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PREFACE

The concepts of noncommutative space-time and quantum groups have found
growing attention in quantum field theory and string theory. The mathematical
concepts of quantum groups have been far developed by mathematicians and
physicists of the Eastern European countries. Especially, V. G. Drinfeld from
Ukraine, S. Woronowicz from Poland and L. D. Faddeev from Russia have been
pioneering the field. It seems to be natural to bring together these scientists with
researchers in string theory and quantum field theory of the Western European
countries. From another side, supersymmetry, as one of examples of noncom-
mutative structure, was discovered in early 70’s in the West by J. Wess (one
of the co-Directors) and B. Zumino and in the East by physicists from Ukraine
V. P. Akulov and D. V. Volkov. Therefore, Ukraine seems to be a natural place to
meet.

Supersymmetry is a very important and intriguing mathematical concept
which has become a basic ingredient in many branches of modern theoretical
physics. In spite of its still lacking physical evidence, its far-reaching theoret-
ical implications uphold the belief that supersymmetry plays a prominent role
in the fundamental laws of nature. At present the most promising hope for a
truly supersymmetric unified and finite description of quantum field theory and
general relativity is superstring theory and its latest formulation, Witten's M-
theory. Superstrings possess by far the largest set of gauge symmetries ever found
in physics, perhaps even large enough to eliminate all divergences in quantum
gravity. Not only does superstring’s symmetry include that of Einstein’s theory of
general relativity and the Yang-Mills theory, it also includes supergravity and the
Grand Unified Theories.

One of the exciting new approaches to nonperturbative string theory involves
M-theory and duality, which, in fact, force theoretical physicists to reconsider the
central role played by strings in supersymmetry. In this revised new picture all
five superstring theories, which on first glance have entirely different properties
and spectra, are now seen as different vacua of a same theory, M-theory. This
unification cannot, however, occur at the perturbative level, because it is precisely
the perturbative analysis which singles out the five different string theories. The
hope is that when one goes beyond this perturbative limit, and takes into account
all non-perturbative effects, the five string theories turn out to be five different
descriptions of the same physics. In this context a duality is a particular relation
applying to string theories, which can map for instance the strong coupling re-
gion of a theory to the weak coupling region of the same theory or of another
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PREFACE iX

one, and vice versa, thus being an intrinsically non-perturbative relation. In the
recent years, the structure of M-theory has begun to be uncovered, with the es-
sential tool provided by supersymmetry. Its most striking characteristic is that it
indicates that space-time should be eleven dimensional. Because of the intrinsic
non-perturbative nature of any approach to M-theory, the study opimene
solitons, or more simply ‘branes’, is a natural step to take. The branes are extended
objects present in M-theory or in string theories, generally associated to classical
solutions of the respective supergravities.

Quantum groups arise as the abstract structure underlying the symmetries of
integrable systems. Then the theory of quantum inverse scattering gives rise to
some deformed algebraic structures which were first explained by Drinfeld as
deformations of the envelopping algebras of the classical Lie algebras. An analo-
gous structure was obtained by Woronowicz in the context of noncommutative
C*-algebras. There is a third approach, due to Yu. I. Manin, where quantum
groups are interpreted as the endomorphisms of certain noncommutative algebraic
varieties defined by quadratic algebras, called quantum linear spaces. L. D. Fad-
deev and his collaborators had also interpreted the quantum groups from the point
of view of corepresentations and quantum spaces, furnishing a connection with
the quantum deformations of the universal enveloping algebras and the quantum
double of Hopf algebras. From the algebraic point of view, quantum groups are
Hopf algebras and the relation with the endomorphism algebra of quantum linear
spaces comes from their corepresentations on tensor product spaces. The usual
construction of the coaction on the tensor product space involves the flip operator
interchanging factors of the tensor product of the quantum linear spaces with the
bialgebra. This fact implies the commutativity between the matrix elements of
a representation of the endomorphism and the coordinates of the quantum lin-
ear spaces. Moreover, the flip operator for the tensor product is also involved
in many steps of the construction of quantum groups. In the braided approach
to g-deformations the flip operator is replaced with a braiding giving rise to the
guasi-tensor category étmodules, where a natural braided coaction appears.

The study of differential geometry and differential calculus on quantum
groups that Woronowicz initiated is also very important and worthwile to investi-
gate. Next step in this direction is consideration of noncommutative space-time as
a possible realistic picture of how space-time behaves at short distances. Starting
from such a noncommutative space as configuration space, one can generalize
it to a phase space where noncommutativity is already intrinsic for a quantum
mechanical system. The definition of this noncommutative phase space is derived
from the noncommutative differential structure on the configuration space. The
noncommutative phase space igdeformation of the quantum mechanical phase
space and one can apply all the machinery learned from quantum mechanics.
If one demands that space-time variables are modules or co-modules @f the
deformed Lorentz group, then they satisfy commutation relations that make them
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elements of a non-commutative space. The action of momenta on this space is
non-commutative as well. The full structure is determined by the (co-)module
property. It can serve as an explicit example of a non-commutative structure for
space-time. This has the advantages thatgtiieformed Lorentz group plays

the role of a kinematical group and thus determines many of the properties of
this space and allows explicit calculations. One can explicitly construct Hilbert
space representations of the algebra and find that the vectors in the Hilbert space
can be determined by measuring the time, the three-dimensional distange, the
deformed angular momentum and its third component. The eigenvalues of these
observables form g-lattice with accumulation points on the light-cone. In a way
physics on the light-cone is best approximated by thgeformation. One can
consider the simplest version ofyjadeformed Heisenberg algebra as an example
of a noncommutative structure, first derive a calculus entirely based on the algebra
and then formulate laws of physics based on this calculus.

Bringing together scientists from quantum field theory, string theory and quan-
tum gravity with researchers in nhoncommutative geometry, Hopf algebras and
guantum groups as well as experts on representation theory of these algebras
had a stimulating effect on each side and will lead to new developments. In
each field there is a highly developed knowledge by experts which can only be
transformed to another field only by having close personal contact through dis-
cussions, talks and reports. We hope that common projects can be found such that
working in these projects the detailed technigues can be learned from each other.
The Workshop has promoted the development of new directions in the field of
modern theoretical and mathematical physics combining the efforts of scientists
from NATO, East European countries and NIS.

We are greatly indebted to the NATO Division of Scientific Affairs for funding
of our meeting and to the National Academy of Sciences of Ukraine for help in its
local organizing. It is also a great pleasure to thank all the people who contributed
to the successful organization of the Workshop, especially members of the Local
Organizing Committee Profs. N. Chashchyn and P. Smalko. Finally, we would
like to thank all the participants for creating an excellent working atmosphere and
for outstanding contributions to this volume.

Editors
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GAUGE THEORIES BEYOND GAUGE THEORY

JULIUS WESS

Sektion Physik der Ludwig-Maximilians-Unive&gitTheresienstr.
37, D-80333 Minchen, Germany

and

Max-Planck-Institut iir Physik (Werner-Heisenberg-Institut)
Fohringer Ring 6, D-80805 Minchen, Germany

1. Algebraic preliminaries

In gauge theories we consider differentiable manifolds as base manifolds and fi-
bres that carry a representation of a Lie group. In the following we shall show that
it is possible to replace the differentiable manifold by a non-commutative algebra,
ref. [1]. For this purpose we first focus our attention on algebraic properties. The
coordinates:’

', 2" e R, Q)
are considered as elements of an algebra Gv&unbject to the relations:
R: z'z/ —ziz' =0. 2

This characterizeR™ as a commutative space. The relations gener&tsided
ideal Iz. From the algebraic point of view, we deal with the algebra freely
generated by the elementsand divided by the idedlz:

C[[z,..., 2"

Iz )
Formal power series are accepted, this is indicated by the double bracket. The
elements of the algebra are the function®Rih that have a formal power series
expansion at the origin:

cL2t) € Ay, 4)
@) = 3 frma @) (@)
r;=0
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2 J. WESS

Multiplication is the pointwise multiplication of these functions.

The monomials of fixed degree form a finite-dimensional subspace of the alge-
bra. This algebraic concept can be easily generalized to non-commutative spaces.
We consider algebras freely generated by elemehts. . 2, again calling them
coordinates. But now we change the relations to arrive at non-commutative spaces:

Riz: [2%,47] =i0Y(2). (5)

Following L.Landau, non-commutativity carries a hat. Now we deal with the
algebra:

C<<al,...,on>>
Az = 7 : (6)

fG.Aj;.

In the following we impose one more condition on the algebra: the dimension
of the subspace of homogeneous polynomials should be the same as for com-
muting coordinates. This is the so called Poincare-Birkhof-Witt property (PBW).
Only algebras with this property will be considered, among them are the algebras
whered¥ is a constant:

Canonicabktructure, ref. [2]:

(&, 7] = i6", @)

wheref¥ is linear inz:
Lie structure, ref. [3]:

[, 29] = i0)) 7,

whered¥ is quadratic ing:
Quantum spacstructure, ref.[4]:

27, 47) = i) 2* !, ©)

The constant®,” and ¢, are subject to conditions to guarantee PBW. For
Lie structures this will be the Jacobi identity, for the quantum space structure the
Yang-Baxter equation. There is a natural vector space isomorphism betyeen
and A;. It is based on the isomorphism of the vector spaces of homogeneous
polynomials that have the same degree due to the PBW property.

In order to establish the isomorphism we choose a particular basis in the vec-
tor space of homogeneous polynomials in the non-commuting variabéesd
characterize the elements d&f; by the coefficient functions in this basis. The
corresponding element in the algebda of commuting variables is supposed
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GAUGE THEORIES BEYOND GAUGE THEORY 3

to have the same coefficient function. The particular form of this isomorphism
depends on the basis chosen. The vector space isomorphism can be extended to
an algebra isomorphism. To establish it we compute the coefficient function of the
product of two elements irl; and map it tad,,. This defines a product idg that

we denote as diamond produgt product). The algebra with this product we

call * A,. There is a natural isomorphism:

Az — YA, (10)

The three structures that we have mentioned above have an even stronger
property than PBW. It turns out that monomials in any well-defined ordering
of the coordinates form a basis. Among them is an ordering as we have used it
before or the completely symmetrized ordering of monomials as well. For such
structures we shall denote teproduct as * product (star product), ref. [5]. For
the canonicastructure we obtain the Moyal-Weyl * product, ref. [6], if we start
from the basis of completely symmetrized monomials:

(Fr9)(a) = "W fl)gtu)| an

[ &y 8@ = et f@)gw).

For the_Liestructure we can use the Baker-Campbell-Hausdorf formula:

k& ipd _ ilktpt3g(kp))-d. 12)
This definesy(k, p).

(f * g)(@) = 39035 £ (1) g(2)]y o (13)

zZ—T

For the quantunplane we consider the example of the Manin plane
Ty = qyz, (14)

_ 0 0
(fxg9)(x) = ¢ "3 f(z,y)9(z', ¥')| o
Yy =y

It is natural to use the elements‘fl, as objects in physics. Fields of a field
theory will be such objects.

d(z) € CA,. (15)

The product of fields will always be the * product. To formulate field equations
we introduce derivatives. On the algeb4a this can be done on purely algebraic
grounds. We have to extend the algeBtaby algebraic elements;, ref. [7]. A
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4 J. WESS

generalized Leibniz rule will play the role of algebraic relations.
Leibniz rule:

(0if9) = (0:f)g + Oi(HHdg R, (16)

From the law of associativity in4; follows that the operatio® has to be an
algebra homomorphism:

0i(f4) = Oj(f)0L(9). 17)

But we shall restrict the Leibniz rule by an even stronger requirement. The ideal
generated by th&k; ; relations has to remain a two-sided ideal in the larger

algebra generated tzfyandé. This leads to so called consistency relations.
Finally R4 4 relations have to be defined. As conditions we considerthe

subalgebra, demand PBW and derive consistency relations 'ng@] and the

Leibniz rule as before. Derivatives defined that way induce a map f#grno A;:

f € ACE ) (élf) € Aj;, (18)
(0if) = 0:f — OL()o.
This algebraic concept of derivatives has been explained in ref[] and applied
to quantum planes. Following the same strategy derivatives can be defined for the
canonical structure as well.

For the rest of this talk we will restrict ourselves to the canonical case only.
The Leibniz rule for the canonical case is the usual one:

(i‘i‘j = (51] + .ffj(i (29)

It satisfies all the consistency relations. As explained above, the derivatives induce
a map on the algebrd;:

feds:f— [0, f] € A (20)

This is the relation that we shall use to define derivatives on fields. For this purpose
we mapo to © A,.. From (20) follows that it becomes the usual derivative i, :

f(x) = 0if (). (21)
From the definition of the * product follows:
Oi(f xg) = 0if x g+ f  Oig. (22)

This is the Leibniz rule (20) when mapped to thd, algebra. As a consequence
of (20) we find that

& —i090; (23)
J
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GAUGE THEORIES BEYOND GAUGE THEORY 5

commutes with all coordinates. For invertitd8 this can be used to define the
action of the derivative entirely inl;

0; = —ib;;' /. (24)
Translated to th& A, algebra this implies:
i f(z) = —if; [« % f]. (25)
As a conseguence we derive
0j0k — 005 = =il Ry 4 (26)

This R4 4 relation satisfies all the requirements of (ref7).
To formulate a Lagrangian field theory we have to learn how to integrate.
Whereas it was easier to formulate derivatives on objectd oft is easier to

formulate integration on objects 8f4,,. For the canonical structure we define:

/f:/d"x fx), fedsfe CA,. 27)

This is a linear map of the algeby; into C
S : A; = C, (28)
S(erf + c2g) = Cl/f+62/§,

[ fa=[af.

This can be verified explicitely using the definition of the * product:

and it has the trace property:

[fra=[gr1= [ & sy (30)

For the quantum space structure the definition (30) for the integral does not have
the trace property. There is, however, a measure for the integration that leads to an
integral with the trace property.

[ = [deu@)i@ (31)

For the Manin plane we can verify explicitely that the measure

1

w(z,y) = o
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has this property.

In general we can construct Hilbert space representations of the algebra and
define the integral as the trace. This will lead to infinite sums that can be inter-
preted as Riemannian sums for an integral and lead to the respective measure for
the integration.

2. Gauge theories

Our aim is to formulate gauge theories. They will be based on a Lie algebra:
(7%, T = ifeb1e, (33)

In a usual gauge theorie dR" the fields will span a representation of the Lie
algebra and transform under an infinitesimal gauge transformation:

Sp0t(x) = i (x)Y(z). (34)
The transformation parameters are Lie algebra valued:
l(z) = o017 (35)
and consequently:
(040050 — 0300,0)1) = —(8%° — alB%)y
= i(a® x %) = Sp0x 501, (36)
¥ x 0 = agB)fETe.

covariant derivatives are defined with the help of a Lie algebra valued gauge field
a:

Diyp = (0; — iai)y, (37)

a; = aiTy,.
To obtain:

8,0t = ia’ Dy (38)
we have to demand:

da; = ;0 +i[a°, a;], (39)

0_ 0gb
0a;,q = Oiag — ap [0 .

To formulate a gauge theory on a non-commutative space we start withifietls
that are elements 6fA; and again span a representation of the Lie algebra (33).
We demand the transformation law:

Satp(z) = ia(z) * P(z) (40)

kievarwe.tex; 12/03/2001; 3:49; p.13




GAUGE THEORIES BEYOND GAUGE THEORY 7

in analogy to (34). But now we cannot demamdo be Lie algebra valued, we
shall assume it to be enveloping algebra valued:

afz) =l (z)T* +aly(z) : TT® : +--- + aZ;lan(a:) 2T T
(41)

This is in analogy to (35). We have adopted theotation for the basis elements

of the enveloping algebra. We shall use the symmetrized polynomials as a basis:

2T = T7, (42)
1
;Wﬁ::dwﬂ+ﬂwmw

In analogy to (36) we find
(5a5ﬂ - 5,35a)77/} = [a 3 5] * 1. (43)

Naturally, [« * 3] will be an enveloping algebra valued element of,,.

The unpleasant fact of the definition (41) of an enveloping algebra valued
transformation parameter is that it depends on an infinite set of parameter fields
a™(z). In physics we would have to deal with an infinite set of fields when
defining a covariant derivative, something we try to avoid. However, a gauge
transformation can be realized by transformation parameters that depend on
via the parameter field®(z), the gauge field; ,(z) and their derivatives only. In
the notation of egn (41) we have

agl...an+1 (ZL') = agl...an+1 (042(33), a?,a(x)7 810(2(37), s ) (44)
Transformation parameters that are restricted that way we shall dapete).
These parameters can be constructed in such a way that eqn (36) holds:

5a07>[)(a3) = iAaO(m)(m) *¢($)7
(5040550 — (5[30(50(0)1# = (5aoxﬁo¢, (45)
(@ x %0 = afBlfir.
This together with the * product is the defining equations for the gauge transfor-
mations. That such parametetgo(x) can be found is not obvious, it's rather a
miracle in our present understanding of such gauge theories. Their existence is a
consequence of the Seiberg-Witten map [2].

In the second variation ap we also have to account for the variation/ofo
as it depends oa; ,:

(000030 — 0300,0)1) = i(0g0Ag0 — goAn0) * ¥+ [Ago 5 Agy] %9, (46)
5a0><50¢ = iNgoxpo * P
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8 J. WESS

We shall construch 0 in a power series expansion@nTo illustrate the method
we expand\ o to first order ind
Aao = OégTa + GUA}XOJ/] + ... ) (47)

To be consistent we expand the * product in (46) also to first ordet amd
compare powers d. the #-independent term defineg’ x 3° as we have used
it in (45). This had to be expected, this order is exactly the commutative case. To
first order we obtain the equation:

0 (80 Mo ;; — Ogollo i) —i([a® Ao 5] — (48)

al,ij

— 8% AL ])) + %aiagaj,@,? (7T = 9 AL

aij aOx30,45°

This equation has the solution:

g 1 ..
0 Ngo i = 507 (Biag)ajp : TT" :. (49)
We see that\! is of second order in the generatdFsof the Lie algebra. The
structure of eqn (46) allows a solution wheX®, the term in (47) of orden — 1
in @, is a polynomial of orden in T'.

1 ..
Ago = alT° + 50" (0;0d)ajp : TOT": + ... (50)

In a next step in the formulation of a gauge theory we introduce covariant
derivatives. Eqn (24) shows that we can relate this problem to the construction of
covariant coordinates. We try to define such coordinates with the help of a gauge
field, in the same way as we did it for derivatives in egn (37):

Xt = 2+ Al(x), (51)
0a0 X %1 = iAo x X% 1p. (52)

This leads to a transformation law for the gauge fididx):
SA = —Z‘[xi *Ago] +i[Apo ¥ Ai]. (53)

We have to assume thalf’ is enveloping algebra valued but we try to make an
ansatz where all the coefficient functions only depend,gnand its derivatives:

Al(z) = AR (2)T® + AV} () : TOT : + ... (54)
+ AL ()

ai...an

AV" AZ’TL(CLZ"Q, 8%@, N )
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GAUGE THEORIES BEYOND GAUGE THEORY 9
Now we expand (53) i, demandA®™ to be a polynomial of orden in § and
solve eqn (53),
1
Vi(z) aj T — §Hl“al7a(8naj’b + Fojp 7T : + ..., (55)
Fnj,b = 8naj,b - 6ja'n,b + fgdan,cafj,d-

This together with (41) is known as Seiberg-Witten map for an abelian gauge
group. We have constructed it for an arbitrary non-abelian gauge group as well.
Covariant derivatives follow from (37)

D;xyp = (0; —iV;) x4, (56)
00D x1p = iAo *D; x 1.

We now proceed with the definition of tensors as in a usual gauge theory, keeping
in mind (27)

Fij = D; x Dj — D D; — if);;". (57)
The transformation law of the tensor is
50 F; = i[Ago % Fij. (58)
This can be verified from (53) and the definitionof
To first order ind we find:
Fyj = FijoT*+ 0" (FuoFjng —  (59)
1

5al,a(zanﬂj,b+awﬂ-j,dfe“‘)) . TeTh .4 (60)

We see that new “contact” terms appear in the field strefgth
A good candidate for a Lagrangian is

1 g
L= TrF;« FY. (61)

The trace is taken in the representation space of the genefatdhe Lagrangian
(61) is not invariant because the * product is not commutative:

5L = iTri[Aao ‘L. (62)

We know, however, that the integral has the trace property (31). This allows us to
define the invariant action:

1 ~
W= g / TtF, « FY (63)

1 g
1 /TrEjF”.
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10 J. WESS

This action depends on the gauge field, and its derivatives only. It can be
considered as a gauge-invariant object;if, transforms according to (39). this
implies thatl¥ satisfies the Ward identities.

a0y W = 0, (64)

0 . a 1)
5a°(z) = —ag(af) (Wfsd + aip() db> m-

The Lagrangian expanded to all order®jns a non-local object. It remains to be

seen if it is acceptable for a quantum field theory or if it has to be viewed as an
effective Lagrangian, ref. [8].
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Abstract. We observe that supersymmetries do not exhaust all the symmetries of the super-
manifolds. On a generalization of supermanifolds (catieetamanifoldg the “functions” form a
metaabelean algebra, i.e., the one for whiehy], z] = 0 with respect to the usual commutator.

The superspaces considered as metaspaces admit symmetries wider than supersymmetries. Conjec-
turally, infinitesimal transformations of these metaspaces constitliehenko algebrasvhich we

introduce as inhomogeneous subalgebras of Lie superalgebras. The Volichenko algebras are natu-
ral generalizations of Lie superalgebras being 2-step filtered algebras. They are non-conventional
deformations of Lie algebras bridging them with Lie superalgebras.

1. Introduction: Towards noncommutative geometry

This is an elucidation of our paper [31]. In 1990 we were unaware of [42] to
which we now would like to add later papers [14], and [2], and papers cited
therein pertaining to this topic. Observe also an obvious connection of Volichenko
algebras with structures that become more and more fashionable lately, see [22];
\Volichenko algebras are one of the ingredients in the construction of simple Lie
algebras over fields of characteristic 2, cf. [23]

1.1. The gist of idea To describe physical models, the least one needs is a
triple (X, F(X), L), consisting of the “phase spac&’, the sheaf of functions
on it, locally represented by the algebFg X') of sections of this sheaf, and a
Lie subalgebral. of the Lie algebra of of differentiations of (X) considered

* Instead of J. Naudts contribution by the editor S. Duplij's request

T D.L. is thankful to an NFR grant for partial financial support, to V. Molotkov, A. Premet and
S. Majid for help.
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§ serganov@math.berkeley.edu

kievarwe.tex; 12/03/2001; 3:49; p.20




14 D. LEITES, V. SERGANOVA

as vector fields onX. Here X can be recovered fromt'(X) as the collection
Spec(F' (X)), called thespectrumand consisting of maximal or prime ideals of
F(X). Usually, X is endowed with a suitable topology.

After the discovery of quantum mechanics the attempts to ref@ée) with
the noncommutative (“quantum”) algeh#abecame more and more popular. The
first successful attempt was superization [25], [5] the road to which was prepared
in the works of A. Weil, Leray, Grothendiek and Berezin, see [11]. It turns out that
having suitably generalized the notion of the tensor product and differentiation
(by inserting certain signs in the conventional formulas) we can reproduce on
supermanifolds all the characters of differential geometry and actually obtain a
much reacher and interesting plot than on manifolds. This picture proved to be
a great success in theoretical physics since the language of supermanifolds and
supergroups is a “natural” for a uniform description of bose and fermi particles.
Today there is no doubt that this is the language of the Grand Unified Theories of
all known fundamental forces.

Observe that physicists who, being unaware of [25], rediscovered super-
groups and superspaces (Golfand—Likhtman, Volkov—Akulov, Neveu—Schwartz,
Stavraki) were studying possibilities to enlarge the group of symmetries (or rather
the Lie algebra of infinitesimal symmetries) of the known objects (in particular,
objects described by Maxwell and Dirac equations). Their efforts did not draw
much attention (like our [25] and [31]) until Wess and Zumino [43] understood
and showed to others some of the whole series of wonders one can obtain by
means of supersymmetries.

Here we show that the supergroups are not the largest possible symmetries of
superspaces; there are transformations that preserve more noncommutativity than
just a “mere” supercommutativity. To be able to observe that there are symmetries
that unify bose and fermi particles we had to admit a broader point of view on
our Universe and postulate that we live on a supermanifold. Here (and in [31])
we suggest to consider our supermanifolds as paticular caseetaimanifolds
introduced in what follows.

How noncommutative should’(X) be? To define the space correspond-
ing to an arbitrary algebra is very hard, see Manin’s gloomy remarks in [33],
where he studies quadratic algebras as functions on “perhaps, nonexisting”
noncommutative projective spaces.

Manin’s idea that there hardly exists one uniform definition suitable for any
noncommutative algebra (because there are several quite distinct types of them)
was supported by A. Rosenberg’s studies; he managed to define several types of
spectra in order to interpret ANY algebra as the algebra of functions on a suitable
spectrum, see preprints of his two books [27], no. 25, and nos. 26, 31 (the latter be-
ing expanded as [35]). In particular, there IS a space corresponding to a quadratic
(or “quadraticizable”) algebra such as the so-called “quantum” deformétjan
of U(g), see [12].
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Observe that in [33] Manin also introduced and studied symmetries of super-
commutative superalgebras wider than supersymmetries, but he only considered
them in the context of quadratic algebras (not all relations of a supercommu-
tative suepralgebra are quadratic or quadraticizable). Regrettably, nobody, as
far as we know, investigated consequences of Manin's approach to enlarging
supersymmetries.

Unlike numerous previous attempts, Rosenberg’s theory is more natural; still,
it is algebraic, without any real geometry (no differential equations, integration,
etc.). For some noncommutative algebras certain notions of differential geome-
try can be generalized: such is, now well-known, A. Connes geometry, see [10],
and [34]. Arbitrary algebras seem to be too honcommutative to allow to do any
physics.

In contrast, the experience with the simplest non-commutative spaces, the su-
perspaces, tells us that all constructions expressible in the language of differential
geometry (these are particularly often used in physics) can be carried over to
the super case. Still, supersymmetry has, as we will show, certain shortcomings,
which disappear in the theory we propose.

Specifically, we continue the study started under Berezin’s influence in [25]
(later suppressed under the same influence in [5], [26]), of algebras just slightly
more general than supercommutative superalgebras, namely their arbitrary, not
necessarily homogeneous, subalgebras and quotients. Thanks to Volichenko’s the-
orem F (F is for “functions”, see [27], no. 17 and Appendix below) such algebras
are preciselynetaabeleamnes, i.e., those that satisfy the identity

[z, [y, z]] = 0 (here [+, ] is the usual commutator). (1.1)

As in noncommutative geometries, we think of metaabelean algebras as “func-
tions” on a what we will calmetaspace

Observe that the conventional superspaces considered as metaspaces and La-
grangians on them hawalditionalsymmetries as compared with supersymmetry.

1.2. The notion of Volichenko algebras Volichenko’s Theorem F gives
us a natural generalization of the supercommutativity. It remains to define the
analogs of the tensor product and study differentiation (e.g., Volichenko’s ap-
proach, se§3). We conjecture that the analogs of Lie algebras in the new setting
are Volichenko algebraglefined here as nonhomogeneous subalgebras of Lie
superalgebras.

Supersymmetry had been already justified for physicists when mathemati-
cians’ attention was drawn to it by the list of simple finite dimensional Lie
superalgebras: bar one exception it was discrete and looked miraculously like the
list of simple Lie algebras. Our list of simple Volichenko algebras is similar. Our
main mathematical result is the classification (under a technical hypothesis) of
simple finite dimensional (and vectorial) Volichenko algebras, see [40], [31].
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16 D. LEITES, V. SERGANOVA

Remarkably, Volichenko algebras are just deformations of Lie algebras though
in an entirely new sense: in a category broader than that of Lie algebras or Lie
superalgebras. This feature of Volichenko algebras could be significant for paras-
tatistics because once we abandon bose-fermi statistics, there seem to be too many
ad hocways to generalize. Our classification asserts that within the natural context
of simple Volichenko algebras the set of possibilities is discrete or has at most 1-
parameter (hence, anyway, describable!). It is important because it suggests the
possibility of associating distinct types of particles to representations of these
structures.

Our generalization of supersymmetry and its implications for parastatistics
appear to be complementary to works on braid statistics in two dimensions [15]
in the context of [13], see also [19]. We expect them to tie up at some stage.

Examples of what looks like nonsimple Volichenko algebras recently appeared
in another context in [2], [36], [42] and [14].

1.3. An intriguing example: the general Volichenko algebravgl,(p|q). Let
the spacé) of vgl,(p|q) be the space dfp + ¢) x (p + g)-matrices divided into
the two subspaces as follows:

boz{ﬁg};biz{g]g}. (1.3.1)

Herebj; is a naturahs-module with respect to the bracket of matricespfik € C
such thata : b = p € CP! and define the multiplicatiop; x h; — b, by the
formula

[X,Y] = a[X,Y]_ +b[X,Y], forany X,Y € b;. (1.3.2)

(The subscript- or + indicates the commutator and the anticommutator, respec-
tively.) As we sill see}y is a simple Wolichenko algebra for any b except for

ab = 0 when it becomes isomorphic to either the Lie algalifa + ¢) or the Lie
superalgebral(p|q). To show thabgl,,(p[g) is indeed a Volichenko algebra, we
have to realize it as a subalgebra of a Lie superalgebra. This is done in heading 2
of Theorem 2.7.

2. Metaabelean algebra as the algebra of “functions”. Volichenko algebra as
an analog of Lie algebra

2.1. Symmetries broader than supersymmetriesit was the desire to broaden
the notion of a group that lead physicists to supersymmetry. However, in viewing
supergroups as transformations of superspaces we consider only even, “statistics-
preserving”, maps: nonhomogeneous “statistics-mixing” maps between super-
algebras are explicitly excluded and this is why and how odd parameters of
supergroups appear, cf. [3], [11].

On the one hand, this is justified: since we consider graded objects why
should we consider transformations that preserve these objects as abstract ones
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but destroy the grading? It would be inconsistent on our part, unless we decide to
consider the grading or “parity” as one considers the electric charge of a nucleon:
in certain problems we ignore it.

On the other hand, if such parity violating transformations exist, they deserve
to be studied, to disregard them is physically and mathematically an artificial
restriction.

We would like to broaden the notion of supergroups and superalgebras to allow
for the possibility of statistics-changing maps. Soon after Berezin published his
description of automorphisms of the Grassmann algebra [4] it became clear that
Berezin missed nonhomogeneous automorphisms, but the complete description of
automorphisms was unknown for a while. In 1977, L. Makar-Limanov gave us a
correct description of such automorphisms (private communication). A. Kirillov
rediscovered it while editing [3], Ch.1; for automorphisms in presence of even
variables see [28].

Recall the answer: the generic finite transformation of a supercommutative
superalgebraF of functions inn even generators, ..., x, andm odd ones
01, ...,0n, is of the form (here,, is the parity ofm, i.e., eithel0 or 1)

— [(f; + % Firing, g, )+ z FlrEg, 0, 1(1+ Fi6y..6

0 — [(% 9705, By, ) F g5+ Zg“ 20,055, ) (1 + g)

(2.1)
where f;, F; and f;*~"*, and als.Og““'”’“+1 are even superfields, whereas

flte g andg’1 2k and alsog, F; are odd superfields. (A mathematician,
see [11], would say that the odd superfie{daderlined once) represent the pa-
rameters corresponding th-points with nonzero odd part of the background
supercommutative superalgebfa) Notice that oneg serves all thed;. The
twice underlined factors account for the extra symmetry-adis compared with
supersymmetry.

Comment When the number of odd variables is even, as is usually the
case in modern models of Minkowski superspace, there is only one extra func-
tional parameterg. Therefore, on such supermanifolds, tha&tion of a boson is
coordinate-free, whereas that of a fermion depends on coordinates

Summing up, (this is our main message totbader)

supersymmetry is not the most broad symmetry |of
supercommutativeuperalgebras

2.2. Two complexifications Another quite unexpected flaw of supersymme-
try is that the category of supercommutative superalgebramti€losed with
respect to complexification. It certainly is@ is understood naively, as a purely
even space. Declaring—1 to be odd, we maké& into a nonsupercommutative
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superalgebra. This associative superalgebra Bves denoted byQ(1;R), see
[26], [6]-

The complex structure given by an odd operator gives rise to a “queer” su-
peranalogue of the matrix algebi@(n; K) over any fieldK. Its Lie version, the
projectivization of its queertraceless subalgebra (first discovered by Gell-Mann,
Mitchel and Radicatti, cf. [9]) is one of main examples of simple Lie superal-
gebras, wherea(1) corresponds to one of the two cases of Schur's Lemma
for superalgebras. An infinite dimensional representatio® Of) is crucial in
A. Connes’ noncommutative differential geometry. In short, the odd complex
structure on superspaces is an important one.

How to modify definition of supermanifold to incorporate the above struc-
tures?

Conjecturally, the answer is to consider arbitrary, not necessarily homo-
geneous subalgebras and quotients of supercommutative superalgebras. These
algebras are, clearly, metaabelean algebras. But how to describe arbitrary metaa-
belean algebras? In 1975 D.L. discussed this with V. Kac and Kac conjectured (see
[26]) that considering metaabelean algebras we do not digress far from supercom-
mutative superalgebras, namely, every metaabelean algebra is a subalgebra of a
supercommutative superalgebra. Therefore, the most broad notion of morphisms
of supercommutative superalgebras should only preserve their metaabeleanness
but not parity. (SinceC, however understood, is metaabelean, we get a category
of algebras closed with respect to all algebra morphisms and complexifications.)

Volichenko proved more than Kac’ conjecture (Appendix). Namely, he proved
that any finitely generated metaabelean algebra admits an embedding into a uni-
versal supercommutative superalgebra and developed an analogue of Taylor series
expansion.

Until Volichenko’s results, it was unclear how to work with metaabelean alge-
bras: are there any analogues of differential equations, or integral, in other words,
is there any “real life” on metaspaces [26]? Thanks to Volichenko, we can now
consider pairs

(a metaabelean algebra, its ambient supercommutative superalgebra)

and corresponding projections “superspace metaspace” when we consider
these algebras as algebras of functions.

It is interesting to characterize metaabelean algebras whichuergentsof
supercommutative superalgebras: in this case the corresponding metaspace can
be embedded into the superspace and we can consider the induced structures
(Lagrangeans, various differential equations, etc.).

But even if we would have been totally unable to work with metaspaces which
are not superspaces, it is manifestly useful to consider superspaces as metaspaces.
In so doing, we retain all the paraphernalia of the differential geometry for sure,
and in addition get more transformations of the same entities.
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For example, it is desirable to make use of the formula (first applied by
Arnowitt, Coleman and Nath)

Ber X = exp str log X

which extends the domain of the berezinian (superdeterminant) to nonhomo-
geneous matricesX. Then we can consider the additional nonhomogeneous
transformations, like the ones described in (2.1). All supersymmetric Lagrangeans

admit metasymmetry wider than supersymmetry.

Remark. In mathematics and physics, spaces are needed almost exclusively to integrate over
them or consider limits in analytic questions. In problems where integration is not involved we
need sheaves of sections of various bundles over the spaces rather than the spaces themselves.
Gauge fields, Lagrangeans, etc. are all sections of coherent sheaves, corresponding to sections of
vector bundles. Now, almost 30 years after the definition of the scheme of a metaabelean algebra
(metavariety or metaspace) had been delivered at A. Kirillov’s seminar ([25]), there is still no
accepted definition of nice (“morally coherent” as Manin says) sheaves over such a scheme even
for superspaces (for a discussion see [8]). As to candidates for such sheaves see Rosenberg’s books
on nhoncommutative geometry [27], nos. 25, 26, 31 and [35])§&nd [8]. This§9 is, besides all, a
possible step towards “compactification in odd directions”.

2.3. A description of Volichenko algebras It seemed natural [26] to get for
Lie superalgebras a result similar to Wolichenko’s theorem F, i.e., to describe
arbitrary subalgebras of Lie superalgebras. Shortly before his untimely death
I. Volichenko (1955-88) announced such a description (Theorem A, here A is for
(Lie) “algebra”). In his memory then, ¥olichenko algebras a nonhomogeneous
subalgebrd of a Lie superalgebrg. The adjective “Lie” before a (super)algebra
indicates that the algebra is not associative, likewise the adjective “Volichenko”
reminds that the algebra is neither associative nor should it satisfy Jacobi or super-
Jacobiidentities. Thus, a Volichenko algebria a non-homogeneous subspace of
a Lie superalgebrgclosed with respect to the superbrackeg afiow to describe
b by identities, i.e., in inner terms, without appealing to any ambient?

Theorem. A (I. Volichenko, 1987)Let A be an algebra with multiplication
denoted by juxtaposition. Define the Jordan elements := ab + ba and Jacobi
elements/(a, b, ¢) := a(bc) + c(ab) + b(ca). Suppose that

(a) A is Lie admissible, i.e.A is a Lie algebra with respect to the new product
defined by the brackénot superbrackety, b] = ab — ba;

(b) the subalgebrd’”) generated by all Jordan and Jacobi elements belongs
to the anticenter oA, in other words

ax + xa = 0 for anyaeA(‘”), x € A;

(©) a(zy) = (az)y + z(ay) foranya € AV z y € A.

Then

(2) Any (not necessarily homogeneoussibalgebray of a Lie superalgebrg
satisfies the above conditiofe) — (c).

(2) If A satisfiega) — (c), then there exists a Lie superalgeBiae (A) such
thatA is a subsuperalgebra (closed with respect to the superbrackatjeofA).
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Heading (1) is subject to a direct verification.

Clearly, the parts of conditions (b) and (c) which involve Jordan (resp. Jacobi)
elements replace the superskew-commutativity (resp. Jacobi identity). Condition
(a) ensures that is closed inSLie(A) with respect to the bracket in the ambient.

Discussion If true, Volichenko’s theorem A would have disproved a pes-
simistic conjecture of V. Markov cited in [26fhe minimal set of polynomial
identities that single out nonhomogeneous subalgebras of Lie superalgebras is
infinite. 1. Volichenko did not investigate under which conditions a finite di-
mensional Volichenko algebrad can be embedded into a finite dimensional Lie
superalgebrg; which is, perhaps, the quotient 8f.ie(A) modulo an ideal.

Volichenko’s scrap papers were destroyed after his death and no hint of his
ideas remains. Several researchers tried to refute it and A. Baranov succeeded. He
showed [1] that Volichenko’s theorem V is wrong as stated: one should add at least
one more relation of degree 5. First, following Volichenko, Baranov introduced
instead ofJ(a, b, c) more convenient linear combinations of the Jacobi elements

jla,b,c) =la,boc]+[b,coal+ [c,aob] for a,b,c e A.

Then Baranov rewrote identities (a)—(c) in the following equivalent but more
transparent form (i)—(v):

() [a, [b, )] + [b, [e, al] + [c, [a, )] = O;

(i) aoboc=0;

(iii)) j(a,b,c) od = 0;

(iv) [aob,cod] =[aob,clod+ [aob,d]oc;

W) [4(a,b,c),cod] = [j(a,b,c),c]od+ [j(a,b,c),d] oc.

Baranov’s new identity independent of (i) — (v) is of degree 5 and is somewhat
implicit; it involves 49 monomials and no lucid expression for it is found yet.

True or false, Volichenko’s theorem A does not affect our results, since we do
not appeal to an intrinsic definition of Volichenko algebras.

2.4. On simplicity of Volichenko algebras As we will see, the notion of
Volichenko algebra is a totally new type of deformation of the usual Lie algebra.
It also generalizes the notion of a Lie superalgebra in a sence that the Lie super-

algebras ar& /2-graded algebras (i.e., they are of the fayre & g; such that
i=0,1
[9i,9;] C gi+;) whereas Volichenko algebras are only 2-step filtered ones (i.e.,
they are of the fornh = @ b; asspacesandh; is a subalgebra. There are,
i=0,1
however, several series of examples when Volichenko algebrag /@rgraded
(e.9.,0gl,(plq))-

Hereafterg is a Lie superalgebra ovél andh C g a subspace which is not a
subsuperspace closed with respect to the superbragketam notations of simple
complex finite dimensional Lie superalgebras, the list of known sirfipigaded
infinite dimensional Lie superalgebras of polynomial growth cdéeandRR, and
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their gradings see [20], [38], [27], [37], [30]. A Volichenko algebra is said to be
simpleif it has no two-sided ideals and its dimensiog4dl.

Remark. P. Deligne argued that for an algebra such as a Volichenko one, modules over which
have no natural two-sided structure, the above definition seems to be too restrictive: one should
define simplicity by requiring the absencemfe-sideddeals. As it turns out, none of the simple
\olichenko algebras we list in what follows has one-sided ideals, so we will stick to the above (at
first glance, preliminary) definition: it is easier to work with.

Lemma. For anysimple Volichenko algebrd, b C ¢, there exists aimple
Lie subsuperalgebraC ¢’ that containg.

So, we can (and will) assume that the ambigmif a simple Volichenko al-
gebra is simple. In what follows we will see that under a certain condition for a
simple Wolichenko algebrgits simple ambient Lie superalgelyras unique. here
is this condition:

2.5. The “epimorphy” condition. Denote byp; : g — g;, Wwherei = 0, 1,
the projections to homogeneous components. A Volichenko aldetrg will be
calledepimorphidif py(h) = gg5. Not every Volichenko subalgebra is epimorphic:
for example, the two extremes, Volichenko algebras with the zero bracket and free
\olichenko algebras, are not epimorphic, generally. All simple finite dimensional
Volichenko algebras known to us are, however, epimorphic.

Hypothesis Every simple Volichenko algebra is epimorphic

A case study of various simple Lie superalgebras of low dimensions reveals
that they do not contain non-epimorphic simple Volichenko algebra. Still, we can
not prove this hypothesis but will adopt it for it looks very natural at the moment.

Lemma. Leth C g be an epimorphic Volichenko algebra afid gz — g7 a
linear map that determinés i.e.,

h=bs:={a+ f(a) | a runs over gz}.

Then

1) f is al-cocycle fromC* (gg; 61);

2) f can be uniquely extended to a derivationgafalso denoted byf) such
that f (f(go)) = 0.

Example. Recall, that the odd elememntof any Lie superalgebra is called a
homologicone if [z, z] = 0, cf. [41]. Letz € g; be such that

[z, 2] € C(g), (2.5.1)

whereC(g) is the center ofi. Clearly, the magf = ad (z) satisfies Lemma 2.4 if
x satisfieq2.5.1), i.e., is homologic modulo center.
A homologic modulo center elememntwill be said toensure nontriviality(of
the algebra
hz = {a + [a,z] | a runs over gg}) (2.5.2)

[[gf)?x]’ [g(),.’L‘H # 0,
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i.e., if there exist elements b € gy such that
[la, z], [b, %] # 0. (2.5.3)

The meaning of this notion is as follows. Letb € b, a = ag + a1, b = by + by,
wherea; = [ao, ], b1 = [bo, z] for somexz € g;7. Notice that forz satisfying
(2.5.1) we have

[[a1,b1],z] = 0. (2.5.4)

If (2.5.3) holds, we have

[a, b] = [ao, bo] + [al, bl] + [CLQ, bl] + [al, bo] = ([ao, bo] + [al, bl]) + Hao,é)o], :C])

2.5.5
It follows from (2.5.4) and (2.5.5) that if is homologic modulo center, théy
is closed under the bracket gfif this x does not ensure nontriviality, thég is
just isomorphic tgyg.

In other words, an epimorphic Volichenko algebra is a deformation of the Lie
algebragg in a totally new sence: not in the class of Lie algebras, nor in that of Lie
superalgebras but in the class of Volichenko algebras whose intrinsic description
is to be given. (To see that an epimorphic Volichenko alg@éhres a result of a
deformation of sorts, multiply by an even parametet, If ¢t were odd, we would
have obtained a deformation gf in the class of Lie superalgebras.)

Remark. It is easy to show making use of formula (2.5.5) why it is impossible
to consider any other (inconsistent with pari#)2-grading (call itdeg) of g and
deform in a similar way the Lie subsuperalgebra of elements of degree 0 with
respect taleg.

Any epimorphic Volichenko algebra, C g is naturally filtered: it contains as
as subalgebra the Lie algebran (z) = {a € g5 | [z, a] = 0}.

Problems 1) We have a sandwich: between Hopf (super)algelirgs,,)
and U (g), a non-Hopf algebral/(h) (the subalgebra o/ (g) generated by),
is squeezed. How to measure its “non-Hopfness”? This invariant seems to be of
interest.

2) It is primarily real algebras and their representations that arise in applica-
tions. So what are these notions for Volichenko algebras?

We do not know at the moment the definition ofrepresentation of a
Volichenko algebraeven for epimorphic ones. To say ‘fapresentation of a
Volichenko algebras a through map: the composition of an embedding g
into a minimal ambient and a representatipr— gl(1/)” is too restrictive: the
adjoint representation and homomorphisms of Volichenko algebras are ruled out.

3) If we abandon the technical hypothesis on epimorphy, do we obtain any
simple Volichenko algebras? (Conjecture: we do not.)

4) Describe Volichenko algebras intrinsically, via polynomial identities. This
seems to be a difficult problem.
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5) Classify simple Volichenko subalgebras of the other known simple Lie
superalgebras of interest, e.g., of polynomial growth, cf. [16], [17].

2.6. Vectorial Volichenko superalgebras For a vector fieldD = Y f.0,
fromvect(m|n) = verClz, 6], define itsnverse ordemwith respect to the nonstan-
dard (ifm # 0) grading induced by the grading &fz, 6] (for whichdeg x; = 0
anddeg 0; = 1 for all + andj) andinv.ord(f;) is the least of the degrees of
monomials in the power series expansioryaf

There are two major types of Lie (super)algebras and their subalgebras: the
ones realized by matrices and the ones realized by vector fields. The former ones
will be refered to as matrix ones, the latter ones as vectorial algebras.

2.6.1. Lemma Leth C g be a simple epimorphic vectorial Volichenko
algebra, i.e., a subalgebra of a simple vectorial Lie superalgebra. Then in the
representatiorh = by we havef(-) = [, x|, wherexz is homologic and
inv.ord(z) = —1.

2.6.2. Lemma Let G be the Lie group with the Lie algebgg, let Gy be the
Lie group with the Lie algebrg, of linear vector fields with respect to the stan-
dard (see [37]) grading; letut Gy be the group of automorphisms @f. Table
2.7.2 contains all, up tdAut Gy)-action, homologic elements of the minimal
inverse order in the vectorial Lie superalgebras. In particulagdat’ (2n) there
are none.

2.7. Theorem A simple epimorphic finite dimensional Volichenko algebra
h C g can be only one of the following = 4., where:

1) x is an element from Tabl&7.2 or an element from Tabf27.1 satisfying
the condition ensuring non-triviality i # psq(n);

2) if g = psq(n), then eitherc is an element from Tabf2.7.1 satisfying the
condition ensuring non-triviality ar = antidiag (X, X), where

X = diag (al,, bl,,—p,) with ap + b(n — p) = 0.

Now, the final touch:
Proposition. Simple epimorphic Volichenko algebras from Tablef have
no one-sided ideals.
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Table 2.7.1. Homologic elementsr and the condition when x ensures
nontriviality of h for matrix Lie superalgebras g

x
(when doesz ensure nontviiality)

sl(mln),m <mn z} = antidiag(B, C), whereB = diag(1,,0)
C = diag(0,14) (p,¢>0,p+q<m)

psl(n|n) ‘ same as fosl(n|n) and alsantidiag(1,,1,) (as abowe)

osp(2m|2n) the image of the above}, € sl(m|n) C osp(2m|2n)
2p < min (m,n) (p > 0)

osp(2m + 1|2n) the image of the above
under the embeddingsp(2m|2n) C osp(2m + 1]2n)

spe(n) antidiag(B, C'), whereB = diag(1p, 0n—p),
C = diag(On-24,J2q), P+2¢ < n (p,q > 0)

psq(n) antidiag(X, X),

whereX = diag(J2(0), ..., J2(0),0,...,0)
with k-manyJ2(0)’s, where

J2(0) = antidiag (1,0),2k < n (k > 0)

ag,, abs, the root vector correspondirtg
0sp(4/2; o) an isotropic (odd) simple roghever)

In Table 2.7.2 we have listed not only homologic elements — that is to say
\olichenko subalgebras — of finite dimensional simple Lie superalgebras of vec-
tor fields but also simple Volichenko subalgebras of all nonexceptional simple Lie
superalgebras of vector fields, for their list see [30].

Table 2.7.2. Homologic elements: of minimal inverse order in simple Lie
superalgebrasg of vector fields

vect(m|n), wheremn # 0,n > 1orm = 0,n > 2;

svect(mn), le(n), sle’(n) forn > 1

€(2m + 1|n), wheren > 1

b(2m|n), wheremn # 0,n > 1 andsh(n),n > 3 9 and - + v/~ 155~

|
| |
| |
‘ m(n),n > 1,andsmy(n), A #0,n > 1 My and M4, ...9,,, fOr smy(2k) ‘
| |

svect(0[2n + 1),n > 1 and(1 + t02...0241) 55-,t € C
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3. Appendix. Volichenko’s theorem F and elements of Calculus on
matamenifolds

3.1 In what follows all the algebras are associative with unit over a ff€ld
char K # 2. We will deal with two important Pl-varieties of algebras (the
varieties singled out by polynomial identities):

— the varietyC of supercommutative superalgebras;

—the varietyG generated (by tensoring and passing to quotients) by the Grass-
mann algebra\(oo) of countably many indeterminates (its natufal2-grading
ignored).

The varietyG plays a significant role in the theory of varieties of associative
algebras ([21]). It is known that ithar K = 0 it is distinguished by the identity
(1.2). If char K # 0, the identityX? = 0 should be added.

I. Volochenko wrote: “As pointed out by D. Leites [26], in the conventional
supermanifold theonjt seems too restrictive that not all subalgebras or quotients
of superalgebras are considered as algebras of functions on supermanifolds but
only the graded (homogenous) ones. It is tempting to construct a variant of Calcu-
lus which enables one to operate with arbitrary subalgebras, ideals and quotients.
... Definition of the category of topological spaces ringed by such general algebras
is obvious, cf. [25], where the algebraic case is considered

It remained unclear, however, how to uniformly describe such algebras. For
instance, do they constitute a variety? Leites recalls a conjecture of Kac (1975)
that such algebras areetaabeleani.e., satisfy the identity1.1). The conjecture
is a well-known fact of the theory of varieties of associative algebras, cf. [24].
From the context of [25], however, it is clear that the actual problem is, first of
all, how to describe a variety of not necessarily homogeneous subalgebras which
a priori can be less thag.

Actually, I will not only prove that any algebr@ € G can be embedded into
a commutative superalgebra but will also prove the existence of a universal (in a
natural sence) enveloping algelifa(G) from the clas€ of all the supercommu-
tative superalgebras and give an explicit realizatioti@fG). Therefore, we can,
in principle, reduce the study of homomorphisms of algebras fgota that of
their enveloping superalgebras fran

I hope that this is (at least partly) an answer to Leites’ questiam towork
with algebras frong; and the corresponding ‘supermanifolds’

3.2 Let K¢[X, Y] be the algebra determined by the system of indeterminates
X UY = (Xi)ier U (Yj)jes and relations

Xiy Xip — Xy Xiy =0, X3V —Y;X; =0, YY), +Y;,Y;, =0

fori,i1,i2 € I,andy, j1, j2 € J. This algebra possesses a natural papityX;) =
0,p(Y;)=1foriel,je J.
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Let I = J; let Kg[Z] be a non-graded subalgebrafiiz [ X, Y] generated by
all the elements; = X; +Y; (¢ € I).

Statement Kg[Z] is a free algebra in the variety and the elementg;

(i € I) are its free generators. In other words, #4[T| be a free associative
algebra with free generatoty, Ts, . ... If f(Z1,...,Z,) = 0in Kg[Z] for some
f(I,...,T,) € KA[T], thenf(ay,...,a,) = 0foranya,,...,a, € Kc[X,Y].

3.3 Setd = ZIY%

i€

Statement The polynomialf (X,Y) € K¢[X,Y] belongs toKg|[Z] if and
only if df = fi, or, equivalentlydf; = f7.

3.4. A relation between ideals of{;[Z] and K¢[X, Y.

Statement Let A be an ideal of(g[Z] andA the ideal ofK[X, Y| generated
by A U Az = {fos, fi: feA} ThenA N Kg[Z] = A.

Now, letG' = G ® G7 be alinear superspace, where eéghs a copy of our
algebraG from G. Consider the subalgebfég[G] C K¢[G] generated by all the
elementsy; + g7, whereg € G. Clearly, K¢[G] ~ K¢[X,Y], whereX andY
are bases i’ andGy, respectively, and;[G] ~ Kg[Z]. ThenG is isomorphic
to the quotient of{g[Z] modulo the ideald generated by all the elements of the
form

(90 + 91)(hg + h1) — ((gh)g + (gh)1) -
The universalC-enveloping of5 is the quotientU¢[G] of K¢ [G] modulo the
ideal A generated by the elements of the form

gohis + 91h1 — (gh)g, gohi + g91hg — (gh)1 -

Any elementg € G is identified with the image of; + g7 under the canonical
epimorphismK¢[G] — U¢[G].

In K¢[G], same as ik¢[X, Y], there is defined the derivatiod(gg) = g1,
d(g1 = 0 for anyg € G. Since A is d-invariant, it follows thatd induces a
canonical derivation oF/¢[G] which we will also denote by.

Proposition. The elemeny of U¢[G] belongs tdG if and only ifdfs = f;.

3.5. An explicit description of the supercommutative envelope: Theorem
F. The universal-envelopingUq(G) of the algebraG of G is isomorphic to

the supercommutative superalgeBra- G(*) & Qéﬂ ny whose even component

G™) isG considered with the Jordan producty = 1 (zy-+yz) and the odd com-

ponenty, ., Jc considered as &™) -module is the module of differentials, i.e.,

the quotient of the fre&*)-module with basi¢dz),cc modulo the submodule
generated by

d(x +y) —dx — dy, d(x oy) — xdy — yd for z,y € G, and de for ¢ € C,

whereC be the subalgebra (with unit) & and inG*) generated by the elements
of the form[z, y] for x,y € G.The product of odd elements is determined by the
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formula

1
dx'dyzi[

3.6. The Taylor formula. Hereafterchar K = 0, the set of indiceg is either
Nor{1,2,...,n}. Forarbitraryci, ..., ¢, € Kg[Z] (p € N) set
1

symm(cy, ... ,cp) = —~ Z Co(1) - - - Ca(p)-
p: o€Sp

z,y] (z,y €G).

The expressions of this form will be called @amonomial(in ci,... ,cp).
Determine also an-monomiain cy, . .. , coq by setting

alt(cl, e CQq ' Z 31gn7- 7.(2(1) =2 [Cl, CQ] e [ngfl, ng].
: TES2q

(The last equality is a nontrivial statement.) Lidtbe the set of all the pairs of the
formm = («, ), where

a=(ag,...,ap), 00 <...<ap o€l for 1<v<p

B={B1,-.. P}, B1 <...< P2, Buel for 1 <p<2q.
In these notations for an arbitrary famity= (¢;);c; of elements fronkg[Z] set

™ = symm(cay,- - ,Cap)alt(cs,, ... Cay,) -

The elements of the formd™ (m € M) will be calledsa-monomialén ¢; (i € I).
Proposition Thesa-monomialsZ™ (m € M) constitute a basis dfg|[Z].
Set

g 0
0Z; 0X; 0Y;
and for an arbitraryn € M set

(iel)

ﬁ_s mm( 4 0 )alt( 0 0 )
ozm ~ VN 07, 0Za, 0Zs"" " 0Zs, )

Hereafter we assume that= {1,2,... ,n}. Form = («, 3) setd(m)
and letm! = (—1)%(™q,!. . .d,!, whered; is the degree oa‘ymm( s
in Z; (i e I).

Theorem (The Taylor series expansiorkpr an arbitraryf(Z) € Kg|Z] and
an arbitrarya = (a1, ... ,a,) € K™ we have

=4q
Za,)

2=y, O g gy
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TENSIONS IN SUPERGRAVITY BRANEWORLDS

KELLOGG STELLE*
Theoretical Physics Group, Imperial College. London SW7 2BW,
UK

Abstract. We show how the Randall-Sundrum geometry, which has been proposed as a scenario
for the universe realized as a 3-brane embedded in a 5-dimensional spacetime, arises naturally as an
S® dimensional reduction of a supersymmetric 3-brane of type I1B supergravity. However, a closer
inspection of theD = 10 delta-function sources for this solution reveals a more complex situation:

in addition to the anticipated positive and negative shells of 3-brane source, there is also a non-brane
stress-tensor delta-function. The latter singularity may be interpreted as arising from a patching of
two discs of D = 10 spacetime coincident with the inner and outer brane locations.

The idea that our universe might be realized as a 3-brane embedded in a
higher-dimensional spacetime has been considered at various times in recent
years [1-5]. In the context of string duality, it was specifically the construction
of Hofava and Witten [6, 7] realizing heterotic to M-theory duality via an orbifold
compactification that set a pattern for this scenario. In particular, one may obtain
a 3-brane solution to M-theory reduced on a Calabi-Yau manifold down to five
spacetime dimensions [8—10]. This solution has parallel 3-brane universes facing
each other across a transverse fifth dimension, located at the fixed planes of the
Horava-WittenS*! /Z, orbifold. The 3-branes are magnetically charged and satu-
rate a BPS bound, so are supersymmetric. The solution is supporte® by &
scalar field which has a higher-dimensional interpretation as the volume modulus,
or “breathing mode” of the compactifying space. This scalar field acquires a po-
tential as a result of 4-form fluxes being turned on in the compactified dimensions.
The dimensional reduction is thus an example of a generalized (aka Scherk-
Schwarz) reduction with non-trivial field strengths turned on in the compactifying
space.

Interestin such pictures became very much heightened when Randall and Sun-
drum showed [11, 12] that in such a brane-world universe, gravity could behave
as if it were effectively 4-dimensional even though the distance between the two
3-branes might be taken to infinity, provided the bulk geometry near the brane we
live on is aD = 5 anti de Sitter space. Specifically, a model was consideraid

* k.stelle@ic.ac.uk
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involved two segments of a pure AgiSpacetime patched together,

2 =2 2
dsy =e L dxt'dr, + dz D

with a “kink” at z = 0 corresponding to a positive-tensiédunction stress-tensor
source. In Ref. [12] it was shown that this gives rise to a “binding” of gravity to the
D = 5 spacetime region near the (3+1) dimensional braneworld, with an effective
Newtonian gravitational potential plus eventual measurable corrections,

Vgrav ~ ; . (2)

It was the potential measurability of these corrections to Newtonian gravity that
attracted such strong attention within the scientific community.

No specific supergravity realization of such a construction was given, although
clearly it seems natural to try to embed the RS braneworld infb-a 5 dimen-
sional reduction of type IIB supergravity. Realizing the RS brane in a supergravity
context ran into certain difficulties, however, primarily concerning the behavior of
the scalar field that would need to be used to support the 3-brane solution. No
known scalar field in any of the dimensionally-reduced version® of 5 su-
pergravity has the properties needed to flow correctly to a fixed point at locations
far from the RS brane, and this was encoded in a “no-go theorem” [13, 14]. As
is frequently the case with no-go theorems, however, the main result may be to
direct attention towards the underlying assumptions that need to be relaxed. The
key one in this case concerns the nature of the supporting scalar.

Even before the Randall-Sundrum work on our universe as a braneworld em-
bedded in & = 5 spacetime, a general study had been made [15] of the spherical
dimensional reductions of various supergravity theories and of the branes and
domain walls that exist in these reduced theories. For the specific case of the
S5 reduction of type IIB supergravity down tB = 5, it was shown that the
familiar D3-brane geometry ab = 10 type 1IB theory dimensionally reduces
to a 3-brane inD = 5, supported by the “breathing mode” scalar modulus that
determines the volume of the compactifyi®§. This works in a very similar
way to the breathing-mode supported 3-brane in the Calabi-Yau reduction of M-
theory [8-10]. It should be noted, however, that the breathing mode f&®an
reduction does not itself belong to the massless supergravity multiplet. Instead, the
breathing mode belongs to a massive spin-two multiplet, as is appropriate, since
the dimensional reduction turns on a flux in the interfaldirections, and this
gives the breathing mode a scalar potential that allows this mode to support a
3-brane solution. Without this potential, the breathing mode could not support a 3-
brane solution. But the massive character of this mode places it outside the class of
modes normally considered il = 5 compactifications of supergravity theories.
The importance of this mode for realizing the Randall-Sundrum braneworld as a
supergravity construction was recognized in Refs [16, 17], although a main focus
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was still on the difficulty of realizing RS geometries as a fully “smoothed-out”
solitonic solution.

To see how a construction analogous to the M-theory 3-brane solution can be
made inS° reduced type IIB theory, consider a simplified theory just retaining the
D = 10 metric and the self-dual 5-form field streng‘tﬁ5],

1
Ry, = %(Hm)iu
HP = *Hy  dHp =0, 3)

where the equations of motion for the five-form are implied by the Bianchi identity
dH = 0 taken together with théf5; = *H[5 duality relation. Dimensionally
reducing onS®, one makes the Kaluza-Klein ansatz

dsly = €**¥ds3 + e*¢ds*(S°) 4)
H[5] = 4m€8aw8[5] —{—4m5[5}(55) (5)

1 /5 —3a
‘= 4\/; b=—5
This reduction yields thé = 5 bosonic theory

16y

L5 =eR— %e@ugoa“go — 8m?ee®™ 4 Rsee” 5 + more (6)

where the terms represented by “more” include bosonic fields that are not relevant
for the 3-brane solution, plus all the fermions. Note that there are two potential
terms in (6): the one with coefficient8m? comes from thef 5 fluxes turned on
in the reduction ansatz (5), while the one with the coefficigntomes from the
Einstein-Hilbert action in the five compactified directions, sis€ds not Ricci-
flat. The coefficient?s is equal to the constant Ricci scalar of the intersial

The presence of two potential terms in (6) with opposite signs enables a partic-
ularly simple and maximally symmetric solution to the= 5 reduced theory. In
this case, one can find a solution with a constant breathing-mode gcalap,,
with

24apx R5
e 5 f—
20m?

Solving thisD = 5 Einstein equation with a cosmological term, one finds the
AdS; x S5 “vacuum” of theS® compactified theory. The existence of this vacuum
makes this a simpler situation than the one obtained in M-theory reduced on a
Calabi-Yau manifold, where only a single potential term is obtained, and where
no maximally-symmetric solution iy = 5 is found.

In addition to the Ad$ x S° solution (7), one can also search for brane so-
lutions with less symmetry, but which tend asymptotically in appropriate regions

R, = —4m2680‘¢*guy . (7
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to the above solution. Before pursuing this search, let us make a small change
to the reduction ansatz (5) which is frequently made when considering domain-
wall solutions (.e. for codimension-one branes). The original type IIB theory in

D = 10 has az, symmetry (actually, it is just a discrefe = 10 proper Lorentz
transformation) that couples an orientation-reversing transformation oS’the
coordinates together with a sign flip on one of the loker 5 coordinates, say

y — —y. This symmetry is broken by the original ansatz (5), but will be restored

if one generalizes the ansatz by inclusiorédtinctions ¢(y) = 1 for y > 0 and

O(y) = —1fory < 0):

Hp) = 4m9(y)680‘“’5[5] + 4m9(y)5[5](5’5) . (8)

Note that both terms in (8) need to havkinctions in order to satisfy thH 5 self-
duality condition in (3). With this modified ansatz, one has traded in translation
invariance in they coordinate for this preservet, symmetry. Although the field
strengthH |5 is discontinuous in (8), the underlying four-form gauge potentja|
can still be continuous. We shall adopt a basic boundary condition requirement of
continuity for the metric and the gauge potentials at such “kink” locations.
Adopting the ansatz (8) and searching for a domain-wall solution, one finds
the following [15]:

ds? Adatdz¥ n,, + 2P dy?

= 6_3261H%+62H%

790
H=e Vs +kly|

14

b2 == j:iigg'v 5}%5 . (9)
Of the sign choices allowed in (9), we shall pigk > 0, b < 0 in order to
ensure reality of the metric and to permikta— 0 limit so as to recover the pure
AdS Randall-Sundrum bulk spacetime [18]. We shall also choose the integration

Ton
constantp so thatH (0) > H, = e Vis and we shall take the slope parameter
k to be negative. Then the “kink” at = 0 faces downward, so that the function
H(y) reachedd, at some finite valug... The solution (9) may then be considered
to be a “semi-interpolating soliton” in the sense that, although the goiat0 at
which the domain-wall kink is located is not nulle. not a horizon, the solution
evolves as one moves away fragn= 0 through either positive or negative
values towards the AdSx S° vacuum solution (7) ay = y.. With the “kink-
down” structure selected here, the surfacg at 0 corresponds to an extended
object of positive tension.

The solution (9) is a fully supersymmetric solution, despite its kink singularity.
The bulk geometry admits a 16-component Killing spinor, since it is none other
than the regular D3-brane geometry of type 11B theory. MoreoverZhavariant
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structure of (9) is precisely what is needed for the Killing spinor equation to be
valid at all points, including at the kink locatign= 0, with a continuous Killing
spinor. The flip of sign in the 5-form flux value as given in the modified Kaluza-
Klein ansatz (8) is essential for the Killing spinor equations to be solved in this
way.

The positive-tension nature of the = 0 surface and the approach to the
AdS; x S° vacuum solution af, suggests that one should be able to take a limit
of the solution (9) and obtain the Randall-Sundrum spacetime [18]. This limit
needs to be taken conjointly in both the integration constaptand k. We let

Hy=e Vs = H, + (|k| and then take the limit — 0_. In this conjoint limit,
factors ofk—! cancel against factors &f and the limiting metric becomes

2 1 L?  dy? 20m? \ °
ds* = —=(8 — |y|) 2datda" ny, + — 0, L=m"! ..
mAdE o T 16 (B — [yI)? 7s
(10)
This solution is a patchel = 5 anti de Sitter space with the horizomat v, =
+4. To recognize it in a more standard form, make a final coordinate change:

~4)g| . o o .
B — |yl = Be 1, thus obtaining Ad$spacetime in Poincéarcoordinates:

2 _ =2l v 9
ds® =e L dxt'dz"nu, +dy” . (12)

Let us now consider how this Randall-Sundrum metric has been successfully
obtained as a solution of type IIB supergravity theory, despite the apparent impli-
cations of the various “no-go” theorems for the necessary scalar flows [13, 14].
Consider a theory consisting of gravity coupled to a scalar fiekdth a potential

V(¢):

L=e[R—3V,.6V'6—V(9)], (12)
where the minimum of the potential is taken to occupat ¢y. Then expand
V() neargy: V(¢) = —12¢% + $u2(¢ — ¢o)? + . .. (the constany is chosen to
make the AdS curvature equaltg®(gampgng — gmognp)- Writing the metric
asds® = AW dztdzVn,, + ¢2BWdy? and solving the Einstein equations up to

linear order ing, one findsA(y) = +gy. Then one finds for stati¢(y) nearg,
the approximate field equation

¢" £ 494 — p?p~0. (13)
This equation has two solutions:

¢ ~ ¢o+ ce FoAW (14)
b ~ ¢g+ ce A F0)AW) (15)

1\ 2
Ey = 2+ () +4>2 (16)
g
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wherekE) is the AdS energy. Requiring a stable infrared flow to the vacuum value
$o asA — —oo (i.e. €24 — 0, so one moves in to the horizon), one must take
the second solution (15) and also impose a restriction that the scalar field's AdS
energy be bounded below by By > 4. Now, the AdS energy is a fixed constant
for a given field, determined by the Lagrangian. General fieldBia= 5 AdS
spacetime carry AdS representatidngEy, ji1, j2), wherej; andjs are spins. For
“standard” supergravities i = 5 (i.e. supergravities containing the massless
graviton and vector multiplets, plus hypermultiplets and tensor multiplets), one
finds scalard(Ey, 0,0) with Ey = 2, 3,4 only, so an infrared stable flow of the
above type is not possible. However, the solution (9) is supported by the breathing-
mode scala, obtained from thes® dimensional reduction down fro® = 10.

This mode belongs to a short massive multiplefot= 5, N = 4 supergravity,
which contains a massive spin-two mode, so it does not belong to one of the
supermultiplets customarily consideredlin= 5 massless supergravity models.

6ap

Comparison of the breathing-mode potentidlp) = 8m?2e8*® — e 5 Ry, a =

%\/g with the formula (16) forEy gives Ey = 8, clearly satisfying the required
bound for a stable flow tgy = ¢..

Since the Kaluza-Klein ansatz (4,8) constitutes a consistent truncation of the
D = 10 theory down toD = 5, one may automatically oxidize the solution (9)
back up toD = 10 and consider its structure there. In this case, it becomes a
patched set of domains of a standard type IIB D3-brane geometry. Each patch
runs from a horizon at isotropic-coordinate radius= 0 «+ y = y, out to
an outer radiug = rzs < y = 0, wherergs = \/}2;2[6*\/%90 — e*\/g“”*].
At this outer radius: = rgg, the solution is patched ontoZ mirror solution
on another sheet of spacetime, corresponding td’the 5 region withy < 0.
The Randall-Sundrum limik — 0_, 9 — . corresponds to shrinking down
to zero the radiusgg at which the patch to the second sheet is made. Alternately,
one could take a limitn — oo for the flux parameter in the reduction ansatze
(4,8). In either case, one obtains a spacetime that has a uniform AdS structure: in
the first case, because one is restricting the spacetime ever more narrowly down
to a solid annulus around the horizon, which is asymptotically AdS?; in the
second case because this asymptotic region spreads out to fill the whole spacetime.
Regardless of the perspective one takes on this limit, the proper length running
from a given radiu® < r < rps down to the horizon at = 0 diverges. So,
in this sense, the horizon is an infinite proper distance away along a radial (
spacelike) geodesic. However, as is generally the case with extremal geometry
horizons, one may also reach the horizon along a timelike or lightlike geodesic
within a finite affine parameter interval. So the question of whether this Randall-
Sundrum spacetime is really infinite or not requires careful interpretation.

At the horizon itself, one has a choice of interpretations for the structure of
the solution (9) when oxidized back up @ = 10. The D3 brane geometry is
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actually non-singular and, symmetric at ther = 0 horizon [19]. If one takes
the horizons in the two sheets patched together at rz4 to be distinct, then
one considers a patched-brane realization of RSII geometry [12], whibh=n5
consists of a single kinked warp-factor AdS metric as in (11), extending out then
to infinite proper distances in the> 0 andy < 0 regions. On the other hand, if
one decides to exploit the, symmetry of the D3 brane solution at the horizon,
one may alternatively make a second patch of the horizan at y, onto the
second sheet horizongt= —y,. This produces a second, upwards-facing kink in
the D = 5 geometry, corresponding to an extended object of negative tension, re-
producing the RSI geometry [11] with two branes of opposite tension, facing each
other across a compact dimension. This situation is clearly a type 1IB analogue of
the M-theory 3-brane solution obtained in a Calabi-Yau compactification [8—10].
The second patching surface can equally well be moved off from the horizon by
moving the inner patching radius away from= 0, corresponding to moving the
secondD = 5 brane in to a finite proper distance from the- 0 surface.

Whatever the interpretation given to the horizon region, the kink surface at
y = 0 & r = rgg possesses the essential properties of the Randall-Sundrum
solution. This surface has a positive tensigg > 0, as can be verified using the
Israel matching conditions

_ 8rG
AK;,LV = K;;/ - Kyy = _TURSgMV ) (17)

for the discontinuity in the extrinsic curvatufé,, = in*d,g,., wheren’ is the
outward-pointing surface normal. Consequently, in accordance with the results of
Ref. [12] this surface has the property of “binding” gravity to it: matter on this
3+1 dimensional surface gravitationally interacts as if the theory welk+n4.

The above picture of the Randall-Sundrum spacetime as a patching of type 11B
3-brane geometries leaves some important questions unaddressed. The principal
one of these is the nature of the singular sources that must be present as a result
of the curvature delta-functions arising from the patching process. An immediate
appreciation of this may be had by considering the signs of the source brane delta
functions. The bulk geometry between the inner and outer patching radii in the
D = 10 perspective is a normal D3-brane geometry with a positive energy. At
the same time, if the outermost source is of positive tension, as it must be in
order to agree with the Randall-Sundrum tension as obtained from (I¥ =5,
then the inner source would have to be of opposite,negative, tension. This
is clearly inconsistent with the positive-energy D3-brane geometry in the solid
annulus between the inner and outer sources. A related problem is that not only the
sign, but also the magnitude of the tensions do not agree with D3-brane tensions:
the D3-brane tension is on%/ of the Randall-Sundrum value as determined by
(17) [20].

Both of the above problems are resolved by a recognition that the sources at
the inner and outer radii ith = 10 cannot simply be D3-brane sources alone
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[21]. A brane stress tensor iP = 10 would have nonzero componergsly in
the brane worldvolume directions,, = —og,,0(z). However, theD = 5 stress
tensor for the limiting solution (10) oxidizes up Id = 10 in the form

R 2 2 12
Ty —56m?3 ( (;%m > 3(y)9uw + Reg.
5

A

T55 0+ Reg.
R T 12
Ty = m - ) 5(y)gap + Reg., (18)

where thez, b indices lie in the compadd® directions. It is immediately apparent
that this is not of the form of a brane stress tensor, notwithstanding the fact that the
surrounding spacetime is a limit of a normal type 1IB 3-brane solution. One may
understand what is going on by taking the difference between the stress tensor
(18) and that expected from the 3-brane bulk geometry. Alternatively (and this
is much simpler in practice), one may find the structure of the difference stress
tensor by keeping the general domain-wall form of fhe= 5 solution (9, 10)

with the |y| modulus, but turning off the magnetic flux parameterThe result of

this analysis is a stress tensor of the form

T;E)Viff‘ = Sﬁd(y)guu
MDiff. 0

55
. 12
(?blﬂ = 755(3/)9@ ) (29)

5

wherek is a constant. This singular stress tensor occurs even in the absence of the
3-branej.e. it is a singularity occurring between patches of flat space.lThe 5
interval -3 < y < 8 ~ —o0 < § < oo lifts to two copies of a disc in the flat
D = 10 spacetime, with an outermost patch corresponding+o0, and another
patch at the horizony = y, = +0.

Although the stress-tensor (19) is not of the form of a brane stress tensor, one
can still compare it9po component to that of the 3-brane. Comparing the value
of k obtained with that of the D3 brane source for the bulk geometry shows that
the stress-tensor (19) has an effective “tension” related to that of a 3-brane by

)
Oflatpatch — —50D3 - (20)

2
This explains what is happening in the relationship between the type IIB 3-brane
solution and the Randall-Sundrum solution. The= 5 Randall-Sundrum solu-
tion (prior to taking the pure AdS limit) lifts to & = 10 solution that is composed
of two copies of the 3-brane geometry, patched together at a ragiand at the
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horizon. The extra stress-tensor component (19), related to that of the 3-brane by
(20), combines with the 3-brane stress tensor to make a composite singular stress-
tensor which when viewed from B = 5 viewpoint appears to be a brane stress
tensor of sigroppositeto that of the 3-brane i = 10, and with a magnitudé
that of the 3-brane, explaining the discrepancy noted in Ref. [20].

The overall solution lifted td = 10 is still Zo symmetric, and if one demands
that this discrete symmetry be respected, together witl§trspherical symmetry
required for a spherical dimensional reduction dowrDte= 5, then the location
of the “patch” stress-tensor singularity (19) is fixed by the symmetry. This is
not the case, however, with the 3-brane itself. There is no symmetry principle
that restricts this to be superposed on the patch singularity (19) — it may freely
move inwards from the patch. For static solutions, this has the effect of joing the
D3 brane spacetime continuously onto an outermost solid annulus of flat space.
In generalized solutions, however, this boundary may also become dynamical.
Owing to the sign flip inherent in (20), it is clear that what looks like a positive
tension brane from th® = 5 perspective actually containsagativetension 3-
brane from theD = 10 perspective. Establishing the stability or otherwise of this
configuration clearly remains an essential task for future analysis of braneworld
scenarios like that of Randall and Sundrum.
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AN UNCONVENTIONAL SUPERGRAVITY
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Abstract. We introduce and completely describe the analogues of the Riemann curvature tensor for
the curved supergrassmannian of the passing through the ¢digiirdimensional subsuperman-
ifolds in the (0|4)-dimensional supermanifold with the preserved volume form. The underlying
manifold of this supergrassmannian is the conventional Penrose’s complexified and compacti-
fied version of the Minkowski space, i.e. the Grassmanniag-dimensional subspaces in the
4-dimensional space.

The result provides with yet another counterexample to Coleman—Mandula theorem.

1. New supertwistors Penrose suggested an unusual description of our space-
time, namely to compactify the Minkowski space-time model of the Universe
(nontrivially: with a light cone at the infinity) and complexify this compactifi-
cation. The final result i&r3, the Grassmanian of 2-dimensional subspaces in
the 4-dimensional (complex) space (of so-called twistors). There are many papers
and several monographs on advantages of this interpretation of the space-time
in various problems of mathematical physics; we refer the reader to Manin’s
book [5], where an original Witten’s idea to incorporate supervarieties and con-
sider infinitesimal neighborhoods for interpretation of the “usual”, i.e., non-super,
Yang-Mills equations is thouroghly investigated together with several ways to
superize Minkowski space. Ours is one more, distinct, way.

Observe that the supermanifold (f|2)-dimensional subsuperspaces in the
(0]4)-dimensional superspace is identical with3, only the tautological bundle
is different: the fiber is purely odd. In this work we consider not subsgzeres
but subsupenanifolds

We considered the structure functions — analogs of the Riemann tensor — for

thecurved supergrassmanniafx’,rtﬂrgi;1 of (0/2)-dimensional subsuperanifoldsin

the (0]4)-dimensional supermanifold. Recall that the “usual” grassmannian con-
sists of linear subspaces of the linear space passing through the wtigheas

¥ We gratefully acknowledge partial financial support of The Swedish Institute and an NFR
grant, respectively.
' mleites@matematik.su.se
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the curved one consists of submanifolds, in other words, nonlinear embeddings
are allowed and the submanifolds do r@veto pass through a fixed point.
Obviously, the curved Grassmannian is infinite dimensional, but the cuwed

pergrassmannianCGrg’Z is of finite superdimension: it is a quotient of the

supergroup of superdiffeomorphisms of the linear supermaniéfd (the Lie
superalgebra of this Lie supergroupu&t(0jn) = derC[fy,...,0,]). For the

list of classical superspaces including curved supergrassmannians see [4].) The
underlying manifold oCGrg};l is the conventionatir§ but CGry’; has also odd
coordinates.

On CGrgi;L, we have expanded the curvature supertensor in components with
respect to the (complexification of the) Lorentz group and saw that it does not
contain the components used for the ordinary Einstein equations (EE), namely,
there is no Ricci curvaturRic and no scalar curvaturgcalar (in what follows
R(22) andR(00), respectively).

So we decided to amend the initial model and consider the supergrassmanian

CGrgE(O) of subsupermanifolds through the origin. It turns out that this does not
help: noRic andScalar, either.

We decided not to give up, and took for the model of Minkowski superspace
the supergrassmanni@CGrSIg(O) of subsupermanifolds through the origin with
the volume element of the ambient and the subsupermanifolds preserved. On

SCGrgé(O), the expansion of the curvature supertensor does coRt&n) and
R(00)! There are no analogs of conformal (off shell) structure functions.

Our model and its supergroup of motion — an analogue of the P@mpaup
— do not contradict the restrictions of the famous no-go theorems by Haag—
topuszanski—Sohnius and Coleman—Mandula (for further discussions see [1])
and provides us with a new, missed so far, version of the Pd@raapergroup.
The analogues of Einstein equations we suggest are a totally new version of
SUGRA. Equating to zero other conformally non-invariant components we get
extra conditions; we do not know how to interprete them.

We do not see any reason for discarding this and similar models. In particular,

we suggest to analyze the structurre functions (definition belovv[)@n*g};1 and

CGrgé(O) which we have abandoned above.
The conventional reading of Coleman—Mandula’s theorem (cf. [6]) assumes
that the complexified Lorentz Lie algebfa= sl(2) @ s[(2)g commutewith
the Lie algebra of internal symmetrie¢for usi is equal tosl(2), ® C&;1&2, see
sec. 4).
In our caseg acts oni and forms a semidirect sum with it; the bracketion
is identically zero. This possibility does not contradict assumptions of Coleman-—
Mandula’s theorem but was not considered.
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The odd parameters have a correct statistics with respect to the Lorentz Lie
algebra.

We represent Einstein’s equations as conditions on conformally noninvariant
components of the analog of the Riemann tensor, and represent the Riemann
tensor as a section of the bundle on the (locally) Minkowski space whose fiber
is certainLie algebra cohomology This is a more user-friendly description of
the Riemannian tensor than the classical treatment of obstructions to nonflatness
in differential geometry. We have in mir8pencer homologf. [7], where the
case of anyG-structure, not onlyG = O(n) is considered. Superization of the
definitions from [7] is the routine straightforward application of the Sign Rule.

Remark. It is interesting to test the whole list of curved supergrassmannians
with the simple Lie supergroup of motion (see Tables in [4]) and similarly to
the above sacrify the simplicity of the supergroup of motion in order to get EE.
Grozman’s package SuperLie (see [2]) is a useful tool in this research problem:
without a computer (and a good code) this task is hardly feasible.

2. Structure functions: recapitulation ([7]). Let /(M) be the frame bundle
over a manifold)M, i.e., the principalGL(n)-bundle. LetG C GL(n) be a Lie
group. AG-structure on)M is a reduction of the principak L(n)-bundle to the
principal G-bundle.

The simplesiG-structure is thdlat G-structure defined as follows. L&t be
R™ (or C™) with a fixed frame. The flat structure is the bundle ovewhose fiber
overv € V consists of all frames obtained from the fixed one underrection,

V being identified withl’,VV by means of the parallel translation by

Examples of flat structures The classical spaces, e.g., compact Hermi-
tian symmetric spaces, provide us with examples of manifolds with nontrivial
topology but flatG-structure.

In [7] the obstructions to identification of thith infinitesimal neighbour-
hood of a pointn on a manifoldM with G-structure with thecth infinitesimal
neighbourhood of a point of the flat manifold with the above described flét-
structure are callestructure functions of ordet. In [7] it is shown further that the
tensors that constitute these obstructions are well-defir@ddedthe structure
functions of all orders< k vanish. (In supergravity the conditions that structure
functions of lesser orders vanish are caMgess-Zumino constrainjs

The classical description of the structure functions uses the notion of the
Spencer cochain compleket us recall it. LetS® denote the operator of thie
th symmetric power. Set | = T,,M, let go be the Lie algebra of7; for i > 0
set:

gi ={X € Hom (g_1,8i—1) | X(vo)(v1,...,v;) = X(v1)(vo,-..,v;)

for any wvg,v1,...,v; € g_1}. (2.1)

Finally, set(g_1,90)« = ‘>@1gi. This is the Lie algebra oéll transforma-

tions that preserve op_; the same structure which is preserved by the linear
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transformations fronp.
Suppose that thg,-moduleg_; is faithful, i.e., each nonzero element from
go acts nontrivially. Then, clearly,

(g-1,80)« C vect(n) = derR [z1, ..., zy),
wheren = dim g_1, with
={X € vect(n); : [X,D] € g;—1for anyD € g_1}

fori > 1. Itis easy to check tha_1, go) is a Lie subalgebra afect(n).

The Lie algebrag_1, go)« Will be called theCartan’s prolong(the result of
Cartan’s prolongatioi of the pair(g-1, go)-

Let E* be the operator of the-th exterior power; set (prime denotes
dualization) i

C(é:m) =0k-s® Es(g/—1)~

Define the differentialo, : Cé” ) C(kgsflg ) by setting for any

v1,...,Vs11 € V (as usual, the slot with the hatted variable is to be ignored):

Osf) (15 vs41) = D (=1 [f (01, s Dsg1is -5 Vst1), Vsg1-i (2:2)

As expected,0;0,.1 = 0, and the homolong( of the bicomplex

1,80)
,?écécg’:,go) is called the(k, s)-th Spencer cohomologyf (g_1, go)«. (Observe

that we use a grading of the Spencer complex different form that in [7]. Ours is a
more natural one.)
Proposition ([7]) The structure functions of ordérconstitute the space of the
(k, 2)-th Spencer cohomology of thg—1, go)«-
3. Spencer cohomology in terms of Lie algebra cohomologyVe observe
that

SH, 50y = H (815 (8-1,90)-). (3)

The advantage of this reformulation: the Lie algebra cohomology (the right hand
side of (3)) is easier to compute (e.g., by means of the package SupeLie when the
general theory fails, or with the help of various theorem). At the same time the
fine grading of Spencer homology is not lost: thgrading of(g_1, go). Which
induces the gradingg) of H2(g_1;(g_1,80)«) coincides (up to a shift) with the
oder of the structure functions.

Analogs of Weyl and Riemann tensorsSupposey, contains a center (like in
the case when a metric is preserved up to a conformal factor). Then the elements
of H?(g_1; (g_1, g0)«) are analogs of the Weyl tensor.

Let go be the semisimple part @f and letg, be a shorthand fofg_1, go ).
The elements off?(g_1; .) are analogs of the Riemann tensor.
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The relation betweedd = H2(g_1;d.) and H = H2(g_1;(g_1,00)+) is
more intricate for the generg} than in the Riemannian casgy(= o(n)) when
H strictly containsH. In general, these spaces have common components (con-
formally invariant, “on shell” ones) and have other components, analogs of “off
shell” components, cf. [3].

In the Riemann case, there are two “off shell” components: with the highest
weights(2, 2) (the traceless Ricci tensor) aif@, 0) (the scalar curvature). Here
the highest weights are given with respect to the complexificetiens((2); &
s[(2)g of theo(1, 3). The Einstein equaton (in vacum) is a vanishing condition of
these components. Remarkably, there are no structure functions of lesser order. If
they had existed, we would have to impose analogs of Wess-Zumino constraints
to be able to define the usual Riemann curvature tensor.

4. The description of (g_1, go)« for the curved supergrassmannians For
the general curved supergrassmanniariOok)-dimensional subsupermanifolds
S in the (0, n)-dimensional supermanifolf let ¢, ..., & be the coordinates o
andds, ..., 0,_; the remaining coordinates §f. Then settingleg xi; = 0 for all
i anddeg 0; = 1 for all j we get aZ-grading ofvect(0|n) of the form

go = (al(V) ® C[¢]) 3 vect(£); g1 =V @ C[¢]; (4)

whereV = Span(z-, ..., 552—) is the identitygl(V')-module, ands is the sign

of a semidirect sum of algebras® b with the ideala.

Forn = 4 we computedd?(g_1; (g_1, go)«) in the following cases:

(a) the general curved supergrassmannians;

(b) the supergrassmannians of subspaces through, we removed fromect
all partial derivatives (since this is not an invariant formulation, it is better to say:
we only considered the vector fields that vanish at the origin);

(c) in case (b) we only considered volume-preserving transformations, i.e., we
diminishedgg as well:

go = (sl(V) ® C[¢]) 3sl(Span(¢)); g-1 =V ®CE

In particular, sincgy_; is isomorphic to the tangent space at a point of the curved
supergrassmannian, we see that its even part in cases (a) — (c) is th&same
while the tangent space to the whole supermanifold at the “origiﬁ]’g’)éﬁl(fia%j :

1 <i,j < 2). So the number of odd coordinates of our model varies from 4 in
case (a) to 2 in cases (b) and (c).

Table. In the first line there are indicated the degrees, i.e., orders, of all
nonzero structure functions and the rest of the table lists their the weights (with
respect tag) (superscript denotes the multiplicity of the weight the subscript the
degree of the corresponding structure function). Fhection is nontrivial and
glues distinct irreduciblégg);-modules. (We did not show the action though we
have computed it.)
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‘ Odd structure functions ‘ Even structure functions ‘

| —2

-1

0

)

(01)?

(11)

Il 0

1

2
©
(04)2

22

10
12
14
32

E
)

00
02
04
22

23
03
21

The(go)s-modules whose highest weights are given in the table are glued into
go-modules as follows (an arrow indicates a submodule). The even tensors:

(04)o (04)2;
hS e

(22)0 — (32)1 — (22)2;

24
40

(00)5 — (02)2;
N (12

(22)0 — (14)1 — (22)2;

N
(14)1

(24)0 — (32)1; (12)1 — (04)2;  (40)o — (32)1; (12)1 — (22)s.

The odd tensors:

(11) o — (23)_1; (01)2; — (11)o;
(13) o — (23)_1.

5. The Einstein equations The conventional EE in vacum are the conditions

on the two tensors of degree 2 and weig@ht) and(22), namely,
R(22) =0 and R(00) = Ag, (5)

where\ € C is interepreted in terms of the cosmological constant @iglthe

metric preserved.

For an analog of the Einstein equations on the curved supergrassmannian we
may take the same vanishing conditions of the 2-nd order structure functions of
weights(00) and(22) with respect ta€. However, unlike the Einstein’s case, we
have to vanish the constraints, the structure functions of lesser orders, both even
and odd. The meaning of these analogs of Wess-Zumino constraints is unclear to
us.
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Abstract. We review the construction of actions with supersymmetry on spaces with a domain
wall. The latter objects act as sources inducing a jump in the gauge coupling constant. Despite these
singularities, supersymmetry can be formulated, maintaining its role as a square root of translations
in this singular space. The setup is designed for the application in five dimensions related to the
Randall-Sundrum (RS) scenario. The space has two domain walls. We discuss the solutions of the
theory with fixed scalars and full preserved supersymmetry, in which case one of the branes can be
pushed to infinity, and solutions where half of the supersymmetries are preserved.

1. Introduction

It is not obvious how supersymmetry can be implemented in a space with domain
walls. The wall is at a fixed place and its presence seems to lead to a breaking
of translations orthogonal to the plane. Supersymmetry, being the square root of
translations, seems rather difficult to realize in this context. It is interesting to see
how this obstacle has been avoided in [1], which we summarize here.

The work is mostly motivated by the Randall-Sundrum (RS) scenarios [2].
The simplest form of the situation that is under investigation consists of a 3-brane
in a 5-dimensional bulk. The solution can be generalized e.g. to 8-brad2s4in
10, but the full implementation of that situation is still under investigation.

When the RS scenarios appeared, supersymmetrisation was soon investigated.
After initial attempts, it was found that no smooth supersymmetric RS single-
brane scenario is possible [3]. This scenario with one brane was put forward as an
alternative to compactification.
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Figure 1. Two-brane scenario. The fifth dimension is a circle with branes at opposite ends and a
75 identification of points symmetric w.rt; = 0.

This lead us to the original RS setup with two branes. The 2-brane scenario has
a compactified fifth dimensiom;s ~ x5 + 25, with two branes fixed at; = 0
andzs; = Z5. There is moreover an orbifold condition relating poipgsand—z:s.

Thus, the five-dimensional manifold has the faxh= M, x %1. This is similar to

the Hd'ava—Witten [4] scenario. The latter one embeds 10-dimensional manifolds
in an 11-dimensional space. They obtain the supersymmetry by a cancellation
between anomalies of the bulk theory and a non-invariance of the classical brane
action. Lukas, Ovrut, Stelle and Waldram [5] reduced this on a Calabi—Yau man-
ifold to five dimensions, and further developed this setup in five dimensions.
Further steps have been taken by [6-9]. In [7, 9] the gauge coupling constant
does not change when crossing the branes, while in [6, 8] this coupling constant
changes sign. In that respect, our approach is most close to the latter. In these
papers, the action in the bulk is modified, such that it is not supersymmetric any
more by itself, but the non-invariance is compensated by the brane action to obtain
invariance of the total action. We [1] obtain separate invariance of bulk and brane
action.

The first part of this report will treat the construction of the action with local
supersymmetry on the singular space. In that part, we will show how the bulk
and brane action are separately invariant under supersymmetry. The supersym-
metry that we are considering is the one with 8 real components, i.e. minimal
(N = 2) supersymmetry in 5 dimensions. The algebra is preserved despite the
discontinuity. The second part treats background solutions. The Killing spinors
are discussed. There are solutions with fixed scalars and 8 Killing spinors, and
solutions ofl /2 supersymmetry, i.e. with 4 Killing spinors. Finally a summary is
given, discussing open issues.

2. The action for bulk and brane

The construction of the action involves three steps. First, we consider the bulk
action. That is the action of supergravityih= 5 with matter couplings. A quite
general action has been given in [10] based on the general methods developed in
4 dimensions in [11]. But it may not be excluded that further generalizations are
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possible [12]. We will restrict ourselves to the couplings of vector multiplets, for
which the general couplings were found in [13]. One can separate the ungauged
part, and the part dependent on a gauge coupling congstére will consider only

the gauging of &J(1) R-symmetry group.

In the second step, the gauge coupling consjastreplaced by a field?(x).

A Lagrange multiplier field, & D — 1)-form (4-form for our application), is intro-
duced, whose field equation imposes the constancy(af such that effectively
it is still a constant.

The third step introduces the brane action. That action has extra terms for the
Lagrange multiplie( D — 1)-form, which allowsG(z) to vary crossing the brane.

We will show how every step preserves the supersymmetry!

Before embarking on that programme, we want to repeat the fundamental
algebraic relation between the cosmological constant and the gauge coupling
constant ofR-symmetry. The super-anti-de Sitter algebrafér= 2in D =5
is SU(2,2|1). It involves the anti-de Sitter algeb&0(4,2) ~ SU(2,2) with
translationsP, and Lorentz rotation/,;, the supersymmetrig®?, withi = 1, 2,

a symplectic Majorana spinor, andlg1) generator af?-symmetry. The most
characteristic (anti)commutator relations are

{Q,Q7} = 17, P" +igQU" My, + iU ,
U.Q = 9@,
[Po, B) = ¢*Q";Q7; My,
P, Q'] = 179Q",@ .

Q;; satisfies

Qij =Qji, Q' =e*Qu; =1i(qo1 + go2 + g303) ,
a, 2,3 €R,  (q1)*+(02)?+ (g3)> =1. )

This matrix determines the embedding Gf1) in the automorphism group of

the supersymmetrieSU(2). This choice is not physically relevant in itself. The
second of the commutators in (1) implies thats the coupling constant of
R-symmetry. But the third equation says thgt determines the curvature of
spacetime, i.e. it determines the cosmological constant. This fact is the corner-
stone of the situation that we describe. The gauge coupling and the cosmological
constant are related. However, one can change the coupling constant-from

to —g, not affecting the cosmological constant. That is what will happen going
through the branes. This jump in the signgowill thus occur together with the
action of theZ,. This Zs acts on the fields, which therefore live on an orbifold.
One can distinguish odd and even fields. The circle condition on the fields and the
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orbifold condition are then
(%) = ®(2° + 27°),
(I)even(_m5) = (I)even(x5) 5 (I)odd(_x5) = _(I)odd(xf)) . (3)

These conditions imply that odd fields vanish on the branes? at 0 and at
x® = 3.

Also the supersymmetries split. Half of them are even, and half are odd. There-
fore, on the brane one has 4 supersymmetriesM.e= 1 in 4 dimensions. This
splitting of the fermions requires a projection matrix3&/(2) space. Now the
relative choice of this projection matrix adglin (2) matters. If they anticommute,
the choice that has been taken in [7, 9], tlyesioes not change when one crosses
the brane. If they commute, as in [6, 8], thenumps over the brane. And the
latter is what we will take further.

After these general remarks, we comestep 1 We thus consider the action
of supergravity coupled ta vector multiplets [13]. The fields are

ezv LvA,{L?@D:Ua)\mv (4)

i.e. the graviton, gravitinin + 1 gauge fields{ = 0,1,...,n), including the
graviphoton,n scalars £ = 1,...,n), andn doublets of spinors. The scalars
describe a manifold structure that has been called very special geometry [14].
That geometry, and the complete action, is determined by a symmetric tensor
C1sk - The scalars are best described as living inatimensional scalar manifold
embedded in an + 1)-dimensional spacé. are the coordinates of this larger
space. The submanifold is defined by an embedding condition such that ése

functions of the independent coordinaigsshould satisfy
W ()R (9)h™ ()Crix = 1. (5)

The metric and all relevant quantities of this bulk theory is thus so far only
dependent 06y 5.

Then we add the gauging of@(1) group. That means that we take a lin-
ear combination of the vectors as gauge field for tRisymmetry. The linear
combination is defined by real constaiifs

AR = v AL (6)

The action and the transformation laws are then modified by terms that all depend
ongQ*;.

In step 2 the coupling constanj is replaced by a coupling fiel@(z). In
the Ainaydin—Sierra—Townsend (GST) action, the coupling constant appears up
to terms ing2. We thus replace

SGST(Q) =S50+ 951+ 9252 = SGST(G(w)) =S+ G(x)S1 + G(:l?)QS .
(7)
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Another term is added to the bulk action that for¢&s) to be a constant, using
a Lagrange-multiplier 4-form,,,, .-

1
Sbuk = Sasr(G(z)) + / d°x e g€ Auvps0rG(2)
= S —/d5er—/d5meF(m’)G(a¢) + fermionic terms.  (8)

In the second line, the terms have been reordered. The poténigginates from
Ss in (7), and leads to the potential

V = —6G? [W2—2<

8W>2

_ 211
o) | W =./200vr, )

where the linear combinatioV appears, analogous to (6). The third term in (8)
appears from integrating by part the term with the Lagrange multiplier, leading to
the flux

b= fe 1e"P779, Ay + covariantization. (10)
The covariantization terms come frofy in (7). This method of describing a
constant using 4D — 1)-form is in fact an old method that was already used
in [15].

It is easy to understand how supersymmetry is preserved. Indeed, the GST
action is known to be invariant:

d(e)Sasr(9) =0. (1)

Therefore, the only non-invariance {6¢.s7(G(x)) appears, if we definée) G =
0, from the z-dependence of7(x). It is thus proportional to its spacetime
derivative

(e)Sasr(G(x)) = B* 9,G(x), (12)

whereB* is some expression of the other fields and parameters, whose exact form
is not important for the argument here. One immediately sees then that invariance
of (8) is obtained by defining the transformation law of the 4-form as

5(6)%8“V'DUTA,LWpU =BT =
_ . _ . _ A (13)
e [—i%z/;ib'y‘”ejW - ¢L7“TPEJA,(;R) + %)\;W’xVTGJ} Qij,

where we gave also the explicit form for our case. However, it is clear that the
method is also valid in other theories.
Step 3introduces the brane action, such that the total action is

Snew = Sbulk + Sbrane . (14)
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Figure 2. The coupling constagtjumps atzs = 0 and atxs = 5.

The brane action has the form

Sbrane = —2g/d5.’17 (5('775) - (5(33‘5 - ‘%5)) <6(4)3W + iEﬁZBQAEQg>
= Sbrane,l - Sbrane,? . (15)

Underlined indices refer to the values in the brane directipns: 0,1, 2, 3. The
action is presented as an integral over 5 dimensions, but the delta functions imply
that it is a four-dimensional action for each brane separately. The action of each
brane consists of a Dirac—Born-Infeld (DBI) term and a Wess—Zumino (W2Z)
term. However, both parts depend only on the pullback of the bulk fields to the
branes. There are no fields living on the brane. The fundtiomppears in the DBI
term, and plays the role of the central charge of the brane. But most importantly,
the 4-form Lagrange multiplier appears in the WZ term, and this thus modifies its
field equation. The new field equation is

05G(2%) = 29 (3(a%) — 8(a° — &%) | (16)
and leads to the solution (taking into account the cyclicity condition)
G(z) = ge(a®). (17)

The functione(2°) jumps as well at® = 0 as atz® = 2°, see figure 2. It is clear
from this picture that we need the second brane. Indeed, one has to come back to
the original value ofj, in order that total derivatives ie® do not contribute to the

action. The flux, which is determined by the field equatio=¢t), is

2

8W> + fermionic terms. (18)
Op”

F:12G[W2—i(
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The overall factor changes when crossing each brane due to (17). These jumps
imply that thewall acts as a sink for the fluxes

That supersymmetry is still preserved by the addition of the brane is less
obvious and is the non-trivial part of the construction. It turns out that the super-
symmetry is preserved thanks to the projections. One finds (indica® tangent
space indices in brane directions)

§Sbrane = —3¢ [ dox (5(2) — 6(z° — %)) e [Wa"fyme% (@/@ — i’YSQijwé) +
+Wae (I —15QuA") | (29)

The combinations of the gravitino and the gauginos that are in brackets are the
components that are odd under thg projection, and thus vanish on the brane.
This leads to the invariance. Remark that in each case one of the two terms comes
from the DBI (mass) term and the other from the WZ (charge) term. This therefore
determines the relative weight of the two terms, and is the magwarge relation,

that says that the brane is BPS. We thus see, indeed, that the brane action is
separately invariant. Note, that if we would not use (or eliminate) the Lagrange
multiplier, then this would relate bulk and brane, and only the sum would be
invariant.

3. The background: BPS solutions

We consider solutions with a warped metric, i.e.
ds® = a*(¢”) datdatny, + (dz°)?.
The energy density for solutions that depend only:diis

E(.’E5) _ *60,20,,2 + %CL4(<,0I/)2 +a4V* %E”VpJE)AqugG/ +

+2g (5(935) —5(2° — 555)) (3a4W + isﬁZBQAHQg> . (21)

where the prime denotes a derivative wkt. The first three terms come from
the GST action, the last one on the first line from the term that we added with the
Lagrange multiplier. The second line comes from the brane action. For this type
of brane actions, one can rewrite it using squares and total derivatives:

!
B = gat{[e” - 36w’ 120 + GWI} + slalGWY +

a

+ (20 (8(2%) = 8(2° = &) = '] (30" W + 427 Ay ) - (22)

The expression in square brackets in the second line is the field equation of the
Lagrange multiplier, and this line can thus be omitted. The last term of the first
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line is a total derivative inc®> and thus also does not contribute to the energy due
to the continuity of the fields. The vanishing of the squared terms gives thus the
minimum of the energy, and this minimum is even zero, as the zero energy of a
closed universe. The BPS conditions are thus

a/

P =3GWT, == -GW. (23)

These equations are also called stabilization equations. These equations are im-
portant to investigate the preserved supersymmetries. The transformations of the
fermions are

(5(6))\26 = —1%75(,09”6,‘ - %GQZ‘jW’IGj,
8ﬁ6i + %5;”’}/m (a"y5e,~ + iaGQijWEj) ,
€ + $GQ;;Wrsel . (24)
To solve these, we split the supersymmetries in their even and odd parts:

€ = 6? + 6;, E;Tt = 1 (67; + 1’75Qij€j) = :ti’}/5Qij6:tj . (25)

The vanishing of the last transformation of (24) determinesatheependence

of both parts. We have® = a*'/2¢X(2%). The transformations of the other
components of the gravitino then determines the dependence on the other four
spacetime variables. This gives the general solution,

!/
6 = a1/26;}-(0) + a2 (1 _ amuf},u75> 6;(0) : (26)
a E

as function ofe;‘L(O), which are constant spinors with each only 4 real components.
There remains the transformations of the gaugino, which lead to

c,px'ei_(o) =0. (27)

This leaves two possibilities. The first factor can be zero, which implies that we
have constant scalars. In that case 8 Killing spinors survive. The other possibility
allows non-constant scalars. Then the second factor should be zero, and this thus
eliminates 4 supersymmetries. There remain 4 Killing spinq?éo,), which are
the 4 that are non-vanishing also on the brane.

We consider both possibilities. First, let us look at the situation ¥iked

scalars The BPS equations are then

(‘9W> —0, ¢ : (28)
690:8 crit a
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The constancy oV is translated by formulae of very special geometry in a
‘supersymmetric attractor equation’

Crixh’h™ =qp, R = /Wb, q = \/%VI- (29)

This equation is well-known from black-hole physics [16]. A solution gives rise
to a metric of the form

ds? = 6729WCY“‘”5‘dacﬁdguﬂnﬂZ + (dz®)?, or  a=e 2Weritl?’l (30)

In this case, the negative-tension brane can be pushed to infinity. Indeed, there is
no obstruction aa never vanishes.

To consider supersymmetric domain walls withn-constant scalarsve use
another coordinatey, such that2; = aQa%. The metric is then

ds® = a? (y)datdz ., + a " (y)dy?. (31)
The stabilization equations take the form

d d
2— L T —_—aq = — . 32
¥ 3G(y)W*, “ 3 G(y) W (32)

Thesen + 1 equations are combined, using relations of very special geometry, to

(fy(c,JKBJBK):—za(y)q, where W =a(h!,  (33)

whose solutions are given in terms of harmonic functiéif$y):
Croxh’ W = Hi(y) = e — 2garlyl, (34)

wherec;y are integration constants, whie are the constants that were introduced
in the gauging ¥; up to a normalization). They are harmonic in the sense that

@@Hl = (35)
The warp factor is
(36)
In this case the distance between the branes is restricted. There can be two types
of restrictions:

1. There can be fundamental restrictions due to the origin of the functiins
E.g. these are in various applications related to integrals over Calabi—Yau
cycles. Their vanishing can put a restriction on the distance.
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2. The vanishing of the harmonic functions also puts a restriction. Indeed, these
harmonic functions enter in the warp factor, which should be non-vanishing.

In each case this restricts the distance to be smaller than a critical distance

‘3}’ < ’y‘sing- (37)

4. Summary and outlook

The RS scenario in 5 dimensions can be made supersymmetric despite the singu-
larities of the space. The action and transformation laws can be obtained using a
4-form, such that bulk and brane are separately supersymmetric. Supersymmetric
solutions exist with fixed scalars or 1/2 supersymmetry.

Half of the supersymmetries vanish on the branes. Also the translation gen-
erator in the fifth direction vanishes on the brane. That is how the algebra can be
realized. These algebraic aspects could still be clarified further. Also the extension
to hypermultiplets deserves further study. The same mechanism could be applied
to study 8-branes ilD = 10 and other similar situations. It is furthermore an
intriguing question how supersymmetric matter can live on the branes.
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Abstract. The superstring/M-theory suggests the Born-Infeld type modification of the classical
gauge field lagrangian. We discuss how this changes topological issues related to vacuum periodic-
ity in the SU (2) theory in four spacetime dimensions. A new feature, which is due to the breaking of
scale invariance by the non-Abelian Born-Infeld (NBI) action, is that the potential barrier between
the neighboring vacua is lowered to a finite height. At the top of the barrier one finds an infinite
family of sphaleron-like solutions mediating transitions between different topological sectors. We
review these solutions for two versions of the NBI action: with the ordinary and symmetrized
trace. Then we show the existence of sphaleron excitations of monopoles in the NBI theory with
the triplet Higgs. Soliton solutions in the constant external Kalb-Ramond field are also discussed
which correspond to monopoles in the gauge theory on non-commutative space. A non-perturbative
monopole solution for the non-commutati¥&1) theory is presented.

1. Introduction

Recent development in the superstring theory [1, 2] suggests that the low-energy
dynamics of aDp-brane moving in a flat D-dimensional spacetim® =
M(zH), M =0,....,D — 1, u = 0,...p is governed by the Dirac-Born-Infeld
(DBI) action

Sp = / <1 h \/_ det(g,w + FMV)> d"*la, (1)

* galtsov@grg.phys.msu.su
P rkf@mail.ru
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Juv = auzMauanMNa (2)

is an induced metric on the brane afg, is aU(1) gauge field strength. Using

the gauge freedom under diffeomorphisms of the world-volume, one can choose
coordinates™ = (z#, X™), whereX™ are transverse to the brane, and rewrite
the action as

S, = / (1 — \/ — det(n, + 0, Xm0, X™ + FW)) iz, 3)

A trivial solution to this action isX" = 0, F},, = 0, what means that the-
brane is flat and there is no electromagnetic field. Because of the symkiiétrys
—X™, the planar solution remains true wheyjy, does not vanish, in which case
the electromagnetic field is governed by the Born-Infeld (BI) action. Moreover, as
was noticed by Gibbons [3], the only regular static source-free solution of the Bl
electrodynamics which falls off at spatial infinity is a trivial one.

This is no longer true in the case o&f coincidentDp-branes whose low-
energy dynamics is described by the non-Abelian generalization of the DBI action
involving the SU(N) Yang-Mills (YM) field. Namely, for flatD3-branes the reg-
ular sourceless finite energy configurations of the YM field were found to exist
[4, 5]. The topological reason for this lies in the vacuum periodicity of$h&2)
gauge field in four dimensions. Neighboring YM vacua are separated by potential
barriers which in the case of the Bl action are lowered down to a finite height
due to the breaking of the scale invariance in the Bl theory. This removes the
well-known obstruction for classical glueballs [6—8], which can be summarized
as follows. Scale invariance of the usual quadratic Yang-Mills action implies that
the YM field stress—energy tensor is traceIéE§: = 0 = —Tyo + Ty, where
uw=0,..,3, i=1,2 3. Since the energy density is positivigy, > 0, the sum of
the principal pressurég; is also everywhere positivee. the Yang—Mills matter
is repulsive. Consequently, mechanical equilibrium within the localized static YM
field configuration is impossible [9]. In the spontaneously broken gauge theories
scale invariance is broken by scalar fields, what opens the possibility of particle-
like solutions: magnetic monopoles (in the theory with the real triplet Higgs) and
sphalerons (in the theory with the complex doublet Higgs).

The role of the Higgs field in these two cases is somewhat different. For
monopoles the topological significance of the Higgs field is essential: indeed,
monopoles interpolate between the unbroken and broken Higgs phases. In the case
of sphalerons, the Higgs field plays mostly a role of an attractive agent which is
able to glue the repulsive YM matter. Historically, topological significance of the
Dashen-Hasslacher-Neveu (DHN) solution in §1&(2) theory with the doublet
Higgs [10] was first explained by Manton [11] as a consequence of non—triviality
of thethird homotopy group of the Higgs broken phase maniteJdG/H). This
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is equivalent to existence of non-contractible loops in the space of field configura-
tions passing through the vacuum. Then by the minimax argument one finds that a
saddle point exists on the energy surface which is a proper place for the sphaleron.
Later it became clear that similar solutions arise in some models without Higgs,
such as Einstein-Yang-Mills [12] or Yang-Mills with dilaton [13] (for a review and
further references see [14]). The main common feature of these theories is that the
conformal invariance of the classical YM equations is broken, what removes the
"mechanical” obstruction for existence of particle-like configurations. As far as
the topological argument is concerned, it is worth noting fiiat 1 for the DHN
solution, so the same third homotopy group argument applies to the gauge group
G itself, that is, it works equally in the theories without Higgs.

Breaking of the scale invariance in the NBI theory also gives rise to sphaleron
glueballs which mediate transitions between different topological sectors of the
theory. Their mass is related to the BI field-strength parameter which for the D-
branes i2wa’. We will discuss here the difference between glueball solutions in
two versions of the NBI theory: with the ordinary and symmetrized trace. We also
show that, when the triplet Higgs field is added, the theory admits, apart from
the usual magnetic monopoles, the hybrid solutions which can be interpreted as
sphaleron excitations of monopoles. At the end we briefly discuss monopole so-
lutions in gauge theories on non-commutative spaces and give an explicit solution
for the U (1) monopole with Higgs in the D-brane picture with the Kalb-Ramond
field.

2. NBI action with ordinary and symmetrized trace

A precise definition of the NBI action was actively discussed during past few
years [15-20], for an earlier discussion see [21]. An ambiguity is encoded in
specifying the trace operation over the gauge group generators. Formally a number
of possibilities can be envisaged. Starting with the determinant form df {i¢
Dirac-Born-Infeld action

S = % / {1 - \/_ det(gu + Fm/)} d'z, 4

one can use the usual trace, the symmetrized or antisymmetrized [15] ones, or
evaluate the determinant both with respect to Lorentz and the gauge matrix indices
[19]. Alternatively one can start with the 'square root’ form, which is most easily
derived from (4) using the identities

det(gu + Fuv) = det(gu — Flu) = det(gu + iﬁ’w,) =

- 2 72 /4
= det(gu — iFw) = |det(g — Fj) (g + F)]
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WhereFﬁ,, = F,o F*, (similarly for FW), and

S~ 1
F/.LDtFal/ - §gm/FaﬁFaﬂa

1 -
—Zgw,FagFaﬁ.

This gives the relation

\/—det(gﬂy+Fuy) = \/—det(g) \/1—|—;F2—116(FF)2, )
with F? = F,, F*| FF = F,, F*.

For a non-Abelian gauge group the relations (6) are no longer valid, so there is
no direct connection between the 'determinant’ and the 'square root’ form of the
lagrangian. Therefore the latter can be chosen as an independent starting point for
a non-Abelian generalization.

There is, however, a particular trace operation — symmetrized trace — under
which generators commute, so both forms of the lagrangian remain equivalent.
This definition is favored by the no-derivative argument, as was clarified by
Tseytlin [15]. Restricting the validity of the non-Abelian effective action by
the constant field approximation, one has to drop commutators of the matrix-
valued F},, since these can be reexpressed through the derivatives,ofThis
corresponds to the following definition

S = i Str/ {1 - \/— det (g, + Fm/)} d*z, (8)

where symmetrization applies to the field strength (not to potentials). This action
reproduces an exact string theory result for non-Abelian fields up?order.
Although there is no reason to believe that this will be true in higher orders in
o/, theStr action is an interesting model providing minimal generalization of the
Abelian action [15].

An explicit form of the SU(2) NBI action with the symmetrized trace for static
SO(3)-symmetric magnetic type configurations was found only recently [5]. One
starts with the definition

2 2
Lypr = % Str <1 - \/— det (g + ;Fw)> = k% Str(1—-R), (9)

where

1 1
R
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andg of the dimension of lengtt? is the Bl “critical field’. The normalization of
the gauge group generators is unusual and is chosen as follows

F,u,y = Fﬁ,,ta,, tr tatb = 5ab- (11)

The symmetrized trace of the productzofatrices is defined as

1 .
Str(te, .. .ta,) = —tr (ta, - - - ta, + all permutationy, (12)
p:

and it is understood that the general matrix function like (9) has to be series
expanded. It has to be noted that under $ke operation the generators can be
treated as commuting objects, and the gauge algebra should not be applied, (e.g.
the square of the Pauli matrix> # 1) until the symmetrization in the series
expansion is completed.

A generalSO(3) symmetricSU (2) gauge field is described by the Witten’s
ansatz

\/5.4 = agty dt + a1ty dr + {w2 to — (1 — U}) tg} df + (13)
{(1 —w) ta + W t3}sin b do,

where the functionay, a1, w, w depend om, t andy/2 is introduced to maintain
the standard normalization. Here we use a rotating kiasis= 1, 2,3 for the
SU(2) generators defined as

t = naTa/\/i ty = Opt1, sinbtz = Oyt (14)

wheren® = (sin#f cos @, sin 6 sin ¢, cos §), with 7* being the Pauli matrices.
These generators obey the commutation relatigns;] = %eijktk.

From four functions entering this ansatz one can be gauged away. In the static
case we can further reduce the number of independent functions to two, while
the static purely magnetic configurations are fully described by a single function
w(r):

V249 = —(1 —w)ts, V24, =sinf(1 —w)tz. A=A, =0. (15)
The field strength tensor has the following non-zero components
V2F. = w'ty, V2F,, = —sinfuw'ty, V2Fs, =sinf(w? - 1)t;, (16)

where prime denotes derivatives with respeot.to
For purely magnetic configurations the second term under the square root is
zero, and the substitution of (16) gives

(1 — w?)? W'

2 2 2 2
R*=1+ 527.4 i1+ IBQ,,,_Q (t2 + t3)' (17)
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To find an explicit expression for the lagrangian one has to expand the square
root in a triple series in terms of the even powers of generatqts, t3, then
to calculate the symmetrized trace of the powers of generators in all orders, and
finally to make a resummation of the series. The result reads
2 2 2
1+ Ve + KA
B <1 _ ++> , (18)

Lypr = — —
NBI = TR

(- w(r)? o w?(r)
Tt K =g

| 1+V2 V2 — K?
A m arctanh W (19)

Here we assumed th&t? > K2, otherwise amrctan form is more appropriate.

Note that when the differendé? = K? changes sign, the k functioA remains

real valued. It can be checked that wheén— oo, the standard Yang-Mills la-

grangian (restricted to monopole ansatz) is recovered. In the strong field region

our expression differs essentially from the square root/ordinary trace lagrangian.
The corresponding explicit action defined in a square root form with an

ordinary trace reads:

2
LNB[:%<1—\/1+V2+2K2) (20)

V=

3. Topological vacua and sphalerons

As is well-known, vacuum in the&sU(2) YM theory in the four-dimensional
spacetime splits into an infinite number of disjoint classes which can not be
deformed into each other by 'small’ (contractible to a point) gauge transforma-
tions. Writing the pure gauge vacuum YM potentialsas= iUdU~!, where
U € SU(2) and imposing an asymptotic condition
: (2
lim U(a?) = 1, (21)

we can interpret/(z?) as mappingsss — SU(2). All sets of suchU’s falls into
the sequence of homotopy classes characterized by the winding number

1

WUl =54

tr / UdU L AUdU L AUAUL, (22)
R3
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A representative of thg-th class can be chosen as
U, = exp{ia(r)t1/V2}, where a(0) =0,a(c0) = —2rk.  (23)

The corresponding potential will be given by the Witten ansatz with=
0,w = exp(ia(r)). The asymptotic condition (21) leads to the following fall-off
requirements.

A, =o(r™Y) for r— oco. (24)

The representatives of different vacuum classes with diffekec&nnot be
continuously deformed into each other within the class of the purely vacuum
fields. But there exists an interpolating sequence of nonvacuum field configu-
rations of finite energy (the latter can be defined on shell and then continued
off-shell) satisfying the required boundary conditions (24) that connects different
vacuum classes. Finite energy solutions for the actions (18) or (20) should satisfy
the following boundary conditions near the origin

w=1+br?+0(r), (25)

and at the infinity

1
w=+1+°+0(), (26)
T T

whereb andc are free parameters. (The valuwéoo) = 0 together with finiteness

of the energy implies that = 0.) The leading terms are the same as required for

the vacuum configurations. These solutions, if exists, can be shown to lie on the

path in the solution space connecting two topologically distinct vacua. Consider a

one-parameter sequence of field configurations (off shell generally) depending on

a continuous parametare [0, x| [22]
1—

AN =i LU dUT +i

LWy g, (27)

Uyt =exp {i)\(w + 1)t1/\/§} . (28)
This field vanishes fokh = 0, whereas fo\ = 7 it can be represented as
Alr] =iUdU™!, with U = exp{im(w — 1)t;/V2}. (29)

In view of the above boundary condition far, in the casev(co) = —1 one has
thek = 1 vacuum. Now, the crucial thing is that for= /2 we come back to
the configuration (15). So if the solution to the classical field equations with the
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required asymptotics exists indeed, this can be interpreted as a manifestation of
the finiteness of the potential barrier between distinct vacua.

Note that the same reasoning holds for the ordinary Yang—Mills system. But
due to the scale invariance of this theory there is no funatiamhich minimizes
the energy functional.

Both the analysis of the equations following from NBI lagrangians (18,20)
using the methods of dynamical systems [4] and numerical experiments [5] shows
that such solutions exist in both NBl models — with ordinary and symmetrized
trace. They form a discrete sequence labeled by the number of nodes of the
functionw(r), and the lower one-node solution is similar to the sphaleron of the
Weinberg-Salam theory.

In the NBI theoryg is the only dimensionful parameter giving a natural scale
of length, i.e. theories with different values @fare equivalent up to rescaling.
Setting = 1 we obtain the equations of motion for the symmetrized trace NBI
model

dr V2 - K?)
wV(K?A—V?)
(V2 - K2)y1+VZ

For the ordinary trace model one has

d{ w' }__ wV (31)
i \ViTVIsaRE) ~ ViTVIToR?

We are looking for the solutions satisfying the boundary conditions (25,26).
For larger both equations reduce to that of the usual YM theory, so the solutions
are not much different in the far zone. Near the origin the equations are different,
more careful analysis reveals that the nature of stationary points associated with
the origin is different for two versions of the theory.

A trivial solution to these equations (valid for both models) is an embedded
abelian monopoles = 0. In the Bl theory it has the finite energy. From the
general analysis, as discussed in [14] for the ordinary trace, one finds tteat
not have local minima fo6 < w < 1, w < —1 and can not have local maxima
for —1 < w < 0, w > 1. The same remains true for the symmetrized trace. Thus
any solution which starts at the origin on the intervdl < w < 1 must remain
within the strip—1 < w < 1. Oncew leaves the strip, it diverges in a finite
distance. Regular solutions exist for a discrete sequenksivdwn in the table |
together with corresponding massks for the first sixn which is the number of
zeroes ofw(r). Then = 1 solution is analogous to the sphaleron known in the
Weinberg-Salam theory [10, 11], it is expected to have one decay mode. Higher
odd+ solutions may be interpreted as excited sphalerons, they are expected to

d w' K2V1+V2  (2V2 - K?)A 30
o Y Y ey (30)
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0
t=In(r)

Figure 3. Sphaleron glueball solutions,, for n = 1,2, 3 in the symmetrized trace (solid line)
and ordinary trace (dashed line) models

haven decay directions. Even-solutions are topologically trivial, they can be
regarded as sphaleronic excitation of the vacuum. Qualitatively picture is the same
as for the ordinary trace [4], but the discrete values affe rather different.

Numerical solutions for both models are shown in the figure 3. It is surprising
that the solutions with the ordinary and the symmetrized trace are rather similar
in spite of the substantial difference of the lagrangians. They have however some-
what different behavior near the origin: those with the symmetrized trace leave
the vacuum valuev = 1 faster and stay longer in the intermediate region where
w(r) is close to zero. In this region the magnetic charge is almost unscreened, so
this is the particle core. Thus for allsolutions are more compact in the ordinary
trace case. For both models the paramétgggow infinitely with increasing node
numbern. This means that there is no limiting solutionras+» oo contrary to the
EYM case where such solutions do exist.

4. Magnetic monopoles and hybrid solutions

Magnetic monopoles are associated with the deformed D3-branes with non zero
transverse coordinatgs™ interpreted as Higgs scalars. The deformation can be
thought of as caused by an open string attached to the brane. In the BPS limit
the solutions are the same as for the quadratic YM theory [17, 18] Monopoles
for the ordinary trace model were constructed by Grandi, Moreno and Schaposnik
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TABLE I. Values ofb and M for first six glueball solutions in NBI models
with ordinary and symmetrizelaces

Ordinary trace Symmetrizadace

bm« Mtr bStr MStr

1.27463 x 10" 1.13559 1.23736 x 10? 1.20240
8.87397 x 102 1.21424 5.05665 x 10° 1.234583
1.87079 x 10* 1.23281 1.67739 x 10° 1.235979
1.27455 x 10° 1.23572 7.11885 x 10° 1.236046
2.65030 x 107 1.23603 4.94499 x 108 1.2360497
1.80475 x 10° 1.23604 4.52769 x 10'° 1.2360497

[23]. For monopoles the functiom monotoneously varies from the value= 1

at the origin to the asymptotic value = 0 at infinity. Note, that assuming the

asymptotic valuev = 0 for pure gauge NBI theory we will get only embedded

abelian solutionv = 0. Our aim here is to show that, in addition, there are hybrid

NBI-Higgs solutions for which the functiom(r) oscillates in the core region. In

other words, starting from the vacuum= 1 at the origin the functiom(r) tries

to follow the sphaleronic behavior, but finally turns back to the monopole regime.
Adding to the NBI action the Higgs ter$ = Sy + Sy whereSy is taken

in the usual form

Su=g- [ (DugDrer =5 (6760 = 12) ). 32

one obtains the NBI-Higgs theory, containing, apart frénthe second parameter

A (without loss of generality we put the gauge coupling constant equal to unity).
For spherically symmetric static purely magnetic configurations the YM ansatz
remains the same , while for the Higgs field

H(r)

Pt = n®. (33)
For simplicity we consider here the square root form of the NBI action (20).

Performing an integration over spherical angles one obtains the energy functional
(equal to minus action for static configurations)

E = 47r/dr r2 {252(73 - 1)+ % <(H’ - 5)2 + ;H%?) + V} , (34)
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where

1 1 A(H2 )
R = \/1+ﬁ27‘4(7‘2w/2+2(w2—1) ), V:Z <72—1> . (35)

Varying this functional one finds the equations of motion

/

r2w’ = w(RH2+w2—1)+r2%w', (36)

r’H" = 2Hw® — AH(r* — H?) . @37)

Boundary conditions at infinity for a solution with a unit magnetic charge read

lim w(r) =0, lim H(r)

r—00 oo P 1 (38)
while at the origin
w(0) =1, H(0) =0. (39)

Starting with (39) one can construct the following power series solution
converging in a non-zero domain around the origin:

L B O ) g
w=1-—br"+ 107 (252 + B3 r* 4+ 0(r°) (40)

1 P
H=dr?— <10Ad+ 5‘“’) rt+ 0%,  (41)

whereb andd are free parameters. FGr— oo the theory reduces to the standard
YMH-theory, admitting monopoles. In [23] it was shown that monopole solutions
to the Eqgs.(36, 37) continue to exist up to some limiting vadye

Now we have to explain why one can expect to have also the hybrid solutions.
Near the origin the Higgs field is close to zero, so the influence of the EETRIR
is negligible, and the YM field behaves like in the pure NBI case. As was argued
in [4], NBI theories with differents are equivalent up to rescaling, and so fbr
large enough the solution starts forming just near the origin. But for lardgjee
role of Higgs is increased, so one can expect that some solutions can be trapped
to the monopole asymptotic regime. More precisely, in the regian=f1/./3,
the functionw(r) is similar to the sphaleron solution of [4]: starting with= 1 it
passes througly = 0 and then tends to the value= 1. After leaving this region
the solution enters the region where it has properties of the NBI monopole and
atr — oo both field functions tend to their asymptotical values (38). The Higgs
field H(r) for these hybrid solutions behaves qualitatively in the same way as for
the monopoles.
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4
t=In(r)

Figure 4. Magnetic monopole and first two hybrid solutions in the ordinary trace model for
B =30, A =1/2. Solid line —w, dashed line —H /r

To obtain hybrid solutions numerically we introduce the logarithmic variable
t = In(r) and apply a shooting strategy to find the values of paramétensi d
ensuring the monopole asymptotic conditions (40-41) after several oscillations of
w. As an initial guess fob one can take the (appropriately rescaled for giggn
glueball values found in [4]. Another parametiiurns out to be weakly sensitive
on 3 for (8 large enough. The resulting solutions for= 1,2 and\ = 1/2 are
shown on Fig. 1,2 together with the ground state monopole 0). The masses
increase wittn and converge rapidly to the mass of an embedded Abelian solution
with frozen Higgs:

w(r) =0, H(r)=r. (42)

Although this singular solution does not satisfy the boundary conditions (39)
it has finite energy within the NBI-Higgs theory, which can be obtained by
substituting the Eq. (42) into the Eq. (34):

Eiim = 2/,32(72 — 1)r?dr = \/B/ (W - 2) a?dz = 1.467338+/3.

(43)

With decreasing?, the discrete values of the paraméigralso decrease until
relatively small values of. Then, withg3 further decreasing both parameteesd
d start growing until some critical value @, , is reached near which parameters
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b, andd,, tend to infinity and monopole solutions with given number of zeroes
cease to exist. The lowest of these critical value8.jsy ~ 0.45 for unexcited
monopole solution. The excited solutions disappear at greater valygsTdfe
mass of excited monopoles is well described by the formula (43), even for the
lowest excited solution the difference with the exact numerical value is less then
4% for all values of. The figure 4 shows the behavior of functions H for
some intermediate value @f. Note, that at criticalg all branches of monopole
solutions (including unexcited branches) converge to the limiting Abelian solution
(42) (with different rate).

The excited monopole solutions also exist in the Einstein-Yang-Mills-Higgs
theory [24]. There the role of non-linear excitations is played by Bartnick-
McKinnon gravitating sphalerons of EYM theory [12]. The phase diagram
(regions of existence in parameter space) is somewhat different in our case, the
details will be given elsewhere.

5. Non-commutative monopoles

Here we discuss another aspect of the D-brane picture of gauge theories, which is
the direct subject of the present workshop. Recently it was discovered that gauge
theories on noncommutative manifolds

[Ty, 0] = 16, (44)

are connected with the gauge theories on D-branes with the constant background
Kalb-Ramond fieldB turned on [25]

_ Oy
B/“/ = — W . (45)

The relation between these two versions is non-local and is defined perturbatively
through the Seiberg-Witten map [26] (for a more recent discussion see [27, 28]).
Namely, the YM theory on a noncommutative four-dimensional space

N 1 4 -
S = Tr/ (WFHV x FHV 4 ) d*z, (46)

defined using the star-product

o

F(z) * G(x):exp( 5

0,0,) F@)G() =

and the D-brane theory with,,, F},, are related perturbatively via

. JaLeTe]

Ap=Au—— {Aq, 93A, + Fgu}, + O(6°).
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The issue of magnetic monopoles in both treatments of the non-commutative
YM was discussed recently in a number of papers [29-32, 30]. It was argued that
BPS-saturated monopoles exist in the non-commutative case as well. Apart from
the BPS bound most of the previous discussion was perturbative in terms of the
non-commutativity parametéy,, .

Adding the constanB-field spoils the spherical symmetry of monopoles and
therefore their non-perturbative treatment in the D-brane picture becomes rather
complicated. At best one can construct an axially symmetric model Usipgs
a Kalb-Ramond analog of the homogeneous magnetic (electric) field. Even in this
case the NBI model is still too complicated both for Tr and Str versions. Here we
give a non-perturbative monopole solution in the simplest case @f thggauge
field with Abelian Higgs. As was shown by Gibbons [3], the system oUBl1)
and Higgs fields possesses the boost symmetry (in the mixed space of coordinates
and the field variables) which can be used as a solution generating technique to add
a constant magnetic field to the pointlike magnetic monopole (resp. electric field
to the electric Blon). Reinterpreted as the Kalb-Ramond field, this homogeneous
field may be accounted for the parameter of non-commutativity.

We start with the DBI action

Sopr =~ [ d'o\/=det (n + 090y + Fu) (49)

with one external coordinatg(playing the role of the Higgs field) and introduce
the magnetic potentia}

H=-Vy, (50)
whereH is the magnetic field strength — canonical conjugate to the magnetic
inductionB:

H=-__—. 51
7B (51)
Performing the corresponding Legendre transformation we obtain the follow-
ing hamiltonian functional

H = / d3a:\/1 —(Vx)2+ (Vy)2 + (VX)A(Vy)2 = (Vx - Vy)?,  (52)

which can be interpreted as the volume of the three-dimensional hypersurface
parametrized by coordinateg in the five-dimensional pseudoeuclidean space
{z%,y,x} with the metricdiag(+, +, +,+, —) (minus corresponds tg). We

use the symmetries of this functional to generate first the scalar charge from the
monopole charge and then to generate a constant background field which will
be then interpreted as the field. So we start with the spherically symmetric
configurations. The field equations are then reduced to

! /2_/2_1 / /2_/2_1
=2 ¥ (X Ty ) XX ry ) (53)
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where prime denotes the derivative with respect to the radial vanaltiés easy
to see that two potentials should be proportional. Depending on which potential
dominates, one can find three different types of behaviour:

1. The spacelike vector in tHey, x} plane. By some rotation the magnetic field
can be removed. This is the catenoidal solution [3]. Since it does not exist for
all », we will not consider it further.

2. The timelike vector in théy, x} plane. By a rotation it can be reduced to a
U (1) monopole without excitations of the transverse degrees of freedom. The
potential for this particular solution (with unit charge) is

rodr
r)=[| —, 54
XO( ) / m ( )
and could be written explicitly in terms of elliptic integrals.
3. The lightlike vectory = +. This is the BPS monopole:

Xaps(r) = +ynps(r) = (59

To obtain the non-BPS monopole solution that also has a nonzero Higgs
counterpart(r) one can simply perform a boost in thg, v} plane:

x(r) =coshpxo(r)  y(r) = sinh xo(r). (56)

The next step is to perform a boost in the, z} plane to generate the constant
background magnetic field. To understand why this field may be equally inter-
preted as & field one should notice that the field equations do not change if we
replacer), by F,, + B, with constantB.

So, if we denotey = g(p, z), then after the second boost we obtain:

cosh ¢ g + sinh ¢ z = cosh ¢ x¢ <\/,02 + (cosh ¢ z + sinh ¢g)2) , (57)

wherep = /z2 + y2 andyy is defined by the Eq.(54).

This nonlinear equation cannot be solved explicitly but it is simple to explore
it numerically. The key point is to note that for a givernp, z, using equations
(54),(57), one can find the vectd® + B (magneticinduction plus B-field).

Then the monopole field is obtained by subtracting the constant background.
Note that, depending on the values of the boosts parametarg ¢, the so-
lution can become double-valued. Let us consider this feature in more detalil.
For magnetic monopole without excitations of the transversal component the
three-dimensional hypersurfagg(z, y, z) is spacelike everywhere except for the
origin where it touches the lightcone. When we boost infthey} directions, the
surfacex(zx, y, z) acquires the timelike piece which can cause multivaluedness
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7))

Figure 5. Non-commutativé/ (1) monopole: constafF| curves

e

Figure 6. Non-commutativé/ (1) monopole: constant curves

after boosting in the|x, z} directions. (When treated as a hypersurface in the
five-dimensional spacér, x,y} it remains of course spacelike). This effect is
interpreted from the string theory point of view as tilting the D-brane, but from
the point of view of 3-dimensional field theory this multivaluedness should be
interpreted as a signal that no well defined solution exists. It is worth noting that
for BPS solution such multivaluedness emerges for any value of the background
field.

In the figures 5,6 the sections of level surfaces of congtamd constanfB|
are shown. The full solution is axially symmetric and is obtained by rotating the
pictures along the symmetry axis.
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6. Discussion

We have discussed some new issues associated with the D-brane picture of gauge
theories. Apart from giving a nice geometric framework, D-branes suggest a modi-
fication of dynamics of the YM field introducing the Born-Infeld type lagrangian.
This latter breaks the conformal invariance of the YM equations removing the
obstruction for existence of classical glueballs in the SU(2) theory in four di-
mensions. Topological reason for existence of such glueballs lies in the vacuum
periodicity which holds equally in the ordinary YM theory and in the NBI theory,
with an important difference that in the latter case the potential barriers between
neighboring vacua have finite heights. Classical NBI glueballs (more precisely,
half of them) are sphalerons mediating the topological transitions. We have found
that they exist both for the ordinary trace and the symmetrized trace versions of the
NBI theory with somewhat different core structure. We have also shown that in the
NBI theory with the triplet Higgs one encounters, apart from the usual magnetic
monopoles, the hybrid solutions which can be regarded as sphaleronic excitations
of monopoles. Finally, adding the constant Kalb-Ramond field, one is able to
account for non-commutative monopoles. We presented a new nonperturbative
axisymmetric solution for the U(1) non-commutative monopole with Higgs.
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Abstract. We review shortly present status of quantum deformations of Pd@raradt conformal
supersymmetries. After recalling tike-deformation of D=4 Poincarsupersymmetries we describe
the corresponding star product multiplication for chiral superfields. In order to describe the de-
formation of chiral vertices in momentum space the integration formula evdeformed chiral
superspace is proposed.

1. Introduction

The noncommutative space—time coordinates were introduced as describing al-
gebraically the quantum gravity corrections to commutative flat (Minkowski)
background (see e.qg. [1, 2]) as well as the modificatioebrane coordinates
in the presence of external background tensor fields (&.,g.in D = 10 string
theory; see [3]-[5]). We know well that both gravity and string theory have better
properties (e.g. less divergent quantum perturbative expansions) after their super-
symmetrization. It appears therefore reasonable, if not compelling, to consider the
supersymmetric extensions of the noncommutative framework.

The generic relation for the noncommutative space-time genefgtors

(B B = 10, (@) = i (O + O, 7+ ... ) 1)

* lukier@ift.uni.wroc.pl
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has been usually considered for constant value of the commutator (1), i.e. for
©,,(Z) = ©O,. In such a case the multiplication of the fieldg(z) de-
pending on the noncommutative (Minkowski) space—time coordinates can be
represented by noncommutative Moyatproduct of classical fieldsy(z) on
standard Minkowski space
igur_9_ 0

Ok(Z)A1(Z) — P () * di(x) = P(y)e> ™ P v Gy(2)]o=y (2)
It appears that the relation (1) with const&@y, can be consistently supersym-
metrized (see e.g. [6]-[9]) by supplementing the standard relations for the odd
Grassmann superspace coordinates (further we chidesel NV =1 SUSY and

a,B=1,2).
{eaaeﬁ} = {eouag'} = {gdagg} =0 ['%pdaa] = [Zﬁﬂagd] =0 )

Such a choice of superspace coordinaigs .., 6,) implies that the supersym-
metry transformations remain classical:

=/

T,=Z,—1 (éokﬁa — 90k6>

O =0, +en 0°“=0s+¢ (4)

i.e. the covariance requirements of deformed superspace formalism do not require
the deformation of classical Poinéssupersymmetriés

Our aim here is to consider the case when the standard Peisgpersymme-
tries can not be preserved. For this purpose we shall consider the case with linear
Lie—algebraic commutator (1). Its Asupersymmetrization leads to the deformed

superspace coordinatég = (7, 5@4753) satisfying Lie superalgebra relation:
24, 28] = i04p Zc (5)

where© ; satisfies graded Jacobi identity:
0, ek, + graded cycl(4, B, C) =0 (6)

It appears that in such a case for some choices of the “structure constants”
0 { one can find the deformed quantubh = 4 Poincaé supergroup, which
provide the relations (5) as describing the deformed translations and deformed
supertranslations.

1 It should be stressted, however, that the introduction of constant t@)soin (1) leads to
breaking 0(3,1) — O(2) x O(1,1))) of D = 4 Lorentz symmetry. The way out is to consider
O, as a constant field, with generator of Lorentz subalgebra containing contribution which rotates
the®,, components (see e.g. [10]). The relation (1) can be made covariant odly$oR (0., =
euv for D = 2); for 2+1 Euclidean case see [11]
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The plan of the paper is following: In Sect. 2 we shall briefly review the
considered in literature quantum deformations of Poiacand conformal su-
persymmetries. The list of these deformations written in explicit form as Hopf
algebras is quite short, and only the knowledge of large class of classical
matrices shows that many quantum deformations should be still discovered. As
the only nontrivial quantum deformation @ = 4 supersymmetry given in the
literature is the so—calleg-deformation, obtained in 1993 [12]-[14].

In Sect. 3 we consider the Fourier supertransform of superfields in classical
(undeformed) and—deformed form. We present also the integration formula over
rk—deformed superspace, which provides the description in supermomentum space
leading to thes—deformed Feynmann superdiagrams.

In Sect. 4 we consider the-deformed superfield theory in chiral superspace.
We introduce the—product multiplication ok—deformed superfields. It appears
that there are two distinguishedproducts, which both can be written in closed
form: one described by standard supersymmetric extenion of CBA formula and
other physical, providing the addition of fourmomenta and Grassmann momenta
in terms of the coproduct formulae. In such a way we obtain the supersymmetric
extension of twor—products, considered recently in [15].

In Sect. 5 we shall present some remarks and general diagram describing the
deformation scheme of superfield theory.

2. Quantum Deformations of Space-Time Supersymmetries

There are two basic space—time symmetries in D dimensions:

- Conformal symmetrie®)(D, 2), having another interpretation as anti—de—
Sitter symmetries itD + 1 dimensions

- Poincaé symmetrie§’?~1150(D — 1,1).

i) Quantum deformations of conformal supersymmetries.

The conformal symmetries can be supersymmetrized without introducing
tensorial central charges it = 1,2, 3,4 and 6. One gets:

: 0(2,1) — OSp(N;2|R) or SU(1,1:N)

£ 0(2,2) = 0(1,2) ® O(1,2) — OSp(M;2|R) ® OSp(N;2|R)
0(3,2) — OSp(N;4|R)
0(4,2) — SU(2,2; N)

0(6,2) — U,U(4; N|H)
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All conformal supersymmetries listed above are described by simple Lie su-
peralgebras. It is well-known that for every simple Lie superalgebra one can
introduce theg—deformed Cartan—Chevaley basis describing quantum (Hopf—
algebraic) Drinfeld—Jimbo deformation [16, 17]. Theseleformed relations have
been explicitly written in physical basis of conformal superalgebra in different di-
mensions (see e.g. [18]). It is easy to see that the deformation pararapigears
as dimensionless.

It follows, however, that there is another class of deformations of conformal
and superconformal symmetries, with dimensionfull parametplaying the role
of geometric fundamental mass. Hor= 1 one can show that the Jordanian defor-
mation of SL(2; R) ~ O(2, 1) describes the—deformation ofD = 1 conformal
algebra [22]. This result can be extended supersymmetrically, with the following
classical—matrix describing Jordanian deformatiop(OSp(1;2|R) [23]

r:%h/\e Sgyr:%(h/\e—l—QJr/\QJr)
Jordanian deformation Jordanian deformation
of Sp(2; R) ~ O(2;1; R) of OSp(1,2; R)
(D=1 -conforma) (D=1 superconformal (7)

The OSp(1;2; R) Jordanian classic&matrix can be quantized by the twist
method. Semi—closed form for the twist function has been obtained in [24].

It appears that one can extend the Jordanian deformatiois ef 1 con-
formal algebra toD > 1; for D = 3 and D = 4 the extended Jordanian
classicalr—matrices were given in [22]. It should be also mentioned that the
generalized Jordanian deformationfof= 3 conformalO(3, 2) algebra has been
obtained in full Hopf—algebraic form [25]. The extension of Jordanian deforma-
tion of OSp(1,2; R) for D > 1 superconformal algebras is not known even in its
infinitesimal form given by classical-matrices.

ii) Quantum deformations of Poind@supersymmetries.

Contrary to DJ scheme for simple Lie (super)algebras it does not exist a
systematic way of obtaining quantum deformations of non—semisimple Lie (su-
per)algebras. A natural framework for the description of deformed semi—direct
products, like quantum Poindalgebra, are the noncocommutative bicrossprod-
uct Hopf algebras (see e.g. [26]). It appears however that in the literature it has not
been formulated any effective scheme describing these quantum bicrossproducts.

One explicit example of quantum deformation Bf = 4 Poincaé super-
algebra and its duaD = 4 Poincaé group in form of graded bicrossproduct
Hopf algebra was given in [14]. By means of quantum contractiop-déformed
N =1 anti-de-Sitter superalgebtg (OSp(1]4)) there was obtained in [12] the
rk—deformedD = 4 Poincaé subalgebrd/,.(Ps.1). Subsequently by nonlinear
change of generators the quantum superalgé(@,,;) was written in chiral
bicrossproduct basis [13]. The-deformed Poincérsubalgebra is given by the
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deformation of the following graded cross—prodéict

P41 = (SL(25 C) & (SL(2; 0 70;2) X T2 (8)

where the generators &fL(2; C') are given by two—spinor generatakg, s =

§(0")apM,., the generators of SL(2;C) by M5 = Mg = %JZZMW,
To.2 describes two antichiral superchas Q,, and Ty.» the graded Abelian
superalgebra

T4;2 : [P/u Py] = [P,ua Qa] = {Qaa Qﬁ} =0 (9)
The relations (9) describe the algebra of generators of translations and supertrans-

lations in chiral superspace. The algeffL(2;c) & (SL(2;c)® To.2) has the
form

sl(25¢) : [Maﬁ,M,yg] = €ayMpgs — €5y Mo (10a)
+ cgsMay — €as Mpy
sl(2;¢)»To (Mg Mgl = €ayMps — €55 M5
+ €5 May — €,5Mp
[Myp, @3] = €airQp — €55Qa
{Qa, Qs = 0 (10b)
It should be observed that in the cross-product (8) the basic supersymmetry

algebra{Q,, Qg} = 2(U“pu)aﬂ- is the one belonging to the cross—relations.
The k—deformed bicrossproduct is given by the formula

Ux(pa2) = (SL(2;¢) @ SL(2; c)» Toy2) b Ty (11)

The relations (9) and (10a) remain valid ltft, describes now the Hopf algebra
with deformed coproducts:

APy = Pob1+10 P
P
AP, = P,Re = +1®P;
P
AQy = Qu®e 7 +1® Qq (12)

The cross—relations are the followid/; = %eijijk, N; = M):

2 |n [13] for the crossproduct formula describitig) = 4 superPoincdr algebra the following
notation was usetps;1 = O(1,3;2) x Tu2. In the notation (8) proposed in present paper the
extension of Lorentz algebra by odd generators is described more accurately.
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[Mi,Pj] = ieijkPk [Ml,Po] = 0

2P, 1 —2

1
[Ni,Pj] = (5 [2(1—6_7‘1'713 )+;P1PJ]

[N;, Py] = iP;

1

[M;, Qa] —5(%‘)0?@5

N3 Qal = e (@)@ + o cnPi(on) Qs

{Qa,Qp} = 454, smh% - Qe;pl(az) o (14)

The notion of bicrossproduct (11) implies also the modification of primitive
coproducts folSL(2; ¢) @ SL(2; ¢)» T2 generators. One gets:

AM; = M; ®14+1Q® M;
Py 1
AN; N®1l+e = ®N; + EZ]kP ® Mj,
K2
4K
P
AQ; = Qa®1+ex ®Qq (15)

(01)ag Qu ® €+ Qg

It appears that the classicAl = 1 D = 4 Poincaé superalgebra can be put as
well in the form

P41 = (SL(2; C)D T();g) (SL( ) X T42 (16)

WhereTLS2 describe the translation and supertranslation generdre);). Sub-
sequently thes—deformation ofD = 4 N = 1 Poincaé superalgebra can be
obtained by deforming (16) into graded bicrossproduct Hopf superalgebra

Un(ps;1) = (SL(2; o To2) @ (SL(2;¢) o4 Ty 17)

In order to describe the-deformed chiral superspace one should consider the
Hopf superalgebrd,;, obtained by dualization of the relations (9) and (12), and

describing by function€’(z4) on k—deformed chiral superspagg = (z,, 02),
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wherez,, denotes the complex space—time coordinates. One obtains the following
set of relations:

o
2

(04,05} =0 (18a)

b (21,04 =0

and the primitive coproducts:
AZ,=7,014103%, Alh=0,01+1x40, (18b)

The k—deformed chiral superfield theory is obtained by cosidering suitably or-
dered superfields. In the following Section we shall consider the superFourier
transform of deformed superfields and considersthdeformed chiral superfield
theory.

3. Fourier Supertransforms and k—deformed Berezin Integration

i) Fourier supertransform on classical superspace.

The superfields are defined as functions on superspace. Here we shall restrict
ourselves td) = 4 chiral superspaces = (z,,60.) (1 =0,1,2,3;a =1,2) and
to chiral superfield®(z, 9).

The Fourier supertransform of the chiral superfield and its inverse take the
form:

1

O(x,0) = @n)?

/ d*p d®n &(p, n)eiPe+n?) (19a)

%(p’ 77) = (271_‘_)2 /d4.’13 d29 (13(17, H)Q_i(l’x‘f‘UQ) (19b)

The Fourier supertransforms were considered firstly in [29, 30]. It appears that
the set of even and odd variables (0.; p., n.) describes the superphase space,
with Grassmann variableg, describing “odd momenta”. The Berezin integration
rules are valid in both odd position and momentum sectors:

/d26:/d200a —0 ;/d299a0°‘ —1 (20a)

/d%:/d%na =0 ;/Cﬂenana —1 (20D)
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wheren® = e*fng andn,n® = 2. Itis easy to see th@® = 10,0% n? =
%nano‘ play the role of Dirac deltas, because

/d29 6% (2, 0) = B(2,0) |p—o (21a)

/61277172 &(p, 1) = 2(p,n) ly=0 (21b)
The formulae (19a)—-(19b) in component formalism
B(2,0) = (2) + ¥*(2)0, + F(2)6* (22a)

lead to

®(p,n) = F(p) — V" (p)nw — S(p)1° (22b)
Let us consider for example the chiral ver@%(z, §), present in Wess—Zumino
model. This vertex can be written in momentum superspace as follows:
/d4z P20 (2, 0) = /d4p1...d4p3 Py . dPns
®(p1, ) D(p2,m2) ®(p3,m3)6* (p1 + p2 + p3)(m + m2 +n3)*  (23)

We see therefore that in Feynmann superdiagrams the chiral vertex (23) will be
represented by the product of Dirac deltas describing the conservation at the vertex
of the fourmomenta as well as the Grassmann odd momenta.

i) Fourier supertransform or—deformed superspace.

Following the formulae (18a)—(18b) we obtain the supersymmetric extension
of of k—deformed Minkowski space to-deformed superspadg, — (Z,,,0a).
The ordered superexponential is defined as follows:

: ei(pu’z\“+na5‘*) — e*ipogo ei(52+7la§a) (24)
where(p,, 0,,) satisfy the Abelian graded algebra )9), i.e.

[Pps Pv] = [Py M) = {Na,mp} =0 (25)
From the formulae (8) and (24)—(25) follows that:
i Pu 4nab”) L i) . AR ()AL (o (26)
where

= po +p6po
= pit+e rp;
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_Po
Aa(ﬂﬂ?/) = Nate 2'”7?1
The k—deformed Fourier supertransform can be defined as follows:
= D). 1 2 & . i(peHn0) .
2(20) = g | A0 Pulp,n) : 0T
If we define inverse Fourier supertransform

o 1 F&(5 ) . o—i(pz+nd)
Q(p,n) = (2n)? zd%0 ®(z,0) : e (pz+n0) .

under the assumption thet2 =

or equivalently §* = n7,n%)

4 2 pz+179) 4 2
27T / d"zd"0 =0"(p) - n
one gets
4pg ~

= 2Po Po Po
Bu(p,m) = = ® (e B, po, ¥ ma ) (31)

For k—deformed chiral fields one can consider their local powers, and perform
the k—deformed superspace integrals. One gets

/ d'2d%0 : B(2,0) = 3(0,0)
/ / 0*7 42692 (3,0) — / d*py d*py d2my d2ny (32a)
D, (p1,m1) B (p2,m2) 3(po1 + po2)d®) (ﬁl e ]52) (1 + €35 1s)?

/ d*z d*0%%(2,0) = / Hd4pzd27h w(Dis 1)

=1
. eo1 _,  Po+DPo2
- 8(po1 + poz + po3) - 6 <P1 +er popt+—"— ]93)

2
. (m 4 e2m e’“ﬁ’“m) (32b)

The formulae (32a) can be used for the descriptiom-edeformed vertices in
Wess—Zumino model for chiral superfields.
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4. Star Product for k—deformed Superfield Theory

In this section we shall extend the star product for the functions-ateformed
Minkowski space given in [15] to the case of functions erdeformed chiral
superspace, described by the relations (18a)—(18b).

The CBHx—product formula for unordered exponentials takes the form

il —c

. —_ S v =1 P . — — —,
P A0 | P A0 i (pp) 2 456 (pp! )0 (33)

(34a)

(34b)

(34c¢)

andf(z) = %*1 The star product multiplication reproduces the formula (33).

9 —&

—& s 1 v = 3
ePu HT1G0" PGS i (b2 4T (o' ) (35)
For arbitrary superfieldg(z, #) andx(z, §) one gets

¢(Z70) *X(Zv 0) =

1o o
i Op),’ oM,

Nl
Lo

) 62’71»" (p7p/)zu +0a (p7p/ 7ﬁ7ﬁ,)§a

AS{ES{RSTS]
o

Il
=)

or equivalently

el a

Bz 0) * x(2.0) = ¢ (o (85387 )~ ) 7" (7

|
Q.
/N

Q|
o
g
Q|
€ ‘03
Q
&e
N—
|
\m
Q
€ |o
N———

¢(y? w)X(yla wl) y=y'=z

w=w'=0

In particular we get
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R
Vw2t =
2% 20
e
Z'xl =
ZY
0 %2

D58 = 09% 4 g

4

0% %20 = 20" — §°
‘ ) . 4R
0°+0" = 5°9” (38)
Star product® corresponding to the multiplication of ordered exponentials (24)
takes the form:

) _ —a ) _, sa
ePut a0 g Pt 40

/

, P 0
_ ez(p0+p620+z(e ® prtpl)zt+(e2x

T +774,)0" (39)
The superalgebra (18a) of—deformed superspace is obtained from the
following relations:

z’f@?é =
@0’
zk@)z"
@2t
zi®z0 =
zo®§d =

@0 = (40)

Similarly like in nonsupersymmetric case the star—product (39) is more phys-
ical because reproduces the composition law of even and odd momenta consistent

with coalgebra structure.
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5. Final Remarks

In this lecture we outlined present status of quantum deformations of space—time
supersymmetriés and for the case of—deformation ofD = 4 supersymmetries
proposed the corresponding deformation of chiral superfield theory. It appears
that only thex—deformed chiral superspace generators describe a closed sub-
algebra ofk—deformedD = 4 Poincaé group. At present it can be obtained
the k—deformation of superfield theory on real superspace can be obtained. The
deformation of chiral superfield theory can be described by the following diagram:

Classical local k- deformation Classical nonlocal
superfield theory > k-deformed superfield theory

on standard (@-multiplication on standard superspace

superspace
o @ :

@ standard inverse

" k-deformation @ Fourier
supertransform

Y \J

local k-deformed k-deformed k-deformed superfield
superfield theory < R theory on graded
onk-deformed Fourier supertransform commutative momentum
Minkowski superspace

superspace

Figure 7. x—deformation of local superfield theory

The star product given by formula (39) (se@ on Fig. 1) is selected by
the choice of superFourier transform (28), with ordered Fourier exponential de-
scribed by (24). Equivalently, th@—product multiplication can be obtained by
the following three consecutive steps:

i) Deformation of local superfield theory ($8en Fig. 1)

i) k—deformed superfield transform (28) (&een Fig. 1)

iii) inverse classical Fourier transform (§¢®n Fig. 1)

1

P(z,0) = @n)?

obtained in the limitc — oo from the inverse Fourier transfor(@9).

3 We did not consider here however, the quantum deformations of infinite — parameter super-
conformal symmetries it + 1 dimensions, described by superVirasoro algebras as well as affine
OSp(N;2)-superalgebras
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Finally it should be observed that for the deformation (1) with consﬁgpt
there were calculated some explicit corrections to physical processes, in particular
for D = 4 QED [29]-[31]. We would like to stress that these calculations should
be repeated for Lie algebraic deformations of space—time and superspace, in par-
ticular in thek—deformed framework. The preliminary results in this direction has
been obtained in [32, 33].
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THE HOWE DUALITY AND LIE SUPERALGEBRAS
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Abstract. Howe's duality is considered from a unifying point of view based on Lie superalgebras.
New examples are offered. In particular, we construct several simplest spinor-oscillator representa-
tions and compute their highest weights for the “stringy” Lie superalgebras (i.e., Lie superalgebras
of complex vector fields (or their nontrivial central extensions) on the superdittle and its
two-sheeted cover associated with thélés bundle).

In our two lectures we briefly review, on the most elementary level, several
results and problems unified by “Howe’s duality”. Details will be given elsewhere.
The ground field in the lectures

1. Introduction

In his famous preprint [24] R. Howe gave an inspiring explanation of what can
be “dug out” from H. Weyl's “wonderful and terrible” book [55], at least as far

as invariant theory is concerned, from a certain unifying viewpoint. According
to Howe, much is based on a remarkable correspondence between certain ir-
reducible representations of Lie subalgebFaandI” of the Lie algebra(V)

or sp(V) providedT' and I" are each other's “commutants”, i.e., centraliz-
ers. This correspondence is known ever sinceHasve’s correspondencer
Howe’s duality In [24] and subsequent papers Howe gave several examples of
such a correspondence previously known, mostly, inadvertently. Le¢raid

¥ We gratefully acknowledge financial support of an NFR grant and RFBR grant 99-01-00245,
respectively. D.L is thankful to B. Feigin, E. Poletaeva, V. Serganova and Xuan Peiqi for helpful
discussions.

T mleites@matematik.su.se

§ ira@paramonova.mccme.ru
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some of them (omitting important Jacquet-Langlands-Shimizu correspondence,
S. Gelbart’s contributions, etc.) :

1) decomposition of(V')-moduleS* (V') into spherical harmonics;

2) Lefschetz decompositioof sp(V)-module A'(V') into primitive forms
(sometimes this is called Hodgeéhage decompaosition);

3) a striking resemblance betwesgpinor representatioof o(n) andoscillator
(Shale—Segal-Weil-metapleetic ) representation ah(2n).

As an aside Howe gives the “shortest possible” proof ofRbmcak lemma
(Recall that this lemma states that in any sufficiently small open star-shaped neigh-
borhood of any point on any manifold any closed differential form is exact.) In this
proof, Lie superalgebras, that lingered somewhere in the background in the pre-
vious discussion but were treated rather as a nuisance than help, are instrumental
to reach the goal. This example shows also that the requirement of reductivity
of I" andI” to form a “dual pair” is extra. Elsewhere we will investigate what
are the actual minimal restrictions @handI” needed to reach one of the other
problems usually solved by means of Howe duality: decompose the symmetric
or exterior algebra of a module ovEr® I''. Howe’s manuscript was written at
the time when supersymmetry theory was being conceived. By the time [24] was
typed, the definition of what is nowadays calkgherscheme$34]) was not yet
rewritten in terms to match physical papers (language of points was needed; now
we can recommend [5]) nor translated into English and, therefore, was unknown;
the classification of simple finite dimensional Lie superalgebras Gvead just
been announced. This was, perhaps, the reason for a cautious tone with which
Howe used Lie superalgebras, although he made transparent how important they
might be for a lucid presentation of his ideas and explicitly stated so.

Since [25], the published version of [24], though put aside to stew for 12 years,
underwent only censorial changes, we believe it is of interest to explore what do
we gain by using Lie superalgebras from the very beginning (an elaboration of
other aspects of this idea [4] are not published yet). Here we briefly elucidate
some of Howe’s results and notions and give several new examples of Howe's
dual pairs. In the lectures we will review the known examples 1) — 3) mentioned
above but consider them in an appropriate “super” setting, and add to them:

4) a refinement of the Lefschetz decomposition — J. Bernstein’s decomposi-
tion ([2]) of the spacé?;, of “twisted” differential forms on a symplectic manifold
with values in a line bundle with connection whose curvature form differs by a
factor i from the canonical symplectic form;

5) a decomposition of the space of differential forms on a hyganétrian
manifold similar to the Lefschetz one ([53]) but witl(4) instead ofsp(2) =
s[(2) and its refinement associated with dep(1|4).

6) Apart from general clarification of the scenery and new examples even in
the old setting, i.e., on manifolds, the superalgebras introdabeovomake it
manifest that there are at least two types of Howe’s correspondence: the conven-
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tional one and several “ghost” ones associated with quantization of the antibracket
[40].

7) Obviously, ifT" & I'" is a maximal subalgebra ofp, then(I',I") is an ex-
ample of Howe dual pair. Section 6 gives some further examples, partly borrowed
from [49], where more examples can be found.

We consider here only finite dimensional Lie superalgebras with the invariant
theory in view. In another lecturg§3,4) we consider spinor-oscillator represen-
tations in more detail. In these elementary talks we do not touch other interesting
applications such as Capelli identities ([30],[43]), or prime characteristic ([47]).
Of dozens of papers with examples of Howe’s duality in infinite dimensional cases
and still other examples, we draw attention of the reader to the following selected
ones: [12], and various instances of bose-fermi correspondence, cf. [13] and [26].
Observe also that the Howe duality often manifests itselffdeformed algebras,
e.g., in Klimyk’s talk at our conference, or [6]. To treat thiigiowe duality in a
similar way, we first have to explicitly-quantize Poisson superalgebpas2n|m)

(for mn = 0 this is straightforward replacement of (super)commutators from [39]
with ¢-(super)commutators.

2. The Poisson superalgebrg = po(2n|m)
2.1. Certain Z-gradings of g. Recall thafg is the Lie superalgebra whose super-

space iC[q, p, ©] and the bracket is thRoisson brackef-, -} p. is given by the
formula

(2.1)

Sometimes it is more convenient to redenote@sand set

&= 505 —i0r15); mj = 5(0; +iOr4))
for j <r=[m/2] (herei? = —1), 6= Og.11

and accordingly modify the bracket (it = 2r, there is no term witt):

{f,9}pe. = E:n (

(_1)p(f)[ S (2L09 4 OF D9y 0f 89}

o on;, T om; 9¢;) T 06 06

js<m

Settingdeg;,;. f = deg f — 2 for any monomialf € Clp, q, ©], wheredegp; =
degq; = deg©; = 1 for all 4, j, we obtain thestandardZ-grading ofg:
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| degreeoff | 2| -1 | 0 | 1 |

| f |1 |pg 0] fidegf=2|Ff:degf=3]...|

Clearly,g = @ g; with go ~ osp(m|2n). Consider now anotherrduglt’,
i>—2

grading ofg. To this end, introduce) = (¢,€), P = (p,n) and set

1 if m =2k
2 if m =2k + 1. (*)

deg@; =0, degf =1, deg F; :{

Remark. Physicists prefer to use half-integer valuesleg for m = 2k + 1 by
settingdeg 6 = 1 anddeg P, = 1 at all times.

The above grading«) of the polynomial algebra induces the followirgugh
grading of the Lie superalgebrg. Form = 2k just delete the columns of odd
degrees and delete the degrees by 2:

| degree |...| 2 | 1 | o | -1 | -2
m = 2k + 1:

| elements| ... | C[QIP? | C[QIPY | C[QIP | CQ)0 | C[Q)] |

2.2. Quantization We call the nontrivial deformatio® of the Lie super-
algebrapo(2n|m) quantization(for details see [40]). There are many ways to
guantizeg, but all of them are equivalent. Recall that we only consigde@hose el-
ements are represented by polynomials; for functions of other types (say, Laurent
polynomials) the uniqueness of quantization may be violated.

Consider the following quantization, so-calléglP-quantization, given on
linear terms by the formulas:

A 0
Q: Q= Q. P hgs, ()

whereQ is the operator of left multiplication b§; an arbitrary monomial should
be first rearranged so that tidgs stand first (normal form) and then apply)
term-wise.

The deformed Lie superalgeb@(po(2n|2k)) is the Lie superalgebra of dif-
ferential operators with polynomial coefficients Bft/*. Actually, it is an analog
of gl(V'). This is most clearly seen far = 0. Indeed,

Q(po(0]2k)) = gl(A"(€)) = gl(2"*|2").

In general, fom # 0, we have

Q(po(2n|2k)) = “gI"(F(Q)) = viff(R"").

Form = 2k — 1 we considempo(0|2k — 1) as a subalgebra qfo(0|2k); the
quantization sendgo(0[2k — 1) into q(2¢~1). Forn # 0 the image ofQ is an
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infinite dimensional analog af, indeed (forJ = i(6 + %) with 2 = —1):
Q(po(2n|2k — 1)) = qiff(R"") = {D € viff(R"") : [d, J] = 0}.

2.3. Fock spaces and spinor-oscillator representation$ he Lie superalge-
brasoiff(R™*) and qoiff(R"/*) have indescribably many irreducible representa-
tions even forn = 0. But one of the representations, the identity one, in the
superspace of functions di™*, is the “smallest” one. Moreover, if we con-
sider the superspace offf(R"/*) or qoiff(R™*) as theassociativesuperalgebra
(denotedDiff (R™*) or QDiff (R"¥)), this associative superalgebra has amg
irreducible representation — the same identity one. This representation is called
the Fock space

As is known, the Lie superalgebrasp(m|2n) are rigid for(m|2n) # (4]2).
Therefore, the through map

b —> go = 0sp(m|2n) C g = po(2n|m) —=» diff(R"F)

sends any subsuperalgeliyaf osp(m|2n) (for (m|2n) # (4]2)) into its iso-
morphic image. (One can also embgéhto diff(R™*) directly.) The irreducible
subspace of the Fock space which contains the constants is callegitioe-
oscillator representatiorof h. In particular cases, fom = 0 orn = 0 this
subspace turns into the ususpinor or oscillator representationrespectively.

We have just given a unified description of them. (A more detailed description
follows.)

2.4. Primitive alias harmonic elements The elements ofsp(m|2n) (or its
subalgebrd) act in the space of the spinor-oscillator representation by inhomo-
geneous differential operators of order2 (order is just the filtration associated
with the “rough”grading):

\m:%:\ \ \ Hm:2k+1:\ \ \

|
‘ degree ‘ -1 ‘ 0 ‘ 1 H degree ‘ -2 ‘ -1 ‘ 0 ‘
2 |

‘ elements ‘ p2 ‘ PQ ‘ Q2 H elements

The elements fronfC[Q])*”* for m = 2k or (C[Q, 6])0 for m = 2k + 1
are calledprimitive or harmonicones. More generally, le&f C osp(m|2n) be
a Z-graded Lie superalgebra embedded consistently with the rough grading of
osp(m|2n). Then the elements frofC[Q])"-* for m = 2k or (C[Q, 6])- for
m = 2k + 1 will be calledh-primitive or h-harmonic

2.4.1. NonstandardZ-gradings of osp(m|2n). It is well known that one
simple Lie superalgebra can have several nonequivalent Cartan matrices and
systems of Chevalley generators, cf. [20]. Accordingly, the corresponding divi-
sions intopositiveandnegativeroot vectors are distinct. The following problem
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arises:How the passage to nonstandard gradings affects the highest weight of the
spinor-oscillator representation defined in secq(X?[44])

2.5. Examples of dual pairs Two subalgebrab, I of go = osp(m|2n) will
be called alual pairif one of them is the centralizer of the othergn

If ' @ I is a maximal subalgebra igy, then, clearly,I" is a dual pair.

A generalization: consider a pair of mutual centraliZérg’ in gl(V') and embed

gl(V) into osp(V & V*). Thenl', I is a dual pair (imsp(V & V*)). For a number

of such examples see [49]. Let us consider several of these examples in detail.
25.1T =sp(2n) = sp(W) andl’ = sp(2) = sl(2) = sp(V & V*). Clearly,

h =T @ I"is a maximal subalgebra ifW @ (V & V*)). The Fock space is just

A(W).

The following classical theorem and its analog 5.2 illustrate the importance of
the above notions and constructions.

Theorem. TheI”-primitive elements ok’ (1) of each degree constitute an
irreduciblel‘—moduIeng, 0<i<n.

This action ofI” in the superspace of differential forms on any symplectic
manifold is well knownI” is generated (as a Lie algebra) by operafdrsof left
multiplication by the symplectic forry and X _, application of the bivector dual
tow.

25271 = 0(2n) = o(W) andI” = sp(2) = sl(2) = sp(V @ V*). Clearly,

h =T & I" is a maximal subalgebra sp(W @ (V @ V*)). The Fock space is
just.S*(W).

Theorem. TheI”-primitive elements aof" (1) of each degree constitute an
irreducibleT’-moduleP?, i = 0,1, ....

This action ofl” in the space of polynomial functions on any Riemann mani-
fold is also well knownI" is generated (as a Lie algebra) by operafSrsof left
multiplication by the quadratic polynomial representing the metramd X _ is
the corresponding Laplace operator.

Clearly, a mixture of Examples 2.5.1 and 2.5.2 corresponding to symmetric
or skew-symmetric forms on a supermanifold is also possitie:space of"-
primitive elements of" (W) of each degregis an irreducibld’-module cf. [44]
and Sergeev’s papers [51], [52].

In [24], [25] the dual pairs had to satisfy one more condition: the through
action of bothl” andI” on the identitygy-module should be completely reducible.
Even for the needs of the First Theorem of Invariant Theory this is too strong a
requirement, cf. examples with complete irreducibility in [51, 52] with our last
example, in which the complete reducibility pf(n) is violated. Investigation of
the requiremets ofi andI” needed for the First Theorem of Invariant Theory will
be given elsewhere.

2.5.3. Bernstein’s square root of the Lefschetz decompositiohet L be the
space of a (complex) line bundle over a connected symplectic marifokt, w)
with connectionV such that the curvature form &f is equal tofw for some
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h € C. This h will be called atwist, the space of tensor fields of typgherep :
sp(2n) — gl(U) is a representation which defines the spBc&/, U) of tensor
fields with values inU), and twists will be denoted byT},(p). Let us naturally
extend the action ok, X _ from the spaceé! of differential forms on\/ onto the
spacef);, of twisted differential forms using the isomorphismsgfacesl;, (p) ~
T(p) ® (L), wherel'(L) = QY is the space of sections of the line bundlg.e.,
the space of twisted functions.

Namely, setX, — X ® 1, etc. LetD; = d + « be the connectioWV itself
andD_ = [X_, D4]. On{, introduce a superspace structure settig® s) =
deg  (mod 2), forp € Q, s € QI.

Theorem. ([2]) On 2, the operatorsD, and D_ generate an action of
the Lie superalgebrassp(1|2) commuting with the action of the grouf of
V-preserving automorphisms of the bundle

Bernstein studied thé&-action, more exactly, the action of the Lie algebra
po(2n|0) corresponding t@;; we are interested in the part of this action only: in
sp(2n) = po(2n|0)y-action.

In Example 2.5.1 the spade’ consisted of differential forms with constant
coefficients. Denote byP! = P! ® S°(V) the space of primitive forms with

polynomial coefficients. The elements of the Spa@; = KerD_ N P{ will
be calledV-primitive formsof degree (and twist?).

Bernstein showed thak’TD;L is an irreducibley = po(2n[0)-module. It could

be that over subalgebig the module\/7_>zh becomes reducible but the general
theorem of Howe (which is true farsp(1|2n)) states that this is not the case,

it remains irreducible. Shapovalov and Shmelev literally generalized Bernstein’s
result for (2n|m)-dimensional supermanifolds, see review [37]. In particular,
Shapovalov, who considered = 0, “took a square root of Laplacian and the
metric”.

2.5.4 Inspired by Bernstein’s construction, let us similarly define a “square
root” of the hyper-Khler structure. Namely, on a hypei&hilerean manifold
(M, w1,wy) consider a line bundlé with two connectionsV; andVy, whose
curvature forms are equal t,w; and fisw, for someh, i, € C. The pair
h = (h1, he) will be called atwist, the space of tensor fields of typeand twisth
will be denoted byT},(p). Verbitsky [53] defined the action @h(4) in the space
Q of differential forms on)M. Let us naturally extend the action of the generators
X]i for j = 1,2 of of sp(4) from Q onto the spacg;, of twisted differential forms
using the isomorphisrfy,(p) ~ T(p) ® I'(L), wherel'(L) = QY is the space of
sections of the line bundiB; herer+ is the operator of multiplication by; and
X is the operator of convolution with the dual bivector.

Define the space of primitivieforms (with constant coefficients) on the hyper-
Kahlerean manifoldM, w1, ws) by setting

P" = KerX; NnKerX; NnQ'. (HK)
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According to the general theorem [25] this space is an irreducif(en; H)-
module.
SetD; = [X; , D;f]. The promised square root of the decomposition (HK) is
the space
Pi = KerDy NKerD; NQL. (vVHK)
+

The operatorD;", whereD;" = V;, generatesp(1]4).
2.6. Further examples of dual pairs The following subalgebrag; (V1) &
g2(V2) are maximal ing(V; ® V3), hence, are dugdairs:

91 g2 g
osp (n1\2m1) osp(n2|2m2) osp (?11712 + 4m1m2|2n1m2 + 2n2m1)
o(n) osp(na|2ms) osp(nna|2nma),n # 2,4
sp(2n) | osp(na|2ms) osp(2mng|dnms)
pe(ng) pe(na) 0sp(2n1ng|2ning), ny, ng > 2
05]3(711‘27711) p

ng
e(ng) pe(ning + 2ming) if ny # 2my
spe(ning + 2mng) if ng = 2my
o(n) pe(nm)
sp(2n) pe(2nm)

In particular, on the superspace of polyvector fields, there is a natufa)-
module structure, ange(1), its dual partner irosp(2n|2n), is spanned by the
divergence operatoA (“odd Laplacian”), called thBRST operatoi[1]), the
even operator ofie(1) beingdeg, — degy, where; = 71'(%), 7 being the shift
of parity operator.

For further examples of maximal subalgebragliandq see [49]. These subal-
gebras give rise to other new examples of Howe dual pairs. For the decomposition
of the tensor algebra corresponding to some of these examples see [51, 52], some
of the latter are further elucidated in [3]. Some further examples of Howe’s duality,
considered in a detailed version of our lectures, are: (1) over reals; (2) dual pairs
in simple subalgebras qfo(2n|m) distinct from osp(m|2n); in particular, (3)
embeddings int@o(2n|m;r), the nonstandard regradings of the Poisson super-
algebra, cf. [50]; (4) a “projective” version of the Howe duality associated with
embeddings into the Lie superalgebra of Hamiltonian vector fields, the quotient of
the Poisson superalgebra, in particular, the exceptional cases in dimé2igipn
cf. [40]. It is also interesting to consider the prime characteristic and an “odd”
Howe’s duality obtained from quantization of the antibracket (the main objective
of [4]), to say nothing ofj-quantized versions of the above.
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3. Generalities on spinor and spinor-like representations

3.1. The spinor and oscillator representations of Lie algebrasThe importance

of the spinor representation became clear very early. One of the reasons is the fol-
lowing. As is known from any textbook on representation theory, the fundamental
representation®(p1) = W, R(p2) = A2(W), ..., R(pn_1) = A" Y (W) of
s[(W), wheredim W = n andy; is the highest weight ok?(1), are irreducible.

Any finite dimensional irreduciblel(n)-moduleL? is completely determined by

its highest weight = 3" \;p; with \; € Z, . The moduleL* can be realized as

a submodule (or quotient) of (R((pi)®>‘i).

Similarly, every irreduciblegl(n)-module L*, whereA = (A,... A\, 1;¢)
and c is the eigenvalue of the unit matrix, is realized in the space of tensors,
perhaps, twisted with the help efdensities, namely in the spa@e(R )®

tr¢, wheretr® is the Lie algebraic version of thgh power of the determinant, i.e.,
|nf|n|teS|maIIy trace, given for any € C by the formulaX — c - tr(X) for any
matrix X € gl(W). Thus, all the irreducible finite dimensional representations
of sI(1¥') are naturally realized in the space of tensors, i.e., in the subspaces or
quotient spaces of the spaf =W @ --- @ W @W* ®--- ® W*, whereW is

p q
the space of the identity representation. §igi1"), we have to consider the space
TP ® tre.

Forsp(W), the construction is similar, except the fundamental modi(le; )
is now apart of the moduleA’(id) consisting of theprimitive forms

Foro (W), the situation is totally different: not all fundamental representations
can be realised as (parts of) the moduléid). The exceptional one (or two, for
0(2n)) of them is called thepinor representatiarfor o(W), wheredim W = 2n,
it is realized in the Grassmann algel&#g V') of a “half” of W, wherelV =V &

V* is a decomposition into the direct sum of subspaces isotropic with respect to
the form preserved by(W). Fordim W = 2n+1, itis realized in the Grassmann
algebral”(V & W), whereWW =V @ V* & W, and W, is the 1-dimensional
space on which the orthogonal form is nondegenerate.

The quantization of the harmonic oscillator leads to an infinite dimensional
analog of the spinor representation which after Howe we asdillator repre-
sentation ofsp(1V). It is realized inS"(V'), where as abovey is a maximal
isotropic subspace ¥ (with respect to the skew form preserveddpy)). The
remarkable likeness of the spinor and oscillator representations was underlined in
a theory ofdual Howe’s pairs[23].

The importance of spinor-oscillator representations is different for distinct
classes of Lie algebras and their representations. In the description of irreducible
finite dimensional representations of classical matrix Lie algegifas, s{(n) and
sp(2n) we can do without either spinor or oscillator representations. We can not

kievarwe.tex; 12/03/2001; 3:49; p.108




102 D. LEITES, I. SHCHEPOCHKINA

do without spinor representation fofrn), but a pessimist might say that spinor
representation constitutes on%yh of the building bricks. Our, optimistic, point

of view identifies the spinor representations as one of the two possible types of
the building bricks.

For the Witt algebravitt and its central extension, the Virasoro algebing
everyirreducible highest weight module is realized as a quotient of a spinor or,
equivalently, oscillator representation, see [8], [10]. This miraculous equivalence
is known in physics under the namelmdse-fermi correspondenceee [18], [26].

For the list of generalizations afitt andvit, i.e., simple (or close to simple)
stringy Lie superalgebras or Lie superalgebras of vector field&Veextended
supercircles, often called by an unfortunate (as explained in [21]) name “super-
conformal algebras”, see [21]. The importance of spinor-oscillator representations
diminishes asV grows, but for the most interesting -gistinguished([21]) —
stringy superalgebras it is high, cf. [11], [46].

3.2. Semi-infinite cohomology An example of applications of spinor-
oscillator representations: semi-infinite (or BRST) cohomology of Lie superalge-
bras. These cohomology were introduced by Feigin first for Lie algebras ([9]);
then he extended the definition to Lie superalgebras via another construction,
equivalent to the first one for Lie algebras ([7]). For an elucidation of Feigin's
construction see [14], [31] and [54]. Feigin rewrote in mathematical terms and
generalized the constructions physicists used to determirittoal dimensions
of string theories, i.e., the dimensions in which the quantization of the superstring
is possible, see [42], [18]. These critical dimensions are the values of the cen-
tral element (central charges) on the spinor-oscillator representation constructed
from the adjoint representation; to this day not for every central element of all
distinguished simple stringy superalgebras their values are computed on every
spinor-oscillator representation, not even on the ones constructed from the adjoint
representations.

4. The spinor-oscillator representations and Lie superalgebras

4.1. Spinor (Clifford-Weil-wedge—. .. ) and oscillator representations As

we saw in [40],po(2n|m)y = osp(m|2n), the superspace of elements of degree

0 in the standard.-grading ofpo(2n|m) or, which is the same, the superspace
of quadratic elements in the representation by generating functions. At our first
lecture we defined thepinor-oscillator representatioas the through map (here

k =[] andQ is the quantization)

oiff(n|k) if m =2k
qoiff(nlk) if m=2k-—1,

g — po(2n|m) -2 {

whereIm(g) C po(2n|m)y = osp(m|2n). Actually, such requirement is too
restrictive, we only need that the image glunder embedding intpo(2n|m)
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remains rigid under quantization. So various simple subalgebuag & |m) will
do as ambients af.

This spinor-oscillator representation is called #pnor representatiomf g
if n = 0, or theoscillator representationf m = 0. We will denote this rep-
resentatiorSpin(V) and setOsc(V) = Spin(II(V')), whereV is the standard
representation obsp(m|2n). In other words, ifSpin(V') is a representation of
osp(m|2n), thenOsc(V') is a representation okp(2n|m), soOsc(V') only exists
for m even.

If V is ag-module without any bilinear form, but we still want to construct a
spinor-oscillator representation gfconsider the moduld” = V & V* (where in
the infinite dimensional case we repldcé with therestricteddual of V'; roughly
speaking, if = C[z], thenV* = C[[Z]], whereas the restricted dual@2])
endowed with the form (fov,, w; € V, va, ws € V*) symmetric for the plus sign
and skew-symmetric otherwise:

B((v1,v2), (w1, ws)) = va(wi) £ (—1)PEIPO2) g (1),

Now, in W, select a maximal isotropic subspdé&not necessarily” or V*) and
realize the spinor-oscillator representatiorgan the exterior algebra df .

Observe that the classical descriptions of spinor representations differ from
ours, see, e.g., [17], where the embedding ¢ih their caseg = o(n)) into the
quantized algebra (namely in@(po(0|n — 1))) is considered, not intpo(0|m).

The existence of this embedding is not so easy to see unless told, whereas our
constructions are manifest and bring about the same result.

To illustrate our definitions and constructions, we realize the orthogonal Lie
algebrao(n) as the subalgebra in the Lie superalgglrg|n).

Caseo(2k). Basis:

X =&m, ... X = &mp, X5 = menp—1;
Xy =&m, ..., X1 = k-1 X = &1k
Hy=&m —&n, ooy Heo1 = &e1Mi—1 — &Mk, Hi = E—1M—1 + E6M-

For R(py) take the subspacespace functi@ig|., which contains the constants
C - 1, wherel is just the constant functionA clearly, 1 is the vacuum vector.

Quantization (see above) sendsinto &;, ands; into ha%, so X1 = 0 for

i < k, henceH;1 = [X;", X;]1 = 0fori < k. Contrariwise,

Hl = (X5, X011 = 0601, &160)1 = Ok(—Ep10k1 + 1)&1 = 1.

So we see that the spinor representation is indeed a fundamental one.
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Caseo(2k + 1). Basis:

X =&m, ... X =&me, X;F = 2.0,
Xi =&, Xi 1= Ek—1Mk> X, = V20&;
=&m —&mn2, ooy Hy1 = &1me—1 — §6mMey Hi = 261k

For R(¢x) consider the space of even functlo@&‘h...,gk,e]ev and realize
0(2k + 1) so that¢; — &, m; — Dy, 0 — (0 + %;). As above foro(2k),
seth = 1.
Then, as abovef;v = [X;", X; |1 = 0 for i < k, whereas

~

Hel =X, X 1= <3k(9+ )26+ &0+ (;39) 5k> 1=1.

Sol is indeed the highest weight vector of thn fundamental representation.
4.2. Stringy superalgebras. Caseit. For the basis obit takee; = t’“jt,
1 € Z, and the central element let the bracket be

leisej] = (j —i)eir; — 112% (i* — i)z (*)

We advise the reader to refresh definitions of stringy superalgebras and various
modules over them, see [21], where we also try to convince physicists not to use
the term “superconformal algebra” (except, perhapstfot|1) andt™ (1]1)). In
particular, recall thaf, , = Span(p; = t*+i(dt)* | i € Z).

Statement The only instances whef), , possesses an invariasymmetric

nondegenerate bilinear form are the space of half-densitiéél = F; ; o, and
its twisted versionF s, 1 2 and in both cases the form is:

($Vlt gVdt) = [ fg- dt

the only instances whefiy , possesses an invariagkew- symmetrldorms are
the quotient space of functions modulo constafis = F; o/C - 1, andi 5-twisted

functions,v/tF = Fo,1/2 and in both cases the form is:

g)Z/f-dg-

Letd; = 52 (wherep; = t#+i(dt)"). Letosc(v/Vol) be thevic-submodule of
theexterioralgebra onp; for i < 0 containing the constant Since the generators
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e; Of vir acts onF), , as (sums ovei € 7Z)

= 2+ i+ 2X)pip10i = 3 ipit10;,

= Y (p+i+1)pi0ipy1 = > (i + 1)@idit1;
= > (u+1i—Npit10; = > ii10;,

= Y (p+i+3N)pidit1 = > (1 + 1)9i0iy1,

and representingy andz as brackets of; andes from (x) we immediately
deduce that the highest weigffts z) of osc(v/Vol) is (—3, 0).

For the spinor representatiossin(y/#.F) andspin(d.F) (realized on theym-
metricalgebra ofp; for ¢ < 0) we similarly obtain that the highest weighs )
are(, 1) for spin(v/tF) and(—, 0) for spin(dF).

Observe that the representaticnyﬂn(\/i}‘), spin(dF) and osc(v/Vol) are
constructed on a half of the generators used to consipio{ F.,,).

4.3. The highest weights of the spinor representations of’(1|n) and
£M(1|n). In the following theorem we give the coordinatesh; Hy, ... ) of the
highest weight of the spinor representatichsn(F,,,) of the contact superal-
gebrat”(1|n) with respect taz (the central element)s;, and, after semicolon,
on the elements of Cartan subalgebra, respectivelyt ¢t |n) we write h; H;.
(Observe that fom > 4 the Cartan subalgebra has more generators than just
Hy = K¢, ..., H, = K¢, Which generate the Cartan subalgebra(af2k),
the algebra of contact vector fields with polynomial dimédnts.)

K I R S D D A

c\ 1202 — 12\ + 2 \ —12\+3 \ 6 \ 0 \

|
B (42X (p+1) | p+2) | 2u+20+v | 20 (p A) + 278 |

h - | 2p+3x—F|2u+22-% | 27 Y(u+))

Theorem. Let (¢, h; Hy, ... ) be the highest weight of the spinor representa-
tion Spin(Fy,,) of e&(1|n). The highest weight of the oscillator representation
Osc(Fau) = Spin(IL(Fy,,)) is (—c, h; Hy, ... ) and similarly fore™ (1|n).

Forn # 2, all the coordinates of the highest weight other thanvanish. For
n = 2 the value offi on the highest weight vector fro8pin(F) ,..) is equal to
V.

The values of andh (or h) on modulesSpin(F),,) are given in the above
table.

Up to rescaling, these results are known for smaBee [29], [28] and refs.

Remark. For the contact superalgebrgasn thel|n-dimensional supercircle
our choice ofg-modulesV” = F,.,, from which we constructeipin(V & V*) is
natural for small: there are no other modules! For largeit is only justified if
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we are interested in semi-infinite conomology@id not in representation theory
per se For the superalgebragsof seriesvect andsvect the adjoint modulgy is of

the form7 (id*), i.e, it is either coinduced from multidimensional representation
(bect), or is a submodule of such a coinduced moduledt). Spinor-oscillator
representations of this type were not studied yet, cf. sec. 5.

4.4. Other spinor representations 1) Among various Lie superalgebras for
which it is interesting to study spinor-oscillator representations, the simple (or
close to them) maximal subsuperalgebragpofire most interesting. The list of
such maximal subalgebras is being completed; various maximal subalgebras listed
in [48] distinct from the sums of mutual centralizers also provide with spinor
representations.

As an interesting example consider A. Sergeev’s Lie superalgehréhe
nontrivial central extension of the Lie superalgebpa(4) preserving the odd
bilinear form and the volume on the|4)-dimensional superspace, see [49, 50].
Namely, considepo(0|6), the Lie superalgebra whose superspace is the Grass-
mann superalgebrA(£,n) generated by, &2, &3, 11,12, 13 and the bracket is
the Poisson bracket. Recall also that the quotiengogd|6) modulo center is
h(0|6) = Span(Hy | f € A(&,m)), where

of & _9f @

H: = (—1)P) = '
r=0 Z(a& on; +<9"7j 0&;

).

Now, observe thaipe(4) can be embedded intg(0(6). Indeed, settingleg & =
degn; = 1 for all : we introduce &-grading onA(&,n) which, in turn, induces
aZ-grading onh(0|6) of the formh(0|6) = .>691h(0\6),‘. Sincesl((4) = 0(6), we

can identifyspe(4)o with §(0]6)o.

Itis not difficult to see that the elements of degrekin the standard gradings
of spe(4) andh(0|6) constitute isomorphis((4) = o(6)-modules. It is subject to
a direct verification that it is really possible to embspd(4); into h(0/6);.

A. Sergeev’s extensioms is the result of the restriction ontpe(4) C h(0/6)
of the cocycle that turng(0[6) into po(0|6). The quantization (with parameter
A) deformspo(0|6) into gl(A(&)); the through map§’ : as — po(0[6) —
gl(A(§)) are representations @& in the 4|4-dimensional moduleSpin,. The
explicit form of T}, is as follows:

a b a b—Ac
TA:(C _at>+d'zi—><c —at >+>\d'144,

wherelyy, is the unit matrix and;; = cy; for any skew-symmetric matrix;; =
E;j—E;; and any even permutati@h234) — (ijkl). Clearly, T is an irreducible
representation for any andT), % T, for A # p.

2) Maximal subalgebras (for further examples see [48]) and a conjecture.
Let V1 be a linear superspace of dimensipts); let A(n) be the Grassmann
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superalgebra with odd generatorgy, ... , &, andvect(0|n) = dertA(n) the Lie
superalgebra of vector fields on tf@n)-dimensional supermanifold.

Letg = gl(V1)®A(n) 3 vect(0|n) be the semidirect sum (the ideal at the open
part of ») with the natural action ofect(0|n) on the ideal((V;) ® A(n). The Lie
superalgebrg has a natural faithful representatipin the spacé” = V; ® A(n)
defined by the formulas

P(X @ p)(v®1) = (—1)PPPM Xy @y,
o(D)(v %) = —(~1)PPy @ Dy

forany X € gl(V1), p,¢ € A(n), v € V1, D € vect(0n). Let us identify the
elements frong with their images undey, so we consideg embedded intgl(V').
Theorem ([48]) 1) The Lie superalgebrgi(V1) ® A(n) 3 vect(0|n) is max-
imal irreducible ins((V; ® A(n)) unlessa) dimV; = (1,1) orb)n = 1 and
dim V5 = (1,0) or (0,1) or(r|s) forr # s.
2) If dim V; = (1,1), thengl(1|1) = A(1) 3 vect(0|1), so

gl(V1) ® A(n) D vect(0ln) C A(n+ 1) Boect(0jn + 1)

and it is the bigger superalgebra which is maximal irreducibte(iti).

3) If n =1 anddim V;, = (r|s) forr > s > 0, theng is maximal irreducible
ingl(V).

Conjecture. Suppose + s = 2V, Then,dim V' coincides withdim A (W) for
some spac®’. We suspect that this coincidence is not accidental but is occasioned
by the spinor representations of the maximal subalgebras described above. The
same applies tq(V1) ® A(n) 3 vect(0|n), a maximal irreducible subalgebra in
q(V1 ® A(n)).

4.5. Selected problemsl) The spinor and oscillator representations are real-
ized in the symmetric (perhaps, supersymmetric) algebra of the maximal isotropic
(at least forg = sp(2k) and o(2k)) subspacel” of the identity g-module
id = V @ V*. But one could have equally well started from anotfgenodule.

For an interesting study of spinor representations constructedifos id, see
[45].

To consider in a way similar to sec. 2 contact stringy superalgepras
¢l (1|n) and€M(1|n), as well as other stringy superalgebras from the list [21],
we have to replace ), ,, with modules7, (W) of (twisted) tensor fields on the
supercircle and investigate how does the highest weight ef Osc(7,(W))
or 1 € Spin(7,(W)) constructed from an arbitrary irreducibte(n)-module
W =V & V* depend on the highest weight @f. (It seems that the new and
absolutely remarkable spinor-like representation Poletaeva recently constructed
[46] is obtained in this way.)

To give the reader a feel of calculations, we consider here the simplest non-
trivial caseo(3) = sl(2). The results may (and will) be used in calculations of
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Spin(7,(W)) for g = ¢L(1|n) ande (1|n) for n = 3, 4. As is known, for every

N € Z; there exists an irreduciblgV + 1)-dimensionalg-module with highest
weight N. This module possesses a natural nondegengrateariant bilinear
form which is skew-symmetric folN = 2k + 1 and symmetric forNV = 2k.

The corresponding embeddings— o(2k + 1) andg — sp(2k) are called
principal, see [19] and references therein. Explicitly, the images of the Chevalley
generators\* of s[(2) are as followsX ~ +— " X,

NN+DXy+ ¥ iN+1-49)X; for N=2k+1
X+ 1<i<N-1
N2X%+ > i2N—9)X;' for N = 2k.
1<i<N-1

From the commutation relations betwe&n™ and X~ we derive that only
Xﬁ give a nontrivial contribution to the highest weidhtV of the s[(2)-module
Spin(LY); we have:

N(N+1) if N=2k+1
—3N? if N =2k

HW =

2) Observe, that the notion of spinor-oscillator representation can be broad-
ened to embrace the subalgebras of the Lie superal@edifrélamiltonian vector
fields and their images under quantization; we call the through magrofective
spinor-oscillator representatiorsince the Lie superalgebhehas more deforma-
tions thanpo ([40]), and since the sets of maximal simple subalgebras @ind
h are distinct, the set of examples of projective spinor-oscillator representations
differs from that of spinor-oscillator representations.
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Abstract. Let A be an associative algebra o@randL an invariant linear functional on it (trace).
Let w be an involutive antiautomorphism ¢f such thatL(w(a)) = L(a) for anya € A. Then

A admits a symmetric invariant bilinear for(n, b) = L(aw(b)). For A = U(sl(2))/m, wherem

is any maximal ideal ot/ (s((2)), Leites and | have constructed orthogonal basis whose elements
turned out to be, essentially, Chebyshev and Hahn polynomials in one discrete variable.

Here | takeA = U(gl(3))/m for the maximal idealsn which annihilate irreducible highest
weightgl(3)-modules of particular form (generalizations of symmetric powers of the identity rep-
resentation). In whis way we obtain multivariable analogs of Hahn polynomials. Clearly, one can
similarly considergl(n) andgl(m|n) instead ofgl(3) but the amount of calculations is appalling.

§1. Background

1.1. Lemma Let A be an associative algebra generated by a ¥etDenote by
[X, A] the set of linear combinations of the fodiz;, a;], wherezx; € X, a; € A.
Then[A, A] = [X, A].

Proof. Let us apply the identity ([3], p.561)

[ab, | = [a, be] + [b, cal. (1.1.1)

Namely, leta = z;...xz,; let us induct om to prove thafa, A] C [X, A].
Forn = 1 the statement is obvious. #f > 1, thena = zay, wherez € X and
due to (1.1.1) we have

[a,c] = [za1,c] = [z, a1c] + [a1, cz].

¥ | am thankful to D. Leites for encouragement and help and to ESI, Vienna, for hospitality and
support.
t sergeev@bittu.org.ru
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1.2. Lemma Let A be an associative algebra and— w(a) be its involutive
antiautomorphism (transposition fot = Mat (n)). Let L be an invariant func-
tional on A (like trace, i.e.,L([A, A]) = 0) such thatL(w(a)) = L(a) for any
a € A. Define the bilinear form o by setting

(u,v) = L(uw(v)) forany u,v € A. (1.2.1)

Then
|) (u,v) = (v,u);
i) (zu,0) = (u,w(@)o);
i) (uz,v) = (u,vw(x)),
iv) ([z,ul,v) = (u, [w(z),]).

Proof. (Clearly, iii) is similar to ii)).

1.3. Traces and forms onU(g). Let g be a finite dimensional Lie algebra,
Z(g) the center of U (g), W the Weyl group ofy andh a Cartan subalgebra of
The following statements are proved in [1].

1.3.1. Propositioni) U(g) = Z(g) & [U(g), U(g)].

i) Letff : Z(g) ® [U(g),U(g)] — Z(g) be the natural projection. Then

(uv)* = (vu)* and (zv)f = z(v)* for any u,v € U(g) and z € Z(g).
iii) U(g) = S(h)" & [U(g), Ug)].

iv) Let A be the highest weight of the irreducible finite dimensiggratodule
L* and the Harish-Chandra homomorphism. Then

put)(y) = ),

1.3.2 OnU(g), define a form with values i (g) by setting

(u,v) = (uw(v))?,

wherew is the Chevalley involution i@/ (g).
Lemma The form(x) is nondegenerate ofi(g).
Proof. Let (u,v) = 0 for anyv € U(g). By Proposition 1.3.1

tr(uw(v)) = ((uw(v))!)(A) - dim L(A) = ¢((u, v))(A) - dim L(A) = 0;
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henceu = 0 on L(\) for any irreducible finite dimensiondl()), and, therefore,
u=0inU(g).
1.3.3. Lemma For any A € h* define aC-valued form orlU/(g) by setting

(w, v)x = ((u, v)) ().

The kernel of this form is a maximal ideal if(g).

Proof. The form (-,-), arises from a linear functiondl(u) = ¢(u*)()\);
hence, by Lemma 1.2 its kernel is a twosided ideal U(g). On A = U(g)/I,
the form induced is nondegeneratez I€ Z(g), then

(z,0)x = L(zw(v)) = L(2) L(w(v));

hencez — L(z) € I. Therefore, the onlg-invariant elements ial are those from
Span (1).
Let J be a twosided nontrivial#£ A,0) ideal in A andJ = & J* be the

decomposition into irreducible finite dimensiogamodules (with ruespect to the
adjoint representation). Since # A, it follows thatJ° = 0. Hence,L(J) = 0
and(J, A). Thus,J = 0.

1.4. Gelfand-Tsetlin basis and transvector algebragFor recapitulation on
transvector algebras see [7].)

Let £;; be the matrix units. Irgl(3), we fix the subalgebrgl(2) embedded
into the left upper corner and lét denote the Cartan subalgebra gif3) =
Span (Ej;; :i=1,2,3).

There is a one-to-one correspondence between finite dimensional irreducible
representations gfl(3) and the sets

()\1, )\2, )\3) such that A\ — )\2, Ay — )\3 S Z+.

Such sets are called highest weights of the corresponding irreducible representa-
tion whose space is denoté&d. With each such we associate a Gelfand—Tsetlin
diagramA.:

(1.4.1)

where the upper line coincides withand where “betweenness” conditions hold:

)\].m' — Ak—l,i S/ )\k—l,i — Ak,i-ﬁ-l € Zy forany 1 = 1,2; k = 2,3. (1.4.2)

Set
291 = Fa1, 212 = F12; 213 = E13, 232 = E3p;

z31 = (E11 — Eag + 2)E31 + Eo1 Eso, (1.4.3)
293 = (E11 — E9g + 2)E9s — E91 Ens.
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Set(LM* = Span (u : u € L}, Ejou = 0).
1.4.1. Theorem (see [4])Letv be a nonzero highest weight vectorlin, and
A a Gelfand-Tsetlin diagram. Set

_ 21— A11 ,A31—A21 L A32— A2z
UA = %91 %31 233 v

and letly; = Ag; — ¢+ 1. Then

i) The vectors, parametrized by Gelfand—Tsetlin diagrams form a basis in
L.
ii) Thegl(3)-action on vectors, is given by the following formulas

Er1vp = A11va;
Exvp = (A21 + Aa2 — A11)va;

3 2
Eszvp = ( 1)\31' - '21 A2 )UA;
= j:

(2

Eiovpn = —(lin — lo1)(li1 — lo2)vatsy,;

Ep1vp = vA—611;
(Io1 = l31)(l21 — 132)(l21 — I33)

(lo1 — l22) UAron T
(lag — I31)(la2 — I32)(l22 — I33) )

(l22 — l21) VA+6225

Fayon = Elzl —l11) (lag — l11)

Eazvp = —

UA—611 T mW\—&zw
whereA + §,; is obtained fromA by replacingA; with A\; &= 1 and we assume
thatvy, = 0 if A does not satisfy conditions on GTs-diagrams.

iii) The vectora corresponding to the GTs-diagrams witky = A;; form a
basis of(L*)*.

lo1 — l22)

§2. Formulations of main results

2.1. ModulesS® (V). Letg = gl(3) be the Lie algebra f x 3 matrices ove(C.
For anya € C denote byS®(V) the irreducibleg-module with highest weight
(,0,0).

If « € Z4, thenS*(V) is the usuak-th symmetric power of the identity
g-moduleV. Namely:

S%(V) = Span (x’flmgzmgi” ck1+ ko + ks = ki, ko ks € Zy).
Fora ¢ Z. we have (like in semi-infinite cohomology of Lie superalgebras)

SYV) = Span (e} 252k s ky + ko + ka = a; ko, k3 € Zy).
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Remark. The expression:* for k € C is understood as a formal one,
satisfying% = kb1,

On S*(V) theg = gl(3)-action is given byE;; xi%.

2.2. Theorem i) S%(V) is an irreducibleg-module for anyx.

i) The kernelJ* of the corresponding t&“(V') representation ot/ (g) is a
maximal ideal ifoa: € Z .

Set2* = U(g)/J* and letd be the highest weight of the adjoint rep-
resentation ofg. Now consider)l® as g-module with respect to the adjoint
representation.

iii) A = & LM if o ¢ Zso.
k=0 -

iv) 210 = k% L if o € Zso.
70 -

v) The foan(u,v>a = p(uw(v)?)(a,0,0) is nondegenerate of* for o ¢
Z<o.

2.3 Leth = Span (FE11, E99, E33) be Cartan subalgebra inandeq, es,e3
the dual basis of*. Let @ = {3 kie; : Y ki = 0} be the root lattice ofy. For
anyu € @ define

Ay = {u e A¥ : [h,u] = p(h)u forany h € h}. (2.3.1)
Clearly,20~ is Q-graded:

A = @ (AY),.
uEQ( )

Theorem 2.5 below shows th@®),, = Ru,,, whereu,, € A~ is defined uniquely
up to a constant factor adl = C[E11, E22, E33]/(E11 + E22 + E33 — ).

Denote by(2*)* the subalgebra ofii consisting of vectors highest with
respect to the fixed!(2):

(AT = {u € A% : [Erg,u] = 0}, (2.3.2)
The algebrg2*)* also admits)-grading:

(AT = ?Q(Qla)j. (2.3.3)

Denote:Qt = {v € Q : (A%} # 0}.

Theorem 2.4 below shows th@*)} = C[Es3]u;, wherev € Q. For
f,9 € C[Es3] andv € Q7 set

Forf,g € Randyu € Q set

<f>g>,u - <fu,uaguu>a- (2.3.5)
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Fork > 0 andv € QT set

(ad 231)F (U k(ey—eq)) for v(Esz) <0
(ad 223)" (Uy 4 k(c5—cq)) for v(E33) >0

frw(Es3)u, = {

Fork,l > 0andv € Q™ set

fle (B, Eog, Esz)u, =

(a‘d z21)l(ad Z31)k(uV+k(El—53)+l(81—EQ)) fOI' V(E33) S O
(ad 221)"(ad 223)% (Uy s (ey—e9)+i(e1—eo) fOr v(E3) >0

2.4. Theorem 0) (21%); = C[Es3]u,}, whereu,, is determined uniquely up to
a constant factor.

1) ((A*)),A%);5 o = 0 for v # pu.

2) The polynomialgy, . (Es3) are orthogonal relative:, -);f .

3) The polynomialsfy, , (E33) satisfy the difference equation

(Ess — v(Es3) +1)(Es3 + v(Eu) — )Af — Es3(Ess + v(Exn) —a —2)Vf =
k(k + 21/(E11) + 2)f if I/(E33) < 0;

(Ess +1)(Es3 + v(En) — )Af — (Es3 — v(Es3))(Es3 + v(Ey) —a—2)Vf =
k(k — 2V(E11) + 2)f if I/(E33) > 0.

4) Explilcitely, fi . (Es3) is of the form

Jr(E33) = const x 3% (

-k, k+ 21/(E11) +2, —Fs3 ‘ 1
1 —v(Es3), v(En)-a 7

where

o1, g, a3 = (e)i(ag)i(ag)i 2*
3F2< B, B2 ‘Z> _g (B1)i(B2)i !

is a generalized hypergeometric functida)y = 1 and(«); = a(a+1)...(a+
i—1)fori>0.

2.5. Theorem 0) (A*), = C[E11, F22, Fs3]u,, wherew, is determined
uniguely up to a constant factor.

1) (=A%), AY),)q = 0 for v # p.

2)The polynomialsfl’jk(En, Es,, E53) form an orthogonal basis dk relative
()Y

3) The polynomialsu( f; i) (E11, E22, Es3) for w € W form an orthogonal
basis of R relative (-, -),,(,) provided polynomialsf; ».(E11, E22, E33) form an
orthogonal basis oR relative (-, -),.
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4) The polynomialsfy) (E11, Faz, E33) for v € QF andv(Es3) < 0 satisfy
the system of two difference equations (whdie= E11 — E9y, Hy = E33)
[f(Hy +2,Hy) — f(H1, Hy)) - 3(H1 — Hy + o+ 1)(Hy + Hy — ) —
[f(Hl,HQ) — f(H1 — 2, HQ)] . %(Hl — Ho+a— V(EH))(Hl + Hy —a— 1+
v(Ex)) = [I? + 1(v(E11) + v(Ex2) + 1)) + v(Ey) — v(En)lf;

20 — v(Hs)(a + 2 + v(Hs)) + Ha(2a + 1 + 2v(Hy)) — 2H3) f (Hy, Hy)—
$(Ho+1—v(Hy))(Hi — Hy + o — 2v(En)) f(H1 — 1,Hy + 1)—
SHy(Hi — Hy+o+2)f(H +1,Hy +1)—
$(Ho+1—v(Hs))(a— Hy — Ho) f(H1 + 1,Hy + 1)—

THy(a— Hy — Hy+2 —2v(Eg)) f(Hi — 1,Hy — 1) =

[2k2 + 4kl + 4k(1 + v(E11)) + 21(1 + v(E1) — v(Fa))+

v(E11)? — v(Eg)? + 4v(Ey)|f(Hy, Ho).

§3. Proof of Theorem 2.2

i) The moduleS*(V) is irreducible if and only if it has no vacum vectors (i.e,
vectors annihilated b¥;> and E»3. This is subject to a direct verification.

if) Follows from Exercise 858 of Ch. 8 of [1].

iii) Let A3 be the Weyl algebra (i.e., it is generated by thendg; for i =
1,2, 3 satisfying

PiPj — PiPi = 4G5 — 4% =05 pigj — q;pi = —04j- (3.1)
SettingE;; — p;q; we see that the homomorphism: U(g) — End (S%(V))

factors throughds and As acts onS® (V) so thatp; — xz; andg; — a%,—- Let us
describe the image @f. To this end, oms, introcude a grading by setting

degp; =1 degq; =—-1fori=1,2,3. (3.2)

Now it is clear thafm ¢ is the algebraBs of elements of degree 0.

To describe highest weight elements i, it suffices to describe same in
Sk(V) ® Sk(V*). Let us identifyS* (V) @ S*(V*) with End (S*(V)), letu €
End (S*¥(V)) commutes with the action df;2 and Eq3 on S¥(V). But thenu
is uniquely determined by its value on the lowest weight veetpre S*(V');
moreover,Ejo25 = 0. Hence,

k .
u(xlg) = a0$’§ + Z aiw’ixlg_z,
i=0
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k k
lao(z wlaa)xlgf + Z (k
i=0 9% i=0

This shows that the algebra of highest weight vectorB4ris generated by g3
andz = p1q1 + p2q2 + p3¢s. If a & Z>g, then?,, is the quotient ofBs modulo
(z — ). This provesiiii).

iv) In this case(,, = End (S*(V)) and the proof follows from the arguments
at the end of the above paragraph.

v) By 1.3.3 the kernel of(-,-), in U(g) is a maximal ideal. Bul, =
U(g)/J“, whereJ* is maximal due to i). So/ coincides with the kernel of
(-,)o In U(g) and the form is nondegenerate AR.

84. Proof of Theorem 2.4

0) Direct computations show that the set of elements filbyrcommuting with
E4, is a subalgebra generated by, ¢-, p3, g3 andz = p1g1 + p2ga + p3q3. SO
this algebra is the linear span of the elements of the form

ks k
u = P1 Q2 1933‘134

If w € Bs, thenk; + ks = ko + k4, SO

u:{mq Bepys phtahtehe if ks > ky

o el o b2k it kg < .
Hence, setting for = " k;e; suchthad_ k; = 0, ky > 0andky, < 0

oo ] PP it ks >0
v Pitgy "2qs*e if ky <0

we obtain the statement desired.
1) Letu € (AL),, v € (AL),, andh € . Then by heading iv) of Lemma 1.2
we obtain:

(4.2)

([h,ul, v) = p(h)(u,v) = (u, [k, v]) = v(h){u, v).

So(u,v) =0if p # v.
2) Letv(E33) < 0. We have:

fk,yuj = (ad Z31)k(uj+k(s1753)) = ad z31(ad Z?’l)k 1( Uyt (k— 1)(51753)+(51753)) -

(ad 2’31)fk—l,u+(e1—es)ujJr(srs:«;)‘
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Direct verification shows that (hefe= Fs3)

(ad 231)(fu)) = {(Es3 — v(E33))[(E33 — a)v(E1r) + (v(Ew) — (B f(h)—

E33((Ess — a)v(En) — (v(Ea2) + 2)v(Eu)|f(h = 1)}y (o) ).
(4.3)
It easily follows from Lemma 1.2 that for any< U(g) we have

((ad 2)(u),v) = (u, (ad w(2))(v)),

but

w(z31) = w((E11 — Eag + 2)Es1 + E21E32) = E13(E11 — Eag + 2) + EgsEno.

Sincefu, is a highest weight vector with respect to the fixg), it follows
that

(ad w(z31))(fu,) = (ad (E13(E11 — E2a + 2))(fuy) =

(V(E11) — v(E22) + 2)Af - Uy i (e, )

Now, let us induct ork. For k = 0 the statement is obvious. Fér > 0 and
deg g < k we have

<fk,l/7g>l/ = (fk,yu,f,guﬂ =
<fk:71,1/+(61763)1”,—,:_(51_53)7 (a‘d (w(z;:,l)))(guj» =
<fk71,l/+(€1*€3)7 (V(Ell) - V(E22) + 2)Ag>l/+(€1*€3) =0

by inductive hypothesis.

The case/(Es3) > 0 is similar.

3) Observe that = E13E3; + Ea3FE32 belongs to the centralizer gf(2) in
U(g). Letv(E33) < 0. Thenu} = pf¢h2¢b* asin (4.1.2). Having appliead =
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to fu;; we obtain:

(ad 2)(fu;)) = E13Ea1 ful + fu EsiE13 — E13fu;f E3; — Es3y fuf Ey3+
Eo3Es3y fuf + fuf E33Eo3 — Eozfu,f E3y — Esp fuf Ea3 =

Ey1(Es3 + 1) fuf + fuf E33(E1n + 1)~

f(Ess+ Duf E1(Esz + 1) — f(E33 — 1)Es3(E11 + 1)uf + Ea(Esz + 1) ful +
fuf Es3(Eag + 1) — f(Es3 + 1) Exu,t (Es3 + 1) — f(E33 — 1) Eszu) (Baz + 1) =
(E11 + Fag)(Fsz + 1) fuf +

(B33 — v(Es33))(E11 + 1 — v(E11) + Eoe + 1 — v(Eg)) ful —

f(Es3+1)- (Es3+1—v(Es3))(E11 + Fae — v(Eq))uf —

f(Es3 — 1)Es3(E11 + Fa — v(FEa) 4 2)u;) =

[f(Ess +1) - (B33 + 1 —v(E33))(Ess — a+v(En))+

f(E33 —1)E33(E33 + v(Ea2) —a — 2)—

(E33 — ) (B33 +1)f — (B33 — v(Es3))(E33 + v(E1) + v(Ex2) —a—2)fluf.
This gives us the right hand side of the first equation of heading 3).

Sincead z commutes with thel(2)-action and preserves the degree of poly-

nomial f, it follows that(ad z)(fu,) = ¢ (fu,). Counting the constant factor,

we arrive to the first equation of heading 3).
The proof of the second equation is similar.

§5. Proof of Theorem 2.5

0) Recall thatBj3 is the subalgebra ofi; of the elements of degree O relative
grading (3.2).
=pFifk>0

Fork € Z setrf = { o

k<o Forvy = > k;e;, whered_ k; = 0, set

_ k1 k2 k3
'U,—Y—TI 7'2 T3 .

Clearly, B; is the linear span of the elements of the form

my I, ma la _m3 l3

1 tal Py P ey ps e,  where my +mo +m3 =1 + o + 13.

It is also clear that each such element can be represented in the form

ki ko k
f(E11, Eag, Ess)ri'ry?rs®.

This completes the proof of heading 0).
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1) Proof is similar to that from sec. 4.2.

2) Let I/(E33) < 0. By Settinng = FEi11 — E9, Hy = FEyy — E33 we
identifyR = (C[EH, FEso, E33]/(E11 + Eo9, +FE33 — Oé) with (C[Hl, H2] LetAis
a Gelfand—Tsetlin diagram of the following form:

v(En) +k+1 0 —(v(EBw) +k+1)

v(En) +1 —(v(E22) +1)
v(E11)

From the explicit formula forf;’, we derive that
f,’cjylu,, = vj. (5.1)

Now, consider the following operators from the maximal commutative subal-
gebra ofU (g):

Eqy, Eoa,

Qy = E}) + E3, + En1 — Exy + 2B B,

Q3 = B} + E3y 4+ E33 + E11 — Ex + By — Esg + Eg — Ezs+
2F21 B + 2E31 B3 + 2E33Eo3.

(5.2)

Then we have:
E11vp = v(E11)va; Eagva = —v(Eag)va;
QQUA = [2[2 —+ 2l(V(E11) —+ V(EQQ) + 1)—|—
v(E11)? + v(Eg2)?va;
Qzvp = 2(1/(E11) +k+ l)(l/(EH) +k+1+ 2]’UA.
It is easy to check that the operators (5.2) satisfy
w(E11) = E11; w(Ea2) = Eg; w(2) = Qo5 w(Q3) = Q3

and, therefore, they are selfadjoint relative the fgrm). Formula (5.3) makes
it manifest that operators (5.2) separate the veatgrshence, these vectors are
pairwise orthogonal. Moreover, it is easy to see tffgtis of the form

fg,l:H{Hng...,

where the dots designate the summands of degregst [ of the form H{ HS,
where(a,b) < (I, k) with respect to the lexicographic ordering. Thus, iffe
constitute a basis df[H;, Ha].
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3) The statement follows from the fact that the Weyl group actg(grand
preserves the form, -).

4) Since the polynomialﬁlfkuy are elements of a Gelfand-Tsetlin basis, they
are eigenvectors fdr, and23 with respect to the adjoint action gf= g((3) on
2A,. As we have shown in sec 5.2, we have

ngl’:kuy = [2l2 + QZ(V(EH) + V(Egg) + 1)+
v(En)? + v(Eg2)?
Q3 flpuy = 2((Buy) + k+ 1) (v(Bu) + k + 14 2] fju,.

To derive the corresponding equations, we have to explicitly compute the actions
of Q5 and Q3 on fu,. These straightforward computations imply the second
equation.
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NONINVERTIBILITY, SEMISUPERMANIFOLDS AND
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Abstract. The categories with noninvertible morphisms are studied analogously to the semisuper-
manifolds with noninvertible transition functions. The concepts of regueycles, obstruction and

the regularization procedure are introduced and investigated. It is shown that the regularization of
a category with nonivertible morphisms and obstruction form a 2-category. The generalization of
some related structures to the regular case is given.

1. Introduction

In the supermanifold noninvertible generalization approach [1-3] we study here
the obstructed cocycle conditions in the category theory framework and extend
them to such structures as categories, functions, (co-) algebras, (co-) modules etc.
This approach is connected with the higher regularity concept [4] and reconsid-
ering the role of identities [5]. The introduced category regularization together
with obstruction form &-category. Similar abstract structure generalizations were
considered in topological QFT [6, 7], for-categories [8—10], near-group cate-
gories [11, 12] (with noninvertible elements) and weak Hopf algebras [13, 14]
in which the counit does not satisfy(ab) = ¢ (a) € (b) or satisfy first order (in

our classification) regularity conditions [15, 16]. We first show how to deal with
noninvertibility in the supermanifold theory [17, 18] and then apply this approach
to more generadtructures.

* steven.a.duplij@univer.kharkov.ua
T WWW: http://gluon.physik.uni-kl.de/"duplij
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2. Supermanifolds and semisupermanifolds

In the supermanifold theory [17-19] the phenomenon of noninvertibility obvi-
ously arises from odd nilpotent elements and zero divisors of Grassmann algebras
(also in the infinite dimensional case [20]). Despite the invertibility question is
quite natural, the answer is not so simple and in some cases can be nontrivial,
e.g. in some superalgebras one can introduce invertible analog of an odd symbol
[21], or construct elements without number part which are not nilpotent even
topologically [22]. Several guesses concerning inner noninvertibility inherent in
the supermanifold theory were made before, e.g. “...there may be no inverse pro-
jectiorf at all” [23], “...a general SRS needs not have a 89dg4], or “...a body’

may not even exist in the most extreme examples” [25]. It were also considered
pure odd supermanifolds [26, 27] which give an important counterexample to the
Coleman-Mandula theorem “...and provides us with a new, missed so far, version
of the Poinca& supergroup” [28], exotic supermanifolds with nilpotent even co-
ordinates [29] and supergravity with noninvertible vierbein [30]. Some problems
with odd directions and therefore connected with noninvertibility in either event
are described in [31, 32], and a perspective list of supermanifold problems was
stated by D. Leites in [33].

The patch definition of a supermanifofdt, in most cases differs from the
patch definition of an ordinary manifold [34, 35] by “super-" terminology only
and is well-known [36]. Let) {U,, .} is an atlas of supermanifold,, then

(03

its gluing transition function®,3 = ¢, o gpgl satisfy the cocycle conditions
(I);é = q)ﬁaa (I)aﬂ o (I)B'y o q)’yoc = 1aa (1)

on overlaps, N Uz and on triple overlap#/, N Ug N U,, respectively, where

laa e iq (U,). To obtain a patch definition of an object analogous to superman-

ifold we try to weaken demand of invertibility of coordinate maps Consider
a generalized superspa® covered by open selg, asdt = U,. We assume

here that the mapg, : U, — V, C R"™™ are not all homeomorphisms, i.e.
among them there are noninvertible maps

Definition 1. A semisupermanifolés a noninvertibly generalized supersp@sie
represented as a semiat®® = {U,, v} With invertible and noninvertible
(03

coordinate mapg,, : U, — Vi, C R™™,

We do not concretize here the details, how the invertibility appears here,
but instead we will describe it by some general relations betweeritransition

° number part.

1 UnderR™™ we imply some its noninvertible generalization [3].
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functions and other objects. We The noninvertibly extended glséngitransition
functionsof a semisupermanifold are defined by the equations

Q05008 =¢Ya, Pga°Pa =g (2

instead of®, 3 = goaogogl, which obviously extends the class of functions to non-
invertible ones. Then we assume that instead of (1) the semitransition functions
3 of a semisupermanifolt satisfy the following relations

q)aﬂ o (I)[ga (¢] q)aﬂ = q)aﬁ (3)
onU, N Ug overlaps (invertibility is extended to regularity) and

Qoo Pgy 0Py 0P = Pug, (4)
Py 0 Pya 0 Pap o Ppy = Py, ®)
Pra 0 Pap o Pgy 0 Pyg = Pra (6)

on triple overlapd/, N Ug N U, and
Pag © Py © Pyp © Ppa © Pap = Pag, ()
Pgy0®,,0P,,0P,50Pg, O3, (8)

Pryp 0 Ppa 0 Pop o Ppy 0Py = Dy, (9)
D, 0P Pg 0Py, 0P, = Ppy (10)

onU, NUgNU,NU,.We can write similar cycle relations to infinity and call

themtower relationavhich satisfy identically in the standard invertible case [36].

REMARK 1. In any actions with noninvertible functiods, s we are not allowed

to cancel by them, because the semigrou@gf’s is a semigroup without can-
cellation, and we are forced to exploit the corresponding semigroup methods
[37, 38].

Conjecture 2. The functionsp,,z satisfying the relations (3)—(10) can be viewed
as some noninvertible generalization of the transition functions as cocycles in the
correspondingCech cohomology of coverings [39, 40].

3. Obstructedness and additional orientation on semisupermanifolds
The semisupermanifolds defined above belong to a class of so called obstructed

semisupermanifolds [1, 3] in the following sense. Let us rewrite relations (1) as
the infinite series

n=1: ®aq = laa, (11)
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n=2: q)aﬁoq)ﬂazlaom
n=3: ®,50P4, 0P, = laa,

n=4: ®,50Pg,0P,50 D5, = lga

Definition 3. A semisupermanifold is calledbstructedif some of the cocycle
conditions (11)—(14) are broken.

It can happen that starting from some= n,,, all higher cocycle conditions
hold valid.

Definition 4. Obstructedness degreéa semisupermanifold is a maximal, for

which the cocycle conditions (11)—(14) are broken. If all of them hold valid, then
def

Ny = 0.

Obviously, that ordinary manifolds [35] (with invertible transition functions)
have vanishing obstructedness, and the obstructedness degree for them is equal to
zero, i.en,, = 0.

REMARK 2. The obstructed semisupermanifolds may have nonvanishing ordinary
obstruction which can be calculated extending the standard methods [17] to the
noninvertible case.

Therefore, using the obstructedness degrge we have possibility to clas-
sify semisupermanifolds properly. Moreover, the pure soul supernumbers do not
contain unity. Obviously that obstructed semisupermanifolds cannot have identity
semitransition functions.

The orientation of ordinary manifolds is determined by the Jacobian sign of
transition functionsb,, 5 written in terms of local coordinates @h, N Ug overlaps
[34, 35]. Since this sign belong @, , there exist two orientations di,. Two
overlapping charts areonsistently orientedor orientation preservingif @,z
has positive Jacobian, and a manifoldoisentableif it can be covered by such
charts, thus there are two kinds of manifolds: orientable and nonorientable [35].
In supersymmetric case the role of Jacobian plays Berezinian [17] which has a
“sign” belonging toZ, & Zs, and so there are four orientations &p and five
corresponding kinds of supermanifold orientability [41, 42].

Definition 5. In case a nonvanishing Berezinian®fs is nilpotent (and so has
no definite sign in the previous sense) there exists additia@tent orientation
onU, of a semisupermanifold.
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A degree of nilpotency of Berezinian allows us to classify semisupermanifolds
having nilpotent orientability (see e.qg. [43, 44]).

4. Higher regularity and obstruction

The above constructions have the general importancarigiset of noninvert-

ible mappings. The extension af = 2 cocycle given by (3) can be viewed as
some analogy with regular [45] or pseudoinverse [46] elements in semigroups
or generalized inverses in matrix theory [47], category theory [48] and theory of
generalized inverses of morphisms [49]. The relations (4)—(10) and with other
n can be considered as noninvertible analogue of regularity for higher cocycles.
Therefore, by analogy with (3)—(10) it is natural to formulate the general

Definition 6. An noninvertible mapping®.z is n-regular if it satisfies on

n

overlapsU, N Ug N ... N U, to the following conditions

n+1

Pop 0 Pgyo...0P, 0 D= Dyg+ perm. (15)

The formula (3) describe8-regular mappings, the relations (4)—(6) corre-
spond to4-regular ones, and (7)—(10) givieregular mappings. Obviously that
3-regularity coincides with the ordinary regularity.

Let us consider a series of the selfm@é@ : U, — U, of a semisupermani-
fold defined as

eglo)l = (I)aom (16)

) = @50 Bs0, 17)

ao T

6(3) (I)aﬁ o (I)B’Y ¢} (I)'yaa (18)

ao T

(4) O30 Py 0 Py50Ds, (19)

ao T

€

We will call e&"a) 's tower identities (or obstruction df,). From (11)-(14)
it follows that for ordinary supermanifolds obstruction coincide with the usual
identity map

e(n),ordinary = 1. (20)

ax
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So the obstructedness degree can be treated as a maximal,,, for which
tower identities differ from the identity, i.e. (20) is broken. The obstruction gives
the numerical measure of distinction of a semisupermanifold from an ordinary
supermanifold. When morphisms are noninvertible (a semisupermanifold has a
nonvanishing obstructedness), we cannot “return to the same point”, because in

generale,%) #+ laa,and we have to consider “nonclosed” diagrams due to the fact

n

that the relatiore([Z) o ®,3 = ®,3 is noncancellative now (seeERIARK 1).

Summarizing the above statements we propose the following intuitively con-
sistent changing of the standard diagram technique as applied to noninvertible
morphisms. In every case we get a new arrow which corresponds to the additional
multiplier, and so fom = 2 we obtain

Invertible morphisms Noninvertible morphisms

(I)aﬁ (I)O‘ﬂ

(I),Ba (I)/ga

which describes the transition from (12) to (3) and presents the ordinary regularity
condition for morphisms [48, 49]. The most intriguing semicommutative diagram
is the triangle one

Invertible morphisms Noninvertible morphisms

which generalizes the cocycle condition (1).
The highern-regular semicommutative diagrams can be considered in the
framework of generalized categories [9, 12, 50] in the following way.

5. Categories an2-categories
There is an algebraic approach to the formalism considered in previous sections

based on the category theory [5, 4]. A categGrgontains a collectior€y of
objects and a collectiohom (C) of arrows (morphisms) (see e.g. [51]). The
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collectionhom (C) is the union of mutually disjoint setsom¢(X,Y") of arrows

X L v from X to Y defined for every pair of objectX,Y € C. It may
happen that for a paik,Y € C the sethom¢(X,Y") is empty. The associative
composition of morphisms is also defined. By an equivalendé we mean a
class of morphismbom’(C) = Ux y¢(c,) home (X,Y) wherehome(X,Y) is a
subset ofhome (X, Y). Two objectsX, Y of the categoryC is equivalent if and
only if there is an morphisn’X — Y in hom{(X,Y") such that

slos=idx, sos™ ! =idy (22)

Let X = (X4, -+, X,) be a sequence of objects@fOur category can con-
tains a class afioninvertiblemorphisms [48, 4]. A (strict2-categoryC consists of
a collectionCy of objects a$)-cells and two collections of morphism&; andCs
called1-cells and2-cells, respectively [52]. For every pair of objedtsY < Cy
there is a categorg (X, Y') whose objects are-cell f : X — Y in C; and whose
morphisms ar@-cells. For a pair ofi-cells f, g € C; thereis &-cells: f — ¢
in Co. For every three object¥| Y, Z € Cy there is a bifunctor

c:{C(X,Y) x C(Y,Z) — C(X, Z)} (22)

which is called a composition of-cells. There is an identity-cell idx €
C(X, X) which acts trivially onC(X,Y) or C(Y, X). There is als@-cell id;q
which acts trivially or2-cells.

Let C be a category with equivalence. Then one can see that collection of all
equivalence classes of objectsfoforms a2-categoryC(C). These classes afe
cells of C(C), 1-cells are classes of morphisms’ofind2-cells are maps between
these classes. Observe thatells of C(C) can be represented by morphisms of
the underlying categor¢, but such representation is not unique. One equiva-
lence class can be represented by several equivalent morphisms. One can define
2-morphisms on equivalence classes, €t{d) becomes a 2-category. If the cate-
goryC is equipped with certain additional structures, then one can transform them
into C(C). If for instanceC is monoidal category with product : C x C — C,
thenC(C) becomes the so-called semistrict mono@iahtegory. This means that
the product® (under some natural conditions) is defined for all cells of 2he
categoryC(C). In the case of braided categories one can obtain the semistrict
braided monoidal category [52]. Algebras, coalgebras, modules and comodules
can be also included in this procedure. We apply such method to regularize
categories with noninvertible morphisms and obstruction [5, 4].

6. Categories and regularization
Let C be a category with invertible and noninvertible morphisms [5] and equiva-

lence. The equivalence this here defined as the class of invertible morphisms in
the category.
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Definition 7. A sequence of morphisms

X, ox, Ly b x Iy x (23)

such that there is an (endo-)morphie[(fif : X1 — X; defined uniquely by the
following equation
eX1 = fno-r0foofi (24)

and subjects to the relatiofy o f,, o --- o fo o fi = f1 is said to be aegular
n-cycleonC and it is denoted by = (f1,... fn).

The (endo- )morphlsms( ") : X; — X, corresponding fof = 2,.
defined by a suitable cyclic permutatlon of above sequence.

Definition 8. The morphisrre_()?) is said to be an obstruction &f. The mapping

e : X € ¢y — e € hom(X,X) is called a regulan-cycle obstruction
structure orC.

If
X, 2 x) 2y xS x
is an anothen-tuple of morphisms such thaf)?l) i gn O ---0goo g1, then we
assume thak’ is equivalent taX;, fori = 2,... ,n.

Definition 9. A maps : f = g which sends the objecX; into equivalent object
X! and morphisny; into g; is said to be obstruction-cycle equivalence.

We have the diagram

Xé g2 . In—1 X/

n

Lemma 10. There is a one to one correspondence between equivalence classes
of regularn-cycles and regulan-cycle obstruction structures.

If f=(f1,...fn)Iisaclass of regulat-cycles, then there is the correspond-
ing regularn-cycle obstruction structure : X € Cy — ex € hom(X, X) such

that the relation (24) holds true. Let”) : X € C; — ) € hom(X,X) be a
regularn-cycle obstruction irC.
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Definition 11. A morphisma : X — Y of the category such that

aoeg?):egl)ooz (26)

is said to be a regular-cycle obstruction morphism frof toY'.

It follows from (23) that the morphism is in fact a sequence of morphism
a:= (aq,...,ay) such that the diagram
X, N ox, B x, Iy ox
ar | \ \ 4
v Ay, By Iy,

a1

is commutative.

Definition 12. A collection of all equivalence classes of obje€gswith obstruc-
tion structuree™ : X € Cy — e € hom(X, X) is denoted byReg, (C) and
called an obstruction-cycle regularization of. The class of all regulat-cycle
morphisms fromX to Y is denote byReg, (C)(X,Y).

Corollary 13. It follows from the Lemma 10 that the map: o« —  which
sends an arbitrary regularcycle morphismsy € Reg, (C)(X, X') into a reg-
ular n-cycle morphisms3 € Reg,(C)(X, X’) is a regular obstruction-cycle
equivalence.

One can defin@-morphisms and an associative compositio2-ofiorphisms
such thatteg,, (C)(X,Y) becomes a category for every two obje&tst” € Cy. If
a: X —Yandg:Y — Z are twon-cycle morphisms, then the composition
Boa : X — Zis also an-cycle morphism. In this way we obtain the composition
as bifunctors

M9 = [Rega(C)(X,Y) x Rega(C)(Y, Z) — Rega(€)(X, Z)}  (28)

We summarize our considerations in the following lemma:

Lemma 14. The classReg, (C) forms a (strict)2-category whoseé)-cells are
equivalence classes of objects(ith obstructions, whosg-cells are regular
n-cycle obstruction morphisms, and wh@seells are regular obstruction-cycle
2-morphisms.
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7. Regularization of monoidal categories functions and Yang-Baxter
equation

Let C = C(I,®) be a monoidal category, whefeis the unit object and® :
C x C — C is the monoidal product [53, 54]. If the following relation

P el —ely) . (29)

holds true, then we have

Proposition 15. The monoidal product of two regularcyclesX;, ... , X,, and
Yi,..., Y, with obstructioneg?l), andeg/"), respectively, is the regulat-cycle

X107, 0X,0Y,

with the obstructioreg?()g,y.

One can see that in this ca%eg,(C) is the so-called semistrict monoidal
category [52].

Let C andD be two monoidal categories and Rtg,,(C), Reg, (D) be their
regularization2-categories. We can introduce the notion of reg@ldunctions,
pseudonatural transformations and modifications. All definitions do not changed,
but the preservation of the identity can be replaced by the requirement of preserva-
tion of obstruction morphismsg?) and the invertibility is replaced by regularity.

If, for instance, there is a regul@rfunctor F : Reg,(C) — Regn(C), then in
addition to the standard definition [51] we have the following relation

Flex) = CF(X)- (30)

In the same manner we can “regularize” pseudo-natural transformations and
modifications [50]. LetReg, (C) be a semistrict monoid&--category. A pseudo-
natural transformation® = {By x» : X ® X’ — X' ® X} and two regular
modificationsBxgy,z, Bx,yez such that

Bxgy,z
XY 7z — Y®RZRX

Bxy ®ez N\, /ey ® Bx z
YX®Z

Bxygz
XY 72 — ZRXQY

ex ® By,z \ /' Bx,z ® ey
XQRZQY
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Bx x1ocexgx’ = exgx © Bx x/, (33)

are said to be a regulai-cycle braiding. Obviously, these operations must sat-
isfying all conditions of [52] with two changes indicated at the beginning of
this section. Then the-categoryReg, (C) is called a semistrict regulat-cycle
braided monoidal category. This allows us to obtain here the following regular
n-cycle Yang—Baxter equation [5, 4]

1 2 1 1 2
Bg/,)Z,X © Bg’,)X,Z © Bg(,)y,z = B(Z,)X,Y ° Bg(,)z,y © Bg(,)Y,Z7 (34)

where the notation
BY,,=B By, ,—ex®B
XY,z = Xy ®eg, X,Y,Z—eX® Y.Z

has been used and the obstruction is exploited instead of the identit§dx .
Solutions of the regulan-cycle Yang—Baxter equation (34) can be found by
application of the endomorphism semigroup methods used in [55, 16].

8. Regularization of algebras, coalgebras, modules and comodules

Let (C) be a monoidal category aftkg, (C) be its regularization . It is known that
an associative algebra in the categ6ris an objectA of this category such that
there is an associative multiplication : A ® A — A which is also a morphism
of this category. If the multiplication is in addition a regulaicycle morphism,
then the algebral is said to be a regular-cycle algebra. This means that we have
the relation

mo (eq®ey) =eyqo0om. (35)

Obviously such multiplication not need to be unique. Denot&by, (C)(A®
A, A) a class of all such multiplications. We can see that a regueycle 2-
morphismss : m = n which send the multiplicatiom into a new one: should
be an algebra homomorphism. One can define regutarcle coalgebra or bial-
gebra in a similar way. A comultiplicatio : A — A ® A can be regularized
according to the relation

Noeyg=(es®ey)oA. (36)

In this case we obtain a cla®®g, (C)(A, A ® A) of comultiplications.

Let 4C be a category of all lefid -modules, whered is a bialgebra. For the
regularizationReg, (4C) of the A—module actiorpy; : A® M — M we use
the following formula

pm o (eqa ®en) = en o par, (37)
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wherepy, : A® M — M is the left module action ofA on M. The class
of all such module actions is denoted Byg,, (4C)(A ® M, M). The monoidal
operation in this category is given as the following tensor produgt-aiodules

preN = (idy @ T ®idy) o (pam @ pN) © (A ® idyen), (38)

wheret : A®@ M — M ® Ais the twist, i. er(a ® m) := m ® a for every
ac€ A me M.

Lemma 16. For the tensor product of module actions we have the following
formula

pPMeN © (64 ® epMeN) = €MeN © PMEN - (39)

This lemma means that the tensor product of two module actions satisfy our
regularity condition if and only if these two actions also satisfy the regularity
condition (37).

Observe that there is also a categ6ryof right .A-comodules, whergl is an
algebra. We can regularize this category in the following way. For the coaction we
have

poes=(ey ®eq)opu, (40)

pymen = (idy @ my) o (idy @ T ®idy) o (pm ® pN), (41)

wherer : M ® N — N ® M is the twist,m 4 : A® A — Alis the multiplication
in A.

Conclusions

Thus noninvertible extension of many abstract structures can be done in common
general way: by introduction of the obstructions gecycles)e which are analogs

of units of the invertible case. In search of possible analogies we observe that
“Ine” can play the role of first “fundamental group” for “space” of categories
and vanishes for invertible morphisms, while its difference from “zero” can be
treated as nontrivial “noninvertible topology” of such “space”. We also note that
“nil-” extension of supermanifolds — semisupermanifolds [56, 3] — can be com-
pared with the “meta-" extension of supermanifolds— metamanifolds [57-59] — to
find their complementarity or additivity and possibly for further generalizations
simultaneously in both ways.
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Abstract. An overview of new 4d supersymmetric gauge theories with 2-form gauge potentials
constructed by various authors during the past five years is given. Théleegfrthree particular

types of interaction vertices is emphasized. These vertices are used to develop a connecting per-
spective on the new models and to distinguish between them. One example is presented in detail to
illustrate characteristic features of the models. A new result on couplings of 2-form gauge potentials
to Chern-Simons forms is presented.

1. Introduction

During the past five years, several new 4d supersymmetric gauge theories have
been constructed by various authors [1]-[13]. Common to all these models is the
presence of 2-form gauge potentials and a complicated (nonpolynomial) structure
of interactions and symmetry transformations (gauge symmetries, supersymme-
try). The initial motivation to construct such models came from string theory and
focused the attention first on the vector-tensor (VT) multiplet [14, 15] of N=2
supersymmetry. Namely, in N=2 supersymmetric 4d heterotic string vacua, the
dilaton is believed to reside in a VT multiplet (see, e.g., section 3 of the review
[16]). In order to couple this multiplet to N=2 supergravity, its so-called central
charge must be gauged and this leads inevitably to the structures characteristic
of the new models (cf. remarks at the end of section 3). Only two of the works
[1]-[13] are not devoted to the VT multiplet: in [11] a rather general class of
new supersymmetric gauge theories with 2-form gauge fields is constructed, and
[13] deals with the double tensor (TT) multiplet of N=2 supersymmetry itsd

* fbrandt@aei-potsdam.mpg.de
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couplings to vector and hyper multiplets. The TT multiplet is believed to be the
dilaton-multiplet of N=2 supersymmetric type 1B superstring vacua [16] and thus
it should play there adle analogous to the VT multiplet in heterotic vacua.

The purpose of this contribution is to give an overview of the new models
and to emphasize the keyle of three types of cubic interaction vertices in these
models. To this end, first a brief excursion to consistent interactionsfofm
gauge potentials in general is made in section 2. This will also show how the
new models fit in the recent classification [17—19] of interactions betwderm
gauge potentials. The three particular types of interaction vertices are identified
and discussed in some detail in section 3, including a new result on couplings
of 2-form gauge potentials to Chern-Simons forms. Then these vertices and the
supersymmetry multiplet structure are used to characterize the various models and
to distinguish between them. In section 4, an explicit example is treated in detail
to illustrate characteristic features of the new models. The example is an N=2
supersymmetric model found in [13], coupling the TT multiplet mentioned above
to two N=2 vector multiplets. Section 5 contains a selection of open problems and
possible future developments.

2. Interactions of p-form gauge potentials

Gauge invariance restricts the possible interactiongs-foffm gauge fields quite
severely. In the simplest case, the gauge transformatiompdbem gauge poten-
tial A = (1/p!)dzt* A --- ANdxt A, .., IS @ natural generalization of the gauge
transformation of the electromagnetic gauge field:

00 oA = dw < 6{0) Au1~~up = pa[mwmmﬂp} ) (1)

gauge gauge

wherew,,, .. ,,,_, are arbitrary gauge parameter fields. Analogously to the electro-
magnetic case, corresponding gauge invariant field strengths are thus

F=dA & FMO---Mp =(p+ 1>8[,quu1~-up] ’ @)

and the standard Lagrangian for a set of fgeform gauge fields is a linear
combination of Maxwell-type kinetic termg,,, , FHo-#r,

A systematic investigation of the possible interaction vertices which can be
added consistently to such a free Lagrangi@f) was carried out by Hen-
neaux and Knaepen [17-19]. They studied consistent deformations of the free

LagrangiarZ(® and of the gauge transformatiofignge,

L =LO+gvh 47V + . 3)
5gauge = 5&22@6 + gaééelag.lgea + gaggég,)ugeaﬁ +., (4)

whereg® are continuous coupling constants (deformation parameters), such that
the deformed Lagrangiahis invariant under the deformed gauge transformations
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dgauge Modulo a total derivative,

dgauge L = 0, K. (5)
To first order in the coupling constants, (5) requires thaﬂtﬁ@ be 5§2{1ge-
invariant on-shell in the free theory modulo a total derivative. Furthermore,
without loss of generality, one may neglectmﬁl) which vanish on-shell in the
free theory modulo a total derivative because they can be removed by field redef-

initions (such vertices are therefore called trivial ones). Henneaux and Knaepen
found the following result for the remaining first-order vertices:

Category 1:Vertices that aréég)uge-invariant off-shell modulo a total deriva-
tive and therefore do not modify the gauge transformations to first order. There
are two types of such vertices (modulo total derivatives). Those of the first type
depend onp-form gauge fields only via the field strengthig, ..., and their deriva-
tives. Of course, there are infinitely many vertices of this type. Those of the second
type are vertices of the Chern-Simons type

ANFA---AF (6)

where theF’s may have different form-degrees and all form-degrees must sum
up to the spacetime dimension. These verticesﬁgﬂ@e-invariant only modulo a
total derivative.

Category 2:Vertices that arééghge-invariant only on-shell in the free theory
modulo a total derivative. These vertices are of particular interest because they are
accompanied by deformations of the gauge transformations. A remarkable result
is that, when ordinary gauge fields (1-form gauge potentials) are absent, all these
vertices can be brought to the following form (modulo trivial vertices and vertices
of category 1):

ANFN---NFAN*FN---AN*F (7)
N—————
atleastonéF

where* F' denotes the Hodge dual 6fand there must be at least Ghé because
otherwise the vertex would be of the Chern-Simons type (6). Againt'thenay

have different form-degrees and all form-degrees must sum up to the spacetime
dimension. Therefore there are only finitely many vertices (7) for a finite number
of p-form gauge fields. The first order deformations of the gauge transformations
which correspond to a vertex (7) take the form

S geA=wAFA - AFA*FA- A*F (8)

where one of thé F's that occurs in (7) is omitted (for instance, when (7) con-
tains only one*F’, then (8) contains ndF). When 1-form gauge potentials are
present, (7) still gives nontrivial first-order vertices of category 2, but then there
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may be additional vertices of category 2 which cannot be brought to the form (7).
In particular, when at least three 1-form gauge potentials are present, there are
Yang-Mills cubic vertices which differ from (7) because they contain two ‘naked’
gauge potentials instead of only one (the structure of Yang-Mills cubic vertices is
A N A N*F where theA’s are 1-form gauge potentials ardis a 2-form field
strength).

In four-dimensional spacetime there are three different types of cubic vertices
(7) involving 1-form gauge potential$;, 2-form potentialsds and corresponding
field strengthsds = dA; andF3 = dAs:

As N*F3 N*Fg (9)
Al/\*Fz/\*Fg (10)
A1 NFy N*F3. (11)

These are the vertices mentioned in the introduction.

3. Overview of the new models

In accordance with commonly used nomenclature (which is actually somewhat
unfair, see remarks at the end of this section), the vertices (9), (10) and (11) will
be referred to as “Freedman-Townsend” (FT), “Henneaux-Knaepen” (HK) and
“Chapline-Manton” (CM) vertices, respectively. Each of the new supersymmetric
models reviewed here contains at least one of these vertices. We label 1-form
potentials and 2-form potentials by indices= 1,2,... andi = 1,2,... re-
spectively, and denote their component fields4fyand B;,, = —B;,,. The field
strengths of4y, are denoted by, = 9,47 — 9, A7, the Hodge-dualized field
strengths ofB’,, by H* = 1,70, B., . The vertices (9), (10) and (11) read
explicitly, using a suitable normalization,

_ 1 o
FT vertices: 1 fiju H,H) B et (12)
HK vertices:  Tiq H}, F** AY (13)

vpilo

. 1 :
CM vertices: 3 Siab H} F5, Ab et (14)

where thef;;i, Tiqep andsS;,, are constant coefficients, with
fijk = —fjik > Siab = Siba -
[Siap = Sipa Can be imposed without loss of generality becaﬂ’ggﬂ can be

removed from the vertices (14) by subtracting trivial vertices.] These coefficients
are subject to conditions imposed by (5) at second order in the coupling constants
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(deformation parameters). Viewifg,, andsS;,; as the entries of matric&s and
S;, these conditions read

fijifeim + firtfium + frafjim =0
(T3, T;] = fiji Tk
(SiTj — SiTy) + (SiTy — S;Ti) " = fiji Sk -

To derive these conditions, it was assumed that the zeroth order Lagrangian is
LO = —(1/2)H* H!, — (1/4)F%,F#, and that (9), (10) and (11) are the only
vertices of category 2 with non-vanishing coefficients (vertices of category 1 do
not modify these conditions, but switching on other vertices of category 2 might
cause modifications or lead to additional conditions).

(15) and (16) were already found in [17] and require thatfthebe structure
constants of a Lie algebra and that thiebe representation matrices of that Lie
algebra, respectively. (17) was not derived in a previous work, to my knowledge.
It requires that the symmetric parts of the matrie¢s;T; — S;T;) be equal to
fijr Sk. Thisis fulfilled, for instance, ib; = NT; +T," N whereN is an arbitrary
symmetric matrix (i.€.S;qp = NacTicp + NpeTica With Ny = Ny,), but there are
other solutions as well.

The corresponding first order deformations of the gauge transformations are

. , - 1
6&;1121ge Bfw _fijk(H;]szIf - szzwﬁ) - 5 EquUT%aprgawb + Siangywb

08 e A% = —TiqHiw'. (18)

The following table gives an overview of the new supersymmetric models.
The vertices discussed above are used to distinguish between the various models.
In addition the number of supersymmetries (N=1 or N=2 supersymmetry) and the
supersymmetry multiplets are given. In the case of N=1 supersymmetry, T and
V stand for tensor multiplets (also called linear multiplets) and vector multiplets
respectively. In the case of N=2 supersymmetry, VT, TT and V stand for vector-
tensor multiplets, double-tensor multiplets and vector multiplets respectively.
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susy | multiplets | interactions | papers

N=2| VT,V |HK.CM  |[1,2,7,810]

N=2| VT,V | cMm | [3-5.9]

N=2 | VT oY | 6]

N=L| T.Vv | FT,HK,CM | [11]

N=2 | VT | HK | [12]

N=2| TT.V | FT,HK | [13]

Of course, this table characterizes the various models only very roughly. The
example in the next section is to illustrate characteristic features of these models.
It is beyond the scope of this paper to review the various models in greater detalil
but | would like to add at least a few remarks: (a) Among all these models only
those in [7] are locally supersymmetric, the other ones are globally supersym-
metric. (b) The works on the VT multiplet overlap in part because some of these
works rederive models which had already been found by means of other methods
in previous works. (c) Models in the same row of the table may of course still
differ. For instance, CM vertices in two models with the same multiplet content
may contain different Chern-Simons forms (in the literature, this has led to a
distinction between “linear” and “nonlinear” VT multiplets [2]). Different CM
couplings correspond to different solutions to Eq. (17). Of course, analogous state-
ments apply to the FT and HK vertices. (d) Some of the models in [11] possess
extended IV > 2) supersymmetry. For instance, it has been pointed out in [12]
that the model constructed there can be obtained from [11]. However, it is not
clear how to sieve out systematically those models in [11] which have extended
supersymmetry.

Finally a few comments on the history may be in order. Models with FT inter-
actions were constructed already by Ogievetsky and Polubarinov [20] a long time
before the work by Freedman and Townsend [21]. CM interactions have a long
history too. It seems that they appeared first in the early 80’s [22—24] and, again,
the work by Chapline and Manton was not the first one with such interactions.
CM interactions attracted particular attention because of their crumlim the
Green-Schwarz anomaly cancellation mechanism [25] (the anomaly cancellation
is made possible by the deformation of the gauge transformations associated with
CM vertices, see section 2).

HK interactions (in four-dimensional spacetime) were discovered much later.
However, the first models with such interactions were not found by Henneaux
and Knaepen. Rather, it seems that HK interactions occurred for the first time in
[1] where the central charge of the VT multiplet was gauged. The connection of
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that gauging to HK vertices is the following. Gauging the central charge (e.g.,
via the Noether method) gives rise to a verigx* whereV,, is a 1-form gauge

field andj* is the Noether current corresponding to the central charge symmetry.
That Noether current ig# = H, F"*, and thus the vertek,j* is a HK vertex.
Combined FT and HK interactions, and the relation to Lie algebras, were found
afterwards by Henneaux and Knaepen [17]. It seems that the first and so far only
work with models containing simultaneously FT, HK and CM vertices is [11].

4. Example

The example is an N=2 supersymmetric model coupling one TT multiplet to two
V multiplets and involves HK vertices but no FT or CM vertices. A TT multiplet
contains two 2-form gauge potential,, (i = 1,2), two real scalar fielda’ and

two Weyl fermionsy and. Each V multiplet contains a 1-form gauge potential
A,, a complex scalar fieldb and two Weyl fermions\’. The V multiplets are
labeled by the index = 1, 2. This field content is supplemented with auxiliary
fields hL which are embedded in the TT multiplet. These auxiliary fields allow
one to construct the model in a compact polynomial form. In fact, it would be
very cumbersome to construct the model without these auxiliary fields because of
the complicated nonpolynomial structure which arises then, see below. Note that,
in contrast to other supersymmetric models, the auxiliary fields do not lead to an
off-shell closed supersymmetry algebra. On the contrary, the auxiliary fields make
the supersymmetry algebra even “more open” (a formulation of the TT multiplet
with an off-shell closed supersymmetry algebra is notvkmp

bosons Wegl-fermions
B, a ()| x v
V(l AZ ¢a )\az

Thanks to the inclusion of the auxiliary fields, the Lagrangian takes the fol-
lowing simple form (using conventions as [26] adapted to the Minkowski metric
dla‘g(la _1a _]-7 _1))1

L = 9ya'd"a’ + hi, k" + 2k}, H" — ixdx — ip0v

1Aa [auy 1. a Py 1a yia PyYia
_ZFWFM —|—§D“¢ DFp* — 21N * DA

Dy A% — D, A% = 0, A% + g'hle™AY — (uesv)
8,u¢a + gihzsabgbb
— U#(aﬂ;\ia +gihz€ab5\ib).
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Theg’ are real coupling constants (deformation parameters). Noté)ghhas the

form of a covariant derivative even though the auxiliary fields cannot be viewed as
gauge fields (in fact, they substitute for field strengths, as the equations of motion
give hL = —H}fr. ..). The auxiliary fields also simplify the structure of the gauge
and supersymmetry transformations considerably. The gauge transformations read

a ab, b
Ogauge A, = w

" ww = 0w + gihis

7 i, .a_ab [bpo 7 7
dgauge By = —~ 9w e empe F +8uwy—8l,wM

dgauge = on other fields

wherew?® and wL are the gauge parameter fields associated wijthand Bfw
respectively. The supersymmetry transformations read, with constant anticom-
muting Weyl-spinorg® as transformation parameters,

Ssusy A% = e9¢la, N — T AP + c.c.

Sousy ¢ 9 gixia _ (éil—\i i gzl_—\z) £ab g
Sy N = L (oM, — E6# D) — (T + )t AP

Ssusy Blyy = €800, + 0,0
+ig'e®(¢* ¢ o ¥ + * AR Lo A7) + c.c,

Jsusy @' % (&'x — €9¢09) + c.c.

dsusy X = —f%“(s”hi +id,a’)

Sousy ¥ = —E'GH(hE, +1ed,ad)

Sy By = 3 OuE' — UE) + e

where

I = 0 ¢/ (7x +674).

The commutator algebra of the supersymmetry and gauge transformations is
rather complicated off-shell but on-shell it is quite simple,

[6susy75éusy] ~ 5translation + (5gauge (20)
[5susy75gauge] ~ 6éauge (21)
[Ogauges Ogauge] = 0, (22)

gauge’ “gauge

where~ is equality on-shell. (20) is the standard N=2 supersymmetry algebra
on-shell (modulo gauge transformations), with vanishing central charge. | remark

kievarwe.tex; 12/03/2001; 3:49; p.155




NEW SUPERSYMMETRIC GAUGE THEORIES 149

that the gauge transformations which appear on the right hand side of (20) involve
explicitly the spacetime coordinates, see [13] and [27] for details and comments
on this point. (21) illustrates a feature typical of many of the new models, namely
that gauge and supersymmetry transformations do not commute (not even on-
shell). Explicitly, the gauge parameter field€¢ and wf[ of 5éauge on the right

hand side of (21) read

_ (giri+£ifi)€abwb

1 . . . _ .
—§gziab6jkwa(§]0u)\kb _ )\kbo_ugj)

where thef’s andw’s are supersymmetry parameters and gauge parameter fields
0Of dsusy @aNddgauge ON the left hand side of (21). According to (22), the gauge trans-
formations commute on-shell which is also typical of the new models [note: the
algebra of the gauge transformations is not related to the Lie algebra underlying
Egs. (15) through (17)1].

Let me finally discuss the nonpolynomial structure which arises when one
eliminates the auxiliary fields. The Lagrangian (19) contains the auxiliary fields
at most quadratically,

1 | _
L = — Fi,F% +0,a'0"a’ + - 0,6°0"¢"
—ixOX — WY — ANON + 2h! H* + h!, KMV ]

/H/u' — HM _ gisab(%Fa;wAl; 4 %(ba é_/: Q_sb + iAjaa.,uj\jb)
KKV = v 5% + 5g°g [ (9797 — AGAWP) + A% AW

The auxiliary fields can be eliminated by solving their algebraic equations of
motion. The solution is

hly = —(K™ N piwHY, (23)

where K1 is the inverse of the field dependent matfix (K —1),; . KPF"7 =

6,57. Note thatK does not involve derivatives of the fields and therefare!

is nonpolynomial in the fields but still local. Hence, using (23), the Lagrangian,
gauge and supersymmetry transformations become nonpolynomial but remain
strictly local. Expanding the resulting Lagrangian in the coupling constants, one
finds at first order HK vertices as well as vertices of category 1 which complete
the HK vertices such that the sum is supersymmetric on-shell in the free theory
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modulo a total derivative,

1 S _
L = — Fp,F +8,d0"a + 0,0"0"¢"

—ixOx — 0P — 20NN — WP (K L)y HY
) ) ) 1 & ) _
L) + g'e® H, F" A, + g'e" H}, (56" 0" ¢ + 2N 0¥ M) + .. (24)

HK vertices category 1 vertices
(susy completion of HK vertices)

It was mentioned already that nonpolynomial structures as in this example are
typical of the new gauge theories. They cannot be avoided in models with FT or
HK vertices because they are necessary consequences of these vertices, already
in the non-supersymmetric case. The use of appropriate auxiliary fields that sim-
plify the construction is an almost indispensable tool for constructing complicated
models of this type, especially supersymmetric ones. The finding of such auxiliary
fields and their embedding in supersymmetry multiplets is in general a nontrivial
and subtle ingredient of the construction. In contrast, models which contain CM
vertices but no FT or HK vertices are simpler and the issue of auxiliary fields
is less involved. In particular, such models are not necessarily nonpolynomial
although supersymmetry often enforces a nonpolynomial dependence on scalar
fields even in such models.

5. Comments

The following is a selection of open problems which may point to possible further
developments in the field:

() In my opinion, the dle of the matter fields (scalar fields, fermions) in the
new supersymmetric models has not been fully understood yet. In particular, the
relation of scalar fields to the underlying geometry (Lie algebra) is somewhat
mysterious. A better understanding of this issue might be a key to a deeper under-
standing of the supersymmetry structure of the models and to a more systematic
construction of such models.

(i) Systematic classifications of the possible consistent and supersymmetric
interactions involvingp-form gauge potentials, analogous to the classification
[17-19] of non-supersymmetric interactions, are largely missing. An exception
is the classification of the lowest dimensional interaction vertices involving a TT
multiplet in [13]. Supersymmetry supplements (5) with the additional requirement
dsusy L = 0, M* wheredg,s, are the deformed supersymmetry transformations.
This restricts the possible interactions as compared to the non-supersymmetric
case, and relates coefficients of various interaction terms. A typical example is
(24) where the coefficients of the HK vertices are related to coefficients of inter-
action vertices of category 1. In fact, supersymmetry can even completely forbid

kievarwe.tex; 12/03/2001; 3:49; p.157




NEW SUPERSYMMETRIC GAUGE THEORIES 151

interactions which would be allowed if supersymmetry were not imposed. An
example is the absence of N=2 supersymmetric CM couplings of the TT multiplet
[13]. Furthermore, it depends on the supersymmetry multiplet structure which
interactions are possible. For instance, it was just mentioned that there are no
N=2 supersymmetric CM couplings involving the TT multiplet, whereas such
couplings do exist for the VT multiplet (cf. table in section 3). Such results could
be relevant in the context of string theory when comparing properties of different
superstring vacua.

(i) Locally supersymmetric models with FT or HK couplings are almost
completely missing so far. In fact, the only exception is the work [7] where N=2
supergravity models with VT multiplets were constructed. The construction of lo-
cally supersymmetric extensions of some of the other models could be of interest
in the string theory context. In particular this applies to supergravity models with
the TT multiplet because of the conjectured importance of this multiplet to type
IIB superstring vacua (cf. introduction).

(iv) Recall that FT, HK and CM vertices are special cases of vertices (7). Non-
supersymmetric models in spacetime dimensiong with such vertices have
been constructed already [17, 28]. Analogous globally or locally supersymmetric
models in higher spacetime dimensions have not been constructed so far. In fact it
seems that the only vertices (7) which have been used in supersymmetric models
in spacetime dimensions 4 so far are the familiar CM vertices (14). For instance,
these vertices occur in 10-dimensional supergravity in connection with the Green-
Schwarz anomaly cancellation mechanism (cf. remarks at the end of section 3).
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SUPERSYMMETRIC R* ACTIONS AND QUANTUM CORRECTIONS
TO SUPERSPACE TORSION CONSTRAINTS
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Abstract. We present the supersymmetrisation of the anomaly-rel&feterm in eleven dimen-
sions and show that it induces no non-trivial modifications to the on-shell supertranslation algebra
and the superspace torsion constraints before inclusion of gauge-field'terms.

1. Higher-derivative corrections and supersymmetry

The low-energy supergravity limits of superstring theory and D-brane effective
actions receive infinite sets of correction terms, proportional to increasing pow-
ers ofa’ = [2 and induced by superstring theory massless and massive modes.
At present, eleven-dimensional supergravity lacks a corresponding microscopic
underpinning that could similarly justify the presence of higher-derivative cor-
rections to the classical Cremmer-Julia-Scherk action [1]. Nevertheless, some
corrections of this kind are calculable from unitarity arguments and super-Ward
identities in the massless sector of the theory [2] or by anomaly cancellation
arguments [3, 4].

Supersymmetry puts severe constraints on higher-derivative corrections. For
example, it forbids the appearance of certain corrections (like R.gorrections
to supergravity effective actions [5]), and groups terms into various invariants [6—
9]. The structure of the invariants that contain anomaly-cancelling termgigaf

! Based on talks given by K.P. at the SPG meeting, Cambridge, February 2000, by A.W. at the
Nordic Network Meeting, Copenhagen, May 2000, and by P.V. at the Fradkin Memaorial Conference,
Moscow, June 2000, and at the ARW Conference, Kiev, September 2000.

* k.peeters,p.vanhove@damtp.cam.ac.uk, a.westerberg@nordita.dk
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importance due to the quantum nature of the anomaly-cancellation mechanism
and is the main concern of this note.

Higher-derivative additions to the supergravity actions are in general compati-
ble with supersymmetry only if the transformation rules for the fields also receive
higher-derivative corrections:

(60 + zn:(o/)”én> <So + zn:(o/)”sn> =0. (1)

As a consequence, the field-dependent structure coefficients on the right-hand side
of the supersymmetry algebra,

[6iusy75;usy] — 5translation + §5usy + Seauge + 5Lorentz7 (2)

will be modified as well. When the theory is formulated in superspace the structure
of the algebra is related to the structure of the tangent bundle, the link being
provided by the constraints on the superspace torsion. In particular, corrections
to the parameters modify the superspace constraints. However, since some cor-
rections are reabsorbable by suitable rotations of the tangent bundle basis, not all
corrections are physical.

We report here on the supersymmetrization of the anomaly-related terms
(a’)?2B A F* for super-Maxwell theory coupled t&=1 supergravity in ten di-
mensions anda’y,)3C A tsR* (Where(dy,)? = 4 (1p)%) in eleven dimensions
performed in [10]. In both cases, these superinvariants do not imply any modifica-
tions to the superspace constraints. We present here only the more salients aspect
of the analysis and refer to the article [10] for computational and bibliographical
details.

Our main motivation to look for non-trivial corrections to superspace con-
straints comes from the link between these constraints and the kappa symmetry
of M-branes [11-13] and D-branes [14-16]. Classical kappa invariance of the
M- and D-brane world-volume actions — a key requirement for these objects to
be supersymmetric — imposes the on-shell constraints on the background super-
space supergravity fields, among them the superspace torsion. For this reason, any
non-trivial modification to the constraints is expected to require new terms in the
world-volume actions for the branes in order for kappa symmetry to be preserved.

2. Construction of an abelianF* superinvariant in D=10

As a first step in our analysis of the implications of higher-derivative correc-
tions to the supersymmetry algebra, we discuss the construction of the abelian
(a)?(tsF* — B A F*) for N=1 super-Maxwell theory coupled to gravity in ten
dimensions.

The field content of the on-shell super-Maxwell theory comprises an abelian
vector 4, and a negative-chirality Majorana-Weyl spingr Since we are inter-
ested in local supersymmetry invariance we have to take into account also the
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interactions with the zehnbeig),”, the negative-chirality Majorana-Weyl grav-
itino v, and the two-formB,,,, from the supergravity multiplet. The classical
action (leaving out the gravitational sector)

1
Spo = / e[~ {Fu P — 8% D(@)x + 2X' 9, Fy ] (3)
is invariant under the local supersymmetry transformations
1
0A, = —4el,x, ox = T €Fyu, (4)

For local supersymmetry we have to consider the transformations of the super-
gravity multiplet fields as well (neglecting terms proportional to the two-form
B, and the corresponding field strengtf,, ,):

1
(5e‘ur = 2€1—\7”¢l“ (Swu = Dp(w)e +- 5B,UV = EEF[Mwu] ’ (5)

The F** action invariant under the local supersymmetry transformations listed
above is [17, 18, 10]:

SF4 _ (a fdlo |: etgr)FT1T2 P FT'?TS —|— 37\1/§E§‘76)BTITZFT3T4 nr F7"97’10

_Qe tér)nrzrs (XL Dy (W) X) Frgrg Frors + L 32 e(XTry Dyy (W) x) FT F ™2
B Ego)(XFrr-~r4Frs Dy (W)X) Erprs Frgrig + e ts (1/)7‘1 Ly X) Frarg Frarg Frors
+§€ ('J}ml_‘manGX)Frlrz e Frg,m} . (6)

Note that our string-amplitude based analysis has allowed us to group also the
fermionic terms using the well-knowty tensor. The local supersymmetry in-
variance of the combined actio$iz: + Spa requires that the supersymmetry
transformations be modified according #6%(:= F™" F,,,,)

0A, = —4el'yx — (O/)QE(EPM)OF2

— (EI‘mx)Fgw — EFTl“ 7‘4 )FT17’2FT37‘4i| )

3!

1 v r r1eT
bx = ST"eE + ﬁ( oV [t Trprge = T 70| By Frgyy Frgr - (7)
It can be verified that the structure of the supersymmetry algebra is not modified
by the orderta’)? corrections [17, 18, 10]:

682"+ 65 8 4 8V A = (8" 65 A+ O(@)) - (8)

? Y €EQ ? Y€
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Consequently, the structure of the superspace torsion constraints will be the same
as for the classical theory to this order. This observation is related to the fact that
it is possible to supersymmetrise the Dirac-Born-Infeld actions while imposing
only the classical constraints [19].

3. Construction of the C' A R* superinvariant in D=11

Noticing the close parallel between the classical supersymmetry transformations
for the super-Maxwell and the supergravity fields

1
5X = %P'LWG F/u/ y 5%5 = g]_"lﬂ/ﬁ Ruurs +---, (9)

5FIW = —SD[“(EFV]X), (SRH,,TS = —SD[“(EFV]’(IETS)

+4Dy,, (T, + 2ellryel ) 4 -
it is tempting to make the following substitution in the super-Maxwell action:

FT17‘2 _> RT17‘251$2’ X _> 1/)81827 D’V‘X _> D’r‘wslsz . (lo)

Unfortunately, the difference in structure between the equations of motion for the
gauge potential and the spin connection implies that the previous mapping does
not commute with supersymmetry, as can be seen by the presence of the second
line in the supersymmetry transformation of the Riemann tensor above. Another
crucial difference between the super-Maxwell and supergravity cases is that, when
subtracting all the lowest-order equations of motions, it is necessary to make the
following substitution for the Riemann tensor:

16

8P (W TIMlpy @ — Dy ) (12)

Taking all these facts into account, as well as the information from string-
amplitude analysis that the extsaype indices in (10) should be contracted with

an additionaltés) tensor, we arrive at the following M-theoy A R* invariant
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after lifting to eleven dimensions [10]:

(r)t(S) WT1T25182 e WT’77’85758

titotsri-rg 4 (s)
(48)2E t8 Ct1t2t3Wr1T28152 to Wr7r83738 s

(s)
e t8 (/17[}51 52 I‘7’1 DT2 ¢S384) 1738556 WT3T25788

s
4 ( )(wrl r2¢5738) TlTQSlSQWmTL3354anS536

(wrl r2¢5758) rlmslsQWmn5354Wnr25556
6t8 (¢m 57¢r258) 7’17‘25182Wmn8384WTLm8586

(s)
46t8 (%1 371/}7"258) rlmslsQWmn33S4Wnr23556

t(S) (me nd)msg) pgsis2 W‘]P5354 Wn575556

(s)

a t (¢m nlpmss) nps1 82 qu5354Wq575586 s
(8)/ 7

2ety” (Vsss6 L rirars DrgWsrss) Wirrasi s Wisrasssa

1
get§5)(¢ I‘mﬁ?‘zw 758) 7"17"25182WP”8384W71PS586

1 _
5 € téS) (d}mrmrlm ¢87Ss ) WTlpsl 82 an3384 Wm‘285 S6

(s) T1T2T
et8 (¢ P 1 3¢ 738) T1T281$2Wmn8384Wn7‘3S5867

-3
(CY?W) L) 8 t(S)(wrﬁFrl Tswsws) WiirgsisoWrarasssa Wrsrgssse »

(OZQ\/[)_B‘CPW] Z8 t(s (&mFmTl"‘T6¢5738)WT'17’23152W7'37"45334W"’57'63536‘

Even if the elfbein supersymmetry transformation rule recejvés)® modifi-
cations, by computing the closure of the supersymmetry algebra (2), we find [10]
that the translation parameter doex receive corrections that cannot be absorbed
by field redefinitions.
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4. Superspace approach

It can be argued that in the completely general Ansatz for the dimension zero
torsion constraint

1 1
Tap" = (CT™) g X7y + 2! (CT™2) gy X iy + 5! (CT™7%) g X s
(13)

the coefficientX”,, can be set equal @&',,, and all fully antisymmetric tensors
contained inX",, ., and X", ..., to zero by a choice of tangent bundle basis (see,
e.g., [21]). This leaves as the only candidates for non-trivial M-theory corrections
the SO(1,10) representatioA®9 and 4290 of the I';; andI'j5) coefficients, re-
spectively. Therefore, from the component analysis of the previous section we
conclude that the higher-order invariant (12) does not induce any modifications to
the torsion constraint (13).

Howe showed in [20], that imposinanly the constraint

Ty = (Crr)ab (14)

on the dimension-zero component of the superspace torsion, the classical, on-
shell, eleven-dimension supergravity theory of [1] followsthout having to
introduce a four-form superfield. An analysis of the superspace Bianchi iden-
tities for this superfield would necessitate a more complete analysis dgthe
invariant (12) with the inclusion of higher powers of the four-form field strength.

In this context, let us also mention that in parallel with our component-space
based approach to uncover the superspace underlying M-theory, a complementary
line of attack based on an analysis of the superspace Bianchi identities has been
initiated by Cederwall et al. in [21].
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MASSIVE SUPERPARTICLE WITH SPINORIAL CENTRAL CHARGES
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Abstract. We construct the manifestly Lorenz-invariant formulation of ie= 1 D = 4 massive
superparticle with spinorial central charges. The model possesses from one te-fymenetries.

The local transformations af-symmetry are written out. The using of index spinor for construction

of the tensorial central charges is considered. The equivalence at the classical level between the
massiveD = 4 superparticle with ong-symmetry and the massiv@ = 4 spinning particle is
obtained.

1. Introduction

Recently it became clear that some interesting supersymmetric theories admit
besides scalar central charges which are presented in convenfional 4
Poincare supersymmetry [1, 2] also nonscalar central charges: tensorial [3]-[7]
or spinor [8, 9] ones. Although the tensorial central charges in the supersymmetry
algebra are usually associated with topological contributions of the extended ob-
jects it is attractive to consider the pure superparticle models having symmetry of
this kind. Such models were firstly obtained in massless case [10) fer4 with
two or three locak-symmetries.

Central charge is a quantity which is inert with respect to SUSY but transforms
under internal or Lorentz groups.

We construct the model of the massie= 4 nonextended superparticle with
spinorial central charges possessing one or two leesymmetries. In particular
in such a way we obtain the superparticle with a singlsymmetry which is
equivalent to the usual spinning (sgiy2) particle [12, 13]in the spinorial central
chargebackground.

! The Lagrangian of the massive superparticle with vector central charge and with two
k—symmetries has been presented already in [11]
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Generalized central extension & = 1 4—dimensional supersymmetry
algebra

{@.@} =20P, (1)

with Majorana supercharge@™ = (@, energy—-momentum vecta? and y—
matrices in Majorana representation, so that= vy = C~! and as in any
representation we have’ = —(C, can be written in the form

{Q,Q} =22 (2)

where Z7 = Z is the most general symmetric matrix of Abelian generalized
central charges with a total of ten real entries. In decomposition of this matrix on
the basis defined by products pfmatrices we have tensorial central charges as
coefficients

2C = ()P + 50" 2w @

whereP is (in general) a linear combination of the energy—momentum véetor
and a “string charge”. Six real charg&s, = —Z,,, are related to the symmetric
complex Weyl spin—tensd?,,3 = Zg,, by the relation

1, - Ny
Zyw = 524584 — Zapops) - @)
The spin-tensor,z and Zaﬁ' = (Zap) represent the self-dual and anti—self—
dual parts of the central charge matrix. The tensorial central charges commute
with four-momentum and transform as components of a tensor under the Lorentz
group transformations.

There are two types of model with central charges. Some of them have ex-
act SUSY due to presence of special tensorial central charge coordinates which
transform together with Grassmannian spiflaand space—time vectar. Their
derivative with respect to development parametabsorbs the tensorial part in
SUSY variation of produc#é in complete analogy with absorption of the vector
part in the variation by the space—time vectarnder ordinary SUSY transforma-
tions. Other models have no similar coordinates and their SUSY is reached only on
the mass shell. Here we examine namely the second type model which is obtained
by adding to coordinates of nonextended massive superparticle certain dynamical
even spinor¢. This spinor parameterizes [15] in the rest frame of particle the
compact group manifold of quantum—theory rotation gr6ag(2).

In this paper we use th® = 4 spinor conventions of [2]. Majorana and
Weyl odd spinors are denoted by the same literal. One can easy identifies the
meaning of a denotation viewing its nearest encirclement. Bispinor expressions
with Majorana spinors are written, as a rule, in conventional form which makes
obvious a transition to Weyl spinors.
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2. Action and its symmetries

2.1. SUPERPARTICLE LAGRANGIAN
Let us take for superpatrticle Lagrangian the expression
L = Lsuper + LSCC
= pi‘ + ZéZCQ - g(p2 + m2) + LSCC

o 0B
= pi+iP,,(0%0 —6°0")

—H'Zaggaéﬁ + iZdﬂ'Q_dé_ﬂ — g(pQ + m2) + Lgcc - (5)

Here e is Lagrange multiplier for mass constraipt + m? ~ 0. Let us take
spinorial central charge Lagrangidgcc, i.e. a part of Lagrangian (5) containing
kinetic term for commuting spinor coordinatéd, (¢ = (¢¢) and generating
constraint on these variables, in the form

Lscc = v+ ¢ — M¢pC — ). (6)

wherev is canonical conjugate momentum foand\ is Lagrange multiplier for
"spin constraint”

r—j=¢p(—3j=~0 (r=¢pQ).- (7)
This constraint gives us gt# 0 the completeness condition
183 = Ca(CB)’ + (B)a”  and c c (8)

for spinors¢, p¢. Here matriceg andp are the contractions of the space—time
momentump and oc—matrices with lower and upper spinor indices, respectively.
Similar to 5 numerical constant plays the role of “classical spin” in the index
spinor formalism [14, 11, 15] which is attractive in task of particle spin description
with commuting spinors. In what follows it is important that some equations of
motion following from the Lagrangian (5) read as

(=0, p=0. 9
We can construct the vector and tensor central chafesthe Lagrangian (5)
with the spinors, p¢ without derivatives inr. So on shell, due to (9), these
guantities will be constants. Such constructions for central che&ggagerms of
spinorial ones do not modify the equations (9) and are specified below.
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2.2. SUPERSYMMETRY

SUSY transformations can be viewed as global translations in odd spinor coor-
dinatesf accompanied translations in space—time veet@nd possibly some
scalar or tensorial even central charge coordingt®hich leave invariant certain
differential 1—-forms. Mentioned forms covariantly transform under global Lorentz
and internal groups and are invariant under space—time translations. These forms
are sums of corresponding even coordinate differentials and terms which are
bilinear in odd spinor coordinates and their differentials. Using such forms one
can construct theories with exact off-shell SUSY but in absence of some central
charge coordinates and corresponding differential forms it is possibly to reach
SUSY only on shell. In the case under consideration we have unique fundamental
vectorial superform

wh = Wt dr = dx + iddy"0 = dx + 0ot d — idOcH 0 (10)
and usual SUSY transformations are
Sat = —ify"60 = +ifot60 — 500t (11)

with constantyf. Supercharges can be obtained as coefficients at the derivative
(60)- in the integrand of the local variation of the action in Hamiltonian form. The
variation of the Lagrangian (5) is

0L = iP(00(360) — (66) 00) — 2i(Za(50°) 6° + Z,5(56%)0°) —
i(Zap00°0° + Z ;560°0°) + (124560°0° +i2,560°0°) +

P(dw) — (p — P)éx + ((p— P)éx) . (12)

We see thai L = 0 if (66) = 0 up to surface terms in absence of tensorial central
charge coordinates. Equations of motion (9) are twice used for this conclusion.
In the first place we use these equations to change multipker: by P and as
consequence to collect variationsaotindf at vectorial part ofZ in variation of
superform (10). In the second place we use equations (9) to represent variation
with tensorial part ofZ as total derivative. Constancy &% is used as well.
The price for the presence of the supersymmetry is the infinite number of the
spin states in the spectrum. At the restriction of the bosonic spinor sector to the
index spinor one [14, 11, 15] the number of the states in spectrum becomes finite
but the supersymmetry disappears. But in both cases the models possess local
K-Symmetries.

In coordinate representation for odd variables one obtains as generators of
SUSY transformations

0

Q=55+ 28 (13)

kievarwe.tex; 12/03/2001; 3:49; p.171




LORENTZ SPINORIAL CENTRAL CHARGES
In terms of Weyl spinor we have

0 ~_
Qa = % =+ (Pe)a + HBZBQ y (14)

_ 0 A > 3
Qs = o5 + (OP)a+ Z,40° . (15)

So generators of SUSY contain “anomalous” extra pieces with central charges.
The algebra (2) of SUSY generators

{Qus @} = 2Zag, {Qa,Qy} =2P,4 (16)

istheN =1 D = 4 SUSY algebra extended by tensorial central charges.

One can introduce terms with derivatives of central charge coordigates
the multipliers at central charges in the Lagrangian (5). Then the model becomes
SUSY invariant not only quasi-invariant.

2.3. k-SYMMETRY

Grassmannian constraints of the model (5) are
dg = —ipyg — Z0 = 0.

In terms of Weyl spinor we have

d@a = —ipea - (ﬁg)a - eﬁZ,Ba ~ 07

dos = —iPoe — (OP)a — nggg ~0.
Poisson brackets algebra of constraints (17) is
{dg,dg} =2iZ.

In terms of Weyl spinors it is

{doa, dog} = 2iZap, {Jea,dgg} =2iZ,

{daa,doﬁ'} = QiPaB'. (22)

Let us analyze all possibilities of different numbers~afsymmetries. The
number of k—symmetries is defined rank of Poisson bracket matrix for the
fermionic constraints. In considered case

_ .. 1 _ .
detZ = (P?)” - PPy 2P 2% + Zzaﬁzaﬁzdgzaﬁ . (22)
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The characteristic polynomial, which is obtained by substitufibn— p°® — X
in (22), has the form

A2(A2 — 49\ + A) + 2BX + detZ

A= 4(])0)2 —oPp? — agdagBZO‘ﬁng,

B = 2p"P? — agdPBgZaﬁzdﬂ.

Thusif A =0, B =0, detZ = 0 we have three fermionic first class constraints
and superparticle model with/4 conserved SUSY. In casB = 0, detZ = 0
but A # 0 two eigenvalues. among four ones are zero and superparticle model
conserved /2 SUSY. Only in caseletZ = 0 but A # 0, B # 0 we have system
with 1/4 conserved SUSY.

Noted that some superparticle model associated with superalgebra with tenso-
rial central charges was considered in [16]. Bosonic constraints of the model [16]
are generalized mass shell condition

ZCZ2=0 (23)
which in Weyl spinor notation reads
ZaPZ5" = P27, Z9,2°5 =Py, Zo’Ppa+ P20 =0. (24)

It is easy to see that the model [16] preserves two supersymmetries or more.
Preserving of one supersymmetry is not possible in that model. From (24) we
haveB = 0, det? = 0 and thus necessarily two eigenvalueamong four ones

are zero. Thus the condition (24) are too much strong to have system yith
conserved SUSY.

3. Equivalence between massive spinning particle and superparticle with
one k—symmetry

3.1. SPINNING PARTICLE IN THE PSEUDOCLASSICAL APPROACH

In the pseudoclassical approach the Lagrangian of spinning particle has the

following form [12, 13]

_¢
2

The spin variables in this description are the Grassmannian (pseudo)ygetod
the Grassmannian (pseudo)scalgr Besides mass constraifit= p? + m? ~ 0

(? +m?) —ix(py + mys).  (25)

Ly =p'a, + %(w”% + 5¥)s)
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in Hamiltonian formalism the physical sector of the model is subjected to the
Grassmannian constraints from which one Dirac constraint

D = p"p, +maps = 0 (26)

plays the role of the first class constraint and five self-conjugacy condition for the
Grassmannian variables

1 1
9 =ry =¥ =0, gs=pys — ¥ R0 (27)

are the second class constraints. Thus the number of physical odd degrees of
freedom in the model (25) is [number ab(, V5, Py, Pys)] — [Number of the
second class constrainig,( gs)] — 2[number of the first class constraid®)] = 3.

The usual model of the massive CBS superparticle [22] with Grassmannian
spinor coordinate8®, % has only the fermionic spinor constraints

dpa = —ipga — (P0)a =~ 0, JH& = —ipga — (0p)a = 0

which all are the second class constraints. Here the number of the physical odd
degrees of freedom is [number @i 6%, pgo, Poa)] — [NnumMber of @y, dg)] =
4. In order to obtain desired three physical fermionic degrees of freedom it is
necessary that from fermionic four spinor constraints three constraints are of the
second class whereas one constraint should be of the first class. Such situation
with nonsymmetric separation of the fermionic constraints into the ones of first
and second class has been proposed in massless superparticle models [10] as well
as in the massive particle case [23]. Precisely the situation with one first class
fermionic constraint has been presented in [23] in the constructidv ef 4 —
N = 1PBGS ind = 1. The relation between that model and our one will be
given below. Thus in the massive case the equivalence of spinning particle and
superparticle with tensorial central charges with argymmetry is expected. Let
us note that in massless case [24, 25] the spinning particle is equivalent, at least
on classical level, to the usual CBS superparticle without any central charges.
This fact of identifying the local fermionic invariances of spinning particle and
k-symmetries of superparticle is essential for superfield formulation of massless
superparticle theory [24, 25] and consequent generalizations on superbranes [26].
Accounting above mentioned preliminary arguments for the possible relation
between massive spinning particle and massive superparticle with tensorial central
charges we take the following way for construction of the superparticle model. We
shall realize the covariant transition, under preservation of the physical content,
from the model of the massive spinning particle to the system with Grassmannian
spinor variables. As result of this procedure we arrive at model ofthe- 1
D = 4 massive superparticle with tensorial central charges possessing one gauge
fermionic invariance £-symmetry).
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Covariant transition from the Grassmannian veatgrand scalar); to the
Grassmannian spinog*, 8% requires using of the commuting spinor variables
¢, ¢

The total system which we consider as initial under transition to Grassman-
nian spinors is in fact the sum of the two sectors coupled through the space-time
momentum. One of these sectors is the usual massive spinning particle with
Lagrangian (25) whereas the second is the sector of the bosonic spinor with
Lagrangian (6). Thus the Lagrangian of the initial system has the following form

L = L1/2+Lscc
= pt+ (TWJF%%) - *(P +m?) —ix(py + ms)

+ v+ 8¢ — MCHC - 5) - (28)

As result of the constraingp = j the sign of the constantdefines the sign of
the energy. In following we consider the positive energy sector wheré.

3.2. CONVERSION OF SPINNING PARTICLE TO SUPERPARTICLE WITH
TENSORIAL CENTRAL CHARGES

The conversion of spinning particle model described by the Grassmannian vari-
ables,,, ¥ to the model with the Grassmannian spinor varialfleés < is
realized by the general resolution [11] of the form

Y =172 (00,5¢ + (po,f) — mpCo,d, (29)

s =1 2m(CO +00) +1p + Vs . (30)

The initial Grassmannian variables,, 15 (5 variables) are expressed in terms

of two Grassmannian scalaps ¥ and three components of spinér Just for

projections ofy, = —15,%%,, in the basis formed by spinocs, ((5)* we

have

ChC = 2r12(CO+00),  Cpyp¢ = 2mrp, (31)

CPR¢ = 2r'2(¢ph), (¢ = 2r'(05C) (32)
where;/? = y*o,. The fourth component of the spinor
¢ =1i(6¢ — () (33)

does not participate in the expression fewariables. The inversion of (29), (30)
and (33) looks as follows

1

0o = 37 (DO (5 +2E0)C) + 571600
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o= 57 [(CB0)(CP)a+ 2ACTROG] — 7 0(Ch)a

p = 5 (TR
G = — P+ mus) — (2mr) (DO + ).
In the new variables the Dirac constraint takes a simple form. On mass shell
p? +m? = 0 we have
D = pip + maps = mis = 0. (34)

Moreover, we can extract from the new variables a pure gauge degree of free-
dom for fermionic local symmetry of the spinning particle [12, 13] (world-line
supersymmetry)

ox =€, de=—2iex, 0V, =—€p,, OYs=—em, Ox,=1icY,.

In the new variables this transformation takes the form

1 _ ~ 1
000 = —er 2 (p0)a,  00s =~ er 2 (Ch)a,

1 ~ 1
op = —§emr_1, oths = ——€(p® + m?) = 0.

€
2m
Thus, the only transformed are the variapland one component of spinér

5(0¢ 4 C0) = %erlm .

Subsequently the combinatign mr—3/2(6¢ + () of this componenf andp is
invariant under the gauge transformatiof{,+ mr—3/2(6¢ + ¢0)] = 0, whereas
the variable

p—mr~*2(6¢ + (0) (35)

is the pure gauge degree of freeddiip, — mr=2/2(6¢ + (0)] = —mr e

Accounting the equation of motion for bosonic spigoe 0 and substituting
the resolving expressions (29), (30) fof, 15 in the Lagrangian (28) we arrive at
the Lagrangian

L = p(& —ibo0 + i) — im2r—1(6¢CO — 6¢CO)

21 [ mr2(6C + CB)] [+ mr /(8¢ + CB)|

+ %r [p —mr32(0¢ + 59)} 725 + %’7’7;5 [/5 —mr~2(0¢ + Eé)]

1~ i ~ e
+ 5%% —mxyy — B

+ v+ 5C = MCC — j) - (36)

(p* +m?)
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It should be stressed that the equatipn= 0 for bosonic spinor, which has
been used for derivation of the Lagrangian (36), is reproduced by the same La-
grangian (36). As we see from the Lagrangian, the gauge variable (35) is the cor-
responding conjugate variable fgg which generates the local transformations.
The simpler gauge fixing condition for it

p—mr~32(0¢ +(0) =0

gives us the possibility to resolve the scaban term of spinor projectionff¢ +
¢0). We take the more general condition of this type

p—mr~32(0¢ + C0) = 2(k — 1)mr—3/2(6¢ + (0) (37)

which is the gauge fixing condition at dlexceptc = 0. At £ = 0 (37) is reduced
to the condition on gauge invariant variable

p+mr—32(0¢ +C0) =0

and of course it is not a gauge fixing. 3
Substituting in the Lagrangian (36) the constraint conditigh = 0 (the
equation of motion for the Lagrange multipligf and the expression

p = (2k — 1)mr=3/2(0¢ + (0) (38)

(following from the gauge fixing condition (37) ) we obtain the Lagrangian

L = pig + iZa30%60° + iZdﬁé‘j‘é_ﬁ + iZaB(e‘lé_ﬁ — g% — g(p2 + m?)

+ v+ 5C = MCAC — j) - (39)

In this expressionvy = wydr = dx — idfof + ihodf is the usualN = 1

superinvarianto-form. The quantitieZ.s = Zga, Z,5 = (Zap) andZ,; =
(Z34) are expressed in terms of bosonic spigdfor similar formula see [10])

Zop =26"m* Cals,  Zny=(2k* — )m?i ¢l (40)

Zog andZdB are tensor central charges (tyges0) and(0, 1)) andZaB is vector
one (type(1/2,1/2)) forthe D = 4 N = 1 supersymmetry algebra [17]-[21].

The same result is obtained if we consider the connection of the systems (28)
and (5) in the Hamiltonian formalism. Precisely there is the canonical transfor-
mation which connect the models with each other. Now in order to make equal
the number of Grassmannian variables in the models we introduce pure gauge
variable¢ in the initial model of the spinning particle. Its pure gauge nature is
achieved by the presence of the first class constraint

pg =0 (41)
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in the initial model. So in the canonical transformation we imply that the term
p¢¢ — upy is added to the Lagrangian (28). Herdés Lagrange multiplier. The
resolution ofg in terms of the spinors is given by the expression (33).

As the generating function of the canonical transformation from system with
coordinates),, 15, ¢, =, ¢, ¢* to the system with coordinatés, ¢, p, s,
x'™, ', % we take

F = —Pulbu(pm Cv 97 p) - p¢5’¢5(<7 65 P ’(;5) - p(bd)(C’ 9)
()

+ ¢, + T, — e, . (42)
Here the expressions for old variables in term of new ones from the right hand
side of the equations (29), (30), (33) have been used. That construction of the
generating function (42) reproduces, by definition of the canonical transformation,
the resolution (29), (30), (33) of the initial Grassmannian coordinates in spinors
Yy = —8lF/8p‘1Z, Vs = —0F/0pys, ¢ = —0,F/0pg and leaves invariable
bosonic spinor coordinat€$® = oF /ovl, = (%, {'* = OF /0v, = (% and the
momentum vectop, = —0F/0z'" = p,. The expression of new Grassmannian
momenta in terms of initial ones are

Poa = —0rF /00 =172 (0,5C)aply — mr ™2 Capys + iCapy

Poc = —0,F/06% = v *({po)apl, — mr ™ Capys — iaps ,

Pp = —0,F/0p = —m(CouQ)pl, +pys, Py = —0,F/0%5 = pys

The expressions of the initial bosonic spinor momenta= 0F/0(%, 15 =
OF/0¢% and space-time coordinate, = —dF/dp* in terms of the new phase
space coordinates contain besides corresponding new phase variables the addi-
tional terms depending on the new Grassmannian phase space variables. These
terms arise because of the dependence of the resolution expressions (29), (30),
(33) on¢, ¢ andp. Here we do not need the expressionsdr’ andz’ in the
explicit form due to independence of all constraints on these phase variables.

Now we eliminate the variabless, Pjs by means of the Dirac constraint (26)
and gauge fixing condition for Dirac constraint

Pgs — ik — ymr~Y2[6¢ + (0] = 0 (43)

atk # 0 2. After fulfillment of the additional canonical transformatipp —
Py = pp, — ikmr'/2[0¢ + (6], which leads to resolving form, = 0 of one

? The diagonalized Dirac constraift = D —ip*g,, —imgs = —i[p,(p}j + 59 ) +m(pys +
115)] & 0 has in new variables the for@’ = £r~'/% [{ppe + poip¢| — mr™'p, + majs ~ 0.
The Poisson bracket of the condition (43) dntis equal to(km) /2, i.e. atk = 0 the condition (43)
does not fix the gauge for the Dirac constraint.

kievarwe.tex; 12/03/2001; 3:49; p.178




172 S. FEDORUK, V. G. ZIMA

Fermi-constraint from (27), we eliminate the variabteg, with the help of two

from five second class Fermi-constraints (27). Because of the resolving form of
the constraints with respect to eliminated variablgsz 0 andp, =~ 0, the Dirac
brackets for remaining variables are the same as their Poisson brackets. After that
the remaining Grassmannian constraints take the following form

(Ppy — Pop¢ ~ 0, (44)

[CPpo + PopC] — 4ik*m? [0¢ + (0] ~ 0, (45)

¢ [~ipo — 0] =0,  [~ipg— 0P| (~0 (46)

which are the same as the projections on spigpfg of the Grassmannian spinor
constraints

dgo. = ~ipoa — (00)a — 0° Zge — Z,30° ~ 0, (47)

(i@d = —iﬁ()d — (Hﬁ)a — Zaﬁéﬁ - eﬁng ~ 0 (48)

with quantitiesZ, g, Zop defined in (40). From invariance of the variab{gs ¢¢,

p,. under the canonical transformation, all bosonic constraintg3.e. m? ~ 0

and (p¢ — j ~ 0, are not changed. The system with remaining variables

and the constraints is described by the above mentioned Lagrangian (5). The

Lagrangian (5) reproduces accurately this set of the constraints and nothing else.
Thus we establish that the model described by LagrangianL /, + Ly, 5. is

equivalent physically to the model with LagrangiBn= Lgper + L1, 5. at classical

level. HereL, s, is the Lagrangian (25) of the massive spinning particle ($p#)

whereasLg,per IS Lagrangian of the massivE = 1 superparticle with tensorial

central charges (40)

Lauper = pog + 1Z0,30%0° + iZdﬁ-é‘j‘é_ﬁ + z‘Zaﬁ-(eaé’g — 6o@P) — g(p2 +m?2).
(49)

Lagrangiansly, ;. of the bosonic spinor in the both equivalent models are quite
identical.

It should be noted that the value of constérnh the formula (40) for central
charges of the superparticle is nonzeto# 0, in the case of its equivalence to
the spinning particle. But in general the valie= 0 is not forbidden in model of
superparticle with central charges. Next we consider the cases botlk witld
andk = 0. As we see below a # 0 andk = 0 we have superparticle models
with one and twas-symmetries respectively.
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3.3. ANALYSIS ON LEVEL OF PHYSICAL DEGREES OF FREEDOM

Alternative way for a proof of classical equivalence of the massive $ph
particle (25) and the massive superparticle with central charges (4B)7ab,
possessing one-symmetry is the reduction of both models to physical degrees
of freedom [27]. In the examining positive energy sector after choice of gauge
_ = 1pg — 15 = 0 for Dirac constraint and exclusion gf, = v + 15 by means

of the constraint condition we obtain for the physical odd degrees of freedom of
spinning particle [28, 27] the Lagrangian in the formlcif;g)Gr = %JJ On the
other hand the Grassmannian part of the superpatrticle Légraﬁgjggg takes the
form

h .. .- ..
LY. o = iGd — igd + 2k%ini)

after using of the variables

n= mr_1/2(9C +¢0), o= —imr_l/Q(QC —C0),

q=r"20p0), q=r"2(¢ph).
Setting
q= (Y1 +i2)/2, q= (Y1 —ia)/2, n=13/2k

we obtain exactly the same Grassmannian part of the Lagrangian

(ph)  _ p(oh) _ &2
Lsﬁper,Gr - L11;2,Gr - §¢¢ . (52)

Such Lagrangian for the physical odd variables comes out also from work [23]
in non-Lorentz covariant Grassmannian se®tor= 4 — N = 1 PBGS. In first
order formalism the target space action of this work has the Lagrangian

L:ﬁﬁ—POHOJr%(PO?—ﬁ?—n—@(4)—\17&7 (53)

wherell® — X0+ 00+ ¥¥, 11 = ¥ — OF + ©F (we remain here the notations
of [23]). In accounting the last expressions, the Lagrangian (53) takes the form
L = PY - P°X° S(P2 - P21
—(P°+1) {\17 -

PO4+1

I 1P@} [\1/ ~ P@]

After using of the variables

1
PY+1

§ = V2P +1)1/2 {xfu -

ﬁ@}
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we obtain exactly the Lagrangian (52) for Grassmannian variables.

3.4. SUPERPARTICLE WITH INDEX SPINOR

In order to analyze the properties of the obtained massive superparticle with ten-
sorial central charges let us consider the model of spinning particle with index
spinor [14, 11, 15] as additional bosonic coordinates. It is naturally because we
have used for bosonic spinor the relatigi¢ — j ~ 0 which is inherent in the
index spinor approach. In the Hamiltonian formalism the index spinor sector is
restricted by the spinor self-conjugacy conditions

de =ipc —p¢ ~ 0, de = —ipc — (p~0 (54)

which are the second class constrain;s in the massive case. It is achieved in above
model (28) by the substitution = —ip¢, v = i(p. ThenLy s (6) takes the form
of the index spinor Lagrangian [14]

Lindex = —i¢pC + iCHC — A(CHC — ) - (55)

The constraintp¢ — j ~ 0 included in the Lagrangian generates in Hamiltonian
formalism the spin constraint

%(Cpc —pcC)—j~0 (56)

which together with second class constraints (54) leads [14] to the particle state
of the single spin associated with given sector of index spinor. Spin of the particle
in the quantum spectrum is the value of the consjamnormalized by ordering
constants (thug can be named “classical spin”).

The realization of the previously considered canonical transformation to the
model with Lagrangiai’ = L, /2t Lindex, 1-€. Lindex insteadLy, . in (28), leads
to the Lagrangian

yzﬂbﬂ%wﬁﬁm@ﬁ%@maﬁmf—mﬁ)
-Hnﬂﬁﬂwgﬁﬁﬁmnﬁﬁf+@?)
— iN(&pC = iC)
S+ m?) = A - 4). (57)

Here the formv = & dr = dx —id(o( +iCod( —idfof+i0odf is invariant with

respect to the transformations of the uspal= 1 supersymmetry with Grass-
mannian spinor parameter and “bosonic supersymmetry” withmber spinor
parameter [14, 11, 15]. The central charggs;, Zag' have the same form (40).
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So the kinetic terms of the space-time coordinate and Grassmannian spitior in
(57) are identical to the corresponding termd.ir§5) and hence the algebras of
the fermionic constraints in both models are identical. But the kinetic terms of the
index spinor in Lagrangiah’ are different from the kinetic terms of the bosonic
spinor in Lagrangiard. by additional terms with quantities

Yop = 2k(k —2)m?j 10a0s, Y5 =—(Yap),

«,

Y5 =—(2K — 4k + 1)m?j 10,0, (58)

which can be regarded as the central charges of the “bosonic SUSY” as well as

N =71 [(050) + 2(2k — )m? 71 (00)(CO)| - (59)

The appearance of these extra terms is the result of modification of index spinor
momentg, pc under the canonical transformation and, as consequence, the mod-
ification of the spin constraint (56) and bosonic spinor constraints (54) expressed
by new variables.

Specific peculiarity of the model (57) with index spinor is an interconnec-
tion between usual fermionic supersymmetry and “bosonic one” and at present
its meaning is not yet quite clear. Some duality appears in the invariance under
permutation of Grassmannian and bosonic spinors bdttrm and certain terms
with central charges of different types.

4. Gauge symmetries of massive superparticle with tensorial central charges

For local transformation of the Grassmannian spinor
§0% = in(Cp)*,  80% = —ir(p() (60)
and standard Siegel transformation [29, 30] of the space-time coordinate
6z, = —i00,60 + i660,0 (61)

with local complex Grassmannian parameter) the variation of the Lagrangians
up to a total derivative is

SL = —2k*m*(0¢ + C0)(k — k) + 2k*m2(0¢ + () (k — R)
— 4km?jH[(0p0)CC + (¢pO)CC (1 — R) - (62)

As we seef L = 0 for realk = & at arbitrary values of constaht But atk = 0
we havedL = 0 for arbitrary complex parameter. Thus atk # 0 when the
tensor central chargg,s is present the models have oresymmetry with real
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Grassmannian parameter= k. But atk = 0 when there is only the vector central
chargeZaB we have twas-symmetries with complex Grassmannian parameter

A first class constraint is associated to each gauge symmetry in Hamilto-
nian formalism. As is already noted our systems are described by the fermionic
constraints (covariant derivatives) (47), (48). Their Poisson brackets algebra is

{doa, dop} = 2iZag, {Jea,de@'} =2iZ,g,

{doar dyg } = 2i (Pos + Z0) (63)

with central charges (40). Covariant separation of the fermionic first and second
class constraints is achieved by the projection on the spfaor®().. Let us put

xo = (dop = —ilpg — (PO ~ 0, X9 = do{ = —ipe( — 0P ~ 0, (64)
g0 = Cpdy + dep¢ = —i(Cppe + PopC) — 4k*m?(0¢ + (0) ~ 0, (65)

fo = i(Cody — doiC) = Cppo — DopC ~ 0. (66)
The nonzero Poisson brackets of these projections are

{x0, X0} = 2ij, {90, 90} = 16k’ m?ij . (67)

Thus the constraintgy, xe are always the second class constraints whereas the
constraintf, is always the first class constraint generating ersymmetry with
local paramete(x + ) on variable(6¢ — (), { fo,0¢ — C0} = 2r, §(0¢ —(0) =

ir(k + k). The constraingy is the second class constraintag 0. But atk = 0

the constraintyy becomes the first class constraint and generates additienal
symmetry with local parameteé(x — &) on variable(6¢ + (), {go, ¢ + (0} =

—2ir, §(0¢ + ¢0) =ir(k — R).

Thus we obtain the models of thB = 4 N = 1 massive superparticle
with tensorial central charges possessing one or two Siegginmetries. In the
language of the brane theories these models correspond to the BPS superbrane
configurations preserving/4 or 1/2 of supersymmetry (see [21] and references
therein).

It should be noted that constahtin the construction of the superparticle
appears in the gauge fixing condition under transition from the spinning particle.
Therefore at allk # 0 the superparticle has quite similar systems of the con-
straints and the same number of physical degrees of freedom. The models at all
k # 0 are equivalent. Under transformations which can be considered as canonical
transformations

0% — 6% + br L (8¢ + CO)(CP)™, 0% — 6% +br~ 1 (8¢ + CO)(HC)*  (68)
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whereb is real number the Lagrangiah (or L') transforms into the same La-
grangian withak in place ofk wherea = 1 + 2b. As final result at level of

the free superparticle we have two substantially different models of the massive
superparticle with tensorial central charges. First of thei &t 1/1/2 has only
tensor central chargg, s and possesses oresymmetry. Second model at= 0

has only vector central charge, 3 and possesses twesymmetries.

5. Quantum spectrum of the models

In process of the construction it is established the equivalence at classical level
between the massiv® = 4 N = 1 superparticle with ona-symmetry and the
massiveD = 4 n = 1 spinning particle. But they may lead to distinct quantum
theories [27]. Below we establish that the spinning particle and superpatrticle with
tensorial central charges, which have index spinor as additional one, have iden-
tical state spectrum. By analogy with results in paper [12—14] the first operator
guantization of the spinning particle with index spinor described by Lagrangian
Ly 5+ Lindex is immediate. Wave function in the model is defined by Dirac spinor
with (anti)holomorphic dependence in index spinor of homogeneity degfee
where J is the classical spifj renormalized by the ordering constant. Writing

Dirac spinor in terms of Weyl spinors e(é)ﬁ) in according to analysis carried
out in [14] we have in holomorphic case two multispinor fietds, . .,,s and

Xay .0y, s Which are symmetrical i2.J indicesas. Hereg and 3 correspond to
bispinor index. These fields are connected with each other by Dirac equation

G o) ()= ©

(quantum counterpart of the Dirac constraint (26)). Comparison with superparticle
model is more immediate if we take the fieigl_.awﬁ as basic one. But the field
Vay..ony 10918 = ¢(a1...a2j,3) + ¢(a1.4.a2J71€a2J)ﬁ exhibits simply that two spins
J+ % are presented in spectrum at fixéds it should be when one adds spin
which is given by index spinor and sp%rwhich corresponds to the Grassmannian
variablesy,,, v5 of the pseudoclassical mechanics under quantization.

The quantization of the superparticle (57) is suitable to carry out in vari-
ables (50), (51) in term of which the fermionic constraints (64)-(66) take the

extremely simple forms

Z'pq-f-q%(), iﬁq—kq%O,
ipy + 2k*n =~ 0,

Do~ 0.
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We gauging out the variable, the introduce the Dirac brackets for taking into
account of the fermionic second class constraints and the represent the remaining
fermionic variables;, g, n (in fact ;/7) by means of the usual Pautimatrices.

Thus the wave function of this problem has two components depending appropri-
ately on index spinor and space-time variables. The quantization of the bosonic
spinor sector shows certain difference with [14]. Additional term of the fggm

in spin constraint (56) arising due to interaction of bosonic and fermionic sectors
leads to different homogeneity degrees (which correspond to different represen-
tations of Lorentz group) for two components of wave function. Bosonic spinor
constraints (54) ((anti)homogeneity conditions) acquire the additional terms both
with ¢g and alsagn (or gn). These last terms, which are proportional (or o_),

o+ = (o1 £ i02)/2 in matrix realization of odd variables, connect two compo-
nents of wave function. As result the irreducilge/ + 1)-component spinor field
®ay...ans41» IN term of which one component of wave function is determined, is
expressed by Dirac equation

pfyg'onL..aQJﬂ = m¢a1...agj'y (71)

via field x - which determines second component of wave function. This

. 1.2y . . . L - .
last field Xay..on, 5 CAN be identified with basic field of the spinning particle
spectrum.

In case of models (28) and (5), when there is not present the truncation of
bosonic spinor sector to the index one because of absence of bosonic spinor con-
straints, the quantum equivalence apparently remains too. One can expect it from
the quite identity of bosonic sectors of the models (28) and (5) and identifying of
physical fermionic degrees of freedom which has been demonstrated in Sec. 2.

In case of the Lagrangian (5) one can include vector central chigygato
vector of space-time momentum by the shift — p, + Z, after taking into
account the bosonic spinor equation of motior: 0. Therefore ak = 0, when
there is vector central charge only, it disappears completely from the action and
superparticle model reduces in fact to massless case. Unlike this in the particle
model (57) with index bosonic spinor &t= 0 the redefinition of momentum does
not exclude vector central charge due to accompanying modification of bosonic
spinor and spin constraints. In this case the wave function contains two usual
spin-tensor field®,, ..., ,, satisfying massive Klein-Gordon equation and dis-
connected with each other because of missing terms gittm bosonic spinor
constraints.

6. Conclusion
In this work we presented the manifestly Lorentz-invariant formulation of the

D = 4 N = 1 free massive superparticle with tensorial central charges. The
tensorial central charges are construct by commuting bosonic spinor and also by
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index spinor. The model possesses in general one okigyonmetries. In particu-

lar case the model contains a real paramewnd atk # 0 it has ones-symmetry
while atk = 0 the number of<-symmetries is two. The local transformations
of k-symmetry are written out. It is obtained the equivalence at classical level
between the massiv@ = 4 superparticle with one-symmetry and the massive

D = 4 spinning particle.
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ROTATING SUPER BLACK HOLE AS SPINNING PARTICLE

ALEXANDER BURINSKII *
NSI, Russian Academy of Sciences, Moscow, Russia

1. Introduction

The Kerr rotating black hole solution displays some remarkable features indicat-
ing a relation to the structure of the spinning elementary particles. In particular, in
the 1969 Carter [1] observed, that if three parameters of the Kerr-Newman metric
are adopted to beic=1) e? ~ 1/137, m ~ 10722, a ~ 10*2, ma =

1/2, then one obtains a model for the four parameters of the electron: charge,
mass, spin and magnetic moment, and the gyromagnetic ratio is automatically the
same as that of the Dirac electron. Investigations along this line [2—6] allowed
to find out stringy structures in the real and complex Kerr geometry and to put
forward a conjecture on the baglike structure of the source of the Kerr-Newman
solution. The earlier investigations [2, 13, 5] showed that this source represents a
rigid rotator ( a relativistic disk ) built of an exotic matter with superconducting
properties. Since 1992 black holes have paid attention of string theory. In 1992
the Kerr solution was generalized by Sen to low energy string theory [7], and it
was shown [17] that near the Kerr singular ring the Kerr-Sen solution acquires a
metric similar to the field around a heterotic string. The point of view has appeared
that black holes can be treated as elementary particles [8]. On the other hand,
a description of a spinning particle based only on the bosonic fields cannot be
complete, and involving fermionic degrees of freedom is required. Therefore, the
spinning particle must be based on a super-Kerr-Newman black hole solution [18]
representing a natural combination of the Kerr spinning particle and superparticle
model. Angular momenturh of spinning particles is very higha |= L/m > m,

and the horizons of the Kerr metric disappear. There appears a naked ring-like
singularity which has to be regularized being replaced by a smooth matter source.
In this review we consider a source representing a rotating superconducting bag
with a smooth domain wall boundary described by a supersymmetric vaskion

* bur@ibrae.ac.ru
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theU(I) x U'(I) field model [23]. In fact, this model of the Kerr-Newman source

represents a generalization of the Witten superconducting string model [16] for
the superconducting baglike sources [6].

2. Complex source of Kerr geometry and its stringy interpretation

The Kerr-Newman solution can be represented in the Kerr-Schild form

uv = NMuv + 2hei€1?jv (1)

wheren,,, is metric of an auxiliary Minkowski spacg,, = diag(—1,1,1,1),

andh is a scalar function. Vector fielef is null, ef;e?’“ = 0, and tangent to PNC

( principal null congruence ) of the Kerr geometry. The Kerr PNC is twisting i.e.
corresponding to a vortex of a null radiatidrOne of the main peculiarities of the
Kerr geometry is singular ring representing a branch line of the Kerr space on the
‘positive’ (»r > 0) and ‘negative’t < 0) sheets which are divided by the disk=

0 spanned by this ring. The Kerr singular ring is exhibited as a pole of the function

h(r,0) = %, wherer andé are the oblate spheroidal coordinates. The
Kerr PNC is in-going on the ‘negative’ sheet of space, it crosses the disk and

turns into out-going one on the ‘positive’ sheet. Appearance of the Kerr singular
ring on the real space-time can also be observed in the Coulomb sofutiosy 7

when its point-like source is shifted in complex regi@n, o, z0) — (0,0, ia).

Radial distance® becomes complex in this case and can be expresséd-as

r +tacos @ (Appel, 1987 !). Similarly, the source of Kerr-Newman solution can
be considered from complex point of view as a "particle” propagating along a
complex world-line [9, 12] parametrized by complex time.

The objects described by the complex world-lines occupy an intermediate
position between particles and strings. Like the strings they form the two-
dimensional surfaces or the world-sheets in the space-time. It was shown that
the complex Kerr source may be considered as a complex hyperbolic string which
requires an orbifold-like structure of the world-sheet. In many respects this string
is similar to the ‘mysteriousN = 2 string of superstring theory shedding a light
on the puzzle of its physical interpretation. As we have already mentioned, there is
one more stringy structure in the Kerr geometry connected with the Kerr singular
ring. In fact the both these stringy structures are different exhibitions of some
membrane-like source. This source has a complex interpretation alongside with
some real image in the form of a rotating bubble which will be discussed further.

The Kerr PNC may be obtained from the complex source by a retarded-time
construction. The rays of PNC are the tracks of null planes of the complex light
cones emanated from the complex world line [11, 12]. The complex tighe

1 Besides, the Kerr PNC is geodesic and shear free, it represents a bundle of twistors and can be
described by the Kerr theorem [10, 11, 9, 12].
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with the vertex at some point) of the complex world linec (7): (z, —zo,, ) (z# —

zlh) = 0, can be split into two families of null planes: "left” planes spanned by
null vectorse! ande3, and’right’planes spanned by null vectarsande3. The
Kerr PNC arises as the real slice of the family of the "left” null planes of the
complex light cones which vertices lie on the straight complex worldis(e).

Only the cones lying on the strigmr| < |a| have a real slice. Therefore, the
ends of the resulting complex string are open. To satisfy the complex boundary
conditions, an orbifold-like structure of the worldsheet must be introduced [9, 12],
which is closely connected with the above mentioned Kerr's twosheetedness.

3. Super-Kerr-Newman geometry

A supergeneralization of the Kerr-Newman solution can be obtained as a natural
combination of the Kerr spinning particle and superpatrticle [18]. In fact, the com-
plex structure of the Kerr geometry suggests the way of its supergeneralization.

Note, that any exact solution of the Einstein gravity is indeed a trivial solution
of supergravity field equations. The supergauge freedom allows one to turn any
gravity solution into a form containing spin-3/2 field satisfying the supergravity
field equations. However, since this spin-3/2 field can be gauged away by the
reverse transformation, such supersolutions have to be considetmdas The
hint how to avoid this triviality problem follows from the complex structure of
the Kerr geometry. In fact, from the complex point of view the Schwarzschild and
Kerr geometries are equivalent and connected trivieal complex shift.

The non-trivial twisting structure of the Kerr geometry arises as a result of
the complexshift of the real sliceconcerning the center of the solution [11, 9].
Similarly, it is possible to turn &rivial super black hole solution intoreon-trivial.
Thetrivial supershiftcan be represented as a replacement of the complex world
line by a superworldlineX}'(r) = zf(r) — ifo*( + i¢o"0, parametrized by
Grassmann coordinatés ¢, or as a corresponding coordinate replacement in
the Kerr solution

't =zt + it — iCato; 0=0+¢ 0=0+¢, (2)

Assuming that coordinates before the supershift were the usual c-number
coordinates one sees that coordinates acquire nilpotent Grassmann contributions
after supertranslations. Therefore, there appears a natural splitting of the space-
time coordinates on the c-number ‘body’-part and a nilpotent part - the so called
‘soul’. The ‘body’ subspace of superspace, or B-slice, is a submanifold where the
nilpotent part is equal to zero, and it is a natural analogue to the real slice of the
complex case.

Reproducing the real slice procedure of the Kerr geometry in superspace one
has to use the replacements:

a/ complex world line—> superworldline,
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b/ complex light cone— superlightcone,
c/ real slice— body slice.
Performing the body-slice procedure to superlightcone constraints

57 = [z — Xou(7)][2" — X§(1)] = 0, ®3)

one selects the body and nilpotent parts of this equation and obtains three equa-
tions. The first one is the discussed above real slice condition of the complex Kerr
geometry claiming that complex light cones can reach the real slice. The nilpotent
part of (3) yields two B-slice conditions

[zt — x (T )](9‘7#( Coub ) 0; (4)

(60¢ — ¢o6)? = 0. (5)

These equations can be resolved by representing the complex light cone equa-
tion via the commuting two-component spinaksand ¥: =, = zo, + Yo, V.

"Right” (or "left”) null planes of the complex light cone can be obtained keeping

¥ constant and varying (or keeplng\If constant and varying’.) As a result

we obtain the equation§d = 0, W(¢ = 0, which in turn are conditions of
proportionality of the commuting spinofs(x) determlnlng the PNC of the Kerr
geometry and anticommuting spingtsind(, these conditions providing the left

null superplanes of the supercones to reach B-slice. It also ledds+a(¢ = 0,

and equation (5) is satisfied automatically.

Thus, as a consequence of the B-slice and superlightcone constraints we obtain
a non-linear submanifold of superspdce: (x), 6 = §(x). The original four-
dimensional supersymmetry is broken, and the initial supergauge freedom which
allowed to turn the super geometry into trivial one is lost. Nevertheless, there is a
residual supersymmetry based on free Grassmann pararfieters!.

The above B-slice constraints yield in fact the non-linear realization of broken
supersymmetry introduced by Volkov and Akulov [20, 21] and considered in N=1
supergravity by Deser and Zumino [19]. It is assumed that this construction is
similar to the Higgs mechanism of the usual gauge theorie&ad), (%(z)
represent Goldstone fermion which can be eaten by appropriate local supertrans-
formatione(x) with a corresponding redefinition of the tetrad and spin-3/2 field.
Complex character of supertranslations in the Kerr case demands to use in this
scheme the N=2 supergravity. We omit here details referring to [18] and mention
only that in the resulting exact solution the torsion and Grassmann contributions
to tetrad cancel, and metric takes the exact Kerr-Newman form. However there
are the extra wave fermionic fields on the bosonic Kerr-Newman background
propagating along the Kerr PNC and concentrating near the Kerr singularity.
Solution contains also an extra axial singularity which is coupled topologically
with singular ring threading it.
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4. Baglike source of the Kerr-Newman solution

The above consideration of super-Kerr-Newman solution is based on the massless
fields providing description of the rotating super-black-hole. It could be the end
of story since the source of a rotating black hole is hidden behind the horizons.

However, the value of angular momentum for spinning particles is very high
regarding the mass parameter and the horizons disappear uncovering the Kerr
singular ring. To get a regularized solution the massless fields of the black hole
solution have to get a mass in the core region forming a matter source removing
the Kerr singularity and twosheetedness of the Kerr space.

Obtaining a regular Kerr source represents an old problem. In the first disk-like
model given by Israel [2] a truncation of the negative sheet was used. As a result
there appeared a source distribution on the surface of the-disk. Analyzing
the resulting stress-energy tensor Hamity showed [13] that this disk has to be in a
rigid relativistic rotation and built of an exotic matter having zero energy density
and negative pressure. In the development of this model giverbpez [5] the
truncation is placed at the coordinate surface- r. = % (whereh = 0),
and the regionr < r. is replaced by Minkowski space. As a result the source
takes the form of the highly oblate and infinitely thin elliptic shell of the Compton
radiusa = % and of the thickness of the classical Dirac electron radiugor
small angular momentum the source takes the form of the Dirac electron model,
a charged sphere of the classical sizeThe fields out of the shell have the exact
Kerr-Newman form. Interior of the shell is flat. The shell is charged and rotating,
and built of a superconducting matter. In corotating space one sees that matter has
a negative pressure and zero energy density.

The Lopez source represents a bubble with an infinitely thin domain wall
boundary. In the paper [6] an attempt was undertaken to get the source of the
Kerr-Newman solution with a smooth matter distribution. Retaining the metric
in the Kerr-Schild form (1) and the form and properties of the Kerr PNC, it
was assumed that functidi(r, ) takes a more general forin = 7%%%
where the functionf(r) is continuous and takes the usual Kerr-Newman form
fxn(r) = mr — €2 /2 in the external region. In the same time, in a neighborhood
of the Kerr diskr < rg ( the core region ) including the Kerr singularity, the
function f(r) has to satisfy some conditions of regularity to provide finiteness of
the metric and the stress-energy tensor of source.

It was shown that this regularity is achieved for the functig) ~ "
with n > 4. In the casen = 4, f(r) = fo(r) = ar?, (in the nonrotational
casea = 0 ) space-time has a constant curvature in the core and generated by
a homogeneous matter distribution with energy dengity 8%604. Therefore,
assuming that matter in the core has a homogenous distribution orsstiarate

2 This problem is actual for black hole physics, too. See for example [22] and references therein.
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the boundary of the core regiog as a point of intersection gf(r) and fx n (7).
Regularity of the stress-tensor demands continuity of the fungti@hup to first
derivative, therefore, the resulting smooth functiffr) must be interpolating
between functiongy(r) and fx n () near the boundary of the corex ry.

Let us now mention that general metric (1) can be expressed via orthonormal
tetrad as follows [6},, = m,m, +n,n, + 1,1, —v,u,, and the corresponding
stress-energy tensor of the source ( following from the Einstein equations ) may be
represented in the forde’) = (87)~! [(D+2G) g — (D+4G) (1,1, —upwy)],
whereu,, is the unit time-like four-vector,, is the unit vector in radial direction,
andn,, m, are two more space-like vectors. Here

D = —f"/(r* + a®cos? §), (6)

G = (f'r = f)/(r* + a®cos® )2, (7)

and the Boyer-Lindquist coordinates-, 6, ¢ are used.

Like to the results for singular (infinitely thin) shell-like source [13, 5], the
stress-energy tensor can be diagonalized in a comoving coordinate system show-
ing that the source represents a relativistic rotating disk. However, in this case,
the disk is separated into ellipsoidal layers each of which rotates rigidly with its
own angular velocity(r) = a/(a? + r2). In the comoving coordinate system the
tensor7),, takes the form

2G 0 0

1 0 —-2G 0 0
T =

st 0 0 2G+D 0 (8)
0 0 0 2G + D

that corresponds to energy density= %26‘, radial pressur@,.q = —8%26*,
and tangential pressupe,, = 8%T(D +2G).

Settinga = 0 for the non-rotating case, we obta¥h = 2, the surfaces
r = const. are spheres and we have spherical symmetry for all the above rela-
tions. The region described bf(r) = fo(r) is the region of constant value of
the scalar curvature invariaft = 2D = —2f]/r*> = —24a, and of a constant
value of energy density. If we assume that the region of a constant curvature is
closely extended to the boundary of sourgevhich is determined as a root of the
equation

fo(ro) = frn(ro), )

then, smoothness of thgr) in a small neighborhood afy, say|r — 9| < 4,
implies a smooth interpolation for the derivative of the functitr) between
101 |r=ro—s aNd [ 5 (1) |r=ry-+s. Such a smooth interpolation on a small distance
4 shall lead to a shock-like increase of the second derivgtive) by r ~ ry.
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In charged case far < 0 ( AdS internal geometry of core) there exists only
one positive root(, and second derivative of the smooth functjdiir) is positive
near this point. Therefore, there appears an extra tangential stress weased
by the termD = —f"(r)/(r? + a? cos® ) |,—, in the expression (8). It can be
interpreted as the appearance of an effective shell ( or a domain wall ) confining
the charged ball-like source with a geometry of a constant curvature inside the
ball. The casex = 0 represents the bubble with a flat interior which has in the
limit & — 0 an infinitely thin shell. It corresponds to théhez model.

The internal geometry of the ball is de Sitter onedior- 0, anti de Sitter one
for o < 0 and flat one forx = 0.

Let us consider peculiarities of the rotating Kerr source. In this case the sur-

facesr = const. are ellipsoids described by the equat;hfﬁg—i + j—z = 1. Energy
density inside the core will be constant only in the equatorial ptasé = 0.
Therefore, the Kerr singularity is regularized and the curvature is constant in

string-like regionr < o and® = = /2 near the former Kerr singular ring. The
ratio Sressle=o (/)% = €8 < 10~8 shows a strong increase of the stress

stress|g—r /2

near the string-like boundary of the disk.

5. Field model: From superconducting strings to superconducting bags

The known models of the bags and cosmic bubbles with smooth domain wall
boundaries are based on the Higgs scalar fieldth a Lagrange density of the
form L = —19,¢0"¢ — %2(¢2 — n?)? leading to the kink planar solution ( the

wall is placed inzy-plane atz = 0) ¢(z) = ntanh(z/J), whered = %n iS
the wall thickness. The kink solution describes two topologically distinct vacua
< ¢ >= +n separated by the domain wall.

The stress—energy tensor of the domain wall (&) =

#cosh_ll(z/é)diag(l,1,1,0), indicating a surface stress within the plane
of the wall which is equal to the energy density. When applied to the spherical
bags or cosmic bubbles [27, 28], the thin wall approximation is usually assumed
0 < rg, and a spherical domain wall separates a false vacuum inside the ball
(r < rg) < ¢ >in= —n from a true outer vacuum ¢ >,,:= 7.

In the gauge string models, the Abelian Higgs field provides confinement of
the magnetic vortex lines in superconductor. Similarly, in the models of supercon-
ducting bags, the gauge Yang-Mills or quark fields are confined in a bubble ( or
cavity ) in superconducting QCD-vacuum.

A direct application of the Higgs model for modelling superconducting prop-
erties of the Kerr source is impossible since the Kerr source has to contain the
external long range Kerr-Newman electromagnetic field, while in the models of
strings and bags the situation is quite opposite: vacuum is superconducting in
external region and electromagnetic field acquires a mass there from Higgs field
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turning into a short range field. An exclusion representdthg) x U (I) cosmic
string model given by Vilenkin-Shellard and Witten [15, 16] which represents a
doubling of the usual Abelian Higgs model. The model contains two sectors, say
A and B, with two Higgs fields¢4 and ¢g, and two gauge fieldsl,, and B,,
yielding two sorts of superconductivity and B. It can be adapted to the bag-like
source in such a manner that the gauge figldof the A sector has to describe a
long-range electromagnetic field in outer region of the bag while the chiral scalar
field of this sectorp 4 has to form a superconducting core inside the bag which
must be unpenetrable fot,, field.

The sectorB of the model has to describe the opposite situation. The chiral
field ¢ must lead to aB-superconductivity in outer region confining the gauge
field B, inside the bag.

The corresponding Lagrangian of the Wit/ ) x U (I) field model is given
by [16]

L= ~(D*6.2)(Duta) — (D"65) (D) = {4 Fas — 1P P~ V,
(10

whereFy,, = 0,A, —0,A, andFp,, = 0,B, — 0,B, are field stress tensors,
and the potential has the form

V = XNopos —n*)? + f(opds — n*)pada + m?dada + u(daga)®. (11)

Two Abelian gauge fieldgl,, and B,, interact separately with two complex scalar
fields ¢p and ¢4 so that the covariant derivativB, ¢4 = (0, + ieA,)pa iS
associated withd sector, and covariant derivative,,¢op = (0, + igB,)¢B is

associated wittB sector. The model fully retains the properties of the usual bag
models which are described By/sector providing confinement &, gauge field
inside bag, and it acquires the long range electromagnetic4igid the outer-to-
the-bag region described by secthrThe A and B sectors are almost independent
interacting only through the potential term for scalar fields. This interaction has
to provide synchronized phase transitions from superconducting B-phase inside
the bag to superconducting A-phase in the outer region. The synchronization of
this transition occurs explicitly in a supersymmetric version of this model given
by Morris [23].

5.1. SUPERSYMMETRIC MORRIS MODEL

In Morris model, the main part of Lagrangian of the bosonic sector is similar to
the Witten field model. However, model has to contain an extra scalar field
providing synchronization of the phase transitionsliand B sectors?

3 In fact the Morris model contains five complex chiral fiells= {Z,¢—, ¢+,0-, 04 }. How-

ever, the following identification of the fields is assumee: ¢1; ¢ = ¢_ ando =o4; G =o0-_.
In previous notationg ~ ¢4 ando ~ ¢5.
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The effective Lagrangian of the Morris model has the form

L = —2(D"¢)(Du) — 2(D"0) (Do) — 0" 28,7

1 1
_ZFMVF#V — ZFEVFBMV - V(O" ¢7 Z):

where the potentidl” is determined through the superpotentidlas
5
V=Y |Wil* =210W/0¢|* + 2|0W /9o |* + |0OW/DZ|*. (13)
=1

The following superpotential, yielding the gauge invariance and renormalizability
of the model, was suggestéd

W = \Z(0G —n?) + (cZ + m)de, (14)

where the parameters ¢, m, andn are real positive quantities.
The resulting scalar potenti&l is then given by

V= X0 = n*)* + 2c(00 — n*)dd + ¢*(6¢)* +
2X2ZZ50 +2(cZ +m)(cZ + m)pé.

5.1.1. Supersymmetric vacua
From (13) one sees that the supersymmetric vacuum states, corresponding to the
lowest value of the potential, are determined by the conditions

F, = —8W /05 = 0; (16)
F¢ = —617[//8(5 = 0; (17)
Fy; =—0W/0Z =0, (18)

and yieldV = 0. These equations lead to two supersymmetric vacuum states:
I) Z=0; ¢=0; |o|=n W =0; (19)
and
II) Z=-mjc; o=0; |p|=mn/Nec; W =Imn?/c (20)

We shall take the statefor external region of the bag, and the stafeas a state
inside the bag.

The treatment of the gauge fielti, and B, in B is similar in many respects
because of the symmetry betwedrand B sectors allowing one to considtre

4 Superpotential is homomorphic function o, ¢, ¢, o, 5 }.
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stateX = n in outer region as superconducting one in respect to the gauge field
B,,. Field B,, acquires the massg = gn in outer region, and th& (I) gauge
symmetry is broken, which provides confinement of igfield inside the bag.

The bag can also be filled by quantum excitations of fermionic, or non Abelian
fields. The interior space of the Kerr bag is regularized in this model since the Kerr
singularity and twofoldedness are suppressed by fungtien fy(r). However,

a strong increase of the fields near the former Kerr singularity can be retained
leading to the appearance of traveling waves along the boundary of the disk.

5.2. SUPERSYMMETRIC BUBBLE BASED ON THE MORRIS FIELD MODEL

It is shown in [6] that in the planar thin wall approximation, and by neglecting
the gauge fields there is a supersymmetric BPS-saturated domain wall solution
interpolating between supersymmetric vacua I) and Il). This domain wall displays
the usual structure of stress-energy tensor with a tangential stress. The non-zero
components of the stress-energy tensor take the form

1 . .

Too = —Tpx = _Tyy = 5[527'((1)1% )((I)Jaz) + V]§ (21)

1 . .

Tzz 5[6123'((1)17,2 )((I)]az ) - V], (22)
where®; = {Z,¢_,¢4+,0_,04+}. One can estimate the mass and energy of a
bubble formed by such a domain wall in global supersymmetry setting vacuum
I) as external one and vacuum Il) as an internal vacuum. Using the Tolman rela-
tion M = [da\/—g(-T9 + T} + T% + T3), replacing coordinate on radial
coordinater, and integrating over sphere one obtains

Mpupble = —47T/V(T)r2dr = —4r /((I)i,r )2r2dr. (23)

The resulting effective mass is negative, which is caused by gravitational contri-
bution of the tangential stress. The repulsive gravitational field was obtained in
many singular and smooth models of domain walls [32, 25, 30, 31]. One should
note, that similar gravitational contribution to the mass caused by interior of the
bag will be My,.iny = [ Dr2dr = —2Ard. It depends on the sign of curvature
inside the bag and will be negative in de Sitter case and positive in AdS one.

The total energy of a uncharged bubble forming from the supersymmetric BPS
saturated domain wall is

o0
Eopubble = Ewan = 41 /0 pridr = Arrgemin, (24)

whererq is radius of the bubble, and,;, = W(0) — W(co) = Amn?/c.
Corresponding total mass following from the Tolman relation will be negative

kievarwe.tex; 12/03/2001; 3:49; p.197




ROTATING SUPER BLACK HOLE 191

Mopupbte = —Eway =~ —47r3€min. It is the known fact showing that the
uncharged bubbles are unstable and form the time-dependent states [30, 31].
For charged bubbles there are extra positive terms: contribution caused by the

energy and mass of the external electromagnetic figlgl. = M..,,. = %, and

contribution to mass caused by gravitational field of the external electromagnetic
field ( determined by Tolman relation for the external e.m. fidl}).q.c.m. =

E.pm = 2‘% As a result the total energy for charged bubble is

2

e
Eiot bubble = Ewail + Eem. = 47TT(2)5min + Troy (25)

and the total mass will be

Mtot.bubble = MObubble + Me.m. + Mg'r’cw.e.m. = (26)

e2

—FEwan +2Eem. = _47”"(2)6min + E (27)

Minimum of the total energy is achieved by = (5= ¢__)1/3 which yields the
following expressions for total mass and energy of tﬁe stationary state

3e?

Mt*ot = E:ot = 470- (28)
One sees that the resulting total mass of charged bubble is positive, however, due
to negative contribution af/y.1i it can be lower than BPS energy bound of the
domain wall forming this bubble. This remarkable property of the bubble models (
‘ultra-extreme’ states for the Type | domain walls in [30] ) allows one to overcome
BPS bound [33] and opens the way to get the ratfo< e which is necessary
for particle-like models.

5.3. BAGLIKE SOURCE IN SUPERGRAVITY

In supergravity the scalar potential has a more complicate form [21, 30, 31, 29]

Vi = " K (K D;WD;W — 32 WW), (29)
whereK is Kahler potentialk/ = agéé{&w andk? = 871Gy, Gy is the Newton

A

constant. In the smalli¥ limit, this expression turns into potential of global susy.
In this approximation, the above treatment of the charged domain wall bubble
will be valid in supergravity. The preserving supersymmetry vacuum state has to
satisfy the conditioD,W = W; + k2K, W = 0. This condition is satisfied for
the internal vacuum state Il) only in the linkt — 0 sinceW = Amn?/c inside
the bag, and;W =~ k?K;W there. In the ordek? the vacuum state 1) does not
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preserve supersymmetry. There appears also an extra contribution to stress-energy
tensor having the leading term

T, = 3(k*/87)e" K| W 2 g, (30)

and yielding the negative cosmological constant= —3k4ek2K|W]2 and to
anti-de Sitter space-time for the bag interior. General expression for cosmological
constant inside the bag has the form

A = KN (R W - 3w (31)

It yields AdS vacuum i&?| K;W|? — 3|W|? < 0.
In the same time the vacuum state |) in external regiori#ias 0 andA = 0,
and it preserves supersymmetry for strong chiral fields.

6. Conclusion

A regularized source of the Kerr-Newman solution is considered having the struc-
ture of a rotating bag with AdS interior and a smooth domain wall boundary. It
is shown that the Witten superconducting string model can be generalized and
adapted forming a charged superconducting bag with AdS interior and a long
range external gauge field which is necessary for description of charged black
holes. Since 1968 a successive accumulation of evidences is observed relating the
structure of Kerr geometry with physics of elementary particles.
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CLASSIFYING N-EXTENDED 1-DIMENSIONAL SUPER SYSTEMS

FRANCESCO TOPPAN
CBPF, DCP, Rua Dr. Xavier Sigaud 150,
cep 22290-180 Rio de Janeiro (RJ), Brazil

1. Introduction

In this talk | will report some results obtained in a joint collaboration with A.
Pashnev, concerning the classification of the irreducible representations of the
N-extended Supersymmetry indimension and which find applications to the
construction of Supersymmetric Quantum Mechanical Systems [1].

This mathematical problem finds immediate application to the theory of di-
mensionally (to one temporal dimension) supersymmadttitheories, which gets
4 times the number of supersymmetries of the original models fthe 8 su-
pergravity being e.g. associated with theVva= 32 Supersymmetric Quantum
Mechanical theory). Due to a lack of superfield formalism&br> 4, only partial
results are known [2] and [3].

More recently, Supersymmetric and Superconformal Quantum Mechanics
have been applied in describing e.g. the low-energy effective dynamics of a certain
class of black holes, for testing thédS/CFT correspondence in the case of
AdS,, in investigating the light-cone dynamics of supersymmetric theories.

In this report of the work with Pashnev, two main results will be presented. At
first a peculiar property of supersymmetry in one dimension is exhibited, namely
that any finite dimensional multiplet containigoosons and! fermions in dif-
ferent spin states are put into classes of equivalence individuated by irreducible
multiplets of just two spin states, where all bosons and all fermions are grouped
in the same spin. Later it is shown that all irreducible multiplets of this kind
are in one-to-one correspondence with the classification of real-valued Clifford
I matrices of Weyl type.

This classification refines (in the case of “non-Euclidean” supersymmetry, see
below) the results obtained in [4] and [5]. Another reference where smpects

* toppan@chbpf.br
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196 F. TOPPAN

of the theory of the representation bflimensional supersymmetry are discussed
is given by [6].

The mathematical problem we are investigating can be stated as follows,
finding the irreducible representation of the supersymmetry algebra

{Qi,Q;} = wijH, 1)
where@Q;, i=1,2,---, N are supercharges and

.0
H= in 2)

is the Hamiltonian. The constant tensoy; can be conveniently diagonalized
and normalized in such a way to coincide with a pseudo-Euclidean mgjric
with signature(p, ¢). Usually the eigenvalues are all assumed being positive (i.e.
g = 0), however examples can be given (see [7]), of physical systems whose
supersymmetry algebra is characterized by an indefinite tensor. In the following |
will discuss the simplest example of this kind.

Any given finite-dimensional representation multiplet of the above superalge-
bra can be represented in form of a chairldfosons and fermions

q)o

ap?

(1)51117 T q)%/lilﬂ (I)%/I (3)
whose component®? , (a; = 1,2,---,d;) are real and alternatively bosonic
and fermionic{ = do +ds +d4 + ... = dy +ds + ds + ...). For such a multiplet
the short notatioddo, ds, - - - ,dm} will also be employed.

Due to dimensionality argument the- th supersymmetry transformation for
the ®!,, components is given by

; a oA ara Ao g
56(I)£1 = El(CiI)aI qu)éjjl + 51(05)(11 ! 1%‘1)61”_117 4)
and it simplifies for the end-components (due to the absence df the-1 and
I = M + 1 components).
In one dimension it is therefore possible to redefine the last components
according to
d

M M—-2
Par = 7~ Vay, (®)

in terms of some function@fl‘fw—z. The initial supermultiplet of lengti/ + 1 is

now re-expressed as tkeo,d1, - ,dm—2 + dm, dm-1, 0} supermultiplet of
length M. By repeating) times the same procedure the shortest supermultiplet
{d,d} of length2 can be reached. The above argument outlines the proof of
the statement that all supermultiplets are classified according to the irreducible
representations of supermultiplets of length
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2. Extended supersymmetries and real valued Clifford algebras

The main result of the previous Section is that the problem of classifyinly-all
extended supersymmetric quantum mechanical systems is reduced to the problem
of classifying the irreducible representations of lengtidaving this in mind let
us simplify the notations. Let the indicesa: = 1, - - - , d number the bosonic (and
respectively fermionic) elements in the SUSY multiplet. All of them are assumed
to depend on the time coordinatd X, = X,(7), 0o = 0,(7)).

In order to be definite and without loss of generality let us take the bosonic
elements to be the first ones in the chdih, d}, which can be conveniently
represented also as a column

- (5)

the supersymmetry transformations are reduced to the following set of equations

0:Xa = €4(Cy)e%0 = i(£°QsT),
.~ bd . g
000 = €'(Ci)a d—Xb =i(e'Qi¥)q (7)

where, as a consequence of (1),

Ciéj—i-Cjéi = 1My (8)

C’iCj + CN'J'C@' = iﬂij 9

Sinces;, X,, 0, are real, the matrices;’s, C;'s have to be respectively imaginary
and real. If we set (just for normalization)

i
V2

1 .
— 5
V2

and accommodate;, 6; into a single matrix

I, - (f ({)) (11)

they form a set of real-valued Clifford-matrices of Weyl type (i.e. block
antidiagonal), obeying the (pseudo-) Euclidean anticommutation relations

C;

or}

Ci
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Therefore the classification of irreducible multiplets of representation(pf @
extended supersymmetry is in one-to-one correspondence with the classification
of the real-valued Clifford algebra§), , with the further property that th&
matrices can be realized in Weyl (i.e. block antidiagonal) form.

Real-valued Clifford algebras have been classified in [8] for compaet ()
case, and in [9] for the non-compact one. | follow here the exposition in [10].

Three cases have to be distinguished for real representations, specified by the
type of most general solution allowed for a real maficommuting with all the
Clifford I'; matrices, i.e.

i) the normal case, realized wheéris a multiple of the identity,

ii) the almost complex case, f&f being given by a linear combination of the
identity and of a real/? = —1 matrix,

iii) finally the quaternionic case, féf being a linear combination of real matrices
satisfying the quaternionic algebra.

Real irreducible representations of normal type exist whenever the condition
p—q=20,1,2 mod 8is satisfied (their dimensionality being given b&%],
whereN = p+q), while the almost complex and the quaternionic type representa-
tions arerealizedinthe—q¢ = 3,7 mod 8andinthep—qg=4,5,6 mod 8
cases respectively. The dimensionality of these representations is given in both
cases bpl3 11,

We further require the extra-condition that the real representations should ad-
mit a block antidiagonal realization for the Cliffofdmatrices. This condition is
met forp — ¢ = 0 mod 8 in the normal case (it corresponds to the standard
Majorana-Weyl requirementp, — ¢ = 7 mod 8 in the almost complex case
andp — ¢ = 4,6 mod 8 in the quaternionic case. In all these cases the real
irreducible representation is unique.

It is therefore possible to furnish the dimensionality of the irreducible repre-
sentations of the of the supersymmetry algebra or, conversely, the allpwgd
signatures associated to a given dimensionality of the bosonic and fermionic
spaces. The latter result is conveniently expressed by introducing the notion
of maximally extended supersymmetry. Thg, (p — ¢ = 6 mod 8) real
representation for the quaternionic case can be recovered frofh theod 8
almost complexC,, 11 , representation by deleting one of thematrices; in its
turn the latter representation is recovered from @)g ., normal Majorana-
Weyl representation by deleting anothérmatrix. The dimensionality of the
three representations above being the same, the normal Majorana-Wey! repre-
sentation realizes the maximal possible extension of supersymmetry compatible
with the dimensionality of the representation. In search for the maximal exten-
sion of supersymmetry we can therefore limit ourselves to consider the normal
Majorana-Weyl representations, as well as the quaternionic ones satisfying the
p—q=4 mod 8condition.

Let us therefore introduce a parametemwhich assumes two values and is
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used to distinguish the Majorana-Weyl £ 0) with respect to the quaternionic
case é = 1). A space ofl = 2¢ bosonic and! = 2¢ fermionic states can carry the
following set of maximally extended supersymmetries

(p=t—4z+5—-3¢,q=t+4z+¢€—3) (13)
where the integet = k — [ must take values in the interval

1
Z(3—t—6)§z§ (t+5—3¢)

in order to guarantee the> 0 andg > 0 requirements.

3. An application and conclusions.

One of the most significant application of extended supersymmetric quantum
mechanics concerns thedimensional- models evolving in a target spacetime
manifold presenting both bosonic and fermionic coordinates. In general such
models present a non-linear kinetic term and the extended supersymmetries put
constraints on the metric of the target. In this section let us present here a very
simplified model, which however is illustrative of how invariances under pseudo-
Euclidean supersymmetry can arise. Let us in fact consider a moddiagonic

fields X, andd spinorsy,, freely moving in a flati-dimensional target manifold,

not necessarily Minkowskian or Euclidean, endorsed of a pseudo-eucliggan

Let us furthermore introduce the free kinetic action being given by

1 . .
Sic = [dte = 5 [ dt (XX + 6t (15)

where the metrig)®® for the spinorial part is assumed to have the same signature
as the metrig;?®, ands is just a sign normalizatiors(= +1).

A natural question to be asked is which supersymmetries are invariances of
the above free kinetic action. The answer is furnished by accommodating the
bosonic and! fermionic coordinates into a (maximally extended) irreducible rep-
resentation of the extended supersymmetries, and later counting how many such
transformations survive as invariances of the action. The first non-trivial example
concerns &-dimensional target = 2), whose two bosonic and two fermionic
degrees of freedom carry tHe, 2} representation of2, 2) extended supersym-
metry. However, only half of these supersymmetries are realized as invariances
of the action. The action indeed is invariant under either(the) or the (1,1)
extended supersymmetries, whether the target space is respectively Euclidean
or Minkowskian. Therefore already in tiedimensional Minkowskian case we
observe the arising of a pseudo-Euclidean supersymmetry invariance. The next
simplest example is realized byladimensional target. The four bosonic and four
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fermionic coordinates can be accommodated into three irreducible representations
of maximally extended supersymmetry, according to formula (13), namely the
(4,0), the (0,4) and the(3, 3) extended supersymmetries. The action (15) turns
out to be invariant, for Euclidea® + 0), Minkowskian (3 + 1) and (2 + 2)
signature for the metrig, according to the followingable

d=+1
d=-1

6=+1
d=-1

0=+1
d=-1

which should be understood as follows. The central entries denote how many

supersymmetries are realized as invariances of the (15) action for each one of
the three irreducible representations of maximally extended supersymetry, in cor-

respondence with the given signature of spacetime and signlfothis particular

case invariance under pseudo-Euclidean supersymmetry is guaranteed for the
target of signaturé¢2 + 2).

In this talk | have presented some results concerning the representation theory
for irreducible multiplets of the one-dimension&l = (p,q) extended super-
symmetry. A peculiar feature of the one-dimensional supersymmetric algebras
consists in the fact that the supermultiplets formeditbosonic and! fermionic
degrees of freedom accommodated in a chain With- 1 (M > 2) different spin
states uniquely determineachain multiplet of the forr{d, d} which carries a
representation of th& extended supersymmetry. Furthermore, it is shown that all
such2-chain irreducible multiplets of th@, ¢) extended supersymmetry are fully
classified; when e.g. the conditipr- ¢ = 0 modS8 is satisfied, their classification
is equivalent to that one of Majorana-Weyl spinors in any given space-time, the
numberp + g of extended supersymmetries being associated to the dimensionality
D of the spacetime, while th&d supermultiplet dimensionality is the dimension-
ality of the correspondin@l matrices. The more general case for arbitrary values
of p andq has also been fully discussed.

These mathematical properties can find a lot of interesting applications in con-
nection with the construction of Supersymmetric and Superconformal Quantum
Mechanical Models. These theories are vastly studied due to their relevance in
many different physical domains, to name just a few it can be mentioned the
low-energy effective dynamics of black-hole models, the dimensional reduction
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of higher-dimensional superfield theories, which are a laboratory for the investi-
gation of the spontaneous breaking of the supersymmetry, and so on.

Acknowledgments.It is a pleasure for me to acknowledge A. Pashnev. The re-

sults reported in this talk are fruit of our collaboration. | wish also acknowledge

for useful discussions E.A. Ivanov, S. J. Gates Jr., S.O. Krivonos and V. Zima.
Finally, let me express my gratitude to the organizers of the ARW conference for
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PARA, PSEUDO, AND ORTHOSUPERSYMMETRIC
QUANTUM MECHANICS AND THEIR BOSONIZATION

CHRISTIANE QUESNE
PNTPM, Universié Libre de Bruxelles, Campus de la Plaine
CP229, Boulevard du Triomphe, B-1050 Brussels, Belgium

Abstract. We consider the problem of bosonizing supersymmetric quantum mechanics (SSQM)
and some of its variants, i.e., of realizing them in terms of only boson-like operators without
fermion-like ones. In the SSQM case, this is realized in terms of the generators of the Calogero-
Vasiliev algebra (also termed deformed Heisenberg algebra with reflection). In that of the SSQM
variants, this is done by considering generalizations of the latter algebra, namély-tndended
oscillator algebras, whei@, is the cyclic group of ordek.

1. Introduction

Supersymmetry has established an elegant symmetry between bosons and
fermions and is one of the cornerstones of modern theoretical physics. Its applica-

tion to quantum mechanics has provided a powerful method of generating solvable

guantum mechanical models. On the other hand, exotic quantum statistics have
received considerable attention due to their possible relevance to the fractional

guantum Hall effect and anyon superconductivity.

By combining both concepts within the framework of quantum mechanics,
one gets variants of SSQM: paraSSQM [1-3], pseudoSSQM [4, 5], and or-
thoSSQM [6]. They can be realized in terms of bosons and parafermions [7],
pseudofermions [4, 5], or orthofermions [8], respectively.

By using the Calogero-Vasiliev algebra [9], Plyushchay showed [10] that
SSQM can be described in terms of only boson-like operators without fermion-
like ones (see also [11]).

In the present communication, we shall consider generalizations of the
Calogero-Vasiliev algebra, namely tli&,-extended oscillator algebras (where
C) = Z, is the cyclic group of ordeh) [12—-14]. We shall show that they hav

*
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some interesting applications to variants of SSQM [12, 14], as they provide a
bosonization of the latter analogous to that obtained by Plyushchay for SSQM.

2. Generalized deformed andj-extended oscillator algebras

The generalized deformed oscillator algebras (GDOAS) (see e.g. Refs. [15, 16]
and references quoted therein) arose from successive generalizations of the Arik-
Coon [17] and Biedenharn-Macfarlane [18, 1@Jpscillators. Such algebras,
denoted byA,(G(N)), are generated by the unit, creation, annihilation, and

number operators, af, a, N, satisfying the Hermiticity condltlonéaf) = a,
Nt = N, and the commutation relations

{N, aq =af, [N,a] = —a, {a,aq =aal —qala=GW), (1)
q

wheregq is some real number ar@(N) is some Hermitian, analytic function.

On the other handg-extended oscillator algebras, whayeis some finite
group, appeared in connection witkparticle integrable models. For the Calogero
model [20], for instancey is the symmetric groups,, [21, 22].

For two particles, theS;-extended oscillator algebrﬂ,(f), where S, =
{I,K | K? = I}, is generated by the operatofsal, a, N, K, subject to

the Hermiticity conditions(a*)T =a,NT =N, Kt = K1, and the relations

[N, aq af, [N,K]=0, K2=1I,
[a,aq I+ kK (k € R), K = —Kal, 2

together with their Hermitian conjugates.
When theS, generatorK is realized in terms of the Klein operator1)*,

A? becomes a GDOA characterized oy= 1 andG(N) = I + x(—1)", and
known as the Calogero-Vasiliev oscillator algebra [9].

The operatoX may be alternatively considered as the generator of the cyclic
groupC;, of order two, since the latter is isomorphicig. By replacingC; by the
cyclic group of orden\, Cy = {I,T,T?%,... ,T*~! | T* = I}, one then gets a
new class ofj-extended oscillator algebras [12—14], generalizing that describing
the two-particle Calogero model.
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3. Cx-extended oscillator algebras

Let us consider the algebras generated by the operhtafsa, N, T, satisfying
the Hermiticity conditions(aT)Jr =a,NT =N, Tt =T, and the relations

[Maq =4, [NT]=0, T =1,
A—1

{a, aq I+ Z kT, T = e 27/ A gt 3)
pn=1

together with their Hermitian conjugates [12]. H&tés the generator of (a unitary
representation of) the cyclic grou, (wherel € {2,3,4,...}), andk,, p =1,
2,...,A—1, are some complex parameters restricted by the conditiprs .,
(so that there remain altogether 1 independent real parameters).

C, has\ inequivalent, one-dimensional matrix unitary irreducible represen-
tations (unirrepsY*, 4 = 0, 1, ..., A — 1, which are such thaf* (T%) =
exp(i2rpv/A) foranyrv =0, 1,..., A — 1. The projection operator on the carrier
space of"# may be written as

A—1
P = 1 —i2rpv /A TV 4
Y Z € ) (4)
v=0

and conversely™, v =0, 1,..., A — 1, may be expressed in terms of tRg’s as

A—1
T — Z eiQWMV//\PM. (5)
n=0

The algebra defining relations (3) may therefore be rewritten in termsadf
a,N,andP“:PJ,uzo, 1,...,A—1,as

A—1
[N, aq a, [N,P]=0, Y B.=1,
n=0

A—1
a.al] = 1+Y auP,  a'Bi=Puaal, PP =0,,P. (6)
pn=0

where we use the conventid?, = P, if 1/ — 4 = 0mod A (and similarly for
other operators or parameters indexediby’). Equation (6) depends uporeal
parametersy, = Z;};%exp(i%uu/)\)m, w=0,1,..., A — 1, restricted by
the conditionzﬁ;}) a, = 0. Hence, we may eliminate one of them, for instance

ax_1, and denot&’'y-extended oscillator algebras b;&?al,,,akﬂ.
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The cyclic group generatdr and the projection operatof3, can be realized

in terms of N as
N/A 15 N—p)/A
i2m 27y (N—

T = e2mN/A Puzxygoe (N=m/A - =0,1,...,A=1, (7)
respectively. With such a choicelinn, ..a,_, becomes a GDOAAN (G(N)),
characterized by = 1 andG(N) = I + Y)Z§ o, P, whereP, is given in
Eq. (7).

For any GDOA A,(G(N)), one may define a so-called structure func-
tion F(IV), which is the solution of the difference equatiBiN +1) —gF'(N) =
G(N), such that?(0) = 0 [15]. For AM (G(N)), we find

A—1 p—1
F(N)=N+3 BuFPu, fo=0, Bu=) a (p=12...,A-1).
u:0 v=0

8

At this point, it is worth noting that fol = 2, we obtainT = K, Py =
(I+K)/2, P = (I-K)/2 ands; = kf = ag = —a1 = K, so thatA?)
coincides with theS;-extended oscillator algebna,(f) and A®)(G(N)) with the
Calogero-Vasiliev algebra.

In Ref. [14], it was shown that™ (G(N)) (and more generalldiy s, .., )
has only two different types of unirreps: infinite-dimensional bounded from below
unirreps and finite-dimensional ones. Among the former, there is the so-called
bosonic Fock space representation, whewin= F(N) andaa’ = F(N + 1).
Its carrier spaceF is spanned by the eigenvectadrs of the number operataV,
corresponding to the eigenvalues= 0, 1, 2,..., where|0) is a vacuum state,
i.e.,al0) = N|0) = 0andP,|0) = 6,,0(0). The eigenvectors can be written as

) =NY2(ah) ), n=0,1,2,..., ©)

whereN,, = [}~ F'(¢). The creation and annihilation operators act uponin
the usual way, i.e.,

a'ln) = \/F(n+1)|n+1), aln) = /F(n)|n—1), (10)

while P, projects on theith componentF, = { |[kA +p) | k = 0,1,2,...} of
theZ,-graded Fock spacgé = Zﬁ;}) ®F,. Itis obvious that such a bosonic Fock
space representation exists if and onlyifu) > 0 for p =1,2,..., A — 1. This
gives the following restrictions on the algebra parametgrs

pn—1
> ay > —p, p=1,2 ..., A—1. (1)
v=0
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In the bosonic Fock space representation, one may consider the bosonic
oscillator Hamiltonian, defined as usual by

Hy = % {a, aT} . (12)

It can be rewritten as

A—-1 A-1
1 1

wherey, = %ao andy, = Z’V‘;é oy + %ay forpy=1,2,...,A—1.
The eigenvectors off are the statep) = |k\ + ), defined in Eq. (9), and
their eigenvalues are given by

By = kA + p+ v, + 3, k=0,1,2,... pw=0,1,...,x—1.
(14)

In each 7, subspace of th&y-graded Fock spacé, the spectrum off, is
therefore harmonic, but thk infinite sets of equally spaced energy levels, cor-
responding tx: = 0, 1, ..., A — 1, may be shifted with respect to each other by
some amounts depending upon the algebra paramejets, . . ., ay_o, through
their linear combinations,,, ©n =0,1,..., A — 1.

For the Calogero-Vasiliev oscillator, i.e., far= 2, the relationy = v1 =
/2 implies that the spectrum is very simple and coincides with that of a shifted
harmonic oscillator. Fok > 3, however, it has a much richer structure. According
to the parameter values, it may be nondegenerate, or may exhibit senig-fold
degeneracies above some energy eigenvalue, whetay take any value in the
set{1,2,...,A — 1}. In Ref. [13], the complete classification of nondegenerate,
twofold and threefold degenerate spectra was obtained fer3 in terms ofag
andog.

In the remaining part of this communication, we will show that the bosonic
Fock space representation.4f) (G(V)) and the corresponding bosonic oscilla-
tor HamiltonianH, have some useful applications to variants of SSQM.

4. Application to parasupersymmetric quantum mechanics of ordemp

In SSQM with two supercharges, the supersymmetric Hamiltofiaand the

supercharge®t, Q = (QT>T, satisfy the sqm(2) superalgebra, defined by the
relations

@=0, mQl=0, {Q0}=*, (15)

together with their Hermitian conjugates. Such a superalgebra is most often
realized in terms of mutually commuting boson and fermion operators.
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Plyushchay [10], however, showed that it can alternatively be realized in terms
of only boson-like operators, namely the generators of the Calogero-Vasiliev alge-
bra. A (G(N)) (see also Ref. [11]). The SSQM bosonization can be performed
in two different ways, by choosing eith€r = o P; (so that{ = Hy— (K +k))
orQ = a'Py (so that{ = Hy + %(K + k)). The first choice corresponds to
unbroken SSQM (all the excited states are twofold degenerate while the ground
state is nondegenerate and at vanishing energy), and the second choice describes
broken SSQM (all the states are twofold degenerate and at positive energy).

SSQM was generalized to parasupersymmetric quantum mechanics (PSSQM)
of order two by Rubakov and Spiridonov [1], and later on to PSSQM of arbitrary
orderp by Khare [2]. In the latter case, Eq. (15) is replaced by

Q=0 (with Q" #0),
[H’ Q] = O,

QPQT+ QP 'QIQ+ -+ QQTQP T + QTR = 2pQP ' H,  (16)

and is retrieved in the case whepe= 1. The parasuperchargeg, Qf, and
the parasupersymmetric Hamiltonighare usually realized in terms of mutually
commuting boson and parafermion operators.

A property of PSSQM of ordep is that the spectrum ok is (p + 1)-fold
degenerate above the-{ 1)th energy level. This fact and Plyushchay’s results for
p = 1 hint at a possibility of representirig as a linear combination of the bosonic
oscillator HamiltonianH, associated with4?*+1)(G(N)) and some projection
operators.

In Ref. [14] (see also Ref. [12]), it was proved that PSSQM of ogdean
indeed be bosonized in terms of the generatotd &) (G(N)) for any allowed
(i.e., satisfying Eq. (11)) values of the algebra parametgrsy, ..., a,—1. For
such a purpose, aaize of the type

p p
Q= ZO-Z/G’T‘Pl/v H:HO+%ZTVPV7 (17)

v=0 v=0

were chosen. Here, andr, are some complex and real constants, respectively,
to be determined in such a way that Eqg. (16) is fulfilled. It was found that
there arep + 1 families of solutions, which may be distinguished by an index
u € {0,1,...,p} and from which one may choose the following representative
solutions

p
Q,u \/52 aTPM'H/’
v=1
p

Hy = N+ 522 +7up2 =20+ 3) 1+ D (p+1-v)Purs, (18)

v=1
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where

p
Tut2 = ; (p—2aur2+2> (p—v+ Doy +plp—2)|. (19)
v=3

The eigenvectors o, are the states (9) and the corresponding eigenvalues
are easily found. All the energy levels are equally spacedu~er0, PSSQM is
unbroken, otherwise it is broken with a ¢ 1)-fold degenerate ground state. All
the excited states arg { 1)-fold degenerate. For =0, 1,... ,p— 2, the ground
state energy may be positive, null, or negative depending on the parameters,
whereas foyp, = p — 1 or p, it is always positive.

Khare [2] showed that in PSSQM of order# has in fac2p (and not only
two) conserved parasupercharges, as well Bgsonic constants. In other words,
there existp independent operatorg,, r = 1, 2, ..., p, satisfying with# the
set of equations (16), andother independent operatafst = 2, 3,... ,p + 1,
commuting with?{, as well as among themselves. In Ref. [14], a realization of all
such operators was obtained in terms of &t (G(N)) generators.

As a final point, let us note that there exists an alternative approach to PSSQM
of orderp, which was proposed by Beckers and Debergh [3], and wherein the
multilinear relation in Eq. (16) is replaced by the cubic equation

@, [0" Q]| =20m. (20)

In Ref. [12], it was proved that fop = 2, this PSSQM algebra can only be
realized by thosed®) (G(NV)) algebras that simultaneously bosonize Rubakov-
Spiridonov-Khare PSSQM algebra.

5. Application to pseudosupersymmetric quantum mechanics

Pseudosupersymmetric quantum mechanics (pseudoSSQM) was introduced by
Beckers, Debergh, and Nikitin [4, 5] in a study of relativistic vector mesons
interacting with an external constant magnetic field. In the nonrelativistic limit,
their theory leads to a pseudosupersymmetric oscillator Hamiltonian, which can
be realized in terms of mutually commuting boson and pseudofermion operators,
where the latter are intermediate between standard fermiop anglparafermion
operators.

It is then possible to formulate a pseudoSSQM [4, 5], characterized by a
pseudosupersymmetric Hamiltoniahand pseudosupercharge operat@rsQf,
satisfying the relations

R*=0, [H,Q=0, QQ'Q=4>QH, (21)

and their Hermitian conjugates, wheré some real constant. The first two rela-
tions in Eq. (21) are the same as those occurring in SSQM, whereas the third one
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is similar to the multilinear relation valid in PSSQM of order two. Actually, for
c=1or1/2,itis compatible with Eq. (16) or (20), respectively.

In Ref. [14], it was proved that pseudoSSQM can be bosonized in two different
ways in terms of the generators @®)(G(N)) for any allowed values of the
parametersy, o1. This time, the arégtze

2 2
Q= Z (€Va+nuaT> P, H :HO"F%ZTVPm (22)
v=0

v=0

were chosen, and the complex constafiis n,, and the real ones, were
determined in such a way that Eq. (21) is fulfilled.

The first type of bosonization corresponds to three families of two-parameter
solutions, labeled by an indgxe {0, 1, 2},

Qunu+2,0) = (Uu+2aT +e¥y/4c =k, CL) Pyo,

Hu(Mur2) = N+ 52742 + rus2 — DI + 2P0 + Puya,  (23)

where0 < n,42 < 2|c[, 0 < ¢ < 27, and

1
ruv2 = g5 (1+ auga) (Inarel® - 2¢). (24)

Choosing for instancg,, ;2 = V2|c|, andy = 0, hencer,;2 = 0 (producing an
overall shift of the spectrum), leads to

Qu = V2 (aT + a) P, o,
H, = N+ 22942 — 1) + 2P, 41 + Puso. (25)

A comparison between Eq. (23) or (25) and Eq. (18) shows that the pseudosu-
persymmetric angp = 2 parasupersymmetric Hamiltonians coincide, but that
the corresponding charges are of course different. The conclusions relative to the
spectrum and the ground state energy are therefore the same as in Sec. 4.

The second type of bosonization corresponds to three families of one-
parameter solutions, again labeled by an index {0, 1, 2},

QH = 2|C‘CLPM+27
Hu(rp) = N+ 5(2v2 — apr2) T + 51 — a1 + apga + 1) Py
+ P,u—&—la (26)
wherer,, € R changes the Hamiltonian spectrum in a significant way. The levels
are indeed equally spaced if and onlyjf = (a,+1 — ayt2 + 3) mod6. If 7,

is small enough, the ground state is nondegenerate, and its energy is negative for
p = 1, or may have any sign for = 0 or 2. On the contrary, if-, is large
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enough, the ground state remains nondegenerate with a vanishing energy in the
former case, while it becomes twofold degenerate with a positive energy in the
latter. For some intermediate, value, one gets a two or threefold degenerate
ground state with a vanishing or positive energy, respectively.

6. Application to orthosupersymmetric quantum mechanics of order two

Mishra and Rajasekaran [8] introduced orgasrthofermion operators by replac-

ing the Pauli exclusion principle by a more stringent one: an orbital state shall not
contain more than one particle, whatever be the spin direction. The wave function
is thus antisymmetric in spatial indices alone with the order of the spin indices
frozen.

Khare, Mishra, and Rajasekaran [6] then developed orthosupersymmetric
guantum mechanics (OSSQM) of arbitrary orgeby combining boson oper-
ators with orthofermion ones, for which the spatial indices are ignored. OS-
SQM is formulated in terms of an orthosupersymmetric Hamiltodarand 2p
orthosupercharge operataps, Qf,r =1, 2,... , p, satisfying the relations

p
QQs=0, [H.Q]=0, QQ+6,Y QlQi=25,H, (27
t=1

and their Hermitian conjugates, wherands run over 1, 2, .. , p.

In Ref. [14], it was proved that OSSQM of order two can be bosonized in
terms of the generators of some well-choséd) (G(NV)) algebras. As arize,
the expressions

2 2

Q1 = Z (fua =+ UVGT) P, Q2 = Z (Cua + puaT) P,

v=0 v=0

2
H=Ho+1iY np, (28)

v=0

were used, and the complex constafitsn,, (., pv, and the real ones, were
determined in such a way that Eq. (27) is fulfilled. There exist two families of
two-parameter solutions, labeled py= {0,1},

Ql,u(§u+2:¢) = &ur2alPyo+ ei“"m(ﬂ 72

Q2,u(§u+2> 80) = _e_hp\/ 2 - §2+2 aP,LL+2 + §p+2aTPu;
H, = N+ 2(2yu41 — 1)+ 2P, + Py, (29)

where0 < 40 < V2 and0 < ¢ < 27, provided the algebra parametey, | is
taken asy, 1 = —1. As a matter of fact, the absence of a third family of solutions
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corresponding tg: = 2 comes from the incompatibility of this condition (i.e.,
ag = —1) with conditions (11).
The orthosupersymmetric Hamiltonigs in Eq. (29) is independent of the
parameters,,, o, ¢. All the levels of its spectrum are equally spaced. o«
0, OSSQM is broken: the levels are threefold degenerate, and the ground state
energy is positive. On the contrary, for = 1, OSSQM is unbroken: only the
excited states are threefold degenerate, while the nondegenerate ground state has
a vanishing energy. Such results agree with the general conclusions of Ref. [6].
For p values greater than two, the OSSQM algebra (27) becomes rather com-
plicated because the number of equations to be fulfilled increases considerably. A
glance at the 18 independent conditionsgoe 3 led to the conclusion that the
AW (G(IN)) algebra is not rich enough to contain operators satisfying Eq. (27).
Contrary to what happens for PSSQM, for OSSQM jghe 2 case is therefore
not representative of the general one.

7. Conclusion

In this communication, we showed that tBg-extended oscillator algebra, which
was introduced in connection with the two-particle Calogero model, can be ex-

tended to the whole class 6fy-extended oscillator algebra&?al...%,z, where

A €42,3,...},andag, a1, . .. , ax_o are some real parameters. In the same way,
the GDOA realization of the former, known as the Calogero-Vasiliev algebra, is
generalized to a class of GDOAS™M (G(N)), where) € {2,3,...}, for which

one can define a bosonic oscillator Hamiltonip, acting in the bosonic Fock
space representation.

For A > 3, the spectrum oH, has a very rich structure in terms of the algebra
parametersy, aq, ... , ax_o. This can be exploited to provide a bosonization of
PSSQM of ordep = A — 1, and, forA = 3, a bosonization of pseudoSSQM and
OSSQM of order two.
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SUPERSYMMETRIC ODD MECHANICAL SYSTEMS AND HILBERT
Q-MODULE QUANTIZATION

ANDRZEJ FRYDRYSZAK*
Institute of Theoretical Physics, University of Wroclaw,
pl. Borna 9, 50-204 Wroclaw, Poland

1. Introduction

Supersymmetry can be implemented within a particle model in two ways. The
first one is commonly exploited and assumes that we use conventional graded
Lie algebra approach in the sense that on the classical level we ¥aygraded
Lie-Poisson algebra of observables which after quantization is replacedby a
graded Lie algebra of operators. Both, graded Poisson brackeZagdaded
commutator are even mappings. The second way of realization of supersymmetry
in a particle model is related to the anti-bracket algebras. In this case Lagrangian
as well as Hamiltonian of the supersymmetric system is an odd Grassmann algebra
valued function and the Grassmannian parity of canonical momenta is opposite to
the parity of related coordinates. The anti-bracket is an odd mapping. Realizations
of the mentioned type we shall call the even supersymmetric mechanics and the
odd supersymmetric mechanics, respectively [1, 2]. The odd mechanics allows
particular deformation of geometry of the configuration superspace. The realiza-
tion of the supersymmetry algebra after the passage to phase superspace in terms
of the Dirac anti-bracket remains conventional [3]. The canonical quantization of
both types of models can be done in parallel but in the case of the odd systems
one can introduce a neiis-graded algebra generalizing complex numbers in such

a sense that we introduce additional imaginary unit of the odd Grassmannian
parity [4, 5]. Such a structure we shall call oddons (referring to the name of
guaternions, octonions etc.). The formalism, in both cases, allows to mimic the
approach known from the harmonic analysis on the Heisenberg group [ In

*

amfry@ift.uni.wroc.pl
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even sector it is done for a pair - Heisenberg group and Fermionic Heisenberg
group. In the odd sector it is done for so called Odd Heisenberg group.

In this presentation we shall briefly describe classical aspect of the even
and odd models on the example Bf-graded supersymmetric oscillators and
moreover we shall display some issues of their quantization.

2. Supersymmetric (Superfield) Classical Mechanics.

To discuss even and odd mechanical systems on the same footing let us de-
fine the following notion of the superfield supersymmetric classical mechanics
(SSCM) [7, 3]. Let(Ny, N;1) be a fixed pair of non-negative intege(&y, N; )-
dimensional SSCM is quadrupl&’; {Q«, Dg, T'}; (M, J,G); S) consisting of:

(@) Y -a”supersymmetrized timet, 6,), o =1, 2
(b) {Qa,Dg, T} - super Lie algebra of supertranslations
and respective covariant derivatives®n

{QOHQ/B} = QZéa/@Ta {DavDﬁ} = _22504BT (1)

{QaaT} =0= {DaaT}v {QOHDB} =0 (2)
(c) M - Zs-graded configuration spaeémM=(Ny, N1) with gradation map-
ping

S S

S

J:M— M, M=DM+M J¢) =(-1)°%¢ ¢cMy,s=1,2
(d) G - Zy-graded metric inV/

s s Ns sij s s s s ,

<¢7 ¢>: Z G ¢z¢]7 <¢7 ¢>: 0 fOT' S 7é S
ij=1

(e) S -an action. The actiof is invariant under supertranslations
Trajectories inM are superfields with the following expansion

B3(t,0) = (1) + it (1) + 97b;(1)

1 1
¢;(t,9) = y;(t) + Yay; (t) + 5192fj(75)
The actionS has the form

S = / L(Dad, d)dtdd, dds
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and yields the following equations of motion
) ©
0 ¢ 0Dq ¢

It is worth mentioning that the mappingin the above definition is the counter-
part of the fermionic number operator 1) known in supersymmetric quantum
mechanics.

Such SSCM has two natural realizationsZp-graded configuration space.
Namely,
Even realization: Graded Superfield Oscillator (GSO) [7].
Let N7 = 2k.

1
5= /Z(gaﬂ < Doty Do > —2w < 6, ¢ >)dtdd,dd
in components it gives

1 0 o, B o ap
S = 2 /dtG [(mlw] — bibj) — (%xaimj) — w(mibj + bz + 1€43%; mj)

Lo a9 . o,
§/dtG (=g + fify) + (03yaitl) — w(yifi + fiys + icapyyi).  (8)

We can summarize the component content of the model as follows:

— GSO consists of system of bosonic oscillators and rotators and system of
fermionic oscillators and rotators
full GSO has additional symmetry (mixing both sectors)
momenta have the same grade as conjugate coordiratésgraded Pois-
son bracket in phase space is an even mapping. The phase space of this
model we shall denotéP ¢y @ FP1,1);{-;-}o), where(p,q) € Py, and
(I,®) € P,y Moreover the pair(p, q) describes even coordinates and
their conjugated momenta and similarfil, ©) denotes pairs of the odd
coordinates and momenta.

Odd realization: Odd Graded Superfield Oscillator (OGSO) [3].
Let N7 = Ny. Here we introduce the odd extension of covariant derivatives, in
the sense that instead of considering ® id,; we define

-1
D, ®1I, HQ:idM:>Ha:(O Ga ) ©)
Ga O
wherec, € R. Now

S = / (% < Do, 1Dy > —w < ¢, 11 >)dtdd,dv, (10)
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0 1
0D ¢;= ¢*’q5" Dg ¢,

1 0
I’ Ds ¢,= €*Pq3Dp ¢; .
In components this action has the following form

sij 1 s L.
s= [dt 3 GG, gy - i)+

s=1,2

1 s« . s B .o s . o
5(5%%@‘2/? — a0 @i Yps)] + (=1)°w(zi fj + ieapa; ?J§3 + biyj)}- (13)

The component content of this model can be characterized as follows:

— OGSO consists of system of bosonic oscillators and rotators and system of
fermionic oscillators and rotators

— momenta have opposite grade with respect to the grade of conjugate coor-
dinates=- "Poisson” bracket in odd phase space i.e. anti-bracket is an odd
mapping with shifted grade properties i.e.

{A,B}; = —(-1)A+HNBHIIB A}, (14)

Y —(—)ADEHIIA (B, Chh =0 (15)

cycl

The canonical relations for component fields, in this case, have the form
{F4,ppy} = (—) PP D68 (16)

where F' is generic component field ang- is its momentum. Here, in analogy
to the previous case we shall denote phase space for this systeRyas @
P,0y;{-,-}11), where(p, ©) € P 1) and(Il, q) € Py o). As before Greek letters
denote odd entities.

3. Generalization of the Heisenberg group

The Heisenberg group is connected to the structure of usual phase space. We shall
need two generalizations of this object. For the even mechanics: a generalization
related to the Py 1), {-, - }o) and for the odd mechanics: a generalization related

to the(P(O,l), { y }1)
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Fermionic Heisenberg Group [8].We shall consider here the odd part of the
phase space i.€, 1) extended by the time dimension. Hence,7gtbe the free
Q-moduleP,, = Q! with the fixed basige;}7", leo| = 0, |e;] = 1,7 =
1,2,...,2n (Q is the Banach -Grassmann algebra anddenotes Grassmannian
parity of an element [9]). Moreover, Ig8(-,-) be the graded symplectic even
form defined onQ?™° with values inQ. In our basis

v = Z ILe; + Z O,enti a7
=1 =1

and we fix the form ofB(-, -) as follows

B(ei, 6j+n) == (5”

B(v,v') = = Y (II'e; + 6,11"),

i=1
where|IT| = |©;] = 1. Now we consider the modufe with coordinates
(v,t) = (I1,0,t) = (Hl, ...,H”,@l,...,Gn,t> (20)

(wheret € Qo) and with the following multiplication law
(v,t) o (V' ) = <v +o t+t + %B(v, v')> . (21)

P equipped with this multiplication forms a group. It is called the Fermionic
Heisenberg group and denoted BYH,,. As in the conventional case, this group
has a matrix realization. For givefil,©,t) ¢ Q*™! we define the matrix

1% (Hv th) € Mn+2(Q) by
m ... I ¢

0 .0 ©6;
p(IL O, t) = P

.. 0 O,
.0 0

exp p (I1, ©, ) exp p (I, ©', ¢')

1
:expp<ﬂ+ﬂl,@+@,,t+t'2(H@,+@H,)> ,
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what gives the multiplication law.

The elementg: (II, ©, ¢) form a graded Lie algebra with one even generator
T and 2n odd generatoes = 11, ande;, = ©; and with the following structural
relations

(24)

Odd Heisenberg Group [5]. To describe the Odd Heisenberg group we shall
use a new structure replacing the complex numbers i.e. the algebra of oddons. It
provides the odd multiplication in the set of observables. The definition of oddons
and some of their properties are collected in the Appendix. Let us consider as an
extension of the phase spakg, ;) by the time dimension the fre@*C-module
T, = "‘"“ with the basis{E;, e;, eo}7_,, Wherele;| = |eo] = 0, |E;| = 1
71 =1, 2 .,n. Let B(-, -) be the odd symplectic form defined @f;;; with
values inQR@. We shall consider vectors of the form

vV = Z?leiEi + Z:;lgiei (25)
and we fixB(-, ) as follows

ThereforeB(v,v') = Y7, (p'0'; — ©;p'"). Now letO H,, be the set of vectors of
the form

(UaT) = (p’@aT) = (p17p2a s 7pna@17®27' .. 7@1’”7-) (27)

wherer = t-1,t € QF, ©; € QF, p' € Q;°. In the setOH,, we define the
action in the following form

(v, ) *x (W, 7)) =@+, 7+7 + %B(v, v')) (28)

The(OH,, *) is a group, we shall call it the Odd Heisenberg group. Its matrix
realization can be written in the following form, for tlig, ©, 7) we define matrix

:u(pzu @i7 T) € Mn+2(Q(C(O))

pw(p,©,7) =
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The odd product of odd exponents gives the following relation

exp, pt (p, ©,7) xexp, p (p', 0, 7')

1
—exp,u(p 40,04 0T HT S (O - 0p)) (30

Elementg.(p, ©, 7) form a graded anti-bracket algebra with even generatoés
and odd generatois;

(B, ¢5] = diéo (31)

4. Hilbert Q-module Quantization

To describe the quantization of the supersymmetric model we shall use the
formalism of the Hilbert Q-modules.

Q-representations of the Fermionic Heisenberg GroupAs in the case of
the Heisenberg group, it is possible to consider the &tihger representation
for FH,. However, due to the nature of the Berezin integral [10] the essentially
functional content of it is trivial and the analog of the representation in function
space arising in this way is finite dimensional and of an algebraic kindSt-&ie
the set ofQ¢ valued functions of n = 2k real Grassmann variabjes Qg ;. Let
"x" denote conjugation in th€¢ - algebra extending complex conjugati’onﬂﬁ
we introduce th&)¢ - scalar product

(foa)s = [ dnf*(n)g(m) (32

dn=dny,...dm

(S™,(-,-)g) is the HilbertQ-module [6,10]. This is the counterpart of the con-
ventional Hilbert space of square integrable functions. In this space the Hermitian
conjugate operators to the differentiation and multiplication operators are

ai =9, ot = io, (33)

A A~

n=n- Q=i (34)

This operators are not self-adjoint . However, for the construction of th@-
representation of"H,, we need the following LeD = —i9,, X* = n'. The
operatodI'D; + ©,; X" is self-adjoint inS™ and

expi(t+©X +1IID) f(n) :expi<t+@n+;@ﬂ> f(n+1I) (35)
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or equivalently

ez(@XJrHD) — 6591'[61@)( 6zl'[D ) (36)

The multiplication ofe4’ ¢4 yields the F'H,, group multiplication (6). There
exists a homomorphism
m : FH, — Op(S™)

m1(II, 0,t) = expi(t + OX + IID) (37)
which gives the) - representation of H,, on S™, n = 2k. m; given by
m1 (IO, 1) f(n) = e TOM3M f(y 4 D) (38)

is a@ - irreducible@ - unitary representation df H,,. The matrix coefficients of
the representatiom; for f, g € S™ are defined by

M (I1,0) = (f,m (II,©) g) (39)

Analogously to the conventional theory we can introduce the funéfipf g) on
the S™ by '
V(f,9)(IL,©) = M(IL,0) = (f,e'OX+1P)g) =

[ dng*n = 5megn + 50 (40)

The mappingV : S™ x S® + 82" is the Grassmannian version of the
Fourier- Wigner transform (the GFW-transform). In particular, GFW-transform
for Grassmannian Gaussiag € S™, n = 2k, can be written in the following
form

Viwo, )1, 0) = (P37 [apebionn=t:67 ), (a)
with a new variable: defined as

2, = GiIV +1i0y, (42)
wo = (Pf G) " 2e3797, (43)

whereG = (Gj;) is an anti-symmetric matrix an f G its Pfaffian and

(wo,wo)s = 1. (44)
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This allows us to define the Grassmannian Bargmann transf@n-transform)
as

B)() =27 [anedron i g 45)
For further convenience we shall denote
HdP::%zW?4z. (46)

One can write thé" H,, group multiplication for(z, ¢) in the form

(z,t) 0 (z/,t’) = (z +2t+t + ;Im(—z*;Glz)> ) (47)

The transferred representati@rean be defined as

B(z,t) o B =Bom(Il,0,t) (48)

V(wo, £)(I1,0) = e 31" (Bf)(2) (49)
Let us define the Grassmannian Bargmann-Fock space as
Fa = {f 15 holomorphic orQ,, and|f(% = [ |dz/ " () ()}
(50)

The basis in this space is formed by polynomigdé: 1,k Wherely, is a strongly
ordered multi-index (with increasing entries). Te- scalar product inf,, is
defined as

(fo9)5 = [ 1dele I ()02, (51)
where )
|dz| = —(%)”dzdz*.
(Fn,(, )F)is a Hilbert@ - module. The operator Hermitian conjugate to the
differentiationd, in F,, is
(0,)1 —%G_lz. (52)

We can write representatighexplicitly. Letw = Gp + io, for f € S™ we have

(Bw)Bf) (2) = (Bmi(p, o) f) (2) = ezl V(wo, m1(p,0) f)(IL,©)  (53)
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what gives
(B(w)BF) (2) = e 2IM1" 7226w B f(2) (54)

For the Heisenberg group the Bargmann transform relates two distinguished
bases in the Schidinger representation space and in the Fock space. This property
also holds for theF"H,,. The Grassmannian Hermite polynomials are related to
the z;, polynomials forming the basis of the Fo€k- module. The Grassmannian
Hermite [11] polynomials can be taken in the form [12]

Rt = Jo e~ BnGnge | gen nn (55)
whereK}, are numerical factors. Then th&B transform ofh, , 0 < k < n, yields
(Bhi)iy..in (2) = 25 Kpzp, . (56)

The GFW transform of the Grassmannian Hermite function gives a Grassman-
nian Laguerre polynomial [8]

_1 2 (0 0 I *
<Zlkaﬁ(w)zll’ﬂ> =e€ 2Hw|l Lgk)’ Lgk) = Z NI:nn wlk—mwlllg—m' (57)

mvlmclk

Q-representations of the Odd Heisenberg Group [5]The construction of
the Schodinger Q-representation known for the Fermionic Heisenberg group
can be extended to th@cg-representation of the Odd Heisenberg group (we
consider here only the sect@s, ©)). Appropriate Grassmannian odd transforms
and generalized Grassmannian odd polynomials fall to this scheme as well.

Let S be the set of functions 0@7 with values in theQco, let theQco
valued scalar product be given in the form

(F.)s = [ dn g gn), dn=dna...dn,meQ (69

(8™, (-,-)¢) forms the Hilbert)cg- module.
Let D; = —ia% and X* = 7' then the following relations give rise to the

J

definition of representation
exp, i (t+©X +pD) f(n) = (59)
1 N
exp, i (¢ 40+ 30 ) f (1+Ip) = (0,1

Let p' = 1II*, I € Q. Therefore algebraic form of relations obtained in the
first part of the report for the Fermionic Heisenberg group will be here preserved
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modulo odd exponents and odd units.
The Grassmannian Fourier-Wigner odd transform takes the following form

V(f,9)(p,0) = /dn frin— %ip)eie”g(n + %ip) (60)

Let wp be a Grassmann odd Gaussian of the form
Lo
o = Aez™", (61)

where A is a normalization factor and’ = 1(G;) with G = (G;;) being an
anti-symmetric matrix in orthogonal form. Defining the new variabbes

2k = Gp' + 10y (62)
we can introduce the Grassmannian Bargmann odd transform as follows
2 n LnGn—nz—i.G-12
B =27 [aned"™ T g (63)

Analogously as for thé"H,, the group product of th& H,, can be expressed as

1 ~
(z,t) % (2, ) = (z +2 r+7+ 2ImOD(z*G_1z)> , (64)

wherelImop denotes the oddonic imaginary part.
Modification of Grassmannian Hermite polynomials to the odd case is given by
the formula

e _1.G . . A
hirie — Hy ey 2" . it 1o (65)

where in comparison to the fermionic case, here the odd exponents enter the defi-
nition. H;, are normalization factors.

Grassmannian Bargmann odd transform relates Grassmannian Hermite odd poly-
nomials to thez;, basis of the Fock)co-module. Grassmannian Laguerre odd
polynomials take values in complex Oddons as well and have the form

A . I/ *
LIk = Z W[:nn Zlk,mzf;gim7 2 Zl;cim S Q(C@ (66)
m, Iy, Cl

/ . .
wherveg € Qco are normalization factors.

kievarwe.tex; 12/03/2001; 3:49; p.232




226 A. FRYDRYSZAK

5. Final Remarks

We have discussed some issues of ghenodule quantization of th&,-graded
mechanical systems, taking as the example, realizations of the same supersym-
metry in the even (GSO) and odd (OGSO) superfield model yielding the phase
superspace with even superPoisson-bracket and anti-bracket, respectively. The
formalism for the odd system can be developed analogously to the one known for
the even systems, provided that in the odd case we introduce an odd multiplication
of observables. This has been done here by means of the algebra of oddons.

Appendix

Real Oddons.Let 1 be an element such that, for homogenegus QR
11=1 12=1 ¢d=(-1)°1gs (67)
The expressions of the form
r=q+1¢, ¢qd<cQr (68)

we shall call the real oddons. They form a graded algéhta. This algebra in
not graded commutative. Despite the extension of the usual product we can define
a new odd product

rer’ =717/ (69)

The1 is a unit with respect to the-multiplication, having the same parity as the
multiplication.

Complex Oddons. Similarly we can consider the complexification of above
structure, in the sense th@tg = Q¢ @ Q¢ and

2=—1, i-1=4, i-1=i i-q = (-1)°qsd, (70)

whereg, € Q. Obviouslyi -i = —1. The product of two homogeneous complex
oddons takes the form

2s - 2h = agal, — (—1)5Tbb) +i((—1)%asbl + beal) # (=1)"%2) - zs, (71)

T

wherez, = a, +ib, € QF°. The componeni we shall call the oddonic real part
and theb - the oddonic imaginary part. THgcg can be considered as an algebra
with the oddx product. The even mapping

*: Qco — Qco (72)

such that

z=a+1— 2" =a"—b"i (73)
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we shall consider as oddonic conjugation. Note that we use the same symbol for
the extension of complex conjugation in Qe
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LOCALLY ANISOTROPIC SUPERGRAVITY AND GAUGE GRAVITY
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Abstract. We outline the the geometry of locally anisotropic (Ia) superspaces and la—supergravity.
The approach is backgrounded on the method of anholonomic superframes with associated non-
linear connection structure. Following the formalism of enveloping algebras and star product
calculus we propose a model of gauge la—gravity on noncommutative spaces. The corresponding
Seiberg—Witten maps are established which allow the definition of dynamics for a finite number of
gravitational gauge field components on noncommutative spaces.

1. Introduction

Locally anisotropic supergravity was developed as a model of supergravity with
anholonomic superframes and associated nonlinear connection (N—connection)
structure [13]. This model contain as particular cases supersymmetric Kaluza—
Klein and generalized Lagrange and/or Finsler gravities and for nontrivial curva-
tures the N—connection describes splittings from higher to lower dimensions of
(super) spaces and generic anholonomic local anisotropies.

In order to avoid the problem of formulation of gauge theories on noncommu-
tative spaces [3, 10, 5, 7] with Lie algebra valued infinitesimal transformations and
with Lie algebra valued gauge fields the authors of [6] suggested to use enveloping
algebras of the Lie algebras for setting this type of gauge theories and showed that
in spite of the fact that such enveloping algebras are infinite—dimensional one can
restrict them in a way that it would be a dependence on the Lie algetnads

*

sergiu.vacaru@phys.asm.md, sergiu _vacaru@yahoo.com
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parameters and the Lie algebra valued gauge fields and their spacetime derivatives
only.

A still presented drawback of noncommutative geometry and physics is that
there is not yet formulated a generally accepted approach to interactions of
elementary particles coupled to gravity. There are improved Connes—Lott and
Chamsedine—Connes models of nocommutative geometry [2] which yielded ac-
tion functionals typing together the gravitational and Yang—Mills interactions and
gauge bosons the Higgs sector (see also the approaches [4] and [8]).

In this paper we outline the geometry of locally anisotropoc supergravity
and follow the method of restricted enveloping algebras [5, 6] and construct
gauge gravitational theories by stating corresponding structures with semisimple
or nonsemisimple Lie algebras and their extensions. We consider power series
of generators for the affine and non linear realized de Sitter gauge groups and
compute the coefficient functions of all the higher powers of the generators of
the gauge group which are functions of the coefficients of the first power. Such
constructions are based on the Seiberg—Witten map [10] and on the formalism
of x—product formulation of the algebra [18] when for functional objects, being
functions of commuting variables, there are associated some algebraic noncom-
mutative properties encoded in theproduct. The concept of gauge gravity theory
on noncommutative spaces is introduced in a geometric manner [7] by defining the
covariant coordinates without speaking about derivatives and this formalism was
developed for quantum planes [17]. We prove the existence for noncommutative
spaces of gauge models of gravity which agrees with usual gauge gravity theories
[14] being equivalent, or extending, the general relativity theory (see works [9, 11]
for locally isotropic spaces and corresponding reformulations and generalizations
respectively for anholonomic frames [15] and locally anisotropic (super) spaces
[16]) in the limit of commuting spaces.

2. Locally Anisotropic Supergravity

Let us consider a vector superbundle (vs—bunaﬂeover a supermanifold (s—

manlfold)M with surjective projectionry, : E — M (for simplicity, all construc-
tions are locally trivial). The local supersymmetric coordinates (s—coordinates)

on E and M are denoted respectively = (z,y) = {u® = (a:f,y"‘) , Where

r={zl = <xi, 15)} are (even,odd) coordinates &h andy = {y4 = (y“, ya)}
are (even,odd) coordinates in fibersmwgf (indices run values defined by even and
odd dimensions of corresponding submanifolds). Latin s—indicésk, L, M, ...
andA, B,C, D, ... will be used respectively for base and fiber components.

A nonlinear connection (N—connection) structure which defines a global
decomposition of'E into horizontal H E/, and vertical partsi FE,

N:TE=HE&VE. 1)
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The coefficients of a N—connectidvi* (u) determine the locally adapted s—frame
(basis, in brief la—frame)

b = 8/6u” = (87 = 8/8z = 0 — NP (u) 95,04) @)

whered; = 8/0z!,0, = 0/0y* are partial s—derivatives, and the dual s—frame

5% = Su® = (d’ = ozl = da', 6% = sy = dy* + N (u) dxf) )

The s—frame (2) is anholonomic
(67,05} = 80k — (=)Mo, = QY0

where|JK| = |J| - |K| is defined by the parity of indices and we write)/ X!
instead —1)//X|, with anholonomy coefficients coinciding with the N-connection
curvature

i = o N7 — (-)"Kla N,

The geometrical objects o are given with respect to la—basis (2) and (3)
or their tensor products and called ds—tensors, ds—connections (for some addi-
tional linear connections), d—spinors and so on. For instance, a metric ds—tensor
is written

§=9ap0° ® % = gryd' @ d’ + gapd* @ 6°. (4)

The Lagrange and Fi~nsler ds—metrics can be modeled on a locally anisotropic
superspace if vs—bundIe' over a s—manifold! is substituted by the tangent
s—bundl€l’ M and the coefficients of ds—metric (4) are taken respectively

_10%L(w) _ 10%°F*(u)

g1(w) = 2 9yl oyL andgry () = 2 oyloyl

where the s—Lagrangiaf :TM — A is a s—differentiable function oM, and
F is a Finsler s—metric function ¢A/.

A linear distinguished connectiaP, d—connection, in sv—bundIE is a lin-
ear connection which preserves by parallelism the horizontal (h) and vertical (v)
distribution (1).

A d—connectionDI" = {I'%_ = (L, L,C, C)}, is determined by its invariant
hh-, hv-, vh- and vw—components, where

Dsi)ds = L'y (u) dp, D 5,08 = LA (1) D4, (5)
D(poy0s = Che ()81, Diogydp = Cbe (u) Oa.
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There is a canonical d—connecti6fI defined by the coefficients of d—metric
(4) and of N—connection and satisfying the metricity conditidf = 0,

1
igIH (Oxgus +079HK — OHGIK)

1
(C)LABK 83Nfé + ihAC (5KHBC’ — ((93N£)hpc — (60N£)hDB) R

OL =

1 1
©che = igIKanJIO @k = §hAD (Ochpp + Ophpc — Ophpe) .

The torsiorl'y of a d—connectiorl]’ (X,Y) = [X, DY} —[X, Y}, whereX
andY are ds—vectors and y. } we denote the s—anticommutator, is decomposed
into hv—invariant ds—torsions

KT (0k,05) = Thwdr, vT (0k,087) = T4x01, hT (84,65) = PL 461,
vT (8p,07) = P450a, vT (9c,08) = S‘4c04,
with coefficients
Thy = L'y — ()KL 5, T4 = 0x N — (=) %716, N, (6)
P{JA = CIJA: PI}}B = 3BN§1 - I/JlBJ? S%C = C'ABC - (‘)'BCICACB-
The even and odd components of ds—torsions (6) can be specﬁied in explicit form
by using decompositions of indices into even and odd pars i, i), A = (a,a)
and so on.

The curvature?y, . ofad—connection® (X,Y) Z = Dix DyyZ—D|x y}Z,
whereX, Y, Z are ds—vectors, splits into hv—invariant ds—torsions

R(6x,07) 0 = Ry xdr, R(0k,07) 05 = R’ 104, @)
R(dc,0r) 05 = PLycdr, R(9c,0k) 08 = Phye,
R(9c,08)0; = S%pcdr, R(Op,dc) 05 = Sbcpda
where the coefficients are computed
Rk = 0Ly + L Ll — (I Lk Ly s + CleaW i
R = 6[KL1?B|J} + LG L — () LG Lty + O WGk
Shpe = 0cClp — (—)PapCh o + CHpClye — (-)1PC CHoClyp
Shep = 0pC%c — (—) PN 0cChp + CheClhp — ()P ChpChe
Plhga = 0ally = Clyie + CLpPa
Phge = 0L’k — Clho + CapPRe
where, for instance,
Sy = 0xllhy — (=) 765 L g,

Clak = 6xCla+ Ly CYy — LY Clhya — L5 Clyp.
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The even and odd components of ds—curvatures are computed by splitting indices
into even and odd parts.
The torsion and curvature of a d—connectibnon a sv-bundle satisfy the
identities
> _[(DxT)(Y,Z2) - R(X,Y)Z + T(T(X,Y), Z)] = 0,
scC
sc

where}” g~ means supersymmetric cyclic sums over ds—veckars, Z andU,
from which the generalized Bianchi and Ricci identities follow [1-3].
The Ricci ds—tensaRg, = R, , has hv-invariant components

Rry = RE,x, Ria=— @ Py =—(—)EAPE, 8
Rar = WPy = PE 15, Rag = S%pc = Sas.

If a ds—metric (4) is defined aff, we can introduce the supersymmetric scalar
curvature

R=g*¥Ru,s =R+,

whereR = ¢!’ Ry andS = h4B S 5.

The simplest model of locally anisotropic supergravity (la—supergravity) was
constructed by postulating a variant of supersymmetric Einstein--Cartan theory
on locally anisotropic superspaég which in invariant hv—components has the
fundamental s—field equations

1
Rrj — 5 (R+5=Ngrs =k, WPar = k1Y ar, ©)

1
Sap — 5 (B+S5—=A) hap = kTas, B Pra= k114,

By + 05T, — ()65 TG, = kaQ%,,

where X is the cosmological constart; » are respective interaction constants
T, is the energy—momentum ds—tensor @@7 is defined by the supersym-
metric spin—density.

The bulk of theories of locally isotropic s—gravity are formulated as gauge
supersymmetric models based on supervielbein formalism. Similar approaches
to la—supergravity on vs—bundles can be developed by considering arbitrary s—
framesB, (u) = (By(u), B¢ (u))adapted to the N—connection structure on a
vs-bundleE = E™ over s—manifold\/ = M™* where(m, ) and(n, k) are re-
spective (even, odd) dimensions of s—manifolds. A s—frépéu) is related with
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a standard la—frame (2) via transforfis = A4 (u) B, (u) , where s—matrices
Al o
0 A5
GL (n,k,A) ® GL (m,l,A) (on superspaces the graded Grassmann algebra with
Euclidean topology, denoted h¥, substitutes the real and complex number
fields).
We denote by. N (E) the set of all adapted to N—connection s—frames in all

Ag (u) = take values into a super Lie grOL@Ln"f;f (A) =

points of vs—bundleZ and consider the s—bundle of linear adapted s—framés on
defined as the principal s—bundle

LN (E) - (LN (E) 7 LN (E) — E,GL, (A)),

for a surjective s—mapr;. The canonical basis of standard distinguished s—

1
I

0 .
generatord. — Ig = ( = A) for the super Lie algebrﬁLZf;j (A) of the

0 Iy
. m,l ; - i ~ Tl = v ~
structural s—grou+L,,; (A) satisfy s—commutation ruled;, I5} = faﬁ L.

OnLN (E) we consider the d—connection 1-form

a 8
F= F@V (u) Igdu”,

%, (u) = AZATYG, + A6, AT, (10)

I'%., are the components of canonical variant of d—connection (5) and the s—matrix
A is inverse toAs".
" The curvature of the d—connection (10)

B=6F +FNF = Rgr I$607 A Su” (11)

has the coeﬁicientﬁ%w = A% (u) Ag (u) RS, whereR’,__ are defined by
ds—curvatures (7). B

Aside fromLN ( E') with vs—bundleE is naturally related another s—bundle,
the bundle of adapted to N—connection affine s—frames

AN (E) = (AN (E) 74 AN (E) > B, AF}}' (A)),

with the affine strucural s—grou@Fg’}j (A) = GL% (A) ® AmF @ AL

The d—connectiotF (10) inLN (E’) induces in a linear Cartat+-connection
F = (F,x),in AN (E“) wherex = e, ® Aq* (u) 6u®, e, is the standard basis
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in A»* @A™ and, in consequence, the curvatBr€l1) in LN (E) induces the
pair (curvaturetorsion)B = (B, T) in AN (E) ,where

T = 0x + [F A} = TG eadu” Ao,

when7’%7 = Aq'T%, is defined by the coefficients of d—torsions (6) .

By using the ds—metric (4) iz one defines the (dual for s—forms) Hodge
operators. Let the operatopsg ! be inverse 105 and 65 be the adjoint to the
absolute dgrivatioﬁ (associated to the scalar product of ds—forms) specified for
(rs)-formss = (—1)"*° *5‘1 0d o ;.

The supersymmetric variant of the Killing form of the s—group
AF]Z?,;I (A) is degenerate. In order to generate a metric strugiyran the total
spaces of the s—bundléN (E) we use and auxiliary nondegenerate bilinear s—
form which gives rise to the possibility to define the Hodge oper%grand
SEA. Applying the operator of horizontal projectidﬁ one defines the operator

A=Ho §~A which does not depend on components of auxiliary biliniar s—form
in the fiber. L

Following an abstract geometric calculus, by using opera&@rsgA,ég, 55A
andA one computers

AB = (AB, Rt + Ri), (12)
where the one s—forms

Rt = 65T ++=[F,%T},

Ri = *’gtlbﬁ *EB} — (_1)n+k+l+mRaﬁga,@eB\5uﬁ

are constructed respectively by using the ds—torsions (6) and Ricci ds—tensors (8).
Let us introduce the locally anisotropic supersymmetric matterce7 con-
structed by using the same formulas from (12) when instea®gf is taken

k1(Yop — 29asT) — A (gag — %gaﬂ&) . By straightforward calculations we can
proof [3,4] that the Yang—Mills equations

AB=J (13)

for d—connectionF = (F,x) in s—bundle AN (E), projected on the base

s—manifold, are equivalent to the Einstein equations (9)FonWe emphasize
that the equations (13) were introduced in a "pure” geometric manner by using
operatorst, § and the horizontal projectiofl but such gauge s—field equations
are not variational because of degeneration of the Killing s—form. To construct a
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variational gauge like supersymmetric la—supergravitational model is possible, for
instance, by considering a minimal extension of the gauge s—gm{mf (A) to

the de Sitter s—grou’; (A) = SO} (A) , acting on the s—space!’} & A and
formulating a nonlinear version of de Sitter gauge s—gravity.

There are analyzed models of supergravity with generic local anisotropy [13]
when instead of s—field equations and constraints (9) there are considered an
anholonomic generalization of the Wess—Zumino supergravity and some vari-
ants induced in low energy limit from superstring theory. The N—connection
s—field allows us to model generic la—interactions with dynamics and constraints
induced by nontrivial (not only via toroidal compactifications) from higher di-
mensions and this results in a geometrical unification of the so—called generalized
Finsler—Kaluza—Klein theories.

3. *~Products and Enveloping Algebras
in Noncommutative Spaces

For a noncommutative space the coordinatés(i = 1,..., N) satisfy some
noncommutative relations of type

9", 6 € IC, canonical structure;
[t 07] = ifJa*,  f €C, Lie structure; (14)
iCHakal, ¢ € IC, quantum plane structure
where IC denotes the complex number field.

The noncommutative space is modeled as the associative algebratlosIC
algebra s freely generated by the coordinates modulo Regnerated by the re-
lations (one accepts formal power serigk) = IC[[}, ..., 4"]]/R. One restricts
attention [6] to algebras having the (so—called, Poincare—Birkhoff—Witt) property

that any element a#,, is defined by its coefficient function and vice versa,

o
F=" fipiy 107 0" 0 whenf ~ {f;},
L=0

where: 4’1 ... 4’ : denotes that the basis elements satisfy some prescribed order
(for instance, the normal ordér < i5 < ... <y, or, another example, are totally
symmetric). The algebraic properties are all encoded in the so—called digfpnd
product which is defined by

fa=nh ~ {fi}0{a:} = {hi}.

In the mentioned approach to every functipfu) = f(u',... ,u") of com-
muting variables:!, ... ,u" one associates an element of algefrashen the
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commuting variables are substituted by anticommuting ones,

oo
F@) =" fiagu' - = f =" fi gy @
L=0

when theQ—product leads to a bilinearproduct of functions (see details in [7])

{fi} O{gi} ={hi} ~ (Fxg) (v) =h(u).
Thex—product is defined respectively for the cases (14)

expl§ 120" 525 ]f(u)g(u’)’lﬁ/_m, canonical str.;
mju —u

frg= ) eXp[%uigk(Zé%vifg%)]f(u/)g(u u’—u) Lie str.;
2T e Ve e 50) f(u, v)g(u/, )% 2%, quantum plane

v'—v?
where there are considered values of type

etknt™ gippu™  _ ei{kn+pn+%gn(k,p)}a”’ (15)

1 .
gn (k,p) = —kip; f5, + 6k‘ipj (pk — ki) FI TR+
eAeB — A+B+3[A B+ ((A[ABI+(B[BA]) |

and for the coordinates on quantum (Manin) planes one holds the relatien
quu.

A non-abelian gauge theory on a noncommutative space is given by two al-
gebraic structures, the algeh#g and a non—abelian Lie algehrly of the gauge
group with generatorg!, ..., IS and the relations

15,17 = i f P 1L (16)

In this case both algebras are treated on the same footing and one denotes the
generating elements of the big algebraiby

7 = {at,...,aN, 1%, ..., 1%},
A, = C[[@t,...,aV*5)/R,

and thex—product formalism is to be applied for the whole algedravhen there
are considered functions of the commuting variakfe§, j, k, ... = 1, ..., N) and
I (s,p,... = 1,...,5).
For instance, in the case of a canonical structure for the space variébles
have
gii 98 __2

(F % G) (u) _ 6%( Dl m-ﬁ-tsgs (i%,i%))F (ul, t,) Ie. (u”,t”) u' —u,u’ —u .

t'—t,t" —t

17)
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This formalism was developed in [6] for general Lie algebras. In this paper we
shall consider those cases when in the commuting limit one obtains the gauge
gravity and general relativity theories.

4. Enveloping Algebras for
Gravitational Gauge Connections

To define gauge gravity theories on noncommutative space we first introduce
gauge fields as elements the algel#athat form representation of the genera-
tor I-algebra for the de Sitter gauge group. For commutative spaces it is known
[9, 11, 16] that an equivalent reexpression of the Einstein theory as a gauge like
theory implies, for both locally isotropic and anisotropic spacetimes, the non-
semisimplicity of the gauge group, which leads to a nonvariational theory in the
total space of the bundle of locally adapted affine frames (to this class one be-
long the gauge Poincare theories; on metric—affine and gauge gravity models see
original results and reviews in [12]). By using auxililiary biliniear forms, instead
of degenerated Killing form for the affine structural group, on fiber spaces, the
gauge models of gravity can be formulated to be variational. After projection on
the base spacetime, for the so—called Cartan connection form, the Yang—Mills
equations transforms equivalently into the Einstein equations for general relativity
[9]. A variational gauge gravitational theory can be also formulated by using a
minimal extension of the affine structural grodif;__; (R) to the de Sitter gauge
groupSip = SO (4 + 1) acting onR**! space. For simplicity, in this paper we
restrict our consideration only with the even components of frames, connections
and curvatures of gauge la—supergavity outlined in previous section.

Let now consider a noncommutative space. In this case the gauge fields are
elements of the algebnﬁ € Aﬁds) that form the nonlinear representation of the

de Sitter Lie algebrao, (5) when the whole algebra is denoted™ . Under a
nonlinear de Sitter transformation the elements transform as follows

5 = 7Y, € Ay, 75 € A,

So, the action of the generators onis defined as this element is supposed to
form a nonlinear representation zﬂﬁds) and, in consequencé& € A, despite

q € Agds). It should be emphasized that independent of a representation the object
~ takes values in enveloping de Sitter algebra and not in a Lie algebra as would
be for commuting spaces. The same holds for the connections that we introduce
(similarly to [7]) in order to define covariant coordinates

[’Jvu — v +fv’fu e AgdS).

The valuesU”y) transforms covarianthjUy = 30", if and only if the
connectiol™ satisfies the transformation law of the enveloping nonlinear realized
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de Sitter algebra,
T4 = —i[a", 5] + i[5, "],

where I € A,(zds). The enveloping algebra—valued connection has infinitely
many component fields. Nevertheless, it was shown that all the component fields
can be induced from a Lie algebra—valued connection by a Seiberg—Witten map
([10, 5, 6] and [1] forSO(n) andSp(n)). In this subsection we show that similar
constructions could be proposed for nonlinear realizations of de Sitter algebra
when the transformation of the connection is considered

STV = —i[u”,* 3] +i[3,* TV).
For simplicity, we treat in more detail the canonical case with the star product
(17). The first term in the variatiofil'™” gives
0

T A 2 R I T
iu”," ] = 0" 5o

Assuming that the variation af = 01 Q,, starts with a linear term ifi we have

~

0 e~
" =60"10Q,, Q. = W’Y +1i[7," Qul

We follow the method of calculation from the papers [7, 6] and expand the star
product (17) ird but not ing, and find to first order i,
V=t + It + ., andQy = g,  J4 + ¢ B T4 2 + ... (18)

wherey, andg,, , are of order zero i and~,;, andq’, ,, are of second order in
6. The expansion il leads to an expansion i, of the x—product because the
higher order®—derivatives vanish. For de Sitter caselAsve take the genera-
tors, see commutators (16), with the corresponding de Sitter structure constants
f% ~ f%ﬁ (in our further identifications with spacetime objects like frames and
connections we shall use Greek indices).

The result of calculation of variations of (18), by usiggto the order given
in (15), is
0va

be 1.1
our e Qe

0Qr = 0" 0, a0uqr, I+ .,

1
0Gpq

2 2 1% 1 1 b 1.2 2 1
0Guap = Ouvab — 0" 002 0r = 21 GV Gpuca + Vod e -

Next we introduce the objects taking the values in de Sitter Lie algebra and
W, being enveloping de Sitter algebra valued,

e =7aI%andW, = g, ,,1%1°
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with the variationW,, satisfying the equation [7, 6]

1 ) . a
Wy = 0u(yipT*T%) — 507 {02, Orqu} + ile, Wil + (i 1*1%), 0] (19)
The equation (19) has the solution (found in [7, 10])
2

1 1
Yab = 50" (O10) 0 A0 = —507 00, (qui,g + Rim)

whereR | = 9:q,, , — 0,4}, + [ 747 ¢4, . €aN be identified with the coefficients

Tb T
R* Buv of de Sitter nonlinear gauge gravity curvature if in the commutative limit

P
T \lts 00 )7
The presented procedure can be generalized to all higher powg{sof

5. Noncommutative Gauge Gravity Covariant Dynamics

The constructions from the previous section are summarized by the conclusion
that the de Sitter algebra valued object 'yi (u) I% determines all the terms in
the enveloping algebra

1
7=l 4 07y (12104 1°T%) + .

and the gauge transformations are definedbfu) andq}hb(u), when

01 =iy (yl,qi) * 1.

For de Sitter enveloping algebras one holds the general formula for compositions
of two transformations

00 = 060y = iay—yrc)
which holds also for the restricted transformations defineg'hy
571(5,;1 - (5&(571 = (5i(g1*,yl,,yl*<1).

Applying the formula (17) we computer

* . ab rc l v a
¢l = G+ 5070y (V4GS G
+ (180G — Ca0 ) Gt + 20,730uC TS,
Such commutators could be used for definition of tensors [7]

= [, 0] - i,
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where 6" is respectively stated for the canonical, Lie and quantum plane
structures. Under the general enveloping algebra one holds the transform

8SH = i[5, SH].
For instance, the canonical case is characterized by
SHY = 40HT O, TV —i0" 0, TH +TH « TV —T" xT#
= 0"0"0:Qx — 0rQr + Qr ¥ Qr — Q) * Q- ).
By introducing the gravitational gauge strength (curvature)
Ry =0:Qx— 0\Qr + Qr xQx — Qx x Qr, (21)

which could be treated as a noncommutative extension of de Sitter nonlinear
gauge gravitational curvature one computers

1
Roxg =Ry, + 0" {R}, . Rop — 5%1@ [(DuRix,g) + 3uRi,\,g} HE,
where the gauge gravitation covariant derivative is introduced,
d
(DuRix,g) = ‘9VR1,\,Q + qv,gRlA,gch-

Following the gauge transformation laws fpandq! we find

SRy =i {%* Ri/\}

with the restricted form ofy.

Such formulas were proved in references [6, 10] for usual gauge (nongravita-
tional) fields. Here we reconsidered them for gravitational gauge fields.

Following the nonlinear realization of de Sitter algebra and«Hermalism
we can formulate a dynamics of noncommutative spaces. Derivatives can be in-
troduced in such a way that one does not obtain new relations for the coordinates.
In this case a Leibniz rule can be defined [6] that

a A~V _ sv VT ~0 O
Ou” =6, +d; 5 u” 0r

where the coefficientd; = 4,4, are chosen to have not new relations when
5# acts again to the right hand side. In consequence one holds-tiezivative
formulas

0

aT*f:auT

f+f*or,
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and the Stokes theoreifid;, f] = [d™Nu[d;,* f] = deu%f = 0, where, for
the canonical structure, the integral is defined,

/f:/dNuf (ul,...,uN>.

An action can be introduced by using such integrals. For instance, for a tensor
of type (20), whedL = i h, E} , we can define a gauge invariant action

W:/dNuTrZ, SW =0,

were the trace has to be taken for the group generators.
For the nonlinear de Sitter gauge gravity a proper action is

1
L= iRTART’\,

whereR ., is defined by the even part of (11). In this case the dynamic of noncom-
mutative space is entirely formulated in the framework of quantum field theory of
gauge fields. The method works for matter fields as well to restrictions to the
general relativity theory (see references [11, 9]).
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Abstract. Finite Unified Theories (FUTs) ar& = 1 supersymmetric GUT's which have the
remarkable feature of being all-loop finite beyond the unification point. They also have impressive
predictive power. We present here a review of the recent developments of the softly broken sector
of N = 1 FUTSs. The new characteristic predictions of FUTs are: 1) The lightest Higgs boson mass
is predicted to be in the window 120-130 GeV, in case the LSP is neutralino, while in case the LSP
is the7 (which can be consistently accommodated in presence of bilinear R-parity violating terms)
it can be as light as 111 GeV. 2) The s-spectrum starts above several hundreds of GeV.

1. Introduction

In recent years new frameworks have been developed aiming to provide a unified
description of all interactions including gravity. Theories based on superstrings,
non-commutative geometry and quantum groups, although at a different stage
of development in each area, have common unification targets and share sim-
ilar hopes for exhibiting improved renormalization properties in the ultraviolet
as compared to ordinary field theories. Moreover, recent progress shows that all
above theoretical endeavors could be related and thus they mightdaestood
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in a unified manner too. However in spite the importance of having frameworks

to discuss quantum gravity in a self consistent way, the main goal expected from

a unified description of interactions by the particle physics community is to un-
derstand the present day free parameters of the Standard Model (SM) in terms of
a few fundamental ones, or in other words to achiegriction of couplingat a

more fundamental level. Unfortunately all the above theoretical frameworks did
not offer anything in the understanding of the free parameters of the SM, and in the
best case they have managed to accommodate earlier tools such as supersymmetry
and ideas like Grand Unified Theories (GUTSs) but without providing any further
predictive power in these constructions.

In our recent studies [1]-[6], [7] we have developed a complementary strategy
in searching for a more fundamental theory possibly at the Planck scale, whose
basic ingredients are GUTs and supersymmetry, but its consequences certainly
go beyond the known ones. Our method consists of hunting for renormalization
group invariant (RGI) relations holding below the Planck scale, which in turn
are preserved down to the GUT scale. This programme, called Gauge—Yukawa
unification scheme, applied in the dimensionless couplings of supersymmetric
GUTs, such as gauge and Yukawa couplings, had already noticable successes by
predicting correctly, among others, the top quark mass in the finite and in the
minimal N = 1 supersymmetric SU(5) GUTs. An impressive aspect of the RGI
relations is that one can guarantee their validity to all-orders in perturbation theory
by studying the uniqueness of the resulting relations at one-loop, as was proven
in the early days of the programme mfduction of couplingg8]. Even more
remarkable is the fact that it is possible to find RGI relations among couplings
that guarantee finiteness to all-orders in perturbation theory [9, 10].

Although supersymmetry seems to be an essential feature for a successful real-
ization of the above programme, its breaking has to be understood too, since it has
the ambition to supply the SM with predictions for several of its free parameters.
Indeed, the search for RGI relations has been extended to the soft supersymmetry
breaking sector (SSB) of these theories [4, 11], which involves parameters of
dimension one and two. More recently a very interesting progress has been made
[12]- [17] concerning the renormalization properties of the SSB parameters based
conceptually and technically on the work of ref. [18]. In ref. [18] the powerful
supergraph method [19] for studying supersymmetric theories has been applied
to the softly broken ones by using the “spurion” external space-time independent
superfields [20]. In the latter method a softly broken supersymmetric gauge theory
is considered as a supersymmetric one in which the various parameters such as
couplings and masses have been promoted to external superfields that acquire
“vacuum expectation values”. Based on this method the relations among the soft
term renormalization and that of an unbroken supersymmetric theory have been
derived. In particular thg-functions of the parameters of the softly broken theory
are expressed in terms of partial differential operators involving the dimensionless
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parameters of the unbroken theory. The key point in the strategy of refs. [15]-[17]
in solving the set of coupled differential equations so as to be able to express
all parameters in a RGI way, was to transform the partial differential operators
involved to total derivative operators. This is indeed possible to be done on the
RGI surface which is defined by the solution of the reduction equations.

On the phenomenological side there exist some serious developments too.
Previously an appealing “universal” set of soft scalar masses was asummed in the
SSB sector of supersymmetric theories, given that apart from economy and sim-
plicity (1) they are part of the constraints that preserve finiteness up to two-loops
[21, 22], (2) they are RGI up to two-loops in more general supersymmetric gauge
theories, subject to the condition known2s= 1/3 @ [11] and (3) they appear
in the attractive dilaton dominated supersymmetry breaking superstring scenarios
[23]. However, further studies have exhibited a number of problems all due to
the restrictive nature of the “universality” assumption for the soft scalar masses.
For instance (a) in finite unified theories the universality predicts that the lightest
supersymmetric particle is a charged particle, namely the superpartner of the
lepton7 (b) the MSSM with universal soft scalar masses is inconsistent with the
attractive radiative electroweak symmetry breaking [24] and (c) which is the worst
of all, the universal soft scalar masses lead to charge and/or colour breaking min-
ima deeper than the standard vacuum [25]. Therefore, there have been attempts
to relax this constraint without loosing its attractive features. First an interesting
observation was made that M = 1 Gauge—Yukawa unified theories there exists
a RGI sum rule for the soft scalar masses at lower orders; at one-loop for the
non-finite case [5] and at two-loops for the finite case [6]. The sum rule manages
to overcome the above unpleasant phenomenological consequences. Moreover it
was proven [17] that the sum rule for the soft scalar masses is RGI to all-orders
for both the general as well as for the finite case. Finally the eg&cinction
for the soft scalar masses in the Novikov-Shifman-Vainstein-Zakharov (NSVZ)
scheme [26] for the softly broken supersymmetric QCD has been obtained [17].
Armed with the above tools and results we are in a position to study the spectrum
of the full finite and minimal supersymmetric SU(5) models in terms of few free
parameters with emphasis on the predictions for the masses of the lightest Higgs
and LSP and on the constraints imposed by having a lang§.

2. Reduction of Couplings and Finiteness inV = 1 SUSY Gauge Theories

A RGlI relation among coupling®(g1,--- ,gn) = 0, has to satisfy the partial
differential equation (PDE)d®/dy = YN, 3;09/89; = 0, whereg;

is the g-function of g;. There exist  — 1) independent’s, and finding the
complete set of these solutions is equivalent to solve the so-called reduction equa-
tions (REs),3, (dg;/dg) = Bi , i = 1,--- , N, whereg and 3, are the primary
coupling and its3-function. Using all thg N — 1) ®’s to impose RGI relations,
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one can in principle express all the couplings in terms of a single coupling

The complete reduction, which formally preserves perturbative renormalizability,
can be achieved by demanding a power series solution, whose uniqueness can be
investigated at the one-loop level. The completely reduced theory contains only
one independent coupling with the correspondinfynction. This possibility of
coupling unification is attractive, but it can be too restrictive and hence unrealistic.

In practice one may use fewé@rs as RGI constraints.

It is clear by examining specific examples, that the various couplings in
supersymmetric theories have easily the same asymptotic behaviour. Therefore
searching for a power series solution to the REs is justified. This is not the case in
non-supersymmetric theories.

Let us then consider a chiral, anomaly frég, = 1 globally supersym-
metric gauge theory based on a group G with gauge coupling congtdrite
superpotential of the theory is given by

1 . 1.
W = imZJ¢i¢j+gCZchbiq)j¢ka (1)

wherem andC* are gauge invariant tensors and the matter figlttansforms
according to the irreducible representati®nof the gauge groupy.
The one-loop3-function of the gauge couplingis given by

d
L — %9 _ —
R T ;z 3Ca(G)], 2)

wherel(R;) is the Dynkin index ofR; andC>(G) is the quadratic Casimir of the
adjoint representation of the gauge grawpr he 3-functions ofC7*, by virtue of

the non-renormalization theorem, are related to the anomalous dimension matrix
7] of the matter field®; as

i ij ij 1 n : :
BuF = tCJk:C”’ 3 (16772)”5( V4 (ki) + (k<) . @
n=1

At one-loop level theyf are given by
O = C , CIP 2 g% Cy(R;)67 4)
whereCs(R;) is the quadratic Casimir of the representatiynandCi/* = ik

As one can see from Egs. (2) and (4) all the one-l@dpnctions of the theory
vanish |fﬁ(1) andfyf(l) vanish, i.e.

Ze = 3C2(G), %cipchm = 207 >Co(Ry;) . (5)
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A very interesting result is that the conditions (5) are necessary and sufficient
for finiteness at the two-loop level.

The one- and two-loop finiteness conditions (5) restrict considerably the pos-
sible choices of the irrep®; for a given groug as well as the Yukawa couplings
in the superpotential (1). Note in particular that the finiteness conditions cannot
be applied to the supersymmetric standard model (SSM), since the presence of a
U(1) gauge group is incompatible with the condition (5), du€tdU (1)] = 0.
This naturally leads to the expectation that finiteness should be attained at the
grand unified level only, the SSM being just the corresponding, low-energy,
effective theory.

A natural question to ask is what happens at higher loop orders. There exists
a very interesting theorem [9] which guarantees the vanishing oftuactions
to all orders in perturbation theory, if we demand reduction of couplings, and that
all the one-loop anomalous dimensions of the matter field in the completely and
uniquely reduced theory vanish identically.

3. Soft Supersymmetry Breaking-Sum Rule of soft scalar masses

The above described method of reducing the dimensionless couplings has been
extended [4] to the soft supersymmetry breaking (SSB) dimensionful parameters
of N = 1 supersymmetric theories. In addition it was found [5] that RGI SSB
scalar masses in Gauge-Yukawa unified models satisfy a universal sum rule. Here
we will describe first how the use of the available two-loop RG functions and the
requirement of finiteness of the SSB parameters up to this order leads to the soft
scalar-mass sum rule [6].

Consider the superpotential given by (1) along with the Lagrangian for SSB
terms

1. .. 1 .. 1 S 1
~Lsp = hIFGid;on + 5B did; + 5 (m)] 670 + SMAN+ he, (6)

where thep; are the scalar parts of the chiral superfigldsi are the gauginos and

M their unified mass. Since we would like to consider only finite theories here,
we assume that the gauge group is a simple group and the ongHfumtion of

the gauge coupling vanishes. We also assume that the reduction equations admit
power series solutions of the form

D VAT ()

According to the finiteness theorem of ref. [9], the theory is then finite to all orders

in perturbation theory, if, among others, the one-loop anomalous dimem@ii%ﬁs
vanish. The one- and two-loop finiteness #* can be achieved by

Rtk — ik gL — 7Mpl({)’)“g +0(g%) . (8)
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With the above assumptions (and a couple of minor ones [6]) we find the
following soft scalar-mass sum rule

2
(mf 4+ m2+md ) /MM = 1+ =05 AW 4 O(g*) ©)

ijk
(0)

AW = 2% [(m}/MMY) - (1/3)] T(Ry), (10)
l

fori, j, k with p% £ 0, whereA(!) is the two-loop correction

which vanishes for the universal choice in accordance with the previous findings
of ref. [22].

If we know higher loop3-functions explicitly, we can follow the same pro-
cedure and find higher loop RGI relations among SSB terms. However, the
B-functions of the soft scalar masses are explicitly known only up to two loops. In
order to obtain higher loop results, we need something else instead of knowledge
of explicit 5-functions, e.g. some relations amagdunctions.

The recent progress made using the spurion technique [19, 20] leads to the
following all-loop relations among SSB-functions [12]-[16],

By = 20 (ig) , (11)
Bh _ ,yzlhl]k_'_,y]lhzlk _I_,yklhl]l
—27%,C1F — o Otk o4k Cit (12)

. a1 .
(Ba)'j = [A+Xag} Vi (13)
2 0
692 aClmn

A = 200* + 2|M1292£2 + Clonn

o (Mg _ ptmn_9 ) (14)

~ 0

Ilmn
e 1
OC1mn o oCtmn ’ (15)

Whel’e(’)’l)ij = O’}/ij, Clmn = (Clmn)*, and
Cvijk — (mQ)ilCljk + (m2)jl0ilk + (m2)kl0ijl ) (16)
It was also found [16] that the relation

dC%(g)

Rtk — _pM(CURY = )\
() dlng

; 17)
among couplings is all-loop RGI. Furthermore, using the all-loop gatige
function of Novikovet al.[26] given by
BNSVZ 9* [ T(R)(1—m/2) —3C(G)
g

~ 1672 1— g2C(G)/8x2 ’ (18)
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it was found the all-loop RGI sum rule [17],

1 dinC*  1dInCi
—¢?C(G)/(872%) dlng 2 d(Ing)?
N Z m?T(R))  dlnCik

~ C(G) —8r?/g* dlng

m? +m? 4w = [MP{ 5

(19)

In addition the exacB-function form? in the NSVZ scheme has been obtained
[17] for the first time and is given by

A = | IMEL L
m; 1-¢2C(G)/(8n%)dIlng 2d(lng)?

2
miT(R;) d NSVZ
+ Z C i :

~ C(G) —8r?/g*dIng i

4. Finite Unified Theories

In this section we examine two concred (5) finite models, where the reduction

of couplings in the dimensionless and dimensionful sector has been achieved. A
predictive Gauge-Yukawa unifiefllU (5) model which is finite to all orders, in
addition to the requirements mentioned already, should also have the following
properties:

1. One-loop anomalous dimensions are diagonal,ﬁ@.? x 51?.

2. Three fermiorgenerations5; (i = 1,2, 3), obviously should not couple to
24. This can be achieved for instance by imposi®ig- L conservation.

3. The two Higgs doublets of the MSSM should mostly be made out of a pair of
Higgs quintet and anti-quintet, which couple to the third generation.

In the following we discuss two versions of the all-order finite model.
A: The model of ref. [1].
B: A slight variation of the modeA , whose differences frorA will become clear
in the following.

The superpotential which describes the two models takes the form [1, 6]

3
1 _
W= 5g;‘ 10;10,H; + g2 10,5; H; | + g% 102103 H, (21)
=1
+995 10553 Hy + 93, 10355 Hy + > gl H, 24 H, + 0 (24)%

a=1

whereH, andH, (a =1,...,4) stand for the Higgs quintets and anti-quintets.
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The non-degenerate and isolated solutionﬁ(ﬂ): 0 for the model§ A , B}

= Gl WP =51 P =@ =551 (@D

= @2 = 100 (6B = 1050 (oh) = ()" = (0,2},

= 208, (0P = (6)? = (0. )0, (6])? =0, (6] = [1,00".
According to the theorem of ref. [9] these models are finite to all orders. After the
reduction of couplings the symmetry @f is enhanced [1, 6].

The main difference of the model& and B is that three pairs of Higgs
quintets and anti-quintets couple to tt#t for B so that it is not necessary to
mix them with H, andH 4 in order to achieve the triplet-doublet splitting after the
symmetry breaking ofU (5).

In the dimensionful sector, the sum rule gives us the following boundary
conditions at the GUT scale [6]:

my, +2miy = mi, +mi+mip =M for A, (23)

M?
2 2 _ 2 2 2 _
miy, +2m7ig M=, de—Zmlof— ,

3
4M>?
m2 +3miy = ;— for B, (24)
where we use as free parameterg = mg, andmig = mqo, for the modelA,

andmqg for B, in addition toM.

5. Predictions of Low Energy Parameters

Since the gauge symmetry is spontaneously broken bélayyr, the finite-

ness and Gauge-Yukawa unification conditions do not restrict the renormalization
property at low energies, and all it remains are boundary conditions on the gauge
and Yukawa couplings (22), the= — M C relation (8) and the soft scalar-mass
sum rule (9) atMquTr, as applied in the various models. So we examine the
evolution of these parameters according to their renormalization group equations
at two-loop for dimensionless parameters and at one-loop for dimensionful ones
with the relevant boundary conditions. Beld their evolution is assumed to

be governed by the MSSM. We further assume a unique supersymmetry breaking
scaleM; so that belowi\/; the SM is the correct effective theory.

The predictions for the top quark masg, are ~ 183 and~ 174 GeV in
modelsA andB respectively. Comparing these predictions with the most recent
experimental valué//; = (173.8 + 5.2) GeV, and recalling that the theoretical
values forM; may suffer from a correction of less than 4% [7], we see that

kievarwe.tex; 12/03/2001; 3:49; p.259




FINITENESS IN CONVENTIONAL N=1 GUTS

N

0.8 12
m,, [Tev]

Figure 8. m,, as function ofmqo for M = 0.8 (dashed)L.0 (solid) TeV for the finite modeB.

they are consistent with the experimental data. In addition the valtengf is
obtained asan 5 = 54 and 48 for models\ andB respectively.

In the SSB sector, besides the constraints imposed by reduction of couplings
and finiteness, we also look for solutions which are compatible with radiative
electroweak symmetry breaking.

Concerning the SSB sector of the finite theoesnd B, besides the gaug-
ino mass we have two and one more free parameters respectively, as previously
mentioned. Thus, we look for the parameter space in which the lighteass
squaredn? is larger than the lightest neutralino mass squar@d(which is the
LSP). In the case where all the soft scalar masses are universal at the unification
scale, there is no region dff; = M below O(few) TeV in whichm2 > mf( is
satisfied. But once the universality condition is relaxed this problem can be solved
naturally (provided the sum rule). More specifically, using the sum rule (9) and
imposing the conditions a) successful radiative electroweak symmetry breaking
b) mz2 > 0 and c)m;> > m,2, we find a comfortable parameter space for both
models (although mod@ requires largel ~ 1 TeV).

In Tables 1 and 2 we present representative examples of the values obtained for
the sparticle spectrain each of the models. The value of the lightest Higgs physical
massmy, has already the one-loop radiative corrections included, evaluated at the
appropriate scale [27].

Finally, we calculateBR(b — sv) [28], whose experimental value is x
1074 < BR(b — sv) < 4 x 10~%. The SM predictsBR(b — s7) = 3.1 x 1074,

This imposes a further restriction in our parameter space, nahdety 1 TeV if
u < 0for all three models. This restriction is less strong in the caseitha0. For
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TABLE Il. A representative example of the predictions for
the s-spectrum for the finite modd&l with M = 1.0 TeV,
mg = 0.8 TeV andmio = 0.6 TeV.

| my =my, (TeV) | 045 || my, (Tev) | 176 |

My, (TeV) | 0.84 || ms =ms (TeV) | 0.63 |

My (TeV) | 149 mg, (TeV) | 085 |

my, (TeV) | 149 my, (Tev) | 0.88 |

m,+ (TeV) \1.49 H mp+ (TeV) ‘0.65‘

mg, (TeV) | 157|  mu(TeV) | 065 |

mg, (TeV) | 177 my(Tev) | 0.122|

|
|
|
‘ m, : (TeV) ‘0.84 H ma (TeV) ‘0.64‘
|
|
|
|

m;, (Tev) | 154 | |

TABLE Ill. A representative example of the predictions of
the s-spectrum for the finite modB! with A/ = 1 TeV and
mio = 0.65 TeV.

my =my, (TeV) | 045 || m; (Tev) || 170 |

My, (TeV) | 0.84 || ms = ms, (TeV) || 0.47 |

My (TeV) | 130 || ms, (Tev) || 0.67 |

my, (TeV) | 131 ms, (Tev) || 088 |

m, + (TeV) ‘1.31” my+ (TeV) H 0.73\

mg, (TeV) | 151]  mu(Tev) | 0.73 |

mg, (TeV) | 173]  ma(Tev) | 0.118]

|
|
|
|
‘ m,+ (TeV) ‘0.84“ ma (TeV) H 0.73\
|
|
|
|

mg, (TeV) \ 1.56 H H \
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example, the minimal model with = 1 TeV leads taBR(b — s7) = 3.8x10~*
for u < 0.

6. Conclusions

The programme of searching for exact RGI relations among dimensionless cou-
plings in supersymmetric GUTS, started few years ago, has now supplemented
with the derivation of similar relations involving dimensionful parameters in the
SSB sector of these theories. In the earlier attempts it was possible to derive RGI
relations among gauge and Yukawa couplings of supersymmetric GUTs, which
could lead even to all-loop finiteness under certain conditions. These theoretically
attractive theories have been shown not only to be realistic but also to lead to a
successful prediction of the top quark mass. The new theoretical developments
include the existence of a RGI sum rule for the soft scalar masses in the SSB
sector of N = 1 supersymmetric gauge theories exhibiting gauge-Yukawa uni-
fication. The all-loop sum rule substitutes now the universal soft scalar masses
and overcomes its phenomenological problems. Of particular theoretical interest
is the fact that the finite unified theories, which could be made all-loop finite
in the supersymmetric sector can now be made complétgte. In addition it

is interesting to note that the sum rule coincides with that of a certain class of
string models in which the massive string modes are organized\Mnto4 super-
multiplets. Last but not least in ref. [17], the exatfunction for the soft scalar
masses in the NSVZ scheme was obtained for the first time. On the other hand the
above theories have a remarkable predictive power leading to testable predictions
of their spectrum in terms of very few parameters. In addition to the prediction of
the top quark mass, which holds unchanged, the characteristic features that will
judge the viability of these models in the future are 1) the lightest Higgs mass is
found to be around 120 GeV and the s-spectrum starts beyond several hundreds
of GeV. Therefore the next important test of Gauge-Yukawa and Finite Unified
theories will be given with the measurement of the Higgs mass, for which these
models show an appreciable stability, which is alarmingly close to the IR quasi
fixed point prediction of the MSSM for large tah[29]. Our preliminary search

in the available parameter space of the above models shows that in case we relax
the requirement that the mass of the s-tau should be smaller than the neutrali-
nos masses, we obtain a wider window in the prediction of the lightest Higgs
mass starting from 111 GeV. This possibility has no obvious problem in case
we introduce bilinear R-parity violating terms that preserve finiteness. Actually,
the introduction of such terms might be unavoidable given that it is a necessary
ingredient of the only known mechanism to introduce neutrino masses in these
models [30].
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WORLD VOLUME REALIZATION OF AUTOMORPHISMS

JOAN SIMON*
Departament of Particle Physics, The Weizmann Institute of Science,
2 Herzl Street, 76100 Rehovot, Israel

Abstract. The relation among spacetime supersymmetry algebras and the world volume approach
to string theory is reviewed. The realization of some of the automorphism transformations of these
superalgebras on the world volume theory is discussed. We distinguish among linear realizations
and non-local ones. The consistency of the latter with duality in M/string theory is checked.

1. Introduction

Our contribution to the NATO Advanced Research Workshop on 'NonCommu-
tative Structures in Mathematics and Physics’ is devoted to the relation among
supersymmetry algebras and reparametrization invariant field theories describ-
ing the low energy dynamics of branes. In particular, we shall concentrate on
branes propagating in SuperPoiresaand consequently, on maximally extended
SuperPoincdr algebras.

The study of M/String theory spectrums can be done along purely alge-
braic methods or field theory ones. Thégebraic approachis based on the
assumption that th&/ = 1 supersymmetry in eleven dimensions (or the cor-
responding\’ = 2 supersymmetries in ten dimensions) is valid at any energy,
so that the M-theory (string theory) spectrum must be organized into represen-
tations of the SuperPoin@mlgebra. This approach entirely characteries
states those preserving some amount of supersymmetry, thus filling in short
irreducible representations of the forementioned algebra. Given a maximally
extended supersymmetry algebra [1], [2]

{Qa,Qpt = —MlIyg +T(2)ap, 1)

where I'(Z),4 stands for the traceless part of the supersymmetry anticom-
mutation relations, and given any stdte >, the positivity of the matrix<

* jsimon@weizmann.ac.il
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al{Qa ,Qs}|a > implies a bound on the rest masg. When the latter is satu-
rated, there is a linear combination of the supersymmetry generators annihilating
the state. This means that the symmetric maft, , @3} has at least one zero
eigenvalugdet {Q. ,Qs} = 0). Thus, generically, the search for such BPS states
is equivalent to the resolution of the eigenvalue problem [4]

I'Z)|la>=Mla> . 2

Any solution to equation (2) describes a Clifford valued BPS siate- by its
massM and the amount of supersymmetry preserued which will generically

be determined by some set of mutually commuting constant opekgfssuch

that P;ja >= |a > Vi. Both depend on the charges carried by|a >. A

partial analysis of equation (2) was done in [5], where a whole family of BPS
states, called factorizable states, were classified. We refer the reader to [5] for a
discussion on equation (2) and some of their solutions.

Theworld volume approacts based on brane effective actions, which are sup-
posed to describe the low energy dynamics of string theory when the string scale
vanisheg«a’ — 0) and gravity decouples. The dynamics of branes propagating in
SuperPoincdrare described by reparametrization susy-kappa invariant field theo-
ries providing us with a field theory realization of the previous superalgebras. The
algebraic saturation of the BPS bound has its field theory counterpart in the satu-
ration of the Bogomolny’ type bound derived from the energy density computed
on the brane [6]. Only certain field theory configurations do saturate such bounds,
these are the so call&PS configurationgOne way of systematically looking for
such configurations is the resolution of tkegpopa symmetry preserving condition
This method is based on the search for the subset of supersymmetry transfor-
mations that leave bosonic configuratidids= 0) invariant. Since fermions do
transform inhomogeneously in brane effective actions,

00 =€+ (1+T,)x+0O(8) (3)

wheree is the global supersymmetry parameter (the Killing spinor of the back-
ground geometry) and is the local kappa symmetry one, the above invariance
requirement is satisfied whenever [7]

T're=c¢. 4)

T, is a spinor valued matrix being field and background dependent. It satisfies
I'?2 = I and tiT, = 0, conditions that allow kappa symmetry to remove half

of the fermionic degrees of freedom on the brane, a necessary condition to get a
supersymmetric field theory on the brane, but not a sufficest

1 It is assumed thaf),, satisfies the necessary requirements for this positivity to hold. In M-

theory, the Majorana charges do certainly satisfy them. See [3], for a discussion on this point in
arbitrary spacetime signatures.
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In the case of SuperPoiné@ibackgrounds¢ is a 32 constant spinor. In
less symmetric background superspaces, it will generically depend on the point.
Solving equation (4) gives rise to

1. some constraints on the configuration spaé¢’] = 0
2. some supersymmetry preserving conditibhs= ¢ Vi

wheref;[¢’] stands for some functional relation involving the dynamical fields on
the brang{¢'} and their derivative§d¢’ , 09¢° , ... }. On the other hand?; is a
constant spinor valued matrix satisfyi®Rf = 1 and trP; = 0. If P; = Lla;...a]
equals the antisymmetrized product of gamma matrices, we shall call it single
projector.

Constraints 1. becon®PS equationsThis can be checked by computing the
energy density functional of the field theory which can always be writtén as

. .\ 2
£ = (& + 22+ Y (t£:(#)) 5)
if we are describing a BPS state at threshold (intersection of branes) or as
. .\ 2
2= +22+ Y (£1il0)) (6)

for a non-threshold BPS state. Both expressions show the BPS equation character
of the constraintg;[¢’] = 0.

Conditions 2. determine the amount of supersymmetry presémead the
kind of branes involved in the state due to the one to two correspondence among
single branes and single projectdrs

Thus, all in all, one gets a field theory realization of the previous algebraic
BPS stateg|a >). They are indeed the same because they are characterized by
the same supersymmetry projection conditi¢®s) and they do have the same
energy(M = ¢€).

Once the connection among brane effective actions and supersymmetry alge-
bras has been established, it is natural to ask about the extent of such a connection
regarding the maximal automorphism groups of SuperPdéaigebras. In partic-
ular, theN = 1 D = 11 superalgebra admits@L(32, R) automorphism group
[5][8][9][10][11]. One of the first consequences of such automorphism structure
is the existence 0§O(32) transformations relating = % non-threshold bound
states withv = % bound states at threshold, having the same rhaskthoutloss

2 We have assumed the existence of a sirleharge in the above derivation, but the exten-
sion to more general configurations is straightforwaffgl.stands for the vacuum energy of the
configuration.

3 This is because given any single projecRr there always exist®; such that?; P; = I. So,
if"Pie:e:>75ie:E.

4 there exist similar phenomena for less supersymmetric BPS states, see [5].
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of generality, consider a non-threshold bound state described by
(cos BTy +sinfIy) |la> = |a> , {['1,I2} =0 (7)

M = /224 23 (8)

wherel’; i = 1, 2 satisfies analogous properties to thos#@pandg is a constant
parameter. There always exigfg = ¢°12I'1/2 ¢ SO(32), such that (7) becomes

UgFlUZﬂa >=la> < l"llo/ >= ‘Oz/>, 9

which allows us to reinterpret it in terms of an SO(32) related BPS &tate at
threshold having the same mass (8).

Motivated by the previous discussion, it seems rather natural to look for world
volume realizations of such automorphisms. Since the Lorentz group in eleven
dimensions can be seen as a subgroug7@f32, R), it is obvious that such
subgroup will be linearly realized on the brane (before any gauge fixing). This
is because any brane effective action propagating in SuperPeirscaranifestly
(quasi-)invariant under the superisometries of the background [12]. In section
2, we will discuss a particular example of such linear realizations and the way
they act on BPS configurations, showing explicitly the connection among non-
threshold and threshold bound states illustrated in the algebraic approach. Besides
this linear realizations, the analysis done in [5] shows that central chatiges
are generically 'rotated’ among themselves under automorphism transformations.
Since for bosonic configurations, such topological charges are given by world
space integrals involving derivatives of the brane dynamical fields, one should
also expect, if any, the existence of non-local transformations leaving certain brane
theories invariant. We review the results of [13] concerning that point in section 3.
Starting from the non-local transformations leaving the D3-brane action invariant
[14], which are the world volume realization of the S-duality automorphism for
the N = 2 D = 10 type |IB SuperPoinc&ralgebra, we perform a T-duality along
a world volume direction to get some new non-local transformations of the D2-
brane in type IIA. The latter have a natural M-theory interpretation as rotations
involving the world volume scalafy) which becomes a one forifl/;) after
the world volume dualization relating both effective theories in three dimensions
[15, 16]. This dualization explains the origin of such non-local transformations in
type IIA theory.

These results illustrate that part of the automorphism group is realized on the
world volume field theory, either as linear realizations or as non-local ones. It
would be interesting to clarify which is the symmetry structure that is being real-
ized on brane effective actions. Along the same lines, it would also be interesting
to understand the existing relation among the automorphism group and U-duality
groups. As it was pointed out in [13], thé = 2 D = 10 type IIB SuperPoinca&
algebra admitsSL(2, R) in its maximal automorphism group, the latter being
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the U-duality group for type IIB superstring theory. When compactifying several
dimensions and using T-duality adequately, one may suspect of deriving some
relation among the corresponding U-duality group and the automorphism group
of the dimensionally reduced superalgebra.

2. Linear realizations

Given any brane effective actid{¢], the set of dynamical fields can always be
splitted into{¢*} = {z™ 6, Vi }, ™ andd being superspace coordinates and
Vip) some p-form degrees of freedom on the brane. These actions are invariant
(6S[¢"] = 0) under some set of global and local transformations. We shall con-
centrate on the global ones. These include the superisometries of the background
geometry, so since we are considering SuperPoinbackgrounds, it certainly
includes the SQL, D — 1) Lorentz transformations

1
00 = Zwmnfmnﬁ , 02 = WM np? oV

Let us concentrate on M2-brane effective actions in M-theory. We are thus
considering three dimensional field theories probing eleven dimensional Super-
Poincage space [17]. To illustrate previous ideas, we shall look for a world volume
soliton on an M2-brane corresponding to the non-threshold bound state

»=0. (10)

By setting the static gauge:* = o# u = 0,1,2) and exciting one transverse
scalar(z® = ), one can check that the kappa symmetry preserving condition (4)
is solved by

T =tanw (cos Bot + sin ﬁ02> , (11)

wherea andg are arbitrary constants, whenevesatisfies
{cos al'g12 + sin a (cos STo23 + sin Slp13) }e = €, (12)

which indeed corresponds to the forementioned 3 non-threshold bound state.
According to our discussion in the introduction, there must exis$ @32)

transformation relating such a configuration with & % bound state at threshold,

corresponding in this particular case, to a single membrane lying ir2tpdane.

We will explicitly check that this is indeed the case by considering the following

SO(32) group element
U=U,Up = e oT13/2e7A12/2 (13)
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By computing its finite transformation on the scalar coordinates, we derive

72 =cosfo? +sinBol, 3l = L2851 b2

i
i=0 , (14)

which shows there is no transverse scalar excited in the rotated configuration

0). This is understood as having no more membranes in the configuration than
just the defining one. This interpretation is further confirmed by rewriting the
supersymmetry projection condition in terms of the transformed Killing spinor

Dowee =€, € =Ule. (15)

Equation (15) describes a single membrane in the 12-plane, as expected.

3. Non-local realizations

In this section we shall review the results reported in [13]. We shall start our analy-
sis by studying D3-brane effective actions. These provide a field theory realization
of some truncation ol = 2 D = 10 type |IB SuperPoincé&ralgebra [3]

) ) Iy 1 .
{Q,Q}y = P*rMYM-+P+§FMNﬂﬂYMNP
1 .
P MY (16)

where the central charges are giveni§f = 69YY + 77y} + 77y and
Yar ay = 5inJ\J’/}(O)M + TijJ\Z(I)M + T?Z;jYJ\_Z(?))M :

1...45 1...45 1...45 1.--M5 .

If we consider anSL(2, R) transformationQ? = (U Q)", Uy = e*i™/2 ¢
SL(2, R), the latter belongs to the type IIB automorphism group if the charges
transform as

,ZU::QJZLﬁyj. (17)

Notice thatU, € SO(2) subgroup ofSL(2, R) which rotates(Y,\(}) ,Y]\(f)) and
(YAZ() a s Yar) M5) as doublets, whereas,,,, and Yo, ", remain invariant.
This is consistent with the S-duality interpretation(of,, which interchanges
D-strings and fundamental strings, D5-branes and NS5-branes, while leaving D3
and KK5B monopoles self-dual.

This SO(2) transformation is reminiscent of the electro-magnetic duality in
four dimensions, and it was indeed proved in [14] that the off-shell transforma-
tions giving rise to such a rotation are given by

sz =0 , 00=3irb (18)
6Fw =MK,, , 0K, =—-\F, (19)
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where K, = —3e,0 K7 5 and K77 = —életg%if Lps being the La-

grangian density for an abelian D3-brane propagating in SuperPeific&r21].

It is remarkable that the infinitesimal transformation for the fermionic field agrees
with the infinitesimal transformation of the supersymmetry generator. Notice
that it is FF = dV the one entering in previous linear transformations (19).
So, when rewritten in terms of the gauge potentialthey become non-local
transformations [22].

To get a more physical understanding of these transformations, we shall eval-
uate them on-shell; in particular, on Bion configurations [23, 24]. These are
v = 1/4 solitons representing fundamental strings ending on the brane. As all
BPS configurations, they are characterized by some BPS equdiigns J,y
a = 1,2,3 and some supersymmetry conditions

Do123im0€ = € (20)
Foy T3 € (21)

corresponding to the array

D3 :
F1:

If we computeK,, when we are on-shell, we géfy, = 0, K = €45cF0c, Which

give rise tod E* = 0 andéB* = X\ E?, whose finite form generates &0(2)
rotation E¢ = cosA\E®* , B% = sin\E® where E* and B* correspond

to the electric and magnetic fields, respectively. Thus the rotated configuration
is both electrically and magnetically charged: it is a dyon. This interpretation is
further confirmed by rewriting the supersymmetry condition (21) in terms of the
transformed Killing spinoré = Ute

Loy (cosams +sinam)€é=E¢, (22)

which indeed describes a non-threshold bound state of fundamental strings (
factor) and D-stringsr{ factor).

We could have also analyzed the energy of such configurations. The starting
Blon verifiesEp on = Eps+Y,", whereY®) = [, E-Vyis the charge carried
by the fundamental string along th&z*) direction, wherea#'p3 stands for the
energy of an infinite planar D3-brane. After the SO(2) transformatity),, =

~ 2 ~ 2 ~ o
EBion = Eps + \/(Yf’)) - (Y4(1)) , whereV,®) = [p3 cosAE -Vy and
VY = [, sinAB - Vy. In this way, we check that the field theoBO(2)

® ¢,.00 denotes the covariantly constant antisymmetric tensor with indices raised and lowered
by G,..
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transformations (18-19) indeed rotate the charges of the spacetime supersymmetry
algebra.

In the following we shall check the consistency of the previous set of trans-
formations with the known web of dualities in M/string theory. The first step will
be to perform a longitudinal T-duality transformation, that is, along one of the
D3-brane world volume directions, to study the corresponding symmetry struc-
ture in type lIA. Finally, the M-theory origin for such type IIA symmetry will
be explained. As before, these checks can be studied either from an algebraic
perspective or from a field theory one.

The realization of T-duality at the level of superalgebras is known to be a
mapping relating the supersymmetry charges as follows

Q" =0Q* , Q =L@, (23)

whereQ* are the type lIA supercharges andtands for the spacelike direction
along we perform the transformation. Such a mapping, does change the chirality
of one of the generators and induces some transformation on the cldsg&$
which agrees with the known T-duality rules among BPS single branes. In this
way, the previoud/, automorphism can be rewritten &5 = e*/2sI'1 which
indeed belongs to S@2), the subgroup of type IIA automorphisms preserving
energy. The latter statement can be straightforwardly derived from the M-algebra
analysis done in [5]. Notice that;; is the ten dimensional chirality operator, so
that U, can not be interpreted as an spacetime rotation. This transformation will
“rotate” several doublets of charges appearing in type llA, while keeping some
others invariant. In particular, chargé€s,,, and Z,,, corresponding to D2-branes
and fundamental strings will form an $2) doublet undet/, transformations.

Moving back to the world volume approach, the analysis done in [25, 26]
will be used to derive the symmetry structure inherited on the D2-brane after
performing the longitudinal T-duality. Since:™ = 0 in (18), there will be no
compensating diffeomorphism transformation coming from the partial gauge fix-
ing locally identifying (z® = p) one world volume directiorfp) with one target
space directiorfz?®). It is then straightforward to derive a set of non-local trans-
formations leaving the D2-brane invariant, just by double dimensional reduction
of (18-19)

80 = 3T,,0'110, (24)
SKT, = —X"Fy , 0Fpp = A"KT, (25)
0Ky = =A™, 0E™ = NK;, (26)

WhereKl% and K, where computed explicitly in [13].

Notice that whereas in type 1I1B there was a single transformatignin type
[IA we have a set of theng\™). This enhancement of symmetry is typical of T-
duality on symmetric backgrounds. The performance of T-duality is manifestly
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non-covariant, but in the limik — oo, the isometries of the background allow

us to recover target space covariance. A much more algebraic way to reach the
same conclusion is to compute the commutator of a rotationvith our previous
non-local transformatiof\*)

[0, 0xe] = 0ys 5 s, 27)

which generates all the forementioned transformations. Another difference be-
tween this set of transformations and type IIB ones, is that bosonic matter fields
do transform(éz™ # 0), its origin being the component of the original gauge
field (V) along which we perform the T-duality.

Just as for the D3-brane case, we shall analyze the behaviour of some partic-
ular BPS configuration under these new transformations. We shall consider the
T-dual configuration of a type 1IB dyon. This is given by the array

D2
F1:
D2

This supersymmetric configuration is described by the BPS equations

E* = cosadyy (28)
eéi’al;{v'g = sinaédi’ai)y a,b=1,2 (29)

and supersymmetry projection conditions

Lo0e = ¢ (30)
(cosaTlgyI'11 +sinalosy)e = €. (31)

The further conditionfy, = 0 states that there are no DO-branes being described
by our configuration as can be seen from inspection of equations (30-31). Notice
that whena = 0, we recover the usual Blon describing a fundamental string
ending on the D2-brane, whereas tor= 7, we recover the Cauchy-Riemann
equations describing the intersection of two D2-branes at a pbihtl. D2(0).

Both configurations are related to each other by application of transformations
(25) and (26). Computing them when (28)-(29) are satisfied we get

0B = - AxVZ | § (*Vi:?’) = \E, (32)

where we are using the standard two dimensional calculus notation, tRatis,
(01,07) andxV = (92, —01). Its finite transformation is

E' =cos(a+ANVy , «VE® =sin(a+A\)V (33)
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Thus, as expected, by fine tuning the global paramitere interpolate between
Blon configurations and2 L D2(0) intersections.

The SO(2) rotation described by (32) fits with the supersymmetry algebra
picture. In this case, the charge carried by the fundamental string is given by the
worldspace integrak, = [, E- ﬁy, whereas the charge carried by the second

D2-brane admits the field theory realizati@g, = 5, *Vz® - Vy. Thus we see
that Z,, Zs, are indeed rotated under (32) transformations, as the pure algebraic
digression was suggesting to us.

We shall conclude with the M-theory interpretation of the latter set of trans-
formations. Since the eleven dimensional supersymmetry generator decomposes
as@ = Q4+ + Q_, it is pretty clear that the previous type IIA automorphism
transformations become rotations in eleven dimensions, and as such, they should
be linearly realized on the membrane effective action as in (10). It is actually quite
simple to understand the relation among these linear transformations and the non-
local ones found in the D2-brane action. As it is known [15, 16], the world volume
dualization of a scalar in three dimensions gives rise to a one form. When doing
such a dualization on the membrane action, the relation among their field strengths
is given byd,y = Kj,. Thus, linear transformations among eleven dimensional
scalar fields generate linear transformations amaig and d;z™. The above
relation explains the origin of the non-local symmetries in type IIA. Furthermore,
it matches with the enhancement of symmetry derived previously from T-duality.

We shall conclude by analyzing the uplifted configuration corresponding to
the type IIA one discussed above. This is described by the array

M2 :
M2 :
M2 :

Setting the static gauge' = o/ p = 0, 1,2 and exciting three transverse scalars
z' i = 3,4,5 one can check that a solution to the kappa symmetry preserving
condition is found when the following BPS equations are satisfied

cosaVzt =«Vzd | sinaVz? =«Vad, (34)

whenevek satisfies

Lo0e = ¢ (35)
(cosalggs +sinalyzg) e = €. (36)

Notice that (34) interpolate amond2 | M2(0) configurations in definite
directions fora = 0, 3.

It is straightforward to check that the rotation in the 35-plane generated by
U = e*T's5/2 relates the previous configuration with one in whichhas a con-
stant value, and is no longer excited. Such a configuration corresponds to two
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membranes intersecting at a point. This interpretation can also be checked by
rewriting equation (36) in terms of the transformed Killing spieoe U? ¢

Tosse = € 37
045 ’ ( )

which indeed corresponds to a membrane along 45-plane, while equation (35)
is not modified(T'g12¢' = €¢'). Furthermore, all previous results on the D2-brane

can be easily recovered from M-theory, this being the last check of consistency
between the presented non-local transformations and dualities in M/string theory.
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1. Introduction and notation

Let A be ax-algebra with differential calculu'(.A) [1] and suppose that it has
a frame [2], a set of 1-formé&’ dual to a set of inner derivations = ad)\; and
which therefore commutes with the elements of the algebra:

o' f = fo'. (1)

The differential calculus will be real [4] if the; are anti-hermitian. Using the
frame we can set

df = e; f6' (2)

from which it follows that the module structure 9f (A) is given by

fdg = (feig)t’, dgf = (eig) f0".
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If a frame exists the modul@!(A) is free of rankn as a left or right module. It
can therefore be identified with the direct sum

Q') = DA @)
1

of n copies ofA. In this representatiofi’ is given by the element of the direct
sum with the unit in theé-th position and zero elsewhere. We shall refer to the in-
tegern as the dimension of the geometry. Using the frame formalism we consider
some possible metrics on the Manin plane. We require that the metric be real and
symmetric. In practice this means that we use the freedom of noncommutative
geometry to impose a different-symmetry’, which is chosen so that a complex
metric is hermitian and an un-symmetric metricoisymmetric. The notion of
reality and symmetry are changed so that the definition of hermitian does not
change. We refer to a longer article [3] for more details as well as for a comparison
with other definitions of metrics.

Let 7 be the product if2*(.4) and set

7T(9i®9j) :Pijk10k®91, Pijkl € Z(A).
Sincer is a projection we have
P Py = Py
and the produc®’¢’ satisfies
0’0’ = PY,,0%¢". (5)
If the ¢ anti-commute then
. 1 . -
Py = 5(51255 — 0397)- (6)
Since the exterior derivative @f is a 2-form it can necessarily be written as
. 1 ..
de* = —icgkaﬂek.

where, because of (5), the structure elements can be chosen to satisfy the
constraints ‘ ‘ ‘
C i Py, = Clpp.
From the generato® we can construct a 1-form
0= —\0"
in Q1 (A) which plays the role [1] of a Dirac operator:

if = _[eaf]
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From the identityi? = 0 one finds that
d(0f — £0) = [do, f] +[0,[0, 1] = [d6 + 6*, f] =

It follows that if we write

1 o
do + 62 = —iKijeleﬂ (8)

the coefficients(;; mustlie inZ(.A). Again from (5) they can be chosen to satisfy
the constraints '
K, Pi% ), = K.

J
It will also be convenient to introduce the quantities
Cyy = 048] — 2Py,
Then from (4) we find that
CY 3y CM iy = 5857
From the conditioni? = 0 it can be shown that

2P AN — Flghi — Kij = 0

for some array of numbeis’ ;..
We introduce a flipr:

QA @4 A(A) L QY A) @4 QHA).
In terms of the frame it is given b§¥/,; € Z(A) defined by
o0 ®67) = 5V ,0% @ 6
and which must satisfy the constraint
(S71)* S = 0,07 (12)
We useo to impose the reality condition
ST g™ = (g7 (13)

on the metric. This is a combination of a ‘twisted’ symmetry condition and the
ordinary condition of hermiticity on a complex matrix. A covariant derivative on
the module2!(A) must satisfy both a left and a right Leibniz rule. We use the
ordinary left Leibniz rule and define the right Leibniz rule as

D(&f) = o(§ @df) + (DE)f (14)
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for arbitrary f € A and¢ € Q!(A). Usingo one can also impose [5] a reality
condition on the curvature.
For every differential calculus and flip one can construct the linear connection

Wik = M (S% 1, — 8561). (15)
The connection 1-form is given by
wip = NS 07 + 610. (16)

WhenF*;;, = 0 the curvature of the covariant derivatiZedefined in (15) can be
readily calculated. One finds the expression

1 . : 1 .
ER;’” = 5" S i P i Am Ay — §5§-Kkl-
This can also be written in the form

R;'kl = _Slmv‘nsnpsjSrsuvpuvklAmAp - 55;Kkl

1
2

The relation (18) suggests that we define a Ricci map by the action
o 1 . . . .
Ric(6%) = ileak, R = R 6"

on the frame.
In complete analogy with the commutative case a metigan be defined as
an A-bilinear, nondegenerate map [6]

QYA @4 QYA) L A 7)

and as such it can [7] be used to define a ‘distance’ between ‘points’. It is impor-
tant to notice here that the bilinearity is an alternative way of expressing locality.
In ordinary differential geometry  andn are 1-forms then the value 9f¢ ® )
at a given point depends only on the valueg ahd» at that point. Bilinearity is
an exact expression of this fact. In general the algebra introduces a certain amount
of non-locality via the commutation relations and it is important to assure that all
geometric quantities be just that nonlocal and not more. Without the bilinearity
condition it is not possible to distinguish for example in ordinary space-time a
metric which assigns a function to a vector field in such a way that the value at a
given point depends only on the vector at that point from one which is some sort
of convolution over the entire manifold.

We define frame components of the metric by

97 =9(0' © ).
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They lie necessarily in the cent&i(.A) of the algebra. The condition that (15) be
metric-compatible can be written as

S 10 g"™ ST oy = 9" F (18)

One can understand this odd condition by introducing a ‘covariant derivative’
D; X’ of a constant ‘vector’ by the formula

D; X7 =i, X"

The covariant derivativé; (X7Y*) of the product of two such ‘vectors’ must be
defined as . ' '
Di(X7Y*) = D;XY* 4 89, X™ DYk

since there is a ‘flip’ as the index on the derivation crosses the index on the first
‘vector'. The condition (18) becomes then simply

Digjk =0.
We shall require that the metric be symmetric in the sense
gom=20 (29)
that it annihilates the 2-forms. We shall impose also the condition
mo(c+1)=0 (20)

that the antisymmetric part of a symmetric tensor vanish. This can be considered
as a condition on the product or on the flip. In ordinary geometry it is the defi-
nition of 7; a 2-form can be considered as an antisymmetric tensor. Because of
this condition the torsion is a bilinear map [6]. The most general solution can be
written in the form

l+o=(1-mor (21)

wherer is arbitrary. Suppose thatis invertible. Then because of the identity

l=n+(140)or !
one can identify the second term on the right-hand side as the projection onto the
symmetric part of the tensor product. The choice= 2 yields the valuer =
1 —2x. If 7 is not invertible then there arises the possibility that part of the tensor
product is neither symmetric nor antisymmetric.

It is sometimes convenient to write the metric as a sum

9" =gd + 91
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of a symmetric and an antisymmetric part (in the usual sense of the word) The
inverse matrix we write as a sum

9ij = Mij + Bij
of a symmetric and an antisymmetric term. We shall choose as normalization

when possible the condition that be the standard Minkowski or euclidean form.

2. The Wess-Zumino calculus

The extended quantum plane is thealgebra.4 generated by the hermitian
elements, andv with their inverses,—! andv—! and the relation

uv = quu, qg=e* (22)

as well as the usual relations between inverses. We defing! férl1,

2

q —2.2 q -2
A= ——— Ag = ———— )
s L 2= ¢

The important fact is that thi, are singular in the limiy — 1 and that they are
anti-hermitian ifq is of unit modulus. We find fog? # —1

2
q —1,2

@+1"

e1u = — v, €1V = —

@+1"

) (23)

— _ -2

eou = 0, egv—q2+1u

These derivations are again extended to arbitrary polynomials in the generators by
the Leibniz rule. Using them we find

2
du = — (q2q+ 1)u711)291, u v (q* 0?0t — 6%) (24)
and solving for th&’ we obtain
0' = —¢*(¢* + Duv>du, 02 = — (¢ + Du(uvtdv — du).

The module structure which follows from the condition (1) that #heommute
with the elements of the algebra is given by [8]

udu = ¢*duu, udv = qdvu + (¢* — 1)duw, (25)
vdu = qduv, vdv = qzdvv.

One can show that they are invariant under the coaction of the quantum group
SL4(2,C). This invariance was encoded in the choice\pf
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Consider the change of generators defined by

u=1u"2 v = §u 0%
If one sets alsq = §—* then one finds that the Wess-Zumino relations (25) written
using the generatoisandv become

udu = gduuw, udv = qdvu,
1 1 (26)
vdu = q~ duv, vdv = ¢~ "dov.

What we have done in fact is use thg as generators of the algebra and the
differential calculus; otherwise nothing has been changed. Properly renormalized

then we have
q1/2
)\1 = v,
qg—1

and solving for th&’ one obtains
ol — _q71/2(u711})71d(u71)7 92 — q1/2(u*1v)d(v’1).
It follows that the volume element is an exact form:
0'6? = —d(uHd(v).

This formula has been obtained by a straight-forward change of generators and, in-
dependent of the perhaps not-too-convincing arguments of the following sections,
suggests that~' andv~! are light-cone coordinates in the commutative limit.
The frame is singular along the light cone through the origin. If in a representation
one forces the original andv to be hermitian then the andv must be positive
operators. One concludes then that> |z| andz must therefore be a bounded
operator.

The structure of the differential algebra is given by the relations

@H2=0, ()*=0, 60'6*+qp%0' =0.

This can be written in the form (5) wite''2,; = ¢ andC?!15 = ¢~ L. The reality
of the differential implies that the structure elements must satisfy the conditions

((C%p)* + C ) P*1 = 0

from which follows that
(Cl91)* = —Cy9 = ¢ 1C;, (C'12)* = —C'91 = qC'1a.
are given by

Cla = (¢! — 1)), C?15 = (¢ = A1
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With the change of generators
1
t=—@w?t=—vl, —
ﬁ(u v ) x 7

the commutation relation can be written as

(u™t +oh).

[t,z] = —itan(a/2)(t? — z?).

3. The metrics and their connections

With our index conventions the metric is written @ié = (g', g2, ¢, ¢*) and so
the condition (18) can be written in the matrix form

Sty 8ty sty sYy
5%, 825 S5 5%
S31 835 S35 53
St Sty S15 54y

(30)

of frame components far then the condition (19) is equivalent to the relation
9> =aq9’. (31)
The consistency condition (20) is equivalent to the conditions

S's = qS5%, 5% =q(S% + 1), S35 =qS% — 1, 5% = q5%.
(32)
The equations to be solved then are Equations (28), (31) and (32). We are
especially interested in real solutions, which satisfy therefore also (13). We have

found that there are several types of solutions [3], four of which we shall describe
in the following subsections. One can show that there are no solutions witB.
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A complete classification has been given [9] of the solutions to the braid equation
as well [10, 11] as of those which satisfy a weaker modified equation. In any case
to within four arbitrary constants we can write the coefficients of the metric with
respect to the basiki andd. If we introduce the componend = g(di’ @ di’)

then we find from (24) that in the limif — 1

VRS YR ( gta? a(g?0 + g3 1) )

—Uu v
9 4 ’L~L(g217 _’_93,&—1) 92172 o 293 —|—g4f1_2

The line element is determined by the inverse of this matrix. A metraefined

by setting
i 10
01

necessarily then cannot be bilinear.

3.1. SOLUTIONII

A family of solutions can be found with a Minkowski-signature metric. These are
the most interesting solutions. With the convenient normalization of the metric so
thatg® = ¢~1/2 the flip is given by the matrix

—q V(g -1)g' —¢"*(q—1)g' ¢ g+1)g—1)(¢®+1)

q
0 0 q —q¢ Y%(g—1

0 gt 0 q3*(q—1)g"
0 0 0 gt

S =

It tends to the ordinary flip ag — 1 and forg! = 0 is a solution to the braid
equation. The corresponding metric given by

. 1 1/2
ijo_ g q

From (31) one sees that it issymmetric for allg' and hermitian ifg! = 0. In
this caser is given by

S = . (34)

q
Theo andr are related as in (21) with (using the same conventions)

1+¢q 00
0
0
0

T —
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The fact thatl" is not proportional to the identity is due to the fact that the map
(1 + 0)/2 is not a projector and that we would like it to act as such and be
the complementary ta. The metric is of indefinite signature and in ‘light-cone’
coordinates. If we use the expressipe: ¢’ we find that

ij a (01 i .o (001
gs—cos(2)(10>, gA—zsm(2)<_1 L (36)
The inverse metric components are defined by the equation

9i9"" = oF.

This matrix also can be split. If we rescale so that the symmetric part is of the
standard form we find

01 . «a 0 1
Th'j:<10>7 Bij:ztan(2)<_1 0>

The metric connection has vanishing curvature. The linear connection (15) is

given by
; 1 0
wij = (1 - Q) 0 _q_1 0

Because of the identities
do =0, 6% =0

the curvature vanishes; with the choice (34) of flip the quantum plane is flat. In
the commutative limit the line element is given by

ds® = g0’ @5 0" = 20" @5 0> = d(u") ®g d(v™") = dt* — dz?.

The subscript5 indicates a symmetrized tensor product.

3.2. SOLUTION I

A family of solutions defined by flips which are not solutions to the braid equation
is given by

—¢> 0 0
0 0 q 0
5= 0 —¢g2-1—-qgt 0
0 0 0 -1

The metric is given again by (33). The curvature Curv is defined by

Oj=—(¢" - g A +q+q) ( 0 ) (Ar)*0"67.
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It diverges agfq — 1)~ wheng — 1. This is then the case of a regular metric
which has a singular metric connection.

3.3. SOLUTION 1l

A third family satisfies no reality conditions
2q 0 0 1-—g?
1 0 1-¢*> 2¢ 0
S=—%1 2
q*+1 0 2¢q ¢—-1 0
@?—-1 0 0

A o-symmetric metric is given by

12 21
S =8"12=—5"—

In the limit ¢ — 1 this becomes

3.4. NON-SOLUTIONS

There are a certain number of partial solutions which are unsatisfactory for some
reason or other. As an example, to underline the possibility of exotic metrics

which are neither symmetric nor anti-symmetric according to our definitions, we

considers defined by the matrix

0 0 0 «
0 -1 00
0 0 —-10

¥y 0 0 0

wherey € R is a parameter. This value Sfis a solution to the braid equation.
Theo andr are related as in (21) with (using the same conventions)

1 00~
0 000
= 0 000 | (39)

v 1001

This means that is not invertible and the case is degenerate. The problem here is
that(1 + o)/2 cannot even be twisted to a projector. The metric is given by

g = z((l) L ) . (40)

S =
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One hasr = 1 + ¢ and the flip is degenerate. Instead of interchangthgnd g3

as does the ordinary flip, it interchanggsandg®. It also changes the sign, which
accounts for the in the metric components. Alspo (1 4+ o) = 0 so in a certain
sense the metric has vanishing symmetric as well as antisymmetric parts. We refer
to o nonetheless as a ‘flip’ because it satisfies (20). The curvature is given by

QY =q (¢* — 1)0i A 20" 67

It is singular in the commutative limit.

Finally we notice that here is no solution using tRematrix to constructr.
A similar problem was found by Cotta-Ramusino & Rinaldi in trying to construct
holonomy groups [12].
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COHERENCE ISOMORPHISMS FOR A HOPF CATEGORY

VOLODYMYR LYUBASHENKO *
Institute of Mathematics, Kyiv, Ukraine

Crane and Frenkel proposed a notion of a Hopf category in [1]. It was moti-
vated by Lusztig's approach to quantum groups — his theory of canonical bases.
In particular, Lusztig obtains braided deformatidign; of universal envelop-
ing algebrasUn, for some nilpotent Lie algebras, together with canonical
bases of these braided Hopf algebras [2—4]. The elements of the canonical basis
are identified with certain objects of equivariant derived categories, contained in
semisimple abelian subcategories of semisimple complexes. Conjectural proper-
ties of these categories were collected into a system of axioms of a Hopf category,
equipped with functors of multiplication and comultiplication, isomorphisms of
associativity, coassociativity and coherence which satisfy four equations [1].
Crane and Frenkel gave an example of a Hopf category resembling the semisim-
ple category encountered in Lusztig’s theory corresponding to one-dimensional
Lie algebran . — nilpotent subalgebra &f(2). The mathematical framework and
some further examples of Hopf categories were provided by Neuchl [5].

We discuss an example of a related notion — triangulated Hopf category —
the whole equivariant derived category equipped with operations-functors and
structure isomorphisms. The additive relations between operations proposed in [1]
are replaced with distinguished triangles. The preliminary study of the subject can
be found in [6, 7]. In the present paper we construct the coherence isomorphisms
in full required generality. The essential ingredient — the equation for coherence
isomorphisms is still not proven.

1. Operations in a graded Hopf algebra

Let @+ be a commutative monoid additively generated by elements of a finite
setl. DenoteR = Z|q,q']. Let’H be aQ -graded braided Hopk-algebra, for
instance, the algebild;n, of Lusztig [4]. The comultiplication it = ©,ecq, Ho

* lub@imath.kiev.ua
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can be written as

A= Z Au,va Au,v : Hu-‘,—v — Hu @R Ho.

u,VEQ+
Similarly for iterated comultiplicatiols® = (A®~D @ 1) o A : H — H®?,

A0 — Z Agﬁ) . A0

sUb? VU15--+,Vp
v;E€EQ+

: H’UlJr“'Jrvb — %Ul QR - QR H%-

The associativity, the coassociativity and the bialgebra axiom imply the equation
AO Yy AO () = AL (L. Lz (1)

for arbitrary elements’ € H. Note that the multiplication in the left hand side
uses the braiding. Apply equation (1) to homogeneous elemérmisdegreey’
and write down its homogeneous component of multidegeege . ., vy) € Qi:

a@) Al @) =AD @) (@)

U v‘f,...,fub V1,..,Vp

Zi v; =v;

Each summand in the left hand side can be viewed as an operation imlits
andb outputs. These operations are not distinguished in algebra setup. However,
in graded Hopf categories their explicit use seems advantageous.

2. The main ingredients

Categories will be equivariant derived categor@s-: DgC(X ), whereX is a
complex algebraic variety, equipped with the action of a complex algebraic group
G, as defined by Bernstein and Lunts [8].

The functors will be compositions of functors of the three types (see [8]). Let
¢ : G — H be a group homomaorphism, |1&t be aG-space, let” be anH-space,
and letf : X — Y be a¢-equivariant map. Then there are
— the inverse image funct(%r* X X
—if ¢ : G — H is surjective,K = Ker(¢), X is K-free, andY’ = K\ X, the
direct image functor (in this case it is an equivalengg) -1
—if ¢ =1: G = H is the identity, the direct image functor with proper supports
LX)
11°q
Quiver. Let(H,I) be afinite oriented graph with the set of vertideshe set of
edgesH, the structure mapl — I x I, h— (', 1”), whereh’ € I is the source
of h € H, andh” € I is the target oh € H, such that' # h".
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Let V' be a finite dimensional-gradedC-vector space, (a functiovi : I —
Ob C-vect, i — V(1)). Its automorphism group is

Gy = AUtI—grad—vect V = H GL(V(Z))
el

Define a linear space

By = ®pep Home(V (W), V(R")).

The union of allEy, is the class of representations of the quiver. The giGyp

acts onEy by (g.x), = ghuxhg,:,l. The union of allGy \ Ey is the set of iso-
morphism classes of representations of the quiver. We consider the collection of
equivariant derived categori% as our Hopf category.

Filtrations. To introduce operations we need to consider decompositiolis of
V: VieVie ..eVi=Vv
into 7-graded subspaces. Associate with it a filtratioryof
OZV(O)CV(I)C--'CV(k)ZV, vm —ylg...gvm
Associate with it the parabolic group,
Py ={geGy|vm g(vi™)c v},
The unipotent radical oPy, is denoted/y,. The group

k
Ly={g€Gy|Vm g(vV™) cV"} =[] Gvm ~ Py/Uy

m=1

is a Levi subgroup oPy.
Let Fy be the linear subspace &, respecting the filtration:

Fy ={x € By |Ym,h 2,(VM™(K)) c VI (")},
The groupPy, acts inFy,.

Operations. Let two decompositions df into a direct sum be given:

V. Vievie...eavk v,
W: WieW,d - oW, — V.
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Let O C Gy be a leftPy-invariant and rightP),-invariant subset. We associate
with it an operation

vi v? vk vi v? vk

\Ol/
T

W1 W2 Wl Wl W2 Wl

oV _ 4V [ORY

The components of it are the generalized multiplication and comultiplication
functors.

Multiplication half. The multiplication half operation is
vt v? &

_ goV
O 3 =V,

B (HQ; Eyi ¢+ OxFy = Oxp, By a EV>
N LV PW X PV PW PW '
The scheme of multiplication is similar to that of Lusztig [2—4]:

k
HEV«L(LOXFVL)OXPVFVL)E\/,
=1
whereg(o, f) = x(f) is the forgetful mapg : Fyy — [[%_, Ey. is the natural
projection,r is the canonical projectiony(o, f) = o..(f) is induced from the
action map, and: Fy, — Ey is the natural embedding.

Comultiplication half. The comultiplication half operation functes
| y
oS =M
4

By G 1 Bws -
-\ Pw Lyy Lyy

wherer is the shift
TL=L12 Y dmW’(F)-dimW*(r")].
r>s;h
The scheme of comultiplication is made of the natural embeddamgl the natural
projections (as in Lusztig [2-4]):
l
Ey (4 Fy L> H ij.
j=1
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Braiding. For a modulelM overGy, x --- x G4, and a moduléV overGp, x
-+ x G, whereA,,, B,, are somd-graded vector spaces, we define the braiding
as the functor

M x N kN M x N o N x M
[1Ga,, xI1GB, [1Ga,, xII1GB, [1GB, x11Ga,,

whereo is the permutation isomorphism of groups and modules and the functor
is the shift

=L|-2 Z dim Ay, (i) dim By (i) +2 Y dim Ay, (') dim By, (h") .
ZEI f:rg?l

Distinguished triangles. To clarify the meaning of operatioti’, notice that the
orbits of the action of?y, x Py, in Gy are in natural bijection with the orbits of
the action ofGy in the space of pairs of filtrationB),\Gy x Gy /Py. By [9]
these orbits are in bijection wit x b-matrices(vj-) with elements iQ; = Z%,
such tha; v = " is the dimension o/’ and_; v} = v; is the dimension of
W;. Thus, the orbits are in bijection with the summands in the left hand side of
equation (2). ThePyy x Py-invariant subsets are unions of orbits, thereby, they
are represented by sums of several summands in (2).

The additive relation (2) in algebra is replaced for our Hopf category by a
system of functorial distinguished triangles

XOv — XOx — XOr

given for any bi-invariant subséx C Gy and a bi-invariant closed subs@g C
Ox with Oy = Ox — Op. The following diagram made with given distinguished
triangles is an octahedron

\/ \/
/\ /\

XOr XOe ¢ Xor

for any pair of closed embedding®» C Oz C Oy, whereOy = Ow — Op,
Og = Oz — O, Og = Ow — Oz. This means commutativity of two squares
formed by diagonal maps and of the four triangles marked “="

Coherence isomorphism.Both associativity isomorphism and coassociativity
isomorphism of [7] are particular cases of the general coherence isomorphism.
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For any collection of indices and for any collection of bi-invariant subsets
(0f,...,0,,07,...,0¢), which may occur in the following diagram, there
exists a bi-invariant subsé and a coherence isomorphism

TR

Hereo,, = (s4)7 is the braid, corresponding to the permutatign of the set
{1,2,...,ab},

Sap(1+7+kb)=1+k+ra for 0<r<b0<k<a,

under the standard splittir§},, — B, Which maps the elementary transpositions
to the generators of the braid group. The suli¥&t computed as folles

:UV'HO;TL:HO;n'UVCP)h

HO” Uw C Py,

T

O =0PFy XpuézQXpwmpuézQ'6CGv.

The general coherence isomorphism is built as the composition

P P i Pya !
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The three components of the coherence isomorphism are defined next.

HEysm qb* H(’);anym E} HO;nXpym Fym ) HEVW
H Lym H Pvm XPym H P\;m H Pvm
ﬂ ¢ o e
OxFy " QPuxaxFy T QPUX6XP3;F37 1 x Qi OPyxFy
Pz><Py PZXPMXPy PZXPU PzXPM

T x T x T

Tl OXpyFy 6! QPMXPMFV
Pz Pz

)

Lz
The isomorphisneoher is presented in Figure 9, where the numbers
A= > > dim V(i) - dim V' (i),
m<n;r>s ]
B= > > dimV™(h')-dim V] (n")
m>n;r>s he H
are, actually, dimensions of the spaces
A= UW/(UW N PV) = @m<n;r>s HOm(V}m, ‘/sn)a
B = @hEH;m>n;r>s HomC(Wm(h/)? Vsn(h”)) C FW N FV7

and we use the notatidfi = Fyy N Fy,/B.
The whole coherence isomorphism is presented in Figure 10.

3. Elementary isomorphisms.

The coherence isomorphisms are pastings of isomorphisms and their inverses of
the following 10 types:
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g =9 pEg S G, oLl > (D
d) base change isomorphism, wh&e= X xy Z, andh, j are the projections

g j
e) the isomorphism of; L> —— Z with % 5*> X2y Z where
W=XxyZ K=GyxyB andh j, & x are the prOJectlons it |s given by
H

the pasting

Ql=

P —

e
*
—— Q>

==

Y (b*

h

f) the isomorphism of;, —— £ —= Z with & L w1, Z where
K = Ker(¢ : G%H) W = K\X,h_K\f:W_K\X%K\Y:
Z, andj is the quotient map; it is given by the pasting

And 4 more types of elementary isomorphisms:
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i) wheneverj|¢ is an induction map and, ¢ = 7 o (j|¢) are quotient maps,
there is an isomorphism

*

I
HxgX ¢

H

HxgX

X
G

1 ]
28—,
Y
B

*

q) whenevetr : % — % is a quotient map, there is an isomorphism
X T
X
L
Tl

s) whenever? is a split extension of,, U = Ker(P — L) is contractible

andE is a P-space, on whicl/ acts trivially, then}%* : £ — Zis an equivalence
and there is an isomorphism

v) whenevelG-maph : E — B is a vector bundle, there is an isomorphism

B

G
h*

JT2 dimc¢ h
hy

B

G

Theorem 17. The 2-category formed by

— objects: equivariant derived categories;
— 1-morphisms: compositions of functors of 3 types: inverse image functors,

direct image functors for quotient maps, direct image functors with proper
supports;
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294 V. LYUBASHENKO

— 2-morphisms: compositions of isomorphisms of 6 types a)—f) or their
inverses

is a 2-groupoid, that is, for any 1-morphismisand G with the common source
and target the selom(F, ) either is empty or has exactly one element (and all
2-morphisms are invertible).

If the above theorem would hold for all 10 types of isomorphisms, it would
mean that all equations between coherence isomorphisms, which can be written,
hold true. Such a generalization is not proven yet.
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FUSION RINGS AND TENSOR CATEGORIES

ALEXANDER GANCHEV *
INRNE, Tsarigradsko chausse 72, BG 1784 Sofia

The definition of a fusion rind" [1], [2], [3] is an abstraction of the properties
of the Grothendieck rind<,(C) of a rigid braided semisimple monoidal category
C. For certain issues it is convenient to pass to an algebra (over the complex
numbers) thus a fusion algebFais a unital associative and commutative algebra
with a chosen basig such that the fusion rule¥$;, a, b, c € 1, i.e., the structure
constants in this basig, - b = >, NS¢, are inZ and their is an involutive
automorphismu — @ such thatV}, = §; ;. The setl corresponds to the sectors,
i.e., the equivalence classes of simple objects or irreps, the monoidal structure in
C is responsible for the structure of unital associative ring, the braiding for the
commutativity, while the rigidity translates in the involutative automorphism.

Fusion rings/algebras appear in many occasions (we consider only finite di-
mensional ones) : the categaryn K (C) could beRep(finite (quantum) group);
Rep(Uy(9))/Z with ¢ = 1, g a simple Lie algebra, and the ideal of zero
guantum dimensional modules ; Alsaould be the Moore-Siberg category of 2-
dimensional rational conformal field theory (2D-RCFT) or the Doplicher-Roberts
category of localizable automorphisms of the algebra of observables of a 2D-QFT
(quantum field theory) with labeling the superselection sectors (the generalized
charges). The last three are typically non Tannakian categories and in particular
the statistical dimensions(=ranks) of the sectors are in general only algebraic inte-
gers. Most generallg is the rep category of a quasitriangular weak Hopf algebra
(or quantum gropoid). On many occasions (2D-RCFT, 2D-QFT) one has more
structure withC being ribbon(=tortile) and in fact a Turaev modular category with
I comprising a representation of the modular grélip,(Z) with modularS and
T matrices. TheS plays the role of characters and diagonalizes the fusion rules
(Verlinde’s famous formula) whil& is diagonal with the balancing phases on the
diagonal.

Now | briefly mention several in my view important problems: structure theory
of fusion rings and tensor categories, classification of particular casesioh

* ganchev@inrne.bas.bg
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rings and tensor categories, categorification, i.e., reconstructing a tensor category
from its fusion ring and finally explicit formulas for certain fusion rings.

Fusion rules with a generator of dimensien 2 are classified in [1]. For
modular fusion algebras (i.e., reps®f.(Z) with Verlinde giving fusion rules)
there are initial steps towards a classification [4]. Most anything else is open.

Fusion algebras are particular cases of table algebras [5]. For a table algebra
the requirements that the structure constavfsare positive integers ant}, =
Sa, are relaxed tave, € Ry and N, # 0 iff a = b. Table algebras have
been extensively studied by Arad, Blau and coworkers. Particular cases of table
algebras with generators of dimension 2 or 3 have been classified. Though they
are not directly relevant to fusion rule algebra classification one again encounters
for the fusion graphs a 1-dimensional structure (affine Dynkin diagrams) for the
case of a dimension 2 generator and a 2-dimensional structure (the fusion graph of
the fundamental irrep ofl(3), a tringular tesselation of the corresponding Weyl
chamber, or foldings of it) [6].

For finite groups it is clear that simple groups have fusion rules algebras which
have no notrivial subfuison rule algebras, hence such fusion rule algebras is nat-
ural to call simple. More generally if a grou@ has a normal subgroufi then
Ky(G/H) is a subfusion rule algebra d@€,(G). This extends to Hopf algebras
[7] and [8]. For table algebras there is a more developed structure theory [9] —
in particular one has composition series for table algebras. What is the theory of
extensions for fusion rule algebras is an open subject. Sifade only half exact
one will probably have to use the high&rfunctors and the long exact sequence
in K theory to relate information about the structure of tensor categories and their
fusion rule algebras.

Categorification, i.e., reversing tli&, functor, is a very challenging problem.
Some very initial “experimental” work of solving the pentagon equations to ob-
tain categories from given fusion rules was done in [10]. For the fusion rules of
truncateds/(n) with the relevant Hecke algebra the corresponding braided tensor
categories were reconstructed in [11]. The pentagon is a (in general a nonabelian)
3-cocycle condition — a preliminary sketch of how to attack the relevant non-
abelian cohomology problem is given in [12]. For the case of abelian fusion rules
(F is the group algebra of an abelian group) it is an ordinary group cohomology
problem solved in [1]. The categorification of the fusion rules of the quaternionic
or the rank 8 dihedral group and their generalizations (where all but one of the
sectors are abelian) was done in [13]. In general, for a tensor category with a
nontrivial abelian subfusion algebra one can characteriz&jalymbols involv-
ing an abelian lable in terms of abelian group cohomology and moreover there
is also an action on ai; symbols by the abelian group (work in preparation).
One would like to characterize the imagefd§ in the category of all fusion rule
algebras and find “moduli” distinguishing categories with the same fusion rules.
In the case of modular categories one is tempted to conjecture that the balancing
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phases (th& matrix) separates categories with the same fusion rules (=“character
table”=modularS matrix) and thatk is a bijection from (equivalent classes of)
modular categories to modular fusion algebras [14]. Since it seems to be the case
that two different simple finite groups cannot have the same fusion rules one can
try to explore a conjecture that if a simple fusion rule algebra has a categorification
than it is unique.

For certain classes of fusion rules, e.g. fusion rules of WZW models based
on affine Kac-Moody algebrag; at integer levelg: (same as truncatdd, (g) for
¢**"" = 1) one has nice formulas faV¢, generalizing a classical formula of
Weyl [15], [16], [17]. For the much harder and less studied case of fractiona level
WZW one knows the fusion rules only fgr = si(2) andsi(3) ([18] and [19]
respectively). Very little is known for the fusion rules of more general models
of 2D-RCFT. In particular one would like to know the fusion rules of fractional
level affine si(n) and on the other hand to relate them to the fusion rules of
W-algebras obtained from these models by quantum hamiltonian reduction or

cosetting. Even for the case of the Ponakov-BershatzIé{jgi) which is obtained

as the nonprincipal reduction ef(3) at fractional levels the fusion rules are not
known in general. A better understanding of the structure theory of fusion rules
hopefully could help in such problems. On the other hand the fusion rules of
fractionalsi(3) do not look like anything coming from a known algebraic object
(finite group, Lie (super) algebra) hence it is interesting to try to categorify these
fusion rules.
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ON CATEGORIES OF GELFAND-ZETLIN MODULES

VOLODYMYR MAZORCHUK *
Goteborg University, Sweden

1. The origins

Although the theory of Gelfand-Zetlin modules can be developed for all serial
complex simple finite-dimensional Lie algebras and their (non-standard) quantum
analogs, in this paper we will discuss the most classical case of the Lie algebra
g = gl(n, C) and will give a short overview of known results in other cases in the
end of the paper. We will denote ey ;, 1 < 7,5 < n, the matrix units and will
always abbreviate Gelfand-Zetlin by GZ.

This theory starts from the famous original paper [9] by Gelfand and Zetlin, in
which, using a step by step reduction to the smaller subalgebras, the authors con-
structed a very special and nice basis in each simple finite-dimengionatule.

It is well-known that simple finite-dimensiongtmodules are parametrized by
the vectoram = (mq,ma, ..., m,) with complex coefficients, satisfying; —

m;+1 € N. These vectors represent the (shifted) highest weight of the correspond-
ing simple module with respect to the standard Cartan subal§ediraconsisting

of diagonal matrices. We will denote the simple module, which corresponds to
m, by V(m). To formulate the result of Gelfand and Zetlin we have to introduce
the notion of tableau. By tableay [l], we will mean a doubly-indexed complex
vector(l; ;), wherel <i <nandl <j <i.

Theorem 18. V(m) possesses a basis, indexed by all tablefysatisfying the
following conditions?,, ; = m;,1 < j <n,andl;; > l;_1; > l; j4+1,1 <i < n,
1 < j < i. Moreover, the action of the generatorsgoih this basis is given bthe

* volody@math.chalmers.se
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following Gelfand-Zetlinformulae:

o Ty —livag)

(Lij —lik)

1+ 64),

—lic1k)

[l - 5i7j]7
—lig)

2. Generic Gelfand-Zetlin modules

The idea to use Theorem 18 to construct newodules goes back to Drozd,
Ovsienko and Futorny ([4, 5]). This was based on the observation that GZ-
formulae contain only rational functions in parameters, so, if one takes a set of
tableaux, closed under the shifts, coming from the action of generators, such that
all functions in GZ-formulae will be well-defined, the resulting space should be a
g-module. This can be formally presented in the following statement.

Theorem 19. Let [t| be a tableau satisfying ; — ¢;,, ¢ Z forall 1 < i < n and

1 < j # k < i. Denote byP([t]) the set of all tableau¥] satisfyingl,, ; = t, ;,

1 <j<mnandl;;—t;; € Zforall possiblei, j. LetV([t]) denote a vectorspace,
where P([t]) is a basis. Then GZ-formulae define ¥if[t]) the structure of a
g-module of finite length.

Idea of the proof of the first statemeri prove the first part of the theorem (that
V([t]) is a g-module) it is sufficient to check that any relationlii{g) is satisfied

on V([l]). In our fixed basisP([t]) this relation can be rewritten as a collec-
tion of rational functions in entries of tableaux, which have to be shown to be
zero. The last is easy cause finite-dimensional modules give sufficiently many
points, in which these functions take zero values. The last argument uses crucially
Theoreml8. O

To prove the second part we need to recall one more property of the GZ-basis
of V(m), which will lead us to the notion of Gelfand-Zetlin subalgebra.
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3. Gelfand-Zetlin subalgebra

As we have already mentioned, Theorem 18 was obtained using step by step
reduction to the smaller subalgebras. Now we make this statement more precise.
We consider a chain of subalgebras

gl(1,C) C gl(2,C) C --- C gl(n,C)

embedded with respect to the left upper corner. This chain induces the chain of
the corresponding universal enveloping algebras

U(gl(1,C)) C U(gl(2,C)) C --- C U(gl(n,C)).

Denote byZ;, the centetZ (gi(k, C)) of the algebrd/ (gi(k,C)), 1 < k < n.

The idea to get the GZ-basis Bf(m) was the following: we tak& (m) and
consider it agll(n — 1, C)-module. The last is completely reducible and we can
consider all components a$(n — 2, C)-module, decompose them and proceed
till gl(1,C). Now we recall that simple finite-dimensiongli(k, C)-modules are
completely determined by their central character. It is also important that, if we
decompose a simple finite-dimensiop&lk, C)-module into a direct sum of sim-
ple gl(k — 1,C) submodules, all latter will occur with multiplicity. Altogether
this mean that the resulting GZ basis will be an eigenbasis for all algehras,
in other words, for the commutative subalgebra U = U(gi(n,C)), generated
by all Z,. Moreover, the remark about the multiplicities implies tfain fact
separates the elements of the GZ-basi¥ o).

Drozd, Ovsienko and Futorny callddthe Gelfand-Zetlin subalgebra 6f.

It is well-known thatl" is a polynomial algebra in(n + 1)/2 variables. It was
observed by Zhelobenko ([22]), that there is a set of generaigys] < i < n,

1 < j <4, of I such that the eigenvalue of the action-gf; on a tableaux,

[l], occurring inV (m), should be computed as thieh symmetric polynomial in
variables(l; 1,1 2, . . ., l; ;). Using the arguments analogous to that, presented in
Section 2, one gets that the same is true iVlk]).

Idea of the proof of the second statement of TheorenA$9we saw, the basis
P([t]) of V([t]) is an eigenbasis fdr. Moreover, it is easy to get thatin fact
separates the elements Bf[t|). Hence, any submodule &f([t]) has a basis,
which is a subset oP([t]). Now if one draws a graph with elements Bf[¢])

as vertices and joins thous pairs, who mutually appear with non-zero coefficients
in GZ-formulae, one gets a graph with a finite number of connected components
(this number can be easily computed). This finishegptioef. O

Remark that a complete proof of Theorem 19 can be found in [16].
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4. Category of Gelfand-Zetlin modules

The introduction of GZ-subalgebra caused a natural definition of an abstract no-
tion of Gelfand-Zetlin modules, analogous to the notion of the weight module.
This was also done by Drozd, Ovsienko and Futorny. They proposed to call a
Gelfand-Zetlin modulany g-module,V, which decomposes into a direct sum of
finite-dimensional modules, when viewedlasnodule. Then by the categoyZ,

of Gelfand-Zetlin modules it is natural to understand the full subcategory of the
category of alg-modules, consisting of all GZ-modules. As examples of Gelfand-
Zetlin modules one can take finite-dimensional moduleseight modules with
finite-dimensional weight spaces (in particular, all highest weight modules) or
generic Gelfand-Zetlin modules.

Now we recall that tableaux naturally parameterize (not bijectively!) sim-
ple finite-dimensional’-modules, moreover, non-isomorpHiesimples do not
have non-trivial extensions. Hence, any GZ-module,comes together with
its Gelfand-Zetlin supportgzsupp(V), i.e. the set of all tableaux parameter-
izing all simpleI’-modules, occurring /. We have to note that the product
G = 51 x Sy x --- x S, of symmetric groups naturally acts on the space of
all tableaux permuting the components in the rows. Any fundamental domain of
this action bijectively parameterizé&ssimples and, by definitiorgzsupp(V) is
invariant under this action. Hence the orbits&cting ongzsupp(V') bijectively
parameteriz&-simples appearing ii.

Call two tableaus]]] and[t], equivalent provided, ; = t, ; andl; j —t; ; € Z
for all 7, 5. Let ® denote the set of equivalence classes of tableaux. First basic
result about the category of Gelfand-Zetlin modules was the following statement,

due to Drozd, Ovsienko and Futorny ([6]).

Theorem 20. The category; Z decomposes into a direct sum,
GZ = ®penGZp,

of full subcategories, where the categafyZ p consists of all Gelfand-Zetlin
modulesV” such thafgzsupp(V) C G o P.

Proof. Is not difficult if one reminds that GZ-formulae preserve the equivalence
classes ofableaux. O

In fact, Drozd, Ovsienko and Futorny embedded this special cage-ofl"
relative situation in a wide framework ¢farish-Chandra subalgebrasvhich is
very convenient (and very general) for study of the whole category of Gelfand-
Zetlin modules. It is not our aim to discuss this approach and we refer the reader
to the original paper [5].
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5. A few theorems of Ovsienko

As soon as one has formulated the notion of a GZ-module, there is a natural and
basic question arising: Is it true that each charactdr ean be continued to a
g-module. Equivalently: is it true that eaG¥ p is not empty. It is easy to answer
“yes” for n = 1, 2. Forn = 3 the same was prooved in [4]. The general case was
recently completed by Ovsienko ([21]), but the paper has not appeared yet.

Theorem 21. EachGZ p is not empty.

Idea of the proof.The proof is hard and technical. In fact, the result appears as
a biproduct to a special geometrical statement. One should look at the image of
I'in gr(U). This image of{~; ;} defines a certain algebraic variety, which is the
variety of the so-calledtrongly nilpotent matricef.e. matrices, all main minors

of which are nilpotent). The statement will follow from abstract nonsense if one
proves that the sequenge; ;} is regular. The last can be derived if one proves
that the variety of strongly nilpotent matrices is a complete intersection, i.e. that
all the irreducible components of it have the same dimension. The last is the most
difficult and technical part of the proof and is the main result of the mentioned
paper of Ovsiend. O

From Theorem 21 it follows that for any tableduthere exists a simple GZ-
module,V, such thatl] € gzsupp(V'). Using the convenient technique of Harish-
Chandra subalgebras, mentioned above, Ovsienko managed to give much more
useful information about simple GZ-modules.

Theorem 22. 1. For each[l] there exists only finitely many (up to isomorphism)
simple GZ-module¥ with [I] € gzsupp(V).
2. LetV be a simple finite-dimensiongtmodule andF' be a simple finite-
dimensionall’-module. Then the multiplicity of' in V' (the last is viewed
asI'-module) is finite.

| have also to note that [21] contains a complete proof of the statement that
I' is a maximal commutative subalgebraldfg). This statement can be found
(without proof!) in all classical monographs (e.g. [22]). The proof in [21] is the
first complete | have seen.

6. Generalized Verma modules and Gelfand-Zetlin modules

It seems that the first time, when it was understood that generic Gelfand-Zetlin
modules are very convenient for computations was the paper [18], where the
authors investigated the question about the structure of the so-called generalized
Verma modules. Consider the inclusigt{k, C) C gl(n,C) = g with respect to

the left upper corner. LeR denote the parabolic subalgebragyfgenerated by
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gl(k,C) and the standard Borel subalgebra op upper-triangular matrices. Take a
simple gi(k, C)-module,V, set that the rest of the Cartan subalgebra acts on it
via some character, say and the rest of the Borel subalgebra annihilates it. Thus
V becomes &-module. The induced modul®/ (V, \) = U ®y ) V is called
a generalized Verma modul# turned out that taking” to be a simple generic
GZ-module,V ([t]), the structure ofV/ (V' ([t]), A) can be described in terms of
the Weyl group acting on the space of parameters, as it was done for the classical
Verma modules by Bernstein, .Gelfand and S.Gelfand ([2]).

It is trivial that M (V ([t]), A) is @ GZ-module ovep. One can also see that
it is generated by the elements (annihilated by the nilpotent radic2d)otor-
responding to the tableauX, satisfying the following condition; ; = ;1 ;,
k < i < n. The Weyl groupS,, acts naturally on the set of such tableaux,
permuting the elements of the upper row (which also causes the corresponding
changes in all rows with > k). For a transposition(, j) € Sp, i < j, write
(¢,7)[1] < [l] provided!, ; — I, ; € Z, and close the relatiog transitively. The
next statement is the main result of [18].

Theorem 23. Let [I] (resp. [I']) be the tableau of a canonical generator of
MV ([t]), A) (resp. M(V ([t']), \')). Assume that; ; = [; ; for all i < k and
all j. Then the following statements are equivalent:

1. M(V([t]),\) € M(V([t']), X).

2. The unique irreducible quotient 8f (V' ([t]), A) is a composition subquotient
of M(V([t]), N).

3.1 <.

The proof of this theorem, presented in [18] goes the general line of the
original proof in [2], but uses some calculations with generic GZ-modules. In
particular, one of the mains things one needs here is a more or less precise descrip-
tion of M (V ([t]), A) as agl(k,C)-module. This question easily reduces to the
calculation ofF®V ([t]), whereF is a simple finite-dimensiongl (k, C)-module.

If one recalls that simple generic GZ-modules correspond to certain characters of
T" and the last one is generated by a sequence of centers, one can use the famous
Theorem of Kostant ([12]), which tells how one can compute the action of the
center onF’ ® V([t]). In this way one easily derives all potential subquotients of

F ® V (]t]). This (and existence of some of them, which is easy) was enough for
the goals of Theorem 23.

7. Categories ofgl(n, C)-modules generated by a simple generic Gelfand-
Zetlin module

The necessity to study’ ® V([¢t]) deeper was understood in [8], where some
categories of Lie algebra modules where constructed, which are based on the cate-
gories of modules behaving well under tensoring with finite dimensional modules.
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As the main example of the latter, a category, generated by a simple generic GZ-
module, was presented. L&1([t]) be a simple generic GZ-module. Denote by
C([t]) the full subcategory, consisting of all subquotients of modiles V ([t]),
whereF' is simple finite-dimensional. It turned out that this category has relatively
easy structure.

Theorem 24. C([t]) decomposes into a direct sum of full subcategories, each of
which is equivalent to the module category of a finite-dimensional associative and
local algebra. In particularC([t]) has enough projective objects.

Idea of the proofOne of the main ingredients of the proof is the following
lemma:

Lemma 25. The module?” ® V ([¢]) has lengthdim(F'), all simple subquotients
of it are simple generic GZ-modules and the multiplicity/dfs]) in F @ V ([t]),
wheres; ; = t; j,i < n, equalsy_ dim(F}), where the sum is taken over albuch
that the vectoKt,, ;)j—1,...» + p coincides with a permutation @6, ;) j—1,... n-

Lemma 25 is proved by a direct calculation, using GZ-formulae and the
Littelwood-Richardson rule. It also represents a “generic behaviour” of simple
generic GZ-modules in contrast with finite-dimensional modules.

After Lemma 25 one can first describe all simple moduleX({#]). These will
be V([s]), with s; ; — t; ; € Z. Then it is easy to find among them a projective
module and prove the existence of projectives using the exactneBsss .
Decomposition with respect to central characters completesrtd. O

In two subsequent papers ([13, 14]) it was noticed that the catag(dt})
closely connected to various categoriegrohodules, independently appeared in
different contexts. The results of these two papers can be collected in the following
statement.

Theorem 26. Assume that,, ; € Z for all 5. Then the following categories of
g-modules are equivalent:

1. The categorg([t]).

2. The category of complete (in the sense of Enright, [7]) weight extensions of
highest weight modules with integral support.

3. A certain category of algebraic Harish-Chandra bimodules in the sense of
Bernstein and S.Gelfand ([1]).

Idea of the proofThe equivalence of the first and the second categories is the
content of [13]. It is based on a precise construction of the equivalence functor,
which is a generalization of the Mathieu’s twist functor ([15]). The equivalence
of the second and the third categories is proved in [14], using an intermediate
equivalence of the second category with a category of injectively copresented
modules in the Bernstein-Gelfand-Gelfand categOr{f3]). O
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8. Case of classical and quantum algebras and open problems

An analogue of Theorem 18 for orthogonal algebras (simple finite dimensional
complex Lie algebras of typ#,, and D,) was obtained also by Gelfand and
Zetlin in [10]. The corresponding generic modules were constructed in [17]. For
symplectic Lie algebras (typ€),) an analogue of Theorem 18 is a recent result
of Molev, [20]. ForU,(gl,,) the classical result was obtained by Jimbo ([11]) and
generic modules were constructed by Turowska and the author ([19]). For non-
standard quantum deformations of orthogonal algebras the classical construction
of Gelfand-Zetlin basis in finite-dimensional modules can be found in a series of
recent papers by Klimyk and Jorgov, available at “xxx.lanl.gov”, where one can
also find information about corresponding results for root of unity case.

Finally, we want to give a list of some questions and open problems related to
Gelfand-Zetlin modules:

1. Classify and give a precise construction of all simple GZ-modules.

2. Find a criterion, when a given characterIothas only one extension to a
simpleg-module.

3. LetF be a simple finite dimensiongl(n, C)-module. Consider two Gelfand-
Zetlin basis of it, with respect to the inclusions of subalgebras into left upper
and into right lower corners. What will be the transformation matrix?

. LetV be a simple Gelfand-Zetlin module aitbe a finite-dimensional mod-
ule. DoesV ® F' have a finite length? Is it possible to compute composition
subquotients and multiplicities 6f @ F'?

. Are there any analogues of Gelfand-Zetlin construction for exceptional Lie
algebras?

. Extend all already known fagi(n, C) results to the case of orthogonal and
symplectic algebras. Also find in those cases solutions to the above problems.
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HIDDEN SYMMETRY OF SOME ALGEBRAS OF
g-DIFFERENTIAL OPERATORS

DMITRY SHKLYAROV, SERGEY SINEL'SHCHIKOV* and
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61164 Kharkov, Ukraine

1. Introduction

Let us explain the meaning of the words "g-differential operators” and "hidden
symmetry”. LetC[z], be the algebra of polynomials inover the field of rational
functions C(¢'/?) (we assume this field to be the ground field throughout the
paper). We denote hy!(C), theC[z],-bimodule with the generataz such that

z-dz=q %dz- 2.

Letd be the linear maf[z], — A'(C), given by the two conditions:

d:zw—dz,

d(f1(2)f2(2)) = d(f1(2)) f2(2) + f1(2)d(f2(2))-
(The later condition is just the Leibniz rule). The bimodulgC), (together with
the mapd) is a well known first order differential calculus over the algeBjal,,.
The differentiald allows one to introduce an operator of "partial derivati\é”in
Clz]q: i
d(f(2)) = dz- _(2).

Let us introduce also the notatia@rfor the operator irC[z], of multiplication by
z:

Z: f(2) = 2f(2).

* sinelshchikov@ilt.kharkov.ua
t vaksman@ilt.kharkov.ua
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Let D(C), be the subalgebra in the algetitad,:/2)(C[z]4) (of all endomor-

phisms of the linear spadg[z|,) containingl and generated bfg, Z. It is easy

to check that
T
d: ° 71 dz
Thus the algebr®(C), is an analogue of the Weyl algebsg (C).

Let A € C(¢q'/?). One checks that the map

4 4
dz dz
is extendable up to an automorphism of the algdb(&),. Such automorphisms
are "evident” symmetries ab(C),. It turn out that they belong to a wider set of
symmetries ofD(C),. This set does not consists of automorphisms only. Let us
turn to precise formulations.

To start with, we recall one the definition of the quantum universal enveloping
algebral,sl, [5]. Itis

i)the algebra given by the generatdis F, K, K~ !, and the relations

KK '=K'K=1, KE=¢’FEK, KF =q *FK,
K—-K*'
qg—q*t’

~

T\ 32, — AL

EF - FFE =

i) the Hopf algebra : the comultiplicatiof, the antipodes, and the counig
are determined by

AE)=E®1+K®E, AF)=FK '+10F, A(K)=K®K,
S(E)=-K'E, S(F) = -FK, S(K)=K™!,
e(E)=¢(F)=0, e(K)=1.

There is a well known structure @fyslo-module in the spac€[z],. Let us
describe it explicitly:

. _2,21(2) — fl@2)
E:f(z)— —q'*z P

~ f(g 2z
SRNRRCES (e

)

K*': (2) = f(g*22).

It can be checked that[z], is aU,slo-module algebra, i.e. for any € Ugsly,
f1, f2 € Cl2]q

(1)
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E(f1f2) =D &(f1)E] (f), (2)
J

with A(¢) = 3, & @ £

REMARK. This observation is an analogue of the following one. The group
SLy(C) acts onCP! via the fractional-linear transformations. Thus the universal
enveloping algebr& sl acts via differential operators in the space of holomorphic
functions on the open cell ¢ CP'.

Let V be aU,sl;-module. Then the algebi@nd(1") admits a "canonical”
structure ofU;sla-module: foré € Uysly, T € End(V)

ET)=) & -T-S(&), ®3)
i

whereA(§) = 37, 53- ® 5;’, S is the antipode, and the elements in the right-hand
side are multiplied within the algebiend (V). Itis well known that this action of
Uysly in End(V') makesEnd (V) into aUysl;-module algebra (i.e. fof € Uysl,
T1,T5 € End(V) (1), (2) hold with f, f2 being replaced b1, 15, respectively).

The objects considered above are the simplest among ones we deal with in the
present paper. In this simplest case our main result can be formulated as follows:
the algebraD(C), is a U,slo-module subalgebra in th€,sl,-module algebra
Endc(q1/2)((C[z]q) (where theU,sl,-action is given by (3)). Thid/,sl>-module
structure in the algebr®(C), is what we call "hidden symmetry” ab(C),.

REMARK. In the setting of the previous Remark the analogous fact is evident:
for £ € sly the action (3) is just the commutator of the differential operagors
andT in the space of holomorphic functions éh The commutator is again a
differential operator.

We can describe thEsl,-action inD(C), explicitly:

E() = —¢"?2%, F(2)=q¢"? K*(2) ="

d d d d d
@) =q (g + 1)25, F(@) =0, Kil(@) = qﬂ@-
(The action ofUgsl, on an arbitrary element db(C), can be produced via the
rule (2).)

The paper is organized as follows.

In Section 2 we recall one definitions of the quantum universal enveloping
algebralUgysly, aU,sly-module algebr&[Mat,, ,,|, of holomorphic polynomi-
als on a quantum matrix spadéat,, ,,, and a well known first order differential
calculusA!(Mat,, ), overC[Mat,, ,], (in this Introduction the case = n = 1
was considered). Then we introduce an algebr@Iat,, ), of g-differential
operators inC[Mat,, ], and formulate a main theorem concerning a hidden
symmetry of this algebra.

Section 3 contains a sketch of the proof of the main theorem.

B
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In Section 4 we discuss briefly possible generalizations of our results. Specif-
ically, the spaceéMat,, , is an example of a prehomogeneous vector space of
commutative parabolic type [6]. In [9] g-analogs of all such vector spaces were
introduced. Our results admit a generalization on the case of an arbitrary quantum
prehomogeneous vector space of commutative parabolic type.

We take this opportunity to thank Prof. H. P. Jakobsen and Prof. T. Tanisaki
who attracted our attention to other approaches to the notion of quantum

differential operators.
This research was patrtially supported by Award No.UM1-2091 of the U.S.

Civilian Research and Development Foundation.

2. The main theorem

In this Section we deal with a well known g-analogue of the polynomial algebra
on the spac#lat,, , of m xn matrices (in the Introduction we considered the case
m = n = 1). Let the ground field be the field of rational functiofigg'/?). The
algebraC[Mat,, ,], is the unital algebra given by its generatefsa = 1,...n,
a =1,...m, and the following relations
zg‘zf =

quzg" ,a=b&ka<f or a<b&ka=p

zl’?zg‘ ,a<b&a>pf , (4

zbﬁsz—i-(q—q’l)zgzgy ,a<b&a<p

The Hopf algebral,siy is determined by the generataks, F;, K;, K;l,
i=1,...,N — 1, and the relations

K,K; =K;K;, KK '=K 'K, =1,  KE;=¢"EK;,

KiFj =q “FjK;,  EiFj— F;E; = 6;(Ki — K; ') /(a—q¢7")

EfE;— (¢+q¢ EEE;+ E;E; =0,  |i—jl=1 (5)
F F;—(¢+q )EFFi + F;F} =0, li—jl=1
(B, Ej] = [F, Fj] =0,  |i—j|#1.
The comultiplicationA, the antipodes, and the counit are determined by

AE)=E®1+K QF, A(F,)=FoK '+1®F, AK;)=K;® K;,
(6)

S(E;) = -K; 'E;, S(F;) = —F;K;, S(K;) = K; 1,
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e(E;) =¢e(F;) =0, e(K;) = 1.
The algebraC[Mat,, ,,|, possesses a structureldfs!-module algebra with
N = m + n. Explicit formulae for the action o¥/;slx in C[Mat,, ]|, are as
follows (see [7]):

Pz, a=n&a=m
K.2l=1 ¢z ,a=n&a#m o anka=m, (8
z& , otherwise

1,a=n&ka=m
0 , otherwise

Fnzg = q1/2 : {

and withk £ n
Kypzg =

@ k<n&a=k+1 or k>n&a=N-k+1, (11)

a
z& , otherwise

{ gz , k<n&a=k or kE>n&ka=N-k
= qilz

,k>n&a=N-k+1 . (13)
, otherwise

, { 1, k<n&a=k+1
Ek;fo— —1/2

REMARKS.i) In the classical case the corresponding actiofefy in the
space of holomorphic functions dviat,, ,, can be produced via an embedding
Mat,, ., into the Grassmania@'r,,, y as an open cell (we describe a g-analogue
of the embedding in [7]).

i) Using the structure of/,;s(y-module inC[Mat,, ], we can define the
structure ofU,s(-module algebra iEnd ,1/2) (C[Maty, ;]4) Via (3) with{ €
Uqﬁ[]\], T e End(c(quz)((C[Matm?n] )

Now let us recall a definition of a well known first order differential calculus
over C[Maty, »],. Let Al(Maty, ), be theC[Mat,, ,],-bimodule given by its
generatorglz$,a = 1,...n,a = 1,...m, and the relations
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m n
B0 _ G pa 5 o 6
2 dzg = g E Rs, Rig dzgr - 2y,
o B'=1a b=1

a=b=d =V

azb & a=d & b=V
a<b & a=b & b=d
otherwise

The mapd : 25 +— dzg can be extended up to a linear operador:
C[Mat, n]q — A (Mat,, ), Satisfying the Leibniz rule. It was noted for the first
time in [8], that there exists a unique structure &faly-module inA! (Mat,, ,, )4
such that the magis a morphism ot/,s(-modules. The paifA! (Mat,, ,, )4, d)
is the first order differential calculus ov&{Mat,y, ,],.

Let us introduce an algebr®(Mat,, ), of g-differential operators on
Mat,, . For this purpose, we define the linear opera% in C[Mat, ,,4 Via

the differentiald;

n m 8
=33 dil g, f Mt

a=1a=1
and the operators? by
20f =22-f,  f€C[Matpn,

ThenD(Mat,»)q is the unital subalgebra #ndg ,1/2)(C[Matnm,n]q) generated
by the operators?;, 28, a = 1,...n,a =1,...m.
To start with, we describ® (Mat,, ), in terms of generators and relations.

Proposition 2.1. The complete list of relations between the genera@r,s%,
a=1,...n,a=1,...m, of D(Mat,, ,,), is as follows
208 =
a”“~b
qz) La=b&a<f o a<b&a=0
b ,a<b&a>p , (16)
B0 (- g VP a<b&a<p
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,a=b&ka<f or a<b&ka=p
,a<b&ka>p

o 0
Zg@ y a<b&a<ﬂ

m
/ / / 8
> RESRLSE 5o 5256%7,
a'\b'=1a',p'=1 a’

with 845, 67 being the Kronecker symbols, aﬂﬂ;‘% given by (15).
Now we present the main result of the paper

Theorem 2.2.i) The algebraD(Mat,, ), is @ Ugsly-module subalgebra in the
Ugsly-module algebr&ndg1/2) (C[Matp 5 q)-

i) The Ugsly-module structure inD(Mat,, ), iS described explicitly as
follows:

U,sly acts on the generatorg; via formulae (8)-(13) (where? should be
replaced byz?); for the generatorsa‘z—g the formulae are

,a=n&a=m
,a=n&a#m or a#Fn&a=m (29)

, otherwise

a=n&a=m

atn&a=m ,
a=n&a#m
otherwise

(21)
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and withk £ n
Kkafg -

g2 k<n&a=k or k>n&a=N—k

0z&
g L k<n&a=k+1 or k>n&a=N—k+1, (22)
8(1

3.a » otherwise
a

ao— ,k<n&a=k+1
,k>n&a=N-k+1, (23)

, otherwise

a% ,k<n&a=k
a+1

W,k>n&a:]\7—k. (24)
0 , otherwise

3. Sketch of the proof

Let us outline an idea of the proof of the main theorem. To prove the statement i)
of the theorem we have to explain why for arbitrarg U,sly, T € D(Maty, )4

&(T) € D(Maty,z)q- (25)

The mapz$ — 2%, a = 1,...n, « = 1,...m, is extendable up to an
embedding of algebras : C[Matmn]q < Endg/2)(C[Matm,n]q). Evidently,
J intertwines the actions d¥,s(y in C[Mat,, 4 andEndC(ql/g)(C[Matm,n]q)
(this is a corollary of the fact th&t[Mat,y, ,,, is aUgsly-module algebra). This
observation proves (25) f@ of the formJ(f), f € C[Mat,, 4, as well as the
first part of the statement ii) of the theorem. What remains is to prove (25) for
T = %,azl,...n,azl,...m.

The spaceEnd,1/2)(C[Maty,,]q) can be made into a lef€[Maty,,n]q-
module as follows:

2 (T) =25 - T,

witha =1,...n,a = 1,...m, T € Endg,/2)(C[Maty, ,]4). This structure is
compatible with the action df,s(y. Define thel;s[y-module

Al(Matm’n)q ® Endc(q1/2)(C[Matm,n] )
C[Matm,nlq
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The differentiald : C[Mat,, ,]; — A*(Mat,y, ), iS @ morphism of thé/,s(y-
modules. This implie#/,sly-invariance of the element

Z Z G Al(Matm n)q ® End(c(ql/Q)(C[Matm,n]q)a
a=1a=1 C[Matm,nlq

l.e.forall{ € Ugsly

n m n m 8
ZZZ da®§Jaa_ sz’zg@aza (26)
a=1a=1

a=la=1 j a

with e being the counit ol/ysly, A(§) = 3, & ® & (A is the coproduct in
U,sin). As was proved in [7]AY (Mat,, ), is the free rightC[Mat,, ,],-module
with the generatorgz$, a = 1,...n, o = 1,...m. Thus, for§ € Uysly there

exists a unique sg}g’g( ) € (C[Matm lpa=1,..na=1,...mb=1,...n
6 =1,...m,such that

Edzg Z Z dz sz
b=1 =1
Using the later equality, we can rewrite (26) as follows:
;1 Z_ Zd’zb@)fﬁagj Jaa: ZZ aza' (27)
a,b= a7ﬁ_l J = =

9

Now one can obtain formulae (19) - (24) (and thus prove (25)Ifox= 575,

a=1,...n,a=1,...m) via applying (27) to the generatoFs, Fi,Ki,Ki_l of
UqS[N.

4. Concluding notes

The spacéVlat,, ,, of m x n matrices considered in the present paper is the sim-
plest example of a prehomogeneous vector space of commutative parabolic type
[6]. Such vector spaces are closely related to non-compact Hermitian symmetric
spaces. Specifically, any non-compact Hermitian symmetric space can be realized
(via the so-called Harish-Chandra embedding) as a bounded symmetric domain in
some prehomogeneous vector space of commutative parabolic type.

In [9] a g-analogue of an arbitrary prehomogeneous vector space of commuta-
tive parabolic type was constructed. More precisely/Ibie a bounded symmetric
domain,g_; the corresponding prehomogeneous vector spaceg dimel Lie al-
gebra of the automorphism group &t In the paper [9] &/,g-module algebra
Clg-1], and a covariant first order differential calculus' (g_1), d) overClg_1],
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were introduced. Using the first order differential calculus, one can produce a
definition of g-differential operators i@[g_], just as it was done in Section 2 in
the casgi_; = Mat,, .

Let D(g_1), be the algebra of g-differential operators @jg_1],. In this
general setting it can also be proved th¥ig_, ), is aU,g-module subalgebra in
theU,g-module algebr&nd(C[g_1],). Indeed, it easy to see that the proof of our
main theorem (Section 3) does not use a specific nature of thg case Mat,,, ,.

5. Appendix: g-Differential operators in holomorphic g-bundles.

In this Appendix C[Mat,, »],-module’ means right[Mat,, ,,],-module.
Let I" be a finitely generated fre€Mat,, ,|,-module, i.e. there exists an
isomorphism of th&C[Mat,;, ,,],-modules

m:T = V Q) C[Maty, g,

with V' being a finite dimensional vector space. The isomorphissill be called

a trivialization ofI". Elements ofl" are g-analogs of sections of a holomorphic
bundle onMat,, . Let us consider two sucff[Mat,, ,],-modulesI';, I'; to-
gether with their trivializationsr; : I't — Vi @ C[Maty, pnlq, m2 : T2 —

Vo ® C[Mat,, »]q. Set

D(Ty,Ty), =

{D € Hom(I'y,T3)|m - D - my " € Hom(V4, V2) (R) D(Matp, 1 )q}-

Elements ofD(I'y,I'2), can be treated as g-analogues of differential operators in
sections of holomorphic bundles.

To see thatD(I'y,I'2), is well defined, we need to verify its independence
of the choice of trivializations. Let] : 'y — V{ @ C[Mat, nlq, 75 : Ty —

V3 @ C[Mat,, ], be other trivializations of’; andI'y, respectively. Evidently,
it is sufficient to prove, that for an arbitra®y)’ € Hom(V7, V2) ® D(Maty, )4
the mapr, - my 1 - D' -y - (m}) ™! belongs tddom (VY, V) @ D(Mat,, »),- But
this follows from the fact thatr;, 72, 7}, 75 are morphisms of th€[Mat,y, ,,]4-
modules, and, thusr; - (7})~! € Hom(V{, V1) ® J(C[Mat,],) and 7} -
w1 € Hom(Vz, V) ® J(C[Mat,n],) (With J(C[Mat,,],) being the unital
subalgebra iD(Mat,, ), generated bgy, a =1,...n,a =1,...m).

In applications finitely generated fré&gMat,y, ,,|,-modules with some addi-
tional properties arise. We will discuss two special types of sbifat,, ,],-
modules.

The first type consists of those finitely generated ft¢elat,, ,,|,-modulesl’
which, in addition, aré/,s(-module. It means thdt is aU,s(y-module and the
multiplication mapl’ @ C[Mat,, »]; — I' is a morphism of th&/,s[x-modules.

For C[Mat,, »],-modules of this type a result analogous to the main theorem
(Section 2) can be obtained. Let us turn to precise formulations.
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If V4, V4 are modules over a Hopf algebrathen the spacélom(V, V)
admits the following "canonical” structure of aA-module: foré € A, T €
HOHl(Vl, ‘/2)

ET)=) & T-S(&), (28)
i

whereA(§) = 3, & @ &7 (A is the coproduct)s is the antipode, and the product
in the right-hand side means the composition of the nf@g$) € End(V1), T €
Hom(V1, V2), §; € End(V2). Itis well known that this action makésom(V1, V5)
into anA-module leftEnd(V5)-module and ami-module rightEnd(V;)-module,
i.e. the composition map

End(V3) (X) Hom(V1, V2) (X) End (V1) — Hom(V4, V3)

is a morphism of thed-modules.

We can use the above construction to eddipn(I';, ;) (wherel'y, Iy are
Ugsly-module finitely generated fré€Mat,, ,,|,-modules) with the structure of
aUgsly-module. Using our main theorem, one can prove that

the subspaceD(I'1,T'2), C Hom(I'1,I'2) is Uysly-invariant; thus, the
composition map

D(Is), ® D(I'1,T2), ® D(I'1)g = D(T'1,I'2)4

(here D(I"), denotesD(I",T"),) makesD(I'1,T'y), into a Uysly-module left
D(I'y)4-module and &/,s(x-module rightD(T'y),-module.

The second type of[Mat,, ,|,-modules consists of thosé,s!y-module
C[Mat,, »],-modules which admigoodtrivializations. LetU,(f + p—) be the
Hopf subalgebra ir/,sly generated by}, Kiﬂ, i =1,...N — 1, and E},
j =1,...n—1,n+1,...N — 1. Suppose that a finitely generated free
C[Mat, »]g-modulel is Uysly-module (in particulard is aU,(f + p—)-module
C[Mat,,, »],-module). A trivializationr : I' — V & C[Mat,, »], is called good
trivialization if it satisfies the following conditions: i}y is a finite dimensional
Uq(f+p—)-module with the property;,v = 0 for anyv € V; ii) m is a morphism
of theU,(f + p—)-modules (herd” @ C[Mat,, ], is endowed withlU, (f + p_)-
module structure via the coprodutt : Uy(f + p—) — Uy(f + p-) @ Uy (f +
p-)).

It turn out that the set of good trivializations offdMat,, ,,|,-moduleI’ is not
too wide: ifr; : I' — V1 Q C[Maty, n]q, m2 : I' = V2 @ C[Mat,, ,|, are two
good trivializations, then

et =T®1 (29)

with T € Hoqu(f+p_)(V1; Vé)
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We distinguish this type of [Mat,, ,],-modules because for them the notion
of a g-differential operator with constant coefficients is well-defined. Specifically,
let D(Matm,n)g be the unital subalgebra iR (Mat,, ,,), generated b ‘zg, a=
1,...n,a =1,...m. Suppose thef, Iy areUy,(f + p_)-moduleC[Mat,,, »]4-
modules with good trivializations; : I'1 — V4 @ C[Maty,plg, m2 @ Ty —

Vo ® C[Mat,, »]q. We set

D(I'1,T2)g = {D € D(T'1,Ty)g|me-D-m " € Hom(Vi, V2) R) D(Matymn )9}

Elements ofD(T'y, I‘2)2 can be treated as g-analogues of the differential opera-
tors with constant coefficients in sections of holomorphic bundles. Independence
D(Ty, 1“2)2 of trivializations directly follows from the relationship (29) between
two arbitrary good trivializations of &Mat,, ,,],-module.
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Abstract. We consider an abstract Wick ordering as a family of relations on eleragatel define
x-algebras by these relations. The relations are given by a fixed op&ratp® h — h ® b, where

b is one-particle space, and they naturally define botkatgebra and an inner-product spdde,

(-, ). If aj denotes the adjoint, i.e{a;p,¥)r = (p,a; )7, then we identify wher(-, - )1

is positive semidefinite (the positivity question!). In the case of deformations of the CCR-relations
(theg;;-CCR and the twisted CCR’s), we work out the univeSatalgebragl, and we prove that,

in these cases, the Fock representations ofithare faithful.

1. Introduction

In recent papers [1-6], the applications of Lie superalgebras, quantum ggeups,
algebras in mathematical physics have stimulated interest inrdligeebras defined

by generators and relations and their representations by Hilbert space operators.
For example, the representations of various deformations of canonical commu-
tation relations (CCR), in particular Fock representaion, were used to construct
non-classical models of theoretical physics and probability, such as the free quon
gas (see [7])g-Gaussian processes (see [&1.

* jorgen@math.uiowa.edu
t prosk@imath.kiev.ua
 yurii sam@imath.kiev.ua
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The constructions are interesting from both physical and mathematical points
of view. They give a canonical realisation of a given deformed relation like the
Fock representation, or a realisation by differential operators. When the rela-
tions can be realised by bounded operators, it is useful to study the universal
envelopingC*-algebras for them and the stability of isomorphism classes of these
C*-algebras on parameters (see for example [9, 10]). The stability question [10]
refers to how th&*-isomorphism classes depend on variations in the deformation
variables; in some cases there are open regions in parameter space where the
C*-isomorphism class is constant.

In the present paper we give a review of some results concerning a wide class
of deformed relations of the following form

d
a:a]:(slj]-"i' Z T’i];'lalaltv ’L:]:l: 7d7 (1)
k=1

whereT}! € C, such thatT}}} = TjF. These relations generatexaalgebra al-
lowing Wick ordering oWick algebra (see [4, 11-13]). The-algebrall has a
naturally defined Fock vacuum “state” or functional and there is a corresponding
inner-product spacr, (-, - )7, such that, in the associated GNS-representation,
the identity(a;p, ¥)r = (¢, ay)r holds. But the vacuum functional is generally

not positive, and the operators in the representation not bounded, and therefore the
Hermitian inner product -, - ) is then generally not positive semidefinite. The
positivity question, and the faithfulness of the Fock representation, are the foci of
this paper.

Note that (1) generalizes some well-known types of deformed commutation
relations, quantum groups, etc. (see [1, 3, 5, 6, 8, 12, 14, 15]). The basic exam-
ples for us will be theg;;-CCR introduced and studied by M. Bgko and R.
Speicher (see [8, 12]), and the twisted canonical commutation relations (TCCR)
constructed by W. Pusz and S.L. Woronowicz (see [6]). They were further studied
in [16] where the traditional Cuntz algebra of [17] was considered as a base-point,
corresponding tay; = 0, and the variation of th€*-isomorphism class was
considered as a function of;.

EXAMPLE 1. ¢;;-CCR,2d generators:
Clas, a; | ajaj = 6;51 + gijaza;, i, =1,...,d,
gji = 4;; € C, |gij| < 1)

EXAMPLE 2. The Wick algebra for TCCR:

afa; = 1+ plaaf — (1—u2)2aka}‘;, i=1,...
k<i
aja; = paja;, 1 #j, 0<pu<l1
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We present some sufficient conditions on the coeffici¢fits } for the exis-
tence of the Fock representation, and we describe the structure of the Fock space.
We also give conditions for the faithfulness of Fock representation and describe
its kernel in the degenerated case (see Sec. 3).

Further we consider the univergaf-algebras for the examples above. Specif-
ically we show that the universal™-algebras forg;;-CCR (TCCR) can be
generated by isometries (partial isometries) satisfying a certain algebraic relation.
The description of th€*-isomorphism classes for different values of parameters
is presented.

We also show that the Fock representationg,;@fCCR for some values of
parameters, and TCCR for any value of parameter, are faithful od'tHevel,

i.e., the Fock representations of the corresponditieplgebras are faithful (see
Sec. 4).

The complete proofs of all results presented here can be found in [4, 10, 11,
18, 19]. For detailed information abostrepresentations of finitely generated
algebras see [20].

2. Basic definitions

Firstly let us construct a canonical realization of Wick algebra, i.e.xthklgebra
on the relations (1), with coefficientST}'}: we denote it byW (T'). To do it
consider a finite-dimensional Hilbert spaie= (ey, ... ,eq). Construct the full
tensor algebra ovel, #*, denoted by7 (#, H*). Then

W(T) = T(H,H*)/(ef ®ej — 6ij1 — > Tile; ®ej), )

dividing out by the two-sided ideal on the relations (1). Note that in this realization
the subalgebra df (T") generated bya; } is identified with theT ().

The following operators were presented in [11] as a useful tool for computa-
tion with Wick algebras and their Fock representations.

T-HOQH—HRIH, Ter®e :Zﬂl]zei(@e]’, T=T*
/L‘?j
TiZ'H®”+—>H®n, T,=1% - 1TR1®---® 1,
N———— N———
i—1 n—i—1

Ry: H®" = H®", R, =14Ti+TiTo+ - +TT Ty,

Py: H®" — H®", Py=Ry, Pou1=(1® Py)Rys1. (3)
The sequences of operatdfs = lyae, B1 = 1+ 7, P = (1@ 1)(1+T) =
1+T, Ry, ..., P, are defined recursively. It is the sequed¢ewhich enters into

the positivity question. The other one is only intermediate. The Hermitian inner
product( -, - )z on7,(#) is then

<¢7 Ip)Tn(’H) = <<70’ Pn¢>tensor (4)
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where( -, - )tensor IS just the usual inner product 6f,(H) induced by( -, -) on

H. Hence, we need conditions ih H @ H — H ® H which make the operators

P, positive for alln. For example, in terms of these operators we can describe the
procedure of Wick ordering, i.e., the commutation formula for fixed genetgtor
and any homogeneous polynomiakip, £ =1,... ,d (see [21]).

Proposition 27. Let X € H®™. Then

d
e X = p(e])RpX + u(e)) Z Ty Th(X ®eg)er, (5)
k=1

wherep(e;): T(H) — T (H) is defined as follows
(i)l =0, plef)e, ® - ® e, =dijyei, @+ @€,

For our examples the operatbrhave the following form:
EXAMPLE 3.

T6i®ej = g;je; @ ej,1,] = 1,....,d.
EXAMPLE 4.
Te; ®e; = uQei & e;
Te,-®ej:uej®e,-, 1<
T€i®€j:_(1—M2)ei®€j+ﬂej®ei; 1> 7.

Note that for both examples, the operafosatisfies araid condition, i.e.,
on theH®3 we have

TTTy = ToTi T. (6)

The operators presented above appear naturally in construction of Fock represen-
tation of W (7'). This notion is induced in the obvious way from the classical one
for CCR, however, in general, the Fock space is not always symmetric (see [11]).

Definition 28. The representatiok, acting on the spacg(H) by formulas
M(a)e, @ Qe =e; Qe ®---Re;,, neNU{0}
Ao(a;)lyae =0

where the action of\y(a}) on the monomials of degree > 1 is determined
inductively using the basic relations, is called the Fock representation.

It is easy to see thaly(a;) are the classical creation operators agtu) are
twisted annihilation ones. Evidently in this way we have constructed a representa-
tion of W (T'), but not yet ax-representation. To do it one has to supply Th4)
by the appropriate inner product (see [11]). This is where formula (4) comes in.

kievarwe.tex; 12/03/2001; 3:49; p.331




*-ALGEBRAS ALLOWING WICK ORDERING 325

Definition 29. The Fock inner product (see [11]) is the unique semilinear
Hermitian form(, ) on7 (#) such that

<)\0(ai)X, Y>T = <X, /\o(a:)Y>T, X,Y € T( )

Similarly to the definition of Fock representation, the Fock inner product on
T (#H) can be computed inductively. Itis easy to see thafffor H®™, Y € H®",
n # m, we have(X,Y)r = 0. On the components of powebsl, the Fock inner
product concides with the standard one. For Ay € H®™, n > 2, we have

(X, Y)r =(X,P)Y),

which agrees with (4) above. The operair= P,(T) are given in (3).

Evidently, if we want to extend the Fock representatiorii6f1’) to the x-
representation by Hilbert-space operators, we should require that all the operators
P,,n=2,...,be positive semidefinite, and that the subspace

I =HKerp,

n>2

determines the kernel of the Fock inner product. Consequently the Hilbert-space
structure of the Fock space emerges.

3. The structure of the Fock representation

In this section we present some sufficient conditions posed on the op&rédor

the positive-definite property of the Fock inner product, and we show that the
kernel of the Fock representation is generated asdeal by the kernel of the
Fock inner product. In particular, when the Fock inner product is strictly positive
definite (i.e., when it has zero kernel), the Fock representatjois faithful, i.e.,
Ker(mr) = 0.

There are several sufficient conditions on the operatdor the Fock inner
product to be positive. It was shown in [10] that for sufficiently small coefficients
we have strict positivity of the Fock inner product. This result is a corollary of the
stability of the universal enveloping*-algebra for the Wick algebra around the
zero base point (see Sec. 4).

Theorem 30. If the operatorT satisfies the norm bounfll'|| < /2 — 1, then
P, > 0,n > 2, where> refers to strict positivity.

Another kind of sufficient condition is positivity of operat@r(see [11]).
Theorem 31.If T' > 0 thenP, > 0, n > 2.

In the present paper we will suppose that the operatsatisfies théraid
condition (6). It was shown by M. Brejko and R. Speicher (see [12]) that, in
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this case, the operatof3,, n > 2, have a natural description in terms of quasi-
multiplicative operator-valued mappings on the Coxeter gr&uprl he following

is a corollary of a much more general result proved in [12] for mappings on the
general Coxeter group.

Theorem 32. Let T satisfy the braid conditiori6) and suppose-1 < 7' < 1.
ThenP, > 0. Moreover, if|T|| < 1, thenP, > 0, and the operators of the Fock
representation are bounded, i.e., the Fock representation is by bounded operators.
(Recall, the Fock representation of the undeformed CCR-algebra is unboynded.

We present a more precise version of this theorem. Namely, we give the de-
scription of kernel ofP, in the degenerate case. As an immediate corollary of
this result we have the strict positivity é%,, n > 2, for braidedT” satisfying the
inequality—1 < 7' < 1 (see [4]).

Theorem 33. Let W(T') be a Wick algebra with braided operatdr satisfying
the norm bound 7| < 1. Then for anyn > 1,

n
KerPoi= . H® oKer(l+T)eH® = Ker(l+Ty).
k+l=n—1 k=1

Let us illustrate this result on the examples.
EXAMPLE 5. Forg;;-CCR we have the alternatives:
— |gi;| < 1foranyi,j=1,... ,d.
In this case-1 < T < 1 and the Fock inner product is strictly positive.
For these values of parameters we have< 7' < 1 and
Ker(l + T) = (ajai — gija;a;, 1< j>
ExXAMPLE 6. For the TCCR Wick algebra, we havd < T < 1, and
Ker(1+T) = (aja; — pasa;, i < j).

The following proposition shows that, for algebras with braided opef&tor
the kernel of the Fock representation is generated«aislaal by the kernel of the
Fock inner product, i.e.,

I =PKerPp,.

n>2

Proposition 34. LetW (T") be a Wick algebra with braided operat@rand let the
Fock representation, be positive(i.e., the Fock inner product is positive definite
Then

Kerg=ZQT(H*)+T(H)RI".
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Combining this proposition with Theorem 33, we get:

Theorem 35. Let W (T') be a Wick algebra with the braided operatdy —1 <
T < 1. Then the kernel of the Fock representation is generated -agdaal by
Ker(1+1T).

This theorem implies that, fay;;-CCR, |¢;;| < 1, the Fock representation is
faithful. For the TCCR Wick algebra, and fqf;-CCR, the kernels of the Fock
representations are generated by the famiies — pasa;, ¢ < j, andaja; —
gjaaj, © < j, respectively; and hence the Fock representations of quotients of
these algebras by theideals generated by these families are faithful.

4. Universal bounded representation

In this section we discuss universal envelopiffgalgebras for; ;-CCR and Wick
TCCR.

Let us recall that the universél*-algebra for a certair-algebraA is also
called the universal bounded representation. It is@tiealgebraA with natural
homomorphismp: A — A such that, for any homomorphismt A — B, where
B is aC*-algebra, there exists a unique homomorphtsmA. — B satisfying
6 o) = . It can be obtained by the completion df/J with the following
C*-seminorm onA:

lall = sup [|7 ()]

wheresup is taken over all bounded representationsdofand.J is the kernel of
this seminorm. Obviously this process requires that, ||7(a)| < oo for any
a € A. Note that for our examples this condition is satisfied.

The universal bounded representationdgrCCR was studied in [9, 10]. The
following proposition follows from the main result of paper [10].

Proposition 36. Let A, ., be the universal enveloping*-algebra forg;;-CCR,
lgij| < v/2 — 1. Then there exists the natural isomorphism

Aday = Ao,
whereA is aC*-algebra generated by the isometrigs: = 1, ... , d, satisfying
5;8;=0,1#j
i.e., isomorphism with the Cuntz-Toeplitz algebra.

This implies that the Fock representation®f,, ; is faithful.

Let us consider the&{ql,j}, lgij| = 1, for anyi # j andg; = ¢;, || < 1
(i.e., unimodular off-diagonal terms). In this case, we do not have stability on the
whole set of parameters (see [18]).
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Proposition 37. If for any i # j we haveg;;| = 1, thenA{qij} is isomorphic to
theC*-algebraA, ;,.y generated by isometrigs;, i = 1,... ,d} satisfying

SiSj = QijSjSi, SjSi = ¢ijSiSj, U F J,
and the Fock representation @ . , is faithful.

Finally for the universalC*-algebraA , for the Wick TCCR, we have the
isomorphismA,, = A, for any -1 < p < 1, where theC*-algebraA, is
generated by the partial isometrigs, i = 1, ... , d} satisfying the relations

S:Sj:(;ij 1_28’“82 y i,jzl,...,d.
k<i

The Fock representation df,, is faithful also (see [19]).
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NONSTANDARD QUANTIZATION OF THE ENEVLOPING ALGEBRA
U(so(n)) AND ITS APPLICATIONS

A. U. KLIMYK *
Institute for Theoretical Physics, Kiev, Ukraine

1. Introduction

Quantum orthogonal groups, quantum Lorentz groups and their corresponding
guantum algebras are of special interest for modern mathematical physics (see,
for example, [1] and [2]). M. Jimbo [3] and V. Drinfeld [4] defingedleformations
(quantum algebrag),(g) for all simple complex Lie algebrasby means of Car-

tan subalgebras and root subspaces (see also [5] and [6]). Reshetikhin, Takhtajan
and Faddeev [7] defined quantum algebtgs$g) in terms of the quantunk-

matrix satisfying the quantum Yang—Baxter equation. However, these approaches
do not give a satisfactory presentation of the quantum algéfisa(n, C)) from a
viewpoint of some problems in quantum physics and representation theory. When
considering representations of the quantum grotiPg(n + 1) and SOy(n, 1)

we are interested in reducing them onto the quantum subgb@ggn). This
reduction would give an analogue of the Gel'fand—Tsetlin basis for these represen-
tations. However, definitions of quantum algebras mentioned above do not allow
the inclusions/,(so(n + 1,C)) D Uy(so(n,C)) andUy(son,1) D Uy(soy,). TO

be able to exploit such reductions we have to consjegeformations of the Lie
algebraso(n+ 1, C) defined in terms of the generatdiis,—1 = Ey ;-1 — Er—1,k
(where E;, is the matrix with element§E;;),, = d,.05) rather than by means

of Cartan subalgebras and root elements. To construct such deformations we have
to deform trilinear relations for elemenig,_, instead of Serre’s relations (used

in the case of Jimbo’s quantum algebras). As a result, we obtain the associative
algebra which will be denoted &§ (so(n, C)). This g-deformation was first con-
structed in [8]. It permits one to construct the reduction&fiso(n + 1, C) onto
Uy(so(n, C).

*
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In the classical case, the imbeddif@(n) C SU(n) (and its infinitesimal
analogue) is of great importance for nuclear physics and in the theory of Rieman-
nian symmetric spaces. It is well known that in the framework of Drinfeld—Jimbo
guantum groups and algebras one cannot construct the corresponding embedding.
The algebrd;(so(n, C)) allows to define such an embedding [9], that is, it is
possible to define the embedditf(so(n,C)) C Uy(sl,), whereUy(sl,) is a
Drinfeld-Jimbo quantum algebra.

As a disadvantage of the algeliig(so(n, C)) we have to mention the diffi-
culties with Hopf algebra structure. Nevertheldg(so(n, C)) turns out to be a
coideal inU,(sl,,) (see [9]) and this fact allows us to consider tensor products of fi-
nite dimensional irreducible representationg/fso(n, C)) for many interesting
cases (see [10] for the cabg(so(3, C))).

For convenience, below we denote the Lie algedra, C) by so,, and the
q-deformed algebr&/; (so(n, C)) by U (son).

Finite dimensional irreducible representations of the algéHiao,) were
constructed in [8]. The formulas of action of the generator&tfo,,) upon the
basis (which is a-analogue of the Gel'fand—Tsetlin basis) are given there. A
proof of these formulas and some their corrections were given in [11]. However,
finite dimensional irreducible representations described in [8] and [11] are rep-
resentations of the classical type. They gsgeformations of the corresponding
irreducible representations of the Lie algebwsg, that is, aty — 1 they turn into
representations a¢b,,.

The algebrel,(so,,) has other classes of finite dimensional irreducible rep-
resentations which have no classical analogue. These representations are singular
at the limitg — 1. They are described in [12]. Note that the description of these
representations for the algetii(sos) is given in [10].

As in the case of Drinfeld—Jimbo quantum algebras, whira root of unity,
then the representation theory @f(so,,) is much more rich. In this case all ir-
reducible representations 0, (so,,) are finite dimensional. The corresponding
theorem is proved by means of an analogue of the P@r&irkhoff-Witt theo-
rem for U, (so,) (this analogue was announced in [13]) and use central elements
of this algebra foy a root of unity (they are derived in [14]).

2. Theg-deformed algebral,(so,,)

The universal enveloping algebi&so,,) of the Lie algebrao,, has two different
structures. The first one is determined by roots and root elements of the Lie algebra
son. A deformation ofU (so,,) equipped with this structure leads to the Drinfeld—
Jimbo quantum algebr#,(so,,). The second structure @f (so,,) is related to

the basis of the Lie algebra,, consisting of skew-symmetric matrices. A de-
formation of U (so,) equipped with this structure leads to the algebgso,,)
considered in this paper.
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In order to obtairl/, (so,) we have to take determining relations for the gener-
ating elementdyy, I3, - -+ , I ,—1 Of U(so,) and to deform these relations. The
elementslyy, I3, -+ , I ,,—1 belong to the basig;;, ¢ > j, of the Lie algebra
so,. The matriced;;, ¢ > j, are defined a$;; = E;; — Ej;;, whereE;; is the
matrix with entrie E;;),s = 0;-0;5. The universal enveloping algebl&so,, ) is
generated by a part of the basis elemdpts: > j, namely, by the elements;,
Iso,- -, I, n—1. These elements satisfy the relations

2 2
Lo divas — 2L Livailii—n + Liva il = —Livag,

Ii,i—1[¢2+17i — 2Lyl + Ii2+1,ifi,i—1 =11,
Lialjj1—Tjj1li;—1 =0 for |i—j|>1.
The following theorem is true [15] for the enveloping algebi@o,,).
Theorem 1.The universal enveloping algebta(so,,) is isomorphic to the com-

plex associative algebra (with a unit element) generated by the elenignts
Isy, - -, I n—1 Satisfying the above relations.

We make the-deformation of these relations By— [2] := (¢*> — ¢ 2)/(q —
¢ ') = q+q . As aresult, we obtain the complex associative algebra generated
by elementdy;, Iso, - - - , I, n—1 Satisfying the relations

i T — (a+ @ g1l + Livill o = —Livg, (1)

Iz‘,i—lfizﬂ,i ~(q+a Ohis1iliialiv; + I,-2+1,,~Ii,i—1 =—I;i1, (2
Lii—1ljj-1 —Ijj-1liz-1 =0 for |i—j[>1. (3)

This algebra was introduced by us in [8] and is denotedfg)sson). Hereq takes
any complex value such that£ 0, +1.

Let us formulate for the algebr&(so,) an analogue of the Poindar
Birkhoff-Witt theorem. For this we determine (see [16] and [17])if(so,)
elements analogous to the matridgs 7 > j, of the Lie algebraso,. In order
to give them we use the notatidp ,_; = Il:k—l = I 4 Thenfork > 1 +1
we define recursively

Lh = Iyan, Ieaale = ¢ Il — ¢V ey I, (4)

- _ _1/2 1/2
Ly = Ig1, Ieggi]g = ¢ / L1k 41 —q / I g1y

The elementi,j;, k > [, satisfy the commutation relations

1,

ln’Il:E]q = Ilj_?w [IIQ7II:—n]q = I+

In>

I L, = 1Y for k>1>n, (5)

n

(5, I1]=0 for k>1>n>r and k>n>r>I, (6)

kl> “nr
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L Iila = (0 — DI L, = LR LY) for k>n>1>r (7)
For I,;, k > [, the commutation relations are obtained from these relations by
replacingl;; by I,; andg by ¢ 1.

The algebrdJ; (so,) can be considered as an associative algebra (with unit
element) generated b, 1 < I < k < n, satisfying the relations (5)—(7).
Similarly, U, (so,,) is an associative algebra generatedlpy 1 <1 < k < n,
satisfying the corresponding relations. Now the PoiaeBirkhoff—Witt theorem
for the algebrdJ, (so,,) can be formulated as follows.

Theorem 2.The elements

4+ M21 74 Mm31 4 Myl 74 M32 4 M42 + Mmp2 + Mn,n—1
Iy "Iy Ly T Iy Ty Ly D ; my; €N,

form a basis of the algebré/(so,). This assertion is true if;;., 1 < j, are
replaced by the corresponding elemefjls

The proof of this theorem is given in [18].

3. The embeddingU,(so,) — U,(sly)

The algebreUé(son) can be embedded into the Drinfeld—Jimbo quantum algebra
Uy(sl,) (see [9]). This quantum algebra is generated by the eleméntss,
Kt = ¢t i =1,2,--- 'n— 1, satisfying the relations
KK; = K;K;, K,K;'=FK'K;=1,
K, — K;*
— q_l ’

KB K = q"E;, KFK =q "F, [B,F]=4; q

E?Fis1— (¢ +q DEEi B + E; 1 E? =0,
‘F?ﬂﬂ:l - (q + qil)EFiilFi -+ FiiLFf = 0,
[Ei, Ej] =0, [F;, F;]=0 for [i—j[>1,

wherea;; are elements of the Cartan matrix of the Lie algethra
Let us introduce the elements

INj,j—l - Fj—l - qq_Hj_lEj—la .7 = 2537 e, N,

of Uy(sl,). It is proved in [9] that there exists the algebra homomorphism
Uy(son) — U,(sl,) uniquely determined by the relatioRgl; 1) = i1,

1 =1,2,---,n — 1. The following theorem states that this homomorphism is an
isomorphism.

Theorem 3. The homomorphismp : U, (so,) — U,(sl,) determined by the
relationsg(1iy14) = Liv14,4=1,2,--- ,n— 1,is an isomorphism df (son,) to
Uq(sly).
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In [16] the authors of that paper state that this homomorphism is an isomor-
phism and say that it can be proved by means of the Diamond Lemma. However,
we could not restore their proof and found another one in [18]. Theorem 3 has the
following important corollary, proved in [18]:

Corollary. Finite dimensional irreducible representations Gf(so,) separate
elements of this algebra, that is, for amy € Uy (so,) there exists a finite
dimensional irreducible representatidnof U, (so,,) such that’(a) # 0.

This corollary is true fog not a root of unity as well as far a root of unity.

Problems: We think that the algebrﬁé(son) is connected with some extension of
the Drinfeld—Jimbo quantum algebt4 (so,,). This conjecture is proved in [10]
for the casen = 3. It is shown there that there is an isomorphigm Uy (so3) —

U, (slz), wherel,(sly) is an extension of the quantum algebfg(sl,).

4. Central elements ofU,(so,,)

Let us form the elements

r(r—1)

+ — 7 ! & + N
Jklszan- Jkor T q 2 ZS Eqil (S)Iks(Z)vks(l) Iks(4)7ks(3) Iks(Qr)aks(2r—1) ’ (8)
s€S52p

of the algebraUé(son) (see [13]), wherd < k1 < ko < -+ < k9 < m and
summation runs over all permutationsf indicesks, ko, - - - , ko, SUch that

ksi2) > ks1)s ksa) > ks3) -+ s ks2r) > Esar—1);
ks(2) < k5(4) <...< ks(2r)'

The symbok +1(s) = (—¢*1)*®) stands for the-analogue of Levi-Chivita an-
tisymmetric tensor{(s) means the length of permutatienNote that in the limit
g — 1 both sets in (8) reduce to the set of components of eardntisymmetric
tensor operator of Lie algebsa,,.

Theorem 4.The elements

Cr(LQT) — Z qk1+k2+...+k2T—T(n+1)JI:17

1<k <ka<...<k2r<n

k:g,...,kzr‘]k:,kz,...,kgr7 (9)

wherer = 1,2,--- ,{n/2} ({a} means the integral part of), are Casimir ele-
ments ofU, (so,), that is, they belong to the center of this algebran lis even,
then the elementsV" = Iy, , and o = Ji,... » @lso belong to the

center ofU; (so,,).

Central elements of this theorem are found in [13]. It was conjectured in [13]
that forg not a root of unity the set of central elemedtg’"), r=1,2-- ,{(n—
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1)/2}, and the elemerlf?T(L")Jr (if n is even) generates the center of the algebra
U, (s0n).
Let us give explicitly some central elements. Eff(so3) andU, (so4) we have

\ B - B _
C’g(, =4 VI LI+ gl = gl + I I+ q ',

2 — — — — —
C’i =g Iy + I3y + I + ¢ I Iy + gL 1 + LA I,
O =0 = I Lus — I + alsa I =aloi Lis — Iy Iy + 4TIy,
The quadratic central element@f (so,,) is of the form

0(2) — Z qurjinilI-kI._

n Jitjic
1<i<j<n

If ¢ is a root of unity, then (as in the case of Drinfeld—Jimbo quantum alge-
bras) there exist additional central elementd/pfso,,) which are given by the
following theorem, proved in [14]:

Theorem 5.Letg* = 1 for k € Nand¢/ # 1for 0 < j < k. Then the elements

(=12, L
k— 1 ? 2 k-2
eI = 3 ( jﬂ)k_j(q_q_l) Y s (0)

5=0
where{(k — 1)/2} is the integral part of the numbédik — 1)/2, belong to the
center ofU; (so,,).

It is well-known that a Drinfeld—Jimbo algebig,(g) for ¢ a root of unity
(¢® = 1) is a finite dimensional vector space over the centd/gf)). The same
assertion is true for the algekﬂfé(son). By Theorem 5, any eleme ;;)S, s >k,
can be reduced to a linear combination(diif]f)r, r < k, with coefficients from
the centeC of U, (so,). Now our assertion follows from this sentence and from
Poincaé-Birkhoff-Witt theorem forU, (so,,). Using this assertion, it is proved
the following theorem [18]:

Theorem 6.If ¢ is a root of unity, then any irreducible representationf(so,)
is finite dimensional.

It can be proved more strong assertion: there exists a fixed positive integeh
that dimension of any irreducible representatiorljfso,,) at ¢ a root of unity
does not exceerd Of course, the numberdepends ok (recall thatk is defined

by ¢* = 1).
5. lrreducible representations of U, (so,,)

We first assume that is not a root of unity. Then the algebtg,(so,) has two
types of irreducible finite dimensional representations:
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(a) representations of the classical typeg(at 1 they give the corresponding
finite dimensional irreducible representations of the Lie algeby

(b) representations of the nonclassical type (they do not admit theglimitl
since in this point the representation operators are singular).

Let us describe the classical type representations of the algétj(as,),
n > 3, which areg-deformations of the finite dimensional irreducible repre-
sentations of the Lie algebka,,. As in the case of irreducible representations
of the Lie algebrao,,, they are given by sets,, consisting of{n/2} numbers
M1, M2 n, -, Min/2),n (NEre{n/2} denotes integral part of/2) which are all
integral or all half-integral and satisfy the dominance conditions

M1 2p+1 = M22pr1 = oo = Mp2pi1 = 0, (11)

M12p > M22p > v > Myp—12p > [Mp 2y (12)

forn = 2p + 1 andn = 2p, respectively. These representations are denoted
by Twm,, . FOr a basis in a representation space we can take-émalogue of the
Gel'fand—Tsetlin basis which is obtained by successive reduction of the represen-
tation Tpy,,, to the subalgebras; (so, 1), Uy(son—2), -+, Uy(s03), Uy(soz) :=
U(so2). As in the classical case, its elements are labeled by Gel'fand-Tsetlin
tableaux

(13)

where the components afi,, andm,_; satisfy the betweenness conditions

M1 2p+1 = M12p = M2 2pr1 = M22p = oo = Mp2pt1 = Mp2p = _mp,Qp-‘y(-la)
14
M12p > Mi2p—1 > M22p > M2 2p—1 > .. > Mp_12p—1 > |Mp2p|.  (15)

The explicit formulas for the operatofBy,, (I;;-1), j = 2,3,--- ,n, of the
representatioffy,,, of U,(so,) and their proofs are given in [11].

The representations, described above, are called representations of the classi-
cal type, since under the limjt— 1 the operator§},, (1;;—1) turn into the corre-
sponding operatorg,,, (I; ;1) for irreducible finite dimensional representations
with highest weightsn,, of the Lie algebrao,,.

Let us give the explicit expressions for Casimir operators (corresponding to
the central elements, described in Theorem 4) in the classical type irreducible
representations df, (so,, ). For this we define the generalized factorial elementary
symmetric polynomials. Fixing an arbitrary sequence of complex nunibets
(a1,az,---), foreachr = 0,1,2,--- , N, we introduce these polynomials ¥
variableszy, zo, - - - , zy by the formula

er(z1,22,...,2n]a) =
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= Z (2py = apy ) (2py — Opy—1) -+ - (2p, — Qp,—r11)-
1<p1<p2<--<pr<N

By Schur Lemma, Casimir operators in the irreducible finite dimensional rep-
resentations, characterized by the numiers,,, ma ... ,mny), N = {n/2},

are multiple to the identity operatdf‘mn(CT(fr)) =27,

Theorem 7[13]. The eigenvalue of the operaté,,, (C,(fr)) is

X2 = (=1 er([linl® llon)® - - -, [Ivn)?a),

wherea = ([e]?,[e + 1%, [e + 2]%,... ), lgn = Mg + N — k + €. (Heree = 0
forn = 2N ande = £ forn = 2N + 1.) If n = 2NN is even, then

T, (07(1”)+) = T, (C?Sn)—) = (\/__I)N[ll,n] [lQ,n] s [lN,n]l-

The algebral, (so,) has also irreducible finite dimensional representations
T of nonclassical type, that is, such that the operaidis; ;) have no clas-
sical limit ¢ — 1. They are given by sets := (e, €3, - ,€,), ¢ = *£1,
and by setam,, consisting of{n/2} half-integral (but not integral) numbers
M1, Man, - ,Min/2), (here{n/2} denotes the integral part of/2) that
satisfy the dominance conditions

M1 2p+1 = M2 2pt1 = oo = Mpopr1 > 1/2,
M12p > M22p > . > Mp_12p > Mpop > 1/2

forn = 2p + 1 andn = 2p, respectively. These representations are denoted by
Te,mn-

For a basis in the representation space we can use an analogue of the basis
(13). Its elements are labeled by the tableaux

m,
my,_1

{&n} = :
my
where the components afi;,, ; andmy, satisfy the betweenness conditions
M12p+1 = M1,2p = M2 2p+1 = M22p = -oo > Mpop1 > Mpap > 1/2,

mi2p 2> M12p—1 = M22p = M22p—1 = .. = Mp_12p—1 = Mp 2p.

Explicit formulas for the operatoflt m, (f;;-1), 7 = 2,3,---,n, of the
representatioff m,,, of U,(so,,) are given in [12].

Theorem 8. The representationd. ,,,, are irreducible. The representations
T m, andTu o are pairwise nonequivalent fofe, m,) # (¢, my,). For any
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admissible(e, m,,) and mJ, the representationd ,, and Ty, are pairwise
nonequivalent.

The algebral/,(so,) has non-trivial one-dimensional representations. They
are special cases of the representations of the nonclassical type. They are de-
scribed as follows. Let := (eg,€3,---,€6,), ¢ = =1, and letm, =
(M1, Mo, ,Mins2yn) = (3,3, »3)- Then the corresponding represen-

tationsT, ., are one-dimensional and are given by the formulas

€k+1
Temy, (Irt1,6)16n) = m\&ﬂ-

Thus, to everye := (eg,€3,---,€,), ¢, = =1, there corresponds a one-
dimensional representation of,(so,. ).

Conjecture. If ¢ is not a root of unity, then every irreducible finite dimensional
representation ot/; (so,,) is equivalent to one of the representatidfig, of the
classical type or to one of the representatidig,, of the nonclassical type.

This conjecture is proved for the algelirg(sos) (see [19]).

Irreducible representations of the algelifg(so,,) for ¢ a root of unity are
described in [18]. For construction of these irreducible representatidifg af, ),
it is used the method of D. Arnaudon and A. Chakrabarti [20] for construction of
irreducible representations of the quantum algdliyésl,) wheng is a root of
unity. If ¢ = 1 andp is an odd integer, then there exists the series of irreducible
representations df (so,,) which act opY-dimensional vector space (whekgis
the number of positive roots of the Lie algebtg ) and are given by = dim so,,
complex parameters. These representations are irreducible for generic values of
these parameters. These representations constitute the main class of irreducible
representations df, (so,,). For some special values of the representation param-
eters inC" the representations are reducible. These reducible representations give
many other classes of (degenerate) irreducible representations which are given
by less number of parameters or by parameters, values of which cover subsets of
C" of Lebesgue measure 0. As in the case of irreducible representations of the
quantum algebrd/,(sl,), it is difficult to enumerate all irreducible representa-
tions of these classes. However, the most important classes of these degenerate
representations can be constructed. In particular, in [18] weajivé classes of
these representations, which are an analogue of the nonclassical type irreducible
representations dfy (so,,) for ¢ not a root of unity.
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6. Restriction of representations ofU(sl,,) to U, (soy)

In this section we assume thatis not a root of unity. The aIgeeré(son) is

a subalgebra of the quantum algeléfa(sl,,). Therefore, we may restrict irre-
ducible finite dimensional representations of the algéhyal,,) to the subalgebra
Ué(son). Generally speaking, such a restriction leads to reducible representations
of the subalgebra. It was proved in [16] that each irreducible finite dimensional
representation o/, (sl,) under restriction td/;(so,) decomposes into a direct
sum of irreducible representations of this subalgebra. N. lorgov has proved (will
be published) that such a decomposition contains only irreducible representations
of the classical type. However, explicit formula for the decomposition is known
only for the restrictiorU, (sl3) — U,(so3).

Irreducible finite dimensional representationslgf(sl;) are given by three
integers? = (1, 12,13) such that; > ls > I3. We denote such the representation
by R,. Irreducible finite dimensional classical type representatiorig ¢foz) are
denoted byl, wherek is a nonnegative integral or half-integral number.

In order to find which irreducible representationdgf{sos) are contained in
the decomposition oft; |y, (s04) We split in [21] the spectrurBpec Ry(I5;) of
the representation operatBy(l»;) into spectra of operatof®; (12 ) of irreducible
representations}, of U, (so3). (It is proved in [21] that such splitting is unique.)

As a result, we have that

s+la—l3

Ry v (sos)= ZI kz_: T,

s

if l; — Iy is odd and

s+la—I3

Ry \LUé(s03): Z/ Z T, @ Z/Tr
k=s r

S

if I, — Iy is even, wheré_"" means the summation over the vallies Iy, 1 —ls —

2,11 —ly —4,---,1 (or 2) and the last sunY_., is over the value, — 3,15 —
l3—2,l—13—4,---,0 (or 1). Note that these decompositions coincide with the
corresponding decompositions for the reductifin(3) — SO(3).

7. Applications

There are the following main applications of the algebigso,) and its irre-
ducible representations:

1. The theory of orthogonal polynomials and special functions (especially, the
theory of g-orthogonal polynomials and basic hypergeometric functions). This
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direction is not good worked out. Some ideas of such applications can be found in
[22].

2. The algebrd/, (so,) (espesially its particular cag€ (so3)) is related to the
algebra of observables in 2+1 quantum gravity on the Riemmanian surfaces (see
the papers [23]-[25]).

3. A g-analogue of the Riemannian symmetric spa¢&n)/SO(n) is con-
structed by means of the algebig(so,). This construction is fulfilled in the
paper [9].

4. A g-analogue of the theory of harmonic polynomiajsh@rmonic polyno-
mials on quantum vector spaB¥) is constructed by using the algeli(soy,).

In particular, ag-analogue of different separations of variables forgHeaplace
operator is given by means of this algebra and its subalgebras. This theory is
contained in the papers [16] and [26].

5. The algebraJ, (so,) also appear in the theory of links in the algebraic
topology (see [27]).
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CAN THE CABIBBO MIXING ORIGINATE FROM
NONCOMMUTATIVE EXTRA DIMENSIONS?

ALEXANDRE GAVRILIK *
Bogolyubov Institute for Theoretical Physics, Kiev, Ukraine

Abstract. Treating hadronic flavor symmetries with quantum algebfgsu.,, ) leads to interesting

consequences such as: new mass sum rules for haHTorgr, §+ of improved accuracy; possi-

bility to label different flavors topologically - by torus winding number; properly fixed deformation
parameteg in case of baryons is linked in a simplest way to the Cabibbo athgl¢hat suggests

for 6. the exact value’;. In this connection, we discuss the possibility that this angle and the
Cabibbo mixing as a whole take its origin in noncommutativity of some additional, with regard to
3+1, space-time dimensions.

1. Introduction

The problem of fermion flavors, mixings and masses (see e.g., [1]) belongs to
most puzzling ones in particle physics. The Cabibbo mixing first introduced for
three lightest flavors in the context of weak decays [2] involves the ahgle
Importance of this concept was further confirmed after its generalization to mixing
of 3 families [3]. Due to Wolfenstein parametrization [4] of CKM matrix, the
Cabibbo angle now plays a prominent role: not only CKM matrix elem&pts

but also the quark (and even lepton) mass ratios are often expressed as powers
of small parameteA = sinf. ~ 0.22. No doubt, it is necessary to know the
value of A as precise as possible. In this respect, the main bonus of our approach
to flavor symmetries, based on quantum algebras, is that it suggestetically
motivatedexact value forf., namely,0. = ;. As further implication, it leads

us to a conjecture of possible noncommutative-geometric origin of the Cabibbo
mixing, and our aim here is to argue this may indeed be the case. Below, when
treating baryon masses, we restrict ourselves with 4 flavors including u-, d-, s-, and
c- quarks. Basic tool of the approach used is the representation theory of quantum
algebras [5[U,(su,) adopted, instead of conventionsl/ (), to describe flavor
symmetries classifying hadrons inmtaultiplets.

*

omgavr@bitp.kiev.ua
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2. Vector meson masseg;-deformation replaces (singlet) mixing

We usé Gelfand-Tsetlin basis vectors for meson states fi@rh— 1)-plet of
'n-flavor’ U, (u,) embedded intd (n+1)2—1}-plet of ‘dynamical’ U, (u,+1);
construct mass operatdf,, invariant under the 'isospin+hyperchargealgebra
U,(uz2) from generators of ‘dynamical’ algebid, (u,1) (e.g.,Ms = Myl +
v3As4 A4z + 93 A43A34); calculate the expressions for masses = <‘/Z“M3“/;>
- these involve symmetry breaking parametess 63 and theg-parameter. In
particular, forn = 3 we obtain

2
mp:M07 mgx = My — 73, Mg :M0_2H1737 1)
q

where(z], = q; =T istheg-number that 'deforms’ a numberand, to have equal

masses for particles and their antifs,= 3 was setg-Dependence appears only
in the mass olvg (isosinglet inU, (sus3)-octet). ExcludingVy, v3, theg-analog of
Gell-Mann - Okubo (GMO) relation is [8] :

2\, o,
mw8+(2[3]q 1) p—2[3]q K* . (2)

In the limitg =1 (i.e., at% = %), this reduces to usual GMO formulan,,, +

m, = 4m g~ which needs singlet mixing [9]. However, it also yields

Mg + My = 2mp= if q=e"/" (then, 2], = [3]q) - (3)

With m,, = mg, and no mixing, eq.(3) coincides with nonet mass formula of
Okubo [10] agreeingdeally with data [11].

For3 < n < 6 mass operator is constructed analogously. Again, calcula-
tions show: only isosingletsys, wa4, wss Of (n? — 1)-plets of U, (u,) contain
g-dependence. As result, we get thdeformed mass relations [8, 6, 7]:

n—1
[n](q) m, 2 4 + (bn;q +2n — 4) my = 2 mpsx + (Cn;q + 2) Z mpsx, (4)

n
r=3

24 8
bniqg =M Cnyg — 6 [”]%q) + (Hq - 1) (nl(g); Cniq = 2 [”]%q) - m[n](@’

where[n],) = [n],/[n—1],. Then, natural fixation by setting], = [n—1],,
n = 4,5,6, leads to the higher analogs of Okubo’s sum rule:

M5 + (5 - 8/[2]Q4)mﬂ =2mp- + (4 - 8/[2]Q4)mK*
®)

! For more details concerning this approach see refs. [6, 7, 13].

kievarwe.tex; 12/03/2001; 3:49




CABIBBO MIXING FROM EXTRA DIMENSIONS?

Moy =+ (9 - 16/[2]Q5)mp =2 mp,* + (4 - 8/[2]115)(mD* + mK*) (6)

Mgy + (13 — 24/[2]g5)mp = 2 mp,« + (4 — 8/[2]gs) (Mp,* + mp+ + mp+).
(7)

Hereg,, = ¢'/(?»=1) are the values that solve eqng)], — [n—1], = 0. Like in

the case withn,,; = my, itis meant in (5)-(7) that//+ is put in place ofvys, T

in place ofwy4, toponium in place ofus; (i.e., nomixing!).
Theg-polynomialsin], — [n—1], have a topological meaning.

3. Torus knots and topological labelling of flavors

Polynomials[n], —[n—1], = P,(q), by their roots, reducg-analogs (2), (4) to
realistic mass sum rules (MSR) (3), (5)-(7). And, due to propéityP,,(q) =
P.(¢7Y), (i1) P.(1) = 1, they coincide [8, 7] with such knot invariants as
Alexander polynomial&\(¢){(2n—1);} of (2n — 1);-torus knots. E.g.,

Bly—2ly=+q > —q—q " +1=A(g){5:},

[4], — [8q = q3 + q_?’ - q2 - q_2 +g+q ' -1= A(g){71}

correspond to thé;- and7;-knots. Since the-deuce in (4) can be linked to the

trefoil (or 31-) knot: [2], — 1 = ¢+ ¢! — 1 = A(g){31}, all the g-dependence

in masses ab,,2_; and in coefficients in (2),(4) is expressible through Alexander
A{5:} A{5:}

polynomials. Namely% =1+ =1+ ap

A{(2n —1)1} B A{(2n — 1)1}
B | P WIS S N OISV

n=4,5,6.
8

The values;, are thus roots of respective Alexander polynomials. For eathe
'senior’ (numerator) polynomial ir%—z and (8) is specified: by its root, it 'singles
out’ the corresponding MSR fromrdeformed analog.

Thus, theg-parameter for each s fixed in a rigid way as a roat, of A{(2n—
1)1}, contrary to the choice af by fitting in other phenomenological applications
[12]. Moreover, using flavog-algebras along with 'dynamicaj-algebras accord-
ing to Uy (up) C Ug(unt1), we gain: the torus knots;, 7;, 91, 11; are putinto
correspondence [6, 7] with vector quarkor@ cc, bb, andtt respectively. In a
sense, the polynomidl, (q) = [n], — [n—1], by its rootg(n) determines the value
of ¢ (deformation strength) for each and thus serves adefining polynomial
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for the MSR/quarkonium/flavor corresponding o Hence, the applying of-
algebras suggests a possibilitytopological labeling of flavorsfixed numbem
corresponds t@n —1 overcrossings of 2-strand braids whose closure gives these
(2n — 1);-torus knots. With the forni2n—1, 2) of same torus knots this means
the correspondence +» w = 2n — 1, w being the winding number around tube

of torus (winding number around hole is 2).

4. Defining g-polynomials for octet baryon mass sum rules

Analogous scheme was applied to baryéf'istoo. Excluding undetermined con-
stantsMy, «, (6 from final obtained expressions fafy, M=, My, My, leads to
the g-deformed mass relations (MRs) of the form [6, 7, 13]

2
240 + 2 Me = B + (g (3] M

+%(ME + [2]Mn — [2] My, — MA) )
q

where A, and B, are certain polynomials oR], with non-overlapping sets of

zeros. It is important that different dynamical representations produce differing

pairsA,, B,. Any A, possesses the factge], — 2) and thus the 'classical’ zero

g = 1. In the limit ¢ = 1 eachg-deformed mass relation reduces to the standard

GMO sum ruleMy + Mz = 1My + 2M, for octet baryons (its accuracy is

0.58%). At some values of which are zeros of particula4, other tharg = 1,

we obtain MSRs which hold with better accuracy than the GMO one. The two

new MSRs

: 1 3 9—+v3
q= /0 = My + L\/—ME = —=Mj) + JME (0.22%) (10)

2
2 VET /3 6

i 1
¢g=€"T =  My+ == g [ Ma + My (0.07%) (11)
qr

result [6,7,13] from two different dynamical representatiéi$ and D whose
respective polynomiald" and A possess zerag= ¢™/¢ andq = ¢i™/7. The
choice withg = €™/ turns out to be the best possible cne.

The sum rule (10) was first derived [6] from a specific dynamical representa-
tion (irrep) D) of U, (u4,1 ). However, the 'compact’ dynamicgl, (us) is equally
well suited. Among the admissible dynamical irreps there exist an entire séries

2 |n sec. 8 we argue that this valueis linked to the Cabibbo angldis = 7 =20c.

kievarwe.tex; 12/03/2001; 3:49; p.353




CABIBBO MIXING FROM EXTRA DIMENSIONS? 347

irreps (numbered by integen, 6 < m < oo) which produce the corresponding
infinite set of MSRs:

1 Blg 2l Blg

My + ———Mz = —+=Mp+ o — ) My, (12)
2lg,, —1 2lg.. <[2]qm -1 [2]qm)

with ¢,, = e™/™. Each of these shows better agreement with diase the clas-

sical GMO one. Few of them, including the MSRs (10), (11) and the ’classical’

GMO which corresponds t@,, = 1, are shown in théable.

| 6= 2 | (RHS-LHS), Mev | FHS-UHSI oz |

/00 26.2 0.58
/30 25.42 0.56
/12 20.2 0.44
/8 10.39 0.23
/7 3.26 0.07
/6 -10.47 0.22

Comparing (12) with (9) shows that the vamshmg%f is crucial for obtaining
this discrete set of MSRs and for providing a kind of 'discrete fitting’. Hentge,
serves aslefiningpolynomial for the corresponding MSR.

Since(2],, = q7 + q—17 = 2cos 7, the MSR (11) takes the equivalent form

ME—MN+ME—MA:(zcosg)(ME_MN) (13)

which exhibits some similarity with decuplet mass formula given below.
5. Decuplet baryons: universalg-deformed mass relation

In the case 05U (3)-decuplet baryon§+, the convensional 1st order symmetry
breaking yields [9] equal spacing rule (ESR) for isoplet membei®iplet. Em-
pirical data show foM s« — Ma, M=« — Myx+ andMq — M=+ noticeable deviation
from ESR:152.6 MeV <« 148.8 MeV <+ 139.0 MeV. Use of theg-algebras
U,(suy,) instead ofSU(n) provides natural improvement. From evaluations of
decuplet masses in two particular irreps of the dynamical algébfay 1), the
g-deformed mass relation

(1/2]¢) (Mg — MaA + Mg — Mz+) = Mz+ — Mx-, Rlg=q+q ",
(14)

was derived [14]. As proven there, this mass relation isens&l - it results from
each admissible irrep (which contaibig(sus)-decuplet embedded @0-plet of
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U,(suq)) of the dynamicall,(u4,1). With empirical masses [11], the formula
(14) is successful if2], ~ 1.96. Pure phase; = ¥ (or [2], = 2cos6) with

¢ = 610 ~ {; provides excellent agreement with data (below, we argue that
010 = 8c). Notice a similarity of eq.(14) with the MR

(1/2)(Ms+ — MA + Mg — M=) = Mz« — Mx- (15)

obtained earlier in diverse contexts [15]: by tensor method, in additive quark
model with general pair interaction, in a diquark—quark model, in modern chi-
ral perturbation theory. Such model-independence of (15) stems because each of
these approaches accounts 1st anddhdér of SU(3)-breaking.

The g-deformed MSR (14) is universal even in a wider sense: it results
from admissible irreps (containing,(sus) 20-plet) of bothU,(su41) and the
‘compact’ dynamicall, (sus). Say, within a dynamical irrep4000} of Uy (sus)
calculation yields:Ma = Mo + 8, Ms» = Mo + 2] + @, Mz« =
Mo + [3]8 + [2]la, Mg = Mo + [4]8 + [3]a, from which (14) stems. On
the other hand, these four masses can be comprised by single formula

Mp, = M(Y (D)) = Mo + a[1-Y(Dy)] + B2—-Y (D)) (16)

with explicit dependence ok (hypercharge). If; = 1, this reduces td/p, =
Mio +a Y(D;), i.e. linear dependence on hypercharggor strangeness) where
a=—a— 03, Mip= M+ a+20.

6. Nonpolynomial SU (3)-breaking effects in baryon masses

Formula (16)involves highly nonlinear dependenakemass on hypercharge (it is
Y that causesSU (3)-breaking for decuplet). Since farnumber[N] we have
[N] = ¢V 71+ ¢V 3 4 ... 4+ ¢ N3 4 ¢~ N+ (IV terms) this shows expo-
nential Y-dependence of masses. Such high nonlinearity makes (14) and (16)
radically different from the abovementioned result (15) of traditional treatment
that accounts for effects linear and quadrati¢’in

For octet baryon masses, high nonlinearinporipolynomiality in SU(3)-
breaking effectively accounted by the model was demonstrated in [13]. For this,
the expressions for (isoplet members of) octet masses with explicit dependence
on hypercharg&” and isospin/, throughI(I + 1), are used. The typical matrix
element (11, uo are functions of irrep labels, 5, m.;):

(Bil s Ags Asa Asg| Bi) = 2171 [3)7 ([Y/2][¥/241) — (L[ +1]) pa (a5, mass)

(27 5] (1Y/2 = UY/2 — 2] = [T + 1] ) pz(mas, mss),
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contributing to octet baryon masses, illustrates the dependence. From definition of
q-bracketn] = S;?rf?h};), g=exp(ih), it is clearly seen that baryon masses depend
on hypercharg&” and isospin/ (hence, onSU (3)-breaking effects) in highly
nonlinear -nonpolynomial fashion.

The ability to take into account highly nontrivial symmetry breaking effects by
applyingg-analogsU, (su,,) of flavor symmetries is much alike the fact demon-
strated in [16] that, by exploiting appropridtee g-deformed structure one is able
to efficiently study the properties of (undeformed) quantum-mechanical systems

with complicated interactions.

7. To use or not to use the Hopf-algebra structure

An alternative, as regards (9), versiongfleformed analog can be derived [13]
using for the symmetry breaking part of mass operator a componegrtenfsor
operator- this clearly implies [17] the Hopf algebra structure (comultiplication,
antipode) of theJ, (su,,) quantum algebras. Let us briefly discuss such version.
We useg-tensor operator§Vi, Vs, Vi) resp.(Vi, V3, V3) formed from elements

of U,(su4) and transforming a8 resp.3* under the adjoint action df,(sus).
With H,, H, as Cartan elements and with notation, Y], = XY — ¢Y X, the
componentgVi, Vs, V3) read

Wi = [Ef_v [E;’Eg_]q]qq_Hl/g_Hﬂﬁv Vo = [Eng;_]qul/G_HZ/G’

Vs = Ef ¢M/0HH2/3, (17)
and similarly for(Vz, V5, V3) (see [13]), of which we here only give
va — qH1/6+H2/3E§. (18)

Clearly, U,(sus) is broken toU,(sus). Like in the nondeformed case of(3)
broken to its isospin subalgebsa(2), the form of mass operator is

M= M() + Mg (19)

where Mj is U, (su3)-invariant andMy transforms ad = 0,Y = 0 component
of tensor operator o8-irrep of U, (su3). If |B;) is a basis vector of carrier space
of 8 which corresponds to some barydt, the mass ofB; is given by Mp, =
(B;|M|B;). The irrep8 occurs twice in the decomposition 8f 8. This, and the
Wigner-Eckart theorem fdv, (su,,) [18] applied tog-tensor operators under irrep

8 of U, (su3), lead to the mass operator of the folh = My1 + avg(l) + ﬁVS(Q)
and thus to

Mg, = (Bi|(Mo1 + aVy" + 8V3*)|B) (20)
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Wherevg(l) and VB(Q) are two dictinct tensor operators which both transform as
I=0,Y =0 component of irre@ of U, (su3); Mo, o, 5 - undetermined constants
depending on details of dynamics. Fr8dn® 3* =19 8,3* 3 =1@ 8 it

is seen that the operatolg V3 and V313 from (17),(18) are just the isosinglets
needed in eq.(20). As result, mass operator in (20) with redefidgdy, 3 is

M = Myl + aV3V; + 8V;5V3, or

M = Myl + aE{ Ey ¢¥ + BE; Ef ¢ (21)

whereY = (H; + 2H,)/3 is hypercharge. Matrix elements (20) willf from
(21) are evaluated by embeddi8gn a particular representation of,(su4). Say,
if one takes the adjoint5 of U, (su4), the evaluation of baryon masses yields:

My = My + Bq, Mx = My, My = My + %(a—i—ﬁ), Mz = My + ag™.
Excluding My, o and3, we finally obtain

[B]Ma + My, = [2](qg” ' My + qMz). (22)

This alternativez-analog of octet mass relation looks much simpler than the for-
merg-analog (9). This samgrelation (22) results from embeddi8gn any other
admissible dynamical representation. What concerns empirical validity [11] of
(22), there is no other way to fix thgparameter as by usual fitting (for each
of the valuesy; » = 41.035, ¢34 = +0.903y/—1, the ¢-MR (22) indeed holds
within experimental uncertainty). This is in sharp contrast withgtteamalogs (9)

for which there exists an appealing possibility to §ixn a rigid way by zeros of
relevant polynomiaH,,.

Summarizing we should stress that, although the use of Hopf-algebra structure
leads to simple and mathematically appealing result eq.(22), from the physical
(phenomenological) viewpoint the version (9) @fnalog obtained by apply-
ing only the tools of representation theory of quantum algebras and not strictly
g-covariant symmetry breaking part in mass operator, provides much more inter-
esting results. Among these is the degeneracy lifting and the possibility to choose
among a variety of dynamical representations, defining polynomials and, thus,
within discrete set of viable mass sum rules. That led us to the best MSR (11) (or
(13)) for octet baryons.

8. On the connection: deformation parameter~ Cabibbo angle

In 3-flavor case of vector mesons, the deformation arfiglbat determines-
meson in (3) coincides remarkably with-¢ mixing angle (known [11] to be
.4 = 36°) of traditional SU(3)-based scheme. In other words, the concept of
g-deformed flavor symmetrigs closely relatedvith the issue of singlet mixing.
For pseudoscalar (PS) mesons, the generalization [19] of GMO-formula

fEm2 +3fim2 =4Affmy  with  1/f2+3/f2 =4/f%, (23)
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involves decay constants as coefficients. Presented in the equivaleft form
9k/f2 o f&x o
2 2 My = 2 MK,
4-— fK/fﬂ' fﬂ'

it is to be compared with our-analog(2) of GMO rewritten for PS mesons (with
masses squared), namely

m2 + =4 (24)

m2 4 2 = SE 2 (25)

Without singlet mixing, it is satisfied for (the mass gfysicaln-meson put
instead ofyg at properly fixedy = ¢ps, and just this is meant below.

The two generalizations (24) resp. (25) yield the standard GMO mass formula
in the corresponding limit of single paramet% — 1 resp.g — 1. Moreover,
the following identification is valid:

Ik, a2 31%/ 2 53]

f2 2[2] — [3]’ A—f2/f2 0 212 -3

from which, using(3], = [2]2 — 1, we get

(26)

e =1-&xt (1 —&x)’ +1, &x=@Z/MA"T @)

The ratio fx/ f is related to the Cabibbo angle. This is evident either from the

-1
formula (see [20])tan? 6, = my [f—K - ’"—ﬂ , or from the formula

m%( f7'l' mK

FK—)/J,I/

= (tan )

f2 My \ 1= (M,/Mq)?

) fi Mi (1— (MM/MKV)Q

Fw%w/

for the ratio of weak decay rates usually applied to determine [21,fk1]f~ in
terms of the Cabibbo angle, with known empirical data on decay rates and masses.
Thus, the value of i/ f. is expressible through.. Together with (26), (27) this
implies: within our scheme, the (realistic valgg of) deformation parameter is
directly connected with the Cabibbo angle

Similar conclusion can be arrived at in another, more general context. In [22],
the g-deformed lagrangian for gauge fields of the Weinberg - Salam (WS) model
invariant under the quantum-group valued gauge transformations was constructed.
The obtained formula [22]

Flgl/ = Trg(Fw) [2((12 + q_2)]_1/2 = By cosf + F;?u sin ), (28)

3 Note that having used the additional constraint in (23) we are led to the single dimensionless
quantity’;—f involved in the multipliers of masses.
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Fj,, =0, A0 — aVAf; + ieab?’(A;A’; - A,‘jAZ) + [Ag, B, —[A3,B,),

By = 0,By — 0,By, + [By, By] + [A}, A

tan® = (1 — ¢%)/(1 + ¢?), (29)

exhibits a mixing of thel/(1)-componentB,, with nonabelian componentd?,
(the third one). Introducing the new potentialy, = B, cos6 + A2 sind),

Z, = —B,sinf + Af; cos # yields nothing but definition of physical photon
Zlu and Z-boson of WS model, wheré coincides with the Weinberg angle,
6 = Ow. Since atd = 0 the potentialsB, and Af; get completely unmixed
whereas nonzeré (i.e., nontrivial g-deformation) provides proper mixing as a
characteristic feature of the WS model, it is thus seen thatvbek mixing is
adequately modelled by tlgedeformation Moreover, formula analogous to (29),
e, tanfy = g+/[4]/([2][3]) [1/2] [3/2], was obtained [23] within somewhat
different approach tg-deforming the standard model.

Hence, the-deformation realizes proper mixing in the sector of gauge fields,
thus providing explicit connection between the weak angle and the deformation
parameter;.

On the other hand, the relation found in [24], namely

Ow = 2(012 + 623 + 013), (30)

connect¥,, with the Cabibbo anglé,> = 6. (and two other Kobayashi-Maskawa
angled: s, f-3; as we deal with two lightest families, we have to disadrgd 6-3).

The importance of (30) consists in that it links two apparently different mixings:
one involved inbosonic(interaction) sector, the other farmionic(matter) sector

of the electroweak standard model.

Combining (29) and (30)d3, 613 omitted) we conclude: the Cabibbo angle
should be connectedith the g-parameter of a quantum-group (or quantum-
algebra) based structure applied in the ferngentor.

It remains to recall that all our treatment in secs.4-7 usingqtiadgebras
U,(su,) concerned just the fermion sector although at the level of baryons as 3-
guark bound states of fundamental fermions. Hence, itis natural to assert that there
exists direct connection of thgparameter involved in (13), (14) with fermion
mixing angle. Setting1o = ¢(0:) andfs = h(6:) we find for the functions
g(6c) andh(6.) remarkably simple explicit form:

010 = Oc, g =2 0c. (31)

With 0 = 7 (see (11)) this suggests for Cabibbo angle the exact vglue
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9. Discussion

Quantum groups and their Hopf dual counterpart - quantum universal envelop-
ing algebras (QUEA) incorporate transformation/covariance properties of related
guantum vector spaces [25]. In the context of quantum homogeneous spaces (see
e.g., [26]) the corresponding quantum groups act (say, on their noncommuting
‘coordinates’) in a nonlinear way, as it was exemplified [27] with quan@iRy".
Both quantum groups and their dual QUEA provide necessary tools in construct-
ing [28, 17] covariant differential calculi and particular noncommutative geometry
on quantum spaces.

In the case at hand thiaternal symmetries, underlying our treatment of
baryon mass sum rules in secs. 4-7 and based on the btgken,,) (n > 3) as
well as unbroken isospiti, (su2) g-algebras, are closely related to certain internal
or extra (as regards the Minkowski spale!) spacetime dimensions. From this
we infer the following. The above justified direct link (31) between the Cabibbo
angled. = {; and theg-parameter, which measures strengthyafeformation
for the g-algebrasU,(su,,) of flavor symmetry, can be viewed as an indication
of noncommutative-geometric origin of fermion mixing. In this context, the value
0. = {3 of the Cabibbo angle would serve as the noncommutativity measure of
relevant quantum space (responsible for the mixing and explicitly as yet unknown)
in extra dimensions. Concerning the latter, one can assert that their number is not
less than 2.
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NONCLASSICAL TYPE REPRESENTATIONS OF NONSTANDARD
QUANTIZATION OF ENVELOPING ALGEBRAS U(so(n)), U(so(n,1))
AND U(iso(n))

NIKOLAI IORGOV *
Bogoliubov Institute for Theoretical Physics, Kiev, Ukraine

1. Introduction

Quantum orthogonal groups, quantum Lorentz group and their corresponding
qguantum algebras are of special interest for modern physics [1]. M. Jimbo [2] and
V. Drinfeld [3] definedg-deformations (quantum algebrds)(g) for all simple
complex Lie algebrag by means of Cartan subalgebras and root subspaces (see
also [4]). However, this approach does not give a satisfactory presentation of the
quantum algebrd/,(so(n, C)) from a viewpoint of some problems in quantum

physics and representation theory. When considering representations of the quan-
tum algebrad’/,(so,+1) andU,(so, 1) We are interested in reducing them onto
the quantum subalgebi,(so,,). This reduction would give the analogue of the
Gel'fand-Tsetlin basis for these representations. However, definitions of quan-
tum algebras mentioned above do not allow the inclusigyso(n + 1,C)) D
Uy(so(n,C)) andUy(son,1) D Uy(sop). To be able to exploit such reductions
we have to considej-deformations of the Lie algebra(n + 1, C) defined in
terms of the generatolg 1 = Ey 11 — Ex—1 (WhereE;, is the matrix with
elementy E;5),+ = d;:05) rather than by means of Cartan subalgebras and root
elements. To construct such deformations we have to deform trilinear relations
for elementd;, ;. instead of Serre’s relations (as in the case of Jimbo’s quantum
algebras). As a result, we obtain the associative algebra which will be denoted as
U,(so(n, C)).

Theseg-deformations were first constructed in [5]. They permit one to con-
struct the reductions d¥, (so,+1) andU; (son,1) onto U, (so,). Theg-deformed

*
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algebralU, (so(n, C)) leads forn = 3 to the g-deformed algebrd/; (so(3, C))
defined by A. Odesskii [6] and D. Fairlie [7].

In the classical case, the embeddi#i@(n) C SU(n) (and its infinitesimal
analogue) is of great importance for nuclear physics and in the theory of Rieman-
nian symmetric spaces. It is well known that in the framework of Drinfeld—Jimbo
guantum groups and algebras one cannot construct the corresponding embedding.
The algebrdJ; (so(n, C)) allows to define such an embedding [8,9], that is, it is
possible to define the embeddib{(so(n, C)) C U,(sl,), whereU,(sl,) is the
Drinfeld—Jimbo quantum algebra.

As a disadvantage of the algetirg(so(n, C)) we have to mention the diffi-
culties with Hopf algebra structure. Nevertheld$gso(n, C)) turns out [8,9] to
be a coideal iU, (sl,,).

Finite dimensional irreducible representations of algdbfgo(n,C)) were
constructed in [5]. The formulas of action of the generators of the algebra upon
the g-analogue of the Gel'fand—Tsetlin basis are given there. A proof of these
formulas and some their corrections were given in [10]. However, finite dimen-
sional irreducible representations described in [5] and [10] are representations
of the classical type. They akedeformations of the corresponding irreducible
representations of the Lie algebsa(n,C), that is, atg — 1 they turn into
representations ab(n, C).

The algebraJ, (so(n, C)) has other classes of finite dimensional irreducible
representations which have no classical analogue. These representations are sin-
gular at the limity — 1. They were described in [11]. Note that the description of
these representations for the algeliféso(3, C)) is given in [12]. A classification
of irreduciblex-representations of real forms of the algebigso(3, C)) is given
in[13].

There exists an algebra, closely related to the algépfeo(n, C)), which is a
g-deformation of the universal enveloping algebt@éso,, ) of the Lie algebraso,,
of the Euclidean groupSO(n) (see [14]). It is denoted &, (iso,,). Irreducible
representations of the classical type of the algdlyféso,) were described in
[14]. A proof of the corresponding formulas was given in [15]. However, the
algebralU,(iso,), ¢ € R, has irreducible representations of the nonclassical
type. A description of these representations is the aim of this paper. Note that
the description of these representationsligfisoz) is given in [16]. The second
aim of this paper is to describe irreducible representations of nonclassical type
of the algebraJ; (so, 1) which is a real form of the algebrd, (so(n + 1, C)).
Representations of the classical type of this algebra are described in [5] and [17].

We assume throughout the paper thas$ a fixed positive number. Thus, we
give formulas for representations for these valueg éfowever, these representa-
tions can be considered for any valueg oot coinciding with a root of unity. For
this we have to treat appropriately square roots in formulas for representations or
to rescale basis vector in such a way that formulas for representations would not
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contain square roots.
For convenience, we denote the Lie algelrgn, C) by so,, and the algebra
Uy(so(n, C)) by Uy (son).

2. Theg-deformed algebrasUy (so,,) and U,(iso,)

In our approach [5] to the-deformation of the algebrag(so,,) we define the
g-deformed algebr&/, (so(n, C)) as the associate algebra (with a unit) generated
by the elements; ;_1, ¢ = 2, 3, ..., n satisfying the defining relations

Ii,ifllz‘Q_Li_z (g i1 ol 1L 14 o +Ii2_1,¢_2—7¢,171 =11, (1)

Ii%i_1Ii—1,i—2 —(q+q DLiialio1ialiia +Ii—1,i—2fi2,i_1 =—Ii_1,-2, (2)
Lig-1ljj-1 =1Ijj-1lii—1, li—j]>1. (3)

In the limit ¢ — 1 formulas (1)—(3) give the relations defining the universal
enveloping algebr#/ (so,,). Note also that relations (1) and (2) principally differ
from theg-deformed Serre relations in the approach of Jimbo [2] and Drinfeld [3]

to quantum orthogonal algebras by a presence of nonzero right hand side and by
possibility of the reduction

U, (505) D Uy(s0p-1) D - D U,(s03).

Recall that in the standard Jimbo-Drinfeld approach to the definition of quantum
algebras, the algebrd§, (sos,,) and the algebra&,(so2,,,+1) are distinct series
of quantum algebras which are constructed independently of each other.
Various real forms of the algebrdg (so,) are obtained by imposing cor-
respondingx-structures. The compact real forfi (so(n)) is defined by the
x-structure
Zi—l == —Iiyifl, 1= 2,3, ceey T

The noncompacj-deformed algebras, (so, ) wherer = n — p are singled out
respectively by means of thestructures

vic1=—Lii1, i#Fp+1l, i<n, I, =1Iip
Among the noncompact regtalgebrasl,(so,,), the algebrad/,(so,1,1) (a
g-analogue of the Lorentz algebras) are of special interest.

We also define the algebi (iso,,) which is a nonstandard deformation of the
universal enveloping algebra of the Lie algebs@, of the Euclidean Lie group
ISO(n). It is the associative algebra (with a unit) generated by the elements
Ioy, I3g, - -+, Inn—1,T, such that the elements, Iso,- - , I, ,—1 satisfy the
defining relations of the subalgehiig(so,,) and the additional defining relations
are

LT = (0 + ¢ Va1 Todnn + To2, ) = =Ty,
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TgIn,nfl - (q + q_l)TnIn,nflTn + In,nflTr% = 07
Ik,k—lTn = TnIk,k—l if k<n

(see [14]). If¢ = 1, then these relations define the classical algébfao,,).
Let us note that the defining relations 0y (iso,,) can be expressed by bilinear
relations [15].

3. Finite dimensional classical type representations df, (so,,)

In this section we describe (in the framework of-analogue of Gel'fand—Tsetlin
formalism) irreducible finite dimensional representations of the algépfo,,),

n > 3, which areg-deformations of the finite dimensional irreducible representa-
tions of the Lie algebrao,. They are given by the seta,, consisting of|n /2|
numbersny ,,, ma n, .-, M|n/2},» (N€re[n/2| denotes integral part of/2) which

are all integral or all half-integral and satisfy the dominance conditions

M1 2p+1 = M22p41 = oo = Mp2pt1 > 0,

M12p > M22p 2> oo = Myp—12p > [Myp2p|

forn = 2p + 1 andn = 2p, respectively. These representations are denoted by
Tm, . For a basis in a representation space we take-#wealogue of Gel'fand—
Tsetlin basis which is obtained by successive reduction of the represerifigfion

to the subalgebral; (so,.—1), Ug(son—2), - - -, Ug(s03), Uy(so2) := U(soz). As

in the classical case, its elements are labelled by Gel'fand—Tsetlin tableaux

my—1

{n} = = {my, {1} = {my, my 1,62}, (4)
msy
where the components afi, andm;,_, satisfy the “betweenness” conditions
M12pt1 = M1 2p = M2 2pt1 = M22p = oo 2= Mypopt1 = Mp2p = —Mp2opid,

Mi2p > Mi2p—1 = M22p > M22p—1 > .. > Mp_12p—1 > |Mp2p|-

The basis element defined by tablegy } is denoted ag,, ).
It is convenient to introduce the so-calledoordinates

ljopr1 =mjopi1+p—J+1, Liop = mjop+D—J, (5)

for the numbersn; ;.. In particularl; 3 = mq 3 + 1 andl; » = my . The operator
T, (I2p+1,2p) Of the representatioffiy,, of Ué(son) acts upon Gel'fand-Tsetlin
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basis elements, labeled by (4), by the formula

A& AL
Ton, (Top1.20) n) = Z s Z ql] e |€n)3)
(©)

and the operatdfy,,, (I2p,2,—1) Of the representatiofiy,,, acts as

— &n)
Tm T " 2p 1(
n( 22l lé Z 2l] 2p—1 — Hlﬂp—l

]\(fn)gp 1)

2 Bha((n)y)

_j:1 (2052p—1 — 1[lj2p-1 — 1]

|(€n)2p—1) +1C2p-1(€n)ln)- (7)

In these formulasggn)ij means the tableau (4) in whighth componentrn;; 5, in
my, is replaced byn; , +1. The coeff|C|ents42p, ngfl, Cp—11in (6) and (7) are
given by the expressions

AL (&) = (Hle[liapﬂ + Liopl[li2p+1 — Li2p — 1]
» Hf;éj [li,Zp + lj72p] [li,2p - lj,2p]

X

_ 1/2
121 [ligp—1 + Lioplllizp—1 — Lj2p — 1] /
I15lli2p + Ui + lli2p — Ljj2p — 1] ’

B e — [ Doeallzs + biopallszy = iy
P Hl#] [li 2p—1+15,2p—1][li,2p—1—j,2p—1]

1/2
T2 {lizp—2 + Lzp—1)[liop—2 — Ljop-1] ) (9)
T122; (lsop -1+ 2p 1=l 2p-1—1.2p-1—1] ’

T2 [li.2p) T2 (2]
227 [l op1llizp1 — 1]
where numbers in square brackets meatumbers defined by

Cprl(gn) = (10)

a

o = T2
9—q
It is seen from (5) thaC’y,_; in (10) identically vanishes ifn, 2, = l,2, = 0.

A proof of the fact that formulas (6)-(10) indeed determine a representation of
U,(sop) is given in [10].
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4. Finite dimensional nonclassical type representations @ (so)

The representations of the previous section are called representations of the
classical type, because @t— 1 the operatordy,, (I;,j—1) turn into the corre-
sponding operatorg,,, (I; ;1) for irreducible finite dimensional representations
with highest weightsn,, of the Lie algebrao,,.

The algebrd/; (so,,) also has irreducible finite dimensional representatitns
of nonclassical type, that is, such that the operaitis; ;1) have no classical
limit ¢ — 1. They are given by sets:= (e, €3, - ,€,), €, = =1, and by sets
m,, consisting of|n/2] half-integral numbersm; ,, man, ... , Mm|y/2), (here
|n/2] denotes integral part of/2) that satisfy the dominance conditions

M1 2p+1 = M22pt1 > oo > Mypopr1 > 1/2,
Mi2p > M22p > ... > Mp_12p > Mpop > 1/2
forn = 2p + 1 andn = 2p, respectively. These representations are denoted by
Tem,, -
For a basis in the representation space we use the analogue of the basis of the
previous section. Its elements are labeled by tableaux

m,,
m, 1

{gn} = = {mnaén—l} = {mm mn—17§n—2}7 (11)

my
where the components afi, andm;_, satisfy the “betweenness” conditions
M12p+1 = M1,2p = M2 2p+1 = M22p = -oo > Mpop1 > Mpap > 1/2,

M12p = M12p-1 = M22p = M22p-1 = oo = My 12p-1 = Mp 2p-
The basis element defined by table#y } is denoted a&,,).
It is convenient to introduce thé-coordinates as in (5) The operator
Te m,, (I2p+1,2p) Of the representatiol, ,,, of U,(so,) acts upon our basis
elements, labeled by (11), by the formulas

€2p+1
Tem, (I2p+1,2p)‘§n> = 5mp,2p,1/2 #J;,UQD%(&)KH

I 1 I . (G
¢ qlJE?p — q_lj»2p n/2p ¢ qu,2p — q_lj,Zp ni2p /o
7j=1 J=1
where the summation in the last sum must be froma ol if m,, 2, = 1/2, and
the operatofly,,, (I2p,2p—1) Of the representatioiﬁmn acts as

Te mn(I2p,2p 1 |€n Z 217 l(gn) |(§n)2p 1)

— 2lJ2p 1= 1][lj,2p 1]
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2lj,2p71 _ 1} [lj,2p71 — 1]+ ‘(én);pj—ﬁ + EQPCQP—I(fn)|£n>a

N Bl ((6n)ap)
21

where
), = L
q—q*
In these formulasggn)fj means the tableau (11) in whighth componenin; ;,

in my, is replaced byn; ; + 1. Matrix elementsA;, and By, ; are given by the
same formulas as in (6) and (7) (that is, by the formulas (8) and (9)) and

Hg:l [ls,2p]+ HE;% [ls,2p—2]+ )
Hg;i[ls,2p—1]+[l872p—1 - 1]+

-1
Hf:1[li,2p+1 - %] Hf:1 [li,2p—1 - %]
-1
1= [li2p + 31lli2p — 3]
Theorem 1. The representationd ,,,, are irreducible. The representations
T m, andTu o are pairwise nonequivalent fofe, m,) # (¢/,my,). For any

admissi_ble(e, m,) and m;, the representationd ,, and Ty, are pairwise
nonequivalent.

éQp— 1 (gn) =

D2p(£n) =

The algebraUé(son) has non-trivial one-dimensional representations. They
are special cases of the representations of the nonclassical type. They are
described as follows.

Let € = (ez, €3, ,€n), & = =1, and letm, =(miy, mop, -,
Mins2)n) = (3, 3.+ > 3)- Then the corresponding representatidns,, are
one-dimensional and are given by the formulas

€k+1
Tem, (Te41,k)€n) = m |€n)-

Thus, to everye := (eg,es3,---,€,), €6 = =1, there corresponds a one-
dimensional representation of (so,,).

5. Definition of representations ofUy (so,,,1) and U (isoy, )

Let us recall that we assume thats a positive number. We give the following
definition of infinite dimensional representations of the algelbfg(SOnJ) and
U,(iso,) (we denote these algebras &Y. It is a homomorphisnk : A — L(H)

of A to the space&(H) of linear operators (bounded or unbounded) on a Hilbert
spaceH such that

(a) operatorsk(a), a € A, are defined on an invariant everywhere dense
subspac® C H;
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(b) R | U,(so,) decomposes into a direct sum of irreducible finite dimen-
sional representations &f; (so,,) (with finite multiplicities if R is irreducible);

(c) subspaces of irreducible representation&{ko,, ) belong toD.

Two infinite dimensional irreducible representatidgdand R’ of A on spaces
‘H and H’, respectively, are called (algebraically) equivalent if there exists an
everywhere dense invariant subspabes D andV’ c D’ and a one-to-one
linear operatord : V' — V' such thatAR(a)v = R/(a)Av for all a € A and
veV.

Remark that our definition of infinite dimensional representatiorig ¢fo,, 1 )
and U, (iso,,) corresponds to the definition of Harish-Chandra modules for the
pairs(son,1, so,) and(iso,,, so, ), respectively. Thus, modules determined by rep-
resentations of the above definition can be callddarish-Chandra modules of

the pairs(U, (son,1), Uy (s0,)) and(U,(ison ), Uy (son)), respectively.

6. Representations of/,(iso,,)

There are the following classes of irreducible representatiob @o,, ):

(a) Finite dimensional irreducible representatiddsof U, (so,,). They are
irreducible representations bf, (iso,,) with R(T;,) = 0.

(b) Infinite dimensional irreducible representations of the classical type.

(c) Infinite dimensional irreducible representations of the nonclassical type.

Representation®) ,,, of class (b) are given in [14,15]. Let us describe rep-
resentations of class (c), that is, representati@nfor which there exists no
limit ¢ — 1 for the operatorsR(7,,) and R(I;;—1). These representations are
given bye := (eg, €3, ,€n+1), NON-zero complex parametarand by num-
bersm = (mant1,M3 042, M| (n+1)/2),n+1)s M2+l = M3pta > o0 >
M| (n41)/2),n+1 = 1/2, describing irreducible representations of the nonclassical
type of the subalgebr&; (so,—1) (see section 4). We denote the corresponding
representations df'q(ison) by Re \.m-

In order to describe the space of the representation,, we note that

RG,)\,m \ U;(SOn) = @TE’,mnv my = (ml,nv T 7m\_n/2j,n)7 (12)

my

wheree’ = (e, -+ ,€,) is the part of the set, the summation is over all
irreducible nonclassical type representatidins,,, of Ué(son) for which the
components ofn,, satisfy the “betweenness” conditions

M1k > M2 2k+1 > M2k > oo > M2kl > Miok > 1/2 if n =2k,

M12k—1 = M22k = M22k—1 > - > ME_12k—1 = Mp2p if n=2k—1.
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The carrier spacé{lﬁm of the representatio®, , ,, decomposes a’ﬁg,m =
®Dm, He m,, Where the summation is such as in (12) d#d ., are the sub-
spaces, where the representatidsy,, of U,(so,) are realized. We choose a
basis in every subspadé. .,,, as in section 4. The set of all these bases gives
a basis of the spac;ée,m. We denote the basis elements |y, M), where M

are the corresponding tableaux. The numbeys from |m,,, M) determine the
numberg;; as in section 3. The numbers; ,,; determine the numbers

Lioky1 =myop1 +hk—i+1, n=2k, lijox=myor+k—1i, n=2k—1

The operatorsR. y m(/;,;—1) are given by formulas of the nonclassical type rep-
resentations of the algebtd (so,,) from section 4. For the operatoR \ m(Tox)
andR. x m(T2,—1) we have the expressions

k-1 RJ
B3, (moy_1, M)
Ry m(Tog—1)|mog_1, M) :)\Z 20 2kl ‘ ;k] 1 M)
i=1

iok—1 — [l ak—1]+

k-1 5 —j
Y Z Békq(mygﬂa M)

m,, ,M
=1 [2lj,2k—1 - 1} [lj,2k—1 — 1] ’ 2](2 1 >

+iegpACop_1 (Mg, M)|mgy_1, M),

. €2
Rexm (To) [mog, M) =iXdy, . 1/2 ql/22_7+1_1/2D2k|m2k7 M)

k
A] M
Ay Almae M)y gy s (e M)

—l —l | Qk 9 lu 9
]_ quk:_ ]2k: ]_ q]2k_ 7,2k
where the summation in the last sum must be fromA tol if my, o, = 1/2, and

TIE ollionss + Lokl lliokss — Ljok — 1]
[Lizslli2n + Uil [li2n — U 28]

A]ék(m%,M) = (

B 1/2
" [ liok—1 + Liok) Lokt — Lok — 1] / (13)
[Lizjllion + Lok + 1[liok — Lok — 1] ’

15 olion + Liok—1][li ok — Ljok—1]
izillizk—1 + Uiok—1][li2k—1 — j2k—1]

B, (mgy_1, M) = (H

X

_ 1/2
[T (liok—o + Liok—1]lizk—2 — Lj2n—1] / (14)
[Lizilliok—1 + Liok—1 — Ullizk—1 — ljok—1 — 1] ’

) = TT5 [l 0] T84 (15 20 —2) + 7 (15)

Cop_1(M) = ==
H?:ll[ls,Qkfl}—O—[ls,Qkfl — 1]+
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1o llionsr — 31T Hiok—1 — 3
15 [l ok + ok — 3]
Theorem 2. The representations?. » ., are irreducible. The representations
Rc xm and Ry o a@re equivalentif and only if = ¢, m = m’ and\ = £\’
The operatorsRk, » m(77,) are bounded. The representatiéi) ) ., is equivalent

to no of the representation®y ,,» of classical type.

Dy, =

(16)

7. Representations olJ;(soy,1)

Irreducible representations of classical type of algeldféso, 1) are given in
[5,17]. Here we describe irreducible representations of nonclassical type (that
is, representation® for which there exists no limiy — 1 for the operators
R(I;;—1)). These representations are given by the set (e2, €3, - -, €,41), by @
complex parameterand by the setn = (m2.,11,M3n41, "+, M| (n+1)/2) ;41 )
M2 ntl = M3pt2 = -+ = M{ni1)/2) 041 = 1/2, describing irreducible rep-
resentations of the nonclassical type of the subalg&bfso, 1) (see section 4).
We denote the corresponding representatiorig,0do,, 1) by Re ¢ m.

In order to describe the space of the representdtion,, we note that

Re,)\,m { Ué(SOn) = @TE’,mna my = (ml,m T aan/2J,n)a (17)

my

wheree’ = (eq,--- ,€,), the summation is over all irreducible nonclassical type
representation§ .,,, of the subalgebrd/; (so,,) for which the components of
m,, satisfy the “betweenness” conditions

M2k > M2kl = M2k > - > Mokl = My > 1/2 if n =2k
M1ok—1 > M22k = M2k 1 > o = My 1261 > Mok if n=2k—1.

The carrier spacé%eym of the representatio, . ,, decomposes aﬂfﬁ,m =
®m, Hem,, Where the summation is such as in (17) @d ,,, are the sub-
spaces, where the representatips,,, of U,(so,) are realized. We choose the
basis in every subspadé. ., as in section 4. The set of all these bases gives
a basis of the spacH. . We denote the basis elements|iy,,, M), where M
are the corresponding tableaux. The numbefs from |m,,, M) determine the
numbers/;; as in section 3. The numbers; ,, .1 determine the numbers,,
as in section 6. The operatals . m (1;,i—1), @ < n, are given by formulas of the
nonclassical type representations of the algéHji@o,) as in section 4. For the
operatorRe ¢ m (lok+1,2x) if n = 2k andRe ¢ m (Tox 26—1) if n = 2k —1 we have
the expressions

Re c.om(I2k,26—1)|mog—1, M)
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B, (mg,_1, M)
20211 — U[lj26-1]+

ng—l(m;kj—la M)
205,261 — U[lj 261 — 1]

([e + 1 26—1][c — lj,2k])1/2 |1r1r1;kj—17 M)

— Z([C + lj72k_1 + 1] [C - lj,2k: + 1])1/2
j=1

\m% 17M>

+eaple] Cop1 (mgy_1, M)|myy,_1, M),
Re c.om(I2k+1,2k) Moy, M)

€2k
= Oy, 172 [ — 1/2] ﬁDzk(m% M)|mgy, M)

k

+ Z([c + Ui 2n)[c — Uik — 1])

1/2 Agy (may, M)
qu,2k _ q*lj,mc

L
\kaJ,M>—

k . .
AL, (mo), M
Z c+ lj - [C . lj,Qk])l/Z Zk( 2k )

—J
glize — glizn [y, M),

where the summation in the last sum must be fromA tol if my, o, = 1/2, and
A}, B), |, Ca_1, Dy are such as in (13)—(16).

Theorem 3.The representatiof . m, Of Ué(so%,l) is irreducible if and only if

is not half-integer or one of the numbetsl — ¢ coincides with one of the numbers
ljok+1,J = 2,3,--- , k. The representatiof, . n, Of U;(SO%_l,l) is irreducible

if and only ifc is not half-integer oric| coincides with one of the numbérs;,
1=2,3,---,k, Or|C| < lk’gk.
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QUASIPARTICLES IN NON-COMMUTATIVE FIELD THEORY

KARL LANDSTEINER *
Theory Division CERN, 1211 Geneva 23, Switzerland

Abstract. After a short introduction to the UV/IR mixing in non-commutative field theories we
review the properties of scalar quasiparticles in non-commutative supersymmetric gauge theories at
finite temperature. In particular we discuss the appearance of superluminous wave propagation.

1. Introduction

Given the experience of quantum mechanics it seems a rather natural idea that
spacetime at very small distance-scales might be described by non-commuting
coordinates [1, 2]. Keeping the example of quantum mechanics in mind one is
lead to write down a commutation relation for the coordinates such as

[z™, 2" = ™™ (1)

In order to study quantum field theory on such non-commuting spaces it is useful
to make some further simplifying assumptions, in particular we will @R to
be an element of the center of the algebra defined by (1).

A convenient way of thinking about non-commutativity is by deformation
of the product on the space of ordinary function. Usif* as deformation
parameter we define the so-called Moyal product (or star-product) by

f(@) % g(x) := lim €27 %% f(2)g(y) . @)

Yy—x

In momentum space it takes the form

] S

An immediate consequence is that we can always delete one star under the integral
because the additional terms by which the Moyal product differs fronusioel

* karl.landsteiner@cern.ch
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= ¢ Mexp( 3k Bk

k, ks

Figure 11. Feynman rule for non-commutatidi® vertex.

(3
Figure 12. Corrections to the two-point function can be either planar as in (a) or non-planar as in

(b)

product are total derivatives thanks to the antisymmety/"tf

[ 1@ s g@)s = [ (@9 + 500 @0ng(a) + - ) & @)

This furthermore implies cyclic symmetry under integral

/f*g*h:/f.g*h:/g*h.f:/g*h*f. (5)

We have now all the ingredients do start discussing field theory. Before doing
so we will introduce one further simplification, namely we will assume from that
time is an ordinary commuting coordinate, i#&"° = 0. This has the advantage
that we are still dealing with a system with a finite number of time derivatives.
Although a canonical formalism for theories with an infinite number of time
derivatives can be developed [3] it turns out that quantum field theory on spaces
with time-space non-commutativity are not unitary at the one-loop levél [4]

Non-commutative field theories can be viewed as non-local deformations of
local field theories. For fields of spin zero or one-half we can take a Lagrangian of
an ordinary field theory and deform the product of fields according to the Moyal
product (4), i.e. we replace the ordinary product by the star product. For spin
one-fields we also have to consider that the gauge symmetry is defafehgd:-
OmA+i{Am, A}«, where{., .}, denotes the Moyal brackéf, g}. = fxg—gx*f.

The non-commutative field strength of a gauge field is defined accordingly as
Fon = OmAn — OnAnm + i{An, An}« and the covariant derivative d3,,. =
Om.- + i{Am, .}« [5].

! This applies to the time-like case, i.e. in all coordinate systems #ith = const the
commutator (1) involves the time coordinate.
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Let us consider now a scal@t theory on in four dimensions. Without further
loss of generality we assunté®> = —#32 = g. Because one can drop one star-
product in the Lagrangian the free theory is unchanged with respect to the one on
ordinaryIR™. The tree level propagator is then the usual one

1

(@(p)@(—p)) = o (6)
The one-loop corrections to the two point function that arise fromitheertex
are shown in figure 2(a) and 2(b). Because of the cyclic symmetry of the vertex
we have two distinct classes of graphs [6]. If we connect neighbouring lines of the
vertex in figure (1) the dependence of the exponential on the internal momentum
k = k1 = —ko cancels. Thus the diagram 2(a) gives rise to a quadratic divergence
in the same way as it happens in ordindftheory.

If we contract however non-neighbouring lines the dependence on the internal
momentum of the exponent does not cancel. The distinct classes of Feynman
diagrams in non-commutative field theories are called planar if they are of type
2(a) and non-planar if they are of type 2(b).

The divergence is regulated by the rapid oscillation of the exponential function
at large internal momentum and we find

d*k ek ig?
4 2/ = 7
T e —m?  ampE 0

Where we introduced the notatigft = p,,0™" and the dots indicate terms that
are less singular fof — 0. Resummation gives rise to a corrected two-point
function on the one loop level of the form

2
I?(p) =p2*m?z+ﬂgiﬁ2- 8)

The quadratic divergence in the planar graph gives rise to a renormalization of the
mass. The non-planar graph results in a dramatic change of the infrared behaviour
of the theory. On a technical level the origin of this infrared divergence is easily
understood. The non-planar diagram is regulated by the phase factor stemming
from the star product. This phase is absent if the external momentum flowing
into the diagram vanishes. Thus the ultraviolet divergence has been converted into
an infrared divergence. This phenomenon UV/IR mixing has first been discussed
in [7] and has been further investigated in [9]- [33]. Notice also that the IR-
singularity is present even in the massive theory. Since it is induced by modes
in the far UV circling in the loop it is insensitive to the presence of a massterm.

It should be emphasized that there are usually also subleading logarithmic
infrared divergencies. In the infrared these become important at momenta of

_1 .
the order ofp = O(e ). Down to these non-perturbatively small momenta
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the infrared behaviour is dominated by the effects stemming from the quadratic
divergencies. In the following we will always concentrate on the leading order
IR-behaviour and thus neglect the contributions from the logarithms.

In supersymmetric theories quadratic divergencies in four dimensions are ab-
sent. However at finite temperature supersymmetry is broken and the one-loop
dispersion relation will again show effects from UV/IR mixing in non-planar
graphs. Because temperature acts as a cutoff no IR-singularities are to be expected.
The next section reviews these effects in the exampl& of 4 supersymmetric
Yang-Mills theory.

2. Quasiparticles in non-commutative\' =4 SYM

We limit ourselves to the study of a non-commutativel ) A/ =4 gauge theory.
The spectrum of the theory consists of six scalars, four Majorana Fermions and a
vector field. The Lagrangian takes the form

L= g% (_%anan + %qu)ameq)ab + %{(I)ab’ cI)Cd}*{q)abv (I)cd}* +

+iXa0 " DA% + i Ag, A1 + {29, 3}, B )
9)

The theory has a globefU (4) symmetry under which the fermions transform
under the4, 4. The 6 scalars transform in the antisymmetric. This symmetry is
indicated by indices, b.

We will study the dispersion relation of thé =4 scalars at finite temperature
and one loop level. Finite temperature is implemented in the Matsubara formalism
by considering the theory ofi' x IR x IR2.. The last factor indicates the two-
dimensional non-commutative plane. The fermions are taken to have antiperiodic
boundary conditions on th&! factor. Non-commutative field theories at finite
temperature have been investigated in [34]-[37]

The scalar self-energy is given by

2 pk

——2 (np(k) + nr(k)) + 4¢*°P?*% (10)

Y7 = 324> / p

d®k sin
)3

2

np(k) andnr (k) denote Bose-Einstein and Fermi-Dirac distributions. Four mo-
mentum is denoted by’? = p2 — p?, lowercase denotes three-momentum.
Momenta along the non-commutative directions as will be called transverse.

The first term in (10) vanishes @& = 0 because of supersymmetry. The
second term contributes to the finite temperature wave-function renormalization
of the scalar field. It affects the position of the pole only@¢g*) and we will
drop it in the sequel.
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Energy

0.5 i 15 3 2.5 NC

Figure 13. Dispersion relation for scalars iV = 4 Yang-Mills for different temperatures. The
momentunp is taken to lie entirely in the non-commutative directions. The dashed line shows the
light conew = p. The dotted line shows the momentumbelow which the group velocit)?,% is
bigger than one.

Using the relatiorsin? % = %(1 — cos pk) we can separate the planar and

non-planar contributions to the self-energy. The dispersion relation becomes

2 ~
9°T o m|p|T

W =p? 420212 — 29
7|p| 2

(11)

A plot of the dispersion relation is shown in figure (3). The hyperbolic tangent
arises solely from the non-planar contribution to the dispersion relation.

For large transverse external momenta the non-planar contribution is sublead-
ing with respect to the planar one,

w2 %pZ + 2g2T2 . 4921”
7(p|
The second term comes from the planar diagrams and gives a mass to the scalar
excitations. The subdominant term linearZlinarises solely from soft bosons in
non-planar diagrams. These are modes with characteristic moméntrii’ and
large occupation numbers ~ T'/k > 1,

Tp>> 1. (12)

T T

P (13)

1
Ynp ~ /d3k:% cos pk

In usual space-time the approximatiog ~ 7'/k > 1 results in the well
known ultraviolet catastrophe of classical field theory. In the non-planar sector
of non-commutative space this does not happen as longiadifferent from
zero. This is yet another manifestation of the UV/IR mixing of hon-commutative
field theories: to leading order at high temperature, the non-planar contribution is
effectively purely classical [36].

At low transverse external momenta, the non-planar contribution tends to
cancel the planar one. For zero external transverse momentum the interaction
switches off. The theory becomes a free, gaplégs gauge theory withy? ~ p3.
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Let us consider now the case where the momentum lies along the non-
commutative directions. Sinee(0) = 0 and for largep, w(p) ~ /p? + 2¢%T2,
which lies above the lightcone, there is a region in between %ﬁ? > 1. Thus
the group velocity must exceed the speed of light for small transverse momenta!

227402
w? ~ (1 + ‘M60> p2. (14)

The low momentum excitations are massless, but propagate with an index of re-
fractionn = p/w smaller than one. Because the interactions switch off at low
momenta, we expect these modes to be long-lived. In figure (3) the momentum
p. below which the group velocity exceeds one is depicted by a dotted line. The
dashed line shows the light coae= p.

Let us emphasize that these qualitative features should be quite general and
not an artifact of our one loop approximation, as they simply arise from the fact
that the theory is non-interacting at zero transverse momentum and develops a
mass gap otherwise

We now investigate the consequences of the dispersion relation (14) for wave
propagation. Imagine that some disturbance of the scalar field is created in the
thermal bath at timeé = 0. To simplify matters we will consider only a one
dimensional problem with momentum pointing in a non-commutative direction.
The fastest moving modes are the ones with longest wavelength. These are also the
modes which are long lived in the thermal bath. For these it is possible to obtain
the exact asymptotic behaviour by noting that the dispersion relation akotal
is

w(k) = cok — vk> + O(K?), (15)

with cg = /1 + w andy = ¢ ?209 T This is the dispersion relation of the

linearised Korteweg-deVries equation ‘Whose solution is expressed in terms of the
Airy function Ai(z). We can express the solution for the head of a wavetrain by

[38]

o— A4 (””_Cof> . (16)
2(3t)3 (3vt)3

The Airy function has oscillatory behaviour for negative argument and decays
exponentially for positive argument. Thus the wavetrain decays exponentially
ahead ofr = ¢yt. Behind the wave becomes oscillatory. In this region oae

2 One might also be worried if these effects are gauge dependent. A model without gauge sym-
metry can be obtained if one sets the gauge field and one fermion (the field content/of=ain
vector multiplet)to zero. This would result in/& = 1 Wess-Zumino model with Moyal bracket
interactions. It would only change the overall factor in (10).
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match the Airy function with the asymptotics obtained from a stationary wave
approximation. In between the oscillatory region and the exponential decay there
is a transition region of width proportional Y(Q/t)% aroundxz = cot. In this
region the wavetrain has its first crest which therefore is moving with a velocity
approximately given by,.

Group velocities faster than the speed of light do also appear in conventional
physics, e.g. it is well-known that this happens for light propagation in media
close to an absorption line. Since the dispersive effects are however large, the
group velocity loses its meaning as the velocity of signal transportation. In our
case, it is interesting to notice that as the temperature increases, nat dnly
alsoy grows. This implies that at high temperatures the soft transverse momenta
become very dispersive. In such situations it is useful to introduce the concept
of a front velocity which is the velocity of the head of the wavetrain. For the
propagation of light in a medium it can be shown that this front velocity never
exceeds the speed of light even if the group velocity can be faster than the speed
of light [39]. In our case the front velocity can be defined as the velocity of the
first crest of the wavetrain. According to (14) and (15) this is always bigger that
the speed of light. The advance of the first crest with respect to an imagined light
front is (co — 1)t. Since its spread grows ast)%, the first crest is well defined
outside the lightcone for large enough tinhe; ¢ty wherety = /ﬁ.

The question arises if this superluminosity implies a violation of causality.
This is not necessarily the case. Violation of causality needs both ingredients:
superluminosity and the relativity principle. Imagine an observer A emitting some
signal with superluminous velocityy. If the relativity principle is valid another
observer B in a boosted frame relative to A could then catch the signal. B could
send an answer also with superluminous spgedhe answer would reach ob-
server A before he sent out the original signal. The crucial point is of course thatin
the non-commutative space-time we are considering boosts are not anymore sym-
metries. In particular only in the frame of observer A time is ordinary, commuting
time. Any other frame involving a boost in a non-commutative direction implies
that also time is non-commutative. To obtain an answer if causality is violated
one would have to calculate the dispersion relation also in such a frame and study
wave propagation then. Finite temperature field theory with non-commutative
time is however difficult to formulate due to the infinite number of time derivatives
appearing in the star product. This is an open question though progress could
possibly be achieved along the lines in [3].

3. Discussion and Outlook

We have concentrated on reviewing the properties of scalar quasiparticles at fi-
nite temperature in non-commutatiiéé = 4 gauge theory. Another system that
has been studied in [37] is the non-commutative Wess-Zumino model with star-

kievarwe.tex; 12/03/2001; 3:49; p.382




376 K. LANDSTEINER

product interactions instead of Moyal- brackets The one-loop self-energy is given

by a similar expression as (10) except thial> is substltuted byos % It turns
out that this has the effect that for temperatlfes Ty ~ —— the minimum of

the dispersion relation is displaced frgm= 0! It has been argued that this makes
Bose-condensation of scalar modes impossible for temperatures highéfythan
[37]3.

Another system that has been studied in [37] Was 2 gauge theory at finite
density. The results are qualitatively analogous to the case with temperature. The
role of the temperature is then played by the chemical potential.

Non-commutative field theories in the setup discussed here appear also in
string theory. In [41] it was shown that the physics of D-branes iiféeld back-
ground in a particular scaling limit with’ — 0 is described by non-commutative
supersymmetric gauge theories. It has been suggested that the effects of UV/IR
mixing could be understood from a string perspective [7]. The UV/IR mixing in
this stringy context has been considered in [43]-[49]. Since the model considered
here arises as the scaling limit of a D-3-brane iB-ield background it would
be very interesting to reconsider the one-loop dispersion relations from a string
theory perspective.
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TIME DEPENDENCE AND (NON)COMMUTATIVITY
OF SYMMETRIES OF EVOLUTION EQUATIONS

ARTUR SERGYEYEV*
Mathematical Institute, Silesian University at Opava,
Bezritovo ram. 13, 746 01 Opava, Czech Republic

1. Introduction

Nearly all known today integrable systems are homogeneous with respect to some
scaling. For such systems no generality is lost in assuming the homogeneity of
symmetries, master symmetries, recursion operators, etc., and this considerably
simplifies their finding and study, see e.g. [1]-[10].

In the present paper we combine this well-known idea with our new results
on the structure ofime-dependenfcf. e.g. [6, 11-14] for the time-independent
case) formal symmetries for a natural generalization of the systems, considered in
[11, 12, 15], namely, for (1+1)-dimensional nondegenerate weakly diagonalizable
(NWD) evolution systems with constraints. This enables us to find simple
sufficient conditions for the commutativity and time-independence of higher
order symmetries and for the existence of infinite number of such symmetries for
homogeneouslWD systems with constraints. Note that the majority of known
[8, 10, 12] and recently found, see e.g. [7, 16, 17], integrable evolution systems
in (1+1) dimensions fit into this class. Moreover, our results, unlike the majority
of already known ones, are valid for the systems with time-dependent coefficients
as well, cf. e.g. [18], and are not restricted to scalar equations.

Let us stress that the proofs and the application of our results involve just
an easy verification of some weight-related conditions andhalorely on the
existence of a master symmetry or e.g. (hereditary) recursion operator. Hence,
the results of present paper (except for those on existence of infinitely many
symmetries) can be applied to non-integrable systems as well. On the other hand,
the simplicity of use makes our results particularly helpful in the study af ne
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integrable systems for which only a few higher order symmetries and (sometimes)
a ‘candidate’ for the master symmetry are known, but no recursion operator is yet
found. Indeed, we show that the check of a small number of conditions for the low
order symmetries can replace tedious checks, cf. [19], that time-independent sym-
metries of sufficiently high order commute, that a ‘candidate’ for master symmetry
is a nontrivial master symmetry and that its action yields the symmetries being
well-defined (cf. [10] for recursion operators alodal symmetries) functions of

local variables, t,u, uy, ... and of nonlocal variables, defined below.

Note that, unlike [4, 5, 19], in order to prove the existence of infinitely many
symmetries we do not malapriori extra assumptions, say, about the existence
of “negative” master symmetries;, ; < 0 [19]: all we need is a suitable
‘candidate’ = for the master symmetry and a higher order time-independent
symmetry. We also show that in order to verify the commutativitaibthigher
order time-independent homogeneous symmetries at once, it suffices to check
only a small number of conditions for the time-independent symmetries of order
lower than two. Moreover, checks of this kind are almost entirely algorithmic, so
computer algebra software can be readily applied to perform them.

The paper is organized as follows. In Section 2 we give some definitions
and facts, being the straightforward extension of those from [11, 12, 15] to the
case of explicitly time-dependent evolution systems with constraints. In Section
3 we present the sufficient conditions of well-definiteness of the symmetries
generated by means of master symmetry for the general evolution systems with
constraints. In Section 4 we define nondegenerate weakly diagonalizable (NWD)
systems with constraints and present some results on structure of their formal
symmetries. In Section 5 we find the sufficient conditions for commutativity and
time-independence of higher order symmetries and for the existence of infinite
hierarchies of time-independent higher order symmetries for homogeneous NWD
systems with constraints.

2. Basic definitions and structures

Let us consider a system of evolution equations with constraints (cf. [15])

ou/ot = F(z,t,u,...,uy,d) Q)

for the vector function = (u!,...,u%)T. Hereu; = 8/u/dz7,uy = u and
F=(F,....,F)T, 5 = (w1,...,w.)T; T denotes the matrix transposition. The
nonlocal variables,, are defined here by means of the relations [15, 20]

0wy /0x = Xo(z,t,u,uy, ..., up, d), 2
0wy /0t = To(x,t,u,uy,. .., up,d). (3)

We shall denote by the set of nonlocal variables,, v =1, ..., c.
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Let A;,(2) be the algebra of all locally analytic scalar functions of
z,t,u,uy,...,u5,wy,...,wy With respect to the standard multiplication,
A= AQ) = Uiz U520 Ajx(Q), and letdy,. = {f € A| 0f /04 = 0} be the
subalgebra olocal functions in.A. Note that we do not exclude the case: cc.
The operators of totat- and¢-derivatives ond have the form

Following [15, 20], we require thatD,,D;] = 0 or, equivalently,
Di(Xo) = Dy(Ty) fora=1,...,c

We shall denote bym D the image ofA under D. Throughout this paper
except for Section 3 we makeldanket assumptiothat the kernel ofD in A
consists solely of functions of

Consider the sétlat,(.A)[D~'] of formal seriesn powers ofD of the form
9 = Y4__ . hDI, whereh; arep x p matrices with entries fromd, cf. e.g.
[11, 12]. We shall write for shott[ D~!] instead ofMat; (A)[D~!].

The greatestn € Z such thath,, # 0 is called thedegreeof $ <
Mat,(A)[D~!] and is denoted as = deg ). We assume thateg0 = —oo,
cf. e.g. [1]. The formal serie$ of degreem is called nondegenerat¢l?], if
det by, # 0. For$y = 370 h;D? € A[D™'], hy # 0, its residueandloga-
rithmic residueare defined asges $§ = h_; andresln $ = hp,—1/hp, [11, 12].

The setMat,(.A)[D~1] is an algebra under the multiplication law, given by
the “generalized Leibniz rule”, cf. [1],

. . X i —1)-- (i — 1 L
aDlobDJ:aZZ(Z ) '(’ 44D pagy) pitia
q:
q=0

for monomialsaD?, bD7, a,b € Mat,(A), and extended by linearity to the
whole Mat,(A)[D~1]. The commutatof2,B] = 2 o B — B o A makes
Mat,(A)[D~!] into a Lie algebra. Below we omitif this is not confusing.

G € A? is called, see e.g. [1-3],symmetryfor (1)—(3), if

0G /0t + [F,G] = 0, @)

where[-, -] is the Lie brackefK, H] = H'[K] — K'[H]. The directional derivative
of any (smooth) functiory € A? alongH € A*® is defined here ag'[H] =
(df (z,t,u+ eH,u; + eD,(H),...)/de)—o. Extending the technique of [15] to
the case of time-dependent systems (1)—(3), we can easily show that fb ey
we havef’ € A[D71].

For anyf € A? we shall define itformal orderasford f = deg f’. This
naturally generalizes the notion of order for local functions, cf. e.g. [1, 12].
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Let Sp(.A) be the set of all symmetrigs € A for (1)—(3),5%“) (A) ={G e
Sp(A) | ford G < k}, Annp(A) = {G € Sp(A) | 0G/0t = 0}. In general,
for A # Ay neither A* nor Sp(A) are closed under the Lie bracket, but if
[P, Q] € A® for someP, Q € Sr(A), then we havéP, Q| € Sr(A).

A formal seriesk = >>7__ n;D? € Mats(A)[D~'] is called [1, 11, 15]
theformal symmetrpf rankm for (1) (or, rather, for (1)—(3)), provided

deg(D¢(R) — [F/,R]) < degF’ + degR — m. (5)
The derivativeD; (R) is defined here aB;(R) = 35— Di(n;)D.

The setFSl(ﬁ) (A) of all formal symmetries of rank not lower thagrof system
(1)—(3) is a Lie algebra, because for the formal symmefleend$ of ranksp
andg we havels, Q] € FS'7(A) for r = min(p, ), cf. [12].

Eq.(4) is well known to be nothing but the compatibility condition for (1)
and du/0r = G. ProvidedG € A®, we haved(du/dr)0t = D,(G) and
d(0u/ot)or = F'[G]. Hence Eq.(4) may be rewritten 85 (G) = F'[G].

! n BaY _ 1_.]7|f¢22¢7,(m7t)77’:n_]77n7

LetF' = 3 ¢iD"andn = { 2 otherwise.

1=—00

Since D;(G) = F’'[G] implies D,(G') — [F/,G'] — F'[G] = 0, and
deg F”[G] < deg F' + ng — 2, we readily see thaB’ € FS%OTd Gnot2)( ).

3. Action of master symmetries on time-independent symmetries

As we have already mentioned above, BrQ <€ A° in generallP, Q] ¢ A°.
In particular, when we repeatedly commute a master symmetey A° with
some time-independent symmet®y € Anng(A), it is by no means obvious
thatQ; = ad’.(Q) = [r, Q;_1] belong to.A*, except for the cas@l = Aj,.. In
some cases we can make the conditipn®;] € A° or [P, Q] € A® hold by
introducing new nonlocal variables, and thus replacingl by a larger algebra
A. But in order thafP, Q] € A® for P, Q e A° it obviously suffices to require
thatw),[P] € A for thosew,, on whichQ actually depends and;,[Q] € A for
thosew, on whichP actually depends, cf. Ch. 6 in [20].
Moreover, we have

Proposition 1. Let7,Q € A% w[Q] € Aandw.[r] € Afory =1,...,c.
ThenQ; = ad. (Q) € Asforall 1 =1,2,....

Proof. Let us use induction. To prove thalr,Q;] € A% if
Q = [7,Qi_1] € A®, it suffices to prove that) ([r,Q;_1]) € A for all w,
which 7 depends on and that;[r] € A for all ws which [r, Q;_1] depends on.
As w, ([T, Qi-1]) = (w,[Qi-1])'[7] = (w, [T])'[Qi-1], it suffices that! [T] € A
for all w,, which[r, Q;_1] andw;,[Q;_1] depend on, and/,[Q;_] € A for all
w, Which 7 andw!,[7] depend on, in order that, Q;] € A°. O
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It appears that nearly all known master symmetries of integrable systems
(1)—(3) satisfy the conditions of Proposition 1 for a suitably chosen(sef
nonlocal variables.,, so their action indeed yields the symmetries frdh For
instance, ifoF /0J = 0 and A = A(Quac,r), then by virtue of the results of
[20] Proposition 1 holds true for any, Q € Sr(A). HereQuac,r is the set of
all nonlocal variables., associated with the universal abelian covering (see [20]
for its definition) over (1). Let us stress that Proposition 1 is valid for-arand
Q meeting the relevant requirements, no matter whethisra master symmetry
andQ is a symmetry for (1)—(3).

Note that Proposition 1 is obviously valid for more general systems of PDEs
with constraints than (1)—(3), if we suitably redefine for them the Lie bracket, the
directional derivative and the algehrh

4. The structure of formal symmetries for NWD systems

Consider a particular class of evolution systems with constraints (1)—(3) such
thatn = ford F > 2 and the leading coefficiend of the formal serieF’
(i.e., ¥/ = ®D" + ...) hass distinct eigenvalues; and can be diagonalized
by means of a matriX’ = I'(z,t,u,...,u,,d), i.e., the matrixA = T'®I !
is diagonal, cf. [11, 12]. For these systems there exists a unique formal series
T =T+TY2,T;D7 € Mat,(A)[D'] such that all coefficients of the
formal seriesg = TF'T ! +(D;(%))T~! are diagonal matrices and the diagonal
entries of matrice§;, j = 1,2,..., are equal to zero. The proof is essentially the
same as for Proposition 3.1 from [11]. We shall call the systems with constraints
(1)—(3) having the above properties and such that® # 0 nondegenerate
weakly diagonalizable (NWDNote that whenu is scalar, i.e.s = 1, any system
(1)—(3) withn = ford F > 2 obviously is an NWD system with constraints,
having® = 1 andy = F'.

Below in this section (1)—(3) will be an NWD system with constraints.

Eq.(5) yields [11, 12Heg(D:(R) — [V, R]) < degV + deg R — m, where
% = TRIT!, whence we find (cf. [6, 12, 13]) that afy € F5\" ") (4) can be
represented in the form

R=3! ( i cj(t)%j/"> T+ %‘Z—l (D—1 (ér(t)A_l/"

Jj=r—n+1l

(6)

—rcr(t)Dt(A_l/"))) U T+N, degN<r—n+l.

Likewise, forit € FSY™ (A) with m = 2,...,n we have

R=7! ( ZT: cj(t)’llj/”> T+N, degN <r —m+2.
j=r—m+2
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Here r = deg®, M = bDY + --- € Mat,(A)[D'] is some formal
series,y = r —nin (6) andv = r — m + 1 in (7); ¢;(t) andT6I' ! are
diagonals x s matrices; fory = diag(Yy,...,Ts), V; € A[D~!], we set
i/ = diag(%{/”, ..., 0%/™) [11]; dot stands for theartial derivative w.r.tz.

In this section we assume that any funct?oﬁa(t), wherea(t) is an arbitrary
function oft, can be taken fob~!(h), if h = D(h) andh, h € A.

Form = 2,...,n+ 1 Egs. (6), (7) represent a general solution of (5) for any
NWD system with constraints (1)—(3). Hence, if at least one entry of the matrix
(ér()A=Y™ — re.(t) Dy (A~1Y/™)) does not belong tém D, then (1)—(3) has no
formal symmetries frorﬂ*“S}?H) (A) with a givenc, (t).

For anyf = T ¢, (1)0P/"T + - .- andQ = T-'d,(t)VY/"T + - - - we have

ptgq—n

B, 9] = T (1/n) (pep(t)dg (t) — adg(8)ép(1))T 7 T+ & (8)

by virtue of (6), providedp, Q € FSU"™(A). Here & € Mat,(A)[D~] is
some formal seriesleg R < p+ ¢ — n.

LetP,Q € A°, R = [P,Q]. ThenR' = Q"[P] — P"[Q] — [P, Q. If
P,Q € Sp(A), then (5) and (6) folR = P’ and®R = Q' imply degP”[Q] <
p+no—2 < p+q—nanddeg Q"[P] < ¢g+np—2 < p+g—nforp,q¢ > n+ny—2,
p = ford P, ¢ = ford Q. This result and (8) fofd = P/, Q = Q' yield

ptg—n

[P, Q' = —T 1(1/n)(pep(t)dy(t) — qdy(t)ép ()T T+R, (9)

wheref € Mat,(A)[D~'] is some formal seriesleg & < p + ¢ — n.
So,ifP,Q € Sp(A),p,q > n+ng—2,thenford R < p+q—n.If R € A%,
thenR € S¥T7(A), andR € S¥TI"V(A), if pe,(t)dy(t) = qdg(£)é,(t).
Let (1)—(3) have a nondegenerate formal symmeétryc Mat,(A)[D~!],
r = degR # 0, of rankg > n. Then Di(p}) € ImD, ie., p} are
conserved densities, far = 1,...,s andj = —1,0,...,¢ — n — 2, where
pg = resIn((TRTHY")4q andp§ = res((TRT1)7/)qq for j # 0, cf. [11].
Forng < 2we havep] € ImD foralla =1,...,sandj = —1,0,..., —no.

Proposition 2. Let an NWD system with constraints (1)—(3) have a nondegenerate
formal symmetrgk € Mats(A)[D 7], r = degR # 0, ¢ = rank R > n; let for
a=1,...,sthere existn, € {-1,1,2,..., min(n — 2, — n — 2)} such that
mq # 0, pr,, € Im D andpj € Im D for j = —1,1...,mq — 1, j # 0. Then for

eachys € FS'™ 2 (A), m = max m,, there exists a constastx s diagonal
a
matrix ¢ such thaty = S 1cRP/"S 4 - .-, p = degP.
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Proof. SincefR € FSI(T"“)(A), by (6) we havelt = T 1h(t)V"/"T + - - -.
For anyP € FS"™)(A) we can (cf. [6, 14] and (6)) represefit= TPT ! as

P 3 ORI+ = (D (Ohm) o)) R L (10)
j=p—n+1 n
Hereft = Y-0-"  b;D7 € Mat,(A)[D~'], ¢;(t), h(t), by—n are diagonak x s
matrices,p_; = diag(ply,...,p% ), R = TRT!; the fractional power§t//"
are defined so that their firstcoefficients are diagonal, cf. [11, 12].
Forp € FS\Y(A) we havedeg(D;(P) — [U,F]) < n+ p — d, and thus

deg(D(Pi) — [, %)) < n+ p+ i — min(q,d) for P; = PRY/". Hence, for
—p —2 < i <min(g,d) —n —p— 1 we haveres(D.(B;) — [T, Bi]) = 0.

Let us plug (10) into this equality forp —2 < 4 < min(q,d,2n) —n—p—1
and break it intos scalar equations. Sinaes([U, Bi])ee € Im D by Adler's
formula, see e.g. [12], anDt(pj?H) € Im D by assumption, we easily find that

for anyp € FSU""2)(4) we have(ép(t))aap%, = 0 modulo the terms from
ImDforalla=1,...,s.S0,é/(t) = 0, and the result follows]

Corollary 1. Under the assumptions of Proposition 2, for d8yc Sp(A), k =
ford G > m + n + ng, we haveG’ = T1eRE/TT + ... wherec is a constant
s x s diagonal matrix.

5. Symmetries of homogeneous NWD systems

Let (1)—(3) possess a scaling symmely = otF + zu; + Su, whereg =
diag(f,...,0s) is a diagonal matrixe, 3; = const, and let the determining
equations (2), (3) fow,, vy = 1,...,c, be homogeneous with respectlio Then
we shall call the evolution system with constraints (1)-H@nogeneouw.r.t. D,
cf. e.qg. [7, 8, 10, 20]. If a formal vector fieldd/0u is homogeneous of weight
w.r.t. D, then we shall say for short th&t € A% itself is homogeneous of weight
k and writewt(G) = .

For homogeneous systems (1)—(3) there usually exists a basig i) made
of homogeneous symmetries, and hence the requirement of homogerit@of
andr below is by no means restrictive. So, the phrase like “for all (homogeneous)
H < M the conditionP is true” below means that there exists a basigfrsuch
that all its elements are homogeneous WIb.t.and for all of them the condition
P holds true. We have an obvious

Lemma 1. Let (1)—(3) be a homogeneous system with constraints, and
homogeneou®,Q € Sr(A) be such thatP,Q] € M, where M is a
subspace of4°. Suppose thait(G) # wt([P,Q]) = wt(P) + wt(Q) for all

(homogeneousl € S¥+9(A)NM, p = ford P, ¢ = ford Q. Then[P, Q] = 0.

kievarwe.tex; 12/03/2001; 3:49; p.392




386 A. SERGYEYEV

This result, as well as other results below, allows to prove the commutativity
for large families of symmetries at once. Examples below show that we can
usually choose the subspaces likel large enough so that the condition
[P, Q] € M can be verified for all symmetries in the family without actually
computing[P, Q]. On the other hand, by proper choice of these subspaces we
can considerably reduce the number of weight-related conditions to be verified,
and thus make the application of our results truly efficient.

Below in this section we assume that (1)—(3) is a homogeneous NWD
system with constraints an, Q € Sr(A) are itshomogeneousymmetries,

p = ford P, ¢ = ford Q. Note that ifp,q > n + ng — 2, then by (9) we
should verify the conditions of Lemma 1 only f& < Sff*q*") (A) N M (for

G e ST (4) 0 M, if in addition pe, (t)dg(t) — qdg(t)ép(t) = 0).

5.1. COMMUTATIVITY AND TIME DEPENDENCE OF SYMMETRIES

Corollary 2. Leta # 0, 0®/0t = 0andoX, /ot = 0T,/0t =0,y =1,...,c.
Let homogeneou®, Q € Annp(A) be such thaiP,Q] € L, where L is
a subspace of4®. Let p,q > br = min(max(ng,0),n + ng — 1), where
p = fordP, ¢ = ford Q. Suppose thatvt(G) # (p + q)a/n for all
(homogeneoudk € S}"O_l)(A) NAnng(A) N L. Then[P, Q] = 0.

Proof.If P,Q € Anng(A), [P, Q] € A%, p,q > br, then, using (6), (7) and (9),
we find thatlP, Q] € A = S¥"" Y (A4) N Annp(A). Egs. (6) or (7) fofk = G/
imply wt(G) = ka/n # wt([P, Q]) = (p+ ¢)a/n for all homogeneou& € N
with k£ = ford G > ny. Hence, under our assumptions(G) # (p + ¢)a/n for
all homogeneou& € N N L = M, and thus by Lemma [P, Q] = 0. O

For instance, for the integrable [21] equation= Dz(ul—lﬂ) + ui’/2 =K
with ng = 2 anda = 3/2 the spaceSE)(Aloc) N Anng (Apec) is spanned by 1
anduy, andwt(1), wt(u1) <1 < a(p+q)/n=(p+q)/2forp,q > bx = 2.
Hence, by Corollary 2 all (homogeneous) time-independent local generalized
symmetries of formal order > 1 for this equation commute.

Likewise, using Corollary 2, we can easily show that for aRyomogeneous
integrable evolution equation with > 0 from [8] all its z,t-independent
homogeneous local generalized symmetries of formal gedet0 commute.

If ng < 0 and, in addition to the conditions of Corollary 2 fBrandQ, the
commutatolP, Q] € Sr(Aic), [P, Q] is z, t-independent and't([P, Q]) # 0,
then[P, Q] = 0. The weight-related conditions are automatically satisfied, as the
only z, t-independent symmetries iﬁ}”o_l)(Aloc) are constant ones, and their
weight is zero. In particular, foany homogeneous (witlx # 0) NWD system
of the formu; = ®(x)u,, + ¥ (z,t)u,—1 + f(z,¢,u,...,u,_2), where®, ¥ are
s x s matrices,all homogeneous, t-independent local generalized symmetries
of formal orderk > 0 commute.

kievarwe.tex; 12/03/2001; 3:49; p.393




SYMMETRIES OF EVOLUTION EQUATIONS 387

Let B € Fsg)(A) be a nondegenerate formal symmetry for (1)—(3),
r = deg® # 0. Then by (7)%R I~ 'h(t)A"/"TD" + --., where
h(t) = diag(hi(t),...,hs(t)) is a s x s diagonal matrix. Assume that
h(t) is homogeneous w.r.tD and {x (a/n + wt(h(t))/r) # 0. Let
Zpm(A) = {G € Sp(A) | k£ = fordG > nyg;there exists a diagonal
matrixc(t), wt(c(t)) = 0, such thaG’ = T'~l¢(t)(h(t))*/TA¥/"TDF 4 ...},
We set here (h(t))*/m = diag((hi(t))*",..., (hs(t))¥/). Let also
Strm(A) = {G € Zpn(A) | c(t) isaconstant matrix and N%R(A) be
the set of symmetrie& € Sp(A) such thatt = ford G > ng, £ < j, and
G’ = T Le(t)(h(t))*/"AF/"T'DF 4 ... wherec(t) is ans x s diagonal matrix,
different for differentG and k, and the entries of(¢) are linear combinations
of functions oft, say,»(t), such that for alb we havewt (i (t)) < (n(j — k)
for (w > 0 andwt(y(t)) > (m(5 — k) for (»n < 0. For any homogeneous
G e N%’Q(A) we havewt(G) < j(n for (i > 0 andwt(G) > j(n for (i < 0,

sowt(H) # wt(P) for any homogeneouB € Zpn(A) andH € N;fj’;d” (A).

Let P,Q € Sr(A) be homogeneous, an®, Q] € £, U Ly, whereL; is
a subspace dﬂ;{)%(A) for some;j andfR, and L, is a subspace 0$'§fl) (A) for
somed. Assume thatr satisfies the above conditionst([P,Q]) > j(x for
(x> 0 andwt([P,Q]) < j¢n for (»n < 0, andwt(H) # wt([P, Q]) for all
(homogeneoud € Ly/(L2 N N%?R(A)). Then by Lemma 1P, Q] = 0.

Suppose that, in addition to the above conditions/RyrQ], we haved < 0,
wt([P,Q]) > 0 for {(» > 0 andwt([P, Q]) < 0 for (» < 0, and[P, Q] belongs
to Sr(Aj.c) and can be represented (as functiont @hdx) as a polynomial in
variablesy(¢) and{(z) such thatwt(x(¢)) < 0 andwt({(z)) < 0 for {x > 0,
andwt(x(t)) > 0 andwt({(x)) > 0 for {(x < 0. Then[P, Q] = 0, and there is
no further weight-related conditions to verify. Inde&ﬁfl) (Ajoc) foranyd < 0is
spanned by the symmetries of the foh= G(z, t), and for any homogeneous
symmetryH = H(x,t) being a polynomial in(¢) and¢(z) we obviously have
wt(H) # wt([P, Q)).

Note that under the assumptions of Proposition 2Glle Sp(A) with
ford G > m+n+ng belong taSt ., (A) by Corollary 1. Suppose that satisfies
the conditions, given above. Lét= min(m + n + no — 1,p + ¢). Then for any
P,Q € Sp(A) such thafP, Q] € A° we have[P, Q] € N (A) U S¥(A).
Then[P, Q] = 0 for homogeneou®, Q € Zrx(A), oncewt(H) # wt([P, Q])
for all (homogeneoud € Sgi) (A)/(Sf;i) (A)HN%”;;") (A)).lfp,q > n+ng—2,
then by (9) we can takel = min(m + n + ng — 1,p + ¢ — n) (or
d=min(m+n+ng—1,p+q—n—1),if pc,(t)dy(t) — qdq(t)éy(t) = 0).

If OF/0t = 0X,/0t = O0T,,/J0t = 0,y = 1,...,c, thenF € Sg(A), and
oP/ot = [P,F| € Sg’) (A) for P € Sp(A). So, takingQ = F and imposing the
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extra conditiond < p in three previous paragraphs yields valid results.
We also have the following

Proposition 3. Let « # 0 and 0F/0t = 0, 0X,/0t = 0T,/0t = O,
v = 1,...,¢; let homogeneou® € Spr(A) be such thap = ford P > ny,
ford 0P /0t < p and [P,F] € L, where.L is a subspace afd®*. Suppose that

wt(G) # (p + n)a/n for all (homogeneous§z € Sg’_l)(A) N L such that
G ¢ N¥LY(A). Then[P, F] = 0, and thus)P /8t = 0 andP € Annp(A).

Proof. As ford 9P /0t < p, we havedP /ot = [P, F] € S¥ ™ (A)nL = M.
The conditiongford 9P /8t < p andp > ng by virtue of (6) or (7) fork = P’
readily imply wt(P) = pa/n. Hencewt([P,F]) = (p + n)a/n, and thus by
Lemma 1P, F] = 0.0

Leta > 0, OF/0t = 0, 0X,/0t = OT,/ot = 0, v = 1,...,¢,
and homogeneou®,Q € Stpg/(A), p,g > ng, be polynomials int. If
we take the space of symmetries frafix(.A) polynomial in timet, for L,
and setl, = N%JI,C?)(A) NE Ly = S" A NE d=ne— 1, then
[P,Q] € L1 ULy = M, and thus the weight-related conditions of Lemma 1,
Corollary 2, Proposition 3, etc., are to be checked only for (homogeneous)
G € L. Furthermore, ifhg < 0, thenSl(fo_l)(Aloc) contains only the symme-
triesG = G(z,t), and soany homogeneous local generalized symmekryof
formal orderk > 0 being polynomial int andz and such thad?K /0u, 0t = 0
is in fact time-independent, and any two such symmetries commute. This result
applies e.g. taany homogeneous NWD system withh > 0 having the form
u = ®(2)u, + ¥(z)u,—1 + f(z,u,...,u,_2), whered, ¥ ares x s matrices.

5.2. MASTER SYMMETRIES OF HOMOGENEOUS NWD SYSTEMS

Corollary 3. Leta # 0,0®/0t = 0andoX, /ot = 0T, /0t =0,y =1,...,c.
Suppose that there exist a homogene@Qus= Anny(A) and a homogeneous
T € A® such thator /ot = 0, 0[r,F]/ot = 0, K = 7 + t[T,F] € Sp(A),
g = fordQ > n+nyg —2,b = ford[r,F| > max(fordT,n), the formal
series([,F])’ is nondegeneratd|r,F], Q] € L, whereL is a subspace of
A%, [1,Q] € A Letwt(H) # (b + g)a/n for all (homogeneousH &

LN Sglo_l)(A) N Anng(A). ThenQ; = [7,Q] € Anng(A), andford Q; > g.

Proof. From (4) with G = K it clear that[r,F] € Anng(A), so by
Corollary 2[[r,F], Q] = 0, whence, usindF, Q] = 0 and the Jacobi identity,
we find that[F, [, Q]] = 0, so[r, Q] € Anng(A). By (9) the nondegeneracy of
([7, F]) readily impliesford[r, Q] = ford[K, Q] =b+q¢—n > ¢. O
Theorem 1. Let the conditions of Corollary 3 be satisfiea:ti{T F}(Q) € Lj,
where £; are some subspaces o, Q; = ad’(Q) € A°%, and wt(H) #
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((b—n)j+q+n)a/n forall (homogeneous € £; N S}”O_l)(A) NAnng(A),
i=2,...,1. Thean S AnnF(.A) andford Qj > ford Qj_l,j =1,...,1.

The proof of the theorem consists in replacing in Corollary 3 the symmetry
Q by Q; = ad? (Q) and repeated use of this corollary fpe= 2, ..., i. Note that
we can easily verify thatd? (Q) € A%, using Proposition 1.

Thus, Proposition 1, Corollary 3 and Theorem 1 enable us to ensure that
indeed is a nontrivial master symmetry, producing a sequence of symmetries
of infinitely growing formal orders, without assumirggpriori the existence of
hereditary recursion operator [5] or e.g. of “negative” master symmetrjes
j < 0[19]. So, our results provide a useful complement to the known general
results on master symmetries, cf. e.g. [3-5, 19].

It is important to stress that in general the symmetfigsare not obliged
to commute pairwise. The check of their commutativity and picking out the
commutative subset in the sequence@f can be performed using either the
results of present paper or other methods, see e.g. [1, 4, 5, 19].

We often can takér, F| or F for Q, and then in order to use Theorem 1 it
suffices to know only a suitable ‘candidatefor the master symmetry.

For instance, integrable Harry Dym equation= u3us = H, see e.g. [1, 14],
satisfies the conditions of Proposition 1 and of Theorem 1 far-alb, 3, . .. with
a=3,b=5A4A=AQuach), T = u3D3(uwr) = 7o + vduswi, 7o € Apec,

Q = [1,v?u3] = 3uSus+--- € Anng(A). In particular, the nonlocal variablg

in 7 is defined by means of the relatiofis; /0t = —uus —u? /2, Ow; /0 = u~?
(informally, w; = D~!(u~1)). Thus, by Theorem Q; = adZ(Q) € Anny(A),
j=1,2,..., together withQ_; = u3uz € Anng(Aj.) andQp = Q form the
infinite hierarchy of time-independent symmetries for the Harry Dym equation.
The commutativity ofQ;, j = —1,0,1,..., readily follows from Corollary 2.
Note that it is possible to show th;, j = 0, 1,. .., are in faclocal generalized
symmetries of Harry Dym equation and coincide with the members of hierarchy
generated by means of the recursion operdtee u3D3 o uw o D~ o w2 from

the seed symmetry®u3, up to the constant multiples.
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p-ADIC STRINGS AND NONCOMMUTATIVITY
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Russia
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Abstract. Some possible connections betweeadic string theory and honcommutativity are
considered. Their relation to the uncertainty in space measurements at the Planck scale is discussed.
Existence of new-adic string amplitudes is pointed out. Some similarities betweadic solitonic

branes and noncommutative scalar solitons are emphasized. More explicit and deeper connections
between string field theory andadic string theory could emerge in the near future.

1. Introduction

Itis well-known (for a recent review, see [1]) that the interplay between quantum-
mechanical and general relativity principles gives an uncertaiaty on the
measurements of distancedn the form

Ax >y = Uhc—f ~ 10733¢em, 1)

where/{, is the Planck length. This fact requires reconsideration of many our
basic concepts about the spacetime structure at the Planck scale. It leads to the
investigation of some new and more fundamental mathematical notions. To this
end, we will consider here two very natural approaches. From the one point of
view, the uncertainty (1) means at least restriction on the dominance of real num-
bers and archimedean geometry in their applications at the Planck scale. Namely,
this formula has been derived with the implicit use of the real numbers and any
archimedean geometry. In this way we see that the usual physical theory predicts
its breakdown at the Planck scale. A graceful exit from this situation should be
in the use of adeles and adelic topology, which contain archimedean as well as
nonarchimedean geometries. From the other point of view, the uncertairitggg1)

* dragovic@mi.ras.ru
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to be a consequence of some noncommutativity between space coordinates. This
conclusion follows from the analogous situation in ordinary quantum mechanics:
the uncertaintyAz Ak > g is a direct consequence of the noncommutativity in

the form of the Heisenberg algebfa, k] = ik between coordinates and

of the phase space. Thus, we see that the uncertainty (1) leads to consider also
noncommutative geometry at the Planck scale. M-theory is the best candidate to
describe physics at this scale. It contains strings and branes. By now, it seems
that an employment of nonarchimedean geometry basedastic numbers and
noncommutative geometry given by the commutation relation

[2%,27] = iho" 2)

is unavoidable in a further progress of the "theory of everything”. In the sequel
we will mainly consider some aspectsmhadic strings and their possible connec-
tion with noncommutative geometry. A notion pfadic string was introduced

in [2], where the hypothesis on the existence of nonarchimedean geometry at
the Planck scale was made, and string theory wittdic numbers was initiated.

In particular, generalization of the usual Veneziano and Virasoro-Shapiro ampli-
tudes with complex valued multiplicative characters over various number fields
was proposed anghadic valued Veneziano amplitude was constructed by means
of p-adic interpolation. Very successfpladic analogues of the Veneziano and
Virasoro-Shapiro amplitudes were proposed in [3] as the corresponding Gel'fand-
Graev [4] beta functions. Using this approach, Freund and Witten obtained [5] an
attractive adelic formula, which states that the product of the crossing symmetric
Veneziano (or Virasoro-Shapiro) amplitude and itspadldic counterparts equals
unit (or a definite constant). This gives possibility to consider an ordinary four-
point function, which is rather complicate, as an infinite product of its inverse
p-adic analogues, which have simple forms. These first papers induced an inter-
est in various aspects pfadic string theory (for a review, see [6, 7]). A recent
interest inp-adic string theory has been mainly related to the generalized adelic
formulas for four-point string amplitudes [8], the tachyon condensation [9], and
the new promising adelic approach [10]. In addition to the expression (1), one can
motivate the application gi-adic numbers in physics by the fact that the field of
rational numberg) is dense not only ifR but also in the field op-adic numbers

Q, (p denotes any prime number). Another motivation may be a conjecture that
fundamental physical laws should be invariant under chage— Q, [11].

One of the very interesting and fruitful recent developments in string theory (for
a reviev, see [12, 13]) has been noncommutative geometry and the corresponding
noncommutative field theory. This subject started to be very actual after Connes,
Douglas and Schwarz shown [14] that gauge theory on nhoncommutative torus
describes compactifications of M-theory to tori with constant background three-
form field. Noncommutative field theory (see, e.g. [15]) may be regarded as a
deformation of the ordinary one in which field multiplication is replaced by the
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Moyal (star) product

th .. 0 0

(F* )@ = exp | 507 32| F)g()l-sms ©
wherez!, z2,--- 2% denote coordinates of noncommutative space, &hd=
—67" are noncommutativity parameters. There are many properties of D-brane
dynamics which may be studied by noncommutative field theory. In particular,
it enables to investigate a mixing of the UV and IR effects, and the tachyon
condensation. Replacing the ordinary product between coordinates by the Moyal
product (3) we have

2 xa? — 1) x 2t = ihoY, 4)

which resembles the usual Heisenberg algebra. In the next Section we provide
reader with some very basic facts padic analysis. Section 3 is devoted to the

adic string amplitudes. After that we consider an effective field theory of bosonic
p-adic strings and its connection with noncommutative scalar solitons. At the end
we discuss the obtained results and possible prospects.

2. p-Adic numbers and their functions
When we wish to introducg-adic numbers it is instructive to start frof, since
Q is the simplest field of numbers of characterigtiand it contains results of all

physical measurements. Any non-zero rational number can be presented as infinite
expansions into the two quite different forms. The usual one is to thellfase.

—o0
Zaklokv ag :Ov a95 (5)
k=n

and the other one is to the bgsép is a prime number) and reads

+o0
Zbkpkv bk:07 ap_17 (6)
k=m

wheren andm are some integers. These representations have the usual repetition
of digits, but, in a sense, expansions are in the mutually opposite directions. The
series (5) and (6) are convergent with respect to the usual absolute|valde
andp-adic absolute valug: |,, respectively. Allowing arbitrary combinations for
digits, we obtain standard representation of real numbers (5p-autic numbers

(6). R and Q, exhaust all number fields which contaih as a dense subfield.
They have many distinct geometric and algebraic properties. Geometrgdit
numbers is the nonarchimedean one. For much morg-adic numbers ang-

adic analysis one can see, e.g. [4, 7, 16]. There are mainly two kinds of analysis
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on Q, based on two different mappingg®, — Q, andQ, — C. We use both
of them, in classical and quanturadic models, respectively. Elementaradic
functions are given by the same series as in the real case, but their regions of

n

convergence are usually different. For instanegyz = >°72 %; andlnz =

n=0 n

;?f’:l(—l)”“w converge if|z|, < [2|, and|z — 1|, < 1, respectively.
Derivatives ofp-adic valued functions are also defined as in the real case, but using
p-adic norm instead of the absolute value. As a defipigalic valued integral we
take difference of the corresponding antiderivative in end points. Usual complex-
valuedp-adic functions are(i) an additive charactey,(z) = exp 2mi{z},, where
{x}, is the fractional part of € Q,, (i) a multiplicative character;(z) = |z|,,
wheres € C, and(iii) locally constant functions with compact support, like, e.g.
Q|z|p) = 11if |z|, < 1 andQ(|z|,) = 0 otherwise. There is well defined Haar
measure and integration. For example,

_1 2

/ Xp(aa® + fr)de = Ap(a)[2aly *xp <_ﬁ> a0 ()

Qp 4o

where\, () is an arithmetic function [7]. An adele[4] is an infinite sequence
xr = (ajw,x?v"' 7‘Tp7"')a

wherez, € R andz, € Q, with the restriction that for all but a finite sétof
primesp we havez, € Z, . Componentwise addition and multiplication can be
applied to adeles. It is useful to present the ring of addl@sthe following form:

A=UsA(S), A(S) =R x [[Qpx [ Z,
peES pES

whereZ, = {z € Q, : |z|, < 1} is the ring ofp-adic integers.A is also
locally compact topological space. There are two kinds of analysisyvethich
generalize the corresponding analysis dieandQ,,.

3. p-Adic string amplitudes

Like in the ordinary string theory, the starting point in an investigatiop-aflic
strings is a construction of the corresponding scattering amplitudes. Recall that
the ordinary crossing symmetric Veneziano amplitude can be presented in the
following forms: A (k1,- -+ ,k4) =

Anc(ab) = g* [ [2l2 "1~ alls do ®)
R
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e ci-bei-g
@ @ @ 1o

. 4
= 92/DXexp (—;ﬂ_/d208°‘XN8aX”) H /dQO'j exp (ik:l(lj)X”>, (12)
j=1

whereh =1, T'= 1/, anda = —a(s) = —=1—3, b = —a(t), ¢ = —a(u) with

the conditions + ¢t + u = —8, i.e.a + b+ ¢ = 1. To introduce the corresponding
p-adic Veneziano amplitude there is a sense to congideatic analogs of all the
above four expressiong-Adic generalization of the first expression was proposed
in [3] and it reads

Aplab) = g2 [ lalz 1~ al}da, (12)
Qp
where| - |, denotesp-adic absolute value. In this case only string world-sheet
parameter is treated ag-adic variable, and all other quantities maintain their
usual (real) valuation. An attractive adelic formula of the form

Aco(a,b) [] Ap(a,b) =1 (13)
p

was found [5], wherel ., (a, b) denotes the usual Veneziano amplitude (8). A sim-
ilar product formula holds also for the Virasoro-Shapiro amplitude. These infinite
products are divergent, but they can be successfully regularized. Unfortunately,
there is a problem to extend this formula to the higher-point functipssdic
analogs of (9) and (10) were also proposed in [2] and [17], respectively. In these
cases, world-sheet, string momenta and amplitudes are manifestlic. Since
string amplitudes arg-adic valued functions, it is not so far enough clear their
physical interpretation. Expression (11) is based on Feynman'’s functional integral
method, which is generic for all quantum systems and has succesadlit gen-
eralization [18]. Itgp-adic counterpart, proposed in [10], has been elaborated [19]
and deserves further study. Note that in this approg@dic string amplitude is
complex valued, while not only the world-sheet parameters but also target space
coordinates and string momenta aradic variables. Such-adic generalization

is a natural extension of the formalism pfadic [20] and adelic [21] quantum
mechanics to string theory. In the framework of this new approach we will present
here some results concerning htadic Veneziano amplitude. Instead of the start
with the very expression (11) we will take in the real case as a starting point the
following formula

4
2
Aoo(kl,--- ,k'4) = ggojzl_ll/dmj €xXp (M”Zklk] 1I1|LE@ _xj|oo) s (14)

1<J
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which can be derived from (11), and after some standard evaluation [22] one has

2k ko 2ko k3
Aoo<k17"' ,k ) _goo d$|$’ T |1_m|00hT . (15)
Q

oo

In the construction op-adic amplitude we takg-adic analogue of (14), which is

Ak, k) _gp/ dxxp(hTZkkzln ])). (16)

1<J
Note that from (16) one cannot obtain (12) since logarithmic fundtida p-adic
valued and additive charactgy is complex valued function. Thus, we have here a

new type ofp-adic string amplitudes. Whe—kﬁ% € Q,\ Z, additive character will
be different froml and we have non-trivigl-adic amplitude. The corresponding
adelic string amplitude is

= Ao (kW) kD) H A, k () ... ,kz(;l)) H Ap(kél),--- 714;1(74))7 (17)
peS

wherek® is an adele, i.e.
KO = (KD, k8, kD, ) (18)

with the restriction thaf@,(f) € Z, for all but a finite setS of primesp. The
topological ring of adeles! provides a framework for simultaneous and unified
consideration of real ar;dadlc numbers. Rational numbers are also embedded in

the space of adeles. ﬁ“— € Zy for all primesp thenAp(k,(, ), e ,k§4)) =

92 15—y [ dxj, sincexp( ) = 1 whena € Z,. In this casep-adic effects con-
tnbute only to the effective couplmg constant and adelic amplitude is equal to

the ordinary one. Wheﬁb € Qp \ Zy, then additive character may give non-
trivial contributions to adellc amplitude, what also depends on adelic state of the
world-sheet.

4. p-Adic solitonic branes and noncommutative scalar solitons
There is an effective tachyon field theory in terms of real numbers with an exact

action which describeg-adic strings with amplitude (12). The corresponding
Lagrangian [23, 24] inl-dimensional Minkowski spacé: (= 1) is

1 p? 1
2po1| 2% 3 <p+ 90”“ (19)
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whereld denotes the Laplacian, is the tachyon field ang is an arbitrary prime
number. Note that this Lagrangian has been recently considered in the context
of tachyon condensation and brane descent relations [9]. The above Lagrangian
yields the equation of motion

p~ %% = P (20)

In addition to solutiong = 0 andy = 1 there is also solution of the form

p(z) = p?D exp (—p_l Zév?), (21)

2plnp =

wheren < d — 1. This configuration can be called theadic solitonicg-brane
solution, whereg; = d — n — 1. In particular casep = 2 andp = 2, one has

plor,os) = 2exp (— s (6 + ) ). 22

On the other hand there is a noncommutative scalar soliton [25]

¢(x1,22) = 2exp <—;(m% + w%)) (23)

which is the simplest nontrivial (trivial solutions age= 0 and¢ = 1) solution
of the equation

(¢ % ¢)(z) = ¢(z), (24)

wherex denotes the Moyal product (3) with’ = <. The solution (23) of the
equation (24) extremises energy in noncommutative scalar field theory [25] with
the potential

1

V(g)= gmioxd— 6% 050, (29)

wherem = 1 and the kinetic term is neglected in the lirlit— oo. It is evident
that the above solitonic solutions (22) and (23) are equél # 4In2 . This
noncommutative scalar field model can be extended to the more general case with

V(g) = g — L g, (26)

where fields are multiplied by the star product, angt ¢(x!,--- ,z™) with even
n spatial directions. The corresponding equation

cr19" (@) = m*p(z) (27)
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has the solution

d(z) =2 <m2> ' exp (—; Z: mf) (28)

Ck+1

The solutions (21) and (28) may be identified taking the corresponding values
for massm and noncommutativity parametér Thus, we see that there is an
intriguing similarity betweerp-adic solitonic branes and noncommutative scalar
solitons.

Discussion and concluding remarks

In the previous Section we considered two nonlocal scalar field theories. Their
potentials involve infinitely many derivatives. The corresponding differential
equations are of the infinite order, and they extremize the action and the energy,
respectively. It seems that there is a sense to expect something honcommutative
in the effectivep-adic Lagrangian (19), as well as somethip@dic (nonar-
chimedean) in noncommutative scalar field theory with potential (26). Moreover,
some more explicit relations between string field theory puadlic string theory
could be found in the coming years (see also comments in [9]). We believe that
there is an underlying principle, which connects the following three space proper-
ties: noncommutativity, nonarchimedean geometry and the uncertainty relation
(1). Let us also mention that various aspects of possible connection between
guantum groups, nonarchimedean geometry iaadic strings are discussed in
[26, 27]. On g-deformation of the Veneziano amplitude one can see [28] and
references therein. It is worth noting that one can introduce [29] the Moyal product
in p-adic quantum mechanics and it readls< 1)

(Frafe)= [ [ dbdid xy(~(h + 78) + SRk FRGE).  (29)

whered denotes spatial dimensionality.

Acknowledgements B.D. wishes to thank Profs. J. Wess and S. Duplij for
their invitation to participate and give a talk at the ARW "Noncommutative Struc-
tures in Mathematics and Physics”. The work on this paper was supported in part
by RFFI grant 990100866.

References

1. L.J. Garay, Int. J. Mod. Phy4. 10 (1995) 145.
2. 1.V. Volovich, p-Adic String Class. Quantum Gra4.(1987) L83.
3. P.G.O. Freund and M. Olson, Phys. L&1.99(1987) 186.

kievarwe.tex; 12/03/2001; 3:49; p.405




p-ADIC STRINGS AND NONCOMMUTATIVITY 399

I.M. Gel'fand, M.l. Graev and |.I. Pyatetski-ShapiRepresentation Theory and Automorphic
Functions Saunders, London, 1966.

P.G.O. Freund and E. WitteAdelic String Amplitudeshys. LettB 199(1987) 191.

L. Brekke and P.G.O. FreunghAdic numbers in physic®hys. Rep233(1993) 1.

V.S. Vladimirov, I.V. Volovich and E.I. Zelenoy-Adic Analysis and Mathematical Physijcs
World Scientific, Singapore, 1994.

V.S. Vladimirov,Adelic Formulas for Gamma and Beta Functions of One-Class Quadratic
Fields: Applications to 4-Particle Scattering string amplitudés Proc. Steklov Math.
Institute228(2000) 67, math-ph/0004017.

D. Ghoshal and A. Seffachyon Condensation and Brane Descent RelatiopsAdic String
Theory hep-th/0003278.

B. DragovichOn Adelic Strings hep-th/0005200.

I.V. Volovich, Number Theory as the Ultimate Physical Thedeyeprint CERN-TH. 4781
(1987).

J.H. SchwarZRecent Progress in Superstring Thedmgp-th/0007130.

A. SenRecent Developments in Superstring Thedrgp-1at/0011073.

A. Connes, M.R. Douglas and A. Schwakgncommutative Geometry and Matrix Theory:
Compactification on TofiJHEP9802(1998) 003, hep-th/9711162.

I.Ya. Aref’eva and I.V. VolovichNoncommutative Gauge Fields on Poisson Manifolasp-
th/9907114.

W.H. SchikhofUltrametric Calculug Cambridge U.P., Cambridge, 1984.

I.Ya. Aref’eva, B. Dragovich and 1.V. Volovict®n the adelic string amplitude®hys. Lett.
209 B(1988) 445.

G.S. Djordjevé and B. Dragovichp-Adic Path Integral for Quadratic ActiondMod. Phys.
Lett. A 12 (1997) 1455.

B. Dragovich, P. Rodiand 1.V. Volovich,New Amplitudes fopAdic and Adelic Bosonic
Strings in preparation.

V.S. Vladimirov and I.V. Volovichp-Adic Quantum Mechanic€ommun. Math. Physl23
(1989) 659.

B. DragovichAdelic Model of Harmonic OscillatorTheor. Math. Phys101 (1994) 1404;
Adelic Harmonic Oscillatorint. J. Mod. PhysA 10 (1995) 2349.

M.B. Green, J.H. Schwarz and E. Witt&uperstring Theory, ICambridge U.P., Cambridge,
1987.

L. Brekke, P.G.O. Freund, M. Olson and E. Witten, Nucl. PBy302(1988) 365.

P.H. Frampton and Y. Okada, Phys. Rev. L&t(1988) 484.

R. Gopakumar, S. Minwalla and A. Stromingggncommutative Solitoneep-th/0003160.
l.Ya. Aref’eva and I.V. VolovichQuantum group particles and non-archimedean geometry
Phys. LettB 268(1991) 179.

P.G.O. Freund)n the Quantum Group-Adics ConnectionPreprint EFI 90-90, December,
1990.

L.J. Romandeforming the Veneziano Model ("g-strings'lh the ICTP Series in Theoretical
Physics - Volume 6: 1989 Summer School in High Energy Physics and Cosmology, pp. 278-
287, World Scientific, Singapore.

G. Djordjeve, B. Dragovich and Lj. N&, Adelic Quantum Mechanics: Nonarchimedean and
Noncommutative Aspecis the Proceedings of this Workshop.

kievarwe.tex; 12/03/2001; 3:49; p.406




kievarwe.tex; 12/03/2001; 3:49; p.407




ADELIC QUANTUM MECHANICS: NONARCHIMEDEAN AND
NONCOMMUTATIVE ASPECTS

GORAN DJORDJEVE!? *, BRANKO DRAGOVICH** and
LJUBISA NESIC!

! Department of Physics, Faculty of Sciences, University &fRO.
Box 91, 18001 N, Yugoslavia

2 Sektion Physik, Universit Miinchen, Theresienstr. 37, D-80333
Munchen, Germany

3 Institute of Physics, P.O.Box 57, 11001 Belgrade, Yugoslavia

4 Steklov Mathematical Institute, Gubkin St. 8, 117966, Moscow,
Russia

Abstract. We present a short review of adelic quantum mechanics pointing out its non-
Archimedean and noncommutative aspects. In particptadic path integral and adelic quantum
cosmology are considered. Some similarities betweadic analysis and g-analysis are noted. The
p-adic Moyal product is introduced.

1. Introduction

There is now a common belief that the usual picture of spacetime as a smooth
pseudo-Riemannian manifold should breakdown somehow at the Planck length
l, ~ 10733cm, due to the quantum gravity effects. We consider here two
possibilities, which come from modern mathematics and mathematical physics:
non-Archimedean geometry related peadic numbers, and noncommutative
geometry with space coordinates given by noncommuting operators

(2%, 2] = ih9" 1)

* gorandj@junis.ni.ac.yu
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or by g-deformationz’z’ = gz’/z'. Some noncommutativity of configuration
space should not be a surprise in physics since quantum phase space with the
canonical commutation relation (9) is the well-known example of honcommu-
tative geometry. We will mostly review our recent results concerning adelic
guantum mechanics. We illustrate some features of adelic quantum mechanics by
its application in quantum cosmology. A few remarkable similarities between non-
Archimedean and noncommutative structures are noted. The usual Moyal product
is extended t@-adic and adelic quantum mechanics. Since 1987, there have been
many interesting applications pfadic numbers and non-Archimedean geometry

in various parts of modern theoretical and mathematical physics (for a review,
see [1-3]). However we restrict ourselves hereptadic and adelic quantum
mechanics as well as to some related topics. In particular, we review Feynman’s
p-adic path integral method. A fundamental role of integral approagketdic and

adelic quantum mechanics (and adelic quantum cosmology) is emphasized. The
obtainedp-adic probability amplitude for one-dimensional systems with quadratic
Lagrangians has the form as that one in ordinary quantum mechanics. It is well
known that measurements give rational numligrsvhereas theoretical models
traditionally use reaR and complexC number fields. A completion d with
respect to the-adic norms gives the fields gtadic number€), (p is a prime
number) in the same way as completion with absolute value yieldhe paper

of Volovich [4] initiated a series of articles gmadic string theory and many
other branches of theoretical and mathematical physics. The metric introduced
by p-adic norm is the non-Archimedean (ultrametric) one. Possible existence
of such space around the Planck length is the main motivation to ghaaic
guantum models. Howevep-adic analysis also plays a role in some areas of
"macroscopic physics” as, for example: spin glasses, quasicrystals and some other
complex systems. In order to investigate possibbdic quantum phenomena it

is necessary to have the corresponding theoretical formalism. An important step
in this direction is a formulation gf-adic quantum mechanics [5, 6]. Because of
total disconnectedness pfadic spaces and different valuations of variables and
wave functions, the quantization is performed by the Weyl procedure. A unitary
representation of the evolution operafdy(¢) on the Hilbert space;(Q,) of
complex-valued functions of a p-adic argument is an appropriate way to describe
guantum dynamics gf-adic systems. Recently formulated adelic quantum me-
chanics [7] successfully unifies ordinary andmakhdic quantum mechanics. The
appearance of space-time discreteness in adelic formalism (see, e.g. [8]) is an
encouragement for the further investigations. This paper is organized as follows.
We start with a short introduction t@-adic numbers, adeles and their functions.
After that, p-adic and adelic quantum mechanics based on the Weyl quantization
and Feynman’s path integral are presented. In Section 4 we review our previuos
results concerning one-dimensionaadic propagator. In Section 5 we will see
how adelic quantum mechanics can be useful in investigation of the very early
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universe, where in a natural way space-time discreteness emerges in minisuper-
space models of adelic quantum cosmology. In the last Section we give some
of interesting relations between non-Archimedean and noncommutative analysis.
We also define and discuss the correspongiaglic Moyal product.

2. p-Adic numbers and adeles

Any z € Q, can be presented in the form [9]
x=p"(zo+x1p+a2p” +--+), VEL, 2

wherez; = 0,1,---,p — 1 are digits.p-Adic norm of any termz;p**+* in the
canonical expansion (2) jse;p” ™ |,= p~+9 and the strong triangle inequality
holds,i.e.| a +b [,< max{| a |p,| b |,}. It follows that| z |,= p~" if zy # 0.
There is no natural ordering d@,. However one can introduce a linear order on
Qp by the following definition:z < y if | z [,<| y |, or when| z |,=| y |,
there exists such index > 0 that digits satisfycg = yo, 1 = y1,*** , Tm-1 =
Ym—1 ,Zm < Ym. Derivatives ofp-adic valued functiony : Q, — Q, are
defined as in the real case, but with respect togtaelic norm. There is no in-
tegral [ ¢(z)dz in a sense of the Lebesgue measure [2], but one can introduce
f: o(z)dz = ®(b) — ®(a) as a functional of analytic functions(z), where®(x)
is an antiderivative op(x). In the case of mag : Q, — C there is well-defined
Haar measure. We use here the Gauss integral

b2

/ xo(az? 4 bz)dz = A, (a) | 2a ];% xo( — ﬁ) , a#0, 3

(3

where index denotes reak( = oo) andp-adic cased,e.v = 00,2,3,5, - Xy IS

an additive character(z) = exp(—2mix), xp(x) = exp(2mi{z},), where
{z}, is the fractional part ofc € Q,. A\,(a) is the complex-valued arithmetic
function [2]. An adele [10] is an infinite sequenee= (ax, as, ..., ap, ...), where

aso € R = Qu, ap € Q, with arestriction that,, € Z, for all but a finite setS of
primesp. The set of all adelesd may be regarded as a subset of direct topological
productQs x [[, @, whose elements satisfy the above restrictian,

A=UsA(S),  A(S)=Rx [[Q x ] Z- ()
peS p¢S

A is a topological space, and can be considered as a ring with respect to the com-
ponentwise addition and multiplication. An elementary function on adelicAing
is

P(T) = Poo(Too) H ep(@p) = H Po(Tw) (5)
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with the main restriction thap(x) must satisfyp,(z,) = Q(|z,|,) for all but a
finite number ofp, where

1, 0|z |,< 1,

is a characteristic function on the segehdic integerZ, = {z € Q, : |z[, < 1}.

It should be noted that the Fourier transform of the characteristic function (vacuum
state)Q(|z,|) is Q(|kp|). All finite linear combinations of elementary functions
(5) make the seD(A) of the Schwartz-Bruhat functions. The Fourier transform
of p(z) € D(A) (that mapsD(A) ontoD(A)) is

B(y) = /A o(x)x(zy)dz = /R Poo(T)Xoo(zy)dz [ | /@ op(z)xp(zy)dz, (7)

wheredr = dro.dzs...dz,... is the Haar measure of. The Hilbert space
Ly(A) is a space of complex-valued functiong(x), 12(x), . . ., with the scalar
product and norm

(1, 92) = /A Dr(@)a(@)dz, 6] = (,9)Y? < oo, (8)

A basis of the above space may be given by the orthonormal eigenfunctions of an
evolution operator [7].

3. Adelic quantum mechanics

In foundations of standard quantum mechanics (®)eone usually starts with a
representation of the canonical commutation relation

(4, k] = ik, 9)

wheregq is a coordinate and is the corresponding momentum. It is well known
that the procedure of quantization is not unique. In formulatiopradlic quantum
mechanics [5, 6] the multiplicatiogy) — z% has no meaning far € Q, and

Y(x) € C. Also, there is no possibility to defineadic "momentum” or "Hamil-
tonian” operator. In the real case they are infinitesimal generators of space and
time translations, but, sind@,, is disconnected field, these infinitesimal transfor-
mations become meaningless. However, finite transformations remain meaningful
and the corresponding Weyl and evolution operatorgpaadically well defined.

For the one dimensional systems which classical evolution can be described by

zZt = TtZ, Zt = < quglg = (10)
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whereq(0) andk(0), are initial position and momentum, respectively, dhds a
matrix. Canonical commutation relation gradic case can be represented by the
Weyl operatorsi = 1)

Qp(a)Pp(2) = xp(az)Pp(z) (11)

Kp(B)¢(z) = ¥z + ). (12)

Now, to the relation (9) in the real case, corresponds

Qp(a)Kp(ﬂ) = Xp(aﬂ)Kp(ﬂ)Qp(a) (13)
in thep-adic one. It is possible to introduce the family of unitary operators

Wo(2) = o~ 200 Kp (B)Qp(), 2 € By x Gy, a4)

that is a unitary representation of the Heisenberg-Weyl group. Recall that this
group consists of the elemerits, «) with the group product

(z,a)-(z’,o/):(z—l—z’,a—i—a’%—%B(z,z')), (15)

where B(z,2') = —kq' + ¢k’ is a skew-symmetric bilinear form on the phase
space. Dynamics of g-adic quantum model is described by a unitary operator
of evolutionU(¢) without using the Hamiltonian. Instead of that, the evolution
operator has been formulated in terms of its kedkiglr, y)

U, (1) () = /Q Ki(w, y)0(y)dy. (16)

The next section will be devoted to the path integral formulation and calculation of
the quantum propagatdf, (z, y) onp-adic spaces. In this way [p}adic quantum
mechanics is given by a triple

(L2(Qp), Wy (2p), Up(tp))- (17)

Keeping in mind that standard quantum mechanics can be also given as the cor-
responding triple, ordinary angtadic quantum mechanics can be unified in the
form of adelic quantum mechanics [7]

(L2(A), W(2), U(t))- (18)

Ly(A) is the Hilbert space o\, W(z) is a unitary representation of the
Heisenberg-Weyl group ofi2(A) and U(t) is a unitary representation of the
evolution operator o2 (A). The evolution operatdy(¢) is defined by

Uttys(e) = [ Ky =TT [ K op)e® . 19
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The eigenvalue problem fa@r(¢) reads

U(t)¢aﬁ(x) = X(Eat)waﬁ($)7 (20)

wherey, s are adelic eigenfunctions;, = (Ew, Eo, ..., B, ...) is corresponding
energy, indicesr andg denote energy levels and their degeneration. Note that any
adelic eigenfunction has the form

U(2) = Voo (2oo) [[ Tp(ap) [T Q| 2p p), =z €A, (21)
pES pgS

where¥,, € Ly(R), ¥, € Ly(Q,). Adelic quantum mechanics takes into ac-
count alsop-adic quantum effects and may be regarded as a starting point for
construction of a more complete superstring and M-theory. In the low-energy limit
adelic quantum mechanics becomes ordinary one.

4. p-Adic path integrals

A suitable way to calculate propagatorzradic quantum mechanics is ppyadic
generalization of Feynman'’s path integral. For the classical adtjefi, t"; z', ')
which is a polynomial quadratic in” andz’ it is well known that in ordinary
guantum mechanics the Feynman path integral is

. 20 1/2 o -
K" t" 2 ) = (z 0°5 ) exp (?S(a:",t";az’,t')). (22)

h 02"z

p-Adic generalization of the Feynman path integral was suggested in [5] and can
be written on g-adic line as

sy a ) = (5000 = [ (=, [ 20 i) [Tt
@3

In (23) we takeh € Q andg,t € Q,. This path integral is elaborated, for the first
time, for the harmonic oscillator [11]. It was shown that there exists the limit

Kp(m",t"; :L‘I,t/) _ nh_{gO K;”)(m”,t”;a:’,t’) _ nh_{go N}gn) (t”,t')
1. -
X/ / Xp(_ hZS(QiytiS(]i—lati—l)>dQI"'dQn—l ; (24)
P P i=1

whereN,S”) (t",t') is the corresponding normalization factor for the harmonic os-
cillator. The subdivision op-adic time segmenty < ¢1 < -+ < tp_1 < tp
is made according to linear order @@, and | ¢; — t;—1 |,— 0 for every
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i = 1,2,--- ,n, whenn — oo. In the similar way we have calculated path
integrals for: a particle in a constant external field [12], some minisuperspace
cosmological models and a relativistic free particle [8], as well as for a harmonic
oscillator with a time-dependent frequency [12]JAdic classical mechanics has
the same analytic form as in the real case(#) = g(t) + y(¢) denotes a possible
quantum path, with conditiongt') = y(t") = 0, whereg(t) is ap-adic classical

path with§.S[g] = 0, we have the following action for quadratic Lagrangians:

t//

AN
<yé%q+yé%j> L(q,q,t)dt. (25)

Slal = Sl + 5;0°Slal = Slal + 5 |

Putting (25) into (23), and using condition

o K;(x”, t" 2 Ky (2, t" 2 )da' = 6,(2" — 2), (26)
p
with quadratic expansion of action as well as the general form of the normalization
factor
Np(t",¢) =| Np(t", ") | Ap(t", '),
we obtain general expression for the propagator (for some details, see [13])

Mo N 1 09%S 1 95 % 1—////,//
ol 14050) =0 = g i | o | ol 550
(27)

This result exhibits some very important properties. For instance, replacing an
index p with v in (27) we can write quantum-mechanical amplituein or-

dinary and allp-adic cases in the same compact form. It points out a generic
behaviour of quantum propagation in Archimedean and non-Archimedean spaces
and emphasizes the fundamental role of the Feynman path integral method in
guantum theory. Also, considering the most general quadvaditic Lagrangian
L(z,@,t) = a(t)2® +2b(t) 2z +c(t)z? +2d(t) +2e(t)z + f(t) with analytic co-
efficients, we found a connection [14] between these coefficients and the simplest
p-adic quantum state(|z|,), that is necessary for existence of adelic quantum
dynamics. For space-time discreteness in adelic models, see [8]. It is worth men-
tioning that this approach can be extended to systems with the two, three and
more dimensions, and results will be presented elsewhere. The above results are
also a starting point for a further elaboration of adelic quantum mechanics and
for a semiclassical computation of tipeadic path integrals with non-quadratic
Lagrangians.

5. Adelic quantum cosmology

Adelic quantum cosmology [15] is an application of adelic quantum mechanics to
the universe as a whole. It unifies ordinary anddic quantum cosmology. Here,
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path integral formalism occurs to be quite appropriate tool to take integration
over both Archimedean and non-Archimedean geometries on the equal footing.
In this approach we introduce-adic complex-valued cosmological amplitudes
by a functional integral

(R, 8" S h, ¢, ) = / D(gyu), D(®)oXw (= Sulgu D). (28)

In practice, it is not possible to deal with full superspace (the space of all 3-
metrics and matter field configurations). Instead, one exploits minisuperspace (a
finite number of coordinatgg:;;, ¢)). After this simplificationy-factors of adelic
minisuperspace propagator are given by the relation

(@®")q™")e = / dNK,(¢*", N|g™,0), (29)

where K, is an ordinary quantum-mechanical propagator with fixed minisuper-
space coordinateg® and the lapse functiov. We illustrate adelic quantum
cosmology by Bianchi | mod€lk = 0). Using Lorentz metric [16]

N?(t)

200 dt? + a®(t)dz? + b (t)dy® + c2(t)dz> (30)

ds? = o? [—

and replacements:

be + a?
_'1:‘:

5 0 Y (31)

we obtain the corresponding action

1 2 .
Splz,y, 2] = ;/ dt l—;f < 5 —l—z'2> — )\N(m—f—y)] , (32)

and equations of motion
E+AN?2=0, §j—AN?2=0, 2=0. (33)

Taking into account conditions(0) = 2/, y(0) = ¢/, 2(0) = 2/, (1) =
2", y(1) = ", 2(1) = 2", the quantum transition amplitude can be written
as
Mp(—2N .
Kp(=",y", 2" Nz o, 2',0) = 717(1 Q)Xp (=S(",y", 2", Nlz',y/, 2, 0) .
43N]’
p

(34)
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Conditions for the existence of the vacuum st@tgz|,)2(|y|,)2(|z|,) can be
calculated from the equality

/ / / 2"y 2" N2y, 2 0)da' dy' d2'
[z/[p<1J]y'|p<1 |Z/|p<1

= Q(|2"[p)Qly"p) (12" 1),
and the simplest vacuum state is

) )),  INp <L Ay <1 p#2,
‘I’p(”“"’y’z’N)‘{Q<|x|§>ﬂ<|y|§>ﬂ<|z|§>, Na< b Me<2 p=2
(35)

According to (21) adelic wave functio¥(z,¢) offers more information on a
physical system than only its standard pér,(z,t¢). In qguantum-mechanical
experiments, as well as in all measurements, numerical results belong to the field
of rational numberg). For the Bianchi | model, as well as for any adelic quan-
tum model, according to the usual interpretation of the wave function we have to
considerl¥(z, t)|%, at rational space-time points. In the above adelic case we get

U (2,5, 2,N)[3 = [¥o(z,y, 2,N) HQ |z[p) ([ y|p$2(12]p)

(36)

_{I‘I’ (@, y,2, N2 , ¢,y,2€Z,

0, z,y,2 € Q\ Z.

Here we used the following properties of ttefunction: Q2(|z|,) = Q(|z|,),

[, lzlp) = 1if z € Z, and][,Q(|z[,) = 0if z € Q\ Z. Thus, it means

that positionse, y, z may have only discrete values: = 0,4+1,+2,.... Since

the Q2-function is invariant under the Fourier transformation, there is also discrete
momentum space. When system is in some excited state, the sharpness of the dis-
crete structure disappears and space demonstrates usual continuous properties. It
is worth mentioning that a space-time discreteness is also noted in the framework
of g-deformed quantum mechanics [17].

6. p-Adic analysis and g-analysis. The Moyal product

Some connections betweeradic analysis and quantum deformations has been
noticed [18] in a variety of cases during the last ten years or so. It was shown
[19] that the two parameter Sklyanin quantum algebra and its generalizations
provide a promising connection between thadics and quantum deformation. A
similar connection has been indicated by Macdonald’s paper [20] on orthogonal
polynomials associated with the root systems. In [19] it was also pointed out that
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elliptic quantum group and its generalizations unify thadic and real versions

of a Lie group (e.gSL(2)). This result is connected with adelic approach and
the possibility of establishing g-deformed Euler products. In some other contexts
it has been observed that the Haar measur&©p(2) coincides with the Haar
measure on the field gfadic numbers), if ¢ = Ilj [21]. Namely, Tomea-Jackson
integral in g-analysis

[ 1@ = -0 > sl (37)
n=0

and the integral ip-adic analysis

[ felar= -5 o
|z|p<1 Y 2ot

are equal ifj = %, i.e.

1
J, i@dga= | Sely)da (39)

In g-analysis there is the following differential operator (related to the g-deformed
momentum in the coordinate representation [21])

f(x) — flgz)
(I-qz

In p-adic analysis, when one considers a complex-valued fungtiehdepending
on ap-adic variabler we are not able to use standard definition of differentiation.
Instead of that it is possible to use Vladimirov’s operator

p—1 [f(®)-1{)
1— p—l—a ‘x _ y‘g-i-l dy (41)

Oqf (x) = (40)

D) =

which in a sense resembles (40). Moreover, there is a potential such that the
spectrum of the-adic Schodinger- like ( diffusion ) equation [22]

Dy () + V(|zlp)y(z) = E(x) (42)

is the same one as in the casegyafeformed oscillator found by Biedenharn [23]
and Macfarlane [24] foy = 1/p. For more details, see [21]. Recently [25],

it has been proposed a new pseudodifferential operator with rational past of
adic numbers{z},. In such case, energy levels fpradic free particle exhibit
discrete dependence on the corresponding momeniti; = {k}2. Note also

a proposal for g-deformation of Vladimirov's operator [26]. We see that there
are some interesting relations betwegeadic and g-analysis, and in a sense be-
tween adelic quantum mechanics and noncommutative one. It would be fruitful
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to find some deeper reasons for these connections, between theories which pre-
tend to give us more insights on the space-time structure at the Planck scale. By
now it is not enough understood. It seems to be reasonable to formulate a non-
commutative adelic guantum mechanics that may connect non-Archimedean and
noncommutative effects and structures. As the first step in this direction one has
to consider g-adic and adelic generalization of the Moyal product. Let us con-
sider D-dimensional classical space with coordinatesc?, --- ,z”. Let f(z)

be a classical functiorf(z) = f(x!,22,--- ,zP). Then, with the respect to the
Fourier transformations, we have

fk) = [ doxulhe) (@) (43)

F@) = [ dkxol—ka) 7). (44)

According to the usual Weyl quantization

f@) = [ dkxeo(—k2)f(k) = f(2).

(oo}

Let us now have two classical functiofisz) andg(z) with

dk xoo(—k2) f(k), (46)

(47)

In the coordinate representation we can write the same above expressions replac-
ing & by z and extend it to alp-adic cases. Now we are interested in product
f(z)g(z). In the real case this operator product is of the form

(F-9)@ = [ [ dhdk! xool k)Xo KD FRIFH).  (48)

Using the Baker-Campbell-Hausdorff formula, the relation (1) and then the
coordinate representation one finds the Moyal product in the form

(Fx9)(w) = [ [ dkak' x, (= + K)a + Shikie" ) FRIZ0), (49

where we already used our generalization from to Q,. Note that in the real
case we usg; — —(i/2m)(0/0z") and obtain the well known form

(£ 9)(@) = xoo (—2(;)283;) [ y=e:  (50)
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Thus, as the-adic Moyal product we take

(f*9)(x) = /Q p Jop RAK Xp(— (ki 7K + %kﬂé@”)f(k)g(k’). (51)

As the first step in adelization one can consider the Moyal produbofl ,c s @,
x [1,¢s Zp space. Various adelic aspects of the Moyal product will be presented
elsewhere.
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GIBBS STATES OF A LATTICE SYSTEM OF QUANTUM
ANHARMONIC OSCILLATORS

YURI KOZITSKY * f
Institute of Mathematics, Marie Curie-Sklodowska University,
Lublin 20-031, Poland

1. Introduction

Gibbs states of interacting quantum lattice systems are constructed as positive
functionals on von Neumann algebras whose elements (observables) represent
physical quantities [8], [13]. For the systems, the algebra of observables of every
subsystem in a finite subset of the lattice may be represented &S thigebra of
bounded operators on a Hilbert space, the theory of Gibbs states is quite well
elaborated [8]. But if one needs to include into consideration also unbounded
operators, the situation becomes much more complicated. In 1975 an approach to
the construction of Gibbs states, which uses the integration theory in path spaces,
has been initiated [1] (see also [5], [6], [7], [11], [13], [15]). Here the state at
a temperaturd” = 5! is defined by means of a probability measureon a
certain infinite-dimensional space, analogously to the Euclidean quantum field
theory. That is the reason whys is known aghe Euclidean Gibbs state

In this paper we consider the following model. To each point of the lattice
L = Z%, d € N there is attached a quantum particle (oscillator) with the reduced
massm = mph/h2 (mpn is the physical mass), which has an unstable equilibrium
position at this point. Such particles perfoihrdimensional oscillations around
their equilibrium positions and interact via attractive potential. Similar objects
have been studied for many years as quite realistic models of crystalline substance
undergoing structural phase transitions (see e.qg. [16]).

In Section 2, following [2], [3], [4], we summarize main aspects of the con-
struction of the Euclidean Gibbs state for the model considered. In Sectiea 3,

* jkozi@golem.umcs.lublin.pl
t Supported in part by the Polish Scientific Research Committee under the Grant 2 PO3A 02915
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provide a number of assertions describing such states. In particular, we show that
strong zero-point oscillations suppress critical point anomalies. The latter result is
a strengthening of similar ones given in [2], [14].

2. Euclidean Formalism for Quantum Gibbs States

The oscillations of the particle having its equilibrium position a L are de-
scribed by the momentum and displacement operdtars; }, densely defined
on the complex Hilbert spack; = L?(RP). The whole system is described by
the formal Hamiltonian

1
H= izdll’((ﬂaqy)‘i‘ZHla (1)

LU l

1

Hy = 5 () + 5 (@) + V@) @

where( ., .) stands for scalar product R” andd;; form a dynamical matrix.
The potentiall” is chosen as follows

V(.%‘) - v((:c,x)), €)

wherev is a polynomial, convex o def [0, +00). Some of our results were
obtained under assumption that

1 T
V() = A€+ D bE%, 722, a R, b 20, b > 0. @)
5=2

Forp € Z, let

Sp = {{xl,l elL} | Z(l + |l|)2pxl2 < oo},
l

where|l| is the Euclidean norm oh = Z? c R Let also

SY NS, &Y (S, peNg € NU{0). (6)

The dynamical matrix is supposed to be invariant under translatiors, @md
attractive ¢;» < 0). We also suppose that for evdrg L, the sequencéd;, I’ €
L} belongs taS. Set

A={l=(y, ..., W) | 1§ <1; <lj, § <Uj, J,l; €Z, j=1,....d}.

Given a boxA, let £L(A) denote the partition df by the boxes which are obtained
as translations af. Let also® be the group of all translations &f and®(A) =
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{t e 8| t(A) € L(A)}, wheret(A) = {t(l), I € A}. Then the dynamical matrix
(d)1.ren Obeying periodic conditions on the boundariesioénd the periodic
local HamiltonianH 5 are

dly, = min{d;qy : t € B(A)}, 7)

1
Hy = 3 S dyla,ar) + > H. (8)
LIEA leA
The latter is an essentially self-adjoint lower bounded operator actifigin=
L? (RDW) (| - | stands for cardinality).
For a boxA and an inverse temperatufe= 7!, a periodic Gibbs statgs A
is the following functional

_ trace(Ae FHr)

V8.4 (A) = m; )

defined on theC*-algebral(, of linear bounded operators @i,. Given A and
t € R, we define an automorphism 2ify

aM(A) = exp (itHp) Aexp (—itHy). (10)

A significant role in the construction of the Gibbs states of our model is played by
multiplication operators. Bounded multiplication operators form a commutative
subalgebra of(,. The components of the displacement operaﬁ@r, l € Aare
multiplication operators, but they do not belongtg since they are unbounded.

In [12] there was proved the following assertion (see also [1], [11]).

Proposition 38. Lettq,...,t, € RandA;,... A, be bounded continuous func-
tions A; : RPIAl 5 C. Then2, is the smallest strongly closed linear space
containing all operators of the form

ap (Ar)ap (A2) ... af (Ay).

For Ay,...,A, € %A, andty,...t, € R, a temporal Green function
corresponding to the periodic boundary conditions is

GON 4t te) = e (ag (A)...a (An)) : (11)

For an open subsé c C", let Hol(O) stand for the set of all holomorphic @1
complex valued functions. Let also

DF X L4y, ) €CM 0 < S(t) < S(ta) - < S(tn) < B} (12)

By means of the arguments which were used in a similar situation in [1], Sect. 3
and [12], Sect. 2, one can prove the following statement.
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Lemma 39. For everyA,..., A, € Ay,
(a) Gi’lA,...,An may be extended to a holomorphic functionzf

(b) this extension (which will also be written é;%if\ A,)
is continuous on the close@g of Dﬁ, moreover,
forall (t1,...,t,) € D,

A
G ta)| S AL (A,

where|| - || stands for operator norm;

(c) foreveryéy,..., &, € R, the set

D&, .. &) Y {(t,.. ., tn) €DP|R(E) =&, j=1,...,n},

is such that for arbitraryF, G € Hol(DZ), their equality on
DB(¢&4,...,&,) implies thatF and G are equal on theD?.
The restriction of the function (11) t92(0, ..., 0), i.e.
ngﬁ...,An (7’1, e ’Tn) = Gg’ﬁqun (’L"Tl, e iTn), (14)
is a temperature (Matsubara) Green function, which has such a property
F%ﬁ...,An (’7’1 + 9, e T+ 9) = Fﬁyﬁ...,An (7‘1, N ’Tn), (15)
for everyf € Zj def [0, 5], where addition is modulg.

In view of Proposition 38, the Green functions, defined by (11) with bounded
multiplication operators, fully determine the statg,. Claim (c) of the latter as-
sertion yields in turn that this state is determined by the Matsubara functions (14).
In the Euclidean approach these functions are obtained as moments of probability

measures. We begin their construction with introducing corresponding measure
spaces. Givepg > 0 andA, we set

Qg = {wr = (Wi)jep | w1 € C(Zg — RP), wa(0) =wa(B)}. (16)

In the sequelcz will stand forQ25 4 with a one-pointA. Let alsox’s stand for the
real Hilbert spacd.?(Zs — R”) equipped with scalar product and norm

we)s= [ @ fels=y@es an

Further

XB,A = {LL)A = (wl)leA ’ wp € Xﬁ}. (18)
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SinceA is finite, 25 » andXz » may be equipped with the usual Banach space and
Hilbert space structures respectively. 28¢5 ) stand for the Boret—algebra

of the subsets dlz 5. Consider the following strictly positive trace class operator
on X/g

Sp=(-mAg+1)7'1, (19)

whereAg is the Laplace operator ih?(Z3) and1 is the identity operator ifR™.
It determines ont3 a O(D)—invariant Gaussian measuyg, for which

/; eXp{<¢7w>B}Xﬂ(dw)::eXP‘{;<SB¢7@>B}- (20)

B

This measure is concentrated©@n C X3 [1], [11]. It describes &D-dimensional
guantum harmonic oscillator with the massOne can show (see e.qg. [1]) that for
anyr € Ig,

/Xﬁ exp [o(w(7),w(T))] xg(dw) < 00, Vo < ay, (21)

o exp(Bly) 1
G =2 B 1 (22)

Given a boxA, we write

Xg,A(dwp) = ) xa(dw), (23)
leA

E,BA WA Z dll’ wl,wl/ g+ Z/ V wl (24)

ll’EA leA

Under the assumptions regardifiganddy;/, E[‘{A is a continuous function from
(13 A toR. A periodic local Euclidean Gibbs measure is

1
paa(dwy) = ZﬂAexp{—EKA(wA)}’y@A(de). (25)

It is a probability measure on the Hilbert spatg , supported oflg z. Z
is the normalizing constant. Therefore, the Green functions (14) constructed with
multiplication operatorsi, ... A, € 2, may be written follows [1], [11]

(26)

| Ai(ea(n) - An(wn(m)us (deon).
B,A
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The Gibbs states of the whole system which correspond to the periodic bound-
ary conditions are constructed as limits of the above stagigswhenA ~ L.

More precisely, letZ be a sequence of boxes ordered by inclusion and such that
UpaecA =1L. ForA; C As, one may introduce a natural norm-preserving embed-
ding2(,, C A,,, which defines an increasing sequence of algefiflas A € L}.

In a standard way [8], this sequence defines a quasi-local algebra of observables.
Two sequences, £ are called equivalent if the corresponding quasi-local alge-
bras coincide. A standard sequentds the sequence of boxds\;, L € N},

Ar = (—=L,L)% N Z%. In the sequel, all (thermodynamic) limits ~ L are

taken over a sequend® which is equivalent to the standard one. The existence
of periodic Gibbs states for similar models was shown in [7].

The great advantage of the Euclidean approach lies in the fact that due to the
above relationship between the Green functions and local Gibbs measures one
may apply to the quantum case the machinery of conditional distributions, which
form the base of modern classical equilibrium statistical physics (see e.qg. [9], [10]
and the references therein). To this end we will employ the spgages defined
by (16), (18), also for infinite subsets. In particular,Q23 will stand for Q3 A
with A = L. These spaces are equipped with the product topology and with the
o-algebrasB (23 o) generated by cylinder subsets. Fdrc A C L, we write
wa X (p\a for the configuratior(&;)iea such that; = w; forl € A, and§; = ¢
fori € A\ A. Given a sequence of boxés in order to have the collections
{Qgr,A € L} ordered by inclusion, we introduce the following mappings. For
A C A, we putwa = wa x 0q\a € 254, Where0, is the zero configuration in
Q3,a. Hence we consider every configuratiop as an element of aflg » with
A C A. Besides, we define

Qg,A S WA > (wA)A, S Q@A/,
as a configuration such that = 0 for € A’ \ A. Let
def
Q5 = {Ce Q| {llGlsleL} e S} (27)

For ¢ € Qg and a boxA, we define the local Gibbs measure, subjecf,tas the
following conditional probability measure. We put

NB,A(B|C) = 07 C € QB \ Qlt87 B e %(Q,B,A)7 (28)

and for every € O,

g, (dwa|C) = exp {_E[‘i/,A(WAK)} xp,A(dwy). (29)

1
Zp,A(C)

Z5a(€) | exp {=EEa@nl0)} xoa(dwn),
B,A
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is the local partition function subject to the external boundary condgienand

1
Ega(wal¢) = 3 S dwlwnwr)g+ > dulw, G, (30)
LUEA leATEAe

EYa@rl0) = Bga@nlQ) + Y [ Viw(m)r, (31)
1en’ s

where V' is given by (3). Under the assumptions regardirigand d;;/, both
Ega(:€), EKA(-|C) are continuous functions frof; 5 to R for all ¢ € Q.
The functionEg 4 (-|¢) describes the interaction of the particlesAnbetween
themselves and with the fixed configuratigp, A€ =L\ A.

Thus, along with (26), one may introduce the temperature Green function
which corresponds to the external boundary conditjgn

rgfﬁ a, (T, ) (32)

Ar(wa(m1)) - - - An(wa(7n)) g, A (dwr[C)-
X,

HereA, ..., A, are multiplication operators such that for every
T1,-..,Tn € Ig, the function

Q@A S WA Al(wA(Tl)) .. .An(wA(Tn)),

is ug,A(-|¢) integrable for every € g, that holds ford,,..., A, € 2. Note
that the above temperature Green function is defined only for multiplication op-
erators, there are na priori information regarding its analytic and continuity
properties (except faf = 0), even in the case of bounded operators.

For B € B(Q3) andw € Qg, letdp(w) take values 1, resp. 0, i belongs,
resp. does not belong, . Then one can introduce a family of probability kernels
{mga | A CL, |Al<oo},on(Qg, B(Qg))

def

mon(BIC) X /Q 65 (wa X Cae)pip.a (dwnlC). (33)
B,A

They satisfy the consistency conditions (for more details see e.g. [10])

moamaa(BIO X | maa@lOmpaBl) = ma(BIO), (34
B

which holds for arbitrary pairs of finite subsedssC A C L and anyB € B(Qg),
¢ € Q.
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Definition 40. A probability measurg: on the spac¢Qs, B(€23)) is said to be
a Euclidean Gibbs state at the inverse temperaiufét satisfies the Dobrushin-
Lanford-Ruelle (DLR) equilibrium equation

[ ndw)mpa(Blo) = u(B), (35)
s

for all finite A C L andB € B(Qg3).

3. The Results

By means of the representation (26) we extend the Green functions to unbounded
multiplication operators.

Theorem 41. Let the functionsA4, ..., A4, : RPIA — C be such that for
everyﬁ > 0 and everyr € Ig, the functionsQg, > wa — Aj(wa(7)),

Jj = 1,...n, are ug p—integrable. Then, for the corresponding multlpllcatlon
operatorsAl, ..., Ay, the Green function (26) may be analytically continued on
the domairD? defined by (12).

In contrast to the case of bounded operators (c.f. claim (b) of Lemma 39), one

cannot expect that such extended Green functions are uniformly boon@ﬁl
and continuous on its boundaries.

Definition 42. A continuous functiod : RPIAl — C belongs to the familg'")
if for arbitrary o > 0, the function

RPN 5 2p — |A(zp)] exp {_O‘Z \xﬂQ} , (36)

leA

is bounded ofRPIAl

In the case of one-point boxes, i.e. faf = 1, we write ()

Corollary 43. For arbitraryA;,..., A, € SE\D), the temperature Green function
(26) may be continued analytically in accordance with Theorem 41.

Indeed, by (21), functions frorﬁ&D) are integrable. As it has been already
mentioned, the above analyticity does not imply continuity of the temperature
Green functions. To prove it we have used the tightness of the local Gibbs
measures.

Theorem 44. Given aboxA, let A4, ..., A,, belong togg\D). Thenforall € Qg,
the Green functions (26), (32) are continuousgh> (Tiyee vy Tn).
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Theorem 45. [FKG Inequality] GivenA and( € Qg, let i stand for any of the

local Gibbs measures (25), (29) with = 1. Then for any function®’, G € 35\1),
which grow when every chosen(7) increases, the following inequality holds

<FG>,>2<F >,<G >, (37)
where< - >, stands for expectation with respect to the meagure

Theorem 46. [GKS Inequalities]Given A, let the local Gibbs measure be de-

fined by (25) withD = 1. Letalso the real valued functions, . . ., Apym € F1,
n,m € N have the following properties:

(@) everyA; depends only on the valuesaf with certainl; € A;

(b) everyA; is either an odd monotone growing functiongf
or an even positive function, monotone growing@ntoo).

Then for the Green functions (26), (32), the following inequalities hold for
arbitrary 7, ..., Tp4m € Zg:

o) >0, TN (L) >0, (38)

A
Fgl,.,.,An+m (7-1’ s 7Tn+m)

F%ﬁ..,An (T1yeevyTn) X (39)

B,A
FAn+1,...,An+m (Tn+1> s 7Tn+m)

0757/\
LA Ay (T0

0,8,A
I‘.»4[16,...,,4,1 (Tla oo 77—n) X

0,8,A
FAS+1,...,An+m (Tn+17 e 77—n+m)

Now the model (1) - (3) withD € N will be compared with the scalar model
described by the same local Hamiltonian with = 1. In order to distinguish
vector and scalar objects we will supply the latter ones with tilde, wrifihg
Ys.a, P2, In the sequel, the polynomialis supposed to be of the form (4).

Theorem 47. [Scalar Domination] GivenA,,..., A, € g%’), let there exist
k=1,...,D andthe functionsl, ... 4, € Sgl), satisfying the conditions of the

above theorem, such thalt;(z,) = ﬁj(a:ff)),j = 1,...,n. Then for arbitrary
Ti,...,Tn €13

7A T ,A
0< Fil,...,An (T1y...,Tn) < F%,...,Zn (T1y. oy Tn)- (40)
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REMARK 3. Note that all4; depend onz:(Ak) with one and the same. The first
above inequality is #-dimensional version of (38). The second inequality in (40)
describes scalar domination.

In the model considered, the structural phase transition, breaRifig)-
symmetry, is associated with the appearance of large fluctuations of displacements
of particles. To describe them we introddhﬂ:tuationoperators

Q= Z a, (41)

V] leA
corresponding toormalfluctuations. If the Green functions (14) constructed with
A= Qf\k), remain bounded wheh " L, the fluctuations are regarded as nor-
mal. At the critical point the fluctuations become so large that to preserve the
boundedness of the Green functions one should usdaarmalnormalization,
ie.
AA)
e ai,
VIALIR

where{\(A) € R, A € L} is a converging to zero sequence. Givan. .., F, €
3P, let A} stand forF; (Qaa), j = 1,...,n

Qxa = AA)Qp =

Definition 48. Giveng > 0, let the convergence

I () — Fi(0).. Fo(0), A /L, (42)

177

hold for alln € N, all 7,...,7, € Zg, all Fy,...,F, € §P), arbitrary £,
and any converging to zero sequercéA), A € L}. Then the fluctuations of
displacements of particles are said to be normal.

Set

Y dw, T:fjl+](ql(1))2’ (43)
l/

where the sum is taken over the whole latticeThe operatofl’ has a purely
discrete non-degenerate spectrum. Denote

Tin = €ptpn, A =min{e 11 —€,, n € N}.

Theorem 49. Let the massn, the spectral parameted, and the interaction
parameterJ obey the condition

mA? > 2J. (44)

Then for anyD € N, the fluctuations of displacements of particles in fhe
dimensional model remain normal at all temperatures.
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A METRIC-AFFINE FIELD MODEL FOR THE NEUTRINO

DMITRI VASSILIEV *
Department of Mathematical Sciences, University of Bath,
Bath BA2 7AY, UK

1. Main result

We define space-time as a real oriented 4-manifeddequipped with a non-
degenerate metrig (not necessarily symmetric) and an affine connecliokiVe
write space-time as a tripleM, g,I'}. The 16 components of the metric tensor
g, and the 64 connection coefficierﬁéw, are the unknowns in our model, as is
the manifoldM itself.

This approach is known as the Einstein—Sclinger metric-affine field the-
ory; see, for example, Appendix Il in [1], or [2]. During the period from the 1920s
to the 1950s many mathematicians and physicists contributed to this subject, with
the list of authors containing names such as M.Born, A.S.Eddington, L.Infeld,
T.Levi-Civita and H.Weyl. In modern theoretical physics metric-affine field theo-
ries are not a mainstream subject; reviews of some of the more recent work in this
area can be found in [3], [4], [5], [6].

The immediate motivation for our paper comes from [7] where it was shown
that it is possible to give a sensible tensor interpretation of the Dirac equation
in flat Minkowski 3-space by treating the electromagnetic field as an affine con-
nection in the embedding Minkowski 4-space. The “electromagnetic” connection
suggested in [7] is the metric compatible connection corresponding to torsion

T=exA

wheree is the electron charged is the (given) real-valued vector potential of the
electromagnetic field, and is the Hodge star; here we use a system of units in
which both the speed of ligltand Planck’s constarithave value 1. In particular,
such an interpretation of electromagnetism resolves the probléistofguishing

* d.vassiliev@bath.ac.uk
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the electron from the positron without resorting to “negative frequencies”. Re-
garding the affine connection itself as an unknown quantity is the next obvious
step.

We construct our mathematical model for the neutrino as follows.

Firstly, we consider the Yang—Mills equation for the affine connection:

SymR =0 (1)

where R is the Riemann curvature tensor (10) afig\; is the divergence on
curvatures (13).
Secondly, we consider the Einstein equation:

Ric=0 2

where Ric is the Ricci curvature tensor. Equation (2) describes the absence of
sources of gravitation.

The objective of this paper is the study of the combined system (1), (2)
which is a system of 80 real non-linear partial differential equations with 80 real
unknownsg,,,,, FA,W. In other words, we are combining the basic equation of
relativistic quantum mechanics (Yang—Mills equation) with the basic equation of
general relativity (Einstein equation).

REMARK 4. If the metric is symmetric and the connection is that of Levi-Civita
then (2) implies (1). In the general case (1) and (2) are independent.

We define Minkowski spackl* as a real 4-manifold which admits a global
coordinate systerfx’, 2!, 22, z3) and is equipped with the metric

g = diag(+1,-1,-1,-1). 3)

Our definition ofM* specifies two elements of the trip{é/, g,I'}, namely, the
manifold A and the metrig, but does not specify the connectibn
Our main result is

Theorem 50. Let w be a complex-valued vector function which is a plane wave
solution of the polarised Maxwell equation

*du = +idu 4)

in M. LetT" be the metric compatible connection corresponding to torsion

T, = Re(u*(du) ) - (5)

Then the space-timgV*, '} is a solution of (1), (2).

Note that the vector equation (4) forms the basis of the mathematical model
in [7]. It is shown in [7] that under certain circumstances equation (4) produces
effects normally attributed to spinors.
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Let us rewrite (4) as
xdu = tadu, (6)

a = +1. The non-trivial v # 0) plane wave solutions of (6) can, of course, be
written down explicitly: up to a proper Lorentz transformation they are

u(x) = we ke (7)

w, = C(0,1, —ia,0), k., = (1,0,0,1), (8)

0 = +1,andC € R, is an arbitrary constant (amplitude).
Substitution of (7) into (5) produces

T, = Re(—iw? (k A w),, e 2+ 7). 9)

Thus, the space-time in Theorem 50 is a wave of torsion which, up to a proper
Lorentz transformation, is given by the explicit formulae (9), (8).

The paper has the following structure.

In Section 2 we specify our notation.

Section 3 is a brief description of Yang—Mills theory in our particular setting
(affine connection over vectors).

In Section 4 we prove Theorem 50. The crucial element of the proof is the
linearisation ansatz (17), (16).

In Section 5 we establish general invariant properties of our solutions (3)—(5).
It turns out that our Riemann curvature tensors posaléise symmetry properties
of the “usual” curvature tensors generated by Levi-Civita connections. This means
that in observing such connections we might be led to believe (mistakenly) that
we live in a Levi-Civita universe.

In Section 6 we show that the Riemann curvature tensors corresponding to
our solutions (3)—(5) have an algebraic structure which makes them equivalent
to bispinors. It turns out that these bispinors satisfy the Weyl equation (Dirac
equation for massless particle), which justifies our interpretation of space-times
(3)—(5) as the neutrino and antineutrino. We show that our model explains the
well known fact that neutrinos are always left-handed whereas antineutrinos are
always right-handed.

In Section 7 we compare our results with those of Einstein who suggested [8]
a double duality equation as a possible model for elementary particles. We show
that our space-times (3)—(5) satisfy this equation. Here the crucial point is that we
get the sign predicted by Einstein.

In Section 8 we vary the Yang—Mills Lagrangian (12) with respect to the
metric and show that our solutions (3)—(5) provide stationary points. This fact

kievarwe.tex; 12/03/2001; 3:49; p.436




430 D. VASSILIEV

is highly unusual and does not follow from abstract Yang—Mills theory which
guarantees only conformal invariance.

2. Basic notation

We denote),, = 9/0x# and define the covariant derivative of a vector function as
Vot = 9,0 + T2, v”. We define the torsion tensor &S, := I, — T,
the Riemann curvature tensor as

Rﬁ/\w/ = 8MF’“‘,,>\ — &,F'*M + I‘”MI‘"M — I"‘W,F"W\, (10)

and the Ricci curvature tensor Récy, := Ry,

We define the contravariant metric tensor as the solution of the linear algebraic
systemg¥g,,, = §*,. We have to take great care when raising or lowering tensor
indices because in our statement of the problem the metric is not assumed to
be symmetric and the connection is not assumed to be metric compatible. Only
when it is clear that we are in a situation when the metric is symmetric and the
connection is metric compatible we gain the full freedom of writing any tensor
with either upper or lower indices (in any combinations), the raising or lower-
ing being achieved via contraction with the contravariant or covariant symmetric
metric tensor.

Given a scalar functiotf we write for brevity

/f ::/ f\/|detg| dzldztdz?dz?, detg := det(g) #0.
M

We define the Hodge star #8Q),, . ..., := (¢!)" /[detg] Q1 +ae,,
wheree is the totally antisymmetric quantity. We piif;23 := +1, where+ or —

is taken depending on whether the orientation of the coordinate system is positive
or negative, respectively.
When dealing with a connection which is compatible with a given symmetric

metric it is convenient to introduce tientortiontensork ™, :=I'*,,, — {,ju}

where{:y} = %g“(@ugm + 0 9ur — Oxgu) is the Christoffel symbol. Con-
tortion has the antisymmetry properfy,,, = —K,,). A symmetric metric

and contortion uniquely determine the metric compatible connection. Torsion and
contortion are related as (see [9], formula (7.35))

T = KXW — K, KA, = (T + T, +T.2)/2. (1))

A bispinor in M4 is a column of four complex numbexsc! €2 n; n; )"
which change under Lorentz transformations in a particular way, see Sections 18,
19 and 26 in [10] for details; a more compact exposition is given in the beginning
of Section 3 in [11]. The Pauli and Dirac matrices are

(10 AR s (0 —i 5 (10
=(o1) =(Vo) (i) o0 )
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0 __ 01 i _ 0 —O'j 5 . 0.1.2 3 —-10

3. The Yang-Mills equation

PutR",*, := g’*R",, whereR",,,, is the Riemann curvature tensor (10). The
Yang—Mills Lagrangian for the affine connection is

1
Ly = . /RR/\pu RN, (12)

The Yang—Mills equation (1) is the Euler-Lagrange equation obtained from (12)
by varying the connection coefficien’s',,,, (but not the metric). The explicit
formula for the differential operatdx/\; appearing in (1) is

1
(BaiB) = 5o 0 + (Do )bt (797" + 07) By ).
13)

In writing (13) we used matrix notation to hide two indicég;, = R"y,,, s =
I'*,, with k enumerating the rows andthe columns. By -, -] we denote the
commutator, i.e.[L, N|"y := L™ N®\ — N7 L",.

Note that the operator (13) is invariant under the transposition of the metric,
9w — Guw = guu. FOr more details concerning transposition invariance and its
possible physical significance see [1] p. 142-143.

From now on, until Section 8, we work only in Minkowski space and only
with metric compatible connections. This leads to a number of simplifications.
Connection coefficients now coincide with contortion, for which we continue
using matrix notatior’, = K",,. Formula (10) becomes

R, =0,K, - 0,K,+ K, K,], (14)
and the Yang—Mills equation (1), (13) becomes
(0, + [Ky, - ])RM =0. (15)

The Yang—Mills equation (15) appears to be overdetermined as it is a system
of 64 equations with only 24 unknowns (24 is the number of independent compo-
nents of the contortion tensor). However 40 of the 64 equations are automatically
fulfilled. This is a consequence of the fact that the Lie algebra of real antisym-
metric rank 2 tensors is a subalgebra of the general Lie algebra of real rank 2
tensors.
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4. Proof of Theorem 50

The fundamental difficulty with the Yang—Mills equation (15) as well as with the
Einstein equation (2) is that these equations are non-linear with respect to the un-
known contortionk’. The following lemma plays a crucial role in our construction

by allowing us to get rid of the non-linearities.

Lemma 51. Let L be a complex rank 2 antisymmetric tensor satisfying
xL = +il. (16)
Then[ReL,ImL] = 0.

Proof. The result follows from the general formuleL, N|] = «[L, N].

Lemma 51 can be rephrased in the following way: the Lie algebra of real
antisymmetric rank 2 tensors has 2-dimensional abelian subalgebras which can be
explicitly described in terms of the eigenvectors of the Hodge star.

Lemma 51 immediately implies the following linearisation ansatz.

Corollary 52. Suppose contortion is of the form
K%, \(x) = Re( L\ v,(x)) an

where L is a constant complex antisymmetric tensor satisfying (16)aisla
complex-valued vector function. Then the non-linear terms in the formula for
Riemann curvature (14) and in the Yang—Mills equation (15) vanish.

Substituting (17) into (14), (15) we reduce equations (1), (2) to
odv =0, (18)

L\ (dv)w = 0. (19)

Hered is the exterior derivative andl is its adjoint, so that (18) is the Maxwell
equation.
Let us look for plane wave solutions, i.e.,

v(z) = —iwe 2k (20)

wherew # 0 is a constant complex vector akd=+ 0 is a constant real vector.
Here we put the extra facteri atw as well as the extra fact@rin the exponent

for the sake of convenience; the reason for doing this is to achieve agreement with
(9). Substituting (20) into (18), (19) we get

K (k Aw), =0, (21)
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L5y (kA w)e =0. (22)

We have reduced our original system of partial differential equations (1), (2)
to the purely algebraic problem (16), (21), (22). Straightforward analysis shows
that the space-times described in Theorem 50 are solutions of (16), (21), (22), and,
moreover, the only non-trivial # 0) solutions.

5. Invariant properties of our solutions

Itis known [4], [5], [6] that the 24-dimensional space of real torsions decomposes
into the following 3 irreducible subspaces: tensor torsions, trace torsions, and axial
torsions. The dimensions are 16, 4, and 4, respectively.

Lemma 53. The torsions in Theorem 50 are purely tensor.

Proof. The trace component of a torsion tenggy,, is zero iff 7, = 0, and
the axial component is zero iffy,, e** = 0. These identities are established
by direct examination of the explicit formulae (9), (8).

Let us mention the following useful general result.

Lemma 54. If the axial component of a torsion is zero then this torsion coincides,
up to a natural reordering of indices, with the corresponding (see (11)) contortion:
T)\}U/ = By

Lemma 54 explains why the torsion of our space-times has the simple structure
(5), (4). Our linearisation ansatz (17), (16) required us to work with contortion
rather than torsion, and in the end in order to calculate torsion we had to use
the first formula (11). We did not get a cumbersome expression for torsion only
because its axial component is zero.

Lemma 55. The Riemann curvatures of space-times from Theorem 50 have all
the symmetry properties of curvatures in the Levi-Civita setting, that is,

RN)\}UJ = _R)\mw = _Rn)\y,u = R,uzlﬁ)\y (23)

Ry €™M = 0. (24)

Proof. Let us define the complex Riemann curvature tensor

CRH)\,LLV = Fia F;U/ (25)

(26)
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andu is from (6). Lemmas 53, 54 and Corollary 52 imply
RH}\MV = Re((CR,{)\w,) . (27)

Direct examination of formulae (25)—(27), (7), (8) establishes (23), (24).

6. Weyl's equation

The torsions (and, therefore, space-times) from Theorem 50 are described, up to
a proper Lorentz transformation and a scaling factar R, by a pair of indices

a, B = +1; see (9), (8). It may seem that this gives us 4 essentially different space-
times. However, formula (9) contains the operation of taking the real part and, as a
result, the transformatiofw, 5} — {—«, — 3} does not change our torsion. Thus,
Theorem 50 provides us with only two essentially different space-times labeled by
the indexr := a8 = +1. The purpose of this section is to show that it is natural

to interpret these two space-times as the neutrino and antineutrino.

We base our interpretation on the analysis of the Riemann curvature tensor.
We chose to analyse curvature rather than torsion because curvature is an accepted
physical obervable.

In our analysis of the Riemann curvature tensor we will work with the com-
plex curvature (25) rather than the real curvature (27) because the complex one
has a simpler structure. Indeed, according to formula (25) the complex Riemann
curvature tensof R factorizes as the square of a rank 2 tenls@nd is, therefore,
completely determined by it.

Working with the rank 2 tensafF’ is much easier than with the original rank 4
tensorCR, but one would like to simplify the analysis even further by factorizing
F itself. It is impossible to factorizé' as the square of a vector but it is possible
to factorizeF' as the square of a bispinor.

Lemma 56. A complex rank 2 antisymmetric tensBrsatisfying
FM,/F‘U'V:O’ (*F)MVF'U'V:O

is equivalent to a bispinog, the relationship between the two being

v /I/ 12
FH = —szvo’ﬁ“v . (29)

Proof. Formula (29) is a special case of the general equivalence relation
between rank 2 antisymmetric tensors and rank 2 symmetric bispinors, see
end of Section 19 in [10]. Conditions (28) are necessary and sufficient for the
factorization of the symmetric rank 2 spinors as squares of rank 1 spinors.
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REMARK 5. The corresponding text in the end of Section 19 in [10] contains
mistakes. These can be corrected by replacing everyvitigre-i.

REMARK 6. For a given tensoF' formula (29) defines the individual spinors

€= (& ¢ )T andn = (n; n )" uniquely up to choice of sign. This is in
agreement with the general fact that a spinor does not have a specific sign, see the
beginning of Section 19 in [10].

REMARK 7. Conditions (28) are equivalent teet F' = 0, det * F' = 0.

REMARK 8. Formula (29) is invariant under proper Lorentz transformations and
space inversion, but not under time inversion.

Our particular tensoF’ defined in accordance with formula (26) satisfies the
conditions (28). Indeed;,, F'** = 0 is the statement that the complex scalar cur-
vature is zero (consequence of the complex Ricci curvature being zero), whereas
(xF) F* = 0 is the statement that the complex Riemann curvature tegor
satisfies the cyclic sum identity, cf. (24).

Thus, the complex Riemann curvature tensor (25) has an algebraic struc-
ture which makes it equivalent to a bispinor. Direct calculations show that the
corresponding bispinor function(z) satisfies the Weyl equation

V'Ouh =0 (30)

as well as the additional condition

P = —ar) (31)

wherea = =+1 is from (6). Conversely, any plane wave solution of (30), (31)
generates a complex Riemann curvature tensor of the type (25).
A non-trivial (»(z) # const) plane wave solution of (30), (31) can, up to

a proper Lorentz transformation, be written«agr) = pe 257 wherey is a
constant bispinor and is given by (8). Recall that the formula fdr contains
the parametef = +1 which determines whether the wave vectolies on the
forward (3 = +1) or backward ¢ = —1) light cone.

Non-trivial plane wave solutions of (30), (31) with= +1 are called neutri-
nos whereas those with = —1 are called antineutrinos. A neutrino is said to be
left-handed ifa = —1 and right-handed i = +1. An antineutrino is said to be
left-handed ifa. = +1 and right-handed i& = —1.

REMARK 9. The above definitions agree with the operation of charge conjugation
(see formula (26.6) in [10]) in that the left-handed neutrino and left-handed an-
tineutrino are charge conjugates of one another, as are the right-handed neutrino
and right-handed antineutrino.

As explained in the beginning of this section, the transformaftieys} —
{—a, —(} does not change the resulting space-time. This means that in our model
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the left-handed neutrino is identical to the left-handed antineutrino, and the right-
handed neutrino is identical to the right-handed antineutrino.

7. Einstein’s double duality equation

The onlya priori symmetry properties of the Riemann curvature tensor generated
by a connection compatible with a symmetric metric are

RN)\}UJ = _R)\n,uy = _Rn)\lz,u- (32)

LetR be the 36-dimensional linear space of real rank 4 tensors satisfying (32).
We consider the following two endomorphismsin

R — RT7 (RT)KZ)\,UJ/ = Ruw@)\ ) (33)

R — *R*, CR*) o := (|detg|/4) ewnmn RE NV € - (34)

REMARK 10. It is easy to see that the endomorphisms (33), (34) are well de-
fined even if the manifold is not orientable. In the case of (34) this observation
is a consequence of a much deeper fact established in [12]: the rank 8 tensor
(detg)ew anraew v is @ purely metrical quantity in that it is expressed via the
metric tensor. This is a special feature of dimension 4.

The endomorphisms (33), (34) have the following properties: (i) they com-
mute, (ii) their eigenvalues are¢1, (iii) they have no associated eigenvectors.
Therefore;R decomposes into a direct sum of 4 invariant subspaces

R = @®apt Rabs  Rap:={RER|R' =aR, *"R* =bR}.  (35)

The decomposition (35) was suggested in [13] and developed in [8], [12].
Actually, the papers [13], [8], [12] deal only with the case of a Levi-Civita connec-
tion, but the generalization to the case of an arbitrary affine connection compatible
with a symmetric metric is straightforward. Lanczos called tengbks R self-
dual (respectively, antidual) ifR* = — R (respectively;R* = R). Such a choice
of terminology is due to the fact that Einstein and Lanczos defined their double
duality endomorphism as

R — (sgndetg) *R*. (36)

The advantage of (36) is that this linear operator is expressed via the metric tensor
as a rational function. The endomorphism (36) is, in a sense, even more invariant
than (34) as it does not “feel” the signature of the metric.

Lemma 57. (Rainich [13])The subspaceR . ; andR ., _ have dimensions 9 and
12, respectively.
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REMARK 11. In Rainich’s paper the dimensions are actually given as 9 and 11.
The reason behind this is that Rainich imposed on curvatures the cyclic sum con-
dition (24). This excludes frorfk | _ curvatures of the typ&,.»,,, = €. and,
therefore, reduces the dimension by 1.

Lemma 58. (Einstein [8])Let R € R.. Then the corresponding Ricci tensor is
symmetric and trace free. Moreovét,is uniquely determined by its Ricci tensor
and the metric tensor according to the formula

Rn)\w/ = (gnuRiC)\V + g)xl/RiCﬁ,u - gm/RiC)\u - g)\p,RiC/ﬂ/)/Q . (37)

Einstein’s goal in [8] was to construct a mathematical model for the electron;
note that this paper was published a year before Dirac discovered his equation.
Einstein argued that the Riemann curvature tensor of the electron should lie in
an eigenspace of the endomorphism (34). As in this particular paper Einstein
restricted his analysis to the case of a Levi-Civita connection he had to make the
choice between the invariant subspa&s; andR. _. The difference between
these two invariant subspaces is fundamental: it has nothing to do with the choice
of forward and backward light cones or the choice of orientation of the coordinate
system, and, as a consequence, it has nothing to do with the notions of “particle”
and “antiparticle” or the notions of “left-handedness” and “right-handedness”.

Lemmas 57 and 58 led Einstein to the conclusion that curvaturesRom
are too trivial and the dimension of the subspace too low (9 instead of the expected
10 which is the number of independent components of the energy—momentum
tensor) to associate it with the electron. Einstein’s conjecture was that the Riemann
curvature tensor of the electron should lie in the invariant subsRace that is,
it should satisfy the equation

*R* = —R. (38)

Formulae (25)—(27), (4) imply that our space-times (3)—(5) satisfy (38).

Our paper falls short of constructing an affine field model for the electron.
Nevertheless, we find it encouraging that our affine field model for the neutrino
agrees with Einstein’s double duality equation (38).

8. Variation of the metric

Variation of the Yang—Mills Lagrangian (12) with respect to the metric produces
the following Euler-Lagrange equation:

H— (trH/4)g =0 (39)

whereH,,, := R*\,, g’ R*.po, ttH := H,,g°". In deriving (39) we did not
make any assumptions on the symmetry of the metric.

Note the fundamental difference between our original equations (1), (2) and
equation (39): (1), (2) are linear in curvature, whereas (39) is quadratic.
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Lemma 59. Let the metric be symmetric and Lorentzian, and Rebe of the
form (27) whereCR is a complex rank 4 tensor which factorises as the product
of antisymmetric rank 2 tensor$;R,.»,, = Fix G, such thatsF' = iaF,

*G = id/G, «a,a’ = +1. ThenR satisfies the equation (39).

Proof. The Lemma is proved by a straightforward Malp¥ecalculation.

Lemma 59 and formulae (25)—(27), (4) immediately imply

Corollary 60. Our space-times (3)—(5) provide stationary points of the Yang—
Mills Lagrangian (12) with respect to the variation of the metric.

In order to illustrate how unusual Corollary 60 is let us examine what happens
in the case of the Maxwell equation, which is the simplest example of a Yang—
Mills equation. Straightforward calculations show that the Maxwell equation on a
Lorentzian manifold does not have nontrivial solutions which provide stationary
points of the Maxwell Lagrangian with respect to the variation of the metric.

We see that affine connections are very special in that they produce effects
which are not manifest in the abstract Yang—Mills theory.
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GENERALIZED TAUB-NUT METRICS AND KILLING-YANO TENSORS
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Abstract. The relation between "hidden” symmetries encapsulated in thek8kKilling tensors

and the Killing-Yano tensors is investigated. A necessary condition thatck&tKilling tensor of
valence 2 be the contracted product of a Killing-Yano tensor of valence 2 with itself is re-derived for
a Riemannian manifold. This condition is applied to the generalized Euclidean Taub-NUT metrics
which admit a Kepler type symmetry. It is shown that in general tBel&t-Killing tensors involved

in the Runge-Lenz vector cannot be expressed as a product of Killing-Yano tensors. The only
exception is the original Taub-NUT metric.

1. Introduction

It is known that spacetime isometries give rise to constants of motion along
geodesics. However not all conserved quantities along geodesics arise from
isometries of the manifold and associated Killing vector fields. Such integrals
of motion are related to "hidden” symmetries of the manifold encapsulated in the
Stackel-Killing tensors.

A Stackel-Killing tensor of valence is a tensoik ,, ., which is completely
symmetric and which satisfies a generalized Killing equation

K. pein) = 0. (1)

On manifolds like the four-dimensional Kerr-Newman and Taub-NUT man-
ifolds, the geodesic equations are integrable because of the existence of a
Stackel-Killing tensorK,,,, of valence2 [1] allowing the construction of a constant
of motion quadratic in particle’s four-momentyp:

1 1 s
k= S Kuw(@p'p” = 5 K (@)#'s" @

where the overdot denotes ordinary proper-time diﬁerentiaﬁon

*

mvisin@theorl.theory.nipne.ro
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The Killing condition (1) is actually equivalent with the conservation/of
i.e. K commutes with the world-line Hamiltonian

1

H = igm/p'upy (3)

in the sense of Poisson brackets.

Related to this, the Klein-Gordon, Séldinger and Dirac equations are
separable in Kerr-Newman [2, 3] and Taub-NUT spaces [4, 5].

Moreover Carter and McLenagham [6] showed the existence of a Dirac-type
linear differential operator which commutes with the standard Dirac operator in
the Kerr-Newman space. The construction of this operator depends upon the re-
markable fact that the &tkel-Killing tensor of the Kerr-Newman geometry has a
certain root

K;u/ = f,ukf)z\/ (4)

where f,,, is a Killing-Yano tensor. A tensof,,.. .. is called a Killing-Yano
tensor of valence [7] if it is totally antisymmetric and it satisfies the equation

fpl...(ur;)\) =0. )

The role of the Killing-Yano tensors can also be noticed for spinning man-
ifolds [8, 9]. The configuration space of spinning particles (spinning space) is
an extension of an ordinary Riemannian manifold, parametrized by local coordi-
nates{z*}, to a graded manifold parametrized by local coordingte’s, )"},
with the first set of variables being Grassmann-even (commuting) and the

second set Grassmann-odd (anticommuting). The equations of motion of the
pseudo-classical Dirac particle can be derived from the action

b 1 ) Dy”
—_ - N Y - w ="

S /a dr ( 5 () 2" ¥ + 5 G () Y Dy ) . (6)
where the covariant derivative of the Grassmann-valued spin variablés
defined by

D+

5 =9+, Y (7)

The action (6) is invariant under the supersymmetry
oxt = —iept | SYH = ite (8)

where the infinitesimal parameteof the transformation is Grassmann-odd.
This supersymmetry transformation are obtained from the conserved super-
charge

in‘;ﬂb“ ) QZO (9)
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by taking the bracket
OF =ie{Q, F}. (20)

That( is conserved and the above supertransformation represent a symmetry
follows from the bracket relations

{Q,Qt——2iH , {QH}=0. (11)

Additional conserved supercharges exist if the background geometry admits
a Killing-Yano tensorf,,. ... In such a geometry there exist an additional
superinvariant constant of moti@p, defined by [10]

,L' '8
Qf — fm”_mﬂulwuz L wur + —— (_1) +1f[u1~-ur;ur+1] . ¢u1 .. ‘¢NT+1'
(12)

which is superinvariant
{Qf, @} =0. (13)

The existence of a new supersymmetry of this kind implies automatically the
existence of a new Grassmann-even constant of mdfidefined by the bracket
of Qs with itself

{Qf,Qr} = —2iZ. (14)

The explicit form ofZ is given in [9] for Killing-Yano tensors of valenck

This paper is devoted to the relations between thl&l-Killing and the
Killing-Yano tensors for a 4-dimensional Riemannian manifold. The general re-
sults are applied to the case of the generalized Euclidean Taub-NUT metrics which
admit a Kepler-type symmetry [11].

The Euclidean Taub-NUT metric is involved in many modern studies in phy-
sics. Hawking [12] has suggested that the Euclidean Taub-NUT metric might give
rise to the gravitational analog of the Yang-Mills instanton. In this case Einstein’s
equations are satisfied with zero cosmological constant and the manifitl is
with a boundary which is a twisted three-sph&fepossessing a distorted metric.
The Kaluza-Klein monopole was obtained by embedding the Taub-NUT gravita-
tional instanton into five-dimensional Kaluza-Klein theory. On the other hand, in
the long-distance limit, neglecting radiation, the relative motion of two monopoles
is described by the geodesics of this space [13].

From the symmetry viewpoint, the geodesic motion in Taub-NUT space ad-
mits a “hidden” symmetry of the Kepler type if a cyclic variable is gotten rid of
[14]. Moreover in the Taub-NUT geometry there are four Killing-Yano tensors
[7]. Three of these are complex structure realizing the quaternionic algebra and
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the Taub-NUT manifold is hyper-&hler [14]. In addition to these three vector-
like Killing-Yano tensors, there is a scalar one which has a non-vanishing field
strength and it exists by virtue of the metric being type

For the geodesic motions in the Taub-NUT space, the conserved vector anal-
ogous to the Runge-Lenz vector of the Kepler type problem is quadratic in
4-velocities, its components areaBkel-Killing tensors and they can be expressed
as symmetrized products of Killing-Yano tensors [14-16, 10, 17].

In the last time, Iwai and Katayama [18-20] extended the Taub-NUT metric
so that it still admits a Kepler-type symmetry. This class of metrics, of course,
includes the original Taub-NUT metric.

In what follows we investigate if the &tkel-Killing tensors involved in the
conserved Runge-Lenz vector of the extended Taub-NUT metrics can also be
expressed in terms of Killing-Yano tensors.

The relationship between Killing tensors and Killing-Yano tensors has been
studied to the purpose of the Lorentzian geometry used in general relativity
[21, 22]. In the next section we re-examine the conditions that a Killing tensor
of valence2 be the contracted product of a Killing-Yano tensor of valehedgth
itself. The procedure is quite simple and devoted to the Riemannian geometry
appropriate to Euclidean Taub-NUT metrics.

In Section 3 we show that in general the Killing tensors involved in the Runge-
Lenz vector cannot be expressed as a product of Killing-Yano tensors. The only
exception is the original Taub-NUT metric.

Our comments and concluding remarks are presented in Section 4.

2. The relationship between Killing tensors and Killing-Yano tensors

We consider at—dimensional Riemannian manifoll and a metrig,,,,(z) on
M in local coordinates*. We write the metric in terms of the local orthonormal
vierbein framee“u

ds® = G (x)datdx” = Z (e“)2 (15)
a=0,1,2,3

wheree® = e, dz#. Greek indicegs, v, ... are raised and lowered wif}),,, or its
inverseg””, while Latin indicesa, b, ... are raised and lowered by the flat metric
dap, a, b =0,1,2,3. Vierbeins and inverse vierbeins inter-convert Latin and Greek
indices when necessary.

Let A2 be the space of two-form®? := A2T*(R* — {0}). We define self-dual
and anti-self dual bases fd? using the vierbein one-forms:

basis of A% =

M o=elne?+ednel | #AL =N (16)

Ao =eAel £e2 el
A =eAedLel Ae?
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Let f be a Killing-Yano tensor of valence 2 ard its dual. The symmetric
combination off andx f is a self-dual two-form

fref=3 wN (17)

i=1,2,3

while their difference is an anti-self-dual two-form

f—x*f= Z ZiAL.

i=1,2,3

An explicit evaluation shows that

(f4+*f)?=— > w)*-1, (19)

i=1,2,3
(f=+f)?=- Y (z)-1 (20)
i=1,2,3

wherel is4 x4 identity matrix.
Let us suppose that a &kel-Killing tensor K, can be written as the
contracted product of a Killing-Yano tensgy, with itself:

K = fux- = () s nv=0,1,2,3. (21)
We infer from the last equations that:

1

2
KL 2@3_23)] K iywed 1m0 @)

16

)

On the other hand the Killing tenséf is symmetric and it can be diagonalized
with the aid of an orthogonal matrix. Its eigenvalues satisfy an equation of the
second degree:

1 1
AL+ 3 > Wi+ 2)Aa + 6 > Wi -z (23)

1
with at most two distinct roots.

In conclusion a SHckel-Killing tensorK which can be written as the square
of a Killing-Yano tensor has at the most two distinct eigenvalues.
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3. Generalized Taub-NUT metrics

For a special choice of coordinates the generalized Euclidean Taub-NUT metric
considered by Ilwai and Katayama [18—20] takes the form:

ds?, = f(r)[dr? + r2d6? + r? sin® 0 dp?] + g(r)[dx + cos 0 dp)* (24)

where r > 0 is the radial coordinate oR* — {0}, the angle variables
(0,0,%),(0 <0 <70<p<2m0 <y < 4m) parameterize the unit sphere
S3, andf(r) andg(r) are arbitrary functions of.

We decompose the metric (24) into the orthogonal vierbein basis:

g(r)% dx + cosfdyp),

1
2
1
2

rf(r)2(
Fr)2(
F(r)2dr. (25)

Spaces with a metric of the form above have an isometry gs@ig2) x U(1).
There are four Killing vectors

sin xdf — sin 6 cos xdy),
— cos xdf — sin @ sin xdy),

Dy=RA0,,A=0,1,2,3, (26)

corresponding to the invariance of the metric (24) under spatial rotatibns (
1,2, 3) andy translations 4 = 0).

Let us consider geodesic flows of the generalized Taub-NUT metric which has
the Lagrangiarl on the tangent bundi®(R* — {0})

L:%ﬂmvﬂwﬂﬁ+$¥9ﬁﬂ+%ﬂﬂw+amwy (@7)
whergr, 0,¢,x,1,0, ¢, X) stand for coordinates in the tangent bundle. Sipée
a cyclic variable

q= g(r)(H + cos0p) (28)

is a conserved quantity. This is known in the literature as the “relative electric
charge”.

Taking into account this cyclic variable, the dynamical system for the geodesic
flow on T(R* — {0}) can be reduced to a system BR> — {0}). The reduced
system admits manifest rotational invariance, and hence has a conserved angular
momentum:

(29)
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wherer denotes the three-vectar= (r,0,p) andp = f(r)?> is the mechanical
momentum.
If f(r)andg(r) are taken to be

74m+r

16m?
) =" gl =

(30)

the metricdszG becomes the original Euclidean Taub-NUT metric. The parameter
m can be positive or negative, depending on the applicationnfor 0 the four-
dimensional Taub-NUT metric represents a non-singular solution of the self-dual
Euclidean Einstein equation and as such is interpreted as a gravitational instanton.

As observed in [14], the Taub-NUT geometry also possesses four Killing-
Yano tensors of valence 2. The first three are rather special: they are covariantly
constant (with vanishing field strength)

4
fi 8m(dy + cos fdy) A dx; — € (1 + ﬂ)da?j A dx,
r
Duf =0, k=123 (31)

They are mutually anticommuting and square the minus unity:
fifj + fifi = —26i;. (32)

Thus they are complex structures realizing the quaternion algebra. Indeed, the
Taub-NUT manifold defined by (24) and (30) is hypeaier.

In addition to the above vector-like Killing-Yano tensors there also is a scalar
one

fy = 8m(dx + cosOdp) A dr + 4r(r +2m)(1 + ﬁ) sinfdf Nde  (33)

which has a non-vanishing component of the field strength
r .
fyro, =2(1+ %)r sin 6. (34)

In the original Taub-NUT case there is a conserved vector analogous to the
Runge-Lenz vector of the Kepler-type problem:

—

1> - 2 T
K= Ky #'¢" D x ]+ (f . 4mE> - (35)
m T

where the conserved energy from eq. (3), is

— 2
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The componentds;,, involved with the Runge-Lenz type vector (35) are
Killing tensors and they can be expressed as symmetrized products of the
Killing-Yano tensorsf; (31) andfy (33) [16, 10]:

1
8m

Kiuy -

(RouRiv + RouRiy) = m (frnfs + fymfi) . (37)

Returning to the generalized Taub-NUT metric, on the analogy of eq. (35),
Iwai and Katayama [18-20] assumed that in addition to the angular momentum

. = .
vector there exist a conserved vecgof the following form:

—
r

- — —
S=p x J +m? (38)
with an unknown constamnt.
It was found that the metric (24) still admits a Kepler type symmetry (38) if

the functionsf (r) andg(r) take, respectively, the form

a—+ br ar + br?

f(r)= , g(r)

__arror 39
r 1+ cr 4+ dr? (39)

wherea, b, ¢, d are constants. The constantnvolved in the Runge-Lenz vector
(38)is

/@:—aE—i—%ch. (40)

If ab > 0andc? —4d < 0 orc > 0,d > 0, no singularity of the metric
appears iR* — {0}. On the other hand, iib < 0 a manifest singularity appears
atr = —a/b[19].

_)

It is straightforward to verify that the components of the ve@are Sackel-
Killing tensors in the extended Taub-NUT space (24) with the funcfipr) and
g(r) given by (39). Moreover the Poisson brackets between the componeﬁts of

—
and s are [18]:

{Ji, Ji} = €ijir,
1Ji, S5} = €ijrSk,
{5:,8;} = (dg* —2bE)eiji i (41)
as it is expected from the same relations known for the original Taub-NUT metric.
Our task is to investigate if the components of the Runge-Lenz vector (38) can
be the contracted product of Killing-Yano tensors of valepac®n the model of

eq.(37) from the original Taub-NUT case it is not required that a compa$ient
of the Runge-Lenz vector (38) to be directly expressed as a symmetrized product

. T —
of Killing-Yano tensors. Taking into account thgttransforms as a vector under
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rotations generated b_x; eq.(41), the componen$s,,, can be combined with triv-
ial Stackel-Killing tensors of the forniRo, R, + Ro. R;,,) to get the appropriate
tensor which has to be decomposed in a product of Killing-Yano tensors.

In order to use the results from the previous section, we shall write the sym-
metrized product of two different Killing-Yano tensofsand f” as a contracted
product of f + f” with itself, extracting adequately the contribution f and
f”2. Since the generalized Taub-NUT space (24) does not admit any other non-
trivial Stackel-Killing tensor besides the metrig, and the components;,,,
of (38), £ and #”* should be connected with the scalar conserved quantities

E, 72, ¢ through the tensorg,,,, - 4, 5 3 Rau R4, and Ry, Roy.

In conclusion we shall consider a general linear combination between a com-
ponentS; of the Runge-Lenz vector (38) and symmetrized pairs of Killing vectors
of the form

3
Siab + a1 > RaaRay + aaRoaRop + 03(RoaRis + RiaRoy)  (42)
A=1

whereq; are constants. We are looking for the conditions the above tensor be
the contracted product of a Killing-Yano tensor with itself. For this purpose we
evaluate the eigenvalues of the matrix (42) and we get that it has at the most two
distinct eigenvalues if and only if

a1 +ag =0,
. C
az = 4a
02
d= T (43)

Hence the constants involved in the functigh)g are constrained, restricting
accordingly their expressions. It is worth to mention that if relation (43) between
the constants andd is satisfied, the metric is conformally self-dual or anti-self-
dual depending upon the sign of the quangity cr [19].

Finally the condition stated for a &tkel-Killing tensor to be written as the
square of a skew symmetric tensor in the form (21) must be supplemented with
ed.(5) which defines a Killing-Yano tensor. To verify this last condition we shall
use the Newman-Penrose formalism for Euclidean signature [23]. We introduce a
tetrad which will be given as an isotropic complex dyad defined by the vdctars
together with their complex conjugates subject to the normalization conditions

LF =1, mum* =1 (44)

with all others vanishing and the metric is expressed in the form

ds’ =11 +1®1+m®m+mem. (45)
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For a Sackel-Killing tensorK with two distinct eigenvalues one can choose
the tetrad in such that

Ky = 2X31 (1) + 203m ). (46)

The skew symmetric tensgy,, which enter decomposition (21) has the form

fﬂl’ = 2)\1[[#%} + 2)\2m[uﬁl,/}. 47

Again, a standard evaluation shows that the above quantity is a Killing-Yano
tensor only if
2b
c=—. (48)
a
With this constraint, together with (43), the extended metric (24) coincides,
up to a constant factor, with the original Taub-NUT metric on settig= 4m.

4. Concluding remarks

The aim of this paper is to show that the extensions of the Taub-NUT geometry
do not admit a Killing-Yano tensor, even if they possesskl-Killing tensors.
This result is not unexpected. The conserved quantiigs, which enter

eq.(37) are the components of the Runge-Lenz veEtogiven in (35). In the
original Taub-NUT case these componehis,, are related to the symmetrized
products between the Killing-Yano tensofs(31) andfy (33). Adequately the

three Killing-Yano tensorg; transform as vectors under rotations generatea‘r> by
like the Runge-Lenz vector (41), whilg- is a scalar.

The extended Taub-NUT metrics are not Ricci flat and, consequently, not
hyper-Kahler. On the other hand the existence of the Killing-Yano tengois
correlated with the hyper-&hler, self-dual structure of the metric.

The non-existence of the Killing-Yano tensors makes the study of "hidden”
symmetries more laborious in models of relativistic particles with spin involving
anticommuting vectorial degrees of freedom. In general the conserved quantities
from the scalar case receive a spin contribution involving an even number of
Grassmann variableg”. For example, starting with a Killing vectak ,, the
conserved quantity in the spinning case is

J(‘/Ea T, ¢) = Kui"y« + %K[,u;y}w‘ud}y' (49)

The first term in the r.h.s. is the conserved quantity in the scalar case, while the
last term represents the contribution of the spin.

The generalized Killing equations on spinning spaces in the presence of a
Stackel-Killing tensor are more involved. Unfortunately it is not possible to write
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closed, analytic expressions of the solutions of these equations using directly the
components of the 8tkel-Killing tensors. However, assuming that thacgel-
Killing tensors can be written as symmetrized products of pairs of Killing-Yano
tensors, the evaluation of the spin corrections is feasible [9, 16, 10, 17].

If the Killing-Yano tensors are missing, to take up the question of the existence
of extra supersymmetries and the relation with the constants of motion we are
forced to enlarge the approach to Killing equations (5), (1). In fact, in ref.[9],
supersymmetries are shown to depend on the existence of a tensqf, fiedelt-
isfying eq.(5) which will be referred to as thiesymbol. The general conditions
for constants of motion were derived, and it was shown that one can have new
supercharges which do not commute with the original superch@r® if one
allows the f-symbols to have a symmetric part. It was shown that in this case
the antisymmetric part does not satisfy the Killing-Yano condition (5). We should
like to remark that the general conditions of ref.[9] allow more possibilities than
Killing-Yano tensors for the construction of supercharges.

Summing up, we believe that the relation between fhgymbols and the
Killing-Yano tensors could be fruitful and that it should deserve further studies.
An analysis of thef-symbols in the generalized Taub-NUT geometry is under
way.
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AN EFFECTIVE MODEL OF THE SPACETIME FOAM

VLADIMIR DZHUNUSHALIEV *
Kyrgyz-Russian Slavic University, Bishkek, Kyrgyzstan

1. Introduction

The notion of a spacetime foam was introduced by Wheeler [1, 2] for the de-
scription of the possible complex structure of the spacetime on the Planck scale
(Lp; =~ 10~33¢m). This hypothesized spacetime foam is a set of quantum worm-
holes (WH) (handles) appearing in the spacetime on the Planck scale level (see
Fig.1). For the macroscopic observer these quantum fluctuations are smoothed
and we have an ordinary smooth manifold with the metric submitting to Einstein
equations. The exact mathematical description of this phenomenon is very difficult
and even though there is a doubt: does the Feynman path integral in the gravity
contain a topology change of the spacetime ? This question sprifgpcguse

* dzhun@hotmail.kg

schematic designation
5D quantum handles  for quantum handles

= ee
A a/) SN/

mouthes

Figure 14. Atthe left side of the figure is presented a hypothesized spacetime foam. If we neglect
of the cross section of handle then (at the right) hand we have a schematic designation for the
spacetime foam.
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Figure 15. Here whole spacetime is 5D but in the external spacetiméz§3)is nonvariable and

we have Kaluza-Klein theory in its initial interpretation as 4D gravity + electromagnetism. In the
throat (2)Gss component of the 5D metric is equivalent to 4D gravity+electromagnetism+scalar
field. Near the event horizon (4) the metric is the Reissner-Nordstrom metric and the throat is a
solution of the 5D Kaluza-Klein theory. We should join these metrics on the event horizons. (1) is
the force line of the electric field.

(according to the Morse theory) the singular points must arise by the topology
change. In such points the time arrow is undefined that leads in difficulties at
definition of the Lorentzian metric, curvature tensor and so on. The main goal of
this paper is to submén effective model of the spacetime foam.

2. Model of a single quantum wormhole

At first we present a model of a single handle in the spacetime foam, see Fig(2).
The 5D metric [3-5] for the throat is

ds? nABwAwB =
2
o 2 2 2
_ _ A _ _
A (dx — w(r)dt)” + A(r)dt” —dr

a(r) <d92 + sin Hgdgoz) ,

27‘07‘2+T2
7"8—1—7"2, A:i—72 g,
q r—rg

.. @

q r2—r§

4rt

w==x

wherey is the 8" extra coordinatey s = (+, —, —, —, F), A, B =0,1,2,3,5;
r,0, are the3D polar coordinates;, > 0 andq are some constants. We can
see that there are two cIosdd%S)(iro) = 0 hypersurfaces at the = £r¢. In
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some sense these hypersurfaces are like to the event horizon and in Ref.[6] such
hypersurfaces are named aBdoles. On these hypersurfaces we should join [7]:

— the flux of the 4D electric field (defined by the Maxwell equations) with the
flux of the 5D electric field defined bis, = 0 Kaluza-Klein equation.
the area of the Reissner-Nordsir event horizon with the area of the
dsy) (£ro) = 0 hypersurface.

It is necessary to note that both solutions (Reissner-Ndnastiack hole and 5D
throat) have only two integration constangnd on the event horizon takes place
an algebraic relation between these 4D and 5D integration constants. Another
explanation of the fact that we use only two joining condition is the following (see
Ref.[8] for the more detailed explanations): in some sense on the event horizon
holds a “holography principle”. This means that in the presence of the event hori-
zon the 4D and 5D Einstein equations lead to a reduction of the amount of initial
data. For example the Einstein - Maxwell equations for the Reissner-Namistr
metric
2 o dr’ 2 2, 27 2
ds® = Adt N (d@ + sin dgo), 3)
AN = (w7 07 07 O)) (4)

(whereA,, is the electromagnetic potentialjs the gravitational constant) can be
written as

A’+1—A K

- = —w

r r2 2
9
r2’

2 (5)
(6)

For the Reissner - Nordéim black hole the event horizon is defined by the con-
dition A(r,) = 0, wherer, is the radius of the event horizon. Hence in this case
we see that on the event horizon

/
w

1 K
Al = o §rgw;2, @)
here (g) means that the corresponding value is taken on the event horizon. Thus,
Eq. (5), which is the Einstein equation, is a first-order differential equations in the
whole spacetimgr > r,). The condition (7) tells us that the derivative of the
metric on the event horizon is expressed through the metric value on the event
horizon. This is the same what we said above: the reduction of the amount of
initial data takes place by such a way that we have only two integration constants
(massm and charge: for the Reissner-Nordgim solution and; andrq for the
5D throat).

1 in fact, for the Reissner-Nord&im black hole this leads to the “no hair” theorem.
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P s/
\ \wl /

Figure 16. The left mouth of the quantum WH entraps the force lines of the electric field and
looks as (-) electric charge. The force lines outcome from the right mouth of WH which one looks
as (+) charge.

The 5D throat has an interesting property [9]. We see that the signs gfthe
andnyg, are not defined. We remark that this 5D metric is located behind the event
horizon therefore the 4D observer is not able to determine the signs gfthad
10o- Moreover this 5D metric can fluctuate between these two possibilities. Hence
the external 4D observer is forced to describe such composite WH by means of
something like spinor.

Another interesting characteristic property of this solution is that we have the
flux of electric field through the throdte.each mouth can entrap the electric force
lines and this leads that this mouth is like to electric charge for the external 4D
observer, see Fig.16. We can neglect the cross section of the throat and in this case
each mouth is point-like and we can try to describe these mouths with help of some
effective field. Taking into account the spinor-like properties of quantum handles,
we assume thapacetime foam can be described with help of an effective spinor
field.

3. Approximate model of the spacetime foam

The physical meaning of the spinor field depends on the method of attaching the
guantum handles to the external space, see Fig.(17).

3.1. QUANTUM WORMHOLES WITH SEPARATED MOUTHS

In this casgy|? is a density of the mouths in the external space @rd? is a
density of the electric charge [10].
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1 2

Figure 17. At the left hand of the figure quantum handles connect two spaces. At the right hand
the mouths of quantum handles are separated in distance of thd grder

Following this way we write differential equations for the gravitational +
electromagnetic fields in the presence of the spacetime {ggras follows

1

. 1 a_b
(W’% +edy = Jwap 7y - m) ¥ =0, 9)
D, F" = 4me (V") , (10)
For our model we use the following ansatz: the spherically symmetric metric

dr?

2 _ J2vu(r) 2
ds® = e"\"" A(r)dt A

—r? <d92 + sin? d<,02) , (1D
the electromagnetic potential
A,u = (_¢a 05 Oa 0) )

and the spinor field

—v/2
T —iwt €
v=e rAl/4

The following isvery importantfor us: the ansatz (13) for the spinor fieldhas

the T, component of the energy-momentum tensor andithe= 4rmre(y#1))
component of the current. Let we remind thiatletermines the stochastical gas of
the virtual WH’s which can not have a preferred direction in the spacetime. This
means that after substitution expression (11)-(13) into field equations they should

be averaged by the spin direction of the ansatz (13). After this averaging we have

(f,O,ig cos 6, ig sin Hew) . (13)
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Ty, = 0 andJ¥ = 0 and we have the following equations system describing our
spherically symmetric spacetime

! —i— w—e e’ m
fVA == g(( 9 5t ) (14)

gVA = f ((w — e¢) ‘;_ZV - m) -9, (15)

—2v

PA = 1-A— JA (w—ed) (2 +4°) —r2e g% (16)

—2v 9 5 eV
A (w—eg) (f +g > —"émfg—

s (=), (17)
A" = —8me(f2+¢?) - (2rA - r?AV) ¢, (18)

wherex is some constant. This equations system was investigated in [11] and
result is the following. A particle-like solution exists which has the following
expansions near= 0

= fir+0(?), g(r)= 0@, (19)
= 14+ 0(?), v(r)=0(?), (20)
and the following asymptotical behaviour

2 2€50)2
~ 11— m00+( 6020)
T T

; (22)

; (21)

2€5

r

foe—ocr7 g = goe_ara

fo Rt 22 o2, (23)
90 Moo — W

wherem,, is the mass for the observer at infinity a?el,, is the charge of this
solution.

The solution exists for both caséi.|/me) > 1 and(|ex|/moo) < 1
but for us is essential the first case witla|/mo,) > 1. In this case the clas-
sical Einstein-Maxwell theory leads to the “naked” singularity. The presence of
the spacetime foam drastically changes this reshét: appearance of the vir-
tual wormholes can prevent the formation of the “naked” singularuty in the
Reissner-Nordstm solution with|e|/m > 1.

Our interpretation of this solution is presented on the Fig.(18).
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e/m>1 \ elm<1 elm<1

\

Figure 18. 1 are the quantum (virtual) WH&,are two solutions witheo | /moo > 1. Such object
can be named @be wormhole with quantum throat

(-
Y Y

R

Figure 19. The distance between mouths of the quantum handle is of bsger

3.2. QUANTUM WORMHOLES WITH NON-SEPARATED MOUTHS

The second possibility [12] is presented on the Fig.(19).

We will consider the 5D Kaluza-Klein theory + torsion + spinor field. The
Lagrangian in this case is

(24)
whereVg =

dc — Ywape + Sape)y Pl is the covariant derivativeG is
the determinant of the 5D metri®(®) is the 5D scalar curvaturesgc is the
antisymmetrical torsion tensod, B, C are the 5D world indexes), B, C are the
5-bein indexesy? = h5+4, h% is the 5-beiny* are the 5Dy matrices with usual
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definitionsyAy? 4 yBy4 = 2948 A8 = (4 — — — —) is the signature of
the 5D metricy is the spinor field which effectively and approximately describes
the spacetime foanj] means the antisymmetrizatioh, c andm are the usual
constants. After dimensional reduction we have

EZ\/—_g{

he

2

1
<R + 4FaﬁFQﬂ> +

1
2k

.7 = 1 5 (a3
{“/, <7“Vu — g Fagn™ -

1t (5 (o) =) rnel} @)

SABC = 21, (ihyl Ay By y) (26)

whereg is the determinant of the 4D metri&/,, = 0, — jwg;, 717" is the
4D covariant derivative of the spinor field without torsiaR,is the 4D scalar
curvature Fo3 = 9, Ag — 0 A is the Maxwell tensord,, = h3, is the electro-
magnetic potentialky, 3, u are the 4D world indexesy, 3, i are the 4D vier-bein
indexes,h” is the vier-beiny# are the 4Dy matrices with usual definitions
VAN 4 APy = 2P P = (+,—,— —) is the signature of the 4D metric.
Varying with respect tg,,,,, 1> and A,, leads to the following equations

1 1 L1 .
R;u/ - §g,u.uR = 5 (_FMOCFV + Zg,ul/Fa,BF ﬁ) +

43y (W07t + i1, V) + e —
2%, {F/La (id?'ygwﬂo‘%) + Fla (i%gvma]ﬂfﬂ
29ulbr (197497 (Bva7870p) @7
D,H" =0, H" = F" 4 Fr
B = 4ty (ipyP 1y i) = 4l BP0 (inhypaa ) (28)
. = 1 . 5 la_pB
iVt — SFap (w%[ 7/%)

1 . A_B_C -

S (9P 90) (ravsew) = 0, (29)
wherewg;, is the 4D Ricci coefficients without torsiod;**4 is the 4D abso-
lutely antisymmetric tensor. The most interesting for us is the Maxwell equation
(28) which permits us to discuss the physical meaning of the spinor field. We
would like to show that this equation in the given form is similar to the electro-

dynamic in the continuous media. Let we remind that for the electrodynamic in
the continuous media two tensdré” and H** are introduced [13] for which we
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have the following equations system (in the Minkowski spacetime)

Faﬁ,v + Fva,ﬂ + Fﬁ%a =0, (30)
a2y =0 (31)

and the following relations between these tensors
ﬁaguﬁ = 6Fa/3uﬁ, (32)
Faﬁuv + quﬁ + Fﬁvua = M (I_{a,@uv + ﬁvauﬂ + Bﬁwua) (33)

wherees andy are the dielectric and magnetic permeability respectivelyis the
4-vector of the matter. For the rest media and in the 3D designation we have

SEZ' = El + 47TP1‘ = Di, where Ez = F()l', DO@' = -H0i7 (34)
Nﬁi = Hz + 471']\_42' = Bi, where Bl = eijkpjk, FIZ = €ijkf{jk, (35)

where P; is the dielectric polarization andl/; is the magnetization vectors;;,
is the 3D absolutely antisymmetric tensor. Comparing with the (28) Maxwell
equation for the spacetime foam in the 3D form

Ei + Ez =D, where E;, = F()z‘, Ez = F()Z‘, D; = Hy; (36)
Bz‘ + Bz = Hz' WhereBi = Eiijjk, Bz = eijkﬁjk, Hi = eiijjk (37)

we see that the following notations can be introduced.
E; = Alpei (il/_)’y[j”yk]ib) (38)

is the polarization vector of the spacetime foam and

B; = —4l3€ijx (M’YB’YU’Y’{W) (39)

is the magnetization vector of the spacetime foam.
The physical reason for this is evidently: each quantum WH is like to a moving
dipole (see Fig.(20) which produces microscopical electric and magnetic fields.

4. Supergravity as a possible model of the spacetime foam

From the above-mentioned arguments we see that the most important for such
kind models of the spacetime foam is the presence of the nonminimal interac-
tion term (in Lagrangian) between spinor and electromagnetic fields. Let we note
that the N=2 supergravity [14] which contains the vier-bgjnMajorana Rarita-

Schwinger fieldy,,, photonA4,, and a second Majorana spgfnfield ¢, has the
following term in Lagrangian
K

_ 1 -
= ﬁdm (eFW—F2’Y5FW> Yyt

Fu = euwasF™®
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5D quantum
wormholes

/™
o

278

3,

mouthes

Figure 20. For the 4D observer each mouth looks as a moving electric charge. This allows us in
some approximation imagine the spacetime foam as a continuous media with a polarization.

The term like this usually occur in supergravities which have some gauge multi-
plet of supergravity and some matter multiplet. Taking into account the previous
reasonings we can suppose thatpergravity theories can be considered as
approximate models of the spacetime foam.

5. Conclusions

Thus, here we have proposed the approximate model for the description of the
spacetime foam. This model is based on the assumption that the whole spacetime
is 5 dimensional but7s5 is the dynamical variable only in the quantum topological
handles (wormholes). In this case 5D gravity has the solution which we have used
as a model of the single quantum wormhole. The properties of this solution is
such that we can assume that the quantum topological handles (wormholes) can
be approximately described by some effective spinor field.

The topological handles of the spacetime foam either can be attached to one
space or connect two different spaces. In the first case we have something like to
strings between twd-branes (or wormhole with the quantum throat) and such
object can demonstrate a model of preventing the formation the naked singularity
with relatione > m. In the second case the spacetime foam looks as a dielectric
with quantum handles as dipoles.

Such model leads to the very interesting experimental consequences. We see
that the spacetime foam has 5D structure and it connected with the electric field.
This observation allows us to presuppose that the very strong electric field can
open a door into 5 dimension! The question is: as is great should be this field ?
The electric fieldE; in the CGSE units and; in the “geometrized” units can be
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connected by formula

G1/2
62
lei] = em™, [E]=V/em (42)

€;

E;, = (2.874 x 1072° cm_l/gauss) E;, (42)

As we see the value @f is defined by some characteristic lengghlt is possible
thatly is a length of the&*” dimension. Ifly = Ip; thenE; ~ 1057V /cm and this
field strength is in the Planck region, and is will beyond experimental capabilities
to create. But ify has a different value it can lead to much more realistic scenario
for the experimental capability to open door irit6 dimension.

Another interesting conclusion of this paper is that supergravity theories hav-
ing nonminimal interaction between spinor and electromagnetic fileds can be
considered as approximate and effective models of the spacetime foam.
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POSSIBLE CONSTRAINTS ON STRING THEORY IN CLOSED SPACE
WITH SYMMETRIES

ATSUSHI HIGUCHI *
Department of Mathematics, University of York, YORK,
YO10 5DD, United Kingdom

Abstract. Itis well known that certain quadratic constraints have to be imposed on linearized grav-
ity in closed space with symmetries. We review this phenomenon and discuss one of the constraints
which arise in linearized gravity on static flat torus in detail. Then we point out that the mode with
negative kinetic energy, which is necessary for satisfying this constraint, appears to be missing in
the free bosonic string spectrum.

1. Introduction

(Super)string theory is the leading candidate for a unified theory including gravity.
In particular, it contains and generalizes Einstein’s general relativity [1-3]. There-
fore, itis natural to expect that the theory incorporates diffeomorphism invariance.
However, this invariance is not manifest in the perturbative definition of string
theory starting from non-interacting string. Now, it is well known that a solution
of linearized Einstein equations (with or without matter fields) in compact back-
ground space with Killing symmetries cannot be extended to an exact solution
unless the linearized solution satisfies certain quadratic constraints [4, 5]. This
phenomenon, called linearization instability, is a consequence of diffeomorphism
invariance of the full theory. (This fact can be seen most clearly in the quantum
context.) Therefore, one may obtain some insight into how diffeomorphism in-
variance is incorporated in string theory by investigating the way linearization
instabilities manifest themselves.

In this article we review the phenomenon of linearization instability in general
relativity with emphasis on the case with static flat torus space. In particular,
we point out that in this space a mode with negative kinetic term is essential
in satisfying one of the constraints and that this mode seems to be missing in
the spectrum of free bosonic string theory. The rest of the article ianorgd

* ah28@york.ac.uk
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as follows. In Section 2 the phenomenon of linearization instability in classical
and quantum general relativity is reviewed. In Section 3 one of the constraints
occurring in flat torus space is discussed in detail and the importance of a mode
with negative kinetic term is emphasized. In Section 4 it is pointed out that this
mode is absent in a seemingly natural treatment of the zero-momentum sector of
closed bosonic string in this space. In Section 5 a summary of this article is given.
The metric signature i6- + + - - - 4) throughout this article.

2. Linearization instabilities in general relativity

Consider classical general relativity with any bosonic matter fields. Suppose we
want to find a solution in this theory order by order in perturbation theory starting
from a (globally-hyperbolic) background spacetime satisfying the vacuum Ein-
stein equation®,;, = 0. To do do so we write the metrig,;, and the matter fields

¢i as

=D

9 = &)+ + o,
whereggz) is the background metric and wheizélz) and ¢§k) are the fields ob-
tained as the:-th order approximation. (The fields; are assumed to vanish
at zero-th order for simplicity.) The first-order approximati(d*ri?,@”) corre-
sponds to non-interacting waves in the background spacetime. The second-order

perturbation of the metri(h,fi), can be regarded as the gravitational field generated
by the free fields:(}) ande.").
Let the stress-energy tensor of the fieh%) and ¢§1) in the background

spacetime with metri@g;) be Ti;). We note first that the linear contribution to

the Einstein tensor )
Eab = Rab - §gabR

(0)

with gqp = gag + hap IS

1
E((zg) (h) i(vcvbhca + vcvahcb - vcvchab — VaVbhcc)

1
—igg;)(vcvdhcd — V.VeRay).

Here the covariant derivatives are compatible with the mgé%)cand indices are
raised and lowered by this metric. The fiézlgi) must satisfy

EG () = kT, (1)

a a
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where k is a constant. The stress-energy ten’féj’) is divergence-free, i.e.,

V“Té;) = 0, if the linear equations of motion are satisfied. On the other hand
the equation

VeE (h) =0 2)

holds forany h,. This is a consequence of the Bianchi identfnyab =0,
whereV, is the covariant derivative compatible with the full metgig. For this
reason Eq. (2) is called the background Bianchi identity.

Now, suppose that there is a Killing vector fie\tt satisfying

VoXp + VX, =0.

Then, it is easy to verify that the curreft, = TMab X, is conserved. The
corresponding conserved Noether charge is given by

QX E/EdEnaj}l(,

where the integration is over any Cauchy surfatand n, is the unit normal
to the Cauchy surface. (Sin€gx comes from a stress-energy tensor of filee

fields h&) and gbz(l), it is quadratic in these fields.) If the vectdf® is a time-
translation Killing vector, then the charggy is nothing but the energy. If it is a
space-translation Killing vector, th&px is a component of the momentum. We
note that

1
EXab ()X, = 5v,,K“b(h) :
whereK ;(h) is an anti-symmetric tensor given by

Kup(h) = X Vphee — XpVohle + XVohpe — XVihae
+XVohpe — XVihae + hea VeX¢ — hay Vo X€.

Hence, the integral QE(L)“b(h)Xb over the Cauchy surface can be expressed as
a surface integral as

/ A5 ng EDW (1) X, = / S nars K (),
b)) 2 Jon

wheredX. is the “boundary” of the Cauchy surface at infinity andis the unit
vector normal to the boundary along the Cauchy surface. By using this expression
and Eq. (1) one can write the Noether chafgje as a surface integral:

Ox = — [ dSnary K (r?). 3)
2k Jox
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In asymptotically-flat spacetime this equation allows us to express energy and
momentum of an isolated system as surface integrals at spacelike infinity [6].

Now, suppose that the Cauchy surface is compact, i.e., that the space is
“closed”. Then, the right-hand side of Eg. (3) must vanish for agybecause
there is no surface term. Hence,

Qx =0. 4)

Thus, the conserved chargky is constrained to vanish. Note that this constraint
cannot be derived from the linearized theory alone. It arises in the full theory when
we try to find the correction to the linear theory. Solutions of the linearized field
equations are not extendible to exact solutions unless they satisfy this constraint.
(The background spacetime here is said to be linearization unstable because of
the existence of spurious solutions to the linearized equations. The constraint (4)
is sometimes called a linearization stability condition.)

Although we will concentrate on classical theory, it is interesting to note what
the constraint (4) implies in quantum theory. In the Dirac quantization, constraints
are imposed on the physical states. Thus, the quantum version of (4) reads

where|phys) is any physical state an@x is the quantum operator correspond-
ing to the conserved Noether char@eg . Since the operato@x generates the
spacetime symmetry associated with the Killing vector fi&l¢, the constraint

(5) implies that all physical states must be invariant under this spacetime symme-
try [7]. This requirement might seem absurdly strong at first sight. For example,
in linearized gravity in de Sitter spacetina physical states are required to

be de Sitter invariant.However, in the (formal) Dirac quantization of full gen-
eral relativity, the states are (roughly speaking) required to be diffeomorphism
invariant. The constraint (5) can be interpreted to be inforcing the part of the
diffeomorphism invariance of the physical states that has not been broken by the
background metric.

3. The Hamiltonian constraint of linearized gravity on flat torus

In this section we discuss linearized gravity in static fl&xt — 1)-dimensional

torus space with all directions compactified. This spacetime has space- and time-
translation invariance. Therefore, the energy and momentum of linearized gravity
are conserved and are both constrained to vanish. Below we concentrate on the
linearization stability condition which requires that energy be zero sinadlit

! The vacuum state is the only de Sitter invariant state if one insists on using the original Fock
space of linearized gravity, but one can construct infinitely many invariant states by using a different
Hilbert space [8].
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be important later in the discussion of string theory. We find that there is a mode
with negative kinetic term and that there would be no excitation as a result of the
linearization stability condition if it were not for this mode. We consider only pure
gravity for simplicity.

Let us impose the standard (“Lorenz” or Hilbert) gauge condition

1
0ah® = ~0h
2 ?

whereh = h¢.. Then the Hamiltonian density reads

H = i |Ocha0uh™ + D0 R — % |(Deh)? + 0,h0'R]

wherehg, = hgp — %gabh is the traceless part @f,;,. The index: runs from1l to
D —1,i.e., itis a spacelike index. The field equations are simply

Ohay =0, Oh=0.

The modes with nonzero momentuknare proportional ta:—#*"t+ikx where
(k%)% — k? = 0. On the other hand, the modes with= 0 take the form

hap, h x At + B,

whereA andB are constant$.
The Hamiltonian can be written as

H:/dD’lx’H:Hm—H’,

where Hy is the energy in the modes with = 0 and whereH’ is the energy in
the modes wittk # 0. For the modes witk # 0 the traceh can be gauged away
and the physical modes have the form

ilab . HabefikOtJrik-x
where Hy, is @ constant symmetric tensor satisfyiffy, = 0, H'; = 0 and
k'H;; = 0. Then we can easily see thEY > 0. The situation is rather different
for the modes wittk = 0. Since these modes are constant in space, they satisfy
O;hqy = 0;h = 0. Hence, the conditions coming from (6) atg; = 0 and

D -2

8t’~7/tt = — oD agh

2 Note that the energy corresponding to these modes would be infinité #r0 if the space
were not compactified. This is why these modes would not be present in uncompactified space.
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Let us write
iLab ﬁz(z%) + B;b y
ho=hO 4pn,

where’'9) and () are the zero-momentum parts &of, and . Then the zero-
momentum Hamiltoniatt, is given by

1 1 500700 D?—4
Hy = / dP~1x Lathg’)ath(o“ - 8T<8th(0))2

Notice that the trace mod€®) has a negative kinetic term.

Since the Hamiltonian is the Noether charge corresponding to the time-
translation symmetry of the background spacetime, the discussion in the previous
section shows that

H=Hy+H =0.

The solutions of the linearized equations which do not satisfy this condition
cannot be extended to exact solutions. This equation can be re-expressed as
D? —4

= /dD—lx(athm))2 L H =0, )

where 1
H" = H' + 1 /delxat}ng))atﬁ(o)ij >0.

Now, the quantity2n(®©V, whereV is the volume of the background space,

is the change in the volume of the space. Hence, Eq. (7) relates the expan-
sion/contraction rate of space to the energy due to the excitation of the system.
In fact this equation is the linearized version of a familiar equation in cosmology.
Notice that the trace mode® plays a vital role in satisfying Eq. (7). If this
mode were absent, Eg. (7) would imply that there were no excitations on flat torus
compactified in all directions.

4. Massless sector of bosonic string in the position representation

Massless excitations of closed string include gravitons, i.e., linearized gravity is
present among the modes of free closed bosonic string in Minkowski spacetime.
This fact is one of the most important features of string theory as a unified theory.
It is natural to expect that this feature persists in string theory in static flat torus
compactified in all directions. Therefore, the total energy and momentum in string
(field) theory are expected to vanish in this spacetime. We also expechénat

3 This fact goes beyond the linearized level as is well known[1-3].
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is @ mode with negative kinetic term among the closed-string modes so that the
linearization stability condition (7) can be satisfied by non-vacuum states (in string
field theory). However, we will find in the “old covariant approach” that there is
no massless string excitation which corresponds to the zero-momentunfufibde
with negative kinetic energy if we treat the zero-momentum modes in a way which
seems most natural.

Let us start with a discussion of open string in fl&t— 1)-dimensional torus.
The massless states in the old covariant approach are denoted by

a?410;p),

where the state0;p) with momentump® has no string excitation (see, e.g.,
Ref. [9]). The creation operatar® ; creates the lowest harmonic-oscillator mode
on the string in the:-direction and the annihilation operatef annihilates it. As

is well known, the physical state conditions leaghto= 0 andp - a1 |phys) = 0,
where[af, a® ;] = g% andp - a1 = p.af. [Here,gq, = diag(—1,1,1,...,1).]
Let us consider a wave-packet state

D ~
) = [ g Autpla®10i5),

where A,(p) is a function of p®. The physical state conditions then read
2 ~ o a ~ _ . . .

p“A.(p) = 0 andp®A,(p) = 0. Now, define the (spacetime) position repre-

sentation of this wave packet as

D ~ .
Ag(z) = / (;ir)}ijAa(p)e_lp'“’.

Then the physical state conditions becomd, = 0 and9*A, = 0. Thus, we
recover the equations satisfied by a non-interadtiq) gauge field in the Lorentz
gauge. The zero-momentum modes in flBt— 1)-dimensional torus satisfy

DA =0, 02A; =

These imply thatd; = const andA; = Eit+A§0). The constan#, can be gauged

away, but the constanfs; (the electric field) andﬁll(.o) represent physical degrees
of freedom.

Next, we will apply the above procedure to a closed string on static flat torus
and examine whether or not there is a mode with negative kinetic term. The
massless excitations of a closed bosonic string are

ofildb_lfo,p) .

The operaton®; (a*,) creates the lowest left-moving (right-moving) mode on
the string in thea-direction, and the operatar anda{ annihilate them. The
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physical state conditions lead $8 = 0 andp - a;|phys) = p - a1 |phys) = 0,
where[ad, a’ ] = [a,a" ;] = g*°. We again consider a wave-packet state

D A
9) = [ gt Fan(p)a 1110

(Note here that the tenséfab(p) is not necessarily symmetric.) The physical state
conditions reagh® A, (p) = 0 andp®H,;, = p®H,;, = 0. In the spacetime position
representation,
Hoa( )_/Mﬁ[ (p)e~ P
ab (27T)D ab\P )
the physical state conditions dréH,,;, = 0 and

O"Hyp = 0°Hy, = 0. (8)

The equationJH,, = 0 naturally come from the following Lagrangian
density:

1
L= —ZaaH,,caaHbC. 9)

The constraints (8) can be imposed by hand. One finds the modes corresponding to
gravitons, anti-symmetric tensor particles and dilatons in the nonzero momentum
sector of this theory as in Minkowski spacetime. The constraints (8) for the zero-
momentum sector read

at-[{ta = at-[_—rat =0

for all a. The energy in the zero-momentum sector is
1 .
EO = i /dD_IX 6tHij8tH” s

wherei,j = 1,2,--- D — 1. There is no mode with negative kinetic term in this
expression, and is positive definite. Thus, the negative-energy mode, which is
necessary for non-vacuum states to satisfy the constraint (7), does not appear in a
seemingly natural position representation of the massless sector of closed bosonic
string.

5. Summary

In this article, we reviewed the fact that quadratic constraints arise in linearized
gravity if the background spacetime allows Killing symmetries and has compact
Cauchy surfaces. This implies that the total energy and momentum in free string
(field) theory should be constrained to vanish in flat torus space with all directions
compactified. We examined one of these constraints in linearized gravity in this
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space, emphasizing that a mode with negative kinetic energy is essential in satis-
fying this constraint. Then we analyzed free closed bosonic string theory in this
space and found that this mode does not appear in a seemingly natural treatment
of the massless sector.

It is possible that the Lagrangian density (9) is wrong, and a more careful
analysis may lead to a Lagrangian density describing the usual linearized gravity,
anti-symmetric tensor gauge field and dilaton scalar field after all. It will be inter-
esting to see how this can be achieved. The situation is rather puzzling, however,
because string theory is formulated in terms of a physical object, i.e., a string, and
does not seem to allow any negative-energy mode.
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SEMICLASSICAL DYNAMICS OF SU(2) MODELS
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Within the scope of simple quantum mechanics we present a semiclassical theory
which is exact. While the semiclassical theory of canonical phase space path inte-

grals is now well established [1, 2] we examine here the case where the classical

phase space is the two-sphere. After summarizing some relevant features of a
classical spin, we briefly discuss the localization of classical phase space integrals

and then present an extension for a quantum spin. The semiclassical propagator is
employed to solve the Jaynes-Cummings model.

1. Classical spin

A classical spin is described by a classical Bloch vector on the two-sphere

S € 5%(s) = {(S:, 5y, 5:) €RP|S =5} .

We make use of spherical coordinates

U={Q=0,p)|0<¥<m, 0<p<2r}.

This coordinate system cannot be extended over the wéitle). However, as
S2(s) is embedded ifR3, an appropriate metrigand volume formw are induced

g = s*(dV ®dd +sin?(9) dp @ dp) ,
w = ssin(P)d¥ Adp.

The symplectic volume form is closed and non degenerate. Hence, the pair
(S?(s),w) generates a symplectic differential manifold. Now, Hamiltonian dy-
namics is determined by the Hamiltonian vector fidlg

w(Xg, ) =dH,

* alscher@physik.uni-freiburg.de
t grabert@physik.uni-freiburg.de
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leading to the dynamical system

OH
% ’
OH
~55
These classical equations of motion can also be derived by introducing the
classical action

s sin(9)?

ssin(¥)p =

S[Q(t)] = /OTdt [01919 + 0, — H} :

with the symplectic potential
0 = s[cos(¥) dp + dG].

For classical spin dynamics the localization of oscillating phase space integrals
was observed [3]. To see this we examine the symplectic tomwhthe external

algebra of the cotangent bundle
o = e iTH-w)

which is equivariantly closed. The integral over the whole sphere can be written
as

7 = a= ae vPub (1)
52(s) 52(s)

with the equivariant exact fory 3 = dg(Xg, ) + 9(Xm, Xg). Now, the right
hand side of Eqg. (1) does not depend:grallowing for the localization of [4]

Z = lim ae VPHB
V—00 SQ(S)

The stationary phase approximation results in the Berlinge-Vergue formula
a0 (Q)

Z=-2r S —
Q;Uf Jdet dX 7 (Q)

and only the sum over the fix pointd;, = {2 € U| Xy (Q) =0} has to be
considered. Therefore, the question arises whether there exists a similar saddle
point approximation of path integrals for quantum mechanical spins.

2. Quantum spin

Niemi and Pasanen [5] have proposed a supersymmetric formulation of a path
integral which leads to a semiclassical localization formula. However, it only
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describes correct quantum mechanics if the action is supersymmetrically exact,
leading to the necessary conditi®X ;) = H. Another approach [6] is based on
geometric quantization. Here we make use of a path integral in the spin coherent
state representation of the quantum mechanical spin Hilbert space [7, 8]

bg) = D*(9)| 1),

where the(2s + 1)-dimensional irreducible representationgo€ SU (2) acts on
| 1) = |s,m = s). The spin coherent stat¢s,) and |y, ) describe the same
physical state if

g~g &4 egUu(l),

which gives rise to the fiber bundle representationSéf(2) over S%(s) =
SU(2)/U(1). Distinct spin coherent states are canonically isomorphic to the left
cosets which becomes obvious if we parameterize ary SU(2) with Euler

angles(?, , x):
) = [1yg) = e XeT eV )
We make use of a section of ti5é¢/(2) bundle and choose one special member in
every left coset. In particular we fix = 0 for every|Q2). The scalar product
i, 0 ’ i (0 728
Q) = [cos(ﬁ"/2) cos(¥'/2) ez =) L sin(9" /2) sin(¥' /2)e"2(#" ¥ )}

gives rise to a gauge invariant metric and volume form which are identical to
the geometric structures & (s) [9]. Hence, a representation of quantum states
is found which is useful in order to understand quantum systems with discrete
degrees of freedom in terms of classical mechanics.

We consider the most gener@l/ (2) model described by the Hamiltonian

H(t) = By(t)Sy + By(t)S, + B.(t)S. . @)

Following the lines of [10] the propagator can be represented as the limit of a
Wiener regularized phase space path integral

@U(@)|2) = lim [ du, expliSR)]) ®3)

with the spherical Wiener measure

T
1 T : .
djty, = N H d cos[9(t)] dp(t) exp{—2/ dt [91919192 + 9%802}} .
Pl sv Jo

This enforces that only continuous Brownian motion paths contribute to the path
integral. Now, the dominant path approximation of the right hand side of Eq. (3)
can be shown to coincide with the exact quantum result [10]

exp{iSa[Q(t)]} = (Q"|U(T)|). (4)
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For SU(2) models (2) no contributions of fluctuations around the dominant path
have to be taken into account.

Apart from an extension of the localization of classical phase space integrals
to the case of quantum propagators, the formula (4) is also useful to study spins
coupled with other degrees of freedom. Here, we apply it to an exactly solvable
model.

3. Jaynes-Cummings model

The Jaynes-Cummings model is characterized by the Hamiltonian [11, 12]
H=dla+ (1+A)S. +\aS; +a'S_),

wherea is the canonical annihilation operator of a bosonic field modesne-
Sy +iS,, S, are operators of a spi- It is well known that the Jaynes-Cummings
model allows apart fron#/ for another time independent operator [14]

N =dala+5,.

Hence, the time evolution operator

U(T) = o tHT _ ,~iNT ,—~iCT
whereC = H— N. Representing the spin operators in the eigenbagis fdrmed
by the eigenvectorst) and| )

e NT = e (T (] + eI ().

Introducing further the eigenkets afa, invariant subspaces are distinguished. In
particular the ket$t n — 1) = |1)|n — 1) and|] n) = |{|)|n) span the subspace
with N = (n — %). In this subspace the time independent oper&t@enerates
SU(2) dynamics. In terms of the operators

S(tn =Dl + Lmtn-1),

5(—|Tn— Dl n|+ [l n){Tn— 1|),

S(tn=10n =1~ [Ln)in),

we have
C =2 \/nd, + AJ, .
Accordingly,

(@171 = i [dp exp (SO0, (0]} |
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with the action

S0, 00 = [t 3 cost0)p - 010

C0,9) = (PelClI¢)
= M/nsin(9) cos(p) + %cos(ﬂ) .

Now the dominant path approximation (4) gives

exp(isalo)) = -i [ ac@' o)} @), ©

Introducing the complex variables

¢ tan (
7 tan (

the dominant path is determined by
¢ = —ia/n(1 = (%) +iA(,
7= iAn(l —1?) — il

with boundary conditiong(0) = ¢’ andn(T) = n”. Hence, the endpoint of the
classical trajectory obeys

_2Q,( cos(Q,T) + i [A¢" — Ay/n]sin(Q,T)
—20,¢ cos(Q,T) — i [M/n ¢ + Alsin(Q,T)’

= ’]7”,
A2
Q, = \/)\Qn—l—r.

In terms of the complex variables (6) we get

with the Rabi frequency

COT) ") = g dos{ (1+ ¢ cos(,T)

Qin Ml + ") + %(1 — )] sin(QnT)} :
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Now, the integral in Eq.(5) is readily solved and the propagator takes the form
" / .
el = a(T) cos (Z) cos <i> e2(#"=¢)
/" / .
+a*(T') sin (Z) sin (Z) e 2" =¢)
" / .
1B(T) cos (i) . (‘3) A+

’19” ’19/ i " /
—b*(T) sin <2> Cos (2> e 2N

A
cos(2,T) — zm sin(2,7),

—1 Asg/ﬁ sin(2,,T) .

n

This gives indeed the exact propagator [13] of the model.
This work was supported by a grant from the Deutsche Forschungsgemein-
schaft (DFG).
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