Rev|-1 ( yz)
X exp \ ——
8a
(s + Yap + Wav) '
in (0
{ T a0 sin [(v—p)7]
"
M‘“"“(U)
y?
+W,/zu'%v <?>}
(5)| x™¥2e 0/ Rea>0 2yy2 Yv[(2ay)%]KV[(2 ay)%]
6)| x #(x2+BH7H —y* sec(Y%vm)
x exp[-a(x?+ B 7#) XK%V{%B[(y2+a2)%+a]}
Rea>0, BRepB>0 -1 i 2 2%
“VcRev<1| < KRBT a®)t-all

+ sin (% vrr)

I, W5 BIG2 + a®% - alh)
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Elementary functions (cont’d)
f(x) f:of(x) | () xy)fdx  y>0
(D ™% sin ax? ( ) ( >
a>0, -3<Rev<3
[ ( _3v+1 )
s
y? fy? v-1
XJ%u e — sin Ta+ ~ m
y?
(32 ]
, 1 .
(8) x % cos ax? —<2> sc(un)
4 \a 2
a>0, -1<Rev<l
[ ( 3u+1)
sin w
y? y? wv-1
xJ%V -y + eos E‘F w
2
Y
¥ —
: A”(Ba >:|
) | x7%(a® —x*7* Hry® Y5 Wally® + 52)% + bl
: 2 2\% }
x sin[b(a® —x?)%*] _%ﬂy% J;yi'/za[(y2+bz)”$ —bl}
O<x<a
—x % (x2 a?)™%
x exp[-b%(x? - a?)*]
a<x <oo
6>0, —-1<Rev<l

For other transforms containing trigonometric functions see the
tables of Fourier transforms.
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9.4. Higher transcendental functions
fx) Jof@ Y, )y dx y >0
M| x*P(1-2x3  0<x<1 [a7"y7%[S, , ()+nY, ,, )]
1 <x <o
n=0,1,2, s, v=0
I'(3/2- I"@3/2-
(2) | &V 7220 D) T (g, 22) | (=1)" L F+;+n) e
. y 21T = p)
n integer
Re(v —p+n)>-3/2 y? ' y?
Re(-—y+n)>—3/2 A CXp 8_ W#"'Av—n"l,%v 2
Rev<¥%—2n
a %
@3)| o 0<x<a (2)' ) [cos C2ay) J (aay)
P._,(a""x) a<x <o
weR -sin(2ay) Y, (kay)]
Re v < %
4)]| o O<x<a |27%2 n'/za'_”‘y“[Ju(l/zay)
x M (x? - az)—%"Pﬁ_% (x/a) * Ju—% (ray) - Y, Caay)
a<x<oo x Y, _y (hay)]
-4 <Rep<1
Re(2u-v)>-%
B)| o O<x<a |n%2v? ay%—y[J‘”% (Y2ay)
(2 — a)hv¥ PZ""(2a_2x2—1) xd_,y Cray) - Y, 4y Cray)
a<x<oo XY_#_.A(l/zay)]
Rev>-4%

Re v+ |2Re p + 1| < 3/2
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Higher transcendental functions (cont’d)

fx)

f:o f() Y, (xy) @y) dx 5y >0

(6)

e Jﬂ(ax)

see under Mellin transforms

(7)

sin ax J,,, (ax)
a>0, Rev>-3/2

(7 cos )% (2a sin6)™"
x cos [(v + 1) 6]

y=2acos 0, 0<60<Wn
0 2a<y <

(8)

xv+‘/€ [Jv(ax)]z

0 0<y<2a

a>0, -V<Rev<kh gL 2 ) ,
S y—v—A(y2_4a2)-v-A
T (- v)
2a <y < o0
% 2
y ¥
9) | x* J,, fax?) r [y‘ ( )
%y da Yv 4a
a>0, Rev>-1
2
i ¥
—tan| — ) J,
( 2 > A <4a )
2
Ly ¥
+sec| —) H_,
( 2 ) i (4a >]
2
(10) x*2 Jy,_y, (ax®) a2y Iy (%T)

a>0, Rev>-3/2
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Higher transcendental functions (cont’d)
f(x) fomf(x) Y, (xy) (xy)% dx y>0
" 5 " y% sec (4 vm)
(1| x J%V(ax )J_%V(ax ) %a [1+ 2 cos (%vm)]
a>0, —-2<Rev<2

2 2
y N
x [J%V <.1—6:>] +2sin (4 vm)
2 2
Yy Y
J —
) "’“(16«:) Y"”(ma)
2 2
_ [Y%v(y )] }
16 a

a >0, -3/2 <Rev<1/2

(12)] 7% J,(a?x™") y % [YZV(Zay%)
a>0, -1/2<Rev<3/2 27V K (2ay%)]
2y
(13) ™2 J,(a® ™" a”? y% [Y,,(2ay*)
>0, =kc< ! - )
a “n<Rev<h —9g™! sz(zayé)]
_IA - - 1
(14) x™# ¥, (@*x™") —y %, (2ay*)
a>0, -V<Rev<kh
(15)} 572 Yv(a2 x ') L Jzy(2ay%)
a>0, -Y%<Rev<y
(16)| x™*2 Y, (a® 27" a7 Jd,,., (2ay%)
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9.4 Y-TRANSFORMS
Higher transcendental functions (cont’d)
f &) ST Y, ) ey dx y >0
2
% a a
(A7) J,pmy (ax™) ETEa “-y-'(4y )
a>0, Rev>-%
-% % -% a’
(18)|x™" J, (ax"*) = H,,(4y )
a>0, Rev>-%
. : a?’
(19) x4 Yzy(axA) 1/2},-4 sec (vmr) J_V (4 )
a>0, -%<Rev<k . y
a
+ csc(vr) H_ (-—
v 4y
a?
-2 ctn(2vn) H,(—
4y
(20) xv+2n'% (xZ +)\2)°1 (_1)n+l )\V+2n-' y% KV ()\y)

2 2\=% L
otk i x (A% = a®) 4T [B(A2=a?)%]
xJu[b(xz+a2)A] b>0

ReA>0, 5=0,1,2 v y>b
-Vi—n <Rep<3-2n+Rev
21)] 0 O<x<a | =277 gutvt b‘“y"ﬂ cos (vrr)
xv+’/;(x2_a2)%/.l. x(bz_yZ)—%(/,l,+u+l)
xJu[b(xz_aZ)A] a<x<oo XK‘“,V“[a(bz—yz)%]
b>0 0<y<b
—-1<Rep<-Rev
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9.4

Higher transcendental functions (cont’d)

Rea>0, —-1<Rev<l

f() f 0°°f(x) Y, (ey) y)% dx  y >0
(22)| 0 O<x<a | —a*t* pryvri(y2_p2)Thltvin
XV (2 g2)hK x tsin () Jﬂwﬂ[a(yz—bz)yz]
XJ#[b(xz_az)%]a<x<00 +COS(}L7T) YM+V+‘[a(y2—‘b2)%]}
b>0 b<y<o
—-1<Re p<-Rev
(23)| 0 O<x<a | =95 gt~ vt b“y%"’
x%—v(xz—az)%“ x(bZ_yZ)—%(u—v+l)
xJ [bx*=a?* a<x<o x K, e la?—yH%] 0<y<b
b>0, —-1<Rep<Rev
(24)| 0 O<x<a gk~vHi buy%—V(yz _ bz)%(y—,,,—”
27V (52 - g2)%p XYV_M_,[a(yz—bz)] b<y<o
xd, [b(x*-a)*] a<x<w
b>0, —-1<Rep<Rev
(25) x* K%V(axz)

% 2
Ty y
T [csc(Vﬂ)L_%P<4a )
2
Y
—ctn(vr) L )
n %V(4a
2
y
—ta (l/ )Il )
n (vm AV(4a
y? )]
da

-7 " sec(Y4vn) Ky, <
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Higher transcendental functions (cont’d)
i %
fx) fo f) Y, (xy)(xy)*dx 5 >0
. y® y*
(26)[x™* exp(4ax?) K (s ax?) ~Yima A y* exP( )K ( )
8a °\8a
v=0
) n_% T v _9 2
27| %7 exp (b ax?) — %[sz 2#))]
xK#(‘/zaxz) g -
2 2
v=0, -%<Rep<h xexp(; >Wz#,o(y )
a 4a
(28)| x7*% Kv(ax-') —2y-% [sin (3 vm/2) kerzy(2a%y%)
1
Rea>0, -%A<Rev<k | | cos(3um/2)kei,, (2a% y¥)]
(29)| x™¥2 K _(ax™") 2a™" y* [sin 3mv/2) kei, (2a% y %)
Rea>0, -5/2<Rev<5/2 = cos (3m//2) kerzv(2a%y%)]
(30) x_szV_,A (ax™") (2m)% ak7V yvH sz_'[(2ay)%]
Rea>0, Rev>1/6 xK;o o [(2ay)%]
(31| x~2¥"2 K, (ax™) (2m)% @ %=V y %ty Y, [(2ay)*]
Rea>0, Rev>-Y% szv[(2ay)%]
@) x* 2K,y (ax™") (%m)% esc(vm)a® % y %Y
Rea>0, Rev<y xKZV[(2ay)%]iJZV[(2ay)%]
-J_, [(2ay)*}}
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Higher transcendental functions (cont’d)
f(x) f:o f) Y, (xy)(xy)%dx ¥y >0
(33)] x7* [K“(azx"')]2 my 4 [cos(p.n)e]zu(Zay%)
largal < lam - sin(pm) Y2#(2ay%)]
-%<Rep<h, v=0
y az
(34)| x7% sz(ax’é) ~Ymy ™" [sec(vn) s <4 )
Rea>0, -%<Rev<k ¥
ot
—csc(wr) B_,
4y
2.
a
+2 csc(2vn) H, ( )]
4y
(35)| x¥ 7% Jw_,(ax%) sz_,(ax%) TV p¥ g2Vt y 2% csc (vrr)
|argal < Jam, Rewv>0
2y>— = ‘<2y ;]
(36)| x7* H _, (ax) —g¥! g %Y O<y<a
a>0, -Y%<Rev<!k [0 a<y<oo
; :)V+1-}J.yl/+%
(37) gV YA H (ax) (a2 = 2)u—v—1
H KT (= v) 4
a>0, Re p >Re v
-3/2<Rewv<1/2 0<y<a
0 a<y <o
(38) x_S/zS_V_a'v(azx-') Rea>0 | 727772 g72 o % . 4 2ay*)
—3/2<R6V<1/2 X[I‘(V+2)]_,
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Higher transcendental functions (cont’d)

f(x)

fow f(x) Y, (xy) (xy)* dx y >0

-

%

exp (4 a® x?)

xDy .,y (ax)

largal <% m
-1/2 <Re v < 2/3

’| ZVV"“V = “A I (V+ 1)

Xexp( ) —A'u-/z Av(z z)

DV_% (ax™*%) D—v-% (@ax ™)

larga| < 4w

y ™" exp(-ay*)
Y (v =%)nl

X sin [ay% -

v-

xM

exp(= % x?)

Y (4x?) m integer
Re(ZK— v)>-m>-1

Rev>m-3/2

(~1y* g%¥%2 T{(3/0 —m)

Yy 2y
T(3/4 + k- m/2) ")

x exp (-%y?) Wa,ﬁ(l/zyz)

a=«k/2+m/A4+v/2+5/8
B=«k/2+m/4-v/2-3/8
A=k/2+m/4-5/8

=m

xM

m integer,

K, %v=Y%m +4%

exp (=% x?)

(% x?)
2Rek>-m>-1
Rev>m-3/2

D" T (v —m+ 3/2) 27 %n

1/ 2\
Tlcr il — 2

x exp(=Y%y?) Wa,/a(l/zyz)

a=«k/2-3m/4+ v/4+5/8
B=«/2+m/4+v/4-3/8
A=«k/2+m/4 -v/4~-5/8
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Re(k = A)>0
Re(2A+ 24 +1)>-5/2
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Higher transcendental functions (cont’d)
f) ST 1@ Y, de >0
(a3)| x2#*Y ™% exp (Y% x?) a1 2By KT T (2 + 1)
XMK'“(%QCZ) xT (% —p—rx)exp=4y?
-1<2Rep<Re(@k-v)+ % { () 'Cup+v+1)
Re@pu+v)>=11 X KT T, 0 kv 3/2)
2 Ma”B(‘/ﬁyz) + sin [(g — k) 7]
'XWo.,B (1/2y2)}
2a=3p+v+Kk+4%
2B=p+v—-k+%
(44)] x**7V7% exp (- Y% x?) n ' 2HB KT exn (=% y D)
XMK'#(l/zxZ) xI'Qu+ DI s =« —p)
-1<2Rep<Re(2xk+v)+ % { (-2 )]F(Zy—v—l)
_ — X cos |\Vv — F| —————
Re(2p-v)>-1 ® reg+1)
% Ma’ﬂ(,'/zyz) —sin[(v + k= 7]
xW"a_B(l/zyz)
2a=3pu-v+k+ %
2B=p-v—-k+¥%
- AT (2 + 1)
(45)| « exp(—%xZ)MK'#(l/zxz) e

%+« + p)
= = Xy i~ Nyl

(y_z
2 hykyk=X=%,1

h=%+ %,

31

><G34

)

k=%-Y%v

l==k-lhv
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Higher transcendental functions (cont’d)
fx) f:of(x) Y, (xy) (xy)” dx y >0
(46) |2 exp(=%xD) W, : (hx?) (-1)" 2N
Re(2)\i2yiv)>—5/2 - i —p=A p= Al
W\ 2 |k k,k—A=Y%,1
h=%+%v, k=Y%-%v
l==%-Y%v
)| 2 expCix®) W, Cix?) 2NN = k4 ) D0 = k= ]!
Re(x + A) <0 2
Re(2XA +2u 1) >-5/2 032<y_ B i i )
BND B, ~ Y-
h=Y+%y, kE=Y%-%yp
=-4-Yv
“8)| =" Wy, (@) Wy, (2/x) | 4y 7% K, (29%)
- <Repu<k XiCOS[(Il—/zv)T/’JJZ#(Qy%)
—sin[(p - %v) 7] YZ#(2y%)}
(49) xv+3/2 2V L (
11 3 7% a*T' (% - v) 2a
JN— == v;—; —a®x?
22 2 y
x K 00
Rea>0 V“(Qa)
-3/2<Rev<-1/2
(50) xv+3/z " -y f)"V —21/ 3 F(V+2)
x (1, 2043/ 20425 ~a’x %) (2w +3/2)
Rea>0, -l <Rev<l v+/ [,\/ ( )]
2a
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Higher transcendental functions (cont’d)
fx) fom f(x) Y, (xy) (xy)* dx y>0
(51) xV+3/2 "/; 2-;1,—1/-1 a'u"ZV‘B
| 3/2
xzﬂ(l,y+v+3/2;3/2;—a2x2) e+ v+ 3/2)
Rea>0, -3/2<Rev<1/2 xy”‘””'/’ ku<i>
Re(2p+ v)>-3/2 ' @
A-O'—‘ I-\
(52) xO' ZF‘l (a’ 6; Vi _)\.2 xZ) ()’)

ReA>0, Reo> |Rev|-3/2

2% I'(a) T'(B)

Re 0 < 2Rea, Re o <2Ref S yz 1-p, y=p, (
®\4r? [k, k,a-p, B-p,1
h=%+%v, k=Y%-Y%v
l=-%-%v, p=Y%+Yho
% 7 5
(53| KU (B) - T,

X pr_' (et g5 oo

2

-

larg A| < m,

207 (a,) » T'(a )
P

a ;
P
5 2
L BTNy Cl [y
Re o> [Rev| | = P*2r*3\axlh, k, a%, ..., a*,1
Reaj>3/zRea—% p
o
= el j=L,p
ag
ﬁg:l—'z—s
B;=8 o =1 =
J iT9? J]=4 s P
14 v 1
h=—, b, jue +v
2 2 B}
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9.4
Higher transcendental functions (cont’d)
f(x) fom [(x) Y, (xy) (xy)* dx y>0
Y .
(54)| x° 7 y” D8)-TB)
- g 2Ase F(al)--'l—‘(ap)
X Pp apﬂ-aazp, Bl""’/p
2
—Ax?) P y ’;,...,B’;, i
Re A >0, Re o> |Rev| pt2pts 4/\ Ry & ganss 0¥y 1)
Re a.> h»Re o - % pa
2 . * g a*—a —_——
]=1-,-o|,p Bo=1—§’ j_ j 9
* g
Bj:Bj_E’ ]=1, s P
1
beey Bwmey Jacet P
2 2 2
(55)] «7~¥2 7' 277V 4 A 7 cos[hm(o = 1))
x Pﬁ;(ai,...,ap; B,,...,,Bq; . (0 + v I‘ g —v
= Ax*)
p<g-1, Reo>|Rev| R
X +2F A yeney@ ’ 5
pt2'gq P P B
4
:Bp Uﬁq;'_ 2>
¥
[ B -
(56)| G o7 (sz ' P> {20)%
. ..,Bq
2 1 _ 1 _
p+ q & 2(m + n) x Gn:‘zvm+3<y— /2 B],-..,/2 Bq,l
largA| <(m +n—Yp =Y q)n ERE AN |y by Yo—ay, .,'/2—ap,l
Rea. <1 =R T ,
Re (B, +%1) > - =Rl Bkl
) . I=—%-%
1= Ly was m % 2k







CHAPTER X

K-TRANSFORMS

We call

R yh= [ () K (ey)xy)” dx

the K-transform of order v of f(x) and regard y as a complex variable.
This transformation was introduced by C.S. Meijer (1940) who gave the
inversion formula 10,1 (1) and representation theorems: the transformation
was further investigated by Boas (1942a, 1942b) and Erdélyi (1950-51).

By virtue of the connection between Bessel functions of the first and
second kinds, and the modified Bessel function of the third kind K, the
&, transform may be expressed as a linear combination of any two of the
transforms ©_, ©_ , ', {'_ + However, the variable y in the Hankel
and Y-transforms occurring in these expressions is negative, and very
few Hankel or Y-transforms converge for negative (or complex) values of
y+ Conversely,

7§ )yt = M ETITR A f(x); iyl

i e—’/zi w+% q‘v{f(x), -iy§

- .{)v{f(x); e o o i @WHE)T &v*f(x)’ iy}
_ e'%i w=Y%)m “.V if(X), _ i}’;,

and these relations enable us to evaluate Hankel and Y-transforms by
means of atable of K-transforms, although in many cases the K-transforms
involved are tobe taken onthe boundary of the half-plane of convergence,
and additional restrictions on the parameters must be introduced to
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secure convergence. If v = * ), the K-transform reduces to the Laplace
transform,

Ry @) yh = Gm)* LUf sy}

and the above relations become the expressions of Fourier’s sine and
cosine transforms in terms of Laplace integrals.

From the transform pairs given in this chapter further transform pairs
may be derived by means of the methods indicated in the introduction to
volume I, and also by the general formulas of sec. 10,1, The connection
with the Laplace transformation in either of the two forms

% 9~V vy

w
[ U7 P
R (x); y oL

Xgifg(xz—tz)v_% 57 £(2) di; v} Re v>-Y%
% o=v Y%-v
T Y
R OO L. A
MEE T =0T
xj;’"(ﬁ-yz)”'% LA f(x); o} de Re v>-Y%

may be used to evaluate K-transforms by means of the tables of Laplace
transforms given in chapter IV,
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K-TRANSFORMS

10.1. General formulas

f@) ST @) K, G ) dx
=gly; v)
c+tico
(1)) = g ) LlxyXxy) dy | £0)
mi c=iico
(2)| f(ax) a>0 | a”' gly/a; v)
3)| x™ flx) m=0,1,2 ... %’V <— > By Ag(y,v+m)]
y dy
m Y% +v d " m=v=Y
4)| =™ f(x) m=0,1, 2 ... y _ [y" "g (y;v—m)]
ydy
(5)| 2vx”" fx) ygly; v+ D—-ygly;v=1)
6)| 7' fx) i f:on_”_%g(n; v+ 1)dn
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General formulas (cont’d)
f(x) I @ K)oy dx
=gly; v)
(D) | x™ flx) Re p>0 21 —u [F(p)]—‘ yw%
& Y =prvi.. 2 2\ =1
<J,m (n®—y*)*
x glp; v+ p)dny
8) | 2v f1x) (-2 ygly; v+ 1)
+w+ Ry gly; v-1)
(9 ’A"V m .
) (xdx y™ gly; v+m)
Xt 'Af( )]
m=0,1, 2, ...
(10 = s P
)| % <xdx .y gly; v—m)
mTVR £ (x)]
m = 0, 1, 2, see
()| x%7¥ fox EVTHEYA (= 2PV |9 ) R g by v— )

x f(£)d¢

Re x>0
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10.2. Elementary functions
fx) fo fx) K (xy) (xy)* dx
4
R EZa Re p > |Rev| = % gP —a/2 ”’I‘(—B +1+—)
2 2 4
p v 1
xI'{ — =+— Re y >0
2 2 4
2)]0 O<x<a | a¥*'y7% K., (ay) Rey >0
PRt a<x<oo
@3)| o O<x<a ay-% T ~RTEig —1(ay)5c+1 Siay)
g4 a<x<oo +i(v+0)K (ay)S_  _, Giay)]
Re y >0
@ | *x+ ) larga| <7 2“-2F< —> ( ) s

Re p> |Rev| -1

1
(e Do o
2 2 2

3 3 2. .2
% \F (1;-_&_5 LRy

’

2 92 2°2 297 4

- 77(1“)/1/2 csclm(p - v)] K (ay)
+ 7 cos (um) escla (v + p)l 1, (ay)

Rey >0
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Elementary functions (cont’d)
f(x) fo fx) Kv(xy)(xy)% dx
G) | x#x+a)! Vir?[ese (vm))? y% 1, (ay)
largal <m -1<Rev<l + I_ (ay)- o 3, (iay)
- e%iV”J_V(iay)J Rey >0
6) | x % (a? + x2)7% -3‘”2 sec (Yvm) y* 1, (Jhay)]?
Rea>0, -1<Rev<l .
+[Y,A,,(l/zay)] § Rey>0
7| x7% “Hx? 4 g?)™! Ynlsec(wn)a V! y% [Hv(ay)
»
Re a >0, Rev <k —Yv(ay)J Rey>0
(8) | x% ¥ (x? + 2¥T(v+ 1) a”“‘“y—%—“
Rea>0, Rev>-1 xSu_V"”vﬂ(ay) Rey >0

(9)

] L
Re >0, Rep>|Rev|

+ 1
aPteu %

. 2utp=2
aTC [fG)+ fl=v)]+2

P v [P ¥ Y=p—2p
x I’ <—2—+#—?> I (—2 +H+§>}’

P v p v
B O (773 [ S, (NN SRR
1 z(# /“"2 21 2 2+2,

a2 y2>
4

Continued on the following page.
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Elementary functions (cont’d)

fx)

J 7@ K, Gy ()" d

(9) | Continued from the pre-

ceding page.

f0) = %)’ T'(=v) r(ﬁ+1.>
2 2
v p »
v (-5-5-4) 5
x'F2<ﬂ+
2

ay)
= R >0
4 ey

l‘b

’

v
y+1+?, 1+

RGN

NN

(10)| lx(a® = x*)P™*  O<x<a |a% 27" a2y 5V (p 4+ 4)
0 a<x <o xIV('/zay) KV('/zay)
Rev>-%
(1D} o O<x<al|n % 2T BV W RV P 4 1)
[x (x2 — a2)]V~% a<x<o| *K, Ciay)l? Rey >0
Rev>-4%
(12)| x%"¥(a? - x2)* 0<x <a |27V GWE2 VR (4 & 1) (=)
0 a<x<e | x F(L;v+1,p+2;%a?y?)

Rep>-1, Rev<l

o | ~pEY =i}
+ 7 2471 oM y THT% cse(vm)

xI(p+1) Iu.—v-H (ay)

(13)

0 0Zx<a

e
%%V (x? - g?)# & < d

bl LR y_“—% (g + l),
X K#_,,.“(ay) Re y > 0

Re p>-1
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Elementary functions (cont’d)

f(x) f:o f(x) Kv(xy)(xy)% dx

B -l -l - 1 a
()| a7 "+ a7 ~Hin a Z“y‘{J;L(’/zay)T
x [(x% + a®)¥ + x]72# ¢

d
Rea>0, v=0 X [Yu('/zay)]— Yp'(‘/zay) F

m
X [Ju_(l/zay)J} Rey>0
(15)| x ™% (x2 + a?)™% Ym? a_Z“y% csc (vm)
x [(x2 + a?)% + x]" 2+ x [ qu(/z ay) Y, Cray)
Rea>0 )y ., Gan) J _, Ciay)l
Rey>0
(16) | x ™% (x% + a?) 7% Ym? a?Hyh i[Ju(l/éay)]2
x L2 + a®)*% + |24
, + Y, (ay)l? R 0
+[(x2+a2)4_x.]2#} M 2ay e}’>
Rea>0, v=0
_% 2 -,
(1) [x 7% (x2 + a®)7% Yn? a?# A[JAVW(/zay) - Jsay)

x (x? + a?)” 4 x|#
+ cos[(%v — wml
+ [(x 2+ a?)¥ - x]24

x cos[(Bv+ )l Rea>0

(18) x-%_zﬂ(x2+az)-% Ya~tyH F<1+V_ ) F(l_v_#>
(2 2)%

x{(x* + a®)* + al** Rea>0
2Re p+ [Rev| <1 x W i, /v(Lay)W Vv( iay)

Y‘A V+u(/zay) Yx/“,_u(/éay)]
Rey >0

Rey>0
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Elementary functions (cont’d)
fx) ST K ) () d
(19)( 0 O0<x<a a’h /l\/w,u(zay)
x A (x? = a?) % Av_#(/zay) Rey >0
xtx +(x% = a?)% ]2+
+[x— (x2—a?)%]?H
a<.x <%
(20) 0 O<x<a | wa ! y—y i (ay) W__# i, (@y)
x TATRE (g2 - g )T Rey >0
xila +i(x?=a?)t P+
+la—i(x?=a?)% |2}
a<x < oo
(21)| x 7% 7%= v=0 y%(yz—az)—% cos” ' (a/y)
Re(a+y)>0
y(y? a?)"¥ cos™! (a/y) - Vormr
as y - oo,
-y 77}’_% sin (v0)
(22)| = e ¥ -1<Rev<l1 - - Re(a+y)>0
sin (v7) sin 6
cos 0=a/y, O-%nm as y > oo
% ov, vty
s 2 B A _ 1
(23)| x*7'e™** Re p> |Re v| - ihﬂr% (ptv+ DT (p—v+%)
(a+y) I(p+1)
x 2F'<ﬂ+v+l/2,1/+l/2;p.+].; a—y>
a+y
Re(@a+y)>0
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Elementary functions (cont’d)
f(x) Jo @) K oy (xy)* dx
1 77y %
(24) x4 exp (—ax?) %4 sec (%vm) (—-)
Rea>0, -1<Rev<l " & "
)
8a %v\ 8a
P v % 1+v 1-
(25)| x % 2“U‘exp(—owcz) Re a>0 | haty A -—-—g) ( V—y)
2Re p < 1- |Rev|
2
4 g
X ex W el =—s
r(5) ¥ G)
(26)| * % (x? + a?) 7% l/zy sec (Jyvm)

x exp[—B(x2+ az)%]

x Ky, VaalB + (B2 —y)%]}

Re a>0, ReB>01 g, talB-(B2-y)%}

-1<Rev<l1

Re(y + B)>0

(27)

x_.

! cos (ax%)

1 I <
Y sec (vmr) LD ; (—
-% % Y%
-Y%<Rev<k% i 2%y

a
XDy \ - %,

)

B a )D a ]
+ y e v -
v=Y% 2/5 y% v (2/y/

Re y >0
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Elementary functions (cont’d)
fx) f:of(x) Kv(xy’)(xy)%dx
(28)| x ™" exp(-ax”) G T G- D, (ay % e*™H
x cos (ax” + %m—Yovm) xDV_.A(ay_yz e 7Y Rey>0
-Y%<Rev<k
(29)| 0 0<x<a |(4m)'2a¥27V By '\ 27V(y2, B2YV/2-3/4
x %7V sin [B(x? - a?)%] xK,_,,laly®+ B?)'2]
a<x <o Re y > |Im B3|

x % (a? - x2)7%

x cos[B(a? - x)7%]

(30)

- Y y% csc (vmr) [J% L) J%v(v)
=d_y, W) d_y )]

O<x<a uzl/za[B‘f'(Bz_yz)%]
0 a<x<oo v=‘/2a[B——(,32—yz)lA]
—1<Rev<l
@n| o O<x<a|(4m¥a¥™” % (2 4 gRYRv4
2% "V(x2 - a?) 7% x Kv—% [a(yz + Bz)%]
XCOS[B(xZ-—az)%J Re y > |Im 3|
a<x<oo
(32)| x7* sinh(ax) -2<Rev<2 '/277y%(y2 — % sse ()

x sin v sin "' (a/y)]
Re y > |Re q|
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Elementary functions (cont’d)
f(x) Jo @)K (xy)(xy)% dx
(33)] x~% cosh (ax) ny% cos[v sin™'(a/y)]

-1<Rev<l Re y > |Req|

2(y% - a?)” cos (Yvm)

w sec (Yvm)

(34)| x 732 sinh (ax) - sin [v sin ™" (a/y)]
2uyk
—1<Rev<l y
Re y > |Reaq|
35)| x % @2-xH7% Yn? y% csc (kvm) lI_%V(u) I_%V(v)
x cosh[Bla? - x?) "] - I, I,,®)]
O<x<a u=l/2a[(ﬁz+y2)%+,3]
0 a<x <oo v='/za[(Bz+yz)%—B]
-1<Re v<l
10.3. Higher transcendental functions
(1) |x% P, (1-2x7) 0<x<1 |y l=D" K, ,,0)+%i S, ,,Gy)]
0 l<x <o
V=0, n=0,1,2,no‘
(2) |0 O<x<a Vzna_'y-%W%"'%y(ay)
P UL T (a/x) X W_%n'%v(ay) Rey >0
a<x<oo
n= 0, 1, 2, “ee
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Higher transcendental functions (cont’d)
fx) fo f(x)KV(xy)(xy)% dx
@) o O<x<a | (%un)* y"e'%“’Wu',,(ay)
x#(xZ_GZ)—%# PV":%(x/a) Rey)O
a<x<oo
Rep<1
4)| o 0<x<a | (4m)a™" e Hoy ¥ ~i0l07)
M2 (2 = g2y hE PV”_%(x/a) Rey >0
a<x<oo
Rep<1
)| 0 0<x<a (2")_%‘1'-#)'#[(1;(]/2“7')
x P (x? — a?) He Pl (x/a) x K,y Gsay) Rey>0
a<x<oo
Rep<1
m % g
6)] 0 O<x<a 5oy e ~Hay Wﬂ_%, vy )
= 2\=%
2H  (x2=a?) EPL., (x/a)
a<x <oo
Re p <1
(D] x%(x%+ az)%VPZ(1+2x2a-z) QT ay—v—% Szy. Z#H(ay)
Rea>0, Rev<l1 Rey >0
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Higher transcendental functions (cont’d)
fx) fo f(x) K,,(xy)(xy)%dx
@) | x% 2+ ad)%¥ 91-v py V2 Ssz.z#(ay)
x[(p=2)P¥(1+2x%a™?) Rey >0
+ (F+V)P-Z(1+2x2a_z)]
Rea>0, Rev<l
(9) [x* &+ a®)*¥ 2"y AT S e, 2 @Y)
x[PZ(l+2x2a_z) Rey>0
+PY (1+2x%a™)]
Rea>0, Rev<l1
(10)| O 0<x<a |277 ayv_% Kﬂﬂ(ay) Rey >0
at:%(x2 - az)—%vP:sza-z—l)
a<x<o
Rev<1
(11| 0 O<x<a |z %2V ay%—v [K#H{ (%4ay)]?
(x? - a®) VPRV (22%72-1) Rey >0
a<x <o
Rev>-4%
(12) x—v-% (xz o az)% =%v ie—iwv 72 9~v—3

x QA7 (1+2a%x7%)

Rea>0, Rev<l1

@ R T¥ ¥V [ (1 —)]P
x {[z]v_% Y% ay)?+ ¥, (4 ay)]?}
Rey >0
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Higher transcendental functions (cont’d)
fx) fowf(x)Kv(xy)(xy)% dx
(13) oY% (2 az)%-‘AV je "IV 172 9=V L mu=ip
% Q;/z_v(1+ 2a® x7%) % y¥ "2 ((3/2 + - )PP
Re a>0, Rep>-3/2 x W_#_,/“V_%(iay) W_u_%lv_%(—iay)
Re(p—-v)>-3/2
Re y >0
()| PRI +x)* ] Rew<1|y7'S 0 4y ®) Rey >0
(15)| (L +xHT* PXIA+x®*] | S, 00 ) Rey >0
Rev <1
(16)] wFr¥t# J”(ax) QEY Gy YA (i + v+ 1)
Re p> |Rev| -1 x(y?+a®>)™ ™" Rey> |Imq
1 20 a“
(17)| 27 J (ax) ——— y e
K e+ 1) 4

Re(p+ o) > |Rev|[ -2

+v+ -
xF(lL . 0+1> F(F 1/+U+1)
2 2
p+v+o -v+0o
><2FI< > +1,“ 5 +1;

at
p+1; —y—z

Re y > |Imaq|
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Higher transcendental functions (cont’d)
f(x) f:of(x)KV(xy)(xy)% dx
(18)| 2% [J (ax)T? UL (et Yo+ ) T (p=Yve Ja) y ™
2 Re p> |Rev| -1 xiP,A-fJL_% (1+4a?y")%4 2
Re y > 2|Ima|
(19)] x*[J, (ax)]? U (p+ Bv+ DT (p=Yv+1)
2Re p> |Rev| -2 xy 732 (1 + 4a® y72)" 2
x P;‘:[(l +4a? y—z)'/z]
x B [ + 4a? y™2)2)
Re y > 2|Ima|
3 3 -
(20)] x* J“(ax)J“H(ax) F<p+ ;V > F(p+ 2V>
2Re x> |R -3
p> |Rev| Xy-a/z (1+4a? y-z)llz
x Pyt [+ 4a®y™2)172]
x R[,ﬁl:./; (1 +4a®y™2)12]
Re y > 2|Imq|
(21)| x~# JM(ax) J_#(ax) Yomy ™" sec (%vm)

-1<Rev<l

x Pl [(1 + 40 y72)%]
x Pk, [(1+4a® y72)%]
Re y > 2{Ima|
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Righer transcendental functions (cont’d)

fx)

I 1@ K (ey) (o) % dx

(22) x J#(ax) J_“(ax)

-2<Rev<?2

—Ymy ¥ 27" csc(bavm)

z=(1+4a’y7?)%, Rey> 2|Imaq|

xWu=lav) P () PY_ (2)
- Gv+ p) PY,_ (2) Pl (2)]

(23)] x* J#(ax) J1_#(ax)

-3<Rev<3

a9 I'(23Y)

y2 Q=) (1 + p)

3+v 3-v 3
X4F3 _29 2 311?;

4q?®
2—p 1+p, 2; - >
Y

Re y > 2|Imq|

(24) | x

A ax) J_,_, (ax)

-1<Rev<l

Yory~¥2 27" sec (Yvm)

x [Pyh_ A(Z)P“H./(Z)

+ Cav=Ya—p) Gov+ Yo+ )

x PAI‘IL_-'(Z)PAV_ (2)]

=Y%a"" y"2 sin(un) sec (% vm)

z=(1+4a’y™®% Rey> 2|Imad]
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Higher transcendental functions (cont’d)

fx)

fom fG) K (xy) (ry)* dx

(25)

x° J,(ax) Jy (ax)
Re(o+p+A) > |Rev| -2

-u-)\ =0 =3/2

2 a”+)\ y

FAQ+p) CQAQ+A)

<u+)\+V+a >
xI'\ ——+1
2
+A+o—
XF([.L +o v+1>
2

+A+1 A +A++o
xllfg(—# ,F—2+1,“# g +1,

pHA-V+O

4a2)
-T2
4

+ 15 Tpy 142, T+ptA;

Re y > |Im qf

(26)| x7 ** Ju(ax) J}\(B x) see Bailey, W.N., 1936: Proc.
London Math. Soc. 40, 37-48;
J. London Math. Soc. 11, 16-20.
% 2
) w
27)| x* Jy, lax?) z l: H_%,,(h:a )

a>0, Rev>-1

8a cos (%vn)

Rey >0
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Higher transcendental functions (cont’d)
f(x) i fo f(x)K,,(xy)(xy)% dx
% 2
Y% 2 Ty y
(28)| « Y%V(ax ) m [005(1/21/77) H_%V<Z>
a>0, —-1<Rev<l
2
Y
- sin(bvm) J_,
sin (% vm ’”(4(1)
2
Y
_H%V<4a>] Rey >0
% 2 2
y Ty ¥
(29)[ x* o, (ax?) J_, (ax?) _ J.
) Av £v 32a cos (Y4 vm) “v \16a
a>0, —-2<Rev<?2
2 2
¥
+[Y%V <16a ]} Rey >0
(30)| x* # g a2 J ey lax®) - 3/21"(y+ av+%) T (p=tar+ 1)
a>0, 4Rep> |Rev| -2
‘/-'- “v 8a
Y -1
x W_“'% "’<-{§ e ”> Rey>0
(31) et Ju(a/x) 250 y-% e%i(v+l)7rK2y[2(ay)'A e‘AiTI]
-5/2<Re v<5/2 o ik .
+y % » An(v+l)wK2Vl2(ay)Ae-4rn]
Rey >0
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Higher transcendental functions (cont’d)
= %
flx) fo f() K (xy) (xy)” dx
(32)|x¥2 J (a/x) 6=yt AT R, [Slay)¥ o*7]

a>0, Rev<l

a>0, -Vi<Rev<kh +a_'y% e—%iVWsz[z(ay)%e—%i'n]
Rey >0
(33)] x2¥72 vy a/x) (27)% (y/a)"V*% JZV[(2ay)%]
a>0, Rev>-1/3 szv[(zay)%] Rey >0
(34) 72" J_y, (a/x) @m)* (y/a)* % K, _, [(2ay)*]

xisin(vm) J,,,_, [(20}')%]

 [(2ay)% 1}
Rey >0

+ cos (vmr) : SN

(35)

il J% _w(a/x)

@m* (y/a) "% J,,,, (2ay)%]

a>0, Rev>-1 xKHZvI,(Qay)%] Rey >0
(36) xo-lJu(a/x) 2-0'—3/2 a®
a>0, Reo>|Rev|-2 a’y? - 1
|Re v| ‘G2 Y |- L »
4 2 4 2
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Higher transcendental functions (cont’d)
f(x) 7 @) K, Gy Gey)# d
(37)| x 7% Y, (a/x) —y e%iV"KZV[Z(ay)% i
a>0, -5/2<Rev<5/2 _y-% e‘%iv-nsz[z(ay)‘Ae-%i‘n]
Rey>0
(38)[ x~¥* Y (a/x) g g iR G
a>0, -%<Rev< % xKZV[Z(ay)% e%im]
) y% e-%i w+1)m
szv[Z(ay)% e %] Rey>0
39) x*¥72Y _,, (a/x) @m* y/a) 7Y, [(2ay)*]
a>0, Rev>—l/3 XKZV[(Zay)%] Rey>0
(40)| x~* Y, _, (a/x) -(am)* (y/a)’™* seclvm)
a>0, Rev<l | xK, _ (2a)*11d,, _ [(2ay)¥]
~ J,_ZV[(2ay)%]¥
@D| x*¥ Y, ,, (a/x) (2m)% (y/a) "% v, ,, [(2ay)%]
a>0, Re v<-1 XK2V+‘[(2G}’)%] Rey>0
42)[ =% J, (a/x) ¥ ,(a/x) -2y J, (2a% y%)

a>0,

=0

sz‘L(Za% yy’) Rey >0
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Higher transcendental functions (cont’d)

fx)

f:o f(x) [\'V(ch)(s»cy)y2 dx

(43)

x—%{[Ju(a/x)]z—lYu(a/x)]zi
a>0; wv=0

y-% qu(Zal/’ y%) KZ#(Q.a%y%)

(44)

J (ax*)

1
S Rev>-4%

e [1-0).

(45)

x4 JZV(ax%) Rev>-%

()
o [G)-n ()]

Rey >0
Rey >0

(46)

x4 sz(ax%)
-YX<Rev<ly

2
=g uvr) L_ \—
2y [csc v v<4y>

2
— ctn (2vr) Lv<a_>
dy
o2
— tan (vmr) Lt—
4y
v\

Rey >0

sec (vm)

47)

0 O<x<a
257V (52 — g2)hn
x J,[B&?-a®¥]

a<x <o

Re p>-1

a/.l."V-H Bp,y% -V(y2+BZ)‘A(V—,u.—1)
xK,_ - laly?+B%)%]
Rey >1Im B
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Higher transcendental functions (cont’d)
fx) S 1@ K,y (wy) dx
ﬂa"Vy% v aZzz_yzv
48)| x* K_ (ax) —-1<Rev<l
) v 2 sin (vrr) a? - y <
Re(y + @) >0
IR g~ P O +ptv —pv
(49) x7 Y2 K (ax) —_— ( : > ( )
£ I' (o)

Re 0> |Rep| + |Rev|

)
2 2
o+ = ‘
B Gl
2 2 a?

Re(y +a)>0
50)| x4 277" K (ax) - Y (ax)] 277 y [y 2+ +(y 2-a?) "]
v=0 x log (y/a)
Rey > |Ima|, Re(y+a)>0
B[ 7% J,(ax) K)\(Bx) see Bailey, W.N., 1936: /. London

x4 K ,(ax) K (Bx)

Math. Soc. 11, 16-20; Proc. London
Math. Soc. 40, 37-48.
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Higher transcendental functions (cont’d)
f@) J, &) K, Gy)(xy)* dx
% 2
) 4 ¥
(82)| »* Ky (ax®) == {seC('/zw)K%,,<4a )
Rea>0, —-1<Rev<l
2
Y
+ T [ SN
7 csc (vm) [ Yy (4(1 >
e Rl
£Y\ 4a
(53) x 2HIVHL exp (=% ax?) A QETH AN R VY y-“_'
5% 1#('/2ax2) Re a>0 XF(2#+V+1)F([L+A
Rep>-%, Re(2u+v)>-1
X exp
4-a
2k =-3p-v-%
2m=p+v+%
(54)| x 7% K (a/x) Re a >0 ﬂy—%sz(Za% y %) Rey >0
(55)| x~¥2 K, (a/x) Rea>0 | ma”™ y%sz(Za%y%) Rey>0
(56)| x*¥ K,y (a/x) Rea>0 | 2m)* (y/a) ¥ 7#K,,, [(2ay)keim]
XK, 0 [(2ay)A e %i7] Re y>0
67| x* 2K 4, (a/x)  Rea>0 | @m*(y/a)% VK, |(2ay)* e¥i™]
K, [(2ay) e i"]  Rey>0
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Higher transcendental functions (cont’d)
fx) fo f(x)KV(xy)(xy)%dx
(58)| 7! K#(a/x) Rea>0| 279752 49
2, .2 :
—o 1 1
con(@r e 1 v 1 v o
04N .4 2 4 2°4 2 2
(59)| x T [K ,(a/x)]? 2wy HE, (af yheHiT)
Rea>0, v=0 XKZM(QG%}’% e HiT) Rey >0
(60) x™* I, (ax*) Re v>-1% | — () (&
x ax ev>-Y% ; + S
° T2y L\ "\4y
Rey >0
-% % % T a’
(61| x ", (ax ™)+ I, (ax™)] 7 I, iy Rey >0
Rev>-%
-% % % il a’
(62)] x [IZD(ax )=, (ax”)] 7 L A Rey >0
Rev>-4% ¥ ¥
=% 2
63)| x~* K, (ax”) i K “
v 4 cos(vm) Y \dy

- <Rev<y
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Higher transcendental functions (cont’d)

f(x) f:o f(x)KV(xy)(xy)% dx
(64-) xv+% IZy(ax%)Jzy(ax%) Y% o=v= 21/+1 y-zv-
Rev>-% >
= Rey >0
A
(65) xu—/ zy- (ax )sz_‘(ax%) l 9~V 2y- =
Rev >0
R 0
(2)’ ) (1 e

66)| x¥7% 1 (ax®) Y

) - - -
2p-1 ZV_,(axA) o gV oY 'y T2 esc(vm)

Re v >0
2y)
a
+cos(wm) J _, <§>
a®
R >0
2y o

+ sin (vmr) A

N x* % J, _ (ax®)K

1 - -
2u=1 2,,-1(‘“7/4) wial i Y esc(vm)

(]

Rey >0
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Higher transcendental functions (cont’d)
f(x) f:o fx) Kv(xy)(xy)%dx
68)| x™* 7% I1,,,, (ax™) it Y g 2V 2P
x J_p,-ilax®)  Rev<h
cos (vmr) H, o \—
+ sin(vm) J, 2(—-):l Rey >0
2y
(69) x"V-‘A I—ZV—I(ax%) % oV o 2v-1 yZ'u
xJZVH(ax%) Re v <¥% "
x | cos (vr) H -
- sin (vn) JV,(%( > Re y >0
(70)| x% 71, (ax*) J_,, (ax*) —7% 2¥ @' 2% sin (vr) v 2V 72
- sz(ax%) I_zy(axl/‘)] >
Rev<d/2 | *Jouy oy . Rey>0
(71) x—‘/: Ku(ax%) 77 }’( : (l) (4 >
x[sin('/z;m)J (ax’) 16 eos iy Y
A
+ cos (} z;ur)Y (ax”)] L S
-1<Rep<l, v=0 A 4y d
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Higher transcendental functions (cont’d)
fx) f:cf(x)KV(xy)(xy)%dx
1 1 ) ]- S l— e
792)| =% K‘L(ax/z) -2, % 11< +p V) I"( Z V7\
x tsinl 2 (p—v) nl JM(ax'/’) -
+ cos [ % (p=v) 7] Yu(ax%)f
%u L 2
|Rep| + |[Rev| <1 3’
< W = '/rn>
/zV,/zp(zy €
Rey >0
(73)| % H_(ax) Re v>-3/2 | @™y 7" (y? 4 o)
Re y > |[Ima|
(74)] #*V B (ax) Rep>=3/2 | a7% 2#vH! guht
Re(p+v)>-3/2 xy PETVTV2 (4 v+ 3/2)
) 3 3 a’?
% o B ,u+1/+—2—, 1;;;—}/2
Re y > |Imaq|
y 5 y AT+ Y% V)
(75)| x H,/Zv(ax ) ‘)‘_/v _/V_‘ - 4a
a>0, Rev>-2
Rey >0
P/ 24172 3/ 3
(76)| x¥* Hy, ., (ax? azny r 2+V>
a>0, Rev>-=3
2
Y
><S_V_+5 i <4 > Rey >0
A
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10.3
Higher transcendental functions (cont’d)
fx) J, f(x) K (xy) (ey)* dx
V2T (2 + %) ?
/. 2 y . y
D]+ 1, 0 S, Seskndhs —
a>0, Rev>-3
Rey >0
%
(78) x%suzu(axz) a>0 :—F(p+l/2v+l)r(p—% v+1)
- a
Re p> Vi|Rev| -2
2
84
xs'u-‘.'/zv(ra) ~ Rey>0
3/2 S —p
(79) xalzs”'./wm (ax?) a>0 gaz <y+ : )
2Re p> |Rev| =5
r < 1-v r ( 3+ V)
x = +
Sl S
y?
XS _yea v <4a Rey >0
(80)| %% s (ax?) a>0 - 2+p+Y%0) 2+ p-%
o Teas Z+u+lav) (2+p- 2 v)
Re p> ¥ |Rev| -3
x QA+ p+ 2 ) '+ p=Y%v)
2
¥
XS__#_3’./“(17> Rey >0
=y o | m 1
8D D,,_y (ax A)D_V_% (ax™%) = exp[-a(2y)*] Rey >0
|arga| <Wm 4
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Higher transcendental functions (cont’d)
fGx) J, [ K, ay) (xy) " dx
(82) xz;ﬁv-% exp(—l/zaxz) 2/.L_K"‘/z a%"%(u.h/'h‘()y/(—u-!
x M, #(axz) Re a>0 xCp+ DT 2p+v+1)
Rep>-%, Re(2p+v)>-1 < z> <2>
Ak TR
x exp\ — | W,
8a " \da
2k=-3p-v-k-%
2m=p+v—-Kk+%
Rey >0
% 2 2
- 7
(83)| x7372 MK'O(iaxz) MK,o(—iaxz) Y {[]K Y
16 8a
a>0, v=0
2 2
Y
+ | Y {—
-
(84)| x~¥2 MK.#(iaxZ)MK'M(—iaxz) ay "2 "2 p+ 1)]12 W_, ’(Cy >
’ a
a>0, Rep>-Y%, v=0 o,
Ly
XW'M-K<_4Q> Rey >0
@)\ =* Wy, (@/x)W_,  (a/x) |2ay~% K, [2ay)* e¥im)
Re a>0 XKzu[(za)')% e %im] Rey >0
(86) xV""A 217' (a’ B; v+ 1; —/\zxz) 2V+| /\—a—ﬁya-i»[i—v—a/z l'w (V+ 1)
Re A>0, Rev>-1 xS,_a_B’a_E(y/)\) Rey >0
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10.3
Higher transcendental functions (cont’d)
flx) /s f(x)KV(xy)(xy)% dx
(87) xv+z'y -3/2 gvt2y =2 A—a—,@yaﬂi—z'y -v+%
% 5 (L, a, By, y+v;—Ax?) xT'G T (y+ V)Sl—a—ﬁ,a—ﬁ(y/’\)
ReA>0, Rey>0 Re y >0
Re(y +v) >0
(88)| x#™¥2 gty (’“V) r (“_V >
2
pr;(ai,...,ap; B,,...Bq;—)\xz) 2
p<qg-1, Rep>|Rev| By p=p
,, X p+qu Aygeeesd F v .
' 4\
B|,...,Bq;—z>
¥
Rey >0
(89) xH—3/2 Qu~2 a—“y%
Kl L g gl veesp _tax ?
1 pt PyreensP g ) xE(al,..,aP+2:p|,...,pq: Yoay?)
a>0, Rep>|Rev|
a B B+ v n=v
pH1 T o9 7 “pe2™ 2
Rey >0
©0)| Gnn ((ax2| T g3/ \~V2
[)",...,Bq
2 / x
p+gqc< 2(m +n) ’n+i'm y— yz—B,,-..,]/’z—Bq
larg A| <(m+n-Yhp - Y%q)m BETE\AA h,k,l/z—a‘,,,,,l/é—ap
Re B.> % |Rev| - %
Re y >0







CHAPTER XI
H-TRANSFORMS

We call
fowf (x) Hy(xy)(xy)% dx

the H-transform of order v of f(x) and regard y as a positive real variable.
The inversion formula 11,1(1) was given by Titchmarsh (1937, p. 215).
The H-transform is the reciprocal of the Y-transform (see chapter IX).

From the transform pairs given in this chapter further transform pairs
may be derived by means of the methods indicated in the introduction to
vol. I, and also by means of the general formulas of sec, 11,1, Moreover,
H-transforms being reciprocal to Y-transforms when ~ % < Re v < %, many
further formulas may be obtained from the tables in chapter IX: the
extension of such formulas by means of analytic continuation to a wider
range of Re v (the range of absolute convergence of the integral) is
immediate,

REFERENCE

Titchmarsh, E.C., 1937: Introduction to the theory of Fourier integrals. Oxford.
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H-TRANSFORMS

11.1. General formulas

f(x) fomf(x) Hv(xy)(xy)% dx
=gly; v) y>0
(1) f:o gly; v) YV(xy)(xy)%dy gly; v)

=Y <Rev<y

(2)

a>0

f(ax)

a g y; )

(3)

x® flx) m=0; 1; 2, wes

¥ g d s g |
il (—) [y ™t g (y; v+ m)]
y dy

(4)

x% +v (___d_> [xm—v—% f(x)]
x dx

m = 0, ]., 2, “ee

=y)" gly; v=—m)

(5) x?ﬂ% i g%—v-u-(étz — g2y | 27! Ny ™ gly; v+ p
x f(&) d&
Rep>0, Rev>-3/2
©) | x™f@) 2! A (I y

Rev+3/2>Re p>0

% foy n%—uh/(yz - 772)“_‘

x g(n; v—p)dy
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158 INTEGRAL TRANSFORMS
11.2. Elementary functions
fx) j:"f(x) H(xy)(vy)* dx y >0
(1) —% —2<Rev<0 | —ctn (%Vﬂ)y—%
(2) | x¥*% O<x<a | a"t'y™* H . (ay)
a<x <oo
Re v>-3/2
v=%
i ay
(3 x4V 0<x<a ——
) V' A (v + %)
0 a <x <oo
_a‘_Vy_ 2 l_'u_1 (ay)
(4) XNH Re A< Y% 2}\)/—}\_% tan[BWA+ v+ 1) 7]
~2sRelid it L4+ %A+ %)
x
(% - Y%a+ %)
Atv+2 v+3/2
(5) N O<x<a ,/a 4
Yat* Ty + 32 A+ v+ 2)
a<x < oo
Re(A +v)>-2 i A+ v 3
- N = 1; b
3 A+v azyz
Bt =y H 2; =
2 2 4
%
- - w
6)| x™#(x*+ a7 ya [I,(ay)-L,(ay)]

Rea>0, wv=1
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Elementary functions (cont’d)
fx) foof(x) Hy(xy)(xy)% dx y >0
0
172
(7) x‘/; (x2+a2)-' —%:3;1#) Lv(a)’)
Rea>0, -2<Rev<?2 s
y¥? ctn (% vmr)
+*]2§
- v
r (1 3—-v 3+v azy2
X H ’ 5
He 2 2 4
(8) xy+‘/z(xz+a2)#—| 2“—' nal“'lly/z“l-’-
Rea>0, Rev>-3/2 il = sl wlal
’

Re(p+v) < 1/2
Re(2p+ v) <3/2

x [ I_#_V(ay) = Luhj(ay)]

9)

xl/z"’l/(xz " aZ)u—l
Rea>0, Rep<1/2
Re(2pu—v)<3/2

p=1 u=v A=
2 ma y

i
Tl — 1) cos lan) v-u(@?)

a2u+l yu+3/2 Iw(_ 1/2-H)

Tt W+ 3/2)

3 3 azyz
x F Lp+—y,v+—;
wE < i VieiTy

(10)

x)\-% (x? + a?)¥!

Re a >0, Re(A+v)>-2
Re(A+ 2p) <5/2
Re(A+2pu+v)<2

2712[(] — #)]—I a}\+2;1_—3/2

Lc2 a’y? L, m
4 4 lym—p, hy k
1 v
h=—+—,
4 2
3
l=—+—, m=
4
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Elementary functions (cont’d)

m=0, 1, 2, ...,
Rev<-2m-%

@) f:of(x)ﬂ,,(xy)(xy)% dx y >0
2 2\=} mh qrth
(1) &2 + a®)7% T8 (inhCaay) I, Chay)
sl + (22 + éz)%]y+1 y” sin (vrm)
Rea>0, -2<Rev<0 - cosh(zay) I_ _, M ay)l
(12) xV+% (az_xz)l-b—l 02x €a 2#—1 au,+yy%—u_1—‘(#) HAH’V(ay)
a <x < oo
Re p>0, Rev>-3/2
(13) x)\—‘/; (a2 2 6 qzuhj#\ yu+3/2 () F(}\:v w13
@ L Koo g ”‘/ZF(V+3/2)F(}\—:Z+;L+1)
Re p>0, Re(A+1)>-2 X " X
x5\ L 2 +1;§—, .
A+ v a2y2>
+p+ 1;-—-
2 4
(14)| 0 O<x<a 9~ v=1 "‘A a—ZVyv+%
x‘v-% (xz__az)_v"‘/z XF(l/i—V)[JV(l/zay)]z
a<x <o
-% <Rev<l1
(15) 0 O<x<a (_1)n+l om an+V+,y_._%m!
xv+% (xz_az)" a<x < oo XHV+,,+|("'}’)
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Elementary functions (cont’d)
fx) f:of(x) H_ (vy)(xy)” dx y>0
(16)| O O<x<a | 2T gt o lom my ) sec [((p+v)w]
y M
¥ (x2 - g g x <o x [sin (pm) J_#_V(ay)
Re p>0, Re(p+v)<k H
Re(2u + v) < 3/2 + s () By o (ay)]
(17| 0 O<x<a| -nm 22“_1’)'”_2“-%
2V A (x2—a a<x<w x [ Cs=p) I Yo+ v=p) sin (pm)]™!
—1<Repu<0 x F,(=p; Ya—p Vit v—p; -Yha’y?)
Re v>2Re p- %
(18)[ 0 Gex2n | 2 () a2“+)\—3/2
AN (2 - @) g <x <o afa%y?| Lm
Reu>0, Re(A+2p)<5/2 x Gy 4 I, m=py by k
Re(A+2p+v)<2
1 1 v
h=—+— k=——
2 4 2
3 A
l i o m=— — —
2 .42
: VIR DN+ i 4 D)
(19) x}\—é e"‘ax y =

Rea>0, Re(A+v)>-2

DiF a)w”+2 72T (v + 3/2)

A+ v A+v+3
i + 1, s
2 2
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Elementary functions (cont’d)
fx) f:of(x) Hy(xy)(xy)% dx y >0
(20) 2N exp(—ax?) 9 V=1 p=1/2 = AHv3)/2 AL
Rea>0, Re(A+v)>-3 lﬂ(M—le—sQ
W 2
I'vy+3/2)
A+v+3 3 3 2
x B\, ——— —, v+—; -
2 2 2 da
(21)| 7Y% sin (ax) 0 0<y<a
a>0, Rev>-Y% e 2-Vy%_v[l—'(v+ ]!
x(yz—az)y_% a<y<eo
22)| x% coslv + 1) 01/sin 0 7% a” sin (2 ay) Jy+y2 (M ay)
0<x<a
0 a<x <o
0<0<%m, x=acosh
Rev>-2

11.3. Higher transcendental functions

(D)

J, 4y, (ax)

a>0, -3/2<Rev<l

O<y<a

0
2 % vt% .
<~> <l> (yz B aZ)—/z
m a

a<y <o
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Higher transcendental functions (cont’d)
f(x) fo""f(x> H (xy) (ey)” dx y>0
)] x7* Y, . (ax) 0 0<y<a
a>0, —3/2<Rewv<3/2 | —a?" v a<y<e
(3) pHTVHS Y#(ax) 0 O<y<a
a>0, Re(wv—p)>0 | gt+u-v  u l
~3/2<Re p< 1/2 | ———cy¥™V (32 ~ g2V ™!
I'(v—p)
a<y <o
(4) x%—“[sin(pn) J‘”V(ax) 0 O<y<a
+cos(um) Y, (ax)] Y (2 g2yt
a>0, 1<£Repu<3d/2 T T a<y<eo
Rev>-3/2, Re(w-p<l/2 | 2¢7 a*T'(G)

x V14 JV(ax) Yv(ax)

a>0, =% <Rev<O

'(2v+ 3/2) y¥*¥2

2 gPhE o VRIS, o 9

3 yz
x F L 2v+—2-; v+ 25 e

0<y <2a

(6)

%+ L, (@x)]? - [Y, (ax)]?}

a>0, -%<Rev<0

0 0<y<2a

23y+2 2v _-v=¥%

a "y
7% T (%= v)

(y?—4a?)v %

2a<y <o
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Higher transcendental functions (cont’d)
flx) f:ef(x) Hy(xy)(xy)%dx y>0
@) |x* 11y, (@)=Y, (ax)]?} 0<y<2a
-1 =% 2 2y=Y%
a>0, -3/2<Rev<0 4dn” y R (y" - 4a%)
2a<y < oo
(8) | x* [J%y+%#(dx) J%V_,A#(ax) 0<y<2a
= = e 2 2\=¥%
= Yy an) Yy fax)] | ATy =A@y cosh ()
a>0, -=3/2<Rev<0 y=2acoshu, u>0
2
Y a a
9 ‘]zy+| (ax ™) _W YV+I <4y>
a>0, -3/2<Rev<l/4
=7 1 1 az
(10)| ™% Jzy(axé) — Y, I
a>0, -1<Rev<5/4
) 4 sin [a(4bz—y2)%]
(1) x%d, b (z — ) - — : 0<y<2b
hv ﬂy4(4bz_y2)4 y
1Y, [ + @)li?]
Rea>0, b>0 | Aexpl-aly®-46%"] oh oo
~3/2<Rev<1 my%(y? - 4b2)% ¥
z=(x2+a?*
(12) x‘A KV(ax) s yv+3/2(y2+ aZ)—1

Re a>0, Rev>-3/2
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Higher transcendental functions (cont’d)
f@&) J U@ B () Gey)” d y >0

(13)

gutvth K‘L(ax)

Rea>0, Rev>-3/2
Re(p + v)>-3/2

2/.1.+V+|ﬂ—% a—u—Zv—E!

Xy 2 (p+ v+ 3/2)

) 33 :
% l,p+v+?;5;——a2

<2

|

2y.-vyv+3/2 r(# s 3/2)

Re(o+v)> |Re pu| = 2

(14)| x*"** K (ax) ,
2 a** 1 (v + 3/2)
Re a>0, Rep>-3/2
wls 3 3 y2
X +—; v+ —; —
e B 2 2 a?
(15) xo‘—% K#(ax) Re 510 2(7 77-‘/2 a—v—o—z v+3/2

(1 +—”+—2‘7—+—E) N+ 222w
I'(v +3/2)

v+o+ v+o—
><3F2<1,1+ i Pl
2 2

X

(16)

gT b g % KV(ax)

see Mohan, Brij, 1942: Bull.
Calcutta Math. Soc. 34, 5559,

(17)

x> (K (ax)]?

Rea>0, Rev>-%

nl/z 2—7/‘-3 a—Zv—B yv+3/2

xT(2v+3/2) [+ 2)]!

3 y2
x F L 2v+—; v+ 2 —
271 5 4a2>
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Higher transcendental functions (cont’d)
fx) _J;oof(x)lly(xy)(xy)y2 dx y >0
(18) x” [Ku(awc)]2 v=20 — g QKT a_zﬂy_% 27! sec (pm)
Rea>0, -3/2<Re pu<3/2 x [z + ¥)%* + (z — y)?#]
z=(y%+ 4a?)"*
. 773/2 yv+3/2
(19| x* ™% K (ax) K  (ax)
° ! 2Y* 2 I'(v + 3/2)
Re a>0
11 3 y?
Xzﬂ<§f3;V+§*’4az>
(20) x—v—% Ky(ax) Kv+| (ax) g2 97v"2 —2 y”+3/2 T~ )
Rea>0, Rev<}k 1 1 3 yz
SN\ TS T
2073 vtaz poty At
(@1)| 2775 Ky(ax) K, (ax) r e 9

Re a>0
Re(o + v) > |Re A| + |Re g

7 V3 G T (e 3/9) Tl i)

O+ AL O+V=A+pL
xI' r
2 2
/ A—
r (u)
2

OHVHA L oA
x 5F4 <1’ o ’ ) ’

P

Otv=Atp otv=A—p

9 ] 2 5
3 3 otv orr+l yz
T *MQ
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Higher transcendental functions (cont’d)
fx) fowf(x) B (xy)(xy)” dx y >0
(22) xu+3/2 K_u(ax) Ky+1 (ax) nl/z 2—1/—3 a"'2y—4 yu+3/2
Rea>0, Rev>-5/4 x['(2v+5/2) [T+ 2)]7!
5 yz
S Do —
x K 1,2v+2,v+,,, e
(23)] x7 792 exp(-Ya® x?) 72 9TVTR yv-oypiVE
i 2 2
XK#(/za x ) F(V+20+[1)F(V:U—[L)
larga| < Yan X
Re(o + v) > 2|Rey| '+ 3 reEto
V4o v+ o 3
X 3F3 1,—2 + My 7 —#;E,
3 v+o yz
Vt—y—— ; —
2° 2 4a®
3.2 2. 2
q a x a x - T - Ve
(24) xh exp<8 )K%V(B ) 2 A gAY 'yAV/Z

Iarga] <%w
-3/2<Rev <0

x cos (bvr) '(=%v)

y? y?
x exp 9a? Wk,m<a2

k=NRv,

)

m=%+4v
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Higher transcendental functions (cont’d)
f) f:o f (x) Hy(xy)(xy)% dx y >0
(25)| x7 exp (ax ?) K#(ax %) n A QTVTRT AR oos ()
|larga| <37/2, Reo<1 - o
|Repu| —5/2 <Re(o+v)<1/2 - N e e
s i -
34
8
@ l! —%’ h! k
1 v 3
}L=-—-+—, k=———, l=—+—
4 2 2 4
(26) K S (2ax*) 2" 77 ey T2 (v 4 1)
Rea>0, Rev> -1 xS_V_z'V_‘(az/y)
27) ™% sz(Zax%) 2¥ 77! y—% T = 1)S_V_"V(a2/y)
Rea>0, Rev>-1
(28) x”% KZV(Zaxy’) 2Vt g2 y“ 52 (v + 2)
2
Rea>0, Rev>-2 XS—V—g,V(a /y)
(29)| = K#(Zax%) Rea>0 920K 4-2o~2 ot
2Re(o + v)> |Rep| -
o L B,y e s B,
= a4 L, h, k
1 | 3
h=-+i, k—--—z L=y v
4 4 2 4 2
2B,=1-0+%pu, 2B,=1l-0-%u

2B,==-o0+ Y%y,

2B ,=-0- Yy
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Higher transcendental functions (cont’d)
fx) L7 e B () (ey)* y >0
(30) x4 [277" sz(Zax'/’) y % J, (a®/y)
YZV(an%)]
a>0, -Y%<Rev<h
(31) x%_v[c]w(axy‘) oV ™% g' 2V y BV=2
-dJ_, (ax™1K, (ax®)
. i x sin (vmr) K
largal| < lam
-3/2<Rev<3/2
(32) %Y (ax®) K (ax?) exp | -
v v 2 2)/
larga| <47, Rewv>-3/2
" " aZV_
_l/2 \: ll
(33) xV YZv-—l (ax )KZ‘IJ—I (ax ) ”‘2 2 (Zy
largal < Jam, Rev>-%k
) ) a2v+l
(34)] =™ yzv(axA)sz(axA) o ovtiyaviz 2y
larga| <%m Rev>-%

(35)| x

¥ Ycos[lalp - v)7] Ju(ax%)
- sin[ba (p - v) 7] Yu(ax%)f
x/\'#(axy:) larga| < Y7
Rev> [Rep| -

2
-2 Yo a
a ¥ W‘Av.‘/z;l(zy)
2
W -
X -‘/’V’y’“<2y >
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Higher transcendental functions (cont’d)
f(x) fomf(x) Hv(xy)(xy)% dx y >0
(36) x V% sz—l(ax% e%i‘") -% 93v=1 -v=Y%
<K, _,(a x % e ~Kim) xT'v+ 1DI'(2v + %)
Rea>0, Rev>-4%
‘31,;-A v=% 2/5
37) x7* Hv(az/x) —y-% JZV(2ay%)
a>0, Rewv>-3/2
(38)| x~32 HV_,(az/x) ~a" ' o gy (Zay )
a>0, Rev>-4
(39)| x™*[J_(a?/x) y 4 [277" K, (2ay*)
+ sin (Vﬂ)ﬂv(az/x)] = Yzy(2ay%)]
a>0, -3/2<Rev<0
(40) US ( ) 2)\4’0—% a—G'—I
ax
" T (—Y%A—%p) r(l/-'/e;w/;,l)
largal <7, Re(A+0)<1
Re(o+ v)> |Rep| - 5/2 y? ,—M’ lotu 1o
-3/2<Re(A\+v+0)<1/2 X6 o
* a l, _ )\4'0'
1 1 3
h:—--}——, k=——1, l=__+V_
4 2 4 2 4 2




H-TRANSFORMS 171

Higher transcendental functions (cont’d)

f(x)

f:of(x) Hy(xy)(xy)y‘dx y>0

@) x7v % exp(-%x?%)

x[D ,(x) - D#(—x)]
Re(p+ v)>-3/2

221 (Bp+ %)
Cep+v+1)

yH Y% sin (% pr)

x FCap+la; Yoprv+1; - hay?)

Rep>-1
5 , . % P24 1)
(42)| x2 exp(=Yx )MK (%x?)
L L%+ k+ p)
Re(2A+2p +v)>-7/2
Re(k=A)>0 o2 y2 | L, —p=X p—X
Re(2A -2k +v)<-% xbg o L x4
1 v i | 3
h=—— k=e—me—e [=—4 —
4 2 4 2
(43) 2N exp (- % x?) W, #(%xz) oV/a-A=v/2 =172 yvtase
Re(2A+ v)> 2|Repu| -7/2
(e XF(%+%+A+;¢)F(;{;+-’§-+/\—#)
I‘(V+%)F(%+)\—K—%)
r (1 7 v N 7 v N
X g == == R ioes = s
ss\aT ey A
3 39 p g
—y Vt— —+ A—k+ —; —
2 24 2 2
(44)| x ™% exp (%x?)

2
x W_,/zv_,/z'./w(x )

Rev>-1

9-v-1 yv+'/z 7 exp (1/43/2) Erfe (l/zy)
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-Re(2ﬁj+ i) » —~5/9

=1, e,
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Higher transcendental functions (cont’d)
flx) ST @) B (xy) (@y)* dx y >0
(0]
" 9% K=%v y%v—K-‘A T—«x—-Y%v)
45)| x™% exp BLxDW (%x?)
PIAE T Py -+ ) T G—n—% 0
-3/2<Rev<-2Re«
Re k< x exp (ay )ka(l/éyz)
2k=k+%v, 2m=k+Y%v+1
(46)] x 2™ exp (4 x2) W, (%5 %) M D0 = ko )T (% =k = )]
Re(2A +v)> 2|Rep| - 7/2 2 |y
R N
Re(2k + 2A + v ) <=1/2 g(y— E l”
Re(k+ A) <O 2 |, k=A== by k
;
h=—~+—, k:——z, =i+V—
4 2 4 2
ity gt 1y O
@7 6™ (sz e (20)7%
B Bors B,
pa<2m s m)| Gt “I;(—( L%~y vers Y= B,
larg Al <(m +n=%p-Y%q)a| * '° L o=,y i=a s b k
Re a].<min(1, % - ) 3 v
J=l, s, n =—+—, k=——~, l=—+—
’ d 4 2 4 2 4 92




CHAPTER XII
KONTOROVICH-LEBEDEV TRANSFORMS

The pair of reciprocal formulas

g0)=J" (K () dx

f(x)= 2772 x sinh (7x) fomg(y) K‘-x()’) y dy

was given by Kontorovich and Lebedev (1938, 1939) who used these
formulas in the solution of certain boundary value problems. Further
applications to boundary value problems were given by lLebedev and
Kontorovich, and the mathematical theory was developed by Il.ebedev
(1946, 1949). It should be noted that K » (y) is real when x is real and y
is positive. Alternative forms of this inversion were stated in the papers
referred to above. See also Erdélyi, et al. (1953, p. 75).

In this chapter we give a short list of integrals corresponding to the
first of the above formulas; integrals corresponding to the second formula
may be evaluated by means of the tables given in chapter X. We take y
to be a positive real variable, although some of the integrals given
below are valid for complex y.
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KONTOROVICH-LEBEDEV TRANSFORMS

12.1. Formulas

fx) JTf@ K G dx y >0
(1) | x sin(ax) |Ima| < Yam | Yamy sinh a exp (~y cosh a)
(2) | cos ax [Ima| < %m | Yam exp(~y cosh a)
(3) | x tanh (7x) P_, . (2) Ymy)t e
(4) | x tanh () K __(B) Yur(By): (B+y)" exp(-B—y)
larg B| <7
n,3’2 a aZ
(5) | « sinh(nx)Kzl.x(a) W exp |-y _8y
largal < 4=
732y .
(6) | x sin (l/znx)K%iz(a) W exp —a—8a
largal < Yam
(7) | cosh(ax) K , (B) %r K, lly*+ B+ 2By cosa)”]
|Rea| + |arg B| < 7
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Formulas (cont’d)
f@) P& K ) dx y >0
o]
(8) [x(x?+n?)7" sinh(7x) en? I (y) K (a) O<y<a
x K, (a) Y2 I (@K, () a<y <o
a>0;, =01, 2% 35

(9

x sinh (7x) K ia(a) K L."(,B)
|arga| + |argB| < lam

(10)

x sinh(l/znx)K%iz(a)K%iz(B)
|arga| + [arg | <7

ﬂzy |:_ (a+B)z
2: P L7 2@p)”

z=(%+4ap)*

(11| = sinh(7x) K, ; ;) (a) 0 0<y<2a
x K, . y(a) a>0 2
Yix =N\ ™
S, [0+ 2P (- 2N
2a <y <oo
z:(y2—4a2)%
(12)| x sinh (7x) " (A + ix) gyt 773/2(ay))\ (y+a)~)\
xI'(A - ix) K, (a) xI+ B Ky + a)
largal <7, ReA>0
A . 5/2 A
2
(13)| x sinh(27x) " (A + ix) - 1717 (ay ) K, (ly - al)
xT(A-ix) K _(a) Fe:-n  \ly-a
a>0, O<ReA<k
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Formulas (cont’d)

&) JOI@K () dx y >0

2\
(14)| x sinh (mx) I'(X + % ix) 2’ <;—y> K, )\(2)
x '\ = hix) K, (a) :

%
larga| < 4w, Re A>0 ?

z=(y%+ a?

(15)

2
Yy +a

©gagh{ra) & o be) Limay N o ol?e ay)
DG4+ %ix) T 04— Yix) 2 ) expl-ly+ a2

larga| < Vom

(16)| x sinh(7x) T\ + ix) T(A=ix) | 27172 na/z(ay/z)A (B*— 1)'/‘}\_%

x PE (B K Aa) xK\=) o+ 2087}
z=(y*+a®+2aBy)”

larga| < Ym

larg (B - 1)| <=

Re A>0
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CHAPTER XIII
FRACTIONAL INTEGRALS

We call

1 4 _
gly; y)=9?uif(x);y}=—r,—(ﬁ‘[ f(x) @y = )" dx
the Riemann-Liouville (fractional) integral of order p, and
hiy; p) =B if (x); y§=—f flx) 6 — y)* " dx

the Weyl (fractional) integral of order p, of f(x). In general, p and y are
envisaged as complex numbers, the path of integration being the segment
x=yt, 0<t<1ing, and one of therays x =yt, t>lorx =y +¢,¢t>0
in h.

Many authors denote g (y; p) by I#for I%f, and k (y; p) by K #f or K “f.
The integral

F()_/ f(x) (x — y)*~ ' dx,

sometimes denoted by I*f, may be expressed as ® if(a — x); a — y} by
a change of variables; alternatively it may be written as T @) yi by
adopting the convention that f(x) = 0 when x > a.

Fractional derivatives of order a may be defined by the formulas

n

d
Déaf(x)= R _Af(); x} n—1<Rea<n
dx n

n

d
D:o-f(x)=dx ggn_aif(t);xi n—-1<Rea<n
so that tables of fractional integrals may be used to evaluate fractional
derivatives.,

181



182 INTEGRAL TRANSFORMS

On p. 184 we give a brief selection of books and papers which contain
information on the theory of fractional integrals and derivatives. Hardy
and Littlewood (1928) give further references. As far as we know, there
is no extensive table of fractional integrals although numerous integrals
of this kind occur in almost any table of integrals.

An extension of the operators % and % was introduced by Kober
(1940) and V.rdélyi (1940). Kober (1941b) also discussed fractional in-
tegrals of imaginary order. Fractional integration by parts over a finite
interval is expressed by the formula

foagl(x; w f,la - x) dx:fo"fl(a—x)gz(x; ) dx,

and was discussed by Young and l.ove (1938). For the infinite interval
the formula is

I @) g, b dx = [T b () f, () da,

and was discussed by Kober (1940). In these formulas &= E}?f', ,» and
h,=Bf .

The operators ¥ , I are connected with differentiation and integra-
tion, and with each other, by a number of relations. We list a few here,
others being given in the list of general formulas in sections 13,1 and
13.2.

gles D= [*f@)de, hx; D)= [T fe)de

[¢] X

1
—(—g(x; W=gl; p=1), —~—hx;p)=hx; p=-1)
dx dx

NN, =, B %, = L
The functions g(x; p) and 4 (x; p) may be regarded as p times repeated
indefinite integrals of f(x), the fixed limit being O in the case of g, and
~ in the case of A.
The connection of fractional integrals with other integral transforms
may be seen from the following formulas.

Qig(e; p); pt=p *USQR); pi
& Ah(x; p); vl = el/’“"iy—“xjf(x); y}
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r-s-p
T = s)

I’ (s)
(s + p)

Mg (x; p); sl = Mf(x); s + pb

Mk (x5 p); s} = Tif(x); s + pd

which may be used in conjunction with the tables of vol. I to evaluate
fractional integrals by means of tables of Fourier, Laplace, Mellin trans-
forms and their inversions, These formulas may also be used to derive
from a known pair of, say, Fourier transforms a new pair by means of
integration of fractional order.

The connection of fractional integrals and Iaplace transforms is dis-
cussed in Doetsch (1937, p. 293-305) and Widder (1941, p. 70-75). Doetsch
also discusses Abel’s integral equation, g = % f, For the connection of
fractional integrals and Fourier transforms see Kober (1941a, I.emma 3).
For the connection of fractional integrals and Mellin transforms see
Kober (1940). For the connection of fractional integrals and Hankel trans-
forms see Erdélyi and Kober (1940) and Erdélyi (1940); see also 8.1 (13)
to 8.1(16). For fractional integrals in the theory of Fourier series see
Zygmund (1935, p. 222 fl.).

Fractional integrals occur in the solution by definite integrals of
linear differential equations. In this context fractional integrals are often
called Euler transforms (see, for instance, Ince, 1927, p. 191 ff.), ?Fuf
being the Euler transform of the first kind, and Tﬁﬂf the Euler transform
of the second kind, of f,

M. Riesz (1949) has developed a theory of fractional integrals of
functions of several variables: this theory has been applied by Riesz and
others to the solution of partial differential equations. (See, for instance,
Baker and Copson, 1950, Chap. I, &7

From the fractional integrals given in the tables, further fractional
integrals may be derived by the general methods enumerated in the intro-
duction to vol. I, by means of the general formulas stated above and in
sections 13,1 and 13.2, and by means of the connection, also stated
above, between fractional integrals and other integral transforms.
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FRACTIONAL INTEGRALS

13.1. Riemann-Liouville fractional integrals

fx) [ (wl™! foy ) (y = x)* " dx
=gly; p
(1) | flax) a *glay; p)
2)| fla/x) ayH! %ﬁﬂ{t_“_' f@); a/v}
For tables see sec 13,2,
(3) | fx) gly; p=1 = f(0) y* /T ()
(4) j;xf(t)dt gly; p+ 1)
(5) | glx;v) gly; p+v)
e
611 Re p>0 TG D
(7y| =¥ Re p>0, Rev>0 lf((:)+ 3 Bry=
( W R >0 =y F Q1 ¢ st ke /a)
(8) X+ a eu F(#+1) ANy =y L+ s =y /a
larg (y/a)| <m
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Riemann-Liouville integrals (cont’d)
fx) i’ foy fx) (y =)' dx
A ,LL+V"|I“( )
©) | x* ' + N “F(y ; "
Re p>0, Rev>0 e
x ,F (=X v; p+v; —y/a)
|arg y/a| <@
2N pty—
(10 ¥ (2 + a2)>\ @Myl ()
r
Re p>0, Rev>0 L
v v+l p+v ptv+l
X 5\ - ) p——— 5
3 2< 7\’ ) 9 9 ’ 9
2
¥
—a—2> Re(y/a)>0
(11) xv_'(xk+ak)>\ a“\y#ﬁjﬂ ')
=12 Pl
Repu>0, Rev>0 . v el v+k-1
¢ Xk+lﬁk (_A’Z’ 2 9 eee o 7 5
pE+v pt+rv+l p+rv+k-1
k b k § e yy k )
¥
_;k_> larg (y/a)| < w/k
(12)) = 7% (x + 2)7% Hix + 2)*% 244 % [y (y + 2) ¥

+ 2412V 4 [(w+ 2)% —x %127}

Re p>0

x P:f:é‘(y +1) largy| < 7
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Riemann-Liouville integrals (cont’d)

f(x) 1™ [ 716 (y = 047" dx
0
(13)| x#7" %= Re p>0 % (y/a)“-'/Z exp (Y2ay)
x Z“_l/: (l/.’ay)
" (v)
(14)] 7" e __1_"___ wrv—1 IFI(V; ptv; ay)
Rep>0, Rev>0 Fp+v)
T &
(15)| ¥ exp(ax*) ———V)- e
Rep>0, Rev>0 Cp+v)
k=234 .. v v+ 1 v+k -1
xka T ——

k k ke

ptv p+v+1l prv+k =1

k b4 k g eie:niy k ?

ar)
(16)| x 7" exp (—a/x) Re u>0 | a™y* "exp(~a/y) |argy|<n
(17)| =~ 2~ exp(—a/x) Re p>0 (ny)—% ak TH exp (—;y-)

a
XK‘L_% <-§;> Re(a/y)>0

(18)| 7" exp(-a/x) Re p>0 | a%¥ ™% 47K exp <—-f——

2y

a
XWK,'AV (7

K=%—p—-"Yv,

Re(a/y) >0
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Riemann-Liouville integrals (cont’d)

fx) I foy fG) (y = 2)#7 dx

y#

% (5 (P
(19)| explax”) Re p> TG

+ ot % a)%"‘y%‘”%

X [I/.L‘f%(ay%) + L/J.+'/§ (ay%)]

(20)| x 7% exp(ax®) a% (Ya)h—h oy BT
X [I#"A (ay%) + L;.L—‘A (ay%)]
putv=1

@n| x¥! exp(ax%) Y e
I'(p +v)

Repy>0, Rewv>0

1 a’y
% F V;E,y+v; 1

ay** E T (v + %)

C(p+v+%)
F(' 13 1 a%
x Vb= — V4= ——
T\ YT
(22) x™¥2 exp (- ax %) p=1|2a"" exp(—ay™%)
(23)| x~H#~% exp (ax™"%) outh o=% a%-“y%“_%
Rep>0| K,y (ay™%)  Relay™#)>0

yu,-h,/—' l—\ (V)

(24)| 77" log x ‘
Repy>0, Rev>0 U+ v)

x [logy + () = ¢ (p+ v)]
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Riemann-Liouville integrals (cont’d)

f@) [T [7 fG)y - x4 dx
(25)| x*7" sin (ax) Re p>0 % (y/a)* % sin (s ay) J“_,A M ay)
HYTIT ()
(26)| ¥~ sin(ax) -};—rﬁ ['F| (v;u+v; iay)
Re p>0, Rewv>-1 b
- |F|(V; p+v;—iay)l
(27)| sin(ax*) Re u> 0 | 247% p¥ g% —H ) hutk J ey (ay®)
(28)| x 7% sin(ax*) Re >0 | n# K™% g% ™K AL % H _, (ay”®)
+u=y
(29)| ¥ sin (ax*) o F(Vl+ A)
Re p>0, Rev>-% i it
13 1 o’y
% iF, (v+§;—2-, y+v+5;-— x )
(30) x "% gin (ax-%) omu—% % a%‘#y%u"% J%"u(ay—%)
O0<Rep<l, a>0 larg y| <=
31)| 247" cos(ax) Re u>0 | 7% (y/a)* ™% cos (% ay) J#,_%(l/z ay)
ptv=1 F( )
(32)| x¥~" cos(ax) e [,F,(v; p+v; iay)
Re p>0, Rev>0 20 (p+v)

+ ,F (v; p+v; —iay)l
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Riemann-Liouville integrals (cont’d)

f(x) (w1 foy fx) &y —x)* " dx
"
(33) cos (ax?) Re p>0 — Qu—%h Gk —u o
g+ 1)
xy%‘”% H .y (ay%)
(34)| x 7% cos(ay*) Re pu>0 | 2K7% gk g% —# Yk J‘_L_.A(ay%)
mtv=1
(35)] ¥ cos (ax*) %
A
Re p>0, Rev>0 bl
1 a’y
% ol V;E,p+ v; — i

(36)| x #*% cos (ax~%) — QUK a%_“y%“’% Y%_u(ay-%)

O<Rep<l, a>0 largy | <m

Ty k ;
@D P (1-yx) Re p>0 |0t pWa=i)y_yy)
" Fpg+n+1) "
+u—1

(38) £ P.(1— yx) F—:f%yly)—

Re p>0, Rev>0 abh

x JFn,n+1,v;1, p+v; Yayy)
(39) £\ i - i) (20, T\ + %)
"R AS—L AZO l/l"()u»;1+n+'/z)
e —dy s T2
Re p>0 xy)\“‘_% Pn(a"B)(l—yy)

a=A+p-Y%, PB=A-p-%
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Riemann-Liouville integrals (cont’d)

f(x) I L7 @) (= 0)*7" dx
@0)| x¥™' €M1 - yx) 00
e n! T'(p+ v)
2040, -1, =2, e
Re p>0, Rewv>0 X JF(n,n+2) vi A+ Vs pt+vs Vayy)
) W I'(v) -
(41) 2V Ci\(yx,é) (_1)nn—v utv=1
" n!T (p+v)
Re p>0, Rewv>0
x JFlnyn+ dvs Y, prvs yty)
42)| =¥ Ci}m(yx‘/’) 2(=1)" yyu+v-—%
Re p>0, Rev>-%
oF VIR W, T+ %)
n! U(p+v+%)
1
x I, (—-n, n+A+1, v+—2—;
3 1, )
—, ptv+—;
gt BH Vo Yy
[(a+n+1)
(43) xa P(a'ﬁ)(l—yx) = a n ya+/1'
7 lMNa+p+n+1)
Rea>-1, Rep>0
% P’f“w'ﬁ'”)(l -vy)
I'( +1)
(44) xﬁ P(a,ﬁ)(yx - 1) B +n y,B"'li
n I'G+p+n+1)
ReS8>-1, Rep>0

g p'(‘a-u.ﬁ*‘#)(yy -1)
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Riemann-Liouville integrals (cont’d)

f(x)

[0 [T f) & = 247" da

(45)

x BT (] L l/éyx)'g
x P@ A1 - )
O<Rep<—-RefB-n

I'B-p-n)

'l3'n“(1_l/2 )ﬁﬂt
IR -p ¥ Yy

- Pn(a,[ﬁu)(l -yy)

(46)

N P’ga”@)(l - yx)

ReA>0, Rep>0

IM'a+n+1)T() K=

n!T @+ DT+ p)

X JF(=n,n+a+ B+1,A;
a+l, A hayy)

47)

N1 P'(‘a"a)(yx -1

ReA>0, Rep>0

CB+n+ DTO)
AT(B+ DT e p) *

>\+[.L- 1

D"

X o =n,n+a+B+1, N

B+1, A+ p; %yy)

(48)

N1 - Yyx)B Pn(a'ﬁ)(l—yx)

ReA>0, Rep>0

Tr+a+ DTO) 5,

n!l(a+ DI+ p)

x JF(a+n+1, =B —n, \;
a+l, M+ p; YByy)

(49)

x® L2 (Bx)
Re a>-1, Re p>0

IF'@+n+1)
IMNa+p+n+1)

ya.+y_ L:L+y,(‘3y)

(50)

A L>(Bx)

ReA>0, Rep>0

T(a +n 4+ 1) T (X))

)\+#—1

n!Il(a+ DI+ p)

x B, (=ny, & a+1, A+p; By)
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Riemann-Liouville integrals (cont’d)

fx)

[l J, T f(x) by = 2)* 7 dx

IN'la+n+1)I"(X)

A=1 =[x Le Atp=1
e R AT (ar DT+ )
ReA>0, Rep>0
x F, (a+n+1, Ay a+l, A+ p; —By)
G| [x L+ %y #APM L+ yx) | () Ry (L + Byy)ER%N
ReA<l, Rep>0]| x Pi)_“(l +yy) largyy| <@
: . A -
(53) x/<+/4)\—l(1+ Y yx) YA 2y i K KHu=1
A =Mk +p)
x P(1+ yx)
Rex >0, Rep>0| X of, v 14wy k5 1= Ay k4 ps = Jayy)
lyyl <1
(54)| [x (1 - )1 %A PA(1 - 22) [y (1 = y)VAe%A pion(l - 24)
ReA<1l, Rep>0 O<y<1
) ) I (k) y*Hw!
55 K+%UA=1 (1_ )‘A)\P}\(l_Q )
Rt = * ¥ * Dk+p) A =2A)
Re k>0, Rep>0
X JF (v, 14y, k5 1= N k+p5 y)
O<y<l1
r(a
(56) x)\—l Jy(ax) =, fl) ;:; )(1/2 a)vy)\ﬁuh/—l
Re p>0, Re(A+1)>0 v it

Av A4+v+l
X 2F3 —2, 2 s V+ 1,

A p+v Adp+ v+l._a2y2>

L )

2 2 4
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Riemann-Liouville integrals (cont’d)

f(x)

17 7 16 = )" dx

(20)” y** 2 T (v + %)

(57)| x¥ e *iox J, (ax) % e s 20 2D)
Rep>0, Rev>-% " psEs
x F, (v +%; p+2v+1; £ 2iay)
. 27V a¥ yMHTI T (A
(58) x)\-v-l ei:;a.x Jv(ax) &Y %
r‘d+pre+1)
ReA>0, Rep>0
oI Oy v 03 At py, 2v+ 15 £ 2iay)
(59) 7% J, (ax*) n% [T (hay*)]?
p="%, Rev>-%
1, 1, 1 2 ¥ 1
(60)| x%v=% Jv(axé) wt (—y> [:]V(l/zay’é)]2
p=v+Y% Rev>-% “
(61)] x%¥% Jy(ax%) (Ya)' " % yvh Jy(%ay'/’)
p=v-%, Rev>Hh xJV_1(l/§ay%)
v
(62)| x %V Jv(ax%) 't <2L> JV(’/zay%)J_V('/zay%)
p="%-v, Rev<ky 4
(63) x%VJV(ax%) 2“a—“y%“+%vcfu+v(ay%)
Re p>0, Rev>-1
. . 92=v ;7K Khu=%v
(64) x 77 J (ax*) Re yi>0 z Syt e (@y )

() TG
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Riemann-Liouville integrals((cont’d)

f(x)

w1~ [ T f(x) (y = 0)*7 dx

a’ yMETT T ()

AYv=1 J %
(65) x RV(an>()) R >O 21/ I‘()\'f' [-l-) I-‘(V+ 1)
e A ep
x F, (A v+, Ap; = Ka?y)
(%a)?¥ y M P ()
A=v=1 %\12
s [JVR((“; >)]O Re u>0 @+ DIPPT+p
e 2 e

For several particular cases
see Bailey, W.N., 1938:
Quart. J. Math. Oxford Ser.,

X O v+l Ay v+], 20+ 1

9, 141-147.
(@) 7 g ¥y | e
vr +
ReA>0, Rep>0 #
x F, Oy A5 14y, 1—v, Aty -a’y)
(68) x 7% Yv(ax%) 7% ctn(vm) [J.AV('/éay%)]2
p="% -1<Rev<l| _ x csc (vm) [J_%u('/z'azy%)]2
(69)] x %Y Yv(ax%) 2% g% yBVH4 s (vn)
p=1%, Rev>-1 X[COS(Vﬂ)JV+%(ay%)
-H_,_, (ay®)]
(70) x AV Yv(ax%) 2% q™% y%-%’j csc(vm)
p="% Rev<l

x [cosGm) B, _, (ay”®)
- Jy_lay™)]
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Riemann-Liouville integrals (cont’d)
f&) @I [ fG) (y =07 dx
Kv=Y % 4 (25N ¢ oSy (e
(71| x Y, (ax”) a” \— ) J,Chay™) Y (ray”).
p=v+%, Rev>-% ¢
14
- ao y 1 a 1 1
(72)| x5 ¥ (ax*) * (2—— J_,Gay®) Y, (ay¥)
p=Y%-v, Rev<k% 4
1, 1 2 # 1, 1
(73) x/‘V Yy(ax/z) <_> yAIL"‘/zvctn(Vﬂ) JM+V(ay%)
Rep>0, Rev>-1 :
2v*2 Y RuthY Py 4 1)
ma” T"(p)
. Su-v-'.lﬁ’v(ay%)
2N o "
(74) [ 2%V Y, (ax*) (—) gy ABTAY ¥ by ™)
Rep>0, Rev>-1 “
2V+2 y%}i+%vl‘1(v+ 1)
+
a1 (p)
xSu_V_l'uﬂ,(ayy’)
@5)| x5V ¥_(ax* y K%Y etn (um) %
B v(ax®) 2¥72 gH 1 () I'( )s#*’v-‘.u-v(ay R
Re p>0, Rev<l1 ’ i v

- (2/a)*y A% csc (vr)

x J#_V(ay%)
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Riemann-Liouville integrals (cont’d)

f(x) (] fo T flx) (y — )47 dx
(76) s YV(ax%) 277 ¥ y)\+“+% =1 ctn (vrr)
Re A> )% |Rev|, Rep>0 O+ %)

"TO+ATO + gt %9)

x JF A+ Y T+v, At p+ Y;
- Y%a’y)

i yN’“-% Y1 esc(vn)

'x-%v)
x
TA-)T A+ p- %)

x F,(A=Yv; 1-v, A+ p=Yiv;
- Y% a’y)

(2a)” y** 2 T'(v + %)
ah F'(p+2v+1)

(77)| =¥ eta= Iv(ax)

Re p>0, Rev>-%
x F(v+%; p+2v +1; £ 2ay)

Ha)” yMEYTI P (A4 )
F+ DTN+ p+v)

(78) N1 g tax I (ax)
Re p>0, Re(A+v)>0

X B, (w4 Y, Av; 2v+ 1, p+ A+

* 2ay)
(79)| 7% I, (ax*) 7% 11,4 ay*)]?
p="r, Rev>-%
« [ 2r\” ,
B0)| x*¥ 7% I (ax*) % (—y> [I,(5ay*)]?
a

p=v+%, Rev>-%
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13.1

Riemann-Liouville integrals (cont’d)

fx)

O™ L7 76 (=) dx

81)| x*V 7% I (ax*) %a)' ™ n% y¥ R I Chay®)
p=v-%, Rev>% XIV—1(%’ ay%)
82) x ¥7% I (ax*) s <2i> I,(Ghay*) I_(hay*)
p=%-v, Rev<h ¥
(83) x*¥ I (ax) ot ahy ARV T L (ay ™)
Re p>0, Rev>-1
v Atp-
(84) 2NEV I (ax¥) gy e
v ¥ L) I
ReA>0, Rep>0 N+ DT+ p)
x F,(A; v+ 1, Ap; 4ay)
(85) x# K, (ax*) % sec(vn) [, (%ay*)
p="t —Y<Rev<%| +I_ (hay®)K (Y4ay*)
(86)| x*¥ 7% K _(ax*) m*(2y/@)” I,(hay*®) K (% ay*)
p=v+%, Rev>-%
(87) el Kv(ax%) vt a_vyx‘t“—% o TOIT(A=J2v)
Re A > %|Rev|, Rep>0 (A +p=%v)

Bl et g T
% B bl Tt e
LS Nl ik

 TEIT(A+ )
A+ p+ %)

v a’y
2 4

1 %4
X o F, QHE; 14w, Apt—;

+2 1 "Vavy}\'f'p_-ff% v-
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Riemann-Liouville integrals (cont’d)

fx)

r (;l)]_' _f;y f(x) (y —x "MV dx

(88)

xxuﬂy(}/x%)
Rev>-3/2, Rep>0

UNTHy A, (ry %)

) yv+| y>\+“—'

A=v/2=3/2 %
89 H (yx*)
(89)| x ; ;:0 et 2 72 Ty + 3/2) T (A + p)
e ) € pn
3 3 Yy
X ZF; <l, A 5’ V"‘E" A+I‘;—T>
©0)| x%¥ L (yx*) s THy ¥V L Ly ®)
Re p>0, Rev>-3/2
+1 Abp—1
(91) x)fV/Z‘3/2 L (yx%) }’vl Y . F(/\)
Ru}\)O . < 2Vn’€]—‘(v+3/2)r()\+#)
e 2 e .
g 3 3 Y’y
x B, 1,)\;5, V+§, At 3
A+
02 PHEE o (e a yYMET(A+ 1)
RK.):J> L BensB (k—v+ 1) (k+v+ 1) TA+p+l)
e — 4L e u

K=+ 3 kK+v+3
% g 1,/\+1;T,

2
a'y
4 )

s M1
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Riemann-Liouville integrals (cont’d)
f(x) I J7 f(x) (y = 2)*7 dx
(o]
(98) |2 e, s(an) yK' e 5% sec[(k — p— A7)

0<Rey<ReK—|Re)\|+%

I(k—p+ A+ %)
rea+1)

x {Sin (pur)

x MK_#J\(ay)
+ cos [(k—-A)7] WK‘#,)\(ay)}

y* 1T ()

(94)| 27" F(a,, we,a_;
v ’ I'(p+v)
v, bz, sse o bq; ax)
psq+1 XPF‘q(a',."'aP;u+v'b2""’bq;ay)
Re p>0, Rev>0 lay| <1 if p=g+1
ptr=1
195) x¥™' Fla,, se,a_; T
o 4 '+ v)

b, 9§65 qu; ax)

p<g+1 xp+|Fq+|(V’a,s ey @5
Rep>0, Rev>0 p+v, b,.-.-,bq;ay)
|ayl<1ifp=q+1
a ses o @ 0 a a
(96) G.n(ax L ’ P> )’“(,"'.n'*l ay 2 {0 888y P>
Pq b, -.-,bq p+1, g+1 b,,...,bq,_#
p<Lgq, Re}l>0 |a)’|<11fp=q
Re 8,>-1 i=L e,m
a e a 0 a i
On|6 " (ax| '* TP gk Gt P b
" ‘b' ks bq P+" q+‘ y b| } ] '."bq’ —#
RePb+>q_<12(m+n);_1Re#>: largay| <(m +n —Y%p - Y%q)n
j = 1) eee
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13.2. Weyl fractional integrals
f(x) 10 f:o fx) (x = y)* " dx
=h(y; p
(1) | f(ax) a *h(ay; p)
2) | fla/x) ay*™! %#U-“-' f(&); a/y}
For tables see sec. 13.1.
(3) | fx) —h(y; p-1)
@ | I f(e)de hly; p+1)
5) | Alx; v) hy; p+v)
rA-p  _
=\ 0 A y7s A
6) | x <Re p <Re _—F o
e
(D] (x+ a)_>‘ 0 <Re p<Re A FI(‘ (/\)’L) (y + a)“-)\
|arg (y/a)| < m
-\ v ptv=X\ '(A- E= v)
@) x"(x+a) To-g

0 <Re p<Re(A-v)

b ZF‘(‘—V, A—p—v; A—v; —a/y)
larg (a/y)| <7 or |a/y| <1
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Weyl integrals (cont’d)
@) C @I [T @) =y dx
(9) x-)\(x2 % @2)¥ I:——(A— s prAtey
A | O
0 < Re p < Re(A - 2v)
) A— 1+A-
% oF, <—v, i« -V, A -v;
2 2
A 1+A a®
—2—V, -V, ——
|y| > |a|] or Re(a/y)>0
(10)| (&% = D7* [(x + ¥ —(x=1)%]2¥| 2V *% 7% ¢ WH¥)m i
0<Rep<l+Rev| x(y?-1)%% g%L(y)
larg(y = 1)| < 7
(11)| e ™% Re p>0 | a™# e~ Re(ay)>0
(12)| x#~ " e72x Re p>0 a4 (y/a)“—% exp(=%ay)
x K, _y (hay) Re(ay) >0
(13)| x N e~ Re >0 |aV 7%y V% ¢~%ay WK_v(ay)
2k=1=-A-p, 2v=A-p
Re(ay)>0
(14) x 24 exp(a/x) Re p>0 (ﬂ/y)% a%-” exp (.2‘1_)
8 4
a
Lo (57




13.2

FRACTIONAL INTEGRALS

203

Weyl integrals (cont’d)

fx) @I [7fG) -y )" da
- ra-p _
(15)| = A exp (a/x) W#—y“ A JFL A= A5 a/y)
0 <Re p<Re A
(16)| exp(-ax*) Re >0 | 20Y% 7% g% -n %otk K, iy (ay*)
Re(ay”®)>0
(17)| ™% exp(—ax%) Rep >0 outh =% a%_”’y%“-xl(#_%(ay%)
Re(ay”*)>0
. F'A-p
(18) x™logx O <Rep<ReA ?M” y* Mlogy + ¥ (W)= (A=p)]
(19)| sin(ax) a>0, O<Rep<1|asin(ay+ % pun)
(20)| 247" sin (ax) Yor (y/a)* "% [cos Chay) J,, _ (4 ay)
a>0, O<Rep<lk| -sin(Ysay) Y%_#(l/zay)]
_ »\ a
(21)| 2% sin(a/x) Re u>0 || — ) a%*7* sin( )
Y 2y
P a
<25y
(22) sin(ax%) 2#‘% ”% a%'l-ty‘/z,u*% Y_%_’u(a}’%)
a>0, O<Rep<hkh
(23)| x™% sin (ax*) QUTH g ghH o humk Jy _M(ay%)
a>0, O<Rep<l
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Weyl integrals (cont’d)
f(x) (™! f;of(x) (x —y)* ' dx
(24)| cos(@x) a>0, O<Rep<1l|a™cos(ay+ % pun)
(25)| x#7" cos (ay) - Y%n’(y/a)+* [sin (zay)d, _ (hay)
a>0, O<Rep<h + cos M ay) , -u(l/zay)]
(26)| x~2* cos (a/x) Re p>0 (n/y)% a% "k cos (a/2y) Ju"‘A (a/2y)
27)| cos (ax*) ou=% % a%_"y%'“ﬂ‘ JI_y _#(ay%)
a>0, O<Repu<k
(28)| x™% cos (ax*) —QHu~% ok a%H yhuX Y, (ay%)
a>0, O<Rep<l
(29)| Q) 0<Rep<l+Rev|e " (y? = 1) Q7 ()
larg(y = 1) <7
(30)| (x2 = 1)%N Q;)\(x) eMTi(y? — 1)'A>\+%;LQ;>\-M(),)
0<Rep<l+Re(w-2A) larg(y = 1)| <=
: e 5T (20)YV BT (% - p + 1)
31 Ve J (ax) )
@BD|x"e lax T ps20)
a>0, O<Rep<k+Rev
x F, CGa—p+v; 1=p+2v; 2aiy)
y >0
% v % %
Y-y % [ 2y ay ay
(32) % L Ju(ax ) a>0 '—E (‘:) [JII<_2—>Y‘U<2 )

p=v+%, -¥<Rev<k

% Y%
ay e
+J_y(2 >YV<2—>] y>0
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Weyl integrals (cont’d)
fx) [ (w1 fwa(x) c—y)* ' dx
g gt ; ol 29 ¥” *
I SO PN C
p=v+h, -%<Rev<l ¢
ay*
ps Y_y 5 y >0
-% p - Y% =% %
(34)| ™V J(ax*) a>0 |24a Ky rEY ] (ay®) ¥y >0
O<Rep<%Rev+¥%
(35) x AV J_V(ax%) a>0 2“a-“y%“_%v[cos(wr) JV_#(ay%)

1 )
0<Rey< “WRev+ % —sin(wr) Y,,_u(a}’/;)] y>0
(36) x)\.JV(ax%) a>0 22)\a—2>‘y“
O<Rep<li-Rel " >
a‘y 0
XGZO —
'3< A |=py A+ Y2y, A=Yov
y >0
3N x7 [Jy(a;\c%)]2 a>0|n7% a-"y"%”_% Hy(2ay%)
p=v-t, Rev>} y>0
% v % / %
) 1 ) 2
@8)| x4V E ¥ (ax¥) a>0 |— <—y> [JV(’L)J_V(W )
p=v+h, =-Vi<Rev<h 2 4 2 2

) -3)]

y>0
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Weyl integrals (cont’d)
fx) @i’ f:o f&) (x —y)* " dx
(39) x%VYV(ax%) a>0|2%a _"yl/””%”
O<Repu<%-"%Rev s [coslvm) Y—u— (ay%)
Y%
— sin (v7r) I )] y >0
(40) x'%"YV(axy’) a>0 2“a—“y%“_%VYV_u(ay%) y >0
O0<Rep<hRev+¥
@D 27 I (ax®) Y (ax”)  a>0|-a%a™VyTEVTE g (2ay%)
p=v—"Y, Rev>}
(42) x_V[YV(ax%)]z a>0|n % a vy AvTh[Y ,(2ay%)
=1 1
p=v-"%, Rev>} _oy (2ay/’)] y>0
W i 2
(43) xAV % H.’(J” (ax%) y (l) ay
p=v+% Rev>-Y%
a
xlli': <2L> Im(ay*) >0
1t 2 v
=% p( .k 5 ay
(44)| x*¥7* H(ax ™) — l: “)< ):I
p=v+Y% Rev>-Y%
Im(ay*)>0
(a5)| ™% H M (ax*) Re >0 | 2 a ™y oAV B (D (qy %)
Im(ay*)>0
Yhv=Y% (2 Y% 2y " ay%
(46)| x HV (ax™) s H;(,Z) i

p=v+% Rev>-%

2 a
%
ay
xH? (2—-> Im(ay”*) <0
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Weyl integrals (cont’d)
f(x) CI™" [T f&) (& = 9)* " dx
y
% . v % 2
iy y n”i [2y ay
@n| x*v"* H2(ax") 12 (7) I:H(_zll (‘—2 >]
p=v+%, Rev>-%
Im(ay”) <0
% (2) % =i B % (2) %
(48)| x™* ¥V H P (ax™) Re p>0 | 2K g My K 1'HV"’_#(ay )
Im(ay”) <0
- Qa)’ ™ *1 s - )
(49)| x e ** I (ax) a% =
o ; 7 T(Q-p+2v)
O<Rep<k+Rev
x K a—p+v; 1-p+ 2v; —2ay)
Re(ay) >0
(50)| x~Ae"ax I (ax) n (2a))\y“
O<Rep<k+Rea % -0
><G§'3 2ay
—V=A —v—A
Re(ay) >0
(51)| x 7+ 7% ¢ 7ax K, (ax) Rep>0 7% (2a) 7%y o7y W_“.V(Zay)
Re(ay) >0
%o hu—v=Y% Y/
_ 77 I'h-p+v)
(52)] x7¥ e** K (ax) 4 el i

O<Rep<k+Rev

(2a) 4% T (% + v)

xe® W (2ay)

A, v=lp
|arg(ay)| < 3m/2
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Weyl integrals (cont’d)
) M @I ) -y da
y
(53)| x Ve ™ Kv(ax) Re p>0 . (2a) % n% y‘/’“'y-%
x e Y W_.A#'V_./zu@ay)
Re(ay) >0
(54) x~Neox K (ax) 7% (2 a)>\y“‘ cos (vm)
0<Re#<l/§+BeA . 1/,2_&0
x G 2ay
2 —fy V=A, —V — A
|arg (ay)| < 37/2
(55) x-)\e_a" Ky(ax) Re p>0 ez (2a))\y“
0’ l/_)\
xG2\ 2ay " )
-l V=A== X
Re(ay) >0
(56)| x~% K, (ax*) p="%| 7 K (say")]? Re(ay”)>0
1 1 1 -, 2 4 % 5
57| x*¥ 7% K (ax*) . /-(—Z) [KV<‘;y >]
p=v+%, Rev>-% ‘
Re(ay”)>0
(58) x AV Ky(ax‘/’) . (2/a)?"! yv_‘% .
p=v-Y% Rev>Y% | xK, Ciay*)K,_,(Yay*)

He(ay%) >0
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Weyl integrals (cont’d)
f(x) D™ 7 f@) (6 -y da
¥
(59) x_%VKV(ax%) Re p>0 2“a_“y%”_%vl<v_#(ay%)
Re(ay%)>0
(60) x_)‘KV(ax%) Re pu>0 9m2A=1 5 2A yH
. 0
X G?g =2 >
4 |=p, v=A =Yv-A
Re(ay”)>0
(61) x7% Iv(ax%)KV(ax%) Ymh a7V y EVTH
p=v-Jth Rev>% x[Iv(Zay%)—Lany%)]
Re(ay”)>0
62) 7 [Ky(ax%)]z nh a—.uy-%”_% Kv(?.ay%)
p=v-% Rev>Y4 Re(ay*)>0
) 2y \* ,
(63) x*#B_, (ax*) (;—) [y_m(ayé)
a>0, O<Rep<h
: %
<+; So,zu(ay ) y >0
9 v %
s oo @) [ @)
a

p=v+¥%h -Vi<Rev<¥h

2
y>0
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Weyl integrals (cont’d)
f&) 1" 7 f@) & -y dx
Y
n o hvthu
(65)] x% ¥ H_(ax*) a>0 M—-—[cos(vn)ﬂ +V(ay%)
R:p>0, Re(p +v) <} | ©°% [+ v) 7] 4
Re(u+ ) <% | sin () J—;.L—V(ay%)] y >0
2 (2 K .
(66)| x*#MB_ (ax®) - Y_ (ax™)] | — (%) S, 2.@y®)
w
0 3 Y
R pEs larg (ay #)| <=
% v % 2
(67) x*V % [H_ (ax*)-Y_ (ax*)] %<ﬂ> {[Jy <a2y >:|
p=v+ %, =-¥%<Rev<}h “
% 2
ay
+1Y
EESN,
|arg (ay®)| <=
n
(68) xx”[llu(ax%)— Yv(ax%)] _(M Kotk p
O<Rep<’k%-—Rev s A
x [“;ﬁv(a}’%) = Y“h,(ay%)]
|arg(ay )| <=
. : 2 (2 .
69) ¥V [I_ (ax*) - L_, (ax*®)] —;(—y> I <“y >
v ¥ w a ¥ N2

p=v+ %, -—-%<Rev<k

v
%
xKV<a;’ > Re(ay”®)>0




13.2

FRACTIONAL INTEGRALS

211

Weyl integrals (cont’d)

f(x)

I [ ) & —y)* " dx
y

(70)

x#V[I_, (ax*) - L (ax*)]

O<Rep<¥—-Rev

cos (vrr)

cos [(p + v) 7]

<i>“ y%u+% v
a

x[I_, (ay®) =L, (ay™)]
Re(ay”) >0
2 - _— |
(71) x%"S}\ 1J(ax%) CO6—%A—p— %) a—u.y‘A;H%v
’ - Y%a-%
0<2Re p<1l-Re(A+v) G2 - ¢v)
# S}\+/J,,'u,+y(ay/4) "
larg(ay ™)| <=
l — — —
(72) x)\_% e%ax WK )\(ax) P(/Zl K A Il) a_%# %#+)\'IA
’ I'e—«x-a
0 <Hop<B=Holes2)| © 2 5=
%
x ey WK+%#.)\+IA#(Q)’)
|arg(ay)| < 37/2
(73)] £/ e THEx WK’}\(ax) y e THy WK—u.)\(a}’)
Re p>0 Re(ay) >0
(79)| #N7% eHex W, \(ax) aH by BuIK  ~Kay

Re p>0

X WK_%u.}\_%u(ay) Re(ay)>0




212

INTEGRAL TRANSFORMS

13.2

Weyl integrals (cont’d)

f(x)

I [7f) @ —y)* " da
b 4

(75)| =

P g ¥ox WK )\(ax)

0 <Re p<Re(p - )

yHP

F+A=k)T (- A=k

x G <ay

l+xk,p >
p—is V2t A, Vo= A
larg (ay)| < 3a/2

o= - = Ps 1-«
(76)| x P e % %% \(ax) y* PG (ay
KN\ Re u> 0 23 p=tty Yot A, Y= A
Re(ay) >0
I'(A=p)
70 ™ . el P
(77)| = qu(ai’""ap’ )
b,y eey b ;3 —a/x)
1 q “ XP+1Fq+1(A—‘U., al,-n,ap;
O<Rep<Re) p<g+1
* - ‘\9b‘v'“qu; "'a/y)
i¥1> lal or |argla/y)| <7
if p=gq+1
(78) G2 (ax | 1?7 sq|yremtin (ay| % ®
Pa biveesh ) PELT T \ T w Wb
q q
O<Rep<l-Re a; lay|>1 if p=gq

j=1,loo,n

(79)

a|, "-,ap
by ey b

q

G“"(zx
Pq
p+q<2(m+n)

0<Re;1<1—Rea].

j:l,.n,n

y,Gm-i'l,n al""’ap’())
Y Y41+ - b‘, 2y i

g

(.

larg (ay)| <(m+n-Yap-Yoq)m




CHAPTER XIV

STIELTJES TRANSFORMS
We call
gly) =61f(x); yi = fow fx) (x +y)7 " dx

the Stieltjes transform of f(x). Here integration is over the positive real
x-axis, and y is a complex variable ranging over the complex y-plane
cut along the negative real axis.

Stieltjes transforms are iterated l.aplace transforms,

Gif x); vy} = QIRYf(x); ¢} ; )

and accordingly, information about Stieltjes transforms is found in works
on Laplace transforms, in particular in Widder (1941, Chapter VIII) and
Titchmarsh (1937, sections 11.8,11.9). Stieltjes transforms are also
connected with the moment problem for the semi-infinite interyal (Shohat
and Tamarkin, 1943) and hence with certain continued fractions.,

We also give a brief list of generalized Stieltjes transforms of order p

gy p) = G lfG)yl= [7 f() v+ y) P dx

where x and y are as before,and p is a complex parameter. For the theory
see Widder (1941, Chapter VIII). Generalized Stieltjes transforms of
different orders are connected with each other, and with Stieltjes trans-
forms, by fractional integration according to the formulas

re)%, ,6,=6
() B

1
u G, = Cp—p Cpmpe

From the transform pairs given in the tables, further integrals may be
derived by the methods mentioned in the introduction to vol. I, by the
general formulas given in the tables, and by using the above formulas
in connection with tables of Laplace transforms and fractional integrals.
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STIELTJES TRANSFORMS

14.1. General formulas

f) JTf@ @ dx argy| <n
1) | f&) g (y)
2) | xf(x) f:f(x) dx —yg(y)
3) | (x+ a7 flx) larga| <7 | (y —a) "' [g(a) - g(¥)]
(4) %)—- a>0| (y+a) '[Bglae™) + Y%glae™ ')
- fla) log(y/a) — g (y)]
(5) | glxe ™)~ glxe ') 2ni g(y)
6) | f(ax) a>0|glay)
(D | =7 fla/x) a>0|y7" gla/y)
@) | f&=%) gliy %) + g(=iy™)
9) | f(x) -y ' fO)-g ()
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14.2. Elementary functions
fls) j;) f) (x +9)7 " dx largy| < 7

(1) | -1 2n<x <2n+1 | logthy T Ciy VT Gy + )12
1 2n+1<x<2n+2
n=20,1, 2, e
@) | (a+2)7" larga| <7 | (a=-y)"" log(a/y)
(3) - Rea>0 _1_2. [— —log(L)]
a® +x? a’+y 2 a
% 1
4 R >0 — 4ty 1 ]
(4) 2 ea a2+y2[ yog( )
(5) | x¥ -1<Rev<0|-my¥csc(m)
6 | = m(a” -y
a+x (a - 1y) sin(vm)
largal <7, —-1<Rev<1
@) | == i [ il
a?+x? a’+y?% L 2cos (%vm)
Rea>0, —-1<Rev<?2 . o ) y
2sin (Yavw)  sin(vm)
v v 4
(8) : “ -1<Rev<l N Y - a¥ ctn(vm)
x—a a+y sin (vm)

a” a
+ —log (—)
3 Y
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14.2
Elementary functions (cont’d)
fx) J;wf(x) (x+y) ' dx largy| <7
) p-v)y*™!
(9) xv—l(a+x)l—u v P _:j Y
' (p) a*
largal <7, 0 < Rev<Rep
Fp=-1,v;p51-y/a)
(10)| x P (a+x) "¢ larga| <7 | mesclpm)y P la—-y)"7 I, _y/a(o, p)
—Reo <Rep<l
(L) e™5= Rea>0|-e® Ei(-ay)
(12)] e O0<x<b|e®[Eil-ab-ay)-Ei(-ay)l
0 b<x <o
(13)] 0 0<x<b|—-e® Ei(-=ab - ay)
e * b <x <oo
Rea>0
(14)] &™ e ™% Re a> 0 (—l)"“y"eay Fi(-ay)
+ 2 EDPTTG -1 ey
r=1
(15)| x~% e™@* Rea>0| my ™% €% Erfe(a” y %)
(16) x% e 0% Rea>0 | n% o % - ﬂy% e Erfc (a” y%)
(17)| x Ve ™" -y e* (v, ay)
Rea>0, Rev<l
(18)| x™' (1 — e ™) Rea>0 |y 'lloglayy)-e® Ei(-ay)]




218

INTEGRAL TRANSFORMS 14.2

Elementary functions (cont’d)

f(x) fomf(x) (x+y) " dx largy| < m
(19)| x¥~' 7%/ P(-v)yY™" e T (v afy)
Rea>0, Rev<l1
(20) exp(-—axl/’) Rea>0 | 2 cos (ay”) cilay”)
-2 sin(ay‘/’) si(ay%)
21| x 7% exp (- ax*) Re a>0 |- 2y %[sin(ay*) cilay®)
+ cos(ay”) silay*)]
(22) xxexp(~ax%) F(2A+l)y)\[exp(iayl/’+)\ni)
Rea>0, ReA>-1 ><l'(—2)\,iay%)
+expl—iay” — Ami)[" (=2A, —iay®)]
(23)| [exp (ax’)-1]"" Rea>0 log(ay‘/’) =D ayy’)—I - x,/;(ay%)
(24)| (@ + x)7" log x largal <7 | %y — a)”" [(logy)? = (log a)?]
1 2
(25)| (@ + %)~ log(x/a) []og(i> jl ‘
larga| <7 20y - a) &
(26)| (x —a)”" log(x/a) a>0| %y +a) " {n?+ [log (y/a)l?}
27)| x~% log(ax + B) 27y ™% log(a”® y* + B%)
Rea>0, RefB>0
(28)| x” log x -1<Rev<0 |-my”csc(vn)llogy -7 ctn (vm)]
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Elementary functions (cont’d)
fx) f:of(x) (x+y)"" dn largy| <=
(29) x¥(a + x)7! log x — 7 csclvm) (y - a) ' ¥ log a
larga| <7, —-1<Rewv<l —yYlogy — m ctn(vm) (@” — y")]
(30)| x¥(a+ x)7" log(x/a) 7 esc(vr) (y = a)” ' ly” log(y/a)
|a!‘ga|<77, —-1<Rev<l +77Ctn(V77)(aV-—yV)]
(31)| sin (ax) a >0 | — sin(ay) ci(ay) — cos (ay) si(ay)
(32)| x”* sin (ax) a>0 | my” [sin (@y)- 2" sin (ay+%n) Clay)
+ 2% cos (ay + %4 m) S (ay)]
— 7% % gH
(33)| x ™% sin (ax) a>0| 7y (2% sin(ay + %) Clay)
— 2% cos (ay+% @) S(ay)-sin (ay)]
(34)| x7" sin (ax) Bi T (1-v)y Y[e ™ I' (v, —iay)
a>0, -1<Rev<2 —ei“yr(u, iay)]
(35)| 0 0 <x<a| See Erdélyi, Arthur, 1939: Proc.
, Edinburgh Math. Soc. (2) 6, 94-104.
(x?2=a? 7" sin(bx) a<x <o B b oc. (2) 6,
(36)| sin (ax?) a>0 |7 exp (—ayyz)
@37)| 7" sin (ax*) a>0| 7y ' [1-expl—ay”)]
(38)| x™* sin (ax*) a>0|y #[exp(-ay”) Filay”)

— exp (ayl/‘) Ei(—ay )]
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Elementary functions (cont’d)
f(x) f:cf(x) (x+9) " dx largy| < =
(39) 2™ in (ax®) —ny}\ sec (An) sinh(ay%)
a>0, -3/2<ReAr<1/2| -a T2\ sin(An)
x [,F, (1; 1=2X; ay %)
+ F,(1;1-2X —ay*)]
(40)| (x + B)™" sin (ax*) m(y = B) " [exp (~aB¥)- exp(—ay%)]
a>0, |argB|<m
(a1)| P sin(ax* + Bn) 7y P exp(-ay*)
a>0, -Y%<ReB<l1
(42)| sin (ax* — bx %) a, b>0 | mexpl-ay” — by ™)
(43)| x ™% [sin (ax*)]? a>0 | Y%ry %1 - exp(-2ay*)]
(44) x4 sin(ax%)sin(bx%) l/zﬂy_%{exp(—la—bly%)
a>0, b>0| —expl-(a+b)y*l}
(45)| x™% sin (ax*) sin (bx*) 7y % exp(—ay”) sinh (by*)
a>b>0
(46)| log(Bx) sin (ax*) 7[log (By) exp (—ay %)
a>0, J|argB|<n —exp(ay%)Ei(—ay%)
- exp(—ay*) Ei(ay%)]
(47)| x7% log | sin (ax®)| a>0 | 7y % log[%-Ysexp (-2 ay#)]
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Elementary functions (cont’d)
f(x) JTI@ @) de argy| <
(48)| cos (ax) a >0 | cos(ay) cilay) — sin (ay) si(ay)
(49)| x~ " [cos (bx) — cos (ax)] y_' [-ci(by) cos (by)+ si(by)sin(by)
a, b>0 | +ci(ay) cos(ay)-si(ay) sin (ay)
+ log (@b™")]
(50)| x% cos (ax) a>0 | 27% g g% _ ny%[cos(ay)
- 2% cos(ay + % ) C(ay)
- 2% sin (ay + 44 m) S(ay)]
(51)| x™% cos (ax) a>0 |7y %[cos(ay)- 2% cos (ay + %m) Clay)
- 2% sin (ay + Y4 m) S (ay)]
(52)| x7% cos (ax) B =)y Ve ™ T (v, iay)
a>0, -1<Rev<l| +e T (y,-iay)l
(53)| 0 0 <x <a | See Erdélyi, Arthur, 1939: Proc.
_ Edinburgh Math. Soc. (2) 6, 94-104.
(x% —a?®) 7% cos(bx) a<x<oo
(54) cos (ax %) a>0 —exp(—ay%)E_i(ay%)
— exp (ay”) Ei(-ay %)
(55)] x™# cos (ax*) a>0 |7y~ exp (~ay”*)
(56) 2™ cos (@x”®) —rry)\ csc (M) cosh (ay#)

a>0, -1<ReA<kh

—a"?A cos (A7) I"(2X)
x[‘F, (1; 1-2A; ay%)
+ |F1(1; 1- 2)\;-—ayl/’)]
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Elementary functions (cont’'d)

f(x) f: fx) (x +y)7" dx |argy| <@

(57)

x % (x + B)”" cos(ax”) nly -B) ' [B7H exp(—aB%)
a>0, |argB|<m| -y7% exp(—ay%)]

(58)

x % cos (ax% = bx_%) ny—% exp(-ay% - by_%)
a, b>0

(59)

x-3/2 [COS (ax |/2)_Cos (bx 1/2)] ny-a/z [(b - a)y 1/2

a>0, b>0| +expl=by"?)—exp(-ay?)]

(60)

x % [cos (ax#)]? a>0 | %ay ™4 [1 - exp(-2ay*)]

(61)

x™% cos (ax”) cos (bx %) Yoy %lexp(~|a—b| y*%)
a>0, b>0| +expl-(a+b)y”%}

(62)

x~% cos (ax%) cos (bx%) —%

7y % exp(—ay*) cosh (by*)
a>b>0

(63)

x my AL4(B/y-y/B) sinh(2ay ¥)-1]
[Bsin(@x™)]*+ [ycos(@x™))* | [Bsinh(ay”)*~[y cosh(ay™)]?

|larg (B/y)| < =

(64)

sin (2ax*) 7[(B-y)/(B+y) - exp (- 2ay*)]
[B sin (ax*)]2+ ly cos(ax”)1*> | [B sinh (ay*)12 = [y cosh (ay*)12

|larg (B/y)] <7

(65)

x % log (Bx) cos (ax*) 7y % [log(By) exp(—ay%)
a>0, l|argB|<m| +explay”)Eil(-ay*)
—exp (~ay*) Ei (ay*)]
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Elementary functions (cont’d)

f(x) fo""f(x) (x+y)'dx  |argy| <=

(66)| x™* log | cos (ax*)| a>0 |7y % log [%+ %exp(—2ay*)]

(67)| ™% logll+2B cos(ax’) + B?] |27y ~* log[1+ B exp(—ay*)]
a>0, |Bl<1

(68)| x ™% log![b sin (ax*)]? 27y ™% log[b sinh (ay*)
+ [e cos (ax”)]3 a,b,c>0 +c cosh(ay%)]—2rra

(69)| [cos (ax*#)]" sin (nax*) 27" 7i[1 + exp (- 2ay #)1" - 1}
a >0, n=1,2

(70)| x™*% log | tan (ax*)| a>0 |my™% log [tanh (ay #)]

(7D)| 7% logil + [b tan (ax )12} 2my 4 log[1 + b tanh (ay #)]
a, b>0

(72)| 7% logil + [b ctn (ax*)]?} 27y % log[1 + b ctnh(ay )]
a, b>0

(73)| csch(zx*) —y-% +([/(%y%+'/2)—l//(l/2y%)

(74)| x™% sech (7x %) y 74 [(b(‘/ﬁy%+3/4)—xll(’/§y%+%)]

x~% sin (ax%)
(78)| See Ramanujan, Srinivasa, 1914:
sinh (bx") Messenger of Math. 44, 75-85.
x ™% cos(ax*)
cosh (bx %)

x ™% cos (ax”?)

¢ + cosh (bx ")
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14.3. Higher transcendental functions
f(x) f:o flx) (x + )" dx |largy| <@
(1) | cilax) a>0 | Y%lcilay)]? + %[si(ay)]?
(2) | J,(ax) a>0, Rev>-1|mcsclwn)[I (ay)-J (ay)]
(3) | ¥ J, (ax) vamy? sec(va) [H_ (ay) - Y _, (ay)]
a>0, -1/2<Rev<3/2
) | x¥*! J, (ax) Y% gV T (v + %)
a>0, -1<Rev<%| +Y%msec(m)y”*
x[Y_ (ay) - H_, (ay)]
(5) | 77 J (ax) emy ™[R (ay) - Y _(ay)]
a>0, Rev>-3/2 —21—Vy—v S ool
F (V) Y=, Y. Y
(6) x)\,]y(ax) a>0, ReA<3/2 —ny>\ cscl\ + v)m] JV(ay)
Re(A+v)>-1

A G AT A+ %)
Fa-%a+%v)

Atv A-v  a?y?
% gl \ 13 k= , 1= 3 —
2 2 4
ZA—za'-)\y F'ax+Y%v=%)

'@/2-%x+%v)
3=A—v 3-A+v azyz
X 1F‘2 1; ’ 5=
4

2 2
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Higher transcendental functions (cont’d)

f(x) fomf(x) (x+y) "dx largy| < m

(7) | xY sin (ax) JV(ax) Yo y¥ sec(vm) [cos (ay — vr) Jv(ay)
a>0, =-1<Rewv<lz| +sin(ay -vn) Y (ay)]

(8) | x¥ cos (ax) JV (ax) Y y? sec(vr) [sin(ay — vn) JV (ay)
a>0, -%<Rev<k - cos(ay —vm) Yv(ay)]

(9) | x” coslax + B) J (ax) amy" sec(vm) [sin (ay—va—B) J (ay)
a>0, -Ya<Rev<k%| -coslay-vm-p) Y, (ay)]

(L0)| x”¥**J (ax”) 2(- Dk y VK (ay*)

a>0, k£=0,1,2
~k-1<Rev<-2k+3/2

(1D); x®¥He-% Jy(ax%) D* 7 sec (vr) y AVFET%
a>0, £=0,1,2 x[IV(ay%)—L_V(ay%)]
-k-% <Rev<-— 2k+ 5/2
(12)| x*~%v-*% JV(ax%) mykhvh [Iv(ay%)— Lv(ayl/’)]

a>0, k£=0,1,2,...
Rev >2k-5/2

2\ 1
. (1
(L3} e < > F(i +szi )
a5 0, Reli+Ri)s -1 o

Re A< % v v azy
x ol Ll=A—=, 1-A4—; ——
2 2" 4

—mesc[(A+ Y% v)7) }’>\ Iy(ay%)
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Higher transcendental functions (cont’d)

14.3

fx)

f: f&) (x+9)7" dx

largy| < m

(14)

sin(ax%)Jo(bx%) O0<b<a

7 exp (—ay*) Lo (by*)

(15)

x7* sin(ax*) J, (bx*)
0<ax<bd

2y_% sinh (ay%) Ko(by%)

(16)

cos(ax%)Jo(bx%) 0<ac<b

2 cosh(ay%) Ko(by%)

(17)

x4 cos(ax%)Jo(bx%)
O0<b<a

my A exp (—ay*) Io(by%)

(18)

x4 V% sin (ax?) Jv(bx%)

0<a<b, —-1<Rev<3/2

2y #V% sinh (ay*) K (by*)

(19)

x4 sin (ax %) Jy(bx%)
0<b<a, Rev>-Y%

ﬂy—%” exp(-—ay%) Iv(by%)

(20)

x4 cos (ax”) J (bx")

O0<a<b, -1<Rev<kh

2y %¥ cosh (ay*) K, (by*)

(21)

x AV% cos (ax%)JV(bx%)
0<b<a, Rev>-3/2

S exp (ay ) IV(by%)

(22)

[, (ax)]? a>0

2 Iy(ay%) KV(ay%)

(23)

J,(ax*) J (bx*)

a,b>0, Rev>-1

27 (ay*) K (by*)
21, (by")K (ay*)

b>a

b<a
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Higher transcendental functions (cont’d)
f(x) fwf(x) (x +y) ' dx largy| < @
o]
(24)| =" ¥7hi g (bx*) I (ax*) 2y # VAT (ay*) K, (by®)
0<a<b
2+Rep>Rev>-1
) ) _ _ 0, A, A+ %
25) x™J (ax*) J, (ax*) R ("zy . >
i g 35 O’Pa qs Ty S
a>0, ReA<1
Re(A+p+v)>-2| p=A+hp+Yhv, q=A+Yp-Y%v
r=A=lip+tv, s=A=-Ypu-Y%v
(26)| x %4 (x + y)_%"Ju(ax%) T L T
% %
x J_[b(x +y)*] xK (ay™) I, [bly ~ y)"]
a>b>0, n=0,1,2,...
-1-n<Rep<2-2n+Rev
(27)| x™*# [sin (ax) J (ax) 7 sec (vm) y % [~ sin (ay) J_(ay)
+ cos(ax) Y (ax)] + cos (ay) Y, (ay)]
a>0, -Y%<Rev<kh
(28)| 7% [cos (ax) J (ax) 7 sec(vm) y % [cos (ay) J (ay)

— sin (ax) Y, (ax)]

a>0, -V<Rev<h

+ sin (ay) Yv(ay)]
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Higher transcendental functions (cont’d)
f(x) L@@ de Jargy| <7
% m ctn(wr)y fay
(29)| x™Y (ax) a>0
—1+ |Rev|<ReA<3/2| sinlv+ sin[(v + Nl
77}’}\ J (ay)
sin(vm) sin[(v=A\) 7] v\ 2,
- 2)\_' 7! a—}\cos[l/g()\—v)n]
A—v A+ v
xI' I
2 2
A—v Aty a?y?
X 'F; 1, 1'— N 1— ;=
2 2 4
. = A—
Y e P >\ysin< V77>
2
XF(A—V-1> F<A+V—1>
Z 2
3=A+1 B=A=p azyz
X 1Fz i . =
2 2 4
BO)| x#¥ 7% ¥ (ax™) - 2y AV K (ay*)
a>0, -1/2<Rev<5/2
@[ 7% Y (ax*) 2y 574 K (ay™)
a>0, -3/2<Rev<1/2
v+1
2 =iy =
32)| xM Y (ax*) a>0| g2 (22 3
-1+%|Rev|<ReA< ¥ 4 v v v+l
—)‘s =R g
22 2
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Higher transcendental functions (cont’d)
fx) fo f) (x +9)7 " dx largy| <

(33) xx_‘icos[()\-—‘/zwﬂ] Jy(ax%) - Zy)‘-' Kv(ay%)
+ sin[(A=%0) 7] ¥, (ax %)}
a>0, |Rev|<2ReA<7/2
(34) x%“+n-% (x + y)"%v Y#(ax%) 2(__1)n+1 y%y,+n-% (y _ y)—%v
% %
va[b(x+y)%] xK (ay*) I[b(y-y)"]
a3b5>0;, n=0,1,2 ..
-%—-n<Rep<3-2n+Rev
B9 27 G+ NTHT [ G )T | - 2yN Gy )R .
) xI [b(y-y)*1K (ay’
x teus [(A - %) 7] I (ax) ulb =71 K, ey ™)
+ sin[(A = % )7l Yv(ax%)}
a>b>0
|Rev| <2Re A <4 + Re p
(36) xye_a‘IV(ax) y? sec(vr) e®? KV(ay)
Rea>0, -%<Rev<k%
: -\ %
37) x oo I, (ax) n A y}\Gg <2ay & >
-\ v, —V
Rea>0, RelA<k
Re(A +v)> -1

(38)

x>\e°“ KV(ax)
larg a| < 37/2
Red— [Res]| > -1

7% cos(vm) y>\

3 1
xG:;‘; <2ay‘ % 2)
-\ v, -V
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Higher transcendental functions (cont’d)
fix) j:o flx) (x +y)7" dx largy| < @
(39)| x 7% e7%x K (ax) 7 sec(vm) y % Y K (ay)
Rea>0, -%<Rev<k
-\ %
(40) x}\e—a" Ky(ax) m }’}\G;‘ (2 ay Ry )
-\ v, —v
Rea>0, ReA-|Rev|>-1
@n| x YA K (ax®) Yyw? y A% sec(vn)
Rea>0, Rev<k x[lly(ayl/’)—Yy(ay%)]
42)| xMK _(ax®) 22A A1 4 A+ )DLt A= %)
Rea>0, ReA>%|Rev|-1 xS_z)\_i'V(ay'/z)
(43) x4 [277! Ko(axl‘)—}’o (ax™)] 4y_% ker(ay%)
larga| <Y%m
(44)| x*¥ H (ax*) m sec(vm) y I/’"[I_v(ay%) - L (ay*)]
a>0, -=-)2<Rev<k
(45) x4V B (ax ™) 7y AV (ay*) - L (ay*®)]
a>0, Rev>-3/2
2\
(46) xxHV(ax%) a>0, RelA<¥ ” (2/a)

Y% <Re(A+ %v) < k%

cos [(A + Yv) 7] LT (=M% 0) T(1-A-Y%v)

x F, (1; 1= A+ Y, 1= A= Yv; %a?y)
= y}\ Ly(a}’%)]
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Higher transcendental functions (cont’d)
f(=) fom fx) (x +y)7" dx largy| <7
(47)| ™% [cos Csvm) I (ax) 7y AT (ay*) - L (ay*)]
+ sin(Yva) H_(ax*)]
a>0, -%<Rev<2
(48)| ™% [Iy(ax%) - Ly(ax%)] ma”" csc (% Vﬂ)[ﬂy(ayl/’)+ Ey(ay%)]
Rea>0, —-1<Rev<2
A 2 17 1
A % Y% Vg wl@ Y| =& Rv+i
49)| x"[I (ax”*)-L_(ax™)] el 1
(49) 7L, fa ¥ w4 |- Y Yo Y, Yo
Re a>0
—-2<Re(2A+v)<1
For other integrals with Bessel functions see Wagson, G.N., 1922:
A treatise on the theory of Bessel functions, Cambridge, in partic-
ular sections 13,5 to 13.6.
(50)] oi% g~Hox M, (ax) C2u+ DI (k= p+ %) yH 7%
Rea>0 ehoxy (aw)
-% <Re u<Rex+ % e
) r@p+1) -A 1=
(51) X e Hhox M, (ax) Rea>0 e il & I y ( A " >
1 I(K+[1+/2) A, pt Y, Yam
-3/2—-Re p <Re A <Re «
(52) x>\ PR W’K'#(ax) y}\ M h+p—x) 17 (!’i—#—K)]—'
|arga| < 37/2 i T
Re(k+A) <0| xG¥%(|ay . ’ »
Re A> |Re p| -3/2 =A oty 2 ph
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Righer transcendental functions (cont’d)
f(x) fwf(x) (x +y)7" dx |argy| < 7
0
Go)| 1 =W Law) Dk +p+ %) Tk=p+ %) y<!

Rea>0, Rex> |Rep|-%

¥ax
X e W_K,u(ax)

(54)

xxe—% Xx WK (ax) Re a >0
Re A > |Re p| — 3/2

-\ 1-« >
=\ Yty Yi-p

e <1y

(55)| G

Apy ey @,
biy e s b
q

p+q<2(m+n)

largal < (m+n-Yap-Yoq)m

Re a < 1
Re b}. >-1

g Ly wesr 5 B
I= 15 s

s m

mt+1, nt1
pt1,gt+1

sz r’ a’ , .-.,ap>
- Y

(56)

p+q<2(m+n)

larga| <(m+n-Yp-Ysq)m
Reaj<1 R R
Rebj>-—l/2 j= 1y e 5m

Oy 1/2, A 15ee05Q

P
0, %, byperesb >
q

1
mi m+2,nt2 2
o Gp+z,:+z (1 y
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14.4. Generalized Stieltjes transforms
fx) fowf(x) (x + y) Pdx largy| < @
(D) | f&) g0 p)
(2) | x fx) g p-1)-yg(y; p)
(3) | f (ax) a>0|a”"" glay; p)
4) | xP2 fla/x) a>0|aP! y P g(a/y)
(5) | f'&) pgly; p+1) =y P f(0)
(6) foxf(t)dt p-D7"gly;p-1) Rep>1
I'(p—p
@) | @I [ feXx—)"" de Pl eyip-w
) I'(p)
0 <Re p<Rep
8) | x¥! Rev >0 Mp;-'/)yv-p Re p> Re v
" (p)
_ v=p
(9) | ¥ ' (a+ %) F(V;I; ( )V Zp) y
larga|. <7, Rewv>0 e g
x (g v p+p; 1 -y/a)
Re p > Re (v - p)
(10)| e~ Rea>0| a?™'e® I'(1 - p, ay)
(1D| x™P e~ 7 T (1-p)(a/y)P™% e%ho
Rea>0, Rep<1

X Kp_% % ay)
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Generalized Stieltjes transforms (cont’d)
fx) _f:c f(x) (x + y)Pdx largy| < 7
(12)] = e 7%= TEhs 1) P Biet yHiheHo
Rea>0, Re A>-1 xe%aywkm(ay)
2k =-A-p, 2m=A-p+1
(13)| x™ exp (- a/x) Red>0| ['(p—A=1) a¥hy %N
&) w(3)
X exp — - —
2y / "M*\y
k=Y%XA—p+1l, m=%A+%
Rep>ReA+1
(14)| 7% exp(—ax%) Re a>0 n%(Qy%/a)%_pF(l-—p)

X [H,A_p(ay%) -Y, _p(ay%)]

Ap+1 2 _
(15) x)\exp(—axyz) y-./—r(— Cf‘; (a_y’ & )
2 — N 1
Beas0, Reas~1|T + 0 b bl B
2"% % 2 %\ Y%-p
’ % L . %
(16)| sin (@x”) a>0 ) (a kp—3/2(ay )
Re p > %
Y% A-pti 2
(17) A sin (ax %) L—Gfg (u =& >
~ N 1/
a>0, ReA>-Y% Fip) 4 lp=A-1,%,0
Rep>ReA+ 4%
i ; 2a% [oy%ENEP
(18)| x ™% cos (ax”) a>0 K %
I'(p) a p_yz(ay )

Rep>0
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Generalized Stieltjes transforms (cont’d)
f(x) fowf(x) (x +y) Pdx largy| <m
Y% MN=p+1 2
y ‘g a —-A
(19)| & cos (ax*) 4 f;( A . )
a>0, Rer>-1| T 4 lp-2-10,%
Rep>Re A+ %
p=1
(20)] x%% J_(ax”) Z Bpts <%0 K (ay %)
v 2p1—<(p)y v=p+i 2
a>0, Rev>-1
Rep>h2Re v+ 4
. 22}\ 1-p 0l 0
21)| #J, (ax*) ~r— o2 (=2 )
w8, BetisBdnd|® 10 & |psleiie, A
] /2 =
Rep>Re A+ X
Cv+h) Tp=-v-1%) s
(22)] =¥ e™** I (ax) ;I‘(p> = (2a)%P!
7
Rea>0, HRew>-J E
x yVThP @Y W, . (2ay)
k=Y-tp, m=k-Yp+v
Rep>Rev+;
>\_+|—p _ 1/
) 5 e 7T Ca <2“y ey >
Rea>0, Re(r+i)>-1|" 7 P i
Re p>Re A+ %
cos (vmr) _
(24)| 2™ e+ K (ax) |arga| < 3n/2 —(,;z— y)\+I P
ReA> |Rev|-1| 7 I (p)

"

p—A=1, v, —V>

Rep>Red+ ks

x G232 <2ay
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Generalized Stieltjes transforms (cont’d)
f(x) 7@ Gy Pde argy| <
5| x7~ ¢ K _(ax) 7 Tp+v=-%)T (p—v-4%)
# (2a)% y T (p)
Rea>0, Rep>|Rev|+ % By
x ey Wl_p'V(Zay)
A m
(26) x e—ax Kv(ax) F( ) y)\+'|_p
Rea>0, ReA>|Rey| -1 P
-\ Y
xG3 2ay| L
p=A-1, v, —v
A=p+1 2 _
(27) x)‘KV(ax%) Re a> 0 X G?' (a )’l A >
Re A> J2|Rev| -1 2I'(p) > \4 Ip—)\-—l, Vv, —lhv
(28)| x# 7% ¢ ¥ ox M, ,(ax) F2p+ D (k+p-p-K) I ()]
Rea>0, Rep>-% xa%p-%yh%-%’oey’ayu/km(ay)
k=%-Y%p-k, m=%-Y%p+p
Rep>Re(p—-x)+ %
. L(2p+1)y™1-p
(29) x}\e Aax MK #(ax) ( “+ )y

Re a>0, Re(A+p)>-3/2

D) I (k + p+ %)
-A1-
szzi ay\ A “
p=A=1, Y2+ p, Yo~ p
Re p>Re(A=«k) + 1
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14.4

Generalized Stieltjes transforms (cont’d)

f(x)

_f:cf(x) (x +y) Pdx largy| <=

A Yax
x/* e2™ WK'#(ax)

(30)
larga| < 37/2

Re A > |Re | - 3/2

y}\+|~p

') I'Ca—k+p) T (Us—k—p)
-A l+k
GSZ
e (Zy P—’\'—lvl/z+#:l/z_ﬂ

)

Rep>Re(A+k)+ 1

K+p-2 —Yax
x e WK'u(ax)

(31)

D(x+ pt+p=2)1 (k+p—p—1) [T(p)]™"
(ay)

Re a>0
Re p > |Rep| - Re xk + %

><:yl(—‘l el/{ay W‘

—K=p, 1

Y

(32)
Re A > |Rep| -3/2

M1-p

I (p)

G (ay'

p=A=1, Yo+ p, Yo

-\ 1—k

)

X

-5 a,

, b

Gy v

- —

x)\e_%a" WK u(ax) Re a>0
(3) >
q

C"‘"sz
Pq
p+q<2(m+n)

larga|l < (m+n-Y2p=Vaq)m
Re b].>—1 , m

Ly

I'(p)

mt+1, n+1
pHi,q+1

(e

Rep>Reaj

p=1;by5 005

0, @45 0u 3

P
,b
q

= Loaws 51







CHAPTER XV

HILBERT TRANSFORMS
We call

g =77 £ f&) (x~y) " dx
the Hilbert transform of f(x). Here x and y are real variables, and

£27 = lim (77 %)

—o0 eE>+0 =00 y e
is the Cauchy Principal Value of [~ .

For the theory of Hilbert transforms see chapter V of Titchmarsh’s
book (1937) and the references given there. Additional references to
papers which appeared after the publication of Titchmarsh’s book are
given below. The finite Hilbert transform,

gly)=="" f,,b fx) (x = )" dx

and its application to airfoil theory was discussed recently by Tricomi
(1951 a, b) and Nickel (1951, 1953); the latter author gives references to
earlier work on this subject.

In the above relation, g (x) is said to be conjugate to f(x): the relation-
ship is skew-reciprocal, i.e., —f(x) is conjugate to g (x). For the relation
of Hilbert transforms to Fourier integrals see Titchmarsh (1937) and
Kober (1942, 1943 a, b). The connection with Laplace transforms may be
expressed by stating that, formally, the imaginary part of a [.aplace trans-
form evaluated on a line parallel to the imaginary axis is conjugate to
the real part of that Laplace transform evaluated on the same line.Hilbert
transforms may be evaluated by means of tables of Stieltjes transforms

(Chapter XIV) using the formulas
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g)=7n"" Gf&x); -yl - 227 Cif(=x); |y| e 7}
- (22)7" Glf(=x); |y e7*7} —eo <y <0

g()=(2a) 7" Glifx); ye '™V + (27) 7" Gif(x); ye "'}
- Glf(=x); ¥4 0<y<oo

Related transforms are

j(_: fx) ctn[}2 (x — )] dx

17 (@) (cosx = cosy)™" dx.

These can be reduced to Hilbert transforms by a change of the variables
of integration.

From the transform pairs given in the tables, further transform pairs
may be derived by the methods mentioned in the introduction to vol. I,
by the general formulas given in sec. 15.1, and by exploiting the con-
nection with other transforms (see above).
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HILBERT TRANSFORMS

15.1. General formulas

fx) 7! 3(_: f@)(x —y) " dx*
1) | f&) g )
@) | g &) -f@&)
3) | fla+x) areal | gla +y)
(4) f(GX) a>0 g(ay)
(5) | f(~ax) a>0 |-g(-ay)
(6) | xf(x) ygl)+a! f_w f(x) dx
(7 | & + a) fx) G+a)gly)+n7" f_z flx) dx
(8) | f(x) g (y)

15.2. Elementary functions

(| 1 0
L b-y
210 —o<x <a|— log
7 a-—y
1 a<x<b
0 b <x<oo

*y is real, and the integral is a Cauchy Principal Value.

243




244 INTEGRAL TRANSFORMS 15,2
Elementary functions (cont’d)
fx) ! f_z flx)(x -—y) "dx
1 a
3)] 0 —o<x<a|— log l
- <% € 2 S
x )
#0 4a
5 %1 4 L
1 (y —a)b
(4) x-1 - <x<a|— log y(—b—)‘
™ a(b -
0 a<x <b ¥ y
%! b<x<oo y £0, a, b
a<0<b
1 a i}
(5) 0 —o<x<a 2log =
-~ Ty a-y may
x a<x <o
GHY y#0, y#a
6)| x + )™ Ima>0|i(y + a7
D] &+ a7 Ima<0|-ily +a)”!
1 b
(8) 0 —0<x <0 | —m — i
= m(ay + b) ay
(ax + b)7! 0<x<oo
a, b>0 y #-b/a, y#0
1 b 1
91 0 —0<x<0 (—b)z]og A _ﬁ
ay + a ay +
(ax + )72 0<x <o e Y it 4
a, b>0 y#0, y#-b/a

y is real, and the integral is a Cauchy Principal Value.
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Elementary functions (cont’d)
f(x) rr"'jf_ozo flx) (x —y) dx
(10)| (2 + a®)™! Re a>0 ——Z——
aly?+ a?)
x a
(11) e Re a> 0 e
Ax + pa Aa —
ag) —— = B s |
x“+a Y +a
+d b
(13) 0 wwim gl | g [—
nlay + b) ay
cx +d 0<x < oo
(ax+b)2 B ad—bc
a, b>0 n'ab(ay + b)
y#0, y#-b/a
(14) (a—x)%-—(b—x)% —o<x<al|0 —wo<y<a
—(b—x)% a<x<b (y—a)% a<y<b
0 b<x<o|(y—-a)-(y—-b)* b<y<o
(15)| 0 —w<x<al(b-y)* —(a-y)* —w<y<a
(x — a)” a<x<b|(b-y)* a<y<b
(x — @)% — (x — b)% 0 b<y<oo
b <x < oo
(16)| |a - x| % = |b — x| * (b-y)% —(a-y)* —w<y<a
a>0, b>0 (b—y)%+(y—a)yz a<y<b
(y —a)% —(y - b)* b <y <o

y is real, and the integral is a Cauchy Principal Value.
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Elementary functions (cont’d)

fx) n-':}:: f@)(x —y) " dx
ks PN e (—_‘1‘7;[_5))-% b)/b1%}
=% - X tan —(ay +
(ax + b) 0<x< e i ol
a,b>0 277_'17_1 y=—b/a
1 i b%+(ay+b)yZ
(ay + b)* . b% = (ay + b)*
—b/a<y<oo
(18)| 0 —0<x<0| - a-Yy-n""y2-a?)*
(a2 - x?)% 0<x<a x cos™' (~a/y) =EREF L=
0 a < x < oo —n_'a—l/zy+77_'(a2—-y2)y‘

a+(a?-y?)*%

—¥

x log —a<y<a

-7 'a —‘l/2y+ 7 (y? = a?)”

xcos—'(—a/y) a<y <o

O<cos '<nm

(19)| 0 —o<x<—a|—y-(y?—a?) —x<y<-—a
¥ — ¥

(a?-x?)% —a<x<a| -y —a<y<a

0 a<x <o |-y +(y2-a?* a<y<oo

y is real, and the integral is a Cauchy Principal Value.
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Elementary functions (cont’d)
f(x) ﬂ—‘:fw f) (e = y)7" dx
cos™'(~a/y)
2 2\=Y% 77(}’ ~g" )"
(@ =% %) O<x<a ) -
. e i , a+(@®-y?"
a<x <o —lo
ﬂ(az—yz)é g -y
—a <y<a
cosu‘(—a/y)
- a<y <o
7(y? - a?)” 4
0<cos '<n
(21)] O —w<x<—a|(y2-a?)7% —o <y <—a
(a2 -x2)"% —a<x<al|O —a<y<a
0 @< % < oo —(yz—az)"l/2 a<y <o
il -y + (y2—a?)*
(22)| 0 mew <y <8 | =g log | L2
) - n(y®—a®)” a
(x*=a%) = a<x<oo
=00 < ¥ K =a
a>0 :
—*—1 cos”' .
n(az—yz)% a
—a<y<a
1 ] '—y+(y2--az)l/Z
— lo
mly2—a?)% & "
a <y <oo
0<cos "<z

y is real, and the integral is a Cauchy Principal Value.
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Elementary functions (cont’d)
flx) ﬂ—'gf_m fx) (x —y) " dx
(23)| - (x* = a®)7* —o<x <-a |0 —o<y<-a
0 —a<x<a|(a?-y?) % —a<y<a
(x%2-a?)"% a<x<oo|0 a<y<oo
1 1]a-y % _ a
(24)| O —0<x <0 s L
1 ) v a +
(@a-x)(@+x)™* O<x<a 7 Y Y
0 a<x <o =0 L ¥ L@
1 1fa—y\'  [|a+(@®-y?)%
—-—+ — Y lo z
2 w\a+y -y
—a<y<a
1 1/y-a K _‘< a
s o e cos -
2 m\y-+a y
a<y<m
0<cos '<n
(25)| 0 —w<x<—a|-1+(@-y)" |y +a|™*

(a—x)% (@ +x)7%

0

-g<x<a

8 <X <

=08 WL~

=1 —a<ly<a
-1+ (y —a)% (y + a)7%

a <y <oo

y is real, and the integral is a Cauchy Principal Value.
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Elementary functions (cont’d)
fx) " 3(_2 flx) (6 —y)7" dx
1 1lla+y
(26)] 0 =0 L <0 | === .
y -y 2 wla-y
(@ +x)* (@ —-x) O<x<a
0 a<x<oo —eRy <—u
a+(a®-y?)%
—+— ]og
7 \a -y
—a<y<a
1 1/y+a ( )
2 w\y-
a<y<oo
0<cos™'<nm
a-y 4
27) 0 —o<x<-ala-y+y —0 <y <-a
% r ety
x(a-x)" (a+ x)
—a<x<a|la-y —a<y<a
0 a<x <o y-a %
A=y +y a <y <o
y +a
(28)| 0 —00o <x <0 Csc(vn)(—y)y_‘ -0 <y <0
xV7! 0<x<oo|—ctn(vm)y?™! 0 <y <eo
0<Rev<l
(29)| |x|¥~! 0 <Rev<l|-ctn(lvn)sgny |y|”™"
(30)| sgn x |x|¥™! 0 <Rev<1|tan(zvn) |y|¥™!

y is real, and the integral is a Cauchy Principal Value,
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Elementary functions (cont’d)
f(x) 7! 3(_°° flx) (x —y) " dx
v
Q@ =y
(31)] 0 —o <x <a | csc(ym) [1—(17—‘7 :l
(x-a)’(b-x)"" a<x<b s ayda
0 b <x <o .
-
|Rev| <1 csc (vm) [l—cos(vn)<y ) ]
e
a<y<b
_ y—a\”
csc(vm) |1 -
L y~b b
<y <oo
csc(vm) a -y G
=0 & 06 L — g
(32)] 0 i x <a by by
(x-a) ' (b-x)" a<x<b
0 b ot s —w<y<a or b<y<e
O0<Rev<l|—-(y-a)""(b-y)"ctnlvn)
a<y<b
I'(p) T (o) (b - a)P*o !
-0 < x <
(83) 0 e (b —y)al'(p + o)
(x—=a)? " (b —-x)"" oy
a<x<b ><2F|<1,o;p+a;b )
0 b<x<oo =0
Rep>0, Reo>0 ~ee<y<a or b<y<eo
(y —a)?™' (b —y) "' ctnlon)
54 F:
_I‘(p)l_'(a—l) (b — aypto -2
7l'(p+0—-1)
by
x i \2-p=-0,1;2—0; —
-a
a<y<b

y is real, and the integral is a Cauchy Principal Value.
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Elementary functions (cont’d)

fx)

7! 3(_2 f&) (x —y) " dx

Cu - ) T W) (~y)*

(34) 0 —0<x <0 F'( ) P
¥V (o1 a)! M 0<x <o S
a>0, O<Rev<Rep x B (e =1, v; p; 1+ y/a)
—0 <y <0
y* My +a)' Hem [(p - v)nl
D(p=—v=-1) T @) a' ¥
(y+a)n T (p=-1)
a
><2FI(2—[,L,1;2—#+V; )
y +a
0 <_’y<oo
(35)| exp(~a|x|) a>0| 7 "sgnylexplaly|) Eil-aly|)
- exp(-aly|) Ei(a|y]]
(36)| sgn x exp(—alx|) a>0|-#n""[exp(aly|) Ei(-aly|)
+ expl=aly|) Elfaly|)]
(37)| 0 —w<x<a|-n"'e Ei(by —ab) -w<y<a
—bx o
* <X <e| 71 7 Ei(by — ab) a <y <oo
b>0
(38)| e = a>0|ije'®

y is real, and the integral is a Cauchy Principal Value.
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Elementary functions (cont’d)
fx) 7! -f_m fx)(x —y)7" dx
(39)| O —w <x <0 | 277" cos(aly|?) cilaly|*)
exp(—ax%) 0<x <o - 277" Si“(al)"A) Si(alYlA)
a>0 =& 2 20
g ) exp(ay%)Ei(—_ay‘/’)
-7 exp(-ay”) Eilay*)
0 <y < oo
b-x
+[(40)| log a<b |0 —o<y<a
x—a
=T a<y<b
0 b <y <oo
(41)11 e 0, b5>0 . 1
e > ) > et - 00 —-—a
x . 1 - bx “ Ty e Mt
0 —a "<y <b™!
—Tfy_' —b_‘ <y < oo
%2 -2
(42)| log|— X 0<a<b|-m -b<y<-a
x —_
4 a<y<b
0 elsewhere
(43)| sin (ax) a >0 | cos(ay)
sin (ax) cos(ay) -1
(44) a >0 O_y_,__
X ¥
(45)| 0 —00<x <0 | exp(-aly|*) —0 <y <0
sin (ax %) 0<x<oo cos(ay%) 0<y<eo
a>0

y is real, and the integral is a Cauchy Principal Value.
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Elementary functions (cont’d)
fx) 7V ET f@) (x—y) " dx
(46)| sgn x sin(a|x|*) a>0| cos(aly|”) + exp(~aly|*)
(47)| cos (ax) a>0 | - sin(ay)
1 — cos (ax) sin (ay)
(48)| —m a0 | et
x Y
15.3. Higher transcendental functions
(1) | e”* Ei (ax) —0<x<0|0 -0 <y <0
g E(ax) 0<x <o |me™ ¥ 0<y<eo
(2) | cilalx]) a >0 |sgny si(aly|)
(3) | sgn x si(alx|) a>0 | Ci(aly|)
(4) | cos (ax) ci(alx|) sgn y cos (ay) si(aly|)
- sin(a|x|) si(a|x|) a>0 | + sin(ay) cilaly]|)
(5) | sin(ax) ci(alx|) sin(aly|) si(aly|) = cos (ay) ci(aly|)
+ sgn x cos (ax) si(a|x|)
a>0
6) |0 —0<x<—1, 1l<x<oo|-27" Qn(y)
P (x) -1<x<1 —~mLy<=]l, l<y<e
n=0,12..(-27""Q (y) -1<y<1
(o0 —o<x <=1, 1<x<ow Un_i(y) -l<y <1
(1-x%)"% Tn(x) -1l<x<1
= Ly 2 see

y is real, and the integral is a Cauchy Principal Value.
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Higher transcendental functions (cont’d)

f) 7T @) = y)7 dx
(8) |0 —w<x<-1, 1<x<eo|=T, (y) -l<y<1
(1l -z U (x) -1l<xx]

n=0, I; 2 e

(9) |0 —e<x<-1, 1<x<o -27,"(y_1)a(y+1)6(2’(1a,/3)(y)
(1-2)*(1 + )P P @A) (x) —w<y<=1, 1<y<e

Sl 9T - )r 1 P Q)
Rea>-1, RepB>-1

-l<yx<l1
(10)| O —e0 <x <0 esc(vn) [J (-ay) - J (-ay)]
J (ax) 0 <x <oo —oo<y <0
a>0, Rev>-1| csclwn)[J (-ay)- cos(vm) J, (ay)]
(1)} = J_ (~ax) —0<x<0| -Y_ (~ay) —e <y <0
JV(ax) 0<x <o _ YV(ay) o 2 o e
a>0, -1<Rewv<l
(12)] 0 —o0 <x <0 | a|y|” [tan(vm) sgny J (aly|)
x¥ J_(ax) 0<x<eo| =Y (aly])=-sec(vn) sgny H_ (aly])]
a>0, -1/2<Rev<3/2
(13)| |x| ¥ I (a|x]) sgny |y|” [tan(wm) J (aly])
a>0, -1/2<Rev<3/2 - sec(wn) H_, (aly|)]
(14)| sgn x [x|” J, (a|x]) = y[" ¥, (aly)

a>0, -1/2<Rev<3/2

y is real, and the integral is a Cauchy Principal Value.
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Higher transcendental functions (cont’d)

fx) T f) -y da
(15)] || J, (a|x|) —sgny |yl (aly|)
a>0, Rev>-3/2
AT+ %)
(16) 0 —0<x <0 x
ma T (A -%A+ %)
N (ax) 0 <x <o ,
v A v A=v a’y?
a>0 xle 1; 1- , 1= s -
—1-Rev<ReA<3/2 2 R 4
22y DA+ Bv=%)
+
7o’ T (3/2- %A +%0)
3=A-v 3-A+v a®y?
x JE 1 ” 5=
2 2 4
- k() [y|M T aly])

y) [y|™dJ, (aly|
csc[(A+v)7] -0 <y <O
ctn[(A+v)7]  O0<y<w

(17)| sin (ax) J, (ax) a>0| cosl(ay) J, (ay)

(18)| sin (ax) J (by) cos (ay) J_ (by)
O<b<a, n=0;1 2

(19)| cos (ax) Jl(ax) a> 0 | - sin (ay) J, (ay)

(20)| cos (ax) J (bx) - sin(ay) J_(by)
O<b<a; n=0,12

y is real, and the integral is a Cauchy Principal Value.
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Higher transcéndental functions (cont’d)
flx) T ) =) d
(21)| sgn x |x|¥ sin (a|x| — 7v) ly|¥ cos(aly| - m) J_(aly|)
x dJ_(al|x|)
a>0, -Y<Rev<k
(22)| |x|¥ cos (a|x| — mv) J_(a|x|) -sgny |y|”sin(aly| - m) J (a]y|) ‘
a>0, -Vi<Rev<l
(23)| |x| 7" sin(ax) J (a|x|) ly|™" cos (ay) J (a|y|)
a>0, Rev>-%
(24)| |x| 7Y cos (ax) J (alx|) = ly|7" sin(ay) J  (aly|)
a>0, Rev>-%
(25)| |x|* Iy lalx|) J_,_y (a]x]) - sgny |y|* Iy wlaly]) Jy _, (aly|)
a>0
(26)| sgn x |x|* J, ,, (alx]) ¥ ey Caly D I,y Caly])
x Jy _, (alx]) a>0
27 0 - —e<x<0 277_'(—y)%VKV[a(—y)%]
x%VJv(axy’) 0<x <oo =os Ly <0
- y#AY Y (ay* 0<y<oo
a3, -1<Bawcsiz|”? ) ¥
(28)| x| *¥ 7, (alx|¥) = sgny y|*" (277" K, (aly|*)
a>0, -1<Rev<3/2 +Yy(a|y|%)]
(29)| sgn x |x| ¥ J (a|x| %) 207" ly| %Y K (aly|*)

a>0," -1<Rev<3/2

= ly|#* Y (aly| %)

y is real, and the integral is a Cauchy Principal Value.
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Higher transcendental functions (cont’d)
f(x) 7 ! 3(—2 flx) (x —y)7 " dx
(30)| 0 —o0 <x <0 | |y] # =% sec (vrr) [IV(a|y|%)
2V J (ax¥)  0<x <o | —L_ (aly|*)] —=<y<0
a>0, -1/2<Rev<5/2 y%v-% B Gy Ju(ay%)
—sec(vm) H_ (ay%)] 0<y <o
B |x| #v=*% Jy(a|x|%) sgn y |y|#?7% ttan(vn) Jv(a|y|%)
a>0, -1/2<Rev<5/2| 4+ sec(vn) [L_V(a|y|%)—ll_v(a|y|%)
- Iy(alylx)]l
(32)| sgn x |x|* % J, (a|x|*) ly|#*~#1tan (vm) 7, (aly| %)
a>0, -1/2<Rev<5/2| +sec(wn)l[I,(aly|*)
-L_ (aly|*) - B_ (a]y| %)}
(33)[ 0 —e <x <O | | *YHIL (aly|*) - L, (aly] ¥)]
x AVH JV(ax%) 0<x <o -0 <y <0
a>0, Rev>-5/2 _y-%,,-% “V(ay%) 0<y<oo
B4)| |x| #¥7% J, (alx| ") sgny |y| Y THIL, (aly| )
a>0, "Rev>-5/2| - (aly|*)~ I (aly|*)]
(35)| sgn x x| #¥ 7% J (alx|*) y| ¥ Galy | %)

- L (aly|*) - H (aly| *)]

y is real,aand the integral is a Cauchy Principal Value,
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Higher transcendental functions (cont’d)
f) AT @) -y da
. 22AT (A + % 1)
-0 < x <
@) 9 ) 77(!2%‘1'(1—)\+‘.1/)
x)\J (axl/‘) 0<x <o )
& v v a‘y
a>0|x 1 1-A==, 1-A+ —;— ——}-h(y)
1 3 2 2 ’1
—-1-%Rev<ReA<?
h(y)= lyl)\csc[()\+ Y] Iv(alyll/‘)
—o0 <y < 0
h()=y"ctn [(A+ 1)) Jv(alyll/’)
0 < y < o
37)] 0 —a<x<a ?.n_'(az—yz)l/zyl\'v[b (az—yz)l/‘]
sgn x(x? - a?)*¥ —a<y<a
2 2y% ) i
ny[b(x -a®)”] —(yz—az)éy)'v[b(yz—az)/z]
-0 <x <—-a or a < %< oo —eo £ Ep OF a<y<oo
a>0, b>0
-1<Rev<3/2
(38) Y_,’ (—ax) -0 <x <0 —J__y(—-ay) —0 <y <0
Yv(ax) 0<x <o Jv(ay) 0<y<oo
a>0, -1<Rev<l
(39)| sin (% vm) JV(a}xl) sgny [cos (Javm) J(aly])
+ cos (hvm) Y (alx|) - sin (Cavn) Y, (aly])]
a>0, -1<Rev<l
(40)| sgn x[sin C2v ) Y (a|x|)

- cos (levm) J(alx|)]

a >0,

—-1<Rev<l

cos Javm) Y (aly|)

+ sin(Cavm) J(aly|)

y is real, and the integral is a Cauchy Principal Value.
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Higher transcendental functions (cont’d)
f&) P ) =) dx
D] x| Y, (alx]) sgny |y|” J,(aly])
a>0, -1/2<Rev<3/2
(42)| sgn x |x| M sin [J4(p+v) 7] ly| ™ tcos Da(p+1)nl Y (aly|)
x Y (alx|) + sin Y (p+v) 7] J (aly|)}
— cos [ (p+v)ml J(a|x|)}
a>0
-%<Rep<1l-|Rev|
(43)| |x| Hisin[Y(p+v)7] Jy(a|x|) sgny |y| #icos[%(u+v) 7] J, (aly])
+cos [ (p+v) 7wl Y (a|x|)} = sin[J (p+)7] Y, (a|y])}
a>0
-3/2<Re p< 1~ |Rev|
(44)| sgn x |x| *{cosla|x| ly| “isinlaly| = Y2 (u+v)m]l J (bly|)
W (p+v) 7wl Jv(b|x|) - coslaly| -V (p+v) 7] Yy(b|y|)§
+sinla|x| - Ja(p+v)m] ¥ (b]x|)}
a<b
-3/2<Re p< 1~ |Rev|
(45)| |x| #tcosla|x| sgny |y| Hisinlaly| =% (u+1v) 7]

=% (p+1)7] Y, (b |x|)
- sinla|x|-Ya(p+v)n]J (b|x| )}

a<b
-3/2<Re p<1-|Rey|

% Yv(b ly]) + coslaly| =Y+ v)r]
x J_(bly}

y is real, and the integral is a Cauchy Principal Value.
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Higher transcendental functions (cont’d)
fx) a! 3f_°:° flx) (x —y)" ' dx
(46)| 0 —eo <% <0 | 277! Iyl’“KV(alyl%) —o0 <y <0
% )
x#teos(p—r2v)ml JV(ax% ) y*1sin [(p=%v)rl J_(ay*)
+sinllp—tml Y (@x Dl - cosl(u - %r)ml ¥, (ay *)
0 <y < o
a>0, |Rev|-1<Rep<h
47| 0 —0<x<0| 7! e” ™ K,(aly])
e Io(ax) 0<x<oo
a>0
(48)| exp(=alx|) I (ax) a>0| —277" sinh(ay) K, (aly])
(49)| sgn x exp (—alx|) I,(ax) 277" cosh(ay) K (aly|)
a>0
(50)| 0 —00 <x <—a 277_'(}'2—112)%”3_")'[(”[[) (yz_az)%]
(az—xz)%ye_b’JV[b(az—xz)%] —w<y<-a
~ERELE | (g gty g Y,[b@?-y**]
2(x2-a?)*¥ cos (vrr) e b= -
xIV[b(xz—az)%] a<x <o y
22_2‘Au —byy, -1 2__2\%
a>0, b>0 Ll .{: K"z[b,(y s
~1<Rewv<Yy| +sinm) I [b(y?*-a®*]
a <y < oo
(51) e""Ko(a|x|) a>0|7e Io(ay) —o0 <y <0

y is real, and the integral is a Cauchy Principal Value.
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Higher transcendental functions (cont’d)

&) 7T @) - y) T dx
(52) | sinh (ax) K , (a|x|) a>0 | Jam exp(-aly|) 1, (ay)
(53)| cosh (ax) K (a|x|) a>0|-)amsgny exp(-aly|) I (ay)
(54)| |x| ™ e™ K (a|x]) ham sec(vm) |y| ™ e®
a>0, -k<Rev<lk| x[I/faly])+I_,(aly|)]
—o0 <y <0
—atan(vm)y Ve K (ay)
0< ¥ < o0
(55)| |x| ¥ sinh(ax) K (alx|) ly| ™ Damsec (vr) exp(=aly|) I (aly|)
a>0, -%<Rev<1l| - tan(vn)sinh(aly|) K (aly|)]
(56)| |x| ™" cosh (ax) K (a|x|) — |ly| 7" sgn y [Van sec (vm) exp(-aly|)
a>0, -l<Rewv<ki| x I(aly])+tan(vm)cosh(ay)K (a|y|)]
(57)| |%| 2" exp(—ax?) (K (ax?) —m cos (vm) sgn y |y|??
+ 7 sin(vr) I (ax?)] x exp(-ay?) I (ay?)
a>0, —-Y<Rev<y
(58)| sgn x |x|*¥ exp(-ax?) I (ax?) | |y|*” exp(-ay?)

a>0, -J<Rev<k

x [77 " sec (vn) Ky(ayz)
+ tan (vm) I (ay 3]

(59)

sgn x |x| 7V B (a]x|)

a>0, Rev>-3/2

ly| ™ J,(aly])

y is real, and the integral is a Cauchy Principal Value.
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Higher transcendental functions (cont’d)

flx) ! fj‘; flx) (x —y)" " dx
= e LG 17 p—— 1
(60)| 0 —e<x <0 [ a7 GR R ("y‘. 5 b" b”)
3 Qppeee gy

Byy s 3 @
B —00 <y <0
biyensh ,

G"" <ax
08
q
0<x <o 1kttt (g 0,a‘,...,ap,'/2+k
p+2,q+2 \2Y 0.b b .Ytk
p+q<2m+n) sbysenes b, 2

largal <(m +n-Yp-taq)m

0<y <o
Rea}<1 7 = Ly wnn 5,0 k.y
Re b > -1 j=1yee,m integer
Gy eees @ o0 ST, |
(61| ¢ ax? 1 2 “p SgnyG"+""+' ayz 2@ gseses@ s
Pq by s b, p+2,q+2 l/2,b1,...,bq, 1

p+q<2(m+n)

larga| <(m +n-Y%p-Yq)n
Rea}.<1 F=ly wes
Re b].>—1/2 =1y see 5

G yeee s @ b i %, ,.,a ,0
gy ® bl Creartia ka®) TV F
ey, ! _/2$b|,'-'9bq70

p+q<2(m+n)

largal < (m+n —Y%p - %q)n
Reaj<'/z i R
Rebj>—1 J=1s wa g

(62) 'xc;; (;ﬁ

y is real, and the integral is a Cauchy Principal Value.




INTEGRALS OF HIGHER TRANSCENDENTAL FUNCTIONS

This part contains mostly integrals which have not been listed in the

tables of Chapters I to XV,

263






CHAPTER XVI

ORTHOGONAL POLYNOMIALS

In this chapter we list integrals involving the classical orthogonal
polynomials. For the theory of these polynomials see H.T.F. vol. II,
Chapter X and the literature quoted there, especially Szegi’s book. The
notation used in the present compilation for Hermite polynomials differs
from that used in H.T.F.

Further integrals may be evaluated by the methods mentioned in the
introduction to vol, I, by the use of Rodrigues’ formula and its analogues
(given below) followed by repeated integrations by parts, by using gener-
ating functions (see below), and also by utilizing the relations (see
below) between the various systems of orthogonal polynomials and
between these polynomials and Legendre functions, hypergeometric
series, confluent hypergeometric functions in conjunction with tables
given in other chapters of this book.

Tchebichef polynomials

T"(x) = (—i)" T, (-x)= cos(n 0) x = cos 0

(1 x )%
) [ Zn"/
e L

o (=n, ns Y5 1 = Yox)

= (=%, —%)
=Y%n C° (X)_(/Z)HP ()
i 16
U (x)=D"U (_x)=M x = cos 0
" % sin 6

— -% n
=(n+1)(1 x°) _i [(l—xz)"+l/’]
2 Ch) dx

265
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3 1-x
Un(x)= n+1) o\ =n, n+ 1;-2—;

2
m+D! .,
= £ ) = P i)
B 2(‘/z)n+| "
1+2 5 7 (x) St
* n=1 x) 2" 1-2xz+ 272

Il p48
o

Un(x)z": (1-2xz 427!

n

For other generating functions see H/T.F'« vol II, p. 186«

Legendre polynomials

P (x)=(1"P, (—x)— ' (d > [(x® = D"
n x

=, Flnn+l; L %-%

e n g o (=Yen, Yo = Yan; Yy x7?)

n.

I

CA(x) = P Ux)

2 P(x)z —(1—2x2+zz)_%

n=20

For the connection with I.egendre functions see H.T.F. vol. I, p. 150
fi; for additional hypergeometric series representing l.egendre polyno-
mials see H,T.F. vol. I, p. 124-131 (p = 0, v = n), and vol. II, p. 180;
and for other generating functions see H.T.F. vol II, p. 182.

For the definition of associated Legendre polynomials, and their
properties see H.T.F. vol. I, p. 148 ff. and below.

Gegenbauer polynomials

These polynomials are also called ultraspherical polynomials and are

denoted by P (x).
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C%(x) = (- 1)" C¥(=x)

ovh F@2v+ n) D+ %)
= XK=%v ph-v
n!T(20) = -1 B2y @)

@2v), (1-x*)*" (4 P
N 2" n! (v + 1/2)’l ( dx [(1 ) ]

2v)
Sl F(—n,n+2v;v+'/z;‘/2—l/zx)
n:
2" (v) 1
= V"(x—l)"zF;(—n,——n—v;1—2n-2v; - >
n! 2 1-%
(2v)
_ n P(v—%,v—%)
(v+%), " .
v (v )
Cy )= (1"—2= F(-n,n+v;lx %)
o, P Y5 =Bl@4* = 1)
(/2)
n ( )n+| 2
2n+,(x)—(~1) — —_2x 2F,(—n,r1+1/+1;3/2;x)
W),
—ntl yp W) (242 1)
R, :

Z C (x)z"=(1-2xz +22)7?

n=20

For the connection with Legendre functions, and for additional hyper-
geometric expansions see H.T.F. vol. I, p. 175ff, p. 124-131, Vol. I,
ps 176; for other generating functions see H.T.F. vol. II, p. 177.
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Jacobi polynomials

P @A)y = (-1)" P - 2)-x)

o =B n
_ 1 -2)"%1 +x) <_ di) [(1 - )% (1 + 2)5*"]

2% n)

n+a 1-x
=( )ZFI(—n,n+a+,B+1;a+1; )
n 2
. 1+x%
(=1 (n+6>2F1 (—n,n+a+B+1;B+1; )
n 2
n+a I x -1
( : > 5 o —n,-—n—ﬁ‘;a+1;x+1
n+f3 x-1\" x+ 1
=< JH\-n-n-a;B+1;
n 2 x -1

S PeBNe)zn=2%*ARTN 1=z + RYC(+ 2 + R)P

n=0

R=(01-2xz + z2)%

Other expansions may be obtained from those given above by means of
the transformations given in H.T.F. vol. I, sec. 2,9.

Hermite polynomials

He (x)=(-1)"He (-x) =27""H# (27% x)

_ e‘/iac2 _ i ! [e-‘/zxz]
dx
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He, (x)=(=2)" (%), |F,(-n; % %=x?)
=(=2"n! L7% (%)

He, ,,(x)=(-2)"(3/2), x ,F,(~n; 3/2; %x?)
=(-2"n!x Ll"f(l/zxz)

exp(-%z? + xz)

Z
He (x) — =
0 E n!

I'p 43

n

For other generating functions see H.T.F. vol. I, p. 194.

Laguerre polynomials

1 d '\ :
La(x)=— e [e—zxn+a]
" n! dx
+
= (n a> JF(=n; a+ 1; x)
n

—(_1) %" F(=n,—a=-n; - 1/x)

n!.

(— 1)’1 —%a—% l/gx W/ (
= - . % +% atn, % aX)

n!
xz

T Lo%x)z"=(1-2z)"*" exp
n=0 " z-1
For other generating functions see D.T.F. vol. II, p. 189.






ORTHOGONAL POLYNOMIALS
16.1. Tchebichef polynomials

The integrals in this section may also be expressed as integrals of

trigonometric functions.

In this section m and n are non-negative integers.

gatanty Y @D?*T(a+ DT (a+3/2)

1 et -% 1 a d =
(1) f_1(1 %) % (1+ %) T, (x)dx P YRR TET o YT
Re a>-1
atBr;t (2 M (a+ D T(B+1)
"1-x)e 8 2 (n1)
@ | [ A-2)"A+ 2T, () dx BT 5
x JF,(~n,n, a+1l; %, a+B + 2; 1) Rea>-1, RepfB>-1
@ | =T A=x* T @) dx = U,_, () 1 2pxl
(4) f_ll sin (xyz) cos [(1 - x2)*# (1—y2)% z] T, 4+, (x) dx
=1D"n T2n+1(y) J2n+‘ (z)
(5) f_: cos (xyz) cos [(1 - x2)% (1 _yz)% 21 T, (x)dx
==D"nT, () J, (2)
© | S 7,01 dx=1-@4n*-1)""

271
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Tchebichef polynomials (cont’d) m,n=0,1, 2, ...
L 2y=Y% 2
(7) J;I(l.— )T, x)] dx =m

8 | [ == [T, )] dx = Yor .
© | S Q=x% T, ) T, () dx =0 mtn
10) [ Q=27+ )" T @) T, (%) dx = 0 m>n
AD| [ A=) @+ )™ T () T, () da

B 7(2m + 2n - 2)!

T 22 5(0m — 1)1 (20 = D Rl
12) [ A+ Q-0 T () T, () d

B ah 9ok IN'a)l'(n —a+ %)

I'r%-a)l'(a+n+%)
X4F3(—m,m,a,a+l/é;l/z,a+n+l/z,a—n+'/z;1) Re a>0

(13)

S Q- E e AT (Y dx = a% D, (24%)D__, 2a%)

Re a> 0

(14)

S Q=a T (- xy) de = Yl (1= ) + B, (1= )]

(15)

fom (1+x3)7" sech(M4mx) Tz"[(l + 227 %] dx

= (—1)"+' ﬂ (271-1 _ 1) B
(2n)! 2n
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Tchebichef polynomials (cont’d) m,n =0, 1, 2, ...

A6) J; (1+ 2374 sech () 7,00+ x%) ¥ dx = 2! 7"(1-2' ") ()
D[ L7 A+ 2% [eosh Can)I™2 T, _, [(1+ x2) %] dx
. 2n -1
= 9(=1)n*! ,2m=1
D" a T B,,
(18) fom (1 + x2)7%" [cosh (% mx)] "2 T [(1+ x2)" %] dx
=r 'n2'""" G+ 1)
(19) [ (a? + x?) 7% sech(%mx) T la(a® + %2 %] dx
(o]
1 a+3 sl
)] e (e
[4 <n, n ¢\ n, i gt=n g (—1,m, 5
Rea>0
(20) f:o (a® + x2) %" [cosh (Y% 7x)] "2 Tn[a(az + 23 We
- < a+1
="l”2'"é n& L, ) ) Re a> 0
" 1/2 2a+2n+3/2 [(n+1)!]2r(a+x/2)r(a+1)
2D [T (1-2)% (1 +x)® A
( )LI( S Cr+2)!T (a+n+5/2)'(a—n+1/2)
Re a> -1
a+pB+2nt2 1 -
@) ' Q=21+ B U, () dx = [+ DT @+ DT (B+1)
|

2n +2!T(a+ B+ 2)

x JF,(=n,n+1 a+1;3/2, a+ B+2;1)
Rea>-1, Re 8>-1
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16.1

Tchebichef polynomials (cont’d) m, n =0, 1, 2, ...

(23)

:f_“(x -yt —x)H" U)de=-aT_ ., (y)

-l<y<1

(24)

f_“ cos (xyz) sin [(1 - x2)% (1 —yz)% z] UZH(x) dx

= (‘_1)" m (1 il yz)% UZn(y) J2n+1 (Z)

(25)

f_" sin (xyz) sin [(1 - %x2)% (1 - y2)* 2] U,, 4+, (x) dx

=D -y U, ) J, 4, (@)

(26)

La-0%Q+0) U, 0P de =+ 17

27

J' 1%y W, )N dx =Y%n
|

(28)

f_“(l-xz)% U. (x) Un(x) dx =0

m#n

(29)

LA -0+ 2% U () U, (x) dx

- 252 (m + 1)(n + 1)
T m+n+3/2)m+n+5/2)[1-4(m-n)2

(30)

JLa-0%Q+0)* " U (x) U, () dx =0

m>n

(31)

f_" (1 = ) V2 (1, 4 ) "HP432 U, (x) U, (x)dx

7(2m + 2n + 2)!
x mtnt+2
2 2m+ 1! (2n+ 1)
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Tchebichef polynomials (cont’'d) m,n=0,1, 2, ...

(32)

S Qe *1-0)2"" U, () U (x) d

74 2% (4 D+ DT (@ T —a+ 3/2)
I'3/2—-a) T (3/2 + a+n)

F,(-m,m+2,a,a-%;3/2, atn+3/2, a—n-1/2;1) Re a>0

(33)

f_ll (W Uzn(xz) dx =u P"(Zz2 -1)

(34)

) y 2
J'"U [xQ -y3* A -2))% + yzldx = U (y) U (2)
- aal @ n

(35)

xU, _, [(1+x2)7%] ; 1 Comat
= +
(1+x2)"+ ™+ 1) 2@n-1 22! =

(36)

> xU [(1+x2)—4] 1 S
dex = — - 277! 1
(1+x2)/n+l( TMx + 1) 2 g(n * )

(37)

o [(Q +x?)7%] 1) o)™ 1 1

2—!

x =
(1+x2)"“4( 2R 1) 4(2n)! 2 4 Ap -2

(38)

xZ)'An+l (eZﬂx_ D dx = — é(n s 1)_Z—§n—

(39)

00

2y=% =N £ |
20, lela” :’,x) P o nally (T% B )
(a? +x2)A" e™ +1) 2n

f“’ x U [(1+2x2)7%] 1 11

Re a> 0
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Tchebichef polynomials (cont’d) m,n =0, 1, 2, ...
xU [ala? +x?) %] 1 @ g
40 ' T dx =— ((n + 1,a) - -
( ) (a2+x2)/in+l (ezwx_]_) 2 é % o%n
(o]
Re a>0

16.2. Legendre polynomials

See also under Gegenbauer polynomials, L.egendre functions, hyper-
geometric series.

In this section m and n are non-negative integers.

D (%),

DN
P R A it B
M| J; =" P,, (x)dx TUAST i Re A>-1
P 1= G -%N
P dx = L =
(2) fo a™P, ., (x)dx IV Re A>-2
" - 23/2
@ | [ -2 P,(x) dx = ——
o,
(4) ﬂJLm%*&Anwzﬂ[zm]
m!
1 e 0, G,
(5) f_‘x(l—x) quﬂ(x)dx‘"m
. 29*8=1 " (a) I'(B)
' a- B- _
6 | JJ Q-2 QA+ 27 P () dx = s B)
X Jol=n, L+n,a;l,a+ B3 1) Rea>0, RepB >0
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Legendre polynomials (cont’d)

277

s =105 L, 25 e

(7)

_j;: (z —x)""! Pn(x) dx = 2Qn(z)

z in the cut plane

J 2@ P @) dx = 20, ()

z in the cut plane

(9)

f_"(z — %) L gnt Pn(x) dx =22zn" On(z)—

2n+l (n!)z

2n + D!

z in the cut plane

(10) f_‘l (z-x)""=x" Pn(x) dx=2z" Q_ (2)
m <n, zin the cut plane

(D) S @®+ 67~ 2abx) ¥ sin[A(a® + b? - 2abx)%] P, (x) dx

=n@b) ™ J ,, @NJ ,, BN a,b>0
(12) f_‘l (a4 b* = 2abx)-% cos[A(@?+ b2 - 2abx)%] Pn(x)dx

=7(@b)™# J @\ Y,,, (b)) 0<a<bh
13)| L [P, )P dx = (n + )
()| [P, ) P, (x) dx = 0 m#n

2m+n+‘ ! 4

15| [!, A +x)"" P () P, (x) dx = s nl

m! a2 (2m + 2n + !

The complex z-plane is cut along the real axis from —1 to L.
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Legendre polynomials (cont’d) ey =0y, 1y 25 v

(16)

f_: (1 +.x)® 0! Pm(x) Pn(x) dx =0 m>n

(17)

2°T (@' n —a+1)
INl-a)I'z + a+ 1)

J =" P ) P x) dx =

x Jo=mym+l,a,a;,a+n+1,a-n;1) Re a>0

(18)

j_‘I (z =)' P_(x) P_(x) dx = 2P, (x) Q _(2)

m <n, z in the cut plane

(19)

_[_1‘ (z —x)7" P x)P . ,(x)dx=2P , (z)Q (z)-2(n+1)""

z in the cut plane

(20)

f‘ x(z-=x)"" [P x)?d¥=2zP (z2) Q (z2)-2(2n + 1)
-1 n n n

z in the cut plane

(21)

Jix(z =)' P ) P () dx = 22 P (2) Q, (2)

m <n, z in the cut plane

For other similar integrals see MacRobert, T.M., 1948: Proc.
Glasgow Math. Assoc. 1, 10-12.

D" [ (w]?

1 2u=-1 2
22 KO P (1-2x%)dx = Re p>0
¢ )j;) * Z Lo 2 (p+n) T (= n) i
- [a+ (a® + 1)%]7%"!
@3)] [ 2@+ P (1= 227 dx = 2a : Re a>0
n +

The complex z-plane is cut along the real axis from —1 to 1.
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Legendre polynomials (cont’d) B bom, m=10, 1,2 ...

@) J ' (1= + 0P P () da

See Shabde, N.G., 1940: Bull. Calcutta Math. Soc. 32, 121-128.

@5)] (2 =)™ (1= x)¥" P2 (x) dx = (- 2" (22 - 1)%" Q" (2)

m <n, z in the cut plane

26) [ x* -7 Q=2 Pr) dr = (2" 2F (27 - DA Qn(2)

m<n, k=0,1,..,n-m, z inthe cutplane

1
(27) f_“ (P" (x)]? dx = - ° ks m <n

2n+1 (n—m)!

(28) f_‘ip”;(x)P”;z(x)dx=0 k#n

1= {-1)¥*n (k + m)!
m-kEYn+k+1) k-m)

29)| [, P7() Q3 (x) dx = (-1)"

30) [ (1-x%"" P%x) P*(x) dx = 0 k£m

m)!
(31) f_‘l (1 _xZ)—l [Pn:l(x)]z y (n o )

m(n —m)!

The complex z-plane is cut along the real axis from -1 to 1.
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Gegenbauer polynomials (cont’d) wg =0y 1o 2 sas

208 Mg+ DB + DI (n + 2v)
n!I'Q2v)T(a+ B +2)

(4) f_“ (1-2)%1 +x)8 C¥(x) dx =

x JF(=n,n+2v,a+ v+ Y%,a+ B+2;1)
. Rea>-1, ReB>-1

5)| [ 2" -0 Q-2 CVx) dx

p 1/2 23/2 -v

T e-(v—%)wiz.(zz__ 1)%1/-% Q:"A (2)

+v=-%

m <n, Rev>-%, zinthe cutplane

© L2 -0) A -2 LR dx

a2 W2~V o
_ e~ W¥mi nt1 (z2- 1)%1/-% Qu-% (z)

- T @) ntv=%
o Mg

T wrn+l)

Rev>-%, =z inthe cut plane

7 2V i T (2w 4+ n)
n! T (v)

) f_"(l-—xz)"—%e iy C:(x) dx =

o Jv+n(a)

Rev>-Y%

1 _ L2\ v 24 =”2'—2”F(2v+n') R -%
(8) f_l(l x°) (€76 dx n!(n+v) )2 .

T w=-%T2v+n)
n! T @) (2v)

Rev>%

O S Q=72 Qs )72 C ) dx =

The complex z-plane is cut along the real axis from—1to 1.
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Gegenbauer polynomials (cont’d) m,n=0, 1, 2 s
10) [} Q-2 1+ 27" [CY)]° dx
23 % (2w +n)P T @2n + v+ %) 8 4
= >
) T @A Bv + 20 + %) o
(Il) f—‘l (]. - x)3V+Zrl—3/2 (1 s x)‘U‘i/Z [C:(x)]z dx
B T+ BPTw+ 2+ % TCr+20) By + 20 - %)
- 2P T (w+n+ BT VT (2v+ 20+ %)
Re v > 1/6
(12) f_“(l—xz)y—% C:’(x) C:(x)dx=0 m#Eén, Rev>-Y%
(13) f:‘(l _ x)v-l/z 1+ x)v+m"n-3/2 C:(X) C:(x) i
1) 2272v=mtn ;372 P (9uu n)T (v=Y%+m—n)" %—v+m—n)
m! (n=m) [T IPT %+ v+m) %= ) %+ m—n)
Re v > l/z
1 — )
(14) J_ (-2 1+ x)"7 €2 Chlx) dx
- 22 A P+ %I Cr+m)T( 2+ )W+ %+m+n) T % —v+n—m)
mi I TN % - )T+ %+n-m) TBv+Y%+m + n)
Rev> %
(15) f_l‘(l— x)V“l/Z (1 + x)3v+n +n=—3/2 CZ(X) C:(x) o

B 94vinitn=t T@+BIrCr+m+n)?Tw+m+n+ %1 Gr+m+n-Y%)
INyv+m+%) T (v+n+ %) T Qu+m) I Cu+n) T (Av+2m+2n)

Rev>1/6
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Gegenbauer polynomials (cont’d) m,n=0,1, 2 ...

16)| [ (1= 0%+ 0" ™% € Mx) €l da
getv i g DIv+12)T (v=a+n=1)1(2u+m)[" (20 +n)
C m'al D —a- /2T (v—a+n+3/2)T(2p) T (20)
3 1 3 3
X JFo\=m,m+2p,a+1, a—v+—2; p+§,v+a+n+§, a—v—n+§;1
Rea>-1, Rev>-%
an)| [ e =271 A =27 € X €7 da
2T %% y
-@w=%yri¢ 2 Yv-=Y% v v=Y%
=We (Z —-1) Cm(Z)th,_%(Z)
m<n, Rewv>-%, =z inthe cutplane
(18)| /' (1 =27 € ¥(x) C¥(x) C¥(x) dx
-1
See Hsii, Hsien-Yii, 1938: Duke Math. J. 4, 374-383,
: 2\ hv—1 o d n'% F(I/ZV) C‘Av(2 2 1) R 0
(19) f__‘(l—x) s, ax) x=m ; @ = ev>
(20) f_‘l (1= x2y»! Cz(cos a cos B + x sina sinf3) dx
22771 p 1 [T ()]?
= = = CY(cos a) C¥(cos B) Re v>0
'y +n) n ®
2v) Tw+%)T1(e)
1 2v 2\o =1 ~v 2 n (@,B)
1- cv(1- dx = P 1-9)
S I R L 2 e R 4
Rev>-~%, Reo>0, a=v+o-Y%, PB=v—-o-%

The complex z-plane is cut along the real axis from -1 to 1.




284

INTEGRAL TRANSFORMS 16.4
16.4. Jacobi polynomials

See also under hypergeometric series.
In this section m and n are non-negative integers.

(1)

LA -0 1+x)7 P @) da

_2°‘+U+'F(o+ DIl(a+n+ DT c-B+1)
 Te-B-n+DIl(a+o+n+2)

Rea>-1, Reo>-1

(2)

j:" A-x)"QA+ x)'BPf.a'B)(x)dx

_2'B+p+'l—‘(p+1)F(B+n+1)r‘(a—p+n)
- n!T(@-p) "B +p+n+2)

Rep>-1, RepB>-1

(3)

2P Lo+ DI (o + 1)
I'p+o+2)

J1A-%PQ+2)° P@Plx)dx =
=1

x JF(-n, a+B+n+1, p+1;a+1, p+o+2; 1)

Rep>-1, Reo>-1

(4)

Lz =27 1 -2)*A + 2)P P @A) dx

20Btn Py n + DT (B + 1 +1)
 T@+B+2n+2)(z-1)"™

2
x K <n+1,a+n+1;a+B+2n+2; 1>
Z -

Rea>-1, ReB>-1, zin the cut plane

The complex z-plane is cut along the real axis from —1 to 1.
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Jacobi polynomials (cont’d) =0, 1, 2 ...

(5)

29t M@+n+1) T (B+n+1)
n!(a+B+2n+1)I(a+B+n+1)

Rea>-1, Repf>-1

[ -2+ 2P PP )] dx =

(6)

228 (@a+n+ 1) T (B+n+1)

1
1-2)*"" (1 +2)BP@Px)]? dx = :
f"( B MRS nlal'(@a+B+n+1)

Rea>0, Rep>-1

JL =222 (1 + 2)P [P *FAx)] dx

- 24BN P (g 4+ %) [M(a+n+ D2 T(B+2n+1)
7% D2 (a+1) I'(2a+ B+ 20+ 2)

Rea>-%, RepB>-1

(8)

J! Q=22 (14 )P [P P dx

B g2a*2ftan i (g4 97 1 1)[M(a+ B+2n+1)12T (2a+ B+2n+1)
- [n! T (a+ B+n+1))1? T (2a+2B+4n +2)

Re B >-1, Re(2a+pB)>-1

(9)

J1 =221+ )PP @Fx) P @B x) dx = 0

m#n, Rea>-1, RefB>-1

(10)

L Q=0PQ+ 08P &Py P PPAx) dx

2P BN P (p+n+ )T (B+n+1) T(a+B+21 +1)
N n!T(p+L+2n+ 2T (a+B +n+1)
Rep>-1, Ref3>-1
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Jacobi polynomials (cont’d) iy n=0, 1, 2 s
(11) Ll'(l—x)p-' (1+x)ﬁPia'ﬁ)(x)P’(lp'ﬁ)(x)dx

B 2P*B 0 (a+n+1) T(B+n+1) T (p)
 alT(a+ DT (p+B+n+1)

Re 8>-1, Rep>0

(12)

f_,‘ (1-2)*(1 + x)? Pr(la'ﬁ)(x) P-(a 7 Nx) dx

20 (a4 n+ DIN(a+ B+m4n+ D (0+m+ 1)1 (0-B+1)

- m!(n=m)!T(a+B+n+D)(a+o+m+n+2)1(c -=B+m + 1)

Rea>-1, Reo>-1

(13)

[ Q=x)*Q+ )P F) P [*)x) dx

20 Bt M P aiman+ DT (B+n+ 1) T (B+o+1) T'(o+m+1)
" mlnl IN(a+B+o+m+n+2) T (B=-m+n+1)T(0+m -n + 1)

Rea>-1, Re(B+0)>-1

(14)

f_: (1 =~ %)®(1 4+ xy* B tntn Pr(la"B)(x) Pu(a'a)(x) dx

g2atBtotatntt (o, Bro+m+n+ 1) (ato+m+n+1)

m!n!T(a+B+n+ 1) T (a+o+n+1)

I'(a+m+n+1) T'(a+B+m+n+1)
x
I'(2a+B+0+2m+2n + 2)

Rea>-1, Re(a+ B +0)>-1

(15)

J Q=22+ 27 7 P ) P ) d

0% *m=n P (g4 n+1) T (B+n+1) T'(o+m—-n)I'(0=B+m=n)
- n!(n—m)!l—‘(a+‘0+m+1)f‘(3—m+n+ DI (e-B+2m - 2n)
Rea>0, Reo>n-m
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Jacobi polynomials (cont’d) m, n=0; 1, 2,

(16)

L' Q=0P Q4+ x)f PPy PP Plx) dx

2BPH M (a4 Bem+n+ DI (B +n+D)T (p+m+1) I (p—a—m+n)
- nln-m)!T(a+B+n+D)(B+p+m+n+2)'(p—a)

Re8>-1, Rep>-1

(17)

S Q-2+ 2)f PP x) P PP ) dx
-1

(=1)tn gatftpti IN'a+n+DT (@+p+1) D(B+m+n+1)T(p+m +1)
- m!n!T (a=m+n+1)1(a+B+p+m+n+2)[(p+m—-n+1)

Re(a+p)>-1, RefB>-1

(18)

f‘ (1_x)a+,8+p+m+n(1+x)ﬁp '(la,ﬁ)(x) P’l(p,ﬁ)(x)dx

-1
{(=1yF*n getBtetetat s Bamin 4 1)

m!n! T (a+B+n+ 1)

I'(e+B+p+m+n+ DI(B+m+n+1) T (B+p+m+n+1)
IN'(a+2B+p+2m+2n+2) (B+p+m+1)

Re B>-1, Re(a+B+p)>-1

(19)

L @=0P* T (1ax)? POy P PP dx

2B PR (g4 n+ DT (B+n+1) T'(p+m=n) [(a-p—2m+2n+1)
nln-m)IT(a—m+n+ 1) T(a=p-m+n+1DI(B+p+m+1)
Re8>-1, Rep>n-m
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Hermite polynomials (cont’d) my =0, ) 2w

6) | J." exp(=Yr?) cos(fix) He, (x) dx = (<1)" (am)* 32" exp(=12B2)
(D f:o exp (='2x?) sinh (2 x) He, ,, (x)dx = (% m)f Bt exp (%2 6?)
(©) j;)w exp (=2 ¢?) cosh (Px) He, (x) dx = (%2 a)% B exp (2 8%)
) | [T exp(=tix?) [He, ()] dx = (22)% n!
oo e i m+n + 1
(10) f e'-x2 He”I (x) Hen(x) dx = (=1)%m"%n F<—0_—>
m+ n even
€2 1) fwexp(—.'/: 52) ]!em(x) Hen(x) dx =0 m#n
(12) fm exp(-a®x?) He (x) He (x) dx
— Y m+n+1
— g nn (l_zaz)/ﬁm'*/.n I
2
§ l-m—-n a’? "
% gl | o, —nj 5 2 5af - 1 Re a®* >0, m + n even
(13) f_oo exp[-"(x —y)?] He (x) He (x)dx = m) % m! yrrL" (-y?)

m<n
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16.5

Hermite polynomials (cont’d) k; my =05 1y 25 enn

(14)

f_mmexp(—xz) He, (x) Ilem(x) Hen(x) dx

= ' I'Gs=-k)T'(s=m)'(s =n)

k+m+neven, 2s=k+m+n+1
(15)| S exp (= %~?) He ,(x) He (x) He (x)d (2m)* k! m!n!
: -wexp—z.\. Eprs e X} e\ x=(s—k)!(s_m)!(s__n)!

k+m+n=2s even

(16)

f_m exp(-a®x?) He (x) He (x) He,(x) wadx

See Busbridge, 1.W., 1948: /. London Math. Soc. 23, 135-141.

17

=00

= expl=Y%(x —y)*1He (ax) dx = (27)* (1 - a®)%" Hen[

ay ]
(1-a?)*

(18)

fow exp (=% x?) sin(Bx) He an+1 (@X) dx

n ) n+Y (IB
- (1P CEm% (2= 1) expC %BD He, . [T—_‘ﬁ/‘]

(19)

f:o exp(=%x?) cos(Bx) He on(@x) dx

= (5m” (1-a®)" exp(-1%B%) He,, [(:B—n/]

(20)

f_w exp (-%=x?) Hu(ax) Iln(x) =0

m<n
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Hermite polynomials (cont’d) m, ne=0, 1,2 ...
(2m+n)!

(21)

amanl@®) H (x) dx = 7% (a?= D" a"

I_Zexp (— l/2 x 2) H m

(22)

L:exp[— Yila?+ B?) x?] He (ax) He (Bx)dx

= (LY N et (—’”;” 1>a" B* (a®+ pH™" A

Re(a®+ B?) >0, m+n even

(23)

_f_w exp (=Y%x?) He (ax) He (Bx)dx

= 2% ~Hn=dn LK (g2 1) % (Bz—l)_%"(alz+fj’z—l)%’ll +lA"P":‘i,’_l(z)

i S T —
22 aZ BZ aZBZ
(24) fjo exp(-A*x?) He (ax) He (Bx)dx=0 m + n odd

(25)

f_Dzoxp exp (-x?) He 2n(a;\c) HeZn(Bx) dx

See Buchholz, Herbert, 1953: Die Fkonfluente hypergeometrische
Funktion. Springer-Verlag, Berlin, Géttinger, Heidelberg, Sec. 13.

(26)

f_:oexp [-%(x - y)?] He (ax) He (ax) dx

min (m, n)

% L R 2\%imt%n—k
WEELED) u(k>(k>(1-a)
k=0
ay

x He 42t [m]
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Hermite polynomials (cont’d) ki m, m=0, 15 2
(27) f_m exp (=A% x?) He (ax) He (Bx) He, (yx)dx =0 m+n + k odd
(28) f_w exp (=A% x?) He  (ax) He (Bx)He (yx) ... dx
See Bailey, W.N., 1948: /. London Math. Soc. 23, 291-297.
I.ord, R.D., 1949: /. London Math. Soc. 24, 101-112.
(20) fom xP7" exp (=A% x?) He, (ax) l'e (Bx) He (yx) ... dx
See Appell Paul and M.J. Kanpé de Fériet, 1926: Fonctions hyper-
géometriques et lzypersphenques Polynomes d’ Hermite. Gauthier-
Villars, p. 243,
Frdélyi, Arthur, 1936: Math. 7. 40, 693-702.
@] [ exp(=t2+2) e (x +y)He (x+z)dx
=(2m)% mlz""" L7 "(~yz) m<n
| D" 7 (2n)!
(31) fw (cos x)" He, [«(1 - secx)?]dx = i M s [Le (o)]?
[¢] L n

27 (n)?

16.6. Laguerre polynomials

See also confluent hypergeometric functions
In this section m and n are non-negative integers,

(1)

IN'a-B+n+ 1DI(B)

oo B-1 _-x dx =
Io * ‘ Li(x) * n!l'(a-pB+1)

Re >0

e _ 1°( 1)
fo x%e x[L:(x)]zdac=aﬂhn—ﬂL Rea> 0

n!
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Laguerre polynomials (cont’d) myn=05 L) 2) e
(3) fowx“e"‘ L%(x) L5 (x) dx =0 m#n, Rea>-1
@ | [%*Fe™ L) LA(x) dx = (- 1)** (“ ' ”‘) (B ' ”)
n m
Re(a+ B)>-1
1 i Fa+n+ 1D (B-a)
(5) x%(1 = x)P77" L% (xy) dx = LA(
J; n YT rB+n+1) 2
Re B>Rea>-1
(6) _J:O x” e * L%(Ax) L%(pux) dx
See Buchholz, Herbert, 1953: Die konfluente hypergeometrische
Funktion, Springer Verlag. Berlin, Géttingen, Heidelbergs Sec. 12,
1.e B e B
(7) fo x*(1=x)” L% (ey) L7I(1 - x) y] dx
( N(a+m+1)I( 1)
=m+n a+m B+n+ La:gn(y)
mln!T(a+B+m+n+2) =R
Rea>-1, RepB>-11
(8) f:x"-" expl-%(x - y)?1 L™ (x*) dx
@m* .
= :"™™ He (iy) He C(y)
n! n m
(9) f:o exp (-%x?) [L :% (%x)]? cos (xy) dx

= (% m)*% exp(=Y%y?) [L7* 4y ®)?
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Laguerre polynomials (cont’d)) my =0, L, 2 e
(10)| J, % exp¥x?) [L¥ (%x™)]* sin (vy) dx
=GBm)*y exp(-%y?) (L% Gy )
AD| [ % expl=%x%) L2C4x®) L% (%) sin (xy) dx
= Um)t y exp(=%y?) L2C4y®) L% 4y ?)
(12) f:o exp(—l/zxz) L(:(l/zxz) L;% (% x?) cos (xy) dx
= Cam exp(-Yy®) L2Cay™) L %7 Chy?)
(13) fow exp(= %) L "(l/zxz) He, ,,(2x) sin(xy) dx
=% exp(= %y )L (4y?) He, ,, C4y)
(14) f:" exp(-%x®) L (%x*) He, (4x) cos (xy) dx
=G m)% exp(-%y*) L (4y? He, (4y)
(15) fooo xP ! e™x L;:(A, x) oo L:""(An x) dx

See Frdelyi, Arthur, 1936: Math. Z. 40, 693-702.




CHAPTER XVII

GAMMA FUNCTION, INCOMPLETE GAMMA FUNCTIONS, AND
RELATED FUNCTIONS

For these functions see H,T.F. vol. I, Chapter I and vol. II, Chapter
IX., The expressions, given below, of incomplete gamma functions and
related functions in terms of confluent hypergeometric functions will
assist in the evaluation of integrals involving these functions. For this
reason, only a swall selection of integrals involving incomplete gamma
functions and their particular cases is given here,

Error functions and Fresnel integrals
Erf(x) = n ™% y (%, x?)
=27 % x |F; (1/2; 3/2: =32y
—% 2 2
=27 "% xe™ I (15 3/2; = )
PP R, :
=2p % x Tk g THX M,_.‘y‘(xz)
=1 - Erfc (x)
Erfe(x) =7~ I"(4, x°)
) -l - 2 1,
= ¥ g% o % D_, (2% x)
% =1 =x? =
=n "x"'e ¥ zli)(l,'!«z; -x )
-l -l - 2 5
= # x # e Yex W’_./‘.,‘(xz)
=1 - Erf(x)

295
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C) +iS(x) = et ¥ iErf (e * ¥ ™ixH)

=2n* 2% F(1/2; 3/2; *ix)

Exponential integral and related functions

~Fi(-x)=E ,(x)=T(0, x)
=x'e™* F(1, 1;-x7")
=x "% g hx W_,A'o(x)

Eix) =%[Eilx +i0) + Ei(x —i0)]
=x "V e* 2F;)(l, I;x”")

Ci(x) tisi(x)=-cilx) *i si(x)
= Ei(tix) =-T(0, T ix)

=Fix'e*® F(, 1;Fix"")
x-% ei%'m‘i %n‘W-‘A,o(x ix)
Incomplete gamma functions
yla, x)=a”' x® F (a;a+l; -x)
=g x‘Acx—‘/z e-%x M%a-%,%a(x)
=1"(a) - I'(a, x)
IMNia, x)=x%""e™* 25;(1, l-a;-x"")

_ JHa=Y% =Yz
=0 e u,/m_,/z‘%a

(x)

=I'(a) - y(a, x)



GAMMA FUNCTION, INCOMPLETE GAMMA FUNCTIONS, AND
RELATED FUNCTIONS

17.1. The gamma function

(1)

f_::’[‘(awL )N (B-x)dx=0

Re(a+ B) <1 and either Im a <0 <Im B or ImB <0 <Ima

(2)

[T @+ T (B -x)dx=in 2" AT (a+ p)

Re(a+ B)<1l, Ima ImB<O0

(3)

J T @+x)T(B-x)dx=-im gV=0R M 4 B)

~oo

Re(a+pB)<1l, Ima ImB>0

@ [ oD g Ima#0, Re(a-p)<-1

Fw+x)x“ . ma#0, Rela-p)<-
2a.+[32
E . R
(5) fr(a+x)l(ﬁ_x) GRS e(a+ B)>1
o I'(a+x)

(6)/ ———expl(27n + 7 - 20) xildx = 0 Re(B-a)>0

rp+x) -

-Y%w<O<%m ninteger, (n+%)Im(a)>0
g

297
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The gamma function (cont’d)
(7) _f:_wF(a+x)F(B - x) expl2(7n + 0) xi]l dx

=27i I'(a+B)(2cos g)y~*-P exp [(B-a)bi]
x [, (B) exp(2n 7Bi)-n (- a) exp(-2nmai)l
Re(a+ B)<1, -%m<O<lm n integer
7,({)=0 if (2-n)Im{>0
7,()=sgnCh-n) if (4-n)lm <0

(8)

" la+x)
——— expl(27n + 7 - 20) xi] dx

B +=x)
= 2mi ( +")( : ‘ [(27n+m-0)ai+ 1) ]
- s S s[— =0 AB-

it sgnin + 7 ( ) exp n at B-1)

Re(B-a)>0, -lim<6<Yk%m, ninteger, (n+ %)Ima<O0

©) sin (cx) dx B .
Ta+x) (B -x) ela+p)>1, ec>n
sin (cx) dx [2 cos (% ¢)]* B2
10 _ o
(10) EI‘(a+x)F(B—x) T(at B- 1) sin[Y%c(B - a)]

Re(a+B)>1, O<c<n

(11)

Re(a+ B)> 1, n integer

(12)

® sin(2n7x) dx "
] sin (7 x) e+ x)T(B -x) -

> sin[(2n + Drx] dx gEtER
sin (7x) F(a+x)r(ﬁ—x)_I‘(a+B—1)

oo

Re(a+ B)>1, n integer
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The gamma function (cont’d)
G133 * cos (cx) dx 3 Re(a+ B)> 1
= ; >
_ Tla+x)T(B -x) e e
. cos (cx) dx 2cos (Yc)]otB-2
(14 = [}2¢(B - a)]
: £ T+ ITB-2 ~ Tlasp_Dp —oAclf-e
Re(a+B)>1, O0<c<nw
®  P(x) e " dx
(15) , P (x) polynomial
e Tla+x)T(B - x)
See Ramanujan, Srinivasa, 1920: Quart. /. Math. 48, 294-310.
* Pd(x) exp[(27n + O)xi] dx
(16)
IMNa+x)T(B-x)
2 cos (14 6)]* 2
= [ Ii(:z(-:zﬁ)l ) exp[h KB - a)il fol D (¢) exp(2mnti) dt
Re(a+B)>1, -w<6<m ninteger, O®(x+1)=d(x)
©  P(x) e dx )
(17) »  ®(x) periodic, period real
_ Na+x) I'(B -x)
See Ramanujan, Srinivasa, 1920: Quart. J. Math. 48, 294-310.
T IT'(y+x) (5 +x)
(18) -z dx =
B F'(a+x) "B+ x)
Re(a+ B-y-8)>1, Imy, Im8>0
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The gamma function (cont’d)

(19)

fmF(y+x)F(5+x) ;

IMa+x) (B +x) *

— o0

+27%iT(a+B-y-86-1)
" sinl7(y=8)1T(a-y) ['(a-8) T'(B-y) "' (B -8)

Re(a+B-y=-8)>1, Imy, Im §<0
+accordingas Imy 2 Im &

(20)

i

o0

Ma-B-y+x+1)dx
MNa+x) (B -x)T(y+x)

- mexplthm(d-y)il
F@B+y-DIr&EBretty

Re(B+y)>1, &6=a-B-y+1, Im§£0
t+ according as  Im §20

= dx
- ./:m Ma+)T'(B-2)TI'(y+x) (6 -x)
_ F(a+B+y+8—3)
T@+B-DIB+y-DIG+8-DTG+a-1)
Re(a+ B+y+8)>3
(29) sin(7x) dx

I

MNa+x) TR -x)T(y+2) (6 -x)
- sin[%7(B - a)]
B r &) r@+6-1)
a+6=B+y, Rela+B+y+8)>2
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The gamma function (cont’d)
j ~ cos (7x) dx
23)
oo T@a+ ) T(B-x)T(y +2) ' (5 - x)

- cos [Jam (B - a)]
2N M2 T (a+ 5-1)
a+d=B+y, Rela+B+y+8)>2

(24)

- ® (x) dx
e Ma+x)I'(B-2)T'(y +x)'(6 - x)

- [(a+B+y+8-3)
" T@+B-DT(B+y-1)T(y+8-1)T(6+a-1)

fo' ®(2) dt

Re(a+ B+y+8)>3, P(x+1)=0(x)

(25)

= D (x) dx
~ MNa+x)I'(B=-2)T(y+2) (6 -x)

o0

j: D (¢) cos[%n (2t + a— B)]dt
 TEBrEIHT (45— 1)

a+8=B+y, Rel@a+B+y+8)>2 dlx+1)=-0(x)

(26)

ST 0 (@) T (B=2) Dy + k)T (5-kx)] ™" exp(e exi) dx = 0
Re(a+B+y+8)>2, «c¢,kreal, |c|>|k]+1

Fur further similar integrals see Ramanujan, Srinivasa, 1920: Quart.
J. Math. 48, 294-310.
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The gamma function (cont’d)
(27) J:c T (a + ix) T'(b + ix)|* dx = Yo % @)+ r6G) G+ %)

(28)

x(a + b)/T (a+ b+ %) a>0, b>0
® |IT@+ix) |2 _‘/zn%F(a)F(a+'/z)F(b—a—'/2)
, (b + ix) BT GB-%T(b-a)

O<a<b-%

(29)

2mi)™! Lifor(s—x—)\) T+ p=—s+%B)C(A=p—s+%) z%ds

=T %—k=p) T o=+ p) 2N e k2 W, ‘L(z)
Re(x + A) <0, Re A>|Rep|-%, |argz|<3n/2

1 ico F(/\+p—s+l/2)l—‘()t—p—s+l/z) A
0 s - =%z
(50) 2mi f I'A=k-s +1) ' ds=a'e WK.M(Z)
~ 100
Re A> |Repy| - %, |argz|<%m
a1 1 ‘ f [(k=A+s) (A +p—s+%) e
27d) L, Te=—A+s+h)
=———-F(K+#+l/2) Ne ¥y (z)
F(2p+ 1) Kt
Re(k —A)>0, Re+p)>-Y%, |argz| <kn
1 ioo
(32) o T(a+s)T(B+s) T (y=s)T'(6-5s) ds
wi

- C(a+y) T (a+8) T'(B+y) '(B+5)
- ['(a+B+y+8)

Rea, RepB, Rey, Red>0
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The gamma function (cont’d)
1 I T %-s) |? :
33 —_— z%ds = 2% [277 'K (42%)-Y (42%)]
: )zm-[. [r(s) ° o
z>0

H F(b—s) H F(l—a +5)

1 i j=1 j=1
34
o4 2mi [im I3

= m#1 j=nti

q
I F(l—b}.+s) II F(aj—s)

z%ds

Rea].<1 J = Ly wneiy Ty Rebj>0

i=1 ..

p+q<2(m+n), |argz|<(m+n-Ytp-liq)m

s m

i F(b—s) il F(l—a +s)

1 teo j=1 j=1
35
55 2mi [iw

j=mt+1 j=n+1

can Ayyenera,
= V4
B\ [Bygmst,

H F(l—b +s) II F(a.—s)

J
9

z%ds

Beaj<1 J= 15 ey Re 5.>0

Re( EaJ— 7 b)>/2p

Jj=1 Jj=1

p+q<2(m+n), l|argz|<(m+n-Yip-laq)m

T = Lyiawass M

Yog+1

For further integrals of this type see sec. 7.3«

An empty product is interpreted as 1.
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The gamma function (cont’d)

(36) fo‘ sin(27nx) log " (a + x)] dx
=—(2n7)""[loga +cos(2nma) ci(2nma)-sin(2nma) si(2nma)]

a>0, n=123, ..

(37) fol cos (27nx) log[I' (a + x)] dx
= —(2nm) " [sin (2nma) ci (2nma) + cos (2n ma) si(2nma)]

a>0, n=12, 3

y see

(38) fo‘ exp(2mxi) log [T (@ + x)] dx

=2nm)™! [log a — exp (—2mai) Ei(2n wia)]
a>0, n=%l, £, ,..

39)] J' logI"(x)] dx = % log(27)
(4]

(40) _I: log[l'(a + x)]=a log a —a + % log(27) a>0

@D| J)" log[l (@ + )1 dx = 5 @+ &) log a + 1)~ na
=0

+ %n log(2m) = Yan(n - 1) >0, n=1,23,..

(42) _f;l sin (27nx) log[["(x)] dx = (27n)”" log(27yn)

A= .1, 2; aas
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The gamma function (cont’d)
3)| J. " sin[(2n + )7zl logl (x)] dx

i m 1 1 1
i [ (ot ) o
2n+ 1)7m 2 3 2n -1 2n + 1

n=0, 1, 2 e
1
(44) fol cos(2mnx) log[I" (x)] dx m— n=123,..
n
17.2. The ¢ function
(1) f‘ Y(a+x)dx =loga a>0
)
(2) f‘ e Y(a + x)dx = e TR (2n mai)
o a>0, n=xl, £2 .
(3) fo‘ sin(2n7x) Y (x)dx = -Y%n n=l; 2 e
(4) fo‘ sin(2nmx) Y (a + x) dx = sin(2n 7a) ci (2nma)
+ cos(2nma) si(2nma) a>0, n=1 2 ..
(5) fo1 cos (2nmx) Y (a + x) dx = sin (2n 7a) si(2nma)
— cos(2nma) ci(2nna) a>0, n=1;2

(6)

_fowx-a[C+l/1(1+x)]=—77csc(7ra)é(a)o l1<Rea<?2
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The ¢ function (cont’d)

(7

f:ox'a[]ogx—¢(1+x)]dx=ncsc(na) l(a) 0<Reac<l

(8)

fom x_a[log(l +x) = Y1+ x)]dx = 7 csc(na) [{(a) - (a - 1]
' O0<Reax<l

(9)

wa_a[(l +x)' = ¢(1+x)]ldx = —ma csc(ma) [ + a) - a™ ']
0

—-1<Reax<l1

(10)

f:ox-a[x-' - Y (1+x)]ldx =-macsclanr) {(1+a) -2<Rea<0

(11)

7l (a + n)

f:x-al/;(") 1+ x)dx = (=1)""! {(a+ n)

d"
n=1,2 ., gb(")(z):ﬁ, 0<Rea<1
z

I"(a) sin 7a

(12)

f:o [y (x + 1) - log x] cos (2mxy) dx = Y% [ (y + 1) = log y]

17.3. Incomplete gamma functions and related functions

o e (% Y2
(1) | J© xP7" Erfe(ax) dx =_Azpi—+z) Rea>0, Rep>0
0 " paf
r(V‘T) v v+l v ﬁz\
(2) fo x¥"" exp(B? x?) Erfc(ax) dx e 2F;<E,—2—-;—2-+1; a2/

Rev>0, 0, RefB?<Rea?
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Incomplete gamma functions etc. (cont’d)

(3)

J7 277 sin(B) Frfe(ax) dv

F(1+%v)b v+l v 3 v+3 g2
=% v 2l o+ i, j——
7" (v+1a 2 2 2 2 da

Rea>0, Rev>-1

(4)

7 %V cos (Bx) Erfc (ax) dx

0
s+ %v) v v+l 1 v Bz
= B\ o etlie—g
7 va 2 2 2" 2 4a

Rev >0, Rea>0

o 1 %
(5) fo eB* Erfc(a” x%)dx=—B- [ﬁ—l] 0, Re B<Rea
00 . 1 ‘/2a % 1, -l
(6) | J sin (Bx) Erfe(a” x*)x -5- h) [(a® + B?)% - al™*
Re a> |Im B3|
oo " 2 ‘ l/211 £ . 5 Y
(7 _ﬂ, cos (B x) Erfc(a” x%)dx = — = [(a2+[)’2)A cal*%
a®+f3
Re a> |Imf3]
(8) j:a sin (bx) Erfc(a* x %) dx = b™" exp[-(2ab)*] cos [(2ab)*]
Rea>0, b>0
(9) fw cos (bx) Erfc (a” x-%) dx ==b"" exp [-(2ab)*%] sin[(2ab)*]

0

Rea>0, b>0
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Incomplete gamma functions etc. (cont’d)

(10)

j:o cosh(2vt) exp[(a cosht)?] Erfc (a cosht) dt

= asec (vn) exp (J2a?) K (a®) Rea>0, -Yi<Rev<k%

For integrals involving products of error functions and other con-
fluent hypergeometric functions see Bock, Philipp, 1939: Compositio
Math, 7, 123-134. Note that the function denoted by Erfc by Bock

is Yn”* Erfc in the notation used in the present work.

(11)

foa e*Ei(-x)dx =-loglay) + e Ei(-a)

(12)

J£ eP* Ei(-ax) dx = =B "te ¢ Ei(-ac) + log(1 + B/a)
~Eil-(a+B)cl

(13)

f°°°xve’Ei(—x)dx=ncsc(nV)F(v+ 1) -1 <Rev<O

(14)

0 g o e ') B
fo 2V =B El(—ax)dx=—m zF; (1, V;V+1;a+B>

|larga| <7, Re(a+pB)>0, Rev>0

For further integrals involving — Ei(~x) = E | (x) see LeCaine, J,,
1948: National Research Council of Canada, Division of Atomic
Energy, Document No. MT- 131(NRC 1553), 45 pp.. and Busbridge,
1.W., 1950: Quart. J. Math. Oxford Ser. (2) 1, 176-184.

(15)

o5 YT (p+v) a
=1 _ﬁx d _ a F 1 . 1.
jo % & y (v, ax) dx T g 2 RS R o

Re(a+ B)>0, Re B>0, Re(p+v)>0
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Incomplete gamma functions etc. (cont’d)

o .\ g, a’T (g +v) B
(16) j-o xH e B F(V, ax)dx=W ZF; (1 4 3
Re(a+ B)>0, Rep>0, Re(p+v)>0
(17) fo e” y(v, ax?)dx=2"'"* 87 ['(2) exp< ) [(Qa)A ]
Rea>0, RefB >0, v#£0, Rev>-Y4
(18) _f:c w e exp (ax 2) sin (bx) T' (v, axz) dx
- gt 27V gV 11<~-— ) exp ]
(2a)
|arga| <3n/2, O0<Rev<l
For other integrals involving
En(x) =x""'"T'(1-n, x)
see LeCaine, J., 1948: National Research Council of Canada,
Division of Atomic FEnergy, Document No. MT-131 (NRC 1553),
45 pps, and Busbridge, I.W., 1950: Quart. J. Math. Oxford Ser. (2) 1,
176-184.
az
(19) fm e Px y (v, ax’) dx = 27%V a”B'%”-' ['(v) exp 8P

0

xD_, [(2"/—;)/] Re 850, Rev>0







CHAPTER XVIII

LEGENDRE FUNCTIONS

For the theory of these functions see H.T.F. vol. I, Chapter III and
the literature quoted there, especially the books by Hobson, MacRobert,
Whittaker and Watson. Numerous expansions of Legendre functions in
hypergeometric series are listed in H /T.Fs vol. I, pe 124-139, and these
may be used to reduce integrals involving [.egendre functions to integrals
involving hypergeometric series.
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LEGENDRE FUNCTIONS

18.1. Legendre functions of variable ax + (3: finite intervals

(1)

1A ‘ a4 27A (A

. e Re A>0
J, o (®) dx TG+%A-%)T A+ %A+ %)

(2)

(D" 7% 272 VP H%A) T+ m + v)
IFrG+%¥m A+ %A+m)TA=-m +v)

m+v+1l m—-v m A+m
X F( 5 ,-—2—+1;m+1, 5 +1;1

ReA>0, m=0,1,2, ..

fo‘ x)\_‘ P;(x) dx =

(3)

[ 227 Phe) de e m* 2247 T (%)
0 L INCERZINE MO RO )

v—pu+1l pu+v W A= p
x E L L I -, +151
“( 2 2 9 Ty

Re A>0, Rep<2

(4)

f(: ;\:>\_I (1 —:\cz)%"l P:(x) dx

) D" 7% 2N PO T (1 +m + v)
TTHa%r+¥m -BT L+ %A+ %m+ %) T -m+ »)

ReA>0, m=0,1,2 ...
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314 INTEGRAL TRANSFORMS 18.1
Variable ax + (3 : finite intervals (cont’d)
5) | S M (-2 TEH PAx) dx
a” 2“‘—>\F()\)
T+ BA-Y%p-%)T A+ %A-Yp+ %)
ReA>0, Repu<l1
2MIT (L4 k=Y p) T (%2 )
6) | ' 2™ (1= 22 PAx) dx = —
) IFA-p)TCQ+x+¥r=Yp)
v—p+1 p+v W A—p
x3F2< -~ ,—T,1+K—2—;l—y,l+-—§——+l<;1>
Re(k — %u)>-1, ReA>0
(7) f,xx_' (l—xz)-%“sin(ax)P‘;(x) dx
(o]
7% 2T P+ Da
TR +%A-p-)ITHGB+ A= p+ )]
1+ A A3 A—p—v 3+A—-p+v a’
% B | ===, lage=tray ] 4 . 5§ - —
2 2 2 2 2 4
ReA>-1, Repux<l

(8)

fo‘ x)\_1 (1-x?)%Hs cos (ax) P‘:(x) dx
) 7% 2 AP
T+ %A= p+WITQ + A= =)

AA+1l 1 1+ A—p—-v A—p+v a?
o (e 5 — 5 X b - ;—T

2" 9 ‘9 9

Re A >0,

Re p <1
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Variable ax + : finite intervals (cont’d)

(9

n!

1
j 2\ =1 Pn—l/ 2dx=—
f° ( =)L V @] 20~ v)T (1 -5 + 2v)

n=0,12 .., Rev>n

(10)

foi P, (x) PV(x) dx =2[7(A =) A+ v+ D]
x [A sin (%4 M7) cos (%vm) = A~ cos (%An) sin (% vrr)]
_F(’/2+ L)+ %)\

TTH+%MNTA+ %)

(11)

['P,G) Q@) dx = [ =v) A+ v+ D114 cos [ (v=A)l- 11
ra+%Are+ %)

T+ %A+ %)

(12)

T Q) dx=[A=)A+ v+ DI "yw+ D= yA+1)

~ Y@ -A Y sin[Y\+v)al+ %7 + A7") sin [B (A=)l
ra-+ BTG+ %)
TTHG+%0)TA+ %)

(13)

[ PR dx, [ PR QM) dx.

See Barnes, E.W., 1908: Quart. J. Math. 39, 97-204. Note that
Barnes’ definition of Legendre functions of the second kind differs
from the one used in this book.

(14)

[ P5(x) P3(x) dx

See Shabde, N.G., 1937: Bull. Calcutta Math. Soc. 29, 33-40.
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Variable ax + 3: finite intervals (cont’d)
2
| - 2 (V)]
i P dx = ReA>0
G B L & s 3 e
. 2\A\—1 yo
(16) f_1(1~x ) P2(x) dx
72T A+ %) T = Yp)
TTA+4%v+ DA =% T %p+ %+ DT (-Y%p-%v+ %)
2Re (M) > |Re p|
(17) f_: (1- xz)"%“(z ) Pﬁ+n(x) i = 2e-i“"(z2—1)—l/’“0ﬁ+n(z)
n=0,1,2 .., Rep+n>-1, =z in the cut complex plane
18)| J' =)+ %K% (2 4 2)#7H Phx) da
2e AT (g
_ %e (2+}l.) (z._l):“-
a*T(p=-)T(p+v+1)
. 1 4.87% 8 " 142N\ %
5 Q‘V ( 2 Q—V'l 2
~J3<Rep<1, =z in the cut complex plane
(19) L (=) (L ) @ )57 (- ) PA) = (v 4+ ) P (1) de

eI (e ) =1 #<1+z>%] ., (1+z>%
S G%m)E D (p+) T(p=1)(z+1)% & 2 0= 2

=[5 e 05}

~% <Re p <0, z inthe cut complex plane

The complex z-plane is cut along the real axis from —1 to L.
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Variable ax + [3: finite intervals (cont’d)
@O)| [ (1= x)7HE (14 x)447% (2 4 24792 PhG) dx
U (p="a)z =D @+ D)7 [ <1+z>% - C+z %
T A e () I (p—v-1) % 2 RN 2
il f1l+= % 1+z \ %
+ Q7 ' ol
2 v 2
-}2<Rep<1, zinthe cut complex plane
, 1 -y Y% uty—1 1-x
EOl S Q=x)" A A+ )5 exp(-—— ) P* () dx
=1 l+x .
=2V)’y:“+v-% e%y w‘/zﬂ--v—'é.%u(y) Rey >0
(22) f_" P, (x) Py(x) dx
4 sin(vm) sin(A\7) [Y(v + 1) = v (A + D] + 27 sin[(A = v)7]
- M-y A+v+1)
2 _2[sin(em)1? Y (v + 1)
& 1 2 m mn
(23)] L, [P, (x)]? dx = TR
Aty +1 4
! o 2 T A+v+1)]
24 P ()P 1 dx =
ey f'f v ) Py XL+ ) e = DT D T @A 25D
Re(A+v)>-1
sin(2av) Yy’ (v + 1)
25)| J! P,(x) Q, ) dx =~ Y

72v+ 1)

The complex z-plane is cut along the real axis from =1 to L.
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Variable ax + B: finite intervals (cont’d)

(26)

f_i‘ Pv(x) Q)\(x) dx = [(=N W+ A+ D] "t 1-cos[(A=v) 7]

- 277" sin(v7) cos (Am) [Y(v+1) = (A + 1)1

(27)

Yo =11 = [cos ()]} Y (v + 1)
2v+1

f_ll [Q,(x)]* dx =

(28)

! Q,() Q) dx = (A=) A+ v+ DI 1 Yo sin[(A = w)7]

+ @+ D)=y + DI+ cos (A7) cos (vm)]}

(29)

j‘l (1_ 2)%;‘”‘% l—_x%vP”()P”()d
-1 = 1+x i BN O

See Shabde, N.G., 1940: Bull. Calcutta Math. Soc. 32, 121-128.

(30)

S “ P{(x) P (x) P](x) dx

See Gaunt, J.A., 1929: Philos. Trans. Royal Soc. 228, 151-196.

(31)

f_“ - xz))‘_' (1 - a2x?)%H P (ax) dx

7 24 T(\)
TGN T G=%u-% )T - %p + %)

ReA>0, -1l<axl
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Variable ax + 3: finite intervals (cont’d)

(32)| ' aTERE (Lo 2)™H % (L4 ax)¥4 PE(L + 2ax) dx
o
= a4 T (% - p) @ #IPL[( + 0)# 12 Repu<k% |arga|<n
(33| J ' TH2TI2(1 - x)#2 (14 ax)H? PE(L + 2ax) dx
= 7% D= p=%)(1+a) ™ ¥ #*% PLY [(14 0) %] PEI(1+a)*]
Re p<-%, J|argal <7
(34) jo' xAETH (1= )% (1 + ax) 44 PR(L + 2ax) dx
= A T G+p) a4 PEIL + 0)*1PJHIAL + @)¥]
Re p>-%, |arga| <w
(35)] J' x#/ 2312 (1 = x)*V2 (1 4 ax) ™ PA(1 + 2ax) dx
0
=%t Tp=-%0+ )™ 74P+ ) 1PA(1+@)%]
+ (p+ )= p+ ) PTHA+ @)1 PH(1+ 2) 1
Rep>Y, largal <7
@6)| [ 2 7FET (A= o) (A 4 @) B [(Lmvmp) PETY(L + 2ax)
+ (L4v=p)PE (14 2ax)lde=2r% T (J=p)(1+a) ™% a¥st%
xPﬁ[(1+a)%]P5_‘[(1+a)%] Rep<l, |argal<nm
@) S 2 TEET (L= )% (L 4+ ax) 4 E [P TE(L + 2ax)
(o]

- PL'“(l +2ax)]dx=n" F(!/z’—y)(1+az)—y2 o’ uth
)t (p=)PE(1+ )# 1P 4 [(1 +a)*]

- ()P [+ )" TPH(+@)* ) Rep<!lsy largal <w
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320
Variable ax + (: finite intervals (cont’d)
(38) fo' xREE (12 Y W% (14 ax)# QM1 + 2ax) dx
=% T - p) @ # PHA + 0)%] Q4 + @)*]
Re p<, |argal<nw
39)] J, #4272 = %)HY2 (14 ax)*/2 QL1 + 2ax) dx
=Yn i~ p—%) (1 4 &) % g"HF4
< AP+ @)1 QXA + @)%]
+ PH+ *10“ (1 + @)*l} Rep<-%, |argal<m
18.2. Legendre functions of variable ax + B: infinite intervals
(1) fow (%2 - 1)%#* sin (ax) P‘:(x) dx
ol o g n~%
ST _ 1 1 1 7y Sy, vy (@)
ICe-Yap-%) (A= Yop+ %hy) H*7%
a>0, Rep<3/2, Re(p+v)<l
m PN PA= B T (A= A+ YT (Co— A= Y%
() f (xz _ 1))\_, PH(x) dx = ( 2;1) ( : +a)(a )
1 v A =Ysp+ o) T Ca=Vap—Yov) (L= A= Yap)
ReA>Rep, Re(1-2A-2)>0, Re(2-2A+7v)>0
00 ) 2/0+N'-2 F +L+V F '&}L—‘—*’ Lot
3) f, x P (x? = 1)7AH P(x) dx = A )

7% T (p)
Re p<1, Re(p+p+v)>0, Re(p+p-v)>1
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Variable ax + 3: infinite intervals (cont’d)
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@ | f; - DM @? - R4 PEG) dx

CMET T A - p- ) TA = A p+0)
- FrA-p+)PEp=—)TA=-A-p)

ReA>0, Re(A+p+1)<0, Re(A+p-v)<1

)| [T - DM @? - DTEE P dx

A gin(wr) T =) T (= A+ p— ) T A=A+ p+v)

(1= )

Re(A=p)>0, Re(p-A-v)>0, Re(p-A+v)>-1

6) | J7 G = D7F# e+ DPET (2 + )P PLA) da

Re(p+1)<0, Re(p-1»)<]1,

e - ' % 2
_ % Np-2)IQA ,u+v)(z_1)#{P# l+z }
| N CZT)) v 2

larg(z + 1)| <7

(7) I,m (6 = D74H (o + 1)#F 7% (2 + )42 PE(x) dx

y FA=p-)T@2=-p+v)

'@3/2-p)

IRICE)

Rep<1l, Re(p+v)<1l, Re(p-v)<2,

-7 (z-1*%(z+1)7%

|arg(1 + z)| <
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Variable ax + f3: infinite intervals (cont’d)

(8)

J7 = DT o DR (4 )T (o) PR

- p-)IA=-p+v)
I'(% - p)

Re p<0, Repu<l-|Rev|, larg(z+1)|<nm

z-D*(z+1)7%

—(v+ ;L)P‘;ﬂ(x)]dx: (27)"%

(9

f'oo (x - 1))\-' (02 = 1% H* (x + z)—pP’;(x) dx

2)\+“_pf'()\—p)lj(p—/\—p—v)l‘(p—)\— p+rv+1)
IFl-p+)lCp=-)TA+p-r—p)

X B, (pyp=A=p—v,p=A—p+v+1;p=A+1, p=A=p+1; 12+ )2 2)

T(p- DT ()

oot e SHH (G +1)>\"p
(e (1-p)

x FE N —p=v, l—p+v;l=p, 1=p+X; %2+ % 2) ReAx>0
o 1o p pwl-p

Re(p=A=p=-v)>0, Relp—-A—-p+v+1)>0, |arg(z+1)|<n

(10)

flm (x — 1)>\_‘ (x? - 1) %M (x + z)—pP:‘(x) dx

sin (W) (A= p—p)T(p=A+p—v) T'(p= A+ p+v+1)
- 2P A (1 + p — A)
« sFa(Psp=A+p—v,p=A+p+v+]; L+ p=A, L4p=A+p; Ja+laz)
A=) T(p—A+p)
(p) T'(A—p)

(z +1))\_p—“

3FZ()\—;L,—V,V+1;_1+/\—';L—p,1—;1;l/z+l/z/z) Re(A-p)> 0
Re(p—=A+p—-1v)>0, Re(p—A+p+v+1)>0, |arg(z+1)|<n
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Variable ax + 3: infinite intervals (cont’d)
D J; e™ 2 = DHEPE) de = 2% 7% a* TR K, (a)
Rea>0, Rep<l
" Z x4+ 1\ % i i - ’
(12) e e Pv(x) dx = a Wu, vey(2a)
1
Rea>0, Repu<l1
(13)] S (@ = DN (22 = 1)%K e™%% PA() dx
1 14
a™AH e ¢ ( 2 T4 p L
= a
rA-p+v)=p-v) 2 Aty —vy, 1L+ v
Rea>0, ReA>0

(14)

% - DA (52— 1) Hpgos Q(x) dx

1
l-p1
A-prv+l,—v

23

= l/ze‘m"a“—}\ et (211

Re a>0, ReA>0, Re(A—p)>0

(15)

O VAR CLES Ve TP

1L, 1-p
A=py L+ v, —v

Re a>0, Re

= — 7" sin(vm) a“_}\e—a G:; <2a

A> Rep

(16)

f:o {4,854 2aﬁx)—% exp[-—(a2+ B%+ 2aﬁx)%]PV(x) dx

=277" (@B)* K 4y (@) K4, (B) Re a >0,

Re B >0
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Variable ax + 8: infinite intervals (cont’d)
(17) f‘w (62 = 1) %4 exp (a? x?) Erfc(ax) P‘:(x) dx
2
_ 1 g F<1+#+V> F(#—V> i3 exp(f_)
2 2 2
X Wy oy, x 450 (@)

Rea>0, Rep<l, Re(p+v)>-1, Re(p-v)>0
18)| S~ Q, ) dx = [y + DI’ Re v >0
(19| S 7P, () Q) dx = [(A = ) (A v+ DI

Re(A-=v)>0, Re(A+7v)>-1
(20) f1°° [0, dx=Qv+ D7 ¢ (r+1) Rev>-%
o A+ D=y +1)
(21 ( dx = Re(A +v) > -1
Bl s e e o
(22)| J,” [Q¥(x)]1? dx
See Barnes, E.W., 1908: Quart. J. Math. 39, 97-204, Note that
Barnes’ definition of [.egendre functions of the second kind differs
from the one used in this book,
@3)| [T 2= DM QM) dx

PG+ v+ ) DA=A+% )T A+ Y2 p) T(A=Y p)
2ATH D (14 Y%v=Y p) T (%+ A+ %)
|[Rep| <2Re A < Re v+ 2

— eMTi
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Variable ax + B: infinite intervals (cont’d)
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)| [7 o= DN (2 - D¥F e Ql(x) da
=F(v+p+1) etmightreaca (g, et )
2w - p+ 1) 22 A v+l —v
Rea>0, ReA>0, Re(A+pu)>0
(25)] S (- DA (a2 %2 = 1)%# PE(ax) dx
FMTFA-A=%p+ %) TGi-A=Yop- )
TTA-Y%p+ %) T G-Y%v- %)= X=p)
_ o l-p+v p=v 1
XZ”’ ‘a# p=1 2[,‘1<T, 1—)\—_2;1—)\—#; 1'—a—2—>
Rea>0, ReA>0, Re(v—p-2M)>-2, Re(@2A+p+v)<1
(26) f‘m P QV(ax) dx = et TGadia (a® - 1)%“0;‘“(@

larg(a— 1) <m, Rep>0, Re(v-yp)

>-1

(27)

ST @2 DM (0 x? = )7EE Q(ax) dx

MY POOC(A - A+ 439

QU=2 L uTE a HTY=t

F(V+—2—)

p+r+1 ptv 3. -3
sz‘( 5 , L= A+ 5 ,V+§_,a>

larg(a—1)| <7, ReA>0, Re(2A-p-v)<2

(28)

227585 (o = D77 (L + ax) 4 Q4L + 2ax) dx
1

=% eI (Y~ ) P HIQE(L + @) ¥ 1

largal <7, Rep<¥%, Re(p+1)>-1
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Variable ax + B: infinite intervals (cont’d)

(29)

oo

f‘ x THIETV2 (o 1)TRTI2 (] 4 g )H/? QL1+ 2ax) dx
——n% e TETID (c - 1) B EE (1 4 a?)
x QML+ @)#1 QLI + @)%

largal <7, Rep<-%, Re(p+v+2)>0

(30)

_f,w (x = 1#*7! Py(ax) Qx(ax) dx, fiw (x = D#! Qy(ax)(_)>\(ax)dx

See Shabde, N.G., 1937: Bull. Calcutta Math. Soc. 29,33-40.

18.3. Legendre functions of other variables

(1)

fx PV(sz a”? = 1) sin (bx) dx

R NMOIE IO,

a, b>0, -1<Rev<O0

(2)

f:QPV(sz a™? = 1) cos (bx) dx

=-Yimald ,,(rab) J

—p-y(2ab) =Y, (Chab) Y_,_, (2ab)]

a,b>0, -1<Rev<0

(3)

f (a+x)_u'—v_2P# a—x) PV(a-—x dx
. a+x a+x

- a PV N (p+ v+ DA
TP+ DT e+ DPT Qe+ 2v+ 2)
largal <7, Re(p+v)>-1
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Other variables (cont’d)

(4) f'x-' cos (a:\:)PV(2x_2 - 1)dx
)
== lamcsc(vm) |F, (v + 1; 1; ai) Fov+ 1515 —ai)
a>0, -1<Rev<0
] 772
G| J e P*Q_, (142577 dx=-8—{[J0(%B)]2+[Yo(%/?)]z}
Re >0
(6) f:’ N Q.+ 2x7 ) dx = % (w+1)]?a”"
XW_V_%'O(ai)W_V_%'O(—ai) Rea>0, Rev>-1
@ | [T 2N (2% +a?)%Y e P ph ‘_ﬁx dx
o v (x2+a2)l
A 1=
e 7
—_—y— >\+
_ DT O - asz
al(p—v) 2\ 4 " 1 Ap+v A—p+v
' 2’ 2 ’ 2
a>0, RepB>0, ReA>0
oo 1 1 (1/277)_% a_‘ b-% b
8 % sin (bx) [P % (y)]? dx = K, o\ —
®) J, % sinbx) [P AN dx = o | Soi\5a
Rea>0, b>0, -5/4<Rev<1l/4
9) j:"x% sin (bx) P 2% (y) Q7% (y) dx

Gm)% e ETI0 (v + 5/4) p <b>K (b)
© ab® T (v +3/4) vWi\2a/ V% \2a

Rea>0, b>0, Rev>-5/4

y = (1+ a?x?)*%
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Other variables (cont’d)

(10)

oo

Io x% y~" sin (bx) P;% (y) P__%‘ (y) dx

(2m)™% a~2 b% # (b)K <b)
TG/A+)IG/A-v) Y E\2¢/ Y \2a

Rea>0, b6>0, -5/4<Rewv<5/4

(11)

I x% 57" sin (bx)Pif(y) P;% (y) dx
0

B (217)—% a”? bl/’ X b )2]
"T(7/4+)T(3/4 - 1) v\ 2a

Rea>0, b>0, -7/4<Rev<3/4

(12)

, ! Chmb) A b \[
= x bx) [P% ()2 dv =— P
J; %% s bn) P60 dx ~ e [K”“‘Q’a]

Rea>0, b>0, -%<Rev<-Y4

®%a)% e X" D (v + %)

(13)] S " x* cos (bx) P% (y) Q¥ () dx = ;
fo o v )@, 1) dx ab” T'(v + 5/4)
b\ b |
XIV+%(E; [\V_',%(E- Re a>0, b>0, Re V>—%
0o (2")-% a-Z b'/

(14)

Yy - bx) P % =
J, 7 77 een G P AN Pl o = e

b

2
x I:KW_,A(-E :l Rea>0, b>0, -5/4<Rev<1/4

y = (1 + a? x?)*%
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Other variables (cont’d)

(15)

1™ 2% 5™ con (i) PA(y)PX | (y)dx

o

@Qm) ™% a"2b* b ) b )
= K gl e ] K s [ s
'+ rés-v) v A(Qa vii (Za

Rea>0, b6>0, -%<Rev<y%

(16)

a 3 ( - K d
f [M] P;#(cos x) P;K [cos (a - x)] i
y sin x s

I (=) T %
= 7 (=) T+ %) (sin @) P * (cos a)
7" Tk +p+1) v

Re p>Rex>-%

(17)

foa (sin x)” [sin(a — x)]7 P’;(cos x) P,i\ [cos(a - x)] dx

For this integral and several particular cases see Bailey, W.N,,

1931: Proc. Cambridge Philos. Soc. 27, 184-189 and 381-386.

(18)

fow cos (ax) PV(cosh x) dx

sin (vm) (1+V+za> <l+l/—l,a> <v+za> (u—m
OOk by
4n 2

>0

, —1l<Rev<O

(19)

ST P,y (cos6) dx=Y% csc(%:0) 0<f<m

(20)

f_w P _(cos 0) dx = csc ()5 6) 0<f0<m

y=(l+a2x2)%
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Other variables (cont’d)
(21) f:o cos (bx) Pf%h'x (cosh a) dx
=0 0<a<bd
(% 7)*% (sinh a)*
= i 0<b<a
I'(% — p) (cosh a — cosh b)*
(22) fow x~ " tanh (7x) Py, (cosha)dx = 2e 74 K (e™9) a>0
® x tanh (7x)
(23) T{-T P_%Hz(cosh b) dx =Qa_% (cosh b) Rea>0
0
(24) f:o cos (bx) I' (p + ix) " (u — ix) P_:A%-fix (cosh a) dx
%m)*A T (p) (sinh a)»~*%
= a,b>0, Repu>0

(cosh a + cosh b)*




CHAPTER XIX
BESSEL FUNCTIONS

For DBessel functions and related functions see H.T.F., vol. II,
Chapter VII and the literature quoted there, especially the books by
Watson (the standard treatise on the subject), Gray and Mathew, McLachlan
(now in a second, revised, edition), and Weyrich. Integrals involving
Bessel functions appear in almost every chapter of the present work,
and the kernels of the integral transforms listed in Chapters VIII to XII
are Bessel functions. The present chapter contains mainly integrals which
have not already appeared in the earlier chapters, although some of the
integrals already listedhave been included forthe sake of easy reference.

Bessel functions are particular confluent hypergeometric functions,
and the expressions which follow may be used to reduce integrals in-
volving Bessel functions to integrals involving hypergeometric functions,

(az)”
J =———  Fw+1;-%2?2
A2 Tw+1) °' ok
(%z2)” .
=Le k2 'Fl(V+ Y% 2v+ 1; 2iz)
'e+1)
A A s

ST G D) e (2

Hi@) = Chmz) ™% e RO (- 2:2)

HLZ)(Z) _ (1/2772)—% e%(v’r%)rriwo'v(Qiz)
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(%2z)” )
F( 3 0F1(1/+1 %z?)
(%z)”

=—ce
I'e+1)
N
z %32
e e M (D7)
Frev+1) % ¥

%
KV(z)=<-%> W, ,(22)

2(z/2)"*!
—— 3/2; - z%/4
D F, (L; v+ 3/2,3/2;5 - 2%/4)

I,(2)=

TRl 20+ 1; 22)

H (z)=

2(z/2)"*!
A T(v+3/2) V2

! p+v+3 p—v+3  z?
s (z) = 1F2 i 5 HE—
¥ (p=v+D@p+rv+1) 2 2 4

Expressions of various combinations of Bessel functions in terms of
Meijer’s G-function are given in the Appendix. Many integrals involving
Bessel functions may be obtained by specializing parameters in the small
number of known integrals involving the G-function. l.ikewise, in the
tables which follow, many fairly general integrals involving Bessel
functions have been evaluated in terms of confluent hypergeometric
functions or G-functions. For special values of the parameters these
expressions simplify considerably. Frequently these particular cases are
not given separately, and the user of these tables is expected to perform
the necessary operations, the requisite formulas being given in the

L (&)= F,(3; v +3/2, 3/2; 2%/4)

Appendix.



BESSEL FUNCTIONS

19.1. Bessel functions of argument x. Finite intervals

W] [ J, @) dx=2 Eo Iorans, @ Rewv>—1
(2) j;a xY Jv(x) de=2""'" 7% (v + %) a [Jy(a) Hy_I(a)
-—HV(a) Jv_,(a)] Rev>-%
@) [ 2 T, &) dx=a¥*" T, (a) Rev>-1
)
a 1=y _ i V=
(4) fo x Jv(x)dx———zy_l o a J,,-,a)
(5) fo" xH J,(x)dx=(p+v=-1)ad, (a) Su_l’ o1 (@)
[t
=l e (00 8, L) % B ——— Re(u+v)>-1

(i atvy
2

(6)

[ a-x)% g, &) dx = nCha)% J,,, Cha) J,_, Gha)
(o]

Rev>-1

(7

fa & o f =gy A J, (%) dx = 7% 27V a2V (%~ v)
0

x J,(2a) J_,(%a)

Rev<

For other similar integrals see sections 8,5 and 13.].
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Bessel functions of x; finite intervals (cont’d)
(8) fa xP(a? - 2abx + b2) % J (x) dx
[} v

See Bose, S.K., 1946: Bull. Calcutta Math. Soc. 38, 177-180.

v+i
(9) foaxv sin x Jy(x) dx = 26; " sin a Jy(a)— cosad,,, (a)
Rev>-1
(10) foﬂsin (@ —x) JZH(x) dx = a J2n+1 (a)+ -1D"2n[cos a
_Jo(a)— 2 %I(—l)"l sz(a)] f2 0y 1 2y e

m

1y

foa sin(@-x)J, . (x)dx=ad, ,,(a)

+ D" @n+ Disina-2 2 (1) J, ,, (@] 1n=0,1,2, ..
o

m=

(12)

foa sin(@ -x) J,(x)dx=a J,,,(a) - 2v OE:o D", 4,42 (@)

n

Rev>-1

(12)

_foa x~" sin(a - x) J,(x) dx = 24! ~1n" Jyran+1(@)  Rev>0

Il p48

n=0

(14)

foa x7%2 sin(a - x) JV(x) dx = (W3 =Y%)"" a* JV(a) Rev> Y%

(15)

v+1

_f: x¥ sin(a - x) Jy(x) dx = ¢

S J 4y (@) Rev>-%
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Bessel functions of x; finite interval (cont’d)
(16) _f: x)\sin (a — x) Jv(x) dx
A D" w=-2),,
2 L D, I D e @
Re(A + v)> -1
See alsoBailey, W.Ns, 1930: Proc. London Math. Soc. (2) 31, 200-208.
(D) ! @ = 27" sin(Bx) J, (x) dx
—r 3 D, (@B Iy ey (50) Iy (@)
n=20
Rev>-2
(18) f:xvﬂ sin[% B @?-x?)] J,(x) dx = g UV+Z(a2,8, a)
Rev>-1
19)| J* x¥*' sinlb(a? - 241 J (x) dx = 4m)*% a¥*¥2 b (1 + 62) 74V 7¥
o]
X I 4apla (14 5%)%] Re p>-1
o a1/+l
(20) fo xY cos x Jv(x) dx = = [cosa Jv(a) +sinad (a)]
Re v> - 1/2
(21) f: cos(a —x) J, (x)dx

—ad, (@)= (D"2nlsina-2 "3 D" J,, ,,@)]

m= 0

n=0,1,2 ..
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Bessel functions of x; finite intervals (cont’d)
(22) _J;a cos(a - x) J2n+1 (x)dx =a J2n+| (a)
+ D" @2n+Dlcosa=d (@) -2 2 D" J, @] n=0,1,2 ..
m=1
(23) foa cos (a — x) Jv(x) dx =a Jy(a) - 2p n§0 (- 1)"JV+2“+‘ (a)
Rev>-1
(24) [ x7" cos(a-2) J, (&) dx =v7" J,(a) + 207" n°§°1 D" J,,, (@)
Rev>0
au+|
(25) foa x? cos(a—x)Jv(x)dx=2V+lJV(a) Rev>-%
A+1
(26) f“ L (@ —x) Jv(x) dx = a_J_V(ﬂ
0 A+v+1
A+1 T D" - Ay
2 % 2
e n=2| (3 X+ 1)2,,+1 i ”)_ Jy+2,,(a)
Re(A +v)>-1
See also Bailey, W.N., 1930: Proc. London Math. Soc. (2) 31, 200-
208:1
@D [ (@ - 2% cos (Bx) J,(x) dx = Y%7 J, (a B) [, (%))
vr £ D", @B dy,., ta) ), Cha) Rews -1
(28) f: x¥* cos [%B(a? - x?)] J,(x) dx = g U, (a®B, a)

Rev>-1
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Bessel functions of x; finite intervals (cont’d)

(29) f: x(a® - x*) 7% cos[fla® - x*)%]1J, (x) dx
=(B%+ 1)7% sinla(B? + 1)%]
30) J; (@ =23 7% cos[Bla® -~ )41 J, (x) dx
=hndy,, (Crae™) J,  (tae™) B =sinhu, Rev>-1
(31) foa M1 Pn(x/a) Jy(x) dx, j: aH! Pn(x/a) J#(x) Jv(x) dx
See Bose, S:K., 1946 : Bull. Calcutta Math. Soc. 38, 177-180.
(32) _J;ax”'_' P”(2x2 a 2=1) Jv(x)dx
27V oMY T G + % 0)]2
T+ DTG+ %v+n+ D%+ Y%y —n)
2
x F, #+V, ‘H-V; v+1, F+V+n +1, Iﬂ-—n;—a—-
2 2 2 2 4
Re(p+v)>0
For particular cases see Bose, B.N., 1944: Bull. Calcutta Math.
Soc. 36, 125-132.
@33)| [* 2" Ha® ~ ) THHPL(x/a) J, () dx
=(‘/2n)%a"“J%_M('/éa)Jy+%(l/2a) Re p<1, Re(p-v)<2
@ %(,2 xn=Yv=Y% pvth 2
(34)f0x (0= =) P# (2x° a —l)JV(x)dx

=gk o v, Iy Caa) J__,, (ha) -1<Rev<’

-
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Bessel functions of x; finite intervals (cont’d)
35) J,"J, () J, (x) dx = % - %[, (@)]?
@36)| [ J @) I, @) dx =Y %I () - 2 [J (@)
m=1
n=1 2 3
@D [* 1,0, @ dx = I [J,, @] Re v>-1
n=0
(38) foa 2PV (@ = x?)7 ! J#(x) J,(x) dx
See Bailey, W.N., 1938: Quart. /. Math. Oxford Ser. 9, 141-147.
@ 2
2 = 2
(39) fo x Pn(l -2x%a )[Jo(x)] dx =m{[<]n(a)]2+[t]n.“ (a)]Z}
=10, 1; 25 s
@0 [ x*** P (2x% 0”2 = 1) [/, ())? dx
See Bose, BN, 1944: Bull. Calcutta Math. Soc. 36, 125-132.
an| =2 r[n® Yv(a)]
2,1 2 L, (6) J, @)
b d
(42) * = _" log J_V(a) Jv(b)
xd (x)J_,(x) 2 sin(vm) J,(a) J_,(b)
43) [*x"Y, ) dx = 2" 7 T (w4 )a [V, (@) H,_,(a) - W (a) Y, _ ()]

Re v>-Y%
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Bessel functions of x; finite intervals (cont’d)

(44) foax”“ Y, ) dx=a"'Y_, @)+ 2" T(v+1) Re v> -1
@ gy ctn (vmr) _— R ¥
(45) fo x Yv(x)dx=m)—a Y ., (a) ev<

(46)

Y@=z £ 1,00~ Y, @]

v
n=

47)

foa (% - x2)"*% cos[B(a? - x2)%] Y, (x)dx

=lnld, )Y, )+ J, ) ¥, @)]- Y% tan(wn)l () (0)+ Y, @)Y, ()]
u=%al(B?+ 1% +Bl v=%al(B2+1)*-Bl, -Y%<Rev<k

(48)

L %P (1= 2x%a™) J, (%) Y, (x) dx

2
a

Ty [ (@)Y (@)+J, (@)Y , (a)] n=0,1,2, ..

(49)

b dx _nI:JV(a) J,(b)
f x[Y, () 2 LY (a) Y, (b)

(50)

b dx - 771 Jy(a) Yv(b)
[ x I, Y, 2 ¢ T, 7, @

19.2. Bessel functions of argument x. Infinite intervals

(1)

ST, dx =1 Re v>-1




340 INTEGRAL TRANSFORMS 19.2
Bessel functions of x; infinite intervals (cont’d)
= J(x) 7[¥ (a) - J (a)]
(2) r—— dxp = = Rea>0, Rev>-1
A x° +a a sin (vrr)

(3)

fomx" (@2 +x2)7% [J, (x) - 11dx =a™'[Ei(-a) = log(ya)] Rea >0

(4)

fowx[(xz +a?)(x?+ BZ)]-% [x?+ a?®)% + (x2+ BZ)%]-vao(x) dx

=(a2_ﬁ2)—y%<¢1;6) Kv(a‘;B>

Rea>0, Ref >0, Rev>-%

(5)

:f: x*(x*-a)7" I (x) dx = %K (@) - Y7 ¥, (a) a>0

_fmx”'(ea" = 1) Jv(x) dx =2V 7% I'(v+ %) § 1+ a2 n?yv*
0

n=1

Rea>0, Rev>0

(7)

- 2a y y
x  exp [ -— Jy(x) dx=2JV(2a‘)KV(2a2) Rea>0
o x

(8)

f L sin(e + B) J,(x) dx = % sec(vm) B* J_(B)
o X B

larg B| <@, |Re v| <%

(9)

f xVB cos(x + B) Jv(x) dx = = Y w sec (vmr) BY Y_V([)’)

x +

larg B| <m, |Rev| <%
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Bessel functions of x; infinite intervals (cont’d)
(10) _f:o x* sin (2ax*) J_% (x)dx = w2 a3 Ja/d(az) a>0
(AD)| [ %% sin Qax*) J, ) dx = 22 a2 J_,, (a?) a>0
(12) f:x% cos (2ax*) J% (x)dx =n'2a¥2 J _3/4(a2) a>0
(13) fwx% cos (2ax”) J_ (x)dx—rr 3/2J (az) a>0
0
(14) fw x % e sm(Z,Bx/)J ; (x) dx
0
) ( ) exp( > ( ) Re a>0
a” 41 a4 1
(15) S~ x7% 7% sin(2B2%) J,, (x) dx
exp Re a>0
a® + 1 a?+ 1 a?
(16) fow x ™% sinx sin (4 ax*) Jy(x) dx = % m)% cos(a? + Y%n) Jy (a?)
a>0
(17) f: x~'? sinx sin (4ax %) J‘B(x) dx
==2752 2172 4V 3(gin(a? + n/12) J|/3 (a?)
+cos(a2+n/12)Y‘/3(az)] a>0
(18) fw x~ % sinx cos (4ax%) Jo(x) dx
(o]
= =232 72 [cos (a? =Y ) (@®)=sin (@®~Y% m) Y (a?)] a>0
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Bessel functions of x; infinite intervals (cont’d)
(19) fomx-'m sinx cos (4ax '?) J_Vs(x) dx
=-27%27V2 4" sin@® - n/12)J_, ,(@® a>0
(20) fowx_% cosx sin (dax”?) Jy(x) dx
= (4 cos (@® - % ) J, (a?) a>0
21 f:ex'_'/3 cosx sin (4ax '?) Ji/s(x) dx
= 2752 g1/2 g /3[cos (@? + w/12) J]/a(az)
- sin(a? + 7/12) sz(tlz)] a>0
(22) f: x % cosx cos (4axl/’) Jo(x) dx
=—2732712[gin(a? - Y ) Jo(a2)+ cos (@?-4 n)Yo(az)] a>0
(23) foo x "3 cosx cos (4ax'?) J—va(x) dx
0
= Q7R N2 G 13 cos(az—n/IZ)J_l/s(az) a>0
29)| o 7P J,(x) J, (%) dx
27T (p) T alp+v—p + 1]
Y [3’é(p+y+ v+ DT [ (p—p+v+1)] [ﬂ[l/é(p+p—v+ 1
O<Rep<Re(p+v)+1
= @) rey)
(25) x' 72V [J (x)]* dx = Re v >0
fo v I + W T Gy o
(26)

< %
f?TaT [J,))? dx = I (a) K (a) Rea>0, Rewv>-1
0
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Bessel functions of x; infinite intervals (cont’d)

@0 J, @+ a7 J ) J, () dx
See Bouwkamp, C.S., 1950: Nederl. Akad. Wetensch, Proc. 53,
654.-661.
@8) f, 7 (x% 4 a?) 7 J () J, () dx
See Watson, G.N., 1922: 4 treatise on the theory of Bessel functions,
Cambridge, p. 436.
(29) J:o P i e_a’f]#(x) JV(x) dx
See Watson, G.N., 1922:4 treatise onthe theory of Bessel functions,
Cambridge, p. 390«
(30)| J~ sin (2ax) [J, (x)]* dx
)
= %P, (1-2a? 0<a<l
=" cos (vnr) Qv—% (20%=1) a>T1
Rev>-1
(31) fow sin (2ax) [x¥ Jy(x)]2 dx

a T 2Y 0L + 1)

ATy At 1-viad 9 <<l

=4 z~1 ) 74
_ a F(/2+V) ZF‘(}'%‘/‘+V, l/é+2V;].+V; a—Z) a>1
2T (1 + )T (8 - 2v)

- <Rev<dk
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344
Bessel functions of x; infinite intervals (cont’d)
(32) fom cos (2ax) [Jy(x)]2 dx
=n'Q,,0Q-2a% 0<a<l
=—7 " sin(vn)QV_.A(2az—l) a> 1
Rev>-%
33)] J, cos(2ax) [x” J, (x)]? dx
a ¥ () )
ELTEr LAl
F) T %+ 2v) : ) .
S D% —v) zF;(/ﬁ+V’/§+2V;1+V;a) D<a<l
sin(pm) a™ Y ' I (% + 2v) " . -,
= T T — D) 2F,(/2+V, %+2v; 1+v; a %)
a>1
-Y<Rev<k
(34) f:a(x2 a7 % J () dx = -Yin J, (ha) Y, (ka) Re v> -1
(35) f:cx—' (x2-a?)™% Jo (x) dx = — si(a)
B6)| [ x* P,y (x/a) J,(x) dx ==(sa)" [cos (2a) ¥, (sa)
+ sin (Vza)JV(l/zd)] - <Rev< )k
(37) f:cx%_“(xz -az)_%“P’:_% (x/a) J,(x) dx

= —27V2p 20 BT ()Y (ha) + ¥,_y (ha) J, (%a)]

-4 <Rep<l, |Rev|<l+2Reyp
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Bessel functions of x; infinite intervals (cont’d)

@8) S x¥(x® —a®) MK PN (/) I (x) du

g O ) 1
=2}\la T+ .
”A F(l _ )\) A=y, Aty

Re v <5/2, Re(2A+v)<3/2

(39) me%(xZ _a2)'AV‘% Pﬁ‘ﬂ(zxz a-—z _ 1) Jv(x) o
=—2""2 7% ¢ sec(un) {[Ju‘*% %a)]? - [J_”_,/z('/z a)]?}

Rev>-1/2, Rev-3/2<2Repu<1/2-Rev

. ' -%)
@0) [ %' (x?- a?)ro2 [Jv(x)]de=2ﬂ—,:a-vj—‘nv(za) Re v> Y%

@D S7 2 (@? - 2TV, @)1 + [ ()] dx

=7 % a’" ' I'(~v - %) sin(vn) J,(2a) Re v <-%

(42) / Ll LT WU
. x+ B

=2foa(1—u2)—% cos (Bu) du Ozaxgl

=ad,(B) l<a<o
(43) f“’ il sinfa(x + B)] J (x) dx =0 0<ax<l

x +

e sinla(x + B)] Y
(44) f -;L(xTJWZn(x)a’x —aB8™ . (8) lea<e

(=1}

n=0,12 .., Rev>-3/2
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Bessel functions of x; infinite intervals (cont’d)
* sin[a( )
(45) f sinlabe s Py o @I dx = T, (BT 2<a <
~ x+ 3 &
=0, 1 2 s
= sinla(x + B)]
“ J:N—T Tay &) Iy ) dx = d o (BYT__,(B)
n =0, 1, 2 vens 2<a<o
* sinla(x + B)] _
- f G gy o de = mBT I, (B 2<a <
=0;1,2 5005, Rew>-l
(48) f:o Y, (x) dx = — tan (J3vm) -1<Rev<l1
(49) f:o xP(x®+ a®)HY (%) dx
Lk e
2
- p l+v l=v v
2 ' 2
|[Rev| -1 <Rep <2Re p+ %
00 . 2a 1 L
(50) fo x”! exp <———>Yy(x)a'x=QYV(ZaA)KV(QaA) Re a>0
x
a
(51) _f:o x 'sin (2— [sinx J (%) + cosx ¥ (x)]dx

x

=ﬂJ0(a%)Y°(a%) a>0
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Bessel functions of x; infinite intervals (cont’d)

(52) fw x”" cos (70— [sin x ¥ (x) — cosx J (x)] dx
x

o

=ﬂJo(a%)Yo(a%) a>0

(53) fwx% sin (2ax%) Y%(x) dx = —n'? @32 H_%(a,z) a>0
0

(54) f:x% cos (2ax”?) Y, (x)dx = —7'/2 @32 H_, (a® a>0

(55) f:ox_% sin x cos (4ax”) Y, (&) dx

= 2"%2 212 [3 gin(a? = Yn) Jo(az) —cos(a®-Y%n) Yo(az)]

a>0
(56) fw x ™% cosx cos (4ax”) Yo(x) dx
o
=-27%2 7'2[3 cos(a® - Y m) J (a?) + sin(a® - %) Y (a®)]
a>0
- (__1)7!""1
(57) fo Jv+n(x) Yv_n(x) dx = e Rev>-%, n=0,1,2, ..
® —pax Kla(a?+1)7%]
(58) J, e J,(x) Yo (x) dx = TR Rea>0

(59) L7 x?* exp(—ax?) J(x) Y (%) dx

o
i | 1

B T L -

==Yn " a3 2exp( 2a>W%”'%”<a>

Re a>0, Rev>-%
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Bessel functions of x; infinite intervals (cont’d)
60)| [, sin(2ax) I, (x) Y, (x) dx
=0 0<a<l
K[(1-a"%)*%]
T asl
ma
(61) f:ocos (2ax) J (x) Y, (%) dx
i Kla) 0<a<l
=—(7a)"" K(a™") a3
(62) f:o cos (2ax) [Yo(ac)]z dx
=7 " K[ -a?*] 0O<a<l
= 2(mra)”" K[(1 = a™?)%] a>1
(63) f: x ' 727 sin (2ax) Jv (x) Yv(x) dx
ra/2- 3 3
= - e _V)a 2F‘<—-—V,—-2v;2—v;az)
2T 2v =TI (2 -2) 2 2
0<Bev<8/2, 0Za<l
(64)] J,” %' 72 sin (2ax) {[J, (2)]% = [¥ (2)]%} dx
sin(va)'3/2-)T7(3/2- 2V) a (3 3 >
= F|—v, —=2v; 2=v;a?
aT(2-v) N D
O0<Rev<yYy, 0O0<axl
(65) fm x272Y sin (2ax) [Jy(x) Jv_'(x) - Yv(x) L (x)] dx

(o]

sin (2v7)[(3/2- V)I'(5/2-2v)a

7T(2-v)

3 5 "
o5 E—V,§—2v;2—v;a

1/2<Rev<5/4, O0<ac<1
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Bessel functions of x; infinite intervals (cont’d)

0o

(66) J, x*7*¥sin(2ax) [J, &) Y, _, (x)+ Y, (x) J,_, (x)]dx
& - 5
S T8/2~v}a F(E——-V,——QV;Q—V;(ZZ>
Frv-3/2)r@2-») #'\2 2
1/2<Rev<5/2, 0<ax<l
67) [~ x%7H(@® = xD)TEHPE_ (x/a) ¥, (x) dx

= 2732 g¥2 0" THLJ (a) ], (ha) = Y, (4a) ¥y, (%a)]

-4 <Rep<l, Re(u-v)>-%

19 3. Bessel functions of arguments ax + 3, x2, x ™'

(1)

= A1 J (ax) J. (bx) d 2PV gk pTHTPT (Y p + Yo+ Yo p)
Ji & dylen) J ey s - T+ DT (1-Y%p+%v - %p)

2
PHVEP p—vHp a
XZF'( R ;’”1-’!32)

Re(p+v+p)>0, Rep<2, O0O<a<bd

Jo @2+ A7 J (ax) J, (b) dx

See Douwkamp, "‘C.S,, 1950: Nederl. Akad. Wetensch., Proc. 53,
654-661.

(3)

[T 2" (@x)]? T, (26x) dx
o

I'%+ v)

T o2 sin(unr)a?? b~ V"' (b2 = a?)"V ¥ O<a<b
o
~ (4 )
=l—(‘.—:/zv—)-a2vb—vn'(az—b2)_”_é O0<b<a
2

i
-%<Rev<k
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Bessel functions of ax + 8, x%, x~ '(cont’d)
@ | [ J, () I_, (ax) J,(2b%) dx
ol 0<a<b
2y b—V—l
_— 2 _ bz -v=% 0
T Tl —2) (a ) <b<a
-1<Rev<h
G| [ % Jy oy (ax) Jyuy (ax) T, (2b2) dx
=0 D =cax<b
=27¥2 7 g™ 2 b7 (@ - £)7H 0<b<a
Rev>-1
©)| JT x'*¥ J (ax) J_ (ax) I, (2bx) dx
=0 0O<axb
(a2 - p2yhv4
e mvtl 2 -2
=% ap% Py (26%a™ = 1) 0<b<a
-1<Rev<k
) foooxp_‘ Jy(ax) Jﬂ(ax) J,(2bx) dx

aNpATETE P (Y At Y et Yo v+ % p)
AE P+ D T+ DT A-%A-Y% p+ %v—Y%p)

’ ’ 9 M

At p+l A+p A p+v+p A+p—v+p
X s o = 41 - - &

g B
A1, p+ 1, A+ p+1; F)

Re(A+ p+ v+ p)>0,

0<a<b
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Bessel functions of ax + 8, x2, x~',(cont’d)
®) | [ 'V, (ax) I, (bx) J, (cx) dx
21/-1 AZV—I
= T @b P Lo ;i Z;eé;,/g are sides of a triangle
=0 if @, b, ¢ are not sides of a triangle
a, b,c>0, Rev>-%
(9) j:c xP! JA(ax) J#(bx) Jy(cx) dx
2P=1 gMpt ¢ TNTETP T (YN + Y + Yov + Yip)
O+ DI+ 1) DA=tax=Yap+ v —Yip)
M p=—v+p A+p+v+p a® b2
><F4< 5 5 2 ;)\+],pt+1;;—2',cz
Re(A+p+v+p)>0, PBep<5/2, a,b,c>0, c>a+b
For particu'ar cases see Watson, G.N., 1922: A treatise on the
theory of Bessel functions. Cambridge, Sec.13.46; Bailey, W.N,
1936: Proc. London Math. Soc. (2) 40, 37-48.
< _y- 2
(10| J7 x'72¥ [J, (ax) J, (bx))* dx
2y =1 2
b~ I'( a
= “ : - # S\ v Y=y 20+ Y%; ——
22 T (w+ 1) "' (2v+ 1) b
Rev>0, O<ac<b
AD| L7 x"V I, 00) Yo (@) + ¥, () J_, ()] J, (2ax) dx
-0 O<a<]
av-|(a2_1)v-'/z & %
AT (v + %)
-la<Rev<l
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Bessel functions of ax + f3, x°, x~'(cont’d)
(12) j:c Pl (7, (x) Y#(x) + Ju(x) Y (x)]J, (2ax) dx
=() O<ca<l
a—y.-l(az_ 1)—'/{#—% -
- mh out% P":—Q(a) a>1
-1<Rep<!s, Rev>-1, Re(p+v)>-1
00 % . '
(13) fo 2 VY )’u(ax) J, (bx) J (ex) dx =0
O<b<e, O<a<ec-=b
(1) L7 %92 (ax) J,(bx) ¥, (bx) dx
=0 O0<ac<b
= - (2mab)™! 0<b<a
Rev>-Y%
(15) S, 2" J,(ax) ¥, (ax) J,, (bx) Y, (bx) dx
a?”T'@Bv+1) 7 1 hanila s 3 a?
TR b T (G- 3/2) 2\ T T i
O0<a<b, ~-1/3<Bev<l/2
® J (ax) Y, (bx) = J_(bx) Y ( b Y
(16) i xz y(0x) 2”ax)dx=-l— 0<b<a
3 2 (bx)]° + [Y (bx)]%} 2 \a

For other similar integrals see sec. 6.8,
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Bessel functions of ax + 3, x%, ™' (cont’d)

(17)

7 I (ax)Y,, (bx) ~ J,(b%) Y, (ax)]
[, (b2)]? + [ (bx)]?

x [J,4,(ex) Y, (bx) — J,(bx) ¥, (cx)] dx

bZV
:—a—_vcyﬂ O<b<e<a
aV bZU 8 b
= - <bxax<ge
cv+1 aycy+l i

(18) [Jy(ax) YV(bx)—. Jy(bx) Yv(ax)]
[, (bx)1% + [Y  (bx)]?
x [J,4,(ax) ¥ (bx) - J,(bx) Y, (ax)] dx
1 b21/
=2_a_a2VH 0<b<a
(19) S Jo(ax) Yo(bx)— J, (bx) Yo(ax) x dx - g H;Z)(ll A)
[, (bx)]? + [¥, (bx)1? M+x? 20PN

Re A>0, 0<b<a

(20)

* J(ax) Y (bx) = J (bx) ¥ (ax) xdx
5 [J,(bx)]1% + [Y (bx)]? c? —x?

o J(ac) J (be)+ Y (ac) Y (be)

= 0<b<a, 0
2 [ (be) + [V (b Dy BE

(21)

foa Jv(x)J_V(a—x)dx=sina -1<Rev<l

(22)

foa Jx)J,_ (a-x)dx=J(a)-cosa —-1<Rev<?2
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354
Bessel functions of ax + 3, x%, x *(cont’d)
@3)| J. "7, (%) J, (a ~ x) dx = 2 Eo(‘”m T rimn 11 (@)
Re p>-1, Rev>-1
(24) foax—' J#(x) Jy(a—x) dx:pt_' J/HV(G) Re p>0, Rewv>-1
& ki vow ED DO prm) (V)
(25 J (x)J (a—x)dx=2 .
)I"x b = ,,,Zo m!T(p+m+1)
XJ)\+u+V+2m (a) Re(A+p)>0, Rev>-1
(26) foa x Na-x)"" Ju(x) J(a-x)dx = (v e J#h,(a)
Rep>0, Rev>0
(27) foa ! (@—x)"" Ju(x) Jy(a - x)dx
oA D" T+ g+ m) (V)
= L A+ p+v+2m)
va »=o m!T(p+m+1)
R R ) Re(A+p)>0, Rewv>0
@8)| [, x*a-x)"J,(x) J (a - x)dx

Mg+ 7)) (v + 12) ,

= 1 1 /J.+V+/z C]
2% 7 T (p+v+1) “ vy (@)

Re p>-%, Rev>-%
29) J " %@~ x)""" J, &) I, (a = %) dx

_ Fl(;H—l 1/2)T" (v+3/2) P @
2% n/zr(;t+v+ 2) prp/2
Rev>-1, Rep>-%
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Bessel functions of ax + 8, x%, x~' (cont’d)

2T (p+ %) T (v—p)

@ — x) K _ _
(30) _j; x*(a - x) J#(x)JV(a x)dx = % TG s D a/‘JV(a)
Re v>Re p>-%
@ [ 2P @ -x)"""J (x)J (a—x)dx
0 e ¥
fou 2P V@ =x) ! J)\(bx) J#(cx) Jv(a —x)dx
For these integrals and several particular cases see Bailey, W.N,,
1930: Proc. London Math. Soc. (2) 30, 422-424 and 31, 200-208;
Rutgers, J.Gs, 1931: Nederl. Akad. Wetensch. Proc. 44, 75-85,
o J [alx +y)] J lalx+ 2)]
(32) “ X 2 dx
(x + y ) (x + 2)
C@n/a) T+v)  J, laly - 2)]
—F(u+l/z)r(v+‘/z) (y — z)#*vH%
a>0, Re(u+1)>0
(33) fomxz J,,(2ax) J,_,, (x®)dx =Ysa J ,,(a®) a>0, Rev>-%
(34) fomx"‘ J,(2ax) J,,_,, (x®) dx =% csc(vm)H_,_, (a?)
_‘/2ctn(vn)JV+%(a2)—'/zYV+%(a2) a>0, Rev>-%
@) S %2 d,,(2a%) I,y 6D dx = Ya J, (@)  @>0, Rev>-2
@36)| J~ x*J,,(2ax) ¥,,, x*)dx = ~Y%aH,_,(@®) a>0, Rewv>-2

0
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Bessel functions of ax + 3, %, x~' (cont’d)
37) _f;)wx J°(4ax) [Jo(xz)]2 dx = -Y% J, (a?) Yo(az) a>0
(38) fooox J,(4ax) Jo(xz) Yo(xz) dx = — l/;[Jo(az)]2 a>0
(39) fooox(y+2)/3 sin (x %) J(V+%)/3(x2) JV(4ax) dx
a¥1/3 o (., v=1
=—8— J(V+.A)/3(a)s1n(a i - n
" 5 v—-1 )
+Y(V+,A)/3(a)cos a® < Y T -5/2<Rev<-1/2
(40) fomx(ynm cos (x?) J(’Hyz)/s(xz) J,(2ax) dx
w=1)/
a v—1
=_8— [J(V,“A)/a(aZ) cos <a2-+ = 77>
¥ Gel , =1
+ (V+%)/3(a )sin | a® + - w -1<Rev<11/2
(41| J,” x sin (ax?) J, (bx?) J,, (2cx) dx
=%h sin(aczh)JV(bczh) O<a<b
=Wk cos(aczk)Jv(bczk) 0<b<a
Reps~1, 5=0G%-a9™% k=@EI-5*
(42) fomx cos (ax?) Jy(bxz) J,, (2ex) dx
=Y%h cos (ac?h) JV(bczh) O<ac<b
=Wk sin(aczk)JV(bczk) 0<b<a
Rev>-% h=0"-a®)™" k=(@>-5p%"%
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Bessel functions of ax + 8, x2, x~' (cont’d)

a 2
x
(43) / sz J% (x) J__%(x) JZV(ZGZ-— 2x2) dx
0
= %Jw% @*d,_, @? Re v >0
* % b\ dx a Y 2b%
(44)/ Jy(7><]y+| ) 7°\7 ) Joe\n
(o]

a,b>0, Rev>-1

(45)

f:" x°7" J (ax) J,(bx7") dx

232 _
=2‘D-‘ a‘pGZO B b _1:, P+#,p #,’_V_
04 16 2 2 2 2

a, b>0, Re(p-v)<3/2, Relp+p)>-3/2

/0“ J”<:_>Yv<%)dx=b[_ < ) <za >]

(46)
a, b>0, =Y <Rev<h
o[ AE @) 6]
a, b>0, -J<Rev<

(48)

IESEOESINCY

a, b>0, -})<Rev<
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19.4. Bessel functions of other arguments

(1) J,oooxy+l )’# Jy(ax) Ju(by) dx
= a¥ bH(B/RY**V* ! [sin (vrr) Y#hj“(ﬁ h) - cos(vrr)J#_WH(Bh)]
O0La<h
=—27""a¥ bH(B/EYV ! sin (un) K ipsy (BE) O<b<a
a,b>0, RepB>0, Re(p+v)<0, Rev>-1
@) f:" £V b J, (ax) Yu(by) dx
= —aVb“(B/h)"”V” [sin (vm) J/J,+V+|(B h) + cos (vrm) Yuﬂ/“(ﬁh)]
O<acx<b
== 277" a? bH(B/k)PH cos (um) ) 0<b<a
a,b>0, RepB>0, Re(p+v)<0, Rev>-1
@) | ST x¥ y T, (ax) Y, (by) dx
=a¥ bTH(B/h)VHH! Y i (BR) 0<ac<h
= =207 GV BTHBRYTENK (B 0<b<a
a,b>0, Repf >0, Repu>Rev>-1
(4) fow 2Py TR 4 AR [cos <p — 77> J, (ax)

2

PV ]
+sm< 5 rr) Y (ax) J, (by) dx

J b (R? =A%)
(B% = AD)%H

= -\ K_(aX) 0<b<a

|[Rev| <Re p<Re p+4, Rel>0

y=@&?+BM%, h=02-ad% k=(a?-b2)*
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Bessel functions of other arguments (cont’d)
* si M J, b J [6(B2+ A%)%]
(5) sin [a (x + )] ,,V( y) dx = n V[z(B :%V)
. X+ A y (B4 X%)
0<b<a, Rewv>-3/2
©) ” sin [a (x - 2)] Jy[a(xz—be cos 0+ b2)%)
- x
- x -z (22— 2bx cos @ + p2)%Y
2\ Y
B JJa@z—2bzw80ﬁb) ] Re v> -1,
(22— 2bz cos 0+ b2)%Y
> b “ 1 1 1,
() T (222 ) g, % (e + b2)% (ax + 5)%1dx
" ax + b
= _”[pr(a) YV_p(b) + Jv_p(b) Yy+p(a)]
a,b>0, -%<Rep<¥%
e b v 1, 1, 1
(8) geetf SIS Y, [x7%(a + bx)* (ax + b)*] dx
ax + b u
(o]
= ﬂ[JV+p(a) Jy_p(b) - Yv+p(a) Yy_p(b)]
a,b>0, -} <Rev<¥
9 v
(9) xP! %+ o H2x %@ + bx)” (ax + b)% ] dx
A ax + b g
=—iﬂh':;24)'p (a)HLle(b) a, b>0, -%<Rev<¥
(10) j:ncoshx cos(2a sinh x) J (be*) J (be ™) dx

=%(2-a®) % J, [2(62-a®)¥]
-0

O<a<b
0<b<a
Rev>-1

y=@&*+BY% h=02-ad% k=(a*-b»*
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Bessel functions of other arguments (cont’d)

(11)

f:o cosh x cos(2a sinh x) Y (be™) YV(be—") dx ‘

== %0b2-a®*J, [2(6%-a?*] 0<a<b
= 277" cos(vm) (a? - bz)_% [\’21,[2(a2 —B5®%] O0<b<a
-1<Rev<l

(12)

f:c cosh x sin (2a sinh x) [Jv(be ) Yv(be_")—Yv(be’)Jy(be-‘)]dx

=) 0O<a<b

=-27"" cos(wa)(a? - b))% K, [2(a® - b2)*] 0<b<a
-Vi<Rev<k

(13)

fowsin (2px) J2v(2a sin x) dx = 7 sin (pn) Jv_u(a) me(a)
\

Rev>-1

(14) j;w cos (2px)J, (2asin x) dx = 7 cos(pn) J,_ (a) JU+#(a)
Rev>-4%
(15) J "7 cos(2nx) J,(2a sin x) dx = % [J (2)]? n=0,1,2,..
0
(16) fo%ﬂ cos (2nx) Y0(2a sin x)dx = %o Jn(a) Yn(a)

n=0, 1, 2, v

(17)

foﬂ [tan (5 x)] 72K g Brosx Jzy(a sin x) dx
I'%+a+ ) (—k+v)
- all’(2v + 1)]?

M JB+ (B =a® 1M, [B-(B*-a®)*]

Re v+%> |Re k|
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Bessel functions of other arguments (cont’d)

Yo

(18) Io cos (28 cos x) JZV(2a sin x) dx
=% J (B2 +a®* + B1J,[(B? + a®)* - R] Rev>-%
(19) f()%ﬂ(sin x)?*1 cos (B cos x) Jy(a sin x) dx

= 27% 7% a¥(a® + BTV TH I, [(a? + B1)¥] Rie gl

(20) _f;%wsin (2x) Pn(.cos 2x) Jo(a sin x)dx = ! JZnH(a)

n=0, I 2; su

(21) fo%v (sin x)**" cos (a cos 6 cos x) C’Zj:% (cos x) Jy(asin 0 sinx) dx
= (1" 27% 7% (sin )Y a™% C::% (cos 6) Jv+2n+% (a)

=0, L2 sess Repd>-1

1

(22) fOAW (sin x)¥*! sin(a cos 0 cos x) CZ’:;I/; (cos x) Jv(asin Osinx) dx

= (=1)® o~% % (sin@)’ a % C ¥~ (cos 0) J

2n+1 v+2n+3/2 (a)

n=0,1,2 .., BRewd>~=1l

(23) j(; A‘”cos (2 ) JZV(Za cos x)dx = Y%nm Jy_‘_#(a) JV_u(a) Rev>-%

(24) -L‘Aw cos (2 ux) sz(2a cosx)dx = % ctn (2vm) JV+#(a) Jv_u(a)

— Yim csc (2vm) J#_V(a) J_M_V(a) - <Rev<)k
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Bessel functions of other arguments (cont’d)
i Yo
(25) _I; (sin x)**" (cos x)**! J#(a sin x) J_,(B cos x) dx
= gt BV(aZ 3 /32)-%(/./.+V+I)Ju+u+1[(a2 Py Bz)%]
Rep>-1, Rev>-1
%
(26) fo 7 (sin x)P (cos x)7 Ju(a sin x) J (B sin x) dx
Y%
fo 7 (sin x)” (cos x)7 J‘L(a sin x) JV(B cos x) dx
See Bailey, W.N., 1938: Quart. J. Math. Oxford Ser. 9, 141-147.
J( i
(27) f (sin x)?Y X w) =272 T (v+ %) V(a) 7, (8)
o” a” BY
w="(a?+B%-2ap cos x)%, Rev>-Y%
Y (o
(28) f (sin x)?¥V 2 ) de=2"7%T' (v +! 2)J (a) Fuif
@™ BY
w=(a?+B?-2aB cos x)%, |a|<|Bl, Rev>-%
dJ 2
(29) f (sin x)2¥ CY (cos x) V(w) dx = ”F__( i JV+"(a) JV+"(B)
@’ 2P 2 I T () a” BY
n=0,1,2 .., w=(a®+B%*-2ap cosx)%, Rev>-Y%
T Y | G 2
(30) j;) (sin x)%Y C¥ (cos x) V(w) dx:n _( ¥ +al JV+"(a) YV""(ﬁ)
h w? 2" "I T () &Y BY

n=0,1,2 .., o=(®+B2-2aB cosx)%, el <|3]
Rev>-%




19.4

BESSEL FUNCTIONS 363

Bessel functions of other arguments (cont’d)

81) j:o e ~2Hx Y,,(2a sinh x) dx = ctn(2vn) 1,4, @) K#_V(a)
- csc(2vnm) I#_V(a) K‘”y(a)
a>0, Rep>-3/2, -1/2<Rev<1/2
(32) fom[ctnh (ax)] ™ {sin[(p - ) 7] JZM(a sinh x)
+ cos[(p - k)7l Yzﬂ_(a sinh x)} dx =—a™! W’K'u(a) W_K'#(a)
a>0, Rex>|Rep|-%
(33) fmsinhx [tanh (%x)]¥ e ~Beosh = dJ,(a sinhx) dx
0
- (aZ + BZ)'/: i [Q =% "
=R S A[(a2+62)%—ﬁ gl 4550
Re 8> |Rea|, Rev>-1
(34) f:o [ctnh( % x)]2K ¢ ~Beosh = Jzu(a sinhx) dx
=mﬂ1_K'u[(az+B2) _ﬂ]uK'#[(a2+62) +B]
Re B> |Rea|, Re(p-x)>-%
(35) fom [ctnh (% x)]2K ¢ "B cosh = qu(a sinh x) dx

=-a"secl(p+ AmlW, BYW_, (k)

tan [(p+x) 7] T (o—x+ )
- al’(2up+ 1)

W YW, (k)

h=(a*+ B+ B, k=(a®+B =R
Re B> |Rea|, Re <} - |Rep|
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Bessel functions of other arguments (cont’d)
(36) f:o (sinh %)t (cosh x)¥™*! J#(a sinh x) H;z)(b cosh x) dx
—pmi —p=v=1 77 (2)
=g PGB Y I ) 0<a<b
= 2ig VeV igh pV RV K#+V+‘(/c) 0<b<a
h=Gb2—a®¥, k=(a?-b2)%
Bep>-1, Re(up+v)<0
37) fw (sinh x)**! (cosh x)' —VJu(a sinh x) [[1(,2’ (b cosh x) dx
0
=atbTVRVTRT @ (p) 0O<a<b
v=u—1
=2in et bRV (k) 0<h<a
h=0G?-a?%, k=@@2-b6%%, Rev>Repu>-1
(38) fw sech x e 2Kx~Atanh JZu(a sech x) dx

PO+ k+ T8 =k + p)
C ar@u+ D

M M, k)

h+k=2B, hk=a? Rep>|Rex|-1

19.5. Modified Bessel functions of argument x

For integrals involving ber , x, bei, x, ker x, kei, x and similar
functions see Mclachlan, N.W., 1954: Bessel functions for engineers.
Cxford, Second edition,

(1)

L L(x)dx =2 LR V SN ) Re v>-1

I M3

n

(2)

f: xVIV(x)dx=2V—' a4 (V+'/é)a[IV(G)LV_'(a)—LV(a) IV__,'(G)]

Rev>-4
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Modified functions of x (cont’d)

(3) J’o"xV"'l IV(X) dx=av+l Iv+|(a) Re v> -1
21"1/
(4) _f; x! ¥ LY} dw= ™Y I”-'(a)_[*(,,)
(5) | J, ¥(@® =2 L) dx = 277 0k 0 D (wa I, Cha)]?
[¢] v . =
(6) J;“ ¥ (g2 = x2)T =T Iv(x) dx = 277 o" (o) I,,...U( 4
Rev>-1, Reo>0
(7) | L* %77 @ =x?)7 7" I () du
el et DEAWSE T, <V;—, v+l ——V+P+a,‘—)
VLT (34 1‘)F(V_+2£+ o)
Re(p+v)>0, Re(o)>0
2 n
@ | [ 2" e™ I (2ax)dx-Y%a"le® —e 3 I (2a%)
n = 09 1, 2, s
% g2vh
@ v+ -
(9) fo 2Vt y 'COsny(x)dxzm)
y=(a2-x2)%, Re v>-1
(10) foﬂy-‘ cosh (y sinh ¢) I, (x) dx = %7 I (ae® I (ae™")

y=(a2—x2)l/’, Rev>-Y%
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Modified functions of x (cont’d)
¢ = = | ae-a
Dl e P, (1 -2xa"") I (x)dx = e (I (a)+ I, ,,(@)]
n
@ 4 -
(12) fo xHe Pv(l— 2x/a) Iy_(x) dx
See Bose, B.Ns, 1948: Bull. Calcutta Math. Soc. 40, 8-14.
00 i / - " Y% - _ 2
(13) fo x~ "% e7* sin (4ax?) Iva(x)dx= (27)"V2q V3 ™0 K,,(a%)
a>0
(14) J™ x™¥ e™* sin (4ax*) I,(x)dx = (232 a)?”! e_a2
0
L P—— (2a%) a>0, Rev>0
(15) f: x ™% e~ * cos (4ax”) I, (x)dx = (2m) 7% e-az Ko(az) a>0
(16)| J " xTv% 7% cos (4ax*) I (x)dx
) L2
=W gu=l g8 W_:W/2 V/Z(Zaz) a>0, Rev>-%
® (2 _ o 2yH -1y & T ’
an|), &*-a™* T (ax VK, Y dz = —TWy, (@) W_y, ()
n=0; 1; 2 ves

(18)

ST+ x/a) e ™= P24 4 2x/a) T, (x) dx = 0

-%<Rep<0, -Y%+Rep<Rev<-%-Rep
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Modified functions of x (cont’d)

19)| [ (x+ @) #e™* PL4(1 + 2x/a) I (x) dx
2 ' M (p+v+ W) Tw-v=-%)
=7 e Wy %4, 20
7 T QRu+v+ 1T Q2u-v) Mot Ty
larga| <7, Re p> |Re v+ 4]
- _ 2 _ 2 _ 2 p=1
(20) f x'™e™ I (2ax)dx =Y%a " "[e® -2 3 I(2a%)]
a n r=i1—n r
= 1y 2 eus
@D J 2" K, @) dx=2"" 2% T+ %) alK (@ L,_, @) +L (a)K,_,(a)]
Rev>-Y4%
(22) faxVH Ky(x) dx=2Y T+ 1) =a?™ Kvﬂ(a) Re v>-1
)
(23) J 'K (W) dx = 27" T (A=) -a' VK, _ (a) Re v <1
(24) foax“(az —xz)“_% K#(x) dx = 287" % az“r(y+3’z)
x I,(%a)K (%a) Re p>-%
(25) fo’ay" cosh (y sinht) KZV(x) dx =% 7% csc (W)['I_v(ae ) I_V(ae-')
— I (ae?) I (ae™")] y=(a*-x%%, -~Y%<Rev<kh
(26) foa x Jy()\x) Ku(Kx) dx = (k%4 AF)™ [()\/K)V-H\aJVH(/\a)KV(Ka)

- Ka Jv()\a) Kv+‘(Ka)] Re v>-~1




368

INTEGRAL TRANSFORMS 19.5

Modified functions of x (cont’d)

(27)

fo x U P#(l = 9x%a"%) I,x)K , (x)dx

See Bose, BuN., 1948: Bull. Calcutta Math. Soc. 40, 8-14

(28)

foale’“ Pn[(l —x2a"%)%)] IV(x) Kv(x) dx

See Bose, B.N., 1944: Bull. Calcutta Math. Soc. 36, 125-132.

(29)

a

00 =it =, =%
fox x+a) e KV(x)dx:a%cos(Vn)

K (a)

largal <7, |Re v| <%

(30)

1/2
fowx_% exp(—Zax%)K%(x)dx =<—%ﬂ—> K%(az)

+ Y%m¥? o'\ 2[L (az)—LV‘(az)]

=1/4

(31)

-] 77'3/2 a-'/z sec(w)

Ay eTVK (%) dx = K, (a)
S, =y e K ) de TH+%ATH-%)

y=&?+a?% Rea>0, -%<Rev<k

(32)

fcwx-% y_' eV Kv(x) dx =ma"% sec (vmr) PV_%(— cosgb)KV(a)

y=(x?+a®- 2axcos ¢)%, |arga|+ |[Re¢p| <m |Rev| <Y

(33)

f:o 2732 (1 + a?/x)" "2 exp [ (B + x)(1 + a?/x)"/?] K, (x)dx

=4a”" K (BYK,, (2aB*) Rea>0, Re(ap)>0

(34)

g & % %
f xsin(2——>k’o(x)dx=%na J,(az)[\’i(a 4y a>0
x
0
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Modified functions of x (cont’d)

(35)

f xcos(i>1\'o(x)dx=—l/zrraY‘(a%)K,(ay’) a>0
2x
)

(36)

00 2
J x7"%e*sin(dax) K, (x)dx = %m)'2 a'? e® K'/a(az)

by 1/3
a>0
- _ _ _2
37) fo x Ve "sin(4ax'/2)KV3(x)dx=2 172 23/21/3 7 Iva(az)
1, F(3/2—2V)
38 08} =W R (4(26](()(1 =(23/2a)v-1 b B i Bl N
( )f_o x ”e* sin(4dax?) o (®) dx n )
2
x e Wau/z-l/z.l/z-wz(zaz) >0, O<Rev<¥%
1/2
od = oy o 2 72 al(p+1)(p=-1)
(39)_}; xP732 ¢ sm(4ax'2)Kv(x)dx= 5T+ )
x F,(p+v,p-v;3/2 p+1/2;-2a? Re p > |Re v|
co I ) ) 2
(40) fo x % e"cos(él,tzx/’)Ko(x)dx=(l/z/rr)/2 e? K, @? a>0
00 = ) = p_—
a1) fo x%e "cos(4ax/‘)l(o(x)dx=2 gt g% I eh)
@2)| [~ x V% e* cos (4ax%)Kv(x)dx

0

_ _I'h-2u) 2 5
=23v/2 Iﬂav 1mea W3V/2’—y/2(2a )

a>0, -l<Rev<h
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Modified functions of x (cont’d)
%
o0 ) 7" T+v)T(p-v)
(43 xP ' e * cos(dax®)K_ (x)dx =
) j° v 2°T (p + %)
x Fp+vp=—v;lap+ s —2a?) Re p > |Rev|
(44) fomx"””_y’ exp[-(1+ a)x] L2¥(ax) K (x) dx
T+ v+ W00+ 3v+ %)
2mt2VHh 1 T(2v + 1)
x Fila+v+lyn+3v+ha; 2v+l;-ia)
Rea>-2, Re(n+v)>-% Rer+3v)>-%

j‘oo x'V(xZ _a:e)%—‘/,v pZ-‘A (2a2 i 1) Kv(x) e

A e e A2 /
=n%2%a Vﬂ+%'y_% (a) W_#_%.V_% (a)

Re v < 3/2

(46) e a—z—x Erfe|——- K (x)d
f p o rtc (2x)% L&) dx
(o]}
=% 7%% sec(wm) J_(a)]* + [Y ()]}
Rea>0, -%<Rev<k

)| [ 9,600 K, @) x4 dx = 1T (= v+ 1)

Rep>-1, Re(p-v)>-1
(48) f;"’e’z'"‘ I, (x)K,(x)dx

= %K - a?)%]
=(2a)”" K[(1 - a"2)%]

0<a<l

l1<a<e
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Modified functions of x (cont’d)

(49)

(=)

2
x exp (——;—) (7, (x)+ I_,(x)] K (x)dx = ae®K (a)

J

Rea>0, -1<Rev<l

(50)

o 27 p+p+v+l
fo o P (Zax)K#(x)KV(x)dx=F(p+1) | ( > )

+p—v+1 —p+v+1 —p—-v+1l
XF(P#V*‘ )F<p#r/ )F(P p=v >
2 2 2

p+p+v+l p+p—v+l p—pt+v+l p—p—-v+1
3 2 ’ 2 ’ B) | 2 ;

F,

|[Re a| <1, Rep>|Rep|+|Rev|-1

(51)

00 p—l Zp_sr(p+#+1/>
fo x cos (2ax) K#(x)KV(x) dx—F(p) 9

+p- -p+v -p=-v
(Pt F<p p )F(p p )
L 2 2 2
p+p+v p+p—v p—p+v p—p-v 1 p p+1 5
X4F3 B) ’ ’ ’ 5 ;—a

2 2 2 ’'92'9° 3

|Re a| <1, Rep> |Rep|+ |Rev|

(52)

20 2
f xacos<x >Y1(x)K|(x)dx=—a3K°(a) a>0
2a
0
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19.6. Modified Bessel functions of other arguments

(1) f cos < > m“)[\'zv(xe-“’/‘)dx

hr)l0i-v) in/ey W —in/
= Ba% % W,/"V(ae 772)W%'V(ae TSy

a>0, -Y<Rev<lk

@ | L7 L) K, @) K, (2%) dx

D+ Yp) TCA=Yap) D Ca+ v+ Yo p) U Ca+ v=Yap)
AT G+ v+ B TG+ v = Y%p)

|Re p] <%, 2Rewv>|Repu|-%

@) | J7 [glax) ¥, (bx) + 207" I (ax) K, (bx)] dx = 0 0<a<b

@) | J7xPLY () £ 207" K, @)1 1Y, (b2) £ 207" K, (b)) d

See Dixon, AiL. and W.l.. Ferrar, 1930: Quart. /. Math. Oxford Ser.,
1, 122-145.

(5) | J, sinb(cx) K, (@2) J, %) dx, [ cosh (ex) K yfax) J, (bx) dx

See Watson, G.N., 1928: J. London Math. Soc.3, 22-27.

©) | [ x dylax) I,(Rx) Ko (yx) dx = [(a® + B2+ y2)2 = 42y 2] 7"

Rey > |Ima| + |RRe 3|

i(az o i ,Bz -+ )/2)

N V 1
@) | I % Iglan) I, (Re) K tpaddr = o

CAly

x la?+ B2+ y2)%2 - 4B%y%T% ~ 1} Re y > [Ima| + |Re £]
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Modified functions of other arguments (cont’d)

373

n)\ 2 /LL ﬁgv /—)-u,—l/

(8) 71T (ax) T, (Bx) K (yx) dx =
f v CGs DT a1
[ A+pu+v—p A+ p+rv+p
x I "
2 2
A p+v—p Ad+p+vp a® Bt
xﬂ( = > S T Bt
- e }/ )/
Re(A+ p+1)> |Rep|, Rey>|lma|+ |Imp|
() | S x1d, (ax) K o (b)) d = — i
ax X adx = — — —— s]
y 8ab 4dab b2+a
dy'b >0
(10)| [ J, (ax) 7, (bx) K, (ax) K, (bx) 27+ ax
2V"3‘12Vr(y;l) i _;_)F(:iv:])
b4¥*2 ¥ (v 4+ 1)
i 1 Bpxl a’
x 1/+§, - ;,_1/+];1—b4
O0<a<b, Rev>-1/3
For other similar integrals see sec. 6.8,
(11) j;wx_‘“e‘ Pi”’(l + 2x/a) l\'#(x + a) dx
=7 % 2% cos () T (4 v+ )0 (p—v+ 1) W'/:-u y+y(20)

largal <7, Rep>|Rev+

1s
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Modified functions of other arguments (cont’d)

(12)

oo 1 sl _ a —
fo x A (x +a) % e ‘P‘;_%<a+z) K, (a+ x)dx

= %m)* a1 (g, 2a) a>0, Repx<l

(13)

ST w4 BYH L+ YK, () dx

See MacRobert, TM, 1950: Functions of a complex variable. Nac-
millan, p. 379,

(14)

f:o TIPS br”l{#(lx— b]) K (%) dx

=7 A2 HFT = ) U+ )T (= v) K, (b)

b>0, Rep<h, Rep>|Rey|

(15)

wh Mg+ ) (=)
2K BHET (p+ %)

fm xﬂ-'(x+[3)—#Ku(x+B)Kv(x) dx = KV(B)

largB| <7, Re p> |Rev|

(16)

_f; x”z”JZv_‘(Zax)K (2ax)JV(x2)dx

2y-1

-1/2 gv=2 _2u-1 g 2
=7 2" a" K, (2a%) largal <% 7, Rev>0

an| [T =72 J, ,, Qax)K, ,, (2ax) J,(?) dx
=n% 27V73 72V cge(vnr) [I_W_.A(?.az)-— Lu+%(2a2)]
larga| < %7, Rev>-1
(18) fow x'’2”Y,‘,v”(za:t:)l‘fZv.H (2ax) Jv(xz)dx=rry‘ 27V3 472 cinl(en)

x [IM,%(2a2)—Ly+,/;(2a"")+217_I sec(vn)l\'u+%(?az)]
larga| <Ym, -1<Bewv<O
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Modified functions of other arguments (cont’d)

(19)

fw x3T2VK, (2ax) [cos(um) J,(2ax)-sin(um)Y, (2ax)] J (x?) dx

o

=k 2V g TVEK L (20%)  |arga] <47m -1<Rewv<l

(20)

fowx J,(x 3 [sin (vm) J,(x 2y — cos (vm) Y (x 3] J ,p(dax) dx

=%Jv(a2)J_v(a2) a>0, Rev>-1

(21)

2
a’b?

f:o xP! K'U_(ax) Jv(bx_') dx = Zp_za_szg <16

b>0, Rea>0, Rep>|Rep|-3/2

(22)

fom xP™! K (ax) Y, (bx™") dx {3
a2 b2 9
16 v v p+v p-p l-v

=L ’ ’ m

2" 27 2 2 2

Al ¢}

— (_1)m +1 2,0—2 a'-p G::

m integer, b>0, Rea>0, Rep>|Rep|-3/2

(23)

LK ) Ky B e = ™ K (2 )

Re a>0, Re 2>0

(24)

ST xRy (ax) K, (BT da
=(2m* a™7% BYK, [(2aB)% e* T K, [(2aB)* e 7% TH]
Rea>0, RepB>0

(25)

f:o xP! K ,(ax) K, (Bx™") dx

_op=3 _=pra|2 P
=2 a Gu

Rea>0, Rep>U
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Modified functions of other arguments (cont’d)
26)| J, % 72K, (ax))® J,(bx ™" dx =—2ab~" K, (2a* b%)
x [sin (vmr) J2v(2a% b%) + cos (vr) Yzy(Za% b%)]
b>0, Rea>0, -%<Rev<y
a - s v=Yp Cha)*
(27) Ay TET2 T (x) T (y) dx = J(
f" ¥ # g Gv+lap+ 1) %)
y=(@2-x2% Rev>Rep>-1
(28) j‘oa xzvy—zv“ sz—l (2x) K2u(2y) dx = =% TG+ p—0)0 (Vo= p—v)
x a?¥ " isin [(u—v) 7] J-Zu(Za) + cos [(p=v) 7] Y2#(2a)}
y=(a2—xz)y’, 0<Rev<)i—|Rey|
a 1- _ I'(v+%)
(20) [ %"y g, @x) Iy) I _,(y)dx:ZIATZJJv(a) J (@)
y=(@?-x2)% 0<Rev<1/3
a 4_ _—
(30) fo g AT, g AR I_,(x)K, (x) sz—a/z (2y) dx
=-4%TC-v)a’" Y (2a) y=@?-x%"% Y%<Rev<k
& a2)\+2u+2
(1) J, = I\(2x) I)(2x) J,(2y) I,(2y) dx =

2T A+ DI (p+ DT+ p+ 2)
A+p+1 A 3
% F, <—2#—;)\+1, p+1l, A+ p+ 1, +;+ ;—a‘>

)’=(a2—x2)%, Re A, Re p>-1
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Modified functions of other arguments (cont’d)
(32) j;)“ xK-'A (a _x)'"K—‘A e"zsinh tIz#[x‘/z (a _ x)%] dx
2+ k+ ) T4 — k+ p)
= M Yoae 'Y M Yoae ™!
all(2p+ DI 2 0e DM Crae™)
Re p> |Rek| - %
(33) j"“ e +x2)_%VKV[(a2 +x2)%] K/L(x) dc
)
- +
= 2¥"2 g ¥ V #> F<V #>K (a)
2 2 ke
Re v > |Rep|, Rea>0
34) [T 2"y K, K, @ dx = 275 7% BE TV A D (w4 ) T (v - )
xP#%_;"(a/c)Kﬂ(c) y =[x+ a)?+B%%, c=(a?+ B2*
ReB > |Imal, Rev> |Rey|
(35) fowx-K—% (a+x)<* sz,[x A(a + x)%] dx
=i ! F(l/z-—K+p.)F(l/z—K—#)WK'“('/zae vy WK'#(Vzaef""/Z)
largal <7, Rex+ |Rep|<¥
(36) foo x % (a+x)7% e-“”h'KV[xy‘ (a+x)%]dx
0
= Ysec(vm) e%acmhtl(yzv(% aet) K%v(%ae_t) -1<Rev<l1
(37) fo"" 27T (a+ 1Y TE exp - Bx) K, % (a + x) %] dx

=a' e’ P %—k +p) I (%-x—p) WK'#(Z,) WK'#(z 2)
largal <7, Re 8>-1, Rex+ |Rep| <k
z,2,=%alB (82 - %]
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Modified functions of other arguments (cont’d)
T et [t Bx - y %
(38) f xP K, [x™*(a+ Bx)"* (ax + B)*] dx
ax + 3
0
=21\'V+p(a)[(v_p([>’) Re a>0, Re3>0
: i 1
(39)| J, cosl(t-v)x] I‘”V(Za cos x)dx = %7 Iu(a) I,(a)
Re(p+v)>-1
(40) f%"cos [(p=v)x] K#+V(2acosx) dx = Y%7 escl(u+ v)7]
o
x U_ () I, (a)= I (a) I (a)] -1<Re(p+v) <1
(@) [ see x cos (2kx) K, ( Ydx =— W, (a)W_, (a)
X ec x cos (2kx) K, (a secx)dx = oa Vil Weye fa
Rea>0
(42), fo"c cosh (2pux) K2v(2a coshx) dx = l/2[(#+V(a) K#_V(a) Rea>0
(43) fowsech x cosh(2kx) Izﬂ(a sech x)
T+ c+ )i =k + p)
= M M - '
PITCIERE K'u(a) . (@) |Rex| —Rep<'
(a)| J” (sinh 2)4*1 (cosh x) 72472 PR cosh (2x)] T, _,, (a sech x) dx

2R M= ) Mg+ v 1) "
77_l/2 ap.+3/2 [r(#+ 1)]2 vtz ,u

(a) M (a)

=Y=1/2 ;L

Re py>Rev, Rep>-Rev-1
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Modified functions of other arguments (cont’'d)

= 3
(45) f ef* <a+[e > a®+ B%+2af cosh x)%] dx
_ ae*+ f3

- 2KV+p(a)Kv_p(/3) Rea, RepB>0

19.7. Bessel functions and modified Bessel functions of variable order

wl| [~ J,-(a) Jl”x(a) dx = (2a) Re(p+v)>1

u+v

@y J* aF gt emjw(a) J,,(b) dx

~oo

2 cos (M ¢) Yuthv
= [ T explYe (v —p)il
a

-l
Ac1+b

+V}[Qcos('/zc) (a2 e iy p2 oheiy]% —m<c<mw

=0 c>m or c<-nm

Re(p+1v)>1

@) [ @ (@) Iy (@), (a) dx

D(k+A+p+ v+ 1)
1k A+ D U QA4 p+ D D (p+v+ D D (v 4k + 1)

1.
5 ) 5 s P + 1, = +L3

- P < &

kA p+ v+l kEAp+r+l KEASpty 1 K+ A+p+v
2 4"5

KtA+p+rv+l, kb A+1, A+p+ 1, p+v+1, vec+1; —/1a2>

Re(k + A+ p+1v)>=1

For similar integrals see Vols I, ps 59{ic and ps 123 fls
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Variable order (cont’d)

(4) f:oJx(xz) J_,(xz) cos(mx) dx = A lz| <1

(5) fow [Jx (x2) J_,(x2) cos(mx) = 1]1x"% dx = — Yom?

(6) _[:sech(l/énx) J, (a)dx=2sina a>0
(7 :F_chsch(%nx) J (@) dx = ~2i cosa a>0
o ATE oo (bx)
(8) —— J_. (a)dx = —i exp (ia cosh b) a, b>0
sinh (7x) -

) f_ie'”" [J,- @) Y,y B)+ Yo, (@) T, (b)] dx
= — 2(h/k)?Y J,, (hk) a, b>0, creal

h=(ae”+ be €)%, k= (ae ™% + be¥e)”

(10)| [ e™1J,_ (a) J
= 2(h/K) Y, (k)

()= Y, (@) ¥, (6)] dx

vtix v+ix

a, b >0, creal
h = (ae Yee " be_"/’c), 2 =(ae—l/’° + be%t:)%

vty

D) [ e ™R () 1B, (6) dx = 2i(h/k)2¥ HI2(hk)

a, b >0, creal, h=(ae e g, be_%")‘/z, k = (ae ~%¢ 4 be Hey¥

(12) fow sech (mx) {[J (@)1 +[Y l.x(a)]zi dx =-Y,(2a) -~ E_ (2a) a>0
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Variable order (cont’d)

o 2(ab)”
(19)| [~ xe™ tanh (mx) H @) 1 D4 ) dx = -0 ook (a s )]
() ix 5% 7T(a+ b)
a, b >0
(14) fom xe™ sinh(rx) T (v+ ix) (v - ix) H (ii)(a) H g’(b) dx
=i 2¥7* I'(% +v) (ab) (a+ b)Y K (a + b)
a, b>0, Rev>0
(15) fow xe™* sinh (7x) cosh(mx) " (v + ix) ' (v — ix) H g’(a) H :i’(b) dx
in3/2 21/
o (b =@} HB o~ 8 0O<a<b, O<Rev<k%
1*(],2_1/) v
(16) S~ xe™ sin () T (t)”‘) F (’;”) 12 (@) 12 (b) dx
=im227%(ab)” (a®+ b EY 1 P [(a? + b )]
a, b>0, Rev>0
(17) fowxe""tanh(nx)P_%h.x(—cosqi)H‘ii’(a)ff‘ii’(b)dx
2(ab)*  _.
— @ ) e iR
7R ]
a,b>0, 0<¢p<n, R=(a?+b%=2abcossd)”
(18) _f:o xe™ sinh (7x) T(v + ix) D(v = ix) P~V (=cos )

=% +ix
x 11 Pa) 11 b)Y dx = i (2m)%(sin )Y 7% (ab) R™Y 1P (R)

da, 6> 0, O0xé<n, R=(az+b2-—2abcosg5)‘/", itev>0




382 INTEGRAL TRANSFORMS 19.7
Variable arder (cont’d)
(19)| J.” cosh (4 mx) K, (a) dx = Yom a>0
(20) fowx sinh(%nx)[(l.z(a) dx = % ra a>0
@D| oK iy @K g (B dx =7 K, _ (a+ ) |argal + |arg B| <m
(22) f_:oem’ u,,_ly(a) K uhz(b)dx =nge "* K iy—iz(a -b) a>b>0
) + BE’
(23) Lme vy @K, (B)dx = n<ae 7 > K,, @)
larga| + |arg 8] + |Imp| <7,  w = (a®+ R%+ 2af coshp)”
(24) J"_ _eXp [(7 - y)x] Kuhy(a) K, +;,(0)dx = me By-az K;y ()
where 0 <y <7, a, b, ¢ >0, and a, 3, y are angles of the triangle
with the sides a, b, c.
25) [+ v+ i) sinlw+in)al K, (@)K, _ (b)dx
=n* 1 (@K,_,,,b) 0<a<b
=772Kn+2v(a)1n(b) 0<b<a
ni=0y 15 25 e
(26) f:° sin (bx) sinh (7x) [K _(a)]? dx = %72 J, [2a sinh (45)]

a, b>0
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Variable order (cont’d)

27)

f:o cos (bx) cosh (7x) [K l.x(a)]z dx ==Y n? Yo[2a sinh (4 b)]

a, b>0

(28)

S cosh(px) Ky (@K, (@) dx = Y%r K, [2a cos (%p)]

2|argal + |Rep| <&

(29)

(e3]

(v=Ys+ix)T (U= ix) T (Qu=Y%+ix) P4~V (cos )
- v+ix—1

x Iy v @K,y (b) dx =(22)% (sin )Y ™ (ab/w)? K ()

Y
w=(a?+b%+ 2ab cos p)*

See also Chapter XII for similar integrals.

19.8. Functions related to Bessel functions

(D

sin (vmr)

(2)

J; xJV(ax) [Jv(x)-—JV(x)] dx=m a>0, Rev>-1
oo 2=
R D e —~3/9
_]-0 x HV(x) dxur(y+ 5 Re v >-3/

(3)

X+ A

/ i M Hv(x) dx = s\~ V7! HV()\)

(=2}

a>1, Rev>5/2

(4)

Rar=1) 274¥ .
(p+v=DI(p+ BT W+ %)
Rev>), Re(p+v)>1

fo x VY Jv(x) H’u(x) dx =
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Related functions (cont’d)

(5)

0o d
J " leos Gavm) J,(x) + sin(lavm) B (x)] sz‘
0 % 4+ a

=£ [Iv(a)—LV(a)] Rea>0, -l<Rev<2
a

(6)

ST xR a?) T PY (227 0 7TE - 1) [, () - Y, ()] da
- PV R ¥ csc (pm) cos (vm) f[Yv(l/fzar)]z = [JV(%G)]Z §

-1<Repu<0, Rev<h

(7) fom P! K#(ax) K, (ax) By(x) dx
See Mohan, B, 1942: Bull. Calcutta Math. Soc. 34, 55-59.
For other integrals involving lessel functions and Struve functions
see Mcl.achlan, NW. and Alls Meyers, 1936: Philos. Mag. 21,
425-448.
QTHTY 2 1 (4 v)
@) | [T 2R () B () dx = — il
0 . C(p+ )@+ ) D+ v+ %)
Re(p+1)>0
(9) foy‘ﬂ cos (v + 1)x] Hv(a cosx)dx = 7" a " sin(}a) Jv+'/, (*2a)
Hev>=2
AT cos(2vx) )
(10) _ [HZV(a secx)— ¥ 27j(a sec x)] dx
cos x
o
7% n—l
7 : s _———
=m) wy'y(ae”’ %) "V,v(ae LY Rev <}
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Related functions (cont’d)

(11) J:n exp [(v + 1)x] H  (a sinhx) dx = 7% a ™% csclym)
x [sinh (% a) I,,y,(ia) = cosh (%2a) I_V_%(l/za)]
Rea>0, —-2<Rewv<O
(12) fowx_' cos (2ax”") [Io(x)-— Lo(x)] dx = 2 Jo(2a%)K°(2a%) a>0
(13) f:" 2% expl= (1 + a)x] K (ax) L (x) dx
7% [0 (v + %)1?
"G TG ) Rea>0, Rewv>-J
(14) [ %P (1-2x%a™®) [I,(x) - L, (&) dx
=-"aell, ,,(@)-L, ,, ()] n=0,1, 2 ...
(15) Ioo x%(xz _ a2)"%“%‘l/ Pv+% (2x2 a—Z _ l) [I_V(x)-— Ly(x)] dx
=27V 7% q csc(2pn) cos (vrr) t (1,(%a)1? = [I_,(%a)]?}
-1<Repu<0, Rev<k%
Yo 9
(16) f ES(—WC)'[IZV(a secx)- L, (asecx)]dx
cos x
n_‘A o _
e Re v < %
T 5 " v ®I My e sl
F('”‘“‘ r 1 =A-pu FEtatyypasy-vy
(17) j:’" x)\—l sﬂ'v(x) e 2 )¢ 2 ) 2 )6 2

) L T T

—Re p<Re A+1<5/2
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Related functions (cont’d)
(18) f:ox_“_' cos (ax) s#'v(x) dx
=0 a>1
=i 3 p+v+1 p—v+1 B e ot
=g r( > > F( 2 )(1_a2)4#+4 P5 " @
O<ax<l
(19) fo x"‘Jv(axv)s‘Hv.#_uH(x) dx
= O a > 1
=2 "I e (1 =-a?H 0<a<l
Re v>-1
(20) J‘o xVK1_2,,(ax% ei'rr/d)K'_zv(ax% e—iw/A) S#'V(x)dx
_ 2zu+zv-—z % I_‘<1+ n+ v) r <1+y—v>
2 2
p+3v+1 p+v
% F( = > F( 5 F 1) S_opyy—(@
largal < %47, Re(p—v)>-3, Re(u+3v)>-1
% -
(21) fo " cos [(p + 1x] S'u,,,(a cosx)dx =242 7 <#+2V+ 1) r (“ 2V+ 1>
XJ%w+y+')(l/2a)<]%w_v+,)(l/2a) Re p> -2
(22) f:° exp [(x + 1x] L. (@ sinhx) dx = 2#7% 7 esc (um) I' (p) I' (o)

x I ,(4a) I,(%a) - I_,(2a) I_,(4a)]

2p=p+v+1l, 20=p-v+1l a>0, —-2<Repu<O
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Related functions (cont’d)

-y . o~u=Y% _Y% _BEF
(23) fo x sm(ax)S#'V(x)dx_ 2 7”1 ( 5 )
x (@? = D w4 put(a) a>1, Rep<l-|Rey|
@4) [ x50 @2 - R E O PEUD (1 /a) S () dx
= QHuT3/2 p1/2 o w=p)/2 (IhLV* 3) I (’L_3V+3> cos[!(p—v)m]
4 4
X [JV(% a) Y_%w_y+,)(!éa)— Y, (2a) J_,/Z(#_V+,)(.'/ia)]
Re(p—-v)<0, -1<Re(p+v)<l, Re(p-3v)<1
(25) fmx% (x2- az)—l/"el’g(x/a) S#'./I (x) dx
a
afD(Bosty, Ly (Aodov_ L
= A S ,(a)
u=BH1, vt
1/2 03/2 B+ r(l) . F)
Re <1, Re(p+v-£)<-l; Re(p-v-)<l
(26) f:ox(x?' = (22)_"Vl’/(f(2§x2 g %=1) S'#,V(x)dx
a[‘(z;éét_’_‘_)\)r(v_-yz_qu,\) } -
ST 191 == (1 =+ D v, 204108
2](1 g v)l(l ;, 7/) Vit 4
Rev<l Pe(p-v+N)<-1, He(p-v-A)<0
@) [ 2 —a TEVPYEE (26 2TP - 1)S ) (x) dx
Y% ou—vr 3V —u=1
_ m* 2 ! ( 2 ) i’ (ae i77/2) I U(ae— i77/2)
LT el

A A

p=Yu+l-v), o=v-%
Re(p-v)<0, Rev<3/2, Re@Bv-ypu)>1
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Related functions (cont’d)
%o v=1
o0 y_ym 7 a? ' T(1=p=-v)
(28) fo x T Jv(ax) Su,-;rzv(x) Bk = out2v v+ %)
x {a® = DW= patyTig)
a>1, Rev>-%, Re(p+v)<l
- m 2273 %M csc(2vm)
(29) cos(2ux) S, _ (a cos x)dx =
fo # 2p=t,2v I'A=p=) (A —p+v)
X [Jp_,w(f-’: a) Y“_V Y a) - Ju__v(,'fé a) },u+y(l/2 a)l
Rep>-2, -1<Rev<l
T cos(2px) T et
(30) 'Tos_x— Szu.zv(a sec x) dx:—a—-u/u’v(ae )
o :
XW#’V(ae_iT’/z) largal <7, Rep<1
(31) fw (sinh x)* cosh(vx)S# ‘A(a cosh x) dx
0 ’
_F(%— #)F(%— =L S (@)
B w+h,p @
2/-“‘3/_2 al/z i % _ #)
larga| <7, Re p+ |Rev|<¥%
(32) fo 2N (w, x) dx = 2¥7"' T (v) w” cos (w) Re v >0
(33) f:o ki U,(w, x)dx = 22 (v - 1D w””! sin Kw) Rev>1
(34) f:o x'7V sin (% ax) U, (x, z)dx
=0 a1
=%n(l—a)y’v-'zz_yJV_z[z(l—a)lA] 0O<ac<l
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389
Related functions (con t’d)

(35) f:cx-v cos (Joax) U, (x, z) dx
=0 a >l
=‘/£n(1—a)%y'%Z"VJV_,[Z(l-a)%], 02ae <l

3 [ & of iy PR A ..
B R L E ) it Toms R
Rev>1

o0 . [ + Z

(37) f M Uy(w, x)dx =n Uv(w, ) a>1

- X+ 2







CHAPTER XX
HYPERGEOMETRIC FUNCTIONS

Most of the higher transcendental functions of Chapters XVI to XIX
are special hypergeometric functions. In the present chapter we list
those special hypergeoretric functions not included in the former chap-
ters, and also ‘generalized hypergeometric functions, The integrals listed
in sections 204 and 20,5 are key formulas from which an enormous number
of integrals involving special hypergeometric functions may be deriveds
For particular cases of the F-function and of the G-function see the
Appendix, We do not list in this chapter integrals involving the general-
ized hypergeometric series qu: since

qu(a,, ...,ap;b', ,bq;x)

D) TG0 .
Ta) @) Sk =

PG G p | 9 T
S i e oF S e q
l‘(a').“ l‘(aP) e v a|s-.-,aP

such integrals may be derived from those given in sections 204 and
20.5. 2ecause of the great importance of integrals involving F-functions
and C-functions, we have repeated integrals given in the earlier chapters,
and in some cases have given more elaborate conditions of validity.

[f(a,, swey @ 0B

Parabolic cylinder functions

For the theory of these functions see T\, vol. II, Chapter VIII and
the literature quoted there, also Buchholz, Herbert, 1953: Die konfluente
hypergeometrische Funktion. Springer Verlage

391
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D, (2) = 2#¥™4 7 Wiy, +/< >
2”" v 1-V zz
AT
e (D ()
:_A_F(—_v)exp

Other expressions in terms of the G-function, and expressions for pro-
ducts of parabolic cylinder functions may be derived by means of the
formulas given in the Appendix.

1

Gauss’ hypergeometric series

For the theory of these series see H.T.F vols I, Chapter II and the
literature quoted there, especially the monographs by Goursat, Kampé de
Fériet, Klein, Snow (now available in a second edition), and Chapter
XIV of Whittaker and Watson.

'
o (a, b; 3 x):—C)—— Ea, bre:=x"")

I'(a) I'(6)
_ I‘((;) GZ' —1_ ]., c
C@1re) # x |a, b

The evaluation cf integrals involving Gauss’ series is often facilitated
by the use of the transformation formulas: for these see I.T.F. vol. I,
sections 2,9 and 2,11,

Confluent hypergeometric functions

For the theory of these functions see F.T.F. vol. I, Chapter VI and
theliterature quoted there, especially Chapter XVIof Whittaker and %atson,
and also Tricomi, F.G., 1952: Lezioni sulle funzioni ipergeometriche
confluenti, Torino, Gkeroni and Buchholz, Herbert, 1953: Die konfluente
hypergeometrische Funktion. Springer Verlag.
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MK'#(Z)= zh 't g~ He FCa—k+p;2pu+1; 2)

=z ehr F b+ ktp;2p+1;-2)

'Cu+ 1)

z—lﬁ- Zu+% e—l/”E(}’/z/—K+p:2[1+l:—Z-')
=K +pu

'p+1)

— gtk
LCa+ k+ )

e EM+k+p:2p+1:27")

NCu+1) " e
:—#—e/zl(;:; 5 K )
I+« +p) Y4 py Y-
e e
WK.IJ-(Z) ECi—k+p Yo—k—pi:2)

=l‘(l/2—'K+/1)l‘(l/§—K—,u)

1+«
Yo+ Yo —

=Yz
= ‘ G2 (2
TGh-k+ W Gh—r—p)

) 1—K
ZEAZG?(; & 1
Yo+ Yo—p

For other expressions in terms of the G-function, and for expressions of
products of confluent hypergeometric functions see the Appendix.

MacRobert’s £ -function

A brief introduction to this function is given in H/T.F. vol. I, sections
5.2-5.2.2, and a more detailed presentation of its theory may be found in
MacRobert, TuéMs, 1950: Functions of a complex wvariable, Nacmillan,
Appendix V and Miscellaneous Exanmples IIl, See also the papers by
MacRobert listed on p. 246 ff. of HJT.WF. vol. 1, and further papers by
Professor MacRobert and his pupils in Proc. Glasgow Math. Ass. vol, 1,

1953,
Yy Begneny B,
Ayseny @,

; . " — (P!
E@yyenya, by b cx)=GCGP <z
Nunierous higher transcendental functions and sonme of thieir combinations

are special instances of the F-function: a selection of these is given in

the Appendix.
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Meijer’s G - function

For the theory of this function see HJT.F. vols I, sections 5,3-5,6
andthe papers by Meijer listed on p.247 of H.T.F. vol.1, and also further
papers by Professor Meijer in recent volumes of Proc. Nederl. Akad.
Wetensch. It has already been mentioned that a very large number of
integrals involving special functions may be reduced to integrals in-
volving the G-function. Examples of this process, and the necessary
formulas, are given in Professor Meijer’s papers: a selection of reduction
formulas is also given in the Appendix,



HYPERGEOMETRIC FUNCTIONS

20.1. Parabolic cylinder functions

- See also under confluent hypergeometric functions, E-function, G-function.

o0 3x?
fo Pk exp <——-i> DV(x) dx

(1)
= 275V (v) cos (4 va) Rev>0
o0 3 ?
(2) fo xVexp (— ~ > DV_1(x) dx
= 27%v" ' 1 (u) sin (% vrr) Rev> -1
(3) Io 2V |(a _ 2)}\ 1 exp <‘___> _2)\_21,(3‘7)“”5
F()\) F(zV) )\_ 2>\+2V 2 exp
F(Z)\ + 21/)
ReA>0, Rev>0
@) | 7 2% - ) # %=1 exp =Y (x — a)?] D, (%) dx
= ouTvT2 pumt o <ﬁ;—v> Dy(a) Re(p-v)>0
xz 1
(5) f:o(x—ia)_' exp ——4— Dn(x)dx=—(277)A (=) m]
2
xexp(—a-4—>Dn,(a) n=0;12 s Rea>0
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Parabolic cylinder functions (cont’d)
oo xz
V(.2 2y=1
(6) ‘fo 2V (x®+a®)" " exp — Dy(x)dx
o
= (1/277)4 a¥ 'T'w+ Dexp| —D___ (a)
4 Zi=t
) Rea>0, O<Rev<l

(7)

2
j;)oo xV"I (xz + az)—% exp <_xT> Dy(x) dx
a2
=a’7' T () exp D

Rea>0, Rev>0

(8)

IN x%P7" sin(ax) exp ( ) (x) dx

N I'(2p +1) 3 €
g Egh, T g <P+ gy PHlisy P-V‘Ll;—az*.

Tp-v+l) 22 2
Re p > -
(9) f x2P~ sm(ax)exp( ) (%) dx
2/7—7/ 2 G 2 )/Z p’l P
F(—Zv) 2 -p -y %, 0
a>0, Rep>-Y%, Re(p+1v)<h
%) xZ
(10) _j; 5 2R cos (ax) exp -—T Dzy(x)dx
VLT 2p) n® a?
’/é;—T Re v >0

=m ot (O’ p+%; 1, p—v+

1y

2
f:c x %P7 cos (ax) exp(x4 >D 2V(x) dx

=2p"v-2 - a2 |l/z—p, 1-p
MN=2v) 2\ 2 l—p-—v, 0, %

a>0,

Re p >0,

Re(p+ v) < %




20.1 HYPERGEOMETRIC FUNCTIONS 397
Parabolic cylinder functions (cont’d)
(12) fom x? % exp [~ (x + a)z]Iv_% (2ax) DV(Zx‘) dx
= %r 5T () a¥ ™% D_,(2a) Rea>0, Rev>0
(13) f:"xy—s/z exp [ (x + a)?] IV'_3/2(2ax) DV(Qx)dx
=%a 2T (v) V™2 D_,(2a) Rea>0, Rev>1
, /2
{e <] >3 ‘2
(14) fo [Dv(x)] dx = (1/277’) F(V + 1) + m
<v + 1> " <V 1>
- —+
AN 2 )
DD () dn = T . :
(15) fo p Xy ) ax = p—v I:F(—%)F(L—;—&-) [‘(_Izi)r(‘%]

(16)

f:’ J,ey) D &) D ,_ (-x)dx=y""[D () D,_, &)

YD D,y + %D y)D,_, ()]

y >0

(17)

Jo Joly) D) D, &) dx

= L[DV(y) D, ,(-y)-D =)D, _ ()]
2y

(18)

fo°° J,ey) D (~x)D,_, &) dx =y " [%4D () D,_, (~y)

+ %D (=y)D,_,&y)=D (y)D,_, ()]

(19)

fo%w (sinx)7Y (cos x) #7? D (a sinx) Dﬂ,(acos x) dx

=—%a) (u+D7'D () Rev<1,

ptv+i1

Re p<-1
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Parabolic cylinder functions (cont’d)

(20) f: cosh (2ux) exp [~ (a sinh x)?] DZK(2a cosh x) dx

-G RGN (247 Re a?>0

(21) j:o cosh (2px) exp[(a sinh x)?] D, (2a coshx) dx

Mp-x) T (=p=-«) W
TG T gy R

(2a®)

larga| <37/4, Re k+ |Rep| <0

22)| J™ cos(ax) D ,_, (B)D___, (B)dx

o
% 2
Z B ~“Yinr<a<lnm
= exp | —
os a 2 sec a

1
_2. c

=0 a<-%m or a>knm

20.2. Gauss’ hypergeometric series

See also under Legendre functions, £ -function, and G - function.

M| L' YA =07 e, Biy;x) da
B Fra+%a)lFGrla-y+ DIy -Ya-pR)
- Q+a) I"A+Ya-R) I (y=%a)
Rea+1>Rey>Re B, Re(y-la-pB)>0

(2) Io‘ P! (l—x)ﬁ_'y_" 2F‘(-—n,B;y;:\:)dx

- FrMrer@E-y+ DIy -p+n)
T+l G-pT(B-y+p+1)

n=0,1,2 .., Rep>0, Re(B-y)>n-1
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Gauss’ series (cont’d)

399

(3)

fol xP7' (1 = x)BP! oF (a5 B; y;x)dx

WM rETE-p)T'y-a-p)
C TRITCG-a)T(y-p)

Rep>0, Re(B-p)>0,

Re(y—a-p)>0

(4)

_j;i xY 7' - x)P! 2F‘(a, B;y;x)dx
ﬁF(y)F(p)F(}’+p-—a-—B)
Ty+p-a)T(y+p-B)

Rey>0, Rep>0, Re(y+p-a-B)>0

(5)

fo' P (L= )T " (a, B; y; x)dx

(I

—m 3Fz(¢1, Bspsvspt+o;l)

Rep>0, Reo>0, Re

(y+o-a-f)>0

(6)

folx'y—' (1-x)""(1=-2zx)"° th(”’ B y;x)dx

Ty +p-a-p)

= (3 —z)¢
INy+p-a)Ty+p-pB)

z
x 5 <P’ o, ytp—a-B;y+p-a, y+p-P; T 1>

Rey>0, Rep>0, Re(y+p-a-p)>0,

larg(1 = 2)| <=x

(7)

jo‘ PV (1=-x)P " Fi(a, B; y; xz)dx

(eI

“Tere Teshipinois)

Rep>0, Reo>0,

larg (1 = 2)| < 7
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Gauss’ series (cont’d)

(8)

1 = N = ~xz
fo Y 7T =-x)""e Jiley By x)dx

-

_F(y)F(p)I’(y+p—a~B)
" Ty+p-aT(y+p-p)

x ,F,(p, y+p—a—-B;y+p-a, y+p-B; 2)
Rey>0, Rep>0, Re(y+p-a-£)>0

(9)

f:oxy-‘ 1+2x)"° i la, Bsy;—x)dx

_F()/)F(a—y+ AT (B -y +o0)
. T'(@I(a+B-y+0)

Rey>0, Re(a—y+0)>0, Re(B-y+0)>0

(10)

_f:c x” TWx +2)77 L (a, B3 y; - x)dx

_F(a—y+0)F(B——y+a)[‘(y)
T TI'ta+ B-y+0) ')

x Fla—y+o0,B-y+0;a+B~-y+0;1-2)

Rey>0, Re(a—y+0)>0, Re(B-y+0)>0, |argz|<m

(11)

1 = e [ 5
Jo 277 =277 (e, By x2)

x R0 8= ;0= y; (1-x) ldx
TG G-y) N
=T(l_é)z SZF"((Z, B;B;z+é_zé)

O0<Pey<Pes, |arg(l=2)|<m |arg(l={)|<n

(12)

Jla? == A =22)7 JF (g B y s x2)

1- ronr
( x)z]d Chadl. F,(a+8,Bsy+es; z)

X =
T+ el 51
Re y>0, Ree>0, J|arg(z-1)|<n

l-xz

X 2F| [Ba 3")’;5;
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Gauss’ series (cont’d)

(13) fome_)\’ 5 (ay B Yo —x?) dx = AOHA! St-a-ﬁ,a-ﬁ(’\)

Re A>0
(19)| [ xe™ F,(a, B; 3/2 -2 dx = \2E2S ()

Re A>0

()| [ €7 sy e+ 27 Be [ B #] i
(x+y)(x+2)

=TG) @) e, ()W, )

2k=1-a+B-y, 2A=1l+a-B-y, 2p=a+f-y
Re y>0, |argy|<n, |argz|<nw

(16)| 7 B2V (x 4 1)V e ** K, l(x + Dz] ,F (a,B;a+B~2v;-x) dx

o

=77% coswr) T (Y—a+v) I'(%-B+v) '(y)

x 22) Y Wy g0 )(22)

Re(e+ B-2v)>0, Re(li-a+v)>0, Re(l-B+v)>0
largz| <37/2, y=a+ pB-2v

20.3. Confluent hypergeometric functions

See also under £ -function, G - function.
For special confluent hypergeometric functions see also sections

16,5, 16.6, 17.3, 20.1, and Chapter XIX.

rp)ri)
@B +y)

x F(a;B+y;a) Re >0, Rey>0

(1) fo“ xﬁ“'(a _x)'y =1 ,F'(a;B;x) % = aﬁ+’y—|
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Confluent hypergeometric functions (cont’d)

(2)

foa 2PV (@ - %)% JF, (a; B; x) F,(y; 80 —x)dx
- rp)ree) QB8

_F(ﬁ—**f” JFila+y; B+ 85 a) Re >0, Re >0
3)| J, A" (1=2)7 A" F (a; B; Ax) ,F,[0-a; o-B; p(1-x)]dx

=E(BT)(1:J)("_"BZeK,F,(a;a;p—A) 0 <Re B <Reo
(4)

fox cos (ax) \F,(v+ 1; L;ix) F,(v+ 1; I; —ix)dx

—a” " sin(vn) 1’1}(20'-2 -1)

O<caxl
=0 l1<a<eo
~1<Rev<O
- i i Fr«)rep+1)
a =1 _ \K=1_Y%(a=x) = ® % K=% T (1}
(5) fo x "(@a-x)<"e MK'M(x)dx Tl g s D) n’a Iu(,za)
Re k>0, Rep>-%
(6) J.oa xK—l(a _x)>\"! e%(a-x) MK+)\,;1,(x) da
DALt g D iy
C(c+ XA+ p+ %) Hath
Re(k + p)>-%, ReA>0
(7)

f: 2B (g = )Y My )My (a-x)dx

e+ 1DI'ECv+1)
T (2u+2v+ 2)

ak™ Mycon ey (@)

Re p>-%, Rev>-%

20.3
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Confluent hypergeometric functions (cont’d)

@ | L7 R @+ 0 e TR, () da
oT'(2u+1)a”

B ez (. Yoy 1, 1=k +p >
A T +x+p) % Yot p+p,—0,0, Y—p+p

largal <m, Re(p+p)>-Y%, Re(k—p-0)>0

(9) f:cxp—' (a+x) % [x% + (a+ x)%]zae%‘MK.#(x) dx

_reueDa (a 0, % K=x4p )
7 0%+ k+p) %4

o, ptip—o
larga|l <m Re(p+p)>-%, Relk—-p-0)>-Y%

(10)| [ 277 e 7 sin (2ax* )M, ,(x) dx

y F(3—2I1) az
— W Kk¥u=t * = s - \w ( 2)
e 1—‘(1/2+K+p) exp( 2 p'aa

a>0, Re(sk+p)>0, 2p=«x-3p+l, 20=k+p-1

AD| [ x % (a+ x)* e 7% PP + 22/ a) My (%) dx

0

in (v7r)
N e e 'Cp+ Dlk-—p+rv+ B Tk=—p-v-%)
7 1" (k)
x el/‘o‘W’p.g(a) p=li-—Kk+p o=l+v

largal <7, Re p>-%, Relk—-p)> |[Re v+ %

(12) _J;wx-% (a+x) He %= P;zl‘(l + 2x/a) }l!K'u(x) dx

FQu+ DIk + p+v+ W T(k+p—v=-1%) .
C Tk+p+ BT Qu+v+ DI (2p-v)

(a)

larga|l <m, Re p>-%, Re(x+p)>|Rev+ %

Y% aw
X e u‘/:—K-u,‘/zhz
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Confluent hypergeometric functions (cont’d)
(13) Iomx_% e ~hx P;Z‘L[(ln&x/a)%] MK p'(x)dx
F@u+ D (k+ %r)D(k=Yv-%)
T2 A Tk p+ BT+ %v+ B (- %)
‘AaW (
e %, % +%v (@)
largal <7, Re x>%Rev-%, Rex>-%Rev
(14) j-:x/"—%'(-%v—%(a+x)%”e—y” Z_K+3/2(1+2x/a)MK'u(x)dx
e’ M1+ 2u—) T (A+20) ' (5/2— k+ p+v)
2T (% + k+ p)
% a'/¢(/<+2u—21/+5)e%aw/p’o(a)
largal <7, Rep>-%, Re(@p-v)>-1
2p=Yy—k—p+2v, 20=k-3p-3/2
0o Ylktuty -1 % =z )1 K= %
(15)| [ a* T (@ v 2)F e T QU TITETVIA ¢ 2/ ) 1M, () dx
- e(I-K+u—v)wi2u—;<—ua'/z{/<+u-1)l—‘(%'"”)r(1+2F)F(K+#ﬂ'V)
' Nk +p+%)
-xey‘aWp,o(a) Re p>-'5, Rel(k+p+v)>0
|arg a| < =, =Y—k=-lav, o=p+ kv
(16) [ ¥ eTE Q2R (14 x/@)* 1M, (x) dx

)
—e2mv)m ig2p=2v=1 a%(/<+;r!)e%a
Fu+DI'w+ DIk +p-2v=-%) v
[ (k+ p+ %) P
largal <7, Rep>-%, Rev>-1, Re(sx+p-2v)>%

(a)

X

2p=1-k+p-2v, 20=k—-p-2v-2
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Confluent hypergeometricfunctions (cont’d)

17

P

Y2 exp[-Y(a+ Dx]1K  (Yoax) M, =) dx
A T W) (k+ 2v)

N " Tk 4 v+ %) 2

F(k, k + 2v; 2v + 1; =g

Rea>0, Rex>0, Re(x+2v)>0

(18)

fwx_% J (ax%)K

0 v Yhv-un

r@2up+1) a? a2
za[‘(K+l/2v+1)W‘A(K-u),%K-%v 9 M%(]{+u),%,‘(+’/‘y 9

a>0, Rex>-%, Rep>-%, Rev>-1

C42) M, (x) dx

(19)

f:" WPt ~Hx My+p'5+p+%(x) LF (a B5y;—Ax)dx
_F(a+B+2p)F(2B+2p)F(y)
- BT (B+y+2p)

largA| <7, Re (B+p)>0, Re(a+B+2p)>0, Rey>0
k=l—a-YsB-p, p=hnB+p

Y% B+p=Y% U\
NPT B g LY

(20)

fowa)\_'(a ) BT g hx MK,u(a +x)dx

NEETENT@u+ D (k+ p— 21+ %) )
= /- A la
T+ p+ WD (1- 20+ 2p) - A
Re A>0, Re(k+p—2A)>-%

(21)

J‘ax"K—)\-l (a__x))\-l e'/:x WK'#(x)dx

[0]
FMNTG-—ck=A+p)TCGa—k— A= p)
- a* M IB -+ DI -k~ p)

3 K+ /\.;L(a)

ReA>0, Re(x+A)<k— |Rey|
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Confluent hypergeometric functions (cont’d)
(22) =% v )dx /% 9K sec (pm)
, e e
K™ T =-Y%c+ %)) T % =% c—Y%p)
0
-Y% <Repu<h
o e (k4 p+ )T % (26 +6p+ 5)]
(23) fo LKrau=1  =32/2 WK ) de = 4 ) 4 (2k+6p+5)
- (k+3p+%) T4 (2p-2k +3)]
Re(k + p)>-=%, Relk+3p)>-%
(24) f:c 2PV [x% 4 (a+ x)%]27 e 7= W’K'u(x) dx
=-7%06a° G2 (a i 1y =stp >
34 Yot ptp, o—ptp, —0, 0
largal <7, Rep>|Rep|-1%
(25) j:o P % 4 (a+x)%]27 % W, . (x)dx
o an % a° o (a Y, L, 1+ k+p
I G—k+ ) TGo——p) 3 Yot p+p, Yomptp, —0, @
|argal <7, Rep>|Rep|-1%, Relxk+p+0)<0
(26) fomxp-' (a+2) % [x”% + (a+x)%]27 e %= W, () dx
B O c® 0, Y2, Yo+ x+p >
= a
M-+ ) U a—k=p) > —0, Pty p—py O
larga| <7, Rep>|Rep|—%, Relsk+p+o)<h
(27) _J;mxp_' (a+2)7% [x% + (@ + x)%4]27 ¢ %= WK'#(x)dx

0, %, Yo—k+
PR ) |arg a] < m, Rep>|Re |~
ag

-, o 1
=nfa ngéz

=0y Pty P
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Confluent hypergeometric functions (cont’d)
o o IF'Q+p+p) A =-pu+p)
(28) fo xP~" sin (cx %) e %= . ﬂ(x) dx = il el

'/2-«+p)
3 3 c?
% ¢, F, 1+y+p,1—#+p;§,5—K+p;—4—

Rep > |Rep| -1

(29) f:o xP7" sin (cx%) e /% WK'u(x)dx
_ n” o2 c? |%+p—p, ‘/z—p—p)
IF(s—k+p) T (h—k—p) <3 4 Yoy —k—p, O
c>0, Rep>|Rep|-1, Rel(c+p)<k
o0 ) \ D' Ca+p+p) (o= p+p)
30 P cos(ex”) e MW, (x)dx =
( )fo x cos (cx”) e K'#x) Tl g}
5 1 1 1 c?
—tptp, ——ptps =, l—ktp; ———
x o\ grure 5 -urpig Loktps -~
Rep > |Rep| - %
= p-1 AP "
31 R s ( e * W _ (x)dx =
6| [, = cos (cx K T Ui rr ) T e e
oz (| Brrme e
BN\N4)] 0,-k-p, %
¢c>0, Rep>|Rep|-%, Relck+p)<kh
(32) fow x ATEETY (g 4 x)%“e_l/“’ PZ+V—3/2(1 +2xa” ") WK'v(x) dx
Tl = gt 80

_ a KHhK=Y%v Jhay (a)
r@e/2-«x-p-v) Ps

o

20=Y%+2p+v—-k, 20=k+3v-23/2
larga| <7, Rep<1l, Re(p+2v)<1
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Confluent hypergeometric functions (cont’d)

. -1 =i
(33) fo x TATARTY (g 4 ) Tl g THR Pﬁﬂnv-s/z

1+2x a™ ") W, (%) dx
= Pl p=33) a R HEKRY ghey  (g)
P
I'/2-k—p-v)

2p=Vs—k+v, 20=k+2p+3v-3/2
largal <7, Rep<1l, Re(p+2v)<1

(34)] [7 x % Humv ¢ HE pL 0+ /) W, () dx

0 2Ktut2vy-
2HT(] = n— 2v)
T T(3/2-k-p-1)

a HHAKYy el/zaWp (@)

2p=1-«k+p+v, 20=k+p+3v-2
largal <m, Rep<1l, Re(p+2v)<1

@5)| J " E R (e ) TR PR L+ 2/ 1W, () dx

2ttt 2—
0

2T —-p—-2v) a hHEKRv A (g
'3/2-k=-p-v) e
2p=p+v-K 20=k+p+3v-1
larga| <7, Rep>0, Rev>0

(o o)

36)| J, x 7T expl-Ya(a-Dx1K Chax) W,  (x)dx

DN (2p-0) T (=2p—k)
T C—-k) TG+ p—k) T (%= p—k)

2K+ K=
2K+ K=V

X B (=x, 2p—k;-2k; 1~ a ")

Rea>0, Rex<2Rep<-Rex




203 HYPERGEOMETRIC FUNCTIONS 409
Confluent hypergeometric functions (cont’d)
@7 L% e TE gy (ax®) Iy ax ) W, () dx
%) T b+ A+ ptp) T 4+ A=ptp)
T (A1) 0 L+ A-5) T'CLs =g+ p)
X JF(Le N, Yo+ A, Vot A+ ptp, Yo+ A—p+p;
1+A+v, 1+ A=v, 1+2) 1+ A—k+p; —a?)
' |Re | <Re(A+ p) +%
(38) f:o xP1 e ThE I)\_,_V(ax%) KK_V(ax%) WK‘“(x) dx
1 o 2|0% evp—pa—p—p
T 9k G\ A Uy =N —Vy K—p
|[Rep| <Re(A+p)+ %, |Rep|<Re(v+p)+¥%
- Qe+
39 M, )Wy (%) dx =
( )j;) x K,ux }\'#x 2 73 (K_/\)F(’/z+#_A)
Rep>-J2, Re(xk-A)>0
@o)| [ 727w, @)Wy (x)d ! !
x x X X =
0 Kt Ao (k=A) sin (2um) | TCh—k+p) T'(C4—A—p)
1
- -% <Repu<h
(- x—p) F(l/z—/\+y)] . P72
6 I+ D3+ T (B - )
(41) f xp 1 W (x)W_K (x)dx: P ) = + p 2 ©
0 A & 2+ %p+ )T+ Yop —K)
Rep>2|Rep| -1
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Confluent hypergeometric functions (cont’d)

(42)

fomxp_‘ W W, (&) dx

P+ p+v+p) FQ=p+v+p) T(=2v)
C Pa=x-2)I'(3/2 =k+v + p)

XM+ p+v+p, I=p+v+p, 1/2=A+v; 1+ 21, 3/2—k+v+p; 1)

'+ p—v+p) (A =p—v+p) I'(20)
I'A/2-x+v) ['(3/2 —=k—v+p)

x JF,(M+p—vip, 1-p-v+p,1/2-A=v;
1 -2y, 3/2—k-v+p; 1)

[Rep| + |[Rev| <Re p+1

ST expl=Yelak RxIN,, lax) Wy () dx

DA+p+v+p) T+ p—v+p)
 T(3/2=-X+p+p)

/ B |
auW.,B;Lp/z

x B (/24 k+py 14 pt+v+p, 14 p—v+p;
2u+1, 3/2=A+pu+p; —a/B)
Rea>0, RepB >0, Re(p+p)>|Rev|-1

(44)

foocxp“ exp [%2(a + B)] !T'K'#(ax) i )\,V(,‘:Tx) dx
=R7PI0C—k+p) I'Gi=k=p) T G= A+ ) T (ta=2=2)]""
G B Yotp, famp, 14+ A+p
BN\ a [M+v+p, a=v4p, -k

Bev|<Rep+1, Re(k+A+p)<O

|Re p| +
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Confluent hypergeometric functions (cont’d)
(45) fowxp_' exp [-}(a - B)x] W'K.u(ax) W)\.V(Bx) dx
_ BP o E‘/Q+#’%—#,1+A+P>
Ch=-A+)T-A=v) 3\a |%+v+p, -vep, k
Re a>0, |Rep|+ |Rev|<Rep+1
(46) j;wxp" exp [-Y(a + B)x] WK’#(ax) W'A'V(Bx) dx
B | %+p Yo—v, 1 =N+
B
a | +v+p, amv+p, K
Re(a+ B)>0, |Rep|+ |Rev|<Rep+1
@D [Tx ar ) EE e TH R (@t x) da
=T"(2)) o V"K_)\.u_}\(a) largal| <7, ReA>0
(48) f:o N (a+ x)K_A_' e ~hx WK,}J_(a +x) dx
=T'(\) 7! W en il largal <m, Re A>0
(49) fowxp_' (a+x)"7 e %= W‘K'u(a +x) dx
, 0,1-x~—
=1'(p)a” e”*G* ( a ) : é
= —py Vot p—o,ao—p—-o
largal| <7, Rep>0
o 2A- —u=% Yz
GO)| [ ' (a+x)H TR e VIK'H_(a+x)dx

0

TENTG =k + =28 »e s
- e (a)
D= r+ ‘ feloped™

largal <7, 0 <2Rel<}s—Rel(x+ p)
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Confluent hypergeometric functions (cont’d)
00 1 r(P) ap -‘/za
51 P " (a+x) e W, (a+x)dx=
: )fo ¢ Ko D=kt p) T Ch—k—p)
k—0o+1,0
xG3 |a ,
<8 —py Vot p—0, o—p—o
larga| <7, 0 <Rep<Rel(o=k)
(52) f: 277V (a + x)—>\ 5, (p, o5 75 —x/a)e iz WK’M(a + x) dx
Express W ., in terms of G and then see under Meijer’s G-function,
Integrals involving products of ethz g !/< (a + x) with Legendre
functions. Express W', x,u in terms of G, and the l.egendre function
as a hypergeometric series, then see under Meijer’s G-function.
& e 1/x B o B
=% = 7 =% / gl
(53) fo x ™% exp l:—g(:+ x)] nm<a> !IK'#(X )‘ dx
e ok , B Y BY
=% 2% 72 (af)* exp »I:' (7 WzK—'/é,z# % s
Rea>0, Ref>0
1 /x
G pepw (RSN .
(54) J, = eXp[ 2(a+ ] ( >um< )dx
=Bp cw B -k, 1-A-p
“\a|%+pwo-pYh+rv—-p, a—v-p
Rea>0, Ref>0
- (B
(55) J, x"7"exp — =) |w, Prwh— Jau

l+k, 1=2A—-
Vot py o=y it v—p, Yo—v—p

larga| < 37/2, Re >0, Ite(x+p)<-|Rev|-]3|

BP
=r(3‘-K+#)r<%-K-p> ?
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Confluent hypergeometric functions (cont’d)

= g 1 /x R
o] [ oS O
2\a «x K
0
B 7% D=k~ W D=k + p) (aﬁ)%
—0/’+2K1 % _K+#)I (/Q_K_
B 3
)T )]
larga| < 37/2, |argf| <3a/2, Re x <—|Rey|
(57)

[ o M D ) ) =

BP
" T'G=x+ ) T = k=) T =24 ) T (= X=)

xC‘z. B l+k,1+A=p
8 N\t ’z+p.,/2—;t,/z+1/—p,,z—v—p

larga| < 3m/2, |argf| < 3n/2
Be(A-p)<ti—|Rep|, Relx+p)<li—|Rev|

G8)| [Te P (B +v+ix) T (h+v—ix) M. (2a)dx
oo w,V

= 2%7Y 7 BYH% (coshp) 2V! exp (—a tanhp) I'(2v + 1)

[Imp| < Yam, Rev>-Y%

(59) fm FG+v+p+) DGirv+p=x) T G+ v—p+x) Do+ v—p—x)

= 100

XM, i, S M . (B)dx

Tl 10 74

2n(a/?)v+/ D2+ 12T (2v+ 2u+1) ['(20 = 2u+1)
(e+ B Tldw + 2)

X‘1lzu,zv+‘/z(a+ﬂ) Rev > |Rep| -
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Confluent hypergeometric functions (cont’d)

(60)

fwe_z’o’il—'('/é +vein) T Cavv—ix) M, (@M, (B)dx

ZW(aB)% gk ﬁl/’
——— - tanhpl J, | ———
= exp [~ (a + ) tanh p] 2”<cosh .

|Imp| < %7, Rev>-%

(61)

- A
(B)dx =2 ‘(1_:_8; exp[-Yi(a+ B)]

f_: sech(mx) W ix,O(a) W

=7x , 0

(62)

J O T T @+ i)W,y oy (@ W (B) dx

—K=ix, K=%

= 2% ['(2«) (aB)< (a+ B)%_ZKKZK_% (%)

For numerous integrals with respect to parameters see Buchholz,
Herbert, 1953: Die konfluente hypergeometrische Funktion. Springer
Verlag. Chapter VI,

20.4. MacRobert’s F-function
See also under G -function.,

(1)

fo| B (1= %)Y A L - @pipys eees pq:xz)dx

See MacRobert, T.M., 1953: Proc. Glasgow Math. Assoc. 1, 118.

(2)

I B Q= x)? BV Eay, ...
0

IR ,pq:x_"‘ z)dx

=F(y—B)mﬁ"y E(ai, R T ,pq+m:z)

B+k-1 y+k-1

0 p = k=1 ..,m
ptk % p+k = ’

a

Rey>Re >0, m=1,2 cec »
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MacRobert’s E-function (cont’d)

(3)

fowxp" (1+x)_UE[a|,..., @, ipyseees Pyt (1+x)zldx

=l—'(p)E(a‘,...,ap,o—p:p,,...,pq,o:z) Reo>Rep>0

(4)

j.ooo xﬁ_' e * E(al""’ ap: p‘,...,pq:xz) dx
=n csc(Bm) [E(a‘,...,ap: 1-5, PrsseesPyt etiT 2)
- z—ﬁE(atJfB,---,ap+B:1+B,p,+B,...,pq+[3;ei‘"z)]

p>q+1, Re(a,+B)>0, r=1..,p, |argz|<7m

For p < ¢ the result holds if the integral is convergent.

(5)

f:cx'e—' & 2 Edy s e @yt Pyyeees pq:x_" z)dx

= (2n)% hm g B A - Ayt Pyreees Pyt m™" z)

ReB>0, m=1,2, .., ap+k=(B+k—1)/m, k=1, ..., m

(6)

f_: (1 - x)—ap (1 -x?)%e Pﬁ‘_#(x)lf[a‘,..., a,: p|,...,pq:(l—x)z]dx

See MacRobert, T<M,, 1953: Proc. Glasgw Math. Assoc. 1, 111-114.

(7)

_f;mxﬁ_' J,(x) E(a, e, @5 Py senspy x " z)dx

=27 " (2m)P™ "} explhem (B-v—1)i]

X Elaypeen Qpton Praeses Pq':(Qm)_z"‘ ze "]

+expl-Yr(B-v-1)i] E[a,,...,ap+2m X p‘,...,pq:(2m)—2"ze’""i]}

Re(B +v)>0, Re(Zarm—,B)>—3/2, ri=ly s 5 P

B+v+2k-2 B-v+2k-2
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MacRobert’s £-function (cont’d)
(8) f:o x B! K () E(a, .een T3Py eyt x 2" z)dx
=(2a)"'™" 2872 A7 E laig wons @ganiPyseees Pyt (2m) =2 2]
B+v+2k-2 B-v+ 2k-2
ReB>|Rewl, m=132 e0s s E=1l veeym
(9) f:o BT o % [(V(x) E (505 3 @Lip s syt z/x) dx
See Ragab, F'Ms, 1953: Proc. Glasgow Math. Assoc. 1, 192-195.
(10) f: xFY g THx W"K'u(x)if (g 0505 @LiP ey Pt x " z)dx
= (277)]/‘—]/1”‘ mB+K—% ‘E (a'|’ -..,ap+2m: pi,--oy Pq+,,.: m_'" Z)
ReB> |Repl-%, m=1,2,..
ap+k=([3+l;+p—!/:)/m, ap+m+k=([3—y+/£—l/z)/m
Porr=B—k+kYmy k=1, .., m
(11) j;) NVE (P Q2P peee o BYYE(ByseeesB,: 0y 50eey0,: x2) dx

08 S o :
fo x 'l«,(ai,...,ap:p,,...,pq:xy)E(f?‘,...,ﬁr:0,,...,os:z/x)dx

See Ragab, F.M., 1953: Proc. Glasgow Math. Assoc. 1, 192-195.
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20.5. Meijer’s G-function

417

(1)

Be5 iy O
J %P =077 62 (ax R
)

1 - ps@ 5550

_ m,n+1 ’ k4 ?

I“(U)Gp-!-l gt1 <a b',..., B s 1__p_po>
q

First set of conditions of validity:

1/

Yop — Yaq)m
Re(p+bj)>0, J=lsaesmy Reos0

p+qg<2(m+n), |argal <(m+n-

Second set of conditions of validity:
p+q<2m+n), l|argal <(m+n-%p-Y%q)m
Re(p+b)>0 =X e ym; Reo>0
Re[Jf1 a,- =21bj +(p-q)p=-)1>-%

Third set of conditions of validity:
p<q f(orp<q and |a|<1)
Re(p+bj)>0, F=1y sss ymy Beo>0

(2)

= =0 . 1Y 1 mn
f1 x Plx-1) qu Gx

by, ...,bq
Aysuees@,, p
p—o, b, ,...,bq)

First set of conditions of validity:

TG, (

p+qg<2(m+n), |arga|<m+n-Yip-Yiq)m
Re(p—a—aj)>—1, j=1,..,n, Reo>0

Second set of conditions of validity:
p+q<2(m+n), |argal<(m+n-Y%p-%q)n
Re(p—o—a.)>—1 7= 1y wss s Re o050
Re( 2 a]— 2 b +(q p)p—o+%)]>-

=1t
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Meijer’'s G-function (cont’d)

(2) fm P (x— 1) GPn ” Gy sy By dx
X ra \"*|, i
5 e
q
_ nti,n a,, "'aaP’p
_F(U)GP+11‘I+1 (a p—O’, b]! see bq>
Third set of conditions of validity:
g<p f(or g<p and |a|>1)
Re(p—o—aj)>-—1, j=1,..,n, Reoc>0
a a
®_p=1 r~nn L E i
@ J =G Gx by ewesb >dx
q
nre.+p) f 'l-a.-p)
i=v T = j
= a”
q P
I1 1-b6 ~ ;
j=-+1r( d p)j=fn[+1f‘(a]+p)
p+q<2(m+n), |arga|<(m+n-"Yp-Y%qn
— min Reb.<Rep<l- max Rea.
1<j<n J 1<j<n J
o0 a a
p=1 = mn [ ety
W J, = e BTG Gx b,,...,bj)dx

213/’"7 grrhett [ 1=pr ey, e @y
o) PHaa®t o—p,b,,...,bq
First set of conditions of validity:

p+q<2(m+n), |arga|<(m+n-Yp-Yq)n, |argB|<m
Re(p+b}.)>0, jis X e o 1y Re(p-—0+aj)<1, 72 Ly suw ol
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Meijer’s G-function (cont’d)

(4)

j.ooo xp-1(x+ B)—UG;; (Zx ab|I9’ -.-'-. :‘:):> dx
ZBP—U T of l=p;a; wey By
ey 2t @+ gy By one 5 b,

Second set of conditions of validity:

P<q, p+q<2(m+n), |largal <(m+n-Yop-Vig)m, |argB|<m
Re(p+bj)>0, F=1 ey 5, Re(p—o+aj)<1, J el ey B

P q
Rel[ X a - b bj—(q—p)(p—o-—'/z)]>1

j=1 j=1
Third set of conditions of validity:
p>q, p+q<2(m+n), largal <(m+n-Yap-Voq)m, |argB| <n
Re(p+b}.)>0, jo= 1, see 5 i Re(p—a+aj)<1, g (AR
P
Rel X a,

q
X oa;- _Elbj+(p—q)(p—'/z)]>1
j= j=

(5)

fmx_pe—ﬁx G"" | ax al’""ap o
o Pq b5 ses 3 b

- m a p9a|;"-’a
= BP Lgman®t [ p
o+, B | Bys see s bq

p+q<2(m+n), |arga| <(m+n-

1/

“p =g, |argf| <lim
Re(bj—p)>—l, R

(6)

fwe_’g"c'"" ax? Fys < 0%y dx
0 P byy ey b
q
da |0, Y, a a
=% p=1 omont2 5 425 Fygt wew iy
=m * B Gp+;’q<[‘_2 ; g P>
o by
p+q<2(m+n), |largal <(m +n-Yp-Yag)n, |argR| < lam
Re bj >-Y%, j=1, 0, m
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Meijer’s G-functions (cont’d)
] a
) n 2| @5 e,
(7) fo sm(cx)GPq (ax 5 " )dx
1ree s by
v
L C"":;‘ 4_:1 0,a,, ., a,, %
Pt2,9\ . byy eeey b
q
p+q<2(m+n), |largal <(m+n-Yp=-t2qm, ¢>0
Re bj>-1, j=1;5:5m, Re aj<%, J'= s e 5.0
o .- 2 a‘, cee ’ap
(8) fo cos (cx) (’pq ax 5 dx
b i was 3
q
v o A |7, @ 5586 56 50
=a*¢ !G;'fzﬂ — 1 » @po
24\ ¢ by wees bq
p+q<2(m+n), |largal|<m+n-Yp-Yqk, ¢>0
Re bj>_!'3’ j=1 sswsm,; Re aj<3'z', b NS
00 - 1 A,y oaee a
©) | J "= pJV(ZxA)G:q"Qx b‘ ’b”>a’x
o by
__Gm,n+l P—}‘év, u‘,..-,ap,P+?"'2V
= Vptz, g \ ¢ B b
1o e by
p+q<2(m+n), J|arga|<(mn+n-"Yp-Ygm
—%+ max Rea <Rep<1l+)3Rerv+ min Reb.
1<j<n 4 1<j<n d
Tl % .y 000 9Q
(19) fo x pYV(L’x/‘)CZ; (ax b‘ ’bp>dx
3 T

q
p—f:v,p-r%v,aw ...,ap,p+%+,l/él/
b,,...,bq,p+,'/z+l/zv

p+qg<2m+n), l|argal <(m+n="lip=tiq)n

iR, 2
= Gp+3, g+ <a
1

-%+ max Rea . <Rep< min Reb. + % |Rev|+1
1<j<n . 1<)<n d
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Meijer’s G-function (cont’d)
0o a a
-p Y i 1js =ew 9y
(1D j;) x PK_ (2% )qu (zx by ey b )dx
. q
-Y%v,p+Y%Brv,a,,..,0
='1’(‘Gpmi'z',+:G ’ b ) o
ih RS
q
p+q<2(m+n), |argal<(m+n-Y%p-Yqnm
Rep <1-)|Rev|+ min Reb.
1<j<n J
oo _ 1 @y g wwis iy O
(12)| [ =77 m, 2x") 6" <ax b' b")a’x
0 yyema b
T p—"ti-Yy, a,, ...,ap,p+3f’iv,p—'/zv
= ’p+3,q+l a 192 1
P == Fi¥y by ,bq
p+q<2(m+n), |argal<(m+n-Yp-1Yqm
3 ped 1 3
max | —— Re + max Rea .<Rep < min Reb.+ —Rev+—
4 2 1<j<n J 1<j<n 12 2
00 A geeey A
(13) f| % Plx—-1)7 " 2F|(l<+o—p,)\+o—p;o;1—x)(;p”;"<axb', ,bp>dx
yrees by

Q. yeee, @ o K+ A+ 0—
=T(o) Gri2r <a ‘ P e

p+2,q+2
’ Ki)‘sb|a"'!bq

First set of conditions of validity:
p+qg<2(m+n), largal <(m+n-"ap=rtagh
Reo >0, Rek>lle /\>Reaj— I, j=1l,wegn
Second set of conditions of validity:
p+q<2(m+n,) largal<(m+n-tap=togh
Reo >0, ReKZRe)\>Reaj—l, = Ly wne 10
Rel g a .- ; b.+(qg=-p)k+2)]>=N
j=t & j=1"1

14
Re[ X a .-
j=1v 1

I M= Il

bj+(q—p)()\+‘/é)]>—‘/2
1
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Meijer’s G-function (cont’d)
(e <]
eee see (5
(14) f Gmn <1x 12 ’ >le < |’ ’ r>dx
Pq d
. b 5 wes 5 B P .
L Sl i ‘B “bpseens by Cpuens €y =y e —b,
= +r,p+
gtr,pts \ —yeney—a, a",...,ds,—anﬂ,...,—ap

For (five sets of) conditions of validity see Meijer, C.S,, 1941:
Nederl. Akad. Wetensch., Proc. 44, 82-92,




APPENDIX

NOTATIONS AND DEFINITIONS OF HIGHER TRANSCENDENTAL
FUNCTIONS

H.T.F. I refers to volume I, and H.T.F. II to volume II, of Higher
transcendental functions by the same authors as the present work,

Miscellaneous notations

Ad hoc notations are explained where they occur. Notations occurring
several times on a page are explained at the botton: of the page.

In general, real variables and parameters are denoted by Latin letters,
and complex variables and parameters by Greek letters. Exceptions are
made to preserve traditional notations (such as y in chapter XIV). The
letters m, n denote integers mostly.

Re z, Im z. Real and imaginary parts of a complex quantity z.

|z|, arg z. Modulus and argument (phase) of a complex quantity.

Cauchy Principal Value. If the integrand has a singularity at c,
a < c <b, the Cauchy Principal Value of

J° f@) dx
a
is
Jcb f(x) dx = lim [_f:—s f(x) dx+fcb+€ f(x) dx] e>0, €-0.
Empty sums are to be interpreted as zero, and empty products as unity.
§ 5 lbl are empty if b < a.

n a n=.a

[x] largest integer < x.

(@), =T(a+v)/T(a)
(@),=1
(a)n=a(a+1)-u (a+n-1) n=1,2, ..

423
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(@, =D"Q=-a-n) - n integer
(@)_, =1D"(1-a) n integer

Binomial coefficient

ay I'(a+ 1)
<B>_I“(,B+ DIl(a-B+1D°

-1 x<0
sgn x = 0 x=0
1 x>0

Euler-Mascheroni constant.
C=lim ( 3 1/n-logm)=0.5772156649...
m—>00 n=1

p=eC,

Note that in H.T.F': and many other books C is denoted by y.
Orthogonal polynomials
See also H.T.F. II Chapter X and pp. 265-269 of the present volume.
Legendre polynomial
1 "
P (x)=—n— — (x? - 1",
1 dx"

n

Gegenbauer polynomial

—2)n ; n
Cﬁ(x):g_(i (A -x?)*¥ .

(1 _ xZ)n+V_l/z'
nl(n + 2V)n dx"

Tchebichef polynomials

T,,(x) = cos (n cos™ " x)

U ) sinl(n + 1) cos ™" x] .

sin(cos™ ' x)

Jacobi polynomial

PP )— ( ) (L=2)"" 1 +2)" ﬁ

- x)"* (1 4+ )AL
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Laguerre polynomial

=~
e*z ‘

n! dz"

L%(z)= (e72 2%
Lg(Z) =L (z).
Hermite polynomials

dan "
He (x)=(-1)" e¥x® 2 (o ~%x7y
n dx"l 5

n

2 d
H @)= D — e
X

Charlier polynomial

pn(x; a)=nla™" L:_"(a).

The gamma function and related functions
See also H.T.F. I Chapter I.

Gamma function

l“(z)zfooe-tt‘_'dt Re z > 0.
o

Logarithmic derivative of the gamma function

| R dy
z) A Y

Y& -t 7z

» etc.

Beta function

') I'(y)

B(xy y)=m-

Euler’s dilogarithm

o 2" log(1 - 2)
L,(z)= z 7=—/ e dz.
n=1

0

Incomplete gamma functions. See under Confluent hypergeometric
functions.
Incomplete beta function. See under Hypergeometric functions.
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Riemann’s zeta function and related functions

L(s) = § s

n=1
E@)=-%2+ %) n AR D Mic+ %) LGt + %)

é(z’ a)= DEO (n+a)—z’ (I)(z, S, U): z -

n=0 Yo @W+n)®

n

Legendre functions

See also H.T.Es IChapter IIl. For expressions of products of [.egendre
functions as hypergeometric series see Meijer, C.Ss, 1936: Math. Ann.
112, 469-489 and Proc. Nederl. Akad. Wetensch. 39, 394-403 and 519-527;
1938: Nieuw Arch. Wiskunde (2) 19, 207-234.

Pi(z) = =yl Y Fi ( 1: 1-ps %= Y%z2)
= v, v+l l—p; - Yz
Tao Ii) " v i %

e o I(p+v+1)
B(z) =
03() 27 Di(y4- 8/2)

ptrv+l p+rrv+2 3 1
% wlh ; VYV +—; ——
2 2 2" 2%

z in the complex plane cut along the real axis from -1 to 1.

P4(x)=——— L F( 15T o3 Y Y4) 1eg2]
= —v, v+ 131 —p; Vo= Vox - x
F(l F) o ’ ll /2 2

Qg(x)=/2e—”m[e_/‘uﬂ'()fj(x+10)+el/"‘mi0‘,f(x—i0)]
P ls)=Poz), 0O (2)=03)

Bessel functions and related functions

See also HJ/T.F. Il Chapter VII, and pp. 331-332 of the present volume.
Bessel functions

g R GR L YAk

-1<x<1

o0

_1\n l/2 v+2m
J(2) - z D" (az)

o m!T'(v+m+1)

Yv(z) = cosec Vﬂ[JV(Z) cos v — J_V(z)]
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HL”(Z) = Jv(z) + iYV(z)

HLZ)(Z) = Jy(z)— iYV(z)

Ji )= [* 7,0 ;’_t

Modified Bessel functions

00

1 v+2nm
¥ sl z (22)

m!T(w+m+ 1)

n=0
- (z)=LI-v(z)’Iu(z) )
¥ 2 sin vmw

Kelvin’s and related functions
ber (z) + i bei ,(z) = J  (ze* %)
ber ,(z) — i bei (z) = Jy(ze-""i)
ker (z) + ikei, (z) =K (ze )
ker (z)— i kei (z) = K, (ze %)
ber(z) = ber, (z), bei (z) = bei (z),
ker(z) = ker,(2), kei(z)=kei,(z).

Note that the definition of ker ,(z) and kei  (z) differs from that given in
H.T.F. Il sec. 7.2.3.

Xff’)(z)= ber;‘:(z) + beis(z)

V 8)(z) = [ber ()12 + [bei(2)]?
ijb)(z) = berv(z) bei;(z) — beiv(z) ber;(z)
l/zZl(f’)(z) = ber, (z) bei;(z) + bei,, (z) ber; (z)e

‘

Neumann polynomials

n(n—=m-—1)!

m! Gax)n "2

<%n
1 1 X
OO(x)=x—; OD(x)=—4—m2= . T

0_,&)=1"0, (). n=12, ..
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Anger-Weber functions
-t 7
J (2)=7 L cos (VO -z sin0)d6

Ev(z")= 7! f: sin (v0 — z sin 0) d6.

Struve’s functions

o0 (_ 1). (2/2)V+2u +1
H (z)= 2
. u=°l"(m+3/2)l"(v+m+3/2)
(Z/z)vﬂ

_F(3/2)F(V+ 3/2) F (1 3/2, v+ 3/2; - 22/4) |

=27V "R [P+ %)]7! s, (@)

Lv(z) _ e-%(v‘*‘)ﬂiﬂv(ze%in).

Lommel’s functions

pt1
z -v+3 +v+3
S p )= (1;# 2

(p=v+D(p+v+1 "2 - :

2 2
- -v+1 +v+1
S#,yfz)=s#,,,(z)+ or=1 (# ; ) I (I‘ ; )

X [sin(’l—vn> J(z)—-cos(fl_vn) Y (z):I.
2 ¥ 2 v

Lommel’s functions of two variables

m= 0

. i v+om
Uv(w, z)= 3 (1)~ (—) Jv+z. (z)
&
ok

w

Vv(w, Z) = CcOSs (-2—- S o

vm

+ —>+ U,_,w, z).

2w 2
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Hypergeometric functions
See also H.T.F. I Chapters II, IV,

Generalized hypergeometric series

e

| k
BBy cor s B 5 ¥yyoens ¥ 5 8)= M =
k=0 (y1)k"" ()’n)k k'

,F, (@, b; ¢; z) is Gauss’ hypergeometric series and is often (for
instance in H.T.F. I Chapter II) denoted by F (a, b; c; z).

F,(a; ¢; z) is Kummer’s confluent hypergeometric series and is some-
times (for instance in H.T.F. I Chapter VI) denoted by ®(a; c; z).

_Fn(al, I STIIT 2 z) is sometimes written as
Wiy v g 10 i 2
1? ’ m!
Yipeoos ¥,
Incomplete beta function

Bx(p; q)=f0 tPT (1 -0) " de=p" &P JFip, 1—g;p+ 15 x)

B_(p, q)
W e
B, (p, q9)
n 1" (6.~ b
j£11 1(’ X 1+2b
S (byy byy by, bys2) = g

4
i I T+t -b)

x oF, (Ltb,=by,y e, ®, e, 14b,=b,;(=1)"2%)

The prime in I1” and the asterisk in |F; mean that the term containing
b, — b, is to be omitteds For n = 1 the product II in the nunierator, for
n = 4 that in the denominator is to be replaced by unity.
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Confluent hypergeometric functions

See also H.T.F. I Chapter VI and H,/T.F. II Chapters VIIIand IX. See
also under Hypergeometric functions, Orthogonal polynomials, E-function,
G-function.,

Whittaker’s functions

MK'#(Z)= z%ﬂ.l-e"/zz |F;(l/2 p— 2'u+ 1; Z)

I'(=2p) ﬂlK.#(Z) N (2p) My (2] .
(%2 - p=-«) s+ p—«)

WlK:N-(Z) -

Parabolic cylinder functions

D (&)= 2%""% R,y 2™
i 2 & 2
Dn(z)=(—1)"el’“ n(e—l’zz ).
z
Dateman’s function
k. (2) ! W, (2z)
(2 =—-—— W , (22)
v T+ 1) ¥

The exponential integral and related functions

& o Ut i
—}".i(—x)=E|(x)=f e ' —=T1"(0, x) —r<argx <mw
x L
Fit(x)=Ei(x +i0), FEi (x)=FEi(x-i0) x>0
Fi(x) = %[Eit(x) + Ei ()] x>0,

The last function is denoted by E*(x) in H.T.F, I sec. 9.7.

# dt
li(z)=/ = FKi(log z)
A log ¢

> sin t 1
si(x) = —/ dt ot [Ki(ix) — Ei(= ix)]

t 21

* sint
Si(x)=/ dt = Vam + si (x)
t
0

GCilx) = -f €08t it = — cilx) = %IEi (ix) + Eil=ix)]
t
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Error functions and related functions
i e =42 2 K 3
Erf(x) = 277% T afz=—x—11fv‘1 (—,—;—x2>
o \/77 29
2

1 aa - 2 1, £
Erfe(x) = 277_4/' et dt=1-FErf(x) = (mx)™% e % W_% %(xz).

. . -l
These functions differ by the factor 27" from the functions introduced

in H/T.F. Il sec. 9.9,

Clx)=2"%n"* f:t-y" cos t dt
-l X -
S(x)=2 /‘”n"/’Jro t™% sin t dt,

Incomplete gamma functions

y(a, x) = j;x et " dr=a! x® JFla;a+1; -x)

I'(a, x)=Arm e "V dt=1"(a) - y(a, x)

x

1 - =l >
= x/’(a ‘)e %= W%(a—i )'%a(x).

Particular cases of Whittaker’s functions

M ¥ (x) = Vzn_% x4 ehx Erf(xy’)

-4,
="
(l‘z)n

x% e 7% Re, [(2x)%]

"”n*’%,_% (x) =

(_l)n_z—n"/z

(3/2),

[(2x)%]

U ~%hx g
Moy, @)= %4 @ Be, ..

My ()= 22T (p+ D x* I,0ix)
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M,  (tix)= i TR J#(’/zx)

Mu+%.u(x)= g HrE o ~he

_ Ltk Vix
M_u_%'“(x)—x
My, () = 2ux¥ et y (24 2)

n! L L 2
M ) P SR P A O
Bfatin Qp+1), B

W_y o) =-2x* e#* Ei(-x)

W—%,i% (x) = 7% x% e%* Erfc (x %)
W pus, i ) = 2750 % ™5 Heo _[(251%]

W“' % (x)=27%(2x)% D — [(2x)%]

<x>—<> )

exp[-Cav + %) m]H‘”( )

x)l/’

(zx) =

(
L (ix) = - exp (v + %)ﬂi]HL”(%)

W (x) = xH*% ¢ ~%x

pti, tu
W ppmss, s () = %7 74 1 (24, )
Yy -),
Wu+n+%,iu(x) = (D" nlxhth e T L:#(")
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MacRobert’s E - function
See also H.T.F. I Chapter V.

Ifp>q+1,
P
)

E(p;a,:q;p,:%)= F(ar)xa'
q
r=t I I'(p,~a,)

t=1

= = ‘e * _ ’
x qHFP_‘(ar,ar pyt+lseesar pq+1, a—a,+le%e,a; ap+1,

(-1)P79 x),
where |x| <1 whenp =g+ 1.
fp<g+1,
p
II F(ar)
r=1 €
E(p;a,:q; ps:x)=q— o (o) s @i pyy e ,pq;-—l/x)
I ')

where x £0 and |x| > 1if p =g + 1, If p> g + 1, the last relation gives
the asymptotic expansion of the E-function for large x.

E(aux)=0"(a) (1 +x™1)™
EGuv+ 1:x)=x%VJV(2x_%)
EM +v,%—v::2x) =sec(vn) 2ax)% e* K, (x)

E (a, B::x)=F(a)F(B)x-k @ a% Wk,m(x)
k=%Q1-a-B), m=kla-p)
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;(a,[s sl M: o 8 —>
= l(a)l(ﬁ‘( ) (Lx)W (-ix)

=00 —a=-B), m=%a-p)

Meijer’s G-function
See also H.T.F. I Chapter V.

Q. .y 000 4 A
m,n 1 p
ra \* b, ...,bq>
H "o . —s) ll I(l—a +5)
1 j=1 j=1 Sd
= x S
21 L q 14
I I'A-»5.+s) I T'le.-s)
j=mt1 4 j=untl !

where L is a path separating the poles of I'(b| —s) ««. I'(6 = s) from
those of I'(1 —a, + )« I'(l1 —a_+ s). For a more detailed definition
see H.T.F. I sec. 5.3

Formulas involving the G-function may be used as key formulas from
which many integrals with Bessel functions, l.egendre functions, and
other higher transcendental functions follow by specializing parameters.
The following two lists give expressions of certain special G-functions
in terms of well-known higher transcendental functions, and, conversely,
expressions for higher transcendental functions in termis of G-functions.
The list is not complete. See also H.T.F. I sec. 5.6.

Particular cases of the G-function

C:)g(xla, b) = x%(aﬂ’)c]a_b(le/‘)

G2 (x|a, )= 252K _ (25%)

G:; (x

% )_ % "'AxI(l/)
b,-—b =mn" € b/zx
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- a I'l-a+b) "
Glz xb,c =m)x lFI(l—a+b;1+b—c;—x)
l/ =1 ~1
Glzg x 2b>=77 H g Abe(l/zx)

b, —

“ilb+e=1)  —Vix
x =x e 14 (x)
b, c) ey

k=%Q+b+c)—a, m=%b-Y%ec

(
(
"
(

Y% ah " )
x - e K, Qox)
b, —=b cosbm

G (x i, ) =TG-a+ Dl (c—a+ DO Veky, ()

s C

k=a-%b+c+1), m=%b-Y%c

G::(xla, by, 2b —a, b + %) =n hix b Iz(a_b)(23/2x'/4) J (23/2x1/4)

2(a=b)

G:}g(xla, a+%,b,2a-b)=%n"seclb-a)m
x xa[Jz(a_b)(23/2 xl/A) Iz(b—a)(2 3/2 xI/A)

+ Iz(a-b) (2 3/2 x 1/4) Jz(b—u)(z 3/2 x 1/4)]

G:)i(x|a +Y%, a, b, 2a—b)=Y%n"%sin(a — b) 7]™"

x 29 [Jz(a—b)(23/2 o l/4) I 23/2 x I/4)

Z(b'a)(
- Iz(a—b)(23/2 e ‘/4) JZ(b"a)(23/2 x ‘M)]

G2(x|a, a+¥%, b, b+ %)=x"C*) g . (4x"%)

C%(x|a, —a, 0, ) = —n% (sin 2an)™" [JZG(ZEWUA) & (ze /%)

= J_za(ze‘ni/a) J_za(ze-frw)] 7= 0¥2 174
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foj(x|0, Y a, —a)=n" i~ (sin 2am)”"
x [eZaTriJza(ze—'ni/d) J—za(ze'ni/A)_ e-Za'niJza(ze'ni/A)
xd_, (ze™TV4)] 2, D312 o VA

Gi:(x|3a - Y%, a,—a—%, a—-%)=2n"% (cos 2an)""
% g1/ KM(23/2 x1/4) [J‘a(23/2 x4 + J_4a(23/2 x174)]
6032("‘0’ a-Y%, —a—-Y%,-%)= A% x7%

x KZa(23/2 x174) [JZE(23/2xV4) cosam— Y2'1(2372 x'*) sina ]

CX(x|~%, a~%, ~a~1%,0)=-4r* x7*

X [(2‘,(23/2 x /%) [Jz°(23/2 x %) sinanm + }’2‘1(23/2 x %) cosan]

G:(xla, b+%, b, 2b—a)=n" 2% xb K
x Jz(a_b)(za/leﬂ)

3/2 1/4
26a-5)277 )

Golxla, a+ %, b, b+ %)= 41rx%("+b)Kz(a_b)(4x%)

G:‘"(x|a, a+ %, b, 2a - b) = 23 g% 4o

Koo (232 x V4 o TTi/%) Kz(b-a)(zm x /4 TV
Go’g(xla’ b, C, d)=x—% Sn(a’ b’ Gy d;xl/{) ﬂ=1,23,4
%
1 % 2l
Gis (x o 0,—a> =a*J.(x%)

C:; (x
cu (x
Gfg (x

% , :
’ ) =k J (%) J_ (%)

0, a, —a

< ) - x%u*’%b"‘% 1] (2x%)
a, b, a — l/2 a=b-%

a—l/ 1 )
2 ) =xA(a+b)Yb_a(2x/€)

a, bya-%
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a+ %
b, a, 2a—b

Gf‘;(x

. .
Gfg (x\ % 0):77% 2—1(sinan)_‘ [Jia(x%)—Ji(x%)J
a, —a,

) T Jb_u(x%) Yb_u(x%)

l/ 1, 1 1
(e <x ’ ) —20% I (¥ K, (&%)
a, 0, —a ¢ @
l/ - 1, 1,
Gf'a (x ’ > = 732 (sin2an) "' [ %)= Pix®))
a, —a, 0 a @
a4+ Y% ) nx%(a+b) . .
et — 1T, (a)=1L (3R]
13 (x a+ %, b,a cosla~Ble ° * * =6
G2 (x a+ ) =nx%(a+b)[1 _ (Zx%)—L _b(zx‘/z)]
2 a, a+ %, b w0 @
a+%

) =27 % x° Ki(x%)

cos 2am

1 2
e ) L, @x")-Y,,@2x")]
a

a

a, b, b

v
G ( x @t =729 " cos (b —a) m]™"
L b, 2a-b,a

>= 9"t (1 _g-b)(1-a+ b‘)sza—uzb(éx%)

x x° Hb(l)a(x%) Hb(f’a (=%

G;i (x
G;i(x

_c1,—cz> Fa+c,)Ta+e,)
a=T=b) [ (a+b)

a1 5 e
X % 2F,(a+c‘,a+cz,a+b, x)

a+h,a

) skl s an(x%) Jy- e &™)

b+a,a—c,atc,a—b
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a,a+%

byc,2a~c,2a-b

e > =i272 g%

a, b, =b, —a

GZ&4 <x
G:g <x

<D R B, %) = B®, (%) B D, (%))

) = 27" x© Ib-h.--—za(x%) Kb_c(x%)

Y%+ a, % - AT -a+b)x™% l ;
G:; (x 2+ a, / a) =rr U-—a+b)x Wa b(zxé)M—-a b(zx/z)

0, %, b, b I'(1+ 2a)
l/z+a l/z—a
] ¥ -y " "
G;g (x 0, %, b, —b ) =" x Wa'b(Zx )W_a'b(2x )

Q
NES

a, a+%
% 1/ L
bte,b—cyb+%+c,b+Y%—c

Y y
% o=k L b=% - 4
=g 2 e ® Wk,zc(zx ) Ek=%+2b-2¢

a,a+%

b) =27 % x@ Kb+c(x%) Kb__c(x%)

a+b,a+c,a—-c, a-

0, % ) 272 52

a, b, —b, —a i sinaw sinbnw

x [ BT (%) H, (%) - ePTIR (%) H?, (%)

%, 0 > 2=2 ,5/2

a, b, -b, —a cosam cos br

x [e_bWiHa(l)b (x %) H;f_’b %)+ e b"iﬂa‘l)b (x%) Ha(i) (x*)]

b
4
G (x

xW, b(2ix%)Wa b(—2ix%)

Yhva,%—a

0, %, b, —b

):x-% wh F(‘/2+b-—a)l_‘(‘/2—b—a»)
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G&(I a,a+% )
2 \* b+c,b—c,b+%B+c,b+%—c

= 2k* 732 (1-2a+2b+2c) (1 -2a+2b-2¢)
%

xxb-% e* Wk'2c(2x%) k=2a-2b-%
H I'@+b )
c (x a—=1, —c =€y —Cy4 _ h=1 Lt
A -b,=b, =bg—b,
H I'+c )
h=1

x 4F3(a+b|,a+b2,a+b3,a+b4;a+c|,a+c2,a+ca;—x)

P
11 l—'(1+b‘—aj)

aq ""“p> j=1 b,
= x
sy sva 3. b q

1’
; I IA+b,-b)
=2

Gr <x
Pq

1+b‘-—b2,...,l+b|-—b,-—x) p<yq
. I Ir+b,—-a)x '
a a j=1 i} J
Pq b‘,...,bq q
Il F(l+b|—b.) ﬂ F(a )
ji=2 7" j=n+1

prq_'(1+b‘—a|, sp0 g Ltb g —
1+b,-b2,...,1+b|—bq;—x) p<gq

(i)

X x “ E(l —a,+b,, ,1—a'+bq:l—a|+a2,...,1—-a,+ap:x)
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Functions expressible in terms of the G-function
M (x)=24 G0 Chx?| v+ tap, Yop - Yav)

M J (x) = 4”’62‘2(4—‘ x| v+ Y, v+ Yp + %, Y- Yy, Y Yp=Y%v)

xH Yv(x)= 2“6?‘; (%xz

Yap — Yav — 14 >
Yap = Yov, Vap + Yav, Yap - Yov =Y

P K () = 207" G;g(%x2|'/zy+ Yov, Yap = Yav)

x”KV(x) =44 !

x GRWUT x| Yv+ Y Yo+ v+ Yy =Yy + Y b = Yy + Yp).
-)

Yy =Y.
%)

v, =V
: >

vV, =V

Yo+ v + You )
Y+ Vv + Vap, Vap — Viv, Yop + Vv

%+ % >
Y% + Y%, =%y, L

Yop + v + % )
Yop + Vavy Yap + Vv + %, Yop—tov

g > I,(x)= 7% G:; (Zx

e Kv(x) =% Gfg (2;\7

e"KV(x)= 4 coswrGf; <2x

x“llv(x)= Z”C:; ('/;xz

Hv(x) -Y (x)= n? c.osw G?; ('/wc2

x'u'[IV(x) - Lv(x)J= ! 2”0?; (%xz
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MIT_ () - L (x)]

-1 21 2
= Q“COSWCm Y4 x

Yo + Yav + Yap >
Yo + Yov + Vap, Vap — Yav, Yap + av

1

s = lop = ) T'Ch = Jap + Jav)

Yo + Yap )
Y+ Y, Yav, = Yv

’ )
v, 0, —v

Y )
0, v, —v

Y%+ Yo, Yoo :I
)

Su’v(x) = ™1

3 2
%G (%x

Jx)=n"" G, <x2

J(x)J_,x)=a% G} (xz

xUJu(x) Jv(x)

=) 12 2
=7 %G ,, l:x
4

1 X
xH IV(x) Jv(x) = g GOLR C:: (64

Yp+v+o) hlv+o—p) Blp+o-v), lo-p-v

Vi + Yav, Yap = Yo, Yap, fap + ’/i)

4
x

Iv(x) J_V(x) =% cos (Kvm) G;i (a 0, %, %, —‘/w)

1/ 1/ 1/
2y 0y Y214 — /21/)

Y2+ p )
v+ Vo, Yap, Yap - v

4

64

x
3 /
- 7% sin (Mvm) G;g (

e Jv(x) Yv(x) I G?g <xz

Iv(x) Ky(x)= o~ ,# Cf; (xz
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x*K (%) J, (%) = n~% 2o4/27K
il

30 4

%G (ax

%" L) Kﬂ(x) =271 g%

22 2
X (;24 [x

x“H,(}”(x) Hf,z)(x) =7 52 2 cosvn
x G3 [ x2
13

o2 -1 Y 2
x“[\V(x)=2 77 C?g <x

ap + Vv, Yap + Y%, Yp, Yap - '/zv)

Yoo, Yo+ Y%
hWw+p+o) hlw+o-p) %(p+o-v), %lo-v-p)

Yo + Yap )
Yap + vy Yap — v, Yop

Y+ Yap
v+ Yap, —v + Y, Yop

x7 K (x) K, (x)= 2~" ok

— le Yoo, oo + %
o et p+o) hv+o-p), hlp+o-v), %lo-v-p)

xZIJ.sz(xeﬂ' i/A) sz(xe-ﬂi/d) _ 23/1.—3 77—‘/,

40 1 FERY v 5 )
xGo4 a x| Vit B+ Yoy Vot + v, Vap— v

"' (2m+1) - (
e L %
I G+k+m) "

l-k+1 )
m+l+Y% l—m+7

- 1 r2'<' k+1+1 )
e O e T Gk 12\ [1ome Yy m e

- 1-Fk+1 )
xe M, &) Vot L+m, o+l —m

1l -%x W _ 2
x"e Wk'm(x)—Gi2 <x
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eTHW, (x)= % % okH

Gw(o_z 3 Y - Y%k, % - Y%k )
X 4 %

# Vs Yom, Y% - Yom, Yom, - Vam
(2x)

x% 2'(k+|)”-3/2

x|
e Wh‘m

42 2
><G24 (x

SO M, (x)

TWem-B T G-m=-Fk)
Y+ Y%k, % + Yk )

Yim, % + Yam, =Yam, Y2 = Vam

W/

41701+ 2m)
&, i . G3| (%xZ

1+k 1-F )
T % -k +m) 24 Yo L, %+m, o—m

-l
xm %

IF%+m=-k)TCs—m—Fk)

W, Qix)W,  (-2ix)=

M 2
><(;24 (x

Wk ,m (x) W—k ,m (x)

Vs Ylvk, o+l-k )
Yl %+ %l, ol +m, ol —m

E+1, -k+1 )

Yoo Lym + Vo —m + 22
IN(e)x —a, =b

F, (a, b; ¢; %) =———= G'z( ’ >

gy o 05 =) r@re 2 \|-1,-c

C r@r()ro
T@OIrGrora

—-a, —b, —c, —d)
-1, —e, —f, =1

_ =% 40 1 2
=7 624(496

4F3(a, by ¢, d; e, fs I; —x)

xGl‘: (x
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q
I re.)
j=1
qu(ai, ,ap;b‘, ,bq;—x)= ;
I ')
i=1
Xx(_;p"z+' (x —a,, o.-’—ap > . psq+1
’ —1,—-[)1, ...,—bq

19 B|’--,Bq
Ay eee s @)

For further special functions expressible in terms of the G-function,
in particular for combinations of l.egendre functions, and also conibina-
tions of generalized hypergeometric series, see C.S. Meijer, Nederl.
Akad. Wetensch., Proc. 43 (1940), 198-210 and 366-378; 44 (1941),
82-92, 186-194, 298-307, 435-451, 590-605, 1062-1070; 49 (1946), 227-
235, 344-356, 457-469, 632-641, 765772, 936-943, 1063-1072; 1164-1175;
55 (1952), 369-379, 483-487; 56 (1953), 43-49, 187-193.

Hypergeometric series of several variables
See also H,T.F. I Chapter V.

Hypergeometric series of two variables. In all double sums m and n

Ep; a :q; Bs:x,)=G:5,:'P<x

run for 0 to oo,

Fla B, B5ys% y)= z @,rn B), B, ™ yh

()4, m!n!

(a)m+n (B)m (B ,)n m . n
x
M. G mial 7

ECas B, B 59 v s % 9) =

’ 8’
Fs(asa',B,B';y;x,y):z e x"y"
(), 4, m!n!
(a)u"f'n ('B)m'i‘n m _.n

F( 5 Y ’;- ’ = .
Sl By a0 0, G mlnl

( (
(I)‘(a, ﬁ,y;x,y): M—x"‘ y"
)y, min!
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B), (B
q)z(ﬁﬁﬁ:y; Xy y)= B*’“ 2 x" y"
), 4+, m!n!

(B)M m n
@, (B, )’?x,)’)=z —()’),,.+,.’"!”!_x ¥

' ’ B (a)m+n(B)M m ..n

ll"(a, Bsys v s%,9) = (y)m (y')nm!n! = &
= (a)’.+n m n
Tlaninds ) Wb e © 7

(@) (a”) (B) .

By ol By yin ) Y, et e ey

(y), 4, m!n!

(@), (B),

Ez(as ,B, }’;x,)’)= (y) m'n‘
+n

For other hypergeometric series of two variables see H/T.F. I sec. 5.7.1.

Hypergeometric series of several variables. All summations run from 0

FA (a; Bp eee g Bn; Ysiioonis ¥ us B gy weny zn)
(a) + o +m(’q!)m o (Bn)m

= 2 m‘ ’ B 1 zm‘ e zmll
(y,)m‘ ey ), mleem ! ! n

(Bl)m ('Bn)m
D, (Bysoes s B3 V3 24y 00e5 2,)= Z()’ 2M s

m,!---mn!

' +m
Y (a; seees ¥ 5 2o yz) Z o Vs
S Tn ), (y) e 1]
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Elliptic functions and integrals

See also H.T.F. IT Chapter XIII.

Complete elliptic integrals

K(k) = fo/“’ (1-k%sin’¢)* dop = %= F 4, %5 15 k2)

E®) = [T (= k2 sin® )% dp = Ym F (<%, %: 1; 4?)
(o]

Theta functions
e i =% +n)? /7

0, w|r) = (=ir) 7%

0, (w|r) = (~ir)™* CDre-imlw-%+n)?/r
)% =imv+n)?/
0,(|r) = (~ir) e g FIUTIY ST

e—iﬂ(u+n)2/'r

94(v|r) = 00(v|7).
The series given here are connected witk the definitions given in H.T.F.
IT equations 13,19 (10) to (13) by means of Jacobi’s imaginary trans-

formation, see H.T.F. II equations 13,22 (8).

lodified theta functions
minl +Yn) P/ T - o+t ® /7y

e - I e

0 g

Il p48

0;(v|r) = (—in %[
oz‘o (-1" e—iW(v+”)2/T_ —Xw 1) e—iﬂ(v"'n)z/'r]
= n=—1

52 | = (in7# |
0

=

A i oo o — o 3 2
030l = (N[ § oIt r_ Y pmimtosn?/ry,
n=0 n=-—



NOTATIONS 447

Miscellaneous functions
See also H.T.F. III Chapter XVIIL.

iz, @)= e
. 's+1)

x
= — d
v(x) /; Gl s
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INDEX OF NOTATIONS

B
bei (x), beiu(x), ber(x), berv(x)

Kelvin’s functions, 427 -

Cc

Cauchy Principal Value, 423
ci(x), Ci(x) Cosine integrals, 430
C (x) Fresnel integral, 431

C:(x) Gegenbauer polynomial, 424

D

D, (z), Dv(z) Parabolic cylinder
functions, 430

E

E (k) Complete elliptic integral, 446
E (p; a:qp.: x) MacRobert’s
E -function, 429
Ei(-x), Ei *(x), Ei~ (%), Ei &)
Exponential integrals, 430
Erf (x), Erfc (x) Error functions, 431
Ey(z) Weber’s function, 428

F

F(a, b; ¢c; 2), an(al, s @5V ...,yn;z)

Hypergeometric series, 429

Fi(eee; %5 ¥)s vees Fy (oo 5%, y) Hypergeo-

metric series of two variables, 444

F, Cooe3 z,, ...,zn)
Lauricella’s series, 445

%c, %,e " {\%s Fourier transforms, xi

G

c;‘; (x) Meijer’s G-function, 434

H

H.T.F. 423

Hn(x), Hen(x) Hermite polynomials,
425 ’

Hl(" )(2), Hl(jz) (z) Bessel functions of
the third kind, 427

Hy(z) Struve’s function, 428

@V Hankel transform, 3

I

) Iy(z) modified Bessel function of

the first kind, 427
],;(p, q) Incomplete beta function, 429

J

Jyr(z) Bessel function of the first
kind, 426
Jiv(x) Bessel integral function, 427

JV(z) Anger’s function, 428



450 INTEGR AL TRANSFORMS

K
sz(z) Bateman’s function, 430

kei (x), keiy(x), ker (x), kery(x)
Modified Kelvin functions, 427

K (k) Complete elliptic integral, 446

KV(z) modified Bessel function of
the third kind, 427

@V K -transform, 121

L,

li(z) Logarithmic integral, 430
L,(z) Euler’s dilogarithm, 425

L, (z), L:’(z) Laguerre
polynomials, 425
Ly(z) Modified Struve function, 428

€ Laplace transform, xi

M

MK u(z) Whittaker’s confluent hyper-
geometric function, 430
M Mellin transform, xi

0

On(x) Neumann’s polynomial, 427

P
pn(x; a) Charlier polynomial, 425
Pn(x)' Legendre polynomial, 424
2@ B) () Jacobi polynomials, 424

P (z), P/:(Z), P/ (x) Legendre
functions of the first kind, 426

Q

Q,(2), Q4(2), Q) (x) Legendre

functions of the second kind, 426

R

ER# Fractional integral, 181

S
si(x), Si(x) Sine integrals, 430

s,u,y(z), va(z) Lommel’s functions,
428

S (x) Fresnel integral, 431

Sn(b‘ 5 ...,ba; z), 429

Q G’)p Stieltjes transforms, 213

E
T, (x) Tchebichef polynomial, 424

U
Un(x) Tchebichef polynomial, 424
Uy(w, z) Lommel’s function of two

variables, 428

v

r® @), a2

VV(w, z) Lommel’s function of two
variables, 428

w

W #(z) Whittaker’s confluent hyper-
geometric function, 430

¥ @), a2
%# Fractional integral, 181
X

x8) @), azm
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g

YV(z) Bessel function of the
second kind, 426

g‘u Y -transforms, 95

(b)
2.7,

GREEK LETTERS

B (x, y) Beta function, 425

B x(p, q) Incomplete beta
function, 429

I'(z) Gamma function, 425

y(a x), I' (@, x) Incomplete
gamma functions, 431

{(s), {(z, a) Zeta functions, 426

00 ([T e505 04(v[r), Go(vlr), P Ga(v]r)
Theta functions, 446

u(x, a), 447

v(x), v(x, a), 447

D(z, s,v), 426

® (a; ¢; z) Confluent hypergeometric
series, 429

q)‘(...;x,y), e (I)B(...; x, y) Confluent
hypergeometric series of two
variables, 444 ff.

‘DZ(...; Z 5 eees zn) Confluent hyper-
geometric series of n
variables, 445

Y (z) Logarithmic derivative of the
gamma function, 425

\lf‘ (osss 29 ¥)s \PZ(...; x, y) Confluent
hypergeometric series of two
variables, 445

lpz (ooss 25 anay zn) Confluent hyper-
geometric series of n
variables, 445

451

£@), 426

E‘ (esis %5 ¥), EZ(...; %, y)
Confluent hypergeometric series
of two variables, 445

MISCELLANEOUS NOTATIONS

a
( ) binomial coefficient, 424

B
(a),= I'(a+ v)/T(@), 423 1.

C, y Euler-Mascheroni constant,
424

sgn x, 424

[x] largest integer <x

Re z real part of z (complex)

Im z imaginary part of z (complex)

lzl modulus of z (complex)

arg z argument (or phase) of z
(complex)

:F Cauchy Principal Value, 423



