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PREFACE.

In the present volume I have tried to make the
discussion of the various parts of the subject, which are
here given, as full as possible; and there will be found
much which has hitherto not appeared except in mathe-
matical journals. At the same time, the treatise does
not profess to be complete. Among the parts omitted
are the investigations by Fuchs-on, the integration of
linear differential ‘equations, those of Konigsberger on
the 1rreduc:1b111ty of differential equations the discussion
of Pfaff’s equation; the recent researches of Hermite and
Halphen, and the geometrlca.l a,pphcatlons of the hyper-
geometric series by Klein; only a very slight sketch
of Jacobi’s method for partial differential equations is
attempted, and there is no indication of the methods of
Cauchy, Lie and Mayer. These,and others here omitted,
I hope to give in another volume at some future date.

While writing this volume I have consulted many
authorities in the shape of treatises, memoirs and text-
books; and, though it is impossible to *give in detail
every reference, I wish in particular to mention, as
having deen of great use, Boole's Treatise and his
Supplement, Moigno, Imschenetsky and Mansion; and
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. I have used, to a slighter extent than these, Gregory’s
Examples, Serret and De Morgan. Many references to
original memoirs will be found in various chapters.

There occur, scattered throughout the book, many
examples, amounting in number to more than eight
hundred. Most of these are taken from University and
College Examination papers set in Cambridge at various
times; some are new, and many of them are results
extracted from memoirs which have been consulted. In
the case of the last, the original authority is, I think,
always indicated. I cannot hope that, among so many,
all results given are correct and all equations set are
soluble ; and I shall be glad to receive corrections of any
mistakes actually found.

In conclusion, I wish to express the very great
obligations under which I lie to my friend and former
tutor Mr H. M. Taylor, of Trinity College, Cambridge,
for his kindness in the revision of the proof-sheets.
He has caused the removal of many obscurities and
has made many valuable suggestions of which I have
continually availed myself My thanks are also due
to my friend Mr J. M. Dodds, of St Peter’s College,
Cambridge, for his kindness in reading some of the
early sheets.

A. R. FORSYTH.

Trintry CoLiEGE, CAMBRIDGE,
Qontomhor 1RRA



"REFACE TO THE SECOND EDITION.

TH1s edition will be found to differ very slightly from
first. In its preparation I have been much helped
the kindness of many friends and correspondents who
e sent me notification of mistakes and misprints.

My thanks are specially due to Dr Hermann Maser
3erlin for the honour he has done me in translating

book into Grerman.

A R F.

Irmiry CorLEeE, CAMBRIDGE,
Camtamhaor T1RAR



9, 10.

11,
12,
18,
14, 15.
18, 17.
18.
10.

20—22.

23, 94.

26, 27.
2.

29.
80.

CONTENTS. ’

CHAPTER L
INTRODUCTION.
F ion of Diff inl i and ch ter of sol
‘What is to be considered a solution

Definitions . .
Number of first mtegrals oi [ glveu equstmn .

+ Lemmas relating to functionality . . . . . P

OHAPTER II

DIFFERENTIAL EQUATIONS OF THE FIRST ORDER.

General equation of the firat order . . -

An eqnation of first order and first degree has on.Ly one pmmhve h

Btandard I.: variables separable . . . .
Btandard II.: linear equation .

Btandard IV.: one variable absent . . . . . B
Btandard V.: equation of the 7™ degree . . . . . .
Btandard VI.: Olairant’s form . A A RN
Existencs of Singular Solations . . . .
Derivation of the Singular Solution from the pnmmve . P

Hnvelope loous, nodal locus, cuspidal locus . 4 . . .
Derivation of the Bingular ion from the diffe ial ion;

introduction of tac-locus . . .
Envelope loous is the only one whose aquahon isa solntwn . .

An equation of the n'* degree has not neoessanly 8 Smgnlu Solation
Miscellaneous Examples . . . .

15
156
16
18
20
23
25
27
80
82
38

84
86
86
89



X CONTENTS.

CHAPTER IIL

GENERAL LINEAR EQUATION WITH CONSTANT COEFFICIENTS.

ART. PAGE
81—387. Theorems in differentiation and integration . . . . . 43
38. Form of the linear equation . . . . . . . . 48
39. Its primitive consists of two parts . . . . . . . 49
40—42. General properties . . . . . . . 49
43—45. Derivation of the Complementa.ry Functlon . . . . 52
46. Derivation of the Particular Integral in some typical forms . . 57
47,48. Solution of the homogeneous linear equation . . . . . 66

Miscellaneous Examples . . . S . . . 69

CHAPTER IV.

MISCELLANEOUS METHODS.

49. Limitation of methods in the chapter . . e .12
50. Solution of y™ =function of z e e e .72
51. Solutjon of y” =function of y B
52. Solution of y™ =funection of y»-1 . . . . . . . 74
53. Solution of y™=function of y»-2 . . . . . . 75
54. Depression of order when one variable is absent . R .7
55. Equations possessing generalised homogeneity . . . . 79
56. Exact equations which are linear . . . . . . . 82
57. Exact equations which are not linear . . . 84
58. General linear equation of second order is mtegrable when a.ny

single integral of a simpler form is known . . 86
59, 60. Reduction of equation to normal form in which the only a.lgebra.lca.l

coefficient is an invariant . . 88
61, 62. Equation of third order satisfied by quotmnt of two solutmns the

Schwarzian derivative . . . 90
63. Solution of particular cases of the lmea.r equatmn by change of

independent variable . . . . . . . 93
64. Conditions for equivalence of two given equntlons . . 95
656—67. Method of Variation of Parameters applied to equations of second

order . . . . . . . . 98
68. Solution in case of partmular form of the mva.na.nt . . . 104
69. Integration by resolution of the differential operator . . . 106
70. Form. of equation used by Sir William Thomson . . 108

71—73. Condition that a number of particular integrals of the general
linear eggation should be independent is the non-evanescence

of a certain determinant . . . . . . . . 109
74. Value of this dete inant . - 111
75. Derivation of the Particular Integral by the method of Va.na.tnon of
Parameters . . . . . . 112
76. Depression of the order when parhcuhr mtegra.ls are known . . 115
®



ART.

7.

78.

79.
80—82.

83, 84.

85.
86.

87, 88.

89.
90.
91.
92.
93—95.

96.
97—99.
100.

101, 102.
108.

104.

105.

106.

107.

108.

109, 110.

111.
112,

113.
114, 115,

116.

CONTENTS.

Solution when all particular integrals but one are known . .
Geometrical application; trajectories . . . . . .

General trajectory . . . . . . . . .
Orthogonal trajectories . .

Miscellaneous Examples . . . . . . .
CHAPTER V.

INTEGRATION IN SERIES.

Possibility of solution by a.pproximntion in the form of a con-
verging series . . .

Solation of {¢( ) +1 ‘,,(x __>}

Form of solution when a zero factor enters into the denominator
of a coefficient in the series . . .
Case in which there is a solution consisting of a ﬁmte number of

terms . . . . . . . . . .
LEGENDRE’S equa.tion . . . . . . . . .
The solution y =P, . . . . . .
The solution y=¢Q,, . .. . . . . . .

Different cases to be considered . . .

Primitive in the cases when there is only a Hm(.,h. pmtxcular
solution obtained, that is, when 2u is an odd integer

Differential relation between P, and (),,

Modified form of this relation . . . . . .

Besser’s equation

The solutions y=J, and y=J_,, . . . . .
Properties of the functions J

The solution ¥ =Y, when nis zero . . . . . .
The solution y =Y, when n is integral . . .
Differential relation between J, and J_,, . . .

Deduction of Bessel's equation from Legendre’s equation . .

Riccarr's equation . .

Cases in which this equatlon and 8 more geneml form are in-
tegrable in finite terms .

Reduction of Riccati’s equation to Besscl's equatwn .

Symbolical solutions . . . . . . . . .

Miscellaneous Examples . . . . .
CHAPTER VI.

THE HYPERGEOMETRIC SERIKS. *

Definition of the series; special cases . . . .
Differential equation of the second order sutmﬁcd by the series;
primitive of the equation . . . . .

Normal form of the differential equatmn . . . . .

X1

PAGT.
116
119
119
120
125

132
135

139

141
143
144
147
148

148
155
1456
159
160
163
164
166
167
168
170

170
178
176
178

186
188



xii

~ ART,
117, 118.

119.
120, 121.
122.
123.
124.

125.
126.

127—129.

130.

131.
132.
133.
134.

185.
136, 137.
138.
139.
140.

141.
142.
148.

144,
145.

146.
147.
148, 149.

CONTENTS.

Equations subsidiary to the deduction of particular solutions of
the cquation
Six values of the varinhle Llem(-nt
Set of 24 particulur solutions .
Lemma relating to converging sories . .
Division of the 24 solutions into six classes of four ea.ch .
The classes between the (-quu.l members of which a, linear relation
cxists . . . . ]
Expression for the scries with the va.rm.ble urgument ma,de unity
Gauss’s 11 functiom . . . i
Determination of the constants in the lmea.r 1e1a.t10ns of § 124 .
Tho Sehwarzian derivalive for the differential equation to be
applied to obtain the cases of integration in a finite form
Case L; (a"+1)2x=1s" . .
Cate IL.; x(at- 2653 = 17 = (a3 4 24 \/,; 1),
Casie [11.; combination of I. and I1.
Referencos to originel memoirs
Miscellaneous Bxanples

CHAPTER VIL

ROLUTION BY DEFINITE INTEGRALS.

Applicablo to lineur equations .

Torm of integral suitable for e¢ (D) 4 -+ |p (I)) Y= 0
General method of determination of the limits .
Particular form of this methed urually applied . . -
Proposition relating to the selution, by definite integrals, “of the

genoernl linewr equntion . . . -
Speeinl enuew of this puqm».itiun . . . . .
Form of solution suitable for ' <= Ay . . .
Application to the differential uquu.tuon of the hypergeometnc

series . . . . . . . .
Primitive of this cquntion in the: de nmtc-mtogrn.l form
Roferences Lo memoirs . . . . .

Misccllancous Examples . . . N

CHAPTER VIIIL

ORDINARY ®EQUATIONS WITH MORE TIIAN TWO VARIABLES.

Eurki's equation ; Richelot's meothod of integration . .

Cauchy’s method of integration . - ... .
Ueneralisation of Enler's erjustion ; me-thod of integration due to
Jacobi . . . . . . . . . .

PAGE

189
191
191
194
195

196
197
198
200

204
205

209
211
212
213

217
217
219
220

228
226
228

230
232
234
234

239
241

243



L56.

159.
L61.

CONTENTS.

Torar DrrrerenTIAL Equations; formation from given primitive

Such equations do not necessarily imply the existence of a single’

primitive
Relation between coeiﬁcxents in de+ Qdy + Rdz 0 tlmt o amgle
primitive should exist . . . . .

Method of integration when this 1e1u.t10n is satxsﬁed
Method of integration when this relation is not satisfied
Comparison of the primitives in the two cases .
Geometrical interpretation ; the locus represented is a fﬂmlly of
curves . . . . .
On any arbitrary surface there isa smgly mhmte sories of curves
In a particular case all tho curves lying on some ono surfaco are
included in the locus and therefore the surface itself is in-
cluded . . . . .
Identification of this case w1th ths,f. of § 1.)5
Total equations in n variables; conditions to be na.twfmd thut
such an equation should be derivable from a single primitive
Method of integration when these conditions are satisfied . .
Case of equations which are not linear . . . .
Smorranrous EQuaTIoNs ; eases in which they arise . . .
Method of integration of linear equations with constant co-
efficients . . . . . .
Relations between the mbltl ary constn,nts
Number of independent arbitrary constants in the 5.,Luu.ul caso
Forms of solution (i) for imaginary roots, (ii) for equal roots
Special forms of solution . . . .
Simultaneous equations with variablo coaﬂu.,u.ntu, Huﬂu,mnt to
consider equations of first oxder . . . .
When in the modified form there are m dependent var m,bl(.s, tho
solution can he made to depend upon thai of an ordinary
cyuation of the m* order . . . . .
Casc of simplification . . . . . . .
Integration of the equations of motion of a pu.rf.nclo moving under
a central force . . .
Miscellaucons Exa.mpleu . . . . . . .

CHAPTER 1X.

PARTIAL DIFFERENTIAL EQUATIONS OF THE FIRST ORDER.

Notation and definitions . . .
Classification of integrals of u partial dlﬂarcntml e uutlon . .
The Complete Integral . . . . . . . .
The Singular Integral . . . . . ..

The General Integral . . . .

Every solution of the equation i mcludcd in somo one 01’ the

thyoan asnoral slacene

xiii

PAGE
249

260
260

261
262
263
2656

266
267
268
268
264

273
275

278
242

286
287
287
28K
2490

ont



X1v

" ART.
182.

183.
184.

185.
186.
187.
188.
189.
190.
191.
192,
193.
194.
195.
196.
197.
198.
199.

200.

201.
202.
203.

204.
205.
206.
207.
208.

209.
210.
211.
212.

218.
214.

215—222.

228.

224.
226.

226.

CONTENTS.

Geometrical interpretation in the case in which therc are two

independent variables . . . .
Derivation of the Singular Integral from thc dlﬁcrentml equa.txon
LAGRANGE’S men EquaTioN ; the differential equation equivalent

to ¢ (i, v) . . . . . . .
Derivation of mtegru.l of Pp + Qq . . . . . .
This integral is the most general . . . . . . .
Particular solutions of the equation . . .

The form of equations which have an integral ¢ (u, v)_
Generalisation to the case of # independent variables .
Stanparp Forms . . . . . . .
Standard I.: ¢ (p, ¢)=0 . . . . .
Geometrical interpretation of ¥ (p, q)=0 . . .

Standard IL.: x (2, p, ¢)=0 . . . . . . . B
Geometrical interpretation of the integral . . . . .
Standard I1I.: ¢ (e, )=9¥ (v, q) . . . . . . .
Standard IV.: z=pe+qy+o (p, q) - . . . . .
Duality of pnrtw,l differential equations . . .

This duality corresponds to the prineiple of duality in goomebry
Dotermination, in speeial cases, of the arbitrary function which
occurs in the General Integral . . . .
Principle of Cuarrrr’s Meriton for the integration of the gem.rn.l
cquation containing two independent variables .
Deduction of the subsidiary equations used in this method . .

Re-enunciation of the result of § 201 . . . .
The Btandard forms are particular cases in which Charpw’
method is immediately cffective . . . . . .
Lagrange’s lincar equation is a particular case .
Proof that Standard I. is a particular case . . .
Proof that Standard IL. is a particular case . . . . .
Proof that Standard III is a particular case . .
The GeENeraL EquatioN of the first order with mdepcndont
varinbles . . . . . . . .
It can always be replaced by one which doeﬂ not contain the
dependent variable . . . . . . .
Principle of the method used by Jaconr for the integration of the
genoral equation . . . . . . .
Deduction of the neccssary submdmry equutxonﬁ . . . .
These equations arc sufficiont . . .
Formulation of the rule to which the method leads . . .
Lomma on functions connected with the subsidiary equations
Integration of the subsidiary equations . . . . .
List of authorities on partial differential equations . . .
Examplesof Jacobi's method . . . . . . .
SimurTantous Partisn Equations . .. .
Case in which the number of equations gwen is equal to the num-
ber of independent variables . . . - . .
Casge in which the number of equations given i leus thn.n the
number of independent variables . . . . . .

Minnallaneans Fxarmnler

PAGIS

294
296

299
300
301
303
303
303
306
306
308
308
310
310
312
313
315

316

317
318
319

321
822
322
323
324

325

325

326
327
329
381
332
334
342
843
847

348

849
852



CONTENTS. Xv

CHAPTER X.

PARTIAL DIFFERENTIAL EQUATIONS OF THE SECOND AND IIGIER

ART.
227,
228.
229,
230, 231.

232,
238.

234,

235.
236.

237, 238,
939,
240, 241.
242,
2433,
244,
245,

ORDERS.

PAGE
Notation and definitions . . . . . . 366
Simple eases of the cquation 1£r+,5x l-! t=l . . . .87
Moxars Process of integration of Re-+Sx+Tt—=V . . R bt
Investigation of the formn of cquation to which this process wmay

be applied . . .30
Deduction of intermodiary mtugrn.l of Itr + .Sn i 'lt “+ U(rt kn‘) Vo360
When U is zero, two interninediary intograls are, in general,

obtained . . . . . . . .6
When 7 is not zero, two mtermudmry mtcgmln ury nlun in
goneral, obtained . . . . . 363

Deduction of general integral from any mtormvdmry un‘.«-gm] {1}
When two intermediary integrals are obtained, thoy mny be
treated as simultancous oquations in p and ¢ . . . . 365

Proof of the proposition of § 236 . . . . . . . 36h
Sumnary of the moethod of solution . . . . . 1
Processes to be wdopted in failing cases . . . . . 370
Principle of duality . . . . . . . H70
Liarraes's transformation of the lnn mr (u[lul.tlnn ono form . . 477
T'wo integrable enses of the trunsformed oquation . . Hit]
Further transfornmtion when the conditions of § 244 are not.
sntisfied . . . . . . . . . . 8T
Alternative forin of the t.rn.nﬁformntlon . . . . 8Nl
PorssoN's method for a special forny of the hmmngunuouu oquation 3N
Lanean Bquation wirk CoNsrastT CoBFFICIENTR . . . PR H
The complemnentary funetion in the ewse in which difforontial
coeflicients only of the 1 order oceur . . . . . H8d
Particulur integral in this ease . . . . . NG
Method of procecding for the eomplomontary funouun of tha most
genoral form . . . . . . O8N

Modifiention of the complementary lunc.tmu in up( t-ml ARHCH . B0
Dixduction of the particular intogral . . . . . .oonn

Class of homagencons equations . . . . . . I ()

Mixcollaneons methods . . . . . . . B 1
. Lot e,

Solution of the equation a P in two forms . . UM

Proof that these two forms are aquivalont . . . . R
Hynthetic solution in the form of & deflnite integral . . P 4
Solution in this forin by a symbolical methed . . . . 8
LTI T T

nat s to =0 . . A (11
le'('m.l forms of solutions of this ujuation . . . . . 401
Avebue'e Veritan for the naustinn of R 99 Ann

HOI.UT!ON 1N Sentes; the oquation



xvi CONTENTS.

~ ART. PAGE

266. Modification of the subsidiary equations . . . . . 407

267. < Equations to be satisfied by a funetion W . . . . 408
268. ‘When this function W is known, a solution of the equatlon is

given . . . . . . . . . . . 409

269. General form of W . . . . . 410
270, 271.  Generalisation of an integral contammg a number of a.rbltra.ry

constants by the method of variation of parameters . . 410

Miscellaneous Examples . . . . . . .o4r



CHAPTER L

INTRODUCTION.

1. WHEN one variable quantity » is a function of another
variable quantity #, the relation between the two may be exhibited
by means of an cquation such as

¢ (2 y)=0.
In this equation constants may oceur; let one of such constants be
denoted by a. If the equation be solved for y in terms of a, this
constant ¢ will enter into the expression for y; and, by taking
different values for ¢, there will in general be oblained a unmber
of corresponding values for z If it be desired to indieato in the
fundamental relation the fact that the value of y depends on that
of @, this may be done by writing the above equation in the form

Y AT (i).

Now it is possible to derive from this equation another, which
shall include all the values of gy, which can be obtained by as-
signing all the possible values to the eonstant ¢, The differential
eocfficient of y with regard to z is given by

i b dy

?Jar+ﬂy da L cereeceaisaria. (ii),

in which a?c and 8‘(;/ indicate partial differentintion with regard to

z and y respectively.  Equation (ii) will in gencral involve the

oonutant a4 which (wenva in 71V aned 3F haturaon thoce tuan ceon o
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tions the constant be eliminated, the result of the elimination will
be of the form

f<w, v, ‘%) ) SO (i),

where f 1s a definite function depending on the form of the
function ¢ in cquation (i). Now cquation (iii) is one, which
includes all the values of y, which can arise from (i); for, while
it is derived from the two equations (i) and (i), in cach of
which « occurs, yct of the particular value of this quantity
no special account is taken and, were any other constant as o
substituted for ¢ in all the steps of the climination, the result
would be the same, since the constant 15 made to disappear from
the result.

In the same way, if y depended on two constants « and b in
a manner defined by an equation

P (z, ¥, a, b)=0,
and if the cquations which give the first and second differential
cocfticients of y with regard to # were written down, the two con-
stants « and b could be eliminated and the resulting cquation
would be of the form

i dy d"ﬂ _ weens
F (.4,, U dw.,)_o .................. (iii)'.

In all cases the functions f and F can be deduced (by methods of
the Differential Caleulus and of Higher Algebra) when the forms
¢ and P arc given,
In particular, if such a form be
0 (z, y)=ua,

from which « is to be climinated, then, as the equation embracing
all the values y, we have at once

a6 + 06 dy

oz ' 0y dx
no further climination being needed.

=0,

Thus, for example, the equation

¥ =4dax
leads to the cquation
dy

A — Dae s
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which is the general equation of all parabolas having the _samne
axis and vertex.

2. Such relations as (iii) and (i)’ arce called Diyferential
Equations ; the cquation (i), which is free from all differential
coefficients, is called a solution of (iii). As, in passing from (i)
to (iii), a single arbitrary constant was removed, so converscly,
in passing from (iii) to (i), it is just to cxpeet that a single
arbitrary constant will be introduced ; and sinee, in climinating n
arbitrary constants, there are needed the cquations giving the
first # differential cocfficients in addition to the original equation,
so converscly, in passing from such a relation between differen-
tial coefficients up to the 2™ inclusive to an cquation free from
them and equivalent to this relation, it i to be cxpected that o
arbitrary constants will be introduced.

3. Itismot difficult to see how these arbitrary quantities must
enter into the solution of the equation.  For the sake of simplicity
let us consider an equation such as

M+ N" ”

in which 47 and &V are functions of zand y. Let « and y represont
the Cartesian coordinates of a point I” in a plance referred to two
rectangular axes ; then the equation (1) 18 the equation of a curve,

anc iﬁ.rl/ is the trigonometrical tangent of the angle, which the

tangent to the curve at the point P makes with the axis of z,
80 that the above differential equation gives the direetion of a line
at cvery point in the plane,  Let any point 4 be taken on the
axis of y, and let us proceed from £ for a very short distance

in the dircetion given by the value of tZ/
shall thus come to another point . Let us proceed now from J3
through a very short distance in the direetion given by the value of

which it has at 4 ; we

i’l/ which it has at B; we shall thus come to apother point C.

If this process be carried out for a number of directions in sue-
cession, a figure will be traced in the planc; and, when cach of
the distances through which we suppose the tracing point to

vanun hacoinae indofinitale aomall tha frnre uwill hoocmn o nowen
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passing through 4. This curve will have a definite cquation,
whicl may be exhibited in the form
F('x’ Y yo) =0,

where v, is the ordinate of 4. Had another initial point 4" been
chosen instead of A4, then another curve would Liave been obtained
and into its equation the magnitude of the ordinate of 4’ would
have entered; the same result would ensue from taking each point
in succession on the axis of 7, because generally one curve and only
one passes through each such point. As each equation, or one
single equation as the representative of all, may be considercd a
solution of the differential equation, it is evident that into the
solution of the example we have been considering onc arbitrary
constant will enter; and therefore,if by any method we can obtain
an equation free from differential coefficients, it must be cxpected
that an arbitrary constant will be contained in that cquation.
But this arbitrary constant obtained by the latter method will not
necessarily be the ordinate of the point, at which the curve, repre-
sented by the solution, and the axis of y intersect; an arbitrary
element would have entered into the equation, had the tracing of
the curve begun from a point in the plane not lying on one of
the coordinate axes.

In the example considered the equation giving 3—; had only

a single root ; when it is of the form

(4 +ritra-o
then the integral equation will be of the form

A+ AP + Q' =0,
where 4 is an arbitrary constant. And it is not difficult to sce
that, if the differential equation be of the n** degree in (dTZ, then
the corresponding integral equation will contain an arbitrary
constant raised .to the n™* and lower powers.

4. From what has been said as to one of the methods by
which differential equations can be constructed, it might be deemed
an easy matter to return from the differential to the integral
equation: but this is not so. The stens of an alimination cannot
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be retraced, and therefore some other method or methods must be *
adopted. The methods which are most effective for the solution
of several different forms of differential equations will be discussed
hereafter.

5. When we pass from a given integral function to the equi-
valent differential equation, the latter may prove to be of a form
which is not included among those already known ; so conversely,
if we pass from a given differential equation, we must not expect
to arrive necessarily at a function which will be included among
those, with the properties of which we are acquainted. It is
‘therefore desirable to indicate what, in such a case, would be
meant by the solution of the differential equation.

When, in algebra, we ask whether any particular equation can
be solved, we thereby enquire whether the value of the variable,
which occurs in it, can be expressed in terms of known functions.
Thus, for instance, in the equation

az="D

the value of # can be obtained immediately by a process of division:
But let the equation be

£=K

To solve this we have to introduce a function, which was not
necded for the former equation; and, expressing £ in the form

E=1 K,

we consider the equation solved. Now equations of the third and
fourth degree can be solved by means of functions strictly analogous
to these—the cube root and the fourth root of quantities; but
general equations of the fifth and higher degrees cannot be solved
in terms of these functions or combinations of these with similar
functions. It does not therefore follow that solutions of these
cquations do mnot exist; they can only be solved when functions,
unused in the solution of equations of lower degrees, are intro-
duced. ?

Similarly, in the case of a differential equation, when we say
that it can be solved, we do not mean to imply that the solution
must be expressible in terms of purely algebraical functions, of
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~ exponentials (including sines and cosines), and of logarithmic
functions (including inverse circular functions). The equation

dy _
dz 2
is equivalent to
y=a"+A.
But suppose that the properties of the logarithm were un-
known, and that the differential equation

dy 1

de z

were proposed for solution. We should then have
and, calling

we should prove the relation

S (@) +f ) =5 (ay),

and become acquainted with the properties of this new function so
as to'include it amongst known functions. But, had we not been
able to deduce the properties of f (z), the valuc of y given by,

A+fi’-’
&

would still have been considered a solution of the differential
equation. In fact every differential equution s considered as
solved, when the value of the dependent variable is expressed as a
JSunction of the independent variable by meuns either of known
JSunctions or of integrals, whether the integrations in the latter
can or cannot be expressed in terms of functions already known.
Thus, for instance,

y=A+f:dw
is a solution of
L] dy_
$zz,z’—8p,

although the value of y cannot be expressed otherwise than in this
form without the introduction of a new function the propertics of
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which can be investigated. In this way the solution of differential -
equations is continually suggesting new functions to be added to
the stock of those already known.

6. Before we proceed farther, it is desirable to give definitions
of some terms used in the subject.

Any equation which expresses a relation between dependent
variables, their differential coefficients of any order whatever, and
the independent variables is called a differential equation.

Differential equations are divided into two species, viz. :—

I Ordinary differential equations, into which only a single
independent variable enters, either explicitly or implicitly, and
to this variable all the differential coefficients have reference.
Should there be several dependent variables, the number of
equations necessary for their complete determination as functions
of the independent variable is equal to the number of such
variables. Thus, for instance, we might have

2
flt’ + px =0,

in which z is a function of the only independent variable ¢; and

(«* +y’)l— +pr = 0

e oo
in which # and y are both functions of £. _,

II. - Partial differential equations, into which two independent
variables at least and partial differential coefficients with regard
to any or all of these variables may enter. If several dependent
variables be present, the number of separate equations must be
the same as the number of the separate dependent variables;
but the occurrence of such systems of equations is relatively rare.
As examples of partial differential equations we may consider

o () =0
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. op _ oY)

and . a_.%_ ay
o __

oy oz

The order of a differential equation is the same as the order «
the highest differential coefficient it contains.

The degree is the power to which that highest differenti:
coefficient is raised, when the equation is in a rational form an
freed from fractions.

The equation
ol
 dz T dy
dz

is of the first order and second degree ; the equation

[+ (e

is of the second order and second degree.

If a differential equation be such that, when it is rationalise
and freed from fractions, the differential coefficients and th
dependent variable enter in the first power and there are n
products of these, while the coefficients in the separate terms ar
either constants or functions of the independent variables, th
equation is called lZnear. The following are examples of linea
equations :

A -2 =4 —2xi—i+n(n+1)y=0,
B’V oV vV

Tt =
az 0z
8 +ya —-z=0.

The relation, which exists between the variables themsclve
without their differential coefficients and which is the most geners
one possible, is ealled sometimes the general solution, and some
times the primative, of the differential equation.

7. The process of deriving the primitive from a given dif
ferential equation will frequently be the deduction of a firs
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integral of the differential equation, that is, an equation of an -
order lower by unity than that of the original equation and
containing an arbitrary constant; then of a first integral of the
latter which will be a second integral of the original equation;
and so on, until differential coefficients cease to appear. This
will be the case when the operation has been repeated the
number of times equal to the order of the original differential
equation. Now the form of the first integral will be affected
by any transformation to which the equation may be subjected
prior to integration; and, since a given equation may be trans-
formed in a number of different ways, there will be a correspond-
ing number of different first integrals. But these will not all be
necessarily independent; and, as a mattey of fact, if the equation
be of the n® order, it cannot have more than n independent first
wntegrals. For example, the differential equation

2,
ity =0
has the following first integrals, viz.:—

(&) s

gzcosw+;ysinw=B,
dy . _
—dms1nw+ycosa:—0,
g%=ycot(w+a);

but they are not all independent, the four constants 4, B, C, a
being connected by the equations

B =4 cosq,

C=Asna

When a system of first integrals has been so obtained in any
case, it can be used as a simultaneous system, from which the
highest differential coefficients can be eliminated; and if inde-
pendent first integrals of the equation, equal in number to the
order of the equation, have been obtained, all the differential
coefficients can be eliminated from them so as to leave the primi-
tive. Thus from the second and third integrals in the foregoing
example we might deduce
y=Bsinz+ Ccos z,

’ /a )
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and from the first and fourth
. y =4 sin (z + a),

each being a primitive; these solutions are seen to coincide ou
account of the relations between the constants.

8. We proceed now to give reasons for the statement made
in the last paragraph.

A differential equation of the order n has n, and cannot have
.more than n, independent first integrals.

From what has already been said it is clear that an integral
relation between y and z involving n arbitrary independent con-
stants would lead to a differential equation of the order n. Let
the g1ven integral equation be differentiated n —1 times in
succession; the n —1 resulting equations will involve all the
differential coefficients up to the (n — 1)® inclusive and there will,
with the original equation, be # equations in all. Now from n
equations, in which n quantities occur, all but one of these quantities
can be eliminated. Let the n arbitrary constants be denoted by
Cp,Chnnnnnn. , C,; and from the n equations, which we have, let us
eliminate all the arbitrary constants except C,. The resulting
equation will involve the variables and the derivatives of y up to
the (n — 1)® inclusive and will also involve C; it will therefore be
a first integral of the differential equation of the order » which is
equivalent to the given integral relation. Now eliminate all the
arbitrary constants except C,; the resulting equation will now
involve O, and, as before, derivatives of y up to the (n— 1)" in-
clusive and will therefore be a first integral of the differential
equation ; it will, moreover, be independent of the former, since C,
is independent of C,. Proceeding in this way with all the constants
in turn, we shall obtain # independent first integrals, each of which
arises from the elimination of all but one of the n independent
constants.

As there are not more than n independent constants. occurring
in the general integral equation, any other constant, which could
appear in it, must depend on C,, C,, ......... , C.; let A be such
a constant, and let the relation between them be denoted by the
equation

Y (4, C
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'hen between this, and the original integral equation, and the
-1 cquatmns vbtained by differentiation, (forming n+1 equa-
ons in all), the n constants C' may be eliminated and the result
ill involve the differential coefficients up to the (n—1)® inclu-
we and the constant 4. This would be a first integral of the
ifferential equation, but it is not independent of the n already
btained ; for from these let the respective values of the quantities
" in terms of the variables and the differential coefficients of y
e derived from the separate equations, in which they occur singly
nd be substituted in the equation 4 = 0; this equation will then
e one involving the differential cocfficients up to the (n—1)* and
he constant 4, and will thercfore be the same as the foregoing.
n fact the two processes are merely different methods of obtaining
he onc result, and the second shews that the first integral so
btained is derivable from the other n first integrals. Hence the
ifferential equation of order # has not more than n independent
st integrals. .

9.. It is convenient to add here two lemmas to which frequent
eference will subsequently be made.

Lemma I. Let ug, u,, ...... , 4, be n functions of the n variables

Uy gy wennen , Z,, these variables being independent of onc another ;
f among these functions any relation, which may be represented- by

Fu,ug,......... yu) =00 ereeens @),
e identically satisfied, so that w, u,, ......... , 4, are not independent
£ one another, then the equation

Ou, ou, .

} AT 3 ceesssrsesesssnaisnse vt =000

Oz, ' Ox, oz, @)

duy O, Ouy

Bt fm e ¥

Ou, oOu, Ou,

Bt pa T o

8 identically satisticd.

Since equation (i) is identically satisfied, when for w,, u,, ...... U
wre substituted their values in terms of the independent variables,
he partial differential coefficients of F of the first order with
-egard to each of these variables are scparately zero. Thus we
1ave
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OF u, , OF 0u, oF du, _
. ou, Oz, Ou, 0z, T ou,ox,
oF ou, OF ou, oF Ou, _
a“u—l a;g 3?,6;-8;2 + ............ +a—u,,37,_, —O,
OF 0u, , OF 0 oF o,
ou oz, Ou,0x, T ou, 0z,

Let the ratios of the » partial differential coctficients of F with
regard to the w’s be eliminated between these n equations, which
are linear in these quantities; the result of the elimination is

ou, Oy, o,

»
a—xl , a.'l;l ) eeeeeeeeseeteeieanas , s, =),
ou, Ou, o,

P ',
........................................ |

iaul aﬂn ;)112
m,’ B, b

and this is identically satisfied. The valne of a determinant is
unaltered by the change of rows into columns and columns into
rows; when these changes take place the above equation becomnes
equation (ii), which is thercefore identically satisfied.

Lemma IL. The converse of this is also true: If w,, u, ... J U,
be n functions of » independent variables #,, «,, ......... , @,, and if
the equation

(Ow, O, o, 0

dm, >y e e,

du, Ou, TR

Bt i s un
........................................ ]

du, Ou, ou, |

Ba s e

[
be identically satisfied, then the functions u,, «,, ......... , i, nre nob

independent of one another, but are connected by a relation of the
form '
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If the n—1 functions u,, u, ......... , %,_, be not independent
of one another then the proposition to be proved is at once granted;
we may therefore suppose them independent of one another.

Between the n functions % we can eliminate n—1 of the

variables; if the remaining variable, say ,, be not thereby
eliminated the result may be written in the form

uu=¢(ul’ uﬂ’ b n—l’ )

If the equation of condition be written in the form

~

0 (1, Uy, ...... u,)
v wren )
0 (2, Zgy vev-o. &)

we may write the theorem for the multiplication of determinants
in the form

0 (U, Ups wvv-e- s U,) 0 (U, Uy, ... , u"_,, ¢) 0 (U, Uyyeennn. s u"_l, z )
0 (&, Ty veeee y @) O (U, Uy, eeeeen S U *2 (m ......

-1 Z,
The left-hand side is zero by hypothesm. Smce the functions
Uyy Ugy eneen , %, , are independent, the first factor on the right-

n—1

hand side is % ,.and the second is 0 (uy, 2y, ooy u"“-)-. One of
oz, 0(z, 25 oovy &, )

these must therefore vanish. If it be the former, then ¢ is ex-

plicitly independent of «,, so that u, is a function of u, u,, ..., u,_,

only; and therc is thus a relation between the original » functions.
If it be the latter we have

0 (ug, U, -..... y U
0 (z, &, -.....

an equation, which corresponds to the given equation of condition
but in which there arc only n—1 functions of n —1 variables,
since for the differentiations that now occur «, may be considered
a constant. This is treated in the same manner as before; and we
should find cither that there is a relation between w,, u,, ..., %,_,
considered as functions of z,, #,, ...... z,_,, or that a new equation
of condition involving n—2 functlons of m—2 variables would
hold. If the relation between u,, u,, ..., exist, it will be of the
form

n-!.
L]
Y (2, Upy eeeenny Uy, T,) =0
which will involve z, since we have assumed that u, u,, ..., %, _,

are independent of one another. Between =0 and u,=¢ we can
eliminate 2, and obtain a relation between u,, u,, ..., %

'm*

P
- L
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Proceeding in this manner and diminishing by unity each
time. the number of functions, which enter into the equation of
condition, we can prove that one of the two necessary inferences
at each reduction is the statement contained in the proposition.
And when the reduction has been repeated n—1 times the only
alternative 6f the proposition is that any function, chosen at will,
should be such as to satisff %: 0 for some variable £ which can
be chosen at will. As this is evidently not the case, the truth of
the proposition follows.

10. As a particular case of the general lemmas we have the
following. Let U and V be two functions of two independent
variables 2 and y; then if V can be expressed as a function of U
alone, we must have

oUdV oUV _ ..

b0 By "0y o =0
and conversely, if this equation be satisfied, then there is a relation
between U and V satisfied for all values whatever of z and 7 such

that
V=r(U).

Ez. 1. Are the functions
r+2y+z 2-2y+3z 22y —wz+dys—2u?
independent of one another?
The equation of condition is

1, 1, 2-2 l=0,
2, -2 , 2r+4z
| N 3, —r+4y-42 ‘

which is evidently satisfied since
3rd row=2(1st row)—% (2nd row);

and therefore the functions are dependent. To find the relation between
them, if we call them %, , w,, %;, we have

2z =u; +u,— 4z,
and therefore Y=1u ~ Up+22;

. dug =t~ up?
on substituting these values.
Ez. 2. Prove that the functions aw?+by2+c2? Az+ By+ Cs and

a’z?(Ble+ C?h) + 6% (C*a+ A%) +c*? (A% + BPa) — 2abc (BCyz+ CAsx + ABzy),
are not independent ; and find the relation between them, N



CHAPTER II.
DIrrERENTIAL EQUATIONS oF THE FIRST ORDER.

11.  Tug general differential cquation of the first order may be

resented by
dy
F(.‘l-‘ ). '-)=O
' A ’

sre s o rational and algebraical function so far as the differ-
ial coefficient is concerned.  In this gencral form the equation
not be integrated; but there are certain particular forms, to
or other of which many equations can be reduced, and which
it of immediate solution.  These forms we may call standard
ns.

12.  Before considering them in detail, we will prove a pro-
ition, which is merely a particular case of the general theorem
ieatedd in § 8, viz, that a differential cquation expressible in
form

n N,
:
ere M oand N are one-valued functions of & and y, cun huve only
indlependent primitive.
Suppuose that, if it be possible, two primitives
¢1 (""‘: y) =,
¢y (@ y) = b,

‘¢ been obtuined.  From the first of these the value of % 18

en by
W T,
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14. STANDARD II. Linear Form.

When the equation of the first order is linear, it may be
"written in the form

dy '
da:+Py Q -

where P and @ are functions of # and are explicitly independent of
y. Multiply each side by

P
ej’ dz;

then, since
I pgPa_ a4 { &P}

the equation becomes

dy e_l‘sz_'_y(Td' P _ g7
on integration (the left side is now a perfect differential) we obtain
as the primitive

ye‘rpdx = 0+[Qefpdz dz,
that is,
y= Qe ¥z | g~ 1Pz f Qef‘m” dz.

dy z 1
Ez. 1. T TIRd= 2(1+a%"
As in the general case,
J‘ zdx zdz

ye 1+m’_0+/ 21+ z) o1+t
dz

z
1+(14a2t

hence y(1+:02) 0+,[x

=C+log

Ez. 2. Solve (i)‘ m(l—xz)%+(2z2—1)y=aw";
- (i) %ﬂy cos z=4sin 2z ;

J (i) y%/+cy2=acos(x+ﬁ); *~

) Zry®_g@2. . .
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Ez. 3. Shew that the solution of the general oguation may be oxhibited

in the form
y= ?)_c'f]’lﬂ‘l:c +/“f1’:[.z: (l?‘] .

15. An important associated form, which can be solved by the

same method, 1s
dy
d.z

where P and @ arc functions of @ alone.

+ Py =Qy",

Divide by y*; the equation then is
1 d/1 5 1
a1 dz (j.-‘;) +1 Yy =0,
d/1 , 1
or 15 (i)~ =P pi==Q@m-),
which is the standard form; and the general solution is

1 - ~(n=1)[ D"
ot 1)mzx=0_(w_l)er (=0fPdz g

n-1

Y
Ez. 4, Solve a2 E—;"'/l_+.1/_--'i/'-’ log .

This becomes, alter a transformation similar to tho above,

‘l. { _l (. llnr'r
de\y) ya” T x B0

the primitive of which is
bod dz
_l.c_jz ____C - j(l.'ﬂ l()gf ”—j-z.'
@

y
This is L
£y R
. C+I"ﬁf+ 1 :
@l
1
whernce v L+ Cetlogz.
Lo
Er. b, Solve () pdrse S

(i) (1-2 :llj' LS e
d.

(iii) (l:':/,'+w"/ = yisinz; 4

@iv) (‘Z (2% 4 zy) we 1,
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Ez. 6. Shew that the four equations in § 7 lead to the same primitive
15 Staxparp IIL  Homogeneous Equations,
The equation when of the first degree and expressed in the
form N
¥ _N
dax

is said to be homogencous, when M and N are homogeneous
functions of # and ¥ of the same degree. In this case we can

write
)
—
)
r being the degree of M and N. On the substitution of
Y = vz,

so that » may be considered a new dependent variable, the equation
becomes

(v+25) ¢ @ =+ ),

o, _¢mdv__,
. PR YOREA O N
in which the variables are separated ; the integral is

(v)dv
10gw+fmm—A.

The primitive will be given by the substitution of % for v

after the integration has been performed.

If the equation however be not of the first degree but still
homogeneous in z and ¥, it may be written in the form

y dyl _
F{z dx}_o.

There are now two methods of proceeding. The first method

1s to solve the eyuation considering it as an equation In d—i; let &

%)

solution be expressed.by
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This is the case already discussed.
The sccond method iv to solve the cquation eonsidering it ons

an cquation in 4 then we should have
a
V(.
.‘l.'”‘,' ((/.r',' =Sitp
or Y ==l p).
. . dy - . e .
where p 18 written for L Differentinting this with vegard to
o
we have

. lf }
p=A(p) +af () ,,_’,. :

and therefore "‘

de £ (pmrdp
@ p=filp)

This gives on integration

g = (1[4 (0011
="k (p)
say ; the elimination of p hetween the st equation aed
yoaf ()
will give the primitive. But it ix not wlways desizable toelinainnts
p; it may be retained ns the paramcter of a point on the corpee

sponding curve, in which ensie its wse would bee similnr to that of
the cecentric angle of & polnt. on an e lipwe,

Ex. 1, Bolve by dy -4y
T *

When we write y = rr, the squstion beennen
vl dr
4

) 0,
(I v .
whence ! bog 0 I :
1ot Pwvydlogr - 8,
r
or {r—y,e? ¥ a4
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l'- 1 : - 1% I
Lr. 2. Solve 0] -l'+.'/:l:lll:—*—"ly;

2 ".!{.I-’/_ . d."/
(!l) Vot o fl.‘z-‘_"L“/.* .
'o".-'. Solve ~ . (['/_ .
Er 3 (]\l (((.l+h.l/+ )d.__jl_q,_*.B‘,/_'_a

Lot fk £ and g2 £4p, and suppose £ and % so chosen that
tth+bf+c=0,
Ah+ BhofC=0;
then the equation becomes

l{’]

(e +/ir,) g

EE AE o4 B’]J

which in hotaogeneous,

A B (G- .

If however L but ., differs from each of these fractions, then
erpaations piving A and & are inconsistent.  Let each of the equal ra
ta erpand to wey then

. d,
(et by 1) ;[":-/': m (wz+by)+ C.

Subntitnte e hy=n;

) me4C_ do
then ath. nbe S’
nmed the varinbles are separable.

A ¢

If ay the equation is
[ b ©
dy
A
o that J e B,

Er.d. Solve (@) 3y-Tr4+7= (3.1:—71/—3)%;
. !
(ii) (i:"4-4y+3):1‘;”_=2.1/+m+1;

(i) (Be+by+6) Z"Z_=7y+.z‘+2.
£ n, Shew that the equation
dy
P+ ) L= tt+ 0y,

in which 7% ¢ and®2 are homogencous functions of z and y, P and Rbe
of the saane degree, may be solved by the substitution y =vz.
Er, 6, Solve

(A% 4 By +ar+By+y) :Z= Azy+By*+dz+By+v.
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17. Let now the curves, whose cquations arc the complete
primitives of the homogencous equation, be traced; they forn a
system of similar curves. For let there be drawn through the
origin any radius vector cutting all these curves and making an
angle @ with the axis of «; the inclination to the axis of z of
the tangent to one of the curves at the point where this radius
vector meets it is given by

tan ¢ = - —f1 (I/> = f, (tan @),

and therefore all the tangents at points lying on this line are
parallel. And therefore the curves arc all similar and mmxlarly
situated.

18. StanparDp IV.

Equations arise in which one of the two variables does not
explicitly occur.

Consider first that class from which the independent variable
is absent. The cquation will then be of the form

(o -0

As in the general equation under Standard 11T, there are two

methods of procecding. If it be possible, we may solve for fg 80

that
%Z=f @,
in which the variables are scparable; the primitive is
dy
)
Or, if it be possible, we may solve for y; suppone a solution to
be given by

=g+ .

y=/5 ({l.l) =f.(p).

Differentiating with respect to z we have

, d;
p =f1 (I’) dZ’
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in which the variables are separable : and the integral is
. w=ff'——1§p)dp +4,

which, when combined with

y=ri(®
for the elimination of p, will furnish the primitive. It may be
more convenient to leave p uneliminated.

Let us now consider the class from which the dependent variable
is absent. The equation will then be of the form

dj
&, (= o) =0.
. dy do
Since o dy
this equation may be written

¢,(w, )0
7

da
or [ (m, d—y) = 0,
an equation of the former class, and soluble by the methods thereto
applying. These methods however may be applied to the equa-
tion without melking it undergo this transformation. Solving the

=1,

equation if possible for %, we shall have
B_ 7 w;
and the primitive is therefore
y=[F(g)dz+ 4.
Or solving for z in terms of Z—%, when this is possible, we shall
obtain

L er s

Differentiating with respect to y (the absent variable) we have
lorp®
? - Fx (P) d_]/ ’
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the integral of which is
y=/pF, (p)dp+C. -
This, combined with
z=F, (p)
constitutes the primitive.

Ez. Solve ® y=aZis (ﬂll)’;

@ 1 (L)'= GreL

| I\/
19. Sranparp V.

When the equation of the first order is of the »'" degree, suppose
it arranged in descending powers of the differential coeﬂ?lcxent

that it may be written
a=1 n=1
(ZZ) +P, (ii) +P,(g—£) e +P,,,dm+P =0,
in which P, P,, ...... , P, denote functions of z and y. If we look

upon this as an algebraical equation in 2—‘5, which has n roots
Dy Dyp veveee , D, (these being functions of # and y), the equation
becomes

(ﬁi 7 (ZZ p,) .................. (Z_Z - p'_) —0.

This can be true only, if one or more of the factors on the left-
hand side vanish; and therefore any relation between # and y,
which makes a factor vanish, will be a -solution of the original
equation, while no relation which does not make some factor vanish
can be a galution. Suppose then that the primitives of the equa-
tions

ZZ -p,= ,g—i——p,=0, ............ * T p,=0

(deduced by means of one or other of the preceding methods) are
. (@ y, C)=0, ¢y (&, C)=0,.cc0rrnee. , Paba, 9, C)=0

respectively ; all possible solutions of the glven equation will be
contained in

& (2,9, C) @y @ % C)uuvrrnennnn ¢a (7, 9, C)=0.



26 EQUATIONS OF THE FIRST ORDER. [19.

But the generality of t}is integral will still be maintained, if all
the constants C,, C, ...... , U, be made the same, say C; for in order
to find a value of y we must equate to zero some factor on the
left-hand side of the new form, and this would give an equation of
the form

¢,(E, Y 0) =0.

Now C is an arbitrary constant; if then all possible numerical
values be given to it, there must be included in the series of con-
sequent equations all the integrals, which can be derived similarly
from the corresponding factor of the first product. Hence we have
as the general complete primitive of the original differential
equation

&, (@9 O) b, (@, Y, C)evrrrennn. ¢ (2,9, 0)=0.
B 1. 24t ~2ayp +y’-z’y’;z‘.
Then ap—y=ta(@+ph

whioh, by the substitution y=2z2, becomes

‘When the positive sign is taken, the solution is
2=3["*° - 6"***] =sinh (z+0).
The negative sign gives z=ginh (¢-2);
hence the general solution is
[y—zsinh (z+¢)] [y ~ 2 sinh (06— 2)]=0.

Ex.2, Solve ) <%)’_ 2oo;
@ () +st¥

Ez. 3. Solve

() %+ 3ayp +9yt=0;

(H) 2%+ Bayp+350=0;

(i) p(p+y)=z(z+y);

(%) p=(aay +3) '+ (o +%+ay) p- 2%y =0;
(v) (a*—28) p¥+ba (a8 — 2%) p?—p - bzr=0;
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o) (1--%)p-atpr ”;=

i) p+(a+y-28) pray+ §-g-Lo

Er. 4. Shew that, if the general equation be homogeneous in z'and , it
can be solved by the substitutions

y=tz,

2%,
T
Hence solve

—i+Zp_Z o,
Poiptrr—gy

20. StaNDARD VL Clairaut’s Form.

The equation to which this name is usually applied is
y=pz+f(®)
in which p stands for %
Differentiate the equation with regard to «: then
d
p=p++f (DNE
8o that either
d_
3= 0

or a+f (p) =
Taking the first of these, we have p =c a constant; and hence the
primitive is
y=ca+f(0).

The second equation expresses @ as a function of p, and therefore
if p be eliminated between this equation and

' y=po+f(p)
a relation between y and « will be obtained.

Of these the former is evidently a solution of the equation, and
from it the differential equation can be deduced ab once; for on
differentiating we obtain

p=c
and eliminating ¢ we have

y=pe+f(p)
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If now we turn to the other relation between # and y, which
will be that derived from the elimination of p between
y=pz+f (p)}
0=z+f ()’
it is at once evident that it contains no arbitrary conata.nt and 80 is
not & general solution.  Yet it may be a solution of the equation ;
for differentiating the first equation we have

dj
W ptlots DI
=p
by the second equation unless % be infinite; eliminating p from the

equations y =pz + f(p) &nd%:p we obtain

d d;
y=a oy + f (_ﬂ) ,
which is the original equation.

21. The relation between the two solutions, when both exist, is
easily indicated by geometrical considerations. The first solution
y=co+£(0)
represents a family of straight lines; if they have an envelope, it is
found by differentiating the equation with respect to ¢ (in fact,
this is equivalent to giving ¢ a pair of equal values for the same

values of z and y) and then we have

0=a+f (c)
The result of the elimination of ¢ between these equations will be
the same &3 that of eliminating p between the two

y=pz+f(p)

O=z+f (p)
and therefore the curve represented by the latter is the envelope
of the family of lines represented by the first solution, should these
lines have an envelope.

Such a solution of the equation, which is not included in the
primitive (but which may be derived from it in the above manner),
is called a Singular Solution. We shall shortly return to a more
detailed discussion of singular solutions.

* It should be noticed that for parposes of elimination p is merely & guantity
likely to depend upon y and z; it is not now necessarily % .
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Ez. 1. Solve y=.1,?2+;,
The first solution is
a
y=oo+s.
The second is given' by the elimination of p between
a
O=2——
Fa
and the original equation; eliminating p we have
yi=4daz.
The latter is the singular solution ; the curve rep ted is touched by all
the lines included in the primitive.
Ez 2. Solve T @) y=pr++p);

() y=pz+p-p';
X () ap’+@z-d)p=y;". 1 ol v By
(iv) 2*(y-ap)=yp*;\,
() y=2ap+yp’ _
22. There is an extended form of the equation, which can be
solved in a similar manner, viz. :

=af(®)+¢ (p)-
To solve this, let the equanon be differentiated with regatd to
z; then

ite 1 &

P+ O +¢ L.
dm L@ _ ¢

i - B

which is linear in z a.nd comes under Standard II.
Let the integral be

or

F (@, p,¢)=0.
The result of eliminating p between this and the original
equation will be the primitive.

Ez. 1 z+yp=ap,
or y‘“af’-! .
»
Differentiating with regard to », we have
p=a® dp_1 R z dp
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and therefore
. dz__ 5 ___ _ap_
dp p(+p) 1+p%
the integral of which is
&
”—(l;ﬂ=0+alog(p+(l +2.
This combined with the original equation is the primitive.
The equation could also have been solved by differentiating with re-
gard to .
Ez. 2. Solve . (i) w@=yp+ap?;
i) g=ap+az(l+pt;
() y=omp+n(1+p%};
- (iv) y=yp’+3pz;
S () yA+pt=n(s+yp).

SINGULAR SOLUTIONS.

23. From the investigation of § 21 it is clear that a solution of
a differential equation can sometimes be found, which is not included
in the primitive; such a solution does not involve in its expression
any arbitrary constant. The limitation of not being included in
the primitive is most important; for in the latter a particular
value, say zero, could be assigned to the arbitrary constant, and then
& golution would be furnished but not of the nature indicated.

We proceed now to consider the theory of these Singular '
Solutions of the general differential equation of the first order,
which will be written il

¢ @y p)=0.

If the differential equation either be linear or be resoluble
into & set of rational linear equations (as in the case of Standard
V.) then it has no singular solution ; any solution of it apparently
of this nature is merely a particular solution derived from the
primitive by giving a particular value to the arbitrary constant
therein containéd. For the present purpose therefore the equation
in p may be considered irresoluble: if it can be resolved into
factors which are not linear and not resoluble into linear factors,
then we should consider in turn each of these irresoluble factors.
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We may thus consider ¢=0 as a rational and irresoluble equa- .

tion of degree n. Moreover we shall assume that ¢ is a one-valued >
function, and that it contains no factor, which is independent of p; ER

such & factor, if it were retained and equated to zero, would satisfy
the equation, but would not involve the differential coefficient.
If in any case these factors occurred, we should suppose them
removed.

24. The considerations adduced in the Introduction furnish
the inference that, if # and y be the coordinates of a point in
a plane, the differential equation determines a system of curves
in that plane, which depend upon a single independent variable
parameter; and as the differential equation determines at any
point & direction through that point, there will be n directions,
given by the values of p there, and therefore n curves will pass
through any point in the plane. To represent this system alge-
braically we need an equation of the form

F @9 6,0 enne 5 Cn) =0, «

which is rational and algebraical and the constants in which are
also rational and algebraical; but as only a single independent
parameter is needed, there will be among these  constants m — 1
algebraical relations. Further this function f will be one-valued ;
and any factor, involving # and y (or either of them) but none of
the constants, would be rejected for the same reason as led to the
rejection of similar factors from the differential equation. As the
differential equation cannot be resolved into simpler equations
of a lower degree, the algebraical equation is not so resoluble; if it
werse, to each algebraical equation of lower degree there would be
a corresponding differential equation of lower degree—a result
excluded by hypothesis. And the reason that m constants con-
nected by m — 1 relations are inserted instead of a single constant
is this; the equation in the latter case would be the same as
that derived from the former with all the constants eliminated
except one, and as this elimination would usually imply operations
(such as squaring, &c.) which introduce equations other than that
wanted, the result would be that the final equation Would represent
more than the single equation desired. For example, suppose that
by any process an integral is obtained in the form

{@+3 —a (weosa+ysina)}' =a’ (2" +37),

?04
AN

s
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or changing to algebraical constants

) &+~ a (o + my))'=a* (@ +3),
with the condition

P+mP=1,
then the equivalent equation containing one of these constants,
a8 m, alone would represent not only this equation but also
@ +y—a(-lotmy) =a’ @+,

with the same limiting condition, and therefore would not be
equivalent solely to the first of these.

Further we have n curves passing through every point in the
plane ; hence the equation f= 0, with the m — 1 equations between
the constants, must give at every point n sets of values for these
constants. Let the aggregate of the constants be denoted by C, so
that for any point in the plane C' will have n values.

25. Consider now the formation of the differential equation
from the primitive
Sz, y C)=0. .
Tt is obtained by eliminating the constants between the m —1
relations, this equation and the equation
of ofdy_
aTE + a—y dz= 0.
But suppose the quantities C replaced by functions of z; the
deduction of the differential equation will be the same as before,
except that for the last equation we must substitute

¥ YW YA,

oz Oy de” 90 dw
The result will be actually the same as before, if
ydo_,
oCdo ™
To satisfy this equation we must have either g—f zero, which
leaves C constant; or (must be determined by
AMAN RESEARGH INSTITUTE | o _,
BANGALORE 6 ¢

lass No5[7'..CI.E.QIL ﬁ

g Q-
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Let the value of C so determined be substituted in the function f.
We may thus in general as a solution of the same differéntial
equation equate to zero the discriminant of f with regard to O;
let this be written

Disctgf (z, y, ¢)=0.

26. This locus is the locus of all points in the plane at which
the parametric constants C' have two or more equal values; and
in it there will therefore be included g

(i) the locus of all the nodal points (double, treble, ete.) of
the system of curves; for at such a point there are as many values
of C equal to each other as there are branches through the point,
since the branches belong to the same curve;

(i) the locus of all the cusps of the system, for similar
reasons;

(iii) the envelope of the system of curves, which may be either
a single curve or several; for any point on the envelope may be
considered as belonging to two separate but consecutive curves of
the system, the constants of these consecutive curves being ulti-
mately equal. [In the case, when the envelope ®an be decomposed
into several curves, it may happen that one of these is merely a
particular curve of the system f(z, y, C)=0; its equation might
be excluded as being a particular solution.]

Let these three respectively be called the noda? locus, the cus-
pidal locus, and the envelope locus.

27. If we now consider the differential equation

$(@y,p)=0

in connection with the system of curves, whose equation constitutes
its general solution, it is evident that the envelope of the system is a
solution of the equation; for at any point on the envelope (which
is a point on two consecutive curves) the direction of the tangent
is the same as that of the tangent to either of thesecurves at that
point; and since the differential equation is satisfied by the quan-
tities, which are connected with the element of the system of curves,
it must be satisfied by these (unaltered) quantities, Jbvlnch are-con
nected with the element of the envelope. '

F. 3

B
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But the nodal locus is not a solution of the equation ; if it were,
the differential equation would, for the values of # and y at any
. node, be satisfied by the corresponding value of p at this point
on the nodal locus. Remembering that the nodal locus is formed
by a series of points on our system of curves, we know that the
values of p at any such point which satisfy the differential
equation are those given by that curve of the system which passes
through the point. But as the tangent to the nodal locus at such
a point will not in general be a tangent to any of the branches of
the curve of the system at the point, it follows that the value of p
for the nodal locus differs from those values of p for the curve of
the system which satisfy the equation when substituted in it with
the coordinates of the point. And it would only be by accident
that the value of p for the nodal locus could coincide with any of
the remaining values of p, which do not belong to the curve on
which the node lies, but are furnished by other curves of the
system through that point. Hence the value of p for the nodal
locus at the point will be such as not to satisfy the differential
equation; and the nodal locus will therefore not be a solution of the
differential equation.

Exactly similar considerations applied to the cuspidal locus
lead to a similar conclusion :—the cuspidal locus is not a solution of
the differential equation.

28. Now the envelope of the system can be derived from a
kmowledge of the differential equation alone, ie. without a know-
ledge of the primitive. At any point on the envelope at least
two of the branches of the different curves coincide in direction;
and therefore for such a point we shall have equal values of p
belonging to different but consecutive curves.

If now we express the condition that two values of p shall be
equal, by means of the equation

and eliminate J between this and the original differential equation

(in fact, equate the discriminant of ¢ to zero), then the locus
Disct, ¢ (2, y, p)=0

will be one at points along which two values of p will be equal,

and will obviously include the envelope.
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But besides including the envelope this equation will a.lso give
the locus of all points

(i) at which two branches of the same curve touch, Le. will*
give all the cusps; this therefore as hefore is the cuspidal locus.

(ii) at which two curves which are different but not consecu-|
tive touch; this locuf"— ca.lled a_tac-locus. Thus, for instance, if
we have two infinite series of concentric circles one round each of
two points, the straight line joining the centres (and produced
both ways) is the locus of points of contact of two circles, one
belonging to each system.

As before the cuspidal locus is rejected, not being a solution ;
and reasoning exactly similar to that which led to the rejection of
the nodal locus indicates that the tac-locus is not a solution.

29. Hence of all these the only solution of the differential
equation is the envelope-locus; and this, and this alone, we ecall
the “Singular Solution” of the differential equation., Either
method of obtaining the envelope-locus may introduce some of
the other loci which have just been shewn not to be solutions;
and therefore in any particular case, unless the equation derived
obviously represents the envelope and nothing but the envelope,
it is necessary to try whether the result satisfies the differential
equation. Should it not do so, it may happen that the equation
can be resolved into others that are simpler, and one or more than
one of them may satisfy the equation; these will then constitute
the Singular Solution. And those which do not satisfy the
differential equation will be found to be loci, which according to
the principles above explained ought to be rejected.

80. It is to be understood that an irreducible differential
equation has not necessarily a singular solution. Thus let the
discriminant with regard to p of

¢ (2 y,p)=0
be denoted by U, where U is a function of the variable coefficients
of p in this equation, and suppose that U cannot be resolved into
simple factors. -

If the equation U =0 be a solution of the differential equation,
then the value of p is given by

oU  oU

$+@p=0,
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In the case of each example the corresponding figure should be drawn.
Bz 1. Po+p(z-y)—2=0.
The condition that p should have equal values is
(z-g)*+4zy=0,
ie (z+y)=0,
or y=-z

which is not a solution. Now the equation may be written
@-1)(py+2)=0,
the solutions of which are
y-z=c and y+2l=c
The different curves represented are obvious.

This is an example of the remark (§ 23) that, if the equation be reducible
to linear and rational factors, it has no singular solution.

Ez. 2. P47 008% a — 2pazy sin? o+ y? ~ 2% gin? a=0. A /oﬂt'—“' Fo b

The condition that p should have equal roots is o SecFolllake 3=
dyisintamgloosia (P BEMIa), o e e s,

that is (a*sint a - y¥ cosP a) §? =0, e L foui p

so that y=0 - 5ot ude

and y=tztana . R

The primitive is v Loay_ e
L . . A, (AN |

W Byt 2er 1 A piihe=0; % ° & S o

and the condition that ¢ should have equal roots is
28=(22+3?) oos? a,
or Yy=tztana
The curves represented are a series of circles; their envelope is the two
straight lines y = + tan a, which constitute the singular solution.
The line y=0 is a tac-locus. la e e _.\-;D .
Ez.3. W (-a)(@—b)= 3at-20 (a+b)+ab)s L w7 XU
The condition that p should have equal roots is T
z (z—a)(z—b) {32° - 22 (a+b)+ ab} 2=0.
The primitive is

T pruen

PR IR

ry“(;,n-‘- oo

Y+o)=2(z—a)(z-b); e
and the condition that ¢ shall have equal roots is
7 (z2—a)(z—b)=0.

The differential equation is satisfied by z=0, z=a, =5 (and the cor-
responding infinite values of p); and these are singular solutions. The
remaining factor in the p-discriminant gives

3r=a-+b(a?~ab+b),
and these lines are tac-loci.
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and we must have the equation

qb(m,y,—g%>=0

identically satisfied for values of z and y connected by U=0. In
other words, there must be a relation between the coefficients of
pin ¢ and their differential coefficients with regard to z and y;
but this will not in general be the case.

If we consider in particular the equation of the second degree

" in the form

).

Lp'+2Mp+ N =0,
then the singular solution, when one exists, is S=0, where §
is either LN — M" or a factor of this. In general LN — /¥ cannot
be resolved into factors ; and it is not itself a solution, unless
1(%)- z_rua—safu\f( o,
oz 0y
where LN = M*; and these in general would be two independent
simultaneous equations determining & and y as independent quan-
tities. Yet, from what we have seen, the primitive of the differ-
ential equation is of the form
L'¢+2M'c+ N' =0,
and if this be an algebraical equation, it will have a general
envelope contained in
’ L'N' -M"=0,
which will be a singular solution. The explanation of the ap-
parent contradiction lies in the fact that this integral equation is
usually of a transcendental form, and so has not in general an
envelope; and the exceptions in the first case—when the differ-
ential equation has a singular solution—are the exceptions in the
other—when the transcendental equation represents a system of
curves with a genuine envelope*.
We now proceed to consider some examples of the genera.l

theory.

* Of. Oayley, Mess. of Math. Vol. vi, pp. 23—87. The theory of singular solu-
tions of differential equations of the first order, a8 at present scoepted, was first

given by Osyley in the Mess. of Math, Vol. m. (1872) pp. 6—12. See also Darboux,
Bull, des Sc. Math., Vol, Iv. (1878), pp. 168—176.
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The ocurve Y=z (z—a)(z-b),
(0<a<b) consists of an oval cutting the axis of # at the origin and at a
distance a, and of & curve like a parabola cutting the axie of = at a distance b;
the tangents at all these points are parallel to the axis of y. The system
of curves is obtained by moving this curve parallel to the axis of y. The
straight lines #=0, z=a, £=b are envelopes of the system; the line
‘ 3z=a+b—(at-ab+b)! is a taclocus of resl points of contact, the line
8z=a+b+(al- ab+BYt is a tac-locus of imaginary points of contact.
Ez. 4 In the foregoing make a=b; and remove (ses § 23) the factor
(#—@)?; the differential equation is
dop'=(30-a)’; -
the condition that » should have equal roots is
z(3z—a)i=0.
The integral equation is
@+oi=z(z—a)
and the condition that ¢ should have equal roots is
z(z—a)P=0.
Common to these we have 2=0, which (with the corresponding infinite
value of p) is a solution of the equation, and therefore & singular soluti

Every curve of the system has a double point; the locus of these is z=a,
whioh is & nodal locus; the line #=3a ie a tac-locus.

Ez. 5. In the foregoing let a=0 and remove the factor z; the differential

equation is
4p*=9z;

the condition that p should have equal values is

2=0.
The primitive is
(y+0)2=a9,

end the condition that ¢ should have equal values is

28=0,

The differential equation is not satisfied by #=0 (with the corresponding
infinite value of p).

The curve y?=2® is the semi-cubical parabola having a cusp at the origin ;
end the system is obtained by moving the curve parallel to the axis of y, so
that #=0 is the locus of cusps, and therefore is not a singular solution.-

- o

Ez. 6. . - dopp+8yi=0; [ f', ' o

the condition that p shall have equal values s sy g — WXL C O
) Podeatpm0, gl e e Egert
The primitive is ‘\4‘-f'2-‘3'~.'\ '\&3.,/;;,—'1;):0
y=olo-a, ' :

- Xz"vM \-—c.‘ Ve §

$ \

. A
ha t‘u'—‘- ‘L\rc"b- (&) Mo QL'}L—.Q.)L
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and the condition that ¢ shall have equal values is obtained Ly eliminating ¢

between this and .
(z-c)(z—30)=0,

80 that either

y=0 or y=2i7 z*, '

agreeing with the former. Both of these satisfy the differential equation; but
the first of them is a particular solution (corresponding to ¢=0) and we there-
fore consider the latter alone as the singular solution.

E. 7. Obtain the primitives and the singular solutions (where these
exist) of the following equations; and specify the nature of the loci which
are not solutions but which are obteined with the singular solution.

(@ 2p8—2yp+4z=0;
Primitive P=0(y—a);
Singular solutions y=+2a.
8) (22— af) p?—2zyp—28=0;
Primitive I+ 2y +ad=2;
Singular solution DAryi=a?;
Tac-locus 2=0. ,

) pl=4y (zp—2)%; S
Primitive y=a(z—c)}; A Lo Lo
Singular solution #—16y=0; PICI s !
Singular solution also particular o La . \[“\I

y=0. ~ TR L

@ Fypi+ (e =y - ) p- 2y =0; r -~

() (1-y9)pi=1;

« Pl-29)=1—p?; \

() (b —ag)® (b*+aip®)=c® (b + ap)*. \

Further examples occur in the paper by Cayley, Mess. of Math. Vol. v1. (Le.),
and in one by J. W. L. Glaisher, Mess. of Math. Vol. xux. (1882) pp. 1—14.

MISCELLANEOUS EXAMPLES.

1. Solve the equations:

) y-zp=a+yp; #) a(ep+2)=2yp;
(i) 2*+y=p*; (iv) P+2ep=y;

(v) my—nap=yp*; () P=y@+eR);
(vii) pP+2=azp; (vill) 2%pP+atyp+at=0;
(ix) az®yp+y=2ap; (x) P+2Ypcotz=p?;

() y-2ap=F(zpY; (sii) ﬁ—%;”=f@/’—1:r/p);

13
[ 9y
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MISOELLANEQOUS EXAMPLES OF

(xifi)  (1-gHe—e-I=plp-2s; (&v) (no-+ypl=(1+29)(53+ nat);
(@) (1+62-30%)p=30pP—a®; (avi) y=z{p+(1+p?)};

(xvii)  ay+bzp=amy" (cy+ezp);

(Vi) yp (2°+3P+ 0 +2 (s8+98 - a)=0;

@x)  (ap-pp=p-2lprl; @) (p-gr=ai+p) @+t
(exi) (@ +aWipry=(@t+af-a; R
(ucdl)  y=pot(tphplattyh); Cocinen b0t

{=xiii) (zcos%+ysin%)y=(ysin%—xcos%).zp;

(=xiv) (@Y +2%P+ay+1) y+ (oY - oY -y + 1) 2p=0;

(xxv) {(z?-g? sina+2zy cosa—y (2* 4+ p

' =24y sin a— (2~ 3% cos a+2 (s2-+ )k,
2. Shew that, if

u=1 +A1a:+%A,z-‘+%A,z'+...

where the quantities 4 are connected by the relation

An=mlpy—§(m-1)(m—2)4dp_g,

then log {u (1 - 2)%} = o +34%

3. Integrate the equation
co8 § {cos  —sin asin ¢) d4 +cos ¢b (cos ¢ — 8in a in §) dep =0.
Shew that, if the arbitrary constant be determined by the condition that

the equetion must be satisfied by the values (9, a) of (6, ¢), the equation
is satisfied by putting §+¢p=a.

be

4. Prove that, if the differential equation
Az~ (y+a+bz)dy — nz (zdy - ydz)=0
transformed into an equation between v and z by the substitution
’ % (y+a+dz+n2?) =y (c+nz),

then the variables are separable; and reduce the equation to the form

by

dv _ ds
¢0) ¢ (@)
the further substitution v=au+g, a and 8 being suitably determined.
5. Reduce the equation
azypi+(at—ay?—b) p -2y =0

to Clairaut’s form,-and hence solve the equation,

where a+8+y=0.

Solve the equation
r+y-1

Tovdy ="

Ld ¥y
“Iz‘+ﬁal,—y+y
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6. Shew that, if 7, and y, be solutions of the equation
ds
Z+Py=g, ¢
where P and @ are functions of 7 alone, and y3=y,¢, then
- f 2y
z=l+as ¥,

where a is an arbitrary constant.

7. Prove that the variables in the equation v

o) +ay Pomy (o4y) 408

may be separated by the substitution z=u+» and y=7Iw—v, provided £ be
properly chosen; and integrate the equation.

8. Shew that the equations
y—ap=a(yt+p) and y—ap=>b(1+4p) be ol )’/ _/b."
are derivable from a common primitive, and determine it.
Are the pair
2+p (14+pYt=a and y-(1+p)4=b
50 derivable? Also the pair
yp=az and y?(1-p%)=b1?
9. Integrate the differential equation

oo+ (ay +ba)} +y B lbas + e+ o)) =0.
-k

A tangent to a curve at ally point P cuts the tangent and the normal at &
fized point O in the points M and ¥ and the rectangle OMP N is completed.
Find the curve which is such that the triangle formed by the tangents at any
three points P, @, B is equal to the triangle formed by the corresponding
points P, ¢, R'.

10. Determine the system of curves which satisfies the differential equa-
tion

dz {(1+a9} +ng) +dy {1+92)+na} =0, .
and shew that the curve which passes through the point =0 and y=n con-
tains as part of itself the conio

28+ 34 22y (1 4+nd)b=ns,
11. Integrate the equation L (j.il wn} ) w- b
Bupfasbagp o oL, -
a8 atbztyp’ dﬂ-;u o+
and examine the nature of the solution
22

@

2
+%=L
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12. Discuss the question whether y=0 is a particular solution or &
singular solution of the equation

2(ehes) v
13. Obtain and interpret the primitive und the singular solution (if there
be one) of each of the equations
() P+up'=aly+pr); (1) 2p°-p+a+y=0;
(i) y(1+p%)=2p; (iv) P'=(4y+1)(p-7)
14. Shew that in general it is necessary, for the existence of a singular
solution of the equation ¢ (z, g, 2)=0, thnt the equations

_ 9 34)
¢=0, —ap =0, 3_ + ay
should be simulta.neoualy satisfied.

Prove that, if & loous of points of inflexion can be obtained from the
integral family of curves, it will be included in the result obtained by the
elimination of p between the first and third of these equations.

Discuss the solution of the equation

+2z+ 28)3=(1+22%) (16y + 42°+ z#).
(4p P=( Y (Darboux.)
15. Obtain the primitive of the differential equation
W=ap+,
and shew that exaotly the same equation is obtained by expressing the
condition that p should have equal roots in the differential equation as by
expressing the condition that ¢ (the arbitrary uonstant) should have equal
roots in the primitive; and determine the g ing of this
b Is it & singull 1 1
16. The primitive of the differential equation
22+ 1) p*+ (e + 22y +y*+2) p+2y° +1=0

is ¢+c(#+y)+1-zy=0. Verify this and obtain the singular solution both
from the equation in p and from the equation in ¢, explaining the geometrical
signification of the irrelevant factors that present themselves.

17. Shew that the solution of the equation

a?yp? - 4zp +y=0
is 34207 (3a%? — 82%) ~ BzlatyA+a%yd=0.
Is 22= %ay & singular solution ?
Trace the curve and the loous given by the equation independent of an
y tant, (Woolsey Joh )
18. Shew that the differential equation
ILpd+2Mp+N=0
' which has no singular solution does not admit of & primitive representing a
system of algebraio curves. (Cayley.)




CHAPTER IIL

THE GENERAL LINEAR DIFFERENTIAL EQUATION WITH
CoNSTANT COEFFICIENTS.

Preliminary Formule,

81. Before proceeding to the discussion of the linear equation

. of the n™ order with constant coefficients it is convenient to formu-

late and prove certain theorems in differentiation and integration,
which will be required in that discussion.

Let D stand for %; D* for % ; and so on. Then this symbol

D obviously is subject to the fundamental laws of algebra; for
evidently

D +DYu=(D"+D)u;
D .Dru=D".Du=D""u;
D (u+v) =Du+ Do
It is necessary to deal with negative indices; thus if we have

Du=wv
and, after the algebraical analogy, we write
u=D"y,
we have v=Du=D.D"y,
80 that D.D*=1

Thus D™* represents such an operation on any quantity that, if
the operation represented by D be subsequently performed, the
quantity is left unaltered. It at once follows that these symbols
with negative indices also follow the laws of algebra; and an
operation with a negative index is equivalent to an integration.
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But it is important to point out that the special object of these
inverse operations is to find an integral but not the complete
integral ; and the arbitrary constant which arises in integration is
therefore omitted.

In what follows Y~ denotes a functional symbol; and +r(z)
everywhere denotes an algebraical rational function of z which can
be expanded in ascending or descending integral powers (or both)
of the variable.

82. Theorem I.
Y (D) e =+ (a)e=.V

For since D stands for g‘;

D e= = ae™,
‘When each side is operated on with D, the equation becomes
D?. De®=qaD*e™;
or transposing the sides of the equation and dividing by @ we have

D7 e =q" e
Repeating these operations we obtain the equations
D" e =a" ¢,

D™me®=qa"e"
Now as 4 is an algebraical function which can be expanded in
powers we may write
v(D)e*=[4+4D+...+ 4D +...+BD*+BD*+..]e
=[4,+4a+...+4a +..+Ba+Ba"+...]¢"
=1 (a)e™.
33. Theorem II. If X denote any function whatever of «, then
YD) X)=e¢ (D+a)X. ¢
A single operation with D gives
Di{e X} =e*(D+a) X
from which, if both sides be multiplied by 6™,
° (€= De) X =(D+a) X
8o that the effect of operating on X with ¢ De* is to give D +a
operating on X. Let the operation be repeated; then
(¢ De™) (6™ De™) X = (D+a)(D+a) X
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or (6= D¢ X = (D +a)* X. s of the
Operate again with ¢ De™: then sof 1”-
(6= De) (¢ D' ") X=(D+a) D+ X “g

or ™ D) X =(D+a) X,
and 8o on. If the operation be performed n times, the resulting
equation will be
e D X} =D+a)"X
which multiplied by €™ gives
D {gX}=¢"(D+a)X
in which # denotes a positive integer.
Consider now the case of negative indices ; write
(D+a) X=X,
8o that X=D+a)y"X,
Then the result just obtained may be written
Dre¢*(D+a)y" X, = X,
Operate on each side with D" and the result is
e D+ay" X, =D"e* X,
~ Now no limitations were assigned to the form of X and there
are therefore none on that of X, which can thus represent any
function of z; replacing it therefore by X we have
D= X}=e=(D+a)"X.
Let ¢ (D) be expanded in integral powers positive and negative
(if necessary) of D; and let ¢ X be operated on by these integral
powers in succession, the equivalent values derived from the fore-
going equations being substituted and the terms collected as
before ; then the result is
YD) e X} =y (D+a)X.
Oorollary. 1f we write
~X=Y
so that ¥ is a function of z, then
O T= sy Do ¥, |/
a theorem which is useful. For example, let it be required to find
a particular value of y to satisfy the equation

dy o
wth=v

MY
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But ithe notation adopted this will be

inver 1
int y=D—+kV
£
1 -
=auD+k+aV6
or choosing @ so that a +k =0, this is
y=e'“% Ve=
= [Ve=da.

84. Theorem III. If yr(z*) be an even function of « then
¥ (D) sin (a4 +) = (- 6" sin (az + o).
For D*sin (az + a) = (— a”) sin (az + @),
and the theorem follows as before.

Corollary. If +r(z) be not an even function of & it can be
expressed in the form

¢ (@) +ax (@)
where ¢ and y are even functions of @; in this case
V(D) sin (ao + a) = {¢ (D*) + Dy (D*)} sin (az +a)
= ¢ (— a”)sin (az + a) + ax (— a’) cos (az +a).
If the function to be operated upon be the cosine instead of the
gine, the corresponding changes are obvious.

85. Theorem IV. This is really an extension of Leibnitzs
theorem for the successive differentiation of the product of two
quantities whose differential coefficients are known.

If Y () as before denote any algebraical rational function ex-
pansible in integral powers of z, and 4 (z), ¥ (&), ¥ (z), ...
denote its first, second, third, ... differential coefficients with
regard to «, then the extended theorem is

¥ (D)uv
= (D) v+ Du’ (D) v + «;»" D)w + 4»"' D) v+.

The proof depends on Leibnitz’s theorem and is similar to that
of the preceding propositions.
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.+ The advantage of this theorem arises in cases where one of the
two quantities u and v is a power of z, or is the sum of powers of .
If, for instance, u=2"", the series on the right-hand side need only
be written as far as the m" term ; and such inverse operations as
are to be carried out will be performed on a single quantity .

Ez. Shew that, if

.o 'h/) s in ,G.,
(D+py=av, A% S
where Vis & function of z only, ¥ is given by + Y/ 4

e (zﬂva.w-uf/fwvwwﬁffwmm).

96. Another important operator which sometimes occurs is
) dim or, with the previous notation, zD; and similar theorems

concerning this can be enunciated.

Let F'(z) denote a rational algebraical function of z expansi-
ble in powers of z; then in F (zD) we shall have terms of the form

(zD)" which means, not z" al -, but z :w j . operatiug 7 times,
The relation between these will shortly be proved.
Theorem 1. F (2D) «™ = F (m) a™
For (#D) a™ = ma™, -
(@D) &™ = (2D) ma™ = mz", - %"
and so for all integral powers positive and negative. Hence the
theorem.

—_

1

T :
Ew. Prove that if U be a function of # of the form %, o = - ;J-,r -
EALE

A+BriCoeDor...  F(*R)

then

1 4 B 4 D

760 U Fe Tt Fm O Ee S Ee) S
Theorem II.  F (D) a™V =az"F (#D+m) V.

We have zD (@"V)=2" (@D+m) V,
or (@™.2D .4 V=_(D+m)V,
8o that the operators ™. D . & and zD +m are equivalent. The
course of proof lies on lines exactly similar to those for the corre-

sponding theorem with F (D); and the result is in the enunciated
form.
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87. The relation between the operators D* and zD is given by
the formula

D" =D (zD—1) (D —-2) ... (@D —n+1).

The theorem can be established directly; for if u the subject of
operation be expanded in a series of terms of the form 4,z™ the
regult of operating on this with D" and multiplying by z" is zero
if m <n, and is

m(m—1)(m=-2)... m—n+1)4,a"
if m>n; but this is also the result of operating with the right-
hand side. Hence the operators are equivalent for each term of u
and so for the sum of all the terms of u, ie. for  itself

The theorem can also be established by induction; for suppose

2"D'u=2D (@D—-1) (@D~2)...@@D—n+1)u,
and write uw= (@D —n)v;
then Dru=agD™ v,
and so & D""v=aD (zD~1)(@D~2)...(@D—n)v.
Now u is any general function; hence v is also a general

function. The theorem, if true for n, is thus true for n+1; it is
obviously true for the values 1 and 2 and so is true generally.

Some Properties of the General Linear Differential Equation.

88. The general type of linear differential equation of the n*
order is

e x T x Tz, Baxy-v,

in which X, X, ..., X, V are functions of & (or constants) but
do not contain y ; for the sake of shortness let it be written
Q(D)yy="V.

If this equation be integrated step by step so that each
integration reduces the order of the equation by unity, every
time such a reduction is effected an arbitrary constant enters,
and therefore, when ultimately the integral equation is ob-
tained, n arbitrary constants in all will have entered; or we
shall expect the primitive of a given linear differential equation
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to contain a number of arbitrary constants equal to the order of
the equation.

There are certain properties appertaining to all linear equa-
tions in common which simplify to some extent their integration ;
the most important of these are the following.

39, I. Let o be any particular value of y, which satisfies
the equation; and let
y=n+7Y.
Then substituting this value of y in the equation we have
OD)Y+P(D)n="T.
But, since % is some solution of
D)yy=7,
the equation now becomes
D) Y=0,
g0 that to solve the original equation we must solve generally this
equation, which is the same as the original equation except that
the right-hand side is now zero. When the primitive of this
modified equation, which will contain n arbitrary constants because
it is of the n™ order, has been obtained, it must be added to 7 ; and

the result equated to y will be the primitive of the given equation.
The primitive then consists of two parts:

First, the quantity 5, which is called the Particular Integral
and is any solution whatever (the simpler the better) of the origi-
nal equation;

Second, the quantity ¥, which is called the Complementary
Function ; this is the primitive of the equation when the right-
hand side is made zero.

The sum of these two parts is the primitive of the general
equation. If in any particular case the right-hand side should
already be zero, the former of these parts will not occur.

The various methods available for the deduction of the
Particular Integral occur later in § 46. The remaiming properties
are useful in the investigation of the Complementary Function.

40. I If Y =7, be a solution of the equation
$ (D) Y=0,
F. 4
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then ¥'=C,7, is also a solution, where C, is a constant; and if

Y,Y%, . , Y, be particular solutions, then
Y=0Y,+CY,+...... +0.7,
is also & solution, where C,, C,, ...... , C, are constants.

For ®WD)Y=®(D)C.Y,+P(D)CY, +......
and each term on the right-hand side is zero, No restriction
whatever has been laid on the values of the constants C, and they
therefore are completely arbitrary; the above value of ¥ is thus
the primitive of the equation

® (D) Y=0,
and so is the complementary function in the integral of the
equation
dD)yy="V.
Hence the determination of the complementary function is
reduced to that of particular solutions of the subsidiary equation.

41, ITL If a single particular solution of the subsidiary
equation be known, the order of the given differential equation
can be lowered by unity.

Let Y, be a solution of

d (D) ¥Y=0,

and let the substitution of the value ¥z be made in the equation
eD)y=7;

then, by § 35, the left-hand side becomes

oD D'z0'® D"23"®
22 (D)Y, +DzaDY,+ 30 B.D'Y’+"'+maﬁ Y,

in which the operations 83’ -.. are derived from & by temporarily

considering D as a magnitude and obtaining the partial dif-
ferential coefficients with regard to D. But

P

m =7L1,

=1,

=MD+ (-11X,

o !

=5+ O D -,
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and 30 on; hence, re-writing the equation, we obtain
Y. D'z+ (XY, +nDY) D"z 4 ...... +Dz% Y, +22(D)Y,=T.

But by hypothesis
®(D)Y,=0,
80 that the last term on the left-hand side is removed ; the quantity
Y, is supposed known and therefore all the functions of it on the
left-hand side may be considered known. Let Z be written for
Dz; then the equation becomes
Y D'Z+ (XY, +nDY,) D™Z +... +Zg—% Y=7

an equation of order n — 1.

£z, As a corollary prove that, if m partioular solutions of the subsidiary
equation be known, the order of the original differential equation can be
reduced by m.

42. IV. The given equation may be transformed into an
equation, from which the second term (ie. the term involving the
differential coefficient of order one less than the order of the
equation) is absent.

The substitution of ¥,¢ for y gives for the coefficient of D"z

XY, +nDY,,
(and up to this point in the last section the assumed value of ¥,
was not used, so that the equation there was perfectly general);
since the term in D"z is to be absent we have

X Y, +nDY, =0,
and therefore
1ogY,=-}JX1dw,
rg
or Y,=e™ ,

no arbitrary constant being inserted as the differential equation
remains linear and of the n order. If this value of ¥, be substi-
tuted, the differential equation in 2 is freed from the term in D"z

Of these properties L. and IL will be immediately useful.
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General Linear Equation with Constant Coefficients.

48. If in the general linear equation the coefficients of y and
of ita differential coefficients be constants, it may be written

c2“-1/+A 2 Y. +A,_,Z“+A,,y v,

or say FD)yy="V,

in which f(D) is a rational algebraical integral function of D alone,
and V is any function of z. It has already been proved that the
solution of the equation consists of two parts which can be obtained
separately; these will be taken in turn.

44. To find the Complementary Function.
The complementary function is the primitive of
F(Dyy=o.
Now it has been proved that
F(Dye =f(a) ™,

80 that y =¢* will be a particular solution of the equation, if a be
such a8 to make

fla)=0.
But f(z) is a rational, algebraical and integral function of
degree n, and therefore there are n roots of the equation
f2)=0.
Let these n roots be a, B, ..., \; then e, ¢/, ..., & are n
particular solutions of the equation
FD)y=0,
and the primitive is therefore
y=Ae®+ BePo - ... 4 L2,
in which 4, B, ..., L are n arbitrary constants. This value of yis
the complementary function of the original equation; and, if the
roots be all real and different from one another, it is complete.

If however two roots be equal to one another, say « and B, then
the value of y becomes

y=(4 + B)e=+ Ce”+ ... 4+ LeM,
=4,¢4Cer+ ... + Lev,
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4, being a single arbitrary constant (equal to the sum of two
arbitrary constants). There are now only 7 — 1 arbitrary constants
in y, and the expression therefore ceases to be the primitive. In
order to obtain the primitive we may suppose that the roots are
not equal but differ by some quantity b which will ultimately be
made zero; the part depending on the roots « and 8 will then be

Ag@ + Beleth)o

B W
—e"’{A +B(1+hm+§T +)}
=e"{(A +B)+Bhw+3hzi'm'+...}.

As the quantities A and B are arbitrary, we may assume them
infinite in such a way that, as % approaches zero, Bh is finite
and equal to B,, while 4 and B are of opposite sign and their
numerical difference (or algebraical sum) is finite and equal to 4, ;
thus the sum of the two terms 4e* + Bef* becomes

K

R, R '
e-w{A,+B, (m+2—lm'+s—llz‘+...)}=(A,+Blw)e"‘

;ﬂtima.tely, when £ is made zero.

Similarly if » roots be equal the corresponding r terms in the
complementary function will apparently coalesce into a single
term ; but it is easy to shew, by reasoning similar to that adopted
for the case of two equal roots, that the 7 terms will be replaced
by

e?[A, +Ag+ AL +...+ A7),
a denoting the common value of the » equal roots; and the com-
plementary function will then be
y=e*[4d +A4z+...+ Aa7"]+... + Lo

If now the roots be not all real, those which are imaginary
must occur in pairs; let such a pair be 6+ ¢i* The corre-
sponding terms of the complementary function will be

92 [A'e™# + Ble~],
which it is sometimes necessary to express in a form free from

*vThroughout the book » /=1 will be replaced by i.
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imaginary quantities. If cosine and sine values be substituted -
for the exponentials, this expression will become
¢ {(A'+ B') cos ¢ + % (A’ — B') sin ¢p}.
Since A’ and B’ are arbitrary constants, we may write
A'+B'=F,
i(4'-B)=6,
and we then have F' and G arbitrary; the corresponding terms in
the complementary function therefore become
&% (F cos ¢z + G sin ).

Lastly, if an imaginary root be repeated, the conjugate
imaginary root will also be repeated and the corresponding
terms in y will be

0+ (A’ + A"z) + €40 (B'+ B'w). |
Using the same method as before and writing
A +B=F 4"+ B =P,
i(4d'-B)=@, 1(4"-B) =@,
we obtain as the corresponding part of the complementary function
&% ((F + F'z)cos ¢z + (G + @) sin ¢pa}.

Results analogous to those in the case of multiple repetition
of real roots are obtained in the case of multiple repetition of
imaginary roots.

45. In some cases of the general linear equation, when the
coefficients are not constants but are some functions of z, a method
somewhat similar to this will apply. Thus, it might happen that,
when for y in the equation

D+XD*+...+X, . D+ X,)y=0
there is substituted yr (m, z), where ¥ is a function of definite
form, the resulting equation had & factor independent of z such
8s ¢ (m); if this were so, the factor would usually be of the degree
m, and so equated to zero would satisfy the differential equation

and would furnish n values of m which may be denoted by m,,
my, ..., m,; the primitive would then be

y =47 (m,z)+ A (my, 3) + ... + A A (m,, z).
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If two roots were equal, as m, and m,, then writing m,=m, +1
we have for the corresponding part of y

(4, A) 9 (m, o)+ b, [Peiut) LTV Ime0), ],

or A (m,,0)+ B 5o (m, ),

on changing the constants ang making A ultimately zero as before.
A similar process holds for the case of a multiple repetition of
a root m,; and in the case of imaginary roots the corresponding
parts of y should usually have the constants changed in the
modified expression, so as to leave the latter free from imaginary
gymbols, )

This process was adopted in the case of constant coefficients,
the special form of 4 used being ¢™; when the equation is
homogeneous (§ 55), that is, when it takes the form

o " a d;
24 Tt A ol Ay =0,
in which the quantities A are constants, the proper form of
V¥ (see § 86) to be substituted is #™ Occasionally by a suitable
change of variable a given equation can be reduced to the above
shape.

+ 40"

Y oW g
£z. 1. Solve 3;‘+3 ﬁ+9@_0'
When we substitute y=¢m2, the equation for m is
(m+1)(m+2)=0,

80 that y=as~%4 Be~%,

Ez. 2. Solve %-m Z—Z"—w'*‘ u)y=0.

The equation for m is

(m =N\ +u?=0,

so that y=6"* C cos (pz+-a),
or & (4 cos pz + Bin p).

Cor. The solution of

%ﬂ’wo °

is y=Acos s+ Bsin pa.

Ez. 3. Solve %_9 %+y=o,
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The equation for m is (m-1)2=0,
and therefore y=e*(4+Bx).
Fz. 4. Solve i_}V‘.,. oms %4_,;43,___0_
The equation for m is
(mi+n?B3=0,
and the value of y is
(4 + Bz) cos nz+ (C+ D) sin nz.
Ez. 5. Solve d‘y+z__y 0.

‘When we substitute 2™ for y, the equation for m is
m(m—~1)+m~1=0,
80 that m=+1 or ~1 and the value of y is therefore
B
A.z+;.
Ez.6. Solve z‘d'y—:imﬂd’y+7.z——5‘/=0

With the same substitution as in Ex 5, the equation for m is
m (m—1)(m—2)—3m (m—1)+Tm -8=0,
or m3—Bmi+12m —8=0,
giving m=2 thrice. Hencs the value of y is

] & .
Azt B g Og s 2™,
m being put equal to 2 after differentiation ; and thus the integral is
22{4+ Blog z+ C (log 7)%}.
d;
Bo.T. Solve  (atbep T+ 4 (atb) Lt By=o.
Let a+bz=2; the equation will then be similar in form to the last two.
Ez. 8. Solve
@) (D*+b5D2+6)y=0;
@) (D+ayy=0;
(i) (DP-ahy=0;
@) Ty

) r'% +3.zdy+y 0;

(Vi) (1+m)8ﬂ+(1+z)ﬂ +3(1+z)1 —8y=0.
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46. Returning now to the linear equation, in which the
coefficients of the differential coefficients of y are constants, it is
necessary to find a Particular Integral of the equation

fDyy=7, _
in which ¥ is a function of 2. Solving by the method of sym-
bolical operators, we have

1
==V
YTr@)
the evaluation of the right-hand side will furnish a satisfactory
value of .

In some particular cases the form of ¥ renders evaluation easy;
we will proceed to mention some of these which occur most fre-
quently.

L Let V be a rational, algebraical, integral function of o;
suppose the highest power of z in ¥ to be the n®, To find the

particular integral, must be expanded in ascending powers of

7D
D; and, because D™ and operators of a higher order would reduce
to zero all the terms of V, the terms in this expansion beyond D*
may be omitted. Further, if the lowest power of D in f(D)
be D* then the expansion will begin with D™ and it does not
need to be carried on beyond D", ie. D™™*™; hence in f(D) all
terms of order higher than D"”E may in thm case at once be
omitted before expansion.

Ez 1. Solve (D?—4D+4)y=2a"

1
3’=TD’)2$’

—t[1+2 280

=? + 3t &
and the complementary function is ¢2?(4 + Bz); hence the primitive is
y=6= (4 +Bx)+} (228 +42+3).
Ez2.2. Solve (DA-at)y=a®.
The primitive is evidently ]
y= —'§+ Ae®+ Be~9+ (' 008 (60+a).
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Ez 3. Solve (DA-2D%+ D% y=as.

1
y=pa-pp®
= (1+2D-43D8 1 AD9 4+ 5DA+609) 2,

terms up to the fifth being retained (§ 46). Now 142D+... and , may

be idered ing with the former first and remem-
bering thai; only a pm'ticu]ﬂ.r value is wanted 80 that oonstants need not be
inserted with Dﬂ , the value for y is

Fad

z*
a0t 3 +3254-127%
Now if l_!i’ had operated first (or if the second operator had been taken dis-

tributively, each term with 17’ , 80 a8 to be

1
F,+7) +8+4D+5D3+6D%),
then the value for y would have become

;—; + z—;+3.7r!+19.z’+:10x+36.

The primitive is
5 ot ‘
y=(4+Ba) e=+0+Da:+2—0 +3 +328+122%;

and the apparently additional part of the particular integral obtained, when
the operators are taken in the second method, is seen to be included in
the complementary function, since C' and D are arbitrary constants.

It is easy to see that in general not merely the terms of an order higher
than D*** may be at once removed from f(D), but in the eZpansion itself all
terms of an order higher than D* may be neglected whether the subsequent
operator D~ be of an order greater or less than n. In particular, if X be a
constant, only the lowest power need be retained.

Ez. 4. Solve

(1) (DA+2D°+3D%+2D+1)y=1+2+2%;
(i) (D*+D¥-D+15)y=2t

II.  This method may be applied to evaluate y, when V is an
exponential, and to simplify the process (and 8o render the evalua-
tion more proximate) when ¥ contains an exponential factor. In
either case we may write

V=X,
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and then
I S R
=5y ;X

P |
~Crora T

If X be a constant, the value of z is now at once obtainable by the
preceding method. The quantity a may or may not be & root of
f(z)=0. Suppose it to be a root 7—1 times repeated, so that for
a single root »=1. If a be not a root, =0. Then expanding
f (D +a) we have

Drﬂ

f@+ =20+ Zm @

in which f* () means the p* differential coefficient of f'(¢) with
respect to #, when a is substituted for z; then for y we have (by
attending to the remark at the end of Ex. 3 on the last page)

1
=",
Y= 0@
r!
Lt
=@
In particular, if » = 0, then
="
r@
Ez. 1. Solve (D*+D+1)y =6
Here 2 is not a root of s2+2+1=0, and therefore
&
V= greri
and the primitive is
4] 4,
y=s-*"’(A oos %7+ Bein 32—"‘)+J,e”.
Ez. 2. Solve (D—4D+3)y=2¢%.
1
Here y=_—“(0—1)(.D—3)2ah
1
=a‘“’-F(D—+§)2 -
R

2D
and the primitive is
y=A6*+ Be¥+x6*
N -



60 PARTICULAR INTEGRAL OF THE LINEAR EQUATION  [46.
Ez. 3. Solve (i) (D-a)y=e=;
(i) (D*-6D+8)y=e"+e,

Ez. 4. The roots of the equation f(¢)=0 are n in number, being
@y, @y, ..., Gy ; Obtain the particular integral of the equation

F(D)y=e""+e"+ ... +6™.
Discuss the case when two of the roots (2, and ay) are equal.
If X be a rational algebraical integral function of 2 and
therefore expansible in powers of z, then the quantity
1

F(D+a) X
must be evaluated as before in I.
Ez. 1. Solve (D —2D+1) y=a%",
1
Here 3/=T—1)' 2%%
1
=
2
= (z -3t 3) H

and the primitive is

y=(d+Bz) ¢+ (’7’: - g + 3).

Ez. 2. Solve (D-2)0y=a%%.
1
Here y:mﬂ;ﬂeh
=i 25 alm gaiein;
and the primitive is
1 y=6=(A+ B+ C22+ g5a).
Ez. 3. Solve (i) (D*+D+1py=ze;

@) (D'-1yiy=aten

ITI. Suppose that ¥ contains a sine or a cosine as a factor, so
that :

« V=X cos(n + a),

in which 7 and « are eonstants. Then we have to evaluate

'.y=‘]%Xcoa(m+¢_z).
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Let f(D)XBm(nm+a
then Y+, m Xgtnzte)
’ 1
= ginate) ﬁmx
It now remains to evaluate
1
SfD+ =

which may come under one or other of the given rules; if its
value be %+ v, then equating real and imaginary parts we have
y = cos (nz + &) — v sin (ne + a).

In the case when X is a constant and cosnz is not part of the
complementary function, so that n is not a root of f(z)=0, the
evaluation is immediate ; for then

1 1
Fo+m = =7 ©

If however cos 7 be a part of the complementary function,

8o that i is & root » — 1 times repeated, then since

I +15n)=% £ i) + (rlf:)l F (i)
we have B
1 o

FO+m = Fmy
we must separate and equate the real and imaginary parts as
before.

Ez.1. Solve Zd °,+ﬂ’y=zcos az.
1
Then Y=prypadcsas
1
= L __
=real part of ¢ (.D+m)'+n’z
fan
T e""“n, a’( ),z'
_te a”"{ z 2a1
= rerereeee e B Sl 7 e

_xcosar , 2asinaz
Tni—af T (ni—afR"
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a?
Ez. 2. Solve cﬁy,+;l/=c;cuwp.
1
Then y=papycos®
1
=real part of ev (ml
.
1
= e, Cad %D+ D
z
LTI, Lad )
z
=geinz;
and the primitive is
y=A4 cos r+ Bsin z+4reinz.
Ez. 3. Solve & (D) y=cos nz,
cosnz not being & part of the complementary function.
Let ¢ (D)=¢1(D%)+ Dy (D% 5
then _1/=—1 €08 nz
. ¢1 (D7) +Dgy (D%)
' ' 1
fat B =y (— )+ Dy () 2"

- @1 (=n?) ~ Dop, (= %)
{1 (=) + Depy (= )Hgby ( —7%) ~ Dey (— )}
&, (—n2) cos nr+ gy ( —n2) sin nz
(=) {py (P

If however cosnz be a part of the complementary funotion, then the
denominator will vanish and apparently render the particular integral infinite.
But it is merely & part of the complementary function, multiplied by an in-
finite constant, which may be absorbed into the arbitrery constent; to
evaluate the particular integral it would be sufficient to evaluate

CO8 7T

1
B, (DY +Degy (D " R
assigning the infinite part (when % is made zero) to the complementary func-
tion and retaining the finite part as the particular integral. It is however
better in such cases to use the former method ; in fact, this method is prefer-
able only in the case of examples like that just treated.
Ez. 4. Solve~
(6] %+y-sinw(both when 7 is, and when it is not, unity);

(i) %+%+y=m’n2ﬂ:;
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(idi) ﬁ i';/'_+y a‘i"’sma*

PR -

@iv) d‘z‘?4+ 2 dgy+y 2% cos ax (when a is, and when it is not, unity);

) %+4y=zsin’x;

(vi) (D*+miyy=(1—z)cosmz;
(vil) (D?-2D+4)ly=a¢%00s (34 +a);
(vi) P x Sty Boonpa;

(ix) %—2%+4y=e'cosz;

1
(x) adl—ﬁ+n‘g/=sin)\z+p‘w+z‘;

(xi)  {Di+(mB+nd) D*+mind}y=coa g (m+n)zcosg(m—n)z;
(xii) ﬁ+y =sin§ zeinfa.
IV. If V contain a power of # as a factor, so that we may
write -
V =aT,

then for the determination of the particular integral we may use
the extended form (§ 85) of Leibnitz's theorem.

Thus
S S
V=5
_ 1 mm—1) .
=" T+ {dﬂm}“ o © {dD'fw}T“”

where the series must be carried to the (m + 1)® term; each of
these terms still leaves a quantity to be evaluated which may be
done by the methods of one of the preceding divisions; if it may
not, the quantity may be obtained by the next method, which is of
universal application. The success of this general method depends
solely on the solution of an equation (the solution being requisite
to obtain the complementary function) and on the integration of
resulting expressions.
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V. Suppose that all the factors, which occur in 7 and can be
dealt with by one or other of the foregoing methods, have been
taken outside the operator and that the quantity remaining comes
under none of these heads, so that we have to evaluate ex-
pressions of the form

1
—=T.
¥ (D)
‘1’ ( ) be expressed in partial fractions, each having for its

denominator a linear factor or a power of a linear factor of y (D)
the constant quantities occurring not being necessarily real ; then
the fractions will be of the form

4,
(D—d)"

where n is an integer, A, and « constants, and a a root of
¥ (2)=0. Hence

1

Ui ma Y
=Ee"%e-“17
=2A,,eﬂ'=ﬂ ...... ¢~ Uda"

If imaginary quantities enter into any expression the conjugate
imaginary quantities will enter into some other; such a pair of ex-
pressions must in general be combined so s to leave no imaginary
quantity in the explicit expression of the particular integral.

Ez. 1. (D2—b6D+8)y=log 2.
We have L1 1

D-5D+6~ D=3 D2
Hence the particular integral is
1 1 y
D—_alogz—mlogz=e“ e@logz ab;—e”’fr“log.zdm;
and the complementary funotion is
Ae+ Be%,

Ez. 2. Let the right-hand side in the preceding example be zlog z in-
stead of log # ; then we may either integrate by parts or use the extension of
Leibnitz’s theorem. The latter gives
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- 1 1 1 1
y=rp— logx-w_—wlog =% 55 logz+(—DTz),logm

=z‘s’¢fc"=logxdz - a“ffa"'logmiz‘ - ze”fa'hloga;dz+e"'ffe"llog zdz®.
Ez. 3. Solve
Fhnty=0,
where U is a function of 7. We have
y= De—:;. v

1(1 1 X
=%{D-—in Z7_ZJ+1C'n U}

=2-};{a«=fm-w¢z-a-ﬁwfvm.zz};
or, changing the variable under the ign of the integral,
y=2%bf.l7£{ﬂ'."("'ﬁ—6"-"(’_6))'16
1 (=
=7_J Ugsinn (o) df;
in which U, is the same function of ¢ as U is of 2.

There is another method of integrating this equation which proceeds on
different lines. Multiply throughout by sinzz: then

%(%sinm—nyoosnz)=05innz,

and therefore

Z—"’;si.nm—nyoos nz= —An+rUesin'nEd£.

Similarly, multiplying by cosnz and writing the equation in the corre-
sponding form, we find an integral

%008M+nysinm=8n+f U, conngdf.

Eliminating i—'z between these, wo obtain

y=4 cosnz+ Bsin M+7ll f Upsinn(z—§) dé,

agreeing with the former result. *

Ez. 4. Solve (i) % +nty=2%cos az,

when 'n:a and when n=a;



-
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@ P-my=0,

where U is any function of z ;

¥

(i) 7% —2y=47%%,

Ez. 5. By means of (iii) in Ez. 4 prove that

Jz«mf' . xﬂf'-mwdz—Jm'”“’f“l AV g g,
& %

47. Owing to the close similarity between the linear equation
with constant coefficients and the homogeneous linear equation,
the latter may be dealt with here; it may be written in the form

&y oy e d dj
w"d;z+A,w l?d7}{+ +An_,zd—Z+A“y= v,
where ¥V is a function of z alone and may be a constant C. In the

latter case the particular integral is at once obtainable; it is
evidently

1
EG'

If the operator & diw be denoted by %, then (§ 37)

o d”
wdT,,=$r('&—l) ...... N=m+1);
and the differential equation may be written

F®y=7.

Consider the two parts of the primitive separately ; the com-
plementary function is the primitive of

F®)y=0.
Now we have already seen that
F(Y)a® =F(p)a
Hence, if p be so chosen that
F(p)=0,

then 2 is & solution of the equation; and if p,, p,, ..., p, be the
roots of F' (2) =0, the complementary function is

y=Aag" + Agh+...... + 4 @
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The case of equal roots has been discussed already @§ 46); if 7
two roots be imaginary, say p, and p,, so that I ,,[,., 2t o

p,=a+18 a.ndp.-a_.lﬂL r'-;'["r-
At ,, w
then the corresponding part of y will be 4, 2¢  *- 2wt
a® {4, cos (Blog @) + 4, sin (8 log @)}, & :
the arbitrary constants having been changed. g

Er. If the imaginary roots a+i8 be repeated » times, the oon'eepond.mg
part of the complementary function will be 7/ 43
z‘[{A1 +4;'logz+ 4y (log )+ ... +4,’ (log 2)r~"} cos (8 log 2) /6 ra N :’

+{B/+ By log.z+.B (log z)*+ ... +B,’ (log z)*~1} sifl (8log z)].

48. The particular integral is the value of

1
LOM:
and the evaluation may be effected in two ways, which are really
equivalent save for the difference in operators employed.

If V either be a power or contain as a factor a power of
say 2", then

1 n
y=F—(&—)m T

m__ 1
BT
In the case when T'is a constant, the evaluation is easy. If m
be not a root of F (¢) =0, then we may expand {F (¥ +m)}™ in
ascending powers of % and neglect all but the first term, which is
independent of & and in fact gives
_ Ce"
UFmy
The same method (of expansion) will apply when 7' is a rational
integral algebraical function of logz; and since
Slogz=

the expansion does not need to be ca.med beyond Y, where n is
the index of the highest power of log z in T.

If however m be a root » — 1 times repeated in F'(z) =0, then

F@+m)=2 FO (m) + o T+

+1!
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and we have to evaluate

1 p
y " L
ﬁF (m) + ...

If T be a constant O, then since T

1. L
§1—logm,‘

the value of y is

O(logay.

Fn (m) ?
if it be a function of log # as before, the operator should be ex-
panded in ascending powers of % up to §” (3" being retained in the
denominator), and the value of y will be given as the sum of a
number of terms of the form '

1
§r (log lt)',
that is, of a number of terms of the form
o 'r) j(loga)™.

A general expression can be given for the pa.rticula.r integral in

the cage when 7 takes none of these forms. Let S (S) be expsmded
in partial fractions and suppose some term tobe £ ¢ 4 ; “F
, -
A . W i 7;’ Jf-.l_.J
§—a PRl Al
. Ty L
then y will be the sum of terms of the form ' * r :
A Fe ‘ ,
Y—a v,

which is equivalent to
~ Am“é Ve, orl\ Am"f Va-e-1dg.

Another method of proceeding is to change the independent

variable from # to z, where & is ¢’; this changes % intozd—z or D,
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and all the methods of § 46 will now apply. It is easy to see that

all the cases indicated for ¥ are strict analogues of cases indicated
for D.

Ez. Solve
0 @P-wWig-a,
(i) ﬁ%—x%+2y=zlogz;

@) 24T gymsiae;

(iv) #%+w%+9ﬁ% +3z%+y=(1+logz)’; f‘

(v) x’i—% -3z Z—i+4y=2n‘;

(vi) z"aé—z—iy=z+oos£;

(vi) ﬂ%—(ﬂm_1)rg‘z+(m’+"’).1/=“’”"'l°“~

MISCELLANEOUS EXAMPLES.

1. If there be two linear equations of orders m and n (n>m) satisfied by
the same dependent variable, a third linear equation of order n—m can
without any integration be derived from the first two ; and the equations of
orders m and 7 —m (when integrated) will suffice to furnish the integral of the
equation of order n. (Liouville.)

2. Solve the equations

r =< :-z-'
@ T4y, P *y
bse et
2 d; 2 Lo 2 Sfee 2500
B o2 A L
(y) %+y=siﬂzsinh.

3. Prove that the solution of €
' (D+ o)y =cos azx

n
8 y=e==(d +Agzt ... + A2+ (@+a?) cos (u-n arc cot :-;) .



70 MISOELLANEOUS EXAMPLES OF THE LINEAR EQUATION
4. Obtain the general solution of the equation
DY W e
PRl +uy=0
in the form
ymett (4 cosn’t+Bsinn’t)+7ll,f¢ e U=Ogin 1 (e #) ar,
0

where U is the same function of # as U is of ¢, and #' is given by
n?=n?-he

6. Solve the equations

@) ﬂf;}, +Sz~’ﬁ+wa—z§-iz—£ —dy=2*+2cos (log2) ;

o By oy :
(i) %—12-‘1—ﬁ+12y-=18z45",
(i) '-”—3’+32‘—l€+4ey=u-==+ehcosz'z;
(iv) ‘jlz% 3d2y +4 —2y=e*+cosz
) %+g+y=az’+ba:'sin2m;
. d 8
(vi) (d—.z+1> y=e-v4334z-1,
6. Obtain the complementary fanction of the equation .
T-ay=f(e)
in the form
r=n-1 aam:”
y=0+De™ % 21 ] {A cos (Msm )+B sm(a.zsm )}
r=

and shew that the part of the particular integral corresponding to the typical
terms under the summation sign is

1 fzsa(he)m ® cos {ﬂr+a(.z £)sin TJf(é)de-

na#-1
- 7. Prove that the solution of the -equation
cos i) (=c08 T
az)?=

n=o )
i y‘n 20 {4,y p o= (nthimn +f iﬂ:_f
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8. Prove that
7(& - ;2 wrap oo =(arars(g) o
9. Prove that

(l) 22n+l‘Du$1|-wiDn+I‘z*=gm*;
(i) Dmzm+rDrg=mDr-re(z)=am D™ (z);
(iii) Dn(y—n)ry=5rDy.
10. Prove that, if & denote zai )
Col o dyt Ayt o+ A2

where 4y, 4,, ..., A,—, 6re arbitrary constants.

X i Bhthe _ Lia-(a-4) - G- %)L"‘"T" wif gl s alan)
_gh-:]'JMDA..{_Dt..‘/;i)z.u_ 2t atann)- cta-wIRE L )A g _.9 2
J : el - 8

um-rxu-u L pa-a ()P x';i'L"Q Mt S
>
BNul | Yl kel J) .L i
2 D Jl')-——; ¢t = ?(.1"
‘ L -l s “ o
A8 = D”* N (S -—(rJ"“‘)"' b
- o~ hu "-’ s
B N N ? ) B3
ey Do 4 P

WL » e
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11. If P, @, R be commutative symbols of operation the solution of
P.Q.R.u=0is

u=P-1.0+Q"1.0+R"1.

= o0 S

i e B N
= 3 '\..-u.b‘“'” :S'" Y@ = 2 D q) -'\\(5_'\-) vQLcJ"

NoRRUIGE m\"’crw.) ]

e @0- -n-!—'“)-D u =

@ma

5—/0-—-

RS

i""° . wn I

h
VRS S , . |
D
-\0- LS’ ‘——-ﬂ_f) -'-‘(,3'.\\.-&\) -;\‘.DNT.Y .‘ D
o i\,f\‘ﬂ-'\'“'a‘ '*’\.\.
B Voae ,:'1:;, o b D e
[B Ja @B VT , a,,'&u .
Realy B NI et DL_? ‘
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RN
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o

ey o Ghr e
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CHAPTER 1IV.

MISOELLANEOTUS METHODS,

49. BEFORE we discuss the linear equation of the second order
with variable coefficients there are several miscellaneous methods
which it is advisable to consider; they apply to systems of equa-
tions which admit either of complete solution or of approach to a
solution in the shape of a first integral. It is to be understood
that the equations hereafter given are typical and not merely
isolated equations which can be integrated; it is frequently possible
to include others under some one of the following classes by means
of well-selected substitutions for either the dependent or the
independent variable. Such substitutions point out however the
limits within which the methods are for the most part effective,
80 that it must be borne in mind that the methods are not of
general application to all linear equations of the second order.

50. The simplest case of all is that in which the equation
is of the form
d"y -x,

where X is & function of @ alone. It is immediately integrable
and the result of integration is

. dt,,_,-fmu

4, denoting an a.rbim.ry constant. A second integration gives

dzﬂ fdmedm+Aw+A

e —— W e e e
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4, being another arbitrary constant. Proceeding in this way we
shall have after « integrations as the general solution

y= U ...... X (do)* +B,&" + B, +.....+ B_ o +B,,

in which B, replaces @ f’;)—' and is therefore an arbitrary con-
stant.

51.  Another very simple equation to be considered is

in which ¥ is a function of y alone; but in general it is integrable
only when n is either 1, or 2. In the case when = is 2, let the

equation be multiplied by 2%: then each side may be integrated,
and we have
dy\'
(d_w) =2 f Ydy+4
=¥ @+4

suppose; in this the variables can be separated and finally the
general solution of the equation

dy
E—Y

; _ 4y
is . f{\kly)+A}* z+B.

DY aty=
Ez. Solve At y=0.

A first integral is
dy\2
() +an=t=aw,

where ¢ is an arbitrary constant ; separation of the variables gives

dy ¢
(@i

¥

and therefore arc sin t=az+to

or y=csin (ax+a).
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52. Any differential equation which merely expresses a rela-
tion between two differential coefficients, whose orders differ by
either 1 or 2, admits of solution. As a type of the differential
equation, when the orders differ by 1, we may write

s

=Y; then the equation becomes

at

Let a ..-1

T_r,

the integral of which is

ay
¢(Y)=IW=E+A.
Suppose this equation can be solved for I and that the solu-
tion is
Y=¢(z+4),

that is

dn—l

T =9 @+ 4)
Then ;t'.his is one of the cases already discussed (§ 50), and the
general integral can be obtained.

Or after obtaining the equation ¥ (¥)=x+ 4, we may proceed

thus: since
d (dty -
dx(dw"") Y,
therefore
"y _[Fa¥
dm,,_f_dez- ¥
Similarly
&y Yy
&=/ d‘”f F(Y)
. Y4y
1«'(Y) Fy

and so on, until

fF(Y)f ...... i
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an arbitrary constant being introduced after every one of the inte- -
grations, which must be taken in order from right to left. Then
we have two equations between @, y, ¥, from which ¥ is to be -
eliminated ; and the eliminant will be the primitive.

1t is evident that by this method the equation

can be solved.

dy _dy
Ez. 1. Solve A=
2
Let ﬁ?ﬂ=£ i
dé_
then g =¢£
of which the integral is
%
g=A',
z
and therefore y=4¢" +Bz+C,

where 4, B, O are arbitrary constants.

Ez. 2. Integrate

o e
(if) -aj?,={1+(§—i)g}*;

iy @SLLL {1 e (%”,)'}*.

53. As a type of the differential equations which connect
differential coefficients, whose orders differ by 2, we may write
dy_ (Y
azt f ( dwn‘l) .
7y

Let e 2; then the equation becomes

d’z
Frl =f(,
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the solution of which has been obtained in the form
dz
—_ =z +B.
f{A +2[f (2) deft

If, after the integrations have been carried out, the ¢quation
can be algebraically solved for £ in terms of z, say

z=0(z)
(where the function 6 (z) will involve the constants A and B),
then n—2 direct integrations will furnish the primitive. But

if it should be impossible to effect this algebraical resolution,
then we have

& (2 () dalt

'y _f zdz
Hence Pre] = [zdz —-} ——{A 1376 dz}*'
cl:l/_= dz f zdz
™ " ] (A +2[f (2)de}t] (d +2[f(2)de}?’

and so on; ultimately we shall obtain y as a function of z, and the
primitive will be the eliminant with regard to z of the equation
between y and 2 and the equation between z and 2.

. diy _dYy
3 22 _ %Y
Ez. 1. Solve @ oS= T
. ¥y .
‘When we write z for T the equation becomes
2 ds _
Fra
2 -z
50 that e=0"+c %,
z -z
and therefore y=A4d"+DBe "+ Cu+D,

in which 4 and B replace ¢,a? and c;a® respectively.
Ez. 2. Solvea

) z‘%:

)‘g;
@ ottt (@)

e e e T e ] T ey ey T T
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54. In some particular cases the general differential equation
of the second order can, by substitution, be depressed so as to
become a differential equation of the first order; such cases

occur when one of the variables is explicitly absent from the
equation.

First, consider an equation in which # does not occur, so that
it may be written in the form

dy dy)_
¥ (y, az’ dz")_o'
Let g:c =p, and then ;’g = g_p the equation thus becomes

\Ir_(y, p,p%)=

a differential equation of the first order to find p in terms of y.
Let the solution be
p=5

in which f(y) will include an arbitrary constant. Then the
variables are separable, since we may write

—dm *

f ®
and integration of this equation will lead to the primitive.

Next, consider an equation in which y does not occur, so that
it may be written in the form

¢( dy dle/)=o.

> de’ da
Let ‘ZD—Z= p; then %:Z—i; the equation is transformed into

dpy_
¢ (-"7, »s Tw) =0,
an equation of the first order to find p in terms of #. Let the
solution be
p=F@), ‘

where F includes an arbitrary constant. Integrating this, we
obtain as the primitive

y=A+ [F (z)daz.
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%y _ dy)’
Ez. 1. Solve 2 (22 y)dx’ =1+ (cTz‘ .
‘When we write %FP the equation is transformed into
dp
I\ . Py 1
1 +¥ T -y’
‘the integral of which is

1+p)(28-9)=p
wwhere p is an arbitrary constant ; the primitive is given by the evaluation of

20—y |%_
fﬁb"/{l‘—iwy} =o+B.
Ex. 2. Solve a’%ﬁ=2x{1+(%)’}i,

The substituti %=p fi the equation into

a?
(142t do !
.on integration this gives
L BTy
(+pY '
and therefore

o (AR
@ AP’
.80 that the primitive is W

y=lpde=B+ 23+4

———— .
{at a8+ AP
Ez. 3. Integrate

0 (et B @)
0 oo (Y,

o v (8 Y-
) (1429 5% +14 (;%;)Lo;

o) - PP as;
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2 TSP 3]
(vid) .v/%’—(%) =yilogy; ""“' bl

2
(v y (1 ~1og ) T4+ +logy) (L) =o.

Homogeneous Eguations.

55. There are certain classes of differential equations in
which a kind of homogeneity subsists; and the solution of these
can by suitable transformations be made to depend upon that of
equations of lower orders. The homogeneity is constituted as
follows : if y be considered to be of n dimensions, while z is of one

dimension, then g—i, since it is the limit of %%, is of n— 1 dimen-

sions ; (%7{’ being the limit of %’; ,is of n — 2 dimensions, and so
on; and the equation is said to be homogeneous when, if these
dimensions be assigned to the corresponding quantities, the terms

are all of the same dimensions. The simplest case is, of course,
that in which » is unity.

Fixst, let » be unity so that z and y may both be considered of
one dimension. Let y=zz and z =¢’; then

dy _dz ’
il T R

dy 'rde  de\ _,
da:’_(d99+d9)e !

and so on; and the resulting differential equation will be one be-
tween z and 6. Now it will be noticed that the coefficient of 6 in
the index of the exponential wherever it occurs in any differential
coefficient is the number representing the dimensions of that dif-
ferential coefficient ; and therefore, when substitution takes place
in the differential equation, supposed homogeneous, the index of
0 in the exponential will be the same for each term of the equa-
tion, and this exponential will therefore be a factor which may be
removed. The new independent variable 6 will no longer occur
explicitly in the equation, which will therefore be of the class
already discussed in § 54 and can have its order depressed.
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dy\? L
Ez.1. Solve 22 % = {m.z" (d%) +'ny2} .
Making the substitutions of § 56 we have
d%  dz ds G L
arm= { m (d—e+x> +m} .
‘When we write Z%=v, the equation beoomes

dv
Zo+v={m (v+2)+nat)t;
or, if v=tzs,

ds +e={n(1+8)+ n]*,

*+

and therefore S —
*{m(l+ap+nf-a-a
The variables are separated and the equation can be integrated.
Fz. 2. Solve

b 2 %Y b ay\'l

® »ZhEtyy _{1+(ﬁ)} ;

@ noZf={y-o 2

(iif) .z‘%=<y—z d-i) .
Passing now to the general case in which homogeneity is con-
stituted on the assumption of n dimensions for y, we write
z=6, y=a"z=2"

‘We now have

- (o)
d'y 'z dz 9
== d—o,+(2n—1)d—8+n(n—1)z e,

and so on. It is obvious that the coefficient of 6 in the index of
the exponential, which occurs in the expression of every differential
coefficient, exgctly measures the dimensions of that differential
coefficient; and as before, when substitution takes place, the
exponential will disappear and the differential equation, having
been thus transformed into one from which the independent
variable is explicitly absent, can have its order lowered by unity.
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Ez. 1. Solve @—(z"+2z'y) ——4_!/’

This is h if y be idered to be of two dimensions while z is
of one. Hence we substitute

r=¢, y=aiz=2",

and the equation becomes

Pz
a1 &2 | e (142) (d0+22)

.

l
o -9 g=o
A first integral is given by
de 9
e (1—5)}=4,

and in this the variables can be separated in the form

de
ey

the integral of which will vary (being either an inverse ciroular function or a
logarithm) according to the sign of 4.

Ez. 2. Solve
. . di dy\?
@ ,;*Z’y ¥ (_z/) —agt;

(@) JZZ+2d‘V (%) -

i) 5 T4+ sv-(3)"
A particular set of cases arises when n is made infinite; all

the quantities y’%’ ...... have then the same dimensions. The
simplest method of solution is to adopt the substitution

y= e,
and the resulting equation between u and z will be of an order
lower by unity than the given equation.

Ez. 3. Solve .
. ds -
0w (E) s Eea

(i) zy % -z (%;)l=y % +bz (%) (aB-2%)L
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Ezact Differential Equations.

56. A differential equation of the form
dry d! d;
f(ﬁ‘,y,, da;—"’lll’ ...... ’dlm/’ y,z)=0
is said to be exact when, on representing the left-hand member by
V, the expression Vdz is the exact differential of some function
U, which is necessarily of the form
d)l"l d
(v, 0)
Consider first a linear exact differential equation, which may
be represented by
dy o, 47 d
Pnd%ua”%?% ...... +P,d—Z+P,;y=P,
where the coefficients are all functions of @. An equation of this
form will not in general be an exact differential equation, but we
proceed to shew that, if a certain relation be satisfied by these
quantities P, the equation can be integrated once.

Indicating for convenience differentiation with regard to & by
means of dashes, we have on direct integration

[Poyis= [P.yaa,
fP,Z—Zdax=— P, ydz+Py,
fp,%dh P! ydw— Py +P.y,

d’ ,,, " iyt "
[P Ghda== [P yao+ By~ Py + Py,

+(P,—P/+P —.... )y
" +(P, =P+ P/~ ... )y’
+(P,—P/+P)—...... Yy .
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where the law of formation of the successive coefficients Q,, @,, Q,....
is the same and, in particular,

Q.=P,
Qw—l =Pn-1_‘Pul'
Now the condition of integrability evidently is that there shall

be no term remaining which involves an integral of y; and the
necessary and sufficient condition for this is that

Qn=ol
that is,
dP,  d'P L d'P,
PQ—TZ;HEEE— ...... +(-1) d—z;=0.

‘When this condition is satisfied, the first integral is

QT . T +Qy=[Pdo+ 4,
where A, is an arbitrary constant.
If now the coefficients @ satisfy the corresponding condition, viz.:*

-80S

the equation is again integrable ; and the process can be continued
so long as the coefficients of each successive equation thus derived
satisfy the condition of integrability.

Ez.1. The equation
@y Py Y
(ax? - bz) dﬁ+(m. €) 1.z+’¢ +y=x
is an exact equation ; for we have
Py=1, P/=1, Py"=0, P"=0;
and so the condition is satisfied. Integrating each side we have
.

{ar®— bz)d,y {(2a—c) z+e—b} %’J+(2u—c+z)y=§-z’+A.

In practice it is sometimes easy to see that a given equation is inte-
grable. In many cases the quantities P are either of the form az™ or sums of
6—2
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expressions of this form; and m% is a perfect differential coefficient, if
m be less than n; for integrating it by parts we have

M"j;;:yl—mﬂn"%r%+m(m—l)t"““d" E_y .+( l)mml'f‘;_mig

If n=m+1 the last term is (- 1)™m !y.

‘When we apply this lemma to the present example, the terms involvmg
%, 2y are seen to be perfect differential coefficients, and z -1+y is d.'c(""'/)’
80 that the left-hand side is a perfect differential coefficient and the equation
is therefore exact.

Ez. 2. Prove that the equation in Ex, 1 cannot be further integrated by
the foregoing method.

Ez. 3. Solve

(i) m%ﬂw’ 3)ﬁ+4méz+2y 0;

) 2r4yrromy Lo Thin P,
and shew that the equation
i Y =
ﬂw+uw+(a:“+2)a—z_+azy 2
becomes integrable on being multiplied by some power of z. Obtain its
integral.

57. The method which is used for integrating exact equations
which are not linear may be illustrated by considering an example.

Ez. 1. Solve
3
y+3.ﬂj—i+2"y (Z—"Z) + (r’+2y’%)%=0.
On the supposition that this is an exact differential equation we may write
dU=(y+32p+2yp) do+(s"+2y'p) dp,
where p stands for % Let U, denote what would be the value of U if p
were the only variable, so that
. Ty=atp+p.
Let all restrictions be removed, so that

U,=(22p+2yp*) de+(*+%p) dps
and therefore

dU - 80,=(y+ zp) da=d (ay),
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which gives on integration
U-U,=zy+4,
that is,
d 2

7=t Yy (3%) +ay+4;
and therefore the first integral is

o8 (8] g

‘The preceding method will be seen to lead to the following
general rule for the integration of an exact differential equation of
the #* order. The equation, being derivable from one of order

n~1 by direct differentiation, will contain g;z only in the first

degree; if this condition be not satisfied, the equation is not exact.

Let the equation be written in the form 7'=0, and integrate
Ve as if d"dw_ﬂ were the only variable occurring in ¥ and i‘z its
differential coefficient; let the result be U,. Then Vdz—dU,
involves differential coefficients of y of the order n—1 at the
utmost; as it is an exact differential the highest differential
coefficient of y which occurs can enter only in the first degree.
Repeating the process as often as necessary, we shall ultimately
have

Vdz—-dU,~ dU,—...=0.
Then s first integral of the given equation is
U+ U,+...=C.
Ez. 2. Solve
" d;
0 LYy Yt

@ 2% +aZh+eay-nEry=o.

Ez. 3. Shew that the equation
dy , _a%y -
b 4+ i O+ _,,s)a
becomss integrable on ;nultiplicntion by the factor 21:’%—2@;1/. Hence
deduce a first integral and the primitive.
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Ez.4. Integrate the equation

dy, @ __g
dzd T Bty + s +ea®)

having given that there is an integrating factor of the form X; %ﬁ Xoy.
(Euler.)

Lingar Equation of the Second Order.

58. We shall here prove some of the leading properties of the
linear equation of the second order; but the present investigation
will not for the most part anticipate the discussion of the general
linear equation, for the properties here established belong solely
to the equation of the second order.

The general form of the equation is
Py pW gy
ot t=E

in which P, @, and R are functions of z; they may in special cases
be merely constant quantities.

Substitute in the equation for y a value vw, where v and w are
both functions of z; as yet the only limitation on them is that
their product must be equal to 3. We then have

d dw dv | (dw dw
wiat (2%+Pw)d7c+<W+P =t W)v=R.

As we may choose a relation arbitrarily between v and w or
make either of them satisfy some condition, we will suppose it
possible to determine w so that the coefficient of v may vanish,
that is,

d'w dw
@ + P az +Quw=0,
which, it will })e noticed, is the same as the original equation with
the right-hand side equated to zero. The quantity w being now
considered known, the modified equation becomes
2,
d (2 dw P) dv_R

T el )" w
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so that

uf%s”"‘:z& +waefP""dz,

and therefore
de - do
v=B 4[ e [ Pda f ¢ j’Pdmwaej’pdadm‘

It therefore follows that, 3 any solution whatever of the original
equation with the right-hand side equated to zero oan be found, the
complete primitive of the original equation tn its general form can
also be found. The problem of deducing this complete primitive
is therefore resolved into that of finding some single solution of
the simpler equation. This, in the most general case of P and Q
unrestricted to particular functions of , has not yet been effected;
but in special instances it is possible to determine such a solution
as is desired, sometimes by inspection, sometimes by means of a
converging series, sometimes by means of a definite integral ; but
in the two latter cases (which are usually closely connected) the
explicit evaluation of the form obtained for » is difficult or impos-
sible, though this form (§ 5) still remains the solution.

£Ez. 1. Solve
d? d,
d—j,—-z«' 3%+zy=xﬂ*1.
A particular solution of
BY 5By
E’—I’ d—x+z;l/-0
is evidently y=2 ; hence writing y=2 in the original equation we get
dw o d &
zﬂ,+2 Z’;—-z’(.z d—:+v)+z’v=.z""”,
dw , (2 dy
or d—ﬂ,+(5—m’)ﬂ=.z'".
Hence
D syt g [~
b =4+ J s
and therefore ‘

z3
If m=0, this can be simplified.

»=B+ Ada W+f%“§ 5szﬂ+’s_wdz.
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Ez. 2. Solve
O B oW i@1)y=x;

. d _
(i) (u—bz’)%+2a Foby=an.

59. If however a solution of the equation when R has been
put zero cannot be obtained, then it is sometimes useful to remove

from the transformed differential equation the term involving %
That this may be the case w must satisfy
dw
9 =
% + Pw=0,

from which we find
w=g-¥Pda;

there is no necessity for adding a constant in the integration as it
will afterwards disappear. Insert this value of ¢ in the equation
and write

dP
I=Q-3%--3}P
then the equation becomes

z.—; 4 Iv= RetlF%,

In some particular cases this equation admits of immediate
solution, but these cases occur much less frequently than those to
which the preceding method applies; and the advantage of the new
form, which will be indicated shortly, lies in an altogether different
direction. Now we know that if a solution of this equation with
the right-hand side equated to zero can be obtained, the primitive
of the general equation is obtainable ; and we may therefore quote
the equation in the form

d™
W+IM=O.

Ez. 1. Solvg

% —$%+G‘y§(—8+z}+x)=0.

Hence P= ——1*, and therefore w=e~HPdr_ ¢!
x .
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Alo N e
50 that the equation giving v is
ﬂ - %ﬂ 0.
The solution of this is
v=Az24 E H
x
and therefore the general integral of the first equation is
y=(dz+ Bz-1) &
Ez. 2. Solve
6] ﬂ—%.zc-lﬁ+b’z’y=z;

@ -2+ (+3)s=0;
@) Y a0 By arsg)y=d.

60. The advantage of using the form

dv
dm’+h—

instead of
ay +de +Qy=0

as typical of the linear differential equation of the second order, lies
in the fact that for all substitutions such as zf (z) for y in the latter
equation I is a function of P and @ of such a form that, when the
new equation

d dz
d—;+ P, at Qz=0
has its second term removed by the substitution
z =_wg—HP1d¢ ,

it takes the form

d'w "
da:’+Iw 0.

Thus [ is exactly the same function of P, and @, as it is of P
and Q; and we may therefore call I an inyariant of the coefficients
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then
o=y, and v, =y, .
and therefore
% = % =8,
y 2 vl

so that s is the quotient of two different solutions of either diffe-
rential equation. We now. proceed to find the equation which is
satisfied by s; since each of the quantities y (or ¥) may consist of
two terms each containing an arbitrary constant factor, the quotient
of one by the other may contain three arbitrary constants (not
four, since without altering the value or generality of such a
quotient any constant may be made unity); therefore the diffe-
rential equation satisfied by s, a function involving three arbitrary
constants, must be of the third order.

Indicating differentiation with regard to @ by dashes, we may
write

v + I, =0,
v, + Iv,=0.
Taking logarithms of *
s=2
v

which on being differentiated gives

-
s \s/ v \v, v, \1/”

But
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of the differential equation*. The equation so reduced may be
said tg be in its ‘normal form’; and any two linear equations such
as the equations in y and z can be transformed into one another, if
the normal form of each be the same.

If it be known that two given equations are so transformable and the
equation of substitution between the dependent variables be desired, this can
easily be obtained by using the normal form &s an intermediate transformed
equation. Thus in the general ple the equation in y b transformed
to that in v by writing

yet Py,

and the equation in » passes into that in z by writing

=26t P:dz,-
and therefore the relation which transforms directly the y-equation into the
z-equation is

g Eho b Pids,

‘Ex. 1. Prove that the equations

(1—::’)3—:;+(1-3z)%+1:£=0, (7 ,5 x4/
and a- .z“) X —(1+m) & +@+1)¢=0,

can be transformed into ong another; and find the relation between s, ¢
and 7.

Ez. 2. Find the value of @ which is such that the equation
d
—1+a T Qy=0
may be transformed by a substitution y =¢f(z) into
diz 1ds
d.t’+.z cl.z'+( ;5) z=0.
Obtain the value of f(z).
61. Let y, and y, be two particular integrals of the equation
@y, pdy T W=0

dEI
and v, and v, the corresponding particular integrals of
d'
. e Iy=0;

* Of. Malet, Phil. Trans. (1882), p. T51.
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and therefore

§ s v, Y
’ '
§ ?,
or —==2-2.
§ v,

Differentiating this again, we have
a”, 61 2 _ vJ_” ,U_.’ 9
s _<s'> =-2 v, +2<v,)
=2 “_)
oI+ }(s, ;
and the transposition of the last term gives
& N
-t (?) =9I

This is the differential equation satisfied by s; and it is of the
third order, as was indicated.

The function of the differential coefficients of s with regard to =,
which occurs on the left-hand side of the equation, has been called
by Cayley the Schwarzian Derivative* and is denoted by him by
{s, &} ; it is so called because its properties are discussed and it is
of fundamental importance in a memoir by Schwarz in Crelle’s
Journal (t. LXXV), though the function is not originally due to
him+.

62. If now any solution of this equation can be obtained, then
a solution of the original differential equatiop can be immediately
deduced. For let such a solution of the neW equation be denoted .
by s; then since

Y% 1%
?, 3 g’
we have, on integrating this,
v, = o5}

where C is arbitrary. This is one solution ; another is
Y =08= oY,

* Cayley, Oamby Phil. Trans. (1880), vol. xiii. p. b.

+ It occurs implicitly in Lagrange’s memoir * Sur la construction des ocartes
géographiques” (Euvres, vol. iv. p. 651 (this reference is due to Schwarz), and
Jacobi’s Fundamenta Nova; and explicitly for the firat time in Kummer’s memoir
on the hypergeometric series in Crelle, t. xv., which is referred to in Chapter vr.;
see also Cayley, L c.



62.] DERIVATIVE. 93

and from these the corresponding solutions of the equation in y
are derived by inserting the exponential factor. When any one
solution of a linear equation of the second order is known, we can
obtain the general solution; and hence any particular value of §
satisfying its differential equation will lead to the complete solution
of the first of the differential equations.

This theorem holds in regard to the general linear equation of
the second order; but its chief application arises when the linear
equation is that satisfied by the hypergeometric series, to be
discussed in Chapter V1.

Ez. 1. Prove that, if
8(az+b)=0z+d,

the Schwarzian derivative of & vanishes.

-2 | £5 e
Ez. 2. Find the general value of & when wh f_ ﬁ‘
a? {8, 2} +a=0, be trivecy I{—ﬂ“"ﬂ””

‘where a is & constant.
Ez. 3. Prove that * , .
0 wa=-(5) e 2.-{ RN /AR 4‘46‘7 2

I i : d s} >
(i) {a‘ b:w ={8.2}; ! +-%L‘- S
cs+d

@) 1o 21=(%) o 91-la 1 (F/’f-) 524_ s xi

i) 1o a=(2) 0 0 -(%) & 2+ (%)t o S
(Catey)

63. Another method which is sometimes effective is that of
changing the independent variable.

Take 2 as the new independent variable; then

dy _dydz
~dzdz’
dly _ cl'y/dz) dyd'z
det = @ \da) Tdedd’ .

and the original equation becomes

o) eGP D)+ =0
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As yet z is quite arbitrary and it may therefore be chosen to
satisfy any assignable condition. Thus we may choose to make

the coefficient of %ﬂz vanish so that

d'z dz

aTz‘+P«E=0’

and therefore 2 is given in terms of z by the equation
z= dee_“udz.

The eliminant 6f this relation between z and = and the trans-
formed equation may furnish a differential equation which proves
integrable.

One integrable case occurs when the value of # is such as to
satisfy the relation

dz\* FA
v(z) - o
where p is a constant ; and then the equation takes the form
N5
7 d—z‘g +py=0,
of which the integral is
" y=Aez + B2,

a and 3 being the roots of
mm—1)+p=0;

and it is not difficult to prove that the relation which must exist
between P and @ in order that this may be the case is

d
,%+d—m(Q’)+PQ*=0.

Another integrable case would be furnished by

. B Cl—,lﬁ =Q,

and so for other cases; and it will be noticed that in each case the
equation is reduced to what may be called a known form, that is,
one of which the primitive can be obtained.
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Ez. 1. Solve
(1 —m’)% x%=a’y.
Here P(l-2?)=-uz,
s0 that I ' %—e'“’f"qf 2
=1-y7H,
and ' ze=arosin 1.

When the indepeudent variable is changed to z, the equation becomes

=d%,
and therefore )
y=Aeau.ralmw+Becurocasz.
Ez. 2. @) (x’—])%+x%=a"7/;

(i) %+§Ztau 24y coslz=0;

@) 9y il {( B(z+1) }* 0, v

#-1ds Y \[@=1) @z+5)
oo

dy
) (1+z-’)ﬁg—2'z:d£+2y =0. v

64. The property used in § 60 to obtain the relations between
the dependent variables in two equations, which are transformable
into one another—viz. that the equations have the same normal
form—can be used to obtain the relations between the dependent
variables in two equations, the independent variables in which
are different, on the hypothesis that the equations ultimately
determine the same function. The process adopted will be similar
to the former one, as both equations will be reduced to their normal
forms in the same variable and these, being assumed identical, will
give the conditions necessary for the justification of the hypothesis.

Let the two equations, which are to be thus transformable into

one another by changing both the dependent and the independent
variables, be
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) R - ),
o d
and Ry d” S (i),

in which P and @ are functions of , and R and 8 functions of 2.

Writing in (i)
¥ =y,
dP .
and I=Q- ;i P,
d'y, ’
we have P Ty, =0 ooriiiniiiiinninnnnd (i),
and writing in (i)
ve/B% = v,
dR ..
and J=8- - - R,
we have d’ﬂ + Ju,=0 i (@iv).

In (ii) changing the independent variable from z to z, we

obtain
d‘y ds dy, &'z _
(dz) + @+Iy,— o
or Py =+ dy, 2

d:’ iz +/=y- 0

in which dashes indicaté differentiation with regard to @ To
reduce this to its normal form we write

"
&| Zads
y,eI" =%

or, on the evaluation of the integral in the exponent,
- v =,

the equation then becomes

d‘y =22 -+ @Y =0 oo ),
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where
o= () -4 5 (5)
-ptmi(a-2h))
s,

and {z, z} is the Schwarzian derivative of 2.

If, then, the equations be transformable into one another, the
normal forms will be the same when expressed in terms of the
same independent variable; hence comparing (iv) and (v), which
are the normal forms, we have

. :’/ 2 = 'ul ’

and G=J.
Substituting for @ in the latter equation we have
I} (e, o} =J2",
dz\' dR 5, dP
or  tleat+(T) (s-% -R)-(e-% - P)=0;
and substituting their values for y, and v, in the former equation
we have
¥
y (g_:) o Pdo _ pfBds.

These two equations are the conditions that the differential
equations (i) and (ii) should have the given property. The first of
them gives the relation which must exist between the independent -
variables; and, when the first is satisfied, the second gives the
relation which must exist between the dependent variables.

The foregoing equations enable us to obtain the general form
of all differential equations into which (i) is transformable, and
also to obtain the connexion between two given related equations.
Thus, for instance, the equation in a given indeperident variable
2 equivalent to (i) would have as its normal form

d,

d7‘+v,J=0,
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L]
where =y (%‘:) P,
I )
and J'=?—1} {_‘7”};

and since 2z snd 7 are known in terms of z, J is also known in
terms of « and can therefore be expressed in terms of . Every
differential equation, which is equivalent to (i) and has 2z for its
independent variable, must have the foregoing equation in v, for
its normal form.

Ez.1. Prove that the equations
de
(1- .z“)——ﬂzdz+n(n+1)z=0

and (1- k’)ﬂ— #’a_l; {1 +5— (Q;H';n)
are transformable into one another by the relation
z(1-B)=1+2;
and find the relation between z and v.
(G. H. Stuart.)

Ez. 2. Prove that the equations
d* d
TR U-eN+2(B-1+41) 3124-1.-(1—1:)1;:0

d¥ 2kdy
and a2t T dr - By=0

are transformable into one another by the relation
x=1=zz;
and find the re]ation between y and ».

Method of Variation of Parameters.
65. It was pmved (§ 58) that if a solution of the equation
&y
. dz, Y+ P o Tey=0

be known, the primitive of the equation

dy

dy
M+P +Qy=



65] VARIATION OF PARAMETERS, 99

can be obtained; but the following method is effective in giv-
ing for this (and other linear equations) what was called in the
last chapter the Particular Integral, and it can be applied where the
methods formerly indicated cease to be applicable.

Let y, be a solution of the equation
d’y P¥ . gy=
dz" Ea; + Q]/ =0,
so that
d* dj
S+ P gy =0,

Eliminating @ we have

) dy_ dy,
hgm Y +P( -y dw)

and therefore )
?ZZ f'/:iim Ag-1Pda, WD._/,,} Lodes he '

’ Z
of which the integral is ) jw(%)
y= B:y.+Ay.f 5367

Let y, stand for the quantity of which A4 is the coefficient, so
that the primitive is
y= By, + 4y,

and y, is a particular solution of the differential equation. Then
the preceding analysis shews that any two particular solutions y,
and y, are connected by the equation

where the value of C is no longer arbitrary but depends on the
forms of y, amd y,, the two particular solutions of the equation.
.
66. Let us now take the above value of y and substitute it in
the equation

dy , pdy
et Pt W=
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on the supposition that 4 and B are no longer constants but
functions of & to be so chosen that the equation shall be satisfied.
Thus the form of y is the same for the two equations, but the
constants which occur in the former case are changed in the latter
into functions of the independent variable; to this process is
applied the name Variation of Parameters.

We bave now two unknown quantities A and B, in terms of
which y, a single unknown, is expressed ; and we are therefore at
liberty to choose any relation between them that may be most
convenient for our purpose. When we differentiate y we obtain

d; d; d; dB dA
__y=B_yl+A ‘y’+yx—+:’/n—'
B 4 Y
=3 4%,
provided
dB dA
yx_dm+yn—dz=0;

we shall take this last equation as the relation between 4 and B.

Again, if we differentiate g% , 80 that

d_iy d‘_y“ + @ éy,l + ‘ié_dy 2

7l de " dz do” do dw’
and substitute these values in the original equation, then, since y,
and y, are particular solutions of the equation when R =0, we have
as the result

~3%
—Bdw,+A

dBdy,  dA dy,
% dat Do da = T
Thus d4 dB
do_do _ R _R ipa
Y ~% '1:1_/3_ 'i"/_x ¢
ldw yidm

and therefore

1
4=E+] f Rye’™™ da,

1
B=F- C,[ Ry,e™* da,
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where E and F are arbitrary constants and C' is an absolute con-
stant depending upon the forms of y, and y,.

If now in the differential equation we write ¢ () for P and
Y (2) for R; f, (@) for y, and f, () for y,; then the general so-
Lution of
d;
@ L+ 0y=4@

18

1 o e &)
Y=E@ +FL @+ v @S L@ L0 £ @ L O
where f, (@) and f, (z) are particular solutions of

d* d

@ +e=o,
and are therefore connected by the relation

U _ pp-Foies
f;iié—f;fz=06 [%$(e)ds

It may be noticed that we may make C' unity without loss of
* generality ; for if it be not unity we may substitute for f,(z) the
quantity ?1,, J; (@) which, while still a particular solution, will render

the constant unity.

Ez. 1. Solve
d;
zd—‘Z—y=(z‘—1) (g—ﬁl).
Arranged in the ordinary form this is

2 dy 1
& ity h

Particular solutions of the equation without the right-hand member are z
and e*; hence, if we take
h@)=a fi(@)=¢
“we may proceed as above, and have as the primitive
y=Ae¢*+ Bz,
As in the general case 4 and B are connected by

d4 dB
P &+ Ez=0,
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. dA . dB
while ==l
Thus %=xﬁ and ‘%: -1,
and therefore A=E+ f‘ éa‘ea!é
=E~a=(z+1),
and B=F-uz.
The primitive is therefore

y=FEé+ Fr— (22 +2+1).
Er. 2. Integrate by this method the equation
dy
s Qy=R,
where @ and R are functions of z alone.
Ez. 3. Solve

() %+n‘y=saonx;

@ -9 -wL-(+y=a

67. The method of variation of parameters may be applied
in & manner, different in regard to the terms neglected, to obtain
a subsidiary integral, the constants in which are subsequently
made variable parameters. Thus consider the equation

B+ (W ror+ Fo)=o.

Neglect the term involving F (y) in order to obtain a subsidiary
integral ; it will be that of

&y (YN .
T+ (E) rw=o
which is . ‘di—?;e”(”)"”=0.

Suppose now that C instead of being a constant is a function
of 2 and let this be differentiated ; then

{% + f(y) (%)’} AOL %:
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_ rway _ 4C
or F(y) e’V = ot
Therefore
gtﬁ;’ — F(y) ij(wdy% ,
and so
C=4- 2fdy1«‘(y)e”f‘y”".
A first integral of the original equation therefore is
g_ie/f(v)dv= {A. - 2fdyF(y)e J’(ll)dV}}.
This can be again integrated since the variables are separable.

Ez. 1. Solve in this manner the equation

dy d,
B+ Lo+ () se@=o
Shew also that the integral of this equation may be derived by the method
of § b4. Aﬂ\ﬂ )
By changing the independent variable in this example from z to g, obtain
the integral of the equation
di d d,
HrroLren (E)'-o
Ez. 2. Tntegrate the general equation
dy dy LA
HrroF+ro (g -
firstly, by neglecting the last term to obtain a subsidiary equation and then
varying the parameters ;
secondly, by applying the same method to the integral derived from neglecting
the second term ;
-1
thirdly, by multiplying by (‘1’1 " and then integrating each term.

It thus appears from these examples that
M, +P—4' +Q ( )

is integrable in the cases :—
(a) when both P and @ are functions of z,
(8) when both P and @ are functions of y,
(y) when P is a function of z and @ a funotion of y
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Two particular methods.

68. When in the equation %+I’u= 0 the quantity I is a

rational algebraical function of a fractional form such that the
denominator is of a higher degree in the variable than the nume-
rator, the following method is sometimes of use.

ti
Let a quantity jo/e
be substituted for v; then the equation becomes
i'; + 2P + Pg=0,
where ap,
3 —1
P =I+P'+ e

On integrating the equation as if the left-hand side were a
perfect differential, we have

dz dP,
d—x+2P,z+fz( —25).1” 4
Since the quantities P, and P, are connected as yet by only a
single relation, we may assign as a further condition to determine
them

dP,
h=2g
and this gives as the equation for P,
apP, .
oP=1

while, if any value of P, satisfying this be obtained, an integral of
the original equation is obtained in the shape

%+2PIZ=A

It should be pointed out that the utility of this method depends
on the form of'the equation which gives P, ; this would be lost by
the substitution
. P “Tw 37‘; ’

for then the equation giving P, becomes changed to the original.
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“ With the assumption which was made as-to the form of I we
may write
_ vy _vu_Uv

TU-TT " ¢’
say, where 7, Uand V are rational integral and algebraical func-
tions of z. Then we may assume

L@
=L,

I=

leaving the constants in f(z) as the quantitiesto be determined from
the equation; but in general there are not sufficient disposable
constants arising in f to allow the equation to be satisfied. Hence
this method, like the other methods which have been proposed for
the solutioh of the linear equation of the second order, is not one
of universal application, but is effective only in particular cases.

Ez. 1. Solve 1 v =
- L z( —.z*)’—H— .
Here the equation for P, is
dPy 54 2
_dz_Pl - _Z(T-T_)r

Let .Pl=§+ % and substitute ; the equation is satisfied by B=F= -1,

and therefore a first integral is
dz 2
dz~ z(1 —z')Z=A’
v dz da
where Iog;=_ %~ |ize
or ww=3(1-7).

The primitive can easily be deduced, for the equation is linear of the first
order. .

Ez. 2. Solve
@ -2 40m0; .
() o+ +a+D) S=180;

d’y sm 3z
) =,

(i)
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If a term involvi.ngj—z should occur in the equation, this term

should be removed before applying the above method.

Ez. 3, Solve
d’y pY-(at2)z (a+2) z dy ay

@ “z(1-2) ——m 2
& —(a+B8+l)zdy  afy
(&) d.%"'ﬂ o(loa) ds slom) =0

o @%  at+l—(a+B+1)z d; a3 _
@ ZE+ Ty &Y=

Ez. 4. Shew that this method will apply to the equation

d’y 'x’+2B‘z+C"v
= (@®+24z+ By

provided there be & single relation between 4’y B’ and ¢’; and find this
relation.

69. A certain class of linear differential equations can be
solved by the resolution of the operator on y into the product of
operators. Thus consider the equation

WYY
dw’+ﬂd +wy=0,

in which %, v and w are functions of «; then, if the operator

i d
% iz + e +w
be resoluble into the product
d d
(pz+e)(rz+e).

D, ¢, r and 8 being functions of , the equation can be integrated.
For, if we write

T e

we have + qz“= 0,

ds
P

‘and therefore 2= AG_I%M,
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and we must now integrate
rgz-l-gy:.ﬁe—f%dz,

which is linear of the first order. In order that this resolution
may take place, we have the three equatlons

qr+p( c
qu%:w’ U3 \( ”

to determine four quantities p, ¢, r and s; but we may consider
P and r as known factors of % and treat the two remaining equa-
tions to determine ¢ and s.

But these cannot be solved in general, and again therefore the
method will apply only in particular cases.
Ez. 1. Solve
d?* d
(@+2-2) Th+ (22 -2) L - 63+ 7) y=0.
Here we may write p=2+2 and r=2-1.
If g=Ex+F and 8=E'z+ F', we have

E+E'=1 EE'=—8
-E+F+2E'+F'=-2 E'F+EF +E'=-17
F-2F=2 FF'4+2E'=0
which are satisfied by

E=3; E'=-2; F=4; F'=
Hence the equation may be written
d d
{(x+2) a+3a:+4} {(J:»—l) l—E-(ﬂx—l)}yTO.
A first integral is
d,
@D FE-@g-1y=4 @+2)es,

and the primitive is
y=(a- 1).&{134.‘1] ”2) rudz}.

v
/ 25\“(&-:‘) u
8 =1,

SAN

XY
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Ez. 2. Solve
@ 0o T+ @a+b0) 2 430y =0;
(i) (2-1)(2-2) d\z‘—(i’.r 3) +2y 0;
(i) (22— l)d“y— 3x— 4)d.z'+(r 3)y=0;
(iv) (z’+3z+2)d2‘y+(51."+%zlz+4) —Z +(628+ 4z +4)y=0;
() (- 1) J _(32+1) ”Z—(z’—z)y=0;
(vi) 2%(a-— bz)zz,—iz‘(ia b.z) +2(3a b7) y=6al

70. There is a particular form into which the ordinary linear
differential equation of the second order may be changed ; multi-
plying

T+ P qy=0
throughout by ¢/%%, we may write it
a ( rpandy az,
P {ef ot QeP=Ey = 0.

Let a new independent variable # be taken such that

de = Qe’F* dz;

then the equation becomes

d (, 2/pacdy _
b {Qe i +y=0.
Now Q6% is a definite function of # and therefore of z;

let it be denoted by llf’ where U is a function of 2. Then the

d (ldy _
E{ﬁﬂ}ﬂl'o’

which is the form referred to.

equation is

Sir William Thomson has indicated a method of approximating
0 & solution of this equation by mechanical means*.

* Bee Proc. Roy. Soc. Vol. xx1v. (1876), p. 260.
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Ez. Express Pg+@%+liu=0 in the form $+pl)=0 Prove that
v=8,—8 +8;—..., where
Som O+0%, Sy [ o [ uSid,
0 o

expresses the solution of this in a series necessarily converging for all values
of z, provided p remains finite.

‘Work out the case when p=a".

General Linear Equation.

71. The general linear equation with variable coefficients is of
the form

a - dty dy
X, ?/+x n}(+x,dmﬂ ...... +X, dm+X,,y V....4)
in which X, X, X, ...... , X, and V are functions of  alone; the

class in which the coefficients of the differential coefficients of
y aré constants has been already comsidered. The coefficients
X, X, , X, may be taken to be integral functions of z; if
in any equation they were nof actually so, the equation could be
transformed so that its coefficients would be integral functions of
« by multiplication throughout by the least common multiple of
the denominators of such fractions as occurred in the given form.

The primitive of the differential equation consists, as before,
of two parts:

First. The Particular Integral which is any value of y (the
simpler the better) satisfying the equation ;

Second. The Complementary Function which is the general
solution of the equation without the second member, that is, of the
equation

dy a -
xodd,+x,dm,,§’,+ ......... +X, dz+X,,y 0. (i),

The equation (ii), being of the n* order, will have in its general
solution n arbitrary constants—the necessary number for the pri-
mitive of (i), which is the sum of these two parts.
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72. If y, be a solution of (i), then 4y, is also a solution
since the equation is linear; and therefore, if y,, ¥,, .-.... s Yaben
different particular solutions of (ii),

y=Ay +Ay,+. ... +A4.y,,

where 4., 4,, ...... , A are arbitrary constants, is also a solution.
If now the solutions y,, 7, ...... , 4, be independent of one another
50 that no one of them can be expressed by means of a linear
function of all, or of any of, the others, then the foregoing value of
¥ is & solution involving n arbitrary constants; it is therefore the
Complementary Function. In order that this may be the case
there must be no equation of the form

MY NGyt e +2Y=0

for any values whatever of the constants A, \,, ...... » A, other than
zero for each of them. If all the constants A be not zero, we have
the derived equations

-1, -1, =1,
M%“ﬂiﬁf"' ........ +7\."(%,g,"=0,
g, -, =3,
CTIE SR
dy, dy, Y, _
)ﬁ%"(')‘zﬂ"" ......... +A -

and, since the \'s do not all vanish, the determinant obtained
by eliminating the \'s must vanish, that is,

_ 47y, 47y a7y, _
A= o7 o oo gt =0
Ty, 47y, dTy,
dw’l-ﬂ! ‘L’;’l—" A dEH
dy, g 4y,
© e’ dat 7 e
’ Yo Y e Y

Hence the condition that the y's should be independent or,
in other words, that the foregoing value of y should be the Com-
plementary Function, is that A should not vanish.
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78. It is easily proved that, if A be zero, then some equation
of the form
MYy FANY Ny, =0

must exist. For otherwise let the value of the left-hand side be
denoted by u; multiply the columns in A by A, A, ..., A, respect-
ively and add them together, replacing some one column—as the
first—Dby their sum. Then we have

7w dy, 'y, | 0
Wl dx,l—lx e d‘zvl—l =V
a7y 4™y, a7y,
@’ A U dgt?

u’ yﬂ’ ey y’l

an equs.bion‘tof order n — 1 which determines ». Now this is satis-
fied by u=y,, ,, -, ¥u, thatis, it has n particular solutions which
are supposed independent. But the number of independent par-
ticular solutions which an equation can have is equal to its order,
a property which is violated by the preceding result. The fore-
going equation in « must therefore be an identity so that u is zero
and therefore, on the supposition that A is zero, there is a relation
between the n quantities y.

74. The value of A when different from zero can be found as
follows. Let the values y =y,, ¥,, ..., ¥, be substituted in (ii) and
from the 7 resulting equations let the coefficients X,, X, ..., X,
be eliminated ; then we have

d'l dﬂ dn
x| 2% oo Sk l+xa=o
oy, A7y, A7y,
e T R
du-ﬂl,yl -, X d»—ay‘ -
A dg t dztd
yl' y’, ’ :’/ .
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aae

The determinant which is multiplied by X, is Tz

this equation is

, and therefore

%% xa=o,

which when integrated gives

A=CorEEde -

Since A and f X X, da are determinate functions of z, the

constant 0 must be determined by some other method ; compari-
son of particular terms is often effective. The value of C' will
evidently change with a change in the set of fundamental solutions
Yis Yar +++s Y-

Ez. Let y; be a particular solution of the equation

d [ d;
b S i TS A N Y
when we write y,{sdz for y, the equation determining z is (§ 76, poat) of order
m~—1. Let g, be a particular solution of this, so that ¥,[2,dz ie a second parti-
cular solution of the g-equation ; and let ¢,fudz be substituted for . Thus
the equation in % is of order m~2. Let %, be a particular solution of this
equation; then y,[z,dz(u,d is a third partioular solution of the original equa-
tion. Proceeding in this way by m—1 successive substitutions we shall
arrive at an equation of the form

dw

dz =
of which a solution can be found; and there will be, in all, = particular
solutions y.

Prove that these partioular solutions y are independent of one another;
and shew that for this set of partioular solutions

T A

(Fuchs.)

75. The Particular Integral may now be deduced by means of
the method of the variation of parameters; this is the most sym-
metrical method, but another will be indicated in the next section.
In the equation

=4y + Ay, +......... +4,3,

* Bcott's Determinants, p. 36,
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let the A’s be supposed functions of z instead of constants; then
the value of % is given by

dy_, d d :
a8, +4, %
d id, a4
+y‘.d¢+y, ......... + Yu dwﬂ'

Now as we have n functions 4, while the only condition as yet
attaohed to them is that they are such as to make the preceding
value of y satisfy the differential equation (i), we may make them
satisfy n—1 other conditions assigned at pleasure, provided these

are not inconsistent. Let- 43 as one of these conditions
dA, . dd,. dA
KA C]JL‘+‘1/“ ti@’+"' """ :+y-ﬁ=0;
and we then have
dy 9, 4 W , Y,
=4, e +4, + ......... + 4, s
Differentiating this again we have
d'y &y, y,. Ly
=4, 1 g +4, Fois + 4, prell
provided we assign as another condition
dy, d4,  dy,dA, dy, d4,
d‘wlim_q_d.z dtl+ """" tiz dz = =0

Proceeding in this way and assuming that the A's are such as
to satisfy

diy, d4, d‘y dd, dy, d4, _
WA T MEZ I I
dy, d4,  dy,dA d, d4, _
e T +or =0
a
dvty, dd, | dy, d4 a7y, d4, _
dm""‘ Ez_l.}. da:“"l dz.+ ......... +dlz"_' dm =0,

(which with the previous two make up the assignable n—1 con-
ditions, not inconsistent) we have

F. 8
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d‘ d" & d*
1/ =4, dZ;+A,d”:+ ......... +A"~IZ;,
a7y _ 4 &7y, 4 47, a7y,
N e A Y~
The last of these, when differentiated, gives
dy_ 4 d, d’y 4y,
—_A‘dm'+A, o e +4, p
dﬂ_ Y diil D!ﬂ’ + L dn_l' hd dA'n .
@ o T de " i dz

but, as all the conditions which were assignable have been used, the
second part of the right-hand side does not vanish. If we multiply
the differential coefficients of y thus expressed by the algebraical
coefficients which are attached to them in the equation (i) of § 71

and add the results, since y is a solution of (i), and y,, ,, ...... A
are solutions of (i) of § 71, we shall have
T N TR 1.7
\d2"? da ' dz"* dz da™ dz )’
Let A, be the minor of lj;n;y{ in A for the values r=1,2,...,n;
dA d4, d4,
then the n equations giving the values of - dw FETTTTIvIN e
have as their solution the equation
d4,
= VA,
for all the values of ». Hence
d4, _ VA,
dz T XA’
and therefore
A,=C + X A da,

where C, is an arbitrary constant. The value of y is therefore
y= 2 3/,{0+ o dw},
the Particular Integ‘ra.l being

A, VA, VA,
Y, XAdw+;y, clz+ ......... +y,.fﬁdw.
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Ez. 1. Shew that, if f,(2), f;(z), f; (&) be three particular solutions of
the equation

%+¢(z):—:‘g+@:—£+:€y=0
in which @ and § are functions of = only, then the complete integral of
Lo Pt Wk sy=y (o)
is given by
@ LI

T=GA @+ OA+ )+ [y oJa? @ | BE, DO, SO g
PAG A A
filz)  fil@), @

where 0, 0, 0, are arbitrary constants and a is & determinate constant.
Ez.2. Solve the equations

O @2 -0 Liraray=c;

W) (@49 7 —ZT%,Z+(-Z’+Z)%—W=I’+2.

76. When we know one or several particular solutions of the
equation (ii) of § 71, the order of the equation can be depressed by a
number equal to the number of particular solutions known. Thus
suppose we know that y, is a particular solution of the equation ;
when we change the variable from y to y,u the equation becomes

i, n=1
Xy, %+X,’ ‘fh,,ff Foennn +X Z—Z
" a d
+u(X,Wy*+X, chme R +X,, 5 +X,,y,)=0,
or, what is the same thing,
-
X,y,%+x,’£7f—,‘+ ......... +X',,_,Z—Z=o,
in which X/, X/, ...... , X', _, are functions of X, X,,‘,.....,XH and
differential coefficients of 3, If now for ‘jl—z we substitute v, the

resulting equation is of order »—1 and the original equation has
therefore had its order depressed by unity.
§—2
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If y, be another particular solution of (ii), then y,/y, is a value
of u, and therefore diw (J%‘) is a eolution of the equation in v; and

1
this can therefore have its order depressed by unity and the order
of the new equation will be less by two than that of (if). It will
be seen to be possible by proceeding in this way to diminish the
order of an equation by m when m particular solutions are known.
Each depressed equation remains linear.

77. When n—1 particular solutions of an equation of the n®
order are known, the equation can be depressed so as to be a linear
equation of the first order, and as the latter can be solved, it
follows that we can obtain the primitive of an equation of the ntt
order when n—1 particular solutions are known. The following
method of obtaining the primitive avoids the process of succes-
sive depressions of the differential equation.

Let the n— 1 particular solutions of the equation (ii) be repre-

sented by ¥, Yp ----.. ) Yoy and let C, C,, ...... , 0, ben—1
functions of z such that
y=0p,+ 0y + -erreee +0C, Yot

is a solution of (ii); as this is the only relation between the n — 1
functions, we may assign at pleasure n— 2 other relations, provided
they are not inconsistent. Let these be

al(,‘I alC a0, ,
Ty e g =0,

dy, dC, dy, dc, iy + B Ay, 4C,,
dz da: t e T de dm

n—t n=8
AL I i 51 TR s TS ST
de™ dz 7 do™® do s do
then the values of the successive differential coefficients of y are
given by

dy_ 4 d dy,_

TZ ad-’i'+0 dy=+ ...... +0,, g;*,

&y & & &

?’ =0, v.+0 ch“"" ...... +0, Lo ly";',
a- a- d a-
d—z,,_g C =5 i _7’,:‘+0“ dmﬁ'+ ...... +0,_, dmf’_";‘
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a7y "y, dy, "y
=0 WF‘! RV R +0, s
=140 &%y,
LA e
a" y Y oS @Y,
G'dm""'C’dm"" ...... +G"-'—dT

ren-1d0 gy, | renldC, Ay,
22 LAt R dR

The substitution of these values in the equation (ii) gives

rea-1 (B0, A, d rea140, &Yy
X,{ 3G M_,+2%x—l=dz,_.)} +x7340

el d¢ d "
8INCO Yy, Yy vvveeere- , Ya are particular solutions.

Let A denote the determinant

Ty, 47y, a7y
7= TR G
-y, dty, vy,
@ gE I
Yy Yar  weeeeennn > Ynma

—
and let the minor of ‘g:v,z" in this be denoted by A, for the values

r=12 e ,n—1. Then we have
ao, do, ,,
do _ gz _ T
E A, =1 =y

and therefore for these values of

%% =20,.

0, d7y, _ it d7y,_ dA
PR e R e

r=1

117
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and
rado, dty,  rert, A7,
ol 7; dzn-ﬂ = z Ay d‘zll—‘l ZA.
Also
&C, _dz da,
i = dz @
and
r=n-1dA, d"*y, =0,
r=1 T @
80 that
radi0, APy, _dz a1, dvy, de
RN e PR A o i L
the transformed equation therefore is
dA
XAdw+2X"da;z+XAz 0.
Dividing by X,A we have
dz  (2dA X
t(GaEty) =0

the integral of which is
X,
2= AA% g z”,
The corresponding value of C, is derivable from

d zA,A I s

and therefore

>
G,=A,+Af%e [Ze 4

for the values r=1, 2, ......... ,n— 1. Hence we have n arbitrary
constants, viz. 4, A, 4,,......... , 4,,; and the primitive of (ii)
is thus

[ T

fnl =
y= 2 A,yr+A yfA.

Ez. Solve c?)mplehely

—P(ﬂ%—m%+2y)+e,

where P and € are aily functions of #.
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Geometrical Application: Trajectories.

78. It has already been noticed that a differential equation is
the appropriate analytical expression of any property of a curve
which is connected with its direction and its curvature; and it there-
fore follows that the investigation of many geometrical questions
ultimately depends upon the solution of a differential equation.
In the higher parts of mathematics differential equations are of
almost universal occurrence; but in other subjects it is less pos-
sible than it is in geometry to give examples, as there is no neces-
sarily general method of arriving at the differential equation,
while its deduction in geometrical problems is obtained almost
immediately by the use of the formuls of the differential calculus.
There will be no attempt to give here auy complete classification
of applications to geometry; there will be only a single general
problem discussed, that of Trajectories.

A Trajectory is defined to be a line which, at its points of
intersection with the members of a family of curves expressed by
one equation, cuts them according to some given law.

79. As the most general form possible, let

f(@ y,a)=0

denote a family of curves of which o is the parameter; through
any point on one curve a trajectory will pass and there will thus
be a second system of curves representing these trajectories. Let
£ and 7 be the current coordinates 'of this second system; and
suppose the analytical expression of the law which holds at each
point of intersection to be

In this equation ab & point of intersection § and % are respectively
the same as # and y, being the coordinates of that point; but
gz Y ereraeens are not the same as g—i, ......... , for they indicate the
direction and the curvature of the two intersecting curves.
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‘We proceed as follows.

From the equation
f@ya)=0

we obtain the values of all the differential coefficients of 3, which
occur in the relation F'=0, as functions of #, y and a; and in
each of these expressions we substitute the value of ¢ as a function
of z and y derived from the equation of the curve. This will be
equivalent to eliminating a between f =0 and the equation giving
each differential coefficient. Let these values of the differential
coefficients of y be substituted in F'=0; it then becomes an
equation which involves z, y, £ 7 and differential coefficients of 7
with respect to £, But we have seen that # and y are the same as
& and 7, since both sets are the coordinates of the same point;
therefore F'= 0 becomes a differential equation in 7 and £ only.

80. The most frequent example of trajectories is that in
which a system of curves is to be obtained cutting a given system
at a constant angle. If this angle be a right angle, the trajectory
is called orthogonal; if other than a right angle, the trajectory is
called oblique.

In the case of orthogonal trajectories the tangents at a common
point are to be perpendicular, and therefore

dy dn _
de dE~

which is for this case the form of F=0. For the given system
of curves we have

1+-2

f(@y, a)=0,

of ,ofdy _
bty
from iwhich we eliminate @ and obtain'a relation between «, y and
(;—Z , which is really the differential equation of this system of

curves; let th;a relation be

Handeo
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Now for the trajectory we have

E=azy=n,
dy 1
and d_m__@’
dg

and therefore the differential equation of the trajectory is

1
v(E ».—d—q)=o.
E

The elimination of the parameter is immediate when the equa-
tion of the given family of curves occurs in the form

$@y=a
For we then have
% Ody_
o 0y do o
which at once gives % independent of a, and is the form of Y =0

for this case,

81. When the equation of the curve is given in polar co-
ordinates the same method may be applied. For we then have
x (7, 6,¢)=0

as the equation of the family of curves. If ¢ be the angle between
the radius vector and the part of the tangent to the curve drawn
from the point back towards the line from which 6 is measured,
we have ’

df
tan ¢ =1 >
while, if @ be the same quantity for the trajectory, and R and ©
be the polar coordinates of a point on it,

tmlI>=R$7®i.

Since the tangents are at right angles,

<D~¢o=z2-r,
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and therefore

dé ,d®
‘I‘E.Rm+1—0,

where R and 7, ® and 6 (but not their derivatives) are the
same.

Now

O xdf_ .
wtag g =0

eliminating ¢ between this equation and the equation of the
curve, we find a relation of the form

1[r('r, 8, g—f)‘:o.

For the trajectory
aé 1 1dR
R=r,0=6, andt_i}=—R,diﬂ=_Fd73’
dR

the ditferential equation of the trajectory is therefore
1 dR
+ (R, e, —F%)=0.
This, when integrated, gives the equation of the system of
curves possessing the required property.
Ez. 1. Find the orthogonal trajectory of the series of straight lines
Yy=mz.

‘We have %FWH

ang therefore the differential equation of these lines is
dy

2 IT =J.

Hencs, by our rule, the differentialvequation of the system of orthogonal
trajectories is

. dr
f=-n d_z )
which on inf-egl:aﬁon gives
Sipt=c,

a series of concentric circles having for common centre the common point of
the lines. "
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Kz, 2. Find the orthogonal trajectory of
rh=g"8in 26,
Taking logaiithma and differentiating, we have
ndr_cosnd
r a6 "&mne’
which is the differential equation of the family of curves. For the trajectory

we have

dr de
#="Lar

and therefore the differential equation of the trajectory is

L
r

de , cosnd
LRt dmne ="
The variables may be separated and
dR sin 2@
TR = e %O
80 that Rr=A4"cosnO, '

the family required.

Ez. 3. Prove that whatever be the value of = the orthogonal trajectory
of the ourves included in
y=cr™
is a family of conics.

Ez, 4, Shew that the orthogonal trajectory of a system of confocal
ellipses is a system of hyperbolas confocal with the ellipses.

Ez. 5. Obtain the orthogonal trajectory of the system of curves

[¢) rmeinnd=a";

(i) 78=q?log (¢ tan 6), ¢ being arbitrary.
. Ez. 8. Shew that, if f(2+1y) be denoted by u-v, where u and v are
real, then the families of ourves w=const., t., are the orth 1

trajectories of each other ; and the families « cos a+ sin a=const., for different
values of a, are oblique trajectories of each other.

In partioular shew that, if v, so obtained, be homogeneous of order n, the
the value of u is

nu= w_ o
=T Yoz .
How may the value of u be found when » is zero?

Ez. 7. Find a system of curves cutting at a constant angle other than
right a system oféconcentric circles.
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82. If one of the variables be given as an explicit function of
the other and the parameter, the equation will be of the form

y=9( a);
instead of eliminating o we #hay proceed as follows. Let the
equation of the orthogonal trajectory be

n=¢( a)
where in the last a is to be considered an unknown function of £
to be determined so that the curve may be the orthogonal trajec-
tory. We now have
dy _o¢
dz 0z’
dy_% 06 du
dE 0F " 0a dE’
0 (04 , 94 dad _
o (aE *a d_s)“ =0.
Now, as no further differentiations are to take place, we may
write g? in place of aa%:, since # is equal to £; hence we have
09\, 20pda_o
1+ (ag) YaasEaE= "
This is an equation between two variables @ and £; when

integrated it will determine the value of @, which, when substi- -
tuted in .

and therefore

. 1=¢( a),
gives the orthogonal trajectory.

Ez. Obtain the orthogonal trajectory of the ellipses represented by
l
y=a(l-a9}

Here %% -4,

o
. Boq-pp
and the equation determining a is

1+a’r%,—§fxg—z=0,
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which gives

This on integmr.ic;n leads to the equation
a?(1-F)=4yff+log &;
therefore the orthogonal trajectory required is
ni=A—f+log £

MISCELLANEOUS EXAMPLES.
Solve the equ.ations :

. 24

0 i (n-5)v=0;
) z"d’y 20 % 1oy (14a9=0;
e

) wTh-3 (1) —dpP=0;

a7
) y“+{y’+(%>}%{=o;- o pess
dPy dy % 4
() agh+i-ap @ E=ve@i O

: ) & _, (W ]

@ e H-4(P) ot
vl

(vii) %‘Z+2ncotm—y+(m“—u‘)y=0' Y 2’:“/';

(vii

w(z+y)d11’+(x y);z-ﬂ(z"”) —y=0; \—(tg ‘H“"“. *

-54t
N Y A
A (Ellw) Vs "'{(dz) (ﬁ)i} Cb"ﬂ w38
in? 2 %Y _9y.
(x) Bm’.z‘dx,-ﬂy, '3 ) h*lf\
@ o+ (Z) 1@+ o w=o he®
2. Assuming that the primitive of
2
Zor (-0
is of the form y=u+£, prove that it is given by
u=Asin(z+a), v=4cos(z+a)

™ Obtain the primitive of

T+ (1-3)y==
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3. By the method of variation of parameters deduce the primitive of
1\ d 2n'
Bos (D2 (-0
4. Prove that the equation

¥ d
(oy+5,8) Foh+ (e +b,2) Tt @yt B2y =0
has a particular solution of the form ¢'%, provided
(@yby ~ ayDy) (@,by — agby) = (@gbg — agby)*;
and hence solve the equation, assuming this condition satisfied.
(Schlsmileh.)
5. Integrate
sin’xdiu+ainzcoszd—l'—-m
da? de

If u=0 when 2=0 and %=1 when z=§, then =+ - 1 when z=’—4r.

Also solve the differential equation

T y-(1-

determining the arbitrary constants by the conditions that y=a and %‘=0
when 2=0.

)

n+l y"‘)

6. The equations
—1 +Qy =0,

%+P’ +Qy=0,

have a solution in common; find the primitive of each and the necessary
relation between P, P, @, @ supposed to be functions of z.

7. Prove that the equation

L= (a8 o pE-5-0, b0-c-a), de-a-n 1, oL LY

can be integrated by the method of § 68, provided the relation
@+ DO+ P+
be satisfied for some one set; of signs given to the radicals.
Tind the solution when this condition is satisfied.
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8. Solve the equation
o+ oo+ 58 =2,
where a, b, % are constants, by asfuming
y=(z+ay"(z+B)"
and obtain the general solution.
Solve similarly the equation

(a+.vc)(b+m)z;—d;¥J +¢(a+2b+s.r)
also Ez. 1in § 68.

9. Prove that, if ¢ (z) be & partioular solution of the equation
= az™,

then -”‘17(%) is & particular solution of the equation
d¥s

—5=ar~" i,

da?
Hence solve the equation
d%

z‘d—z,—dx

10. Prove that if &= ¢ (z) be & solution of
(@),
then {=(cz+d) ¢ (Zﬂ) is & solution of

(ot i (2250),

the constants a, b, ¢, d being connected by the relation
ad—be=1.
Hence solve the first equation in question 8.

11. Shew how to solve the equation

‘l;'-"/ 4, d~y anly Ay _
@t arbodett a+b.z‘)’dz"‘"+ (@Fbap=%

where X is & function of z only and 4,, ..., 4, are constants.

.+

12. Integrate the equation "

& dy , (dX
reXx+aF+ ( +X‘+aX+b)g/==0

X being any function of .
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13. Shew that, if a particular solution of the equation
%+X,y’+x,=o

be known, X; and X, being functions of z, the primitive can be obtained.
Hence solve the equation

se Y= Jecs

14. The primitive of
L
o) +p P +qy=0
being y=4y:+By,,
shew that the differential equation whioh has for its primitive

e=A'y™+ By
is

Fo Za+ [pr@-m-n%} &
{g(m DPE ym- 1)pdz+mgi'(x)}s=o

where F(2)=4Ys
e (Hormite.)

15. Prova that, if 3, and y; be two particular solutions of the equation
dzg +P %+ Qy=0,
the roots of ;=0 and y;=0 separate each other so long as both of these

solutions remain continuous,
(Sturm.)

16. Solve the differential equations :
@) sin?é fyn+sm6coséd—g—‘/ 6-sind; L
o

o O 1 A
(i) ,i%+z—”—og—wy=eﬂ(;+logx); Y, '

@) (+as) PYras Zony;
(i) xﬂ(xua)d—;’{_,w(zx«q-a)i—’fn@;
) (a’—ﬁ)%—&z%—lﬂy=0;

(i) (8- 'v)d—nl—(Q—-M)?l—x+(6—3z)y=0.
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17. Solve the equation
where ¢ and R satisfy the relation ﬂ v ﬂ o
dQ dR |t
3(i0-5)-off. )

When this relation is not eatiefied, can the equation be solved by the intro-
duction of a factor x 8o chosen that the new coefficients satisfy the relation ?

18. Solve the equation i f
L/ vi
P77y (v (Stokes,)
19, Find the form of ¢ such that, if #=¢(z) be substituted in the equation
7 A
+2.z"¢‘y+n’;y Y
it will become . oA
dn‘y+n’y=0 d ! p
and thence solve the former equation. ’ .Z - ki
20. Prove that the equation %, oy “+P == 9y +Qy=0 can be transformed into
%+F(z) Ez+y¢ (2)=0,
when the relation between s and z is given by
Jdza~/F @2 [pg~/Pls,
and & (2) is given by
QNP g () /T Vs,
Hence reduce the equation % - %:ﬂ‘_y (n®—6®) to the form
dy 1 dy 7’
i +- E 1- 2 y=0.
21. Solve the equation . . y . Joe ot at

ac

dv Jentes P~ {
dz"+2( B) _v o = o O fad,

where 4 and B are constants.
Verify that the equation
gyr’+2 (zﬂ ﬂz)fz*".z% 0

is transformable into the foregoing equation by the substitutian

z=sin (arc tan &),
provided B?=4B'—44+p;
and find the relation between y and v. Hence aolve the second equation.

F. 9
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22. By transforming the dependent variable from Y to e solve tHe
equation

ng_% %=alps‘y. _?‘—.‘/yu Coeenl
Hence solve the equation

%w%xqﬂ{;(}s ‘%)’- 3 (% gt +2(ziP‘—X’)—2%J> i
. (Sparre.)
23. Prove that the primitive of the equation
2
-2 (2100
where ¢ is the Schwarzian derivative of y with regard to 7, is
Y(4'+B's+0'2%=A+Bz+Cr?;
and shew that this is also the primitive of

Y8 3y 35 |=0,
Y 45 By
Y51 4s 10y,

where y;, ys,... are the first, second,...... differential ooofficients of 7.

24. Prove that the primitive of
{8 2}=0(a—BP(z-a)2(z-p)2

i a+b _(u "
1 es+d \z-g/°
where 7%=1-26. Discuss the case in which 6, supposed constant, is equal
to 4.

25. The arc of & plane curve measured from a fixed point 4 up to & point
P whose rectangular co-ordinates are z and y is denoted by s; obtain the
general Qartesian equations of the curves for which the following equations
respectively hold : .

@) s=(@ryht; ) s=omm(§);
* (i) (gg)lmz%;%; (iv) s=a C—ZZ;
O FAWT=0 () am(rsead; (o) emimeh

26. Find the general differential equation of all parabolas touching the
axes and having their chord of contact of oonstant length. Solve the equation
obtained.

Obtain also the differential equation of all paraboles touching the axes.

27. Shew that the differential equation of a general conic is

e

and of a general parabola is
a

da? {(%) _i}=o' (Monge and Halphen)



EXAMPLES. 131

28. Find (i) the ourve in which the radius of curvature is proportional to
the arc measured from & fixed point; (ii) the curve in which the product of
the perpendiculars from two fixed points on the tangent is constant ; (iii) the
curve whioh has an evolute similar to itself.

29. Find a differential equation of the first order of the curve, whose
radius of curvature is equal to # times the normal; and shew that it is always
integrable when 7 is an integer. In particular shew that when 2=2 the curve
is & cycloid, when #=1 a circle, when n=—1 a catenary.

30. Shew that the system of curves outting at a constant angle a other
than right a system of confocal ellipses is given by
. &=0003¢pcoshn (\+¢), y=csinpsinhn\+¢),
where 20 is the distance between the foci and 7 is tana.

(Mainardi and Mukhopadhyay.)
31. Obtain the orthogonal trajectories of the curves
0 +yimao; @) yrrA=1420my;
(i) 2%+yP=3azy; (iv) rr'=c®;

in the last ~ and » are the distances from two fixed peints.

32. The ocurve for which the ordinate and the absoissa of the centre of
gravity of the area included between the ordinates z=a and z=uz are in the
same ratio as the bounding ordinate y and the abscissa z is given by the
equation

= 5=L

2 g

33. The curve whose polar equation is 7™ cos m§=a™ rolls on a fized
straight line, Assuming that straight line to be the axis of z, shew that the
locus of the ourve described by the pole in the rolling curve will have for

its equation
3m N
_l{¥\-m_ 41"
e (O I

In particular shew that, when 2m=1, the described curve is a catenary;

when m=2 the described curve is an elastica.
(Frenet.)
34. Shew that, when a first integral of the equation %’,= - (%,%) is given

in the form gﬁﬂb (2, ¥, ¢), then the primitive is

%Fﬁ (dy~¢de)=C. (Jacobi)

A first integral of %=y (1+2tan?z) is of the form %=y¢ (#) +ey (2);
determine the primitive.
9—2



CHAPTER V.

INTEGRATION IN SERIES.

83. IT may happen that a differential equation, the solution of
which is required, comes under none of the preceding classes which
are all of some particular form, and therefore that the methods
applicable to these fail ; recourse is then had to approximation to
obtain the value of the dependent variable. The form of approxi-
mation which is most frequently adopted is that derived from
converging series; by retaining a large number of terms the crror
can be made small, and the series may be considered to be the
value of the variable. That this method is & priori justifiable
may be seen as follows,

The given equation is a relation between the successive diffe-
rential coefficients of y and may be considered as giving the one
of highest order in terms of those of lower orders; thus if it were

of the second order it would give % in terms of Z—Z and y. When

differentiated once it would glve g— in terms of % = and 7,

that is, in termb of 27; and y, since d% is expressible in terms
of these two, and so for each of the differential coefficients of
higher order, which can thus be expressed in terms of zlly and y;

but the differential equation will not give any relation between
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dy
dz
now that a value a be assigned to # and that for this value of » we

and y, which are thus independent of one another. Suppose

make y =4 and Z—Z = B, which constants are, in general, arbitrary ;
then the equations derived by successive differentiation furnish the
values for #=a of the differential coefficients of y of successive
orders. Let these be denoted by 0, D, E,... Now if the value
of y be ¢ (), which we assume is a function expansible by Taylor's
theorem in a converging series of ascending powers of z —a, we
have

p@=¢la+(z-a)}
= $(@)+@—a) d&(za) + (= ;Ia)’ d’;aga) + (m;la.)' d’gaga) +

eeey

where %@ stands for the value of %@ when o is written

for o after differentiation. Inserting now for the various coefficients
their values, we obtain

y=4@=4+BE-a+0C P plal,

and this, if a converging series, is a solution of the given equation.

It should be remarked that for some particular value of z the
differential equation may determine not the cocfficient of highest
order but one of lower order ; thus the equation

d'y 2ndy
&t T ™=

would for values of z other than zero determme dy , but for z=0

would give %= 0, if we consider infinite values of any coefficient
excluded.

The foregoing method and another, which is in® practice substi-
tuted for it and which will be explained in the next article, is
almost impracticable in the case of equations which neither are
linear nor can be transformed so as to become linear; for such
equations the determination of more than the first fow terms of
the expansion entails great labour.
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Ez. 1. Let us apply the foregoing method to the equation

-
d—z,+.zy—0.

‘When differentiated z times the equation gives

Oy =

and therefore when 7=0

ey ey
dap+d = nd.z -1

Now the given equation leaves y arbitrary, say=4, and Larbltmry, say=25,
 but T2

when z=0; but dzﬂ,_o.
Hence we have

awty &y

P ¥ i

ar-4
=3p (@3p~0) Zr5s

—(-1)*3p(ap-3)...8.3 2L,

dEH
=0;
similarly
%=(—1)”(3p—1)(3p—4)... 5. 2;;"
=(-1)*(3p-1)(3p—4)... . 6.2 . B;
and EL( 1)°(3p-2) (3p—5)... . 4. 1.,
=(-1)?(3p~2)(3p—5)... . 4.1. 4.
The expansion of y is, by Maclaurin’s theorem,

dy |2 A dy ot dy
y= y°+zdz+2‘dzn’+3'dzy'+4ldz‘+

z‘,_147z,+:|

+Bz[l——.r’+ Llha 20 8k, :I

A[1-§lzs+ i

This is the sum of two converging series and contains two a.rbltrn.ry constants;
it is thus the primitive of the equation.

Ex.2. Solve
o d% o d
(i) z—‘l+2—ly+c".z’y=o;

(@) %+a.z‘"y=0.
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Er. 3. Obtain an integral of the equation

d;
w%+£+m_y=0
in the form
mz | mi® m3a8 mizt
$’=‘1[:1'T!""1ﬂ.2='1=.2ﬂ.sl"*1=.22.3’.4" ]

84. The preceding investigation shews that, by means of the
differential equation and the expansion of & function in terms of
the independent variable as given in Taylor's or Maclaurin’s
theorem, an expression in the form of a series can be obtained for
the dependent variable; but, instead of working through what is
sometimes & troublesome process, it is convenient to accept the
principle that a series can be obtained and so to assume for y
some series arranged according to powers of z with indeterminate
coefficients and indices. This series is then to be substituted for
the dependent variable in the differential equation, and as itisa
solution of that equation it must make the equation an identity;
a comparison of the indices of the independent variable will
shew the law of their progression, and a comparison of the
coefficients of the different terms involving the same powers of
the variable will give the required relations between the coefficients
in the expression assumed. The latter will then for such values of
the independent variable as leave the series converging be a
solution.

85. As the method just indicated is really equivalent to the
earlier one, it is not better suited to the solution of non-linear
equations; but much labour is saved by it when the differential
equation to be solved is linear. One of the most important forms
to which it is specially applicable is that which may be written

a\, 1,7 d
fplog)+av(emfv=o
where ¢ and +~ are rational integral algebraical functions. To

solve this, assume
y=Aagn+Aa™m+ dagM+ ...,

where m,, m,, m,, ... are exponents in ascending order of magni-
tude ; since
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b (e m)a=p 2

the equation, with the value of y substituted in it, gives
A,¢l(m,) o™+ 4. (m) a™+ ...
+ A, Y (m)a™ + A (m) a™ + ... =0.
In this equation m, — 1 is the lowest exponent and it oceurs in

only a single term; as the left-hand side is to vanish identically,
this term must disappear, and therefore

4,9 (m,)=0;

or, singe 4, is a coefficient of & term actually occurring and so is
not zero, we must have

¥ (m) =0.
A comparison of the indices of the remaining terms shews that
m, =m, — 1 and therefore m, =m, + 1,
my=my—1 ,, »  my=m+2,
and so on; while a comparison of the coefficients of terms involv-
ing the same indices gives
Ay (my) + 4,4 (m,) =0,
4,8 (my)+ A, (m) =0,

and so on. Take now any value of m, as given by the equation
¥ (m,)=0, say m,=a; then as A, is quite arbitrary denote it by
A. The remaining coefficients are given by

1))
LT Farn

4= Bl]) $@¢(@+1)

Y@ T Y @) (@ +2)

and so for the higher coefficients; the corresponding value of y is
thus !

[y~ 8@ ¢ (@) ¢ (a+1)
d [1- R e G e

@b+ @+
¢(¢+1)~1»(a+2>~p(a+3>‘”'+'"]

4,
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The expressions connected with the other roots may be simi-
larly obtained ; and as the equation is linear the sum of all these
values of y is a solution.

Of this general form the most important example is that equa-

. tion which has for a solution the series known as the hypergeome-
tric series ; it is discussed in full detail in the next chapter.

Ez.1. Prove that the primitive of the equation
%‘V + 2;” %+my=0
is given by

ma? mizh .
y=A|:1_2(2'n+1)+2.4(2'n+1)(2n+3)—'"] ¢

+le-h|: miah :|

m’ -
“a@-o T I@E-mG-2n)

Ez. 2. In the case when 2~n=1 the separate parts involving the n.rb]trm'y
constants in Ex 1 become the same, each being

mad | mizt

- ta
If this be denoted by v, and y—uv=1w, where » and w are to be determined,
we have on substituting, since » is a solution of the original equation,

dw  1dw a1 du du dv

@tz rﬁ””"”(ﬁm*; nl._z'> T
As we have two arbitrary quantities » and w, we may assign any one condition
we please; let this be

Byl

The value of « hence derived is 4+ Blog «, and thus -

dw 1 dw 2B dv

dz“+z Fra v+ z dz =0, .
or

1dw ma? mizh mBz?
dz’+.;-d\z+mw 2Bm{§—2——, 4+2-——5 6—m.-8+'"}'

The value of y is now »

v(A+Blogz)+w,

and therefore contains two m-bitmry constants, the total number necessary for
the primitive ; hence we require only & particular mtegral of the equation
in w. To obtain this write

w=B+Bw+ B+ B+ Bgh+ ... ;



138 +  INTEGRATION ‘ [85.

§$+;Z': B+2“B,+3’B,z:+ +n3Ban—t .,

Substituting and equating coefficients of different powers of z, we have
from the

coefficient of z~1 .B;=0;
............... 20 ........mB'+22B,=Bm
............... 2l ........38By+mB =0;
............... 221 (20 + 1) By s+ By =0
Bm#
2 = —
............... 22 o 4B+ By = il

n-1 Bm»
2.4%.6%..(2n—2)%. 2n "
These equations give
B,=0=B;=... =Bp_;=..., :
80 that no terms involving odd powers of z oceur in w. ch- the coefficients
of even powers we have

m m
By=B E—B 7’
me m
B=-Bra-Ba
m? md
=~ Baral a g

md m
B=tB e b

m8 md
=Bg e Gtit)-Baga
and generally

B.
B (-0 By (3 o HH L)+ 1 g

Henoce the value of y is
)
+"B=;{2(,—:,%Z(; it +}+§+1)}

As B’ is undetermined, there are apparently three arbitrary constants ;
but it will be seen that the expression multiplied by B’ is the same as t]mt
multiplied by 4 and therefore theee two constants coalesce into one new
arbitrary constant 4’ which may replace 4 + B'.
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Ex. 3. Obtain the primitive of the equation
“dy dy
®dat g tY=0
in the form
322 | 11a8 5024
y=28 ("¥+2H.3s_ 2!.3!.4“"")

22

z 7 z*
- ht i w4+ Blesa)

(Fourier.)

L. 4. Integrate in series, and express in a finite form, the primitives of
the following equations :—

O 1-29%% -2 Y 1ay—o;

. (i) (w—.z-‘)%-&-(l ~329) %—xy=0.

86. There are two special points which arise in the integration
of some differential equations; they owe their origin to the same
cause, but they require to be dealt with separately.

As an example of the one, let us recur to the series obtained as
a solution of the equation

which was {¢( ;i)“ ‘l,( )}y "

KION @ (a) ¢ (a+1)
e 1- s -]

the constant o being some root of the equation
¥ (m)=

This equation will usually have more than one root; let some
other root be denoted by b. Then, in the case when b is greater
than a by some integer k, thasolution in the form above adopted
ceases to he available ; for in the denominator of the coefficient of
&* within the bracket there occurs the factor yr (a+ k) or ¥ (b)
which is zero, so that, unless there be a zero factor in the numera-
tor, the coefficient apparently becomes infinite. -

In the case when such a zero factor does mot occur in the
numerator we must have recourse to the fundamental equations

" from which the series was derived, which are
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4,4 @+4,¥(@a+1)=0,
4,6 (@+1)+ 4,9 (@+2)=0,

A ¢ @+k—1)+ A, ¥ (a+B)=0.

Now since Y (a + k) vanishes and A4,,, is not infinite, being a
coefficient in a series supposed converging, it follows that either
4, or ¢(@+k—1) is zero. Rejecting the latter on account
of the hypothesis that no zero factor occurs in the numerator
we have 4,=0, and thence from the preceding equations we
find that the coefficients 4,, 4,, ..., 4, , are all zero. Hence the
part of the series which precedes the term #* inside the bracket is,
on account of its coefficients, evanescent, and the series actually
must begin with the term Cz**, that is, with C's’; and this will be
the series derived from the root b of the equation y»(m)=0. One
of the particular solutions has thus disappeared, but to obtain one
in its place we may proceed as in Ex. 2 in § 85. Denoting by v
the one which remains and has absorbed the other, we may write

y=uv+w,
and, after substitution, assign some one relation which shall serve
to determine u and w and render the differential equation easier

to solve; this relation will usually be determined by the special
form of the equation.

Ez. 1. Consider the differential equation
7y _ L/
z2 an (.z’+4w)dm+4y—0.

Substituting y=Ayrm™+ A,z Aggm+iy
(this is easily seen to be the necessary form), we find as the equation deter-
mining m
m (m—1)—dm+4=0,
ie. (m—1)(m-4)=0.

Hence a=1 and b=4, sa that the roots differ by an integer. It will be found
that, on taking the root m=1, the equation ie of the form discussed and that,
the terms up to, but exolusive of, ## disappear; while the series derived from
the root m=4 is Az'e®.

Complete the solution.

Ez. 2. Solve

L 2%
Tt () Qo= 1)y=0.
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87. We now proceed to consider the other special point.
Hitherto it has been assumed that no vanishing factor occurred in
the numerator ; and the result of the necessary alternative was
indicated. But a vanishing factor may occur in the numerator of
some of the coefficients of the terms within the bracket, either in
that term in which there is a vanishing factor in the denomina-
tor or in an earlier term. In the latter case all the terms which
do not have a vanishing factor in the denominators of the respective
coefficients disappear ; and if such a factor never occurs in a later
term the series will end at the term next before the first which
contains that vanishing factor in the numerator, and the solution
will thus be expressed in a finite form. But some vanishing
factor may appear in the denominator of a later term and the co-
efficient of tll;is term will then take the indeterminate form 0/0,
while the intervening terms will disappear; and all the terms after
this will contain this indeterminate coefficient. The series will
then be of the form

A4 B4 Fi 4 3 (K™ 4 L™ 4.,

where & —1 is not less than £ This may be written

4 (a:“+§z‘“+..:+§#*’)+M(w”'+£m"’"‘+ )

where A is arbitrary and B/A4, ..., F/A are determinate ; M, being
equal to K x 0/0, is arbitrary (on account of the indeterminateness
of 0/0) and L/K, ... are determinate. This series is a solution
of the corresponding differential equation and therefore will be a
solution when a particular value is substituted for the arbitrary
constant ; hence

4 (z"+§w""‘+...+§w“+’),

obtained by writing M =0, is & solution. In such a case there is
therefore a solution of the equation expressible in a finite form.

£z.1. Consider a8 an example

8P4 o4 L (a-9) y=0.
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‘When we write y=Az™+ B+,
the equation to determine m is

me—9=0,
and therefore m=—3 or +3.

For the root —3 it is not difficult to obtain the series

Az- |:1_§z+—.z’+bems in 2%, ##, 28 which vamsh:l

-2.-1.0.1.2.3 -2.-1.0.1.2.3.4
+“'°|:—5.—s.—9.—a.-:s.o"" ~6.-8.-9.-8.-5.0.7° *]

‘Write  instead of

-1.0.1.2.3

and then the series is

s [1-2er2he]

4.6 4.6.6
+Mz“[1—7$+-(4,—_3m xﬂ—(y—_amx‘+ :Iy

thus verifying the theorem that one solution of the equation is expressible in
& finite form.

Ez. 2. Verify the general theorem in the case of the equation

z’d’3’+z(1+2w)—3 =4.

Ez. 3. Solve the equation
diy ds 2
) +(g-2m) E£+ (mf —gm - —a)y=

88. TFurther illustrations of these special points will occur later
and they need not therefore now be considered in greater detail ;
various other points arise which will be discussed in connexion with
special equations. Thus it has not been stated that a series must
always proceed in ascending or in descending powers of the inde-
pendent variable, but the comparison of the terms in the differential
equation after the expression for the dependent variable has been
therein substituted will indicate the nature of the series. In the
case when one of the solutions becomes evanescent one method has
been pointed out, which will be useful for supplying the deficiency
thus caused; another will be indicated below. In fact the difficul-
ties that arise are usually connected with special equations and not
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with the general equation; and therefore some special equations
will be considered. Of equations of a particular form there are
four which are more important than the others included in the class
soluble in series ; they are

First, the differential equation of the hypergeometric series
which will be discussed separately in the next chapter;

Second, Legendre's equation ;
Third,-Bassel's equation ;
Fourth, Riccati’s equation.

The last three of thess will now be discussed in order. It must
of course be understood that what is carried out here is merely the
complete solution of the differential equations and that there is no
attempt at an exhaustive investigation of the properties of the
respective functions determined by the dependent variables.

LEGENDRES Equation.
89. This differential equation is
d* d.
Q- -2 F+n@m+1y=0,
or, what is the same equation,

%{(I—W’)j—z}+n(n+l)y=0,

in which the quantity n is a constant. The equation is one which
frequently occurs in investigations counected with questions in
most of the branches of applied mathematics; in these cases n is
usually, but not always, a positive integer. The equation is one
of the second order and has therefore two independent particular
solutions, and every other particular solution can be expressed in
terma of these two; but it will be found that the form of these
fundamental particular solutions is different in the two cases when
n is, and when = is not, a positive integer.

‘We proceed to obtain these solutions. In accordance with the
general method of integration by series we write

y=Aag™+ Aa"+ 4da™+ ...
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and substitute ; then we have
n(n+1) (4, g™+ A g™+ Ag™+ ...)
=2 (@) mAE Tt m A m A )

=m, (m, +1) A @™ —m, (m, 1) 4 g™

+m, (my+1) A" —m, (my —1) A@™ > +......
and this must be an identity. An inspection of the equation shews
that, so far as powers of # are concerned, we have

my=m, —2,

or the series must be one in descending powers of z; we there-
fore now assume that m,, m,, m,, ... are arranged in descending
order of magnitude, their common difference being 2. A com-
parison of coefficients of the same powers of & gives, for those of ™,

{m, (m, +1)~n(n+1)} 4,=0,
or (m, —7) (m,+n+1) 4,=0.

Now 4, is not zero, being the coefficient of the highest term in

y; hence either
m,

W=

or m,=—(n+1).

The relation between the coefficients of consecutive terms arises
from equating the coefficients of 2™~*** on the two sides; it is, for
-values of r greater than unity,
n(n+1) 4, =(m—2r+2) (m,—2r+3)A4,
—(m,—2r +4) (m,—2r+3) 4, ,
L]

.and this gives .
(m—m, +2r—2) (n+m,—2r+3) 4, -

-s =—(m—2r+4)(m,—2r+3) 4,

90. Consider first the solution corresponding to

m,=n.
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The highest term is then A,2"; and the relation between the suc-
cessive A’s is

@r—2)(2n—2r+3)d, =—(n—2r+4)(n—2r+3)4_,
80 that

_ (n=2r+4)(n—2r+38)
de== 2(r—1)(2n—2r+3) A

=(-1 nn—1)(n=2)...(n—2r +4)(n—2r 4 3)
= FTI.2.3..(r~1)(2-1)(%—3)..@n—2r 1 8)

and therefore the series becomes

n(n——l) n(n—-1)(n— 2)(')1—3)
2(2n — 1) 2. 4(2n—1)(2n—3) ° ‘}

4, {w" =+

Let the series within the bracket be denoted by y,, which is
therefore a particular solution. When n is a positive integer, the
series is finite ; the last term is, when = is even,

nn—=1)(n=2)......... 2.1
4. (n-2)n(2n—-1)(2n—3)...(n+1)’

(="

or, what is the same thing,

_qym _nlulnl
(=1 nlgnl2nl’
‘while, when  is uneven, the last term is
(= 1D nn—1)(n-2)........ 3.2

2.4...(n~-3)(n—-1)(2n—-1)(2n—3)...n+ H(n+2) >
or, what is the same thing,

ninl(n=1)1
F-Dij-11@n—D1°
the numbers of tergns in the two cases are respectively 4z + 1 and

3 (n+1).

( -1 )i(’l—l)

‘When » is an integer, 2n is an even integer, afde therefore a
zero factor can never enter into the denominator in this case; thus
the series considered will never come under the class considered in
§ 87 which yields two solutions.

-F. 10
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The series y,, multiplied by

2n !
P.nln!

n being a positive integer, is usually denoted by P, ; this function
is an extremely important one in physical applications.

Ex.1. Verify that

2".n‘Pn'37,.{(1" i},

and that P, is the coefficient of 2" in the expansion in ascending powers of  _
i ry . -9
of (1- 2+ Gy Do f-Cat LT P
Hence shew that v=(1 - 27z+#%)~? is a solution of the equation

a%ﬂ)+r{(l-zﬂ) 3—}_0 .

Ez. 2. Prove that the roots of the equation ;=0 are all real and numeri-
cally less than unity.

Ez.8. Prove that the sum of the coefficients in P, with their proper
signs is unity. c7uuuur‘.5.,g [ SO R “J—U"’ -

o
oW -
Ez. 4. Obtain the equations B MJ’JI_TT —

(@) nPn=(2n- l)xP“-(n D Pyags

@ (@-1) 2 e nap, -nP,,

In the case when n is not a positive integer the series y, pro-
ceeds to infinity ; and for convergence it is necessary that a~should
be greater than unity. But in particular when 2n is equal to some
positive odd integer, say 2 — 1, then the coefficient of " * has &
zero factor in the denominator, and no zero factor occurs in the
numerator either of that term or of any subsequent term; hence
(by § 86) the terms whose indices are higher than n— 2r do not
exist in this solution of the differential equation, which will there-
fore begm with 2™ multiplied by some new arbitrary constant.
But since 2= 2r — 1, therefore n — 2r =— (n+1), or the solution
degenerates into an infinite series of descending powers of

beginning with ™™, To the consideration of this solution we
shall now proceed.
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92. We thus have the following results.

L. When = i a positive integer, there are two independent
solutions of the differential equation ; (1) y,, & finite series, (2) y,,
an infinite series; and the primitive is

y=4y,+ By,

II. When n 18 a negative inieger, there are two independent
solutions; (1) g,, an infinite series, (2) y,, a finite series; and the
primitive is

y=4y,+ ’By 2*

IIL When n is not 'L'nt'egral and 2n 1s not equal to some odd
positive or megative integer, there are two independent solutions;
(1) g,, an infinite series, (2) y,, an infinite series; and the primi-
tive is

y=4y,+ By,

IV. When 2n is equal to an odd positive integer, thers has
been obtained only one solution of the differential equation, for y,
degenerates into y,, this solution being an infinite series; the
primitive is thus not expressible in terms of y, and y, alone.

V. When 2n is equal to an odd negative integer other than —1,
there has been obtained only one solution of the differential
equation, for y, degenerates into y,, this solution being an infinite
series ; the primitive again is not expressible in terms of y, and y,
alone. '

VI. When 2n 4s equal to —1, there has been obtained only
one solution of the differential equation, for y, and y, are the same

infinite series beginning with @~*; the primitive again is not
expressible in terms of y, and y, alone.

It therefore remains to obtain the primitive in the last three
cases.

93 (). Consider first the case of 2n equal to an odd positive integer ; then

- (r+1)(n+2) L (+1)(n+2) (n+3) (n+4)
BT ey T 2.4(2n+3)(2n +5)

is & definite solution, and we have to find a second and different partioular
solution. In the first instance, assume

2n=2p+1+6,

s IO
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where 6 is an infinitesimal quantity which will ultimately be made zero. Then,
80 long as 6 is not zero, the quantity
g B@-1)
N=T gl —1)
is also a definite solution ; and it ceases to be so by the vanishing of 4, since
¥ enters as & factor into the d i of the coefficient of #"%2 and all
lower powers. Now we have

Eact S

n(n=1) .
Ay1=A{z"‘—maﬂ‘ .
ey n(-1)...(a=3p+1)

L. 3p@En-1)(n-9)..@n-p+D "

n(n-1)...(n-2p-1) "
Rt (2p+2§(2n—1)(2ﬂ ). (Sn—gp— 1)“"‘”’

n(n-1)...(n—2p-3)

+H-1g (2p+4)(2n DE-9)- @3~ 3)”"_”—."""'}
n(n—l) et
=A{”’2(2n T R
n(n=1)...(n—2p+1)
W e @i @n—9)..@n—2p+ )" }
Oz 292 (n—2p—2)(n-2p-3) _
+2n—2p—1{1_ Ep+DEn—2p-3) * ”’"'}'
where
. n(n-1)..(n—2p-1)
=1 A e o) @a- 1) (@n—5) .G —2p+1)’
and so is determinate and finite. But oW
n—2p-2=-(n+1)+6, - 7
and therefore

a2 gt D), g = g1 (14 @ log 2).
Also the coefficient of #~ within the second bracket is

—1y (n—2p-2)(n—2p-8)..(n—2—2r-1)
(-1 2P+ (2 +6)...@p+2r +2)(2n— 2p -3)(2n — 2P - 5)...Gn—2p -2r 1)

%6, i8

. (n+1-6)(u+20)...(n+2r — )
(-0 G 3R @ +6-0)...@nt I +1-0)(8-2)(6-4) . (6-)’

6., 18

(n+1-6)(n+2-6)...(n+2r—6)
@n+3—-0)(2n+56-0)...@n+2r+1-6)2-0)(4-0)...(2r-9)’

(n+1)(n+2)...(n+2r)
(@n+3)(@n+5)...2n+8r+1)8.4.6...9r (T OO

.6, i8
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91. We take now the second solution of the equation deter-
mining the value of m,; this is — (n 4 1), so that the term with
highest index may be taken to be A", The relation between
the successive coefficients is

@n+2r—1)(2r-2)4,=(n+2r—3) (n+2r—2) 4 _,
for values of r greater than unity, and therefore

A= (n+1)(n+2)......... (n+2r —2) 4
ST 1.2.3.. (=D (@n+3) @n+b) .. @nror—T)“v

80 that the series is

oy, (ED) (42) g
Al{” T 2@+ °

(r+1) (n+2)(n+8) (n+4) i
2 A D@D ”’"'}'

Let the series within the bracket be denoted by ¥,, which is a par-
ticular solution; the series y, multiplied by

+

2". nln!
(2n+1)!

(n being a positive integer), is usually denoted by @,; for con-
vergence it is necessary that & should be greater than unity. This
series y,, or the equivalent function @, is also of great importance
in physical investigations.

‘When z is a positive integer, the series proceeds to infinity.

‘When » is & negative integer, y, is a finite series; if n=—2p,
the series begins with #*™ and proceeds for p terms; if n=—(2p +1),
the series begins with #* and proceeds for p +1 terms.

‘When 27 is equal to an odd negative integer other than —1,
say — (2r + 1), then the coefficient of #***"* has a zero factor in
the denominator, and no zero factor occurs in the numerator of any
term in the series; hence as before the preceding terms do not
exist and the series begins with & "*™ multiplied by some
new arbitrary constant. But since 2n= — (2r + 1), therefore
—(n+2r+1)=mn, or the solution y, becomes an infinite series of

- descending powers of # beginning with ", i.e. y, degenerates into y,.
’ 10—2
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where
a=r] a=r 1 =2 ]
0'=.§\_2—5 .El 27L+2¢+1—.§1 n+s’
Hence
n(n-1)
Ay1=A{.z"-2(T_l).ﬂ"'*+...
n(n~1)...(n—2+1)
H-DPg 4. on(@n—1)@n-3)... 20— 2p+1)” "}
+0¢-(n+1)1_'_"%1_‘igz
reo (n41)(n+2)...(n+2r)
[”,ﬁ,{u 2r(2n+8)(@n+5).. (m+2r+1)(l+°'"’)“’}]'

‘When the second part of the right-hand side is expanded the aggregate of
terms which involve % is g ¥y; the aggregate of terms which involve log  is
Oy, log z;

and there remains the aggregate of terms independent of 4 (and also as it
appears of log z), as well as a further aggregate of terms multiplied by positive
powers of 6, most of which have been omitted and all of which disappear when
& is made to vanish. From the first part of the right-hand side there is an
aggregate of terms independant of 6, as well as an aggregate of terms which
disappear when 6 is made zero. Hence the primitive of the equation is

y=By,+4y,
=(B+) w0 talog+ Tk B
=Dys+0(9alog 7+ Tpt ),
on changing the arbitrary constants. Here 7}, stands for
A a(r=1) o
U{ “ZEm-n” T
_ 2(n-1)..(n-2p+1)
=g 4 spEn-1)gn-0).. @n-gp+ 1) T T
and R, stands for
roe (n+1)(n+2)...(n+2r)
ez {2 4...97 (9n+3)(20+5)... (2n+2r-+1) "}
the value of C, being
1 1
.El (2_¢+2n+2a+1 Tn¥2-1" n+2s v
T3
The value of the coefficient /0 which occurs in 7', is q’

{‘%4"‘_) (gn +4)‘ 9 0
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80 that we may write 7|, in the form

4.8.12...(4n—2)|? a(n—1)
{ 1.3.5..9% }(8"“)[”"_2(27;-1)“””*"'
el g.g...(n-z)}ﬂ
n(n 1){2.4...(211.—1) r"”}'
The second particular solution of the equation is thus
Yslog 2+ Tyt Ro;*

and it will be noticed that that part of it which is expansible in descending
powers of z begins with a term involving z+* and contains no term involving

et

But in the special case when 2x is equal to unity, so that p is zero in the
preceding investigation, then the form of 7, now 7} say, is limited to the
first term; and we have

O=-4 "("—;1)=§A,

so that

Ty=8a4,
The ining parts are unchanged in form.

93 (ii). Consider now the case of 2z equal to an odd negative integer
other than —1; the integral g, is definite, but
(n+1)(n+2)

=T S o)

F sl TN
will then not be a definite solution.
Before assuming 7 to be half an odd integer, write
—n=m+1
(so that 2m is & positive odd integer when the assumption as to the special
value of 7 is made). Then

(Mt Dmt9) .,

= 1
N=T T Ty ey

=5,

m(m—1)
2@Em=1) it

and Ya=a™—
=1,
where ¥, and Y are the special solutions of
d;
d%{(x ) a—‘i}+m(m+1)y=0,

® The solution thus given corresponds to that for Bessel's equation, Ex. 1,
p. 167, due to Hankel.
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m being positive. When 2m is an odd positive integer we know from the
preceding investigation that the primitive of this is

y=BY;+ A (Yylog 2+ T+ Ry),

where
4.8.12...(4m~2))2 m(m—1)
T"'={ 1.3.5..0m }(B"”"’)["""2(21;»—1)“‘%“r
b.4....(m—2)0% .
~mm-1 =) ],
and

- (m+1)(m+2)...(m+2r)
= v ’ {ﬂ 4...2 (2m+3) @M+ 5)... (2m+ 2r+1) 4 }

the value of 4, being
s l 1 11 )
S Gt mrarl areol mim
Hence the primitive of
%{(1 - %) i—i}+n(ﬂ+1)y=0,

in the case when 2n is an odd negative integer other than -1, is
y=By+ 4 (y,log 2+ Vot Uy,
where

_ n(n-1) L a(rn=1)(n—2)(n—3)
By T d@ Dy &

(m+1)(n+2)

4.8.12...(—4n—6)
V"={1.3.5...(—2n-2)}(‘8"‘4)[”+1+ I@nts) Lt
— e+ 1)(n+2) {%’%} wﬂ],
and
r=o n(n—1)...(n~-2r+1)
Un= ""31{24 .2r(2n—1)(@n—3)...@n -2 D)~ I)E""“}

where in U, the value of E.is .

=rrl 1 1 1
.fl('ﬂ}"'za—im—l “%-n-3 _ﬂa—n—l)'
The second particular solution of the equation in this case is thus
- © nlgrt Vot U

and it will be notioed that that part of it which is expansible in descending
powers of # begins with a term involving #—-! and contains no term in-
volving 2" .
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983 (iif). Lastly, for the special case in which 2n is equal to ~ 1, we proceed
in & manner similar to thet adopted in § 93 (i); and we find that the primitive
of the equation is

Ay, + B (y,logz - w_y)
where y, is the series

m'i+g—:%z"4+g'%j§'%m'*+...,
and
4r-1
_é,.u%-f}---uT
Y= I gugye De
and

=y 11
=23 (grmmiteei-5)-

94. Since in all these cases 2z is an odd integer, the equation can be
written

d o &
‘1—,{(1 -4 Iﬁ}+(p’—i)y=0,
where p is an integer.

The case of p positive is that considered in § 93 (i); the case of p negative
ig that considered in § 93 (ii); and the case of p zero is that considered in
§ 8 (ii). Properties of tho functions defined by the differential equation in
the present form have been discussed by Mr W. M. Hicks in his memoir on
“Toroidal Functions,” Phil. Trans. Roy. Soc. (1881), pp. 609—652.

Ez. 1. Assuming the result of Es. 1 in § 64, shew how the solution of
d ay _
wlo-oY-u
can be derived from that of
d%  1-312dy
- o+~ Z=n
which is the differential equation for the quarter-period in elliptic functions.
Ez 2. Prove that the Particular Integral of the equation

is AP, ;, where \ is & constant; and that the Particular Integral of the
equation ©

(1-2%) f?w_*_" (ﬂ+1)w=%‘

i8 N'@n 41, where X’ is & constant.
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95. In the general case of the differential equation, as represented by I.,
II., IIL of § 92, it is possible to exprese the second particular solution in terms
of that already obtained and of similar functions, Let » denote the particular
solution already obtained, so that for instance » would be P, in L ; and let

y=uv—1w,

where u and w are as yet indeterminate. When this is substituted in the
differential equation, we have

_[d%{a—zf) %} +n(n+) w]+1/ {(1-&)%-%%}
+2§_';(1 ~2%) i—';-)-u[%{(l """2)%}"‘"(”"'1)” =0.

Since » i8 a solution, the last term disappears; and, as the only condition
imposed on % and w is that y must satisfy the equation, we may arbitrarily
assign another. Choosing this so that the coefficient of » may vanish, we have

@y du
-9 T -2 =0,
and therefore
(z2—1) d—u=consta.nt.
dr
As we are seeking a particular solution, it is convenient to have it as

simple as possible ; and therefore, giving a special value to the constant, we
may write

di
(=1) I:= -1,
80 that a value of u is given by
z+1
u=}log (m) :

The equation to determine w now becomes
0%{(1 —a) %’}+n(n+1)w=2%.

When the Particular Integral, say w;, of this is obtained, the second
solution of the original equation is

z+1
y=4vlog (mTl) -w,.
The value of w, as a series of descending powers of z is easily obtained.

Thus in the case when = is a positive integer we take

_ n(n-1) 7 (n-1)(n-2)(n-38)
=% 2 (an=1) 3. 4@n-1)(@n-3)

and at once have the equation, which determines w;, in the form

o%{(l—z“) %}+n(ﬂ+1) w,=2nl:a:'-1-("'2—(—g——(fl—)2)r=+...].

L s

o,
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Let wy=Cyz 14 Corm 34 Can—d4- .. ;
then, substituting and equating the ooefficients of the highest term, we have
Ciin(n+1)-n(n-1)}=2n,
or 0=1;
and equating the coefficients of the terms involving zm-2r*1, we have
C, {n(n+1)- (n—2r+1)(n—2r+2}+ (n—2r+3)(n - 2r+9) C,.,

n(n—1)(n—2)...(n—2r+2)

LA v s st yT e Ve

The general value of C;, deducible from this, is complicated ; the values of
the earlier coefficients are
(n=1)(n-2)(3n—1)
3@n-T)@n-3) *
Cim (n—1)(n—2)(n—38)(n—4) (8072 — 50n+12)
s 3.4.6@n-T)@n—2)(2n-3)2n-4) °’

Op=~—

and 0 on; but there is no advantage in writing down more of the coefficients,
&3 the expression for w, will soon be put into a different form.

Relation between the particular solutions.

968. We have now obtained the primitive of Legendre’s equation in all
cases when 7 i8 a real constant, by deducing two solutions whioh are linearly
independent (§ 72) of one another. But we know (§ 66) that when one solution
of a differential equation of the second order has been found, the primitive
can be expressed in terms of it and, if necessary, of other functions, and
therefore any other eolution is so expressible; we proceed to obtain this
relation for the cases—viz. L., IL, III. above—in which it has not been
obtained. The first form in which it may be given is derived by means of
§ 66. 'We may define P, and @, by the generalised equations

p"=n—(2”‘)_ {_zm - MT—]) :p""+...} ,

2% (n) IO () 2 (2n-1)
and Qn_%];l(;:)n(ﬂ){ -(n+n+("+(1)("+)2) e }

whether 7 be integral or not; IT (r) is Gauss’s I function and is I'(2+41), and
in the case of n integral is n! (see next chapter, § 126); and P, and @, are
still solutions of the Legendre’s equation, since they are respectively constant
nultiples of ; and ;. We therefore have

(1—zﬂ)d' -2 nn41) Pm0,

Ty -2z %%'+n (n+1)@n=0;

(-2 =3
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multiplying the former by @, and subtracting the latter multiplied by P,,

we have
@-1 (Q"DFP ~Fa a:lfﬂ") (Qn—, - P, ‘fﬁ") o,

or @-1) (@..——P,, o)=1,

where 4 is a constant, which is definite and not arbitrary since @, and P,
are definite functions. To find A we consider the terms containing the
highest powers of z ; these are

: 2r I (n) I (n) 2 (D),
in T @nt1)

. o (2n)
endin P, %0 (m) I ()

1 (2n)
hence A= “O@Ea+D) {n+(@+1)} =1,
since IT (2n+1)=(2n+1) I (2n) ; and therefore
0. 8Ps_p d0_ 1.
" dw “dz -1
This gives

#(8) -~

Gu_ (v _de _(® dz
P, [, @-1)P2" | ((-1) P2’
no constant being needed, as may be seen by comparing the coefficients of

the highest powers of = in the expansion of the two sides in descending powers
of z.

or, its equivalent

and therefore

97. This result may be written in a different form; but it is first neces-
sary to prove two relations bet the functions given by L dre’s equation
for different values of 7.

From the expressions given in the preceding arficle’ we find that ‘the
ooefficient of g#*+1-%"in P, ,—P,_, is

1 (2n—2) (n—1)(n—-2)...(n—2r+2)
CV S TRa-DEe-) . 4. @t DEn-1) (@-2+D)

{%-W (0 +1)n(2n—2r+1)+2r(2n+ 1)(2n—1)} ;

the last factor is easily simplified into
(2n+1)*(@n~1),
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and therefore the coefficient is

o(2n) n(n—1)(n—2)...(n—2r+2)
(=Y S 5437 @n - D @n-3)...0n—2r+8) @ —2r4 1) 2+ 1

Hence the coefficient of #*~*" in
dPy.y _dP,.,
dz dz

(2n) n(n-1)..(n-2r4+2)(n—-2r+1)

. o
8 (-V@+D) mEenG) 2.4, 9r@n- (@ - 3).. @ =2+ 1)’

that is, is the coefficient of the same power in (2z+1)P,. These two ex-
pressions are thus equal term by term ; and therefore

Dors_ P o112,

dP, dPpy

or 2 —————(27)—-1)1’ —1-

In the case when % is a positive integer this leads to a finite series for
%" , viz:
ﬂ’--(m 1) Py + (20— 5) Py_yg+ (@0 —9) Py s +...
the last term of the series 31’, or Py (i.e. 1), according as = is even or odd.
If » be not a positive inbeger, the series will proceed to infinity and will
-still be the value of %%‘, provided » be greater than unity.

98. Now by § 956 we see that
4P, log (x+1) w
is a solution of the differential equation, if w be determined as the Particular
Integral of
{(1 s dz}+n(’n+ D=2 28 (3n-1) Pyt (@3-5) Puy ..,
by the formula just obtained. To obtain this Particular Integral we write
W= Py g+ 0Prgt e+ Progrsr o
and substitute; since . .
{(1 - }= ~m(m+1)Pp,
the left-hand side has, as the coefficient of @g.—.1Pp-gr+1s
n(n+1)—(n—2r+1)(n—2r+2) .
- =2@r-1)(n—r+1);

and therefore

Gy (2r—1)(n—r+1)=2n—4r+3.
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The value of w is therefore now definite; and the corresponding solution
of Legendre’s equation is

z+1 2n-5 2n
1Plog (D) - (20 Pt S e 2 P )
the last term being
S P

m-DET1)
when 7 is even, and

<1 P i 1
arn” © " )’
when 7 is odd.
99. We have now to compare this solution with §,. Let it be supposed
expanded in & series of descending powers of «; it must then be of the form
AP, +BQ,,

where 4 and B are constants. Now in the series the term involving 2" does
not oocur, since

z+1
¥ log( ) =2+ 3\—,, E& .........
and therefore 4 must be zero ; hence the coefficients of the powers between
2 and £~V exclusive of the latter disappear; this is easily verified for
the first few. The above solution is therefore a constant multiple of @,, and
thus

+1 2 1 2n-6 2n—
BQ.=3P, 1ag(’ ) {" Pacit g s Pan (: A NPT }
=3P, log ("”l) z,

where Z, stands for the series which, when # is integral, is a function of
degree n—1. Hence

and therefore

BE(%\__ 1 _T
@\P,)= " #-1T PR

where U is an integral funotion of z of degree not higher than 22~2. When
we substitute on the left-hand side from § 96, it becomes

B__ 1.0
@-DP2 #A-1" Py
or ° B=P3+(#-1)T,
where the right-hand side is & finite integral function of #. This is true for

all values of # ; writing #=1 we have B=value of P,? when z is unity. Now
in Ex. 1 of § 90, P, was indicated as the coefficient of #* in the expansion of
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(1—222+2) ™% in ascending powers of ¢; and therefore the value of P, when
2=1 is the coefficient of 2" in the expansion of (1—2a+23)7H, i, of (1-s)L
This coefficient is unity, so that P, when z=1 is unity ; thus B=1 and the

equation becomes
1
@u=3Pal0g (jj—f—i) -Z.

Ez.1. The following properties, analogous to those of 7,, hold for @, :
@ d"”Q.. (= 2)"11(n)
ddf‘ ( —1y 1 H
W) Lo oninyg,

@) n Q..+;+(n+1) 40y (%_H)den

Ez. 2. Obtain the properties of the integrals @ corresponding to those of
the integrals P given in Ex. 4, § 90.

Ez. 3. Prove that, if # be less than g,
n=o
(y-a)y'= 2 (2 t1) Py (2) €a 0):

The further development of the properties of the funotions which are the
partioular solutions of Legendre’s equations does not depend merely upon the
differential equation; the student will find most ample investigation of their
analytical properties and their applications to mathematical physics in the
excellent treatise by Heine—Handbuch der Kugelfunctionen. The treatises
by Todhunter, The Funations of Laplace, Lamd and Bessel, and by Ferrers,
Spherical Harmonics, will prove useful’

BEsseL's Equation.
100. This differential equation is
2y
2 &
@ dw’+w +(m’ n")y =0,
or, what is the same thing,

d [ dy o

o4 (=) + @=my=0.

in which n is a constant; it will be assumed that n is real.
The equation, like Legend.res occurs in investigations in applied
mathematics and 7 is usually an integer there; but, as in the case
of the preceding differential equation, this limitation will not be
imposed on the value of =,
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To solve the equation we write -
y=Aa™m+ A"+ Ag"+.........
and substitute ; we then have
(m!—n%) 42" + (m)! —n) A g™ + (m; —n') 4™+
+ 4™+ A g™ L =0,

which must be identically satisfied. Hence, from a comparison ol
the indices, we lhave

my=m, +2,

my=1m,+2,
or the series is one in ascending powers of z, the common difference
of the indices of the powers being 2; and thus m,=m +2 (»r—1).
Taking the term in # with the lowest index we have

m =n*
since 4, is not zero; and therefore
m,=-+mn, Or M =—n.

The coefficient of ™™ on the left-hand side must be zero,

and therefore .
{(m,+ 2rY—n} 4, +4,=0,
or, since m,’ =,
4, 1
A, =— 2T;_ e
101. Consider first the solution corresponding to
n, =+ n.

The coefficients A are then given by

A

A= T

so that

A
_(—1) 1
A= DI F T G D) G F =T
for values of r greater than unity; and the series, which is a
solution of the differential equation, becomes
o x4 at
4,4 [l‘ TarD) 202 mel) nt2)

&
312 (n41) (n+2)(n+3)+"1 ’
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where 4, is an arbitra.ry constant. When to 4, is assigned the
particular value s & l'l S @) where II (n) is Gauss’s function IT and is

the same as I'(n+1), then the expression is denoted by J,, so-
that

z" z z*

L= m [1 T et S GINGTY ]

=00 r L

S g

=0 1L (n+7) I (r) \2.
which is usually called the Bessel's function of order . When =
is positive, whether integral or not, the series proceeds to mﬁmty
and, for finite values of the variable, is obviously converging.
Thus AJ,, where 4 is an arbitrary constant, is one solution of the
differential equation. Before considering the form of J,, when n
is a negative integer, it is convenient to obtain the solution
corresponding to the case

, =N

The work is the same as before with the change of sign of =z,
and the solution is

. I's ot
Be [1‘ P G R Yy guewr Y geupmgra)

z°
3P (—at 1)(—n+2)(—n+3)+"']’
where B, is an arbitrary constant. To B, assign the value
1 . .. )
PR TEDL then the resulting expression is exactly the same

function of —7n a8 J, is of + n and may therefore be denoted by
J_,, 80 that

I, g __ . 2 -
“2*11( Y ey ey oy s Y R
—f..,, (_ 1)' @ ~ntar
=2 (= NI (2) :

If now n be negative, whether integral or not, or*be positive
but not integral, this series proceeds to infinity and, for finite

values of the variable, is converging; in this case BJ_, is another
solution of the differential equation.

F. 11
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If then n be not ar intsger, whether it be a positive or negative
quantity, J, and J_, are two independent and determinate par-
ticular solutions of the differential equation and the primitive is

y=AJ,+BJ_,.

102. If n be an integer other than sero, two cases arise. First,
if n be a negative integer and equal to — p, a zero factor occurs in
the coefficient of all terms after z* inclusive within the bracket;
and therefore by § 86 the terms which precede this disappear, and
J, becomes

r=a ( - l)r '\
E,, O+ ) (E) ’

or, what is the same thing,

IEW ( _ 1)n+p z)zﬁ‘h

om0 I (II (s +p) (§ ’
since n +p=0. Now this last expression is (— 1)?J,, that is, i
(=1)™J_,; so that in the case when n is a negative integer one of

the particular solutions, J,, degenerates into a constant multiple
of the other, J_,.

Similarly it may be proved, or it may be at once deduced from
the foregoing, that when = is a positive integer one of the par-
ticular solutions, J_,, degenerates into a constant multiple of the
other, J,.

‘When = 18 zero, the two solutions coincide. Hence in every
case when 7 is integral whether positive, zero, or negative, we may
write

Jo=(=10J_,;

but that this equation may be valid it must be remembered thas
it refers to the respective limiting forms of the particular solutior
of the differential equation when the superfluous terms of th
latter for the special value of n have been removed from the
expression in the general case; and the relation merely gives thi.
limiting form. It however shews that when n is integral it i
sufficient to take the positive square root of #* and to consider, a
the corresponding particular solution, the function associated witl
that square root.
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It thus remains to find a second particular solution in two
cases in order to have the primitive; and these two cases are

First, when n i8s zero :
Second, when 7 is an integer which (from the above explanation)

may be considered positive.

103. To obtain these particular solutions it is convenient to have some
fundamental properties proved.

It may be at once verified that

. A
0 ==

W & @rmanss

o O
(i) Tz @)= =2
and from the last two we have

zﬁ%ﬂzﬂ-l./,:zﬁ.f,_,, .

r“%—m‘"—l.f"= =2y,
Dividing the first of these throughout by z* and the secotd by x—"-1
and subtracting the latter from the former we have
2y =2 (Jp-y+Tnr1);
or AN A
Similarly
2
=Jas1=Jasg=— ;("+2)Jn+m
2
Jn+x+Jn+ﬁ=; (n+4)Jpsq

Now it is evident from the general value of J that J,,=0; hence the pre-
<ceding equations give

2 .
nmr=2 (1= (142) Ty g (1) Iy g~ .. 0 I} *
this series is converging. -
Ez. Prove that
@

N = 2 Ty~ (149) Tyt (3h &) o g 0 ).

Ldebimmsagy l,1 Sty EC:E*VH:‘?
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104. To obtain the desired: particular solution in the case when # i zero
we substitute
y=wlot+w
in the differential equation
and the result is

Pw P 1dw\ _ duddy
dz«+'£+”="’°(w i) ldn

To make the coefficient of J; vanish we have

d% | 1du
@t m=0
which is satisfied by
u=logz;
the equation determining » is now

P 1dw 2 dJ,

wtea ' Trdx
2

Lt TR T :

x* = zx{2.7, 4J,+6Jy -8+ ..},
Now from the equation

diJ, 3
BT
it follows that
y=M,
is the Particular Integral of
d 1 d Ant
%{ tity=

The general term in the right-hand side of the equation determining w is
4 %
F (-,
we have therefore for this term
—(_1)n-1 é
A=(-11 o

Hence

RRVECT Y FUY Y FEV R P s i
and therefore a solution of the original equation is
Jologz+2{y— 3 +3e— e+ i eeeeene }.
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Let this be denoted by Yp; then the primitive of the equation

oy ldy, . _o
et aty=0

is y=A4Jy+ BT,
where A and B are arbitrary constants.

105. To obtain the second particular solution in the case when z is an
integer we write

y=J,logz-w,
80 that

d’w +( ;’>w=; dm

——-’ -—{(ﬂ+2)-7n+a (04 gt (0 6) Ty g ).

Now
—nd ,
d%{ﬁ%d%'ﬂ) (1-;,))J "‘x,” Moy -G
\ being a constant ; and therefore a value of w eatisfying
%# %’:+ (1— ’)w_(—l) 449 Tppge =(-1) T2 !I NN
o EVETC))

. —(_ n o
s w=( 1)"r(n+r)""*"‘ = (}u-lv) -V by,

Let w, be a quantity satisfying (Y

B (-
then a suitable value of w will be

w=w1+ 2( nr (n+:)J"*"'

The right-hand side of the equation giving w, must be transformed. By
the general relation bet three suoge ive Bessel’s functions we have

2
;;Jl."fo=‘fﬁ
9\ 9 2
henoe 2(5) ./'1—2(;) Jo-.fl=s<5>.7.-.71=.7‘;
hence also
3 2 ) 3 -
2.3(5 J,-z.s(z) J}.—s(;‘ S y=2 3T Ti= s

also
2.3.4(2> J;-2.3. 4( ) Jy-3. 4<2> J1-4(§_ -7,--7,=2§-7.—Jn=-75,
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and s0 on ; and the general equation is

o 1)(;)n—l"1 —n(- 1)(?;),-—1.’0 _ ngz(;)l) (g)n—n‘,l _ulgv_;(g)l) (;)n—a.,g

T(n-1)2
= _m',n—!—"ﬂ—ﬂ=‘fm

or, what is the same equation,

T (i R i S

Also, by actual substitution we have

a2 I afﬁ 1dJ, mh— 2m doJ,
T a;dz+1 z’? trat(ta ""?H]

1 o2m d&J,  p?+md—n?
‘E""[ z dz+_zﬂ—":|

80 that, on writing m=n—p,

1d ., _2n-p), (1d)y p
{dz“’+zni.r+1 ’}k” Z"P d£+ %
A, being a constant. If p be not zero, the right-hand mde is 'I‘-' e £,
LS = PL A
2(n-p ))\J Z
T TRk p-l: , T *.—P ﬂ-u‘:ﬁ{
= Zaale [ v
whileifpbamro,therighfrhandsidais "“" preiat
NT; - 99
o x.f au ) P=1 ke
a,"—uﬂ Y .{’q-l ‘£/ 17‘)
If now we substitute in the equation for w, the value Fu-1
p=n-1_ J.
w= 3 F}F’

2=
a comparison of the two sides of the equation gives

gn—p+1

~2(n—p)Ap= -1 (1) )

if » be not zero, and gives

2n\g=41I (n) 2°+1
if p be zero; and therefors, whatever p may be,

=2 1 I(n)
. MR 2

Hence the value of w, is

p=n-1 1 2\r—2 J,
w, =11 (n) 2 ﬁ(;) JTG_’)'
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and therefore the second particular solution of Bessel's equation in the case when
7 18 @ positive integer other than zero 18

y=Julogz—" 3( 1)',(n+r)J..+.r

p=u-1 1 /9\n—? [J.
-0 2 — (= =2,
w3550 5
Let the right-hand side be denoted by ¥, ; then the primitive is given by
y=A4J,+BY,,
£z 1. Another method of obtaining a second particular solution is em-

ployed by Hankel as follows. Any linear function of the particular solutions is
also a particular solution ; hence in the general case such a solution is given by

o™ Jpeosnr—J_,
810 20

)

which is then perfectly determinate ; while in the particular case of z an
integer it takes the form 0/0 since (- 1)"J,=J_,. Prove that when evaluated
this assumes the form

-G RO

ke v}

where ¥ (g)= -4 log o) ;

and identify this with the solution already obtained.
(Math. Ann. 1. p. 469.)
Ez.2. The series for J, is always a converging series; but, when s is

large, the convergence is slow and it is convenient to have a series proceeding
in descending powers of z.  Prove that

Ju= (,—f;)a {1 - (————12_2’2&::;_ ) + } cos <'— ’Zr—ng)

R |

80 that the series terminates, if 2n be equal to an odd integer.
(Lommel.)

106. The relation between the two linearly independent in-
tegrals J, and J_, may be found as in § 96. We have
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and

and therefore

(e ).
which gives .

where 4 is a constant which, however, is not arbitrary since J,
and J_, are definite functions. To obtain the value of A it is
sufficient to consider the highest terms only in the lefi-hand side;
when these are substituted, we find that

1 1

A=2"1’I(n) Z’H(—n)(n+n)
_ 2n
T () (—n)
_ 2
SOn—-1)T(—n)
_ 2sinam
==
and therefore
dJ, aJ.

Yoy ~Lar,=2 dnnm,
or, what is the same thing,
a4 (J_ﬂ) = Zeinnw
da \J, et}
Er. Obtain the corresponding equation when 7 is an integer.

Relation bet the equations of Legendre and Bessel.

107. It is possible to derive Bessel's equation from that of
Legendre. For, differentiating the equation

. (l—m’)%—%i—‘z+n(n+ 1)y=0
m times, and writing ’
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we have
(1—#)Z—;—(Zm+2)m%+{n(n+1)—m(m+1)}z=

Let the dependent variable be changed to £ where
E=(1-a")"z;
the equation now becomes
(l—w’)%—%g—i+{n(n +1)-%£};=o.
Let the independent variable be changed from & to ¢ where
¢ =n'(1-2";
then after slight reductions the equation becomes
N2 2N1dE
(1 )d¢'+(1 )¢d¢ (1+n ¢')5 0.
‘When we make # infinite, we have
ol"f 1 dE mh
mremt(1-Fe=o
which is Bessel's differential equation.

‘When all these operations are combined, we have, as the result,
that the limit of

o g R -2,

when 7 is infinite, is Bessel's function of order m, ¢ being the
independent variable.

It would appear from the foregoing process that ¢ is infinite ;
this however is avoided by making « approach indefinitely closely
to the value unity. The geometrical analogue of this relation be-
tween ¢ and z is that whereby any very small portion of a spherical
(or other) surface in the neighbourhood of a point is studied by
assuming it ultimately to coincide with the tangent plane of the
surface at that point and to be magnified in that plane.

Ez. Verify that the above expression becomes, in the limit, & multiple
of Jp

In this donnexion the student may consult Heine, Theoris der Kugel-
Junctionen, 2nd edition, vol. 1., p. 182; Lord Rayleigh, Proc. Lond. Math. Soc.
vol. IX. p. 61.
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The primitive of Bessel's differential equation has been obtained for every
oase; the further development of the properties of the funotions which occur
in that primitive cannot be given here. The student will find the functions
fully treated by Lommel in his Studien #ber die Bessel'sche Functionen and in
several papers by the same writer in the Mathematische Annalen, vols. IL. .
IV. I XIV. XVL; in particular the paper in vol. XIv. deals with differential
equations which are integrable by Bessel's functions. Reference should also
be made to Neumann's Theorie der Bessel'schen Functionen and to Heine's
Theorie der Eugelfunctionen, 2nd edition, where (vol. 1. p. 189) a list of
memoirs referring to the functions is given; Todhunter’s Functions of Laplace,
Lamé and Bessel contains many of the properties.

For g general property of all linear differential equations similar to those
which have just been discussed and which give rise to functions depending
upon & tant p the student may consult, in addition to the fore-
going, Sturm, qumlle vol. .; and Routh, Proc. Zond. Math. Soc. vol. x.

Riccarrs Equation.
108. Riceati’s differential equation is

%5; + by* = ca™;
but it is convenient to consider first the more general form
@ % —ay + by* = ca”.
If in the latter the independent variable be changed from & to
2, where z = 2° and the dependent be changed from y to u, where
y = ug, the equation becomes

du_i_é ==£3£'“

dz a ’
which is Riccati’s form.

109. Consider now the more general form.
Firstly, it can e integrated in finite terms when n = 2a.
For assuming y = ua® we find on substitution

du Sa, 9 __ n
m‘ﬂd—w+bm w? = ca”,

80 that z™ ZZ + b’ = ca"™.

In the case when n = 2a this becomes

QU _ .
ot d—w—c—bu,
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the variables are separable and u is expressible in terms of ex-
ponential, or circular, functions according as b and ¢ have, or have
not, like signs.
Secondly, 7t can be integrated in finite terms when (n + 2a)/2n is
a positive integer.
Let the dependent variable be changed from y to y,, where
A +;— =y and 4 is a constant the value of which has yet to be
1
determined. When substitution takes place and the terms are
rearranged, the equation becomes
n an !I+1 dy
—ad +bA'+(n—a+2WA) T 435
¢ T e T
We choose A so that the constant term vanishes, and thus 4 =0
or afb.

Taking the value a/b for 4 and substituting in this new form
we have, after a slight change,

d, o
m%—(a+n)y,+cy,’=bz.

Now this equation is of the same form as that with which we
began ; and the changes, that have taken place, are in the coeffi-
cients—the original o has changed to a +n, aud b and ¢ have
changed places. In this last equation we write

atn a ;
. ¢ Y

the foregoing analysis then shews that the equation in y, will be

y‘l=

m— —(a + 2n) y, + by," = ca".

And the result of ¢ successive transformations will be to reduce the
giver equation either to

md——(a+m)y‘+cy, ba"
or to -
- (a+in)y,+by'=

according as 7 is odd or even.
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Now, by the case first considered, this equation is integrable in
finite terms, if
n=2(a+1n),

that is, if j '2‘”2“

is a positive integer.
Taking next the value zero for 4 we can easily transform the
equation into

zi— —(n—a)y,+cy,’=ba",

an equation which differs from the former in y, only so far as
regards the sign of a. Adopting now for this the preceding series
of transformations we write
n—a
h=—"*+_

¢ Y
and the equation in y, is

dy’ — (20— a) g, + by, = oa”

Hence after ¢ — 1 transformations of this series (and therefore after
% transformations in all) the given equation is reduced either to

m%—(in—a)y,+cy,’=bw"

or to md——(m a)y, +by'=
In either case the equation is integrable in finite terms, if
n=2(in— a),
that is, if n+3a
2n

is & positive integer.

Combining then these two results we have: the equation,
:il— — ay + by = ca®

i 1.nteg1 able in finite terms when (n + 2a)/2n is a positive integer.

In each case the integral is given in the form *of a finite
continued fraction, the last denominator of which involves either
exponential or circular functions.
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some important transformations which render them linear of the
second order.

In Riceati’s equation let the dependent variable be changed
from u to v where
_lav
T vds
so that if w is expressible in finite terms, v will be so also; the
equation then becomes

bu

d%

Pl beva™ =0,
which might be taken as a standard form, equivalent to Riccati's
equation.

If b and ¢ have the same sign (in which case exponential func-
tions occur in ) this equation may be written

3,

3 —a'2"v=0;
while if their signs be unlike (in which case circular functions
oceur in u) the equation is

Ay

] +a’as™ = 0.
Both of these are integrable in a finite form for the same value of
m that renders Riceati’s equation integrable.

Change the independent variable from @ to z, where

gz=a
1
and q={r:n+l=,—lsay;

the equation then becomes

This therefore is integrable in a finite form if
% +1
UL 241’
whence it follows that n.must be equal to an odd integer; and so
if the equation be written
d* 2p dv £ bow
7 o

=}m+1=1
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the condition of integrability in a finite form is that p should be
an integer.

This is reducible to its normal form by the substitution

¥ =w,
and the equation for w is

dw _pp+1)
@ =T
which is integrable in a finite form if p be an integer.

w,

Lastly, let w = 23 be substituted ; the equation for ¢ is

't 1dt t
E;,+;d—z—bct—(p+1})‘?=0,

the primitive of which is
t= Ay {2( = B} + BT (g {2( — bo)).

If p + % be an integer, this ceases to be the primitive: we then
have for the primitive

t= Ay (2(— b0} + BT,y (2( — bo)l).

Hence thé solution of Riccati’s equation can be empressed in terms
of Bessel's functions ; and, in particular, the primitive of

Po .
pr +Ava™ =0
18 given by
v=2g [AJL (z)‘.g) +BJ__1_ (z)ﬁ)]
m+2 m+2
or & [AJ_I @A+ BY 1 (zﬁ)] ,
m+2 m+2

according as m + 2 18 not, or 18, the reciprocal of an integer.

This is immediately derivable from a combination of the
preceding transformations.

The only case of failure is that in which m + 2 is zero, that is,
when m is — 2; the equation is then

-

) o -
L +w=0,
. which can be solved by the metl?&d of § 47.
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110. We can now obtain conditions that Riccati's equation
ghall be integrable in finite terms. From § 108 it follows that
du e om
T b = oz
is transformed by the substitution u = y/ into
zg—z—-y + by = ca”,
where m =n— 2. Now the latter equation is so integrable when
n + 2 = 2m,

where % is a positive integer; and therefore Riccati’s equation is
integrable in finite terms if

m+2 £ 2=2(m+2).
Taking the negative sign we have

m=— B,
T w1
while the positive sign gives
o 4E=1)
ST
or what is the same thing in the case of the latter
e
LTS o

by merely changing the integer 1.
Hence Ricoati's equation i8 integrable in finite terms, if
m— 4
T+l
1 being zero or a positive integer.
Er. Prove that the equation
du o
F iy bz*uP=oz™
is integrable in finite terms, if

4 being an integer,

Relption between the equations of Bessel and Ricoati.

111. The equations of § 108 in the form in which they have
been discussed are of the first order, but are not linear; there are
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For further information upon this equation a memoir by J. W. L. Glaisher
in the Phil. Trans. 1881, pp. 769—828, should be consulted, where full
references to authorities will be found; and the connexion between Riccati’s
equation and Bessel's will be found fully discussed in the book and papers of
Lommel to which reference has already (p. 170) been made.

Some examples of the solution expressed by series will be found in the
Miscellaneous Examples.

Symbolical Solutions.

112. In cases when the solution of a differential equation in
geries consists of a function in a finite form or when it consists of
a terminating series together with some function or functions in &
finite form, it is sometimes possible to obtain a solution of a
symbolical nature which will, when the operations therein indicated
are performed, prove equivalent to the solution otherwise obtained.

As an example, consider the differential equation

Py =il
the solution of which has been proved to be expressible in & finite
form when m is an integer. When the dependent variable is

transformed from # to « by means of the relation
mﬂ

Yy =uz
the equation becomes
d’u
clw’+2<m+1)_ ———nu =0.

Consider now the differential equation
%J, —nu=0,
the general integral of which is
v= 46" + Be™,
and change the independent variable from z to z, where z stands
for 3" ; the equation becomes
d  dv
2z FEA e 'y =0.
Let this be differentiated m + 1 times with regard to z and

let ¢ denote 2 Y then we have

(2m+3)——'n't 0.
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Let now the independent variable be rechanged from z to z;
the equation then becomes

B Amnd
Hence we have
u=%
d™y
=d

1d
- d—m) (4™ + Be™);
the primitive of the original equation in y therefore is
y=g™ (i ‘Z) (4e™ + Be™).
A slightly different form may be given to this, for
nde'” — nBe™
z
_A'e™+ Be™
=,
on changing the arbitrary constants; and the primitive may be
written in the form

y=0" (1 ;‘lz) (A’e""+E’e"")'

4

1d
= Jo (4= + B =

Since the differential equation remains unaltered, when for m
is substituted — (m + 1), the primitive may be expressed in the
additional forms

y=a™ (1 dim) (46 + Be™)

and - 1d ) (A’s"' + B’e"‘")
y= (w dz, I3 '
Ez. 1. From the foregoing it can be at once deduced that the primi-
tive of . o
m+n’_y=?y

(an equation arising in investigations connected with the Figure®of the Earth)
is expressible in the form

y=0{(1—7%’;;>sin(m+a)+% 008 ('nx+a)}.
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Ez. 2. Prove that the primitive of the differential equation
g — el —%=0
can, in the case when g is the reciprocal of an odd integral 2i+1, be exhibited
in the forms

$+1 2a -;‘sﬁ
(Ae + Bs ),

<
1]
i
/;\
S’
:
!
&

] B,
! 46" +Be * ),
-2
{'G(Ae +Be ? )},
g % -2
v= (r’“‘%) ! l{z-ﬂ(Asq +Be ? )}

L=
|
—~

S

&l&

(Glaisher.)
Ez. 3. Prove that the primitive of the equation
dPu +1
ant aPu= %—) u
is given by ¢ ;
_ d ? co8 (132 +a)
u=Cr"? (3;) g
where r is to be put equal to a? after the perfc of the di
(Gaaln.n )

In all these cases when the solution of the equation is thus given symboli-
cally, it is not difficult to identify the solution in this form with that obtained
in any other form, such as one in series by the earlier methods of this chapter,
or a8 one by means of definite integrals as indicated in chapter viL The
student who wishes for fuller information on the subject of these symbolical
solutions and their connexion with solutions in other forms will find & full
discussion in the memoir (Section vi.) by J. W. L. Glaisher already (p. 176)
quoted.

MISCELLANEOUS EXAMPLES.

1. Integrate in series, and express in a*finite form the integrals of, the
equations

s F =0 @ FTY e,

and integrate
&y 2dy _
+___(,Ln 3y
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2. Solve the equations

0 o 5% Ley=o;

@) 2%+ (00 + 309 7% + 008 300) ¥ 1 (4 30)y=0;

(i) %—z‘%—zz—w@_(“.{.b)x‘i@'

(iv) (2?+g7®) dzl'/+’(a+3) g2+ (b~ c+1).z)dz+((a,+1)q.z‘ be}y=0.
3. Integrate in series the differential equation
2(1-4z) %+{(4P—B)x—p-ﬂ) ‘di';_p(p-l)u=o;
" and express the integral in the finite form
A1 - 4P+ B+ (1 —a2)h)

(Glaisher.)
4. Verify that a root of the equation

P+y+z=0
satisfies

(402 ) T+ By = '
(Spitzer.)
5. Transform the equation

”% +(m+2—na) Z—%+{_p—a(m+z)}y—0,

by assuming y=e*%¢ and m+2+na=¢ (- n), into

a? d,
3?; =£ E’fg +2{5
and integrate the last equation in series.

6. Obtain the primitive of the equation
Y%
aste

in the form
9oy=A4(9z—2)+B gz +2)e ™.
7. Obtain the primitive of the equation

+qﬂy—§dy

in the form

y=Ade~® (1 +;lz>+ B,!ﬂ”i(l —qlx> gin (3; 9T+ a) g%cos (3; g9z + a)} .
(Leslie Ellis.)
12—2
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8. Prove that the coefficient of o™ in the expansion in ascending powers
of a of

(1 -2az+a?)-"
is & solution of

%{(1 —aayh %}+m(m+en)(1—zﬂ)"- =0,

9. Prove that, with the notation used for the solution of Legendre’s equa-
tion, {P, (cos 8)}* is a eolution of the differential equation

(dgsm a) 4 +an(m+1)sin g (doam a) U=0.
10. Prove that, with the notation of §§ 90, 91,
1
-Pn+1Qn QH+IP 7"+1
(Trinity Fellowship Examination, 1884.)
11. Prove that the primitive of the equation
¢ —z’)%—2 (m+1)z:i—‘ty+(ﬂ+m+1)(n—m)y=0
is given by
P, o
dz™
L]
provided m be not greater than n.
‘What is the primitive when m is greater than n%

- are,
y=4 ﬁ,

(Heine.)
12. Shew that the solution of the equation

ad d; lad
zla-o P rmeny-1En
where £ is an integer, may be expressed in the form
y=(1-anp T,

where g, is the

lution of L dre's

q
13. Obtain the primitive of the equaﬁon
(1-29 dﬂy+2 (m—1) z +(n m+l)('n+m)y 0.
(Heine,):
14. Prove that the equation
L B
has, in the case when « is an integer, for its ‘primitive

y=a"¥"N (4T, (H+ BT, ().
(Lommel. )
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16. Obtain the primitive of the equation

dy-
P %+M o ®torem) y=0
in the form
—¥n— ™ ™
) [AJ,. (oi H)+BJ_,,(c‘ E)]'
where pimi=} (n—1)—b
(Lommel.)
18. Verify that the primitive of
i =3 b y
is y=™ 3 AT B (- e} B T2~ 0]
where ay, ..., am—; 81 the roots of the equation a™=1; and that of
amtt __Ll
Fre
s y=aimt® s "0, -y O+, B,
where ay, a,,..., ag, are the roots of a?™+1= -4
(Lommel.)
17. The primitive of the equation
oy
Frd +ye=0
is y=AJy(e*)+ BT, (%) ;
and that of dll/+a'y =0
1 1
is y=a{4Jy(e?)+BY (e} (Lommel.)

(See, for connexion between these two equations, Ex. 10, p. 127.)
18. Prove that, with the notation of § 101,
2 .
J,‘Jl_,,+J,,_1J_,.=’r—xmnM,
7 not being an integer, and that
P ANRES AL
(Lommel.)
19. The differential equation

%HQ% + { ‘fg +a- ’"—(z,+1)}u=o .
is integrable in finite terms, whatever function of # is denoted by @, provided
m be an integer.
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20. The equation
du
o aTm-(’”'“f a)
is integrable in finite terms, if
_2{(1—r)i4dcpt

mI== iy

where < is & positive integer or zero.
(Malmsten.)

21. Prove that the coefficient of A?*! in the expansion of ptnrant
satisfies the differential equation

@-a’u=ﬂ?§1-) u

dz?
(Glaisher.)
29, Shew that, if y=X be a solution of the equation
(# being & constant), then a solution of
m dm—
Triy=12 T
is given by
d\y X
y=gm@+- ( . d_z) e
Hence solve the equation
Py 4y
33"z d +ky=0.
(Leslie Ellis.)

23. The equation
(1—am‘)%-bm%—oy=0

is integrable in finite terms in the following cases :
1. when% is an odd integer;
b\? ¥, .
2. when {(1 —=) +4 } is an odd integer;
3. when’z 1——) 4 in an odd i
p a) T 2 odd integer.
24. Prove that the equation

(a+bz")z’dz_ﬂ+(o+a.z") L +(f+g.z“)u—
admits of finite solution,
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1. when any one of the four quantities a - 8 is an even integer,

2. when any two of the quantities
a—apy BBy ate-Bi—Bs
are odd integers; where a;, a3 and B;, B, are the roots of the respective
quadratic equations
4bn (a— 2)(na ~2n — 2)+ 4en (a —2)+g =0,
and 2anB (nB—2)+4enf+7=0.
(Pfaff)

26. Prove that the three expressions

_ otz 1 atzh 1 alat
e { & T DO DIE (- oD (p-pITE T }

axp—p |1 _P pp-1)atz? p(p-1)(p—-2)a°z® w’ar‘
e LB e S ey BT )

—ags (142 gy EE-D B p(p=1)(p-2) aber
¢ “{”p *po=d) 3 T pG-Dlp-1) BT T i

are all particular solutions of the equation

and shew that, when p is not an integer, these three expressions are equel to
one another. Obtain, in this case, a second end independent partioular
solution.

26. Prove that the primitive of

B2,

may be written in either of the forms
yman=1 (0 L) o (ot Bomem,

d\p+1
y=a=o=s (a8 L) e e(do s Bomom.
(Boole.)

Prove that the primitive of the same equation may also be written in the

form
’ y=r)(m> (de*+ Be—0a),
(Donkin.)
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27. The primitive of the equation
z%+{m+n+(n+ﬁ) z}%+(mﬂ+m+dﬁ-ﬂ).’l=°

can be expressed in the form

y=ha=2 D7 gongley g pete T o mete-e),
Obtain that of
‘%y, +my=z%
in the form

m
y=Ade %(e'h") +Bd® gﬁ{s'*ﬂ'fé’dz}.
(Spitzer.)

28. The orthogonal trajectory of the system of surfaces of revolution
given by P,=cr"*1, where P, is the solution of Legendre’s equation and its
argument z is the cosine of the vectorial angle of any point, is given by the
equation

Ppiy=Puy=arm

29. Prove that, if the equation
y =
s tuf(@)=0
be transformed by the relations 5 (cz+d)=a2 +b and y=u (cz+d)* so that
is the new dependent variable, the new equation is

iad

dz‘+"‘F(')=0

‘where
Fo-(%) 1o

Henoe, or otherwise, solve the equation

Py ¥
& = (A1 2B+ Op



CHAPTER VI
HYPERGEOMETRIC SERIES.

118. THE series

af m a(a+1)ﬁ(ﬂ+1)mn ¢
Ty 1.2.9y(y+1)
’ 2@+ D@+2)BE+1(B+2) ,
1.2.3.y(y+D) (v +2)

is called the hypergeometric series and is usually denoted by
F(a, B, v, @) ; the four quantities «, B, vy, @ are called its elements
and of these @ alone is variable. The elements « and B may be
interchanged without affecting the value of F'; if either of them
be a negative integer the series will consist of a finite number of
terms, otherwise it will proceed to infinity. It will be assumed
that v is not a negative integer, so that infinite terms may be
excluded.

+

If 2 be less than 1, the series is converging; but if # be greater
than 1, the series is diverging. If » be unity, the series is con-
verging if y — a — B be positive, and diverging if y —a— B be zero
or negative.

The series is one of very great generality and includes as
particular examples very many of the series which occur in
analysis. The following examples admit of easy verification :

L A4 =F(-n,B B, —a).
I (+ar+Q—a)r=2F(—n —in+t 4 o)
oL log (1 +a)=aF (1,1, 2, —a).
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IV. log ] T2 2P (41,4, o).

V. e”’=If’(1, B 1, E),whtanﬁ=oo.

VL cosh z=F (a, B % 7*—0;%) , when a= o0 =g.
VIIL cos nz = F (3n, — §n, §, sin’ z).

Ez. 1. Prove that all the differential coeffioients of the series will be
diverging for the value =1 if the series itself be diverging for that value;
and that all the differential coefficients from and after one of some order will
be diverging for the value #=1 though the series be converging for that value.

Ez. 2. Express as hypergeometric series
(i) sin¢, the variable element in the series being 22 ;
(ii) sinsz, the variable element in the series being sin?z;
(iif) cosn? the variable element in the series being — tan?s.
Others are given by Gauss at the beginning of his earlier memoir (refan-ed
to in § 134).

114. Let the coefficient of " be written 4,; then the relation
connecting consecutive 4’s is

A+ @+ 4, =@+ (B+1)4,.
Consider the differential equation

{(3_}.2)(5+/8)—£S—(S+ry—1)}’y=0 ............... )

in which % stands for the operator @ ad; . A solution of this equa-~
tion can be obtained in a series: let this series be given by
y=B,a"+ B a** + Ba*+? + ...

Substitute this value in the differential equation, which must
be identically satisfied ; each separate power of # must therefore
disappear in virtue of the quantity multiplying it being zero.
Thus for the lowest power we have ’

—p(p+y—1)B,=0;
and from the vanishing of the coefficients of the higher powers the
relation between the successive quantities B is given by

(p+r+ 1) (p+r+v) By —(p+r+a)(p+r+p8) B, =0.
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We shall assume that B, is not zero, because the relation B,=0
would make all the B's zero; and thus the former equation is
satisfied by either

. p=0
or p=1—y.

115. Take first the value u=0; then the relation connecting
the quantities B becomes
A+r)(y+7r)B,,=(a+7)(B +7)B,.

Now when B, =1 = 4, the relation just proved, compared with
that which connects the A’s, shews that B, = 4, ; and therefore the
series assumed for y becomes the hypergeometric series. Thus
one solution of the differential equation (i) is F'(a, 8, v, @).

Let the operating factors in (i) be expanded and terms of the
same order collected ; then the equation may be written

[(A=-2)Y+{y—1-2z(@+B)}Y—aBa] y=0.

But S:m%,
9 __ -d‘ d
¥ =7 %+m@,

when these values are inserted the above equation, after rearrange-
ment and division by 2*(1 — ), becomes

&y  y—@+B+Dady o
@t od-0 do sd-my =0 L,

which is the differential equation satisfied by F(a, B, v, o).

Take next the value u=1—4¢; the relation connecting the
quantities B becomes

A+r(2—y+r) Byu=(@+1—y+7)(B+1—y+7r)B,.

Let B,=1; this equation shews that the quantities B are the
successive coefficients in & hypergeometric series whose constant
elements are respectively a+1—q, 8+1—4v, 2 ~«. The series
assumed for y begins with #!~7; hence the value of y is

=1 Fla+1l—ry,B+1—y, 29, a),

and this also is & solution of the differential equation (1).
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‘We have thus two particular solutions of this differential
equation ; and therefore any other particular solution which is
finite for values of  less than unity may be represented by

AF (a,B, v, 2)+ Bt F(a+1—q, B+1—~q,2—v, z),

in which A and B are constants, the values of which may be
determined by comparing powers of #. If in this expression 4
and B denote arbitrary constants, it furnishes the primitive of (1).

116. To reduce (1) to its normal form we must compare it

with the gemeral linear equation of the second order. We then
have

_y—(@+B+Nz_y y—a—B-1
P= z(1~-a) =zt 1-=z
—aB
Q=w(1——w)’

and therefore the invariant I, being
t[40-2%-7]
becomes, after some reductions,

. *
1=\ 1-.* M—pi 4+ -1
3 z +%(m—1)"+1" z@—-1) °

where
M=1-9); @=@-8); v'=(y—a~B)"
Let this invariant be denoted either by I or 4 (z) ; the latter

form will be convenient when the independent variable comes to
be changed.

Thus equation (1), by the substitution

v=yetP®

= ywh’ (1 - w)§(¢+ﬂ+l—7),
becomes

A LT J— S @,

in which - (#) denotes the foregoing function of &.
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Set of 24 particular solutions.

117. We now proceed to find some further particular solutions
of this differeutial equation. It follows from the investigation
of § 64 that the conditions, which must be satisfied in order that
the equations

d™
BT (@)=0
and ‘;; 2 () =0 e, ®)
should be transformable into one another are, firstly,
-
s (8o
and secondly,
ol + (2) % O~ ¥ @=0 ®
, ) hO-F@=0 .

Hence, if we consider 4, (t) as a given function of ¢, the latter
equation will give the value of ¢ in terms-of z; and when this
value is fétnd the former will furnish the relation between
v and 2.

Now assume that th’s' function 4, () is such as to make
equation (3) the normal form of the equation satisfied by
a hypergeometric series with constant elements «, 8, v'; and
suppose that we can obtain from (4) a value of ¢ in terms of z.
Then, since the value of % will be at once derivable from that of ,
we have a solution of (2) in the form

ut (L — ) HERY P By, 8);
and this is distinet from the value of » which we have already had.
118. The primitive of (4) will give ¢ as a function of #, a, 8, ..
o, B,v'; let us select those forms of this function which make #

dependent on @ alone, and independent of the two sets of constant.
elements,. We may, to obtain these, write

{t, z}=0,
. O (%) - v .
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The former of these on multiplication by ¢~ is directly inte-

grable in the form
=,
and proceeding with the integration, we have
P
C(Czx+C)

aw+b
cx+d

t=4

on changing the constants. This is the general value of ¢ which
makes the function {t, #} vanish ; but the conditions require that

di\?
+.0(F) =@
(ad —be)* | (ax+b\ _
(cm+d)‘ 1<w+d)"‘l"(‘”):
and this will not be satisfied for arbitrary values of these constants,
which must therefore be determined so as to be independent of
the constant elements of the series. Now

CEEE asy

or

where A=1-—p"
B=\+4p =11,

. C=1-2%

and we may write
AT+ B+ O
“I’l(i) ‘i t’(l—t).
Hence the constants g, b, ¢, d must be such as to satisfy
Az + Bs+C
z* (1 ~ o)°

=(a.d—bc)'Al (az+b)*+ B’ (a8 +b) (cx + d) + C" (cz+ d)*
(az + ) (cz+d) {(c—a) @ +d— b}
The quantities @, 8, v (and therefore 4, B, C which are functions

of them (are arbitrary and thus the numerator and denominator
of the left-hand fraction can have mo common factor except a
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constant; and similarly for the right-hand side. Hence we may
write
m (42* + Bz + 0)

= (ad — be)' [4 (az + b)' + B (az + b) (cz + d) +C"(cw+d)']

mz® (1 - @)'=(az +b)" (co+ d)* {(c— a) 2+ d—b}*,

in which m is constant. The latter of these equations will deter-
mine the values of a, b, ¢, d.which are admissible; the former will
then serve to indicate the relations of , 8, 4 to 4, B, y in order
that the expression at the end of § 117 may be a solution of (1).

119. Comparing now the coefficients of the different powers
of z on the two sides of the latter equation, we find that the
following sets of values for the constants will make the equation
identically satisfied :

@) ¢=0=b =a-d;m=a’;
(i) ¢c=0=d-b=a+b; m=a’;
(i) a=0=d =c—b; m=0
(iv) a=0=d—b=c+d; m=10°;
(v) b=0=c—a=c+d; m=a’;
(Vi) d=0=c—a=a+b; m=0"

These values substituted successively in the expression for ¢ in

terms of  give:

() t=w; (i) t=1-=; (iii) t-%
. 1 I3 . z—1
(v) t=3—7; ) t=7—3; v) t=—0,

respectively ; and these form the complete system of values of ¢
required.

120. We now transform the first of the two equations by
means of each of these in turn and obtain the necessary relations
between o, 8, v’ and «, B, .

Consider first the set of values (i). We have
Ao*+Bz+C=A'e*+ Ba+ ('

A=A4', B=B, 0=(;

50 that
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or, what is an equivalent set of equations,
)\‘ﬁ =)’ll; I-"’= “/I ; ”! = l"..
‘When expressed in terms of the constant elements, these
relations are ,
A=n)=Q0-)
(al _ﬂ’)i= (a__ ﬁ)l’
o —d =B =y —a=B);
and (remembering that an interchange of the first and second con-

stant elements makes no change in a hypergeometric series), we
find that these are satisfied by

(1) @ =@.ueeeerrrinnnnnns B =Bt ¥ =v;
@) d=y—a cverrrunnns B=qg—FB . eeirinnns ' =v;
B) d=a—-qg+1l..... B=B—y+l ... ¥ =2—1;
4) d=1l—a .ccoeerers B=1-8 e ¥ =2—y.

Since ¢ =4, g:—; is unity and therefore w is unity for this value

of ¢; and the particular solutions of the v equation, which cor-
respond to these four sets of values, are respectively

& (- NF (o, B, y, a),

a1 —ap P Fy—a, 4 -6, v, ),

A1 P Fla 41 Byt 1, 2—7, a),
A g P g 1-8,2—4, ).

Now these are solutions of equation (2); in order to obtain the
corresponding solutions of equation (1) we must multiply each of
them by

Pt (1 _ E)-i(a+ﬂ+l—1) ;

and therefore four particular solutions of equation (1) are
() y=F(% B, v 2);
am  y=Q-o " FFly—ay-8va);
I Yy=a""Fla—y+1,B~qy+1,2—q,);
) y=d70A-2 " 'Fl-g1-8 2-y,a)
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Treating now the relation {=1—# in the same way, we find
other four particular solutions in the forms

W) y=Fa, B a+B-y+1,1-2);

(VD y=d"Fla—y+1,8-y+La+B—y+11-a);

(VID)  y=Q-a) ™ Fy—a,qy—B, y—a-B+1,1-a);

(VI) y=a'"(1-a) " FPF(l-a1-B,y—a=L+1,1-z).
And from the relation t=ﬂlp we have as one particular solution

(Ix) y=w'°F(a,a—v+1,a—B+1,£).

121. All the particular solutions for the different values of ¢
can be found in the above manner. Each value of ¢ leads to four
particular solutions, so that there are in all 24 of these. But this
laborious method of obtaining the remainder need not now be
adopted ; it is possible to write down, from the nine foregoing, the
following fifteen to complete the set :

®  y=sF(BA-y+LA-arl3);
&) y=aT Q=P F(1-gy-aB-a+l 3);
xm y=z‘9_"_(1—w)7_“'ﬂF(1—B,ry—ﬂ,a—;3+1,%);
&) y=(1-a)" F(ary B,a—B+1,11m)

a 1
@V y=0-0 P F(gy-0f-atl i)
XV) y=a""Q-a)y " 1F(a—7+11 ,3,t1—13+1,1 w)
XVI) y=da" (1—z)7“'.'1F(,9—y+1,1—a, B—a+1, ﬁ) ;

EVID y=(-2)"F (ay-B n25);
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(VD) y=(1-5) F (8 y-a 2 ;75);

—- o
®IX) y=o Q—ay ™ F(a=y+L1-A2-%577)s

®D)  y=dA-y P R(B -y + L 1-a 2 -y )

(XXI) y=.z_“F(a,a—ry+1,a+/3—ry+1,?%l);
(XXID) y=w—pF(/9,B—~/+1:a+/9—'7+1.m—;'-1);

(XXIII) y=2""" (1 —a)’ """ F(l—a, y—a,y—a—B+1, %1) H

z—1

(XXIV) y =" (1-a) ™ F (1B, y—B, y-a—B+1,Z=3).

@

Relations between the particular solutions.

122. Let all these solutions be denoted by

Yus Y wevevnees s Yas Your
the suffixes and the numbers of the foregoing equations correspond-
ing to one another; these quantities y are not independent, for, by
the ordinary property of a linear differential équation of the second
order (of which they all are solutions), there is between any three
of them y», ¥, ¥ & relation of the form

¥r=4y.+ By,

and we must find these relations for the different combinations of
the solutions. But certain cases will arise in which either 4 or B
will be zero, and therefore the corresponding solutions will differ
from one another only by a comstant factor; and these can be
recognised by the application of the following lemma.

If there be two solutions of the differential equation (1) developed
in the same ascending powers of @ and both series be converging, then
they differ from one another only by a tant factor.
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For the sake of simplicity suppose one of the solutions to be
F (a, B, «, z) and the other when developed in ascending powers
of # to be given by

y=A+Bz+ 00+ .........
Substituting this value of y in the differential equation we should,
by a process similar to that in § 114, find y =AF (%, B, v, &), which
proves the lemma.

123. Let us apply this lemma to obtain the particular so-
lutions which are equal to y,; this we shall suppose to be a con-
verging series, so that #<1. Then y, is also a converging series
proceeding in the same ascending powers of z as 3, ; the first term
in each is unity; the constant factor of the lemma is therefore
1 and we have

Y =Ys
‘The next one in the list which, expanded in ascending powers of ,
begins with &’ is y, ; if we select from
F(z,8,a+B—y+1,1-0)
the coefficient of 2", we shall find it to be
a(a+1)...... (@+n-1)BB+1)...... (B+n—1)
...... n(@a+B—y+1)(a+B—y+2)......(a+B—y+n)
F(a+nB+na+B~y+n+1,1).

But in this coefficient F is converging (and so has a finite value)
only if

-D'13

a+B—y+n+l—(a+n)—(8+n)
be positive (see § 118), that is, if 1 —y—n be positive. Hence
from and after some definite term the coefficients of the powers
of z will be diverging series; and we cannot then consider the
. series F (¢, 8, a+B8—v+1,1—z) to be converging though ex-
pansible in ascending powers of z. Hence y, is not equal to y,.
Dealing with y,, ¥, Y10 ¥ % in the same way it will be
found that the last two alone are converging series at the same
time as F' (a, B, v, #); and hence we have -

Vo= Yo=Y =Yg eerereeerrnrenenreeras @).

Agein y, and y,, 3, and y, y, and y,, 9, and y,, are derived
from each other by exactly similar transformations of elements ;

13—2
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thus to pass from y, to y, the former is multiplied by 2'-v, the new
first and second elements being obtained by subtracting the old
third from the old first and second and adding unity to each result,
and the new third element by subtracting the old third element
from 2. This process is seen to be the same for all and therefore

Yo=Y = Yig = Ygprrreerrrrrernrarennns ().
Ez. Prove that
.. (i),
. (iv),
- (")
o (V).

Y5 =Y =Yu=Ysm .-
Y1 =Y =Yn=Ys +--
Yo =¥13=Y1s=Y1s
Yw=Yu=Y1u=Ys -

124. It thus appears that the 24 solutions can be divided into
six classes; and the equal members of these clagses we may denote
respectively by ¥, ¥,, ¥, ¥, ¥,, ¥, corresponding to the above
sets of quantities in order. It remains to find such relations as
there may be between these owing to the fact that they are solu-
tions of the differential equation.

Now Y, and ¥, are converging for those values of # which are
less than 1, while ¥, and ¥, are converging for those values of «
which are greater than 1; as the former therefore are converging
while the latter are diverging and wice versa, there can evideutly
be no equations connecting ¥, and ¥, with ¥, and ¥,, We there-
fore must find the equations between any three of the set
Y, Y, Y, 7,; and any three of the set ¥, ¥, ¥,, ¥,; and it will
be sufficient to have those equations into which ¥, enters, as, by
changes of the elements and division by a factor throughout, any
one of the ‘quantities ¥ could be transformed into ¥,. Thus
the equations required will be those connecting the following six
groups :—

V.Y, Y, Y, Y, Y;Y,7,7,; Y, Y, Y, Y, F, Y,;

kS 9 ’
Y, ¥, Y,
Let the equation for the first of these groups be
Y, =MY,+ NV,
or ¥y, = My, + Ny,

To determine M and N the substitution of any two particular
values of # will be sufficient ; let then =1 and z= 0, and suppose
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1~ a positive quantity so that ' ™" is zero when #=0; we have
for these two cases
F(a, B,y )=MF(@-y+1,8-v+12—v1)+N,
1=NF(a,B,a+B—y+1,1).

To evaluate M and N we must obtain the relations between
the series for argument unity, to which we now proceed.

Introduction of Gauss’s TI function.

125. The coefficient of z™ irr
. F(a,Bv,2)—F (B 9-1a)
is
Ta(a+1)...... (a+m—-1)B(B+1)...... (/S+m—1){ ry+m—1}
1.2......... m .oy (y+1)...... (y+m—1) y—1

__ a8 (a+1)(a+2)...... (a+m—=1)B+1)....8+m—1)
yiy—1)" 1.2.38...... (m=1).(y+1)...(y+m—1)

. . aBz
= coefficient of #™ in — Fa+1, 1, 1, 2);
coefficient Te=1 ( B+1,y+1,a)

and the term on the left-hand side independent of « vanishes so
that
F(a B, v, 2)—F(a,8,y-1,2)

afz
=D Fa+1,B8+1,v+1,2)

=== lde(a.ﬁ,'y,w)

But from the differential equation satisfied by F (a, B, v, z) we
have

Y -G@+8+1a=a8F—o(1-2) T%

Let the value of F (a, 8,1, z) when  is made unity be denoted

by F, (a, B, 7); the value of == &F

P when « is made unity is finite and

therefore
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F (a8, ¥)=F, (a8, ,-y_])=_7_ii [té_ﬁ']

- @B
TG Da—egmn Fi@ A

sothat F, (a8, y—1)= ul (Tyl_) (1’))' Z:ya_—a/B_—Blz -{-)aﬂ F,(a,8,v)

_y=1-a)(y-1-p)
—mﬂ(& B, %),

or, changing « into ¢+ 1, we have

(= (y=8)
'F'l(a)ﬁ! v) = ’Y('Y—a—/s) 'Ex(a: 8, 'Y+1)'
Similarly

_(y+1-a)(y+1-8) .
F (e, B, 'Y+1)—mﬁ'.(% B, y+2);
and therefore
= +1-a)(y=B) (y+1-p)
BB D Ao Ia gy B@ A+
=A@y +1-0a).. (y+hk-1—a)(y—B)(y +1-8)...(y+k—1-8)
YO+ v+ k=D ly—a=B)(y+1~a—PB)..(y+h—1-a=f)

F (@B y+h).
126. Let '
1.2.8.cccvivnnenn. k
(CES VN7 w— ) ¥ be denoted by II (%, 2);
then

Ty (hy—a-B-1)
F,(a,ﬁ,v)—n(k,,y_a_l)n(k’7_/3_1) Fi (@B v+h).

Since

1:2.8 k. (b+1).(b+2)=1.2.8...2. (4 1) (4 2)...(s ),
we have

1.2.8.%.k (14]) (1+ I?c)(u ?)

=1.2.8...2. (¢ 1) (e +2)..¢c + k);
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and so

O+a@+%mQ+@

on the supposition that 2 is an integer. From this transformation
and from the original definition alike we have
' 14z
1+g°
+ =
These equations shew that for a given value of z the function
II (k, 2) tends towards a limiting value as % approaches infinity,
and that this limiting value is finite. As then IT (w0, 2) is & function
of 2 alone, let it be denoted by II (2); the last equation shews that
(z+1)=(s+1)II (2),
and the former shews that, if z be an integer,
II(2) =21,
while in any case we have .
I(:)=T(+1),
where I' (¢+ 1) is the Gamma Function of Euler.

Ok z+1)=TI(k 2)

In the equation giving F, let & become infinite; then every
term of the series F, (a, B, v + ) is zero except the first, which is
unity. If we substitute for II (o0, y — 1) and the other functions
their values II (y—1), we have
O@y-HO(y—2—B-1)
Hy-e-1I(y-8-1)"

Ez.1. From the expansion of ¢in a series of ascending powers of sin #,

prove that
n@)=jnt.

Fi (0,8, 9)=

E».2. Prove that
I (—2) IT (8— 1) =7 00880 27,
Ez. 3. Obtain the relations
) Fily B 9 Fi(~aBy-a)=1;
i) Fi(a, BN Fi(a -8, y-B)=1.
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Ez. 4. Prove that
n"'**ﬂ(z)l:t( - %) o ( - 7%) ......... I ( - "_1)=(21r)”"‘”n(m).

n

(Gauss.)

Determination of constamts in the relations of § 124.

127. The equations of § 124 now become
S S
Fi(a,B,a+B—v+1)

_OB-—mI-—y .
I(a+B—-y)I(=v)’

N=

and therefore

yIO=MTG=a=-1)

OB—y)I(a—1y)
O-aI(-A)

T(a+B-9I(=v)

Ay (y-a—-B-1
Oy-a-1)IU(y-L-1)’

from which with the use of Example 2 in the preceding set it is
not difficult to deduce®that

w=Th=1I(a—y T (B—y)
OA-yI@-1)IE-1)"

;l‘hese then are the values of the constants in the equation
i) Y,=MY,+NY,
Similarly, if we write
(i) Y,=MY,+N7,

+

we find that the values of M, and W, are
Yee NG-DO(qT(-H)
TIQ-yU(y-a-1)y-B-1)’
No HEaTE8)

V(y—a=B) (=)’
It is easy to shew that the following are the four ez.lua.tions
corresponding to the other four groups in order:

() ¥,=MY,+D,7,
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_Ody-1HOy—a-8-1

where M, = & (WT_]_)'YTng’
N O@=-)H@+B-y+1)

A DEe-nOE-1 -

(IV) Y;=M\1YS+NY

-0 E@-II(-R)
vhere M= )T e- DN =B=T)’
7 LA T =y
@A T (=)

) Y=MY,+NY,

__O(y-1TIB=-—y) I (-a)
where X, na_q)u(,s—nﬁ(q_a-l)’

N‘=H(—a)n(/3_'7)

TE-a (-9
(Vi) Yl= MBYD + N 17“’

Iy-1)T(B-a-1

where A{'=T[(,@—1)H(ry—a—l))’

y o Oa=)TE-g-1)
¢ (@-DIy-B-1)

It should be remarked that the labour of deducing these con-
stants necd not be repeated for each equation; each eguation with
its constants can be deduced from the first equation and its con-
stants,

128. We now pass to a different set of equations which connect
any two of the particular solutions and their differential coefficients.

It has been proved that, if ¥, and ¥, be two particular solutions
of the equation
a d
H+PE =0,

a7y, dY, -
then . Y, 52— Y, =Ce S,
where (' has a constant value which depends upon the pair of
particular solutions selected. In the case when the equation is
that satisfied by the hypergeometric series we have
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y—(e+B+1)z_y, y—a—B-1
P z(1—12) =t T 1

and therefore
Y‘%~Y,‘g o™ (1= gy =~P-%,

The value of € in any equation may be determined either by a
comparison of coefficients of the same power of z on the two sides
or by the substitution of a particular value of z.

Ezample 1. Let '

Y,=y,=a""Fla—q+1, B—y+1, 2=, z);
Y,=y,=F(a B, 2.

Let each side be expanded in ascending powers of #; the term
involving the lowest power of @ in

T
is %gwl""; the term involving the lowest power of « in
-v,h
is —(1—9)27"; hence equating the coefficients of the lowest
powers we have

O=—Q1-9)=9-1,
and therefore

9.3y Bm - 1yer (L
Ezample 2. Let
Vi=y=F(0,B a+B—-y+1, 1-a);
Y,=y,=F (a8 a0
‘We proved before that
%= My, + Ny,

in which M and N are definite constants. This gives on differen-
tiation

4y _ dy,
b Ak 2
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and therefore
Mopn ) (r-n )

d d - .
or Y -y ﬁ_——(q 1a™ (1 — gy~
from the result of the last example. Now from the values of M
and N we have

Y _T-DI(-nT@+B-0)

¥ OA-qO@Ee-1n0@E-1) "

But H(I-g)=(1=p)T(=p)==(y—1) I (=),
and therefore
M _HOy-1)U(a+B—1)
“Fo-D= H’Y(a—l)II(B—l)'y’

and the equation becomes

dy, . dy, H(y-1)IM@&+B—vy) _ ap
Ydo Y- TME-nuE-D ° -9

Ex». Prove that
Y3 _,, s _T(a+B-y)I(1-7) - a-p-1
Yodo N ™ ma—pm@-y) ° G
and that

129. In all the foregoing investigations the quantities a, B, ¢
have been supposed to be independent, and the series have con-
sequently retained their most general form ; but many important
applications are made by assigning either one or two relations
between the three constant elements, or by giving numerical
values to one or more of them. Such applications (as for instance
to elliptic integrals) cannot be discussed here; but the student
who wishes for information on these points will find at the end of
the chapter a list of the more important memoirs dealing with
hypergeometric series.
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Special cases of integration in a finite form.

180. We pass now to consider some special casés when the
hypergeometric series can be expressed in a finite form.

It has been proved (§ 61) that the quotient s of any two par-

ticular solutions of the equation

ZZ’; +1Iy=0
satisfies the equation

tis,a}=1, .
where I is a function of z only; and it has been further shewn
that, from any particular value of s which satisfies this equation,
the value of the two particular solutions of the former equation
can be obtained. In the case of the hypergeometric series the
value of [ is

1-A, 1-— —pt =1
i[ & +(a: 1)‘+ FICESY :| ......... (A),

N, g, v being definite functions of the constants a, 8 and v; so that
for this series the differential equation which gives s may be
written

ol =3 15 +k<m_ i+

N—p'+r -1

z(@—1)

If then a relation between & and # can be found which is
expressible in finite terms, it follows from the formule of § 62 that
the hypergeometric series will be expressible in finite terms. This
cannot be expected to occur in the case when the parameters are
general ; from the few instances given it will be seen that the
values of A, u, v are definite numerical constants.

There are in all fifteen separate cases, and no more; for the
proof of this, reference should be made in the first place to the
memoirs of Schwarz (see § 184) to whom the investigation, in a
completely different form, is originally due.

It is convenient to recapitulate here the general formule of transformation
of the function {s, x} for the changes of the veriables; the special examples
given in Ez. 3, § 62 are particular cases of the general relations which are

{5 5}= (’%’)’ @ S} - ("%’)’ @, X}+(‘;::)’ T @
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i
nd {"l":' 7 .1-} OO (ii).

As wlditionn] examples wo muy taks

B =By) [ ardB|

1y e (bt 1 priorit | K e (i),
wndh  ar+p)  (pr+8) i
{-'~n+11 , 'W'+"'} = (n.g—',"dy))'-‘ &) (iv).

Anuther formnla, which will prove wseful, ix that which wises by sup-
ooing a% - 5 then wo huve

1
.;=1 l‘n—l
n !
o :L_l
w that 7=
Py 1—;‘
thereforn - (',) ==,
1 1
l R
whe LAWY a2 ]
=L
7
w that {a, 'F'=-E1;— )

which wny I written in oither of tho forum

131, Case L,

By writing Y=z in (i) in tho formulw just cuumcrated
we have

o) =182+ (5 1o 813

by a series uf proper substitutions we may pass from this equation
to the carresponding equation for the hypergeometric scrivs.



206 CASES OF SOLUTION

Firstly, let

then {2} =18, a} + (%g). {3’ :;i} i
while by (iii)

{2 =t e+ o)

But o =s"; therefore

and thus

2 4c* -

Secondly, let
T=8=1-g

80 that the relation between s and & is

(s?—l)'_ e
"1/ ’

1
then (‘%S). = 1—E—ﬂ-¢ .

Again using (i), we have

a=ima+ (%) 57
but in this
ar
7l
(T, 2} =(1—a,a}=0,
: (8, T)=(8, &) =57

so that we have

1-%
(8 z} =% a=a

a1
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Also, since
(f;ly_ 1—2
c+1/ 4
h o Ao
we have T

and therefore
o—1 1\ 2
ozt =(-3)a

When theso substitutions are made in the orighial equation
which gave {s, ], it becomes

s o} = i[(L )=+x'1(1—i)]

-, m=1
=i [(l-—a:)“+ o +w(r—l)]
This is of the same form ns the equation (A) in the general
-case, and i idontical with it when wo write

1

A=p, v=h ow=k;

and then the relation between g and 2 is

(F3a)=1-e
46"
m=(a"+1)"

Now M=(1—9), p'=(@=B), *=(y—a—A)"; runumbermg
that y—2—/@ must be positive in order that the scrics may
converge oven when the variable is oqual to unity and assuming
that a i greater than 8 (which is permissible), we may take

1
n'

or

1 1
amf-g, B=—g, y=1-

If it be desired to have B positive, we can changoe the sign of n;
and then the clements of the hypergeometric series are

1 1 1
a=Mo, B=g., y=1+3,
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and the relation between s and  is

1—g
T +:" =(-a
The latter gives L
n_1-Q-2) ¥
1+ -a)’
and therefore
1
3
8= 9
L+ -a))
1 1
while et (- ™ {1+ (1 —a)}".

Now the two particular solutions, when the equation is in its
normal form, are
C¢ ¥ and O s,

and the relation between the dependent variable v in this case and
the dependent variable in the ordinary differential equation is

(§ 116)
~4r 1- m)-i(=+ﬂ+1—v),

y= W
which becomes
y= e Gr2) 0 _ap

in the special case.

Hence the primitive of the differential equation

z(1- m)d’y+d3’ {1+——w(2+;)}—4’ln(1+1)y=0

n,

1 11
"

is y=0g* {1+(1 "+ 0, {1+ (1 —a)'} ™
Moreover on comparing these two particular solutions

1
n

1+@a —w)%}_'l' and & {1 +(1- w)l}

with the set of particular solutions, we find that they correspond
to L and ITL respectively; in fact, the relations are
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1,1 1 1 1 11
F{T“z‘w g5 143, w}=2 L+ (U)o (T

1 1 1 1 oH
and F{'z“z_n' -5 1-1, m} L+ =,

1
the common factor 2 " having been removed from the latter.
Thesu two relatious are of course equivalent to one another,

132, Casg IL  From what has been proved in the lest case
it follows that, when wo assign the particular value 2 to n, wo have
the relation

4a?
E= @i
as n solution of

; 1-3 1=} §-1
(.81 = *{u gt fw—1J

- + 1
=4 E' a=
Fimstly, let E(E, +1)=1;
then R e
L EE=Es)
(1-gr
- & El’+ El ‘j. 1
EI' (El + 1)‘ !
and &= (q’_E"_lX_
Secondly, let =£';
then ﬂ', El} =( ) {”: Ex} {E" FJ]:
and tbo = (6o 8= g = .
s0 that [o, &) = §E° [?}TE;E'*!LI){ - 51, n]

- d 1 - 1 .
A i s
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and the relation is £ =a;; ! .

Thirdly, by writing ~ £,=4/3&,
we at once have {o, £} =310, £} =—% (17135—:\)-'

-1

where &= 273

Fourthly, let o =¢"; then

b= (3) 0.1+ I 6
Now oo} =00 = g
and 2/5= 241 gg :
5o that 37 (a%_), = (a}ia-;)" =1 +335:
Hence o 6= ¥ g
and the relation s g,=;,—t/%.
Fifthly, let £= g:fi
then o b= gy lo )

4 W s (G-
G178 - 17 16 (E1+£, +1)

L
8 (&'-1)"
and the relation is E= %1
s-2/3-1"
Sixthly, let E=£

then {8 Es} = (:_EE:D’[{B' &} - {& &1

[182.
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dE, _
Also dE, é v
and (£ z.}=—a-,=-§5.
Hence [-9| En} = En (Ela__ 1 )I + ‘Eﬁz

-l

L) ‘] —_
and the relation is ~ §= [Si—::;“—j%_—i] .
It therefore follows that a solution of

1= 1= Mop4r-1
bl =[S TS

& (1 AN

z
in tho ease when A=l=pv=4}
9 /3 —
is given hy = (::"' ”':;: ])

From this relation tho value of s cau be found (it is a some-
what complicated function of «) and thenee &'; and this will leul
(§ 62) to the solution of the wquation

d* 2 7 \d
- B (1) E dao

133. Cask III. From the two preceding cuses n new one
can be construeted,

For let, in Case 1I1.,

4z
(z+1)
then {2, a} = a fz‘)'
by Casc L.; and so
fo.2h= (30) o b (s, ]
= ( ) [ m(l w):]
=8, —1
P z(z+1)"

14—2
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Now change ¢ into — z, 8o that

4z $f+28V3 -1
om0 ( s+ 25" ~/3+1)
then {8 2}={s,—z}=%+;(11ﬂj_z_)’

bty
A comparison with the general formula shews that the last
relation between z and s is a solution, provided
A=p v=h w=ds
and therefore a=—B=% nvy=4%

Hence by means of the preceding relation we can obtain the
primitive of
dy (2 dy _
z(l—z)@;+ (é— )d—8+316y—-0
in a finite form.

Ez, 1. Shew that from Case . can be derived in a finite form the
solution of
dy
a(1-9)Zh+(4- a3 - Ay=0.

Ex. 2. Shew that from Case 1. can be derived in a finite form the
solution of

z(1- z) +(§- Qz‘) — foy=0.

Further cases will be found in the Miscellaneous Examples at the end of
the chapter.

It mey easily be verified that, for all the examples given, we have on
taking positive values of A, u, v the inequality
At+ptr>1; .
the case of A\+p+v=1 is integrable by the simpler method of § 68. See
Ex. 7, p. 126.

134 For further information on the subject of the hypergeometrio series

the following memoirs should be consulted
Gauss, « Disquiaiﬁones generales circa seriem infinitam
a@+DBE+D 5,
1.2 9G] &t ,
Qes. Werks, t. Im, pp. 123—163;

“Determinatio seriei nostre per equationem differentialem secundi

ordinis,” 7d. pp. 207—230.

1+ a:+
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Kuaer, “Uober dio hyporgeometrischo Roihe,” Crelle, t. xv. pp. 30—
83 aud 127—172.
ScawARrz, “Uober cinigo Abbildungsaufgaben,” Crells, t. 1Xx. pp. 106—
120;

“Ueber digjenigen TFillls in wolchen i Giensische hypergoo-
motrische Reibo eine ‘algobraische Funotion ihires vierten
Elementes darstellt,” Crelly, t. Lxxv. pp. 202—335.

Cavrey, “On the Schwarzian derivativo aud thoe Polyhedral Functions,”
Cuamb. Plal. Trans, t. XUL ;

in tho last of which referonvus will bu found to further memoirs,

There is also a wemoir by Goursar whielh nay be vonsultod with grent
advantage—*“Sur Péquntion différentivlle qui ndumet pour intégrale ln série
hyporgdométriqne” (dnacler e Péiols normule supdrivure, SCr. In t. X.)—in

which by developing r methoed dus originally to Jueobi ho oltains tho results
of Kunmer and Sohwarz

MISUELLANEOUS EXAMPLEN,

1. Prove that, if
(@4 0* = 2ub congp)” Bem b, 4 2.1, con p 42l 0o 2p+ 2ol con Beh ...,
thon !, muy be written in any of the fors
o (ade=1)0 , !1’>'
@ riin~1)1" m TR ek e, i)’

Fr=11 b, duth
(i) (nl(;_ 1))1 (,,4.;1.“""1' (§n+§r, i+l r+l, (iﬂql-bﬁ)!');
+r=1)1 b

(n ab
(iii) =11 ((,_,_1,)1-”.-‘1' ("’+T’ rt, o+, (tt+b)’)

oy (ur=1)] (@=bpintn A
@ ey e Pt b Tl - o 1.)!)
(Uinuss,)

2. Obtain a solution of the oquation
(d + D4 C) "'”+(1)+1u) 4y pymo,
as o hyporgeometrio series ; A, B, €, D, B, F are supposed to be constants.
(Gauss.)

3. A funotion is said to be contiguous to J7' (a, §, y, #) when it is derived
from it by changing one and only one of the constant elements by unity. Let
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F(a+1,8, v, z) be denoted by F,, ; F(a=1,8% z) by F,_; and F(a, By, 2}
by F. Then prove the following relations :
@) 0=(8-a)F+aF,, ~BFs.;
(M) O=(y—a-1)F+aF, ~(y-DF;
(i) 0={y—2a—(8 —a)a} F+a(l-2) F o —(y-a)F_;
(iv) 0=y {a=(y-B)a} F-ay(1-2) Fop +(y—a)(y=B) oFyy 5
(v) O=(y—a—B)F+a(l-2) For—(y—B) Fy_.
(Gauss.)
4. Prove that
(1-2) F(g B,y @) F(l-a, 1= 1-y, 2)-1
=(‘/;3(_7')ﬁ)zp(a, B, y+1,5) F(l—a, 1=, 2=, 2).
(Gauss.)

5. Bychanging the independent variable in the differential equation verify
the following equations :

@) (+5)™ F(2o Sat1-v, 3 y)=F(a, ath (1—1%,)
(Gauss.)
@ (Q+9F (o e+t B+h)=F (o 8,36, Fin).
(Gauss.)
@) Fla B, atB+h, sin’9)=F(ﬂu, 96, a+-B+, sind g).
(Kummer.)
Prove also that, by changing the variable from  to —8z {1+ (1—2)t}-3,

@ atl 2a+2 . o —%a a a+l 2+2 -4sin?
F(ﬂ’ 6’ 3 ’uﬁga)_m 6F<§’T’ 3 ' cos'd )"

(Kummer.)

. 6. Shew that the functions P, and @,, which are the independent solu-
tions of Legendre's equation, may be expressed by hypergeometric series in
the forms

11(2n) -
Pn(@)=m)é “F(§ —m§—n, &),
2 +111 (n) O (n)
G@=T o pip, ntl, nrg, €0,
the variable z of L dre’s equation being ted with ¢ by the relation
=g 44

Heine.)
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7. Shew that, if the independent varinble in Legendre’s equation be
restricted to be less than unity, the primitive may be ruproseuted by
AF(=3n, fn+3, 3, )+ BeF (—ju+4, dn+1, §, 29,
where the series, if inflnite, aro converging.
(Heine.)
8. Denoting the sorivs

aﬁy paatl.B.B+1l.y.y+1
TR B e el T

1+t

by F{(a'af”' 7), m} , Prove that ¥ sutisfies the differentinl oquation
1-2)at TE 410+ e+ 1-(@+B+y+8)2) s T

+{0e=2 @B+ By+yatatBby+1) o~ ayla0;

and obtain two other particulur solutions of the equation in the respective

forms
1-05 [fo+1~6, B+1=6, y+1~ )
e (i AL T B
and 1—ey n+1—t,ﬁ+l-c,'y+'l-l) }
“ J'{( f+1~q 2-¢ -

Express the first of theso three solutions in terms of the uthor two (sse

§77)
9. Verify that another solution of the differential cquation in the lust

quostion i
(4 u+1-9,u+1—e> ;l}
: at+l-Batl-y /7 &)’

and heuce derive two other rolutions from the results given in the last
question,

10. The equation
dYy d,
(1-2) G h+ -2 - dymo
has a particular solution of the form 2»; determine # and ohtain the primitive.

Hence express sin=1. ws o hypergeometric neries.
(Uoursat,)

11. Obtain in a finite form the primitive of
z(1-2) dr,+l a- u)ﬁﬂny-o;
also of
d;
z(1-2) i—-:%+i Z%+2y-0.
(Gouraat.)
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13. Prove that the relation
(B+ 1484 1)8

F = 1084 (- 1)°
satisfies the equation
A
{ I}—E+m+—z(l——.t)'
Hence obtain in a finite form the primitives of the equations :
® z(l—x>%+(§—ﬁz)iy+m=0;
) z(1-2) % +(§ H@ Hiy=0.

13. Prove that the relation

(z=1) _ (4148t 41)8
45 1084 (¢ —1)*

satisfies the equation
1k by
G '}— Ed +(1—-1)’+a(l —z)°
Hence obtain in & finite form the primitives of the equations

0 o0-2) 7%+ 310 Dot Ay=0;

@) 2(1-2) T+ HoZ - fy=0.



CHAPTER VIL
SoLuTION BY DEFINITE INTEGRALS.

186. THE principal methods which lead to expressions for the
dependent variable in terms of the independent variable by means
of what are ordinarily called known functions have now been given;
there is however another method which certainly leads to a solu-
tion of some differential equations though the full evaluation by
the operations indicated may not be carried out. This method
consists in expressing as a definite integral the value of the de-
pendent variable; its chief application in ordinary differential
equations arises in the case of a certain genersal class of linear
equations which can otherwise be solved in series, though not in
so concise a form. The method is however of primary importance
in the solution of those linear partial differential equations of order
higher than the first which arise in investigations in mathematical
physics; in fact, in some questions these solutions by means of
definite integrals constitute the only solutions hitherto obtained.
Here, however, we are concerned with the application to ordinary
differential equations.

136. The method applies with peculiar advantage to linear
equations into the coefficients of which # enters only in the first
degree and in which there is no term independent of y or of
differential coefficients of y; such an equation, in its most general
form, is

(@00 TY 4 (0 4b,2) Tt .+ (ay by 10) )2 4 (@, +5,2)9=0,
dz" m

dzw-x
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where the o's and b's are constants. This may be written

z¢p (%)yﬂr(d%)yﬂ,

where ¢ and Y- are rational integral algebraical functions of the
order m in general, though the order of either may diminish
through the vanishing of some of the coefficients. To solve this
equation we assume
= [e*t Tdt,

where 7' is a function of ¢ but not of z; the form of this function
and the limits of integration (supposed independent of #) are to
be determined by substituting this proposed value of y in the
differential equation. Smce

% = fto Ta,

d—zﬂ/ = fBeut T,

the result of the substitution may be exi)ressed in the form
Jze® ¢ (t) Tdt + e (8) Tdt = 0,
which must be identically satisfied ~The former of the terms, oy
being integrated by parts, is replaced by
d
[ () T1— Jo % {6 1) T}t
and therefore the identity becomes

[ OTI-fe [ G 18O T) - 4O T ] de=o0,

the first term being taken between the limits of the integral, as
yet unkmown. Now this will be satisfied, if we make

d
FBOT-¥(OT=0
for all values of ¢ included within the range of integration, and
[¢ ®)T]=0
at the limits. The former of these equations determines 7' as a

function of ¢; the latter will determine the limits of this assumed
integral.
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187. To derive the value of I' we write the first equation in
the form

¥ ()
Foon-t0snr=0

and therefore "
It

$(t) T= 4d65%
where A is an arbitrary constant. Hence the valus of y s
A0 "y

o0
taken between limits of integration defined by the equation
()
|:e”"+ b :l 0,

these limits being independent of .

y=A

138. We have now to determine the limits. Consider the

equation
: 140}
A0 ®= p,,

where g, is a constant. Let 8, be a value of ¢ independent of «
and satisfying the equation; let g, ..., 4, be other constants and
B, - » B, be corresponding values of ¢, all independent of .

Then if the value

. Ba s
y=A,fﬁ A Td+ A,/:eaTdH

be substituted in the equation and if for each of these definite
integrals (7' being assumed to have the value before obtained)
a single integration by parts be effected, as in the preceding
analysis, then that the equafion may be satisfied we must have

I3 w(e) 7P
A,[e“*‘f%’”} +4, |:""+ mn”‘:| +..=0;
I3

and when this is identically satisfied the foregoing value of y is
a solution of the equation. This last identity will indicate such
necessary relations as may subsist among the arbitrary constants 4,
and so will fix the number of independent constante; when this
number is the same as the order of the differential equation the
foregoing value of y is the primitive, but if it be less the
necessary number of particular solutions to make up the primitive
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must be otherwise determined. Examples will be given here-
after.

139. This is the most general method of obtaining the limits ;
it includes as a particular set the limits obtained by taking those
roots of the equation

(t)

W
g% =0

which are independent of z; they obviously make
[o=+158 “] -0,

and they are usually the simplest obtainable. When this equation
indicates only two limits distinct from one another, these will
give the only definite integral immediately derivable in such an
example. If, however, more than two, say 7+ 1, limits be indi-
cated, then r particular solutions may be constructed; in fact,
denoting these limits by «, 8,, B,, ..., B,, we derive from them'
as the corresponding part of the primitive
gur B,
y="% {A,f eﬂTdt}.
a=1 a
Ez. 1. To apply the foregoing to obtain the primitive of the equation
d
ﬁn ~zy=0.
Here we have with the above notation
¢ @O)=-1,
V()=
and therefore
- T=Ana"ﬂ‘d‘,
or, changing the sign of the arbitrary constant, this is
ik
Pt ™,
while, in accordance with the general rule, the equation determining the
limits is -

i

Jins
e

=-zm
Now this is satisfied by t=w when 4 is zero and by ¢=0 when p= ~ 4,;
hence we may teke as the limits of the definite integral 0 and o, which thus
becomes
» L
A4, f o gy,
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It must be noticed that, just as in the general case one of the definite
integrals alone was not a solution of tho difforentinl equation, so this iy not
a solution of the equation since the terws outsido the intogral are

o+
ate Lo
=4, -0 n+l
0
=4,
inntond of zero. This value of y is therefore the Particular lutegral of the
equantion
dty

an

=2y+ 4,

Now the quantity 7' does not chang, if for ¢ wo write of, whure o s n

root, of the equution
frri=1;

meroover tho limits of the definite integral are unaltered since in the equa-
tion doetormining thosu limits the term 22 in tho exponent s chunuged into
2ot whioh, o far as this oquaution in concernad, in the nune as elienging ' into
«o, & change which has no ofteet on the linfts sineo thuy are idepondent of
@ Honce we have another definite integral in the form

» —"_::wu
Alf" o d(ot),
or, whon the o is moved vutside tho sign of iutogration, it ix
%0 "“+ ¢
L
mAlfo o "1 dt.
ing naw those delinite intogrls for all the (u+1)* roots of unity

ol adding them together we find as the exprossion for y, which has to be
substituted,

o ¢n+§ tat [ ozt - eh
y:dof o dt+u.l,f:a AL ratd, [ o **1
0 o

‘Whou this value is substitutod, as in the general investigation, the torms
which are under the intogral sign vanish identically and that part of the
expression takon Loetweon the limits, which is furnished Ly the integral
involving 4,, is 4,.; Lence the resulting equation, when this value of y is
substituted in the differential equation, is

Agtdyr . +4,=0.
If then this singlo condition be satlsfied among the #+1 arbitrary con-
stants, the above expression for y is the primitive of the differential equation

Y,
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Ex. 2. Prove that the above expression for y is the primitive of the
equation

dry _
o

provided the constants 4 satisfy the condition
Ayt A+ Agt... ot dn=a.

Ex. 3. Prove that the primitive of the eqlmbion
d—i/ —(a+ﬁ)(1 +J.) +zaﬂy—

is, for positive values of z, given by

.z(-+p)_'_1 {BlBta)
y=Afps""(u— }(u—ﬂ) Ao }d’“
¢ a(a+5) _[B(B+a)
a L —l4
+B[ 64 (u — { of }(“"13) k }
Obtain the corresponding primitive for negative values of z.
(Petzval)

Ez. 4. Tosolve
dy_
z g +a g —day= 0
where a and ¢ are constants, Here
$(t)=r'~g" and ¥ (O)=ct,
so that
I
f igt) dt=}alog (-g").
Hence one solution of the equation is
y=C [ -gay
taken between the limits given by
[ (8- ghie]=0.
To obtain the limits, write
& (A-gh=0,
and suppose ¢ positive; then two roots of the equation are given by
t=+q and {=—gq.
If now = be restricted to positive values, a third root is given by
l=~o,
while when z is negative a third root is given by
t=+co.
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Asin either case we have three values given by the limits equation we can
construct two distinot particular solutions, and so have the primitive. Thus
when z is positive the primitive is

-q
y=a f (B-gfs P dr B f (03— gnio=1 oy,
-q o
while, when v is negative, the primitive is
. .
y=Af (13- gnie=1 g“dHBf“ (@ -gte-l gy,
-q q

Ez. 6. Verify that, when a lies between zero and 2, the primitive of the
equation is

-
y=01[:eq"’m’sin“'l 60+, [ amemmtsind =2 g,
unless @ be unity, in which case the primitive may be written

y= f; 672090 { 4 + Blog (= sin? 6)} df.
(Boole.)

Ez. 6. Obtain by means of definite integrals the primitive of Bessel’s
equation.

140. The foregoing general linear differential equation is one
with variable coefficients which are of the first degree in the
independent variable; and the definite-integral solution was ob-
tained by means of & linear differential equation of the first order
determining the unkmown function 7. It is not, however, the
only type of differential equation to which the assumed form of
integral is applicable; it is, in fact, a particular case of a more
general process, indicated by the following proposition.

The solution, by means of definite integrals, of the general linear
differential equation of the n®™ order, whose coefficients are not con-
stant but functions of the independent variable of degree not higher
than m, can be made to depend upon the solution of a linear dif-
Serential equation of order not higher tham m, the coefficients of
which are variable.

This proposition we proceed to prove. Let the differential
equation be denoted by

dy ™y dr

Y dy
X, dz"+x"“da:"‘ +X""da;“"+ ...... +X, dw+X,y 0,
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where X, (for all values of the suffix r) is a function of z only, of
degree not higher than 7, given by

X =a,+batcs +...... + ko™ + o™,
while for some values of 7 some of the coefficients of the highest
powers of z may vanish. Taling as the particular solution the
same form as before, we write
y= f = Tds

with the limits as yet undetermined, and I' an unknown function
of . Now this value of y gives

29— [eemas;

and therefore the equation, when this expression for y is substi-
tuted in it, becomes

[TEE, + Tt o + X X ]d=0,

which must be identically satisfied. Rearranging the expression

X+ X, +iX, + X,
go that it may proceed in powers of #, and writing
gt +a, £+ +at+a,=U,
bt* + b, "+ s +bt+b,=1T,
k+k, 7+ . +kt+k,=0U,,,
L+ 0+ +it+,=0,

we transform the above equation into
fe“T [Uy+ Ug+ Uah + voven + U, g™+ Tpa™] dt =0,

Now the left-hand side is the sum of m+1 integrals of the
form

f ETU o dt;
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and each of these can be integrated by parts until the variable
ceases to occur except in the exponentis.]. Thus we have

fe"’TU,m'dt—[ {a:"‘TU ~om & @0y 40 E ) -

T N (TU,)H 1o Z (),

the part without the sign of integration being taken between the
limits of the integral, as yet undetermined. Denoting the ex-
pression

I, a4 (TT + .+ (10 (1)

by V., for all values of r except zero (in which case no integration
by parts is necessary) and applying the foregoing formula to each
of the definite integrals on the lefi-hand side of the equation, we
change the equation into

[e""EmV__]
ral
+ [erl 70, 0+ S (@0 oot (-1 % (0} dt= o0,
o= g T+ 7 (TT) —...... e
This will be identically satisfied if the unknown function 7' be
chosen so as to sati.sfy the equation

7, (TU) +23 (I‘U,) (=1 & (1D =

de
for all values of £ between the limits of integration. These limits

must be determined by
r=m
|:e"' b V,:| =0,
r=1

Now this equation determining T is linear with varisble co-
efficients, and it is of the order m but it may degenerate to one of
lower order; when it is solved, a definite-integral solution of the
original equation is derivable.

Hence the proposition follows as enunciated above.

Since the equation which determines 7' is of order m, it will
have m independent particular solutions; these may be denoted
by T, T,, ...... » T Corresponding to these there will be m

F. 15
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particular solutions of the original equation obtained by sub-
stituting for 7' in

f = Tdt

these 7 values in turn.

141. In the case when m =2 the equation which determines
T becomes

7, - < (TU)+dt, (TT)=0,

or, what is the same thing,
g &I al‘T ( au, U)dT (d‘U’, av,

w2 e dz'*m)T=°-

The following are some of the special cases in which this
equation can be integrated very sirply.
(1) When the coefficients a, b, ¢ ae such that the equation

a'U, dU,
T dt

is satisfied for all values of ¢; in this case the value of T' is easily
proved to be
di
4 fﬁ,’

(2) On multiplying the equation throughout by U,, we can
rewrlte it in the form

dt (o dT) 70,9 U,('%—J'Uﬂ-tfo)ho,

+U,=0

ar
the left-hand mde of which is a perfect differential if
U, _d'T,
(UU) U(dt K U")’
that is, if
&', 4au,
U, df""U‘ T +U,0,=0.

If the values of @, b, ¢ be such as to make this an identity, then
the value of T'is given by

U,*I-UUT 4,



141] SOLUTION BY DEFINITE INTEGRALS. 227

which leads to the result
~[a —(a
Te f”-‘“=Af%e f”'“+ B.

(3) When the equation in T'is reduced to its normal form by
the substitution
_3[a
0, R g
the new equation is

a8
7 TT8=0,

where @_— }( )—%d%(%:)

A solution of the equation is at once obtainable when T
vanishes, i.e. when .

s0,-i5r415:3(8).

Further, immediately integrable cases are furnished when @ is
a constant, or is of the form A (e + /%), or of the form \ (e +f2)™

In any case, whatever be the relations among the constants in
the functions U, the solution of the equation determining T' is of
the form

I'=0T,+C,T,;

Lt B

while the equagion giving the limits of the definite integral is
[ wO,r- % @,n+ UT}]

which is satisfied by the values of ¢, if any, common to

dar
T=0 a.nd_m =0.

Ez. Integrate, by means of a definite integral, the equation
P d
o -+ ot p (1-po-29y=0,

where p is a constant.
15—2
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142. Another set of equations to which the method of solution
by definite integrals can be applied is the set derived from

Y —
Tm—My=0

for different values of n. To solve this we assume
y=Je™ Pdp,
where ¢ denotes an unknown function of z alone and P an unknown
function of p alone, both of which functions, as well as the limits
of the integral, have to be determined. Differentiating the value
of y twice and substituting in the equation, we find
dg\? " 't
Jer s} e fompe o
Choose the unknown function ¢ so that

(-

and suppose that A is positive and equal to ¢*, so that the differential
equation is

TY_ @
= z"y.
Then the equation which determines # is

di n
= cat",
and therefore

=0 grti_Cm
¢ v}'n+1mi"l n®

if m denote 4n +1. Hence we have

l1dt _m 1d% _m(m-—1)
=z i@

Let the equation involving the integrals be multiplied through-
out by #*/mt; it becomes, after a very slight reduction,

m [e* (p* —1) Pbdp — (m —1) [¢™ Ppdp = 0.
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Integrating the first term by parts, we have
- [me""(p’—l)l’:l +m e“"a-z% {(_p"—l)P} dp—(m —1) |e* Ppdp=0.
Now this will be identically satisfied if we make

mp e -npl=m-1) 2

for all values of p included between the limits of integration
defined by

[™ @'~ 1) P]=0.
The former equation serves to determine P as a function of p; it
is of the first order and linear, and its solution is

_mtl

P=A(p*-1) ®m,
A being an arbitrary constant ; and the equation which gives the
limits is

m—
[ (- 1)*:?’] =0.

The latter equation is satisfied by p =<0, and by p=+ 1 provided
the exponent of p*—1 is positive; this requires that m should
either be positive and greater than unity, or be negative, and
therefore that n should not lie between zero and — 2. Assuming
that this condition is satisfied, we are in a position to construct two
definite integrals; they are

m+1

[ @ - ap,
-1

b el
and fl €™ (p*—1) ¥ dp,

The former of these is equal to

m+1

1 _m+l 0 _m+l
[@-1 ™ ap+ [ -7 ap,
0 -1
_m+tl 1 _m+l
=f:n'(p'-1) n d4o+foe”‘(p’—1) ™ dp,

1 _m+l
=+ -1 .
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Hence the primitive may be represented by
1 _mil @ _mil
& [ @@ -1 dp+ B e -1 ap;
0 1
substituting for ¢ we have

1 _+a
y= Afn(l —p%) 2**4cosh (n% m"'ﬂ) dp

. B[uu . :%nhu - 1)- %dp’
1
as the primitive of the equation
d_'g o,
=0y
for values of n not lying between 0 and —2.

Ez. Prove that the primitive of the same equation may be given in the
form

y=A’.zﬁ 1-2 _2""?00511 (}% z}"“) dp

_200 ana
+B’.zf:s n+e

provided » does not lie between —4 and —2.

n
(Pg -1) n+4 dP!

(Lobatto.)

Application to the Hypergeometric Series.

143. In order to obtain a definite integral which shall satisfy
the differential equation of the hypergeometric series we assume

y= f (4 — va)" Vi,

where V is an unknown function of v only and m is a constant;
the form of V, the value of m, and the limits of the integral have
to be determined. From this value of y we at once have

dy

H="™ vV (1 — vz)™ dy,

% =m(m-— l)ffu’V (1 —vz)"dv;
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80 that, when these values are substituted in the equation

sA-2) P 4 ly— (a4 8+ )2} ey =0,

it becomes

fV(I — )" [m (n— 1) 2% (L — i) —mo (1 — o) {y—(a+B+1)a}
—aB (1 —wa)]dv=0.

The coetficient of 2% within the brackets is of the second degree
in m, which is as yet an undotermined constant; let m be so
chosen that this coefficient vanishes, so that a is given by

-mm=1)—m(@+B+1)—aB =0,
or m4+m+B8)+eB=0,

whencs m may be taken equal to cither —a or —B. As the
differcntial equation is unaltered when a and 8 aro interchanged,
cither of these routs may bo taken ; we shall tako

m=-—a,

and then, substituting this value, we find that tho equation

fV(l — )™ *[a (@ + L) Yo+ aw fy—z(a -+ B +vy+ 1))
—aB (1 —2va)]dv=0
must be identically satisficd. Roarranging tho expression within

the brackets under the sign of integration and dividing out by the
factor @, we transfurin the equation into

f V(L —00)" (@ + 1) (o - 1) ad
+ f V(L —ve)" oy = 8) (1 — uz) dv =0,
Integrating the first term by parts we have
“To@ =) (=) 1) L (-0 V]

and therefore the equation becomes

—[(w(A-v)(A—)™"]

+ Ja =y [o% p=2) V)= (B=w) V] dv=0.
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Now this will be identically satisfied, if we take as the equation
to determine V'

3 a-)n=@-m7

and assign, as the limits of the proposed integral, values of v such
that

[P (l—v) (1 —vg)" Y=

To solve the former equation, we have
d
a—{v(l—-v)V}—v(l—v)V (1 1})

=v(1~1) V{'B '{_5}
Hence vl =) V=4 (1 — o)™,

. where 4 is an arbitrary constant; and the equation{determining
the limits is
A -1 —w) =0,

which, on the supposition that 8 is positive and vy greater than .
B, is satisfied by v=0 and v=1 It therefore follows that
the equation of the hypergeometric series is satisfied by

y=4 f:vﬁ‘l @ =971 - av) dy,

provided B be positive and «y greater than S.

It is easy to shew that, when (1 —a&v)™ is expanded and the
coefficients of different powers of # are evaluated, the resulting
series is a constant multiple of the hypergeometric series, this
constant factor being

Afzaf"l(l—v)"’ﬁ'l .

144. If now we change the independent variable from z to
1 — &, the corresponding form of the differential equation is

2(1-2) T4+t B+1—y—(a+B+1)a) H—agy=0,
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A solution of this equation (and therefore of the original
equation) is, from the foregoing analysis, given by

y= Bf:v“'l (1 =2)*"7(1 - ov)™* du,

provided B is positive and a + 1 greater than . If the conditions
of limitation of the parameters be satisfied, the primitive of the
differentinl equation of the hypergeometric series is given by the
sum of these two ditferent solutions.

Lr. 1. Obtain in torms of definite intograls the completo solution of the
equation

. ay o d
(A+Ex+0a.")zi3+(b+bw)ﬁ+ﬁ'y=0
(soe . 2, p. 213).

fiw. 2. Provo that,

(i) if B Lo positive and a-+1 greater thau , then a solution is
"’=fu_m"ﬂ" (= ur =Pl (1 - )=l ;

(ii) if y bo greator than A and loss then e+ 1, then a solution is
y/——-—f:‘uﬂ"l (1=2)r=P=1 (1~ 2u)""du;

(i) if y Lo greator thun 8 and u lows thun unity, then a solution ix

1
_1r/=fz'1.s“"l (1 =2)*F=1 (1 = zu)~* du.

(Jaeobi.)
L. 3, Obtein the primitive of the equation

4;1%+4(@‘—w)%—y-0

(whore &/ +2=1) in the form

” "
y=4 f:(l -miuw)'id:pw/: (1-2sind g) Vb
and of the equation

o T
427 d.z"-y

in the form

g,/=xa:’l: 4 / : sinteh (1 - osinig)~tdgp + B j;’siuw(x - a’sin’¢)_'d¢],

%' being the same ws hofore.
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is given by
y=]:(bﬂ—t’)‘“‘1(Asiuxt+Bcosx¢)dt
+A/: (@ +bpe—1 gy,
where the upper sign is to be taken if z be positive and the lower if # be
negative.
(Petzval.)
3. Prove that the equation ’

has & solution given by
=B [Tsin® e oy
y=3B f 0 sin-e vdv;
and that a solution of

z%+y=0

@
is y=0ﬁ ¥ hﬁvalv,

the minus or plus sign being taken acoording as z is positive or negative.

Obtain the primitive of each equation.
(Petzval.)

4. Investigate the primitive of the equation
%+m’a’z""""y=0

in the form.

w 1

2 : m

y=Af cos (ez™sin ) cos " pdd
0
k4 L

+B:cfB 008 (6™ sin ) cos™ ¢ dep,
0

for values of m not included between —1 and +1.
(Kummer, and Lobatto.)

6. Shew that a particular solution of
n(n+1
=2y

a
is y =antl (v®—a?)" cos avdv;
-a
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Solve also

dby dy

(i) 4o % +4‘”'Ei+y_

(i) udi—'j, —4,:2%+y=0,

) aer TY x4 % _ymo,
. 4 ds
(iv) mi—%+4(z’—z)£+3y=0.

(Glaisher.)
Ex. 4 Prove that, if n+1 be positive, then

- 1,
z‘(""'”f: el —t)*""“(l —;1, t) e g

is & solution of Legendre’s equation; while, if = be negative, & solution is
given by

1
~3(n+1) (] _ -ty _ L P
a,«fot (-t (1 P') d.

145. This ohapter contains only & slight sketch of the method of solution
of differential equations by means of definite integrals; the reader who wishes
for fuller information on this part of the subject should consult two authorities
in particular, By far the most important is Parzvar, Integration der linearen
Differentialgleichungen; the parts dealing with the method are §§ 2—5, of
Section m.; §§ 19—22 of Section mr.; §§ 10, 11 of Section v. The other
authority is EULER, Jnat. Cale. Int., vol. ii., c. x.; this work, however, labours
under the disadvantage of assuming the form of the solution first and then of
finding the differential equation satisfied by it. There are two other memoirs
which might also with advantage be consulted; one by LoBarro, Crells, t. xvii.,
p. 363; and one by Jacosr, Crelle, t. 1vi., p. 149,

A full discussion of the solution of linear differential equations by means
of eeries and of definite integrals will be found, together with numerous
esamples, in & series of separately published memoirs by SeiTzER.

MISCELLANEOUS -EXAMPLES.

1. Integrate completely the equation
dy

zd}—l+ay=0.

.. 2. Prove that the primitive of the equation

d
. z%+a I‘Z-}- BBzy=0
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and that a particular solution of

is y=‘z"+1f: (22+22)~n—1cos avdv.
8. Shew that the equation

ar+ d;
dzﬂlz —am ot mam iy

is satisfied by
-
_v,/=./’o n—lg MINY (25) da,
where y(z) is given by
dn+l
Ty,

Henoce from the solution of

i

deduce that of

ge

7. Verify that

B gt
y-j:‘e ds

—Mz*""y=fa—m-.’v—* .

is & partioular integral of
&y
da?
8. Shew that when the coefficients of the differential equation
(s +by2) T + (01 +b12) ot (o 4By =0
satisfy the condition a@,by — agh, =bg!, the solution will be

y= f %% {4 + Blog U, (ay+ by2)} d,

where Uy =bgul+byu+by,
and log(VOy) = f altoutag,
1
the limits being given by
2 U, V=0,

(Spitzer.)
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.
9. Prove that oquations of the form
2 v,+(.41+131u--) 0l '/+(A‘,+B,,v"'+ Cpm)y =0
may be roaluced to the form
d d
% (,-ﬁ) z+-1r(m) 2=0

of § 130, by tho substitutions 2™=¢ and y=¢"; and shew that % is detormined
by a quidratic squation.

. (Petzval.)
10.  P'rove that the partionlar integral of
(3 y) (). coron(S 1) y =1 (2),
where & donotes .z.r:!—l )i
v
y= /‘ f f B LT Y P 136,08y d6

11, Prove that the dofinito integral
1T f1
f f w1 =) A 1 (1 m )Y (1 2ev) " dedy
/0

iy, whon 4> 8>0 and e>y>0, a nolution of the difforential equation

W28 Pt (ot et 1~ (et Bry+9) aa %

+{8e ~2(aB+By+yatatB+y+1)} —-—nBy]/=0.
(ive in tho form of dofinite intograls tho primitive of this equation.

12. The primitive of tho equation

&
oty b

f' du o[ P f' du
(u*+x)i WA o+t e (WA
whero a, §, y are tho roots of

w4+A=0,
and the arbit ts aro ted by the singlo relation

J
A+B+C-D=-\"%

(Potzval.)
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13. Prove that the definite integral

y= fm g—a" =" "
]

satisfies the equation
LY = miban-3y.
(Poisson.)
14. Prove that
1+2\_ 2 % db
T ) =212} —m—
Py l—w) 11'(1 ) fn(l—zain’d)i’
P being Legendre’s funotion. .
(G. H. Stuart.)

L ]
15. Shew that, if 8 be positive and a less than unity,

1
f"’uﬂ‘l (1 —u)"“""1 (1-au)"*du
0

is a solution of the differential equation of the hypergeometric series.
(Jacobi.)



CHAPTER VIIL
ORDINARY EQUATIONS WITH MORE THAN TWO VARIAB 8.

140, I has already appeared that in some cases, though the
intogration of separate terms of n differential equation would in-
troduco now transcendental funetions, the solution of the equation
as o whole can be oxpressed in torms of purely algebraical fune-
tions, Thus, for instance, tho equation

- _‘z‘”_.kj. + dy =0
) 1=a A=Y
can be integrated in terms of the trunscendental funetions ure sin w,
arcsin y; but there is o solntion of the form

w(l— gy +_1/(1—m’)*= c

which is equivalent to the othor. Wo ars thus naturally led to
enquire whether othor cases exist in which such an algebraical
relation between the variubles of the integrals of functions can
be ubtained when the integraly themselves cannot bo evaluated
without tho introduction of new functions. The case next in
point of simplicity, which furnishes a similar cxample, is that
usnally known us Euler's equation, in which the object is to
find the integral algebraicn] relation betweon & and y which corre-
sponds to the equation

X tdo4 Y Hdy =0,
where X =u+bz+ ca'+ en’ + f2',
and Y=a+by+cy+ey + 1y
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To integrate this we assume

p=z+y,

dw_ Xt

@ y—z’

80 that % - %

dp - xt )

and therefore L= 2T m

and

A second differentiation with regard to ¢ gives

d"p__ 1 {1 d¥dy_ 1 dX¥de| Ti- X‘*(da; d)

as oYtdy dt  oxtdr di)  (o—y)F \di dt
1 dX (Y -Xh (7i4 X
~p - T )

&= 3/),‘b+c(m+y 2(:7a'+3,1’)+2f(1:o"+3/')

e R R S

the last four terms inside the bracket being the value of Y- ;Y
Rearranging and collecting terms, we have )
B = g e = 2ay ) £ (P =y —ayf 4 )
=te+f(z+y) L]
=%e + fp.
If we multiply by 2 g a.nd integrate, we obtain

dp ? i C
(dt) i ’
or substituti.ug the value for _£lt

] 2
(fy ;Y):) =C+e@+y)+f(@+y),
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an algebraical relation between z and y, though the separate
integrals require for their expression elliptic functions.

Ez. 1. Prove that another integral of the equation k“/,L f - -é, +

i’.".+‘_i.£=0

. !
4 e 2 KL
S Xt - J__“.T_'-
e _7_:;_ = 0z%* + by (x+y)+a (z+y) Ao J;;'

and verify the theorem of § 12 in this case by shewing that the two p{'in;ii:iv
are not independent. ‘:{
Fz.9. Prove that an integral of la - Xt )‘ J‘»,
& _d gtz Lo -
T ./d (:. y - P j/
yiixipe -
I+ :7 =C+e(c+y)+f(@+y) M S
(y-2) M
Ez. 3. Express in an integral form the relation between y and z given by

¥ 4y _,
CRESLANTEITY

Ez. 4. Shew that the primitive of

dz dy
; it =0
{z(1-2)A-M)  {g(1-m)(1-M)}
may be exhibited in the form "

{1~ - NP +{y Q-2)(1 - M) =4 (1-rap),
where 4 is an arbitrary constant.

147. There is another method of proceeding, due to Cauchy;
it is quite different froM the former.

Consider a general equation between the two variables of the
second degree of the form

u=Xy'+2Xy+ X,
=Y +2Y 2+ Y,=0,
where X,, X,, X,, ¥,, ¥, ¥, are all of the second degree, the first
three in @, and the second three in 7 ; thus if

X, =a2"+ 208+ a,
X, =ba’ +2bw +b,
X =ce' + 208 +c,

.

\
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we should have
Y,=ay +2by +c,
Y,=ay +2by%+c,
Y, =ay'+ 2y +c,
Ther the ratio of dy : de is given by

-—dw+ dy 0.

0 . '

3

But 5;?=2(Y,,z+ )
=2 (- T,
since u=Ya'+ 2V z+ Y, =0; similarly

ou
@=2(X,,y+X,)

=2 (X: - XoXn)*l
and therefore

da d
T rt T
(X1 _'XO'XI) (Yn - YOYQ)I
a differential equation the primitive of which is % =0.

0,

Now since Euler’s differential equation is symmetrical with
regard to « and y, it is necessary that its primitive u=0 should
be symmetrical with regard to z and y in order that the pre-
ceding analysis may apply to the present case. In order that u
may be symmetrical, we must have

by=a, c,=0a, ¢,=b,
and X'—X X is then the same function of # that ¥ — 7,7,
is of 3. In order to obtain the primitive of

do  dy
+——0

Xt
where X =a+bo+cr* + ea® + f',
and ¥ is the same function of y, we must make X and
X?— X, X, the same. The comparison of their coefficients will
give four equations to determine the coefficients of %; but in
u there are five independent constants (there were originally

.
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s
eight as any one can be made unity, but three eyuations necessary
for symmetry are satisfied) and therefore one will remain undetor-
mined and so arbitrary. These pquations giving the coofficients aro

I_)“I__ L. é'l’l{)!_—, Z("'x{’n + 3"091), = M —2(agc, + ”uol) = b,j'_—fn-,_c_,
S e b a

=40 = 00) — (a0, + a0, — 20b,)
c H

when the values of the detormined coefficients are substitutud
in %, the equation % = 0 contains one arbitrary constant nud is

thus the primitive. Do Aty Pu
= @
Ee. 1. Drove that the primitive of );7 - ' 7; f [vg_
o de Ly 3
(Aai+2Ba+ O} (dp+2By+OR o= ‘ .:J + 0,
in oy (@ y4) + 22y + 2Dy (v +y) + =0,
biA—al _ Dbo—anby _ E—ay,
whero o=y e
Ex, 2. Verify that the primitive of
o dy
R e ———— =
(et apilt (T agttagh
is Ay (@) + 2 A5y =1+ gy,
whereo Agt—ap= A2+ a,dy,
(Cancliy.)

Chap. x1v. of Cayloy's “Elliptic Functions” may be consulted with
ndvantage.

148. It instead of a single equation between two variables,
the relation betwuen which is expressible in an algebraical form,
we havo a systom of 2 — 1 equations between « varinbles, we may
without integration of cach integrable cxpression represent in an
integral form the dependence between the n variables in the
shape of an algebraical cquation; and as this equation is obtained
by an integration it must contain an arbitrary constant. The
process made use of in order to derive it in tho general case will
be seen to differ materially from that adopted in tho particulnr
case of n=2.

. 16—2
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Let the differential equations be

e e o SN +—=0
Xt o x} X}
zde, | xdz z,dz,
B s e N +=2—2=0
XIA X}t ni ,
dz,  a]dz, z," dw
[ T +2 =0
X} X} x}
in which
X, =A+Am,+Az’+......... +d, ="+ A, 8"

for all the suffixes p in the system. Let
F@)=@=2) @=2). oo (&= 2);
df (2)
de
dicated differentiation has taken place, @, is substituted for x; the
value of f (z,) will therefore be

(@ = @) (@ — &) (& — =,),
\8¢ ¢ the vanishing factor B — @, being absent. Solving now the above
®w  system of equations in order to obtain the algebraical ratios of

and let /7 (z,) denote the value of when in it, after the in-

n.!"-‘ the quantities dz,, dz,, ......... , da,, we find
2l F)ds,_f@)ds,_ _f@)ds,
N \ Xli X’b ......... = T .

Let the common value of these equal fractions be denoted by
dt, so that we have

d.z' X} d_z, X}
VA ACK

and so on.
The first of these gives

&) - e

and therefore, after differentiation with respect to £,

de,d'w, _ 9 [ X de, 03[ X, Tdg,
a @ —3w.[f’ (w,)}'] 2% "o, [{f (wo}’] @
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) o X 2%, /
Nou [ e @

But since
(@)= (@,—a)(2,—a).....(9,~ z,),

1
f(.z)Ba: V'@l=z—2

a1 X, 2%, 1
and therefore ﬁ[[f’(m,)}:l F e o-a

provided w be not unity. After substitution and division by the

we have

coefficient of il—t‘l on the left-hand side, the equation becomes

d:mjﬂ_a_[ X, ] Xixr 1 Xixh 1
@ =V | Fe )t F@r @yn-5 FeIF @,
+ Xixt 1
""" P @ @ -,
Similarly
%_%i[ X, ] Xixt 1 Xixd 1
# = | F @ T e @ a5 @] @n-a
SRS < ST U
TF@F @ a-a,

and so for the others, meking = in all. Now let the » left-hand
sides of these equations be added together; the sum will be equal
to that of the n right-hand sides. It will be seen that in the latter,

when in the " expression a term L*Xi— L enters, then
P F@)F @)a,—s,
Xixd: 1
in the s" expression a term also enters, and
F F@)f @ a3,

the sum of the two is therefore zero. All the terms containing

these fractions

iz will for all values of s and r disappear; and
thus we have ’ '
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a - a[ X,
A Al racy SRE Al ey AR
ar x,
Al
We shall afterwards denote z, + 2,4 ...... +a, by p, so that

ap
the left-hand side is 2 I

149. We can obtain another value for the expression on the
right-hand side. Let X denote the same function of z as X, of &,,
and let

X
{f@)}
be expanded in partial fractions. Since X and {f(a)}* are both
of the degree 2n, there will be a term independent of @, which
will be 4,,; and so we may write

X B, B, B,
W A,,_+ m+m_%+ ...... +w_m—“
0, G, n
+ (a'—.z,)’+ (w—w) " 7T + (@ —m,)

Multiplying up by (z — «,)* we have
%]m_ C,+ B, (@ — m,) + terms multiplied by (z — a,)",

or dividing out by the common factors in the numerator and the
denominator on the left-hand side we have C, + B, (» — &,) + terms

multiplied by (z — z,)* -y @-ay-(@—a)y

If z be put equal to a,, the left-hand side becomes O, and the

right becomes i f"(Ya;,)}” 80 that

C,= i—,
f (@}

The right-hand side of the equation in the form last written
does mnot involve z,, and its partial differential coefficient with
regard to , is therefore zero; since the two sides of the equation
are identically equal, zero must be the value of the partial differ-
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ential coefficient of the left-hand side with regard to «,, and so we
have

20,

Ba: B, +(m—a:)-—‘+terms involving (z — ) =0.
1
This is true for all values of z, and therefore

A

oz,
-& [7er]

B L car)

with corresponding expressions for the other quantities B. Hence

1%z e o ]
=B+ B +...... +B,

Similarly

Let the equation expressing the resolution into partial fractions

of the expression considered be multiplied throughout by {f(a)}";
and lot the coefficients of #™™ on the two sides of

X=4,{f@)

e @+ E e @

be equated. None of the terms involving the quantities ' can
furnish terms of so high a degree, since each begins with 2™

H
each of the terms involving the quantities B begins with #™7,
and the whole coefficient from this series of terms is therefore

Since '
f(m) = (m - ) (w_mn) """ (m -a,)

=a"—o"" (@, 4+ 2+ .nenn +,) + lower powers of @
=a" — pa™* + lower powers,

the coefficient of 2 in 4., {f(a)}* is — 24,,p. That on the
left-hand side is 4,,_,; and therefore

Ay, =—24,p+B +B+..... + B,
ap
=_2A’"p+2dt"
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Multiplying by 'ciT}: and integrating, we have
d 2
(d—':) =4, + 4, p+E
where E is an arbitrary constant. But
dp _dx, | da, daz,
r d_t‘ + s + e + T
Xih Xt X3
=g B
S @) f(=) S (@)
and therefore the integral becomes
Xll Xt x4 }u
At A e + oAt =E+ A, (2, +z,4...... +a,)
o F@ m(ta )
+4, (2, +z,+...... +a,)
Ex. 1. Prove that an integral of the equations
do  dy  ds_
winta®
zdy | ydy | ede
TRl A
where
X=a+bz+cx?+ 0% +y2+ Br8+aat |
and ¥ and Z are similar funotions of y and z is
=9 Xi(s-0) Pheo-g) 20 .
{25 =Bty talsty G
where O'is an arbitrary constant.
(Richelot.)

Ez. 2. Deduce a second integral of these equations in the form

{y’z’(ts) Xyl (2—2) 1’!'+z";.y2 (z-y)Z"?
(@-3) (y-2)(z-2)

= C 2%+ bays (oY +ys+22) + a (2y +yz+2o).
(Richelot.)

The theory of these and kindred equations cannot here be carried out to
the limits of its present development, as it soon ceases to belong exclusively to
differential equations and merges into the general theory of transcendental
functions. The reader who wishes for a fuller development on the lines of
differential equations than can be given here will find a paper by RroEBroT,
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Crelle, t. xxiii., pp. 364—369, very useful ; and he would do well to consult the
following papers by Jacosr,
Crelle, t. ix., pp. 304—403 ;
t. xiii., pp. 55—78;
t. xxiv,, pp. 28—36 ;
t. xxxii,, pp. 220—226,
all of which are contained in the second volume of his collected works.
Tor tho higher parts, chiefly in connexion with the theory of transcen-
dental functions, the memoirs of Abel shonld be consulted.

Total Differentiul Equations.

150. The differential equations with which we have hitherto
had to deal have been, except in §§ 148 and 149, such as include
one dependent and one independent variable; for the future we
shall consider those which include more than two variables. These
may be divided into two classes, one in which only one dependent
variable occurs, the other in which only one independent variable
ocenrs.  In equations of the forner class we shall have the partial
differential coufficients of the single dependent variable relatively
to tho independent variables ; these are called purtial differential
cquations and will afterwards be discussed. In equations of the
latter class we shall have the differential coefficients of the several
dependent variables with reference to the single independent
variable (which may be cither expressed or implied) ; these are
usually called fotel differential equations.

Now if we have an intogral vquation
$@y9=0C \
whero O is o constant, we may snppose that z, y, p undergo slight
variations dz, dy, dz, which we kuow will be counected by the
relation
ggdz+g$dy+?§ dz=0,
or, if wo assume that a, y, z are all functions of some variable ¢,

thou
de:

7= at
and the foregoing equation becomes
dpde 0pdy  0pdsz

R R T T T

=%, y=Ya w=-Za
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These two are equivalent forms; the form usually adopted is the
first ; if in any case the second be given, it can at once be changed
into that of the first. Moreover, i gi,, Bia, % have any common

i’ 0y’ 0z
factor, the equation can be simplified by the removal of that
common factor; and so we may consider the general form of such
an equation in the three variables as represented by

Pda+ Qdy + Rdz =0,

where P, @, R are given functions, of z, y, 2 and are proportional
to the differential coefficients of ¢.

151. But, conversely, when any equation of the form
Pde + Qdy+ Rdz=0
is given, it does not necessarily lead to an equation of the form
¢ (2 9, 2)=C;
for the existence of such an equation im}).lies that the three quanti-
ties P, @, R are proportional to the differgntial coefficients of some
one function, and this is not satisfied while P, @, R are quite
general. We must therefore find out under what circumstances
such a differential equation will lead to an integral of the given

form; and, on the assumption that such an integral is possible,
indicate a method of obtaining it.

There will remain the further problem of obtaining a solution
of the equation when the conditions necessary for the existence of
such an integral as the above are not satisfied.

152. In the first place then we assume that such an integral
exists; we must therefore have P, @, R respectively proportional
to the partial differential coefficients of some function ¢ with
regard to «, y, z, s0 that we may write

_o _% _%
F'P_a_m’ /"Q—a—y: “R_E’

in which u is some function the value of which is unknown. From
the first two of these equations we have

N I
a_y("P)‘Fay‘a_x("Q)’
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opP ou_ 0Q

or @+P8y_"9m+Q_
. oP 0Q
that is, (W - %) Q By
o 9Q ©R
Similarly M (a—g - 67) y Q
oR ©oP o ou
and (iz— - 5) =P 2z ~Rz o

Multiplying the last three equations respectively by R, P, @
and adding, we have
9Q oR oR ©oP 0P 0@
P(‘ar@) +Q (5 %) +R (5~ 70) =0
which is the equation giving the relation between P, Q and R;
and this, when identically satisfied, indicates that the proposed
differential equation leads to an integral of the form considered.

153. We shall now assume that this relation exists and that
the differential equation therefore has a primitive of the form

$(z,9.9)=0;
we hdve to shew how to deduce this primitive.

If we had this primitive and proceeded to form the correspond-
ing differential equation with a restriction that z should not vary,
the equation would be

Pde+ Qdy =0,
which equation would not be affected by any term in the primitive
which involved 2 alone.

Conversely then, if we integrate

Pdo+ Qdy=0.
on the assumption that z does not vary, the arbitrary constant
of integration is a quantity independent of the variations of z and
y and may therefore be an arbitrary function of 2. We replace
the arbitrary constant by an arbitrary function of z and so have a
relation between z, y and 2. This however will not necessarily be
the integral required, for it may not satisfy the equation

Pdz +Qdy+ Rdz =0
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we only know that it satisfies the particular form of this in the
case when ¢ does not vary. It is therefore desirable to form the
differential equation corresponding to the integral in the form in
which it now occurs; it should yield the given differential equation
and a comparison of the two forms will lead, from the condition
that they must be identical, to an equation which will determine
the value of the arbitrary function of 2. This last will also be a
differential equation; when integrated it will contain the arbitrary
constant in the determined function of z which on substitution
furnishes the primitive. Hence we have the rule:

Let the equation be
Pdz+ Qdy + Rde =0,
and, suppose the relation
(8o (B2 2 (2-)-o
satisfied. Integrate
Pdz + Qdy=0

as if z were invariable¥, and make the arbitrary constant of inte-
gration equal to ¢ (2). Substitute mow so as to obtain the ori-
ginal equation and choose ¢ (z) so that the coefficient of dz s R.
The primative is then found.

Ez. 1. Integrate
(ydz+ zdy) (a—3) +zyde=0.

Here P=y(a—2), Q=2 (a—32), R=ay; and the equation of condition is
satistied.

On the assumption that z is invariable the term zyds disappears and then
a—z will divide out, so that the equation becomes

ydz+zdy=0,
which integrated gives
zy=4=¢(),

according to the rule, Differentiating this we have
-
ydo-+ady -2 doo,

* If more convenient either of the other variables might be considered tem-
porarily and the ding changes made.
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In order that the two equations may be the same we must have

e m ¢
d: a-z. a—z
idp 11
Henee &~ aniw
therefore ¢ ()=C(z—a),

where € is a constant ; and the primitive is

zy=0(z—a).

Ex. 2. Verify that for each of ;:he following equations the dition of
integrability is satisfied, and obtain the primitives :
()  (y+2) de+(z+7)dy+(z+y) da=0;
i) gydo=andy-+yide;
(ili) (y+a) do+zdy—(y+a)de=0;
(iv) (v—a)do+(s—c)det+iR2—(z—aP—(z— o)t dy=0;
V) (2P +40sed) wda+ {3y + 200+ (2 + ) "N ydy
+ {422+ 2a2t+ (2 +2) "N} 2dz=0;
(vi) (yR+ys)de+(vz+2°) dy+(y2~ay)de=0;
(V) (st — g —y%e) dar-+ (o~ 8 — %) dy + (oot %) domO 5
(vill) (2244 2y + 22t +1) da+dy +22dz=0;
(ix) (2z+y2+2u2) do+2rydy+ade=du.

154. The preceding solution has been obtained on the sup-
position that the equation of condition among the coefficients of
the differential elements da, dy, dz is satisfied ; it remains now to
consider the class of equations for which the condition is not
satisfied, and for which there cannot therefore be a single general
integral.

Let us now assume any arbitrary relation between , y, z of
the form

V(@ 9 2)=0;
this on being differentiated gives
) A PRRCA A L
%d‘”'"a—ydy"' azd’_o'
When the form - is specified, these two equations will determine
z and dz in terms of @, y, dz and dy (or, generally, one of the
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variables and its differential in terms of the other two and their
differentials); when they are substituted in the equation
Pdz + Qdy + Rdz=0

they make it of the form

Mdz + Ndy =0,
where M and IV are functions of @ and y, the values of which will
depend upon the form of the chosen function ¢ Now this equa-
tion may be integrated and the integral, containing an arbitrary
constant, will together with the relation

Vv (z,9,2)=0
constitute a solution of the differential equation.

For it is evident from the method of derivation of the integral

that, in combination with v =0, it furnishes relations between
2, y and 2 such that the differential equation is satisfied.

By giving all possible forms to 4 every possible solution will
be obtained. Each solution will be constituted by two equations.

£Ez. 1. Solve
dz=qaydz+bdy.
The equation of condition is not satisfied ; some relation bet 7,9, 8
must therefors be assumed and this may be perfeotly arbitrary: let it be
y=f @)

A combination of this with the differential equation gives

ds=af (z) dz+ bf" (z) da,
the integral of which is

e=a ff(x) dis+bf (@) + C.
This, with f(z)=y, forms a solution of the proposed equation.
Ez. 2. Obtain the most general solution of the equation
2yt
zdz+ydy+o(1 -3 @ de=0
which is consistent with the relation
2P 2
atatz= L
£z. 3. Find the equation which must be associated with 2%+y3=¢ (2) in
order to give an integral of

(#(e-a)+y (y~B)} de=(e~0) (eda-+ydy) 5
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and that which must be associated with | A ,' PR A _,‘- =
' [ond

+zlogz+ =0 ., Yo can o 7

80 a8 to satisfy y s ¢ (U ‘.__’.-. vy .
sdr +zdy+yde=0. ., v om T z> K

Ex. 4. Prove that, if u be a quantity such that}\/ J._-:&. -+ _9'_‘“‘ )' o
u (Pdz +Qdy)=d7, AT T
o -
then a solution of the general equation may be represen y i‘?— - ’F('T')m

) V=¢@) ‘g WP 7( o -+ D‘d‘_‘:}) -
S -hR=§@). AP
This is Monge’s form. g {% = ? z) VLZ

: \
Er. 6. Obtain the general equations which titute the solution of I

de=(z—2) (dy — ds). .~."h’U - 'Zd
ydo=(z—2) (dy-ds), !'\ﬁ FP )=

155. Itisnot at first sight clear how the equation of condition .\
affects the above process and, in particular, why what has been’ - v
given as the solution in the latter case is not the solution in the 9%
former case. But the relation between the two solutions can be = ¢
seen as follows. U RTINS PR T

.

The elimination of the differential element dz between the two (ldé

equations in which it occurs leads to the equation

(R%LZ—PB%’) da+ (R%’/’—Q%Lf) dy =0;

and, in order that this may be reduced to the form
’ Mdz + Ndy =0,

the variable ¢, which occurs in it, must be replaced by its value
derived from - (z, 3, #) =0. Now suppose the equation of con-
dition is satisfied so that P, @, R are proportional to the differ-
ential coefficients with regard to #, y, z of some function ; if this
function be 4 (z, ¥, 2), then we have

1oy 1y 1ay @)

R a—z - 'a @ - F a_m‘ .....................
and the equation involving dz and dy is identically satisfied. There
will thus, on this supposition, be no other equation necessarily asso-
ciated with the equation 4 = 0, or, what is equivalent for this case,
=0 this by itself is sufficient for the solution of the differential
equation, and any other equation associated with =C may be
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perfectly arbitrary (such as x = 0), for its expression will not enter
into the differential equation when formed from these integral
equations. If however the equation first written down be not that
which leads to the particular properties (A), but be another such
as y =0, it will still be possible to derive the equation = C, into
the expression of which the form of y does not enter; and we
may therefore consider as the general solutlon of the differential
equation the equation
¥=C;

while, if we wish to determine y and z separately as functions of
2, we associate with this any arbitrary relation between , ¥, 2.

If however the equation of condition between the quantities
P, @, R be not satisfied, there is no function +r such that the
relations (A) hold ; and thus

M+ Ndy =0

is not an identity but leads to an integral, the form of which is
affected by the form of the arbitrary equation first written down
and which must be associated with that equation in order to con-
stitute the integral.

It thus appears that the difference between the two cases is
this; while we may consider that in both cases two equations are
necessary to give the complete solution, in the case when the
equation of condition is satisfied one of these integral equations
(called 4 = C) is completely unaffected in form by the other (called
x=0), but in the case when the equation of condition is not
satisfied one of these integral equations is affected in form by the
other.

156. The difference between the results in the two classes
having been indicated, it is now possible to adopt a method of
integration which shews the point of separation between the
processes applying to these classes. Let

x(@ y, 2)=0

be any relation between z, y and z; then

I N S
ﬁdm+@dy+a—zdz_o.
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‘We also have
Pdz + Qdy + Rdz =0.
Let the former equation be multiplied by A (a quantity to be
determined afterwards) and added to the latter, so that

(P+xg%{)dz+(Q+xg§)dy+(If+xz—’f)dz=o,

or, say, Pz + Qdy + Rde=0.

* Let A be so chosen as to make P, @, R, proportional to the
differential coefficients with regard to z, y, £ respectively of some
function y; then the integral of the last equation is

¥ (@49 9)=C
where O is arbitrary, and the primitive of the differential equation
is given by tho two equations
X (@ y,1)=0}_
V(@9 2)=C
Now since P,, @,, B, are proportional to differential coefficients
with regard to z, y, 2, we have

25 =)0 (- 5) + (- ) o

o 3 W ow
or substituting for B, Q,, B, and reducing, we have
P (o - a, +Q(-5)+ 2 -3
G- E-F) 2:‘(.%’-3%)}
(0 -Re) o (RE - )+ (PR~ -0

If P, Q, R be themselves proportional to differential coefficients
with regard to &, y, £, tho first line in this equation vanishes and a
solution of the equation is A=0; P,, @, R, are then indopendent
of 5 and therefore ¥ (#, y, £) is independent of .

If P, Q, R be not such as to make the first line vanish, then A
is shown by this equation to depend upon the form of y and there-
fore 4 also will depend upon the form of x. The form of + will
in this case be determined by the method given in § 164 ; but the
foregoing investigation is useful as a means of instituting the
analytical comparison between the methods.

F. 17
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Geometrical Interpretation.

157. A geometrical interpretation can be given to the differ-
ential equation and its integral, which will illustrate the differ-
ence between the two classes of equation explained in the last
two paragraphs.

If as usual z, y, z represent the coordinates of a point A,
the equation will then represent some locus. Let A’ be a
point on the locus adjacent to A4 ; then da, dy, dz are pro-
portional to the direction cosines of A4’ and the differential
equation implies a relation between. these direction cosines; the
locus which it represents will therefore be some curve or family
of curves, and not & surface or family of surfaces.

158. Consider now the two differential equations
do' _dy de .
> = T =g e (i),

P, @, R being the same functions of «, y', # that P, @, R are
of @, y, z; their integrals are of the form

= “-} ........................... ),
Uy =y

where %, and u, are functions of &', 3/, 2’; and as they coexist
these integrals really represent the intersection of two surfaces
each of which is one of a family. This intersection of any two
particular surfaces is a curve, and we therefore have a doubly
infinite system of curves. One curve of this system passes through
A and is determined by those values of a, and a, obtained by
substituting in u, and u, the coordinates of 4. Let A" be the
point on this curve which is consecutive to A4 ; then the direction
cosines'of A A” are proportional to de’, dy’, de’ or to the values of
P, @, R at A, that is to P, @, R. Now the condition that 44",
A A’ may be perpendicular is

Pdz + Qdy + Rdz=0,

which is the given differential equation; hence it expresses
the fact that AA’ is perpendioular to that curve of (ii) which
passes through 4. The solution of the differential equation
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must therefore include all the curves which cut the system (ii)
orthogonally.

If we start from A in any direction which is perpendicular to
the tangent at .4 to that curve of the system (ii) which passes
through A, we shall come at A’ to an adjacent curve of this system
moving from A’.in any direction at right angles to this we shall
at another consecutive point in this path reach another adjacent
curve; and so on. The path thus obtained must be included in
the solution of the differential equation; and as at each point 4
We may move in any one of an infinite number of directions (i.e.
in any direction lying in the normal plane at 4 to the curve of the
system) it follows that the solution of the equation will contain an
arbitrary function.

Let us, then, draw through A4 any surface we please and limit
our path so as to be in this surface; starting from A at right
angles to the curve of (ii) there will, in general, be only one
direction possible in the surface and moving along this through a
small arc we shall at its extremity A’ come to another curve; at
A’ there will as before be usually only one direction possible in the
surface and it will lead to another point A” and so on; and we
shall thus obtain on the arbitrary surface a single path passing
through the point 4. Had a different point B on the same surface
(but not lying in the path through A) been the starting point
there would have been similarly obtained a single path through B
different from the former; and so for any point.

We should therefore have on any arbitrary surface a singly
infinite series of curves.

159. This is the exact geometrical process corresponding to
the analytical process applying to the case when the equation of
condition was not satisfied. For what was there done was to assume
an arbitrary relation among the variables—this is the equation of
the arbitrary surface; it was combined with the differential equation
and, after integration, another equation was obtained containing an
arbitrary constant which with the original arbitrary relation was
considered the solution. The new equation containing one arbi-
trary constant represents a family of surfaces; and the combination
of the two gives the system of curves which form their intersection.
Each of these curves lies on the surface first taken, and so we have

17—2
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an infinite series of curves on this surface. The process therefore
gives the system of lines which lie on any surface and which
satisfy the differential equation.

160. Now it may happen that the complete system of curves
(i) can be cut orthogonally by a surface and so by a family of
surfaces; thus if the system were a series of straight lines all
passing through one point they would be cut orthogonally by any
sphere which had that point for centre. In this case any curve
drawn upon an orthogonal surface would cut the system (ii) at
right angles, since it is at every point perpendicular to some
one of the system ; and such a curve would therefore be included
in the solution. Hence the general solution must include all
curves that can possibly be drawn upon any one of these surfaces
and therefore, if we look upon a surface as the aggregate of all
the curves that can be drawn on it, we may say that the surface is
included in the system of curves. As the surface is one of a family
all the members of which possess the same property, we consider
that the equation of this family of surfaces is the solution of the
equation; and what has been said shews it to be thereby implied
that the equations of every curve that can be drawn upon one of
the family constitute a solution.

161. This corresponds exactly with the process applicable to
the case for which the equation of condition was satisfied; we there
had (§ 155) an equation +»=C and any other arbitrary equation
x =0, the two representing one curve on each of the surfaces »=C;
by taking all possible arbitrary equations =0 we obtained all
possible curves on the surfaces y»=C and thus ultimately the
surfaces themselves into the expression of which the form of  did
not enter.

162. It only remains to shew how the equation of condition is
derivable from the geometrical considerations. The arguments
are applicable on the supposition that the system of curves repre-
sented by

do' _dy dZ
7

Ql = RI
can be cut orthogonally. If they can be cut orthogonally, as at
any point 4, the tangent to the particular curve passing through
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J{\n.d)(ma-'g U.\-La-u!»- At )Jq_a ;’M Lu,f‘b A‘vf G‘ 3

0X, 00X\
u(a—“—ﬂj an X“EZA‘ S
Similarly
W(B-0)-n -5l
iz, 0z o) oz,
and

(BX BX) X“;s: "a?:

oz, Oz, X5
and therefore
BX,\ X, 0X, X, X, s

X @m Bz“ B_z,,-—ax;\)-‘—X'\ . 3@.,) 0 .
If the set of equations derived from this by all possible combina-
tions of three different suffixes from among 1, 2,3, ......... , ™ be
satisfied, then the, differential equation has an integral of the
proposed form. The total number of these equations of condition
i8 jn(n—1)(n—2); they are not all independent, for if there
be written down the four equations which involve three out of the
four quantities X,, X,, X,, X, any one of them will be found to be
derivable from the other three

Ez. Prove that the total number of independent equations of condition is
3(n-1)(n-2).

164. When these equations of condition or the necessarily
independent equations are identically satisfied, the primitive, which
must therefore exist, can be obtained by an extension of the method
adopted for equations with three variables. We integrate as if all
but two of the variables were constant and we replace the arbitrary
constant by an arbitrary function of all those variables which are
supposed constant. The equation so obtained is differentiated
with regard to all the variables and the result is made to agree
with the given equation; the conditions necessary for this agree-
ment will serve to determine the arbitrary function which was
introduced and so to determine the primitive.

Ez.1. It is easily verifiable thatythe coefficients of the differentials in
the equation
(22, +2* + 22,2, — 2y) Aty + 22,340y ~ 2ty + 2,8d 7, =0,
satisfy the equations of condition which are four in number, three being inde-
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pendent,  Following the rule ws assume that only two of the variables may
change and these may be taken to be z and z,; the integral derived is

— @y t+aie=C=¢,
whers ¢ is a funotion of #, and #,. Differentiating this we have
( ~itg+2,5,) Ay — aydlty+ 2’y = dp,
and & comparison of this with the given squations shews that
- dop= (22, +2,) doy + 2290y,

We thus have an squation involving three differentials de, dz, dz,,
instend of four (we should have, in the general case, an equation involving
n—1 differentinls instead of n); the rule is reapplied to this and the number

again doarensed by unity aud so on, until we can obtain & final integral. In
the examplo spocially considered tho integral is easily seen to be

-+ A=a51+228
where 4 is now an arbitrary constant; and the primitive is
20+ 2248 — By + 2 Sy = A
Ezx. 2. The following equations have a primitive of the form considersd ;

obtain it for onch of them:

(i) yeude+zuwdy+urydzs+ayzdu=0;

(i) (y+z+u)de+(z+u+a)dy+(utaz+y)de+(z+y+8)du=0;

(ili) s(y+2)de+z(u—2)dy+y (v-u)dz+y (y+2)du=0.

Equations of « degree higher thun the first.

165, Equations may arise in which the difforentials of the
variables occur in a degree higher than the first; into their
solution it is not proposed to enter fully but only to indicate a
mothod of proceeding in some cases. The general equation of
the second degree may be taken as

Xda* + Ydy* + Zd2* + 2X dyde + 2Y 'deda + 2Z'dzdy =0,
in which X, ¥, Z, X', ¥’, 7/ are functions of z, %, and 2. If the
left-hand side can be resolved into two factors, then the equation
may be replaced by two others each of the form

Pdz +Qdy + Rdz=0,

obtained by equating separately to zero the two factors. The
solution of cither of these, obtained by previous methods, will
be a particular solution of the differential equation proposed;
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< must coincide with the normal at 4 to the orthogonal surface.
Now the direction cosines of the tangent at 4 are proportional to
the values of P, @', R’ at 4, that is, to P, Q, R; and if
¢, y,2)=C

be the orthogonal surface, the direction cosines of the normal at
9 26 36
0z’ 3y’ 02 °
the direction cosines must be the same for the two lines, we must
have

the point &, , # (which is 4) are proportional to since

Pow Q0% RO
Let each of these quantities be equal to u so that
%_ p%_ ,0_ o
am_.u'P: @—I"Qx E—P’Rr

the elimination of ¢ and u between these leads (as in § 152) to the
equation considered, which is therefore the condition that the
system of curves may be cut orthogonally.

Case of n variables.

168. In what has preceded only three variables have been
supposed to occur; but it is easy to pass to the case when there
are more than three. In order that the equation

X dz, + X du, + X do, + ......... + X, dz, =0,
where X, X, ......... are functions of z,, a,, ......... , should have
a complete integral of the form
[ Y G Jx)=A,

the quantities X, must be proportional to the partial differential

coefficients 63%5 , 80 that we may write
=

_3%
vX, —8—1,‘ U]
for all values 1, 2, ......... , nof p. If now A, p, v be three different

suffixes, we have

[ 4 9
i 0K =g = 20X

2,0
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and the two general solutions taken together will constitute th
complete solution. In the case when each of the linear equation
is satisfied, in the sense of the preceding paragraphs, by a singl
integral of the respective forms
V¥, (2,9, 2) ~ C=0, +,(z,92)~-C=0,
the general solution will, as in § 19, be represented by
(@, 9, 2) — C}{Yry (2, , 2) =0} =0......... (A).

In the case when two separate equations are needed for th

solution each corresponding pair must be looked upon as a solutior

Now the condition that these should be solutions is that th
left-hand side of the original equation should be resoluble int
factors. The left-hand side is equal to

%[(le+ Ydo+ X'dy) — {(Y" - X2Z)da* - 2(Z2Z - X' Y') dedy
+(X*—YZ)dy}.
and in order that this may resolve into two factors we must have
(Y*—X2)do*—2(22'— X'Y") dady +(X* - YZ) dy*
a perfect square, which will be the case if
(Y'-X2)(X"-YZ)- (2Z'-X'Y')*=0,
that is, if ’
Z(XYZ+2X'Y'Z' —-XX"—YY"—-ZZ")=0;
or, since Z is not zero, we must have ’
XYZ+2X'Y'Z - XX*-YY"~22"=0,

‘When this condition is satisfied the general solution is obtainec
in the foregoing manner.

‘When this condition is not satisfied the proposed equatior
does not'admit of a single primitive of the form (A) nor of a se
of separate primitives each given by a pair of equations; but i
does in general admit of a solution expressed by a system o
simultaneous equations,

Ez. 1. The equation
' 234y — et + 2y dady= 0
satisfies the condition ; and the equivalent equations are
zde+ydy+ede=0, zdz+ydy—2ds=0,
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which lead to the integrals
2B+yl+—a =0, 23+yi—zf-ay=0,
and therefore a general solution will be
(2?4 g2 +22—a) (22 + 3% — 5* — a) =0,

ie. (22 +y2—a)f=2,
in which @ is an arbitrary constant.

Ez. 2. Solve

(i) Wdad+mm'dyd+nn'd?+ (m +1U'm) dzdy +(In' +'n) dvds

+ (mn' +m'n) dedy=0;
() (zdz+ydy+zde)ie=(—22—y")(vdw+ydy+2dz)de ;

(ili) dedyde=0;

(iv) | dw, dy, ds |=0, where m is a constant.
L Y ms
dz, dy, mds

Ez. 8. Obtain a solution of the equation
a(b—o)zdyds+b(c—a)ydedz+c(a-b)sdedy=0
consistent with the equation
azi+byi+ef=1.
(The former is the differential equation of the lines of curvature upon the
surface represented by the latter.)

Ez. 4. Also of the equation

2dz, yidy, e*de |=0
dr, dy, de
&y Y s
consistent with the equation
zyz=1.
Simaulty Equations with tant coefficients.

166. We have hitherto considered only single differential
equations; we proceed now to treat of systems of equations. The
simplest and at the same time most frequently occurring class is
that in which there is snly one independent variable of which all
other variables which occur are functions; for the separate and com-
plete determination of each of these dependent variables, the number
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of equations in the system must be equal to the number of dep
dent variables. In this class are included most of the differen
equations of dynamics; thus in the case of the chief problem
physical astronomy—that of determining the motion of a syster
material bodies under the influence of their mutual attraction
there is a single independent variable, the time elapsed fr
some definite epoch, while the dependent variables are the

ordinates of the several bodies; these coordinates vary with

time and so furnish the varying positions of the bodies, and t'
are individually determinate since the number of equation:
equal to the total number of coordinates. All equations deal
with the small oscillations in a moving system of bodies are
included; in them there is the additional simplification that
equations are all linear, the quantities multiplying the differen
coefficients being constants.

The general theory of the latter will be first considered.

167. Let ¢ denote the independens variable and D stand
d/dt; taking the simplest possible general case, we shall have
equations involving two dependent variables denoted by » an-
As the equations are supposed linear, all the terms involt
differential coefficients of & can be gathered together, and so .
for all those involving differential coefficients of y; and the eg
tions may therefore be written in the form

SiD)z+¢,(D)y= T'}

fHilD)z+ ¢, (D) y=1T,
where £, f,, ¢,, ¢, are rational algebraical integral functions
constant coefficients and T, and T, are explicit functions of ¢ al
8 constant or a zero value not being excluded. Operate on t
the sides of the first equation with ¢, (D) and on both the side
the second with ¢, (D); then they become

6. (D), (D) + ¢, (D) ¢, (D) y = ¢,(D) T,}‘
¢ (D) f,(D)z+¢,(D) 6, (D)y=¢, (D) T)

Since the functions ¢ have only constants in their coeffici
it follows that

$:.(D) ¢, (D) y = ¢,(D) $,(D) 3,
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and therefore the above equations give

{8, (D) £, (D)= 6, (D) f, (D)} 2= ¢, (D) T, = $, (D) T.....(1I).

Now let £, I, m,, m, be the indices of the highest differential
coefficients in f;, f;, ¢,, ¢, respectively; then the index of the
highest differential in ¢, (D) f, (D) is m, + !, and in ¢, (D) f, (D) is
m, +1,; of these two numbers let » denote that which is not less
than the other, so that n is the order of the highest differential
coefficient of « in the foregoing linear equation determining z.
To solve it we adopt the method of Chapter 11 applicable to an
ordinary single equation; if P be any value of # which satisfies
the equation (there called the Particular Integral),and A, A,, ..., A,
the » roots of the equation

S )£ )= B, L) =0, @A),

the complete value of # is
= A‘e"‘t + A,e"" F o e +d M+ P,
where 4,, 4,, ............, 4, are arbitrary constants.

Proceed in the same way to eliminate # from the two funda-
mental equations by operating on the first with £, (D) and sub-
tracting it from the second after this has been operated upon with
/. (D); we then have

{#. (D) £, (D) — ¢, (D) fs (DD} y =/, (D) T, ~ £, (D) T.......(IIT),
and so as before .
y=Be“+Be* +. ... + B,é"+Q,

where B,, B,, ...... , B, are arbitrary constants, and Q is the Parti-
cular Integral of the differential equation (III).

168. We have in the expressions for the two dependent
variables two sets of constants arising from the differential equations
II. and IIL; they are both composed of arbitrary constants, but
we do not know whether they are independent of one another;
this dependence may exist and yet the constants may be arbitrary.
Thus any one of the constants B might be a multiple of one of
the constants 4 ; the latter being arbitrary the former would
be so also. We therefore must determine the number of inde-
pendent arbitrary constants. To do this let the values of # and y
be substituted in either of the equations (I), say in the first; then
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the terms involving P and @ which are particular integrals give
on the left-hand side a term T, which will cancel with that on the
right-hand side and the resulting equation is

(AF,(A\) + B, O} €+ [4.F, A\ + B, (M)} € + ...
+ {Aof, M) + Bug, (M)} € =0.

Since this is to be satisfied for all values of £, we must have the
coefficient of each exponential zero, and therefore

4, /() +Bid (1) =0

A, f,(\)+Bib, () =0

A, f,(0) + B, (M) =0
go that each constant B can be derived from each constant 4.
The number of independent arbitrary constants in the complete
solution of the simultaneous equations is therefore n, ie. the expo-
nent of the highest index in the operator

¢, (D), (D) — ¢, (D) /o (D)-
Hence the solution of the equations (T) is given by the foregoing
values of # and y; the quantities A occurring in the expressions are

the roots of the equation (A), and the relations between the con-
stants are given by equations (B).

169. In exactly the same way it may be proved that, if there
be three dependent variables given by the three equations
5(D)a+¢, (D) y+4,(D)2=T,
Li(D) e+, D)y +4, (D) 2=T,
LD a+¢, (D)y+¥,(D)s=T,
the number of independent arbitrary constants entering into the
complete solution is the index of the highest power of D in the
determinant .
5 (D), (D), ¥, (D)
5 (D), ¢y(D); ¥, (D).
o (D), &5 (D), ¥u(D)

170. If the roots of the equation (A) which give the coefficients
of ¢ in the exponents be real and unequal, the solution given above
is complete. It remains to consider the cases
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(i) when there is a pair of imaginary roots;

(ii) when there is a pair of equal real roots;
the case of equal imaginary roots will follow from a combination of
these two.

For the former the solution obtained remains general, but it is
desirablo to change it so that the form may be free from imaginary
quantities. The two imaginary roots, say A, and A,, may be denoted
by «+ Bi; henco the corresponding part of  is

& (A‘am+ A,e'”},
that is, ¢* (L, cos Bt + L,sin Bt),
on changing the arbitrary constants as in § 44; the part of y corre-
sponding to the two imaginary roots is similarly
& (M, cos Bt + M, sin Bt).

Instead of making the necessary changes in the relations
between A and B, it is better to substitute again these expressions
in one or other of the fundamental equations and derive the corre-
sponding relations as before.

For the latter case the solution obtained coases to be general
because two constants, say 4, and 4, become merged into one;
but it may be proved, cxactly as in § 44, that the part of &
depending upon this repeated root A is

(4 + 4%),
and the part of y is
é“ (B + B1).

Ez.1. Prove that in the latter csse the relations between the four con-
stants reducing them to two independent constauts are

Af(N) +B'py A)=0,
470+ Bp 0+ 2SR g T

E2. 9. If an imoginery root a+pB¢ be repeated, write down the corre-
sponding parts of the complementary functions in z and y.

171. It may happen that the question in connection with
which the differential equations arise will afford some indication
of the form of the result. Thus in a problem relating to small
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oscillations we should expect the values of the dependent variables
to be expressed in terms of purely periodic functions; and it would
then be proper to substitute for # and y respectively functions
of the form

L, cos Bt + L, sin B,

M, cos Bt + M, sin Bi,

instead of ¢* in the equations (II) and (III). By equating to zero
the coefficients of cos Bt and of sin B¢ in each equation after these
values have been substituted there will be four equations linear
and homogeneous in the quantities Z and M; and the eliminants
of these will furnish the values of 8. If on the other haund the
problem indicate a motion of unstable character the form of value
for  adopted would be

* (L, cos Bt + L, sin Bt),

and so for y; but if there be no external information of this
character then the ordinary method should be adopted.

Ez. 1. Solve the equations

dz
e
Y oo
Here we have
. Dz+mg/=0}
—wz+Dy=0]"
and therefore the equation for  is
(D*+ o) 2=0,
sothat z=A4 co8 wt+ Bin wt.
Similarly y=A4'cos ot + B'sin .

The relations between 4, B, A', B are at once derived by subshtutmg i
the first equation: we have

—wAdsinwt+woBoos of=—wd' coBot-wB sinwl, @
or A'=-B, and B'=A.

The shortest method would have been to use the first equation ‘to give 7
in terms of z, 8o that
__ldz
V=-o @
=Asinwt—Bcosat.

This method is however applicable only in partioular cases.
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Ez. 2. Solve the equations
‘%f—a %‘:-/+p“z=0
dz ’
%—Fwa +ply=0

When we collect the terms which belong to the separate variables, the
equations are

(D4 pd)z— aDy=0} .
aDz+ (D4 p?) y=0.
Hence the equation for z is
{(D*+ 2+ a2 D} =0,
and the velue of x is
&=L, 008 B¢ + Lysin Byt + Lg cos Bgt + L 8in Byt,
where 8,? and B,? are the roots of the equation
(=P -a’p=0;
and the value of y is
y=M,gin Bt — My 008 B, + M;6in Byt ~ M, cos Byt.
It is easy to prove that the relation between the constants is
Ez. 3. Solve

%=¢w+by+o

B b
m—a,.z+by+o'

They might be solved by adopting the ordinary rule; the following is
another method applicable to this form.

Multiply the second equation by m and add to the first; then

o %(w+my)=w(a+m’)+y (b+mb') + 0+ me’

=(a+ma)(z +my)+ec+md,
provided m beé so chosen that
b+mb =m (a+ma),
that is, if m be a root of the equation
mia' +(a~b)ym—b=0.



272 SIMULTANEOUS DIFFERENTIAL EQUATIONS. [171.

The foregoing differential equation being

d(z+my)

(a+ma) (z+my)+e+md =

its integral is )
(a+ma) (@ +my) +c+md = AgHa+ma),

Let m, and m, be the roots of the quadratic equation; then this is an
. integral provided m is either my or mg. On substituting m=m, we have

(@+m@) @+ my) +o+mg = 4,e1+m),
and on substituting m=mgy we have
(@ Mg@t’) (1) + 0+ ge’ = AgeH(e+m™),
where 4, and 4, are arbitrary constants. These two ions constitute the

q!

complete solution of the given pair of simultaneous equations.

Ez. 4. Solve in the same way as the last example the equations

%}'=a.z-+by 1

%=a’z+b’yJ '

Ex. 5. Solve the following equations:
@) fu—x+7.z'—y=0, %—y+2$+5y=0;
(id) %E"‘+Bm+y=e’, %‘y+3y—z=e*;

(i) 4%+9 d—-'/+44z+49y=z, 3 %+7 %ty+34,z+3ay=é;

i dy - dz . dy —a;

(iv) dt+9 +1lz+3ly=¢, 3dt+7dz+5't+24‘y e

1) 47‘+9dy+211+31y ¢, 33;+7—4’+z+24y=3;
iz

(vi) E+m’y=0, ?l:‘;/—m’z=0;

(vid) z, 37— dy+3=0; %’{+z+y+5=o.

Simultaneous Equations with variable coefficients.

172. Tt will be assumed as before that there is only one
independent variable and that therefore the coexistence of m
simultaneous equations will suffice to determine the relations be-

tween the m dependent variables and that of which each is a
function.
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Further it will be sufficient to consider systems of simultaneous
equations which are only of the first order, for to these any other
system can be reduced. Thus if into any one of & given system
a differential coefficient of the n™ order should enter, such as

g—;—y,,, wo could obtain an equivalent series of equations of the first

order by making the substitutions

d dy, d d
y‘=d%’ y’=-c{b’ yl:d_i” ...... ,y“= da: N

which are all of the order stated; and the corresponding sub-
stitutions for all differential coefficients of order higher than
unity will transform any system of simultaneous equations of
any order into an equivalent system of equations of the first order.
If there be m dependent variables, we must have in this system
m equations each of the form

¢(x, Yis Yos voeeee s Yo ‘(ii:,:;’ ...... ) %)=0.

173, The solution of this system of equations can be made to
depend upon the solution of a single differential equation of the
m™ order connecting one of tho dependent variables with the
independent variable.

For let the m equations be solved so as to give the m dif-
forential coefficients as explicit functions of the variables, and
suppose these relations to be

d,
H.Zx =1, (@ Yys Yoy weeee s Yn)s
d.
= (@, Yy Yo o Y
d
E;{: =V (@ Yis Yas +veee » Y

Let the first of these be differentiated m — 1 times in succession
with regard to z, and after each differentiation and before the next

let the values of %2, ... Wu be substituted from the last
dz de
F. 18
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m—1 of these equations. There will thus be obtained, including
the first equation, m equations connecting
ay,
dz’
with the variables z, y,, ¥,,

the m — 1 variables y,, #,, --...., Y be eliminated, and there will
result a single equation which may be represented by

f(w,y,, %, %’ ...... ,fl—:%!)=0‘

This equation being of the m™ order has (§ 8) m independent
first integrals each involving one arbitrary constant, all the m
constants being mutually independent; and these integrals we
may represent by the equations

d am

F|(z, yl,g%, ...... ,T,,}_IJ,, C’,)=0
-1,

F,(w,y,,%‘, ...... ,Wﬁ’_’;,c,)=o

Fm(.z:, y,,%, ...... o 73 om)=0

in which the constants €' are independent. But from the pre-
ceding equations we know the values of the differential coefficients
of y,in terms of all the variables; when these are substituted in
the set of equations F, the latter take the form

D, (@, Y15 Yg» --venr s Y C) =0
D, (@ Y5 Yoo wveves Yo C) =0
D, (8, Yy, Yg» oereoe 2 Y C) =0

which are sufficient to determine each of the variables y as a
function of #; they are an integral system and contain m arbitrary
constants.

Hence we haVe as the general result:

The complete solution of a system of m differential equations oy
the first order between m + 1 variables depends on that of an
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ordinary differential equation of the m™ order and consists of m
equations, connecting the m+1 wvariubles and containing m in-
dependent arbitrary constants.

174. The forogoing is the general theory; but in particular
cases simplifications arise enabling much of the labour indicated
in the gencral theory to be dispensed with. Thus, if the equations
consist of a set each of which is linear, it may happen that an
integral of each equation of the form

Pdo + Pdy, + Pdy,+...... + P, dy,=0
can be obtained in the form

b @ Yo Yas +oee e 2 Yod = 0,

and the long process would not noed to be gone through. Again,
instead of determining the m independent first integrals it
would be sufficient to determine the primitive of the ordinary
equation of the m™ order, for from it could be derived other
m ~1 cquations in which the values of the differential coefficients
could be substituted, and an equivalent result would be so derived.
Again, in the case whon the equations are all linear we can solve
thom to obtain the ratios of the m + 1 differontials in the form

de_dy, _dy, _dy,
=P ==

which might be called the symmotrical form; the mode of treat-
ment for these will sometimes (depending upon the form of the
denominators in these fractions) differ very materially from, and
be much more couvenient than, the goneral process. Examples
illustrative of this will be found appended.

Ex. 1. Tho gonoral mothod can be avoided, if integrals of all but one
wyuation can Lo obtained and, @ fortiori, if all tho integrals can be obtained.
Thus tho cquations

Ud + ey +ndz=0,
zdw+ydy +2dz=0,
lend at ouco to the integrals
le+my+ne=0; oi+yi+di=gy,
which determine y and 2 in terms of z.
18—2
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v e [tde=(t-22)dt,
w - ""C‘,\hf(‘) {zdy=(m+ty+2z Jd.

Ez. 2. Solve . \rwe

R}. g &z, T
w\‘Y ”dﬁ“ * +ir=0,

(i)
dy 2
ativ= dt

Ez. 3. Solve d}_z‘ = d]i;’ = %’, where

X=az+by+os+d
Y=dz+by+cdz+d }
Z=a"z+b"y+c"z+d"

In equations of this form it is convenient to introduce some new inde
pendent variable and make all those variables, which already occur in the
equations given, functions of this new variable. Calling the latter ¢ we may
assume, as an advantageous form,

_ldz{+mdy+ndz
T IX+mY+nZ
ldz + mdy +nds
X (lw+my+n2)+1°
provided Z, m, n, X be so chosen that
al+a'm+a'n=\
bl4b'm+ b”n—)\m}
cl +o'm +c'n=n
the value of r is
ld+md +nd".
Eliminating [, m, » between these three equations, we have
=0,

"

a—-}\, ), o
b bH-\ Y
o ¢, "=\

& oubic equation determining \; let its roots be A;, Ay, Ag. When A, is sub

stituted in any two of the foregoing equations the ratios of 7 : m : n can br

derived ; let them be denoted by /, : m, : m, and suppose the corresponding
value of # to be 7y ; with similar expressions for the other values of A. Ther
for the value A, we have

at _  Ldw+mdy+mdz
¢ N Grtmy+me)+n

. the integral of which is

-1
ot =z +my+mz+r AN L .
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. 1
Similarly =l +myy —ngz AN
and eyt = (ot 1 g+ g -

Tn order to obtain the general solution of the system of equations as given
we must eliminate ¢ between these equations; when we write ¢;=Ac;=Bey
where 4 and B are arbitrary constants, the general integral as required is
given by the equations

(Lo Fmy+mez+ 717\:-1))“—" A gz + mn.'/'l"”a"f‘"gh_l)h-l
=Bt myg + gt
Ez. 4. Solve in this manner the equations

L .
3y+4s  2y+062

£z 5. This mothod may also be applied to solve oertain systems of
equations in which the variables do not ocour so simply as in £z 3. Thus
let us consider

dz
E+7‘(am+by)=2’,
’

% + T (a'z+by)="T,
where 7, T\, T, are funotions of &, Multiplying the second cquation by ! and
adding it to the first, we have

%(m+ly)+u(m+zw=7'+u',,
provided 7 and X are determined to satisfy the equations
a+ld' =),
b+l =0\,
o that the values of A are \; and A, the two roots of
(@=2)(F =1) - a'b=0,
The integral of the foregoing equation being
(2+1ly) N T = A4 [(Ty+1T) Mo g,
the completo solution of the original equations is given by
(o+hy) AT = Ay (T + 1, T) NI iy,
(2+0g) M T Ay (T 4+ 3,Tp) T2 i,
Ez. 8. Solve the systems of equations
dz 2
@ F+ile-n=1 )
;

R
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A special system of equations in Dynamics.

175. There are two classes of simultaneous equations which
are extremely important; one is the class already considered in
& 148, 149 as the generalisation of Euler's equations leading to
, the higher transcendental functions ordinarily called Abelian
: functions; the other is the system of equations which determine
the motion of a particle attracted to a centre of force which acts
according to the gravitational law. The latter may be represented
by the simultaneous equations

dz_9oR dy _0R d BR .
W w AR ey dEE T @),

in which R is a rational algebraical function of = or (@ +y*+ 2
the distance of the point «, y, # from the origin. To express the
complete integral three independent equations (or their equivalent)
will be necessary. Since each equation may be replaced by two
of the form

23 dm _oR
' 1T &
‘ giving in all six equations to determine the six quantities, the

investigation of § 178 shews that we must have six arbitrary
constants in the solution.
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dz dy dz
d dt

If we multiply the equations (i) by r AR

respectively, add
and integrate, we have

@)+ @)+ @)}-zen
in which B is an arbitrary constant.

Another form may be given to the equations (i), Since Risa
function of » we have

oR _dRor de

dz_sdR  dy_ydR  dz_zdR

@ rdr’ AT rdr AR radr’
Therefore

dy
7:— —y—t]_

@ dy_o
ydﬁ‘f

z%—md‘z 0,

of which two only are independent; the integrals of these are
respectively
dy do _
Cu" Y E" c,
dz  dy_
Y&H %a= G,
3%
dt dt
Squaring and adding these we have

o5+ ()G ogerd]
=0'+0'+0;=4

=G,
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where 4 is an arbitrary constant; this is equivalent to

2% (R +B) - ( ) =4,
that is, to
_ rdr
{2r' (R + B)— A"}’
and therefore
rdr "
t+a= f m ............... (i1).
From the equation just obtained we have

2R=— 2B+ (d’)

dt
and therefore
dRcbr _2Ad 2¢ird’fr
drdt r®dt " “dt df’
that is
dR A* d'r
T T

When this value is substituted in the modified form of the
original equations, the first of them is

d‘m d‘r

"G~ A
T
S5 1 e
Let dp = Ai’

Adr !

= r (2" (R+ B)— 4%

then the foregoing equation for g is

CACIES
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nd therefore
g=a‘cos¢+a.,sin¢ ..................... (iid).
The second and third equations similarly treated lead to

L=t cosd+b,80 ¢ (iv),

f‘=a|cos¢+c,ain¢ ..................... (v);

nd in these the constants a, b, ¢ are arbitrary. But they are not
1dependent; for we have always
d+y+L =1
hatever be the value of ¢, and therefore
(@ + b + ¢,%) cos* ¢ + 2 (a,a, + bd, + c,c,) cos ¢ sin ¢
+ (et + b} + ¢’ sin' ¢ =1 =cos® p +sin* ¢
3 satisfied for all values of ¢, so that
a’+b +¢'=1
e+ b +e =1t i, (vi).
a,0, + b, + ¢,0,= 0,
The six constants are equivalent to three independent constants.
Turther, we may put (iii) into the form

Z=pycos (+4),

vhere p, and B, are arbitrary constants, and there is thus associated
vith ¢ an arbitrary constant and one will not require to be added
n the equation

b= f g BT (vid).

¢ We have now sufficient equations to determine the general
ntegral. By means of (vii) ¢ is given as a function of r, and
‘herefore by (ii) as a function of ¢; hence (iil), (iv), (v) give @, y, 2
w8 functions of .  Moreover we have six independent arbitrary
:onstants, viz., 4% B, a and the six quantities a,, a,, b,, b,, ¢,, ¢,
:onnected by the three relations (vi). These therefore constitute
he general integral of the differential equations.
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Ez. Solve in this way
L
(@49 G5 +pr=0
(e +9} 5 +ay =0
Also solve by transforming to polar coordinates.

MISCELLANEOUS EXAMPLES.

1. Prove that, if
6 (m —n cos p)t=de (m ~n cos O)3,

then Sm—n(c'+ :—,)+n(coos %Q_%wsﬂ—Ttb)Lo'
o being an arbitrary constant.

2. Let F'(z) denote the integral

dz
f; A—a) - Bt
prove that the algebraical relation equivalent to
F(z,)+ F(zy) + F () =0

is 4(1 -2 (1~ 2) (1 - 288 =(2—2* - 23 - 2+ Bz Py,

3. Let E () denote the integral
@ (1 -8\ %
[ e
E(2) + E ;) + E (25) = — ki, 27,
where #,, 3, %5 are related as in the previous example,

verify that

4. Verify that

2, s 1
Ty Yo 1
Ty Ysy 1

\=O

l

is an integral of
day 3+ diy W+ da, =0,
-zt -zt (-t
7 being given by the relation #8+y8=1,
Interpret the result geometrically.

(Cayley.)
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6. Prove that the integral of
W o
A+t a+m?
may be exhibited in the form
(1+2%) (1+%) (1 +a8)=(1 + zya)’,
where e is an arbitrary constant; and that of
da
(@ Zorap <?y3-;j':1}>*=°
may be exhibited in the form
(423 = Ip+ ) (4y° = Jy + ) (4a* ~ Ja + 7 ) ={4aya —~} I (z+y +a)+JF,
where J and J are definite constants and a is an arbitrary constant.

Shew that the general integral of
IYdo+ v Yay=0,

where X=(k, 1, m, 2, 1)}

Te=(k, I, my nYy, 1)%
is XYZ={k+1 (v+y+2) +m (3y + yz+23) + nayzls,
whero Z=(k, 1, m, nfz, 1,

and z is an arbitrary constant.
(Mac Mahon and Russell.)

6. Prove that integral relations equivalent to
de  d¢ , dy

56" aptay=°
sin? 4d6 + sin®¢dep + sintydy [’
Y] Y oy
whera Ax={(1 - «sin? x) (1 — A gin? x)(1 — psin® )i,
sin - 8in ¢ cos 648 &in g sin yrcos p AP
e (sin®  — sin¥ ¢) (sin% 4 —nind ) (sm’ ¢ —sin? §) (3in? ¢ —sind )
8in ¢ sin 6 cos Ay
(sm’]//_—mﬁh ) (sins Y~ sind p) 4,
and cos Y cos ¢hsin § A4 08 @ cos y Bin i A
(sIn% 4 — sin® ) (sind 6 —sin® ) (am“ ¢ —sin? §) (gin? ¢ —ein? )
008 ¢ cos fsin YAy

(sn?‘ - —8in?6) (sin? s — sin?¢ ¢)
Determine 4 and B from the conditions that ¢ =a and yr=8 when 4=0.
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7. Find the primitives of the equations
() (ay - be) dz+ (cz— az) dy+ bz~ cy) dz=0;

oy 08 (y+e—2z) dy(s+z-2) ds(z+y-22)
@ Do T e-nE-y) T @9
(i) (y2+ys+2?) do+ (4 2w+ 2% dy + (22 +zy +38) de=0.

8. Obtain the primitive of the equation \( ve &L
%
22 — 3+ 28) dir+ 2dls -
in the form il.""c‘l'. q‘,”.h. .
fs_"’cht+ 0=’—u’y:m’ ¢ o’:l, E‘."-l, n / &
where z=us, WP g QL JURRSY, . dw. Cle w, Z 4.
. . ‘
D A D PR TP A 1 Yl G . ‘I"Euigr.;,‘r“
9. Solve the simultaneous equsﬁione LELS1 N
o B0y
b:—ig =(0—a)az },
cd—t=(“—b)'”y
expressing each of the quantities #, 7, s as elliptio functions.
10. Integrate the system of equations
':;+cw+b;y cos n¢+be sin ne =0,
um—%f—bysinm+bacosm=0,
bmoosm+b.zai.nm—%/—u=0,
bmsinm—bzoosm+ay—%:=0.
ek M B e®
11. Integrate the simultaneous equations han g_ 2 f}
%+n’{u—3€(“£+"v)}=0’ ‘f",,ﬁ.;t "‘(““"';
£ AP 4 4- ¢
P et fo3n (s +on)} = 0‘ & /8,
24%/‘_(
where £ is written for cos (a¢ + b) and 7 for sm(a,t+b)
(L1ouv1]Ja.)
frawaa o EX,

»e,7/
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’ 12, Solve the simultaneous equations

4
g%—adx,+b &4+ oy=0,

diz  d%
Tatagh J+b-—+oz| 0.

13, Shew that any system of lines desoribed on the surface of the sphere
2%+ g3+ ¢*=12 and satisfying the equation

(1+2m) zdw+y (1 —2) dy +2dz=0
would be projected on the plane of zy into parabolas.
Find the equation of the projections of the same system of ourves on the
plane of yz.

14. Shew that Monge’s method (Ex. 4, § 164) would, if we integrate first
with respect to & and ¢, present the solution of the equation in the preceding
example in the form a

T . - 1
() Q+emattdmpl), yl-a=-¢o). () X3NIT =Y

Apply this to solve the problem of the preceding example and identify the
results.

16. Intoegrate the simultaneous equations

@a, R dm,_0R @, _OR
B dm I dmy v AR m

where R is a function of (@,3+&+... + 2,9
(Binat.)

lv‘(ll.l\.\-\:\uu.»“wf‘, :)Lizl'r N TN A el .

- 1

) %—mwu-\r!f__) Y Cdee) gm0+
e - 9_)= _p' (*17+q:‘)«33 oy G -+wfr)-<

LY G- ¢
‘7_'\.']4’((')"0 Q\mvn wo Dot e U - Ao Eh q

P'c‘.rn (P 0‘3+33‘, \“A A'f‘-‘ " ie“““\“" i {P

D@ Ry e U\*JA_ L gl ATl G
H—&mu(l\hsem\.»ugﬂ(l*. PPV B % -R_ “1-&'1%\-(44'
%u’ A ALY m‘rr.wh i L-,eb.wu.ut.uc, Z henn 3% 59
wYqZ L’\«-\ELM-\\_MLH*" %



CHAPTER IX.
PARTIAL DIFFERENTIAL EQUATIONS OF THE FIBRST ORDER.

176. HITHERTO we have been considering for the most part
differential equations in which the dependent variable or, in the
case of & get of simultaneous equations, variables are supposed to
be functions of only & single independent variable; we now proceecdl
to consider equations in which the number of independent variables
is greater than unity, and shall suppose that there is only a single
dependent variable. The latter is usually denoted by z; if it be &
function of only two variables these are usually denoted by z and
y; if z be a function of more than two, say of n, then it is con.—
venient to denote the latter by z,, z,, ,, ...... , @, The first

partial differential coefficients in the former case, viz., g;— and

o

3’ are represented by p and g respectively ; in the latter case the
. . . 0z 0z 0z
partial differential coefficients ~—, —, ...... , =— are represented
oa,’ 3z, oz, P
respectively by p,, py, +.... ) Pu

An equation in partial differential coefficients is a relation.
between the independent variables, the dependent variable (which
is an unknown function of those variables) and its partial differen.—
tial coefficients with regard to them; it is of the first ordex
when the partial differential coefficients which occur are all of ordex
not higher than unity, of the second order when the partial
differential coefficients of highest order which occur are of ordex
two; and so on. In this chapter we shall consider only equations
of the first order.
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It may happen that we have more than a single differential
equation relating to the same set of variables; for instance we
might have two equations between 2, , ¥, p, g. In this case the
two equations could be solved and from them values of p and ¢ in
terms of #, y and z could be deduced ; these could be substituted
in the oquation

dz = pdz + qdy,

and we should thus obtain a total differential equation. Similarly
in the case of » independont variables . equations would be suffi-
ciont and necessary to determine p,, p,, ...... , D,; these 7 equations
would then be considered as furnishing a total differential equation.
When the number of equations is less than the number of partial
differential coefficients and theroforc of course less than the
number of independont variables, we are not able to deduce from
them a total. differential equation ; usually we have only a single
cequation given and we then call it a partiel differential equation.

As in the case of ordinary differential cquations, the integration
of the equation is the derivation of all the values of z which when
substitutod in the ditferential equation render it an identity.

Clussification of Integruls.

177, Bofore indicating mothods of integration and giving such
classes of oquations as are casily intograble, it is necessary to
classify the differont kinds of integrals of a partial diffcrential
cquation and to prove that the classes include all possible intograls
of the equation. For perfect generality the propositions should
be proved for an equation involving n variables, but the proofs are
giveu for an equation involving only throe variables; this limita-
tion has the advantage of shortoning the equations and of lossening
their number, while the slightest consideration will shew that it
is possible to pass to the general case without any ecssential
difficulties of analysis.

178. Suppose that we have between , z,, 2,, #, a relation of
the form

S @, @y, @, @y, B, G =0.cvennnnniinnnnl (1),
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in which a,, a,, a, are arbitrary constants and which contains no dif-
ferential coefficients of 2. To obtain p,, p,, p, We have the equations

of af_
_p‘+a-l—0
of of =
_1"0"'5"_0 ........................ (2).
o of =
B_P‘+B_._0

Between equations (1) and (2) the three arbitrary constants
can be eliminated ; if in (1) there were more than three arbitrary
constants these equations would not be sufficient for the elimina~
tion, while if there were fewer than three there would be more
than sufficient equations. Let the result of the elimination in
the present case be denoted by

F (D, Py Py & @ B @) =0 o (A),

which will be the partial differential equation corresponding to the
integral relation (1).

Conversely, this integral relation (1) is a solution of (A), and it
contains three arbitrary constants. We cannot expect more than
three arbitrary constants in a solution of (A); for, on passing from
such a solution to the differential equation by the method in which.
(A) has been obtained from (1), only three constants could be
eliminated. Hence (1) contains the greatest number of arbitrary
constants that we can expect in a solution of (A).

The name Complete Integral of an equation is given to a
relation between the variables which includes as many arbitrary
constants as there are independent variables.

179. The supposition has been made that a,, a,, a, are con-
stants and we have deduced equation (A) from (1) and (2). But
we may suppose that a,, a,, a, are functions of the independent
variables; if they be such as to leave unaltered the forms of
Py Pp Py then the differential equation obtained by the elimination
of these functions will be the same as in the case when the quan-
tities a were arbitrary constants, for mere algebraical elimination
will take no cognisance of the value of the quantity eliminated
but only of its form. Now with the new supposition that the
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quantities o are functions of the variables @, @, @, the values of
the partial differential coefficients are given by the equations

of 3f i da, af da, , Of Oa,_ -0,

92" 30,V da 8.1:l da, 3m 9a, 0z, /
f 9f Oa,  Of Bw f 0a, =0, ( 2—'

Bz ? aw, da, B.z:, da, Bm, aa,,am

of af of 0a, , 9f 9a,  9f 9a, _

0z+° am, da, Bm, da, 0z, oa, am

But the forms of p,, p,, », are to be the same as before when
they were given by equations (2); in order that this may be the
case we must have

of da,

34, 9,
Y e,
Oa, Oz,
of ta,

a, 0z,

e, o dgy_

Oa,0m, " Oa, 0z,
oo, o da_,
da, da, aa oa,

L e, oD,

Oa, Om, * 3 aw,,

Let R denote the value of the determinant
oo, o,
oz’ oz’

20,

o,’

% %

oz’  Oa,’
8o that the foregoing equations are equivalent to

3f=0 Raa—f=0 Ri=0
a, 00,

&

D W
S8

Sl

%
oz,

(]

Now if R do not vanish these can only be satisfied by

o _ 1 ¥_

B, =0, 0, 30~ [V O ®),

and these are three equntions which determine the values of

@, a, a, in terms of the variables, The relation (1) is still a

golution with the change in the quantities @; when the values
F. 19
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just found are substituted for them we have a solution of (A)
which contains no arbitrary constant. This solution moreover will
obviously differ from a solution containing no arbitrary constant
but derived from (1) by assigning particular constant values to

a,, @, in (1) ; thus the result of eliminating the arbitrary con-
stants between (1) and (B) gives a new solution.

This solution is called a Singular Integral; it is a relation
between the variables involving no arbitrary constant, but it is
not & particular case of the Complete Integral.

180. The equations (4) will all be satisfied if R=0; and as
we are now assuming that a,, a,, a, are not arbitrary constants but
functions of the variables, this equation will be satisfied by a
functional relation between a,, a,, a,; this functional relation

o y may be arbitrary, eo that we may write
Wl
in which ¢ denotes an arbitrary function. Multiplying now the
equations (3) by da,, da,, dz, respectively and adding, we obtain
i i 7 o =
af“ldtl,+a-¢x—,da,+azdd,—0.
But from equation (C) we have

da, _ida +a¢ da,

af of o¢ of af 2¢ -
so that (Ba da, 9a, ) da, + (Ba + ZWB;) da, = 0.
Since @, and a, are independent, their variations da, and da, ar¢
aleo independent ; in order that this equation may be satisfied we
must therefore have

AT
au da, .
@f ap [ (©).
% au aa

These equations (C) are sufficient to determine a, @y a, i
terms of the variables and the expressions o obtained will involv:
the arbitrary function ¢; when they are substituted in (M), th
solution takes a new form which is different from both of the othe
two.
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This solution is called the General Integral; it is a relation
between the variables involving two (or, in the case of # variables,
n —1) independent functions of those variables together with an
arbitrary function of those two (or n — 1) functions.

The equation R =0 could also be satisfied by making @, an
arbitrary function of u, alone or of a, alone, so that we should thus
arrive at different classes of General Integrals; but these are all
less general than the former, in which only a single arbitrary
relation between all the quantities @ occurs. This is easily seen
from the consideration that if, in equation (C), a, be expanded in
powars of a, the coofficients are arbitrary functions of a,, while
if +r (), an arbitrary function of @,, be expanded in powers of
a, the coefficients are merely arbitrary constants; and the latter is
obviously included in the former.

181. It is thus manifest that we have three fundamentally
distinet classes of solutions of partial differential equations; it
remains to shew that there are no others, and this will be done
by proving the following theorem :

Every solution of the differential equation is inoluded in one or
other of the three classes of solutions of the equation which are
ituted by the Complete Integral, the Singular Integral, and the

. General Integral.

Let (A) represcut the differcntial equation, and (1) the Com-
plete Integral of this equation; then the equations (B) and (C)
will give the Singular and General Integrals; let any other solu-
tion of the equation be represented by

V(8 2y, By ) =0ueerrrrnnnnnnnnn, (4).
As it is convenient to speak of £ as explicitly expressed in
terms of the independont; variables, we shall use Z to represent the
value of the dependent variable derived from (1) and § to represent:
the value derived from (4). This last equation gives

o
?;Px"’i:
o, O
oz Pt __
a“i’pl'*'i_

19—2
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If 1owW, we make these values of the differentisl coefficients
agree with those given by equations (2), we have the three
equations

Fop Wy
ow, 0z Oz, 0z
of oy o Of
5{0{‘3;—5;3_2_0 .................... )
N Nof
0w, 0z ow, 0z

and these determine the values of a,, a,, @, in terms of z,, 2,, @,
and the dependent variable,

Now since (4) is a solution of the differential equation, we
have
F (9,5 pas Py b2y, @, ) =0;
and since (1) is a solution, we have

F (p0: pos 0y Z, ,, @, z)=0
satisfied, when the quantities @ are arbitrary. The last equation
is also satisfied when the quantities a, instead of being arbitrary
constants, become functions of the variables, provided these functions
are such as to leave the forms of p,, p,, p, unaltered; and we may
therefore replace them by the functions of z,, ,, @, obtained as
their values from the equations (5), provided the necessary con-
ditions be satisfied. When this is the case the values of p,, p,, s
are the same for the two forms of the equation (A); and we then
have from a comparison of these two forms the necessary equation

£=2,

where in Z the constants a,, a,, @, are replaced by the values that
have been derived for them.

In order that the forms of p,, p,, p, for the new values of the
quantities o should be unchanged, the three equations of the

form
I Yo, o /“7—(?/*"*'7'@')

0z da, 3z 0z P
of | of da, 8f3 3f a, (o
= (am, * g, Ba: *+ 2a, O, ot Oa, am> /wt« o }‘
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must be satisfied at the same time as (5); and therefore the values
of a,, a,, @, are such as to satisfy the equations

of oa, , of Bau_‘_ of da, _

da, Bm o, 0z, " da, Om,

of Oa, , Of Oa, , Of Omy_

da, 0, o, T o, Oa, O, ot Oa, 0, 0

of da,  Of 0,  Of g,

30, 3, * 30, 5, t 50, 38, = 0

But these are of the form of the equations (3) which enable us to
pass from the Complete Integral to the other two Integrals; hence
the values of o are included among those which give either the
Complete, the Singular, or the General Integral of the equation.
And as the necessary conditions have been satisfied, we have
¢=12,

or the value of £ derived from the given solution coincides with
the value derived from one or other of the three principal integrals,

This proves the theorem and shews that the three classes
adopted include all possible solutions,

If on solving tho equations (5) the quantities @ be found to
bo all constant, then the given solution will be a particular case of
the Complete Integral; if they be found to be functions of the
variables and there exist a functional relation between them of
the form

ty = (ay, 4,),
then the given solution will be a particular case of the General
Integral; if they be found to be functions of the variables and
there bo no such functional relation between them, then the given
solution is the Singular Integral

Ex. 1. Assuming that the Complete Integral of z=pg is
8
dz= (u+z + b) '
a
investigate the nature of the solution
de—2uy=(23+y%)se0a+ (2 -y%) ten a.

Ezx. 9. Assuming that the Complete Integral of e=px+qy is
logz=alogz+(1-a)logy+b,
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investigate the nature of the solution

2=y (%)

Ez. 8. Assuming that the Complete Integral of z=pz +gy+py is
z=az+by+ab,
investigate the nature of the solution

g+zy=0.

182. In the case when there are two independent variables.
and one dependent, the three may be taken as the coordinates of
a point in space ; and the relations between the separate integrals
can be interpreted geometrically.

The Qomplete Integral, being a relation between , y and 2, is
the equation of & surface and this equation includes two arbitrary
parameters; so that the Complete Integral belongs to a doubly

infinite system of surfaces, or to a singly infinite system of families.
of surfaces. This integral is of the form

¢ (@, Y, 2 a,b)=0.

In order to obtain the General Integral we make one of the:
parameters an arbitrary function of the other, say b= 4 (a), and
eliminate @ between

¢(@y 2ad)=0
b=6(a)

3 3¢ .
22 o@=0

This operation is really equivalent to selecting from the systemx
of families of surfaces a representative family and finding its enve-
lope. If a particular family be taken (which occurs when b is made
a defimite function of a instead of an arbitrary function), then the
equation of its envelope is a particular case of the General Integral.
The foregoing equations as they stand represent a curve drawn on
the surface of the family whose parameter is a, while the equation.
resulting from the elimination of @ between them is the gnvelope
of the family; hence the envelope touches the surface represented
by the first two equations along the curve represented by the three
equations. This curve is called the characteristic of the envelope ;
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and the General Integral thus represents the envelope of a family
of surfaces, considered as composed of its characteristics.

In order to obtain the Singular Integral, we eliminate the
parameters between the equations

¢ (z, 9, 2,a,b)=0

o _
3—11_0
8¢ _

=0

This operation is the same as finding the envelope of all the
surfaces included in the Complete Integral; the three foregoing
equations give the point of contact of the particular surface
represented by the first of them with the general envelope. The
Singular Integral thus represents the general envelope of all the
surfaces included in the Complete Integral.

But when the elimination has taken place so as to leave a
relation between =, y, and 2, it is necessary to ensure that the
resulting equation is that of the envelope and not that of any of
the loci which are included in the same equations. Such loci
are, for instance, the locus of conical points and the locus of
double lines, neither of which satisfies the differential equation.
It is therefore desirable to substitute the result (when it cannot at
once be recognised as the equation of an envelope) in the differ-
ential equation ; it is to be retained only when it is & solution.

It may happen that the entire system of surfaces does mot
admit of this general envelope; in such a case the Singular Integral
will not exist for the corresponding differential equation, and its
non-existence will be indicated by the equations ordinarily used to
obtain it. Exzamples of this will hereafter occur.

48001

As an example to illustrate the p ding di ion of the g

relati the integral ider the equati
az+by+ar=(@+B+A =1 i (i),
which ins two independent ts. It is easy to prove that the
oorresponding differential equation is
' (gp+yg—2P=1+p2+¢" ... e (A),

and that the general envelope of all the planes contained in (i) is the sphere
Fp Bl e (id).
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Henoce (ii) is the Singular Integral of (A), and the sphere represente
(ii) touches each of the planes represented by (i) in a point.

To obtain the General Integral we eliminate a between

az+yf(a) +s[1~ad~{f(@)fP=1
otaf @z GH@F@ _ots
AT Gy

in which f() is an arbitrary funotion. This is clearly the envelope
family of planes the equation of which oontains only one parameter ; &
in therefore a developable surface. The equation of any developable sur
which envelopes the sphere, is thus included in the above General Inte
The process of making b a function of a is equivalent to drawing on
sphere some definite curve; and the developable surface is the envelope o
tangent planes to the sphere at points which lie on this line.

183. The explanation of § 179 shews how the Sing
Integral may be derived from the Complete Integral; it is, 1
ever, possible to derive it directly from the differential equa
as is the case in ordinary differential equations.

For the sake of brevity, suppose that there are only
independent variables. Let the equation be

) V(29 2p9=0,
of which the Complete Integral is

F (@, 9,2 ab)=0,

where o and b are arbitrary constents; the Singular Integr
obtained by combining the equation F'=0 with
oF oF

a——Oandm-—O ....................... (£

Since F'=0 is the integral of the differential equation the v
of 2, p, q derived from the integral will render 4 = 0 an iden
and the substitution of the values of p and ¢ (but not that
derived from F'=0 will in general render ¥ =0 equivalent tc
integral equation. Let this latter substitution be made, so
p and ¢ are replaced by functions of #, y, 2, @, b; then in ords
find the Singular Integral we must form the equations analo
to (A), which equations are

Yop g,
Bpaa oq da.
T

wabtagm
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These equations may be satisfied in two ways: firstly, by writing

W=,
» 3’
secondly, if % and %i’ do not vanish, then
3y oo _
dadb 0boa
The latter equation implies a relation of the form
(@ 9)=0,

which does not involve either @ or b, but may involve quantities| o™
multiplying o and b in the expressions for p and g; that is,
quentities depending on @, y, and 2 If both the arbitrary con-
stants occur in p and ¢ (which does not always happen) the
equation ¢ =0 would imply that they are effectively only one, or
that one of them is a function of the other; the equations used
then give the General Integral, with which we are not now
concerned.

‘We thus return to
ai' =0 and i—" =0;

the elimination of p and g between these and = 0 will furnish a
relation between @, y, 2, which is independent of any arbitrary
constant. If this relation satisfy the differential equation, it is the
Singular Integral ; and when the relation is found by this method
it is necessary to see whether the differential equation is satisfied.

The reason that this precaution is necessary is similar to that
which renders the corresponding precaution necessary in the case
of ordinary differential equations; when the surfaces represented
have an envelope, this envelope will be given by the equations

—0: H¥_ o _

v=0; i 05 5 g
But these same equations will be satisfied by the coordinates of
any pinch-point on one of the surfaces represented by the complete
integral ; the locus of these pinch-points, however, is easily seen
not to be a solution of the equation. The equations will also be
satisfied by the coordinates of any point P at which two different
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c

surfaces of the system touch, and therefore by the equation of the
surface which is the locus of these points. But this surface has
not necessarily for its tangent plane at P that tangent plane which
is common to the two surfaces, and therefore the values of p and ¢
(which give the direction-cosines of the tangent plane) derived
from this new locus are not the values of p and g which satisfy
the given equation ¥ =0. Such a locus corresponds to what was
before called the tac-locus (§ 28); and, while it may not be the only
locus (other than the envelope) which is introduced, the possibility
of its presence renders necessary an enquiry whether the equation
between «, y, z satisfies the differential equation.

Ez. 1. The differential equation
#(1+p2+ @) =N {(z+peP+ (¥ + 22}
has for its complete integral
(z—acosaff+(y—asina)!+2=2%3,

\ being supposed & determinate constant. Forming the envelope of this sphere
by taking

F=(z~acos a)’+(y - asin a)*+22— Na?=0,

%o %o
we easily find it to be
A (2240 + f)=2L
Now taking

V=2 1+ P+ -\ {(z+pef+(y+e2)}

and following the rule for deriving the Singtilar Integral from the differential
equation, we have

g=2ps’ — 2% (z+p2)=0,
%g=2gz’—2x’s(y+qz)='0.

The last two equations are satisfied by z=0, which though free from p and ¢
is not a solution of the differential equation. In fact by drawing a figure it is
easily seen that =0 is & tac-loous, bemg the p!.a.ne which contains the points
of contact of the different no ive sph with one another obtained
by giving all possible values to  and a.

Ez. 2. Oonsider the system of cones

(z-acosd)’+(y—asin0)“=(é—1%;)’,
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"

differentiate with respect to each of the independent variables
and have

) (a_u Bu) " o¢ (B‘u 811)

2w\t P T B_z+?3_z =0,
26 (0w ou\ 00 D0\ _
e ay+qa?)+a7(a_y+‘-’a7)‘°’

and therefore

G363 -Grom)GrrR)

which, on rearrangement, gives

where '
P _ Q@ _ R
o Ou|T[ou Gw [ou Da|
dy’ 0z |0z’ om| |om’ Oy
a2l | w| (0 %
oy’ 0z 9z’ ox oo’ Oy
or, what are the equivalents of these,

ou ou 0w
P =T Q En +R Z= 0

o o ov
P Fr +Q 53—/ +R = 0
Hence, when we have a differential equation of the form (ii),
into which the differential coefficients enter linearly while the
quantities multiplying these may be any functions of , 3, 2, we have
a corresponding integral given by (i), provided we can obtain u and
v in order to insert them in that integral equation. A differential

equation of this form is said to be limear; the difficulty in the
solution is the derivation of the functions u and w.

185. Now let us consider the equations v =a and v=>0, where
o and b are arbitrary constants, and let us form the differential
equations corresponding to them. We have

ou ou ou 5
—azdw+@dy+$dz—0,

o % o .
-a—mdm+'a—ydy+a—‘zdl—0r
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and therefore

Ou Ou| |0w Ou| [0u Ou|’

w | (o |
Oy’ 0z |0z’ Ow| |[oz’ Oy
do _dy dz .
or ?=§y=7§ ........................ @iv).

These are the differential equations which have for their
integrals w =0 and v=1>0; they can be formed at once from the
coefficients in the differential equation. We thus have the follow-
ing rule*:

To obtain an integral of the linear equation

Pp+Qq=R
write down the subsidiary equations
do
and, obtain two independent integrals of the latter; le these be
u=qa and v=>0.
Then an integral of the partial differential equation is given by
¢ (u,v)=0,
where ¢ denotes an arbitrary function.

An arbitrary functional relation between u and v of any form
will be satisfactory ; thus we might have

u=1(v),
where v is an arbitrary function.

186. This rule enables us to obtain an integrdl involving an.
arbitrary function; it will now be shewn that it is the most general
integral possible, in that it includes all solutions of the differential
equation. Let

Y @y2)=0

* The theory of linear partial differential equations wae first given by Lagrange,
as well as the classifioation of the integrals of equations of the first order. The
beidiary ions (iv) are ti called L ’s equations.
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in which m, 6 are arbitrary tents; the ponding differential equation
is easily obtained. The equations, which give the envelope, are
sin 8 (z — a cos ) — oos 8 (y — a &in 6) =0,

(-)(- 3o
These are all satisfied by
r=ac08 8, y=asinb, z=s‘,
which give R+yi=ds,
but 2 is arbitrary.
The equations are also satisfied by

==

, wsinf=ycosb,
and the corresponding elimingnt is
2\2
B+yi= "H‘E) .

The last equation represents the envelope; the doubly infinite system of
cones is generated by the revolution, round the directrix of a parabola, of all
the right circular cones whose vertices lie on the tangent at the vertex to the
parabols, and one slant side of any one of which coincides with the tangent to
the parabola drawn through the vertex of the cone. The equation
22+ yi=a?

is that of the cylinder on which lie all the (singuler) circles which are the loci
of the vertices of the cones in the revolution round the directrix.

For fuller information on the subject of the Singular Integrals of partial
differential equations of the first order a memoir by DaRBOUX, Mémorres de
D Institut de Framae, t. xxvii. (1880), should be consulted.

Lagrange's Linear Equation.

184. We have seen that among the integrals of a differential
equation there is one—the General Integral—into the expression
of which an arbitrary function enters; the deduction of the
differential equation from the integral implies the elimination of
this arbitrary function. The simplest form possible for an integral
of this nature, when there are two independent variables, is the
equation

@ (U Y)=0 i (),
in which ¢ is an arbitrary functional symbol and % and v are
definite functions of @, y and 2z In order to eliminate ¢ we
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be a solution of the equation

Pp+Qg=
and let the solution of this equation obtained by the foregoing rule
be ¢ (u, v) =0 ; then from equations (iii) we have

ou ou ou _
PBTE-FQ@'FR&—O,
ov o o
P$+Qa—y+Ra—z—0.
Since Y (&, ¥, 2) =0, we have
o oy

oy, oy _
s P00 oyt T

the substitution of these values of p and g in the differential
equations gives
W oW, g
P a‘7E+Q ay+R§.0.
‘We have thus three equations linear in P, @ and R; when
these quantities are eliminated we have

v oy oy =0
oz’ 0y’ Os
o
oo’ Oy’ Os
oW n
oz’ dy’ Oe

Hence there is some deﬁmte functional relatmn between v, u, v;
let it be

¥=F(u,),
where F is a definite function. The solution ¥ (%, y, 2) =
therefore the same as

F(u,v)=0;
and, since F is a definite while ¢ is an arbitrary function, this

solution is included in
'

¢ (u v)=0,
that is, is included in the solution obtained by the method given
in the rule.
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This latter solution is thus the most general solution possible of
this form ; it evidently corresponds to the General Integral

187. Corollary. The equations u—a=0 and v—b=0 are
integrals of the differential equation. For the general solution may
be written

u=1(2),
where Y~ is an arbitrary function. Take then +r(v)=as", where
a is an arbitrary constant; the equation then becomes u—a=0,
which is the first of the stated integrals. Similarly for the second.

These results can be obtained independently. The foregoing
article shews that, in order that ¥ (z, , z2) = 0 may be an integral
we must have '

o, % o _
P37+Q—35+R55—0'

But the equations
ou ou ou
Pa'E +Q 3 +R %= 0,
oy ] ov
Pa_m +@Q & +R PP o,
are actually satisfied ; hence u —a=0 and » — =0 are integrals.

188. Woe thus see that, when there is a single arbitrary function
entering simply (that is, without any derivatives) into an integral
equation, the corresponding differential equation is necessarilylinear;
and that the linear differential equation has for its most general
integral a relation into which an arbitrary function enters. We
therefore infer that, in the case of a differential equation which is
not linear, the arbitrary function which is essential to the General
Primitive cannot enter in a manmner similar to that in which the
arbitrary function enters in the foregoing equation ; in fact, with it
will be associated in the General Primitive its first differential
coefficient.

189. In the foregoing we have limited ourselves to the case
of two independent variables; the proof of the method when
there are n independent variables follows the former on exactly the
same lines, and the corresponding rule is:
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To obtain the most general integral of the linear equation
Pp +Pp,+Pp,+ ...+ Pp, =R
write down the subsidiary equations

da, _dz, _ 9o _ds
P, P, P, R’
and obtain n independent integrals of these; let them be
Uy= Gy Ug= Gy vrnrennse s Up= Qe
Connect these quantities u by an arbitrary functional relation
b (Uyy Ugy vrvvnnns s Ug)=0;

this equation. 18 the integral required.

The proof of this, as well as that of the corresponding corollaries,
viz. that u,=a, U=04 .ccooun. , u,=a, are integrals of the
equation, is not difficult.

Ez. 1. Solve the equation zp+yg=s. -
Lagrange’s subsidiary equations are

do_dy _ds
z y "8’

of which two integrals are z=ay, s=bz; henoe the solution of the equation is
s H-o
It can be exhibited in the forms
2 8 8 z
§7v() a3 (3).
which three are easily seen to be equivalent to one another.

\', Ez.2. Solve the equation

\

\ (mz - ny) p+(nz - le) g=ly —m.
Lagrange's subsidiary equations are

_do _ dy __ds

me—ny pz-l ly—mz
Henoe 2dz+ydy+2ds=0, whenoe z3+y+el=a;
and lder+mdy +nde=0, whence lz+my+nz=b;

and the integral of the equation is
lotmy +nemgh (a8-+y+ 29
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Ez. 3. Solve the equations
() alp-zyg+y'=0;
(i)  zep+yeg=ay;
(i)  (P+B—a%)p— 2o+ aw=0;
() e-ap-yg=a@+yi+f;
C (V) (e-2)pt(b-y)g=0-2z;
(V) (%2 —29%) p+ (29— 2%) =92 (z° - J*);
(vi) ptanz+gtany=tane;
(vitd) (112 — 6y +22) p — (67 — 10y +42) g=22 — 4y + 63 ;
(ix) &+ (o) Pyt (8+ ) Py=Ta+ 2.

Ez. 4. Solve the equation !

(@4 2y +8) Py + (% + 7y +2) P+ (21 + 73 + 2) Py= 2y + 79+ 75
Lagrange's subsidiary equations are
_dn __dy | de e _
Byt ay+e Fytatz Zyt+aytz ezt
Each of theee equal fractions
_Ge—dy _ de—dzy _ ds—dz, _ ds+da, + e +day
—(e—m) —(e-m) —(-7) 3(z+m+aytay)
The integrals of these are

4% ]

(e

Tmzy E—ay z—zﬂ@-(ﬂ-'-xﬁxﬁz’)"
and therefore the integral of the equation is

e{e-a) St (s-2) 8 (-2 8%=0,
where S stands for 24+ 2+ 2y + 75,

En. 6. Prove that in the last quostion, if, when ¢=0, the variables be
oonnected by the relation

8+ o+ rf=1,
then the integral is

{(my — 8+ (g — 2)°+ (T — 2)°} (2, + 2 + W +2)°= (2 + 2 + 75 — B2)°.
(Mansion.)

Ez. 8. Solve the equations
() Py +petytpTy=ns;
" ,
@) PPt po= oL

| (i)  2%g20y + 257180y + B Vo0 = 21Ty
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Standard Forms.

190. Before proceeding to indicate a method of integration
which is applicable to the most general equation of the first order,
it is advisable to mnotice a few standard forms of differential
equations which admit of integration by very short processes and
to one or other of which many equations can be reduced ; as the
general method is usually much longer than that which is effective
for any of these standard forms, it is advantageous to see whether
the equation is included under one of them.

191. StaNDARD I: Equations in which the variables do not
explicitly occur ; such equations may be written in the form
v 9=0
A solution of this is evidently
z=az+by+ec,
provided a and b are such as to satisfy
V¥ (a,b)=0.
If then the value of b derived from this equation be b=f(a),
the Complete Integral of the equation is
z=az +yf (a)+c.
The General Integral and the Singular Integral must in the

case of every equation be indicated as well as the Complete Integral,
or the equation is not considered to be fully solved.

Equations which do not explicitly come under this standard
can often be included by changes of the variables ; thus for instance
functions of # which occur in the equation might admit of associ-
ation with the p and functions of y with the g. But the changes
needed for any equation can be determined only for the particular
circumstances of the equation; there is no general rule, since an
equation cannot always be reduced to this form.

Ez.1. Solve pg=Fk.
The foregoing shews that
s=az+by+o
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is & solution provided
ab=*k;
the Complete Integral therefore is
s=azr +§» y+e
The General Integral is obtained by eliminating a between the equations
s=av+’ y+9 (@)
2 s
0=a—2 g+ (@)
where ¢ is arbitrary.
The Singular Integral, if it exist, is determined by the equations

s=az +£ y+e
0= z- ‘% 1 ;
0= 1
the last equation shews that the Singular Integral does not exist.
Ez. 2. Solve Pg=2"s,
This can be put into the form
¥ Vg =1
ads yrdy
Let dZ=5"Vdz, s0 that (1 - ) Z=7""H,
df =amdg, ... (m+1) f=am+1,

dp =yrdy, .covenne. (1) p=ymtl
and the equation becomes
0207
ok o
which is included under the last example.

=1,

Ez. 3. Solve the equations :
(0 PHgi=m?;
() a(p+g)=2;
(iii) 2pityigi=z;
m
(iv) pmseo™ z+ g™ cosect y=2"""; ¥
) P+gi=npg;
() pP+pmpm=1;
(vii) £p\pypy=212575
20—2
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192. The differential equations included under the form
¥(p9)=0

have an important interpretation when viewed geometrically. We
know that the equation of the tangent plane to the surface

z=F (2, y)
at the point £, 9, {is

== +y-nG +FE 1)

and the surfa.ce is the envelope of the tangent planes. Now if
between = a.nd @ there be a relation

b3
F oF
¥+ (3 7)=0

all the quantities £ , gg gF are functions of a single quantity,

and therefore there is only a single parameter in the equation of
the tangent plane. The envelope of a plane whose equation is
of this form is a developable surface, and hence the surface con-
sidered is a developable surface.

It therefore follows that

v(p9)=

is the general differential equation of a family of developable
surfaces; and the equivalent General Integral is the integral
equation of the family.

198. Stanparp IL

In attempting to reduce an equation to the preceding standard
we may find it possible to remove from the equation the indepen-
dent variables, so that they no longer occur explicitly; but it
may not be possible to remove the dependent variable, and the
equation will then be of the form

x (29 9 =0.
‘We assume as & tentative solution

z=f(e+ay)=f()
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"

(£ being written instead of @+ ay), in which o is an arbitrary con-
stant. We then have

de 9 _dz
P w T aE

dedf_ de.
1=dgoy~ " dg’

and the substitution of these in the equation gives

dz de
x(z, & a’t_i_f)=0'

This is no longer a partial differential equation, as there is now
only one independent variable. This independent variable does
not explicitly occur, and thus the equation comes under Standard
IV. (§ 18) of ordinary differential equations of the first order.

Solving for T we have an equation of the form

—~¢(z,ﬂ)
the solution of which is
E+o=[otray
or z+ay+b=F(s a).

This is the Complete Integral ; the General and the Singular
Integrals may be found by the ordinary method.

Ez.1. Solve the equation
9(pl+g¥=4
If we make the substitutions as in the standard case, the equation becomea

or 3ds (a2 +a)t=df,
the integral of which is
(z+'a’)’=£+ [H
the Complete Integral of the equation therefore is
(e+a?P=(z+ay+of
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The General Integral is obtained by the elimination of a b
(s+a)P={z+ay+0 (2)} }
and 3a (s+a={z+ay+6(a)} {y+€ (a)}

where 6 is an arbitrary function.
It is not difficult to prove that there is no Singular Integral

Ez. 2. Solve the equations :
@) P==(1-pg);
) ¢%i=z(a—pa);
(iif) p(1+¢%)=g(s—a);
(V) 1=ppy+ppe+pre®;
(7)o +epst+ 2P =1"p Paps

194. The relation between the integral and the differential
equation admits of a geometrical interpretation. The first step in
the process of solution is writing £ for @+ ay, which is equivalent
to turning the axes in the plane of zy through an angle equal to
tan™ o and magnifying the coordinates in that plane in the ratio
of (L+a®:1. It is then assumed that z is a function of £
but is independent of the coordinate parallel to the new axis
of y. Now

s=f®

represents a cylinder whose axis is parallel to the new axis of y;
and therefore the equation gives the cylinders satisfying this con-
dition. But now, returning to our original axes, since a is an
arbitrary constant, the axis of £ is an arbitrary line in the plane,
and therefore also is the line taken for the transformed axis of y.
It thus follows that what we find by our process of integration will
be all the cylindrical surfaces with axes in the plane of @y which
satisfy the given differential equation.

195. StANDARD ITI.

In attempting to reduce a given equation to the first standard,
it may happen that z may be removed from explicit occurrence in
the equation, but that # and y remain, and that then the functions
of p and @ may be associated with one another, and likewise the
functions of g and y; the equation will then take the form

¢ (@ p)=%( 9
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‘We assume, 88 a trial solution, each of these equal quantities
to be equal to an arbitrary constant a; from the first of the two
equations so obtained we have

p = 9] (w’ a)’
and from the second
9="6,(y, a).

Integrating both of these we find that, by the first,

z=f, (o, a) +a quantity independent of @,
and that, by the second,
z=£,(y, @) + & quantity independent of y.

These are evidently included in, and are equivalent to, the

equation
z=f, (@ a) +/,(y &)+,
where b is an arbitrary constant. This is a solution of the original

equation; as it contains two arbitrary constants it is the Complete
Integral.

The General Integral and the Singular Integral, if it exist, are
to be deduced from this in the usual way.

Er.1. Solve the equation
P+ =z+y.
The equation rearranged in the form
| Pea=—(@-9)
comes under the standard, and we therefore write
P-a=y-g*=a
Hence p=(z+ ap,
g=(y-ak,
and therefore
s=3a+ot+i-af+t,
which is the Complete Integral.

The General Integral is given by the elimination of o between
s=j(etalt+g <y—.a)*+x(a>}
o=(z+at-(y-ap+y (@ J

where y is an arbitrary function ; and there is no Singular Integral.
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Ez. 2. Solve the equations :

@) 2@ +g)=2"+";

(@) g=zp+p*;

(D) p=(gy+2)*;

(i) phegh=2z;

) pi-yg=ci-
Ex. 3. Shew that this method can be applied to the solution of equations

of the form
Ji(Br %) +13 (B3> 35)+13 (2, ) =0.

Thus solve fully the equation

PP+ Pl =28 + 28 + ol

196. StanDArD IV,

In this class are included those equations involving partial
differential coefficients, which are analogous to the equations
included under Clairsut’'s form (§ 20) in ordinary differential
equations. For two independent variables they are represented by

s=pr+qy+¢(p, 9,
where ¢ is a definite function. :
A solution of this is
z=az+by+¢(a,b),
which admits of immediate verification. As it contains two arbitrary
constants it is the Complete Integral; the General Integral is to
be obtained in the usual way, and there is usually a Singular
Integral.
Ez.1. Solve the equations :
@) e=pr+gy+pg;
@) s=pr+gy+(+pi+t;
(i) e=po+gy+(apt+Bei+y);
(4v) s=po+gy+3pet;
obtaining in each case the Singular Integral as well as the Complete Integral
Ex 2. Solve the equations :
() s=pror+pety+pate+f (Prs Py, 25);

1
" w=1 e
(i) ,=u§ np“z“+(n+l)(p,_pl...p,)"+1 ;

and obtain the Singular Integral in each case.
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Principle of Duality.

197. There exists in partial differential equations a remarkable
duality in virtue of which each equation is connected with some
other equation of the same order by relations of a perfectly re-
ciprocal character, We shall consider here only equations of the
first, order.

Considering the case of two independent variables only, we

write as our new dependent variable
Z=patgqy-e, |

and therefore U ts

LD YIS

dZ=adp +ydq+( s+ 8- Y

We take as our new independent variables p and ¢, which we write

X and Y for symmetry, so that

X=pand Y=g;
and then we have
e=lZn 2
o 0X (w
Lz ez o\ -
T0g oY %’
then e=PX +QY -2,

80 that the relations between the variables are, as stated above,
reciprocal.

If now we have an equation of the form
¥ (29 2 9)=0,
the above relations transform it into "
V(P Q PX+QY-Z X, V)=0.
The integral of either of these being known, that of the.other is
deducible by a process of algebraical elimination. Thus let a
solution of the second be given, or be derivable, in the form
$(Z, X, Y)=0.

Then we have

P, 0 _,_ o8 3

dztax AV

S;-Lﬂ-» l-(.“\ i Vol Aty P‘!"Q, b&‘«uw

-
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. B¢> op _
that is, @37 Z x= =0,
34; ¢
Yazt aY
op_ 0 o0 09
and 355= =7 7t X x T Yo 7
The elimination of X, ¥, Z between these four equations will
leave an equation in &, y, z, which will be a solution of
¥ (z,y,2,p ¢)=0.

Ez. 1. The simplest example of an equation which can be treated by this
method is that which comes under Standard 1V. (§ 196); the equation being
z=pa+qy+f(p, 9
the transformed equation is not differential, but algebraical, being in fact

-Z=f(&, 7).

Thus in particular consider
s=pr+gy+pi+et;

the transformed equation is

~Z=X3+73

24 9z

Hence z=ﬁ,=—2X and y—B—Y=-2Y
where 2= X——+Yﬁ.—Z=—(Z‘+Y“).
Hence, eliminating the quantities X, ¥, Z, we have

~ts=abgh,

which is easily seen to be the Singular Integral of
s=pr+gy+pi+gt
Ez. 2. Solve the equations :
@)  (sp+y9)e—pz-gy)+pg=0;
(@) s+l-z(z+p)-y(y+9)=0;
(i) p* (2" - 2)+2pgay +g* (v -y) ~ 2pas—2ys +2°=0;
@) (po+gy~9)(pla+gy)=pe.
Ez. 3. Prove that the equations
() #hi(e-po-gy, P, 9)+3h (-2 - 1, Q=13 (5~ P2 -3y, P, 9)s
(ii) F(s—pz—gy, z,9)=0,
are reducible, by the foregoing substitutions, to standard forms.
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.
Ex. 4. Prove that the equation

Zf, (% P, 2~ pa)+0fa (3, P, £=p2) =13 (¥, p, 2~ pu)
is reducible to Lagrange’s form by changing the variables so that p and y are
the new independent variables and z - pz the new dependent variable.
Hence solve the equation
g (y—b)*+2pre=e+ 2p% (z +1).
Ez. 5. Solve (s—p-qy)=1+p2+¢%

198. The process of derivation of one differential equation
from avother as exhibited in the preceding article is really a trans-
lation into analysis of the geometrical principle of duality between
surfaces. When we take a fixed quadric, which we may denote by
3, then with every surface S there is associated another surface S,
called its polar reciprocal, which is the envelope of the polar planes
with regard to 3 of points on the surface S; and the surface S is
the polar reciprocal of &, being the envelope of the polar planes
with regard to 2 of points on §".

The polar reciprocal of a surface depends on the subsidiary
quadric, 3, and is different for different quadrics; the quadric
most commonly chosen (on account of the geometrical simplicity)
is a sphere with its centre at the origin of reciprocation.

Let us consider as the subsidiary quadric not & sphere but a
paraboloid of revolution whose equation is
&'+ y =2z
To the tangent plane at & point 4 on the surface S corresponds
a point A’ on the surface §'; and to the point 4 corresponds the
tangent plane at A4’ to §. Let «, y, 2, p, ¢ be the quantities

associated with 4 ; and X, ¥, Z, P, Q the corresponding quantities
agsociated with 4’

The tangent plane at z, ¥, z to the given surface S is

f—s=p(E-2)+q(n—9)
(& m, ¢ being current coordinates) ; and the polar plane of X, ¥, Z
with regard to the quadric is

XE+ Tn—t—Z=0.
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But, because the two surfaces S and & are polar reciprocals, these
two planes are the same ; a comparison of their equations gives

X=p; Y=q; Z=pz+qy—-=
Similarly, taking a tangent plane at X, ¥, Z to the surface S’

and noticing that it must be the polar plane of =, y, z with regard
to the quadric, we should obtain the equations
z=P; y=Q; s2=PX+QY-2Z
These are the two sets of relations used in the preceding method.
Other relations could be obtained by taking other subsidiary
quadrics in reference to which reciprocation should take place; but
the preceding seem the simplest that can be found.

199. The General Integral of a differential equation involves
an arbitrary function, It may be necessary to obtain an inte-
gral satisfying certain conditions; the latter will then be ob-
tained if the arbitrary function be rightly determined. The
process is equivalent to that which occurs in ordinary differential
equations, where the arbitrary constants are determined by some
particular relation or relations between special values of the
veriables. In every particular problem the arbifrary function is
determined by means of the specified conditions.

Ez. 1. We know that the equation

ap+bg=1
implies that the normal to the surface represented by the integral equation is
perpendicular to & given line whose direction cosines are proportional to a,8,1;
this is the property of a cylindrical surface whose axis is parallel to that line.
The intey bteined either by Lagrange’s method or by the method applied
to Standard I is

o-ae=g (y—bs),
where ¢ is arbitrary. Suppose that the equation of a cylinder having its
axis parallel to the line (g, b, 1) and passing through the curve z%—g?=1 in
the plane of sy is desired. The section of the above surface by the plane of
zy is obtained by writing =0 therein, and thus it is

z=¢ ().

According to the assigned conditions it should be
2=1432%
A comparison of these equations shews that

b @)=+,
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and therefore also -

¢ (y—ba)={1+(y-bap}.

Hence the equation required is

. z—az={1+(y -be)}},

or, freed from radicals, is
(2 — a2t~ (y - bz)P=1.

Ez. 2. Prove that the equation

P(z-a)+q(y~b)=2-¢
represents a family of cones having the fixed point (a, b, ¢) for vertex. Shew
that the member of the family, which passes through the circle

224y=1
in the plane of 2y, has for its equation
(az—cz)® + (bz— ey)*=(2—0)2

Er. 3. Obtain the integral of the equation
P (ny—ms)+g (le—nw)=mz -y,

g0 that the section, by the plane of zy, of the represented surface is a conic.
section of eccentrioity e with its centre on the line

A+ (1— ) (lw +my) =0,

General Method of Solution.

200. We now proceed to consider a more general method due
partly to Lagrange and partly to Charpit ; it applies to the general
equation, which may be denoted by

F((t, ¥ 2 p, q)=0,
and its success depends, as will be seen, upon the integration of
some ordinary differential equations.

If in addition to the foregoing relation we have another between
the variables and the differential coefficients, the two can be
congidered as a pair of simultaneous equations which, when solved,
will give p and q as explicit functions of z, y and 2. The values so
derived, when substituted in the equation

dz = pdz + qdy,

will render it either immediately integrable or integrable on
multiplication by some factor; and the integral will be a solution.
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of the original equation, since the values of p and g derived from
it have in the inverse process been obtained from that equation.
Let then another relation between the quantities be denoted by

P (@ y 2 p q)=0;

if we can find the form of @, we shall be in a position to use this
method of solution.

201. Now the integral of the equation gives z (and therefore
also p and ¢) as functions of z and y; whatever these functions
may be, they will, if substituted in the equations =0 and =0,
render them both identities. Let then the values of 2, p, ¢ (as
yet unknown) be supposed substituted ; then the partial differential
coefficients of the left-hand members of both equations with regard
to « and y will all vanish, and therefore

OF oF  9Fdp oFdg

=+ a—zp+@a;+EéE—o,

BCD 0P 0dop , 9Pdg _

™t p*%a‘:ﬁ'aq Era

oF aF 0Fop oFdq
oy to Q+Bp6y+i>q 3_1/
9D + 0P | 9Ddp  9Pdg _

=0,

W ity gy
E].iminati.ug 4 between the first pair of these equations, we have

E350-EETDAEs-D-

and ehmmamng 3 between the second pair, we have

(BF o® oF B<I>) (’()F o® OoF B<I>) op (BF 0> oF BCI?')

Oy 0g - oq Oy 0z 0g 9g 02/ 9y \op 9g g op
9 _ 9% _op
Now a0~ 0ady ~ By’

so that from the last two equations, when added together as they
stand, the terms involving these quantities disappear; and the
result may be rearranged and written in the form
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-

G )G G m)a (2555
+(_a ey (3F)6¢

/o T\ "ag) oy ="

o
which we may look upon as a linear differential equation of the
first order to determine . The method applicable to this equa-
tion is therefore the one used in the case of Lagrange’s equation;
we write down the equations (§ 189)

_ dg  _ dz __Go _ dy _d

FF%_+ Q) ) S ) ) )
' P% i P i T T
and obtain integrals of these. Now in order that these equations
may hold we must have

d® =0,
or b=A,
an arbitrary constant. If another integral can be obtained by
equating any two of the first five fractions, it may be written in
the form

u=B.
By the corollary in § 189, =B is a solution of the differential
equation determining ®. Now ®=0 is the relation we are
seeking between , y, %, p, ¢; and the simpler this relation is, the
easier will be the deduction of p and g from ®=0 and F=0. We
may therefore take as the relation required the equation

u=2D0,
that is, we may take any one integral whatever of the foregoing
system of ordinary differential equations, provided either p or ¢ or
both occur in it; when this integral has been obtained, we combine
it with F=0 and carry out the process indicated in the pre-
ceding article.

202. The following proposition is an immediate corollary from
the process of the preceding article, or it may be considered merely
a8 & re-enunciation of the result there obtained :

When two equations of the first order represented by

F (=, 50 9)=0,
D (z, 9,2 p, 9)=0,
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are such that they satisfy identically the relation
0FoP 0F0P 0oF0d 0oF3d
oz op op % Ty dq 33y
Lp(TR_TW) @0 aFa)
oz op Op 0z 0z dg 0Oq 0z
and are considered as two simultaneous equations giving p and ¢
as functions of z, y, and ¢, then the values of p and ¢ derived from
them and substituted in the equation
dz = pda + qdy
render it an exact differential.

Another form may be given to the relation. Let

oF ©oF
FntPa
oF  oF
Fi=g %

and similarly for @ ; then the equation is easily transformed into
°® oF o0 oF
F‘B?J_ ¢'5;+F'E_q)’—a_q_
Ez.1. Solve the equation
P+ g~ po—2gy + 22y =0.
‘Writing down the subsidiary equations we have among others

=0.

dp dg _ dz dy
-2 2-2¢ -2p+2 -20+2°
Hence dp+dg=dz+dy,
80 that p-2+g-y=a.

Combining this with the original equation, which may be written
(P-2P+(g-9)l=(z-9)

we find ﬂ(p—:a)—a,-{.{g(m_y)i_ai))’
2(g-y)=a~ 2 (z-yP-at
Hence de=pdiz+gdy

gives  9ds=(3w+a) de-+(3y+g) dy +(da—-dy) {2 (- P~ B,
the integral of which is

2—-b=a%+az+y} +ay+ {E(x—y)’—a’}*

- 2T-|1t)g[2*(a:—y)+ @ _y)i_ag}i],
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which is the Complete Integral. The General Integral is deducible in the

ordinary way; there is no Singular Integral.

The above equation may, however, be solved without having recourse to
this method; but some f ti and substitutions are
Taking the equation in the form

(p-2P+(g-yP=(=-9)

y.

we write Z=2 -}t — 418,
oz 24
so that 5%=P—% and a—y:q——y.
Let the independent variables be changed by the equati
z-y=2%% end z+y=2t¥;
9Z _(oZ o —F o
then 2= (a+ )2 t-H P40,
0z 9Z o
== - D) g-t_o—t
& =(-go+ig)it=rie- ),
and therefore

Gf)h (% Py,

Py @=2X7

and is thus of the form of Standard IIL ; when the integral is obtained and
the new variables are replaced by the old, it will be found to agree with the
above.

The equation becomes

Ez. 2" Solve the equations
() P+g*-2pr-2y+1=0;
() 2(pg+py+ge)+ai+y’=0;
by Charpit’s method. :

Also reduce both of them to one or other of the Standard Forms and so
integrate them, shewing that the integrals obtained by the two methods agree.

208. In these particular examples Charpit’s method is less
laborious than the other; but this is by no means always the case.
It often happens that an equation which furnishes an easy example
of this rule is integrable still more easily because included in some
one or other of the foregoing Standard forms; and this causes the

method to be less used than would otherwise be the case. But it -

is more general than any of them, and equations integrable by any
F. 21
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of the other methods are integrable by this method; it is more-
over important in the general theory as indicating a method of
obtaining a solution of the differential equation without any
regtrictions on its form.

The limitations to success in practice are connected with the
integration of the subsidiary equations. Now these particular
limitations are just such as give rise to the methods adopted for
the different Standards and really indicate the classification therein
adopted ; in fact all the Standards are included in Charpit's form
and, integration i3 possible by this one general method whenever it is
possible by any of the special methods.

204. Thus consider first Lagrange’s form, which is
RB-Pp-Qq¢=0,
in which P, @, R are functions of &, y, # alone and do not involve
porg In this case
F=R-Pp—@Qq
oF oF

80 that —$=P, —E=Q,

oF  oF
TPy 95 ~PP+R=E;
thus two of Charpit’s equations are

de_dy_ds

PTQ R
the equations on which the integration of Lagrange’s form de-
pends. But it should be noticed that this is not a proof of

Lagrange's method for linear differential equations; the result has
already been assumed in the derivation of Charpit's equations.

205. Now consider the typical equation of the first Standard,
which is
Y@ 9=0,
80 that F=+(p, q),
in which &, y, z do not explicitly occur; then
oF_, oF oF _

5=% ="
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-

The subsidiary equations now are

so that we have p=a and g=b0, both arbitrary constants ap-
parently. But according to the rule we must combine any one
integral with the original equation, and so we have

¥ (a, 9) =0;
and therefore, if ¢ =, we have .
¥ (a, b)=0.
Then dz =pde + qdy
=adz + bdy,

of which the integral is
g=am+by+e,
with the limitation between a and b.

206. Proceeding now to the typical equation of the Second
Standard, which is

¥ (&9 =0,
an equation into which # and ¥ do not explicitly enter, we have
R F= ¥ (e, P Q)=
and therefore
) oF " oF
= 0, and i 0.
The equation derived from the first pair of Charpit’s fractions
gives
e _ZFd ;
o ok
P5% %%

and therefore p =mg. Combining this with y» =0 we can find both
p and ¢ in terms of z; let the values be f(2) for p and therefore
mf (¢) for g. Substituting in

dz = pdo + 9dy,
we have gz = dw+ mdy,
Sf@)

21—2
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or f%+0=w+my,
which agrees with the former result.

207. Passing now to the Third Standard in which the equa-
tion is
F=¢(@p)=v (3 9 =0,

oF _op ~ oF B¢
so that % o

oOF _ oy OoF_ Oy OF_
% 3’ 3 og %
we have from the subsidiary equations
dp_ dz
o _0¢’
o op

] ]
or a—%dp+£dﬂp=0,

that is, d(z,p)=a;
and therefore from the original equation
V(% 9=a

Solving these respectively for p and g we have

»=0,(za); g=0,(y, a);
and following the rule we have

dz =0, (z, a) dz + 0,(y, a) dy,

the integral of which is

z+c=f0, (&, a)do+ [6,(y, a) dy.
Ez. 8. Derive by Charpit’s method the integral of the differential
equation of the form analogous to Clairaut’s form for ordinary equations,

Ez. 4. Obtain by Charpit's method a solution of the equation
petqy=5(® 9)
where f(p, ¢) is & homogeneous function of  and g of the degree 7. ’V
Solve also 2p*+yg3=2pq.
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Ja0oBr'S METHOD FOR THE GENERAL EQUATION WITH ANY
NUMBER OF INDEPENDENT VARIABLES,

208. It has been indicated in § 189 that the method used
for the linear partial differential equation in Lagrange’s form can
be applied to the case when the number of variables is n ; we now
proceed to indicate the method, due to Jacobi, of solving the
general partial differential equation when there are n independent
variables. This general equation may be represented by

D (2, D5 Doy -oveee 3 Pas @y eveeee , 2,)=0,

where @, z,, ...... , &, are the independent variables and the p's
are the partial differential coefficients of z with respect to the @’s.

209. We will prove that if in this equation the dependent
variable explicitly occur (which will usually be the case since the
equation is perfectly general), then the equation ®=0 can' be
replaced by another with a new dependent variable, in which that
dependent variable does not explicitly occur and the number of
independent variables is increased by unity.

The differential equation @ =0 has some solution; let it be
represented by

u=f(2,&, G, ...... ,3,)=0,
where fs as yet an unknown function ; then we have
u |, ou
o0, " ="

for all values.of the suffix from r=1to r=n. Let these values
of p be substituted in the original equation, which therefore
becomes

ou ou ou
oz oz, o, _
. Q(z, _'57,," _ﬁ" ...... y —.@B, B, By oo ,w,)_o,
0 % 0z
and may be written in the form
3
ou ou . ou  Ou\ _
\If(m,, @y, ......,mn,z,ﬁ, 3_147,' ...... ’a_z,,’ a—’)—O.



326 JAQOBI'S METHOD . [209.

This is a partial differential equation of the first order; the
dependent variable « does not explicitly occur and there are n+1
independent variables z, a,, @, ...... , &,. Hence the proposition
is proved.

The integral of this leads to the integral of the original
equation ; it will be proved to be possible to obtain the integral of
V¥ =01in the form

u=Ff (@, Byy «eveee s By 2, Qyy G, vunee. » G
in which a,, a,, ......, a, are arbitrary constants.

When this integral is known, the complete integral of the
equation ® =0 is given by

f@,, @y, eenn. s By 2y Uy, Gy -ene , ,)=0,
in which 5 is now the dependent variable and there are the
original z independent variables. '

For w=f is the integral of ¥ = 0 and ¥ is a modified form of
@ =0, so that the latter is satisfied by u =, and therefore

o . of
oz, oz, oz,
¢(z,—i,—§, ......... ,—Zf,m,,m,, ...... ,wn>=0.
0z 0z 0z
But gince /=0 we have
of of, _
E’_"‘a‘zpr—‘_ol
of
and therefore p,= _27”’,',
' %

which is satisfied for all the suffixes r from » =1 to »=n; hence
we obtain

D(2, Dy Py» veeene s Ds By, Tyy weeeee ,2,)=0,
the original differential equation.

210. It is thus sufficient to consider differential equations
from which the dependent variable is explicitly absent. If it
explicitly occur in any given equation, it can be removed in
the manner indicated; and a transformed differential equation
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¥ =0 can be obtained, the integral of which will lead to the
required integral. We may therefore write the general differential
equation in the form

F(p,, Py +vee-e Dos Byy Byy v ,2,)=0.

If, in addition to F'=0, we have other n—1 equations of the
form

AL

F,=a, F,=a,, ..... , Fo=a,, ...... , F,

-1 = aw—l’ “
where F, F,, ...... , F,_, are functions of p,, p,, ...... » P, (or of some
of them) and it may be, and usually will be, of z,, =,, ...... , @,, and
where a,, a,, ...... , @, are arbitrary constants, then from these n
equations we can obtain values of p,, p,, ...... , D, 88 functions of
the s and the a’s. Let these values be substituted in

de=p dr, +pde, + ......... +pdw,;

then, if they be such as to render this an exact differential, the
integral of it will be the complete integral of F=0. For it will
be an integral, since the values of p,, p,, ...... , b, are derived from
n equations, one of which is F=0; and it will in its expression
involve n arbitrary constants, viz. the comstants a,, a,, ...... s Qe
and the constant of integration. Moreover the integral is of the
form

2= (@, &gy voeenn ) By Uy Bgy e 3 Gpy) + @y

which gives the dependent variable explicitly, and therefore
justifies the assumption made as to the form of the integral of
¥ =0.

The n—1 functions F must be such that the values of the
quantities p will render the foregoing an exact differential equa-
tion; and the necessary conditions, which are

*
Oz, Oz,

for all values of » and s, will serve to determine these functions.
211. Suppose that the n equations
F=0, F,=a, F,=0, -.c...... , F . =a,,

are solved so as to give the values of p,, p,, ...... , D, a8 functions
of the variables ; these values will, when substituted, make each
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equation an identity. When this substitution takes place in any
two such equations as F, = a, and F, = qg,, we have

BF BF Bp‘+aF op, +3F’ 0pn _ -0
ap, 0z, B_p, oz, T op, 0z, "
BF oF, op, | o, op, oF, dp, _
—+ap BEI apﬂﬁﬂ+ ......... +aa— 3
o, SR OB, Fdn_
oz, fipl 0z, ' Op, Oz, 0p, 0z,
oF, | oF, op, | OF, op, oF, op, _
%+ 3p, s, Top, om T * %, o, =

giving altogether n pairs of equations; each pair is made up of
the differential coefficients, with regard to the same independent
variable, of F, and F, when in these the values of the p’s are

substituted. Between the first pair let the value of %’1 be, elimi-
[F,, F] [p F] o, , [F F] oy, L} J O _
@, P, v Py Por Py Py | 05,
[F,, Fil oF,0F, OF,0F,
where | fl=_r_f__r 1

v
__[F.F__[F.F_[F.F,
Tl | wr | [vu |

Similarly the elimination of 22' from the second pair gives

l:F,, F, ] [F,, F, ] ap, [F,, F] Bp, I:p j| 0pn _
+ 0,
Zg> Py Py Py 3112 P Py azl s Pa, Bw,

and 0 on, each pair leading to an equation of this form.

nated ; the resulting equation is

Now let all the left-hand members of these equations be
added together. The coefficient of gﬁi’ (which is equal to %)
" 2

will consist of the sum of two terms, viz. the term

72
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from the »"** equation, and the term

(7

from the s’“‘ equation ; the sum of these two is zero, and thus the
term i l.n d.ma.ppeam, whatever be .the values of 7' and &'. The
resultmg equatmn is therefore
F,, F, F L[5 T
ezl [zl - [aal e
Let the left-hand side be denoted by
(F,, F);

+

[F F, —o.
Bns D

then the equation is
F., F)=0;
and this must be satisfied, whatever the suffizes  and s may be.
Hence the aggregate of the equations which these functions must
satisfy may be represented in the form
0=(F, F)=(F, F))=(F, F)=......... =(F, F.)
for all values of the index 7 fromi=1tos=n—1.

212. These conditions, which are necessary for the integra-
bility of the equation dz=Spdz, must now be proved sufficient ;
this will be proved by shewing that, when the functions F' satisfy
the foregoing equations, we have

apl
B.z, oz,
for all values of »' and ¢'.

The n equations derived from the n pairs of equations con-
nected with any two given functions ¥, and F, still hold ; when
they are all added together we have

s _ %04
., Fy+33 | = } & am,) 0,
the double summation extending to all integral values of 7’ and
& from 1 to n but not including pairs of equal values since for
every such pair of values the term vanishes. But by the necessary
conditions satisfied by the functions we have

(F, F)=0,
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and therefore 23 [F"—F-‘] (Bﬁ’ - @) =0,
D> Py | \Oz; Oz,

which holds for all the values of » and s given by the different
functions; and every combination of the functions will give such
an equation. The total number of these combinations is 3n (n—1);
and therefore the number of such equations is 4n (n —1).

Now each equation is linear in the quantities
opy _Ope

o0, om,’
which are in number §n(n—1) in all, that is, the same as the
number of the equations. Since each right-hand side is zero it
follows either that each of these quantities

By _ 204

oz; Om,
is zero, or that the determinant formed by the coefficients of these
quantities is zero.

That this cannot be the case appears as follows. Let A denote
the determinant.

oF oF oF ;
.
oF, O OF,
o," op’ T " op.
., O,  F,
oo T o,
then each of the expressions
F,, F,
o

is the complement of & second minor of A and there are in all
37’ (n—1)" of them; let ® denote the determinant formed by
them so that @ is the determinant which is zero by hypothesis.
Let @ be the determinant formed by the complements in A
of the constituents in @ ; then we have, on multiplying © and @'
together,

@0’ = Alrr-1,
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Now @' is not infinite ; hence if ® vanish we must have

A=0/
But this would imply that among the n equations of the type
F=0 the n quantities p could be eliminated, that is, that these
equations would not suffice to determine the quantities p as
functions of the independent variables. This is contrary to

what has been assumed as to the independence of the functions
F; hence © is not zero.

It follows that each of the 4 (» — 1) quantities
opx _9py

oz, Oz,

is zero, and therefore that the assigned conditions are sufficient to
engure that

de =pda, +pdr, +...... + p,dz,
is a perfect differential.

1

213. We may therefore sum up our results, so far obtained, .

as follows :

To obtain the Qomplete Integral of any given equation F=0 we
Jirst determine an integral F, = a, of the equation

(F, F)=0;
then we obtain a common integral F, = a, of the equations
(Fm F)=(F9! F1)=°;
then a common integral F,= a, of the equations
(Fy F)= (B, F) = (F,, F) =03

and so on, thus obtaining in all n—1 new equations each con-
taining an arbitrary constant. The n equations which involve the
n quantities p are then solved so as to furnish the values of the p's

as functions of the independent variables and the arbitrary con-
stants, and these values are substituted in

dz =pde, + pdr, + ...... +p,dz,

'

This when integrated gives the Complete Integral of the equation
F=o.
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Each of the equations determining any one of the functions
F,_is linear in the partial differential coefficients of F,; we have
therefore to investigate a method of obtaining the common integral
of a set of simultaneous linear partial differential equations.

Ez  Prove that if the equations

By (215 Zay «eey Tny & Py Pay ooy Pu) =0,
Fy (@1 Bgy oees Ty & Py Pas +0r Pa) =0,

Fo(21; By oo Ty 6 P13 Pay ooy P) =0
be solved so as bo nge D1y Pay +veeeey Py 88 funotions of z,, &g, ..., Zn, 2 the
y and ditions in order that
ds=p,dz; +pyday+ ...+ Pudy,
should be an exact differential are that the aggregate of equations

D) B (BB () ),
& P 5P &P 5P 2P 4P

where (F" ) F"F] [FHF ...... F«, 7y Y
2y Py %3, Py ZTns Pn.
and {i:: } F"F:|+p F"F:|+ ...... + P FE‘—’F' )
) P s Pn

should be satisfied for all values of the index  from i=2 to i=n.

214. It is convenient to prove here an important Lemma
which will be of use when the integration of the simultaneous
equations is being considered.

If 4, B, 0 be any three functions of 27 independent variables

@\ Ty oevenn By Dys Dy wvvens , P, #nd if the function (B, 0) be denoted
by «, and the function (4, a) by
[4, (3, 0)

then the equation

[4, (B, O)]+[B, (C, 4)] +[C, (4, B)] =0
will be identically satisfied.

Consider the left-hand member of this equation; it consists
of the sum of a number of terms all of the same form, each of
which is the product of two first differential coefficients of two of
the quantities 4, B, € and a second differential coefficient of the
third of them. It moreover is a cyclically symmetrical function
of 4, B and C and therefore, if the terms involving the second
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differential coefficient of any one function, such as C, disap-
pear, all the terms will disappear and thus the equation will be
satisfied,
Let the quantity
®B20 0820
oz, 0p, 0p, O, .
be denoted by A,BC, so that A, may be considered as a symbolical
operator; we may write
(B,C)= (D, + A+ ... +4,) BC,
the operators being obviously subject to the distributive law
(A.+4,)BC=ABC + A,BC.
Then in accordance with this notation,
[4,(B, O)]=(A+A +...... +A)A (Af+A+...... +A,) BC,
and therefore [4, (B, 0)] is the sum of a series of pairs of terms
AAABO+ AAABC

for all the values of r and s from 1 to n inclusive; in the case
when r and s'have the same value only a single term occurs for
consideration,

Expanding the functions thus symbolically represented, we
find that the terms depending upon the second differential co-
efficients of O are

043B 90 0409B 90 _040B ¥C +aAaB o°C

o, oz, dp,0p, 0=, Op, Op,0x, Op, oz, op,0x, ' dp, Op, 0x,0,
from the first of the foregoing pair, and

040B ' 0A09B 9°C  09493B ?°C ,9A0B o°C

9, 3, 3p,3p, _ O, 9p, Ip.0w,  Op, 9a, oppz, | 3p, op, 0w,
from the second.

Selecting in the same way from [B, (C, 4)] the corresponding
pair of symbolical terms and considering in them the terms which
involve second differential coefficients of C, we find them to be
respectively

0B3A 20 9B9oA 9'C 9B3d 9°C  9BoA 9°C

o, 3p, 3p,om, _ 3, om, 0p.2p, _ 3p, 3p, 9w0w, T Op, ox, Opiom,
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and
90B0A 2°C 0B24 *C 0BoA 9°C ,0BoA 9°C

&, op, 9w, 0w, 66, 0P, p, 0p, 95,0, * Op, oa, 0pBT,

The expression [C, (4, B)] will not contain any second dif-
ferential coefficients of C.

Hence in
[4, (B, )] +[B, (C, )] + [C, (4, B)]
o'C
w.op,
those in the foregoing, and is therefore zero; so also are the co-

. . ?C 0 oC
efficients of those which involve S, opda,” Bad,’

If r and s be the same we need only to consider the first and
third of the above lines of terms when in them we write s =r; it
70 70 ¢
op,*’ op oz, O,

the coefficient of the term which involves is the sum of

will be seen immediately that the terms in
vanish,
Since this is true whatever r and s may be, it follows that all

the terms involving second differentials of C vanish; and therefore,
by the symmetry, the whole expression vanishes.

Solution of the Subsidiary Equations.

215. We now proceed to obtain the values of F;, F, ...... JF,.

from the various differential equations which they must satisfy.
To determine F, we have

(F’F1)=o:
or, what is the same thing,
OFoF, KK, OFoF,_OFOF,  OFOF_GFOF,
Oz, Op, 0Op,0m, O, 0p, Op, om, Oz, 0p. 0Op,0z,

Since this is linear in the differential coefficients of F, we may
obtain an integral of it by using as subsidiary equations (§ 189)
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the generalised form of Lagrange’s equations. Let any integral
of the system

T, Top, “op,
_dp, dp, _d
‘ﬁ‘ﬂ"" ...... = L)
oz, oz, %,
be denoted by
A G O N S P =ay,

where g, is an arbitrary constant; then F,=f, =g, is an integral
of the original equation (¥, F,) =0.

216. We have now to find a function F, such as will satisfy
the equations

(F, Fy) =0; (F,, F)=(f,, F)=0.
The former of these being an equation to determine F, is identical]

in form with that which determines ¥, and therefore we shall
have the same subsidiary equations ; let

¢ (@, @y, ...... s By Dy Py ooees , p,) = constant
be an integral of the equations (A) different from f,=a,; then
(F, ¢)=0.
If ¢ be such a function as to satisfy
(£, ) =0,
then we may take
Fi=¢=q,
as the common integral of the two equations which determine F,.
If ¢ do not satisfy the equation, then we shall have

(S ®)=4¢;
the substitution of ¢, may be repeated and so on indefinitely, so
that we shall have a series of functions ¢ given by

(fv P =0y (S D) =5 oo 3 (for b =05 e
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Now all these functions ¢ satisfy the equatim;
(F,F)=0
when substituted for F,. In the identity
[4, (B, O)1+[B, (G, )] +[C. (4, B)]=0
let F be substituted for 4 and f, for B; then
[0, (4, B} =[C. (F, f)]=(C, 0)=0,
and therefore

[F, (/s O1=1/s (£, O)),

whatever O may be.
First let C = ¢; then this equation becomes

F (fo d)]=11 B 9] = (£, 0)=0; »
80 that L
(fud)=d=F,
is a solution of
(F, F)=0.
Nexzt let O=¢,; then we have
[F, (for 1= (F, 61=(/,, 0)=0,
so that
(o d)=¢,=F,
is also a solution of
(F, F)=0;
and so on with the whole series of functions ¢, each of which is a
solution of the first of the two equations which determine F,, and
is therefore, when equated to a constant, also a solution of the
subsidiery equations (A).

Now these subsidiary equations have only 2z — 1 independent
integrals at the utmost; the functions ¢, which arise from the
indefinitely repeated substitution in (f;, ¢,,) cannot all be in-
dependent of one another; and therefore if the series of functions
do not cease we must ultimately come to some one which is
expressible in terms of those already found.

217. There are thus three alternatives to be considered :
(1), some function ¢, of the series may be identically zero;
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(2), some function ¢, of the series is variable but expressible in
terme of the preceding functions of the series;

(8), some function ¢, of the series may be a determinate
constant c.

‘We will consider these in turn.

218. (1), let ¢,=0; then ¢, ,=a, will be the desired
integral ; for it is one of the series of functions and is therefore a
solution of (F, F)=0; also

Fy b)) =(f1 d)=h=0,

and it is therefore a solution of (F,, F,)=0. Hence it is a
common indegral of the two equations which determine F, and
therefore g-fves the second of the equations desired, viz.

¢ =F,=a,

219. (2), let ¢, be expressible in terms of the preceding
functions of the series ; suppose
=0 (F, f1s 6 b1s s o-vvoe » P
where 6 is a definite functional symbol. Proceeding now to form
¢,,, We have

¢|+1=(fp 4’«)
G DGt ) G+ o D5+ o 85 + o

when the value of ¢, is substituted. But
o ) =-FLH=0

since f, is a solution of the equations; and (f, /;) vanishes
identically, so that this equation becomes

‘ %, , 26 26 20
¢m‘¢:a?,,+¢|af¢!+ """ +¢H§$¢:+¢‘§‘E‘
But each of the differential coefficients of 6 is a function of the
previously obtained quantities ¢; hence ¢,,, is so also.

It follows therefore that ¢, and all the functions ¢ of the series
after ¢, are expressible in terms of those which precede ¢,.
F. 22
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Let us then seek to obtain some function of these quantities
which shall satisfy the equations
(F, F)=0 and (F, F)=(f,, F)=0;
let it be given by
Fo=V (F, fis b by v ) ).

‘When this value is substituted the former equation becomes
0
0= (FF) +(Ff) +(I"x¢)a%+ ...... +(F,¢,_,)%,

which is satisfied identically since every function ¢ is a solution of
(F, F)=0;
and the second equation becomes as before
o 2
0=(fo B =850 + tugh + bt e+ i

The last equation is thus the only one which must be satisfied
by ¥; and as no differential coefficients with regard to F or
i oceur in it we may consider them as replaced by their respective
values 0 and a,. Any integral of the system

aé _d¢,_dé,_  _dd.,
¢:| ¢’ ¢. ...... ¢‘
dé.y
[

of the form ® =g, will be a solution of the equation in y-; and
therefore we may write
F,=®=aqa,

and so we shall have the required common integral of the two
equations which determine F,.

220. (B), let ¢, be some determinate constant ¢ which wil
merely depend upon the coefficients of the original differentia
equation ; the series of functions thus terminates as there is nc
further function to substitute. We then proceed as in the
last case to find some function of the preceding quantities ¢ whick
will be & common solution of the two equations; let

Fﬂ=x (F’.f.l) ¢l ¢l’ """ 2 ¢‘—l)'
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‘When this is substituted in (F, F,) =0 the equation is identically

satisfied; when it is substituted in (f, F,) =0 the resulting
equation is, just as before,

) o
0=¢1£+¢,%+ ...... +¢H£Z‘€;+¢,,%X:,
in which we may replace ¢, by c. An integral of this is given by

do,, _dé,,
by ¢’

which when integrated gives
b, — 206, , = constant ;
and therefore we may as in the last case write
F=¢.! - 20.,=0,
88 the common integral desired.

This solution is satisfactory provided ¢> 1.

Now 1 cannot be zero since ¢ is determined as a function of
the variables; the only exception therefore to be considered is the
case t=1, when

0x _ O _
¢:a$_037¢_0:

50 that y is independent of ¢. Now
F=x .1, §)

and F and £, are replaceable by 0 and a, respectively; if then x be
independent of ¢, it ceases to be a function of the variables and
there is thus no solution common to the two equations to be
derived from these functions.

Should this be the case, we return to the subsidiary equa-
tions (A) and determine a new integral distinct from those already
obtained, which are

F,=f,=a,, ¢=-constant;
let this be

S (@, Tys vveene ) By Dys Dgs veveee , p,) = constant.
22—2
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Next we perform with the function % all the operations which
have been performed with the function ¢; then the desired
common integral

F,=aq,
will be obtained, except in the single case when we have
(o ¥)=%=0d,

where ¢ is a determinate constant.

From a combination of these respective exceptional cases,
which are the only ones in each of which the common integral
F, has not been obtained, Wwe can construct a common integral
F,. Forlet

F=f($:%)

be substituted in (¥, F)=0=(f,, F,); then these equations
become

o-&.HL+En%,

0=t O G+ o 9 F-

Now the former equation is satisfied identically since ¢ and
Y are both integrals of the subsidiary equations (A); while since

(i P)=¢,=c
and ([ D) =9=¢,
the latter equation becomes

c gl;f +¢ %‘ =0.

This is satisfied by
, fi=0 @ —o¥),
and therefore F,=0(¢—N)=aqa,

where @ is any arbitrary functional symbol (which may at will be
chosen of a simple form), is the desired integral.

Hence in every case the common integral of the equations
which determine F, has been found; for convenience we may
denote it by

F|=.fﬂ=a’l:
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221. 'We now proceed to obtain F,; it must be a common
integral of the equations

('F’Fn)=0=(qul)=(ﬁ! Fn)-

To obtain one we find, by the preceding method, an integral
common to the two equations

(F,F)=0=(f, Fy,
which is different from f; =a,; this we may denote by
Ay, @y venens s gy Prs Pgs +eeeesy P,) = CODStaNt.
We then form as before the series of functions
(f,,).)=l‘; (fp)“a)=xn; """" 3 (f;u 7‘1—1)":)1; Seeeny

then all the functions A of this series are common integrals of
the first two of the equations which determine A. For in the
identity

[4, (B, 0)]+[B, (0, A)] +[C, (4, B)] =0,
let A =F and B=f;; then since (F, f,)=0, we have

7 (fa O1=L/ (F, O}

And, substituting in the same identity A =, and B=F, and re-
membering that (f;, f;) =0, we have

L/ (o D1=L1 (fss O]

These two equations are satisfied whatever C' may be. Now let
C=2\; then

[F, (fo M1=Lf: ()]

or (F,\) =(/,0)=0;
and A (e MI=1fe (S M)
or (fo M) =(/y 0)=0.

Thus A, is a common integral of the equations
FF)=0=(f, F).
Similarly the substitution of A, for € would shew that A, is a

common integral of these equations; and so on through all the
geries of functions.

As in the former case, the number of common integrals being
limited, we shall in the series come to some integral A\, which is
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expressible, as well as those that follow it, in terms of those which
precede it, viz., F, £, fo, M Ay, weeens , M. The same three alter-
natives are presented and the value of F, the common integral in
each is determined as before; either the single case of failure is
avoided by the choice of a new integral different from A, or in
the case of failure of the latter these two cases of failure are
combined 8o as to furnish a common integral. Thus we obtain
our third common integral, which may be represented by

F,=f,=a,

222. The remaining functions F,, ......, F,_, may be derived
in the same way as the above; and thus with F=0 we shall have
n equations to determine the values of the p's in terms of the
independent variables and n —1 arbitrary constants, which, when
substituted in

ds =pdz, +pdz, + ...... +p de,,

will render it integrable; its integral is the complete integral
of the original differential equation.

The associated integrals are derivable from the results of
§§ 179, 180.

223. The foregoing is an exposition of Jacobi’s method of integration in
its simplest form ; there are, however, developments and simplifications and,
ariging out of these, methods of avoiding the exceptional cases which cannot
be dealt with here. For these and for the whole theory of partial differential
equations of the first order reference should be made to the chief authori-
ties, which are Jaoosr, “Vorlesungen tiber Dynamik” (Gss. Werks, Suppl. Bd.
pp. 248—269) ; Jacos1, “Nova methodus...integrandi” (Crells, t. LX, pp. 1—
181); a very valuable memoir by IMSUEENRTSKY, Grunert's Archiv der Mathe-
matik und Phyeik, t. 1. pp. 278—474; a memoir by GRAINDORGE, Mémoires
de la Socidté Royale des Sciences de Lidge, 1™ série, t. v.; and a treatise by
MansrowN, Théoris des dquations aux derivées partielles, will prove of great use;
full references to original authorities will be found in the last.

The equations (A) are, when each fraction is equated to dt, of the form
’ dz,  _0OF  dp, OF,
%" & w)
these are the canonical equations of motion of a system of rigid bodies;
further disoussion of them will be found in Imschenetsky. (See also Routh’s
Rigid Dynamzcs.)

‘We now proocsed to consider some examples.
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’
Ez. 1. To solve the equation

2=F (D1, Das -+ Pads

whaere f does not explicitly involve the independent variables. We must first
transform the equation so that the dependent variable does not explicitly
oceur; let the solution of the equation be

Y (#1, By ey Tny ©)=0,
where the form of - has yet to be determined. Denoting %’ by P, and
%‘Jf by Pp+y, We have
i . PptPyiyp,=0;
aund thus the equation is
P, P, P,
T . S —n
(- p ke “BE)

in which the dependent variable Y- does not ocour. Hence we have for our
general formula

F—f(—-},i I T T

wr1’ Pasi’ 2
and the subsidiary equations give
ap,_dPy_  _dPy,_dPy.,
[ I - '

From these we have
Pi=a;, Py=ay ..crvs Pr=ay,
which give z integrals; and then from the equation #=0 we have

(=g e o Fen)-

Solving this for P, ,, we should have
Ppyr=x(2)
where y involves the # constants a; and therefore
dyp=Pydw, + Pydhtg+ ... ..+ Pody + Py dz
=0, d%; + ad2y +...en. + andz, +x (2) da.

The integral of this is

V+a=a@+agy+ ...t antat x () dzy

where a is arbitrary and may be assumed to be absorbed in the ¢ Bub the
integral of the given differential equation is 4=0; hence the integral of

2=F (D1, Pas 12 Do)
is Ty + gyt voenes +aZn =[x (2) d,
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where y is given by the equation

z=f<n;1, n;’, .

Ez. 2. The case when f is a homogeneous function of order p in the
s is readily reduced to one of the forms already considered in § 191. For
wWe may change the dependent variable from z to £, where

=t
=t
E—"_ll H
and the equation ie then
1=f(é &3s ooene s éns
o¢ . -
h =<2, The inf of this ie
where ¢, i tegral
w1
'ﬁs F =p=ot oz +ayTyt et Uy
provided flay, agy e s Gg)=1.

E» 3. Solve
(@) s +epy=pl+pg;
() #+2py=(p1+pd?;
(iif) (p1~5)(@3—2) (25— 2) =P, 2415

Ex. 4. Solve

F=(wapy+a1py) 2+ aps (py - p5)~1=0.
The subsidiary equations are

iy —dm _ du _dp _dpy__ dpy
Ifgstapy mBy—apy a(p—PD) TPy TPy ZyP1+ 1Py
From the equality of the 1st, 2nd, 4th and &th fractions we have
_dntday  dptdpy
(@tz) 7y (2y+pe) s’
which when integrated leads to
(21+29) (7 +29) =0,
‘We therefore (adopting the notation of the previous articles) take
Fi=(p+py) (3+2);

and we have to determine a solution of the subsidiary equations F,=a; which
ahall satisfy

(Fy, F=0.
From the equality of the 4th and 5th fractions we have
Pidpy=pidps,
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and therefore we may write
¢=p,%—p;=constant.

Now (F15 ) =(21+Py) 201+ (@1 +22)(~ 2p5)
=2¢ =¢1 H
the continued substitution in the equation
(F1s Pir)=dh

would thus not lead to a function such as is required. We therefore return
to the original subsidiary equations to obtain an integral different from
Fy=a, and ¢=constant ; such an one is derivable from the equality of the
3rd, 4th and bth fractions, which give

dp,—dp, __ dz,

25(p—p)  a(p-2)’

and therefore we write
V=0a(p, - py) — 4= constant.
Now (F1s ¥)=(p1+p5) 2+ (py +p0) (- 2)=0,
and  theref isfies the two equations; we thus have

Fy=a(p,—p;) — o, =as.
‘We now solve the equations
F=0, Fi=0,, Fy=a,
to find the values of p,, gy, py, Which are

P T T
p‘_i‘.a;+:c,,_'-2a.-l'4czxa

N
P iE.‘t:,+z, %" 2™
Ppy= 2 -0, ”+———(z — 7g) Ty}
8 By tagd " da 1 VTR
hence
2 —a,7,
de=joyd 10g (5, + 5 + (o + 4Nl ~ )+ (0~ )l + 5 1% oy

80 that the complete integral of the differential equation is

o+ A=hoy 10g (21-+2) + 55 (5~ 23) G+ §oit) — o og (32 + 225)
"'(aq) sro tan {(za,)i g

(Imschenetaky.)

in which 4, @;, ag are the arbitrary constants.

Ez. 5. Integrate the equations :
() puat=py+apsd;
() 2P, +2aps+ 3Py =P1PaPs 5
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(i)  pf+pgl+p5d =2+ 212+ 2t + 28y + 2+ 26
(iv)  2u+4p: + Py +1s7123=0

(V) @ +bed+2,p P+ 201 9=0;

(V1) P1DaPs=P1%+PaTy+ P

[223.

It has already been indicated (in §§ 189—196) that several of the forms in
two independent variables which admit of immediate integration without the
use of Charpit’s subsidiary equations can be generalised so as to include the

cases where the number of independent variables is greater than two.

Er. 8. In the case when a given differential equation can be written in

the form

Ji @1y Ty e s Zry P1y Pgy vevere » Pr)=Ja (@es1s werene s Tny Pes1y oo

the complete integral is the common integral of the equations

A=a=fy

where a is arbitrary. For the subsidiuy equations are

L= - L

1Py E”‘1 aPr a'Tr aPr +1 Tz, 1

u),

and therefore

by the given equation.
As an example of this we may take

2y P14, P+ (1~ Pa) (Py + 20 (Py +75)=1.

Here we may write
(D5 +2)(py+25) =0,

3P+ 2,y +a (P —pg)=1,

where q is an arbitrary constant. The integral of the former equation is

s+z,.r4=Az,+%zi+C’,

where 4 and C are arbitrary constants. The integral of the latter is obtainable

by Charpit’s method ; the subsidiary equations are

Zdn_ —dny_dp,_dpy
Zyta Z—a P Py
From these we have

dp+dpy | doy+dz, =0,
. Pty B+zy
and tharefore

(P1+29) (@ + ) =4, +1.
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Hence, by oombining with the equation the integral of which is sought, we
have
(@3+a) pr+p; (2~ a)=1,"
(2~ a) Py +; (72t a)=4; 5
and these give
1{(@ —a)*~ (w3 +aft} =4, (2, - a) - (2, +a),
Pa{(m—af~(@y+af} =2 —a - 4, (53 +0)-
Thus
ds=pda +pyda,
1+ Zyte
=4,d10g (o~ aP~(ep+af} +dlog  TT%,
1

_%yta
& —a

and therefore

(2 —a)+ (23 +a)

(#,—a)~ (%3 +a)

The complete integral of the original equation is therefore

=4, log{(#, — a)?~ (z3+a)?} +4log +G;.

'+xﬁ4=‘4xs+% 74+ 4, log {(#-a)’+ (va+a)} + B+ § log &:Z;J_‘f_g:::‘% »

where 4, 4,, B, a are arbitrary constants.
Ez. 7. Integrate

(21 +2,2y) @y +P3 (Pr~ P) (P + (5 +,) (25 + ) o} =0
. (Imschenetsly.)

Simultaneous Partial Differential Equations®.

224. Instead of there being given only a single equation to
determine the dependent variable there may be given a number
of simultaneous equations; if the dependent variable explicitly
occur in any of them they can all be transformed, as in § 209,
so that it shall disappear. The equations may then be taken
of the form

F (@, Zyy ooooeny By Pys Pay wveees , D) =0,
F, (@, a,, ...... s By Dyy Dgy eereen ,p,) =0,
Fo (@, @y, ceeeeey @y, Pys Pyy veeee ,Pa)=0..

* This theory is due to Bour; see anthoritiss cited in § 228, p. 842.
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If m be greater than n the equations cannot be independent; for
the first n of the equations may be solved algebraically so as to
give values of the p’s in terms of the variables # and these, when
substituted in the remaining m — n, must reduce them to identities
since there would otherwise be relations between the independent
variables. Thus in effect there may be given at most » simul-
taneous equations; and we may therefore take m either equal to
n, or less than 7.

225. I. Let m=n. We have thus n equations giving the

values of the n quantities p in terms of the variables; these values,
substituted in

dz=pdz, +pds, + ...... +p,dz,

A%}

must make it & perfect differential if the given system have a
common solution. The conditions for this are that

. _0p,
oz, Ow,

for all pairs of indices; and these, as in § 211, lead to equations of
the form

(F., F)=0.
Hence the given functions must satisfy all the equations for all

possible combinations of the suffizes; and then the common
complete integral is obtained by the integration of

dz=pde, +pdr,+...... +p,d,,

n
and it therefore contains one arbitrary constant.

It may happen however that the functions F' are not indepen-
dent of one another; in this case the determinant A

op,’ op,’ T ’ op,
oF, oF, . | OF,
op,” Op, op,

is zero, and there will then be an identical relation of the form
@ (F,, F, ... JE e, m,, .. , &,) =0,
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But for the purposes of integration F, = F,=......=F,=0; and
this therefore becomes
(0,0, ...... , 0, @, @y, ... ,@,)=0.

If this be not an identity, there is a relation implied between the
independent variables, which is of course impossible; it then
follows that the given equations are inconsistent and that there
is no common integral. If it be an identity, the number of given
equations independent of one another is less than the number of
the quantities p, which therefore cannot be determined from the
given equations alone; we must therefore have recourse to the
method which applies when m is less than n.

Thus, if there be four independent variables and four equa-
tions F, =0=F,=F, =F, be given, there can be no common
integral in a case when there is a relation of the form

Fo=(@~a)F +(@-a) F,+ooze,;
where there is a relation of the form
F =@ —a) F,+ (@,—a,) F, +(z,— @) F,
there are only three independent equations.

226. IL. Letm be less than n. 'We may suppose the equations
reduced to such a number m that they are independent of one
another, even though they were not so in the form in which they
were first given. It will be assumed that there is a common in-
tegral so far as the algebraic relations which give the dependent
functions in terms of the others indicate; this will be the case if
these relations become identically-null equations when in them we
make use of the equations F, =0, ...... , F,=0.

First Case. The functions F,=0=......=F, may satisfy the
equations
(F,, F)=0
for all values 1, 2, ...... ,m of r and s; they are therefore simul-

taneously integrable. To determine the values of the quantities
p, other m —m equations must be obtained by Jacobi’s method ;
these will involve n — m arbitrary constants. From these equations
and the given m equations the values of p must be derived and be
substituted in

dz =pda, + pdo, + ...... + p.da,;
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the integral of which is the common complete integral of the
original equations and contains n—m + 1 arbitrary constants.

Second Oase. It may happen that for one or for several com-
binations of the indices in the series 1, 2, ...... , m we find (F,, F,)
a function of the independent variables only, or (F,, F,) a deter-
minate constant. In neither case can (F,, F,) be zero; the
conditions that the equations should be simultaneously integrable
are not satisfied and there is no common integral of the proposed
equations.

Third Case. It may happen that, for one or for several com-
binations of the indices in the series 1, 2, ...... , m, we find results
of the form

(Fy, ) =f (@, @, «..... 3 By Pys Pas veeees s Do)
where f does not become identically zero on combination with the
given equations; let there be ! such combinations, so that m +1
must not be greater than n; then for combinations other than
these / the equations
(F,, F)=0
are satisfied. We now take

O0=F, . =f,0=F, . =f, c.. ,0="F,.=f;
and substitute in the functions
& F)
where either » or ¢ at least must be greater than m.

If then these functions all vanish, we have m + I equations
which are simultaneously integrable; and we determine by Jacobi’s
method the # —m — | remaining equations necessary to give the
complete integral, which will therefore contain n —m —1+1
arbitrary constants,

If for any combination (F,_, f;) or for one (f;, f;) the function
be a determinate constant or a function of the independent vari-
ables only, then the functions are not simultaneously integrable
and there is no common integral.

If for any combination (¥, f;) or for one (f;, f;) We obtain a
function ¢ (z,, 2,, ...... ) By Dy Dy evee , ,) which does not vanish
in virtue of the equations already obtained, we proceed with the
functions ¢ as we did before with the functions £ Ultimately we
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shall arrive at a finite number, not greater than n, of i.ndepe.ndent
equations which are simultaneously integrable, and then, in t]?e
ordinary way, obtain the common integral; or we shall obta.}n
& result indicating impossibility of simultaneous integration, in
which case thers will be no common integral.

Ez.1. Obtain a common integral (if it exist) of the simultaneous equa-

tions
F1=}’1Pa-"'r"'4=°} .
Fy=pyp,— 2,29=0,
‘We have
(Fy Fo)=py, +Poa —Ps%s— Paa
where the right-hand side will not vanish in virtue of Fy=0=/F}; we there-
fore write
Fy=p\2;+pay — psTy— P37, =0

Thus (Fyy F3)=0;

also (Fy, Fy)= —2p1py+2247,=0,
(Fy, F)= 2pyp,—2a32;=0
the three equations are therefore compatible. Let 7, be the other function
required, o that it will be determined as a common integral of the equations
(Fy, F)=0=(F,, Fy)=(Fy, F1);
oonsidering it as an integral of
(Fy, Fy)=0,
we write down the equations
_dn_ _dy_do,_dn,_dp _dpy_ _dpy_ 4P,
% & % & P Pa Ps P
oue integral of these is
Py=aly,

where @ is arbitrary ; we therefore tentatively write

F.=£'=a.
y
‘We then find (Fy, Fy)=0;
2z,
and (Fy Ii)=E:_f_:ipl'

Now on solving the equations
Fy=0=F;=Fy; F,=aq,

1 1
we find P1=0%y, Py=_ % Py=0%1, Py=_%,
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and therefore PPy =TT,
80 that (Fyy Fp)=0.
Henoe we have the common solution in the form
Py =0a%g.

To obtain the complete common integral we have
ds=a (eydey + a,dey) + 5 (Bl +2day),
and therefore the common integral is
v=¢%+$m.+b,
where @ apd b are arbitrary constants.
Ex.2. Obtain other integrals of the preceding equations in the form
) z=a.z‘,z‘+7:z',zg+b;
() o=2{zym, (mzs - A)H+5;
(i) s=2{z2y (zpmy—a)+b.
Ez. 3. Obtain common complete integrals of the simultaneous equations:

L pit(og+ayzy+ay2) po+(2y+2,— 32) pp=0
Dot (@, + 2y ~ 2yg) Py + (257, ~ 73) Py =0J
I 24P+ 2,%pg=0
2,0y ~ 2540y + (2,2, — 245) py ~ 22,7, 04 =0}’
(Imschensteky and Graindorge.)

MISCELLANEOUS EXAMPLES,

>

1. Integrate the equations:
@) {m@@+y)-n(z+a)ip+{n(y+eo)-Li(y+a)g=l(s+2)-m(s+y);
) pete)+g(ste)=2-*1;
(i) 2*@-2)p+y’(s-2)g=2(z-9).
2. Form the differential equation whose complete integral is
224+ Y3+ P=20z + 28y + 22,
where o+ 8%+y?=a?, g being a given constant and q, B,y otherwise arbitrary.
From the differential equation form the singular integral

Tlustrate the connection of the complete, general and singular i.ntegmlé
. by a geometrical interpretation of each.
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3. I.ntegraf:a

2p+ytg=2t;
and find the equation of the come of the second degree which satisfies this
equation and passes through the point (1, 2, 3).

4. Integrate the equation
—a)X“a——?+(a—z)Yig'l'/+(x—;y)Z*a—”=0,
where X, ¥, Z are the same quadratic functions of z, y, « respectively.

Integrate also when they are quartic funotions; also when they are sextic
functions.

(Richelot.)
b. Prove that if ‘

u=6xp (h% - 6zp (ka?),

ou ou
then = 4 %t 2ku,
and hence that
—(L—hp)—t kat
u=(L—4kk)™" axp (1—4/1&)'
Shew also that
eap (i o5 ) eap Chay) =~ ) e ({2
Similarly prove that
d‘ _ka?
~Tr
(we=ha" .
ooy @ +4.M:)'
6. Solve the equation
(X -2, Xp) py + (X3~ 2, Xy) py=1,
where .I“=uh 1%+a, 3% +a, 5
(Hesse;)
and integrate the equation

@y (%P —2ys)* + g (T Py — 21 Pp)*+ g (2105 — Ty pr)P= 1.
(Sohlifli.)
7. Solve the equations:
(@) .PP+et=a+ay+y’;
() pg=po+gy;
(i) pg=py+ga;
() PyPopy+ 22,7 (%11 + T3Py + By Py) =gy PaPa+ T9T1 PaPy + 2,93 P12y -
8. Find the equation of a surface which belongs at once to surfaces of
revolution defined by the equation py —g2=0, and to conical surfaces defined
by the equation px+gy=2.
F. 23
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9. If 2=f(x, y) be any solution of the equation

22— i+ Ipge=c (1 + 293,
then the curves represented by the equation

() -5 n%-1-0
are an orthogonal system such that the product of the curvatures at a1
point is constant.
If f (2, y) do not contain y, the form of the function is determined by
f(z)=tan 6 (2 +tan? 6)},
where cx=29"E (2% sin } 6) — 2! F(2¥sin 14),
F and E being the first and second elliptic integrals and the modulus in eac
case being 274

10. Find the surface which cuts at right angles all the spheres whic
pase through a given point and have their centres on a given line passi
through that point.

11. Find the surface in which the coordinates of the point where tt
normal meets the plane of zy are proportional to the corresponding coord
nates of the surface.

12, Find the system of surfaces orthogonal £ the curves
coshz : coshy : coshz=a : b : o

13. Prove that a solution of the differential equation

u o ow
Bt =0
is “=|¢w S|y v=|%s, Bz|; w=|s ¢y,
Yy Ve Ve V= Yoy Yy

‘where ¢ and 4 are arbitrary functions of 2, y and =.
Prove also that this is the general solution.

14. Shew that, if the simultaneous equations

u ou ,0u
X—+Y—y+Za;=0,

oz 0
, 0u 0%, ,0u_
X' a—z+Ya—y+Z %=0

have a solution different from %= constant, then
(YZ'-Y'Z)dz+(ZX'-ZX)dy+(XY'-X'Y)dz=0

is reducible to an exact equation, from the integral of which such commo
solution may be derived.
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ou u ou
e a—z+zz§y+zy5 =0,
ou Oy ou
-2 g+ (e=2) ﬁ,+($-y)g,=°,
a common solution other than u=constant?

16. Solve by Jacobi’s method the equation

Py+(3%3+225) Py+ (42 + 575) Py +{z,+ 25 (P:-Pa)}?:;'l'f;:ﬁu =0.
(Imschenetsky.)
Shew that by generalisdtion of the formulee, which in the case of two
independent variables are the analytical expression of the principle of duality,
this equation can be traneformed into one which is linear in the partial
differential coefficients of the new variable ; and hence integrate the above
. equation, :

168. Solve by Jacobi’s method
2,2, + 23Dy ~ 27,2 — b log p, + 2b log #, =a,
(Ampére, and Graindorge ;)
also solve the equation
8, =Py (P +P0) + 2.9y (Py+2a ).
(Imschenetsky.)
17. Obtain the complete common integral of the simultaneous equations :

200y + 25wy Py — 25 =0
223y~ %Py~ 1 =0}' .
g%, ¥Py+ B %ig Ty Py — Byiy =0,

. (Collet.)
18, Obtain the complete common integral of
(24 = 3g") Py — (2185~ 299,) P+ (2375~ 218,) P4=0} .
(242 = %) Py + (295 — 2,8y) Py + (2153~ Bg,) Py =0) ’
and that of
Ty~ TaPy+LaPy — VPu=
oy + T4 P2 — T1Py — TaPy=
(Collet.)



CHAPTER X,

PARTIAL DIFFERENTIAL EQUATIONS OF THE SECOND AND
HiIGHER ORDERS.

227. Ir will be assumed through practically the whole of this
chapter that there are only two independent variables; the notation
already used for the partial differential coefficients of the first
order will be retained, and it will be convenient to introduce similar
symbols 7, 8, ¢ to represent those of the second order, which are
thus defined :

pP P, s
oz*’ ozoy’ oy

An equation is said to be of the second order when it includes
one at least of these differential coefficients r, s, ¢ but none of
a higher order; the quantities p and q may also enter into the
equation, the general form of which will therefore be

F(w,y,2,pqmst)=0.

The complets integral of the equation is the most general
relation possible between #, y, # such that, when the value of 2
derived from it and the associated differential coefficients thence
formed are substituted in the differential equation, the latter be-
comes an identity. No condition is annexed to the definition in
regard to the form of the complete integral, which may involve in its
expression either arbitrary constants or arbitrary functions or both.

An intermediary integral is & relation in the form of a partial
differential equation of the first order such that the given differ-
ential equation can be deduced from it. It does not necessarily exist
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as one distinct from, and derivable immediately by mere differen-
tiation of, the complete integral; when such an integral, however,
has been obtained the application of the method of the preceding
chapter will give an integral which may actually be, or may only
be a particular case of, the complete integral.

228, Hitherto it has been possible only in particular cases to
integrate the general equation. The most important of these
cases is that in which the differential coefficients of the second
order occur only in the first degree, so that the eyuation is linear;
its most general form is then

Rr+8s+Tt=17,
in which R, S, 7, V are functions of «, y, 2, p and ¢. This
equation will now be discussed; but before giving the methods
which have been used for its'integration it is desirable to consider
some special forms which are simple and can be solved immediately;
it will then be possible to exclude these cases afterwards from the
general discussion.

One of the simplest cases is

r=f(2),
so that %:ff(m)da:+¢(y),

where ¢ is an arbitrary function ; another integration gives

o= [[r@de 04 @) + 4 @),
where both ¢ and y are arbitrary.

Ez. Integrate &= constant.
Similarly we may integrate
r+ Mp=N,

where M and N are functions of # and of y respectively; it may
be written

P My
dw+Mp =N,

4 being constant for purposes of differentiation and integration
with regard to ; and thus

p =¥ [ [ Niw+ ¢ <y)] .
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where ¢ is an arbitrary function; and therefore

= do e [ [ e o $0)]+¥ @)

9 being an arbitrary function.
Ez. Integrate
(i) s+Mp=¥;
(i) s+Hg=A.

Monge's method of integration of the equation
Rr+8s+Tt=7.

229. Monge's method consists in & certain process for the

discovery of either one or two intermediary integrals of the form
u=7(v)

where « and v are functions of @, y, 2, p, ¢, and f is some arbitrary
functional symbol ; there is thus implied in the method a tacit
assumption that the differential equation admits of such an
integral. It is therefore in the first place proper to enquire
whether this assumption is justifiable in the general case and, if
it should prove not to be so, to indicate how the general equation
must be limited so that the assumption may be fairly made; for this
purpose it will be sufficient to proceed from the supposed inter-
mediary integral and obtain the corresponding differential equa-
tion.

230. Since u = f(v) and u and v are functions of z, ¥, z, p, ¢.
we have
u  ou ou _df
WtPEtT + % dv(am”az”a}?“aq)
dw, du au ou_df W
83+q$ ap”aq dv(ay“az”ap”a_q)'

Eliminating the qwmhty 4 between these two equations we find,

and

as the equivalent dJ.ﬂ'erenhal equation freed from the arbitrary
function,

B+ 88, +tT, + U, (rt—6)=7V,..c......... (1),

1
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where R, 8,, T}, U,, V, are given by the relations

=) e G):

5= (G5 e(30)+G3)

+p(::'—-;),

T‘=(Z:;)+p(:'—;),
()

Pa(i) D)+ G)-
the symbols (Z”—;) s denoting, as usual, %E T IR

Tf then this differential equation of the second order be the
same as the original equation we must have

U,=0,
which are four equations in all. Now when
Rr+ 88+ Tt=V.coovviiirninnnnnnienns (2)

is looked upon as the equation to be solved, these four equations
just obtained will be equations satisfied by the quantities » and v
from which the intermediary integral of (2) may be constructed.
But only two equations are y to determine as functions of
their independent variables the dependent variables » and v; they
may be therefore considered as given by any two of the equations
though, in practice, these might prove too difficult to solve, When
these values are substituted in the remaining two equations the
latter must become identities; and they will in this state involve
the functions R, S, T’ and V of the original differential equation,
There will thus be two relations among these functions of , y,
2, p, ¢ which must be identically satisfied in order that the differen-
tial equation (2) may have an intermediary integral of the form

u=f(v).
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281. There is an important deduction from this to be noted,
though not affecting our present aim ; it would be useless to seek
an integral of the assumed intermediary form for any differential
equation which is not of the form

Rr+Ss+Tt+ U(rt—s)=7.

And, just as in the particular case when U=0, which has been
already considered, it may be proved that a differential equation
of this form can have an intermediary integral of the proposed type
only when two identical relations among the coefficients R, S, T%
U, V are satisfied.

Fr. When there are three independent variables, these may be con-
veniently denoted by 2, #,, 7 and the oorresponding differential coefficients
of 2 by p,, Py, p5. Prove that, if every first minor of the determinant

% % 0
o’ Oy’ Ops
oo by
P’ o Oy
o
ap,’ Opy’ Opy
(¢, ¥ x being functions of ¢, z,, #y, %3, Py, 24, py) vanish, then the equation
F(d’: “’v X)‘05

‘where F is an arbitrary function, will lead to a differential equation of the
seoond order of the form

0% 0% 0% 0% 0% 0%
it gt i gt R g+ Bugea + Buges =V,

where R,, Ry, ..., Ry, V are functions of the variables and the first differen-
tial coefficients of z only, and that the coefficients R satisfy the relation

By Rag BByl + By~ A, By~ Rogoy By =O0.

Information on this class of equations will be found in Euler, Jnst. Cale.
Int., t. iii. p. 448, and Legendre, Mémoires de P Académie des Sciences, 1787,
p. 323.

232. It therefore follows that we may consider as the most
general case the equation
Rr+Ss+Tt+ U(rt—s)=T7;

the linear equation is included in this, being given by the par-
ticular case when U= 0.
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We now that the relations bet the quantities R, S, T,
Tand V y for the p ion of an intermediary integral of

he assumed form are satisfied, and we proceed to deduce this
ategral. We have always
dp = rde + sdy,
) dg = sda+ tdy;
7hen we substitute in the above general equation the values of
nd ¢ derived from these equations it takes the form
Updy + Tdqdz+ Udpdq — Vdzdy
=& (Rdy® ~ Sdwdy + Tda"+ Udpda: + Udqdy).
Jow let u=a and v=>b
where o and b are arbitrary constants) be two integrals of the
:quations
Rdpdy + Tdgdz + Udpdg — Vdedy =0,
Rdy* + Tde' + Udpdz + Udgdy = Sdady,
dz = pdz + qdy,
v and v being therefore functions of z, y, 2, p and g.
Hence we have

du du
(am+paz alz+(a +qa dy+apdp+—dq=0,

nd (g +p2)do+ g;+qg:>dy+ dp+2 " dg=0,
vhich must be equivalent to the equations of w]nch u=qa and
y=b are the integrals. Now solving these for dp and dg, and
18ing the symbols of § 230, we find

—Udp=Tdo+ {(V q)+ (’z‘ ;) q} &,

—Udg=Rdy+ {(p, z) + (z” 1}) p} dz,
ind therefore

- Udpda — U dgdy = T,da* + R dy*

u, v u, v U, u, ¥
) (e (2)+ () oo
=Tda’ + R dy — Sdady;
and similarly we obtain
( Uzdp + T,dw) (deq + Rxdy) =(U1V1 + RITI) d-’”d.%
or Rdpdy + T\dgde + Udpdg— V,dady=0.
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4 r

These being identical with the former equations, we have
E_L_U_V_5
R T U V 8§’

and therefore the equation to be solved becomes
Rr+8Ss+Tt+ U (rt—s)="V,.
But we already know the solution of this equation because it was
derived from an intermediary integral ; and this integral is
u=f(),
which is therefore an intermediary integral as required,
We thus derive the integral by making one of the functions

deduced from the two subsidiary equations an arbitrary function
of the other.

238. Let us consider in particular the case of the linear
equation when U =0; the subsidiary equations are now
Rdy* + Tda* — Sdedy =0,
Rdpdy + Tdgds = Vdzdy.
As the former of these is of the second degree it can, in general,
be resolved into two- distinct equations of the first degree.

Since the necessary conditions for the existence of an inter-
mediary integral are supposed to be satisfied, it follows that one
at least of the equations of the first degree will, when combined
with

Rdpdy + Tdgde = Vdzdy
and with dz = pdz + gdy if necessary, lead to an integral system
which determines » and v; and there will thus be obtained an
intermediary integral of the form ’
. u=f(v).
And it may happen that each of the two equations of the first
degree similarly treated willgead to integral systems of the desired
form: and there will then be obtained two intermediary integrals
w=r@) %u=9¢()

If §*=4RT there will be only a single equation of the first

degree equivalent to
Rdy'+ Tda* — Sdady =0;
this single equation will, since the necessary conditions are satisfied,
lead, by a similar process, to an intermediary integral.
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234. Passing now to the more general case in which U is not
zero, we may similarly prove that one intermediary integral will,
and two intermediary integrals may be, derivable from the subsidiary
equations, provided the conditions y for the exist of an
intermediary integral are satisfied. Let the subsidiary equation
which involves ¥V be multiplied by a quantity A, as yet indeter-
minate, and added to the other; the result is

Rdy' + Tda® - (S+\V) dedy + Udpdw + Udgdy
+A\Rdpdy + \Tdgdz + \Udpdg = 0.

Now this can be resolved into two linear factors so as to be
equivalent to

(Rdy + 7o + mUap) (dy+3 da+ > da) =0,

provided the quantities &, m, A be such as to make the coefficients
of the several terms in the expanded product the same as before.
Applying this condition we find that the relations to be satisfied
by these quantities are

KT +L R=—(84A7),

k n;w=U’ '

¥TX AT, wU=AR, TU=U;
m k

these are all satisfied by m=%k= ).E,

provided A be determined by the equation
N(RT+ TV)+AUS+U*=0.
Let the two values of A furnished by this equation be A, and A,
which will be unequal except when
S*=4 (RT+0%);
the two subsidiary equations may be replaced by the two
equations each resoluble into linear factors when the values of

%, m, \ are therein substituted, which two equations, after a slight
reduction, may be written :

(Udy + M\ Tdz + N, Udp) (Udz + N Rdy +\,Udg) =0,
(Udy +\,Tde + 7, Udp) (Tdw+ ARdy + 7, Udg) = 0.



364 MONGE'S oS [234.
To obtain the functions u and v, from which an intermediary
integral may be constructed, we must combine in pairs a factor
from the first with a factor from the second. But of the four
possible combinations two must be excluded, viz., that obtained by
combining the first factors in these equations, for it would lead to
a result
Udy =0,
which obviously would not furnish any solution: and that obtained
by combining the second factors in these equations, for it would
lead to a result
Udz =0,
which obviously also would furnish no solution. Henee the equa-
tions may again be replaced by the two pairs of equations
Udy +\,Tdz + 2\, Udp =0 }
Udz + Ry +N\Udg=0]’
and Udz +\Rdy+2,Udg =0}
Udy +\Tdz +2,Udp=0)"

From one of the pairs we shall have two integrals of the form
u=qgand v=>; and therefore also through that pair we obtain an
intermediary integral.

And it may happen, as in the simpler case of § 233, that we
can obtain an intermediary integral through each of the pairs of
equations of the first degree.

These two integrals, which may be denoted as before by
u=f (v,), U= (1),
are intermediary integrals of the originel differential equation, and
are distinct except when
8'=4(RT+TV),
when there is only a single intermediary integral obtainable.

236. We may now proceed further in the integration for
either the linear equation of § 238 or the more general form of
§ 284. Taking the intérmediary integral obtained if there be only
one, or either of the intermediary integrals if there be two, we have
a differential equation of the first order; the complete integral (and
the associated integrals) of this can be obtained by the methods of
Chap. 1x.  This integral will be the final integral of the original
_equation.

I
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236. In the case when there are two intermediary integrals
wo may apply an important proposition (now to be proved) which
will considerably shorten the further labour of deriving this final
intogral. This proposition may be enunciated as follows :

When we have obtuined two intermediary integrals of the form
w,=F () and u,=¢ (),
and we consider them us simultuneous equations to determine p and

q as functions of @, y, and z, the values of p and ¢ given by these
eqartions will be snoh us to render

dz = pda+ qdy
integrable.

Assuming this proposition established we have therefore merely
to sulve the two intermediary integrals as simultaneous equations
in p and ¢ ; to substitute the valnes of p and g thence derived in

dz = pd.c + qdy
and integrate.  The resnlt will bo tho final integral

237, Wu now proceoed Lo estnblish tho proposition enunciated
whove, Lot F=0 und @ =0 respectively donote these integrals,
s that F=u,—f (), ®=u~f(y), and first let F=0 be a
solution of the equation

Rr+8a+Tt+U(rt—s)="7T.

W have only the single equation F=0, which is not sufficient
{0 enable us to oxpress », s and ¢ each as functions of @, , 2, p and ¢ ;
wo can cxpress sny two of them in terms of the third and of
(uantities explicitly independont of them. When these values are
substituted in the difftrential vquation, the latter will contain one
set of terms involving this sccond differential coefficient of the
deptmdent variably and unother set not involving it; and the
equutivn @8 to be sutisfied idonticolly without regard to this
differentiol cocficient. Now since F'=0, wo have
AF OF  oF OF

+a-8+

'a};*az'f o Zﬁt=0;
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~ L
. oF  oF oF oF

when for brevity we replace Frid by F, and En tqs; by F,,
these give

oF oF

» T==58 F,,

oF oF

3 t=— » s—F,

Let these values of » and ¢ be substituted in the differential
equation ; it becomes

oF oF oF oF
RF,%+TF”$+ VBI; 3~
oF\' LOF oF 9F\* oF 2
+{R(E)_S$ % + T(E) — UF, - UF-;;}“O-
This must be satisfied identically without regard to s; and
therefore the coefficient of s and the term independent of it must
both vanish. If this were not so, the equation would determine s
(and therefore also r and ¢) as functions of z, y, 2, p and g—a
result which, as we know, cannot be deduced from the single
equation F'=0.

UF.F,

Hence we have

oF oF  _oFaF

RF,,@ +7F, 75+ Va? 3" UF.F,=0,

F\' (oFoF oF\ oF oF

— )-8 = = — )= — - = =
R @q) S5 st T(ap) uF, 5 - UF 5 o
The same equations will be satisfied when we replace F by
@; and we may therefore consider ¥ and & as the solutions of the
equations

) 2@ 90 2@ _

R@ma—q+1’®,a;+17% ag ~U8:8,=0,

28\* 00 00 00\* 260 00
R(5) S5 7 +7(5) - U0 5 - VO =0

238. We must now consider two cases.

(1) The linear equation, when U=0; let £ and £ be the
roots of
RE - Sg+T=0,
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so that the second equation becomes
00 98\ 00 . 00
(5 &%) (& ~5p) =
We may therefore write

oF . oF
2~ 5y~
0 o®
E - g:l '% =0,
thus associating & with F' and £, with &, The first equation, on
dividing out by %—?, becomes
90
RE®, + 1O, + VE i 0,
oF
and therefore REF,+ TF,+ VE, B 0.

But 7'=REE,, and the last may therefore be written

Vor

Rop
Voo

Similarly O, + D, + Rop = 0.

F,+EF,+ 0.

From the last two we have

P oF oF 0P oF L
F=‘a;5 —‘D-a’l, _Elq)r%—Equé};_q)vE_ v3g°
P oF 2P oF
and therefore F, E -, ; +F, g~ @, % =0,
which is the condition (§ 202) to be satisfied by the two functions
F and @ in order that the valucs of p and g derived from F=0=2
as simultancous equations should render
dz = pdz + qdy
integrable. This proves the proposition for the case of U=0.
(2) The general form when U is not zero.
‘We now proceed exactly as in § 234 the first equation in @ is
multiplied by a quantity A given by
M (RT+TV)-AUS+ U=,
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and is added to the second; the resulting equation is resolved

into factors for each of the values of A and the linear factors are

combined as before, giving two pairs that may be retained. These
are, if A, and A, be the two roots,

oF oF

T—=\NUF,+U+—

A » N %

oF _ - oF|

AR i NOF,+ U i

9D

op

lod ("
)“RW —MU¢,+U%

and AT = =208, + Ug)

From the first and third of these equations we have
70 OF_1OF00_10F30
"% ""ép MOpdg MOgop’
and from the second and fourth
0P oF 19F2® 1 0F2®
Po ~%a = Nma T
and therefore )
il oF o0 - oF
F,%—@,$+ y@—¢,@=0.

This shews that, for the more general form of the equation
when F'=0 =@ are treated as simultaneous equations, the values
of p and g thence derived are such as to render

dz=pdz+qdy
integrable.

Hence the proposition is proved in general. When these
values of p and ¢ are substituted, the integral of the resulting
equation is the final integral of the proposed differential equation ;
it will involve in its expression either implicitly or explicitly the
two arbitrary functions which occur in the two intermediary
integrals.

239. The statement of the method of solution, as derived
from the preceding investigation, is contained in the following
Rules.
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RoLk I "VVhen the equation

BRr+8s+Tt=V
3 integrable by this rule, we transform it by the equations
dp = rda + sdy,
dg =sde + tdy,
nto Rdpdy + Tdgde— Vdedy = s (Rdy* — Sdaedy + Tda*) ;
ve resolve Rdy® - Sdxdy + Tdz*=0

nto the two dy—§Ede=0, dy—Ede=0.
From one of these linear equations and from the equation

Rdpdy+ Tdgde — Vdady=0,
rorabined if necessary with dz=pdz+ qdy, we can obtain two
ntegrals u, = a,, v, =b,; then

u, =f, (v,),

where f, is an arbitrary function, is an intermediary integral
From the other linear equation, combined with the same equations,
we may be able to obtain another pair of integrals u, = a,, v,=b,;
in that case, u,=Ff,(v,) is. another intermediary integral, f, being
arbitrary.

To deduce the final Integral we integrate the intermediary
integral, if only one has been obtainable, by the methods which
apply to differential equations of the first order. If there be two
intermediary integrals, we solve them as equations giving » and ¢
and substitute in

dz = pdz + ¢dy,
which when integrated gives the complete integral.

RurE IL.  When the equation

Rr+Ss+Tt+U(rt—s)=V
is integrable by this rule, we either can obtain two integrals u, = a,
and v, = b, of the equations

Udy + 7 Tdz +2\,Udp=0

Udz +MRdy +2,Udg=0)"’
or can obtain two integrals u, = e, and v, =b, of

Udx + N Rdy +2,Udg=0 }

Udy +7Tde +2\,Udp=0 ]’
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- "

where A, and A, are the roots of
MN(RT+UV)+AUS+ T*=0;
or we may be able to obtain both sets of integrals.

" Then u,=f,(v,) and u,=f, (,), where f, and f; are arbitra:
are intermediary integrals in the respective cases. We proce:
from these exactly as in Rule I

240. It may, however, prove not to be possible to obtain, fro
the two intermediary integrals, values of p and ¢ suitable f
insertion in

dz = pdz +qdy;

and in that case we may proceed to obtain the final integral 1
integrating one of the intermediary integrals, adopting for th
purpose Charpit's method as indicated in § 201. But witho
actually going through the work necessary in that method to deriv
the additional relation between p, g and the variables, it will 1
sufficient to take, as this additional relation, any particular fir
integral of the general system other than that which is beir
directly integrated ; thus we may take

w,=f(v) and u, =g,
where o is an arbitrary constant. Since an arbitrary constant is

particular case of an arbitrary function the values of p and
derived from these equations will be such as to render
dz'== pde + gdy

integrable; and the integral will involve one arbitrary function
and two arbitrary constants, viz, a and the constant of integratio
This result constitutes the complete integral of the intermedia
integral; the general integral may be derived by Legrange’s rul
(§ 180), by converting one of the arbitrary constants into a
arbitrary function of the other and eliminating this remainin
constant between the equation so transformed and that deduce
from it by differentiation with respect to that constant.

241. This method, however, ceases to be effective in the cas
in which the roots of the quadratic in A are equal; there is the
only one system of integrals given by u, =a and v, =5, and so ther
is only one intermediary integral given by

u=F(v),



241.] D EQUATION. 871

and this must be i‘.‘ntegrated. " Just as before Wwe may avoid the use
of the general method for the integration of an equation of the first
order by combining the general and particular first integrals

u,=f(v) and v,=b.

The values of p and ¢ hence derived will evidently satisfy the
condition of § 202, and therefore when substituted in the equation
dz = pdz + qdy
will give another integral of the form

w,=c.

If p and g occur in w,, they may be eliminated by means of the
former equations v, = b and u, =f(b); so that

w=c
is a complete integral of the equation since it involves two arbitrary
constants b and ¢. To obtain the general integral we must make
¢ an arbitrary function of b and eliminate b between the resulting
equation and that derived from it by differentiation with respect
to b.

Thus in the cases, when the roots of the quadratic are unequal
and when they are equal, we are led to a general integral, into the
expression of which two arbitrary functions enter.

It may be noticed that the foregoing reasoning would apply
equally, if there had been taken instead of the particular integral

u.=aJ'

some other particular integral such as
kug +ln,=a
(k and I being disposable constants). This particular integral may,
in fact, be taken so as to render the subsequent integration as
eagy as possible.
Examples will be found below.

Ex. 1. Solve r=alt.
Substituting for » and ¢ in terms of & we have
dpdy — a*dzdg=s (dy* — aldz?),
80 that the subsidiary equations are
« dyt—aida?=0,
dpdy — aldzdq=0.
24—2
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The former can be resolved into the two
dy —adzr=0, dy+adr=0,
the respective integrals of which are
y—ar=4, y+ar=B.
Taking the first of these and combining it with the second of the subsidiary
equations we find that the latter becomes
dp —adg=0,
which, when integrated, gives
p-ag=4.
Hence one intermediary integral is
p-ag=d, (y-az).
Teking the second equation y+az=2B, and proceeding in the same way,
we find
dp +adgq=0,
which leads to
praog=B;
and therefore a second int: diary integral is
Ptag=d;(y+a).
‘We now, in accordance with our rule, treat these as simultaneous equationa
giving the values of » and ¢; and we find

o=l g +00)+ ¢y (7~ )} + 5 dy b 9+ a2) ~ b, (y = )}
_(dy+ada)dy (y+az) _ (dy—ads) dy (y—az)
2a 2a 4

which can be integrated.

Let ¢(g)=2iaf¢,(:)d: and v (f)= ‘zl_afd’l(‘)d‘;
-
then the integral is
5=¢@/+M)+‘l'(7—ﬂ)
The arbitrary constant of i ion may be idered beorbed in

either of the funotions ¢ and . Since ¢, and ¢, are arbltrary, ¢ and 4 are
also arbitrary.

Ez. 2. Solve
(b+cq)?r— 2 (b+cq) (a+0p) 8+ (a+cp)? ¢=0.

Transforming this by the usual relations we find that the subsidiary equa-
tions are

(b+cgP dy?+2 (b+cq) (a+cp) dady + (a-+op)? dz?=0,
(b+cq)* dpdy+(a+op) dgdz=0.
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a

The former of these gives only a single equation
(b+cq) dy +(a-+cp) dz=0,
50 that only a single intermediary integral can be obtained for the equation,
assumed integrable by this method. When this is combined with

de=pda+qdy,
it gives adz+bdy+cdz=0,
s0 that one integral of the subsidiary equations is
ax+by +cz=A.

Eliminating the ratio dy : dz between the second subsidiary equation and

the modified form of the first we have
(b+cq) dp=(a+cp) dg,
the integral of which is
a-+op=B(b+oag),
B being an arbitrary Hence the int diary integral is
a+cp=(b+cq) ¢ (az+by+c2).

This must now be integrated ; Lagrange’s process for linear equations

may be adopted. Denoting ¢ (aw+by+ez) by ¢, we have as the suxiliary

equations
do_ dy _ de
c —cp bp-a’

From these we have
adz +bdy+ode=0,
80 that az+by+cs=0C,
and ¢p=¢ (uz+by+ce)=¢ (C) is a constant.
Henos for a second integral
dy +dz (C)=0,
y+ap (0)=C".
The final integral of the differential equation is, .t.herefora
y+2¢ (az+by+ea)=y (az+by+c2),
where ¢ and v are arbitrary functions.
It may also be exhibited in the form
s=20 (az + by +c8)+yx (az + by + c2),
where 4 and x are arbitrary functions.
Ez. 3. Integrate
(i)  r+kadt=2as,
. (1) when # is not unity, (2) when % is unity;
(i) 2% +2zys+y*=0;
(itl) g —2pgs+pi=0;
(iv) 2% -p%=0;
(v) r—aft+2ab(p+ag)=0.
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Ez. 4. Integrate the equation
ar+be+ct+e (ri—8)=h,
@, b, ¢, 6, h being constants,
The equation in X is
A? (ac+ek)+Neb+e2=0,
or, if we write Am+¢=0, the equation which determines = is
m2—bm +ac+eh=0;
let m, and mg be its roots. The first system of integrals is
* calz‘+edp—wuldy=0}
ady+edg - mydo=0J’
80 that one intermediary integral is
ex+ep—myy=F (ay +oq—myz).
The second system of integrals is
ady -+ edgq—mdz=0,
cdz+edp—mydy=0,
and therefore 4 second i diary integral would be
o+ ep—mpy =8 (ay+ 69~ my2).
If it were possible to solve these intermediary equations so as to express
and ¢ in terms of » and g, the final integral would be at once derivable; bu

this not béing the case we combine any particular integral of the second wit
the general integral of the first system. Thus we may take

cr+ep - Mpy=a,
and then F (ay+eq — mgz)=(mg—my) y +a,
80 that, if ¥ be the inverse function of # and therefore an arbitrary funotior
we have

ay +eq=mg+¥ {(my—m) y+a}.
Thus
edz= — cxdx— aydy+ (mgy + a) da +[mgz+¥ {(mg—my) y+a}] dy,
the integral of which is
ect+} crt+} ayP=myry +az+0 {(my—my)y +a}+ B,
where © is an arbitrary function (since it is given by
(my—mn) © (2)=[¥ (2) de,

and ¥ is arbitrary) and g is an arbitrary constant.

This is the Complete Integral; to obtain the General Integral we eliminat
a between the equations

€2+ (ca¥+ay?) =myzy +az+0 {(my—m,) y+a}+x (a)‘

Omat o @ {m-m)y-+abr (@
x denoting an arbitrary funotion.
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Ez. 5. Solve
(i) e-rt=a;

@ o+ (p+o)atyt=—g+y(i-m);
(i) 2pgyr+(p'y+ga) s+ api=piq (ri—&)+ay.
Ez. 6. Solve '
2 (1+¢%) r—2pges+2 (1 +p%) £ —22 (2 —1t) + 14+ pi+g2=0.
The equation which determines m is = ~

m? + 2pgzm + pigP? =0,

80 that the two values of m are equel, the common value being —pgz;

the system of integrals reduces to one given by
2(1+p% do+sldp+pgedy=0,
2 (1+¢?) dy +24dg +pgzdz=0.
The former by means of

de=pdz+-qdy
gives, after division by 2,
dx +pdsz+edp=0,
the integral of which is
z+pr=a;
the second similarly leads to
dy +qde+2dg=0,
the integral of which is
y+gz=b,

80 that the intermediary integral is
F(z+pe, y+g8) =0,
where F is arbitrary. .
Proceeding as indicated in § 241, we have
: z+pz=a,

y+ge=b;
and therefore 2dz=pzdz+qzdy

=(a—2)dz+(b-y)dy,
the integral of which is

(z—a)+(y-bpR+P=c

375

.
and

A general integral is found, as there explained, by eliminating ¢ between

the equations

{5 OP+{y—¥ @P+e=,
and {e-d @} ¢' (O +{y-¥ @} () +e=0,
 and ¢ being arbitrary functions.
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Ez. 7. Solve
() zgr+ypi+ay (8 —~rt)=pq;
(i) g%+ 4pga+p¥+p%2 (rt—a%)=a;
(i) (14" r—2pge+(1+22) t=(8 = 1t) L+ +¢9) - (L+p+ gk,
Ex. 8. Prove the converse of the foregoing general result, viz., Let the
equation of a surface be
@ (2,95 & b 0)=0,
where a, b, ¢ are connected by any two conditions of the form
x(a b, ¢)=0=v(23,0);

shew that the equation of its envelope will satisfy a partial differential equa~
tion of the form

Rr+Ss+Tt+ U (rt—e2)=V,
the coefficients of which satisfy the relation
S'=4 (RT+UV).

Principle of Duality.

242. This principle, which was shewn (§ 197) to be effective
in deducing from the solution of one equation of the first order
that of another associated with the former by relations of a per-
fectly reciprocal character, may be applied to equations of the
second order. The analytical connexion consisted in taking new
variables defined by the equations

X=p, Y=q, Z=pr+qy—=
from which there were derived the reciprocal equations
=P, y=@, z=PX+QY-Z

From these we have

do=dP=RdX + 8dY,
dy=dQ=8dX + TdY;

Tde: — Sdy
so that X = 2T
_ —8dz+ Rdy
iY = R
But rde +edy = dp =dX,

sdw + tdy =dg=dY;
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we therefore obtain, by equating coefficients,

T ! -8 R

RT—§" *“ET—8v '“mr-g§v

-1
T RT-§%

Let these substitutions be applied to any equation of the form

M+ pus+vt+o(rt—¢) =0,
in which A, g, v, o are functions of z, ¥, 2 p, q. Let their values
after the transformations have taken place be denoted by X, 4, ¥/, o
respectively ; then the result of the substitution gives
NI~ u/'S+vR+0'=0.

If then the solution of the former equation be known, that of the
latter can be obtained ; and wice versa.

r=

and also rt—g

Thus in particular the solutions of the two equations
$(p, O +69(p, O +ix (0, 9)=0
and rx (%, y) —s¥ (&, y) + i (z, y) = 0
are derivable from one another.
Ez. 1. From the solution of
2+ 2zy8+y* =0,

g% — 2pgs + pit=0.
Ez. 2. Integrate the equations
()  prt+gy-szy=z;
(L) 8 (rt-s")=pgs;
(ii)) ¢* (e-po-gy)=(pt—-gs) 7s;
(iv) pr+2pgs+git=(ap+yq) (- &);
(V) (L+pg) (r-8)=(p*-¢*") t+p* - g%.

derive that of

Laplace's mathod for the transformation of the linear equation.

248. The linear equation
Rr+8s+Tt+Pp+Qq+Ze=TU
in which R, 8, T, P, Q, Z, U are functions of # and y only, can be

reduced to simpler forms. The process consists in changing the
variables.
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[

Let the independent variables # and y be cha.nged to £ and 7,
as yet undetermined; then, when 2/, ¢,... denote 22 . the

353'4

equation becomes
R ) sE g+
e (R @) +sm a1 @)t

(.33 . o (GndE  Ond 2 o
+8 {233 a.»*s(a‘za?ﬁa—ya? +2Tayay}

wr{aZesZE Ta;ma +oY

oz Bway o’
o' 3’11 on }
85 T 721 +P o +2Zz="T.
+9 { s+ b Q= %
Let m and n be the roots of the quadratic equation in k&
RE+8k+T=0,

and first suppose that these roots are unequal ; then chooge £ and
7 8o that

of _ O
oz~ By ’
on _ 217_
oz~ By !

which determine £ and 7. The terms involving 7’ and ¢' now dis-
appear ; and the coefficient of &', being
0F on N
dy oy (‘ﬂ' R)
does not vanish since the roots of the quadratic are unequal. Let

the equation be divided throughout by this coefficient; then it
takes the form

3531, +L E+M Ly Nz=T.

244. In two cases the integral of this equation can, without
further transformation, be obtained. We may write it in the form

ag@,*”” +M(gﬂ+Lz)+z(N LM—B—E) 7,
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so that, if the condition
N-Iu-2 55 =0

be satisfied, the equation becomes

}7;,+Mu v,

where u replaces g—; +Ls. A general value of « can be obtained,
and thence a general value of z,

‘We may write the equation also in the form

2 (a§+ Mz) +1 (35+M’)+’ (N LM-%I) =7,
so that, if the condition
§-zu-F o0
be satisfied, the equation becomes
g—; +Lv= V,

where v replaces % + M. From this, through v, a general value

ok

of 2 can be obtained.

245. If however neither of these conditions between the
coefficients in the transformed equation be satisfied, it can still be
transformed by changing the dependent variable. Thus when we
write

g—f’ +Lz=¢
we have
o¢ =
aE+Mg+ﬂ (N LM—B—E)_ V.
Denoting LM + — N by K we may write

BE
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oo

and therefore

Lo L, LV 0 106 M, TV
t=pRtEt Hr('a‘;*zf x>
which is equivalent to
a'§+1:'a§+ M’BC+N’: 7,
18K '
where L'= L—l—{—a;
M=¥M,

=LM-K+K-B%(%),

g0 that the same form is reproduced but with altered coefficients.
The equation in its new form can be integrated, if the analogous
relations between the new coefficients be satisfied. From the
values of L', M', N’ we have

oM
‘M'-N'=K——
z o
o
on’
s0 that as K is not zero (by hypothesis), the relation
oM’
LM +—-N'=
o
is not satisfied. The other condition being that the equation
'y + B_E -N'=
should be satisfied, is when expressed in terms of the original
coefficients

=K-

oL 8 19K 1 3K3K
K%~ o " Rot 0o %
If this be not satisfied nor the corresponding relation derived
by the consideration of the other expression

oM
LM+ o N
the process of transformation may be repeated indefinitely; and, if
at any step of the process the requisite condition should be
satisfied, the solution may then be found.
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Ez. 1. Prove that for any substitution of the form

z=pu,
vhere 7 is to be the new dependent variable and p is & function of £ and #,

2o- N+ ong sy w4E

o %
Te absolute invariants and that therefore such a tranaf tion is ineffec-
1ve for the purpose of solution.
L. 2. Prove that if
K=, — LML and 7= ¥, — L0, -2

% an
the functions of the coefficients after r transf tions) then

* (log ,
KM=3_3__?(1‘;§” 049K, —J,,

Jr+1=Kr-

Hence solve the equation

8+-zyp=2yz.
(Imschenetsky.)

246. Next, consider the case when the roots of the quadratic
Arc equal, so that
S*—4RT=0.

The two equations determining £ and 7 now coincide so that
from them only one of these quantities can be obtained; let it be
£, given by

‘ _E
and suppose £ and y to be the new independent variables; i:hemso et
we may write 7=y. Then in the transformed equation the coeﬁi-_b

cient of r' is zero, that of ¢’ is 7, and that of &' is "

T2
sEy 2Tg§
But m being a repeated root of
Rl + 8k +T=0,
we have
S 2T )

m=—ﬁ=-—§,
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hat the coefficient of ' is
o S*
27-57),
dy (
ch is zero. Hence the transformed equation on division
>ughout by T becomes
o'z 0z

y, L + ¥ +Nz .
The case suitable for treatment by this method is that in which
5 zero; the equation may then be looked upon as an ordinary
wation in y, the variable z being considered constant; the
itrary constants of integration should be replaced by arbitrary
ctions of .

Poisson’s Method.

247. Poisson has shewn how to deduce a particular integral

any partial differential equation which is of the form
P=(rt—sYQ,

ere P is a function of p, ¢, , s and ¢ homogeneous with respect

the last three quantities, and @ is any function of the variables

y, 2z and the differential coefficients of z, which remains finite

enri—8=0.

He assumes g=¢(p),

1 therefore s=r¢’ (p) and t=s¢'(p)=7 (¢’ (P)}"

These values make rt—8=0

1 reduce the differential equation to
P=0.

Now P heing homogeneous with respect to 7, s and ¢, there will,
wen the foregoing values are substituted, occur & common factor
roughout, being some power of »; this may be rejected and the
naining equation will involve only p, ¢ (p) and ¢’ (p) which when
«egrated will determine the value of ¢ (p) and so will lead to an
iegral of the original equation. This integral, being of the form

7=¢ (@)
o always be further integrated.
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o« .

It may be noticed that Poisson’s process is eguivalent to
obtaining the developable surfaces which are included under the
given differential equation, for

7=¢(p)

is the differential equation of developable surfaces.

Ez. 1. Solve =yt gt
Prooeeding as above we find
1-{¢' (=0,
80 that retaining only the real values
¢’ (p)=1=1,
whence g=¢ (p)=atp,

where @ is an arbitrary constant. The complete integral of this considered as
a partial differential equation of the first order is

z=ay+X(z+y)+v,
where A and » are arbitrary constants ; the general integral is
s=ay+¢ (z+y),
where ¢ is an arbitrary function.
Ez. 2. Solve
). t+2ps+(p—af)r=0;
(i) (1+¢%)7-2pga-+(1+p%)¢=0.

Linear Equations with constant coefficients.

248. 'We now proceed to consider equations which are linear
not merely with regard to the differential coefficients of highest
order but also with regard to the dependent variable and all its
differential coefficients, and in which the various terms are multi-
plied by constants only. Such an equation is

9 2
(2. a_y) =7,
where @ is a rational integral algebraical function all the coeffi-
cients of which are constant; ¥ may be any function of the
independent variables.
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As in the case of ordinary differential equations the complete
integral consists of the sum of two parts:

first, the most general integral of

second, any particular solution of
9 2
® (% 5 =7
These will be obtained separately. For convenience, let
2

% and % be respectively denoted by D and D',

249. The simplest case of the general equation is that in
which only differential coefficients of the nth order occur, so that it
may be written ’

D"+ ADV D+ AD" D*+...... +A4,D"z="V.
Let ay, a,, ...... , a, be the n roots of
EH AT +AEF . +4, _E+4,=0;
then the equation may be transformed into
(D= D')(D~2D).....(D-aD)e=V.

To find the complementary function we write V' =0; then a
solution of

D-aD)z=0
will be a term in the complementary function; and as there are
n such factors there will be n such terms.

Now the solution of
(D—-\)2=0,
where A is independent of z, is given by
£=6"C,

O being also independent of z. The quantity C' may therefore, in
the solution of

(D-aD)z=0,
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be made an arbitrary function of y, and we then have

a
2=6"q ¢ (3)
=¢ (y +az).

There is one such solution for every value of a; and the sum
of these different solutions is also a solution, so that the com-
plementary function is

g=$ y+az)+ b, (y+am) + ...+ ¢, (y +,2),
where ¢, Py, -een.. , ¢, are all arbitrary functions.

In the case, however, in which two roots « are equal this value
ceases to be general, as the sum of two arbitrary functions of the

same argument is merely an arbitrary function of that argument;
the corresponding terms are then obtained as follows.

The solution of

D—-\)rz=0.
is z2=¢"(4 + Ba),
where 4 and B are independent of #; hence the integral of
(D—-aDy2=0
is 2= () + o ¥ W)}
=¢y+w)+ay (y+aa)

where both ¢ and - are arbitrary; the sum of these two terms
replaces the sum of the two terms, which had coalesced into one,
and the gemeral character of the solution is restored. Similarly,
when any number of the roots a are equal, the corresponding
terms of the complementary function, which coalesce into one,
are replaced by a series of terms derived in the same manner as
the above. .

250. To obtain the particular integral we may represent it
symbolically by
1
2= D=aD)(D-aD)...D—aD

=%,,,(%_ ) (%7_ _1,1,)(12)‘ “-)

)V

V.
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To evaluate this we resolve the second symbolical fraction into
the sum of n symbolical partial fractions, into the denominator of
each of which only one of the quantities D/D’ — a enters; thus, if

I S
(E-a)(E~-a)...(b-a) r=1 E-a’

we have

r=n
-5 i
N, béing a constant and depending only upon the constants a.
Let V=v@y;
then since

(D—aDy =% st

we have
D_-l—arD,V=e""i'z7fdee"“‘;nP(E,y)
2 (o
~on [ dgy 6y-af)

=[" dev 6 y+oa—ap);

hence the particular integral of the equation is
- 1 @ ;'ﬂl —
o= [[-ay [ 5 W 6y + o - 1]

This is the value in the most general case possible; in particular
cases the actual evaluation becomes much more easy. Thus, if V
be a function of # only, we may consider {® (D, D)}™ as expanded
in & series of ascending powers of D' and then every term may be
neglected (so far as the particular integral is concerned) except
that which does not contain D'. Corresponding simplifications
arise in other examples.
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>t R
&%, 1. Bolve i ll'..:v'-l-
Wee Fx, 1, § 2310

Fur the Camplenantary Fuliction we have

(i) Crrni) v

» [
I YO TORRL LY
=P o)+ iy - ),
& awl by arluteary.
For the Varticular lutogral we have

und thenfuen

' .
YA gt

- ;’ (l +u' I;;i- ...) 1
1

L

in
~
Tar
Newe the tanplete Tntogral m

ey trr) b iy u_r)+="(,

£vw tihtan n selution of the oquation
(R
T e

dftey
ds

sl that, when 2 it v~ F(2) aml ";' -

finwthidu of 5,

, &ir) and 71, being knovn

As, 3 Balye the cquatinme

0] ":j . 'i;:-'n- mroomny; *
Ny "y oy
[{11] -’-H"’r.ri-,*’;‘,""”“
0y 1 -2 .,f;'yw':;;',—fu fues
tiv) ::'. - ;‘,-r‘y‘:

(v) (PD-aDPi=gis)+diy)txls+hyt:
(vi) (D-Dfamstpir+ty)
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Ez. 4. To solve

0%y 0% 0% oy
PR = Il v i

For the Complemantu'y Function we have

3. 9. ,9\/D, .0, @
(ax tut a. (az*""’ay‘”" a;)(a;"'” af’”a,)"“q

o being & oube root of unity. 'The solution of
[ 9, 2
(E'H‘ B?/-H" B_z) %=0

N u=a-m(a%+u:—') 609
=6y -7z, 2—p2);
hence the Complementary Function is
&, (¥ — 2, 2—2)+ 3 (¥ — 07, 3~ 0%) + ¢y (¥ — 0%, 2—w3),
where ¢,, ¢y, Py are arbitrary functions.

The part of the Particular Integral corresponding to 29 is

1 1 z5
A AA (AP A 4 A Y
(@) +@) ) e @)
and so for the other terms ; the full value is
Lrytd .z"y'z’

4.5.8

[250.

The Oomplete Integral is the sum of the Complementary Function and

the Particular Integral.

Ez. 5. Solve
B’u o % o

O T e Y

. oy 0%
@ W_zw_aa?a_n-a

0% oy %u
w2 n et mym

0.

251. Passing now to the general equation, we must find the

solution of

@ (az ay) =0,
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where ® is of the form
T i

A,—+A4

3 ,W+A

0"
,Wa—y—,‘i‘ ......
aﬂ—l al-l
+ B"W-‘_B‘M‘F cseree

+Ka—a%+K,%+L.

We assume as a trial solution
g=Adth,

where % and % are constants yet to be determined ; for this value,

0z
a—y—kz,

o _ hz and
o
and therefore we have
(b Ek)z=0,
which will be satisfied, if k and % be determined so as to satisfy
® (h, k)=0.
This obviously makes one of the constants to depend on the
other ; let the equation be solved to determine %, so that we shall
have results of the form

k=0(h),
n in number. Taking one of them, as k=0, (k), we have the

golution in the form,
2= AdEHID

for all values of 4 and h. Now the sum of any number of solutions
is also a solution, so that another is given by.

g=3AdH®,
where S implies summation for all values of h; and 4, an

arbitrary constant, may be looked upon as an arbitrary function of
b, which may vary from term to term of the series.

Similarly another value of k, such as 6, (), will lead to another
solution which may be represented by
z= SRt
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and, as each value of % will lead to a corresponding series, the
general solution may be represented as the sum of n series in the
form

2=5 [AdT0) o3 (BT o

the summation in each series extending to terms arising from all
possible values of the constants s The fact that the coefficient
belonging to any term may be considered as an arbitrary function
of the constant which occurs in that term shews that each series
may be regarded as having in its expression one general arbitrary
function ; and thus in the Complementary Function we should be
led to expect n arbitrary functions.

252. This general result in the form of the sum of n series
each containing arbitrary elements may appear to be of slight
value. Sometimes, however, by the form of the differential
equation, & simplification is introduced such as that indicated
in the next paragraph; sometimes by conditions imposed on the
dependent variable other than the satisfaction of the differential
equation the number of terms of the series is limited to those
which contain particular values of the parametric constant.

For example, whenever a solution of the equation which
determines % is of the form
k=ah+B,

where a and B are determinate constants, the corresponding series
may be expressed in a finite form. For it is

aﬁyEAeh(z-Hw),
that is, it is (save as to the factor outside 3) the sum of any
number of arbitrary pawers of ¢°** each multiplied by an arbitrary
constant ; such a sum is an arbitrary function of ¢* + or, what is
the equivalent, an arbitrary function of z+ ay and the series may
therefore be replaced by

& ¢ (z+ay),

where ¢ is arbitrary. Corresponding to the conditions which in
any particular case limit the number of terms included in the
series, there will be analogous conditions which determine the
form of the arbitrary function.
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a2 L]
Ez. Prove that, if the root
k=ah+p
+ ocour r+1 times, the corresponding part of the Complementary Funotion is

¥ [y (2+ay) +Yby (2+ ) + veven+Y Gr (T4 ay)]y
where g, ¢y, ....... , ¢ are all arbitrary.

258. To obtain the Particular Integral we may represent
it by

1
~so.n"
the evaluation of this expression will depend upon the form of V.
Thus if
V==t

we should have

1 eu+bv
® (a, b) !
88 the value of zrequired. If ¥ were a rational integral algebraical
function of # and y, then it would be possible to evaluate the ex-
pression by expanding the inverse operator in & series of ascending
powers of both D and D, if permissible, or of one of them. The
methods applied to the particular forms considered in § 46 in the
case of ordinary differential equations will indicate the corre-
sponding methods to be adopted for the varying forms of V.
Ez.1. Solve
0% 0% L0z 02
Pl —W-s =+3 a—y=a{:/+e‘*'"f.
First, for the omplementary Function we must solve
(D-D')(D+D' -3)z=0.
Let =dderm°
be substituted ; then
(h—B) (h+k—=3)=0,
80 that k=hend k=3-1
are the relations between 4 and . Hence
2=2Aie+3) 4 3 Bix—)
= (2+9)+7 ¥ (=),
where ¢ and v are both arbitrary.
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~ -

The part of the Particular Integral corresponding to e*+% is
T

""(1'—'17) o9

1
= L. B
ey g e

1
(U L3 S —
o)
=—yet,
The result indicates that a term of the form ¢+% will arise in the Com-
plementary Funotion ; that this is so is obvious from the identity
A+ =ger=1,

The part of the Particular Integral corresponding to zy is

oI5
=g (57 ()}
=35 (1+5) wHis+ir+d)

= 55 3o+ iy fHi+ i)

= - @ety+ et ey + ok 2oy
the expansions in each case being taken no further than is necessary to
furnish non-evanescent terms. It might happen that, by a different method
of procedure such as expanding in powers “of g, a particular integral of

apparently different form would be obtained ; it would however be found that
the two could be transformed into each other by means of the Complementary
Funotion.

The general integral is, as usual, the sum of the foregoing three parts.

254, Any equation such that the coefficient of a differential
coefficient of any order is a constant multiple of the variables of
the same degree may be reduced to an equation of the foregoing
form. Such an equation will be of the form

oz

ZA,MM+2B oY s +>:0y@— V.
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.

‘We may either change the independent variables to u and v where
z=¢"and y=¢'; or we may represent ma% by % and g/%by ¢,
and then we have

af——_g(& HE-2)...0-7+1)z

zya,ay,—%(?r .. @-p+Dd@-1)... (p—g+1)e

In either case the equation is reduced to the form already con-
sidered.

Ez. 1. Tosolve
o B | 0%
z? F+w373_y+y W’—M'
‘We have, on assuming »=log  and v=log ¥,
9 ,0\/09,0 -
(ﬁ"‘%) (a—u+ﬁ—1> p=gmutm,
The integral of this i

z=e"F, (v—u)+fi(v- u)+(—m+—;)”(—:ﬂ—+ﬁ

= ¥ s
- xF(z-)"'f (x + (m+n) (m+n-1)’
where f and F' are arbitrary.

Ez. 2. Solve

0 Pom- y’gy',—zy,

n 0
(i) w’g;,—y’a?=y @-x Efz'
Ez.3. Solve the equations
[6)) ﬂg—g+2q%+y!?—;+m=n( gu‘“/a )+,!+Jn+_,,_4
@ w*wmﬂ' Ol
(i) ( @Y 3y+'§_) u4nlu=0.
Ez. 4 Bolve
Q- @")’m"'g(l -a% (1-ay) by+(1 —azyp ay,+ﬂ."u .
—20(1-2) Pt sy - 227, -
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f 3
Ez. 5. Solve

1) %-a g;i+2abaz+2a’b@—0,
(i) mn g:: 3;,) (m? +n’)m+mn(n—‘—may

=008 (mz+ny)+cos (kz+1y) ;

0%z [

0%z
(il) @ m+2h Bxay+b 3y’+2‘q3.z‘+2fby+cz =0.

Ez. 6. Solve f(m)1=H,

] . . .
where = denotes the operator z; B% +g B% +. +:v,,,a—, fis & rational inte-
1 2 'm

gral algebraical funotion of w, and A, is a homogeneous function of # dimen-
sions of the quantities 2y, 24, ..., Tm.

Miscellansous Methods.y/”

255. There are several partial differential equations which
are of frequent occurrence in physical investigations; solutions
of these have frequently been obtained by methods, the appli-
catien of most of which to equations other than those in connection
with which they originated is very limited. The two chief
methods are integration by means of definite integrals and inte-
gration in series; but as each method is of special application
only, and as the variations which arise owe their origin to the
conditions imposed upon the function whose value is sought and
not to any variety in the differential equations to which it can be
applied, it is not possible to give here a full discussion. The dis-
cussion here will be limited to a few examples; for fuller investi-
gations recourse must'be had to the treatises on those branches of
mathematical physics in which the differential equations occur.

256. Consider first an equation which can be integrated by
both methods.

Such an equation is )
ou_
o ¥
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heat, Tt is not without interest to indicate the different methods
which may be applied to obtain a solution.

By the method of § 249 we may write

L

=" (z)
where ¢ («) is arbitrary; expanding the differential operator we
obtain
o o o ot dy
dz " 2l do* " 3! da®
so that the solution contains one arbitrary function. We may
proceed otherwise thus: the solution of

u=¢ (z) +a’

is u=¢"4 +¢ B,

where 4 and B are independent of #; so that we may express the
solution of
du

1
' o

(3

fa
|

1]

in the form
u= el"_; ('%’)‘ 4 (8) + e—f(;”;)* x @

where Y and y are arbitrary functions. In order to free the result
from symbolical operations, which would require interpretation if
they remained, we change the arbitrary functions to f and F, where

FO=4O+x 0,
Fo=(3) o -xo)

then since v and 5 are arbitrary both f and F will be arbitrary,
whatever interpretation be assigned to (%)i ‘When the sym-

bolical operators in the first form of solution involving ¥ and x
are expanded and the terms of the same order in differentiation
are gathered together, the solution becomes
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. . N

- & df ot df
u=fO+sra Gt aat
z z® dF 2* d'F .
+EF(t)+-3—m'i—dT+E!—a,F+...

and this contains fwo arbitrary functions.

257. It may at first sight seem paradoxical that two perfectl;
general solutions of the same differential equation can be obtainec
of apparently so different a character. The difficulty will dis
appear if it be noticed that the equation is only of the first orde
in ¢t while it is of the second order in z; the former solutiol
contains only a single arbitrary function of #, which is all that car
be expected in the case of an equation of the first order; the
second solution contains two arbitrary functions of ¢, which is the
number of arbitrary functions to be expected in the case of ar
equation of the second order.

If we assume that all the arbitrary functions can be expandec
in positive integral powers of their arguments, we are able tc
transform one of these solutions into the other. For let

. (@)= znm(),

where the coefficients .4, are arbitrary, and let this value be sub-
stituted in the first solution. Then the term independent of # is

A+A,t+ ‘t’+ ;t"+......

. which is a series with arbitrary coefficients and so may be denoted

by f(t) where f is arbitrary ; the coefficient of ( ) 3

A
A,+A‘t+-2—l°t’+ ......

that is, g{; and so for the other even powers of z. Thus the
part of the salution depending upon the even powers of # is

o df o df
f(t)+2ladt+4«|adt,’ ......
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Similarly collecting the terms depending upon the odd powers
of z and writing

.. F(#)=A,+A,t+'f2t-‘—‘t‘+ ......

(which is another arbitrary function) we should obtain the second
part of the second solution. It thus appears that the two alge-
braical expressions are equivalent, independently of the fact that
they are both solutions of the differential equation.

Solution by D,efnite Integrals.
258. Now let the method of § 251 be applied. We substitute

%= euzhit;
the y relation between the constants « and Bis
B =d'd,
80 that u= Aeg”to",

for all values of 4 and a, would be a solution, Instead of a write
ai o that solutions are given by
~aha¥t-+azi ~ ot~ oat

€ and ¢

and therefore by "
Ae~Tet+ale=Ni g1 g Be—a.ld‘t—n(a:-).)i,

where \ is any constant and A and B are arbitrary functions of A
These may be replaced by

A'e® cosa (@ — 1) and B'e”*gina (=),
where A’ and B’ are arbitrary functions of A. Further the sum of
any number of solutions is also a solution. Consider that obtained
by summing any number of terms of the form of the first for all
values of A and a and assuming that while A4’ is an arbitrary function
of A the jform of the arbitrary function is the same for different
values of A. (The corresponding terms which would arise from the
second may be deemed included in this since so far ag the variable
m

part is concerned we need only to change A\ into A — %

the first.)
Let then A = (M) dA,

to obtain
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and suppose summation to take place for all va.l:ws Sf A betwee
— o and + o ; the corresponding solutlon is

f ~% 008 o (@ — x) Y (M) dh

This again may be multiplied by any function of « and tk
summation taken for all values of a; as it stands the function -
an even one of &, and so if the factor be taken as da it will suffic
to take 0 and « as the limits of «; and thus we may take as th
solution

u=f:daj:e‘“wcosa(wl—)~)1[r(X) dn.

The solution in this form is specially suitable for the case in whioh « is 1
satisfy some condition, for instance that

w=f(2)"
when ? is zaro ; thus we are to have
f(,z-)=f: daﬁncasa(z—)\)!#(k)zl)«.

But, by Fourier’s theorem, the value of the right-hand side is mry (%) 80 the
y is determined ; and thus

usl f: da f" e o0s a (2= 1) f(}) .

(Riemann.)
Ex.  Obtain a solution of the squation ,
o 0
F=
" which is such that
0
u=F(z) and 5’:=F(z),
when ¢=0.
The result is
o+at A
u—ﬂf(x+uz)+f % — az)}+2,1 f F)dn. 9
(Riemann.)

259. We may again solve the equation by a method du
originally to Laplace and extended by Poisson.

‘We have by a known theorem

gq\.‘\" f :’e'"’ du=m,
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s ¢
or, writing « — I for u wheré [ is independent of ,

@
f VM gy = ¥ P,
-

When [ is any differential operation to be performed this
relation indicates that the symbolical operation ¢” can be expressed
provided ¢ can be expressed.

This method may be applied to the equation

for we have
i 2\
u=el#) £
where f(») is an arbitrary function independent of & The fore-
going formula in equivalent operators may be applied if ! be
replaced by att diw; and thus we have

.y @
u=1r_'}f e"""'i"“tlii'f(w) du

=7t fo 6™ f (& + 2uat?) du. "

Another form may be given to this result by substituting A for
@+ 2uat’. Then u becomes

1 w @A
z—‘a(wt)*f_.," @ £(0) dh

Now f(A) is an arbitrary function ; if we choose to assume its
value to be zero everywhere except when A=r and then write
F(\)dr=H, we have

- . Av d Lo
_—'H—a_(a;a!’t). ;"\lL Sl fe
U= 9 (mt)t

Ez.1. Prove that, if « satisfy the conditions
(i) w=f () when ¢=0,
(ii) »=¢ (¢) when z=0,
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" -
o

then its value is N
@=AF @Ay Ll
1 (= @t _ T a 1 /’ TwEn 9 d
% n-tifo foe ¢ e g (t=n)
@ o
Ez. 2. Obtain a solution of the equation ' .’ e

20 (00,284 2)0
in the form

y=fff(m+2mb*,y+zmb*) sin (u?+0%) du d
+f/F(m+2mb*,y+2wbl) cos (ut+0%) du
Ez.3. Verify that

u=hlrj:'¢kﬁfr§f(z+atsin 8 cos ¢, y+atsin gsin ¢, z+at cos 8) sin 4d
[

1d ™ . .
+;Ef:,d¢foti'(z+utmnooos¢,y+atsm65m¢,z+azoos€)s
satisfies the differential equation

o o Oty
wm= cafa’fsgﬁw)'
and is such that when #=0 then u=F(z, y, £) and %1:=f(z', ¥ 2).
Eroa Obtain the value of the integral
[[ewsmrimas,

talen over the surface of a sphere whose centre is the origin a'.n_d radius
the form

R .
4«; sinh (Rp),

where PP=al+ 448
Hence shew that thé mean value over the surface of any sphere
function, which satisfies the equation
Pu O
gt =0
and is, for all points within the sphere, expressible by & convergent ser:
equal to the value of the function at the centre of the sphere.
Further information on this part of the subject and, in particular, o
applications in physical investigations, will be found in Riemann’s Pa;
Diferentialgleiokungen und deren A dung auf physikalis

he Fragen,
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Solution in Series.

260. Consider now e case of integration by means of series.

The most important equation to which this method is applied
is the equation
o'u  Pu O
P + a—y—, + = 0 .
which continually occurs in physical investigations ;- to solve it by
!:he method under consideration it is convenient to change the
independent variables from «, ¥, s to 7, 8, ¢ given by the relations

@=rsinfcos$, y=rsinfsin ¢, z=rcos¥,

which will in effect be changing from the Cartesian to the po];d
<coordinates of & point. The equation is now
" (rw) , 1 9 /. ,0w 1 2w _ .
"+ e (0 0g) * o =0
and, if another change be made by writing » instead of cos 6, the
resulting form is
(ru) , 0 {(1 au} 1 2

2 =
MR Rl 7 B e T vl

" Tor ou

261. First, let a solution be desired which is to be a functiop
of 7 only, that is, of (#* +y*+ 29}, so that it will be a specially
symmetrical solution; the equation then reduces to

o (ru,
Z-J('r' ) = 0’
B
and therefore u=A4 + B

In a eimilar way a solution which would be a function of # alone,
and one which would be a function of ¢ alone, may be deduced ;
but they are not so useful as that just obtained.

262. Next, suppose that solutions which are not functions of
r alone may be expanded in a series of integral powers of ; and
in u let there be a term
™ Uy
m : 26
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where u, is independent of » but may be a function of 6 and ¢ the
value of which is still to be determined. Then, when the value of
u is substituted, the term on the left-hand side of the differential
equabi\on corresponding to this particular term of u is

. 9 (g %} 1%,
m[nor D g {a-n =g ]
and the sum of all these terms is to be zero for all values of the
indeperdent variables. The foregoing is the only term which
involves the n® power of r; it therefore follows that, in order to
have the equation satisfied, its coefficient must vanish. Hence u,
is determined by
1 %

n('n.+1)u”+a%'{(1 —F’)%} +—1—_;, §$;=0’

and therefore 7", is a solution of the original differential equation.
The coefficients of the terms involving the differential coefficients
of u, do not depend upon 7 ; and the coefficient of %, is unaltered
if for n there be substituted — (n+1); hence ™™, is another
solution of the original equation. These two solutions just ob-
tained may be combined into one so as to give

N (A"fr" + 'rB:T“) Uy,

as a solution, 4, and B, being arbitrary constants; and thus the
general value of » is
w="3% (A“r" + ﬁ—:‘,) U,

#=0

provided u, be determined by the equation
0 8y 1 8
3 0= Gl T+ a0

263. Now the general solution of this equation would give u,
as a function of # and ¢; consider the case in which %, is 2
function of @ only. It is then determined by

d du,
E{a—mﬁ}mmu)uﬁo,
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Al .
the independent particular integrals of which are (§§ 90, 91) P, (u)
and @, (u); the corresponding terms in w are

(s Z) B+ (4 + ) @

In most physical investigations the term dependent upon @, () is
rejected ; and then the general value of u, expressed as a function
of 7 and 4, that is of # and (¢ + 3*), is

"3 (4074 2e) P
u=2 {( o7 +rm) ..(M)},
in which the A4's and B's are arbitrary constants. It will be
noticed that the solution formerly obtained, viz.,
442,
r
is the particular case obtained by making all these arbitrary con-

stants zero except d, and B, and remembering that Py(w) is a
constant.

264. Oonsider now the general case in which #, is a function
of § and ¢; it may be expanded in a series of trigonometrical
functions of multiples of ¢ the coefficients of which are functions
of u. Any term of the series for u, may be denoted by

v,,( )cos oo,

where v is a function of w only; and, just as in the case of the
separate terms in u considered as involving different powers of r
when each such term was a solution of the equation, this will be a
solution of the equation giving u,. Substituting and dividing out
by cos o we find that v, ) ig determined by the equation

d’v tg (@
{(1 ) —d— +n(n+1)v =1= 'u‘v .

This equation would also have been cbtained by the substitution
in the u, equation of
v,"einag;

and therefore the solution of the equation in u, is

2 {E-sinad+ F,cos ad} v,

=1

26—2
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the value o =0 not being here included, since it gives term:

independent of ¢ which have already been found.

Now, by Ex. 12, Chap. V., p. 180, the solution of the equatior
giving v is
&
(@) (1 — ) @Y,
9,7=(1—p) e
where y, is a solution of the equation when o is zero and thuw
may be either P, or Q,. Hence the corresponding term in , is
(B, sin op + F, cos ) (1 — p')t” ‘i—l-}
+(E'ssin o+ F'pcos o) (1 — ')*"d %

The term involving @, is usually rejected in physical mvestl
gations; the suitable value of u, then is

T -
o=1

it being obviously useless to include values of o higher than n.

The sum of any number of solutions of the original equation it
a solution ; and therefore the most general value of u expressed ir
& series is

u=4 +'g
+:§: {(A,;r" + %,) P,_}

+F [E: a- ,u.')hd P, {(A’ ot Ifﬂ) sin o

a=1
. + (A",'r"+ E,,,g) cos 04’” .

We have omitted from the foregoing general value (1) the
terms which would arise from the part of u independent of  anc
¢, which can easily be proved to be

c log 1t ""
(2) the term dependent upon ¢ a.lone which obviously is M@, anc

(3) the terms usually rejected as unsuitable in physical investiga
tions.
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Any further investigations on the solution of the equation are
connected either with other equivalent forms of solution or with
the particular solutions obtained by a determination of the con-
stants in accordance with imposed conditions. For these recourse
should be had to the authorities on the several subjects in applied
mathematics in which this equation arises; in particular, those
quoted on p. 159 will be found of great value.

Ez. 1. Solve the equation
o | P
T
in series, by transforming to polar dinat

=0

E».2. Prove that the equation

Py Py 0w
w“’(‘%wﬁm

has a solution of the form

u=e"3 1P, (Ao £ )+ B fy (~ k),
where . .
a2 D oD

1.2.3...9n .
""" t2.4.6..2n. 8

Obtain a more general solution whioh is not independent of the spherical
coordinate ¢. (Stokes.)

Ez. 3. Shew that the general solution of the equation

B | %\ oW
(G 5) =

or, by transformation to plane polar coordinates, its equivalent

10u  10%\ o
“’(%Jf;w:sa?«):sﬁ’
can be expressed in terms of Bessel's functions as the sum of two terms of the
form

u=cosakt" s [{4, (kr)+ BT, (br)} cos n-+{A'J, (br) + B T, (br)}sin nf].
a=0
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Ampere's Method of solving the equation
Rr+28s+Tt+ U(rt—s)=V.

265. There is another method of proceeding from the dif-
ferential equation to the intermediary integral in the case of the
general equation

Rr+28+Tt+U(rt-s)=7,
the factor 2 being inserted for convenience.
Let a new independent variable @, as yet indeterminate, be

introduced and let # and « be considered as the independent
variables so that y is a function of # and «; then we have

ds dy dz _ dy
& Pt W9

dp _ dy dp_ dy
E—ﬂ—’l‘ﬁ-s&—m, E&_sd_ll’
dg dy dg_.dy

W T % W'

Here d% and diz are used to indicate partial differentiation

with regard to the new independent variables # and &  From these
equations we have

_d_ dy

" dr
dy,_dq
th—ﬂ_s’

Y (g oy I g (dp  dgdy
and %(rt 8’)—dmd—w_3(d_w+dwﬁ)’
in all of which ¢ is to be replaced by

dp _dy
da " da’

When these values are substituted in the original equation it
takes the form

d
Drp=q2,
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. 4
form, but not independent. Multiplying (i) by U and substituting
from (i) for T Z—g we have

URd4’+s- ¢-r? Fwrah=
which easily reduces to

ok LT K T T — (i),

We may thus consider either (i) and (i) or (i) and (iii) as the
equations which replace the two P=0=¢@. Taking then (i) and
(iii) we may rewrite them in the form

Udg + Rdy— (S + @) dz=0
Udp— (ST G dy+Tdz=0 Freveevnenne (iv),
and we have also dz —pde —qdy =0

in which it will be noticed that da does not occur and therefore «
is ta be considered a constant in the integrations.

267. The success of the method depends upon the possibility
of obtaining & function W of #, y, 5, p and ¢ which shall be such
that, in virtue of the relations between the differential elements
expfessed by the equations (iv), its total differential shall be zero.
If this be possible, we then have

aW =57 do+ 5 ay+ 5 as+ 5 ap+ 5 ay -0,

when the values of dz, dp, dq as given by (iv) are substituted in
this, it becomes an equation involving only the two differential
elements de and dy, which are independent and the coefficients of
which must therefore be separately zero in order that the equation
may be satisfied. Thus we have

gL Upa—W—T%{ (sier*)ﬂ’:o,
oo ; aW
+Uq +(S$G)W—Ra—_o

Either of these may be replaced by

+(s;tG‘) {Rp+(S+G‘)q}—+V—5E—0

-
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where P and Q are given by

_pipdy ndg pdpdg _dy
P_Rdmdm+TE+Ud_m&'z"V—

>

d 2
Q=R(OTZ) —2S%+T+ U(%*’Z_i %)
As yet a is arbitrary; let it be chosen so that P vanishes; then

it follows from the differential equation that @ also vanishes and
thus we have P=0, Q=0.

266. These equations can be replaced by simpler combinations
equivalent to them. From the first we have

Pp(pdy, g\ _pW_pdg.
DR vR-TE-1E

when this value of % is substituted in the second equation the

latter becomes after a slight reduction

(Rd—”+U‘i—9)°—2s(RZ—Z+U‘;—i)+RT+ uv=o,

dw dz
P dy dg _ i .
which gives R i Udz =8+ G, (:),
where G=8-RT-TV.

The corresponding value of gl; is given by

2/ d
Bsrah-vE-rY,
or, what is the same thing,
i dy, pda)_ dg
REE+GY=T(RE+T U) - (T + UM E
d
=TSP - -G
and therefore R % +BFH Z—.g =V @i). ¢
These equations (i) and (ii) may replace the two first obtained;

it will be noticed that they are analogous to those m § '234:. We
may also combine (i) and (if) so a3 to obtain an equation in another
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which results from the elimination of aa—‘;’ between the two, and
division by U. .
This last equation has been obtained on the apparent supposition
that U is zero. But in the case when U is zero it is easy to derive
it from the equations

dpdy  ndg  dy_
REVirh-vio,

dy _ i
Rd—m—S’iG.

) de = pde + ¢dy,
by substituting for dz, dy, dz in terms of dp and dg in the equation
dW =0 and equating to zero the coefficient of dp. The equation
can thus be used in fhe case when U is zero; the two former
equations are in that case equivalent to only one, which would be
combined with the new equation.

The fanction W must therefore satisfy two simultaneous partial
differential equations of the first order; the method of obtaining
such a solution common to the two, when it is known to exist, is
indicated in § 226 and we may therefore now consider W a known
function. .

268. A solution of the given differential equation vs furnished
by W = constant.

For we then have

oW oW oW oW
s + s p+ 'a—p- T+ a—q 8
oW oW oW oW .
—a?+§q+ EH-I-TQ-t—O,
oW

and these, on the substitution in them of the values of %—Z’ and a_y
from the foregoing equations which determine W, become respec-
tively

=0,

T+ Ur)%v+(siei—zfa)%y=o,

ow

S F&E-Ts) %

oW
- (R+Ut)w— =0
(B+T) %
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" or
The elimination of the ratio of %}7 to %V between these gives
(T+Ur)(R+Tt)=(S—TUs)'- @&,
which, in virtue of the value of @, reduces to
Rr+28s+Tt+U(rt—6)=7,

that is, to the original equation. The proposition therefore follows.

269. In order to obtain the most general intermediary inte-
gral, we must find an expression which contains an arbitrary
function. Suppose now that it is possible to derive two particular
solutions w, and w, of the equations which determine W, and
which are, owing to the double sign, really two sets; then the
equations will be satisfied by writing

W==> (w, w)=0.

Since the equations in W are linear this is obviously a solution.
Also the particular solutions are :
w, = constant ;
but in the integrations we had to consider a as a constant, and

therefore we may write
w, =/, (&),

where f, (@) is an arbitrary function. Similarly we should have

. w,=f, (@),
where f, (2) is an arbitrary function. Now a is some function of z
and y, the value of which is unknown; when we substitute in

either equation the value of a derived from the other, we obtain a
result of the form indicated.

270. It may happen that more than one general intermediary
integral can be obtained. In any case we proceed as before from
the single intermediary integral (by Charpit’s method) or from the
combination of the two intermediary integrals (as in § 236) to the
general integral of the equation; and this integral will usually
involve either two arbitrary functions or three arbitrary constants.
This however is not the most general integral possible. For if we
had an original integral equation of the form

¢ (5 2y, ., 0y, a5, 0, ;) =0,
and obtained thence five other equations giving the values of
2, ¢ 1,8 t we could between the six resulting equations eliminate
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the five constants ¢ and have a differential equation of the second
order; and according to the form of ¢ the degree of this equation
would vary. Conversely in any case we might in that integral,
which is most general so far as the number of arbitrary constants
which enter is concerned, expect more than three. But ¢ = O will
not necessarily be the most general integral; the only inference to
be made is that the equation containing three arbitrary constants
is not the most general integral. It can be replaced however by
one which is more general; the method of obtaining this, due to
Imschenetsky, is similar to that employed by Lagrange for partial
differential equations of the first order—viz., variation of the con-
stants.

271. Let the integral obtained by the foregoing method be
represented by
z=f(z,y a b 0);

to obtain the general integral we shall suppose ¢ to be changed
into a function of @ and b the value of which is, as yet, undeter-
mined and then consider a and b to be functions of # and y such
that p and g preserve the same forms as when g, b, ¢ are all con-
stants. Denoting

of  ofoe of  ofoc

96+ 9050 * 3 30 3

respectively by % and Z—'{ , we have

85 df da  df ob
% Pt hwtdw
% _  dfda  df b,
w9t ey Tabay

.0z [
and therefore, since =P and i g, we have

df 0o df ob _
dats T BaE ="
df o df b _
dady T dboy =

which will be satisfied if we write

i o
da db
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The second differential coefficients are

dpda , dpdb _
= STt et BT

oz _  dpda, dpdd dqaa,+_qab

%dy " Taady T dboy VT Tawm T dba ot
o _, dgda_ dqdd _
Wttt de it
But since % is identically zero when we suppose o and b

replaced by their values in terms of z and y, we have

df) dfda  df ob -0
3m( dd* 9z " dadbdw "’

and £z (da,) da (£> da’

d’f aa dif ob
da @0 oz " dadb I
.. dg  difda & 8b_
Similarly d_m+(rlf@+m@_

dp, &f %o df2b
- db " dadb oz " db ow
g, df _dY da  dfob
db dadb 3y " db* oy
These equations satisfy the condition

dpoa dpob _dgoa  dgob

Tdady T db oy~ dadeT B’
and frora them there can be obtained the expressions

AR S Xy

A= dl: (—) dfgb Zg ZZ ZZ: (fzg)

df dpdg _ d°f dpdq dg dp\  df dpdg
ka =87 ] dp i
do* db ab dadb(dadb dadb) Ebédada’

where ( df{icb) o ‘i’[

so that =0.
K
=0;

=0.
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* But with the modified forms of a, b, ¢

z2=f(z,y, ab,c)
is still to be & solution of the equation
o'z P20 [ 0%\
Ra?+28’amay+1'— {az,a—y,_ (my) } -7

the coefficients of the second differential coefficients are unaltered
in form, since we have retained the forms of the first differen-
tial coefficients, and therefore R, S, T, U, V remain unmodified.
2 0% 0%
3’ dwdy’ By
and remembering that the differential equation is satisfied when
h, k, 1 are zero, we find that it takes the form

(R+ U h+2(8—Us)k+ (T+ Ur) 1+ U(lh— 1) =T,

where the quantitiesr, s, ¢ which explicitly occur and the quantities
P, ¢, # which implicitly occur are to be replaced by their respective
values derived from the integral

s=f(e, y,a,bc)

in which a, b, ¢ are considered constants. We must now substi-
tute the expressions found for %, k, I; and then the equation, after
some reductions, will be found to be of the form

Substituting now in this equation the values of

af df af
R‘da -2 ‘dudb+T‘db' V.

where

R=(R+ Ut)(;%) +2(8- Us)dbig+(1'+l7r)( )

—(R+ T (%)'4,2(,9 Ty R4 (1. U'r)( 2y,

- dpdp dpdg , dp dg dg dg
=R+ Uy LR+ -0 (EF+ F )+ @+ GG,
dpdg , dpdg
V= U(da @ tap da)
in all these coefficients the quantities 2, p, g, 7,5, ¢ are to be
replaced by their values in terms of # and y as derived from the
given integral equation.
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This differential equation is linear in the second differential
coefficients of f with regard to o and b; it is, moreover, the
equation which is to determine the value of ¢ as & function of &
and b. Now

df of oo
=%a 360’
df Bf O e &f (%c\' Of O
o that *+2 5aota T o0 (au) % 9"
and also for the other coefficients; when these are substituted for
@y 4 df the resulting equation is linear in the second
da*’ dadb’ db*
differential coefficients of ¢ with regard to a and b, and the

quantities multiplying these are functions of #, y, 4, b, ¢, gc’ g;

But we also have

from which the values of z and y can be found as functions of

a, b, gc gg ; and these when substituted will make the equation

one Whlch involves only the quantities a, b, ¢ and the differential
coefficients of ¢. This equation will then be of the form

d'c

A '+2Gaaab+Bab-
where A, B, O, F are functions of ¢, b, ¢, gc gl:

Now it may not be ‘possible to integrate directly the original
differential equation, while it may be possible to obtain, almost by
inspection, a particular solution which involves three arbitrary
constants; or it may be possible to derive such an integral when
not obtainable merely by inspection. In either case such particular
integral can be generalised provided the solution of the equation
to be satisfied by ¢ can be obtained ; and if this solution be repre-
sented by

0 (a, b, c)=0,
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then the new integral of the original equation is obtained from

2=f(@y,0a,b,0)

0=0(a,b,c)

0 Y2 _228
%adc 3cda |’

oY _ofo0
2b0dc  oc ob

by eliminating a, b, ¢ between them.

Ez. 1. Integrate the equation
r+2(g—-2) e+ (g -zl t=q.
Here R=1, §=¢-z, T'=(q- )}, U=0, V=q; thus @=0, and the equa-
tions determining W are only a single pair, viz.
-G -2,
0=33—F:+(q—.r)33;—V+(p+g’—gz)a—a?+g%r—f.
‘We denote these, as in § 226, by
0=F=Q—(q-)P,
0=Fy=X+(g-2) Y+(p+4"—gz) Z+¢P.
As & condition that these equations may be integrated sirmultaneously

we must have
0=(Fy, F)=-¢Z-T.

Hence we write

0=Fy=-¢Z-F;
then (Fay F)=0; (I, Fy)=2,
and so we take 0=F,=2,
and then 0=(F\, Fy)= ... =(Fy, F,).
Hence F=0=Z; X+qP=0; @-(¢-2)P=0; substituting in
0= Pdp+ Qdg+ Xdz+ Zdz+ Ydy
we obtain 0="P (dp — qdz+qdq — zdg).

and therefore we may write as the intermediary integral
W=p+4¢®-2g+a=0.

To obtain the cumplete integral of this we apply Charpit’s method; we
must obtain an integral of
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.
This is given by g=A; and therefore ¢

p=-a+fz—$B%
These values, substituted in W
ds=pdz+qdy,

]

lead to the integrel
z=Py+34Bz (z-B)—az~0
which ins three arbitrary ta,
To obtain the modified integral (§ 271) we write this
s=f=—az+By+i8z(z-B)-¢
considering ¢ as & function of a and 8. Then we have
[

a__p b,
O—dﬂ_-z W

d; 9
0=£=y+§ﬁ—ﬂt—ﬁ,

P —atrBu-B; r=B; g=; s=0=t; S=0= . F_ .,

Oa? 0B’ 0
o _ 8 B ¥ dp_ . o .dg_, dp dg
Z--1i F-0 5 =g’ =B g=l=—mi Z=0.

Hence B,=0; Ty=1; §=0; V;=0; and the equation in f is

@ _
g~
or, on substitution in terms of ¢,
[y
. ~%= BE: =0,
¢ o
or finally B

But an integral of this is, by § 259,

c=ﬁm e f(B+anah) 5

and therefore an integral of the original equation is given by the elimination
of a and B between

s=py-arvigae-0)- [ i@,
0=za*+f:n xe™ M F (84 2nad) A,

0=y+§z‘—ﬁm—f:° oM F (B+2ah)dh.

The second of these equations may, when the definite integral is integrated
by parts, be replaced by

o=z—f_“m a7 (B+2nat) A
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. o
* Ez. 2. Integrate .
’ @ r-t= 9%’ ;

(i) ot - 42%gs+49% +2p2°=0;
(i) (z+9)r+2(=+9)+p)a+y+pPi+2(z+9) (y+p)=0;
(iv) x’r+2z"8+< —I—Z:-;g t=2z;
(V) r+2gst(gt-ai=g;
(vi) o'r—4rigs+3qt+22%p=0;
(vil) r+2¢8+g%=0%;
(vil) 2ps+i—p=0.
(Ampeére and Imschenetsky.)

A fuller discussion is contained in the valuable memoir by Imschenatsky,
(frunerts Archiv der Mathematik und Physik, t. LIv. ; and in the memoir by
Graindorge already (§ 223) quoted. Tull references to other authorities are
to be found there.

MISCELLANEOUS EXAMPLES.

1. Prove that the integral of the equation
(=+9) (r-1)+4p=0
ns given by Monge's method is -
2 o %y
(z+.1/)t+a’+” F(z'+y)=sz+” e af(Zy—a) dy,
where g+ is to be substituted for a after integration and f and F are
arbitrary functions.
Hence solvo the equation
(p+9) (r~t)=4z (r1-5°).
2. Solve by Monge's method the equations:
() g(+Qr+(p+g+ipga+p(1+p)i=0;
@) (L+pg+gdr+a(@-p)-(L+pg+p)i=0;
(i) (r-t)zy-s(s*-y)=g2-pY;
()  2r-gh=ap-yq;
(V) r-fst+t=a+¢(zy);
(vi) (r-8)a=(-3)y;
(vi) ar—y%-22p+26=0;
(vill) (r-9)y+@-t)z+g-p=0;
(x) ar+(@y-2)s-yi=g¢-p.
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3. Solve the equation r+¢=2s, and deterinine the nrbltrnry functions bp
the conditions that bs=3* when z=0 and az=2? when y=0.

4. Integrate the equation

and obtain a first integral of the equation
T 1\ _9uP g (2 1)y gy PL (1 _PEH0Y\_
rq(s y) 2«’+zp(’ x)m :’+Iy<l ! )_

5. Investigate a solution of the equation
71— 88=0,
subject to the condition g*=22(1+p?), in the form

— (-0
s=ay+(a*- Mt ta lug'—l—(arﬁ .
6. Integrate the equation
(L+77) 1= 2pge+(1+47) =0,
having given that py —gz=0; and shew that & partioular solution is

(@*+yWt=ocosh 2.

Integrate also the equation
{1+7) 1-2pga+(L+4) P=4rt- ) (1+p°+¢7) 5
and discuss the nature of the solution
. 2A4gAtd=1

7. Solve the equations :
() err—p)=d=(t-g); (i) gys=pyt+pg;
(il) zr+zys+yg=0; (iv) zr+2ys+p=4z;
(v) 2ar—24+3p=0; (vi) z(r-a?)=2p.

8. Prove that the only real solution of the simultaneous equations

B’u oy
37’=0

ol
is u=zcosa+ys8ina+fp.

9. Prove that the only real soluti which simult
equations

ly satisfy the
r+t=2a
A—r=p2 ]’

are comprised in

z=42%(a+c cos a)+czy sin a+4y? (a—0.cos a)+ Bz +yy + 8,
where ¢?=a?+b* and q, B, y, 8 are arbitrary parameters,
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® 10. Obtain an intermediary integral of
pgr=a(l+p%),
and shew that its general integral is obtained by eliminating ¢ between the
equations
t=¢ (a)—u—(1+a’)*f(y)=0}
¢ @+z+al+a?)tf(y)=0)’
where ¢ and f are arbitrary.
(Serret, and Graindorge.)
11. Integrate the equations:
(@)  ap+yg+air+ioys+yii=0;
(@) (2p+yg) (ri—a)+g - fpga+pH=0;
(iii) (22—g?) (t—r)+4(pr+gy —2)=0.
Also solve, by changing the independent variables to & and n where 23=¢y

and zy=t,

2% — 2zys+ Y% +2yq=0;
and, by changing the independent variables to ¢ and 5 where z=ef*" and
y=é"",

@' —yti=(ap—yq) f (=9)-

12. Integrate the equations:

. Ok 20z ,0% 0% P 20z 2

O @mtzm=ly @ = (@“‘m‘;ﬂ)i
o Oz _a? 0% N 0%
(i) e A 5 (iv) i _;\5 “azay H .

0% 1 [0z 0z 2
Oyt (@) “EO (Gregory)

13. Find the surface whose equation satisfies
P o,
oy

and whose trace on the plane of zy is the hyperbola zy =a®
14. Integrate the simultaneous equations

o ?,—';=Z—} @ g @B )
Pyl EE-Edl

15. Shew that the simultaneous equations
rt+c(r+1)=0, pg+d (py—g2)=0,
represent a series of coaxal paraboloids which cut any fized plane perpen-
dicular to the axis in & series of similar conics the ratio of whose ases is

(@ -of: (¢ +at
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16. Shew that the equation : .
Gs+Hp+EK=0
in which @, H, K are functions of z, y, zand ¢ can be integrated if
o (B E)sa(E- o (2- )0
and obtain the integral.
Hence obtain the integral of

{(#+y2)s-ypa} (z+y) =gy (1-3)
in the form
- J’ __ydy__ j ydy
R o) [,4, @- f e __zdy .
=+ ¢ G).
(Imschenetsky, and Graindorge.)
17. Obtain a solution of the equm:ion
o
Fr g + - =0
*in a series of ascending powers of 2. (Lagrange.)
Solve the equation

o o o u | Fu
aa?,+2h5—z—§‘-y +2gm+ba?+2f@-a} 4o 37‘=0’
discusaing in particular the case in which the discriminant of the left-hand
side is zero.

18" Verify that the partial differential equation

% o%
B
is integrable in finite terms, if b (2:+1)=2¢ where ¢ is a positive integer.
Solve also
Bi" 0% _1(i+1)
L i
(Legendre.)
19. Shew that the complete integral of
1 o 3’u+2 du n(n+1)u
R R T
(n being an integer) may be exhibited in the form

wr“(l a) ¢ (r+m)+¢,(r @)

where ¢ and + are arbitrary functions; n.nd obtain in the form of a deﬁmbe
integral the complete solution of

1% o 10u .

@ -mTra
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L) *
e 20. Obtain as a definite integral the solution of

21. Obtain a solution of the equation
Qu_

—_—=af —
@ ¢ o
in the form

B

22. ' Change the dependent variable from ¢ to y in the equation
g(+g)r—(p+g+2pg)a+p (1+p)1=0,
and hence obtain the solution of the equation in the form
z+f(8)=F (z+y +e).
23. Shew that if there be five functions 2, g, 2, 2, 2 each of which
satisfies the equations
"=“1‘+"'1P+“a9+“a'}
t=ba+ byp+ byg+bss)’
where the o’s and s are functions of z and y alone, then botween thera there
is a linear relation with constant ooefficients of the form
C2y+ Cgzg + Cozy+ Oz, + Cgg=0.
If, in addition, any four of them es z,, 2, #, 2, be such as to satisfy
identically the equation
2, %y 2y 2 |=0, *
Py Py Py P
9 9» 9o s
8 8y 8y 8
then there is also a relation of the form
O+ Onty+ O+ Cyz, =0,
(Appell.)
24. Shew that the function F(a, 8, y, 6, ¢, 7, %) given by the series
O(atm+n—1) OB+m~1)O(y+n-1)T(6-1)O(e-1)
O(a-1)O ()0 (0) D(@+m—-1)O(e+n-1)O(B-1)I (y—-1) LA
the summation extending for all integral values of m and 7 from zero to
infinity, satisfies the two equations
(v—a*)r—zys+ {0 (a+B+1) 2} p—Byg —afz=0,
@-9)t —ays+ {e—(a+y+1) g} g—yap ~aye=0.
Henoe shew that F'(a, 8+¢, —¢, 6, ¢, 7, ) is a solution of
(z—a%)r=2zys+(y—y") t+{6 - (a+8+1) 2} p+{e—(a+3+1) y} g - ade=0,
¢ being an arbitrary constant. (Appell.)

b
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26. If there be three functions 2, z, z; satisfying : -
T=0,p+0a5q + 0z,
s=b;p+byg + bz,
t=c,p+0,9+ 0y,
2 (Pa—go)+2a (P~ 91) +25 (P~ q0)=
where the a’s, U's and ¢'s are functions of z and y, then there exists betweeu
these functions a linear relation with constant coefficients.

(Appell.)
26. Shew that the integral of the equation

s+ zyp+kye=0
may, by differentiation, be connected with that of

s+ayp+(k+n) yz=0,
/ being & constant and » being an integer.
Hence solve the former equation in the case when £ is a negative intoger.

Obtain the solution when % is & positive integer. (Tanner.)
27. Obtain the solution of
8=6"
in the form
' (@) ¥ @)
=2
$ @) +v @}’
where ¢ and v are arbitrary functions. (Liouville.)
Hence integrate &=2zp. (Tanner.)
Integrate also
T =0 (2) V() ez
in the form

_ 20 () x ()
8t (F+f)

where 7 is & constant, £ (2)=¢ ()4 (z) and f' (y)=+ (%) x (%), and 6 and
are arbitrary.

(R. Russell.)
28. Integrate by Ampdre’s method the equations

(i) u+ét+}uq=0;

b-"ﬂz+(Lz+my+m) (rt—82)

-t 350051

(ill)  gr+(p+a)s+yt+y (rt—)+g=0.

(i) ;_z; r+

(Lmschenetsky.)
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