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5+51] BESSEL FUNCTIONS 59

so that
T, [cJ L (2) (- Juﬂ-{t,l_;:_}l - (= }|:BJ (2) — (=)
dv
+ 2p [, (2) = (=", (2);.
Now make v —n. All the expressions in the last equation arcleontinuons
functions of », and so we have

'\-." [[.Jv{ } |:: }N E‘—‘{-‘:I-E‘f}} = ”.

E‘H L&

g.f_ (z}]

where v 15 to be made equal to & inmediately after the differentiations with
respect to ¢ have been performed.  We have therefuore proved that

(3) Va¥au(2)=0,
so that ¥, (2) is a solution of Bessel's equution for functions of wrder n.

It is to be notieed that
S (2) = (=", (2)

¥ . (z)= lim

- ¥4 M
= lim J—_& l::':}_": ':_h.}i'jn {2.',
] =+ n

whenee follows a result substantially due to Lommel #,
(4) Y . (5)= (=Y. (2.

Again, y
i o, (2) _ [ (2)
Yn{-}-[ Ce ]r-ﬂ |:_Eu ]r.".

while, beeause J, () 18 & monogenie function of » at » = 0, we have

?‘«{ﬁ} [E‘JP{:} _ o, {z}
dv = m A=) fm v ey

and henee 1t follows that

(5) Y,(z)=2 [‘U‘—]J _

o

A resalt L'Ijui\'ﬂlffl]t- to this was given by Dubamel® as early as 15440,

3-51. The eapansion of ¥o(z) in an uscending series,

Before considering the expansion of the general function ¥, (2), it is con-
vénient to examine the function of order zero becanse the analvsis s simpler
antl the resulting expansion is more compaet,

We nse the formula just obtained,

E| {_'im f'ji ':|-+".-.-| "I.
Yo(5)=2 | ] I3 .
sr;m..m w! Tiw+n+1) o

* Studien Bber die Hessel'sehen Functionen (Leipzig, 1808), p. 87, Lomumel actually proved
this result for what is gometimes called Newmani's funetion of the second kind,  See § 558 (5]
t Cours o Analyse, n. (Paris, 1840), pp. GR—121,
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322 THEORY OF BESSEL FUNCTIONS [cHAP. X

Hence, replacing a by — 8, we see that, when 2 is positive and » is even,
then

]
® Cin(=B)=,, smfi /i) (Fum (281%) + Ty (28™)],
(5) i (-B) = '}Hmsﬂr}'u} (o (287) = Sy (28%)],
©) Biu(oB)= , o (a2 + Lua (28,

It follows from § 431 (9) that, when n is even, the functions (4, (&) and
Si, (a) are annihilated by the operator

I
A,
da®

and that £, (a) is annihilated by the operator

= -. . NH alt-i-

da®
In the ease of the first two funetions it is diffienlt to obtain this result®
directly from the definitions, becanse the integrals obtained by differentiating
twice nnder the integral :ﬂgu are not convergent,

10-22. The evaluation of Aivy-Hordy integrals of odd order.,
To evalnate €49, (a) when n is odd, we suppose temporarily that a is
positive, and then, by §6:22 (13),
ﬂai (R : .
Ciy (o)== i cos (2at* sinh ) cosh (u/n) du

""a cos {4/ ri]

. ] Vi (20),
That is to say, L _.
O =G
ol

= ] (Z2ad™) = T (2ad)
2n Ei'lll,éw-'u}'f""‘{ o) Iln{ at ),

Using the deviee explained in §10-21, we see that, when 3 is positive,
w3 ‘ [ iy
&y - I R . 234yl
{'} FN{ |B _H b'lill li‘?r “ _"’—I_JI ‘.-3 ) + "rl. ||1. .d" L

It follows that the equation § 1021 (4) is trne whether » be even or odil ;
and, whether # be even or odd, L7, (a) is annihilated by the operator
it i
(=) ”'."all—:l
da® =)
for all real values of a.
* It has been proved by Hardy, foe. eit., p. 229, with the aid of the theory of ** generalised
integrals, "
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