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PREFACE TO DOVER EDITION

A seconD edition published in the United States of America
provides an opportunity for including many new series with an
increase of more than 50 per cent over the original number. It
has also been possible to rearrange the series in a more reasonable
form.

Some corrections have been received from readers, and useful
suggestions have been made by them for the present arrangement.
These are gratefully acknowledged, and it will be of great assist-
ance for future editions if readers will communicate their ideas
for further expansion,

In using this collection himself, the author has experienced
difficulty in tracing certain series, and there does not seem any
solution excepting a complete search through all the series given.
For example, certain series including inverse products appear in
different parts of the book, and, if a search is to be avoided, a
complete rearrangement combined with excessive duplication
would be necessary. It does not seem possible, as in the case of
a collection of integrals, to arrange them in a completely rational
manner. Any suggestion in this direction would be specially
welcome.

Among the new series included are some of those developed
by Glaisher in many publications, notably the Quarterly Journal
of Mathematics. Basing his series on Bernoulli functions,
Glaisher evolved a number of coefficients which apparently
simplify the appearance of the series. In this present collection,
only a few are given, and the original articles should be consulted
if the reader wishes to investigate them further.

The author wishes to acknowledge permission by the London
Scientific Computing Service to publish tables from the Index of
Mathematical Tables by Fletcher, Miller, and Rosenhead—an

¥



vi PREFACE TO DOVER EDITION

exceedingly useful book for any engaged in work on applied
mathematics; and also to thank Mrs. H. M. Cooper for her
excellent work in typing a difficult manuscript.

L. B. W. JoLLEY
623 Upper Richmond Road West,
Richmond, Surrey, 1960



PREFACE TO FIRST EDITION

For a long time past there has been a need for a collection of
series into one small volume for easy reference together with a
bibliography indicating at least one of the textbooks to which
reference could be made in case of doubt as to accuracy or to the
method by which the series was arrived at.

The 700-0dd series in this collection (with the exception of a
few which have been specially prepared) are not new, and repre-
sent only the labour of extracting the material from the many
textbooks on algebra, trigonometry, calculus and the like. Yet
such a collection will, it is felt, be of considerable benefit to those
engaged in the solution of technical problems, and will save a
great deal of time in searching for the required result.

Criticism may be offered on the grounds that the inclusion of
easy algebraical summations is unnecessary, but they have been
inserted for a very definite purpose. For example, a series of
inverse products may have for its sum an expression which is
simple to find; but on the other hand, the solution may entail a
complicated expression involving the integration or differentiation
of other series. For this reason the arrangement of the series has
been difficult, and overlapping is unavoidable in certain instances.
To overcome this difficulty, the series have been set forth in as
pictorial a manner as possible, so that the form of the individual
terms can be readily seen.

On this account also, the inclusion of such series as are evolved
for elliptic integrals, Bessel functions and the like has been
restricted, perhaps to too great an extent; but reference to standard
works is usually essential in such cases, and practically only such
references are included.

The final column refers to the bibliography at the beginning of
the book, and here again it has been quite impossible for obvious

reasons to provide for all the references.
vii



viii PREFACE TO FIRST EDITION

One of the most useful works, if it is desired to pursue any
one particular problem further, is the Smithsonian Tables.

The scope of many of the series can be greatly enlarged by
differentiation or integration of some of the forms given, and in
the case of an integrated series, the constant of integration must
be obtained by suitable methods. Infinite products are often of
value in obtaining new series by taking logarithms and by
differentiating or integrating subsequently.

In many cases it has been impossible in this small volume to
comment on the limits or assumptions made in any particular
summation; particularly is this the case with oscillating series:
and in case of doubt it is always safer to refer to a textbook, and
to bear in mind that this collection is supplementary to, and not
in place of, the usual mathematical books.

Special attention is drawn in cases of difficult summations to
the General and Special Forms (pages 216-225).

In all cases logh denotes the logarithm to the Napierian base,
in accordance with modern practice.

Finally, any additions or corrections would be welcomed for
embodiment in subsequent editions.

L. B. W. JoLLEY
Fairdene, Sheen Road,
Richmond, Surrey, 1925
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2 SUMMATION OF SERIES

Series No,

L. Arithmetical Progression
(Da+(@a+d +(a+ 2d)+...nterms

II. Geometrical Progression
(2) a + ar + ar? + ... nterms

(BYa+ar+arr+... @

M l+ax+ax®+ax*+... o

L. Arithmetical and Geometrical Progression

(5) a+ (a+ dyr + (a + 2dy? +... nterms

(6) a+ (@a+ dir + (@ + 2d)r* +

(M1+2x+ 32 +4x3+... @

i:!i]l+4+l,,.:'|l2 ]5—(:+.“nlcrms

{9}]+%+211+;;+.,.n1erms
3 5

ll{lll]}l+1 4+g+ .. 0

(11} 1 4+ 3x+6x2 + 1027 +...

t See footnote to Bibliography.



ARITHMETICAL, GEOMETRICAL PROGRESSION 3
Referencet

=g{zn +(n — ]H}:%(a+f} where [ = last term . 29

(= 1)

=I-";_r where r < 1 F. 40
1
il g where ax < | F. 158
__a dr(l — 1) {a + (n — 1)d}r=
Tt (= =7 F.44
=Iir+{] ir,-]z where r < 1 F. 44
1
’={I_—T}1 where x < | F. 44
=§_5_12n+7
6~ T65 rod
4 1 n
=4 -5 - 5 F. 45
=6 F. 45
1
’=ﬁ--_1-'}3 where x < 1 F. 45



4 SUMMATION OF SERIES

Series No.

(12) x(x + y) + x%(x? + y2) + x%(x> + y*) +... nterms

3 2 3 2
(]3}3 3+ﬁ+:T 3—+.. a0
4 5 4 3
Wa-mtp-—7mt. @

32 5 72
(15) 12 + 5 12~|r2—1+.,..u':r,~.-.rm!a

(16) 1 + 3x + Sx2 +...4+ (2n — 1)x=?

1V. Powers of Natoral Numbers

X =g

(17 Z xr

x=1

(1)1 +24+3+4+...n
(19) 12+ 22+ 32+ 424... 2
0 P+ 4+ +484+...m

20) 4+ 24 + 3* + 44 +... n*



POWERS OF NATURAL NUMBERS 5

Reference
F - Ul —_
_ xzi:xz ) xpxmm — 1) F. 46
xt—1 xy—1
9
=3 F. 46
-2 oM¥E 6 F. 46
48
=3 — (dn* + 120 + 17}%
14 x— (204 Dxn + (20 — Dartd
N (1= xp
- ﬂp+1 H_' l P a _l P
prit2t 1([)5“” ’ 3(3)5“"’"3
l P 5 P P . .
+z(5 Byn ... where " are the binomial coefficients

and B, are Bernoulli numbers, see No. (1129). The series
ends with the term in a if p is even, and with the term in n? if

p is odd. T. 27
~_nln 4+ 1)
= 3 F. 50
Cn(n + D2 + 1)
= 3 F. 50
2
- {"f"_;'ll} E. 5l

= ;ﬁn[n + IN2n + 1)3n2 + 3n — 1) F. 256



6 SUMMATION OF SERIES

Series No.

@B+ +3+8 4.0
(23) 16 4+ 26 + 36 + 46 4 ... S
(24) 17+ 27437 + 47 4 ... 07

(25) 12 4+ 32 4+ 52 4 T2 4 ... nterms

(26) 13+ 33 + 5 + 73 + ... nterms

@D 12 + (15 + 2 + (25)° +_.(" + ‘)"

2
(28) 22 + 42 4 62 + 82 4 ... n terms
(29) 12.21 4 22.22 4 32.2% 4 ... n'terms

(30) 1-22 4+ 2-32 4 3-42 4 .. nterms

G1) (12 — 12) + 2012 = 22) + Hn? — 32) +... n terms
02 3 @n - 1

63 S -1

34 36 + o = m)

(35) Z:E{x' + p)x" = )

0 3 (- B 4



POWERS OF NATURAL NUMBERS 7
Reference
n% m¥  Sn* nt

_.E_|..i.|.ﬁ_E F. 337

n? n% npf pd n
=5+3+t3-%ta F.338

nd on?7 It Tnt nl
st tm @ tn: F. 338

=%n{4n2— 1) F. 256
= n(2n? — 1) F. 256
_lfln4 Dm+202 1

_8{ 2 }

_ 2n(n + 1)2n + 1)
3

= 2¢2n2 — 4n + 6} — 6

=Tl-in{n+ ) + 2)(3n + 5) F. 256
= I - 1) F.323

= 3nCn =12 + 1)

= n22n? - 1)
=i‘i;‘:"_;1”—én{u+l}(zn+1]
RELCRS WO

x2—1 » =

_ Gy — Doy + 1) {(y) ~tHE) "+ 1)
(xpp(xy — 1) (y) ( x)




8 SUMMATION OF SERIES

Series No.
&) e
(38) i(w + a1 4. . a)
See No. (17)
(9 3
(40) irw

{41}2(1 +24 3.4 npel
1

V. Products of Natural Numbers

(42) To find the sum of » terms of a series, each term of which
is composed of r factors in arithmetical progression, the
first factors of the several terms being in the same arith-
metical progression: Write down the ath term, affix the
next factor at the end, divide by the number of factors thus
increased, and by the common difference, and add a
constant.

(43) 1-3-5 + 3-5-7+ 5:7-9+... nterms

(44) 1-2 + 2-3 + 3-4 .. nterms

(45) 2-5+ 5-8 + 8-11 +... n terms
(46) 2-2 + 4.4+ 7-8 + 11-16 + 16-32 ... n terms

47) 1-2.3 + 2.3.4 4+ 3.4.5 ... nterms

(48) 1-2:3.4 + 2.3-4.5 +... n terms



PRODUCTS OF NATURAL NUMBERS 9

Reference
_ =%y 1l -
(x=yMl =x) (x=yNl -y
= {aph, + ayb-; +...+ an}
b=t +2r 4+ 3 4.0
= where x < 1
1-x
= X where x < 1
1 —x
_l—x*_n{n+3}x"+n{u+l}x"'"1
S (=xP  21-xp " 2l - xp
F. 314
_(2n = 1)2n + 1}2n 4+ 3)}2n + 5) 5
= 42 *3
=n(2n} + Bn2 + Tn — 2) F. 315
-n(n + I;(n + 2) F. 52
= n{3n? + 6n + 1) F. 318
=m-—n+42r -4 F. 333
=31!l{n + 1)n + 2)(n + 3) E. 322

=%n{n+l)(n+2}(n+3]{n+4} F. 322



10 SUMMATION OF SERIES

Series No.
49 1-4.7 +4-7-10 4+ 7-10-13 + ... n terms

(50) 1-4-7 4+ 2.58+3.69 +... nterms

(51) 1-5-9 + 2-6-10 + 3-7-11 +... n terms

(52) 6:9 + 12-21 + 20-37 + 30-57 +... n terms
nth term is (n + 1)(n + 2)(2n2 + 6n + 1)

(53) 2.2 + 6-4 + 12-8 + 2016 + 30-32 +... n terms
nth term is n(n + 1)2¢

(54) 1.3-22 + 2.4.32 4 3.5.42 4, n terms

(55) Ii{p ~ n)g - n)

n!

(56) Zm(m+ D...m+n-=1)
i

obb+ 1Yb+2)...b+n—1)
G7) Za{a +IMa+2)...(a+n-1)

{sa) 23: ... 8 ierms

This series is integrable if x = 4,

(59) Z CERCE) 1][n )



PRODUCTS OF NATURAL NUMBERS 11

Reference
[3n ~2)(Gn + D0n + H03n + T) + fg F. 322
- %n{n + D+ 6)n + 7) F. 322
-%n{n+l]{n+3}(n+9} F. 322
——.--i—.r.h[ + 1)(n + 2)(n + 3)(n + 4)
£ 300+ D+ D+ 3) = 2 F. 331
— (2 —n+ 22 — 4 F. 332
- %n{n + 1)+ 2 + 320 + ) F. 323
=212 D on + 1) - 3(p + )} + mpg
={m+l}[m+1}..’;iiM+l+u-l}__l C. 200
_(m + n)! 1
T Tmial
_ B+ )b+ 2)...0 + n) b
b+ 1 —aala+ a+2)..(a+n-1) b+1-a
T. 28
Z{n + l}{n +2) W. 38
g —1 2
=T arzt3 W 38



12 SUMMATION OF SERIES

Series No.
VI. Figurate and Polygonal Numbers

(60) Figurate numbers—

1 1 1 1...
3 4 5 6...
] 10 15 2l ...
0 20 35 36 ...
5 35 70 126 ...

The sum to n terms of the rth order

S S —
Lh s b b o=

1
1

(61) Method of Differences=> dve. o flew fom lu. pommie
One Seriesis 12 40 90 168 280 432 ...

1st Diff. 28 50 78 112 152 ...
2nd Diff, 22 28 34 40 ...
ird Diff. 6 6 6...
4th Diff, 0 0
The nth term is The sum
12 + 28~ 420 =) = 2)

+ &(n Kﬂgr 2)n = 3)

(62) 4 4+ 14 4+ 30 + 52 4 80 + 114 + ... nterms

(63) 8 + 26 + 54 + 92 + 140 4 198 + ... nterms

(64) 9 + 16 + 29 + 54 4. .. n terms

(65) 4 + 13 + 35 + 94 + 262 + ... n terms

(66) 2 + 12 + 36 + 80 + 150 + 252 +... n terms



FIGURATE AND POLYGONAL NUMBERS 13

Reference

=%u(ﬂ+l]{n+2}...[n+r—1] F. 320

o gémevol pouar tostec lec T P. |
ci lordve de oo p.a. et par endomple de3
Olove le mieme terme et Um dquation
‘l{'ljdﬁ}:{ , dame dw Secomd deqie

28a(n = 1)  22n(n — 1)(n — 2)
tey— £

= 12n

6nln — 1)(n — 2)(n — 3)
T al

= %'n{n + 1)(3n? + 23n + 46)

= nn + 1)? :> Pd-.i% bwm& -l- F. 332

= 3nln + 1)(5n +7) F. 332

= 620 — l]+i1,n(n+5] F. 333
3 1

=§(3"—I]+En(n+1]{n+5}—n F. 333

= S+ D+ 2)n + 1) F. 332



14 SUMMATION OF SERIES
Series No.
(67) 30 + 144 + 420 + 960 + 1890 + ... nterms

(68) 2 + 5+ 13 + 35 +... n terms

(69) 2 + Tx + 25x2 + 91x* +... n terms

VIIL. Inverse Natural Numbers

"1_ 1 a2
{W]Z;—C’+lnghn+5———-n[n+n
mn+ D +2)
1
MED]+§+...
1. 1 1 1
Ml-3+3-3+3-
1 1 1 1
GEJI-§—§+E+§— oo
1oy 1 1y 111
) (1-3-3)+G-5-5)+*G-15-1)+

e
e



INVERSE NATURAL NUMBERS

- ilan{n + 1)(n + 2)(n + 3)(dn + 21)

1
=§{3 -1+ 27—

_[—4ﬂx~+l—3ﬂxﬂ
1 - 4x I - 3x

where C = Euler’s constant, see No. (1 132),

a_’_d_i v _9
‘u 3T T 10 T

anda, = 1 J'x(l—x}(z—@

= T7.48547 where n = 1000
= 1439273 where n = 10

=logh2 — el = LNT

= 0.43882 = logh 2

1
2

jl
4
—Elnghl

S 2

On — 4
2, (3n = 2)Gn — 1)(m) (0813

= logh 4

withme hyper bolique
l{:;w’ﬁfhme matwrel SM.':

logaritime moperien

15
Reference

F. 332

F. 272

F. 272

T.27

A, 325

F. 195

H. 475

C. 252

C. 253

C. 252

- g=110919



16 SUMMATION OF SERIES

=1—2[ﬁ+%+ﬁ
W 1-F+3-ksd
m1-1eldiw
@ i-fei-ho o

1 1 1
@) 1-3+5-q+...

1 1 1 1 1 1
{83}I_..E.,?+_.ll+_13__1?__lg+ 0

4.0



INVERSE NATURAL NUMBERS 17

Reference

b LI\O110T135 C. 335

-3 0 186792\635  E109

= %’u + 4/2) G,ﬂuﬁofi‘ffb{qug M. 132
1/ =

= 3(75 + tosn 2) o, 3%56Y 32493 A. 189

(
(;“:3 — logh z) ©,23155SO1LTT A. 189

- % D/ =0 qumo 27 P, 281
- 4_:m [ +2logh (v2 + 1)] D’%;;,Q’IQQBTH A. 190

- %lngh 2+ vy O, 1034599 AB. 166
w - D
=573 ° 0, 206899 682 A.528
= logh (1 + v2) o0 Y. 90
1+ 43
v,al gh( o Y. 90

! B, (2-1)B
=§{C+lughn}+loghz+ﬁlz_ o 2

For C see No. (1132) and for B, see No. (1129) A. 325




18 SUMMATION OF SERIES

Series No.
2x2 4x4
G st TrmtTea s ®
x x2 x4
(39}1—x1+1—x4+1—x@+“‘"““"’

x x2 x4
{Qﬂ}l_x,+l_x4+l_x,+.,,m

2 4
{gnx+1 Py e pray A
- 2 2x — 4x} 4x3 — 8x7
{92}1 x+x=+ —x24+x* 1 — xt+ xt
1 1 1 11

©3) « [ 11x+l+ﬂrx+2_ﬂx+3

oD

. 0

+...n::]
1 1 1
{94}332—5344'?35—.“ =]

2x 1 2¢x \* 1.3 [ 2¢x \S
{95]2(I+x2)+2 (I+x1) +2-4-f.(1+x=)"'“'°°

|
‘9‘5’2”‘{? a1
xZ
V]]I.Ezponenﬂnlndlmﬁﬁnk&uh

A4-3
O 1+ ax + & 2, +“3"; ... 0

(98) 1 +xlngha+%§l-a—}z+... o0

0 =x(1 —x) + 4%l — x2) +...0

x  x
(99}!:"-'1—4'?—



EXPONENTIAL AND LOGARITHMIC SERIES 19

Reference
= —% _ where (x2 < ) T. 118
1l -x

1 1
o e il A2
- where x2 < 1, and
1 —x
= — 1 where x > 1 T.118
x =1

= —1_ wherex? > 1 T.118
x—1
142
=T+ x+ 2 where x < 1 Y. 54
S S T ! $o..® A. 102
AR T R T (Y :
=i_§,h_2 whm$h=l+%+%+...+%!

A, 192
= x where |x| <1 Q. 132
= 2xec

AB. 167
- F. 188
= g* F. 188

=logh(l + x) wherex < 1 F. 191



20 SUMMATION OF SERIES
Series No

100 -x-3-$ -

10D 14243 +3 45 +...
{103]2{31—!+%+%+ .an}

(104) 2 TR

(105) (6 = D = 3 (= D2 + 3 (x = P = ...
OHE RERE I S

(107) « (I+x+2x=+3j :sx*+ )
[lﬂﬂ}l+2x+22_!1~x2+323—_!1-x;+ @
(109) 1+ 2 - ﬁ+%‘_%+%!£f#
um:.:{"“’ (1+2)x +1 ( 3+ )x--..,
am 2{F+ (143w + (14545 e+
PR E T NN
s (=5 Y5 (- d-F )5

<}



EXPONENTIAL AND LOGARITHMIC SERIES 2I

Reference
= logh(l — x) wherex < 1 F. 191
= 15¢ F. 339
= logh 3 — logh 2 F. 195
= ¢ F. 196
3
=5- 2logh 2 C. 253
=loghx whered < x<2 T. 124 L
! t | - {f%_-#ﬁlu‘:t{ fh
_ 3[‘ _ ]_} :':? é[ﬂ Clla.} d. de - (f-—-F 333) 1Y 4
; I
M d
= g wi® T.126 — <7 |
= (1 + x)e F. 338
= e — logh (I + x) F. 338
= {logh(l + x)}2 wherex < 1 F. 191
= [logh (1 - x)]2 A. 191
= —logh(l + x)-logh(l — x) A. 191

= %{tan-l x) I-::-gh: * 2 A. 191



22 SUMMATION OF SERIES

Series No.
—=7 (114) e 4 % 4 259 4 o

(115) Z a,bn

3

x~
120 2 55T
I

I I
{qu+(L+ﬂﬂ+(l+§+ﬂxLL_

) Z{n + 2]::'

mnzu+ﬂ+p+ ).

a}i_ﬁ?um 2w

(125) Z{ D s



EXPONENTIAL AND LOGARITHMIC SERIES 23

Reference
(214 = I)
T 2MAgNA
'} = 3.625 T. 144
= ¢4 where 4 = ¢ and a4,
~(a, +ayy +... %24, %) Y. 111
S LR TR T/ | ‘
2 1
=13~ 308h 27 502687 A. 520
x
=.loghx_l H. 460
-Io—ghﬁ where x < |
= er — | ’TTEJ\AQ'
At
1 1
-l—(;—])lﬂghm F. 338
- logh 1~ whe l
—-I_xogh]_x where x <
~ {(x? = 3x + 3)ex — $x2 — 3}
= = C. 236
=ex(x+;x1+2x3+%x4) C. 235
T OETT 4 g 1
-~ T. 135
o 1 1
= e~ 33 T. 135



24 SUMMATION OF SERIES

Series No.
1 1 1 1

1
120 s+ i ta et =it I

=13 = o) + 120 (5~ ) ~ 353~ )
+ .I___I)+...m
(127) 3 loghn + logh (n + 1) +...+logh (m — 1)
- -1 - 3
~ a0 s~ ) + oo
(128) i[n logh (zin’-'-i—}) - I]
2.4

{I29]x—§x3+ﬁx + .

(130) 1 + [xr x) + [xr*‘}z + {xc—z}‘ + %{x:'!]‘ +...00

-1+ i%ﬁm_ﬁ,

5 T
131 75 + ;‘—5 + 5"—? 4... @ (if convergent)
2
(132)f 1 — 2(2 = 1)B, % + 22 - Hﬂz:—:
- 25 — []B,';—: +..

(A3t 1+ 20x + QaR{Baf3 + x) + 3 B} + GF Bi(3 + )

N L T B

1 For values of Bylx), see No. (1146),



EXPONENTIAL AND LOGARITHMIC SERIES 25

Reference
= lv::-gltlj%I where m and n integers X. 141
-mlogh?—nlogh’-: where m and n integers X. 141
=3 (1 — logh 2) A. 526

1
-mlngh{x+ V1 4 x2} where |x| < 1 A. 197
= e Y. 456
= E o Logn 1, 2 1Z. 165
= 2x AE. 12
£ — g%

- el AE. 14

€ = g78



26 SUMMATION OF SERIES

Series Ha

(134)t = +131 (2) ¢G) ;‘:’

135t 1 +3x32(3) [3;}233(3)

{1345}1 + ﬁxB,_( ) ':ﬁxp (6x)F p, (ﬁ)

B, G

2) +

(3x)

3!

. 0O

B (3) *

{IBT}x-(l+%)x1+(l+%+—]j)x3
—(1+;+é+i)x‘+ . @

{IJE}x—%-§+l—j%'%s— @

(139) logh2 + 7732 ~ T34 + 15

(140) 1 -3 -5 -2 .m=I{l—x}'dt

{l4l]x+%l—§-i:+2—;+$- . o

[142}x—§x3+251;x5+..+m

o -xoF Bz g5 g

M S+,

1 For values of B.(x), see No. (1146).



EXPONENTIAL AND LOGARITHMIC SERIES 27

. Reference
] A
1+ e + X E.35
- ! A
I 4 e + e2r + e e 4 &5 E. 43
_logh(l + )
T x R. 425
= logh (x + V1 + x?) where —1 < x < I L.78
= logh(l + V1 + x?) where x2 < 1 T. 123
X
- T A 190
loghl_x
= V1 ¥ x2logh{x + VI + 3 A. 191
1
=W-+—~?lugh{x+ V1 + x% where x < 1 A. 197
1 —
= 5 {logh (x + VI + x3))2 L. 77
= logh (I — x + x?) L.79
- + logh(l — x) wherex < 1 F. 197

1 —x



28 SUMMATION OF SERIES
Series No.

x2 x4

(146) logh 2 + +tE -1

2 x4
(14Dt 5 - B2 - D55 - B2 - D5

— By(25 — ng ...
x x3 x3
(148)t 2[3.(12 — D)3 - B2 - D+ B2 - D~ .m]

xt x
23733

x
91

X
(149) {5 + 4+... 00

5
{Hﬂ}x+%+ +...0

(I51)% logh2 + logh3 +... logh ( — 1) + 3 logh

(This series is not convergent.)

ast 1 -3+ 50 - B Bt

x 1 1 19
(153) 1 +i—ﬁx2+-ﬁx3wﬁx‘ +... @

xt xt  xb 1)1
(154]1+§I—3--? ﬁ_ l+z2n(2l'l+l}

5 1
(155) ¥ + x4 + 5 +... @ g,’t P)»uﬂ qum .
xr xr+l xr+2
(156) = — rPtm + ﬁ:Fzm - @
t For By, By, eic., see No. (1129).
1 For values of B; and B;*, elc., see No. (1129).



EXPONENTIAL AND LOGARITHMIC SERIES 29

Reference
= logh (1 + ) H. 498
- ‘xi ] N. 1543
e — |
- N. 1544
1 —x
=] 4 S logh (1 — x) F. 338
= 31.{,, — % — jelx 4 jei¥) where j= v =1 F. 338
N\

Ao =%1¢gh{2w]+nlﬂghn-n ot

‘/‘w v B B (D IP. 612
-2n 3am T @=D2rmz1"" '

W 27. 123

e — 1

Q W. 20

_ X
_lugh[1+x} -
=lum—1x+ vl-logh{l + x2)

x 2
= logh (1 + x%¢) Y. 80

_ [logh (1 + )}

r!

where P, is the sum of all products k at a time,
of the first r natural numbers Y. 80



30 SUMMATION OF SERIES
Series No.

x x2 x4
xT xd oxt 4xS  xb
(153}1+?+T+T—T+E+ . a0
(159) Reversion of Series.
y=x—=bx? = bx? —bx* — | @
can become

x=y+ P+ GP+Cy 4., o
if

See Van Orstrand (Phil. Mag. 19: 366.1910) for co-

efficients up to Cy,.
1 1 1
“m}l-l{n+l}_2-3(n+1]2_3~4{n+1]3_'"00
BB P

11
(162) =5 + 55 + 35 + -0 @

(1) N T



EXPONENTIAL AND LOGARITHMIC SERIES 3]

Reference

= Iugh pra ] Y. 107
= logh(l + x + x* 4+ x* + x¥) Y. 107
T. 116

= b,

= by + 2b,?

= by + Shiby + 5b,3

= by + 6byby + 3532 + 215,2b, + 14b,4

= bg + Tbiby + bsbs) + 28(by2by + biby2) + 84b,3b, + 42b,3

= bg + 4(2b,bs + 2bsby + bi?) + 12(3b,2by + 6biboby + by
+ 60(2b,%b5 + 3b,2b;2) + 330b,%, + 132b,°

= b'lr + 9(bibs + bibs + b;qfu]
+ 45(b2bs + byby? + bytby + 2bybaby)
+ 165(by3b, + biby? + 3&5‘1 2habsy)
+ 495(b,4by + 2b,%b5%) + 1287b,5b, + 42957

= logh {1 + ;'T}" F. 197

-5 ﬂ- B K F. 197
= lﬂ

—2]nghn—fog]1(n+ 1) — logh(n — 1) F. 197

n
= logh
gn—]



32 SUMMATION OF SERIES

Series No.
x 5 251
[lﬁ#}-§+2—4x1—3x me‘ P o

IX. Binomials. See also No. (1102).

n(n — 1)

7 gl 4 4o

(165) x + nx»1lg 4+

lx3+ux‘+

[lﬁllti],ll+2 33

(167) 2 +

(168) 1 —

(169) 1 +

1 1-3 1-3-5 1.3.5.7
(7 1 + f‘x-ﬂx:_z--}.ﬁﬂ +2.4.ﬁ.g“‘ +... 00

I I l 3 5 I‘S'S‘J
7 —_— - = = + 3 4+

(The above two series are useful in forming certain
trigonometrical series.)
1-4 1-4-7

|
— 21
(172) 3x+3 ﬁlx 369

xt—,,, m

x4 .., @

(7)1 —x+x2=x}+... ©
(174) 1 — 2x + 352 — 43 + .., @

(175) 1 +-éx L—lx"+

(176) 1 —%x+—x1—



BINOMIALS 13

Reference

= logh {logh (1 + x)V/=} Y. 107
= (x + a)
= ] H. 46
“Vi-= ’
= 34/3 F. 167
= v2/3 F. 168
=8 F. 168
- JGI + x% 4 x

1+ x2
— ,‘;1 + x?—x

1+ x2
_x(x 4+ 3)
o — X
= (1 + 2! T. 117
= (1 + x)? T. 117
=1+ x T. 117
-t T. 117



34 SUMMATION OF SERIES

Series No.

AT 14 3x - yox+3ise - 238wy o
A7) 1 3x+3ext— 320w s LT o
(79 1+ 35 4 3590 = Tg® + T = @
(180) 1 —;x+§x2—;+}'—:x +...

UB1) 1+ 3x = 252 + poxd — 5Tl x4 .. o0

(18) 1 - Jx+3x2— o0 4 0t~ o
{lw}l+%x—§§x1+%x3—%x‘+.,,m
{]E4}1—éx+%x=—ll—;jx3+%x4—...m
{I35}1+%x—?—52x2+1-g-;-3x3—%x‘+...m
(186) 1 — L x + %ﬂ—%xi+%x‘—... o

]

x n(n — 3) [x\2
(187) 1 +n(3)+T(§)
— 4in — 5 3
LA () }(f) P
(188) l+;—sz+H1(":!_ 2 xa s "1_2;3'["1_

n nin? — 12 n(n? — 12)(n? — 32)
+ﬂx+Tx-"+ 51 x5 4.,

4) ot ...

. 0




BINOMIALS 35

ef
= (1 + x)13 RTI.‘TI:
= (1 + x)-13 T. 117
= (1 + X2 T. 117
= (1 4+ x)-¥2 T. 117
= (1 + )+ T. 117
= (1 4+ x)-1/4 T. 117
= (1 + x)Vs T. 118
= (1 + x)-Us T. 118
= (1 + x)1é T. 118
= (1 + x)~Ve T. 118

w—z-:;{l + v'1 + x}» where x2 < 1 and n is any real number
T. 118

={x+ V1 + x¥ where x2 < 1 T. 118



16

Series No,

(189) ,.C, = =

(190) 1 +

(191) ,.C,

(192) 1 +

(193) 1 -

SUMMATION OF SERIES

m = 1)im—2)...(m—n+ 1)
n!

m1X F oo mCX™ + oo gy O™

+ M;Cl 'micrl + M;Cz'mlcrz + m;cu

mC1 + mCz + oo mCn +...

wC1 + mCa oo (110G, + ...

(194) 1-,,Cy + 2-,Cox + ... m-(Crxm=1 4+,

(195) m(m — 1) + ™

m— 1m— 2
11 24

mim—1)..{m—r+1)

+ {-"—2}1 +...
196) 1 +m+ D mn b D r = D)
2 r!
(197 2'{” M v Rl m:n;n;n P
s 2o e :Iz_kz} 24D gy }

(198) 2(x2 + yz]uz

(199) 1 -

(200) ,C, —

(n— 3)n -

{n—r—l](n—r—i} — )
rl2zr

mC1 + mC2 — .. .(— 1), C,

1
C 3 Jrc}

. 4)
{x' T 2yt 4 T

xn-2r=ly2r 4 }

xmipd 4



BINOMIALS kY]

Reference

C. 186

=(1 + x)m C. 186

= my+m;Co C. 189

= 2m wherem > — 1 C. 191

= 0 where m is positive C. 191

= m(l + xp=1 C. 197

= m(m — 1)2»2 wherem + 1 C. 200

(m+ ) h . itive i C. 200
= i1~ Where ris a positive integer .

=(x+ Va2 + ¥ + {x — VxT + )2} wherenis a positive
integer C. 204

= {x + VxI + ypn — {x — V¥ + y2}» where nis a positive

integer C. 205

= (— 1)*_1C, wheren isa positive integer C. 210

=l+1+...l C.212
2 n



38 SUMMATION OF SERIES

Series No.
X. Simple Inverse Products

(201)t To find the sum of n terms of a series, each term of
which is composed of the reciprocal of the product of r
factors in arithmetical progression, the first factors of the
several terms being in the same arithmetical progression:
Write down the nth term, strike off a factor from the
beginning, divide by the number of factors so diminished,
and by the common difference change the sign and add a
constant.

123433435 nilems

(202)

3 4 5

@03) 133 +333

+
*
.
]

(m]]_.dl.."— 75 +... nterms

- 1
+... m=2[3n—1](3n+1}

t In some cases the ath term can by partial fractions be resolved into the
standard form when this rule can apply.



SIMPLE INVERSE PRODUCTS 39

Reference
F. 316
1 |
=_— — . F. 317
18 3(n+ Lin+ 2}n + 3)
- -L,- : - 4 F.317
36 n+3 2n+Dn+3) IHn+ Din+ 2n+3) '
= — F. 322
n+41
= ]
_ "
T2+l
I |
Tn4+2 2
17 Gn: + 21n 4+ 17

=3_f:--6{n+l}{n+2_n+3}

-
n

n+ 1
—o KE@{'{{EI 'Ef{,S"' =4 F.322

L] = Lk



40 SUMMATION OF SERIES

+... 00
Q10) —— 4 b b b 4. nterms
RS A s BT BTN
+ ... 00
4 5 6
(211) a3t atias n terms
+...00
I 2 3
{212}345+4_5rﬁ+slﬁ‘?+..,ntﬂma
+... @0
1 3 5
Q13) ;35+533 545+ ntems
+... @0
31 41 51
(214) ri.i.g.ﬂ,z_z.|.ﬁl.ﬁ+ n terms
@15 24+ 2424 4. ntems
N334+t ¥ s
1 2 3
@O 3+ 1astrasg toooniems
.92 .23
e 2422 32,
w2422 3w
s 1.7 1. 9 1
@) 33 tzamtagnto-nem



Rl ®l=- Sl= 5=

I

If

Bl e = nl= i sl

SIMPLE INVERSE PRODUCTS

T A2n + 1) 20 +3)

1
6(3n + 1)(3n + 4)

2n + 5
2n + 1)fn + 2)

2
taTm+

=
+ |-
Fadt

2 1

_n+2+2l;n+l]{u+ij

41

Reference

F. 322

F.322

F. 322

F.322

F. 333

F. 333

F.333

F. 333

F. 332

F. 331



42 SUMMATION OF SERIES
Series No.

1 3 5
(220) ‘j‘+§ﬁ+3_~?~ll +...nterms

1 1 1 1
(22[}1—- ﬂ'l'ﬁ‘l‘-..m

Z I+nx}{1+n+1x}

1 1!
{x+1}l’x+2} (x + INx + 2}x + 3)

2
[x + Dx + 2)(x + 3)(x + 4]

AN
{m}Z{x+n}{x+n+l] &;}lﬁt

l x

a(a+ I) a{n+ l)(a+2}

(223)

(225) -

ala + l] al@ + 1)a +2) ,
M}b W+t rnery T T @
1 11 1.3 1
{m}zn+2"‘§'zn+4+r'zn+ﬁ
1.3.5 1
+24vﬁ'2n+8
ala + 1)  ala + 1Ma + 2)
(228) 1 + 2 AR S S Rt

+...



SIMPLE INVERSE PRODUCTS 43

Reference
11 1
S27237 0. ..@n-D F. 331
3n2 + 5n -
S+ Dm+d 5/'1 W. 57

n
T+t in

- i , |\
L ;ﬁ(i,q,z?bﬂ%ww’) %

a=|
= @ ;”T{!‘ - Z i—:} where a is positive T. 118

=(b - a) z::){(—l}“uloshﬂ ) P et

at+k=1

+%z[ (b—a—l) Z

positive and a < b; (

} where g and b are

|

1), etc., are binomial co-

efficients T.118
_ 2.46...2n
T 35T (2m+ D) 1Z. 267
b—1

=;———— whereb-1>a>0 A. 48
b—-a-1



44 SUMMATION OF SERIES

Series No.
a , 2a(a+1)  3ala+ 1)a+ 2)
O+ 3+ T B Db +2 T

1 + 1
ax + 1) " x(x + I)x +2)

+

(230)
1-2

e o]

1 1
1) (1 + x}1 + 2x) +

1 a

BT tadraisan

XI. Other Inverse Products

1 1 1 1
Mimtratsstast @
31 1 1 1
Nz -73t58 75+ @
= 1 1 1
B33t sgstseat @
1 1 1
BN 133 3335t567 @
@ g L, 1 ©
35 t579 o3t

x(x + D(x + 2(x + 3)

T+ +30 7

+... 00

. 1 terms

.. 1 terms



OTHER INVERSE PRODUCTS 45

Reference

-{b—afbl;blia—zj where b — 2 > a > 0 A. 48

1
x?

n
TU+0(0 +xn+ D)

! ( ’ = ) F.313

F. 313

T T-a\lT+x 1T+ax

1

-3 T. 143

- '1'_; 0,%22467710237 E. 158

L))~ = togn LBBION 6,2R61945613C. 252
= logh2 — ,_1, = 0.1931471806 F. 338

= 0153426 = 5(1 — logh) & 153426 H047 4 476

-%-i  0,0>44%090
-1 0,0 23
-7-3 0,05935 74950  can

-1 0,01990116100 0.370



46
Serles No.
(242)

SUMMATION OF SERIES

1 1

1234

1
) s te o tomars t

5678 900113 T
1 1

(249) 2-;-4 -
@) 5 -

246) 5 -

¥ ]

1
‘““W*ﬁi;‘z"{s-_m*'"

356678

|4. ~|u
T

-7

= ... OO
13 11
56 6:7

8 16 2
717 1731 T 3165

+

1 1
o

1.3 1-3-5

+ ... nterms

(48) 573 4 24677468

{349}234

ise6 "

1 1

@Gz teastonnt

1 1

(252) 333"

(253)

3567 778910

L1

123

bl =

(254) 1 —

@59) 141 -

5

-
Y
el
-

al
F Y

+
.

Ftsonnt

W o=

+ ... 00

o
Ll
L]

* 1 i
(=L R TR =

5=
t:’l—l
e
a b
[= =1 ]

9 7
t1a-astse-ga



OTHER INVERSE PRODUCTS 47

=lom2-7 o 042587013 k:;?::
“saivy 0004584908174  o.m
) 0, 0553B|&ZHO 4 10
2 : :_’r-—lll" F. 339
%{1 + 'yl{;%i} F. 339

:

o) —

u\ln—n uﬂlﬂ

-5t

logh

a-l--

S 3=

— logh 2

3-5...(2n + 1)
4:6...(2n + 2)

OJH&Q‘S{JQ’?Sﬁ

F. 333

005688181940  T-14

(:.’:% “hd) o 7Elasicgs T

1
Skl O 0Yglashqise  TIu

2\;’3)

h2

_‘l‘loghg O,O4DL25Y )40 T, 144

o NTRET45L.  cas



n terms

+ s OO

3
tisgtisgas

3
tasgtasgst -

SUMMATION OF SERIES

35
2
35

+
+

3

1
3

48

Keries No,
(256)
(257)

+
L
%
=l

2_5
Lol L |

(153}1+%+

—I&
rd Y
8
o leny
1_“.,.,.

> 38
+

oA e

(260) 1 +

=I5

.
o =
il
10
- | Y

= Ics

4 v
Lol Lo ]

i
= |

(261) 1 +

ey
Wy [
| E
™ =
Al i

=i i)
3_4
Lol g |

=

g+

1

1

toptmat

1

1-5

(266)

— &
O |t~
+T
calen

o+ |
ol lery

2
3

(267) 1 —

(t+n—1)t+n)t+n+1)

s >



OTHER INVERSE PRODUCTS 49

1 Reference
-2 C.225

1 1
-5{: BRI T v e A.431
=§ Y. 505
=% A. 197
=i” A. 184
- 1,209194957% v. 505
= 2logh 2 |,3862L436(3 1Z. 136

E;(Z,%'l‘*”) O, 1245169097 1Z. 164

=30+v2  0,24go59uY4q 1Z. 165

= g - %logh 2 @/q%‘?qﬁ—gga 5‘ 1Z. 165

= G +losn G +2v2) 0216 7452Y¢ 8 12,165

2, 1443
- ﬁlugh_:%’_ A.197

/
1
"W+ ofiw A. 32

Sdnss L{1X)
m A (LQ.A"



50 SUMMATION OF SERIES

Series No.
S 3

{M}Z(r+n— It +n)ft +n+ 1)t +n+2)
1 1 1-3

Q) 5+535m+t3g5m @

@M imstsesteent

1 1 1
Q) pztmgtagto @
@)1= st e =y b ©

3
274 1 + (% : + (2_4)2 +
2

1 x x?

@) a3 tisat i

x xt

1
(280) 753+ 333+ 56

x x?

.?+

1
@) 33735 T 56

5 -



OTHER INVERSE PRODUCTS 51

Reference
1
S+ D+ }d(/wﬂ A.52

-z el g'l.f-J(/i:J H. 468
-§(|_§) D. 495
=,,2;,;, C.372
=51§ H. 476
- TORF " A1
-3% L.236
-“T‘ L.237
-“; L. 237
-% L.237
=2+ U ogh . wheret<1 T2
1 [14x 1 4+ v/x

+2105h{1—x]—2} where
D<x<l1 T. 125

“ &\ Vr BT &

1 _ l=x__
=2—x{] logh (1 + x) vx tan x} where 0 < x < 1

T. 125



52 SUMMATION OF SERIES

Series No.
XII. Simple Factorials

[132]3—1!+4—5!+;—:+,,.nterms

12 28 50 78

{283}” R A . A
2! 31

(234] Tarnitarpt @
1! 2!

izas]m+(n+l][+{n+2}!+ -

@6 > @n)! 1
o

2ipln! x +n

(287) z (—1ya(a — a—2)...a—n) 1

n! x+n
n=(

(288) IZn{n:}

-] X 1
(289) zt(—])n )

1 n 1 n(n—l} 1
[m]m 1! +l 2T m+ 2
5 11 n2+n—1
@B f+gtat Gy

XII. Other Power Series (Bernoulli’s and Euler’s Numbers)

12 22 32 nt
(292) Lt [na_l_13+n3+23+n3+33+...+m]

A= o

1 1 1 1
@93 Lt [n+l+n+2+n+3+"'+m]



OTHER POWER SERIES 53

Reference
1 n+1
3 W+ 2! F. 333
= 5¢ + 2 F. 334
1
(=2 - 1) F. 338
1
Sh=Dm-—1! AC. 63
_ rxrg)
T Px+ %) Q. 259
_Tx)la + 1)
- Ix+a) Q. 260
=+ 1)-1
~ 0.7965996 w%——h L o
— {m— 1!
T+ D+ 2)...(n+m) \ C.211
1 1 \
27+ 2w u‘__g,/\.w
= 3logh? 1Z. 324

= logh 2 1Z. 326



(202,

54 SUMMATION OF SERIES
Series No.

n n n
(@94 Lt u=+1z+n=+z=+'--+m—+uz]

1 1

1
@ L [v’zﬂ- B Van-2 Ven-m "
1
+75r=]
(296) L [{ﬂ —;‘H}lﬂ 4 @n ;u mis | (3 ;., mvs
U
+ &= nlmj ]
@8) Lt [y Ly o ] ]
n=w V2 — 1 Vidain — 1 V2an? — 1

R 2
@) L s ipn * mr oy

+...

ne
T 1}2}1121

(300) Lt [“’" ‘E’_‘f" *.n ";;’z__c“]

2 4
[301}”+1+1+l Myl ®
{31}2}2"_I

o o+ /8 ot /w'}’f /Qquf‘/s*reo“

Vuszen+ ‘/lfoﬁ?oo* V&% !éeao'* ...Lu—'*"



3

L]

bl g

[ TR #3]

[\

OTHER POWER SERIES

where |n| > 1

33

Reference
1Z. 326

1Z. 326

1Z. 326

1Z. 326

1Z. 326

1Z. 326

1Z. 354

A.52



56 SUMMATION OF SERIES

Series No.
1 1 1 1

1 1 1
nrrlE 4/ -n _— ——— —
(304) 2me {1 * 12~ 360w * 1260 °°}
n large

On the series Nos. (305) to (330), see No. (1130) for
values of «, B, etc.; see No. (330) for general note covering
Nos. (305) through (329).

1 1
[305]1+F+§+ +... @

1 o

(306) 1 —%+%——$++..w

1,1, 1 1
CONI+g+g+g+gt...®

1 1 1 1
(308)t I—F+§—ﬁ+ﬁ—...m

1
(309) 1 + 5

1 1 1 1
ﬂ]ﬂ] 1 _F+$-§+ﬂ-5+-“ an

—

1 1 1 1 1

tw -E
uy = 0.915% 56. ..
g = 098894 455 .
= 0.99868 522,
Ataﬁ:ul‘ui‘mmlmﬂtuladncﬁndphmhﬂmhythhﬂ.Mw
of Mathemartics, 41; 49, 1913,



OTHER POWER SERIES 57

Reference
= logh (n!) G. 140
= nt = v () G. 140
— 5, 8 = *{%L};Eﬂf AC. 42
=8p S = % AC. 42
=U» Upn= % AC. 42

21

-, W = Q(_mf'_' AC. 42
=G, Gy = i‘%’;‘ﬁ- AC. 42
=g Vg = % AC. 42
= Vs = % AC. 42



58 SUMMATION OF SERIES

Series No.

1

(3[2}1—5—4—.+5_+.?.-E_— )
1 1 1 1 1

TR T SO RN I I
1 1 1 1 1

G |~ gt = 5+ 15— 73 - ©
1 1 1 1 1

GI9) 1 4 5 = o = 75 + 15+ 1o =ooe @
1 1 1 1 1

(3]ﬁ}l_§_.?#+”_+l—'—n— oD
1 1 1 1 1

B I+ g -g-mteatm @
1 1 1 | 1

{3131[“§-§+$+F—‘m"— . 00

1 1 1

(319) tamtgmt... @

1 1 1

{BN}[-E+EHE+...m

1 1 |

1 2 1 1 2
ﬂzz}l+2_2u_3_h+ﬁ+5_h_ﬁ_2-+"'m

1 1 1

B2) | + 35 — gori —ori +- @

1 1 1
(324) 1 ~3%n t 5 Tt ®




OTHER POWER SERIES

I
= Ve Y= T
W Wy - 2
=k V3hyey = B%%
2(}w)*+R,
=T Toat1 = — @
=t Vin, = T
= Pur Pt = %
_ V2im)Q,
=y G20 = @n =D
_ @
= 2m1
2in-lgln 1
- G (1 = 5m) B

_ (Sl

V3(2n)! 2t (%)

-G )

_ [_ l}n-i-l [:r]h+l

St B (5)

_ (= 1yr+122ngetl

gt — B (3)

platl
= Zieaany B°

Reference

AC. 42

AC. 42

AC. 42

AC. 42

AC. 42

AC. 42

AC. 42

AE. 3

AE. 26

AE. 34

AE. 34

AE. 40

AE. 30

AE. 30



60 SUMMATION OF SERIES

1 1 1
(323}1+5m—m—m+...m

1 1 1
{329]]—33-?—1.+“—h+..+c¢

(330) General note on Nos. (305) through (329):

(a) The values of Bernoulli’s and Fuler's numbers are
given in Nos. (1129) and (1131).

(b) The values of B,(x) and A,(x), etc., are given in Nos,
(1134) to (1146).

(c) The coefficients %, etc., in Nos. (305) to (312) are given
in No. (1130). See also No. (1101).

(d) The values of pa,+1, Gou F20+1, and f,, are given in the
table opposite for values of n = 0 to 4.

(¢) The summation of No. (305) to 16 places of decimals
is given in No. (1133).

(f) Some of these series are derived from No. (546), etc.,
giving @ appropriate values,

() Between Nos. (305) to (318) and (319) to (329) there
is some duplication, as the series are collected from
different sources, but the results are compatibile.



OTHER POWER SERIES

61

Reference
_ (= 1)%2m)2 (!) 11 B
=G e (3) + -0 5 AE. 30
= P2atl AE. 59
= g, AE. 64
= Fansl AE. 69
-y, AE. 74
n Pans1 §2n Fap+l 2
m ™
0 W2 - 3 -
1 Il 7l _Tf wl
4/ 2-26 3/2.29 63 2-34/3
2 1975 11=4 5-61n3 234
V221 322 7736 24343
3 3077 192. 56 6154747 41256
§4/2-217 3.5y/2-214 210.39.5 | 28.36.5,/3
. _ 2461 178 | 11:13-18018
219.32.5.7v/2 311.39.5.7+/3
Ref.: AE. 63 AE. 66 AE. 73 AE. 77



62 SUMMATION OF SERIES
Series No.

031) S B (§) - 3t Barn ()}
(332) '%2:—_1{2.—';—!}“ Az—(%) -5 "”'G)}
o3 CUEP [ (3) 4 ok Buun(3)
1 1
= 35 Ez,,u(z)}
o0 GBS (1)~ L (3)

In the above four series see also No. (1146) for an
amplification of the coefficients A,, B,, etc,

(339) 1t Y %
" 1

1 1 1
I 3% St
1 1 |
1_5 35 73,-+...a::
Generally

1+ 3 ne

The dash sign indicates that only those values of n
(greater than p) which are prime to 2-3.4. . . occur in
the summation

1 1 1
[33ﬁ}l+ﬁ+ﬁ+ﬁ+-,.m

1 i
[337}1—'2—z+ii‘—zi+.,.00

111
B 1+ g+ 5+ m+... ©



OTHER POWER SERIES 63

1 Reference
= ﬁ Part1 AE. 59
1

1

= i r2.+l AE. ?3
3

- 1;_ - AE. 74
= {(5) 2, 3, 5...p—are prime numbers in order
= {s)(1 = 279)
= {(s)(1 = 271 = 3~)
=N = 279...(1 = p) Q.272

w2
=% E. 154

w2
=B E. 158

w2
=9 27 P, 281

|
V -
E A l-aCl o ﬁ' E":"“tﬂ



64 SUMMATION OF SERIES

Series No.
1
(339) 1 +1 5o @

(348) 12- 2 73t 3G

1+2 1+2+3 1+2+3+4
049) 33 + 5 + e+ Feee®

22 3 4

1 1 1
(351) (i-ﬁ+ﬁ+”.. m)



=19

OTHER POWER SERIES

0

65
Reference

E. 155

A, 364

Y. 501

E. 155

A. 364

Y. 501

A, 528

E. 158

F.332



66 SUMMATION OF SERIES

(358) 1 + 511 + o

6%) D 5
x2
(360) == it + 3
(a) x =1,

(b) x = -1,

5 ...

+...

Series No.
1 1

Gml—ﬁ 5-5+
) 1.1 1
B 1 -+ 5-35+

1.1 1
CH1-Z+a— =

1.1 1
BSH1-gm+m—g+...

n

+...

il

1

1%

He

terms

oo can be summed in five cases only:



OTHER POWER SERIES 67

4 Reference
=E T. 144
9
=16 T. 144
16
= T. 144
25
= 5% T. 144
_=r b by by
"6 n+l m+Dn+2 i+ Dh+Dn+dH
where b, = & = D! T.27
ko G B [ ~
r+1n+2) (n+I)n+2n+3 "
where K = 1.2020569 = i—l,m{lllﬂ]
. 0B X
_{k— 1! /1 1 1 |
nndcj‘———k (T+E+3+m) T. 27
1 | 1
= ].0787 — E[ﬂ' 1 + W+ D
+ 1 + 1 + AC. 63
6(n + 37 ' 30(n + 3° "] (Glaisher 1876)
nl
%
n?

1o



68 SUMMATION OF SERIES

(364) > @t — 1)
1

S (= _
{3&5] l m— J.u lughxlogh(l +x}dx

& 1
(366) th-nrl,h,_,

I
] + -
Z{ZH 12 -1

e |
088 2 0 i

l‘“‘“} E T
i

2




OTHER POWER SERIES

= T2~ 3 (tosn3)

- ”u—(lughzsin ]%)z
AT
=—5—Iugh(251nﬁ)
=5
Si=¢ 8=2¢ 8§ =5¢ 84=15 1
$s =52 8s=203¢ §, =877 5 = 4140c

a?

-—2—-(1051!1}2
LAL—x) 1=

I X =1
_1
B
=Z[-ljn—lf'i"lughxdx=2-—2laghz—ff

o N 12

_7_1
4 2
_1
3
1 1
= 5logh2 - 7

Reference

2Z. 286

Nombres Je B

A. 197

A. 520

A. 52

A. 496



. Veau eyﬁu@/

Ao/

70 SUMMATION OF SERIES

Series No.

{37':'} iﬂfﬂ

o St

(372) Z M= x-}ﬂ )

. 1
(373) Z aE—T5

< 1
6™ 2, s =)

1

< 1
(375) Z =T

< 1
(376) Z BT
1

Q‘n[aﬁ}1+x=—%’+gr-%xﬁ.,. o

(378) zm[ LU ]

Gn=1¢ T Gnt 1P
(379 : 2 o

Vexitwmrptmrp T
L 1 = 12) e — )2 — )
(380) I - T [ER T 17.22.32
.. ton + 1 terms

(381) ; - %2!«2 + %Jl-xl +...00



OTHER POWER SERIES 71

Reference
= —x f+x§+...—§+]ogh{l—x]} where x < 1
s l C. 246
34 2 n+)
=ﬁi where |x| < 1 Q.59
=-ﬁ where [x| > 1
= 1 a? — 8 32 — 3a2
= — In
fi=3 =T BT
ot —_

8, = "'32;: 384 T. 141
= 2logh2 — 1 T. 142
3
= 5 (logh3 — 1) T. 142
=-3+glugh3+2]ogh2 V T. 142
=(1+xF . Y. 107
8t
=5-1 = 2./41‘] E. 190
=£_ﬁ ﬁ—m“’ F. 197
=0 _ F. 338
-4 (2 + 18x + 9)

T?'EW



72 SUMMATION OF SERIES
Series No.

68 > O

-

%) > G =GR

(384) Lt (Zn) (3,,) ( )F+ .. 2n terms

e (2 ) ( )'+ «« 1 terms
oo S (Lt

=210£h2-;w:

8= 2wy -1

§=2-1

— HIk g1
(&

83 = 5 Quy + 1)~ 3

10 1
$e=5."3
1 1
35=§-2—“{lﬂw2+ 13}—5
178 1
85 = ﬂ‘a
{S&uz+43]--
=1- 3,+ 72+ o =

= 0.915965%6 — ¢ ,q-'mrt An

When r is a negative integer the value of n = rf2 is to be

excluded in the summation.



OTHER POWER SERIES

2 _ 1
= 16@m — 12 2(2m — 1)*

64m?
_ 1
- T
1= (3)
= 5
3—1 = ] —g

1
S =3logh2 + 5 = 5-Qua + 1)

1 10
i
9 11 1
$—4='3—2|l}3h2 +m _E{l&u1+ 13)
1 178
$s=5" 25
25 71

1
- I ——— ) PRI i
$-6 = 125 1080 2 + 1535 ~ Tag; (02 + 43

73
Reference

C. 373

C. 373

J. 74

T. 142 %(



74 SUMMATION OF SERIES

Series No.

(386) A, = M

2-4-6...2n
(387) > Ay

1
o

S 1
(389 > (- 1y A,

2 1
(3%0) Z A —4';;%1 )

4n + 1
(391) Z{"}'“" TR )

(392) Et—mem +1)

an + 1
(393) Z S Ty

%9 Z T

A=)




OTHER POWER SERIES

~_(2n 1)
= 2=1pl(n - 1)!

™

-3

-1

[

= logh(l + +2) - 1

ERLS
I

Bl -

L]
b —

ql

| -
e

4mi

yryon where n is even and n = m omitted

where m is an integer and n = m omitted

75
Reference
T. 143

A, 67

A. 67

T. 141

T. 143



76 SUMMATION OF SERIES

Series No.
1 1 1

{]gg}l_ii"'-z;_ii_‘”m

< 1 1 1 1
(400) Z oy oy teetayt @

(401) Z 7 - 1)1

(402)t x + aBy(x) + s,(x;u + B..,(x] +.

@t 1 + a(x - 1) + @Ax0) + 5 A,(x} +.

2
1 1 nn—1n-2) .,
(404) +1+2+2,Bl —4!—33 +...@
This series may be used to evaluate B,* by putting
n=2 4,06, etc.

1 1‘[ 3 1_3 zx [
{405}2(1+x2) _4(1+x1) +2'4-6 ]+x1) +...90
@06) > 5,5
1

“on > (18,2

mxt  nnt—13) .m0 - 29)
TR T VR

_ — 32
.--1'1‘{1-:3I lg}T{nl 3% x5 4... @

(4n9]1+21(2) +ar(ys) +-

1 1(2-4
2 = .4
{41(:-}1+ -1 SG) +T(3 5) +...0

t For vl.luts of Ax(x) and Balx), see No. (1146).

(408) 1 + nx +




Bl = |

OTHER POWER SERIES

where x is a positive integer

x wherel > x > -1

where x = 1

=0 wheref,=1"4+22 433 4,.. 0

T. 144

AE. 6

AE. 20

Y. 459

xer(x? + Bx2 4+ 14x + 4) where$, =13 +22 43 4+, .0

A. 197
A. 197

Y. 107

1Z. 360

1Z. 360



78 SUMMATION OF SERIES
Series No.

(411) lﬁl*+l§(§)1+%@§;)z +...®

@12) x[a: x)  x¥a+ xp? " 4 xMa + x)}

al 1-2 ar
(2n — 2)! xo(a + xp
RSl e sy R
m{a
(@13) 1 — ax(l — x) + 3 21 - xp
_ ﬂi_ﬂ;fl;iﬂh-ﬂm — X+
(414) Lim Z{ e xﬂ}
. o X
(@15) Eﬁ EI — x"
x x? x5

@16) Lim (I_x S e+ .m)

XI¥. Trigonometrical Summations

(417) sin @ + sin 20 + sin 38 + to n terms
(418) cos @ + cos 20 + cos 30 + to n terms
(419) sin # + sin 30 + sin 56 + ...+ sin (22 — 1)8

(420) cos @ + cos 3¢ + cos 58 +...+ cos(2n — 1)8

(421) cos @ + sin 30 + cos 58 + ...+ sin (d4n — 10

+...



TRIGONOMETRICAL SUMMATIONS

='I'r—3

= (1 — x}» where fx{l—x}I-:}'

1
=ilﬂgh2

Ehl_x

nd
— COSeC 3

.1 .
-—smi(n+ 1)8 sin 3

8
3
cosec?

e¢3

1 . . nfl
-—nuﬁi{n+ 1) sin — 3

= gin? nf.cosec §

= % sin 2nf-cosec @

= sin 2nf {cos 2nd + sin 2n8} x {cos # + sin 6} cosec 20

79

Reference
1Z. 360

E. 283

E. 283

E. 283

E. 287

E. 288



80 SUMMATION OF SERIES
Keries No.

(422) cosec § + cosec 20 + cosec 49 + ... n terms

(423) cus;+m525+cos3;+.,,nterms

3m

m
(424) €08 3T + cos 5 1 + ... n terms

(425) | — 2cos® + 3cos 280 — 4cos 30 + ... nterms

(426) 3sinf + 5sin 20 + Tsin 38 +... n terms

=1
(427) > e sin k8

1

a—=1
(428) > kcoskd

1

(429) i{-l}t cos k6
]

(430) 2 sin (2% — 1)8

m+l

@31) 2 (=1p1sin(2k — 1)
1

{432}un5+un(a+§)+tnn(ﬂ+2?”)+...ntmm



TRIGONOMETRICAL SUMMATIONS

= mt; — cot 2=1§

1 . 3nfl 38
= cosz{h - ijﬁ'smTcmc?

b =

_cosf + (=1)yY(n + 1) cos (n — 1)8 + ncos nb}
B X1 + cos 0)

_sinf + (21 + ) sinnd — (2n + 1) sin(n + 1)0
- 2(1 — cos #)

nCcos M)ﬂ‘

sin nf 2

4 sin? ; 2 sin ;

. (2n -1
=nsu:|( 2 )E 1 — cosnit

. 8 ]
- I Rl
251:12 431112

n+1
cus( 3 )ﬂ

1
-3 + (—1)p
2cos 3
2
sinZ nf
sin @

sin (2n + 2)8
2cosd

= (~1y

—n cot (r;—ﬁ + nﬂ)

81

E. 125

E. 287

E. 288

E. 117

E. 117

T. 82

T. 82

T. 82

E. 73



82 SUMMATION OF SERIES

Series No.
(433) cota+cnt(ﬂ+ ';') + cot (E"'ZF") +... n terms

a=1

(434) E ms

. 2wk?
(435) 21 sin =
L
(436) z sm%k
(437) i sin? ko

(438) Z cos? k#

1 1

(439) sm*ﬁ anz2g Tt ,n—1
sin ]

1 1 1
W) tammtt a2
sin 5 e

(441) 4 1

s:mz 5" sin?30 sin (n — 2)8

1 1 1
(“42) sinz6 " snz3g Tt sint(n — 1)#

(443) S cosec? (;—")

(449) coseclﬂ+mm2(ﬂ+%")+...ntcrms

(445) tan1ﬂ+tan1(ﬂ+£] +...nterms



TRIGONOMETRICAL SUMMATIONS 83

Reference
= n cot nf E. 73
=$(1+ms"§+sin"—;) T. 83
=l’;i(l +cnsn§—sin%") T. 83
m
—mtﬁ T. 83
_n _ cos(n+ 1)8sinnd
2 2siné T.82
_n+ 2  cos(n+ 1)fsinnf
==t Tsind 1=K
="2;l where n is odd A. 210
2 _
=1 3 4 where n is even A. 210
nt — 1 .
- where n is odd A 211
n?
=5 where n is even A, 211
2%[111— 1) where n is odd A.223
= n? cosect nd where n is odd
=%HZCO5W2,;—$ where n is even E.73

=,,zmz("21+,,a)+,,{,._1} E. 73



84 SUMMATION OF SERIES
Series No.

(446) sin® # + sin? 20 + sin’ 36 + ... n terms

(447) cos? 8 + cos? 28 4 cos? 38 + ... nterms

(448) sin* & + sin* 20 + sin? 38 + ... n terms

(449) cos* # + cos* 20 + cos* 30 +... n terms

(450) % tan* (’I")

2w dar n— l)r
2 2 r P bl
{451]mt2n+mt2 + ...+ cot 5

.l 4 (H—l:h'r
L Jeind [ Qe i
{452}cutzu+¢ot2"+...+cnt o

(453) 1 + acos@ + acos20 +... 4 a~lcos(n — 1)8
1

(454) Z a* cos kf
[i]

Nos. (453) and (454) are equal.

(455) Ela* sin k@



TRIGONOMETRICAL SUMMATIONS 85

Reference
3.1 . nfl g 1.3 . Ind k]
= 3“"5{" + 1)¥sin 5 cosec 5 — EsmE{n + l]ﬂsmes:ci
E. 288
3 | . n# )
= Eﬂﬂﬁi{ﬂ + I]ﬂ‘sm%coa:ci
1 3 . 3nd 38
+zms§{n+ l}ﬂmnTmci E. 285
- %[3}1 — 4cos (n + 1)8 sin nf cosec
+ cos 2(n + 1)8 sin 2nf cosec 28] E. 288
=% [3n 4+ 4 cos (n + 1)@ sin nf cosec §
+ cos 2(n + 1)# sin 2nt cosec 28] E. 288
=%n{n—]][ﬂ2+n—u3] where n is odd -A, 223
=%[ﬂ—l}[ﬂ—2} where n is odd 0. 349

=%{n— I)n — 2Xn? + 3n — 13) wherenisodd  O.349

_ 1l —acos# + a"*lcos(n — 1)§ — a"cos nff
B 1 —2acosf + a?

=l:l—-an::cnsli"]l[l—ﬂ'a{:t)fsmat‘f.l+e:r"+lsini!i|‘5:in.'n!1 T. 82
1 —2acosf + a? '

_ asin®(1 — a"cos nf) — (1 — acos f)a"sin nf T.82
1 — 2acos b + at ’




B6 SUMMATION OF SERIES

Series No.
(456) asin § + 242 sin 20 + 3a%sin 30 + ... n terms

(457) cos? @ — %mslﬂ-ﬂ+%m51313+%m53333+...m

n terms

(2n — l)w

(458) cos™ + cos 2% 4 ...+ cos
n n "

w3 hm
[1]

w0 S (bl

(465) sin 8 + sin(f + B) + sin(# + 2B) +... nterms
(466) cos @ + cos(f + B) + cos(f + 28) +... nterms
(467) sin & — sin (@ + B) + sin (# + 28) —... n terms

(468) cos @ — cos(F + B) + cos(f + 28) —... 2n terms



TRIGONOMETRICAL SUMMATIONS 87

Reference

= [asin® — a’sin® — (n + 1)a"*1sin (0 + 1)8

+ 2(n + Da2sinnd — (n + 1a*3sin(n — 1)¥

+ navt?sin (n + 2)8 — 2navt}sin(n 4+ 1)8

+ navt4 sin nf){(1 — 2acos § + a?)? D. 502

l ] =1
-I{Emﬂ+(—§) msﬁﬂﬂ} E. 126
= —1

1 [
-5mtﬁ—zml2ﬂ T.83

1 a2

= cosect § — Fmsm;) T. 82
- (Zﬂsin%): — sin? T.82

22 — | 1 [/
=W+4mﬁzﬁ—2—hcol§; T. 83

nt—1 he .
=i where n is odd A. 218
= % where r is odd and n is even A. 218
=sin{ﬁ‘+%{n—- l]ﬂ}sin%mmg E. 282
=ms{ﬁ+%[n— l]ﬂ}sh%ﬂmecg E. 283
-sin{ﬂ+"T_lﬁﬂ+w]}siniﬂ-§t-"—]m§ E. 285

=sin{ﬂ+(n-%)ﬁ}sinuﬂsnc‘; E. 288



88 SUMMATION OF SERIES

Series No.
(469) sin 8-sin 28 + sin 28-sin 38 + ... n terms

(470) cos 6-sin 20 + sin 20-cos 38 + ... 2n terms
(471) sin @-sin 38 + sin 28-sin 40 + ... n terms

{472) cos #sin B + cos 38 sin 28 + cos 58 sin 38 +... n terms

(413) ir sin (¢ + rf)
1

(474) —6sin(a+ b) — Ssin(2a + b) —...
+ (n = 7) sin (na + b)

(475)t sin @ + asin (8 + B) + asin (6 + 26) +... nterms

(476) tanftan (8 + B) + tan(# + f)tan (6 + 28) + ... nterms
(477) cosec 8 cosec 20 + cosec 20 cosec 30 + ... n terms
(478) sec # sec 20 + sec 20 sec 30 + ... n terms

(479) i sin (f + kB)
1]

sin & — a sin (§ — 8)
1 - 2acosf + @

t Sum to infinity = where a < 1.



=
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Reference
%{{n+ 1) sin 20 — sin 2(n + 1)6) cosec 8 E. 288
%sin 2n + 1)8-sin 2n8 cosec 0 E. 288
gmszﬂ - %ms(n + 3)8-sin nb-cosec 8 E. 288
- 1 . n 1
3 Sin nﬁ+i(n+l]ﬂ smi{?ﬁ+,ﬂ]m5ﬁci[2&+ﬂ}

-%sin{nﬂ—%[n+ l)ﬂ}sing[lﬂ—ﬂ)msec%(lﬂ—ﬂj

E. 286
(n+ 1)sin(¢ + nf) — sing — nsin(d + n + 18)
2(1 — cos 8)
sin(m:+b—a;")
(n — T)sin(na + 6) + (n — §) Tsinal2

sinfna + b—(a+ 7))} Tsin(a+ b)— 6sinbd
- 2( sin af2) - (2'sin a/2)2

sind — asin(® — B) — avsin(F + nf) + a*1sin{f + (n — 1)}
1 —2acosf + a?

E. 117

tan (f + nf) —tan § — ntan §
= Y E. 124
= cosec Bcot § — cot (n + 1)8} E. 125
= cosec ftan (n + 1) # — tan 8} E. 125

2 2 2

=sin(ﬂ+ff)sin("+l)ﬁcusecf T. 82



90 SUMMATION OF SERIES
Series No.
(480) > cos (8 + kP)
o

sin*d + ...

nt =12 (n? = 13)(n2 = 32)
3 sin? 8 + al

+ (- ]]'L--Iifig_.hl gin*1 8§
12{(n? — 32)

5!
+ (= 1)t—1/222-1 gipn §

sinf@+...

(482) nsin 6 — n{_ﬂ’ﬁ_’]sma g +707 =

n — 12 2 _ 12)n? — 32
@82) 1 - 2o Lcorg 4 1P =),
_ (n? = ) 5_!3%2 = Sz}msﬁﬂ+.,.
+ (=1)-112 (2 cos G)-1
(482b) n cos 6 — "—fﬁzrj—}msin
+ nn? — 2?::"2 - 41]&055& -
+ (= 12412 cos f)—1
{4BE}HME—MM3E

it

cosif —...

+ nin® — ];}:"ul -1

+ (—1)=1/220-1 cogn @

@82d) 1 — Tcos20 + = D o
A

&1 costf 4., 4+ (=122 gognd




TRIGONOMETRICAL SUMMATIONS

=ms(ﬁ'+ ’;j)sin(" ; ])Bmsecg

cos nbf
cos n

where n is odd

= sin n® where n is odd

sin nf

= (=102 Y] where n is odd

= (= 1)pi2+1 ﬁn,:iﬂ where n is even

= (—1)»-12cos nf where n is odd

= (=1)"2cosnf where n is even

9]
Reference

T. B2

. 67
A, 204

{E. 68
A 204



92 SUMMATION OF SERIES

Series No. ) )
@83) nsin 6 — " =20 Gnsg

3
, nln? — )2 - 43)

51 sin® @ +...
+ (= IW2+1(2 sin Gy
@84t 1 -;siniﬂ+wm*ﬂ+...

+ (= 1221 5in= 6

a—=1

(485) i{mt (# + ra) + cot (6 — ra)}
i

=l
2

(486) > {cosec? (# + ra) + cosec? (8 — ra)}
1

sin & 2 sin 26 22 gin 22§
8 3cs6 =1 7cos20 -1V Tcos28—1 """
n terms
(‘33 l'.a;.l'l."]£ tﬂn_ll+m—l._l_+tan—ll+
) 3t 7 13 T
1
-
+tan 1+ nn+1)
-3
._i_ I—ﬂmsz_m
(489) 2 —

1 xi—laxms—n-+n2

a=1 zr'r
N X — acos —

(490) 2 > L

1 xl—?.nxcosz—"-m+n1

. 1
t This summation can be carried to infinity, the sum b:mcuimr,mm

the value of n is unrestricted, and # = %
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Reference
- BE nd where n is even A. 205
cos @
= cosnf where n is even A, 204
=ncotnf — cot® wherena== A 217
= n? cosec? nf! — cosec? @ where na = = A 217
2n gin 278 sin @
T mcos2d + 1 2cosh + 1 D. 330
n
- —1
= {an ) E. 126
nxnl1 1 1 .
“w-—o r-—a x +a where n is even Y. 55
1
- _ where n is odd Y. 55
Xt — g X —a

A. 207



94 SUMMATION OF SERIES

Series No.

(491) Lim [’l'{mf tsec 4. 4 sec ] ]
n H n

A=

(492) j tan-! ( T lsmh ﬁ‘)
]

(493) (2 cos Oy — (n — 2)(2 cos )3
+ _:"l(."_‘ﬂ (2 cos By5 +

o+ (=1)D2
..+{—1}"1'1‘1 (n cos 6)
(494) (2 cos fy" — n(2 cos Oy—2 + n{n {2 cos @4 4
(= 1]“"””2:1 cos @ (nis odd)
et =12 (n is even)
1 1
(495) Cos 0 + cos 30 T cos 30 + cos 50 T - M terms

(496) Lim E{sin“ 2—'; + sinZ IE" + ...+ sinZ g}]

A=

(497) Lim[1 — xcosf + x*cos 20 — x%cos 30 + ... o]
Tl

(498) Lim [xsinf — x*sin 26 + x®sin 30 — ... =)

xmel

(499) i a" sin nf
1

(500) i a" cos nf
0

(501) cos @ + acos 30 + alcos 58 + ... a"cos(2n + 1)8 +
ver OO
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, Reference

';]"5]‘““(1"' ;) where = > I?}; 1Z. 355
_ sinh nf .
= tan 'm where n is even A, 528
= gin nfl-cosec § where n is odd E. 61
= gin nf-cosec § where n is even )
= 2 cos nfl E. 63
= 3 cosec Bftan ( + 1)0 — tan ) E. 125
- {2.&:2; {Zlgﬂ_k 2_} 3}'2“1 where k is a positive integer  1Z. 326
-3 A. 276
=%tan; A.276
asin @

-[-?amsﬂ+a2 where a2 < | T. 139
1l —acosé here a2
“T—3acosdsat ¥ at <1 T.139
- I —doud where |a| < 1 A.223

1 — 2acos 20 + a?



96 SUMMATION OF SERIES

Series No.

{502) ta.nﬁ'+tan(ﬂ+2—")+tnn(ﬂ+4—:)+.,,tan(ﬁ+

5

(503) Wsﬂ+%m529 +é—m539+... o

(504) m=ﬂ—%:oslﬂ+%mslﬂ+...m

(505) msﬁ+%ms]ﬂ+ émsi&h.. oo

(506) mﬂ—%m39+%m55&+”. ©

1ms4&+ -l—cusﬁﬂ +...00

(507) mslﬁ+z 3

(508) sinﬂ+%sin2ﬂ+%sin3ﬂ+...m

(509) sinﬂ—%sin!ﬂ+%sin35+.., an

(510) sinﬁ'+%sin3&+%sin59++.. oo

(511) sinn-%sinauésinse—m -

(512) sin 26 + 3

sin4-5+%sin68 +... @

Br

5

)
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Reference
= 5tan 58 E. 191
. 8
=—lugh25m§ where 0 < # < 2n A. 356
[
=lagh2msi where —7 < < = A. 356
1 )
=:—,lugh¢ut§ where 0 < # < = A. 356
=%lngh(—mtg) where # < § < 2« A. 356
W ™ w
=3 wh:re—iq:ﬂn:i A. 359
= —logh(2sinf) where0 < 8 < = A. 356
=%{"-a} where 0 < 6 < 2n A. 356
]
=3 where —m < < o A. 356
=7 Where0<f<n A. 356
=—E where w < 6 < 2n A. 356
1 w ”
=§lngh{s.:cﬂ+tanﬂ} whm—i-:.‘.i{i A. 359

=%[=T—ZF} where 0 < 0 = = A. 356



98 SUMMATION OF SERIES
Series Mo,

T 1 2= 1 In 1 4
(5[3}:053 +§ms-3-+§oosT+,—FmsT+...au
(514) tanﬂ—%hn3ﬂ+%tan5ﬂ—.._m
(515) 3sin 6 gsiniﬂ+%sin39—:—7sin43+...m
(5]6}msﬂ+;cmiﬂ+; cos 30 4 ..

(517) cnsﬂ-—z—lzmslﬂ+%msﬂﬂ—...m
{518]mﬂ+%ms]ﬂ+§limsiﬂ+...m
(519) sinﬁ-—g-lzs:njﬂ+5] sin58 — ... o

(520) z sin? nfl

(521}sinﬂ'+%sin2ﬂ+1,izsin33+...m
{Sﬂ}sing ;15|n;ﬂ'+;smiﬂ+

(523) sin? f — %sinzlﬁ' +%sin1 W—... o
(524) sin 26 + = 51n33+151ndﬂ+...m

2 3
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Reference

-.;{wa logh 2 + v/3) — =} E. 123
=8 whmgz-a:-—g E. 107
pime
=£(a-ﬂ}=-%w= where 0 < 0 < 27 A. 360
-’[L;_¥ where — 7 < 0 < = A. 360
=T =20 where0 <0< A. 360
-;—r{w+23'} where — 7 £ 8 <0 A. 360
-%nﬂ where — 2 <0< A. 360
7@ -9 wh:m%iﬂi%ﬂ A. 360
=%ﬂ'{w-—ﬂ} where 0 < 6 < = Q. 163
=3(rl6] — 6} where — 7 <0 <7 Q. 163
-% E. 117
=%5 1311
=%]ughs¢cﬂ C.334

- —-sinﬂlogh(4sin1g) +%(ﬂ‘—ﬂ}¢ﬂ$ﬂ



100 SUMMATION OF SERIES
Series No.
(525) 1!;111|I5|'+2;I sin 2&+; sin 36 + .,
(526) sinﬁ'—zlsmzﬂ+ sin 36 —
. 1 1
(527) sml‘.'+3 sm36+5 sin 50 + . .

(528) cos @ — ;3cos3~ﬂ+51 cos 50 —... @
(Sﬂ}mﬂ+;‘m29+;m53&+.,.m
1 1
(530) mﬂ—i-‘cusiﬂ+3 cos 38 —_ ., o

1

(53]}cosﬂ+3—]‘ms3ﬂ+ Fmiﬂ+... oo
, 1 . 1 .

{(532) 51n5‘—3‘—451n35+§;sm53—... a0

(533) sinf + A sin20 + L sin36 +...

0 3

a

(535) 4-2‘: sin nd

n—a

(536) acos b +

(537) acos @ +

23

33

2
9—ms25+a—3m533 +... 00

2 3

a®
3n‘.:u::s:'.19+ 5ms5-ﬁ+
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Reference
=-I-]-i{{ﬂ'-—1'r]”—~ﬂzﬂ+r3} where 0 < 6 < 2n A. 362
-i'_z(,za—as} where — 7 < 0 < = A. 362
= 3% — ) where 0 < 6 <
1 . "
= g (@ + =63 where - 3 <0< A. 362
=%w(%ﬂz-az) where — 3 < 0 < 3 A. 362
=4_‘s{z,s{a—w)z—[a-w]4}-% where 0 < 68 < 2

A. 363
=4la{e4_zu4m+f—5n4} where —m < 6 < = A. 363
=9—’;{4ﬂl-m+wa} where0 < 8 < = A. 363
=302 — 482 where -2 <0< A. 363
% 3 2 '

L] 4
=%’_%+%-% where 0 < 8 < 27 T. 138
=—rﬂ."h—_m where 0 < 8 < 2n A. 370
Sin amw

-%:;—5} where 0 < 6 < 2¢ A. 370

~ Jlogh (1 — 2ac0s 6 + a?) wherea? < landd # 2nm
27. 302

2
1 1+2aco8l+ o where |a] < 1 E. 122

b Ll gy ey ey




102 SUMMATION OF SERIES

Series No.

1 1 1
(538) lnghai-z(amﬂ+ﬂmlﬂ+3—-a§cus3ﬂ++.. ©
3
(539) amﬂ—%msiﬂ+%smsiﬁ—.“ @

(540) ﬂslnﬂ+%zsin25+%—lsin3|? +... 00

= 5in 20 4+ =— 1

(541) (= — 8) = (;smﬂ+ ] i

2a2

(542) asinﬂ—%lsin23+ "Tsinaﬂ—.., o

(543) asinb + % szn35+-—sm56+

3 5
(544) asinﬂ—F;sin35+%-ssin58—.,. o0
(545) cosﬁ+;2mslﬂ+;3¢os33+_. @
z 51!1{23: 18
1

2n-1
541 S (=11 2 cos 2n — g

]
(548) 2asinf + 4a?sin 28 + 6a’sin 30 +... w

< cos (n + 3)6
69 2 =5T

< sin (n + P
(550) En:—_—“_*

o,
s 3 dnte=

sin3f +... @
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Reference
= logh(l — 2acos @ + a?) wherea® > | 2Z. 302
1 2acos b
= = tap-1
ztﬂ.ﬂ I——HT w“erﬂ Iﬂl < ] E. 122
=tnn—1ﬂ?— where a? < 1 2Z. 302
1 —acosf
4oy @sin@
= tan —acos where a2 > 1 27. 302
_ tan-1 asin @
tan T+ acosd where Ja] <1, 8 # (2n + l)= E. 122
=ltan-liiaj“;f where |a| < 1, 8 # nr E. 122
1 1 +2asinf + a2
_4lnghl-2asinﬂ+a1 where |a| < 1 E. 122
gcosh — 1
= 2
T acosd v ot where a > 1 2Z. 302
2a sin &
-_— =1 2
2ta:'l T3 where g < | T. 139
1 2acos b
- =1 2
2t.nl.'l T2 where g2 < 1 T. 140
~ 2a(l — a%)sin § 5
== 2acos 0 + a2 where g2 < 1 27. 303
=[“3h°°t% where 0 < fl < = A, 392
aw
=5 where0 < 8 < = A. 392

=x where < 8 < 2¢ A. 371



104 SUMMATION OF SERIES
Series No.

4+ @
(552) Z cusnii —a a)d

- "
(553) 2m S _Sosnt

65923 H
I
" cos nf
(359) Z P R

(556) Z n sin nsﬁ

n sin n@

(557) Z{-nﬂ -

(558) aZ[ lr—luci'ﬁ"—"i

1

o025

n sin nf

{sﬁuZ( 1 2

oo o3 i

(=1)y [cos2(n — 1)8 cos2(n + 1
(563) Z (n—1)2 (n : 1)



=+
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Reference
—mcotwa where 0 < 8 < 2= A. 371
1 . cosmf . .
E+ m — (7 — B)sinml where 0 < # < 27 and m is

a positive integer (omitm = n)  A. 371

{n-—B}cosmB—Si;:ﬂ where 0 < §# < 27 and m is a

positive integer (omit m = n} A, 371
w sin a{}r — )
4a cos dma

where 0 < @ < =and nis odd (a unrestricted)
A. 371

"—CE’M where 0 < 8 < wand nis odd (g unrestricted)
4 cos dra

A. 3N

ronal iere —w<O<w Q. 191
2 sin wa
wcosal 1
m—E where —w < f < = Q.lgl
wmcosha(m — ) 1 {A.SES

T = _ 2 [/

<inh va p where 0 < 0 < 2n AE. 5
m sinh a(= — &) A. 393
—smhos Vherel<f<e AE.4
wsithad e —w<O<w 2Z. 717
2 sinh =a

w cosh af 1

m—z—a where —w < f < w 2Z. 717

2
l+%-lﬂz-—1mszﬂ—lﬂsiniﬂ+%cmdﬂ



106 SUMMATION OF SERIES

Series No.
. 2nwf
as "
6o 22—
See No. (572)
2nwf
= 00§ —
at a
s 537
See No. (573)
{Sﬁ]%ﬂnﬂ - 35in3§ + 3151'113% +... 0
{567) sin2 & + Zisin‘; + I‘sin‘% + Zﬁsin'% +...@

(568) ms_ﬂ—%mdﬂ +%msﬁﬁ—%msﬂﬂ

+émslﬂﬂ + ... 00

{5&9}1—%tan22ﬁ‘+%lan‘23—%tanﬁlﬂ+...m
(570 1 —%mnllﬁ+%§mn‘zﬁ—%’:imnﬂﬂ+“. %
(571) 1| — 338026 4 >D tan4 20 — .. 0
72t zi“‘ﬁ:””
:
< cos 2nmd
(573)t 2 1 "‘{';W}z
{574}112{2‘3;’:1’;
(575t 12?;:;:”

t For ¢{#) see No. (1128). Bi are Bernoulli numbers,



TRIGONOMETRICAL SUMMATIONS 107

Reference
-%a-ﬂ where 0 < 8 < g
1 E" a? he P
=(ia- ) B ¥ rel<f<a
3
= {2 C. 336
= logh2 + loghcos 8§ where — = < 8§ < = 2Z, 302
2tan @
= an 0, 383
_ 2sinf
= Gndd 0. 383
4sin;
= Ganid 0, 383
=%-¢1{ﬂ}=§-a where 0 < 6 < 1 :;;?E“
1 1 1 A 370
’ﬂ{§1(5}+31}=§(32—5+ﬁ) where 0 < 6 < | AE. 2
=m#‘_l]f—ﬁ¢u_.a] wherek > land0 <6 <1  A.370

- L}-ﬁ];;{ﬁniﬂl +(=1}1B) where0<@<1  A.370



108 SUMMATION OF SERIES

Series No.
sind4wf  sin 678

(576)t sin 2= + o Yot ©

cos dmd 6md
(57Dt cos 270 + 27 +°°;2" +...

- 2
(578 > tan-1 ‘3’:’;:
1

(579) Z( Iyt tant = 25

L6 3 s
{530}mn11—-_?—tan‘§:‘,_—m+tan151__m

= e GO

e 1 [} 1 f#
{53” tan2+21t.anii+ﬁtanﬁ+...m

1 [} 1 [} 1 a8
[‘532}—23&15+szﬁ+ﬁm2ﬁ +... 00

w2 b
{533}{ sin # — ism 20 + {3 33} sin 26
- ?m’!nd-ﬂ +...00
'l
{554}{1 T3 sin 6 — { 23} sin 24

{3 3 sin3f — .., a

(585) %[l + ev)sinf + é{l — e)sin28 + ﬁ[[ 4 €v)sin 38

+%{1~—:'}sin4ﬂ— e
2 4 2
(536}{';12—F cos 6 — 22cm2£+{32 S5} cos 30
2 w2
—Emsd—?+{5: ;4 cos 56 — ...

1 For values of By{#), see No. (1142).
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Reference
QingIntl
= (=1t o e Bypti(f) where0 < 8 < | AE. 3
= (=11 (_En__-_- i {B;,[ﬂ}+ (=1p1 %} where 0 < 8 < |
AE. 3
™ _, tanh =#
=z-tanlmﬂ A, 314
__" _, sinh =
+ tan n A 3l4
1:il:ll'1|"%E
= tan-1 V30 A 3l4
cm—._
4
1
= coseclf — 7 Y. 54
w2
- —2' U 4]
a3
- U. 41
- me? ®
—_ U, 42



110 SUMMATION OF SERIES

Series No.
(587) :*cmﬂ-—%:kms.’oﬂ+%c’=cosiﬂ— L

2
Ra - Wﬁ{lﬂ + ”i&
o 32 {-—f.rrrj}
< n 5
(589) Z = {1 + (=1yle} sin nf
1

(590) 1 + a* + 4acosf + 2a%(3 — a?)cos 2
+ 2a¥4 — 2a®)cos 30 +...
+ 2a{n(l — a?) + (1 + a*)}cosmd +...

v S
(ﬂl}@+l+uma+w

+2{n{n3— 1)+ (22 + 1)}
an

cos28 ...

cosnf + ...

(392) z ZﬂL—TﬂF [l = a?) + (1 + a?)]sin @
i

(593) > m#{n@z — 1) + (a + 1)) sinnd

Memorandum: Consult Edwards Inregral Calewlus, Yol.
I1, for extension to these series.

ewsind e 2wsin 28 ¥ gin 36

(594) — 2 3 gt
€ - dqet
(595) -ﬂ]onsﬁ+11";nslﬂ'+r 3‘?““39+__.m

(596) ;sin2~9+%5indﬂ+...+ -]?-F"{?-]l_}'ﬂﬁinﬂa"l'... 0



TRIGONOMETRICAL SUMMATIONS

- % tan-! (cos # cosech a)

= g — 6 where 8 is positive, |#| < a

= a + 0 where # is negative, |#| < a

—%:ﬂ where 0 = # <= =

B (1 — a2}
“{T=2acos b + a2

_ (a2 — 1)
" (1 — 2acosf + a?)?

- sin &
(1 — 2acos 8 + a?)}

_ sin
(1 —2acosf + a2

where g2 < |

where a2 > |

where a2 < 1

where g = 1

= tan-! " where g is positive

111
Reference

E. 123

J. 309

U. 42

2Z.303

2Z. 1594

= — logh V1 — 2¢ % cos @ + « 2 where g is positive

__mwcosh
- 2

where0 < 8 < =

2Z. 194



112 SUMMATION OF SERIES
Series No,

1
(97) 5 (1 + coshw) sin 8 + 2 (1 — cosh =) sin 26

+—3-[I + cosh =) sin 38 + ...

+ e . wf 2(-:0} wa

a
+ U+

a

(599) Z(—_—::r_-—lcnsmra

= 12n + 1)

©on) 8 6 z sin §(2n {2:}r 9;;12{2.'1 - 1)8

cos(2n + 2)8
(602) Z Tmn+ 1)

sin (2n + 2)8
“'“”Z “HmE)

sin 28  sim 30 < sin nd
[604}——1‘3 t53 +...m=§z:

cos2f  cos W o nf
(605) 1-3 +W+...m=ZnT___]

nw
cos 280 cos 48 % 2
@) T - o= >

¢2+9w15n +.,.
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Reference
8
- Tooh U4
=32 where 0 < # < a U. 51
2
=%("§—ﬂ:) where —a <0 < a T. 139
1 = . P
-E-—Ismﬁ‘ wherc{]séﬂéi T. 139
3 1
=§& whare{.'lséﬂs;jn
=7 whererw<f<in AB, 243
=3 3 3 :
=%{w—ﬂ} whm%rﬁﬂ‘ﬁr
=cu$23-—(%-—ﬂ)sinlﬂ+sin1ﬁ‘lagh[4sin13}

where0 < f s = T. 139

= 5in 20 — (= — 2f) sin? # — sin # cos # logh (4 sin2 @)
where0 <+~ T.139

=fisinﬂ — sin 8 logh (isin%) where 0 < 8 < 2= A. 368

cos® — = (v — O)sinf where0 < § < 2= A, 368

+

] =
b —

1
2

T 1



114 SUMMATION OF SERIES

Series No.

2 sin 20 4sin4cﬂ
(%07) 1.3 3.5

cos 26  cos 38
1-3 2.4
1 cos20 cosdd
2 1-3 3.5

1 1
610)3+3 1.3

(608)

cosfd — _l..wazg_

) ms—-ssmnﬂ

-2

"“—+Z

cos 68

3:7

L
73

2

(—=1) cos né
n?—1
- o]

c0s 36 — =1 cos 46 —

3.5

= gin? ?ms nfé

cos 38 cos 50
{ﬁ“}_:r+46 m=1 nt— 1
sm 3ﬂ sin 58 = sm—s:n nd
e
. AT,
sm.’oﬂ sin 56 = Sll'J-ITSm né
(613) —— 23 v i¢e +...0= T
3 cos 36 Sm;:‘,ﬂ o sm—nmsﬂ,g
(614) e zl: 2’
2cos 20 3[:0533 P
N T I B = an_:
1) cos né
{ﬂﬁ}z(ﬂ+l](n+2}
617 3 250+ I—i ﬂ23+;i:sm39+
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Reference
m -
== ;]
4EIH
1 | 1, .
—i—amﬂ—iﬂsmﬂ
™.
=Ismﬂ T. 139
=%{rr—3}sinﬂ where 0 < 0 < = Q. 166

=%{n—ﬂ]sinﬂ‘ where = < 0 < 2n

~ 3+ O)sind where — = <0< 0

Tsind + L 0sind

msﬂ—-i 3

-%sinﬂ—%sinﬂlughﬂsinﬂ

1, . 1
—iﬂ'ﬂn3+zmsﬂ

- —%_%mﬂwmsﬂlogh(Zﬂng)

{cusﬂ+m23}lugh(2ms;)+%ﬂ{sinﬂ+ sin ) — cos 8
Q. 190

=1/2 _
= (Zsin;) sin"4 0 E. 116




116 SUMMATION OF SERIES
Series No.
(618) 1 + ;Eﬂs 8+

-hl.u
2
2
&+
8

1
2.4

sin 25 sin 38 _ = sin nél
(619) 5= ... 0= z(

T23t23a % ~ (n = Dan + 1)
(620) cos 8 + %""“’;”Jr 11;3.“"555.* w
(621) ﬁnﬂ+;sin3ﬂ+;+3-sin$ﬂ+”,m
(ﬁzz}t+2mzﬂ 24 4&+%mw w
@) 5 - - - o _i%}

sinfd 2 sin*f 2.4sin68

@Y1 -=-35 357

(625) sinﬂ'+§sin”‘+§--§sm 8+ i;gsin73+,.,m

9 e B R

SR

S e AR i B = = SRR

{629}1+§mn13+§;mn'ﬂ+§:;:gs¢n 6+...
-1+§,mniﬂ+25:25in4ﬂ+$sinbﬂ+...

3
sinf +acostl — —snf —=—costl +... a0
(630) sin 6 8 ;’, in 0 — & cos 0

a? a?
(631) 1 +amsﬂ+?m52ﬂ+§ms3ﬂ+ ...T0



TRIGONOMETRICAL SUMMATIONS 117

Reference
. -z r—f
= (2 smi} cos—4—~ E. 116
3. 1 1
—Eslﬂﬂ'—i{ﬂ—ﬁ}-F'E{ﬂ—ﬂ}msﬂ
=%cor'{l—2sinﬂ} C.334
| . ('ﬂ' 3)
= sin = + = E. 117
v2sin @ 4 2
= V'cos 8(1 + cos 0) wheu—%::ﬂc% E. 118
=Esin13 where n is odd X. 54
= fcotd Y. 86
= fsech Y. 505
! cos o — Leos 26 C. 421
=-2m5 EW .
e T cos2g — | _r ul
Ems a8 Jmsﬂ where Es.;ﬂﬁ;z A. 369
a
= logh sec? 3 H. 498
26
= an20 L.78
= gin (f + a) Y.84

= g% o ? cog (g sin 0) X. 72



118 SUMMATION OF SERIES

Series No.
a
sin 2@ +

(632) asinf + = 3 3 sm 30 +.
(633) 1 + "2‘;’,"‘25+ ”“ff“ PR
(634) a? stﬂ + a*s;rlnd»ﬂ

.

©7) i“zﬂl.;ff,"ﬁﬁ >

(638) i ah(sz]:}!m

#2cos 28 Ziﬂisinlﬂ_JJﬂ*msd-ﬂ_
2! 3 4!
B2sin20 22 cos 3 3304 sin 49

(640) fcos @ + T 3 - ; +... 00

(639) 1 — Bsinf +

(641) rf sin ¢ + msmlﬁ+r;f sin 3¢ +.

(,= VET B,

(1 + 12)sin?® (1 4 2?)sin* @
2! i 3! *
2w B2 In 83
Y e Mcosit L
21+2 cus4 3 +...00

_Zgn JI.E;

(642) 1 + sinf + . o0

(643) 1 + 2172 cos 7 6 + 2212 cos

nin — 1)

37 cos 58 + ..

(644) cos ! + ncos 38 +
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Reference
= ¢4 €08 4 gin (g sin ) X. 72
=--£ms(asinﬂ]{¢”m‘+c'”ﬁﬁ‘} E. 118
= %sin{a sin f){es cos 8 — g=o cos 0} E. 118
= cosh (@ cos #) cos (@ sin ) where a2 < | T.127
= ginh (@ cos #) cos (@ sin #) where a2 < | T. 127
= cosh (a cos #) sin (a sin #) where a? < | T. 127
= sinh (a cos #) sin (g sin ) where a? < 1 T. 127
= cos @
where [6] < * A. 312
= sin #
b .
¢=m15)=e~smw E. 131
e
= Cos L®
= ¢ cos Y. 84

= 2ncos" fcos (n + 1) X.72



120 SUMMATION OF SERIES

Series No.
[Hﬂsinﬂ+nsin3&+"{"2 D sinso +...
a ala — 2)
{646}2 2m2&+—-—[ +2Ha+4}ms4ﬂ+..,m

(647) cosn 0 — 20— D cogr2 g sin2 6
4 M= Dl =2)n = 3) s gginte -,

a0 «« ZETO

(648) ncos~! @sinf — E["_—”“;H—-—z}ms"‘ﬂsin-"ﬂ +...zero

(649) cos nd + n cos (n — z}ﬂ+”{" D cos (n — 4)8 +...

If n is odd there is an even number of terms so that the
last term contains cos 8.,

nln = 1)

(650) cosnt! — ncos(n — 2)0 + 7

cos(nm—4)8 +...

T

(651) sin nf — n sin(n — 2)8 + i 1 —1) sin{n — 4)8 +.

+ (—1)—1y2

n!

P T lsmltii
() 5)
In the series Nos. (652) through (659) ,C, are the binomial
coefficients,

mn—Dn—-2)...(n—r+1)
G = r!

(652) cos 2nf +,,Cycos(n — 200 4 5, Cocos(2n — 40 + ...

1
+ i ZlCl

(653) nﬂﬁ[lﬂ + I_H + 1,,+|C| C‘US{zﬂ' — |_H +...%4 :,,1-'_(:',@053



TRIGONOMETRICAL SUMMATIONS 121

Reference
= 2ncos" #sin(n + 1) Xn
a 2
2a-1 {‘"(i + 1)}
= Ta+ 1) coso where a is positive but not
necessarily an integer and — % L 5 % Q. 263
= cos nf E. 33
= sin nfl E. 33
= 2n-1casn @ E. 55
= 2 l{— )2 gin" @ where nis even E. 57
= 21— [}l 10Z gin" @ where n is odd E. 58
= 2Zn-1¢pg2a §  where n is even C. 278

= 22n cogintl § C.278



122 SUMMATION OF SERIES

Series No.
(654) cos 2nf — ,,C; cos (2n — 2)0 + 5,Coco8(2n — 4)8 + . ..

+ (= 1y 532G,
(655) sin (2n + 1)f — 5,4,Cy sin (2n — 1)§
+ 2,1 Casin(2n — 3E + .. +(—1)7y, 4, C, sin 8
(656) 1 + ,C,cos28 + ,Cocos 48 + ,Cycos 60 + ... + cos 2nf
(657) ,C,sin20 + ,C;sin48 + ,Cysin 68 + ...+ sin 2nd
(658) 1 — ,Cycos 28 + ,Cycos48 — Cycos 68 + ... — cos 2nf
AL18in 28 — Cosindd + ,Cysin6f — ... — sin 2nf
(659) ,C)sin 28 — ,Cysin 48 + ,Cysin 68 — ... + sin 2nf
1 — ,Cieos2 + ,Crcos 46 — ,Cycos 68 + ...+ cos 2nd

(660) 1 — ab sin b6 — 2@ — 25) Ao =) 2b) 42 cos 260

+£T3mﬂlsm3w+

(2n — 1)(2n — 3)
(2n + 1)2n + 3)

cosdfl + ... @

[ﬁﬁ]] g : cos 28 +

HIM +
h.'lil—

2.4 1
4 == 2
sintd + 53ann #+... o

1.
15 159
?-I—lcnsiﬂ— ?-H~E¢ﬂﬁ?ﬁ'+ cew OO

(662) sin? 8 +

(663) coséd — %cus.’!ﬂ +

4 [ni2
where h = - J‘ cos*2 @ df
mJo

{664) General case of (663)
l —n l—n3i—n
" .
cos 3+nmssﬂ+3+n5+n
_l—n_3—né—n
3+nS5+nT+n

cos 50

cosTH + ... oo

When n is odd, this series terminates.
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Reference
= 2ini{— 1) sini C.278
= 22%(— 1) sin2r+1 § C.278
= 2*¢os nf cos”®  where n can be odd or even
= 2ncos® @ sin nf  where n can be odd or even
= (—1)in=1122n gin= & sin nf  where n is odd
= (—1)t=+21/22% sinn f sin n@  where n is even
= (—1)n=10/22n gin" @ cos nf where n is odd
= (=122 sin~ 8 cos nf  where n is even
= cos afl Y. 511
w 1.3.5., (2n = 1) a1 . .
37456...0n=2) |cos2—18| where n is an integer Q. 191
=@ Q. 130
1 osli2
= cosl/2 g
5
r(3)
A _ME s X. 56
T 2 r E)
i
1 , M3+1)
= —cos"® where C = — cos @ dfl = - —.
C 0 7 Ve n 3
I 3 + i)

where n is any value X. 63



124 SUMMATION OF SERIES
Series No.

. 42 1y .
(665) sin* @ + 3 5(! +22)smﬁﬂ+...

4'6*--{2"—2]2 1 1 )
+ 5.7.. {2"__ ”H{l + ﬁ + ... +m}ilﬂ2"ﬂ+ -

22.42
— 4
{666]1+34sm ﬂ+345ﬁsm L
22.42.62

3.4.5.6-7-8

(667) %coslﬂ—%(!. +%)Ws~’ﬁf
Lf, 1.1
+3(] +§+§)ms4ﬂ-.,,

(667a) %WSEE— %(l + %)m333+£(1 + % + %)ms%‘—

sin @ 1 14 sin? @
(668) ST + 12.32 (E + ?ﬁ)T

1 1 l)sin‘ﬂ

+ B3 52(12 nts

61
(669) %zl HLJM, (1 = ekv cos nm) sin né

MZe**oﬂsnn- 1

e cos nf

r=n—| X — acos

(671)

ik sin 8)2
21
tan?d 2tan*d 2.4tanc@

(ﬁ?3}1+—3—'—§T+ﬁ-—?—,‘—+€ﬂ

(672) tan-! x + (hsin 8) sin @ — sin 26 +...90

sinf 8 4. ..

—_— ...
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Reference
= C. 335
g \2
- m) L.?g
2
=%[lugh2m52;] where — 7w <8 < = C. 252
1 2 g2
.—_E[Ioghdlcosz%] -3 where —mr <@ <n A. 529
g2
- _ . 82
sin 28 L
= ¢ where() < f < =
= k¢ where) < 8 < =
_ nx~{x" — a"cos f) 5
~ x2n — 2xngecos B + ain LEL
= tan~' (x + k) where x = cot @ Y, 108
-1
_ &d'é Y. 505

sin #



126 SUMMATION OF SERIES

Series No.
©4) 1 = 22~ Dianzg
+ nls — l}{n; 2 = 3}tan‘ﬂ'+.,, o0
4+

(675) 2;, {mn-] ~ i ~ - i}

m?ﬁ)ft-l}»{mn—s y _Jz}

n+x n

(677) cosPcosa + lms!ﬂmsh+lmswm53¢: +... 00

2 3
1
(678) cosfcosa — %cmlﬂcmh+im533cm3a-.., a0

(679) sin 0 sin a + X sin 20 sin 2a + + sin 39 sin 2a +...

2 K}
(680) sinﬂsina—%sinlﬂsin!ﬂ+ésin36‘sin3a—.“ 00

(681) cos fcosa + %ms!ﬂmsh+%ma3&m3ﬂ + ... 00

(682) msﬂmsa—izmsZEms?a+lcusjﬂcm3a—... o0

2 3

{683) sin #sina + il—!ainlﬂsini'a+§lisinlﬂsin3¢r+._. ]
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Reference
cos nfl : e
= 7 where n is a positive integer D. 330
- —-tan"r+mn-'—lt—}ﬂL}J omit ¥ = X AL dl4
X tan mx
= — tan"“lr + ta,rr"f".rlﬂ omit ¥ = X A 314
X 5N wx

- % logh [4(cos # — cos a)?] where 8 # 2nm + a A, 358

fl

= %lagh [4(cos @ + cosa)?] where 8 # (2n + l)m + a A 353_

1 sin? H{& + a)

_Eloghsinii{ﬂ‘-a] where 8§ # 2nm + a A, 358

1 cos? Wb — a)

=zlogh o157 2 W0 ¥ a) where 8 # (2n + l)m + a A. 358

1
=%ﬂ’-+%{a—w}2—ﬁw2 where 0 < 8 £ a A, 36l
=1a2+1{ﬁ—n}2—l—n2 wherea s < w A, 36l
4 4 12 ’

=%n~1—-%[a1+ﬂ1} where —(r — a) = # < (7 — a) A. 361

=%ﬂ=—-—£{[a—n}1+{ﬂ—w]2} where (= — a) < # < (% + a)
A, 361

=%ﬂ[w—u] where —ag = fl £ a A. 362

:%ﬂ{'ﬂ-—ﬂ} whereag = 0 < (27 — a) AL 362



128 SUMMATION OF SERIES
Series No.

(684) sinﬂmsa+%sin2ﬂcm2a+ %sin:!ﬂmsﬂa +... @

rct:-silisi1m+1

2ms!ﬂsin2a+-3!—co5335in3u+,.. a0

(685) cos + acos (0 + B) + a’cos (0 + 26) +... @

(686) sin @ + asin(f + B) + a?sin(f + 28) +... o

{153?}cos{ﬂ+a}+%mﬂﬂ+a}+%cm3{ﬂ+a}+... m
0#2r+ta

{ﬂ&}m{ﬁ-a}+%:m2{ﬂ—a}+%ms3{ﬁ-—a}+... 80
@£+ a

{689) sin (¢ + a) +%sin2{ﬁ +a}+ésin3[ﬂ+a)+,.. o

(690) sin(ﬁ‘-a}+%sin 206 - a) +ésin 0 —-a)—... o

{GEII}sinﬂ+asin{ﬂ+_ﬂ]+;i:sin[a+zm+“_ o
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Referenve
- f(6) wheref{ﬂ}=—%ﬂ
) s if0<f <a
Em=§{ﬂ—ﬂl
= () where f(6) = 3 (v — 6)
I » fa<t® <=
&) = - 3a
I
fl@) =z (v — 2a) = g (a) A. 358
_cosf —acos(f — f)
~ 1 —2acosf + a? E. 131
_sind — asin (8 — §)
1 — 2acosf + a? E. 117
1 -
= — 5 logh [4 sin E[ﬂ+a}] A. 358
| 1
= — 5 logh [4 sin E[ﬂ-—a}] A. 358

1
i{n—[ﬂ+a]] where O <ag<w and Q0 < (f +a) < 2»
A, 358

%[«-{E—a}} where0 <a<w and 0 < (f = g) < 2n;
when & < a the sum is diminished by = A, 358

= e=con fgin (§ + asin B) E. 121



130 SUMMATION OF SERIES

Series No.

(692) msﬂ+nm(ﬂ+§]+ cm(ﬂ+2ﬁ}+

a
{693]1—msﬂcosﬁ+m;'ﬂmazﬂ c“; cos 38 +. ..

(694) smﬂ—z—llsmfﬂ+ 2ﬂ}+ sm(ﬂ'+4ﬁ}—

(693) cnsﬁ—_,jms{ﬂ+2ﬁ}+ lcns{ﬂ+4ﬁ}-... oo

3
(696) a cos  — a—;ms{ﬂ'-i- %) + % cos (@ +4f) +...

697 Z % sin nf sin na cos nf
1

(698) sin@cosf + sin?fcos 2 +... @

=
(699) > i sin 208 sin? ng
1

- 1]
(100) > ﬁsinl 16 sin? nd
1
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Reference
= ¢ < fcos (0 + asinf) E. 121
= e tos b cos B cog (cos H sin A) E. 121

= sin # cos (cos B) cosh (sin f) — cos 8 sin (cos B) sinh (sin #)
E. 121

= sin (cos B) cosh (sin B) cos (# — B)
— ¢os (cos f) sinh (sin ) sin (8 — £) E. 122

1 2acosf 1 . 2asin f
=z - -1 —- - -1
zms[ﬂ A) tan T = o2 2:'>|t|l,’f:'l' B) tanh T+ a2
E. 122
m
whemﬁ{,&{a{i

-%ﬁn—a} where0 < 8 < (a — 8)

=370 +a—f)—1ab where(a—f) <0< (a+f)

'%ﬂ{“—ﬂl where (a + f) <l < = A. 390
sin @ {cos # — sin &) .

T —sin20 +sinze Wherel# &3 E. 117
1 0<20 <=

=37 whmﬂ«:qﬁ{(ﬂ"ﬂ] A, 391

|
-E#ﬂ A. 391



132 SUMMATION OF SERIES

Series No.

<= 1. .
(701) Z. ,ﬁsm‘ nf sin? ng
(702) > = sin nf sin? ng
1

(703) msﬂainﬂ+%ws*ﬂsiniﬂ+écuﬁ3ﬁ‘sin33+.,, o0

(104) wa—%mnzamzuétanwwu,,, w

(705) cot 8 cosec? & — cot 38 cosec? 38
+ cot 50 cosec? 58 + ... n terms

2 08?
cos 3 n2e + & ﬁlsm W+... @
2 k]
sind 1sin2? 1 sin 38
(707) cosf ' 2cos?f ' 3cos’h - 0
a? a*cos @
(708) logh sin® + acot® — imsec 8+ Tanid

2 | mw
(?ﬂg]— ;z;mnTmsimﬁ

=

1 ~ .2
- -1 z -1 gjp = 0
(710) 3 + 4 m1 sin 3 mm cos 2m

me=l
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Reference
1
= A. 391
1 g
- Enfv‘ A, 391
am am
—i—-ﬂ whereﬂ-::ﬁ‘-:i E. 121
&
~ sin0cos @ 2Z.246
= 2n? A. 223
mw
=3 Y, 108
™
=3 L. 81
= logh sin (¢ + a) L
= (—1y if @is not a multiple of%
= 0 if #is a multiple integer of ;ll Q. 191
# is a real variable between 0 and 1
n is an odd integer = 3
5 is the greatest integer in nf
1 2
= ] whcnﬂ-:ﬂ-:iandjﬂﬂcl
= -1 w«'l'la:nl-r.:l?ﬂtg Q. 191

3 3



134 SUMMATION OF SERIES

Series No.
XV. Hyperbolic Summations

mszh!lﬂ_l_mshﬂﬁﬂ_h“ o

k]
sinh 26  sinh 38
21 k1]

(711) 1 + cosh @ +

(712) sinh 8 +

(713) 1 -%sinhzﬂ+ g:;sinmﬂ—.,. ®

(714) 1 + acosh® + a?cosh 26 + ... a! cosh (n — 1)8
(715) asinh @ + a?sinh 280 + .., =
1

(716) sinh & — zsinhlﬂ+%sinhﬁﬂ—.” @

(717) sinh? 8 — 22 sinh* 5 — 24 sinh* . — 26 sinhe & — . |

2 22 2}
{718) tanh & + %tanhiﬂ + %tanh’ﬁ‘+... s]
=1 ]
28 — = 2
(719) cothz 8 Z 55 tanh? 5
2
tanh § ————
!"'g" nsinz—-—bz: lw
201 2 Z | 4 tanh?0
tan22r+ ! ]
2tanh @
" nsin? Re _ 2 ginh 28
I+Tﬁhhm_ulmh2ﬂ-m2.kr}

tan? Rm
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Reference
= etoth # cogh (sinh #) E. 122
= ¢oh # ginh (sinh &) E. 122
a8
~ sinh 0 cosh § A. 198
| — acosh @ — a" cosh nf + a1 cosh (n — 1) E. 117
B 1 — 2acosh @ + gt )
_ a sinh #
"1 —2acoshf + a2 .11
[
=3 E. 122
= g2 C. 336
=1anﬂ~%tan33+§mn5ﬂ—...m whercﬂisbelwo:niz
E. 123
1 f
= Ec“thzz_zn C. 315

tanh n® where # is even



SUMMATION OF SERIES

136
Series No.
, tanhf—2—
1 =3i! n sinzF
(72D)t _ (tanh 6 + coth 6) + > —
o1+
mz"_"
n
2
_,tanh @
"*Tj nsinzlr + .
(12)t tanh # Z n
n = 1+ tanh? #
tan? Zr+ 1 w
r=,,_,tanhﬂ —
coth @ e By
(723t —— +
n ; 1+ tanhZ @
mn:r_ﬂ
n
r-;—l l
1
{724}1 E < cin? 2r + 1 .
= 2n 1 ]
snh @ + itmhi
2 tanh @
TMI’_ 2 sinh 28
| 4 lanh?@ = nicosh 20 — cos 2R
tan? Rw
1 2sinh @

o R ! ianh cosh # — cos 2R=

]
sinhg T 3tanhs



= coth nf

= tanh n@

= coth nf

= tanh =

HYPERBOLIC SUMMATIONS

where n is even

where n is odd

where n is odd

where n is even

137

Reference



138 SUMMATION OF SERIES

Series No.

1
(725)} - 4 < gin2 ™
p 1 sin I o
tanh

L sinhg T 3'Wann;

a 1
tanh = +
(726)t ’_114 3t D T

coth ?

1
27} 51 T 4 sin? 7 ]
Soh + Etﬂ.l‘lh-

1 — cos nft
(728) 2 + I“Zm

sin nf
(729) 2 Z et = et

(730) E + Zaz {—‘a?"f:‘z"”
I

nt + a2

(731) 2 Z (= 1y1n sin n?
]

XVI. Trigonometrical Expansions

g2 g ~ g2
(132) 1 - 55 + g ...m=Z{-n~m—}!
&5 32.. 1
. | _ 2 sinh #
5;?:hﬂ'+%lanh; cosh & — cos 2R



=“sinh{n~— tha

= 7 Sinh af

I

TRIGONOMETRICAL EXPANSIONS

i .
coth — where n is even

tanh —9 where n is odd

coth —Er where n is odd

Wshﬂ(ﬂ — B‘}

Sinh ar where 0 < # < 2#

< where 0 < 8§ < 2=
sinh a=

cosh af

T where — 7w £ 0 < =

sinh a6 where —m < f <=

cos @ where § < @

sin# where §§ < oo

139

Reference

A. 393

A. 393

A. 368

A. 368
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Series No.

(&
u:m}ﬂ-i+-— m_Z{ 2H1

In the following series Nos. (735) through (763), see

No. (1130) for values of the coefficients.
g2 (] = 2
(735) 1 = By5; — Bygy — ... m=1—23~m

(] o3 gan-1
{73'6] ﬂ-]ﬂ-b'ﬂlﬂ-ﬂ- Lo = Zm{h}'

@37 1 +ﬁ,;+ﬁ=m+... m=1+zs,%
i i i
f2 i = p2a
T8) 1 + By + Eagy +... 0= 1+ D Engps
. i ]

mm+8.;+&z$+...m=z+is o
(40) Ly gy + Loy + Lagy + 0 = D Lo
(741) fn+f|;—1!+fz%+..,m=fn+$f,

o o

f2
[T#Z}H.;.+Hl-ﬁ+Hgm+,..nD=Hu+ H,

L = gt
(743) nypgtngtngt.® =Ey_—!
]
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Reference
=tan~'# whered? < 1 E. 107
# [
= imti AC. 41
= tﬂﬂE AC..41
= 3 .
= # cosec f AC. 4]
= secf AC. 41
Jﬂcas%
= 3 AC. 41
sin EE
. &
sin 5
= 3 AC, 4]
cos T
3 sing
AC 41
2 sin 3'—ﬂ
2
3 l:uag—
= AC, 4]
lmsa—ﬂ
2
3 sin ;sin ]
=—5 AC, 41
2 sin —
2
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Series No.
a e
(744) 312. +5"z4. + 53 gt

g4

2
(145 | — 13— a2 gy

e
(746) T10 + Ty 35 + e 5|

o4
@41 Jo + i3y + Ta gy +

(o]

g2

[
Z iR
(750) R, + R1ﬂ+ 15

g4

2
{75]] PU+P1E+P24T!+

6 8
(752) Q16 + Qa5+ Qg +

= ... 90

.ﬂb‘-ﬂ.fp+z.f,m

w=iﬂ_&}:
t—zf,{;';!

op = ZIT'(ZH-UT

L]

—

fin

.m_s.,+zs,{2n},
g1
Zﬂu(zn]p

gn

.mnﬂn+23,m

1

- . G

Lo =Pyt ) Py

0 Z (2n)!

.m-ZQ,%

a2 g
(53) 1 + E + Eyzy + Eyg 4. ©

LR a3
(754) 6 + Ezﬂ'l‘Elﬁ +

o (221 — ])2n
(755) logh 6 + z 'E—m {2;:}:]
1

23

. S0

B>

25

(756) 8,02 +Ezﬁ&‘ + B}ﬁﬂﬁ +... 00



TRIGONOMETRICAL EXPANSIONS

sin f cos ;

ki)

2

36 cos 29
sin 34

2 cos

sin 20
2 cos 3¢

3 sin 20
sin 3¢

cos 20
cos 30

Isin2 @
2sin 30
cos? @
cos 3¢
cos #
cos 28

sin @
cos 20

=sech + tan @

logh (sec @ + tan #) = gd-19

= logh tan § where 2 -c";

sin @

143

Reference

AC. 41

AC. 4]

AC. 41

AC. 41

AC. 41

AC. 4]

AC. 4]

AC. 41

AC. 4]

Y. 500

Y. 500

T. 123

B. 245



144 SUMMATION OF SERIES

Series No.
pn 120 — 1)
{15?}210;11{1 G ”,wz} Wﬂﬂﬂh
92n-1
(758) k}ghﬂ+zlogh {1— } logh & — Z,,.;z,,}-
B, 0+ B, 66
(759) 22'+44' GJISI+ an
< ne B, §2n
(760) -zljzmm 7 3 Gt
A
(761) r 3' +ﬁﬂ‘] +.
2(22++1 — 1)
-ﬂ+z @n ¥ 21 B

1 & & 1 <~ 2% )
(752}3-3-4—5—”.':::-3-2@3,%1

;

a6y o+ 5+ 24 ..,m-iz’"—%_,‘_”a_mﬂ

09 - it e~ e

(766) 12(2"_ 1)2#2_32

(T67) G+ gme + gas + e + g + o
S-S,

(068 - 3t i~ Tyt
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Reference
2
= loghcos @ where 82 < "T B. 237
= logh sin # where 82 < =2 B, 237
]
= logh z A. 315
25'“5

= ]ggh%ﬂ A. 315
= cosec & where 2 < n2 T. 121
= cot § where 2 < 2 T.121
= tan # where §2 < %2 T. 121
= tan § where f # n= A. 296
= tan @ whcreﬂ'#w C. 360
= tan # B. 237
= cotf where # # nr C. 360
=sech + tanf wheres > 0> —2 Y. 501

2 2



146 SUMMATION OF SERIES

Series No.
1 1 1 ! 1
O 6+ =% 730 T "msoT @
B el
_§+zaz
2 2 2 2
r-"m}w_25+“+26‘-3w—-lﬂ_3w+2ﬂ—'”m
_z[_]}n—l L
: ( ]wz 0
1 3 5
0N — st g @
1 1 1
[?72]§“g¢_“z+m_21,:_ e
(113) s + s b e Lo
=2 207 Gr 202 T Gr 20T
(?14}1+z&+zaz+§';-+“f‘+“
10, 13, )
(179 0+ 53 +5535+ 2 ) TG
02 1464
{??ﬁ]l+ﬁ+ﬁ+' oo
204 256
(???}1_51+F_T+' ad
200 2405, i
OB B+37+353+ @ Z(EHHII'(HUEMI
1 1-3 62
M1+ 330+5535 *
_ 13...2n—1) 6
1+Z @n +D@ nl

162 120 [n—l]* o
(780) 0 + 7 + % = +... 0= ﬂ+23 T &



TRIGONOMETRICAL EXPANSIONS

= cosec @ where # £ n»

= sec f whereﬂ#znilw

1 + @ cosec @
202

4
= tan {E + 9}

=Sin'1ﬂ=;—cur'9 where 2 < |

147

Reference

C. 361

C. 361

E. 158

E. 158

E. 159

H. 498

T. 121

H. 498

H. 498



148 SUMMATION OF SERIES

Series No.
/7 iy
f“‘*m‘mﬂ.—ﬁ‘“- ®
296
45
22.42 22.42.62

n
TR Tt
#

(782) 62 — '.’?-' + =

(783) @ + 67 +... @

M) 1T3-335+575~
3
(86) 1+ 0 — 37 — = - S

{TE?]E‘{'F"F 31 -"‘5'!——‘?——':?-!-—...@
17 g6
{?SS]i'Fﬁ'l'—su—_'i‘n. oo
4 4
{739] 25‘-!-5834-535 +... 00

g @3 M fs

a0 e-T 42 Ll
a9 ~ G+ 20— B i w
R
{?94}-%-%31—;3—%556__“@
M) 0-Z+% - o
196) 5+ 5+ . o0

t Mo. (792) has been omitted because it duplicates a previous series.—Ed.



TRIGONOMETRICAL EXPANSIONS 149

" 6 + 30 Reference
@+ S0+

=L ants - = 1Z. 135
= gin? § D. 336
= S0 here |6] < 1 L.78

Vi-@¢

= V1= Rsin16 A. 191
=%{l+m)mn—=&‘-%ﬁl H. 475
= ¢ cos f H. 497
= &#sinb H. 497
= lugh‘%ﬁ L.80
= logh tan {E + a} H. 498
= logh (1 + sin 6) H. 498
= logh m“: o Y. 80

= logh (1 + 8 sin 6) Y. 106
= logh 6 cot 8 Y. 80
= logh (1 + tan &) L. 79

= logh sec § H. 497



150 SUMMATION OF SERIES

Series No.
gz g4 g8 L]
{?9ﬂl+ﬂ+i-i-ﬁ+m—,..m
B2 494 3186
(798) « {l yitar et .r-ﬂ}

B02) 1 +04+5—5— = —=—... 0

EI B
+
213

(803) 1 +

I 3
=

(804) 0 +

=
+

3|
T
5

M
3
a4
tat
1
(805) 5 — 5 +

'ﬂ"
I
‘ﬁl.—
.I,.
-
|
8

43 3765
@ “‘:;\_,{EW}I+E+—,+33! +ﬁ-+—,+”-m
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Reference
= gine L.73
= gcos b T. 126
= elsing Y. 80
= logh cos # Y. 107
= esin-1¢ T. 126
= gfoos s L.79
=;{,a+2-mmﬂ E. 190
—3e—3e -m{oo ov3 v’hm%} E. 190
=tan"1§ wheref2z | T.122
= sec™ = 5 — cosec™ § where 6 > 1 T. 122
= gtan # T. 126
= gtan—lp _ T. 126
= efaecs Y. 107

w
= 5 tan "?"} A. 225



152 SUMMATION OF SERIES

Series No.
_ h k2 {1 — 382)K3
@I a0 + s ~ 5 o~ 3+ @)
. h [/ h?
[ﬂlz}smlﬂ+v,l__..ﬂi+(]_mﬂ
+ 1+ 282 K3
{__Wﬂz'ﬂ

B h 262 — |1 jl“z
{313}5&:134"&?;?_1 ml'

§ <o a(nl)2 [ 2\
@19 ﬂzg(zw l}!{l +aﬂ)

] +* & ﬂ ] [ ]
[315]§+ZH{'1_-HJ-3 Z _nz
1 1 1 1
(G e e Sl s e e Sl v e Sl s . B

nn? — 1) n¥n? — 19(n? - 21}
@I 1 -5+ 5z - 5.3 .

(818) (1 +%)—;(l -%)+3'—!(1 +%)-§5!(1—%)+.,1 o

@9 gla+y-@+3F+

+ (- 1}-{3=-+3}(m, m]
{Biﬂ}a—:—(l+£)&—‘+(1+1+%)¥—...m
(821) E'% { 1+3}\ﬂs

(B4

82 D G—=mt+? Z CETo
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Reference
= tan~! (f + A) L. 71
= sin~! (f + h) LTl
= sec 1 (0 + k) L. 71
=tan—!# where 82 < T. 122
= wcotwf (n = 0 excluded) A 217
kil kil
= E("’“H - 1) A. 225
sin pmw
- C. 421
= cos  + “";1 : A. 389
= cos? Y. 79
= %[lan—l #)2 where |x| < 1 A. 191
_ (tan~16)p Y. 89

3!

= 72 cosec? »f A 218



154 SUMMATION OF SERIES
Series No

1 062 + 3n2)
(823) Z (a “pt ZZ @ —np

B4 + 6622 + nt
{31‘“2{& ML —m+ 22 T

= {12 = g2 34_{32_ﬂ1]1
(825) h“_z'.T]z}z + (7= 022(% — G2 +...00

1 1 2

{826]%+3 R AR

(827) E——"ﬂ
*m{ﬂ'-n}[a-—n}

(828) 1 - :u ij;_;rg}“"‘

@) HE - 95+ G e - )

1 1 1 I
i—3tisateaterat @

(830) é +

I 1 1 1
i{m‘”_(ﬂ-1"‘ﬂ+1)_(1ﬁi—3"’45+3)""m

il
7

1y1-38%  1.3.5/1 1 I)
+...00

1
f””’ﬁ*f(rz*ii)ﬁs TaelntRts
(a2 + 12)82 n(a=+22)ﬂ3
2! 3!

(834) & + 253+§—;ﬂl+

(.2 m u m2 )1
(535}m1+n111+3m1+n1 3.5\m2 + nt +e.. @

(833) 1 + aff + -
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Reference
= = cot =¥ cosec? A, 225
= 4 mw:‘wﬂ—%nmeczwﬂ} A. 225
- an2y C. 421
= cosec? § A, 222
= 7 (cot mf — cot ma) A. 225
- (M) H. 498
(]
= sin} @ Y.79
w =
= i cot T A. 225
m Hﬂ
= E tan ? A, 225
-I- & m m
= = -1 8 — T
Isl[sml #?  where 2-::6‘«:2 A. 223
ga 8in=1 4§
= L.79
V] — g2
= ?_—_:lsin—' & where |8] < 1 A. 197

[
B
5
|

>
&



156 SUMMATION OF SERIES

Series No.

(836) (1 + 62) — ;‘.“’U L

-7 651 + 62)5
5
[mu+ﬂT

3 7
nln — 1) . aln — 14n — 2)(n — 3)
@1 -7+ a1 -

1.2
B

u‘ﬂu-l

23
]4] 319‘

1
3{

838) @2 -1) 7 5,9=+ s =
+3202 —l}é—?ﬂ;ﬂﬁ+...

839) 1 + a0+ ST + XX Dy

L@+ 2, a@ + e+ 3D,
al 5!

= 1
(840) Z (1 — nim?)?

(841) mo — MM = ;::{”‘ )

m{m-l}(m—!](m—SKm 4}554_“.

51

(Nz}l_m{m}_!_ l}ﬂz_i_m[m-l](mﬁ-i}(m—ﬂm_'_“_

843) 1 + af + L Vg | @ — 307

2! 3!
ﬁ &W+HE+M
41
F
+Wﬁm(nmrig) +...

®44) mo — C = 1D gy, O = LY = 3 s



TRIGONOMETRICAL EXPANSIONS

= tan-16 where [6(1 + 62)]2 < 5

272 cos ? where n is positive

ot

= — loghcos# where 82 < 3

= gasin~'@

B

= sin (m tan~! 8)(1 + §2)m2

= cos (m tan~! #)(1 4 622

«* cos b

= gin (m sin~1 §)

157
Reference

A. 311

B. 245

L.77

A.217
A, 218

L. 81

L. 81

L.73

L. 76



158 SUMMATION OF SERIES

Series No,
mi? mim? — 22)
(845) 1 — T Y
_ mimt = 22 — )

[M]Z{logh(l+) ”}
(847) 2;{ Iy { 1+ ) "}

1 1 1 1ygw0
[343}914-( 3 3)?+(]-—§+,—j—$+§)?+.“m

a3 g5 o1
{W}S;E—F4?+S§-T-'—i.+m

1 1 1
Shv—-l+i+§+...2—"

(850) zi—ly(ﬂin +$)

+ = ] l

@51) Z {n + x4+ (=1pty E}
In Series Nos. (852) to (854), see No. (1134) for values of
A (x) and B (x).

(852) 2a(x — 3) ~ % gy 4 B2

—— Bx) — ..
(853) —arByx) + S B(x) - ‘2“1 Qo) p ) +.
(854) 1 — (2a)24.(x) + [2;}‘ Ayx {h}ﬁ = Ag(x) +.

o . rlG2n1
(853) Z S g Y] @n = D!

See No. (841).
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Reference
= ¢os (m sin~1 §) L. 76
= logh sin 8 — logh 7§ where n # 0 A. 314
nf
=lﬂghtanT-lngh%ﬂ where 1 % 0 A. 314
1 1+ 8
= - tan-1 B
5 tan1 8 logh - A.19]
- %mn—i 8logh (1 + 62) A. 191
= w cosec (=) — % omitn = 0
T COS X :
-sin-mx—sinn-y_x—-y amit § = 0 A 2B
= asina2x — 1) AE. 25
sin a
_acosa(lx — 1) — acosa
= Sina AE. 25
_ acosa2x — 1) AE. 25
sin g

(1 + #2y/2 5in (r tan~1 §) L. 81



160 SUMMATION OF SERIES

Series Hﬂ

rlg2a
36 2{ I @i =2y

See No. (842).
4
@57 D = -ln- g

+ =5 I
&9 2 v
S (=1yn

In Series Nos. (860) to (862), see No. (1134) for values of
Ax.

{Eﬂ} Za]

A,{]+{

(861) 2::{.4.(.1:}— 24,( % } (2«}1 {A;{x] 234 (2)}

{2"} {Ag{x] — 254, )}
(862) (Za}l{ Ayx) — 22 A’(E)} (IE] {,44{3:} - 244{4( )}

+ T{A.;n:x:. - zu.-.(ij} -

In series Nos. (863) to (873), see No. (330), etc. for values
of p, g, r, and 1.

(863) py + q2a + pya? + q@ +...

(860) 2a4,(x) - As(x) +.

(864) ry + tha + rya? + rgat + ...
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Reference
= (1 + #2y/2 cos (rtan-18) — 1 L. 81
_ T sinh wf/2 + sin wfl4/2
#7472 cosh =8/2 — cos miy/3 A.313
T sinh 2=y
ycosh 2xy — cos 2nx A. 314
1 1
= 2n02 (cosh 0 — cos 6)  2m6" Q. 135
_asin(2x — l)a
_acos(2x — a
= esa AE. 93
_asin(2x — l)a
= eosa AE. 93
N
_4Si (E__"E AE. B0
"3~ 3
1
L~ ] ———— &E’r au



162 SUMMATION OF SERIES

Keries No.,

(865) pia + g:0% + pya® + qua* +...
(866) ria + fa? + rya® + gt + ...
(867) pia + paa@® + psa® +. ..
(B68) ria + rya® + rea® +...
(869) rya® + rya* + 1ea® + ...

(870) g.a2 + gea* + gea® + . ..

XVIL Hyperbolic Expansions

{mrl;ul+‘u ‘“ Zéﬂﬂ
1]

ﬂ - fntl
@72) 6 + 3 = 2 D



HYPERBOLIC EXPANSIONS

T wd

ES][I a +-4—)
: mﬂﬂl—a
2

cosh# where 2 < @

sinh # where 82 < oo

163

Reference

AE. 80

AE. 80

AE. 81

AE. 81

AE. 81

AE. 81

E. 84

E. 84



164 SUMMATION OF SERIES

Serfes No.
5
(8730 0 — = + 2 E . oo

3 15 315
m 22a(2 1
= EI (=11 [{1"}? ]gnﬂzu—l

ml mi'{mz + 12)  mim? + 12)(m? + 32]
1732 12.32.52

@74 1+

3 s
@75) 6+ 5 + 5 +...

= - 4n2 — 1
(876) Zf‘”"‘m“ﬁ

@) 1+ > (=1p- 2(:5‘3 =1+%ﬂ-%+§§§ﬁ-...m
1
- 2a—1 _
@)t 1 + 22{—11r'={—~-~—~—2 [h;.}ﬂ'm'
: .
g2 704 3166
=1—E+E_T+ - <]
1 1 1 1
':m]3_29(,=+a‘=‘4,:+e:+9n2+91_“*m)
1 3 5
) 4 (o ~ Gy )

1 1 1 1
{332}F+2ﬂ(n2+ﬂi+4w1+ﬂi+9w1+ﬂi+"')

1

8n!

&n!

t For values of By, see Mo. (1129).
1 No. (877) has been omitted because it duplicates a previous series.—Ed.

oo S Gt DL+ (1),
1
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Reference
= tanh 6 where 62 < 7 H. 498
= cosh m= C. 421
= tanh-16 where || < 1 H. 475
=n¢zmm”T"ﬂmh%@ A.314
= § coth # C. 343
= B cosech & where 82 < #2 C. 343
= cosech 8 Q. 136
= sech # Q. 136
= coth # Q. 136
= sinh? # Y. 80

cosh? @ Y. B0



166 SUMMATION OF SERIES
Series No.

b b
885 -
( }az+b1 PR T GaErR @
=J‘ﬂsinb9dﬂ
g e+ 1
b b b
OB e mt e TR
=J‘*”sinbﬂ‘d9
V] E"—l
0 1464
[ﬂﬁ?}l—y g T @
e g
[EEE]H—Z(E—T-‘F?'—.“)
(889) 1 + ";’I 12 ginzg 4 (124 lzf,” * D int0 + ... o
(M}-I;sinﬁ+"z;zz} in? §
12 + 22)12
+ ¢ ;‘i*‘z} 56+4...
02 1164
(891) 1+ 5 — S
o g
®2)0-3-%-... o
24 | 2468
(893) 1 - S+ 52—
22 249 6g10
O S-St Tor @
288 225 227 249
f395}3+¥q?~—ﬁ+w+”.m
2a 265 @
(EQIS}E— F+ e . oo



b

HYPERBOLIC EXPANSIONS

rl -
b a sinh lb]
a

fad 1 __a +!

a lefrble — 1 2ub 2]
]

sinh &

= cos~! (tanh logh #)

cosh f

cos B

_sinhﬁ
cos @

= cosh (6 cos #)

= sinh (# cos )

= cosh #. cos @

= 2sinh #. sin @

= cosh @. sin @

= sinh #. cos @

167

Reference

H. 498

L. 80

L. 81

L. 81

L. 80

L. 80

H. 497

T. 127

H. 497



168 SUMMATION OF SERIES

Series No.

5. 6l
(89T) 1 — = + 5504 — 76,06 + _1+Z( ”'I:h}*

For E.* see MNo. (1131).

- 2n)!
O e

= logh 26 + Z( 1 g 62

(2n)!

(899} lﬂgh 28 — 4 m fn
11 13 1
~logh2 -3 ~7aam o ®
~ (2n)! §
(500) Z{‘”' T ¥
1 11 131
=E—E~3—ﬂi+ﬂ‘—5-ﬂ,s--... o
z .9 2.4 66
For values of the coefficients in Mos. (902) through (938),
see No. (1142),
002) 2a(x - 3) + G 4 + GF o) +.

(903) (2a)2By(x) + —3133,,9:} + ey {z“:' By(x) +.

Eﬂ}‘

904) 1 + QapAs(x) + S Aue) + CL A +.

(905) (2;:}23;( ) {1;}* m( ) .o



HYPERBOLIC EXPANSIONS

= sech # 1.:|.rhn:r|:|5f1-:::—;r

where 82 < |

= sinh-1§ where 2 = 1

= cosh~'# where 62 > 1

= sinh“% = cosech~1 @ where 82 > 1

_ (sinh-1 62
- 2!
_ asinha2x — 1)
- sinh a
_acosha(2x — 1) — acosha
- sinh a
_acosha(2x — 1)
- sinh a

— 2asinh }asinh 3a

sinh a

169
Reference

T. 127

T. 128

Y. %0

AE. 19

AE. 6

AE. 19

AE. 33



170 SUMMATION OF SERIES

Series No.
w0 1o+ B () + W af) ..o

©07) 1 + (za]ul( 4) + & [2"}' A.( ) . @
(908) a — {4;}! B‘;(I‘) ':'T,P 55( 4) e
{909] sa- (3a)* .ﬂ_._(‘ (3a)* 35(3) w

T k] A T
1020~ 6 (1) - @ (1) .

UDES %“?—’ {83) - m23)}

- {of) - knff} - o

6a)* _ (1 6a)’
o - & a(}) - G a(}) - . =
[913}H¢-1—!‘{2a]2+ﬁ(2a]4—...m

2= mf)-onf)
_ “_“{3535(%) -~ 4:35(%)} o w

©15) 1 + {za}uz( ) + 2 m( ) . @

(916}§+{1—1}(3—113,5-{23—1][3‘—1}3:%:
@ -1 - DB +...
im0 -8 %+ 200 - NBS
—zs{ss—l}a,g+.,.
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Reference
~ _ asinhia AE. 35
sinh a

= isu:T-}a AE. 33
= mfh - AE. 32
e
- __3‘:::::23" AE. 43
-3 x"_h_i;?‘f AE. 51
s
- %ﬂ":‘ﬁ AE. 49
- 2‘};":"2: AE. 60
— 2 cosech 2 AE. 33
“;:Ehf AE. 47
- dc0tha AE. 47

" sinh 3a



172 SUMMATION OF SERIES

Series No.

©918) 1 + (2a)24, (2) 4 2ar ':2")‘ .( ) [2"}54( )

©19) a —ﬂ”ﬁﬂ,(] -':"—‘“1535(4)

21 4 4!
om ) 8 ) +§70()
{921}1+3.5_gm+3,;j_
OR) I~ e+ Zat - Bas 4.

(923) {Eﬂ]lﬂz(-) (33",}4 34( 4)
924) | za- @533( ) {3“}5 35(3)
(925) in - ﬁ{ﬁ 3.,(3) - 3333(5)}
. :—:{ﬁﬁﬁ‘,, 1) - 353,(%)} @
(926) [li'a]iﬂz( ) “i‘f]‘ 3‘( 6) “?,’]'ﬁ aﬁ( ﬁ) _—

(927) — (12‘1}31(1) _ “2&]3 ;) [Ii'a}s Bﬁ(ﬁ) 1
B

o o= Ga() - ()~
om b~ ) - () -
oo ie-5Fal) ) -

(931) {h}*ﬁ,( ) {23‘“}43 G) 4.,



HYPERBOLIC EXPANSIONS

= acosech a

a sech a

= — ntanh%n

= lacmhla

2 2
_ Msinh 2a — sinh a)
B 2 sinh 3a
_ _ 8asinh a sinh 3a
N sinh 4a

_ 3a
~ 21 + 2cosha)

3 3a
= 2Zcosha - 1)

_ = 12asinh a sinh 5a
- sinh 6a

sinh 5a
2(cosh a + cosh 3a + cosh 5a)

a sinh 4a
sinh a
_ 3asinh }a
~ 2sinhim
__asinh ja
~ sinha
_ _ 2asinh {asinh 4a
- sinh a

173

Reference
AE. 30

AE. 32

AE. 30

AE. 47

AE. 45

AE. 33

AE. 37

AE. 48

AE. 46

AE. 46

AE. 60

AE. 48

AE. 60

AE. 40



174 SUMMATION OF SERIES

Seriex No.
o ~3es (1) 4 S 0(0) 1

(933) —% %Es,( ) ':24",}’ ﬂ,(3) .
(934)t ra? — tya* + tga® — ... @©

(935) {2&]1B;( 4) ':2;:' B,,( 4) 0
036) 2a(x - 3) + GF 4300 + L sy +.

(937) 1 + (2a)24a(x) + —=— {M] Ayx) + —— ﬂﬂ}‘ Agl(x) + .

(O38)f pra — pya* + psa® —... ©
2 (2n)!
(939) logh 3 — > 55 r 621
LT 2 16 136
=loghg 337 2a T
- 1
[M]lugh§+2[—1]ﬂﬁ%ﬂh
C .
2 12 13
=loghg+iz T 3a

(942) i = #2nt1)
a

1 For values of p and 1, see No. (330).

| E

ves SO
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. Reference
a sinh $a
=~ “Smoha AE.43
_ _ asinh a
- sinh a AE. 35
5 wil
_mg_SMhE AE. 75
V3 2 cosh 22 — 1
3
_ _ 2asinh jasinh ja
A AE. 33
_asinh a(2x — 1)
- sinh a AE. 19
_ acosh a2x — 1)
cosh ¢
- — AE. 60
V2 coah%f
= cosh—1 % = sech~!'# where 2 < ] T. 128
= sinh-1 % — cosech-! § where 82 < 1 T. 128
= tanh-! g — coth-18 where @ > 1 T. 128
1
T. 129

= 2sinh@



176 SUMMATION OF SERIES
Series No.
(943) z{"l}"*‘“”

[

(944) i (~yre2o0
(945) Z o

{%Z{{m ay + 62 (2.'rrr+a]l1+ﬂ1}

2 2
%/—{9“7}“1+|2+1+zz+1+y+

2 2 2
':9433"+1+z= ire&tiye

i 1 1
| {949}22 ptasetarst

: e i2nt1)

I 1 1
Ot rreteet

-
1 1
@ §+FZW

- 1
[952}2("+9]1+yz

g2 4

{953}——m o]

22.42 2444 28.45

-Bl*z.zl B; 44'+Bsﬁﬁ1‘ - s @O

(954) 1 +T+"ﬂ"‘l—2’a4+

2 2.4
(956)t & — 333 33 g5 —

1 MNo. (955) has been omitted because it duplicates a previous series.—Ed.



HYPERBOLIC EXPANSIONS

1
=~ 2cosh 0
1
='il:tﬂnhﬂ- 1)

1 [

_ 1 sihe 1
" 20 cosh® — cosa a® + B2

mcothr | — T}D(Hg)ﬁiﬁ,-g

coth

I

bl &

T
2

8 g E
s 5 E
= S 3

LSS T - - ]

" sinh 2=y
~ ycosh 2xy — cos 2nf

logh sinﬁl"l i

= cosh" @

=sinh‘*ﬂ
Vi + 62

177
Reference
T. 129

A. 314

Y. 55

Y. 55

Y. 35

Y. 55

Y. 55

A. 314



178 SUMMATION OF SERIES

Series No.

XVIIIL Taylor’s and Maclaurin’s Theorem

(957) $(a) + x¢'(a) + ';—:qﬁ'[a] %Hﬂ] +...®

{958) ﬁﬂ}+x¢’{ﬁ}+;—iﬁ'[ﬂ]+..,i—;ﬂﬂ] +... 0
XIX. Bessel Functions

o (= lyant2
(95) Zﬁ T (n 1)

x xt x6
(gm}l_z__z"'zz‘dz"lzldz.ﬁz'l_q.q-w

x, x? x5 x7
O) 3 -ms+tmas maes

o0

xn xt x4

v (= 1yxmiz
(963) rZ_;WrIP{n Tr+ D)

{964) E{I —%+-2-7%—... u::}

(965) (}x)”’ co x

xnenV 12t
2mn (1 = x)V4{1 + V1 — x2pr

XX. Elliptic Functions
067 3 [1 + (%)1:& + G—j)zh +... ml

03[~ (8- (5

(966)



ELLIPTIC FUNCTIONS 179

Reference
= ¢{a + x) H. 481
== é[x} H. 480
= Ji(x) Q. 355
= Jo(x) Q. 355
= Jy(x) Q. 355
= J (%) Q. 355
= J(x) when nis any general value Q. 359

2\12

= (E) sin x = Jypa(x) Q. 364
= J_y(x) Q. 364
= J(nx) whennislargeand 0 < x < | Q. 369
_ w2 a8
_Jn V,——*l_;m} where 0 < k < 1 A. 190

=2 00
=), V1 — k2sin2@df where0 < k < 1 A. 190



180 SUMMATION OF SERIES

Series No.

XXI. Various Integrals

n—=1n-3 1=
(969) T n=32"33
I i 2x .n4x 5\“1&1‘
{9?E}xlugh2+2"llf'l.i_+_“22 + 5 +...u::}

1(sin 2x in 4x in 6
G?IIxhghz_ﬁ%__Slz +su;2x m}

sin 2x  sin6x  sin 10x
{gn) 12 + 32 + 52 +... 00

(=1
O £ =32+ 531~ 7o + > Rk + D
x x° x13
{9’?4}.1:-—52 o1 ~ g @
2.,: (2k)! (4k+1]x“
1 1 1 1
o9t o
{9?ﬁ}{-[l—2!+3!—,..m}=m
a’xl adxd
(977) logh.'l.'+ ]12+_]11-3.1+"'m
om ol 0+ 252, 22,
mg}lﬂshx+xlngha+M+ @

2-21

na*x ! nln — Datxe?
— l-::-gh a {logha © ~ (logha)
"(ﬂ - ]]{.I'I — 1} .2 1-ax
* (logh a1




VARIOUS INTEGRALS 181

Reference
w2 w2 .
-J cos*li‘ﬂ\?=-|. sin® 8 &8 where n is even J. 48
o o
-—Jrlughsinxdx where 0 < x < = X. 142
o
=~J‘:[nghmsxa'x wher:—%{xc% X. 142
o
z—J-“loghtanxdx whmeﬂ{x-:% X. 142
o
F 1
=I e dx where x2 < @
o T. 133
See also
A, 336
- T. 134
=J' cos(x?) dx where x? < o0
o
1 yo-lgy
Pl T. 134
o 1 + x°
i
_I‘”‘" J" 2 dy A. 336
¥
J‘ﬂ*dx
__J'-r“«*dx
b+ x
_J‘axdx
= |-

= Im*‘dx



182 SUMMATION OF SERIES

Series No,
xl Txs 317 127x*
B) x+355+3551 " 5771 T35 T ®
x x x
[?32}[+5+§+I;+...¢0
1 x x
O Ttz trent @
gz 8
—1ln-3 2
n—2"""13
g: gs @
(987) 6 +gg gyt @
g2 a4
(ﬂsﬂ}lnghﬂ—ﬁ+1_—41—...m

(989) 5 logh2 = 2> (-

WIZ.;M;F

(991) ";: -2 [u + a)e + iliu + 3a)eda
+5—]1{I + Sa)e e + ... m]

1x 18
27!

C = Fuler's constant; see No. (1132).

(992) — C — logh |x| + x —

+ Mo, (984) has been omitted because it duplicates a previous series.—Ed.



VARIOUS INTEGRALS 183

Reference
- [*dx
e AA. 204
i
['“5]‘ ]r A. 294
—--—d' .
PfF] Xl L wherep > 0 (197)
sin [lughc]
J‘ A. 294
e
= f ﬁ—,d'i? K. 305
wi2 w2 .
~=f msnﬂdﬁ=L sin" # df where n is odd 1Z. 226
sin @
- j LY K.305
cos f
= | =5 dg K. 305
wf
=J‘u 8 cot 0 db 2Z. 187
=2 § Jd
- L =55 Secalso No. (308). 27. 246

=/l
= J; tan! (sinh g sin f)df = J' where a is positive
A, 517
o0 g—t

=J' “a A. 334

sinh #



184 SUMMATION OF SERIES

Series No.
1 1 1 1 | 1 1
(HS}J_L‘_I_!;‘+l+i_"x+2_mx+3+”'m
I | 1
(994] u 2n (Zn ¥ 12

(995) Z (—1y uTi_J:ﬁ See also No. (308).
(1]

2 _x  ox
1-2 37 3.4

59 15 - 3
o -3 5

+n[n1? l}{n — 4)1 +]

The number of terms in the brackets is 3n or 4(n + 1).

X2 x} x4
(1002) 1 — +3] 44+§;—.,.ac

F=n

(1003) & > (~1y -2y } Br—r2-+1/2 gin {ﬂ et l)«}

r={

L1
100 {14 54 gl 4 gl 4 )



VARIOUS INTEGRALS

1
_f el dt where x > |
o

1 sin-!
==I T _Xix where |x| <1
0 X

ltan—! x
=L —Zdx where |x] < 1

x
.=J; logh (1 + x)dx where [x| < |

x d.
-_—L logh (1 ux}?x where 0 < x < 1

=J;’ logh (1 + X)X where 0 < x < 1

xd
flﬂh -—x where 0 < x < |

1 yu-l
=.J; l+xdx wherea = 0

= (gin §\»
= | ()
1
ﬂf P’xdl'
(1

=J'a-snsinada

w2
=Jl e=8in 28 cog § 9

o

185
Reference
Q. 260

AB. 165

AB. 165

AB. 166

AB. 166

AB. 166

AB. 166

A. 518

1Z. 135

1Z.135

1Z, 638



186 SUMMATION OF SERIES

Series No.
2 2 2

(1005) 12 + (%) )+ () +

a’ a’ a’
{lﬂﬂﬁlﬂ[ tiastisatsget "w]

£ar rp— n{n— ]:l _
(1007) 2_{ i [r" lam + ——— - ig-rth)
Lot l}u(nz-“ D =2) s 4 n tcn-ns]

XXIL Beta and Gamma Functions. See also (1101).
(1008) J: X-1(1 — x)m-1 dx
f: eexe1 dx
B(l, m)
I(n + 1)
GGG
F{x}f'(x + i)!‘(x + %) .P(x + 2 = 1)
1)-
I

< 2!
(1009) Z 2ia{nl)2 x + n

S ala — 1a—2)...(a—n 1
(1010) Zﬁ (=1 = ——
(1011) e—xxx—1/2(2)1/2 {1 + % + ﬁ
139 571 X

-!-l]I

T 51840x° ~ 2488320x°



BETA AND GAMMA FUNCTIONS 187

Reference

=2 (" 2comscos? (sin 6) b — 1 2Z. 296

T Jo

=I"sinze|ugh[1 — 2acos 8 + a?)dd wherea? < 1 2Z. 308

= CO5rX
= — 2Z. 22
J; (a2 + x) dx 7

= B(l,m) (Beta function)

= [(n) (Gamma function)

_ Iore
Il + m)
= nI'(n) = n! where n is a positive integer
= (2m)in-12 p-1/2 2Z.62
= F{ﬂxﬂw}h‘lyzﬂuz_ﬂ 27.94
') = 27. 59
- fld) 259
TG + 9 .
- %T]—} where a is positive Q. 260

= I'(x) Q.253



188 SUMMATION OF SERIES

Series No.
12 1 12.32 1
(1012) = + s T AR D T
1 a-1_ (a—1)}a-2)
013) = - =51 2(x + 2)
{a — 1}{3 - 1}(“ - 3} +
= 3(x + 3) '

ala+ 1),  ala+1)a+2)
S R CE S (E

(1015) If in No. (1014), b = 1

1+ax+a{nzT 1]:14:’-+,,. o

a0

.. 00

(1014) 1 + g{x} +

(1016) a(t -lg)(l - %)(1 - %) 0
(1017) (1 - ‘g)(i - :%)(1 . %) @

(1018) %'{msh # — cos ﬂ}{msh¢ - ms(ﬂ‘ - 2{)}

. 2w, 4w
(1021) 2t=—1di2 sin - sin - ...



INFINITE PRODUCTS 189

Reference
f'[f{f Y where x is positive A, 524

_ I'(x)I'(a) .
Tx+a) where x and a are positive A. 524
_ I(b) L ge=i(i — fp—=? A, 294
= I‘[_'_"_a‘,lf‘(b —a ), = dt whereb > a =0 (1907)

=(l — x)=

= sin A 213
= cos A 214
= cosh n¢ — cos nfl E. 143
= x" 4+ 1 where n is even E. 143
=x" 4+ 1 wherenis odd E. 143

= +/n where n is even E. 144



150 SUMMATION OF SERIES

Series No.
2w 4 n—1
t—1)/2 cos =~ cos —
(1022) 2 €S - COS o ... €08

(1023) msﬂcos(ﬂ+2?"),..oos B+ (n — '.ﬁni

(1024) sin @ sin (a + 2?“) ..sin {n +(n - 1}2?”

20 Y= Dr

(1025) tan = tan == . ..
n n "

(1026) 2-1(msﬂ - mi)(ma - m3—')

n 2n
(msﬂ—mbz;ln)
(1027) 2612 sin % sin % ... sin "2; 2,
2 dar n—1
= Din-1)/2 —_ —_—
2 ooshmszu.,.ms "

(1028) (1 — x](l + %.r)

(1029) (1 — x}(l 4 %x)

(1031) ]L:I {-:”"(l - "%)}



INFINITE PRODUCTS 191

Reference
= 1 where n is odd E. 144
= E:_—]cmnﬂ where n is odd
= 51_—1 [(—1)2 — cosnf] where n is even E. 73
=(—1 "'—"”Lsin nf  where n is odd
= (=12 -1% (1 — cosnf) where n is even E. 73
= 4/n where n is odd E. 145
= cos nf E. 145
= 1 where n is odd E. 145
= PH_-:! A. 115
o+ 03 - 4x) '
= cos X — sin 7 A. 224
= g% logh3 gin mx AG.40
sin @ .
= —— omittingn = 0 A. 215

]



192 SUMMATION OF SERIES
Series Na

{lﬂ'ﬂlﬂ { ,wm- 1+ F).—wm}
(1033) 1_[ {,w{mu-(l = ﬁ)}

(1034) Hn‘ + 1

(1036) x!(x - }')*( -3 (- ).

(1037) {(1 + g)’}{l + h—"_a)z}
i+ ER Hi E= H (s

a a a
{1038) msi"“ﬁ‘m‘ﬁ ee. OO

oo o300 20+ 50 -
. (' —%)(1 +%)—...
w00 (1~ 50 - 29} 1w

(1041) 201 ]_[sm (6 + ra)

)}

27 tan nw] Ve

m
{1042) .]:L [lan Edan R



INFINITE PRODUCTS

sin @
[
cos
2
3
x!
J{l«}ﬂ-' (n-x)!
H nnx

coshk — cos @
Il — cos@

sin @

[]

e~ 8/n) logh 2 gjp §

k)

cosnf (meven) B = o

sinnfd where0 < @ < a

193
Reference
Q. 137

A. 216

AD. 10

AD. 18

Q. 137

A 114

Q.35

A, 211

A. 211

1Z. 355



194 SUMMATION OF SERIES

ooy [ 900243

(1044) X3 "ﬁ(! +HIC)E-;;.

(1045) 271 rﬁl sin (a + %")
rei

(1046) 1"‘15m(5+ )sm(ﬂ+ )..sin(ﬂ+2"2;lw

(1047) Zﬂ-imsﬂcns(ﬂ+E)cus(ﬂ+2—"),_,(e+"_ ',,)
n n n

(1048) zwlm;msi’: ;‘: msl’;‘w
L ein T e 3-_:r . 2n—1
(1049) 2 smhamzn...sm T

P 2 2n—1
[lﬂiﬂ}msﬁms?.,.ms( . ),.

aosy (1= (1 + 7)1 - 755)

a a
(I+2“_a)(l—h+a...m




INFINITE PRODUCTS 195

Reference
= gn¥l2 1Z. 355
- sin m(x + ¢) A. 224
sin ¢ ’
= sin nff E. 145
= cos nff E. 145
= (—1m2sinnf where n is even
= (—1)2cosnf where n is odd E. 145
= oS "TH E. 146
=1 E. 146
(=11
= E. 146
__sinfa — #)
~ sina E. 159
sin (a + 8) . . .
= ————— when r is a positive or negative integer or zero
sina E. 159
cos (a + ) . . L. .
= sz when r is an odd integer, positive or negative
E. 159
= %ﬁ;ﬂ when r is an odd integer, positive or negative

E. 159



N

196 SUMMATION OF SERIES

Series No.

(1055) {1 - (WLH)I}{l - (1r

[IﬂSﬁ} {

= 1 - (.=.

{1

]

(1057) (1 )( -,,Ea)(‘ + 'rr+ﬂ')
x (1 + F‘E_—a}(l -

108) (5 ) (55 ) N So) - 0

(1059) (1 - %)(1 - Slz)(l - %) 0
a0 [ [ 555

n(n + a + b)
“““”nm X + )

(1062) 4 cos —{l + —)’}{l -
(1063) (1 + )(1 + l)(1+ ) @
(1064) Tj {1 - mzx__?az}

(1065) (1 + %)(1

i

SRS

’}

C

)}
=a) )

. oD

27 +

‘).

Yoo



INFINITE PRODUCTS 197

Reference
_cosf +cosa E. 159
~ l+4cosa ’
_cosf —cosa E. 159
l —cosa -
=sin_a:_s£ E. 160
sin @
4
- e Q. 259
=’4_’ A. 106
(1 4 )11 + x)I(1 + 2x)
T = x)(1 = )1 — 2x)
when ¢ = £ (=1 + iv/3)
ort =1 A, 313
(1l + al(l +b)
T INl+a+d) A. 115
= 2cosh® + 2cosa E. 160
= nh o E. 160
a sin {=Va? + x%) E. 161




,tHHHu_H m‘n«h

ﬁn&hn - mqv 500 — g ucu”“v _M i—+Z (9£01)

g — u) quis L, ﬁ.,. ws xu us

- ; t(ecLon)

g TuIs g uls g zuis
gz — w) quis ... [Hg us gzuis
ﬁ EE" - L. ATN:_“ B _v @“_E - _w ¥szon

oz — u)f quis | .:Auﬁ._.ul_ Afn_n

PR — P i _va HpLol)

)
o1 — wfws _w:.muﬂ U _ _v 2e98 _ Lz HeLon

# zuls # zuls # Zuls

o ) -
® - A| + _x| - _X|_1 +1) @on

- ﬁ@ + ﬂiu@ + _TNN + 1z (1Lon

Hﬂ + _x{ + _v EE:
o m1 1 ﬁl _xw| _v (6901)

o (= - )

SHIYES 40 NOLLVIWINNS 86l
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Reference
= A. 106
=0 C. 159
_1 A. 106
2
=0 E. 155
=X A.213
2
=" 4 " E. 190
=0 A, 11l
_Snn ere nis odd A. 210
sin #
= ﬂi where n is even A, 210
sin § cos §
= nf where n is odd A 211
cos b
= cosnfl  where n is even AL 211

cos nf — cos nf T. B4



200 SUMMATION OF SERIES

Series No,

(1077) ﬁ {az — 2ab cos (ﬂ + E:—”) + E#}
1]
(1078) af[(l + %)
- -
(1079) 1:[ {l + m}
= I
(1080) ]T[cmr.F
(1081) ﬁ{l + x2n)
o
aos [ -2
a0 [ [1- 525

(1084) I] e-f- - _)]

XXIV. Fourier's Series
J'@Qm) = f(0)  f"2x) = f7(0)
n? nt

(1085)

+ ...

(1086) 1 £(0) + f(%:—') +1(E) +.. 4 3ram

1087 2 {570 + /(%) +...+ 3100}
_ o fC) —f©O 7 fQn) — f7(0)
2

n 5T n# 90 "



FOURIER'S SERIES 201

Reference
= gin — 2gnbn cos nfl 4+ b T.84
= sinh @ T. 130
= cosh @ T. 130
_siné T. 130
(]
= l—l—x where x2 < 1 T. 130
- - Sintmx A.224
sin we
_ sin 3x A. 224
sin x
=S8, = 0 omitted A. 215

= rv f(fycos nt dt  if all differential coefficients are finite and
" the series is convergent X. 140

n

-2 J':' fyde + " I:" 1(1) cos nt dt

2=
+5_[ fitycos 2ntdt +... © X140
™ Jo

Ia ol 1 1
=L S0 de whercE= | +'2_2+3Tz+"'°°
ard 1 1
andg-a=l+§;+§;+...w,ﬂ:, X. 140



202 SUMMATION OF SERIES
Series No.
1 1
(1088) A{3.10) + fCh) + ) + .. 3 )}
— o k) — fUO) + o (fnh) — £O)

~ g k) = fSO)) + Tores (k) — 7O}

Shi0
= &1 k) = 2O} +... o0

Series to be convergent
(1089) h{%f{x} + flx + h) + fix + 2h) +} + %f'[x}

h* ht 3pe
~ 651/ + g5 ) — g D)+ @
Series to be convergent

XXYV. Hypergeometiric Functions
(1090) 1 + %x + "(———-—”;cgjbfl;’ D y2

ala + 1a + )bk + 1% + 2)
+ Nee + Ne+r Tt ®

NI — a — b)
(990 R = arte = 5)

(1092) F(4, 1; C, x)

(m+2)...0m+ 2n—2)
Tim+3)...m+ 2n—1)
(m+ 2)(m + 4)...(m + 2n)
(m+ Dm + 3)...(m + 2n — 1)

x I:wwl — 1) — sde

xmtl [ m 42

mm:'m+ll m+ 3

x4+

-}

+ (1 = x3)-12



HYPERGEOMETRIC FUNCTIONS 203

Reference
nh
- J; f() dt X. 140
- f”_,r{:}m X. 141
= Fla, b; ¢, x) where [x| < | Q. 281
= Fla, b; ¢, 1) Q. 282
I . x
=——I_xF(C—A.I.C.x-——_ 1) Q. 286

= (1 — xy)-12 J‘; tm(1 — t2)-12dy where x and 1| — x are not
0

negative real numbers Q. 109



204 SUMMATION OF SERIES
Series No.

XXVL Relations between Products and Series
(1094) (1 + x2)(1 + x%2)...(1 + xtm=13)

(1095) logh {(1 — x)1 — x2)(1 — x%)... o}

(1096) ﬁ(l +§)

(1097) ﬁ{t + xz)
1

(1098) TT(1 + x2)

(1099) In the following relations between series and products, all
p are prime and may be related to the p,, g, r., and i,
of scries Nos. (315) to (318).

1 1 1 I

Series (315) 1 te-m-Tnt e =
Seri:s{Blﬁ]l—s—l'I-Tl*+]-=._n+lL__+ -t
Series 311 1 + 32 — 3 — 32 + 703 -+ = Po
Series (318) 1 — 3, — 3. + 3 — 7= ... =4y



1+2(

a=

PRODUCTS AND SERIES 205

1 - xz"'}{l — xim=1),,

{1 — x2m—2at2)yeran

Reference

C. 344

— X2\ —

.. (1 — x)

- Z f(n) %ﬂ where x| < | and f(n) denotes the sum of all

the divisors of the positive integer n; for example,
f@=1+2+4 C. 345
1 +Zx(x+P1Kx+Pz}"'[x+FrI] it- the prnduﬂt
P1P2P3 - - - P
converges to a definite limit C. 420
i)
(1 = (1 — xm71)...(1 = X)) iz

“"Z T - o0 - ). {I—x"} xmer i 2=

C. 340
xinlat 1)1 2zm

]+Z[[—x}{l—x2] = where [x| <1 C.341
AE. 87

.. omitting non-primes

. . omitting non-primes



206 SUMMATION OF SERIES

Keries No.

(1100) ﬁ (1 + vy

XXVIL Special Functions

(1101) $(x) = ‘;.'[(";' ilugh )

C = Euler's constant; see No. (1132).

—+ lx +n+ 1)

=
+
=

qb{x+l}=£+¢[x}

{1 — x) = fx) + wcotwx

o) = —



SPECIAL FUNCTIONS 207

Reference
Uy 1

u_,,=l+u|+u3+.,,u_| 1. 134

l+iu,, where
1

and the series is convergent

] 1 — Ip_l H am '
-C +J; 1 =t di  where x is a real and positive integer

2Z. 97-142
T.132
o4l 1 x-1 27.99
nx+n-—1
= dx) — H{y) A. 522
- 1 2Z. 100
1 I
- i{.ﬁ(i%.) _ .;.(%)} = ) T. 133
Tpe — ]
- : mdl A, 523
= () 27.98
1
:ﬁ(i) = — C - 2logh?2
3
#3) =2- ¢~ 210n2 A.522

5\ 8
|b(§)=i—c-ﬂlogh1



208 SUMMATION OF SERIES

Series No.
W)= —-C
W2)y=1-C
W) =3-C

ﬁﬂ-ﬁ+§+%y-c
#ﬂ=p+£+;+_l)-c

B{x+[}+‘1}r]-£

Blx) + B(l — x) =

B(1) = logh 2
B(2) =1 — logh2

sin mx

B3y = - } )+ logh2

B(4) =% +3 — logh2
R

ﬂ{;)-z—g ﬂ‘@)=—lugh2+%wv’3

]f‘-f% logh I(x) = 4'(x)



SPECIAL FUNCTIONS

-ﬁ(j) = — €= 3logh3
"33

¢(§) -—C- %lughB
* 573

qﬁ(f—‘)=;—£‘—31052

:;-G)=-§—c ~ 3log2

Reference

2Z. 136

2Z. 136
A. 522

T. 133

A. 523

2Z.98
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Series No.
¥'(0)
) o(hr b )

. 1 1 1
¢m-ﬁ+ﬁ+ﬁ+m

W)= dprhe)

v 111
Y@ =m+m+tat-

¢r(§) - 4(512+%+“.)

wmi%+%+%+m
#'(20)
a! a
(1102) um = (b) Cs

() ) )
()G e
e () G G



SPECIAL FUNCTIONS

_ala—1a—2)...(a—b+1)
- b

r =P\ -2
l(r—p} )2
=(r_-";I - I)zr—h-i
P
=2
=10

211

Reference
2Z. 100
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IR L RIS R
1-(’1’)+(;)—“.{—1}~(z)

See also No. (189), etc.
Table of Binomial Coefficients (’;)= n€i=n

15 20 15 6 1

21 35 35 21 7 1

28 56 70 56 28 8 |

84 126 126 84 36 9 1

10 45 120 210 252 210 120 45 10 1

11 55 165 330 462 462 330 165 55 11 1
12 66 220 495 792 924 792 495 220 66 12 1

(’f) () ) (3) (5) (6) () (&) (5) o) (1) (2)

&

XXVIIl. Zeta Functions
- 1

(1103) > ——5
2,

If 5 is a negative integer = —m
{(—2m)

{1 — 2m)

£(0)



ZETA FUNCTIONS 213

Reference
_ (" +1 T.19
k+1
-{-1}*(”;]) T.19
T. 20
= (s, a)
1 o0 yr=1g—ax
- =~ . 266
) 1= & ?
=1
= uz’}:—'gﬂ where m = 1, 2, 3, etc. Q. 268

Bl
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Series Ne.

XXIX. Legendre Polynomials
(1104) If Py(x) + hP\(x) + H2Py(x) +

where Po(x) = 1, Py(x) = x, Palx) = 3 (52 = 1)
Py(x) = 3(58 = 3x), Pyx) = %{35«* — 3022 4 3)

Py(x) = 5 (635 — 70x* + 15%)

and
_(2m! n(n — l}
P9 = 3 [~ 2=
min — 1n — 2)n — 3)
+ 2421 — 20 = 3) X ‘]
then

N . (2n -2 -
Zi“” Prin — Niin = 201 o

rul)

Also
PA) =1 P=1) = (=1F Pyu(0) =0
Pal0) = (~1y L5 )

Finally, P,(x) = w is a solution of

P(x) = F(n + 1, = ]*i - %x) P ()

XXX. Special Products

(1105) If go = [ [ (1 = ¢2)
1

q =]_T[li1 + q%)
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Reference
= (1 — 2xh + k312 where |2xh — h?| < 1 Q. 302
= P,(x) where m = 2 or "= whichever is an integer

2 2
{1—z1}%—2x§+n[n+l}m=ﬂ Q. 34
_ i (n+Dn+2)...00+0(=m)l —n)...r —1—n)
et (rl?

x (% -3 Q. 312

L 7]

Then gog; = [ [ (1 — ¢7) where |g| < 1 A. 116
1

o
g2 = n[t + g*) wheren = 1,2, 3, etc.,
I
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Series No.

a =[]0 +q

gy = ﬁ[ (1 — g>1")

The four products gg, gy, g2, and g, are absolutely con-
vergent,
1

(I—g)l =g}l —¢)... ®
gog* =1 + 29+ 2¢* + 29° +...
gui=14+¢+g +g2+...qg°=0 4+ . o

For example,

?= 1 — 292 + 2g% — 29" + ...+ 2g™ 4+ ... o0
1

Gon=1-(@+¢)+@+q¢)—(@*+4¢¥)+... ©
42" = ¢3° + 16gq,*
gl =1 — 3¢2 + 5¢° — Tg'2 + 920 ...

XXXI. General Forms

< d{n)xn
(1106) Z (n+akn+b)...0n+ k)

If the degree of ¢(n) is less than that of the denominator,
resolve into partial fractions and use

i X - —x—«{%+x—2+...+f+lughu —x}}

1c'.l+4-r 2 a

See also No. (370).



GENERAL FORMS 217

Reference

§1929: = |

= (1 + g}l + g3}l + g% ...

Gogii =1 -2+ 24— 2¢° +... w0
@0 =1 =3¢ + 55— Tq12 4 9B — ..

B b g+ P +go+ g0 ..+ g2y o
LB ]

indices being alternately of the form %n{h + 1)

This can always be summed if convergent. C. 246
a, b, ... k are positive or negative, unequal integers and ¢(n) is
an integral function of n.

If degree of #(n) is greater than that of the denominator, it may
be written

X(m)x"
(n+an+8)...0n+k)

dm)xn +

where the degree of X(n) is less than that of the denominator and

2 f{m)xn
may be found by partial fractions and (370)
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Serles No.

= lﬁ:ﬂ}
(1107) Z (n+aln+b)...n+ k)

If in No. (1106) x = I, the series is not convergent
unless the degree of ¢(n) is less than the degree of
(n+ a)...(n + k)

< _ $(m)

(1108) Z[_l}" l[m +afn +b)...0n+ k)
If absolutely convergent, Sum 5,
If semi-convergent, Sum %,

In the above two, the series is absolutely convergent if
the degree of ¢(n) is less than (n + a@)...(n + k) by two
units, and semi-convergent if it is less than (n + a)...
{n + k) by one unit.

(1109) > ¢,(n};‘”; can be summed
. i

The identity can be established
()

Then > '#'{:I]"‘"
2, "l
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Reference
“'“’{%*%*%"‘m;‘,} C. 248
ani=  b—a)c—a)...(k-a)

where Z means the summation with respect to
abe.. .k

a,b,e...k, and a, b. .. k are positive and unequal integers,
and ¢(n) is an integral function of n

a, b... k are all positive integers and #(n) is an integral function
of n. C. 253

| 1 |
- ”‘Z kﬂ—a]{ﬂ—ﬂ_ N
T (& — alc — a)...(k — a)

. (= 1yd(~a)
=Sl 2 G-ac-a. G-

if ¢,(n) is an integral function of n of the rth degree C. 234
(and see Part 1, p. 107)

=Ag+ A+ Amln = 1) +.. . Ann = 1)...(n=r + 1)

o X < ! N
-A'u;m+ AIXZ{—“—H_ Iy +Azx1§1:{—”_ ITIMEE

xn-r
X

+"""'Z( —_—
= (Ag + A\x 4+ A;x2 4 ... A x)er



220 SUMMATION OF SERIES

Series No.
To determine the constants Ay, etc.,
divide ¢,(n) by n &.(n)
divide ¢,—q(n) by n — 1 (M)

$1()
(1110) " $,() uCy x"
(1]

The identity can be established as in (1109)
#.(n)
Then the general term in the series is

(1) G x7 + Ay fCrxn + Agn Coxm +. ..
+ Anln —1)...n=r+ 1) ,C,x"

Therefore
o o
z 'ﬁr{"’} l'lcl xR == AI] Z l'lcﬂ X"
[
=]
+ MAlxerCu—l x4 L.
1
+mim = 1)...0m = r + DAX Y pyCoy ¥
La
The constants Ag, etc., may be evaluated as in No. (1109).

S 4.0 mC,
{llll} {J‘I‘ + axn -+ ﬁ} ,.l‘:ﬂ' + k}

This can in general be reduced to

() piaComtn X
(m+ 1)(im+ 2)...0m + k)x*
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Reference

= $ea(nn + Ao
- l#’_z{‘ﬂxﬂ — I:l + A]
= An—r)+ A

where ¢.(n) is any integral function of n of the rth degree  C. 195

=Adg+ An+ Amln —1)+...+ Anln —1)...(n —r + 1)

= Ay O xn + mdyx 1 Cypy x771
+ m(m — 1)Apx? p2Cpp X" 2 4 ...
+mm=1)...(m=r + 1)Ax" , C,, X7

= Aol + xp" + mAyx(l + x)=1 +...
+m(m — 1)...(m — r + DAX(1 + xpmr

_ mAd;x  mim — 1)A4;x2
_{A“+l+x+ 1+ xp

+mm—=1)...(m-r+ l}ﬁ%r}ﬂ + X

+...

where a, b... k are unequal positive integers in ascending order
of magnitude,

where J{n) is an integral function of n viz. ¢,(n) multiplied by all

the factors which are not absorbed by ,+,C. 44 C. 19
L1
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Series No.

(1112) 3 a¢(x)

The series within the brackets stops at the ath difference
of ¢(x), supposing #(x) to be of the nth degree.

¢{x) is rational and integral

{1113) Sum of a series whose nth term is r times an integral
function of n of the Sth degree, such as

Z{agﬂ’ + a1 4., alm

Multiply by (1 — r)¥+1. For example,

(1 - r)ii[1=r+ 272 4 ... nr)
]

whence by addition
> (1% + 2272 + ... n?rv)

(1114t > u, (Approximate summation)

The constant K is to be determined in each case by
substituting a known value of x.

(1115) If the sum f{r) of a finite or infinite series
fir) = ag + ayr + axr* + ... is known, then
dg Cos X + ayrcos (x + 3) + agr?cos(x + 2y)...

agsin x + ayrsin{x + ¥) + ax?sin(x + 2y)...
1 For values of By*, sec No. (1129).
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Reference

= + —-—{nﬁ{x] W. 53

t ——— @ ”2 Ax(x)y — d dx). . }

where d¢(x) = #x + h) — $(x)

= 13 4 232 4 322 4 .., n¥pn
- 32 - 3220,
+ 3027 4.,
— 12r4 | = pipetd

_r+r—(n+ 1P 4 (202 + 20 — 1)rt3 — g2t
(I—rp

=K+ [u dr - %ux
B\* du, _ By* d*u, Bs*d'u,

W W dd TR A T 2Z 1

= 3 €en) + efre)

= - %{ﬂ"fﬂ!‘l‘"} — e~ xf(re-i")} T.81



224 SUMMATION OF SERIES

Series No.
(1116) Euler's Summation Formula

D) =f1) + f(2) +...+ f(x)

When f{x) is a rational algebraic fraction or a trans-
cendental function, this cannot necessarily be used, and
the right-hand side becomes an infinite series which may
not converge. (See Bromwich, Chap. XII, for a number
of applications of this summation.)

(1117)y If 1,1, 1,7, etc., are the magnitudes of the differences of
the discontinuities of the function and its various differential
coefficients at point a, and similarly for points b, then

—:?chsinna—%Zf;msna+:—32fa'sinm
+$Ef;msnﬂ—,._ o0
%2!,,:;05::::—%ZIﬂ’sinm—”—ng;msm

1 .
+,sz# sinma +... @

XXXII Double and Treble Series

> 2 S ()
mmggim;xﬁtrm
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Reference

= S0 dx 4+ 310) + 3, BSC) — i BaS ")+ A304

where f(x) is a polynomial and there is no term on the right-hand
side (in its final form) which is not divisible by x.

= -rrﬂ‘d
{Fourier's nth harmonic amplitudes)
= nbh, X. 57
1 [ 1 [2= .
where g, = = j fiycosntdr and &, = -I J(r) sin nr dt
ki (1] T 0

i
andﬂ:‘.i=T“+alms:+a;ms2:+a3cm3t +...

+bysint + bosin 2t + bysin 3 +. ..

=ﬁ where — 2 < x < | A, 194

=ﬁ where — 3 < x < | A 194
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(1121) Z

rm] g

(@s — 1)+

o L]

M2 > >

rm] ge]

Li
[] 125} - [.--F A= = f{x - me - "}]

iy S [ ]

me = pni

]

+ @ l
(1127) __z_m Z (m? + a?)(n? + b?)

XXXII. Bernoulli’s Functions
(1128) Bernoulli Functions.

Values of ¢,(x)
$alx)
See also No. (1129).
T See No. (1128) for values of ¢a(y).
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Reference
|
- m A, 194
== — zlogh?2 A. 194
g T3
m
-3 A. 194
= logh 2 A. 194
1
= i |Og|'|. 2 ﬁ. |9‘4
= — a2 all values m = n are excluded AL 225

ﬂ"[%{#z(}')'—*f’z[-’f}}‘*i{f_%)] omit m = n A. 391

=0 if x=p whereﬂ&:y{xéz

2
- :—bcuth ma coth =b Q. 136

o %x" - n{nz-T ”le-—-" __nin — ”(H,;T 2%n — jlﬂix*"'

o ) ) AL 300
terminating either in x or x2,
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Series No.
Therefore
¢ix) = x
dalx) = x — x
y(x) = x3 — %xz % %x

FalX) = x4 — 2x3 + x2

$s(x) = x5 —;r'+ ;::3 - lx

6
Pel(x) = x8 — 3x5 +§x4—£x2
2 2

$ox + 1) = $yfx) = nx1
dodx + 1) = x2 + x
etc.

This function is related to that in No. (1135) by
nB(x) = $ux).

(1129) Bernoulli’s numbers can be calculated from the expression
22 [ 1 1 1
W{l—h'l-z?ﬂ-l-ﬁ-l- Cﬂ}

A similar confusion arises in the case of Euler’s numbers,
No. (1131). Some authorities, for the same value of n,
quote the values of B,, and others B,,—;. In the tables
following and in this book B, values are used.

For example, in AC. 42, A. 297, C. 231 and AE. 3, etc.

1
6
whereas in Y. 503, etc.

By B, = lmr By = lr elc.

42

Bl. . %" .B],- =

where B, = B, *.
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Reference
#:(x) i the coefficient of 7,/n! i the expansion of 1 £~ A. 300
C. 231
C. 363
2(2n)! { 1 1 1 }

= e 1T Tttt @ A 297

1 - 2 a | |2n In In
/‘)E {1 = (3)*K2=) 3 5 A 297

B, = By,*

—‘-Hj_%

VL M

2m>1 » my( [ \}
20zt (1) __\_+_\_
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Extract from British Association Report, 1877 (Adams)

Table of Bernoulli's Numbers expressed in Vulgar Fractions

MNumerator By= -1 Denominator MNo.
1 6 1

1 30 2

1 42 3

1 30 4

5 66 5

691 2730 6

7 6 7

3617 510 B

43867 798 9

1 74611 33 10

B 54513 138 11

2363 64091 2730 12

85 53103 6 13

2 37494 61029 870 14

B61 58412 76005 14322 15

770 93210 41217 510 16

257 76878 58367 6 17

26315 27155 30534 77373 1919190 18

2 92999 39138 41559 6 19

2 61082 71849 64491 22051 13530 20

15 20097 64391 80708 02691 1806 21

278 33269 57930 10242 35023 690 22
5964 51111 59391 21632 77961 282 23
560 94033 68997 81768 62491 27547 46410 24
49 50572 05241 07964 82124 77525 66 25
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Table of Bernoulli's Numbers expressed in Integers and Repeating

Decimals
Mo
[ 016
I 2 — 0.0
e 3 0.04380 95
4 — 0.0}
(2‘ 5 iTirht
= & — 028311 38
{1 1L1&
(= & — TOA215 68627 43098 03
J‘ < $4.97117 79448 62155 3884
2.0 — 529,134
%I 1 6192.1231% B4057 97101 44527 536
12 — 8658025311 3%
|13 142551716
Al ~—— 2729823106781 60919 54022 98BS0 57471 2643
S8 6015 B08T3 90064 23683 £4303 B6817 48359 16771 4
(&8 —— 151163 15767.04215 68627 45098 03
| 17 42 96146 43061.16
| € s 1371 16552 05088, 35277 21590 67948 5618
{19 48833 23169 7355316
[ —— 19 29657 93419 S0068. 14863 26681 4
w21 841 69304 75736 8261 5.00055 17008 S6035 43743 0THE2 67995 $7032 11517 163
1.2 403K OTI8S 40504 55413,00681 | 5042 02898 55072 463

LG 23 211507486380 81991 60560.14539 00709 21985 81560 28368 79432 62411 34751 77304 96
L0 24 1208 66265 22296 52593 46027.31193 70625 25317 81943 54664 94290 02370 17884 07670 7606
] __ 25 75008 66746 0769 43668 35720075

In the ** Report of the British Association for the Advancement
of Science, 1877, page 10, etc., Bernoulli's numbers are calcu-
lated up to n = 62. Further, the method by which they are
calculated is also described.
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Series No.
Values of Constants used in Series Nos. (305) to (318)
(1130}
n 0 1 2 3 4 5
B8, -1 1/6 1/30 1/42 1/30 5/66
o, 0 1 1 3 17 155
B, 1 1/3 | 7/15) 31421 127/15 2555/33
. | O 1 2 13 164 3355
B, 2 1 13/5 | 12147 1093/5 49205/11
@ =1 1| 91/5 | 3751/7 | 138811/5 | 251 43755/11
[ 0 1 13 363 18581 15 25355
Tn 0 1 14 403 20828 17 14405
a, 0 1 10 273 13940 11 44055
E, {l 1 1 2 5 16
E®*| L1* 1* 5* 61* 1385+ 50521*
R, | 1 7 305 (33367 6815585 | 22374 23527
S, 1 5 205 |22265 4544185 14916 32525
I, 1/2 1/3 1 7 809/9 1847
H,| 32| 3 13 903 46113 37 84503
J, 2 10/3 | 34 210 4 15826/9 37 86350
T, 0 1 23 1681 257543 676 37281
P, 1 3 57 2763 250737 365 81523
Q.| 0 1 11 361 24611 28 73041

For the theory of Bernoulli polynomials, etc., including
very many practically useful recurrence formulae, see
Glaisher 1898a, ¢, and Lehmer 1935, 1936.

The numbers B,, I,, T, P, and Q, are fundamental
and are not expressible simply in terms of the others. It
is to be noted that the odd Eulerian numbers are not

calculable directly and are fundamental.

Differential Calculus, p. 502.
See No. (1131) for explanation of E, and E.*.

See Edwards
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Reference

AC 42
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Series No.

Q,
See No. (330) for g,.

% For a connection between Bax i('],m,.m No. (1142).
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Reference

= (2 — 1)B, AC. 41, 42, and 48
3

= 1{32" — 1)B,
= (3% - 3)B,
- % (@2 — 2)(3n — 3)B,
- %[pn — 2)(3 - 1)B,
= 1@ - 13 - 3B,
= 3@ — (3 - DB,
= @41 4 1),
= 22 + 1),
- H, + 1,
- {—1}m41n+13m.(%)1 AE. 51
- {-—l}ﬂl{.ﬁhﬂgzﬂl(é) - 32a+131_+](;-)} AE. 51
= {_j}ugz-usm,(%] AE. 51
=(—]}”+]ﬁh113m|(é) .ALE._ 51
= DMES — ()2 2E, (b (— )2, 2E, + (—1yEo*
= %[{_ 1}|+1E=||+'|Eh+l (%) —_ E.'] . AE. 62

=2 on- 1]1(;)1" AE. 64



(1131)

(1132)

SUMMATION OF SERIES

T,

Euler’s Numbers are calculated from the equation

2(2n)! G)zﬂu {gz}uﬂ - 31}+1 + 51:+: —--- a::-}
= 2(2n)! (i)z"' 1+ _,%)(1 - 51_—]“)(1 + ?—Jﬂ]

In the list below of Euler's numbers odd values of E,
have been included for completeness. These have some-
times been called “Prepared Bernoulli Numbers,” and
have been omitted from many lists, and only the even
numbers included. This has led to confusion because
in some cases the even numbers were then called * Euler’'s
Numbers E_."

In 2Z. 243 and Y. 501 Eulers’ numbers are as shown in
the long list below; but in AE., AC. 42, T. 141, and
C. 342 and 365, the numbers are shown as E* where
E\* = E,

n=0 12 3 4 5
E*=1 1 5 61 1385 50521 etc

and throughout this collection E, and E,* have been used
to distinguish between them.

Ei=1 E=1 Ey,=2 Eqy=5 Es =16
Eg=061 E,=272 E;,= 1385 E,=7936 E;,= 50521
Euler’s Constant

C = 0.57721 56649 01532 86060. . .
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Reference
- %{3=~+' + DE® AC. 50
- %{32.- + DE* AC. 50
1S, = 2R, + E*
6
243 (2n — |}'( ) AE. 75
C. 342
C. 365
Y. 502
= E* =E,
L ]

Ej; = 2702765 E;q = 199360981 E;¢ = 19391512145

Ejg = 240 48796 75441 E,, = 37037 11882 37525
2Z. 245

2Z. 87
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Series No.
(1133) Sum of Power Series
1 1 1
I“-F+2-+F+"' = 2]
Values of 8, to sixteen places of decimals are given in the
table.

=

&, to sixteen places of decimals

0.57721 56649 01532 860 og o (Euler’'s Const. + o)
1.64493 40668 48226 4
1.20205 69031 59594 3
1.08232 32337 11138 2
1.03692 77551 433700
1.01734 30619 84449 |
1.00834 92773 81922 7
1.00407 73561 97944 3
100200 83928 26082 2
10 | 1.00099 45751 27818 0

11 | 1.00049 41886 04119 4 ) )
12 | 1.00024 60865 53308 0 The sixteenth decimal place is

13 | 1.00012 2713347578 5 not always the sixteenth occur-
14 | 1.00006 12481 35058 7  ring, but the nearest in consider-
15 | 1.00003 05882 363070  ation of terms to follow, e.g. C
16 | 1.00001 52822 59408 ¢ has for its 16th, 17th, etc....
17 | 1.00000 76371 976379  figures 8606.. ..

18 | 1.00000 38172932650 Log, 10 = 2,30258 50929

WO00 =) SR LA L b =

19 | 1.00000 19082 12716 6 94045 6840, . .
20 | 1.00000 09539 62033 9 .

. Euler’s Conf. = C = 0.57721
21 | 1.00000 04769 32986 8 56649 01532 8606. . .

22 | 1.00000 02384 50502 7
23 | 1.00000 01192 19926 0
24 | 1.00000 00596 08189 1
25 | 1.00000 00298 03503 5
26 | 1.00000 00149 01554 8
27 | 1.00000 00074 50711 8

o= 0.43429 44819. ..
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Reference

2Z. 144
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Series No.
n 8, to sixteen places of decimals

1.00000 00037 25334 0
1.00000 00018 62659 7
1.00000 00009 31327 4
31 | 1.00000 00004 65662 9
32 | 1.00000 D00O2 32831 2
33 | 1.00000 00001 16415 5
34 | 1.00000 DO0O0O 58207 7
35 | 1.00000 00000 29103 8

EB8

Relations between Bernoulli’s Numbers
(1134) 171 4 221 4 31 4 | (x — 1!

1 =1
2 2!

_n= 'H"; D=3 pws 4 ..

The last term is

The last term is
(1136) Bysi(1 — x)

Byl — x)

B,(0)

B.(1)

(1137) By(x) — (n - I}xﬂ,-;{x] + (n = 1)2%2B,5(x)

o (= 1y 2xm2By(x) + (— 1ytan

), = n(n—l}{n—Z} {n—=r+1)

(1138) 120 4 220 4 320 4, (1:}?1-
120 4 32 4., (2x — 1)
200 4 420 4 4 (2x)n
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= B,(x) where x is a positive integer

= E,.(.I}

(=1 ® 35— Bu2-1x?  where n is even

{_1}{"_1”13(,—1);11 where n 15 odd

== Blll:-' x}

(g

= By q(2x + 1)
= Byps(2x + 1) — 2228y, 4(x + 1)
= 13-"32.4.1{.‘: + l]

243

Reference

AE. 8
A. 304

AE.7
AE. 4

AE. 11

AE. 15
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Series No.
(1139) nA(x)

Azlx)
Al = x)
Azi1(0)
A3 (0)
(1140) k is a positive integer

B,(x) + B,,(x + ,—lc) +... B,,(.r B ‘)
(1141) 3,(%) + 3,(?—;) +.. 3_(“—;—1)

(14 Bug)
5:(3)
3)
5:(3)
Bae(75)

(s
pun(l) -5

=]
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Reference

= X — % nxl 4 () By et — (n)yByxm4, etc., the series being
continued so long as the exponents are not negative AE. 19

= By(x) + (— 1y % _ AE. 18 and 20
= (—1)r4,(x)
= Apn(1) = 0

= All) = (- 122

- FI'-_I B,(kx) where nis odd AE. 9
L g Lk =1 By .
= (kx) + (= 1) where n is even
= 0 where nis odd AE. 9
= (=12 "’l;ll B;” where n is even
1 1 1 B,
={—1;-{l + 351 + 33 -am}m AE. 43
1 1 \ B
- (=1 {2 + oy - .pr—:}ﬁ AE. 31
n
- (- 1}-332,[’% AE. 36
~ (-t i AE. 26
1
-5(1+ ) Biun(3) + 53w Bove(g) AE. 74

I I
= azm(ﬁ) AE. 63
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Series No.
|
Bz"'”(i)

Gant1 g (1) 32418 (])

2kl E = ntl j

5 )

(n + 14418y,0.5)
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Reference
I i
e Bl
= (~1)p+1H, AE. 51
I E*
= 42#1(3) = (=" AE. 31
[\ _ (=1
- Az-+1(§) =S, AE. 35
!
- Az_ﬂ(i) ~0 AE. 26
1
- - 3,,4.(3) AE. 63
1, (1
= g Adg) AE. 77
! I
1 1\ B, I
=“”"{F_F E—Ah(j) AE. 42
! 1 \ B
= (—1) {ZEH it AE. 31
B
={—1]~{1—_,% = AE. 36
=(=1p %T._] %‘ AE. 26
= =1+ @+ 1081 - 3) B, AE. 57

— @+ 1).4‘(1 . %) B,

oot (1m0 + a1 - 555) B,
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Series No.
@ + 1611By(3)

The derivation of some of these numbers is from such

series as No. (576) and No. (577) by putting 6 = 3+ 3

etc.; but the original article in AE. should be consulted for
a full description of the derivation.

(1143) %{Iu ;‘T a? + :f . m}
(1144) 31, = @)lyey + CMilyes + ...
+ (= 1)y~ (2n) 1y + (=10,
(1145) E,* — (2n);E,* + (2n)Ey2* +. ..
+ (= 1120 Ey* + (= 1PE*
In No. (1142), see No. (1130) for values of I, E*, and H.
n, is the binomial coefficient

nn—=1)...(n—r+1)
r!

—

| -

(1146) 2232(%

ok ==
-h-!""

'-..._--=-.--'=---"
|
b3 =

2434(

1) .
2

288y

®li=

2B,(3) =
(

Bad ] =
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- =1+ + 1}251(1 —%)s,
— @+ 1}415*(1 - 2!-_.,) B,

4ot (=120 + l]ﬁz'(l - 2—,!,;-,) B,

1

“Ttet+ten
=0
=0
I 1
2 =) = - =
2.42(2 i
N 7
4 - = =
2443) =
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Reference
AE. 51

AE. 37

AE. 37

AE. 37

AE. 26
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s - -
safj) -
SRS
) -
() -
afl)-3
onll)--3
“nfl)-
5)-3
)= -
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oafl) -
sl - %
enfl)- -4
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Reference

AE. 36

AE. 31

AE. 61

AE. 61






A CATALOGUE OF SELECTED DOVER BOOKS
IN ALL FIELDS OF INTEREST




A CATALOGUE OF SELECTED DOVER BOOKS
IN ALL FIELDS OF INTEREST

WaHaT s Soience?, N, Camphell
The role of experiment and measurement, the function of mathematics, the
nature of scientific laws, the difference hetween laws and theories, the limita-
tions of science, and many similarly provocative topics are treated clearly and
without technicalities by an eminent scientist. "Still an excellent introduction
to scientific philosophy,” H. Margenau in Physics Today. “A first-rate primer
. . dleserves a wide audience,” Srientific American. 192pp. 5% X 8.
60043-2 Paperbound $1.25

THeE Nature ofF LicHT ase Corouvr ix vie Ores Aie, M. Minnaert
Why are shadows sometimes blue, sometimes green, or other colors depending
on the light and surroundings? What causes mirages? Why do multiple suns
and moons appear in the sky? Professor Minnaert explains these unusual
phenomena and hundreds of others in simple, easy-to-understand terms hased
on optical laws and the properties of light and color. No mathematics is
required hut artists, scientists, students, and everyone fascinated hy these
“tricks” of nature will find thousands of useful and amazing pieces of informa-
tion, Hundreds of ohservational experiments are suggested which require no
special equipment. 2oo illustrations; 42 photos, xvi 4 362pp. 534 x B

20196-1 Paperbound Sz.on

THE STRANGE STORY OF THE QUANTUM, AN ACCOUNT FOR THE GENERAL

Reaper oF THE GrowTH of [oeas UspkrLyine Our PRESENT AToMmic

KxnowLEpcE, B, Hoffmann
Presents lucidly and expertly, with harest amount of mathematics, the prob-
lems and theories which led to modern quantum physics. Dr. Holfmann begins
with the closing years of the 1gth century, when certain trifling discrepancies
were noticed, and with illuminating analogics and examples takes you through
the brilliant concepts of Planck, Einstein, Pauli, Broglie, Bohr, Schroedinger,
Heisenberg, Dirac, Sommerfeld, Feynman, ete. This edition includes a new,
long postscript carrying the story through 1958, “Of the hooks attempting an
account of the history and contents of our modern atomic physics which have
come to my attention, this is the bhest,” H. Margenau, Yale I:nh-er.nilf.‘ in
American Jowrnal of Physics. g2 tables and line illustrations, Iodex, 275
6% x A 20518-5 PFaperbound Sg.oo

GreAT Ioeas oF Moorry Matnesatics: Tueik Nature ane Usk,

Jagijit Singh
Reader with only high school math will understand main mathematical ideas
of modern physics, astronomy, genetics, psychology, evolution, etc. hetter than
many who use them as tools, but comprehend livle of their hasic structure.
Author uses his wide knowledge of non-mathematical fields in Lrilliant ex-
position of differential equations, matrices, group theory, logic, statistics,
problems of mathematical foundations, imaginary numbers, vectors, etc.
Original publication. 2 appendixes. 2 indexes. fi5 ills. gzepp. 534 x A

20687-8 IFaperbound Sg.25
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THe Music oF THE SPHERES: THE MatTerial Universe — From AToM
1o Quasar, StMrLy EXPLAINED, Guy Murchie
Vast compendium of fact, modern concept and theory, ohserved and calculated
data, historical hackground guides intelligent layman through the material
universe. Brilliant exposition of earth’s eonstruction, explanations for moon's
craters, atmospheric components of Venus and Mars (with data from recent
fly-by's), sun spots, sequences of star birth and death, neighboring galaxies,
contributions of Galileo, Tycho Brahe, Kepler, etc.; and (Vol. 2) construction
of the atom (describing newly discovered sigma and xi subatomic particles),
theories of sound, color and light, space and time, including relativity theory,
gquantum theory, wave theory, probability theory, work of Newton, Maxwell,
Faraday, Einstein, de Broglie, etc. “Best presentation yet offered to the in-
telligent general reader,” Saturday Review. Revised (1g87). Index. $ig illus-
trations by the author. Total of xx 4 644pp. 534 x 814
21809-0, 21810-4 Two volume set, paperbound §5.00

Four LECTURES oN RELATIVITY ANp SPace, Charles Proteus Steinmel:z
Lecture series, given by great mathematician and electrical engineer, generally
considered one of the best popular-level expositions of special and general
relativity theories and related guestions. Steinmetz translates complex mathe-
matical reasoning into language accessible to laymen through analogy, example
and comparison. Among topics covered are telativity of motion, location, time;
of mass; acceleration; 4-dimensional time-space; geometry of the gravitational
field; curvature and bending of space; non-Euclidean geometry, Index. 40
illustrations, x 4 142pp. B34 x 814, 61771-8 Paperbound $1.35

How To Knvow THE WiLe FLowers, Mrs. William Starr Dana
Classic nature book that has introduced thousands to wonders of American
wild flowers. Color-season principle of organization is easy o use, even by
those with no botanical training, and the genial, refreshing discussions of
history, folklore, uses of over 1,000 native and escape flowers, foliage plants
are informative as well as fun to read. Over 150 full-page plates, collected from
several editions, may be colored in to make permanent records of finds. Revised
to conform with 1950 edition of Gray's Manual of Botany. xlii 4 438pp.
54 x BLg. 20532-8 Paperbound $z2.50

MANUAL oF THE TREES oF NORTH AMERICA, Charles Sprague Sargent
Still unsurpassed as most comprehensive, reliable study of North American
tree characteristics, precise locations and distribution. By dean of American
dendrologists. Every tree native to US., Canada, Alaska; 185 genera, 717 species,
described in detail—leaves, Aowers, fruit, winterbuds, bark, wood, growth
hahits, etc. plus discussion of varieties and local variants, immaturity variations,
Over 100 keys, including unusual 11-page analytical key to genera, aid in
identification. 789 clear illustrations of fowers, fruit, leaves. An unmatched
permanent reference work for all nature lovers. Second enlarged (1926) edition.
Synopsis of families. Analytical key to genera. Glossary of technical terms.
Index. g8% illustrations, 1 map, Total of gRzpp. 534 x &

20277-1, 20278-X Two volume sel, paperbound $6.00
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Turee Sciesce FicTion NoOvVELS,

John Taine
Acknowledged by many as the best 5F writer of the 1gzo's, Taine (under the
name Eric Temple Bell) was also a Professor of Mathematics of considerable
renown, Reprinted here are The Time Stream, generally considered Taine's
hest, The Greatest Game, a biological-fiction novel, and The Purple Sapphire,
involving a supercivilization of the past. Taine's stories tie fantastic narratives
to frameworks of original and logical scientific concepts, Speculation is often
profound on such questions as the nature of time, concept of entropy, eyclical
universes, eic. 4 contemporary illustrations. v 4 532pp. 5% x 834,

21180-0 Paperbound $2.50

SEvEN SciEncE Ficmion Novels,
H. G. Wells
Full unabridged texts of 7 science-fiction novels of the master. Ranging from
hiology, physics, chemistry, astronomy, to sociology and other studies, Mr.
Woells extrapolates whole worlds of strange and intriguing character. “One
will have to go far to match this for entertainment, excitement, and sheer
pleasure . . “New York Times. Contents: The Time Machine, The Island of
Dr. Moreau, The First Men in the Moon, The Invisible Man, The War of the
Worlds, The Food of the Gods, In The Davs of the Comet. 1o15pp. 58 x 8.
20264-X Clothbound §5.00

28 Science Fictiown Stomies oF H. G. WeLLs.
Two full, unabridged novels, Men Like Gods and Star Begotten, plus 26 short
stories by the master science-fiction writer of all time! Stories of space, time,
invention, exploration, futuristic adventure. Partial contents: The Country of
the Blind, In the Abyss, The Crystal Egg, The Man Who Could Work Miracles,
A Story of Days to Come, The Empire of the Ants, The Magic Shop, The
Valley of the Spiders, A Story of the Stone Age, Under the Knife, Sea Raiders,
etc. An indispensable collection for the library of :n}nne interested in science
fiction adventure, g28pp. 5% x 8. 20265-8 Clothbound $5.00

THREE MARTIAN NOVELS,
Edgar Rice Burroughs
Complete, unabridged reprinting, in one volume, of Thuvia, Maid of Mars;
Chessmen of Mars; The Master Mind of Mars. Hours of science-fiction adven-
ture by a modern master storyteller, Reset in large clear type for easy reading.
16 illustrations by J. Allen 5t John. vi 4 4gopp. 534 x 814
20039-6 Paperbound $z.50

AN INTELLECTUAL AND CuLTURAL HisTorRY oF THE WEsSTERN WoORLD,

Harry Elmer Barnes
Monumental g-volume survey of intellectual development of Europe from
primitive cultures to the present day. Every significant product of human
intellect traced through history: art, literature, mathematics, physical sciences,
medicine, music, technology, social sciences, religions, jurisprudence, education,
ete. Presentation is lucid and specific, analyzing in detail specific discoveries,
theories, literary works, and so on. Revised (1985} by recognized scholars in
specialized ficlds under the direction of Prof. Barnes. Revised bibliography.
Indexes, 24 illustrations, Total of xxix 4 19:18pp.

21275-0, 21276-9, 21277-7 Three volume set, paperbound §a25
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THE METHGDS oF ETHIcS, Henry Sidgwick

Propounding no organized system of its own, study subjects every major
methodological approach to ethics to rigorous, objective analysis. Study dis-
cusses and relates ethical thought of Plate, Aristotle, Bentham, Clarke, Butler,
Hohbes, Hume, Mill, Spencer, Kant, and dozens of others. Sidgwick retains
conclusions from each system which follow from ethical premises, rejecting
the faulty. Considered by many in the field to he among the most important
treatises on cthical philosophy. Appendix, Index. xlvii 4- 528pp. 5% x Blg.

21608-X Paperbound §2.50

Trurosic MyTHoLocy, Jakob Grimm

A milestone in Western culture; the work which established on a modern
hasis the study of history of religions and comparative religions. 4-volume
work assembles and interprets everything available on religious and folk-
loristic beliefs of Germanic people (including Scandinavians, Anglo-Saxons,
etc.). Assembling material from such sources as Tacitus, surviving Old Norse
and Ieelandic texts, archeclogical remains, folkiales, surviving superstitions,
comparative traditions, linguistic analysis, etc. Grimm explores pagan deities,
heroes, folklore of nature, religious practices, and every other area of pagan
German helicf. To this day, the unrivaled, definitive, exhaustive study. Trans-
lated by J. 5. Stallybrass from gth (188g) German edition. Indexes. Total of
Ixxvii 4 1887pp. 5% x Big.

21602-0, 21603-9, 21604.7, 21605-5 Four vilume set, paperbound $11.00

THE 1 Coing, translated by James Legge

Called “The Book of Changes” in English, this is one of the Five Classics
edited by Confucius, basic and central to Chinese thought. Explains perhaps
the most complex system of divination known, founded on the theory that all
things happening at any one time have characteristic features which can he
isolated and related, Significant in Oriental studies, in history of religions and
philosophy, and also’io Jungian psychoanalysis and other areas of modern
European thought. Index. Appendixes. 6 plates. xxi 4 448pp. 53§ x H14.

21062-6 Paperbound $z.75

History oF ANCIENT PHiLosordy, W, Windelband
One of the clearest, most accurate comprehensive surveys of Greek and Roman
philosophy. Discusses ancient philosophy in general, intellectual life in Greece
in the sth and 6th centuries B.C., Thales, Anaximander, Anaximenes, Herac-
litus, the Eleatics, Empedocles, Anaxagoras, Leucippus, the Pythagoreans, the
Sophists, Socrates, Democritus (20 pages), Plato (go pages), Aristotle (70 pages),
the Peripatetics, Stoics, Epicureans, Sceptics, Neo-platonists, Christian Apolo-
gists, etc. and German edition translated by H. E. Cushman. xv 4 303pp.
534 x B, 20357-3 Paperbound $z.25

THE Parace oF Preasure, William Painter

Elizabethan versions of Italian and French novels from The Decameron,
Cinthio, Straparola, Queen Margaret of Navarre, and other continental sources
— the very work that provided Shakespeare and dozens of his contemporaries
with many of their plots and sub-plots and, therefore, justly considered one of
the most influential books in all English literature. It is also a hook that any
reader will still enjoy. Total of cviii 4. 1.224pp.

21601-8, 21692-6, 216934 Three volume set, paperbound $6.75
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HEAR ME TALKIN' TO YA, edited by Nat Shapiro and Nat Henloff
In their own words, Louwis Armstrong, King Oliver, Fletcher Henderson, Bunk
Johnson, Bix Beiderbecke, Billy Holiday, Fats Waller, Jelly Roll Morton,
Duke Ellington, and many others comment on the origing of jazzr in New
Orleans and its growth in Chicago’s South Side, Kansas City's jam sessions,
Depression Harlem, and the modernism of the West Coast schools. Taken
from taped conversations, letters, magazine articles, other first-hand sources.
Editers' introduction, xvi 4 420pp. 5% % B4, 21726-4 Paperbound $2.00

THE JournaL of HExey D. THOREAU
A zx-year record by the great American observer and critic, as complete a
record of a great man’s inner life as is anywhere available. Thoreau's Journals
served him as raw material for his formal pieces, as a place where he could
develop his ideas, as an outlet for his interests in wild life and plants, in
writing as an art, in classics of literature, Walt Whitman and other con-
temporaries, in politics, slavery, individual’s relation to the State, etc. The
Journals present a portrait of a remarkable man, and are an observant social
history. Unabridged republication of 1gof edition, Bradford Torrey and
Francis H. Allen, editors, Tllustrations. Total of 1388pp. Bag x 1214,
20512-3, 20813-1 Two volume set. clothbound $30.00

A SHARKESPEARIAN GrAMMAR, E. A. Abbott
Basic reference to Shakespeare and his contemporaries, explaining through
thousands of quotations from Shakespeare, Jonson, Beaumont and Fletcher,
Morth's Plutarch and other sources the grammatical usage differing from the
modern. First published in 1870 and written by a scholar who spent much of
his life isolating principles of Elizabethan language, the book is unlikely ever
to be superseded. Indexes. xxiv <4 511pp. 53 % 814, 21582-2 Paperbound §3.00

FolLk-LoRE oF SHAKESPEARE, T, F. Thistelton Dyer

Classic study, drawing from Shakespeare a large body of references to super-
natural beliefs, terminology of falconry and hunting, games and sporis, good
luck charms, marriage customs, folk medicines, superstitions about plants,
animals, hirds, argot of the underworld, sexual slang of London, proverbs,
drinking customs, weather lore, and much else. From full compilation comes
a mirror of the 1yth-century popular mind. Index. ix 4 se6pp. 534 x 814,

21614-4 Paperbound $z.75

THE NEw VArIORUM SHAKESPEARE, edited by H. H. Furness
By far the richest editions of the plays ever produced in any country or
language. Each volume contains complete text (usually First Folio) of the
play, all variants in Quarto and other Folio texts, editorial changes by every
major editor to Furness's own time [1goo), footnotes to obscure references or
language, extensive quotes from literature of Shakespearian eriticism, essays
on plot sources (often reprinting sources in full), and much more,

HamMLET, edited by H. H. Furness
Total of xxvi 4 gospp. 5% x Big.
21004-9, 21005-7 I'we volume set, paperbound $ga5
TweLFTH NiHT, edited by H. H. Furness
Index. xxii 4 434pp. 53 x Bl4. 21189-4 Paperbound §2.75
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La BoHEME BY GiacoMo PuccIni,

translated and introduced by Ellen H. Bleiler
Complete handbook for the operagoer, with everything needed for full enjoy-
ment except the musical score itself, Complete Italian lihretto, with new,
modern English line-by-line translation—the only libretto printing all repeats;
hiography of Puccini; the librettists; background to the opera, Murger’s La
Boheme, etc.; circumstances of composition and performances; plot summary;
and pictorial section of 73 illustrations showing Puccini, famous singers and
performances, etc, Large clear type for easy reading. 124pp. 5% x 814

20404-9 Paperbound $i1.25

AnTonio Strapivarn: His LiFe ano Work (1644-1737),

W. Henry Hill, Arthur F. Hill, and Alfred E. Hill
Still the only book that really delves into life and art of the incomparable
Italian craftsman, maker of the finest musical instruments in the world oday,
The authors, expert violin-makers themselves, discuss Stradivari's ancestry, his
construction and finishing technigues, distinguished characteristics of many
of his instruments and their locations. Included, oo, is story of introduction
of his instruments into France, England, first revelation of their supreme
merit, and information on his labels, number of instruments made, prices,
mystery of ingredients of his varnish, tone of pre-1684 Stradivari violin and
changes between 1684 and 16go. An extremely interesting, informative account
for all music lovers, from craftsman to concert-goer. Republication of original
(1goz) edition. New introduction by Sydney Beck, Head of Rare Book and
Manuscript Collections, Music Division, New York Public Library. Analytical
index by Rembert Wurlitzer, Appendixes. 68 illustrations. go full-page plates.
4 in color. xxvi 4 15pp. 5% x B14. 20425-1 Paperbound $z.25

MusiCAL AUTOGRAPHS FROM MONTEVERD! To HINODEMITH,

Emanuel Winternitz
For beauty, for intrinsic interest, for perspective on-the compoeser’s personality,
for subtleties of phrasing, shading, emphasis indicated in the autograph but
suppressed in the printed score, the mss, of musical composition are fascinating
documents which repay close study in many different ways. This z-volume
work reprints fagsimiles of mss. by virtually every major composer, and many
minor figures—igh examples in all. A full text points out what can be learned
from mss., analyzes each sample. Index. Bibliography. 18 figures. 196 plates.
Total of 150pp. of text. 794 x 1034,

21312-9,21313.7 Two volume set, paperbound $5.00

J. 5. BacH,

Albert Schweitzer
One of the few great full-length studies of Bach's life and work, and the
study upon which Schweitzer's renown as a musicologist rests, On first appear-
ance (1911}, revolutionized Bach performance, The only writer on Bach to
be musicologist, performing musician, and student of history, theology and
philosophy, Schweitzer contributes particularly full sections on histery of Ger-
man Protestant church music, theories on motivic pictorial representations
in wvocal music, and practical suggestions for performance. Translated by
Ernest Newman. Indexes. 5 illustrations, 650 musical examples. Total of xix
+ ozBpp. 53 x B4, 21631-4, 21632-2 Two volume set, paperbound $4.50
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THE PRINCIFLES OF PSYCHOLOGY,

William James
The full long-course, unabridged, of one of the great classics of Western
literature and science. Wonderfully lucid descriptions of human mental
activity, the stream of thought, consciousness, time perception, memory, imag-
ination, emotions, reason, abnormal phenomena, and similar topics. Original
contributions are integrated with the work of such men as Berkeley, Rinet,
Mills, Darwin, Hume, Kant, Royce, Schopenhauer, Spinoza, Locke, Descartes,
Galton, Wundt, Lotze, Herbart, Fechner, and scores of others. All contrasting
interpretations of mental phenomena are examined in detail—introspective
analysis, philosophical interpretation, and experimental research. “A classic,”
Journal of Consulting Psychology, “The main lines are as valid as ever,”
Psychoanalytical Quarterly. “Standard reading ...a classic of interpretation,”
Psychiatric Quarterly. gy illustrations. 1408pp. 584 x 8.

20381-6, 20382-4 1'wn volume set, paperhound $6.00

VisvaL [LLusions: THEIR CAUSES, CHARACTERISTICS AND APPLICATIONS,

M. Luckiesh
“Seeing is deceiving.” asserts the author of this introduction to virtually every
type of optical illusion known. The text both describes and explains the
principles involved in color illusions, figure-ground, distance illusions, etc.
100 photographs, drawings and diagrams prove how easy it is to fool the sense:
circles that aren't round, parallel lines that seem to bend, stationary figures that
seem to move as you stare at them — illustration after illustration strains our
credulity at what we see. Fascinating book from many points of view, from
applications for artists, in camouflage, etc. to the psychology of vision. New
introduction by William Ittleson, Dept. of Psvchology, Queens College. Index.
Bibliography. xxi 4 252pp. 5% X 814. 21530-X Paperbound $1.50

Faps anb FALLACIES IN THE NAME OF SCIENCE,

Martin Gardner
‘This is the standard account of various cults, quack systems, and delusions
which have masqueraded as science: hollow earth fanatics. Reich and orgone
sex energy, dianctics, Atlantis, multiple moons, Forteanism, flying saucers,
medical fallacies like iridiagnosis, zone therapy, etc. A new chapter has been
added on Bridey Murphy, psionics, and other recent manifestations in this
field. This is a fair, reasoned appraisal of eccentric theory which provides
excellent inoculation against cleverly masked nonsense, “Should be read by
everyone, scientist and non-scientist alike,” R, T. Birge, Prof. Emeritus of
Physics, Univ. of California; Former President, American Physical Society.
Index. x 4 365pp. 534 x 8. 203%4-8 Paperbound $z.00

ILLusions aND DELUSIONS OF THE SUPERNATURAL AND THE OccuLT,

D. H. Rawcliffe
Holds up to rational examination hundreds of persistent delusions including
crystal gazing, automatic writing, table turning, mediumistic trances, mental
healing, stigmata, lycanthropy, live burial, the Indian Rope Trick, spiritualism,
dowsing, telepathy, clairvoyance, ghosts, ESP, etc. The author explains and
exposes the mental and physical deceptions involved, making this not only
an exposé of supernatural phenomena, but a valuable exposition of char-
acteristic types of abnormal psychology. Originally titled “The Psychology of
the Occult.” 14 illustrations, Index. 55:1pp. 5% % 8. 20503.7 Paperbound $3.50
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Famry TALE CoLLEcTIONS, edited by Andrew Lang

Andrew Lang's fairy tale collections make up the richest shelf-full of traditionas
children's stories anyvwhere available. Lang supervised the transkation of stories
from all over the world—familiar European tales collected by Grimm, animal
stories from Negro Africa, myths of primitive Australia, stories from Russia,
Hungary, Iceland, Japan, and many other countries. Lang's selection of trans-
lations are unusually high; many authorities consider that the most familiar
tales find their best versions in these volumes. All collections are richly deco-
rated and illustrated by H. J. Ford and other artists.

THE BLUE Fatry Book. %7 stories. 198 illustrations. ix 4 ggopp. 534 x Bl4.
21437-0 Paperbound $1.95

THE GreEeN Fairy Book. 42 stories. 100 illustrations. xiii 4 g66pp. 5%

x Blig. 21459.7 Paperbound $i1.75
THE Brown Fairy Book. g2 stories. 50 illustrations, 8 in color. xii 4
350pP. 5% X B4, 21438-9 Paperbound $1.g95

THE BEST TALES 0F HoFFMaANN, edited by E. F. Bleiler
1o stories by E. T. A. Holftmann, one of the greatest of all writers of fantasy.
The tales include “The Golden Flower Pot,” “Automata,” “A New Year's Eve
Adventure,” “Nutcracker and the King of Mice,” “Sand-Man,” and others.
Vigorous characterizations of highly eccentric personalities, remarkably imagi-
native situations, and intensely fast pacing has made these tales popular all
over (he world for 150 years. Editor's introduction, 7 drawings by Hoffmann.
xxxiii 4 419pp. 5% x Bl4. B1793-0 Paperbound $2.25

GHOST AnD HoRROR STORIES 0F AMBROSE BIERCE,

edited by E. F. Bleiler
Morbid, eerie, horrifying tales of possessed poets, shabby aristocrats, revived
corpses, and haunted malefactors. Widely acknowledged as the best of their
kind between Poe and the moderns, reflecting their author’s inner torment
and bitter view of life. Includes “Damned Thing,” “The Middle Toc of the
Right Foot,” “The Eyes of the Panther,” “Visions of the Night,” “Moxon's
Master,” and over a dozen others. Editor's introduction. xxii 4 199pp. 5%
x Blg. 20767-6 Paperbound $1.50

THree GoTHic Novers, edited by E. F. Bleiler
Originators of the still popular Gothic novel form, influential in ushering in
early 1gth-century Romanticism. Horace Walpole's Castle of Otranto, William
Beckford's Fathek, John Polidori's The Fampyre, and a Fragment by Lord
Byron are enjoyable as exciting reading or as documents in the history of
English literature. Editor’s introduction. xi 4 201pp. 5% x 814,
21282-7 Paperbound $z.00

BEsT GHOST STORIES OF LEFANU, edited by E. F. Bleiler
Though admired by such critics as V. 5. Pritchett, Charles Dickens and Henry
James, ghost stories by the Irish novelist Joseph Sheridan LeFanu have
never become as widely known as his detective fiction. About half of the 16
stories in this collection have never hefore heen available in America. Collec-
tion includes “Carmilla” (perhaps the best vampire story ever written), “The
Haunted Baronet,” “The Fortunes of Sir Robert Ardagh,” and the classic
“Green Tea.” Editor's intreduction. 7 contemporary illustrations, Portrait of
LeFanu. xii 4 467pp. 5% x 8. 20415-4 Paperbound $2.50
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EAsY-To-DO ENTERTAINMENTS AND DiveErsions wiTH Coins, CArDS,

STriNG, PArerR anp MatcHes, K. M. Abraham
Over oo tricks, games and puzzles will provide young readers with absorhing
fun. Sections on card games; paper-folding; tricks with coins, maiches and
pieces of string; games for the agile; toy-making from common household
objects; mathematical recreations; and 50 miscellaneous pastimes. Anyone in
charge of groups of youngsters, including hard-pressed parents, and in need of
suggestions on how to keep children sensibly amused and quietly content
will find this ook indispensable. Clear, simple text, copious number of delight-
ful line drawings and illustrative diagrams. Originally titled "Winter Nights'
Entertainments.” Introduction by Lord Baden Powell. g2g illustrations. v 4
186pp. 5% x AL, 20921-0 Paperbound $i1.00

An IsTRODUCTION TO CHESS MovES AND TACTICS SIMPLY EXPLAINED,

Leonard Barden
Beginner's intreduction to the royal game. Names, possible moves of the
pieces, definitions of essential terms, how games are won, etc. explained in
go-odd pages. With this background you'll be able to sit right down and play.
Balance of book teaches strategy — openings, middle game, typical endgame
play, and suggestions for improving your game. A sample game is fully
analyzed. True middle-Jevel introduction, teaching you all the essentials with-
out oversimplifying or losing you in a maze of detail, 58 fgures. 102pp.
5% x 814, 212106 Paperbound $1.25

LasskEr's ManvAL oF CHESS, Dr. Emanuel Lasker
Probably the greatest chess player of modern times, Dr. Emanuel Lasker held
the world championship 28 years, independent of passing schools or fashions,
This unmaiched study of the game, chiefly for intermediate to skilled players,
analyzes basic methods, combinations, position play, the aesthetics of chess,
dozens of different openings, etc., with constant reference to great modern
games, Contains a brilliant exposition of Steinitz’s important theories. Intro-
duction by Fred Reinfeld. Tables of Lasker's tournament record. § indices.
§oft diagrams. 1 photograph. xxx 4 $4gpp. 5% x A20640-Blaperhound $2.50

CoMmiNAaTioNs: THE HEART oF CHEss, Irving Chernev
Step-hy-step from simple combinations to complex, this book, by a well-
known chess writer, shows you the intricacies of pins, counter-pins, knight
forks, and smothered mates. Other chapters show alternate lines of play to
those taken in actual championship games; boomerang combinations; classic
examples of brilliant combination play by Nimzovich, Rubinsiein, Tarrasch,
Botvinnik, Alekhine and Capablanca, Index. 356 diagrams. ix 4 245pp.
5% x Blg. 21744-2 Paperbound $z.00

How 10 SoLve CHess ProsLEms, K. 5. Howard
Full of practical suggestions for the fan or the heginner — who knows only the
moves of the chessmen. Contains preliminary section and 58 two-move, 46
three-move, and B four-move problems composed by 27 outstanding American
problem creators in the last go years. Explanation of all terms and exhaustive
index. “Just what is wanted for the student,” Brian Harley. 112 problems,
solutions. vi 4 171pp. 5% x 8. 20748-X Paperbound $i1.50
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SociAl THOUCHT FROM LORE To SCIENCE,

H. E. Barnes and H, Becker
An immense survey of sociological thought and ways of viewing, studying,
planning, and reforming society from earliest times to the present. Includes
thought on society of preliterate peoples, ancient non-Western cultures, and
every great movement in Europe, America, and modern Japan. Analyzes hun-
dreds of great thinkers: Plato, Augustine, Bodin, Vico, Montesquieu, Herder,
Comte, Marx, etc. Weighs the contributions of utopians, sophists, fascists and
communists; economists, jurisis,” philosophers, ecclesiastics, and every agth
and zoth century school of scientific sociolegy, anthropology, and social psy-
chology throughout the world, Combines topical, chronclogical, and regional
approaches, treating the evolution of social thought as a process rather than
as a series of mere topics. “Impressive accuracy, competence, and discrimina-
tion . . . easily the best single survey,” Nation. Thoroughly revised, with new
material up to 1960, ¢ indexes. Over 2200 bibliographical notes. Three volume
set. Total of 1586pp. 534 x 8.

20901-6, 20902-4, 20903-2 1'liree volume set, paperbound §9.00

A History oF Historicar WeriTiNG, Harry Elmer Barnes
Virtually the only adequate survey of the whole course of historical writing
in a single volume. Surveys developments from the beginnings of historiog-
raphy in the ancient Near East and the Classical World, up through the
Cold War. Covers major histerians in detail, shows interrelationship with
cultural background, makes clear individual contributions, evaluates and
estimates importance; also enormously rich upon minor authors and thinkers
who are usually passed over, Packed with scholarship and learning, clear, easily
wrilten. Indispensable to every student of history, Revised and enlarged up

to 1961, Index and hibliography. xv 4+ g42pp. 53§ x 814,
20104-X Paperbound $z.95

Jouann SERasTian Bacu, Philipp Spitia

The complete and unabridged text of the definitive study of Bach. Written
some o0 years ago, it is still unsurpassed for its coverage of nearly all aspects
of Bach’s life and work, There could hardly be a finer non-technical introdue-
tion to Bach’s music than the detailed, lucid analyses which Spitta provides
for hundreds of individual pieces. 26 solid pages are devoted to the B minor
mass, for example, and 30 pages to the glorious St. Matthew Passion. This
monumental set also includes a major analysis of the music of the 18th century:
Buxtchude, Pachelbel, etc, “Unchallenged as the last word on one of the
supreme geniuses of music,” John Barkham, Saturday Review Syndicate. Total
of 181gpp. Heavy cloth hinding. 534 x 8.

22278-0, 22279-9 Two volume set, clothbound $i5.00

BEETHOVEN AND His Ning SymrHONIES, George Crove
In this modern middle-level classic of musicology Grove not only analyzes all
nine of Beethoven's symphonies very theroughly in terms of their musical
structure, but also discusses the circumstances under which they were written,
Beethoven's stylistic development, and much other background material. This
is an extremely rich book, yet very easily followed; it is highly recommended
to anyone seriously interested in music. Over gz musical passages. Index.
viii + 4o7pp. 534 x 8 20834-4 Paperbound $z2.25
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IT's FuN To MAKE THINGS FroM ScRAP MATERIALS,

Evelyn Glantz Hershoff
What use are emptly spools, tin cans, bottle tops? What can be made from
rubber bands, clothes pins, paper clips, and buttons? This book provides
simply worded instructions and large diagrams showing you how to make
cookie cutters, toy trucks, paper turkeys, Halloween masks, telephone sets,
aprons, linoleum block- and spatter prints — in all 399 projects! Many are easy
enough for young children to figure out for themselves; some challenging
enough to entertain adults; all are remarkably ingenious ways to make things
from materials that cost pennies or less! Formerly “Scrap Fun for Everyone.”
Index. 214 illustrations. 373pp. 53¢ x BL4. 212518 Paperbound $i1.95

StMeoLic Locic and THe Gasme of Locic, Lewis Carroll

“Symhbolic Logic” is not concerned with modern symhaolic logic, but is instead
a collection of over 380 problems posed with charm and imagination, using
the syllogism and a fascinating diagrammatic method of drawing conclusions.
In “The Game of Logic” Carroll's whimsical imagination devises a logical game
played with 2 diagrams and counters (included) to manipulate hundreds of
tricky syllogisms. The final section, “Hit or Miss" is a lagniappe of 101 addi-
tional puzzles in the delightiul Carroll manner. Until this reprint edition,
both of these books were rarities costing up to $i15 each. Symbolic Logic:
Index. xxxi 4 1ggpp. The Game of Logic: ofpp. 2 vols. bound as one. 534 x 8.

20492-8 Paperbound $z.50

MATHEMATICAL PUZZLES OF 5AM Lovp, FART 1
selected and edited by M. Gardner
Choice puzzles by the greatest American puzzle creator and innovator. Selected
from his famous collection, “Cyclopedia of Puzzles,” they retain the unique
style and historical flavor of the originals. There are posers based on arithmetic,
algehra, probability, game theory, route tracing, topelogy, counter and sliding
block, operations research, geometrical dissection, Includes the famous “14-15"
puzzle which was a national craze, and his “Horse of a Different Color” which
sold millions of copies. 117 of his most ingenious purzles in all. 1z0 line
drawings and diagrams, Solutions. Selected references. xx 4 167pp. 5% x 8.
20498-7 Paperbound $1.35

StTRiNG Ficures ano How 1o Make THEM, Caroline Furness fayne
107 string figures plus variations selected from the best primitive and modern
examples developed by Navajo, Apache, pygmies of Africa, Eskimo, in Europe,
Australia, China, etc. The most readily understandable, easy-to-follow book in
English on perennially popular recreation. Crystal-clear exposition; step-by-
step diagrams. Everyone from kindergarten children to adults looking for
unusual diversion will be endlessly amused. Index. Bibliography. Introduction
by A. C. Haddon. 17 full-page plates, gbo illustrations. xxiii 4 qoipp. 534 x 814,

20152-X Paperbound $z.25

Parer FoLpinc For BEcinners, W. D. Murray and F. J. Rigney
A delightful intreduction to the varied and entertaining Japanese art of
origami (paper folding), with a full, crystal-clear text that anticipates every
difficulty; over 275 clearly labeled diagrams of all important stages in creation.
You get results at cach stage, since complex figures are logically developed
from simpler ones. 43 different pieces are explained: sailboats, frogs, roosters,

ctc. 6 photographic plates. 279 diagrams. g5pp. 53 x 8%j.
20713-7 Paperbound §1.00
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PriNCIPLES OF ART HisTory,

H. Wolffiin
Analyzing such terms as “baroque” “classic,” “neoclassic,” “primitive,”
“picturesque,” and 16y different works by artists like Botticelli, van Cleve,
Diirer, Hobhema, Holbein, Hals, Rembrandt, Titian, Brueghel, Vermeer, and
many others, the author estahlishes the classifications of art history and style
on a firm, concrete hasis. This classic of art criticism shows what really
occurred between the i gth-century primitives and the sophistication of the
1Rth century in terms of basic attitudes and philosophies. “A remarkable
lesson in the art of seeing,” Saf. Rev. of Literature. Translated from the gth
German edition. 150 illustrations. 254pp. 614 % gl4. 20276-3 Paperbound $z.25

PRIMITIVE ART,

Franz Boas
This authoritative and exhaustive work by a great American anthropologist
covers the entire gamut of primitive art. Pottery, leatherwork, metal work,
stone work, wood, basketry, are treated in detail. Theories of primitive art,
historical depth in art history, technical virtuosity, unconscious levels of pat-
terning, symholism, styles, literature, music, dance, etc. A must hook for the
interested layman, the anthropologist, artist, handicrafter (hundreds of un-
usual motifs), and the historian. Over goo illustrations (g0 ceramic vessels,
12 totem poles, etc.). §76pp. 534 x 8. 20025-6 Paperbound $2.50

THE GENTLEMAN AND CABINET MAKER'S DMIRECTOR,

Thomas Chippendale
A reprint of the 1962 catalogue of furniture designs that went on to influence
generations of English and Colonial and Early Republic American furniture
makers. The 2oo plates, most of them full-page sized, show Chippendale’s
designs for French (Louis XV), Gothic, and Chinese-manner chairs, sofas,
canopy and dome beds, cornices, chamber organs, cabinets, shaving tables,
commaodes, picture frames, frets, candle stands, chimney pieces, decorations, etc.
The drawings are all elegant and highly detailed; many include construction
diagrams and elevations. A supplement of 24 photographs shows surviving
pieces of original and Chippendale-style pieces of furniture. Brief hiography
of Chippendale by N. 1. Bienenstock, editor of Fumniture World. Reproduced
from the 1962 edition. goo plates, plus 19 photographic plates. vi 4 240pp.
glg X 12lg. 21601-2 Paperbound S3.50

AMERICAN ANTIQUE FursITURE: A BoOK FOR AMATEURS,

Edgar ;. Miller, Jr.
Standard introduction and practical guide to identification of valuable
American antique furniture. zi15 illustrations, mostly photographs taken by
the author in 148 private homes, are arranged in chronological order in exten-
sive chapters on chairs, sofas, chests, desks, bedsteads, mirrors, tables, clocks,
and other articles. Focus is on furniture accessible to the collector, including
simpler pieces and a larger than usual coverage of Empire style. Introductory
chapters identify structural elements, characteristics of various styles, how to
avoid fakes, etc. “We are frequently asked to name some book on American
furniture that will meet the requirements of the novice collector, the hegin-
ning dealer, and . . . the general public. . . . We helieve Mr. Miller's two
volumes more completely satisfy this specification than any other work,”
Antiques. Appendix. Index. Total of vi 4. nofpp. 774 x 1094,

21599.7, 21600-4 Two volume set, paperboumnd $7.50
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THE Bap CHiLe's Book oF BEasTs, Morg BEASTS FOR WorsE CHILDREN,
and A Morar Avrnaset, H. Belloc
Hardly and anthology of humorous verse has appeared in the last 50 vears
without at least a couple of these famous nonsense verses, But one must see
the entire volumes — with all the delightful original illustrations by Sir Basil
Blackwood — to appreciate fully Belloc’s charming and witty verses that play
so subacidly on the platitudes of life and morals that heset his day — and ours.
A great humor classic. Three books in one. Total of 157pp. 534 x 8.
20749-8 Paperbound $1.00

Tue Devic's icTioNary, Ambrose Bierce
Sardonic and irreverent barbs punciuring the pomposities and absurdities of
American politics, husiness, religion, literature, and arts, by the country's
greatest satirist in the classic tradition. Epigrammatic as Shaw, piercing as
Swift, American as Mark Twain, Will Rogers, and Fred Allen, Bierce will
always remain the favorite of a small coteric of enthusiasts, and of writers
and speakers whom he supplies with “some of the most gorgeous witticisms
of the English language™ (H. L. Mencken). Over 1000 entries in alphabetical
order. 144pp. 5% x 8. 20487-1 Paperbound $i.00

THE COMPLETE NONSENSE OF EnwarD LEAR.
This is the only complete edition of this master of gentle madness available
at a popular price. 4 Rook of Nonsense, Nonsense Songs, More Nonsense
Songs and Stories in their entirety with all the old favgrites that have delighted
children and adults for years. The Dong With A Luminous Nose, The Jumblies,
The Owl and the Pussycat, and hundreds of other bits of wonderful nonsense:
214 limericks, § sets of Nonsense Botany, 5 Nonsense Alphabets, 546 drawings
by Lear himself, and much more. gzopp. 53¢ x 8. 20167-8 Paperbound $1.75

THE Wit ane Humor ofF Oscar WILDE, ed. by Alvin Redman
Wilde at his most brilliant, in 1000 epigrams exposing weaknesses and
hypocrisies of “civilized " society. Divided into 4g categories—sin, wealth, women,
America, etc.—to aid writers, speakers. Includes excerpts from his trials, books,
plays, eriticism. Formerly “The Epigrams of Oscar Wilde.” Introduction by
Vyvyan Holland, Wilde's only living son. Introductory essay by editor, 26opp.
534 x &, 20602-5 Paperbound $1.50

A CHiLp's PRIMER OF NATURAL HisTory, Oliver Herford
Scarcely an anthology of whimsy and humor has appeared in the last 50 years
without a contribution from Qliver Herford. Yet the works from which these
examples are drawn have heen almost impossible to obtain! Here at last are
Herford's improhahle definitions of a menagerie of familiar and weird animals,
each verse illustrated by the anthor's own drawings. 24 drawings in 2 colors;
24 additional drawings. vii 4 gspp. 614 x 6. 21647-0 Paperbound $1.00

THE Brownies: THeiR Book, Palmer Cox
The book that made the Brownies a houschold word. Generations of readers
have enjoyed the antics, predicaments and adventures of these jovial sprites,
who emerge from the forest at night to play or to come to the aid of a deserving
human. Delightful illustrations by the author decorate nearly every page.
24 short verse tales with 266 illustrations. 155pp. 634 X 0l4.
21265-3 Paperbound $1.50
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THE WoNDERFUL Wizann oF Oz, L. F, Baum

All the original W. W. Denslow illustrations in full color—as much a part of
“The Wizard” as Tenniel's drawings are of “Alice in Wonderland.” “The
Wizard" is still America’s best-loved fairy tale, in which, as the author expresses
it, “The wonderment and joy are retained and the heartaches and nightmares
left out.” Now today's young readers can enjoy every word and wonderful pic-
ture of the original book, New introduction by Martin Gardner. A Baum
bibliography. 23 full-page color plates. vili -4 268pp. 534 x 8.

20691-2 Paperbound $1.g5

THE MaeveLous Laxp oF Oz, L. F. Baum
This is the equally enchanting sequel to the “Wizard,” continuing the adven-
tures of the Scarecrow and the Tin Woodman. The hero this time is a little
boy named Tip, and all the delightful Oz magic is still present. This is the
Oz hook with the Animated Saw-Horse, the Woggle-Bug, and Jack Pumpkin-
head. All the original John R. Neill illustrations, 10 in full color. 287pp.
5% x B, 20692-0 Paperbound $1.95

ALICE'S ApVENTURES UnpeEr Grousp, Lewis Carroll

The original Alice in Wonderland, hand-lettered and illustrated by Carroll
himself, and originally presented as a Christmas gift to a child-friend. Adules
as well as children will enjoy this charming volume, reproduced faithfully
in this Dover edition. While the story is essentially the same, there are slight
changes, and Carroll's spritely drawings present an intriguing alternative to
the famous Tenniel illustrations, One of the most popular books in Dover's
catalogue. Intreduction by Martin Gardner. 38 illustrations. 128pp. 534 % Blg.

21482-6 Paperbound $1.00

THE NURsERY “ALice,” Lewis Carroll
While most of us consider Alice in Wonderland a story for children of all
ages, Carroll himself felt it was beyond younger children. He therefore pro-
vided this simplified version, illustrated with the famous Tenniel drawings
enlarged and colored in delicate tints, for children aged “frem Nought to
Five." Dover's edition of this now rare classic is a faithful copy of the 188g
printing, including zo illustrations by Tenniel, and front and back covers
reproduced in full color. Introduction by Martin Gardner. xxiii 4 G7pp.
614 x gl4. 21610-1 Paperbound $1.75

THE Story oF King ArTHUR anp His KnicaTs, Howard Pyle
A fast-paced, exciting retelling of the best known Arthurian legends for young
readers by one of America’s best story tellers and illustrators. The sword
Excalibur, wooing of Guinevere, Merlin and his downfall, adventures of Sir
Pellias and Gawaine, and others, The pen and ink illustrations. are vividly
imagined and wonderfully drawn. 41 illustrations. xviii 4 s13pp. 614 x gl4.
21445-1 Paperbound $2.00

Prices subject to change without notice,

Available at your book dealer or write for free catalogue to Dept. Adsci,
Dover Publications, Inc., 186 Varick Su., N.Y., N.Y. 10014. Dover publishes more
than 150 books each year on science, elementary and advanced mathematics,
Liology, music, art, literary history, social sciences and other areas,



