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PEERAGE.

IN the present relume I have tried to make the

discussion of the various parts of the subject, which are

here given, as full as possible; and there will be found

much which has hitherto not appeared except in mathe-

matical journals. At the same time, the treatise does

not profess to he complete. Among the parts omitted

are the investigations "by. Fuchs'-on/the integration of

linear differential 'equations, those of; Konigsberger on

the irreducibility of differential equations, the discussion

of Pfaffs equation-' the recent researches of Hermite and

Halphen, and the geometrical
3

applications of the hyper-

geometric series by Klein; only a very slight sketch

of Jacobi's method for partial differential equations is

attempted, and there is no indication of the methods of

Cauchy, Lie and Mayer. These, and others here omitted,

I hope to give in another volume at some future date.

While writing this volume I have consulted many
authorities in the shape of treatises, memoirs and text-

books ; and, though it is impossible to 'give in detail

every reference, I wish in particular to mention, as

having feeen of great use, Boole's Treatise and his

Supplement, Moigno, Imschenetsky and Mansion; and
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I have used, to a slighter extent than these, Gregory's

Examples, Serret and De Morgan. Many references to

original memoirs will be found in various chapters.

There occur, scattered throughout the book, many

examples, amounting in number to more than eight

hundred. Most of these are taken from University and

College Examination papers set in Cambridge at various

times ; some are new, and many of them are results

extracted from memoirs which have been consulted. In

the case of the last, the original authority is, I think,

always indicated. I cannot hope that, among so many,
all results given are correct and all equations set are

soluble ;
and I shall be glad to receive corrections of any

mistakes actually found.

In conclusion, I wish to express the very great

obligations under which I lie to my friend and former

tutor Mr H. M. Taylor, of Trinity College, Cambridge,
for his kindness in the revision of the proof-sheets.

He has caused the removal of many obscurities and

has made many valuable suggestions of which I have

continually availed myself. My thanks are also due

to my friend Mr J. M. Dodds, of St Peter's College,

Cambridge, for his kindness in reading some of the

early sheets.

A. R FORSYTE.

TRINITY COLLEGE, CAMBRIDGE,

Re-n+om'hov



>REFACE TO THE SECOND EDITION.

THIS edition will be found to differ very slightly from

first. In its preparation I have been much helped

bhe kindness of many friends and correspondents who

e sent me notification of mistakes and misprints.

My thanks are specially due to Dr Hermann Maser

Berlin for the honour he has done me in translating

book into German.

A. K F.

TRINITY COLLEGE, CAMBRIDGE,
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CHAPTER i.

INTRODUCTION.

1. WHEN one variable quantity y is n function of another

variable quantity 0;,tho relation between tho two may be exhibited

by means of an equation Hiich us

(*,y)
= o.

In this equut,inn coriHtan t.s may occur; let one of .such constants be

denoted by a. If the equation be solved for y in terms of u\ this

constant a will enter into the expression for
\j ; and, by taking

different values for </, there, will in general be. obtained a number

of corresponding values for y. If it be desired to indicate in the

fundamental relation the fact that tin* value of y depends on that

of a, this may be done by writing the uhovu equation in the form

^fey. '0-0 (i).

Now it is fM>Hsibl(j to derive, from this equation another, which

shall include all the vulues of
;/,

which can bo obtained by as-

signing all the possible values to the constant a. The? differentia,!

Cfxifficient of y with regard to x IK given by

r>d> <)d>dij ^
',

*
j

""0 (u),
cte 3y dx ' *

in which ^ and - indicate partial differon tuition with regard t*>

x and y respectively. Ecjuation (ii) will in general involve the

l tt/'ftMnj tti /l\ fi/l iT l*rf Vi^i^.rt fViiiuci * tin i itfitin.
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tions the constant be eliminated, the result of the elimination will

be of- the form

where / is a definite function depending on the form of the

function
<j>

in equation (i). Now equation (iii) is one, which

includes all the values of
?/, which can arise from (i) ; for, while

it is derived from the two equations (i) and (ii), in each of

which a occurs, yet of the particular value of this quantity
no special account is taken and, were any other constant as a

substituted for a in all the steps of the elimination, the result

would be the same, since the constant is made to disappear from

the result.

In the same way, if y depended on two constants a. and b in

a manner defined by an equation

*(*, y, , &)
= o,

and if tho equations which give tho first and second differential

coc.fticientH of
?/
with regard to x wore written down, the two con-

stants a and I could be eliminated and the resulting equation

would be of the form

In all cases the functions / and F can be deduced (by methods of

the Differential Calculus and of Higher Algebra) when the forms

fj>
and <E> are given.

In particular, if such a form be

(as, y)
= a,

from which a is to be eliminated, then, as the equation embracing
all the values y, we have at once

<

+
dv = o

dx dy dx
9

no further elimination being needed.

Thus, for example, the equation

f
leads to the equation
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which is the general equation of all parabolas having the same

axis and vertex.

2. Such relations as (iii) and (iii)' arc called Differential

Equationx ; the equation (i), which is free from all differential

coefficients, is called a solution of
(iii). As, in passing from

(i)

to (iii), a single arbitrary constant, was removed, so conversely,

in passing from (iii) to (i), it is just to expect that a single

arbitrary constant will be introduced; and since;, in eliminating n

arbitrary constants, there are needed the equations giving the

first n differential coefficients in addition to the original equation,

so conversely, in passing from such a relation between differen-

tial coefficients up to the wth inclusive to an equation free from

them and equivalent to this relation, it is to bo expected that n

arbitrary constants will be introduced.

3. It is not difficult to see how these arbitrary quantities must

outer into the solution of the (.'([nation. For the sake of simplicity

let us consider an equation such as

in which M and N are functions of x and
//.

Let //; and y represent
the Cartesian coordinates of a point P in a plane referred to two

rectangular axes
;
then the equation (i) is the equation of a curve,

and / is the trigonometrical tangent of the angle, which the

tangent to the curve at the point P makes with the axis of #,

so that the above differential equation gives the direction of a line

at every point in the plant!. Fxt uny point A be taken on the

axis of y, and lot UH proceed from A for a very short distance

in the direction given by the value of ':' which it has at A
;
we

shall thus come to another point Ji. Let us proceed now from Ji

through a very short distance in the direction given by the value of

. which it has at H
;

w<; shull thus come to another point C.

If this process bo carried out for a number of directions in suc-

cession, a figure will be traced in the plane ; and, when each of

the distances through which we suppose the tracing point to
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passing through A. This curve will have a definite equation ,

which may be exhibited in the form

where y is the ordinate of A. Had another initial point A' been

chosen instead of A, then another curve would have been obtained

and into its equation the magnitude of the ordinate of A 1

would

have entered; the same result would ensue from taking ieach point

in succession on the axis of y, because generally one curve and only

one passes through each such point. As each equation, or one

single equation as the representative of all, may be considered a

solution of the differential equation, it is evident that into the

solution of the example we have been considering one arbitrary

constant will enter
;
and therefore, if by any method we can obtain

an equation free from differential coefficients, it must be expected
that an arbitrary constant will be contained in that equation.

But this arbitrary constant obtained by the latter method will not

necessarily be the ordinate of the point, at which the curve, repre-

sented by the solution, and the axis of y intersect
;
an arbitrary

element would have entered into the equation, had the tracing of

the curve begun from a point in the plane not lying on one of

the coordinate axes.

rlni

In the example considered the equation giving
-~ had only

a .single root
;
when it is of the form

then the integral equation will be of the form

where A is an arbitrary constant. And it is not difficult to see-

that, if the differential equation be of the nth
degree in -/ , then

CuX

the corresponding integral equation will contain an arbitrary
constant raised to the nth and lower powers.

4. From -what has been said as to one of the methods by
which differential equations can be constructed, it might be deemed
an easy matter to return from the differential to the integral
eauation : but this is not SO. Thfi atms nf an
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be retraced, and therefore some other method or methods must be

adopted. The methods which are most effective for the solution

of several different forms of differential equations will be discussed

hereafter.

5. When we pass from a given integral function to the equi-
valent differential equation, the latter may prove to be of a form

which is not included among those already known
;
so conversely,

if we pass from a given differential equation, we must not expect
to arrive necessarily at a function which will be included among
those, with the properties of which we are acquainted. It is

'therefore desirable to indicate what, in such a case, would be

meant by the solution of the differential equation.

When, in algebra, we ask whether any particular equation can

be solved, we thereby enquire whether the value of the variable,

which occurs in it, can be expressed in terms of known functions.

Thus, for instance, in the equation

ax = b

the value of x can be obtained immediately by a process of division:

But let the equation be

P-JT.

To solve this we have to introduce a function, which was not

needed for the former equation ; and, expressing in the form .

we consider the equation solved. Now equations of the third and

fourth degree can be solved by means of functions strictly analogous
to these the cube root and the fourth root of quantities; but

general equations of the fifth and higher degrees cannot be solved

in terms of these functions or combinations of these with similar

functions. It does not therefore follow that solutions of these

equations do not exist
; they can only be solved when functions,

unused in the solution of equations of lower degrees, are intro-

duced.
^

Similarly, in the case of a differential equation, when we say

that it can be solved, we do not mean to imply that the solution

must be expressible in terms of purely algebraical functions, of
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exponentials (including sines and cosines), and of logarithmic

functions (including inverse circular functions). The equation

dx
is equivalent to

But suppose that the properties of the logarithm were un-

known, and that the differential equation

dy^l
dx x

were proposed for solution. We should then have

and, calling
[dx

x

we should prove the relation

and become acquainted with the properties of this new function so

as to' include it amongst known functions. But, had we not been

able to deduce the properties of/ (x), the value of y given by ,

Cdx

t
would still have been considered a solution of the differential

.equation. In fact every differential equation is considered as

solved, when the value of the dependent variable is expressed as a

function of the independent variable by means either of known

functions or of integrals, wlieth&r the integrations in the latter

can or cannot be expressed in terms of functions already known.

Thus, for instance,

,
dx

.' %
is a solution of

x^ = <f

although the value of y cannot be expressed otherwise than in this

form without the introduction of a new function the properties of
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which can be investigated. In this way the solution of differential

equations is continually suggesting new functions to be added to

the stock of those already known.

6. Before -we proceed farther, it is desirable to give definitions

of some terms used in the subject.

Any equation which expresses a relation between dependent

variables, their differential coefficients of any order whatever, and

the independent variables is called a differential equation.

Differential equations are divided into two species, viz. :

I. Ordinary differential equations, into which only a single

independent variable enters, either explicitly or implicitly, and

to this variable all the differential coefficients have reference.

Should there be several dependent variables, the number of

equations necessary for their complete determination as functions

of the independent variable is equal to the number of such

variables. Thus, for instance, we might have

in which a? is a function of the only independent variable t
;
and

in which x and y are both functions of t. ^

II. Partial differential equations, into which two independent
variables at least and partial differential coefficients with regard

to any or all of these variables may enter. If several dependent
variables be present, the number of separate equations must be

the same as the number of the separate dependent variables;

but the occurrence of such systems of equations is relatively rare.

As examples of partial differential equations we may consider

daffy
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, tyand o
=

The order of a differential equation is the same as the order (

the highest differential coefficient it contains.

The degree is the power to which that highest differentia

coefficient is raised, when the equation is in a rational form an

freed from fractions.

The equation

-V JL

dx

is of the first order and second degree ;
the equation

is of the second order and second degree.

If a differential equation be such that, when it is rationalise

and freed from fractions, the differential coefficients and th

dependent variable enter in the first power and there are n

products of these, while the coefficients in the separate terms ar

either constants or functions of the independent variables, th

equation is called linear. The following are examples of linea

equations :

The relation, which exists between the variables themselve

without their differential coefficients and which is the most genera
one possible, is called sometimes the general solution, and some

times the primitive, of the differential equation.

7. The process of deriving the primitive from a given dii

ferential equation will frequently be the deduction of a firs

L.
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integral of the differential equation, that is, an equation of an

order lower by unity than that of the original equation and

containing an arbitrary constant
;
then of a first integral of the

latter which will be a second integral of the original equation;
and so on, until differential coefficients cease to appear. This

will be the case when the operation has been repeated the

number of times equal to the order of the original differential

equation. Now the form of the first integral will be affected

by any transformation to which the equation may be subjected

prior to integration; and, since a given equation may be trans-

formed in a number of different ways, there will be a correspond-

ing number of different first integrals. But these will not all be

necessarily independent ; and, as a mattey of fact, if the equation

"be of the n^ order, it cannot have more than n independent first

integrals. For example, the differential equation

has the following first integrals, viz. :

-j
cos x 4- y sin x = 5,

(LCfj

dy . ~*
sin x + y cos ac = C,

dy

^ = yo>t(* + );

but they are not all independent, the four constants A, B, C, a

being connected by the equations

B = A cos a,

C = A sin CL

When a system of first integrals has been so obtained in any

case, it can be used as a simultaneous system, from which the

highest differential coefficients can be eliminated; and if inde-

pendent first integrals of the equation, equal in number to the

order of the equation, have been obtained, all^the differential

coefficients can be eliminated from them so as to leave the primi-

tive. Thus from the second and third integrals in the foregoing

example we might deduce

y = B sin x + cos x,
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and from the first and fourth

y = A sin (x + a), .

each being a primitive ;
these solutions are seen to coincide on

account of the relations between the constants.

8. We proceed now to give reasons for the statement made

in the last paragraph.

A differential equation of the order n has n, and cannot have

.more than n, independent first integrals.

From what has already been said it is clear that an integral

relation between y and sc involving n arbitrary independent con-

stants would lead to a differential equation of the order n. Let

the given integral equation be differentiated n 1 times in

succession
;

the n 1 resulting equations will involve all the

differential coefficients up to the (n l)
tb

inclusive and there will,

with the original equation, be n equations in all. Now from n

equations, in which n quantities occur, all but one of these quantities

can be eliminated. Let the n arbitrary constants be denoted by

Cj, C7
2 , , Cn ;

and from the n equations, which we have, let us

eliminate all the arbitrary constants except Cr The resulting

equation will involve the variables and the derivatives of y up to

the (n
-

I)
111

inclusive and will also involve C^ ;
it will therefore be

a first integral of the differential equation of the order n which is

equivalent to the given integral relation. Now eliminate all the

arbitrary constants except <7
2 ;

the resulting equation will now

involve <7
2 and, as before, derivatives of y up to the (n

-
l)

th
in-

clusive and will therefore be a first integral of the differential

equation ;
it will, moreover, be independent of the former, since (7

2

is independent of Cf

1
. Proceeding in this way with all the constants

in turn, we shall obtain n independent first integrals, each of which

arises from the elimination of all but one of the n independent

constants.

As there are not more than n independent constants, occurring
in the general integral equation, any other constant, which could

appear in it, must depend on
19

(7
a , ,

Gn \
let A be such

a constant, and let the relation between them be denoted by the

equation
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'hen between this, and the original integral equation, and the

1 equations obtained by differentiation, (forming n 4- 1 equa-
.ons in all), the n constants G may be eliminated and the result

ill involve the differential coefficients up to the (n l)
th

inclu-

ive and the constant A. This would be a first integral of the

ifferential equation, but it is not independent of the n already
btained ;

for from these let the respective values of the quantities
'

in terms of the variables and the differential coefficients of y
e derived from the separate equations, in which they occur singly
nd be substituted in the equation -^

=
;
this equation will then

e one involving the differential coefficients up to the (n l)
til and

lie constant A, and will therefore be the same as the foregoing,

n fact the two processes are merely different methods of obtaining
he one result, and the second shews that the first integral so

btained is derivable from the other n first integrals. Hence the

ifferential equation of order n has not more than n independent
.rst integrals. .

9. . It is convenient to add here two lemmas to which frequent

inference will subsequently bo made.

LEMMA I. Lot u
lt
u

9 , ,
un be n functions of the n variables

x>
ar
a , ,#, those variables being independent of one another;

F among those; functions any relation, which may bo represented'by

^(X, V , t*J =0 (i),

>e identically satisfied, so that z^, w
a , ,

un are not independent
f one another, then the equation

" '

=0 (ii)

a/-;

w identically satisfied.

Since u({uation (i) is identically satisfied, when for u
l9
u

t , , un

tre substituted their values in terms of the independent variables,

,he partial differential coefficients of F of the first order with

egard to each of these variables are separately zero. Thus we

lave
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3
!^

9
-l +^^2 + . . [

^F dMn = Q

oF oUt* oF uu^ oF ou A

dF du. dF du dF du
,

~
i.

-j-
s

-(- -|-
:= (J m

ou ox c)u. ox Bu ox

Let the ratios of the n partial differential coefficients of F with

regard to the us be eliminated between these n, equations, which

are linear in these quantities ;
the result of the elimination is

^U
l

^U
2 ^"u _ f\

dx* d.v'
'

3#.11 i

I

and this is identically satisfied. The value of a determinant is

unaltered by the change of rows into columns and columns into

rows; when these changes take pljico tho above equation becomes

equation (ii), which is theroforo identically satisfied.

LEMMA II. The converse of this is also true: If M,,
?/
k , , nn

be n functions of n independent variables #,, #
a , ,

x
n , and if

the equation

lf>L
i

" 7

/i
^

J//
i Q

^ 3"
a

fin
9

j

be identically satisfied, then thu functionn n
lt u^ ,//w uri not

independent of one another, but are connected by a reflation of the

form
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If the n 1 functions uv u
z ,

.........
,
un_^ be not independent

of one another then the proposition to be proved is at once grafted;
we may therefore suppose them independent of one another.

Between the n functions u we can eliminate n I of the

variables; if the remaining variable, say xn , be not thereby
eliminated the result may tie written in the form

H
= 0(Mi, ,, ...,ttM,aJ.

If the equation of condition be written in the form '

we may write the theorem for the multiplication of determinants

in the form

The left-hand side is zero by hypothesis. Since the functions

u
l9

u
2 ,

......
,
un_r

are independent, the first factor on the right-

hand side is J ,.aiid the second is ^' ^' "" u
-^.. One of

dxn 3(a?lf 0?
2J ...,<O

these must therefore vanish. If it be the former, then
<f>

is ex-

plicitly independent of ic
nl

so that un is a function of M
X ,
u

2 , ..., ww _ 1

only ;
and there is thus a relation between the original n functions.

If it be the latter we have

an equation, which corresponds to the given equation of condition

but in which there are only n 1 functions of n I variables,

since for the differentiations that now occur # may be considered

a constant. This is treated in the same manner as before
;
and we

should find either that there is a relation between u
l9
u

2 , ..., un-1
considered an functions of x

lt
x

s ,
......

,
scn_v or that a new equation

of condition involving n 2 functions of n 2 variables would

hold. If the relation between u
l9
u

z , ..., wn-1 exist, it will be of the

form

*("!>> ...... > w*-i>*J = o;

which will involve scn since we have assumed that u
l9 u^ ..., un^

are independent of (me another. Between ty
= and un= <p

we can

eliminate xn and obtain a relation between u
l7
w

a , ..., un.
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Proceeding in this manner and diminishing by unity each
time, the number of functions, which enter into the equation of

condition, we can prove that one of the two necessary inferences

at each reduction is the statement contained in the proposition.
And when the reduction has been repeated n 1 times the only
alternative of the proposition is that any function, chosen at will,

^

should be such as to satisfy
= for some variable x which can

be chosen at will. As this is evidently not the case, the truth of
the proposition follows.

10. As a particular case of the general lemmas we have the

following. Let U and V be two functions of two independent
variables x and y ;

then if V can be expressed as a function of Z7

alone, we must have

_ =
dx dy dy dx

'

and conversely, if this equation be satisfied, then there is a relation

between U and V satisfied for all values whatever of x and y such
that

Ex. 1. Are the functions

x+2y+z, #-2y+3z, 2#3/

independent of one another 1

The equation of condition is

1
,

1
, fy-z 1=0,

2
,

-2
, 2#+4s

1
,

3
, -#+4y-4z I

which is evidently satisfied since

3rd row= 2 (1st row)
-

(2nd row) ;

and therefore the functions are dependent. To find the relation between
them, if we call them iily w2 >

w
s> we have

and therefore

4u
z=u^2 -ii^

on substituting these values'.

Ex. 2. Prove that the functions axz+byz
+cz*, Ax+By+Cz, and

oW(#c+C*6)+6y (&a+A*c)+cW (A*b+B*a) - 2oic (BCyz+CAzx + ABxy),
are not independent ;

and find the relation between them.



CHAPTER II.

DlFFEKKNTIAL EQUATIONS OF THE FlRST ORDEE.

11. TIIJE general differential equation of the first order maybe
resented by

F

ire F is a rational and algebraical function so far as the differ-

ial coefficient is concerned, [n this general form the equation
not l>e integrated; but tinTO are certain particular forms, to

or other of which many equations can be reduced, and which

lit of immediate, solution. These forms we may call standard

ns.

12. He fort? considering them in detail, we will prove a pro-

it.ion, whi<:h is merely a particular case of the general theorem

icai-ed in 8, viz., that a differential equation expressible in

form

ire M and N are. one-valued functions of x and y, can have only

independent priiiLitive.

Supposu that, if it be possible, two primitives

o b!n obtained. From the first of these the" value of ~ is
ax

L-nby

*. ,
S(M#_o

^, T n 17
~~ u

>
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14. STANDARD II. Linear Form.

When the equation of the first order is linear, it may be
1

written in the form

where P and Q are functions of x and are explicitly independent of

y. Multiply each side by

</**>;

then, since

' *

the equation becomes

on integration (the left side is now a perfect differential) we obtain

as the primitive

that is,

As in the general case,

T
(
xdx

hence

Ex. 2. Solve (i)

^ (ii)
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Ex. 3. Shew thattho solution of the general ocjuntiim may bo exhibited

in the form

15. An important assocuited form, which can be solved by the

same method, is

where P and Q arc functions of .7; alone;.

Divide by y
n

;
the equation thon is

__l *(L\.. i

7Zr 1 <LX

or
/7""("

which is the standard form
;
and tho general /solution is

ir*
e = ,-(?/ -

,/,.

Ex. 4. Solvu

ThiH IJUCOIIIUH, aftcir a tnni.sfornintinii wimilar to tho

^i\ I 1 I,

the primitive of which in

ThiH in

ic"^,-^- f^ 1(JKf ,-lv
^ j .

I ,, p/.i'I<iKj;V J .^"" f

whence

Ex. 6. Solve (i;

(> ('

(i)
|J;

(iv) 5'

I_

.'/"
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EQUATIONS OF THE FIRST ORDER.

Ex. 6. Shew that the four equations in 7 lead to the same primitive.

1$ STANDARD III- Homogeneous Equations.

the equation
when of the first degree and expressed in the

said to be homogeneous, when M and N are homogeneous
actions of * and y of the same degree. In this case we canfunctions

write

r heing the degree ofM and jST. On the substitution of

y = tw,

so that v may be considered a new dependent variable, the equation

becomes

dx <f>(v)dv _
01 x v(>v-~ '

in which the variables are separated ; the integral is

The primitive will be given by the substitution of - for v
CG

after the integration has been performed.

If the equation however be not of the first degree but still

homogeneous in x and y, it may be written in the form

F\y, 41 -a
\x' dx) . . . .

There are now two methods of proceeding. The first method

-5- ;is to solve the dtyuation considering it as- an equation in -5- ;
let a

solution be expressed by
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This is the cast- already diseuswd.

The second n.ethod w U wdvi* th* 1

njimtinn rmiMdiTintf it-

an equation in ^; thru we should h:iw

or y- '!</')

where p w written f< *':'(. DifliTnitintinj; this with n-^inl l

we have

?' -/,(!') + <(/') '

and thcrefon*

rir^/'
* /'

This gives on integration

say; the elimination of/; !ji*tw<M*n tin* hi^f

//

will give the prhnztivr. Hut it is n)( U!WU\H clrsimliN* t

p\ it may be rftuini'fl im tin-
|fiir;iiii<t<'r <!' a jiniuf it tin-* rirr"

Bponding curve, in whSHi fjw its uw wmild }>- Mniilur t flu-it. <f

the eccentric nngle of u jHaui. on an i-Ilipw,

Ex. I. Hwlvv r.f. v ';
v

,-tf v.
r

/.c

When we writy^/v, th ifjiiutinii luTMtn*^

whence

or
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Kr.S. S,,hv.
(i) s+ff'-ny.,

./ -A +( mvl //: /-+ 7 ,
and suppose h mid so chosen that

ihi*

If IjriwuviT
'^ ^

I)llt
f
;

f^ tt * ll>H fr<" each of these
fractions, then

<t|itJLf.i"!i!* ^ivinx // and / an* inccniHiHtont. Let each of the equal ra

In- ffpinl t.u //( ; tlli:li

<//,/ + ty+ ;
-= ?;i (a*+ ty) + a

Su hht i tu ii 5 ft.t- + /*//
=

;

..
, ,

' *

UH-II " + /

HIK! thn varint'lcH arc Kcparahlc.

If , //, tin* c;i illation in
tt h <:

) that //
-?

A>. -1. Sc ilv (i) fy
- "/ + 7 ^=

(3.?:
-
7y
-

3;^ ;

(ii)

(iii)

A
f

.i:. T. Shew that the

in wJiich /', V niidVi arn hotiiognnooiw funotions of x and y, P and R be

of tho wiinu decree, ty ^ Holvwi by the Hubstitution y ==vo?.

A>, IJ, Hiilvo

+^
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17. Let now the curves, whose equations arc the complete

primitives of the homogeneous equation, be traced; they fqnn a

system of similar curves. For let there he drawn through the

origin any radius vector cutting all these curves and making an

angle 6 with the axis of x
;

the inclination to the axis of x of

the tangent to one of the curves at the point where thin

vector meets it is given by

and therefore all the tangents at points lying on this line are

parallel. And therefore the curves are all similar and similarly

situated.

18. STANDARD IV.

Equations arise in which one of the two variables does not

explicitly occur.

Consider first that class from which the independent variable

is absent. The equation will then be of the form

As in the general equation under Standard III,, there are two

th

that

methods of proceeding. If it be possible, we rnay HO!VO for y- so

in which the variable's aro separable ;
tho primitives w

[dy
J/fo

dy
.

Or, if it bo possible, we may solve for y ; wippoHo u Hohilion to

be given by

-/.-/. .

Differentiating with respect to x wo havo
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in which the variables are separable : and the integral is

which, when combined with

for the elimination of p, will furnish the primitive. It may be

more convenient to leave p uneliminated.

Let us now consider the class from which the dependent variable

is absent. The equation will then be of the form

1

da;.

Since T- -j-

dosdy

this equation may be written

an equation of the former class, and soluble by the methods thereto

applying. These methods however may be applied to the equa-
tion without making it undergo this transformation. Solving the

equation if possible for --, we shall have

and the primitive is therefore

fit]

Or solving for x in terms of -/-, when this is possible, we shall

obtain

Differentiating with respect to y (the absent variable') we have

l- = F'(v)*P
p

l(P)
dy'
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the integral of which is

y=fpF1'(p)dp+C.

This, combined with

a; =F
1 (p),

constitutes the primitive.

** Solve (i) ,-.J + 5
(|)

8

;

19. STANDARD V.
'

When the equation of the first order is of the ntb

degree,

it arranged in descending powers of the differential coefficient, m
that it may be written

in which P
lf
Pv ......

,
Pn denote functions of ao and y. If we look

upon this as an algebraical equation in -, which has n roots

pv pa, ......
, pn (these being functions of CD and y\ the equation

becomes

dy

This can be true only, if one or more of the factors on the left-

hand side vanish
;
and therefore any relation between as and y,

which makes a factor vanish, will be a -solution of the original

equation, while no relation which does not make some factor vanish

can be a solution. Suppose then that the primitives of the equa-
tions

(deduced by means of one or other of the preceding methods) are

respectively ;
all possible solutions of the given equation will be

contained in
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But the generality of i\is integral will still be maintained, if all

the constants C
lt
Gv ......

,
On be made the same, say C; for in order

to find a value of y we must equate to zero some factor on the

left-hand side of the new form, and this would give an equation of

the form

Now G is an arbitrary constant
;

if then all possible numerical

values be given to it, there must be included in the series of con-

sequent equations all the integrals, which can be derived similarly

from the corresponding factor of the first product. Hence we have

as the general complete primitive of the original differential

equation

<k (a, y, 0) & (as, y, C) ............ <
(a,, y, 0) = 0.

Ex. 1. x*p*

Then xp -y

which, by the substitution y=xz, becomes

_
(!+/)*

When the positive sign is taken, the solution is

The negative sign gives = ainh (c-x);

hence the general solution is

A*. Solve
(i) (!)'-?=0;

Ex. 3. Solve

(i)

(ii)

(iii)

(iv)

(v)
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(vii)
JJr

-#. 4. Shew that, if the general equation be homogeneous in #'and y, it

can be solved by the substitutions

dt
y-te, *=*.

Hence solve

20. STANDARD VI. Clairaufa Form.

The equation to which this name is usually applied is

in which p stands for -j- .

CuOB

Differentiate the equation with regard to x : then

so that either

dw

or a>+f(p}=0.

Taking the first of these, we have p = c a constant
;
and hence the

primitive is

y-ca+f(c).

The second equation expresses a; as a function of p, and therefore

ifp be eliminated between this equation and

& relation between y and as will be obtained.

Of these the former is evidently a solution of the equation, and

from it the differential equation can be deduced at once
;
for on

differentiating we obtain

p = c,

and eliminating c we have

y=pac+f(p).
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If now we turn to the other relation between 00 and y, which

will be that derived from the elimination ofp between

y=px+f(p)\ #

it is at once evident that it contains no arbitrary constant and so is

not a general solution. Tet it may be a solution of the equation ;

for differentiating the first equation we have

=P

by the second equation unless
^r

be infinite; eliminating^) from the

j

equations y =pa; +f(p) and -r- = p we obtain

which is the original equation.

21. The relation between the two solutions, when both exist, is

easily indicated by geometrical considerations. The first solution

y = co)+f(c)

represents a family of straight lines
;
if they have an envelope, it is

found by differentiating the equation with respect to o (in fact,

this is equivalent to giving c a pair of equal values for the same

values of x and y) and then we have

0-*+/(c>
The result of the elimination of c between these equations will be

the same as that of eliminating p between the two

y=pas+f(p),

and therefore the curve represented by the latter is the envelope
of the family of lines represented by the first solution, should these

lines have an envelope.

Such a solution of the equation, which is not included in the

primitive (but which may be derived from it in the above manner),
is called a Singular Solution. We shall shortly return to a more
detailed discussion of singular solutions.

*
It should be noticed that for purposes of elimination p is merely a quantity

likely to depend upon y and a ; it is not now necessarily -^ .

ax
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Ex. 1. Solve y=xp+-.
P

The first solution is

The second is given by the elimination ofp between

and the original equation ; eliminating p we have

The latter is the singular solution
;
the curve represented is touched by all

the lines included in the primitive.

Ex.2. Solve
"

(i) y =*> + (I +p*fi ;

(ii) y=px+p-p*;

X(iii) a,yp*+(%x-b)p=y\*, . -I- ^, i fc. u,
^ i t- *,**

~
J

f '^
"* *

22. There is an extended form of the equation, which can be

solved in a similar manner, viz. :

To solve this, let the equation be differentiated with regard to

as; then

^ f(p)-p p-f(p)
1

which is linear in x and comes under Standard H.

Let the integral be

F(tK,p,c) = Q.

The result of eliminating p between this and the original

equation will be the primitive.

Ex. 1. x+yp=ap*,

or y=ap--.

Differentiating with regard to #, we have

dp__ 1
,

^
y==a dx p p*dx'
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and therefore

dx x a

^
the integral of which is

This combined with the original equation is the primitive.

The equation could also have been solved by differentiating with re-

gard to y,

Ex. 2. Solve - (i) x=yp+apa
;

Xii) y =orp + ax (1+p^ ;

(iii) y=

(v)

SINGULAR SOLUTIONS.

23. From the investigation, of 21 it is clear that a solution of

a differential equation can sometimes be found, whichjs no^incjudsd
in thejprimitive ;

such a solution does not involve in its expression

any arbitrary constant. The limitation of not being included in

the primitive is most important; for in the latter a particular

value, say zero, could be assigned to the arbitrary constant, and then

a solution would be furnished but not of the nature indicated.

We proceed now to consider the theory of these Singular
Solutions of the general differential equation of the first order,

which will be written
~"

<t>(>y>p)=Q-

If the differential equation either be linear or be resoluble

into a set of rational linear equations (as in the case of "Standard

V.) then it has no singular solution
; any solution of it apparently

of this nature is merely a particular solution derived from, the

primitive by giving a particular value to the arbitrary constant

therein contained. For the present purpose therefore the equation
in p may be considered irresoluble : if it can be resolved into

factors which are not linear and not resoluble into linear factors,

then we should consider in turn each of these irresoluble factora
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We may thus consider <_= as a rational and irresoluble equa- ^

tion of degree n. Moreover we shall assume that is a one-valued -1

function, and that it contains no factor, which is independent ofp\
1

/>

such a factor, if it were retained and equated to zero, would satisfy

the equation, but would not involve the differential coefficient.

If in any case these factors occurred, we should suppose them

removed.

24. The considerations adduced in the Introduction famish

the inference that, if a and y be the coordinates of a point in

a plane, the differential equation determines a system of curves

in that plane, which depend upon a single independent variable

parameter; and as the differential equation determines at any

point a direction through that point, there will be n directions,

given by the values of p there, and therefore n curves will pass

through any point in the plane. To represent this system alge-

braically we need an equation of the form

f(as, y, c
15

c
s , ,0 =

'
-

which is rational and algebraical and the constants in which are

also rational and algebraical; but as only a single independent

parameter is needed, there will be among these in constants in 1

algebraical relations. Further this function / will be one-valued ;

and any factor, involving as and y (or either of them) but none of

the constants, would be rejected for the same reason as led to the

rejection of similar factors from the differential equation. As the

differential equation cannot be resolved into simpler equations

of a lower degree, the algebraical equation is not so resoluble
;
if it

were, to each algebraical equation of lower degree there would be

a corresponding differential equation of lower degree a result

excluded by hypothesis. And the reason that m constants con-

nected by m 1 relations are inserted instead of a single constant

is this; the equation in the latter case would be the same as

that derived from the former with all the constants eliminated

except one, and as this elimination would usually imply operations

(such as squaring, &c.) which introduce equations other than that

wanted, the result would be that the final equation Vould represent

more than the single equation desired. For example, suppose that

by any process an integral is obtained in the form

[a? + y*
- a

(as
cos a + y sina)}

9 = a"
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or changing to algebraical constants

[af + tf-afa

with the condition

then the equivalent equation containing one of these constants,

as m, alone would represent not only this equation hut also

{a? + f- a (- Ix + my)}
a = a8

(a* +y\
with the same limiting condition, and therefore would not be

equivalent solely to the first of these.

Further we have n curves passing through every point in the

plane ;
hence the equation/= 0, with the m I equations between

the constants, must give at every point n sets of values for these

constants. Let the aggregate of the constants be denoted by C, so

that for any point in the plane G will have n values.

25. Consider now the formation of the differential equation
from the primitive

It is obtained hp eHminating the constants between the m 1

relations, this equation and the equation

+ =
da dy da

But suppose the quantities C replaced by functions of #
; the

deduction of the differential equation will be the same as before,

except that for the last equation we must substitute

dx dy doc

The result will be actually the same as before, if

To satisfy this equation we must have either -=- zero which
dx

leaves G constant ;
or (?

TnnHt. be determined by

AMAN RE8EAROH INSTITUTE

BANSALOK 6
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Let the value of C so determined be substituted in the function /.

We may thus in general as a solution of the same differential

equation equate to zero the discriminant of/ with regard to (7;

let this be written

26. This locus is the locus of all points in the plane at which

the parametric constants C have two or more equal values; and

in it there will therefore be included ^

(i) the locus of all the nodal points (double, treble, etc.) of

the system of curves
;
for at such a point there are as many values

of C equal to each other as there are branches through the point,

since the branches belong to the same curve
;

(ii) the locus of all the cusps of the system, for similar

reasons
;

(iii) the envelope of the system of curves, which may be either

a single curve or several
;
for any point on the envelope may be

considered as belonging to two separate but consecutive curves of

the system, the constants of these consecutive curves being ulti-

mately equal. [In the case, when the envelope "Qan be decomposed
into several curves, it may happen that one of these is merely a

particular curve of the system f(a, y, C) = ;
its equation might

be excluded as being a particular solution.]

Let these three respectively be called the nodal locus, the cus-

pidal locus, and the envelope locus.

27. If we now consider the differential equation

to V> P)
=

in connection with the system of curves, whose equation constitutes

its general solution, it is evident that the envelope of the system is a

solution of the equation; for at any point on the envelope (which

is a point on two consecutive curves) the direction of the tangent

is the same as that of the tangent to either of these ^curves at that

point ;
and since the differential equation is satisfied by the quan-

tities, which are connected with the element of the system of curves',

it must be satisfied by these (unaltered) quantities, -which 'are "coh^*

nected with the element of the envelope.
' .....

F. 3
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But the nodal locus is not a solution of the equation ;
if it were,

the differential equation would, for the values of x and y at any

node, be satisfied by the corresponding value of p at this point

on the nodal locus. Remembering that the nodal locus is formed

by a series of points on our system of curves, we know that the

values of p at any such point which satisfy the differential

equation are those given by that curve of the system which passes

through the point. But as the tangent to the nodal locus at such

a point will not in general be a tangent to any of the branches of

the curve of the system at the point, it follows that the value of p
for the nodal locus differs from those values of p for the curve of

the system which satisfy the equation when substituted in it with

the coordinates of the point. And it would only be by accident

that the value of p for the nodal locus could coincide with any of

the remaining values of p, which do not belong to the curve on

which the node lies, but are furnished by other curves of the

system through that point. Hence the value of p for the nodal

locus at the point will be such as not to satisfy the differential

equation ;
and the nodal locus will therefore not be a solution of the

differential equation.

Exactly similar considerations applied to the cuspidal locus

lead to a similar conclusion : the cuspidal locus is not a solution of
the differential equation.

28. Now the envelope of the system can be derived from a

knowledge of the differential equation alone, Le. without a know-

ledge of the primitive. At any point on the envelope at least

two of the branches of the different curves coincide in direction
;

and therefore for such a point we shall have equal values of p
belonging to different but consecutive curves.

If now we erpress the condition that two values of p shall be

equal, by means of the equation

and eliminate p between this and the original differential equation

(in fact, equate the discriminant of < to zero), then the locus

Diact
p (a:, y,p) = Q

will be one at points along which two values of p will be equal,
and will obviously include the envelope.
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But besides including the envelope this equation will also give
the locus of all points

(i) at which two branches of the same curve touch, i. e. will *

give all the cusps; this therefore as Before is the cuspidal locus.

(ii) at which two curves whiclijg[ta_differfint but not consecu-|
tive touch; this locuTs~called a tqc-locus. Thus, for instance, if

we have two infinite series of concentric circles one round each of

two points, the straight line joining the centres (and produced
both ways) is the locus of points of contact of two circles, one

belonging to each system.

As before the cuspidal locus is rejected, not being a solution
;

and reasoning exactly similar to that which led to the rejection of

the nodal locus indicates that the tac-locus is not a solution.

29. Hence of all these the only solution of the differential

equation is the envelope-locus; and this, and this alone, we call

the "
Singular Solution

"
of the differential equation. ,

Either

method of obtaining the envelope-locus may introduce some of

the other loci which have just been shewn not to be solutions;

and therefore in any particular case, unless the equation derived

obviously represents the envelope and nothing but the envelope,

it is necessary to try whether the result satisfies the differential

equation. Should it not do so, it may happen that the equation
can be resolved into others that are simpler, and one or more than

one of them may satisfy the equation ;
these will then constitute

the Singular Solution. And those which do not satisfy the

differential equation will be found to be loci, which according to

the principles above explained ought to be rejected.

60. It is to be understood that an irreducible differential

equation has not necessarily a singular solution. Thus let the

discriminant with regard to p of

be denoted by U, where U is a function of the variable coefficients

ofp in this equation, and suppose that U cannot be resolved into

simple factors.

If the equation U= be a solution of the differential equation,

then the value ofp is given by
dU dU

32
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In the case of each example the corresponding figure should be drawn.

Ex. I. p*y+p (ne-y)-iK=Q.

The condition that p should have equal values is

or y= -x
,

which is not a solution. Now the equation may be written

the solutions of which are

y-x=c and

The different curves represented are obvious.

This is an example of the remark ( 23) that, if the equation be reducible

to linear and rational factors, it has no singular solution.

Ex. 2. jDyoos
2
a-2pa?ysin

a a+^a -ica sin2 a=0. -x dibit*- /~" /

The condition that p should have equal roots is -/ *" * {i~fa ^*

a^y* sin
4 a =y* cos3 a (y

2 - a? sin8 a), ^ .jr.'. ".+ >*-.... '

that is (^ sin8 a -y
a cos2 a) y

z= 0,
*^>t*<~*-

/Zi~. -

'

A^ / gj
8 tlmt

3/
=

0,
- A^, : ...__ e?

and .y=a;taua. . / . t

The primitive is
(

T
v ^

and the condition that c should have equal roots is

or y

The curves represented are a series of circles
;
their envelope is the two

straight lines y= +x tan a, which constitute the singular solution.

Theline?/=0i8 a tao-locus. ^,-j ^,. .

- ---slo'' '" t

it
-

i

'

_ ,

The condition thatp should have" equal roots is

The primitive is J
~ ' ' '

and the condition that c shall have equal roots is

a (x a) (x- 6) =0.

The differential equation is satisfied by x=Q, x=a, =b (and the cor-

responding infinite values of p); and these are singular solutions. The
remaining factor in the j^diflcaiminant gives

&i'=a+&(<z2 -<

and these lines are tac-loci.
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and we must have the equation

9^\

(dao
\

*'y'-mr
9y

;

identically satisfied for values of x and y connected by U= 0. In

other words, there must be a relation between the coefficients of

p in $ and their differential coefficients with regard to x and y ;

but this will not in general be the case.

If we consider in particular the equation of the second degree

in the form

then the singular solution, when one exists, is S= 0, where S

is either LN - M* or a factor of this. In general LN Al* cannot

be resolved into factors
;
and it is not itself a solution, unless

, /asy ....asas^/asy AL =- - 2Jlf 5-=-+JV(=-) = 0,
\dxj ax dy \oyj

where LN = M a

;
and these in general would be two independent

simultaneous equations determining x and y as independent quan-

tities. Yet, from what we have seen, the primitive of the differ-

ential equation is of the form

and if this be an algebraical equation, it will have a general

envelope contained in

L'N'-Mft = 0,

which will be a singular solution. The explanation of the ap-

parent contradiction lies in the fact that this integral equation is

usually of a transcendental form, and so has not in general an

envelope; and the exceptions in the first case when the differ-

ential equation has a singular solution are the exceptions in the

other when the transcendental equation represents a system of

curves with a genuine envelope*.

We now -proceed to consider some examples of the general

theory.
*

Of. Oayley, Mess, of Math. Vol. vi. pp. 23 87. The theory of singular solu-

tions of differential equations of the first order, as at present accepted, was first

given by Oayley in the Mess, of Math. Vol. n. (1872) pp. 612. See also Darboux,

Bull, des Sc. Math., Vol, iv. (1878), pp. 158176.
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The curve y*=x(x-a}(x- 6),

(0<&<&) consists of an oval cutting the axis of x at the origin and at a

distance a, and of a curve like a parabola cutting the axis of x at a distance b

the tangents at all these points are parallel to the axis of y. The system.

of curves is obtained by moving this curve parallel to the axis of y. The

straight lines # = 0, x = a, #=& are envelopes of the system; the line

3as=a + b (a
z -ab+b'rf is a tac-locus of real points of contact, the line

&c=a+b+(az
-db-t-b*)*ia a tac-locus of imaginary points of contact.

Ex. 4. In the foregoing make a=b; aud remove (see 23) the factor

(is
-
a)

2
;
the differential equation is

the condition thatp should have equal roots is

x(3z-a)a=Q.

The integral equation is

(y+o)
a
=tf(#-a)

a
,

and the condition that c should have equal roots is

#(#-a)
2 =0.

Common to these we have a'=0, which (with the corresponding infinite

value of p) is a solution of the equation, and therefore a singular solution.

Every curve of the system has a double point ;
the locus of these is x=at

which is a nodal locus
;
the line x=%a is a tac-loous.

Ex. 5. In the foregoing let a=0 and remove the factor x
;
the differential

equation is

4$P=9z;

the condition thatp should have equal values is

#=0.

The primitive is

and the condition that o should have equal values is

^>=0,

The differential equation is not satisfied by #=0 (with the corresponding
in-finite value of p).

The curve y
i=z3 is the semi-cubical parabola having a cusp at the origin j

and the system is obtained by moving the curve parallel to the axis of y, so

that &=Q is the locus of cusps, and therefore is not a singular solution.-

^r. 6. . - .

the condition thatp shall have equal values is r ^'
*7 - k "*''", '*

The primitive is / ;, -|-
V !j ^ ^

/
i,

'

v -

\ A

c*,
c c*r\ . I _> ^-
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and the condition that c shall have equal values is obtained by eliminating a

between this and

(#-c)(j?-3c)=0,
so that either

agreeing with the former. Both of these satisfy the differential equation ; but

the first of them is a particular solution- (corresponding to c=0) and we there-

fore consider the latter alone as the singular solution.

Ex. 7. Obtain the primitives and the singular solutions (where these

exist) of the following equations; and specify the nature of the loci which

are not solutions but which are obtained with the singular solution.

(a) xpP 2yp +4tf=0;

Primitive aP= o (y a) ;

Singular solutions y= 2#.

08) (a?-aP)p*-2xyp-3?=Q;

Primitive c2 -I- 2cy+ aa=^
;

Singular solution a? +y*= a2
;

Tao-locus a?=0.

Primitive y=<?(a:-c}
z

; '^.

'

i

Singular solution j^-16y=0; tv" ,',

Singular solution also particular ., t- ^ ^ '

>f \f
2/=0.

*-' '*^- J

(8)

w
(0

-y*-b*)p-xy=Q; P l*'

-^)^=i; :1

Further examples occur in the paper by Cayley, Mess, ofMath. Vol. vi. (I

and in one by J. W. L. Glaisher, Mess, of Math. Vol. xn. (1882) pp. 114.

MISCELLANEOUS EXAMPLES.

1. Solve the equations :

(i) yxp'=x-^-yp\ (ii)

(iii) yp+y=pz
; (iv)

(v) my nxp=ypi
; (vi)

(vii) z>
8+ JtP_ =^asBp \- (^iii)

(xi) y-2a;p=/(ap); (rii) ^2

-?=.
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(nil) (l-.p')"-*-*^-*; (xiv)

(xv) (l + 6y
2
-3^)23=3a?y

a -a;2
; (xvi) 3/=tf

(xvii) ay-\-bxp=3f
m
y
n
(cy+ezp) ;

(sviii) #p (a
2+y2+ a2) +x

(xix) (*p-yP=pP-*Zp+l; (xi) (.tp-

(xxi)

(sxii)

(sxiii) (a? cos
^+y sin

y-
) y = (y sin y- - xcos ^

)

\ A- si)* Vf ^ xj

(xxiv)

(ixv) {(a;
2
-ys

) sin a + 2j?^ COB a -

(

=
2ffy sin a - ( -y2

} cos a+ A-

2. Shew that, if

where the quantities A are connected by the relation

3. Integrate the equation

cos 6 (cos 0-sin a sin 0) cW+ cos (cos
- sin a sin

ff) <20 =0.

Shew that, if the arbitrary constant be determined by the condition that
the equation must be satisfied by the values (0, a) of (6, 0), the equation
is satisfied by putting 0+0= a .

4. Prove that, if the differential equation

eydx - (y+ a,+ bx) dy nx (xdy
-ydx)=

be transformed into an equation between u and x by the substitution

u(y+a+bx+nxy)=y (C+TWP),

then the variables are separable ;
and reduce the equation to the form

dv _ dx

by the further substitution v=ow+/9, a and )9 being suitably determined.

5. Reduce the equation

cusyp*+ (3*
-
ay*

-
6)p -

xy=
to Clairaut's fornvand hence solve the equation.

Solve the equation

x y 3J+V 1
a hlS +~ rt

where a+/3+y=0.



EQUATIONS OF THE FIRST ORDER. 41

6. Shew that, if y^ and yz be solutions of the equation

where P and Q are functions of j? alone, and yi=y& then

-/*,
3=1 + 06 Vl

,

where a is an arbitrary constant.

7. Prove that the variables in the equation

a2
} | =y (as

may be separated by the substitution x=u+v and y=fcu v, provided k be

properly chosen
;
and integrate the equation.

8. Shew that the equations

are derivable from a common primitive, and determine it.

Are the pair

x+p(l+py)~*=a and y-(l+p
s
)~^=b

so derivable 1 Also the pair

yp=ax and #
2
(1 jo

a)=6?

9. Integrate the differential equation

x {ay
9+ (ay+ bx)

3
} +y -/ [bo?+ (ay+ Ixf) = 0.

dx

A tangent to a curve at afly point P cuts the tangent and the normal at a

fixed point in the points J/"and N and the rectangle OMFN is completed.

Find the curve which is such that the triangle formed by the tangents at any

three points P, Q, R is equal to the triangle formed by the corresponding

points P', Qf, K.

10. Determine the system of curves which satisfies the differential equa-

tion

and shew that the curve which passes through the point x=Q and y=n con-

tains as part of itself the conic

11. Integrate the equation

a* 7/
a

^"i
and examine the nature of the solution
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12. Discuss the question whether y=Q is a particular solution or a

singular solution of the equation

13. Obtain and interpret the primitive and the singular solution (if
there

be one) of each of the equations

(i) p%+ fip
3=a (y +/*#); (ii) x

(iii) y(l+.p
2
)=2sp; (iv) i"

14 Shew that in general it is necessary, for the existence of a singular

solution of the equation <j> (no, y, p)=Q, that the equations

*-*
|=<>>

*-
should he simultaneously satisfied.

Prove that, if a locus of points of inflexion can be obtained from the

integral family of curves, it will be included in the result obtained by the

elimination ofp between the first and third of these equations.

Discuss the solution of the equation

(Darboux.)

15. Obtain the primitive of the differential equation

and shew that exactly the same equation is obtained by expressing the

condition that p should have equal roots in the differential equation as by
expressing the condition that o (the arbitrary constant) should have equal
roots in the primitive ;

and determine the geometrical meaning of this

equation. Is it a singular solution 1

16. The primitive of the differential equation

ia d*+c(tt+y} + l-xy=Q. Verify this and obtain the singular solution both

from the equation in p and from the equation in c, explaining the geometrical

signification of the irrelevant factors that present themselves.

17. Shew that the solution of the equation

s

Is 2#= ay a singular solution ?

Trace the curve and the locus given by the equation independent of an

arbitrary constant. (Woolsey Johnson.)

18. Shew that the differential equation

which has no singular solution does not admit of a primitive representing a

system of algebraic curves. (Cayley.)



CHAPTER III.

THE GENERAL LINEAR DIFFERENTIAL EQUATION WITH

CONSTANT COEFFICIENTS.

Preliminary

31. Before proceeding to the discussion of the linear equation

of the 71
th order with constant coefficients it is convenient to formu-

late and prove certain theorems in differentiation and integration,

which will be required in that discussion.

J J3

Let D stand for -*- : D* for -=-., : and so on. Then this symbol
dw'da?' J

D obviously is subject to the fundamental laws of algebra; for

evidently

= Du + Dv.

It is necessary to deal with negative indices
;
thus if we have

Du = v

and, after the algebraical analogy, we write

u=D~ l

v,

we have v = Du = D.D~ 1

v,

so that D . D- 1 = 1.

Thus D'1

represents such an operation on any quantity that, if

the operation represented by D be subsequently performed, the

quantity is left unaltered. It at once follows that these symbols
with negative indices also follow the laws of algebra; and an

operation with a negative index is equivalent to an integration.
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But it is important to point out that the special object of these

inverse operations is to find an integral but not the complete

integral ;
and the arbitrary constant which arises in integration is

therefore omitted.

In what follows ty denotes a functional symbol ;
and ty (as)

everywhere denotes an algebraical rational function of cc which can

be expanded in ascending or descending integral powers (or both)
of the variable.

32. Theor&m I.

For since D stands for -3
-

ax

Dea* = OK?*.

When each side is operated on with D" 1

,
the equation becomes

or transposing the sides of the equation and dividing by a we have

XT1
e = <T

l
tf.

Repeating these operations we obtain the equations

Now as
-^r

is an algebraical function which can be expanded in

powers we may write

= f (a) e-

33. Theorem II. If X denote any function whatever of sc, then

A single operation with D gives

D{e'
a>

X\ = e

from which, if both sides be multiplied by e',

so that the effect of operating on X with e"
* De is to give D + a

operating on X. Let the operation be repeated ;
then

(e- I>O (e~* De"*)X = (D + a) (D + a) X
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or (e~
aa D*O X = (D + a)

s X. > of the
q f\f

fit

Operate again with e~ Dena
: then

'

("DO (e** -D
9O X= (D + a) (D + a)

2X *
J

and so on. If the operation be performed n times, the resulting ,--

equation will be

which multiplied by e
nx

gives

Dn
{e

a

'X} = e

in which n denotes a positive integer.

Consider now the case of negative indices
;
write

(D + a)*Z=Zl

so that X = (D + a)-
nX

1
.

Then the result just obtained may be written

D" <F (D + a)~
n
X, = e Z

T
.

Operate on each side with D~n and the result is

Now no limitations were assigned to the form of X and there

are therefore none on that of Xv which can thus represent any

function of x
; replacing it therefore by X we have

JD'"
'{e X] =e

ai
(D + a)~

n X.

Let
-\/r (D) be expanded in integral powers positive and negative

(if necessary) of D ;
and let e

att>X be operated on by these integral

powers in succession, the equivalent values derived from the fore-

going equations being substituted and the terms collected as

before
;
then the result is

Tjr (D) |e" X} = e" ^
Corollary. If we write

so that Y is a function of #, then

-.
a theorem which is useful. For example, let it be required to find

a particular value of y to satisfy the equation
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But itune notation adopted this will be
iover ..

or choosing a so that a + k = 0, this is

" D

= -**IVe**dx.

34. Theorem III. If
>/r (#

a
) be an even function of K then

fy (D
a

) sin (ax + a)
=

ty ( aa

) sin (ax + a).

Tor Ds
sin (CM; + a)

=
( a") sin (a# + a),

and the theorem follows as before.

Corollary. If ^f(x) be not an even function of x it can be

expressed in the form

*(')+ X(^)

where $ and
p

are even functions of K
;
in this case

^ (D) sin (oat + a)
=

{<j> (D
1

) + D% (D
s

j}
sin (ace + a)

=
<

( a*) sin (owe + a) + a^ ( a") cos (owe t- a).

If the function to be operated upon be the cosine instead of the

sine, the corresponding changes are obvious.

35. Theorem IV. This is really an extension of Leibnitz's

theorem for the successive differentiation of the product of two

quantities whose differential coefficients are known.

If
T/T (a;) as before denote any algebraical rational function ex-

pansible in integral powers of x, and ^' (x\ ty" (x), -^r" (x\ . . .

denote its first, second, third, ... differential coefficients with

regard to oc, then the extended theorem is

uv

The proof depends on Leibnitz's theorem and is similar to that

of the preceding propositions.
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The advantage of this theorem arises in cases where one of the

two quantities u and v is a power of x, or is the sum of powers of as.

If, for instance, u = a171
"

1

,
the series on the right-hand side need only

be written as far as the m"1 term
;
and such inverse operations as

are to be carried out will be performed on a single quantity v.

Ex. Shew that, if w *

j " <"..

(Z>+4)"--"7, W " ' A' ^ -

\ f̂
' 'where 7 is a function of x only, y is given by -- Cc /"

[[

36. Another important operator which sometimes occurs is

as
-j- or, with the previous notation, xD

;
and similar theorems

concerning this can be enunciated.

Let F(z) denote a rational algebraical function of z expansi-

ble in powers of z
;
then in F(xD) we shall have terms of the form

Jn J J

(xD)
n which means, not as" -j-^ ,

but x -=- . x -*- ... operatiug n times,

The relation between these will shortly be proved.

Theorem I. F (xty xm = F (m) wm.

For (xD) x
m = ma?1

,
^ t ,

*/.
'

r i
*

'

(xD}* x
m =

(a?D) mx
m = m*xm

, --^

* '' ' '
'

and so for all integral powers positive and negative. Hence the

theorem.

Ex. Prove that if Z7be a function of # of the form ''_
ot - - - -

;

then

Theorem II. F (ccD) x
mV = as

mF (xD + m) V.

We have scD (x
m
V} = xm (coD + m) V,

or (a;""
1

.acD.oT) V= (xL + m} V,

so that the operators af . xD . xm and xD +m are equivalent. The

course of proof lies on lines exactly similar to those for the corre-

sponding theorem with F (D) ;
and the result is in the enunciated

form.
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3"7. The relation between the operators D" and xD is given by
the formula

a?Dn = xD (xD - 1) (tcD
-

2) . . .
(.*

Z) - + 1).

The theorem can be established directly; for if u the subject of

operation be expanded in a series of terms of the form Amx
m

, the

result of operating on this with Dn and multiplying by os
n

is zero

if m < n, and is

m (m - 1) (m - 2) . . . (m
- n + 1) Amx

m
,

if m>n; but this is also the result of operating with the right-

hand side. Hence the operators are equivalent for each term of u

and so for the sum of all the terras of u, i.e. for u itself.

The theorem can also be established by induction ;
for suppose

xnITu = xD (soD-l] (xD-2)...(asD-n + 1) u,

and write u = (xD ri)v;

then Dnu = ccD
n+1

v,

and so an+iDn+1
v = xD (xD - 1) (xD - 2) ... (xD-n)v.

Now u is any general function; hence v is also a general

function. The theorem, if true for n, is thus true for n + 1
;

it is

obviously true for the values 1 and 2 and so is true generally.

Some Properties of the General Linear Differential Equation.

38. The general type of linear differential equation of the 71
th

order is

in which X
lt X^, ... ,Xn ,

V are functions of x (or constants) but

do not contain y ;
for the sake of shortness let it be written

If this equation be integrated step by step so that each

integration reduces the order of the equation by unity, every
time such a reduction is effected an arbitrary constant enters,

and therefore, when ultimately the integral equation is ob-

tained, n arbitrary constants in all will have entered; or we

shall expect the primitive of a given linear differential equation
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to contain a number of arbitrary constants equal to the order of

the equation.

There are certain properties appertaining to all linear equa-
tions in common which simplify to some extent their integration ;

the most important of these are the following.

39. I. Let r) be any particular value of y, which satisfies

the equation ;
and let

y = i) + 7.

Then substituting this value of y in the equation we have

OE> () 7 + <(.) 77
= F.

But, since 17 is some solution of

the equation now becomes

3>OD)7=0,

so that to solve the original equation we must solve generally this

equation, which is the same as the original equation except that

the right-hand side is now zero. When the primitive of this

modified equation, which will contain n arbitrary constants because

it is of the 71
th

order, has been obtained, it must be added to 17 ;
and

the result equated to y will be the primitive of the given equation.

The primitive then consists of two parts :

First, the quantity 97, which is called the Particular Integral

and is any solution whatever (the simpler the better) of the origi-

nal equation ;

Second, the quantity Y, which is called the Complementary

Fu/nction; this is the primitive of the equation when the right-

hand side is made zero.

The sum of these two parts is the primitive of the general

equation. If in any particular case the right-hand side should

already be zero, the former of these parts will not occur.

The various methods available for the deduction of the

Particular Integral occur later in 46. The remaining properties

are useful in the investigation of the Complementary Function.

40. II. If F= 7
l
be a solution of the equation

F. 4
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then Y=C
1
T

l
is also a solution, where C^ is a constant; and if

F
t , F, ....... ,

Fn be particular solutions, then

is also a solution, where (7,,
C

t , ...... ,
Cn are constants.

For 3>(D)Y=3>(D)C1
Y

l
+ 3>(D')CJi + ......

and each term on the right-hand side is zero. No restriction

whatever has been laid on the values of the constants G, and they
therefore are completely arbitrary ;

the above value of 7 is thus

the primitive of the equation

and so is the complementary function in the integral of the

equation

Hence the determination of the complementary function is

reduced to that of particular solutions of the subsidiary equation.

41. HI. If a single particular solution of the subsidiary

equation be known, the order of the given differential equation

can be lowered by unity.

Let F
x
be a solution of

and let the substitution of the value F^ be made in the equation

3>(D)y=V;

then, by 35, the left-hand side becomes

in which the operations on >
- are derived from <3> by temporarily

considering D as a magnitude and obtaining the partial dif-

ferential coefficients with regard to D. But
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and so on
; hence, re-writing the equation, we obtain

But by hypothesis

<*> ()*><),
so that the last term on the left-hand side is removed

;
the quantity

Fj is supposed known and therefore all the functions of it on the

left-hand side may be considered known. Let Z be written for

Dz
; then the equation becomes

an equation of order n 1.

Ex. As a corollary prove that, if m particular solutions of the subsidiary

equation be known, the order of the original differential equation can be

reduced by m.

42. TV. The given equation may be transformed into an

equation, from which the second term (Le. the term involving the

differential coefficient of order one less than the order of the

equation) is absent.

The substitution of Y^z for y gives for the coefficient of lF~*z

Z^ + nDY,,

(and up to this point in the last section the assumed value of 7
t

was not used, so that the equation there was perfectly general) ;

since the term in Dn
~^z is to be absent we have

and therefore

v - a
or r

x
= e ,

no arbitrary constant being inserted as the differential equation

remains linear and of the w"1 order. If this value of F, be substi-
i

tuted, the differential equation in z is freed from the term in Z)""
1
^.

Of these properties I. and IE. will be immediately useful.

42
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General Linear Equation with Constant Coefficients.

43. If in the general linear equation the coefficients of y and
of its differential coefficients be constants, it may be written

or say f(D) y = V,

in which /(Z)) is a rational algebraical integral function of D alone,
and V is any function of cc. It has already been proved that the

solution of the equation consists of two parts which can be obtained

separately ;
these will be taken in turn.

44. To find the Complementary Function.

The complementary function is the primitive of

Now it has been proved that

so that y = e
am

will be a particular solution of the equation, if a be
such as to make

But f(z) is a rational, algebraical and integral function of

degree n, and therefore there are n roots of the equation

/(*) = 0.

Let these n roots be a, /S, . . .
,
X

;
then e *, ePx

, .... &* are ri

particular solutions of the equation

and the primitive is therefore

y = Ae + 6?

in which A, B, ..., L are n arbitrary constants. This value of y is

the complementary function of the original equation ; and, if the
roots be all real and different from one another, it is complete.

If however two roots be equal to one another, say a. and & then
the value of y becomes

y = (A + B) e**
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A^ being a single arbitrary constant (equal to the sum of two

arbitrary constants). There are now only n 1 arbitrary constants

in y, and the expression therefore ceases to be the primitive. In
order to obtain the primitive we may suppose that the roots are

not equal but differ by some quantity h which will ultimately be
made zero

;
the part depending on the roots a and ft will then be

AeP* + Be^+V*

As the quantities A and B are arbitrary, we may assume them
infinite in such a way that, as h approaches zero, Bh is finite

and equal to B
I}

while A and B are of opposite sign and their

numerical difference (or algebraical sum) is finite and equal to A
1 ;

thus the sum of the two terms Ae * + BePx becomes

3

ultimately, when h is made zero.

Similarly if '/ roots be equal the corresponding r terms in the

complementary function will apparently coalesce into a single

term
;
but it is easy to shew, by reasoning similar to that adopted

for the case of two equal roots, that the r terms will be replaced

a. denoting the common value of the r equal roots
;
and the com-

plementary function will then be

If now the roots be not all real, those which are imaginary
must occur in pairs ;

let such a pair be 6 +
<jri*. The corre-

sponding terms of the complementary function will be

which it is sometimes necessary to express in a form free from

*Thronghout the book V^T will be replaced by i.
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imaginary quantities. If cosine and sine values be substituted

for the exponentials, this expression wiH become

e
6'

\(A' + B) cos
<f>w + i (A'

-
B') sin fa}.

Since A' and B1

are arbitrary constants, we may write

and we then have F and G arbitrary ;
the corresponding terms in

the complementary function therefore become

eej> (F cos fa 4- & sin fa).

Lastly, if an imaginary root be repeated, the conjugate

imaginary root will also be repeated and the corresponding

terms in y will be

Using the same method as before and writing

i (A'-ff) = Q, i (A"-B') = &',

we obtain as the corresponding part of the complementary function

e
e*

{(F + F'x) cos fa + (G- + Q'sc) sin fa}.

Results analogous to those in the case of multiple repetition

of real roots are obtained in the case of multiple repetition of

imaginary roots.

46. In some cases of the general linear equation, when the

coefficients are not constants but are some functions of to, a method
somewhat similar to this will apply. Thus, it might happen that,

when for y in the equation

there is substituted ty (m, x), where
i|r is a function of definite

form, the resulting equation had a factor independent of # such

as (ra) ;
if thjs were so, the factor would usually be of the degree

n, and so equated to zero would satisfy the differential equation
and would furnish n values of m which may be denoted by m^ ,

7
a ,

. . .
,
mn ;

the primitive would then be

y =A&K , as) + A^r (ma , a) + . . . +An^r (mn , 0).
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If two roots were equal, as m
1
and w

a , then writing mB
= m, + h

we have for the corresponding part of y

or

on changing the constants an making h ultimately zero as before.

A similar process holds for the case of a multiple repetition of

a root m
l ;

and in the case of imaginary roots the corresponding

parts of y should usually have the constants changed in the

modified expression, so as to leave the latter free from imaginary

symbols.

This process was adopted in the case of constant coefficients,

the special form of ^ used being e; when the equation is

homogeneous ( 55), that is, when it takes the form

in which the quantities A are constants, the proper form of

ty (see 36) to be substituted is xn. Occasionally by a suitable

change of variable a given equation can be reduced to the above

shape.

Ex. 1. Solve g4
When we substitute y=dna,

the equation for m is

so that y= (16-*+ Be-**.

TO 7
ffaAj fit!

Ex.2. Solve g_2X
The equation for m is

so that y=
* C cos (px+ a),

or e^" (A cos fix+B sin JLUC).

Cor. The solution of

is

A*. Solve
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The equation for m is (m- 1 )
2=

0,

and therefore y=& (A + Bx}.

fSx. 4. Solve

The equation for m is

and the value ofy is

(A+ Bx) cos nx+ (C+ Dx) sin nx.

When we substitute tf* for y, the equation for m is

m(m l)+wz.-l=0,

so that m= + 1 or - 1 and the value of y is therefore

-.
3S

Ex.Q. Solve s3_3.^
cfco

3 cc c

With the same substitution as in Ex. 5, the equation for m is

or m3-6ma+12flt-8=0,

giving m=2 thrica Hence the value ofy is

3

m being put equal to 2 after differentiation ; and thus the integral is

a {-A+S log + C (log #)
2
}.

&. 7. Solve

Let a+6a;=2; the equation will then be sunilar in form to the last two.

Ex. 8. Solve

(i)

(ii)

(iii)
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46. Returning now to the linear equation, in which the

coefficients of the differential coefficients of y are constants, it is

necessary to find a Particular Integral of the equation

in which F is a function of ac. Solving by the method of sym-
bolical operators, we have

the evaluation of the right-hand side will furnish a satisfactory

value of y.

In some particular cases the form of F renders evaluation easy;

we will proceed to mention some of these which occur most fre-

quently.

I. Let F be a rational, algebraical, integral function of CD;

suppose the highest power of a; in F to be the 71
th

. To find the

particular integral, .. ~. must be expanded in ascending powers of

D
; and, because Z)

n+1 and operators of a higher order would reduce

to zero all the terms of F, the terms in this expansion beyond D"

may be omitted. Further, if the lowest power of D in f(D)
be D* then the expansion will begin with D~* and it does not

need to be carried on beyond D
n

,
i.e. ZT"**

1**" 1

;
hence in f(D] all

terms of order higher than Dn+*
may in this case at once be

omitted before expansion.

Ex. 1. Solve

and the complementary function is e2"
(A+Bse) ;

hence the primitive is

y=e>* (A +Bx)

Ex. 2. Solve (Ifi
'- a4

) y=

The primitive is evidently
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Ex. 3. Solve (Z)
4 - 2Da+D3

)y= a*.

=p (1 +W+ ZIP+ 4JD3+ 52*+ 6-06) j?,

terms up to the fifth being retained ( 46). Now 1+2.D+... and ^ may

be conaidered separate operators; operating with the former first and remem-

bering thai only a particular value is wanted so that constants need not be

inserted with =3 ,
the value for y is

j"6 yA_ + _

Now if
jj2

had operated first (or if the second operator had been takeu dis-

tributively, each term with ^ ,
so as to be

tf tf*

then the value for y would have become

The primitive is

and the apparently additional part of the particular integral obtained, when
the operators are taken in the second method, is seen to be included in

the complementary function, since C and D are arbitrary constants.

It is easy to see that in general not merely the terms of an order higher
than _Dn+

*

may be at once removed from /(.D), but in the expansion itself all

terms of an order higher than Dn may be neglected whether the subsequent
operator D~* be of an order greater or less than n. In particular, if X be a

constant, only the lowest power need be retained.

Ex. 4. Solve

(ii)

H. This njethod may be applied to evaluate y, when V is an

exponential, and to simplify the process (and so render the evalua-

tion more proximate) when V contains an exponential factor. In
either case we may write

V=eaa
X,
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and then

IfX be a constant, the value of y is now at once obtainable by the

preceding method. The quantity a may or may not be a root of

f(z) 0. Suppose it to be a root i 1 tunes repeated, so that for

a single root r = 1. If a be not a root, r = 0. Then expanding

f(D + a) we have

/(D +<)-/ (a) + r-r" (a)+ -.
,

in which fw (a) means the /i
th

differential coefficient of f(z) with

respect to #, when a is substituted for z
;
then for y we have (by

attending to the remark at the end of Ex. 3 on the last page)

H

In particular, if r = 0, then

Ex. I. Solve

Here 2 is not a root of +z+ 1=0, and therefore

and the primitive is

y=e~*
a> (A oos-^ + Ssin-jr-J

Ex. 2. Solve ( JD-4Z)+3)y=2fl
!)J

=.

1

Here ym
1

2

and the primitive is
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Ex. 3. Solve (i) (Z)-a)
n#=eM ;

(ii) (*-6D+8)y=<P+(P*.

Ex. 4. The roots of the equation f(e)=0 axe n in number, being

&!, Oj, ..., ^ ; obtain the particular integral of the equation

Discuss the case when two of the roots (a^ and Oj) are equal

If X be a rational algebraical integral function of x and

therefore expansible in powers of as, then the quantity

must be evaluated as before in I.

Ex. 1. Solve (2

Here

(+2)'"

=<

and the primitive is

^ar. 2. Solve

Here

and the primitive is

*

Ex. 3. Solve (i)

(ii)

III. Suppose that V contains a sine or a cosine as a factor, so

that
* V'=X cos (nee + a),

in which n and a are.constants. Then we have to evaluate
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Let y1
= :X sin (nx + a),

then

It now remains to evaluate w

1

which may come under one or other of the given rules; if its

value be u + iv, then equating real and imaginary parts we have

y = u cos (nas + a) v sin (nx -f a).

In the case when X is a constant and cos nee is not part of the

complementary function, so that in is not a root off(z) = Q) the

evaluation is immediate
;
for then

_
"/()

If however COSTWJ be a part of the complementary function,

so that in is a root r 1 times repeated, then since

we have

we must separate and equate the real and imaginary parts as

before.

Ex. I. Solve

Then y=

=real part of

a; GOB ax
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Ex. 2. Solve

Then 3

=real part of

and the primitive is

y=A cos #+.3 sin #+&# sin x.

Ex. 3. Solve < (Z>) y= COB nx,

ooa ?ia? not being a port of the complementary function,

Let

If however cosn# be a part of the complementary function, then the

denominator will vanish and apparently render the particular integral infinite.

But it is merely a part of the complementary function, multiplied by an in-

finite constant, which may be absorbed into the arbitrary constant; to

evaluate the particular integral it would be sufficient to evaluate

assigning the infinite part (when h is made zero) to the complementary func-

tion and retaining the finite part as the particular integral. It is however
better in such cases to use the former method

;
in fact, this method is prefer-

able only in the case of examples like that just treated.

Ex. 4. Solve "

(i) jp+y=sm "# (both when n is, and when it is not, unity) ;
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(iv) -jj|+ 2 -&+y=$ cos cu; (when a is, and when it is not, unity) ;

(v)

(vi)

(vii) (JZ)2-2.D+4)
2
y= x(P oos

(x) -j

(zi)

(xii) ^+y=si

IV. If V contain a power of x as a factor, so that we may
write

then for the determination of the particular integral we may use

the extended form
( 35) of Leibnitz's theorem.

Thus

where the series must be carried to the (ra + 1)*
11 term

;
each of

these terms still leaves a quantity to be evaluated which may be

done by the methods of one of the preceding divisions
;
if it may

not, the quantity may be obtained by the next method, which is of

universal application. The success of this general method depends

solely on the solution of an equation (the solution being requisite

to obtain the complementary function) and on the integration of

resulting expressions.
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V. Suppose that all the factors, which occur in V and can be

dealt with by one or other of the foregoing methods, have been

taken outside the operator and that the quantity remaining comes

under none of these heads, so that we have to evaluate ex-

pressions of the form

Let
-pr

be expressed in partial fractions, each having for its

denominator a linear factor or a power of a linear factor of ty (D},

the constant quantities occurring not being necessarily real
;
then

the fractions will be of the form

*n

(D - a)
n '

where n is an integer, An and a constants, and a a root of

ty (#)
= 0. Hence

J- T-r- -* J-L- f~r-

A

= 2A^ I!......e- UdaT.

If imaginary quantities enter into any expression the conjugate

imaginary quantities will enter into some other
;
such a pair of ex-

pressions must in general be combined so as to leave no imaginary
quantity in the explicit expression of the particular integral.

Ex. 1.

Hence the particular integral is

1)^3 log *~ 2T^2 log X=^
\
*~*" log * ** ~

and the complementary function is

Ess. 2. Let the right-hand side in the preceding example be a? log a; in-

stead of logs ;
then we may either integrate by parts or use the extension of

Leibnitz's theorem. The latter gives
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-eP l

Ex. 3. Solve

where U is a function of x. We have

___ __
Zin\D-in D+in

or, changing the variable under the sign of the integral,

\ f
x

=
-J UfBinnte-fidi-,

in which G is the same function of as 7 is of x.

There is another method of integrating this equation which proceeds on
different lines. Multiply throughout by sin nx : then

d_fr
dai \dx'

and therefore

;j= U's.innx,

-r-BiRTUB ny cos nx= An+ I C^si

Similarly, multiplying by COSTU; and writing the equation in the corre-

sponding form, we find an integral

-4- cos nx+ny sinnx=Sn+ I U* cosnd.

Eliminating -jr
between these, we obtain

y=A cosu?+ JSsma;+- I U> sin n (x

agreeing with the former result.

Ex. 4. Solve (i) +11*$= a? cos ox,

when n> ct and when n=a ;

F.
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(U) g--v-ir,
where U ia any function of x ;

(Hi) g-%-4***.

.Sir. 6. By means of (ill) in JSfe. 4 prove that

VSe"^
2

/"'

x
abf-'^dx-W^F tf^^dx^.

~V2
'

va

47. Owing to the close similarity between the Linear equation

with constant coefficients and the homogeneous linear equation,

the latter may be dealt with here
;

it may be written in the form

where V is a function of x alone and may be a constant C. In the

latter case the particular integral is at once obtainable; it is

evidently

If the operator x -5- be denoted by S-, then ( 37)

and the differential equation may be written

Consider the two parts of the primitive separately ;
the com-

plementary function is the primitive of

Now we have already seen that

F(tya?

Hence, ifp be so chosen that

then os
p

is a solution of the equation; and if plt p^, ..., pB 'be the

roots of F (z)
= 0, the complementary function is
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The case of equal roots has been discussed already ( 45) ;
if

-7
two roots be imaginary, say p1

and ps , so that / , /^j '.*/
*'"";

'

r

"
''

"

p^ = a + 1/3 and pt
= a - )- "V p''-

'

J_ /^
then the corresponding part of y will be -^ yc '-*

'"'"

0* {^L; cos (0 log *) + A; sin os lo
, .

t

the arbitrary constants having been changed.

'

<v -
.,

- -

Ex. If the imaginttry roots a z)8 be repeated r times, the corresponding
part of the complementary function will be ,

t ,''

48. The particular integral is the value of

and the evaluation may be effected in two ways, which are really

equivalent save for the difference in operators employed.

If V either be a power or contain as a factor a power of x,

say ss
m

,
then

~ W -r-u /fv \ J-

In the case when T is a constant, the evaluation is easy. If m
be not a root of F(z) = Q, then we may expand {.F(Sr + w)}""

1
in

ascending powers of S- and neglect all but the first term, which is

independent of S- and in fact gives

The same method (of expansion) will apply when T is a rational

integral algebraical function of log as
;
and since

S- log x = 1,

the expansion does not need to be carried beyond $", where n is

the index of the highest power of log ID in T.
*

If however m be a root r 1 times repeated in F(z) = 0, then

52
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and we have to evaluate

[48.

If T be a constant 0, then since -
- r

. .

j

, jc.
1

. '*<"
'

i

the value of y is

F" (m)
'

if it be a function of log a; as before, the operator should be ex-

panded in ascending powers of S- up to
"

(S-
r

being retained in the

denominator), and the value of y will be given as the sum of a

number of terms of the form

that is, of a number of terms of the form

.
N

(s + r)

A general expression can be given for the particular integral in

the case when V takes none of these forms. Let ^-7^ ^e expanded
\

in partial fractions and suppose some term to be JL I/
J ^ "^

A
*

then y will be the sum of terms of the form

^ Ya_ ..
K

>

;.&J
J -

^

which is equivalent to

"- Astf- ^ Var*, or Aaf- 1 Fa;-"-1 da.
* A J

Another method of proceeding ^is to change the independent
j

variable from a to z, where tc is &
;
this changes S- into -=- or D,

dz
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and all the methods of 46 will now apply. It is easy to see that
all the cases indicated for S- are strict analogues of cases indicated

forD.

Ex. Solve

(vii) .r
2 _ _

MISCELLANEOUS EXAMPLES.

1. If there be two linear equations of orders m and n (?i>m) satisfied by
the same dependent variable, a third linear equation of order n m can

without any integration be derived from the first two
;
and the equations of

orders m and n m (when integrated) will suffice to furnish the integral of the

equation of order n. (Liouville.)

2. Solve the equations

do? a: dx(a) ft+*-,v '

<Py +

(y)

3. Prove that the solution of

is = cos aj; - n arc cot
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4. Obtain the general solution of the equation

in the form

y= f -*
Kt
(Acoarit+Bainrit) + -t [*

c-i-*>Hin n'(t-f) ff'df,n J o

where U' is the same function of t
1

as U is of t, and n' is given by

*=7l-ilA

5. Solve the equations

,-x &y
(
m

) -A

6. Obtain the complementary function of the equation

in the form

and shew that the part of the particular integral corresponding to the typical

terms under the summation sign is

7. Prove that the solution of the -equation

s
+ e
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8. Prove that

9. Prove that

(i)
2an+

(ii) J)ms

(iii)

10. Prove that, if 3- denote x

where AQ ,
A

lt ..., 4n _ 1
are arbitrary constants.

11. If P, Q, R be commutative symbols of operation the solution of

^av-n i, \*
2. . -i>

"

*

j.v.C'j. -(sP
'"'*'

o ^ "*
"^T'v't

'

'.',"{' i r
' %tu"'il

Qfc* ,
*-



CHAPTER IV.

MISCELLANEOUS METHODS.

49. BEFORE we discuss the linear equation of the second order

with variable coefficients there are several miscellaneous methods

which it is advisable to consider
; they apply to systems of equa-

tions which admit either of complete solution or of approach to a

solution in the shape of a first integral. It is to be understood

that the equations hereafter given are typical and not merely
isolated equations which can be integrated ;

it is frequently possible

to include others under some one of the following classes by means

of well-selected substitutions for either the dependent or the

independent variable. Such substitutions point out however the

limits within which the methods are for the most part effective,

so that it must be borne in mind that the methods are not of

general application to all linear equations of the second order.

50. The simplest case of all is that in which the equation
is of the form

where X is a function of as alone. It is immediately integrable
and the result of integration is

A
1 denoting an arbitrary constant. A second integration gives
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A
y being another arbitrary constant. Proceeding in this way we

shall have after n integrations as the general solution

2/
=

A
in which B replaces -.

-r
. and is therefore an arbitrary con-

(n r)\
J

stant.

51. Another very simple equation to be considered is

da?
'

in which Y is a function of y alone
;
but in general it is integrable

only when n is either 1, or 2. In the case when n is 2, let the

equation be multiplied by 2 : then each side may be integrated,

and we have

suppose; in this the variables can be separated and finally the

general solution of the equation

Ex, Solve

A firat integral is

where o is an arbitrary constant
; separation of the variables gives

y
and therefore arc sin =ax+ a,

o

or y= csw(ax+ a).
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52. Any differential equation which merely expresses a rela-

tion between two differential coefficients, whose orders differ by
either 1 or 2, admits of solution. As a type of the differential

equation, when the orders differ by 1, we may write

d"y ,-,
. 2. /r

dxn

dn~l
v

j n-i
= -I

7

"; th611 the equation becomes

the integral of which is

dY = 0!+A.

Suppose this equation can be solved for F and that the solu-

tion is

that is

Then this is one of the cases already discussed ( 50), and the

general integral can be obtained.

Or after obtaining the equation i|r (F) = x + A, we may proceed

thus : since

therefore

Similarly

dY 7d7_f dY
f'hmi

F(T)

F(Y)
}

and so on, until

[jr_r*r_ fYdY
y-]F<Y)]F(Y) J,
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an arbitrary constant being introduced after every one of the inte-

grations, which must be taken in order from right to left. Then

we have two equations between ao, y, F, from which T is to be

eliminated ; and the eliminant will be the primitive.

It is evident that by this method the equation

can be solved.

Esc. 1. Solve a-^ = ,
.

cLc3 dor

then o-f
of which the integral is

K

=M
^

and therefore y= Aea + S.c+ C,

where A, B, G are arbitrary constants.

Ex. 2. Integrate

53. As a type of the differential equations which connect

differential coefficients, whose orders differ by 2, we may write

~
y. = z

\
then the equation becomes

dx*~*

d z /./ \
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the solution of which has been obtained in the form

dz

/,

If, after the integrations have been carried out, the Equation

can be algebraically solved for z in terms of a, say

z = B
(as)

(where the function 9 (as)
will involve the constants A and 5),

then Ti 2 direct integrations will furnish the primitive. But

if it should be impossible to effect this algebraical resolution,

then we have

TT d"~
Hence -

dz r zdzcT*y _ f dz r

<M" ~J{A + 2lf(z)dz\V{A + 2lf(z)dz\V [A

and so on
; ultimately we shall obtain y as a function of z, and the

primitive will be the eliminant with regard to z of the equation

between y and z and the equation between x and z.
'

*L Solve *g-g. I

4

When we write 2 for -=-*[ tlie ecLuation becomea t

i

i^ I

=?>

so that =
flifl"+ c2e

a
,

and therefore y=Ae
a
+Be

a + Cj;+I>,

in whioh A arid 5 replace Cja
2 and c

2a
2
respectively.

&r. 2. Solva
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54. In some particular cases the general differential equation
of the second order can, by substitution, be depressed so as to

become a differential equation of the first order; such cases

occur when one of the variables is explicitly absent from the

equation.

First, consider an equation in which x does not occur, so that

it may be written in the form

dx' da?)

Let -f-=p and then -r4 = P -rS the equation thus becomes
dx r

da? dy
^

a differential equation of the first order to find p in terms of y.

Let the solution be

P =

in which /(y) will include an arbitrary constant. Then the

variables are separable, since we may write

and integration of this equation will lead to the primitive.

Next, consider an equation in which y does not occur, so that

it may be written in the form

Let -r- P ;
then -j-^ = -

: the equation is transformed into
dec

^ da? dec
n

an equation of the first order to find p in terms of #. Let the

solution be

p = F(x-),

where F includes an arbitrary constant. Integrating this, we

obtain as the primitive
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fi,.l. 8*. te--I

When we -write -/-=p the equation is transformed into
CttX

__
3a-y'

the integral of which is

where /u
is an arbitrary constant ;

the primitive is given by the evaluation of

J

&1 So.

The substitution -/=p transforms the equation into

a2 dp _
J^ - O/v. .

J ~^ AiO i

^
on integration thin gives

and therefore

.so that the primitive is ^

y=\pdx=B+3 *

Ex. 3. Integrate
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(viii)

Homogeneous Equations.

65. There are certain classes of differential equations in

which a kind of homogeneity subsists
;
and the solution of these

can by suitable transformations be made to depend upon that of

equations of lower orders. The homogeneity is constituted as

follows : if y be considered to be of n dimensions, while # is of one

dimension, then -/- , since it is the limit of ~
,
is of n 1 dimen-

cLx \a)

sions
; -^ , being the limit of -^ , is of n 2 dimensions, and so

on
;
and the equation is said to be homogeneous when, if these

dimensions be assigned to the corresponding quantities, the terms

are all of the same dimensions. The simplest case is, of course,

that in which n is unity.

First, let n be unity so that x and y may both be considered of

one dimension. Let y = xz and x = eP
;
then

dy_fa $
das dd

^ylf^z dz\

da*~(dP
+

d6J
e '

and so on
;
and the resulting differential equation will be one be-

tween z and 6. Now it will be noticed that the coefficient of 6 in

the index of the exponential wherever it occurs in any differential

coefficient is the number representing the dimensions of that dif-

ferential coefficient
;
and therefore, when substitution takes place

in the differential equation, supposed homogeneous, the index of

6 in the exponential will be the same for each term of the equa-

tion, and this exponential will therefore be a factor which may be

removed. The new independent variable 9 will no longer occur

explicitly in the equation, which will therefore be of the class

already discussed in 54 and can have its order depressed.
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*. I. Solve *

Making the substitutions of 55 we have

d2* dz ( dz N" *

When we write ^2=^1 the equation becomes

dv

or, if v=zs,

and therefore -r- = d6.

The variables are separated and the equation can be integrated.

Ex. 2. Solve

Passing now to the general case in which homogeneity is con-

stituted on the assumption of n dimensions for y, we write

We now have

and so on. It is obvious that the coefficient of in the index of

the exponential, which occurs in the expression of every differential

coefficient, ex.actly measures the dimensions of that differential

coefficient; and as before, when substitution takes place, the

exponential will disappear and the differential equation, having
been thus transformed into one from which the independent
variable is explicitly absent, can have its order lowered by unity.
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Ex.l. Solve ^

This is homogeneous if y be considered to be of two dimensions while a; is

of one. Hence we substitute

and the equation becomes

S+'

A first integral is given by

- --,
and in this the variables can be separated in the form

the integral of which will vary (being either an inverse circular function or a

logarithm) according to the sign of A.

Ex. 2. Solve

' ' /J~jj rf'K
~~

\ /7i / ff '

w + -($)'-

A particular set of cases arises when n is made infinite; all

the quantities y, -^- ,
have then the same dimensions. The

simplest method of solution is to adopt the substitution

and the resulting equation between u and as will be of an order

lower by unity than the given equation.

Ex. 3. Solve

F.
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Exact Differential Equations.

56. A differential equation of the form

-/d"v d^y dy \ .

/Off- ^ *)-<>
is said to be exact when, on representing the left-hand member by
V, the expression Vdw is the exact differential of some function

U, which is necessarily of the form

Consider first a linear exact differential equation, which may
be represented by

da? "-1

where the coefficients are all functions of as. An equation of this

form will not in general be an exact differential equation, but we

proceed to shew that, if a certain relation be satisfied by these

quantities P, the equation can be integrated once.

Indicating for convenience differentiation with regard to as by
means of dashes, we have on direct integration

J
P ydtB

=
j
P ydas,

,jd* = -
P,'" yd* + P fl

"
y
- P

BV

and therefore

-P
1

'

+P1
"-P

8

"' + ......)ydx

8
"- ......)y

G.
!
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where the -law of formation of the successive coefficients Q , Qi} Qv ...

is the same and, in particular,

Now the condition of integrability evidently is that there shall

be no term remaining which involves an integral of y\ and the

necessary and sufficient condition for this is that

<?
=

<>,

that is,

When thjs condition is satisfied, the first integral is

where A^ is an arbitrary constant.

If now the coefficients Q satisfy the corresponding condition, viz.:
'

the equation is again integrable ;
and the process can be continued

so long as the coefficients of each successive equation thus derived

satisfy the condition of integrability.

Ex. 1. The equation

is an exact equation ;
for we have

P =l, P/=l, P2

"=
0, P8'"=0;

and so the condition is satisfied. Integrating each side we have

In practice it is sometimes easy to see that a given equation is inte-

grable. In many cases the quantities P are either of the form oz or sums of

62
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expressions of this form
;
and #"* -^ is a perfect differential coefficient, if

m be less than n
;

for integrating it by parts we have

If n=m+l the last term is (-\}
m
m\y.

When we apply this lemma to the present example, the terms involving

^ ^l are seen to be perfect differential coefficients, and x - +y is
-j- (xy\

dap da, o*a aa!

so that the left-hand side is a perfect differential coefficient and the equation

is therefore exact.

Ex. 2. Prove that the equation in Ex. 1 cannot be further integrated by
the foregoing method,

Ex. 3. Solve

(ii)

and shew that the equation

becomes integrable on being multiplied by some power of as. Obtain its

integral.

57. The method which is used for integrating exact equations

which are not linear may be illustrated by considering an example.

Ex. 1. Solve

On the supposition that this is an exact differential equation we may write

where p stands for -r- . Let U denote what would be the value of U if p
CvtC

were the only variable, so that

Let all restrictions be removed, so that

dO
l
= (Zsp+ 2yp*) dx+ (a?+2^) dp,

and therefore
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which gives on integration

U-U
that is,

and therefore the first integral is

The preceding method will he seen to lead to the following

general rule for the integration of an exact differential equation of

the 71
th

order. The equation, being derivable from one of order

dnyn 1 by direct differentiation, will contain -3-^ only in the first

degree ;
if this condition be not satisfied, the equation is not exact.

Let the equation be written in the form V= 0, and integrate

Vdoc as if * nj( were the only variable occurring in V and -j-^ its

differential coefficient; let the result be U^ Then Vdas dU
l

involves differential coefficients of y of the order n I at the

utmost; as it is an exact differential the highest differential

coefficient of y which occurs can enter only in the first degree.

Repeating the process as often as necessary, we shall ultimately

have

Vdx-dU
l
-dU

t
-...=Q.

Then a first integral of the given equation is

Ex. 2. Solve

... dy dfy ,dyw j -j-s. -y^ j^ ' dxdar a dx

Ex. 3. Shew that the equation

becomes Lategrable on multiplication by the factor 2#a
-/-2#y. Hence

deduce a first integral and the primitive.
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Ex. 4. Integrate the equation

aV
+

having given that there is an integrating factor of the form Xj
-

(Euler.)

Linear Equation of tlie Second Order.

58. We shall here prove some of the leading properties of the

linear equation of the second order
;
but the present investigation

will not for the most part anticipate the discussion of the general

linear equation, for the properties here established belong solely

to the equation of the second order.

The general form of the equation is

in which P, Q, and R are functions of x
; they may in special cases

be merely constant quantities.

Substitute in the equation for y a value vw, where v and w are

both functions of a;; as yet the only limitation on them is that

their product must be equal to y.
We then have

tfv

As we may choose a relation arbitrarily between v and w or

make either of them satisfy some condition, we will suppose it

possible to determine w so that the coefficient of v may vanish,

that is,

da? doc

which, it will be noticed, is the same as the original equation with

the right-hand side equated to zero. The quantity w being now

considered known, the modified equation becomes

. p = L

das
9

\w dec J dot)

~
w '
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so that

%L e
!Pd* =A + !

cue J
w

and therefore

f*? e
-sr* + [^

J w9 Jvr
dx.

It therefore follows that, if any solution, whatever of the original

equation with the right-hand side equated to zero can be found, the

complete primitive of the original equation in its general form can

also be found. The problem of deducing this complete primitive

is therefore resolved into that of finding some single solution of

the simpler equation. This, in the most general case of P and Q

unrestricted to particular functions of a>, has not yet been effected;

but in special instances it is possible to determine such a solution

as is desired, sometimes by inspection, sometimes by means of a

converging series, sometimes by means of a definite integral ;
but

in the two latter cases (which are usually closely connected) the

explicit evaluation of the form obtained for v is difficult or impos-

sible, though this form ( 5) still remains the solution.

Ex. 1. Solve

A particular solution of

3--
is evidently y=x ;

hence writing y=xo in the original equation we get

Hence

d̂x

and therefore

If wi=0, this can be simplified.
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Ex. 2. Solve

(ii)

59. If however a solution of the equation when R has been

put zero cannot be obtained, then it is sometimes useful to remove
~ dv

from the transformed differential equation the term involving -r-.
CM?

That this may be the case w must satisfy

das

from which we find

w = e~Mpda>
;

there is no necessity for adding a constant in the integration as it

will afterwards disappear. Insert this value of ^ in the equation

and write

then the equation becomes

In some particular cases this equation admits of immediate

solution, but these cases occur much less frequently than those to

which the preceding method applies ;
and the advantage of the new

form, which will be indicated shortly, lies in an altogether different

direction. Now we know that if a solution of this equation with

the right-hand side equated to zero can be obtained, the primitive
of the general equation is obtainable

;
and we may therefore quote

the equation in the form

Ex. 1. Solve,

Hence P= -- and therefore
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so that the equation giving v is

The solution of this is

x

and therefore the general integral of the firafc equation is

Ex. 2. Solve

(ii) **_*.,.(,+ ),_x '
efo2 x dx \ x*)*

<ffi> -^

60. The advantage of using the form

instead of

as typical of the linear differential equation of the second order, lies

in the fact that for all substitutions such as /() for y in the latter

equation / is a function of P and Q of such a form that, when the

new equation

has its second term removed by the substitution

Z = .

iy

it takes the form

Thus / is exactly the same function of P
1
and Ql

as it is of P
and Q ;

and we may therefore call / an invariant of the coefficients
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then

and therefore

#1 ^i

y.^"*'
so that s is the quotient of two different solutions of either diffe-

rential equation. We now. proceed to find the equation which is

satisfied by s
; jaince each of the quantities y (or v) may consist of

two terms each containing an arbitrary constant factor, the quotient
of one by the other may contain three arbitrary constants (not

four, since without altering the value or generality of such a

quotient any constant may be made unity); therefore the diffe-

rential equation satisfied by s, a function involving three arbitrary

constants, must be of the third order.

Indicating differentiation with regard to co by dashes, we may
write

v," + Iv
t
= 0.

Taking logarithms of

*_^_^
s
~

v, v.

and differentiating it, we have

s_' =
s

which on being differentiated gives

s \sy

But

so that the equation is
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of the differential equation*. The equation so reduced may be

said to be in its 'normalform' ;
and any two linear equations such

as the equations in y and z can be transformed into one another, if

the normal form of each be the same.

If it be known that two given equations are so transformable and the

equation of substitution between the dependent variables be desired, this can

easily be obtained by using the normal form as an intermediate transformed

equation. Thus in the general example the equation in y becomes transformed

to that in v by writing

and the equation in v passes into that in z by writing

and therefore the relation which transforms directly the y-equation into the

2-equation is

irz>/*, i
=zey

'Ex. 1. Prove that the equations

and

can be transformed into one another; and find the relation between a,

and x.

Ex. 2. Find the value of Q which is such that the equation

3+-i+r-
may be transformed by a substitution y=/(#) into

Obtain the value off (us).

61. Let yl
and ya

be two particular integrals of the equation

dor dx J

and v
1
and v

a
the corresponding particular integrals of

d*v

Of. Malet, Phil. Trans. (1882), p. 751.
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and therefore

s

or

Differentiating this again, we have

and the transposition of the last term gives

This is the differential equation satisfied by s
;
and it is of the

third order, as was indicated.

The function of the differential coefficients of s with regard to x,

which occurs on the left-hand side of the equation, has been called

by Cayley the Schwarzian Derivative* and is denoted by him by

{s, x] ;
it is so called because its properties are discussed and it is

of fundamental importance in a memoir by Schwarz in Crelle's

Journai (t. LXXV), though the function is not originally due to

him-J-.

62. If now any solution of this equation can be obtained, then

a solution of the original differential equation can be immediately
deduced. For let such a solution of the new* equation be denoted

by s
;
then since

we have, on integrating this,

. -Ob''*,

where G is arbitrary. This is one solution
;
another is

^ = v
a
s = Os s,

*
Cayley, Oamb* Phil. Trans. (1880), vol. xiii. p. 6.

t It occurs implicitly in Lagrange's memoir " Sur la constrnotion dea cartes

geographiques" (Euvres, vol. iv. p. 651 (this reference is due to Schwarz), and

Jaoobi'a Fundamenta Nova ; and explicitly for the first time in Rummer's memoir
on the hypergeometrio series in Crdle, t. xv., which is referred to in Chapter vi. ;

see also Cayley, I. c.



62.] DERIVATIVE. 93

and from these the corresponding solutions of the equation in y
are derived by inserting the exponential factor. When any one

solution of a linear equation of the second order is known, we can

obtain the general solution
;
and hence any particular value of a

satisfying its differential equation will lead to the complete solution

of the first of the differential equations.

This theorem holds in regard to the general linear equation of

the second order
;
but its chief application arises when the linear

equation is that satisfied by the hypergeometric series, to be

discussed in Chapter vi.

Ex. 1. Prove that, if

s(flU?+ &)
= OF+ fl?,

.

the Schwarzian derivative of s vanishes.

I /I />'-
Ex.1. Find the general value of s when pi4/r-

^ /

x* {. x] +a=0, / ef*Ji<w
where a is a constant.

Ex. 3. Prove that
'

,. , , i . r i , ,

(iv) {,, ,}- {,, y]
~ K }+ (y, r}.

63. Another method which is sometimes effective is that of

changing the independent variable.

Take z as the new independent variable
;
then

^

dx dz dss
'

fy_d*y /dz\* dyd*z m

a? d \dos) dz do?
'

and the original equation becomes

*

dy (d*z+jj-a
dz \dso
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As yet z is quite arbitrary and it may therefore be chosen to

satisfy any assignable condition. Thus we may choose to make

dtj
the coefficient of -- vanish so that

dz

^
da? dx

'

and therefore z is given in terms of w by the equation

.
z =

The eliminant 6f this relation between z and x and the trans-

formed equation may furnish a differential equation which proves

integrable.

One integrable case occurs when the value of z is such as to

satisfy the relation

daoj

i

"Ucy
"

where \i is a constant
;
and then the equation takes the form

of which the integral is

a and # being the roots of

m (m 1) + fi
=

;

and it is not difficult to prove that the relation which must exist

between P and Q in order that this may be the case is

Another integrable case would be furnished by

and so for other cases
;
and it will be noticed that in each case the

equation is reduced to what may be called a known form, that is,

one of which the primitive can be obtained.
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Ex. 1. Solve

a-*--*
Here P(l-x*)=-x,

? f xdx

so that *-,-!**-Ji=*
O.S

-(!-*)-*,

and e= arc sin JT.

When the independent variable is changed to z, the equation becomes

&y *
-&'**

and therefore

(i)

64. The property used in 60 to obtain the relations between

the dependent variables in two equations, which are transformable

into one another viz. that the equations have the same normal

form can be used to obtain the relations between the dependent
variables in two equations, the independent variables in which

are different, on the hypothesis that the equations ultimately

determine the same function. The process adopted will be similar

to the former one, as both equations will be reduced to their normal

forms in the same variable and these, being assumed identical, will

give the conditions necessary for the justification of 'the hypothesis.

Let the two equations, which are to be thus transformable into

one another by changing both the dependent and the independent

variables, be



EQUTVAIJENT [64.

+Cy = ..................... (i),

in which. P and Q are functions of so, and R and 5 functions of z.

Writing in (i)

"*-*.

and /---*.
we have

and writing in (ii)

and J=S--E',

cZ
a
u

we have
-j- + /Vj

= ........................ (iv).
Ct*

In (iii) changing the independent variable from x to z, we

obtain
'

in which dashes indicate" differentiation with regard to ac. To

reduce this to its normal form we write

or, on the evaluation of the integral in the exponent,

yX* = ys ;

the equation then becomes
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where

7_ i ^'_
1 /*"' jM

and
{.e, a;}

is the Schwarzian derivative of z.

If, then, the equations be transformable into one another, the

normal forms will be the same when expressed in terms of the

same independent variable
;
hence comparing (iv) and (v), which

are the normal forms, we have

and G = J.

Substituting for G in the latter equation we have

or ''- +

and substituting their values for yt
and

v,
in the former equation

we have

These two equations are the conditions that the differential

equations (i) and (ii) should have the given property. The first of

them gives the relation which must exist between the independent

variables; and, when the first is satisfied, the second gives the

relation which must exist between the dependent variables.

The foregoing equations enable us to obtain the general form

of all differential equations into which (i) is transformable, and

also to obtain the connexion between two given related equations.

Thus, for instance, the equation in a given independent variable

z equivalent to (i) would have as its normal form

F.
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, / dz\ rpda
where i) = y I -y- J

& ,

, , I .
[z, oc]and l' s=

P~"s i
'

and since and / are known in terms of as, J is also known in

terms of a? and can therefore be expressed in terms of e. Every
differential equation, which is equivalent to (i) and has z for its

independent variable, must have the foregoing equation in v
l
for

its normal form.

Ex. 1. Prove that the equations

j /,
^ l-3*d

and (i

are transformable into one another by the relation

*(1 -#) = !+*;

and find the relation between z and v.

(G. fl. Stuart.)

JEx. 2. Prove that the equations

,

and js j
-

ds? x dx y

are transformable into one another by the relation

x l=xz;

and find the relation between y and v.

Method of Variation of Parameters.

65. It was proved ( 58) that if a solution of the equation

- g+*!+*-o
be known, the primitive of the equation
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can be obtained; but the following method is effective in giv-

ing for this (and other linear equations) what was called in the

last chapter the Particular Integral, and it can be applied where the

methods formerly indicated cease to be applicable.

Let yl
be a solution of the equation

so that

.'+*

Eliminating Q we have

y *3!- v
*

+ py'<W y da?+^
and therefore

y *3L-Ayi dx y
das .

i

L-ff-s ^ JL
of which the integral is ' "7

Let ?/a
stand for the quantity of which A is the coefficient, so

that the primitive is

and ya
is a particular solution of the differential equation. Then

the preceding analysis shews that any two particular solutions yt

and
2/a

are connected by the equation

where the value of G is no longer arbitrary but depends on the

forms of yL
and y^, the two particular solutions of the equation.

t>

66. Let us now take the above value of y and substitute it in

the equation

72
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on the supposition that A and B are no longer constants hut

functions of a; to be so chosen that the equation shall be satisfied.

Thus the form of y is the same for the two equations, but the

constants which occur in the former case are changed in the latter

into functions of the independent variable; to this process is

applied the name Variation of Parameters.

We have now two unknown quantities A and B, in terms of

which y, a single unknown, is expressed ;
and we are therefore at

liberty to choose any relation between them that may be most

convenient for our purpose. When we differentiate y we obtain

dy -ody, A dya
dB dA

.

da das

provided

dB dA .

^^ar- '

we shall take this last equation as the relation between A and B.

j

Again, if we differentiate
-^- ,

so that

&y =$ d
*y<i + ^ <*"&

,

dB dvi
\

dA
<jy.

da? da? da? dx dm das dx
'

and substitute these values in the original equation, then, since y^

and
2/8

are particular solutions of the equation when R= 0, we have

as the result

dBdy^ dA dyt _
doc dec dx dx

Thus dA
dB_

dx dx _ R R jpdx

~y'i

s=

~*~ v
<
*y*-. v ^~v

2/1 da y* dx

and therefore
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where E and F are arbitrary constants and C is an absolute con-

stant depending upon the forms of yl
and yr

If now in the differential equation we write $ (x) for P and

ty (a) for R
; fj_ (so) for yt

and ft (x) for ya ;
then the general so-

lution of

is

y = tf/t() + IK () +
*

JV(0 * Jf
* (*)d*

I/. (*)/i

wherefi (co} andf3 (a) are particular solutions of

are therefore connected by the relation

It may be noticed that we may make G unity without loss of

generality ;
for if it be not unity we may substitute for f^ (as)

the

quantity -^f^ (#) which, while still a particular solution, will render

the constant unity.

Ex. 1. Solve

Arranged in the ordinary form this is

d*y x dy ,

1-

Particular solutions of the equation without the right-hand member are x

and e*
; hence, if we take

A (*)-*i /(*)-"

-we may proceed as above, and have as the primitive

As in the general case A and B are connected by
'
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, ., dA dB
while ~j~ ê ~l =x 1.

d'A JD
Thus ^=

and therefore

and B=F-x.

The primitive is therefore

Ex. 2. Integrate by this method the equation

where Q and R are functions of x alone.

Jfo. 3. Solve

(i)

67. The method of variation of parameters may be applied

in a manner, different in regard to the terms neglected, to obtain

a subsidiary integral, the constants iu which are subsequently

made variable parameters. Thus consider the equation

Neglect the term involving F(y] in order to obtain a subsidiary

integral ;
it will be that of

dor

which is - $L .

da

Suppose now that C instead of being a constant is a function

of x and let this be differentiated ;
then

da'
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Or j; \ii i o j .

dx

Therefore

and so

A first integral of the original equation therefore is

|V/(^ = [A
-

This can be again integrated since the variables are separable.

Ex. 1. Solve in this manner the equation

Shew also that the integral of this equation may be derived by the method

of 54.
fcw^ fl,f.|$I

By changing the independent variable in this example from x to yt
obtain

the integral of the equation

Ex. 2. Integrate the general equation

firstly, by neglecting the last term to obtain a subsidiary equation and then

varying the parameters ;

secondly, by applying the same method to the integral derived from neglecting

the second term
;

thirdly, by multiplying by (-j\
and then integrating each term.

It thus appears from these examples that

is integrable in the cases :

(a) when both P and Q are functions of x,

(]3) when both P and Q are functions of y,

(y) when P is a function of x and Q a function ofy
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Two particular methods.

68. When in the equation -v-j + Iv = the quantity 7 is a

rational algebraical function of a fractional form such that the

denominator is of a higher degree in the variable than the nume-

rator, the following method is sometimes of use.

Let a quantity
z/*

be substituted for v
;
then the equation becomes

where

On integrating the equation as if the left-hand side were a

perfect differential, we have

da:

Since the quantities P l
and P

a
are connected as yet by only a

single relation, we may assign as a further condition to determine

them

and this gives as the equation for P
l

*L p.-r
dx ^-^

while, if any value of P
x satisfying this be obtained, an integral of

the original equation is obtained in the shape

It should be pointed out that the utility of this method depends
on the form ofthe equation which gives P1 ;

this would be lost by
the substitution

p _ 1 dw
1 w dx'

for then the equation giving Pt
becomes changed to the original.
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'

With the assumption which was made as -to the form of I we

may write

T V VU UV

say, where T, Z7and V are rational integral and algebraical func-

tions of as. Then we may assume

leaving the constants in /(#) as the quantities' to be determined from

the equation; but in general there are not sufficient disposable

constants arising in/to allow the equation to be satisfied. Hence
this method, like the other methods which have been proposed for

the solution of the linear equation of the second order, is not one

of universal application, but is effective only in particular cases.

Ex. 1. Solve x (1
-x^ -r^

= 2w.

Here the equation for P is

dP 2
j 1 / 1 flj"\2

"

E F
Let Px

= + =-
;
and substitute

;
the equation is satisfied by E=F= -

1,

and therefore a first integral is

2 _ .

, . v fdx f dx
where log

- = -
I I

, ,

z j x j l-x

or vx=z(\. -x}.

The primitive can easily be deduced, for the equation is linear of the first

order.

Ex. 2. Solve

(ii)
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If a term involving -^-
should occur in the equation, this term

should be removed before applying the above method.

Ex. 3. Solve

d*y y-(a+$)xdy ay __W daP* *(!-*) dx x(\-x}~
'

a? Jy afly n .

*(!-*)

?. 4. Shew that this method will apply to the equation

da?

provided there be a single relation between A'
t
B' and C" ; and find this

relation.

69.- A certain class of linear differential equations can be

solved by the resolution of the operator on y into the product of

operators. Thus consider the equation

in which u, v and w are functions of tc
; then, if the operator

u fL +v sL
QjOj (LOG

be resoluble into the product

d
. V d

p, q, r and s being functions of as, the equation can be integrated.

For, if we write

dz **

we have p + qz = 0,
cwc

and therefore = Ae~* P
das

,
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and we must now integrate

which is linear of the first order. In order that this resolution

may take place, we have the three equations

to determine four quantities p, q, r and s
;
but we may consider

p and r as known factors of u and treat the two remaining equa-
tions to determine q and s.

Bnt these cannot he solved in general, and again therefore the

method will apply only in particular cases.

Ex. l. Solve

(x*+a;
-

2) -p(
+ (a?

-
a?) -^

-
(GaP+ 7#) y=0.

Here we may write p=a+Z and r=x-l.

If q=Ex+F and s=E'x+F', we have

'=-2

which are satisfied by

TT*^_ o . TTTI _^_ g a 7^^ zL ff" 1

Hence the equation may be written

A first integral is

and the primitive is
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Ex. 2. Solve

(ii) (*-l)(*-2)-(a.-

(ill) ^-

(iv)

(vi) ^(a-fa)-2tf(2a-

70. There ia a particular form into which the ordinary linear

differential equation of the second order may be changed ; multi-

plying

throughout by ff^
J?d!B

,
we may write it

Let a new independent variable z be taken such that

dz = Q</
Pd"dK-

then the equation becomes

*W/M
.

rfz (/ dzj
*

Now Qe-^
*"

is a definite function of x and therefore of .z;

let it be denoted by -~, where U is a function of z. Then the

equation is

which is the form referred to.

Sir William Thomson has indicated a method of approximating
to a solution of this equation by mechanical means*.

* See Proa. Roy. Soc. Vol. xxrr. (1876), p. 269.
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Ex. Express p fa&+Q.+ Ru
=Q "* the form

foa
+ Pv=aQ- Prove

v=S -Sl +S}-..., where

S -C+C'x, Sn+l= I'da
\ pSndx,

Jo Jo

expresses the solution of this in a series necessarily converging for all values

of x, provided p,
remains finite.

Work out the case when /*=#".

General Linear Equation.

71. The general linear equation with variable coefficients is of

the form

in which X
,
X

1}
X

a ,
......

,
Xn and V are functions of ac alone

;
the

class in which the coefficient9 of the differential coefficients of

y are" constants has been already considered. The coefficients

X
,
X

1}
......

,
Xn may be taken to be integral functions of #; if

in any equation they were not actually so, the equation could be

transformed so that its coefficients would be integral functions of

x by multiplication throughout by the least common multiple of

the denominators of such fractions as occurred in the given form.

The primitive of the differential equation consists, as before,

of two parts :

First. The Particular Integral which is any value of y (the

simpler the better) satisfying the equation ;

Second. The Complementary Function which is the general
solution of the equation without the second member, that is, of the

equation

The equation (ii), being of the nth
order, will have in its general

solution n arbitrary constants the necessary number for the pri-

mitive of (i), which is the sum of these two parts.
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72. If yl
be a solution of (ii), then A^ is also a solution

since the equation is linear
;
and therefore, if ylf ys ,

......
, yn be n

different particular solutions of (ii),

where A
I}
A........ ,

An are arbitrary constants, is also a solution.

If now the solutions y 1} ya ,
......

, yn be independent of one another

so that no one of them can be expressed by means of a linear

function of all, or of any of, the others, then the foregoing value of

y is a solution involving ?i arbitrary constants
;

it is therefore the

Complementary Function. In order that this may be the case

there must be no equation of the form

for any values whatever of the constants \, \, ......
,
Xn other than

zero for each of them. If all the constants X be not zero, we have

the derived equations

\if 1 i % \J 2 l I \ Q /\
7 n-g + N 7 n-^ + + ^"n ? n-g

=
"j

cue
B
cte

" dx

and, since the Vs do not all vanish, the determinant obtained

by eliminating the X's must vanish, that is,

\ r ii :: i :: za n
cZ^1 '

da"-
1 ' '"'

da"-
1

~

'"'
da

da' dx
' '"'

dx

Hence the condition that the y'e should be independent or,

in other words, that the foregoing value of y should be the Com-

plementary Function, is that A should not vanish.
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73. It is easily proved that, if A be zero, then some equation

of the form

must exist. For otherwise let the value of the left-hand side be

denoted by u\ multiply the columns in A by \, \..... , \ respect-

ively and add them together, replacing some one column as the

first by their sum. Then we have

doT1 '

dz"-
1 '

do?-
1

"
da?-*'

'"'
da

= 0,

u, ya , ..., yn

an equation^of order n 1 which determines u. Now this is satis-

fied by u = ylt ya , ...,yn> that is, it has n particular solutions which

are supposed independent. But the number of independent par-
ticular solutions which an equation can have is equal to its order,

a property which is violated by the preceding result. The fore-

going equation in u must therefore be an identity so that u is zero

and therefore, on the supposition that A is zero, there is a relation

between the n quantities y.

74. The value of A when different from zero can be found as

follows. Let the values y = yi ,y^, .... yn
be substituted in (ii) and

from the n resulting equations let the coefficients J5T
a , Xa , ..., X^

be eliminated
;
then we have

dxn
das'

1

' daT" '"'
drt

da"-
3 '

y..
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The determinant which is multiplied byX is -j ,
and therefore

this equation is

which when integrated gives

A = Cff-

Since A and I X^'1
da; are determinate functions of as, the

constant must be determined by some other method
; compari-

son of particular terms is often effective. The value of G will

evidently change with a change in the set of fundamental solutions

2/1.2/9. -. 2/n-

Ex. Let
y-i

be a particular solution of the equation

when we write y-^adx for y, the equation determining s is
( "76, post} of order

TTi 1. Let
z-j

be a particular solution of this, so that y-^z^dx is a second parti-
cular solution of the ^-equation ; and let s^udsc be substituted for e. Thus
the equation in u is of order m 2. Let i^ be a particular solution of this

equation ; then y^z^dx^dx is a third particular solution of the original equa-
tion. Proceeding in this way by m 1 successive substitutions we shall

arrive at an equation of the form

dw .

=-=tw,
da;

'

of which a solution can be found
;
and there will be, in all, wt particular

solutions y.

Prove that these particular solutions y are independent of one another
;

and shew that for this set of particular solutions

(Fuchs.)

75. The Particular Integral may now be deduced by means of

the method of the variation of parameters ; this is the most sym-
metrical method, but another will be indicated in the next section.

In the equation

Scott's Determinants, p. 36.
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let the .4's be supposed functions of x instead of constants
;
then

the value of - is given by

.........
doc

a
das doc

dA dA dA.

Now as we have n functions A, white the only condition as yet

attached to them is that they are such as to make the preceding
value of y satisfy the differential equation (i),

we may make them

satisfy n 1 other conditions assigned at pleasure, provided these

are not inconsistent. Let- ^g assume as one of these conditions
x

dA. dA.
' dAn

y^ +y'~K + ........
:

+
s'--sr

=0-

and we then have

Differentiating this again we have

provided we assign as another condition

...... ==

dx dx dx due
........

dx dx

Proceeding in this way and assuming that the ^.'B are such as

to satisfy

d^dA dfyt
dA <Pyn dA n _

dx* dx
^

da? dx
^ ......... *

da? dx
~

'

dx* dxdo? dx
.........

dx* dx

rf^i dA, , Q/2
dA d^y n dA

dx
nui dx

+
dx"-* dx

+
^dx"~* dx

'

(which with the previous two make up the assignable n I con-

ditions, not inconsistent) we have

F. 8
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The last of these, when differentiated, gives

dec
'

but, as all the conditions which were assignable have been used, the

second part of the right-hand side does not vanish. If we multiply
the differential coefficients of y thus expressed by the algebraical

coefficients which are attached to them in the equation (i) of 71

and add the results, since y is a solution of (i), and y^yv ......
, yn

are solutions of (ii) of 71, we shall have.-
T1 da rfaT

1
das

.........
c&T1 das'

dn~V
Let A, be the minor of ,._,'' in A for the values r = 1, 2, . . ., n j

CMC

., ., ,. j.v i fdA. dA
a

dAn
then the n equations giving the values ot T-* , -,-* , .__

........
, 7-

have as their solution the equation

for all the values of r. Hence

dA. 7A.
i

and therefore

where Cr is an arbitrary constant. The value of y is therefore

r=n ( ry\ )

- y=*yr k+/3^^ ,

r=l (. J-^oa J

the Particular Integral being

FA
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Ex. 1. Shew that, if /L (x\ /2 (#), /g (as) be three particular solutions of

the equation

in which Q and S are functions of x only, then the complete integral of

d
d

is given by

/i (ft /,(& MQ

where 1} Ct) Oa are arbitrary constants and a is a determinate constant.

Ex. 2. Solve the equations

W ^ JLa
~

:

76. When we know one or several particular solutions of the

equation (ii) of 71, the order of the equation can be depressed by a

number equal to the number of particular solutions known. Thus

suppose we know that y, is a particular solution of the equation ;

when we change the variable from y to y^u the equation becomes

i V ' ^ ~rri

i J^ + A i

+ u/1 ^"^r

or, what is the same thing,

.p,
ffu ,,, d

11
'1 u

-p.,
duX^w +z*-d^ + +z-isr'

in which X
L',
X

a', ,
X'n_l

are functions ofXv Xlt ,
X

n_1 and

differential coefficients of y,. If now for -?- we substitute v, the" dx

resulting equation is of order n 1 and the original equation has

therefore had its order depressed by unity.

82
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If yt
be another particular solution of (ii), then yjy1

is a value

of u, and therefore -j- ( )
is a solution of the equation in v ; and

CMC \yj
* '

this can therefore have its order depressed by unity and the order

of the new equation will be less by two than that of (ii). It will

be seen to be possible by proceeding in this way to diminish the

order of an equation by m when m particular solutions are known.

Each depressed equation remains linear.

77. When n I particular solutions of an equation of the ?i
th

order are known, the equation can be depressed so as to be a linear

equation of the first order, and as the latter can be solved, it

follows that we can obtain the primitive of an equation of the nth

order when n l particular solutions are known. The following
method of obtaining the primitive avoids the process of succes-

sive depressions of the differential equation.

Let the n l particular solutions of the equation (ii) be repre-

sented by yv ya , y^; and let Ov C
3 C^ be n-l

functions of x such that

is a solution of (ii) ;
as this is the only relation between the n l

functions, we may assign at pleasure n 2 other relations, provided

they are not inconsistent. Let these be

dC dC dO . .

,_

dx doc dx dx
......

doc dx

_

dx do?^ dx ~'

then the values of the successive differential coefficients of y are

given by
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J-l, dn
~l

1J d"~*V tZ""
1

'!i* j ___ /^ ^" y i i /nf jfl I i /^ b

117

--i dOr rf*y
'--1

tfQ

The substitution of these values in the equation (ii) gives

since yv y,.......... , 2/B_i are particular solutions.

Let A denote the determinant

da?-*'

2/

'V

and let the minor of
-jrgg

in this be denoted by Ar
for the values

r = l
} 2, .........,7i-l. Then we have

f

da
'

dx da

and therefore for these values of r

Hence
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and

"--^cry_ r---i <n,r _
-! da dx-*r r

* A-d^-*Ai

Also

ckc" dx T
das

and

rp _
r i da daT 1 '

so that

'-^tfaQ^cfc'-S-i cT3

.yr _ <fc.

r^i ^ dor8
ite r=l ^""8

Cte'

the transformed equation therefore is

Dividing by -2" A we have

ds
,

/2
j~ + I A
aa; \A

the integral of which is

The corresponding value of Cr is derivable from

-, -&*
-r*e "doc

and therefore

for the values r = 1, 2, .........
,
n 1. Hence we have w arbitrary

constants, viz. J., J^, J.
2,
.........

,
A n_i ;

and the primitive of (ii)

is thus

r=n-l r=n-l rA -.f^idaj

y= 2 ^r + A S yJ^a
J^

dx.
r=l r-1 J^

r

Ex. Solve completely

where P and are any functions of x.
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Geometrical Application: Trajectories.

78. It has already been noticed that a differential equation is

the appropriate analytical expression of any property of a curve

which is connected -with its direction and its curvature; and it there-

fore follows that the investigation of many geometrical questions

ultimately depends upon the solution of a differential equation.
In the higher parts of mathematics differential equations are of

almost universal occurrence; but in other subjects it is less pos-
sible than it is in geometry to give examples, as there is no neces-

sarily general method of arriving at the differential equation,
while its deduction in geometrical problems is obtained almost

immediately by the use of the formulas of the differential calculus.

There will be no attempt to give here auy complete classification

of applications to geometry; there will be only a single general

problem discussed, that of Trajectories.

A Trajectory is defined to be a line which, at its points of

intersection with the members of a family of curves expressed by
one equation, cuts them according to some given law.

79. As the most general form possible, let

f(x, y,a} = Q

denote a family of curves of which a is the parameter ; through

any point on one curve a trajectory will pass and there will thus

be a second system of curves representing these trajectories. Let

f and 77 be the current coordinates 'of this second system; and

suppose the analytical expression of the law which holds at each

point of intersection to be

dy d?y dm d*7)

* a? **al' w
In this equation at a point of intersection and ?; are respectively

the same as as and y, being the coordinates of tkat point ;
but

j are not the same as -^, ,
for they indicate the

a ax

direction and the curvature of the two intersecting curves.
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We proceed aa follows.

From the equation

f(x,y, a)
=

we obtain the values of all the differential coefficients of y, which

occur in the relation F = 0, as functions of x, y and a
;
and in

each of these expressions we substitute the value of a as a function

of x and y derived from the equation of the curve. This will be

equivalent to eliminating a between /= and the equation giving

each differential coefficient. Let these values of the differential

coefficients of y be substituted in F=0; it then becomes an

equation which involves x, y, f, 77 and differential coefficients of i\

with respect to f. But we have seen that ac and y are the same as

and 77,
since both sets are the coordinates of the same point ;

therefore F= becomes a differential equation in
17 and only.

80. The most frequent example of trajectories is that in

which a system of curves is to be obtained cutting a given system
at a constant angle. If this angle be a right angle, the trajectory

is called orthogonal; if other than a right angle, the trajectory is

called oblique.

In the case of orthogonal trajectories the tangents at a common

point are to be perpendicular, and therefore

which is for this case the form of F = 0. For the given system
of curves we have

f(x, y, a) = 0,

dts dy doc
'

from which we eliminate a and obtain' a 'relation between cc, y and

-f- ,
which is really the differential equation of this system of

dec

curves
;
let this relation be
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Now for the trajectory we have

j dy I
and -*=-_

ace CLrj

and therefore the differential equation of the trajectory is

The elimination of the parameter is immediate when the equa-

tion of the given family of curves occurs in the form

<j> (OB, y)
= a.

For we then have

dsc dy dx
'

which at once gives -^- independent of a, and is the form of ^r
=

CwC

for this case.

81. When the equation of the curve is given in polar co-

ordinates the same method may be applied. For we then have

as the equation of the family of curves. If $ he the angle between

the radius vector and the part of the tangent to the curve drawn

from the point back towards .the line from which 6 is measured,

we have

while, if <E> be the same quantity for the trajectory, and R and

be the polar coordinates of a point on it,

Since the tangents are at right angles,



122 TRAJECTORIES. [81.

and therefore

d6 d
r
fc
R
dR +

l - Q
'

where R and r, and 6 (but not their derivatives) are the

same.

Now
^ +^^ = 0-
dr 36 dr

'

eliminating c between this equation and the equation of the

curve, we find a relation of the form

For the trajectory

T> r\ rt j &Q 1
Jt = r}

=
9, and --,-= J/tA

=
cZr -DidR

dR

the differential equation of the trajectory is therefore

This, when integrated, gives the equation of the system of

curves possessing the required property.

Ex. 1. Find the orthogonal trajectory of the series of straight lines

We have ^=m
>

an(J therefore the differential equation of these lines is

dy*-*
Hence, by our rule, the differential*equation of the system of orthogonal

trajectories is

--'!
which on integration gives

a series of concentric circles having for common centre the common point of

the lines.
'
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Ex. 2. Find the orthogonal trajectory of

Taking 1nga.rit.TrmH and differentiating, we have

n
&r_

cos nd

r do
=

sin nQ '

which is the differential equation of the family of curvea For the trajectory

we have

1 dr _ ..de

rd6~~dR'
and therefore the differential equation of the trajectory is

,, _
dR sin Tie

~

The variables may be separated and

dR sin Tie ,_
n -5-

= - n--
de,R cos nQ

so that .ft" =.4" cos w6,

the family required.

Ex. 3. Prove that whatever be the value of n the orthogonal trajectory

of the curves included in

y= cxn

is a family of conies.

Ex. 4. Shew that the orthogonal trajectory of a system of confooal

ellipses is a system of hyperbolas confocal with the ellipses.

Ex. 5. Obtain the orthogonal trajectory of the system of curves

(i) ......rn sinn5=a";

(ii) ......r3= a? log (c tan 0), c being arbitrary.

.

Ex. 6. Shew that, if f(x+iy) be denoted by u+iv, where u and v are

real, then the families of curves u= const., v= const., are the orthogonal

trajectories of each other
;
and the families u cos a+ v sin a= const., for different

values of a, are oblique trajectories of each other.

In particular shew that, if v, so obtained, be homogeneous of order TI,
the

the value of u is

"dv dv
nu=x = y .

cty

y ox

How may the value of u be found when n is zero 1

Ex. 7. Find a system of curves cutting at a constant angle other than

right a system oflfconcentric circles.
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82. If one of the variables be given as an explicit function of

the other and the parameter, the equation -will be of the form

y = tj> (x, a) ;

instead of eliminating a we <&ay proceed as follows. Let the

equation of the orthogonal trajectory be

7
=

(f. )>

where in the last a is to be considered an unknown function of

to be determined so that the curve may be the orthogonal trajec-

tory. We now have

d#_3$
dx dx

'

d?) _d$ d4> da

d%~d%
+
fa,dj'

and therefore

30/369^
aA9f 9ad/

Now, as no further differentiations are to take place, -we may

write ~t m place of
^- , since x is equal to

;
hence we have

+ ~ Ul

This is an equation between two variables a and
;
when

integrated it will determine the value of a, which, when' substi-

tuted in

77
=

0(f, a),

gives the orthogonal trajectory.

Ex. Obtain the orthogonal trajectory of the ellipaea represented by

. y=a (!-*)*.

Here - - !--*,

and the equation determining a is
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which gives

This on integration leads to the equation

a*(l-&=A-tf+
therefore the orthogonal trajectory required is

MISCELLANEOUS EXAMPLES.

Solve the equations :

(ii) agj-a*

<> ^-' 1

-*1-"
,

1

(vii)

y =! (3*1 +a3

\ / /7*v2 *?

2 Assuming that the primitive of

is of the form y=w+ -
, prove that it is given by

U=ABUI(.V+O) } v=Acos(a:+a)
~^~

Obtain the primitive of
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3. By the method of variation of parameters deduce the primitive of

4 Prove that the equation

has a particular solution of the form e**, provided

(a &!
-
o^o) (aA - oA) = (afl

&a
-

and hence solve the equation, assuming this condition satisfied.

(Schlomilch.)

6. Integrate

. cPu . du
sin2 x

-j-& + sin x cos x -j- =u.

If u=Q when x=Q and ?/=! when #=f, then M=</2J- 1 when 5?=^.2 4

Also solve the differential equation

determining the arbitrary constants by the conditions that y=a and -/

when a;=0.

6. The equations

have a solution in common; find the primitive of each and the necessary
relation between P, P

1

, Q, ty supposed to be functions of x.

7. Prove that the equation

;S-(* * '' i(a
- l - ft i(l - t -')' i (c

- a-

can be integrated by the method of 68, provided the relation

be satisfied for some one set of signs given to the radicals.

Find the solution when this condition is satisfied.
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8. Solve the equation

where a, b, k are constants, by assuming

y=(x+a)m (tc+b)
n

,

and obtain the general solution.

Solve similarly the equation

also Ecs. 1 in 68.

9. Prove that, if
</> (#) be a particular solution of the equation

cPx _
dx^

=aX *'

then a?0 (

-
)
is a particular solution of the equation

Hence solve the equation
d?z

10. Prove that if e=
<f> (aa) be a solution of

7 b^^^ ("^/i
CL\Xt

fax I b\
then =:(cx+d)<f> f

^J
is a solution of

the constants ct,b,c,d being connected by the relation

ad bo=l.

Hence solve the first equation in question 8.

11. Shew how to solve the equation

where Xis a function of x only and -4^ ...,
An are constants.

12. Integrate the equation

JT being any function of a;.
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13. Shew that, if a particular solution of the equation

be known, ^ and JTa being functions of #, the primitive can be obtained.

Hence solve the equation

dy , . a sina;
-^

2 -
dx

14. The primitive of

being y=A
shew that the differential equation which has for its primitive

-where

(Hennite.)

15. Prove that, if yt
and ya

be two particular solutions of the equation

3+*&*-*
the roots of ^=0 and

3/2=0 separate each other so long as both of these

solutions remain continuous.

(Sturm.)

16. Solve the differential equations :

(i) sinB

(Hi)
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17. Solve the equation

where Q and It satisfy the relation

When this relation is not satisfied, can the equation he solved by the intro-

duction of a factor
p.

so chosen that the new coefficients satisfy the relation ?

18. Solve the equation i / r-

**-- fr Cw'v
dm* (Zcx-x*}*'

L
(Stokes.)

19. Find the form of < such that, if #=$() be substituted in the equation

Z

it will become
^ .

and thence solve the former equation.

20. Prove that'the equation -r^+-P-5^+ <?#=0 OBB be transformed into

when the relation between z and x is given by

.and * (3) is given by

Hence reduce the equation y^ - -
-jL=&U ($-#*}

to the form

dPy 1 dy f inF\ _

21. Solve the equation / . M /,,- if

where A and 5 are constants.

Verify that the equation

is transformable into the foregoing equation by the substitution

provided #2=45i!

and find the relation between y and v. Hence solve the second equation.

F. 9
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22. By transforming the dependent variable from y to &, solve t&e
equation

Hence solve the equation

S^M^S'-i&fH^-^-'S}-
23. Prove that the primitive of the equation

fflo- 5 da\*

where a- is the Schwarzian derivative ofy with regard to x, is

y (A
1+ E'ss+ C'x*)= A+Bx+Cx*',

and shew that this is also the primitive of

B> 3y2 , 3ft =0,

where yl} yz ,... are the first, second differential coefficients of y.

24. Prove that the primitive of

is

where n=l -2A Discuss the case in which d, supposed constant, is equal
2*

25. The arc of a plane curve measured from a fixed point A up to a pointP whose rectangular co-ordinates are x and y is denoted by s- obtain the
general Cartesian equations of the curves for which the following equations
respectively hold :

(i) =(^+y2
)*; (ii) a=

(V) ^+^^ =0; ^) ^C^+affiB)*; (vii) ,=

26. Find the general differential equation of all parabolas touching the
axes and having their chord of contact of constant length. Solve the equation
obtained.

Obtain also the differential equation of all parabolas touching the axes.

27. Shew that the differential equation of a general conic is

and of a general parabola is

(Monge and HalpheiL)
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28. Find (i) the curve in which the radius of curvature is proportional to

the arc measured from a fixed point ; (ii) the curve in which the product of

the perpendiculars from two fixed points on the tangent is constant
; (iii) the

curve which has an evolute similar to itself.

29. Find a differential equation of the first order of the curve, whose

radius of curvature is equal to n times the normal
;
and shew that it is always

integrable wheii n is an integer. In particular shew that when TI= 2 the curve

is a cycloid, when n=l a circle, when n= - 1 a catenary.

30. Shew that the system of curves cutting at a constant angle a other

than right a system of confooal ellipses is given by

where 2o is the distance between the foci and n is tan a.

(Mainardi and Mukhopadhyay.)

31. Obtain the orthogonal trajectories of the curves

(i) aP+y*=ca!-t (ii) a?+y*+<?=l+2cxi/ ;

(iii) aP+y
a
=3aay; (iv) rr'=c?;

in the last r and r' are the distances from two fixed points.

32. The curve for which the ordinate and the abscissa of the centre of

gravity of the area included between the ordinates x=a and x=x are in the

same ratio as the bounding ordinate y and the abscissa x is given by the

equation

33. The curve whose polar equation is rn coamd=tfn rolls on a fixed

straight line. Assuming that straight line to be the axis of
or, shew that the

locus of the curve described by the pole in the rolling curve will have for

its equation
2m

In particular shew that, when 2m=1, the described curve is a catenary;

when m=2 the described curve is an elastica.

(Frenet.)

oPy
34. Shew that, when a first integral of the equation jj=/(#y) is given

in the form
-5? =ty (so, y, c), then the primitive is

\\ (Jacobi.)

A first integral of J| =y (I +2 tan2 x] is of the form ir=y$ (#)

determine the primitive.

92



CHAPTER V.

INTEGRATION IN SERIES.

83. IT may happen that a differential equation, the solution of

which is required, comes under none of the preceding classes which

are all of some particular form, and therefore that the methods

applicable to these fail
;
recourse is theu had to approximation to

obtain the value of the dependent variable. The form of approxi-

mation which is most frequently adopted is that derived from

converging series
; by retaining a large number of terms the error

can be made small, and the series may be considered to be the

value of the variable. That this method is & priori justifiable

may be seen as follows.

The given equation is a relation between the successive diffe-

rential coefficients of y and may be considered as giving the one

of highest order in terms of those of lower orders
;
thus if it were

of the second order it would give -^ in terms of -r- and y. When
dor dx y

differentiated once it would give ~. in terms of -T^S , -r and v,
dxa

dor doo
ff>

that ia, in terms of
-j-

and y, since
^ is expressible in terms

of these two, Hand so for each of the differential coefficients of

higher order, which can thus be expressed in terms of -^- and ydx y '

but the differential equation will not give any relation between
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dii

-p
and y, which are thus independent of one another. Suppose

now that a value a be assigned to as and that for this value of so we
dii

make y = A and ^=
-#> which constants are, in general, arbitrary ;

then the equations derived by successive differentiation furnish the

values for as = a of the differential coefficients of y of successive

orders. Let these be denoted by 0, D, JS,.... Now if the value

of y be
(as), which we assume is a function expansible by Taylor's

theorem in a converging series of ascending powers of as a, we
have

i

(g-a)'d'^(a)
,

(*
- of ffj> (a) .+ -

TT
--

35r +
___ + ...,

where j ;
'
stands for the value of ^-^ when a is written

da CM;

for CD after differentiation. Inserting now for the various coefficients

their values, we obtain

and this, if a converging series, is a solution of the given equation.

It should be remarked that for some particular value of oc the

differential equation may determine not the coefficient of highest
order but one of lower order

;
thus the equation

d?y 2n dy _

da? x dx y~

d*v
would for values of a; other than zero determine -r4 , but for as =

dor

would give
-~- = 0, if we consider infinite values of any coefficient

excluded.

The foregoing method and another, which is in* practice substi-

tuted for it and which will be explained in the next article, is

almost impracticable in the case of equations whicn neither are

linear nor can be transformed so as to become linear; for such

equations the determination of more than the first few terms of

the expansion entails great labour.
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Ex. 1. Let us apply the foregoing method to the equation

When differentiated n times the equation gives

and therefore when #=0

x

Now the given equation leaves y arbitrary, say=A, and ^ arbitrary, say=5,

when #=0
;
but -^L=0.

"?o

Hence we have

= (-!}

=0;

similarly

and

The expansion of y is, by Maolaurin's theorem,

This is the sum of two converging series and contains two arbitrary constants
;

it is thus the primitive of the equation.

Ex. 2. Solve

(ii)
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Ex. 3. Obtain an integral of the equation

s +

in the form

_ . . wu; mzaP~ "

I5 PT2a la . 2a . 3a I2 . 22
. 32 . 4s

~

84. The precediag investigation shews that, by means of the

differential equation and the expansion of a function in terms of

the independent variable as given in Taylor's or Maclaurin's

theorem, an expression in the form of a series can be obtained for

the dependent variable
; but, instead of working through what is

sometimes a troublesome process, it is convenient to accept the

principle that a series can be obtained and so to assume for y
some series arranged according to powers of <K with indeterminate

coefficients and indices. This series is then to be substituted for

the dependent variable in the differential equation, and as it is a

solution of that equation it must mate the equation an identity;

a comparison of the indices of the independent variable will

shew the law of their progression, and a comparison of the

coefficients of the different terms involving the same powers of

the variable will give the required relations between the coefficients

in the expression assumed. The latter will then for such values of

the independent variable as leave the series converging be a

solution.

85. As the method just indicated is really equivalent to the

earlier one, it is not better suited to the solution of non-linear

equations ;
but much labour is saved by it when the differential

equation to be solved is linear. One of the most important forms

to which it is specially applicable is that which may be written

where and ty are rational integral algebraical functions. To

solve this, assume

y =A^ + AjF* + A t
aT + . . .,

where m
1}

ra
a ,
m

s ,
... are exponents in ascending order of magni-

tude; since
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the equation, -with the value of y substituted in it, gives

(mj a5> + Az <$> (mj a;"
1
' + . . .

+ . . .
= 0.

In this equation m^ 1 is the lowest exponent and it occurs in

only a single term
;
as the left-hand side is to vanish identically,

this term must disappear, and therefore

or, sin#e A^ is a coefficient of a term actually occurring and so is

not zero, we must have

A comparison of the indices of the remaining terms shews that

m
l
= m

a
1 and therefore m

2
= m

t
+ 1,

and so on
;
while a comparison of the coefficients of terms involv-

ing the same indices gives

and so on. Take now any value of m
1
as given by the equation

i/r (mj)
= 0, say m^ = a,

;
then as A^ is quite arbitrary denote it by

A. The remaining coefficients are given by

. _
8 8

"
1
"

'

and so for the higher coefficients ; the corresponding value of y is

thus

0+ , /

y-(a + i;Y^a-i-z;

rk(n\ Afn j-~\\ Afn -L.V\

a"+... .
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The expressions connected with the other roots may be simi-

larly obtained
;
and as the equation is linear the sum of all these

values of y is a solution,

Of this general form the most important example is that equa-
tion which has for a solution the series known as the hypergeome-
tric series

;
it is discussed in full detail in the next chapter.

Ex. 1. Prove that the primitive of the equation

cPy ,

2?z^ +7
is given by

1"'
\

Ex. 2. In the case when2= 1, the separate parts involving the arbitrary
constants in Ex. 1 become the same, each being

If this be denoted by v, and y uv=w
t
where u and w are to be determined,

we have on substituting, since v is a solution of the original equation,

cPw 1 dw

As we have two arbitrary quantities u and w, we may assign any one condition

we please ;
let this be

cflu 1
du^ft

ax* x dx

The value of u hence derived is A+B log x, and thus

dho
,

1 dw
, ,

ZB dv _
T-U + - -j-+mw-\-- j-=0,dx* x dx x dx '

or

d*wldw

The value of y is now

and therefore contains two arbitrary constants, the total number necessary for

the primitive ;
hence we require only a particular integral of the equation

in w. To obtain this write
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then

Substituting and equating coefficients of different powers of x, we have
from the

coefficient of a?- 1
.........B

l
= Q

;

............... afl .........m

These equations give

^=0=53=... --3-ir-.
so that no terms involving odd powers of x occur in w. For. -the coefficients

of even powers we have

m-

2a .4a
.

and generally

Hence the value of y is

f n mtf2-_
i,

, p, ,
2

,

m2^ mW
\+

2 + 2 :

'.4'1 ~2 1! .4a .62
+

'"J

As 5* is undetermined, there are apparently three arbitrary constants
;

but it will be seen that the expression multiplied by
'

is the same as that

multiplied by A and therefore these two constants coalesce into one new
arbitrary constant A' which may replace A +'.



85.] IN SERIES. 139

Ex. 3. Obtain the primitive of the equation

(Fourier.)

Ex. 4. Integrate in series, and express in a finite form, the primitives of

the following equations :

86. There are two special points which arise in the integration
of some differential equations ; they owe their origin to the same

cause, but they require to be dealt with separately.

As an example of the one, let us recur to the series obtained as

a solution of the equation

which was

the constant a being some root of the equation

i/r (m)
= 0.

This equation will usually have more than one root ;
let some

other root be denoted by 6. Then, in the case when 6 is greater

than a by some integer k, the solution in the form above adopted

ceases to be available
;
for in the denominator of the coefficient of

0* within the bracket there occurs the factor
-\Jr (a + k} or -^ (6)

which is zero, so that, unless there be a zero factor in the numera-

tor, the coefficient apparently becomes infinite.

In the case when such a zero factor does not occur in the

numerator we must have recourse to the fundamental equations

from which the series was derived, which are
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= 0.

Now since ^ (a + ft) vanishes and AM is not infinite, being a

coefficient in a series supposed converging, it follows that either

A k or
<J3 (a + k 1) is zero. Rejecting the latter on account

of the hypothesis that no zero factor occurs in the numerator

we have At
=

0, and thence from the preceding equations we

find that the coefficients -4
];
A

a , ..., A^ are all zero. Hence the

part of the series which precedes the term #* inside the bracket is,

on account of its coefficients, evanescent, and the series actually

must begin with the term Coc
a+k

, that is, with Cxb

;
and this will be

the series derived from the root b of the equation ^ (m) = 0. One
of the particular solutions has thus disappeared, but to obtain one

in its place we may proceed as in Ex. 2 in 86. Denoting by v

the one which remains and has absorbed the other, we may write

and, after substitution, assign some one relation which shall serve

to determine u and w and render the differential equation easier

to solve
;
this relation will usually be determined by the special

form of the equation.

Ex. 1. Consider the differential equation

Substituting y

(this is easily seen to be the necessary form), we find as the equation deter-

mining m
TO(MI l)-4m+4=0,

ie. (m-l)(m-4)=0.

Hence a=l and 6=4, so that the roots differ by an integer. It will be found

that, on taking the root m=l, the equation is of the form discussed and that

the terms up to, but exclusive of, a?
4
disappear; while the series derived from'

the root wi=4 is Ax*(P.

Complete the solution.

Ex. 2. Solve
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87. We now proceed to consider the other special point.

Hitherto it has "been assumed that no vanishing factor occurred in

the numerator
;
and the result of the necessary alternative was

indicated. But a vanishing factor may occur in the numerator of

some of the coefficients of the terms within the bracket, either in

that terra in which there is a vanishing factor in the denomina-

tor or in an earlier term. In the latter case all the terms which

do not have a vanishing factor in the denominators of the respective

coefficients disappear ;
and if such a factor never occurs in a later

term the series will end at the term next before the first which

contains that vanishing factor in the numerator, and the solution

will thus be expressed in a finite form. But some vanishing
factor may appear in the denominator of a later term and the co-

efficient of this term will then take the indeterminate form 0/0,

while the intervening terms will disappear; and all the terms after

this will contain this indeterminate coefficient. The series will

then be of the form

where k 1 is not less than/. This may be written

where A is arbitrary and B/A, ..., F/A are determinate
; M, being

equal to K x 0/0, is arbitrary (on account of the indeterminateness

of 0/0) and LjK, ... are determinate. This series is a solution

of the corresponding differential equation and therefore will be a

solution when a particular value is substituted for the arbitrary

constant
;
hence

obtained by writing M = 0, is a solution. In such a case there is

therefore a solution of the equation expressible in a finite form.
A

Ex. 1. Consider as an example
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When we write y=Atf
m+Bafm + 1+ ...,

the equation to determine m is

m2-9=0,

and therefore m= -3 or +3.

For the root 3 it is not difficult to obtain the series

r 2 2 i ~i

Aa;~ s
\
I -- x+=-L-s J<P+ terms in of, at, x

6 which vanish
|_

5 5 . a J

-2. -1.0. 1.2. 3 . -2. -1.0. 1.2. 3. 4 .

WriteM instead of

-2. -1.0. 1.2. 3

-6. -8. -9. -8. -5. '

and then the series is

4 .
4.5 4.5.6 ^+

7 (4*
- 3a) (5

s1 -
3") (4

s - 3s) (5
2 - 32

) (6*
- 3s

) ...],

thus verifying the theorem that one solution of the equation is expressible in

a finite form.

Ex. 2. Verify the general theorem in the case of the equation

Ess. 3. Solve the equation

88. Further illustrations of these special points will occur later

and they need not therefore now be considered in greater detail
;

various other points arise which will he discussed in connexion with

special equations. Thus it has not heen stated that a series must

always proceed in ascending or in descending powers of the inde-

pendent variable, but the comparison of the terms in the differential

equation after the expression for the dependent variable has been

therein substituted will indicate the nature of the series. In the

case when one of the solutions becomes evanescent one method has

been pointed out, which will be useful for supplying the deficiency

thus caused; another will be indicated below. In fact the difficul-

ties that arise are usually connected with special equations and not



88.] LEQENDRE'S EQUATION. 143

with the general equation; and therefore some special equations
will be considered. Of equations of a particular form there are

four which are more important than the others included in the class

soluble in series
; they are

First, the differential equation of the hypergeometric series

which will be discussed separately in the next chapter ;

Second, Legendre's equation ;

Third,"Bessel's equation ;

Fourth, Kiccati's equation.

The last three of these will now be discussed in order. It must
of course be understood that what is carried out here is merely the

complete solution of the differential equations and that there is no

attempt at an exhaustive investigation of the properties of the

respective functions determined by the dependent variables.

LEGENDRE'S Equation.

89. This differential equation is

or, what is the same equation,

in which the quantity n is a constant. The equation is one which

frequently occurs in investigations connected with questions in

most of the branches of applied mathematics
;
in these cases n is

usually, but not always, a positive integer. The equation is one

of the second order and has therefore two independent particular

solutions, and every other particular solution can be expressed in

termia of these two
;
but it will be found that the form of these

fundamental particular solutions is different in the two cases when

n is, and when n is not, a positive integer.

We proceed to obtain these solutions. In accordance with the

general method of integration by series we write

y =A
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and substitute
;
then we have

n (n + 1) (Ajtc^ +A^ + AjF* + . . .)

=
{(a?

-
1) (XAX^ +m^X1

'-1 +m^/V1 + ...)}

= m
l

a (ms + 1) AjF* - m3 (ma
-

and this must "be an identity. An inspection of the equation shews

that, so far as powers of # are concerned, we have

m
i
= m

l

-
2,

w
8
= m

9
-

2,

or the series must be one in descending powers of x
;
we there-

fore now assume that m
t ,
m

4 ,
m

g)
... are arranged in descending

order of magnitude, their common difference being 2. A com-

parison of coefficients of the same powers of as gives, for those of a?
1"1

,

[vo^ (m, + 1)
- n (n + 1)} A^ = 0,

or

Now A
1
is not zero, being the coefficient of the highest term in

y ; hence either

77i,
= n,

or
TTij
= (n + 1).

The relation between the coefficients of consecutive terms arises

from equating the coefficients of a5
mi~ lr+a on the two sides

;
it is, for

values of r greater than unity,

71 (Ti+1) A r
= (mt

- 2r + 2) (TTI,
- 2r + 8) A r

- (mt
- 2r + 4) (m,

- 2r + 3) A r_lt

.and this gives
*

90. Consider first the solution corresponding to

m, = n.
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The highest term is then Ajp ;
and the relation between the suc-

cessive A's is

so that

A
'

2(r-l)(2n-2r +

2^.1. 2.3. ..(r

and therefore the series becomes

2(2n-l) 2.4(27i

Let the series within the bracket be denoted by yi}
which is

therefore a particular solution. When n is a positive integer, the

series is finite
;
the last term is, when n is even,

2.1

or, what is the same thing,

nlnlnl

while, when n is uneven, the last term is

/_l\*(-D^ n(n-T)(n- 2) 3.2
> ' n A. t o\ f~,

or, what is the same thing,

the numbers of terjns in the two cases are respectively %n + 1 and

When n, is an integer, 2?i is an even integer, aftd* therefore a

zero factor can never enter into the denominator in this case
;
thus

the series considered will never come under the class considered in

87 which yields two solutions.

-F. 10
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The series yl} multiplied by

2" . n I n !

n being a positive integer, is usually denoted by Pn ;
this function

is an extremely important one in physical applications.

Ex. 1. Verify that

and that Pw is the coefficient of en in the expansion in ascending powers of z

of (1
- asa+s8

)-*.
})w %

g^ f-
dO-L JLj 6"" 2- P

Hence shew that v= (1
- Ste+a2

)"* is a solution of the equation

3a * 9

.&. 2. Prove that the roots of the equation 7^=0 are all real and numeri-

cally less han unity.

Ex. 3. Prove that the sum of the coefficients in Pn with their prqper

signs is unity. ,***&. c^r . j., Jt
w t^ tC. , =,')_ -*)'

ll ^ - * f

"'

n t

(i)

,***&. c^r
j.

,

&i.Vjud<U ^^
r. 4 Obtain the equations jV"i v^

In the case when n is not a positive integer the series y^ pro-
ceeds to infinity ;

and for convergence it is necessary that arshould

be greater than unity. But in particular when 2w is equal to some

positive odd integer, say 2r - 1, then the coefficient of xn~* has a
zero factor in the denominator, and no zero factor occurs in the

numerator either of that term or of any subsequent term
;
hence

(by . 86) the terms whose indices are higher than n 2r do not
exist in this solution of the differential equation, which will there-

fore begin with aT* multiplied by some new arbitrary constant.

But since 2?^= 2r 1, therefore n 2r =
(71 + 1), or the solution

degenerates into an infinite series of descending powers of oc

beginning with af(n+1)
. To the consideration of this solution we

shall now proceed
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92. We thus have the following results.

I. "When n is a positive integer, there are two independent
solutions of the differential equation ; (1) ylt

a finite series, (2) ys ,

an infinite aeries
;
and the primitive is

II. When nis a negative integer, there are two independent

solutions; (1) yi}
an infinite series, (2) yv a finite series; and the

primitive is

Ill When n is not integral and Zn is not equal to some odd

positive or negative integer, there are two independent solutions
;

(1) 2/1}
an infinite series, (2) y3 ,

an infinite series
;
and the primi-

tive is

IV. When 2w is equal to an odd positive integer, there has

been obtained only one solution of the differential equation, for y
degenerates into ya ,

this solution being an infinite series; the

primitive is thus not expressible in terms of yt
and y^ alone.

V. When 2n is equal to an odd negative integer other than I,

there has been obtained only one solution of the differential

equation, for ya degenerates into y1 ,
this solution being an infinite

series
;
the primitive again is not expressible in terms of y^ and ya

alone.

YI. When 2n is equal to 1, there has been obtained only
one solution of the differential equation, for 7/a

and ya
are the same

infinite series beginning with aj~*
;
the primitive again is not

expressible in terms of y1
and yt

alone.

It therefore remains to obtain the primitive in the last three
cases.

93
(i). Consider first the case of %n equal to an odd positive integer ; then

2(2a+3)

is a definite solution, and we have to find a second and different particular
solution. In the first instance, assume
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where 6 is an infinitesimal quantity which will ultimately be made zero. Then,
so long as 6 is not zero, the quantity

is also a definite solution
j and it ceases to be so by the vanishing of 6, since

9 enters as a factor into the denominator of the coefficient of aP~*&~* and all

lower powers. Now we have

^
2.4...2p(S-l)(2-8)...(2*-2p+ l)

-2p-l)__ ^.2

I

J

+ ( 1

^2.4...2j3(2?t-l)(2n-3)...(2w-2p + l)

a?n

j

ta"^-a f
(n-2p-2)(n-2p-3J^, |r

2tt-2jD-l 1 (2jo+ 4) (2i -2^ -3)
Tl

"J'

where

and so is determinate and finite. But

n-2p-2-
and therefore

Also the coefficient of a>~ar within the second bracket is

(tt-2j3-2)(m-2p-3)...(ft-2/?-2r-l)
^

^(2p+4)(2p+ 6)...(2j>+ 2r+ 2)(27i-2ju-3)(27i-2jo-6)...(2?i-2p-2r-l)'

i.e. is

(-1)'

i.e., is
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91. We take now the second solution of the equation deter-

mining the value of m,^ ;
this is (n + 1), so that the term with

highest index may be taken to be Ajc~
(nH]

. The relation between

the successive coefficients is

(271 + 2r- 1) (2r
-

2) Ar
=

(n + 2r - 3) (n + 2r - 2) A^
for values of r greater than unity, and therefore

A _
|-~-1

. (2 + 2r-l)
*'

so that the series is

1-1*11
|

(

*\
a +

2 (2 + 8)
AA

Let the series within the bracket be denoted by ya , which is a par-

ticular solution; the series ya multiplied by

W.nlnl

(271+1)1

(n being a positive integer), is usually denoted by Qn ; for con-

vergence it is necessary that a; should be greater than unity. This

series ya ,
or the equivalent function Qn ,

is also of great importance
in physical investigations.

When n is a positive integer, the series proceeds to infinity.
'

WHen n is a negative integer, ya
is a finite series

;
if n = 2p,

the series begins with tf
8^1 and proceeds for^j terms; if n = (2p + 1),

the series begins with #* and proceeds forp + 1 terms.

When 2n is equal to an odd negative integer other than 1,

say (2r +1), then the coefficient of #-f
n+Br+1 > has a zero factor in

the denominator, and no zero factor occurs in the numerator of any
term in the series; hence as before the preceding terms do not

exist and the series begins with af(n+Sr+
'

1)

multiplied by some

new arbitrary constant. But since 2n = (2r + 1), therefore

(n + 2r + 1)
= n, or the solution y^ becomes an infinite series of

descending powers of x beginning with #", i.e. ys degenerates into y1
.

102
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where

s=r 1 t=>r 1 8=2i- I_ 2 _ i 2 2r

Hence

n(n-l)...(-% + l) I

'

2.4...2n(2-l)(2n-3)...(2-2p+ l) J

fi+T-f
L r=il2.4...

Wlien the second part of the right-hand aide is expanded the aggregate of

terms which involve - is ^ya ;
the aggregate of terms which involve log a? is

and there remains the aggregate of terms independent of 6 (and also as it

appears of log x\ as well as a further aggregate of terms multiplied by positive

powers of 6, most of which have been omitted and all of which disappear when

6 is made to vanish. From the first part of the right-hand side there is an

aggregate of terms independent of 6, as well as an aggregate of terms which

disappear when 6 is made zero. Hence the primitive of the equation is

on changing the arbitrary constants. Here Tn stands for

'^ f (-!) a

fl\ 2(2-ir

+ f_iy n(-l)...(n-2p+ l) J
^ ;

2.4...2p(2w-l)(2?i-3)...(27i-2p+ l) J'

and En stands for

---f (n+l)(n+ 8)...(n+Br) 1

r=i \2.4...2r(2?H-3)(27i+5)...(27i+ 2r+l)
^

J'

the value of Cv being

=r

The value of the coefficient A/0 which occurs in Tn is

u
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so that we may write Tn in the form

The second particular solution of the equation is thus

and it will be noticed that that part of it which is expansible in descending

powers of x begins with a term involving x+
n and contains no term involving

But in the special case when 2% is equal to unity, so that p is zero in the

preceding investigation, then the form of Tn ,
now T\ say, is limited to the

first term; and we have

0A*%3-VL.
BO that

The remaining parts are unchanged in form.

93 (ii). Consider now the caae of 2ra equal to an odd negative integer

other than - 1
;
the integral y is definite, but

will then not be a definite solution.

Before assuming n to be half an odd integer, write

(so that 2m is a positive odd integer when the assumption as to the special

value of n is made). Then

2(2m+3)

where F
t
and F2 are the special solutions of

^ The solution thus given corresponds to that for Bessel's equation, Ex. 1,

p. 167, due to Hankel.
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m being positive. When 2m is an odd positive integer we know from the

preceding investigation that the primitive of this is

where

and

A.-^riTl (+l)(+2)...(+ar) ,J
P=il2.4...2r(2f+3)(2i + S)...(2nH-2r+l)

*^
J*

the value of Ar being

Hence the primitive of

in the case when 2% is an odd negative integer other than -
1, is

y=B^+A (Vl log x+ Vn+ Un\
where

2(271-1) 2.4(2-l)(2n-3)

and

where in Un the value of .EJ. is .

The second particular solution of the equation in this case is thus

and it will be noticed that that part of it which is expansible in descending
powers of x begins with a term involving ar""1 and contains no term in-

volving #".
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93 (iii). Lastly, for the special case in which Zn is equal to -
1, we proceed

in a manner similar to that adopted in 93 (i); and we find that the primitive
of the equation is

where yt
is the series

and

i , 4r-l

and

94. Since in all these cases 2w is an odd integer, the equation can be
written

A-2TY_I_ H-J--!^r
,=i V2>'+2-1^2a-l 2s,T

where p is an integer.

The case ofp positive is that considered in 93 (i); the case ofp negative
is that considered in 93 (ii) ;

and the case of p zero is that considered in

93 (iii). Properties of the functions defined by the differential equation in

the present form have been discussed by Mr W. M. Hicks in his memoir on
"Toroidal Functions," Phil. Trans. Roy. Soo. (1881), pp. 609652.

Ex. 1. Assuming the result of Ex. 1 in 64, shew how the solution of

can be derived from that of

which is the differential equation for the quarter-period in elliptic functions.

Ex. 2. Prove that the Particular Integral of the equation

is X-P,^, where X is a constant; and that the Particular Integral of the

equation
"

where X' is a constant.
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95. In the general case of the differential equation, as represented by I.,

II., III. of 92, it is possible to express the second particular solution in terms

of that already obtained and of similar functions. Let v denote the particular

solution already obtained, so that for instance v would be Pn in I. ; and let

y=uvw}

where u and w are as yet indeterminate. When this is substituted in the

differential equation, we have

Since v is a solution, the last term disappears ; and, as the only condition

imposed on u and w is that y must satisfy the equation, we may arbitrarily

assign another. Choosing this so that the coefficient of v may vanish, we have

and therefore

(sc
2

1) -^- = constant.x ' dx

As we are seeking a particular solution, it is convenient to have it as

simple as possible ;
and therefore, giving a special value to the constant, we

may write

so that a value of u is given by

The equation to determine w now becomes

d ( ,. dw] , , ,. n dv

When the Particular Integral, say w
l}

of this is obtained, the second

solution of the original equation is

The value of w^ as a series of descending powers of % is easily obtained.

Thus in the case when n is a positive integer we take

a.4(a-l)(3n-3)

and at once have the equation, which determines w1} in the form
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Let MJ= Cja^
1+ C'j-r"-

9+ C^-6+ ...

then, substituting and equating the coefficients of the highest term, we have

Cj, {n (n+ 1)
- n (n

~
1)}
=

2n,

or Ci-lj

and equating the coefficients of the terms involving #n~2r+1
,
we have

2.4...(2r-2)(2n-l)...(2n-2r+3)'

The general value of Cr} deducible from thia, is complicated ;
the values of

the earlier coefficients are

3
3(2n-l)(2n-2)

'

c = (n-l)(-2)(tt-8)(n - 4) (SOw
2 - 50n+ 12)

3
3.4.6(2n-l)(2n-2)(2-3)(2-4)

'

and so on
;
but there is no advantage in writing down more of the coefficients,

as the expression for w^ will soon be put into a different form.

Relation between the particular solutions.

96. We have now obtained the primitive of Legendre's equation in all

cases when n is a real constant, by deducing two solutions which are linearly

independent ( 72) of one another. But we know
( 65) that when one solution

of a differential equation of the second order has been found, the primitive

can be expressed in terms of it and, if necessary, of other functions, and

therefore any other solution is so expressible; we proceed to obtain this

relation for the cases viz. I., II., III. above in which it has not been

obtained. The first form in which it may be given is derived by means of

65. We may define Pn and Qn by the generalised equations

a*n()n(n) f
and y"~

n(2n+l) r

whether n be integral or not
;
n (n) is Gauss's n function and is r (ra+ 1), and

in the case of n integral is n 1 (see next chapter, 126) ;
and Pn and Qn are

still solutions of the Legendre's equation, since they are respectively constant

multiples of yx and yz . We therefore have
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multiplying the former by Qn and subtracting the latter multiplied by Pn ,

we have

where A is a constant, which is definite and not arbitrary since Qn and Pn

are definite functions. To find A we consider the terms containing the

highest powers of x
;
these are

2n(n)n(n) (

and in Pn

hence A

since n (2a+ 1)= (2^-+ 1) n (2?i) ; and therefore

*

Vn dx

This gives

or, its equivalent

and therefore

no constant being needed, as may be seen by comparing the coefficients of

the highest powers of x in the expansion of the two sides in descending powers
of ic.

97. This result may be written in a different form; but it is first
1

neces-

sary to prove two relations between the functions given by Legendre's equation
for different values of n.

From the expressions given in the preceding article* we find that the

coefficient ofa" +1-* 1 inPnt -P
1l
_iB

f(2n

{

the last factor is easily simplified into
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and therefore the coefficient is

Hence the coefficient of a;"
~ 2r in

dx dx

n() 2.4...2r(2n-l)(2n-3)...(2n-2r+l)'

that is, is the coefficient of the same power in (2n+l)Pn . These two ex-

pressions are thus equal term by term
;
and therefore

or

In the case when n is a positive integer this leads to a finite series for

df
viz

~3s'

the last term of the series 3Fi or PO (i-e- 1)> according as n is even or odd.

If % be not a positive integer, the series will proceed to infinity and will

* fJP
still be the value of -,- , provided # be greater than unity.

dx

98. Now by 95 we see that

is a solution of the differential equation, if w be determined as the Particular

Integral of

by the formula just obtained. To obtain this Particular Integral we write

w=a1
Pn

and substitute ;
since

'

the left-hand side has, as the coefficient of a2r-i

and therefore

oSr'_ 1 (ar-l)(n-r+l)=2-
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The value of ID is therefore now definite; and the corresponding solution

of Legendre's equation is

the last term being

3 p
(-l)(KH)

"

when n is even, and
' 1

"n, i-e.,

when 7i is odd.

99. We have now to compare this solution with Qn . Let it he supposed

expanded in a series of descending powers of x
;

it must then be of the form

where A and B are constants. Now in the series the term involving no
n does

not occur, since

_1 _1_ _1_

and therefore A must be zero
; hence the coefficients of the powers between

a?1 and ~*n+1 ) exclusive of the latter disappear; this ia easily verified for

the first few. The above solution is therefore a constant multiple of Qn ,
and

thus

where Zn stands for the series which, when n is integral, is a function of

degree n 1. Hence

and therefore

where Z7is an integral function of x of degree not higher than 2ra- 2. When
we substitute on the left-hand side from 96, it becomes

B I U
^~ n T ^T -n n J

or =

where the right-hand side is a finite integral function, of x. This is true for

all values of x
; writing x=l we have 5=value of Pn

z when x is unity. Now
in Ex. 1 of 90, Pn was indicated as the coefficient of ^ in the expansion of
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(1 -tocz+z*)'* in ascending powers of z and therefore the value of Pn when

#=1 is the coefficient of zn in the expansion of (1 2z+)~b, i.e., of (1-s)-
1
.

This coefficient is unity, so that Pn when x=\ is unity ; thus j?=l and the

equation becomes

17. I. The following properties, analogous to those of Pn ,
hold for Qn :

(i)

.fik. 2. Obtain the properties of the integrals Q corresponding to those of

the integrals P given in Ex. 4, 90.

Ex. 3. Prove that, if as be less than y,

The further development of the properties of the functions which are the

particular solutions of Legendre's equations does not depend merely upon the

differential equation ;
the student will find most ample investigation of their

analytical properties and their applications to mathematical physics in the

excellent treatise by Heine Handbuck d&r Kugelfunctionen. The treatises

by Todhunter, The Funations of Zaplace, Lam4 and JBessel, and by Ferrers,

Spherical Harmonics, will prove useful.'

BESSEL'S Equation.

100. This differential equation is

or, what is the same thing,

in which n is a constant; it will be assumed that n is real.

The equation, like Legendre's, occurs in investigations in applied

mathematics and n is usually an integer there
; but, as in the case

of the preceding differential equation, this limitation will not be

imposed on the value of n.



160 BESSEL'S [100

To solve the equation we -write -

y = AjoTi +A z
a?'* + A s

xnt
* + .........

and substitute
;
we then have

(m* - n') AX"1 + V - 9i
a
) AjK

m
' + (ma

a - rc
a

) J-X'8 + .........

+ AjOFf* + Ajf
1** + .........= 0,

which must be identically satisfied. Hence, from a comparison ol

the indices, we have

m
t
= m

i
+ 2,

wi,
= m

a + 2,

or the series is one in ascending powers of x, the common difference

of the indices of the powers being 2
;
and thus m r=m1 + 2 (r 1).

Taking the term in so with the lowest index we have

m* = n~

since A
l
is not zero

;
and therefore

m
1
= + n, or m

x
= n.

The coefficient of a)'"i+2r
.
on the left-hand side must be zero,

and therefore

or, since m* = n*,

Â-^>^i_-i "~~
rtU

101. Consider first the solution corresponding to

11^
= + n.

The coefficients A are then given by

A A rA.,=
2V(w-t-r)'

so that

for values of r greater than unity ;
and the series, which is a

solution of the differential equation, becomes

of

'(
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where A^ is an arbitrary constant. When to A
1

'is assigned the

particular value on n . ,
where II (n) is Gauss's function II and is

Zi 11
\ft>)

the same as T(n + T), then the expression is denoted by Jn ,
so-

that

,

= 2
r-o n(n + r)D(r)

which is usually called the Bessel's function of order n. When n

is positive, whether integral or not, the series proceeds to infinity

and, for finite values of the variable, is obviously converging.

Thus AJn ,
where A is an arbitrary constant, is one solution of the

differential equation. Before considering the form of Jn ,
when n

is a negative integer, it is convenient to obtain the solution

corresponding to the case

The work is the same as before with the change of sign of n,

and the solution is

or
1

a*

where B
t

is an arbitrary constant. To 5
X assign the value

=-,-r
; then the resulting expression is exactly the same

2"" II (
-
n)

& r

function of - n as / is of + n and may therefore be denoted by

J^, so that

. of
. __ 1

2
a

(-n+l)"
t

"2I2X-n + l)(-?i+2) '"J

(-1)'

If now n be negative, whether integral or not, or*fce positive

but not integral, this series proceeds to infinity and, for finite

values of the variable, is converging ;
in this case 5J".B is another

solution of the differential equation.

p. 11
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If then n be not an integer, whether it be a positive or negative

quantity, Jn and /"_ are two independent and determinate par-

ticular solutions of the differential equation and the primitive is

102. If n be an integer other than zero, two cases arise. First,

if n be a negative integer and equal to p, a zero factor occurs in

the coefficient of all terms after x*p inclusive within the bracket
;

and therefore by 86 the terms which precede this disappear, and

/.. becomes

or, what is the same thing,

,=

since n +p = 0. Now this last expression is (
-

l)
p /

pj
that is, ie

( 1)~V_B ;
BO that in the case when n is a negative integer one oi

the particular solutions, Jn , degenerates into a constant multiple
of the other, 7_n .

Similarly it may be proved, or it may be at once deduced from

the foregoing, that when n is a positive integer one of the par-

ticular solutions, J_n) degenerates into a constant multiple of the

other, Jn .

When n is zero, the two solutions coincide. Hence in everj
case when n is integral whether positive, zero, or negative, we maj
write

but that this equation may be valid it must be remembered thai

it refers to the respective limiting forms of the particular solutior

of the differential equation when the superfluous terms of the

latter for the special value of n have been removed from th<

expression in the general case
;
and the relation merely gives thi

limiting forrn. It however shews that .when n is integral it i

sufficient to take the positive square root of w2 and to consider, a
the corresponding particular solution, the function associated witl

that square root.
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It thus remains to find a second particular solution in two

cases in order to have the primitive ;
and these two cases are

First, when n is zero :

Second, when n is an integer which (from the above explanation)

may be considered positive.

103. To obtain these particular solutions it is convenient to have some
fundamental properties proved.

It may be at once verified that

(S)

aiid from the laat two we have

n ^n n-1T*~
dx

J = -x "Vn-

Dividing the first of these throughout by j;
71
"1 and the secorfd by jr"""1

and subtracting the latter from the former we have

Similarly
2

35

-
tit

Now it is evident from the general value of / that Jv =0 ;
hence the pre-

ceding equations give

Ex. Prove that

_.

this series is converging.

4
- ... ad inf.}.
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104. To obtain the desired
1

particular solution in the case when n is zero

we substitute

#= 2*70+ 10

in the differential equation

and the result is

d?w 1 dw T f&u ,

I du\ du dJ

To make the coefficient of J vanish we have

d?u I
ft

fo?
+ vdx~ '

which is satisfied by

the equation determining w is now

d*v> 1 dw __
2 dJQ

ifo* x dx
~

x dx

Now from the equation

d*Jn

it follows that

is the Particular Integral of

The general term in the right-hand side of the equation determining w is.

xP
n '

we have therefore for this term

Hence

and therefore a solution of the original equation is

}
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Let this be denoted by T ;
then the primitive of the equation

is y=AJ +BY ,

where A and B are arbitrary constants.

105. To obtain the second particular solution in the case when n is an

integer we write

y=Jn \o%x-w,
so that

d*w 1 dw (. 7? .

T-S + - T- + I--Ti }w=-

Now

da? a das

X being a constant ;
and therefore a value of w satisfying

is "--

Let wl be a quantity satisfying

da?^ 1 efta^ +^^
then a suitable value of w will be

The right-hand side of the equation giving w: must be transformed. By
the general relation between three successive Bessel's functions we have

-
J-^ 1/0=1/2;

hence 2
(l)V1

- 2g
hence also

also
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and so on
;
and the general equation is

- ,"
' ' '
~
ufr^sfr

"- ~
n- 2

~
"'

or, what is the same equation,

r
/i- 2 -
i

Also, by aotual substitution we have

p + i
--

+~x dx \

so that, on writing m=np}

_

da . a? P '

p _ -
, p

^ as +
~

p
~ - -

being a constant. Ifp be not zero, the right-hand side is
,

^ " "
n ; t

- i I

. o - /?
- '^" -';;. /, -ftL ' ' P

,p -p*lP-l* ^ ; u
* ^^A O T.,-->

-

while ifp be zero, the right-hand side is tC***
' ":- i -si

/?* -If now we substitute in the equation for wl the value

=-! ,/

i- 5>^--P '

jj=0- * *

a comparison of the two sides of the equation gives

if p be not zero, and gives

ifp be zero ; and therefore, whatever p may be,

Hence the value of w
t
is

2-J 1 n (n}

2
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and therefore the second particular solution of BesseTs equation in the case when
n is a positive integer other than zero is

i /
n~P J- in (n) 2*

Let the right-hand side be denoted by P"n ;
then the primitive is given by

y=AJn+3Yn.

Ex. 1. Another method of obtaining a second particular solution is em-

ployed by Hankel as follows. Any linear function of the particular solutions is

also a particular solution
;
hence in the general case such a solution is given by

which is then perfectly determinate
;

while in the particular case of n an

integer it takes the form 0/0 since
(
-

l)
nJn= 7_n. Prove that when evaluated

this assumes the form

"~ J

where * (a)
= -r logn () ;

and identify this with the solution already obtained.

(Math. Ann. I. p. 469.)

Ex. 2. The series for Jn is always a converging series; but, when z is

large, the convergence is slow and it is convenient to have a series proceeding

in descending powers of z. Prove that

so that the series terminates, if 2n be equal to an odd integer.

(Lommel.)

106. The relation between the two Ipearly independent in-

tegrals Jn and J_^ inay be found as in 96. We have

do?
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, d*J IdJ /_ n*\ T
811(1 -T3* H---U^5 + * - J K- =

5

da? co doc \ a?j
~"

and therefore

which gives

_
do;

~" dx us

where .4 is a constant which, however, is not arbitrary since Jn

and /_ are definite functions. To obtain the value of A it is

sufficient to consider the highest terms only in the left-hand side
;

when these are substituted, we find that

~ n (n) n (
-

n)

2~
n (n

-
1) n (

-
n)

_ 2 sin nir~*
and therefore

n J ~^J = sin TITT,

or, what is the same thing,

d (J^\ _ 2 sin mr

Ex. Obtain the corresponding equation when n is an integer.

Relation between the equations ofLegendre and Bessel.

107. It is possible to derive Bessel's equation from that of

Legendre. For, differentiating the equation

m times, and writing
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we have
jo -m .

(1
- ^)^ - (2m + 2) a?^ +

jre
(n + 1)

- m (m + 1)1 z = 0.

Let the dependent variable be changed to where

- (!-)*;
the equation now becomes

Let the independent variable be changed from as to < where

4>'
= tt'(i-**);

then after slight reductions the equation becomes

When we make n infinite, we have

which is Bessel's differential equation.

When all these operations are combined, we have, as the result,

that the limit of

when n is infinite, is Bessel's function of order m t 4> being the

independent variable.

It would appear from the foregoing process that
</>

is infinite
;

this however is avoided by making ec approach indefinitely closely

to the value unity. The geometrical analogue of this relation be-

tween
</>
and x is that whereby any very small portion of a spherical

(or other) surface in the neighbourhood of a point is studied by

assuming it ultimately to coincide with the tangent plane of the

surface at that point and to be magnified in that plane.

Ex. Verify that the above expression becomes, in the limit, a multiple

In this connexion the student may consult Heine, Theorie der Kugd-
fimctionen, 2nd edition, vol. i., p. 182

;
Lord Rayleigh, Proc. Lond. Math. Soc.

voL rx. p. 61.
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The primitive of Bessel's differential equation has been obtained for every

oaae
;
the further development of the properties of the functions which occur

in that primitive cannot be given here. The student will find the functions

fully treated by Lommel in his Studien uber die BesseUsche Functioned and in

several papers by the same writer in the Hatliematische Annalen, vols. n. m.
iv. ix. srv. rvi. ;

in particular the paper in voL xrv. deals with differential

equations which are integrable by Bessel's functions. Reference should also

be made to Neumann's Theorie der BesseFschen Functionen and to Heine's

Theorie der Kugelfwnctionen, 2nd edition, where (vol. I. p. 189) a list of

memoirs referring to the functions is given; Todhunter's Functions ofLaplace,
Lame" and Bessel contains many of the properties.

For a general property of all linear differential equations similar to those

which have just been discussed and which give rise to functions depending

upon a constant parameter the student may consult, in addition to the fore-

going, Sturm, Liouville, vol. i.
;
and Routh, Proc. Land. Math. Soc. vol. x.

RICCATI'S Equation.

108. Riccati's differential equation is

+v-!
but it is convenient to consider first the more general form

as
-^- ay + ly*

= caF.

If in the latter the independent variable be changed from SB to

z, where z = xa
, and the dependent be changed from y to u, where

y = uz
} the equation becomes

du
,.
b a c --*

+-u!t = -z a
,

dz a a

which is Riccati's form.

109. Consider now the more general form.

Firstly, it can be integrated infinite terms when n = 2a.

For assuming y = us? we find on substitution

aT1^ + baFu* = cat
1

,

doc

so that a1"*^ +M = ca?-*
a

.

das

In the case when n = 2a this becomes

.._ du
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the variables are separable and u is expressible in terms of ex-

ponential, or circular, functions according as b and c Lave, or have

not, like signs.

Secondly, it can be integrated infinite terms when (n 2a)/Zn is

a positive integer.

Let the dependent variable be changed from y to yv where

cc
n

A-\ = y and A is a constant the value of which has vet to be

2/i_ _

J

determined. When substitution takes place and the terms are

rearranged, the equation becomes

We choose A so that the constant term vanishes, and thus A =
or a/6.

Taking the value a/6 for A and substituting in this new form

we have, after a slight change,

a
-jj

-
(a + n) y 1

+ cy* = boc".

Now this equation is of the same form as that with which we

began ;
and the changes, that have taken place, are in the coeffi-

cients the original a has changed to a + n, aud 6 and c have

changed places. In this last equation we write

a + n cc
n

*- -T^
the foregoing analysis then shews that the equation in ya

will be

And the result of i successive transformations will be to reduce the

given- equation either to

tc -^ (a + in) yt
+ cyf = bof

1

or to

according as i is odd or even.
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Now, by the case first considered, this equation is integrable in

finite terms, if

n = 2 (a 4- MI),

,,,.. n - 2a
that is. if s-2n
is a positive integer.

Taking next the value zero for A we can easily transform the

equation into

an equation which differs from the former in y^ only so far as

regards the sign of a. Adopting now for this the preceding series

of transformations we write

n a x

and the equation in ya
is

x
as?

"

Hence after i 1 transformations of this series (and therefore after

i transformations in all) the given equation is reduced either to

or to x j~ (
~ a) y< + ^'

8 ~ aB"'

In either case the equation is integrable in finite terms, if

7i = 2 (in a),

,
. . . n + 2a
that is, if s

2ft

is a positive integer.

Combining then these two results we have : the equation^

as ~ ay + by*
= cas

n

is integrable infinite terms when (n 2a)j2n is a positive integer.

In each case the integral is given in the form of a finite

continued fraction, the last denominator of which involves either

exponential or circular functions.
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some important transformations which render them linear of the

second order.

In E-iccati's equation let the dependent variable "be changed
from u to v where

, 1 dv
ou = -

j- ,

v dx

so that if u is expressible in finite terms, v will be so also
;
the

equation then becomes

which might be taken as a standard form, equivalent to Riccati's

equation.

If b and c have the same sign (in which case exponential func-

tions occur in ) this equation may be written

while if their signs be unlike (in which case circular functions

occur in u) the equation is

Both of these are integrable in a finite form for the same value of

m that renders Biccati's equation integrable.

Change the independent variable from x to z, where

.qz
= a?

and q = km + 1 = - say ;i j >

the equation then becomes

n

d'v n Idv , .

-j-j
--

j bcv = 0.
dsr z dz

This therefore is integrable in a finite form if

1
i T -,

M 1

n

whence it follows that w.must be equal to an odd integer; and so

if the equation be written

cZ
a
u 2p dv ,

jj -*-
-j-

JC OCV = 0,
dsr z dz
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the condition of integrability in a finite form is that p should be
an integer.

This is reducible to its normal form by the substitution

and the equation for w is

vz~* = w,

which is integrable in a finite form ifp be an integer.

Lastly, let w = z^t be substituted j the equation for t is

d*t 1 dt , 1Na t .

S'
+ iS-^-U' + tfp- '

the primitive of which is

* = AJf+i {( - be?} + JJ-cp+D [z(
-

left.

Ifp + % be an integer, this ceases to be the primitive; we then

have for the primitive

* =AJm [z(
-

be)*} + B7p+it [z(
-
bcfy

Hence the solution of Riccati's equation can be eaypressed in terms

of Bessel's functions ; and, in particular, the primitive of

is given by

or __
m+2 m+2

according as m + 2 is not, or is, the reciprocal of an integer.

This is immediately derivable from a combination of the

preceding transformations.

The only case of failure is that in which m + 2 is zero, that is,

when wz, is - 2
;
the equation is then

+ \va>
n =

dao

= o* AJj_ (z\) + BJ_ _i_
m+2 w+2

which can be solved by the method of 47.
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110. We can now obtain conditions that Rlccati's equation

shall be integrable in finite terms. From 108 it follows that

is transformed by the substitution u = y/a; into

*%,-* +& = <*,

where ra = n 2. Now the latter equation is so integrable when

n 2 = 2m,

where i is a positive integer ;
and therefore Biccati's equation is

integrable in finite terms if

m + 2 2 = 2i'(m + 2).

Taking the negative sign we have

4im =
-27=T ;

while the positive sign gives

or what is the Barne thing in the case of the latter

by merely changing the integer i.

Hence Ricoati's equation is integrable in finite terms, if

m =
zTTi'

i being zero or a positive integer.

Ex. Prove that the equation

cLiL

dx
~~

is integrable iu finite terms, if

*
m+l -2i+l -2i-l

or =-; = ,

i being an integer.

Relation between ike equations of Bessel and Ricoati.

111. The equations of 108 in the form in which they have

been discussed are of the first order, but are not linear
;
there are
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For further information upon +hin equation a memoir by J. W. L. Glaisher

in the Phil. Trans. 1881, pp. 759 828, should be consulted, where full

references to authorities will be found
;
and the connexion between Riccati's

equation and Bessel's will be found fully discussed in the book and papers of

Lommel to which reference has already (p. 170) been made.

Some examples of the solution expressed by series will be found in the

Miscellaneous Examples.

Symbolical Solutions.

112. In cases when the solution of a differential equation in

series consists of a function in a finite form or when it consists of

a terminating series together with some function or functions in a

finite form, it is sometimes possible to obtain a solution of a

symbolical nature which will, when the operations therein indicated

are performed, prove equivalent to the solution otherwise obtained.

As an example, consider the differential equation

d8
?/ = m (ra + 1)__U. __ m'-tl x_i ni

dx* ny
of

y'

the solution of which has been proved to be expressible in a finite

form when m is an integer. When the dependent variable is

transformed from y to u by means of the relation

y = uas
n+1

,

the equation becomes

. 1 du ,

Consider now the differential equation

the general integral of which is

and change the independent variable from x to z, where z stands

for \o? ;
the equation becomes

. +
*

rt-O.
dsr dz

Let this be differentiated m + 1 times with regard to z and
dn+1v

let t denote T-SL 5 then we have*
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Let now the independent variable be rechaneed from z to cs ;* O '

the equation then becomes

,

dor CB da:

Hence we have

u = t

,-\ /7\

-Sal)
the primitive of the original equation in y therefore is

(1

rf\m* 1

1|) <^ +ao
A slightly different form may be given to this, for

on changing the arbitrary constants; and the primitive may be

written in the form

x

Since the differential equation remains unaltered, when for m
is substituted (m + 1), the primitive may be expressed in the

additional forms

Ex. 1. From the foregoing it can be at once deduced that the primi-

tive of
6

(an equation arising in investigations connected with the Figure"of the Earth)

is expressible in the form

F.

sn

12
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Ex. 2. Prove that the primitive of the differential equation

d

can, in the case when q is the reciprocal of an odd integral 2i+ 1, be exhibited

in the forms

(Glaisher.)

.Sfc. 3. Prove that the primitive of the equation

oPu
, p(p+I)

-j-a+a
2tt= t

-^-s L u
dor aP

is given by .

where r is to be put equal to a2 after the performance of the differentiations.

(Gaskin.)

In all these caseswhen the solution of the equation is thus given symboli-

cally, it is not difficult to identify the solution in this form with that obtained

in any other form, such as one in series by the earlier methods of this chapter,
or as one by means of definite integrals as indicated in chapter vn. The
student who wishes for fuller information on the subject of these symbolical
solutions and their connexion with solutions in other forms will find a full

discussion in the memoir (Section vi.) by J. W. L. Glaisher already (p. 176)

quoted.

mSOELLANEOUS EXAMPLES.

1. Integrate in series, and express in a -finite form the integrals of, the

equations

and integrate
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2. Solve the equations

'--<

179

(iv)

3. Integrate in series the differential equation

and express the integral in the finite form

A {1
-

(1
-

4. Verify that a root of the equation

satisfies

(Glaisher.)

(Spitzer.)

5. Transform the equation

by assuming y=e
aa and m+ai+na=f ( )*, into

integrate the last equation in series.

6. Obtain the primitive of the equation

&y , <fy ty
da?^~ q dx

=
a?

in the form

qssy
=A (qx

-
2)+B ($x+ 2) e -*.

7. Obtain the primitive of the equation

in the form

(LesUe Ellis.)

122
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8. Prove that the coefficient of cf1 in the expansion in ascending powers
of a of

(l

is a solution of

9. Prove that, with the notation used for the solution of Legendre's equa-

tion, {Pn (cos 0)}
3 is a solution of the differential equation

'

10. Prove that, with the notation of 90, 91,

(Trinity Fellowship Examination, 1884.)

11. Prove that the primitive of the equation

is given by

provided m be not greater than n.

What is the primitive when m is greater than n 9

(Heine.)

12. Shew that the solution of the equation

where k is an integer, may be expressed in the form

where yn is the solution of Legendre's equation.

13. Obtain the primitive of the equation

(Heine.)'

14. Prove that the equation

has, in the case when n is an integer, for its 'primitive

}}.

(LornmeL)-



EXAMPLES. 181

15. Obtain the primitive of the equation

in the form

where ;%'- (n -!)'-&.

(Lommel)

16. Verify that the primitive of

is y-a 2
33=0

where a,,, t^,..., Om-j are the roots of the equation am=l ;
and that of

a y

where a
, a!,..., a^ are the roots of aaiB+1= -i,

(LommeL)

17. The primitive of the equation

is y=A

and that of #* ^-4

i i

is y=x{AJ (e*)+Y (e'
i
)}. (Lommel.)

(See, for connexion between these two equations, Ex. 10, p. 127.)

18. Prove that, with the notation of 101,

" A "
TfX

n not being an integer, and that

-T J=-
l n+ l

=
a.

1

(Lommel.)

19. The differential equation

is integrable in finite terms, whatever function of a; is denoted by Q, provided

m be an integer.
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20. The equation

is integrable in finite terms, if

2{(l-r)
a
+4c}

i
= '

where i is a positive integer or zero.

(Malmsten.)

21. Prove that the coefficient of h?* 1 in the expansion of a(yS>+ash)

satisfies the differential equation

(Glaisher.)

22. Shew that, if y=X be a solution of the equation

(k being a constant), then a solution of

is given by

v.

Hence solve the equation

cPy 4 dy ,

dS-52 + **- -

(Leslie Ellis.)

23. The equation

a-^3--J--o
is integr^ble in finite terms in the following cases :

1. when - is an odd integer ;
ct/

(/ j\a c-j
2.

when-^fl J
+4 -V is an odd integer ;

3. when--|(l ) +4 -[ is an odd integer.a (\ a.) a]

24. Prov that the equation_

(a

admits of finite solution,
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1. when any one of the four quantities a - /8 is an even integer,

2. when any two of the quantities

are odd integers ;
where a19 03 and j8ls /32 are the roots of the respective

quadratic equations

(a
-

2) (na
- 2n - 2) +%m (a

-
2)+g ='0,

aud Janj3 (?i|3
-

2)+ $<i +/= 0.

(Pfaff.)

25. Prove that the three expressions

1 a2^2 1

d J
\ P

are all particular solutions of the equation

and shew that, when p is not an integer, these three expressions are equal to

one another. Obtain, in this case, a second and independent particular

solution.

26. Prove that the primitive of

- r
do? a

may be written in either of the forms

(/7\p

+ l

a?|jj {^-

(Boole.)

'Prove that the primitive of the same equation may also be written in the

form

(Donkin.)
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27. The primitive of the equation

can be expressed in the form

Obtain that of

in the form

d*y dy
-^-+my=x-f-
ds? a

dss

(Spitzer.)

28. The orthogonal trajectory of the system of surfaces of revolution

given by Pn=cr
n+1

,
where Pn is the solution of Legendre's equation and its

argument a? is the cosine of the vectorial angle of any point, is given by the

equation

29. Prove that, if the equation

be transformed by the relations s(ca?+cZ)=a0 + 6 and#=(ca7+ctf)
a so that u

is the new dependent variable, the new equation is

where

Hence, or otherwise, solve the equation

cPy y
da*



CHAPTEE VI.

HYPEEGEOMETBIC SERIES.

113. THE series

a/3 a(a+ 1)008 + 1

1.2.7(7+!)

1 . 2 . O .7

is called the hypergeometric series and is usually denoted by
F (a, ft, 7, as) ;

the four quantities a, ft, 7, x are called its elements

and of these so alone is variable. The elements a and ft may be

interchanged without affecting the value of F
;

if either of them
be a negative integer the series will consist of a finite number of

terms, otherwise it will proceed to infinity. It will be assumed

that 7 is not a negative integer, so that infinite terms may be

excluded.

If so be less than 1, the series is converging; but if a; be greater
than 1, the series is diverging. If so be unity, the series is con-

verging if 7 a ft be positive, and diverging if 7 a ft be zero

or negative.

The series is one of very great generality and includes as

particular examples very many of the series which occur in

analysis. The following examples admit of easy verification :

H (1 +oO
B + (1

-
)'
= 2F

(
- fa - $n + i i a?).

m. log (I + at)'=<cF(l, 1, 2,
-

as).
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IV. log

V.

/ gP \

VI. cosh x = F (a, @, , -j- ~],
when a= oo = .

VII. cos nx = F tyn, fan, ,
sin

9

a;).

jfik. 1. Prove that all the differential coefficients of the series will be

diverging for the value #=1 if the aeries itself be diverging for that value;

aud that all the differential coefficients from and after one of some order will

be diverging for the value x=I though the series be converging for that value.

Ex. 2. Express as hvpergeometric series

(i) sin t, the variable element in the series being Z
2

;

(ii) saint, the variable element in the series being sin2 *
;

(iii) oca nt, the variable element in the series being
- tana

.

Others are given by Gauss at the beginning of his earlier memoir (referred

to in 134).

114 Let the coefficient of of be written A r ;
then the relation

connecting consecutive A'B is

Consider the differential equation

= ............... (i)

in which S- stands for the operator x -5- . A solution of this equa-

tion can be obtained in a series : let this series be given by

Substitute this value in the differential equation, which must

be identically satisfied ; each separate power of as must therefore

disappear in virtue of the quantity multiplying it being zero.

Thus for the lowest power we have

and from the vanishing of the coefficients of the higher powers the

relation between the successive quantities B is given by
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We shall assume that BQ is not zero, because the relation B =
would make all the J?B zero; and thus the former equation is

satisfied by either

fL
= Q

Or
fj,
= 1 7.

115. Take first the value
/-t
= 0; then the relation connecting

the quantities B becomes

Now when BQ
= 1 = A

, the relation just proved, compared with

that which connects the A'e, shews that Br
= Ar ;

and therefore the

series assumed for y becomes the hypergeometric series. Thus
one solution of the differential equation (i) is F(a, 13, % <a).

Let the operating factors in (i) be expanded and terms of the

same order collected
;
then the equation may be written

cva B ,^ = x -J-I+B T ;

ewo dan

when these values are inserted the above equation, after rearrange-
ment and division by of (1 as), becomes

c^a

a(l -) da (l-)" .........
)

which is the differential equation satisfied by .F(a, fi, 7, no).

Take next the value /i
= 1 7 ;

the relation connecting the

quantities B becomes

Let S = I
;
this equation shews that the quantities B are the

successive coefficients in a hypergeometric series whose constant

elements are respectively a+ 1 7, # + 1 7, 2 7. The series

assumed for y begins with ac
l~y

;
hence the value of y is

at-vF(a+I -7, /3+ 1 -7, 2- 7, aj),

and this also is a solution of the differential equation (1).
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We have thus two particular solutions of this differential

equation ;
and therefore any other particular solution which is

finite for values of x less than unity may be represented "by

AF(a t 13, ry, as) + B&-* F(* + 1 - y, + I -y, 2 - 7, a),

in which A and B are constants, the values of which may be

determined by comparing powers of x. If in this expression A
and B denote arbitrary constants, it furnishes the primitive of (1).

116. To reduce (1) to its normal form we must compare it

with the general linear equation of the second order. We then

have

_
ss (1 x) to 1 x

and therefore the invariant /, being

becomes, after some reductions,

i-x I-*,8
'

v-

where

Let this invariant be denoted either by I or
i/r (x) ;

the latter

form will be convenient when the independent variable comes to

be changed.

Thus equation (1), by the substitution

becomes

___
_|_ y^r (#)

= o , (2),

in which ty (as) denotes the foregoing function of .
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Set of 24 particular solutions.

117. We now proceed to find some further particular solutions

of this differential equation. It follows from the investigation

of 64 that the conditions, which must be satisfied in order that

the equations
d*v

and
-g

+ **i(*) = ........................ (3)

should be transformable into one another are, firstly,

/dn-*

"-*UJ =zu>

and secondly,

Hence, if we consider ^ () as a given function of t, the latter

equation will give the value of t in terms -of
;
and when this

value is -fdund the former will furnish the relation between

v and z.

Now assume that the function ^ (tf) is such as to make

equation (3) the normal form of the equation satisfied by
a hypergeometric series with constant elements a

7

, ft', 7' ;
and

suppose that we can obtain from (4) a value of t in terms of x~

Then, since the value of u will be at once derivable from that of t,

we have a solution of (2) in the form

vt (1
-QW*1 - F (a', ft', ,/, *) ;

and this is distinct from the value of v which we have already had.

118. The primitive of (4) will give t as a function of ec, a, ft, y,.

a
'i fi> 7' ;

I* us select those forms of this function which make t

dependent on at alone, and independent of the two sets of constant.

elements. We may, to obtain these, write

*, a = 0,
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The former of these on multiplication by i'~* is directly inte-

grate in the form

and proceeding with the integration, we have

A
4

C(Cx+C')

_aas + b

cx + d

on changing the constants. This is the general value of t which

makes the function
{t, as]

vanish
;
but the conditions require that

(ad
-

&c)
a

, feus + b\
Or - T ilr

t

-
j =Yl

\ca:+dJ

and this will not be satisfied for arbitrary values of these constants,

which must therefore be determined so as to be independent of

the constant elements of the series. Now

where A = I
/u,",

and we may write

,

... ,^ (*)=i

Hence the constants a, b, c, d must be such as to satisfy

= (ad - 6H a

{ }

The quantities a, @, y (and therefore A, B, G which are functions

of them (are arbitrary and thus the numerator and denominator
of the left-hand fraction can have no common factor except a
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constant; and similarly for the right-hand aide. Hence we may
write

m (Ax
9

= (ad
-

6c)
a

[A' (ax + &)" + B' (ax + b) (ca + d) + 0'
(ecu + df],

mx* (1
-

fl)
2 = (a* + by (ca + df {(c-a)x + d -6}",

in which m is constant. The latter of these equations will deter-

mine the values of a, b, c, d.which are admissible
;
the former will

then serve to indicate the relations of of, {?, 7' to a, ft, 7 in order

that the expression at the end of 117 may be a solution of (1).

119. Comparing now the coefficients of the different powers
of CD on the two sides of the latter equation, we find that the

following sets of values for the constants will make the equation

identically satisfied :

(i) c = = 6 = a d
;
m= a

;

(ii) c = Q=d-b = a + b; m = a9

;

(iii) a = = d =c &
;
m = 6

8

;

(iv) a = = d - b = c + d
;
m = b

e

;

(v) & = = c a = c + d; m = ae

',

(vi) d = = c a = a + b; m = b
9
.

These values substituted successively in the expression for t in

terms of as give :

(i) t = co
; (ii) t = 1 x

; (iii) t = -
;x

respectively ;
and these form the complete system of values of t

required

120. We now transform the first of the two equations by
means of each of these in turn and obtain the necessary relations

between a', fB', 7' and a, $, 7.

Consider first the set of values (i). We have

so that



192 PABTIOULAB [120.

or, what is an equivalent set of equations,

When expressed in terms of the constant elements, these

relations are

and (remembering that an interchange of the first and second con-

stant elements makes no change in a hypergeometric series), we
find that these are satisfied by

(1) rf-a ..................P = P ..................7=7;

(2) a' = 7 -a ............ /3'
= 7 - ............7=7J

(3) a' = a-7+l .........# = -7 + 1 ......7'=2- 7 ;

(4) a' = l-a ............ ,<3'
= l-/9 ............7

' = 2- 7.

Since t =
cc,-^-

is unity and therefore u is unity for this value

of t
;
and the particular solutions of the v equation, which cor-

respond to these four sets of values, are respectively

-
a, 7 - 7j ,

_ 7 + 1
, ^ _ 7 + l, 2 - 7, a;),

aj
1-*7

(1
-

)
w>

^(1 - a, 1 -A 2 - 7, a).

Now these are solutions of equation (2) ;
in order to obtain the

corresponding solutions of equation (1) we must multiply each of

them by

and therefore four particular solutions of equation (1) are

(I) y =*<, A 7f );

(II) y = (1 -)*' J'Oy-q, 7-& 7, x) ;

(01) y

(IV) 2/
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Treating now the relation t = 1 as in the same way, we find

other four particular solutions in the forms

(V) y-J'(a l Ao

(VI) y=- y
F(a -7 + !,-? + !, a + -y + l, 1 -a);

(VII) y = (l- fl;r
a

And from the relation t = - we have as one particular solution

(IX) y = x-*

121. All the particular solutions for the different values of t

can be found in the above manner. Each value of t leads to four

particular solutions, so that there are in all 24 of these. But this

laborious method of obtaining the remainder need not now be

adopted ;
it is possible to write down, from the nine foregoing, the

following fifteen to complete the set :

(X) y = a,^

(XI) y = *?-<

(XII) y-^-

(XV) y =
-
y
(\-&

(XVI) y = oc--
y
(\-a

(XVII) y = (l-x)"
L

.

F. 13
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(XIX) y-^-^

(XX) 2/
= ^1

-y

(XXI) y-<T'

(XXII) yssflr' .

(XXLH) y = x
a
~>(I-

(XXTV) y=flJ
p
"
Y
(l-aj)

Y
~ a" fl

7fl-0l 7-0,7-a-
n - ^ a l

Relations between the particular solutions.

122. Let all these solutions be denoted by

the suffixes and the numbers of the foregoing equations correspond-

ing to one another
;
these quantities y are not independent, for, by

the ordinary property of a linear differential equation of the second

order (of which they all are solutions), there is between any three

of them x , .> * a relation of the form

and we must find these relations for the different combinations of

the solutions. But certain cases will arise in which either A or B
will be zero, and therefore the corresponding solutions will differ

from one another only by a constant factor
;
and these can be

recognised by the application of the following lemma.

If there be two solutions of the differential equation (1) developed

in the same ascending powers of CD and both series be converging, then

they differ from, one another only by a constant factor.
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For the sake of simplicity suppose one of the solutions to be

F (a, ft, 7, cc}
and the other when developed in ascending powers

of x to be given by

y = A + Bx + Oa? + .........

Substituting this value of y in the differential equation we should,

loj a process similar to that in 114, find y = AF(z, fi, y, as),
which

proves the lemma.

123. Let us apply this lemma to obtain the particular so-

lutions which are equal to yl ;
this we shall suppose to be a con-

verging series, so that as < 1. Then ya
is also a converging series

proceeding in the same ascending powers of as as yl ;
the first term

in each is unity; the constant factor of the lemma is therefore

1 and we have

#1
=

y,-

The next one in the list which, expanded in ascending powers of so,

begins with 00 is ys ;
if we select from

the coefficient of xn
, we shall find it to be

1.2 ......

JF'(a + n
> /9 + n,a + /9-y + n + l, 1).

But ia this coefficient F is converging (and so has a finite value)

only if

be positive (see 113), that is, if 1 7 n be positive. Hence
from and after some definite term the coefficients of the powers
of CD will be diverging series

;
and we cannot then consider the

aeries F (a, /3, a + /9
- 7 + 1, 1 cc) to be converging though ex-

pansible in ascending powers of x. Hence y6
is not equal to yv

Dealing with ylt yiV yw ya, yw in the same way it will be
found that the last two alone are converging series at the same
time as F (a, fi, y, as) ;

and hence we have

ytt
ajad yv yt and yv ylQ

and yv, ym and y1&
are derived

from each other by exactly similar transformations of elements
;

132
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thus to pass from y^ to ys
the former is multiplied by a^-y, the new

first and second elements "being obtained by subtracting the old

third from the old first and second and adding unity to each result,

and the new third element by subtracting the old third element

from 2. This process is seen to be the same for all and therefore

2/8
=

2/4
=

2/19
=

2/20
.....................

(ii).

Ex. Prove that

#6 =Vo =yu=yn ........................... P),

(v),

124. It thus appears that the 24 solutions can be divided into

six classes
;
and the equal members of these classes we may denote

respectively by F
t ,
F

a,
F

B ,
F

4,
F

B ,
F

e corresponding to the above

sets of quantities in order. It remains to find such relations aa

there may be between these owing to the fact that they are solu-

tions of the differential equation.

Now F
n
and Y

4
are converging for those values of cc which are

less than 1, while F
5
and F6 are converging for those values of or

which are greater than 1
;
as the former therefore are converging-

while the latter are diverging and vice versa, there can evidently
be no equations connecting FB

and F
4
with F

B
and F

a
. We there-

fore must find the equations between any three of the set

Y
lt
Tv Tv F4 ;

and any three of the set F
z , Fa,

F
B,
F

fl ;
and it will

be sufficient to have those equations into which 7
l enters, as, by

changes of the elements and division by a factor throughout, any
one of the 'quantities F could be transformed into F,. Thus
the equations required will be those connecting the following six

groups :

FF F F F F-FFF-FFF-F V V* v * v ^8' J
i'

*
a

*
4 >

* v J
a> -*4> *

i>
-*

a>
*

G > -*i> *v *
*>

F F F*
1

*
6>

*
6'

Let the equation for the firat of these groups be

or

To determine M and N the substitution of any two particular
values of ac will be sufficient

;
let then as = 1 and x = 0, and suppose
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1 7 a positive quantity so that tf
1 " 7

is zero when as =
; we have

for these two cases

To evaluate M and N we must obtain the relations hetween

the series for argument unity, to which we now proceed.

Introduction of Gaws's II function.

125. The coefficient of xm in

IS

a( + l)

1.2 .........771.7(7 + !) ...... (7 + 771-1) 7-1

7(7-1)
'

1.2. 3 ...... (ra-1) . (7 + 1). ..(7 + m-l)

= coefficient of oo
m
in --, 1N J

1

(a + 1, /3 + 1, 7 + 1, a) ;

7 (.7
-

-1
-;

and the term on the left-hand side independent of ec vanishes so

that

7 1

But from the differential equation satisfied by F (a, 0, 7, a;) we
have

Let the value of J7

(a, /9, 7, x) when # is made unity be denoted

d*F
by Fl (a, /3, 7); the value of -pj when a; is made unity is finite and

CUB

therefore
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*ifr A 7) -*;(, & 7-1)---~
T-

_ aft

(7-l)(y-a-/3~l)

BO that FQ_ 1 -(fy-

(7-J.)(7--/9-l)

or, changing 7 into 7 + 1
3 we have

'

Similarly

y
A

/
g|J

fl
1

and therefore

126. Let

1. 2.3
~ov ( 7

< k* be denoted by II (k z\-
&) (JS + K )

J \ > I '

then

Since

we have

= 1 .2. 3.. .*.(*-+
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and so

1.2. 3 ......e

on the supposition that z is an integer. From this transformation

and from the original definition alike we have

These equations shew that for a given value of z the function

II (k, z) tends towards a limiting value as k approaches infinity,

and that this limiting value is finite. As then II (oo , z) is a function

of z alone, let it he denoted by II (z}\ the last equation shews that

H (z + 1)
=

(g + 1) H (z),

and the former shews that, if z be an integer,

n (*)
= *i,

while in any case we have

n< = r(* + i),

where T (*+ 1) is the Gamma Function of Euler.

In the equation giving F1
let k become infinite; then every

term of the series F
t (a, ft, y + oo

; is zero except the first, which is

unity. If we substitute for II (oo , 7 1) and the other functions

their values II (7 1), we have

Ex. 1. From the expansion of t in a series of ascending powers of sin t,

prove that

Ex. 2. Prove that

n (
-

e) U. (e
-

1) =TT ooseo en.

Ex. 3. Obtain the relations

(i) F
1 (a,l-t,y)F1 (-a,l3,y-a')=l;

(ii) Fj. (a, ft y)Fi (a, -/9,y-/9)= l.
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Ex. 4. Prove that

n^n^n(z- 1)
n
(i- 1)

.........n
(,-^)=(2

7r)*f"^n(^).

(Gauas.)

Determination of constants in the relations of 124.

127. The equations of 124 now become

_ nQ3- 7)ii(- 7)

and therefore

n(-a)n(-/9)

from which with the use of Example 2 in the preceding set it is

not difficult to deduce*that

n(7 -l)n(a-ry)IT(/3- 7)

These then are the values of the constants in the equation

(i) Y^MY.
Similarly, if we write

(ii) T^M.
we find that the values of M^ and N^ are

,T _ n(-a)n(-<8)
11 n(7 a-/9)n(- 7)-

It is easy to shew that the following are the four equations

corresponding to the other four groups in order:

(iii) Y
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i

where ^ = n (7 - 1) n (7 - a -
1)

9

AT_
n (-

(iv) Y^MJ^
,

n
-

where n (1
__^ u~(^lju (y

-
ft
-

I)
'

!!(<*-) II( -7)'

(v) Y^MJ^NJ,
where jf - n( y -i)ii(/?- 7) n(-a)where M -

where ^ .? (7 -l)n (^-a-1)wnero M ~
(7 -a- 1)'

It should be remarked that the labour of deducing these con-

stants need not be repeated for each equation; each equation with

its constants can be deduced from the first equation and its con-

stants.

128. We now pass to a different set of equations which connect

any two of the particular solutions and their differential coefficients.

It has been proved that, if Y
1
and F

a
be two particular solutions

of the equation

where G has a constant value which depends upon the pair of

particular solutions selected. In the case when the equation is

that satisfied by the hypergeometric series we have
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ft = 7 7-a-/3-l
a; (1 as)

x I os.

and therefore

The value of (7 in any equation may be determined either by a

comparison of coefficients of the same power of w on the two sides

or by the substitution of a particular value of as.

Example 1. Let

Let each side be expanded in ascending powers of x
;
the term

involving the lowest power of so in

Yl
~daJ

aR
is <c

l~y
;
the term involving the lowest power of a; in

~
FS

~des

is (1 7) oT
y

;
hence equating the coefficients of the lowest

powers we have

and therefore

2/i ^2/B f -t \i O.-B i
yn r- y, -5 = (y 1) # (1 os)

~~

Ja
dos

Jl
das

w ' v '

Example 2. Let

We proved before that

in which M and ^7" are definite constants. This gives on differen-

tiation

da das das'



128.] PABTICULAE SOLUTIONS. 203

and therefore

from the result of the last example. Now from the values of M
and N we have

M _ n (7 - 1
) n (

- 7) n (a + - 7)~

But n
and therefore

and the equation becomes

V tyl _ tys _ n(7-l)II _
2/8 dx y*dx~ n(a-l)

* U '

Ex. Prove that

7 ~
y (1 tf)

V
~ a

and that

129. In all the foregoing investigations the quantities a, @, 7
have been supposed to be independent, and the series have con-

sequently retained their moat general form
;
but many important

applications are made by assigning either one or two relations

between the three constant elements, or by giving numerical

values to one or more of them. Such applications (as for instance

to elliptic integrals) cannot be discussed here
;
but the student

who wishes for information on these points will find at the end of

the chapter a list of the more important memoirs dealing with

hypergeometric series.
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Special cases of integration in a finite form.

130. We pass now to consider some special cases when the

hypergeometric series can be expressed in a finite form.

It has been proved ( 61) that the quotient s of any two par-

ticular solutions of the equation

satisfies the equation

I {s, *}
= I,

where / is a function of x only ;
and it has been further shewn

that, from any particular value of s which satisfies this equation,

the value of the two particular solutions of the former equation

can be obtained. In the case of the hypergeometric series the

value of / is

!-' x'-g' + F"-!-! A
_ o-i)

9

(*-i) J
.........w>

\, ft, v being definite functions of the constants a, ft and 7 ;
so that

for this series the differential equation which gives s may be

written

If then a relation between 8 and a? can be found which is

expressible in finite terms, it follows from the formulas of 62 that

the hypergeometric series will be expressible in finite terms. This

cannot be expected to occur in the case when the parameters are

general; from the few instances given it will be seen that the

values of \ ft, v are definite numerical constants.

There are in all fifteen separate cases, and no more
;
for the

proof of this, reference should be made in the first place to the

memoirs of Schwarz (see 134) to whom the investigation, in a

completely different form, is originally due.

It is convenient to recapitulate here the general fonnulee of transfoimation

of the function {a, x} for the changes of the variables'; the special examples

given in Ex. 3, 62 are particular cases of the general relations which are
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fiitf-f-fc I
J J.I n = .....
I'M'-H/' J

mlilitiniiul i-.\.uii] ili-s wu muy tuku

205

(ii).

r.irniiilih wlih-h Avill IIIHIVO iiHuful, \n thut which uri

t-; llu-ii wn Imvo

...<iv).

by an

thill
t -'

ami
,a

HII tlmt \a, .&}

wliii-h muy IHI writtfii in oithor uf tho forma

.(V).

1H1. CAHE I.

By writing A" = x in (i) in tho fonrraluu just unumoratod

wo havu

by a HoriflH of jiroper HubstitutionH wo may pass from this

to the corresponding equation for the hypergcomctric suriua.
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Firstly, let

<r

then {s, a?}
=

{S, a] + (^
while by (iii)

Buto- = 5
n

;
therefore

and thus

Secondly, let

y=5a = l-

so that the relation between s and # is

+1,then

Again using (i),
we have

{s,} = {r,

but in this

dT_~
'

so that we have
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Also, since

we have

and therefore

When thoHO aubHtitutioiiH ore made in tho original equation
which gavo {st as],

it becomes

-if
1 -* H.L-i+.s-

1
1

*La-)' ^ ^^^(.^-i)]
1

This iH of the wamo form OH the equation (A) in tho general

coso, and in identical with it when we write

*=- v - 1, M=i;

and then the relation between s and x is

Now \* = (1 (y)*, ^,
9 n= (a

-
)',

i/
9 =

(ry
- a )"; runioinbering

that 7 a $ must be positive in order that thu scries may
converge oven when tho variable is oqual tu unity and assuming
that o w greater than j3 (which in permifwiblo), wo may take

If it be desired to have ^Q positive, we can change the sign of n\

and then the elements of the hypergeometric series are

-, ^o- 7 = 1 + -.n ^ 2n ' n
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and the relation between s and as is

l-sn

__ (l _ a
l+sn

~
( ^

The latter gives ^
1 (1 c)

s =
(!-)*'

and therefore

s= ,

{1 + (1 -)*}'

while
'-* = *

(1
-

)*
*"=

{! + (!- )*}

Now the two particular solutions, when the equation is in its

normal form, are

<y* and O/-^,

and the relation between the dependent variable v in this case and

the dependent variable in the ordinary differential equation is

( 116)

which becomes

y
= VX~(z

+
2~n) (1 cc)~*

in the special case.

Hence the primitive of the differential equation

doc n

is y = Op
"
(I + (1

- aff+ C, {1 + (1
- ).

Moreover on comparing these two particular solutions

5"" and af

with the set of particular solutions, we find that they correspond
to L and in. respectively ;

in fact, the relations are
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2*11 +(!-,))-"......CD

and
*g-i, -.

I-i..}-S-*{l
+ (l-.)V......(ID

1

the common factor os
"
having boon removed from the latter.

Thesu two rolatioim are of course equivalent to ono another.

132. GAME II. From what him been proved in the lawt cane
it followH that, when we assign the particular value 2 to n, wo have
the relation

*_ -

4̂ -
^

(o^-hl)
9

as a Holution of

Kmtly.lot * (ft

then

(I
"

Suoondly, let

|<r, {?,)
=

[(,, fJ - (f,, fj

F- 14
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and the relation is fa
= n

ff

Thirdly, by writing a
= N/3 f8,

we at once have [a; ffl}
= 3 {<r, fj

= | /

^ _^ gg
a\a i

a _ i

where ^ =
2^/3'

Fourthly, let a- = a?
;
then

Q

Now {s, o-}
=

{5,
s
8

}
=

;

,

and

. 12o-
a

so that

Hence k & * V
(1*+ Sf/T

5* 1
and the relation is ,

=-7= .

Fifthly, let f-"gri ;

then
{5, f4} = {, W

_
(&-!)*' 8 '(&-l)''16

27 4

8 (f4
8

-l)"

and the relation is

Sixthly, let

then
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Also

and

IN A FINITE FORM.

Fa ^ "" ~*

211

Hence ', 6) =

*_

,,, .
,.

.
fc

r.9
4 + 2j9

a s-n 8

and tho relation is f.
= r=

L^-Sw^S-lJ
It therefore follows that a solution of

in tho case whun X = 1 = u., v = L
*(-!)

From this relation tho vuluu of $ can hi 1 foimrl (it is a soinu-

what coniplicatod function of a;} and thence a'; and thin will U-iul

{ 02) to tho solution of tho equation

7

133. CASE III. From the two prucodiiig CUSUH a nuw onu

can bo constructed.

For let, in Case II.,

then

by Case I.
;
and so

ff+iy

j, i _ %
l*'^

-(!-)'

> + a '

142
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Now change z into z> so that

then {s

4 IL

, *}
=

{s,
-

z]
= + _

_ __ _.
"^(1-*)" 5(1-*)

A comparison with the general formula shews that the last

relation between z and s is a solution, provided

*-> v = $> /*=;

and therefore a = =
, 7 =

Hence by means of the preceding relation we can obtain the

primitive of

in a finite form.

Ex. 1. Shew that from Case n. can be derived in a finite form th&

solution of

Ex. 2. Shew that from Case in. can be derived in a finite form the

solution of

Further cases will be found in the Miscellaneous Examples at the end of

the chapter.

It may easily be verified that, for all the examples given, we have on

taking positive values of X, p., v the inequality

the case ofX+/i+v=l is integrable by the simpler method of 68. See

Ex. 7, p. 126.

134 For further information on the subject of the hypergeometrio series

the following memoirs should be consulted':

GA.TJBS,
"
Disquisitiones generales ciroa seriem infinitam

Ges. Wer&e, i. in. pp. 123163 ;

"Detenninatio seriei nostrffl per eequationem difi'erentialeni secundi

ordinis," id. pp. 207 230.
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KUMMKR, "Uober dio hyporgeonietrischo Roihe," CreUe, t xv. pp. 39

83 aud 127172.

SCHWA.RZ, "Uobor oinigo Abbildiuignaufgaben," Cretin, t. iiXX. pp. 105

120;

"Uobcr diojcnigeii Fiille in wolchun dio (Jaiuntltidio hypergoo-

motriHuhu Roiho eino 'algobraisuho Function iliros viortcn

Elomontoa darstollt," Crallt), t. i-xxv. pp. 202335.

CAYLKY, "On tlu> Soliwarzian dorivativo and tho Pulyhudral FuuotioiiH,"

Cumb. 7V7. Traiw. i. xnr. ;

in tho List of wliich rufcrouuuH will bu fonud to further memoirs.

Tlioro is nlso a memoir by (IOUIWAT whioh may bo uniiHiiltnd with grunt

advantage "Hur I'dquntiim difTdruntiulk1 qui udmut pnur intdgralo la HiSriu

hyporguoniiStvicpie" (Annnlmt tie Cifnule iiornmle mifitfriaitre, Hdp. rr. t. x.) in

which by developing a muthod duu nrigimdly to Jauubi ho obtains tho reunite

of Kummor and Suhwarz.

MISClELLANKOUH EXAJTI'LIW

1. I'rovo tliat, if

(rtHfr-'-SttficQH^)
1

rt
s.-.l

11+ iJ
1 UfJM0+ 2^ a O

thun A r may bo written in any of tho forniH

2. Obtain a solution of tho equation

as a hyporgeometric serioM
; A, 2i, C, D, JE, F&rQ uuppoaed to be constants.

(Qausa.)

3. A fuuotion is said to be contiguous to F (a, #, y, x) when it is derived

from it by changing one and only one of the constant elements by unity. Let
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f(*+l, ft 7, *) be denoted by Fa+ ; F(a-l, ft y, *) byFa_ ;
and ^(a, ft y, *>

by .F. Then prove the following relations :

(i) 0=09

(ii) Q=(y-a-

(iii) 0={y-2a-(j3-a)tf}

(iv) 0=y {a-(y-0)*}^-ay(l-*)

(v)
= (y-a-^) JF

T

+a(l-^) â+
-

(Gauss.)

4. Prove that

(1 -a?) ^(o, ft y, a?) Jf(l -a, 1 - ft 1 -y, *)- 1

-a, i-ft 2- yi ).= __
y(l-y)

(Gauss.)

5. By changing the independent variable in the differential equation verify

the following equations :

(i) (l+y}^F(Za, 2a+l -y, y, y}=ffa, a+J, y,

(Gauss.)

(ii) (l+y^F(a, a+i^ft jS+i ^=^(0,
ft 2ft

(T^-y8)
.

(Gauss.)

(iii) ^(o, ft a+0+i sin8

d^F^Za,
2ft a+j9+i, sin3

|)
.

(Kummer.)

Prove also that, by changing the variable from x to -&{! + (1
-

a;)*}"
8
,

2a + 2 \ -^ /a a+1 2a+2 -4BJ

6' 3
'

(Kummer.)

6. Shew that the functions Pn and Qn ,
which are the independent solu-

tions of Legendre's equation, may be expressed by hypergeometrio series in

the forms

the variable x of Legendre's equation being connected with by the relation

.

Heine.)
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7. Shew that, if the independent variable in Legendre'a equation be

restricted to be leas than unity, the primitive may bo represented by

where the aeries, if infinite, tiro couvorging.

(Heiuo.)

8. Denoting the soriuB

i
, a0y,.,a.a+1.0. + 1.7. y+1

,.,,,1 +^ +
'"l727O+i:7:H-l

* + '"'

by ^{(
a

'

/
fl

^
)*} l)rovo thnt /^witinftoH tho differential equation

and obtain two other imrtiuular HolutioiiH of tho o<iuAtion in the ruwpootivo

forms

the lirnt of thusu throo HolutioiiH in tunnu of tho other two (wo

9. Vorify that auothor nolutiou of tho difForoutial uquation in tho lout

question in

and hence derive two other nolutioiui from tho reuultu given in the lout

question.

10. The equation

has a particular solution of tho form x"
\ determine n and ulitaiu thu primitive.

Hence expresa HIU~ I
J; on a hyporgoomotric werioH.

(tlourat.)

11. Obtain in a finite form tho primitive of

also of

(Oournat.)



216 MISCELLANEOUS EXAMPLES.

12. Prove that the relation

as

x-\
satisfies the equation

Hence obtain in a finite form the primitives of the equations

(i) *(l-.)

(ii) *(!-)

13. Prove that the relation

4a
~

108** (a*
-

1)*

satisfies the equation

Hence obtain in a finite form the primitives of the equations

(i) *(i--:)+(*-H)



CHAPTER VII

SOLUTION BY DEFINITE INTEGRALS.

135. THE principal methods which lead to expressions for the

dependent variable in terms of the independent variable by means

of what are ordinarily called known functions have now been given;

there is however another method which certainly leads to a solu-

tion of some differential equations though the full evaluation by
the operations indicated may not be carried out. This method

consists in expressing as a definite integral the value of the de-

pendent variable; its chief application in ordinary differential

equations arises in the case of a certain general class of linear

equations which can otherwise be solved in series, though not in

so concise a form. The method is however of primary importance
in the solution of those linear partial differential equations of order

higher than the first which arise in investigations in mathematical

physics; in fact, in some questions these solutions by means of

definite integrals constitute the only solutions hitherto obtained.

Here, however, we are concerned with the application to ordinary

differential equations.

136. The method applies with peculiar advantage to Linear

equations into the coefficients of which ac enters only in the first

degree and in which there is no term independent of y or of

differential coefficients of y ;
such an equation, in its most general

form, is
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where the as and 6's are constants. This may be written

d

where
<f>

and ty are rational integral algebraical functions of the

order n in general, though the order of either may diminish

through the vanishing of some of the coefficients. To Solve this

equation we assume

where T is a function of t but not of as
;
the form of this function

and the limits of integration (supposed independent of as] are to

be determined by substituting this proposed value of y in the

differential equation. Since

the result of the substitution may be expressed in the form

fxtP (*) Tdt + $<&^ (f) Tdt = 0,

which must be identically satisfied. The former of the terms,

being integrated by parts, is replaced by

and therefore the identity becomes

the first term being taken between the limits of the integral, as

yet unknown. Now this will be satisfied, if we make

for all values of t included within the range of integration, and

[#*< (t)T] = Q

at the limits. The former of these equations determines T as a
function of t\ the latter will determine the limits of"this assumed

integral.



137.] DETERMINATION OF LIMITS. 219

137. To derive the value of T we write the first equation in

the form

and therefore

where A is an arbitrary constant. Hence the value of y is

dt
*(*)

taken between limits of integration defined by the equation

these limits being independent of as.

138. We have now to determine the limits. Consider the

equation

where /^ is a constant. Let ^ be a value of t independent of os

and satisfying the equation ;
let /*a ,

. . .
, pr be other constants and

/Q'a /9r be corresponding values of t, all independent of 0.

Then if the value
*

y=-

be substituted in the equation and if for each of these definite

integrals (T being assumed to have the value before obtained)
a single integration by parts be effected, as in the preceding

analysis, then that the equation may be satisfied we must have

and when this is identically satisfied the foregoing value of y is

a solution of the equation. This last identity will indicate such

necessary relations as may subsist among the arbitrary constants A,
and so will fix the number of independent constants-; when this

number is the same as the order of the differential equation the

foregoing value
_of y is the primitive, but if it be less the

necessary number of particular solutions to make up the primitive
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must be otherwise determined Examples will be given here-

after.

139. This is the most general method of obtaining the limits
;

it includes as a particular set the limits obtained by taking those

roots of the equation

which are independent of as
; they obviously make

and they are usually the simplest obtainable. When this equation
indicates only two limits distinct from one another, these will

give the only definite integral immediately derivable in such an

example. If, however, more than two, say r -r 1, limits be indi-

cated, then r particular solutions may be constructed; in fact,

denoting these limits by a, lt /3a , ...
, /3r , we derive from them'

as the corresponding part of the primitive

9-r
(

rs \

y= 2 \A 8
\

e**Tdtl.
8=1 ( Jo. )

Ex. 1. To apply the foregoing to obtain the primitive of the equation

__j? _ <r },_ n
d* *y- Q-

Here we have -with the above notation

*(*)--!,

Vr (0= 11

;

and Uierefore

- T A 6-frdt
.
* -^o6 >

or, changing the sign of the arbitrary constant, this is

i+i

T-A*~\
wMle, m accordance with the general rule, the equation determining the

Now this is satisfied by *=> when M ia"zero and by t=Q when . -A -

may^ M the^^ f the
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It must be noticed that, just an in the general caao ouo of the definite

integrals alone was not a solution of tho differential equation, HO tin's in not

a solution of the equation since tho tunas outaido the integral aru

3*-:
3Ata-0

iuwtoad of zero. This value of y is tliuruforo tho Particular Integral of the

equation

Now tho quantity T (loon nut change, if for t wo write at, whuro in a

root of thy equation

moreover tho limits of the definite integral aru unaltered Hinco in tho equa-
tion determining those limits thu turin xt in tho exponent has changed into

istat whioh, HO far aw thin equation IH concerned, in tho HIUUO an changing ,r into

xu, a change which has no (ift'uct on the limitu HJIICO thuy iiru indopundont of

.17. Hence we have another dullnito integral in thu form

t -ti

/"
'j.i +axt

/ *(*).

or, whon tho a i moved outwido tho Hign of integration, it in

Forming now those dotinito intagrnlH for all tho (rt+l)"
1 rooiw of unity

and adding them together wo find an tho oxproHHion for y, whioh lian to be

bubfltituted,

w+l

/oo

'
-+fft

o
w+1

rf +
o

When this value is Hubntitutod, OH in tlio general invostigation, tho terms

which are under the integral sign vaninli identically and tliat ]>art of the

expression taken between tho liniitn, whioh is furnished by tho integral

involving Ar ,
iu Ar ;

hence tho reuniting equation, when thin value of y is

substituted in the differential equation, is

If then this singlo condition be satisfied among the n+l arbitrary con-

stants, tho above expression for y is the primitive of the differential equation



222 EXAMPLES OF SOLUTION BY [139.

Eos, 2. Prove that the above expression for y is the primitive of the

equation

provided the constants A satisfy the condition

AQ+AI+A Z+ ...... +An=a

Ex. 3. Prove that the primitive of the equation

is, for positive values of x, given by

Obtain the corresponding primitive for negative values of x.

(PetzvaL)

Ex. <L To solve

where a and j are constants. Here

so that

Hence one solution of the equation ip

taken between the limits given by

To obtain the limits, write

and suppose a positive ; then two roots of the equation are given by

t=+q and t= q.

If now x be restricted to positive values, a third root is given by

*=-eo,

while when x is negative a third root is given by

t=+ao.
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As in either case we have three values given by tho limits equation we can

construct two distinct particular solutions, and so have the primitive. Thus

when x is positive the primitive is

(t*
- q^a~ l

<P dt,

q

while, when so is negative, the primitive is

Ex. 5. Verify that, when a lies between 2ero and 2, the primitive of the

equation is

o Jo

unless a be unity, in which case the primitive may be written

y= [" efffl)008fl
{A +B log (x sin2 ff)} d6.

Jo

(Boole.)

Ex. 6. Obtain by means of definite integrals the primitive of Bessel's

equation.

140. The foregoing general linear differential equation is one

with variable coefficients which are of the first degree in the

independent variable; and the definite-integral solution was ob-

tained by means of a linear differential equation of the first order

determining the unknown function T. It is not, however, the

only type of differential equation to which the assumed form of

integral is applicable ;
it is, in fact, a particular case of a more

general process, indicated by the following proposition.

The solution, by means of definite integrals, of the general linear

differential equation of the ntA
order, whose coefficients are not con-

stant but functions of the independent variable of degree not higher
than m, can be made to depend upon the solution of a linear dif-

ferential equation of order not higher than m, the coefficients of
which are variable.

This proposition we proceed to prove. Let the differential

equation be denoted by
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where Xr (for all values of the suffix r) is a function of as only, of

degree not higher than m, given by

r
= a,

while for some values of r some of the coefficients of the highest

powers of a may vanish. Taking as the particular solution the

same form as before, we write

with the limits as yet undetermined, and T an unknown function

of t. Now this value of y gives

-

dor

and therefore the equation, when this expression for y is substi-

tuted in it, becomes

+ f+X^ + ...... + tZ,+ ZJ dt = 0,

which must be identically satisfied. Rearranging the expression

so that it may proceed in powers of x, and writing

we transform the above equation into

Z7>+

Now the left-hand side ia the sum of m + 1 integrals of the

form

(pTUjfdti
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and each of these can be integrated by parts until the variable so

ceases to occur except in the exponential Thus we have

+ (- ir

the part without the sign of integration being taken between the

limits of the integral, as yet undetermined. Denoting the ex-

pression

by Vr
for all values of r except zero (in which case no integration

by parts is necessary) and applying the foregoing formula to each
of the definite integrals on the left-hand side of the equation, we
change the equation into

This will be identically satisfied if the unknown function T be
chosen so as to satisfy the equation

= o

for all values of t between the limits of integration. These limits

must be determined by
m ~\Vr =0.
l J

Now this equation determining T is linear with variable co-

efficients, and it is of the order m but it may degenerate to one of

lower order; when it is solved, a definite-integral solution of the

original equation is derivable.

Hence the proposition follows as enunciated above.

Since the equation which determines T is of order m, it will

have m independent particular solutions; these may be denoted

by ^i ^t ...... Tm . Corresponding to these there will be m
F. 15
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particular solutions of the original equation obtained by sub-

stituting for T in

ffTdt

these w values in turn.

141. In the case when m = 2 the equation which determines

T becomes

or, -what is the same thing,

The following are some of the special cases in which this

equation can be integrated very simply.

(1) When the coefficients a, b, c are such that the equation

is satisfied for all values of t
;
in this case the value of T is easily

proved to be

A |=

(2) On multiplying the equation throughout by U
t ,
we can

rewrite it in the form

the left-hand side of which is a perfect differential if

f 7 7) = TJ (
- *

i

dt
* a a

\ dt dP

that is, if

at/ dt

If the values of a, b, c be such as to make this an identity, then

the value of T is given by
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which leads to the result

or

(3) When the equation in T is reduced to its normal form by
the substitution

the new equation is

A solution of the equation is at once obtainable when

vanishes, i.e. when .

ro d /i

Further, immediately integrable cases are furnished when f& is

a constant, or is of the form X (e +ft)~*, or of the form \ (e

In any case, whatever be the relations among the constants in

the functions V, the solution of the equation determining T is of

the form

while the equation giving the limits of the definite integral is

which is satisfied by the values of t, if any, common to

T=0 and ^=0.
_ dt

Ex. Integrate, by means of a definite integral, the equation

where ju is a constant.

152
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142. Another set of equations to which the method of solution

by definite integrals can be applied is the set derived from

for different values of n. To solve this we assume

where t denotes an unknown function of as alone and P an unknown

function ofp alone, both of which functions, as well as the limits

of the integral, have to be determined. Differentiating the value

of y twice and substituting in the equation, we find

Choose the unknown function i so that

and suppose that X is positive and equal to c
a

, so that the differential

equation is

Then the equation which determines t is

d*

and therefore

-
m

if m denote %n + 1. Hence we have

j. at m , i a 5 m (m 1 1

7^- = and 7 j-i\ \ -

tdasx t doc a?

Let the equation involving the integrals be multiplied through-
out by af/mt ;

it becomes, after a very slight reduction,

m ft* (P*
-

1) Ptdp- (m - 1) fe~* Ppdp = 0.
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Integrating the first term by parts, we have

= 0.

Now this will be identically satisfied if we make

for all values of p included between the limits of integration
defined by

The former equation serves to determine P as a function of p ;
it

is of the first order and linear, and its solution is

m+I

P=A(p*-l)~ *,

A being an arbitrary constant
;
and the equation which gives the

limits is

The latter equation is satisfied by p = oo
, and by p = I provided

the exponent of p* 1 is positive ;
this requires that m should

either be positive and greater than unity, or be negative, and

therefore that n should not lie between zero and 2. Assuming
that this condition is satisfied, we are in a position to construct two

definite integrals ; they are

ri m+l
e~* (p*

-
1)

*
dp,

J -i

and
[

e** (p* -Vj~~*^ dp.

The former of these is equal to

f\ 771+1 Q 711+1

I e"*"^
3

1)
*"

dp + I e~**(^
a -

1)
2m

dp,
Jo J -i

=
I e"1

*
(p* 1)

2m
dp + I e

1*
(

a

1)
Sm

dp,
Jo Jo

ri _
= (e** + 0"") (p 1)

2m
dp.

J o



230 APPLICATION TO THE
.

'

[142.

Hence the primitive may be represented by

fl _*+! (.00

4' (e
pt + fl-

7rt

)(p
a

-l)~ 2m
dp + BI <r"(y-l

Jo / i

substituting for t we have

/" fflin+l _

+ 5 / e n+z
(p'-l) to+4

dp,

as the primitive of the equation

for values of n not lying between and 2.

Ex. Prove that the primitive of the some equation may be given in the

form

B

> I

provided ?i does not h'e between 4 and 2.

(Lobatto.)

Application to the Hypergeometric Series.

143. In order to obtain a definite integral which shall satisfy

the differential equation of the hypergeometric series we assume

y=\(\-vx)
m
Vdv,

where V is an unknown function of v only and m is a constant
;

the form of V, the value of m, and the limits of the integral have

to be determined. From this value of y we at once have

^ = m (m - 1)JW (1
-



143.] HYPERGEOMETRIO SERIES. 231

so that, when these values are substituted in the equation

it becomes

IV(l - vni)
m-a

[m (m - 1) fa (1
-

*)
- mv (1

-
we) {7

-
(a + ft + 1) ffl)

The coefficient ofA-V within the brackets is of the second degree

in 9/i, which is as yet an undetermined constant; let m be so

chosen that this coefficient vanishes, ao that in is given by

- m (m - 1)
- in (a + $ + 1)

-
a/3

= 0,

or 7?i
a+m ( + ) + a/9 =0,

whence m may bo taken equal to either a or #. As the

differential equation is unaltered when a and /Q are interchanged,

either of these roots may bu taken ;
we shall tako

m = a,

and then, substituting this value, we find that the equation

J 7(1 - *)*"" [a (a + 1) fa + &v {7
- a (a -I- /3 + vy + 1)}

t> =

must bo identically satisfied. Koarranging tho expression within

the brackets under the sign of integration and dividing out by the

factor a, we transform the equation into

JV(1 -my*"* (a + 1) v (o
-

1) xdu

+ I V (1
-

va)"
a- a

(vy
-

/8) (1
-

IM) dw = 0.

Integrating the first terra by parts we have

' a~ 1- Vv(l -v)(\ -^)"
1"

and therefore the equation becomes

1

{v (1
-

v) 7}
-

(ft
-

.7) F dv -
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Now this will be identically satisfied, if we take as the equation

to determine F

l{vQ.-v)V}-(/a-VY)V

and assign, as the limits of the proposed integral, values of v such

that

To solve the former equation, we have

I v

Hence v (1
-

v) F= 4/ (1
-

w)
Y
~

/3

,

where A is an arbitrary constant
;
and the equation [determining

the limits is

which, on the supposition that /3 is positive and y greater than

,
is satisfied by v = and 0=1. It therefore follows that

the equation of the hypergeometric series is satisfied by

y = A IV- 1

(1
- vy*-

1

(1
-

<ra)-
a
do,

J o

provided /S 6e positive and y greater than fi.

It is easy to shew that, when (1 aru)~
a

is expanded and the

coefficients of different powers of as are evaluated, the resulting

series is a constant multiple of the hypergeometric series, this

constant factor being

144. If now we change the independent variable from x to

1 sc, the corresponding form of the differential equation is
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A solution of this equation (and therefore of the original

equation) is, from the foregoing analysis, given by

provided 13 is positive and a + 1 greater than 7. If the conditions

of limitation of the parameters bo satisfied, the primitive of the

differential equation of the hypergeometric series is given by the

Hum of these two different solutions.

Kr. 1. Obtain in tormw of definite intogralH tho complete unlutiou of tho

equation

(HOC KK. 2, p. 213).

Jfo. 2. Prove that,

(i) if bo positive and a+1 greater than y, then a wolutiou IH

(ii) if y bo greater than /a and IOHH than a+1, then a Dilution iw

y= r*P~ l
(1
- uf" ft

- l
(l -xur

a du ;

(iii) if y bo greater than /3 and a. IOMH than unity, tlit-n a Holution is

i

y= fV- 1
(1
-
?t)T-^-

1
(1
-
.vw)-

a
du.

(Ji\cobi.)

Air. 3. Obtain tho primitive of tho equation

4-g+ (*-->-,-<>

(whore a/+ .a?=l) in tho form

IT IT

y~A r (1 -^81

and of tho equation

in tho form

being the uamo OH before.
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is given by

y=

where the upper sign is to be taken if x be positive and the lower if x be

negative.

(Petzval.)

3. Prove that the equation

*S-v-odm? '

has a solution given by

/" x _jL_a

y=B I sm-e vr t>dlo')

and that a solution of

s y

the minus or plus sign being taken according as x is positive or negative.

Obtain the primitive of each equation.

(Petzval.)

4. Investigate the primitive of the equation

in the form

IT
_JL^

y=A\ cos (ox
m sin 0) cos

m
0c&

./ o

ir_ l_

; I cos (op sin 0) cos $ d<f>,
Jo

for values of m not included between 1 and + 1.

(Summer, and Lobatto.)

5. Shew that a particular solution of

is

ra

^=^n+i/ (j)2_ a
z
)
n

/ a
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f

. [144.

Solve also

* *--*
(iv) 4a;^

(Glaisher.)

. 4. Prove that, if re+ 1 be positive, then

*

^ (1_o-(l
- 1

is a solution of Legendre's equation; while, if n be negative, a solution is

given by

145. This chapter contains only a slight sketch of the method of solution

of differential equations by means of definite integrals ;
the reader who wishes

for fuller information on this part of the subject should consult two authorities

in particular. By far the most important is PHTZVAL, Integration der linearen

Differentialgleiakungen; the parts dealing with the method are 2 5, of

Section n.; 1922 of Section m.; 10, 11 of Section v. The other

authority is EULER, Inst. Colo. Int., vol. ii., c. s.
;
this work, however, labours

under the disadvantage of assuming the form of the solution first and then of

finding the differential equation satisfied by it. There are two other memoirs
which might also with advantage be consulted; one by LOBATTO, Crello, t. xvii.,

p. 363; and one by JAOOBI, CreUe, t. Ivi., p. 149.

A full discussion of the solution of linear differential equations by means
of series and of definite integrals will be found, together with numerous

examples, in a series of separately published memoirs by SPITZER.

MISCELLANEOUS -EXAMPLES.

1. Integrate completely the equation

2. Prove that the primitive of the equation
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and that a particular, solution of

6. Shew that the equation

is satisfied by
+n

/no

y= I fm-l
J

where !//(#) is given by

Henoe from the solution of

deduce that of

7. Verify that

is a particular integral of

ar

8. Shew that when the ooefficients of the differential equation

satisfy the condition ^ftj- oa61=6a
2

,
the solution will be

where

and

the limits being given by

#UiV=Q.
(Spitzer.)
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0. Prove that equations of the form

may bo reduced to tho form

of 130, by tho BulmtitutioiiB xm=t and y-^fo; and shew that A1

ia dotorminod

by a quadratic equation.

(Petzval.)

10. Prove that tho particular integral of

where & denotes x -7- ,
in

y- r r r .....

y oy oy u

11. Prove that tho doiinito integral

f

l

T z**-
1

(1 -JO""""
1
"7

" x

(1
-

i')*'
7 " 1

(1
-

; ii Jn

ia, when 5>/8^0 and f>y>0, a Holutinn of the difforentiftl equation

Give in tho form of definite iritogmlH tho primitive of this equation.

12. The primitive of tho equation

IH y-^f r
c

-^r+^
J (W

3

where n, 0, -y
are tho rootrt of

and the arbitrary conatanta arc oonueoted by the ninglo relation

D^-JiX'*.
(Petzval.)
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13. Prove that the definite integral

satisfies the equation

-3t=m?'fafm
~ a

y.
ctea

*

(Poiason.)

14 Prove that

P being Legendre's function.

(G. H. Stuart.)

15. Shew that, if ft be positive and a less than unity,

/nP-
1
(l-n)*-*-"

1

(!-*)
J o

is a solution of the differential equation of the hypergeometric series.

(Jacobi.)



CHAPTER VIII.

ORDINARY EQUATIONS WITH MOHE THAN TWO VARIAB s.

140. IT has already appeared that in some cases, though the

integration of separate terms of a differential equation would in-

troduce new transcendental functions, the solution of the equation

OH a whole can be expressed in terms of purely algebraical func-

tions. ThuH, for instance, the equation

_<fe_ + dy =Q
(!-)' (I-/)*

can be integrated in terms of the transcendental functions

arc win y\ but theru iH a solution of the form

which is equivalent to the other. Wo are thus naturally led to

enquire whether other coses exist in which such an algebraical

relation between the variables of the integrals of functions can

bo obtained when the integrals themselves cannot bo evaluated

without the introduction of new functions. The cose next in

point of simplicity, which furnishes a similar example, is that

usually known as Eider's equation, in which the object is to

find the integral algebraical relation between 01 and y which corre-

sponds to the equation

where X = a, + bss + cue?+ ex
6

-\-fx*,

and F= a + by + cy* + ey* +f\f.
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To integrate this we assume

p = x + y,

and ^ = _*1
dt y a;'

so that ^ =
dt x-y'

do 7^ jfa
and therefore -f = .

dt x y

A second differentiation with regard to t gives

d^P a_
"

f
^ dY dy 1 dX Za?) F* X^ fdso dv

d?~cD-y\2Y*~dy^>i~' 2Z* <fo~^J
~
(n-yf \dt

~
~dt

the last four terms inside the bracket being the value of

o . y~~ x
'

Rearranging and
collecting terms, we have

If we multiply by 2 and integrate, we obtain

or substituting the value for ^f



146.] CAUCHY'S METHOD. 241

an algebraical relation between as and y, though the separate

integrals require for their expression elliptic functions.

Ex. 1. Prove that another integral of the equation Q^X. /r~Q TS^ "^- *

+ =o tiL^i-
' "V ~"*"

-STr
=
T-^r

is

V Jf

and verify the theorem of 12 in this case by shewing that the two primitives

are not independent. ^
L *- OCr^ -*

I

Ex. 2. Prove that an integral of P *" t *^

3. Express in an integral form the relation between y and ss given by

4. Shew that the primitive of

may be exhibited in the form

{jf(l-y)(l-J^)

where J. is an arbitrary constant.

147. There is another method of proceeding, due to Cauchy;
it is quite different froA the former.

Consider a general equation between the two variables of the

second degree of the form

where Z
,
Z

15 Z,, F , F ,
F

a
are all of the second degree, the first

three in on, and the second three ia y ;
thus if

F. . 16
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p

we should have

Then the ratio of dy : das is given by

du j du ,

5- dec + 5- dy = 0.

But

since u = Y$? + 2F^ 4- F8
=

; similarly

and therefore

, <fy _ Q
'

a differential equation the primitive of which is u = 0.

Now since Euler's differential equation is symmetrical with

regard to x and y, it is necessary that its primitive u = should
be symmetrical with regard to as and y in order that the pre-

ceding analysis may apply to the present case. In order that u

may be symmetrical, we must have

and X*-XX
a

is then the same function of as that 7,
2 - F F

a

is of y. In order to obtain the primitive of

where X = a+ bos + ex? + ess
6

+/#*,

and F is the same function of y, we must make X and
X* XX

a
the same. The comparison of their coefficients will

give four equations to determine the coefficients of u; but in

u there are five independent constants (there were originally
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eight as any one can be made unity, but three equations necessary
for symmetry ore satisfied) and therefore one will remain undeter-

mined and so arbitrary. These Aquations giving the coefficients are

=
f e

'

b

4
(ft/

- a
l0] )

-

c

when the values of the determined coefficients are substituted

in 11, the equation u = contains one arbitrary constant and is

thus the primitive.
<J

\ , ,,-t k^ 1

,.

X - a i*
Re. 1. Prove that the primitive of v^'^^^

dx dij ___ ^ (9 *=

y t
0,

vrhoro
^'

a -
fl

a

= &A
-

n ft
i DV 7^

.

A7.j,\ 2. Verify that tho iirimitivo uf

(
1 +a&* -I- "u-'

in -

where !
s-

n
=-A

(Cauulry.)

Chap. xiv. i)f (Jayloy'w "Elliptic Functions" luay bo oonwultuil with

iidvaiitage.

148. If iiiHtead of a single eiiuation between two variables,

tho relation between which is uxpreasiblo in an algebraical torni,

we have a wystom of n 1 equations between n variables, we may
without integration of each integrablo expression rcspruKuiit in an

integral form the dependence between tho n variables in tho

shape of an algebraical equation ;
and as this equation is obtained

by an integration it must contain an arbitrary constant. Tho

process made use of in order to derive it in tho general oo,so will

bu seen to dift'er materially from that adopted in thu particular

case of n = 2.

* !() 2
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Let the differential equations be

dfljj
dx

9 dxn _
*

~x?"
r

~x?^
+S
z?~>.

in which

for all the suffixes
jj,

in the system. Let

f(x)= (x
-

ojj (x
-

a?
2 ) (-aO;

7 / / \

and let /
v
(#) denote the value of j when in it. after the in-

ax

dicated differentiation has taken place, w^ is substituted for x
;
the

value of /' (XP) will therefore be

the vanishing factor as^ x^ being absent. Solving now the above

system of equations in order to obtain the algebraical ratios of

the quantities dao
l3
dx

a , , dxn) we find

Let the common value of these equal fractions be denoted by
dt, so that we have

and so on.

The first of these gives

~dt)
=
{/K)}

s>

and therefore, after differentiation with respect to t,

9 dx^ d'os^ 9
[~

X
l "|

dsc
l

3
T . 1 .0 ""~ ^ If * i v \ ft I 5~~ ~T~ _ ~

I t ft* t ^-Tn I - .- ^H
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v 9Now

But since

/'W = fa - *,) <X -*,) ......(X - O.

we have ., . ^- {/' (ajt)l
=

,

/ 0*0 3V 7 V L

-V
, . . 3 I" X ] 2X 1

and therefore ^ . -,/v., =
. , \,,
-

,

3^ [_(/ (*i)}'J i/ C^!)}
11 ^ - ^

provided p be not unity. After substitution and division by the
7JJ

coefficient of -j- on the left-hand side, the equation becomes

1-1 9 f ^i 1
,

XX 1 XX 1
"

*
fe, [{/ K)}

S

J
+
/K)/ (.) ,

- ^VW/ (O ^ - .

1

Similarly

x 9 r z
a

n z}x* i jr
a*z.*

'

i
~ * 3^

a LIT Wl'J /W/W ^ -
*, /W/ K) ^ -

and so for the others, making ?i in all. Now let the n left-hand

sides of these equations be added together ;
the sum will be equal

to that of the n right-hand sides. It will be seen that in the latter,

X ^X* 1
when in the r"

1

expression a term . \ ', ^
- enters, then* -

1
in the s* expression a term

/./ / t /./

r
/ x
- also enters, and* -

the sum of the two is therefore zero. All the terms containing

these fractions- will for all values of s and r disappear ;
and

nr -xt

thus we have
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We shall afterwards denote 0^ + 3?,,+ ...... + #n by p, so that

e?p
the left-hand side is 2 -73 .

off

149. We can obtain another value for the expression on the

right-hand side. Let X denote the same function of x as X
i
of os

lf

and let

X
{/(*)!'

be expanded in partial fractions. Since X and {/(0)}
a
are both

of the degree 2?i, there will be a term independent of as, which

will be A^\ and so we may write

Multiplying up by (CD cc^ we have

XT f vg

^ . . ../ =
Cj -f 5, (a; aj + terms multiplied by (a; a?,)',

\J (x)\

or dividing out by the common factors in the numerator and the

denominator on the left-hand side we have G
1
+ B^(oo x^) + terms

multiplied by (
-

*,)>
= , _., ..

If x be put equal to as
1 , the left-hand side becomes

(7,
and the

right becomes
j

/
1
\i a 80

I/ (^Jj

The right-hand side of the equation in the form last written

does not involve as
l}

and its partial differential coefficient with

regard to x
v
is therefore zero

;
since the two sides of the equation

are identically equal, zero must be the value of the partial differ-
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ential coefficient of the left-hand side with regard to x^ and so we

have

7\C\ 7\~R

2-
1 B

1
+ (ao a;^ 3-

1 + terms involving (so a?j)
= 0.

OflJj
OSD

1

This is true for all values of x, and therefore

. ^U/MT
Similarly B

t
= ~-

with corresponding expressions for the other quantities B. Hence

._1 .u ! L^L

Let the equation expressing the resolution into partial fractions

of the expression considered be multiplied throughout by
and lot the coefficients of ai

4""1 on the two sides of

be equated. None of the terms involving the quantities C can

furnish terms of HO high a degree, since each begins with x*""
9

;

each of the terms involving the quantities B begins with a?"'
1

,

and the whole coefficient from this series of terms is therefore

Since *

/() = (as
-
oO (0-<O ...... (0

- <O -

= a" - a;"'
1

(tfj + a;
a + ...... + ojj + lower powers of a

= a?" poo*"
1 + lower powers,

the coefficient of a?"-
1
in J. an (/(a)]" is - 2A.J3. That on the

left-hand side is A^ ;
and therefore

...... +B
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Multiplying by ~ and integrating, we have

where E is an arbitrary constant. But

= i 4. > + .

dt dt dt
......

dt

__ _ _
"/>.) /tor

......

f'M }

and therefore the integral becomes

;. 1. Prove that an integral of the equations

tfck? ydy zdz

~^
+

r*
+F '

where

and JP and ^ are sLmilar functions of y and a is

where (7 is an arbitrary oonstant.

(Richelot.)

Ex. 2. Deduce a second integral of these equations in the form

ex) + a

(Richelot.)

The theory of these' and kindred equations cannot here be carried out to

the limits of its present development, as it soon ceases to belong exclusively to

differential equations and merges into the general theory of transcendental

functions. The reader who wishes for a fuller development on the lines of

differential equations than can be given here will find a paper by RIOHHLOT,
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Crclla, t. xxiii., pp. 364 r369, very useful
;

arid he would do well to consult the

following papers by JAOOBI,

Crdle, t. is., pp. 394403 ;

t. xiii., pp. 55 78
;

t. xsiv., pp. 28 36
;

t. sxxii., pp. 220226,

nil of which t\re contained in the second volume of his collected works.

For tho higher parts, chiefly in connexion with the theory of transcen-

dental functions, the memoirs of Abel should be consulted.

Total Differential Equations.

150. The differential equations with which we have hitherto

had to deal have been, except in 148 and 149, such as include

ono. dependent and one independent variable
;
for the future we

shall consider those which include more than two variables. These

may be divided into two classes, one in which only one dependent
variable occurs, the other in which only one independent variable

occurs. In equations of the former closa we shall have the partial

differential coefficients of the single dependent variable relatively

to the independent variables
;
these are called partial differential

uquatioiiH and will afterwards be discussed. In equations of the

latter class we shall have the differential coefficients of the several

dependent variables with reference to the single independent
variable (which may bu either expressed or implied) ;

these are

usually called total differential equations.

Now if we have an integral equation

$(>y>z) = c> V

where ia a constant, wo may suppose that #, y, z undergo slight

variations dw, dy, dz, which we know will be connected by the

rulation

,

oy
J az

or, if wo assume that as, y, z are all functions of some variable t,

then

and the foregoing equation becomes

dtj>dx 9<ft dij dcfr
dz _' + ~~

'
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These two are equivalent forms; the form usually adopted is the

first
;
if in any case the second be given, it can at once be changed

O j O-i O J

into that of the first. Moreover, if ^-, ^-, ^- have any common
ox oy 02

factor, the equation can be simplified by the removal of that

common factor
;
and so we may consider the general form of such

an equation in the three variables as represented by

Pdas+Qdy + Rdz = 0,

where P, Q, R are given functions, of cc, y, z and are proportional
to the differential coefficients of $.

151. But, conversely, when any equation of the form

Pdas + Qdy + Rdz =

is given, it does not necessarily lead to an equation of the form

(x, y, z)
= G\

for the existence of such an equation implies that the three quanti-
ties P, Q, R are proportional to the differential coefficients of some
one function, and this is not satisfied while P, Q, R are quite

general. We must therefore find out under what circumstances

such a differential equation will lead to an integral of the given
form

; and, on the assumption that such an integral i3 possible,

indicate a method of obtaining it.

There will remain the further problem of obtaining a solution

of the equation when the conditions necessary for the existence of

such an integral as the above are not satisfied.

152. In the first place then we assume that such an integral
exists

;
we must therefore have P, Q, R respectively proportional

to the partial differential coefficients of some function < with

regard to as, y, z
t
so that we may write

^ = ^, pQ^, pR =
*$> t^

one
^

dy dz

in which p is some function the value of which is unknown. From,

the first two of these equations we have
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dpJZ
dx

dp
^-'
dy

da

d̂z

dp
1f-.
doo

Multiplying the last three 'equations respectively by R, P, Q
and adding, we have

dy ] \dx dz

which is the equation giving the relation between P, Q and R ;

and this, when identically satisfied, indicates that the proposed
differential equation leads to an integral of the form considered.

153. We shall now assume that this relation exists and that

the differential equation therefore has a primitive of the form

4>(Bt y,s)
= Q\

we htfve to shew how to deduce this primitive.

If we had this primitive and proceeded to form the correspond-

ing differential equation with a restriction that z should not vary,

the equation would be

which equation would not be affected by any term in the primitive

which involved z alone.

Conversely then, if we integrate

on the assumption that z does not vary, the arbitrary constant

of integration is a quantity independent of the variations of x and

y and may therefore be an arbitrary function of z. We replace

the arbitrary constant by an arbitrary function of z and so have a

relation between x, y and z. This however will not necessarily be

the integral required, for it may not satisfy the equation
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we only know that it satisfies the particular form of this in the

case when z does not vary. It is therefore desirable to form the

differential equation corresponding to the integral in the form in

which it now occurs; it should yield the given differential equation

and a comparison of the two forms will lead, from the condition

that they must be identical, to an equation which will determine

the value of the arbitrary function of z. This last will also be a

differential equation; when integrated it will contain the arbitrary

constant in the determined function of z which on substitution

furnishes the primitive. Hence we have the rule :

Let the equation be

and suppose the relation

satisfied. Integrate

as if z were invariable*, and make the arbitrary constant of inte-

gration equal to < (z}. Substitute now so as to obtain the ori-

ginal equation and choose
<$> (z) so that the coefficient of dz is R.

The primitive is then found.

Ex. \. Integrate

(ydx + sedy) (a -a) +xydz=Q.

Here P=y(az\ Q=x(a z\ R=sey}
and the equation of condition is

satisfied.

On the assumption that z is invariable the term xydz disappears and then

a, z -will divide out, so that the equation becomes

which integrated gives

xy=A = <t>(z),

according to the rule. Differentiating this we have
j

ydx+ asdy -jr
dz= 0.

* If more convenient either of the other variables might be considered tem-

porarily constant and the corresponding changes made.
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lu order that the two equations may be the same we must have

d$ xy _ <f)

dz a z. a z'

TT 1 fy 1 1
Hence T -T- =-- =-

,

<f>
dz a-z z a,

therefore < (z)
= C (z a),

where C is a constant ;
and the primitive is

,vy=C(z-d).
*

JEx. 2. Verify that for each of the following equations the condition of

integmbility is satisfied, and obtain the primitives :

(i)

(ii)

(iii)

(iv) (x -a)dx+(z-c)dz+ {A
2 - (* - a)

2 -
(
-

c)
3
}* dy= ;

(v)

(vi)

(vii) (a:*y
-yn -

(viii) (2a"+ 2.iy + Zxf+ 1) C?A:+ dy+ 2zds=

(ix) (2.7?+y2+ 2.w) dx+ Ixydy+ a^dz= du.

154. The preceding solution has been obtained on the sup-

position that the equation of condition among the coefficients of

the differential elements das, dy, dz is satisfied
;
it remains now to

consider the class of equations for which the condition is not

satisfied, and for which there cannot therefore be a single general

integral.

Let us now assume any arbitrary relation between as, y, z of

the form

^ (x> V> z} = 5

this on being differentiated gives

When the form ^ is specified, these two equations will determine

z and dz in terms of on, y, dsc and dy (or, generally, one of the
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variables and its differential in terms of the other two and their

differentials) ;
when they are substituted in the equation

Pdx + Qdy + Ed& =

they make it of the form

Ndx + Ndy = 0,

where M and N are functions of co and y, the values of which will

depend upon the form of the chosen function
i/r.

Now this equa-

tion may be integrated and the integral, containing an arbitrary

constant, will together with the relation

constitute a solution of the differential equation.

For it is evident from the method of derivation of the integral

that, in combination with -^
= 0, it furnishes relations between

JE, y and z such that the differential equation is satisfied.

By giving all possible forms to ty every possible solution will

be obtained. Each solution will be constituted by two equations.

Ex. 1. Solve

dz=aydx+bdy.

The equation of condition is not satisfied
;
some relation between #, y, s

must therefore be assumed and this may be perfectly arbitrary : let it be

y-/(*).

A combination of this -with the differential equation gives

dz= af (#) dx+ bf (#) dxt

the integral of which ia

z=a, I f {#) dx+ bf(ss)+ C.

This, vn.thf(x)=y}
forms a solution of the proposed equation.

Ess. 2. Obtain the most general solution of the equation

which is consistent with the relation

a?

Ex. 3. Find the equation which must be associated with j?
a+ya=

(/> (z) in

order to give an integral of

{x (x-a)+y(y- 6)} dz= (z
-

c) (xdx+ydy) ;
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and that which must be associated with > L'^ ^'
-'

' "
,,

v :*. -- lJ

so as to satisfy

.fifc. 4. Prove that, if /i be a quantity such that

^- ,
Vc I

3 J( *7 TtA- ** "^
then a solution of the general equation may be represen

3F _
9z

This is Mongers form,
^

!r. 5. Obtain the general equations which constitute the solution of

y<fe-(*-*) (^-ofe).
*

155. It is not at first sight clear how the equation of condition ,

affects the above process and, in particular, why what has been '

given as the solution in the latter case is not the solution in the

former case. But the relation between the two solutions can be
f"'~ * f**~ h

seen as follows.
'

'{t , j u - U* V

The elimination of the differential element dz between the two

equations in which it occurs leads to the equation

and, in order that this may be reduced to the form

Mdas + Ndy = 0,

the variable z, which occurs in it, must be replaced by its value

derived from ty (x, y, z)
= 0. Now suppose the equation of con-

dition is satisfied so that P, Q, R are proportional to the differ-

ential coefficients with regard to as, y, z of some function
;
if this

function be ^ (x, y, z), then we have

_
dz~ Qdy Pfa

..................... }

and the equation involving das and dy is identically satisfied. There

will thus, on this supposition, be no other equation necessarily asso-

ciated with the equation ^ = 0, or, what is equivalent for this case,

T/T
= C

;
this by itself is sufficient for the solution of the differential

equation, and any other equation associated with
T/T
= G may be
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perfectly arbitrary (such as % = 0), for its expression will not enter

into the differential equation when formed from these integral

equations. If however the equation first written down be not that

which leads to the particular properties (A), but be another such

as ^ = 0, it will still be possible to derive the equation -fy
= C, into

the expression of which the form of ^ does not enter; and we

may therefore consider as the general solution of the differential

equation the equation

while, if we wish to determine y and z separately as functions of

x, we associate with this any arbitrary relation between a, y, z.

If however the equation of condition between the quantities

P, Q, R be not satisfied, there is no function ^ such that the

relations (A) hold
;
and thus

Mdx + Ndy =

is not an identity but leads to an integral, the form of which is

affected by the form of the arbitrary equation first written down
and which must be associated with that equation in order to con-

stitute the integral.

It thus appears that the difference between the two cases is

this
;
while we may consider that in both cases two equations are

necessary to give the complete solution, in the case when the

equation of condition is satisfied one of these integral equations

(called -\IT
=

(7) is completely unaffected in form by the other (called

X = 0), but in the case when the equation of condition is not

satisfied one of these integral equations is affected in form by the

other.

156. The difference between the results in the two classes

having been indicated, it is now possible to adopt a method of

integration which shews the point of separation between the

processes applying to these classes. Let

x(a, y, *)
=

be any relation between x, y and z
;
then
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We also have
Pdos + Qdy + Rdz = 0.

Let the former equation be multiplied by X (a quantity to be
determined afterwards) and added to the latter, so that

or, say, Pfa + Qfoj + Rflz = 0.

' Let \ be so chosen as to make Pp Qlt R^ proportional to the

differential coefficients with regard to
as, y, e

respectively of some
function ty ;

then the integral of the last equation is

t ( y. *)
= G,

where is arbitrary, and the primitive of the differential equation
is given by tho two equations

X (a, y, z}
=

)

^(oo, y, z)
= G\

'

Now since P
I} Qt , R^ are proportional to differential coefficients

with regard to x, y t z, we have

or substituting for P
sl Qlt R^ and reducing, we have

p\ E (BP
3z)

+ M
(dy

-

__-^U^^
V 3* 3 / 3 \3a? 3* / 3* V3

If P, Q, ^2 be themselves proportional to differential coefficients

with regard to x, y, z, tho first line in this equation vanishes and a

solution of the equation is X =
;
P

t , Qlt R^ are then independent
of x aiid therefore $ (oo, y, z) is independent of %.

If P, Q, R bo not such as to make the first line vanish, then \
is shown by this equation to depend upon tho form of ^ and there-

fore ^ also will depend upon the form of ^. The form of
-v/r

will

in this case be determined by the method given in 154
;
but the

foregoing investigation is useful as a means of instituting the

analytical comparison between the methods.

F. 17
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Geometrical Interpretation.

157. A geometrical interpretation can be given to the differ-

ential equation and its integral, which will illustrate the differ-

ence between the two classes of equation explained in the last

two paragraphs.

If as usual as, y, z represent the coordinates of a point A,

the equation will then represent some locus. Let A' be a

point on the locus adjacent to A
;
then doc, dy, dz are pro-

portional to the direction cosines of AA' and the differential

equation implies a relation between, these direction cosines
;
the

locus which it represents will therefore be some curve or family

of curves, and not a surface or family of surfaces.

168. Consider now the two differential equations

das' d/ dz .

P', Q', R being the same functions of cc', y', 2* that P, Q, R are

of OD, y, z
;
their integrals are of the form

where u^ and u
t
are functions of as', y',

z
\
and as they coexist

these integrals really represent the intersection of two surfaces

each of which is one of a family. This intersection of any two

particular surfaces is a curve, and we therefore have a doubly
infinite system of curves. One curve of this system passes through
A and is determined by those values of a, and a

a
obtained by

substituting in u
v
and w

a
the coordinates of A. Let A" be the

point on this curve which is consecutive to A
;
then the direction

cosines' of AA" are proportional to das', dy, dz or to the values of

P', @, Sf at A, that is to P, Q, R. Now the condition that AA",
AA' may be perpendicular is

which is the given differential equation; hence it expresses
the fact that AA' is perpendicular to that curve of (ii) which

passes through A. The solution of the differential equation
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must therefore include all the curves which cut the system (ii)

orthogonally.

If we start from A in any direction which is perpendicular to

the tangent at A to that curve of the system (ii) -which passes

through A, we shall come at A' to an adjacent curve of this system ;

moving from A', .in any direction at right angles to this we shall

at another consecutive point in this path reach another adjacent

curve; and so on. The path thus obtained must be included in

the solution of the differential equation ;
and as at each point A

we may move in any one of an infinite number of directions (i.e.

in any direction lying in the normal plane at A to the curve of the

system) it follows that the solution of the equation will contain an

arbitrary function.

Let us, then, draw through A any surface we please and limit

our path so as to be in this surface
; starting from A at right

angles to the curve of (ii) there will, in general, be only one

direction possible in the surface and moving along this through a

small arc we shall at its extremity A come to another curve
;
at

A' there will as before be usually only one direction possible in the

surface and it will lead to another point A' and so on; and we
shall thus obtain on the arbitrary surface a single path passing

through the point A. Had a different point B on the same surface

(but not lying in the path through A] been the starting point

there would have been similarly obtained a single path through B
different from the former ;

and so for any point.

We should therefore have on any arbitrary surface a singly

infinite series of curves.

159. This is the exact geometrical process corresponding to

the analytical process applying to the case when the equation of

condition was not satisfied. For what was there done was to assume

an arbitrary relation among the variables this is the equation of

the arbitrary surface; it was combined with the differential equation

and, after integration, another equation was obtained containing an

arbitrary constant which with the original arbitrary relation was

considered the solution. The new equation containing one arbi-

trary constant represents a family of surfaces; and the combination

of the two gives the system of curves which form their intersection.

Each of these curves lies on the surface first taken, and so we have

172
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an infinite series of curves on this surface. The process therefore

gives the system of lines which lie on any surface and which

satisiy the differential equation.

160. Now it may happen that the complete system of curves

(ii) can be cut orthogonally by a surface and so by a family of

surfaces; thus if the system were a series of straight lines all

passing through one point they would be cut orthogonally by any

sphere which had that point for centre. In this case any curve

drawn upon an orthogonal surface would cut the system (ii) at

right angles, since it is at every point perpendicular to some

one of the system ;
and such a curve would therefore be included

in the solution. Hence the general solution must include all

curves that can possibly be drawn upon any one of these surfaces

and therefore, if we look upon a surface as the aggregate of all

the curves that can be drawn on it, we may say that the surface is

included in the system of curves. As the surface is one of a family

all the members of which possess the same property, we consider

that the equation of this family of surfaces is the solution of the

equation j
and what has been said shews it to be thereby implied

that the equations of every curve that can be drawn upon one of

the family constitute a solution.

161. This corresponds exactly with the process applicable to

the case for which the equation of condition was satisfied
;
we there

had
( 156) an equation -\Jr

= (7 and any other arbitrary equation

% = 0, the two representing one curve on each of the surfaces ^r=C;

by taking all possible arbitrary equations ^ = we obtained all

possible curves on the surfaces ^=0 and thus ultimately the

surfaces themselves into the expression of which the form of ^ did

not enter.

162. It only remains to shew how the equation of condition is

derivable from the geometrical considerations. The arguments
are applicable on the supposition that the system of curves repre-

sented by
dx' _ dy^ _dz'
~P~~~Q~~R'

can be cut orthogonally. If they can be cut orthogonally, as at

any point A, the tangent to the particular curve passing through
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and

XOlCji C|j / CtoCy Ofl/ji

and therefore

a -p- \ ^^ _ ^^^ _i_ Y (
v v ^^^ ] f]

If the set of equations derived from this by all possible combina-

tions of three different suffixes from among 1, 2, 3, ......... ,
n be

satisfied, then the. differential equation has an integral of the

proposed form. The total number of these equations of condition

is %n,(n l)(w 2) ; they are not all independent, for if there

be written down the four equations which involve three out of the*

four quantities X^ X^, Xv,
X

p any one of them will be found to be

derivable from the other three.

Ex. Prove that the total number of independent equations of condition is

i (TO-I) (TZ, -2).

164. When these equations of condition or the necessarily

independent equations are identically satisfied, the primitive, which

must therefore exist, can be obtained by an extension of the method

adopted for equations with three variables. We integrate as if all

but two of the variables were constant and we replace the arbitrary

constant by an arbitrary function of all those variables which are

supposed constant. The equation so obtained is differentiated

with regard to all the variables and the result is made to agree
with the given equation ;

the conditions necessary for this agree-
ment will serve to determine the arbitrary function which was

introduced and so to determine the primitive.

Ex. 1. It is easily verifiahle thaty the coefficients of the differentials in

the equation

=
0,

satisfy the equations of condition \vhich are four iu number, three being inde-
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pendent. Following the rule we assume that only two of the variables may
change and these may be taken to be #3 and #4 ;

the integral derived is

where $ is a function of o^ and #a . Differentiating this we have

(
- a:

B+ 2#
1
#4) dxL

-
x^diOy+ x-fdaii

=d0,
and a comparison of this with the given equations shews that

"We thus have an equation involving three differentials dtp, das^ dzz ,

instead of four (we should have, in the general case, an equation involving
n - 1 differentials instead of ri) ;

the rule is reapplied to this and the number

again dcoroasod by unity and so on, until we can obtain a final integral. In

the example specially considered the integral is easily seen to be

-
<jb +A= a*!

2+ d,VEB
2
,

whore A is now an arbitrary constant
;
and the primitive is

A.

Ex. 2. The following equations have a primitive of the form considered ;

obtain it for oach of thorn :

(i) yendx+ziuody+ itay dz+wysdu^Q;

(ii)

(iii)

Equations of a degree higher than the first.

165. Equations may arise in which the differentials of the

variables occur in a degree higher than the first; into their

solution it is not proposed to enter fully but only to indicate a

method of proceeding in some cases. The general equation of

the second degree may be taken as

Xdtf + 7dy* + Zdz* + ZX'dydz + ZY'dzdx + ZZ'dxdy = 0,

in which X, Y, Z, X', 7', /f are functions of x, y, and z. If the

left-hand side can be resolved into two factors, then the equation

may be replaced by two others each of the form

Pdx + Qdy + RAz = 0,

obtained by equating separately to zero the two factors. The

solution of either of these, obtained by previous methods, will

be a particular solution of the differential equation proposed;
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A must coincide with the normal at A to the orthogonal surface.

Now the direction cosines of the tangent at A are proportional to

the values of P, Q', R' at A, that is, to P, Q, R and if

be the orthogonal surface, the direction cosines of the normal at

the point x, y, z (which is A) are proportional to 5^, |^, |^ since
ox oy eg

the direction cosines must be the same for the two lines, we must
have

P das

Let each of these quantities be equal to
/j,

so that

d(j> r> 90 r\ 90 r>

a* -"^ sir'*
G 3?="*;

the elimination of < and fi between these leads (as in 152) to the

equation considered, which is therefore the condition that the

system of curves may be cut orthogonally.

Case of n variables.

163. In what has preceded only three variables have been

supposed to occur
;
but it is easy to pass to the case when there

are more than three. In order that the equation

JTjda^ +Xa<foa +Z.(2flj, + ......... +Xndas.
=

0,

where X
1}

_X"
a ,

......... are functions of a^, as
a , .........

,
should have

a complete integral of the form

the quantities X^ must be proportional to the partial differential

coefficients ^*- , so that we may writeJ

for all values 1,2, .........
,
n of p. If now \, p, v be three different

suffixes, we have
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and the two general solutions taken together will constitute th

complete solution. In the case when each of the linear equatior
is satisfied, in the sense of the preceding paragraphs, by a singl

integral of the respective forms

^ (x, y, z)
-

C,
= 0, ^(n,y,z}-C, = Q,

the general solution will, as in 19, be represented by

{^(x,y,z)-C}{^(x, y) z)-C} = V ......... (A).

In the case when two separate equations are needed for th

solution each corresponding pair must be looked upon as a solutioi

Now the condition that these should be solutions is that th

left-hand side of the original equation should be resoluble int

factors. The left-hand side is equal to

and in order that this may resolve into two factors we must have

(Y'*-XZ)da*-2 (ZZ'-X'Y'

a perfect square, which will be the case if

(Y*-XZ} (X"- YZ] - (ZZ'-X'Y'}* = b,

that is, if

Z(XYZ+ ZX'Y'Z' - XX* - YY" -ZZIV
)
=

;

or, since Z is not zero, we must have

XYZ+2X'Y'Z'-XX'*-

When this condition is satisfied the general solution is obtainec

in the foregoing manner.

When this condition is not satisfied the proposed equatioi

does not admit of a single primitive of the form (A) nor of a se

of separate primitives each given by a pair of equations ;
but i

does in general admit of a solution expressed by a system o

simultaneous equations.

Ess. 1. The equation

#W+y%2 - zzdsP+ 2xydxdy=
satisfies the condition

;
and the equivalent equations are
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which lead to the integrals

265

and therefore a general solution will be

in which, a is an arbitrary constant.

Ex. 2. Solve

(i) U'da?+ mm'dy*+ nridz*+ (lm' -f I'm) dzdy+ (In
1+ I'n) dasdz

(ii)

(iii) dxdydts=Q;

(iv) dx, dy, da

x
} y, ms

dx
f dy}

mdz

=0, where m is a constant.

Ex. 3. Obtain a solution of the equation

a (6
-

0} afdydz+ b (c a) y dzdx+ o (a
-

6) zdasdy=0

consistent with the equation

(The former is the differential equation of the lines of curvature upon the

surface represented by the latter.)

Ex. 4. Also of the equation

afldx, y*dy, s*dz

dx, dy, dz

x, y, z

consistent with the equation

Simultaneous Equations with constant coefficients.

166. We have hitherto considered only single differential

equations ;
we proceed now to treat of systems of equations. The

simplest and at the same time most frequently occurring class is

that in which there is itonly one independent variable of which all

other variables which occur are functions; for the separate and com-

plete determination of each of these dependent variables, the number
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of equations in the system must be equal to the number of dep
dent variables. In this class are included most of the differen

equations of dynamics ;
thus in the case of the chief problem

physical astronomy that of determining the motion of a systen
material bodies under the influence of their mutual attraction

there is a single independent variable, the time elapsed ft

some definite epoch, while the dependent variables are the

ordinates of the several bodies; these coordinates vary with

time and so furnish the varying positions of the bodies, and t'

are individually determinate since the number of equatiom

equal to the total number of coordinates. All equations deal

with the small oscillations in a moving system of bodies are i

included; in them there is the additional simplification that

equations are all linear, the quantities multiplying the differen

coefficients being constants.

The general theory of the latter will be first considered.

167. Let t denote the independent variable and D stand

d/dt ; taking the simplest possible general case, we shall have

equations involving two dependent variables denoted by BO an
As the equations are supposed linear, all the terms invoh
differential coefficients of a; can be gathered together, and so .

for all those involving differential coefficients of y ;
and the eq

tions may therefore be written in the form

^

where /j,/,, fa, a
are rational algebraical integral functions \

constant coefficients and 2\ and 3?a are explicit functions of t al

a constant or a zero value not being excluded. Operate on I

the sides of the first equation with <
B (D) and on both the side

the second with
(f>1 (D) ;

then they become

. CD)

TJ

T
'

Since the functions have only constants in their coeffici

it follows that
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and therefore the above equations give

{0S (D)/ (.D)
-

fc (D)/s ()} = & (D) 2;
-

0, () !T
B
......(II).

Now let l
it a , ml}

ra
a
be the indices of the highest differential

coefficients in/^/j,, <j>lt
<

a respectively; then the index of the

highest differential in <
8 (D)/ (D) is m

a + Z,
and in & (D)f, (D) is

wZj + l
a ;

of these two numbers let n denote that which is not less

than the other, so that n is the order of the highest differential

coefficient of a; in the foregoing linear equation determining x.

To solve it we adopt the method of Chapter ui. applicable to an

ordinary single equation ;
if P be any value of as which satisfies

the equation (there called the Particular Integral), and \, \, ..., X,,

the n roots of the equation

*,(*)/, 00-*i (>)/, 00 = .................. (A),

the complete value of x is

where A
1 ,
A

t ,
............

,
An are arbitrary constants.

Proceed in the same way to eliminate on from the two funda-

mental equations by operating on the first with /a (.D) and sub-

tracting it from the second after this has been operated upon with

/, (D) ;
we then have

{& ()/ (D)
-

ft (D)ft (!>)) y =/ (D) Ta -ft (D) T, ...... (Ill),

and so as before

where B
l}
B

a ....... ,
Bn are arbitrary constants, and Q is the Parti-

cular Integral of the differential equation (III).

168. We have in the expressions for the two dependent

variables two sets of constants arising from the differential equations

II. and III.
; they are both composed of arbitrary constants, but

we do not know whether they are independent of one another;

this dependence may exist and yet the constants may be arbitrary.

Thus any one of the constants B might be a multiple of one of

the constants A
;
the latter being arbitrary the former would

be so also. We therefore must determine the number of inde-

pendent arbitrary constants. To do this let the values of x and y

be substituted in either of the equations (I), say in the first
;
then
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the terms involving P and Q which are particular integrals give

on the left-hand side a term T
t
which will cancel with that on the

right-hand side and the resulting equation is

001 J* + (AJt 00

Since this is to be satisfied for all values of t, we must have the

coefficient of each exponential zero, and therefore

so that each constant B can be derived from each constant A.

The number of independent arbitrary constants in the complete

solution of the simultaneous equations is therefore n, Le. the expo-

nent of the highest index in the operator

^(DJ-fcW)/.^).

Hence the solution of the equations (I) is given by the foregoing

values of on and y\ the quantities X occurring in the expressions are

the roots of the equation (A), and the relations between fhe con-

stants are given by equations (B).

169. In exactly the same way it may be proved that, if there

be three dependent variables given by the three equations

the number of independent arbitrary constants entering into the

complete solution is the index of the highest power of D in the

determinant

/8 CD),

170. If the roots ofthe equation (A) which give the coefficients

of t in the exponents be real and unequal, the solution given above

is complete. It remains to consider the cases
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(i)
when there is a pair of imaginary roots

;

(ii) when there is a pair of equal real roots ;

the case of equal imaginary roots will follow from a combination of

these two.

For the former the solution obtained remains general, but it is

desirable to change it so that the form may be free from imaginary

quantities.
The two imaginary roots, say \ and \, may be denoted

by a y9i ;
henco the corresponding parb of a; is

e^(A/
tt+A te-^) i

that is, e
at

(Lt
cos /3t + Zu

sin /3t),

on changing the arbitrary constants as in 44; the part of y corre-

sponding to the two imaginary roots is similarly

e
at M cos

Instead of making the necessary changes in the relations

between A and B, it is better to substitute again these expressions

in one or other of the fundamental equations and derive the corre-

sponding relations as before.

For the latter case the solution obtained coases to be general

because two constants, say A l
and A

a , become merged into one;

but it may be proved, exactly as in 44, that the part of as

depending upon this repeated root \ is

and the part of y is

Ex. 1 . Prove that in the latter case the relations between the four con-

stouts reducing thorn to two independent constants are

Ex. 2. If an imaginary root a+fti "be repeated, write down the corre-

sponding parts of the complementary functions in x and y.

171. It may happen that the question in connection with

which the differential equations arise will afford some indication

of the form of the result. Thus in a problem relating to small
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oscillations we should expect the values of the dependent variables

to be expressed in terms of purely periodic functions; and it would

then be proper to substitute for x and y respectively functions

of the form

ij cos ft + L
a
sin ft,

M
1
cos ft + H^ sin ft,

instead of e** in the equations (II) and (HI). By equating to zero

the coefficients of cos ft and of sin ft in each equation after these

values have been substituted there will be four equations linear

and homogeneous in the quantities L and M ; and the eliminante

of these will furnish the values of $. If on the other hand the

problem indicate a motion of unstable character the form of value

for as adopted would be

*
(L^ cos ft + La

sin ft),

-and so for y\ but if there be no external information of this

character then the ordinary method should be adopted.

Ex. 1. Solve the equations

dx_

dy

Here we have

and therefore the equation for x is

ao that x=Acos<at+BBin.a>t.

Similarly y=A'coBut+JB' smut.

The relations between A, B, A', B
1

are at once derived by substituting ir

the first equation : we have

- o>A sin <ot+ toB oos <at= - a>A' cos a>t - mB1

sin at, t

or A'=-B, and B'=A.

The shortest method would have been to use the first equation 'to give ?

in terms of x, so that

= _ldx
y~

o> dt

=A sin u>t B cos cat.

This method is however applicable only in particular cases.
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Ex. 2. Solve the equations

dPx dy -\---a-+ atf=0

When we collect the terms which belong to the separate variables, the

equations are

;::)

Hence the equation for x is

and the value of x is

x=L
1
cos fat +Lz sin fat+ Iis cos fat+Z4 sin fi$,

where fa
3 and fa

a are the roots of the equation

(u*-p)*-a*p=0;

and the value of y is

y=M:
sin fat

-Mz cos fat +M3 sin fat
- M^ cos fat.

It is easy to prove that the relation between the constants is

Ex. 3. Solve

dm

They might be solved by adopting the ordinary rule
;
the following is

another method applicable to this form.

Multiply the second equation by m and add to the first ; then

-r (x+my)
=x (a+ ma') +y (b+ mb') + o+ mo'

provided m be so chosen that

b+mb'=m

that is, if m be a root of the equation

(a-b')m-b=Q.
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The foregoing differential equation being

its integral is

Let m and m^ be the roots of the quadratic equation; then this is an

integral provided m is either m^ or m^. On substituting m=m1 'W6 have

and on substituting m=mt we have

(a+ mpT) (us+ in&)+ o

where J.x and Az are arbitrary constants. These two equations constitute the

complete solution of the given pair of simultaneous equations.

Ex. 4 Solve in the same way as the last example the equations

Eat. 5. Solve the following equations :

(i)

(ii)

(iii) 4g+9+44^+49/=i, 3^+7J

(vi)

(vii) -3^-

Simultaneous Equations with variable coefficients.

172. It will be assumed as before that there is only one

independent variable and that therefore the coexistence of m
simultaneous equations will suffice to determine the relations be-

tween the m dependent variables and that of which each is a

function.
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Further it will be sufficient to consider systems of simultaneous

equations which are only of the first order, for to these any other

system can be reduced. Thus if into any one of a given system
a differential coefficient of the 71

th
order should enter, such as

j~, wo could obtain an equivalent series of equations of the first

order by making the substitutions

dy dy dy..- ' =

which are all of the order stated; and the corresponding sub-

stitutions for all differential coefficients of order higher than

unity will transform any system of simultaneous equations of

any order into an equivalent system of equations of the first order.

If there be m dependent variables, we must have in this system
m equations each of the form

Z/1 ' 2/B> >ymt da' lfaj
= '

173. The solution of this system of equations can be made to

depend upon the solution of a single differential equation of the

771
th

order connecting one of tho dependent variables with the

independent variable.

For let the m equations be solved so as to give the m dif-

ferential coefficients as explicit functions of the variables, and

suppose these relations to be

dy.

'da
"

.

(".ft. ft. ....... 2/J>

Let the first of these be differentiated m 1 times in succession

with regard to a?, and after each differentiation and before the next

let the values of -^, , -jf*
be substituted from the laat

ClCC wD

F. 18
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m 1 of these equations. There will thus be obtained, including

the first equation, m equations connecting

dx' dx*'
'

dxm
'

with the variables x, y,, y3 , , ym ;
from these m equations let

the m l variables y^ ya , , ym be eliminated, and there will

result a single equation which may be represented by

')

This equation being of the m^ order has ( 8) m independent
first integrals each involving one arbitrary constant, all the m
constants being mutually independent; and these integrals we

may represent by the equations

in which the constants C are independent. But from the pre-

ceding equations we know the values of the differential coefficients

of y, in terms of all the variables
;
when these are' substituted in

the set of equations F, the latter take the form

which are sufficient to determine each of the variables y as a

function of a;
; they are an integral system and contain m arbitrary

constanta

Hence we have as the general result :

The complete solution of a system of m differential equations oj

the first order bet/ween m + 1 variables depends on that of aw
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ordinary differential equation of the mth order and consists of in

equations, connecting the m + I variables and containing m in-

dependent arbitrary constants.

174. The foregoing is the general theory; "but in particular

cases simplifications arise enabling much of the labour indicated

in the general theory to be dispensed with. Thus, if the equations

consist of a set each of which is linear, it may happen that an

integral of each equation of the form

can be obtained in the form

and the long process would not need to be gone through. Again,

instead of determining the m independent first integrals it

would be sufficient to determine the primitive of the ordinary

equation of the ?/i
tu

order, for from it could be derived other

m 1 equations in which the values of the differential coefficients

could be substituted, and an equivalent result would be so derived.

Again, in thu case whon the equations are all linear we can solve

them to obtain the ratios of the m + 1 differentials in the form

X

which might bu called the symmetrical form
;
the mode of treat-

ment for these will Homutitnea (depending \ipon the form of the

denominators in those fractions) differ very materially from, and

bo much more convenient than, the general process. Examples

illustrative of this will be found appended.

Ex. 1. Tho gonorol method can bo avoided, if integrals of all but cue

equation con bo obtained aiid, d fortiori, if all tho integrals can be obtained.

Tims the equations

Idjs+ indfi+ iids= 0,

xdx -\-ydy + zdz=Q,

lead at 01100 to the integrals

which determine y and z in terms of x.

182
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Ex. 2. Solve . Vtr*
^ "

-t)dt.

Jy 2 dx
dt t dt'

_ _ _. , dx da/ dz ,

Ex. 3. Solve T=T =
-^
=

-^ ,
-where

In equations of this form it is convenient to introduce some new inde

pendent variable and make all those variables, which already occur in the

equations given, functions of this new variable. Calling the latter t we maj
assume, as an advantageous form,

dt dx _ dy dz

7
=T~F =

Z

__ Idx+mdy +ndz~

provided Z, m, n, X be so chosen that

al+ a'm+ a"n= \l

bl+b'm+b"n=\m
cl + o'm +<f'n=\n

the value of r is

Id+ md'+ nd".

Kliminating I, m, n between these three equations, we have

a X,

6,

a,

b'-\,

c'.

a"

b"

c"-\

=0,

a cubic equation determining X; let its roots be X1} Xa ,
X8 . When Xx is sub

stituted in any two of the foregoing equations the ratios of I : m : n can b
derived ; let them be denoted by ZL : m^ : ^ and suppose the correspondin{

value of r to be r
x ;

with similar expressions for the other values of X. Thei

for the value \ we have

dt _ Zjflfo+m^dy+ n^dz

the integral of which is
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-

Similarly c2

and <^t

In order to obtain the general solution of the system of equations as given

we must eliminate t between these equations; when we write o1 =AG.i=J5o3
where A and B are arbitrary constants, the general integral as required is

given by the equations
. i , -i
l =A

Ex. 4. Solve in this manner the equations

, dy dz
!

Ex. 6. This method may also be applied to solve certain systems of

equations in which the variables do not occur so simply as in Ens. 3. Thus

let us consider

whore T, T^ Ta wo functions of t. Multiplying the second equation by I and

adding it to the first, wo have

provided I and X are determined to satisfy the equations

a+/a'=X,

HO that the values of X are X} and X.j, the two roots of

(a-XX&'-X)-a'&=0.

The integral of the foregoing oquatipn being

(x+WeWU^A+tt^+lTJ^Mdt,
the complete solution of the original equations is given by

Ex. 6. Solve the systems of equations

. . dx . 2
,w +

<(-
i! -
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I I . .,*

SYSTEM OF EQUATIONS

,' (0) It-j-=m7i(3j-ef
X t

"*
^
^

ir CW
9lc "" ^s ^771 {SO ~ VJ

' '

. diz?

[174.

= Iz fix

A special system of equations m Dynamics.

175. There are two classes of simultaneous equations which

are extremely important; one is the class already considered in

148, 149 as the generalisation of Euler's equations leading to

the higher transcendental functions ordinarily called Abelian

functions
;
the other is the system of equations which determine

the motion of a particle attracted to a centre of force which acts

according to the gravitational law. The latter may be represented

by the simultaneous equations

-(i),
= = _

df
~

do;
' d?

~
dy

' W ~
Tz

in which R is a rational algebraical function of r or (a;

9 + y
9

the distance of the point x
} y, z from the origin. To express the

complete integral three independent equations (or their equivalent)
will be necessary. Since each equation may be replaced by two

of the form

ck
;

d'
dco

l

~dt

3E
fa

'

giving in all six equations to determine the six quantities, the

investigation of 173 shews that we must have six arbitrary
constants in the solution.
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If we multiply the equations (i) by -5-,
-J-, -^ respectively, add

and integrate, we have

d*

in which B is an arbitrary constant.

Another form may be given to the equations (i). Since R is a

function of r we have

dR = dR dr as dR
dec dr doc~ r dr'

and so for the others
;
and thus (i) becomes

dfa as dR dfy ydR d?z z dR

Therefore

of which two only are independent ;
the integrals of these are

respectively

dy dm -.

*7t -yTt =c<'

dz dy ~

"TSi-"
dao dz ~

Z-j2~CD-j7 = G..
dt dt 8

Squaring and adding these we have

dec
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where A is an arbitrary constant
;
this is equivalent to

that is, to

dt

and therefore

rdr
/

=/

From the equation just obtained we have

*++(*),
and therefore

~d/r'dA
== ~

l*di
+

did?'

that is

When this value is substituted in the modified form of the

original equations, the first of them is

d dV a,

or

or

d f da; dr\ . . ac .
r -a!+A=0

Let dd>=AT r

Adr

then the foregoing equation for - is

.*
i (^ +?<),
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nd therefore

a/
- =a

l
cos

<jt + a
a
sin $ ..................... (iii).

The second and third equations similarly treated lead to

in^ ..................... (iv),

z
- = G

l
cos

<j>
+ c, sin < ..................... (v) ;

nd in these the constants a, b, c are arbitrary. But they are not

idependent ;
for we have always* * /

whatever be the value of <, and therefore

(a," + b* + c^) cos" + 2 (a^ + bj)a + c^,) cos sin
<f>

+ (aa

a + &
a

a + c^Bin
1 = 1 = cos

9 + sin"

3 satisfied for all values of 0, so that

(vi).

The six constants are equivalent to three independent constants.

further, we may put (iii) into the form

=
/>t

cos
(< + ),

vhere pt
and ^ are arbitrary constants, and there is thus associated

vith an arbitrary constant and one will not require to be added

n the equation

f Adr . , ..>
=

-. (vil).
J rter'(R + B}-A*}*

' We have now sufficient equations to determine the general

ntegral. By means of (vii) is given as a function of r, and

.herefore by (ii) as a function of t
;
hence (iii), (iv), (v) give oo

t yt
z

is functions of t. Moreover we have six independent arbitrary

:onstants, viz., A*, B, a and the six quantities a
lt

a
a , &,, &

a , c
lt c,

:onnected by the three relations (vi). These therefore constitute

.he general integral of the differential equations.
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Ex. Solve in this way

'
+/*-<>)i

Also solve by transforming to polar coordinates.

MISCELLANEOUS EXAMPLES.

1. Prove that, if

d6 (in n cos<=d$ (m-n cos 0)

/ IN / 0+d> 1

then 2m - n f ca+
^J

+n f c ooa -^ - - cos --H =0,

a being an arbitrary constant.

2. Let F(x) denote the integral

[ dx

Jo {(!-) (!-**)}*'

prove that the algebraical relation equivalent to

3. Let E (#) denote the integral

verify that

E(

where alt xi} #3 are related as in the previous example.

4. Verify that

=0

is an integral of

dx, dx dx,

being given by the relation afl+y
s= 1.

Interpret the result geometrically.

(Oayley.)
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5. Prove that the integral of

i

(l +2/3)

dx^^-dlL _

may be exhibited iu the form

(l+a>)

where a is an arbitrary constant
; and that of

may bo exhibited in the form

whero / and J" are definite constants and a iw an arbitrary constant.

Shew that the general integral of

where -i'=(^ ^ w, iifec, I)
3

,

3'=(Ji Z, .TO, 7% I)
3
,

is XYZ~{k+l (x+y+z)+m

whero #=( I, m,

and z ia an arbitrary constant.

(Alac Mahon and

0. Prove that integral relations equivalent to

eld d<t> d+= -,

^

sin8

where AX {(1
- K ain2 x) (1

- X sin11

x) (1
-

/*
iJ^ x))*>

ain g sin ^+ r-r

(sin* 6
- sin" 0) (sin

a 6 - urn* ^)
"
(8m

a
</>
- siua 6} (&n

a - ai

sin sin 5 COB
i/r Ai/r ."~ '

'

, cos
-fy

cos
<J3

sin dAd COB 6 cos ^ sin
rRU ' J " "

sin2 0) (sinTfl
- sin" ^j

+
(sin

a - sin2 6} (aw? i -si

Determine A and B from the conditions that <=a and ^=j3 when 5=0.
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7. Find the primitives of the equations

(i) (ay-bB)da;+(cz a3;')dy+(bx cy')ds=Q;

... dx(y+e-2x) dy(g+a-9y) de(x+y-2z)w
(y-*)(a-:0

^
(-y)(*-y)

+
(*-)(y-)

(iii)

8. Obtain the primitive of the equation c. v t Jr .

-7 *.*"'

(aP-yt+s^dx+zdssty-x^&dy-- (y
2-^3

) ^\
8 ZjG~fV\ -. ll^t*-

in the form * '- UN C , . <a '
'

1 ^- ^ *
. r>

where x=ue. Sn ( 'V T
'

-^^'-uo ,.\
*

f r 1 1

9. Solve the simultaneous equations
r ' l

"

I if

'

>;,

expressing each of the quantities x, y, s as eUiptio functions.

10. Integrate the system of equations

- =Q,
dt

(jq+

oo> --j by BUint+bs cosni=0,

6w oos w + o^; sin nt- - at= 0,
at

inftf - bx oos nt+ay - j;

11. Integrate the simultaneous equations

=0

-
where f is written for oos (at + 6) and 77

for sin (at+ o). 3Tu * tftC"
*

(LiouviUe.)
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12. Solve the simultaneous equations

13. Shew that any system of lines described on the surface of the sphere

#a+ya+ 8|a= 7
'2 and satisfying the equation

(l+Zin) vdx+y (1 -#) dy+zdz=Q

would be projected on the plane of xy into parabolas.

Find the equation of the projections of the same system of curves on the

plane of yt.

14. Shew that Monge's method (Ex. 4, 154) would, if we integrate first

with respect to on and ^
i present the solution of the equation in the preceding

example in the form 1 1

(0

Apply this to solve the problem of the preceding example and identify the

results.

15. Integrate the simultaneous equations

where R is a function of (x1*+xf+ ... +#n
2
)*'

(Binot.)

r
l.f\wwv^ Kti-i.r, CiCi t. :

.^i
. , i V V > *

j

'

;-

'. .>" r

..*&. * t Kr,,.. '4H

^l k I U

J/C^A
/



CHAPTER IX.

PARTIAL DIFFERENTIAL EQUATIONS OF THE FmsT ORDER.

176. HITHERTO we have been considering for the moat part
differential equation in which the dependent variable or, in the
case of a aet of simultaneous equations, variables are supposed bo
be functions of only a single independent variable; we now proceed,
to consider equations in which the number of independent variables

is greater than unity, and shall suppose that there is only a single

dependent variable. The latter is usually denoted by z
;
if it be a

function of only two variables these are usually denoted by as and

y ;
if z be a function of more than two, say of n, then it is con-

venient to denote the latter by x
is

a?
a ,

#
8 ,

o?n. The first;

dz
partial differential coefficients in the former case, viz., ^- and

OSS

de

j-, are represented by p and q respectively ;
in the latter case the

a

partial differential coefficients =
,

~
, ,

= are representedf
dfljj

d#
a

occn

respectively by plt py , pn.

An equation in partial differential coefficients is a relation,

between the independent variables, the dependent variable (whicli

is an unknown function of those variables) and its partial differen-

tial coefficients with regard to them; it is of the first order-

when the partial differential coefficients which occur are all of order

not higher than unity, of the second order when the partial

differential coefficients of highest order which occur are of order

two
;
and so on. In this chapter we shall consider only equations

of the first order.
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It may happen that we have more than a single differential

equation relating to the same set of variables; for instance we

might have two equations between z, as, y, p, q. In this case the

two equations could be solved and from them values of p and q in

terms of sc, y and 2 could be deduced
;
these could be substituted

in the equation

dz pdx + qdy,

and we should thus obtain a total differential equation. Similarly

in the case of n independent variables n equations would be suffi-

cient and necessary to determine plt pt , jpw ;
these n equations

would then be considered as furnishing a total differential equation.

When the number of equations is less than the number of partial

differential coefficients and therefore of course less than the

number of independent variables, we are not able to deduce from

them a total. differential equation; usually we have only a single

equation given and wo then call it a partial differential equation.

AH in the case of ordinary differential equations, the integration

of the equation iu the derivation of all the values of z which when
substituted in the differential equation render it an identity.

Classification of Integrals.

177. Before indicating methods of integration and giving such

classes of equations as are easily intugrable, it is necessary to

classify the different kinds of integrals of a partial differential

equation and to prove that the clauses include all possible integrals

of the equation. For perfect generality the propositions should

be proved for an equation involving n variables, but thu proofs aro

givun for an equation involving only throe variables
;
this limita-

tion has the advantage of shortening the equations and of lessening

their number, while the slightest consideration will shew that it

is possible to pass to the general case without any essential

difficulties of analysis.

178. Suppose that wo have between z, SD
I}
#

a ,
X
B
a relation of

the form

/(*, a,v o.
fl ,

a
a)
=

(1),
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in which a
x ,
a

a ,
a
a
are arbitrary constants and which contains no dif-

ferential coefficients of z. To obtain p l , pt , pg
we have the equations

Sf Sf+ = .(2).

Between equations (1) and (2) the three arbitrary constants

can be eliminated; if in (1) there were more than three arbitrary
constants these equations would not be sufficient for the elimina-

tion, while if there were fewer than three there would be more
than sufficient equations. Let the result of the elimination in

the present case be denoted by

F(PV PV PV *,*V B**J = ...............(A),

which will be the partial differential equation corresponding to the

integral relation (1).

Conversely, this integral relation (1) is a solution of (A), and it

contains three arbitrary constants. We cannot expect more than.

three arbitrary constants in a solution of (A) ; for, on passing from.

such a solution to the differential equation by the method in which.

(A) has been obtained from (1), only three constants could be
eliminated. Hence (1) contains the greatest number of arbitrary
constants that we can expect in a solution of (A).

The name Complete Integral of an equation is given to a
relation between the variables which includes as many arbitrary
constants as there are independent variables.

179. The supposition has been made that av av a
s
are con-

stants and we have deduced equation (A) from (1) and (2). But
we may suppose that av av a

t
are functions of the independent

variables; if they be such as to leave unaltered the forms of

Pi> Pv Pv then *ne differential equation obtained by the elimination

of these functions will be the same as in the case when the quan-
tities a were arbitrary constants, for mere algebraical elimination

will take no cognisance of the value of the quantity eliminated

but only of its form. Now with the new supposition that the
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quantities a are functions of the variables oov cov op
a,
the values of

the partial differential coefficients are given by the equations

3* 3a;a 3a

But the forms of plt pa, pa
are to be the same as before when

they -were given by equations (2) ;
in order that this may be the

case we must have

_ a

a
3

a
3a

a
3o>

8
3a

a

.(3).

Let R denote the value of the determinant

3ct, 3ffln 3tt_

so that the foregoing equations are equivalent to

" 53T
M

^> " ol~
=

v> -tt 2
'

.(4).

Now if E do not vanish these can only be satisfied by

and these are three equations which determine the values of

c&j,
a
a ,

a
fl

in terms of the variables. The relation (1) is still a

solution with the change in the quantities a; when the values

F. 19
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just found are substituted for them we have a solution of (A)
which contains no arbitrary constant. This solution moreover will

obviously differ from a solution containing no arbitrary constant

but derived from (1) by assigning particular constant values to

fflj,
a

a , B in (1) ;
thus the result of eliminating the arbitrary con-

stants between (1) and (B) gives a new solution.

This solution is called a Singular Integral; it is a relation

between the variables involving no arbitrary constant, but it is

not a particular case of the Complete Integral.

180. The equations (4) will all be satisfied if R =
;
and as

we are now assuming that a
1}
av a

a
are not arbitrary constants but

functions of the variables, this equation will be satisfied by a

functional relation between a
l}

a
a ,

a
a ;

this functional relation

,j*> may be arbitrary, so that we may write
''

a^fa.aj (C),

in which <> denotes an arbitrary function. Multiplying now the

equations (3) by doc
lt das^, dx6 respectively and adding, we obtain

But from equation (0) we have

O _L O_L
_ (/u) 7 O(D

8

9a,
1 9a

a

/ 2J 2^" "3 J.\ / OjC

so that
df ,

dfty\j , fW , 9/ 9 <

^- + ^-^ }da.+ (^- + ^- -

oa
l

9a
8 3a/

]

\9aa
da

a
da

Since c^ and a
a
are independent, their variations da, and da3

art

also independent ;
in order that this equation may be satisfied w<

must therefore have

3
da

3a
fl

These equations (C) are sufficient to determine a
t,
av a

8
ii

terms of the variables and the expressions so obtained will involvi

the arbitrary function
<f>;

when they are substituted in (\), th..

solution takes a new form which is different from both of the othe
two.
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This solution is called the General Integral; it is a relation

between the variables involving two (or, in the case of n variables,

Ti 1) independent functions of those variables together with an

arbitrary function of those two (or n 1) functions.

The equation R = could also be satisfied by making a
g an

arbitrary function of alone or of a
1 alone, so that we should thus

arrive at different classes of General Integrals ;
but these are all

less general than the former, in which only a single arbitrary
relation between all the quantities a occurs. This is easily seen

from the consideration that if, in equation (C), a
a
be expanded in

powers of a
1
the coefficients are arbitrary functions of a

a , while

if
T/T (tfj),

an arbitrary function of a
lt

be expanded in powers of

a^ the coefficients are merely arbitrary constants
;
and the latter is

obviously included in the former.

181. It is thus manifest that we have three fundamentally
distinct classes of solutions of partial differential equations; it

remains to shew that there are no others, and this will be done

by proving the following theorem :

Every solution of the differential equation is indiided in one or

other of the three classes of solutions of tJie equation which are

constituted by tlie Complete Integral, the Smgular Integral, and the

General Integral.

Let (A) represent the differential equation, and (1) the Com-

plete Integral of this equation ;
then the equations (B) and (0)

will give the Singular and General Integrals ;
let any other solu-

tion of the equation be represented by

ty (z, os
lt

ao
a}
-

(4).

As it is convenient to apeak of e as explicitly expressed in

terms of the independent variables, we shall use Z to represent the

value of the dependent variable derived from'(l) and to represent

the value derived from (4). This last equation gives

9i/r , 9^
-

f) -\
i

f\y Jt 8
Sfl'

1

192
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If now, we make these values of the differential coefficients

agree with those given by equations (2), we have the three

equations

_
dz

dXj_
dz

dz

(5);

and these determine the values of a,, ci
a , aa in terms of xv ,

#B

and the dependent variable.

Now since (4) is a solution of the differential equation, we
have

F (Pi> P*> PB > & n v a)
"

;

and since (1) ia a solution, we have

satisfied, when the quantities a are arbitrary. The last equation
is also satisfied when the quantities a, instead of being arbitrary

constants, become functions ofthe variables, provided these functions

are such as to leave the forms of pl} p^, pa unaltered; and we may
therefore replace them by the functions of as^ oi

a ,
a;

8
obtained as

their values from the equations (5), provided the necessary con-

ditions be satisfied. When this is the case the values of plt pa , pB

are the same for the two forms of the equation (A) ;
and we then

have from a comparison of these two forms the necessary equation

where in Z the constants a
l}
a

a ,
a

8
are replaced by the values that

have been derived for them.

In order that the forms of plt pis pt
for the new values of the

quantities a should be unchanged, the three equations of the

form

dz dtO dz dz l

d(V J/^ .9/30, ^
dz V9^ ^ da:,

daa d^
T
da

a
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must be satisfied at the same time as (5); and therefore the values

of a
i;
a

9 ,
a

s
are such as to satisfy the equations

.

3a
a

But those are of the form of the equations (3) which enable us to

pass from the Complete Integral to the other two Integrals; hence

the values of a are included among those which give either the

Complete, the Singular, or the General Integral of the equation.
And an the necessary conditions have been satisfied, we have

-5
or the value of z derived from the given solution coincides with

the value derived from one or other of the three principal integrals.

This proves the theorem and shews that the three classes

adopted include all possible solutions.

If on solving the equations (5) the quantities a, be found to

bo all constant, then the given solution will be a particular case of

tho Complete Integral ;
if they be found to be functions of the

variables and thoro exist a functional relation between them of

the form

ct
8
=

<j> (aB> aj,

them the given solution will be a particular case of the General

Integral; if they be found to be functions of the variables and

there bo no such functional relation between them, then the given

solution is the Singular Integral

Ex. 1. Assuming that the Complete Integral of z=>py is

\ a

investigate the nature of the solution

4s- 2xy=(^+y2
) seo a+ (jfl -#B

) tan a.

Ex. 2. Assuming that the Complete Integral of &=px+qy is

logz=a log#+ (1
-
a) logy + 6,
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investigate the nature of the solution

Ex. 3. Assuming that the Complete Integral of epz+qy+pq is

investigate the nature of the solution

z+xy=Q.

182. In the case when there are two independent variables-

and one dependent, the three may be taken as the coordinates of

a point in space ;
and the relations between the separate integral*

can be interpreted geometrically.

The Complete Integral, being a relation between a, y and z, is-

the equation of a surface and this equation includes two arbitrary

parameters; so that the Complete Integral belongs to a doubly
infinite system of surfaces, or to a singly infinite system of families-

of surfaces. This integral is of the form

< (a, y, s, a, &)
= 0.

In order to obtain the General Integral we make one of the

parameters an arbitrary function of the other, say 6 = 6 (a), and
eliminate a between

$ (a>, y, z, a, 6)
= '

b = 0(a)

This operation is really equivalent to selecting from the system
of families of surfaces a representative family and finding its enve-

lope. If a particular family be taken (which occurs when 6 is made
a definite function of a instead of an arbitrary function), then the

equation of its envelope is a particular case of the General Integral.

The foregoing equations as they stand represent a curve drawn on
the surface of the family whose parameter is a, while the equation

resulting from the elimination of a between them is the nvelope
of the family ;

hence the envelope touches the surface represented

by the first two equations along the curve represented by the three

equations. This curve is called the characteristic of the envelope ;
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and the General Integral thus represents the envelope of a family

of surfaces, considered as composed of its characteristics.

In order to obtain the Singular Integral, we eliminate the

parameters between the equations

< (a, y, z, a, 6)
=

fi.dda

9# =
db

U

This operation is the same as finding the envelope of all the

surfaces included in the Complete Integral; the three foregoing

equations give the point of contact of the particular surface

represented by the first of them with the general envelope. The

Singular Integral thus represents the general envelope of all the

surfaces included in the Complete Integral.

But when the elimination has taken place so as to leave a

relation between as, y, and z, it is necessary to ensure that the

resulting equation is that of the envelope and not that of any of

the loci which are included in the same equations. Such loci

are, for instance, the locus of conical points and the" locus of

double lines, neither of which satisfies the differential equation.

It is therefore desirable to substitute the result (when it cannot at

once bo recognised as the equation of an envelope) in the differ-

ential equation ;
it is to be retained only when it is a solution.

It may happen that the entire system of surfaces does not

admit of this general envelope ;
in such a case the Singular Integral

will not exist for the corresponding differential equation, and its

non-existence will be indicated by the equations ordinarily used to

obtain it. Examples of this will hereafter occur.

As an example to illustrate the preceding discussion of the geometrical

relations between the integrals, consider the equation

ass+.by+oz= (a?+&2+ca
)
i=l ........................... (i),

which contains two independent constants. It is easy to prove that the

corresponding differential equation is

and that the general envelope of all the planes contained in (i) is the sphere

l ................................. (ii).
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Hence (ii) is the Singular Integral of (A), and the sphere represente

(ii) touches each of the planes represented by (i) in a point.

To obtain the General Integral we eliminate a between

+/(>/<->

in which /(a) is an arbitrary function. This is clearly the envelope

family of planes the equation of which contains only one parameter ;
ai

is therefore a developable surface. The equation of any developable sur

which envelopes the sphere, is thus included in the above General Inte

The process of making 6 a function of a is equivalent to drawing on

sphere some definite curve
;
and the developable surface is the envelope o

tangent planes to the sphere at points which lie on this line.

183. The explanation of 179 shews how the Sing

Integral may be derived from the Complete Integral ;
it is, 1

ever, possible to derive it directly from the differential equa
as is the case in ordinary differential equations.

For the sake of brevity, suppose that there are only

independent variables. Let the equation be

^ fa y> z
> P> s)

=
>

of which the Complete Integral is

F(a,y,z,a,b) = 0,

where a and b are arbitrary constants; the Singular Integr
obtained by combining the equation F= with

=0 .......................(A
da db

v

Since F=0 is the integral of the differential equation the v

of z, p, q derived from the integral will render
i/r
= an iden

and the substitution of the values of p and q (but not that

derived from F=Q will in general render
T/T
=

equivalent tc

integral equation. Let this latter substitution be made, so

p and q are replaced by functions of a, y, z, a,b; then in ordi

find the Singular Integral we must form the equations analo

to (A), which equations are

d^jrdp d-^r dq _
dp da dq da~ '

(fy dp _
dp db dq db~

'
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These equations may be satisfied in two ways : firstly, by writing

^T = n-?i.
dp dq'

secondly, if and do not vanish, then

da 96 36 da

The latter equation implies a relation of the form

which does not involve either a or 6, but may involve quantities!
'

multiplying a and 6 in the expressions for p and q; that is,

quantities depending on at, y, and z. If both the arbitrary con-

stants occur in p and q (which does not always happen) the

equation $ = would imply that they are effectively only one, or

that one of them is a function of the other; the equations used

then give the General Integral, with which we are not now
concerned.

We thus return to

the elimination of p and q between these and
-|r
= will furnish a

relation between ao, y} z, which is independent of any arbitrary
constant. If this relation satisfy the differential equation, it is the

Singula/r Integral ; and when the relation is found by this method
it is necessary to see whether the differential equation is satisfied.

The reason that this precaution is necessary is similar to that

which renders the corresponding precaution necessary in the case

of ordinary differential equations ;
when the surfaces represented

have an envelope, this envelope will be given by the equations

But these same equations will be satisfied by the coordinates of

any pinch-point on one of the surfaces represented by the complete

integral ; the locus of these pinch-points, however, is easily seen

not to be a solution of the equation. The equations will also be

satisfied by the coordinates of any point P at which two different
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surfaces of the system touch, and therefore by the equation of the

surface "which is the locus of these points. But this surface has

not necessarily for its tangent plane at P that tangent plane which

is common to the two surfaces, and therefore the values of p and q

(which give the direction-cosines of the tangent plane) derived

from this new locus are not the values of p and q which satisfy

the given equation ty
= 0. Such a locus corresponds to what was

before called the tac-locus ( 28) ; and, while it may not be the only

locus (other than the envelope) which is introduced, the possibility

of its presence renders necessary an enquiry whether the equation

between as, y, 2 satisfies the differential equation.

Ess. 1. The differential equation

has for its complete integral

(a?
- a cos a)

8+ (y a sin a)
B+ 8s=XaaB

,

X being supposed a determinate constant. Forming the envelope of this sphere

by taking

F= (x
- a oos a)

a+ (y
- a sin a)

2+ e3 - X2az= 0,

we easily find it to be

Now taking

and following the rule for deriving the Singular Integral from the differential

equation, we have

?X=2p# - 2X2s (x+pe)= 0,

The last two equations are satisfied by z=Q, which though free from p and q

is not a solution of the differential equation. In faot by drawing a figure it is

easily seen that e=0 is a tac-loous, being the plane which contains the points

of contact of the different non-consecutive spheres with one another obtained

by giving all possible values to a and a.

Ex. 2. Consider the system of cones



300 LA-GBANGE'S [184-

differentiate with respect to each of the independent variables

and have

du du\ dd> (dv dv\- -- - =
jdu \dx

*
dz) dv \dx

3rf> fdu du\ 3d) fdv dv\ _
du \dy

"
dz/ dv \dy

and therefore

fdu dv

which, on rearrangement, gives

where

'du du\ fdv ,
dv

(ii),

E

or, what are the equivalents of these,

du

.(iii).

* 5 r ty 5 r -" 5~
OSD ay oz

Hence, when we have a differential equation of the form (ii),

into which the differential coefficients enter linearly while the

quantities multiplying these may be any functions of as, y, z, we have
a corresponding integral given by (i), provided we can obtain u and.

v in order to insert them in that integral equation. A differential

equation of this form is said to be linear; the difficulty in the

solution is the derivation of the functions u and v.

185. Now let us consider the equations u= a and v = 6, where

a and 6 are arbitrary constants, and let us form the differential

equations corresponding to them. We have

du , du , du -, _ ft

dot "by dz

dv , . dv , .
dv



801

or -#- (-)

These are the differential equations which have for their

integrals u = a and v = &
; they can be formed at once from the

coefficients in the differential equation. We thus have the follow-

ing rule*:

To obtain an integral of the linear equation

write down the subsidiary equations

dco _ dy _ dz

F~ Q~'
and obtain two independent integrals of the latter; let these be

u = a and v = b.

Then an integral of the partial differential equation is given by

<f> (u, v)
= 0,

where
<j>

denotes an arbitrary function.

An arbitrary functional relation between u and v of any form.

will be satisfactory ;
thus we might have

u = -^ (v),

where i/r
is an arbitrary function.

186. This rule enables us to obtain an integral involving an

arbitrary function; it will now be shewn that it is the most general

integral possible, in that it includes all solutions of the differential

equation. Let

^ (a), y, )
=

* The theory of linear partial differential equations -was first given by Lagrange,

as well as the classification of the integrals of equations of the first order. The

subsidiary equations (iv) are sometimes called Lagrange'a equations.
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in which m, 6 are arbitrary constants ;
the corresponding differential equation

is easily obtained. The equations, which give the envelope, are

sin 6 (x a cos 0)
- cos 6 (y- a sin 0)=0,

m
These are all satisfied by

,m
which give

but z is arbitrary.

The equations are also satisfied by

2a
z=

,

and the corresponding eliminant is

The last equation represents the envelope ;
the doubly infinite system of

oones is generated by the revolution, round the directrix of a parabola, of all

the right circular oones whose vertices lie on the tangent at the vertex to the

parabola, and one slant side of any one of which coincides with the tangent to

the parabola drawn through the vertex of the cone. The equation

is that of the cylinder on which lie all the (singular) circles which, are the loci

of the vertices of the cones in the revolution round the directrix.

For fuller information on the subject of the Singular Integrals of partial

differential equations of the first order a memoir by DABBOUZ, M&noires de

I'Insttiut de Frcenoe, t. xxvii. (1880), should be consulted.

Lagrange's Linear Equation.

184. We have seen that among the integrals of a differential

equation there is one the General Integral into the expression

of which an arbitrary function enters; the deduction of the

differential equation from the integral implies the elimination of

this arbitrary function. The simplest form possible for an integral

of this nature, when there are two independent variables, is the

equation
<
j
> (u,v)

= Q ........................ (i),

in which is an arbitrary functional symbol and u and v are

definite functions of an, y and z. In order to eliminate $ we
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be a solution of the equation

Pp + Qq = E,

and let the solution of this equation obtained by the foregoing rule

be <p (u, v)
=

;
then from equations (iii)

we have

Since
-x/r (a>, y, z)

= 0, we have

the substitution of these values of p and q in the differential

equations gives

PQ + Q? + Ii
S = 0.

das ay oz

"We have thus three equations linear in P, Q and R\ when

these quantities are eliminated we have

3-^r d^r 9^ = 0.

9^' 9y' aF

du du du

dao' dy' de

dv dv dv

dx' dy' de

Hence there is some definite functional relation between ty, u, v;

let it be

^ = F(u,v),

where F is a definite function. The solution ty (x, y, z)
= is

therefore the same as

and, since F is a definite while
<f>

is an arbitrary function,, this

solution is included in

*(,iO-o,

that is, is included in the solution obtained by the method given

in the rule.
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This latter solution is thus the most genwal solution possible of

this form
;
it evidently corresponds to the General Integral

187. Corollary. The equations 14 a = and v b = are

integrals of the differential equation. For the general solution may
be written

u = ^ (IF),

where
i/r

is an arbitrary function. Take then ^r(v')
= av

,
where

a is an arbitrary constant
;
the equation then becomes u a = 0,

which is the first of the stated integrals. Similarly for the second.

These results can be obtained independently. The foregoing

article shews that, in order that $ (on, y, z)
= may be an integral

we must have

dec

But the equations

are actually satisfied
;
hence u a = and v b = are integrals.

188. We thus see that, when there is a single arbitrary function

entering simply (that is, without any derivatives) into an integral

equation,the corresponding differential equation is necessarilylinear;

and that the linear differential equation has for its most general

integral a relation into which an arbitrary function enters. We
therefore infer that, in the case of a differential equation which is

not linear, the arbitrary function which is essential to the General

Primitive cannot enter in a manner similar to that in which the

arbitrary function enters in the foregoing equation ;
in fact, with it

will be associated in the General Primitive its first differential

coefficient.

189. In the foregoing we have limited ourselves to the case

of two independent variables
;
the proof of the method when

there are n independent variables follows the former on exactly the

same lines, and the corresponding rule is :
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To obtain the most general integral of the linear equation

write down the subsidiary equations

^j _ ^a _ _ ^n _ dz

prp~.~
......... "p~n ~R }

and obtain n independent integrals of these ; let them be

M
i
= a

i.
w

s
= a

a........... un = an.

Connect these quantities u by an arbitrary functional relation

this equation is the integral required.

The proof of this, as well as that of the corresponding corollaries,

viz. that u
l
= a

l , u
a
= av ......... ,

u
n
= an are integrals of the

equation, is not difficult.

Ex. 1. Solve the equation xp+yq=z.

Lagrange's subsidiary equations are

dx _dy _dz
as

~
y
~

e
'

of which, two integrals are z=ay, e=bx; henoe the solution of the equation is

It can be exhibited in the forms

3 . /e\ , e-
]
and -

y y

which three are easily seen to be equivalent to one another.

\
\ Eso. 2. Solve the equation

ix is) q= l/y mx.

Lagrange's subsidiary equations are

dx _ dy _ dz

mx ny
~

ptx -lx~ly mas
'

Hejioe aada;+ydy+ede=Q, whence

and Idx+mdy+ndzQ, whence lic+my+nz=b ;

and the integral of the equation is

Ix+my+ ra= (a?
2+ya+ s?).
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Ex. 3. Solve the equations

(i)

(ii)

(iii)

(iv)

(v)

(vi)

(vii)

(viii)

(is)

Jfo?. 4. Solve the equation

(fsa+xa+e)p1 + (xs+

Lagrange's subsidiary equations ore

Each of these equal fractions

dz-dx1 _ dz=
-(-ai)~ ~-(e-

The integrals of these are

2 " i37i S ^ rf/n Z ~~
i2> o

and therefore the integral of the equation is

where & stands for +x +xz+ aj3 .

Ex. 5. Prove that in the last question, if, when z=Q
}
the variables be

connected by the relation

then the integral is

{(^-a)
s
+(a?a-z)

B+(^B-)B
}
4
(a'i+^+^a+ 2

)
3=(^i+^+^8-32)3

.

(Mansion.)

Ex. 6. Solve the equations

(i)

(ii)
a

^ (iii) a?2a;3zpl +a?3a?1 p2+ 37^3^)3
=

F. 20
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Standard Forms.

190. Before proceeding to indicate a method of integration

which is applicable to the most general equation of the first order,

it is advisable to notice a few standard forms of differential

equations which admit of integration by very short processes and

to one or other of which many equations can be reduced
;
as the

general method is usually much longer than that which is effective

for any of these standard forms, it is advantageous to see whether

the equation is included under one of them.

191. STANDAED I : Equations in which the variables do not

explicitly occur
;
such equations may be written in the form

f (P, 2)
= 0,

A solution of this is evidently

z = cue + by + c,

provided a and 6 are such as to satisfy

If then the value of b derived from this equation be 6 =/ (a),

the Complete Integral of the equation is

The General Integral and the Singular Integral must in the

case of every equation be indicated as well as the Complete Integral,
or the equation is not considered to be fully solved.

Equations which do not explicitly come under this standard

can often be included by changes of the variables
;
thus for instance

functions of w which occur in the equation might admit of associ-

ation with the p and functions of y with the
q. But the changes

needed for any equation can be determined only for the particular

circumstances of the equation ;
there is no general rule, since an

equation cannot always be reduced to this form.

Ex. 1. Solve pq=k.

The foregoing shews that

s=aas-srby+o
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is a solution provided

db=k

the Complete Integral therefore is

k
z=ax+-y + c.

a

The General Integral is obtained by eliminating a between the equations

where is arbitrary.

The Singular Integral, if it exist, is determined by the equations

- y+o
(L

0= x-^y
0= 1

the last equation shews that the Singular Integral does not exist.

Ex. 2. Solve pq=af
ny

n
.

This can be put into the form

Let dZ=s -*l

de, so that (1
- $Z)Z=

dr
i =yn

dy,

and the equation becomes

which is included under the last example.

Em. 3. Solve the equations :

(i)

(ii) a

lm

{iv) fP* sec
8 x+ q

n cosec2" y=z
m~ n

;

(v)

(vi) j31

(vii)

202
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192. The differential equations included under the form

have an important interpretation when viewed geometrically. We
know that the equation of the tangent plane to the surface

at the point ff, y, is

and the surface is the envelope of the tangent planes. Now if

o J
Ji

ET

between -^ and %- there be a relation
df Of]

9 W\. .

or orr

all the quantities 17, s , 75- are functions of a single quantity,A
of 077

and therefore there is only a single parameter in the equation of

the tangent plane. The envelope of a plane whose equation is

of this form is a developable surface, and hence the surface con-

sidered is a developable surface.

It therefore follows that

is the general differential equation of a family of developable

surfaces; and the equivalent General Integral is the integral

equation of the family.

193. STANDARD IL

In attempting to reduce an equation to the preceding standard

we may find it possible to remove from the equation the indepen-

dent variables, so that they no longer occur explicitly; but it

may not be possible to remove the dependent variable l and the

equation will then be of the form

We assume as a tentative solution

*=/(;
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( being written instead of CD + ay), in which a is an arbitrary con-

stant. We then have

dz d dz

dz d& de= ^7*.
~ = a ~

and the substitution of these in the equation gives

dz dz

This is no longer a partial differential equation, as there is now

only one independent variable. This independent variable does

not explicitly occur, and thus the equation conies under Standard

IV.
( 18) of ordinary differential equations of the first order.

dz
Solving for -^ we have an equation of the form

dz
,

. .= 9 (z >
a)>

the solution of which is

or x + ay 4- b = F (z, a).

This is the Complete Integral ;
the General and the Singular

Integrals may be found by the ordinary method.

Ex. 1. Solve the equation

9(^8 + 2*) =4.

If we mate the substitutions BIS in the standard case, the equation becomes

or

the integral of which is

the Complete Integral of the equation therefore is
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The General Integral is obtained by the elimination of a between

(z+a*)*={3i+ay+6(aW \
and Sa(e+a

z
^={iD+ay+d(a)}{y+ff(a)}i

where 6 is an arbitrary function.

It is not difficult to prove that there is no Singular Integral

Ex. 2. Solve the equations :

(i) *W(l-);
(ii) 2*y*=z(a-px}',

(iii) p(l+q*)=q(z-a);

(iv) 1 =Pzpa+p6p1
i

(v)

194. The relation between the integral and the differential

equation admits of a geometrical interpretation. The first step in

the process of solution is writing for as + ay, which is equivalent
to turning the axes in the plane of ocy through an angle equal to

tan"1
a, and magnifying the coordinates in that plane in the ratio

of (1 + a8

)* : 1. It is then assumed that z is a function of

but is independent of the coordinate parallel to the new axis

of y. Now

represents a cylinder whose axis is parallel to the new axis of y ;

and therefore the equation gives the cylinders satisfying this con-

dition. But now, returning to our original axes, since a is an

arbitrary constant, the a. of f is an arbitrary line in the plane,

and therefore also is the line taken for the transformed axis of y.

It thus follows that what we find by our process of integration will

be all the cylindrical surfaces with axes in the plane of asy which

satisfy the given differential equation.

195. STANDARD Ed.

In attempting to reduce a given equation to the first standard,

it may happen that z may be removed from explicit occurrence in

the equation, but that ac and y remain, and that then the functions

of p and x may be associated with one another, and likewise the

functions of q and y ;
the equation will then take the form
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We assume, as a trial solution, each of these equal quantities
to be equal to an arbitrary constant a

;
from the first of the two

equations so obtained we have

p = e
i (0, a),

and from the second

2 = a (y,a)-

Integrating both of these we find that, by the first,

z ~fi 0' a) + a quantity independent of x,

and that, by the second,

z =/a (y, a) + a quantity independent of y.

These are evidently included in, and are equivalent to, the

equation

*=/t (fl, a)+/,(y, a) + 6,

where 6 is an arbitrary constant. This is a solution of the original

equation; as it contains two arbitrary constants it is the Complete

Integral

The General Integral and the Singular Integral, if it exist, are

to be deduced from this in the usual way.

Ex. 1. Solve the equation

p*+q*=x+y.

The equation rearranged in the form

^-^-(gi-y)
oomes under the standard, and we therefore write

%Pa=y-qz =a.

Hence ^

2

and therefore

which is the Complete Integral.

The General Integral is given by the elimination of a between

where ^ is an arbitrary function ; and there is no Singular Integral.
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Ex. 2. Solve the equations :

(i)

(ii)

(iii)

(iv) p*+q*=2x;

(vr) p*-y*q=a*-y\

Eso. 3. Shew that this method can be applied to the solution of equations
of the form

A (ft i *i)+/2 (ft , xj+/s (p,, *j)
= 0.

Thus solve fully the equation

196. STAITOAHD IV.

In this class are included those equations involving partial
differential coefficients, which are analogous to the equations
included under Clairaut's form

( 20) in ordinary differential

equations. For two independent variables they are represented by

where $ is a definite function.

A solution of this is

z=aa; + by + <J>(a, 6),

which admits ofimmediate verification. As it contains two arbitrary
constants it is the Complete Integral ;

the General Integral is to

be obtained in the usual way, and there is usually a Singular
Integral

Ex. 1. Solve the equations :

(i) e=px+qy+pq

(ii)

(iii) =|

(iv) zt=px+qy+ 3p ;

obtaining in each case the Singular Integral as well as the Complete Integral

Ex. 2. Solve the equations :

(i) *=A*i+iv^+ft+/(ftiA,ft>;

=1 -i.

(ii) *=

and obtain the Singular Integral in each oaae.
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Principle of Duality.

197. There exists in partial differential equations a remarkable

duality in virtue of which each equation is connected with some
other equation of the same order by relations of a perfectly re-

ciprocal character. We shall consider here only equations of the

first order.

Considering the case of two independent variables only, we
write as our new dependent variable

Z= pac + qy z,

and therefore

We take as our new independent variables p and q, which we write

X and F for symmetry, so that

X =p and Y=q;
and then we have

_dZ_dZ _* = =
'

then z = PX + QY-Z,
so that the relations between the variables are, as stated above,

reciprocal.

If now we have an equation of the form

v/r (co, y, z, p, q)
= 0,

the above relations transform it into

The integral of either of these being known, that of the. other is

deducible by a process of algebraical elimination. Thus let a

solution of the second be given, or be derivable, in the form

$(Z,X, 7) = 0.

Then we have
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andand

The elimination of X, F, # between these four equations will

leave an equation in as, y, z, which will be a solution of

Ex. 1. The simplest example of an equation whioh can be treated by this

method is that which oomes under Standard IV. ( 196); the equation being

2=px+qy+f(p, q},

the transformed equation is not differential, but algebraical, being in fact

-*-/(*, F).

Thus in particular consider

the transformed equation is

"dZ
Hence ^=dl

= ~ 2Z and = = ~

where e=Z

Hence, eHminating the quantities Z, F, Z, we have

which is easily seen to be the Singular Integral of

Ex. 2. Solve the equations :

(i)

(ii)

(iii)

(iv) (px+qy-s) (p*a;+ q*yfi=pq.

Ex. 3. Prove that the equations

(i) ^ (e-px- qy, p, y)+y/a (i -|w- qy, p, q)=/g ( -^ _
gy, ^j, g-),

(ii) F(z-px-qy,x,y~)=Q,

are reducible, by the foregoing substitutions, to standard forms.
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Ex. 4. Prove that the equation

. P, *-~Pv)+ S/a (y. P, *~pz)=/ (^ P, *-P)
is reducible to Lagrange's form by changing the variables so thatp and y are

the new independent variables and 2 -px the new dependent variable.

Henoe solve the equation

q (y
- Vf+ 2joj7=s + xp* (x+ 1

).

Ex. 5. Solve (z-p -
qy}*

=

198. The process of derivation of one differential equation.
from another as exhibited in the preceding article is really a trans-

lation into analysis of the geometrical principle of duality between

surfaces. When we take a fixed quadric, which we may denote by
2, then with every surface $ there is associated another surface S',

called its polar reciprocal, which is the envelope of the polar planes
with regard to 2 of points on the surface S

;
and the surface S is

the polar reciprocal of Sf

, being the envelope of the polar planes
with jegard to 2 of points on S'.

The polar reciprocal of a surface depends on the subsidiary

quadric, S, and is different for different quadrics ;
the quadric

most commonly chosen (on account of the geometrical simplicity)

is a sphere with its centre at the origin of reciprocation.

Let us consider as the subsidiary quadric not a sphere but a

paraboloid of revolution whose equation is

To the tangent plane at a point A on the surface S corresponds

a point A' on the surface S'
;
and to the point A corresponds the

tangent plane at A' to 8'. Let oc, y, z, p, q be the quantities

associated with A
;
and X, Y, Z, P, Q the corresponding quantities

associated with A'.

The tangent plane at so, y, z to the given surface S is

( V, ? being current coordinates) ;
and the polar plane of X, Y, Z

with regard to the quadric is
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But, because the two surfaces S and & are polar reciprocals, these

two planes are the same
;
a comparison of their equations gives

Similarly, taking a tangent plane at X, Y, Z to the surface S'

and noticing that it must "be the polar plane of ac, y, z with regard
to the quadric, we should obtain the equations

These are the two sets of relations used in the preceding method.

Other relations could be obtained by taking other subsidiary

quadrics in reference to which reciprocation should take place; but

the preceding seem the simplest that can be found.

199. The General Integral of a differential equation involves

an arbitrary function. It may be necessary to obtain an inte-

gral satisfying certain conditions
;

the latter will then be ob-

tained if the arbitrary function be rightly determined. The

process is equivalent to that which occurs in ordinary differential

equations, where the arbitrary constants are determined by some

particular relation or relations between special values of the

variables. In every particular problem the arbitrary function is

determined by means of the specified conditions.

Ex. 1. We know that the equation

ap+ bq=l

implies that the normal to the surface represented by the integral equation is

perpendicular to a given line whose direction cosines are proportional to a, 6, 1 ;

this is the property of a cylindrical surface whose JTIH is parallel to that line.

The integral obtained either by Lagrange's method or by the method applied
to Standard I. is

where is arbitrary. Suppose that the equation of a cylinder having its

axis parallel to the line (a, &, 1) and passing through the curve aP y
a=l in

the plane of xy is desired. The section of the above surface by the plane of

xy is obtained by writing 2=0 therein, and thus it is

According to the assigned conditions it should be

x*=l+y*.

A comparison of these equations shews that
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and therefore also

$(y-&*)-{l + (y -&*)}*.

Hence the equation required is

or, freed from radicals, is

' (*-)-(y -&)=!.

jEr. 2. Prove that the equation

represents a family of cones having the fixed point (a, 6, c) for vertex. Shew
that the member of the family, which pasaes through the circle

in the plane of ocy, has for its equation

(a*
-

car)
2 + (&z

-
cy)

a=
(z
-

o)
2

.

Ex. 3. Obtain the integral of the equation

p (ny ma) + q (h
-
ma)=mx - ly,

so that the seption, by the plane of sty, of the represented surface is a conic

section of eccentricity e with its centre on the line

General Method of Solution.

200. We now proceed to consider a more general method due

partly to Lagrange and partly to Charpit ;
it applies to the general

equation, which may be denoted by

F(*> y> *> P, 3)
= 0,

and its success depends, as will be seen, upon the integration of

some ordinary differential equations.

If in addition to the foregoing relation we have another between

the variables and the differential coefficients, the two can be

considered as a pair of simultaneous equations which, when solved,

will give p and q as explicit functions of a, y and z. The values so

derived, when substituted in the equation

dz=pdx + qdy,

will render it either immediately integrable or integrable on

multiplication by some factor
;
and the integral will be a solution,
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of the original equation, since the values of p and q derived from
it have in the inverse process been obtained from that equation.
Let then another relation between the quantities be denoted by

3>
(as, y, z, p, q)

=
;

if we can find the form of O, we shall be in a position to use this

method of solution.

201. Now the integral of the equation gives z (and therefore

also p and q) as functions of as and y ;
whatever these functions

may be, they will, if substituted in the equations F=0 and <l> = 0,

render them both identities. Let then the values of z, p, q (as

yet unknown) be supposed substituted
;
then the partial differential

coefficients of the left-hand members of both equations with regard
to as and y will all vanish, and therefore

d_F d_F dFdp d_Fdq_+ P+ + ~
'

_n
dx dz P+ dpdto

+
dq dx~ '

d_F
dF

dF3p_ dFdq_+ q+ + ~
'

9$ 30> d&dp d&dq
"a~ + 5~9r +5"~a+o~3 = 0-

oy oz op ay oq oy
f\

Eliminating
~ between the first pair of these equations, we have

_ J _ __
dp dp 'das)

+P
\de dp dp dz)

+
d~x (dq dp

~
dp dq)

~
'

and eliminating ^-
between the second pair, we have

_ __ dp _ _
\dy dq dq dy)

+ q
\dz dq dq dz )

+
dy (ty ~dq

~
dq dp)

=

dq d*z dp
a
=

2~cT
=

o .

aos dosdy oy

so that from the last two equations, when added together as they
stand, the terms involving these quantities disappear; and the

result may be rearranged and written in the form
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dF dF\d fdF ,

dF\d f dF dF\d&
+p ~ + ~+q + -p -

q

dpJdx
which we may look upon as a linear differential equation of the

first order to determine <f>. The method applicable to this equa-
tion is therefore the one used in the case of Lagrange's equation ;

we write down the equations ( 189)

dp _ dq _ dz _ dot _ dy _ d~
dF~~Q'dF d_F~dF dF~ _ dF_ dF

da}
+ P dz dy

+ q
dz

P
dp

q
dq dp dq

and obtain integrals of these. Now in order that these equations

may hold we must have

or <J> = A,

an arbitrary constant. If another integral can be obtained by

equating any two of the first five fractions, it may be written in

the form

u = .

By the corollary in 189, u = B is a solution of the differential

equation determining 3>. Now <E> = is the relation we are

seeking between as, y, z,p,q; and the simpler this relation is, the

easier will be the deduction ofp and q from O = and F= 0. We
may therefore take as the relation required the equation

u = B,

that is, we may take any one integral whatever of the foregoing

system of ordinary differential equations, provided either p or q or

both occur in it; when this integral has been obtained, we combine

it with F = and carry out the process indicated in the pre-

ceding article.

202. The following proposition is an immediate corollary from

the process of the preceding article, or it may be considered merely
as a re-enunciation of the result there obtained :

When two equations of the first order represented by

F
(as, y, z, p, q)

= 0,

3> (x, y, z, p, q)
=

0,
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are such that they satisfy identically the relation

__ _
dx dp dp da; dy dq dq dy

and are considered as two simultaneous equations giving p and q

ag functions of &, y, and z, then the values ofp and q derived from

them and substituted in the equation

dz = pda + qdy

render it an exact differential.

Another form may be given to the relation. Let

and similarly for <I>
;
then the equation is easily transformed into

9$ .dF _ 3* ,3F .F -- CD --1- W -- CD - =^ + * * U<

Ex. 1. Solve the equation

p*+ j
a -

2pa;
-
2qy+ %cy= 0.

Writing down the subsidiary equations we have among others

dp___dq _ dx _ dy~~ ~
'

Henoe dp+dq=dx+dy,
so that p-x+qy=a.
Combining this with the original equation, which may be written

we find

Hence dz=pdx+ qdy

gves

the integral of which is

2z - b= ofl+ ax+ya+ ay+ ^j {2 (a -y)
a - a2

2*
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which is the Complete Integral. The General Integral is deduoible in the

ordinary way ;
there is no Singular Integral.

The above equation may, however, be solved without having recourse to
this method; but some transformations and substitutions are necessary.
Taking the equation in the form

we write Z= z - \& Jy
a
,

, , . az . az
so that 5-=P x and ^-=a-y.ox r

oy
* a

Let the independent variables be changed by the equations

and

and therefore

The equation becomes

and is thus of the form of Standard III.
;
when the integral is obtained and

the new variables are replaced by the old, it will be found to agree with the

above.

Ex. 2. Solve the equations

(i)

(ii)

by Charpit's method.

Also reduce both of them to one or other of the Standard Forms and so

integrate them, shewing that the integrals obtained by the two methods agree.

203. In these particular examples Charpit's method is less

laborious than the other
;
but this is by no means always the case.

It often happens that an equation which furnishes an easy example
of this rule is integrable still more easily because included in some

one or other of the foregoing Standard forms
;
and this causes the

method to be less used than would otherwise be the case. But it

is more general than any of them, and equations integrable by any

F. 21
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of the other methods are integrable by this method
;

it is more-

over important in the general theory as indicating a method of

obtaining a solution- of the differential equation without any
restrictions on its form.

The limitations to success in practice are connected with the

integration of the subsidiary equations. Now these particular

limitations are just such as give rise to the methods adopted for

the different Standards and really indicate the classification therein

adopted ;
in fact all the Standards are included in Charpit's form

and integration is possible by this one general method whenever it is

possible by any of the special methods.

204. Thus consider first Lagrange's form, which is

in which P, Q, R are functions of OB, y, z alone and do not involve

p or q.
In this case

F=R-Pp-Qq,

U. * W
T> W Kso that - = P, -- =

thus two of Charpit's equations are

dec _ dy _ dz

P~Q"
=
E'

the equations on which the integration of Lagrange's form de-

pends. But it should be noticed that this is not a proof of

Lagrange's method for linear differential equations ; the result has

already been assumed in the derivation of Charpit's equations.

205. Now consider the typical equation of the first Standard,
which is

}= 0,

so that F
in which K, y, z do not explicitly occur

; then

?*.o
3^-o ?*-<>Q ''i 5 ~~ "j f-T^

"
ox oy fa
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The subsidiary equations now are

dp _dq _ das _
~0 ~~0

~
_?~'"

dp

so that we have p = a and q = b, both arbitrary constants ap-

parently. But according to the rule we must combine any one

integral with the original equation, and so we have

^(a,q) = 0;

and therefore, if q = b, we have

^(a,6) = 0.

Then dz =pdoc + qdy

= ados+ bdy,

of which the integral is

z = CUB + by + c,

with the limitation between a and b.

206. Proceeding now to the typical equation of the Second

Standard, which is

*lr(z,p,q)
= 0,

an equation into which x and y do not explicitly enter, we have

F= TJr(e,p,q),

and therefore

W n -BF n
5- = 0, and - = 0.
ox ay

The equation derived from the first pair of Charpit's fractions

gives

d dp _
djP~

and therefore p = mq. Combining this with ty
= we can find both

p and q in terms of z
;
let the values be f(z) for p and therefore

mf(z) for q. Substituting in

de = pdco + qdy,

we have ^ = da> + mdy,
J\z)

212
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or

which agrees with the former result.

207. Passing now to the Third Standard in which the equa-

tion is

>

so that a~
=

o J 5~ a
OCD dx op dp

= _ _
dy dy' dq

=
dq'

we have from the subsidiary equations

d dx

das dp

%*+%*-
that is, (co, p) = a

;

and therefore from the original equation

Solving these respectively for ^ and q we have

^ = ^(5;,^; q
=

3 (y,a);

and following the rule we have

dz = 6^ (a, a)dcc + a (y, a) dy,

the integral of which is

z + c =
j
9

t (as, o)dx +je3 (y, a) dy.

Ex. 3. Derive by Charpitfs method the integral of the differential

equation of the form analogous to Clairaut's form for ordinary equations.

Ex. 4 Obtain by Charpifs method a solution of the equation

=f(p, q),

where /(p, q) is a homogeneous function ofp and q of the degree n. 1 /V
Solve also
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JAOOBI'S METHOD FOR THE GENERAL EQUATION WITH ANT
NUMBER OF INDEPENDENT VARIABLES.

208. It has "been indicated in 189 that the method used

for the linear partial differential equation in Lagrange's form can

be applied to the case when the number of variables is n ;
we now

proceed to indicate the method, due to Jacobi, of solving the

general partial differential equation when there are n independent
variables. This general equation may be represented by

*(*>&& ...... A. a** ......,<O=.
where cs

lt
a;
a , ....... xn are the independent variables and the p's

are the partial differential coefficients of z with respect to the SD'B.

209. We will prove that if in this equation the dependent
variable explicitly occur (which will usually be the case since the

equation is perfectly general), then the equation $ = can
1 be

replaced by another with a new dependent variable, in which that

dependent variable does not explicitly occur and the number of

independent variables is increased by unity.

The differential equation <E> = has some solution
;
let it be

represented by

where/ is as yet an unknown function
;
then we have

du du- A
o + l~Pr

=
OXT fa*

for all values of the suffix from r = 1 to r = n. Let these values

of p be substituted in the original equation, which therefore

becomes

9w 'du du

fa fa fa

and may be written in the form
*

du du . du du
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This is a partial differential equation of the first order; the

dependent variable u does 'not explicitly occur and there are n + 1

independent variables z, cc
it

cc
a ....... ,

xn . Hence the proposition

is proved

The integral of this leads to the integral of the original

equation ;
it will be proved to be possible to obtain the integral of

M* = in the form

u=f(%1 , aJ
8 ,

......
,

a>
B , z> a

1} a,, ....... aj,

in which a
1}
a
J5

...... , an are arbitrary constants.

When this integral is known, the complete integral of the

equation $ = is given by

/(013 2v ......
, xn , a, alt

a
t>

...... , an) = 0,

in which z is now the dependent variable and there are the

original n independent variables.

For u =f is the integral of "*& = and M?" is a modified form of

<E> = 0, so that the latter is satisfied by u =f, and therefore

~ .

(

z
'~df'

^
dz %z dz

But since/= we have

and therefore

V

which is satisfied for all the suffixes r from r = 1 to r = n hence

we obtain

the original differential equation.

210. It is thus sufficient to consider differential equations
from which the dependent variable is explicitly absent. If it

explicitly occur in any given equation, it can be removed in

the manner indicated; and a transformed differential equation



1 1
"- r ~,

1 7 t

210.] ^FOR THE GENERAL EQUATION. 327 - .

MT = can be obtained, the integral of which will lead to the --*-

required integral. We may therefore write the general differential
'

equation in the form

If, in addition to F= 0, we have other n 1 equations of the

form

where F^ ,F2 , ......,F^ are functions ofpt,pa ,
...... >2>B (or of some

of them) and it may be, and usually will be, of x
lt
x

9 ,
...... , ccn , and

where a
1}
a
a , ......

,
a
nF.l

are arbitrary constants, then from these n

equations we can obtain values of plt p, t ......
, pn as functions of

the as'a and the a's. Let these values be substituted in

then, if they be such as to render this an exact differential, the

integral of it will be the complete integral of F= 0. For it will

be an integral, since the values oplt pat ....... pn are derived from

n equations, one of which is .F=0; and it will in its expression
involve n arbitrary constants, viz. the constants a,, aa , ...... , a^
and the constant of integration. Moreover the integral is of the

form

which gives the dependent variable explicitly, and therefore

justifies the assumption made as to the form of the integral of

= 0.

The n 1 functions F must be such that the values of the

quantities p will render the foregoing an exact differential equa-
tion

;
and the necessary conditions, which are

for all values of r and s, will serve to determine these functions.

211. Suppose that the n equations

are solved so as to give the values of p lt pt ,
......,pn as functions

of the variables x
;
these values will, when substituted, make each
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equation an identity. When this substitution takes place in any
two such equations as Fr

= ar and F8
= aa , we have

3a;
a

giving altogether n pairs of equations ;
each pair is made up of

the differential coefficients, with regard to the same independent

variable, of Fr and Ft when in these the values of the p'a are

substituted Between the first pair let the value of |jp be elimi-
oos

J

nated
;
the resulting equation is

i- + - -+ ' + + =o
.. AJ 3i LP..iJ ai

......

where _
, v J 3w 3w 3 du

Z'i = rs-Z'i
J L v

>
u J

'

Similarly the elimination of^ from the second pair gives
OiVy

r^.
j.] ^ r^^lfe, ,

.........

and so on, each pair leading to an equation of this form.

Now let all the left-hand members of these equations be

added together. The coefficient of ^ (which is equal to ^
3ov \

wiU consist of the sum of two terms, viz. the term
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from the r'- equation, and the term

from the s^ equation ;
the sum of these two is zero, and thus the

Q

term in =" disappears, whatever he .the values of r' and s'. The
CflV

resulting equation is therefore

Let the left-hand side be denoted by

(Fr,Fg);

then the equation is

(Fr,F8)
= Q;

and this must be satisfied, whatever the suffixes r and s may be.

Hence the aggregate of the equations which these functions must

satisfy may be represented in the form

for all values of the index i from i = \ to i = n 1.

212. These conditions, which are necessary for the integra-

bility of the equation dz = %pdx, must now be proved sufficient ;

this will be proved by shewing that, when the functions F satisfy

the foregoing equations, we have

for all values of r' and s'.

The n equations derived from the n pairs of equations con-

nected with any two given functions Fr and Ft still hold ;
when

they are all added together we have

the double summation extending to all integral values of r 'and

sf from 1 to n but not including pairs of equal values since for

every such pair of values the term vanishes. But by the necessary

conditions satisfied by the functions we have
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J 1.1. f *<and therefore 2

which holds for all the values of r and s given by the different

functions
;
and every combination of the functions will give such

an equation. The total number of these combinations is %n(n 1);

and therefore the number of such equations is fan (n 1).

Now each equation is linear in the quantities

dp^ dp,?

den,/ dtKff

'

which are in number % n (n 1) in all, that is, the same as the

number of the equations. Since each right-hand side is zero it

follows either that each of these quantities

dpf/ dp,/

dfl/a' OSDfi

is zero, or that the determinant formed by the coefficients of these

quantities is zero.

That this cannot be the case appears as follows. Let A denote

the determinant.

dF
d_F

W
;

9j3j

'

dp,
' '

dpn

dp,'

dp,
'

dp,
' '

dp,

then each of the expressions

[F.v. fli

S> pJ
is the complement of a second minor of A and there are in all

Jw* (n 1)
B
of them

;
let denote the determinant formed by

them so that @ is the determinant which is zero by hypothesis.
Let @' be the determinant formed by the complements in A
of the constituents in @

;
then we have, on multiplying and 0'

together,

0' =
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Now '

is not infinite
;
hence if vanish we must have

But this would imply that among the n equations of the type
F = the n quantities p could be eliminated, that is, that these

equations would not suffice to determine the quantities p as

functions of the independent variables. This is contrary to

what has been assumed as to the independence of the functions

F; hence is not zero.

It follows that each of the n (n 1) quantities

is zero, and therefore that the assigned conditions are sufficient to

ensure that

is a perfect differential.

213. We may therefore sum up our results, so far obtained,

as follows :

To obtain the Oomplete Integral of any given equation F= we

first determine an integral F1
=a

1 of the equation

then we obtain a common integral Ft
= a

a of the equations

(Ft,F) = (Fz,FJ = 0;

then a common integral F = a of the equations

and so on, thus obtaining in all nl new equations each con-

taining an arbitrary constant. The n equations which involve the

n quantities p are then soked so as to furnish the values of the p's

as functions of the independent variables and the arbitrary con-

stants, and these values are substituted in

This when integrated gives the Complete Integral of the equation

F=0.
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Each of the equations determining any one of the functions

F
r is linear in the partial differential coefficients of F

r ;
we .have

therefore to investigate a method of obtaining the common integral

of a set of simultaneous linear partial differential equations.

Ex. Prove that if the equations

be solved BO as to give plt pit ......
, pn as functions of #1} xZ) ..., #, 2 the

necessary and sufficient conditions in order that

should be an exact differential are that the aggregate of equations

I

\

Pi

, JP, ,+ ...... +^ 5

should be satisfied for all values of the index i from i=2 to i=n.

214. It is convenient to prove here an important Lemma
which will be of use when the integration of the simultaneous

equations is being considered.

If A, B}
be any three functions of 2n independent variables

0,,/Bj,
...... 'Mn'PiiPv ...... ,pn,andif the function (B, 0) be denoted

by a, and the function (A, a) by

[A, (B, 0)],

then the equation

[A, (B, 0)] + [B, (C, A}] + [G, (A, B)] =

will be identically satisfied.

Consider the left-hand member of this equation; it consists

of the sum of a number of terms all of the same /orm, each of

which is the product of two first differential coefficients of two of

the quantities A, B, G and a second differential coefficient of the

third of them. It moreover is a cyclically symmetrical function

of A, B and G and therefore, if the terms involving the second
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differential coefficient of any one function, such as 0, disap-

pear, all the terms will disappear and thus the equation will be

satisfied.

Let the quantity

aB9c_95a(7
dtsr dpr dpr dssT

be denoted by A^BC, so that Ar may be considered as a symbolical

operator ;
we may write

(5,CO = (A 1 + A
2 + ...... + AJJK7,

the operators being obviously subject to the distributive law

Then in accordance with this notation,

[A,(B,G)] = (^ + \ + ...... +AJ4CAJ
and therefore [A, (B, (T)] is the sum of a series of pairs of terms

for all the values of r and s from 1 to n inclusive
;
in the case

when r and s 'have the same value only a single term occurs for

consideration.

Expanding the functions thus symbolically represented, we
find that the terms depending upon the second differential co-

efficients of are

dAdB PC 9^95 9
aC 9A dB 9

e
(7 dAdB d*C

^ O ^ O I r\ ^\

cr dp, dp^os, dpr dosa dp$scr dpr dp,

from the first of the foregoing pair, and

dA W_ 9*0 _ dA
dB_

9
a
(7 _ dA dB 9

a
<7 9A dB

das, door dpjdp, doss dpr dpjdxr dp, ^aor dpfix, dp, dp,

from the second.

Selecting in the same way from [B, (0, AJ] the corresponding

pair of symbolical terms and considering in them the terms which

involve second differential coefficients of G, we find them to be

respectively

dBdA d'O dBdA d*C dBdA 9
SC 95 dA d^C_

""r ^\ >*k <-\ *-

door dps dpfa, dair dx, dpjdp, dpr dpa doc^ dp
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r )

and

"T" f\" f\

a dpr dp$xr da;,, dxr dpp, dpt

The expression [0, (A, )] will not contain any second dif-

ferential coefficients of C.

Hence in

[4, (3, CO] + [, (CU)] + [ (4 *)]

d*C
the coefficient of the term which involves - ~ is the sum of

dpjp,

those in the foregoing, and is therefore zero
;
so also are the co-

* **v v ,- i
*G V VC

efficients of those which involve - .
, ,, -, ^^- .

opjdast opt
dtKr oasjdXt

If r and s he the same we need only to consider the first and

third of the above lines of terms when in them we write s = r
;

it

will be seen immediately that the terms in ^ , . - -
, a all

J
dpr

*

0p$oer dos*

vanish.

Since this is true whatever r and s may be, it follows that all

the terms involving second differentials of vanish; and therefore,

by the symmetry, the whole expression vanishes.

Solution of the Subsidiary Equations.

21 5. We now proceed to obtain the values of F
1 ,
F

a ,
...... , F^

from the various differential equations which they must satisfy.

To determine F^ we have

or, what is the same thing,

_ __ _ =
3^ 3ft 3^3^ 30

a 3pa dp, dot,

......
3an 3pn 3pn dxn

Since this is linear in the differential coefficients of J^ we may
obtain an integral of it by using as subsidiary equations ( 189)
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the generalised form of Lagrange'a equations. Let any integral
of the system

tfcc

be denoted by

where a
t
is an arbitrary constant

;
then F

l =/t
= a

t
is an integral

of the original equation (F, FJ = 0.

216. We have now to find a function F
9
such as will satisfy

the equations

The former of these being an equation to determine F
t
is identical!

in form with that which determines F
lt and therefore we shall*

have the same subsidiary equations ;
let

(ai^i ......
. nPi.Pai ......

. Pn)
= constant

be an integral of the equations (A) different from /,
= a

1 ;
then

(^^)=o.

If $ be such a function as to satisfy

C/,.0-0,

then we may take

F
t
=

<f>
= a

3

as the common integral of the two equations which determine F
t

.

If (> do not satisfy the equation, then we shall have

the substitution of ^ may be repeated and so on indefinitely, so

that we shall have a series of functions given by
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Now all these functions $ satisfy the equation

when substituted for F
z

. In the identity

[A, (B, 0)] + [5, (G, A}] + [C, (A,

let F be substituted for A and /I for 5; then

[a(^5)] = [c,(^/1)]=(aJ o)

and therefore

[J
?T

> (/1,co] = [/1,(^co],

whatever may be.

First let C =
;
then this equation becomes

[^(/1> 0)]=[/1,(^0)]=(/1) 0)

so that

(/i. #=*!-*;
is a solution of

(JF.JPJ-O.

e have

", (/,, ]
= [/ C*

7

, &)] = (/ 0) = 0,

Next let C/=^ ;
then we have

so that

is also a solution of

and so on with the whole series of functions <, each of which is a

solution of the first of the two equations which determine F
9 , and

is therefore, when equated to a constant, also a solution of the

subsidiary equations (A).

Now these subsidiary equations have only 2?i 1 independent

integrals at the utmost; the functions $, which arise from the

indefinitely repeated substitution in (flt ^J cannot all be in-

dependent of one another
;
and therefore if the series of functions

do not cease we must ultimately come to some one which is

expressible in terms of those already found.

217. There are thus three alternatives to be considered :

(1), some function
<j>t

of the series may be identically zero
;
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(2), some function fa of the series is variable "but expressible in

terms of the preceding functions of the series
;

(3), some function <, of the series may be a determinate

constant c.

We will consider these in turn.

218. (1), let fa
=

;
then < = a

a
will be the desired

integral ;
for it is one of the series of functions and is therefore a

solution of (F, F^)
=

; also

and it is therefore a solution of (Flt F^)
= 0. Hence it is a

common integral of the two equations which determine F
t
and

therefore gives the second of the equations desired, viz.

219. (2), let fa be expressible in terms of the preceding
functions of the series

; suppose

where 8 is a definite functional symbol. Proceeding now to form

we have

when the value of fa is substituted. But

since /t
is a solution of the equations; and (f1} fj) vanishes

identically, so that this equation becomes

But each of the differential coefficients of 6 is a function of the

previously obtained quantities <
;
hence ^>i+1

is so also.

It follows therefore that
(f>t

and all the functions of the series

after fa are expressible in terms of those which precede fa.

F. 22
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Let us then seek to obtain some function of these quantities
which shall satisfy the equations

let it be given by

*

When this value is substituted the former equation becomes

which is satisfied identically since every function is a solution of

(JP.ig-0;

and the second equation becomes as before

The last equation is thus the only one which must be satisfied

by ijr; and as no differential coefficients with regard to F or

f1
occur in it we may consider them as replaced by their respective

values and a
1

. Any integral of the system

of the form 3> = a
a
will be a solution of the equation in

i/r ;
and

therefore we may write

^ = <3>=a
s ,

and so we shall have the required common integral of the two

equations which determine F
t

.

220. (3), let <, be some determinate constant c which wil

merely depend upon the coefficients of the original differentia

equation; the series of functions thus terminates as there is nc

further function to substitute. We then proceed as in the

last case to find some function of the preceding quantities whict

will be a common solution of the two equations ;
let
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When this is substituted in (F, F^)
= the equation is identically

satisfied
;
when it is substituted in (/4 , FJ = the resulting

equation is, just as before,

in which we may replace fa by c. An integral of this is given by

dfa=z = d$t=i

*M
'

which when integrated gives

$<_," 200^ = constant
;

and therefore we may as in the last case write

as the common integral desired.

This solution is satisfactory provided i > 1.

Now i cannot be zero since < is determined as a function of

the variables
;
the only exception therefore to be considered is the

case i = I, when

so that % is independent of
<f>.

Now

and F and /I are replaceable by and a
t respectively; if then ^ be

independent of <, it ceases to be a function of the variables and

there is thus no solution common to the two equations to be

derived from these functions.

Should this be the case, we return to the subsidiary equa-

tions (A) and determine a new integral distinct from those already

obtained, which are

F
1 =f1

= a
1 , ^>

= constant;

let this be

* fa,**,.......X.Pi.JV ...... , ^J = constant.

222
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Next we perform with the function S- all the operations which

have been performed with the function <; then the desired

common integral

will be obtained, except in the single case when we have

where c is a determinate constant.

From a combination of these respective exceptional cases,

which are the only ones in each of which the common integral

F
a
has not been obtained, we can construct a common integral

F For let

be substituted in (F, FJ = Q = (f1} FJ; then these equations

become

=^*)8+w*>!>

Now the former equation is satisfied identically since < and

are both integrals of the subsidiary equations (A) ;
while since

and (/a

the latter equation becomes

This is satisfied by

and therefore F
%
= @

(c'<f>
-

<&) = av

where @ is any arbitrary functional symbol (which may at will be

chosen of a simple form), is the desired integral.

Hence in every case the common integral of the equations
which determine F

a
has been found; for convenience we may

denote it by
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221. We now proceed to obtain. F
& ;

it must be a common

integral of the equations

To obtain one we find, by the preceding method, an integral
common to the two equations

which ia different from/a = a
a ;

this we may denote by

*(*! ...... >*>Pi>Pa> ......
, #J = constant.

We then form as before the series of functions

then all the functions \ of this series are common integrals of

the first two of the equations which determine X For in the

identity

[A, (B, C)] + [B, (G, A}] + [C, (A, B)] = 0,

let A = F and B =/a ;
then since (F,fy = 0, we have

And, substituting in the same identity A =ft
and B =fe

and re-

membering that (/t , /J = 0, we have

These two equations are satisfied whatever G may be. Now let

= X; then

or (^\) = (/a.<>)=0;

and [/l) (/a^)] = [/a,(/1^)L
or (/1,\) = (/a ,0)=0.

Thus \ is a common integral of the equations

(Jf,^) = = (/1,J'8).

Similarly the substitution of \ for G would shew that \ is a

common integral of these equations; and so on through all the

series of functions.

As in the former case, the number of common integrals being

limited, we shall in the series come to some integral \k which is
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expressible, as well as those that follow it, in terms of those which

precede it, viz., F,fl} f^, X, \, ......
, \_^. The same three alter-

natives are presented and the value of F
a
the common integral in

each is determined as before
;
either the single case of failure is

avoided by the choice of a new integral different from \, or in

the case of failure of the latter these two cases of failure are

combined so as to furnish a common integral Thus we obtain

our third common integral, which may be represented by

222. The remaining functions F
t , ...... ,

F
n_1 may be derived

in the same way as the above
;
and thus with F= we shall have

n equations to determine the values of the p'e in terms of the

independent variables and n I arbitrary constants, which, when

substituted in

dz =p1
das

1

will render it integrable; its integral is the complete integral

of the original differential equation.

The associated integrals are derivable from the results of

179, 180.

223. The foregoing is an exposition of Jacobi's method of integration in

its simplest form
;
there are, however, developments and simplifications and,

arising out of these, methods of avoiding the exceptional cases which cannot

be dealt -with here. For these and for the whole theory of partial differential

equations of the first order reference should be made to the chief authori-

ties, which are JA.OOBI, "Vorlesungen uber Dynamik" (Qea. Werke, Suppl. Bd,

pp. 248269); JAOOBI, "Nova methodus...integrandi" (Crelle, t. LX, pp. 1

181) ;
a very valuable memoir by IMSOHBNBTSKY, Qrunerfs Arokiv der Mothe-

motik imd Physi&, t. L. pp. 278474; a memoir by GRAJNDOHGB, Memoires

da la SotittU Sayale des Sciences de Liege, n 8
se"rie, t. v.

;
and a treatise by

MANSION, Thtforie des dquatiom aux denotes pourtidles, will prove of great use;
full references to original authorities will be found in the last.

The equations (A) are, when each fraction is equated to dt, of the form

dx,.__ dF
_ dp,. dF

m

~dt~ 3zv
;

~dt
=Wr

'

these are the canonical equations of motion of a system of rigid bodies ;

further discussion of them will be found in Imschenetsky. (See also Routh's

Rigid Dynamics.')

We now proceed to consider some examples.
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Ex. 1. To solve the equation

where/does not explicitly involve the independent variables. We must first

transform the equation so that the dependent variable does not explicitly

occur
;
let the solution of the equation be

where the form of ^ has yet to be determined. Denoting ^!l by p an(;i

dx

3- by Pn +ij v?e have

and thus the equation is

=
* n + l * n+i -f'

in which the dependent variable ^ does not occur. Hence we have for our

general formula

and the subsidiary equations give

^Pi = ^P?= =^2 = ^-^1"
-1

'

From these we have

P
1
=

1 , ^3= 03, ...... ,
Pn= tl ,

which give n integrals; and then from the equation ^=0 we have

-- __ - --
p > p j

...... j p* n + i -t nfl * n

Solving -this for Pn+1 we should have

-P*i-xW.

where ^ involves the . constants a
; and therefore

The integral of this is

where a is arbitrary and may be assumed to be absorbed in the ^. But the

integral of the given differential equation is ^=0 ; hence the integral of

s
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where x is given by the equation

Ex, 2. The case when / is a homogeneous function of order \L in the

]t?8 is readily reduced to one of the forms already considered in 191. For

we may change the dependent variable from s to
,
where

and the equation is then

where r =~^ . The integral of this is

provided /(o^, 03,

.Ear. 3. Solve

(i)

(ii)

(Hi) (ft-

Ex. 4. Solve

^=^1+^1^2) ^3+^8 (Pi -ft)
~ 1 =0-

The subsidiary equations are

From the equality of the 1st, 2nd, 4th and 5th fractions we have

which when integrated leads to

(A
We therefore (adopting the notation of the previous articles) take

and we have to determine a solution of the subsidiary equations F^=aa which
Hhfl.11

satisfy

(J'l.J'O-o.

From the equality of the 4th and 6th fractions we have
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and therefore we may write

< =p* p*= constant.

Now (*i , <W = (ft +2>a) 2ft+ (ft

the continued substitution in the equation

would thus not lead to a function such as is required We therefore return

to the original subsidiary equations to obtain an integral different from

FI=O>I and $= constant
;
such an one is derivable from the equality of the

3rd, 4th and 5th fractions, which give

* (ft-A)" (ft -ft)'
and therefore we write

fr
= a fa .Pa) i#8

a= constant.

Now (Flt ^-(ft+AJa+tft+AX-aJ-O,
and ^ therefore satisfies the two equations ;

we thus have

Jf
a
= a (ft -ft)-Ks=aa-

We now solve the equations

F=Q, F^at, Fz=<%,

to find the values api,pa, p3 ,
which are

hence

so that the complete integral of the differential equation is

z +A=-^ log (a?t

in which A, c^, a^ are the arbitrary constants.

(Imschenetsky.)

Ex. 5. Integrate the equations :

(i)

(ii) astfi
*
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L

(iii)

(iv) Pi+W

(vi) ftftft"ft

It has already been indicated (in 189 196) that several of the forms in

two independent variables which admit of immediate integration without the

use of Oharpit's subsidiary equations can be generalised so as to include the

cases where the number of independent variables is greater than two.

Ex. 6. In the case when a given differential equation can be written in

the form

/ifoi^aJ ...... >riPltPil ...... >Pr)=A(Xr + i, ...... jtfnj.Pr + 11 ...... ) Pn\

the complete integral is the common integral of the equations

where a is arbitrary. For the subsidiary equations are

dxT _ dpr

from the former we have

and therefore

/!-
-

by the given equation.

As an example of this we may take

^
Here we may write

i ~Pz)= 1
s

where a is an arbitrary constant. The integral of the former equation is

where A and G are arbitrary constants. The integral of the latter is obtainable

by Charpit's method ;
the subsidiary equations are

dx1 _ -tfo?a _ dpi _ dpz

#2+ a
fl/j

a p% pj_

From these we have

Pl+P*
and therefore
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Hence, by combining -with the equation the integral of which is sought, we-

have

(*!
~

<0 Pi +Pt (#2+ a)
= ^i 5

and these give

-
a)

2 -
(tfa+ a)

2
}
=AI (*!

-
a)
- fo+ a),

Thus

and therefore

The complete integral of the original equation is therefore

.H.^-^j^^-tf+c^H+a+i^kzgi^,
where A, A^ B, a are arbitrary constants.

Ex. 7. Integrate

(Imschenetsky .
)

Simultaneous PatHal Differential Equations*.

224. Instead of there being given only a single equation to

determine the dependent variable there may be given a number

of simultaneous equations; if the dependent variable explicitly

occur in any of them they can all be transformed, as in 209,

so that it shall disappear. The equations may then be taken

of the form

* This theory is due to Boor; see authorities cited in 223, p. 342.
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If m be greater than n the equations cannot be independent ;
for

the first n of the equations may be solved algebraically so as to

give values of the p's in terms of the variables x and these, when

substituted in the remaining m -
n, must reduce them to identities

since there would otherwise be relations between the independent

variables. Thus in effect there may be given at most n simul-

taneous equations ;
and we may therefore take m either equal to

n, or less than n.

225. I. Let ?, = ??. We have thus n equations giving the

values of the n quantities p in terms of the variables
;
these values,

substituted in

dz =pl
dx

l +pt

must make it a perfect differential if the given system have a

common solution. The conditions for this are that

for all pairs of indices; and these, as in 211, lead to equations of

the form

Hence the given functions must satisfy all the equations for all

possible combinations of the suffixes; and then the common

complete integral is obtained by the integration of

and it therefore contains one arbitrary constant.

It may happen however that the functions F are not indepen-
dent of one another

;
in this case the determinant A

is zero, and there will then be an identical relation of the form
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But for the pin-poses of integration Fi
= f

3
= ...... = Fn

=
;
and

this therefore becomes

<E>(0,0, ...... ,0, fl^o;,, ...... ,<BB )
= 0.

If this be not an identity, there is a relation implied between the

independent variables, which is of course impossible; it then

follows that the given equations are inconsistent and that there

is no common integral. If it be an identity, the number of given

equations independent of one another is less than the number of

the quantities p, which therefore cannot be determined from the

given equations alone; we must therefore have recourse to the

method which applies when m is less than TO.

Thus, if there be four independent variables and four equa-
tions F

i
= = F

t
= F

6
= F

4
be given, there can be no common

integral in a case when there is a relation of the form

where there is a relation of the form

^-fa-^.+te-'O^+fa-flO*;,
there are only three independent equations.

226. II. Letm be less than n. We may suppose the equations-

reduced to such a number m, that they are independent of one

another, even though they were not so in the form in which they
were first given. It will be assumed that there is a common in-

tegral so far as the algebraic relations which give the dependent
functions in terms of the others indicate

;
this will be the case if

these relations become identically-null equations when in them we
make use of the equations Fl

= 0, ...... ,
Fm = 0.

First Case. The functions F^
= = ...... = Fm may satisfy the

equations

(Fr,F,) = Q

for all values 1, 2, ......
,
m of r and s

; they are therefore simul-

taneously integrable. To determine the values of the quantities

p, other n m equations must be obtained by Jacobi's method
;

these will involve n m arbitrary constants. From these equations

and the given m equations the values ofp must be derived and be

substituted in

dz=p1
dx

l
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the integral of which is the common complete integral of the

original equations and contains n m + 1 arbitrary constants.

Second Case. It may happen that for one or for several com-

binations of the indices in the series 1, 2, ......
,
m we find (Fr , F,)

a function of the independent variables only, or (Fr , F,) a deter-

minate constant. In neither case can (Fr ,
Ft) be zero; the

conditions that the equations should be simultaneously integrable

are not satisfied and there is no common integral of the proposed

equations.

Third Case. It may happen that, for one or for several com-

binations of the indices in the series 1, 2, ....... m, we find results

of the form

(F^Ft)=f(xit ^, ......,&.,&,& .......,pj,

where f does not become identically zero on combination with the

given equations ;
let there be I such combinations, so that m + 1

must not be greater than n\ then for combinations other than

these I the equations

(Fr,F,) =

are satisfied. "We now take

and substitute in the functions

(Fr , F.)

where either r or s at least must be greater than m.

If then these functions all vanish, we have m + I equations

which are simultaneously integrable; and we determine by Jacobi's

method the n m l remaining equations necessary to give the

complete integral, which will therefore contain n m I + I

arbitrary constants.

If for any combination (Fm_t ,fk) or for one (/,,/fc) the function

be a determinate constant or a function of the independent vari-

ables only, then the functions are not simultaneously integrable

and there is no common integral.

If for any combination (Fm_t ,fk) or for one (ft ,fk) we obtain a

function
</> (xlt #, ......

, cc^p^ pg , ......
, pj which does not vanish

in virtue of the equations already obtained, we proceed with the

functions
<f>

as we did before with the functions / Ultimately we
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shall arrive at a finite number, not greater than n, of independent

equations which are simultaneously integrable, and then, in the

ordinary way, obtain the common integral; or we shall obtain

a result indicating impossibility of simultaneous integration, in

which case there will be no common integral.

Ex. 1. Obtain a common integral (if it exist) of the simultaneous equa-

tions

We have

where the right-hand side will not vanish in virtue of F1
=Q=f1

z ;
we there-

fore write

Thus (-Fi.J^-O;

also (J^ ,
F

3 )
= -

2p!ft+ 2tf8#4= 0,

(Fz , Fj= 2pj^4
-

Zxj3gt
=

;

the three equations are therefore compatible. Let F be the other function

required, so that it will be determined as a common integral of the equations

(^, 3̂)=0=(^,^)= (J'4J F1);

considering it as an integral of

(^,^=0,
we write down the equations

dx^ dxz _ dx^ _ dx _ dp1 _ dp% __ djoa __ ^p4 _

~ls^
=
~l^~lsz

~
-tf4 ~~p~i Pa

~
Pa

~
P*'

one integral of these is

p1=oxa ,

where a is arbitrary ;
we therefore tentatively write

JP4-&-a.*
J73

We then find ( 4̂ , FJ=0 ;

and C^^i)-^-^*S *3

Now on solving the equations

^1=0=^3=^3; F4 =a,

1 1
we find =ax, =-x P3=^i, Pt=-&2,
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and therefore p^pt
= x^cz ,

so that (Ft ,
F3)=0.

Henoe we have the common solution in the form

Pi=axB .

To obtain the complete common integral we have

dz=a (#9cfa?i+ Xjda!a) + -
(

Ut

and therefore the common integral is

where a arid b are arbitrary constants.

Ex. 2. Obtain other integrals of the preceding equations in the form

(i) =a#
1
a;4+-

CL

(ii) a=2

(iii)

Ex. 3. Obtain common complete integrals of the simultaneous equations :

L p&j+3^4) jp4+ (a?a+ ^4
~
3^1)^3= 01 .

^t+$1-^z)pt+ (#8^1
~ x*)Pa= OJ

'

+Jf^-Ol
- ar^^= Oj

'

(Imschenetsky and Graindorge.)

MISOELLANEOCJS TET AM

1. Integrate the equations :

(i) {

(ii) p

(iii) ^2
(y-

2. Form the differential equation whose complete integral is

where a2+^s+ya=oa
,
a being a given constant and a, /9,-y

otherwise arbitrary.

I^rom the differential equation form the singular integral

Illustrate the connection of the complete, general and singular integrals

by a geometrical interpretation of each.
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3. Integrate

and find the equation of the cone of the second degree which satisfies this

equation and passes through the point (1, 2, 3).

4. Integrate the equation

where X, F, Z are the same quadratic functions of x, y, z respectively.

Integrate also when they are quartic functions
;
also when they are sextic

functions.

(Eiohelot.)

5. Prove that if

then

and hence that

Shew also that

*P
(*

Similarly prove that

a .,.1
{xe~ lea>}=

6. Solve the equation

(Z1 -

where -^-^ 1*1+** 2^2+^, 3'

(Hesse;)
and integrate the equation

(Sohlafli.)

7. Solve the equations :

(i) .

(ii)

(iii)

(iv)

8. Find the equation of a surface which belongs at once to surfaces of

revolution defined by the equation py qx=Q, and to conical surfaces denned

by the equation px+qy=z.

F. 23
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9. If a=/(#, y) be any solution of the equation

then the curves represented by the equation

are an orthogonal system such that the product of the curvatures at ai

point is constant.

y} do not contain y, the form of the function is determined by

where e#=28

^(2*sin ^6)-^.' ^'(^am-,

F and E being the first and second elliptic integrals and the modulus in eai

case being 2~*-

10. Find the surface which outs at right angles all the spheres whic

pass through a given point and have their centres on a given Line passii

through that point.

11. Find the surface in which the coordinates of the point where tl

normal meets the plane of xy are proportional to the corresponding coord

nates of the surface.

12. Find the system of surfaces orthogonal to the curves

cosh a; : coshy : coshz=a : b : o.

1 3. Prove that a solution of the differential equation

9tt 30 "dw

dx 3v 9.8

~~

fa

where
tf>
and

<//
are arbitrary functions of x, y and s.

Prove also that this is the general solution.

14. Shew that, if the simultaneous equations

'du fa du

have a solution different from u= constant, then

(YZ'-YZ)dx+(ZX'-Z'X)dy+(X7'-X'7)dz=Q

is reducible to an exact equation, from the integral of which such commo
solution may be derived.
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Have the equations

du
,

du
.

du _

-5-4-#y-5-=0,
dy

^
Oz

'

a common solution other than u= constant?

15. Solve by Jaoobi's method the equation

(Imsohenetsky.)

Shew that by generalisation of the formulca, which in the case of two

independent variables are the analytical expression of the principle of duality,

this equation can be transformed into one which is linear in the partial

differential coefficients of the new variable
;
and hence integrate the above

equation.

16. Solve by Jacobi's method

(Amp&re, and Graindorge ;)

also solve the equation

i=ft (Pi +^a)+-riJ32 (ft+*aft)-

(Imschenetsky.)

17. Obtain the complete common integral of the simultaneous equations :

(Collet.)

18. Obtain the complete common integral of

(V - V)^i -
(*I*B

~ *Wt)P*+ (*a*s
-
^1^4)A" 01

(a
- arB

2
)^a+ (^2^3

-
^1^4)^8+ (*i*a

~^4)^4= OJ
'

^.nd that of

(Collet.)

232



CHAPTER X,

PARTIAL DIFFERENTIAL EQUATIONS OF THE SECOND AND
HIGHER ORDERS.

227. IT will be assumed through practically the whole of this

chapter that there are only two independent variables; the notation

already used for the partial differential coefficients of the first

order will be retained, and it will be convenient to introduce similar

symbols r, 8, t to represent those of the second order, which are

thus denned :

An equation is said to be of the second order when it includes

one at least of these differential coefficients r, s, t but none of

a higher order
;
the quantities p and q may also enter into the

equation, the general form of which will therefore be

F(,y, z,p, q, r, M) = 0.

The complete integral of the equation is the most general
relation possible between #, y, z such that, when the value of z
derived from it and the associated differential coefficients thence
formed are substituted in the differential equation, the latter be-

comes an identity. No condition is annexed to the definition in

regard to the form of the complete integral, which may involve in its

expression either arbitrary constants or arbitrary functions or both.

An intermediary integral is a relation in the form of a partial
differential equation of the first order such that the given differ-

ential equation can be deduced from it. It does not necessarily exist
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aa one distinct from, and derivable immediately by mere differen-

tiation of, the complete integral ;
when such an integral, however,

has been obtained the application of the method of the preceding

chapter will give an integral which may actually be, or may only

be a particular case of, the complete integral.

228. Hitherto it has been possible only in particular cases to

integrate the general equation. The moat important of these

cases is that in which the differential coefficients of the second

order occur only in the first degree, so that the equation is linear
;

its most general form is then

in which R, S, T, V are functions of on, y, z, p and
q. This

equation will now be discussed; but before giving the methods

which have been used for its' integration it is desirable to consider

some special forms which are simple and can be solved immediately;
it will then be possible to exclude these cases afterwards from the

general discussion.

One of the simplest cases is

r =/(#),

"bz r
so that

^-
=

I /() das + ^> (y},

where
</>

is an arbitrary function
;
another integration gives

where both $ and ^ are arbitrary.

Ex. Integrate s= constant.

Similarly we may integrate

r + Mp = N,

where M and N are functions of x and of y respectively ;
it may

be written

y being constant for purposes of differentiation and integration

with regard to as
;
and thus
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where is an arbitrary function
;
and therefore

z
=jdx

e~IMda>

[IV**
Ndx + <

(y)]
+

i/r heing an arbitrary function.

Ex. Integrate

(i) 8+Mp=N;

(ii)

Manges method of integration of the equation

229. Monge's method consists in a certain process for the

discovery of either one or two intermediary integrals of the form

u=f(v)

where u and v are functions of #, y, z, p, q, and / is some arbitrary

functional symbol; there is thus implied in the method a tacit

assumption that the differential equation admits of such an

integral. It is therefore in the first place proper to enquire

whether this assumption is justifiable in the general case and, if

it should prove not to be so, to indicate how the general equation
must be limited so that the assumption maybe fairly made; for this

purpose it will be sufficient to proceed from the supposed inter-

mediary integral and obtain the corresponding differential equa-
tion.

230. Since y =f(v) and u and v are functions of as, y, z, p, q,

we have

du du "du du dffdv dv 3u 3y

.

oy *dz op dq dv \dy
* dz dp dqJ

iJf

Eliminating the quantity -^
between these two equations we find,

as the equivalent differential equation freed from the arbitrary

function,

U
l (rt-^=^ ............ (1),
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where E
T , $,, TI}

U
it T^ are given by the relations

P, y \p

the symbols [-
1

), denoting, as usual, -=- = *- *- >J
\ec,y/ dss dy dy SOD

Tf then this differential equation of the second order be the

same as the original equation we must have

, JR
t

S
t T, V.

and J
'* = - := 1ana ^

~
S T F '

which are four equations in all. Now when

Rr + Ss+Tt=V (2)

is looked upon as the equation to be solved, these four equations

just obtained will be equations satisfied by the quantities u and v

from which the intermediary integral of (2) may be constructed.

But only two equations are necessary to determine as functions of

their independent variables the dependent variables u and v
; they

may be therefore considered as given by any two of the equations

though, in practice, these might prove too difficult to solve. When
these values are substituted in the remaining two equations the

latter must become identities
;
and they will in this state involve

the functions R, S, T and V of the original differential equation.

There will thus be two relations among these functions of oc, y,

z, p, q which must be identically satisfied in order that the differen-

tial equation (2) may have an intermediary integral of the form
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231. There is an important deduction from this to be noted,

though not affecting our present aim
;

it would be useless to seek

an integral of the assumed intermediary form for any differential

equation which is not of the form

And, just as in the particular case when U= 0, which has been

already considered, it may be proved that a differential equation

of this form can have an intermediary integral of the proposed type

only when two identical relations among the coefficients R, S, T>

V, Fare satisfied.

Ex. When there are three independent variables, these may be con-

veniently denoted by a^, xz ,
xa and the corresponding differential coefficients

of 2 bypl} jtjjj, pa . Prove that, if every first minor of the determinant

80 80

(0, fa # being functions of
, o^, #a ,

xs , p1 , p2 , p3) vanish, then the equation

where F is an arbitrary function, will lead to a differential equation of the

second order of the form

where B^, Ry, ..., R^, Tare functions of the variables and the first differen-

tial coefficients of z only, and that the coefficients R satisfy the relation

Information on this class of equations will be found in Euler, Inst. Colo.

Int., t. iii. p. 448, and Legendre, M&noirea do FAcocMme des Sciences, 1787,

p. 323.

232. It therefore follows that we may consider as the most

general case the equation

Rr+Ss + Tt+ U(rt-8^=V;

the linear equation is included in this, being given by the par-
ticular case when 17= 0.
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We- now assume tJiat the relations between the quantities R, S, T,

7 and V necessaryfor the possession of an intermediary integral of
he assumed form are satisfied, and we proceed to deduce this

ategral. We have always

dp = rdcs + sdy,

dq = sdai + tdy ;

rhen. we substitute in the above general equation the values of r

nd t derived from these equations it takes the form

Idpdy + Tdqdx + Udpdq Vdxdy
= s (Rdy*

-
Sdtcdy + Tdx* + Udpdx + Udqdy).

^ow let u = a and V = b

where a and b are arbitrary constants) be two integrals of the

jquations

ftdpdy + Tdqdx + Udpdq Vdxdy = 0,

Rdy* + Tda? + Udpdx + Udqdy = Sdcody,

dz = pdx + qdy,

t and v being therefore functions of x, y, z, p and q.

Hence we have

du . du , .

, , , dv
iad +

vhich must be equivalent to the equations of which u = a and

i=b are the integrals. Now solving these for dp and dq, and

ising the symbols of 230, we find

ind therefore

- Uflpda- U.dqdy = T^da? + RJiy*

, \fu,v\ /u,v\ fu>,v\ fu,v\ } j j+ J -i-
)
+ [ g+M-l + H- \p\dndy

\\y,qj Uff/
M \p/ \p*/ J

=
T,da? + Rjly*

- Sfody ;

and similarly we obtain

(U^dp + T.dai) (U1dq +R1dy) = (Ul
V

l
+R

1TJ dxdy,

or Rjlp dy + T^dqdx + U^dp dq
-

Vjixdy = 0.
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These being identical with the former equations, we have

-R
1 _T,_^_Ft _ l̂

R ~T ~U ~V~S '

and therefore the equation to be solved becomes

Rj- + S,a + Tj + Z7; (rt
- s

a

)
= V

l
.

But we already know the solution of this equation because it was

derived from an intermediary integral ;
and this integral is

u=f(v),

which is therefore an intermediary integral as required.

We thus derive the integral by making one of the functions

deduced from the two subsidiary equations an arbitrary function

of the other.

233. Let us consider in particular the case of the linear

equation when U =
;
the subsidiary equations are now

Rdy* + Tdx* - Sdxdy = 0,

Rdpdy+Tdqdx = Vdx dy.

As the former of these is of the second degree it can, in general,

be resolved into two- distinct equations of the first degree.

Since the necessary conditions for the existence of an inter-

mediary integral are supposed to be satisfied, it follows that one

at least of the equations of the first degree will, when combined

with

Rdp dy + Tdq dx = Vdxdy
and with dz = pdas + qdy if necessary, lead to an integral system
which determines u and -u; and there will thus be obtained an

intermediary integral of the form

u =/().
And it may happen that each of the two equations of the first

degree similarly treated will^ead to integral systems of the desired

form : and there will then be obtained two intermediary integrals

i=/(i). ,
=

0(w,)-

Tf 8' = 4iRT there will be only a single equation of the first

degree equivalent to

Rdy* + Tdx* - Sdxdy = ;

this single equation will, since the necessary conditions are satisfied,

lead, by a similar process, to an intermediary integral.
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234. Passing now to the more general case in. which U is not

zero, we may similarly prove that one intermediary integral will,

and two intermediary integrals may be, derivable from the subsidiary

equations, provided the conditions necessary for the existence of an

intermediary integral are satisfied. Let the subsidiary equation

which involves V be multiplied by a quantity X, as yet indeter-

minate, and added to the other
;
the result is

Rdy* + Tda? - (S + \7) decdy + Udpda + Udqdy
+ \Rdp dy + \Tdqdx + \Udp dq = 0.

Now this can be resolved into two linear factors so as to be

equivalent to

(Rdy + kTdoo + mUdp\ ( cfy + ^
da? + -

cZg
J
= 0,

provided the quantities k, m, \ be such as to make the coefficients

of the several terms in the expanded product the same as before.

Applying this condition we find that the relations to be satisfied

by these quantities are

kT- = \T, mU=--\R, r U=U '>

tfl K

R
these are all satisfied by m =

k=\jj.,

provided \ be determined by the equation

X" (RT + UV) + \US+U* = 0.

Let the two values of \ furnished by this equation be \ and

which will be unequal except when

the two subsidiary equations may be replaced by the two

equations each resoluble into linear factors when the values of

k, m, X are therein substituted, which two equations, after a slight

reduction, may be written :

(Udy + \Tdon + \ Udp) ( Udx + \Rdy + \ Udq) = 0,
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To obtain the functions u and v, from which an intermediary

integral may be constructed, we must combine in pairs a factor

from the first with a factor from the second. But of the four

possible combinations two must be excluded, viz., that obtained by

combining the first factors in these equations, for it would lead to

a result

which obviously would not furnish any solution: and that obtained

by combining the second factors in these equations, for it would
lead to a result

Udx = 0,

which obviously also would furnish no solution. Hence the equa-
tions may again be replaced by the two pairs of equations

Udy + \Tdx + \Udp =
Q\

Udas + \Rdy + \JJdq = J

'

and Udx + \Rdy +\ TJdq
=

}

ffdy + \TdjE + \Z7cZp
=

j

'

From one of the pairs we shall have two integrals of the form

u = a and v = b
;
and therefore also through that pair we obtain an

intermediary integral

And it may happen, as in the simpler case of 233, that we

can obtain an intermediary integral through each of the pairs of

equations of the first degree.

These two integrals, which may be denoted as before by

^=/K)> w
9
= ^(va),

are intermediary integrals of the original differential equation, and

are distinct except when

8* = 4,(RT+UV),
when there is only a single intermediary integral obtainable.

235. We may now proceed further in the integration for

either the linear equation of 233 or the more general form of

234. Taking the intermediary integral obtained if there be only

one, or either of the intermediary integrals if there be two, we have

a differential equation of the first order; the complete integral (and
the associated integrals) of this can be obtained by the methods of

Chap. ix. This integral will be the final integral of the original

equation.



2HG.] EQUATION. 365

23G. In the case when thure are two intermediary integrate
wo may apply an important proposition (now to be proved) which

will considerably shorten the further labour of deriving this final

integral. This proposition may be enunciated as follows :

When we have obtained two intermediary integrals of the form

and we consider them as simultaneous equations to determine p and

<l
as functions nf #, //,

and z, the values of p and q given by these

etjtwtiuns will be suoh ua to render

dz = pdtf+ qdy

inter/ruble.

Assuming this proposition established we have therefore merely
to solvo tho two intermediary integrals aa simultaneous equations
in p and q ;

to substituto the values of p and q thence derived in

dz =pdx + qdy

and ink-grate. Thu result will bo the final integral.

237. Wu now prouuud Lo establish the proposition enunciated

above. IMi F~ and <I> = respectively denote these integrals,

mi that. F = u
1 -f(v1 ),

<I> ut -f(vt),
and first let .F = be a

solution f thu equation

s
a ~ V.

Wii havu only the single equation ^=0, which is not sufl&cient

to uiiablo us to oxproHH r, 8 and t each as functions of x, y, z,p and q ;

wo can oxproBB any two of thorn in terms of the third and of

iluantitioH uxplicitly indepcindont of them. When these values are

.sul)Hl,it.utud in tho difli-niiitial oquation, the latter will contain one

scjt of Usnna involving thin second differential coefficient of the

duplmdcnt variably and another set not involving it; and the

(.(liiuLion
is to be satiafiud identically without regard to this

differential coefficient. Now since F= 0, we have

n V + T s + 5~02 J
dp oq
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dF dF dF 7\F
when for brevity we replace =- + p =- by Fx and =- + q

=-
by Fu ,

(7
^

these give

dF dF

=- =-x-- v .

dq dp
v

Let these values of r and t be substituted in the differential

equation ;
it becomes

dq

This must be satisfied identically without regard to s; and
therefore the coefficient of a and the term independent of it must
both vanish. If this were not so, tfce eq uation would determine 5

(and therefore also r and t) as functions of x, y, z, p and q
_a

result which, as we know, cannot be deduced from the single

equation F=Q.

Hence we have

The same equations will be satisfied when we replace F by
<3>

;
and we may therefore consider F and <3> as the solutions of the

equations

-. f"
oq

'
dp dp dq

" *

f +T ff\'_ u& _ u& =0.

dp dq \dp/
*
dq "dp

238. We must now consider two cases.

(1) The linear equation, when U=
;

let and fa be the

roots of
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so that the second equation becomes

'30
fc
3@\ /3@

fc
c~ , _ _

We may therefore write

3
-?-f3?_0
3? ^a/j

'

9<X> tKE>

32
ŝ

3p
'

thus associating t
with ^ and

,
with <l>. The first equation, on

3
dividing out by ^~ ,

becomes

and therefore R%JFa + TFU+V= 0.

But T=R^9 ,
and the last may therefore be written

Similarly *, +^ + = 0.

From the last two we have

r ?*_??.* a?_eF?*.

andthorefore ,-*.
which is the condition ( 202) to be satisfied by the two functions

F and $ in order that the values of p and q derived from F= = <3>

as simultaneous equations should render

dz = &c + gdy

intograblo. This proves the proposition for the case of U= 0.

(2) The general form when U is not zero.

We now proceed exactly as in 234
;
the first equation in is

multiplied by a quantity X given by
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and is added to the second; the resulting equation is resolved

into factors for each of the values of X and the linear factors are

combined as before, giving two pairs that may be retained. These

are, if\ and \ be the two roots,

and

From the first and third of these equations we have

_ = _
"
dp

a
dp

~
Xj, dp "dq \ dq dp

'

and from the second and fourth

F^_<I> f^-L???*.!. !????.* a- * a
-

^ a- q
?
+
^ dq ty

5

and therefore

F
tt

4?
ffl HF < = 0.

This shews that, for the more general form of the equation

when F = Q = 3? are treated as simultaneous equations, the values

ofp and q thence derived are such as to render

dz = pdx + qdy

integrable.

Hence the proposition is proved in general. When these

values of p and q are substituted, the integral of the resulting

equation is the final integral of the proposed differential equation ;

it will involve in its expression either implicitly or explicitly the

two arbitrary functions which occur in the two intermediary

integrals.

239. The statement of the method of solution, as derived

from the preceding investigation, is contained in the following

Rules.
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RULE I. When the equation

Rr + Ss + Tt= V

3 integrable by this rule, we transform it by the equations

dp = rdx + sdy,

dq = ado: + tdy,

nto Rdpdy + Tdqdx- Vdocdy = s (Rdy* -Sdacdy + Tda?) ;

ve resolve Rdy* - Sdxdy + Tdtf =

nto the two dy ^dec
=

0, dy ^dx= 0.

Prom one of these linear equations and from the equation

Rdpdy + Tdqdx - Vdocdy= 0,

combined if necessary with dz=pdx+qdy, we can obtain two

ntegrals M
t
= a

it
v

1

= b
t ;

then

Mi=/iW
where / is an arbitrary function, is an intermediary integral

From the other linear equation, combined with the same equations,

we may be able to obtain another pair of integrals it
a
= a

a ,
v
a
= &

a ;

in that case, ua =/8 (fla) is, another intermediary integral, /a being

arbitrary.

To deduce the final integral we integrate the intermediary

integral, if only one has been obtainable, by the methods which

apply to differential equations of the first order. If there be two

intermediary integrals, we solve them as equations giving p and q

and substitute in

dz=pdas + qdy,

which when integrated gives the complete integral.

RULE II. When the equation

Rr+ Ss + Tt + U(rt - s
a

)
= V

is integrable by this rule, we either can obtain two integrals w,
=

a^

and
t
= 6

t
of the equations

Udy + \Tdx +\ Udp =
Udx + \Rdy + \Udq =

or can obtain two integrals w
a
= a

a
and v

3
= &

a
of

Udx + \Rdy + \Udq = Q\

Udy+ \Tdtc +\Udp=0}'
F. 24
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where \ and \ are the roots of

i or we may be able to obtain both sets of integrals.

Then u^ =/j (vj and u
3=/s (fla),

where /x
and ft

are arbitral

j

are intermediary integrals in the respective cases. We procei

I from these exactly as in Rule I.

[

! 240. It may, however, prove not to be possible to obtain, fro

: the two intermediary integrals, values of p and q suitable f

j

insertion in

dz =pdx + qdy ;

and in that case we may proceed to obtain the final integral I

; integrating one of the intermediary integrals, adopting for th

! purpose Charpit's method as indicated in 201. But withoi

i actually going through the work necessary in that method to derr
1 the additional relation between p, q and the variables, it will 1

1 sufficient to take, as this additional relation, any particular fir,

1

integral of the general system other than that which is beir

! directly integrated ;
thus we may take

where a is an arbitrary constant. Since an arbitrary constant is

particular case of an arbitrary function the values of p and
derived from these equations will be such as to render

dz *= pdx + qdy

integrable ;
and the integral will involve one arbitrary function

and two arbitrary constants, viz., a and the constant of integratioi
This result constitutes the complete integral of the intermedia!

integral ;
the general integral may be derived by Lagrange's nil

( 180), by converting one of the arbitrary constants into a

arbitrary function of the other and eliminating this remainin
constant between the equation so transformed and that deduce
from it by differentiation with respect to that constant.

241. This method, however, ceases to be effective in the cas

in which the roots of the quadratic in X are equal ;
there is the

only one system of integrals given by ^ = a and v
1
=

b, and so thei
is only one intermediary integral given by
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and this must be integrated. Just as before we may avoid the use

of the general method for the integration of an equation of the first

order by combining the general and particular first integrals

u
1 =f(vi ] and v

i
= b.

The values of p and q hence derived will evidently satisfy the

condition of 202, and therefore when substituted in the equation

dz = pdas + qdy

will give another integral of the form

w
l
= c.

Ifp and q occur in w
1} they may be eliminated by means of the

former equations v
l
= b and u

i =/(&) I
so that

M!= c

is a complete integral of the equation since it involves two arbitrary

constants 6 and c. To obtain the general integral we must make

c an arbitrary function of 6 and eliminate 6 between the resulting

equation and that derived from it by differentiation with respect

to 6.

Thus in the cases, when the roots of the quadratic are unequal
and when they are equal, we are led to a general integral, into the

expression of which two arbitrary functions enter.

It may be noticed that the foregoing reasoning would apply

equally, if there had been taken instead of the particular integral

a
= a *

some other particular integral such as

(k and I being disposable constants). This particular integral may,

in fact, be taken so as to render the subsequent integration as

easy as possible.

Examples will be found below.

Ex. 1. Solve r=a?t.

Substituting for r and t in terms of a we have

so that the subsidiary equations are

-a?d3?=Q,

<fldxdq=Q.

242



372 EXAMPLES OF r
[241.

" r

The former can be resolved into the two

dy adx=Q,

the respective integrals of which are

Taking the first of these and combining it with the second of the subsidiary

equations we find that the latter becomes

dp-adq=Q,

which, when integrated, gives

p-aq=A'.

Hence one intermediary integral is

p-aq=<l>1 (y -ax).

Taking the second equation y+ax=B, and proceeding in the same way,
we find

which leads to

and therefore a second intermediary integral is

We now, in accordance with our rule, treat these as simultaneous equations

giving the values ofp and q ;
and we find

dz=\dx {02 (y + ax] + X (y
-
ax)}+ dy {< 3 (y+ ax}

-
t (y

-
ax}}

~
2a

which can be integrated.

Let
<f>

(t)=^jcf>,(t)dt
and

then the integral is

e =
(j> (y+ aai)+^ (y

-
ax).

The arbitrary constant of integration may be considered as absorbed iu

either of the functions <p and -^. Since
:
and < a are arbitrary, and & are

also arbitrary.

Ex. 2. Solve

Transforming this by the usual relations we find that the subsidiary equa-
tions are

a+cp) dxdy+ (a
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The former of these gives only a single equation

(6+ eg) dy+ (a+ op] dx= 0,

so that only a single intermediary integral can be obtained for the equation,

assumed integrable by this method. When this is combined with

dz=pdx+qdy,
it gives adx+bdy+cdz=0,
so that one integral of the subsidiary equations is

ax+by + cz=A.

Eliminating the ratio dy : dx between the second subsidiary equation and

the modified form of the first we have

(6+ eg) dp= (a+ cp) dq,

the integral of which is

B being an arbitrary constant. Hence the intermediary integral is

a+cp=(b+cq) < (ax+by+oz).

This must now be integrated j Lagrange's process for linear equations

may be adopted. Denoting (f>(ax+by+ci) by <, we have as the auxiliary

equations
dx dy _ dz

c c<p b<j> a

From these we have

adjs + bdy+ odz=0,

so that ax+by+cz=C,
aud $=$ (ax+ by+ &)= $ ((7) is a constant.

Hence for a second integral

The final integral of the differential equation iaJJierefore

y+x<j) (ax+ by+ cz)=-^ (ax+by+cz),

where and
-fy

are arbitrary functions.

It may also be exhibited in the form

*=xB (ax 1- by + cz) +yx (ax + by+ cz),

where Q and x are arbitrary functions.

Ex. 3. Integrate

(i) r+ka?t=Za*,

(1) when k is not unity, (2) when k is unity;

(ii) afir+2xys+y*t=Q ;

(iii) <fr
-
Zpgs +pit=Q;

(iv) x3r-ytt=Q;

(v) r-
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Ex, 4. Integrate the equation

ar+bs+ct+e (rt sz")=h,

a,b,o,e,h being constants.

The equation in X is

or, if we write Xwi+e=0, the equation which determines m is

let 7?^ and TTIJ
be its roots. The first system of integrals is

a dx+ edp - m^dy= 0|
=Q)

'

ady+edg-
so that one intermediary integral is

ex+ ep
- m^y= F(ay+ aq

-
rn^x).

The second system of integrals is

a dy+ edq m^dx= 0,

c do;+ edp mtffy
=

0,

and therefore a second intermediary integral would be

cx+ep m$=& (ay+eq m^x).

If it were possible to solve these intermediary equations so as to express

and q in terms of x and y, the final integral would be at once derivable
;
bu

this not be'ing the case we combine any particular integral of the second wit

the general integral of the first system. Thus we may take

and then F(ay+eq-ms!c)=(mt -ini)y+a,

so that, if be the inverse function of F and therefore an arbitrary funotioi

we have

ay + eq
*= m^s+* {(m?

-
m^) y+ a}.

Thus

edz= -<&

the integral of which is

ee+ lca;z

where Q ifi an arbitrary function (since it is given by

(mz
-ml}Q(z'}=^(e)dz,

and * is arbitrary) and |3 is an arbitrary constant.

This is the Complete Integral ;
to obtain the General Integral we eliminat

a between the equations

ez+ J (oc
2+ ay*)

=m.<py+ ax+ 6 {(m^
-m^ y+ a}+x (a)\

X denoting an arbitrary function.
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Ex. 5. Solve

(i) #-rt=a*;

(ii) qr+(p+x)8+yt=-q+y(&*-rt);

(iii) Zpqyr+ (p*y+ qx)a+ xpt=p*q (rt
- a2)+ xy.

Ex. 6. Solve

The equation which determines m is
"j^j

- *^ *"""

m? + Zpqzm+pzqW=0, t

so that the two values of m are equal, the common value being
-
pqz ;

and

the system of integrals reduces to one given by

z (1+g*) dy+e*dq+pqzds;=0.

The former by means of

ds=pdx+qdy

gives, after division by 2,

daa+pdz-\-edp=Q,

the integral of which ia

the second similarly leads to

dy+qdz+zdq=Q,

the integral of which is

y+qe=b,

so that the intermediary integral is

where F is arbitrary.

Proceeding as indicated in 241, we have

a?+pz=a,

and therefore zdz=pzdx+qzdy

=(a

the integral of which is

A general integral is found, as there explained, by eliminating c between

the equations

and {x
- $ (c)} <t>'(o)+ {y-+ (c)}V (c) +c=0,

\lr and <f> being arbitrary functions.
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Ex. 7. Solve

(i) xqr+ypt+xy (a
3 -

rt)=pq ;

(ii) q*r+ 4pq8+p*t +p*q* (rt
~ a2)

=a3
;

(iii)

Ex. 8. Prove the converse of the foregoing general result, viz., Let the

equation of a surface be

$(a;,y,z,a, b, c)
=

0,

where a, 6, c are connected by any two conditions of the form

x (a, I, c)=Q= +(a, b, o);

shew that the equation of its envelope will satisfy a partial differential equa-

tion of the form

Kr+S8+Tt+l7(rt-8*) = V,

the coefficients of which satisfy the relation

Principle of Duality.

242. This principle, which was shewn ( 197) to be effective

in deducing from the solution of one equation of the first order

that of another associated with the former by relations of a per-

fectly reciprocal character, may be applied to equations of the

second order. The analytical connexion consisted in taking new

variables defined by the equations

X =
p, T=q, Z= px + qy-z,

from which there were derived the reciprocal equations

From these we have

., .

so tnat *.

-rtfp _ on

jrr -Sdx + Rdy** RT-8"
'

But rdx -f- sdy = dp
= dX,
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we therefore obtain, by equating coefficients,

T : -s
, R
t =' RT-S" ~RT-S*' "-RT-S"

and also rt s* =

Let these substitutions be applied to any equation of the form

\r + /w? + vt + a- (rt
- s

a

)
= 0,

in which X, [i, v, a- are functions of cc, y, z, p, q. Let their values

after the transformations have taken place be denoted by V, //,', v, <r

respectively ;
then the result of the substitution gives

If then the solution of the former equation be known, that of the

latter can be obtained
;
and vice versa.

Thus in particular the solutions of the two equations

and TX (.', y)
-

sty (a, y} + t<f>

are derivable from one another.

Ex. 1. From the solution of

derive that of

Ex. 2. Integrate the equations

(i) px+qy-axy=z;

(ii) a(rt-fp)=pq8 ;

(iii) }
a
(z -px - qy)= (pt- qs) xz ;

(iv) p*r+2pq8+q*t=(xp+yq) (rt- a2
) ;

(v)

Laplace's method for the transformation of the linear equation.

243. The linear equation

Rr + Ss + Tt + Pp + Qq + Zz = U
in which jR, S, T, P, Q, Z, U are functions of x and y only, can be

reduced to simpler forms. The process consists in changing the

variables.
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Let the independent variables ao and y be changed to and
rj,

yet undetermi

equation becomes

O ^

as yet undetermined; then, when p', </,... denote ^, -,... the

das

. C j. T .LP j. n
o~3 + '>:> o~5 I" -^ 5~5+-^5~+ Vo'
das' dwdy dp oac oy)

Let m and n be the roots of the quadratic equation in k

and first suppose that these roots are unequal ;
then choope f and

77 so that

d% 3%= m *r >

oac oy

9?7 dv
'

n -

da; dy'

which determine ^ and
rj. The terms involving r' and t' now dis-

appear ;
and the coefficient of s', being

does not vanish since the roots of the quadratic are unequal. Let

the equation be divided throughout by this coefficient; then it

takes the form

d*z dz Tir

244. In two cases the integral of this equation can, without

further transformation, be obtained. We may write it in the form
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so that, if the condition

be satisfied, the equation becomes

% + Mu-V,

dz
where u replaces ^-

+ Lz. A. general value of u can be obtained,

and thence a geDeral value of z.

We may write the equation also in the form

1&+M.} +L (!| + J&) + ,(j -LU-*j*} = V,
or] V3 J \9f J \ dTjJ

'

so that, if the condition

be satisfied, the equation becomes

^\

where v replaces ^ + Mz. From this, through v, a general value

of z can be obtained.

245. If however neither of these conditions between the

coefficients in the transformed equation be satisfied, it can still be

transformed by changing the dependent variable. Thus when we

write

we have

or

Denoting LM+ ^N'bjKvre may write

iar M v- K^ K
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and therefore

Ld{ LM LV 9
fj. 3f Jf F)

?~^af
+7r^~ 5:

+
ai,iBra # 5

^j

which is equivalent to

i, r' i-where I/ = ~
7f 9~ '

so that the same form is reproduced but with altered coefficients.

The equation in its new form can be integrated, if the analogous

relations between the new coefficients be satisfied. From the

values of L', M', N' we have

=_
}

drj

so that as R is not zero (by hypothesis), the relation

077

is not satisfied. The other condition, being that the equation

should be satisfied, is when expressed in terms of the original

coefficients

__ L _A+ + a '

If this be not satisfied nor the corresponding relation derived

by the consideration of the other expression

T ,f ,
3M , rLM+-= N
dy

the process of transformation may be repeated indefinitely ; and, if

at any step of the process the requisite condition should be

satisfied, the solution may then be found.
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"

. 1. Prove that for any substitution of the form

z=pu,

u ig to be the new dependent variable and p is a function of | and
17,

LM-N+^ and Ztf-tf+S^
9f7 9

pl>e absolute invariants and that therefore such a transformation is ineffec-

for the purpose of solution.

v. 2. Prove that if

Kr
= tfr - LrMr

- d~r and JT
= Jfr - LrMr

-^dC dl
?

fuoctions of the coefficients after r transformations) then

Heu.ce solve the equation

8+asyp=2yz.

(Imschenetsky.)

246. Next, consider the case when the roots of the quadratic

xro eq-ual, so that

The two equations determining and 17 now coincide so that

Erom them only one of these quantities can be obtained; let it be

g, given by

3| 3%
a

= m ^->ox oy

a,iid suppose ^ and y to be the new independent variables; then-

we inay write 77
=

y. ^ Then in the transformed equation the coeffi-

cient of r' is zero, that of t' is T, and that ofs
1

is _ f_.

But w being a repeated root of

Ekt + Sk +
we have

S
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hat the coefficient of s' is

ch is zero. Hence the transformed equation on division

jughout by T becomes

The case suitable for treatment by this method is that in which

3 zero
;
the equation may then be looked upon as an ordinary

Lation in y, the variable x being considered constant; the

itrary constants of integration should be replaced by arbitrary

ctions of x.

Poisson's Method.

247. Poisson has shewn how to deduce a particular integral

my partial differential equation which is of the form

P = (rt-s^Q,

ere P is a function of p, q, r, 8 and t homogeneous with respect

the last three quantities, and Q is any function of the variables

y,
z and the differential coefficients of z, which remains finite

en rt s
2 = 0.

He assumes q
= $ (p),

I therefore s = rfi (p) and t =
s<f>' (p}

= r {<' (p)}
a

.

These values make rt s* =

i reduce the differential equation to

P-0.

Now P being homogeneous with respect to r, s and t
t
there will,

Len the foregoing values are substituted, occur a common factor

roughout, being some power of r; this may be rejected and the

naining equation will involve only p, <f> (p) and <' (p) which when

jegrated will determine the value of
</> (p) and so will lead to an

;egral of the original equation. This integral, being of the form

?
= (Pi

D. always be further integrated,



247.] METHOD. 383

It may be noticed that Poisson's process is equivalent to

obtaining the developable surfaces which are included under the

given differential equation, for

is the differential equation of developable surfaces.

Ex. 1 . Solve ra - Z
3= rt - a*.

Proceeding as above we find

1-{0}*=0,
so that retaining only the real values

*'(P)=1,

whence q= < (p)
=a p,

where a is an arbitrary constant. The complete integral of this considered as

a partial differential equation of the first order is

where X and v are arbitrary constants
;
the general integral is

where is an arbitrary function.

Ex. 2. Solve

(i).

(ii)

Linear Equations with constant coefficients.

248. We now proceed to consider equations which are linear

not merely with regard to the differential .coefficients of highest
order but also with regard to the dependent variable and all its

differential coefficients, and in which the various terms are multi-

plied by constants only. Such an equation is

3>
/9 3\ TT

( a^H
F

where $ is a rational integral algebraical function all the coeffi-

cients of which are constant; V may be any function of the

independent variables.
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As in the case of ordinary differential equations the complete

integral consists of the sum of two parts :

first, the most general integral of

second, any particular solution of

These will be obtained separately. For convenience, let

O O
- and 5- be respectively denoted by D and D'.

249. The simplest case of the general equation is that in

which only differential coefficients of the wth order' occur, so that it

may be written

(D
n + AJT* jy + Ajy~*D

11 + ...... + A n
D'n

)
z=V.

Let
Oj,

a
a,

......
,
an be the n roots of

then the equation may be transformed into

(D -^D") (D - 2
aD') ......(D- aj)

1

} z=V.

To find the complementary function we write V=
;
then a

solution of

will be a term in the complementary function
;
and as there are

n such factors there will be n such terms.

Now the solution of

(D-\)z = 0,

where \ is independent of #, is given by

being also independent of x. The quantity C may therefore, in
the solution of
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be made an arbitrary function of y, and we then have

=
<j>(y + CM;).

There is one such solution for every value of a
;
and the sum

of these different solutions is also a solution, so that the com-

plementary function is

where fa, fa, ......
, fa are all arbitrary functions.

In the case, however, in which two roots a are equal this value

ceases to be general, as the sum of two arbitrary functions of the

same argument is merely an arbitrary function of that argument;
the corresponding terms, are then obtained as follows.

The solution of

s z = e

where A and B are independent of x
;
hence the integral of

is z = e t

= $(y + cuK) + x-^r(y + ow?),

where both
(f>

and
i/r

are arbitrary ;
the sum of these two terms

replaces the sum of the two terms, which had coalesced into one,

and the general character of the solution is restored. Similarly,

when any number of the roots a are equal, the corresponding

terms of the complementary function, which coalesce into one,

are replaced by a series of terms derived in the same manner as

the above.

260. To obtain the particular integral we may represent it

symbolically by
1 TT

z =

V.
'D _

F. 25
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To evaluate this we resolve the second symbolical fraction into

the sum of n symbolical partial fractions, into the denominator of

each of which only one of the quantities D/D
1

a. enters ; thus, if

1 r=n N
_ ~r_

we have

1 r=n AT

s-i2 7^-FJJ ra i U
~D'-*'

= *_/!*
N' V

,

Nr being a constant and depending only upon the constants a.

Let V = ty(a>,y);

then since

(D - oD')'
1 = e* **

we have

r

=j

hence the particular integral of the equation is

y + a, (
-

0}].
r-l

This is the value in the most general case possible ;
in particular

cases the actual evaluation becomes much more easy. Thus, if V
be a function of as only, we may consider [4> (D, DO}"

1 ^ expanded
in a aeries of ascending powers of D' and then every term may be

neglected (so far as the particular integral is concerned) except
that which does not contain D'. Corresponding simplifications

arise in other examples.
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Ex. 4. To solve

3374 3% 3M _

5-5 + 5-5 + a-q
- 3

3a?s ay
3 3s3

For the Complementary Function we have

3 3\ /3 3

a being a oube root of unity. The solution of

hence the Complementary Function is

where 1} $s , 8 are arbitrary functions.

The part of the Particular Integral corresponding to afl is

1 1 . afl

and BO for the other terms ; the full value is

4.5.6
+ ~!T

'

The Complete Integral is the sum of the Complementary Function and

the Particular Integral

Ex. 5. Solve

3^M 3^it 3^ 3"w

d ~

251. Passing now to the general equation, we must find the

solution of

I-' }*=<>>
pat Mj
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where <I> is of the form

"

i

1 We assume as a trial solution

where h and k are constants yet to he determined
;
for this value,

fa i j ^z
7

*- = hz and ^- = fez
;

da; oy

and therefore we have

<S>(h,K)z
= 0,

which will be satisfied, if h and A be determined so as to satisfy

This obviously makes one of the constants to depend on the

other
;
let the equation be solved to determine k, so that we shall

have results of the form

n in number. Taking one of them, as k=-01 (h), we have the

solution in the form,

for all values of A and h. Now the sum of any number of solutions

is also a solution, so that another is given by.

where 2 implies summation for all values of h; and A, an

arbitrary constant, may be looked upon as an arbitrary function of

h which may vary from term to term of the series.

Similarly another value of k, such as a (K),
will lead to another

solution which may be represented by
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and, as each value of k will lead to a corresponding aeries, the

general solution may he represented as the sum of n series in the

form

the summation in each series extending to terms arising from all

possible values of the constants h. The fact that the coefficient

"belonging to any term may be considered as an arbitrary function

of the constant which occurs in that term shews that each series

may be regarded as having in its expression one general arbitrary

function
;
and thus in the Complementary Function we should be

led to expect n arbitrary functions.

252. This general result in the form of the sum of n series

each containing arbitrary elements may appear bo be of slight

value. Sometimes, however, by the form of the differential

equation, a simplification is introduced such as that indicated

in the next paragraph ;
sometimes by conditions imposed on the

dependent variable other than the satisfaction of the differential

equation the number of terms of the series is limited to those

which contain particular values of the parametric constant.

For example, whenever a solution of the equation which

determines A; is of the form

where a and {3 are determinate constants, the corresponding series

may be expressed in a finite form. For it is

that is, it is (save as to the factor outside S) the sum of any

number of arbitrary powers of e
mJftty each multiplied by an arbitrary

constant
;
such a sum is an arbitrary function of F+ay

or, what is

the equivalent, an arbitrary function of ac + ay and the series may
therefore be replaced by

where
<f>

is arbitrary. Corresponding to the conditions which in

any particular case limit the number of terms included in the

series, there will be analogous conditions which determine the

form of the arbitrary function.
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Ex. Prove that, if the root

occur r+l times, the corresponding part of the Complementary Function is

where <, < 15 ...... ,
( r are all arbitrary.

253. To obtain the Particular Integral we may represent
it by

g _ 1 rr.
' '

the evaluation of this expression will depend upon the form of V.

Thus if

V= e
tuc+bv

,

we should have

as the value of z required. If V were a rational integral algebraical

function of CD and y, then it would be possible to evaluate the ex-

pression by expanding the inverse operator in a series of ascending

powers of both D and D', if permissible, or of one of them. The

methods applied to the particular forms considered in 46 in the

case of ordinary differential equations will indicate the corre-

sponding methods to be adopted for the varying forms of V.

Ex. 1. Solve

d*e _ 9s _ 9z

-5-5-3 5-+35-
djr ox oy

First, for the Complementary Function we must solve

Let

be substituted ;
then

(A

so that k=h and i=3 -h

are the relations between h. and L Hence

where
<j>
and ^ are both arbitrary.
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The part of the Particular Integral corresponding to eP+s is

Df(ff+lY

The result indicates that a term of the form ea+3 f will arise in the Com-

plementary "Function
;
that this is so is obvious from the identity

The part of the Particular Integral corresponding to ay is

the expansions in each case being taken no further than is necessary to

furnish non-evanescent terms. It might happen that, by a different method

of procedure such as expanding in powers 'of
Ty

a particular integral of

apparently different form would be obtained ;
it would however be found that

the two could be transformed into each other by means of the Complementary

Function.

The general integral is, as usual, the sum of the foregoing three parts.

254. Any equation such that the coefficient of a differential

coefficient of any order is a constant multiple of the variables of

the same degree may be reduced to an equation of the foregoing

form. Such an equation will be of the form
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We may either change the independent variables to u and v where

= e"; or we may represent 0ty * and V bv *'

and then we have

0- |fl =*(*-!)(*-- 2). ..(Sr-
oar

OSS 0^

In either case the equation is reduced to the form already con-

sidered

Ex. 1. To solve

We have, on assuming u= log a; and v=logy,

/ 3
J-

ts
+

The integral of this is

where/ and F are arbitrary.

J&CT. 2. Solve

p. 3. Solve the equations

r. 4 Solve
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Ex. 5. Solve

,.., /B3^ 3a*\ .
, ,. ft /3s 3s\

(u) ro[^ + ^)-(ma+ 8
)3-3-+wm[ji-5 m*--)VMT oy*J

^ '

fooy \ da; oy/

=cos

32

Ex.G. Solve f(-ar)z=ffn ,

7\ ft
rs

where or denotes the operator ^ 5 + a;s + ...+xm* ,/ is a rational inte-
1 2 Hi

gral algebraical function of m, and Hn is a homogeneous function of n dimen-

sions of the quantities a;lt #3 , ..., xm .

Miscellaneous Methods, if

255. There are several partial differential equations which

are of frequent occurrence in physical investigations; solutions

of these have frequently been obtained by methods, the appli-

cation of most of which to equations other than those in connection

with which they originated is very limited. The two chief

methods are integration by means of definite integrals and inte-

gration in series; but as each method is of special application

only, and as the variations which arise owe their origin to the

conditions imposed upon the function whose value is sought and

not to any variety in the differential equations to which it can be

applied, it is not possible to give here a full discussion. The dis-

cussion here will be limited to a few examples ;
for fuller investi-

gations recourse must*be had to the treatises on those branches of

mathematical physics in which the differential equations occur.

256. Consider first an equation which can be integrated by
both methods.

Such an equation is

du o 9
!M
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, arises. _in .investigations connected wjth^ the conduction _of

It is not without interest to indicate the different methods

which may be applied to obtain a solution.

By the method of 249 we may write

u = e

where <
(oc) is arbitrary ; expanding the differential operator we

obtain

u = <PW +^^ + -2T^-^T^--
so that the solution contains one arbitrary function. We may
proceed otherwise thus : the solution of

d*u .

s u = A+e- t

where A and B are independent of x
;
so that we may express the

solution of

9V _ 1 du

do?~af
di

in the form

where ty and ^ are arbitrary functions. In order to free the result

from symbolical operations, which would require interpretation if

they remained, we change the arbitrary functions to/ and F, where

-%(*)};

then since ^ and v are arbitrary both f and F will be arbitrary,
, j 1. 1

whatever interpretation be assigned to
f-^J

. When the sym-

bolical operators in the first form of solution involving ty and %
are expanded and the terms of the same order in differentiation

are gathered together, the solution becomes
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t
,

a? Ai tf dV

and this contains two arbitrary functions.

257. It may at jfirat sight seem paradoxical that two perfectl;

general solutions of the same differential equation can be obtainec

of apparently so different a character. The difficulty will dis

appear if it be noticed that the equation is only of the first orde

in t while it is of the second order in x; the former solutioi

contains only a single arbitrary function of ac, which is all that cai

be expected in the case of an equation of the first order; th(

second solution contains two arbitrary functions of t, which is th(

number of arbitrary functions to be expected in the case of ar

equation of the second order.

If we assume that all the arbitrary functions can be expanded
in positive integral powers of their arguments, we are able tc

transform one of these solutions into the other. For let

where the coefficients An are arbitrary, and let this value be sub-

stituted in the first solution. Then the term independent of is

which is a series with arbitrary coefficients and so may be denoted

where /is arbitrary; the coefficient of (-) =- is

\Cb/ ft 1

21

-f\
etc

part of the solution depending upon the even powers of as is

that is, -f\ and so for the other even powers of x. Thus the
etc i
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Similarly collecting the tenna depending upon the odd powers
of x and writing

(which is another arbitrary function) we should obtain the second

part of the second solution. It thus appears that the two alge-

braical expressions are equivalent, independently of the fact that

they are both solutions of the differential equation.

Solution by Definite Integrals.

258. Now let the method of 251 be applied. We substitute

u = e
aa+llt

;

the necessary relation between the constants a and /3 is

so that u = Ae*+atatt
,

for all values of A and a, would be a solution. Instead of a write

ai so that solutions are given by

and therefore by

where X is any constant and A and B are arbitrary functions of X.

These may be replaced by

>-X and Bf

e~
a

where A' and E' are arbitrary functions of X. Further the sum of

any number of solutions JB also a solution. Consider that obtained

by summing any number of terms of the form of the first for all

values ofX and a and assuming that while A' is an arbitrary function

of X the form of the arbitrary function is the same for different

values of X. (The corresponding terms which would arise from the-

second may be deemed included in this since so far as the variable

part is concerned we need only to change X into X =- to obtain

the first.)

Let then A' =
*// (X) cZX,
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-and suppose summation to take place for all values of X betwee
oo and + oo

;
the corresponding solution is

f*
e'

***
cos a (0

-
X) i/r (\) d\.

J OB

This again may be multiplied by any function of a and th

summation taken for all values of a
;
as it stands the function

an even one of a, and so if the factor be taken as da. it will suffic

to take and oo as the limits of a
;
and thus we may take as th

solution

rrda I

J -t

The solution in this form is specially suitable for the case in which u is 1

satisfy some condition, for instance that

-/(*)'

when i is zero
;
thus we are to have

/GO rat

/(ic)= eZa I oosa(x-\)-^(\}d\.
Jo J

-

But, by Fourier's theorem, the value of the right-hand side is mfr (#) so th

\ff is determined
;
and thus

i r r

?rJ J -oo

r
(Kiemann.)

Ex. Obtain a* solution of the equation ,

=a2^,
'

which is such that

u=f (x) and -~. =F (a?),

when t=0.

The result is

(Riemann.)

259. We may again solve the equation by a method, du>

originally to Laplace and extended by Poisson.

We have by a known theorem

r.-**-**,
J -oo
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or, writing u I for u where I is independent of u,

When I is any differential operation to be performed this

relation indicates that the symbolical operation e
p
can be expressed

provided e
2^

can be expressed.

This method may be applied to the equation

du _ a d*u

di~
a

fa
>]

for we have

where /(a?) is an arbitrary function independent of t. The fore-

going formula in equivalent operators may be applied if I be
j

replaced by a
-j- ;

and thus we have
CWD

M = 7r"
i P
J -00

Another form may be given to this result by substituting A, for

x + 2wat*. Then w becomes

Now /(X) is an arbitrary function; if we choose to assume its

value to be zero everywhere except when \ = r and then wnte

/(X) d\ = H, we have

JSii?. 1. Prove that, if u satisfy the oonditiona

(i) u=f(x) when i=0,

(ii) u=
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>
rL

then its value is
" '

Ex. 2. Obtain a solution of the equation

in the form

Ex. 3. Verify that

1

satisfies the differential equation

' and is such that when t=Q then u=F(x, y, g) and ^=/(#, y, *).
i

i
ot

4. Obtain the value of the integral

ff
taken over the surface of a sphere whose centre is the origin and radius
the form

R
4fr-

where a=

Hence shew that the mean value over the surface of any sphere
function, which satisfies the equation

and is, for all points within the sphere, expressible by a convergent ser
equal to the value of the function at the centre of the sphere.

Further information on this part of the subject and, in particular, o
applications in physical investigations, will be found in Eiemann's Pa:

und deren Anwendimg aufphysi&alische Fragm.
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Solution m Series.

260. Consider now a case of integration by means of series.

The most important equation to which this method is applied
is the equation

9V 9V 9V _

which
continually occurs in physical investigations ;

to solve it by
the method under consideration it is convenient to change the

independent variables from a, y, z to r, 6, < given by the relations

a> = r sin 6 cos 0, y = r sin sin <, z = r cos 9,

which will in effect be changing from the Cartesian to the podr
coordinates of a point. The equation is now

_ 9
a

(ru) ,

1 9 / . . du\ ,

1 9V n

and, if another change be made by writing p instead of cos d, the

resulting form is

r tf(ru) _3_ f
. _ , du\ 1 9V =

261. First, let a solution be desired which is to-be a function

of r only, that is, of (#* + y* + ^l

)
i

, so that it will be a specially

symmetrical solution
;
the equation then reduces to

n
and therefore u= A -\ .

r

In a similar -way a solution which would be a function of & alone,

and one which would be a function of alone, may be deduced
;

but they are not so useful as that just obtained.

262. Next, suppose that solutions which are not functions of

r alone may be expanded in a series of integral powers of r
;
and

in u let there be a term

F.
'

26
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n

where un is independent of r but may be a function of 6 and < the

value of which is still to be determined. Then, when the value oi

u is substituted, the term on the left-hand side of the differential

equation corresponding to this particular term of u is

and the sum of all these terms is to be zero for all values of the

independent variables. The foregoing is the only term which

involves the n^ power of r
;

it therefore follows that, in order to

have the equation satisfied, its coefficient must vanish. Hence un

is determined by

and therefore r
nun is a solution of the original differential equation.

The coefficients of the terms involving the differential coefficients

of un do not depend upon n
;
and the coefficient of un is unaltered

if for n there be substituted (rc + 1); hence r~(n+i) un is another

solution of the original equation. These two solutions just ob-

tained may be combined into one so as to give

.. . i / n'

as a solution, An and Bn being arbitrary constants
;
and thus the

general value of u is

=
J (4,^+pHiJw

provided un be determined by the equation

263. Now the general solution of this equation would give un

as a function of 6 and <; consider the case in which u
n

is a

function of 6 only. It is then determined by
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the independent particular integrals of which are ( 90, 91) Pn (p)

Qn (/*) 5 the corresponding terms in u are

In most physical investigations the term dependent upon Qn (//,)
is

rejected ;
and then the general value of u, expressed as a function

of r and 0, that is of z and (0
a + y*~?, is

u =

in which the A'B and B'e are arbitrary constants. It will be

noticed that the solution formerly obtained, viz.,

13 the particular case obtained by making all these arbitrary con-

stants zero except A and B and remembering that PO (/A) is a

constant.

264. Consider now the general case in which un is a function

of 6 and <
;

it may be expanded in a series of trigonometrical

functions of multiples of (b the coefficients of which are functions

of p. Any term of the series for un may be denoted by

where v is a function of p only; and, just as in the case of the

separate terms in u considered as involving different powers of r

when each such term was a solution of the equation, this will be a

solution of the equation giving un . Substituting and dividing out

by cos cr< we find that vn
(<r]

is determined by the equation

This equation would also have been obtained by the substitution

in the un equation of

and therefore the solution of the equation in un is

'"
{Ev sin o-c/> + F,, cos a-0} vn

(<r]

<r=l

262
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n r

the value a- = not being here included, since it gives term;

independent of < which have already been found.

Now, by Ex. 12, Chap, v., p. 180, the solution of the equatioi

giving v^ is

where yn is a solution of the equation when a- is zero and thui

may be either Pn or Qn . Hence the corresponding term in un is

ovio- d P_
sn o-<> + cos o-<

(E'a sin o-0 + -?" cos a

a/A

The term involving Qn is usually rejected in physical investi

gations ;
the suitable value of un then is

T (1
-

/Lt

8

)
4'
(Ev sin <r0 + J^ cos o-^)

^=
,

it being obviously useless to include values of a- higher than n.

The sum of any number of solutions of the original equation i;

a solution
;
and therefore the most general value of u expressed ii

a series is

n=to

+ 2
n=l

+ 2 X (1-A'S + sin~

We have omitted from the foregoing general value (1) tht

terms which would arise from the part of u independent of r anc

<j>,
which can easily be proved to be

(2) the term dependent upon $ alone which obviously is M$, anc

(3) the terms usually rejected as unsuitable in physical investiga-
tions.
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Any further investigations on the solution of the equation are

connected either with other equivalent forms of solution or with

the particular solutions obtained by a determination of the con-

stants in accordance with imposed conditions. For these recourse

should be had to the authorities on the several subjects in applied
mathematics in which this equation arises

;
in particular, those

quoted on p. 159 will be found of great value.

Ex. 1. Solve the equation

in series, by transforming to polar coordinates.

Ex. 2. Prove that the equation

<Pu_ n/B2^ 3^
W~ \dafl

+
3y*

+

has a solution of the form

where

yw-*-r a
T

2 . 4 . a2 2.4.6.28
'

1.2. 3. ..Zn *

2. 4. 6... 27i.**'

Obtain a more general solution which is not independent of the spherical

coordinate <. (Stokes.)

Ex. 3. Shew that the general solution of the equation

a2 U-d + =

or, by transformation to plane polar coordinates, its equivalent

&u 1 du l&u\&u

can be expressed in terms of Bessel's functions as the sum of two terms of the

form

M=cos ofeT [{AJn (*r)+5FM (*r)} cos n6+{A'Jn (4r)+5Tn (*r)}sin nfl.

71=0



406 AMPERE'S [265.

Ampere's Method of solving the equation

-f = V.

266. There is another method of proceeding from the dif-

ferential equation to the intermediary integral in the case of the

general equation

the factor 2 being inserted for convenience.

Let a new independent variable a, as yet indeterminate, be

introduced and let x and a be considered as the independent
variables so that y is a function of x and a.

;
then we have

dz _ dy dz _ dy
dx~P+q dx' ~fa~ q

d~z'

dp dy dp dy- = r + s 1f, -/-
= s^-,dx da da da.

d(i- s t
dy d(i-t dy

~T~~ ~~ t> T fr ~T~ I "l~ ~~ " ~T~
dw dx da. da.

j j

Biere -=- and -=- are used to indicate partial differentiation
das dy.

c

with regard to the new independent variables x and a. From these

equations we have

dp dyT ~~ S
da; dx

fy t=^-8
das dx

'

aai cue dec

in all of which s is to be replaced by

dp dy^

do.
'

do.
'

When these values are substituted in the original equation it

takes the form
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form, but not independent. Multiplying (ii) by Z7 and substituting

from (i) for U -~. we have

which easily reduces to

U^-(S+G*)^+T=0 ................ (iii).
ox ox

We may thus consider either (i) and (ii) or (i) and (iii) as the

equations which replace the two P = =
Q. Taking then (i) and

(iii) we may rewrite them in the form

Udq + Rdy - (S 0*) da =

and we have also dzpdcc qdy =

in which it will be noticed that da does not occur and therefore a

is to be considered a constant in the integrations.

267. The success of the method depends upon the possibility

of obtaining a function W of CD, y, z, p and q which shall be such

that, in virtue of the relations between the differential elements

expfeased by the equations (iv), its total differential shall be zero.

If this be possible, we then have

JTI7 , J , J ,
, J ndW = -=- das + -z- dy + -^ dz -\- -^- dp -{ -5 da = :

dee ay
*

oz op
r

dq
*

when the values of dz, dp, dq as given by (iv) are substituted in

this, it becomes an equation involving only the two differential

elements da; and dy, which are independent and the coefficients of

which must therefore be separately zero in order that the equation

may be satisfied Thus we have

Either of these may be replaced by
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where P and Q are given by

p==R dpdy + T dq +u fydq_ v <fy

dx dx das dec das das'

2S
<

j>das

As yet a is arbitrary; let it be chosen so that P vanishes; then

it follows from the differential equation that Q also vanishes and
thus we have P = 0, Q = 0.

266. These equations can be replaced by simpler combinations

equivalent to them. From the first we have

-
dx\ das dec! dx dx'

when this value of -^ is substituted in the second equation the
dot

latter becomes after a slight reduction--
dx dx) \ dx

which gives R^ +U^ = SQl> ..................... (i)'

where G = &-RT-UV.

The corresponding value of
-p

is given by

^ (Sffi)=F|_ r |,

or, what is the same thing,

and therefore R^ + (8 + fl*)
^|
= V. (^)-

*

These equations (i) and (ii) may replace the two first obtained;

it will be noticed that they are analogous to those in 234. We

may also combine (i) and (ii) so as to obtain an equation in another
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which results from the elimination of -= between the two, and
dq

division by U.

This last equation has been obtained on the apparent supposition

that U is zero. But in the case when U is zero it is easy to derive

it from the equations

_
dec dx dec da;

dz = pdtc + qdy,

by substituting for das, dy, dz in terms of dp and dq in the equation.

dW=Q and equating to zero the coefficient of dp. The equation

can thus be used in jihe case when U is zero; the two former

equations are in that case equivalent to only one, which would be

combined with the new equation.

The function W must therefore satisfy two simultaneous partial

differential equations of the first order
;
the method of obtaining

such a solution common to the two, when it is known to exist, is

indicated in 226 and we may therefore now consider W a known

function.

268. A solution of the given differential equation is furnished

tyW = constant.

For we then have

dW dW dW dW .

Q + -~-p + -~ r + -3-s = 0,
das dz op oq

9F dW dW.

dW dW
and these, on the substitution in them of the values of -~ and -=

'
ooo oy

from the foregoing equations which determine TF, become respec-

tively
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dW dW .

The elimination of the ratio of -~ to -^ between these gives
dp aq

(T+ Ur) (R + Ut) = (S- Us)*-G,

which, in virtue of the value of 0-, reduces to

Rr + 2Ss + Tt+ U(rt-s*) = V,

that is, to the original equation. The proposition therefore follows.

269. In order to obtain the most general intermediary inte-

gral, we must find an expression which contains an arbitrary

function. Suppose now that it is possible to derive two particular

solutions w
l
and w

a
of the equations which determine W, and

which are, owing to the double sign, really two sets; then the

equations will be satisfied by writing

W = $ (wlf wj = 0.

Since the equations in W are linear this is obviously a solution.

Also the particular solutions are

w^
= constant

;

but in the integrations we had to consider a as a constant, and

therefore we may write

^ =/, (a),

where /j (a) is an arbitrary function. Similarly we should have

where/8 (a) is an arbitrary function. Now a is some function of as

and y, the value of which is unknown; when we substitute in

either equation the value of a derived from the other, we obtain a

result of the form indicated.

270. It may happen that more than one general intermediary

integral can be obtained. In any case we proceed as before from

the single intermediary integral (by Charpit's method) or from the

combination of the two intermediary integrals (as in 236) to the

general integral of the equation; and this integral will usually
involve either two arbitrary functions or three arbitrary constants.

This however is not the most general integral possible. For if we
had an original integral equation of the form

<f>(z,as, y, a
t ,
a

s ,
a

a , o4 ,
O
B )
= 0,

and obtained thence five other equations giving the values of

p, q, r, s, t we could between the srs resulting equations eliminate
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1

the five constants a and have a differential equation of the second

order
;
and according to the form of

<j>
the degree of this equation

would vary. Conversely in any case we might in that integral,

which is most general so far as the number of arbitrary constants

which enter is concerned, expect more than three. But $ = will

not necessarily be the most general integral ;
the only inference to

be made is that the equation containing three arbitrary constants

is not the most general integral. It can be replaced however by

one which is more general ;
the method of obtaining this, due to

Irnschenetsky, is similar to that employed by Lagrange for partial

differential equations of the first order viz., variation of the con-

stants.

271. Let the integral obtained by the foregoing method be

represented by
z =f(ec, y, a, b, c) ;

to obtain the general integral we shall suppose c to be changed
into a function of a and b the value of which is, as yet, undeter-

mined and then consider a and b to be functions of a; and y such

that p and q preserve the same forms as when a
} b, c are all con-

stants. Denoting

+ and
da dc da db do db

. . , df A df ,

respectively by
-j-

and ^ ,
we have

dz_ = df_da_ dfdb
dx
~ "

da, das db da
'

dz _ df da dfdb

dy

= q+
~dady

+
~dbdy

]

dz dz
and therefore, since =- = p and 5 =

q, we Jhave
ox ^

o

=i
da dx db dss

dfda + dfdb = Q
da dy db dy

'

which will be satisfied if we write

-"-&da do
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The second differential coefficients are

9*z = dp da dpdb_ ,

dx*
r+

dada;
+
dbfa~ r+ '

d'-z dp da dp db _ dq da dgdb _= + + - 8+ + - 8 + k

&* _.,dgdadqdb55 = C -t- j =--r -jT-
= 5 + 6.

o^T aa 3y d6 ty

df
But since

-^-
is identically zero when we suppose a and

replaced by their values in terms of as and y, we have

9 /d/\ ff/3a J/ db

do: (da)
^

da> da
"*"

dadb das

~
'

and l
da \dxj da '

so that

^
,

dff da d*fdbdb^^'"'
dq

dadb dy db* dy

These equations satisfy the condition

jc
_d#da dpdb_dgda dqdb
dady

+
dbdy~'dadiD

+
dbfa'

and from them there can be obtained the expressions

--
9

\dbj dadb dadb^ db9

\da)
'

Sfl^-ffi-ii+^
db) dadb dadb db* (da

^f^dq_^f_(^dqdqdp\
da? db db dadb(dadb^dadb)

where --
da*db*'
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* But with the modified forms of a, b, c

z =f(tE
> y> a. &, c)

is still to be a solution of the equation

3V n (<?z ay / vz YI5-5+ L/ 1-5=- L, - \YV\* * '

the coefficients of the second differential coefficients are unaltered

in form, since we have retained the forms of the first differen-

tial coefficients, and therefore R, S, T, U, V remain unmodified.
r\9

^vg
A

Substituting now in this equation the values of ,
- -

dor dxdy dy*
and remembering that the differential equation is satisfied when
h, k, I are zero, we find that it takes the form

Ur)l+U(lh-J<?)=V,

where the quantities r, s, t which explicitly occur and the quantities

p, q, z which implicitly occur are to be replaced by their respective
values derived from the integral

z =f(, y, a, 6, c)

in which a, I, G are considered constants. We must now substi-

tute the expressions found for h, k, I
;
and then the equation, after

some reductions, will be found to be of the form

where

in all these coefficients the quantities z, p, q, r, t s, t are to be

replaced by their values in terms of x and y as derived from the

given integral equation.
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This differential equation is linear in the second differential

coefficients of / with regard to a and b
;

it is, moreover, the

equation which is to determine the value of c as a function of a-

and b. Now

da, 'da dc da
'

so that -j s = 5 j + ^ -5-
- ~ r ^

u i o
act od ottoc oa oc \oa t

and also for the other coefficients ;
when these are substituted for

I. =4r, -W-u the resulting equation is linear in the second
dor' dado do*

differential coefficients of c with regard to a and b, and the

quantities multiplying these are functions of a, y, a, b, c,
-

, ^r
.

But we also have

da, db
'

from which the values of sc and y can be found as functions of

a, b, c, x-, *r', and these when substituted will make the equation
I
da do

one which involves only the quantities a, b, c and the differential

coefficients of c. This equation will then be of the form

3
a
c ^3'c

where A, B, G, F are functions of a, 6, c, 5- , oi .

oct oo

Now it may not be possible to integrate directly the original

differential equation, while it may be possible to obtain, almost by

inspection, a particular solution which involves three arbitrary

constants
;
or it may be possible to derive such an integral when

not obtainable merely by inspection. In either ease such particular

integral can be generalised provided the solution of the equation

to be satisfied by c can be obtained
;
and if this solution be repre-

sented by

0(a, &,c)=0,
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_

then the new integral of the original equation is obtained from

= e (a, 6, c)

= 9/a0_9
3a 3c 3c da

_
db 3c 3c 36 J

by eliminating a
3 &, c between them.

.Ek. 1. Integrate the equation

Here E=l,S=q-x, T=(^-x}\ 17=0, V=q- thus G=0, and the equa-
tions determining TFare only a single pair, viz.

3FT .3PF

We denote these, as in 226, by

Q=I'z=Z+(q-a;) Y+(p+q*-qx)Z+qP.

As a condition that these equations may be integrated simultaneously
we must have

Hence we write

Q=F,= -qZ~Y;
then (^, 3̂)=0; (Fv Fj=Z,
and so we take Q=Ft =Z,

and then 0=^, FJ= ... =(F3 , FJ.

Hence Y=Q=Z; X+qP=Q; Q-(q-x)P=Q; substituting in

Q=Pdp+Qdq+Zda;+Zdz+ Tdy

we obtain 0=P (dp-qdx+qdq-xdq).

and therefore we may write as the intermediary integral

To obtain the complete integral of this we apply Charpifs method
;
we

must obtain an integral of

_ dp _ dq~
-q~
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This is given by j=)3 ;
and therefore

These values, substituted in

dz=pdx + qdy,

lead to the integral

2=&y+bfa (x ~ 0)
~ vx ~

>

which contains three arbitrary constants.

To obtain the modified integral ( 271) we write this

e=f= -ax+0y+$fia: (x-&)-c,

considering c as a function of a and )8. Then we have

n df 9o

0=-f= -x--^;
do. oa

Hence ^=0 ; ^=1 ; ^=0 ; Fj=0 ; and the equation in/ is

or, on substitution in terms of o,

df&~
'

9ac 3c
or finally 5^= 5- .

Off Od

But an integral of this is, by 259,

f(O

J -a,

and therefore an integral of the original equation is given by the elimination

of a and )3 between

*4j3# (x 19)
-

I e~
j

J -00

The second of these equations may, when the definite integral is integrated

by parts, be replaced by

=#- P
J
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Ex. 2. Integrate

'--*'

(ii) aft- - tePqs+ 4/pt+ Zpx
3=

;

(iii)

(iv)

(v)

(vi)

(vii)

(viii)

(Ampere and Imschenetsky.)

A fuller discussion is contained in the valuable memoir by Imschenetsky,
f/runerfs Arcliiv der Mathematik und Phyaik, t. LTV.

;
and in the memoir by

Graindorge abeady ( 223) quoted. Full references to other authorities are

to be found there.

MISCELLANEOUS EXAMPLES.

1. Prove that the integral of the equation

(*

as given by Monge's method is

where y+x is to be substituted for a after integration and / and F are

arbitrary functions.

Hence solve the equation

2. Solvu by Monge's method the equations :

(i)

(ii)

(iii)

(iv)

(v)

(vi) (r-8)a>=(t-8)y;

(yii) aA--^-2^+2=0;
(viii) (r-s')y+(8-t)a;+q-p=0;

(is) o>r+^-a!)8-yt=q-p.
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3. Solve the equation r+t=Zs, and determine the arbitrary functions 4)y
the conditions that bs=y

z when x=Q and az=aP when y0. /

4. Integrate the equation

r__ t__p_ _
op ifi y? ifl'3 u

and obtain a first integral of the equation

y

5. Investigate a solution of the equation

rt-s^O,

subject to the condition q
z=aP (1 +.p

a
),

in the form

6. Integrate the equation

having given that py qx=Q ;
and shew that a particular solution is

= Q cosh - .

Integrate also the equation

{(l+^*-2pJ +
and disouas the nature of the solution

7. Solve the equations :

(i) e^(r-p}=^(t-q); (ii)

(ui) xr+ajya+yq=Q; (iv)

(v) 2ar-2+323=0; (vi) x (r
-

o?t}
=

2p.

8. Prove that the only real solution of the simultaneous equations

=

s

9. Prove that the only real solutions which simultaneously satisfy the

equations

r+t=Za]

are comprised in

z=Jx* (a+ c cos a)+ cxy sin a+}$* (a
- a cos a)

where ca=a2+63 and a, /3, y, 8 are arbitrary parameters.
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10. Obtain an intermediary integral of

pqr=8(l+pr),

and shew that its general integral is obtained by eliminating a between the

equations

where $ and / are arbitrary.

(Serret, and Graindorge.)

11. Integrate the equations :

(i)

(ii) (xp+yq)(rt-

(iii)

Also solve, by changing the independent variables to | and
17
where .^=

and x=>

and, by changing the independent variables to and
77
where #=e^+17 and

12. Integrate the equations :

3% 23* &z

(Gregory.)

13. Find the surface whose equation satisfies

=0

and whose trace on the plane of xy is the hyperbola xy=a?.

14. Integrate the simultaneous equations

3 /3a .

"

15. Shew that the simultaneous equations

rt + c(r+ t)=Q, pq+cf(py-qx)=Q,

represent a series of coaxal paraboloids which cut any fixed plane perpen-

dicular to the RTfia in a series of similar conies the ratio of whose ax.es is
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16. Shew that the equation

in which (7, n, K are functions of #, y, z and q can be integrated if

and obtain the integral.

Hence obtain the integral of

{(x +yz) s -ypq} (x+y)= qy (1
-

z)

in the form

A

(Imschenetsky, and Graindorge.)

17. Obtain a solution of the equation

(fiu ffill B8!*

Sic
8

3y
2 33a

in a series of ascending powers of x. (Lagrauge.)

Solve the equation

,r-9 _ - _ a ,

ay*
J
oy oz azz

discussing in particular the case in which the discriminant of the left-hand

side is zero.

1^? Verify that the partial differential equation

is integrable in finite terms, if 6 (2j+l)=2i where i is a positive integer.

Solve also

*

(Legendre.)

19. Shew that the complete integral of

1^_9% 2 &M

a* a^2
~

9r3
+

r ^ r

being an integer) may be exhibited in the form

r (r r

where and ^ are arbitrary functions; and obtain in the form of a definite

integral the complete solution of
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20. Obtain as a definite integral the solution of

2,
x+y

21. Obtain a solution of the equation

_
Tt~

a
g?

in the form
'

roo /*Qo

Trti= I I a"
1*-*1

(3+ $auvk) du dv.
J a> J -co

22. Change the dependent variable from e to y in the equation

and hence obtain the solution of the equation in the form

23. Shew that if there be five functions z^ z.
2, , z^ zb each of which

satisfies the equations

where the a's and 6's are functions of # and y alone, then between them there

is a linear relation with constant coefficients of the form

If, in addition, any four of them as zu z^ z& zt be such as to satisfy

identically the equation

*U *2>
* 4 =0:

p

then there is also a relation of the form

Cft+0& +0aZa+C4 4=0.

(AppeU.)

24. Shew that the function ^(a, ft -y, fl, c, , y) given by the series

n(a+m+n-l) n03+i-l)n(y+n-*l)n(fl-l)n(e-l)
^ '

the summation extending for all integral values of m, and n from zero to

infinity, satisfies the two equations

(X
- s

)
r - xya+ {6

-
(a+ (9+ 1) x}p

- &yq - a|3z
= 0,

(y -ya
) * - a# + {

-
(a +y+ 1) y}

-
yap

-
aye=0.

Hence shew that F(a, 8 + c, -c, 0, e, s, y) is a solution of

c being an arbitrary constant. (Appell.)
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25. If there be three functions z^ z^ es satisfying

h (ft
~

ft)+ ga (Pa
~

ffi)+ 3
s (ft

~
ft)
=

where the 0*3, 6'a and c*s are functions of x and y, then there exists between

these functions a linear relation with constant coefficients.

(Appell.)

26. Shew that the integral of the equation

ma7> by differentiation, be connected with that of

s+ asyp+ (k+ n) yz= 0,

k being a constant and n being an integer.

Hence solve the former equation in the case when k is a negative iutoger.

Obtain the solution when Te is a positive integer. (Tanner.)

27. Obtain the solution of

in the form
s=ef

where and ^ are arbitrary functions.

Hence integrate s=

Integrate also

m the form

(Liouville.)

(Tanner.)

sin2 TO (/*+/)

where TZ is a constant, /" (a-)=0 (a?) 5 (j:) and /' (y)=^ (y) x (y) ^ ^
are arbitrary.

(R. Russell.)

28. Integrate by Ampere's method the equations

(i) u+

(iii)

w y x,

(Imschenetsky. )
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Abel, 249.

Amp&re'a method of solving the gene-
ralised form of Monge'a equation,
406410.

BesseTs equation, 169168 ;

derivable from Legendre'e equa-
tion, 169.

Bour, 347.

Oauohys method of integrating Eater's

equation, 241.

Oayley, 86, 92, 213, 248.

Oharpit's method of integration of

partial differential equations of the
first order in two independent varia-

bles, 317324.
Olairaut's equation, 27, 312.

Classification of the integrals of a par-
tial differential equation, 287299 ;

every integral is included in one
of the three classes, 291.

Complementary Function, 49, 62 65,
6G, 384, 389.

Complete Integral of a partial differ-

ential equation, 288, 866.

Cuspidal Locus, 33.

Darboux, 86, 297.
Definite Integrals, solution of linear

equation whose coefficients are of

first degree in independent variable

by means of, 217 223
;

.. proposition relating to solution
of general equation by means
of, 223227;

solution of a partial differential

equation in, 397.

Degree, definition of, 8.

Depression of order of equation when
one or more particular integrals are

known, 60, 115
;

when one variable is absent, 77.

Duality between partial differential equa-
tions, analytical, 813, 876;

corresponds to geometrical prin-

ciple of duality, 316.

Envelope Locus, 33
;
the only Singular

Solution, 36.

Equation of first order and first degree
has only one independent 'primi&ve,
16. .

Equations giving relation between dif-

ferential coefficients, 74 76.

Equivalence of linear equations of second

order, conditions for, 96.

Euler, 284, 360.

Euler's equation, 289 243 ;

generalisation of, 243 249.
Exact equations, 8286.

Ferrers, 169.

First Integrals, definition of, 9; num-
ber of independent, belongingto equa-
tion of nch

order, 9.

Functions, conditions for relations be-

tween, 11.

Gauss, 186, 212.

Gauss's n function, 166, Ifil, 198.
General Integral of a partial differential

equation, 291.

Generalisation ofany integral of a partial
differential equation containing con-

stants, 410 415.

Glaisher, J. W. L., 89, 176, 178.

Goursat, 213.

Graindorge, 342, 417.

Hankel, 161, 167.

Heine, 159, 169, 170.

Hicks, 153.

Homogeneous ordinary equations of first

order, 20;
linear of nltl

order, 66 ;

in general, 79 ;

partial equations, 392.

Hypergeometrio Series, definition of, 185 ;

differential equation satisfied by,

187;
particular solutions of this equa-

tion, 189194 ;

relations between these solutions,

194-203 ;

oases when expressible in a finite

/ form, 204212 ;

as a definite integral, 230.

Imaohenetsky, 842, 411, 417.

Independence of Particular Integrals of

general linear equation, conditions

for, 110.

Intermediary integral, 856.

Invariant of coefficients of linear equa-
tion of second order, 89.

Jaoobi, 92, 213, 284, 249, 942.

J.aoobi'Sjmeth.od of integrating the gene-
ralised form otEuler's Lqnation, 243.
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Jacobi's method for die integration of

the general partial differential of the

first order in n independent variables,

325842.

Kummer, 92, 218.

Lagrange, 92, 301, 317, 411.

Lagrange's linear partial differential

equation, 299303 ;

generalised form, 304.

Laplace's transformation of the linear

partial differential equation of the

second order, 877382.
Legendre, 860.

Legendre's equation, 143 169.

Linear equation with constant coeffi-

cient?, ordinary, Chap. m. ;

partial, 383393.
Lobatto, 234.

Lommel, 170, 176.

Malet, 90.

Mansion, 342.

Monge's form of solution of total diffe-

rential equations, 255.

Monge's method of integrating the

equation of the second order which
is linear in the partial differential co-

efficients, 868-^871.
Motion of particle under central force,

integration of equations of, 278."

Neumann, 170.

Nodal Locus, 33.

NormaJ form of linear equation of second

order, 90 ;

of equation of hypergeometric
series, 188.

Order, definition of, 8.

Particular Integral, 49, 5766, 67, 386,
391.

Petzval, 234.

Poisson's method for a form of homo-
geneous partial equation, 882.

Primitive, definition of, 8. .

Quotient of two solutions* of linear

equation of second order, equation
satisfied by, 92.

Rayleigh, 169.
Relation between linearly independent

solutions of a differential equation,
99, 112, 155, 168, 201.

Eiccati's equation, 170176 j

reducible to Beasel's equation, 173.

Bichelot, 248.

Eiohelot's method of integrating Euler's

equation, 289.

Riemann, 400. !
"

Routh, 170, 342.

Sohwarz, 92, 204, 213.

Sehwarzian Derivative, 92, 204212.
Series, possibility of integration in, 182 ;

form of solution when a vanish-

ing factor occurs in the denomi-
nator of a coefficient, 189;

form when such a factor occurs

in the numerator, 141 ;

integration of partial equations
in, 894396, 401405.

Simultaneous equations (ordinary),
linear* with constant coefficients,

"

265272;
with variable coefficients, 272

278.

Simultaneous partial differential equa-
tions in one dependent variable, 347
352.

Singular Solutions of ordinary equa-
tions of first order, 3039.

Singular Integral of a partial differ-

ential equation, 290 ;

derived from the differential equa-
tion, 296.

Solution of ordinary equation, what is

to be considered a, 6.

Species, definition of, 7.

Spitzer, 234. *

Standard Forms of ordinary equations
of first order, 1680 ;

of partial differential equations
of first order, 806312 ;

they are particular oases in whioh

Oharpit'e method (q. v.) proves
effective, 822 324.

Sturm, 170.

Symbolic Operations, 48 48, 384, 395,
399.

Symbolical method for partial equations
due to Laplace and Poisson, 898.

*

Symbolical Solutions, 176.

Tao-Locus, 35, 298.

Thomson, Sir William, 108.

Todhunter, 169, 170.

Total differential equations, which are

linear, 249257 ;

they separate into two classes, 266 ;

geometrical interpretation of

linear equations with three

variables, 268261 ;

case of 7i variables, 261 ;

equations whioh are not linear,
263.

Trajectories, general, 119;

orthogonal, 120.

Variation of Parameters, SB, 112, 116,
411.

<*

I WUUN fiQHiMOH INSTITUTE

UNTVBBBITY PRESS.


