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Preface

The primary goal of these lectures is to introduee a beginner to the finile-
dimensional representations of Lie groups and Lie algebras. Since this goal is
shared by quite a few other books, we should explain in this Preface how our
approach dilfers, although the potential reader can probably see this better
by a quick browse through the book.

Representation theory is simple to define: il is the study of the ways in
which a given group may act on vector spaces. It is almost certainly unique,
however, among such clearly delineated subjects, in the breadth of its inlerest
to mathematicians. This is not surprising: group actions are ubiquitous in 20th
century mathematics, and where the object on which a group acts is not a
veclor space, we have learned to replace it by one that is (e.g., a cohomology
group, langent space, efc.). As a consequence, many mathematicians other
than specialists in the field (or even those who think they might want to be)
come in contact with the subject in various ways. It is for such people that
this text is designed. To put it another way, we inlend this as a book for
beginners lo learn from and not as a reference.

This idea essentially determines the choice of material covered here. As
simple as is the definition of representation theory given above, it fragments
considerably when we try to get more specific. For a starl, what kind ol group
G are we dealing with—a finite group like the symmetric group &, or the
general linear group over a finite field GL,(F,), an infinite discrete group
like SL,{Z}, a Lie group like SL,C, or possibly a Lie group over a local
field? Needless to say, each of these settings requires a substantially different
approach Lo its representation theory. Likewise, what sort of vector space is
(; acting on: is it over C, R, @, or possibly a field of finite characteristic? Is it
finile dimensional or infinite dimensional, and il the latter, what additional
structure (such as norm, or inner product) does it carry? Various combinations
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of answers to these questions lead to areas of intense research aclivily in
representation theory, and il is natural for a text intended to prepare students
for a career in the subject to lead up to one or more of these areas. As a
corollary, such a book tends to get through the elementary material as quickly
as possible: il one has a semester to get up to and through Harish~Chandra
modules, there is little time to dawdle over the representations of &, and
SL,C.

By contrast, the present book focuses exactly on the simplest cases: repre-
senlations of finite groups and Lie groups on finite-dimensional real and
complex vector spaces. This is in some sense the common ground of the
subject, the area that is the object of most of the interest in representation
theory coming from oulside.

The inlent of this book to serve nonspecialists likewise dictates 10 some
degree our approach to the material we do cover. Probably the main feature
of our presentation is that we concentrale on examples, developing the general
theory sparingly, and then mainly as a useful and unifying language to describe
phenomena already encountered in concrele cases. By the same token, we lor
the most part introduce theoretical notions when and where they are useful
for analyzing concrete situations, postponing as long as possible those nolions
that are used mainly for proving general theorems.

Finally, our goal of making the book accessible lo outsiders accounts in
part for the style of the writing. These lectures have grown from courses of
the second author in 1984 and 1987, and we have attempled to keep the
informal style of these lectures. Thus there is almost no atiempt at efliciency:
where il seems to make sense [rom a didactic point of view, we work oul many
special cases of an idea by hand before proving the general case; and we
cheerfully give several proofs of one fact il we think they are illuminating.
Similarly, while it is common Lo develop the whole semisimple story from one
point of view, say that of compact groups, or Lie algebras, or algebraic groups,
we have avoided this, as eflicient as il may be.

It is of course nol a strikingly original notion that beginners can best learn
about a subject by working through examples, with general machinery only
introduced slowly and as the need arises, bul il seems particularly appropriate
here. In most subjects such an approach means one has a few out of an
unknown infinity of examples which are useful to illuminate fhe general
situation. When the subject is the representation theory of complex semisimple
Lie groups and algebras, however, something special happens: once one has
worked through all the exammples readily al hand— the “classical” cases of the
special linear, orthogonal, and symplectic groups—one has not just a few
uselul examples, one has all but five “exceptional” cases.

This is essentially what we do here. We start with a quick tour through
representation theory of finile groups, with emphasis determined by what is
useful for Lie groups. In this regard, we include more on the symmetric groups
than is usual, Then we turn lo Lie groups and Lie algebras. Afler some
preliminaries and a look at low-dimensional examples, and one lecture with
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some general notions about semisimplicity, we get to the heart of the course:
waorking out the finite-dimensional representations of the classical groups.

~ For each series of classical Lie algebras we prove the fundamental existence
theorem for representations of given highest weight by explicit construction.
Our object, however, is not just existence, bul to see the representations in
action, to see geometric implications of decompositions of naturally occurring
representalions, and to see the relations among them caused by coincidences
between the Lie algebras.

The goal of the last six lectures is to make a bridge between the example-
oriented approach of the earlier paris and the general theory. Here we make
an atlempt lo interpret what has gone before in abstract terms, trying to make
connections with modern terminology. We develop the general theory enough
lo see thal we have studied all the simple complex Lie algebras with five
exceptions. Since these are encountered less frequently than the classical series,
it is probably not reasonable in a first course o work out their representations
as explicitly, although we do carry this out for one of them, We also prove the
general Weyl character formula, which can be used to verily and extend many
of the results we worked oul by hand earlier in the book.

Of course, the poinl we reach hardly touches the current state of affairs in
Lie theory, bul we hope it is enough to keep the reader's eyes from glazing
over when conflronted with a leclure that begins: “Lel G be a semisimple
Lie group, P a parabolic subgroup, ..." We mighl also hope thal working
through this book would prepare some readers to appreciate the elegance (and
efliciency) of the abstract approach.

In spirit this book is probably closer to Weyl's classic [Wel] than to others
writlen today. Indeed, a secondary goal of our book is lo present many of the
results of Weyl and his predecessors in a8 form more accessible to modern
readers. In particular, we include Weyl's constructions of the representations
of the general and special linear groups by using Young's syminetrizers; and
we invoke a little invariant theory to do the corresponding result for the
orthogonal and symplectic groups. We also include Weyl's formulas for the
characters of these representations in terms of the elementary characters of
symmetric powers of the standard representations. (Interestingly, Weyl only
gave the corresponding formulas in terms of the exterior powers for the general
linear group. The corresponding formulas for the orthogonal and symplectic
groups were only given recently by Koike and Terada. We include a simple
new proof of these determinantal formulas,)

More about individual sections can be found in the introductions to other
paris of the book.

Meedless to say, a price is paid for the ineliciency and restricted lfocus of
these noles. The most obvious is a lot of omitted material: for example, we
include little on the basic topological, differentiable, or analytic properties of
Lie groups, as this plays a small role in our story and is well covered in dozens
of other sources, including many graduate texts on manilolds. Moreover, there
are no infinite-dimensional representations, no Harish-Chandra or Verma
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modules, no Steilel diagrams, no Lie algebra cohomology, no analysis on
symmetric spaces or groups, no arithmetic groups or automorphic forms, and
nothing about representations in characteristic p = 0. There is no consistent
attempt to indicate which of our results on Lie groups apply more generally
to algebraic groups over fields other than R or C (e.g, local fields). And there
is only passing mention of other standard lopics, such as universal enveloping
algebras or Bruhat decompositions, which have become standard tools of
representation theory. (Experts who saw drafls of this book agreed that some
topic we omitted must notl be left out of a modern book on representation
theory—but no two experts suggested the same Lopic.)

We have nol tried o trace the history of the subjects treated, or assign
credit, or lo attribute ideas to original sources—this is lar beyond our knowl-
edge. When we give references, we have simply tried to send the reader to
sources that are as readable as possible for one knowing whal is writlen here.
A good systematic reference for the finite-group material, including proofs of
the results we leave out, is Serre [Se2]. For Lie groups and Lie algebras,
Serre [Sed], Adams [Ad], Humphreys [Hul), and Bourbaki [Bour] are
recommended references, as are the classics Weyl [Wel] and Littlewood
[Litl].

We would like to thank the many people who have contributed ideas and
suggestions for this manuscript, among them J-F. Burnol, R. Bryant, J. Carrell,
B. Conrad, P. Diaconis, D. Eisenbud, D. Goldstein, M. Green, P. Grilliths,
B. Gross, M. Hildebrand, ®. Howe, H. Kralt, A. Landman, B. Mazur,
M. Chriss, D. Petersen, G. Schwariz, J. Towber, and L. Tu. In particular, we
would like to thank David Mumford, lrom whom we learned much of what
we know aboul the subject, and whose ideas are very much in evidence in this
book.

Had this book been written 10 years ago, we would at this point thank the
people who typed it. That being no longer applicable, perhaps we should
thank instead the Mational Science Foundation, the University of Chicago,
and Harvard University for generously providing the various Macintoshes on
which this manuscript was produced. Finally, we thank Chan Fulton for
making the drawings.

Bill Fulton mr:'i Joe Harris



Using This Book

A few words are in order aboul the practical use of this book. To begin with,
prerequisites are minimal: we assume only a basic knowledge of standard
first-year graduate material in algebra and topology, including basic notions
aboul manifolds. A good undergraduate background should be more than
enough for most of the text; some examples and exercises, and some of the
discussion in Part 1V may refer to more advanced topics, but these can readily
be skipped. Probably the main practical requirement is a good working
knowledge of multilinear algebra, including tensor, exterior, and symmetric
products of finite dimensional vector spaces, for which Appendix B may help.
We have indicated, in introductory remarks to each leciure, when any back-
ground beyond this is assumed and how essential il is.

For a course, this book could be used in two ways. First, there are a number
of topics thal are not logically essential to the rest of the book and thal can
be skimmed or skipped entirely. For example, in a minimal reading one could
skip§§4,5,6,11.3,13.4,153-15.5,17.3,19.5,20,22.1,22.3,23.3-234. 253 and
26.2; this might be suitable for a basic one-semester course. On the other hand,
in a year-long course it should be possible to work through as much of the
material as background and/or interest suggested. Most of the material in the
Appendices is relevant only to such a long course. Again, we have tried
to indicate, in the introductory remarks in each lecture, which topics are
inessential and may be omitted.

Another aspect of the book that readers may want to approach in diflferent
ways is the profusion ol examples. These are put in largely lor didactic reasons:
we feel that this is the sort of material that can best be understood by gaining
some direct hands-on experience with the objects involved. For the most pari,
however, they do not actually develop new ideas; the reader whose tastes run
moare to the abstract and general than the concrele and special may skip many
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of them without logical consequence. (OF course, such a reader will probably
wind up burning this book anyway.)

We include hundreds of exercises, of wildly different purposes and dilficulties.
Some are the usual sorts of variations of the examples in the text or are
straightforward verifications of facts needed; a student will probably want to
atlempt most of these. Sometimes an exercise is inserled whose solution is a
special case of something we do in the texl later, il we think working on it will
be uselul motivation (again, there is no attempt at “elliciency,” and readers
are encouraged lo go back lo old exercises [rom time Lo time). Many exercises
are included that indicate some lurther directions or new Lopics (or standard
topics we have omitted);, a beginner may best be advised to skim these for
general information, perhaps working oul a few simple cases. In exercises, we
tried Lo include topics that may be hard for nonexperts to extract from the
literature, especially the older literature. In general, much of the theory is in
the exercises—and most of the examples in the text.

We have resisted the idea of grading the exercises by {expected) dilliculty,
aithough a “problem” is probably harder than an “exercise.” Many exercises
are slarred: the # is not an indication of difficulty, but means that the reader
can find some information about it in the section “Hints, Answers, and
References™ at the back of the book. This may be a hint, a statement of the
answer, a complete solution, a reference to where more can be found, or
a combination of any of these. We hope these miscellaneous remarks, as
haphazard and uneven as they are, will be of some use.



Contents

Preface
Using This Book

Part I: Finite Groups

1. Representations of Finite Groups

§1.1: Definitions
§1.2: Complete Reducibility; Schur's Lemma
§1.3: Examples: Abelian Groups; S,

2. Characters

§2.1: Characters

§2.2: The First Projection Formula and Hs Consequences
§2.3: Examples: S, and 9,

§2.4: More Projection Formulas; More Consequences

3. Examples; Induced Representations; Group Algebras; Real
Representations

£3.1: Examples: S, and 9,

§1.2: Exterior Powers of the Standard Representation of &,

£3.3: Induced Represeniations

§1.4: The Group Algebra

§1.5: Real Representations and Representations over Subfields of

R

26

k)|
n

M



xii Conlenits

4. Representations of &, Young Diagrams and Frobenius's

Character Formula 44

§4.1: Statements of the Results 44

§4.2: Irreducible Representations of S, 52

§4.3: Proofl of Frobenius's Formula b

5. Representations of W, and GL,(F) 63
§5.1: Representations of 21, [ix]

§5.2: Representations of GL,(F,) and 5L4(F,) 67

6. Weyl's Construction 75
£6.1: Schur Functors and Their Characters 75

§6.2: The Proofs B4
Part 1l: Lie Groups and Lie Algebras s

1. Lie Groups o3
§7.1: Lie Groups: Definitions 93

§71.2 Examples of Lie Groups 05

§7.3: Two Constructions m

8. Lie Algebras and Lie Groups 104
§6.1: Lie Algebras: Motivation and Definition 104

§8.2 Examples of Lie Algebras 1

£8.3: The Exponential Map 114

9. Initial Classification of Lie Algebras 121
§9.1: Rough Classification of Lie Algebras 121

§9.2 Engel's Theorem and Lies Theorem 125

§9.3: Semisimple Lie Algehras 128

§9.4: Simple Lie Algebras (K]

10. Lie Algebras in Dimensions One, Two, and Three 133
§10.1: Dimensions One and Two 133
§10.2: Dimension Three, Rank | 136
§10.3: Dimension Three, Rank 2 13
§10.4: Dimension Three, Rank 3 141

11. Representations of &l,C 146
E10.1: The Irreducible Representations 146
§11.2 A Little Plethysm 151

§10.% A Little Geometric Plethysm 153



Contents

12. Representations of «l,C, Part |

13. Representations of sl,C, Part I1: Mainly Lots of Examples

14.

15,

16.

17.

18,

§13.1: Examples

§13.2: Description of the Irreducible Representations
§13.3: A Little More Plethysm

§13.4: A Little More Geomedric Plethysm

Part 11l: The Classical Lie Algebras and Their Representations

The General Set-up: Analyzing the Structure and Representations

of an Arbitrary Semisimple Lie Algebra

§14.1: Analyzing Simple Lie Algebras in General
§14.2: About the Killing Form

8l,C and &l,C

§15.1: Analyzing sl,C

§15.2: Representations of &1, C and s, C

§15.3: Weyl's Construction and Tensor Products
§154: Some More Geometry

§15.5 Representations of GL,C

Symplectic Lie Algebras

§16.1: The Structure of Sp,,C and sp,, C
§16.2: Representations of sp,C

#pgC and sp,,C

§17.1: Representations of spgC
§17.2: Representations of sp,, T in General
§17.3: Weyl's Construction for Symplectic Groups

Orthogonal Lie Algebras

§18.1: SO,C and so,
§18.2: Representations of so04C, so,C, and so,C

. s0,C, s0,C, and so,C

§19.1: Representations of so,C

§19.2: Representations of the Even Orthogonal Algebras
§19.3: Representations of so,C

§19.4: Representations of the Odd Orthogonal Algebras
£19.5: Weyl's Construction for Orthogonal Groups

niii
161
175
175

182
183

195

197

197

11

m
217
2
7
PE]]

238

23
244

267

267
273

282

282
286
92
294
296



niv

21.

22

23

4.

5.

. Spin Representations of so T

§20.1: Clilford Algebras and Spin Representations of seC
§20.2: The Spin Groups Spin,C and Spin R
§20.%: SpingC and Triality

Part 1V: Lie Theory

The Classification of Complex Simple Lie Algebras
§21.1: Dynkin Diagrams Associated to Semisimple Lie Algebras
§21.2: Classilying Dynkin Diagrams
§21.3: Recovering a Lie Algebra from Its Dynkin Diagram

g; and Other Exceplional Lie Algebras

§22.1: Construction of g, from Its Dynkin Diagram

§22.2: Verilfying That a5 is a Lie Algebra

§22.3: Represenlations of g4

§22.4: Algebraic Constructions of the Exceptional Lie Algebras

Complex Lie Groups; Characters

§23.1: Representations of Complex Simple Groups
§23.2: Represenlation Rings and Characters

§21.% Homogentous Spaces

§21.4: Bruhat Decompositions

Weyl Character Formula

§24.1: The Weyl Character Formula
§24.2: Applications to Classical Lie Algebras and Groups

More Character Formulas

§25.1: Freudenthal's Multiplicity Formula
§25.2: Proofl of (WCF), the Kostant Multiplicity Formula
§25.3: Tensor Products and Restrictions 1o Subgroups

. Real Lie Algebras and Lie Groups

§26.1: Classilication of Real Simple Lie Algebras and Groups
§26,2; Second Prool of Weyl's Character Formula
§26.3: Real, Complex, and Quaternionic Representations

Appendices

A. On Symmetric Functions

§A.1: Basic Symmetric Polynomials and Relations among Them
§A.2: Prools of the Determinantal Identities
§A. % Other Determinantal Identities

Contents

299

L)
nz2

7

e

e
125

j39
19

150
159

366

366
75
182
195

399
199

403

415

415
419

430
430

444

451

453

453
462
465



Contents

B. On Multilinear Algebra

§B.1: Tensor Products
§B.2: Exterior and Symmetric Powers
§B.3: Duals and Contractions

C. On Semisimplicity
§C.1: The Killing Form and Cartan’s Criterion
§C.2: Complete Reducibility and the Jordan Decomposition
§C.3: On Derivations

. Carlan Subalgebras
§D.1: The Existence of Cartan Subalgebras
§0.2: On the Structure of Semisimple Lie Algebras
§D.3: The Conjugacy of Cartan Subalgebras
§D.4: On the Weyl Group

E. Ado's and Levi's Theorems
§E.1: Levi's Theorem
§E.2 Ado's Theorem

F. Invariant Theory for the Classical Groups

§F.1: The Polynomial Invariants
§F.2: Applications lo Symplectic and Orthogonal Groups
§F.3: Prool of Capelli’s Identity

Hints, Answers, and Relerences
Bibliography
Index of Symbols

Index

v

471

471
472
475

478
478
483

487
487

491
493

499
99

504

s
514

3l6
536
543
547






PART I
FINITE GROUPS

Given that over three-quarters of this book is devoled to the representation
theory of Lie groups and Lie algebras, why have a discussion of the represen-
tations of Nnite groups at all? There are certainly valid reasons from a logical
point of view: many of the ideas, concepts, and constructions we will introduce
here will be applied in the study of Lie groups and algebras. The real reason
for us, however, is didactic, as we will now try to explain.

Representation theory is very much a 20th-century subject, in the following
sense. In the 19th century, when groups were dealt with they were generally
understood to be subsets of the permutations of a sel, or of the automor-
phisms GL{¥)ofl a vector space ¥, closed under compaosition and inverse. Only
in the 20th century was the notion of an absiract group given, making it
possible to make a distinction between properties of the abstract group and
properties of the particular realization as a subgroup of a permutation group
or GL{¥). To give an analogy, in the 19th century a manifold was always a
subsel of B"; only in the 20th century did the notion of an abstract Riemannian
manifold become common.

In both cases, the introduction of the abstract object made a fundamental
difference to the subject, In differential geometry, one could make a crucial
distinction between the intrinsic and extrinsic geometry of the manilold: which
properties were invariants of the metric on the manifold and which were
properties of the particular embedding in B®. Questions of exisience or non-
existence, for example, could be broken up into two parts: did the abstract
manilold exist, and could it be embedded. Similarly, what would have been
called in the 19th century simply “group theory™ is now lactored into iwo
parts. First, there is the study of the structure of abstract groups (e.g., the
classification of simple groups). Second is the companion question: given a
group G, how can we describe all the ways in which G may be embedded in
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{or mapped to) a linear group GL{V)!. This, of course, is the subject matter
of representation theory.

Given this point of view, it makes sense when first introducing representa-
tion theory to do so in a context where the nature of the groups @ in question
is itsell simple, and relatively well understood. It is largely for this reason that
we are starting off with the representation theory of linite groups: for those
readers who are nol already familiar with the motivations and goals of
representalion theory, it seemed betler to establish those first in a setling where
the structure of the groups was not itsell an issue. When we analyze, lor
example, the representations of the symmetric and alternating groups on 3, 4,
and 5 letters, it can be expected that the reader is already familiar with the
groups and can focus on the basic concepts of representation theory being
introduced.

We will spend the first six lectures on the case of finite groups. Many of the
techniques developed for finite groups will carry over lo Lie groups; indeed,
our choice of topics is in part guided by this. For example, we spend quite a
bit of time on the symmetric group; this is partly for its own interest, but also
partly because what we learn here gives one way lo study representations of
the general linear group and its subgroups. There are other lopics, such as the
alternating group ,, and the grouns SL;(F,) and GL,(F,) that are studied
purely for their own interest and do not appear later. (In general, for those
readers primarily concerned with Lie theory, we have tried to indicate in the
introductory notes to each lecture which ideas will be useful in the succeeding
parts of this book.) Nonetheless, this is by no means a comprehensive treat-
ment of the representation theory of finite groups; many important topics,
such as the Artin and Brauer theorems and the whole subject of modular
represenlations, are omitted.



LECTURE |
Representations of Finite Groups

In this lecture we give the basic definitions of representation theory, and prove two of
the basic results, showing that every representation is a (unigue) direct sum of irreduc-
ible ones. We work out as examples the case of abelian groups, and the simplest
nonabelian group, the symmetric group on 3 letters. In the latter case we give an
analysis thal will turn out not to be useful for the study of finite groups, but whose
main idea is central to the study of the representations of Lie groups,

§1.1: Definitions
§1.2: Complete reducibilily; Schur's lemma
§1.3: Examples: Abelian groups; S,

§1.1. Definitions

A representation of a finite group G on a finile-dimensional complex vector
space V is a homomorphism p: G — GL(V) of G o the group of automor-
phisms of V; we say that such a map gives V the structure of a G-module. When
there is little ambiguity about the map p (and, we're afraid, even somelimes
when there is) we sometimes call ¥ itsell a representation of G; in this vein we
will often suppress the symbol p and write g- v or gu for p{g)(v). The dimension
of V is sometimes called the degree of p.

A map ¢ between two representations V and Wol Gis a mc'l-::nr space map

@: ¥ — W such that
¥ W
V W

_—r

—* .
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commules for every g € G. (We will call this a G-linear map when we want lo
distinguish it from an arbitrary linear map between the vector spaces V and
W) We can then define Ker @, Im @, and Coker @, which are also G-modules,

A subrepresentation of a representation V is a vector subspace W ol V¥ which
is invariant under G. A representation V is called irreducible if there is no
proper nonzero invariant subspace W ol V.

I ¥ and W are representations, the direct sum V @ W and the tensor product
V @ W are also representations, the latter via

glo @ w) = gv ® gw.

For a representation ¥, the nth tensor power V" is again a representation of
G by this rule, and the exterior powers A'(V) and symmetric powers Sym®™(F)
are subrepresentations' of it. The dual ¥* = Hom(V, C) of V is also a repre-
sentation, though not in the most obvious way: we wanl the two representa-
tions of G to respect the natural pairing (denoted ¢ , ) between V* and ¥,
so that il p: G —+ GL{V) is a representation and p*: G — GL{V*} is the dual,
we should have

Co*(ghie®), plak(v)) = (v*, v
for all g e G, ve ¥, and v* € ¥*. This in turn forces us to define the dual
representation by
prlg)="plg”" ) V*—v*
for all g e G.

Exercise 1.1. Verily that with this definition of p*, the relation above is
satisfed.

Having defined the dual of a representation and the tensor product of two
representations, it is likewise the case that if ¥ and W are representations, then
Hom(V, W) is also a representation, via the identification Hom({¥, W) =
V* @ W. Unraveling this, il we view an element of Hom({ ¥, W)as a linear map
o from ¥ o W, we have

(g9)(v) = ge(g " o) :
for all v e V. In other words, the definition is such that the diagram

v — W

commules. Note that the dual representation is, in turn, a special case of this:

' For more on exterior and symmetric powers, including deseriptions as quotient spaces of lensor
powers, see Appendin B



§1.2. Complete Reducibility; Schur’s Lemma 5

when W = C is the trivial representation, i.e., gw = wlor all w € C, this makes
V* into a G-module, with ge(t) = elg™'v), ie, gp =9 "e.

Exercise 1.2. Verily that in general the vector space of G-linear maps between
two representations ¥ and W of G is just the subspace Hom(V, W)™ of
elements of Hom(¥, W) fixed under the action of G. This subspace is often
denoted Homg(V, W).

We have, in effect, taken the identification Hom(V, W) = ¥V* & W as the
definition of the representation Hom(V, W), More generally, the usual iden-
tities for veclor spaces are also true for representations, e.g.,

VRUSW) =(VFRU)® (Ve W),
ANV @ W)= hvenw,

"ﬂ"*l pu] - .I"'I,"{V:I-.

and so on.

Exercise 1.3*, Let g: G — GL{V) be any representation of the finite group G
on an n-dimensional vector space V' and suppose that for any g€ G, the
determinant of p(g) is 1. Show that the spaces A*V and A""*¥* are iso-
morphic as representations of G.

If X is any finite set and G acts on the left on X, ie, G — Aut{X) is a
homomorphism to the permutation group of X, there is an associaled per-
niutation representation: let ¥ be the vector space with basis [e,: x € X}, and
let G act on ¥ by

g ) a8, =) ae,.
The regular represeniation, denoted R; or R, corresponds to the left action of

G on itsell. Alternatively, R is the space of complex-valued functions on G,
where an element g € (7 acts on a lunction « by (ga)(h) = (g ™" h).

Exercise 1.4*. (a) Verily that these two descriptions of R agree, by identilying
the element e, with the characteristic function which takes the value 1 on x,
0 on other elements of G.

{b) The space of functions on G can also be made into a G-module by the
rule (ga)(h) = =(hg). Show that this is an isomorphic representation.

§1.2. Complete Reducibility; Schur’s Lemma

As in any study, before we begin our attempt to classily the representations
of a finite group G in earnest we should try to simplily life by restricting our
search somewhat, Specifically, we have seen that representations of (7 can be
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built up out of other representatlions by linear algebraic operations, most
simply by taking the direct sum. We should focus, then, on representations
that are “atomic” with respect to this operation, i.e, that cannot be expressed
as a direct sum of others; the usual term for such a representation is Inde-
composable. Happily, the situation is as nice as it could possibly be: a repre-
sentation is atomic in this sense il and only il it is irreducible {i.e., contains no
proper subrepresentations); and every representation is the direct sum of
irreducibles, in a suitable sense uniquely so. The key to all this is

Proposition LS. If W is a subrepresentation of a representation V of a finite
group G, then there is a complementary invariant subspace W' of V, so that
V=WaW.

Proor. There are two ways ol doing this. One can introduce a (positive
definite) Hermitian inner product H on V which is preserved by each ge G
{i.e., such that H{gv, gw) = H{p, w)for all o, w € ¥ and g € G). Indeed, if H,, is
any Hermitian product on ¥, one gets such an H by averaging over G:

Hip, w) = Zﬁ Hylge, gw).
ge

Then the perpendicular subspace W' is complementary to W in V. Alterna-
tively (but similarly), we can simply choose an arbitrary subspace U comple-
mentary lo W, let ny,: V' — W be the projection given by the direct sum
decomposition V¥ = W @ U, and average the map m, over G: that is, take

air) = ¥ glny(g"'v))
eG

This will then be a G-lincar map from V onto W, which is multiplication by
|G| on W its kernel will, thercfore, be a subspace of ¥ invariant under G and
complementary to W, 0

Corollary L6. Any representation is a direct sum of irreducible representations.

This property is called complete reducibility, or semisimplicity. We will see
that, for continuous representations, the circle 5', or any compact, group, has
this property; integration over the group (with respect to an in variant measure
on the group) plays the role of averaging in the above prool. The (additive)
group R does nol have this property: the representation

(5 %)

leaves the x axis fixed, but there is no complementary subspace. We will see
other Lie groups such as SL,(C) that are semisimple in this sense. Note also
that this argument would fail if the vector space V was over a field of linite
characteristic since it might then be the case that ={) = 0 for v & W, The failure
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of complete reducibilily is one of the things that makes the subject of modular
represeniations, or representations on vector spaces over finite fields, so tricky,

The extent Lo which the decomposition of an arbitrary representation into
a direct sum of irreducible ones is unique is one of the consequences of the
following:

Schur’s Lemma 1.7. If V and W are irreducible representations of G and
g V= W is a G-module homomorphism, then

(1) Either i is an isomorphism, or @ = 0.
() If V=W, theno = 41 for some 1€ C, | the identity.

ProoF. The first claim follows from the fact that Ker ¢ and Im @ are invariant
subspaces. For the second, since € is algebraically closed, ¢ must have an
cigenvalue 4, ie., for some 1 & C, 9 — il has a nonzero kernel. By (1), then,
we must have g — Al = 0,50 ¢ = AI. (W]

We can summarize what we have shown so far in

Proposition 1.8. For any representation V of a finite group G, there is a
decomposition

V= p}@-- - Ry y.ﬁin.'

where the ¥, are distinct irreducible representations. The decomposition of V
into a direct sum of the k factors is unique, as are the V, that occur and their
multiplicities a,.

Proor. It follows from Schur's lemma that if W is another representation of
G, with a decomposition W = @ W;*", and ¢: ¥ - W is a map of represen-
tations, then ¢ must map the factor K™ into that factor W®" for which
W; = ¥; when applied to the identity map of ¥ to V, the stated uniqueness
follows. 0

In the next lecture we will give a formula for the projection of ¥ onto ¥j®,
The decomposition of the ith summand into a direct sum of a; copies of ¥, is
not unique if a, = 1, however,

Occasionally the decomposition is writlen

V=a V@ -@al=al++al, (1L9)

especially when one is concerned only aboul the isomorphisin classes and
multiplicities of the ¥,

One more fact that will be established in the following lecture is that a finite
group G admits only finitely many irreducible representations 1 up to iso-
morphism (in fact, we will say how many). This, then, is the framework of the
classification of all representations of G: by the above, once we have described
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the irreducible representations of G, we will be able to deseribe an arbitrary
representation as a linear combination of these. Our first goal, in analyzing
the representations of any group, will therefore be:

(i) Describe all the irreducible representations of G.

Once we have done this, there remains the problem of carrying out in practice
the description of a given representation in these terms. Thus, our second goal
will be:

(ii) Find technigues for giving the direct sum decomposition (1.9), and in
particular determining the multiplicities a, of an arbitrary representation V.

Finally, it is the case that the representations we will most often be concerned
with are those arising from simpler ones by the sort of linear- or multilinear-
algebraic operations described above, We would like, therelore, to be able (o
describe, in the terms above, the representation we get when we perform these
operations on a known representation. This is known generally as

(il Pleshysm: Describe the decompositions, with multiplicities, of represen-
tations derived from a given representation V, such as V@V, V*, A(¥),
Sym"(¥), and AA'F). Note that if ¥ decomposes into a sum of two represen-
tations, these representations decompose accordingly; e.g, if ¥ = U & W, then

ARV = NUSNW,
4=k
50 it is enough 1o work out this plethysm for irreducible representations.
Similarly, if ¥ and W are iwo irreducible representations, we want to decom-
pose ¥ @ W; this is usvally known as the Clebsch-Gordon problem.

§1.3. Examples: Abelian Groups; S,

(Ine obvious place to look for examples is with abelian groups. It does not
take long, however, Lo deal with this case. Basically, we may observe in general
that if ¥ is a representation of the finile group G, abelian or not, each g e G
gives a map plg): ¥V — V; but this map is not generally a G-modyle homomor-
phism: for general hh e ¢ we will have

gli()) # hig(e)).

Indeed, p(g): ¥ — V will be G-linear for every p if (and only if ) g is in the center
Z(G) of G. In particular if 7 is abelian, and ¥ is an irreducible representation,
then by Schur's lemma every element g € (7 acts on V by a scalar multiple of
the identily. Every subspace of V is thus invariant; so that V¥ must be one
dimensional. The irreducible representations of an abelian group G are thus
simply elements of the dual group, that is, homomorphisms

g = C*,
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We consider nexl the simplest nondbelian group, G = &,. To begin wilh,
we have (as with any symmetric group) two one-dimensional representations:
we have the trivial representation, which we will denote U, and the alternaring
representation L', defined by setting

gv = sgnlg)e

for g € G, v e C. Next, since (7 comes Lo us as a permulation group, we have
a natural permutation representation, in which G acts on C* by permuting
the coordinates. Explicitly, if {e,, €3, 3] isthe standard basis, then g- e, = e,q,,
or, equivalently, )

902y, 22, 23) = (2p- yape 2g-g2pe 2o 1y}

This representation, like any permulation representation, is not irreducible:
the line spanned by the sum (1, 1, 1) of the basis veclors is invariant, with
complementary subspace

V= {lz),25.2,) eCh 2y + 2, + 2, = 0},

This two-dimensional representation V' is casily seen to be irreducible; we call
il the standard representation of &,.

Let us now lurn to the problem of describing an arbitrary representation
of S,. We will see in the next lecture a wonderful tool for doing this, called
character theory; but, as inelficient as this may be, we would like here 1o adopt
a more ad hoc approach. This has some virtues as a didactic technigue in the
present context (admittedly dubious ones, consisting mainly of making the
point that there are other and lfar worse ways of deing things than character
theory). The real reason we are doing it is that it will serve to introduce an
idea that, while superfluous for analyzing the representations of finite groups
in general, will prove to be the key lo understanding representations of Lie
groups.

The idea is a very simple one: since we have just seen that the representation
theory of a finite abelian group is virtually trivial, we will start our analysis
of an arbitrary representation W of &, by looking just at the action of the
abelian subgroup A, = #/3 = S, on W This yiclds a very simple decom-
position: il we take t to be any generator of 9, (that is, any three-cycle], the
space W is spanned by eigenvectors v, for the action of 1, whose eigenvalues
are of course all powers of a cube root of unity e = ¢ Thus,

W=DV,
where
¥i=Cur, and o=y,
Mext, we ask how the remaining elements of &, act on W in terms of this
decomposition. To see how this goes, lel @ be any lransposition, 5o that © and

o together generate S,, with the relation ete = 2. We want to know where
o sends an cigenvector o for the action of 1, say with cigenvalue @'; to answer
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this, we look al how t acts on o{v). We use the basic relation above to write
to(v)) = a(t*(v))
= afw?-v)

=wa(p).

The conclusion, then, is that if v is an eigenvector for © with eigenvalue o', then
a(v) is again an eigenvector for ©, with eigenvalie w®,

Exercise 1.10. Verify that with & = (12), t = (123), the standard representation
has a basis & = {m, |, @), f = (1, w, w?®), with

T = (KL, tfi = wlfi, ax = f, off =a

Suppose now that we start with such an eigenvector v for . Il the eigenvalue
of vis w' # |, then o(v) is an eigenvector with cigenvalue w® # w', and so is
independent of v; and v and «(v) together span a two-dimensional subspace
V' of W invariant under &,. In fact, V' is isomorphic to the standard repre-
sentation, which follows from Exercise 1.10. If, on the other hand, the eigen-
value of v is 1, then a(v) may or may not be independent of v. ITil is not, then
o spans a one-dimensional subrepresentation of W, isomorphic to the trivial
representation if o{v) = p and to the alternating representation il o(v) = —v.
If (s} and v are independent, then v + o{v)and v — o(v) span one-dimensional
representations of Wisomorphic Lo the trivial and alternating representations,
respectively.

We have thus accomplished the first two of the goals we have set for
ourselves above in the case of the group G = &, First, we sce from the above
that the only three irreducible representations of 'S, are the trivial, alternating,
and standard representations U, U' and V. Moreover, for an arbitrary repre-
sentation W of S, we can wrile

W= U@ U@ Ve,

and we have a way to determine the multiplicities a, b, and c: ¢, for example,
is the number of independent eigenvectors for ¢ with eigenvalue w, whereas
a + ¢ is the multiplicity of | as an eigenvalue of 4, and b + ¢ is the multiplicity
of —1 as an eigenvalue of o.

In fact, this approach gives us as well the answer to our third problem,
finding the decomposition of the symmetric, alternating, or tensor powers of
a given representalion W, since if we know the eigenvalues of t on such a
representation, we know the eigenvalues of © on the various tensor powers of
W. For example, we can use this method to decompose V& ¥, where V is
the standard two-dimensional representation. For ¥ & V is spanned by the
veclors a @ e, a@ 1, 1@, and @ 1, these are cigenveclors for t with
eigenvalues w?, 1, |, and w, respectively, and ¢ interchanges o ® & with
fi@ f,and @@ f with § @ o Thus @ ® o« and § & f span a subrepresentation
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womorphic to V, a@ i + f®a spans a trivial representation U, and
2 ® i — 1@ aspans L', so

VavrzUsalU eV

Exercise 1.11. Use this approach Lo find the decomposition of the represen-
lations Sym?¥ and Sym?*¥.

Exercise 1.12. (a) Decompose the regular representation R of &,.
{b) Show that Sym**®*V is isomorphic to Sym*V @ R, and compute
Sym*V for all k.

Exercise  L13*  Show that  Sym?(Sym*V) = Sym*(Sym?¥). Is
Sym™{Sym"V) isomorphic to Sym"(Sym™¥)?

As we have indicated, the idea of studying a representation V of a group G
by [lirst restricting the action 1o an abelian subgroup, getting a decomposition
of V inlo one-dimensional invariant subspaces, and then asking how the
remaining generalors of the group act on these subspaces, does not work well
for linite G in general; for one thing, there will not in general be a convenient
abelian subgroup to use. This idea will turn out, however, to be the key lo
understanding the representations of Lie groups, with a torus subgroup
playing the role of the cyclic subgroup in this example.

Exercise 1.14*% Let ¥ be an irreducible representation of the finite group G.
Show that, up to scalars, there is a wnigwe Hermitian inner product on ¥
preserved by (.



LECTURE 2
Characters

This lecture containg the hearl of our treatment of the representation theory of finite
groups: the definition in §2.1 of the character of a representation, and the main theorem
(proved in two steps in §2.2 and §2.4) that the characters of the irreducible representa-
tions form an orthonormal basis for the space of class functions on G. There will be

more examples and more constructions in the lollowing lectures, but this is what you
need Lo know.

§2.1: Characters

§2.2: The Nrst projection formula and its consequences
§2.3: Examples: S, and ¥,

§2.4: More projection formulas; more consegquences

§2.1. Characters

As we indicated in the preceding section, there is a remarkably effective
tool for understanding the representations ol a finite group G, called
character theory. This is in some ways motivated by the example worked out
in the last section where we saw that a representation of &, was determined
by knowing the eigenvalues of the action of the elements 1 and o € &,. Fora
general group G, it is not clear what subgroups and/or clements should play
the role of ,, t, and o; but the example certainly suggesis that knowing
all the eigenvalues of each element of & should sullice to describe the
representation,

Of course, specilying all the eigenvalues of the action of each element of G
is somewhat unwieldy; but forlunately it is redundant as well. For example,
il we know the eigenvalues {1,} of an element g € G, then of course we know
the cigenvalues {A¥} of g* for cach k as well. We can thus use this redundancy
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to simplify the data we have to specily. The key observatlion here is it is enough
to give, for example, just the sum of the eigenvalues of each element of G, since
knowing the sums }_ 1 of the kth powers of the eigenvalues of a given element
g € G is equivalent to knowing the eigenvalues {1,} of g themselves. This then
suggesis the following:

Definition. If ¥ is a representation of G, its character yy is the complex-valued
function on the group defined by

Xwlgh = Trigly),
the trace of g on V.

In particular, we have
xvlhgh™) = xy(g)

so that , is constant on the conjugacy classes of G; such a function is called
a class function. Note that x,(1) = dim V.

Proposition 1. Let V and W be representations of G. Then
Yvww =Xv + Xws  Xyaw = Xy Iw,

=T and ypl9) = xele) — nle))]

Proor. We compute the values of these characters on a fixed element g & G.
For the action of g, V has eigenvalues {1,} and W has eigenvalues {,}. Then
{4 + )} and {4;- ;) are eigenvalues for V & W and ¥ @ W, from which the
first two formulas follow. Similarly {4, = 1} are the eigenvalues for g on ¥*,
since all eigenvalues are nth roots of unity, with n the order of g. Finally,
{4 4,li < j} are the eigenvalues for g on A*¥, and

1w
7 1~ S0 A,
=]

and since g? has eigenvalues {47}, the last formula follows. [

Exercise 2.2. For Sym?*V, verily that

Tl @) = d0xv(@) + 1rlg™)]).

Mole Lhat this is compatible with the decomposition
V@V =Sym'V @AV

Exercise 2.3*. Compute the characters of Sym*V and AV

Exercise 2.4*. Show that if we know the characler y, of a representation F,
then we know the eigenvalues of each element g of G, in the sense that we
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know the coefMicients of the characteristic polynomial of g: ¥ — V. Carry this
oul explicitly for elements g &  of orders 2, 3, and 4, and for a representation
of (7 on a vector space of dimension 2, 3, or 4.

Exercise 1.5, [The original fixed-point formula). Il ¥ is the permutation repre-
sentation associaled to the action of a group G on a finite set X, show that
xv(g) is the number of elements of X fixed by g.

As we have said, the character of a representation of a group G is really a
function on the set of conjugacy classes in (. This suggests expressing the basic
information aboul the irreducible representations of a group @ in the form of
a character table. This is a table with the conjugacy classes [g] of G listed
across the top, usually given by a representative g, with (for reasons that will
become apparent later) the number of elements in each conjugacy class over
it; the irreducible representations ¥ of G listed on the left; and, in the appro-
priate box, the value of the character x, on the conjugacy class [g].

Example 2.6. We compute the character lable of S,. This is easy: to begin
with, the trivial representation takes the values (1, 1, 1) on the three conjugacy
classes [17, [(12)], and [{123)], whereas the alternating representation has
values (1, —1, ). To see the character of the standard representation, nole
that the permutation representation decomposes: C' = U @ V; since the
character of the permulation representation has, by Exercise 2.5, the values
(3, 1,0), we have yp = yer —yp =13, 1,0) — (1,1, 1) =(2,0, —1}. In sum,
then, the character table of &, is

1 3 2
&, (12 (123
trivial U 1 1 1
alternating U 1 -1 |
standard ¥ | 2 1] -1

This gives us another solution of the basic problem posed in Lecture 1: if
W is any representation of S, and we decompose W into irreducible repre-
sentations W = UP* @ U @ V¥ then yy = ayy + by, + cxp. In parlicu-
lar, since the functions yy, rp- and y, are independent, we see that W is
deterniined np to isomorphism by its character yy.

Consider, for example, ¥ @ V. Its characier is (x, )%, which has values 4, 0,
and | on the three conjugacy classes. Since V @ U @ U has the same char-
acter, this implies that ¥ @& V decomposes inte V@ U @ U, as we have scen
directly. Similarly, ¥ @ U’ has values 2,0, and —Lso V@ U’ = ¥
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Exercise 2.7*. Find the decompesition of the representation F®" using char-
acler theory.

Characters will be similarly useful for larger groups, although it is rare to
find simple closed formulas for decomposing tensor products.

§2.2. The First Projection Formula and
Its Consequences

In the last lecture, we asked {among other things) for a way of locating
explicitly the direct sum factors in the decomposition of a representation into
irreducible ones. In this section we will start by giving an explicit formula for
the projection of an irreducible representation onto the direct sum of the trivial
faclors in Lhis decomposition; as il will turn out, this formula alone has
tremendous consequences.

To start, for any representation ¥ of a group G, we set

Vi=[veV:ign=0 ¥geG)

We ask for a way of finding V7 explicitly. The idea behind our solution to
this is already implicit in the previous lecture. We observed there that for any
representation V of G and any g € G, the endomorphism g: ¥V — V is, in
general, not a G-module homomorphism. On the other hand, il we take the
average of all these endomorphisms, that is, we set
1
- End(V

® |GF:§9 g € End(V),
then the endomorphism ¢ will be G-linear since 3 g =} hgh'. In fact, we
have

Proposition 2.8. The map o is a prajection of V anta V°.
ProoF. First, suppose v = gp(w) = (1/|G|) ¥ gw. Then, for any he G,
1 |
= — S —
0= G 2 = g &

so the image of ¢ is contained in V9, Conversely, il ve Vo then piv) =
(1G)Y. v =rv,50 ¥° = Im(pk and g = p = . (]

We thus have a way of linding explicitly the direct sum of the trivial
subrepresentations of a given representation, although the formula can be
hard to use if it does not simplify. If we just want to know the number m of
copies of the trivial representation appearing in the decomposition of ¥, we
can do this numerically, since this number will be just the trace of the
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projection . We have
m = dim ¥% = Trace(p)

IFI ):1B Trace(g) = If‘l L 1vig) (2.9)
In particular, we observe that lor an irreducible representation V other than
the trivial one, the sum over all g e G of Lthe values of the character y, is zero.

We can do much more with this idea, however. The key is to use Exercise
1.2:if ¥ and W are representations of G, then with Hom{V, W), the representa-
tion defined in Lecture 1, we have

Hoin(V, W)® = {G-module homomorphisms from V1o Wi

If ¥ is irreducible then by Schur's lemma dim Hom(¥, W) is the multiplicity
of ¥ in W; similarly, if W is irreducible, dim Hom(¥, W)® is the multiplicity
of Win ¥, and in the case where both V and W are irreducible, we have

1 ifvaew

0 fvgEWw

But now the character yyompe.w) 0f the representation Hom(V, W)= V* @ W
is given by

dim Homg(V, W) = {

Xisomer,w1(9) = Xv(g) Xor(0).
We can now apply formula (1.9) in this case to obtain the striking

I V=W
A 0(@xwla) = {ﬂ V%W (2.10)
To express this, let
€10} = [class functions on G}
and define an Hermitian inner p-mduct on C,,.(G) by
(e, i) = E a(g)f(g). (2.11)

IGI get
Formula (2.10) then amounis (o

Theorem 2.12. In terms of this inner product, the characters of the irreducible
representations af G are orthonormal.

For example, the orthonormality of the three irreducible representations
of &, can be read from its character table in Example 2.6. The numbers over
each conjugacy class tell how many times to count entries in that column,

Corollary 2.13. The mumber of irreducible representations of G is less than or
equal 10 the number of confugacy classes.
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We will soon show that there are no nonzero class functions orthogonal
to the characters, so that equality holds in Corellary 2.13.

Corollary 2.14. Any representation is determined by its character.

Indeed il V = V" @ - @ K®™, with the }; distinet irreducible characters,
then yp = ¥ axy,, and the x,, are linearly independent,

Corollary 2.15. A represeniation V is irreducible if and only if (xy, 1y} = 1.

In fact, if ¥ = V2 @ - @ V,®* as above, then (x,, ) = 3. af.
The multiplicities a, can be calculaled via

Corollary 2.16. The multiplicity a; of ¥, in V is the inner product of g, with g,
ie, o = (ry, Ir,]-

We obtain some further corollaries by applying all this to the regular
representation R of G. First, by Exercise 2.5 we know the character of R; it is
simply

_Jo ifge#e
xalg) = {lm ifg=e

Thus, we see first of all that R is not irreducible if G # {e}. In fact, il we sel
R = (P ¥®*, with ¥ distinct irreducibles, then

| .
iy = (y, Xn) = ﬁxr.{rl-lﬁl = dim V. (2.17)

Corollary 2.18. Any irreducible representation V of G appears in the regular
representation dim V rimes.

In particular, this proves again that there are only finitely many irreducible
representalions. As a numerical consequence of this we have the formula

|G| = dim(R) = }_ dim({K)". (2.19)

Also, applying this to the value of the character of the regular representation
on an element g € 7 other than the identity, we have

0= 73 (dim V) xy(g) ifg+#e (2.20)

These two formulas amount to the Fourier inversion formula for finite groups,
cf. Example 3.32. For example, il all but one of the characters is known, they
give a formula for the unknown character.

Exercise L.21. The orthogonality of the rows of the character table is equiv-
alent to an orthogonality for the columns {(assuming the fact that there are as
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many rows as columns). Written out, Lhis says:
(i) Forge G,

1G]
?x[ylxm]— T

where the sum is over all irreducible characters, and ¢(g) is the number of
elements in the conjugacy class of g.
i) I g and h are elements of G thal are nol conjugate, then

z x[_g:lnh} =

r

Mote Lhat for g = ¢ these reduce to (2.19) and (2.20).

§2.3. Examples: &, and U,

To see how the analysis of the characters of a group aclually goes in praclice,
we now work out the character table of 3,. To starl, we list the conjugacy
classes in S, and the number of elements of S, in each. As wilth any symmetric
group &,, the conjugacy classes correspond naturally to the partitions of d,
that is, expressions of d as a sum of positive inlegers a;, a,, ..., a,, where
the correspondence associates lo such a parlition the conjugacy class of a
permutation consisting of disjoint cycles of length a,, a,, ..., a,. Thus, in S,
we have the classes of the identity element 1 (4 =1+ 1+ 1+ 1), a trans-
position such as {12}, corresponding Lo the partition 4 =2 + | + 1; a three-
cycle {123) corresponding to 4 = 3 + I; a four-cycle (1234) (4 = 4); and the
product of two disjoint transpositions (12)(34) (4 = 2 + 2).

Exercise 2.22. Show that the number of elements in each of these conjugacy
classes is, respectively, 1, 6, 8, 6, and 3.

As for the irreducible representations of S, we siart with the same ones
that we had in the case of S,: the trivial U, the alternating U, and the
standard representation V, ie., the quotient of the permutalion representation
associated to the standard aclion of S, on a set of four elemenis by the
trivial subrepresentation. The character of the trivial representation on the
five conjugacy classes is of course (1, 1,1, 1, 1), and that of the alternating
representation is (1, —1,1, —1,1). To find the character of the standard
representation, we observe that by Exercise 1.5 the characler of the permuta-
tion representation on C* is yeo = (4, 2, 1,0, 0) and, correspondingly,

Iy = Koo — Xu ={3l Itﬂr -1, - I}.

MNole that || = 1, so V is irreducible. The character table so far looks like
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1 6 E 6 3
S, ] | (12) (123 (1234 (12)34)
trivial Lf 1 1 1 1 1
alternating U 1 -1 1 =1 1
standard ¥ | 3 1 0 -1 -1

Clearly, we are not done yet: since the sum of the squares of the dimensions
of these three representations is | + 1 +9 = 11, by (2.19) there must be
additional irreducible representations of &,, the squares of whose dimensions
add up to 24 — 11 = 13, Since there are by Corollary 2.13 at most two of them,
there must be exactly iwo, of dimensions 2 and 3, The latter of these is easy
Lo locate: il we just tensor the standard representation V with the alternating
one U, we arrive al a representation V' with character yp- = 3y fo- =
(3, —1,0, 1, —1). We can see thal this is irreducible either from its character
(since | x| = 1) or from the fact that it is the tensor produet of an irreducible
representation with a one-dimensional one; since its characler is not equal to
that of any of the first three, this must be one of the two missing ones. As for
the remaining representation of degree two, we will for now simply call it W;
we can determine its character from the orthogonality relations (2.10). We
oblain then the complete character table for &,:

| ] 8 6 3
= | (2 (123) (1234) (12)(34)
trivial Lf 1 | I I I
alternaling U 1 —1 | =1 1
standard ¥ k] I 0 =1 -1
V=val | 3 -1 0 1 -1
Another W 2 0 -1 ] 2

Exercise 2.23. Verify the last row of this table from (2.10) or {2.20).

We now get a dividend: we can take the characier of the mystery represen-
tation W, which we have obtained from general character theory alone, and
use it to describe the representation W explicitly! The key is the 2 in the last
column for y,: this says that the action of (12)(34) on the two-dimensional
veclor space W is an involution of trace 2, and so inust be the identity. Thus,
W is really a representation of the quotient group’

VIF N is a normal subgroup of a group G, a representation p- G = GL{V) is trivial on N il and
only if it factors through Lhe quotient

G — GfN = GL{F)
Representations of G/N can be identified with representations of & that are trivial on N,
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&,/{1,(12)(34), (13)(24), (14)(23)} = &,.

[One may sec this isomorphism by letting &, acl on the elemenis of the
conjugacy class of { 12)(34); equivalently, il we realize S, as the group of rigid
motions of a cube {see below), by looking at the action of &, on pairs of
opposite [aces.] W must then be just the standard representation of &, pulled
back Lo S, via this quotient.

Example 2.24. As we said above, the group of rigid motions of a cube is the
symmelric group on four letters; &, acts on the cube via its action on the four
long diagonals. It follows, of course, that &, acls as well on the set of faces,
of edges, of vertices, etc; and 1o each of these is associated a permutation
representation of S,. We may thus ask how these representations decompose;
we will do here the case of the faces and leave the others as exercises.

We start, ol course, by describing the character y of the permutation
represenialion associated to the laces of the cube. Rotation by 180" aboul a
line joining the midpoinis of two opposite edges is a transposition in S, and
fixes no faces, so x(12) = 0. Rotation by 120° aboul a long diagonal shows
1(123) = 0. Rotation by %0° aboul a line joining the midpoints of iwo opposite
faces shows y(1234) = 2, and rotation by 180° gives x{(12)(34)) = 2. Now
(x, ¥} = 3, s0 x is the sum of three distinct irreducible representations. From
the table, (¥, xu) = (1, xs-) = (. xw) = |, and the inner products with the
others are zero, so this representation is U@ V' @ W, In fact, the sums of
opposite faces span a three-dimensional subrepresentation which contains L/
(spanned by the sum of all laces), so this representation is U & W. The
dilferences of opposite faces therefore span V.

Exercise 2.25% Decompose the peninulation representation of &, on (i) the
vertices and (ii) the edges of the cube.

Exercise 2.26. The alternating group 9, has lour conjugacy classes. Three
representations U, U, and U”" come from the representations of
W, /1, (12)(34), (13)(24), (14)(23)) = 2/3,

50 there is one more irreducible representation ¥V of dimension 3. Compute
the character table, with m = ¢2™;

I 4 4 3
i, I (123) (132) (12)(34)
v I I
L o at

I |
| |
U~ I w? ] |
k] 0 Li] = |
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Exercise 2.27. Consider Lhe representations of €, and their restrictions 1o 9.
Which are still irreducible when restricted, and which decompose? Which
pairs of nonisomorphic representations of &, become isomorphic when
restricted? Which representations of 9, arise as restrictions rom &,

§2.4. More Projection Formulas; More Consequences

In this section, we complete the analysis of the characlers of the irreducible
representations of a general finite group begun in §2.2 and give a more general
formula for the projection of a general representation ¥ onto the direct sum
of the faclors in ¥ isomorphic to a given irreducible representation W. The
main idea for both is a generalization ol the "averaging” of the endomorphisms
@: V =+ V used in §2.2, the poinl being that instead of simply averaging all the
g we can ask the question: what linear combinations of the endomorphisms
g: ¥V = V are G-linear endomorphisms? The answer is given by

Proposition .28, Lef a: G — C be any function on the group G, and for any
representation V of G set

Pop = 2 alg) g V= V.

Then o, , is a homomorphism of G-modules for all V if and only if « is a class
JSunction.

Proor, We simply write out the condition that e, , be G-linear, and the result
falls out: we have

@a(hv) = 3, alg)-ghe)
= L alhgh™") hgh™" ()
{substituting hgh™' for g)
= W alhgh ')- g(v)
= h(} a(g)- aiv))
(il @ is a class lunclion)
= hp,, v (v)).
Exercise 2.29*. Complete this proof by showing that conversely if « is not a

class function, then there exists a representation ¥ of G for which ¢, , fails to
be G-linear. ]

As an immediate consequence of this proposition, we have
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Proposition 2.30. The number of irreducible representations of G is equal to the
number of conjugacy classes of G. Equivalently, their characters {x, ] form an
orthonormal basis for T, (G

Proor. Suppose o G — € is a class function and (=, x,) = 0 for all irreducible
representations ¥; we must show that @ = 0. Consider the endomorphism

Py = 2 alg) g V-V
as defined above. By Schur's lemma, ¢, , = 4- Id; and if n = dim ¥, then

|
A= E'“’““[%.r?

I
=E'£“‘.ﬂ}!r{9]

1G]

= T["-- 1)

=1

Thus, @, , = 0, or ¥ «(g) g = 0 on any representation ¥ of G; in particular,
this will be true for the regular representation V = R. But in R the elements
{g e G}, thought of as elements of End(R), are linearly independent. For
example, the elements {g{e)} are all independent. Thus a(g) = 0 for all g, as
required. O

This proposition compleles the descriplion of the characters of a finite
group in general. We will see in more examples below how we can use this
information to build up the character table of a given group. For now, we
mention another way of expressing this proposition, via the representation
ring of the group .

The representation ring R(G) of a group G is easy to define. First, asa group
we just take R(G) to be the free abelian group generated by all (isomorphism
classes of ) representations of G, and mod out by the subgroup generated by
elements of the form V + W — (V' @ W), Equivalently, given the statement of
complete reducibility, we can just take all integral linear combinations } a,- ¥,
of the irreducible representations V] of G; elements of R(G) are correspondingly
called virtual representations. The ring structure is then given simply by tensor
product, defined on the generators of R{G) and exiended by linearity.

We can express most of what we have learned so far aboul representations
of a finite group G in these terms. To begin, the character defines a map

x: R(G) = Lol G)

from R{(G) to the ring of complex-valued functions on 7 by the basic formulas
of Proposition 2.1, this map is in facl a ring homomorphism. The statement
that a representation in determined by its character then says thal y is injective;
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the images of y are called virtual characters and correspond thereby to virtual
representations. Finally, our last proposition amounts to the statement that
¥ induces an isomorphism

Yoo RIGI@C - C L IG).

The virtual characters of G form a lattice A = 7 in C,,,,.(G), in which the
aclual characters sil as a cone Ay = M° <= % We can thus think of the
problem of describing the characters of 7 as having two parls: lirst, we have
to find A, and then the cone A, = A (once we know Ay, the characlers of the
irreducible representations will be determined). In the following lecture we
will state theorems of Artin and Brauer characterizing A ® O and A.

The argument for Proposition 2.30 also suggests how lo obtain a more
general projection formula. Explicitly, if W is a fixed irreducible representation,
then lor any representation F, look at the weighted sum

1{;[ E xwig) g € End(V).

By Proposition 2.28, 4 is a G-module homomorphism. Hence, if V is irreduc-
ible, we have ¢ = 4-1Id, and

1
A= dim v Trace

1
=dmV IGl L xw(a) xv(a)

1
= J dim ¥V

0 iry+ W

iTy=Ww

For arbitrary ¥,

b =dimW- — ¥ rulghg: V-V (2.31)

IG[.

is the projection of ¥ onto the factor consisting of the sum of all copies of W
appearing in ¥. In other words, if ¥ = () ¥/®*, then

. 1 —_——
my = dim ¥-— . 232
i i |G|uEG lg)a (2.32)
is the projection of ¥ onto F®™,

Exercise 2.33*, (a) In terms of representations ¥ and W in R(G), the inner
product on C_,,,(G) takes the simple form

(¥, W) = dim Homg(V, W).
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(b) My e C . (G)is a virtual character, and (¥, y) = 1, then either y or —y
is the character of an irreducible representation, the plus sign occurring when
¥y =010 (x, x} = 2, and x(1) = 0, then y is either the sum or the difference
of two irreducible characlers.

{c) ITU, ¥, and W are irreducible representations, show that I/ appears in
V@ Wil and only if W occurs in V* @ U, Deduce that this cannot occur
unless dim U = dim W/dim ¥,

We conclude this lecture with some exercises that use characters to work
out some standard facts about representations.

Exercise 2.34*, Let V and W be irreducible representations of , and
Ly: ¥V — W any linear mapping. Define L: V = W by

1
— ¥ g "-Lolg-v)

L{F} - IGI--a

Show that L = 0if ¥ and W are not isomorphic, and that L is multiplication
by trace(L,)dim{V) il ¥ = W.

Exercise 2.35*. Show that, if the irreducible representations of G are represented
by unilary matrices [cf. Exercise 1.14], the matrix entries of these representa-
tions form an orthogonal basis for the space of all funclions on G [with inner
product given by (2.11)].

Exercise 2.36*. Il 7, and G, are groups, and V| and V; are representations ol
Gy and Gy, then the tensor product ¥, @ V; is a representation of G, x G,,
byig, x g;) (v, @ v;3) = g, v, & g, v;. To distinguish this “external” tensor
product from the internal tensor product—when G, = G,—this external
tensor product is sometimes denoted ¥, @ V5. IT x; is the character of ¥, then
the value of the character y of ¥, @V, is given by the product:

xigs * g2) = 1108, )xalgz)

If ¥, and V; are irreducible, show that ¥, @ ¥, is also irredugible and show
that every irreducible representation of G, x (7, arises this way. In terms of
representation rings,

R(G, x G;) = R(G,) @ R(G,).

In these lectures we will often be given a subgroup G of a gencral linear
group GL{F), and we will look for other representations inside tensor powers
of ¥. The following problem, which is a theorem of Burnside and Molien,
shows that for a finite group G, all irreducible representations can be found
this way.
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Problem 2.37*. Show thal if V is a faithful representation of G, ie., p: G —
GL(¥) is injective, then any irreducible representation of G is contained in
some tensor power V& of ¥,

Problem 2.38* Show that the dimension of an irreducible representation of
G divides the order of G.

Another challenge:
Problem 2.39*, Show that the character of any irreducible representation of

dimension greater than | assumes the value 0 on some conjugacy class of the
group.



LECTURE 3

Examples; Induced Representations;
Group Algebras; Real Representations

This lecture is something of a grabbag. We start in §3.1 with examples illustrating the
use of the lechniques of the preceding leclure. Section 3.7 is also by way of an example.
We will see guile a bit more aboul the representations of the symmetric groups in
general later; §4 is devoied to this and will certainly subsume this discussion, bul this
should provide at leasl a sense of how we can go about analyzing representalions of
a class of groups, as opposed fo individual groups. In §3.3 and 3.4 we introduce two
basic nolions in representation theory, induced representations and the group algebra.
Finally, in §3.5 we show how to classily represeniations of a finite group on a real
veclor space, given the answer lo the corresponding question over C, and say a few
words aboul the analogous question for subfields of C other than R. Everything in this
lecture is elementary except Exercises 1.9 and 3.32, which involve the notions of Clilford
algebraz and the Fourier transform, respectively (both exercises, of course, can he
skipped).

§3.1: Examples: S, and 9,

§3.2 Exterior powers of the standard representation of S,
§1.3: Induced representations

§3.4: The group algebra
§1.5: Real representations and representations over subfields of C

§3.1. Examples: S5 and

We have found the representations of the symmetric and alternating groups
for n < 4. Before turning to a more systematic study of symmetric and alter-
nating groups, we will work out the next couple of cases.
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Representations of the Symmetric Group &,

As before, we start by listing the conjugacy classes of S, and giving the number
of elements of each: we have 10 transpositions, 20 three-cycles, 30 lour-cycles
and 24 five-cycles; in addition, we have 15 elements conjugate to (12)({34) and
10 elemenis conjugate to {12){345). As for the irreducible representations, we
have, of course, the trivial representation U, the alternating representation U,
and the standard representation V; also, as in the case of S, we can lensor
the standard representation ¥ with the alternating one to obtain another
irreducible representation ¥' with character gy = ¥ 1y

Exercise 3.1. Find the characters of the representations ¥ and V'; deduce in
particular that ¥ and V' are distinct irreducible representations,

The first four rows of the character table are thus

1 10 0 30 24 15 20

S, (12) (123 (1234)  (12345)  (12)(34)  (12)(345)
vl i 1 1 1 1 |
vl -1 i —1 1 1 -1
V|4 2 1 0 —1 0 -1
v la -2 1 0 -1 0 I

Clearly, we need three more irreducible representations. Where should we
look for these? On the basis of our previous experience (and Problem 2.37), a
natural place would be in the tensor products/powers of the irreducible
representations we have found so far, in particular in ¥ ® ¥ (the other two
possible products will yield nothing new: we have V' & V = V& V& U and
V& V' = ¥® V). Of course, ¥ & V breaks up into A2Fand Sym?¥, so we
look at these separately. To start with, by the formula

travl@) = Hola) — wia®n
we calculate the character of A2V
Xpap = {6: ur 0, I]f Tl —2,“}:

we see [rom this that it is indeed a fifth irreducible representation (and that
AV @ U = ATV, so we get nothing new that way).

We can now find the remaining two representalions in either of two ways.
First, il n; and ny are their dimensions, we have

S51=120= 12412 4+ 4* + 42 + 62 + ni + nd,

5o nt 4+ n} = 50. There are no nore one-dimensional representations, since
these are trivial on normal subgroups whose quotient group is cyclic, and 0,
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is the only such subgroup. 50 the only possibility isn, = n; = 5. Let W denote
one of these five-dimensional representations, and set W' = W& U'. In the
table, il the row giving the character of W is

(5 o @y ay ay as dg),

that of W is(5 —a, o, -—ay, a, as —ag) Using the orthogonality
relations or (2.20), one sees that W’ ¢ W; and with a little caleulation, up to
interchanging W and W', the last two rows are as given:

I 10 20 30 24 15 20

= 1 (12) (123) (1234) (12345) (12)(34) (12)(345)
) 1 I 1 I 1 1 I
o 1 -1 1 -1 i 1 =1
¥ q 2 1 0 -1 0 -1
L 4 =12 1 0 -1 L I
My f 0 0 0 I -2 0
W h] 1 -1 -1 0 [ 1
W 5 -1 -1 I 0 1 -1

From the decomposition ¥ @ U = C*, we have also A*F = ASC* = U,
and V* = V. The perfect pairing!

Fox AV = MY =L,

laking v % (o, A v3 A 13) OB A By A Uy A Dy shows that A'V is isomorphic
loP*@u =¥

Another way to find the representations W and W' would be to proceed
with our original plan, and look at the representation Sym?V. We will leave
this in the form of an exercise:

Exercise 3.2, (i) Find the character of the representation Sym?*¥.
(i) Without using any knowledge of the character table of S, use this to
show that Sym?®V is the direct sum of three distinct irreducible representations.
{iii) Using our knowledge of the first five rows of the character table, show
that Sym? ¥ is the direct sum of the representations U, ¥, and a third irreduc-
ible representation W. Complete the character table for &,.

Exercise 3.3. Find the decomposition into irreducibles of the representations
AW, Sym?W, and V@ W

VAT ¥ and W are n-dimensional vector spaces, and U is one dimensional, a perfect pairing is o
bilinear map f: ¥ x W — U such that no nonzero veclor e in ¥ has fijv, W) = 0. Fquivalently,
the map ¥ =+ Hom (W, U) = W* & U, v {wi= S, w)), is an isomorphism.
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Representations of the Alternating Group 21,

What happens to the conjugacy classes above il we replace S, by 7
Ohviously, all the odd conjugacy classes disappear; but at the saine time, since
conjugation by a transposition is now an outer, rather than inner, auto-
morphism, some conjugacy classes may break into lwo.

Exercise 3.4. Show that the conjugacy class in S, of permutations consisting
of products of disjoint cycles of lengths by, by, ... will break up into the union
of two conjugacy classes in 2, il all the I are odd and distinct; il any by are
even or repeated, it remains a single conjugacy class in %,. (We consider a
fixed point as a cycle of length 1.)

In the case of 914, this means we have the conjugacy class of three-cycles
{as before, 20 elements), and of products of two disjoint transpositions (15
elements); the conjugacy class ol five-cycles, however, breaks up into the
conjugacy classes of (12345) and (21345), each having 12 elements.

As for the representations, the obvious first place (o look is al restrictions
ta M, of the irreducible representations of S, found above. An irreducible
representation of S, may become reducible when restricted to 9,; or two
distinct representations may become isomorphic, as will be the case with U
and U, ¥ and V', or W and W' In fact, U, ¥, and W stay irreducible
since their characters satisly (z, y) = 1. But the character of A’V has values
(6,0, —2, 1, 1) on the conjugacy classes listed above, so (y, ¥) = 2, and AV is
the sum of two irreducible representations, which we denote by ¥ and Z. Since
the sums of the squares of all the dimensions is 60, (dim ¥)* + (dim Z)? = I8,
s0 each musi be three dimensional.

Exercise 3.5. Use the orthogonality relations to complete the character table
of U,:

1 0 15 12 12
W, | 1 (123 (1234) (12345 (21345)
vl | 1 1 |
V| 4 1 0 -1 -1
W s -1 1 0 0
1+/5  1-.5
¥ |3 0 -1 S 5
-5 14./5
F - S A T
3 0 1 ) 5

The representations ¥ and Z may in fact be familiar: 20, can be realized as
the group of motions of an icosahedron (or, equivalently, of a dodecahedron)
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and ¥ is the corresponding representation. Note that the two representations
N, -+ GL,4(R) corresponding to ¥ and £ have the same image, but (as you
can see [rom the fact that their characters differ only on the conjugacy classes
of (12345) and (21345)) dilfer by an outer automorphism of 9,.

Mote also that ATV does not decompose over Q; we could see this directly
from the fact that the vertices of a dodecahedron cannot all have ralional
coordinates, which follows from the analogous fact for a regular pentagon in
the plane.

Exercise 3.6. Find the decomposition of the permutation representation of 21,
corresponding to the (i} vertices, (ii) faces, and (iii) edges of the icosahedron.

Exercise 3.7. Consider the dihedral group D, defined to be the group of
isometries of a regular n-gon in the plane. Let ' = Z/n = Dy, be the subgroup
of rotations. Use the methods of Lecture | (applied there to the case S, = ;)
to analyze the representations of Dy, that is, restrict an arbitrary representa-
tion of Iy, to [, break it up into eigenspaces for the action of I', and ask how
the remaining generator of Dy, acts of these eigenspaces,

Exercise 3.8. Analyze the representations of the dihedral group [, using the
character theory developed in Lecture 2.

Exercise 3.9. (a) Find the character table of the group of order 8 consisting of
the quaternions {+1, +i, +j, +k} under multiplication. This is the case
m = 3 of a collection of groups of order 2", which we denote H,,. To describe
them, let € denote the complex Clifford algebra generated by v, ..., v, with
relations v} = — | and v v; = —p,-v;, s0 C, has a basis v, =, ... v, as
I = {i; <+ <i)varies over subsets of {1, ..., m}. (See §20.] for notation and
basic facts about Clilford algebras). Set

'"- - {i ('Y |-” s t!’cl‘l} c {,E:"'ll]*.

This group is a 2-to-1 covering of the abelian 2-group of m x m diagonal
matrices with 4 1 diagonal entries and determinant 1. The center of I is
{1} ifmis odd and is {1, +v;,, .} il m is even. The other conjugacy
classes consist of pairs of elements { +v,). The isomorphisms of C2*" with a
miatrix algebra or a product of two matrix algebras give a 2*-dimensional
“spin” representation § of Hy,,,, and two 2°~'-dimensional “spin” or “hall-
spin” representations §* and 5° of H,,.

{b) Compute the characters of these spin representations and verily that
they are irreducible.

ic) Deduce thal the spin representations, together with the 27! one-
dimensional representations coming lrom the abelian group H_f{ + 1} givea
complete set of irreducible representations, and compute the character table
for H,.
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For odd m the groups I, are examples of extra-special 2-groups, cf. [ Grie],
[Qu].

Exercise 3.10. Find the character table of the group SL,(#/3).

Exercise 3.11. Let H(Z3) be the Heisenberg group of order 2T:

I a b
HEZM =40 1 c|abcel/i}t cSLyEn)
001

Analyze the representations of H{Z/3), first by the methods of Lecture |
(restricting in this case to the center

1 0 b
Z= 01 0 bedfl=E3
LU |
of H{£/3)), and then by character theory.

§3.2. Exterior Powers of the Standard
Representation of G,

How should we go aboul constructing representations of the symmetric
groups in general? The answer to this is not immediate; it is a subject that will
occupy most of the next lecture (where we will produce all the irreducible
represenlations of S,). For now, as an example of the elementary techniques
developed so far we will analyze directly one of the obvious candidates:

Proposition 3.12. Each exterior power AV of the standard representation V of
&, Is irreducible, 0 = k =d — 1.

ProoF. From the decomposition C* = ¥ @ U, we see that V is irreducible if
and only if (¥ ¢e, xc4) = 2. Similarly, since

NC =A@ eNTYRANU = NMva Ty,

it sulices to show that (x, x) = 2, where y is the character of the representation
MO Let A ={1,2,...,d}. For asubset B of A with kelements,and ge G =
S, let

0 ifg(B)#B
{g)a= 1 ilg{B) = B and g|g is an even permutation
—1 ilg(B)= B and gl is odd.
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Here, il g{B) = B, gls denotes the permutation of the set B determined by g.
Then x(g) = 3 {g}s, and

(6 x) = ‘% p (; !fs.r}..)I
=31 L 3T hlo)e

= ‘—:—, ); ¥ (sgn glg)- (BN gle),

where the sums are over subsets B and C ol A with k elements, and in the last
equation, the sum is over those g with g(B) = Band g(C) = C. Such g is given
by four permutations: one of B C, one of BB ~ C, one of Cy B 1 C, and one
of AvBw C. Letting | be the cardinality of B ~ C, this last sum can be written

%;; ..?:h, *'l{-. "};‘_r e ‘Z-:-,.. (sgn a)*(sgn b)(sgn )
- TE -2+ 1y (h);__‘ sgn b) (); sgn c).

These last sums are zero unless k — [ = 0 or 1. The case k = | gives

1 I /d
a-i;k![d— k)l = ﬂ(k)“[" —~ k=1

Similarly, the terms with k — | = | also add up to 1, 50 (x, x) = 2, as required.
J

Note by way of conlrast that the symmetric powers of the standard repre-
sentation of S, are almost never irreducible. For example, we already know
that Lthe representation Sym? I contains one copy of the trivial representation:
this is just the statement that every irreducible real representation (such as V)
admits an inner product {unique, up to scalars) invariant under the group
action; nor is the quotient of Sym? by this trivial subrepresentation neces-
sarily irreducible, as witness the case of S,.

§3.3. Induced Representations

ITH = 7is a subgroup, any representation ¥ ol G restricts to a representation
of H, denoted Resd ¥ or simple Res . In this section, we describe an impor-
tant construction which produces representations of G from representations
of H. Suppose V is a representation of G, and W = ¥ is a subspace which is
H-invariant. For any g in G, the subspace g - W = {g-w: we W} depends only
on the left coset gH of g modulo M, since gh- W = g-(h- W) = g- W; [or a coset
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@ in (;/H, we write o - W [or this subspace of V. We say that V is induced by W
il every element in ¥ can be writlen uniquely as a sum of elements in such
translates of W, ie.,

Vo a- W
@ GIH

In this case we wrile V¥ = IndfW = Ind W,

Example 3.13. The permutation representation associated to the left action of
G on G/H is induced from the trivial one-dimensional representation W ol H.
Here ¥ has basis {e,: 0 & G/H}, and W = C- ey, with I{ the trivial coset.

Example 3.14. The regular representation of G is induced from the regular
representation of H. Here V has basis {¢,: g £ G}, whereas W has basis
ey he H).

We claim that, given a representation W of I, such V exists and is unique
up to isomorphism. Although we will later give several fancier ways to see
this, it is not hard to do it by hand. Choose a representalive g, € G for each
cosel o € G, with ¢ representing the trivial coset H. To see the unigueness,
note that each element of ¥ has a unique expression v = } g, w,, for elements
w, in W. Given g in G, write g-g, = g, h for some t € G/H and he [. Then
we must have

@ (9.%,) = (" o)W, = (g, W)W, = g.(hw,).
This proves the uniqueness and tells us how to construct ¥ = Ind{ W) from

W.Take a copy W7 of W for each lelt coset o € G/I; for w e W, let g, w denote

the element of W" corresponding to w in W, Let ¥ = W”, so every
ow G
element of ¥ has a unique expression v = }_g,w, for elements w, in W. Given

g & G, define

g'{glwl] = gl[kwi} Er'p'gi = -h.

Toshow that this defines as action of G on ¥, we must verily that g" (g (g, w,))
= (" g) (g, w,) for another element g' in G. Now il g"-g, = g, I, then

a'(g-(g,w,) = @' (ghw,)) = g, (K (hw,)).
Since (¢"-g) g, =¢"(g'9.)=¢""g."h = g, - h, we have

(g"-g)(g.w,) = g, (( - hyw,) = g (- (hw,)),
as required.

Example 315. I W = (P W,, then Ind W = (P Ind W,

The existence of the induced representation lollows rom Examples 3.14
and 1.15 since any W is a direct sum of summands of the regular representation.
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Exercise 3.16. (a) If U is a representation of & and W a representation of H,
show that [with all tensor products over C)

U@ Ind W= Ind{Res(L) & W)
In particular, Ind{Res(U/)) = U/ @ P, where P is the permutation representa-
tion of G on G/H. For a formula for Res{Ind(W)), for W a representation of
I, see [Se2, p. 58].

{b) Like restriction, induction is transitive: il N = K = G are subgroups,
show that

Ind§(W) = Ind§(Indj W).

MNote that Example .15 says that the map Ind gives a group homomor-
phism between the representation rings R(H) and R(G), in the opposite direc-
tion from ihe ring homomorphism Res: R{G) - R(H) given by restriction;
Exercise 3.16(a) says that this map satisfies a “push—pull” formula 2 - Ind{f) =
Ind(Res(x)- f) with respect to the restriction map.

Propesition 3.17. Let W be a representation of H, U a representation of G, and
suppose V = Ind W. Then any H-module homomorphism @: W — U extends
uniguely o a G-module homomorphism @: V- U. ie.,

Homg, (W, Res U) = Homg(Ind W, U).
In particular, this universal property determines Ind W up to canonical
isomorphism.
Proor. With ¥ = (B, o,n o - W as before, define @ on o- W by
o WL W,y
which is independent of the representative g, lor o since @ is H-linear,. [J
To compute the character of ¥ = Ind W, note that g e G maps oW 1o go W,

so Lhe trace is caleulated from those cosets o with go = o, ie, 5 'gse H lor
s € o. Therelore,

Tmawlg@) = 3 xw(s'gs) (5o arbitrary). : (3.18)

| L

Exercise 3.19. (a) If C is a conjugacy class of GG, and C n H decomposes into

conjugacy classes Dy, ..., D, of H, (3.18) can be rewritten as: the value of the

character of Ind W on C is

i61 . 10

IHl & 1C

{b) If W is the trivial representation of H, then
[G:H]

YinawlC) = __f':_i

TinawlC) = rw ()

1€ HIL
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Corollary 3.20 (Frobenius Reciprocity). Iff W is a representation of H, and U a
representation of G, then

( Xinaws Tule = (Xw. Ines vl

Proor. [t sullices by linearity to prove this when W and U are irreducible.
The left-hand side is the number of times U appears in Ind W, which is
the dimension of Homg(Ind W, U). The right-hand side is the dimension of
Hom,,(W, Res U). These dimensions are equal by the proposition. 0

If W and U are irreducible, Frobenius reciprocity says: the number of rimes
U appears in Ind W is the same as the number of times W appears in Res U,

Frobenius reciprocity can be used to find characters of @ il characters of
M are known.

Example 3.21. We compute Ind§W, when H =8, = G = S,, W = I, (the
standard representation) = Uj (the alternating representation). We know the
irreducible represenatations of $,: U,, Uj, V;, which restrict to U,, U; = ¥,
U, & U3, respectively. Thus, by Frobenius, Ind ¥, = Uy & V.

Example 3.22. Consider next H = S, = G = S,, W = F,. Again we know the
irreducible representations, and Res U, = U,, Res U, = Uy, Res ¥, = U, @ ¥,
[the vector

(L1, =3e ¥ ={lx,, x5 x5, x,): 3, x, =0}

isfixed by /], Res ¥, = Uy @ ¥;, with 5 = Vy, and Res W, = I (as one may
see directly). Hence, Ind ¥y = ¥, @ V] @& W,. (Note that the isomorphism
Res W, = ¥, actually follows, since one W, is all that could be added to
V, @ ¥, to get Ind ¥;.)

Exercise 3.23, Determine the isomorphism classes of the represeniations ol S,
induced by (i) the one-dimensional representation of the group generated by
{1234) in which (1234)-0 = ip, i = ./~ I: {ii} the one-dimensional representa-
lion of the group generated by (123} in which (123)-0 = >

Exercise 3.24. Let H =, = G = S, Show that Ind U = U@ U, Ind ¥ =
Ve V', and Ind W= W@ W, whereas Ind ¥ = Ind Z = AW,

Exercise 3.25*. Which irreducible representations of &, remain irreducible
when restricted to 9,7 Which are induced from 21,7 How much does this tell
you about the irreducible representations of 91,7

Exercise 3.26%. There is a unique nonabelian group of order 21, which can be
realized as the group ol affine transformations x +—+ax + f of the line over the
field with seven elements, with « a cube root of unity in that field. Find the
irreducible representations and character table for this group.
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MNow that we have introduced the notion of induced representation, we can
state two important theorems describing the characters of representations of
a finite group. In the preceding lecture we mentioned the notion of virtual
characier; this is just an element of the image A of the character map

1 R(G) = C,,,(G)

from the representation ring R(G) of virtual representations. The lollowing
two theorems both state that in order to generate A ® O (resp. A) it is enough
to consider the simplest kind of induced representations, namely, those induced
from cyclic (respective elementary) subgroups of G. For the prools of these
theorems we refer to [Se2, §9, 10]. We will not need them in these lectures.

Artin’s Theorem 3.27. The characters of induced representations from cyclic
subgroups of G generate a lattice of finite index in A

A subgroup H of G is p-elementary if H = A x B, with A eyclic of order
prime to p and B a p-group.

Braver's Theorem 3.28. The characters of induced representations from elemen-
tary subgroups of G generate the lattice A.

§3.4. The Group Algebra

There is an imporiant notion that we have already dealt with implicitly but
not explicitly; this is the group algebra CG associated to a finite group G. This
is an object that for all intents and purposes can completely replace the group
{7 itsell; any statement about the representations of i has an exact equivalent
statement about the group algebra. Indeed, to a large extent the choice of
language is a matler of taste.

The underlying vector space of the group algebra of  is the vector space
with basis {e,} corresponding to elements of the group G, that is, the under-
lying vector space of the regular representation. We define the algebra struc-
ture on this veclor space simply hy

€, 8y = E"h.

Ry a represeniation of the algebra CG on a veclor space V we mean simply
an algebra homomorphism

CG — End(V),

50 that a representation ¥ of CG is the same thing as a lelt CG-module. Note
that a representation p: G -+ Aut(¥) will extend by linearity to a map : CG —
End(¥), so that representations of CG correspond exactly to representations
ol G; the let CG-module given by CG itsell corresponds to the regular
representation,
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If { W]} are the irreducible representations of GG, then we have seen that the
regular representation R decomposes

R =@ (H) @

We can now refine this statement in terms of the group algebra: we have

Proposition 3.29. As algebras,
CG = P End(W))

Proor. As we have said, for any representation W of G, the map G — Aut(W)
extends by linearity to a map CG — End(W); applying this to each of the
irreducible representations W] gives us a canonical map

@: CG — P End(W)).

This is injective since the representation on the regular representation is
faithful. Since both have dimension }_ (dim W})’, the map is an isomorphism.

0

A few remarks are in order about the isomorphism ¢ of the proposition.
First, ¢ can be interpreted as the Fourier transform, cf Exercise 3.32. Note
also that Proposition 2.28 has a natural interpretation in terms of the group
algebra: it says that the center of CG consists of those § a(g)e, for which a is
a class function.

Mext, we can thinkofl ¢ as the decomposition of the semisimple algebra CG
inlo a product of matrix algebras. It implies that the matrix entries of the
irreducible representations give a basis for the space of all lunclions on @, cf.
Exercise 2.35.

MNote in particular that any irreducible representation is isomorphic to a
{minimal) left ideal in CG. These left ideals are generated by idempotents. In
fact, we can interpret the projection formulas of the last lecture in the language
of the group algebra: the formulas say simply that the elements

. 1 ——-z
dim W- iGi "'E_E twlg) e, e CG
are the idempotents in the group algebra corresponding o the direct sum
factors in the decomposition of Proposilion 1.29. To locate the irreducible
representations W) of a group @ [not just a direct sum of dim( W) copies], we
want to find other idempotents of CG. We will see this carried out for the
symmetric groups in the following lecture,

The group algebra also gives us another description of induced representa-
tions: if W is a representalion of a subgroup I of G, then the induced
representation may be constructed simply by

Ind W= CG &y W,
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where G acts on the first factor: g+ (e, @ w) = ¢, @ w. The isomorphism of
the reciprocity theorem is then a special case of a general formula for a change
ol rings CH — CG:

Hom (W, U) = Homeg(CG @y W, U).

Exercise 3.30*. The induced representation Ind(W) can also be realized con-
cretely as a space of W-valued lunctions on G, which can be useful to produce
matrix realizations, or when trying to decompose Ind{W) into irreducible
pieces. Show that Ind(W) is isomorphic to

Homg(CG, W)= {f: G = W:f(hg) = hflg), YheH, geG),
where G acts by (g"- [)(g) = f(ag’)

Exercise 3.31. Il CG is identified with the space of lunctions on G, the lunction

« corresponding to §__ - ¢(g)e,, show that the product in CG corresponds
to the convolution = of lunctions:

(@+¥)lg) = E e(h)ih™g)

(With integration replacing summation, this indicates how one may extend
the notion of regular representation to compact groups.)

Exercise 3.32* I p: G — GL(V,) is a representation, and @ is a function on G,
define the Fourier transform ¢{p) in End(¥,) by the formula

#() =Y. wlg) plg).
g

(a) Show that @ () = ) P(p)
(b) Prove the Fourier inversion formula

olg) = lGlde{Vl Trace(plg ") @{p)),

the sum over the irreducible representations p of G. This formula is equivalent
to formulas (2.19) and (2.20).
(e} Prove the Plancherel formula for lunctions ¢ and ¥ on G

1
L, 007 Wla) = o 3 dim(¥,) - Trace(d(o)(p)).

Our choice of left action of a group on a space has been perfectly arbitrary,
and the entire story is the same il G acts on the right instead. Moreover, there
is a standard way to change a right action into a left action, and vice versa:
Given a right action of G on ¥, define the left action by

go=uvig™"), geGuoeV
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If A = CG is the group algebra, a right action of G on ¥ makes ¥ a right
A-module, To turn right modules into left modules, we can use the anti-
involution ar—d of A defined by (} a,¢,)" = Y age, . A right A-module is
then turned into a left A-module by setting a-v = v-d.

The lollowing exercise will take you back to the origins of representation
theory in the 19th century, when Frobenius found the characters by lactoring
this determinant,

Exercise 3.33*. Given a linite group @ of order n, take a variable x, for each
element g in @7, and order the elements of & arbitrarily. Let F be the deter-
minant of the n x n matrix whose entry in the row labeled by g and column
labeled by h is x,.,-.. This is a form of degree n in the n variables x,, which is
independent of the ordering. Normalize the faclors of F to take the value |
when x, = | and x, = 0 for g # e. Show that the irreducible factors of F
correspond to the irreducible representations of G. Moreover, il F, is the factor
corresponding to the representation p, show that the degree of F, is the degree
dip) of the representation p, and that each F, occurs in F d(p) times, I z, is
the character of p, show that z,(g) is the coeflicient of x,- x}*~" in F,.

§3.5. Real Representations and Representations
over Subfields of C

Il a group  acts on a real vector space ¥, then we say the corresponding
complex representation of ¥ = V, @y C is real. To the extent that we are
interested in the action of a group G on real rather than complex veclor
spaces, the problem we face is to say which of the complex representations of
i we have studied are in fact real,

Owr first guess might be that a representation is real il and only if its
character is real-valued. This lurns out not to be the case: the character of a
real represenlation is certainly real-valued, but the converse need not be (rue.
To find an example, suppose G = 5U(2)is a linite, nonabelian subgroup. Then
G acts on C? = V with a real-valued characler since the trace of any matrix
in SU{2) is real. If ¥ were a real representation, however, then G would be a
subgroup of 50(2) = §', which is abelian. To produce such a group, note that
5U{2) can be identified with the unit quaternions. Set G = { &1, +i, +j, +k}.
Then G/{ 4 1} is abelian, so has four one-dimensional representations, which
give four one-dimensional representations of G. Thus, G has one irreducible
Iwo-dimensional representalion, whose character is real, but which is nol real,

Exercise 3.34*, Compute the character table for this quaternion group &, and
compare it with the character table of the dihedral group of order 8.
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A more successful approach is to note that if ¥ is a real representation of
(i, coming from ¥, as above, then one can find a positive definite symmetric
bilinear form on ¥, which is preserved by G. This gives a symmetric bilinear
form on ¥ which is preserved by G. Not every representation will have such
a form since degeneracies may arise when one tries to construct one lollowing
the construction of Proposition 1.5. In fact,

Lemma 3.35. An irreducible representation V of G is real if and only if there is
a nondegenerate symmetric bilinear form B on V preserved by G,

ProoF. If we have such B, and an arbitrary nondegenerate Hermitian form H,
also G-invariant, then

vivefiy
gives a conjugate linear isomorphism @ from ¥ to V: given x € V, there is a
unique ¢(x) & ¥ with B{x, y) = H{p(x), ¥), and o commules with the action

of G. Then p? = g o p is a complex linear G-module homomorphism, so
@ = A-Id. Moreover,

H(p(x), y) = Bix, y) = B(y, x) = H{p(y), x) = H{x, o(y}).

from which it follows that H{g*(x), ¥) = H(x, ()}, and therefore 1 is a
positive real number. Changing H by a scalar, we may assume 1= |, so
@' = Id. Thus, ¥ is a sum of real eigenspaces ¥, and V. lor ¢ corresponding
toeigenvalues | and — 1. Since @ commutes with @, ¥, and V_ are G-invariant
subspaces. Finally, p(ix) = —ip(x),s0iV, = V_,and ¥ = ¥, @ C. ]

Mote from the proof that a real representation is also characterized by the
existence of a conjugate linear endomorphism of ¥ whose square is the
identity; il ¥ = ¥, ®g C, it is given by conjugation: vy & A= v, & L

A warning is in order here: an irreducible representation of G on a vector
space over R may become reducible when we extend the group field to C. To
give the simplest example, the representation of Z/n on R? given by

2ak - 2ak
cos —  —sin—-
' [ n
ke
. 2nk 2nk
2N — cD§ —
nH n

is irreducible over R for n > 2 (no line in R? is fixed by the action of Z /), but
will be reducible over C. Thus, classifying the irreducible representations of G
over C that are real does not mean that we have classified all the irreducible
redl representations. However, we will see in Exercise 3.39 below how to finish
the story once we have found the real representations of G that are irreducible
over C.
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Suppose V is an irreducible representation of G with x,. real. Then there is
a G-equivariant isomorphism F = ¥*, ie, there is a G-equivariant (non-
degenerate) bilinear form B on ¥; but, in general, B need not be symmetric.
Regarding B in

F*@ V* = SymI¥* @ APve,

and noling the uniqueness of B up to nultiplication by scalars, we see that B
is either symmetric or skew-symmetric. Il B is skew-symmetric, proceeding as
above one can scale so ¢ = —Id. This makes ¥ “quaternionic,” with ¢
becoming multiplication?® by j:

Definition 3.36. A quaternionic representation is a (complex) representation V
which has a G-invariant homomorphism J: V¥ — V¥ that is conjugate linear,
and satisfies J* = —Id. Thus, a skew-symmetric nondegenerate G-invariant
B determines a quaternionic structure on V.

Summarizing the preceding discussion we have the

Theoem 3.37. An irreducible representation V Is one and only one of the
Jollowing:

(1) Complex: xp is not real-valued; V does not have a G-invariant non-
degenerate bilinear form,

(2) Real: ¥ = ¥, & C, a real representation; V has a G-invariant symmetric
nondegenerate bilinear form.

(3) Quaternionic: gy is real, but ¥ is not real; V has a G-invariant skew-
spmmeiric nondegeneate bilinear form.

Exercise 3.38. Show that for ¥ irreducible,
0 il ¥V is complex
L Loag) = 1 iVisreal
1G] yet
—1 il ¥ is quaternionic,

This verifies that the three cases in the theorem are mutually exclusive, It also
implies that il the order of G is odd, all nontrivial representations must be
complex.

Exercise 339, Let ¥, be a real vector space on which G acts irreducibly,
V = ¥, ® C the corresponding real representation of G. Show that il ¥ is not
irreducible, then it has exactly two irreducible factors, and they are conjugate
complex representations of G.

¥ See §7.2 for more on quaternions and quaternonic representations.
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Exercise 3.40. Classily (he real representations of 91,.

Exercise 3.41*. The group algebra RG is a product of simple R-algebras corre-
sponding to the irreducible representations over R. These simple algebras are
matrix algebras over C, R, or the quaternions H according as the representa-
tion is complex, real, or qualernionic.

Exercise 3.42*. (a) Show that all characters of a group are real if and only if
every element is conjugate to its inverse,

{b) Show that an element o in a split conjugacy class of ¥, is conjugate to
its inverse if and only il the number of cycles in @ whose length is congruent
to 3 modulo 4 is even.

{c) Show that the only d’s lor which every character of 21, is real-valued are
d=1,25610 and 14

Exercise 3.43*. Show that: (i) the tensor product of two real or two quater-
nionic representations is real; (i) for any ¥, ¥* & V is real; (iii) if V is real, so
are all A*V; (iv) il V is quaternionic, A*¥ is real for k even, quaternionic for
k odd.

Representations over Subfields of C in General

We consider next the generalization of the preceding problem to more general
sublields of C. Unfortunately, our results will not be nearly as strong in
general, but we can at least express the problem neatly in terms of the
representation ring ol .

To begin with, our terminology in this general setting is a little dilferent.
Let K = C be any subfield. We define a K-representation of G to be a vector
space Fy over K on which G acts; in this case we say that the complex
representation ¥ = ¥, & C is defined over K.

One way to measure how many of the representations of G are defined over
a field K is to introduce the representation ring Rg(G) of G over K. This is
defined just like the ordinary representation ring; that is, it is just the group
of formal linear combinations of K-representations of G modulo relations of
the form V + W — (¥ @& W), with multiplication given by tensor product.

Exercise 3.44*, Describe the representation ring of G over R for some of the
groups (¢ whose complex representation we have analyzed above. In partic-
ular, is the rank of R () always the same as the rank of R(G)?

Exercise 3.45*, (a) Show that Rg(G)is the subring of the ring of class functions
on (G generated {as an additive group) by characters of represeniations defined
over K,
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{b) Show that the characters of irreducible representations over K form an
orthogonal basis for Rg(G).

(c) Show that a complex representation of G can be defined over K il and
only if its character belongs to Rg(G)

For more on the relation between Rg(G) and R((), see [Se2].



LECTURE 4

Representations of ©;: Young Diagrams
and Frobenius’s Character Formula

In this lecture we get 10 work, Specifically, we give in §4.1 a complete deseription of
the irreducible representations of the symmetric group, that is, a construction of the
representations (via Young symmetrizers) and a forimula (Frobenius formula) for theie
characters. The proofl thal the representations constructed in §4.1 are indeed the
irreducihle representations of the symmetric group is given in §4.2; the prool of
Frobenius' formula, as well as a number of others, in §4.3. Apart rom their intrinsic
interest (and undeniable heauty), these results turn oul 10 be of substantial interest in
Lie theory: analogs of the Young symmetrizers will give a construction of the irreduc-
ible representations of SL,C. At the same time, while the techniques of this lecture are
completely elementary (we use only n few identities about symmetric polynomials,
proved in Appendix A), the level of difficully is clearly higher than in preceding
lectures. The results in the latter hall of §4.3 {from Corollary 4.39 on) in particular are
quite difficult, and inasmuch as they are not used later in the text may be skipped hy
readers who are not symmetric group enthusiasts.

&4.1: Statemenits of the results
£4.2: Irreducible representations of S,
£84.3: Proof of Frobeniuss formula

§4.1. Statements of the Resulls_

The number of irreducible representaton of &, is the number ol conjugacy
classes, which is the number p(d) of partitions' of d:d =4, + - + 4,
Az =z 4 = 1. We have

"It is sometinies convenient, and somelimes a nuisance, (o have partitions that end in one or
maore zeros; il convenien, we allow some of the 4, on the end 1o be zero. Two sequences define
the same partition, of course, il they differ only by zeros at the end,



§4.1. Statements of the Resnlts 45

Eroe- (%)

=+t + )+t 4 )

which converges exactly in [t] < |. This partition number is an interesting
arithinetic function, whose congruences and growth behavior as a funclion of
d have been much studied (cl. [Har], [And]). For example, p(d) is asymptoti-
cally equal to (1/ad)e® V%, with a = 4,/3 and fi = n,/2/3.

To a parlition 4 = (4,, ..., 4,) is associated a Young diagram {sometimes
called a Young frame or Ferrers diagram)

with A, boxes in the ith row, the rows of boxes lined up on the lelt. The
conjugate partition 3" = (1),..., 4} to the partition 1 is defined by inter-
changing rows and columns in the Young diagram, i.e., reflecting the diagram
in the 45 line. For example, the diagram above is thal of the partition
(3,3,2, 1, 1), whose conjugateis (5, 3, 2). (Without reference to the diagram, the
conjugate partition to 1 can be defined by saying 1} is the number of terms in
the partition A that are greater than or equal to i)

Young diagrams can be used to describe projection operators for the
regular representation, which will then give the irreducible representations of
B,. For a given Young diagram, number the boxes, say consecutively as
shown:

~J l.n[u

1

4

6
8]

More generally, define a tableau on a given Young diagram to be a numbering
of the boxes by the'integers |, ..., d. Given a tableau, say the canonical one
shown, define two subgroups? of the symmetric group

 Ii a tableau other than the canonical one were chosen, one would get dilferent groups in place of
Fand @, and dilferent elemenis in the group ring, but the representations constructed this way
will be isomorphic.
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P = P, = [g e S, g preserves each row}
and
Q@ = @, = [g € ©,: g preserves each column}.

In the group algebra CE€,, we introduce two elements corresponding to these
subgroups: we set
a;=Y e, and b=} sgn(g) e, (4.1
g=F L LT
To see what a, and b, do, observe that if ¥ is any vector space and &, acls
on the dth tensor power ¥ ® by permuting lactors, the image of the element
a, € CE, - End(V ®) is just the subspace

Im{a,) = Sym* ¥ @Sym*:V @ --- @ Sym™ ¥ = V®,

where the inclusion on the right is obtained by grouping the faclors of ¥®
according to the rows of the Young tableaux. Similarly, the image of b, on
this tensor power is

Im{h,) = V@ NV @ @NV e VB,

where ji is the conjugate partition to .
Finally, we set

Cy =iy bi € C@‘: [“-2}

this is called a Young symmetrizer. For example, when 1 = (d), ¢y, = ay, =
¥ e, and the image of ¢y, on V® is SymV. When 1=(1,..., 1),
ety = B = E" a,58n(g)e,, and the image of ¢y ) On V& is AV,
We will eventually see that the image of the symmetrizers c; in V¥®? provide
essenlially all the finite-dimensional irreducible representations of GL(F).
Here we stale the corresponding fact for representations of S,

Theorem 4.3. Some scalar multiple of ¢, is idempotent, i.e., € = nyc,, and the
image of ¢y (by right multiplication on C&,) is an irreducible representation
V, of &,. Every irreducible representation of &, ean be obtained in this
way [or @ unique partition.

We will prove this theorem in the next seclion. Note that, as a corollary,
each irreducible representation of &, can be defined over the rational numbers
since ¢, is in the rational group algebra O&,. Nole also that the theorem gives
a direct correspondence between conjugacy classes in &, and irreducible
representations ol &,, something which has never been achieved lor general
Eroups,

For example, for 4 = (d),

Vo, ={E,- e =0 e
Iy 1"2&‘ ] o []
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is the trivial representation U, and when 4 = (1, ..., 1),

Hi...n= ﬁ’sd".z; sgnigle, = C"‘z; sgnigle,

is the alternating representation U, For 1 = (2, 1),

Ca, =&y + ezl (e — ez) =1 + €3~ €y — €3z
in C&,, and ¥, ,,is spanned by ¢,; o, and (13)- ¢35 50 ¥3, 4, is the standard
representation of &,.

Exercise 4.4*. Set A = CE,, 50 V, = Acy = Aah,.

{a) Show that ¥, = Ab,a,.

{b) Show that ¥, is the image of the map rom Aa, 1o Ab, given by right
multiplication by b,. By (a), this is isomorphic to the image ol Ab, - Aa, given
by right multiplication by a,.

{c) Using (a) and the description of ¥ in the theorem show that

Vp=KH,@U,

where 1'is the conjugate partition to 4 and U is the aliernating representation.

Examples 4.5, In earlier lectures we described the irreducible representations
of &, ford < 5. From the construction of the representation corresponding to
a Young diagram il is not hard to work out which representations come [rom
which diagrams:

S, [T trivial El allernating

&, [T1TO U trivial H U alemating

H] V standard

&, (i) v EU'
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CH [(CII U u

e v ijr H:DA'V
Bﬂw P w

Exercise 4.6*. Show that for general d, the standard representation V corre-
sponds lo the partition d = (d — 1) + 1. As a challenge, you can Ury to prove
that the exterior powers of the standard representation V are represented by
a "hook™

117
s( AV

\

HER

Mote that this recovers our theorem that the AV are irreducible.

Mext we turn to Frobenius's formula for the character y, ol ¥, which
includes a formula lor its dimension. Let C; denote the conjugacy class in &,
determined by a sequence

'=[[|.|:1.-..1l"] Wilhza!.::d:

C; consists of those permutations that have i, [-cycles, i; 2-cycles, ..., and i,
d-cycles,

Introduce independent variables x,, ..., x,, with k al least as large as the
number of rows in the Young diagram of 1. Define the power sums Fi{x),
| =j < d, and the diseriminant A(x) by

Pix)= x| + x{ + - + x{,

4.7
Afx) = H (x — x;).
If fix) = fix,,..., x,) is a formal power series, and (l,,..., ;) is a k-luple
ol non-negative integers, let
[Sx)y,,....4 = coellicient of xy'-+---x" in f. (4.8)

Giiven a partition 4: 1, = - = 4, = 0ol d, set
L=y 4+ k=1, lmdy+k—=2.0=141, (4.9)
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a sirictly decreasing sequence ol k non-negative integers. The character of ¥,
evaluated on g € C; is given by the remarkable

Frobenius Formula 4.10

LiG) = [ﬂ[x}-l;l P_,lx}'lJ

[UTERRL )

For example, if d = 5, 1 = (3, 2), and C, is the conjugacy class of (12){345),
ie, iy =0,y =1,iy=1I,then

X (G =[x, = xa)-(x} + x3)xd + XD = 1.
Other entries in our character tables for &,, &,, and &, can be verified as
easily, verifying the assertions of Examples 4.5.

In terms of certain symmetric functions §5; called Schur polynomials, Fro-
benius’s formula can be expressed by

l] Pix) = ¥ 1(C)S,,

the sum over all partitions A of 4 in at most k parts (cf. Proposition 4.37
and (A.27)). Although we do not use Schur polynomials explicitly in this
leciure, they play the central role in the algebraic background developed in
Appendix A.

Let us use the Frobenius formula to compute the dimension of V. The
conjugacy class of the identily corresponds to | = (d), so

dim ¥y = 1,(Cy) = [Alx)-(x; + - + 50Ty, 10e

Mow A{x) is the Vandermonde determinant:
I . k-1

Xy 777X
oo N (sgn a)xg™ b xgi-t
1 x, - x "I;"
The other term is

d! iy r
the sum over k-tuples {r,,...,r;) that sum to d. To find the coefMicient of
x)'-... % in the product, we pair off corresponding terms in these two sums,
getting

) 53"{“]'[;1 —a(k) + -, — a(l) + 1

the sum over those o in &; such that [, ;o —ali) + 1 =z0forall | =i<k
This sum can be writlen as



50 4. Representations of S, Young Diagrams and Frobenius's Character Formula

.
i'i'f".!'.ji Y, 580(0) [ 40, = 0o = otk 4 1) +2)
- (L] =
n 1L Wi =1
(MR ] ||.. 'l(‘tl.— ) .

By column reduction this determinant reduces to the van der Monde deter-
minant, so

d!
imV, = ——.— 1 —1 4.11
dim ¥, i L;I{' i {4.11)

with ;= 4, + k — i

There is another way of expressing the dimensions of the V,, The hook
length of a box in a Young diagram is the number of squares directly below
or directly to the right of the box, including the box once.

)

I
-

In the lollowing diagram, each box is labeled by its hook length:

-

1]

]l—l-h-ﬂ-
]
—

Hook Length Formula 4.12.

dl
dim W, = e
' [ 1(Hook lengths)
For Lhe above partition 4 + 3 + | ol 8, the dimension of the corresponding
representation of Sy is therefore 81j6-4-4-2-3 = 70.

Exercise 4.13*, Deduce the hook length formula from the Frobenius formula
{d.11).

Exercise 4.14%, Use the hook length formula to show that the only irreducible
representations of S, of dimension less than d are the trivial and alternating
representations U and U of dimension I, the stardard representation V
and V' = V@ L' of dimension d — 1, and three other examples: the (wo-
dimensional representation of &, corresponding to the partition 4 =2 + 2,
and the two five-dimensional representations of S corresponding lo the
partitions6 =3+ Jand 6 =242+ 2
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Exercise 4.15*. Using Frobenius's lormula or otherwise, show that:
TG =iy — 1
Ta-z.0,00G) = Yiy = D0, = 2) = iy
Yig-2.200C) = Hty — DG, = D)+ — 1.
Can you conlinue this list?

Exercise 4.16*, Il g is a cycle ol length d in &;, show that x,(g)is 41 il 1lisa
hook, and zero il 4 is not a hook:

(=1 fdl=(d-51..,1L0ss5<d— 1
xalg) = {l'.] otherwise,
Exercise 4.17. Frobenius [Fro1] used his lormula to compule the value of x,
on a cycle of length m < d. '
{a) Following the procedure that led to {4.11)—which was the case
m = |—show that '

dim ¥, X ‘H‘ﬂ_}
012 com) ==l 2, L

where h,, = d'f{d — m)lm iz the number of cycles of length m (il m > 1), and
k

o) =[]x—1) W= w{x—m}ﬂ (x —j+ 1)

(4.18)

The sum in {4.18) can be realized as the coeflicienl of x™' in the Laurent
expansion of f(x)/p(x) at x = oo,

Define the rank r of a partition to be the length of the diagonal of its Young
diagram, and let a, and b, be the number of boxes below and to the right of
the ith box of the diagonal, reading from lower right to upper left. Frobenius
aay...a, . .
called ( bl bi f!,) the characteristics of the partition. (Many wrilers now use

L
a reverse nolation for the characteristics, writing (b, ..., b, |a,, ..., a,) instead )
For the partition (10, 9,9, 4,4, 4, 1):

I

r=4
. 2 3 4 6
characlerislics =

06 79

L S—

Algebraically, r and the characleristics a, < -* <a, and b, <--- < b, are
determined by requiring the equality of the two sets
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Meooslk—=1—ay ..., k=1—a,} and
L. k=Lk+b,...k+h}

(b) Show that y(x)/p(x) = g(y)/f(y), where y = x — d and
nw—m

fn =

n (v+a+1)

Deduce that the sum in (4.18) is the coeMicient of x™" in g(x)/f(x).
{c) When m = 2, use this to prove the formula
dim I"'Ii X
PR - - 1)

1al(12)) dd=1 i);i (bl + 1) — ada; + 1))
Hurwitz [Hur] used this formula ol Frobenius to calculate the number of
ways lo wrile a given permulation as a product of transpositions. From this
he gave a lormula for the number of branched coverings of the Riemann sphere
with a given number ol sheets and given simple branch points. Ingram [In]
has given other formulas for y,(g), when g is a somewhat more complicaled
conjugacy class,

=fy—m [Tlv—i+1
. gl =1y mljlj[y j+ 1)

Exercise 4.19*. Il ¥ is the standard representation of S,, prove the decom-
positions into irreducible representations:

Symrz=Ud Ve Ly
VRV =SymVeANVIUD VS V2.5 Vu-2.1.1y

Exercise 4.20%, Suppose 1 is symmelric, ie, 4= 1", and lel q, > g, > - >
g, = 0 be the lengths of the symmetric hooks that form the diagram of 1; thus,
gy =24y — 1,4, =243 — 3,....5how that il g is a product of disjoint cycles
of lengths q,, 94, ..., 4,. then

xilg) = (= 1y,

§4.2. Irreducible Representations of &,

We show next thal the representations V; constructed in the first seclion are
exaclly the irreducible representations of &,. This prool appears in many
standard texts (eg. [C-R], [Ja-Ke], [N-5], [Wel]), so we will be a hittle
concise,

Lel A = €&, be the group ring of ;. For a partition 1 of d, let P and Q
be the corresponding subgroups preserving the rows and columns of a Young
tableau T corresponding lo 4, lel a=a,, b="h, and lel ¢ =¢; =ab be
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the corresponding Young symmelrizer, so V¥, = Ac, is the corresponding
representation. {These groups and elements should really be subscripted by
T to denote dependence on the tableau chosen, but the asserlions made
depend only on the partition, so we usually omil reference lo T?)

MNote that P~ @ = [1}, 50 an element ol &, can be wrillen in al most one
way as a product p-q, p€ P, g € Q. Thus, c is the sum }, +e¢,, the sum over
all g that can be writlen as p- g, with coeflicient + | being sgn(g); in particular,
the coefMlicient ol e, in ¢ is 1.

Lemma 4.21. (1) Forpe P,pra=a'p=a.

(2) ForqeQ,(sgniq)q)-b = b-(sgnig)q) = b.

{3) Forall pe P, qe @, prc (sgnig)g) = c, and, up 1o multiplication by a
sealar, ¢ is the only such element in A.

Proor, Only the last assertion is not obvious. IT E nge, salisfies the condition
in (3), then n,,, = sgn{gin, for all g, p, q; in particular, n,, = sgnig)n,. Thus,
it sulfices to verily that n, = 0 il g ¢ PQ. For such g it suffices to find a
transposition { such that p = t € P and g = g™'ig & Q; for then g = pgq, so
fy= —n, Il T" =gT is the tableau obtained by replacing each entry i of T
by gli), the claim is that there is are two distinct integers that appear in the
same row of T and in the same column of T'; t is then the transposition of
these two integers. We must verily that il there were no such pair of integers,
then one could writeg = p-qlorsome p e P, q € (. To do this, lirst take p, € P
and g; £ 0" = gQg " so that p, T and g} 7" have the same lirst row; repeating
on Lhe rest of the tableau, one gets pe P and ¢' € " so that pT" = ¢'T". Then
pT =g'gT, so p=q'g, and therefore g = pg, where g =g""(¢') 'ge @, as
required, O

We order partitions lexicographically:
A = p if the first nonvanishing 4; — g, is positive. 4.22)

Lemma 4.23.(1)1f 1 = p, then forall x € A,ay-x-h, = 0.In particular,if 1 = p,
then¢,-¢, = 0.

(2) Forallx e A, ey x ¢y = isa scalar multiple of ¢y In particular, ¢y c; =
nye; for some ny € C.

Proor, For (1), we may tlake x = g e S, Since g-b,-g™" is the element con-
structed from gT”, where T" is the tableau used to construct b, it suffices to
show thata, - b, = 0. One verifies that 4 = pimplies that there are two integers
in the same row of T and the same column of T, Il t is the transposition of
these inlegers, then a,-t = ay, t-b, = b, soay;-b, =ayt- 0 b, = —ay-h,,
as required. Part {2) follows from Lemma 4.21 {3). 0O

Exercise 4.24*. Show that il 1 # p, thenc,- A-c, = (:in particular, ¢, e, =0
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Lemma 4.25. (1) Each V, is an irreducible representation of &,.
(2) If A # p, then ¥y and ¥, are not isomorphic,

Proor. For (1) note that ¢, V; = Cc, by Lemma 423 If WV, is a
subrepresentation, then ¢, W is either Cc, or 0. If the first is true, then
Vy= d-c; = W. Otherwise W-W o A-c;W =0, bul this implies W =0,
Indeed, a projection from A onto W is given by right multiplication by an
element pe A with ¢ = @& W-W =0, This argument also shows that
c; ¥, # 0, ie, that the number n, of the previous lemma is nonzero.

For (2), we may assume 4 > . Then ¢, ¥ = Ce, # 0, but e, ¥, = ¢;- Ac, =
0, so they cannol be isomorphic A-modules. O

Lemma 4.26. For any 4, ¢, - ¢y = nycy, with ny = difdim ¥,

ProoF. Let F be right multiplication by ¢, on A. Since F is multiplication by
n, on ¥y, and zero on Kerfc,), the trace of F is n, times the dimension ol V.
But the coeflicient of e, in e,-¢, is [, 50 trace(F) = |&,] = d!. |

Since there are as many irreducible representations ¥, as conjugacy classes
ol &,, these must form a complete set of isomorphism classes of irreducible
representations, which completes the prool of Theorem 4.3, In the next section
we will prove Frobenius's formula lor the character of ¥, and, in a series of
exercises, discuss a little of what else is known about them: how 1o decompose
tensor products or induced or restricted representations, how to find a basis
for ¥, ete,

§4.3. Proof of Frobenius's Formula

FFor any partition 1 ol d, we have a subgroup, olten called a Young subgroup,
€, =8, x %6, 86, (4.27)

Let U, be the representation of &, induced from the trivial representation of
&,. Equivalently, U; = A a,, with a, as in the preceding section. Let

¥, = ry, = character of U,. {4.28)

Key to this investigation is the relation between U, and V, ie, between i,
and the character y; of ¥,. Note [irst that ¥, appears in U/}, since there is a
surjeclion

U, = da;—» Vy = Aayh;, x—x-b,. {4.29)
Alternatively,

¥y = Ada,hy = Abja; © Aday = U,



8.3, Proof of Frobenius's Formula 55

by Exercise 4.4. For example, we have

Uty & Faer, 10 ® Mgy

which expresses the fact that the permutation representation € of &, is the
sum of the standard representation and the trivial representation. Eventually
we will see that every U, contains ¥, with multiplicity one, and contains only
other ¥, for u = A

The character of U, is easy lo compule directly since U, is an induced
representation, and we do this next.

Fori = (i}, ..., ig)a d-tuple of non-negative integers with } ai, = d, denole
by

C. L= E‘
the conjugacy class consisting ol elements made up of i, I-cycles, i, 2-cycles,
..y Iy d-cycles. The number of elements in C is easily counted 1o be

dl

Gl = i, 1y (430

By the fnrmula Inr characters ol induced representations (Exercise 1.19),

*1[‘:] - IE‘i [8s: 8, ] 1Cn S,

l"f,[-,..-d“I, ¥ [ At
d! »L.r 17err, b dmrr 1
where the sum is over all mlie.-m!mn.; [r 1 =p<k 1 =g<d} of non-
negative integers salislying

II' = Fiy + Fiq + 4 Fige
-1' = Fai + 2’,3 + - +d'rpd-
{To count €, n &,, wrile the pth component ol an element of &, as a product
of r,y 1-cycles, r,, 2-cycles, ...) Simplilying,
iy ]

(ZCTED) q P (431)
the sum over the same collections of inlegers {r“:-.
This sum is exactly the coefMicient of the monomial X* = x{*-...- x/* in the

power sum symmetric polynomial
PV = (x4 )] b x e x4 i) (432)
S0 we have the formula
¥, (C) = [P™], = coellicient of X in F*", {4.33)

To prove Frobenius's lormula, we need to compare these coellicients with the
coeflicients o, (i) defined by
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) =[AP"], =@, +k—-1LA+k—2...4) (434

Our goal, Frobenius's formula, is the assertion that y,(C)) = w(i).
There is a general identity, valid for any symmetric polynomial P, relating
such coellicients:

[Pl.= E Kala: P]r,1 k=g =2, gl
M

where the coeflicients K., are certain universally defined integers, called
Kostka numbers. For any partitions A and pof d, the integer K, may be deflined
combinatorially as the number of ways o fill the boxes of the Young diagram
for p with A, 1I's, 4; T's, up to A, ks, in such a way thal the entries in each
row are nondecreasing, and those in each column are strictly increasing; such
are called semistandard tableaux on y of type 1. In particular,

Ky=1, and K ,; =0forp < A

The integer K ,; may be also be deflined to be the coelficient of the monomial
Xt=x{r-. -x! in the Schur polynomial §, corresponding to . For the
prool that these are equivalent definitions, see {A.9) and (A.19) of Appendix
A. In the present case, applying Lemma A.26 to the polynomial P = P*", we
deduce

¥l Ci) = T Ky, (i) = o, (i) + E] K aaon, (i), (4.35)
" e

The resull of Lemma A.28 can be written, using (4.30), in the form
1
di & 1610100, ) = 5, (4.36)

This indicates that the lunclions w,, regarded as lunctions on the conjugacy
classes of &, satisly the same orthogonalily relations as the irreducible
characters of &,. In lact, one can deduce formally [rom these equations that
the w,; must be the irreducible characters of &,, which is what Frobenius
proved. A little more work is needed to see that w, is aclually the character
of the representation V), that is, lo prove

Proposition 4.37. Let y; = yy, be the character of V,. Then for any conjugacy
class C, of Sy,
1a(C) = ).

Proor. We have seen in (4.29) that the representation U, whose character is
i3, contains the irreducible representation ¥F,. In fact, this is all that we need
to know about the relation between U, and V. It implies that we have

WPy = E MauXy: Mgy = Loallmg, = 0. (4.38)
']

Consider this equation logether with {4.35). We deduce first that each w, is a
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virtual characler: we can wrile
m; = thx,, my, € L

But the w,, like the y,, are orthonormal by (4.36), 50
| = (o, @) = §, mi,
]

and hence w, is 4 y for some irreducible character y. (It lollows [rom the hook
length formula that the plus sign holds here, but we do not need Lo assume
this.)

Fix A, and assume inductively that y, = w, for all p > 4, so by (4.35)

*.l =y + 'E;_ K“xﬂ.

Comparing this with (4.38), and using the linear independence of characters,
the only possibility is that w, = y,. (]}

Corollary 4.39 (Young's rule). The integer K, is the multiplicity of the irredue-
ible representation V, in the induced representation Uy:

Uj = V;ﬁ} Q K']vFl *1 =Xa + E] Kplx,r
> LA

Mote that when 1=(1,..., 1), U, is just the regular representation, so
K, . yy=dim ¥, This shows that the dimension of V, is the number of
standard tableaux on A, i.e. the number of ways (o ill the Young diagram of
A with the numbers from 1 to d, such that all rows and columns are increasing,
The hook length formula gives another combinatorial formula for this dimen-
sion, Frame, Robinson, and Thrall proved that these two numbers are equal.
For a short and purely combinatorial prool, see [G-N-W1]. For another prool
that the dimension of ¥, is the number of standard tableaux, see [Jam]. The
latter leads to a canonical decomposition of the group ring 4 = CS, as the
direct sum of lell ideals Aey;, summing over all standard tableaux, with
e = (dim ¥,/d1)- ¢, and ¢y the Young symmetrizer corresponding to T, cl.
Exercises 4.47 and 4.50. This, in turn, leads to explicit calculation of matrices
of the representations ¥, with integer coeflicients.

For another example of Young’s rule, we have a decomposition

Uu—-.a] = @ V[I—I.ﬂ'

In fact, the only p whose diagrams can be filled with d — a 1's and a 2's,
nondecreasing in rows and strictly increasing in columns, are those with at
mosl two rows, with the second row no longer than a; and such a diagram
has only one such tableaw, so there are no multiplicities.

Exercise 4.40*. The characiers f, of &, have been delined only when 1is a
partition of d. Extend the definition lo any k-luple a = {a,, ..., a;) of integers
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that add up to d by setting v, = 0 il any of the @, are negative, and otherwise
W, = f;, where 1 is the reordering of ay, ..., a, in descending order. In this
case y, is Lthe character of the representation induced from the trivial represen-
tation by the inclusion of &, x - x &, in S, Use (A.5) and (A.9) of
Appendix A to prove the determinantal formula for the irreducible characters
¥a in terms of the induced characters ,:

= E;. 5!“(“"’::1 befli=1, 2y b ei21=1,..., 1y F ok k}-
e

Il one writes y, as a formal product i, -, -...- ¥, , the preceding formula
can be writlen

“’1- \bl.ﬂ 'h,u—l
xl - |¢1,+j-l| - f“h—l *l;-a. :
*l.-—tll-" ﬁ'i.

The formal product of the preceding exercise is the character version of an
“ouler product” of representations. Given any non-negative inlegers d,, ...,
dy, and representations ¥, of €,,, denote by ¥, = --- o 1} the (isomorphism class
of the) representation of ©,,d = } d,, induced from the tensor product repre-
sentation ¥ @@ K, of &, » - x €, by the inclusion of S, x ==~ x &,
in &, (see Exercise 2.36). This product is commulative and associative. It will
turn pul to be uselul to have a procedure for decomposing such a representa-
tion into its irreducible pieces. For this il is enough to do the case of two
factors, and with the individual representations ¥, irreducible. In this case, one
has, for ¥, the representation of S, corresponding to the partition 4 of d and
¥, the representation of &, corresponding to the partition g of m,

Fie ¥V, =% Ny.WV, (4.41)

the sum over all partitions v of d + m, with Ny,.e the coellicients given by the
Littlewood - Richardson rule (A.8) of Appendix A. Indeed, by the exercise, the
character of ¥, = ¥, is the product ol the corresponding determinants, and, by
(A.B), that is the sum ol the characters N, ¥,.

When m = | and pu = (m), ¥, is trivial; this gives

Indgey, =Y ¥, (4.42)
the sum over all v whose Young diagram is oblained lrom that of 4 by adding

one box. This formula uses only a simpler form ol the Littlewood - Richardson
rule known as Pieri’s lormula, which is proved in (A.7).

Exercise 443*. Show that the Littlewood-Richardson number N,,, is the
multiplicity of the irreducible representation V@V, in the restriction of ¥,
from &,,, lo &, x S__In particular, taking m = 1, g = (1), Pieri's lormula
(A7) gives

ResgetV, =V,



§4.3. Prool of Frobenius's Formula 59

the sum over all 4 oblained from v by removing one box. This is known as
the “branching theorem,” and is useful for inductive prools and constructions,
particularly because the decomposition is multiplicity free. For example, you
can use it to reprove the fact that the multiplicity of ¥, in U, is the number of
semistandard tableaux on pof type 1. 1t can also be used Lo prove the assertion
made in Exercise 4.6 that the representations corresponding to hooks are
exlerior powers of the standard representation,

Exercise 4.44* {Pieri's rule). Regard &, as a subgroup ol &,, ., as usual. Let 1
be a partition of d and v a partition of d 4+ m. Use Exercise 4.40 to show that
the multiplicity of ¥, in the induced representation Ind{},) is zero unless the
Young diagram of 1 is contained in that of v, and then it is the number of
ways Lo number the skew diagram lying between them with the numbers from
I to m, increasing in both row and column. By Frobenius reciprocity, this is
the same as the multiplicity of V, in Res(V,).

When applied to d = 0 {or 1), this implies again that the dimension of ¥, is
the number of standard tableaux on the Young diagram of .
For a sampling of the many applications of these rules, see [Dia §7, §8].

Problemn 4.45*. The Murnaghan-Nakayama rule gives an ellicient inductive
method for computing character values: If 1 is a partition of d, and g e S, is
wrilten as a product of an m-cycle and a disjoint permutation b € &,_,,, then

1alg) = (= 1/, (h),

where the sum is over all partitions it of d — m that are obtained from 1 by
removing a skew hook of length m, and r{y) is the number of vertical steps in
the skew hook, i.e., one less than the number ol rows in the hook. A skew hook
for 4 is a connecled region of boundary boxes lor its Young diagram such
that removing them leaves a smaller Young diagram; there is a one-to-one
correspondence between skew hooks and ordinary hooks of the same size, as
indicated:

4=1(7,6,5754.4,11)
p=(7,44,33111)
hook length =9, r = 4

For example, il 4 has no hooks of length m, then y,{g) = 0.

The Murnaghan -Makayama rule may be writlen inductively as follows: 1l
¢ is a wrillen as a product of disjoint cycles of lengths m, my, ..., m_, with
the lengths m, taken in any order, then z,(g) is the sum ¥ (— 1™, where the
sum is over all ways s to decompose the Young diagram of 1 by successively
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removing p skew hooks of lengths m,, ..., m,, and r(s) is the total number of
vertical steps in the hooks of s.

{a) Deduce the Murnaghan-Nakayama rule [rom {4.41) and Exercise 4.16,
using the Littlewood -Richardson rule. Or:

(b) With the notation of Exercise 4.40, show that

L]
R X L L R R R R X |

Exercise 4.46*. Show that Corollary 4.39 implies the “Snapper conjecture™
the irreducible representation ¥, occurs in the induced representation U, il
and only i

ﬁ.l,ﬂif‘l_u. forall j= I

Problem 4.47*. There is a more intrinsic construction of the irreducible
representalion ¥y, called a Specht module, which does not involve of the choice
ol a tableau; it is also useful for studying represeniations of &, in positive
characteristic. Define a tabloid {T} 1o be an equivalence class of tableaux
{numberings by the integers | to d) on A, two being equivalent if the rows are
the same up to order, Then S, acts by permutations on the tabloids, and the
corresponding representation, with basis the tabloids, is isomorphic to U,.
For each tableau T, define an element E; in this representation space, by

Ey = be{T} = § sgnlq){qT},

the sum over the g that preserve the columns of T. The span of all E;'s is
isomorphic to ¥, and the E;'s, where T varies over the standard tableaux,
form a basis.

Another construction of V, is 10 take the subspace of the polynomial ring
C[x,,..., x,] spanned by all polynomials Fy, where F; = ]| |(x, — x,), the
product over all pairs i < j which occur in the same eolumn in the tableau T,

Exercise 4.48% Lel U; be the representation A4 - by, which is the representation
ol &, induced from the tensor product of the allernating representations on
the subgroup &, = &, x -+ x &, where g = 1' is the conjugate partition.
Show that the decomposition of U} is

U= EK”.V__

Deduce that ¥, is the only irreducible representation that occurs in both U,
and U}, and il occurs in each with multiplicity one.

Mote, however, that in general A-c, # A-a, ~ A- b, since A- ¢, may nol be
conlained in A -a,.
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Exercise 4.49*. With notalion as in (441), il U" = ¥, _,, is the alternating
representation of &, show that Ve ¥V, ; decomposes into a direct sum
& V., the sum over all # whose Young diagram can be oblained from thal ol
A by adding m boxes, with no two in the same row,

Exercise 4.50. We have seen that A = €&, is isomorphic Lo a direct sum of
m, copies ol V; = Are,, where m; = dim ¥, is the number of standard tableaux
on A This can be seen explicitly as lollows. For each standard tableau T on
each A, lel ¢y be the element of CS, constructed from T Then 4 = @A cq.
Indeed, an argument like that in Lemma 4.23 shows thal ¢;- ¢~ = 0 whenever
T and T* are tableaux on the same diagram and T > T, Le., the first entry
{reading from leflt to right, then top to bottom) where the tableaux differ has
the entry of T larger than that of 7", From this il follows that the sum Z4-¢4
is direct. A dimension count concludes the prool. (This also gives another
proofl that the dimension of V, is the number of standard tableaux on 4,
provided one verifies that the sum of the squares of the latter numbers is d1,
of. [Boe] or [Ke].)

Exercise 4.51*. There are several methods for decomposing a tensor product
of lwo representations ol &;, which amounts to finding the coeflicients C,,,
in the decomposition

VJ ® yy = I’!clprvﬂ

lor 4, y, and v partitions of d. Since one knows how 1o express V, in lerms
of the induced representations U, it suffices to compule V; ® U,, which
is isomorphic to Ind(Res(V,)), restricting and inducing from the subgroup
&, =&, xS, x - his restriction and induction can be computed by the
Littlewood-Richardson rule. For d < 5, you can work oul these coellicients
using only restriction to &,_, and Pieri's formula.

{a) Prove the following closed-form formula lor the coeflicients, which
shows in particular that they are independent of the ordering of the subscripis
A, and v

1
Croe = g z[_“ fl'zﬁ]ﬂ-",.mtﬂ.ﬂl.
the sum over all i = (i, ..., iy) with Zai, = d, and with w,({i) = 1,(C;) and
2(i) = il gg1 2 -l
{b) Show that

Cum = {

l if;_l:l]_ I i[j,ln.lr
0 otherwise, Ml 0 otherwise.

Exercise 4.52*. Lel R, = R(S,) denote the representalion ring, and set
R = (F)f.o R,. The outer product of (4.41) determines maps

R,®R,— R

LEg L]
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which makes R into a commulative, graded Z-algebra. Restriction determines
maps

Rosm = R(B,..) = RIS, x &) =R, @R,

which defines a co-product §: R = R ® R. Together, these make R inlo a
{graded) Hopl algebra. (This assertion implies many of the formulas we have
proved in this lecture, as well as some we have not.)

{a) Show that, as an algebra,

R=E[H,,....Hs ... ]

where H, is an indelerminate of degree d; H, corresponds to the trivial
representation ol &,. Show that the co-product 4 is determined by

5(H,)=H,®1 + H,,®H, + + | ®H,.

If we set A=1Z[H,,...,H,,...]=EDA,, we can identify A, with the
symmelric polynomials of degree d in k > d variables. The basic symmeltric
polynomials in Ay defined in Appendix A therefore correspond to virtual
representations of S,

{b) Show that E; corresponds (o the aliernating representation U, and

Hy = U, e, Eye Us..

i) Show that the scalar product  ,  defined on A, in (A.16) corresponds
to the scalar product defined on class functions in (2.11).

{d) Show that the involution 3 of Exercise A.32 corresponds to tensoring
a representation with the alternaling representation U,

{e) Show that the inverse map from R, to A, lakes a representation W to

i I
)I-" 20 1wl Cyp) P,

where 2(i) = i, 117 1,120-_«{1d",

The {inner) tensor product of representations ol S, gives a map R, ® R, —
R, which corresponds to an “inner product” on symmetric functions, some-
times denotled «.

{1 Show that

P ij=1i

Since these P form a basis for A, ® ©, this formula determines the inner
product,

_r:tn,_n-m_{ﬂ forj#i



LECTURE 5
Representations of U, and GL,(F,)

In this leclure we analyze the representation of two more types of groups: the alternat-
ing groups ¥, and the linear groups GL,(F,) and SL,(F,) over finite fields. In the former
case, we prove some general resulls relating the representations of & group to the
representations of a subgroup ol index two, and use whal we know aboult the symmelric
group; this should be completely straightforward given just the basic ideas of the
preceding lecture. In the laller case we siart essentially from scratch. The two sections
can be read (or not) independently; neither is logically necessary for the remainder of
the book.

§5.1; Representations of 91,
§5.2: Representations of GL,(F,) and SL,(F,)

§5.1. Representations of 21,

The alternating groups M, d = 5, lorm one of the infinite families of simple
groups. In this section, continuing the discussion ol §3.1, we describe their
irreducible representations. The basic method lor analyzing representations
of U, is by resiricting the representations we know lrom &,.

In general when H is a subgroup ol index two in a group G, there is a close
relationship between their representations. We will see this phenomenon again
in Lie theory for the subgroups SO, of the orthogonal groups O,

Let U and U denote the trivial and nontrivial representation of G obtained
from the two representalions of G/H. For any representation V ool G, let
V' = ¥V @ U"; the character of V' is the same as the characlter of V on
elements of H, but lakes opposile values on elements not in I. In particular,
Resp V' = Resf V.
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IT W is any representation of H, there is a conjugate representation defined
by conjugating by any element r ol G that is not in H; il y is the character
ol W, the character of the conjugate is h— y(tht ™), Since ¢ is unique up to
multiplication by an element of H, the conjugate representation is unique up
to isomorphism.

Proposition 5.1. Let V be an irreducible representation of G, and let W = Res{ ¥
be the restriction of ¥ to H. Then exactly one of the following holds:

{1} Visnotisomorphic to V'; W is irreducible and isomorphic to its conjugate;
IndSW = ve V.

(2) V=V, W=WdW", where W and W" are irreducible and conjugate
but not isomorphic; Ind% W' = IndSw” = V.

Each irreducible representation of H arises uniguely in this way, noting that
in case (1) V' and V determine the same representation,

Proor. Let y be the character of ¥, We have
G| =2|H|= m* + 0.
161 =21H1 = 3 l(hi* + 3 120}

Since the first sum is an integral multiple of ||, this multiple must be 1 or 2,
which are the two cases of the proposilion. This shows that W is either
irreducible or the sum of two distinct irreducible representations W’ and W".
Molte that the second case happens when y(t) = 0 for all ¢ ¢ H, which is the
case when V' is isomorphic to V. In the second case, W' and W* must be
conjugale since W is sell-conjugale, and if W' and W* were self-conjugate V
would not be irreducible. The other assertions in (1) and (2) follow from the
isomorphism Ind(Res ¥) = V & (U @ U’) of Exercise 1.16. Similarly, for any
representation W ol H, Res{Ind W) is the direct sum of W and its conjugate—
as follows say from Exercise 3.19—from which the last statement lollows
readily. O

Most of this discussion extends with little change 1o the case where H isa
normal subgroup of arbitrary prime index in G, cf. [B-1D, pp. 293-296]).
Clifford has extended much ol this proposition to arbitrary normal subgroups
of finite index, cf. [Dor, §14]. _

There are two Lypes ol conjugacy classes ¢ in H: those that are also
conjugacy classes in G, and those such that cu ¢’ is a conjugacy class in G,
where ¢’ = tet ™', t ¢ H; the latter are called split. When W is irreducible, its
character assumes the same values—1those of the character of the representa-
tion V of G that restricis to W-—on pairs of split conjugacy classes, whereas
in the other case the characters of W' and W* agree on nonsplitl classes, but
they musi disagree on some split classes. IT yy-{c) = yp(c') = x, and gy (c’) =
¥w-lc) = p, we know the sum x + y, since il is the value of the character of
the representation V that gives rise to W’ and W" on cwe’. Olten the exact
values of x and y can be determined from orthogonalily considerations.
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Exercise 5.2*. Show that the number of split conjugacy classes is equal to the
number ol irreducible representations V ol G that are isomorphic to V', or
to the number of irreducible representations of H that are not isomorphic
to their conjugates. Equivalently, the number of nonsplit classes in H is same
as the number of conjugacy classes ol G that are not in H.

We apply these considerations to the alternating subgroup of the symmetric
group. Consider restrictions ol the representations V; [rom &, to 9, Recall
that il ' is the conjugale partition to 4, then

=¥ @ v,

with U’ the alternating representation. The two cases of the proposition
correspond Lo the cases (1) '# 1 and (2) I' =1 I 1' 9 A, let W, be the
restriction of ¥, to My I A" = 4 let W) and W' be the two representalions
whose sum is the restriction of ;. We have

Ind W, = ¥, @ V., Res ¥y = Res V. = W, when ' # 1,
Ind W =TInd Wy =V,, ResV,=W@®W, whenl =1
Mole that
# {sell-conjugate representations of S,)

= 3 {symmetric Young diagrams)

# [split pairs of conjugacy classes in M}

# [conjugacy classes in S, breaking into two classes in 2}

MNow a conjugacy class of an element writlen as a product of disjoint cycles
is split il and only il there is no odd permutation commuting with it, which is
equivalent to all the cycles having odd length, and no two cycles having the
same length. So the number of sell-conjugate representations is the number
of partitions of d as a sum of distinct odd numbers. In [act, there is a natural
correspondence between these two sets: any such partition corresponds to a
symmetric Young diagram, assembling hooks as indicated:

If 4 is the partition, the lengths of the cycles in the corresponding split
conjugacy classesareq, = 24, — I, g, =24; — 3, g, =21, -5, ...
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For a sell-conjugate partition 4, let x; and y} denote the characters of Wy
and Wy, and let ¢ and ¢’ be a pair ol split conjugacy classes, consisting of cycles
of odd lengths g, > g; > *** > g,. The following proposition of Frobenius
completes the description of the character table of 2,

Propasition 5.3, (1) If ¢ and ¢ do not correspond to the partition A, then
Hale) = xi3(e’) = 3i(e) = xi(¢) = daale v e).
(2) If ¢ and ¢ correspond 1o A, then
nle)=xe)=x,  xle) = xile) =y,

with x and y the two numbers

=1 + J=1rq, . q.),
andm = §([Tg; = 1) =4td =)

Forexample,ild=d4and 1=(2,2), we haver=2,q, =3, q; = |, and x
and y are the cube roots of unity; the representations Wy and W) are the
representations labeled U and U” in the table in§2.3. Ford = 5,1 = (3, 1, 1),
r=1,q, =5, and we find the representations called ¥ and £ in §3.1. For
d < 7, there is at most one split pair, so the character table can be derived
from orthogonality alone.

Mote that since only one pair of character values is not taken care of by
the first case of Frobenius's formula, the choice of which representation is Wy
and which W' is equivalent to choosing the plus and minus sign in (2). Note
also that the integer m occurring in (2) is the number of squares above the
diagonal in the Young diagram of 4.

We outline a prool of the proposition as an exercise:

Exercise 5.4* Step 1. Let g = (g, > -+ > q,) be a sequence of positive odd
integers adding 1o d, and let ¢' = ¢'(g) and ¢" = ¢“(q) be the corresponding
conjugacy classes in 90,. Lel A be a self-conjugate partition of d, and let r; and
11 be the corresponding characters of 9,. Assume that ), and xf take on the
same values on each element of 9, that is not in ¢ or ¢”. Let w = yi(c') =
rile" and v = yi(c”) = 7ilc')

(i) Show that v and v are real when m = §E{g;, — 1)iseven, and T = o when
m iz odd,

(ii} Let 3 = ¥} — x}. Deduce from the equation (9, ) = 2 that ju — v|* =
U PR

{iti) Show that 1 is the partition that corresponds to g and that u + v =
{=1)", and deduce that u and v are the numbers specified in (2) of the
proposition.

Step 2. Prove the proposition by induction on d, and for fixed d, look at
that g which has smallest g, and lor which some character has values on the
classes ¢'(g) and ¢"(q) other than those prescribed by the proposition,
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(i) Ifr = 1,509, =d = 2m + |, the corresponding sell-conjugate partition
isd=(m+ 1,1,..., 1). By induction, Step | applies Lo y; and y3.

(ii) IMr > 1, consider the imbedding H = A, = N,_, = G = U, and let
X' and X" be the representations of G induced from the representations
Wi EW; and W7 EW;, where Wy and W) are the representations of
corresponding to q,, i.e., to the sell-conjugate partition (g, — 1), I,..., 1) of
qy; Wy is one of the representations of W,_, corresponding to(g;, ..., g% and
& denotes the external tensor product (see Exercise 2.36). Show that X and
X" are conjugate representations of M, and their characters ¥’ and y* take
equal values on each pair of split conjugacy classes, with the exception of ¢'{q)
and ¢"(g), and compute the values of these characters on ¢'(g) and £"(g).

{iii) Let # = 3 — 1", and show that (3, #) = 2. Decomposing X’ and X"
into their irreducible pieces, deduce that X' = Y@ W and X" = Y @& W, lor
some seli-conjugate representation ¥ and some sell-conjugate partition 4 of d.

{ivl Apply Step | to the characters y) and y}, and conclude the prool.

Exercise 5.5*. Show that if d > 6, the only irreducible representations of
U, of dimension less than d are the trivial representation and the (n — 1)-
dimensional restriction of the standard representation of S,. Find the excep-
tions lor d < 6.

We have worked out the character tables for all S, and 9, for d < 5. With
the formulas of Frobenius, an inleresied reader can construct Lhe tables for a
few more d—until the number of partitions of d becomes large.

§5.2. Representations of GL,(F,) and SL,(F,)

The groups GL,(F,) of invertible 2 x 2 matrices with entries in the finite field
F, with g elements, where q is a prime power, form another important series
of finite groups, as do their subgroups SL,(F,) consisting of matrices of
determinant one, The quotient PGL,(F,) = GL,(F,)/Fg is the automor-
phism group of the finite projective line P'(F,). The quotients PSL,(F,) =
SLy(F,)/{ + 1]} are simple groups il g # 2, 3 (Exercise 5.9). In this section we
sketch the character theory of these groups.
We begin with G = GL,(F,). There are several key subgroups:

w=0-{(5 Jf=~-{C D}

(This “Borel subgroup™ B and the group of upper triangular unipotent
matrices N will reappear when we look at Lie groups.) Since G acts transitively
on the projective line P'(F,), with B the isotropy group of the point (1:0), we
have

|Gl = |Bl-|P'(F )| = (g — 1)’q(g + 1).
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We will also need the diagonal subgroup

o-{; 9)-reee

where we write F for F,. Let F' = F_; be the extension of F ol degree two, unique
up to isomorphism. We can identily GL,(F,) as the group of all F-linear
invertible endomorphisms of F'. This makes evident a large cyclic subgroup
K = (F')* of G. At least i g is odd, we may make this isomorphism explicit by
choosing a generator ¢ for the cyclic group F* and choosing a square root ‘/:
in ¥, Then | and .,/& form a basis for F' as a veclor space over F, so we can
make Lhe identification:

o[ e 5o

K is a cyclic subgroup ol G of order g* — 1. We often make this identification,
leaving it as an exercise to make the necessary modifications in case g iseven,
The conjugacy classes in G are easily found:

Representative Mo. Elements in Class Mo, Classes

x 0O
u,—(ﬂ I) 1 qg—1

x | N
E'n’:(ﬂ x) l]'—l q_l

x 0 - Nig—2)
car= (5 )oxrr 4 4=~
=(* ™ 2 a1

d:r.!'_(}, .t).}"ﬁﬂ iq q 2

o1

Here ¢, ,and ¢, , are conjugate by (_ i ﬂ)' and d,  andd, _, areconjugate

by any @ =% To count the number of elements in the conjugacy class
[

of b,, look at the action of G on this class by conjugation; the isotropy group
is {(; :)} , 50 the number of elements in the class is the index of this group

in G, which isq* — 1. Similarly the isotropy group for ¢, , is D, and the isotropy
group for d, , is K. To see that the classes are disjoint, consider the eigenvalues
and the Jordan canonical forms. Since they account for |G| elements, the list
is complele.

There are g* — | conjugacy classes, 50 we must find the same number of
irreducible representations. Consider first the permutation representation of
G on P'(F), which has dimension g + 1. It contains the trivial representation;
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let ¥ be the complementary g-dimensional representation. The values of the
character y of V on the four types ol conjugacy classes are y(a,) = q, y(b,) = 0,
ilee,) =1, x(d, ) = — 1, which we display as the 1able:

¥: q 0 1 -1
Since (. x) = 1, V is irreducible.

For each of the g — | characters a: F* = C* of F*, we have a one-
dimensional representation U, of G defined by U,(g) = a{det{g)). We also
have the representations ¥, = ¥V @& U,. The values of the characiers of these
representations are

Ug  alx) el alxa(y)  alx® -~ ep’)
Vi gqa(x) 0 a(x)a(y)  —alx? —ey?)

E}I) with{ = x 4 _yvr‘; in ', then
x

Mote that il we identily (:

x? — gyt = det (i E:') = Notmy({) = { -t = {7,

The next place to look for representations is at those that are induced
[rom large subgroups. Foreach pair o, f ol characters of F*, there is a character
of the subgroup B:

B=BIN=D=F*xF*SC*x C*C",

which takes (; 3) to afa)ff(d). Let W, be the representation induced from

B to G by this representation; this is a representation of dimension [G: 8] =
q + 1. By Exercise 3.19 its character values are found to be:

Woar (g + DNalx)fix)  alxfix)  a(af(y) +aiy)fix) 0

We see [rom this that W, , = W), that W, , = U, @ V,, and that for a # f§
the representation is irreducible. This gives g — 1){g — 2) more irreducible
representations, of dimension g + 1.

Comparing with the list of conjugacy classes, we see that there are qlg — 1)
irreducible characters left to be found. A natural way to find new characters
is to induce characters from the cyclic subgroup K. For a representation

@: K = (F)* = C*,

the character values of the induced representation of dimension [G: K] =
|
q* — 1 are

Ind(p):  aqlg—Delx) 0 0 @)+ o)

Here again { = x + }'\/’;EK = [F')*. Note that Ind{p") = Ind(p), 50 the
representations Ind{p) lor @ # @ give dg{g — 1) dilferent representations.
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However, these represenations are nol irreducible: the character 3 of Ind(p)
salisfies (y, y) = q — 1 il p* # ¢, and otherwise (y, ) = g. We will have lo
work a little harder to get irreducible representations from these Ind{gp).

Another attempt to find more representations is to look inside tensor
products of representations we know. We have L@ U, =V, and W, ,@ U, =
W,, 4,, 50 there are no new ones to be found this way. But tensor products of
the ¥'s and W, 4's are more promising. For example, ¥ @ W, ; has character
values:

V@W,: qlg+Nafx) 0 ax)+afy) 0

We can calculate some inner products of these characters with each other
to estimate how many irreducible representations each contains, and how
many they have in common. For example,

(Zvaw, . Ilr.k.}" %
(2 inaien IR‘.J] =1 ilplp=2na
(tvew, ,» tvew, ) =g+ 3
(Xraw, ,» Xingie) = 4 il gl = o,

Comparing with the formula (Xinaiep Xinae) = ¢ — 1, one deduces that
V@ W, and Ind{p) contain many of the same representations. With any
luck, Ind(p) and W, ; should both be contained in ¥ & W, ;. This guess is
easily conlirmed; the virtual character

Ie = xru*l.l = Xw,, — xlﬂ‘m

takes values (g — )a(x), —a(x), 0, and —{p({) + @({)*) on the four types of
conjugacy classes. Therelore, (y,, 7,0 =1, and g, (1) =g — 1 >0, s0 7, is,
in fact, the character of an irreducible subrepresentation of V& W, of
dimension g — I. We denote this representation by X_. These iq(g — 1)
representalions, flor ¢ # @ and with X = X_,, therefore complete the list
ol irreducible representations for GL;(F). The character table is

I g' -1 i+e a'—q
x 0 x |0 x 0 x &y
L - - = = -
Glalf) | e (ﬂ #) N (ﬂ #) S (ﬁ r) e (r :) ¢
u, afx?} afx?) afxyl af[*)
¥, qfx?) 0 afxy) ~al{")
Wep | fa+ Duix)fix) alx)fi[x) al=)B(y) + = y)Mx) o
x, (g — lplx) —plx) ) =[pIf) + )

Exercise 5.6. Find the multiplicity of each irreducible representation in the
representations V& W, ; and Ind(g).
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Exercise 5.7. Find the character table of PGL,(F) = GL,(F)/F*. Note that its
characters are just the characlers of GL,(F) that take the same values on
elements equivalent mod F*.

We turn next to the subgroup SL,(F,) of 2 x 2 matrices of determinant

one, with g odd. The conjugacy classes, together with the number of elements
ineach conjugacy class, and the number of conjugacy classes ofeach type, are

Representative No. Elements in Class No. Classes

) e-(:] ';') | |
@ ~c-("{'] _'f) | I
o 0D
@ ()

o ()

-1 ¢ q* -1
© ( 0 nl) T3 :

0 -3

(7 (; x_l).xii:tl glg + 1) '.?_.r
x ¥ q—1

(&) (cy x).xaéii glg—1) -

The verifications are very much as we did for GL;(F,). In (7), the classes of
x 0 o
(l] _,) and (Iu ) are the same. In (8), the classes for (x, y)and (x, —y)
X X
are the same; as belore, a better labeling is by the element [ in the cyclic group

C={le(F: =1}

the elements + | are not used, and the classes of { and {™' are the same.

The total number of conjugacy classes is g + 4, 50 we turn to the task ol
finding q + 4 irreducible representations. We first see what we get by restrict-
ing representations from GL,(F,). Since we know the characters, there is no
problem working this out, and we simply state the results;

(1) The L/, all restrict to the trivial representation U. Hence, il we restrict any
representation, we will get the same for all tensor products by U,'s.
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(2) The restriction ¥ of the ¥.'s is irreducible,

{3) The restriction W, of W, , isirreducibleifa® # 1,and W, = Wywhen f =«
or fi = a~'. These give §(g — 3) irreducible representations of dimension

+ 1.

¥) Ecrrdenme the character of F* with 1 = 1,1 # |, The restriction of W,
is the sum of two distinct irreducible representations, which we denote
W and W

(4) The restriction of X, depends only on the restriction of ¢ to the subgroup
C, and @ and @' determine the same representation. The representation
is irreducible if @* # 1. This gives (g — 1) irreducible representations of
dimension q — 1.

{4°) I 4 denotes the character of C with * = 1, 4 # 1, the restriction of X,
is the sum of two distinet irreducible representations, which we denote
X' and X"

Altogether this list gives g + 4 distinct wreducible representations, and it
is therefore the complete list. To finish the character table, the problem is to
describe the four representations W', W, X', and X", Since we know the sum
ol the squares of the dimensions of all representations, we can deduce that the
sum of the squares of these four representations is g* + 1, which is only
possible il the first two have dimension dq + 1) and the other two (g — 1).
This is similar Lo what we saw happens for restrictions of representations Lo
subgroups of index two. Although the index here is larger, we can use what
we know about index two subgroups by finding a subgroup H of index two
in GL,(F,) that contains SL,(F,), and analyzing the restrictions of these four
representations to H.

For I we take the matrices in GL,(F,) whose determinant is a square. The
representatives of the conjugacy classes are the same as those for GL,(F,),
including, of course, only those representatives whose determinant is a square,

but we must add classes represented by the elements (x E). x € F*. These
x

0
. 1.
are conjugale Lo the elements (; 1) in GL,(F,), but not in H. These are the

g — 1 split conjugacy classes. The procedure of the preceding section can be
used Lo work out all the representations of H, but we need only a little of this.

Note that the sign representation U" from G/H is U, so that W, , =
W, ® Uand X, = X, @ U, their restrictions to H split into sums of conju-
gate irreducible representations of hall their dimensions. This shows these
representations stay irreducible on restriction from H to SLy(F,), so that W
and W are conjugate representations of dimension Y(g + 1), and X’ and X
are conjugate representations of dimension (g — 1). In addition, we know
that their character values on all nonsplit conjugacy classes are the same as
hall the characters of the representations W, , and X, respectively. This is all
the information we need to finish the character table. Indeed, the only values
not covered by this discussion are
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Go) 68 Co) ()

W 5 ] 5 t
W f 5 t 5
X u v u' v
X" v u p’ u

The first two rows are determined as lollows. We know that s 4+ =

xw(({l' :)) = 1. In addition, since (l'J :) - (:-. ‘:) is conjugate to

G' : il g is congruent to | modulo 4, and to :' : otherwise, and since

1lg™") = ylg) for any character, we conclude that 5 and ¢ are real if ¢ =
| mod(4), and s = [il g = 3 mod(4). In addition, since — e acts as the identity
or minus the identity for any irreducible representation {Schur's lemma),

A(=a) = xlg) x()fx(—-e)
for any irreducible character y. This gives the relations 5" = t{— |)s and
' = ¢[ = ). Finally, applying the equation (g, y) = 1 to the character of W’
gives a formula for st 4 (5. Solving these equalions gives 5, | = § + L. /wq,
where w = 1[—1) is | or — | according as q = | or 3 mod(4). Similarly one

computes that w and v are —1 4 4, /wg. This concludes the computations
needed to wrile out the character table.

Exercise 5.8. By considering the action of SL,(F,) on the set P'(F,), show that
SL,(F;) & ©,, PSLy(Fy) = Uy, and SL(F,) = .

Exercise 5.9*. Use the character table for SL,(F,) to show that PSL,(F,) is a
simple group il g is odd and greater than 3.

Exercise 5.10. Compute the character table of PSL,(F,), either by regarding
it as a quotient of SL,(F,), or as a subgroup of index two in PGL,(F,).

Exercise 5.11*. Find the conjugacy classes of GL,(F,), and compute the char-
acters of the permutation representations obtained by the action of GL,(F,)
on (i) the projective plane P(F,) and (ii) the “flag variety” consisting of a point
on a line in P?(F,). Show that the first is irreducible and that the second is a
sum of the trivial representation, two copies of the first representation, and
an irreducible representation.

Although the characters of the above groups were found by the early
pioneers in representation theory, actually producing the representations in
a natural way is more diicult. There has been a great deal of work extending
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this story to GIL(F,) and SL,(F,) for n > 2 {c[. [Gr]), and for corresponding
groups, called finite Chevalley groups, related 1o other Lie groups. For some
hints in this direction see [Hu3], as well as [Ti2]. Since all but a finite number
of finite simple groups are now known {o arise this way (or are cyclic or
alternating groups, whose characters we already know), such representations
play a fundamental role in group theory. In recent work their Lie-theoretic
origins have been exploited to produce their representations, but to tell this
story would go far beyond the scope of these lecture(r)s.



LECTURE 6

Weyl’s Construction

In this lecture we introduce and study an important collection of lunctors generalizing
the symmelric powers and exterior powers. These are defined sinply in terms of the
Young symmetrizers ¢, introduced in §4: given a representation ¥ of an arbitrary group
G, we consider the dih tensor power of ¥, on which both G and the symmelric group
on d letters acl. We then take the image of the action of ¢, on V®; this is again a
representation of G, denoted 5,(1). This gives us a way of generating new represenia-
tions, whose main application will be to Lie groups: for example, we will generate all
representations of 51.,C by applying these to the standard representation C" of 5L.,C.
While it may be casiest to read this material while the definitions of the Young
symmetrizers are still fresh in the mind, the construction will nod be used again until
§15, so that this lecture can be deferred until then.

§6.1: Schur lunctors and their characters
§6.2: The proofs

§6.1. Schur Functors and Their Characters
For any finite-dimensional complex vector space V¥, we have the canonical
decomposition

V@V =Symr@ AV

The group GL{V) acts on V¥ & V, and this is, as we shall soon see, the decom-
position of ¥ & V into a direct sum of irreducible GL(V)-representations. For
the next tensor power,

V@ V@V =Sym*V@ AV & another space.

We shall see that this other space is a sum of two copies of an irreducible
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GL(V)-representation. Just as Sym’V and A’V are images of symmetrizing
operators from V® = V& V& -+~ @ ¥ to itsell, so are the other factors. The
symmetric group S, acts on ¥ ®, say on the right, by permuting the factors

(1@ @) 0 =0, @ @ v
This action commutes with the lelt action of GL(¥). For any partition 1 of d
we have from the last lecture a Young symmetrizer ¢, in ©E,. We denoie the
image ol ¢, on V® by §, 1
8§,V = Im(cylyes)

which is again a representation of GL(V) We call the functor' V¥~ 5, ¥ the
Schur functor or Weyl module, or simply Weyl's consiruction, corresponding
to 4. It was Schur who made the correspondence between representations of
symmetric groups and representations of general linear groups, and Weyl who
made the construction we give here.? We will give other descriptions later, cf.
Exercise 6.14 and §15.5.
For example, the partition d = d corresponds to the functor ¥~ Sym* ¥,
and the partition d = 1 + - 4+ 1 to the functor ¥ ~~A¥.
We find something new for the partition 3 = 2 4 1. The corresponding
syminetrizer ¢, is
Can =+ €z — €y — Giaap
so the image of ¢, is the subspace of ¥ ®* spanned by all vectors
A @L 4+ R0 0 -nB, 0 -0 @,
ITA?V @ V is embedded in V®* by mapping
{0 A )@ ogr=0, Bo;, oy — vy oy @ oy,
then the image of ¢, is the subspace of A?V & V spanned by all vectors
{0y A 0y) B oy + (v A Doy

Itis not hard to verily that these vectors span the kernel of the canonical map
from A2V @ V to AV, so we have

Sp.nV = Ker(A'V @ V - A'W).

(This gives the missing factor in the decomposition of ¥#3)

Mote that some of the S, ¥ can be zero if ¥ has small dimension. We will
see that this is the case precisely when the number of rows in the Young
diagram of 4 is grealer than the dimension of V.

! The funcloriality means simply that a linear map p: ¥ — I¥ of veclor spaces determines a linear
map S,(9): 5, ¥ -+ 5, I, with 5,(9 o ) = 5,(9) = 5,06) and S,(1d,) = Idy,,

* The notion goes by a variety of names and notations in the literature, depending on the contest,
Constructions dilfer markedly when nol over a field of characteristic zero; and many authors now
parametrize them by the conjugate partitions. Our choice of nowmtion s guided by the corre-
spandence between these lunctors and Schur polynomials, which we will see are their characters.
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When G = GL(V), and lor important subgroups G = GL(¥), these 5,V
give many ol the irreducible representations of G; we will come back to this
later in the book. For now we can use our knowledge of symmetric group
representations o prove a lew facts about them— in particular, we show that
they decompose the tensor powers ¥#, and that they are irreducible repre-
sentations of GL{ ). We will also compute their characters; this will eventually
be seen to be a special case of the Weyl character formula.

Any endomorphism g of ¥ gives rise to an endomorphism of §, V. In order
to tell what representations we get, we will need to compute the trace of this
endomorphism on 5, V; we denole this trace by x5 »(g). For the computation,
let x4, ..., x, be the eigenvalues of g on V, k = dim V. Two cases are easy. For
A = (d),

SV =8Sym"V,  xs (@) = Hixy, ..., %) (6.1)

where H(x,, ..., x;) is the complete symmetric polynomial of degree d. The
definition of these symmetric polynomials is given in [A.1) of Appendix A.
The truth of (6.1) is evident when g is a diagonal matrix, and its truth for the
dense set of diagonalizable endomorphisms implies it lor all endomorphisms;
or one can see it directly by using the Jordan canonical form of g. For
d=(1,..., 1), we have similarly

..... uV‘—‘NH In,..___.,,l.-lﬁ}= Eglxy, .o ;) (6.2)

with E,(x,,..., x;) the elemeniary symmetric polynomial [see (A.3)]. The
polynomials H,; and E, are special cases of the Schur polynomials, which we
denote by §, = §,;(x;, ..., ). As 4 varies over the partitions of 4 into at mosi
k parts, these polynomials §, form a basis for the symmetric polynomials of
degree d in these k variables. Schur polynomials are defined and discussed in
Appendix A, especially (A.4)-(A.6). The above two formulas can be written

tsold) = Silxyy.0vx) ford=(d)and 1 =(1,..., 1)
We will show that this equation is valid for all i:
Theorem 6.3. (1) Ler k=dim V. Then S,V is zero if 4,,,#0 If 1=
(A == 4 = 0), then
, L=d+j-i
dim 8, ¥V = §;(1,..., 1) = i
m 3, al ) HEL“ F=i

{2) Let my be the dimension of the irreducible representation V, of &,
corresponding to . Then

Vo= P s,vem
1
(3) For any g e GL(V), the trace of g on S,V is the valwe of the Schur
polynomial on the eigenvalues xy, ..., x, of g on V:

Esrlg) = &lxy, .0y X))
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(4) Each 5,V Is an irreducible representation of GL{V).

This theorem will be proved in the next section. Other formulas for the
dimension of %,V are given in Exercises A.30 and AJ31. The following is
another:

Exercise 6.4*. Show that
(ki +J)
hy
where the products are over the d pairs (i, f) that number the row and column
of boxes for A, and hy is the hook number of the corresponding box.

dim!‘i,l’n:_fi‘n{k—il-j]:-ﬂ

Exercise 6.5. Show that ¥®? = Sym* ¥ @ AV & (5;,,,V) 2, and
Ve = Sym V@ AV B (50,, V) B (52,0 B (5,1, V)

Compute the dimensions ol each of the irreducible factors.
The proof of the theorem actually gives the lollowing corollary:

Corollary 6.6. If c e CS,, and (CS,) c = EBI VB a5 representations of S,,
then there is a corresponding decomposition of GL{V}-spaces:

ped.c = @5, B

If x,, ..., x, are the eigemvalues of an endomorphism of V, the trace of the
induced endomorphism of V- cis ¥ r,5,(x,,..., x).

If A and p are different partitions, each with at most k = dim ¥ parts, the
irreducible GL(V)-spaces S, % and 5,V are not isomorphic. Indeed, their
characters are the Schur polynomials §; and S,, which are different. More
generally, at least for those representations of (EjL{VI which can be decom-
posed into a direct sum ol copies of the represenations 5, ¥'s, the representa-
tions are completely determined by their characters. This lollows immediately
from the fact that the Schur polynomials are linearly independent.

MNote, however, that we cannol hope to get all finite-dimensional irreducible
representations of GL{V) this way, since the duals of these representations
are not included. We will see in Lecture 15 that this is essentially the only
omission. Nolte also that although the operation that takes representations of
i, to representations of GL(V) preserves direct sums, the situation with
respect to other linear algebra constructions such as tensor products is more
complicated.

One important application of Corollary 6.6 is 1o the decomposition of a
tensor product 5,1 & S, ¥ of two Weyl modules, with, say, 4 a partition of
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d and p a partition of m. The result is
S,V @5,V=PN,.5V; (6.7)

here the sum is over partitions v of d + m, and N,,, are numbers determined
by the Littlewood - Richardson rule. This is a rule that gives Ny, as the number
of ways to expand the Young diagram of 4, using g in an appropriale way, to
achieve the Young diagram for v; see (A8) for the precise formula. Two
important special cases are easier (o use and prove since they invalve only the
simpler Pieri formula (A.7). For i = (m], we have

S,va@sSym™v=@PSs,V, (6.8)

the sum over all v whose Young diagram is oblained by adding m boxes 1o
the Young diagram of 1, with no two in the same column. Similarly for
p=(1..., 1),

S5, v@ANV=[PSs,¥ (6.9)

the sum over all partitions n whose Young diagram is obtained [rom that of
A by adding m boxes, with no two in the same row,
To prove these formulas, we need only observe that

S,V@®5,V=Vc,® Vo ¢,
= VOQ VO™, @) = VO,

with c = ¢, @ ¢, e 08, ®CS, = C(S, x 8,) = C&,,,. This proves that
5,V ® 5,V has a decomposition as in Corollary 6.6, and the coeflicients are
given by knowing the decomposition ol the corresponding character. The
character of a tensor product is the product of the characters of the factors;
so this amounts to writing the product 5,5, of Schur polynomials as a linear
combination of Schur polynomials. This is done in Appendix A, and formulas
{6.7), (6.8), and (6.9) follow (rom (A.8), (A.7), and Exercise A.32 (v), respectively.
For example, from Sym®V @ V = Sym™* 'V @ S, ,, ¥, it lollows that

Sy ¥ = Ker(Sym'V @ v — Sym**'¥),
and similarly for the conjugate partition,

Sat,..nV = Ker(AV@ V= AZY).
Exercise 6.10*. One can also derive the preceding decompositions of tensor
products directly from cotresponding decompositions of representations of

symmelric groups. Show that, in fact, 5,V @ S,V corresponds to the “inner
product” representation ¥, o ¥, of &,,_, described in (4.41).

Exercise 6.11%. (a) The Littlewood-Richardson rule also comes into the de-
composition of a Schur [unctor of a direct sum of vector spaces F and W, This
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generalizes the well-known identities
Sym'(v@ W)= P (SymV® Sym* W),
MNVe W)= Q—) AV @ AW

adth=n

Prove the general decomposition over GL{V) = GL{W):
5,(V® W) = (D Ny (5.V @5, W),

the sum over all partitions A, u such that the sum of the numbers partitioned
by 4 and p is the number partitioned by v. (To be consistent wilh Exercise
2.36 one should use the notation @ for these “external” tensor products.)

{b) Similarly prove the lormula for the Schur funcior of a tensor product:

where the coeflicients C,,, are defined in Exercise 4.51. In particular show that
sym(v@w) = Ps.res,w,

the sum over all partitions L of d with at most dim ¥ or dim W rows. Replacing
W by W*, this gives the decomposition for the space of polynomial functions
of degree d on the space Hom(¥, W) over GL(V) x GL(W). For variations
on this theme, see [Ho3]. Similarly,

Nrew)=[PSs.Fres,w
the sum over partitions 1 of d with at most dim V rows and at most dim W
columns,
Exercise 6.12. Regarding
GL,C=GL,Cx {lI}=GL,CxGL,C=GL,,.C,

the preceding exercise shows how the restriction of a representation de-
COmMpoOses:

Res(S,(C"*")) = ], (Ny,, dim 5,(C7))S,(C").
In particular, for m = 1, Pieri'’s lormula gives
Res(S,(C™*")) = (P S,(C"),

the sum over all 1 obtained rom v by removing any number of boxes from
ils Young diagram, with no two in any columnn.

Exercise 6.13*,. Show that for any partition u = {p;, ..., p,) of d,
NYRNV@ - @NV epxusl.v,

where K,, is the Kostka number and 1" the conjugate of 1.
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Exercise 6.14% Let = 1" be the conjugate partition. Put the factors of the
dth tensor power ¥ ®? in one-to-one correspondence with the squares of the
Young diagram of 1. Show that 5,V is the image of this composite map:

(V) = R (@) = V= @), (@4F) -+ ), (Sym™¥),

the first map being the lensor product of the obvious inclusions, the second
grouping the factors of ¥® according to the columns of the Young diagram,
the third grouping the factors according to the rows of the Young diagram,
and the lourth the obvions quotient map. Alternatively, S, V' is the image of
a composite map

G (Sym* ¥) =+ (R (@) = ¥'® = (), (®F) = &) ("WV).

In particular, 5,V can be realized as a subspace of tensors in ¥® that are
invariant by automorphisms that preserve the rows of a Young tableau of
4, or a subspace that is anti-invariant under those that preserve the columns,
but not bath, cf. Exercise 4.48.

Problem 6.15*. The preceding exercise can be used to describe a basis for the
space 5, V. Let vy, ..., v, be a basis for V. For each semistandard tableau T’
on 4, one can use it to write down an element vy in (), (A"'F); vy is a tensor
product of wedge products of basis elements, the ith factor in /**V being the
wedge product (in order) of those basis vectors whose indices occur in the ith
eolumn of T. The fact to be proved is that the images of these elements v
under the first composite map of the preceding exercise form a basis for 5, V.

Al the end of Lecture 15, using more representation theory than we have
at the momenl, we will work out a simple variation of the construction of S,
which will give quick proofs of refinements of the preceding exercise and
problem.

Exercise 6.16*. The Pieri formula gives a decomposition
Sym'V @ Sym'V = (P Ssp.a-a V.
the sum over 0 < a < d. The left-hand side decomposes into a direct sum of
Sym?(Sym?¥) and A*(Sym?¥). Show that, in fact,
Sym*(Sym'V) = 5S40V ® Spa-2, 0V D Sp-a0Vd -,
ASymV) = Sizay. )V B Spau-2. 3V B Sppyos ny VB .

Similarly using the dual form of Pieri to decompose AV @ AV into the sum
PS;¥ thesumoverall 1 =(2,..., 2, 1,..., I) consisting of d — a 2’s and 2a
I's, 0 < a < d, show that Sym*(A'¥) is the sum of those lactors with a even,
and A*(AYV) is the sum of those with a odd,
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Exercise 6.17*. Il 1and jare any partitions, we can form the composite funcior
5,5, V). The original “plethysm” problem—which remains very difficult in
general—is to decompose these composites:

5,(5:V) = B M,,5.V,

the sum over all partitions v of dm, where 1 is a partition of d and g is a partition
of m. The preceding exercise carried out four special cases of this.

{a) Show that there always exists such a decomposition for some non-
negative integers M, by constructing an element ¢ in CE,,, depending on
A and , such that 5,(5, V) is V®-c.

{b) Compute Sym*(S,; ;,¥) and A*(S,; ;, V).

Exercise 6.18* “Hermile reciprocity.” Show that if dim V" = 2 there are iso-
maorphisms

Symf(Sym*¥) = Sym*(Sym*V)
of GL{¥}-representations, for all pand q.

Exercise 6.19*. Much of the story about Young diagrams and representations
of symmetric and general linear groups can be generalized to skew Young
diagrams, which are the differences of two Young diagrams, If 1 and u are
partitions with g, < 4, for all i, 1/u denotes the complement of the Young
diagram lor g in that of 1. For example, if 4 = (3,3, 1) and p = (2, 1), 1/p is
the numbered part of

To each Ay we have a skew Schur fimetion §,,,, which can be defined by
any of several generalizations of constructions of ordinary Schur functions.
Using the notation of Appendix A, the following definitions are equivalent:

(i) Sl,r. - |Hq,—;_.-|+j|.
{ii] Su. = |E11'-}—il-fl'l
{ii) S =Y mxi" o x,

where m, is the number of ways o number the boxes of 4/u with a, 1's, a; 2's,
oo .o 3y k's, with nondecreasing rows and strictly increasing columns.
In terms of ordinary Schur polynomials, we have

{iv) Sin = E N ¥
where N, is the Littlewood-Richardson number,
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Each A/u determines elements ay,, by, and Young symmeirizers ¢, =
ay.by,in A =C8,d =} 1, — u, exactly as in §4.1, and hence a representa-
tion denated ¥, = Aey, of S, Equivalently, Vy, is the image of the map
Aby,, —+ Aay, given by right multiplication by a,,, or the image of the map
Aayy, —+ Aby, given by right multiplication by by,,. The decompaosition of ¥y,
into irreducible representations is

v) V.l.l- = E Npui K.
Simitarly there are skew Schur functors 5y, which take a vector space ¥

to the image of ¢, on V ®*, equivalently, §,,, V is the image of a natural map
(generalizing that in the Exercise 6.14)

(vi) GO (NT1V) = VB s Gy (Sym ™™ ),

or
(vil) (D (Sym*m¥) - V4 s (), (V)

Given a basis vy, ..., v, for V and a standard tableau Ton /g, one can write
down an element vy in G, (A"}, for example, corresponding to the dis-
played tableau, vy = v, @ v, ® (r; A vy) Akey fact, generalizing the result of
Exercise 6.15, is that the images of these elements under the map (vi) form a
basis for S, V.

The character of 5,, V is given by the Schur function §,,: il g is an
endomorphism of V with eigenvalues x, ..., x,, then

(viii) Ishv{ﬂ] = SpulXyy e
In terms of basic Schur lunctors,
(ix) SuaV = T N,uiS, V.

Exercise 6.20%, (a) Show that il 1 = (p, g), S,V is the kernel of the contrac-
tion map

¢,.: Sym*¥ ® Sym*¥ -» Sym®*1 V' @ Sym*1 .

(b) IT A = (p, g, r), show that S, , ,,V is the intersection of the kernels of
two contraction maps ¢, , ® I, and 1, ® c,, ,, where [, denotes the identity map
on Sym' V.

In general, for 1=(4,,..., L), S, ¥ =Sym"" V@ --®Sym** ¥ is the inter-
section of the kernels of the k — | maps

U=, @@, @, @, 0 @, Isisk-1L

(c) For A =(p, ,...., 1), show that 5,V is the kernel of the contraction
map:

Sepr.....)V = Ker(Sym*¥ @ N P¥ = Sym™ v @ A *-1 ),

In general, for any choice of a between | and k — 1, the intersection of



B4 6. Weyl's Construction

the kernels of all o, except o, is S, V@5, V, where o =(4,,..., 4,) and
T=(dgsqeee., Ak 50 5, ¥ is the kernel of a contraction map defined on
5 V@5,V Forexample,ilais k — 1, and we sel r = 1, Pieri's formula writes
5 V®Sym'V as a direct sum of 5, and other factors S, V; the general
assertion in (b) is equivalent to the claim that S,V is the only factor that is
in the kernel of the contraction, e,

5,V =Ker(Sy, .1,V @ Sym'V = VR @ Sym™ 1Y),

These resulls correspond to writing the representations V¥, = U, of the sym-
metric group as the intersection of kernels of maps to Uy, 4010, -1000a,0

Exercise 6.21, The functorial nature of Weyl's construction has many conse-
quences, which are not explored in this book. For example, if E, is a complex
of veclor spaces, the tensor product EP? is also a complex, and the symmetric
group &, acts on it; when factors in E, and E, are transposed past each other,
the usual sign (— 1)* is inserted. The image of the Young symmetrizer ¢, is a
complex 5,(E, ), sometimes called a Schur complex. Show that il E, is the
complex E_, = ¥ - E; = ¥, with the boundary map the identity map, and
4 = (d), then 5,(E, ) is the Koszul complex

DN NT@8 N @A @8 80
where A' = AV, and §/ = Sym/y,

§6.2. The Proofs

We need first a small piece of the general story about semisimple algebras,
which we work out by hand. For the moment G can be any finite group,
although our application is for the symmetric group. If U is a right module
over 4 = CG, let

B = Homg(U, U) = {@: U = U: p(v-g) = ¢(v)-g,Yve U, ge G}
Mote that B acts on U on the left, commuting with the right action of A; J is
called the commutator algebra. If U = (P U™ is an irreducible decomposition

with U nonisomorphic irreducible right 4-modules, then by Schur's Lemma
1.7

B = (B Homg(U™, U#™) = () M, (C)

where M, (C) is the ring of n; x n, complex matrices.
If W is any lelt A-module, the tensor product

U@, W= U @ Wsubspace generated by {va ® w — v ® aw}
is a lelt B-module by acting on the first lactor: b+ (v @ w) = (b 1) @ w.
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Lemma 6.22. Let U be a finite-dimensional right A-module.

(i) For any ¢ € A, the canonical map U &, Ac — Uc is an isomorphism of lefi
B-modules.

(i) If W = Ac is an irreducible left A-module, then U &, W= Uc is an
irreducible left B-nodule.

(iii) If W= Ac, are the distinct irreducible left A-modules, with my; the
dimension of W, then

U= @ive, w)e™ =@ (Ue)®™
is the decompaesition of U into irreducible left B-modules.
Proor. Note first that Ac is a direct summand of A as a lelt 4-module; this is

a consequence of the semisimplicity of all representations of G (Proposition
1.5). To prove (i), consider the commultative diagram

UEJA — U@'{Alﬁ' = U@ﬂ—"

| .

v — Ue = U

where the vertical maps are the maps ¢ @ ar v-a; since the lefi horizontal
maps are surjective, the right ones injective, and the outside vertical maps are
somorphisms, the middle vertical map must be an isomorphisn.

For {ii), consider first the case where U is an irreducible A-module, so
B = C. It suffices to show that dim U @, W < 1. For this we use Proposition
329 to identify A with a direct sum (5., M,, C of r matrix algebras. We can
identily W with a minimal left ideal of A. Any minimal ideal in the sum of
maltrix algebras is isomorphic to one which consists of r-tuples of matrices
which are zero except in one factor, and in this factor are all zero except for
one column. Similarly, U can be identified with the right ideal of r-tuples which
are zero excepl in one [actor, and in that factor all are zero except in one row.
Then U @, W will be zero unless the factor is the same for U and W, in which
case U @, W can be identified with the matrices which are zero except in one
row and column of that factor. This completes Lthe prool when U is irreducible.
For the general case of (i), decoinpose U = (), U®™ into a sum of irreducible
right A-modules, so U ®, W = (B,(U, ®, W)®" = C®™ [or some k, which is
visibly irreducible over B = (P M, (C).

Part (jii) follows, since the isomorphism A = () W™ determines an iso-
morphism

Uz U@, Az U®, (BW*) = BiU e, w)E. O

To prove Theorem 6.3, we will apply Lemma 6.22 to the right CS,-module
U = ¥® That lemma shows how to decompose U as a B-module, where B
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is the algebra of all endomorphisms of U that commute with all permuta-
tions of the faciors. The endomorphisms of U induced by endomorphisms of
V are cerlainly in Lhis algebra B. Although B is generally much larger than
End(¥), we have

Lemma 6.23. The algebra B is spanned as a linear subspace of End(V®4) by
End(V). A subspace of V® is a sub-B-module i and only if it is invariant by
GL{V).

ProoF. Note that if W is any finite-dimensional vector space, then Sym?W is
the subspace of W spanned by all w!=dlw® - @ was w runs through
W. Applying this to W = End(V) = V* @ V proves the first statement, since
End(V®) =(¥*)® @ V® = W, with compatible actions ol S,. The second
follows [rom the [act that GL{V) is dense in End{V). 0

We turn now o the proof of Theorem 6.3, MNote that S,V is Ue,, so parts
(2) and (4) lollow [rom Lemmas 6.22 and 6.23. We use the same methods to
give a rather indirect bul short proof of part (3); for a direct approach see
Exercise 6.28. From Lemma 6.22 we have an isomorphism of GL{ ¥)-modules:

S, V=r®ae, ¥ (6.24)

with ¥, = A-c;. Similarly for U, = A-a,, and since the image of right multi-
plication by a; on ¥® is the tensor product of symmetric powers, we have

Sym"V@Sym ¥V @ -~ @ Sym™V = V™ ®, U,. (6.25)

But we have an isomorphism U, = (P, K,; ¥, of A-modules by Young's rule
(4.39), so we deduce an isomorphism of GL{F)-modules

Sym* V@ Sym"V @ - @ Sym™V = (B K,,5,V. (6.26)
"

By what we saw before the stalement of the theorem, the trace of g on the
left-hand side ol (6.26) is the product Hy{x,, ..., x,) of the complete symmetric
polynomials H, (xy,..., x). Let S;(g) denote the endomorphism of S,V
determined by an endomorphism g of V. We therelore have

Hixy,oo.ox))=E K Tram{ﬁﬂ{y}].

But these are precisely the relations between the functions H, and the Schur
polynomials 5, [see formula (A.9)], and these relations are invertible, since
the matrix (K ;) of coeMicients is triangular with 1's on the diagonal. It follows
that Trace(5,(g)) = Si(x,, ..., x,), which proves part (3).

Mote that il 1 = {4,, ..., 4,) with d = k and 1, # 0, this same argumeni
shows that the trace is S3(x,, ..., x,,0,..., 0), which is zero, for example by
(A.6). For g the identity, this shows that $;¥ = 0 in this case. From part (3)
we also gel
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dim S, ¥ = §,(1,..., 1), (6.27)
and computing S;(1, ..., 1) via Exercise A.30(ii) yields part (1). |

Exercise 6.28. Il you have given an independent proof of Problem 6.15, part
(3) of Theorem 6.3 can be seen directly. The basis elements vy for S, V specified
in Problem 6.15 are eigenvectors for a diagonal matrix with entries x,, ..., %.
wilh eigenvalue X = x{'-... - x{* where the tableau T has a, 1's,a; 2's, ...,
ay k's. The trace is therefore } K, X*, where K, is the number of ways to
number the boxes of the Young diagram of 4 witha; I's,a;, 2's,....a, k's. This
is just the expression for §; obtained in Exercise A.31{a).

We conclude this lecture with a few ol the standard elaborations of these
ideas, in exercise form; they are not needed in Lhese lectures.

Exercise 6.29* Show that, in the context of Lemma 6.22, if U/ is a faithful
A-module, then A is the commulator of its commutalor B:

A= {\: U = U: fe(br) = bifr(v), Yo e U, b e B},

IF't7 is mot faithlul, the canonical map from A toits bicommulator is surjective.
Conclude that, in Theorem 6.3, the algebra of endomorphisms of ¥® that
commute with GL(V) is spanned by the permutations in &,.

Exercise 6.30. Show that, in Lemma 6.22, there is a nalural one-lo-one cor-
respondence between the irreducible right A-modules U] that occur in U and
theirreducible left B-modules ¥;. Show that there is a canonical decomposition

U= $[Va®c u)

as a lelt B-module and as a right A-module. This shows again that the number
of limes ¥, occurs in U is the dimension of U, and dually that the number of
times U, occurs is the dimension of ¥. Deduce the canonical decomposition

Ve = (S, V & ¥,

thesum over partitions 4 of d into at most k = dim ¥ parts; this decomposition
is compatible with the actions of GL{V) and &,. In particular, the number of
times ¥, pccurs in the representation ¥'®? of &, is the dimension ol S, V.

Exercise 6.31. Let ¢ be an idempotent in the group algebra 4 = CG, and let
U = ¢A be the corresponding right A-module. Let E = eAde, a subalgebra of
A. The algebra structure in A makes ¢4 a left E-module. Show that this defines
an isomorphism of C-algebras

E = eAe = Hom,(eA, eA) = Hom4(U, U) = B.
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Exercise 6.32. Il I is a subgroup of G, and ¢ € CH is an idempotent, corre-
sponding 1o a representation W = CH - e of H, show that CG - e is the induced
representation Ind§(W). For example, il : 1§ - C* is a one-dimensional
representation, then

1 .
Ind%(3) = CG-e;, where ey = iGi st Jig)e,.



PART 11

LIE GROUPS AND
LIE ALGEBRAS

From a naive point of view, Lie groups seem to stand at the opposite end of
the spectrum of groups rom finite ones.! On the one hand, as abstract groups
they seem enormously complicated: for example, being of uncountable order,
there is no question of giving generators and relations. On the other hand,
they do come with the additional data of a topology and a manifold structure;
this makes it possible—and, given the apparent hopelessness of approaching
them purely as algebraic ohjects, necessary——to use geomelric concepls Lo
study them.

Lie groups thus represent a confluence ol algebra, topology, and geometry,
which perhaps accounts in part for their ubiquity in modern mathematics. It
also makes the subject a potentially intimidaling one: to have to understand,
both individually and collectively, all these aspects of a single object may be
somewhat daunting.

Happily, just because the algebra and the geomelry/lopology ol a Lie group
are so closely entwined, there is an object we can use to approach the study
of Lie groups that extracts much of the structure of a Lie group (primarily
its algebraic structure) while seemingly getting rid of the topological com-
plexity. This is, ol course, the Lie algebra. The Lie algebra is, at least according
to its definition, a purely algebraic ohject, consisting simply of a vector space
with bilinear operation; and so it might appear that in associating to a Lie
group its Lie algebra we are necessarily giving up a lot of information about
the group. This is, in fact, not the case: as we shall see in many cases {(and
perhaps all of the most important ones), encoded in the algebraic structure of
a Lie algebra is almost all of the geomeltry of the group. In particular, we will

" In apite of this there are deep, if onty partially understond, relations between finite and Lie
groups, extending even lo Lheir simple group classifications.
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see by the end of Lecture 8 that there is a very close relationship bhetween
represeniations of the Lie group we start with and representations of the Lie
algebra we associate to il; and by the end of the book we will inake that
correspondence exact,

We said that passing from the Lie group to its Lie algebra represenis a
simplification because it eliminales whatever nontrivial topological structure
the group may have had; it “Nattens out,” or “linearizes,” the group. This, in
turn, allows for a further simplification: since a Lie algebra is just a vector
space with bilinear operation, it makes perfect sense, il we are asked to study
a real Lie algebra (or one over any subfield of C} to tensor with the complex
numbers. Thus, we may investigate first the structure and representations of
complex Lie algebras, and then go back to apply this knowledge to the study
of real ones. In fact, this turns out to be a feasible approach, in every respect:
the structure of complex Lie algebras tends to be substantially simpler than
that of real Lie algebras; and knowing the representations of the complex Lie
algebra will solve the problem of classifying the representations of the real one.

There is one further reduction to be made: some very elementary Lie
algebra theory allows us to narrow our focus further to the study of semisimple
Lie algebras. This is a subset of Lie algebras analogous 1o simple groups in
that they are in some sense atomic objects, but better behaved in a number
of ways: a semisimple Lie algebra is a direct sum of simple ones; there are easy
criteria for the semisimplicity of a given Lie algebra; and, most of all, their
representation theory can be approached in a completely uniform manner.
Moreover, as in the case of finite groups, there is a complete classification
theorem for simple Lie algebras.

We may thus deseribe our approach o the representation theory of Lie
groups by the sequence of ohjects

Lie group
e Lie algebra
~n~s complex Lie algebra
~ne gemisimple complex Lie algebra,

We describe this progression in Lectures 7-9. In Leciures 7 and 8 we intro-
duce the definitions of and some basic facts about Lie groups and Lie algebras.
Lecture 8 ends with a description of the exponential map, which allows us to
establish the close connection between the first two objects above. We then
do, in Lecture 9, the very elementary classification theory of Lie algebras that
motivates our focus on semisimple complex Lie algebras, and at least state
the classification theorem for these. This establishes the fact that the second,
third, and fourth objects above have essentially the same irreducible repre-
sentations. (This lecture may also serve to give a brief tasie of some general
theory, which is mostly postponed to later lectures or appendices.) In Lecture
10 we discuss examples of Lie algebras in low dimensions.
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From that point on we will proceed to devote ourselves almost exclusively
to the study of semisimple complex Lie algebras and their representations.
We do this, we have lo say, in an extremely ineflicient manner: we siart with
a couple of very special cases, which occupy us for three lectures (11-13);
enunciate the general paradigm in Lecture 14; carry this out for the classical
Lie algebras in Lectures 15-20; and (finally) finish off the general theory in
Lectures 21-26. Thus, it will not be until the end that we go back and use the
knowledge we have gained to say something aboul the original problem. In
view of this long interlude, it is perhaps a good idea to enunciale one more
lime our basic

Point of View: The primary objects of interest are Lie groups and their
representations; these are what actually occur in real life and these are what
we want Lo understand, The notion of a complex Lie algebras is introduced
primarily as a tool in this study; it is an essential tool? and we should consider
ourselves incredibly lucky to have such a wonderlully effective one; bul in the
end it is for us a means to an end.

The special cases worked oul in Lectures 11-13 are the Lie algebras of SL4
and SL,. Remarkably, most of the structure shared by all semisimple Lie
algebras can be seen in these examples. We should probably point out that
much of what we do by hand in these cases could be deduced from the Weyl
construction we saw in Lecture 6 (as we will do generally in Lecture 15), but
we mainly ignore this, in order to work from a "Lie algebra™ point of view
and moltivate the general story.

¥ Perhaps not logically so; of. Adams’ book [Ad].



LECTURE 7

Lie Groups

In this lecture we introduce the definitions and basic examples of Lie groups and Lie
algehras. We assume here familiarity with the definition of differentiable manifolds and
maps between them, but no more; in particular, we do not mention vector fields,
differential forms, Riemannian metrics, or any other tensors. Section 7.3, which
discusses maps of Lie groups thal are covering space maps ol the underlying manifolds,
may be skimmed and referred back to as needed, though working through it will help
promole [amiliarity with basic examples of Lie groups.

§7.1: Lie groups: definitions

§7.2: Examples of Lic groups

§7.3; Two constructions

§7.1. Lie Groups: Delinitions

You probably already know what a Lie group is; it is just a set endowed
simultaneously with the compatible structures of a group and a % manifold.
“Compatible” here means that the multiplication and inverse operations in
the group structure

i Gx GG

and
rG—=G

are actually dilferentiable maps (logically, this is equivalent to the single
requirement that the map G x G — G sending (x, ¥) to x- y ' is ).

A map, or morphism, between two Lie groups G and H is just a map
p: G — H that is both dilferentiable and a group homomorphism. In general,
qualifiers applied to Lie groups refer 1o one or another of the two structures,
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usually without much ambiguity; thus, abelian refers to the group structure,
n-dimensional or connected refers to the manifold structure, Sometimes a
condition on one struclure turns out to be equivalent 1o a condition on the
other, lor example, we will see below that to say that a map of connected Lie
groups g: G — H is a surjective map of groups is equivalent to saying that the
differential dg is surjective at every point.

Omne area where there is some potential confusion is in the definition of a
Lie subgroup. This is essentially a difficulty inherited directly from manifold
theory, where we have to make a distinction between a closed submanifold of
a manifold M, by which we mean a subsel X = M that inherits a manifold
structure lrom M (ie., that may be given, locally in M, by setting a subset of
the local coordinates equal to zero), and an immersed submanifold, by which
we mean the image of a manifold X under a one-lo-one map with injective
differential everywhere—that is, a map that is an embedding focally in X.
The distinclion is necessary simply because the underlying topological space
structure of an immersed submanifold may not agree with the topological
structure induced by the inclusion of X in M. For example, the map from X
to M could be the immersion of an open interval in R into the plane R? as a
figure “6™

l

Another standard example of this, which is also an example in the category
of groups, would be to take M to be the two-dimensional real torus R?*/7? =
5' = §', and X the image in M of a line ¥ = R? having irrational slope:

_— 7/ _

s

The upshot of this is that we define a Lie subgroup {or closed Lie subgroup,
if we want lo emphasize the point) of a Lie group G to be a subset that is
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simultaneously a subgroup and a closed submanifold; and we define an
immersed subgroup to be Lhe image of a Lie group H under an injective
morphism to G. {That a one-to-one morphism of Lie groups has everywhere
injective dilferential will follow from discussions later in this leclure.)

The definition of a complex Lie group is exacily analogous, the words
“differentiable manilold” being replaced by “complex manilold™ and all
related notions revised accordingly. Similarly, to define an algebraic group one
replaces “differentiable manifold™ by “algebraic variety” and “dilferentiable
map” by “regular morphism.” As we will see, the category of complex Lie
groups is in many ways markedly different [rom that of real Lie groups (for
example, there are many lewer complex Lie groups than real ones). Ol course,
the study of algebraic groups in general is quite different from either of these
since an algebraic group comes with a field of definition that may or may not
be a sublield of C (it may, or that matter, have positive characteristic). In
practice, thopgh, while the two are not the same (we will see examples of this
in Lecjure 10, for example), the category of algebraic groups over C behaves
very much like the category of complex Lie groups.

§7.2. Examples of Lie Groups

The basic example of a Lie group is of course the general linear group GL_ R
of invertible n = n real matrices; this is an open subset of the vector space of
all # = n matrices, and gels its manifold structure accordingly (so that the
entries of the maltrix are coordinates on GL,R) That the multiplication
map GL R x GL R — GL R is dilferentiable is clear; that the inverse map
GL, R — GL, R is follows [rom Cramer's l[ormula [or the inverse. Occasionally
GL,R will come to us as the group of automorphisms of an n-dimensional
real vector space 15 when we wanl lo think of GL_R in this way (e.g., without
choosing a basis for ¥ and thereby identilying G with the group of matrices),
we will write it as GL{VF) or Aut(}). A representation of a Lie group G, of
course, is a morphism from G to GL{V).

Most other Lie groups are defined initially as subgroups of GL, {though
they may appear in other conlexts as subgroups ol other general linear groups,
which is, of course, the subject matter of these lectures) For the most part,
such subgroups may be described either by equalions on the entries of an
n x nmalrix, or as the subgroup ol automorphisms of ¥ 2= R" preserving some
structure on R®. For example, we have:

the special linear group SL,R of aulomorphisms of R" preserving the
volume element; equivalently, n x n matrices A with determinant 1.

the group B, of upper-iriangular matrices; equivalently, the subgroup of
automorphisms of R" preserving the Nag'

"I general, @ flag is a sequence of subspaces of a fixed vector space, each properly contained in
- the next; it is a complete Nag if each has one dimension larger than the preceding, and partial
olherwise.
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D=VceclWete ¥ ,=F=H/

where ¥} is the span of the standard basis vectors e, ..., ;. Mote that choosing
a different basis and correspondingly a dilferent Nag yields a different sub-
group of GL,_ R, bul one isomorphic to (indeed, conjugate to) B,. Somewhal
more generally, lor any sequence of posilive integers a,, ..., a, with sum n we
can look at the group of block-upper-triangular matrices; this is the subgroup
ol automorphisms of R" preserving a partial Mag

I=KcochWceckhech ,ck=R,

where the dimension of ¥ isa, + -+ + a,. Il the subspace V| is spanned by the
firsta, + --- + a; basis veclors, the group will be Uhe set of matrices of the forin

AR 1a,
0 # e | Jay
OJ0{« ]

oloiol«/ }a,

The group N, of upper-triangular unipotent matrices (that is, upper triangular
with 1's on the diagonal); equivalently, the subgroup of automorphisms of R”
preserving the complete Nag {1} where V¥ is the span of the standard basis
vectors e, ..., e, and acling as the identily on the successive quotients ¥, /.
As belore, we can, for any sequence of positive integers a, ..., a, with sum n,
look at the group of block-upper-triangular unipotlent matrices; this is the
subgroup of automorphisms of R" preserving a partial Mag and acling as
the identity on successive quotients, i.e., matrices of the form

IEERERE 1a,
D(1 ||+ | oy
I

oroiolr Yay

Mext, there are the subgroups of GL, R deflined as the group of transforma-
tions of ¥ = R" ofdeterminant | preserving some bilinear form Q: ¥ x V¥ = ¥
IT the bilinear form @ is symmetric and positive definite, the group we get
is called the (special) orthogonal group SO, R {sometimes wrillen SO(n}; see
p. 100). I @ is symmetric and nondegenerate but not definite—e.g., il it has k
positive eigenvalues and | negative— the group is denoted SOy i or SO(k, I}
note that SOk, [} = SO(l, k). If @ is skew-symmetric and nondegenerale, the
group is called the symplectic group and denoted Sp,R; note that in this case
n must be even.

The equations that define the subgroup of GL,R preserving a bilinear lorm .
() are easy to write down. Il we represent by a matrix M —thal is, we wrile

Olo,w)="uo-M-w
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for all v, w e B"—hen the condition
M Av, Aw) = o, w)
translates into the condition that
A M-Aw="0-M-w
for all v and w; this is equivalent to saying that
A-MA=M

Thus, for example, if @ is the symmetric form Qv w) = "v-w given by the
identity matrix M = I, the group SO, R is just the group of n % 1 real matrices
A of determinant | such that A = A",

Exercise 7.1*. Show that in the case of Sp,,® the requirement that the
transformations have determinant | is redundant; whereas in the case ol SO, R
il we do not require the transformations lo have determinant | the group we
get (denoted O, R, or sometimes O(n)) is disconnecied.

Exercise 7.2*, Show that SO(k, 1) has two connected components if k and [ are
both positive. The connected component containing the identity is often
denoted SO*(k, I). (Composing with a projection onto R* or R, we may
associale to an automorphism A4 & SO(k, I) automorphisms of R* and R';
S0*(k, 1) will consist of those 4 & SO(k, I) whose associated automorphisms
preserve the orientations of R* and R')

Note that if the form Q is degenerate, a transformation preserving @ will
carry its kernel

Ker(Q)={ve V:Q(n,w)=0%¥we V|

into itsell; so that the group we get is simply the group of matrices preserving
the subspace Ker(()) and preserving the induced nondegenerate form { on the
quotient F/Ker(Q). Likewise, if () is a general bilinear form, that is, neither
symmelric nor skew-symmetric, a linear transformation preserving @ will
preserve the symmetric and skew-symmetric parts of @ individually, so we just
get an intersection of the subgroups encountered already. At any rate, we
usually limit our attention to nondegenerate forms that are either symmetric
or skew-symmetric.

Ol course, the group GL,,C of complex linear automorphisms of a complex
veclor space V' = C" can be viewed as subgroup of the general linear group
GL,, B it is, thus, a real Lie group as well, as is the subgroup SL,C ol n x n
complex matrices of determinant 1. Similarly, the subgroups $0,C = SL,C
and §p,,C = 5L,,C of translormations of a complex veclor space preserving
a symmelric and skew-symmetric nondegenerale bilinear form, respectively,
are real as well as complex Lie subgroups. Mote that since all nondegenerate
bilinear symmetric [orms on a complex veclor space are isomorphic (in partie-
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ular, there is no such thing as a signature), there is only one complex
orthogonal subgroup 50,C = SL,C up lo conjugation; there are no analogs
of the groups 50, B,

Another example we can come up with here is the unitary group U, or Uin),
defined Lo be the group of complex linear automorphisms of an n-dimensional
complex veclor space V preserving a positive definite Hermitian inner product
H on V. {A Hermitian form H is required to be conjugate linear in the
first? factor, and linear in the second: Hilo, pw) = AH{v, wip, and Hiw, v) =
Hiv, w; it is positive definite if [{{v, v) = 0lor e # 0)

Just as in the case of the subgroups 50 and Sp, it is easy to write down the
equations [or U{n) for some n x n matrix M we can write the form H as

Hiv,w)="5 M-w, ¥e,wel"

(note that for H to be conjugate symmetric, M must be conjugate symmetric,
ie,'M = M}, then the group U{n) is just the group of n % n complex matrices
A satislying

A-M-A =M.

In particular, il If is the “standard™ Hermitian inner product Hiv, w) = "ii- w
given by the identity matrix, U(n) will be the group of n » n complex matrices
A such that "4 = 4",

Exercise 7.3. Show that il H is a Hermitian form on a complex vector space
¥, then the real part R = Re(H) of H is a symmetric form on the underlying
real space, and the imaginary part C = Im(H) is a skew-symmelric real
form; these are related by C{n, w) = R{iv, w). Both R and C are invariant by
multiplication by i: R(iv, iw) = R{v, w). Show conversely thal any such real
symmelric R is the real part of a unique Hermitian H. Show that if H is

0 f") . Deduce

standard, so is R, and C corresponds to the matrix J = ( o
“a

that
Ufn) = O(2n)n Spy R

Mole that the determinant of a unitary matrix can be any complex number
of modulus 1; the special unitary group, SU(n), is the subgroup of U{n) of
aulomorphisms with determinant 1. The subgroup of GL,C preserving an
indefinite Hermitian inner product with k positive eigenvalues and [ negative
ones is denoted U, , or Uk, I); the subgroup of those of determinant 1 is
denoted SU, ; or SU(K, I).

In a similar vein, the group GL_,H of qualernionic linear automorphisms
of an n-dimensional veclor space V¥ over the ring M of quaternions is a real

¥ This choice of which factor is finear and which conjugate linear i bess common than the other.
It makes litibe dilference in what follows, but it does have the small advantage of being compalible
with the natural choice for qualernions.
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Lie subgroup of the group GL,, R, as are the further subgroups of H-linear
transformations of ¥ preserving a bilinear form. Since H is not commutative,
care musl be taken with the conventions here, and it may be worth a little
digression to go through this now. We take the vector spaces V to be right
H-modules; H" is the space of column veclors with right multiplication by
scalars. In this way the n x n matrices with entries in H act in the usual way
on H" on the left. Scalar multiplication on the left (only) is H-linear.

View H = C@ jC = C?, Then left multiplication by elements of I give
C-linear endomorphisms of C?, which determines a mapping H — M,C to
the 2 = 2 complex matrices. In particular, H* = GL,H =s GL,C. Similarly
H" = C" @ jC" = C*", 50 we have an embedding GL,H = GL,,C. Note that
a C-linear mapping ¢: H* = H" is H-linear exactly when il commules with
Jrolof) = @) e = v, + jog, then v- j = =i, + jT,;, so mulliplication by
jtakes (:’) to (I: 01) GI) It follows that if J is the matrix of the preceding

2 1
exercise, then

GL,H = {A € GL,,C: AJ = J A},

Those matrices with real determinant | form a subgroup SL,H.

A Hermitian form(or “symplectic scalar product™) on a quaternionic vector
space V is an R-bilinear form K: ¥ x V' — H that is conjugate H-linear in the
first factor and H-linear in the second: K(vd, wu} = 1K (v, w)p, and satisfies
K{w, v) = Kip, w). It is positive definite il K{v, v) > 0 for v # 0. (The conjugate
L of a quaternion 4 = a + bi + ¢f + dk is defined to be a — bi — ¢f — dk) The
standard Hermitian form on H” is Z5,w;. The group ol automorphisms of an
n-dimensional quaternionic space preserving such a form is called the compact
symplectic group and denoted Spin) or Uy(n). The standard Hermitian form on
H" is E;w,.

Exercise 7.4. Regarding ¥ as a complex veclor space, show that every quater-
nionic Hermitian form K has the form

K(v, w) = H(o, w) + jQ(v, w),

where H is a complex Hermitian form and () is a skew-symmetric complex
linear form on ¥, with H and Q related by Q(v, w) = H(wj, w), and If satislying
the condition H(gj, wj) = H{v, w). Conversely, any such Hermitian H is the
complex part of a unigue K. Il K is standard, so is i, and  is given by the
same matrix as in Exercise 7.3. Deduce that

Spin) = U(2n) n Sp,,C.
This shows that the two notions of “symplectic” are compatible.
More generally, if K is not positive definite, but has signature {p, g), say the

standard }'f., Tyw, — Y028, , fjw;, the automorphisms preserving it form a
group U, H. Or il the form is a skew Hermitian form (satisfying the same
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linearity conditions, bul with K(w, v) = —K(po, wj), the group is denoted
urH.

Exercise 7.5. ldentily, among all the real Lie groups described above, which
ones are compact.

Complex Lie Groups

So far, all of our examples have been examples of real Lie groups. As lor
complex Lie groups, these are [ewer in number, The general linear group GL,C
is one, and again, all the elementary examples come o us as subgroups of the
general linear group GL,C. There is, for example, the subgroup SO,C of
automorphisms of an n-dimensional complex veclor space V¥ having deter-
minant 1 and preserving a nondegenerate symmetric bilinear form @ (note
that @ no longer has a signature); and likewise the subgroup Sp,C of trans-
formations of determinant 1 preserving a skew-symmetric bilinear form.

Exercise 7.6. Show Lhat the subgroup SU{n) = SL,C is not a complex Lie
subgroup. (It is not enough lo observe that the delining equations given above
are not holomorphic.)

Exercise 7.7. Show Lhat none of the complex Lie groups described above is
compact.

We should remark here that both of these exercises are immediate con-
sequences of the general fact that any compact complex Lie group is abelion;
we will prove this in the next lecture. A representation of a complex Lie group
G is a map of complex Lie groups from G to GL(V)= GL,C for an n-
dimensional complex vector space ¥; nolte that such a map is required to be
complex analylic.

Remarks on Notation

A common convenlion is Lo use a notation without subscripts or mention of |
ground [feld to denote the real groups:

On), SO(m), SO(p,q), Uln), SUfn), SU(p,q). Spin)

and Lo use subscripts for the algebraic groups GL,, SL,, 50,, and Sp,. This,
of course, introduces some anomalies: lor example, SO, R is 8O(n), but Sp R
is not Sp(n); bul some violation of symmelry seems inevitable in any notation.
The notations GL(#n, B) or GL(n, C) are often used in place of our GL, R or
GL,C, and similarly for SL, S0, and Sp.

Also, where we have wrilten Sp,,, some write Sp,. In practice, il seems that
those most interested in algebraic groups or Lie algebras use the former
nolation, and those interested in compact groups the latter. Other common
notations are U*(2n) in place of our GL,H, Sp(p, q) for our U, I, and
O*(2n) for our U2H,
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Exercise 7.8, Find the dimensions of the various real Lie groups GL_ R, SL_ R,
B,, N,. SO.R, 50, R, Sps, R, Uln), SU(n), GL,C, SL,C, GL 1, and Sp(n)
introduced above,

§7.3. Two Constructions

There are Iwo construclions, in some sense inverse to one another, that arise
frequently in dealing with Lie groups (and that also provide us with further
examples of Lie groups). They are expressed in the lollowing two slatements.

Proposition 7.9, Let G be a Lie group, H a connected manifold, and : H - G a
covering space map.® Let ' be an element lying over the identity e of G. Then
there is a vnigue Lie group structure on H such that e is the identity and o is
amap of Lie groups; and the kernel of ¢ is in the center of H.

Proposition 7.10. Let H be a Lie group, and I' = Z{H) a discrete subgroup of
its center. Then there is a unigue Lie group struciure on the guotient group
G = H/T such that the quotient map H — G is a Lie group map.

The proofl of the second proposition is straightforward. To prove the first, one
shows that the multiplication on G lilts uniquely to a inap I x H — H which
lakes (', ') lo &', and verilies thal this product satisfies the group axioms. In
fact, it sullices to do this when H is the universal covering of G, lor one can
then apply the second proposition to intermediate coverings. |

Exercise 7.11%. (a) Show that any discrete normal subgroup of a connected
Lie group G is in the center Z(G).
(b) If Z{G) is discrete, show that G/Z(G) has trivial center.

These two propositions molivate a definition: we say that a Lie group map
between two Lie groups G and H is an isogeny if it is a covering space map
of the underlying manifolds; and we say two Lie groups G and If are isogenous
if there is an isogeny between them (in either direction). Isogeny is not an
equivalence relation, but generates one; observe thal every isogeny equiv-
alence class has an initial member (that is, one that maps lo every olher one
by an isogeny) —that is, just the universal covering space G of any one—and,
il the center of this universal cover is discrete, as will be the case for all our
semisimple groups, a final object G/Z(G) as well. For any group G in such an
equivalence class, we will call G the simply connected form of the group G, and
G/Z(G)(if it exisis) the adjoint form (we will see later a more general definition
of adjoint form).

*This means thal ¢ i€ a continsous map with the property thal every point of G has a
neighborhood U snch that @ ') is & disjnint union of open sets each mapping homeomor-
phically 1o LI,
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Exercise T.1Z If If - G is a covering of connecled Lie groups, show that Z(G)
is discrete if and only if Z(H) is discrete, and then 1/Z(H) = G/Z(G). There-
fore, il Z(G) is discrete, the adjoint form of G exists and is G/Z{G)

To apply these ideas to some of the examples discussed, note that the center
of SL, (over R or C) is just the subgroup of multiples of the identity by an nth
root of unity; the quotient may be denoted PSL_ R or PSL,C. In the complex
case, PSL,C is isomorphic Lo the quotient of GL,C by its cenler £* of scalar
malrices, and 5o one ofien wriles PGL_C instead of PSL,C. The center of the
group 50, is the subgroup | + I} when n is even, and trivial when n is odd; in
the former case the quotient will be denoted PSO,R or PSO,C. Finally the
center of the group Sp,, is similarly the subgroup { + [}, and the quotient is
denoted PSp,, B or PSp,,C.

Exercise 7.13*, Realize PGL,C as a matrix group, ie, find an embedding
{faithful representation) PGL,C = GL4C for some N. Do the same for the
olher quotients above,

In the other direction, whenever we have a Lie group that is not simply
connecled, we can ask what ils universal covering space is. This is, lor example,
how the famous spin groups arise: as we will see, the orthogonal groups SO,/
and 50,C have fundamental group #/2, and so by the above there exisi
connecled, lwo-sheeled covers of these groups. These are denoted Spin,® and
Spin,C, and will be discussed in Lecture 20; for the time being, the reader may
find it worthwhile (if frustrating) to try to realize these as matrix groups. The
last exercises of this section skelch a few steps in this direction which can be
done now by hand.

Exercise 7.14. Show that the universal covering of U{n) can be identified
with the subgroup of the product Ufn) x B consisting ol pairs (g, 1) with
del{g) = ™",

Exercise 7.15. We have seen in Exercise 7.4 Lhat

SU(2) = Sp(2) = {geH: g7 = 1}.

Identifying R* with the imaginary quaternions (with basis i, j, k), show that,
for g = 1, the map vi— qug maps R to itself, and is an isometry. Verily that
the resulting map

SU2) = Spi2) = SO0
is a 2: | covering map. Since the equation g = | describes a 3-sphere, SU(2)
is the universal covering of SO(3); and S0(3) is the adjoint form of SU(2).

Exercise 7.16. Let M,C = C* be the space of 2 x 2 matrices, with symmetric
form (A, B) = § Trace(AB"), where B* is the adjoint of the mairix B; the
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quadratic form associated to @ is the determinant. For g and & in SL,C, the
mapping A++gAh™" is in $0,C. Show that this gives a 2: | covering

SL,C x SL,C - 50,C,
which, since SL,C is simply connected, realizes the universal covering ol
S0,C.
Exercise 7.17. Identify C* with the space of traceless matrices in M,C, so
g€ SLyC acts by Ar—+gAg™". Show that this gives a 2: | covering
SL,C - 50,C,

which realizes the universal covering of S0, C.



LECTURE 8
Lie Algebras and Lie Groups

In this crucial lecture we introduce the definition of the Lie algebra associated to a Lie .
group and its relation to that group. All three sections are logically necessary for what
follows; §8.1 is essential. We use here a little more manifold theory: specifically, the
differential of a map of manifolds is used in a fundamental way in §8.1, the notion of
the tangent veclor o an arc in a manifold is used in §8.2 and §8.3, and the notion of a
vector field is introduced in an auxiliary capacity in §8.3. The Campbell-HausdorfT
formula is introduced only to establish the First and Second Principles of §8.1 below;
il you are willing lo take those on faith the formula (and exercises dealing with it) can
be skimmed. Exercises 8.27-8.29 give allernative descriptions of the Lie algehra
associated to a Lie group, but can be skipped lor now.

§E.1: Lie algehras: motivation and definition
§8.2: Examples of Lie algehras
£8.3: The exponential map

§8.1. Lie Algebras: Motivation and Definition

Given that we want to study Lhe representations of a Lie group, how do we
go about it? As we have said, the notions of generators and relations is hardly
relevant here. The answer, ol course, is that we have to use the continuous
structure of the group. The first slep in doing this is

Exercise 8.1. Let G be a connecled Lie group, and U = G any neighborhood
of the identity. Show that UV generates G.

This statement implies thal any map p: G — I belween connected Lie
groups will be determined by what it does on any open set containing the
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identity in G, i.e,, p is determined by its germ at e e (. In fact; we can extend
this idea a good bit further: later in this leclure we will establish the

First Principle: Let G and H be Lie groups, with G connecled. Amap p: G - H
is uniquely determined by its differential dp,: T,G — T,H at the identity.

This is, of course, great news: we can completely describe a homomorphism
of Lie groups by giving a linear map belween two vector spaces. It is not really
worth that much, however, unless we can give al least some answer to the
next, obvious question: which maps between these two vector spaces actually
arise as differentials af group hamomorphisms? The answer to this is expressed
in the Second Principle below, but it will take us a few pages to get there. To
start, we have to ask ourselves what it means for a map to be a homomor-
phism, and in what ways this may be reflected in the differential.

To hegin with, the definition of a homomorphism is simply a ¥ map p
such that :

plah) = plg)- p(k)

for all g and h in G. To express this in a more confusing way, we can say that
a homomorphism respects the action of a group on itself by left or right multi-
plication: that is, for any g € G we denote by m,: G — G the dilferentiable map
given by multiplication by g, and observe that a €= map p: G — H of Lie
groups will be a homomorphism if it carries m, 1o m,,, in the sense that the

diagram
G
G
commutes,
The problem with this characterization is that, since the maps m, have no
fixed points, il is hard to associate to them any operation on the tangent space
lo G at one point. This suggests looking, not at the diffeomorphisms m,, but

al the automorphisms of G given by conjugation. Explicitly, for any g € G we
define the map

—_—

=

gy

=

_—
”

YeG—+G
by
Wohy=g-h-g™".
(¥, is actually a Lie group map, but that is not relevant for our present
purposes.) It is now equally the case that a homomorphism p respects the action

of agroup G on itself by conjugation: that is, it will carry ¥, into ¥, in the
sense that the diagram
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commules. We have, in other words, a natural map
WG = Aul{).

The advantage of working with ', is that it fixes the identity element ¢ € G;
we can therefore extract some of its structure by looking at its dilferential at
¢ we sel

Ad(g) = (d'¥,),: T.G - T.G. (8.2)
This is a representation
Ad: G — Aul(T,G) (8.3)

of the group G on its own langent space, called the adjoinr representation of
the group. This gives a third characterization': a homomorphism p respects the
adjoint action af a group G on its tangent space T,G at the identity. In other
words, for any g € G the actions of Ad{g) on T,G and Ad{p({g)) on T,H must
cotnmulte with the differential (dp),: T,G — T,H, i.e, the diagram

T,G —*%, T4

Adig Adiplai

commutes; equivalently, for any tangent vector v € TG,

dp(Ad{g)iv)) = Adiplg)ida(v)). (8.4)

This is nice, but does nol yet answer our question, for preservation of the
adjoint representation Ad: G — Aut(T,G) still involves the map o on the group
G itsell, and so is not purely a condition on the dilferential (dp),. We have
instead lo go one step further, and take the differential of the map Ad. The
group Aut{T,G) being just an open subset of the vector space of endomor-
phisms of T,G, its tangent space at the identity is naturally identified with
End(T,G); taking the differential of the map Ad we arrive al a map

ad: T, — End(T,G). (8.5)
This is essentially a trilinear gadget on the tangent space T,G; that is, we can
view the image ad{X)(¥) of a tangent vector ¥ under the map ad({X) as a

! “Characterization” is not the right word here {or in the preceding case), since we do nol
mean an equivalent condition, bwt rather something implied by the condition that p be &
hommorphizm,
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function of the two variables X and ¥, so that we get a bilinear map
TG = 1,6 - T,G.

We use the notation [ , ] for this bilinear map; that is, for a pair of tangent
vectors X and ¥ to @ at e, we wrile

[X, Y] ad(X)(Y). -~ (86)

As desired, the map ad involves only the tangent space to the group G at
e, and so gives us our final characterization: the differential (dp), of a hamo-
morphism p on a Lie group G respects the adjoint action of the tangent space
10 G on itself. Explicitly, the fact that p and dp, respect the adjoint represen-
tation implies in turn that the diagram

.G ., TH

adiel sed{dpiey

7.6 —5 TH

commutes; i.e., for any pair of tangent vectors X and ¥ to G at e,
dp (ad(X)(Y)) = ad(dp (X)){dp (¥)). 8.7
or, equivalently,
dpLX, Y1) = [dp,(X), dp(Y)]. (8.8)

All this may be fairly conlusing (if it is not, you probably do not need to
be reading this book). Two things, however, should be borne in mind. They
are:

(i) It is not so bad, in the sense that we can make the brackel operation,
as defined above, reasonably explicit. We do this first for the general linear
group G = GL_R. Note that in this case conjugation extends to the ambient
linear space E = End(R") = MR of GL,R by the same formula: Ad{g)iM) =
gMg™"', and this ambient space is identified with the tangent space T,G;
dilferentiation in E is usual differentiation of matrices. For any pair of tangent
vectors X and ¥ to GL R at e, let y: [ — G be an arc with y{0) = e and langent
veclor ¥'(0) = X, Then our definition of [ X, Y] is that

d
[X, Y] = ad(X)(Y) = it _U{Ad{rrl:!:rt ¥l

Applying the product rule to Ad(p(0){¥) = () Yy(e) ', this is
=y (0) ¥-9(0) + y(0)- ¥-(=5(0)" -5'(0)-7(0)")
=X¥Y-VY-X,

which, of course, explains the bracket notation. In general, any time a Lic
group is given as a subgroup of a general linear group GL, R, we can view its
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tangent space T, G at the identity as a subspace of the space of endomorphisins
of B"; and since bracket is preserved by (differentials of ) maps of Lie groups,
the brackel operation on T,G will coincide with the commutator.

{ii) Even if it were that bad, it would be worth it. This is because it turns out
that the bracket operation is exactly the answer lo the question we raised
before. Precisely, later in this lecture we will prove the

Second Principle: Let G and H be Lie groups, with G connected and simply
connected. A linear map T,G — T,H is the dilferential of a homomorphism
p: G = I il and only il it preserves the bracket operation, in the sense of (8.8)
above.

We are now almost done: maps between Lie groups are classified by maps
between vector spaces preserving the structure of a bilinear map fromn the
vector space 1o itsell. We have only one more question to answer: when does
a veclor space with this additional structure actually arise as the tangent space
al the identity to a Lie group, with the adjoint or bracket product? Happily,
we have the answer to this as well. First, though it is far [rom clear from our
initial definition, it follows from our description of the bracket as a commu-
tator that the bracker is skew-symmetric, ie, [X, Y] = —[¥, X]. Second, it
likewise follows from the description of [X, ¥] as a commutator that it
satislies the Jacobi identity: lor any three tangent vectors X, ¥, and Z,

[X,[Y,Z]] +[Y.[Z X]] +[Z,[X, Y]] =0
We thus make the

Definition8.9. A Lie algebra g is a vector space together with a skew-symmetric
bilinear map

[ axa—a
satisfying the Jacobi identity.

We should take a moment out here to make one important point. Why,
you might ask, do we define the bracket operation in terms of the relatively
difficult operations Ad and ad, instead of just deflining [X, ¥] to be the
commutalor X - ¥ — V- X7 The answer is that the “composition”™ X - ¥ of
elements of a Lie algebra is not well defined. Specilically, any time we embed
a Lie group @ in a general linear group GL{V), we get a corresponding
embedding of its Lie algebra g in the space End(V), and can talk about the
compaosition X - ¥ € End{V) of elements of q in this conlext; but it must be
borne in nind that this composition X - ¥ will depend on the embedding of
. and for that matter need not even be an element of g. Qaly the commultator
XY = Y- X isalways an element of g, independent of the representation. The
terminology sometimes heighiens the confusion: for example, when we speak
ofembedding a Lie algebra in the algebra End( V) of endomorphisms of V, the
word algebra may mean two very different things. In general, when we want
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to refer 1o the endomorphisms of a veclor space ¥ (resp. R”) as a Lie algebra,
we will write gl{¥) {resp. gi,R) instead of End{V) {resp. M_R).

To return to our discussion of Lie algebras, a map of Lie algebras is a linear
map of vector spaces preserving the bracket, in the sense of (8.8); notions like
Lie subalgebra are defined accordingly. We note in passing one thing that will
turn out to be significant: the definition of Lie algebra does not specify the
field. Thus, we have real Lie algebras, complex Lie algebras, etc, all defined
in the same way; and in addition, given a real Lie algebra g we may associale
to it a complex Lie algebra, whose underlying vector space is g ® C and whose
bracket operation is just the bracket on g extended by linearity.

Exercise 8.10*. The skew-commutalivily and Jacobi identity also follow from
the naturality of the bracket (8.8), without using an embedding in gl{V}:

{a) Deduce the skew-commultativity [X, X] = 0from that fact that any X can
be wrillen the image of a vector by dp, for some homomorphism p: R — G,
(See §8.3 for the existence of p.)

(b) Given that the bracket is skew-commutative, verify that the Jacobi identity
is equivalent to the assertion that

ad = d{Ad),: g — Endig)
preserves the brackel. In particular, ad is a map of Lie algebras.

To sum up our progress so far: taking for the moment on faith the state-
menls made, we have scen that

(i} the tangent space g at the identity to a Lie group G is naturally endowed
with the structure of a Lie algebra;

(ii) if G and H are Lie groups with G connected and simply connected,
the maps lrom G to H are in one-to-one correspondence with maps of
the associated Lie algebras, by associating to p: G — H ils dillerential
{dp):m— b

Of course, we make the
Definition 8.11. A representation of a Lie algebra g on a vector space V is
simply a map of Lie algrbras
p:a -+ al(¥) = End(V),
ie, a linear map that preserves brackets, or an action of g on V such that
[X, Y1) = X(Y(e)) — Y(X(u)).

Statement (ii} above implies in particular that representations of a commected
and simply connected Lie group are in one-to-ome correspondence with repre-
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sentations af its Lie algebra. This is, then, the first step of the series of
reductions outlined in the introduction to Part 11.

At this point, a few words are in order about the relation between repre-
sentations of a Lie group and the corresponding representations of its Lie
algebra. The first remark to make is about tensors. Recall that if ¥ and W are
representations of a Lie group G, then we define the representation V& W to
be the vector space ¥ @ W with the action of G described by

glv @ w) = glv) @ glw).
The definition for representations of a Lie algebra, however, is quite dilferent.
For one thing, il y is the Lie algebra of G, so thal the representation of G on
the vector spaces V' and W induces representations of g on these spaces, we
want the tensor product of the representations V and W of g to be the
representation induced by the action of G on ¥ @ W above. But now suppose

that {3} is an arc in G with y, = e and tangent vector 3, = X e g. Then by
deflinition the action of X on ¥ is given by

d
Xv)= E' II,:-'.lv:-

and similarly for w & W; it follows that the action of X on the tensor product
v @ wis

Xio@w) = %l (1v) @ y(w))
=0

d d
(] w)ors-o(i]w)

Xp@w)=X()®w+ 0@ X(w) (8.12)

This, then, is how we define the action of a Lie algebra g on the tensor product
of two representations of y. This describes as well other tensors: for example,
if ¥ is a representation of the group G, v € ¥ is any vector and v* € Sym* V
its square, then for any g € G,

gle?) = glv)".

On the other hand, if ¥ is a representation of the Lie algebra g and X e g is
any element, we have

X)) =20 X(v). (8.13)

One further example: if p: G = GL{V) is a representation of the group G, the
dual representation p': G — GL{V*) is defined by setting

Plgh="plg ') V* V™
Differentiating this, we find that if p:q — gl{¥) is a representation of a Lie
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algebra g, the dual representation of g on V* will be given by
PX ="p(—X)= ="p(X): V* = V*, (8.14)

A second and related point to be made concerns terminology. Obviously,
when we speak of the action of a group 7 on a veclor space V' preserving some
extra siructure on ¥, we mean that literally: for example, il we have a quadratic
form @ on ¥, to say thal G preserves {J means just that

Qlgle), giw)) = Q{e,w), VgeGandp,we K

Equivalently, we mean that the associated action of G on the veclor space
Sym?F* fixes the clement @ & Sym?V*. But by the above calculation, the
action of the associated Lie algebra g on V satislies

Qie, X(w)) + Q{X (), w)=0, YXegandp,we V¥ (8.15)

or, equivalently, Q(v, X(v)) = 0 for all X € g and v e V; in other words, the
induced action on Sym?¥* kills the element Q. By way of terminology, then,
we will in general say that the action of a Lie algebra on a vector space preserves
some structure when a corresponding Lie group action does.

The next section will be spent in giving examples. In §8.3 we will establish
the basic relations between Lie groups and their Lie algebras, to the point
where we can prove Lhe First and Second Principles above. The further
statement that any Lie algebra is the Lie algebra of some Lie group will follow
from the statement {see Appendix E) that every Lie algebra may be embedded
in gl R

Exercise 8.16*. Show that il G is connected the image of Ad: G — GL(g) is the
adjoint form of the group G when that exists.

Exercise 8.17*, Let ¥ be a representation of a connecled Lie group G and
o0 —+ End{V) the corresponding map of Lie algebras. Show that a subspace
W ol Vis invariant by G il and only il it is carried into itsell under the action
of the Lie algebra g, i.e, p{X}H W) = W for all X in g. Hence, V is irreducible
over G il and only if it is irreducible over a.

§8.2. Examples of Lie Algebras

We start with the Lie algebras associated to each of the groups mentioned in
Lecture 7. Each of these groups is given as a subgroup of GL(V) = GL,R, so
their Lie algebras will be subspaces of End(V) = gl R.

Consider [irst the special linear group SL,R. Il {A,} is an arc in SL,R with
Ay = I and tangent vector Ay = X at 1 = 0, then by definition we have for
any basis ,, ..., e, of ¥ = H",

Afe)n - anAfe)=e, A ne
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Taking the derivative and evaluating at t = 0 we have by the product rule

d
0= 5 '_'{A.{el] A m Adel))

=Ye A AaXgla-ae,
= Trace(X)-(e; A = A £,

The tangent vectors to SL,R are thus all endomorphisms of trace (), comparing
dimensions we can see that the Lie algebra s1,R is exactly the vector space of
traceless m x n mairices,

The orthogonal and symplectic cases are somewhat simpler. For example,
the orthogonal group O,R is defined 1o be the automorphisms A of an
n-dimensional vector space V preserving a quadratic form , so that il [4,)
is an arc in O, R with A; = I and A = X we have for every pair of veclors v,
we ¥

Q1A {v), Ajiw)) = Qlp, w).
Taking derivatives, we see that
Q(X(v), w) + Qr, X(w)) =0 (8.18)

for all v, w & V; this is exactly the condition that describes the orthogonal Lie
algebra so, R = o R.In coordinates, il the quadratic form @ is givenon V' = R"
as

Qr,w)="v"M-w (2.19)

for some symmetric n x # matrix M, then as we have seen the condition on
A e GL R to be in O, is that

AM-A=M. (8.20)

Dilferentiating, the condition on an # % n matrixz X to be in the Lie algebra
so, R of the orthogonal group is that

X-M+M-X =0 (8.21)

Mote that if M is the identity matrix—i.e., Q is the “standard” quadratic
form Q{v, w) = "v- w on R"—then this says that so, 1 is the subspace of skew-
symumetric n = nmalrices. To pul it intrinsically, in terms of the identilication
of V with ¥* given by the quadratic form @, and the consequent identification
End(V) = V@ V* = V@ V¥, the Lie algebra so,R = End(¥F) is just the sub-
space AV = V @ V of skew-symmelric tensors:

so, = AV e End(V)= V@V 822)

All of the above, with the exceplion of the last paragraph, works equally
well to describe the Lie algebra sp,, R of the Lie group Sp,,R of transforma-
tions preserving a skew-symmetric bilinear form @, thatl is, sp,, R is the
subspace of endomorphisms of V satisfying (8.18) lor every pair of vectors v,
we ¥, or, il @ is given by a skew-symmetric Zn = 2n matrix M as in (8.19), the
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space of matrices satisfying (8.21). The one statement that has to be substan-
tially modified is the last one of the last paragraph: because () is skew-
symmetric, condition (8.18) is equivalent to saying that

QX (v}, w) = Q(X (W), v)

for all v, we V; thus, in terms of the identification of V¥ with V* given
by 1, the Lie algebra sp, R < End(¥) = V@ V* = @ V is the subspace
SymiV e V@ V:

spy, R = Sym?V < End(F) = V@ V. (8.23)

Exercise 8.24*. With @ a standard skew form, say ol Exercise 7.3, describe
5p;,M and its Lie algebra sp,, R (as subgroup of GL,,R and subalgebra of
gly,R). Do a corresponding calculation for SO, |R.

One more similar example is that of the Lie algebra u, of the unitary group
Ugn); by a similar calculation we find that the Lie algebra of complex linear
endomorphisms of C" preserving a Hermitian inner product H is just the space
of matrices X salislying

H{X (o), w) + Hip, X(w)) =0, Yo, weV;

il H is given by H(r, w) = '7- w, this amounis to saying that X is conjugate
skew-symmelric, ie, that'¥ = — X,

Exercise 8.25. Find the Lie algebras of the real Lie groups SL,C and SL ,H—
the elements in GL_H whose real determinant is 1,

Exercise 8.26. Show that the Lie algebras of the Lie groups B, and N, intro-
duced in §7.2 are the algebra bR of upper triangular n »x n matrices and the
algebra n, B of strictly upper triangular n x n matrices, respectively,

If G is a complex Lie group, its Lie algebra is a complex Lie algebra. Just
as in the real case, we have the complex Lie algebras gl C, &, C, so0_C, and
8p,, T of the Lie groups GL,C, 5L, C, 50_C, and Sp,,C.

Exercise 8.27. Let A be any (real or complex) algebra, nol necessarily linile
dimensional, or even associative. A derivation is a linear map : A - A satis-
fying the Leibnitz rule D{ab) = aD(b) + D{a)b.

{a) Show that the derivations Der{A) form a Lie algebra under the bracket
[D,E]=DoE~ Eo DIl A is linite dimensional, so is Der{A).

{b) The group of automorphisms of A is a closed subgroup G of the group
GL{A) of linear automorphisms of A. Show that the Lie algebra of @ is
Der(A).

{c) I the algebra A is a Lie algebra, the map A — Der(A), X+ Dy, where
DyiYy=[X, Y], is a map of Lie algebras.
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Exercise 8.28%. 11 is a Lie algebra, the Lie algebra automorphisms of g form
a Lie subgroup Aut{g) of the general linear group GL({g).

{a) Show that the Lie algebra of Autig) is Der(g). Il G is a simply connected
Lie group with Lie algebra g, the map Aut{G) — Aut(qg) by @+-dy is
one-lo-one and onto, giving Aul{) the structure of a Lie group with Lie
algebra Der(g).

{b} Show that the automorphism group of any connecled Lie group is a Lie
subgroup of the automorphism group of its Lie algebra,

Exercise 8.29* For any manifold M, the C* vector fields on M form a Lie
algebra o{M), as lollows: a vector field v can be identilied with a derivation of
the ring A of C* functions on M, with u(f) the function whose value ata
point x of M is the value of the tangent vector v, on J at x. Show Lhal the
veclor fields on M form a Lie algebra, in fact a Lie subalgebra of the Lie
algebra Der(A). Il a Lie group G acls on M, the G-invariant vecior fields form
a Lie subalgebra vz M of o{M). Il the action is transitive, the invariant vector
fields form a finite-dimensional Lie algebra.

If G is a Lie group, vg(G) = T,G becomes a Lie algebra by the above
process, Show that this bracket agrees with that defined using the adjoint map
(8.6). This gives another proofl that the bracket is skew-symmetric and satisfies
Jacobi's identity.

§8.3. The Exponential Map

The essential ingredient in studying the relationship between a Lie group G
and its Lie algebra g is the exponential map. This may be deflined in very
straightforward fashion, using the notion of ohe-parameter subgroups, which
we study next. Suppose that X e g is any element, viewed simply as a tangent
veclor to G at the identity. For any element g € G, denote by m: G — G the
map of manifolds given by multiplication on the left by g. Then we can define
a vecior field vy on all of G simply by setling

vxlg) = (m, ) (X)

This vector field is clearly invariant under left translation (ie., it is carried
inlo itsell under the dilfeomorphism m, for all gk and it is not hard to see that
this gives an identification of g with the space of all lefl-invariant vector fields
on (7. Under this identilication, the brackel operation on the Lie algebra g
corresponds o Lie bracket of vector fields; indeed, this may be adopled as the
definition of the Lie algebra associated to a Lie group (cf. Exercise §.29). For
our present purposes, however,'all we need to know is that vy exists and &
left-invariant.

Given any vector field v on a manifold M and a point pe M, a basic
theorem from differential equations allows us (o inlegrate the vector field. This
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gives a dilferentiable map ¢: 1 — M, defined on soine open inlerval I con-
taining 0, with ({0} = p, whose tangent veclor al any point is the vector
assigned 1o that point by v, i.e., such that

o' (t) = vlpll))

for all ¢ in I. The map ¢ is uniquely characterized by these properties. Now
suppose the manifold in question is a Lie group G, the vecior field the field
vy associaled to an element X e g, and p the identity. We arrive then at a map
@: [ - G; we claim that, at least where ¢ is delined, it is a homomorphism, i.e,
@ls + 1) = @{s)plt) whenever 5, ¢, and 5 + ¢ are in I. To prove this, fix s and
let ¢ vary; that is, consider the two arcs o and [T given by a(t) = @(5)- i) and
fitr) = ¢ls + 1). O course, a(0) = F{0); and by the invariance of the vector field
by, we see thal the tangent vectlors salisly o'(1) = v, (2(r)) and (1) = v, (1))
for all 1. By the unigueness of the integral curve ol a vector leld on a manifold,
we deduce that a{t) = () for all 1.

From the fact that ¢(s + 1} = q{s)e(t) for all s and ¢ near 0, it follows that
o extends uniguely to all of R, defining a homomorphism

=G
with gylf) = vx(pXi) = (myy,),(X) for all ¢.

Exercise 8.30. Establish the product rule for derivatives of arcs in a Lie group
G: il @ and 1 are arcs in G and y(t) = a(t)- f(t), then

Y1) = dmy( (1)) + dngyye'(1)),

where for any g € G, the map m, (resp. n ) G — G is given by left (resp. right)
multiplication by g. Use this to give another prool that ¢ is a homomorphism.

Exercise 8.31. Show thal g, is uniquely determined by the fact that it is a
homomaorphism of B to G with tangent vector ¢}(0) at the identity equal to
X. Deduce that il : G — H is a map of Lie groups, then @, x = ¥ o ¢y,

The Lic group map gy R — G is called the one-parameter subgroup of G
with tangent vector X ai the identity. The construction of these one-parameter
subgroups lor each X amounts to the verification of the Second Principle of
§8.1 for homomorphisms from R to G. The fact that there exisis such a
one-parameter subgroup of G with any given tangent vector at the identity is
crucial. For example, it is not hard to see (we will do this in a moment) that
these one-parameter subgroups fill up a neighborhood of the identity in G,
which immediately implies the First Principle of §8.1. To carry this out, we
define the exponential map

exp:g =+ 0
by
expl X)) = qy(l) (R.A2)
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Mole that by the uniqueness of ¢y, we have

nl) = pxlAn;
so that the exponential map restricted to the lines through the origin in g
gives the one-parameter subgroups of G. Indeed, Exercise 8.31 implies the
characlerization:

Proposition 8.33. The exponential map is the unigue map from g to G taking 0
1o & whose differential at the origin

feapyo: Toa=n—=T,G =g

is the identity, and whose restrictions to the lines through the origin in q are
one-parameter subgroups of G.

This in particular implies {c[. Exercise 8.31) that the exponential map is
natural, in the sense that for any map : G — H ol Lie groups the diagram

g —E—

G —5— H

commules.

Mow, since the dilferential of the exponential map at the origin in g is an
isomorphism, the image of exp will contain a neighborhood of the identity in
G. If G is connected, this will generate all of G; from this follows the First
Principle: ifl GG is connected, then the map b is determined by its differential (dy),
at the identity.

Using (8.32), we can write down the exponential map very explicitly in the
case of GL,R, and hence for any subgroup of GL,R. We just use the standard
power series [or the function e*, and set, for X € End(V),

] 3

e:p{Ji]=I+X+XT+IT+~-. (8.34)
Observe that this converges and is invertible, with inverse exp{— X). Clearly,
the differential of this map from 0 to G at the origin is the identity; and by
the standard power series computation, the restriction of the map to any line
through the origin in g is a one-parameter subgroup of G. Thus, the map
coincides with the exponential as defined originally; and by naturality the
same is true for any subgroup of G. (Note that, as we have pointed oul, the
individual terms in the expression on the right of (8.34) are very much depen-
dent of the particular embedding of G in a general linear group GL(V) and
correspondingly of g in End( V), even though the sum on the right in (8.34) is
notL)

This explicit form of the exponential map allows us Lo give substance to
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the assertion that “the group structure of G is encoded in the Lie algebra”
Explicitly, we claim that not only do the exponentials exp( X'} generate G, but
for X and Y in a sufliciently small neighborhood of the origin in g, we can
write down the product exp(X)-exp(¥) as an exponential. To do this, we
introduce first the “inverse” of the exponential map: for g € G = GL_R, we sel
(=17 (g1
O
Of course, this will be defined only for g sufficiently close to the identity in ;
but where it is defined it will be an inverse to the exponential map.
MNow, we define a new bilinear operation on gl, B: we set

X+ Y = loglexp{X)-exp{¥]).

We have to be carelul what we mean by this, of course; we substilute for g in
the expression above for log(g) the quantity

Xx? vi
:xthj-:xﬂ}'}=(f+X+ i-+'-~)-(f+ ¥+ i--t---)

x? y?
=I+(X+ Yj+(T+X-r - -1—-)4»---.
being careful, of course, to preserve the order of the factors in each product.
Doing this, we arrive at

2 2 a
I-Y:[X+Y}+(—E-izﬂ-+(";—+Jr-lf+--1;—))+---

=X+ ¥+ [X, V] 4.

Observe in particular that the terms of degres 2 in X and Y do not in-
volve the squares of X and ¥ or the product X - ¥ alone, but only the com-
mutator. In fact, this is true of each term in the formula, ie., the guantity
loglexp(X)-exp( ¥)) can be expressed purely in terms of X, ¥, and the bracket
operation; the resulting formula is called the Campbell-Hausdor(l" formula
(although the actual formula in closed form was given by Dynkin). To degree
three, it is

Xe¥Y=X+ Y+ 4[X, Y]+ &IX[X ¥11+ SON0Y X1)+ .

Exercise 8.35*. Verily (and lind the correct signs in) the cubic term of the
Campbell-- HausdordT formula.

Exercise 8.36. Prove the assertion of the last paragraph thal the power series
log{expl X)- exp{ ¥)) can be expressed purely in terms of X, ¥, and the bracket
operation.

Exercise 8.37. Show that for X and ¥ sufficiently small, the power series
loglexp( X} exp( ¥)) converges.
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Exercise 8.38%, (a) Show that there is a constant C such that for X, ¥ e gl,,
Xe¥Y =X+ Y4 [X, Y]+ E where JE} < CIX} + IV}

(b} Show that exp(X + ¥) = lim,__ (exp{ X /n)-exp{ ¥/n))".

(c} Show that

et o) ) o) oo D)

Exercise 8.39. Show that il G is a subgroup of GL_ R, the elemenis of its

Lie algebra are the “infinitesimal transformations” of @ in the sense of von

Meumann, ie., they are the matrices in gl,R which can be realized as limits
lim =1, A,eG, g >0,5-0.

il .E'

Exercise 8.40. Show that expis surjective for G = GL,C butnotfor G = GL; R
iln>1,0r lor G = SL,C.

By the Campbell-Hausdorll formula, we can not only identily all the
elements of G in a neighborhood of the identity, but we can also say what their
pairwise products are, thus making precise the sense in which g and its bracket
operalion determines G and its group law locally. Of course, we have not
wrilten a closed-form expression for the Camphbell-HausdorT formula; but,
as we will sce shortly, its very existence is significant. (For such a closed form,
see [Sel, 1§4.8])

We now consider another very natural question, namely, when a vector
subspace l) = g is the Lie algebra of (ic., tangent space at the identity o) an
immersed subgroup of G. Obviously, a necessary condition is that b is closed
under the bracket operation; we claim here that this is sullicient as well:

Proposition 841, Let G be a Lie group, g its Lie algebra, and ) = g a Lie
subalgebra. Then the subgroup of the group G generated by explh) is an
immersed subgroup H with tangent space T = .

PrOOF. Note that the subgroup generated by exp(h) is the same as the sub-
group generated by exp(U]), where U is any neighborhood of the origin in . It
will sulice, then (see Exercise 8.42), to show that the image of b under the
exponential map is “locally” closed under multiplication, i.e., that for a suffi-
ciently small disc A = b, the product exp(A)-exp{A) (that is, the set of pairwise
products exp{X)-exp(¥) for X, ¥ € A) is contained in the image of |y under
the exponential map,

We will do this under the hypothesis that G may be realized as a subgroup
of a general linear group GL, R, so that we can use the formula (8.34) for the
exponential map. This is a harmless assumption, given the stalement (to be
proved in Appendix E) that any finite-dimensional Lie algebra may be
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embedded in the Lie algebra gl ®: the subgroup of GL,R generated by
explg) will be a group isogenous to G, and, as the reader can easily check,
proving the proposition for a group isogenous to G is equivalent to proving
it for G,

It thus suffices to prove the assertion in case the group G is GL_R. But this
is exactly the content of the Campbell- Hausdor(T formula. O

When applied to an embedding of a Lie algebra g into gl,, we see, in
particular, that every fInite-dimensional Lie algebra is the Lie algebra of a Lie
group. From what we have seen, this Lie group is unique if we require it to be
simply connected, and then all others are obtained by dividing this simply
connected model by a discrete subgroup of its center.

Exercise 8.42%, Suppose G, is an open neighborhood of the identily in a Lie
group G such thal G- G, = G, and G3' = G,. Suppose H, is a closed sub-
manifold of G such that Hy - Hy = Hyand H;' = H,. Show that the subgroup
H of G generated by H, is an immersed Lie subgroup of G.

As a fairly easy consequence of this proposition, we can finally give a proof
of the Second Principle stated in §8.1, which we may reslate as

Second Principle. Let G and H be Lie groups with G simply connected, and let
o and ) be their Lie algebras. A linear map a: g — b is the differential of a map
A:G — H of Lie groups if and only if o is a map of Lie algebras.

Proor. To see this, consider the product G x H. l1s Lie algebra is just g & b,
Let j = g @& | be the graph of the map & Then the hypothesis that « is a map
of Lie algebras is equivalent to the statement that jisa Lie subalgebra of g & Iy
and given this, by the proposition there exists an immersed Lie subgroup
J e G = H with tangent space T,.J = |.

Look now at the map n: J — G given by projection on the first [actor. By
hypothesis, the dilferential of this map dr,: | — g is an isomorphism, so that
the map J — G is an isogeny; but since G is simply connected it follows that
n is an ismmorphism. The projection : G = J — H on the second lactor is then
a Lie group map whose differential at the identity is a. m]

Exercise 8.43*. Il g —+ g is a homomorphism of Lie algebras with kernel b,
show that the kernel H of the corresponding map of simply connected Lie
groups G — (' is a closed subgroup of G with Lie group h. This does not
extend to non-normal subgroups, i.e., to the situation when Iy is not the kernel
of a homomorphism: give an example of an immersed subgroup of a simply
connected Lie group G whose image in G is not closed.

Exercise 8.44. Use the ideas of this lecture to prove the assertion thal a
compact complex connected Lie group G must be abelian:
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(a) Verily thal the map Ad: G — Aul{T,G) = End{T,G) is helomorphic, and,
therefore (by the maximum principle), constan,

(b} Deduce that if ¥, is conjugation by g, then d'F, is the identity, so
I|L["'I,.[Il:}t|'J-I:.J[",||} = expld'F (X)) = exp(X] for all X & TG, which implies that
7 is abelian.

(c) Show that the exponential map from T,G to G is surjective, with the kernel
a lattice A, s0 G = T,G/A is a complex lorus.



LECTURE 9

Initial Classification of Lie Algebras

In this lecture we define various subelasses of Lie algebras: nilpotent, solvable, semi-
simple, etc., and prove basic facts about their representations. The discussion is entirely
elemenlary (largely because the hard theorems are stated without proof for now); there
are no prerequisites beyond linear algebra. Apart from giving these basic definitions,
the purpose of the lecture is largely to motivate the narrowing of our focus 1o
serm-umpl: algebras that will 1ake place in the sequel. In particular, the first part of
§9.3 is logically the most important for what follows.

§9.1: Rough clastification of Lie algehras
§9.2 Engel's Theorem and Lie's Theorem
§9.3; Semisimple Lie algebras

§94: Simple Lie algebras

§9.1. Rough Classification of Lie Algebras

We will give, in this section, a preliminary sort of classification of Lie algebras,
reflecting the degree 1o which a given Lie algebra g fails to be abelian, As we
have indicated, the goal ultimately is to narrow our focus onto semisimple Lie
algebras.

Before we begin, two definitions, both oompltlelj,r straightforward: First,
we define the center Z(g) of a Lie algebra g to be the subspace of yj of elements
X e g such that [X, ¥] = 0 lor all ¥ € g. Of course, we say q is abelian il all
brackets are zero.

Exercise 9.1. Let G be a Lie group, g its Lie algebra. Show that the subgroup
of G generaled by exponentiating the Lie subalgebra Z(g) is the connected
component of the identity in the center Z(G) of G.
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Mext, we say that a Lie subalgebra ) = g of a Lie algebra g is an ideal il it
salislies the condition

[X,¥]el forall Xebh Yeq

Just as counected subgroups of a Lie group correspond to subalgebras of its
Lie algebra, the notion of ideal in a Lie algebra corresponds to the notion of
normal subgroup, in the following sense:

Exercise 9.2. Let G be a connected Lie group, H = G a connecled subgroup
and g and lj their Lie algebras, Show that H is a normal subgroup of G il and
only if [y is an ideal of g.

Ohbserve also that the bracket operation on g induces a bracket on the quotient
space o/ il and only il [ is an ideal in g.

This, in turns, motivates the next bit of terminology: we say that a Lie
algebra g is simple if dim g > | and il contains no nontrivial ideals. By the last
exercise, 1his is equivalent to saying that the adjoini form G of the Lie algebra
0 has no nontrivial normal Lie subgroups.

Mow, to altempl to classily Lie algebras, we introduce two descending
chains of subalgebras. The first is the lower central series of subalgebras 9,q,
defined inductively by

. Pio=In9]
and
Fyn = [0, Boanl.

Mote that the subalgebras 2, q are in [act ideals in g. The other series is called
the derived series {9*g); it is defined by

P'q = [9.0]
and
g =["""9, 9 '9).
Exercise 9.3. Use the Jacobi identity to show that ©*g is also an ideal in g.

More generally, il [y is an ideal in a Lie algebra g, show that [, §] is also an
ideal in g; hence all 5*) are ideals in g,

Observe that we have @y = Fyq for all k, with equality when k = 1; we
often write simply @q for @, g = 9" g and call this the commutator subalgebra.
We now make the

Definitions

(i} We say that g is nilpotent il % = 0 for some k.
(ii} We say that g is soloable if #*g = 0 for some k.
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(iii) Wesay that gis perfect il @q = g(thisis not a concepl we will use much),
(iv) We say that g is semisimple il § has no nonzero solvable ideals.

The standard example of a nilpotent Lie algebra is the algebra o, R of
strictly upper-triangular n % # matrices; in this case the kth subalgebra %,
in the lower central series will be the subspace ny,,; R of matrices 4 = (a; ;)
such that a; ; = 0 whenever j < i 4+ k, ie., that are zero below the diagonal
and within a distance k of it in each column or row. (In terms of a complete
Mag { ¥} as in §7.2, these are just the endomorphisms that carry Vinto ¥_,_,.)
It follows also that any subalgebra of the Lie algebra n, R is likewise nilpotent;
we will show later that any nilpotent Lie algebra is isomorphic to such a
subalgebra. We will also see that if a Lie algebra g is represented on a vector
space I, such that each element acts as a nilpotent endomorphism, there is a
basis for ¥ such that, identifying al(V') with gl,R, g maps to the subalgebra
n R < gl R

Similarly, a standard example of a solvable Lie algebra is the space bR of
upper-triangular n % n matrices; in this Lie algebra the commutalor @b R is
the algebra u R and the derived series is, thus, @b R = n., R Again, it
follows that any subalgebra of the algebra bR is likewise solvable; and we
will prove later that, conversely, any representation of a solvable Lie algebra
on a veclor space V consists, in terms of a suitable basis, entirely of upper-
triangular matrices (i.e, given a solvable Lie subalgebra g of gl{ ¥}, there exists
a basis for ¥ such that under the corresponding identification of gl{¥) with
al, M, the subalgebra g is contained in b, R <= gl B

It is clear from the definitions that the properties of being nilpotent or
solvable are inherited by subalgebras or homomorphic images. We will see
that the same is true for semisimplicity in the case of homomorphic images,
though not for subalgebras.

Mote that g is solvable if and only il g has a sequence of Lie subalgebras
a=ag =20 = =g =0, such that g, is an ideal in g, and q,/g,,, is
abelian, Indeed, if this is the case, one sees by induction that %'q < g, for all
i. (One may also refine such a sequence Lo one where each quotient g/, is
one dimensional } 1t follows from this description that if ly is an ideal in a Lie
algebra g, then g is solvable i and only i’ b and g/Y are solvahle Lie algebras,
(The analogous assertion for nilpodent Lie algebras is false: the ideal n, is
nilpotent in the Lie algebra b, of upper-triangular matrices, and the quotient
is the nilpotent algebra b, of diagonal matrices, but b, is not nilpotent) Il g is
the Lie algebra of a connected Lie group G, then g is solvable if and only il
there is a sequence of connected subgroups, each normal in G {or in the next
in the sequence), such that the quotients are abelian,

In particular, the sum of two solvable ideals in a Lie algebra g is again
solvable [note that {a 4+ b)/D = affa ~ B)]. It follows that the sum of all soly-
able ideals in g is a maximal solvable ideal, called the radical of g and denoted
Rad(n). The quotient g/Rad(g) is semisimple. Any Lie algebra g thus [its into
an exact sequence
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0 — Rad(g) — g —+ g/Rad(g) =0 (9.4)

where the first algebra is solvable and the last is semisimple. Wilh this
somewhal shaky justification (but see Proposition 9.17), we may say that to
study the representation theory of an arbitrary Lie algebra, we have to
undersiand individually the representation theories of solvable and semi-
simple Lie algebras. Of these, the former is relatively easy, at least as regards
irreducible representations. The basic fact about them—that any irreducible
representation of a solvable Lie algebra is one dimensional—will be proved
later in this lecture. The representation theory of semisimple Lie algebras, on
the other hand, is extraordinarily rich, and it is this subject that will occupy
us for most of the remainder of the book.

Another easy consequence of the definitions is the fact that @ Lie algebra
is semisimple i and only if it has no nonzero abelian ideals. Indeed, the last
fionzero term in the derived sequence of ideals #*Rad(g) would be an abelian
ideal in g (cf. Exercise 9.3). A semisimple Lie algebra can have no center, so
the adjoint representation of a semizimple Lie algebra is faithful.

It is a fact that the sequence (9.4) splits, in the sense that there are sub-
algebras of g that map isomorphically onto g/Rad(g). The existence of such
a Levi decomposition is part of the general theory we are posiponing. To show
thai an arbitrary Lie algebra has a faithful representation { Ado’s theorem), one
starls with a faithful representation of the center, and then builds a represen-
tation of the radical step by step, inserling a string of ideals between the center
and the radical. Then one uses a splitting to get from a faithful representation
on the radical Lo some representation on all ol g; the sum of this representation
and the adjoint representation is then a faithful representation. Ses Appendix
E for details.

One reason for the terminology simple/semisimple will become clear later
in this lecture, when we show that a semisimple Lie algebra is a direct sum of
simple ones,

Exercise 9.5. Every semisimple Lie algebra is perfect, Show that the Lie group
of Euclidean motions of R* has a Lie algebra g which is perfect, i.e., %g = g,
but g is not semisimple. More generally, if b is semisimple, and V is an
irreducible representation of Iy, the twisted product

a={lo, X)lve ¥, X e} with [{, X), (w, ¥)] = (Xw — ¥v, [X, ¥])
is a Lie algebra with @q = g, Rad{q) = V abelian, and g/Rad{g) = I).
Exercise 9.6. (a) Show that the following are equivalent for a Lie algebra g: (i)

n is nilpotent. (i) There is a chain of ideals g = gq =, = - = g, = 0 with
fi/0,5¢ contained in the center of /gy, . (iii) There is an integer n such that

adi{X,)oad(X,)o--oad{X H¥) = [X,,[Xsy ..., [X,, ¥]...711=0
forall X,,..., X, Ying.
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(b} Conclude that a connected Lie group G is nilpotent il and only il it can
be realized as a succession of central extensions of abelian Lie groups.

Exercise 9.7%. I G is connected and nilpotent, show that the exponential map
exp: g — G is surjective, making g the universal covering space of G.

Exercise 9.8. Show that the following are equivalent for a Lie algebra g: (i) g
is solvable. {ii} There is a chain of ideals g = g, =>4, = - = g, = 0 with
/04, abelian. {ili) There is a chain of subalgebrasq = gy 2, 2 =2 qa, =0
such that q;,, is an ideal in g;, and g;/g;,, is abelian,

§9.2. Engel's Theorem and Lie’s Theorem

We wili now prove the stalement made above about representations of solv-
able Lie algebras always being upper triangular. This may give the reader an
idea of how the general theory proceeds, before we go back to the concrete
examples that are our main concern, The starting point is

Theorem 9.9 (Engel's Theorem). Let g = gl{V') be any Lie subalgebra such that
every X € qisa nilpotent endomorphism of V. Then there exists a nonzero vector
ve Vosuch that X{v) = 0 for all X € g.

Mote this implies that there exists a basis for V¥ in terms of which the matrix
representalive of each X e g is strictly upper triangular: since g kills v, it will
act on the quotient ¥ of ¥ by the span of p, and by induction we can flind a
basis 7, ..., B, for ¥ in terms of which this action is strictly upper triangular.
Lifting 5 to any v, € ¥ and setting v, = v then gives a basis for V as desired.

Proor oF TueoreM 9.9. One observation before we start is that il X € gl{V)
is any nilpotent element, then the adjoint action ad{X): gl{¥) - gl{ V') is nil-
potent. This is straightforward: to say that X is nilpotent is lo say that
there exists a flag of subspaces 1 = ¥, = ¥y, = -+ = ¥, = Ky, = V such that
X(¥) = ¥_;: we can then check that for any endomorphism ¥ of V the
endomorphism ad(X)™(¥) carries ¥, into V..

We now proceed by induction on the dimension of g. The first step is to
show that, under the hypotheses of the problem, g contains an ideal ) of
codimension one, In fact, let [ = g be any maximal proper subalgebra; we
claim that ) has codimension one and is an ideal. To see this, we look at the
adjoint representation of g; since ly is a subalgebra the adjoint action ad(h) of
b on g preserves the subspace h = g and so acts on g/h. Moreover, by our
observation above, for any X & ly ad{X) acts nilpotently on gl{(V), hence on g,
hence on g/f. Thus, by induction, there exists a nonzero element ¥ e g/l killed
by ad(X)forall X € I, equivalently, there exisis an element ¥ & g notin | such
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that ad{X){Y) e for all X . But this is 1o say that the subspace iy’ of g
spanned by b and ¥ is a Lie subalgebra of g, in which b sits as an ideal of
codimension one; by the maximality of b we have iy’ = g and we are done.

We return now to the representation of g on V. We may apply the induction
hypothesis to the subalgebra Iy of g found in the preceding paragraph to
conclude that there exisis a nonzero veclor v e V such that X{e) = 0 for all
X el let We ¥V be the subspace of all such vectors ve ¥, Let ¥ be any
element of g not in k; since b and Y span g, it will sullice to show that there
exists a (nonzero) vector v &€ W such that Yiv) = 0. Now for any veclor we W
and any X € b, we have

X(F(w)) = Y(X(w)) + [X, Y](w).

The Tirst term on the right is zero because by hypothesis w e W, X € ) and so
X(w) = O likewise, the second termn is zero because [X, ¥] = ad{X)(¥)eh.
Thus, X{¥{w)) = Oforall X e b; we deduce that ¥{w) € W. Bul this means that
the action of ¥ on ¥ carries the subspace W into itsell; since ¥ acts nilpotently
on ¥, il follows that there exisls a vector v &€ W such thal ¥{v) = 0. ]

Exercise 9.10*. Show that a Lie algebra g is nilpotent if and only il ad{X) is a
nilpotent endomorphism of g for every X e q.

Engel's theorem, in lurn, allows us to prove the basic statement made
above that every representation of a solvable Lie group can be put in upper-
triangular form., This is implied by

Theorem 9.11 {Lie’s Theorem). Let g = al(V) be a complex solvable Lie algebra,
Then there exists anonzero vecior v e V ithat is an eigenvector of X for all X eq.

Exercise 9.12. Show that this implies the existence of a basis for ¥ in terms of
which the matrix representative of each X e g is upper triangular.

Prowor oF THEOREM 9.11. Once more, the first step in the argument is Lo assert
that g contains an ideal b of codimension one. This time, since g is solvable
we know thal g # g, so that the quotient a = /%y is a nonzero abelian Lie
algebra; the inverse image in g of any codimension one subspace of a will
then be a codimension one ideal in g.

Still following the lines of the previous argument, we may by induction
assume that there is a vector v, & ¥ that is an eigenvector for all X e 1). Denote
the eigenvalue of X corresponding to v, by A{X). We then consider the
subspace W < V of all vectors satislying the same relation, i.e., we set

W={oeV: Xijv)=1X)-v¥VX eh).

Let ¥ now be any element of g not in b. As before, it will suffice to show that
Y carries some vector v € W into a multiple of itsell, and for this it is enough
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to show that ¥ carries W into itsell. We prove this in a general context in the
fellowing lemima.

Lemma 913, Let b be an ideal in a Lie algebra g. Let V be a representation of
g, and 1: by = C a linear function. Set

W={veV: X({t)=UX)vV¥Xeh)
Then Y(W) = W forall ¥ eq.

Proor. Let w be any nonzero element of W; 1o test whether Yiw) e W we let
X be any element of b and write

X(¥Y(w)) = Y{X{w)) + [X, Y](w)
= UX) ¥(w)+ U[X, ¥Y])-w (9.14)

since [ X, ¥ &1l This differs from our previous calculation in that the second
termm on the right is not immediately s2en 1o be zero; indeed, Y{w) will lie in
Wil and only it J{[X, ¥]) = 0lorall X e ).

To verily this, we introduce another subspace of ¥, namely, the span U of
the images w, ¥{w), ¥*(w), ... of w under successive applications of ¥. This
subspace is clearly preserved by ¥; we claim that any X € b carries U inlo
itself as well. It is certainly the case that I carries w into 8 multiple of itsell,
and hence into U/, and (9.14) says that [j carries ¥(w) into a linear combination
of ¥{w) and w, and so into U. In general, we can see that ) carries .'l't[W'] into
U by induction: for any X € ) we write

X(Yhw)) = Y(X(Y*' (W) + [X, Y10 (w)). (2.15)

Since X(Y* '(w)) e U by induction the first term on the right is in U, and
since [ X, ¥] e b the second tenm is in U as well.

In fact, we see something more from (9.14) and (9.15): it follows thal, in
terms of the basis w, Y{w), ¥Y*(w).... for U, the action of any X ) is upper
triangular, with diagonal entries all equal to 4{X). In particular, for any X e
the trace of the restriction of X to U is just the dimension of U times 1(X),
O the other hand, for any element X & I the commutator [ X, ¥] acts on U,
and being the commutator of two endomorphisms of U the trace of this action
is zero. 1 follows then that A([X, ¥]) = 0, and we are done, O

Exercise 9.16. Show that any irreducible representation of a solvable Lie
algebra g is one dimensional, and Pg acts trivially.

At lteast for irreducible representations, Lie’s theorem implies they will all
be known for anarbitrary Lie algebra when they are known for the semisimple
case. In fact, we have:

Proposition 9.17. Let g be a complex Lie algebra, g,, = a/Radin). Every irre-
ducible representation of qis of the form V = V,; @ L, where Vy is an irreducible
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representation of q,, [i.e, a representation of g that is trivial on Rad{g)], and
L is @ one-dimensional representation.

ProoF. By Lie's theorem Lhere is a 4 e (Rad(g))* such that
W= {ve ¥: X(v)= 1{X) v VX e Rad(a)}

is not zero. Apply the preceding lemma, with I = Rad{g). Since ¥ is irreduc-
ible, we must have W = V. Now extend 1 in any way to a linear function on
o, and let L be the one-dimensional representation of g determined by 1 in
other words, ¥{z) = (Y)-z for all ¥ e g and z e L. Then ¥V & L* is a repre-
sentation that is trivial on Rad(g), 0 it comes from a representation of q,,,
as required, 0

Exercise 9.18. Show that il ¢’ is a subalgebra of g that maps isomorphically
onto g/Rad{g), then any irreducible representation of g restricts to an irre-
ducible representation of g, and any irreducible representation of g’ extends
to a representation of g.

§9.3. Semisimple Lie Algebras

As is clear from the above, many of the aspects of the represeniation theory
of linite groups that were essential to our approach are no longer valid in the
context of general Lie algebras and Lie groups. Most obvious of these is
complete reducibility, which we have seen fails for Lie groups; another is the
fact that not only can the action of elements of a Lie group or algebra on a
vectlor space be nondiagonalizable, the action of some element of a Lie algebra
may be diagonalizable under one representation and not under another.

That is the bad news. The good news is that, il we just restricl ourselves 1o
semisimple Lie algebras, everything is once more as well behaved as possible.
For one thing, we have complete reducibility again:

Theorem 9.19 (Complete Reducibility). Let V be a representation of the semi-
simple Lie algebra g and W = V a subspace invariant under the action of q.
Then there exists a subspace W' = V complementary to W and invariant under g.

The prool of this basic result will be deferred 1o Appendix C.

The other question, the diagonalizability of elements of a Lie algebra under
a representation, requires a litlle more discussion. Recall lirst the statement
of Jordan decomposition: any endomorphism X of a complex vector space V
can be unigquely writlen in the form

X=X, +X,
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where X, is diagonalizable, X, is nilpotent, and the iwo commute. Moreover,
X, and X, may be expressed as polynomials in X.

Mow, suppose that q is an arbitrary Lie algebra, X € g any element, and
gt — gl,C any representation. We have seen that the image p(X) need not
be diagonalizable; we may still ask how p{X) behaves with respect to the
Jordan decomposition. The answer is thal, in general, absolutely nothing need
be true. For example, just taking g = €, we see that under the representation

()

every element is diagonalizable, i.e., p{X), = p( X} under the representation

() )

every element is nilpotent [ie., p{X), = 0]; whereas under the representation

-n—»(‘ t)
pl' ﬂ ﬂ

not only are the images p(X) neither diagonalizable nor nilpotent, the dia-
gonalizable and nilpotent parts of p(X) are not even in the image p(g) of the
representation.

Il we assume the Lie algebra q is semisimple, however, the situation is
radically different. Specifically, we have

Theorem 9.20 {Preservation of Jordan Decomposition). Let g be a semisimple
Lie algebra. For any element X € g, there exist X, ond X € g such that for any
representation p: g - al(V) we have

pIX), = plX,) and p(X), = p(X,)

In other words, il we think of p as injective and g accordingly as a Lie
subalgebra of gl{¥), the dingonalizable and nilpotent parts of any element X of
g are again in g and are independent of the particular representation p,

The prools we will give of the last two theorems both invelve introducing
objects that are not essential for the rest of this book, and we therefore relegate
them to Appendix C. It is worth remarking, however, that another approach
was used classically by Hermann Weyl; this is the famous unitary trick, which
we will describe briefly.

A Digression on “The Unitary Trick”

Basically, the idea is that the stalements above (complele reducibility, pre-
servation of Jordan decomposition) can be proved readily for the represen-
tations of a compact Lie group. To prove complete reducibility, for example,
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we can proceed more or less just as in the case of a linite group: il the compact
group G acls on a vecior space, we see that there is a Hermilian metric on ¥
invariant under the action of G by taking an arbitrary meiric on ¥ and
averaging its images under the action of G. IT G fixes a subspace W < V, it will
then fix as well its orthogonal complement W' with respect 1o this metric.
{Alternatively, we can choose an arbitrary complement W' 1o W, not neces-
sarily fixed by G, and average over G the projection map to g{W') with kernel
W, this average will have image invariant under G.)

How does this help us analyze the representation of a semisimple Lie
algebra? The key fact here (to be proved in Lecture 26) is that if g is any
complex semisimple Lie algebra, there exists a {unigue) real Lie algebra g, with
complexification qq @ C = g, such that the simply connected form of the Lie
algehra qq is a compact Lie group G, Thus, restricting a given representation
of g to g,, we can exponentiate Lo oblain a representation of G, for which
complete reducibility holds; and we can deduce from this the complete re-
ducibility of the original representation. For example, while it is certainly not
true that any representation p of the Lie group SL,R on a veclor space V
admils an invariant Hermitian metric {in lact, it cannot, unless il is the trivial
representation), we can

{i} let p" be the corresponding (complex) representation of the Lie algebra
ol R;
{ii} by linearity extend the representation p’ of s, Lo a representation p" of
sl C;
i} restrict 1o a representation p™ of the subalgebra su, < sl,C;
{iv) exponentiate to obtain a representation p™ of the unitary group SU,.

We can now argue that
Il a subspace W < V¥ is invariant under the action of 5L, R,

it must be invariant under o, R; and since o € = ol B & C, it follows that
it will be invariant under sl,C; s0 of course

it will be invariant under sn,; and hence

it will be invariant under SU,.

Mow, since SU, is compact, there will exist a mplmcntary subspace W'
preserved by SU; we argue that

W will then be invariant under su,; and since ¢l .C = su, @ C, it follows
that

it will be invariant under sl,C. Restricting, we see that

it will be invariant under sl R, and exponentiating,

it will be invariant under SL R.

Similarly, il one wants to know that the diagonal elements of SL, R act
semisimply in any representation, or equivalently that the diagonal elements
of =l R act semisimply, one goes through the same reasoning, coming down
to the fact that the group ol diagonal elements in su,, is abelian and compact.
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In general, most of the theorems about the finite-dimensional represen-
tation of semisimple Lie algebras admit proofs along two dilferent lines: either
algebraically, using just the structure of the Lie algebra; or by the unitary trick,
that is, by associaling to a representation of such a Lie algebra a representation
of a compact Lie group and working with that. Which is preferable depends
very much on taste and context; in this book we will for the most part go with
the algebraic proofs, though in the case of the Weyl characler formula in Part
1V the prool via compact groups is so much more appealing it has 10 be
mentioned.

The lollowing exercises include a few applications of these two theorems.

Exercise 9.21*. Show that a Lie algebra g is semisimple il and only if every
finite-dimensional representation is semisimple, i.e., every invariani subspace
has a complement.

Exercise 9.22. Use Weyl's unitary trick to show that, for n > 2, all represen-
tations of SO, are semisimple, so that, in particular, the Lie algebras s0,C
are semisimple. Do the same for Sp,,C and sp,,C, n = |. Where does the
argument break down for S0,C7

Exercise 9.23. Show that a real Lie algebra g is solvable il and only if the
complex Liealgebra g @gC is solvable, Similarly for nilpotent and semisimple.

Exercise 9.24%, I['l) is an ideal in a Lie algebra g, show that g is semisimple if
and only il b and g/f are semisimple. Deduce that every semisimple Lie algebra
is a direct sum of simple Lie algebras.

Exercise 9.25% A Lic algebra is called reductive if its radical is equal 1o its
center. A Lie group is reductive if its Lie algebra is reductive. For example,
GL,C is reductive. Show that the following are true for a reductive Lie algebra
o (i) @q is semisimple; (i) the adjoint representation of g is semisimple; (iii) g
is a product of a semisimple and an abelian Lie algebra; (iv) g has a linile-
dimensional [aithful semisimple representation. In fact, each of these condi-
tions is equivalent Lo g being reductive.

§9.4. Simple Lie Algebras

There is one more basic fact about Lie algebras 1o be stated here; though its
prool will have to be considerably deferred, it informs our whole approach to
the subject. This is the complete classification of simple Lie algebras:

Thearem 9.26. With five exceptions, every simple complex Lie algebra is iso-
morphic to either sl C, so0,C, or sp,,C for some n.
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The five exceptions can all be explicitly described, though none is par-
ticularly simple except in name; they are denoted g, [,, €5, ¢4, and e5. We
will give a construction of each later in the book (§22.3). The algebras s[,C
(for m = 1), s0,C (for v = 2), and sp,, T are commonly called the elassical Lie
algebras (and the corresponding groups the classical Lie groups); the other five
algebras are called, naturally enough, the exceptional Lie algebras.

The nature of the classification theorem for simple Lie algebras creales a
dilemma as to how we approach the subject: many of the theorems about
simple Lie algebras can be proved either in the abstract, or by verilying them
in turn for each of the particular algebras listed in the classification theorem.
Another alternative is to declare that we are concerned with understanding
only the representations of the classical algebras sI,C, so,C, and sp,,C, and
verily any relevant theorems just in these cases.

Of these three approaches, the last is in many ways the least satisfactory;
it is, however, the one that we shall for the most part take. Specifically, what
we will do, starting in Lecture 11,is the following:

{i) Analyze in Lectures 11-13 a couple of examples, namely, «l,C and =1, T,

on what may appear 1o be an ad hoc basis,

{ii) On the basis of these examples, propose in Lecture 14 a general paradigm
for the study of representations of a simple (or semisimple) Lie algebra.

{iif} Proceed in Lectures 15-20 1o carry out this analysis for the classical
algebras ¢l C, so,C, and sp,,C.

{iv) Give in Part [V and the appendices prools lor general simple Lie algebras
of the facts discovered in the preceding sections lor the classical ones (as
well as one further important result, the Weyl character formula),

We can at least partially justily this seemingly ineflicient approach by
saying that even il one makes a beeline for the general theorems about the
structure and representation theory of a simple Lie algebra, to apply these
results in practice we would still need to carry out the sort of explicit analysis
of the individual algebras done in Lectures |1-20. This is, however, a fairly
bald rationalization: the fact is, the reason we are doing it this way is that this
is the only way we have ever been able 1o understand any of the general resulis,



LECTURE 10

Lie Algebras in Dimensions One, Two,
and Three

Just 10 get a sense of what a Lie algebra is and what groups might be associated to i,
we will classify here all Lie algebras of dimension three or less. We will work primarily
with complex Lie algebras and Lie groups, but will mention the real case as well.
Meedless Lo say, this lecture is logically superfluous; bul it is easy, fun, and serves a
didactic purpose, 5o why not read it anyway. The analyses of both the Lie algebras
and the Lie groups are completely elementary, with one exception: the classification
of the complex Lie groups assoctated 1o abelian Lie algebras involves the theory of
complex tori, and should probably be skipped by anyone not [amiliar with this subject.

§I0.1: D¥mensions one and two
§I0.2: Dimension three, rank one
§10.3: Dimension three, rank (wo
§10.4: Dimension theee, rank three

§10.1. Dimensions One and Two

To begin with, any one-dimensional Lie algebra q is clearly abelian, that is,
C with all brackets zero.

The simply connected Lie group with this Lie algebra is just the group C
under addition; and other connected Lie groups that have g as their Lie
algebra must all be quotients of € by discrete subgroups A = C. IT A has rank
one, then the quotient is just C* under multiplication. Il A has rank two,
however, G may be any one of a continuously varying lamily of complex tori
of dimension one (or Riemann surfaces of genus one, or elliptic curves over C).
The set of isomorphism classes of such tori is parametrized by the complex
plane with coordinate j, where the function j on the set of lattices A = C is
#s described in, e.g., [Ahl].

Over the real numbers, the siluation is completely straightforward: the only
real Lie algebra of dimension one is again B with trivial bracket; the simply
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connected Lie group associated Lo it is B under addition; and the only other
connected real Lie group with this Lie algebra is R/Z = §'.

Dimension Two

Here we have lo consider two cases, depending on whether g is abelian or not.

Case I g abelian. This is very much like the previous case; the simply con-
nected two-dimensional abelian complex Lie group is just €? under addition,
and the remaining connected Lie groups with Lie algebra g are just quotients
of €? by discrete subgroups. Such a subgroup A = €? can have rank 1, 2, 3,
or 4, and we analyze lhese possibilities in turn (the reader who has seen enough
complex tori in the preceding example may wish to skip directly 1o Case 2 at
this point).

If the rank of A is 1, we can complete the generator of A to a basis for C¥,
gothat A = Fe, = Ce, & Cegand G = C* x C. Il the rank of A is 2, there are
two possibilities: either A lies in a one-dimensional complex subspace of €2
or it does not. I it does not, a pair of generators for A will also be a basis
for C? over C, so that A = Ze, @ Te,, C? = Ce, @ Ce,, and G = C* x C*.
If on the other hand A does lie in a complex line in C?, so that we have
A =TFe P Fre, for some 1e C\R, then G = E x € will be the product of
the lorus CAZ & Fr) and C; the remarks above apply to the classification of
these (see Exercise 10.1).

The cases where A has rank 3 or 4 are a litile less clear. To begin with, il
the rank of A is 3, the main queslion to ask is whether any rank 2 sublattice
A" of A lies in a complex line. Il it does, then we can assume this sublattice is
saturated (ie, a pair of generators for A’ can be completed 1o a set of
generalors for A) and wrile A = Fe, & Fte, @ Le,, 50 that we will have
G = E = C* where E is a torus as above.

Exercise 10.1*. For lwo one-dimensional complex tori E and E', show that
the complex Lie groups G = E % € and &' = E' % € are isomorphic il and
only il E = E'. Similarly for E % C* and E' x C*.

If, on the other hand, no such sublattice of A exizis, the situation is much
maore mysterious, One way we can Ury Lo represent G is by choosing a generator
for A and considering the projection of €2 onto the quotient of C2 by the line
spanned by this generator; thus, il we write A = Fe, @& e, ® (e, + fe;)
then (assuming ff is not real) we have maps

c? C/Ce, =C

*

G = C¥Ze, @ Ze, @ Z(ae, + fle) —_— C/Z B ZP)
expressing G as a bundle over a lorus E = CAZ @ F i), with fibers isomorphic
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to C*. This expression of G does not, however, help us very muoch to describe
the family of all such groups. For one thing, the elliptic curve E is surely not
determined by the data of G: il we just exchange ¢, and e,, for example, we
replace E by CAF @ Fa), which, of course, need not even be isogenous lo E.
Indeed, this yields an example of dilferent algebraic groups isomorphic as
complex Lie groups: expressing G as a C* bundle in this way gives it the
structure of an algebraic variety, which, in turn, delermines the elliptic curve
E {for example, the ficld of rational lunctions on G will be the lield of rational
functions on E with one variable adjoined). Thus, dilferent expressions of the
complex Lie group @ as a C* bundle yield nonisomorphic algebraic groups.

Finally, the case where A has rank 4 remains completely mysterious,
Among such two-dimensional complex tori are the abelian varieties; these are
just the tori that may be embedded in complex projective space {and hence
may be realized as algebraic varielies). For polarized abelian varieties (Lhat is,
abelian varieties with equivalence class ofembedding in projective space) there
exisls a reasonable moduli theory; but the set of abelian varieties forms only
a eounlable dense union in the set of all complex tori (indeed, the general
complex lorus possesses no nonconstant meromorphic funclions whatsoever).
Mo satislactory theory of moduli is known for these objects.

Meedless 1o say, the loregoing discussion of the various abelian complex
Lie groups in dimension two is completely orthogonal to our present pur-
poses. We hope to make the point, however, that even in this seemingly trivial
case there lurk some fairly mysterious phenomena. Of course, none of this
occurs in the real case, where the two-dimensional abelian simply connected
real Lie groupis just B x Rand any other connected lwo-dimensional abelian
real Lie group is the quotient of Lhis by a sublattice A = R x B of rank 1 or
2, which is to say cither R = §' or §' = §".

Case 2: g not abelian. Viewing the Lie bracket as alinearmap[ |, J:Mg—q
we see thal if it is not zero, it must have one-dimensional image. We can thus
choose a basis {X, ¥} for g as vector space with X spanning the image of
[+ I alter multiplying ¥ by an appropriate scalar we will have [X, Y] = X,
which of course determines g completely. There is thus a unique nonabelian
two-dimensional Lie algebra q over either R or C.

What are the complex Lie groups with Lie algebra g7 To lind one, we start
with the adjoint representation of g, which is faithful: we have

ad(X): X =0, ad{¥): X+~ —X,
Y X, Y0
or in matrix notation, in terms of the basis { X, ¥} for g,

ad{}l'_'l=(g ;) a&(r:»=(_|_!' g),

* »
These generate thealgebra g = ({} 0

) = glyC; we may exponentiale to arrive

at the adjoint form
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b
Gy = {(; I)-. a v n} = GL,C.

Topologically this group is homeomorphic to C x C*. To 1ake its universal
cover, we wrile a general member of G, as

e 3
o 1)
The product of iwo such matrices is given by
e 5\ (e &\ _ [ s4els
o 1y\o 1) Lo e
so we may realize the universal cover G of G, as the group of pairs (1, 5) &
C x C with group law
(L5, s )=t + ', 54e's)
The center of © is just the subgroup
Z(G) = {(2nmin, O)} = Z,
so that the connecied groups with Lie algebra g form a partially ordered tower

G
1

1
G, = G/nk = {{a, b)e C* x C;{a, b)-(a", ') = (aa’, b + a"b'}}.
|
I
Gy

Exercise 10.2*. Show that for n # m the two groups G, and G, are nol
isomorphic. '

Finally, in the real case things are simpler: when we exponentiale the
adjoinl representation as above, the Lie group we arrive at is already simply
connecled, and so is the unique conpected real Lie group with this Lie algebra.

§10.2. Dimension Three, Rank 1

As in the case of dimension two, we look at the Lie brackel as a linear map
from A2 pto g and begin our classification by considering the rank of this map
{that is, the dimension of @), which may be either 0, 1, 2, or 3. For the case
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of rank 0, we refer back to the discussion of abelian Lie groups above. We
begin with the case of rank 1.

Here the kernel of the map[ , J: A%g — gis lwo dimensional, which means
that for some X & g it consists of all vectors of the form X' » ¥ with ¥ ranging
over all of g (X here will just be the vector corresponding to the hyperplane
ker([ . 1) = A'g under the natural (up 1o scalars) duality belween a three-
dimensional vector space and its exterior square). Completing X to a basis
{X, ¥, Z} ol g, we can write g in the form

[X.¥Y]=[X.Z2]=0,
[Y,Z)=aX + Y +yZ

for some a, f, y € C. [feither f or y is nonzero, we may now rechoose our basis,
replacing ¥ by a multiple of the linear combination aX + #Y + yZ and either
leaving Z alone (il f # 0) or replacing Z by Y (il y # 0). We will then have

[X. n=[x1 Z]=ﬂ.
[LZ]=Y

from which we see that g is just the product of the one-dimensional abelian
Lie algebra CX with the non-abelian two-dimensional Lie algebraCY B CZ
described in the preceding discussion. We may thus ignore this case and
assume that in fact we have § = y = (; replacing X by aX we then have the
Lie algebra

[X, ¥1=[X,Z]=0,
[Y,Z]=X.

How do we find the Lie groups with this Lie algebra? As before, we need
1o starl with a faithful representation of g, but here the adjoint representation
is useless, since X is in its kernel. We can, however, arrive al a representation
of g by considering the equations defining g: we want o find a pair of
endomorphisms ¥ and £ on some veclor space that do not commute, but that
do commute with their commutator X = [ ¥, Z]; thus,

V(YZ - ZY)—(YZ-ZY)Y=Y2Z - 2YZY + ZY =0

and similarly for [Z, [ ¥, Z]]. One simple way to lind such a pair of endo-
morphisms is make all three terms Y22, YZ ¥, and Z? ¥ in the above equation
zero, e.g., by making ¥ and Z both have square zero, and 1o have YZ =10
while ZY # 0. For example, on a three-dimensional veclor space with basis
¢, £, and e, we could take ¥ 10 be the map carrying e, to e, and killing
¢; and e,, and Z the map carrying ¢, to ¢, and killing ¢, and e,; we then have
YZ = 0 while Z Y sends ¢, 1o e,. We see then that g is just the Lie algebra n,
of strictly upper-triangular 3 % 3 matrices. When we exponentiale we arrive
&l the group
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I a b
G=<10 1| clabceC
0 a1
which is simply connected. Now the center of G is the subgroup
1 0 b
zZiG)=4(0 1 ol bec} =c,
00 |

so the discrete subgroups of Z(G) are just lattices A of rank 1 or 2; thus any
connected group with Lie algebra g is either G, G/Z, or G/|Z » Z)—thal is,
an extension of € x C by either C, C*, or a torus E.

Exercise 10.3. Show that G/A is determined up to isomorphism by the one-
dimensional Z{G)/A.

A similar analysis holds in the real case: just as before, n, 15 the vnigue real
Lie algebra of dimension three with commutalor subalgebra of dimension one;
its simply connected form is the group G of unipotent 3 x 3 matrices and (the
center of this group being R) the only other group with this Lie algebra is the
quolient H = G/Z.

Incidentally, the group H represents an inleresting example of a group that
cannot be realized as a mairix group, ie, that admits no [aithful f(nite-
dimensional representations. One way o see this is to argue that in any
irreducible finile-dimensional representation ¥ the center 5' of H, being
compact and abelian, must be diagonalizable; and so under the corresponding
representalion of the Lie algebra g the element X must be carried to a
diagonalizable endomorphism of V. Bul now il v & V is any eigenvector for X
with eigenvalue 4, we also have, arguing as in §9.2,

X(¥{e)) = Y(X{e)) = Yilv) = 1¥(n)

and similarly X{Z(v)) = 1Z[v), i.e,, both ¥{v) and Z{v) are also eigenvectors
for X with eigenvalue L. Since ¥ and Z generate g and the representation V
isirreducible, it follows that X’ must act as a scalar multiple 4- [ of the identity;
butsince X = [ ¥, Z£]isa commutator and so has trace 0, it follows that 4 = 0.

Exercise 10.4*. Show that il G is a simply connected Lie group, and its Lie
algebra is solvable, then G cannot conlain any nontrivial compact subgroup
{in particular, it contains no elements of Minite order).

The group H does, however, have an important infimte-dimensional repre-
sentation. This arises rom the representation of the Lie algebra g on the space
¥ of = funclions on the real line B with coordinate x, in which Y, £, and X
are the operators
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and X = [¥, Z]is — =i times the identity. Exponentiating, we see that ¢'" acts
on a function f by multiplying it by the function (cos tx + i-sin tx); e'* sends
[ 1o the function F, where F,(x)= fit + x), and &'¥ sends [ 1o the scalar
multiple e ™ 1.

§10.3. Dimension Three, Rank 2

In this case, write the commutator subalgebra %g < g as the span of lwo
elements ¥ and Z. The commutator of ¥ and Z can then be writlen '

[Y.Z] =Y + fiZ.

But now the endomorphism ad(Y) of g carries g into @g, kills ¥, and sends Z
toaY + fZ, and so has trace f1; on the other hand, since ad( ¥) is a commutator
in End{n), it must have trace 0. Thus, ff, and similarly &, musi be zero; i, the
subalgebra g must be abelian. It follows from this that for any element X € g
not in #q, the map

ad(X): Pp— Pp

must be an isomorphism. We may now distinguish two possibilities: either
ad{X) is diagonalizible or it is not.

(Note that for the first time we see a case where the classilication of the
real Lie algebra will be more complicated than that of the complex: in the real
case we will have to deal wilh the third possibility that ad(X) is diagonalizible
over C but not over R, i.e, that it has two complex conjugate eigenvalues.
Though we have not seen it much in these low-dimensional examples, in fact
it is generally the case that the real picture is substantially more complicated
than the complex one, for essentially just this reason.)

Possibility A: ad({X) is diagonalizable. In this case it is natural to use as a basis
for g a pair ol eigenvectors ¥, Z for ad (X'} and by multiplying X by a suitable
scalar we can assume that one of the eigenvalues (both of which are nonzero)
is 1. We thus have the equations lor g

(X, ¥Y1=Y, [X,Z]=aZ, [V Z]=0 (10.5)

lor some 2 & C*.

Exercise 10,6, Show that two Lie algebras g,, 9, corresponding to two different
scalars in the structure equations {10.5) are isomorphic il and only il & = a’ or
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o = 1/a’. Observe that we have for the first time a continuously varying family
of nonisomorphic complex Lie algebras.

To find the groups with these Lie algebras we go to the adjoint represen-
tation, which here is faithful. Explicitly, ad({¥) carries X to — ¥ and kills ¥
and Z; ad{Z) carries X to —aZ and also kills ¥ and Z; and ad(X) carries ¥
to itsell, Z 1o aZ, and kills X, A general member aX — bY — ¢Z of the Lie
algebra is thus represented (with respect to the basis [ ¥, Z, X'} lor g) by the
matrix

a 0 b

0 a@a ac ).

0O 0 0
Exponentiating, we find that a group with Lie algebra q is

e 0 u
G= 0 e wv| t,uvel ;< GL,C.
a o 1

Here we run across a very interesting circumstance, If the complex number 2
is not rational, then the exponential map from g to G is one-to-one, and hence
a homeomorphism; thus, in particular, G is simply connected. If, on the other
hand, & is rational, G will have nontrivial fundamental group. To see this,
observe that we always have an exact sequence of groups

l4+BsGaA—1,
where
e 0 0
A= 0 " 0),teC
o o 1
and
I 0 u
B=<10 1 v|werel » =CxC.
a0 1

MNow when o ¢ @, the group 4 = C is simply connecled; bul when a e 0—
whatever ils denominator—we have 4 = C* and correspondingly n,(G) = Z.

Exercise 10.7. Show that G has no center, and hence when a # O, it is the
unique connected group with Lie algebra g. For a & O, describe the universal.
covering of & and classily all groups with Lie algebra g.

Observe that in this case, even though we have a continuously varying
family of Lie algebras q,, we have no corresponding continuously varying



§10.4. Dimension Three, Rank 3 141

family of the adjoint (linear) Lie groups; the simply-connected forms do form
a lamily, however.

Possibility B: ad{X) is not diagonalizable. In this case the natural thing to do
is 1o choose a basis {¥, Z} of @g with respect to which ad(X) is in Jordan
normal form; replacing X by a multiple, we may assume both its eigenvalues
are | so that we will have the Lie algebra

[X.¥Y]=Y, [X.Z]=Y+Z [V Z]=0 {10.8)

With respect Lo the basis { ¥, Z, X} for g, then, the adjoint action of the general
element aX — bY — ¢Z ol the Lie algebra is represented by the matrix

a a b+rc

0 a c
oo o

and exponentiating we find that the corresponding group is

e e wu
0= 0 & vl tu,pel
LU |

Exercise 10.9. Show that this group has no center, and hence is the unique
connected complex Lie group with its Lie algebra.

Mote that the real Lie groups obtained by exponentiating the adjoint action
of the Lic algebras given by (10.5) and (10.8) are all homeomorphic to R* and
have no center, and so are the only connected real Lie groups with these Lie
algebras.

Exercise 10.10. Complele the analysis of real Lie groups in Case 2 by con-
sidering the third possibility mentioned above: that ad(X) acls on @ with
distinct complex conjugate eigenvalues. Observe that in this way we arrive
al our first example of two nonisomorphic real Lie algebras whose tensor
products with € are isomorphic.

§10.4. Dimension Three, Rank 3

Our analysis of this linal case begins, as in the preceding one, by looking for
tigenvectors of the adjoint action of a suitable element X e g. Specifically, we
thim that we can find an element H eg such that ad{H):q — g has an
gigenveclor with nonzero eigenvalue. To see this, observe first that for any
ponzero X € g, the rank of ad{X) must be 2; in particular, we must have
Ker{ad({X)) = CX. Now start with any X & q. Either ad({X) has an eigenvecior
with nonzero eigenvalue or it is nilpotent; if it is pilpotent, then there exists a
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vector ¥ &g, not in the kernel of ad{X) but in the kernel of ad{X)*—that
is, such that ad{X){¥) = aX for some nonzero o e C. Bul then of course
ad(¥)(X) = —aX, so that X is an eigenvector for ad({¥) with nonzero
eigenvalue,

So:choose H and X e gsothat X is an eigenveclor with nonzero eigenvalue
for ad(H), and write [H, X] = aX_ Since H € Pg, ad(H) is a commutator in
End(g), and so has trace 0; it follows that ad(H) must have a third eigenvecior
Y with eigenvalue —a To describe the structure of g completely it now
remaing Lo find the commutator of X and ¥, but this lollows from the Jacobi
identity. We have

[H,[X,Y]]= —[X,[Y, H]] - [V, [H, X]]
= —[X,a¥] - [¥,aX]
=0,

from which we deduce that [X, ¥] must be a multiple of H; since it must be
a nonzero multiple, we can multiply X or ¥ by a scalar to make it 1. Similarly
multiplying H by a scalar we can assume « is | or any other nonzero scalar.
Thus, there is only one possible complex Lie algebra g of this type. One could
look for endomorphisms M, X, and ¥ whose commutators satisly these
relations, as we did before. Or we may simply realize that the three-dimensional
Lie algebra 1, has not yet been seen, so it must be this last possibility. In

fact, a natural basis for sl,C is
01 00
h(ﬂ ﬂ)' r-(] ﬂ)

10
= (ﬂ' - |)‘
[H,X]=2X, [H,¥]= =2V, [X,¥Y]=H. (11

whose Lie algebra is given by

What groups other than SL; T have Lie algebra sl,C? To begin with, the
group SL, C is simply connected: for example, the map SL,C - C* — {0, 0)}
sending a matrix to ils first row expresses the lopological space SL,C as a
bundle with fiber C over C* — {(0, 0}}. Also, it is not hard to see that the center
of SL.,C is just the subgroup { 4 I} of scalar matrices, so that the only other
connected group with Lie algebra sl, C is the quotient PSL,C = S1,C/{ +1}.

As in the preceding case, the analysis of real three-dimensional Lie algebras
q with g = g involves one additional possibility. AL the outset of the argu-
ment above, we started with an arbitrary H € g and said that il ad{H) had no
eigenvector other than H itsell, then it would have to be nilpotent, Of course,
in the real case it is also possible that ad(H) has two distinct complex conjugate -
eigenvalues 1 and 1. Since ad(H) is a commutator in End(g) and so has trace
0, 4 will have to be purely imaginary in this case; and so multiplying I by a
real scalar we can assume that its eigenvalues are i and —i. It follows then
thal we can find X, ¥ e g with
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[HX]=Y and [H,¥Y]= -X.

Using the Jacobi identity as before we may conclude that the commutator of
X and Y is a multiple of H; aller multiplying each of X and ¥ by a real scalar
we can assuime that it is either H or —H. Finally, if [X, ¥] = —H, then
we observe that we are in the case we considered before: ad(Y) will have
X + M asan eigenvector with nonzero eigenvalue, and following our previous
analysis we may conclude that g = sl; . Thus, we are left with the sole
additional possibility that g has siructure equations

[H.X]1=Y, [H¥Y]=-X, [X,Y]=H (10.12)

This, finally, we may recognize as the Lie algebra an, of the real Lie group
SU(2) (as you may recall, the isomorphism =i, @ € = sl,C was used in the
last lecture). )

What are the real Lie groups with Lie algebras sl; R and su,7? To start, the
center of the group SL, R is again just the scalar matrices { 41}, so the only
group dominated by 5L, R is the quotient PSL,R. On the other hand, unlike
the complex case SL,R is not simply connecled: now the map associating Lo
a 2 x 2 matrix its first row expresses 5L, R as a bundle with fiber R over
R — {{0, 0y}, s0 that =,(SL,R) = Z. More precisely PSL,R maps to the real
projective line P' R, which is homeomorphic to the circle, with fiber homeo-
morphic to R? so n, (PSL,R) = F. We thus have a lower of covering spaces of
PSL, R, consisting of the simply-connected group § with center Z and its
quotients §, = 5/nZ (not all of these are covers of 5L, R, despite the diagram
below).

A note: In §10.2 we encountered a real Lie group with no faithful finite-
dimensional representations; only its universal cover could be represented as
a matrix group. Here we find in some sense the opposite phenomenon: the
groups $ and 5, have no faithful finite-dimensional representations, all finite-
dimensional representations factoring through 5L, R or PSL,R. This fact will
be proved as a consequence of our discussion of the representations of the Lie
algebra s1;C in the next lecture,

What about groups with Lie algebra su,? To begin with, there is SU{2),
which (again via the map sending a matrix to its first row vector) is homeo-
morphic to 5 and thus simply connected. The center of this group is again
{+1}, so that the quotient PSU(2) is the only other group with Lie algebra
suiy. (Allernatively, we may realize SU(2) as the group of unit quaternions, cf.
Exercise 7.15.)

Finally, we remark that there are other representations of the real and
complex Lie groups discussed above. As we will see, the Lie algebra s0,C is
somorphic Lo sl C, which induces an isomorphism between the correspond-
ing adjoint forms PSL, T and 50, C (and between the simply-connected lorms
SL,C and the spin group Spin,C). This in turn suggests two more real forms
of this group: SO, R and SO*(2, 1). In fact, it is not hard 1o see that 50,/ =
PSLI(2), while SO*(2, 1) = PSL,R. Lastly the isomorphism sn, , @ C =
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sty & € = sl,C implies that the real Lie algebra su, , is isomorphic to either
si1; or sl R; in fact, the latter is the case and this induces an isomorphism of
groups SU, , = SL,R. We summarize the isomorphisms mentioned in the
diagram below:

5

S, Spin,C Spin, R

SU(L 1) =58L,R =, SL,C «—= SU(2) = {unit qualernions)

3 ‘ +
PSL,® =, PSL,C . = PSU(2) = {unit quaternions]/+ |

S50YL e 504C — > SO,R (10.13)

Mole also the coincidences:
SpalC) = 5L,(C),  Spa(R) = SL,(R), (10.14)

which follow from the fact that Sp refers to preserving a skew-symmetric
bilinear form, and for 2 % 2 matrices the determinant is such a form.

Exercise 10.15. Identily the Lie algebras so,, suy, su, ,, 20, ;, and verily the
assertions made aboul the corresponding Lie groups in the diagram.

Exercise 10.16. For each of the Lie algebras encountered in this lecture,
compute the lower central series and the derived series, and say whether the
algebra is nilpotent, solvable, simple, or semisimple.

Exercise 10.17. The following are Lie groups of dimension two ot three, so
must appear on our list. Find them: (i) the group of afline transformations of
the line (x++ax + b, under composition); (i) the group of upper-triangular
2 » 2 matrices; (iii) the group of orientation preserving Euvclidean transforma-
tions of the plane {compositions of iranslations and rotations).

Exercise 10.18. Locate R* with the usual cross-product on our list of Lie -
algebras. More generally, consider the family of Lie algebras parametrized by
real quadruples (a, b, ¢, d), each with basis X, ¥, Z with bracket given by

[X,Y]=aZ +dY, [Y,Z]=bX, [Z X]=c¥—dZ.
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Classily this Lic algebra as (a, b, ¢, d) varies in R*, showing in particular that
every three-dimensional Lie algebra can be written in this way.

Exercise 10.19. Realize the isomorphism of SU(1, 1) with SL; R by identifying
them with the groups of complex automorphisms of the unit disk and the
upper hall-plane, respectively.

Exercise 10,20, Classily all Lie algebras of dimension four and rank [ in
particular, show that they are all direct sums of Lie algebras described above.

Exercise 10.21. Show more generally that there exisis a Lie algebra of dimen-
sion m and rank 1 that is not a direct sum of smaller Lie algebras il and only
if m is odd; in case m is odd show thal this Lie algebra is unigue and realize
it as a Lie subalgebra of =, C,



LECTURE 11

Representations of sl,C

This is the first of four lectures—§11--14—1hat comprise in some sense the heart of
the hook. In particular, the naive analysis of §11.1, together with the analogous paris
of §12 and §13, form the paradigm for the study of finite-dimensional representaiions
of all semisimple Lie algebras and groups, §11.2 is less central; in it we show how the
analysis carried out in §11.1 can be used to explicitly describe the tensor products of
irreducible representations. §11.3 is least important; it indicales how we can interprel
genmetrically some of the resuits of the preceding section. The discussions in §11.1 and
§11.2 are completely elementary (we do vse the notion of symmetric powers of a veclor
space, but in a non-threatening way). §11.3 involves a fair amount of classical projective
gromelry, and can be skimmed or skipped by those not already familiar with the
relevant basic notions from algebraic geometry,

§11.1: The irreducible representations
§11.2: A little plethysm
103 A lintle geomelric plethysm

§11.1. The Irreducible Representations

We start our discussion of representations of semisimple Lie algebras with the
simplest case, that of ¢, €. As we will see, while this case does not exhibit any
of the complexity of the more general case, the basic idea that informs the
whole approach is clearly illustrated here.

This approach is one already mentioned above, in connection with the
representations of the symmetric group on three letters. The idea in that case
was thal given a representation of our group on a vector space V we [ist
restrict the representation to the abelian subgroup generated by a J-cyce ©.
We obtain a decomposition
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V=0
of V into eigenspaces for the action of ; the commutation relations satisfied
by the remaining elements o of the group with respect to t implied that such o
simply permuted these subspaces 1, so that the representation was in effect
determined by the collection of eigenvalues of «.

Of course, circumstances in the case of Lie algebra representations are quile
different: 10 name two, it is no longer the case that the action of an abelian
object on any vector space admits such a decomposition; and even il such a
decom position exists we certainly cannot expect that the remaining elements
of our Lie algebra will simply permute its summands. Nevertheless, the idea
remains essentially a good one, as we shall now see.

To begin with, we choose the basis for the Lie algebra ¢, C from the last

lecture:
| 0 o1 00
”z(u —r)' "=(n 0)' ”r‘(l n)
satisfying
[H,X]=2X, [H.Y]=-2Y, [X,¥Y]=H (11.1)

These scem like a perfectly natural basis to choose, but in [act the choice is
dictated by more than aesthetics; there is, as we will see, a nearly canonical
way of choosing a basis of a semisimple Lie algebra {(up to conjugation), which
will yield this basis in the present circumstance and which will share many of
the properties we describe below.

In any event, let ¥ be an irreducible finite-dimensional representation of
sl,C. We start by trotting out one of the facts that we quoted in Lecture 9,
the preservation of Jordan decomposition; in the present circumsiances it
implies that

The action of If on V is diagonalizable. (1.2)

We thus have, as indicated, a decomposilion
= @ [ (11.3)

where the « run over a collection of complex numbers, such that for any vector
re ¥, we have

Hiv)=a-r

The next question is obviously how X and Y act on the various spaces
¥,. We claim that X and ¥ must each carry the subspaces ¥, into other sub-
spaces V.. In fact, we can be more specific: il we want to know where the
image of a given vector v e I, under the action of X sits in relation to the
decomposition (11.3), we have to know how H acts on X(e); this is given by
the
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Fundamental Calculation | first time):
H(X(v)) = X(H(v)) + [H, X](v)
= Xz -v) + 2X(v)
= (& +2)- X(o)

i.e., i visan eigenvector for H with eigenvalue o, then X () is also an eigenvector
Jor H, with eigenvalue @ + 2. In other words, we have

XV, = V.

The action of ¥ on each ¥, is similarly calculated; we have Y(¥,} = V,_,.

Observe that as an immediate consequence of this and the irreducibility of
¥, all the complex numbers & that appear in the decomposition (11.3) must be
congruent to one another mod 2: for any oy, that actually occurs, the subspace

ﬂaz P-,+ s

would be invariant under sl,C and hence equal to all of ¥. Moreover, by the
same loken, the ¥, that appear must form an unbroken string of numbers of
theform 8, f + 2,...,/ + 2k We denote by n the last element in this sequence;
al this point we just know n is a complex number, but we will soon see that
it must be an integer.

To proceed with our analysis, we have the following picture of the action
of 51, C on the vector space V'

X X X
A A AT e T e

TOTOTO
H [ [l
Choose any nonzero vector v & V,; since ¥,,, = (0), we must have X(v) =0.

We ask now what happens when we apply the map ¥ to the vector v. To begin
with, we have

Claim 11.4. The vectors {u, Y(v), ¥ (v}, ...} span V.

Proor. From the irreducibility of V it is enough to show that the subspace
W < V spanned by these vectors is carried into itsell under the action of s[,C.
Clearly, ¥ preserves W, since it simply carties the vector ¥™(u) into ¥™*(n).
Likewise, since the vector Y™{v) is in ¥,_,,. we have H{¥™(v)) = (n — 2m)
¥=(v), 50 H preserves the subspace W. Thus, it suffices to check that X{W) =
W, i.e, that for each m X carries ¥™(v} into a linear combination of the ¥'(¢).
We check this in turn form =0, 1, 2, elc.

To begin with, we have X (v} = 0 & W. To see what X does to Y{v), we use
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the commutation relations for sl,C: we have
X(¥(v)) = [X, ¥]{r) + Y(X(0))
= Hv) + YD)
L R N
Next, we see that
X(¥*(v)) = (X, YI(¥(o)) + Y(X(Y(0))
= H(¥(p)) + ¥(n-v)
= (n —2)- Yo} + n- ¥{v).

The pattern now is clear: X carries each vector in the sequence v, ¥(v), ¥*(v),
... inte a multiple of the previous vector. Explicitly, we have

X(Y™(e)) =(n+(n—2) +(n—4)+ - +(n=2m+2) ¥ '(u),
af
X(Y™[v)) =min —m + 1)- ¥ " (u), (11.5)
as can readily be verified by induction. O

There are a number of corollaries of the calculation in the above Claim.
To begin with, we make the observation that

all the eigenspaces V, of H are one dimensional. {11.6)

Second, since we have in the course of the proof written down a basis for V
and said exactly where each of H, X, and Y takes each basis veclor, the
representation ¥ is completely deterinined by the one complex number n that
we starfed with; in particular, of course, we have that

V is determined by the collection of & occurring in the decomposition
v=0P" (11.7)

To complete our analysis, we have Lo use one more time the linite dimen-
sionality of V. This tells us that there is a lower bound on the a for which
¥, # {0y as well as an upper one, so that we must have Y (1) = 0 for sufliciently
large k. But now il m is the smallest power of ¥ annihilating v, then from the
relation (11.5),

D= X{Y™(u))=min —m + 1)- ¥ "{u),

and the fact that Y™ '(u) # 0, we conclude that n — m + | = {; in particular,
il follows that n is @ non-negative integer. The picture is thus that the eigen-
values « of H on ¥ lonn a string of integers dilfering by 2 and symmetric about
the origin in Z. In sum, then, we see that there is a unique representation ¥t
for each non-negative integer n; the representation ¥ is(n + 1)-dimensional,
with I having eigenvalwesn,n—2,..., —n + 2, —n.
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Mote that the existence part of this statement may be deduced by checking
that the actions of H, X, and ¥ as given above in terms of the basis v, Tu,
¥2(u)...., Y*(v}for ¥ do indeed satis(y all the commutation relations for sl, C.
Alternatively, we will exhibil them in a momenl. Mote also that by the
symmelry of the eigenvalues we may deduce the useful fact that any represen-
tation V of al,C such that the eigenvalues of H all have the same parity and
occur with multiplicity one is necessarily irveducible; more generally, the number
of irreducible factors in an arbitrary representation V' of s1,C is exactly the sum
of the multiplicities of 0 and 1 as eigenvalues of H.

We can idenlily in these terms some of the standard representations of sl, C.
To begin with, the trivial one-dimensional representation C is clearly just ¥'™,
As for the siandard representation of sl,€ on V¥ = C? il x and y are the
standard basis lor C?, then we have H(x) = x and H(y) = —y, so that ¥ =
C x@®C-y=V_, @ V,isjust the representation ¥'" above. Similarly, a basis
for the symmetric square W = Sym?¥ = Sym?C? is given by {x%, xy, '}, and
we have

Hix-x) = x-Hix) + l{x)-x = 2x - x,

H(x-y) = x"H(y) + H{x)'y =0,
Hiy-y) =y H(y) + Hiyby= =2yy,

s0 the representation W =C-x*@ C-xy@C-y* = W_, @ W, ® W, is the
representation V' above. More generally, the nth symmetric power Sym"¥
of ¥ has basis {x*, x*'y,..., y"}, and we have

JI{xn-lyk} - {" . k}‘”{x]‘x"_*_'}'! + k- H[y},rt-k}ll—l
= (n — 2k)- x""*y*

s thal the eigenvalues of H on Sym"V are exactly n, n — 2, ..., —n. By the
observation above that a representation for which all eigenvalues of H occur
with multiplicity 1 must be irreducible, it follows that Sym"V is irreducible,
and hence that

¥ = Sym" V.
In sum then, we can say simply that

Any irredurible representation of el,C is a synmetric ﬁuwer of the
standard representation V = C2, {11.8)

Observe thal when we exponentiate the image of 51, C under the embedding
&l,C =+ sl,,, C corresponding to the representation Sym"V, we arrive al the
group SL;C when n is odd and PGL,C when n is even. Thus, the represen-
tations of the group PGL,C are exactly the even powers Sym*"F,

Exerclse 11.9. Use the analysis of the representations of sl,C to prove the
statement made in the previous lecture that the universal cover 3 of SL, R has
no finite-dimensional representations.
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§11.2. A Little Plethysm

Clearly, knowing the eigenspace decomposition of given representations tells
us the cigenspace decomposition of all their tensor, symmetric, and alternating
products and powers: for example, if ¥ = (P V,and W = (B W, then v @ W =
BV, ® Wy) and ¥, ® W, is an eigenspace for H with eigenvalue « + . We
can use this to describe the decomposition of these products and powers into
irreducible representations of the algebra sl, C.

For example, let ¥ = C? be the standard representation of l,C; and
suppose we want (0 study the representation Sym2V @& Sym?V; we ask in
particular whether if it irreducible and, if not, how it decomposes. We have
seen that the eigenvalues of Sym?V are 2, 0, and — 2, and those of Sym*V are
3,1, = 1,and —3. The 12 eigenvalues of the tensor product Sym*F @ Sym*V
are thus Sand — 5, 3and — 3 {taken twice), and | and — I (taken three times);
we may represent them by the diagram

e O D@ Ot

The eigenvector with eigenvalue 5 will generate a subrepresentation of the
tensor product isomorphic to Sym* ¥, which will account for one occurrence
of each of the eigenvalues 5, 3, 1, — 1, — 3, and — 5. Similarly, the complement
of Sym*V in the tensor product will have eigenvalues 3 and — 3, and | and
—1 (taken twice), and so will contain a copy of the representation Sym*V,
which will account for one occurrence of the eigenvalues 3, 1, —1 and —3;
and the complement of these two subrepresentations will be simply a copy of
¥. We have, thus,

Sym?F @ Sym?V = Sym* V@ SymV @ v
Mote that the projection map
Sym?V @ Sym*F — Sym*y
on the first factor is just multiplication of polynomials; the other two projec-
tions do not admit such obvious interpretations.

Exercise 11.10. Find, in a similar way, the decomposition of the tensor product
Sym*V @ Sym* V.

Exercise 11.11*. Show, in general, that for a = b we have

Sym"V @ Sym*V = Sym™ "V @ Sym*' " WV @ - @ Sym* Y

As indicated, we can also look at symmelric and exterior powers of given
representalions; in many ways this is more interesting For example, lel
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V¥ = C? be as above the standard representation of sl,C, and let W = Sym?V
be its symmetric sqiare; e, in the nolation introduced above, take W = p12,
We ask now whether the symmetric square of W is irreducible, and if not what
its decomposition is. To answer this, observe that W has eigenvalues -2, 0,
and 2, each occurring once, so that the symmetric square of W will have
eigenvalues the pairwise sums of these numbers—that is, —4, =2, 0 {occurring
twice), 2, and 4. We may represent Sym?¥ by the diagram:

L ! * I @—|—Q—|_|__
0 1 1 3 4

4 a2 4

From this, it is clear that the representation Sym*W must decompose into
one copy of the representation ¥™ = Sym*¥, plus one copy of the trivial
{one-dimensional) representation:

Sym{Sym?¥)) = Sym*V @ Sym" ¥, {11.12)
Indeed, we can see this directly: we have a natural map
Sym?(Sym?¥)) -+ Sym*V
obtained simply by evaluation; this will have a one-dimensional kernel (if x

and y are as above the standard basis for V we can write a generator of this
kernel as (x?)-(y*) — (x-y)*).

Exercise 11.13. Show that the exterior square /? W is isomorphic to W itself.
Observe that this, together with the above description of Sym*W, agrees with
the decomposition of W& W given in Exercise 11.11 above,

We can, in a similar way, describe the decomposition of all the symmetric
powers of the representation W = Sym?¥. For example, the third syminetric
power Sym® W has eigenvalues given by the triple sums of the set { -2, 0, 2};
these are — 6, —4, — 2 (twice), 0 (twice), 2 (twice), 4, and 6; diagrammaltically,

ot @ OO
& “ 3 ] 1 I

Again, there is no ambiguity about the decomposition; this collection of
eigenspaces can only come from the direct sum of Sym®V with Sym? ¥, so0 we
musl have

Sym*(Sym?¥) = Sym®V & Sym?V.

As before, we can see al least part of this directly: we have a natural evaluation
map

Sym*(Sym?¥) = Sym®¥,
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and the eigenspace decomposition tells us that the kernel is the irreducible
representation Sym? K.

Exercise 11.14. Use the eigenspace decomposilion o establish the formula

a/2]
Sym"(Sym*V) = é Sym™* 4y

for all n.

§11.3. A Little Geometric Plethysm

We want to give some geometric interpretations of these and similar decom-
positions of higher tensor powers of representations of ¢l C. One big dilference
is that instead of looking at the action of either the Lie algebra sl,C or the
groups SL,C or PGL,C on a representation W, we look at the action of the
group PGL,C on the associated projective space’ PW. In this context, it is
natural to look at various geometric objects associated to the action: for
example, we look at closures of orbits of the action, which all turm out to be
algebraic varieties, i.e., definable by polynomial equations. In parlicular, our
goal in the following will be to describe the symmetric and exterior powers of
W in terms of the action of PGL,C on the projective spaces PW and various
loci in PW,

The main point is that while the action of PGL,C on the projective space
Py = P' associated to the standard representation V is transitive, its action
on the spaces P(Sym"V} = P" for n > 1 is nol. Rather, the action will preserve
various orbits whose closures are algebraic subvarjeties of "—for example,
the locus of points

C={[v-v-...-v):ve V} = P(Sym"V)

corresponding 1o nth powers in Sym®V will be an algebraic curve in
PiSym"V) = P, called the rational normal curve; and this curve will be carried
into itsell by any element of PGL,C acting on P" (more about this in a
moment). Thus, a knowledge of the geomelry of these subvarieties of PW may
illuminate the representation W, and vice versa. This approach is particularly
useful in describing the symmetric powers of W, since these powers can be
viewed as the vector spaces of homogeneous polynomials on the projective
space P{W*) (or, mod scalars, as hypersurfaces in that projective space).
Decomposing these symmetric powers should therefore correspond to some
interesting projective geometry.

! PW here denoles the projeciive space of lines through the origin in W, or the quotient space of
Wi{0} by multiplication by nonzero scalars; we wrile [w] for the point in P IV determined by the
monzero vector w, For W= C°* [1,,..., 2.] ia the point in P= = PV determined by a point
gy .o s 20) in C=*F,
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Digression on Projective Geometry

Firsl, as we have indicated, we want to describe representations of Lie groups
in terms of the corresponding actions on projective spaces. The following fact
from algebraic geometry is therefore of some moral (il not logical} importance:

Fact 11.15. The group of amtomorphisms of projective space P —either as
algebraic variety or as complex manifold—is just the group PGL,,,C.

For a prool, see [Ha]. (For the Riemann sphere P' at least, this should be
a lamiliar fact [rom complex analysis.)

For any veclor space W of dimension n 4 1, Sym*W* is the space of
homogeneous polynomials of degree k on the projective space P" = PW of
lines in W; dually, Sym* W will be the space of homogeneous polynomials of
degree k on the projective space P* = P{W*)of lines in W*, or of hyperplanes
in W. Thus, the projective space P(Sym* W) is the space of hypersurfaces of
degree k in P = PP(W* ). {Because of this duality, we usually work with objects
in the projective space I*{W*) rather than the dual space PW in order to derive
results about symmetric powers Sym*W; this may seem initially more con-
lusing, but we believe it is ultimately less so.)

For any vector space V and any positive integer #, we have a natural map,
called the Veronese embedding

PY* < P(Sym"V*)

that maps the line spanned by v & V'* to the line spanned by v" € Sym"V*. We
will encounter the Veronese embedding of higher-dimensional vecior spaces
in later lectures; here we are concerned just with the case where V is two
dimensional, so PV* = P*'_ In this case we have a map

1P 4 P = P(Sym*1*)

whose image is called the rational normal curve C = C, of degree n. Choosing
bases {a, fi} for ¥* and {...[n!/k!(n — k)!Ja*f""*...} for Sym"V* and es-
panding out (xa + )" we see that in coordinates this map may be given as
B LT R L T L T !
From the definition, the action of PGL,C on P* preserves C,; conversely,
since any automorphism of P lixing C, pointwise is the identity, from Fact
1115 it follows that the group G of aaomorphisms of P* that preserve C, is
precisely PGL,LC. (Nole that conversely il W is any (n + 1}-dimensional
representation of SL,C and PW = P" containg a ralional normal curve of
degree n preserved by the action of PGL,;C, then we must have W = Sym"V;
we leave this as an exercise.”)
When n = 2, C is the plane conic defined by the equation

? Mote that any confusion between PW and PW* is relatively harmiless for us here, since the
representations Sym® ¥ are isomorphic to their duals.
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F(Zo, 2y, Z3) = ZoZy — Z3 = 0.

Forn = 3, C is the twisted euhic curve in P, and is defined by three quadratic
polynomials

ZoZy— 20, ZoZy—Z,Z, and  Z,Z,— Z2.

More generally, the rational normal curve is the common zero locus of the
2 x 2 minors of the matrix

a o (ZoFreZa)
Z,Z,... Z,

that is, the locus where the rank of M is 1.

Back to Plethysm

We start with Example (11.12). We can interpret the decomposition given
there (or rather the decomposition of the representation of the corresponding
Lie group SL,C) geometrically via the Veronese embedding 1,: P! = P2, As
noted, SL, C acts on P? = P(Sym?F*) as the group of motions of P? carrying
the conic curve C, into itself. Its action on the space Sym?(Sym?V)} of
guadratic polynomials on P? thus must preserve the one-dimensional sub-
space C- F spanned by the polynomial F above that delines the conic C,. Al
the same time, we see that pullback via 1, defines a map from the space of
quadratic polynomials on P? to the space of quartic polynomials on P*', which
has kernel C- F; thus, we have an exacl sequence

0= C = Sym"F = Sym?*(Sym?¥')) - Sym*V - 0,

which implies the decomposition of Sym?(Sym?1¥)) described above.

Mote that what comes to us at first glance is not actually the direct sum
decomposition (11.12) of Sym?(Sym?¥)), but just the exact sequence above.
The splitting of this sequence of SL,C-modules, guaranteed by the general
theory, is less obvipus. For example, we are saying that given a conic curve C
in the plane P2, there is a subspace U of the space of all conics in P2,
complementary to the one-dimensional subspace spanned by C itsell and
invariant under the action of the group of motions of the plane P? carrying
Cinto itsell. Is there a geometric description of this space? Yes: the lollowing
proposition gives one.

Proposition 11.16. The subrepresentation Sym*V < Sym*(Sym? V) is the space
of conics spanned by the family of double lines tangent to the conic C = C,.

Proor. One way to prove this is to simply write out this subspace in coor-
dinates: in terms of homogeneous coordinates Z, on I*? as above, the 1angent
line to the conic C at the point [1, @, «?] is the line
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Ly={Z:aZy — 20Z, + Z, = 0}.
The double line 2L is, thus, the conic with equation
a*Z2 — 4P Z,Z, + WP ZyZ, + P2} - anZ,Z, + Z2 =0

The subspace these conics generate is thus spanned by Z3, Z,Z,, Z,Z,, Zj,
and Z, 7, + 2Z}. By construction, this is invariant under the action ol SL,C,
and it is visibly complementary o the trivial subrepresentation C-F =
C(Zy2Z, — Z2).

For those familiar with some algebraic geomelry, it may nol be necessary
to write all this down in coordinates: we could just observe that the map from
the conic curve C to the projective space P(Sym?{Sym?¥)) of conics in I
sending each point p e C to the square of the tangent line to C at p is the
restriction to C of the quadratic Veronese map P* — P, and so has image a
quartic rational normal curve. This spans a four-dimensional projective sub-
space of P(Sym?{Sym?¥}), which must correspond to a subrepresentation
isomorphic to Sym*¥. O

We will return Lo this notion in Exercise 11.26 below.

We can, in a similar way, describe the decomposition of all the symmetric
powers of the representation W = Sym?V; in the general setting, the geo-
metric interpretation becomes quite handy. For example, we have seen that
the third symmetric power decomposes

Sym?(Sym?*¥) = Sym®V @ Sym* V.

This is immediate from the geometric description: the space of cubics in the
plane P naturally decomposes into the space of cubics vanishing on the conic
C = C,;, plus a complementary space isomorphic [via the pullback map 1%)to
the space of sextic polynomials on I*'; moreover, since a cubic vanishing on
C; factors into the quadratic polynomial F and a linear facior, the space of
cubics vanishing on the conic curve C = P? may be identified with the space
of lines in P2,
One more special case: from the general formula (11.14), we have

Sym*(Sym?¥) = Sym" ¥ & Sym* ¥ @ Sym" V.

Again, this is easy to see [rom the geometric picture: the space of quartic
polynoiials on P? consists of the one-dimensional space of quartics spanned
by the square of the defining equation F of C itsell, plus the space of quartics
vanishing on C modulo multiples of F2, plus the space of quartics modulo
those vanishing on C. (We use the word “plus,” suggesting a direcl sum, bul
as before only an exacl sequence is apparent).

Exercise 11.17. Show that, in general, the order of vanishing on C defines a
filtration on the space of polynomials of degree n in P2, whose successive
quotients are the direct sum factors on the right hand side of the decom posi-
tion of Exercise 11,14,
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We can similarly analyze symmelric powers of the representation U =
Sym? V. For example, since U/ has eigenvalues —3, — 1, 1, and 3, the symunetric
square of L/ has eigenvalues —6, —4, —2 (twice), 0 {twice), 2 (twice), 4, and 6;
diagrammatically, we have

e B B e

This implies that
Sym?{Sym*¥F) = Sym*V @ Sym?V. (11.18)

We can interpret this in terms of the twisted cubic C = Cy = P? as follows:
the space of quadratic polynomials on P contains, as a subrepresentation, the
three-dimensional vector space of quadrics containing the curve C itsell; and
the quotient is isomorphic, via the pullback map 1%, to the space of sextic
polynomials on P! '

Exercise 11.19*, By the above, the action of SL,C on the space of quadric
surfaces containing the twisted cubic curve C is the same as its action on
P(Sym?F*) = P Make this explicit by associaling to every quadric con-
taining C a polynomial of degree 2 on I*', up to scalars.

Exercise 11.20% The direct sum decomposition (11.18) says that there is a
linear space of quadric surfaces in I'? preserved under the action of SL,C and
complementary to the space ol quadrics containing C. Describe this space.

Exercise 11.21, The projection map from Sym?(Sym*¥) to Sym?¥ given by
the decomposition {11.18) above may be viewed as a guadraric map from the
vector space Sym*¥ to the vector space Sym 2V, Show that it may be given in
these terms as the Hessian, that is, by associating to a homogeneous cubic
polynomial in two variables the determinant of the 2 x 2 matrix of its second
partials.

Exercise 11.22. The map in the preceding exercise may be viewed as associating
to an unordered triple of points {p, g, r} in P! an unordered pair of points
[s.t} = P!, Show that this pair of points is the pair of fixed points of the
automorphism of P! permuting the three points p, g, and r eyclically.

Exercise 11.23*, Show that
Sym*(Sym*V) = Sym® ¥ @ Sym*V @ Sym’V,

and interpret this in terms of the geometry of the twisted cubic curve, In
particular, show that the space of cubic surfaces containing the curve is the
direct sum of the last two factors, and identify the subspace of cubics corre-
sponding to the last factor,
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Exercise 11.24. Analyze the representation Sym*(Sym?*¥) similarly. In par-
ticular, show that it contains a trivial one-dimensional subrepresentation.

The trivial subrepresentation of Sym*(Sym?* V) found in the last exercise
has an interesting interpretation. To say that S_fm‘{Sj'm’V} has such an
invariant one-dimensional subspace is to say that there exists a quartic surface
in P preserved under all motions of P carrying the rational normal curve
C = Cy into itself. What is this surface? The answer is simple: it is the tangent
developahle 1o the twisted cubic, that is, the surface given as the union of the
tangent lines to C.

Exercise 11.25*. Show that the representation Sym?(Sym* V) contains a trivial
subrepresentation, and interpret this peometrically.

Problem 11.26. Another way of interpreting the direct sum decomposition of
Sym?(Sym* V) geometrically is to say that given a conic curve C = "* and
given four points on C, we can find a conic C' = C(C; p,,..., p) = M
intersecting C in exactly these points, in a way that is preserved by the action
of the group PGL,C of all motions of P? (i.e, for any motion A: P? — P2 of
the plane, we have A{C'(C; py, ..., pa)) = C{AC; Apy, ..., Ap,)). What isa
description of this process? In particular, show that the cross-ratio of the four
points py on the curve C° must be a lunction of the cross-ratio ol the p; on C,
and find this function. Observe also that this process gives an endomorphism
of the pencil

{CePipy, . ...pueClz P
of conics passing through any four points p, € P2 What is the degree of this
endomorphism?

The above questions have all dealt with the symmetric powers of Sym"V.
There are also interesting questions about the exterior powers of Sym"V.
To start with, consider the exterior square /7 {Sym? V). The eigenvalues of this

representation are just the pairwise sums of distinctelements of {3, 1, — 1, =3},
that is, 4, 2, 0 {twice), —2, and —4; we deduce that
ASym? V) = Sym*V @ Sym°V, (11.27)

Observe in particular that according to this there is a skew-symmetric bilinear
form on the space U = Sym*V preserved (up to scalars) by the action of SL,C.
What is this form? One way of describing it would be in terms of the twisted
cubic: the map from C to the dual projective space (P*)* sending each point
p e C to the osculating plane to C at p extends lo a skew-symmetric linear
isomorphism of P? with (P).

Exercise 11.28. Show that a line in P? is isotropic for this form il and only if,
viewed as an element of P{A? L), it liesin the linear span of the locus of tangent
lines to the twisted cubic.
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Exercise 11.29, Show that the projection on the first factor in the decomposi-
tion (11.27) is given explicitly by the map

FaGeF-dG—G-dF

and say precisely what this means.

Exercise 11.30. Show that, in general, the representation /A*(Sym"V) has as a
direct sum factor the representation Sym®* ™ ¥, and that the projection on this
facior is given as in the preceding exercise. Find the remaining factors of
A2(Sym"¥), and interpret them.

More on Rational Normal Curves

Exercise 11.31. Analyze in general the representations Sym?*(Sym"I}); show,
using eigenvalues, that we have

Sym?(Sym™V) = P Sym** ¥
w0

Exercise 11.32*. [nterpret the space Sym?(Sym"V) of the preceding exercise
as the space of quadrics in the projective space P*, and use the geometry of
the rational normal curve C = C, = P" o interpret the decomposition of this
representation into irreducible factors. In particular, show that direct sum

@ Sjl.mlll-"l V

azl
is the space ol quadratic polynomials vanishing on the rational normal curve;
and that the direct sum

P Sym*"*v

axl
is the space of quadrics containing the tangential developable of the rational
normal curve, that is, the union of the tangent lines to C. Can you interpret
the sums for & = k for k > 27

Exercise 11.33. Note that by Exercise 11.11, the tensor power
Sym"V & Sym"V

always contains a copy of the trivial representation; and thal by Exercises
11.30 and 11.31, this trivial subrepresentation will lie in Sym?(Sym"V} il n is
even and in AX(Sym" V) il » is odd. Show that in either case, the bilinear form
on Sym"V preserved by SL,C may be described as the isomorphism of P with
(P*)* carrying each point p of the rational normal curve C = P” into the
osculating hyperplane to C at p.

Comparing Exercises 1114 and 11.31, we see that S}'m’[Sym'V} =
Sym™(Sym?¥); apparently coincidentally. This is in fact a special case of a
more general theorem (cf. Exercise 6.18):
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Exercise 11.34. (Hermite Reciprocity). Use the eigenvalues of H to prove the
isomorphism

Sym*(Sym" ¥} = Sym*(Sym* V).
Can you exhibit explicitly a map between these lwo?

Mote that in the examples of Hermite reciprocity we have seen, it
seems completely coincidental: for example, the fact that the representations
Sym*{Sym*¥) and Sym*{Sym*¥) both contain a trivial representation cor-
responds (o the facts that the tangential developable of the twisted cubic in
P has degree 4, while the chordal variety of the rational normal quartic in
P* has degree 3.

Exercise 11.35% Show that A(Sym"V) = Sym™(Sym"*' "=V,

We will see in Lecture 23 that there is a unique clozed orbit in P{W) for any
irreducible representation W. For now, we can do the following special case.

Exercise 11.36. Show that the unique closed orbit of the action of SL;C on
the projectivization of any irreducible representation is isomorphic to P!
(these are the rational normal curves introduced above).



LECTURE 12

Representations of sl C, Part |

This lecture develops resulls for sl C analogous Lo those of §11.1 (though not in exactly
the same order). This involves generalizing some of the basic terms of §11 (e.g. the
notions of eigenvalue and sigenvector have 1o be redefined), but the basic ideas are in
seme sense already in §11, Certainly no techniques are involved beyond those of §11.1.

We come now toa second important stage in the development of the theory:
in the following, we will take our analysis of the representations of sl;C and
sec how it goes over in the next case, the algebra sl,C. As we will see, a number
of the basic constructions need to be modilied, or at least rethought. There
are, however, two pieces of good news that should be borne in mind. First,
we will arrive, by the end of the following lecture, at a classification ol the
representations of &1, C thal is every bil as detailed and explicit as the classifi-
cation we arrived at previously for sl,C. Second, once we have redone our
analysis in this context, we will need to introduce no further concepts to carry
out the classification of the finite-dimensional representations of all remaining
semisimple Lie algebras.

We will proceed by analogy with the previous lecture. To begin with, we
started out our analysis of sl;C with the basis {H, X, Y} for the Lie algebra;
we then proceeded to decompose an arbitrary representation ¥ of sl,C into
a direct sum of eigenspaces [or the action of . What element of &l,C in
particular will play the role of H? The answer-—and this is the first and
perhaps most wrenching change from the previous case-—is thal no one
element really allows us to see what is going on." Instead, we have to replace

! This is not Hierally true: as we will see from the following analysis, if I¥ is any dingonal matrix
whose eniries are independent over O, then the action of H on any representation ¥ of el C
determines the repressntation (ie., il we know the eigenvalues of i we know 1), Bul [ag we will
alse see) trying to carry this out in practice would be sheer perversity.
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the single element H £el,C with a subspace h = sl,C, namely, the two-
dimensional subspace of all diagonal matrices. The idea is a basic one; it
comes down (0 the observation that commuring diagonalizable matrices are
sinultaneonsly diagonalizable. This translates in the present circumstances Lo
the statement that any finite-dimensional representation V of sl,C admits a
decomposition V¥ = @ V., where every vector v £ ¥, is an eigenvector [or every
element H €.

Al this poinl some terminology is clearly in order, since we will be dealing
with the action not of a single matrix If but rather a vector space Iy of them.
To begin with, by an eigenvector for ) we will mean, reasonably enough, a
veclor v & V that is an eigenveclor lor every H € . For such a vector v we can
wrile

Hiv) = a{H)" v, (12.1)

where «(H) is a scalar depending linearly on H, ie., « € h*. This leads to our
second notion: by an eigenvalue for the action of b we will mean an element
a € h* such that there exists a nonzero element v € V¥ satislying (121); and by
the eigenspace associaled to the eigenvalue @ we will mean the subspace of all
veclors ¢ € V salislying (12.1} Thus we may phrase the statement above as

(12.2) Any finite-dimensional representation V of slyC has a decomposition
V=a,
where V, is an eigenspace for ly and a ranges over a finite subset of )*.

This is, in fact, a special case of a more general statement: for any semisimple
Lie algebra g, we will be able to find an abelian subalgebra ) = g, such that
the action of h on any g-module V will be diagonalizable, i.e., we will have a
direct sum decomposition of V inlo eigenspaces ¥, for .

Having decided what the analogue for ol,C of H e ¢l,C is, let us now

consider what will play the role of X and Y. The key here is to look at the
commulation relations

(H,X]=2X and [H, ¥Y]= -2V

in l,C. The correct way to interpret these is as saying that X and Y are
eigenvectors for the adjoint action of H on sl,C. In our present circumstances,
then, we want to look for eigenvectors (in the new sense) for the adjoint action
ol b on #l,C. In other words, we apply (12.2) to the adjoint representation of
sl,C to obtain a decomposition

al,C = h & (Dag,) (12.3)

where o ranges over a finite subset of b* and | acts on each space g, by scalar
multiplication, i.e., for any H el and ¥ e q,,

[H, Y] = ad(H)(¥) = a(H) Y.

This is probably easier 1o carry out in practice than it is (o say; we are being
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longwinded here because once this process is understood it will be straight-
forward Lo apply it to the other Lie algebras. In any case, to do il in the present
circumsiances, we just observe that multiplication of a mairix M on the left
by a diagonal matrix [? with entries a; multiplies the ith row of M by a,, while
multiplication on the right multiplies the ith column by a;; il the entries of M
are my ;, the entries of the commutator [D, M] are thus (a; — a))m, ;. We see
then that the commutator [D, M] will be a multiple of M for all D il and only
ilall but one entry of M are zero. Thus, il we let E, ; be the 3 = 3 matrix whose
{i, /)th entry is 1 and all of whose other entries are 0, we see that the E, ; exactly
pencrate lhe eigenspaces for the adjoint action of h on g.
Explicitly, we have

a, 0 0
b= 0 a, Oiay+ay+ay=10
0 0 ay

and 50 we can wrile
h* = C{L,, Ly, Ly}AL, + Ly + Ly =0},

a 0 0

L0 a 0O ) = ;.
0 0 a,

The linear functionals o € b* appearing in the direct sum decomposition (12.3)

are thus the six functionals L, — Lj; the space Air,-1, Will be generated by the
element E, ;. To draw a picture

where

(12.4)

The virtue of this decomposition and the corresponding picture is that we
can read off from it pretty inuch the entire siructure of the Lie algebra. OF
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course, the action of  on g is cear from the picture: § carries each of the
subspaces p, into itsell, acting on each g, by scalar multiplication by the linear
functional represented by the corresponding dot. Beyond that, though, we can
also see, much as in the case of representations of sl C, how the rest of the Lie
algebra acts. Basically, we let X be any element of g, and ask where ad(X)
sends a given vector ¥ € g the answer as belore comes from knowing how |

acts on ad{X){¥). Explicitly, we let H be an arbitrary element of [ and as on
page 148 we make the

Fundamental Calewlation (second rime):

[H,[X, Y]] =[X,[H, Y]] + [[H, X]. Y]
= [X, fiH) Y] + [alH}) X, ¥]
= (x(H) + f(H)-[X, Y1.

In other words, [X, ¥] = ad{X)(¥) is again an eigenvector for I, with eigen-
valwe @ + fi. Thus,

ad(g,): ag =* Ga4pi

in particular, the action of ad(g,) preserves the decomposition (12.3) in the
sense (hal it carries each eigenspace g, into another. We can interprei this in
terms of the diagram (12.4) of eigenspaces by saying that each g, acts, so to
speak, by “Lranslation”; thal is, it carries each space g, corresponding to a dot
in the diagram into the subspace g,,, corresponding to that dot translated by
a. For example, the action of g, -, may be pictured as

Ly-Ly
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ie,itcarriesg, ;. inlo gy, p;8;,-, intobihinto gg ;. 0p,-, into g,y
and kills gy, g, 00, -1, and g, ;. Ol course, not all the data can be read off
of the diagram, at least on the basis on what we have said so far. For example,
we do not at present see from the diagram the kernel ofad{a,, -} on b, though
we will see later how Lo read this off as well. We do, however, have al least a
pretty good idea of who is doing what to whom.

Pretty much the same picture applies to any representation ¥ of sl,C: we
start from the eigenspace decomposition V' = @V, for the action of i that we
saw in {12.2). Next, the commutation relations for sl, C tell us exactly how the
remaining summands of the decomposition {12.3) of sl,C act on the space ¥,
and again we will see that each of the spaces g, acts by carrying one eigenspace
¥y into another. As usual, for any X € g, and v € ¥, we can tell where X will
send v il we know how an arbitrary element H € i will act on X{v). This we
can determine by making the

Fundamental Calowlation (third timef

HUX () = X(H(v) + [H, X](0)
= X(P(H)  ©) + ((H) X)(v)
= ((H) + (1)) X(0).

We see from this that X{v) is again an eigenvector for the action of b, with
eigenvalue o -+ fi; in other words, the action of g, carries ¥ to ¥, ,. We can
thus represent the eigenspaces V, of V by dots in a plane diagram so that each
n, acts again “by translation,” as we did for representations of sl,C in the
preceding lecture and the adjoint representation of sl,C above. Just as in the
case of sl,C (page 148), we have

Observation 12.6. The eigenvalues a occurring in an irreducible representation
of sl,C differ from one other by integral linear combinations of the vectors
L—Lehe.

Mote that these vectors L, — L; generale a lattice in y*, which we will denote
by Ay, and that all the « lie in some translate of this lattice.

At this point, we should begin to introduce some of the terminology that
appears in this subject. The basic object here, the eigenvalue = e h* of the
action ol h on a representation V of g, is called a weight of the representation;
the corresponding eigenvectors in ¥V, are called, naturally enough, weight
vectors and the spaces ¥, themselves weight spaces. Clearly, the weights that
occur in the adjoint representation are special; these are called the roots of
the Lie algebra and the corresponding subspaces g, = g root spaces; by
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convention, zero is not a root. The laitice Ay = §* penerated by the roots o
is called the root lattice.

To sec what the next step should be, we go back to the analysis of represen-
tations of sl, C. There, at this stage we continued our analysis by going (o an
extremal eigenspace ¥, and taking a vector v € ¥,. The point was that since I}
was extremal, the operator X, which would carry ¥, to ¥z, would have lo
kill v; 50 that ¢ would be then both an eigenvector for H and in the kernel of
X. We then saw that these two facts allowed us to completely describe the
representation Vin terms of images of v,

What would be the appropriately analogous setup in the case of e[ ,C7 To
start at the beginning, there is the question of what we mean by extremal: in
the casc of sl,C, since we knew that all the eigenvalues were scalars differing
by integral multiples of 2, there was not much ambiguity about what we meant
by this. In the present circumstance this does involve a priori a choice (though
as we shall see the choice does nol affect the outcome). we have to choose a
direction, and look for the farthest = in that direction appearing in the
decomposition {12.3). What this means is that we should choose a linear
functional

i:h!—ln.

extend it by linearity to a linear functional 1 §* — C, and thep for any
representation ¥ we should go to the cigenspace ¥, for which the real part of
l{a) is maximal.? Of course, to avoid ambiguily we should choose [ to be
irrational with respect to the lattice Ag, that is, to have no kernel.

What is the point of this? The answer is that, just as in the case of a .
represcntation ¥ oof sl,C we found in this way a vector ve V' that was
simultaneously in the kernel of the operator X and an eigenvector for H, in
the present case what we will find is a vector ¢ € V, that is an eigenvector for
b, and at the same time in the kernel of the action of ay for every [} such that
() = O0—that is, that is killed by half the root spaces g, (specifically, the root
spaces corresponding to dots in the diagram (12.4) lying in a hall plane). This
will likewise give us a nearly complete description of the representation V.

To carry this out explicitly, choose our lunctional [ to be given by

la Ly + a3L; + ayL,) = aa, + ba, + cay,

where @ + b 4+ ¢ =0 and a > b > ¢, so that the spaces g, = g for which we
have [{x) > 0 are then exactly ag, ., 85,-1,. 30d g, -,; they correspond 1o
matrices with one nonzero entry above the diagonal.

* The real-versus-comples business is a red herring since (it will turn oul very shorily) all the
eigenvalues @ actually occurring in any representation will in fact be in the real (in fact, the
rational} linear span of Ay,
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(127m

Thus, for i < J, the matrices E, ; generate the positive root spaces, and the Ej,
generate the negative root spaces. We'sel

H,,= [E!.:- E:,!] =E.,- E, . (12.8)

Mow lct ¥ be any irreducible, finite-dimensional representation of sl,C,
The upshot of all the abowve is the

Lemma 12.9. There is a vector ve V with the properties that

(i) ©is an eigenvector for by, ie. ve ¥, for some a; and
(i) vis killed by E, 5, E, y, and E, 5.

For any representation ¥ of ¢l,C, a vector v € ¥ with these properties is
called a lighest weight vector.

In the case of sl,C, having found an eigenvector o for H killed by X, we
argued that the images of ¢ under successive applications of ¥ gencrated the
representation. The siluation here is the same: analogous to Claim 11.4 we
have

Claim 12.10. Let V be an irreducible representation of e1,C, and v e V a highest
weight vector. Then V is generated hy the images of v under successive applica-
tions of the three operators E, |, By, and E, 5.

Before we check the claim, we nole three immediate consequences. First,
_ it says that all the cigenvalues ff € b* occurring in ¥ lie in a sort of {-plane
with corner at a:
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Second, we see that the dimension of ¥, itsell is 1, so that v is the unique
eigenvector with this eigenvalue (up to scalars, of course). (We will see below
that in fact v is the unique highest weight vector of ¥ up to scalars; see
Proposition 12.11.) Lastly, it says that the spaces ¥,y p, -0, and Ve, -1y
are all at most one dimensional, since they must be spanned by (E,_; (v) and
(Es ;J'{v), respectively.

Proor oF CLaM 12.10. This is formally the same as the proof of the corre-
sponding statement for sl, C: we argue that the subspace W ol ¥ spanned by
images of v under the subalgebra of s, C generated by E, |, E, ;, and E, 4 is,
in fact, preserved by all of sl,C and hence must be all of ¥. To do this we just
have to check that E; , E; ;, and E, ; carry W into itsell {in fact it is enough
to do this for the first two, the third being their commutator), and this is
straightforward. To begin with, v itsell is in the kernel of E, ;, E; 4, and E, ,
s0 there is no problem there. Next we check that E, , (v} is kept in W: we have

Ey 3(E; o{v)) = (Ey (Ey 3(0)) + [Ey 3, E; 1 1(¥)
- W{{EL,J- Ey 1)
since Ey (v} = Oand [E; ;, E; ,]eh: and

Ey slEq (1)) = (Eq ((Eq () + [Eg, 50 Es  1E)
=0

since E,; 4(v) =0 and [E; 5, E; ;] =0. A similar computation shows that
E, ;(v} is also carried into V by E, ; and E, ;.

More generally, we may argue the claim by a sort of induction: we let w, .
denote any word of length n or less in the letters E; , and E, , and take W,
to be the vector space spanned by the vectors w,(v) for all such words; note
that W is the union of the spaces W, since E, | is the commutator of E, , and
E, - We claim that E, ; and E, 4 carry W, into W,_,. To see this, we can
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wrile w, as either E; ; o w,_, or E; 3 o w,_,; in either case w,_, (v} will be an
eigenvector for b with cigenvalue [ for some /1. In the former case we have

E\ 3(wa(v)) = Ey 5(E;,  (wa-i ()
= Ey (Ey y(Wai (D)) + [E, 5, E;  J(w,-,(v))
€ Ey ((W,_3) + PILE, 3. E3 1) w, (V)
= Wy
since [E, 5, E; ] € b;and
E;, s(wa(t)) = E 3(E; y(Wa-y(0))
= E; y(Eq3lway(t))) + [E; 5, Eg s J(w,-,(0))

e By (W,-3)

= wl—l
since [E; 4, E, ;] = 0. Essentially the same calculation covers the latter case
w, = E, ; o w,_,, establishing the claim. O

This argument shows a little more; in fact, it proves

Proposition 1211 If V is any representation of sl,C and ve V is a highest
weight vector, then the subrepresentation W of V generated by the images
of v by successive applications of the three operators E, . Es ;, and E, 5 is
irreducible.

Proor. Let & be the weight of v. The above shows that W is a subrepresenta-
tion, and it is clear that ¥, is one dimensional. If W were not irreducible, we
would have W = W' @ W" for some representations W' and W*. But since
projection to W' and W" commute with the action of b, we have W, =
WS @ W, This shows that one of these spaces is zero, which implics that v
belongs to W' or W*, and hence that W is W or W". O

As a corollary of this proposition we see that any irreducible representation
of slyC has a unique highest weight vector, up Lo scalars; more generally, the
sel of highest weight vectors in ¥ forms a union of linear subspaces ¥y,
corresponding to the irreducible subrepresentations W ol ¥, with the dimen-
sion of ¥y equal to the number of times W appears in the direct sum
decomposition of ¥ into irreducibles.

What do we do next? Well, let us continue to look at the border vectors
{E;.,)'(v). We call these border vectors because they live in (and, as we saw,
span) a collection of eigenspaces ., uer,-1,» Ses 20, -1,p -+ - thal correspond
to points on the boundary of the diagram above of possible eigenvalues
of ¥ We also know that they span an uninterrupted string of nonzero eigen-
SPACES 1, paqy, -y = O, k=10, 1, ..., until we get to the first m such that
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(E;.,)"(v) = 0; after that we have g, ,uq,-s,, = (0) for all k = m. The picture
is thus:

(12.12)

where we have no dots above/to the right of the bold line, and no dots on that
line other than the ones marked.

The obvious question now is how long the string of dots along this line is.
One way to answer this would be to make a calculation analogous to the ong
in the preceding Jecture: use the compulation made above to say explicitly for
any k what multiple of (E;_;)* ' (v) the image of (E; , /(1) under the map E, ,
is, and use the fact that (E; ,"(v) = 0 o determine m. It will be simpler—
and more useful in general—il instead we just use what we have already
learned about representations of si; C. The point is, the elements E, ; and E; |,
together with their commutator [E, 3, E; ;1= H, ;, span u subalgebra of «l,C
isomorphic to s1,C via an isomorphism carrying E; 5, E; , and H, 5 to the
elements X, ¥ and H. We will denote this subalgebra by s, _,, (the notation
may appear awkward, but this is a special case of a general construction). By
Lhe description we have already given of the action of sl,C on the representa-
tion ¥ in terms of the decomposition ¥ = (B F,, we see that the subalgebra
8y, -y, Will shill eigenspaces ¥, only in the direction of Ly — L,; in particular,
the direct sum of the eigenspaces in question, namely the subspace

W= @gﬂ“h_,ﬂ, (12.13

of ¥ will be preserved by the action of s, ., . In other words, W is a
representation of sy, = sl; € and we may deduce from this that the eigen-
values of H, ; on W are integral, and symmetric with respect to zero. Leaving
aside the inlegrality for the moment, this says that the string of dots in diagram
(12,12} must be symmetric with respect to the line H, ;, L) = (in the plane
i*. Happily {though by no means coincidentally, as we shall see), this line is
perpendicular to the line spanned by L, — L, in the picture we have drawi;
50 we can say simply that the siring of dots eccurring in diagram (12.12) is
preserved under reflection in the line {H, 5, Ly = 0.

In general, for any i #j the elements E; ; and E;;, together with their
commutator [E; j, E; .1 = H; ;, span a subalgebra s, of el 00 isomorphic
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to sl C via an isomorphism carrying E, ;. E;,. and H, ; to the elements X, ¥,
and H. (Note that M, ;= —H, ;) Analyzing the action of the subalgebra
&1, in particular then shows that the string of dots corresponding to the
eigenspaces q,,,(Ly — Ly) is likewise preserved under reflection in the line
{Hy 3, Ly = 0in h*. The picture is thus

(Hyg k> =0

A VAVAVA
VAVAVAS VAV
uvmﬁ;»'« A

VAVAVAVAV, V.

AVAVAYA'Y
VAVAN

Let us now take a look at the last eigenspace in the first string, that is, Fj
where m is as before {he smallest integer such that (E; ,)"(v) =0 and fi =
w+ (m — 1)Ly — L) If v" € ¥y is any vector, then, by definition, we have
E;, (v} = 0; and since there are no eigenspaces ¥V, corresponding to y above
the bold line in diagram (12.12), we have as well that E; 4{v') = E, 40"} =0
Thus, v', like v ilsell, satishes the stalement of Lemma 129, excepl for the
exchange of the indices 2 and 1; or in other words, if we had chosen the linear
functional | above differently— precisely, with coeflicients b > a > c—then
the vector whose existence is implied by Lemma 129 would have turned out
lo be v’ rather than v. If, indeed, we had carried out the above analysis with
_ respect to the vector v' instead of v, we would find tht all eigenvalues of ¥
occur below or Lo the right of the lines through f in the directions of L, — L,
and Ly — L,, and that the strings of eigenvalues occurring on these two lines
were symmetric about the lines {H, ,, L) = 0 and {H, ,, L} =0, respec-
tively. The picture now is

CHyp L rwd

¢ L3=0 CHy Ly=0

LYANAYAVA
VAVAVAS
KK

My, LywD



172 12. Representations of sl,C, Parl |

Meedless Lo say, we can conlinue Lo play the same game all the way around:
at the end of the string of eigenvalues {fi + k(L = L;)} we will arrive at a
vector v” that is an eigenvecior for b and killed by E, , and E; ,, and to which
therefore the same analysis applies. In sum, then, we see that the set of
eigenvalues in ¥ will be bounded by a hexagon symmetric with respect to the
lines (M, ;, L) =0 and with one vertex at ; indeed, this characterizes the
hexagon as the convex hull of the union of the images of « under the group
of isometries of the plane generated by reflections in these three lines.

CHypLy=0 g Ly=0

A AVA‘»‘WQAe
AV NaYAYa%Va%A
AVAVAVAVAVAVAS \WA
AV} AVAVAVAVAV/ V.
NAAvAYAYAVAYA'
¢ \/\/\/ \ X7

AVAVL7AY

S VAVAV

(g, Ly=0 (12.14)

We will see in a moment that the set of eigenvalues will include all the points
congruent to & modulo the lattice A, generated by the L, — L, lying on the
boundary of this hexagon, and that each of these cigenvalues will occur with
multiplicity one.

The use of the subalgebras s, _, does not stop here. For one thing, observe
that as an immediate consequence of our analysis of s[,C, all the eigenvalues
of the elements H,  must be integers; it is not hard to see that this means that
all the cigenvalues occurring in (12.2) must be integral linear combinations of
the L;, i.c., in terms of the diagrams above, all dots must lie in the lattice Ay
of interstices (as indeed we have been drawing them). Thus, we have

Proposition 12.15. All the eigenvalues of any irreducible finite-dimensional
represeniation of slyC must lie in the lattice Ay = W* generated by the L; and
be congruent modulo the lactice Ay = b* generated by the L, — L,

This is exactly analogous to he situation of the previous leclure: there we
saw Lhat the eigenvalues of If in any irreducible, finite-dimensional representa-
tion of sl,C lay in the lattice Ay, = 7 of linear forms on CH integral on H,
and were congruent 1o one another modulo the sublattice A g = 2+ £ generated



1. Representations of el C, Part | 173

by the eigenvalues of 17 under the adjoint representation, Note that in the case
of s, C wehave Ay /A g = Z/2, while in the present case we have Ay /Ay = Z/3;
we will see later how this reflects a general patlern. The lattice A, is called
the weight lattice.

Exercise 12.16. Show that the two conditions that the eigenvalues of V are
congruent to one another module Ay and are preserved under refllection in
the three lines (H, ;, L) = 0 imply that they all lie in Ay, and that, in fact,
this characterizes Ay

To continue, we can go into the interior of the diagram (11.14) of eigen-
values of ¥ by observing that the direct sums (12.13) are not the only visible
subspaces of V preserved under the action of the subalgebras s, _, ; more
generally, for any f# € h* appearing in the decomposition (12.2) and any i, j the

direct sum
W= @ D+ wihy- Ly

will be a representation of %1,-1, (not necessarily irreducible, of course}; in
particular it follows that the values of k for which ¥y, # (0) forin an
unbroken string of integers. Observing that if f is any ol the “extremal”
eigenvalues pictured in diagram (12.14), then this string will include another;
so that all eigenvalues congruent to the dots pictured in diagram (12.14) and
lying in their convex hull must also occur. Thus, the complete diagram of

AR
LONL

ez
s

(1217

We can summarize this description in

Proposition 1218, Let ¥ be any irreducible, finite-dimensional representation
of slyC. Then for some a € Ay = b*, the set of eigenvalues occurring in V ix
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exactly the sel of linear functionals congruent fo @ modulo the lattice Ag and
lying in the hexagon with vertices the images of « under the group generated by
reflections in the lines (H, ,, Ly = 0.

Remark, We did, in the analysis thus far, make one apparently arbitrary choice
when we defined the notion of “extremal” cigenvalue by choosing a lincar
[unctional { on h*. We remark here that, in fact, the choice was not as broad
as might at first have appeared. Indeed, given the lact that the configuration
of eipenvalues oceurring in any irreducible linite-dimensional representation
of sl,C is always cither a triangle or a hexagon, the “extremal”™ eigenvalue
picked out by I will always turn out to be one of the three or six vertices of
this ligure; in other words, if we define the linear functional [ to take a, L, +
ayLy + ayliy to aa; + ba, + eay, then only the ordering of the three real
numbers a, b, and ¢ matters. Indeed, in hindsight this choice was completely
analogous to the choice we made (implicitly) in the case of s, C in choosing
one of the two directions along the real line,

We said at the outset of this lecture that our goal was to arrive at a
description of representations of l,C as complete as that lor sl,C. We have
now, certainly, as complete a description of the possible confligurations of
eigenvalues; but clearly much more is needed. Specifically, we should have

an existence and unigueness theorem;

an explicit construction ol each representations, analogous to the statement
that every representation of sl;C is a symmetric power of the standard; and

for the purpose of analyzing tensor products of representations of sl,C, we
need a description not just of the set of eigenvalues, but of the multiplicities
with which they oceur,

{Mote that the last question is one that has no analogue in the case of sl,C:
in both cases, any irreducible representation is penerated by taking a single
eigenvector v e ¥, and pushing it around by elements of g,; but whereas in the
previous case there was only one way Lo get from ¥, to Fy—that is, by applying
¥ over and over again—in the present circumsiance there will be more than
one way of gelting, for example, from ¥, to ¥, _, ; and these may yield
independent eigenvectors.) This has been, however, already too long a lecture,
and so we will defer these questions, along with all examples, to the next



LECTURE 13

Representations of sl;C, Part II:
Mainly Lots of Examples

In this leclure we complete the analysis of the irreducible representations of sl,C,
culminating in §13.2 with the answers (o all three of the questions raised at the end of
the last lecture: we explicilly construct the unique irreducible representation with given
highest weight, and in particular determine its multiplicities. The latler lwo sections
correspond to §11.2 and §11.3 in the lecture on «i,C. In particular, §13.4, like §11.3,
involves soime projective algebraic geometry and may be skipped by those lo whom
this is unfamiliar,

§l3.1: Examples

§12.2: Description of the irreducible representations
§13.3: A little more plethysm

§13.4: A lintle more geometric plethysm

§13.1. Examples

This lecture will be largely concerned with studying examples, giving construc-
tions and analyzing tensor products of representations of sl,C. We start,
however, by al least staling the basic existence and uniquencss theorem that
provides the context for this analysis,

To state this, recall from the previous lecture than any irreducible, finite-
dimensional representation of 1,C has a vector, unique up to scalars, that is
simultaneously an eigenvector for the subalgebra b and killed by the three
subspaces oy, 4y, g, and g, ;. We called such a vector a highest weight
rector of the representation V: its associated eigenvalue will, of course, be
called the highest weight of V. More generally, in any [finite-dimensional
representation W ol s1, C, any vector v € W with these properties will be called
a highest weight veclor; we saw that it will generate an irreducible sub-
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representation ¥ of W Finally, from the deseription given in the last lecture
of the possible configurations of eigenvalues for a representation of sl,C, we
sct that any highest weight vector must lie in the (§)-plane described by the
inequalitics <M, 5, Ly = 0 and {H, 4, Ly =0, ie, it must be of the form
fa + B)L, + bL; = aL, — bL, for some pair of non-negative integers a and
bh. We can now slate

Theorem 13.1. For any pair of natural migebers a, b there exists a unique
frreducible, finite-dimensional representation T,y of &1,€ with highest weight
ﬂL| -— bL,.

We will defer the proof of this theorem until the second section of this
lecture, not so much because it is in any way difficult but simply because it is
time to get Lo some examples. We will remark, however, that whereas in the
case of sl,C the analysis that led to the concept ol highest weight vector
immediately gave the uniqueness part of the analogous theorem, here to
establish uniqueness we will be lorced to resort to a more indirect trick. The
proof of existence, by contrast, will be very much like that of the corresponding
statement for el,C: we will construct the representations I, out of the
standard representation by multilinear algebra.

For the time being, though, we would like to apply the analysis of the
previous lecture to some of the obvious representations of sl,C, partly to gain
some familiarity with what goes on and partly in the hopes of seeing a general
mulltilinear-algebraic construction.

We begin with the standard representation of sl,C on ¥ = C Of course,
the eigenvectors for the action of [ are just the standard basis veclors e, €5,
and ey; they have eigenvalues L, , L, and L,, respectively. The weight diagram
for ¥ is thus

Mext, consider the dual representation F*. The eigenvalues of the dual of
a representation of a Lie algebra are just the negatives of the eigenvalues of
the original, so the diagram of F* is
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Alternatively, of course, we can just observe that the dual basis veclors e} are
eigenvectors with eigenvalues —L,.

Mote that while in the case of sl,€ the weights of any representation were
symmetric about the origin, and correspondingly each represeniation was
isomorphic to its dual, the same is not true here (that the diagrams for ¥ and
¥* look the same is a reflection of the fact that the two representations are
carried into one another by an automorphism of sl,C, namely, the auto-
morphism X+ —'X), Observe also that ¥* is also isomorphic to the repre-
sentation A2V, whose weights are the pairwise sums of the distinct weights of
¥; and that likewise ¥ is isomorphic as representation to AV,

Mext, consider the degree 2 tensor products of ¥ and *. Since the weighis
of the symmetric square of a represeniation are the pairwise sums of he weights
of he original, the weight diagram of Sym?*V will look like

and likewise the symmetric square Sym*¥'* has weights { - 2L, — L, - L;} =
(=20, — 2Ly, Ly }:
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We see immediately from these diagrams that Sym?V and Sym?V* are
irreducible, since neither collection of weights is the union of two collections
arising from representations of sl,C.

As for the tensor product V@ V*, its weights are just the sums of the
weights {L;} of ¥V with those { — L,} of ¥'*, that is, the linear functionals L, — L;
(each occurring once, with weight vector &, @ e ) and 0 {occurring with multi-
plicity three, with weight vectors ¢; @ e ). We can represent these weights by
the diagram

where the triple circle is intended Lo convey the fact that the weight space ¥y
is three dimensional. By contrast with the last two examples, this representa-
tion is nol irreducible: there is a linear map

V@ VF*=C
given simply by the contraction

0@ u* - o, u*y = u*v)
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(or, in terms of the identification ¥ @& F* = Hom(¥, V), by the trace) that is
a map of sl;C-modules (with T the trivial representation, of course). The
kernel of this map is then the subspace of ¥ @& V'* of traceless matrices, which
is just the adjoint representation of the Lie algebra ol, C and is irreducible [we
can see Lhis either from our explicit description of the adjoint representation—
for example, E,  is the unique weight vector for | killed by g, ;. 0,41,
and g, —or, if we take as known the fact that 5L,C is simple, from the
fact that a subrepresentation of the adjoint representation is an ideal in a Lie
algebra, and exponentiates to a normal subgroup, cf. Exercise 8.41.)

{Physicists call this adjoint representation of sl,C {or SU(3)) the “eightfold
way,” and relate its decomposition to mesons and baryons. The standard
representation V is related to “quarks™ and V'* lo “antiguarks.” See [5-W],
[Mack].)

(We note that, in general, il V is any [aithful representation of a Lie algebra,
the adjoint representation will appear as a subrepresentation of the tensor
V@ K*)

Let us continue now with some of the triple tensor products of ¥V and V*,
which will be the last specific cases we look al. To begin with, we have the
symmetric cubes Sym®* ¥ and Sym* V'*, with weight diagrams

and
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respeclively. In general it is clear that, in terms of the description given in
the preceding lectuore of the possible weight diagrams of irreducible repre-
sentations of sl,C, the symmeltric powers of ¥ and V* will be exactly the
representations with triangular, as opposed to hexagonal, diagrams.

1t also follows from the above description and the fact that the weights of
the symmetric powers Sym"V occur with multiplicity 1 that Sym"V and
Sym"F* are all irreducible, i.e, we have, in the notation of Theorem 13.1,

Sym"V =T, , and Sym"¥V*=T, .

By way of notation, we will olten write Sym"V in place of T, ;.

Consider now the mixed tensor Sym?V @ ¥*. lts weights are (he sums of
the weights of Sym? V—that is, the pairwise sums of the L;— with the weights
of ¥*; explicitly, these are L, + Ly — L, and 2L, — L; (each occurring onee)
and the L, themselves (cach occurring three times, as L, + L; — L)). Dia-
grammatically, the representation looks like

MNow, we know right off the bat that this is not irreducible: we have a natural
map

rSymiv@ Ve v
given again by contraction, that is, by the map
vw @ u* s (o, ut w4 (w, u*) e,

which is a map of sly C-modules." What does the kernel of this map look like?
Of course, its weight diagram is

! Another way lo sec (hat Sym® ¥ @ V* Is not Irreducible is to observe that il a representation
W is generated by n highest weight vector v of weight 2L, — L,, a8 Sym?* ¥ @ ¥* must be if it is
irreducible, the eigenvalue I, can be taken with mulliplicity at most 2, the corresponding
eigenspace heing generated by £y = By yirdand E; o E, 5(r).
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and we know one other thing: certainly any vector in the weight space of
1L, — Ly—that is to say, of course, any multiple of the veclor e] @ e3—-is
kilied by g, 1. 95, -1,» and gy, 50 that the kernel of 1 will contain an
irreducible representation T = Iy, with 2L, — L, as its highest weight. Since
" must then assume every weight of Ker(r), there are exactly two possibilities:
either Ker(1}) = I', which assumes the weights L, with multiplicity 2; or all the
weights of I occur with multiplicity one and Ker() = T V.

How do we scttle this issue? There are at least three ways. To begin with,
we can try to analyze directly the structure of the kernel of 1. An alternative
approach would be to determine a priori with what multiplicities the weights
of I, , are taken. Certainly it is clear that a formula giving us the latter
information will be tremendously valuable—it would for one thing clear up
the present confusion instantly—and indecd there exist several such, one of
which, the Weyl character formula, we will prove later in the book. [We will
also prove the Kostant multiplicity formula, which can be applied to deduce
directly the independence statement we arrive at below.) As a third possibility,
wecan identify the represeniations I, , as Weyl modules and appeal to Lecture
6. Rather than invoke such gencral formulas at preseni, however, we will Lake
the first approach here. This is straightforward: in terms of the notation
we have been using, the highest weight vector for the representation
T'e Sym*¥ @ ¥* is the vector e] @ 3, and so the eigenspace I, = I with
eigenvalue L, will be spanned by the images of this veclor under the two
compositions E; | o E, ; and E, ; ¢ E, ,. These are, respectively,

Ey o Ey el @el)=E; (E; (e]) @et + el ®E, 3(e3))
=E; (-ei@e})

= —2e, )@t +el@et
and

Ey e E:,L{ff @ell= Ej.:sz,lif:}@fI +el® E; le3))
= E,; 3((2¢, ;)@ e3)
= ey ey) B et — ey e, ) D et
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Since these are independent, we conclude that the weight L, does occur in I
with multiplicity 2, and hence that the kernel of y is irreducible, ie,

Symifr@vetz=T, @V

§13.2. Description of the Irreducible Representations

At this point, rather than go on with more examples we should state some of
the general principles that have emerged so far. The first and most important
{though pretty obvious) is the basic

Observation 13.2. [f the representations V and W have highest weight vectors
voand w with weights @ and [}, respectively, then the vector v @ we Vi@ Wis
a highest weight vector of weight o + 1.

Of course, there are numerous generalizations of this: the vector v™ € Sym*V
is a highest weight vector of weight na, ete.? Just the basic stalement above,
however, enables us to give the

ProoF oF THEOREM 13,1, First, the existence statement lollows immediately
from the observalion: the representation Sym* ¥ @ Sym®F* will contain an
irreducible subrepresentation T, , with highest weight alL, — bL,.

The unigueness part is only slightly harder (il less explicit): Given
irreducible representations ¥ and W with highest weight o, letve Vand we W
be highest weight vectors with weight . Then (v, w} is again a highest weight
vector in the representation V @ W with highest weight «; let U c V@B W
be the irreducible subrepresentation generated by (v, w). The projection
maps ®;: U= ¥ and n;: U — W, being nonzero maps between irreducible
representations of sl, C, must be isomorphisms, and we deduce that ¥V = W,

O

Exercise 133%, Let 5, be the Schur functor introduced in Lecture 6. What
can you say about the highest weight vectors in the representation 5,(V)
obtained by applying it to a given representation V7

To continue our discussion of tensor products like Sym* V' @ Sym® V* in
general, as we indicated we would like to make more explicit the construction
of the representation T, ,, which we know to be lying in Sym®V @ Sym® V',
To hegin with, we have in general a contraction map

1, 5: SYM*¥ @ Sym* ¥'* = Sym* ' ¥ @ Sym" ' ¥+
analogous to the map 1 introduced above; we can describe this map either
{in fancy language) as the dual of the map from Sym®™'V & Sym"™'V*
to Sym*¥ @ Sym®V* given by multiplication by the identity clement in

¥ Oine slightly lesa obvious statement bs this: if the weighia of ¥ are oy, oy, a2, ., with iz, ) > Hz;) >
oo o IhEn A7 ¥ possesses o highest weight vector weight e, + <=+ 4 a,. Mole that since the ordering
af the: o, may in foct depend on the choice of [{even with the restriction a = b = ¢ on the coefficents
of I as abowe), this may in some cases imply Uhe existence of severnl subrepresentations of A*F,
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V& ¥* = Hom(V, V), or, concretely, by sending
(o) @ (o} ... 0f)
P IR ST UIRNET USSR T T ST SRR |

Clearly this map is surjective, and, since the target does not have eigenvalue
al, — bL,, the subrepresentation T, , = Sym®V @ Sym*¥* must lie in the
kernel. In fact, we have, just as in the case nI'Sj,rm’ ¥ @ ¥* above,

Claim 13.4. The kernel of the map i, is the irreducilile representation T, 5.

We will defer the proof of this for a moment and consider some of its
consequences. To begin with, we can deduce [rom this assertion the complete
decomposition of Sym® ¥ @ Sym®* ¥*: we imust have (il, say, b < a)

b
Sym*V @ Sym"V* = BT, 4 (13.5)
i=0

Since we know, a priori, all the multiplicities of the eigenvalues of Lhe tensor
product Sym® ¥ @ Sym*¥*, this will, in turn, determine (inductively at least)
all the multiplicities of the representations T, ,. In fact, the answer turns
oul Lo be very nice. To express il, observe first that if @ = b, the weight dia-
gram of either T, , or Sym® ¥ @ Sym® ¥ * looks like a sequence of b shrinking
concentric (not in general regular) hexagons H, wilh vertices at the points
{a—iL, —{b—i)Lyfori=0,1,..., & — |, lollowed (afier the shorler three
sides of the hexagon have shrunk to points) by a sequence of [{a — h)f3] + 1
triangles T, with vertices at the points (@ — b — 3J)L, for j=0, 1, ...,
[{a — b)/3] (it will be convenient notationally to refer to T, as H, occasionally),
Diagram (13.6) shows the picture of the weights of Sym® V @ Sym? V'*;

(13.6)
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(Note that by the decomposition (13.5), the weights of the highest weight
vectors in Sym® ¥ @ Sym® ¥* will be al, — bLy, (@ — 1)L, — (b — 1)Ly, ...,
{a — b)L,, as shown in the diagram )

An examination of the representation Sym* ¥V @ Sym® ¥* shows that it has
multiplicity (i + 1}{(i + 22 on the hexagon H;, and then a constant multi-
plicity (& + 1)(b + 2)/2 on all the triangles Tj; and it follows from the decom-
position (13.5), in general, that the representation I, , has multiplicity (i + 1)
on H,and b on T, In English, the nultiplicities of T, , increase hy one on each
af the concentric hexagons of the eigenvalue diagram and are constant en the
iriangles. Note in particular that the description of I, , in the preceding
seclion is a special casc of this.

Proor oF Craim 13.4. We remark first that the claim will be implied by the
Weyl character formula or by the descriplion via Weyl's construction in
Lecture 15; so the reader who wishes to can skip the following without dire
consequences to the logical structure of the book. Otherwise, observe
first that the claim is equivalent to asserting the decompdsition {13.5)
this, in turn, is equivalent to the statement that the representation
W = Sym*V @ Sym"¥* has exactly & + | irreducible components (still
assuming a = h). The irreducible factors in a representation correspond
to the highest weight vectors in the representation up to scalars, so in
sum the claim is equivalent to the assertion that the eigenspace W, of
Sym®V @ Sym® V'* contains a unique highest weight vector (up to scalars) if a
is of the form (a — i)L, — (b — i)L, for i < b, and none otherwise; this is whal
we shall prove.

To begin with, the “none otherwise™ part of the statement follows (given
the other) just from looking at the diagram: if, for example, any of the
eigenspaces W, corresponding to a point = on a hexagon H, (other than the
vertex (o — )L, — (b —i)L; ol H,} possessed a highest weight vector, the
muitiplicity of @ in W would be strictly greater than of (a — i}L, — (b — i)L,,
which we know is not the case; similarly, the fact that the multiplicities of W
in the trinngular part of the cigenvalue diagram are constant implies that there
can be no highest weight vectors with cigenvalue on a T for j = 1. Thus, we
just have to check that the weight spaces W, for @ = (a — i}L, — (b — )L,
contain only the one highest weight vector we know is there; and we do this
by explicit calculation.

To start, for any monomial index I = (i, i, {;) of degree } i, = i, we denote
bye' & Sym'V the corresponding monomial | | (e) and define (e*)' € Sym'V*
similarly. We can then write any element of the weight space W, o0, -,
of Sym*V @ Sym® ¥'* as

v=3 (e e) @ ((e3) " (e*)).

In these terms, il is easy to write down the action of the two operators E, 4
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and E, ,. First, E; , kills both e, € ¥ and e} € ¥*, 50 thal we have

E 2(lef™ " e ) @ (e (e*))
=iy(el™ " e") @ ((ed) " (e*))
—iy(ef** ey @ (3] " (e*)"),

where I'= (i, + 1,i; — 1, iy) and I" = (i — 1, {; + 1, i,) (and we adopt the
convention that e’ = 0if {, < 0 for any ). It follows that the vector v above is
in the kernel of E, 5 if and only if the coefficients c; satisfly iycp = (i; + Ve
and by the analogous calculation that v is in the kernel of E; 5 il and only il
iyep = (iy + 1)e; whenever the indices [ and J are related by j, =i, j; =
iy 4+ 1, and j, = iy — L. These conditions arc equivalent to saying that the
numbers iy liyliyle, are independent of [. We see, in other words, that v is a
highest weight vector if and only if all the coeficients ¢, are equal to ¢fi, lili,!
for some conslant c. ]

§13.3. A Little More Plethysm

We would like to consider here, as we did in the case of al,C in Lecture 11,
how the tensor products and powers of the representations we have described
decompose. We siart with one general remark: given our knowledge of the
eigenvalue diagrams of the irreducible representations of sl C (with multi-
plicities), there can be no possible ambiguity about the decomposition of any
representation U/ given as the tensor product of representations whose eigen-
value diagrams are known. Indeed, we have an algorithin for determining the
components of that decomposition, as follows:

1. Write down the eigenvalue decomposition of L,

2. Find the eigenvalue a = al.; — bL, appearing in this diagram for which
the value of l{z) is maximal.

3. We now know that Uf will contain a copy of the irreducible representation
=T, e, U=T,& U forsome U'. Since we also know the eigenvalue
diagram of I",, we can thus write down the cigenvalue diagram of U as well.

4. Repeat this process for U,

To see how this goes in practice, consider some examples of tensor products
of the basic irreducible representations described so far. We have already seen
how the tensor products of the symmetric powers of the standard represen-
tation ¥ of el C and symmetric powers of its dual decompose; let us look now
at an example of a more general lensor product ol irreducible representations:
say Vitsell and the representation I' . We start by writing down the weights
of the tensor product: since Ty, has weights 201, — Ly, Ly + L, — Ly, and L,
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{taken twice) and ¥ has weights L,, the tensor product will have weights
3Ly = Ly, 2Ly + Ly — Ly (taken twice), 2L; (taken four times), and L, + L,
(laken five times). The diagram is thus

‘ ‘ ‘1:1 é
KEX KK

S

(One thing we may deduce from this diagram is that we are soon going lo
need a better system for presenting the data of the weights of a representation.
In the future, we may simply draw one sector of the plane, and label weights
with numbers to indicate multiplicities.)

We know right off the bat that the tensor product ¥ @ Iy, contains a copy
of the irreducible representation Iy ; with highest weight 3L, — L,. By what
we have said, the weight diagram of T, is

0
) . ?" é
Bty
[N/

s
(i

so the complement of I'; ; in the lensor product ¥V & [, will look like
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AVAYAVAYAVA
A) %Jf‘f‘fh
2\ #VA"’A‘;V YAVAY/
\VAVAVAVAYAVAVAY
NAYAYa%a%A%Y
V.

One obvious highest weight in this representation is 2L; + Ly — Ly =
Ly = 1L, so that the tensor product will contain a copy of the irreducible
representation Iy ; as well; since this has weight diagram

AVAV# Ax é
SRR
et
QX0

the remaining part of the tensor product will have weight diagram




T
s
e

B

which we recognize as the weight diagram of the symmetric square Sym?V =
I; o of the standard representalion. We have, thus,

Ve rz,l = r:,1$r1.:$r1,n- (137

Exercise 13.8*. Find the decomposition into irreducible representations ol the
ttttt products V@&T, ,, V&I, , and V@&T, ;. Can you find a general
pattern to the outcomes?

As in the case of al,C, the next thing to look at are the tensor powers—
symmelric and exterior—ofl representalions other than the slandard; we
look first at tensors of the symmetric square W = Sym?® V. First, consider
the symmetric square Sym® W = Sym?(Sym?¥)). We know the diagram for

AR
G
K

0

Mow, there is only one possible decomposilion of a representation whose
eigenvalue diagram looks like this: we must have
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Sym(Sym?V)) = Sym* ¥ & Sym? e
Indeed, the presence of the Sym® V laclor is clear: there is an obvious map
g SymA{Sym2 V) — Sym* ¥

obtained simply by multiplying out. The identilication of the kernel of this
map with the representation Sym? ¥* is certainly less obvious, but can still be
made explicit. We can identify ¥* with A* ¥ as we saw, and then define a map

: SymAL V) = Sym(Sym? 1))

by sending the generator (A v)-(w A z) & Sym*(A2VF) to the element
(- w)-(v-2) — (-2} (v- w) & Sym?(Sym? V), which is clearly in the kernel of @.

Exercise 13.9. Verily that this map is well defined and that it extends linearly
to an isomorphism of Sym?(A2 V) with Ker(gp).

Exercise 13.10. Apply the lechniques above lo show that the representation
A (Sym? V) is isomorphic to Iy,

Exercise 13.11. Apply the same techniques to determine the irreducible factors
of the representation /A\*(Sym*V). Note: we will return to this example in
Exercise 13.22.

Exercise 13.12. Find the decomposition into irreducibles of the representa-
tions Sym?(Sym* V) and Sym*(Sym? V) (observe in particular that Hermite
reciprocity has bitten the dust). Describe the projection maps to the various
factors. Mote: we will describe these examples further in the following section,

§13.4. A Little More Geometric Plethysm

Just as in the case of &, C, some of these identifications can also be seen in
geometric terms. To do this, recall from §11.3 the definition of the Veronese
embedding: il P* = PV* is the projective space of one-dimensional subspaces
of ¥*, there is then a natural embedding of P? in the projective space P* =
P(Sym? V*), obtained simply by sending the point [1*] € P? corresponding
to the vector v* € ¥* to the point [¢*?] & P({Sym?V*) associated to the vector
v*2 = p*-v* e Sym? V¥, The image § = P* is called the Veronese surface. As
in the case of the rational normal curves discussed in Lecture 11, i is not hard
to see that the group of automorphisms of P* carrying § into itsell is exactly
the group PGL,C of automorphisms of § = P2,

MNow, a quadratic polynomial in the homogeneous coordinates of the space
P(Sym? ¥"*) = P** will restrict to a quartic polynomial on the Veronese surface
§ = PV*, which corresponds to the natural evaluation map g of the preceding

“section; Lhe kernel of this map is thus the vector space of quadratic poly-
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nomials in P* vanishing on the Veronese surface S, on which the group of
automorphisms of P* carrying § to itsell obviously acts. Now, for any pair of
points P = [u*], 0 = [v*] € §, it is not_hard to see thal the cone over the
Veronese surface with vertex the line PQ = P* (that is, the union of the
2-planes POR as R varies over the surface 5) will be a quadric hypersurface
in P* containing the Yeronese surface; sending the generator u* - v* € Sym?V'*
to this quadric hypersutface will then define an isomorphism of the space of
such quadrics with the projective space associated to Sym? V'*,

Exercise 13.13. Verily the statements made in the last paragraph: that the
union of the PQR is a quadric hypersurface and that this exiends to a linear
isomorphism P{Sym?V*) = P(Ker(p)). Verily also that this isomorphism
coincides with the one given in Exercise 11.9,

There is another way of representing the Yeronese surface that will shed
some light on this kernel. If, in terms of some coordinates e, on ¥'*, we think
of Sym? * as the vector space of symmetric 3 x 3 matrices, then the Veronese
surface is just the locus, in the associated projective space, of rank | matrices
up lo scalars, i.e, in terms of homogeneous coordinates Z, , = ¢;-¢; on P*,

Z|_| z|_1 Z'.’
S=<[Zlrank| Z,; Z,; Z;,|=1
iy Zy 2y,

The vector space of quadratic polynomials vanishing on § is then generated
by the 2 x 2 minors of the matrix (Z; ;) in particular, for any pair of linear
combinations of the rows and pair of linear combinations of the columns we
get a 2 x 2 matrix whose determinant vanishes on S,

Exercise 13.14. Show that this is exactly the isomorphism Sym?(A2V) =
Ker{ip) described above,

We nole in passing that if indeed the space of quadrics containing the
Veronese surface, with the action of the group PGL,C of motions of P*
preserving S, is the projectivization of the representation Sym? ¥*, then it must
contain its own Veronese surface, i.e., there must be a surface T = P(V*) =
P(Ker{g)) invariant under this action. This turns out to be just the set of
guadrics of rank 3 containing the Veronese, that is, the quadrics whose singular
locus is a 2-plane. In fact, the 2-plane will be the tangent plane to § at a point,
giving the identification T = §.

Let us consider one more example of this type, namely, the symmetric cube
Sym*(Sym? ¥)). (We promise we will stop alter this one.) As before, it is easy
to write down the eigenvalues of this representation; Lthey are just the triple
sums of the eigenvalues [2L,, L, + L;} of Sym? ¥, The diagram (we will draw
here only one-sixth of the plane and indicate mulliplicities with numbers
rather than rings) thus looks like



SRR
QOO0
vﬁ 49 OO0
v%% # ¢ Vive
Y,

from which we see what the decomposition must be: as representations we
have

Sym*(Sym?¥)) = Sym* V@1, e C {13.15)

As before, the map to the first factor is just the obvious one; it is the identifica-
licn of the kernel thal is intriguing, and especially the identification of the last
factor.

To see what is going on here, we should look again at the geometry of the
Veronese surface § = P* = P(Sym? ¥*). The space Sym (Sym?¥)) is just the
space of homogeneous cubic polynomials on the ambient space P%, and as
before the map to the first factor of the right-hand side of (13.15) is just the
restriction, so that the last two factors of {13.15) represent the vector space
1{5), of cubic polynomials vanishing on 5. Note that we could in fact prove
{13.15) without recourse to eigenvalue diagrams from this: since the ideal of
the Veronese surface is generated by the veclor space [(S); of gquadratic
polynomials vanishing on it, we have a surjective map

1(5); ® W = Sym*V* @ Sym* V — [(5),.
But we already know how Lhe left hand side decomposes: we have
Sym*'V* @ Sym*V =T, ,@ 0, , @, {13.16)
s0 that I{5),; must be a partial direct sum of these three irreducible represen-
tations; by dimension considerations it can only be [ , & C.

This, in turn, tells us how 1o make the isomorphism (13.15) explicit (assum-
ing we want to): we can define a map

Symi(AT V) @ Sym? ¥ — Sym*(Sym? V)
by sending
(A (wa 2)@(s-tp= (- w)(v-2) = (w-2)-(e-w))-(s-1)
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and then just check that this gives an isomorphism of I, Cc
Sym? ¥* @ Sym? V with the kernel of projection on the first factor of the
right-hand side of (13.15).

Whal is really most interesting in this whole situation, though, is the trivial
summand in the expression (13.15). To say that there is such a summand is to
say that there exists a cubic hypersurface X in P* preserved under all auto-
morphisms of P* carrying § to itself. Of course, we have already run into this
one: it is the determinant of the 3 x 3 matrix (Z, ) introduced above. To
express this more intrinsically, if we think of the Veronese as the set of rank
| tensors in Sym? V', it is just the sel of tensors of rank 2 or less. This, in turn,
yields another descriptlion of X: since a rank 2 tensor is just one that can be
expressed as a linear combination of two rank | tensors, we see that X is the
famous chordal pariety of the Veronese surface: it is the union of the chords
to §, and at the same time the union of all the tangent planes to §.

Exercise 13,17, Show that the only symmetric powers of Sym?V that possess
trivial summands are the powers Sym*(Sym?¥)) divisible by 3, and that the
unique trivial summand in this is just the kth power of the trivial summand
of Sym*(Sym?V)).

Exercise 13.18. Given the isomorphism of the projectivization of the vector
space I{5);—thal is, the projeclive space ol quadric hypersurfaces containing
the Veronese surface—with P{Sym?1#), find the unique cubic hypersurface
in [{S); invariant under the action of PGL,C.

Exercise 13.19. Analyze the representation Sym?®(Sym®*V)) of sl,C. Interpret
the direct sum factors in terms of the geometry of the Veronese embedding of
PV* =P in P[Sym*V*) = P?,

Exercise 13.20%. Show that the representations Sym*(Sym*V)) and
Sym®(Sym?¥)) comtain trivial summands, and that the representation
Sym'*(Sym™V)) contains two. Inlerprel these.

Exercise 13.21. Apply Lhe techniques above lo show thal the representation
A (Sym?V) is isomorphic to Ty ;.

Exercise 13.22*%, Apply the techniques above to analyze the representation
A*Sym?V), and in particular to interpret its decomposition into irreducible
representations.

Exercise 13.23. If P* = P(Sym?V*) is the ambient space of the Verones
surface, the Grassmannian G(2, 5) of 2-planes in P* naturally embeds in the
projeclive space P{ﬁ"{SymIV}}. Describe, in terms of the decomposition
in the preceding exercise, the span of the locus of tangent 2-planes to the
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Veronese, and the span of the locus of 2-planes in P* spanned by the images
in § of lines in PV*,

Exercise 13.24*. Show that the unigue closed orbit of the action of SL,C on
the representation [,  is either isomorphic to P? (embedded as the Veronese
surface) il either a or b is zero, or to the incidence correspondence

E={(p:pel} cP?x P

il neither a or b is zero.






PART 111

THE CLASSICAL LIE ALGEBRAS
AND THEIR REPRESENTATIONS

As we indicated at the outset, the analysis we have jusl carried out of the
structure of sl,C and slyC and their representations carries over to other
semisimple complex Lie algebras. In Lecture 14 we codily this structure, using
the pattern of the examples we have worked out so far to give a model lor
the analysis of arbitrary semisimple Lie algebras and stating some of the most
important facts that are true in general. As usual, we postpone proofs of many
of these facts until Part 1V and the Appendices, the main poinl here being to
introduce a unilying approach and language. The facts themselves will all be
seen explicitly on a case-by-case basis for the classical Lie algebras el , sp,,C,
and so,C, which are studied in some detail in Lectures 15-20.

Maost of the development follows the oulline we developed in Lectures
11-13, the main goal being to describe the irreducible representations as
explicitly as we can, and 10 see the decomposition of naturally occurring
representations, both algebraically and geometrically. While most of the
representations are found inside tensor powers of the standard representations,
for the orthogonal Lie algebras this only gives hall of them, and one needs
new methods to construct the other “spin” representations, This is carried out
using Clilford algebras in Lecture 20.

We also make the tie with Weyl's construction of representations ol GL,C
from Lecture 6, which arose from the representation Ltheory of the symmelric
groups. We show in Lecture 15 that these are the irreducible representations
of sl,C; in Lecture 17 we show how to use them to construct the irreducible
representations of the symplectic Lie algebras, and in Lecture 19 to give the
nonspin representation of the orthogonal Lie algebras. These give uselul
descriptions of the irreducible representations, and powerul methods for
decomposing other representations, but they are not necessary for the logical
progression of the book, and many of these decomposilions can also be
deduced from the Weyl character formula which we will discuss in Part 1V,






LECTURE 14

The General Setup: Analyzing the
Structure and Representations of an
Arbitrary Semisimple Lie Algebra

This is the last of the four central lectures; in the body of it, §14.1, we extract from the
examples of §1 1-13 the basic algorithm for analyzing a general semisimple Lie algebra
and its representations. 1t is this algorithm that we will spend the remainder of Part
111 carrying out for the classical algebras, and the reader who finds the general setup
confusing may wish to read this lecture in parallel with, for example, Lectures 15 and
16, In particular, §14.2 is less clearly motivated by what we have worked out so far;
the reader may wish to skim it for now and defer a more thorough reading until afler
going through some more of the examples of Lectures 15-20.

§14.1: Analyzing simple Lie algebras in general
§14.2 About the Killing form

§14.1. Analyzing Simple Lie Algebras in General

We said at the outset of Lecture 12 that once the analysis of the representations
of sl, C was understood, the analysis of the representations of any seinisimple
Lie algebra would be clear, al least in broad outline. Here we would like 1o
indicate how that analysis will go in general, by providing an essentially
algorithmic procedure for describing the representations of an arbitrary com-
plex semisimple Lie algebra g. The process we give here is directly analogous,
step for step, to that carried out in Lecture 12 for sl, C; the only difference is
one change in the order of steps: having seen in the case of sl, C the importance
of the “distinguished” subalgebras s, = sl C = g and the corresponding dis-
tinguished elements H, & s, < ), we will introduce them earlier here.

Step 0. Verify that your Lie algebra is semisimple; if not, none ol the
following will work (but see Remark 14.3). If your Lie algebra is not semi-
simple, pass as indicated in Lecture 9 to ils semisimple parl; a knowledge of
the representations of this quotient algebra inay not tell you everything about
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the representations of the original, but it will at least tell you about the
irreducible representations.

Step 1. Find an abelian subalgebra by < g acting diagonally. This is of course
the analogue of looking at the specific element H in sl,C and the subalgebra
Iy of diagonal matrices in the case of &l,C; in general, to serve an analogous
function it should be an abelian subalgebra that acts diagonally on one faithlul
(and hence, by Theorem 9.20, on any) representation of g. Moreover, in order
that the restriction of a representation V of g to ) carry the greatest possible
information about ¥, h should clearly be maximal among abelian, diagonali-
zable subalgebras; such a subalgebra is called a Cartan subalgebru.

Mote that while this step would seem to be somewhat less than algorithmic
{in particular, while it is certainly possible to tell when a subalgebra of a given
Lie algebra is abelian, and when it is diagonalizable, it is not clear how 1o tell
whether it is maximal with respect to these properties). This defect will,
however, be largely cleared up in the next step (see Remark 14.3).

Step 2. Let by act on g by the adjoint representation, and decompose g
accordingly. By the choice of [, its action on any representation of g will be
diagonalizable; applying this to the adjoint representation we arrive at a direct
sum decomposition, called a Cartan decomposition,

8 =h@®(EDa) (14.1)

where the action of [ preserves each g, and acts on it by scalar multiplication
by the linear functional & € h*; that is, for any H € | and X & g, we will have

ad(H)(X) = a(H)- X.

The second direct sum in the expression {14.1) is over a inite set of eigenvalues
a € h*; these eigenvalues—in the language of Lecture 12, the weights of the
adjoint representation—are called the roots of the Lie algebra and the corre-
sponding subspaces a, are called the root spaces. Of course, b itsell is just the
eigenspace for the action of h corresponding to the eigenvalue 0 {(sce Remark
14.3 below}; 50 that in some contexts—such as the lollowing paragraph, for
example —it will be convenient to adopt the convention that go = Iy but we
do not usually count 0 & h* as a root. The set of all roots is usually denoted
R = b*.

As in the previous cases, we can picture the structure of the Lie algebra in
terms of the diagram of its roots: by the fundamental calculation of §11.1 and
Lecture 12 {(which we will not reproduce here for the fourth time) we see that
the adjoint action of g, carries the eigenspace g, inlo another eigenspace g, ..

There are a couple of things we can anticipate about how the configuration
of roots (and the corresponding root spaces) will look. We will simply state
them here as

Facis 14.2

(i) each root space g, will be one dimensional,
(i) R will generate a lattice Ay = W* of rank equal to the dimension of h.
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(i) R is symmetric about the origin, le, if e R is a root, then —a e R is
a root as well.

These facts will all be proved in general in due course; for the lime being,
they are just things we will observe as we do the analysis of each simple Lie
algebra in turn. We mention them here simply because some of what follows
will make sense only given these lacts, Mote in particular that by (i), the roots
all lie in (and span) a real subspace of [y*; all our piclures clearly will be of this
real subspace.

Remark 14.3, If indeed 0 does appear as an eigenvalue of the action of h on
a/l, then we may conclude from this that b was not maximal to begin with:
by the above, anything in the O-eigenspace of the action of [) commutes with
Iy and (given the fact thal the g, are one dimensional) acts diagonally on g, so
that il it not already in b, then h could be enlarged while still retaining the
properties of being abelian and diagonalizable. Similarly, the assertion in (i)
that the roots span h* follows from the fact that an element of | in the
annihilator of all of them would be in the center of g.

From what we have done so far, we get our first picture of the structure of
an arbitrary irreducible finite-dimensional representation V of g. Specifically,
¥ will admit a direct sum decomposition

V=BV, (14.4)

where the direct sum runs over a finite set of # & [)* and [j acts diagonally on
each ¥, by multiplication by the eigenvalue o, i.e, forany H e hand v e ¥, we
will have

i) = a(H)- v,

The eigenvalues & & h* thal appear in this direct sum decomposition are called
the weights of V; the ¥, themselves are called weight spaces; and the diinension
of a weight space ¥, will be called the multiplicity of the weight « in V. We will
often represent ¥ by drawing a picture of the set of its weights and thinking
of each dot as representing a subspace; this picture (often with some annota-
tion to denote the multiplicity of each weight) is called the weight diagram of V.

The action of the rest of the Lie algebra on V can be described in these
terms: for any root f, we have

g’; V..-... VI*'F

so we can think of the action of g, on ¥ as a translation in the weight diagram,
shifting each of the dots over by § and mapping the weight spaces
correspondingly.

Observe next that all the weights of an irreducible representation are
congruent o one another modulo the root lattice Ag: otherwise, for any
weight o of V the subspace
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V=@V,
R Ve

would be a proper subrepresentation of ¥, In particular, in view of Fact 14.2(ii),
this means that the weights all lie in a translate of the real subspace spanned
by the roots, so that it is not so unreasonable to draw a picture of them.

Step 3. Find the distinguished subalgebras s, = sl,C = g. As we saw in the
example of sl, T, a crucial ingredient in the analysis of an arbitrary irreducible
finite-dimensional representation is the restriction of the representation to
certain special copies of the algebra s1, T contained in g, and the application
of what we know from Lecture 11 about such representations. To generalize
this to our arbitrary Lie algebra g, let g, = g be a root space, one dimensional
by (i) of Fact 14.2, Then by (iii) of Fact 14.2, there is another root space g_, = g;
and their commutator [g,, 9-,] must be a subspace of gy = b, of dimension
at most one. The adjoint action of the commutator [q,, g_,] thus carries each
of g, and g_, into itsell; so that the direct sum

8 = 0 B 0. B [0 5-4] (14.5)

is a subalgebra of g. The structure of s, is not hard to describe, given two
further facts that we will state here, verify in cases, and prove in general in
Appendix D,

Facis 14.6.

(i) [ 0-,] # 0, and
(i) [[8. a-0)s 0.1 # 0.

Given these, it follows that the subalgebra s, is isomorphic to sl;C. In
particular, we can pick a basis X, e q,, ¥, e g_,. and H, € [q,, -, ] satisfying
the standard commutation relations (9.1) for sl,C; X, and ¥, are not deter-
mined by this, but H, is, being the unique element of [a,, n_,] having eigen-
values 2and -2 on g, and q_,, respectively [ie,, H,is uniquely characterized
by the requirements that H, e [q,, q_,] and a(H_ ) = 2]

Step 4. Use the integrality of the eigenvalues of the H,. The distinguished
elements H, € [y found above are important first of all because, by the analysis
of the representations of sl C carried out in Lecture 9, in any representation
of s,—and hence in any representation of p—all elgenvalues of the action of
H, must be integers. Thus, every eigenvalue f & h* of every representation of
a must assume integer values on all the H,. We correspondingly let Ay be
the set of linear functionals & h* that are integer valued on all the H,; Ay
will be a lattice, called the weight lattice of g, with the property that

all weights of all representations of g will lie in Ag.

Mote, in particular, thal R = Ay and hence Ag = Ay; in facl, the rool
lattice will in general be a sublaltice of finite index in the weight lattice.
Step 5. Use the symmetry of the eigenvalues of the H,. The integrality of the
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eigenvalues of the H, under any representation is only half the story; it is also
true that they are symmetric about the origin in . To express this, for any «
we introduce the involution W, on the vector space h* with + |-eigenspace
the hyperplane

Q,={feh* (H, =0 (14.7)

and minus | eigenspace the line ﬁﬂénmﬂ by a itsell.' In English, W, is the
reflection in the plane £}, with axis the line spanned by a:

26(1,)
- alH,)

Let T8 be the group generated by these involutions; 10 is called the Weyl group
of the Lie algebra g.

MNow suppose that Visany representation of g, with eigenspace decomposi-
tion ¥ = £P) V. The weights f§ appearing in this decomposition can then be
broken up into equivalence classes mod «, and the direct sum

Vo= @D Vorue (14.9)

ne I

Wi =p a=f-f(H) (14.8)

of the eigenspaces in a given equivalence class will be a subrepresentation of
¥ for s,. It follows then that the set of weights of ¥ congruent to any given
f mod & will be invariant under the involution W,; in particular,

The set of weights of any representation of g is invariant under the Weyl
group.

To make this more explicit, the string of weights that correspond to nonzero
summands in (14.9) are, possibly after replacing f§ by a translate by a multiple
of a:

BB +o 2. p+ma withm= —f(H,) (14.10)
{Mote that by our analysis of sl C this must be an uninterrupled string.) Indeed

if we choose f and m = 050 that (14.10) is the string corresponding to nonzero
summands in (14.9), then the string of integers

BOH,), (f + a)(H,) = f(H,) + 2, ..., (f + ma)(H,) = f(H,) + 2m
must be symmetric about zero, so f{H,) = —m. In particular,
W (F + k) = f + (= P(H,) — kla = i +(m — k)a.

Mote also that by the same analysis the multiplicities of the weights are
invariant under the Weyl group.

We should mention one other fact about the Weyl group, whose prool we
-also postpone:

1 Mote that by the nondegeneracy assertion (i) of Faca 14,6, the line €- does not lie in the
hyperplane [0, Recall that { , ) is the pairing between b and b*, so {H,, 1} = fUIH,)L
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Fact 1411, Every element of the Weyl group is induced by an awiomorphism
of the Lie algebra g carrying |y to itself.

We can even say what automorphism of g does the trick: to get the involution
W,, take the adjoint action of the exponential exp(nill,) e G, where G is any
group with Lie algebra g and U, is a suitable element of the direct sum of the
root spaces p, and g_,. To prove that Ad(exp(riU,)) actually does this requires
more knowledge of g than we currently possess; but it would be an excellent
exercise to verily this assertion directly in each of the cases studied below,
{For the general case see (23.20) and (26.15).)

Step 6. Draw the picture (optional). While there is no logical need to do so
al this point, it will be much easier to think aboul what is going on in §* if
we iniroduce the appropriate inner product, called the Killing form, on g
(hence by restriction on b, and hence on )*). Since the introduction of the
Killing lorm is, logically, a digression, we will defer until later in this lecture
a discussion of its various definitions and properties. [t will sullice for now to
mention the characteristic property of the induced inner product on b*: up to
scalars it is the unique inner product on h* preserved by the Weyl group, ie,
in terms of which the Weyl group acts as a group of orthogonal transforma-
tions. Equivalently, it is the unigue inner product (up to scalars) such that the
line spanned by each root « & [)* is actually perpendicular to the plane 00, (so
that the involution W, is just a reflection in that hyperplane). Indeed, in
practice this is most often how we will compute it. In terms of the Killing form,
then, we can say that the Weyl group is just the group generated by the
reflections in the hyperplanes perpendicular to the roots of the Lie algebra,

Step 7. Choose a direction in h*. By this we mean a real linear functional {
on the lattice Ay irrational with respect to this lattice. This gives us a
decomposition of the set

R=R'"wR", (14.12)

where R* = [a: lja) = 0} (the x € R* are called the positive rools, those in R~
negative), this decomposition is called an ordering of the roots. For most
purposes, the only aspect of [ that malters is the associated ordering of the
rools.

The point of choosing a direction—and thereby an ordering of the roots
R = R* u R~ —is, of course, to mimic the nofion of highest weight vector thal
was so crucial in the cases of sl C and sl, . Specifically, we make the

Definition. Let ¥ be any representation of g. A nonzero vector v e V that is
both an eigenvector for the action of h and in the kernel of g, for all x & R*
is called a highest weight vector of V.

Just as in the previous cases, we Lthen have
Proposition 14.13. For any semisimple complex Lie algebra g,

(i) every finite-dimensional representation V of g possesses a highest welght
veetor;
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(i) the subspace W of V generated by the images of a highest weight vector v
under successive applications of root spaces gy for f € R™ is an irreducible
subrepresentation;

(iii) an irreducible representation possesses a unique highest weight vector up to
scalars.

ProoF. Part (i) is immediate: we just take o to be the weight appearing in ¥
for which the value [{a) is maximal and choose v any nonzero vector in the
weight space V.. Since V¥, = (0)for all i € R*, such a veclor v will necessarily
be in the kernel of all root spaces g, corresponding to positive roots ff.

Part (ii) may be proved by the same argument as in the two cases we have
already discussed: we let W, be the subspace spanned by all w, v where w, is a
word of length at most n in elements of g, for negative . We then claim that
for any X inany positive root space, X - W, = W,. To see this, write a generator
of W, in the form Y-w, w & W,_,, and use the commutation relation X - ¥-w =
Y-X-w+ [X, Y] w; the claim follows by induction, since [X, ¥] is always
in h. The subspace W < V which is a union of all the W.'s is thus a sub-
representalion; to see that it is irreducible; note that if we write W = W' & W,
then either W or W™ will have to contain the one-dimensional weight space
W, and so will have to equal W

The uniqueness of the highesl weight vector of an irreducible representation
follows immediately: if v € ¥, and w £ ¥, were two such, not scalar multiples
ol each other, we would have l{z) = I{fl) and vice versa. a

Exercise 14.14. Show that in (ii) one need only apply those g, for which
ap v # 0. (Note: with W, defined using only these g,, and X in any root space,
the same inductive argument shows that X - W, = W,,,. On the other hand,
il one uses all g, with /i negative and primitive, as in Observation 14.16, then
X+ W, = W,_;. One cannot combine these, however: ¥ may not be generated
by successively applying those g, with ff negative, primitive, and gy v # G,eg.,
the standard representation of sl,C.)

The weight « of the highest weight vector of an irreducible representation
will be called, not unreasonably, the highest weight of that representation; the
lerm dominarnt weight is also commeon.

We can refine part (ii) of this proposilion slightly in another direction; this
is not crucial but will be uselul later on in estimating multiplicities of various
representations. This refinement is based on

Exercise 14.15%. (a) Let a,, ..., o, be roots of a semisimple Lie algebra g and
8, <= 0 the corresponding root spaces, Show that the subalgebra of g gene-
rated by the Cartan subalgebra b together with the g, is exactly the direct
sum b @ (CP a,), where the direct sum is over the intersection of the set R of
roots of g with the semigroup M [a,, ..., o) = | generated by the «,.

¢ (b) Similarly, let &, ..., o, be negative rools of a semisimple Lie algebra g
and g, = nthe corresponding root spaces. Show thal the subalgebra of g gene-
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raled by the g, isexactly the direct sum G}n_, where the direct sum is over the
intersection of the set R of rools of g with the semigroup Ma,, ..., o} =)
generated by the a,.

(Note that by the description of the adjoint action of a Lie algebra on itsell
we have an obvious inclusion; the problem here is to show—given the [acts
above—that il @ + f & R, then [a,, 0,] #£ 0.}

From this exercise, it is clear that generating a subrepresentation W of a
given representation ¥ by successive applications of root spaces gy for f e R
to a highest weight veclor v is inefficient; we need only apply the rool spaces
g corresponding to a set of roots f generating R as a semigroup. We
accordingly introduce another piece of lerminology: we say that a positive
(resp., negative) rool @ € R is primitive or simple if it cannot be epxressed as a
sum of two positive (resp. negative) rools. (Note that, since there are only
finitely many roots, every positive root can be written as a sum of primitive
positive roots.) We then have

Observation 14.16. Any irreducible representation V is generated by the images
of its highest weight vector v under successive applications of root spaces g,
where fl ranges over the primitive negative roots.

We have already seen one example of this in the case of sl,C, where we
observed (in the proof of Claim 12,10 and in the analysis of Sym*V & V* in
Lecture 13) that any irreducible representation was generated by applying the
two elements E; , €q,,-,, and E; ; € q,,, to a highest weight veclor,

To return to our description of the weights of an irreducible representation
V¥, we observe next that in fact every vertex of the convex hull of the weights
of V must be conjugate ro ot under the Weyl group. To see this, note that by the
above the set of weights is contained in the cone o + C,, where € is the
positive real cone spanned by the roots fie R such that gglv) # 0—that is,
such that #{H,) # 0. Conversely, the weights of ¥ will contain the string of
weights

o, & *‘3.“4-2:']:---»44-[“*”’;}”] “4']?]

for any fi & R™. Thus, any vertex of the convex hull of the set of weights of ¥
adjacent 1o & must be of the form

x — alH,)p = Wyla)

for some [1; applying the same analysis to each successive verlex gives the
statement.

From the above, we deduce that the set of weights of ¥V will lie in the convex
hull of the images of & under the Weyl group. Since, moreover, we know that
the intersection of this set with any set of weights ol the form {f 4 ny} will be
a connected string, it follows that the set of weights of V will be exactly the
weights that are congruent to & modulo the root lattice Ay and that lie in the
convex hull of the images of o under the Weyl group.
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Ome more bit of terminology, and then we are done. By what we have seen
(cl. {14.17)), the highest weight of any representation of I¥ will be a weight a
satisfying 2(H,) = 0 lor every y € R*. The locus #, in the real span of the
roots, of points satislying these inequalities—in terms of the Killing form,
making an acute or right angle with each of the positive roots—is called the
(closed) Weyl chamber associated to the ordering of the rools. A Weyl chamber
could also be described as the closure of a connected component of the
complement of the union of the hyperplanes £1,. The Weyl group acts simply
transitively on the set of Weyl chambers and likewise on the set of orderings
of the roots. As usual, these statements will be easy to see in the cases we study,
while the abstract proofs are postponed (to Appendix D).

Step B. Classify the irreducible, finite-dimensional representations of 0.
Where all the above is leading should be pretly clear; it is expressed in the
fundamental existence and uniqueness theorem:

Theorem 14.18. For any a in the Intersection of the Weyl chamber W associated
to the ordering of the roots with the weight lattice Ay, there exisis a unique
irreducible, finite-dimensional representation U, of g with highest weight a; this
gives a bijection between W n Ay and the set of irreducible representations of
0. The weights of I, will consist of those elements of the weight lattice congruent
to & modulo the root lattice Ay and lying in the convex hull of the set of points
in h* conjugate to a under the Weyl group.

Havr-rrooF, We will give here just the prool of uniqueness, which is easy.
The existence part we will demonsirale explicitly in each example in turn; and
later on we will sketch some of the constructions that can be made in general,
The uniqueness part is exactly the same as for sl,C. If ¥ and W are two
irreducible, finite-dimensional representations of g with highest weight veclors
v and w, respectively, both having weight «, then the vector (v, wje V@& W
will again be a highest weight vector of weight a in that representation. Let
U/ = V' W be the subrepresentation generated by (o, w) since U will again
be irreducible the projection maps n,: U - Fand ny: U - W, being nonzero,
will have to be isomorphisms. 0

Another Tact which we will see as we go along—and eventually prove in
general—is that there are always fundamental weights ay, ..., @, with the
property that any dominant weight can be expressed uniquely as a non-
negalive integral linear combination of them. They can be characterized
geometrically as the first weights met along the edges of the Weyl cham-
ber, or algebraically as those elements w; in b* such that w,(H,) = & ;, where
&, ..., &, are the simple roots (in some order). When we have found them,
we often write T, _,_Tor the irreducible representation with highest weight
ayeiy + 0+ agm, e,

I, =T,

gy b d g,

As with most of the material in this section, general proofs will be found in
Lecture 21 and Appendix 1.
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One basic point we want te repeat here (and that we hope te demonsirate
in succeeding lectures) is this: that actually carrying cut this process in practice
is completely elementary and straightforward. Any mathemalician, stranded
on a desert island with cnly these ideas and the definition of a particular Lie
algebra g such as sl,C, s0,C, or sp,, C, would in short order have a complete
description of all the ebjects defined above in the case of g. We should say as
well, however, that at the conclusion of this procedure we are left without one
vital piece of information about the representations ol g, without which we
will be unable 1o analyze completely, for example, tensor produets of known
representations; this is, of course, a description of the multiplicities of the basic
representations I,. As we said, we will, in fact, describe and prove such a
formula {the Weyl character formula), but it is of a much less straight-
forward character {our hypothetical shipwrecked mathematician would have
to have what could only be described as a pretty good day to come up with
the idea) and will be left until later. For now, we will conclude this lecture with
the promised introduction to the Killing form. ’

§14.2. About the Killing Form

As we said, the Killing form is an inner product (symmetric bilinear form) on
the Lie algebra g abusing our notation, we will denote by B both the Killing
form and the induced inner products on Iy and §*. B can be defined in several
ways; the most common is by associaling to a pair of elements X, ¥ e g the
trace of the composition of their adjoint actions on g, i.e.,

B(X, Y) = Tr{ad(X) = ad(Y): g — g). (14.19)

As we will see, the Killing form may be computed in practice either [rom this
definition, or (up to scalars) by using its invariance under the group of
automorphisms of g. We remark that this definition is not as opague as it may
seem at first. For one thing, the description of the adjoint action of the root
space g, as a "translation” of the root diagram—that is, carrying each root
space gg into g,4s—tells us immediately that g, is perpendicular to g, for all
[l other than —e; in other words, the decomposition

0= hEB( @ . ma-..}) (14.20)

is orthogonal. As for the restriction of B to b, this is more subtle, but it is not
hard to write down: if X, ¥ arein b, and Z, generates g,, then ad{X) o ad({ ¥){Z,]
= a(X)2(Y)Z,, 50 B(X, ¥) = Em{X}m[Y},the sum over the roots; viewing Bl
as an element of the symmetric square Sym2(h*), we have

B"'“Ii ¥ oal [14.21)
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A key fact following from this—one that, if nothing else, makes picturing
b* with the inner product B involve less eyestrain—is

(14.22) B is positive definite on the real subspace of ) spanned by the veclors
{H:ae R}

Indeed, all roots take on real values on this space (since all a(H,) e Z = R),
so for H in this real subspace of b, B(H, H) is non-negative, and is zero only
when all a(H) = 0, which implies H = 0, since the rools span h*.

To see that the Killing form is nondegenerate on all of g, we need the useful
identity:

Bi[X, Y] Z2)=B(X,[Y.Z]) (14.23)
for all X, Y, Z in g. This follows from the identity
Trace{(X ¥ — ¥X)Z) = Trace(X(¥Z - ZY))

for any endomorphisms X, ¥, Z of a vector space. And this, in turn, follows
from

Trace(YXZ — XZ¥) = Trace([¥, XZ]) = 0.

An immediate consequence of (14.23) is that if a is any ideal in a Lie algebra
g, then its orthogonal complement a' with respect to B is also an ideal. In
particular, il g is simple, the kernel of B is zero (note that the kernel cannot
be g sinece it does not contain h). Since the Killing form of a direct sum is the
sum of the Killing forms el the lactors, it Tollews that the Killing form is
nondegenerate on a semisimple Lie algebra g.

One of the reasons the Killing form helps to picture h* is the fact mentioned
above:

Proposition 14.24. With respect 1o B, the line spanned by each root o is perpen-
dieular to the hyperplane €1,

As we observed, this is equivalent (o saying that the involulions W, above
are simply reflections in hyperplanes, and in turn to saying that the whole
Weyl group is orthogonal. Note also that Proposition 14.24 thereby follows
immediately from the Fact 14.11: from the definition of B above, it is clearly
invariant under any avtomorphism of g. Nevertheless, we would prefer not to
rely on this fact; and anyway giving a direct proof of the propesition is not
hard, in terms of the picture we have of the adjoinl action of g on itsell. To
prove the assertion a L €1, it sullices o prove the dual assertion that H L H,
for all H in the annihilator of 2. Bul now by construction H, is the commutator
[X,. Y.]of an element X, € g, and an element ¥, € g_,. Using (14.23) we have
for any H in b,

B(H,, H) = B([X,, V], H) = B(X,, [Y., H])
= B(X,, a(H) I,) = a(H) B(X,, ¥}, (14.25)

which vanishes since a{l{) = 0.
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Mote that as a consequence of this, we can characierize the Weyl chamber
associated to an ordering of the roots as exactly those vectors in the real span
of the roots forming an acute angle with all the positive roots {or, equivalently,
with all the primitive ones); the Weyl chamber is thus the cone whose laces lie
in the hyperplanes perpendicular to the primitive positive roots.

Equation {14.25) leads to a formula for the isomorphism of b with h*
determined by the Killing form. First note that for H = H, it gives

B(H,, H,) = 1B(X,, ) #0,

for il B(X,, Y;) were zero we would have B(H,, H) = 0for all H, contradicling
the nondegeneracy of B on [). The element T, of iy which corresponds to « e h*
by the Killing lorm is by definition the element of [) that satisfies the condition

B(T,, H) = «(H) forall Hel. (14.26)
Looking at (14.25), we see that T, = H,/B(X,, Y,} = 2H,/B(H,, H,). This
proves

Corollary 14.27. The isomarphism of h* and §) determined by the Killing form
B carries a to T, = (2/B(H,, H,)) H,.

The Killing form on h* is defined by Bia, i) = B(T,, T).

Exercise 14.28. Show that the inverse isomorphism [rom h to h* 1akes H, to
(2/B(a, a))- a.
The arthogonality of W, can be expressed by the formula

W)= — %E:f ';;’

Comparing with (14.8) this says:
Corollary 1429, If « and i are roots, then

2B(f, a)/B(z, @) = f(H,)
is an infeger.

By the above identification of b with )*, (14.22) translates to

Corollary 14.30. The Killing form B is positive definite on the real vector space
spanned by the root lattice Ag.

Mote that it follows immediately from (14.22) that the Weyl group T is
finite, being simultaneously discrete (I0 preserves the set R of rools of g and
hence the lattice Ag; it follows that 90 can be realized as a subgreup of GL,Z)
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and compact (I8 preserves the Killing form, and hence is a subgroup of the
orthogonal group O,R.) Alternatively, T is a subgroup of the permutation
group of the set of roots.

As we observed, the Killing lorm on §)* is preserved by the Weyl group. In
fact, in case g is simple, the Killing form is, up to scalars, the unique inner
product preserved by the Weyl group. This will follow from

Proposition 14.31. The space h* is an irreducible representation of the Weyl
group 0,

Proor. Suppose thal 3 = h* were preserved by the action of 72, This means
that every root « & hy* of g will either lie in the subspace 3 or be perpendicular
toit, ie, for every @ € jand f§ ¢ 3 we will have i(H,) = 0. We claim then that
the subspace @' of @ spanned by the subalgebras {s,),., will be an ideal in g,
Clearly it will be a subalgebra; the space spanned by the distinguished sub-
algebras s, corresponding to the set of roots lying in any subspace of h* will
be. To see that it is in [act an ideal, let ¥ € g, be an element of a root space.
Then for any a € 3, we have

LY, Z]e Masp = 0
since « + [lis neither in 3 nor perpendicular toit, and so canpot be a root; and
[Y,H] = —[H, Y]=[(H) ¥ =0.

Thus, ad(Y) kills g'; since, of course, all of H itsell will preserve g', it lollows
that g is an ideal. Thus, either all the roots lie in 3 and so 3 = b*, or all roots
are perpendicular to 3 and correspondingly 3 = (0). a

Note that given Fact 14.11, we can also express the last staiement by saying
that (in case g is simple) the Killing form on § is the unique lorm preserved
by every automorphism of the Lie algebra g carrying b to itsell. As we will
sce, in practice this is most often how we will first describe the Killing form.

Exercise 14.32. Find the Killing form on the Lie algebras sl,C and «1,C by
explicit computation, and verify the statements made above in these cases.

Exercise 14.33%, Il a semisimple Lie algebra is a direct sum ol simple sub-
algebras, then ils Killing form is the orthogonal sum of the Killing forms of
the factors. Show that, conversely, il the roots of a semisimple Lie algebra lie
in a collection of mutually perpendicular subspaces, then the Lie algebra
decomposes accordingly.

Exercise 14.34*, Suppose g is a Lic algebra that has an abelian subalgebra
b such that g has a decomposition (14.1), satislying the conditions ol Facts
14.2 and 14.6. Show that g is semisimple, and b is a Cartan subalgebra.
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The preceding exercise can be used instead of Weyl's unitary trick or any
abstract theory to verily that the algebras we meet in the next few leclures are
all semisimple. It is tempting to call such a Lie algebra “visibly semisimple.”

The discussion of the geometry of the roots of a semisimple Lie algebra will
be continued in Lecture 21 and completed in Appendix D. The Killing form
becomes particularly uselul in the general theory; for example, solvabilily and
semisimplicity can both be characterized by properties of the Killing form (see
Appendix C).

Exercise 14.35* Show that b = b @ (], » ¢ a, is a maximal solvable subalgebra
of g; b is called a Borel subalgebra. Show that (], .. ; g, is a maximal nilpotent
subalgebra of g These will be discussed in Lecture 25.

Exercise 14.36*. Show that the Killing form on the Lie algebra gl,, is given by
the formula

B(X, Y) = 2m Tr(X o ¥) — 2 Tr(X) Tr(Y).

Find similar formulas for &l , so,,, and sp,,, showing in each case that B( X, )
is a constant multiple of TriX = ¥).

Exercise 14.37. If G is a real Lie group, the Killing form on its Lie algebra
q = T,G may not be positive definite. When it is, it determines, by lell trans-
lation, a Riemannian metric on G. Show that the Killing form is positive
definite for G = SO, R, but not for SL_R.



LECTURE 15
sl,C and sl,C

In this lecture, we will illusirate the general paradigm of the previous leclure by
applying it to the Lie algebras sl, C; this is typical of the analyses of specific Lie algebras
carried out in this Part. We start in §15.1 by describing the Cartan subalgebra,
roots, rool spaces, ele, for o, C in general. We then give in §15.2 a detailed account of
the representations of sl, T, which generalizes direcily to 8, C; in particular, we deduce
the existence part of Theorem 14,18 for ol C.

In §15.3 we give an explicit construction of the irreducible representations of s, C
using the Weyl construction introduced in Lecture 6; analogous consiructions of the
irreducible representations of the remaining classical Lie algebras will be given in §17.3
and §19.5. This section presupposes familiarity with Lecture 6 and Appendix A, bui
can be skipped by those willing to forego §17.3 and 19.5 as well. Section 15.4 requires
essentially the same degree of knowledge of classical algebraic geometry as §8§11.3 and
134 it does not presuppose §15.3), but can alse be skipped. Finally, §15.5 describes
representations of GL,_C; this appears lo involve the Weyl construction but in fact the
main statement, Proposition 1547 (and even its proof) can be understood without the
preceding two sections,

§15.1: Analyzing sl,C

§15.2: Representations of sl,C and sl,C

§15.3: Weyl's construction and tensor products
§154: Some more geometry

§15.5% Representations of GL,C

§15.1. Analyzing sl,C

To begin with, we have to locate a Cartan subalgebra, and this is not hard;
as in the case of 81, C and =l, C the subalgebra of diagonal matrices will work
fine. Writing H, for the diagonal matrix E, ; that takes e, o itsell and kills e
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for j # i, we have
bh={aH, +ay;+-+aH:a, +ay+- +a,=0}
note that M, is not in ). We can correspondingly write
b* =C{L,, Ly, ..., LJL, + Ly +-+ L, =10},

where L{H,) = 4, ;, We often write L, for the image of L, in h*.

We have already seen how the diagonal matrices act on the space of all
traceless matrices: il E ;is the endomorphism of C" carrying e; to ¢, and killing
¢, for all k # j, then we have

ad{a, Hy + a;Hy + -+ a, H)E, j) = (o, — a) E; (15.1)

or, in other words, E, ; is an eigenvecior for the action af b with eigenvalue
Ly — Ly;in parlicular, the roots of s1,C are just the pairwise differences of the Ly

Before we try to visualize anything taking place in ) or [)*, let us take a
moment oul and describe the Killing form. To this end, note that the auto-
maorphism o of C" sending e, o e, ¢;to —e,and fixing e, for all k # 4, jinduces
an automorphism Ad(p) of the Lie algebra sl,C (or even gl,(C)) that carries
b to itsell, exchanges H, and H,, and fixes all the other Hy. Since the Killing
form on b must be invariant under all these automorphisms, it must satisfy
B(L,, L;) = B(L;, L} Tor all i and j and B(L,, Ly} = B{L;, L) for all i, j and
k # i, j: it follows that on [ it must be a linear combination of the forms

le a H, E b H) = Z aghy
and

B-[Z afy, E b Hy) = Z“‘I ﬂ!b,l-

On the space {¥ aH;:} a;=0}, however, we have 0=(} a)(} b)) =
Y aby + ¥ aby, so in fact these two forms are dependent; and hence we can
write the Killing lorm simply as a multiple of . Similarly, the Killing form
on iy* must be a linear combination of the forms H"{Ea.,L,, Eh.[..,] = Ea.h,
and B*(Y a,L,, ¥.bL;) = ¥, ab;; the condition that B} a,L;, ¥ bL) =0
whenever a, =a; =+ =a, or by = by =+ = b, implies that it must be a
multiple of

Bt Lok = (") S~ 5 ot

n ) &
| ’ (15.2)
= E ﬂibl - E ﬂ]b;-
i n i
We may, of course, also caleulate the Killing form directly from the defini-
tion. By (14.21), since the roots of sI,C are {L; — L;},,;, we have
B(Y aiHy, £ bH) = Loy la, = a)(by — b))
= E- ZJH (a,ly + 'ﬂjl{; — ayhy — azhy).
MNoting thal E_,;m_, = —a, and, similarly, } ., b, = —h,, this simplifies 1o
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B[E ﬂ]Hl.. E h‘|Hr] = In E a.-',l.. “ 5-3}

It follows with a little calculation thal the dual form on h* is

B(L aiLy T Ly} = (1/20) (T ahy — (1) Ei y o). (154)

It is probably simpler just to think of this as the form, unique up to scalars,
invariant under the symmetric group S, of permutations of {1, 2, ..., n}. The
L;, therefore, all have the same length, and the angles between all pairs are
the same. To picture the roots in b*, then, we should think of the points L, as
situated at the vertices of a regular (n — 1)-simplex A, with the origin located
al the barycenter of that simplex. This picture is easiest to visualize in the
special case n = 4, where the L, will be located at every other veriex of a unit
cube cenfered at the origin:

{15.5)

MNow, as we said, the roots of sl,C are now just the pairwise dilferences of
the L;. The root lattice A, they generate can thus be described as

Ar={Yal:aeZ ¥ a=0}} L =0).

Both the roots and the root lattice can be drawn in the case of sl C: il we think
of the vectors L,  bh* as four of the vertices of a cube centered at the origin,
the roots will comprize all the midpoints of the edges of a second cube whose
linear dimensions are twice (he dimensions of the first:

'Ll'L'!
Ly-1Lg o

|
i
+ [ TR (15.6)
|

Ly-Ly o | 9
|

,“'J____.;?’
(,’ Ly-L,
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The next step, finding the distinguished subalgebras s_, is also very easy.
The root space g,, -, corresponding to the root L, — L, is generated by E; ;,
so the subalgebra s, _, is generated by

E.;, Ej, and [E,;E ]=H-H,.

The eigenvalue of H;, — H;acting on E, jis (L, — Lj)(H, — H)) = 2, so that the
corresponding distinguished element H, _, in b must be just H; — H,. The
annihilator, of course, is the hyperplane 2, _, = {} a;L;: a; = a;}; note that
this is indeed perpendicular to the root Ly — L, with respect to the Killing
form B as described above.

Knowing the H, we know the weight lattice: in order for a linear lunctional
¥ a;L; € h* to have integral values on all the distinguished elements, it is
clearly necessary and sulficient that all the a, be congruent to one another
modulo Z. Since §_ L, = 0in b*, this means that the weight lattice is given as

Aw=Z{Ly, ..., LT Ly = O}

In sum, then, the weight lattice of sl C may be realized as the lattice generated
by the vertices of a regular (n — |}-simplex A centered at the origin; and the
roats as the pairwise differences of these vertices.

While we are at it, having determined A, and A, we might as well compute
the quotient Aw /A ;. This is pretty easy: since the lattice Ay can be generated
by Ag together with any of the vertices L, ol our simplex, the quotient Ay /Ag
will be eyclic, generated by any L;; since, modulo Ag,

0=3(L— L) =nly =¥, L= nL,
we see that L, has order dividing nin Ag/Ag.

Exercise 15.7. Show that L, has order exactly nin Aw/Ag, 5o that Ay /Ay =
Find.

From the above we can also say what the Weyl group is: the rellection in
the hyperplane perpendicular to the root L, — L, will exchange L, and L; e h*
and leave the other L, alone, so that the Wepl group T is just the group S,
acting as the symmetric group on the generators L, of h*. Note that we have
already verified that these automorphisms ol h* do come from automorphisms
of the whole Lie algebra si € preserving b.

Tocontinue, let us choose a direction, and describe the corresponding Weyl
chamber. We can write our linear lunctional | as

"Z agly) = E £yl

with § ¢, = 0; let us suppose that ¢, > ¢; > - > c,. The corresponding
ordering of the roots will then be

R* ={L,— L;i < j}

and
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. R™ ={L,~ Ly J<i}.

The primilive negative rools lor this ordering are simply the roots L,,, — L,.
{Note that the ordering of the roots depends only on the relative sizes of the
¢, 50 that the Weyl group acts simply transitively on the set of orderings.) The
{closed) Weyl chamber associated to this ordering will then be the set

W={Yaliaza,2" 2a,.

One way to describe this geometrically is Lo say that il we take the barycentric
subdivision of the faces of the simplex A, the Weyl chamber will be the cone
over one (n — 2}-simplex of the barycentric subdivision: e.g, in the case n = 4

Ly= - hg-by-Ly

Ly+Ly® byl

Lytbgelym - L,

1t may be easier to visualize the case n = 4 il we introduce the associated cubes:
in terms of the cube with vertices at the points + L, we can draw the Weyl
chamber as

(15.8)




216 15, #1,C and s1,C

Alternatively, in terms of the slightly larger cube with vertices at the points
4 2L,;, we can draw ¥ as

i i R (15.9)

From the first of these pictures we see that the edges of the Weyl chamber are
the rays generaled by the vectors Ly, L, + Ly, and L; + L; + Ly; and that
the faces of the Weyl chamber are the planes orthogonal to the primitive
negative roots Ly — L, Ly — Ly, and L, — Ly. The picture in general is
analogous: for sl,C, the Weyl chamber will be the cone over an (n — 2}
simplex, with edges generated by the vectors

L|. L."‘L!. L|+L1+L;..-.,L|+"'+L._.|""'L.-
The faces of #° will thus be the hyperplanes

0 ., =Y alia=a5}
perpendicular to the primitive negative roots Ly, — L.

Mote the important phenomenon: the intersection of the closed Weyl
chamber with the lattice Ay will be a free semigroup W"* generated by the
fundamental weights w, = L, + --- + L,occurringalong the edges of the Weyl
chamber. One aspect of its signilicance that is immediate is that it allows us
to index the irreducible representations sl,C nicely: for an arbitrary (n — I}
tuple of natural numbers(a,, ..., a,.,) € N"™" we will denote by I, ,  the
irreducible representation of sl, C with highest weight a; L, + a4{L, + L;) +
b lg(ly + o d L) = (e a )Ly e+ da )y +
R o Y PR

ra, ..... -y n,t..u-,:,l.,ﬂ.,]q ORI | B A

This also has the nice consequence that once we have located the irreducible
representations M with highest weight L, + -« + L,, the general irreducible
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representation I, . with highest weight } a,(L, + --- + L;) will occur
inside the tensor product of symmetric powers

Sj"rﬂ.' Vlll@S}.mnFﬂI@.,. & S}'m-"' V=l

of these representations. Thus, the exisience part of the basic Theorem 14.18
is reduced to finding the basic representations ¥'7; we will do this in due
course, though at this point it is probably not too hard an exercise to guess
what they are.

§15.2. Representations of sl,C and sl,C

We begin as usual with the standard representation of ¢l,C on ¥ = C* The
standard basis veclors ¢, of C* are eigenvectors for the action of §, with
eigenvalues L, so that the weight diagram looks like

or, with the reference cube drawn as well,
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The dual representation ¥* of course has weights — L, corresponding to the
vectors of the dual basis e} for V*, so that the weight diagram, with its
reference cube, looks like

Mole that the highest weight for this representalion is — L, which lies along
the bottom edge of the Weyl chamber, as depicted in Diagram (15.8). Note also
that the weights of the representation A*V—the triple sums L, + Ly + Ly,
Ly+ L+ Ly, Ly+Ly+ Ly, and Ly + Ly + L, of distinet weights of V—are
(he same as those of V'*, reflecting the isomorphism of these two representations,
This suggests that we look next at the second exierior power A*¥. This is
a six-dimensional representation, with weights L, + L, the pairwise sums of
distinct weights of V; its weight diagram, in its reference cube, looks like

The diagram shows clearly that A*V is irreducible since it is not the nontrivial
union of two configurations invariant under the Weyl group &, (and all
weights oceur with multiplicity 1). Note also that the weights are symmetric
about the origin, refllecting the isomorphism of A2V with (ATV)* = Al (V*),

MNote that the highest weight L, + L, of the representation AV is the
primitive veclor along the lront edge of the Weyl chamber #° as pictured in
Diagram (15.8). Now, we have already seen that the intersection of the closed
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Weyl chamber with the weight lattice is a free semigroup generated by the
primitive vectors along the three edges of #"—thal is, every vectorin # n Ay
is a non-negative integral linear combination of the three veclors L, Ly + L,
and L, + Ly + Ly. As we remarked at the end of the first section of this
lecture, it follows that we have proved the existence half of the general existence
and uniqueness theorem (14.18) in the case of the Lie algebra s, C. Explicitly,
since ¥, AW, and A’V = I* have highest weight vectors with weights L,
Ly + Ly, and Ly + Ly + Ly, respectively, it follows that the representation

Sym"¥ ® Sym*(A?V) @ Sym (A*V)

eontains a  highest  weight  vector with weight aly + b(L, + L) +
¢lLy + Ly 4 L), and hence a copy of the irreducible representation T, , . with
this highest weight.

Let us continue our examination of representations of sl,C with a pair of
tensor products of the three basic representations: ¥ @ AV and ¥ @ AV
As for the first of these, ils weights are easy to find: they consist of the sums
2L, + L, {which occur once, as the sum of L, and L, + L)) and L, + L, + Ly
{which occur three times). The diagram of these weights looks like

{We have drawn only the vertices of the convex hull of this diagram, thus
omitting the weights L, + L, + Ly; they are localed at the centers of the
hexagonal faces of this polyhedron.)

Now, the tepresentation ¥ @ AV cannot be irreducible, for at least a
couple of reasons. First off, just by looking at weights, we see that the
irreducible representation W = I, | , with highest weight 2L, + L, can have
multiplicity at most 2 on the weight L, + L, + Ly: by Observation 14.16, the
weight space Wy ;. 4, is generated by the images of the highest weight vector
ve Wy 4, by successive applications of the primitive negative root spaces
AL,-L,s Oy-p, 80d A, g, But Ly + Ly + Ly is uniquely expressible as a sum
of 2L, 4+ L, and the primitive negalive roots:

Ly4+L,+Ly=2L, + Ly +(Ly— Ly) +(Ly — L3k
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so that ¥, ..., is generated by the subspaces g, . (8,-1,(v)) and
i.,-1,100, -1, (0)). We can in fact check that the representation [, , , takes
on the weight L, + Ly + Ly with multiplicity 2 by writing out these
generators explicitly and checking that they are independent: for example, we
have

ﬂL,—J.,{HL,-L,["H =C-E; ((Ey zle, @1le; A e3)))
=C-Ey (e, @(e, A ea))
=Cle; @(e; A ey) + e, @(e; A ey))

This is in fact what is called for in Exercise 15.10.

Alternatively, forgetting weights entirely, we can see from standard multi-
linear algebra that the representation ¥V & AV cannot be irreducible: we have
a natural map ol representations

o VEaANY = AV
which is obviously surjective. The kernel of this map is a representation with
the same set of weights as V @ A’V (but taking on the weights L, + L; + L,

with multiplicity 2 rather than 3), and so must contain the irreducible represen-
tation Iy, o with highest weight 2L, + L,.

Exercise 15.10. Prove that the kernel of ¢ is indeed the irreducible represen-
tation [} , 4.

Finally, consider the tensor product V@AW, This has weights
2L + Ly + Ly = L, — L), each occurring onee, and 0, oceurring four times. Its
weight diagrams thus look like

This we may recognize as simply a direct sum of the adjoint representation
with a copy of the Irivial; this corresponds to the kernel and image of the
obvious contraction (or trace) map
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VaAV=Vva@V*=Hom(V, V)=C.

{Mote that the adjoint representation is the irreducible representation with
highest weight 2L, + L; + L, or in other words the representation Iy 4 ,.)

Exercise 15.11. Describe the weights of the representations Sym"V, and deduce
that they are all irreducible.

Exercise 15.12. Describe the weights of the representations Sym"(A2V), and
deduce that they are not irreducible. Describe maps

@ Sym"(AV) = Sym" ATV

and show that the kernel of ¢, is the irreducible representation with highest
Wﬁght "[L’ + LI ]'.

Exercise 1513 The irreducible representation I', , ; with highest weight
IL; + 2Ly + Ly occurs as a subrepresentation of the tensor product
¥ @AV @ A’V lying in the kernel of each of the three maps

V@A @AY = AV @AY
V@AWV @AV s ATV @ MY = AV
reaAvearveralvrar s vaiAv =vaVy

obtained by wedging two of the three factors. Is it equal to the intersection of
these kernels? To test your graphic abilities, draw a diagram of the weights
(ignoring multiplicities) ol this representation.

Representations of s[,C

Onee the case of sl C is digested, the case of the special linear group in general
offers no surprises; the main dillerence in the general case is just the absence
of pictures. Of course, the standard representation V of sl,C has highest weight
Ly, and similarly the exterior power A'F is irreducible with highest weight
Ly + -+ Ly. It follows that the irreducible representation I, . | with
highest weight (a; + -+ a,_;)L, + - + a,_;L,_; will appear inside the
tensor product

Sym™V @ Sym™(ATV) @ - @ Sym™ (A1),
demonstrating the existence theorem (14.18) for representations of el C.
Exercise 15.14. Verily that the exterior powers of the standard represenlations

of sl,C are indeed irredueible (though this is not necessary for the truth of the
last sentence),
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§15.3. Weyl's Construction and Tensor Products

At the end of the preceding section, we saw that the irreducible representation
L, of s Cwith highest weight (a; + - + g, )Ly + - + @, L,y will
appear as a subspace of the tensor product

Sym"'V @ Sym*(ATV) ® -+ @ Sym* (A" W),

or equivalently as a subspace of the dth tensor power V® of the standard
representation ¥, The natural question is, how can we describe this subspace?
We have seen the answer in one case already (lwo cases, if you count the trivial
answer [, = Sym*®V in the case n = 2J: the representation I, of sl;C can be
realized as the kernel of the contraction map

Sym*V @ Sym*(A?V) = Sym* ™'V @ Sym* 1 ATW).

This raises the question ol whether the representation I', can in general be
described as a subspace of the tensor power (3)(Sym*(\'V]) by intersecting
kernels of such contraction/wedge product maps. Specifically, for i and j with
i + j = nwe can define maps

Sym* ¥ @ Sym™(A?V) @ -+ @ Sym* (A""'¥)
SAV@NV@SyM" V@ ® Sym" ' (ANV) @ -
@ Sym* | (NV) @ @ Sym*- (A" V)

and we have similar maps for { < jwithi + j = nand i even with 2i = n; there
are likewise analogously defined maps in which we split off three or more
lactors, The representation I, , _, is in the kernel of all such maps; and we
may ask whether the intersection of all such kernels is equal 1o T,

The answer, it turns out, is no. (It is a worthwhile exercise to find an example
of a representation I, that cannot be realized in this way ) There is, however,
another way of describing I, as a subspace of F®: in fact, we have already
met these representations in Lecture 6, under the guise of Schur functors or
Weyl modules. In lact, at the end of this lecture we will see how to describe
them explicitly as subspaces of the above spaces () (Sym*{/A\'V')). Recall that
for V¥ = C" an n-dimensional veclor space, and any partition

.1:‘12-1;2'”2!1,2“1

we can apply the Schur functor S, to V to obtain a representation
5,V = 5,(C") of GL{V) = GL,(C). Ild = }_ 1, this was realized as

S, V=V, = V@, Vi

where ¢, is the Young symmetrizer corresponding to 4, and V¥, is the irreducible
representation of S, corresponding to 1.

We saw in Lecture 6 that S,V is an irreducible representation of GL,C. Il
follows immediately that S, V remains irreducible as a representation ol 5L, C,
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since any element of GL,C is a scalar multiple of an element of SL,C. In
particular, it determines an irreducible representation of the Lie algebra s, C.

Proposition 15.15. The representation 5 ,(C") is the irreducible representation
of sl C with highest weight 1, L, + A;L, + - + 4 L,.

In particular, 5,(C") and 5,(C") are isomorphic representalions of &l,C il
and only il 4, — i, is constant, independent of i. To relate this to our earlier
notalion, we may say that the irreducible representation I, | ,_ , of #I,C with
highest weight a, L, + az{L, + L)+ -+ a,_ (L, +-- + L,_,)is obtained
by applying the Schur functor S, to the standard representation ¥, where

A=fay + -+ y iy 4+ F ygyeenyyy, O}

(Il we want a unigue Schur functor for each representation, we can restrict to
those 4 with 1, = 0.) In terms of the Young diagram for 4, the coellicients
a; = A; — A4y, are the differences of lengths of rows. For example, il n = 6,

|1}
o

e o

_Jk" d(’J

dg

is the Yeung diagram corresponding to [y 3 9,41

PrOOF OF THE PROPOSITION, In Theorem 6.3 we calculated that the trace of a
diagonal matrix with entries x,, ..., x, on 5,({C") is the Schur polynomial
Si(xy, ..., x,). By Equation (A.19), when the Schur polynomial is writlen out
it takes the lorm

Sk X) =My + T KM, (15.16)
ned

where M, is the sum of the monomial X* = x{'x§*-...-x2= and all distinct
monomials obtained from it by permuting the variables, and the K,, are
certain non-negative integers called Kostka numbers. When 5,(C") is
diagonalized with respect o the group of diagonal matrices in GL(C), it
is also diagonalized with respect to §h = sl (C). There is one monomial in
the displayed equation for each one-dimensional eigenspace. The weights of
5,(C") as a representation of sI,{C) therefore consist of all

#ILI + HJLJ +e 'llI‘li

each occurring as often as it does in the monomial X* in the polynomial
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Si(xy, ..., x,). Since the sum is over those partitions p for which the first
nonzero 4, — p, is positive, the highest weight that appearsis 1, L, + 4;L, +
+-- + 4, L,, which concludes the prool. [In fact one can describe an explicit
basis of eigenvectors for 5,(C") which correspond to the monomials that
appear in (15.16), cf. Problem 6.15 or Proposition 15.55.] (]

In particular, we have (by Theorem 6.3) lormulas lor the dimension of the
representation with given highest weight. Explicitly, one formula says that

i @+t ag) =i
dim(l,, ... L,D;s.'” =i : (15.17)

As we saw in the proof, this proposition also gives the multiplicities of all
weight spaces as the integers K, that appear in (15.16), which have a simple
combinatorial description (p. 456) the dimension of the weight space with
weight p in the representation 5,(C") is the number of ways one can fill the
Young diagram of A with j, s, py 2'5, ..., p, 0's, in such a way thai the entries
in each row are nondecreasing and those in each column are siricily increasing.

Exercise 15.18. Use the lormula in case n = 4 to calculate the dimensions of
the irreducible representations I, ; g and [y ; , of sl,C. In the former case,
use this to redo Exercise 15.10; in the latter case, to do Exercise 15.13.

Exercise 15.19*, Use this formula to show that the dimension of the irreducible
representation I, , of sly with highest weight al, + (L, + L;) s
{a + b+ I){a + 1){b + 1)/2. This is the same as the dimension of the kernel
of the eontraction map

1op: SYm*V @ Sym*V* = Sym* ' @ Sym® 'V,

Use this to give another proof of the assertion madeinClaim 134 that T, is
this kernel.

Exercise 15.20*. As an application of the above formula, show that if V is the
standard representation of &1, C, then the kernel of the wedge product map

V@AY = Ay

is the irreducible representation T, g0 with highest weight
2L, + Ly + -~ + Ly; and that the irreducible representation I,_, , o with
highest weight k- L, + L, is the kernel of the product map

V@ Sym*V — Sym** 1y,
Exercise 15.21*. Show that the only nontrivial irreducible representations of
sl,C ol dimension less than or equal to n are V and V*.

One important consequence of the fact that the irreducible representations
of s, C are obtained by applying Schur functors to the standard representation
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is that identities among the Schur—Weyl functors give rise to identities among
representations of GL, (and hence SL, and sl,), as we saw in Lecture 6. For
example, the representation

Sym* (V) @ Sym (V) @ - @ Sym (V) {15.22)

is a direct sum of representations 5,(V) @ (P, K,15,(V), where K, is the
coellicient described above. The particular application of this principle that
we will use most frequently in the sequel, however, is the consequence that
- ane knows the decompaosition of a tensor product of any two irreducible represen-
tations of s1,C: specifically, the tensor power 5,(V) @ 5,(V) decomposes into
a direct sum of irreducible representations

S:(V) @ S5,(V) = D Ny, S.(V), (15.23)

where the coefTicients Ny, are given by the Littlewood- Richardsan rule, which
is a formula in terms of the number of ways to fill the Young diagram between
4 and v with y; 1's, py 2, ..., p, n's, satislying a certain combinatorial
condition described in (A.8).

Exercise 15.24. Use the Littlewood-Richardson rule to show that the
representation I, .5 . .., Occurs exactly once in the tensor product

rli-----l.-r @ r"l---n-".-r

A special case of this is the analogue of Pieri's formula, which allows us
to decompose the tensor product of an arbitrary irreducible representation
with either Sym"'¥V =T, , _, or the fundamenial representation A'F =
... 10,00 (where the | occurs in the kth place):

Proposition 15.25. (i) The tensor product of T, .  with Sym'V =T, , o
decomposes into a direct sum:

r|||......-...| @rl......n= @rh ----- Ba-y?

the sum over all (b, ..., b,_ ;) for which there are non-negative integerse,, ..., c,
whose sum is k, with ¢,y < ay for | Sisn— 1, and with b = a, + ¢; = €;4;
forl<igsn—1

(i) The tensor product of T, ., with NV =Ty _ o, o decomposes
inta a direct sum:

Fapicstn s @ o000 .0= e:')ra.,.._.r__.r
the sum over all (by, ..., b,_,) for which there is a subset § of {1,...,n} of
cardinality k, such that if i ¢ § and i + 1 € §, then a, > 0, with

ay—1 li¢Sandi+1eS
bh=<sa,4+1 ilicfSandi+ 1¢8§
ay otherwise.
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Proor. This is simply a matter of translating the prescriptions of (6.8) and
{6.9), which describe the decompositions in terms of adding boxes to the Young
diagrams. In (i), the ¢; are the number of boxes added 1o the ith row, and in
{ii}, § 15 the set of rows to which a box is added. N

Exercise 15.26. Verify the descriptions in Section 2 of this lecture of ¥V @ A'V
and ¥V & A*V, where V is the standard representation of i, C.

Exercise 15.27. Use Pieri's formula (with n = 4) twice to lind the decomposition
into irreducibles of ¥ & A?V @ AV, where V is the standard representation
of #l,C. Use this to redo Exercise 15.13.

Exercise 15.28. Use Pieri's formula Lo prove (11.5). You may also want to look
around in Lecture 13 to see which other of the decompositions found there
by hand may be deduced lrom these formulas

Exercise 15.29. Verily that the statement of Exercise 15.20 follows directly
from Pieri’s formula.

In the following exercises, ¥ = C" is the standard representation u.l‘sl,l:.
Exercise 15.30. Consider now tensor products of the form A'V @ AV, with,

say, k = [. Show that there is a natural map
MV@AV MY NV

given by contraction with the element “trace” (or “identity™) in V¥ @ V* =
End{V¥). Explicitly, this map may be given by

(v, A A n)@(w A A w)
i
H;‘ (— 1oy A Ao A w)@(wy A nﬁ}a Ao

What is the image of this map? Show that the kernel is the irreducible
representation Iy o0, 01,0, with highest weight 2L, + - + 2L, +
-L“’ S L*.

Exercise 15.31*. Carry out an analysis similar to that of the preceding exercise
for the maps

Sym'V @ Sym'V —» Sym** 'V @ Sym'~ 'V
defined analogously.

Exercise 15.32*. As a special case of Pieri's formula, we see that il V is the
standard representation of sl C, the tensor product
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NVONV =D Syu 11 1.0.4V)

= 'EB ro.....u.1.0,...,n.1.o,...+

where in the ith facior the 1's occur in the (k — i)th and (k + i)th places. A1
the same time, of course, we know that

AV @ AV = Sym*(AV) @ N {AV).

Il we denote the ith term on the right-hand side of the first displayed equation
for A*V @ AV by @, show that

Sym*(A¥) = P @, and A (NV) =D Oy,

Exercise 15.33*% As another special case of Pieri’s formula, we see that the
tensor product

Sym'V @ Sym*V = (P Spsiu-n(¥)

= @ r]l'.l—l;.l;l...ﬂ-'
AL the same time, of course, we know that

Sym*V @ Sym*¥V = Sym?(Sym*V) @ A {Sym*V).

Which of the factors appearing in the first decomposition lie in Sym?(Sym*V),
and which in A} (Sym*V)?

1t follows from the Litlewood -Richardson rule that if 4, g, and v all have
al most two rows, then the coeflicient Ny, is zero or one (and it is easy to
say which occurs). In particular, for the Lie algebras sl,C and sl,C, the
decomposilion of the tensor product of two irreducible representations is
always multiplicity free. Groups whose representations have this property,
such as SU(2), 5U{3), and SO(3) which are so important in physics, are called
“simply reducible,” cf. [Mack].

§15.4. Some More Geometry

Let ¥ be an n-dimensional vector space, and G(k, n) = Gik, ¥) = Grass, V' the
Grassmannian of k-planes in V. Grass, ¥ is embedded as a subvariely of the
projective space P{/A*¥) by the Plicker embedding:

p: Grass, ¥ = P{A'V)

sending the plane W spanned by vectors vy, ..., v, 10 the alternating tensor
vy A <o A O Equivalently, noting that if W < V is a k-dimensional subspace,
then A*W is a line in A*V, we may write this simply as

o Wi NI
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This embedding is compatible with the action of the general linear group:
PSL,C = Aut(P(¥)) = {o & Aut(P(A*V)): a(Glk, V) = Gik, V)}".

This follows from a fact in algebraic geometry ([Ha]): all avtomorphisms
of the Grassmannian are induced by automorphisms of ¥, unless n = 2k,
in which case we can choose an arbitrary isomorphism of V with v*
and compose these with the automorphism that takes W to (C%/W)*. Here
the superscript = denotes the connecled component of the identity. As in
previous lectures, if we want symmelric powers lo correspond to homo-
geneous polynomials on projective space, we should consider the dual situa-
tion: G = Grass"V is the Grassmannian of k-dimensional quotienr spaces of
¥, and the Pliicker embedding embeds G in the projective space P(\'F*) of
one-dimensional quotients of A'F,

The space of all homogeneous polynomials of degree m on P(A*V*) is
naturally the symmetric power Sym™(A*¥). Let [{G),, denote the subspace of
those polynomials of degree m on P(A*V'*) that vanish on G. Each 1(G), is a
representalion of sl,C:

0=+ I{G),, —» Sym™(A'V) - W, =+ 0,

where W, denotes the restrictions to G of the polynomials of degree m on
the ambient space P{A"V*). We shall see later that W, is the irreducible
representation Ty g m.o... With highest weight m(L, + --- + L;) (the case
m = 2 will be dealt with below). [n the following discussion, we consider the
problem of describing the quadratic part 1{G); of the ideal as a representation
ol ¢, C.

Exercise 1534, Consider the first case of a Grassmannian that is not a
projective space, that is, k = 2. The ideal of the Grassmannian G(2, V) of
2-planes in a vector space is easy to describe: a tensor ¢ € A?V is decomposable
il and only il @ ~ @ = 0 {equivalenily, il we think of @ as given by a skew-
symmelric n » n matrix, il and only il the PlaMans of symmelric 4 x 4 minors
all vanish); and indeed the quadratic relations we get in this way generate the
ideal of the Grassmannian. We, thus, have an isomorphism

1G), = A*V
and correspondingly a decomposition into irreduc}hlas
Sym* (A V) = AVB Ty 50,0
where Ty ;3 5 o i5, as above, the irreducible representation with highest
weight 2(L, + L;), cf. Exercise 15.32.

Exercise 1535, When k = 2 and n = 4, G is a quadric hypersurface in P%, so
polynomials vanishing on @ are simply those divisible the quadratic poly-
nomial that defines G. Deduce an isomorphism.

1(G),, = Sym™2(A?V).
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The flirst case of a Grassmannian that is not a projective space or of the
form G(2, ¥} is, of course, G(3, 6), and this yields an interesting example.

Exercise 15.36. Let ¥ be six dimensional. By examining weights, show that
the space [{G), of quadratic polynomials vanishing on the Grassmannian
G(3, ¥) = P[A*V) is isomorphic to the adjoint representation of sl C, ie.,
that we have a map

@ SymA A V) V@ v

with image the space of traceless mairices.
Exercise 15.37. Find explicitly the map ¢ of the preceding exercise.

Exercise 15.38. Again, let ¥ be six dimensional. Show that the representation
Sym*(A*¥) has a trivial direct summand, corresponding to the hypersurface
in P{AYV*) dual to the Grassmannian G = G(3, V) = A V)

In general, the ideal 1{G) = EP [(G),, is generated by the famous Pliicker
equations, These are homogeneous polynomials of degree two, and may be
wrilten down explicitly, cf. {15.53), [H-P], or [Ha]. In the following exercises,
we will give a more intrinsic description of these relations, which will allow
us to identily the space [{G); they span as a represenlation on sl C fand to
see the general patlern of which the above are special cases).

Exercise 1539, For a given tensor A € A'V, we introduce two associated
subspaces:

W=lreVivaA=0}cV
and
W.’{H.Elr-: "- Aﬂ.-ﬂﬁ}i: V*,

where, abusing notation slightly, A* is the tensor A viewed as an element of
AV = A% Show that the dimensions of W and W* are at most k and
n — k, respectively, and that A is decom posable if and only if W has dimension
kor W* has dimension n — k; and deduce that A is decomposable if and only
il the annihilator W' of W* is equal to W

Exercise 15.40. Now let 2 A" 1V* = A" 'V, Wedge product gives a map
g MV AT = e
Using the preceding exercise, show that A is decomposable il and only if

(A} A A=0eNY
for all e A¥ e,



230 15, 81,C and «1,C

Exercise 15.41. Observe that in the preceding exercise we construct a map
AT @ Sym (A - AT,
or, by duality, a map
A e @ AT L SymP (At V) (15.42)

whose image is a vector space of quadrics on P(A*V) whose common zeros
are exactly the locus of decomposable vectors, that is, the Grassmannian
Gk, V). Show that this image is exactly the span of the Plicker relations
above,

Exercise 15.43. Show that the map (15.42) of the preceding exercise is just the
dual of the map constructed in Exercise 15.30, with k = | and restricted lo the
symmelric product. Combining this with the result of Exercise 15.32 {and
assuming the statement that the Pliicker relations do indeed span I{G),),
deduce that in terms of the description

s!'mi{"'"'-l V)= {'B ay
of the symmetric square of A*V, we have
W, =8,= ru.....u.:.u....

{the irreducible representation with highest weight 2(L, + -+ + L)), and
HG), = @By.
=1

Hard Exercise 15.44. Show that in the last equation the sub-direct sum
HUES @ a,
izl

is just the quadratic part of the ideal of the restricted chordal variety of the
Grassmannian: that is, the union of the chords LM joining pairs of points
in G corresponding to pairs of planes L and M meeting in a subspace of
dimension at least k — 21 + 1. (Question: What is the actual zero locus of these
quadrics?)

Exercise 15.45. Carry out an analysis similar to the above to relate the
ideal of a Veronese variety P¥* = P(Sym* V'*) to the decomposilion given in
Exercise 15.33 of Sym?(Sym*¥). For which k do the quadratic polynomials
vanishing the Veronese give an irreducible representation?

Exercise 15.46. (For algebraic geometers and/or commutative algebraists)
Just as the group PGL,C acls on the ring § of polynomials on projective space
P®, preserving the ideal of the Veronese variely, so it acts on that space of
relations on the ideal (that is, inasmuch as the ideal is generated by quadrics,
the kernel of the multiplication map 1,(2) ® § —+ 5), and likewise on the entire
minimal resolution of the ideal of X. Show that this resolution has the form
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A R:.@Sq}ﬁ 35411{2}@3-

where all the R, are linile-dimensional representations of PGL,C, and identily
the representations R, in the specific cases of

(i) the rational normal curve in P,
(ii) the rational normal curve in P*, and
(iii) the Veronese surface in P5,

§15.5. Representations of GL,C

We have said that there is little dilference belween representations of GL,C
and those of the subgroup SL,C of matrices of determinant 1. Our object here
is lo record the dilference, which, naturally enough, comes from the deter-
minant: il ¥ = C" is the standard representation, A"V is trivial for SL,C but
not for GL_C. Similarly, ¥ and A"'V* are isomorphic for SL,T but not
for GL,C.

To relate representations of SL,C and GL,C, we first need to define some
representations of GL,C. To begin with, let I, denote the one-dimensional
representation of GL,C given by the kth power of the determinant. When k
is non-negative, Dy = (A"V)®%; D_y is the dual (D,)* of D,. Next, note that the
irreducible representations of SL,C may be lifted to representations of GL,C
in two ways. First, for any index a = {a,, ..., a,) of length n we may lake @,
to be the subrepresentation of the tensor product

Sym" ¥ @ - @ Sym™ (A" V) @ Sym™(A"V)
spanned by the highest weight vector with weight a, L, + a,(L, + L;) +
ooy y(Ly + - 4 L,y )—that is, the vector
v={e; )" ey ne)f ... leg A nog )
This restricts 1o SL,C to give the representation [, where a’ = (a,, ..., a,_, %
taking different values of a, amounts to tensoring the represeniation with
different factors Sym®(/\"V) = (A"V)®* = D, . In particular, we have
mﬂ.....l.*l: - m-.,. ..u..@ Dl:

which allows us to extend the definition of &, to indices a with a, < 0: we
simply set
¢4. ..... e 'I'a,,_..,,-,,ﬂ @D,

for large k.
Alternatively, we may consider the Schur lunctor 5, applied to the standard
representation ¥ ol GL,C, where

‘1 =-l:ﬂl + 4 dmai + +'ur|-"'1a-l|—l + ﬂfr!'ﬂl]'
We will denote this representation 5,V of GL,C by '¥,; note that
lpa,u ..... I 'h,,.._,a,,@ﬂl
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which likewise allows us to define ‘¥, for any index A with 3, = 1, = = 4,,
even il some of the 1, are negative: we simply take

¥,

for any sulliciently large k.

As is not hard to see, the two representations &, and ‘¥, are isomorphic as
representations of GL,C: by §15.3 their resirictions to 5L, C agree, so it sulfices
to check their restrictions to the cenler C* = GL,C, where each acts by
multiplication by zL% = z'f-“"]. It is even clearer that there are no coincidences
among the @, {ie, @, will be isomorphic to &,. il and only il a =a') il
b, = ®,., we must have a, = aj for i = I,..., n — |, 50 the statement lollows
from the nontriviality of Dy for k # 0. Thus, to complete our description of the
irreducible finite-dimensional representations of GL,C, we just have to check
that we have found them all. We may then express the completed result as

et = Vo s @D,

Proposition 1547, Every irreducible complex representation of GL,C is iso-
morphic to ', for a unigue index 1= 4,,... L withl, = 1, = - = 1, lequiv-
alently, to ®, for a unigue indexa = a,,...,a, witha,,...,a,., =0)

Proor. We start by going back to the corresponding Lie algebras. The scalar
matrices form a one-dimensional ideal € in gl,C, and in fact gl,C is a product
of Lie algebras:

gl,C ==,C x C. (15.48)

In particular, C is the radical of g1, C, and s, C is the semisimple par. It follows
from Proposition 9.17 that every irreducible representation of gl C is a tensor
product of an irreducible representation of sl,C and a one-dimensional repre-
sentation. More precisely, let W, = 5,(C") be the representation of s1,C deter-
mined by the partition A [extended to s[,C » C by making the second lactor
act trivially). For we C, let Liw) be the one-dimensional representation of
sl,C x € which is zero on the first factor and multiplication by w on the
second; the proofl of Proposition 9.17 shows thal any irreducible representa-
tion of sl C x C is isomorphic to a tensor product W, @ L{w). The same is
therefore true for the simply connected' group SL,C x € with this Lie
algebra.

We wrile GL,C as a guotient modulo a discrete subgroup of the center of
SLCxC:

1 -+ Ker{p) = SL,C x C HGL,C— 1, {1549

where plg x z) = e g, 50 the kernel of p is generated by e*- 1 x | —35), where
5 = 2mifn.

Our lask is simply to see which of the representations W, @ L{w) of
SL,C x C are trivial on the kernel of p. Now " [ acls on S,C" by multi-

' For a proeol that 5L,C is simply connected, see §23.1.
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plication by e*, whered = }_ 1;;indeed, this s true on the entire representation
{C")® which contains 5,C" And —sacts on L{w) by multiplication by e **, 50
e' | % {—s)acts on the Lensor product by multiplication by ™™™, The tensor
product is, therefore, trivial on the kernel of p precisely when sd — sw e 2niZ,
i.e., when

W= E A+ kn

for some inleger k.

We claim finally that any representation W, @ L{w) satislying this condi-
tion is the pullback via p of a representation ¥ on GL,C. In fac, it is not hard
to see that it is the pullback of the representation ¥, ., 44 the two clearly
restrict to the same representation on SL,C, and their restrictions to C are
just multiplication by e** = & 4i¥nbiz, [m]

Exercise 15.50. Show that the dual of the representation ¥, which is iso-
morphic 1o 5,(V*}is the representation '¥,_,

Exerclse 15.51*, Show that il p: GL,C - GL(W)is a representalion (assumed
to be holomorphic), then W decomposes into a direct sum of irreducible
representations,

Exercise 15.52*, Show thal the Hermite reciprocity isomorphism of Exercise
11.34 is an isomorphism over GL,C, not just over SL,C.

More Remarks on Weyl's Construction

We close oul this lecture by looking once more at the Weyl construction of
these representations of GL{¥). This will include a realization “by generators
and relations,” as well as giving a natural basis for each representation. First,
it may be illuminating-——and it will be useful later—to look more closely al
how 5,V sits in F®, We want to realize S, ¥ as a subspace of the subspace

Sym™(AV) @ Sym™- (A" V)@ @ Sym" (V) = v,

where a, is the number of columns of the Young diagram of 1 of length i {and
k is the number of rows). This space is embedded in ¥®* in the natural way:
from left to right, a factor Sym*(*¥) is embedded in the corresponding V&=
by mapping a symmetric product of exterior products

(g g Alg g A Aty (U g Al g ac s Al

[0y 0 M Oyg A Aly)
o

L B0 (011,501 @ @ Uy iy i) B B (Vg 1), i B B 0 a1, prarh
the sum over pe S, and g = (g, ..., §,) € &, x -+ x &, In other words, one



234 15, #1,C and sl C

first symmelrizes by permuiing columns of the same length, and then performs
an alternating symmetrizer on each column.

Lettinga = (a,, ..., a), let A*(¥)denote this iensor product of symmetric
powers of exlerior powers, j.e., sel

AV = Sym™(A'V) ® Sym™ (A" V) & --- @ Sym*:(¥).
We want to realize S, V as a subspace of A*V. To do this we use the conslruc-
tion of S, 1 as ¥®- ¢, where ¢, is a Young symmelrizer; to get compatibility
with the embedding of 4"V we have just made, we use the tableau which
numbers the columns from top to bottom, then left to right.

1fa |6 sJ y=4
pls|7|m=t hy=1
1 ay= 2 hy=1
ay= 1

Wy B3 My M

[ ] L] ] ]

3 2 12 1

Wetakepy = A" =(pu; = -+ = p; > 0) 10 be the conjugate of 1. The symmetrizer
cy is a product a,- by, where ay; = } e,, the sum over all p in the subgroup
P =8, % xS, ol preserving the rows, b, = } sgn(q)q, the sum over
the subgroup 0 = S, x --- x S, preserving the columns, as deseribed in
Leclure 4. The symmetrizing by rows can be done in two steps as follows.
There is a subgroup

R=8, % x8,

of P, which consists of permutations that move all entries of each column
to the same position in some column of the same length; in other words,
permutations in R are determined by permuting columns which have the same
length. (In the illustration, R = {1, (46)(57)}.) Set

ay= Y e, inCs,,
d ".2. d
Mow if we define a to be § e,, where the sum is over any set of representatives

in F [or the left cosets P/R, then the row symmetrizer a, is the product of o}
and aj. So

S,(V)=(V®-a})-a; b,
The point is that, by what we have just seen,
P®.gi-b, = AW
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Since V®* - q) is a subspace of ¥ ils image S,(V) by aj - b, is a subspace of
A"(V), as we claimed.

There is a simple way to construct all the representations 5,V of GL{V)
al once. In fact, the direct sum of all the representations S, ¥, over all {non-
negative) partitions 1, can be made into a commulative, graded ring, which
we denote by § or §'(V), with simple generators and relations. This is similar
to the fact that the symmetric algebra Sym'V = (9 Sym*V and the exterior
algebra N'V = (QA"V are easier to describe than the individual graded picces,
and it has some of the similar advantages for studying all the represen-
tations al once. This algebra has appeared and reappeared frequently, cf.
[H-P); the construction we give is essentially that of Towber [Towl].

To construct §'(V), start with the symmetric algebra on the sum of all the
positive exterior products of V: set

AV)=Sym(VBANVENVE- -8 NV)
= @ Sym™(AV)@ - ®Sym(A*V)® Sym"(V),

[T L

the sum over all n-tuples a,, ..., a, of non-negative integers. So A°(F) is the
direct sum of the 4*(¥) just considered. The ring §" = 5'(V) is deflined to be
the quotient of this ring A(V) modulo the graded, two-sided ideal I” generated
by all elements {“Pliicker relations”) of the form

(g A am)lwg A aow)

- ‘i oy A Al AWy Al A Ag) (o awa AW
=]

(15.53)
forall pz gz 1 and all vy, ..., v, Wy, ..., wee V. (Il p = q, this is an ele-
ment of Sym?(AFVE il p > g, itis in APV @ ATV = Sym" (AP ) @ Sym ! (ATV).
Mote that the multiplication in S°(¥) comes entirely from its being a symmetric
algebra and does not involve the wedge products in AV)

Exercise 15.54*, Show that I” contains all elements of the form
{og A mo)iwg aces aowy)
=Y A AW A AW AT AL
oy, WO A A A Wy AT A W)
forallp=gqzr=landall oy,..., 0, w, ..., w, eV, where the sum is over

il | <y =iy =< =i <p, and the elements w,, ..., w, are inserted at the
corresponding places in vy A =+ A 0,

Remark. You can avoid this exercise by simply taking the elements in the
exercise as defining generators lor the ideal I'. When p = g = r, the calcula-
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tion of Exercise 15.54 shows that the relation (v, & - A e ) (wp Ao aow)
=(w; A - A w)(vy A -+ A b,)follows from the generating equations for I,
In particular, this commutativily shows that one could define 5°(V) lo be the
full tensor algebra on V@ ANV @ - @ A"V modulo the ideal generated by
the same generalors.

The algebra 5(V) is the direc, sum of the images S*(V) of the summands
A*(V). Let ey, ..., e, be a basis for V. We will construct a basis for S*(V), with
a basis element e, for every semistandard tableau 7" on the partition 4 which
corresponds to a. Recall that a semistandard tableau is a numbering of the
boxes of the Young diagram with the integers I, ..., n, in such a way that the
entries in each row are nondecreasing, and the entries in each column are
strictly increasing. Let i, j) be the entry of T in the ith row and the jth
column. Define ey to be the image in S*(V) of the element

I
]_li Erpry M Ergan AT A epg,p € SYM™=(AV) @ - @ Sym™(V), -
,-

i.e, wedge together the basis elements corresponding to the entries in the
columns, and multiply the results in 5°(V).

Proposition 1555, (1) The projection from A*(V) to S*(V) maps the subspace
5,(V) isomorphically onto S*(V).
(2) The ey for T a semistandard tableau on A form a basis for S*(V).

Proor. We show first that the elements e; span S*(V). 1L is clear that the ep
span il we allow all tableaux T that number the boxes of A with inlegers
between | and nwith strictly increasing columns, for such elements span before
dividing by the ideal I'. We order such tableaux by listing their entries column
by column, from left to right and top to botlom, and using the reverse
lexicographic order: T* > T'il the last eniry where they diller has a larger entry
for T' than for 7217 T is not semistandard, there will be two successive columns
of T, say the jth and { j + 1)st, in which we have T{r, j}) = Tir, j + 1) for some
r. It suflices lo show how lo use relations in I" lo write e¢; as a linear
combination of elements ey with T° = T. For this we use the relation in
Exercise 15.54, with v, = frun for l<igsp=p, and w, = eru, 1) for
| i< g= ., tointerchange the first r of the {w;} with subsets of r of the
{v;}. The terms on the right-hand side of the relation will all correspond 1o
lableaux 7" in which the r first entriesin the{ j + 1)st column of T are replaced
by r of the enties in the jth column, and are not otherwise changed beyond
the jth column. All of these are larger than T in the ordering, which proves the
assertion,

It is possible to give a direct proof that the e; corresponding lo semi-
standard tableaux T are linearly independent (see [ Tow1]), but we can get by
with less. Among the semistandard tableaux on 4 there is a smallest one Ty
whose ith row is filled with the inleger i. We need to know thal ey is not zero
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in §°. This is easy to see direcily. In fact, the relations among the e, in
I"m A*(V) are spanned by those obtained by substituting r elements from
some column of some T to an earlier column, as in the preceding paragraph.
Such will never involve the generator ey, unless the 7" that is used is Tg, and
in this case, the resulting element of I is zero. Since e, occurs in no nontrivial
relation, its image in 5" cannot vanish.

Since ey comes from 5,(V), it follows that the projection from 5 ,(V) lo
S'(V) is not zero. Since this projection is a mapping of representations of
SL{¥), it follows that 5*(¥) must contain a copy of the irreducible representa-
tion S;(¥). We know from Theorem 6.3 and Exercise A.31 that the dimension
of 5,(¥) is the number of semistandard tableaux on L Since we have proved
that the dimension of 5*(V) is al mos!| this number, the projection from 5,(¥)
to 5% V') must be surjective, and since S,(V) is irreducible, it must be injective
as well, and the e for T a semistandard tableau on 1 must form a basis, as
asserted. . [

Mote that this proposition gives another descriplion of the representalions
S,(V), as the quotient of the space A"V} by the subspace generated by the
“Plilcker” relations (15.53).

Exercise 15.56. Show that, il the factor A"V is omitted from the construclion,
the resulting algebra is the direct sum of all irreducible representations of
SL{¥) =5L,C.

it is remarkable that all the representations 5,{C") of GL,C were writlen
down by Deruyls (following Clebsch) a century ago, before representation
theory was born, as in the following exercise.

Exercise 15.57* Let X = (x; ;) be an n x » matrix of indeterminants, The
group G = GL,C acts on the polynomial ring CLx; I by g-x; ;= ¥ ey 0y %0
forg = (a, ;) € GL,C. For any tableau T on the Young diagram of 1 consisting
of the integers from 1 lo a, strictly increasing in the columns, let e, be the
product of minors constructed from X, one for each column, as follows: if the
column of T has length i, form the minor using the first j columns, and use
the rows that are numbered by the enlries of the column of T. Let I, be the
subspace of C[x; ;] spanned by these e,, where d is the number partitioned
by L Show that: (i) D, is preserved by GL,C; (i) the ey, where T is semi-
standard, form a basis for Iy; (iii) D, is isomorphic to 5,(C").



LECTURE 16

Symplectic Lie Algebras

In this lecture we do for the symplectic Lie algebras exactly what we did for the special
linear ones in §15.1 and most of §15.2: we will Nirst describe in general the structure of
a symplectic Lie algebra (that is, give a Cartan subalgebra, find the roots, describe the
Killing form, and so on). We will then work out in some detail the representations of
the specific algebra sp,C. As in the case of the corresponding analysis of the special
linzar Lie algebras, this is complelely elemeniary.

§16.1: The struciure of 5p,,C and sp,,C
§16.2 Representations of sp,C

§16.1. The Structure of Sp,,C and sp,,C

Let V be a 2n-dimensional complex veclor space, and
0: V=V,

a nondegenerate, skew-symmetric bilinear form on V. The symplectic Lie
group 5p,,C is then defined to be the group of automorphisms A of ¥
preserving (J—that is, such that Q{4r, Aw) = Q(v, w)lorall v, w & V—and the
symplectic Lie algebra sp,,C correspondingly consists of endomorphisms
A: V = V salislying

Q(Av, w) + Qlv, Aw) =10

for all vand w € V. Clearly, the isomorphism classes of the abstract group and
Lie algebra do not depend on the particular choice of ; but in order to be
able 1o write down elements of both explicitly we will, for the remainder of
our discussion, lake Q to be the bilinear form given, in terms of a basis e, ...,
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e, for I, by

Qley, ) = 1,

Qlega )= 1,
and

Qlee) =0 ilj#itn
The bilinear form @ may be expressed as
Qx, ) ="x" M-y,

where M is the 2rn x 2n matrix given in block form as

0 1)
M= (—f. ﬂ)'
the group Sp,, C is thus the group of 2n x 2n matrices A satislying
M="4-M-A

and the Lie algebra sp,, C correspondingly the space of matrices X satislying
the relation

'XM+M-X =0 {16.1)

Writing a 2n % 2n matrix X in block form as
A B
x=( 1)
, -'C 4
XM F(—-'ﬂ . )

C f
X =
mex=(, —)

so that this relation is equivalent to saying that the off-diagonal blocks B and
C of X are symmetric, and the diagonal blocks A and D of X are negarive
transposes of each other.

With this said, there is certainly an obvious candidate for Cartan sub-
algebra §) in sp,,C, namely the subalgebra of malrices diagonal in this
representation; in fact, this works, as we shall see shortly. The subalgebra by is
thus spanned by the n 2nx 2n matrices H, = E,; — E,, .+, whose action on
Vis to fix &, send e, Lo its negative, and kill all the remaining basis vectors;
we will correspondingly take as basis for the dual vector space h* the dual
basis Ly, where (L,, H;» = &, .

We have already seen how the diagonal matrices act on the algebra of all
matrices, 50 thal il is easy lo describe the action of h on q. For example, for

we have

and
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1 =i, j = nthematrix E; ; e gl,,C is carried into itsell under the adjoint action
of H;, inlo minus itsell by the action of H;, and 1o 0 by all the other H,; and
the same is true of the matrix E,, .., The element

Xiy=E = Epipusi €920

is thus an eigenvector for the action of b, with eigenvalue L, — L;. Similarly,
for i # j we see that the matrices E, ,, and E,,,, are carried into themselves
by H, and H,and killed by all the other H,; and likewise E,,, jand E,,  , are
each carried into their negatives by H, and H, and killed by the others. Thus,
the elements

Yoi=Epmiy+ Epsy

and
ZJ'.J = Euﬂ,; + Euﬂ.(

are eigenvectors for the action of b, with eigenvalues L, + Ly and —L; — L,
respectively. Finally, when i = j the same calculation shows that E,,, is
doubled by H, and killed by all other H;; and likewise E,,, ; is sent to minus
twice itself by H, and to 0 by the others. Thus, the elements

U= E:,-H
and

W= E-H.r
-are eigenvectors with eigenvalues 2L, and — 2L,, respectively. 1n sum, then,
the roots of the Lie algebra sp,,C are the vectors + L, + Lye h*.

In the first case n = |, of course we just get the root diagram of sl, C, which
is the same algebra as sp,C. In case n = 2, we have the diagram

(163

As in the case of the special linear Lie algebras, probably the easiest way
to determine the Killing form on sp,,C (at least up to scalars) is lo use its
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invariance under the automorphisms of sp,,C preserving . For example, w
have the automorphisms of sp,,C induced by permutations of the basi
veciors ¢, of V: for any permutation o of {1,2,...,n} we can defline a
automorphism of ¥ preserving Q by sending ¢; 1o e, and e, 10 e, . 2
this induces an aulomorphism of sp,, C preserving Iy and carrying H, to H_,
Also, for any i we can define an involution of ¥—and thereby of sp,,C—b:
sending €, 10 €,,;, €,4; 10 —¢;, and all the other basis vectors to themselves
this will have the effect of sending H, to — H; and preserving all the other H;
Now, the Killing form on b must be invariant under these automorphisms
from the first batch it follows that for some pair of constants o and [f we mus
have

B{H,, H}) =«
and
B(H, H)=ft Tori+ j;

from the second batch it follows that, in fact, § = 0. Thus, B is just a multipl
of the standard quadratic form B(H,, H}) = & ;, and the dual form correspond-
ingly a multiple of B(L,, L;) = & ; so that the angles in the diagram above are
correct.

Also as in the case of e[, C, one can also compute the Killing form directly
from the definition: B(H, H') = } a(H)a(H’), the sum over all roots &. Fou
H =7} a;H and H' = ¥ bH,, this gives B(H, H') as a sum

g}[a; + a)(b + by) + 2 z_',{la.ﬂibil + Ir;}{ﬂi —a)(b — by)

which simplifies 1o
B(H, H') = (4n + 4)(}. a;b). (16.3)

Crur next job is to locate the distinguished copies s, of sl,C, and the
corresponding elements M, € h. This is completely straightforward. We start
with the eigenvalues L, — L, and L; — L; corresponding to the elements X,
and X ;; we have

[xi.h x;.r] = [E:..i - E-+j.n+i- Ej.i - u:,uﬂ
= [Ei; Epi] + [E..+_i...+a+ Euﬂ.l+j]
=E = E ;+Eijus;— |
= H, - H,

Thus, the distinguished element H, _, is a multiple of H; — H,. To see what
multiple, recall that H; _, should act on X, ; by multiplication by 2 and on
X; 1 by multiplication by —2; since we have

ad(M; — H)(X, ;) = ((Ly — L)(H, — H))) X,
- Mr.j-
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we conclude that
Hy,,, = H — H,

Mext consider the pair of opposite eigenvalues L, + L, and — L, — Ly,
corresponding to the eigenvectors ¥ and Z, ;. We have

[Yip Ziy) = [Ecnsy + Epmsts Bnsiy + Eniydd
= [ELrujr Epipil + [Epnsir 'EJH-I._]]
= Ei,r - Eu_l.n_r + Ej,j = Eyiimni
=H + H,

We calculate then
ad(H, + H)(Y, ) = (L + L)(H; + H)) Y,
=2 Y
so we have
His,=H + H,
and similarly
Hoppor,= —H; - H;.

Finally, we look at the pair of eigenvalues + 2L, coming from the eigen-
vectors Ujand V. To complete the span ol U, and I toa copy of sl; C we add

[U, ¥]l= [E:,.4r= E:H.i}

= Ei i — Engiant
=H,.
Since
ad(H (L) = (2L(H}))- U,
= 2-U,

we conclude that the distinguished element H,y, is Hy, and likewise H_5;, =
— H,. Thus, the distinguished elements {H,} = h are | +H, + H; +H,}; in
particular, the weight lattice Ay of linear forms on [y integral on all the H, is
exactly the latlice of integral linear combinations of the L. In Diagram (16.2),
for example, this is just the lattice of intersections of the horizontal and vertical
lines drawn; observe that for all » the index [Ay : Ag] of the root lattice in the
weight lattice is just 2.

Mext we consider the group of symmetries of the weights of an arbitrary
representation of sp,,C. For each root & we let W, be the involution in
Iy* fixing the hyperplane £, given by ¢(H,, L} = 0 and acting as — I on the
line spanned by o; we observe in this case thal, as we claimed will be truein
general, the line generated by a is perpendicular to the hyperplane €, so that
the involution is just a reflection in this plane. In the case n = 2, [or example,
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we gel the dihedral group generated by reflections around the four lines drawn
through the origin:

so that the weight diagram of a representation of sp,C will look like an
octagon in general, or {in some cases) a square.

In general, reflection in the plane £, given by {H,, L} = 0 will simply
reverse the sign of L, while leaving the other L; lixed; reflection in the plane
{H; — H, Ly = 0 will exchange L, and L; and leave the remaining Ly alone.
The Weyl group I8 acts as the full aulomorphism group of the lines spanned
by the L, and fits into a sequence

| =+ {ZEf =W+ S, = |,

Note that the sequence splits: 0 is a semidirect product of &, and (£/2€)".
(This is a special case of a wreath product.) In particular the order of MW is 2*n!.
We can choose a positive direction as belore;

Wal)=ca ++¢d, ¢>¢>>c>0
The positive roots are then
R = {Li+ L}y yv (L — Ly}iey (16.4)

with primitive positive roots {L; — Lyy Ji=y.__a— and 2L, The corresponding
(closed) Weyl chamber is

¥ ={aL, +a,L, ++al;a,za,=zza,z0; (165
note that the walls of this chamber—the cones
Yalgay=> - >a=a, > >a, >0}
and
Yalia,>a;>->a,=0}

liein the hyperplanes £, _,  and £);, perpendicular to the primitive positive
or negative rools, as expecled,
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§16.2. Representations of sp,C

Let us consider now the representations of the algebra sp, C specifically. Recall
that, with the choice of Weyl chamber as above, there is a unique irreducible
representation I, of sp,C with highest weight o for any @ in the intersection
of the closed Weyl chamber % with the weight lattice: that is, for each lattice
vector in the shaded region in the diagram

Any such highest weight vector can be wrillen as a non-negative integral
linear combination of L, and L, + L,; for simplicity we will just write
I, for the irreducible representation Ty sup, 40, with highest weight
al, + b(L, + L,) ={a+ B)L, + bL,.

To begin with, we have the standard representation as the algebra of
endomorphisms of the four-dimensional vector space V; the four standard
basis veclors e,, e;, ¢,, and e, are eigenvectors with eigenvalues L,, L,, —L,,
and — L, respeclively, so that the weight diagram of V is
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V is just the representation T, , in the nolation above. Note that the dual of
this representation is isomorphic to it, which we can see either from the
symmetry of the weight diagram, or directly from the fact that the correspond-
ing group represenlation preserves a bilinear form V x ¥V — C giving an
identification of ¥ with ¥*.

The next representation to consider is the exterior square A2V, The weights
of A?V, the pairwise sums of distinct weights of ¥, are just the linear forms
+ L, + L; {each appearing once) and 0 (appearing twice, as L, — L, and
L, — L,), so that its weight diagram looks like

X

Clearly this representation is not irreducible. We can see this from the weighi
diagram, using Observation 14.16; there is only one way of getting to the
weight space 0 from the highest weight L, + L, by successive applications of
the primitive negative root spaces g_,, 4., (spanned by X, , = E; , — E3 4)
and g_,,, (spanned by ¥V, = E, ,)—1that is, by applying first ¥, which takes
you to the weight space of L, — L,, and then X; ,—and so the dimension of
the zero weight space in the irreducible representation I, with highest weight
Ly + L, must be one, Of course, we know in any event that AV cannot be
irreducible: the corresponding group action of Sp,C on V¥ by definition
preserves the skew form @ € A’V'* = A?V. Either way, we conclude that we
have a direct sum decomposition

NV=Wwac,

where W is the irreducible, five-dimensional representation of sp,C with
highest weight L, + L,—in our nolation, T ,—and weight diagram
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Let us consider next some degree 2 tensors in ¥ and W. To begin with, we
can write down the weight diagram for the representation Symn?¥; the weights
being just the pairwise sums of the weights of ¥, the diagram is

1
RO
XX

that iz what it is: in terms of the identification of ¥ and V'* given by the skew

form @, the relation (16.1) defining the symplectic Lie algebra says that the
subspace

spyCc Hom(K V)= V@ V*=V@RV

is just the subspace Sym?V = V' & V. In particular, Sym?V is the irreducible
representation Ty o with highest weight 201, .
Mext, consider the symmetric square Sym*W, which has weight diagram
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OO0
Agﬁﬁﬁr
S

2
L
XD

)9

7

To see if this is irreducible we first look al the weight diagram: this time there
are three ways ol getting from the weight space with highest weight 2L, + 2L,
to the space of weight 0 by successively applying X, , = E; , — E; , and
¥y = E, ;.50 il we want to proceed by this method we are forced 1o do a little
calculation, which we leave as Exercise 16.7.

Alternatively, we can see ditectly that Sym? W decomposes: the natural map
given by wedge product

AVRAY AV =C
is symmetric, and so laclors lo give a map
Sym*(A\V)) - C.

Moreover, since this map is well defined up to scalars—in particular, it does
not depend on the choice of skew form Q—it cannot contain the subspace
Sym?W < Sym?(A?V)) in its kernel, so that it restricts to give a surjection

w: Sym?W = C,

This approach would appear to leave lwo possibilities open: either the
kernel of this map is irreducible, or it is the direet sum of an irreducible
representation and a [urther trivial summand. In fact, however, from the
principle that an irreducible representation cannot have two independent
invariant bilinear forms, we see that Sym*W can contain at most one (rivial
summand, and so the former allernative must hold, i.e., we have

Sym'w =T, ,®C. (16.6)
Exercise 16.7*. Prove (16.6) directly, by showing that il v is a highest

weight vector, then the three vectors X, , 3 X, Fyv, X, (X3 FaFiu, and
VX3, X5 Vivspan a two-dimensional subspace of the kernel of .

Exercise 16.8. Verily that AW = Sym?V. The significance of this isomor-
phism will be developed further in Lecture 18.
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Lastly, consider the tensor product ¥ & W. Firsl, its weight diagram:

This obviously must contain the irreducible representation [T, | with highest
weight 2L, + Ly; but it cannot be irreducible, lor either of lwo reasons. First,
looking at the weight diagram, we see that I} ; can take on the eigenvalues
+ L with multiplicity at most 2, so that ¥V @ W must contain al least one copy
of the representation V. Aliernatively, we have a natural map given by wedge
product

AMVBAY AV =V =V

and since this map does not depend on the choice of skew form 0, it must
restrict 1o give a nonzero (and hence surjective) map

P V@W V.

Exercise 16.9. Show that the kernel of this map is irreducible, and hence that
we have

rew=r,,eV

What about more general tensors? To begin with, note that we have
established the existence half of the standard existence and unigueness theorem
(14.18) in the case of sp,C: the irreducible representation I, , may be found
somewhere in the tensor product Sym®V @ Sym*W. The question thal remains
is, where? In other words, we would like 1o be able to say how these tensor
products decompose. This will be, as it was in the case of sl,C, nearly
taniamount {(modulo the combinatorics needed to count the multiplicity with
which the tensor product Sym*V @ Sym®W assumes each of its eigenvalues)
to specifying the multiplicities of the irreducible representations [, .

Let us start with the simplest case, namely, the representations Sym*V.
These have weight diagram a sequence of nested diamonds D, with vertices at
al.,, (@ — 2)L,, elc:



§16.2. Representations of sp,C 249

Moreover, it is not hard to calculate the multiplicities of Sym®V: the multi-
plicity on the outer diamond D, is one, of course; and then the multiplicities
will increase by one on successive rings, $o that the multiplicity along the
diamond D, will be i.

Exercise 16.10. Using the techniques of Lecture 13, show that the representa-
lions Sym"V are irreducible.

The next simplest representations, nalurally enough, are the symmelric
powers Sym"W of W. These have eigenvalue diagrams in the shape of a
sequence of squares S, with vertices at h{L; + L), (b — 1){L, + L;), and s0
om:

T_._.- S
S —
[ —_—
.
P ——
JE
. — »——

Here, however, the multiplicities increase in a rather strange way: they grow
quadratically, but only on every other ring. Explicitly, the multiplicity will be
one on the outer two rings, then 3 on the next two rings, 6 on the next two,
in general, it will be i(i + 1)/2 on the (2i — |)st and (2i)th squares §;,_, and
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Exercise 16.11. Show thai contraction with the skew form p & Sym*W*
introduced in the discussion of Sym?W above determines a surjection from
Sym"W onto Sym" W, and that the kernel of this map is the irreducible
representation Iy, with highest weight b(L, + L;). Show that the multi-
plicities of I'y , are { on the squares 5,,_, and 5, described above.

We will linish by analyzing, naively and in detail, one example ol a represen-
tation I, , with a and b both nonzero, namely, Iy ; one thing we may observe
on the basis of this example is that there is not a similarly simple pattern to
the multiplicities of the representations I, , with general a and b. To carry out
our analysis, we start of course with the product Sym?V & W, We can readily
draw the weight diagram for this representation; drawing only one-eighth of
the plane and indicating multiplicities by numbers, it is

We know that the representation Sym?V @ W conlains a copy of the irreducible
representation I , with highest weight 2L, + (L, + L,); and we can see
immediately [rom the diagram that it cannol equal this: for example, I'; | can
take the weight 2L, with multiplicity at most 2 (il v € [y, is its highest weight
vector, the corresponding weight space (I3, )3, < I, will be spanned by the
two vectors X, (V;(v)) and V(X ,(v))); since it cannot contain a copy of
the representation I, , (the multiplicity of the weight 2(L, + L,) being jusi
one) it follows that Sym? V¥ @ W must contain a copy of the representation
:['!1o = S._?ITI:V.

We can, in this way, narrow down the list of possibilities a good deal. For
example, I , cannot have multiplicity just one al each of the weights 2L, and
L, + Ly if it did, Sym*V @ W would have to contain two copies of Sym?F
and a lurther two copies of W to make up the multiplicity at L, + L;; but
since 0 must appear as a weight of I'; ,, this would give a total multiplicity of
at least 7 for the weight 0 in Sym?V @ W. Similarly, I'; ; cannot have multi-
plicity 1 at 2L, and 2 at L, + L,: we would then have two copies of Sym?¥
and one of Win Sym?*V & W, and since the multiplicity of 0 in T , will in
this case be at least 2 (being grealer than or equal to the multiplicity of
L, + Ly), this would again imply a multiplicity of at least 7 for the weight 0
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in Sym*V @ W. It follows that Sym?V & W must contain exactly one copy of
Sym?V; and since the multiplicity of L, + L, in I3, is at most 3, it follows
that Sym?V & W will contain at least one copy of I, , = W as well.

Exercise 16.12. Prove, independently of the above analysis, that Sym?V @ W
must contain a copy of Sym?V and a copy of W by looking at the map

p:Sym'V@W VeV
obtained by sending
we@(waz)su@0vawaz)+ u@ﬁ[ﬂ AW A Z),

where we are identifying A*V with the dual space ¥* and denoting by
{: V* = V¥ the isomorphism induced by the skew form Q on V. Specifically,
show that the image of this map is complementary to the line spanned by the
element Qe AMPV* = AV V@V,

The above leaves us with exactly two possibilities for the weights of Iy
we know that the multiplicity of 2L, in Iy, is exactly 2; so either the
multiplicities of L, + L, and Din [ , are both 3 and we have

SyMV@W =T, ,BSym’'V @ W;
or the multiplicities of L, + Ly and 0in I; | are both 2 and we have
SymV @ W = I, , @ Sym?V @& W2,

Exercise 16.13. Show that the former of these two possibilities actually occurs,
by

{a) Showing that if v is the highest weight vector in I, , = Sym’V ® W,
then the images (X, , ' V,(0), X, , V3 X, ,(v), and ¥3(X; ;)0 are independent;
and (redundantly)

(b) Showing that the representation Sym? ¥ & W contains only one highest
weight vector of weight L, + L,.

The weight diagram of I, is therefore
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We see from all this that, in parlicular, the weights of the irreducible
representations ol sp, C are not constant on the rings of their weight diagrams.

Exercise 16.14. Analyze the representation V @ Sym*W of ep,C. Find in
particular the multiplicities of the representation I, 5.

Exercise 16.15. Analyze the representation Sym?V @ Sym?W of sp,C. Find
in particular the multiplicities of the representation I ;.



LECTURE 17

sp¢C and sp,,C

In the first two sections of (his leclure we complete our classification of the represenia-
tions of the symplectic Lie algebras: we describe in detail the example of spgC, then
skeich the representation theory of symplectic Lie algebeas in general, in pariicular
proving the existence part of Theorem 14.18 for spy, C. In the Mnal section we describe
an analog for the symplectic algebras of the construction given in §15.3 of the irreduc-
ible representations of the special linear algebras via Weyl's construction, though we
postpone giving analogous formulas for the decomposition of tensor products of
irreducible representations. Sections 17.1 and 17.2 are completely elementary, given
the by now standard muliilinear algebra of Appendix B. Section 17.3, like §15.3,
requires familiarily with the contents of Lecture & and Appendiz A; bui, like that
section, it can be skipped withoul affecling most of the rest of the book.

§17.1: Representations of sp;C
§17.2: Represeniations of the symplectic Lie algebras in general
§17.3: Weyl's construction for symplectic groups

§17.1. Representations of sp,C

As we have seen, the Cartan algebra ) of spsC is three-dimensional, with the
linear functionals L,, L, and L, forming an orthonormal basis in terms of
the Killing form; and the roots of eps C are then the 18 vectors + L, + L;. We
can draw this in terms of a “reference cube” in B* wilh faces centered at the
points + L;; the vectors + L, + L, with i # j are then the midpoints of edges
of this reference cube and the vectors + 2L, the midpoints of the [aces of a
cube twice as large. Alternatively, we can draw a reference octahedron with
vertices at the vectors +2Lg; the roots £ L, + Ly with i # J will then be the
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midpoints of the edges of this octahedron:

1ty

or, il we include the reference cube as well, as

(17.1)

This last diagram, however ineptly drawn, suggests a comparison with the
root diagram of sl,C; in fact the 12 roots of spsC of the form +L; + L, for
i # j are congruent to the 12 roots of s, C. In particular, the Weyl group of
sp,  will be generated by the Weyl group of I, C, plus any of the additional
three reflections in the planes perpendicular to the L, (i.e., the planes parallel
to the faces of the reference cube in the root diagram of either Lie algebra).
We can indicate the planes perpendicular to the roots of spsC by drawing
where they cross the visible part of the reference cube:
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We see from this that the effect of the additional reflections in the Weyl
group of sp,C on the Weyl chamber of sl C is simply to cut it in half; whereas
the Weyl chamber of sl,C looked like

In terms of the reference oclahedron, this is the cone over one part of the
barycentric subdivision of a face:
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or, il we rotate 90” around the vertical axis in an attempt to make the picture
clearer,

(17.2)

We should remark before proceeding that the comparison between the root
systems of the special linear algebra sl, C and the symplectic algebra sp,C is
peculiar to this case; in general, the root systems of sl,,, C and sp,,C will bear
no such similarity.

As we saw in the preceding leclure, the weight lattice of sp,C consists
simply of the integral linear combinations of the weights L,. In particular, the
intersection of the weight lattice with the closed Weyl chamber chosen above
will consist exactly of integral linear combinations a, L, + a;L, + a, L, with
ay = g = dy = 0. By our general existence and uniqueness theorem, then,
for every triple (g, b, ¢} of non-negative inlegers there will exist a unique
irreducible representation of sp,C with highest weight al, + b{L, + L) +
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el + Ly + Ly)={a + b+ e)Ly + (b + e)L; + el.,; we will denole this re
resentation by I, ; . and will demonstrate its existence in the following.

We start by considering the standard representation of sp;C on ¥ = (
The eigenvectors of the action of i on ¥ are just the standard basis veclo
e,,and these have eigenvalues + L,, so that the weight diagram of ¥ looks lil
the midpoints ol the faces of the reference cube (or the vertices of :
octahedron one-half the size of the reference octahedron):

In particular, V is the representation I, g .

Since we are going to want (o find a representation with highest weigl
L, + L, the natural thing to look at next is the second exterior power /\?
of the standard representation. This will have weights the pairwise sum «
distinct weights of ¥, or in other words the 12 weights + L, + L, with i #
and the weight 0 taken three times. This is not irreducible: by definition th
action of spgC on the standard representation preserves a skew form, so the
the representation on A2V will have a trivial summand, On the other hans
the skew form on V preserved by sp,C, and hence that trivial summand «
A2V, is unique; and since all the nonzero weights of AV occur with mult
plicity | and are conjugate under the Weyl group, it follows that the comple
ment W of the trivial representation in A?V is irreducible. So W=y, 4.

As in previous examples, we can also see that A*F is not irreducible b
using the fact {Observation 14.16) that the irreducible representation I, |
with highest weight L, + L, will be generated by applying to a single highes
weight vector v the root spaces g;,_; ., 8;,-¢,, and g.;,, corresponding -
primitive negative roots. We can then verily that in the irreducible representa
tion W with highest weight L, + L,, there are only three ways of going fron
the highest weight space to the zero weight space by successive application o
these rools spaces: we can go

Ly+Ly=Ly+Ly—+L,~Ly—=L,~L,

LI + L; —'_Lz - L! - 0
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Exercise 17.3 Verily this, and also verily that the lower two roules (o the
zero-weight space in A?V yield the same nonzero vector, and that the upper
route yields an independent element of A2V, so that 0 does indeed oceur wilh
multiplicity 2 as a weight of Iy ; 4.

To conlinue, we look next at the third exterior power AV of the standard
representation; we know that this will contain a copy of the irreducible
representalion Iy o , with highest weight L, + L, + L,. The weights of A'V
are of two kinds: we have the eight sums + L, + L, + L,, corresponding lo
the vertices of the reference cube and each occurring once; and we have the
weights + L, each occurring twice (as + L, + L, — L;and £ L, + L, — L)
The weight diagram thus looks like the vertices of the reference cube together
with the midpoints of its faces:

LytLy+ly

Mow, the weights + L, must occur in the representation Iy o , with highest
weight L, + L; + L., since they are congruent to L, + L; + L, modulo the
rool lattice and lie in the convex hull of the translates of L, + L, + Ly under
the Weyl group (that is, they lie in the closed reference cube). But they cannot
occur with multiplicity greater than 1: for example, the only way to get from
the point L, + L; + L, to the point L, by translations by the basic vectors
Ly — L, Ly — Ly, and —2L, pictured in Diagram (17.1) above (while staying
inside the reference cube)is by translation by — 2L, first,and then by Ly — L,.
it follows that the multiplicities of the weights +L; in I, 5 , are 1. On the
other hand, we have a natural map

ANV =V

obtained by contracting with the element of A2V * preserved by the action of
spgC, and the kernel of this map, which must contain the representation
[g,0, 1+ will have exactly these weights. The kernel of ¢ is thus the irreducible
representation with highest weight L, + L, + L,; we will call this representa-
tion U/ for now.

Al this point, we have established the existence theorem for repre-
sentalions of sp,C: the irreducible representation [T, , , with highest weight
fa+b+c)ly + (a+ h)L; + el will occur inside the representation

Sym*V & Sym"W & Sym*U.
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For example, suppose we wanl to find the irreducible representation I,
with highest weight 2L, + L,. The weights of this representation will be the
24 weights + 2L, + L, each taken with multiplicity 1; the 8 weights + L, +
L, 4 L,,taken with a multiplicity we do not a priori know {but that the reader
can verily must be either 1 or 2), and the weights + L, taken with some
other multiplicity. At the same time, the representation V & W, which containg
Iy 1.0, will take on these weights, with multiplicities 1, 3, and 6, respectively.
In particular, it follows that ¥ @ W will contain a copy of the irreducible
representation U with highest weight L, + L; + L as well; allernatively, we
can sce this directly by observing that the wedge product map

V@AV - AV
factors to give a map
Vaw-—U

and that Ty , , must lie in the kernel of this map. To say more about the
location of I, , o inside V' @ W, and its exact weights, would require either
explicit calculation or something like the Weyl character formula. We will see
in Lecture 24 how the latter can be used 1o solve the problem; for the time
being we leave this as

Exercise 17.4. Verily by direct calculation that the multiplicities of the weights
of Iy ;. pare |,2,and 5, and hence that the kernel of the map ¢ above is exactly
the representation I ; .

§17.2. Representations of sp,,C in General

The general piclure for representations of the symplectic Lie algebras offers
no further surprises. As we have seen, the weight laltice consists simply of
integral linear combinations of the L,. And our typical Weyl chamber is a cone
over a simplex in n-space, with edges the rays deflined by

Ay =g = =a>ay =" =a, =10

The primitive lattice element on the ith ray is the weight ey, = L, + «-- + L,
and we may observe that, similarly to the case of the special linear Lie algebras,
these n fundamental weights gencrate as a semigroup the intersection of
the closed Weyl chamber with the lattice. Thus, our basic existence and
uniqueness theorem asserts that for an arbitrary n-tuple of natural numbers
(g, ..., a,) € MW" there will be a unique irreducible representation with highest
weight

dyedy + azirg 4 200 4 @y,

'={‘Tl +ot allf'l + {a! ot d—}Ll 4+ ll"ﬂ-L‘--
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As belore, we denote thisby I, . :
r.. ..... gy = Ly el # L) b - Faglly b # L

These exhaust all irreducible representations ol sp,,C.

We can find the irreducible representation VM =T, o With highest
weight L, + - + L, easily enough. Clearly, it will be contained in the kth
exterior power MV of the standard representation. Moreover, we have a
nalural contraction map

oy AV = AV
defined by

oo, A an) =T QO o) =1 oy A Al A Al A AL,
i

{see §B.3 of Appendix B for an intrinsic definition and explanation). Since the
representation N~ does not have the weight L, + --- + Ly, the irreducible
represeniation with this highest weight will have to be contained in the kernel
of this map. We claim now that conversely

Theorem 17.5, For | < k < n, the kernel of the map e, is exactly the irreducible
representation VM =T, o o o with highest weight L, + -+ + L,.

ProoF. Clearly, it is enough to show that the kernel of g, is an irreducible
representation of sp,,C. We will do this by restricting to a subalgebra of sp,,C
isomorphic to sl,, and using what we have learned about representations of
sl C.

To describe this copy of sl inside sp,,, C, consider the subgroup G = Sp,,C
of transformations of the space V' = C?" preserving the skew form @ introduced
in Lecture 16 and preserving as well the decomposition ¥ = Cle,,...,e,} ®
Cle,sqs -, €34)- These can act arbitrarily on the first factor, as long as they
do the opposite on the second; in coordinates, they are the matrices

o-{(5 trvore]

We have, correspondingly, a subalgebra

A D
8= {(D —'A)' Ae ﬁl_{:} < 8py,C

isomorphic to el C.
Mow, denole by W the standard representation of sl,C. The restriction of
the representation V of ep,,C to the subalgebra = then splits

V=W Ww*

into a direct sum of W and its dual; and we have, correspondingly,
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MY = q;. (INW@RNW*),

How does the tensor product AW & A'W* decompose as a represeniation
of 81, CT We know the answer to this [rom the discussion in Lecture 15 (see
Exercise 15.30): we have contraction maps

Yo W AW s Al A we,

and the kernel of W,, is the irreducible representation Wit =
To....oon0....0.00,.. With(il,say,a < n — h) highesi weight 2L, + --- + 2L, +
L,y + -+ + L. The restriction of A'V to s is thus given by

ANy = Hrieh
A,
and by the same token,

Kerlg,) = Wriab1

athmk

Note that the actual highest weight factor in the summand WM = Ker(gp,) =
AV is the vector

WM ey A A, A g ey AT A B,
=B AT A E A Cppepaanl AT A By
Exercise 17.6. Show that more generally the highest weight vector in any
summand W'*¥ = AYY js (he vector
WM g A A e, A By pagsy A A By, A QTN
=€ AT A B, A Egpiany A0 A By A (D (8 A g, )t TR

By the above, any subspace of Ker(gp,) invariant under sp,,C musi be a
direct sum, over a subset of pairs (a, b) with a + b = k, of subspaces W",
But now (supposing lor the moment that k < n) we observe that the element

zl,ll'l — E!l—a.- + E-;-.-—t € 5p,,C
carries the vector w** into w*~"**! and, likewise,
Voston-ssr = Eavpan-psr + Eacpstnrars €592, C
carries w'™ to w'* ' 1*"1) I case a + b = k = n, we see similarly that
Vi = Eﬂ#i,- € ’PJ-C
carries the vector w'® into w* 1241 and
Ul+l = Eﬂ'll.ﬂ4—'4—] E ip]lc

carries w'® to w'*T*"1 Thus, any representation of sp,,C contained in
Ker(p, ) and containing any one of the factors W** will contain them all, and
we are done. O
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Exercise 17.7. Another way to conclude this proof would be to remark that,
inasmuch as all the w'" above are eigenvectors of different weights, any
highest weight vector for the action of sp,,C on ker(gy) = A'V would have
to be (up to scalars) one of the w'*., It would thus be sufficient to find, for each
{a, b) with a + b = k other than {a, b) = (k, 0), a positive root a such thal
.l *) % 0. Do this.

Mote that, having found the irreducible representations ¥ =T, | 4
with highest weight L, + - + L, any other representation of sp, C will
occur in a tensor product of these; specifically, the irreducible representation
I,,.....a, with highest weight a, L, + *-- + a (L, + **- + L,) will occur in the
product Sym®™ ¥ @ Sym*: ¥ @ - -+ @ Sym*™ ¥,

One lurther remark is that there exist geometric interpretations of the
action of sl;,C on the fundamental representations ¥'*'. We have said before
that the group PSp,,C may be characterized as the subgroup of PGL,,C
carrying isotropic subspaces of V inlo isotropic subspaces. At the same time,
PGL,,C acts on the projective space P(A'V) as the connected component of
the identity in the group of motions of this space carrying the Grassmannian
G = Gk, ¥} = P{A*V) into itsell. Now, the subset G, = G of k-dimensional
isotropic subspaces of V is exactly the intersection of the Grassmannian G
with the subspace P( V™) associated to the kernel of the map p above, so that
PSp,,C will act on P(V™) carrying G, into itself and indeed when 1 = k < n
may be characterized as the connected component of the identity in the group
of motions of P(¥") preserving the variety G,.

Exercise 17.8. Show that il k > n the contraction g is injective.

§17.3. Weyl's Construction for Symplectic Groups

We have just seen how the basic representations for sp,,C can be obiained
by taking certain basic representations of the larger Lie algebra sl,,C—in this
case, "'V for k < n—and intersecting with the kernel of a contraclion con-
structed from the symplectic form. In fact, all the representations of the
symplectic Lie algebras can be given a similar conrete realization, by inter-
secting certain of the irreducible representations of sl,,C with the intersections
of the kernels of all such contractions.

Recall from Lectures 6 and 15 that the irreducible representations of sl,,C
are given by Schur functors S, ¥, where 1 = (i, = -+ = 4,, = 0) is a partilion
of some integer d = }_ 4, and V' = €™ This representation is realized as the
image of a corresponding Young symmetrizer ¢, acling on the d-fold tensor
product space ¥'®, For each pair [ = {p < q} of integers between | and d,
the symplectic form (@ determines a contraction

;B pRu-n

7y
0, @@, Q0 0)n 000,08 @4, By,
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Let V7 = ¥® denote the intersection of the kernels of all these contractions.
These subspaces is mapped to itsell by permutations, so ¥ is a subrepresen-
tation of ¥® as a representation of the symmetric group S, Now let'

S,V =VPAS, V. (17.10)

This space is a representalion of the symplectic group Sp,,C of {3, since V***
and 5,(V) are subrepresentations of ¥®¢ over Sp,,C.

Theorem 17.11. The space S ,,(V) is nonzero if and only if the Young diagram
of A has at most n rows, ie, A,,, = 0. In this case, 5,13 V) is the irreducible
representation of sp,,C with highest weight A, Ly + --- + A, L,.

In other words, for an n-tuple (a,, ..., a,) of non-negative integers
r-.....,.,, = 5{1}“

where 1 is the partition {ay + a3 + - + o, 05+ + a,, ..., 0.}

The proof lollows the pattern lor the general linear group given in §6.2, but
we will have to call on a basic resull from invariant theory in place of the
simple Lemma 6.23. We [irst show how to find a complement to V% jn V4.
For example, il d = 2, then

e o p<l>$c.$‘

where b is the element of V' & V corresponding to the quadratic form @. In
terms of our canonical basis, § = } (&, @ e,,, — €,,; ® ¢,). In general, for any
I={p < q} define

W, peuT L, ped

by inserting  in the p, ¢ factors. Note that @ o ¥, is multiplication by
In = dim V on V¥ We claim that

Ve o VO @Y, W (vOE-Y), (17.12)

To prove this, put the standard Hermitian metric ( , Jon ¥ = C*", using the
given e, as a basis, 50 that (ae,, be;) = §,@h. This exiends lo give a Hermitian
metric on each ¥®Y. We claim that the displayed equation is a perpendicular
direct sum. This follows from the lollowing exercise.

Exercise 17.13. (i) Yerily that for v, we ¥, (i, v @ w) = Qlr, w).
(i) Use (i) to show that Ker(®,) = Im{¥,)* for each I.

Now define F = ¥® to be the intersection of the kernels of all r-fold
contractions @, o - oM, , and set

Vi, =L Wy 000 0, (VWD) (17.14)

" This follows a classical noiation of using ¢ 3 for the symplectic group and [ ] for the

orthogonal group (alihough we have omiiled the corresponding noiation | ] for e general
linear group)



264 17. spgC and sp,,C

Lemma 17.15. The tensor power V® decompases into a direct sum
yo = VO @ VA B VLB B Vi,
with p = [d/2], and, for all r = 1,
F=vOgp Ve @Vl

Exercise 17.16. (i) Show as in the preceding exercise that there is a perpendi-
cular decomposition

Vel = FIQY, W, 00, (VOHI7),

(ii) Verify that ¥,(F#~?) < FZ,,.

(i} Show by induction that ¥® is the sum of the spaces V9,

{iv) Finish the proofl of the lemma, using (i) and (i) to deduce that both
sums are orlhogonal splittings. O

All the subspaces in these splittings are invariant by the action of the
symplectic group Sp,,C, as well as the action of the symmetric group S,. In
particular, we see that

S V=¥ =Imlc,: ¥ = V¥, (17.17)

Exercise 17.18*% (i) Show that if 5 > n, then NV ® V¥ is contained in
T (V) and deduce that §,,(V) = 0il 4,,, is not 0.
(i) Show that 5,,,(V}is not zero il A,,, = 0.

For any pair of integers I from {1,..., d}, define
= Wod;: Ve, e

From what we have seen, ¥’ is the intersection of the kernels of all these
endomorphisms, Note that the endomorphism of F® determined by any
symplectic automorphism of ¥ not only commules with all permulations of
the factors S, but also commutes with the operalors §;. We need a [act which
is proved in Appendix F.2:

Invariant Theory Fact 17.19, Any endomorphism of ¥® that commutes with
all permutations in S, and all the operators 3; is a finfte C-linear combination
af operators of the form A® - & A, for A e 5p,,C.

Now let B be the algebra of all endomorphisms of the space V™' that
are C-linear combinations of operators of the form A & -+ @ A, for 4 £ Sp;,C

Propesition 17.20. The algehra B is precisely the algebra of all endomorphisms
af ¥V commuting with all permmitations in S,

Proor. Il F is an endomorphism of ¥ Y commuting with all permutations of
T tres tkes dhe cndamarnhism Foof V' that is F on the factor ¥ and
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zero on the complementary summand ), ¥, (V®¥"?) is an endomorphism
that commutes with all permutations and all operators 3,. The fact that F
is a linear combination of operators from the symplectic group (which we
know from Fact 17.19) implies the same for F. 1

Corollary 17.21. The representations S ;| V) are irreducible representations af
SPI.":-

Proor, Since B is the commutator algebra to 4 = C[S,] acting on the space
V4 Lemma 6.22 implies that (I “*)- ¢, is an irreducible B-module. Bul we
have seen that (V*)-c, =S, ¥, and the proposition shows that being
irreducible over B is the same as being irreducible over Sp,,C. O

Exercise 17.22*, Show that the multiplicity with which S .,,(V) occurs in ¥
is the dimension m, of the corresponding representation V, of &,

As was the case for the Weyl construction over GL,C, there are general
formulas for decomposing tensor products of these representations, as well as
restrictions to subgroups Sp,,.5 C, and for their dimensions and multiplicities
of weight spaces. We postpone these questions to Lecture 25, when we will
have the Weyl character formula at our disposal.

As we saw in Lecture 15 for GL,C, it is possible to make a commutative
algebra which we denote by 547 = SV} out of the sum of all the irreducible
representations of Sp,, C, where ¥ = " is (he standard representation. Prob-
ably the simplest way to do this, given what we have proved so far, is to start
with the ring

AW, n) =Sym(VBAV BNV @ @ AV)
= @ Sym™(NVI@ - @ Sym'*{h“ V1@ Sym* V),
Wiy

the sum over all n-tuples a = (a,, ..., a,) of non-negative integers. Define a
ring 5°(V, n) lo be the quotient of A°(¥, n] by the ideal generated by the same
relations as in (15.53). By the argument in §15.5, the ring S'(V, n) is the direct
sum of all the representations S,(V) of GL(V), as 1 varies over all partitions
with at most n parts.

The decomposition V® = V@ W™ of (17.12) determines a decom-
position V& ¢, = P ¢, @ W - ¢, which is a decompaosition

Si(V) =S,V B J,,(V)

of representations of Sp,,C. We claim that the sum J¢ = (D, J,,,(V) is an

ideal in S'(V, n) = (D), S,(V). This is easy to see using weights, since J,,,(V)

is the sum of all the representations in 5,(V) whose highest weight is strictly

smaller than 1. This implies that the image of Jon V)@ S, (V)in S, (V) is

a sum of representations whose highest weights are less than 1 + pt, so they
must be in J,, 5(V),

. The quotient ring is, therefore, the ring 5% 7(V) we were looking for:
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S =8 (K, = @5“ V).

In fact, the ideal J©7 is generated by elements of the form x A 1, where x & NV,
i=n— 2 and i is the element in A7V corresponding to the skew form Q. An
outline of the proof is skeiched at the end of Lecture 25. The calculations, as
wellas other constructions of the ring, can be found in [L-T7, where one can
also find a discussion of functorial properties of the construction. For bases,
see [DC-P], [L-M-5], and [M-5].



LECTURE 18

Orthogonal Lie Algebras

In this and the following tw.y lectures we carry oul for the orthogonal Lie algebras
what we have already done it the special linear and symplectic cases. As in those cases,
we starl by working oul i peneral the structure of the orthogonal Lie algebras,
deseribing the roots, rool spaces, Weyl group, ele., and then go to work on low-
dimensional examples. There is one new phenomenon here: as it turns out, all three of
the Lie algebras we deal with in §18.2 are isomorphic to symplectic or special linear
Lie algebras we have already analyzed (this will be true of so C as well, but of no other
orthogonal Lic algzbra). As in the previous cases, the analysis ol the Lie algebras and
their representation theory will be completely elementary. Algebraic geometry does
intrude into the discussion, however: we have deseribed the isomorphisms between the
orthogonal Lie algebras discussed and special linear and symplectic ones in terms of
projective geometry, since that is what seems to us most natural. This should not be
a problem; there are many other ways of describing these isomorphisms, and readers
who disugree with our choice ean substitute their own.

BIE.1: SO, C amd 30, C
§18.2: Representations of so, 0, so, U, and so,C

§18.1. SO,,C and so,,C

We will take up now the analysis of the Liz algebras of orthogonal groups.
Here there is. as we will see very shortly, # very big difference in behavior
between the so-called “even” orthogonal Lic algelius so,,C and the “odd™
orthogonal Lie algebras co,, ., C. Interestingly enouyh, the latter seem at first
glance to be more cowaplicated, especially in terms of notation; but when we
analyze their represeniations we see  hat in fact the y behave more regularly
than the even ones. [n any event, we w.il lry to carry cut the analysis in parallel



268 18. Orthogonal Lie Algebras

fashion for as long as is feasible; when it becomes necessary to split up into
cases, we will usually look at the even orthogonal Lie algebras first and then
consider the odd.

Let ¥ be a m-dimensional complex vector space, and

V= V=C

a nondegenerate, symmelric bilinear forin on ¥. The orthogonal group SO,C
is then defined to be the group ol automorphisms A of V¥ of determinant 1
preserving (-—that is, such that §{Av, Aw) = Q{v, w)for all v, w & V—and the
orthogonal Lic algebra so_C correspondingly consists of endomorphisms
A: V = V satislying

Q(Av, w) + Qto, Aw) =0 (18.1)

for all v and w e V. As in the case of the symplectic Lie algebras, to carry out
our analysis we want to write Q explicitly in terms of a basis for ¥, and here
is where the cases of even and odd m first separate. In case m = 2n is even, we
will choose a basis for ¥ in terms of which the quadratic lorm Q is given by

Qle, ey.) = Qe e) = 1
and

Qe e) =0 ifj#£itn
The bilinear form @ may be expressed as
Qx, y)="x"M-y,
where M is the 2n » 2n matrix given in block form as
w=(i. )
the group 50,,C is thus the group of 2n x 2n matrices A satisfying
M="4-M A

and the Lie algebra so,,C correspondingly the space of matrices X satisfying
the relation

XM+ M-X=0

Writing a 2n » 2n matrix X in block [orm as
A B
x= (c D)

l'c I'A
. -
v ('ﬂ 'n)

we have

and



£18.1. 8O, C and so,C 269

cC D
wx=($7)

so that this relation is equivalent to saying that the off-diagonal blocks B and
C of X are skew-symmetric, and the diagonal blocks A and D of X are negative
transposes of each other.

Exercise 18.2, Show that with this choice of basis,
a 0
504(C) = {(ﬁ a“)} =C*

The situation in case the dimension m of ¥ is odd is similar, if a little messier.
To begin with, we will take ( to be expressible, in terms of a basis e,, ..., €3,41
for ¥, by .

and s0,C = C.

Q[giv Eifl} = Q{Ei-rm E.} = 1 Torl =Ii=n,
Qleznsrs €2001) = 1

and
Qle,, e) =0 for all other pairs i, j.

The bilinear form  may be expressed as

Qlx, ¥) ="x" My,
where M is the (2n + 1) = (2n + I:ul:natrix
01,10
M=| I,|0]|0
ololh

{the diagonal blocks here having widths n, n, and 1). The Lie algebra so,,,,C
is correspondingly the space of matrices X satisfying the relation "X -M +
M- X = 0;il we write X in block form as

A|B|E
X=| C|D|F |,
GIHIJ

then this is equivalent to saying that, as in the previous case, B and C are
skew-symmetric and A and D negative transposes of each other; and in addition
E=-'"H F= "G, and J = 0.

With these choices, we may lake as Carlan subalg *bra—in both the even
and odd cases—the subalgebra of matrices diagonal in this representation.’

' Mote that il we had taken the simpler choice of 0, with Af the identity matrix, the Lie algehra
would have consisled of skew-symmetric matrices, and there would have becn no nonzero
diagonal matrices in the Lie alechra,
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The subalgebra ) is thus generated by the n 2n % 2n matrices H, = E, | —
E, sins¢ Whose action on V is to fix e, send e, Lo ils negative, and kill all the
remaining basis vectors; note that this is the same whether m = 2Znor 2n + L.
We will correspondingly take as basis for the dual vector space h* the dual
basis L.I' where <L;,, H‘:* = J;_j.

Given that the Cartan subalgebra of so,, C coincides, as a subspace of sl C,
with the Cartan subalgebra of sp, C, we can use much of the description of
the roots of sp,,C to help locate the roots and root spaces of so,,C. For
example, we saw in Lecture 16 that the endomorphism

X‘-J' = El.j' - E||+j,||+i E !Ep;,.c

is an eigenvector for the action of b with eigenvalue L, — L;. Since X, ; is also
an element of so,,C, we see that L; — L, is likewise a root of s0,,C, with root
space generaled by X ;. Less directly but using the same analysis, we find that
the endomorphisms

};,; = EL»+J - Ej,nu

and
zl,j = E-+r._.i - En+j.r

are eigenvectors for the action of b, with eigenvalues L, + L;and — L, — L;,
respectively (note that ¥, ; and Z, ; do not coincide with their definitions in
Lecture 16). In sum, then, the roots of the Lie algebra so,,C are the vectors
{tL Li}iyj = b*

The case of the algebra eo,,,,C is similar; indeed, i1 the eigenvectors for
the action of h found above in s0,,C, viewed as endomorphisms of C2**!, are
likewise eigenvectors for the action of [y on so,,,, C. In addition, we have the
endomorphisms

U; = Ef,2n+| - E!u+l.l*i

and

P} =FE iz — Eh+1.i

which are eigenvectors with eigenvalues + L, and — L, respectively. The roots
of sv,,,,C are thus the roots +L; + L; of s0,,C, together with additional
roots + L.

We note that we could have arrived at these statements without decompos-
ing the Lie algebras so, C: the description (18.1) of the orthogonal Lie algebra
may be interpreted as saying that, in terms of the identification of ¥ with ¥*
given by the form @, so0,,C i just the Lie algebra of skew-symmetric end'o-
morphisms of ¥ (an endomerphism being skew-symmetric if it is equal to
minus its transpose). That is, the adjoint representation of so,, C is isomorphic
to the wedge product A2V, In the even case m = 2, since the weights of V are
+ L, (inasmuch as the subalgebras h < End(¥) coincide, the weights of ¥ must
likewise be the same for s0,,C as for sp,,C), it follows that the roots of so,,C
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are just the pairwise distinct sums + L; + L;. In the odd case m = 2n + |, we
see that ey,,, € V' is an eigenvector for the action of b with eigenvalue 0, so
that the weights of the standard representation V are {+L,} v {0} and the
weights of the adjoint representation correspondingly {+L; + L;} u { + L;}.

Exercise 18.3. Use a similar analysis to find the roots ol sp,,C without explicit
calculation.

To make a comps:rison with the Lie algebra sp,, C, we can say that the root
diagram of se,,C looks like that of sp;,C with the roots +2L; removed,
whereas the root diagram of so,,,,C looks like that of sp,,C with the roots
+ 2L; replaced by + L, Mole that this immediately tells us what the Weyl
groups are: first, in the case of s0,,,, C, the Weyl group is the same as that of
“Pznc-'

1= [Zﬂ}- = wu,_"ﬁ -* Gn =L

In the case of s0,,C, the Weyl group is the subgroup of the Weyl group of
&p,,C generated by reflection in the hyperplanes perpendicular to the roots
+L; + L;, without the additional g nerator given by reflection in the roots
+ L;. This subgroup still acts as the full symmetric group on the set of
coordinate axes in h*; but the kernel of this action, instead of acting as + [ on
each of the coordinate axes independently, will consist of transformations of
determinant 1;i.e, will act as — | on an even number of axes. (That every such
transformation is indeed in the Weyl group is easy to sce: for example,
reflection in the plane perpendicular to L; + L; followed by reflection in the
plane perpendicular to L; — L; will send L; to —L;, L;to — L, and L, to L,
for k # i, j.) Another way to say this is that the Weyl group is the subgroup
of the Weyl group of sp,,C consisting of transformations whose determinant
agrees with the sign of the induced permutation of the coordinate axes; so thal
while the Weyl group of ep,, C fits into the exacl sequence

1 =+ (Z/2)" — mlphf_ - G- -+ I-!
the Weyl group of so0,,C has instead the sequence
1 = (Z2y "' =MW, =&, 1

We can likewise describe the Weyl chambers of so,,C and so,,,, T by
direct comparison with sp,,C. To start, to choose an ordering of the roots
we take as linear funclional on b* a form [ =¢, H, + - + ¢, H,, where
¢y > €3 = > ¢, > 0. The positive roots in the case of s0,,,, C are then

R* = {Li + Lj}icju il — Lk ;@ ila )
whereas in the case of s0,,C we have
R = !LI + Lf}‘{fu {L| - L.i}i.f_j-

The primitive positive rools are
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L,—L;Ly—Lgy...,Lyy— Loy Ly for s04,4,C;
Ly-L,,Ly—Ly,....,L,—L,L_,+L, forso,C.

In the first case, the Weyl chamber is exactly the same as for sp, C, namely,
form=2n+1,

W={Yal:a,za,z-2a,z0}

since the roots are the same except for the factor of 2 on some. In the case of
s0,,C, since there i3 no root along the line spanned by the L,, the equality
a, = Ddoes not describe a face of the Weyl chamber; however, since L, _; + L,
is still a root (and a positive one) we still have the inequality a,_, + a, = 0 in
W, 50 that we can write, for m = 2n,

W ={Yalia za, =" =a,, =|al}

(Note that in the case of so,,C we could have chosen our lincar functional
I=¢;Hy 4+ ¢,H, with ¢; >¢5> > —¢,>0; the ordering of the
roots, and consequently the Weyl chamber, would still be the same.)

As for the Killing form, the same considerations as for the symplectic case
show that it must be, up to scalars, the standard quadratic form: B(H,, H;) =
4, ;. (This was implicit in the above description of the Weyl group.) The explicit
calculation is no more difficult, and we leave it as an exercise:

(n—-% aby ifm=2n+1
B(ER{H‘.EE’[H'}-{HH—JHER‘IJ. = 2n.

Mext, to describe the representations of the orthogonal Lie algebras we
have to determine the weight lattice in h*; and to do this we must, as before,
locate the copies s, of sl,C corresponding Lo the rool pairs +a, and the
corresponding distinguished elements H, of b. This is so similar to the case of
8p,,C that we will leave the actual calculations as an exercise; we will simply
state here the results that in so,,C for any m,

(i) the distinguished copy s, -, of sI;C associated to the root L; — L;
i5 the span of the root spaces g, =C-X, ;. 05,4, =C-X;; and their
commutator [X; , X, 1=E;; = E;;+ E,ijasj = Eniinsei With distinguished
element H, _, = H; — H, (this is exactly as in the case of sp,,C);

(i) the distinguished copy s, ,,, of sl,C associated to the root L, + L,
is the span of the root spaces g, =C-¥ , gy, =C-Z; and their
commutator [¥, ;, Z ;1 = —E; + Ejj— E 0+ Evviasy = —H — Hj,
with distinguished element H, ,, = H, + H;(so that we have also H_, _, =
—H; — H;); and in the case of so,,,,C,

{iii) the distinguished copy s, of sl;C associated to the root L, is the span
of the root spaces g, = C- U, g_,, = C- ¥ and their commutator [U,, ¥] =
[E: 2nt1 = Ezastatir Eati 2nt1 — Ezaer.0) = — H,, with distinguished element
H, =2H;(sothat H., = —2H, as well).

Exercise 18.4. Verify the computations made here.
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Again, the configuration of distinguished elements resembles that of sp,, C
closely; that of so.,,,C dilfers from it by the substitui’on of +2H, for +H,,
whereas that of su,, C dilfers by the removal of the 4 H,. The effect on the
weight lattice is the same in either case: for both even and odd orthogonal Lie
algebras, the weight lattice Ay is the lartice generated by the L; together with
the element (L, + --- + L,)/2.

Exercise 18.5. Show that

2 ifm=2n+1
Ap/Ag= < T4 ifm= 2nand n is odd
(Z2@®Z/2 ifm=2nand niseven.

§18.2. Representations of so;C, so,C, aud sosC

To give some examples, stari with the case n = |. Of course, so,C = C is not
semisimple. The root system of so, T, on the other hand, looks like that of sl, C:

N } «-—
1 0 Ly

This is because, in fact, the two Lie algebras are isomorphic. Indeed, like the
symplectic group, the quotient PSO,C of the orthogonal group by its center
can be realized as the motions of the projective space PV preserving isotropic
subspuces for the quadratic form @; in particular, this means we can real-
ize PO, C as the group of motions of PV = P™' carrying the quadric
hypersurface

Q = {[v]: Q(v.v) = 0}

into itsell. 1n the first case of this, we see that the group PSO,C is the group
of motions of the projective plane P? carrying a conic curve C = P into itsell.
But we have scen before that this group is also PGL,T (the conic curve is
itsell isomorphic to ', and the group acts as its full group of automorphisms),
giving us the isomorphism so0,C = sl,C. One thing to note here is that the
“standard” representation of s0,C is not the standard representation of sI;C,
but rather its symmetric square. In fact, the irreducible representation with
highest weight } L, is not contained in tensor powers of the standard represen-
tation of so, C. This will turn out to be significant: the standard representation
of &l,C, viewed as a representation of s0,C, is the first example of a spin
representation of an orthogonal Lie algebra.

The next examples involve two-dimensional Cartan algebras. First we have
so,C, whose root diagram looks like
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“Lytig Ly+Ly

-Ly - Ly L-L,

Mote one thing about this diagram: the roots are located on the union of
two complementary lines. This says, by Exercise 14.33, that the Lie algebra
s0,C is decomposable, and in fact should be the sum of two algebras each of
whose root dingrams looks like that of sl; C; explicitly, so,C is the direct sum
of the two algebras s, fora = L, + Ly and « = L, — L,. In fact, we can see
this isomorphism

g0, C = sl,C x sl,C, (18.6)

as in the previous example, geometrically. Precisely, we may realize the group
PSO,C = 80,C/{ + 1} as the connected component of the identity in the
group of motions of projective three-space P carrying a quadric hyper-
surface @ into itsell. But a quadric hypersurface in P* has two rulings by
lines, and these two rulings give an isomorphism of Q with a product P! » P!

PSO,C thusacts on the product P! = P*'; and since the connected component
of the identity in the automorphism group of this variety is just the product
PGL,C = PGL,C, we get an inclusion

PSO,C — PGL,C x PGL,C.

Another way of saying this is to remark that PSO,T acts on the variety of
isotropic 2-planes for the quadratic form @ on V; and this variety is just the
disjoint union of two copies of P!, To see in this case that the map is an
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isomorphism, consider the tensor product ¥ = U & W of the pullbacks to
sl,C » sl,C of the standard representations of the two factors. Clearly the
action on P{U @ W) will preserve the points corresponding to decomposable
tensors (that is, points of the form [u® w]); but the locus of such points is
just a quadric hypersurface, giving us the inverse inclusion of PGL,C x
PGL,C in PSO,C.

T fact, all of this will fall out of the analysis of the representations of so,C,

if we just pursue it as usual. To begin with, the Weyl chamber we have selected
looks like :

Mow, the standard representation has, as noted above, weight diagram

AT /N IN

with highest weight L, (note that the highest weight of the standard represen-
tation lies in this case in the interior of the Weyl chamber, something of an
anomaly). Its second exterior power will have weights + L, & [.; and 0
(occurring with multiplicity 2), i.e., diagram
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Ly*L;

We see one thing about this representation right away, namely, that it cannot
be irreducible. Indeed, the images of the highest weight L, + L, under the
Weyl group consist just of (L, + L;), 5o that the diagram of the irreducible
representation with this highest weight is

We see from this that the second exterior power A’V of the standard
representation of so,C must be the direct sum of the irreducible represen-
tations W, =T, ,, and W; =T, _, with highest weights L, + L; and
L, — L;. Since AV is at the same time the adjoint representation, (his says
that so,C itself must be a product of Lie algebras with adjoint representations
rt_.H'_* and rl,.—:,,- .

One way to derive the picture of the ruling of the quadric in P* from this
decomposition is to view so,C as a subalgebra of sl,C, and the action of
PSO,C on P{AV) as a subgroup of the group of motions of P*}(A? V) = P*
preserving the Grassmannian = G(2, V) of lines in [*?, In fact, we see from
the above that the action of PSO, on P* will preserve a pair of complementary
2-planes PW, and PW,; it follows that this action must carry into themselves
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the intersections of these 2-planes with the Grassmannian. These intersections
are conic curves, corresponding to one-parameter families of lines sweeping
out a quadric surface (nccessarily the same quadric, since the action of SO, C
on V preserves a unique quadratic form); thus, the two rulings of the quadric.

Mote one more aspect of this example: as in the case of so,C 2 sl,C, the
weights of the standard representation of so,C do not generate the weight
lattice, but rather a sublattice Z{L,, L,} ol index 2 in Ay. Thus, there is no
way of constructing all the representations of so,C by applying linear- or
multilinear-algebraic constructions to the standard representation; it is only
alter we are aware of the isomorphism so,C = sl,C » ¢l,C that we can
construct, for example, the representation Iy ,;,, with highest weight
(L, + L;)2 (of course, this is just the pullback from the first factor of
sl C % sl,C of the standard representati~.n of sl C).

We come now to the case of so;C, which is more interesting. The root
diagram in this case looks like
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{as in the preceding example, the weight lattice is the lattice of intersections
of all the lines drawn). The first thing we should notice about this diagram is
that it is isomorphic to the weight diagram of the Lie algebra sp,C; the
diagram just appears here rotated through an angle of n/4. Indeed, this is not -
accidental; the two Lie algebras sp,C and s0,C are isomorphic, and it is
not hard to construct this isomorphism explicitly. To see the isomorphism
geometrically, we simply have to recall the identification, made in Lecture
14, of the group PSp,C with a group of motions of P*, There, we saw
that the larger group PGL,C could be identified with the automorphisms
of the projective space P(A2V) = P preserving the Grassmannian G =
G(2, 4) = P(A?F). The subgroup PSp,C = PGL,C thus preserves both the
Grassmannian G, which is a quadric hypersurface in P*, and the decomposi-
tion of A*V into the span C-Q of the skew form Q& A*V* = A*V and its
complement W, and so acts on PW carrying the intersection G, = G n PW
into itsell. We thus saw that PSp,C was a subgroup of the group of motions
of projective space P* preserving a quadric hypersurface, and asserted that in
fact it was the whole group.

(To see the reverse inclusion directly, we can invoke a little algebraic
geometry, which tells us that the locus of isotropic lines for a quadric in P* is
isomorphic to P?, so that PSO,C acts on P*. Moreover, this action preserves
the subset of pairs of points in P* whose corresponding lines in P* intersect,
which, for a suitably defined skew-symmetric bilinear form 0, is exactly the
set of pairs ([v], [w]) such that Q(p, w) = 0, so that we have an inclusion of
PSO,C in PSp,C.)

Lel us proceed to analyze the representations of so,C as we would
ordinarily, bearing in mind the isomorphism with spyC. To begin with, we
draw the Weyl chamber picked out above in h*:

As for the representations of o, L, we have (o begin with the standard, which
has weight diagram
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This we see corresponds to the representation W = A2F/C- Q of sp, C. Nexlt,
the second exterior power of the standard representation of so, C has weights

This is of course the adjoint representation of s0,C; it is the irreducible
representation with highest weight L, + L,. Note that it corresponds to the
symmetric square Sym? V of the standard representation of sp, C (see Exercise
16.8).

Exercise 18.7. Show that contraction with the quadratic form Q € Sym?¥*
preserved by the action of sosC induces maps
@: Sym°¥ — Sym*~ ),

Show that the kernel of this coutraction is exactly the irreducible representa-
tion with highest weight a-L,. Compare this with the analysis in Exercise
16.11.
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Exercise 18.8. Examine the symmetric power Sym®(/\? ') of the represeniation
A?V. This will contain a copy of the irreducible representation I, . ,; what
else will it contain? Interpret these other factors in light of the isomorphism
s05C = sp,C.

Exercise 18.9. For an example of a “mixed” tensor, consider the irreducible
representation I’y ,; . Show that this is contained in the kernels of the wedge
product map

g V@AY - AV
and the composition
@ VANV Ve ANV,

where the first map is induced by the isomorphism (: ¥ — ¥* and the second
is the contraction F*@& AV — V. Is it equal to the intersection of these
kernels? Show that the weight diagram of this representation is

After you are done with this analysis, compare with the analysis given of the
corresponding representation in Lecture 16

Note that, as in Lthe case of the other orthogonal Lie algel.ras studied so
far (and as is the case for all so, C), the weights of the standard representation
do not generare the weight lattice, but only the sublattice of index two generated
by the L,. Thus, the tensor algebra of the standard representation will contain
only one-hall of all the irreducible representations of so;C. Now, we do know
that theve are others, and even something about them-—for example, we see
in the lollowing exercise that the irreducible representation of so, T with
highest weight (L, + L;)/2 is & sort of "symmetric square rool™ of the adjoint
representation:

Exercise 18.10, Show, using only root and weight diagrams for so.C, that the
exterior square A*V of the standard representation of so,C is actually the
syimetric square of an irreducible representation.
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We can also describe this irreducible representation via the isomorphism
of so,C with sp,C: it is just the standard representation of sp,C on C*. We
do not at this point have, however, a way of constructing this representation
without invoking the isomorphism. This representation, the representation of
so,C with highest weight L, /2, and the representation of so,C with highest
weight (L, 4 L;)/2 discussed above are called spin representations of the
corresponding Lie algebras and will be the subject matter of Lecture 20,



LECTURE 19
s0,C, s0,C, and so,,C

This leclure is analogous in content (and prerequisites) to Lecture 17: we do some
more low-dimensional examples and then deseribe the general picture of the represen-
tations of the orthogonal Lie algebrag One difference is that only hall the irreducible
representations of g0 C lie in the tensor algebra of the standard, 10 complete the picture
of the representation theory we have Lo construct the spin representalions, which is
the subject maiter of the following lecture. The first four sections are completely
elementary (excepl possibly for the discussion ef the isomorphism e0;C = sl,C in
E19.1); the last section assumes a knowledge of antu-:c 6 and §135.3, but can be ski pped
by those whe did not read those sections.

§19.1: Representations of so,C

§19.2: Representations of the even orthogonal algebras
§19.3: Representations of so,C

§19.4: Representations of the odd orthogonal algebras
§19.5: Weyl's construction [or erthogonal groups

§19.1. Representations of so,C

We continue our discussion of orthogonal Lie algebras with the example of
50, C. First, its root diagram:
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Lo*Ly
I Ly+L
& "
s Ly+L,
I

L [ 9
I

A — — =
4 Ly-Ly
- &

Once more {and for the last time), we notice a coincidence between this and
the root diagram of a Lie algebra already studied, namely, slyC. In fact, the
two Lie algebras are isomorphic. The isomorphism is one we have already
observed, in a sense: in the preceding lecture we noted that if V is a four-
dimensional vector space, then the group PGL,C may be realized as the
connected component of the identity in the group of motions of P(A?V) = P*
carrying the Grassmannian G = G(2, 4) = P(A\?V) into itself, and PSp,C =
PGL,C the subgroup fixing a hyperplane PHW = P* = P°. We used this to
identify the subgroup PSp,C with the orthogonal group PSO,C; at the same
time it gives an identification of the larger group PGL,C with the orthogonal
group PSO,C.

Even though so,C is isomorphic to a Lie algebra we have already examined,
it is worth going through the analysis of its representations for what amounts
to a second time, partly so as to understand the isomorphism better, but
mainly because we will see clearly in the case of s04,C a number of phenomena
that will hold true of the even orthogonal groups in general. To start, we draw
the Weyl chamber in h*:

As usual, we begin with the standard representation, which has weights
+ L,, corresponding to the centers of the faces of the cube:
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Mote that the highest weight L, once more lies on an cdge of the Weyl chamber
ithe front edge, in the diagram on the preceding page). Observe that the
standard representation of so,C corresponds, as we have already pointed out,
to the exterior square of the standard representation of ¢l, .

Mext, we look at the exterior square A’V of the standard representation
of so,C. This will have weights + L; + L, (of course, it is tie adjoint represen-
tation) and so will have weight diagram

MNote that the highest weight vector L, + I., of this representation does not
lie on an edge of the Weyl chamber, but rather in the interior of a face (the
back face, in the diagram above). In order to generate all the representations,
we still need to find the irreducible represeniations with highest weight along
the remaining two edges of the Weyl chamber.

We look next at the exterior cube A?V of the standard representation. The
weights here are the eight weights + L, + L, + L,, each 1aken with multi-
plicity one, and the six weights + L, each taken with multiplicity 2, as in the
diagram




§19.1. Representations of so,C 285

Mow, we nolice something very interesting: this cannot be an irreducible
representation. We can see this in a number of ways: the images of the weight
Ly + Ly + Lyunder the Weyl group, for example, consist of every other vertex
of the reference cube; in particular, their convex hull does not contain the
remaining four vertices including L, + L, — L,. Equivalently, there is no way
to go from L, + L; + Ly to L, + L; — L, by translation by negative root
vectors. The representalion A’V will thus contain copies of the irreducible
representations Uy o, ., and I ., ;. with highest weights L, + L; + L,
and L, + L, — L, with weight diagiams

Ly+Ly+LEy
-ﬂ

.

and

1,' l"“————|——— - Li+by-Ly

Since the weight diagram of each of these is a tetrahedron containing the
weights + L, we have accounted for all the weights of A*V and so must have
a direct sum decomposition

NV =Ty ety ® Ty eny-1,ye

We can relate this direct sum decomposition to a geometric feature ol a
quadric hypersurface in P*, analogous to the presence of two rulings on a
quadric in P*, We saw before that the locus of lines lying on a quadric
surface in P? turns out to be disconnected, consisting of two components



286 19. s04C, s0,C, and so,C

each isomorphic 1o P' (and embedded, via the Pliicker embedding of the
Grassmannian G = G(2, 4) of lines in P? in P{A?C) = P*, as a pair of conic
curves lying in complementary 2-planes in **). In a similar fashion, the variety
of 2-planes lying on a quadric hypersurface in * turns out to be disconnected,
consisting of two components that, under the Pliicker embedding of G(3, 6)
in P(A*C%) = P'®, span two complementary 9-planes PW, and PW,; these
two planes give the direct sum decomposition of A*V as an se,C-module.

In fact, if we think of a quadric hypersurface in P* as the Grassmannian
G = G(2, 4) of lines in P?, we can see explicitly what these two lamilies of
2-planes are; for every point p & [P? the locus of lines passing through p forms
a 2-plane on G, and flor every plan: H = P? the locus of lines lyingin H is a
2-plane in G. These are the two families; indeed, in this case we can go two
steps further. First, we see from this that each of these families is para-
metrized by P2, so that the connected cowsponent PSO;C of the identity
in the group of motions of P* preserving the Grassmannian acts on P,
giving us the inverse inclusion PSO,C = PGL,C. Second, under the Pliicker
embedding each of these families is carried into a copy of the quadratic
Veronese embedding of P into P?, giving us the identification of the direct
sum factors of the third exterior power of the standard representation of so,C
with the symmetric square of the standard representation of ¢l,C.

Exercise 19.1. Verify, without using the isomorphism with sozC and the
analysis aliove, that the standard representation V of sl,C satisfies

AAY) = Sym?V @ Sym?V'*,

Mote that we have now identified, in terms of tensor powers of the standard
one, irreducible representations of sogC with highest weight vectors L,
L, + Ly + Lyand L, + L, — L, lying along the edge of the Weyl chamber,
as well as one with highest weight L., + L, lying in a face. We can thus find
irreducible representations with highest weight y, if not for every 3 in Ay %
at least for every weight 7 in the intersection of #” with a sublattice of index
? 'iﬂ J"!n".-.

§19.2. Representations of the Even
Orthogonal Algebras

We will not examine any further representations ol s0,C per se, leaving it as
an exercise to do so (and to compare the iesults (o the corresponding analysis
lor sl, ). Instead, we can now describe the general pattern for representations
of the even orthogonal Lie algebras so,,C. The complete story will have to
wait until the following lecture, since at present we cannot construct all the
representations of so,,C (as we have pointed out, we have been able to do so
in the cases n = 2 and 3 studied so far only by virtue of isomorphisms with
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other Lie algebras; and there are no more such isomorphisms from this point
on). We will nonetheless give as much of the picture as we can.

To begin with, recall that the weight lattice of so,,C is generated by
L, ..., L,together with the further vector (L, + --- + L, /2. The Weyl cham-
ber, on the other hand, is the cone

W ={Yalia za,=" = +a,}.

Note that the Weyl chamber is a simplicial cone, with faces corresponding
to the n planes a, = a3, ..., a,., =a, and a,_, = —a,; the edges of the
Weyl chaniber ure thus the rays generated by the vectors Ly, L, + L,, ...,
Liy+-+L, 5 Ly+--+L,and L, +---+ L,, — L, (note that L, +
=+ 4 L,., is not on an edge of the Weyl chamber). We see from this that, as
in every previous case, the intersection of the weight lattice with the closed
Weyl cone is a free semigroup generated by fundamental weights, in this case
the vectors L,, L, + Ls, ..., L, ++** + L,_5 and the vectors'

a=(L,+ "+ L)y2 and f=(L,+-+ L, — L)

As before, the obvious place to start to look for irreducible representations
is among the exterior powers ol the standard representation. This almost
works: we have

Theorem 19,2, (i) The exterior powers NV of the standard representation V of
s0,,C are irreducible for k = 1,2, ..., n — 1; and (ii) The exterior power \"V
has exactly two irreducible factors.

ProoF. The proof will follow the same lines as that of the analogous theorem
for the symplectic Lie algebras in Lecture 17; in particular, we will start by
considering the restriction to the same subalgebra as in the case of sp,,C.

Recall that the group S5p,,C = 5L,,C of automorphisms preserving
the skew form  introduced in Lecture 16 contains the subgroup G of
antomorphisms of the space ¥ =C? preserving the decomposition
Fo=Clep, ...t ®Clensys. ., £3,], acting as an arbitrary automorphism
on the first factor and as the inverse transpose of that automorphism on the
second factor; in matrices

X o0
G= {(" x) X EGL,E}.

In [act, the subgroup 50,,C = 5L,,C also contains the same subgroup; we
have, correspondingly a subalgebra

! To conform to standard conventions, with simple roots &y = L, = Ly, for 1 s 1< n—1,and
a, = Loy + Ly, 10 have (i, ) = & the fundamental weights o should be put in the order:
wy=Ly+ 4 Lforl gisn—2und

ey = F =Ly 4 4 Loy = L2, wy == (L, + - 4 L)L
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4 0
6= {(D -'A)' Ae sI_C} = 80,0

isomorphic to sl,C.

Denote by W the standard representation of sl,C. As in the previous case,
the restriction of the standard representation V of so,,C to the subalgebra s
then splits :

V=WepWw+
into a direct sum of W and its dual; and we have, correspondingly,
Ny = NW e NWH
P WeNW)

We also can say how each factor on the right-hand side of this expression
decomposes as a representation of sl, C: we have coniraction maps

W, W@ MW o A @ N,

and the kernel of ¥, , is the irreducible representation W' with highest
weight 2L, + -+ + 2L, + L, + *** + L,.,. The restriction of A*V 10 s is
thus given by

NV = wimm,

at+th<i
athmki2)

where the actual highest weight factor in the summand W™ = A'W is the
veclor

W = e A A 8, A By A A By, A QTR
== N k-a-B)2
SO AN C A gy AT A € A (D (8 A g )T,

Now, all the vectors w'™® have distinct weights; and it follows, asin Excicise
17.7, that any highest weight vector for the action of s0,,C on AV will ve a
scalar multiple of one of the w'®, 1t will thus suffice, in order to show ihat
MV isirreducible as representation of so,,C for k < n, to exhibit for each (a, b)
with @ + b < k < n other than (k,0) a positive root « such that the image
a,(w**) # 0. This is simplest in the case @ + b = k < n (so there is no factor
of @ in w*®Y; just as in the case of sp,,C we have

¥

b
@i 1.:—&!1{"'“' F}

= (Eavi,zm-bs1 — Encpormeant €0 A 0 A Ba A gy A A ey,
= “riuii.ﬁ—il

#0

and Y, ; is the generator of the positive root space g, .
Incase o + b < k < n, we observe first that for any i and J
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Y Q) = (Enes — Eis)(L (e, A easp))
=2-¢nre
#0
so that whenevera < i, j<n— b,
}:.J{“'h'“]

=Y le, A meg moegaopey At gy, A QITETRIE)

=€ AT AG A Cypy A A e A VY (2, A gy )R TTTIR)
=(k—a—hb)le, A~ A, ne Al neg poy A A ey A QR R)
# 0.

Itisalways possible to find a pair (i, j) satisfying the conditionsa < i, jsn—b
since we are assuming a + b < k < n; this concludes the proof of part (i),

The proof of part (i) requires only one further step: we have to check the
vectors W' with a + b = k = n to see if any of them might be highest weight
vectors for so,,C. In fact (as the statement of the theorem implies), two of them
are: It is not hard to check that, in fact, w™™ and w™~'-" are killed by every
positive root space g, ,,,. To see that no other vector w'""* is, look at the
action of ¥, .2 € 0r,,,41,,,° W€ have

}:-ﬂ,.; 1{“'“'"_..}
=(Eqrrmrar2 = Eavzmeart)€4 A Al A Cugey A A E,)
O AT A B, A B M Briael N Bpigea N A By,
Ep AT B A By A Biga AT A B,

20 a

Remarks, (i) This theorem will be a consequence of the Weyl character
formula, which will tell us a priori that the dimension of the irreducible

representation of so,, C with highest weight L, + +-+ + L, has dimension ( 2: )

il k < n, and half that if k = n.

(ii) Motealso that by the above, A"V is the direct sum of the two irreducible
representations I, and I, with highest weights 22 = L, + - + L, and
=L, + - +L,,— L, Indeed, the inclusion I, & Iy = A"V can be
seen just from the weight diagram: /7 1" possesses a highest weight vector with
highest weight L, + -+~ + L,, and so contains a copy of I5,; but this repre-
sentation does not possess the weight 2§, and so A"V must contain I, as
well. (Alternatively, we observed in the preceding leciure that in choos-
ing an ordering of the roots we could have chosen our linear functional | =
cH, + - + ¢, H,with¢; > ¢; >+ > —¢, > 0 without altering the positive
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roots or the Weyl chamber; in this case the weight 4 of A"V with I{1) maximal
would be 2f, showing that Iy, = A'V)

{iti) If we want to avoid weight diagrams altogether, we can still see that
AV must be reducible, because the action of so,,C preserves two bilinear
forms: first, we have the bilinear form induced on A"V by the form @ on ¥
and second we have the wedge product

o: NV x NV = ATV = (,

thelast map taking e, » -*- A &;,to L. It follows that A"V is reducible; indeed,
il we want to see the direci sum decomposition asserted in the statement of
the theorem we can look at the composition

T NV = AP S AT

where the first map is the isomorphism given by ¢ and the second is
the isomorphism given by @. The square of this map is the identity, and
decomposing A*F into +1 and — | eigenspaces for this map gives two
subrepreseéntations.

Exercise 19.3%, Part (i) of Theorem 19.2 can also be proved by showing that
for any nonzero vecior we NV, the linear span of the veciors X (w), for
X es0,C, is all of A'V. For these purposes take, instead of the basis we have
been using, an orthonormal basis v, ..., v, for ¥ = C™ m = 2n,s0 Qv;, ) =
d;, ;- The vectors v, = vy A ==+ A vy, I = {i; <+ < i}, form a basis for 'V,
and so,,C has a basis consisting of endomorphisms V, ., p < g, which 1akes
0, lo vy, v, to —p,, and takes the other v, to zero. Compute the images ¥, (u;),
and prove the claim, first, when w = v, for some I, and then by induction on
the number of nonzero coeflicients in the expression w =3} a,v;. For (ii) a
similar argument shows that A"V is an irreducible representation of the group
O,C, and the ideas of §5.1 (cf. §19.5) can be used to see how it decomposes over
the subgroup SO, C of index two.

We return now to our analysis of the representations of so,,C. By the
theorem, the exterior powers ¥, AV, ..., /" *V provide us with the irreduc-
ible representations with highest weight the fundamental weight dlong the first
n— 2 edges of the Weyl chamber (of course, the exterior power A" 7'V is
irreducible as well, but as we have observed, L, + - 4+ L__, is not on an edge
of the Weyl chamber, and ;o0 /"' V is not as useful for our purposes). For the
remaining two edges, we have found irreducible representations with highest
weights located there, nemely the 1two direct sum factors of AV, but the
highest weights of these two representations are not primitive ones; they are
divisible by 2. Thus, given the theorem above, we see that we have constructed
exactly one-half the irreducible representations of so0,,C, n.umely, those whose
highest weight lies in the sublattice Z{I. ,..., L,} = /i .. Explicitly, any
weight yin the closed Weyl chamber can be e -pressed (unigquely) in the form
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P=a b+t aug(ly + o+ L)
F Oyl Ly = L2+ L+ + L2
with a; € M. ITa,_, + a, is even, with a,_, = a, we sec that the representation
Sym* ¥V @ --- @ Sym* (A" V) @ Sym (A" V) ® Sym'*=-1~"¥2([", )

will contain an irreducible representation I, with highest weight y; whereas if
a, = a,.;, we will find T, inside

Sym" 'V @& -+ @ Sym™-(A"" 1) @ Sym™ (A" ') @ Sym't -0 ),

There remains the problem of constructing irreducible representations T,
whose highest weight y involves an odd number of &’s and f's. To do this, we
clearly have to exhibit irreducible representations I', and Iy with highest
weights o and f. These exist, and are called the spin representations of so0,,C;
we will study them in detail in the following lecture. We see [rom the above
that once we exhibit the two representations I, and [;, we will have con-
structed all the representations of so,,C. The representation I, with highest
weight ¥ writlen above will be found in the tensor product

Sym*V @ -- @ Sym*™:(A"*V) @ Sym*(I,) ® Sym™(T).

For the time being, we will assume the existence of the spin representations
of s0,,C; there is a good deal we can say about these representations just on
the basis of their weight diagrams,

Exercise 19.4%, Find the weights (with multiplicities) of the representations
AV, and also of I'y,, Ty, [, and T,

Exercise 19.5. Using the above, show that T, and T} are dual to one another
when nis odd, and that they are self-dual when i is even.

Exercise 19.6. Give the complete decomposition into irreducible representa-
tions of Sym* T, and A*T,. Show that

eL=LaN Vo VvVenNsve .
Exercise 19.7. Show thai
Lel=N'"VveN veN Ve .

Exercise 19.8. Verify directly the above statements in the case of sogC, using
the isomorphism with sl,C.

Exercise 19.9. Show that the automorphism of €" that interchanges ¢, and
¢4, leaving the other ¢, fixed, determines an automorphism of so,,C that
preserves the n—2 roots L, — Ly, ..., L,.3 — L, and interchanges
L,..,— L,and L _, + L,. This automorphism takes the representation V to
itsell, but interchanges I', and I,
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§19.3. Representations of so,C

While we might reasonably be apprehensive about the prospect of a family of
Lie algebras even more strangely behaved than the even orthogonal algebras,
there is some good news: even though the roots systems of the odd Lie algebras
appear more complicated than those of the even, the representation theory of
the odd algebras is somewhat tamer. We will describe these representations,
starling with the example of so,C; we begin, as always, with a piciure of the

root diagram:
S Li+Ey+Ly
r -f
.-I" ; I' ’ B
X I .. 8Lt
L 'JIN.‘ ,1__,11.:'.‘1'!
e e

As we said, this looks like the root diagram for sp,C, except that the roots
+ 2L; have been shortened to + L;. Unlike the case of so,C, however, where
the long and short roots could be confused and the root diagram was corre-
spondingly congruent to that of sp,C, in the present circumstance the root
diagram is not similar to any other; the Lie algebra so0,C, in fact, is not
isomorphic to any of the others we have studied. Next, the Weyl chamber:

Again, the Weyl chamber itsell looks just like that of sp,C; the difference
in this picture is in the weight lattice, which contains the additional vector
Ly + Ly + Ly)2.



§19.3. Represemtations of o, C 293

As usual, we start our study of the representations of so,C with the
standard 1epresentation, whose weights are + L, and

Ly

Mote that the highest weight L, of this representation lies along the front edge
of the Weyl chamber. Hext, the weights of the exterior square /*V are
+L;+ L;, +L; and 0 (taken three times); this, of course, is just the adjoimt
representation. Note that the highest weight L, + L, of this representation is
the same as that of the exterior square of the standard representation for so,C,
but because of the smaller Weyl chamber this weight does indeed lie on an
edge of the chamber.

Next, consider the third exterior power /*V of the standard. This has
weights + L, + L, + Ly, +L; + L, +L; (with multiplicity 2) and 0 (with
multiplicity 3), i.e., at the midpoints of all the vertices, edges, and laces of the
cube:

L|+L2+L3

Ly+Ly

It is not obvious, from the weight diagram alone, that this is an irreducible
representation; it could be that /\*V contains a copy of the standard represen-
tation ¥ and that the irreducible representation I';, ,, ., thus has multiplicity
| on the weights + L, and multiplicity 2 {or 1) at 0. We can rule out this
possibility by direct calculation: for example, if this were the case, then AV
would contain a highest weight vector with weight L, . The weight space with
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eigenvalue L, in A’V is spanned by the tensors e, » e; » ecande, a e, A &,
however, and il we apply to these the generators X, , = E, ; — E, ,,
Xy 1=E; — Eg s, and Uy = Ey 5 — Eg 4 of the root spaces corresponding
to the positive roots L, — Ly, Ly — Ly, and L., we see that

Xy aley neynegl=e) neyn e,
Usley, nea neg)=e ney ey #£0

Xosley nesnes)=e, ne;neg
Usley moey moeg) =10

There is thus no linear combination ol e, ~ e; A eg and e, & e, e killed
by both U, and X, ;, showingthat /*V has no highest weight vector of weight
L,.

Exercise 19.10. Verify that AV does not contain the trivial representation.

We have thus found irreducible representations of so, C with highest weight
veclors along the three edges of the Weyl chamber, and as in the case of so,C
we have thereby established the existence of the irreducible representations of
s0,C with highest weight in the sublattice Z{L,, L, Ly}. To complete the
description, we need to know that the representation T, with highest weight
o=(L; + L; + L;)/2 exists, and what it looks like, and this time there is no
isomorphism to provide this; we will have to wait until the following lecture.
In the meantime, we can still have fun playing around both with the represen-
tations we do know exist, and also with those whose existence is simply
asserted.

Exercise 19.11. Find the decomposition into irreducible representations of the
tensor product ¥V & AV, in particular find the multiplicities of the irreducible
representation [, ., with highest weight 2L, + L,.

Exercise 19.12. Show that the symmetric square ol the representation 7
decomposes into a copy of A?V and a trivial one-dimensional representation.

Exercise 1913, Find the decomposition into irreducible representations .f
AT,

§19.4. Representations of the
Odd Orthogonal Algebras

We will now describe as much as we can of the general pattern for representa-
tions of the odd orthogonal Lie algebras so,,,,C. As in the case of the even
orthogonal Lie algebras, the proof of the existence part of the basic theorem
(14.18) (that is, the construction of the irreducible representation with given
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highest weight) will not be complete until the following lecture, but we can
work around this pretty well.

To begin with, recall that the weight lattice of so,, ,, C is, like that of s0,,C,
generated by L, ..., L, together with !l_e further vector (L, + -+ + L, )1 The
Weyl chamber, on the other hand, is iie cone

#={Yaqlia, za,z"=za,=0}

The Weyl chamber is as we have pointed out the same as lor sp,, C, that is,
it is a simplicial cone with faces corresponding to the n planes a, = a, ...,
a,_, =a, and a, = 0. The edges of the Weyl chamber are thus the rays
generated by the vectors L, Ly + Ly, oo Ly + -+ Lyyand Ly 4+ -+ L,
(note that L, + --- 4+ L,_; is on an edge of the Weyl chamber). Again, the
intersection of the weight lattice with the closed Weyl cone is a free semigroup,
in this case generated by the fundamental weights @, = L,, w, = L, + L,
veey Wy =Ly 4+ -+ L, and the weight w,=a=(L, + -+ L2
Moreover, as we saw in the cases of so,C and so,C, the exterior powers of
the standard representation do serve to generate all the irreducible representa-
tions whose higlhest weights are in the sublattice Z{L,, ..., L, }: in general we
have the following theorem.

Theorem 1904, For k =1, ..., n, the exterior power NV of the standard
represemation V' of 804, ,, € is the irreducible representation with highest weight
L,+ -+ L.

Proor. We will leave this as an exercise; the proof is essentially the same as in
the case of so,,C, with enough ni 1 difference to make it interesting. O

We have thus constructed one-hall of the irreducible representations of
&0,,,,C: any weight y in the closed Weyl chamber can be writien

y=a L +ay(L;+ L)+ +a, L+ + L, )+all, +- +L,)2
with a; € M; and il a, is even, the representation
Sym“V @+ @ Sym* (A" V) @ Sym™2(A"V)

will contain an irreducible representation I, with highest weight y. We are still
missing, however, any representation whose weights involve odd multiples of
o: to construct these, we clearly ha e to exhibit an irreducible representation
T, with highest weight & This exizts and is called (as in the case of the even
orthogonal Lie algebras) the spin representation of so,,,,C. We see from the
above that once we exhibit the spin representation [, we will have constructed
all the representations of so,,,, C; for any y as above the tensor

Sym™ ¥ @ - @ Sym™ 1 [/\""'¥) @ Sym*™(T)

will contain a copy of I,

As in the case ol the spin representation I, ol the even orthogonal Lie
algebras, we can say some things about I, even in advance of its explicit
construction; for example, we can do the following exercises.
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Exercise 19.15. Find the weights {with multiplicities) of the representations
AV, and also of T,

Exercise 19.16. Give the complete decomposition into irreducible representa-
tions of Sym? T, and AT, Show that

ean=ANMae/N'veh Vg @ﬂ‘V@ﬂ.”V

Exercise 19.17. Verily directly the above statements in the case of so,C, using
the isomorphism with sp,C,

§19.5. Weyl's Construction for Orthogonal Groups

The same procedure we saw in the symplectic case can be used to construct
representations of the orthogonal groups, this time generalizing what we saw
directly for AW in §§19.2 and 19.4. For the symmetric form Q on V¥ = C",
the same formula (17.9) determines contractions from ¥ ®4o V#4942 Denote
the intersection of the kernels of all these contractions by VM. For any
partition l = (4, = --- = A, = 0) ol d, let

SV =Vns,v {19.18)
As belore, this is a representation of the orthogonal group O_C of Q.

Theorem 19.19. The space Sy, V is an irreducible representation of 0, C; S,V
nonzero if and only i the sum of the lengths of the first two columns of the
Young diagram of 1 is al most m.

Thie tensor power ¥V ® decomposes exactly as in Lemma 17.15, with every-
thing the same but replacing the symbol ¢d% by [d]. In particular,

S,V= e, = lmfe,: 1 -yl

Exercise 19.20. Verily that S, is zero when the sum of the lengths of the
first two columns is greater than m by showing that A%V @ APY @ pi-oB g
contained in §, ¥,(V®¥ 1) when a + b > m. Show that S,V is not zero
when the sum of the lengths of the first two colinns is at most m.

Exercise 19.21*. (i) Show that the kernel of the contraction from Sym‘FV to
Sym*~?V is the irreducible representation Sy, V f s0,,C with highest weight
dL,.
(i) Show that
SymfV = Smlf@ SH,HI’@"'H} Sp-1p

where p is the largest integer < d/2,
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The proofl of the theorem proceeds exactly as in §17.3. The fundamental
fact from invariant theory is the same statement as (17.19), with, of course, the
operators 3, = ¥, « @, defined using the given symmetric form, and the group
Sp;.C replaced by O_C (and the same reference to Appendix F.2 for the
proof). The theorem then follows from Lemma 6.22 in exactly the same way
as for the symplectic group.

To find the irreducible representations over 50, C one can proceed as in
§5.1. Weyl calls two partitions (each with the sum of the first two column
lengths at most m) associared if the sum of the lengths of their first columns is
m and the other columns of their Young diagrams have the same lengths.
Representations of associated partitions restrict to isomorphic representa-
tions of 50,,C. Wote that at least one of each pair of associated partitions will
have a Young diagram with at most 4m rows. If m = 2n + 1 is odd, no 1 is
associated Lo itself, but if m = 2n is even, any 4 with a Young diagram with n
nonzero rows will be associated to itscll, and its restnction will be the sum of
two conjugale representations of SO C ol the same dimension. The final result
is:

Theorem 19.22. () [f m=2n + Land A = (4, = --- = 4, = 0), then 5,V is the
irreducible representation of so C with highest weight A, L, 4+ --- + 4,L,.

(i) If m=2n, and A = (4, = --- = 4, = 0), then S,V is the irreducible
representation of so, T with highest weight 1, L, + -+ 4+ 4L,

[l If m=2qn,and 4 = (4, = = 4,_, = 4, = O), then S,V is the sum of
two irreducible representations of so, C with highest weights A, L, + - + 4,L,
ﬂ‘"d‘llL'l. +- 4+ Al_ll‘ﬂ‘-l - ‘LLﬂ'

Exercise 19.23. When m is odd, show that 0,,C = 50_,C = [ +1}. Show that
il 4 and j are associated, then i = A @ ¢, where £ is the sign of the det: rminant.

We postpone to Lecture 25 all discussion of multiplicities of weigh! spaces,
or decomposing tensor products or restrictions to subgroups.

As we saw in Lecture |5 for GL,C and in Lecture 17 for Sp.,C, it is possible
to make a commutative algebra S5 = SV} out of the sum of ~Il the
irreducible representations of 80, C, where V' = €™ is the standard repre-
sentation, First suppose m = 2n 4+ 1 is odd. Define the ring S°(V, n) asin §15.5,
which is a sum of all the representations 5,(V) of GL({V) where 4 runs over
all partitions with at most n paris. As in the symplectic case, there is a
canonical decomposition

S,(¥) = S(V) @ J(V),
and the direct sum J'' = (), J;;4(V) is an ideal in §'(V, n). The quolient ring
SHY) = AW /I = @ SpV)

is a commutative graded ring which contains each irreducible representation
of SD:.”_'C ones,
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Il m = 2n is even, the above quoftient will contain each representation
Sy y(¥) twice il L has n rows. To cut it down so there is only one of each, one
can add to JU! relations of the form x — (x), for x & A"V, where 1: A"V = A"V
is the isomorphism described in the remark (iii) afier the proof of Theurem
19.2. For a detailed discussion, with explicit generators for the ideas, see [L-T].



LECTURE 20

Spin Representations of so,, C

In this lecture we complele the picture of the rep.esentations of the orthogonal Lie
algebras by constructing the spin represeniations §* of so0,C; this also yields a
description of the spin groups Spin, C. Since the representation-theoretic analysis of
the spaces 5% was carried oul in the preceding lecture, we are concerned here primarily
with the algebra involved in their construction. Thus, §20.1 and §20.2, while elementary,
involve some firly serious algebra. Section 20,3, where we briefly sketch the notion of
trialily, may seem mysierious to the reader (this is at least in part because il is so to
the authors), if so, it may be skipped. Finally, we should say that the subject of the spin
representations of se, C is a very rich one, and one that accommodates many different
points of view; the reader who is interested is encouraged o try some of the other
approachcs that may be found in the lilerature.

§20.1: Clifford algebras and spin representations of so,C
§20.2: The spin groups Spin,C and Spin, R
§20.3: SpingC and triality

§20.1. Clifford Algebras and Spin Representations
of so,,C

We begin this section by trying te motivate the definition of Clilford algebras.
We may begin by asking, why were we able to find all the representations of
SL,C or 5p,,C inside tensor powers of the standard representation, but only
halfl the representations of 50, C arise this way? One difference that points in
this direction lies in the topology of these groups: 5L, C and Sp,,C are simply
connected, while SO,_C has fundamental group Z/2 for m > 2 {for proofs
see §23.1). Therefore 50, C has a double covering, the spin group Spin,C.
{(For m < 6, these covering® could also be extracted from our identifications
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of the adjoint group PSO,,C with the adjoint group of other simply connected
groups; e.g. the double cover of SO, C is SL,C.) We will see that the missing
representations are those represeniations of Spin,,C that do not come lrom
representations of 50,,C.

This double covering may be most readily visible; and probably familiar,
for the case of the real subgroup SO, K of rolations: a rotation is specified by
an axis to rotate about, given by a unit vector u, and an angle of rotation
about u; the two choices +u ol unit vector give a two-sheeted covering. In
other words, if D is the unit ball in B, there is a double covering

53 = D¥/ID? - SO,R,

which sends a vector v in D? to rotation by the angle 2n|n| about the unit
vector of|v]| (the origin and the unit sphere 40* are sent to the identity
transformation).

This covering is even easier to sec for the entire orthogonal group O, R,
which is generated by rellections R, in unit vectors v (with +v determining
the same refllection). we can describe the double cover of O, as the group
generated by unit vectors v, with relations

Oy oty = Wy Wy

whenever the compositions ol the corresponding reflections are equal, ie.,
whenever

R, o--oR,_=R, o~ oR

and also relations
(—v)({—w)=vw

for all pairs of unil vectors v and w. (Note that if we restricted ourselves to
products of even numbers of the generaiors v € 20° we would get back the
double cover of the special orthogonal group 50,C))

How should we generalize this? The answer is not obiou:. For one thing,
for various reasons we will not try to construct directly a group that covers
the orthogonal group in general. Instead, given a vector space V (real or
complex) and a quadratic form @ on V, we will first construct an algebra
Clil( ¥, Q), called the Clifford algebra. The algebra CLT(¥, @) will then turn
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out to contain in its multiplicative group a subgroup which is 4 double cover
of the orthogonal group O(V, @) of automorphisms of V preserving Q.

By analogy with the construction of the double cover of SO, R, the Cliford
algebra CIill(V, Q) associated to the pair (¥, @) is an associative algebra
containing and generated by V. (When we want to describe the spin group
inside CLMV, Q) we will restrict ourse'ves to products of even numbers of
elements of V¥ having a fixed norm Qv +); if odd products are allowed as well,
we gel a group called “Pin" which is a double covering of the whole orthogonal
group.) To motivate the definition, we would like CHIT(V, Q) to be the algebra
generated by V subject to relations analogous to those above for the double
cover of the orthogonal group. In particular, for any vector v with Qv, v) = 1,
since the reflection R, in the hyperplane perpendicular to v is an involution,
we want

vo=1
in Clilf(¥, @). By polarization, this is the same as imposing the relation
v-w 4+ wer = 20(v, w)

for all v and win V. In particular, w-v = —ov- w il v and w are perpendicular.
In fact, the Clilford algebra® will be defined below to be the associative algebra
generated by ¥ and subject to the equation v-v = Q{v, v).

Looking ahead, we will see later in this section that each complex Clifford
algebra coniains an orthogonal Lie algebra as a subalgebra. The key theorem
is then that CHIT{V, Q) is isomorphic either to g matrix algebra or to a sum of two
matrix algebras. This in turn determines either one or two representations of
the orthogonal Lie algebras, which turn out to be the representations which
were needed to complete the story in the last lecture. Just as in the special linear
and symplectic cases, the corresponding Lie groups are not really needed to
construct the representations; they can be written down directly from the Lie
algebra. In this section we do this, using the Clilford algebras to construct
these representations of soC directly, and verify that they give the missing
spin representations. In the second section of this lecture we will show how
the spin groups sit as subgroups in their multiplicative groups.

Clifford Algebras

Given a symunetric bilinear form @ on a vector space V, the Clifford algebra
C = C{Q) = Clilf(¥, Q) is an associative algebra with unit |, which contains
and is generated by ¥, with v-v = Q(v, v)- | for all v € V. Equivalently, we have
the equation

vew -+ wee = 20(v, w), (20.1)

! The mathematical world seems to be about evenly divided about the choice of signs here, and
one must translate from @ to = to go from one side (o the other,
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for all v and w in V. The Clifford algebra can be delined to be the universal
algebra with this property: il E is any associative algebra with unit, and a
linear mapping j: ¥ — E is given such that j{v)* = Q(v,v)- 1 for all ve V, or
equivalently

Job-jlw) + jiw)-j(v) = 2Q(v, w)- 1 (20.2)

for all v, w € ¥, then there should be 2 unigue homomorphism of algebras from
C(Q) to E extending j. The Clilford algebra can be constructed nuickly by
taking the tensor algebra
Tiv)= (—BD Ve =Carvevevevervrerie
LI

and setting C{Q) = T"(V)/1(Q), where I{(Q) is the two-sided ideal generated by
all elements of the form v @ v — Q(v,v)- 1. It is avtomatic that this C(Q)
satisfies the required universal property.

The facts that the dimension of C is 2™, where m = dim{V’), and that the
canonical mapping from V¥ to C is an embedding, are part of the following
lemma:

Lemma 20.3. If e, ..., e, form a basis for V¥, then the products e, =
e, ey, .y, for =iy <i; < < i}, and with ey = 1, form a hasis for
C(Q) = Chlity, Q).

Proor. From the equations ¢;-¢; + ¢;-¢; = 20(e;, ¢) it follows immediately
that the elements e, generate C{Q). Their independence is not hard to verily
directly; it also follows by seeing that the images in the mairix algebras under
the mappings constructed below are independent. For another proof, note
that when @ =0, the Clifford algebra is just the exterior algebra AV, In
general, the Clifford algebra can be filtered by subspaces F,, consisting of those
elements which can be written as sums of at most k producis of elements in
V; one checks that the associated graded space F,/F,,, is A'V. For a third
proofl, one can verily that the Clifford algebra of the direct sum of two
orthogonal spaces is the skew commutative tensor product of the Clilford
algebras of the two spaces (cf. Exercise B.9), which reduces one to the trivial
case where dim ¥ = 1. ]

Since the ideal [{(}) = T(V) is generated by elements of even degree, the
Clilford algebra inheritz a 7/27 grading;

C=C"@C*"=C"®C,

withC*-C' e CHCHCaeC,C - CteC,C7-C = C*, C* is spanned
by products of an even number of elementsin V and C” isspanned by products
of an odd number. In particular, C*" is a subalgebra of dimension 2™,

Since C({Q) is an associative algebra, il determines a Lie algebra, with
bracket [a, b] = a- b — h-a. From now on we assume { is nondegenerate. The
new representations of so,C will be found in two steps:
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(i) embedding the Lie algebra so((}! = so_ C inside the Lie algebra of the even
part of the Clifford algebra C(();
(i) identilying the Clilford algebras with one or two copies of malrix algebras,

To carry out the first step we make explicit the isomorphism of A2V with
s0((?) that we have discussed before, Recall that

s0(Q) = {.¥ € End(¥): Q(Xv, w) + Q(v, Xw) = O for all v, win V}.
The isomorphizm is given by
AV Zso(Q) < Bind(V), a by,
for aand b in ¥, where ¢, , is defined by
@a.(0) = 2(0(b, v)a — Qla, v)h). (20.4)

It is a simple verification that g,., is in so((). One sees that the natural bases
correspond up to scalars, e.g, ¢ » e, maps to 2(E; ; — E,, ), 50 the map
is an isomorphism. (The choice of scalar factor is unimportant here; it was
chosen to simplify later formulas) One calculates what the bracket on A2V
must be to make this an isomorphism of Lie algebras:

[Panss Penal(V) = Pany © @enalt) = Pena © Panalv)
= 2¢,,,(Q(d, v)c — Qlc, v)d) — 2, ,(Q(b, v)a — Q(a, v)b)
= 40(d, v)(Q(b, c)a — Q(a, c)b)
— 40(c, vMQ(b, d)a — Qa, d)h)
— 40(b, v)(Q(d, a)c — Q(c, a)d)
+ 4Q(a, v)(Q(d, b)c — Qlc, b)d)
= 20(b, c}@,.4(v) — 2Q(b, d}ep,..(v)
— 20(a, )@, ,(v) + 2Q(a, c)py.(0)
This gives an explicit formula for the bracket on A2 V:
[anbenad]=20hcland—20hdanc
— 2Q0a, d)e A b+ 2Q(a, c)d A b (20.5)
Omn the other hand, the bracket in the Clifford algebra satisfies
[a-byc-d]l=a-hcd—c-d-ah
=(20(b, c)a-d — a-e-b-d) — (2Q(a, d)e-b —c-a*d-b)
=20(h,cla-d —(2Q(h, dya-c — a-c-d- h)
—20(a, d)c b + (2Q(a, ) d-b— a-c-d-b)
= 20(b, c)a-d — 20(b, d)a-c — 2Q(a, d)c- b + 2Q(a, c)-d- b.
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It follows that the map y: A?V — CLll{¥, Q) defined by

vlanb)=3ab—ba)=ab- Qab) {=0.6)
is a map? of Lie algebras, and by looking at basis elemenls again one sces that
it is an embedding. This proves:

Lemma 20.7. The mapping y o ™ ': so({Q) - C(QY**" embeds so((Q) as a Lie
subalgebra of C(Q)*™".

Exercise 208, Show that the image of y is

F; ~ ClQ)"" - Ker{trace),

where F; is the subspace of C(Q) spanned by products ol at most two elements
of ¥, and the trace of an element of C(Q) is the trace of left multiplication by
that element on C(Q).

We consider first the even case: write V = W @& W', where W and W are
n-dimensional isotropic spaces for Q. (Recall that a space is isotropic when
restricts to the zero form on it) With our choice of standard Q on ¥ = C*",
W can be taken to be the space spanned by the first n basis vectors, W' by the
last n.

Lemma 20.9. The decomposition V= W& W' determines an isomorphism of
algebras
C(Q) = End(/\'W),
where AW = N°W @ - @ "W,
Proor, Mapping C{(Q) to the algebra E = Fnd(/N'1¥) is the same as defining

a linear mapping from V to E, satisfying (20.2). We must construcl maps
I: W Eand I': W - E such that

liw) =0, Piw)P? =0, (20.10)
and
fiw) o (w4 U'{w') o liw) = 20(w, w')l

for any we W, w' e W'. For each we W, let L & E be left multiplication by
w on the exterior algebra AW

L& =wnt, EelW.
For # € W*, let Dy € E be the derivaiion of /AW such that Dy(1) = 0, Dy{w) =
Iwle "W =Clorwe W=ANW and

* Mote that the bilinear form y given by (20.6) is alternating since y{a ~ a) =0, 50 it defines a
linear map on MYy
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Dyl A £) = Doll) A & + (= 1)"#00 A DyC).
Explicitly, Dglwy A === A w) =3 (= 1) Hw)lwy A== Ay A A w) Now
set
Iw) =Ly, (W) =D, ol

where 3 € W* is defined by the identity ${w) = 20(w, w') for all w e W. The re-
quired equations (20.10) are straightforward verifications: one checks directly
on elements in W = A'W, and then that, if they hold on { and £, they hold
on { ~ £ Finally, one may see that the resulting map is an isomorphism by
looking at what happens to a basis. O

Exercise 20.12. The left C(Q)-module /AW is isomorphic to a left ideal in C(().
Show that il fis a generator for A"W’, then C(Q)- f = AN'W- [, and the map
{+— [ [ gives an isomorphism

KW NW-f = C(Q)-f
of left C{Q)modules.
Mow we have a decomposition AW = A™W @& AW into the sum of

even and odd exterior powers, and C( W)™ respects this splitting. We deduce
from Lemma 20.9 an isomorphism

C(Or ™ = End{/\***"W) @ End{ "W). (20.13)
Combining with Lemma 20.7, we now have an embedding of Lie algebras:
so(Q) = C(QY"™" = gl(A**"W) @ gl(\" W), (20.14)

and hence we have two representations of so0(Q) = so,,C, which we denote by
St=A""W and 5§ =/"MW
Proposition 20.15. The representations 5* are the irreducible representations af

50,,C with highest weights @ = YL, + -+ L)and f = YL, + - + Ly =
L.). More precisely,

§*=T, and § =T, ifniseven;

§' =T, and 5§ =T, ifnisodd
Proor. We show that the natural basis vectors ¢; = ¢, A -~ A g for AW
are weight vectors. Tracing through the isomorphisms established above, we

see that Hy = E;; — E,,; ., in b = s0,,C corresponds to (g A e,.,) in ALy,
which corresponds to ke~ e,,;, — 1) in C{Q), which maps to

L, oDy — =L, oD, — {1 € End(A'W).

A simple calculation shows ihat
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e, ifiel

0 ifigl

Therefore, ¢, spans a weight space with weight J(},., L, — ¥, ;, L,). All such
weights with given |/| mod 2 are congruent by the Weyl group, so each of
St =AWt and §7 = AW must be an irreducible representation. The
highest weights are easy to read ofl. For example, the highest weight for
A*Wis 1) L, = ail nis even, while if n is odd, its highest weight is f. O

Ln o D,F[’E_[} = {

These two representations §* and §~ are usually called the half-spin
representations of sv,,C, while their sum § = §* @ 5 = N'W is called the
spin representation. Frequently, especially when we speak of the even and odd
cases together, we call them all simply “spin representations.” Elements of §

are called spinors. For other proofs of the proposition see Exercises 20.34 and
20.35.

For the odd case, write V=W@& W' & U, where W and W' are n-
dimensional isotropic subspaces, and U is a one-dimensional space perpendic-
ular to them. For our standard Q on C***', these are spanned by the first n,
the second n, and the last basis vector.

Lemma 20.16. The decomposition V = W W @ U determines an isomor-
phism of algebras

C(Q) = End: W) @ End(A'W").

ProoF, Proceeding as in the even case, tomap V to E = End(AW),mapwe W
to L, w'e W to Dy, where 3(w) == 20{w, w') as before, Let u, be the element
in U such that Qug, ug) = 1, and send u, to the endomorphism that is the
identity on A"**W, and minus the identity on A" W. Since this involution
skew commutes with all L and D, the resulting map from V= W@ W G U
to E determines an algebra homomorphism from C(Q) to E. The map to
End{/A'W’) is defined similarly, reversing the roles of W and W’. Again one
checks that the map is an isomorphism by looking at bases, O

Exercise 20.17*, Find a generator for a left ideal of C(Q) that is isomorphic
to AW

The subalgebra C(Q)*" of C(Q) is mapped isomorphically onto either of
the factors by the isomorphism of the lemma, so we have an isomorphism in
the odd case:

C{Q)F"™ = End(/YW). (20.18)

As before, this gives a representation § = "W of Lie algebras:
503041 C = s0(Q) = C(Q) ™" = gl(AW) = g($) (20.19)



4404 Lhe Spin Girpups Spin, L and Spin K o7

Proposition 20.20. The representation § = /NW is the irreducible representation
of s0,,,,C with highest weight

a=4(Ly 4+ L)

Proor. Exactly as in the even case, each e, is an eigenvector with with weight
Y2 ier Ly — X541 Ly). This time all such weights are congruent by the Weyl
group, so this must be an irreducible representation, and the highest weight
isclearly (L, + -+ + L,). O

As we saw in Lecture 19, the construction of this spin representation §
finishes the proofl of the existence theorem for representations of so,,C, and
hence for all of the classical complex semisimple Lie algebras,

Exercise 20.21%. Use the above idcntification of the Clifford algebras with
matrix algebras (or direct caleulation) to compute their centers. In particular,
show that the intersection of the cex:ler of C with the even subalgebra C*"*" ig
always the one-dimensional space o1 scalars. Show similarly that if x is in C**
and x-v = —ov-x for all vin V, then x = 0.

Exercise 20.22%, For X e so(Q) and v & ¥, we have X -ve V by the standard
action of so(() on V. On the other hand, w~ have identified so((Q) and V as
subspaces of the Clifford algebra C, so we can compute the commutator
[X, v]. Show that these agree:

Xwv=[X,v]JeVcClC
Problem 20.23*. Let C{p, g) be the real Clifford algebra corresponding to the
quadratic form with p positive and g negative eigenvalues. Lemmas 20.9 and
20.16 actually construct isomorphisms of C{n, n) with a real matrix algebra,
andofl C(n + 1, n)with a product of two real matrix algebras. Compute C(p, q)

for other p and g. All are products of one or two matrix algebras over R, C,
or H.

§20.2. The Spin Groups Spin,,C and Spin,, R
The Clifford algebra C = C{() is generated by the subspace V¥ = C", and C
has an anti-involution x— x*, determined by

(v oo =(=1)fv,...o0y

for any vy, ..., v, in . This operation *, sometimes called the conjugation, is
the composite of:

the main antiautomorphism or reversing map t: C — C determined by



oy .o 0) =000 (20.24)

forvy,...,v in ¥, and

the main involution a which is the identity on C**** and minus the identity
on C** je.,

alpy oocon) = (=1, ..op,. (20.25)

Mote that (x- p)* = y*- x*, which comes from the identities t(x- y) = t(y)- t(x)
and a(x- y) = afx)-afy)

Exercise 20.26. Use the universal property for C to verify that these are well
defined: show that « is a homomorphism from C to C and 1 is a well-defined
homomorphism from C to the opposite algebra of C (the algebra with the
same vector space structure, but with reversed multiplication: x7y = y-x).

Instead of defining the spin group as the set of products of certain elements

of ¥, it will be convenient to start with a more abstract definition. Set
Spin(Q) = {xe C(Q)*™: x-x* =l and x- V-x* = V}. (20.27)
We see from this definition that Spin(Q) lorms a closed subgroup of the group

of units in the (even) Clifford algebra. Any x in Spin(Q) determines an endo-
morphism p(x) of ¥ by

M) =xp-x* veW

Proposition 20.28. For x e Spin(Q), pix) is in SO{Q). The mapping

p: Spin(Q) -+ SO(Q)

is a homomorphism, making Spin(Q) a connected two-sheeted covering of SO(Q).
The kernel of pis {1, —1}.

Proor. We will prove something more. Define a larger subgroup, this time of
the multiplicative group of C{{), by

Pin(Q) = {xe C(O): x x* = land x-V-x* = V), (2029
and define a homomaorphism
p:Pin(@) = 0(Q),  x)(p) = alx) v-x*, (20.30)

where a: C{@) — C(Q) is the main inve "ition.
To see that p(x) preserves the quad. atic form (), we use the fact that for w
in ¥, @(w, w) = w-w = —w-w*, and calculate:

QUplx)(v), plx)v)) = —alx) v x* - (x(x)-v-x*)*

= —afx) - x* 0¥ alx)*



= —alx) v-o* alx*)
= Q(p, v)afx) a(x*)
= Q(v, v)a(x-x*) = Qv, v).

We claim next that p is surjective. This follows from the standard fact (see
Exercise 20.32) that the orthogonal group O{Q) is generated by reflections.
Indeed, if R, is the reflection in the hyperplane perpendicular to a vector w,
normalized so that Q(w, w) = —1, it is easy to see that w is in Pin(Q) and
piw) = R, in lact,

wowt = we(=w) = ~Qw W) =1,
and so
pw)(w) = aw) - w-w* = —w-1= —w;
and if Q(w, v) = 0,
pw)p) = alw) v w* = —w-pw* =poww* =np

The next claim is that the kernel of p ¢i the larger group Pin(Q) is + 1.
Suppose x is in the kernel, and write x = x, + x, with x, € C™*"and x, € C™*.,
Then x,-v = v-x,forall v e V,s0 x4 isin the center of C. And x,-v = —p-x,
for all v & V. By Exercise 20.21, x,isinC- 1, and x, = (. S0 x = x,isin C and
HX=lsox=+1,

It follows that if Re O(Q) is written as a product of reflections R, =...o R, |
then the two elements in p~'(R) are 4w, -...- w,. In particular, we get another
description of the spin groups:

Spin(Q) = Pin(Q) n C(Q)** = p~"(SO(Q))
={tw..oowyiwe V Qlw,w)= -1} (20.31)

Since — | = v-v for any v with Qiv, v) = — 1, we see that the spin group
consists of even products of such elements.

To complete the prool, we must check that Spin{Q) is connected or, equiva-
lently, that the two elements in the kernel of p can be connected by a path.
We leave this now as an exercise, since much more will be seen shortly. [

Exercise 20.32%, Lei 0 be a nondegenerate symmetric bilinear form on a real
or complex vector space V.
(a) Show that if v and w are vectors in V with (v, v) = Q(w, w) # 0, then
there is either a reflection or a product of two reflections that takes v into w.
ib) Deduce that every element of the orthogonal group of (¢ can be written
as the product of at most 2-dim( ') reflections.

Exercise 20.33*, Since Spin((J) is a subgroup of the multiplicative group of
C{(), its Lie algebra is a subalgebra of C{() with its usual bracket. Verify that
this subalgebra is the subalgebra so({(Q) that was constructed in §20.1.



Exercise 20.34. The fact that AW {and /W' in the odd case) is an irreducible

module over C((Q) is equivalent 10 the fact that jt is an irreducible represen-

tation of the group Pin(Q) since the linear span of Pin(Q) is densz in C(Q).
{a} Apply the analysis ol §5.1 to the subgroup

Spin(Q) = Pin(Q)

of index two. In the odd case, W and N'W” are conjugate representations,
s0 their restrictions to Spin(Q) are isomorphic and irreducible: this is the spin
representation. In the even case, /YW is sell-conjugate, and its restriction to
Spin(Q) is a sum of two conjugate irreducible representations, which are the
two half-spin representations,

(b} Of the representations of Spin(Q) {i.c. the representations of so,C),
which induce irreducible representations of Pin{Q) and which are restrictions
of irreducible representations of Pin{Q)?

Exercise 20,35, Deduce the irreducibility of the spin and half-spin represen-
tations from the fact that their resinctions to the 2-groups of Exercise 3.9 are
irreducible representations of these finite groups.

Exercise 20.36*. Show that the center of Spin,(C)is p ' (1) = { £ 1} ifmis odd.
1f m is even show that the center is

p ) ={%1, ta},
where, in terms of our standard basis,
iy eyyy — fenyy * €y L
5 et o

Exercise 20.37*. Show that the spin representation Spin{Q) — GL{S) maps
into the special linear group SL{S). Show that for m = 2n and n even, the
half-spin representations also map into the special linear groups SL(S*) and
SL(S").

Exercise 20.38*, Construct a nondegenerate bilinear pairing f on the spinor
space § = /N'W by choosing an isomorphism of A"W with C and letting (s, 1)
be the image of t(s) » 1 € W by the projection to A"W = C, where 1 is the
main antiautomorphism).

{a) When m = 2n, show that ff can also be defined by the |d:nt|t1.' Bis, 0)f =
(s f)-1- f Tor an appropriate gencrator f of A"W'. Deduce that the action
of Spin{Q) on § respects the bilinear form ff.

{b) Show that fi is symmetric if » is congruent to 0 or 3 modulo 4, and
skew-symmeltric otherwise. So the spin representation is 1 homomorphism

Sping, ., C—=+80,C ifn=0,3(4)
Sping,,C =+ Sp..C ifn=1,2(4)
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{c) If m = 2n, the restrictions of f to §* and §~ are zero il n is odd. Forn
even, deduce that the half-spin representations are homomaorphisms

Sping,C =80, .C ifn=0/(4),
Sping,C — Sp;eC ifm=2(4)

Nole in particular that SpingC has two maps to SO,C in addition to the
onginal covering. “Triality,” which we discuss in the next section, describes
the relation among these three homomorphisms,

Exercise 20.39. Show that the spin and half-spin representations give the
isomorphisms we have seen before:

Spin,C = GL(5") = GL,C = C*,

Spin,C = SL{S) = SL,C,

Spin,C = SL(§*) x SL(S") = SL,C x SL,C,
SpinsC = Sp(8) = Sp,C,

SpingC = SL(S*) = SL,C.

Exercise 20.40. Let C,, denote the Clifford algebra of the vector space C™ with
our standard quadratic form @,

(a) TheembeddingolC"= W& W inC™*! = W@ W' @ U asindicated
induces zn embedding of C,, in C,,,, and corresponding embedding of
Spin,, C in Spiny, 4, C and of 50,,C in 5Oy, ,, C. Show that the spin represen-
tation § of Spina,,, C restricts to the spin representation §* ¢ 8~ of Spin,, C.

{b) Similarly there is an embedding of Sping,,,C in Spin,,.,C coming
fromanembeddingofC*" ' = W@ W S UnC* ' =WaW a U, d U,;

here U, @ U, =C&C with the quadratic form (? ;) and U=C is

f
embedded in U, & U, by sending | to I\ﬁ‘\:@) Show that each of the

hall-spin representations of Spin,,, .t restricts to the spin representation of
Sping,,, C.

Very little of the above discussion needs to be changed to construct the real
spin groups Spin,(R), which are double coverings of the real orthogonal
groups SO_(R). One uses the real Clifford algebra CHIT[R™, () associated to
the real quadratic form Q = —Q,,, where Q,, is the standard positive definite
yuadratic form on ™. If v, are an orthonormal basis, the products in this
Clilford algebra are given by

l;';'l’;-"‘l’j'ﬂi i{j#j‘ and DE'I’;=-I.
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The same definitions can be given as in the cump"ex case, giving nse to
coverings Pin_(R) of O_ () and Spin_(R) of SO_(R).

Exercise 20.41. Show that Spin,, R is connected by showing that il v and w are
any two perpendicular elements in ¥ with Q(v, v) = Q{w, w) = —1, the path

t—(cos(t)v + sin(t)w)- (cos{t)v — sin(t)w), 0=t < n2
connects — | to 1.

Exercise 20.42, Show that ir— vy - vy, fr—+uy- 1, kv, - v, determines an iso-
morphism of the quaternions 11 onto the even part of Clilf(R®, —Q), such
that conjugation ~ in H corresponds to the conjugation = in the Clifford
algebra. Show that this maps Sp(2) = {q e Hlgd = 1} isomorphically onto
SpinyR, and that this isomorphism is compatible with the map to SO,R
defined in Exercise 7.15.

Muore generally, il Q is a quadratic form on R™ with p positive and g negative
cigenvalues, we get a group Spin*(p, g) in the Clifford algebra Cip, g) =
Clill{R™, @), with double coverings

Spin*(p, g) = SO*(p, q).

Exercise 20.43*. Show that Spin*(p, g} is connected il p and g are positive,
except for the case p = g = 1, when it has iwo componenis. Show that if in
the definition of spin groups one relaxes the condition x-x* =1 to the
condition x-x* = + 1, one gets coverings Spin(p, g) of 50(p, g).

§20.3. SpingC and Triality

When m is even, there is always an outer automorphism ol Spin,(C) that
interchanges the two spin representations §* and §°, while preserving the
basic representation ¥ = C™ (cf. Exercise 19.9). In case m = 8, all three of these
representations ¥, §*, und 57 are eight dimensional. One basic expression of
triality is the fact that there are automorphisms of SpingC or so,C that
permute these three representations arbitrarily. (In fact, the group of outer
automorphisms modulo inner automorphisms is the symmetric group on
three elements.) We give a brief discussion of this phenomenon in this section,
in the form ol an extended exercise.

To see where these automorphisms might come from, consider the four
simple rools:

ay =Ly =Ly ag=Ly— Ly ay=Ly— Ly ay=L;+L,.

Mote that a,, a4, and a, are mutually perpendicular, and that each makes an
angle of 120" with a;:
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oy = Lo+l

Exercise 20.44*. For cach of the six permutations of {a,, a5, 2.} find the
orthogonal automorphism of the root space which fixes a; and realizes the
permutation of &, oy, and ay.

Each automorphism of this exercise corresponds to an automorphism of
the Cartan subalgebra h. In the next lecture we will see that such auto-
morphisms can be extended (nonuniquely) to automorphisms of the Lie
algebra sog(C). (For explicit formulas sec [Ca2].)

There is also a purely geometric notion of triality. Recall that an even-
dimensional quadric (0 can contain lincar spaces A of at most half the dimen-
sion of @, and that there are two lamilies of linear spaces of this maximal
dimension (cl. [G-H], [Ha]). In case @ is six-dimensional, each of these
families can themselves be realized as six-dimensional quadrics, which we may
denote by 0% and Q~ (see below). Moreover, there are correspondences that
assign to a point of any one of these quadrics a 3-plane in each of the others:

Pointin@ —— 3-planein Q*
3-plane in 0~ Point in 0~ (20.45)
Point in ' —— 3-plane in @

Given P2 Q, {A e Q": A contains P} is a 3-plane in Q*, and {Ae 07: A
contains P} s a 3-plane in {0~

Given A e ", Aitsell is a 3-plane in Q, and {T e 07: ' 1 A is a 2-plane}
is a 3-plane in 0~

Given A e @0, Aitsell is a 3-plane in Q, and {T e 0*: T~ A is a 2-plane)
is a 3-planc in Q.

To relate these two notions of triality, take @ to be our standard quadric
in P" = P(V), with V¥ = W@ W’ with our usual quadratic space, and et
5% =AW and §° = AW be the two spin representations. In Exercise
20.38 we constructed quadratic forms on §* and 57, by choosing an iso-
morphism of A*W with C. This gives us two quadrics @ and @~ in P(S*)
and P(S7).

To identify @* and @~ with the families of 3-planes in @, recall the action
of ¥on §=NW=258" @5 which gave rise to the isomorphism of the
Chiford algebra with End(8) (cf. Lemma 20.9). This in fact maps §* to §°
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and 57 to §*; so we have bilinear maps
VxS =85 and VxS§ 8% (20.46)

Exercise 20.47. Show thai for each point in Q*, represented by a vectors e 57,
{v e V:v-5 =0} is an isotropic 4-plane in V, and hence determines a projective
3-plane in Q. Similarly, each point in ¢~ determines a 3-plane in . Show that
every 3-plane in Q arises uniquely in one of these ways.

Let ¢ , » denote the symmetric form corresponding to the quadratic
form in ¥, and similarly for §* and §7. Define a product

Stx 8 =V 5 R I+5, (20.48)
by requiring that ¢u, s-1% = {v-5, 1% forallpe ¥

Exercise 20,49, Use this product, together with those in (20.46), to show that
the other four arrows in the hexagon (20.45) for geometric triality can be
described as in the preceding exercise.

This leads to an algebraic version of triality, which we sketch following
[Ch2]. The above products determine a commultalive but nonassociative
product on the direct sum A = ¥V @ S* @ §°. The operation

(v, 5 () {05, e

determines a cubic form on A, which by polarization determines a symmetric
trilinear form & on A.

Exercise 20.50*. One can construct an automorphism J of 4 of order three
that sends ¥ to §*, 5% to §7, and §” to ¥, preserving their quadratic forms,
and compatible with the cubic form. The definition of J depends on the
choice of an element v, e V and 5, e 8% with {v,, v, % = {5, 8, 25 = 1; 50t
t, = vy -5y, s0 that {t,, ;% =1 as well. The map J is defined to be the
composite pov of two involutions p and v, which are delermined by the
following:

(i) pinterchanges $* and 5, and maps V to itsell, with p(s) = v, -sforse §%;
ple) = 24w, v, vy, —vforve V.

(ii) v interchanges V¥ and §°, maps §* to itsell, with v(v) = v-5, for ve V;
v(s) = 2{s, 5, .5, —sforse §*,

Show that this J satisfies the asserted properties.
Exercise 20.51*, In this algebraic form, triality can be expressed by the asser-

tion that there is an automorphism j of Sping C of order 3 compatible with J,
i.e., such that for all x & SpingC, the following diagrams commute:
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y—L gt L .5 L,y

Ipl:l la'u{xn 1p'uﬁzn l,u-[xl
& + . » - .

v T 5 5—* b 7 V

Il j'1s04C - s0,4C is the map induced by j, the fact that j is compatible
with the trilinear form @ (cf. Exercise 20.49) translates to the “local triality”
equation

P Xuv, 50+ Dy, ¥s, 1) + Dy, 5, Zt) =0
for X eso C, ¥ = j'(X), Z = J(Y).






PART 1V
LIE THEORY

The purpose of this final part of the book is threefold,

First of all, we want to complete the program stated in the introduction lo
Part 1. We have completed the first two sieps of this program, showing in
Part IT how the analysis of representations of Lie groups could be reduced to
the study of representations of complex Lie algebras, of which the most
important are the semisimple; and carrying out in Part I such an analysis
lor the classical Lie algebras sl C, sp,,C, and g0 C. To finish the story, we
want now to translate our answers back into the terms of the original problem.
In particular, we want to deal with representations ol Lie groups as well as
Lie algebras, and real groups and algebras as well as complex. The passage
back to groups is described in Lecture 21, and the analysis of the real case in
Lecture 26.

Another goal of this Part is to establish a framework for some of the results
of the preceding lectures—to describe the general theory of semisimple Lie
algebras and Lie groups. The key point here is the introduction of the Dynkin
diagram and its use in classifying all semisimple Lie algebras over C. From
one point of view, the impact of the classification theorem is not greai: it just
tells us that we have in fact already analyzed all but five of the simple Lie
algebras in existence. Beyond that, however, it provides a picture and a
language for the description of the general Lie algebra. This both yields a
description of the five remaining simple Lie algebras and allows us 1o give
uniform descriptions of associated objects: for example, the compact homo-
geneous spaces associaled lo simple Lie groups, or the characters of their
representations. The classification theory of semisimple Lie algebras is given

" in Lecture 21; the description in these terms of their representations and
characiers is given in Lecture 23. The five exceptional simple Lie algebras,
whose existence is revealed from the Dynkin diagrams, are studied in Leciure
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22 we give a fairly detailed account of one of them (g;), with only briel
descriptions of the others.

Third, all this general theory makes it possible to answer the main out-
standing problem left over from Part I11: a description of the multiplicities of
the weights in the irreducible representations of the simple Lie algebras. We
give in Leclures 24 and 25 a number of formulas for these multiplicities.

This, it should be said, represents in some ways a shilt in style. In the
previous lectures we would typically analyze special cases first and deduce
general patterns from these cases; here, for example, the Weyl character
formula is stated and proved in general, then specialized to the various
individual cases (this is the approach more often taken in the literature on the
subject). In some ways, this is a fourth goal of Part IV: to provide a bridge
between the naive exploration of Lie theory undertaken in Parts 11 and 111,
and the more general theory readers will flind elsewhere when they pursue the
subject further.

Finally, we should repeat here the disclaimer made in the Preface. This
part of the book, Lo the exient that it is successful, will introduce the reader
to the rich and varied world of Lie theory; but it certainly undertakes no
serious exploration of that world. We do nol, for example, touch on such
basic constructions as the universal enveloping algebra, Verma modules, Tits
buildings; and we do not even hint at the fascinating subject of (infinite-
dimensional) unitary representations. The reader is encouraged to sample
these and ather topics, as well as those included here, according to background
and interest.



LECTURE 21

The Classification of Complex Simple
Lie Algebras

In the first section of this lecture we introduce the Dynkin diagram associated 1o a
semisimple Lie algebra g. This is an amazingly efMicient way of conveying the structure
of g: it is a simple diagram thal not only determines g up to isomorphism in theory,
but in practice exhibits many of the properties of g. The main use of Dynkin diagrams
in this lecture, however, will be to provide a framework for the basic classification
theorem, which says that with exactiy five exceptions the Lie algebras discussed so far
in these lectures are all the simple Lie algebras. To do this, in §21.2 we show how to
list all diagrams that arise from semisimple Lie algebras. In §21.3 we show how to
recover such a Lie algebra from the data of its diagram, completing the proof of the
classification theorem. All three sections are completely elementary, though §21.3 gets
a little complicated; It may be useful to read il in conjunction with §22.1, where the
process described is carried oul in detail for the exceptional algebra p,. (Mote that
neither §21.3 or §22.1 is a prerequisile for §22.3, where another description of g, will
be given.)

§201.1: Drynkin diagrams associated to semisimple Lie algebras

§21.2: Classilying Dynkin diagrams
§21.2: Recovering a Lie algebra from its Dynkin diagram

§21.1. Dynkin Diagrams Associated to Semisimple
Lie Algebras

For the lollowing, we will let g be a semisimple Lie algebra; as usual, a Cartan
subalgebra b of g will be fixed throughout. As we have seen, the roots R ol g
span a real subspace of h* on which the Killing form is positive definite. We
denote this Euclidean space here by E, and the Killing form on E simply by
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{ , )instead of B{ , ). The geometry of how R sits in E is very rigid, as indicated
by the pictures we have seen for the classical Lie algebras. In this section we
will classily the possible configurations, up to rotation and multiplication by
a positive scalar in E. In the next section we will see that this geometry
completely determines the Lie algebra.

The following four properties of the root system are all that are needed:

(1) R isa finite set spanning E.
(2) e R= —ae R, but k-« is not in R if k is any real mumber other than +1.
(3) For o € R, the reflection W, in the hyperplane a* maps R 1o itself.
(4) For a, ff € R, the real number
(f, a)

")

Is an integer.

Except perhaps for the second part of (2), these properties have been seen
in Lecture 14. For example, (4) is Corollary 14.29. Mote that mg, = fi(H,), and

WB) = B — e (21.1)

For (2), consider the representation i = () g, of the Lie algebra s, = sl,C.
Mote that all the nonzero factors but b = g, are one dimensional. We may
assume a is the smallest nonzero root that appears in the string. Now,
decompose i as an s,-module:

i=s P
By the hypothesis that a is the smallest nonzero root that appears in the string,
i’ is a representation of s, having no eigenspace with eigenvalue 1 or 2 for H,.
It follows that ¥ must be trivial, i.e., g, = () for k # 0or + 1.
Any set R of elements in a Euclidean space E salisfying conditions (1) to (4)
may be called an (abstract) root system.

Property (4) puts very strong restrictions on the geometry of the roots, If
J is the angle between x and ff, we have

181
Nl

tgy = 2 cos(F) (21.2)

In particular,
fyptye = 4 cos*(H) (21.3)

is an integer between 0 and 4. The case when this integer is 4 occurs when
cos(#) = t1,ie = +a Omitting this trivial case, the only possibilities are
therefore those given in the following table. Here we have ordered the two
roots so that §f) = llall, or [ny,] = In4l.
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Table 21.4

csth 2 iz oz o0 -2 -2 -/
3 /6 wjd nfl} w1 I3 infd Suf6
. 3 2 r 0 -1t =2 -3

L i 1 1 U] =1 =1 =1

N N T B

In other words, the relation of any two roots a and §f is one of

o o oo b NN

The dimension n = dimgE = dim ¢l is called the rank {of the Lie algebra,
or the root system). 1t is easy to find all those of smallest ranks. As we write
them down, we will label them by the labels (A,), (B,), ... that have become
standard.

Rank 1. The only possibility is

(A, -

which is the root system of sl,C.

Rank 2. Mote first that by Property (3), the angle between two roots must be
the same for any pair of adjacent roots in a two-dimensional root system. As
we will see, any of the four angles n/2, n/3, n/4, and n/6 can occur; once this
angle is specified the relative lengths of the roots are determined by Property
(4), except in the case of right angles. Thus, up to scalars there are exactly four
root systems of dimension two. First we have the case @ = n/2,

Ay = Ay

il

1

which is the root system of sl;C x sl,C = so,C.
(In general, the orthogonal direct sum of two root systems is a root system;
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a root system that is not such a sum is called irreducible. Our task will be
to classily all irreducible root systems.)
The other root systems of rank 2 are

[A4]

the root system of sl,C;

(g

the rool system ol so4C = sp,C; and

(0g)

Although we have not yel seen a Lie algebra with this root system, we will see
that there is one.

Exercise 21.5. Show that these are all the root systems of rank 2.

Exercise 21.6. Show that a semisimple Lie algebra is simple if and only il its
root system is irreducible.

Rank 3. Besides the direct sums of (A, ) with one of those of rank 2, we have
the irreducible root systems we have scen; we draw only dots at the ends of
the veclors, the origins being in the centers of the reference cubes:
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(Ay)

the root system of so0,C;

Ty

" the root system of spgC.
Exercise 21.7. Show that there are no other root systems of rank 3.

We can lurther reduce the data of a root system by introducing a subset of
the roots, called the simple roots. First, choose as in Lecture 14 a direction
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IE—+R, so that R = R* v R" is a disjoint union of posilive and negative
roots. Call a positive root simple il it is not the sum of two other positive roots.
For the classical Lie algebras, keeping the notations and conventions of
Lectures 15-20, the simple roots are

(A,) sl,,,C Ly=L3Ly=Ly,.ooy Ly — Ly Ly = Ly,
(B,) 80,4 C Ly—L3, Ly—Ly,...i by — Ly, Ly,

(C.) spy,C Ly — Ly Ly — Ly, ooy Lgy = Ly, 2L,

(D) 80,0 Ly =Ly Ly—Lyy ooy Loy — Ly Lyy + L.

Exercise 21.8. Verily this list, and find two simple roots for (G,).

We next deduce a few consequences of properties (1)-(4), which indicate
how strong these axioms are. They will be used in the present classilication of
abstracl systems, as well as in the following section.

(5) If a, [} are roots with § # + o, then the a-string through fi, i.e., the roots of
the form

f=pa,f={p=N....f~a, i, f+af+2a..[0+qx
has at most four in a string, Le. p + g < % in addition, p — q = ny,.
Indeed, since W, (f + ga) = i — pa, and
WP + qa) = (f — ny,o) — qu,

we must have p = ny, + g, which is the second equality. For the first, we may
lake p = 0, and then g = —n,,, which we have seen is an integer no larger
than three. As a consequence of (5) we have

{6) Suppose a, fi are roots with § # 4« Then

(foa) = 0=a— flisaroot,
(f,a) < 0=a+ flisarool.

IFiff, a) =0, then a — ff and o + fi are simultaneously roots or nonroots.
(7) If a and f§ are distinct simple roots, then o — fi and fi — @ are not roots.

This follows from the definition of simple, since from the equation
o= fl + (= 1), «a — fi cannot be in R*, and similarly —{az — f)=f—2
cannot be in R*. From (6) and (7) we deduce that (o, i) < 0, ie,

(8) The angle between two distinct simple roots cannot be acute.
(9) The simple roots are linearly independent.
This follows from (8) by

Exercise 21.9*,. Il a set of vectors lies on one side of a hyperplane, with all
mutual angles at least 907, show that they must be linearly independent.



§21.2. Classilying Dynkin Diagrams 115

(10) There are precisely n simple roots. Each positive root can be written
uniquely as a non-negative integral linear combination of simple roots.

Since R spans E, the first statement [ollows [rom (9), as does the uniqueness
of the second statemeni. The fact thal any posilive root can be written as a
positive sum of simple roots follows readily from the definition, for if « were a
positive root with minimal [{a) that could not be so written, then  is not
simple, s0 @ = i + y, with ff and y positive roois with i), I(y) < l{a).

Mote that as an immediate corollary of (10) it follows that se root is a linear
combination of the simple roots a; with coefficients of mixed sign. For example,
(T)is just a special case of this.

The Dynkin diagram of the rool system is drawn by drawing one node O
for each simple root and joining two nodes by a number of lines depending
on the angle 9 beiween them:

no fines O O it = an

one Jine O—0 ir o = 2
two lines D it 0 = Ind
three lines c@gg W B o= Sk

When there is one line, the roots have the same length; if two or three lines,
an arrow is drawn pointing from the longer 1o the shorter root.

Exercise 21.10. Show that a rool system is irreducible il and only if its Dynkin
diagram is connected.

" We will see later that the Dynkin diagram of a rool system is independent
of the choice of direction, i.e., of the decomposition of R into R* and R~.

§21.2. Classilying Dynkin Diagrams

The wonderful thing about Dynkin diagrams is that lrom this very simple
picture one can reconstruct the entire Lie algebra from which it came. We will
see this in the following section; for now, we ask the complementary question
of which diagrams arise from Lie algebras. Our goal is the following classifica-
lion theorem, which is a result in pure Euclidean geometry. (The subscripts
on the labels (A,), ... are the number of nodes.)

Theorem 21.11. The Dynkin diagrams of irreducible root sysiems are precisely:
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(Al

(B}

(c.

(D)

(Eg)

(E,)

(Ey)

(F,)

(G,)

21. The Classification of Complex Simple Lie Algebras

0—0— .... —0—0 (n21)

o—0— .... —{IID (n22)
0—0—— .... =D (n23)

o—o—-——<<z (n24)

=40

The first four are those belonging to the classical series we have been

studying:

(A, sl,,,C
{BI' "“:.4—1 c :
G sp,C
(Dy)  50,,C

The restriclions on n in these series are lo avoid repeats, as well as degenerale
cases, Indeed, the diagrams can be used to recall all the coincidences we have

seenn:

When n = 1, all four of the diagrams become one node. The case (D) is
degenerate, since o, C is not semisimple, while the coincidences (C, ) = (B;) =
{A ) correspond to the isomorphisms

sp,C = s0,C = sl,C o.
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Forn =2,(D,) = (A,) x (A,) consists of two disjoint nodes, correspond-
ing to the isomorphism

so,C = sl,C xsl,C O 0.
The coincidence (C;) = (B;) corresponds to the isomorphism

sp,C = s0,C O°CD = G_—;Eq

For n = 3, the fact that (D,) = (A, reflects the isomorphism

sogC = sl,C C< = O—0O—0 .

Proor oF THE TieoREM. Our desert-island reader would find this a pleasant
pastime. For example, if there are two simple rools with angle 57/6, the plane
of these rools must contain the G, confliguration of 12 roots. It is not hard to
see that one cannot add another rool that is not perpendicular to this plane,
without some of the 12 angles and lengths being wrong. This shows that (G5)
is the only connecled diagram containing a triple line. Al the risk of spoiling
your fun, we give the general proof of a slightly stronger result,

In fact, the angles alone determine the possible diagrams. Such diagrams,
without the arrows (o indicate relative lengths, are often called Coxeter
disgrams (or Coxeter graphs). Define a diagram of n nodes, with each pair
connected by 0, 1, 2, or 3 lines, to be admissible if there are n independent unit
veclors ey, ..., €, in a Euclidean space E witl the angle between e; and e, being
/2, 2n/3, In/4, or Sn/6, according as the number of lines belween correspond-
ing nodes is 0, 1, 2, or 3, The claim is that the diagrams of the above Dynkin
diagrams, ignoring the arrows, are the only connected admissible diagrams.
Mote that

(e &) = 0, —1/2, = /272, 01 — /372, 21.12)
according as the number of lines between them is 0, 1, 2, or 3; equivalently,
4(e;, &) = number of lines between ¢, and ¢;. 21.13)
The steps of the proof are as follows:

(i) Any subdiagram of an admissible diagram, obtained by removing some
nodes and all lines to them, will also be admissible.

(ii) There are at most n — | pairs of nodes that are conmected by lines. The
diagram has no cycles (loops).

Indeed, if ¢, and ¢; are connected, 2(e;, ¢;) = — 1, and
O<(PeYe)l=n+2} (ee)
=y

which proves the first statement of (ii). The second follows from the [irst and (i).
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{iii) No node has more than three lines to it

By (i), we may assume that e, is connecled to each of the other nodes; by
{ii), no other nodes are connected lo each other. We must show that
¥ na24le,, €) < 4. Since e,, ..., e, are perpendicular unit vectors, and ¢, is
not in their span,

| = (e, e,) = ; e, e,
le1. ey) j_E;':t )
as required,

{iv) In an admissible diagram, any string of nodes connected to each other
by one line, with none but the ends of the siring connected 10 any other nodes,
can be coilapsed to one node, and resulting diagram remains admissible:

If ey, ..., €, are the unit vectors corresponding to the string of nodes, then
€' =g, + -+ + g, is a unil veclor, since

(e ') =r+ 2ley, e2) + (eg, e3) + - + (6,1, 8))
=r—=(r—1)

Moreover, ¢’ satisfies the same conditions with respect lo the other veclors
since (¢', e;) is either (e,, €)) or (e,, &)).

MNow we can rule out the other admissible connecled diagrams not on our
list. First, from (jii) we see that the diagram (G ) has the only triple edge. Next,
there cannot be two double lines, or we could find a subdiagram of the form:

and then collapse the middle Lo get 0, contradicting (iii). Similarly
there can be at most one triple node, i.e., a node with single lines to three other

e
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By the same reasoning, there cannot be a triple node together with a double

To finish the case with double lines, we nust simply verily that

o—O 10— 0—20

€ €3 £y £, #y

is not admissible. Consider general vectors v = a,¢, + aye,, and w'= a,e, +
a2, + age5. We have

1_ 3, .1 1_ 34 1, 3
lol* = aj + a3 — a,a,, Iwll? = ai + a§ + a5 — aza, — a,as,

and (v, w) = —aya,/,/2. We want to choose v and w to contradict the
Cauchy —Schwarz inequality (0, w)* < lvf?|wl?. For this we want ja,|/jol
and ay|/Iw] to be as large as possible,

Exercise 21.14. Show that these maxima are achieved by taking a, = 2a, and
@y = Jﬂg. iy = 1&'5.
In fact, v = &; + 2ey, w = 3ey + 2e, + e, do give the contradictory
(e, w)? =18, Joi*=3, and |w}®=6

Finally, we must show that the strings coming out [rom a triple node cannot
be longer that those specified in types (D, ), (Eg ) (E; ), or (Eg). Firsi, we rule out

Consider the three perpendicular unit vectors:
u=(2e, + e,,],.l’ﬁ. o= (e, + &5 Jy"ﬁ, w=(2es + e,],.n’ﬁ.
Then as in (iii}, since ¢, is not in the span of them,
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= eyl = (e ) + ey, 0 + (e, W = 13+ 134+ 13=1,

a contradiction.

Exercise 21.15*%. Similarly, rule out

€32
H—O—i—O——-—O—D

€y £, €3 £, fg £y fy

-

€, €y €]  #£g € €, 5 g

and

{The last few arguments can be amalgamated, by showing that if the legs [rom
a triple node have lengths p, g, and r, then 1/p + /g + |/r must be grealer
than 1.)

This finishes the proof of the theorem. O

§21.3. Recovering a Lie Algebra rom Its
Dynkin Diagram

In this section we will complele the classification theorem [or simple Lie
algebras by showing how one may recover a simple Lie algebra [rom the data
of its Dynkin diagram. This will proceed in two stages: first, we will ses how
to reconstruct a rool system from its Dynkin diagram (which a priori only
tefls us the configuration of the simple roots). Secondly, we will show how
to describe the entire Lie algebra in terms of its root system. (In the nexl
lecture we will do all this explicitly, by hand, and independently of the general
discussion here, for the simplest exceptional case (G}, as we have noted, the
reader may find it useful to work through §22.1 before or while reading the
general story described here.) )
To begin with, to recover the root system from the Dynkin diagram, let a;,

.., @, be the simple roots corresponding to the nodes of a connecled Dynkin
diagram. We must show which non-negative integral linear combinations
¥ mya, are roots. Call ¥ m, the level of 3 ma,. Those of level one are the simple
roots. For level two, we see from Property (2) thal no 2%, is a root, and by
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Property (6) that o, + o, is a root precisely when (o, ) < 0, i.e, when the
cortesponding nodes are joined by a line. )
Suppose we know all positive roots of level at most m, and let i = E'"i“l
" be any positive root of level m. We next delermine for each simple root a = a;,
whether 1 + a is also a root. Look at the a-string through ff:

ﬂ"lui--ﬂﬂ;u-.ﬂ-l‘w.

We know p by induction (no root is a linear combination of the simple roots
&, with coefficients ol mixed sign, so p < m, and ff — pa is a positive root). By
Property (5), g = p — ny,. 50 f + a is 4 root exactly when

N
P> g = 2 E‘?} = ]E LT
In effect, the additional roots we will find in this way are those obtained by
reflecting a known positive root in the hyperplane perpendicular to a simple
root a; {and flling in the string if necessary).

To finish the proof, we must show that we get all the positive roots in this
way. This will [ollow once from the fact that any positive root of level m + |
can be written in at least one way as a sum of a positive root of level m and
asimple root. [Ty = ¥ ne has level m + |, from

0 <39 =2 niv, @)

some (y, @,) must be positive, with r, > 0. By property (6), y — a; is a root, as
required.

By way ol example, consider the rank 2 rool systems, In the case of sl,C, we
start with a pair of simple roots a;, a; with n, , = 1, i, at an angle of 2rn/3;
as always, we know that § = a, + a, is a root as well,

a; P=otoy

..

On the other hand, since f§f — 2a, = a; — a, is not a rool, fi + a, cannot be
either, and likewise 7 + o, is not; so we have all the positive roots,

In the case of sp, C, we have two simple roots o, and o, at an angle of 3x/4;
in lerms of an orthonormal basis L, and L, these may be 1aken to be L, and
L; — L, respectively.

oy ata; 2ot a,
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We then see that in addition to | = a; + a3, thesum fi 4 o, = 2o, + @z isa
root—it is just the reflection of «, in the plane perpendicular to a,—but
fi 4 oy = o, + 2a; and 3, + a; are not because o, — a, and a; — a, are nol
respectively (alternatively, we could note that they would form inadmissible
angles with a, and a, respectively).

Finally, in the case of (G,), we have two simple rools «,, a, at an angle of
Sn/6, which in terms of an orthonormal basis for E may be laken to be L, and
(—3L, + /3L, )2 respectively.

lay+ 3oy

+ +la
oy N B e fy+ da,

oy

Reflecting a, in the plane perpendicular to a; yields a string of roots a; + a,,
oy + 20y and oy + 3a;. Moreover, rellecting the last of these in the plane
perpendicular to &, yields one more rool, 2a; + la,. Finally, these are all the
positive rools, giving us the rool system for the diagram (G ).

We state here the results of applying this process lo the exceptional
diagrams (F,), (Ez), (E,), and (E,) (in addition to {G,)). In each case, L,, ...,
L, is an orthogonal basis lor E, the simple roots a; can be taken to be as lollows,
and the corresponding root systems are given:

3

3
(Gy) a, =L, Xy = _iL! + \/T_-Lilr

R* '—'{Lnﬁ[':- L+ F;'j'f-:- t;-f-'t +§Lz}-
iGi;) thus has 6 positive roots.
(Fy) ay =Ly — Ly, oy =Ly — L, ay = Ly,

Ly—Ly—Ly— L,
2 ¥

0, =

L L L L
R* = (L} ULy + L} 0 [L.—L,}..,.,u{ 14 L, i Lyt .}_
in particular, (F,) has 24 positive roots.

_Lim Ly Ly L~ Ly + /3L
; :

(Es) = wy =Ly + Ly,
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oy = Ly — Ly, ay =Ly =Ly,
oy =L, — Ly, ag=Ls—L,;
R = {Ly + Ly}i<jas {Li — Li}jciss
Sfthtlatiotlitl i) |
2 number of minuysigny even

{E,) has 36 positive rools.
L= Ly = = Lg + /2L,

(E4) @ = 3 '

wy = Ly + Ly,

ay=L;—L,;, as=Ly—L; ag=L,— Ly
og =Ly — Ly, @y =Lg—Lg;
R* =L+ Li}icjesV {ly = Li}yerca v {+/2L5)
u {ﬂ—ﬂ;_f; aiiﬂz} .
2 number of minis signs odd
Thus, (E,) has 63 positive roots.

Ly—Ly——Ly+L
(Ey) ,,:._'__J__EHJ:LM..!, o3 =Ly + Ly,

ay=L;—L;,, a,=Ly— L, oy =Ly — Ly,

oy = Ly — Ly, oty = Lg — Ly, ay = Ly — Lg.
R* =L, +L}}!-!:Isl Wil = Lilcicn
u{iL] d Lyt 4 Ls+ Ly

2 }l'llhl'l’fllh'l'l'ﬂn'll"ﬂr

(Ey) has 120 positive roots.
For (G4) and (F,) the simple roots are listed in order reading from left to
right in their Dynkin diagrams

= = o—ayD—0

@y oy a; @y Oy O,

#8 in the classical series (A,)-(D,). For (Ey), the numbering is

.

oy oy oy oy L3 oy g
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while those for (E,) and (Eg) are obtained by removing the last one or two
nodes. Note that, given the root system of (Ey), we can find the root system
ol (E.) or (E4) by taking the subspace spanned by the first seven or six simple
roots,

Exercise 21.16%. (a) Verily the above lists of roots.
(k) In each case, caleulate the corresponding lundamental weights.

Exercise 21.17*. Show that wo two of the root systems of (A,)-(Ey) are
isomorphic, and deduce that the Dynkin diagram ol a root syslem is indepen-
dent of choice of positive roots.

A more salislying reason for the last fact is the observation that any (wo
choices ol positive roots dilfer by an clement of the Weyl group—the group
generated by rellections W, in the simple roots. This can be seen directly for
each of the diagrams (A,)-(E,); for a general proof that two choices diller by
an element of the Weyl group, see Proposition .29,

We should mention here another way ol conveying the data ol a Dynkin
diagram. This is simply the n x n matrix of integers (n, ; = n,, ), where we
take m, , = 2; it is called the Cartan matrix of the Dynkin diagram {or of the
Lie algebra). Thus, for example, the Cartan matrix of (A,) is

2 -1 0 - - - 0]
-1 2 -1 0 - - 0
0 -1 2 -1t - - 0
o 0 - - =1 2 -1
o o - - - =1 2]

These matrices pop up remarkably often, in & variely of seemingly unrelated
areas of mathematics. They will not play a major role in the present fext, bul
the reader has probably encountered them already in one form or anothe
and will probably do so again.

Exercise 21.18%. Compute the Cartan matrix, and ils determinant, for each
Dynkin diagram. :

The next task is to see how the root system determines the Lie algebra, We
concentrate on the uniqueness, since there are other ways (o see the exi
indeed, for all but the live exceptions we have already seen the Lie alge
We will describe several approaches to this problem, starting with a strai
forward and computational method and finishing with a slick but abstras
approach. '
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Assume as before that g is 2 simple Lie algebra, with a chosen Ca
subalgebra b and decomposition of the rools R into positive and nege
roots; lel a,, ..., a, be the simple roots. The Dynkin diagram informalic
the knowledge of {oy, o) for all § # j. Let H, = H, be the corresponding b
of b, defined by the rule we have seen in Lecture I4: il {T}} is the b
corresponding via the Killing form to {a,}, set H; = 2T (e, a;).

Choose any nonzero eleinent X in the rool space g,, for | si=n’
determines elements ¥jin g_,, such that [X;, ¥] = H,. We claim [irst that 1l
In elements {14, X, ¥} generate g as a Lie algebra. This follows from

Claim 20119, If a, fi, and & + fi are roots, then (e, 85] = Qaep.

Proor. Again look at the a-string through g, ie, €, z8psse- This is
irreducible representation of s, = sl,C, since all the terms are one dimensio
{this follows from the [act that no § + ka can be zero, given that § & +a). 1
now if [a,, 9,1 = 0, <0 8544, would be a nontrivial subrepresentation.

For each positive root fi, we have seen that can write f§ as a sum of sim
toots 1 = a;, + -~ + m,_ such that each of the sums &, +--- + o, i5a ro
| = 5 < r. Il we choose such a presentation for each [, and set

Xj = [Jf,_, [xrp_.- seew [X:,» xi.] ]]
and

b= [Yi.k [rl....t“-: (%, %1...1)
then the collection

WlismX, Ve :
H,l <i<mX,, Y, feR (21.2

forms a basis for g. Note that if § is not sitnple, there is no reason to expe
[X,, Y] to be the distinguished element H, in b,
.We want to show that the multiplication table for these basis elements
me'lﬂl:]}r determined by the Dynkin diagram. The main dilficulty is that it
ing of the simple roots in the above expression for f may not be uniqu
hﬂ[ example, suppose

B=lay +ay) +ay =y + a3) +ay,

with «; + @, and @, + a; roots. We must compare [Xy, [X;, X,]] wit
[I,.[XJ, X31). In fact, they must be negatives of each other, For, by Jacob
we have

H.l!_[x:h X311 = —[Xy, [Xa, X, 1] = [Xa, [ Xy, X511 = —[Xs, [N, X, ]

ing that [X,, X;] = 0 since &, + o, cannot be a root, e.g, by slep (i) 0
¢ preceding section.

For any sequence I = (i, ..., i) | =i, < n, sel
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oy =ay o+,
‘r! = [Xl,-[xi,_p-~-.[X.,.]'“]...}],
Y=V 1Y e Yy, K100

Call I admissible il each partial sum o, + o+ o is d rool, 1 S5 <r; nole
that [ is admissible exactly when X, is not zero.

Lemma 21.21 If [ and J are two admissible sequences for which ay = a;, then
there is a nonzero rational number g determined by I, J, and the D ynkin diagram,
such that X, = g X,

ProOF. Let k = i, be the last entry in [ Il j, = k as well, the result follows by
induction on r. We reduce the general case to this case, by maneuvering to
replace j, by k. We have [irst

X, =q, [X [K X,]0,
with g, a nonzero rational number depending only on J, k, and the Dynkia
diagram, since a; — @, = a; — a, is & rootl; the point is that we know how
&y, = ¢l; acts on the ay-string through o, as soon as we know the length of the

string, and this is Dynkin diagram information. Next, let s be the largesl
integer such that j, = k. Then

[H X,) = [X,, . (X, [N, [X, XedTD 00
where K =(J,, ..., j,hsince [ %, [X,, Z]] = [X,, [ Y, Z]] when ! # k. Finally,

[%. [ Xy Xe]] = g2 Xy,

with g5 a nonzero rational number depending only on K, k, and the Dynkia’
diagram, since ay + a, is a root. Combining these three equations, we gel

X; = 0,9, [ X, [x;,_- [xj,,.- Xxl...13

which suffices since the sequence for the term on the right ends in the samé
integer k as [. Ij.-

Proposition 21.22. The bracket of any two basis elements in (21.20) is a r“’*“‘iq
multiple of another basis element, that multiple determined from the Dynkly]
diagram.

Proor. This is clear for brack®1s of an H, with any basis element. Lemma 21
handles brackets of the form [X;, X,], and those involving only ¥'s
similar. For brackets [V}, X,], it suffices inductively to compute [ ¥, X,]4
a rational multiple of some X, with K shorter than J {or of H, if J has o
term); but this was worked out in the prool of the lemma.

Exercise 21.23%, (i) Show that in (G) each positive root can be written in oalf
one way as a sum of simple roots, up to the order of the first two rootf
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(i) Work out the multiplication table from the Dynkin diagram. (iii) Ver.
that the resull is indeed a Lie algebra, which is (visibly) simple.

This exercise will be worked out in detail to start the next lecture. Of cour:
there is nothing but lack of time to keep us from verilying that the other fo
exceptional Dynkin diagrams do lead, by the same prescription, to honest L
algebras, but doing it by hand gets preity laborious, and we will describe son
of the other methods available.

The fact that the multiplication table can be defined with rational coefl
cients becomes important when one wants to reduce them modulo prin
numbers, which we will not discuss here. The fact that they can be taken 1
be real, on the other hand, will come up later, when we discuss real forms «
complex Lie algebras and groups.

There is a more general and elegant way lo proceed, given by Serre [Sel
Write ny in place of n,, . Form the free Lie algebra on generators

Hyveoos oo Xyvooos Xou Vv T

+ S

ie, form the free (tensor) algebra with this basis, and divide modulo by th
relations [ A, B] + [B, A] = 0 and the Jacobi relation. Then take this free Li
algebra, and divide by the relations

[Hy Hl=0(alli, ik [X, %K]=Hallil, [X, K] =00 #j)
[H, X1 = n, X, (all 4, jy;  [Hy, ] = —ny ¥ (alli, j)
and, for all i # j,

(X, X]1=0, [%.%]=0 ity =0
[X.[X, X01=0,  [V.[¥, }]1=0 ifny = —1
LN [Xn (X, X011 =0, [VIVNIY K10]=0 ifmy = —2

X0 [X, 0X, [X, X0000 =0, [Y,[N[Y.[K ¥1111=0 ifn=-3

'hu'l.‘iu 21.24. Verily that if one starts with a semisimple Lie algebra with a
n Dynkin diagram, the above equations must hold.

Sl:m: shows ([Se3, Chap. VI App.], cl. [Hul §i8]) that the resulting Lie
Aalgebra is a finite-dimensional semisimple Lie algebra, with Cartan subalgebra
b ted by H,, ..., H, and given root system. In particular, this includes a
ﬁu“ht existence of all the simple Lie algebras.

Here is a third approach to uniqueness. Suppose g and g', with given Cartan
_ bras | and ¥, and choice of positive roots, have isomorphic root

ystems, There is an isomorphism b — Iy, taking corresponding 1, to H;.
I‘Jmme arbitrarily nonzero vectors X, and X7 in the root spaces of g and g’
ptmpom:lmg 1o the simple roots.
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Claim 21.25. There is a unigue isomorphism from g (o ' extending the iso-
morphism of b with ', and mapping X, te X for all i.

Proor. The uniqueness of the isomorphism is easy: the resulting map is
determined on the I by sl considerations, and the I, X,, and ¥, generate g
For the existence of the isomorphism consider the subalgebra § of g @y
generated by H, = H@ H, X,= X, ® X;, and = ¥,@® ¥ It suffices (o
prove that the two projections from g to g and g’ are isomorphisms. The kernel
of the second projection is [ @ 0, where Lis an ideal in g. Since g is simple, [
is either 0, as required, or [ = g. In the latter case, we must have § = g &g
To see that this is impossible, consider a maximal positive root f,
take nonzero vectors X,, X in the corresponding root spaces, and set
Xy = X; @ X}, a highest weight vector in §. Let W be the subspace of j
obtained by successively applying all ¥'s. Then W is a proper subspace of §
since its weight space W, corresponding to fi is one dimensional. By the
argument we have seen several times, § preserves W Now il f = o g, W
would be an ideal in g & ¢, and this would lorce X, & 0 to belong to W,
making Wy two dimensional again. |

To fnish this story, we should show that the simple Lie algebras corre-
sponding to two different Dynkin diagrams cannot be isomorphic, iz, that
the two choices made in going from a semisimple Lie algebra to Dynkin
diagram do not change the answer. The general facts are: :

(1) Any two Cartan subalgebras of a semisimple Lie algebra are conjugate,
i.e., there is an inner aulomorphism by an element in the corresponding
adjoint group, which takes one into the other.

(2) Any two decompositions of a root system into positive and negalive rools
differ by an element of the Weyl group.

These are standard facts which are proved in Appendix D. Both statements
are subsumed in the [act that any two Horel subalgebras of a semisimple Lis:
algebra are conjugate, a Borel subalgebra being the subspace spanned by the
Cartan subalgebra and the root spaces g, for positive & For those readen
who crave logical completeness bul do not want to go through so much.
general theory, we observe that most possible coincidences can be ruled out
by such simple considerations as computing dimensions, and others can be,
ritled out by simple ad hoc methods, cf. Exercise 21.17.

Finally, we must also prove the “existence theorem™: that there is a simple.
Lie algebra for each Dynkin diagram. Serre’s theorem quoted above givest.
unified proof of existence. But we have seen and studied the Lie algebras for.

- the classical cases (A,)-(D,), and it is more in keeping with the spirit of thes;
lectures to at least try to see the five exceptions explicitly. This is the subjecl
of the next lecture.



LECTURE 22

g, and Other Exceptional Lie Algebras

This lecture is mainly about g;, with just enough discussion of the algebraic construc-
tions of the other exceptional Lie algebras to give the reader a sense of their complexity.
g3, being only 14-dimensional, is different: we can reasonably carry out in practice the
process described in §21.3 to arrive at an explicit description of the algebra by specifying
a basis and all pairwise products; we do this in §22.1 and verily in §22.2 that the result
really is & Lie algebra. In §22.3 we analyze the representations of gy, and arrive in
particular at another description of gy it is the algebra of endomorphisms of a
seven-dimensional vector space preserving a general trilinear form. (Note that §22.3
may be read independently of either §22.1, §21.2, or §21.3.) Finally, in the fourth section
we will skeich some of the more abstract (ie.. coordinate free) approaches to the
construction of the five exceptional Lie algebras. While the first two sections are
completely elementary, the constructions given in §22.4 involve some fairly serious
algebra,

§21: Construction of g4 from its Dynkin diagram

§22.2: Verilying that g, is a Lie algebra

§213: Representation theory of g,

§224: Algebraic constructions of the exceptional Lie algebras

§22.1. Construction of g, from 1ts Dynkin Diagram

In this section we will carry out expiicitly the process described in the preceding
'fm:lil:m for the Dynkin diagram (G,), constructing in this way a Lie algebra
‘g3 with diagram (G ) (and in particular proving its existence),

" The first step is to find the root system from the Dynkin diagram. In the
‘case of g, this is immediate; we may draw the root system R = §* associated
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Claim 21.25. There is a unigue isomorphism from g (o o' extending the Iso-
morphism of b with Iy, and mapping X, to X for all i,

Proof. The uniqueness of the isomorphism is easy: the resulling map is
determined on the ¥; by e, considerations, and the 11, X,, and ¥, generale g.
For the existence of the isomorphism consider the subalgebra § of gb g
generated by i, = H,@ H;, X, = X,® X], and §, = ¥;@® ¥;. It suffices to
prove that the two projections from d to g and g’ are isomorphisms. The kernel
of the second projection is { & 0, where [ is an ideal in g. Since q is simple, [
is either 0, as required, or T = g. In the latter case, we must have j = a@a"

To see that this is iinpossible, consider a maximal positive root f,
take nonzero vectors Xy, X in the corresponding root spaces, and set
Xy = X, @ Xj, a highest weight vector in @ Let W be the subspace of §
obtained by successively applying all ﬂ's. Then W is a proper subspace of §
since its weight space W, corresponding to f is one dimensional. By the
argumenl we have seen several times, § preserves W. Now il § = g g, W
would be an ideal in g @ g, and this would force X, @ 0 to belong to W,
making Wy two dimensional again, O

To linish this story, we should show that the simple Lie algebras corre:
sponding to two different Dynkin diagrams cannot be isomorphic, i.e, that
the two choices made in going [rom a semisimple Lie algebra 1o Dynkin
diagram do not change the answer. The general facts are:

(1) Any two Cartan subalgebras of a semisimple Lie algebra are conjugate,
ie, there is an inner automorphism by an element in the corresponding
adjoint group, which takes one into the other.

{2) Any two decompositions of a root system into positive and negative rooly
differ by an element of the Weyl group.

These are standard lacts which are proved in Appendix D. Both statements
are subsumed in the fact that any two Borel subalgebras of a semisimple Lie:
algebra are conjugate, a Borel subalgebra being the subspace spanned by the;
Cartan subalgebra and the root spaces g, for positive @. For those readen
who crave logical compleleness but do not wani to go through so much
general theory, we observe that most possible coincidences can be ruled out
by such simple considerations as computing dimensions, and others can be
ruled out by simple ad hoc methods, of. Exercise 21.17.

Finally, we must also prove the “existence theorem™ that there is a simple,
Lie algebra for each Dynkin diagram. Serre’s theorem quoted above givesa,
unified prool of existence. But we have seen and studied the Lie algebras for

. the classical cases (A,)—(D,), and it is more in keeping with the spirit of { :
lectures to at least try to see the five exceptions explicitly. This is the subjed,
of the next lecture.



LECTURE 22

g, and Other Exceptional Lie Algebras

This becture is mainly about g,, with just enough discussion of the algebraic construe-
tions of the other exceptional Lie algebras 1o give the reader a sense of their complexity.
@3, being only 14-dimensional, is different: we can reasonably carry out in practice the
process described in §21.3 to arrive at an explicit description of the algebra by specilying
a basis and all pairwise products; we do this in §22.1 and verily in §22.2 that the result
really is a Lie algebra. In §22.3 we analyze the representations of gy, and arrive in
particitlar at another description of g4: it is the algebra of endomorphisms of a
seven-dimensional vector space preserving a general trilinear form. (Note that §22.3
may be read independently of either §22.1, §21.2, or §21.3) Finally, in the fourth section
we will sketch some of the more absiract (i.e, coordinate [ree) approaches to the
‘construction of the five exceplional Lie algebras. While the first two sections are
completely clementary, the constructions given in §22.4 involve some fairly serious
algebra,

§22.1: Construction of g, from its Dynkin diagram

§22.2: Verilying that g, is a Lie algebra

§22.3: Representation theory of g,

§224; Algebraic constructions of the exceptional Lie algebras

§22.1. Construction of g, from 1ts Dynkin Diagram

In this section we will carry out explicitly the process described in the preceding
section for the Dynkin diagram (G,), constructing in this way a Lie algebra
'8y with diagram (G ;) (and in particular proving its existence).

The first step is to find the root system from the Dynkin diagram. In the
‘case of g, this is immediate; we may draw the root system R = h* associated
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to the diagram G, as follows:

" L {I.-"!}

oy = CI2E)

ay = (42,4372 g = (2,437

o = (L0

By

Here the positive roots are denoted «,, with &, and a, the simple roots. The
coordinate system here has no particular significance (in particular, recall thal
the conliguration of roots «; and i, is determined only up to a real scalar), but
is convenient for calculating inner products. Note that the Weyl group is the
dihedral group generated by rotation through an angle of 7/3 and reflection
in the horizontal; the Weyl chamber associaled to the choice of ordering of
the roots given is the cone belween the roots ag; and a,.

As indicated in the preceding section, we start by letting X, be any eigen-
veclor for the action of f with eigenvalue «,, and X, any eigenvector for the
action of b with eigenvalue a,. We similarly let ¥, and ¥; be eigenvectors with
eigenvalues ff, and ff; and set

H,=[X,,¥,] and H,=[X;, ¥l
Wecan choose ¥ and ¥, 5o that the elements H, & §satisly a, (H,) = ay(Hy) =
2ie,
[H, X, ]=2-X, and [H;, X;]=2-X,.
It follows that
[, ¥1]1=-2-Y, and [H;, ¥;]=-2'Y,,

i.e, H, X, and Y;span a subalgebra s, = sl,C, with H,, X,,and ¥, a normalized
basis for this copy of s, C.

Mow, it is clear from the diagram above that there is a unique way of writing
each posilive root a, as a sum of simple roots a,, + **- + &, 50 thal the parfia
sums o, + -+ + oy, are roots for each | < k (modulo exchanging the first two
termsk we go through the root sysiem by the path
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ay -l = e T

ie, we write
oy = @, + oy,
oy =y +ay =0 +a, +a,,
oy = oy + oy =y +oay ooy + ooy,
g =0y + ag =ty + 0, + @, +a; + a;.
According Lo the general recipe, this means we now set
Xy =[X,, X3], Xo=[Xy, X,],
Xy =X, X4, X5 = [Xa Xs),

and define Yy, ..., ¥, similarly. The elements H,, H,, X,, ..., X; ¥, ..., 13
then form a basis for the |4-dimensional g,, with f, and 71, a basis for [, X
a generator of the eigenspace g, and ¥ a generator ol gy fori=1,...,6

The task at hand now is to write down the multiplication table for g5 in
terms of this basis. Of course, some products are already known: we know,
for example, that H,, X,, and ¥, form a normalized basis for sl,C fori = [, 2,
and we have the relations defining X5, ..., X; and ¥, ..., ¥; above. In
addition, since we know that the product [ X}, X;] lies in the root space [ TP
for each i and j, we see immediately that [X;, X;] = 0 whenever o, + a, is not
& mol. We deduce thal

(X1, X3] = [X), Xe] = [X2, X,] = [X3, X, ] = [ X3, X5] = [X;, X,]
= [X3, Xg] = [X, Xs] = [X0, Xs] = [X5, X1 =0,
and likewise
(K, ] =[N, Kl=[F Kh]l=[}h L] =% K] =[N K]
=[h, K=Y, Kl =[h. K]l=[Y, K]1=0
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Similarly, we know that [X,, 1] = 0 whenever a; + f§, = o, — a;is not a roof;
this tells us as well that

[xla lr’:] = [xn .'l"] = [xlf Fn] = [Xz- ﬂ] = [xiv Y,] = [x!-v Y::]
=[X, K] =[X,, ;] =[X,, [}]=[X;, Y] =0
The multiplication table thus far looks like

Hy X ¥ X, B oX N, X NOX ¥ X K
H, 0 2x, -1F, . . . . . . . * - -
Hy * e 21X, —2F; o . . . . " . *
X, Hy Xy 0 X, = X, » 0 . 0 (1]
Y, 0 ¥, + Y s ¥, s+ 0 0 0
Jf, ”1 0 * 0 0 xﬁ 0 0 L]
Y; . 0 0 0 ] Y, v 0
X, . & * 0 0 0 *
£ . * ] 0 * 0
X " ] " 0 -
LA * 0 . 0
Xs ] ] .
¥, . 0
X .

The next thing 1o do is to describe the action of H, and H; on the various
vectors X; and Y. This can be done using the inner product on b, but it is
perhaps simpler to go back to the basic idea of restriction to the subalgebras
s,, and s, . For example, il we want to determine the action of H, on the
various X;, consider how the algebra g = hP(qa., @ n,,) decomposes as a
representation of s, :

3 -1 1 1
. 8
- A i i -
- LI "

\“ '\.I-" -

-2 RN 2
-

L - ]
.-.rlh"_‘_
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We get two trivial representations (the spans of X and ¥;, as already noted);
one copy of the adjoint representation Sym*V (the subalgebra s, itsell)
spanned by X', ¥,,and H,; and two copies of the irreducible four-dimensional
representation Sym* ¥ spanned by X,, X,, X, and X, and ¥, ¥, ;. and Y,
In particular, it follows that X,, X,, X,, and X are eigenvectors for the
action of H, with eigenvalues of —3, —1, 1, and 3, respectively; and likewise
Y., Y., Yy, and Y; are eigenvectors wilh eigenvalues —3, —1, [, and 3. In
similar [ashion, we consider the decomposition of g under the action of
s, = C{H,, X;, Y;}: diagrammatically, this looks like

Here we have two trivial representations, spanned by X, and Y, one adjoint
(s, itsell), and four copies of the standard two-dimensional representation ¥,
spanned by X, and X5, X; and X, ¥, and ¥,, and ¥ and ¥;_ 1t follows that
Xs, Xy, ¥y, and ¥y are eigenvectors for the action of H; with eigenvalue |1,
and likewise X4, X,, ¥y, and ¥; are eigenvectors with eigenvalue — 1.

Including this information, we can fill in the top two rows of the multipli-
cation table:

Hy Xy ¥, X h Xy ¥ X, 1A X, ¥y X, Ty
B, 02X, -2V, -3X, 3, X, ¥ X, -% I, -3, O O
By -X % 22X, -, X, -K O o0 -X Y X -

Decomposing g, according (o the action of §,, and s, gives us information
about the action of X, X,, ¥, and ¥; on the other basis vectors as well.
For example, we saw a moment ago that X; and X together span a sub-
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representation of g, under the action of s,,, with ad(X,) carrying X5 to X,.
It follows [rom this that ad{ ¥;) must carry X, back lo X4 we have

ad(¥)(X ;) = ad(¥;) ad(X,)(X5)
= ad(X,) ad(1;)(Xs) — ad([X,, V;])(X5)
=0 — ad(H;)(Xs) = X,.

Similarly, since ad{X ;) carries X, inlo — Xy, which together with X, spansa
copy of the standard two-dimensional representation of s, = I, C, it follows
that ad(¥;) will carry — X, back to X,. Likewise from the fact that ad(};)
carries ¥y to — ¥y we see that ad{¥;)(Yy) = — F,, and since ad(¥;): Yy—= K,
ad(X,): Y= ¥y

We can in the same way use the action of &, to determine the values of
ad{ X, ) and ad( ¥;) on various basis vectors, though because the representation
ol 5,, on g, has larger-dimensional components this is slightly more com-
plicated. To begin with, consider the representation of s, on the subspace
spanned by X,, X,, X,, and X,. We know that ad(X,) carries X, to X,, and
since X, is an eigenvector for the action of the commutator [X,, ¥,]1=H,
wilh eigenvalue — 3, it follows that ad( ¥, ) must carry X, to 3.X;: we have

ad(¥,)(X;) = ad(Y,) ad(X,)(X,)
= ad(X,) ad(¥; }(X;) — ad([X,, F;])X;)
=0 — ad(H,)(X,;) = 3X,.
Using this, we can next determine the aclion of ¥, on X
ad(Y,)(X,) = ad(};) ad(X,)(X;)
= ad(X,) ad(¥,)(X;) — ad(H,)(X,)
= ad(X,)(3X;) + X, = 4X,,

and we calculate likewise that ad( Y, )(X4) = 3X,. Analogously, knowing thal
ad(¥;) carries ¥; to ¥; to ¥, to ¥, yields the information that ad(X ) must
carry ¥y, Yy, and ¥; lo 1Y,, 4¥, and, 3Y,, respectively. Including all this
information in the chart, the next four rows of our multiplication table are

Hy X, ©, X; ¥, X, L X, N X, % X K
X, H, X, 0 X, 13, X, 4r, 0 3r, 0 0
¥, 0 ¥, 3X, ¥, 4X, ¥, X, 0 0 0
X, H, 0 -¥, 0 0 X, 0 0 %
¥, -X, 0 0 0 0 ¥ X 0

We next have to find the commutators of the basis elements X, and ) for
i, j= 3 We cannot do this by looking at the action of the subalgebras.
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generated by X, and ¥, since for i = 3 we do not know the commuta
[X: ¥]. Rather, the way to do this is outlined in the general proof in |
preceding section: we just use (he expression of the X, and ¥ as brackets
the generators X, X;, ¥, and ¥; to reduce the problem to brackets with th
generators, which we now know. Thus, for example, the first unknown ent
in the table at present is the bracket [X,, ¥;]. We calculate this by wriling .
as[X,, X;], so that

ad(X;)(¥y) = ad([ X, X, ))(Y;)
= ad(X,) ad(X;)(Y;) — ad(X;) ad(X,)(Y;)
= ad(X,)(— 1) — ad(X,)(3Y;)
= —H, — 3H,.

Likewise, to evaluate [X,, X,] we have

ad{X,)(X,) = ad([X, X;1)MX,)
= ad(X, ) ad{X,)(X,) — ad(X,) ad(X, )(X,)
= —ad{X,;)(X;) = — X;.

In this way, we can evaluate all brackets with X,; knowing these, »
can reduce any bracket with X, to one involving X, and X, by writin
Xe=[Xy, X;], and so0 on. Conlinuing in this way, we may complete o1
multiplication table:

Hy, X, ¥ X, 1 X, T, L T Xy ¥ Xy A

By 02X, —1% —3X, 3, -X, K X, =% IX, - O o

Hy - Xy L] 1K, -iFy X - ¥y 0 o =Xy L Xe -5
X, ", X, 0 X W, X, % 0 I, 0 i
4 o Y, X, ¥ 44X, ¥ ix, 0 o 0
X, By 0 =% 0 0 X, o 0 ¥
i -X, 00 ] n [ o
x _‘;:;r ~X, A, 0 o 0 1w,
L3 ax, =¥ ] L A
I . o 12y ©  1IF
+ + 1200, | .
A 12X, 0 12x, 0
x, T, 0 %%
|4 ®X, 0
WH,
X 720

Of course, in retrospect we see that the basis we have chosen is far from
the most symmetric one possible: for example, il we divided X, and ¥, by 2
and X4, X, ¥y, and ¥, by 6, and changed the signs of X, and Y,, the form ol
Ihe table would be
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Table 22.1

My X, L1 . ¥ X, ¥ X, Fa Xy ¥y Xy (4
Hy 0 X, -1¥, -=1X, K - X, ¥ Xy =K X, - X¥, o L]
Hy - X, ¥ X, L Xy - 9 0 =Xy ¥y Xy -5
X, i, X, ¢ X, -1 -3, -2¥, O ¥, 0 )
¥, 0 -¥, M, =1¥, 22X, I, -X, 0 0 '
X, M, ] T, 0 0 -X, 0 (1] T
L - X, L] L] L] L] ¥a =Xy L]
Xy Hy+3y -3X, 2, 0 o n %
T -x, %, 0 0 -x, 8
Xy IH 3, 0 =1 0 =N
K Xy o X,
X, Wk, 0 =%
1, Xy
Xy Hyelly

]

There was another good reason [or these changes: now each of the brackets
[X,, ¥] will be the distinguished element of b corresponding to the root a;. If
we denote this element by H,, then we read off from the table that

Hy=H, 4+ 3H;, H,=2H, 4+ 3H,, 222
Hy=H, + I, Hy=H, + 2H,,
and
H=[X. Y] [H,X]=2X, [H,¥]=-2¥, (22.3)

fori=1,234,5,6.

§22.2. Verifying That g, Is a Lie Algebra

The calculation of the preceding section gives a complete description of what

the Lie algebra g, must look like, but there is still some work 1o be done:

unless we know that there is a Lie algebra with diagram (G, ), we do not know -

that the above multiplication table defines a Lie algebra, let alone a simple
one. In fact, the simplicity is not much of a problem (cf. Exercise 14.34), but
1o know that it is a Lie algebra requires knowing that the Jacobi identity is
valid. One could simply check this from the table for all { ') triples of elements
from the basis, a rather uninviting task.

There is another way, which gives more structure to the preceding calcula-
tions, and which will give a clue for possible constructions ol other Lie
algebras. The root diagram for (G,) is made up of two hexagons, one with,
long arrows, the other with short. This suggests that we should find a copy ul
the corresponding Lie algebra sl,C inside g;. The subspace spanned by b
and the root spaces corresponding o the six longer roots is clearly closed
under brackets, so is the obvious candidate. The long roots are ay, a;, am
@, = g + o3, and their inverses. So we define gq to be the subspace spanned
by the corresponding vectors:

]
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flp = {:{H!. H!, X,. f,. X;, f,. XE,, Y,I
The multiplication table for g, is read off from Table 22.1:

Hy X, Y, X, Y, X, Y,
H, 0 2X, =17y —X,; ¥ Xs - ¥
I, =Xy ¥ X, -1 X =¥
X, Hy X, 0 0 -1,
Y, 0 -Y, X 0
A, H; a Lf
1 =Xy o
X Hg + M,

This is exactly the multiplication table for sl C, with its standard basis (in
same order):

ﬂic = E{E'I!.-l - Ei.!' El.l - EJ.J" El.ll El.l' E]..H E!-. F IEI.H! EJ.I}

So we have determined an isomorphism
ag = ol,C.

{Mote right away that this verifies the Jacobi identity for triples taken from

The rest of the Lie algebra must be a representation of the subalgel
8 = 81, C, and we know what this must be: the smaller hexagon is the unior
the two triangles which are the weight diagrams for the standard represen
tion ol s, and its dual, which we denote here by W and W*; W is the sum
the root spaces for a,, fi,, and fi,, while W* is the sum of those for fi,,
and a,.

Again, a look at the table shows that the veciors X, ¥,, and ¥, form a ba:
for W= C? that corresponds to the slandard basis e,, e;, and ey, @
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similarly Y,, X,, and X, form a basis for W* = (C")* that corresponds to
the dual basis e, €%, and e}: we have

W=C{X,Y.h} W*=C{Y, X, X}
A2 = 0, B Wi W*,
With these isomorphisms, the brackets
o W-oW and g, x W*—= W*

correspond to the standard operations of sl,C on C? and (C?)*.
Mext we look at brackets of elements in W. Mote thal [W, W] is contained
in W*, cither by weights or by looking at the table. The table is

|4 | €y €3
X, -1x, Ix, of £ —2e3 2e3
I"'. L] =2 I"‘ (5] 0 - ZE?

Identilying W = C*, W* = {C’)* as above, we see that the bracket W = W =
W* becomes the map

Wx W W* =AW, Px W =20 AW

Similarly for W*, we have [W*, W*] = W, and the brackel is identified with
the map

W x W* o W= NW+ @ xd2p A

Finally we must look at brackets of elements of W with those of W*, which
land in g,. Here the table is

¥ X, Xy
Xa 1”5 4= H: ]'.‘-rg ]'X-
¥ v, Hy — Hy X,
1 k) k) A =Hy = 2,

In terms of the standard bases, [e, ef] = 3E,, — dyl. Intrinsically, this
mapping

[,]:Wx W* sl C = gl(W)
can be described by the formula
(5, 9)(W) = 3p(w)o — p(o)w (24
forv,we Wand p e W*,

Exercise 22.5%. Show that [v, ¢] is the element of sl,C characterized by the
formula
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B([v, ¢), Z) = 18p(Z-v) [forall Z e sl,C,

where B is the Killing form on g, = sl,C. In other words, if we write o
the element in g, = sl, salisfying the identity

Bloe g, Z) = @lZ-v) [orall Z e g, = sl,C,
then the bracket [v, ] can be written in the form

[0, 0] = [B 0o g

Itis now a relatively painless lask to verify the Jacobi identity, since,
than having to check it for triples from a basis, it sullices to check it on
ol arbitrary elements of the three spaces g, W, and W* using the above
algebra descriptions for the brackets. We will write oul this exercise, sin
same reasoning will be used later. For example, for three or two element:
0o, this amounts to the fact that g, = sl,C isa Lie algebra and W and ¥

representations.
For one element Z in gq, and two elements vand win W, the Jacobi id
for these three elements is equivalent to the identity

Zvaw=[Z-v)aw+toalZ w,

which we know for the action of a Lie algebra on an exterior produc
similarly for one element in g, and two in W*,
The Jacobi identity for Z € g,, ve W, and ¢ € W* amounts to

[Z,o2p]=(Z-t)agp +ve(Z-p)

Applying B(Y, —) to both sides, and using the identity B(Y,[Z,)
B([Y, Z]. X), this becomes

el[Y. 2] v) = (Y (Z-0)) +(Z- @)Y v).
Since ([ Y, Z] 0) = (Y (Z 1)) — @(Z (¥ - v)), this reduces to
(Z-p)lw) = —p(Z-w),

for w= Y-v, which comes [rom the fact that W and W* are
representations.
For triplesu, v, win W, the Jacobi identity is similarly reduced to the idc

A o) Z-w) + (oA wiZ-u)+(wauZ-v)=0
for all z e g,, which amounts to
uavalZwtualZ-o)awt(Zu)aoaw
=Z-uavaw=0 imnANW=C;

and similarly for triples from W*,
For v, we W, and ¢ € W*, noting that

[low]@l=-2:[vAwe]l=—4(vAwargp=—4(pl)w— e
the Jacobi identity for these elements reads
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—4-(p(v)w — p(w)r) = —[w, @]iv) + [v, p](w). (228)
The right-hand side is

~[w, @1(v) + [0, @) (w) = —(3g(o)w — p(w)v) + (3p(wlo — @(v)w),
which proves this case. (This last line was the only place where we needed to
use the definition (22.4) in place of the fancier {22.7).)
The last case is for one element v in W and (wo elements ¢ and  in W*
This time identity to be proved comes down 1o

=4-(p(t)p — pll¥) = [0, @] ¥ — [0, ¥] o
Applying both sides to an element w in W, this becomes

—4-((o)p(w) — @eh(w)) = @([r, ¥] W) = (v, @] w)
If we apply W to the previous case (22.8) we have
=4 (ol (w) — @(whglv)) = —¥([w, @]-v) + ¥([r, @]-w).
And these are the same, using the symmetry of the Killing form:

18- @(Lv, ¥]- w) = B([v, ¥, [w, @]) = B([w, @], [v, ¥1) = 18¢([w, @] v}

This completes the prool that the algebra with multiplication table (22.1)
is a Lie algebra. With the hindsight derived from working all this out, of
course, we see that there is a quicker way 1o construct g,, without any
multiplication table: simply start with 1, C & W & W*, and define products
according to the above rules,

§22.3. Representations of g,

We would now like to use the standard procedure, outlined in Lecture 14 (and
carried out for the classical Lie algebras in Lectures 15--20) to say something
about the representations of g,. One nice aspect of this is that, working simply
from the root system of g, and analyzing its representations, we will arrive at
what is perhaps the simplest description ol the algebra: we will see that g, is
the algebra of endomorphisms of a seven-dimensional veclor space preserving
a general trilinear form.

The first step is to find the weight lattice for g;. This is the lattice Ay = §*
dual to the lattice Iy = b generated by the six distinguished elements H,. By
(22.2), Iy is generated by H, and H,. Since the values ol the eigenvalues o,
and @y on H, and H, are given by

ay(H,)=12, ay(Hy) = —1,
wa(Hy) = =3, wy(Hy) =2,

it follows that the weight lattice is generated by the eigenvalues o, and o, (and
in particular the weight lattice Ay is equal (o the root lattice A ). The picture
is thus ‘
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As in the case of the classical Lie algebras, the intersection of the (clo
Weyl chamber %" with the weight lattice is a [ree semigroup on the
fundamental weights

wy =2a, +o, and w,=3a, + 2a,.

Any irreducible representation of g, will thus have a highest weight vects
which is a non-negative linear combinalion of these two. As usual, we w
I, 4 for the irreducible representation with highest weight aw, + bw,.

Let us consider first the representation I , with highest weight ;. Tr:
lating @, around by the action of the Weyl group, we see that the wei
diagram of I'y , looks like

O
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Since there is only one way of getting from the weight w; to the weight 0 by
subtraction of simple positive roots, the multiplicity of the weight 0in I 5
must be 1. T , is thus a seven-dimensional representation. It is the smallest
ol the representations of g,, and moreover has the property (as we will verily
below) that every irreducible representation of g, appears in its tensor algebra;
we will therefore call it the standard representation of g, and denote it V.,
The next smallest representation of g, is the representation IT, , with
highest weight m,; this is just the adjoint representation, with weight diagram

MNote that the multiplicity of 0 as a weight ol I , is 2, and the dimension of
[y, is 14,

Consider mext the exterior square AV of the standard representation
V =T o of g;. Its weight diagram looks like
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from which we may deduce that
NV, @V

In particular, since the adjoint representation I, , of g, is contained in A%1
and the irreducible representation I, , with highest weight aw, + bw, i
contained in the tensor product Sym®V @ Sym® T, ,, we see that ever y irreduc
ible representation of g, appears in some tensor power V= of the standar
representation, as stated above.

Next, look at the symmetric square Sym*V of the standard representation
It has weight diagram
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Clearly, this contains a copy of the irreducible representation I'; 5 of g,
with highest weight 2w, . Depending on the multiplicities of this representa-
tion, it may also contain a copy of V iself, of the trivial representation, or
both; or it may be irreducible. To see which is in fact the case, we need to
know more about the action of g, on the standard representation V. We
will do this in two ways, first by direct calculation, and second using the
decomposition of g, into sly & W W*. Although the second approach is
shorter, the first illustrates how one can calculate for the exceplional Lie
algebras very much as we have been doing in the classical cases.

To describe ¥ explicitly, start with a highest weight vector for V, ie, any
nonzero element o, of the eigenspace ¥V, = ¥ lor the action ol ) with eigenvalue
ity. The image of v, under the root vector ¥; will then be a nonzero element
of the eigenspace ¥, with eigenvalue a, (this follows from the fact that the
direct sum Vy @ V,, as a representation of the subalgebra s, = g, is a copy of
the standard representation of s, = ¢l,C). Similarly, the image of v, under I
is a generalor vy of the eigenspace ¥, with eigenvalue a,, the image of v, under
¥, is a generator of the cigenspace by, with eigenvalue 0, and so on. We may
thus choose as a basis for ¥ the vectors

Ugy 0y = Fy(u), vy = — Kilr,), =¥/}
Wy, = il", (), wy = ¥y(wy), and wy = — Y(w,),

where v, (resp. w;) is an eigenvector with eigenvalue o, (resp. f},). (The signs and
coefMicient § in the definition of w, are there for reasons of symmetry—see
Exercizse 22.10.) Diagrammatically, the action of g, may be represented by the
arrows

Wi oY Wy
o-—>1—9

Exercise 22.9. (i) Verily that the vectors o, w,, and u, as defined above, are
indeed generators of the corresponding eigenspaces. (i) Find, in terms of this
basis for ¥, the images of v, under the elements Yy, ¥,, Y, and Y.

Exercise 22.10. Show that the elements X, and ¥, € g, all carry basis vectons
vy and w; into other basis vectors, up to sign (or to zero, of course), and carry
u to twice basis vectors, that is, X,u = 2o, and Yu = 2w fori= 1,3, 4.
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Now, the representation Sym?*¥ has, as basis, the pairwise products ol
the basis vectors for V; and the subrepresentation I 4 is just the subspace
generated by the images of the highest weight vector o} under (repeated
applications of) the generators ¥, ¥, of the negative root spaces of g,. Thus,
for example, the eigenspace in Sym®V with eigenvalue a, is the span of the
products u- v, and vy v,; the part of this lying in Ty , will be the span of the
two vectors Y, Y, ¥,(vd) and ¥, Y; Y, (v1). We calculate:

nhL (vi) = 2oy v)= Y,[Iu}}

= —dp, vy

¥y 1 ¥i(od) = ¥, Y3205 -0,) = = V{20, 0,)
= —-2[!1 Ty = EH'U‘,'_.

We see, in other words, thal I , assumes the weight a, with multiplicity 2,
g0 that in particular Sym?® ¥ does not conlain a copy ol V.

Similarly, to see whether or not Sym?V contains a copy of the trivial
representation, we have to calculate the multiplicity of the weight 0 in I 4.
Since any path in the weight lattice from the eigenvalue 2a, to 0 obtained by
subtracting a, and a, must pass through a,, we can do this by evaluating the
products of ¥, and ¥; on the generators vy - vy and - v, of the eigenspace with
tigenvalue o, we have

Y Y Hilong) = =Y, Yi(e]) = — Yy (2u-0,)
= —dw, v, — '
Yi ¥y Yyl vg) = 0
h G Y(egoy) = ¥ Yu-vy) = — Yy (u-vy)
= —2wy vy —
Y, :Vilu )= Y Yalu-vy 4+ 2w, 0,)
= ¥i{—u v, + 2wyn,)
= — 2wy -0y = 0 = 2w, 0y 2waiy;
KT Yieyes) = V(e o) = Yy(2w, c0,)

= -—2“‘.'[:'1_ + 2wy oy,

Y ¥y Flurn) = Yy ¥j(u-vy + 2wy 0,) = ¥i{dw, -0y)
= —4w vy + 4wy v,

We see [rom this that the O-eigenspace of Iy ; is three dimensional; we thus
bave the decomposition

SymV=l,,BC
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In particular, we deduce that the action of q; on the siandard representation
V = C7 preserves a quadratic form; and correspondingly that the subalgebra
a; = sl{¥) = sl,C is actually contained in the algebra so,C. We will see this
again in the following section, where we will give alternative descriptions of
the exceptional Lie algebras, and again in §23.3 where we describe compact
homogeneous spaces for Lie groups.

Exercise 22.11. Analyze in general the symmetric powers Sym*V of the stan-
dard representation ¥ of g,.

Finally, consider the exterior cube AV of the standard representation. The
weight diagram is

ff:} iy

‘\n} ) —

and afler we remove one copy of the representation I, 5 with highest weight
2w, (this is the sum of the three highest weights a,, a,, and @, of V), we are'
left with
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This, by what we have seen, can only be the direct sum ol the standard
representation V with the trivial representation C. In sum, then, we conclude
tha

NVaT,®vVecC

MNote in particular that, as a corollary, the action of g, on the standard
representation preserves a skew-symmetric trilinear form @ on V. It is not
hard 1o write down this form: it is a linear combination of the five vectors
Wy A A Dy, Ug AN A Wy, Wy A M AT, T, A Dy AW, and w, A wy A pyand
the fact that it is preserved by X, and X, is enough to determine the coellicients:
we have
Wm Wy AUAD+ Uy ALAW, + W ANAD
+ 2oy Avy A oWy 2wy A Wy AT

The fact that the action of g, on ¥ preserves the skew-symmetric cubic
‘form @ takes on additional significance when we make a naive dimension
count. The space A*V of all such alternating forms has dimension 35, while
the algebra gl(V) of endomorphisms of I has dimension 49; the dilference is
exactly the dimension of the algebra g,. In fact, we can check directly that the
lnear map

o al(¥) = Ay

sending A € End (V)10 A{w) is surjective. We deduce that w is a general cubic

allernating form [ie, an open dense subset of A*V corresponds to forms
equivalent to @ under Aut(¥)], and hence that

Proposition 22.12. The algebra g, is exactly the algebra of endomorphisms of
@ seven-dimensional vector space V preserving a general skew-symmetric cubic

Jorm o on V.
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Exercise 22.13*. Verify that the map g above is surjective by direct calculation
of the action of gl{V) on w e A'V.

Exercise 22.14. As an alternative 1o the preceding exercise, analyze skew-
symmetric trilinear forms on C" to show that for n < 7 there are only linitely
many such forms, up to the action of GL,C. Verily that the form w above is
general in A*C7. (In fact, there are only finitely many cubic alternating forms
on C* as well, though this is fairly complicated; for n = 9 a simple dimension
count shows that there is a continuously varying family of such forms.)

Mote that the cubic form @ preserved by the action of g, gives us explicitly
the inclusion

Ve ARV

deduced earlier from their weight diagrams: this is just the map V* — AV
given by contraction/wedge product with w, composed with the isomorphism
of ¥V with *.

Exercise 22.15*. Find the algebra of endomorphisms of a six-dimensional
vector space preserving a general skew-symmetric trilinear form.

We will see the form w again when we describe g, in the following section.

These calculations using the table amount to using all the information
that can be extracted from the subalgebras s, = sl,C of g,. Using the copy
of l,C that we found in the second section can make some of this more
transparent. Make the identification

Mm=a@WaW*=sl,CaWaWw*.

As a representation of sl,C, the seven-dimensional representation V' must
be the sum of W, W*, and the trivial representation C. If we make this
identification,

V=WaW*@c,

it is not hard to work out how the rest of g, acts. This is given in the following
table: :

W W L
W ¥ z

Ao X X-ow X 0
W v —raAaw i) 220
w* 9 plw) pag lig

With this identification, we have uw = 1 in C, and
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v, = e, W, =g, Wy=gy inW=0C%
_ w, =€}, 0, =el vy =e} in W*=(CY)"
Conversely, it is not hard 1o verily that the above 1able defines a representation

of g5, by checking the various cases of the identity [£, n]-y =&y y) —
n:(§- y)for £, ninq; and y in V. Note that the cubic form o becomes

3
w=3 e runel +2e ne;neytelnelael)
=1
This description of V can be used to verily the calculations made earlier,
and also to study ils symmetric and exterior powers. For example, Sym?F
decomposes over sl,C inlo

Sym’W@Sym’W* @Sym’CAWRCHW*acCa W w
=Sym'W@Sym'W* @ COW® W* @ sl,CHC.

To get the weights around the outside ring, the irreducible representation I g
must include Sym®W, Sym?W*, and sl,C. Checking that We g, maps
Sym*W* nontrivially to W* shows that it must also include W and W*. To
finish it sullices to compute the part killed by a;, which must lie in the sum
“of the two components which are trivial for sl,C; checking that this is one
dimensional, one recovers the decomposition

Sjl'mIV = rj__u [43) C.

Exercise 22.16. Use this method to decompose A’V and Sym?* V.

§22.4. Algebraic Constructions of the
Exceptional Lie Algebras

In this section we will skeich a few of the absiract approaches to the construc-
lion of the five exceptional Lie algebras. The constructions are nol as easy as
you might wish: although the exceptional Lie groups and their Lie algebras
have a remarkable way of showing up unexpectedly in many areas of mathe-
‘matics and physics, they do not have such simple descriptions as the classical
series. Indeed, they were not discovered until the classification theorem lorced
mathematicians to look for them.

To begin with, the method we used to construct g, in the second section
of this lecture can be generalized to construct other Lie algebras. This is the
construction of Freudenthal, which we do first. 1t can be used to construct the
Lie algebra ey for the diagram (Eg). From ey it is possible to construct ¢, and
tgand f,. Then we will present {or at least sketch) several other approaches
lo their construction. Since il is a rather technical subject, probably not really
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suited for a first course, we will touch on several approaches rather than give
a detailed discussion of one,

The construction of g, as a sum g, @ W @ W* that we found in the second
section works more generally, with very little change. Suppose g, is a semi-
simple Lie algebra, and W is a representation of gq; let W* be the dual
representation, and set

a=gdWae W
We also need maps
AW W* oand A NWES W

of representations of g,. We assume these are given by trilinear maps T:
AW = Cand T: A*W™ — C, which means that

(A olw) = T(w, 0, w) and  Hp A )= T, b, 5)
We assume these maps are related by the identity:
(v A w)a @ =glo)w— plw {22.17)

for all v, we W and @ &€ W*. We can then define a bracket on g by the same
rules as in the second section. To describe it, welet X, ¥, Z, ... denole arbitrary
elements of gg, u, v, w, ... elements of W, and ¢, ¥, 3, ... elements of W*. The
bracket in g is determined by setting:

{i) [X,Y]=[X, Y] (the given bracket in ag),

i) [X,0] = X-v (the action of g, on W),
(i) [X.pl = X-¢p (the canonical action ol g, on W*),
{iv) [o,w] =a (v » w) (forascalarato be determined),
(¥) [@, 0] = b-(pp a ) (forascalarbiobedetermined)
{vi) [v, 0] = c-(v=p) {for a scalar ¢ to be determined).

As before, v » @ is the element of g, such that
Bivsgp, Z) = plZ-v) forall Z e g,

where B is the Killing form on g,. The rules (i)-(vi) determine a bilineat
product [ , ]onall of g, and the fact that it is skew lollows from the facts
that [X, X] =0,[r, v] =0, and [, 9] = 0.

The argument that we gave showing that g, satisfies the Jacobi identity;
works in this general case withoul essential change, except for the one case tlJ
a triple with two elements in W and one in W*, where we had to do an ex
calculation. The identity we need in the general case, in place of (22.7), is the’
identity: .

ab-(plv)w — @(w)o) = c-((v+ @) w — (we p)-v), (2218

which is equivalent to the Jacobi identity for v, w, and . Again, the simpli
of the resulting Lie algebra is easy to see, provided all the weight spaces an
one dimensional, using Exercise 14.34, so we have:
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Proposition 22,19 (Freudenthal) Given a representation W of a semisimy
Lie algebra gq and trilinear forms T and T” inducing maps A2W — W* @
MW* — W, such that (22.17) and (22.18) are satisfied, the above products maks

a=nq, D W Ww*

into a Lie algebra. If the weight spaces of W are all one dimensional, and 1l
weights of W, W*, and the roots of q, are all distinct, and abe # 0, then g
semisimple, with the same Cartan subalgebra as ;.

Exercise 22.20%, (a) Show that the trilinear map T delermines a map
AW -+ W* of representations il and only il it savisfies the identity

TIX-wo,wh+ T, Xooywh+ T, v, Xow) =10 ¥X € ag.

and similarly for T
{b) Show that {22.18) is equivalent 1o the identity

ab-{v A wilp A )= [Blwei, vegp) — Blw+ g, veif))

The Lie algebra ey for (Eg) can be constructed by this method. This tim
B 15 laken 1o be the Lie algebra sl C; if V = C? is the standard representatios
of slgC, let W= AV, so W* = A*V*; the trilinear map is the usual wedg
product

MreMVe V=NV =C,

and similarly for A*V'*. We leave the verifications to the reader;

Exercise 22.21*. (i) Verily (22.17), and check the conditions on the roots of s,
and the weights of A*V and A 1% (ii) Use the fact that B(X, ¥) = 18- Tr(X Y
for iy to show that (22.18) holds precisely if ¢ = 18ab. (i) Show that the
Dynkin diagram of the resulting Lie algebra is (Eg).

Note that the dimension of sl, C is 80, and that of W and W* is 84, so the
sum has dimension 248, as predicled by the root system of (Eg).

Once the Lie algebra eg is constructed, ¢, and ¢ can be found as sub-
Algebras, as follows. Note that removing one or two nodes from the long arm
of the Dynkin diagram of (E,) leads to the Dynkin diagrams (E,) and (Eg).

In general, il g is a simple Lie algebra, with Dynkin diagram D, consider a
yubdiagram D" of D obtained by removing some subset of nodes, together
avith all the lines meeting these nodes.! Then we can construct a semisimple
ﬂlgﬂ:ra a° of g with D" as its Dynkin diagram, In fact, g” is the subalgebra
generated by all the root spaces q,,, where a is a root in D”.

I_*ll'lllm are double or triple lines between two nodes, both nodes should be removed or kept
dgether.
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Exercise 22.27*. The center of @ is R- |, which is preserved by G. Let ¥ be
orthogonal space to B 1 with respeet to the quadratic form N. Then G is
imbedded in the group SO(Y) of orthogonal transformations of ¥,

{a) Define a“cross product™ x on ¥ by the formula v x w = v-w + fin, w)-L
Show that G can be identified with the group of orthogonal transforma-
tions of ¥ that preserve the cross product.

{b) Show that G = Aul{D) acts transitively on the 6-sphere

S ={Y eyt =1},

and the subgroup K that fixes i = e, is mapped onto the S-sphere in ¢f
by the map g+ g-j. Conclude from this that G is 14-dimensional and
simply connected.

{c) Show that {D e Der{@): D{i) = 0} is isomorphic to su,.

(d) Verify that the Lie algebra of derivations of the complex octonians is the
simple Lie algebra of type (G,).

Exercise 22.28*, The oclonions can also be construcied from the Clifford
algebra of an eight-dimensional vector space with a nondegenerale quadratic
form. With ¥, 8*, and 5~ as in §20.3, with v, e ¥V, 5, € 5*, 1, = 0,5, 6§
chosen so the values of the quadratic forms are | on each of them as in Exercise
20,50, define a product ¥ » ¥ —+ ¥, (1, wh— v o w by the formula

pow = (06) (W s5,)

Mole that v-t, € §*, w-5, € 57, so their produet (v-1,)-(w-5,) is back in ¥,

{a) Show that ¥ with this product is isomorphic to the complex octoniass
0, with unit v,, with the map v+ — p(e,)(1) corresponding to conjugation in
L1}

Conversely, starling with the complex octonians O, one can reconstruc
the algebra of §20.3: define A = O & O @ O, define an automorphism J H
order 3 of A by J(x, v, £) = (z, x, ¥), and define a producl - from each m:r.ﬁ-
sion of two faclors Lo the third by the formulas x-y=Xo F, y-2 =_F'.f_
x=2Zecok

(k) Show that A is isomorphic to the algebra described in §20.3.

(c) Identifying s0,C with the space of skew linear transformations of @
show that for each A in so, C there are unique B and C in so, C such that

Alx o) = B(x)o y + x 0 C(y)
for all complex oclonions x and y. Equivalently, il one defines a trilinear fotmg
{ . . )on the octonions by (x, y, 2) = Tr((x o y) o 2) = Tr{x o (y o 2)),
(Ax, y,2) + (x, By, 2) + {x, 5, C2) = 0

for all x, y, 2. Show that this trilinear form agrees with that defined in Exercisé
2049, and the mapping A+ B determines the triality automorphism j° of sogC
of order three described in Exercise 20.51.
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Exercise 22.29. Deline three homomorphisms from the real Clilford algebra
C; = C(0, 7) to End&(0) by sending v € R" = §_ Re, to the maps L,, R, and
T, defined by L {x) = vo x, R{x} = xop,and T(x) = vo(xop)=(vox)en

{a) Show that these do determine maps of the ClifTord algebra, and that the
induced maps

SpingR < CI'™ = C, — Endg(0)

are the two spin representations and the standard representation, respectively.
(b) Verily that Ty(x = y) = L,(x)- L(y) for all o, x, y, and use this to verify
the triality formula in (c) of the preceding exercise.

The algebra |, can be realized as the derivation algebra of the complexifica-
tion of a 27-dimensional Jordan algebra J. This can be constructed as the set
of matrices of the form

a fi
I

A s
with a, b, ¢ scalars, and &, f§, y in ©. The product ¢ in J is given by

xoy=Hxy + yx)

where the products on the right-hand side are defined by usual matrix multi-
plication. This algebra is commutative but not associative, and satisfies the
Mentity ((x e x) o y)o x = (x o x) o (y e x). In fact, (F,) is the group of auto-
morphisms of this 27-dimensional space thal preserve the scalar product
{x, ) = Tr(x = y) and the scalar triple product (x, y, z) = Tr{{x e y} o z). The
kernel of the trace map is an irreducible 26-dimensional representation of f4.
For details see [Ch-5], [To], [Pos].

In addition, there is a cubic form “del” on J such that the linear auto-
“morphisms of .J that preserve this form is a group of type (Eg). This again
thows [, as a subalgebra of e;.

;I-Thc other exceplional Lie algebras can also be consiructed as derivations
of appropriate algebras. We refer for this to [Ti2], [Dr], [Fr2], [Jac2], and
ﬁrd:rtnces found in these sources. Other constructions were gw:n by Wilt,
o [Wa]. The simple Lie algebras are also constructed explicitly in [S-K, §1).
See also [Ch-S], [Fr1], and [Sc].

What litile we will have to say about the represeniations of the four
eceptional Lie algebras besides g, can wait until we have the Weyl character
formula.

= Rl



LECTURE 23

Complex Lie Groups; Characters

This lecture serves two functions. First and foremost, we make the transition back
from Lie algebras o Lie groups: in §23.1 we classily the groups having a given
semisimple Lie algebra, and say which representations of the Lie algebra, as described
in the preceding lectures, lift to which groups. Secondly, we introduce in §23.2 the
notion of character in the context of Lie theory; this gives us another way of describing
the representations of the classical groups, and also provides a necessary framework
for the results of the following two lectures. Then in §23.3 we skeich the beautiful
interrelationships among Dynkin diagrams, compact homogeneous spaces and the
irreducible representations of a Lie group. The first two sections are elermentary
modulo a little topology needed to caleulate the lundamental groups of the classical
groups in §23.1. The third section, by contrast, may appear impossible: it involves, at
various points, projective algebraic geometry, holomorphic line bundles, and their
cohomology. In fact, a good deal of §23.3 can be understood without these notions;
the reader is encouraged to read as much of the section as seems intelligible. A final
section §23.4 gives a very briel introduction Lo the related Bruhat decomposition, which
is included because of its ubiquity in the literature,

§23.1: Representations of complex simple groups
§21.2: Representation rings and characters

§21.}: Homogencous spaces
§21.4: Brohat decompositions

§23.1. Representations of Complex Simple Lie Groups

In Lecture 21 we classified all simple Lie algebras over ©. This in turn yields
a classification of simple complex Lié groups: as we saw in Lecture 7, for any
Lie algebra g there is a unique simply connected group G, and all other,
(connecled) complex Lie groups with Lie algebra g are quotients of G by
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discrete subgroups of the cenler Z(G). In this section, we will first descrile the
groups associated to the classical Lie algebras, and then proceed to describe
which of Lhe representations of the classical algebras we have described in
Part IIT lift to which of the groups. We start with

Proposition 23.1. For all n > 1, the Lie groups SL,C and Sp,,C are connected
and simply connected. For n 2 1, SO, C is connected, with =,(SO,C) = Z, and
[(S0,C)=Z/2 forn = 3

Proor, The inain tool needed from topology is the long exact homotopy
sequence of a fibration. If the Lie group @ acls transitively on a manifold
M, and H is the isotropy group of a point Fy of M, then G/H = M, and the
map G — M by g g+ Fy is a fibration with fiber i. The resulting long exacl
sequence is, assuming the spaces are connected,

o iy (M) = w ()= (G) » m (M) = {1}, (232)

{The base points, which are omitied in this notation, can be taken to be the
identity elements of H and G, and the point Py, in M.) In practice we will know
M and H are conneeled, from which it Tollows that G is also connected. From
this exact sequence, if M and H are also simply connecied, the same lollows
for G.

To apply the long exact homolopy sequence in our present circumsiance
we argue by induction, noting first that 5L, € = 50,C = {1}. Now consider
the action of G = SL,C on the manifold M = €™ {0}. The subgroup H
fixing the vector Py = (1,0, ..., 0} consisis of matrices whose [first column is
(1,0,...,0) and whose lower right (n — 1) by {8 — 1) matrix is in SL,_,C; il
follows that as topological spaces H = SL,_,C = C""'. Since M is simply

-connected for n = 2 (having the sphere 577! as a deformation retract), and H
has 5L, _, C as a deformation retract, the claim for SL,C follows from (23.2)
by induction on n.

The group 50, C is isomorphic to the multiplicative group ©*, which has
“the circle as a deformation retract, so =,{50,C) = Z. The group G = 50,C
acts transitively on M = {v e C": Q(v, v) = 1}, where @ is the symmetric bi-
‘linear form preserved by G. (The transitivity of the action is more or less
equivalent to knowing that all nondegenerale symmelric bilinear forms are
‘equivalent) For explicit calculations lake the standard @ for which the
standard basis {;} of C" is an orthonormal basis. This time the subgroup H
fixing e, is 50,_,C. From the following exercise, il follows that M has the
sphere 5"°! as a deformation retract. By (23.2) the map

7y (80, C)— =, (S0,C)

i an isomorphism for n = 4. 5o it sulfices Lo look at 50,C. This could be
done by looking at the maps in the sme exact sequence, but we saw in Lecture
10that SO, C has a two-sheeted covering by SL,C, which is simply connected
by the preceding paragraph, so n,(50,C) = Z2, as required.
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The group G = 5p,,C acls transitively on
M = {(v, w)e C* x C*: Qr, w) = 1},

where 0 is Lthe skew [orm preserved by G, and the isotropy group is Sp,,-,C.
Since Sp,C = SL,C, the first case is known. By the following exercise, since
M is defined in C** by a nondegenerate quadratic form, M has 5" as a
deformation retract, o we conclude again by induction. 0

Exercise 23.3%. Show that {(z,,...,z,) € C: } z{ = 1} is homeomorphic lo
the tangent bundle 1o the (n — 1}sphere, ie, Lo

Tomr = {{u, 0) €5 x R w0 =0}

Using the exact sequence {1} —+5L,C - GL,C—C* = [I} we deduce
from the proposition and (23.2) that

m, (GL,C) = Z, (234)

Exercise 23.5. Show that for all the above groups G, the second homotopy
groups m,(G) are trivial,

We digress a moment here to mention a famous fact. Each of the above
groups G has an associaled compact subgroup: SU(n) = SL,C, Sp(a) = 5p,, G
and S0{n) = 50,C. In fact, each ol these subgroups is connecled, and thess
inclusions induce isomorphisms of their fundamental groups.

Exercise 23.6. Prove these assertions by linding compalible actions of the
subgroups on appropriale manifolds. Alternatively, observe that in each cass
the compacl subgroup in question is just the subgroup of G preserving a
Hermitian form on €* or C*, and use Gram-Schmidl to give a retraction of,
G onto the subgroup.

MNow, by Proposition 23.1 the simply-connected complex Lie groups corre-
sponding to the Lie algebras g = sl C, sp,,C, and o, C are

G =5SL,C, Sp,C, andSpin,C.

We also know the center Z(G) of each of these groups. From Lecture 7 we
also know the other connected groups with these Lie algebras:

= The complex Lie groups with Lie algebra sl,C are SL,C and quotients of
SL,C by subgroups of the form {¢™""-}, for m dividing n (in particular,
if n is prime the only such groups are SL,C and PSL,C).

* The complex Lie groups with Lie algebra sp,,C are 5p,,C and PSp,,C.:

* The complex Lie groups with Lie algebra so,,,,C are Spin,,,,C and
50,4, C.
and

* The complex Lie groups with Lie algebra s0,,C are Spin,,C, 50,,C and'
PS0,,C;in addition, if n is even, there are two other groups covered doubly
by Spin,,C and covering doubly PSO,, C [cf Exercise 20.36].
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These are called the classical groups. In the cases where we have obserw
coincidences of Lie algebras, we have the following isomorphisms of groug

SpinyC = 5L, and 50,C = P5L,C;
Spin,C = 5L,C x SL,C and PSO,C = PSL,C x PSL,C;
Spin,C = Sp,C and 50,0 = PSp,C;
and
SpingC = 5L,C and PSO.C = PSL,C.

Mole that in the first case n = 4 where there is an intermediate subgrou
between SL,C and PSL,C, the subgroup in question is interesting: il tur
oul to be S04 C. In general, however, these intermediate groups seldom aris

Consider now representations of these classical groups. According to th
basic resull of Lecture 7, representations of a complex Lie algebra g wi
correspond exactly to represenlations ol Lthe associaled simply connected L
group G: specifically, for any representation

g al(v)
of g, selting

Flexp(X)) = exp(p(X))
determines a well-defined homomorphism
f: G = GL{V).

For any other group with algebra g, given as the quotient G/C of G by
subgroup C = Z{G), the representations of G are simply the represenialion
of & trivial on C. It is therefore enough Lo see which of the representation:
of the classical Lie algebras described in Part I11 are trivial on which sub
groups C < Z(G).

This turns out to be very straightforward To begin with, we observe that
the center of each group G with Lie algebra g lies in the image of the chosen
Cartan subalgebra b = g under the exponential map. It will therefore be
.enough to know when exp(p(X)) = I lor X e ; and since the representations
p of g are particularly simple on § this presents no difficulty.

What we do have to do first is to describe the restriction of the exponential
‘map to b, so that we can say which elements of h exponentiate to elements of
"Z(G). For the groups that are given as matrix groups, this will all be perfectly
obvious, but for the spin groups we will need o do a litile calculation. We
:will also want to describe the Carran subgroup H of each of the classical groups
4G, which is the connected subgroup whose Lic algebra is the Cartan sub-
‘algebra b of g. For G = SL,C, H is just the diagonal matrices in G, i.e,

H = {diag(z,,..., 2,k 2;-... 2z, =1}

Similarly in Sp,,C or 50,,C, H = [diag(z,,...,2,.2; ... ,z; ')}, whereas in
803, C, H = {diaglz,,..., 2., 27", ..., 2, 1)}, In each of these cases the
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exponential mapping from b to H is just the usual exponentiation of diagonal
malrices.

To calculate the exponential mapping for Spin,, C, we need Lo describe the
elements in Spin,, C that lie over the diagonal matrices in 50,,C. This is nol
a dilficult task. Calculating as in §20.2, we find that for any nonzero complex
number z and any | < j < n, and withm = 2n + | or m = 2n, the elemenls

-
WJI_Z} = IE{ZEJ-EIH-J + z_lenhf.e\f} ="'+ (z_;_“)gfl!'”.‘ 123-?]

in the Cliford algebra are in fact elements of Spin,C. Moreover, il
p: Spin,C — SO,C is the covering, the image p(w(z)) is the diagonal matrix
whose jth entry is 2%, (n + j)th entry is 7, and other diagonal enlries are 1.
These elements wjz) also commuie with each other, so for any nonzero
complex numbers z;, ..., z, we can define

wizy, oo, 2.0 = wylz ) wylza) - oowylz,) (21.85)

Then p(wiz,, ..., 2,)) = diag(z}, ..., 22, 272, ..., 27%) if m = 2n, while if m =

2n 4 1, we gel the same diagonal matrix but with a 1 at the end.
Let [f; = E;; — E..ia+1» the usual basis for b = o, C.

Lemma 23.9. For any complex numbers a,, ..., a,,
explay Hy + - + a H,) = wle™?, ..., ™)
in Spin,,C.

Proor. Since the map exp: § — Spin_C is determined by the facts that it is
continuous, it lakes 0 to 1, and its composile with p is the exponential for
50,,C, this follows from the preceding formulas. O

Exercise 23.10*. Show that exp(} a,H) = | if and only if each q; is in 2=l
and ¥ a, € 4nil.

We sec also that exp(h) contains the center of Spin,C. Indeed,
=1 =w{-=1,1,..., 1), and il m is even, the other central clements are 4o,
with @ = wii, ..., i}, as we calculated in Exercise 20.36. (This, of course, also
contains the fact thal there is a path between | and — |, proving again thal
Spin,C is connected.)

Exercise 23.11*. Verify for all the classical groups G that: {i) H = exp(h) &
a closed subgroup of G that conlains the center of G; (i) the map of funda-
mental groups &, (I, &) = n,(G, e} is surjective; (iii) for any connecled cow.nu
m: G' = G, n~'(H) is connected and is the Cartan subgroup of G', -

Mow let G = G/C be a semisimple Lie group with Lie algebra g and Cartag,
subalgebra lj. Choose an ordering of the roots, and let T, be the irreduciblé
representation of q with highest weight 4. The basic facl that we need is
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Lemma 23.12. The representation Iy is a represeniation of G = G)C if a
only if

AX) e 2nid  whenever exp(X)e C.

Proor. The representation I, is a representation of G when g-v = v for :
ge C, where v is a highest weight vector in T, Since exp(h) contains C, th
says exp{X)- v = v for all X € b such that exp(X) € C. Now by the naturali
of the exponential map, and since X -v = A[{X)vfor X e b, we haveexp{X)-v -
ey, Hence the condition is that v = ¢, or that e = | il exp(X) et
which is the displayed criterion. [

Let us work this out explicitly for each of the classical groups. 1t may hel
lo introduce a notation for the irreducible representations which, among otly
virlues, allows some common terminology in the various cases. Note that o
each of sl,,,, 6p;,, $0,,, and s0,,,, the rool space h* is spanned by weigh
we have called L, ..., L,, 50 a weight can be wrilten uniquely in lorr
LLy+ -+ 4L, We may sometimes write 1 in place of the weigh
LL, 4+ AL, In the rest of this lecture at least, we write T, for th
irreducible representation with highest weight 1, L, + - + 4, L,. Nole tha
by our choice of Weyl chambers the highest weights 1 = (4,, ..., 4,) that aris
salisly

Lhzdyz24,20 forsl,,,sp,y, and so,,,,,

where the 1, are all integers in the first two cases, and for so,,,, they are eithes
all integers or all hall-integers; and

hzhzozh, 2420 forse,,
with the 4, all integers or all half-integers,

_Proposition 23.13. For each subgroup C of the center of G, the representation
]", is a represemiation of GfC precisely under the following conditions:

(i) G = SL,,C, C has order m dividing n + 1: ¥ 3, = 0 mod(m).
ﬁI}G = 5p;.C, C={+1}: } 4, is even.
(iii) G = Epm,.('. o.r Sping,., C, C = [ +1}: all 4, are integers.
fiv) ﬁ = Spin,,C, C = [+ 1, +w}: all 1, are integers, }. 1, is even.
(v) G = Spin,,C, n even, C = {1, w}: ¥4, is an even integer; and for C =
{1, —w}: ‘f:i,~ nf2 is an odd integer.

In particular, representations of PSL,,,C are given by partitions 4 with
L4 = 0mod(n + 1), and those for PSp,, C have § 4, even, Case (iii) verifies
what we saw in Lecture 19 about representations of 50, C. Representations
of PSO,,C correspond to integral partitions A with §_ 1, even.

Proor. With the preceding lemma and the explicit description of everything
sight, the calculations are routine. In case (i), for example, n generator for
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 is of the form exp(X), with

X= [Iaijm}(ﬁl E,, - nE_“,.”).

and so A(X) = (2rifm)(} 4;) will be a multiple of 2zi exactly when } 1 is
divisible by m. For Sp,,C, exp(X) = — | when X = mi(}. H)), 50 A(X) =ni} 4,
and (ii) follows. The calculations are similar for Spin,C, noting thal
exp(2ni{H,) = —1 and l:l[:l[l'[[lz Hy)) = w. O

By way of an example, recall that any irreducible representation of sl,C is
of the form Sym*V, where V is the standard two-dimensional representation.
Any such representation, of course, lifis to the group SL,C; but it lifis
to PSL,C = SO,C il and only if k is even (in particular, the “standard”
representation of S0,C on C* is the symmetric square Sym?F). For another
example, we have seen thal any irreducible representation of sp,C may be
found in a tensor product Sym*V & Sym'W, where V is the standard four-
dimensional representation of sp,C and W = AV the complement of the
trivial one-dimensional representation. All such representations lift to Sp,C,
but they lifi to PSp,C = SO, C il and only il k is even—equivalently, if they
are contained in a representation of the form Sym'W @& Sym*(A2W), where
W is the “standard” representation of SO, C.

Exercise 13.14. Show thal each of these semisimple complex Lie groups G has
a lnite-dimensional faithful representation.

The result of the proposition can be put in a more formal setting, which
brings out a feature that our alert reader has surely noticed: the center of
the simply-connected form of g is isomorphic Lo the quotient group Ag /Ay
of the weight lattice modulo the root lattice. We note first that this abelian
group Ay fAg is finite. We have seen this for the classical Lie algebras. In
general, we have

Lemma 23.15. The group Ay /Ay is finite, of order equal to the determinant of
the Cartan matrix.

Proor. The simple roots a form a basis for the root lattice A 5. The correspond-
ing elements H, form a basis for
Te=Z{H,; ye R},

a lattice in b; this is proved in Appendix D.4, Since Ay, is defined to be the
lattice of elements of I}* that take integral values on Iy, the determinant

det{a(H,}) = detin,,)
is the index [Ay: Ag]. 0
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In particular, for the exceplional groups, Ay /A is trivial for (G,),(F,),a
{Eg), and cyclic of order two for (E,) and order three for (E4).

In fact, the center of the simply-connected group is naturally isomorpl
10 the dual of Ay /Ag. To express this, consider the natural dual of this I:
group. The lattice I defined in the preceding prool is a sublattice of the latti

Tw={XehalX)eZforallae R}.

Note that Ay was deflined to be the lattice of elements of h* thal take inlegi
values on Ig. It follows formally from the definitions and the fact that Ay /¢
is finite that we have a perfect pairing

Fo/T % Aw/Ag = QZ, (X, a)rsalX).
The claim is that there is a natural isomorphism from Iy /T Lo the cent

of G, which is given by the exponential. More precisely, leteg:h—+ H = G|
the homomorphism defined by

eg(X) = exp(2niX).

We claim that when G = G is the simply-connected group, Ker(eg) = I'y an
e;(T)is the center of G, from which it follows that e induces an isomorphisn

[ /Ty = Z(G).
More generally, for any G = G/C, define a lattice I'(G) belween [y and Ty £
IM(G) = Ker(ez).
Then e; determines an isomorphism
T /V(G) = Z(G).
We may thus stale our resull as

Theorem 23.16. There is a one-to-one correspondence herween connected Li
groups G with the Lie algebra g and lattices A = y* such that

ﬂtcﬂchpr.

The correspondence is given by associating to a group G the lattice dual to th
kernel of the exponential map exp: g — G; in particular, the largest lattice A,
corresponds to the simply-connected group, the smallest Ay to the adjoint grow;
with no center. In terms of this correspondence, the irreducible representation
'Iﬂq“g with highest weight 4 € h* will lift to a representation of the group €
corresponding to A = b* if and enly if 1€ A

Note also that
' H=HT(G)=C*x - x C*,
with n = dim .} copies of C*.
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Exercise 23.17%. Show that these claims follow formally from what we have
secn: that the image of the exponential map contains the center, and that for
any weight o there is a representation ¥ of g whose weight space ¥, is not zero,
Show also thal e; delermines an isomorphism I'(G)/T, = n(G). In diagram
form,

- Gy
u Center(G) 1
T(G) G
U ny (G) T_
Ty G

Exercise 23.18. Find the kernels of each of the spin and half-spin representa-
tions Spin,,C — GL(S) and Spin_C — GL{5*).

Exercise 23.19*, Classify the irreducible representations of the full orthogonal
group O_C.

Mote that by our analysis of the Lie algebra g, there is a unique group Gy
with this Lie algebra, which is simultaneously the simply-connected and
adjoint forms; the representations of this group are exactly those of the alge-
bra g,. The same is true for the Lie algebras of type (F,) and (Ey), while (E;)
and (E4) each have two associaled groups, an adjoint one with fundamental
group Z/2 and Z/3, and a simply-connected form with center Z/2 and I/}
respectively.

It may be worth pointing out that each complex simple Lie group G can
be realized as a closed subgroup defined by polynomial equations in some
general linear group, i.e, thal G is an affine algebraic group. Every irreducible
representation G — GL(V) is also defined by polynomials in appropriate
coordinates. This explains why the whole subject can be developed from the
point of view of algebraic groups, as in [Borl] and [Hu2].

The Wey! group 98, which we defined as a subgroup of Aut(h*), can be
interpreted in terms of any connected Lie group G with Lie algebra g, Let -
be the Cartan subgroup corresponding to b, and let N(H) be the normalizer:

N(H) = {g € G: gHg™" = H}.
We have homomorphisms:
N(H) = AutiH) = Aut() - Autih*),

the first defined by conjugation, the second by dilferentiation at the identity,
and the third using the identification of §) and h* via the Killing form. Fact
14.11 can be sharpened to the claim that this map determines an isomorphism

N(H)/N 5 . {23.20)

When G is the adjoint form of the Lie algebra, this isomorphism is proved
in Appendin D. The general case lollows, using:
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Exercise 23.21. Show that if =: G' — G is a connected covering, with Carta
subgroups H' = n~'(H), then the induced map N(H')/H' — N(HYH is a
isomorphism.

Exercise 23,22, For each of the classical groups, and each simple root a, fin
an element in N(H) that maps to the reflection W, in 0.

§23.2. Representation Rings and Characters

Just as with finite groups, we can form the representation ring R of a sem
simple Lie algebra or Lie group: take the [ree abelian group on the isomorphis:
classes [ V] of finite-dimensional representations V,and divide by the relation
[V]=[VF1]+[V"] whenever ¥ = V' V", By the complete reducibility «
representations, it follows as before that R is a free abelian group on the classe
[¥] of irreducible representations, Again, the tensor product of representa
tions makes R into a ring: [V]-[W]=[V® W] Many of our question
about decomposing representations and tensor products of representation
can be nicely encoded by describing R more lully. We do this first for the Li
algebras,

For a semisimple Lie algebra g, let A = Ay, be the weight lattice, and le
Z[A] be the integral group ring on the abelian group A. We write e(d) for th:
basis element of £[A] corresponding to the weight 1; for now at least thes
are just formal symbols, having nothing to do with exponentials (but se
{23.40)). Elements of Z[A] are expressions of the form } n, (1), i.¢., they assigi
aninteger n,; 1o each weight A, with all but a finile number being zero. So Z[A
i a natural carrier for the infermation about multiplicities of representations

‘Define a character homomorphism

Char: R(g) - Z[A) (23.23

by the formula Char[¥] = ¥ dim{VF;)e(d), where ¥, is the weight space of |
for the weight 1 and dim(F;) its multiplicity. This is clearly an additive
homomorphism.

The first assertion about this character map is that it is infective. This comes
down to the fact that a representation is determined by the multiplicities of
its weight spaces, which is something we saw in Lecture 14,

The product in the group ring £ [A] is determined by efa)-e(f) = ez + [7)
Weclaim next that Char is a ring homowarphism. This comes from the familia
fact that

(Veaw,= @ Law,
=l
" The Weyl group 90 acts on Z[A], and a third simple claim is that the image
of Char is contained in the ring of invariants [ A]™. This comes down lo the
fact that, for an irreducible (and hence for any) representation ¥, the weighi
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spaces oblained by reflecting in walls of the Weyl chambers all have the same
dimension.

Let ey, ..., m, be a set of fundamenial weights; as we have seen, these are
the first weights along edges of a Weyl chamber, and they are (ree generators
for the lattice A. Let Ty, ..., [, be the classes in Rig) of the irreducible
representations with highest weights w,, ..., m,.

Theorem 23.24. (a) The representation ring Rig) is a pelynomial ring on the
variables Ty, ..., T,.
(b} The homomorphism Rig) — £[A] g an isomorphism,

In particular, this says that Z[A]™ is a polynomial ring on the variables
Char(l;}), ..., Char(l},). In fact, the theorem is equivalent 1o this asserlion,
since if we take variables U,, ..., U, and map the polynomial ring on the U
to Rig) by sending U to T, we have

Z[U,,.... U] - Rig) = Z[A]™

If the compaosile is an isomorphism, the second being injective, both must be
isomorphisms, which is what the theorem says.

In spite of its fancy appearance, we will see that the theorem follows quile
easily from what we know aboul the action of the Weyl group I8} on the
weights.

Forany P e Z[A]lel us say that a is a highest weight for P il the coefficient
of e(a) in P is nonzero, and, with a chosen ordering of weights as belore, a is
the largest such weight. We first observe that if P is invariant under 98, then
the highest weight for P is in %"~ A, where % is our chosen (closed) Weyl
chamber, In general, weights in % ~ A are oflen referred to as dominant
weights.

Mow suppose [Py} is any collection of clements in Z[A]™, one for each
dominant weight 4, such that P, has highesl weight 1 and the coefTicient of
efd)is 1. We claim that the P, form an additive basis for Z[A]™ over Z. This
is easy to see and is the same argument used in the theory of symmetric
polynomials in any algebra text: given P with highest weight 4, if the coelTicient
of e(d) is m, then P — mP, is invarianl whose highest weight is lower, and one
continues inductively until one reaches weight zero, i.e, the conslants.

Let F; = Char(T3), which has highest weight @, and suppose the coellicient
of efm;) is 1. Since any weight 1 € % A can be uniquely expressed in the
form 4 = ¥ m;w,, for some non-negative integers m,, and the highest weight
of [T(F)™ is 3, maw, it follows that the monomials [ (F)™in P,,..., P, form
an additive basis for Z[ A]™. This says preciscly that Z[ 1%, ..., P,] = Z[AT"™,
and completes the proof. (]

Let us work this out concretely for each of our cases sl,,, C, sp,C, s04,,,C,
and so,,C. Each lattice A contains weights we have called L, ..., L ; in the
first case we also have L,,, with L, + - + L,,, = 0. We sel ‘
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w=ell)  xi'=e(—L)eZ[A) (23.25)
Nole that in case L, ..., L, is a basis for A, then
FIA]l = E[xy, oy ] By, X (g )71 ]

as a subring of the field Q(x,, ..., x,).
{A,) Forsl,,, C, lundamental weighis are

L., L|+Lj-| L|+L3+LJ----,L1+"‘+L..

carresponding to the irreducible representations ¥, A?V, ..., A°F, with
¥ = C"*! the standard representation. The character of A'V is ) e(a), the sum
over all a that are sums of k different L, for 1 < i < n + 1. S0 Char(A*V) = A,,
where A, is the kth elementary symmetric function of x|, ..., x4 ;. The Weyl
group is the symmetric group &,,,, acting by permutation on the indices, so
the theorem in this case says that

Risl,,,) = Z[A1% = Z[A,, ..., A1 | (23.26)

MNote that Z[A) = Flx,,.... %0 Xesy Wix, o Xpuy — 1), 80 Z[A] has an
additive basis consisting of all monomials x*, with & an n-tuple ol non-negalive
integers, but with not all o, positive.

(C,) For =p,,C, the lattice A and fundamental weights have the same
description as in the preceding case. The corresponding irreducible represen-
tations are the kernels V™ of the contraction maps A'V — A2, with now
¥ = C?* the standard representation, k = 1, ..., n. The character of A*V is
¥ e(a), the sum over all a that are sums of k different + L, for | <i < n. The
character Char(/'¥) is thus the elementary symmetric polynomial C, in the
variables x,, x7", x5, x3%, ..., x,, %, '. The theoremn then says that

R(5p;C) = Z[A]™ = Z[C,, C; = 1,C; = Cy,..., Gy = Cy_s]
=Z[C,,C; Cy..., G

{B,) For so,,,,C, A is spanned by the L; together with §(L; + -+ L,).
The fundamental representations are ¥, ATV, ..., A°°'F, and the spin
representation S. The character of A'V is the kth clementary symmetric

(23.27)

function of the 2n + 1 elements x,, x;', ..., x,, x;' and 1; denote this by B,.
The character of §, which we denote by B, is the sum ¥, x{ " .. .- x2'?, where
X = e(Lyf2),  x7'7 =e(—Ly2) (23.28)

So Bis the nth elementary symmelric polynomial in the variables x'' 4 x/ "2,
Therefore,

R(s0,,,,C) = Z[A]" = Z[B,, ..., B,_,, B). (23.29)

{D,) For s0,,C, A and Z[A] are the same as in the preceding case.
The fundamental representations are ¥, AV, ..., A2V, and the hall-spin
represenlations §5* and 57, The character of A'F, denoted Dy, is the kth
elementary symmetric function of the 2n elements x,, >, ", ..., x,, x;". The
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character D* of §* is the sum Y x{'?-._.-x}"?, where the number of plus
signs is even or odd according to the sign. We have

R($0,,C) = Z[A]® =" D,,...,D,_5. D*, D], (23.30)

Exercise 23.31*, (a) Prove the following relation in R{so,,,, T}
B =B 4 +B +1,
corresponding to the isomorphism
S@szNve---dNVeNV.

This describes R(s04,4, ) as a quadratic extension of the ring Z[B,...., B]
(b} Let D} {respectively, D) be the character of the representation whose
highest weight is twice that of D* (resp., D™}, so that, for example, the sum of
the representations D} and D, is A"V, Prove the relations in R{so,,C)
D* D =D} 4D,y 4D, 4+,
DD =D +D, 3+ D,y 4+,
D*D” =D 4Dy + Dy
We can likewise describe the representation ring for g,. Here, we may lake

as generators for the weight lattice the weights L, and L, as pictured in the
diagram

and correspondingly write Z[A] as Z[x,, x;", x;, x3' ], where x, = e(L). It
will be a little more symmetric to introduce L, = —[., — L, as piclured and
xy = x;'-x3" = e[L,), and wrile

I[A] = &[x;, %5, 3 2y x3%y — 1)
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In these terms the Weyl group is the group 98 generated by the symmetri
group &, permuting the variables x; and the involution sending each x; 1o x;'
The standard representation has weights + L, and 0, and so has character

A=Alx, x50 =1+ x4+ 2" b xy b 23" + x5+ x,"

Similarly, the adjoint representation has weights + 1L, +(L; — L;), and {
{laken twice]; its character is

B = Alxy, x5, x3) + A(x, /x5, x3/%5, x3/%;).
The theorem thus implies in this case the equality
Rig;) = Z[A]™ = Z[A, B). (23.32
Exercise 23.33. Verify directly the statement that any element of Z [x,, x;, x5],

(x,x3%y — L)invariant under the group 90 as described is in fact a polynomia
inA and B.

Similarly we can define the representation ring R(G) of a semisimple grouj
G. When G is the simply-connected form of its Lie algebra g, R(G) = Riqg)
so R(SL,C), R(Sp,,C), R(Spins,,C), and R(Spin,,C) are given by (23.26)
(23.27), (23.29), and (23.30). In general, R(G) is a subring of R{g); we can reac
off which subring by looking at Proposition 23.13. We have, in fact,
R(3044+,C)=Z[B,,...,B]; (23.34
R[SOHCIH IZ[H‘Il"H Dn“lln:ruu_]t [23_35
with D} and D] as in Exercise 23.31. Bul this lime there is one relation:
{D: + D, +B||—4 RaRRE IHD: + Bl—! + ﬂu—l- *++ ”
=Dy + Doy +- 4+

Exercise 13.36".

(a) Prove (23.34),

{b) Show that the relation in (23.35) comes from Exercise 23.31(b). Show thai
R{50,,C) is the polynomial ring in the n + | generators shown, modulc
the ideal generated by the one polynomial indicaled.

{c) Describe the representation rings for the olher groups with these simple
Lie algebras.

{d) Prove the isomorphism

R(GL,C) = Z[E,,..., E,, E.'],

where the E, are the elementary symmetric funclions of x,, ..., x,.

Exercise 23.37%. (a) Show that the image of R{O_,C)in R{(S0_C} is the poly-
nomial ring F[B,,..., B, ]Jilm=2n+ |,and Z[D,,..., D,]i[m = 2n.
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(b} Show that
R(03,4,C) = R(504,.,C) @ R(£/2)

= Z{By, ..., By Bysy M(Bysy) — 1)
and

R(O,,C) = Z[D,,..., D,, D;, 11,
where [ is the ideal generated by (Dy,)* = 1 and DD, — D,.

Exercise 23.38%. The mapping that takes a representation ¥ 1o its dual ¥*
induces an involution of the representation ring: [ F']* = [V*]. The ring Z[A]
has an involution determined by (e{d))* = e( — ). Show that the character
homomorphism commules with these involutions. Show that for el,,,,
(A)* = Ay forsng,,, C,and sp,,C, and sa,,C for neven, the involution s
the identity; while for g0,,C with n odd, (D)* = Iy, (D*)* = D™ (D7)* = D%,
Deduce that all representations of all symplectic and orthogonal groups are
self-dual. Mote that when » is the identity, all representations are self-dual. In
the other cases, compute the duals of irreducible representations with given
highesi weight.

The lollowing exercise deals with a special property of the representation
rings of semisimple Lie groups and algebras.

Exercise 23.39*. The representation rings R = Rig) and R(G) have anolher
important structure: they are A-rings. There are operalors

ARG = RIG), i=0,1,2,...,

determined by 2'([V]) = [A'V] for any representation V.
(a) Show that this determines well-defined maps, salisfying A" = 1, 4" = Id,
and

Alx + y) = .,)1:. Alix)- Ay

for any x and y in R. In fact, R is what is called a special A-ring: there are
formulas for 2'(x - y) and A'(/(x)), valid as il x and y could be written as sums
of one-dimensional representations (see, e.g., [A-T]).

(b) Show that 1'extends to Z[A], and use this to verify that B(G) is a special
A-ring.

Define Adams operators y*: R = R by *(x) = P,(d'x, ..., 1"x), where Fis
the expression for the kth power sum (cf. Exercise A.32) in terms of the
elementary symmetric functions, n = k. Equivalently,

A0 — () - 4 (= kA (x) = 0.

(c) Show that, regarding R as the ring of functions on the group G,
(" x)(g) = x(g*). Equivalently, y*(e(2)) = e(kA). :



§23.2. Representation Rings and Characters LR

{d) Show that each y* is a ring homomorphism, and §* o ' = ¢**'.
{e) Show thai for a representation ¥,

Char(Sym?*V) = } Char(V)* + b {Char{V)),
Char{\?¥) = } Char{V)? — l*(Char({V)).

Show that Char(Sym?¥) and Char{/AV) can be writlen as polynomials ir
P*(Char(V)), | <k < d.

Formal Characters and Actual Characters

Let G be a Lie group with Lie algebra g. For any representation ¥ of g, the
image of [¥] e Rig) in Z[A] is called the formal character of V. As it lurns
out, this formal character can be identified with the honest characler of the
corresponding representation of the group G, restricled 1o the Cartan sub-
group H:

(23.40) If Char(V) = § m,e(a) is the formal character, and exp( X} is an elemeni
of H, then the trace of exp(X) on V is }_ m ™",

This is simply because exp(X) acts on the weight space ¥, by mulliplication
by e*'*, as we have seen. In particular, a representation is determined by the
character of ils restriction lo a Carlan subgroup.

Another common notation for this is to set e(X) = exp(2niX), and
#(z) = exp(2niz). Then the trace of e(X)is } m, e(=(X)).

Exercise 23.41. As a function on H, the characler of a representation is
invariant under the Weyl group I8 = N{H)/H. Describe R{G) as a ring of
IB-invariant functions on H.

This is also compatible with our descriptions of elements of Z[A]™ as
Laurent polynomials in variables x, or x]™. For SL,,,C, for example, if the
character Char(W) of a representation W is Plx,,..., x4 ) the trace of the
matrix diag(z,,.... 2,5 )on Vis Pz, ..., 2,4 ). Similarly for the other groups.
using the diagonal matrices described in the first section of this lecture. For
the spin groups, the element w(z,, ..., z,) defined in (21.8) has irace given
by substituting z, for x/?, and z;! for x;"® in the corresponding Laurenl
polynomial.

Exercise 23.42*. Il g, and g, are iwo semisimple Lie algebras, show that
Rigy x g2) = R(9:) ® Rig,)

Exercise 23.43*. (a) For the natural inclusion sl,C = sl,,, C, restriction of
representations gives a homomorphism R(sl,,, C) — R(sl,C), which can be
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described by saying what happens to the polynomial generators. Since
AC" B C) = A" e AT (C), this is

Ay Ay + Ay
Give the analogous descriptions for the following inclusions:
8P;3,-2C = 8p,,C, s0,,C 60y, 0, 80y, ,C = 80,0
sl,C = sp,,C, sl,C c so0,,,,C, 6l,C = s0,,C;

sp,,C < 8l C, 04, C = 8ly,, C, s0,,C < sl,,C.

{b) The inclusion sl,C x sl,,C = sl C delermines a restriction homo-
morphism R(sl,,,C)— R(sl,C x [ ,C) = R{sl,C) @ R{sl,C), which takes
polynomial generators A, 0 A, @1 4+ A, @ A, + -+ | @ A,. Compute
analogously for

8p3.C % 8Py, C = 8py45,C, #0,C % 80, C =60, C

Which of these inclusions correspond to removing nodes from the Dynkin
diagrams?

Exercise 23.44. Compule the isomorphisms ol representation rings corre-
sponding lo the isomorphisms sl;C = #0,C, s0,C = sp,C, and sl,C = so0,C.

§23.3. Homogeneous Spaces

In this section we will introduce and describe the compact homogeneous
spaces associaled Lo the classical groups. As we will see, these are classified
neatly in terms of Dynkin diagrams, and are, in turn, closely related to the
representation theory of the groups acting on them. Unfortunately, we are
unable to give here more than the barest outline of this beautiful subject; but
we will at least try Lo say what the principal objects are, and what connections
among them exist. In particular, we give at the end of the seclion a diagram
(23.58) depicting these objects and correspondences to which the reader can
refer while reading Lhis section.

We begin by introducing the notion of Borel subalgebras and Borel sub-
groups. Recall first that a choice of Cartan subalgebra [y in a semisimple Lie
algebra g determines, as we have seen, a decomposition g = h @ (P, g 0. To
each choice of ordering of the root system R = R U R, we can associale a
subalgebra

b-hmiEBn..

called a Borel subalgebra. Nole thal b is solvable, since @b < Do,

b = (P a,4g, eic. In fact, b is a maximal solvable subalgebra (Exercise
14.35).
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I G is a Lie group with semisimple Lie algebra g, the connected subgroup
B of G with Lie algebra b is called a Borel subgroup.

Claim 23.45. B is a closed subgroup of G, and the guotient G/B is compact.

Proor. Consider the adjoint representation of GG on g. The action of the Borel
subalgebra b obviously preserves the subspace b < g, and, in fact, b is jusi the
inversc image of the subalgebra of gl{a) preserving this subspace: if X = } X,
s any element of g with X, e g, and X, # 0forsome 2 € ™, we could find an
element H of h = b with ad{X)(H) ¢ b—any H not in the annihilator of a & [*
would do. B is thus (the connected component of the identity in) the inverse
image in G of the subgroup of GL(qg) carrying b into itsell. It follows that B is
cosed; and the quotient G/B is conlained in a Grassmannian and hence
compact. (Alternatively, we could consider the aclion of G on the projective
space P(g), and observe that B is just the connected component of the identily
in the stabilizer of the point corresponding to the highest weight space g, < g.)

In fact, in the case of the classical groups, it is easy to describe the Borel
subgroups and the corresponding quolients.

For G = 5L,,,C, B is the group of all upper-triangular matrices in G, i.e.,
those automorphisms preserving the standard flag. It follows that G/B is the
usual (complete) flag manifold, i.e., the variety of all flags

GB={0cV =¥l

of subspaces with dim({F)) = r.

For G = 80,,C or 50,,,,C the orthogonal group of automorphisms of
€™ = C* or C¥*' preserving a quadratic form @, B is the subgroup of
aulomorphisms which preserve a fixed flag V, = --- = ¥, of isotropic sub-
spaces with dim(¥,) = r. All such flags being conjugate, G/ is the variety of
all such Mags, ie.,

GIB={0cV,c e ¥,cCmQ, V)=0)

Note that B automatically preserves the flag of orthogonal subspaces, so that
we could also characlerize G/B as the space of complele flags equal to their
orthogonal complements, i.e.,

GB={0cVccV_cl,=C"0F,V,)=0).

Finally, the same holds for 5p,,C: the Borel subgroups B < Sp,,C are just
the subgroups preserving a hall-flag of isolropic subspaces, or equivalenily
a full flag of pairwise complementary subspaces; and the quotient G/B is
correspondingly the variety of all such Mags.

Exercise 23.46. With our choice of basis {e,}, let ¥, be the subspace spanned
by the first r basic vectors. If B is defined to be the subgroup that preserves
V. for 1 <r < n, verily that the Lie algebra of B is spanned by the Cartan
subalgebra and the positive rool spaces described in Lectures 17 and 19.
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We now want to consider more general quotients ol a semisimple comples
group G. To begin with, we say that a (connected') subgroup P of G is
parabolic il the quotient G/P is compact. Of course, a Borel subgroup B is
parabolic, and so is any closed subgroup containing a Borel subgroup. The
following claim is a converse to this: it asserts that the Borel subgroups are
exactly the minimal parabolic subgroups.

Claim 23.47. If B is a Borel subgroup and P a parabolic subgroup of G, then
there is an x e G with

B e xPx™"
We will not prove this here, but will remark that it is closely related to

Claim 2348. If P < G is a parabolic subgroup, then the quotient G/P may be
realized as an orbit of the action of G on PV for some representation V of G
(in particular, G/P is a prajective algebraic variety).

The first claim follows from the second by a version of Borel's fixed poinl
theorem: il B is a connecled solvable group, ¥ a representation of B and
X = PV a projective variety carried into itsell under the action of B on PV,
then B must have a fixed point on X. This is straightforward: we observe (by
Lie's theorem (9.11)) that the action ol the solvable group B on ¥ must
preserve a flag of subspaces

lec Vel =V

with dim(¥) = i. We can thus ind a subspace ¥, = V fixed by B such that X
intersects PF in a finite collection of points, which must then be fixed points
for the action of B on X. In the other direction, we will soon see directly how
G/P is a projective variety whenever P is a subgroup containing B.

We can now completely classily the parabolic subgroups of a simple group,
up to conjugacy. By the above, we may assume that P contains a Borel
subgroup B. Correspondingly, its Lie algebra p is a subspace of g containing
b and invariant under the action of B on g; ie, it is a direct sum

p=h® D a.

aa T

for some subsel T of R that contains all positive roots. Mow, in order for p to
be a subalgebra of g, the subset T must be closed under addition (that is, if
two rools are in T, then either their sum is in T or iz not a root). Since, in
addition, T contains all the positive roots, we may observe that if @, f, and 3
are positive rools with a = 7 4+ 7, then we must have

—pgeT=—~feTand -y T,

"1t iz a general fact that P must be connected il G/P is compact,
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Clearly, any such subset T must be generated by R* together with the
negatives of a subset I of the set of simple roots. Thus, if for each subset £
of the set of simple roots we let T(E) consist of all roots which can be written
as sums of negatives of the roots in I, together with all positive roots, and
form the subalgebra
=50 @ o (23.49)
ae T'(L}

then p(E) is a parabolic subalgebra, the corresponding Lie group P(E) is a
parabolic subgroup containing B, and we obtain in this way all the parabolic
subgroups of G. We can express this as the observation that, up to conjugacy,
parabolic subgroups of the simple group G are in one-to-one correspondence
with subsets of the nodes of the Dynkin diagram, i.e., with subsets of the set of
simple roots.

Examples. In the case of s1,C, there is a symmetry in the Dynkin diagram, so
that there is only one parabolic subgroup other than the Borel, corresponding
to the diagram

o—e

This, in turn, gives the subset of the root system

corresponding to the subgroup

. ow oW
P= . t)
00 =

and the homogeneous space
) G/P = P2,

In the case of sp, T, there are two subdiagrams of the Dynkin diagram:
e D wd O

these correspond Lo the subsets of the root system
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and

{Here we are using a black dot to indicale an omiited simple root, a white dot
to indicate an included one.) The corresponding subgroups of Sp, C are those
preserving the vecior e, and preserving the subspace spanned by e, and e,,
respectively. The quotients G/B are thus the variety of one-dimensional iso-
tropic subspaces (i.e, the varicty P2 of all the one-dimensional spaces) and
the variety of lwo-dimensional isolropic subspaces.

Exercise 23.50. Interpret the diagrams above as giving rise to parabolic
subgroups of the group SO0, C of automorphisms of C* preserving a symmetric
bilinear form. Show that the corresponding homogeneous spaces are the
variety of isotropic planes and lines in C3, respectively. In particular, deduce
the classical algebraic geometry [acts that:

{i) The variety of isotropic 2-planes for a nondegenerate skew-symmeiric
bilinear form on C* is isomorphic to a quadric hypersurface in P*,

(i) The variety of isotropic 2-planes for a nondegenerate symmetric bilinear
form on C? (equivalently, lines on a smooth quadric hypersurface in P*)
is isomorphic to P2,

In general, it is not hard Lo see that any parabolic subgroup P in a classical
group G may be described as the subgroup that preserves a partial flag in
the standard representation. In particular, a maximal parabolic subgroup,
corresponding to omitling one node of the Dynkin diagram, may be described
as the subgroup of  preserving a single subspace, Thus, for G = SL,C, the
kth node of the Dynkin diagram

{02

corresponds to the Grassmannian G(k, m) of k-dimensional subspaces of C®,
(Mote that the symmetry of the diagram reflects the isomorphism of the
Grassmannians G(k, m) and G{m — k, m).)

For Sp,,C, the kth node of the Dynkin diagram

OO e OGO D — ()
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corresponds Lo the Lagrangian Grassmannian of isotropic k-planes, for k = 1,
1, ..., n. Similarly, for G = 50,,,,C, the kth node of the Dynkin diagram
corresponds to the orthogonal Grassmannian ol isotropic k-planes in C*'1,
Finally, for 50,,C,fork = 1,2,...,n — 2the kth node of the Dynkin diagram

oo

yields the orthogonal Grassmannian of isotropic k-planes in C, but there is

one anomaly: either of the last two nodes
oo’

gives ane of the iwo connected components of the Grassmannian of isotropic

n-planes,

Exercise 23.51*. Compute p(Z) directly lor each of the classical groups, and
verily the above statements. Why is the orthogonal Grassmannian of isotropic
{n — 1}-planes in C*" not included on the list?

As we saw already in Exercise 23,50, the low-dimensional coincidences
between Dynkin diagrams can be used to recover some [acls we have seen
before. For example, the coincidence (D,) = (A, ) = (A,) identilies the two
family of lines on a quadratic surface in P* with two copies of P'. The
coincidence (A,) = (D)

gives rise to two identifications of marked diagrams: we have
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corresponding to the isomorphism between the Grassmann varieties
= G{1, 4), P* = G(3, 4) and the two components of the fnmily of 2-planes
on a quadric hypersurface ¢ in P**; and

o—e—o0 =

corresponding to the isomorphism of the Grassmannian G(2, 4) with the
quadric hypersurface @ itsell. Finally, an observation that is not quite so
elementary, but which we saw in §20.3: the identification of the diagrams

I{ E D—{
says that either connected component of the variety of 3-planes on a smooth
quadric hypersurface Q in P7 is isomorphic to the quadric Q itself,
There is another way to realize the compact homogeneous spaces associated
to a simple group G. Let V¥ = [, be an irreducible representation of G with
highest weight 4, and consider the action of G on the projective space PV, Let

p € PV be the point corresponding to the eigenspace with eigenvalue 1 We
have then

Claim 23.52. The orbit G - p is the unique closed orbit of the action of G on PK,

Proor. The point pis fixed under the Borel subgroup B, so that the stabilizer
of pis a parabolic subgroup Py; the orbit G/P; is thus compact and hence.
closed. Conversely, by the Borel fixed point theorem, any closed orbit of G
contains a fixed point lor the action of B; but p is the unigue point in PV fized
by B. o:

In fact, it is not hard to say which parabolic subgroup P, is, in terms of the ©
classilication above: it is the parabolic subgroup corresponding to the subset of -
simple roots that are perpendicular to the weight 1. Mow, sets I of simple |
roots correspond to faces of the Weyl chamber, namely, the face that is I‘J!
intersection of all hyperplanes perpendicular to all roots in E,

We thus have a correspondence between [aces of the Weyl chamber mi
parabolic subgroups P, such that if V¥ = I, is the irreducible rr.prmnlal.lul
with highest weight 1, then the unique closed orbit of the action of G on PP';E
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is of the form G/P, where P is the parabolic subgroup corresponding to th
open face of ¥ containing 4. In particular, weights in the interior of the We:
chamber correspond to Py = B, and so determine the full Mag manilold G/1
whereas weights on the edges give rise to the gquotients of G by maxim:
parabolics. Mote that we do obtain in this way all compact homogeneou
spaces for G.

For example, we have the representations of SL,C: as we have seen, th
representations Sym*V and Sym*V*, with highest weights on the boundaric
of the Weyl chamber, have closed orbits {v*},,, and [I*},, ,+ isomorphic b
PV and PV*. By contrasl, the adjoint representation— the complement o
the trivial representation in Hom(V, ¥} = ¥ & V*—has as closed orbit th
variety ol traceless rank | homomnorphisms, which is isomorphic to the Nay
manifold via the map sending a homomorphism ¢ to the pair (Im @, Ker g)
The picture is

representations Sym' ¥ *

el fosdn e presenialion has
chnsed arbit the Mag manifodd
(= hyperplane seciion of
PV = Fv* cFIV 8 =P")

representaions Sym' Y
have closed orbit P

In general, if V is the standard representation of SL,C, in the representa-

tions of SL,C of the florm W = Sym*V we saw that the vectors of the form
{v*} ;¢ formed a closed orbil in PW, called the Veronese embedding of P*™".
Likewise, in representations of the form W = AV the decomposable veciors
[v, A vy A - A ) formed a closed orbit in PW; this is the Pliicker embedd-
ing of the Grassmannian.
- Similarly, we may identily the closed orbits in representations of Sp,C.
Recall bere that the basic representations of Sp,C are the standard represen-
tation ¥ = C* and the complement W of the trivial representation in the
exterior square A?V; all other representations are contained in a lensor
product of symmetric powers of these. Now, Sp,C acts transitively on PV:
the closed orbit is all of P, In general, in P{Sym* V) the closed orbit is just
the set of vectors {v*},,, = P By contrast, the closed orbit in PW is just the
intersection of the hyperplane PW < (A2 V) with the locus of decomposable
vectors [0 A W), .0 this is the variety
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X ={vawQyw =0}

ol isotropic 2-planes A = V lor the skew form Q.

—_— )
representations Sym*V
have chosed orti P

For the group Sping, 4, C, the closed orbit of the spin representation § is
the orthogonal Grassmannian of n-dimensional isotropic subspaces of C**",
The corresponding subvariety

G/P = P(5)

is a variety ol dimension(n + 1)n/2 in P¥, N = 2* — |, called the spinor variety,
or the variety of pure spinors. Similarly for Spin,, C, the two spin representa-
tions §* and §~ give embeddings of the two components of the orthogonal
Grassmannian of n-dimensional isotropic subspaces of C", one in P(5"), one
in P{57). These spinor varieties have dimension n{n — 1)/2 in projective spaces
of dimension 2°°' — 1.

Exercise 23.53. Show that the spinor variety for Spin,,_, C is isomorphic lo
each of the spinor varieties lor Spin,,C. In[act they are projectively equivalent -
as subvarieties of projective space P, N = 27! — 1.

1t follows that, for m < 8, the spinor varieties for Spin,C are isomorphic
o homogeneous spaces we have described by other means. The first new one
is the 10-dimensional variety in P'*, which comes [rom SpingC or Sping,C.

It is worth going back to interpret some of the “geometric plethysm” of
earlier lectures (e.g., Exercises 11.36 and 13.24) in this light.

Finally, we can describe (al least one ol ) the compact homogeneous spaces
for the group G, in this way. To begin with, G, has iwo maximal parabolic
subgroups, corresponding to the diagrams

e = =D
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These are the groups whose Lie algebras are the parabolic subalgebras spanned
by the Cartan subalgebra h = g together with the rool spaces corresponding
to the roots in the diagrams

&
r

and

In particular, each of these parabolic subgroups will have dimension 9, so
that both the corresponding homogeneous spaces will be five-dimensional
verieties. We can use this to identily one of these spaces: il ¥ is the standard
seven-dimensional representation of G,, the closed orbit in PV = P* will be
ahypersurface, which (since it is homogeneous) can only be a quadric hyper-
surface. Thus, the homogeneous space for G, corresponding to the diagram

===

B a quadric hypersurface in P, In particular, we see again that the action of
Gy on V preserves a nondegenerate bilinear form, i.e., we have an inclusion

G, =+ 50,C.

The other homogeneous space ¥ of g, is less readily described. One way
to describe it is to use the fact that the adjoint representation W ol g, is



192 23 Complex Lie Groups; Characters

contained in the exterior square A? ¥ of the standard. Since the Grassmannian
G(1, 7) = P(A?W) of lines in PV is closed and invariant in P(A?V), il Tollows
that ¥ is contained in the intersection of G with the subspace PW = P[f\’l"l
In other words, in terms of the skew-symmetric trilinear form w on V preserved
by the action of G,, we can say that ¥ is contained in the locus

={AcVF:wlA A ) =0} = G2, V),
Problem 2354.1s ¥ = IV

Exercise 23.55. Show that the representation ol E, whose highest weighi is
the first lundamental weight o, determines a 16-dimensional homogeneous
space in P*%,

These homogeneous spaces have an amazing way of showing up as extremal
examples of subvarieties of projeclive spaces, starling with a discovery of
Severi that the Veronese surface in P? is the only surface in P* (nonsingular
and not contained in a hyperplane) whose chords do not il up P*. For recent
work along these lines, see [L-¥d V], with its appendix by Zak on interesting
projective varieties that arise [rom representation theory.

Although we have described homogeneous spaces only for semisimple Lie
groups, this is no real loss of generalily: any irreducible representation Vol a
Lie group G comes from a representalion of its semisimple quotient, up to
multiplying by a character (see Proposition 9.17), and this character does nol
change the orbits in P(V).

It is possible 1o take this whole correspondence one step [urther and
use it to give a construction of the irreducible represeniations of ; this is
the modern approach lo constructing the irreducible representations, due
primarily to Borel, Weil, Bott, and, in a more general setting, Schmid. We do
not have the means to do this in detail in the present circumstances, but we
will sketch the construction,

The idea is very straightforward We have just seen that for every irreduc-
ible representation V of G there is a unique closed orbit X = G/P of the action
of G on PV, We obtain in this way from V a projective variety X together wilh
a line bundie L on X invariant under the action of G (the restriction of the
universal bundle from PV) In lacl, we may recover ¥ [rom this data simply
as the vector space of holomorphic sections of the line bundle L on X. What
ties this all together is the lact that this gives us a one-to-one correspondence,
between irreducible representations of G and ample (positive) line bundleson_
compact homogeneous spaces G/P. More generally, using the projection maps
G/B — G/P, we may pull back all these line bundles to line bundles on G/B,
This then extends 1o give an isomorphism between the weight lattice of g and
the group of line bundles on G/8, with the wonderlul properly that fot.
dominant weights 1, the space of holomorphic sections of the associated line
bundle L, is the irreducible representation of G with highest weight A
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The point of all this, apart rom its intrinsic beauty, is thal we can g
backward: slarting with just the group G, we can construct the homogeneou
space G/B, and then realize all the irreducible representations of G as co
homology groups of line bundles on G/B. To carry this oul, start with a weigh
d e b* for g. We have seen that 1 exponentiates to a homomorphism If — C*
ie, it gives a one-dimensional representation C, of H. We want to induce thi
representation [rom Hto G.I{ H = B < G isa Borel subgroup, the representa
tion extends trivially to B, since B is a semidirect product of H and thn
nilpotent subgroup N whose Lie algebra is the direct sum of those g, foi
positive roois a. Then we can form

Ly=0G»gC,
= (G x C)/{(g, v) ~ (gx, x "0}, x € B},

which, with its natural projection to G/8, is a holomorphic line bundle on the
projective variety G/B. The cohomology groups of such a line bundle are finite
dimensional, and since G acis on L,, these cohomology groups are representa-
tions of G.

We have Bolt’s theorem for the vanishing of the cohomology of this line
bundle:

Claim 23,56, H'(G/B, L,) = 0 for i #i(1),

where i(1) is an integer depending on which Weyl chamber 1 belongs to. IT 4 is
adominant weight (i.e., belongs to the closure of the positive Weyl chamber
for the choice of positive roots used in defining B), then i{ — 1) = 0. In this case
the sections H®(G/B, L_,) are a finite-dimensional vector space, on which G
acls.

Claim 23.57. For 1 a dominant weight, the space of sections H*(G/B, L_,} is the
Irreducible representation with highest weight A

In this context the Riemann-Roch theorem can be applied lo give a for-
mula for the dimension of the irreducible representation. In fact, the dimension
part of Weyl's character formula can be proved this way. More refined analy-
sis, using the Woods Hole fixed point theorem, can be used Lo get the lull char-
;acter formula (cl. [A-B]). For a very readable introduction to this, see [ Bot]

We conclude this discussion by giving a diagram showing the relationships
‘among Lhe various objects associaled to an irreducible representation of a semi-

;fn'nple Lie algebra g. The objects and maps in diagram (23.58) are explained
‘mext.

First of all, as we have indicated, the term “Grassmannians” means the
ordinary Grassmannians in the case ol the groups SL,C, and the Lagrangian
Grassmannians and the orthogonal Grassmannians of isotropic subspaces in
Ahe cases of Sp,,C and 50,,C, respectively Likewise, “flag manifolds”™ refers
‘o the spaces parametrizing nested sequences of such subspaces. In the cases
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of the exceptional Lie algebras, the term “Grassmannian™ should just be
ignored; except f[or the quotient of G, by one ofits two maximal parabolic sub-
groups, the homogeneous spaces for the exceplional groups are not varieties
with which we are likely 1o be a priori lamiliar.

With this said, we may describe the maps A, B, ete., as lollows:

A, A" the map A associaies to a subset of the nodes of the Dynkin diagram
{equivalently, a subset § of the set of simple roots) the [ace of the Weyl
chamber described by

A @) > 0,Yee 5,
#s = {i'u, u:.=u.vu¢s}'

where ( , ) is the Killing form; the inverse is clear.

B, B the map B associates (o a face W of the Weyl chamber the subalgebra
g spanned by the Cartan subalgebra b, the positive root spaces g,.ae R",
and the rool spaces g_, corresponding to those positive roots a perpendic-
ular to #;. Equivalently, in terims of the corresponding subset § of the
simple roots, ge will be generated by the Borel subalgebra, together with
the root spaces _, for @ ¢ 5. Again, since every parabolic subalgebra is
conjugate to one of this form, the inverse map is clear.

C, C": The map C simply associates to a parabolic subalgebra p = g the
quotient G/P of G by the corresponding parabolic subgroup P < G. In the
other direction, given the homogeneous space X = G/P, with the action of
G, the group P is just the stabilizer of a point in X. Note that the connected
component of the identity in the automorphism group of G/ may be
stricily larger: for example, P**™" is a compact homogeneous space for
8p,.C, and we have seen that a quadric hypersurface in P® is a homoge-
neous space for G,.

D, I': The map D associates to the irreducible representation ¥ of g with
highest weight 1 the open [lace of the Weyl chamber containing 1 In
the other direction, given an open [face W3 ol % choose a lattice point
de Wyn Ay and take V=T,

E: We send the representation V to the subalgebra or subgroup fixing the
highest weight vector ve I

F, F: We associate to the representation V the (unique) closed orbit of the
corresponding action of the group G on the projective space PV. Going in
the other direction, we have to choose an ample line bundle L on the space
G/P, and then take its vecior space of holomorphic sections.

§23.4. Bruhat Decompositions

We end this lecture with a brief introduction to the Bruhat decomposition of
_rumisimple complex Lie group G, and the related Bruhat cells in the flag
manifold G/B. These ideas are not used in this course, but they appear so often
elsewhere that it may be useful to describe them in the language we have
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developed in this lecture. We will give the general statements, bul verify them
only lor the classical groups. General proofs can be lound in [ Bor 1] or [Hu2].

As we have seen, a choice of positive roots delermines a Borel subgroup §
and Cartan subgroup M, with normalizer N{H), so N{H)}/H is identilied with
the Weyl group 8. For each We 3B fix a represenlative ny in N{H). The
double coset B-ny,- B is clearly independent of choice of ny, and will be
denoted B- W- 3.

Theorem 23.59 (Bruhat Decomposition). The group G is a disjoint union of the
|98) double cosets B- W- B, as W varies over the Weyl group.

Let us first see this explicitly for G = SL,C. Here N(I) consists of all
monomial matrices in SL,,C, i.e., matrices with exactly one nonzero enfry in
each row and each column, and M = &_; a monomial matrix with nonzero
entry in the a{ jjth row of the jth column maps to the permutation o. To see
that the double cosets cover G, given g € G, use elementary row operations by -
left multiplication by elements in B to get an element b- g™', with b e B chosen
50 that the total number of zeros appearing at the left in the rows in b-g™'is
as large as possible, Il two rows of b-g™" had the same number of zeros at the
left, one could increase the total by an elementary row operation. Since all the
rows of b-g™" start with dilferent numbers of zeros, this matrix can be
put in upper-triangular form by lelt multiplication by a monomial malrix;
therelore, there is a permutation o so that &' = n,-b-g~" is upper triangular,
ie,g=(F)y"-n,bisin B-¢-8. To see that the double cosets are disjoint,
suppose #,. = b -n_-b for some b and b in B. From the eguation b=
()" -(K')"" - m,. one sees that b must have nonzero entries in each place where
(n,)"" - n,. does, from which it lollows that o' = a.

In fact, this can be strengthened as [ollows. Let U (resp. U™ ) be the subgroup
of G whose Lie algebra is the sum of all root spaces g, for all positive (resp,
negative)roots . For G = 5L, C, U (resp. U~} consists of upper-(resp. lower
triangular matrices with 1's on the diagonal. For Win the Weyl group, define
subgroups

UW)=Unrng- U ng!, UMWY =Unng U-ng
ol U, which are again independent of the chioice of representative n,, for W,

Corollary 23.60. Every element in 8- W+ B can be written u-ngb for unique,
elements win U(W) and b in B,

To see the existence of such an expression, note first that the Lie algebra,
of U(W) is the sum of all root spaces g, for which 2 is positive and W™'(a} iy
negative; and the Lie algebra of U'[WY is the sum of all rool spaces g, lut;
which & and W™ (a) are positive. One sees [rom this that U{W)- U(W]-Hi
the entire Borel group B. Since H - ny = ny - H and U{W) - ny = iy U, and
I and U are subgroups of B,
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B ng-B=U(W) UWY H-ny-B
= U(W) - U(W) ny-B
=U(W)-n, B

To see the uniqueness, suppose that ny = u-ny b for some u in U(W) and b
in . Then ng' -u-ny isin U~ n B = {1}, 50 u = 1, as required,

Mote in particular that the dimension of U'(W) is the cardinality of R*
W{R"), where R* and R~ are the positive and negative roots; this is also the
minimum number I{W) of reflections in simple roots whose product is W, cf.
Exercise D.30. It is a general fact, which we will see lor the classical groups,
that Li{W) is isomorphic to an affine space C"",

It follows from the Bruhat decomposition that G/H is a disjoint union of
thecosets Xy = B-ny - B/B,again with W varying over lhe Weyl group. These
Xy are called Bruhat cells. From the corollary we see that X, is isomorphic
lo the affine space LI{W) = C"™.
© ForG =SL_,Cand o inil = &_, the group U{o) consisis of malrices with
I's on the diagonal, and zero entry in the i, j place whenever either i > j or
a”'(i} < a”"( j), which is an alline space of dimension la) = # {(i, j): i > jand

oli) < o( ).

Exercise 23.61. Identilying SL, C/B with the space of all Mags, show that X,
consists of those Mags 0 = ¥, = ¥, = - such that the dimensions of inter-
sections with the standard Mag are governed by o, in the lollowing sense: for
each 1 < k < m, the set of k numbers d such that ¥, nC*™ "' S K, CY is
precisely the set {a(1), 0(2),. ., a(k)].

We will verily the Bruhat decompaosition for Sp,,C by regarding it as a
subgroup of SL,,C and using what we have just seen for SL,,C, following
[5te2]. Our description of Sp,,C in Lecture 16 amounts lo saying that it
is the fixed point set of the automorphism ¢ of 5L,;,C given by @(d) =

) 0
M4 M, with M = ( ] ﬂ) The Borel subgroup of Sp,,C will be the

iersection of the Borel subgroup B of SL,, C with Sp,, C, provided we change
the order of the basis of C*" to ey, ..., €,, €30, - .-, €441, 50 that B consists of
mlnm whose upper lell block is uppcr triangular, whose lower lelt block is
nm, and whose lower right block is lower triangular. The automorphism ¢
maps this B to itsell, and also preserves the diagonal subgroup H and its
mormalizer N(H), and the groups U and U~. The Weyl group of Sp,,C can

identified with the permutations in S, such that a(n + i) = a(i) + n lor
‘ | =i < n and it isexactly lor these o lor which one can choose a monomial

resenlative n, in Sp,,C. Mow il g is any element in Sp,, C, writeg = w-n_- b

ing to the above corollary. Then

g = pig) = @iu) pln,) eh),
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and by unigueness of the decomposition we must have p{u) = 1, pin,) = n, -k
he If,and @(b) = h™" - b Ut lollows that o belongs to the Weyl group of Sp,,C.
This gives the Bruhat decompesition, and, moreover, a unique decomposition
of g € Sp,,C intou-n, - b, with u in U{o)n Sp,,C Since this latter is an affine
space, this shows that the corresponding Bruhat cell in the symplectic flag
manifold is an alline space.

Exactly the same idea works for the orthogonal groups S0, C, by realizing
them as fixed points of automorphisms of SL,,C of the form A M ™" -4~ M,
with M the matrix giving the quadratic form

Note finally that il W' is the element in the Weyl group that takes each
rool lo its negative, then B- W'+ B is a dense open subset of G, a lact which is
evident for the classical groups by the above discussion. The corresponding
Bruhat cell X - is the image of U~ in G/B, which is also a dense open set. Il
follows that a function or section of a line bundle on G/# is determined by its
values on U™, For treatises developing representation theory via lunctions on
U~ see [N-S] or [Zel].

The following exercise uses these ideas to skeich a proof of Claim 2157
that the sections of the bundle L_, on G/B form the irreducible representation
wilh highest weight i:

Exercise 23,62%. (a) Show that sections 5 ol L_, are all of the [orm s(gh) =
(g, f1g)), where [ is a holomorphic function on G satislying b

Slg-x) = AUx)f(g) forallxeB.

{b) Let n' € N(H) be a representative of the element W' in the Weyl group
which takes each element to its negative Show that [ is determined by its
value al o',

{c) Show that any highest weight for [ must be 1, and conclude that .
H®G/B, L_,) is the irreducible representation I with highest weight A,

The holomaorphic lunctions [ of this exercise are lunclions on the space
G/U. In other words, all irreducible representations of G can be lound in spaces
of lunctions on G/U. This is one common approach to the study of representa-
tions, especially by the Soviet school, ef. [N-87], [ Zel].

Functions on G/U form a commutative ring, which indicates how to make
the sum of all the irreducible representations into a commutative fing. In [ad,
for the classical groups, these rings are the algebras §', 5, and 5 con-
siructed in Lectures 15, 17, and 19, of. [L-T]. They are also conrd:nmt rings
for natural embeddings of Nlag manifolds in products of projective spaces.



LECTURE 24

Weyl Character Formula

This lecture is preity straightforward: we simply stale the Weyl character formula in
§24.1, then show how it may be worked oul in specific examples in §24.2. In particular,
we derive in the case of the classical algebras formulas for the character of a given
irreducible representation as a polynomial in the characters of certain basic ones (either
the alternating or the symmetric powers of the standard representation for sI,C and
their analogues lor sp,,C and soC) The proofs of the formula are deferred to the
following two lectures. The techniques involved here are elementary, though the
determinamial formulas are fairly complex, involving all the algebra of Appendix A.

§24.1: The Weyl character formula
§24.2 Applications to classical Lie algebras and groups

_§24.1. The Weyl Character Formula

We have already seen the Weyl character formula in the case of sl,C, and it
it one reason why we were able to calculate so many more representations in
that case. We saw in Lectures 6 and 15 that for the representation I, = §,C"
‘of SL,C with highest weight 4 = ¥ 1,L,, the trace of the action of a diagonal
matrix 4 e SL,C with eniries x,, ..., x, is the symmetric function called the
Schur polynomial 5;(x,, ..., x,). This included a lormula for the multiplicities,
which are the coeflicients of the monomials in these variables

In order to extend this formula to the other Lie algebras, let us try lo rewrite
this Schur polynomial in a way that may generalize, The Schur polynomial is
defined 1o be a quotient of two alternating polynomials:

| .""_r|

Silxy. ox) = _|"F'I|_I
d
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These determinants can be expanded as usual as a sum over the symmetric
group &, which is the Weyl group 8. Writing x, = e(L,) in £[A] as in the
preceding lecture, and writing (— 1) for sgn{W) = det(W) lor Win the Weyl
group, the numerator may be expanded in the lorm

.,‘.*5.. (=D XWX = '}':,"P D" e(W(E(4 + n — i)L,))
= ’);*[_ ¥ e(W(1 + p)).

where we write A for Z4,L, and we sel p = E(n — i}L,. Our formula therefore
takes the form

L= 1"e(W(L + p))
I(—1)Te(Wip)
The denominator is the discriminant
Axy, o) =[] (x; - x) = H (e(Lq) — e(Ly)).

i<f

Char(l,) =

This can be written in terms of the positive roots L, — L;, i <j, as
Blxy, oy %) = :I:EIEHIL: = Ly) =~ e(=§(Ly ~ L)

Mote also that
p=Em—i)Ly=L; +(L; + Ly)+- +(Ly -+ L, y)

1
= i :éj':t-r = 'lel

which is the sum of the fundamental weights, and half’ the sum of the positive
rools.

These are the formulas that generalize 1o the other semisimple Lie algebras
For any weight p, define A, e Z[A] by

A= T (=1"eW) (241)

Mote that A, is not invariant by the Weyl group, but is alternating: W(A,) =
(—=1)"A, for Well. The ratio of two alternating polynomials will be.
invariant.

Theorem 24.2 (Weyl Character Formula). Let p be half the sum of the positive
roots. Then p is a weight, and A, # 0. The character of the irreducible repre-
sentation [, with highest weight 1 is

Char(I,) = -“-';—*'-. (WCF)
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The assertions about p are parl of the [ollowing lemma and exercise, which
will also be useful in the applications:

Lemma 24.3. The denominator A, of Weypl's formula is

| A,= [] (elo2) — e(~a12)
= (o) [, (1 —e(-a)
=e(=p) [] (ela) 1)

~ Proor. Since e(p) = (3, a/2) = [] e(x/2), the equality of the three displayed
expressions is evident; denote these expressions temporarily by A. The key
- point is to see that A is allernating. For this, it sulfices to see that A changes
sign when a reflection in a hyperplane perpendicular to one of the simple roots
is applied to it, since these reflections generale the Weyl group. This follows
immediately from the first expression lor A and (a) in Exercise 24.4 below,
Now, by the second displayed expression, the highest weight term that
appears in A is e(p), which is the same as that appearing in A,. Calculating
1/A formally as in (24.5) below, we see that A_/A is a formal sum ¥ m,_e(y)
that isinvariant by the Weyl group, and, using part (cof the following exercise,
it has weight 0. As in Theorem 23.24 it foliows that A,/ is constant; and, since
Aand A, have the same leading term ¢(p), we must have A4, = 4. O

Exercise 24.4*. (a) IT W = W, is the reflection in the hyperplane perpendicular
loa simple rooi a,, show that Wia;) = —a;, and W permutes the other positive
roois.

(b) With W as in (a), show that W{p) = p — a,. Deduce that p is the ele-
ment in ¥ such that p(M,) = 2(p, 2)/2, =) = | Tor each simple root «,
Equivalently, p is the sum of the fundamenial weights. In particular, p is a
weight.

{c) For any W # | in the Weyl group, show that p — W(p) is a sum of
distinct positive roots. Deduce that W(p) is not in the closure of the positive
Weyl chamber.

" Proofs of the character formula will be given in §25.2 and again in §26.2,
For now we should at least verily that it is plausible, ie, that 4,, /A, isin
Z[A]™ and that the highest weight that occurs is 1. Note that since the
numerator and denominator are alternating, the ratio is invariant. The lact
that A, is not zero follows from the second expression in the preceding lemma,
To see that the ratio is actually in £[A], however, we must verily that it has
only a finite number of nonzero coelMicients. Write
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=0 T (0 —e=a =e=p)[] § el-na (49

"‘p a A=l

When this is multiplied by A,,, = }.(— " e(W(d + p)), we get a formal sum
where the highest weight that occurs is the weight A. This means in particular
that there are only a finite number of nonzero terms corresponding to weights
in the fundamental (positive) Weyl chamber % But since the ratio is invariant
by the Weyl group, the same is true for all Weyl chambers, so 4, /A, is in
Z[A]™, and has highest weight 4. [t follows in particular that the 4,, /A, as
A varies over ¥ n A, form an additive basis for Z[A]™.

Before considering the prool or any other special cases, we apply (WCF)to
give a formula for the dimension of T

Corollary 24.6. The dimension of the irreducibile representation Iy is

. A+ poa) (A + p,a)

dim I = S = —_—t,

! N .n+ (P‘r €!> -H {F. Il'.]
where {u, Iy = a{Hy) = 2{a, FI(P, B) and ( , ) is the Killing form.
Proor. The dimension of [, is obtained by adding the coeflicients of all )
in Char(I,), i.e., computing the image of Char(I;) by the homomorphism from
Z[A] to C which sends each e{z) to 1. However, as in the case of the Schur

polynomial, the denominator vanishes il we try to do this directly. To get
around this, we factor this homomeorphism through the ring of power series:

ZIAl S e[~ ¢,

where the second homomorphism sets the variable ¢ equal to zero, ie, picks
off the constant term of the power series, and the first homomorphism ‘¥ takes
e¢lx) to €***. More generally, for any weight u define a homomorphism

W, Z[A] - CL[1]],  ela)is e,

We claim that ¥, (4,) = '¥;(4,) for all A and ji. This is a simple consequence
of the invariance of the metric { , ) under the Weyl group:

Wo(Ay) = T (—1)Tetn o
= z.:_ 1) ™ A
- z [= [].""Eliﬂn-l!
= Wy(4,).
Therefore,
W(Ay) =" (A4,) ="¥y(4,)
- ]'I {Eﬂ.-u.rl — !—{l.ﬂlﬂ}
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= ( [—L (4, u]) "™ 4 terms of higher degree in 1.

Hence,
(Aol Ag) = "W(As )H(4,)
= Uﬁ%‘;’l—ﬂ + terms of posilive degree in t,
which finishes the prool. (H]

Exercise 24.7. In the case of sI,C, verify that the above corollary gives the
dimension we found in Lecture 6.

Exercise 24.8, Verily directly that the right-hand side of the formula for the
dimension is positive.

Since y; = A;,/A, is the character of a virtual representation which
takes on a posilive value al the identity, as in the case of finite groups, Lo
prove that it is the character of an irreducible representation, it sullices to
show that [;x,%, = I for an appropriate compact group G. This was the
original approach of Weyl, which we will describe in the last lecture. Since
the highest weight appearing is 1, we will know then that this irreducible
representation must be I';.

Exercise 24.9. Use Corollary 24.6 to show that il 1 is a dominant weight
{ie, in the closure of the positive Weyl chamber), and o is a fundamental
weight, then the dimension of I, is greater than the dimension of I,
Conclude that the nontrivial representations of smallest dimension must be
among the n representations I, with w a fundamental weight.

§24.2. Applications to Classical Lie Algebras
and Groups

In the case of the general linear group GL, C, the character' of the represen-
tation [, is the Schur polynomial

S;_{x“ ,,,,x.] = Fffrl".

" We use the represeniation of GL,C instead of ils resiriction 10 SL,C, since the latier would
require the product of ihe variables x, 1o be |.
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which has several expressions in terms of simpler symmetric functions. Nofe
that the character of the dth symmetric power of the standard representa-
tion is the dth complete symmetric polynomial I, in n variables (Appendix
A

H,; = Char{Sym*(C")).

The first “Giambelli” or determinantal formula (A.5) of Appendix A gives
the character of the representation with highest weight 1 = (4, = - = 4, > 10)
as an r x r delerminant;:

Hy, Hypreo-Hianey

Hyy o Hy, ..

Charily) = |Hy, 4 jil = . {24.10)

Hy-xaio Hy
Equivalently, this expresses a general element [, & R(G) of the representation
ring as a polynomial in the representations Sym¥(C*). A second determinantal
formula, from (A.6), expresses [, in terms of the basic representations AY(CY),
whose characters are the elementary symmetric polynomials

E4 = Char(A(C")).

This formula is, with g the conjugate partition to A,
E, E,,..E 1

(]

B, E, ...
Char([y) = |Ey, oy = |7

'Ell'rﬂ- e 'EPl

(24.11)

In this section we work out the character formula for the other classical
Lie algebras, including analogues of these determinantal formulas, The ana-
logues of the first determinantal formula (24.10) were given by Weyl, but the
analogues of (24.11) were found only recently ([Ko-Te]). We also pay, at least
by way of exercises, the debis to (WCF) that we owe [rom earlier lectures.

The Symplectic Case

The weights lor spy,C are integral linear combinationsof L., L,. We oflen
wrile g = (g, ..., u,) for the weight g, L, + - 4 p, L.
The positive roots are {L, — L;}, - ;and {L; + Ly}, from which we find

p=Y 4+ 1 —i)ly=L,+(L, 4+ L)+ +(Ly + -+ L), (24.12)
e, p=mn—1..,1).
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As we saw in Lecture 16, an element in the Weyl group can be wrillen
uniquely as a product es, where o is a permutation of {L,,..., L,}, and
= (B, ..., &), with g = £+ |. Hence

Ay 'E{“H"EIHH‘E(;Z. ti-'-'i-f--m); (24.13)

here the sign (— 1) is the produel of the g,. Now with x, = e(L;), this can be
written

Ay =T (=17 [T a2ty = w0

or
Ap =[x — 2™, (24.14)
where |a, | denotes the determinant of the n = n matrix (a; ;) In particular,
A, = |xf ™1 — xpo) (24.15)
From (24.14) or Exercise A.52 we have
A, =Ax + x50 g +x] ) x = x ") (x, = 1Y), (24.06)

where A is the discriminant,
Exercise 24.17. Show that
Ap = J1 G = )by = D TLGeF = Dty

The character of the irreducible representation I'; with highest weight
J"E-l.lf-n 4, = = 4, = 0, is therefore:
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kn=iel _ o=(ljta=lsl)
Chlr‘rl} = ]x_l..._'ﬂ' -:: "._Tnll I [24. Iﬂ}
The dimension of [ is easily worked out [rom Corollary 24.6:
; =1 i+ EJ.]
dim(I,) =
! ﬂ”_,] i<y +2—1i-j)
@8 (24.19)

Y ﬁi’a—m}] m,’

where [ =4, +n—i+ landm=n—i+ I

Exercise 24.20. Show that, selting [; = 4, + n — i,

I =)0+ + 2 l‘lu. +1)
) = i - i

These formulas give the dimension of the irreducible representation I}, .
with highest weight a,w, + -- + a,m,, where the w, are the fundamental
weights, using the relation 4, = a; + - + a,.

Exercise 24.21. Use Exercise 24.20 to verily that for 1 = L, + -+ + L, the
dimension of [, is 2n il k=1, and (2:)-(* EIZ) if k=2 Use this to
give another proof that the kernel of the contraction from AV to A2 is
irreducible.

The [irst determinantal formula for the symplectic group goes as follows.
Let

Jylxyy oo ) = Hylxyy ooy X 7' o, x50,

where I, is the dith complete symmelric polynomial in 2n variables. In other
words, J, is the character of the representation Sym*(C?") of sp,,C. From
Proposition A.50 of Appendix A ‘we have

Proposition 2422 If 1 = (1, = --- =2 4, > 0), the character of T is the deter-
minant of the r x r matrix whose ith row is

Womivn Jmivr + Jimt Jmpin F hmicr oo s + Jipmicena)

For example, for 4 = (d), i.e, 4 = dL,, we have Char(l ;) = J;, which is
the character of Sym*[C®"). In particular, this verifies that the kth symmetric
powers Sym*(C™) of the standard representation are all irreducible. (This, of
course, is a special case of the general description given in §17.3, since all the
contraction maps vanish on the symmelric powers.)
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Exercise 24.23, (i) Find the character of the representation of sp, C with highest
weight my 4 wy = 2L, + L,, verilying that the multiplicities are as we found
in §16.2. (i) Find the character of the representation of spsC with highest
weight @y + wy, thus verilying the assertion of Exercise 17.4.

The second Giambelli formula in the symplectic case expresses Iy in terms
of the basic representations

I, = Ker(AYC) - A-2(C2n)

£l

which are the kernels of the contractions. The character of [, is E,, where
By=1, By =E =x, + = +x,+x' + +x, and

Ev=Elxy,.cooxpxi o2 = Eyalxy, o xp xy o, x00
for k = 2, where E, is the kth elementary symmetric polynomial. The lormula
is .

Corollary 24.24. Let p =gy, ..., ) be the conjugate partition to 1. The
character af Ty is equal to the determinant of the | x | matrix whose ith row is

(Epmirr Epmivza v By Epciis + Epeimy o Epcjur + By nicina)

Prooe. This follows from the proposition and Proposition A.44, which
equates the two determinants before specializing the variables. O

There is also a simple formula for the character in terms of the characters
E, of AY(C**), which also follows from Proposition A.44;
Char(I) = 1B, —1sy — Epyeiey) (24.25)

Mote that E,,, = E,_, (corresponding to the isomorphism AC*" =
AMC™) and By = —El_4,a. In particular, Corollary 24.24 expresses
Char(I'y) as a polynomial in the characters of the basic representations I, ,

.

The Odd Orthogonal Case

Forso,,,, C the weights are  ji, Ly, it = (g1, ..., 1), with all i, integers or all
hall-integers. The positive roots are {L, — Ly}, {L; + L}, ,and {L;}, 50 p
is {(L, + - + L) less than in the case for sp,,;

p=Y(n+4-iL, (2426)
or
p=n—4n-13. .4

With xit' = e(+ L) and x}"? = e(+ L,/2), we have the same formula as
before [(24.14)] for A,.
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Exercise 24.27*. Show that
A, = |x;-Hl.'J - xj—;-wrﬂrlll
= Alxy + 7" X+ ) (] = X)L (g 1),

Il T, is the irreducible representation with highest weight 1 =3 AL,
A, = -+ 2z A, 2 0, then the character formula can be written
le.,ﬂr—lﬂ,ﬂ - x-—|41.|+|r—l+l|'1:1 zﬁz
Char(ly) = 0 oy ! .
ar(ly) = =% XTI TR (24.28)

Similarly,

. -1 (I +1
am)= =0 M 1=
W= qk
B lItJ {;i - "'"11] i ”_‘.'
where | =4, +n—i+bandm=n—i+k

) (24.29)

Exercise 24.30. Show that, with l; = 4, + n — i,
‘]:[ =5+ + I}-]:I 2+ 1

dim(T) = = G T @ = 0

These formulas give the dimension of the irreducible representation I, .
with highest weight a,w; + -+ + g,m,, where the w; are the fundamental
weights, using the equations

L=a+-+a, +ia,.
Exercise 24.31. Use the dimension lormula to verily thatfor A= L, + - + [,
. ; U |
the dimension of [ is k

irreducible for | < k < n. Verily that the dimension of the spin representation
is 2%, thus reproving that it is irreducible,

). Use this to give another proof that NV is

Exercise 24.32. Use the dimension formula to verily that the kernel of the
contraction

Srml[cl-“] - srmi‘-:{chi-l]
is an irreducible representation with highest weight dL,.
In case the representation is a representation of SO, ,,C, i.e, the 4, areall :

integral, there is a first determinantal formula thal expresses I'; in terms of
the kernels of the contractions

Kﬂ{'srmd“:!li-lj — srmi—l [clu #1 ”-
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Let K, denole the character of this kernel, so Ky = |, K, = x, + - + x, +
'+ 4 x' +1,and

KE“HJ{XII'“!'TNKI_L* = nl'u_'h‘l I-{xll' v I'I'T! yeeen Xy II]"
where H) is the dth complete symmetric polynomial. From Proposition A.60
we have
Proposition 24.33. If 1 =(4, =z - = 4, = 0), with the 1, integral, then the
character of T is the determinant of the r x r matrix whose ith row is
{KJ.,—HI Ki,—nz + KJ,—I Ka,—n; + K],—I—l Kl,-“-p + Kj.,-ia-.u}-

In particular, for 4 = (d), the character is K,, which verifies that the kernel
of Sym#(C2"*7) = Sym*~2(C?**1) g irreducible.

Exercise 24.34. Use the character formula to verify that the multiplicities of
the representation 'y, of so,C are as specilied in Exercise 18.9.

The second determinantal formula for $O,,,,C writes T, in terms of the

representations AY(C?**'), whose characters are
Ey = Eyfxy, .o 2 x7" 0 x27 1)
Applying Proposition 24.33 with Corollary A.46, we have
Corollary 24.35. Let pt = (yty, ..., ) be the conjugate partition to 1. The
character of I, is equal to the determinant of the | % [ matrix whose ith row is
(Eppivr Egpeivz + Eyer 0 Eyiar + Eppmiciaa).

Since Eyiy = E,y1.y (corresponding 1o the isomorphism A**C2"*! &

Ar*1=RC230*Y) this expresses Char(l) as a polynomial in E,, ..., E,, with
E; = Char{AC"*1),

The Even Orthogonal Case

For so,,C the weights are the same as in the preceding case. This time the [L,}
are not positive roots, however, so p is 4(L, + --- + L,) less than in the case
of s03,,,C, or L, + -+ 4 L, less than in the case of sp,,C:

p=73(n—ilL, (24.36)
or
pe=p—1ln-2.._0.

The caleulation of A, is similar, but using only those £ of positive sign. This
time



410 24, Weyl Character Formula

E{— 1}‘1’(2 ity Ly ) - -[ﬂ (et + Xo) + ﬂ (xifn — ‘rm}]'

This leads 1o
Ay = Yl + X7 + Ixfe = x7™). (24.37)

Mote that the second determinant term vanishes when any gy is 2ero. In
particular,

Ap = Hxp 4 x, (2438)
From (24.14) or Exercise A.66,
Ay =Alx, +x7" o, x, + 57 (24.39)

This gives, with T} the irreducible representation with highest weight
A=Y AL Az 2|4l=z0,

Ixf + x4 + [xf — x;7")

Char(ry) == L e (24.40)
where |, = A, + n — i. As belore,
. = i+ 1)
dmto == @n=1-5
“i - ;J
- 1“; [m, - m‘, (24.41)

wherel, = 4; + n — iand m; = n — i. Note that, as expected, the two represen-
tations with weights (4,, ..., 4,_;, 4 4,) have the same dimensions.

Exercise 24.42. Show that

‘l_lﬂ--!]'ﬂﬁ H

dim(T) = 2 S G —aT-,

These formulas give the dimension of the irreducible representation I, .
with highest weight a,wy + -+~ + d,m,, where the w; are the fundamental
weights, using the equations

h=a 4+ +a,_,+Ma,_, +a) Isisn-2
'll"l - i{ﬂ -t ﬂl]‘ ‘lu_ H-ﬂl"l +da}"
Exercise 24.43. Use the dimension formula to verily that forw = L, 4+ -+ + L,

k <n, the dimension of T, is (i") so AMCI") is irreducible. For

I
d=L; +-+ L, + L,, the dimension is i(i:), so0 AYC*") is the sum of
the two corresponding irreducible representations. Verify that the dimension
of the two spin representations are 2", proving irreducibility again.
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Note that the second term in the numerator in (24.40) changes sign when
4, is replaced by —4,; in particular, it vanishes when A, = 0, When 4, = 0,
the representation T is a representation of the orthogonal group 0,,C.
When A, # 0, the direct sum of the two representations with highest weights
{45..., £ 4,) is an irreducible representation of O,,C. (See Exercises 23.19
and 23.37)

Let L, be the character of Ker(Sym*(C¥)— Sym* (C¥"), ie,
LHB Hl[-xl-"'!xm -‘Il'i---- .I:'} - Ifi—!{xll--'-xnx;!l'“l I;'}. In either
case, Propesition A.64 applies to give the first determinantal formula:

Proposition 24.44. Given integers A, = -+ = 1, > 0, the character of the irreduc-
ible representation of Oy, C with highest weight 1 =(1,, ..., 4) is the deter-
minant of the r x r matrix whose ith row is

(Laeier Lapmivz + Lapmr oo Lgee o+ Lyyieaa).

Again, for 4 = [d]), this verifies that the kernel of the contraction from
Sym*(C**) to Sym*~*(C?") is irreducible.

The second determinantal formula is the same as in the odd case, but with
Ey=FEulxyy.ooy X0y %1 "o 2270

Corollary 2445, Let p=(p,,..., ) be the confugate partition to A. The
character of 'y is equal to the determinant of thel x | matrix whose ith row is

(Epeivr Episz + By oo Ep o+ Eyicpia)

Using the fact that E,,, = E,_;, this expresses Char(I;) as a polynomial in
E,,..., E,, with E, = Char(AC™),

Exercise 24.46*. For each of the orthogonal groups O.C, show that the
character of the irreducible representation with highest weight A can be written
in the form

Char(l,) = ”'J.—H_j - h‘A,—r—_fL

where I, is the character of Sym*(C™). Another formula for the dimension of

I, is obtained by substituting (r:) for h, in this determinant.

There are other formulas expressing the characters of general representa-
tions in terms of simpler ones. Abramsky, Jahn, and King [A-J-K] give one
that can be expressed by the same formula for the general linear, symplectic,
and orthogonal groups. The general irreducible representations are given by
partitions A or Young diagrams, and in their formula the simpler represen-
lations are those corresponding to hooks. To express it, let {a+b) denote
the hook with horizontal leg of length a + | and vertical leg of length
b+ 1, ie, the partition {(a + 1, 1, ..., 1), with b I's. More generally, given
a=(a;, > >a,20)and b=(b, >+ > h =0) with a, or b, nonzero, let
(m* b) denote the partition whose Young diagram has legs of these lengths (o
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the right of and below the r diagonal boxes (cf. Frobenius's notation, Exercise
4.17). Let 3,,., denote the character of the corresponding irreducible represen-
tation. Their formula is

x.|nl| - rxwpbﬂll_:l,j;p* {2#.4?]

Taking the degree of both sides gives new formulas for the dimensions of the
irreducible representations. These formulas are particularly useful if the rank
r of the partition is small.

Exceptional Cases

We will, as a last example, work out the Weyl character formula for the
exceplional Lie algebra g,, and thereby verily some of the analysis of s
representations given in Lecture 22. The remaining four exceptional Lie
algebras we will leave as exercises,

To begin with, the value of p is easily seen to be 2L, + 3L,, in terms of the
basis L,, L, for the weight lattice introduced in Lecture 22

Mow, for any weight y = pL, + gL, + rL;, we have
A= Xk X2y Xy — ):; Xl X Xafy
LAY o8 Sy

= Alx) 8, (x) — Ax7")- 5, (x7"),
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where we write x for (x, x,, x,) and x™" for (x7', x3', x3'), A is the discrim-
inant, and §, , , the Schur function. Using the relation [ | x, = | we can also
write this as

= ﬂ'[x}{sj.q.!{x] - 'Sl!—l..ﬂ'-l'.l!—rl.'t]j

for any m = max(p, g,r). To make this notation agree with the standard
notation for Schur polynomials from Appendix (A.4), note that 5, , is the

- Schur polynomial S, ,, for the partition (s, (), s = ¢, where s is two less than
the dilference between the largest and smallest of p, g, and r, while ¢ is one less
than the diference between the second largest and the smallest; if p, g, and r
are not distint, §, , , = 0. Thus, for example,

A, = Alx)- (8, ylx) = 5yix))
= A{x)(x x5 + X325 + X323 — X = X3 — X3).

MNow, any irreducible representation I, of g, has highest weight 4 = aw, +
Doy, where oy = Ly + Ly and wy = L; + 2L, are the two lundamental
weights, and o and b are non-negative integers. Thend + p={a + b+ 2)L, +
{a + 2b + 3)L,. The Weyl character formula in this case becomes

Proposition 24.48. The character of the representation of g, with highest weight
owy + bw, is
Char(T, ,) = Jesastt.avbens ~ Swsznsim
L8 *

'Sl’l-. n- Sﬂr

Exercise 24.49, In the case of the standard representation I, 4, the adjoint
representation Iy, and the representation I'y g, use this formula to verify the
multiplicities found in Lecture 22.

We can also work out the dimension formula explicitly in this case, The
two fundamental weights w; and w, have inner products

(o, mp) =1, (m,, @) = 32, and (g, ;) = 3;
ay and wy are among the posilive roots of gy, and in terms of these the
remaining posilive roots are 2u, — wy, 3o, — wy, @y — o, and 2w, — o,
The weight p is the sum of the fundamental weights @, and w,, so that for an
arbitrary weight 4 = aw, + bw,; we have the lollowing table of inner products:

(. p i, 4 . d+p)

Jay — ry 1/2 a2 (o + 1)/2
ey — ooy k] 3a/2 4+ 32 3+ b+ 22
), 5/2 a + b2 (2o + 3b + 5)2
my 92 @243 Ma+ 2b 4 )2
-ty 4 My 2 af2 + 2 fa+ 3k + 4)/2

3w, +2w, 32 3b/2 b+ 12
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We conclude that the dimension of the irredicible representation T, , of g, with
highest weight 4 = aw, + bwy s

{a+ 1)@+b+2)(2a+3b+ S)a+2b+3a+3b+40b+1)
120 )

We can check this in the cases a= 1, b =0 and a =0, b = 1, getting the
dimensions 7 and 14 of the standard and adjeint representations, respectively.
In case a = 2, b =0 we may verifly the result of the explicit calculation in
Lecture 22, finding that

dim(l, ;)=

dim{rjln} =27
and, therefore, deducing that AV = I, , @ V@ C and Sym?V =TI, , & C.

Exercise 24.50. Show that Sym*V = (L Moo

We leave the analogous computations for the remaining four Lie algebras
as exercises, using the description of the root systems found in Exercise 21.16.
Since we have not said much about the Weyl group in the exceptional cases
the formula (WCF) cannot be used directly—not to mention the fact that the
orders of these Weyl groups are; 27-3% = 1152 for f,; 27-3*- 5 = 51,840 for
eg, 2'%-3%-5-7 = 2,903,040 for ey, and 2'*-3*-52-7 = 696,729,600 for e,
However, the dimension formula is available.

Exercise 24.51*. For each of the four remaining exceptional Lie algebras,
compute p = half the sum of the positive roots. For each of the [undamental
weights w, at least for [,, compute the dimension of the irreducible represen-
tation with highest weight o. In particular, lind the nontrivial representation
of minimal dimension. Use this to verify that (E,) is not isomorphic to (Bg)
or (Cgh, i.e,, that eg is not isomorphic to so,4C or sp,,C.

Exercise 24.52*. List all irreducible representations V of simple Lie algebras
a such that dim V < dim g. Mote that these include all cases where the corre-
sponding group representalion has a Zariski dense orbil, or a finite number
of orhits.



LECTURE 25
More Character Formulas

In this lecture we give two more formulas for the multiplicities of an irreducible
representation of a semisimple Lie algebra or group. First, Freodenthal's formula
(§25.1) gives a straightforward way of calculating the multiplicity of a given weight
once we know [he muliiplicity of all higher ones. This in turn allows us to prove in
§25.2 the Weyl character formula, as well as another multiplicity formula due 10
Kostant. Finally, in §25.3 we give Steinberg’s lormula for the decomposition of the
tensor product of two arbitrary irreducible representations of a semisimple Lie algebra,
and also give formulas for some pairs b = g for the decomposition of the restriction
to T of irreducible representations of a.

§25.1: Freudenthal's multiplicity formula
§25.2. Proofl of (WSF), the Kostant multiplicity formula
§25.3: Tensor products and restrictions to subgroups

§25.1. Freudenthal’s Multiplicity Formula

Freudenthal's formula gives a general way of computing the multiplicities
of a representation, ie, the dimensions of its weight spaces, by working
down successively from the highest weight. The result is similar to (but more
complicated than) what we did for sl,C in Lecture 13, where we found the
multiplicities along successive concentric hexagons in the weight diagram,
Let I'; be the irreducible representation with highest weight A4, which will
be fixed throughout this discussion. Let n, = n,(I';) be the dimension of the
weight space' of weight j1 in Iy, i.e, Char(I,) = ¥ n,e{). Freudenthal gives
a formula for n in terms of multiplicities ol weights that are higher than j.

! In the Jiterature, these multiplicities n, are ofien referred 10 as “inner multiplicities.”
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Proposition 25.1 (Freudenthal's Multiplicity Formula). With the abore
notation,

c{#}'ﬂ“lr_‘} = 1 E' IEI {# + ka‘ﬂ}"pd-ul
where c(p) = |4 + pll* — lu + pll*.

Here |fI1* = (8, /,( , )is the Killing form, and p is hall the sum of the positive
roots.

Exercise 25.2*, Verily that c(y) is positive if p # A and n, > 0.

The proof of Freudenthal's formula uses a Casimir operator, denoted C.
This is an endomorphism of any representation ¥ of the semisimple Lie
algebra g, and is constructed as follows, Take any basis U, ..., U, for g, and
let Ui, ..., U be the dual basis with respect to the Killing lorm on g Set

E=U|U; L bl o HU;
ie,forany ve ¥, Clv) = Y U (U] ).

Exercise 25.3. Verily that C is independent of the choice of basis?,
The key lact is

Exercise 25.4*. Show that C commutes with every operation in g, ie.,
CiX-v)=X-C(v) fTorall Xeg,vel

The idea is to use a special basis for the construction of C, so that each
term U, U} will act as multiplication by a constant on any weight space, and
this constant can be calculated in terms of multiplicities. Then Schur's lemma
can be applied to know that, in case V is irreducible, C itsell s multiplication
by a scalar. Taking traces will lead to a relation among multiplicities, and a
little algebraic manipulation will give Freudenthal's formula.

The basis lor g to use is a natural one: Choose the basis H,, ..., H, for the
Cartansubalgebra b, where M, = H, corresponds to the simple root a,, and let
H; be the dual basis lor the restriction of the Killing form to l. For each rool
a, choose a nonzero X, € q,. The dual basis will then have X in g_,. In fact,
if we let ¥, € g_, be the usual element so that X,, ¥, and H, = [X,, ¥,] are
the canonical basis for the subalgebra s, == s, C that they span, then

X, = (o, x)f2) ¥, {25.5)
Exercise 25.6%. Verify (25.5) by showing that (X, ¥,) = 2/(a, «).

! In fancy language, C is an element of the universal enveloping algebra of g, bul we do not need
this.
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MNow we have the Casimir operator
C=3 HH + Iﬁ X, X,

and we analyze the action of C on the weight space ¥, corresponding to weight
p for any representation V. Let ny = dim(V,). First we have

¥ H,Hj acts on ¥, by multiplication by (i, g) = u))*. (25.7)

Indeed, H,H, acts by multiplication by p(H)u(H}). If we wrile y = ) iy,
where the w, are the fundamental weights, then u(H,) = r,, and if g = }, rlw;,
with w) the dual basis to w,, then similarly p(H;) = r;. Hence }_ u(H )p(H;) =
Er‘rr' = [, ji), as asserted.

MNow consider the action of X, X, = ((a, a)/2).X, ¥, on V,. Restricting to the
subalgebra s, = sl, and to the subrepresentation (B, ¥, ,,, corresponding to
the a-string through yi, we are in a situation which we know very well. Suppose
this siring is .

@B b B B Vs

so m o= ff{H,) [cl. (14.109], and let k be the integer such that g = ff — ke We
assume for now that k < m/2,

On the first term ¥, X,Y, acls by multiplication by m = J(H,) =
AP, &)=, a), so X, X, acts by multiplication by (fi, 2). In general, on the
part of ¥,_y, which is the image of ¥, by multiplication by (Y.}, we know
[cf. (11.5)] that X, ¥, acts by multiplication by (k + 1){m -- k). This gives us
asubspace of ¥, of dimension ny on which X, X acts by multiplication by

(k + 1), &) — k{e, a)/2) = (k + 1){(pe, @) + kfa, x)/2).

Mow peel off the subrepresentation (over s,) of ¥ spanned by ¥y, and apply
the same reasoning to what is left. We have a subspace of ¥,_, of dimension
My—o — ty to which the same analysis can be made. From this we gel a subspace
of ¥, of dimension ny_, — m, on which X, X; acts by multiplication by

(k) pr, &) + (k — 1){ex, 2)/2).

Continuing to peel off subrepresentations, the space ¥, is decomposed into
pieces on which X, X; acts by multiplication by a scalar. The trace of X, X,
on V, is therefore the sum

ige(k + D((p ) + kiz, alf2) + (mg_y — ng)- (R)(p2, @) + (k — 1)(x, 2)/2)
o (g e — My nya) (D0, ) + (D) (e, 2)/2).
Canceling in successive terms, this simplifies to

3
Trace(X, X,ly,) = .E.': (p + o, @)y (25.9)

One pleasant fact about this sum is that it may be extended to all i = 0, since
By =0lori =k
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Incase k = m/2, the computation is similar, peeling off representations from
the other end, starting with V,_,,. The only difference is that the action of
X, ¥, on ¥y, is zero, The result is

Trace(X, Xly.) = ’.i (i — i, @)ty i (259)

Exercise 25.10. Show that X, X, = X_ X", + ({x, a)/2),, and deduce (25.9)
directly from (25.8) by replacing « by —a.

In fact, (25.8) is valid for all g and =, as we sce from the identity

$ (i + i,y = 0. (25.11)

= =m
Exercise 25.12*. Verify (25.11) by using the symmetry of (he a-string through fl

MNow we add the assumption that ¥ is irreducible, so C is mulliplication
by some scalar ¢. Taking the trace of C on ¥, and adding, we get
ch, = (g, pjn, + z z (g o+, o)t gy (25.13)
aa R (=0
Mote that when i = 0 the two térms for & and —« cancel each other, so the

summation can begin at i = 1 instead, Rewriting this in terms of the positive
weights, and using (25.11) the sums become

X iil ( + iy g + 3, Ji, (p — iz, a)m,

by
=n, ) (ma)+2 } I! (o + i, e, o
g R sa Rt i=
Summarizing, and observing that . _ . (s, o) = (. 2p), we have

ey = (( ) + (p, 2p)n, + 2 g r}: (e + dot, )iy e

Note that (i, g) + (1, 29) = (i + py p + p) = (g ) = lt + p* — Rpl*. To
evaluate the constant we evaluate on the highest weight space ¥, where ny = |
and n,,,, = 0for i = 0. Hence,

e= (4 A+ (4 20) = 1A + pl* = ol (25.14)
Combining the preceding two equations yields Freudenthal's formula. [

Exercise 25.15. Apply Freudenthal's formula to the representations of «l,C
considered in §13.2, verifying again that the multiplicities are as prescribed on
the hexagons and triangles.
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Exercise 25.16. Use Freudenthal's formula to caleulate multiplicities for the
representations Iy g, Iy, and Ty g of (9).

§25.2. Proof of (WCF); the Kostant
Multiplicity Formula

It is not unreasonable 1o anticipate that Weyl's character formula can be
deduced from Freudenthal's inductive formula, but some algebraic manip-
ulation is certainly required. Let

xa = Char(I}) = ¥ n e(p)

be the character of the irreducible representation with highest weight 1
Freudenthal’s formula, in form (25.13), reads?

ey =2 (i pimge(p) + }j. 'i (it + ioe, )ng el p),

where e = |4 + plI* — Bpl® To get this to look anything like Weyl's formula,
we must get rid of the inside sums over i Il & is ixed, they will disappear if
“we multiply by e(x) — |, as successive terms cancel:

(efx) — 1)+ IE; (pt + i, &by elp) = 3, alin el + a).

Let P = n'l'{eim} - I] = {f{lx} - l}--ﬂr Whﬂrﬂ -P,‘. = n'ﬁ'[f{ﬂ] - I}, The
preceding two formulas give

e Poya=P-) (u, pn,e(u) + 3 (31, @) Pon et + a). (25.17)

Note also that
P=(-1)A, A,

where r is the number of positive roots, so al least the formula now involves
the ingredients that go into (WCF).

" We want to prove (WCF): A, x, = Ay,,. We have seen in §24.1 that both
sides of this equation are aliernating, and that both have highest weight term
ed + p), with coellicient 1. On the right-hand side the only terms that appear
are those of the form +e(W(d + p)), for W in the Weyl group. To prove
(WCF), it suffices to prove that the only terms appearing with nonzero
coeflicients in A_ -y, are these same e(W(d + p]), for then the alternaling
property and the knowledge of the coeflicient of e(d + p) delermine all the
coeflicients. This can be expressed as:

*n this g=ction we work in the ring C{A] of finite soms Em,qp} will complex coeflicients m,.
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Claim. The only terms e(v) occurring in A, x; with nonzero coefficient are
those with Jvj = |1 + pl.

To see that this is equivalent, note that by deflinition of 4, and x,, the terins
in A, -y, are all of the form 4 e(v), where v = u + W(p), for p a weight of T
and W in the Weyl group. Bul il [ + W{p)| = |4 + p|l, since the metric is
invariant by the Weyl group, this gives §W " (g) + pl| = |4 + p|l. But we saw
in Exercise 25.2 that this cannot happen unless p = W(d), as required.

We are thus reduced to proving the claim. This suggests looking at the

“Laplacian” operator that maps e ) to ||l ®e(), that is, the map
A: C[A] = C[A]
deflined by
Ay mye() = 3. (u, pi)m e pi).

The claim is equivalent to the assertion that F = A - x, satisfies the “differential
equalion”

A(F) = |4 + pl*F.

From the definition A(x,) = 3 (s, p)ne(ph And A(A,) = [|pl°4,. In general,
since fWix)| = J=| for all W e T,

AfA,) =3 (— " IW(R)] *e(W(a)) = al’A,.

So we would be in good shape if we had a formula for A of a product of two
functions. One expects such a formula to take the form

Alfa) = Al )g + 2V/, V) + fA(a), (25.18)

where V is a “gradient,” and ( , ) is an “inner product.” Taking S = e(p)
g = e(v), we see that we need to have (Ve{), Vev)) = (i, v)e{g + v). There is
indeed such a gradient and inner product. Defline a homomorphism

V: C[A] = h* @ C[A] = Hom(b, C[A])

by the formula W{e(p)) = u-e(p), and define the bilinear form (, ) on
b* @ C[A] by the formula (xe(y), felv)) = (a, ﬂ]s[p + v), where (a, ) is the
Killing form on h*.

Exercise 25.19. With these definitions, verily that (25.18) is satisfied, as well as
the Leibnitz rule

Vifg) = Vg + V(g

For example, V(x,) = 3, npt- e(y), and, by the Leibnitz rule,
vir) = Ih Py ela).

But now look at formula (25.17). This reads
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e Py = PA(x,) + (VP, Vi)

Since, also by the exercise, V(P) = 2(— 1A, V(A,), we may cancel (—1)A,
from each term in the equation, getling

e Ay = A,A00) + 2VA,, Vi)
By the identity {25.18), the right-hand side of this equation is
A(A 1) = A4 )1 = A(A, 1) = lplPA 1,
Sincee = |4 + pl* — el thisgives |4 + pll*4,x, = A(A, 1), which linishes
the proof. O

We conclude this section with a proof of another general multiplicity
formula, discovered by Kostant. It gives an elegant closed formula for the
multiplicities, but at the expense of summing over the entire Weyl group
(although as we will indicate below, there are many interesting cases where all
but a few terms of the sum vanish). It also involves a kind of partition counting
function. For each weighl u, let P{g) be the number of ways to write puas a
sum of positive roots; set P(0) = 1. Equivalently,

|
4!1' T—ela) = g P(p)e(p) (25.20)

Proposition 25.21. (Kostants Multiplicity Formula). The mulriplicity n (1) of
weight g in the irreducible representation I' is given by

m(T) = T (=D"PIWA+p) = (u + o)),
O]
where p is half the sum of the positive roots.

Proor. Write (A,)™! =r{—pyﬂ[l —e(—a)) =Y., Pivle(—v — p). By (WCF),
X = Asy(A,) ! = 5 (= D7eW + p)POe(— — )

= ; (= D" P(v)e(W(A + p) — (v + p))
= ; (=" P(W( + p) — (1 + pDelp),
as seen by writing p = W{d + p) — (v + p). O

In fact, the prool shows that Kostant’s forimula is equivalent to Weyl's
formula, cf. [Cart].

One way to interpret Kostant’s formula, at least for weights u close to the
highest weight 4 of I, is as a sort of converse to Proposition 14.13(ii). Recall
that this says that I, will be generated by the images of its highest weight
vector v under successive applications of the generators of the negative root
spaces; in practice, we used this fact to bound from above the multiplicities of
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various weights g close Lo 4 by counting the number of ways of gelting from
Ato g by adding negative roots, The problem in making this precise was always
that we did not know how many relations there were among these images, if
any. Kostant's formula gives an answer: for example, if the difference 4 — pis
small relative Lo 4, we see that the only nonzero term in the sum is the principle
term, corresponding to W = 1; in this case the answer is that there are no
relations other than the trivial ones X({¥{v)) — ¥{X(v)) = [ X, ¥]{v). When g
gels somewhat smaller, other lerms appear corresponding to single reflections
W in the walls of the Weyl chamber lor which Wl + p) is higher than g + p;
we can think of these terms, which all appear with sign — 1, as correction lerms
indicating the presence of relations. As y gets smaller still, of course, more
terms appear of both signs, and this viewpoint breaks down.

To see how this works in practice, the reader can for example carry out the
analysis of the example at the end of §13.1.

Exercise 25.22* (Kostant). Prove the following formula for the function P,
which can be used to calculate it inductively: P(0) = 1, and, for y # 0,

Pl = = 3 (=" Pl + Wip) = p)

Exercise 25.23* (Racah). Deduce from Kostant's formula and the preceding
exercise the following inductive formula for the multiplicities n, of g in
Min, = 1if g = A, and il u is any other weight of Iy, then

Ay = _'Z“ (- “'Hnﬂ—l'rn)'
Show, in fact, that for any weight p
’;“ ["' I}’ﬂj.i'f—"lfl L ; [_”rr
where Lthe second sum is over those W’ & T0 such that W'l + p) = n + p.

MNote that Kostant's formula, more than any of the others, shows us directly
the pattern of multiplicities in the irreducible representations of sl,C. For
one thing, it is easy to represent the function P diagrammatically: in the
weight lattice of sl,C, the function P(u) will be a constant | on the rays
{al, — aly},»0 and {aly — al;},s0 through the origin in the direction of
the two simple positive roots L; — L, and Ly — L;. It will have value 2 on
the translates {al; — (a + 3)L,},»-; and {aL, — (a — 3)L; },. of these two
rays by the third positive root Ly — L;: for example, the first of these can be
wrillen as

al, —(a+ )Ly =(a + 1) (L; —~ Ly) + Ly — L,
=fa+2(L;— L)+ Ly—Ly;

and correspondingly its value will increase by 1 on each successive translate
of these rays by L, — L,. The picture is thus
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MNow, the prescription given in the Kostant formula for the multiplicities is to
take six copies of this funclion fipped about the origin, translated so that
the vertex of the outer shell lies at the points wii + p} — p and take their
" alternating sum. Superimposing the six pictures we arrive al

which shows us clearly the hexagonal pattern of the multiplicities.
Exercise 25.24%. A nonzero dominant weight 4 of a simple Lie algebra is called
minuscule if 4(H,) = 0 or | for each positive rool &

{a) Show that il A4 is minuscule, then every weight space of I is one
dimensional.
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(b} Show ihat A is minuscule if and only if all the weighis of I'y are conjugate
under the Weyl group.

(c) Show that a minuscule weight must be one of the fundamental weights.
Find the minuscule weights for each simple Lie algebra.

§25.3. Tensor Products and Restrictions To Subgroups

In the case of the general or special linear groups, we saw general formulas
for describing how the tensor product I, @ I, of two irreducible representa-
tions decomposes:

ﬂ@r,.E(-BN,,,F..

In these cases the multiplicities N,,, can be described by a combinatorial
formula: the Littlewood--Richardson rule. In general, such a decomposition
is equivalent to wriling

Taku ™ ',t:. Nigo s (25.25)

in Z[A], where gz, = Char(I";) denotes the character.* By Weyl's character
formula, these multiplicities Ny, are determined by the identity

Au,'-“‘p. '=E~1,.-4‘,'Aﬁ,- (25.26)

This formula gives an elfective procedure for caleulating the coefficients Ny,
if one that is tedious in practice: we can peel ofl highest weights, i.e., successively
sublract from A,, - A, ., multiplesof A .- A,, , for the highest v that appears.

There are some explicit lormulas for the other classical groups. R. C. King
[Ki2] has showed that for both the symplectic or orthogonal groups, the
multiplicities N,,, are given by the lormula

Nig, BEE Mg, My, M,,., (25.27)

where the M’s denote the Littlewood —Richardson multiplicities, i.e., the corre
sponding numbers lor the general linear group, and the sum is over all
partitions {, o, r. For other formulas for the classical groups, see [Murl],
[Wel, p. 230].

Exercise 25.28*. For su,C, show that all the nonzero multiplicities Ny, arel’s,
and these occur for v in a rectangle with sides making 457 angles o the axes,
Describe this rectangle.

* In the literalure these multiplicities Ny, are often called “outer multiplicities,” and the problm
of linding them, or decompaosing the tensor product, the “Clebsch-Gordon™ problem.
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Steinberg has also given a general formula for the multiplicities N,,,. Since
it involves a double summation over the Weyl group, using it in a concrele
situalion may be a challenge.

Proposition 25.29 (Steinberg’s Formula). The multiplicicy of T,in U, @ I, is
Ny, = rfﬂ' (= 1F"P(W( + p) 4+ Wip+p)—v—2p)

where the sum is over pairs W, W* e 48, and P is the counting function appearing
in Kastant's multiplicity formula.

Exercise 25.30*, Prove Steinberg’s formula by multiplying (25.25) by A, using
(WCF) 10 get 1,4, =}, Ny, A, ., Write out both sides, using Kostant's
formula for ¥,, and compute the coefficient of the term (/1 + p) on each s-ll:ll:.
for any f1. This gives

');_ (=™ PW(A + p) + W(n + p) - f - 2p) = ;{— N*Nop.wigsor-o
Show that for f# = v all the terms on the right are zero but N, .

Exercise 25.31 (Racah). Use the Steinberg and Kostant formulas to show that
Hl-'l = E { - I.lwﬂ' +p=IFip +p]{r1.}'

The following is the generalization ol something we have seen several limes:

Exercise 25.32. IT 4 and p are dominant weights, and « is a simple root with
AH,) and u(H,) not zero, show that 4 + p — a is a dominant weight and
I, ® I, contains the irreducible representation Iy, -, with multiplicity one.

rer =r,er,,,®others

In case y = A, with A(H,) # 0, Sym?*(I';) contains I, ,, while A*(I';) contains
rl+'—!‘-

Exercise 25.3% IT 4 + { is a dominant weight for each weight [ of [, show
that the irreducible representations appearing in I'; @ I', are exactly the I, ;.
Infact, with no assumptions, every component of I, @ I, always has this form.
One can show that Ny, is the dimension of

[ve(T),: Hi ' (0) = 0,1 i< n, |, = p(H)).

For this, see [Zel, §1317.

For other general formulas for the multiplicities N,_, see [Kem], [K-N],
[Li], and [Kum1], [Kum2].

We have also seen a formula for decomposing the representation [, of
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GL,,C when restricted to the subgroup GL,,_, C. In this case the multiplicities
of the irreducible components again have a simple combinatorial deseription,
There are similar formulas for other classical groups In the literature, such
formulas are often called “branching lormulas,” or “modification rules.” We
will just state the analogues of this formula lor the symplectic and orthogonal
cases:

For so,,C < 80,,,,C, and I, the irreducible representation of so,,,,C
given by 4 = (1, = -+ = 4, = 0), the restriction is

Resiie () = BTy, (2534)
the sum over all 4 = (4,, ..., 1) with

Lhzdizlhzz21,,242|1

with the 4, and 4, simultaneously all integers or all half integers.
Forsey, ,C = s0,,C, and I the irreducible representation of so,, C given
by d= (4, = 2 |4]),
ResionC(N) = B, (25.35)

the sum over all I = (d,,..., 1,_,) with
11| 211 2412112'“21_: ElLL

with the 4, and 4, simultaneously all integers or all half integers.
Forspy,.,C = &p,,C, and Iy the irreducible representation of sp,, C given
by d=(1, = - = 4, = 0), the restriction is

ResiPC (1) = PN, (25.36)

the sum over all I=(1,,...,4,_,) with 1, =--- = 4,_, = 0, and the multi-
plicity N,; is the number of sequences p,, ..., p, of integers satisfying

hzpzhhzppzorzl,zp20
and

mzlizpzpn 2,2,

As in the case of GL,C, these formulas are equivalent to identities among
symmelric polynomials. The reader may enjoy trying to work them out from
this point of view, cf. Exercise 23.43 and [ Boe]. A less compulational approach
is given in [Zel].

As we saw in the case of the general linear group, these branching rules can
be used inductively to compute the dimensions of the weight spaces. For
example, for so_C consider the chain

&0, C os0, Cos0, ;€2 2s0,C,

Decomposing a representation successively from one layer to the next will
finally write it as a sum of one-dimensional weight spaces, and the dimensiod
can be read off from the number of “partitions” in chains that start with the
given L The representations can be constructed from these chains, as described
by Gelfand and Zetlin, ¢f. [Zel, §10].
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Similarly, one can ask for formulas for decomposing restrictions for
other inclusions, such as the natural embeddings: Sp,;,C = SL..C,
80,Ccs8L,.C, GL.CxGLC<=GL,,C GL,CxGLC<eGLC,
SL,C = 8p,,C, 5L,C = 80,,,,C, SL,C = 50,,C, lo menlion just a few.
Such formulas are determined in principle by computing what happens
o generators of (he representation rings, which is not hard: one need
only decompose exterior or symmelric products of standard representalions,
of. Exercise 2331, A few closed formulas for decomposing more general
representations can also be found in the literature. We stale what happens
when the irreducible representations of GL,,C are restricied to the orthogonal
or symplectic subgroups, referring to [Lit3] for the proofs:

ForO,C c GLC,withm =2nor2n + L givend= (4, =-- = 4,20,

Resg 2°(1) = @ N, (25.37)
the sum over all 1 = (1, = -+ = A, = 0), where
Ny = .? Naga,

with Nyy, the Lillewood-Richardson coelficient, and the sum over all
§=(d, = d; = ---) with all §, even.

Exercise 23.38. Show that the representation I}, 5, of GL_C restricts to the
direct sum

l2.2@ 0y @My

over O_C. (This decomposition is imporiant in dilferential geometry: the
Riemann—Christoffel tensor has iype (2, 2), and the above three components
of its decomposition are the conformal curvattire tensor, the Ricei tensor, and
the scalar curvature, respectively.)

Similarly for 8p,,C < GL,,C,
Resip #(0) = D Nul, (25.39)
the sum over all 1 = (4, = -+ > A, = 0), where

Ny = ; N,_:J,.

Nyii is the Littlewood-Richardson coeflicient, and the sum is over all
N={, =03 = ns =g =) wilh each parl occurring an even number of
limes,
- It is perhaps worth pointing out the the decomposition of lensor producis
is a special case of the decomposition of restrictions: the exterior lensor
product Ty@ETI, of two irreducible representations of G is an irreducible
representatlion of G x G, and the restriction of this to the diagonal embedding
of Gin G = G is the usual tensor product T, @ I,

There are also some general formulas, valid whenever §j is a semisimple Lie
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subalgebra ol a semisimple Lie algebra g. Assume that the Cartan subalgebra
[y is a subalgebra of [, so we have a restriction from h* to )*, and we assume
the hall-spaces determining positive roots are compatible. We write ji for
weights of @, and we write ;| fi to mean that a weight u of g restricts lo ji
Similarly write W for a typical element of the Weyl group of §, and j for hall
the sum of its positive weights. Il A (resp. 1) is a dominant weight for g
(resp. @), let Ny denote the multiplicity with which [y appears in the restriction
ol T o g, ie,

Res(l,) = (Ps Nu s

Exercise 25.40*, Show that, for any dominant weight 4 of g and any weight ji
of &,
g: m,(I) = };M;ni{rzl.

i
Exercise 25.41* (Klimyk). Show that

Ny=Y(-1)¥ I,).
1 );t ) _w};_m n (1)

Exercise 25.42. Show that il the formula of the preceding exercise is applied
to the diagonal embedding of g in g x g, then the Racah formula of Exercise
25.31 results.

For additional formulas ol a similar vein, as well as discussions of how they
can be implemented on a computer, there are several articles in SIAM J. Appl.
Math. 25, 1973,

Finally, we note that it is possible, for any semisimple Lie algebra g, to
make the direct sum of all its irreducible representations into a commutative
algebra, generalizing constructions we saw in Lectures 15, §17, and §19. Lat
Fapr o0 T, be the irreducible representations corresponding to the funda-
mental weights wy, ..., w,. Lel

A =Sym'(l, @~ BI,)
This is a commutative graded algebra, the direct sum of pieces
A= ﬂa Sym*([,,} & - & Sym™(T,_)
W vamaily

where a = [a,,..., a,) is an n-tuple of non-negative integers. Then A" is
the direct sum of the irreducible representation T, whose highest weight is
A =¥ ayw, and a sum J* of representations whose highest weight is strictly
smaller. As before, weight considerations show that J* = (B, J* is an ideal in

A’, so the quotient )
Afr = @ I, f
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is the direct sum ol all the irreducible representations. The product
L@, - T,

in this ring is often called Cartan multiplication; note that the fact that I';,,
occurs once in the tensor product determines such a projection, but only up
to multiplication by a scalar.

Using ideas of §25.1, it is possible to give generators for the ideal J°. 1T C is
the Casimir operator, we know thal C acts on all representations and is
multiplication by the constant ¢, = (4, 4) + (24, p) ou the irreducible represen-
tation with highest weight 1 Therefore, if 1 =} a,m;, the endomorphism
C — ¢, I of A® vanishes on the factor I}, and on each of the representations
T, of lower weight j it is multiplication by ¢, — ¢, # 0 [ef. (25.2)]. It follows
that

J* = Image(C — ¢, I: A" —+ A"},

Exercise 25.43% Write C = }_ U, U/ asin §25.1. Show that for v,,..., v, vectors
in the fundamental weight spaces, with ;e [, and } a; = }" a,u,, the element
(C = cydvy -wy-... v} is the sum over all pairs j, k, with 1 £ j <k <m, of
the terms

(; 1U|{U_J}' Ullue) + U;{U_J}' Uilw)) — 2o, o oy “n) : 'LL oy

From this exercise follows a theorem of Kostant: J* is generated by the
elements

2: (Uife)- Uilw) + Ujle)- Ulw)) — 2a, fi)o-w

for vel,, wely, with « and fi fundamental roots. For the classical Lie
algebras, this formula can be used 1o find conerete realizations of the ring, I7
one wanis a similar ring for a semisimple Lie group, one has the same ring,
of course, when the group is simply connected; this leads o the ring described
in Lectures 15 and 17 for SL,C and Sp,,C. For 50,,C, little change is needed
when m is odd, but there is more work for m even. Details can be found in

[L-T].



LECTURE 26

Real Lie Algebras and Lie Groups

In this lecture we indicate how to complete the last step in the process ouollined al the
beginning of Part IT: (o take our knowledge of the classification and represenialion
theory of complex algebras and groups and deduce the corresponding statements in
the real case. We do this in the first section, giving a list of the simple classical real Lie
algebras and saying a few words about the corresponding groups and (heir {complex)
represenialions. The existence of a compact group whose Lie algebra has as complexl-
ficalion a given semisimple complex Lie algebra makes il possible lo give another
(indeed, the original) way lo prove the Weyl characler formula; we sketch this in §26.1
Finally, we can ask in regard (o real Lie groups G a question analogous 1o one asked
for the representalions of finile groups in §3.5: which of the complex representations
V of G actoally come from real ones. We answer this in the most commonly en-
countered cases in §26.3. In this final lecture, proofs, when we atiempt them, are
generally only skeiched and may require more than the usval fortitude from the reader,

§26.1: Classification of real simple Lie algebras and groups
§26.2: Second prool of Weyl's character formula
§26.3: Real, complex, and qualernionle represeniations

§26.1. Classification of Real Simple Lie Algebras
and Groups

Having described the semisimple complex Lie algebras, we now address the
analogous problem for real Lic algebras. Since the complexification g, ®x €
of a semisimple real Lie algebra g, is a semisimple complex Lie algebra and
we have classified those, we are reduced to the problem of describing the ml:
forms of the complex semisimple Lic algebras: that is, for a given complex Lie.
algebra g, finding all real Lie algebras g, with
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sh@n‘l;sn-

We saw many of the real formns ol the classical complex Lie groups and
algebras back in Leciures 7 and 8. In this seclion we will indicate one way to
approach the question systematically, but we will only include skeiches of
proofs,
To get the idea of what to expect, let us work out real forms of sl,C
in detail. To do this, suppose g, is any real Lie subalgebra of sl;C, with
9y @y C = &, C. The natural thing to do is to try lo carry oul our analysis of
semisimple Lie algebras for the real Lie algebra g, that is, find an element
H e g, such that ad{H) acls semisimply on g, decompose g, into eigenspaces,
and so on. The first part of this presents no problem: since the subset of sl,C
of non-semisimple matrices is a proper algebraic subvariety, it cannol contain
the real subspace g, = #1,C, so that we can cerlainly find a semisimple H € q,,.

The next thing is to consider the eigenspaces of ad{H) acting on g. Of
course, ad(H) has one eigenvalue 0, corresponding to the eigenspace h, =
R:H spanned by H. The remaining two eigenvalues must then sum to zero,
which leaves just two possibilities:

(i) ad{H) has eigenvalues 4 and - 4, for 1 a nonzero real number; multi-
plying H by a real scalar, we can take 4 = 2. In this case we obtain a
decomposition of the veclor space g, into one-dimensional eigenspaces

o =ho @B a: Po_a

We can then choose X e g, and ¥ e g._,; the standard argument then shows
that the bracket [ X, ¥]is a nonzero multiple of H, which we may take Lo be
| by rechoosing X and ¥. We thus have the real form =l; R, with the basis

1 0 01 00
n=(o ) x=( o) 7= 0)

{iijad(H) haseigenvalues iland — il for 4 some nonzero real number; again,
adjusting H by a real scalar we may take 4 = 1. In this case, of course, there
are no real eigenvectors for the-action of ad{H) on q,; but we can decompose
fo into the direct sum of b, and the two-dimensional subspace g, _;; corre-

sponding to the pair of eigenvalues i and —i. We may then choose a basis B
and C for g -, with

[H,B]=C and [H,C]= —B.

The commutator [ B, C] will then be a nonzero multiple of H, which we may
take to be either H or —H {we can multiply B and C simultaneously by a
scalar g1, which multiplies the commutator [ B, C] by u?). In the latter case, we
e thai g, is isomorphic to sl;R again: these are the relations we gel il we
‘ftake as basis for sl; C the three veclors

(3 ) 0= ) e-3)
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Finally, if the commutator [B, C] = H, we do get a new cxample: g is in this
case ispmorphic to the algebra

sil; = {A:'4 = — A and trace(A) = 0} < sl,C,

which has as basis
g2 0 0 12 [0 r',fz)
H’(u -#2)' E'(—m 0)‘ and ﬂ‘(uz 0)

Exercise 26.1, Carry out this analysis for the real Lie algebras so, Rand so, (R,
In particular, give an isomorphism of each with either sl;R or su,.

This completes our analysis of the real forms of sl;C. In the general
case, we can Iry to apply a similar analysis, and indeed at least one aspect
generalizes: given a real form g, = g of the complex semisimple Lie algebra
g, we can find a real subalgebra l), = gg such that b, ® C is a Carlan sub-
algebra of g = g, ® C; this is called a Cartan subalgebra of gy. There is a
further complication in the case of Lie algebras of rank 2 or more: the values
on b, of a rool @ € R of g need not be either all real or all purely imaginary.
We, thus, need to consider the rool spaces q,, iz, . and g_z, and the
subalgebra they generate, at the same time. Moreover, as we saw in the above
example, whether the values of the roots « & R of g on the real subspace by
are real, purely imaginary, or neither will in general depend on the choice of

Bo.

Exercise 26.2%, In the case of g, = sl;R = g = &, C, suppose we choose as
Cartan subalgebra Iy, the space spanned over i by the elements

2 0 0 0 00
Hy=|0 =1 0} and Hy=|0 0 1
00—l 0 -1 0

Show that this is indeed a Carlan subalgebra, and find the decomposition of
a into eigenspaces for the action of h = Iy, & C. In particular, find the rools
of g as linear functions on b, and describe the corresponding decomposition
of gg.

Judging from these examples, it is probably prudent to resist the Lemptation
to try to carry out an analysis of real semisimple Lie algebras via an analogue,
of the decomposition g = h @ ((Pg,) in this case. Rather, in the present book;
we will do two things. First, we will give the statement of the classificatiof
theorem for the real forms of the classical algebras—that is, we will list all:
the simple real Lie algebras whose complexifications are classical al
Second, we will focus on two distinguished real forms possessed by any
semisimple Lie algebra, the split form and the compact form. These are
two forms that you see most often; and the exislence of the lailer in parii
will be essential in the following seclion.
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For the first, it turns out lo be enough to work out the complexifications
8o &g C = gy @ i - a4 of the real Lie algebras g, we know. The list is:

Real Lie algebra Complexification
o,R ol,C

sl C sI,C = sl C
sl,H = gl H/R 8l,,C

50, B 5054,

so, C s0,C x so,C
’P!u“ "phc

LPALE sp2,C % p,y,C
Sl slagl

M 5P3ip s C

urH s0,,0C

The last two in the left-hand column are the Lie algebras of the groups U, ,H
and UXH of automorphisms of a guaternionic vector space preserving a
Hermitian form with signature (p, g), and a skew-symmetric Hermitian form,
respectively.

We should first verify that the algebras on the right are indeed the complexi-
fications of those on the left. Some are obvious, such as the complexification

(sl ,R)c =sl,RPi-sl R = sl L.

The same goes for so, R and sp,, R,
Mext, consider the complexilication of

su, = {Ad sl C:'A = -4},
To see that sl,C = su, @i su,, lel M e sl C, and write
. M = }(M —"M) + (M + M) = {4 + | B;
then A e su,, iB e su,, and M = 34 — ili/2)B.

+ The general case of sty , < el C is similar: il the form is given by (x, y) =
'R0y, then su, , = {A:'4Q = —Q4). Writing M € sl,,,C in the form

M =4(M —Q-'M-Q)—i-(}(M + iQ-'M- Q)

and using @ = 'Q = Q" = (, one sees that M € su, @isu, .
For the complexification of sl,,C,embed sl ,C insl,C x sl_C by Ar+(A, A).
Qiven any pair (B, C), wrile

(B,C)=4{B+C, B+ C)+(B—-C, —B+0C)
=3B+ C B+ C)—i-(J(iB + iC, iB + iC).

For the quaternionic Lie algebra, from the description of GL,H we saw in
Lecture 7, we have

al,H = {4 egl,, C: AJ = JA},
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o 1 "
with J = ( P [.'!)' As belore, for M & gl;,C, we can wrile

M=4M—=J-M-J)—i(4(iM + 1J-iM-2))
to see that gl,M @, C = gl,,C.

Exercise 26.3. Verily the rest of the list.

The theorem, which also goes back to Cartan, is that this includes the
complete list of simple real Lie algebras associated (o the classical complex types
(A, )-(D,). In fact, there are an additional 17 simple real Lie algebras asso-
ciated with the five exceptional Lie algebras The prool of this theorem &
rather long, and we refer Lo the literature {cf. [H-8], [Hel], [Ar]) for it.

Split Forms and Compact Forms

Rather than ury 10 classify in gencral the real forms g, of a semisimple Lie
algebra g, we would like to focus here on two particular forms that are
possessed by every semisimple Lie algebra and that are by far the most
commonly deall with in practice: the split form and the compact form.

These represent the two extremes of behavior of the decomposition g =
b @® (D a,) with respect to the real subalgebra g, < g. To begin with, the split
form of q is a form g, such that there exists a Cartan subalgebra b, = g, (that
is, a subalgebra whose complexification b = h, & C = g, @ C = gisa Cartan
subalgebra of g) whose action on g, has all real eigenvalues—i.e., such that
all the roots @& R = hy* of g (with respect to the Cartan subalgebra h=
by ® C < g) assume all real values on the subspace by, In this case we haven
direct sum decomposilion

a0 = he @ (EP1,)

ol g, into , and one-dimensional eigenspaces |, for the action of b {each |j
will just be the intersection of the root space g, = g with g,); each pair |, and.
i_, will generale a subalgebra isomorphic to sl . As we will see momentarily,
this uniquely characterizes the real form g, of g.

By contrast, in the compact form all the roots & & R = §* of g (with resped’
to the Cartan subalgebra h = b, ® € < g) assume all purely imaginary values
on the subspace l,. We accordingly have a direct sum decomposition

8o = b, BIEPL)

of gg into by, and iwo-dimensional spaces on which b, acts by rotation (eack
I, will just be the intersection of the root space g, @ g, with g,) each [,
generale a subalgebra isomorphic to su,.

The existence of the split form of a semisimple complex Lie algebra wak
already established in Lecture 21: one way to construct a real—even rational
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—Iform g, of a semisimple Lie algebra g is by starting with any generator X,
for the rool space for each positive simple rool a,, completing it to standard
basis X, , ¥, and H, = [X,,, ¥, 1Tor the corresponding 5, = #1,C, and taking
fig 10 be the real subalgebra generated by these elements. Choosing a way to
wrile each posilive root as a sum of simple roots even determined a basis
[Hel, X, eq,, ¥, eq.,) for g, as in (21.20). The Cartan subalgebra I, of g,
is the real span of these H,. Nole thal once b is lixed for g, the real subalgebra
by is uniquely determined as the span of the H, for all roots . The algebra g,
is determined up to isomorphism; it is sometimes called the natural real form
of g. Note that this also demonsirates the uniqueness of the split form: it is
the only real form g, of g that has a Cartan subalgebra by, acting on g, with
all real eigenvalues.

As for the compact form of a semisimple Lie algebra, it owes much of its
significance (as well as its name) to the last condition in

Proposition 26.4. Suppose g is any complex semisimple Lie algebra and g, = g
a real form of g. Let hy, be a Cartan subalgebra of qp. b = by ® C the corre-
sponding Cartan subalgebra of g. The following ove equivalent

(i} Each ront @ € R = " of g assumes purely imaginary valwes on by, and
Jor each root a the subalgebra of g, generated by the intersection |, of
(0. B a_,) with g, is isomorphic to suy;

(ii) The restriction to g, of the Killing form of g is negative definite;

(iil) The real Lie group G, with Lie algebra g, is compact.

In {iii}, G, can be taken Lo be the adjoint lorm of g,. However, a theorem
of Weyl ensures that the fundamental group of any such G, is finite, so the
«condition is independent of the choice of G,. Notealso that, by the equivalence
with (i) and (iii), the condition (i) must be independent of the choice of Cartan
bubalgebra ly,. This is in contrast with the split case, where we require only
that there exist a Cartan subalgebra whose action on g has all real eigenvalues;
aswe saw in the case of s1, [, in (he split case a dilferent §j, may have imaginary

:di,tnvalues

'!'mor We starl by showing that the first condition implies the second; this
will follow from direct observation. To begin with, the value of the Killing
form on H & by, is visibly

" B(H, H) = ¥ (a(H))? < 0.

Next, the subspaces |, are orthogonal {o one another with respect to B, so it
remains only to verify B(Z, Z) < 0 lor a general member Z e[, To do this,
ket X and ¥ be generators of g, and g_, = g respectively, chosen so as to form,
her with their commutator H = [X, ¥] a standard basis for &l,C. By the
Analysis of real forms of sl,C above, we may take as generators of the algebra
‘enerated by [, the elements iH, U = X — Y and V = iX + i¥. If we sel

Z=all + bV =(a+ib) X +(—a+ib)- Y,
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then we have
ad(Z) o ad(Z) = (a + ib)? ad(X) = ad(X)
— (a* + b?)(ad(X) = ad(¥) + ad(¥) & ad(X))
4 (@ — ib)? ad(¥) o ad{¥).

Mow, ad{X) = ad(X) and ad(¥) = ad(¥) have no lrace, so we can wrile

trace(ad(Z) = ad(Z)) = —2-(a® + b*)- trace(ad(X) e ad(¥))  (26.5)
By direct examination, in the representation Sym"™V of sl C, ad(X) 0 ad(¥)
acts by multiplication by {n — A)in + 4 — 2)/4 = 0 on the 1-eigenspace for I,
from which we deduce that the right-hand side of (26.5) is negative.

Mext, we show thal the second condition implics the third. This is irmme-
diate: the adjoint form G, is the connected component of the identity of the
group Aulig,). In particular, it is a closed subgroup of the adjoint group of g,
and it acts faithfully on the real veclor space g, preserving the bilinear form
B. Il B is negative definite it follows that G, is a closed subgroup of the
orthogonal group SO _ R, which is compact.

Finally, if we know thal G, is compact, by averaging we can construcl a
positive delinite inner product on g, invariant under the action of G,. For any
A in gg, ad(X) is represented by a skew-symmetric matrix A = (a, ;) with
respect to an orthonormal basis of g, (cf. (14.23)}, so B{X, X)=Tr(d d)=
Yisa 9= —Yai,; =0. In particular, the eigenvalues of ad(X) must be
purely imaginary. Therefore a(h,) = it and & = —a for any rool «, from
which (i) follows. O

We now claim thal every semisimple complex Lie algebra has a unigue
enmpact form. To see this we need an algebraic notion which is, in fact, crucial
to the classification theorem mentioned above: that of eonjugate linear involu-
tinn, If g = g, @g C is the complexification of a real Lic algebra g, there isa
map o: q — g which takes x ® z 1o x® 7 for x € g, and z & C; il is conjugate
linear, preserves Lie brackets, and o2 is the identity. The real algebra g, is the
fixed subalgebra of o, and conversely, given such a conjugate linear involution
o of a complex Lie algebra g, its lixed algebra g” is a real form of g. To prove the
claim, we start with the splil, or natural form, as constructed in Lecture 21
and referred to above. With a basis for g chosen as in this construction, it is
not hard to show that there is a unique Lie algebra automorphism ¢ of g thal
takes cach element of | to ils negative and takes each X, to ¥, (this follows
from Claim 21.25). This automorphism g is a complex linear involution which
preserves lhe real subalgebra g,. This aulomorphism commules with the
associated conjugate linear . The composite ap = po is a conjugate linear
involution, from which it follows that its fixed parl g, = g* is another real
form of g. This has Cartan subalgebra b, = §™® = i-h,. We have seen that the
restriction of the Killing form to b, is positive definite. 1t follows that ils
restriction to [, is negative definite, and hence that g, is a compact form of g
Finally, this construction of g, from g, is reversible, and from this one can
deduce the unigueness ol the compact form.
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We may see directly from this construction that
.=ho @1,
wherel, = (g, @ g.,)"" isa real plane with |, ® C = g, ® g_, and [h,, L] = .
Exercise 26.6. Verify that {A;=(-Hp 1 < j <n)}isabasisfor b, {B,=X,— ¥,
C, = i*(X, + Y,)} is a basis for I,, and the action is given by
[Ajl B.l]’P'Cc and [Ajl Cu]= ~p' B,
where p is the integer a(H,). In particular, b, acts by rotations on the planes |,.

Owur classical Lie algebras g all came equipped with a natural real form g,
and with a basis of the above type. These split forms are:

Complex simpie Lie algebra  Split form

¢, C sl,. B
84,4 T S0ut1.n
!P:.c T
s0,,C s0, ,

Exercise 26.7. For each of these split forms, find the corresponding compact
form g.

Exercise 26.8. Lel g, be a real semisimple Lie algebra. Show that a subalgebra
by of g, is a Cartan subalgebra if and only if it is a maximal abelian subalgebra
and the adjoint aclion on g, is semisimple.

Exercise 26.9*. Starting with a real form g, of g with associated conjugation
g, show that one can always find a compact form g of g such that oig,.} = q,,
and such that

g, =tdp,

where t = by = go N g, and p = g, A (i-0.) Such a decomposition is called a
Carian decompasition of g,. IUis unigue up to inner automorphism.

Exercise 26.10*. For any real form g, of g, given by a conjugation o, show
that there is a Cartan subalgebra hy of g that is preserved by o, 50 g, Nl is
a Cartan subalgebra of g,.

Naturally, the various special isomorphisms between complex Lie algebras
(s1,C = s0,C = sp,C, elc) give rise to special isomorphisms among their real
forms. For example, we have already seen that

sl R =suy , =e0, , =ep, R,
while

sy @so,R=sl,H=u M
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(cf. Exercise 26.1). Similarly, each of the remaining three special isomorphisms
of complex semisimple Lie algebras gives rise to isomorphisms between their
real forms, as follows:

(i) so,C=el,C xsl,C

compact forms: so, B = su; x su,

split forms: 20, 5 2 ¢, R = ol,R

others: so, , = sl,C, ufH = suy x sl; .
(i) sp,C = s0,C

compaci forms: n,MH = so, R

split forms: sp, R = s0, ,

other: u, |H = so, ,.
(i) sl,C = so,C

compact forms: su, = so R

split forms: s, R = so, ,

others: suy ; = 80, 5; suy ; = utH; el;H = 0, .

In addition, the exira aulomorphism of sogC coming fromn triality gives
rise Lo an isomorphism uf H = oo, ;.

Exercise 26.11. Verily some of the isomorphisms above. (Of course, in the case
of compact and split forms, these are implied by the corresponding iso-
morphisms of complex Lie algebras, but it is worthwhile to see them direcily
in any case.)

Real Groups

We turn now to problem of describing the real Lie groups with these Lie
algebras. Let G be the adjoint form of the semisimple complex Lie algebra g.
If np is a real form of g, the associated conjugate linear involution & of g that
fixes g, lifis to an involution & of G. (This follows from the lunctorial nature
of the adjoint form, noting thal G is regarded now as a real Lie group)
The fixed points G* of this involution then form a closed subgroup of G; its
connecled component of the identity G, is a real Lie gmup whose Lie algebra
is q,. G is called the complexification of G,.

We have seen in §23.1 thatif I = I, is the lattice of those elements in ) on
which all roots 1ake integral values, then 2niT is the kernel of the exponential
mapping exp: b — G Lo the adjoint form. IT b, is a Cartan subalgebra of g,,
T = exp(h,) will be compact precisely when the intersection of b, with the
kernel 2nil" is a lattice of maximal rank. In this case, T will be a product of n
copies of the circle §', n = dim(ly), and, since the Killing form on §, is negative
definite, the corresponding real group G, will also be compact. Such a G, will
be a maximal compact subgroup of G.

When G, = G is a maximal compact subgroup, Lhey have the same irreduc-
ible complex representations. Indeed, for any complex group ', each complex
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homomorphism from G lo G' is the extension ol a unique real homomorphism
from Gy, Lo G'. This follows from the corresponding fact [or Lie algebras and
the fact that G, and G have the same fundamental group. This is another
general fact, which implies the finiteness of the lundamental group of Gy; we
omil the prool, noting only that it can be seen directly in the classical cases:

Exercise 26.12%, Prove that n,(G,) -+ () is an isomorphism for each of the
classical adjoini groups.

Exercise 26.13*, The special isomorphisms of real Lie algebras listed above
give rise 1o special isomorphisms of real Lie groups. Can you find these?

1t is another general facl that any compact (connected) Lie group is a
quolient

(G, x Gy x - x G, x TYZ,

where the G; are simple compaet Lie groups, T = (8')" is a torus, and Z is a
discrete subgroup of the center. In particular, its Lie algebra is the direct sum
. of a semisimple compact Lie algebra and an abelian Lie algebra. This provides
another reason why the classification of irreducible representations in the real
compacl case and the semisimple complex case are essentially Lthe same.

Representations of Real Lie Algebras

Finally, we should say a word here about the irreducible representations
{always here in complex vector spacesl) of simple real Lic algebras. In some
cases Lhese are easily described in terms of the complex case: for example, the
irreducible representations of su,, or s R are the same as those for sl C, ie.,
they are the restrictions of the irreducible representations Iy = 5, C" corre-
spondding Lo partitions or Young diagrams 1. This is the siluation in general
whenever the complexification g = g, ® C of the real Lie algebra g, is still
simple: the representations of g, on complex veclor spaces are exactly the
representations of g. The situation is slightly different when we have a simple
real Lie algebra whose complexification is not simple: for exanple, the irreduc-
ible representations of sl C, regarded as a real Lie algebra, are of the form
@I, where I, is the conjugale representation of I, The situation in
general is expressed in the following

Exercise 26.14. Show thal il g, is a simple real Lie algebra whose complexifica-
lion g is simple, its irreducible representations are the restrictions of (uniquely
determined) irreducible representations of g 17 g, is the underlying real algebra
of a simple complex Lie alpebra, show that the irreducible representations of
8o ate of the form V @ W, where ¥ and W are (uniquely determined) irreduc-
ible representations of the complex Lie algebra.
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§26.2. Second Proof of Weyl's Character Formula

The title of this section is perhaps inaccurate: what we will give here is actually
a sketch of the first proof of the Weyl character formula. Weyl, in his original
proof, used what he called the “unitarian trick,” which is to say he introduces
the compact form of a given semisimple Lie algebra and uses inlegration on
the corresponding compact group G. (This trick was already described in §9.3,
in the context of proving complete reducibility of representations ol a semi-
simple algebra.)

Indeed, the main reason lor including this section (which is, afler all,
logically unnecessary) is to acquaint the reader with the “classical” treatment
of Lie groups via their compact forms. This treatment follows very much the
same lines as the representation theory of finite groups. To begin with, we
replace the average (1/|G) Y, . /(g) by the integral [; f(g) d, the volume
element dp chosen to be translation invariant and such that fgdu=1. I
P G - Aul[V) is a finite-dimensional representalion, with character

xvlg) = Trace(plg))

then [ p(g) dp € Hom(¥, ¥} is idempotent, and it is the projection onto the
invariant subspace V% So [ xy(g) du = dim(V®). Applied to Hom(¥, W) as
before, $ince Lygemp.wy = Ty X, it follows that

-[ Yvlkw dp = dim{Homg(¥, W)).
o

So il ¥ and W are irreducible,

_— &{r iV e w
nx"t' "=10 otherwise.

Up to now, everylhing is completely analogous to the case of finite groups,
and is proved in exactly the same way. The last general fact, analogous Lo the
basic Proposition 2.30, is harder in the compaci case:

Peter—Weyl Theorem. The characters of irreducible representations span a
dense subspace of the space of continuous class lunctions.

It is, moreover, the case that the coordinate lunctions of the irreducible matrix
representations span a dense subspace ol all continuous {or L?) functions on
G. For the proof of these stalements we refer to [Ad] or [B-1D]. Given the
fundamental role that (2.30) played in the analysis of representations of finite
groups, it is not surprising that the Peter~Weyl theorem is the cornerstone of
most treatments of compact groups, even though it has played no role so far
in this book.

We now proceed io indicate how the original proof of the Weyl character
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formula went in this setting. In this section, G will denote a fixed compact
group, whose Lie algebra g is a real form of the semisimple complex Lie
algebra g = g g C. We have seen that
a=b@ P 1,
ae B*
compatible with the usual decomposition g = be @ (Pla. ® g-.) when com-
. plexified. The real Cartan algebra b acts by rotations on the planes |,

MNow let T = exp(h) = G. As before we have chosen h so that it conlains
the lattice 2mil” which is the kernel of the exponential map from l. to the
simply-connected form of g, s0 T = (8')" is a compact torus.

In this compacl case we can realize the Weyl group on the group level again:

Claim 26.15. N(T)/T = 1.

Proore. For each pair of roots a, —a, we have a subalgebra s, = sl,ll:. = ey
with a corresponding su, = g Exponentiating gives a subgroup SU(2) = G,

The element (_EI :)) acts by Ad, laking Hlo —H, X 1o ¥,and Y to X. It

is.in N(T), and, with B as in the preceding section, (“? {I]) = gxp G um),

Then up(% IEE) & g acts by reflection in the hyperplane a' = b ]

Mote that 98 acting on ) takes the lattice 2nil” to itsell, so 90 acts on
T = ly2nil” by conjugation.

Theorem 26.16. Every element of G is conjugate to an element of T. A general
element is confugate to |I8] such elements of T,

Sketch of a proof: Mote thal G acts by lelt multiplication on the lefl cosel space
X = G/T. Forany z € G, consider the map f;: X — X which takes yT to zyT.
The claim is that f, mnust have a fixed point, ie., there is a p such that
¥ 'zy e T Since all £ are homolopic, and X is compact, the Lefschetz number
of f; is the topological Euler characteristic of X. The first statement lollows
[rom the claim that this Euler characteristic is not zero. This is a good exercise
for the classical groups; see [ Bor2] for a general prool, For another proof see
Remark 26.20 below,

For the second assertion, check first that any element that commutes with
every element of T is in T, Take an “irrational” element x in T so that its
multiples are dense in T. Then for any ye G, yxy ' T yTy ' =T, and
yxy~! = x ==y & T. This gives preciscly || conjugates of x that are in T.

Corollary 26.17. The class finciions on G are the W-invariant functions on T,
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Suppose G is a real form of the complex semisimple group G, ie., Gisa
real analytic closed subgroup of G, and the Lie algebra of G is g¢. The
characters on G can be written 3 n,e*™", the sum over jt in the weight lattice
A; they are invariant under the Weyl group. From what we have seen, they
can be identified with ¥B-invariant functions on the torus T. Let us work this
out for the classical groups:

Case {A,): G = SU(n + 1). The Lie algebra su,,, consists of skew-Hermitian
malrices,

b = su,,, sl B = {imaginary diagonal matrices of trace 0},

and T = [diag(e?™, ..., e**%): ¥ §, = 0}. In this case, the Weyl group 10
is the symmetric group &, ,,, represented by permutation matrices (with one
entry + | on each row and column, other entries 0) modulo T. Let z: T+ §'
correspond Lo the ith diagonal entry e2*™, So characters on T are symmetric
polynomials in z,, ..., z,,, modulo the relation z,-. .. z,,, = 1. Thereflore,
characters on SU(n + 1) are symmetric polynomials in z,,..., 2,,,.

Case (B,): G = SO{2n + 1). | consists of matrices wilh n 2 x 2 blocks of the
form

(ms[IIS,} —sin {213.})
sin(2m%) cos(2nd,)

along the diagonal, and one 1 in the lower right corner, Again we see thai
T = (8'Y. This time N(T) will have block permutations to interchange the
. X 01
blocks, and also matrices with some blocks (I ﬂ) in the squares along the
diagonal, with the other blocks 2 = 2 identity matrices, with a +1 in the
corner lo make the determinant positive; these lake 3, to — , for each i/ where
L . . \ L
a block is ( 1 {}). This again realizes the Weyl group as a semidirect product
of S, and (£/2y. With z, identified with ¢*™* again, we see that the characlers
are the symmetric polynomials in the variables z, + z;7', i.e, in cos(2r3,),...,
cos(2nd, ).

Case (D,): G = 50{2n). b is as in the preceding case, bul with no lower comer.
Since we have no corner to put a — | in, there can be only an even number of.

0 |
blocks of the form (I ﬂ)' reflecting the fact that 98 is a semidirect produet.
of (Z/2)"~" and .. This time the invariants are symmelric polynomials in the
z; + 2", and one additional I1,(z, — 2;).

Case (C,): G = Sp(2n). ) consists of imaginary diagonal matrices Tomnll
of diagonal matrices with entries e*', The Weyl group in gl:nmltd Ilf
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permutation matrices and diagonal matrices with entries which are 1's and
quaternionic j°s: T8 is a semidirect product of {£/2)" and &,. The invariants
are symmetric polynomials in the 2, + ;"

The key to Weyl's analysis is to calculate the integral of a class function f
on  as a suilable integral over the torus T. For this, consider the map

nGTx T—G, alxT, y) = xyx~".
By what we said earlier, n is a generically finite-sheeted covering, with (20
sheets, It follows that

|
dp = — " *du.
J.lif : bl n;n‘.-:rlIt wa

Now n*(f)(xT, ¥) = f(y) since [ is a class lunction. To calculate n*dp, con-
sider the induced map on tangent spaces

n,=dr:gfh xh—q
Al the point {x, T, y,) e G/T x T,
(xpe"™T, yoe' )= xpe ™ yae"e xg'.

We want to calculate

3?[xue"yue"e""x;1]f,.u[x,,,_p,, x')
which is
XolxXyo + Yo¥ — Yox)x5'(xo¥5'x5") = Xolx + yobys"' — yoxya')xg".

Now yo¥¥s' = y since yg & T and y & h. To calculate the determinant of =,
we can ignore the volume-preserving transformation x,{ Jxg". If we identily
g with g/f x b, the matrix becomes

(I-—ﬁd{rul 0)
] s

So the determinant of x, is det(f — Ad(y,)). Now (a/b)c = (D)., and Ad(y,)
acts as e2™ op . Hence

det(r,) = [T (1 — &), (26.18)

a8 a function on T alone, independent of the factor G/T. This gives Weyl's
Integration formudla:

[
I fdpg = EL £y I'L (I — e dp . (26.19)

Remark 26.20. The same argument gives another proof of the theorem that G
k covered by conjugates of T. This amounts to the assertion that the map
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a: G/T x T -+ G of compact manifolds is surjective By what we saw above,
for a generic point y, e T there are exactly || points in n™'(y, ), and at each
of these the Jacobian determinant is the same (nonzero) number. It follows
that the topological degree of the map n is | 1], so the map must be surjective.

Now (I — e™#)(1 — ¢~ 2"%) = (™ — ¢~ "")(e™* — ¢~ ™), 50 if we set

A= '['1. (et — gni

then det(n,) = AA. As we saw in Lemma 24.3,A = A, where p is half the sum
of the positive roots and, for any weight p,
T (= e,

Mow we can complete the second proofl of Weyl's character formula: the
character of the representation with highest weight dis A, ,/A,. Since we saw
in §24.1 that Ay, /A, has highest weight A and (see Corollary 24.6) its value
at the identily is positive, it sullices to show that the integral of ]E =1,
where 1 = A;, /A, By Weyl's integration formula,

I - 1
i - FAA = = Ay A
.L“ |m!|J.T” |m|J.r 1eollate

=|_flﬁ|f E (_”ﬂ'ehﬂ'u*l]. E [—l]'e'"i"‘"“"'e 1,
T

LR LR

which concludes the prool.

§26.3. Real, Complex, and Quaternionic
Representations

The final Lopic we want to take up is the classification of irreducible complex
representations of semisimple Lie groups or algebras into those of real, quatern-
ionic, or complex type. To define our terms, given a real semisimple Lie group
G, or its Lie algebra g, and a representation of G, or g, on a complex veclor
space V we say that the representation V' is real, or of real type, il it comes:
from a representation of G, or g, on a real vector space ¥, by extension of’
scalars(V = ¥, @y C); thisisequivalent to saylng that it has a conjugate Ill'ﬂ.l'
endomorphism whose square is the identity. It is quaternionic il it mnesl'n'l
a quaternionic represeniation by restriction of scalars, or equivalently ifil hll
a conjugale linear endomorphism whose square is minus the identity, F'nll!}.
we say that the representation is complex il it is neither of these. (Comparne
with Theorem 3.37 for finite groups.)

Having completely classified the irreducible representations of the classical
complex Lie algebras, and having described all the real forms of these Ij
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algebras, we have a clear-cut problem: to detemine the type of the restriction
of each representation to each real form. Rather than try to answer this in
every case, however, we will instead mention some of the ideas that allow us
to answer this question, and then focus on the cases of the split forms (where
the answer is easy) and the compact forms (where the answer is more inlerest-
ing, and where we have more tools to play with). We assume the complexifica-
tion g of g, is simple, so irreducible representations of g, are restrictions of
unigue irreducible representations of g (cf. (26.14)); in particular, we have the
classification of irreducible representations by dominant weights.

To begin wilh, the tensor products of two real, or two guaternionic, or of
a pair of complex conjugate representations is always real; and exterior powers
of real and quaternionic representations are equally easy to analyze, as for
finite groups (see Exercise 3.43). Such tensor and exterior powers may not be
imeducible, but the following criterion can often be used to describe an
irreducible component of highest weight that occurs inside them:

Exercise 26.21*. Suppose W is a representation ol a semisimple group G that
is real or guaternionic, and suppose W has a highest weight i that occurs
with multiplicity 1. Show that the irreducible representations I'; with highest
weight A has the same lype as W.

We may apply this in particular 1o the tensor product I &I, of the
irreducible representations of g with highest weights 4 and ju; since the irreduc-
ible representation I, , with highest weight 4 + p appears once in this tensor
product, we deduce

Exercise 26.22*, (i) If I', and T, are both real or both quaternionic, then Iy, ,
is real. (ii) IT T, is real and I, is quaternionic, then [, is quaternionic. {iii} If
Iy and T, are complex and conjugate, then I, , is real.

The last two exercises almost completely answer the question of the repre-
‘sentations of the split forms of the classical groups: we have

Proposition 26.23. Every irreducible representation of the split forms sl R,
#0,, R, 5p,, R, and so, R of the classical Lie algebras is real.

‘Proor. Ineach of these cases, the standard representation V is real, from which
it follows that the exterior powers A'V are real, from which it follows that the
symimetric powers Sym™(A*V) are real. Now, in the cases of sl,,, Rand sp,, R,
we have scen that the highest weights w, of the representations A'V for k =
L., nform a set of fundamental weights: that is, every irreducible representa-
tion I" has highest weight }_ a, - o, for some non-negative integers a,, ..., d,.
It follows that I” appears once in the tensor product

Sym™ ¥ @ Sym (AT} @ - @ Sym™(A"V)
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and so is real. (Alternatively, Weyl's construction produces real representa-
tions when applied to real vector spaces.)

The only difference in the orthogonal case is that some of the exterior
powers AV of the standard representation must be replaced in this descrip-
tion by the spin representation(s). That the spin representations are real
follows from the construction in Leclure 20, cf. Exercise 20.23; the resull in
this case then follows as before. O

The Compact Case

We turn now to the compact forms of the classical Lie algebras. In this case,
the theory behaves very much like that of Ninite groups, discussed in Lecture
5. Specifically, any action of a compact group G, on a complex vector space
V preserves a nondegenerate Hermitian inner product (obtained, for example,
by choosing one arbitrarily and averaging its translates under the action of Gy).
It follows that the dual of V is isomorphic to its conjugate, so that V will be
either real or quaternionic exactly when it is isomorphic to its dual V*, (In
terms of characters, this says that the character Char(V) is invariant under
the automorphism of Z[A] which takes e(g) to e{ — pu); for groups, this says
the character is real) More preeisely, an irreducible representation of a
compact group/Lie algebra will be real (resp. quaternionic) if and only il it has
an invariant nondegenerate symmetric (resp. skew-symmetric) bilinear form,
In other words, the classification of an irreducible V is determined by whether

V@ V= Sym*Va AV

contains the trivial representation, and, il so, in which factor. So determining
which type a representation belongs to is a very special case of the general
plethysm problem of decomposing such representations.

With this said, we consider in turn the algebras su,, u,H, and so_ R.

Let [, be the irreducible representation of sl,C with highest weight 1 =
Y apay, whereay= L, + - + L, i=1,...,n— | are the fundamental weights
of el C. The dual of I” will have highest weight ¥ a,_, @, so that I" will be
real or quaternionic if and only il a; = a,_, for all i. We now distinguish three
cases:

(i) IT  is odd, then the sublattice of weights 4 = } a, o, with a, = a,_, for_
all i is freely generated by the sums w, + w,_; fori = I,...,(n — 1)/2. Now, &
is the highest weight of the exterior power AV, so that the irreducible repre-
seniation wilh highest weight w, + w,_, willappear once in the tensor product

AV @AY = (NV) @ (N,

which by Exercise 26.21 above is real. It follows that for any weight
4 =73 a;-w, with a, = a,_, for all i, the irreducible representation I', is real
(iia) I n = 2k is even, then the sublattice of weights 1=} a,-w; with
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a, = a,_, for all i is freely generated by the sums o, + w,_ fori= 1, k-1,
together with the weight w,. As before, the irreducible representations with
highest weight , + e, _; are all real. Moreover, in case n is divisible by 4 the
representation AV is real as well, since A¥V admits a symmetric bilinear form

NNV AtV =C

given by wedge product. It follows then as before that [or any weight 4 =
‘Va, ey with @, = a,_, for all i, the irreducible representation T is real.

{iib) In case n is congruent to 2 mod 4, the analysis is similar to the last case
except that wedge product gives a skew-symmetric bilinear pairing on A'V.
The representation A'V is thus quaternionic, and it follows that for any weight
A=} a,; w, with a, = a,_, for all i, the irreducible representation I is real if
a, is even, quaternionic if a, is odd. In sum, then, we have

Proposition 26.24. For any weight 1 = ¥ a,-a, of su,, the irreducible repre-
sentation Uy with highest weight A is: complex if a, # a,_, for any {; real if
ay= a,_, for all i and n is odd, or n = 4k, or n = 4k + 2 and a,, ,, i5 even; and
quaternionte if a, = a,_, for all i and n = 4k + 2 and ay,,, 15 odd.

Next, we consider the case of the compact form u,H of ep,,C. To begin
with, we note that since the restriction to n,H of the standard representation
ol sp,, C on ¥ = C"is quaternionic, the exterior power A*V is real for k even
and quaternionic for k odd, Since the highest weights ay of ' Viork = 1,....n
form a set of fundamental weights, this completely determines the type of the
irreducible representations of u, H: we have

Proposition 26.25. For any weight 4 = 3 a,-w, of u,H, the irreducible repre-
sentation Ty with highest weight 1 is real if a, is even for all odd i, and
quaternionic if a; is odd for any odd i.

Mext, we consider the odd orthogonal algebras. Part of this is easy: since
‘the restriction to so,,,, R of the standard representation V of so,,,, C is real,
w0 are all its exterior powers; and it follows that any representation of so,,,, R
whose highest weight lies in the sublattice of index two generated by the
highest weights of these exterior powers is real. 1t remains, then, to describe
the type of the spin representation; the answer, whose verification we leave as
Ezercise 26.28 below, is thal the spin representation I, of so,,,, C (that
i, the irreducible representation whose highest weight is one-hall the highest
weight of A"F) is real when # = 0 or 3 mod 4, and quaternionic il n = | or
1 mod 4. This yiclds

Proposition 26.26. Let oy be the highest weight of the representation NV of
804, C. For any weight A = ayw, + - + a,_yw,_, + a,o,(2 of sy, R, the
irreducible representation Ty with highest weight A is real if a, is even, or if n is
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congruent to 0 or 3mod 4; if a, is odd and n=1 or 2mod 4, then T, is
quaternionic.

{Mote that, in each of the last two cases, the [act that every representation
is elther real or quaternionic follows from the observation that the Weyl group
action on the Cartan subalgebra h = g includes multiplication by — 1)

Finally, we have the even orthogonal Lie algebras. As before. the exterior
powers of the standard representation V are all real, but we now have two
spin representations to deal with, with highest vectors (in the notation of
Lecture 19) o = (Ly + -~ + L)2and f = (L, + - + L,y — L,)/2. The firs|
question is whether these two are sell-conjugate or conjugate to each other. In
case i is even, as in the case of the symplectic and odd orthogonal algebras,
the Weyl group action on the Cartan subalgebra contains multiplication by
— 1 (the Weyl group contains the automorphism of h* reversing the sign of
any even nwnber of the basis elements L;), so that T, and T will be isomorphie
to their duals; if n is odd, on the other hand, we see that T, will have —f asa
weight, so that T, and I will be complex representations dual to each other,
We consider these cases in turn,

(i) Suppose first that » is odd, and say A is any weight, written as

d=aw + 4 @y g,y + @, fi + a0

Ifa,., # a,, the representation T with highest weight 4 will not be isomorphic
to its dual, and so will be complex. On the other hand, T,,, appears once in
I, & I, = End(T},), and so is real; thus, il a,_, = a,, the representation I', will
be real.

{ii} I, by contrast, n is even then all representations of so,, R will be either
real or quaternionic. The hall-spin representations I, and T, are real if n = ﬂ4
{mod 4), quaternionic if n = 2 (mod 4), a fact that we leave as Exercise 26.28.
It follows that, with 4 as above, T, will be real i either n is divisible by 4, or
ifa,., + a,iseven;iln = 2 mod 4anda,_, + a,isodd, I', will be quaternionie
In suin, then, we have

Proposition 26.27. The representation Ty of so,, R with highest weight 1 =
ayery + 0+ @y g0,y + a,_y f + a,a will be complex i n is odd and a,_; ¥
a,; it will be quaternionic if n = 2 mod 4 and a,_, + a, is odd; and it will be
real etherwise.

Exercise 26.28*. Verily the statements made above about the types of lil.
spin representation [, of the orthogonal Lie algebras, ie, that the S]I%
rcpn:s:nmtiun T, of so0,,,, R is real when n =0 or 3 (mod 4); and quaters
nionic il n = 1 or 2 (mod 4), and that the hall-spin representations of s0,, R
are real if n = 0 (mod 4) and quaternionic ifn = 2 (mod 4). Show, in fact, I!ui'
the even Clifford algebras C3*" = C, = C(0, m) are products of one or lwg

copies of matrix algebras over R, C, or M, with R occurring for m =0 of I
+ 1 mod 8, C occurring for m = +2 mod 8, and H for m = iﬁnrdmodli
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Exercise 26.29. Show that for a representation V of a compact group G,
0 ilViscomplex
! wlg?) = 1 il Fisreal
G .
—1 ilVisquaternionic.
Exercise 26.30*. Show thal for a representation V ol a compact group, the
number of irreducible real components it contains, minus the number of
quaternionic representations, is the number of times the trivial representation

oocurs in ¥ in the representation ring, where ¢ is the Adams operation
(cf. Exercise 23.39).






APPENDICES

These appendices contain proofs of some of the general Lie algebra facts that
were postponed during the course, as well as some results from algebra and
Invariant theory which were used particularly in the “Weyl construction—
Schur functor” descriptions of representations.

The first appendix is a fairly serious excursion in polynomial algebra. It

_proves some basic facts about symmetric functions, especially the Schur
polynomials, which occur as characters of representations of GL, or 5L, and
gives determinantal formulas for them in terms of other basic symmetric
polynomials. The last section of Appendix A includes some new identities
imong symmetric polynowmnials, which, when the variables are specialized,
tapress characters of representations of Spy, and S0, as determinants in the
pharacters of basic representations,
" Appendix B gives a short summary of some basic multilinear facts about
exlerior and symmetric powers. The first two sections can be used as a
‘reference for the conventions and notations we have followed; the third
:mta'ms a general discussion of constructions such as contractions, many
special cases of which were discussed in the main text.

The next three appendices conclude our discussion of the theory ol Lie

‘Mlgebras, which began in Lectures 9, 14, and 21, Proofs are given, by standaid
methods, of the promised general results on semisimplicity, the theorem on
eonjugacy of Cartan subalgebras, facts about the Weyl group, Ado's theorem
fhat every Lie algebra has a faithful representation, and Levi's theorem that
wplits the map from a Lie algebra to its semisimple quotient.
" The last appendix develops just enough classical invariant theory to find
tbe polynomial invariants for SL,C, 5p,,C, and SO,C. This was the key lo
ﬂtpmol‘lhat Weyl's construction gives the irreducible representations of the
gymplectic and orthogonal groups.






APPENDIX A

On Symmetric Functions

§A.1: Basic symmetric polynomials and relations among them
§A.2: Proofs of the determinantal identities
§A.3: Other determinantal identities

§A.1. Basic Symmetric Polynomials and

Relations among Them
The vector space of homogeneous symmetric polynomwials of degree d in k
variables x,, ..., x, has several important bases, usually indexed by the
partitions 4 = (4, > 4, > -+ 2 4, > 0) of d into at most k parts, or by Young
disgrams with at most k rows {see §4.1). We list four of these bases, which
are all valid for polynomials with integer coeflicients, or coefficients in any

comimutative ring.
First we have the monomials in the complele symmetric polynomials:

Hy = H,, - Hy,-...- H,, (A1)

where H, is the jth complete symmetric pelynomial, i.e., the sum of all distinct
monomials of degree j; equivakntljr,

—— =3 H!j.
1 — x Iﬁ !
For example, with three variables,
Hyy=0+x+ x5

I.f‘:lm = If + .t; + .T; 4+ X, X5+ X005 4 XXy
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Mext are the monomial symmetric polynomials:

M‘_-E X', {.It.lu
the sum over all distinct permutations o = (&, ..., &) of {4,,..., 4,); here
X% = x(' ..o xg~ For example,

My, 1y = X X2 + X X3 + X33,

1 1 1
M3 gy = xj + x3 + x3.

The third are the monomials in the elementary symmetric functions. Unlike
the first two, these are parametrized by partitions u of d in integers no larger:
than k, ie, k> p; =+ = py = 0. These are exactly the partitions that arg
conjugate to a partition of d into at most k parts. (The conjugate to a partition
4 is the partition whose Young diagram is obtained from that of 4 by inter-
changing rows and columns. We denote the conjugate of 4 by ', although lh
nolation 4 is also common.) For such p set

E,=E,E,..E.,, A
where E; is the jth elementary s}mﬂrk‘ polynomial, ie.,

L] [
E, = X tee " X | +xi)=% Eq’
' I.‘_Z.”j iy iy H[ l:' }Eﬂ' i
For example,
Eg = xy + %2 + x3)%,
Eu_m =X;X; ¥+ XXy + X34,
The fourth are the Schur polynomials, which may be the most important,
although they are less often met in modern algebra courses;
|xlﬂl rI l lr41.|+l—l|
5= == ' A,
R A A

where A =[], (x, - x,) is the discriminant, and |a, ;| denotes the deter-
minant ol a k » k matrix. For example,

S = X X3 + XXy + XX,
S0 =X + X7+ X3+ X%, + X%, + X%,

The first task of this appendix is to describe some relations among these
symmetric polynomials. For example, one sees quickly that

Su.u =Ep o= Hf — Hy,
Sp.m = Hg o= EE - E,,

Sio S = Su,0 + S0

These are special cases of three important formulas involving Schur poly
nomials, which we state next, The first two are known as determinantal
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Jormmilas, The first is also known as the Jacobi - Trudy identity From geometry,
the first two are sometimes called Giombelli’s formulas, and the third is Pieri's
Jormuda. The proofs will be given in the next section.

H,, Hy oy Hyaa
Hy ., H,...
'Sj.tlfilld‘j'—ll - : dy=1 iy
Hl,,—u! . H:..
Note that if 4,,, = -+ = A, = 0, the determinant on the right is the same as
the determinant of the upper left p x p corner. The second is
En. Em*l ] En*r*-"l

E,.., E,....
Si=IEp il = :hl 2 ' (A 6)

(A.5)

Ell_iﬂ v 'Ell

where g = (g, ..., jt;) is the conjugate partition to A
The third “Pieri” formula tells how to multiply a Schur polynomial S, by
a basic Schur polynomial 8, = 1"
S38m = LS. (AT

the sum over all v whose Young diagram can be obtained from that of 1 by

adding a total of m boxes to the rows, but with no two boxes in the same

column, ie, those v = (v, ..., w) with
wzhzuzlhzrznziz,

and § v, = ¥ 4, 4 m = d + m. For example, the identity

San Sz =Sa y + su.:r + S+ S

can be seen from the pictures

B:F]:—.! EEEF H:Fj g}

One can use the Pieri and determinantal formulas to multiply any two
Schur polynomials, but there is a more direct formula, which generalizes
Pieri's lormula. This Littlewood— Richardzon rule gives a combinatorial formula
!or the coeflicients N,,, in the expansion of a product as a hnear combination
of Schur polynomials:

YWhen k is fixed, we often omil zeros al the end of partitions, &0 (m) denotes the partition
=0, 0L
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5,5, =3 N5, (ASB)

Here 4 is a partition of d, gt a partition of m, and the sum is over all partitions
v of d + m [each with at most k parts). The Littlewood - Richardson rule says
that N,,, Is the mumber of ways the Young diagram for A can be expanded
to the Young diagram for v by a siriet p-expansion. 10 p=(pg, ..., Jh 8
p-expansion of a Young diagram is obtained by hirst adding p1, boxes, accord-
ing to the above description in Pieri’s formula, and putting the integer 1 in
each of these ji, boxes; then adding similarly u, boxes with a 2, continuing
until finally g, boxes are added with the integer k. The expansion is called
strlet i, when the integers in the boxes are listed from right to left, starting
with the top row and working duwn, and one looks at the first r entries in this
list(for any ¢ belween | and g, 4 --- 4+ ), each integer p between | and k — 1
occurs at least as many limes as the next integer p + 1.
For example, the equation

S0 0= Sen + Sonn+ Sy + 2850
+ 80t Saan S

can be seen by listing the strict (2, 1)-expansions of the Young diagram Hj

1]1] 111} 1 1]
2 n 1|2 1
2] 2]
1] 11]
2 B 1 1]
1 11 112 1
2] |2

A prool of the Littlewood - Richardson rule can be found in [Mac, §1.9]; lor
the other results of this appendix we can get by without using it.
Formula (A.7), applied inductively, yields

H, =Sﬂ:l1sﬂ:l-"‘rsﬂnl = EKIASN [*Ui

where K, is the number of ways one can fill the boxes of the Young diagram
af p wrth ]l I's, 4; X's, up to A, K's, in such a way that the entries in each row,
are nondecreasing, and those in each column are stricely increasing. Such Y
tableau is called a semistandard rableaw on g of type 1. These integers K, are
all non-negative, with

Kiy=1 and K, =0 ili>p, (A4,

i.e., i the first nonvanishing 4; — i, is positive; in addition, K, = 0 ] has
more nonzero terms than p. For example, il k = 3,(K ;) is given by the matriz,
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The integers K, are called Kostka numbers.

Exercise A.11. Show that K, is nonzero il and only il
tdy+ o+ s+t
foralli=1.

When 4 =(l,1,..., 1), Ky, .y is the number of standard tableaux on the
diagram of ji, where a standard fableau is a numbering of the 4 boxes of a
Young diagram by the integers | through d, increasing in both rows and
columns,

We need one more formula involving Schur polynomials, which comes
from an identity of Cauchy. Let y,, ..., y, be another set of indeterminates,
and write P(x) and P(y) for the same polynomial P expressed in terms of
variables x, ..., x, and y,. ..., ¥, respectively. The formula we need is

1. A(x)Aly)
der] - | = SN Al
c'll — X ﬂil —x) A1z

The prool is by induction on k. To compute the determinant, first subtract
the first row from each of the other rows, noting that

[ 1 X — X, ¥

T T T
and factor out common lactors. Then subtract the first column from each of
the other columns, this time using the equation
/RN [N /b [T

l=—xy l=xy 1-xp 1—xy
to factor out common factors. One is left with a matrix whose lirst row is
[10... 0), and whose lower right square has the original entries. The lormula
follows by induction (cf. [Wel, p. 202]). N

Another form of Cauchy's identity is
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(
AV 5,5, A3
r]_, =% ; ()5, (p), (A.13)

the sum over all partitions 1 with at must k terms. To prove this. l::pand the
determinant whose i, jentryis(l — x,») ™' = I + xi}{ + xi¥ + - . Onesees
that forany I, > --- > I, the coefficient of y}'y “ is the delermlnanl |l
By symmetry of the x and y variables we hnw:

det

___,l =X Iyl (A14)
Combining (A.12) with (A.4) gives (A.13). O

Expansion of the left-hand side of (A.13) gives

Ma —x_I} =1 (iﬂ H..[xn-r) =L HEMG). (A1)
v

Since the polynomials H, as well as the M, form a basis for the symmetric
polynomials, one can defline a bilinear form ¢ , » on the space of homo-
gencous symmetric polynomials of degree d in k variables, by requiring thal

(I‘Jg. M, } L *5,1_,1 [ﬂ.]'&j

where d, , is | if 4 = ji and 0 otherwise, The basic fact here is that the Schur
polynmnials form an orthonormal basis for this pairing:

(5, 8,0 =4, .. (A7)

In particular, this implies that the pairing ¢ , » is symmerric. Equation
(A.17) is easily deduced from the preceding equations, as follows, Write
S, =Y a,,H, =¥ b, M, for some integer matrices a,, and b,,. Then

180 =T ak, )
In order that
$SWS0) = T aHbM,0)
be equal to ¥, H,(x) M, (y), which it must by (A.13) and (A.15), we must have
3 baas, = 4,,, ‘

This is equivalent to the equation } a, b, =&
(A.17).
Because of this duality, formula (A.9) is equivalent to the equation

5, = ); K, M,. (A19)

which by (A.18) implies

A
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This gives another formula for these Kostka numbers: K, is the coefficient
of X% in §,, where X' = x{*-...-x~

The identities (A.9) and {A.19) for the basic symmetric polynomials allow
us to relate the coeflicients of X* in any symmetric polynomial P with the
coellicients expanding P as a linear combination of the Schur polynomials. 1T
P is any homogencous symmelric polynomial of degree d in k variables, and
dis any partition of d into at most k parts, define numbers y,(P) and w,(P) by
WPy = [F]1,, (A.20}

where [ P]; denotes the coefficient of X* = xj*-...-x*in P, and
wy(P) = [A P, I=(, +k—1LA;4 k=2 4% (A2l)

here A = [];<,(x; — x,.. We want to compare these two collections of numbers,
as A varies over the partitions.
The first numbers y,(P) are the coefficients in the expression

P =3y (PIM; (A.22)

for P as a linear combination of the monomial symmetric polynomials M.
The integers w, ( P) have a similar interpretation in terms of Schur polynomials:

P =T w,(P)s,. (A.23)

Note from the definition that the coefficient of X" in A+ S, is I, and that no
-gther monomial with strictly decreasing exponents appears in A - 8,; from this,
formula (A.23) is evident. In this terminology we may rewrite (A.19) and
{A.9) as

K,a = Wa(S,) = [S,]; = coeflicient of X*in §, (A.24)
and
K= w (Hy)=[4- Hl]n,u—i,...,aﬁr- (A.25)

Lemma A.26. For any symmetric polynonial P of degree d in k variables,
¥ilP) =3 K, @, (P).
[

Proor. We have
La(PM; = P = L ouP)S, = ), o (PIKM,
- ); (% K_,w,[ﬂ) M,
and the result follows, since the M, are independent. a

We want to apply the preceding discussion when the polynomial P is a
product of sums of powers of the variables. Let P, = x{ + - + x{, and for
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i=1(iy,..., is), a d-tuple of non-negative integers with ¥ i, = d, set
IP“J — P:"-P‘;"--.'-Pi‘a

These Newion or power sum polynomials form a basis for the symmetric
functions with rational coefficients, but not with integer coellicients. Let

wyfi) = w,(PM).
Equivalently,

P =¥ ,(i)S;. (A.27)
For the proof of Frobenius's formula in Lecture 4 we need a formal lemma
about these coeflicients o, (i):
Lemma A.28. For partitions 1 and p of d,

I ifd=p

I
) g1t el = {u otherwise,

Proor. We will use Cauchy's formula (A.13). Note that

log (H (1- x:Jr‘;}") = E‘; }Pﬁxlﬂm

50
(o)
1
=% 10,1 d, | PP
1
=L i) X ex5(9 L 05,5
Comparing with {A.13), the conclusion follows. (]

Exercise A.29*. Using the pairing ¢ , » of (A.16), the coeflicients (i) =
wy(P™") can be written w,(1) = {§,, P,
{a) Show that the Newton polynomials are orthogonal for this pairing, and

(P, Py = A0 20,1 d L
Equivalently,
1
5=y ;-m-wi[i]P‘",
where the sum is over all partitions i = (i}, ...,1,) with ¥oi, =d, and

2(i) = £ iyl gl
(b) Show that w,(i) = ¥, {S,, M, {H,, P".



§A.1. Basic Symmetric Polynomials and Relations among Them 46|

We should remark that we have chosen to write our formulas for a lixed
number k of variables, since that often simplilies computations when k is small.
Itis more usual to require the number of variables to be large, al least as large
as the numbers being partitioned-—or in the limiting ring with an infinite
number of variables, ¢f. Exercise A.32; the formulas for smaller & are then
recovered by setting the variables x, = 0 for i > k. For example, il k = 2 we
have 8§}, = 8§, + 8., which reduces (o §, = §;, when k = 1.

The next two exercises give formulas for the value of the Schur polynomials
when the variables x; are all set equal to 1; these numbers are the dimensions
of the corresponding representations. For a formula for §,(1, ..., 1) involving
hook lengths of the Young diagram of 1, sec Exercise 6.4.

 Exercise A.30%. When x; = %' the numerators in (A.4) are van der Monde
determinants, leading to

A=A =i

i 1 TP

i) SilLxxt L xt )= rl:!r 9 = b

Taking the limit as x — 1, one linds

- Ay — A+ j—i
S, =] 2=

i) al 1 1'.:_[_; F Y

By (A.5) and (A.6) we have also the following two formulas:

1
(t—o"

k
(iv) S‘”""'n:I(m-u—-‘)" where (31, ..., p,) = &'

(i) Sl 1)y=hy,, |, where} ht!=

Exercise A31*. (a) Show that
S, =Y KX,

the sum owver all monomials X*® = x{*-...- x*, where, for any k-tuple a of
mon-negative integers, K, is the number of ways to number the boxes of the
Young diagram of p with a; 1's, a; 2's, ..., a, ks, with nondecreasing rows
and strictly increasing columns. In particular, the right-hand side is a sym-
‘metric polynomial, a fact which is not obvious from the definition.

{b) Deduce that §,(1, ..., 1) is the number of ways to number the boxes of
he Young diagram of g with integers lrom 1 to k, with nondecreasing rows
and strictly increasing eolumns (i.e., the number of semistandard tableaux).

Exercise A.32*. The idea of considering symmetric polynomials in an arbi-
trarily large number of variables can be formalized by working in the ring
A = lim A(k), where A(k) denotes the ring of symmetric polynomials in k
variables. Then
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A=1Z[H,,...H,..]1=Z[E,,...E,...]

is a graded polynomial ring, with If; and E, of degree i. A ring homomorphism
3: A — A can be defined by requiring

JE)=H, for all 1.
(i) Show that 9 is an involution: 37 = 3. Equivalently,

JiH,) =E,
{ii} 17 A" is the conjugate partition to A, show that
3[5;] L 5]'.-
(iii) If By = x{ + --- + x{ is the jth power sum, show that
3(P) = (—1)'P,

{iv) Deduce the formula
E,=Y KA,

(v) Deduce a dual form of (A.7):
S S..n=SE, =85,

the sum over all partitions n whose Young diagram can be obtained from
that of i by adding m boxes, with no two in any row.
{vi} Show that

(—pEon
Ho = sz En= L z(i)
where the sums are over all i=(iy,...,i,) with ¥ ai,=d, and
z(i) = i 117 1y 2% - 0d"™. Note that

Z(=1H' = (L Ef'y".

§A.2. Proofs of the Determinantal Identities

To prove the Jacobi-Trudi identity (A.5), note the identities
xf - Ele" + E;.tf" — (= l}"E.x_r" =0, (A33)

foranyl < j<k,pzk Andlorany 0 <m < kand p 2 k,
Hyop= EyHyoy + EHy s 4+ (— M EH, =0, (AM)

Both of these lollow immediately from the defining power series for the E,and
H,. Since these two recursion relations are the same, thete are universal
polynomials A(p, q) in the variables E, ..., E, such that
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xf = A(p, Dxf™" + A(p, Dxf 72 4 - 4 A(p, k),

{A.35)
Hyop= Alp, W Hyoppy + Alp, 2 Hy oz + - + Alp, K}H_,.
For any integers 4,, ..., 4, this leads to matrix identities
Xy = (A 4+ k= 7)) (X Dy
'y = (Al Wi (%5 "Dy (A.36)

(Has iy = (A + k=i, Ay - (Hp by
where [ ),, denotes the k » k matrix whose p, g entry is specified between the
parentheses. The relations (A34) ¢ Iso imply:

Lemma (A.37). The matrices [H‘._,} and ([— I}"_’E‘._,} are lower-triangular
matrices with 1's along the diagonal, and are inverses of each other.
- The identities (A.36) therefore combine Lo give
(5" hy = (Hag e (= 1 PE g (%)™ (A.38)
Taking determinants gives (A.5), since the determinant of the matrix in the
middle is 1,
Exercise A.29*. Prove the identity

L3
|x}1ﬂ (1=x)"' =¥ IxM,

the sum over all k-tuples (m,, ..., m) ol non-negative integers withm, = I, >
my = -+ > my = |, and deduce Pieri's lorinula (A.7).

To complete the proofs of the assertions in §A.1, we show that the two
determinants appearing in the Giambelli lormulas (A.5) and {A.6) are equal,
ie, M4 =(d,,..., 4 and g = (g, ..., ) are conjugate partitions, then

|H1,u-l| = IE..,H-.I'- (A.40)

Here the H, and E, can be any elemnents (in a commutative ring) satislying the
identity (3, Ht')- (X (—1Et"y = 1, with Hy=Ey =1 and H,= E, = 0 lor
{ = 0. To prove it, we need a combinatorial characterization of the conjugacy
of partitions:

Exercise A41* For A = (4;, ..., 4} and g = (e, ..., ji} conjugate partitions,
show that the sets
{h+tn+l—il=izk}l and {n-+j—pzl=sj<l)
form a disjoint union of the set {1,..., k + I}
We also need a basic matrix identity which relates ininors of a matrix to

minors of its inverse (or matrix of cofactors). IT A = (ay) is an r % r matrix,
and § = (5, ..., 5 )and T ={r,, ..., r,)are two sequences of k distinct integers
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from {1,..., r}, let Ag y denote the corresponding minor: Ag ; is the deter-
minant of the k x k matrix whose i, jentry isa, , .

Lemma A.42. Let A and B be r x r matrices whose product is a scalar matrix
-l Let (S, 8} and (T, T')y be permutations of the sequence (1, ..., r), where §
and T consists of k integers, §' and T" of r — k. Then

¢t Ag g = e-det(d) By 5,

where g is the product of the signs of the two permutations.
Proor. By permuting the rows and columns of A, multiplying on the left and

right by permutation matrices Pand @ corresponding to the two permutations
ol (1, ..., r), we may take the (S, T) minor to the upper left corner:

A, A
PAQ-(J‘ A’), Agr=det A,.
3 4
Then
B, B
Q_IBP_I - (Bl B!), ﬂr,.s. - {Ii.‘,t H‘__
3 &

Mow taking determinants in the identity

A, AI). L By (A, O
Ay AJ\0 B \4A; e,
gives the equation det{PAQ)-det(B,) = det(4,)-¢". Since & is the product of
the determinants of P and @, the lemma lollows. 0
ProoF oF (A.40). Apply the lemma to 4 = (H,_,)and B = ([~ 1]""E__), with
r=k4 [ and
S=( + kA4 k—1,... 4 +1)
S=(k+1—p, k+2—py.... k+1—p)
T=(kk-1,..1),
T={k+1,k+2,....k+1.
Then
Ag r= dcl[Hu, +h+1 —i:—uu—_n] = |H4,+_J-r|-
Similarly,
By s = (— 1P IE, ) = (— DEW M- TIE, |
={_l}'[Ep‘.H—_j|+
withd =} j; =} 4, Since £ = (— 1), (A.40) lollows. (m]
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§A.3. Other Determinantal Identities

In this final section we prove some variations of these lormulas which are
wseful for calculating characters of symplectic and orthogonal groups. We
want to compare minors, not of H = (H,_;) and E = ((— 1)’ /E,_)), but of
matrices H* and E~ constructed from them by the lollowing procedures:
Foran r x r matrix H = (H, ;), and a fixed inleger k between | and r, H

denotes the r % r matrix obtained from H by folding H along the kth column,
“and adding each column to the right of the kth column to the column the
‘same distance to the left. That is,

HY Hyy+ Hygeoy ilj <k
Wl ifj >k
oy ]z

(with the convention that H, , = 0il p or g is not between | and r). The matrix
E” is obtained by folding E along its kth row, and subtracting rows above
this row from those below:

e Epy—Ep_y li>k
i E, ili<k
[N} =

Lemma A43. If H and E are lower-triangular matrices with 1's along the
diagonal, thar are inverse to each other, then the same is true for H* and E~.

Proor. Thisis a straightlorward calculation: the i, jentry of the matrix H* - E~

is
k=1 r
E (Hyp + Hi o p)Eyj + HyuEy 5 + FE” Hy JE; ;= Exy )
E Hi E,;+ E Hy 34— By = Z: Hy By
The first sum is d, ;, and the others cancel term by term. O

Proposition Ad4. Let 1 =(4,,..., L)and g = (j, ..., o) be conjugate parti-
tlons. Set

E;=E, fori<]l, and Ei=E—E_, foriz2
Then the determinant of the k = k matrix whose ith row is
(Hyopor Hypa+ Hyoy Hy s+ Hyoioo oo Hy+ Hyopag)
Is equal to the determinant of the | x | matrix whose ith row is
(Epmivr Eperva + By Epciia + Epcicr oo By + Epciciia)

Each of these determinants is equal to the deferminant

1Epeiss = Epa-yl
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and ta the determinant
|H3 sy — Hi il
where H = H, fori < 1,and fori =2
H, ifiisodd

H; =H‘+H,-,+Hp-4+"'+{| if i is even,

Proor. With H = (H,.Jand E = ((— 1y""E,_,) we can apply the basic lemma
{A.42) 1o the new matrices A = H* and B = E~, and the same permutations
(5, 5') and (T, T") used in the prool of (A.40). This time -

Ag r = det{H} ooy in-jsr b

and
HY Mgt Hy gy ilj=2,k
MHRHERERU T ], il f=1.
Similarly,
By s = det(Eyyiuig-p )
with

El._ﬂ.u;—., =(- U“"""[E.,m; - E,.‘.u—jl'-

As belore, Lemma A.42 implies that the determinant of the first displayed
matrix of the proposition is equal to that of the third. Moting that

Epsiny = Eppuiy = Eypiag + Eypugaga 00 E:-:H-Iﬂ*
one can do elementary eolumn operations on the third matrix, subtracling
the first column from the third, then the second by the fourth, etc, to see that

the second and third determinanis are equal. Since H, = I — H[_;, the same
argument shows the equality of the first and fourth determinants. (N

Mote that in these four [ormulas, as in the determinantal formulas for Schur
polynomials, il a partition has p nonzero terms, only the upper lefl p x p
subdeterminant needs to be calculated. We denote by 5., the determinant of
the proposition:

Sy =My Mymnia + Hyoy oo Hyopun + Hycpeaaal (1AA49)
Dually,set Hy = H,— H, ;and E} = E, + E,_, + E,_y + .

Corollary AA46. The following determinants are equal:
(i) IHJ..—H-I HL—HI + Hi,-; oo Hy pan + Hyogial
(i} 1Ey-ivy Egeiva + Eppmi oo Eyopar + Eycicraalh
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(i) |Egy—t4g = Bpyet—ih
(iv) 1Hyiag = Hyopyle

Define § 5 to be the determinant of this corollary:
Sy=IHym Hiy-na v Wy o0 Hy o+ Hyoogaal (AA4T)

Exercise A.48* Let A be the ring of symmetric polynomials, 3: A — A the
involution of Exercise A.32. Show that

HSeay) = S
when 4 and u are conjugate partitions.

For applications to symplectic and orthogonal characters we need to
specialize the variables x, ..., x,. First (for the symplectic group Sp,,J take
k=2n,let z,,..., z, be independent variables, and specialize

XpFA 2y, ey Xy gy Xy FA 200 Lo, X st
Set
Jy=Hiz;,.... 25,27 ....27") {A.49)
in the field Q(z,, ..., z,) of rational lunctions.
Proposition A50. Given integers 4, = --- = 4, = 0, we have

lz].u—u: J—IJ.|+1—|4U
—l"'mﬂ—-..-rul = |4y,

where J; denotes the n x n matrix whose ith row is
PR T /T BRRTRR R U PR |
From Proposition A.44 we obtain three other formulas for the right-hand side,
eg,
= leu—i4) — Eupmi-ghs (A.51)
where ¢, = Efz,,..., 2., 27", ..., 2, "), and ju is the conjugate partition to 4.
Exercise A.52, Calculate the denominator of the lefti-hand side:
Izj'-i" _ :J-{-—HUI = ﬂ[¢1- . f,}'{: '{..
where §; =z, + ;' and {; =z, — z;".
ProoF OF ProPosiTION ASD. Set
Gpy=z2 - 2% i =z + " (A.53)
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By the same argument that proved the Jacobi-Trudy formula (A.5) via (A.38),
the proposition follows from the lollowing lemma:

Lemma A.54. For | < j < n and any integer 1 2 0, {(l} is the product of the
1 = mom=mn andn x | matrices

{j["}
Lin = 1)
. T SR PR S Py T [ ) L :
fjill'
Proor. From (A.37) we can caleulate 2/ and 277, and subtracting gives
In
L= 5 hezas 55 (A.55)
F=1
where 5, = Y22 _(—1)"""e,_,{,(2n — q). Multiplying (A.33) by z;* and sub-
tracting we find
e —ellp — 1)+ -+ (=1 e, (1)
= (=1 e () + (= 1P el + o + ea {2 —p). (AS6)
Mote also that :
(—1Fe, = (—1)""Pey, . (A.5T)

since 3 (— 1)fe, 1" = [](1 = za)(1 = 7'ty =[] (1 — &t + ¢*). From (A.56)
and (A.57) follows

"IF“']' = "j = rIl-pll L] [‘n‘"&ai
wherer, = 3 5_(—1F %e,_,{in + | — g). Combining (A.55) and (A.58) con-_
eludes the prool. O

Mext (for the odd orthogonal groups Oy, ,,) let k = 2n + 1, and specialize
the variables x,, ..., x,, as above, and x,_,, ~ |. We introduce variables 2)?
and :;"‘“, square roots of the variables just considered, and we work in the
field @(z1?, ..., 217). Set

Ki=Hizy,..., 20 "I,,.... y
1= Hjlz, Zas T 2, 1) (A59)
=Hfz ...,z 57" a2, ) = Hyp(2y, oz 2y oy 22 1),

where Hj is the jth complete symmetric palynomial in 2n + | variables.

Proposition A60. Given integers 1, = -+ = 1, = 0, we have
|2144|—F+]ﬁ . 1}—|l|+n'r41¢'1|| _
|2'; -Hh'!___':;qn—u |.,|'2|I - = | Kl.ll
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where K, is the n » n mairix whose ith row is
Ky Kpciea + Koo oo Kpie+ Kimicnea)

Corollary A.46 gives three alternative expressions for this determinant, e.g.,
IKal = lhympay = Pyl (A61)
where ly = Hy(z,,.... 2, 27", ..., 2., 1)

Exercise A.62. Calculate the denominator of the lell-hand side:
Jzf 7R g = ALy, 8D G L

PrOOF OF PROPOSITION A.60. We have [{l) = zj — z;' and {(l) = z{ + z;' in
Q(z!?, ..., 22} [or | an integer or a hall mtcgm‘ First note that
-G =i+ D+ G- h

Multiplying the numerator and denominator of the left-hand side of
the statement of the proposition by &,(1)-...-&(}), the numerator
becomes |{(4, + n — i + 1) 4 {{4, + n — i)|, and the denominator becomes
W — i 4+ 1)+ Lin — i)l = |{n — { 4 1)]. We can, therefore, apply Lemma
A.54 to calculale the ratio, getling the determinant of a matrix whose entries
are sums of certain J;'s. Note that by direct calculation K, = J, + Ji_,, 50 the

terms can be combined, and the ratio is the determinant of the displayed
matrix K ;. a

Finally {for the even orthogonal groups Oy,), let k = 2n, and specialize the
variables x, ..., x,, as above. Set

Lj:H}{IIl' .2.,.-'. §ou e 12#“

= Hfzy, ..oz 5y 2 ) = Hpglzy, o2 270 2

-, (A.63)

with H; the mmplci: symmetric polynomial in 2n variables,

Proposition A.64. Given integers L, = --- = 1, = 0, we have
jgfert g a0y {hu it1,>0
2 4 2, "] [Ly  ifd, =0,
where L, is the n % n matrix whose ith row is
(Ly-inr Lypensr ¥ Lyi oo Lycan + Ly cienazd
As before, there are other expressions for these determinants, eg.,
1Ll = thy oy = Bgpmi-gh (A.65)
where by = Hj(z,,.... 25, 2;", ..., 2, "'}
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Exercise A.66. Calculate the denominator of the lell-hand side:
Izj_r + z\f_“_n‘l = 2' ﬁ'{{]! rany {n}'

Proor oF Proposmion A.64. Note that {- (1) = &(1 + 1) = & — 1). Mulii-
plying the numerator and denominator by {, -...-{,, the numerator becomes
A + =i+ 1) = {4 + n — i = )] and the denominator becomes

G — i 4 1) = L = 1 = D] = 20{0n — i + 1);

this is seen by noting that the boltom row of the matrix on the left is
(G0 = L= 1)) = (2{,(1)), and performing row reductions starting from the
bottom row. The rest of the prool is the same as in the preceding proposition,
The only change is when 1, = 0, in which case the bottom row in the numerator
malrix is the same as that in the denominator. (]

Exercise A.67* Find a similar formula for

Lz;.-,:l—l — I,r_”'“ﬂ
FiE i



APPENDIX B
On Multilinear Algebra

In this appendix we slale the basic facts about ténsor products and exterior and
symmetric powers that are used in the text. It is hoped that a reader with some linear
algebra background can fill in details of the proofs.

§B.1: Tensor product
§B.2: Exterior and symmetric powers
§8.3: Duals and contractions

§B.1. Tensor Products

The tensor product of lwo veclor spaces V and W over a field is a vector space
¥ @& W equipped with a bilinear map

FxW==VaWw 0 X Wi w,

which is universal: for any bilinear map fi: ¥ x W — U 10 a vector space U,
there is a unique linear map from ¥ @ W to U that takes v @ w to fi{v, w).
This universal property determines the tensor product up to canonical iso-
morphism. If the ground field K needs to be mentioned, the tensor product is
denoted V @, W.
. I {e;} and {f} are bases for V and W, the elements {e, @ f;} lorm a
basis for ¥ @& W. This can be used to construct V@ W. The construction is
functorial: linear maps V — V' and W - W' determine a linear map [rom
Fawto e W'

Similarly one has the tensor product ¥V, ®--- & V, of n vector spaces, with
its universal multilinear map

W xl V@ 8K,



472 B. On Multilinear Algebra

taking vy = - x v, to vy @ - @ p,. (Recall that a map lrom the Cartesian
product to a vector space U is multilinear i, when all but one of the lactors ¥
are fixed, the resulting map from ¥, to U7 is linear.) The construction of tensor
products is commutative:

Fawaswal, r@wsw@r,
distributive:
(M@new=(Vewallhew),
and associative:
Vv@rewzvaVFewzvuavVaw,

by (u® v} @ wru @ (v ® wji—su @ v @ w.

In particular, there are tensor powers V®* = V @ -+ @ V of a fixed space
V. By convention, ¥ is the ground field.

IT A is an algebra over the ground field, and V is a right A-module, and W
a lelt A-module, there is a tensor product denoted V@, W, which can be
constructed as the quotient of V@& W by the subspace generated by all
fv-ay@w—v®@(aw)lorallve V¥, we W,and a € A. The resulling map from
Vx Wito V&, Wis universal for bilinear maps f§ from V x W to veclor
spaces U/ that satisly the property that f{v-a, w) = f{v, a-w). This lensor
product is also distributive.

§B.2. Exterior and Symmetric Powers

The exterior powers A"V of a vector space V, sometimes denoted Al*V, come
equipped with an alternating multilinear map

Vo Va K Uy X 0 MOl AT A Dy,

that is universal: for f: ¥ x -+ x ¥ — U an alternating multilinear map, there
is a unique linear map from A"V to U which takes v, A - & v, to foy, ..., 0,)
Recall that a multilinear map ff is alternating if f{v,, ..., v,) = 0 whenever two
of the vectors v, are equal. This implies that fi(v,, ..., r,} changes sign when
two of the vectors are interchanged.' It follows that

ﬁ'l"nn- saen ”ﬂ.]} = sgnia)}fey,...,0,) lorallee &,.

The exterior power can be constructed as the quotient space of 1®* by the
subspace generated by all v, @ -+ & v, with two of the vectors equal. We lel

VAV, @ @u)=u A A,

! This follows from the standard polarization: for twe factors, iy + w, o 4 w) — fie, v} =
e, w) = o, w) + Jiw, e).
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denote the projection. I {e,} is a basis for V, then
feo, e, ane <<=}

is a basis for A"V, Define A’V to be the ground field.

If ¥ and W are vector spaces, there is a canonical linear map from
Ava AW to AV @ W), which takes (v, A= A 0, ) @(w, A A w)
lop, A= a6, A Wy A - A wy. This determines an isomorphism

AV e W)= é}ﬁ‘V@ AW (B.1}
A=

(From this isomorphism the assertion about bases of A"V lollows by induction
on the dimension.)

The symmetric powers Sym"V, sometimes denoted §'V, comes with a
universal symmetric multilinear map

Voxooox B Sym™V, By % oo R U Byt O

Recall that a multilinear map f: V % -« % V= [J is symmetric il it is
unchanged when any two factors are interchanged, or

Pleagups o os Vugm) = Bloy, ..o} Torallo e &,
The symmetric power can be constructed as the quotient space of F®" by the

subspace generated by all 0, & - ® v, — 0,4, ® -+ & v, OF by those in
which o permutes two successive f[actors, Again we let

m: V= Sym"¥, ne, @ @) =000,
denote the projection. IT {e;} is a basis for V, then
{e, &, ...ce <l < <,)

is a basis for Sym"V. S0 Sym"¥ can be regarded as the space ol homogeneous
polynomials of degree » in the variables ¢,. Define Sym°F 1o be the ground
field. As belore, there are canonical isomorphisms

Sym'(V @ W) = €B) Sym*V @ Sym" W, (B.2)

The exterior powers A"V and symmetric powers Sym"V can also be realized
as subspaces of ¥ ®*, assuming, as we have throughout, that the ground feld
has characteristic 0. We will denote the inclusions by 1, 50 we have

AR N N T A
_ The imbedding 1: A"V — V®" is defined by
Hey A an)= Y sgn(a)e,, @ @ vy (B.3)
L=

(This is well defined since the right-hand side is alternating.} The image ol 1 is
the space of anti-invariants of the right action of &, on 18"
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@ @) o=, @ B, vneloed, (B.4)

(The anti-invariants are the vectors z € ¥®" such thal z-¢ = sgn(o)z lor all
o e 5,) Moreover, il 4 = 1o mn, then (1/n!)A is the projection onlo this anli-
invariant subspace.? (Often the coefficient I/n! is put in front of the formula
for 1; this makes no essential dilference, but leads to awkward formulas for
contractions.)

Similarly we have 1: Sym"V — V®" by

ey ...o0) = Zé Poity @+ @ Oy (B.5)

The image of 1 is the space of invariants of the right action of S, on V®*. If
A = 1omn, then (1/n!)A is the projection onto this invariant subspace.
The wedge product A determines a product

AV @ ATV = Ao, (B.6)
(Og A A U@ (Ppay A A Ugand 0y A ATy A By A A D

which is associative and skew-commmutative. This product is compatible with
the projection from the tensor powers onto the extetior powers, but care must
be taken [or the inclusion of exterior in tensor powers, since for example v A w
is sent o v@w—w@Dv [not to e@w—w@e)] by . In general, the
diagram '

AV @ NV —2 =ty

-"] ] (8.)

r@m ® pes 'l,rﬂuHI]
commutes when the bottom horizontal map is defined by the formula
{ﬂl @ e @”ﬂ]ﬁluuﬂl @ '"'®ﬂml|}

"‘E SEN(E)0, 1 B Uiy B Pyt 1) @ & Oyt
the sum over all “shulfles,” i.e., permutations ool {1, ..., m + n} that preserye
the order of the subsets {1,...,m} and {m + 1,...,m + n}.

Similarly the symmelric powers have a commutative product {v, ... 0, ) @
(Dmad " Oy g " Uy " By "o e+ U e With @ similar compatibility. Note
that v? € Sym?V is sent to 20@ v in V@V, v" e Sym™V o nl(p @ -~ @ v) in
V& and generally one has the analogue of (B.7), changing each “sgn{g]” to
“1" in fTormula (B.8). ‘

All these mappings are compalible with linear maps of vector spaces
¥V -+ W, and in particular commule with the lelt actions of the general linear

group GL{V)= Aut(¥) ol automorphisms, or the algebra End(V)=
Hom(V¥, ¥} of endomorphisms, on ¥#°, A"V, and Sym" V.

(B3)

¥ It is this factor which limits our present discussion to vector spaces over lields of characteristic(.
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It is sometimes convenient to make algebras out of the direct sum of all of
the tensor, exterior, or symmetric powers. The rensor algebra T*V is the
sum (Pzq ¥, with product determined by the canonical isomorphism
Ve @ VO™ - V8RR, The exterior algebra NV is the sum (P, , A"V, which
is the quotient of TV by the two-sided ideal generated by all e ® v in
V®2 The symmetric algebra Sym'V is the sum (P, ,Sym"¥, which is the
quotient of T*V by the two-sided ideal generated by allv @ w — w & vin V22,

Exercise B.9. The algebra Sym’V is a commutative, graded algebra, which
salisfies the universal property that any linear map from V to the first graded
piece C' of a commutative graded algebra C determines a homomorphism
Sym’'V —+ C of graded algebras. Use this to show that Sym'(V @ W) =
Sym'V @ Sym'W, and deduce the isomorphism (B.2). Prove the analogous
assertions for X'V, in the category ol skew-commutative graded algebras.
In particular, construct an isomorphism AN(V & W) = AV & AW, where &
denoles the skew-commutalive tensor product: it is the usual tensor produet
additively, but the product has (a @ b)- (¢ @ d) = [— 1) hig. by @ (- d)
for homogeneous elements a and ¢ in the first algebra, and b and d in the
second. [n particular, this proves (B.1).

§B.3. Duals and Contractions

Although only a few simple contractions are used in the lectures, and most of
these are written out by hand where needed, it may be useful to see the general
picture,

If ¥* denotes the dual space to V, there are contraction maps

c}: pﬂl@ ".rai}-ﬁd — yﬂu-'lr@[ln‘]ﬂ‘lr'ﬂ'

forany ! <i<pand| < j < g, determined by evaluating the jth coordinate
of (F*)® on the ith coordinate of V®7;

i, @ R, Be,®@ D) (B.10)
= Wjiﬂi]ﬁ @"'@ﬂi"ﬁ"'@ﬂ.'@wl @@@}@@ﬂt

More generally il I = (i, ..., 4} and J ={(j,,..., j,) are two sequences of
n distinct indices from {1,...,p} and {I,..., g}, respectively, there is a
contraction

cj: VO @ (V4B VOt @ (4B (B.11)
which takes o, A - A 1, B0 @ @ g, to
l!lw.{vu.lh: R84,8 81,0 0,000 O} Do,

For example, if p=g=n and [I=J=(l,...,n), this contraction
V& @ (V*)®" - C identifies (V' *)®" with the dual space of V®*,
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Mow (V®")* consists of n-multilinear forms on ¥, and (A"V)* consists of
alternating m multilinear forms on V; in particular, (A"V)* is a subspace of
{V'®=)* this is the inclusion via n*. The composite

ATV *) < (V*)B* s (VE=),
where the first map is the inclusion 1 and the second is the isomorphism of the
preceding paragraph, maps A"F*) isomorphically onto the subspace (A"V)*
Explicitly,

M S VP,
@A A @[y Ao A v T SEN(@)R, (1)) Paeu(T)
= det{gvg)}].

This dual pairing A"V @ A'(F*) - K is often denoted ¢ |, 3.

There is a similar isomorphism of Sym®(F*) with Sym"(VF)y*, but without
the signs “sgn{a).”

Exercise B.12. Il ¢,, ..., e, is a bagis for V, with ¢} the dual basis for ¥*,
then fe, A< neilsip<--<i,=m} is a basis for AV, and
fey-...cef i, =0, Y i, = n} is a basis for Sym"V. Show that, via the above
isomorphisms, the dual bases for A*(V*) and Sym®(V'*) are

{et A~ net] and {n%ﬁ[eﬂ"--.-{d]"‘}

There are related contractions, somelimes called internal products, and
denoted Land L, on exterior and symmetric powers. For the exterior powers
they are maps:

APV @ AP 1 %) - ATV, X@a+x _la;
NV @ APV *) - A1), X@arexLl o

These can be defined most simply as transposes of wedge products, ie., they
are determined by the identities

(B.i3)

{nxday={zanx,ay forzeNV

and

(o fy={(x,anfiy Torflef(V*).

{The relation of this definition to the contraction maps ¢ above is expressed
in Exercise B.16.) Note thal when g = 0, these contractions reduce to the
previous duality pairing between A"V and AP(V*).
For symmetric powers, the internal products are defined similarly:
Sym”V @ Sym™*(V'*) -+ Sym*(V*), x®arsxJa;

B.14
Sym®* K @ SymP(V*) — Sym*(}), x@arsxl o (514
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Exercise B.15. For v, w & V, and ¢, b € ¥*, show that

v A )=o) — @ and [0 A wiL @ = plv)w — p(w)e
More generally, forifx =o, A Av,anda =@, A A @, withp,e V
and g e V¥, then
(i x40 = 3 SEN(0)P0rge1s(01) - Puygs p(0p) Puiiy A 7 A Py
the sum over all permutations ¢ of {1, ..., p + q} that preserve the order of
{L...,ghMx=0, A Av, anda =g, A Ap,then
{ii) xLo=} sgn(o)ey () - 0pllom) Bupany A ° A Vgpage

the sum over all permutations that preserve the order of {p + 1,..., p + g}.
Verifly these formulas and use them to give formulas for these internal products
in terms of standard bases. State and verily analogous formulas for symmetric

powers,

Exercise B.16. Using formula (ii) of the preceding exercise, show that the

contraction map L may be given as 1/p!q! times the composition of the maps
NV @ N(V*) s VORI @ (V)88 _, V&1, A,

where the middle map is the contraction map ¢} of (B.11), with I =J =
{1,..., p}, and the other maps come from 1 and 7. Prove the same formulas
{with the same scalar lfactor) for the other internal products.

Exercise B.17. In the situation of formula (i}, suppose the v, are independent,
and let W be the (p + gl-dimensional subspace of V that they span; suppose
the @, are independent, and let Z be the p-codimensional subspace of ¥ of the
common zeros of the g, Show that x L& = 0 il dim{W ~ Z) > q, and other-
wise x Lo = u; a - a u, for some vectors y, that span Wn Z.
Exercise B.18. Prove the formulas

(x A plde=x{yla) and xLiza ffj=(xLajLfl

State and verily the analogous [ormulas for symmetric powers. In particular,
forv,we V,p, ¢ g V*,

v dlg- )= divhe + eiv)d and (v-wiL @ = piv)w + piw)e.
For example, v 2{p?) = 2p(v)e and (v} L = 2p(v)o.

For a detailed development of these ideas, see [ Bour, Algebra, Chap 3]



APPENDIX C
On Semisimplicity

EC.1: The Killing form and Cartan’s criterion
§C.2: Complete reducibility and the Jordan decomposition
§C.3: On derivations

§C.1. The Killing Form and Cartan’s Criterion

We recall first the Jordan decomposition of a linear transformation X of a
finite-dimensional complex vector space V as a sum of ils semisimple and
nilpotent parts: X = X, + X, where X, is the semisimple part of X, and X,
the nilpotent part. It is uniquely characterized by the fact that X, is semisimple
{diagonalizable), X, is nilpotent, and X, and X, commute with each other. In
fact, X, and X, can be writlten as polynomials in X, so any endomorphism
that commutes with X automatically commutes with X, and X,. One case
ol the invariance of Jordan decomposition is an easy calculation:

Exercise C.1*. For any X € gl(¥), the endomorphism ad(.X) of gl(¥) satisfies
ad(X), = ad(X,) and ad(X), = ad(X,).

There is a Killing form B, defined on gl{} by the lormula -
B(X,Y)=Tr(X=Y) (C2)

where Tr is the trace and o denotes composition of transformations. As in
(14.23), the identity

By(X,[Y, 2]y = B[ X, Y], Z) (C3)
holds for all X, ¥, Z in gl{V).
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The Killing form B on a Lie algebra g is that of Exercise C.| for the adjoint
representation: B(X, ¥) = B, (ad(X), ad(¥}). This was introduced in Lecture
14, where a [ew ol its properties were proved. Here we use the Killing form to
characterize solvability and semisimplicity of the Lie algebra.

If g is solvable, by Lie's theorem its adjoinl representation can be put in
upper-triangular form. It follows that @qg = [g, n] acts by strictly upper-
triangular matrices. So il X is in @g and ¥ in g, then ad(X) o ad{Y) is strictly
upper triangular; in particular its trace B(X, ¥) is zero. Cartan's criterion is
that this characterizes solvability:

Propasition CA. The Lie algebra g is solvable i and only i B{g, @q) = 0.

We will prove something that looks a little weaker, but will turn out to be
a little stronger. We prove:

Theorem C.5(Cartan’s criterion). [f g is a subalgebra of gl(V)and B, (X, Y)=0
Jorall X and Y in g, then g is solvable.

For this, it sulfices to show that every element of q is nilpotent, lor then
by Engel's theorem 9g must be a nilpotent ideal, and therefore g is solvable.

So take X e@g, and let 4,,...,4, be ils eigenvalues (counted with
multiplicity) for X as an endomorphism of V. We must show the 4, are all
zero. These eigenvalues satisfy some obvious relations; for example, }' 1,2, =
TrlX = X)) = By(X, X) = 0. Whal we need to show is

LA + -+ 14,=0 (C.6)

To prove this, take a basis for V¥ so that X is in Jordan canonical form,
with 4,, ..., 4, down the diagonal; the semisimple part D = X, of X is this
diagonal transformation. Let D be the endomorphism of V given by the
diagonal matrix with 1,, ..., 1, down the diagonal. Since Tr(D o X) = ¥ 1.4,
it suffices to prove

Ter(D o X) = 0. (C.7)

Since X is a sum of commutators [¥, Z], with ¥ and Z in g, Tr(D o X) is
a sum of terms of the form Te(Do [¥, Z]) = Tr{[D, Y] = Z). So we will be
doneif we know that [ D, Y] belongs to g, for our hypothesis is that Tr{g o g} =
0. That is, we are reduced to showing

ad(D)(g) = g. (CH)

For this it suffices to prove that ad(D) can be written as a polynomial in
ad(X), for we know that ad(X)*(¥)isin g il X and ¥ are in g. Since ad(D) =
ad(X,) = ad(X), is a polynomial in ad{.X], it sullices 1o show that ad({D) can
be written as a polynomial in ad{D). This is a simple computation: using the
usual basis {E,} for gl(V), ad(D) and ad(D) are complex conjugate diugonal
matrices, and any such are polynomials in each other, ]
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We can prove now that il g is a Lie algebra for which B($g, @q) = 0, then
nis solvable, which certainly implies Proposition C.4. By what we just proved,
the image of @g by the adjoint representation in gl{g) is solvable. Since the
kernel of the adjoint map is abelian, this makes @q solvable (cf. Exercise 9.8),
and by definition this makes g solvable. O

Exercise C9. Show that a Lie algebra g is solvable il and only il
Biad(X), ad(X)) = 0 for all X in g

Itis easy to deduce [fom Cartan’s eriterion a criterion for semisimplicity—
part of which we saw in Lecture 14, but there assuming some facts we had not
proved yet:

Proposition C.10. A Lie algebra g is semisimple if and only if its Killing form
B is nondegenerate.

Proor. By (C.3) the null-space s = {X e g: B(X, ¥)=0for all Yeg) is an
ideal. Suppose g is semisimple. By Cartan’s criterion, the image ad(s) = gl(g)
is solvable; as in the preceding prool, & is then solvable, so 8 =0 by the
definition of semisimple. Conversely, il B is nondegenerate, we must show
that any abelian ideal a in g must be zero. Il X €a and Yegq, then
A = ad{X) o ad(¥) maps g into a and a to 0, so Tr(A) = 0. This implies that
a = 5 = (), a5 required. O

Corollary C.11. A semisimple Lie algebra iz a direct product of simple Lie

algebras.

Proor. For any ideal b of g, the annihilator
b'={Xea:B(X,Y)=0lorall Y b}

is an ideal, by (C.3) again. By Cartan's criterion, [) » ' is solvable, hence zero,

s0 g = b @ b*. The decomposition lollows by a simple induction, O

It lollows that g = @q, and that all ideals and images of g are semisimple,
In [act:

Exercise C.12*, Show that i g is a direct product of simple Lie algebras, the
only ideals in g are sums of some of the factors. In particular, the decompaosition
into simple [actors is unique (not just up to isomorphism).

Exercise C.13* Show that il g is semisimple, the adjoint map ad: g — q.ilqj is
an isomorphism ol g onto the algebra Der{g) of denivations of g.

Exercise C.14. Show that il g is nilpotent then its Killing form is identically
zero, and find a counterexample to the converse,
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§C.2. Complete Reducibility and the
Jordan Decomposition

We repeat that this section is optional, since the results can be deduced from
the existence of a compact group such that the complexification of its Lie
algebra is a given semisimple Lie algebra. We include here the standard
algebraic approach. A finite-dimensional representation of a Lie algebra g will
be called a g-module, and a g-invariant subspace a submodule.

Proposition C.15. Let V be a representation of the semisimple Lie algebra g and
W V a submodule. Then there exists a submodule W' = V complementary
o W

Proor. Since the image of g by the representation is semisimple, we may
assume g < gl(V). We will require a slight generalization ol the Casimir
operator C, &€ End(V) which was used in §25.1 in the prool of Freudenthal's
formula. We take a basis Uy, ..., U, lor g, and a dual basis U], ..., U., but this
time with respect to the Killing [orm B, defined in Exercise C.1: B,(X, ¥) =
Tr{X o ¥). (Note by Cartan's criterion that B, is nondegenerate.) Then C, is
defined by the formula Cy(v) = 3 Up- (U] - 1),

As before, a simple calculation shows that €, is an endomorphism of V¥
- that commutes with the action of g s trace is

THC) = £ Tr(Uyo U)) = 3 By(Uy, Uj) = dim(g).  (C.16)

We note also that since C, maps any submodule W to itsell, and since it
commutes with g, its kernel Ker(C,} and image are submodules.

Note first that all one-dimensional representations of a semisimple g are
trivial, since g must act trivially on a one-dimensional representation, and
[

We proceed Lo the proofl itsell. As should be familiar lrom Lecture 9, the
basic case to prove is when W < V' is an irreducible invariant subspace of
codimension one. Then C, maps W into itsell, and C,. acls trivially on V/W.
Bul now by Schur's lemma, since W is irreducible, C,. is multiplication by a
scalar on W. This scalar is not zero, or (C.16) would be contradicted. Hence
V= W @ Ker(C,.}, which linishes this special case.

It follows easily by induction on the dimension that the same is lrue
whenever W = V has codimension one. For il W is not irreducible, let Z be a
nonzero submodule, and find a complement to W/Z = VF/Z (by induction), say
Y/Z. Since ¥/Z is one dimensional, Mind (by induction) U so that ¥ = Z @ U,
Then V = W U,

By the same argument, it sullices to prove the statement of the theorem
when W is irreducible. Consider the restriction map

p: Hom{ ¥, W)— Hom({W, ¥),
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a homomorphism of g-modules. The second contains the one-dimensional
submodule Hom (W, W). By the preceding case, there is a one-dimensional
submodule ul'p"[Hum_[W, W})) = Hom(F, W) which maps onto Hom (W, W¥)
by p. Since one-dimensional modules are trivial, this means there is a
g-invariant y in Hom(¥, W) such that p(¥) = 1. But this means thal  is a
g-invariant projection of ¥ onto W, so ¥ = W & Ker(y), as required. 0

We will apply this to prove the invariance of Jordan decomposition
(Theorem 9.20). The essential point is:

Proposition C.17. Let g be a semisimple Lie subalgebra of gl(V'). Then for any
element X € g, the semisimple part X, and the nilpotent part X, are alsa in g,

ProOF. The idea is to wrile g as an intersection of Lie subalgebras of gl(V) for
which the conclusion of the theorem is easy to prove. For example, we know
n < sl(V) since g = Pq, and clearly X, and X, are traceless il X is. Similarly,
il ¥ is not irreducible, for any submodule W of ¥, let

sy = [ Y €gl(V): Y(W) < W and Tr(Y],) = 0}.

Then g is also a subalgebra of s, and X, and X, are also in sy,

Since [X, g] < q, it follows that [p(X), q] = g for any polynomial p(T).
Hence [X,, g] = gand [X,, a] = a. In other words, X, and X, belong to the
Lie subalgebra n of gl{V) consisting of those endomorphisms A such that
[4, a] = g 5o n gives us another subalgebra 1o work with. Now we claim that
q is the intersection of n and all the algebras s, for all submodules W of V.
This claim, as we saw, will finish the prool. Let g be the intersection of all
these Lie algebras. Then g is an ideal in g’ since g’ = n.

By the complete reducibility theorem we can find a submodule U of g’ so
that ' = g & U. Since [g, '] = g, we must have [g, U] = 0. To show that U
is 0, it suffices to show that for any ¥ € U its restriction to any irreducible
submodule W of V is zero [noling thal ¥ preserves W since ¥ & sy, and that
V is a sum of irreducible submodules). But since ¥ commules with g, Schur's
lemma implies that the restriction of ¥ to W is multiplication by a scalar, and
the assumplion that ¥ € s, means that Tr(¥],) = 0, s0 Y|, = 0, as required.

O

Mow if g is a semisimple algebra, the adjoint representation ad embeds g
in gl{g). For any X in g the theorem implies that the semisimple and nilpotent
paris of ad(X) are in g. We write these X, and X,. The decomposition
X = X, + X, may be called the absolute Jordan decomposition. Note that
[Xe X,]= 0 It follows easily from the definition that if p: g — g’ is a homo-
morphism from one semisimple Lie algebra onto another, then p(X,) = p(X),
and p{X,) = p(X),. (This lollows for example from the fact that g is obtained
from g by factoring out some of its simple ideals.) In fact, the absolute
decomposition determines all others:
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Corollary C.A8. If p: g — gl(V)is any representation of a semisimple Lie algebra
o, then p(X,) is the semisimple part of p(X) and p(X,) is the nilpotent part of
- plX)

Proor. We just saw that p(X,) and p(X,) are the semisimple and nilpotent
parts of p(X) as regarded in the semisimple Lie algebra g" = p(a). Apply the
theorem o g’ = gl{V). 0

It follows that an element X in a semisimple Lie algebra that is semisimple
in one faithful representation is semisimple in all representations,

§C.3. On Derivations

In this final section we collect a few facts relating the Killing form, solvability,
and nilpotency with derivations of Lie algebras, mainly for use in Appendix
E. We first prove a couple of lemmas related 1o the Lie-Engel theory of
Lecture 9. For these g is any Lie algebra, r = Rad(g) denotes its radical, and

P = [a, ]

Lemma C.19. For any representation p: g — al(V), every element of p(%g i)
is a nifpotent endomorphism,

Proor. It suffices (o treat the case where the representation V is irreducible,
for il W were a proper subrepresentation, we would know the result by
induction on the dimension for W and ¥/W, which implies it for V. We may
replace g by ils image, so we may assume p is injective. In this case we show
that #g nr = 0. We may assume r 0. Consider the largest integer k such
that a = @t is not zero. This a is an abelian ideal of g. 11 suflices (o show that
Para=10"forilk =0, then a = Pq.
We need three facts:

{i) If g = gl{¥) is an irreducible representation and b is any ideal of g that
consists of nilpotent transformations of ¥, then b = 0. {Indeed, by Engel's
theorem,

W= {veV: X(v)=0"forall X b}

is nonzero, and by Lemma 9.1 3, W is preserved by g. Since V is irreducible,
W = ¥, which says that b = 0.)

(i} A transformation X is nilpotent exactly when Tr{X") = 0 for all posilive
integers n. (This is seen by writing X in Jordan canonical form.)

(iil) Tr([ X, ¥]-Z) = 0 whenever [ ¥, Z] = 0. (This follows from the identity
(C.3) Tr([X, ¥Y]-Z) = Te(X - [V, Z]))

Mext we can see that [g,n] =0. Foril X egand Y en, then [X, Y] & a;
since a is abelian, ¥ commutes with [X, ¥] and hence with powers ol [ X, Y]
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Applying (i) with Z = [ X, ¥]*"' gives Tr([X, ¥]") = 0 for n = 0, and (i) and
(i) imply that [g, a] = 0.

Finally we show that #gna=0 Il X, Yeq and [X, Y] €, then
LY, [X. ¥1] = 0 by the preceding step, so again ¥ commutes with powers of
[X, ¥7, and the same argument shows that Tr([X, ¥]") = 0, and (ii) and (i)
again show that #gra =0 (]

Lemma C.20. For any Lie algebra g, [g, t] is nilpotent.

Proor. Look at the images § and ¥ of g and r by the adjoint representation
ad: g -+ glfg). By Lemma C.19 and Engel's theorem, [, T] is a nilpotent ideal
ol §. Since the kernel of the adjoint representation is the center of g, it follows
that the quotient of [g, r] by a central ideal is nilpotent, which implies that
[, ] itsell is nilpotent. O

An ideal a of a Lie algebra q is called characteristic il any derivation of g
maps a into ilsell. Note that an ideal is just a subspace that is preserved by
all inner derivations Iy = ad(X). It follows [rom the definitions that il a is any
ideal in g, then any characteristic ideal in a is automatically an ideal in g.

The following simple construction is useful for turning questions about
general derivations into questions about inner derivations. Given any Lie
algebra g and a derivation D of g, let o' = g & C, and define a bracket on g’ by

LOX, A, (Y, ] = (X, ¥ + AD(Y) — pD(X),0).

It is easy 1o verily that g’ is a Lie algebra containing g = q @ 0 as an ideal,
and that, setting = (0, 1), the restriction of I}; = ad({) to g is the given
derivation D,

As a simple application of this construction, if # is the Killing form on g,
we have the identity

B(D(X), ¥) + B(X, D(Y)) = 0 (C.21)

for any derivation I of g, and any X and ¥ in q. Indeed, il B’ is the Killing
form on g, (C.3) gives B'([£, X1, Y) + B(X,[£ Y]) = 0; since q is an ideal in
', B is the restriction of B to g, and (C.21) follows.

From (C.21) it follows that if a is a characteristic ideal of p, then its
orthogonal complement with respect to the Killing form is also a characteristic
ideal of g.

Proposition C.22. For any Lie algebra g, Rad(y) is the orthogonal complement
to g with respect to the Killing form.

ProoE, To see that v = Rad(g) is contained in @g", i.e.,, that @g is perpendic-

ular to r, let X, Y egand Z & r. Recalling that B{[ X, ¥], Z) = B(X,[Y, Z])
it sulfices toshow that B{X, [ ¥, Z]) = 0. Let [y be the subalgebra of q generated
by rand X. Then [h. )] = r, so | is solvable, so by Lie's thenrem, under the
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adjoint action, b acts on g by upper-triangular matrices. By Lemma C.19,
[¥, Z] acts on g by nilpotent transformations. It follows that X o[ ¥, Z]
also acts nilpotently on g, from which it follows that B(X,[¥, Z]) =
TriX o [Y, Z]) = 0, as required.

Since @yq is a characteristic ideal, ()" is an ideal. It is solvable by Cartan’s
eriterion (Proposilion C.4), since

B(@g', M Pq")) < B(Fg", Fg) = 0.
It follows that @g' < r, which concludes the prool. 0

Corollary C.23. If a is an ideal in a Lie algebra g, then
Rad(na) = Rad{g) m a.

Proor. Since Rad(a) is a characteristic ideal of an ideal, it is an ideal of g. Since

it is solvable, it must be contained in the radical of g. This shows the inclusion

e; the opposition inclusion is clear since Rad{g) ~ a is a solvable ideal in o,
]}

Proposition C.24. [f [} is a derivation of a Lie algebra g, then D{Rad(q)) is
contained in a nilpotent ideal of g

ProoF. Construct g’ =g @ C as belore, with £ = (0, ). Since Rad(pg) =
Rad(qn’), we have

D(Rad{g)) = [£, Rad(q)] = [«, Rad(g')] g

By Lemma C.20, [g", Rad(n')] is a nilpotent ideal in g, so its intersection with
1 is also nilpotent. [l

Just as with the notion of solvability, any Lie algebra g contains a largest
nilpotent ideal, usually called the nil radical of g, and denoled Nil{g) or .
Proposition C.24 says that any derivation maps r into n, which includes the
resull of Lemma C.201hat [g, r] = u, The existence of this ideal [ollows from:

Lemma C.25, If a and b are nilpotent ideals in a Lie algebra g, then a + bisalso
a nilpatent ideal.

Proor. An ideal a is nilpotent il there is a posilive integer k so that all
k-fold brackets [X,, [X3. [.... [Xi_y, Xu] ... 1]1] are zero when each X, is in
a. Equivalently, all m-fold brackets of m elements of g are zero il at least k of
them are in a. Il k is chosen to work for a and for b, it is easy to verily thal 2k
works [or the sum a -+ b, since any bracket of 2k elements, each from a or from
b, contains at least k elements from a or from b, O

Since Nil{g) = Rad(g), it follows lrom Proposition C.24 that Nilig) is a
characleristic ideal of n. The same reasoning as in Corollary C.23 gives:
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Corollary C.26, If a is an ideal in a Lie algetra g, then
Nil{n) = Nilig) r a.

Il qis a Lie algebra, its universal enveloping algebra U = U{g) is the quotient
of the tensor algebra of g modulo the two-sided ideal generated byall X @ ¥ -
¥Y@X—[X,¥]lorall X, Y in g Itisan associative algebra, with a map
1. g — U such that

(LX, Y]) = D(X), (X)) = o(XD(Y) = oY e[ X),

and satislying the universal property: for any linear map ¢ from g lo an
associalive algebra A such that ([ X, Y]} = [@(X), @(¥)] for all X, ¥, there
is a unigue homomorphism of algebras §: U — A such that ¢ = § o1 For
example, a representation p: g = gl{ V) determines an algebra homomorphism
f: Ufa) - End(¥). Conversely, any representation arises in this way.

We will need the following easy lemma:

Lemma CI7. For any derivation ) of a Lie algebra g, there is a unique
derivation D of the associative algebra U(g) such that Doy =10 D.

Proor. Define an endomorphism of the tensor algebra of g which is zero on
the zeroth tensor power, and on the nth tensor power is

XI @"‘@-XMH“XI @X:@"‘@X' + X. @DX]E"'@X. e
+X,@X,® - ®DX,.

This is well defined, since it is multilinear in each factor, and it is easily checked
Lo be a derivation of the tensor algebra; denote it by IY'. To see that [¥ passes
to the quotient U(p) one checks routinely that it vanishes on generators for
the ideal of relations. O

Exercise C.28. Il [} is an inner derivation by an element X in g, verily that i
is the inner derivation by the element o(X).

It is a fact that the canonical map + embeds g in Ufg). The Poincaré-
BirkhofT- Witt theorem asseris that, in fact, if U{g) is filtered with the ath piece
generated by all products of at most n products of elements of t{g), then the
associated graded ring is the symmelric algebra on g. Equivalently, if Xy, -,
X, is a basis for g, then the monomials X|'-...- X" forn a basis for Ufg). We
do not need this theorem, but we will use the fact that these monomials
generate LI{g); this lollows by a simple induction, using the equations X- X, -
Xy X, = [X,, X;]to rearrange the order in products,



APPENDIX D
Cartan Subalgebras

§D.1: The existence of Cartan subalgebras

§D.2 On the structure of semizimple Lie algebras
§12.3; The conjugacy of Cartan subalgebras

§D24: On the Weyl group

Our task here is to prove the basic general facts that were stated in Lecture
14 about the decomposition of a semisimple Lie algebra g into a Cartan
algebra b and a sum of root spaces g, including the existence of such I and
its unigueness up to conjugation.

§D.1. The Existence of Cartan Subalgebras

Note that il we have a decomposition as in Lecture 14, and H is any element
of b such that «(/f) # 0 for all roots «, then [) is determined by If: b = c(Hf),
where

tff)={Xeqg[H X]=0) (D.1)

The elements of b with this property are called regular. They form a Zariski
open subset of b the complement of the union of the hyperplanes defined by
the equations x = (. In particular, regular elements are dense in h. Il H e b is
not regular, then ¢f ) is larger than by, since it contains other root spaces. Note
that all elements of hare also semisimple, i.e., they are equal to their semisimple
parts.

Of course, this discussion depends on knowing the decomposition which
we are irying to prove. Bul il suggesis one way to construct and characterize
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Cartan subalgebras: they should be subalgebras of the form o(H) for some
semisimple element M, that are minimal in some sense. We can measure this
minimality simply by dimension.

Definition D.2. The rank n of a semisimple Lie algebra g is the minimum of
the dimension of ¢/} as H varies over all semisimple elements of g A
semisimple element H is called regular il ¢(H) has dimension n. A Cartan
subalgebra of g is an abelian subalgebra all of whose elements are semisimple,
and that is notl contained in any larger such subalgebra. Our first main goal
15

Proposition D3, If H is regilar, then o(I) is a Cartan subalgebra,

For any semisimple element H, q decomposes inlo eigenspaces for the
adjoint action of H:

a= Ep a:(H) = e(H) ® EB a.(H), (D.4)

where g,(H) = {X eq: [H, X] = X}, and ¢(H) = q4(H). There is a similar
decomposition even if H {or g) is not semisimple, but replacing the eigenspace
by g,(l) = | X € a: (ad(H) — A)*(X) = 0 for large k}.

Exercise 1.5, Without assuming that H is semisimple, show that
[a.(H). a.(H)] = a44.(H), by proving the identity

(ad(H) — (2 + W) DMLY, ¥Y])

- li] C) [lad(H) — HUY(X), (ad(H) — p)*~i(¥)]

Let us(temporarily) call an arbitrary element H € g regular if dim{gy(H)) <
dimig, (X)) forall X eg.

Lemma D.6. If H is regular, then o H) is abelian.

Proor. Consider how the Killing form B respects the decomposition (D.4)—
again knowing what to expect from Lecture 14, IT ¥ is in g (H) with 1 # 0,
then ad(Y) maps each eigenspace to a dilferent eigenspace (by Exercise D.5),
as does ad(¥) = ad(X) for X € go(H). The trace of such an endomorphism is
zero, ie., BIX, ¥) = 0for such X and Y,

Because gy is semisimple, B is nondegenerate. Since we have shown thal
ngl M) is perpendicular to the other weight spaces, it follows that the restriction
of B lo gy(H) is nondegenerate,

Consider the Jordan decomposition X = X, + X, of an element X in q,(H).
Since ad(X,) = ad(X), is nilpotent, X, belongs 1o g,(H), 50 X, = X — X, does
also. Then ad(X,) = ad(X), is nilpotent and semisimple on gq(H), 50 it vanishes
there. But this already shows that ad{X) = ad{X,} + ad{X,) is a nilpotent
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endomorphisin of go(Hf) for any X e g,(H). Hence, by Engel's theorem, q,(11)
is nilpotent, so by Lie's theorem g has a basis in which the endomorphisms
ad{X) are upper-triangular for all X e (/). It follows that for any elements
in go(H), the trace of products of their adjoint actions on g is independent of
the order of composition. In particular, for X, ¥, Z € q4(H), the trace of
ad{[X, ¥]) o ad(Z) on q is zero, ie, B[X, Y], Z]) = 0. But since B is non-
degenerate on gy (H), [X, ¥] = 0, so gq(H) is abelian. O

It follows immediately that g,(F) is not contained in any larger abelian
subalgebra, since any element that commutes with IT is in ggo(/7) by defini-
tion. To finish the prool of the proposition we must prove the lollowing lemma,
which also shows that the temporary definition of regular agrees with the first
e

Lemma D.7. If H is regular, then any element of q5(H) is semisimple.

ProoF. We saw that il X is in go(H) then X, is also. Using the same basis as
in the preceding proof, we see that ad(X,) has a strictly upper-triangular
matrix. Hence, B(X,, ¥) = Tr{ad(X,) o ad(¥)) = 0 for all ¥ in aq4(H). By the
nondegeneracy again, X, = 0, as required, a

It follows [rom Lemma D.6 that il H is regular, and X is in g4(H), then
ol X) contains gy (H), and they are equal exacily when X is also regular.

Problemn D.8*, Prove that il I is regular in any Lie algebra, then g,(11) is a
nilpotent Lie algebra.

Exercise I).9. Show that a subalgebra is a Cartan subalgebra il and only il it
consists entirely of semisimple elements and is contained in no larger sub-
algebra with this property.

§D.2. On the Structure of Semisimple Lie Algebras

Let b be a Cartan subalgebra of a semisimple Lie algebra . Under the adjoint
representation it consists of commuting semisimple endomorphisms, It is then
astandard linear algebra fact that this action is simultaneously diagonalizable:

a=@Da. (D.10)

where the eigenspaces are parametrized by some set of linear forms a & h*,
including & = 0, and where

8. = {X e g: [, X] = a(H)" X for all H & b}.

In particular, g, is the centralizer of y in g. The nonzero & are called roors.
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Lemma D.11. 5 = g,.

ProoF. Since | is abelian, |y is contained in g,. Il h corresponds to a regular
element H, i.e., i = aglHl), anything that commutes with I must be in [, 50 g5
is contained in b, (N ]

Il is constructed from the regular element H, then by definition g, (H) is
the direct sum of those g, for which a(f{) = 1. Note that the decomposition
{D.10) may be finer than ([.4), but that il [ is chosen (o be an element of b
such that the (/) are distinet for distinct roots «, then the decompositions
coincide.

Our next task is o study the other eigenspaces g,. As before, we have
[8. 8] = sy It follows that il & + 1 # 0, and if X eq, and ¥ e gy, then
ad(X) e ad(Y) is nilpotent, so its trace is zero, i.e,

Ifa+ i # 0, then Big,, g,) = 0. (D.12)

Mow for any root &, il —a were nol a root, this implies g, is perpendicular
to all g, (including ff = 0), which would contradict the nondegeneracy of B,
So we gel one of the facts asserted in Leciure 14:

If @ is a root, then —a is also a root. (D13

Moreover, the pairing B: g, » g_, —+ Cis nondegenerate. Another fact also
follows easily:

The roots a span *, (D.14)

For il not there would be a nonzero X e [y with (X} = 0 for all roots a, which
means that [X, ¥] =0 Tfor all Y in all g,. But then X is in the center of g,
which is zero by semisimplicity of g.

MNow let o be a root, let X e q,, Ye g_,, and take any H €. Then

BiH,[X, Y])=B{[H, X], ¥)=a(H)B(X, ¥). (D.15)

This cannot be zero for all H, X, and ¥ without contradicting what we have
just proved. In particular,

For any root a, [g,, a-,] # 0. (D.16)

Let T, & I be the element dual lo & via the pairing B on b, i.c., characierized
by the identity B(T,, H) = «{H) lor all H in ). We claim next that

[X, Y] =B(X, YT, forall Xeq, Yea._,. (D.17)

To see it, pair both sides with an arbitrary element H of h. Using (.15}, we
have

Bl BiX, VIT)) = BiH, T,)B(X, ¥)=a(}B(X, Y)= B(H,[X, Y]}
as required. Next we show that
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a(T,) #0. (D.18)

Suppose this were lalse. Choose X eq,, Yena_, such that B(X, ¥)=c 0.
Then [X, Y] = ¢T,,50 X, ¥, and T, span a Lie subalgebra s of g. 1l a(7;) = 0,
s is solvable. Since [X, Y] e e, it follows that ad{[X, ¥]) is a nilpotent
endomorphisn of g. But then T, is nilpotent; but all elements of § are semi-
simple, so T, = 0, a contradiction. This gives another claim from Lecture 14;

For any root &, [[a,. 0-.], a.] # 0. (D.19)

For with X and ¥ as above, [[X, ¥], X]=¢c' [T, X] =c x(T)X £ 0.
The last remaining fact about root spaces lefl unproved from Lecture 14is

For any reot o, 0, is one-dimensional. (D200

By what we have seen, wecan find X e g, Ye g, 50that i = [X, ¥] #£0,
and a(H) # 0. Adjusting by scalars, they generaie a subalgebra s isomorphic
to sl,C, with standard basis If, X, ¥, so in particular a{/f} = 2. Consider
the adjoint action of s on the sum V¥ = b @ () g,,, the sum over all nonzero
complex multiples ka of &. From what we know about the weights of repre-
sentations of s, the only k that can occur are integral multiples of §.

Mow s acts trivially on Ker{z) = b = ¥, and it acts irreducibly on s = ¥,
Together these cover the zero weight space b, since I is not in Ker{z) So the
only even weights occurring can be 0 and + 2. In particular,

2a cannot be a root. {D.21)

But this implies that o cannot be a root, which says that | is not a weight
occurring in V. But then there can be no olher representations occurring in
V.ie, V = Ker{x) @ s, which proves [D.20) (W]

§D.3. The Conjugacy of Cartan Subalgebras

We show thal any two Cartan subalgebras are conjugate by an inner auto-
morphism of the adjoint subgroup of Aut(g). Fix one Cartan subalgebra b,
and consider the decomposition (D.10). For any element X in a root space g,
ad(X) = al{p) is nilpotent, as we have seen, so its exponential explad(X)) e
GL{g) is just a finite polynomial in ad(X). Set

e(X) = explad{X)).

Let E(h) be the subgroup of Aut{g) generated by all such ¢{X). We want to
prove now that this group is independent of the choice of b, and that all Cartan
subalgebras are conjugate by elements in this group. [We will see in the next
section that E{f) is the connected component of Autig),i.e., that it is the adjoint
group.) The proofl will be a kind of complex algebraic analogue of the corre-
sponding argument for compact tori 1hat was sketched in Lecture 26.
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Theorem D.22. Let by and i be two Cartan subalgebras of q. Then (i) Eih) =
E(), and (i) there is an element g € E = E{l) 5o that g(h)) = Iy

Proor. Fix a Cartan subalgebra I, Let &y, ..., o, be its roots. Consider the
mapping :

Fige, %" xg, xh—g
defined by F(X,,..., X,, Hy=e[X,) o o e(X,}(H). Mote that F is a poly-
nomial mapping lrom one complex vector space to another of the same

dimension, We want to show that not only is the image of IF dense, bul that,
il ly,., denotes the set of regular elements in b, then

Fln, ® ** % @, % b,.,) contains a Zariski open set, (D.23)

ie., it contains the complement of a hypersurface defined by a polynomial
equation.

Suppose that this claim is proved. It follows that for any olher Cartan
subalgebra Iy, the corresponding imnage also contains a8 Zariski open set. But
two nonempty Zariski open sets always meet. In this case this means E(h)-b,,,
meets E(lf')-b),,. That is, there are g € E(h), H e I,,,, &' € E(l), H" e b, such
that g(lf) = g'(H"). But then since H and H’ are regular,

a(h) = glao(H)) = aalg(H)) = aqlg" (1)) = @'(aolH')) = g'(h').
This proves the conjugacy of ) and . And since

E(h) = gE(h)g™" = E(g(h)) = E(g'())) = ¢'E(')(g")"" = E(ly),
both statements of the theorem are proved, a

To prove (D.23), we use a special case of a very general fact from basic
algebraic geometry: il F: C¥ — C" is a polynomial mapping whose derivative
dF,|, is invertible at some point P, then for any nonempty Zariski open sel
U = C" F(U) contains a nonemply Zariski open sct. For the proofl we refer
1o any basic algebraic geometry text, e.g., [Ha], or to [Bour, VI, App. A] 5o
it suffices to show that dF,|, is surjective at a point P = (0,..., 0, H), where
H e b,,,. This is a simple calculation:

Exercise D.24*. Show that dF,1(0,...,0,Z)=Z for Zel, and that
dF,1,0,...,0, ¥,0,...,0,0) = ad(¥)(H) = —ad(H)(Y)lor ¥ £ g, . Conclude
that the image of dF,|, contains h and each root space, so dF,|, is surjective.

O

We remark that although this section, like the preceding appendix, was
wrillen for complex Lie algebras, a simple “base change” argument shows-
that the resulis extend to Lie algebras over any algebraically closed ficld of
characleristic zern. Some, such as Cartan’s criterion, then follow over any hield
of characteristic zero, by extending to an algebraic closure,
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§D.4. On the Weyl Group

In this section we complete the prools of some of the general lacts about the
Weyl group that were stated in Lectures 14 and 21. The notation will be as in
those sections: E is the real space generated by the roots R; 2 is the Weyl
group, generaled by the involutions W, of E determined by
(fi, 2)
W = -— T = - 2. -
o) =P = p(H)a=f @m®

where [ , ) denotes the Killing form {or any inner product invariant for the
Weyl group). We consider a decomposition

R=R'"uR"

into positive and negative roots, given by some [: E — H as in Lecture 14, and
welet § = R* be the set of simple roots [or this decomposition. Note that for
any Win the Weyl group,

R=WR"Yo WiR)

is the decomposition inlo positive and negalive roots for the linear map
e W™, We wanl to show that every decomposition arises this way. To prove
this we need some simple variations of the ideas in §21.1.

Lemma D.25. If a is a simple root, then W, permmtes all the other positive rools,
fe, W, maps R*\[a} to itself.

ProoF. This follows from the expression of positive roots as sums i = § m,a,,
with the a; simple, and the m, non-negative integers. If & = a,, W,(fT) dilfers
from f# only by anintegral multiple of a,. 1T 7 # «;, W,{ ) still has some positive
coefMlicients, 5o it must be a positive rool. |

Let 18, be the subgroup of T generated by the W,, as a varies over the
simple roots. (We will soon see that T8, = 98)

Lemma D.26. Any root [I can be written in the form i = Wia) for some a e §
and W e MW, In particular, R = 1{5),

Proor. It sullices to do this for positive roots, since M(a) = MW, Wja) =
— B, (x) for any 2 € §. If fis positive but not simple, write f = ¥ m,a, as above,
and induct on the level 1 m,. As in the previous lemma, there is a simple root
¥ so that W(ff) is a positive root of lower level. By induction, W,(f) = W({a)
forze §and We i, s0 fi = W, W(a), as required. a

Lemma D.27. The Weyl group is generated by the reflections in the simple roprs,
e, T = 9,
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Proor. Given a root ff, we must show that Wy is in T,. By the preceding
lemma, write ] = U{a) for some U e 1;, € §. Then

Wy = Wy = U-W U, (D.28)
since both sides act the same on [J and i, O

Proposition 1.29. The Weyl group acts simply transitively on the set of decom-
positions of R into positive and negative rools.

Proor. For the transitivily, suppose R = 0* u Q7 is another decomposition.
We induct on the number of roots that are in R* but not in @*. If this
number is zero, then R* = @*. Otherwise there must be some simple root «
that is not in Q*. It sulfices to prove that W,(Q") has more roots in common
with R* than Q" does, for then by induction we can write W,(Q") = W(R")
for some We I, 50 0 = W, W(R*"), as required. In fact, we have by Lemma
D.25,
WA2*) A R" = W(Q* nR*)u{a} = W(Q* " R* U {—a]),

and this proves the assertion,

For simple transitivity, we must show that il an element W in the Weyl
group takes R* to itself, then it must be the identity. If not, write W as a
product of reflections in simple roots,

We=W .. W

with r minimal, with W, the reflection in the simple root fi. Let a=f. It
suffices to show that

W= W W W W,

forsomes, 1 <s<r— 2. Let U, = W,,,-...- W_,. This equation is equivalent
to the equation W,U,W, = U, or U, U, = W, or Ulz) = fi, (since by
(D.28), Wy, = UW,U™").
To finish the prool we must find an s so that Uj[z) = f,. Note that U, _,(a) =
W._ () is a positive root (by Lemma D.25, since fI,_, # a). On the nlher hand,
the hypothesis implies that

Ugle) = Wy .o Wy (@) = Wy-...- W(—a) = —~W(a)

is a negative root. So there must be some s with | < 5 < r — 2 such that U(z)
is positive and U,_, («) is negative. This means that W, takes the posilive root
U [} to the negative root U,_,(x). But by Lemma D.25 again, this can happen
only il W, is the reflection in the root Ufx), ie., f, = Uz} O

the roots. Since § and R* determine each nlher the proposition is equwa!em
to the assertion that the Weyl group acts simply transitively on the set of hases.

Exercise D30, For W e 90, set W) = #(R* ~ W(R7]). Show that W can be
wrillen as a product of I{W) rellections in simple roots, but no lewer.



§D.4. On the Weyl Group 495

I £, denotes the hyperplane in E perpendicular to the root a, the (closed)
Weyl chambers are the closures of the connected components of the comple-
ment E\| ] 2, of these hyperplanes. For a decomposition R = R* u R~ wilh
simple roois 8, the set

W ={[febk(fa)z0,VaecR')=|fekE(f a)>0Yzes5}

is one of these Weyl chambers. The fact that every Weyl chamber arises this
way follows [rom

Lemma D31, For any [I in E there iz some We 30 such that (W(fi).2) =0
for all x e §.

Proor. Let p be hall the sum of the positive roots. It follows from Lemma
.25 that W,(p) = p — a lor any simple root a. Take W in 98 to maximize the
inner product (W(f), p). Then for all 2 e §,

(W, W), p) = (W), Wep) = (W) p — a) = (W), p) — (WIf). a)
cannol be larger than (W(f), p), so (W(f7), 2) < 0. ]

Thus, the orbit of one Weyl chamber by the Weyl group covers E, so all
Weyl chambers are conjugate to each other by the action of the Weyl group.
So all arise by partitioning R into positive and negative roots. This partition-
ing is uniquely determined by the Weyl chamber. In fact, the walls of a Weyl
chamber are the hyperplanes €1, as « varies over the n corresponding simple
" roots, n = dim(E). From the proposition we have:

Corollary D.32. The Wepl group acts simply transitively on Wepl chambers.

Exercise D.33*. Let ® be the group of automorphisms of £ that map R to
itsell.

(i) Show that 90 is a normal subgroup of .
(i) Let M be the aulomorphisms in & which map a given set of simple roots
5 10 itsell. Show that @ is a semidirect product of 7 and 9.
{iif) Show that M is isomorphic 1o the group of automorphisms of the Dynkin
diagram,
(iv) Compute R for each of the simple groups.

Our next goal is 1o show that the lattice F[{H,: « € R} = | has a basis of
elements H, where x varics over the simple roots. This is analogous Lo the
statement we have proved that the root lattice A, in §* is generated by simple
roots. The first statement can be deduced from the second, using the Killing
form to map b to hy*, Hw—(H, =), where [ , ) is the Killing form. We saw in
Lecture 14 that this map takes [, to o' = {2/{e, a))a. Given a root system R
in a Euclidean space E, to each root o one can define its coroof 2’ in E by the
formula
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, 2

o == {TI,TIia'
Let R = {a:ae R] be the set of coroots. For any O #£aeh, sel a'=
{2/(z, a))a, and for any =, fi € h*, set ng, = 2(f1, «lflar, @), Let R = R* W R™ be
a decomposition of R inlo positive and negative roots, and let § be the
corresponding set of simple positive roots.

Lemma D.34. (i) The sei R’ of coroots forms a root sysiem in E.
(i) The set §' = {a': a e §} is a set of simple roois for R'.
(iii) For e, 1 € 8, ngp = nyp

Proor, Itis a straightforward calculation that ng,. = ny. It follows by another
short caleulation that if W, denotes the reflection in the hyperplane perpendic-
ular to a, then W,.(f1") = (W()). The four deflining properties of a root system
specified in §21.1 follow immediately from this. It is clear that if R* is the
set of rools in R that are positive for a functional | on E, then (R') =
{a':a & R*} is the corresponding set of positive roots for R'. Roots in R are
those that can be wrilten as a nonnegative linear combinations of roots in
5, and this property characterizes 8. Since o' is a positive multiple of « for any
a, it follows that roots in (R*) are those that can be writlen as non-negalive
linear combinations of roots in &, which proves (ii). O

The root system R’ is called the dual of R.
Exercise .35, Find the dual of each type of simple root system.

Propaosition D36, (i) The elements H, for « € § generate the lattice 7 |H,: x e R},
i) If w, € b are defined by the property that w,(Hy) = 8, 5, then the elements
w, generate the weight lattice My
(iii) The nonnegative integral linear combinations of the fundamental weights
w, are precisely the weights in % Ay, where W is the closed Weyl chamber
corresponding to R*.

Proor. The isomorphism § — * given by the Killing form takes I, to the
coroot a’. By the lemma and the [act that all positive rools are sums of simple
roots, the set {a": a € 5} spans the same latiice as {a": « € R}. This proves (i}
and it follows that the weights are precisely those elements in b that take

integral values on the set [H,: 2 e S}). The rest of the proposition follows,
noting that

# =[feb:fi(H)=z0forallaeR"}
= {Pe®:fi(H,) 2 0for all 2 € §}. o

1l we identily b with h* by means of the Killing form, we can regard 90 as
a group of avtomorphisms of . By means of this, the reflection W, corre-
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sponding to a rool a becomes the automorphism of iy which takes an element
H o H — afH)- H,. We have a last debt (Fact 14.11) to pay about the Weyl
Eroup:

Propaosition D37, Every element of the Weyl group is induced by an auto-
morphism of q which maps b to itself.

Proor, It suflices to produce the generating involutions W, in this way. The
claim is that if X, and ¥, are generators of g, and g_, as vsval, then 8, =
e(X,)el— ¥,)e[X,) is such an automorphism, where, as in the preceding
section, we write e(X) for explad(X)). We nust show that 3,(H) = Il —
alH)- H, for all i in b It sullices to do this for H with a(}f) =0, and for
H = H,, since such together span b. Il a(H) = 0, then [X_, H] =[¥,H] =10,
50 3,(If) = I, which takes care of this case. For f = H,, it suffices to calculate
onthesubalgebras, = C{H,, X,, .} = sl,C, and this is a simple ealculation:

Exercise D.J38. (a) For slyC with its standard basis, show that § =
e(X)e(Y)e(X)maps Hto —H, X to — Y, and ¥ to — X.

{b) Show that if G is a Lie group with Lie algebra g, then 3, is induced by
the element exp(§n(X, — ¥,)) of G.

We need a refinement of the preceding calculation. For a root & and a
nonzero complex number ¢, define two automorphisms of g:
Jif) = eft-X,) e e(—(1)" - Yo eft- X,)
and
D,(1) = J,(1) 0 F(—1).

Lemma D.39. The automorphism ®,(t) is the identity on ly, and for any root [,
it is multiplication by t™" on g,.

Proor. Look first in sl,, with X = X, ¥ = ¥,. It is simplest to calculate in
the covering SL,C of the adjoint group. Here 9,(1) lifts 1o

c;p{:xrnp{-t"F]~exﬁ-'ﬂ==(é, :)'(_:—- ?)(:1 ;)
()
(5 ()6 )

To see how @,(t) acts on gy, for 1 # +a, it sullices to consider the action of
the 5L, € corresponding to s, = C{H,, X,, 1.} on the a-string through f, i.e.,

so (1) lifs 1o
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on (0, 4, We know that this is an irreducible representation of SL,C, and
t 0 s s

the weight of g, is f{H,). It follows that ({} [__,) acls by multiplication by

M1 Similarly on b it acts by multiplication by t? = 1. O

Putting the preceding results together, we can give a description of the
automorphism group Aut(g) of g. Let E = E(h) be the subgroup generated by
elemenis exp(ad(Z)), as Z varies over rool spaces g,, 2 # 0, as in §.3
Let G be the adjoint form of g, so we have

E = G = Aut"[p) = Aut(g),

where Aut®(g) is the connecled component of the identity.

Proposition D.40. We have E = G = Aut®(q), and Aut{g)/Aut®(g) is isomorphic
to the automorphism group of the Dynkin diagram.

Proor. Fix the Cartan algebra b and positive roots R*. Let Aut(g) be the
group of automorphisms of g that map § to itsell, and similarly denote by
primes the intersections of subgroups with Aut{g). We leave il to the reader
to construcl a finite subgroup K of Aul{g)’ which maps isomorphically onlo
the automorphism group of the Dynkin diagram, and which meets G only in
the identity element (see Exercise 22.25 for a direct case-by-case approach,
or use {21.25)). It then suffices 1o prove that Aut{g) is a semidirect product of
E and K, i.e, that Auta) = E- K.

To see this, start with any element o in Aut{a). By Theorem D.22, there is
a1ty e Ewitha(h) = t,(b). Then oy = 17" e is in Aut(g)’. By Proposition D.29
and the proof of Proposition D.37 there is a 7, & E so that oy = 13! o, maps
R* 1o R". This element may permute the simple roots, but there issome k e K
s0 that 6, = o, k™' is the identity on the set of simple roots. Now gy is the
identity on ly and it is multiplication by some nonzero scalar ¢, on each g,
By the nonsingularity of the Cartan matrix there is some nonzero complex
number t and some 1 e Ay so that ¢, = ¢ for every simple root fi. From
Lemma [2.39 it follows that there is a t in £ 50 thal t and o, agree on each
a, for each simple root fI, and both are the identity on b But it then follows
from the uniqueness theorem (Claim 21.25) thal oy = 1. Hence

a=11,'0,- ke E-K,
as required. a

Exercise D.41. Show that any two Borel subalgebras of a semisimple Lw_
algebra are conjugate.
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Ado’s and Levi’s Theorems

BE.1: Levi's thenrem
§E.2: Ado's theorem

§E.1. Levi's Theorem

The object of this section is to prove Levi's theorem:

Theorem E.1. Let q be a Lie algebra with radical ©. Then there is a subalgebra
Vaf o such that g = v B L.

ProoF. There are several simple reductions. First, we may assume there is no
nonzero ideal of g that is properly contained in r. For il a were such an
ideal, by induction on the dimension of g, a/a would have a subalgebra
complementary to r/a, and this subalgebra has the form |/a, with as required.
In particular, we may assume r is abelian, since otherwise @ is a proper ideal
in r which is an ideal in g by Corollary C.23. We may also assume that
{8, t] = r,Tor il [, r] = O then the adjoint representation factors through g/t,
and since a/r is semisimple, the submodule v © g has a complement, which is
the required 1.

MNow V¥ = gl{g) is a g-module via the adjoint representation: for X & g and
vel,

X-p=[ad(X), p] =ad(X)= ¢ — goad(X)
In other words, for X, Yegand pe ¥,
(X -@)¥) =[X,@(¥)] - o[ X, Y]} (E.2)
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The trick is to consider the following subspaces of V:

C = {pe V: plg) = rand g[, is multiplication by a scalar}

u

B={peV: gla) = rand ¢(r) =0}

U

A= {ad(X): X e1}.
These are easily checked to be g-submodules of ¥, included in each other as
indicated. And C/B is a trivial g-module of rank 1, ie. C/F = C, by taking ¢
in C to the scalar 4 such that ¢|, = 1-1. (Nole that C/D + 0 since one can lind
an endomorphism of the vector space g which is the identity on r and zero on
a veclor space complement to r.) We claim also that

g CecB and v Cc A (E3)

To prove these let ¢ & C, and assume the restriction of @ to r is multiplication
by the scalar c. Il X & g and ¥ e v, then by (E.2),

(X-@)¥)=[X,ec¥] —e[X, ¥] =0,

so X-¢e B; this proves the first inclusion. Il X er, and Yegq, then
[X,e(Y)]e[rr]=0s0
(X~ @)¥) = —9([X, Y]) = [—cX, Y],
and X - ¢ = ad(—cX) is in A, which proves the second inclusion.
This means that the map C/d — C/B = C is a surjection of g/r-modules,
which must split since g/r is semisimple. In other words, there is an element
@ in C such that ¢], = id, and g - ¢ is contained in 4. Now let

I={XeqX¢=0}

1t is easy to check that | is a subalgebra of g. We must verily: (i) |~ r = 0; and
{ii) g = | + r. For the first, il X is a nonzero element of the intersection, then,
as we saw above, X - ¢ = ad(— X), so ad(X) = 0. Hence [g, X]=0,50C- X
is a nonzero ideal in r, contradicting our assumptions. For (ii), let X & g. Then
X-pisin A, 50 X -p = ad(Y) lor some ¥ in r. We saw that ad(¥)= — Y-,
so{X + ¥Y)re=0ie, X+ Vbelongs tol Hence X =({X 4 ¥)— Y isinthe
sum of [ and «. ]

This proves the existence of Levi subalgebras | of any Lie algebra. We have
no need to prove the companion fact that any {wo Levi subalgebras are
conjugate, cf, [Bour, 1, §6.8).

§E.2. Ado's Theorem

The goal is Ado's theorem that every Lie algebra is linear, i.e., is a subalgebra
of gl(¥) lor some vector space ¥, which is the same as saying it has a
finite-dimensional faithful representation. As in the previous section, there are
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some easy sleps, and then a clever argument is needed Lo create an appropriate
representation,

We start, of course, with the adjoint representation, which is aboult the only
representation we have for an absiract Lie algebra g. Since the kernel of the
adjoint representation is the center ¢ of g, it sullices to find a representation
of g which is faithful on ¢. For then the sum of this representation and the
adjoint representation is a faithful representation ol g.

The abelian Lie algebra ¢ has a fithful representation by nilpotent matrices.
For example, when ¢ = C is one dimensional, one can take the representation
Av=+(D 8); in general a direct sum of such representations will suffice,

We can choose a sequence of subalgebras

=0 c ) C R, =N Q& Cfy=0C 05y =1,

each an ideal in the next, with n = Nil{g) the largest nilpotent ideal of g, and
r = Radig) the largest solvable ideal; asin §9.1 we may assume dim(g, /g,y ) = |
fori < q. The plan is to start with a faithful representation of g4, and construct
successively representations of each g, which are faithful on ¢. The conditions
we will need 1o make this step are that g, = g, @ Iy with g,_, a solvable ideal
in g, and Iy a subalgebra of g,, We can achieve this by taking b, to be any
one-dimensional vector space complementary o g, for | < g. Similarly to
go from r 1o g, use Levi's theorem Lo write g = r @ b for a subalgebra .

Call a representation p of a Lie algebra q a nilrepresentation if p{X) is a
nilpotent endomorphism lor every X in Nil(g). A stronger version of Ado's
theorem is:

Theorem Ed. Every Lie algebra has a  faithful  finite-dimensional
nilrepresentation.

The crucial step is:

Proposition E.5. Ler g be a Lie algebra which is a direct sum of a solvable ideal
a and a subalgebra h. Let o be a nilrepresentation of a. Then there is a
representation p of q such that

b Ker(p) = Ker(s).
If Nil{g) = Nil{a)or Nil{g) = g, then p may be taken {0 be a nilrepresentation.

Ado’s theorem lollows readily from this proposition. Starting with a faithful
representation pg of ¢ = g, by nilpotent matrices, one uses the proposition to
construct successively nilrepresentations p; of g,. The displayed condition
assures that they are all faithful on ¢. Note that il i < p, Nil{g)) = q;, while if
1= p we have Nil(g,) = Nil{g,.,) = n by Corollary C.26, so the hypotheses
assure that all representations can be taken Lo be nilrepresentations. 0

Suppose g = a @ b is a Lie algebra which is a direct sum of an ideal a and
a subalgebra h. Let U = U{a) he the universal enveloping algebra of a. Any
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Y in a determines a linear endomorphism L, of U, which is simply left
multiplication by the image of ¥ in U. Any X in g delermines an inner
derivation Y[ X, Y] of a; let Iy be the corresponding derivation of U, cf.
Lemma C.27. For each X in g we defline a lincar mapping T,: U — U by
writing X = ¥ 4+ £ with ¥ in o and Z in b, and setting

Ty=Ly+ Dy
A straightforward calculation shows that
T;‘I-r:ll= TILDTIT_TI,aTrl' [EE‘}

IT ql{ ) denotes the inflinite-dimensional Lie algebra of endomorphisms of U,
wilh the usual bracket [A, B] = A o B — B o A, this means that the mapping
a =~ gl{L'], X+ Ty, is a homomorphism of Lie algebras.

Suppose g:a -~ gl{V) is a finite-dimensional representation of a. Lel
a: U — End{V) be the corresponding homomorphism of algebras, as in §C.J3,
and let I be the kernel of 4. The basic step is:

Lemma E.7. Assume that o is solvable. Suppose [ is an ideal of U = Ula)
satisfying the following two properties: (i) U/ is finite dimensional; {ii) the image
of every element in Mil(a) in U/I is nilpotent. Then there is an ideal J = [ of U
satisfying properties (i) and (i), ond also (iii) for every derivation D of a, the
corresponding derivation of U maps J into itself,

Granting this lemma, we prove Proposition E.5 as follows. From the
representation ¢ we constructed an ideal [ in U = U{a), with U/l = End(F),
so condition (i) is satisfied; the fact that o is a nilrepresentation implies that
condition (ii) also holds. Let J be an ideal whose existence is asserted in the
lemma, Because of (iii), each of the endomorphisms Ty of U maps J into itsell,
and so determines an endomorphism Ty of U/J. By (E.6), the mapping X + Ty
is a homomorphism of Lie algebras from g to gf{U//J). This is the representa-
tion p required in the proposition.

We first verily that Ker{p)na c Ker{g). Note that il X is in a, then T;' is
just lelt multiplication by X on U/J, so if p{X) vanishes, the image ol X in U
must be in J; since J = I, X maps to zero in U/l = End(V), so a{X) =0, as
required.

It remains to show that, under either of the additional hypotheses, pisa
nilrepresentation. Note first that each X in a acts on U/J by lelt multiplication,
and if X is in Nil{a), by (i} its image in U/J is nilpotent, Thus p{.X) is nilpotent
for every X in Nil{a). In particular, this shows that p is a nilrepresentation
when Nil{g) = Nil(a).

In the other case, g is nilpotent, so a is also nilpotent, and the preceding
shows that p(Y) is nilpotent for every ¥ in a. We need a slightly stronger
assertion than this. Let A = End(U/J) be the associatlive algebra (with unil)
generaled by p(g), and let P = A be the two-sided ideal generated by p{a). The
claim is that P is a nilpotent ideal, i.e, that P* = P+ .- P = 0 lor some k. To
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see this, note that there is a k such that every product of k elements of pia) is
zero; this follows from Engel's theorem, pulting the action in strictly upper-
triangular form, To show (hat P* = 0, we must show that any product of
clements in p{g) which contains at least k members [rom p(a) is zero. But if x
is in p{p) and y is in p(a), we have

xy=yx+[x ]

and [x, ¥] is in pla), so terms from p(a) can be successively moved to the lefi
until the product is a sum of products each beginning with k terms [rom p{a).
MNow il g is nilpotent, for any Z in [y {or in q), ad{Z) is a nilpolent endo-
morphism of g, and hence of a. By the Leibnitz rule for derivations, it follows
that the corresponding derivation Dy of U is nilpotent on any element,
although the power required to annihilate an element may be unbounded.
However, since U/J is finite dimensional, it follows readily that the induced
derivation of U/J is nilpotent. In other words, p(Z) is nilpotent for every Z in
h. Given X in g, wrile X = ¥ 4+ £ with Yea and £ el Choose k as in
the preceding paragraph, and choose | so that p(Z)f = 0. It follows that
AXM = (p(¥) + p(Z)f vanishes, since, when the latier is expanded, each
summand either has p{Y) occurring at least k times, or else p{Z]’ 0ccurs
somewhere in the product. Cl

To flinish, we must prove Lemma E.7. Let @ be the two-sided ideal in the
algebra U/l penerated by the image of Nil{a). Since U/I is generated by the
image of n, the same argument as in the paragraph belore last shows thai
@* = 0 for some k. Write ¢ = K/I for an ideal K of U, and set J = K. Clearly
J < I, and we claim that J satisfies the conditions (i)—{iii) of the lemma.

To see that J has linite codimension, let x,, ..., x, be a basis for the image
of ain U, and choose monic polynomials p, such that p(x,) is in K; this is
possible since U/K is finite dimensional. Therefore, p,{x,)" isin J, so the images
of the x; salisly monic equations in U/J. Since U is generated by the monomials
xj...oxk, it follows readily that U/J is spanned by a finite number of these
elements.

Property (i) is clear from the construction, for il x & U is the image of an
element of Nil{a), some power x*is in I by assumption, so x™ isin I* = K* = J.

For (iii}, if D is a derivation ol a, since a is solvable, it follows from
Proposition C.24 that ) maps a inio Nil{a). The corresponding derivation of
U therelore maps U into K, from which it follows that it maps J = K* to itsell.

a

As before, the results of this section also apply to real Lie algebras: il g is
real, a faithful representation (complex) representatlion of ¢ ® C is aulo-
malically a faithful real representation, and embeds g is some gl R.



APPENDIX F

Invariant Theory for the
Classical Groups

The object is to derive just enough invariant theory for the classical groups to verily
the claims made in the text. We follow a classical, constructive approach, using an
identity of Capelli.

§F.1: The polynomial invariants

§F.2 Applications to symplectic amd orthogonal groups
§F.3: Proofl of Capelli's identity

§F.1. The Polynomial Invariants

Let ¥ = ", regarded as the standard representation of GL,C, so of any of
the subgroups G = SL,C, O,C, S0,C, or Sp,C (for n even); e, ..., e, denoles
a standard basis for ¥, compatible with one of the standard realizations of G.
The goal is to find those polynomials Fix'" . . x"™) of m variables on ¥
which are invariant by G. For example, il ¢: V @ V — C is the hilinear form
determining the orthogonal or symplectic group, the polynomials Q(x™, x')
are invariants. In addition, il G is a subgroup of SL(V), the bracket
[ %' x™7, given by the determinant,

[ = X" = det(x]"), (F.1)

is an invariant of G. The first fundamental theorem of invariant theory for
these groups asserts that any invariant is a polynomial lunction of these basic
invariants. This is the goal of this appendix.
We denote by §* the homogeneous polynomial functions of degree d on ¥,
ie, 5 = Sym*(¥*). For an m-tuple d = (d,, ..., d,.) of non-negative integers,
let §* = 5% & - @ 5% be the polynomials on ¥*®* which are homogeneonsol
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degree d, in the ith variable. Note that
Sym* (V@) = (P S*,

the sum over all d with d, + d; + -~ + d,, = k, which identiflies elements of
5% with functions of m-tuples in ¥. We write F(x'", ..., x™) for such a poly-
nomial, with usual abbreviations to F{x)form = I, F(x, y)lorm = 2, F(x, y, 2)
form =1,

When m = 1 we have already found the invariants: for SL,C and Sp,C all
symmetric powers 5¢ are irreducible, so there are no invariants unless d = 0;
for 50, C the kernel of themap §¢ — 542 {contracting with the given quadratic
form Q) is irreducible, so by induction one sees that there are no invariants if
d is odd, whereas il d is even, the invariants are scalar multiples of the
polynomial Q{x, x)*?. (These results will be proved again below.)

In theory one could follow procedures outlined in the text to decompose
the tensor products of the known representations 5% to find out how the trivial
representation occurs in 5. Except in small degrees and dimensions, however,
this is rather impractical.

To describe the G-invariant polynomials in 84, we will carry out an
induction, first with respect to the total degree } d,, then with respect to
the individual multidegrees ordered antilexicographically: & < d means that
either } d] < ¥ d, or } dj = } d; and the largest i for which df and d, differ
has d; < d,.

For intlegers i and j belween | and m there is a canonical “polarizalion™
map Dy, which takes a polynomial F of m variables to the polynomial

n aF
LIGED) xi"a—x?, (F2)

This operator lowers the jih degree by |, while it increases the ith degree by
1, ie., it maps §4 to 5%, where d' is the same sequence of multi-indices as d,
but with dj = d, — | and dj = d, + 1; if d; = 0 set §* = 0. When j = i, note
that by Euler's formula, Dy is multiplication by d,. Note also that these I are
derivations:

Dy(Fy - Fy) = Dy(Fy)- Fy + Fy - Dyl Fy). (F.J)
These maps may be described intrinsically in terms of the multilinear
algebra of Appendix B, as follows. Since only two faclors are involved, it

sulfices Lo look at the map D, ; when there are only two factors. In this case
the map

D@5 @y
is defined by

u,~...-u‘®w,-,,.~w,r—>i TPRSRRTTPRLTON RTINS CUY
i=)
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Equivalently, I}, is the composite
SRS MR RS ) =585 '3 es,

where the second is determined by the product 5 @ §' — 5! of symmelric

powers, and the first by the dual map §* — §' @ 57! (which takes F(x) to

¥4 x, ® aF dx,). This shows, il there were any doubt, that the Dy are maps of

GL{V}modules, i.e., that they are independent of choice of coordinates,
Note that D, o D, maps §* to itself. Explicitly, for d = (d, e),

a dF
Dy, = Dyy(F) = ;Yna*ﬂ(z:aﬁ;—“)

ar ¥ i a*F
z: y"r]'_]-*‘ ;‘h !y dx,

a*F
=g F + gj‘.x;;j'}ﬁ;;.

A first idea is that, it F is an invariant by a group G = GL(¥F), then Dy{ F) will
also be an invariant, and these invariants will be known by induction ili < j,
s0 one can describe the possible D, = Dy(F) that arise. Il one also knew the
second term in the above expression for this, one could determine e- F, which
suflices to determine F, provided e is not zero.

In general, it is not evident how to proceed, but in case dim V = 2, and
d = (d, ¢), this can idea can be carried through as lollows. Some of the terms

in the second term also occur in the expression
JF MF
[x¥])-QUF) = (x, y1 — x2,) (W — ﬁvﬂ_ﬂ)

The rest ocour in
aF F
de' F =d (E}’f{i;l) =E-‘t!‘um}i-

Comparing the preceding three formulas gives the identity
{d + l)e-F = Dy o Dy4(F) + [xy]-Q(F). (F4)

From this identity il is easy to find all invarianis for one of our subgroups
of GL,C and for functions of two variables. We will do it for G = 50,C, as
it illustrates the ideas of the general case—even though G is not semisimple,
and the results can be seen directly by identifying G with C*. We assume the
simple case of functions of one variable has been checked: only multiples of
Qx, x]"" areinvariant. Suppose F € §¢ @ 5% isaninvariant of G = 50,C, with
e > 0, We claim that F is a polynomial in the bracket function [xy] and the
polynomials Q(x, y), Q(x, x), and Q(y, ¥). Either directly or froin the ahove
identily one sees that [1(F) is also an SO, C-invariant, and by induction it is
a polynomial in these basic polynomials. Similarly by the antilexicographic
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induction we know that I, 4(F) is a polynomial in the the basic invarianis, It
therefore sullices to verily that [y, preserves polynomials in the four basic
invariants. By the derivation property (F.3) it is enough to compute the effect
of D3, on the basic invariants, and this is easy:

Dy [xy1 =0, Dy Qfx, ) = Qn, ¥).
Dy Q0% x) = 2Q0x, ), Dy QUy y) =0
‘By (F.4) we conclude that {d + I)e- F is a polynomial in the basic invariants,
which concludes the proof.
This plan of attack, in fact, extends to find all polynomial invariants of all
the classical subgroups of GL{V). What is needed is an appropriale general-

ization of the identity (F.4). About a century ago Capelli found such an
identity. The clue is to wrile (F.4) in the more suggestive form

Dil + 1 ﬂu
Bll D!!

where the determinant on the leflt is evaluated by expanding as usual, bul being
carcful to read the composition of operators from lefl to right, since they do
not commute,

This is the formula which generalizes. If F is a lunction of m variables [rom
V,and dim V = m, define, following Cayley,

(F) = [xy]-S4F),

amF
Q{F) = o sgn(e) *ﬂif‘f- Caxim (F.5)
in symbaols, {2 is given by the determinant
d a a8
AP T e
a . d
dxlid x|
il L d
axh axim
The Capelli identity is the formula:
ﬂ” +m—=1 D]! wen Dlm
D_.“ Dy +m—1 .. D:Im =[x ¥, k™). (F.6)
D, Do Do
This is an identity of operators acting on functions F = F{x'"", . x™) ol m

variahles, with m = n = dim ¥, and as always the determinant is expanded



508 F. Invariant Theory for the Classical Groups

wilh compaositions ol operators reading from lefl 1o right. Note the important
corollary: il the number of variables is greater than the dimension, m > n, then

Dy +m—1 Dy, e Dy
ﬂ:l. Dyy+m—2 .. n:,_ =0 .
Dul] Dml B44 DM

This follows by regarding F as a function on C* which is independent of the
last m — n coordinates, Since £(F) = 0 for such a function, (F.7) follows from
(F.6).

We will prove Capelli's identity in §F.3. Mow we use it Lo compute invarianls.
Let K denote the operator on the left-hand side of these Capelli identities. The
expansion ol K has a main diagonal term, the product of the diagonal entries
Dy; + m — i, which are scalars on multihomogeneous functions. Note that in
any other product of the expansion, the last nondiagonal term which occurs
is one of the Dy with i < j. Since the diagonal terms commute with the others,
we can group the products that precede a given Dy into one operator, so we can
write, for F € §*,

K(P)=p°F = T PyDy(F),

where p = (d; +m — 1)-(dy + m — 2)-...-(d,,), and each I, is a linear com-
bination of compositions of various D,,. Capelli's identities say that

o F = 3 PyDy(F) ifm > n; (F8)
=J

pFm= Y PyDy(F) + (2 x"™]-0(F) ifm=n (F9)
(<)

Just as in the above special case, il F is an invariant of a group G, each
Dy{(F) is also an invariant in a §* where we will know all such invariants by
induction. If G is a subgroup of SL{V), and m = n, then (F) is also an
invariant, as follows from the definition or Capelli's identity.

Invariants for SL,C.

Let F & §* be an invariant of the group 5L,C. We must show that F can be
wrillen as a polynomial in the basic bracket polynomials. In particular, if
m < n, we must verily that there are no invariants except the constants in
5% = C. This is a simple consequence of the fact that for a dense open set of
m-luples of vectors—namely, those which are linearly independent— there is
an aulomorphism of SL,C taking them to a fized m-tuple of independent
veclors, say ey, ..., €. 50 an invariant function must take the same value on:
all such m-tuples. By the density, it must be constant.

Form = n, we proceed by induction as indicated above. All D F are known
to be invariants (for i < j), as is Q(F), so these are polynomials in the brackets,
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To complete the proof, by Capelli‘s identities (F.8) and (F.9), it sullices o see
that the operators D, all take brackets to scalar mulliples of brackets. This
is an obvious calculation: 0, takes a bracket [x™' Vs _ "] 1o zero if b
does not appear as one of the superscripts, or to the bracket with the variable
x™ replaced by x* il x™® does occur; the latter is zero if X' also oceurs and
is a bracket otherwise. To avoid repcats, one needs only consider brackets
where the superscripts are increasing. This completes the prool of

Proposition F.10. Polynomial invariants F(x"', ..., ™) of SL,C can be written
as polynomials in the brackets

[t ettt ] I =iy <ly<<i, =m.

Exercise F.11. Show that the only polynomial invariants of GL,C are the
constants.

Invariants for Sp,C

Let r = n/2, and let @ be the skew form defining the symplectic group Sp,C,
eg Qx, ¥) = Yt X ¥oar — X,40¥; in standard coordinates. Note first that the
brackeis are not needed:

Exercise F.12*. Show that the bracket [x'" x'?' ... x™] is equal to
L sgn(e)Q(x=!"", x*)- Qx*, ) - QxtTI, xo),

where the sum is over all permutations o of {1,..., 1} such that o(2i — 1) <
ol2ijflor l <cisrande(i— 1) <olijffor2<i<r.

Let T,;™ he the assertion that any Sp,C-invariant polynomial in m variables
from €" can be written as a polynomial in the basic polynomials Q(x™, x'").
The antilexicographic induction using the Capelli identities is the same as
belore, and gives the implications

TP ' e TP=T" forallm>n,

Theonly variation here is to verily that the operators D,y preserve polynomials
in the basic invariants, and D, Q(x", x") is again zero or another basic
invariant.

The situation where m < n is a little more complicated than that for the
special linear group, however—which is hardly surprising since there are
nontrivial invariants for Sp,C in this range. Note that T™ implies T™ for
m' < m, so it suffices (o prove T, This is done by induction on r = nj2, ie.,
by proving the implication T} = 7", To prove this, consider the restric-
tion F' of an invariant polynomial F on ¥ = C" to the subspace V" = C"?
perpendicular to the plane spanned by e, and ¢,. This restriction is an invariant
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of the group Sp, .. ; C. By induction, F' is a polynomial in the basic invariants.
Since ({x", ') restricis to the corresponding invariant on V', there is a
polynomial in these Q(x", x") such that F and this polynomial have the same
restriction to ¥'. Subiracting, it sullices to prove that il an invariant F restricls
to zero on V', then F is zero.

We show first that the restriction of F to the larger subspace W = V' @ Ce,
must be zero. Fix 3", ..., ™ in ¥, and consider the lunction of m complex
variahles.

Mty ... t) = FO" + tye,, o, 7™ 4 1.2,)

The fact that F is invariant by automorphisms in Sp,C which fix ¥ and send
e toa-e and e, toa™" e, shows that

B(dey, .., Ae ) = hit,,....1,) Toralld+#0,

Since h is a polynomial, it must be constant, so hit,, ..., t.) = b0, .., 0) =0,
as required.

Since F is invariant, it follows that the restriction of F to any hyperplane
of the form g- W, for any g € Sp,C is zero. It is not hard to verify that every
hyperplane in C" has this form. So any n — 1 vectors lie in such an hyperplane,
and so F is identically zero. This linishes the proof for the symplectic group:

Proposition F.13. Polynomial invariants F{x'", .. x"™)of Sp,C can be written
as polynomials in functions

Qx"xM), I=si<j=m

Invariants for SO,C

This time brackets may be needed, as well as the functions given by the
symmetric form @, but products of brackets are not required:

Exercise F.14. Prove the identily

[t x| ][0 3 ] o O, )],
for any variables x'', ..., x™, " |y

Let T,” be the assertion that any SO, C-invariant polynomial in m variables
can be written as a polynomial in the brackets and the invariants Q(x'", x¥),
where we take Q(x, y) = } 1., x,p, to he the form determining the orthogonal
group. The proofs of the implications T ' = 7" = T™ lor in > n are cxactly-
as in the preceding cases, and require no further comment. As before, il
remains to prove 7', and, by induction on n, it suffices to prove the

implication T = T"°1,
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Let ¥* = C™! be the orthogonal complement to e,. The restriction F' 1o
¥ of an 50, C-invariant polynomial F is 50, _, C-invariant, and by induction
we know it is a polynomial in the restrictions of the basic polynomials
Q(x™, x'") and in the bracket [x™'... x**""']. An apparent snag is met here,
however, since this bracket is not the restriction of an invariant on V. By
Exercise F.14, we can write

F=Ad4 E.txﬂ-l . _:1"‘"].

where A and B are polynomials in the (s alone. In particular, A and B are
even, i.e., they are invariants of the lull orthogonal group O, _, C. But F is also
even, since any element of O,_, C is the restriction of some element in 50,C
{mapping e, lo +e,). Since the bracket is taken to minus itsell by auto-
morphisms of determinant — 1, we must have F' = A. This means that we can
subtract a polynomial in the invariants Q(x™, x'") from F, so0 we can assume
F' = 0. Therefore, the restriction of F to any hyperplane of the form g- V7,
g € S0,C, is zero. But it is easy to verify that(n — 1)-tuples in such hyperplanes
form an open dense subset of all {n — 1)-tuples in C" {the condition is that
there be an orthogonal vector e with Q(e- ) # 0). This proves:

Proposition F.15. Polynomial invariants F(x'", .., x™") of SO, C can be written
as polynomials in functions

QUx™, x") and a0 U g1,

withl si<jasml<ij<i<-<i <sm

Exercise F.16*. Show that the polynomial invariants of O,C can be writlen
as polynomials in the functions Q(x™, x), | < i< j < m. Show that odd
polynomial invariants of O, C, i.e., polynomials F which are taken to det(g)- F
by g in O, C, can be written as linear combinations of even invariants times
brackets.

§F.2. Applications to Symplectic and
Orthogonal Groups

We consider the symplectic group Sp,C and the orthogonal group O,C
together, letting @ denote the corresponding skew or symmetric form. The
results in the first section, applied to the case d = (1,..., 1), say that the
invariants in (#*)®™ are all polynomials in the polynomials @(x", x*"), and
by degree considerations m must be even, and they are all linear combinations
of products

Q{x{ﬂl I.‘rII _ttdlhr].. Q{xm!n‘ _‘l:a[ln] - Q{xt-lw"ln, .t"'"'"”,'p {F. 1 '_l']
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for permutations o of {1,..., m} such that o(2i — 1) < a(2i) for | =i <m/2.
Regarding 0 € ¥* @ V*, these are oblained from the invariant Q ® - ® @
{(in/2 times) by permuting the lactors. In other words, one pairs off the m
components, and inserts @ in the place indicated by each pair.

The form @ gives an isomorphism of ¥ with ¥*, which takes v to Qfp, —).
Using this we can find all invariants of tensor products (¥*)®* @ (1)®', via
the isomorphism

(VRN = (P @ (V4P = (V)™ B (V)

They are linear combinations of the images of the above invariants under this
identification. To see what they are, we just need to see what happens to
under the isomorphisms F* @ ¥* = V@ Vand V*@ ¥V s V@ v

Exercise F.18, (i) Verily that under the canonical isomorphism

F*@V* = V*® V = Hom(V, V) = End(V)
(? maps to the identity endomorphism. (i) Let  be the image of § under the
canonical isomorphism V* @ V* = V@ V. Verify that .

V=3 e®e, —¢e,Re forG=5pCn=1,

A
o= ‘}_:I g, ®e forG=0,C

For the applications in Lectures 17 and 19, we need only the case [ =k,
but we wanl to reinterpret these invarianis by way of the canonical isomorphism

(V)P = (1*)™ @ (V)® = Hom(V®, ¥®') = End(V®). (F.19)

In §§17.3 and 19.5 we defined endomorphisms , € End(¥®”) for each pair [
of integers from {1, ..., d}; for I the first pair,

K, B, @@ D) =0, 0) ¢ B0, @ oy,

the case for general [ is a permutation of this. We claim that an invariant in
(¥*)®2 of the form (F.17) is taken by the isomorphism (F.19) to a composition
ol operators 3, and permutations o in S,. This is simply a matter ol unraveling
the definitions, which may be simpler to follow pictorially than notationally.
The invariant in (F.17) is described by pairing the integers from | to 2d. These
pairs are either from the first d, the last 4, or one of each, For example, ifd = §
the pairings could be as indicated:

s

I
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for the pairs {1, 3}, {8, 9}, {2, 6}, {4, 1. {5, 10}. Composing before and afier
with permutations, this can be changed to

o—o

—=e

The corresponding endomorphism of ¥®* hecomes 9, I = {1, 2}. The general
invariant one gets can be expressed in the form

dnﬂhnﬂhu'--nﬁl['nt,
where @ and © permute the d factors, and the pairs I; are the first p pairs:
= {3 - 1,2})

MNow let A be the subalgebra of the ring End{¥®Y) generated hy all
g@---@g for g in the group G = Sp,C (or O,C). By the simplicity of the
group, we know that A is a semisimple algebra of endomorphisms. We have
just computed that the ring B of commutators of A is the ring generated hy
all permutations in S, and the operators 9,. By the general theory of semi-
simple algebras, cf. §6.2, A must be the commutator algebra of B. In English,
any endomorphism of V2 which commutes with permutations and with the
operators 3, must be a finile linear combination of operators of the form
g ® - @ g for g in G. This is precisely the fact from invariant theory that was
used in the text.

We remark that a similar procedure can be used for SL,C, but since in this
case V and ¥* are nol isomorphic, to do this one must first do some more
work to compule invariants in tensor products of covariant and contra-
variant factors. The idea is simple enough: use the canonical isomorphism
V= AN *) to turn each ¥ factor into several ¥ * factors. Tracing through
the invarianis by this procedure is rather complicated, however, and we refer
lo [Wel, IL8] for details. We did not need this analysis, because it was easy
to work the commutator story the other way around, showing that the
- commulator of C[S,] is the algebra generated by allg ® - ® g for gin SL,C
{or GL,C). This can, in turn, be run backwards:

Exercise F.20*. Use the fact that the the GL_C-invariants of End(V®*) are
generated by permutations to show that the GL, C-invariants of (V*)®/ @ V®¢
are obtained by pairing off the factors and contracting. There are no GL,C-
invariants in (¥*)® & ¥V® il k # [, For SL,C-invariants, one also has deter-
minant factors when k — [ is a multiple of the dimension.

We also omit any discussion of the second fimdamental theoremns, which
describe the relations among the generators of the rings of invariants (but see
the discussions at the ends of Lectures 17 and 19). These resulis can also be
found in [Wel].
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§F.3. Proof of Capelli’s Identity

The prool is not essentially dilferent from the case m = 2, once one has a good
nolational scheme to keep track of the algebraic manipulations which come
about because the basic operators Dy do not commute with each other, A
convenienl way to do this is as follows. For indices iy, jy, ..., i, j, between |
and m, define an operator A, ; 4, ; ... A, ; which takes a function F of m
variables x™" ..., '™ to the lunction

g, oAy (F) = ); L L —
Forp = 1, Ay is just the operator Dy, but for p > [, this is not the compaosition
of the operators A, ;. Mote that the order of the terms in the expression
&y, --- Ay, is unimportant.
We can form determinants of p x p matrices with entries these A, which
acl on lunclions by expanding the determinant as usual, with each of the p!
producls operaling as above. For example, for the m x m matrix (Ay),

18y|(F) = "I; SEN(9) A uriyBamay - Buaim(F):

The matrix (A) is a product of matrices (xi")- (2)axf"), and taking deter-
minants gives the

Lemma F.21. For m = n, |Ayl(F) = [x'"" ... x™7]-Q(F).

To prove Capelli's identity (F.6), then, we must prove the lollowing identily

of operators on functions F(x'", ..., x™):
.ﬂ||+ﬂl— 1 ﬂ]j fen ﬂl- &” ﬂ-Ig ree &1”
D:’ D:J +nl—2 ama .D:" - ﬂ:’ ﬁ!: - ﬂ]. {FIJI]
Dull Dul! we D— ﬁmj d-! oLl ﬁm

This is a formal identity, based on the simple identities:
Dypo Dy =Dy = AAy ilp#a;
D oD,=A,48,+D, ilp=a
Similarly, il p # a, lor all k, then -
DyoBap, o Bos =88, ... 8, 4; (F.23)
while il there is just one k with p = a,, then
'Dll ° ﬂ"I'*l e ﬂ"‘v"r = ﬂl‘l"a'll"‘l Tt &'r*r + ﬁ"l"‘l v ﬂlhr e A"‘-"r [F'M]

where in the last term the A, replaces &, ..
We prove (F.22) by showing inductively that all r x r minors of the two
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mairices of {F.22} which are taken from the last r columns are equal (as
operators on lunctions F as always). This is obvious when r = 1, We suppose
it has been proved for r = m — p, and show it for r + 1. By induction, we may
replace the last r columns of the matrix on the left by the last r columns of the
matrix on the right. The dilference of a minor on the left and the corresponding
minor on the right will then be a maximal minor of the matrix

Dy, — 4y, Mgy o Ay
Dﬂl - ﬂ'l- &!rﬂ veu &In
Dy~ Ay +r By oo Bl
ﬂ-l - lﬁl'l'IF '&nr*l ﬁ_

s0 we musi show that all maximal minors of this matrix are zero. Suppose the
minor chosen is that using the gith rows, for | g, =g, <" <g, =m.
Expanding along the left column, this determinant is

EoMy — E, M, + E;My — - + (— IYE,M,, (F.25)

where E, =D, , — A, ,ilg, # p,and E, = D, — A+ rifg, = p,and M, is
the corresponding cofactor {r x r) determinant:

'&QE"W%MH--'5-...p+m|5c.-.pmm:---‘5;.r+ﬁrl- (F.26)

To show that (F.25) is zero, there are two cases. In the first case, the pth
row is not included in the minor, ie., g, # p for all i In this case each term
E;M, is zero, since E; = D, — A__, and all the products in the expansion of
Mareof theform 4, , ... 4, , withalla, # p, and the assertion follows from
(F.23).

In the second case, the pth row is included, ie., g, = p for some k. As in the
first case, (D, — A,,)M, = 0, and since E, = D,, — A, + r, we have

-E[M. = F* M..

We claim that each of the other terms E,M,, for i # k, isequal to(— 1)* "' M,,
from which it follows that the alternating sum in (F.25) is zero. When M, is
written out as in (F.26), and it is multiplied by E, = D, , — 4, ,, an application
of {F.24) shows that one gets the same determinant as (F.26), but expanded
with the gyth row moved between the g,_,th and the g,,,th rows. This
transposition of rows accounts for the sign (—[)'™'", yielding EM, =
(= 1" Ay, as required. Cl

Exercise F.27. Find a GL(V)linear surjection from §* & - ® §* onto
AV*@ 8 @ @ 5" that realizes the map Fes[x"" ... x™7]-Q(F).
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Neote: Usually answers or references are given only for more theoretical exercises, or
those which may be referred to elsewhere,

Lecture 1

{1.3) The hypotheses ensure that A"V is trivial, and the bilinear map AV @ A° 'V =
AV = Cis a perfect pairing, Le., it makes each space the dual of the other, of. §8.3.
(1.4) For (b), take the lunction & to the function ', where a'(g) = alg™").

{1.13) Yes. See Exercise 6.18.

(1.14) If M is a Hermitian inner product on ¥, let fT: ¥ — 1+ be the conjugate linear
map given by v Hiv, ). I FI" is another, the composite (7)o it i= linear, and a
G-homomorphism if H and H' are G-invariant. Apply Schur's lemma.

Lecture 2

{13) For a general formula expressing complete symmelric polynomials and elemen.
lary symmelric polynomials in terms of sums of powers, see Exercise A.32{vi).

(24) Look at the induced action on A,

fz.?] PO = Uy O Y witha = b= §(2"" 4 (1)) ande=§(2" + (=IF"}
(225) Answers: (D U@ Ve U@y iU e yraw

{2.29) The regular representation will do.

{2.33) For (c) use characters or the isomorphism
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Homg(V @ W, U) = Homg W, * @ UL
(234) Schur's lemma applies to L.

(2.35) Apply the preceding exercise, wilh Ly given by a matrix of indeterminates. For
details, see [Se2, §2.2].

(236) Show that (x, y) = 1, and compute the sum of the squares of these represema-
tions. Reference: [Sel, §3.2].

(2.37) I g is the character of an irreducible representation, and g is the character of
¥, let a, = [, x*), and consider the power series

= | & S— I o ICIei0)

- C M= Y e,

L =g & PP OO = G a0
Here C runs over conjugacy classes. Since y(C) = dim(¥) only for C = [], the right-
hand side is a nontrivial rational function; in particular a, cannot be zero for all positive
n

(L38) This is another theorem of Burnside. IT C is a conjugacy class in G,
¥ =7 gec: V= Vis a G-map, so multiplication by a scalar A, and .-dim ¥ =
Trace(gp) = |C|- x¢(C). The i are algebraic integers, since the elements E"{. €, 88 C
varies over the conjugacy classes, generate the center of the group ring Z[G], which
is a finitely generated abelian group. Now

EJCI'M_C];,{GHGL

50 |Glfdim V= ¥ 4. ¥v(C) is an algebraic integer. In fact, the dimension of ¥ divides
the index of the center of G, ef. [Se2, p. 51].

{2.39) In case the character y is £-valued, the equation le{g}F = |7 shows that |G|
is the sum of |G| non-negative integers, one of which, |x(2)|, is greater than 1, so at
least one must be 0. In general, the values of y are algebraic integers, since they are
sums of roots of unity, Let x,, ... x. be the characters obtained from y by the action
of the Galois group Galf0/0) (or Gal{C/Q)) on x; these characters are also char-
acters of irreducible representations of G. Mow if x(g) # 0, then [, xdg) is a nonzero
integer, o |]'|, mg}i‘ = 1, Since the arithmetic mean is al least the geometric mean,
Tilxta)® = m. Therefore,

micl= § ¥ ol 2 miGl
= IFB

and we must have equality for every g & G. In particular, il d is the degree of the
representation, md® = ¥, |y (e} =m,s04d = 1.

Lecture 3

(1.25) See §5.1.

(326) ITH = G is the subgroup of order 7, there are three one-dimensional representa-
tions from G/H, and two three-dimensional representations induced from H. For
generalizations, see [Sel, §8.2].
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{3.30) W is embedded in the space of W-valued functions on G by sending we W io
the function which takes h e /I to h-w and all other cosels to zero. Note that if {g,}
is a set of coset representatives, the map f+—+ ¥ g, ® [y, ") gives an isomorphism from
Homg (CG, W) to C6 ey W

(3.32) For (b), identify the right-hand side with the trace of an endomorphism of CG.
For (g}, take @ 1o be the characteristic function of an element g and apply (b).

{3.33) F is the determinant of left multiplication by the element 0 =} x,e, € CG on
the regular representation, and F, is the determinant of lelt multiplication by a on the
irreducible CG-module ¥, corresponding to p. The factorization of F follows from the
decompaosition of the regular representation, The irreducibility of F, follows from the
irreducibility of a matrix whose entries are indeterminates, using Proposition 1.29.
Fizing g in G, set the variables x, = 1 and x, = 0 for i # g; the coeMicient of x, in the
determinant of left multiplication by | + x,e, on ¥, is y, (g}

(3.34) See Exercises 3.8 and 3.9,

{3.38) I can be replaced by ¥*; ¥ @ V¥ = Sym? I @ A’V contains at most one copy
of the trivial representation. IT Sym?® ¥ contains the trivial representation, then

IG1= T, xsmavlo) = HZxv(0)" + Lavla™)
Otherwise, the right-hand side is zero; similarly for A2V, Note that il x, is real, then
Yxelg) = 1G],
{3.41) Reference: [Se2, §13.2].
(3.427) Reference: [Ja-Ke, p. 12].
{3.43) Consider the endomorphism J @ J of ¥V ® W
(3.44) For G = Z/3, the rank of Rg(G) is 2, whereas that of R(G) is 3.
(3.45) See [Se2, §12] for details,

Lecture 4

{4.4) Right multiplication by a gives a map Aab — Aba, and righl multiplication by b
gives 4 map back. The composites are muliiplications by nonzero scalars. More
generally, il A = CG is a group algebra, call an element a = ¥ a e, Hermitian if 4 =&,
ie,a,_y =, Il aand b are idempolents which are Hermitian, then Aab = Aba,

{4.6) A basis for ¥y, , = CSy e, is vy, ..., vy, where

= g, = [ '

! -E—.i R i
MNote that by = e3, 0; + -+ + vy = 0,and g- v, = v, il gi j) = L. A basis for I¥ = C¥is p,,
ooy Uy, where 8 = g, — ;.. For the case 5 > |, use (4.10) or see (4.43).

(4.13) Note that the hook lengths of the boxes in the first column are the numbers 1),
+voa by Induct from the diagram obtained by omitting the first column,
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{4.14) Induct as in the preceding exercise by removing the first column, considering
separately the cases when the remaining diagram is one of the exceptions,

(4.15) Frobenius [Frol] gives these and analogous formulas for 1=(d — 3 3
=3 L0, 0)0d— 4,4y ...
{4.16) Using Frobenius's formula, the coeflicient of xj ... xfrin A-(x] 4 --- + xf) can
benonzeraonly ifl, = d,s0 1 has the prescribed form; the coefficient of x3 x4~ - x,
in A{D, X5, ..., xS (=10,

(4.19) See Exercise 4.5] for a general proceduore for decomposing tensor products.

{4.20) Use Frobenius's formula as in Exercise 4.16 to show that g,(g) = (= 1/*""x,(h},
where pt = (1; — 1,43 = 1,..., 4, — Nland h e S,_,, is the product of cycles of lengths
Qaveecn e

{4.24) If A < p use the anti-involution * of A induced by the map gr+g ", g e S,,
noting that &, = (a,b,) " = b8, = byay, s0(c, xc,) = &2 8, = b-(a,-2-by)-a, =
0.

(4.40) Mote that the ¥, 's are related to the x,'s by the same equations as the symmetric
polynomials Hy's Lo the Schur polynomials $,'s, of. (A.9)in the appendix. The equation
(A.5) Tor the §,'s in terms of the H,'s therefore implies the determinantal formula.

(4.43) Use Frobenius reciprocity and {4.42) to prove the general formula, To prove
that ¥,_, 4,1y = AV, argue by induction on d. Note that the restriction of AV splits
into a sum of two exterior powers of the standard representation, and lrom anything
but a hook one can remowve at least three boxes,

(4.44) The induced representation of ¥ by the inclusion of S, in S,,, is ¥y = ¥,
Lise the transitivity of induction, Exercise 3, 16(b).

(445) For (a), see [Jam, pp. 79-83]. For (b), using (4.33), the cocMicient of X* in
(X7 + - + x[")- PU is the sum of the coefficients of X*x; ™ in P, summing over those
I for which a; = m. Use the determinantal formula to write y,(g) as a sum E £ x.(h),
and show that the p which occur are those obtained by removing skew hooks.
Reference: [ Boe, pp. 192-196].

(4.46) See Exercise A.11. In fact, this condition is equivalent to the condition that
K, < K,, Tor all p, or to the condition that U, is isomorphic to U, 6 W, for some
representation W, cf, [L-¥].

(4.47) References: For the first construction see [Jam], [Ja-Ke]; for the second, see
[Pe2].

(4.48) There are several ways to do this (i) Use the methods of this lecture to show
that the value of the character of U} on ihe class C, is [3(P™)],., where J is the
involution defined in Exercise A.32. Then apply Lemma A.26. (i) Show that U & U
is isomorphic to U, and use Corollary 4.39, (ili) Use Exercise 4.40 or 4.44.

{4.49) Use Excroise A.32(v)

{4.51) {a) Note that x; = ¥ e,y and &y, = (1/z0) L, o,0z,, where &y, is the
characleristic function of the conjugacy class Cy. Therefore,

Kalky = $ o g (T (b e
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from which the required formula follows. For other procedures and tables for small d
see [Ja-Ke], [Co], and [Ham].

(b) ¥, ® Vg = ¥y and ¥, @ ¥,y = Vi, which prove the corresponding results
for Cyp, and Cyy - Use (a) to permute the subseripts.

{4.52) For (a), the described map from A to R is sutjeclive by the determinantal
formula of Exercise 4.40; it is an isomorphism since R, and A, are free of the same
rank. Far (f), note that P™ corresponds to the character ¥ x,(Ciy)ys, which by
Exercise 2.21 is the class function which is zero outside the conjugacy class Gy, and
whose value on Oy is 2(i).

For more on this correspondence, see [Bu], [Di2], [Mac]. In [Kn] a A-ring
structire on this ring is related to representalion theory. In [Liu] this Hopf algebra is
used] to derive many of the facts about representations of S, from scratch. In [Ze] a
similar approach is also used for representations of GL,(F,).

Maore aboul representations of the symmetric groups can also be found in [Foa)
and [J-L].

Lecture 5

{5.2) Consider the class functions on H which are invariant by conjugation by an
element not in M,

(5.4) Frep 1. (i) Inverses of elements of ¢’ are conjugate (o elements of ¢’ il m is even,
and to elements of ¢* if m is odd; x(g™") = xig). (ii) (9, %) is

2 e, — mi? -, a _2 dll — ui?
,.ﬁ[’” [u—u* + #c lu_'"”_ﬁ;ﬁh' ul.

i) If 1 corresponded to p # g, the values of y; and ¢} on the corresponding conjugacy
classes ¢'(p) and c*(p) would be the same number, say w, and Exercise 4.20 implies that
2w = + I. Since w is an algebraic integer, this is impossible. Therefore, 1 corresponds
to g, and now from Exercise 4 20 we get the additional equation w + ¢ = (= 1)
Step 2. (i) Information about the characters ¥ and ¢ of X" and X" is easily
determined from Exercise 3.19, and the fact that the characlers of the lactors are known
by induction. In particular, since c'(g) and c”(g) each decomposes into two conjugacy

classes in I, we have _—
g+ Jrg &+ g LB -')""'El_'lll_.'tr —N
2 2 2 2

¥l (q)) =

_et ﬁ.;'. e,

where gy ={— 10~ ¢ = (— |40 g =gy -¢’ and g' = g, ... q,; and sinilarly
for the other values. {iv) The character of ¥ takes equal values on each pair of conjugate
classes. {Relerence: [Fro2], [Boe]).

(5.5) Reference: [Ja-Kel.

(5.9) Il N is a normal subgroup properly between {41} and SL,(F,), one of the
nontrivial characters y must take the value (1) identically on N,

(5.11) Reference: [Stel].
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Lecture 6

(6.4) Compare (1) of the theorem with formulas (4.11) and (4.12). For a procedure to
construct a hasis of 5, V, see Exercise 6.28,

(6.10) By {4.41), there is an isomorphism of CS,, -modules:

CS,yim Ocya,« o,y (B V) = D, NV,

"Tensoring on the left with the right CS,, module PEm o @i, pom gy
noting that C(S, x 5,)=CS5, @ CE,,

{V"'@{.‘ W}@Elﬂ{:‘- ”’rl @‘ P"] = a Ndnsi K.
{This also uses the general fact: if A — B is a ring homomorphism, N a left 4-module,
and M a right B-module, then M @, (B &, N) = M &, V) The lell-hand side of the
displayed equation is

(V™ Bea, V)@ (V" B, V)= 5,00 @ 5,(V),
which concludes the proofl.
{6.11) {a) The key observation is that

Ve W) =PV e W) ®ge,. s, CIE,)

the sum over all a, b with a + b ='d. Tensoring this on the right with the C{S,)-module
¥, one gets

(Ve WP = Pr* ® W) &ysq, . 5, Res, . W,

where Res, , denoles the restriction to ©, » S,. Then use Exercise 4.43 to decompose
this restriction.

(b} By Frobenius reciprocity, the representation induced by ¥, via the diagonal
embedding of B, in S, » S, is (P C,,, V@ V,. With A = CS,, this says

(A @A) @y Ac, = P Cyldc, @ Ac,).

Tensor this with the right (4 @ A)}module (I & W)* = V® @ W The special case
follow from Exercise 4.51{h).

(6.13) Use Exercise A.32(iv), or write the left side a8 ¥® @ A4 - b, and use Exercise 4.48,

{6.14) These come from the realizations of the representalion ¥; = Ac, as the image
of the maps Ab, — Aa, given by right multiplication by a,, and similarly da, — Ab,
by right multiplication by b,

{6.15) It is clear that il one allows T Lo vary over all tableaux wilh strictly increasing
eolumns bul no conditions on the rows, then the corresponding vy span the first space
@,{N‘*Fk to show that the vy for T semistandard span the image the key point is to
show how to interchange elements in successive rows. Once it is checked that the
elements span, the independence can be deduced from the lact that the number of
semistandard tableaux is the same as the dimension. For a direct prool of both
spanning and independence, sce [A-B-W]—but note that their partitions are all the
conjugates of ours, See also Proposition [5.55.
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{6.16) Use Exercise 6.14 to realize each S, V¥ which occurs as the image in V& @ y®
of a symmetrizing map, and check whether this image is invariant or anti-invariant by
the map which permutes the (wo faciors.

(6.17) a) Idemifying the dwn elements on which S, acts with the set of pairs
{ti, Ml =i < d, 1 < j=<m) determines embeddings of the groups S, x -+ = S, (m
factors) and S, in S,,. Let

=@ R eCEHE@ - RCS, =C(S, x - » &) c CS,,

=g, eC5, cCS,,.
Then ¢ = ¢'-c" is the required element of CS,.. For a combinatorial description of
plethysm see [Mac, §1.8].

(b) The answers are
Sym* (S22 ¥) = SV B S 2.0V B Ss1.0V B Siz0 Vs
AS3 V) = Sus. 0V D Sp.2.2.0 V-

Reference: [Lit2, p. 278].
{6.18) Their characters are the same. In fact, il x and y arc eigenvalues of an endo-
morphism of ¥, the trace on the lell-hand side is 3 f{k)x*y**~*, where f{k) is the number

of partitions of k into at most p integers each al most ¢, This number is symmelric in
pand g, by conjugating partitions.

(6.19) The lacts aboul skew Schur polynomials are straightforward generalizations of
corresponding facts for regular Schur polynomials given in Appendiz A; proofs of
{i}-{iv) can be found in [Mac]. To see that the two descriplions of ¥, agree see the
hint for Exercise 4.4{a). Skew Schur funclors are discussed in [A-B-W], where the
construction of a basis is given; from this the character formula (viii) follows. Then (iv)
implies (v) and (ix).

(6.20) References, with proofls of similar statements in arbitrary characleristic (where
the results, however, are weaker), are [Pel] and [Jam].

{6.21) References: [A-B-W] and [P-W],

(6.29) A reference for the general theory of semisimple algebras and its applications
to group theory is [C-R, §26].

Lecture 7

{7.1) One way lo show thal a symplectic transformation has determinant 1, of. [Dil],
is 1o show that the group Sp,,C is generated by those which fix a hyperplane, ie,
transformations of the form vi=s v + 1Q(p, 1) for some veclor u and scalar 1. Another,
ef. Exercise F.12, is to write the determinant as a polynomial expression in terms of
the form @,

(7.2) Consider the action on the quadric Q(e, v) = 1.
(7.11) For any ¥, the image of the map x s xyx "y~ is discrete only if y is central

(7.13) PGL,C acts by conjugation on n * n mairices.
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Lecture 8

B10) (b) ad[X, ¥YZ)=[[X, ¥ Z), and [ad X ad Y]{Z)=(ad X cnd ¥ -
ad Yo ad X){Z) = [X, [V, Z]] - [V.[X. Z]]

(B.16) The kernel of Ad is the cenler Z{G), cf. Exercise 7.11.

{8.17) Use statement (i), noting that W is G-invariant if it is G-lnvariant, G the
universal covering of G.

{824) With A, B, C, D n = n matrices,

B
Spa.iR) = {(':, u)’ "AC ="CA,"BD ="DB,"AD —'CB = I}.

o= {(& Dfa=nc-ca--o}.

{8.28) Theautomorphismsof G = G/C are the automorphisms of G which preserve C.

{8.29) The point is that the commulalor of lwo vector fields is again a vector field,
which can be checked in local coordinates.

(8.35) Both signs are plus.
(8.38) Reference: [Hol].

(8.42) For ke I, Hy- h gives a coordinate neighborhood of h. For another approach
to Proposition £.41, with more details, see [Hel, §11.2],

{843} For an exainple, take any simply connecled group which contains a torus of
dimension greater than one, say SUI(3), and take an irrational line in the lorus.

Lecture 9

(9.7) IF H is an abelian subgroup of G, and the claim holds for G/, show that it holds
for G. Or, il G is realized as a group ol nilpotent matrices, apply Camphell- Hausdorll,

(9.109 If each ad(X) is nilpotent, the theorem gives allagg = ;= 1y =2 2 K =0,
with [p, ¥{] = ¥4y, from which it follows thal Fg = ¥,

[921) I 5 had an abelian ideal a, semisimplicity of the adjoint representation would
mean that there is a surjection g - a of Lie algebras, But an abelian Lie algebra has
lots of representations that are nol semisiinple.

9.24) For the last statement, nole that the adjoinl representation is semisimple. Or
see Corollary C.11.

925) Reference: [Bour, 1] for this (as well as for details for many other statemenis in
Lecture 9).

[927) the adjoint representation is semisimple.
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Lecture 10

{10.1) Any holomorphic map from E to C must be constant,

{102} Anisomorphism G, = G, would lift to a map G — G; show that this map would
have 1o be an isomorphism,

(104} By hypothesiz, the Lie alpebra g of & has an ideal h with abelian quotient;
use the corresponding exact sequence of groups, with the corresponding long exad
homotlopy sequence {cf. §23.1), and an induction on the dimension of G,

Lecture 11

(11.11) Verily the combinatorial formula

(5 N85 )
Reference: [B-1D, p. 7]

{11.19) Given two points on C there is a 2-dimensional vector space ol quadrics
conlaining C and the chord between the points.

(11.20) Answer: il is the subspace of the space of quadrics spanned by the squares of
the osculating planes (o the twisted cubic curve.

{11.23) Answer: the cones over the curve, with vertex a varying point in P,
{11.25) Look at the chordal variety of the rational normal curve in P4,

{11.32) The sum for & = k corresponds to the quadrics containing the osculating
{k — l-planes to the curve.

{11.34) See Exercise 6.18.
{11.35) Reference: [Murl, §15].

Lecture 13

(13.3) For V standard, S, .,V = T, ;. See §15.3 for details.
(138) Wa,b> 0, V@, =T s @y n $T,|,,_,,EI'.§[5.].

{13.20) Warning: wriling out the eigenvalue diagram and performing the algorithm
above is probably not the way to do this. ’

(13.22) The tangent planes to the Veronese surface should span a subrepresentation.
{13.24) See §21.3 for a general description of these closed orbits.

Maore applications of representation theory to geomelry can be found in [ Don] and
[Gre].
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Lecture 14

(14.15) The fact that [g,, 0g] = fs i5 proved in Claim 21.19,
{14.33) See the proof of Proposition 14.31.

(14.34) If Rad{g)rn, #0, then Radig) =>s, =sl;, which is nol solvable. If
Rad{pjrha H, and afH)#0, then p, =[H, q,] = Radig). Use the fact that
[b. Radig}] = Radia) toconclude that Rad(g) = Radig)nh + ¥ Rad{g)r g, = 0. For
* astronger theorem, see [ Va, §4.4].

(14.35) IIb" = b, then b = I, s0 b’ is a direct sum of [ and some rool spaces g, fora e T,
T3 R*. Then T contains some —a together with &, so b’ > s, = sl;, which is not
solvable.

(14.36) Forsl C, B(X, ¥) = 2m Te(X = ¥). For so,, C, the coeflicient is (m — 2), and for
sp..C, the coefMicient is (m + 2).

Lecture 15

{15.19) See also Exercise 6.20.

{15.20) See Pieri’s formulas (6.9), (6.8)
{15.21) Use the dimension formula (15.17).
{15.31) See Exercise 6.20.

(15.32) This is Exercise 6.16 in another notation (and restricted (o the special linear
group).

(15.33) See Exercise 6.16,
{15.51) Use Weyl's unitary trick with the group U{n).
{15.52) See Exercise 6.18.

{15.54) Show by induction on r that r! times the difference = an integral linear
combination of generators for I, For details see [Tow2].

{15.57) The analogue of {15.53) Is valid for ihese products of minors, and that can be
used as in Proposition 15.55 to show that the ep for semistandard T generate Dy,
The same er as in Proposition 15.55 is a highest weight veetor. For more on this
consiruction, see [vdW]; we learned it from J. Towber,

For olher realizations of the representations of GL,C, see [N-8].
Lecture 16

{16.7) With v = (e, A ;)% calculate as in §13.1; the two vectors X, ¥ X, Fyo and
X3y Xy ¥y Ve are proportional, and V3 X; X, Fyeis independent of them.
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Lecture 17

(1718} (i) Mote that Wy, y: A 2K = AV is snrjective if s > n. See Exercise 6.14 for
the second statement. {ii) This can be done by direct calculation, as in [Wel, p. 155]
for the harder case of the orthogonal group. Or, show that 5 ,(¥) has a highest weight
vector with weight A, and this cannot occur in any W,(F*- ),

{17.22) This follows from the theorem and the corresponding result for the general
lincar groups. Or see Exercise 6,30

Lecture 19

(9.3

0 iM{pglnl=Gor{pqlcl
Vodv)= 4 tonuiy ifpefandgel
s 4P ifTg Nand pe I.
The first assertion follows readily. If w = ¥ a,v;, with the fewest number of nonzero
coeflficients, and a, and a; are nonzero, choose g & JY\K, p¢ Ju K (possible since
2k < m); then ¥, fuo;) # 0, ¥, Jlug) = 0, and 50 I, ,(w) is a nonzero vector with fewer
nonzero coellicients.

{19.4) The multiplicityof L, 4+ + L, — Lyy — = — Lyin A*Vis(¥)ilk —a - b=
2r. For [y, or Iy, the multiplicity is §(3) il r is positive, by symmetry under replacing
any [, by —T,.For [, the weights are }(g, L, + - + g,L,), withe, = +1,and []g =1
the multiplicities are all one since these are conjugate under the Weyl group; similarly
for Ty but with []e = —1.

{19.21) For generalizations, res §23.2,

Lecture 20

(20.17) IF f spans AW, and ugy spans U with Qfug, uwg) = 1, then {1 4+ {— 1] uy) is
such a generator, See Exercise 20,12,

{20.21) If x is in the center, take an orthogonal basis {g}, write out x = ¥ a0, in
terms of the basis, and look at the equations x- vy = vy x for all j. Note that v; v, =
{— 1"y oy if j € 1, whereas oy -wy = (— 1} "oy if j & 1. Conclude that a, = 0if |1]
ig odd and there is some j ¢ | or il | 7] is even and there is some J & I, A similar argument
works il x is odd, Reference [A-B-5, p. 7]

12022 WX =a A b [X.v] =Ma-b-v—=b-av—v-ab+pe-b-a), which is

20k, v)a — a-v-h = 20{a, v)b + b-v-a = 20(a, o) + a-v-b + 20(b, v)a — b-v-a)
= 20(b, v)a — 2Q(a, 1)b = @, .4{0).

(20.23) Reference: [ Por], but note that his Cp, q) is our Cig, pl See also [A-B-5].
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(2032 If Qv — w0 —w) 0, then R,__iv)=w. Otherwise, R, (v) = —w, and
R_{—w) = w. For {b) compose a given element of Q) with an element eonsiructed
by (a) lo get one fixed on a line, and write, by induction on the dimension, the restriction
to the perpendicular hyperplane as a product of reflections.

(20.33) By Exercise 2022, X -v = [ X, v]. See also Exercise 8.24,

(20.36) Il v, are a basis for ¥ with Q(v, r)) = ~d, , thenw = ¢y .. v, Wm =2 {4),
the center is eyelic of order four, while it m = 0(4), il is the Klein four group.

(20.37) Show thal so{() acls by traceless endomorphisms. For example, the trace of
Hyon 5% is the number of I = {1, ..., n} such that |I|iseven and | & I, minus the number
withi g I,

(20.38) For the first statement of (a), choose [ spanning "W 8o that, for the chosen
generator of AW, 1t f)-e-f = . For the second, when m is even, x{s)f = x-3- [ by
Exercise 20012, so flx(s), (0 = tlx-5- -(x-t-f) = t{s- f)oix)-x-(e- ) = tis- [)-
(t- f} = fiis, 1). The odd case can be reduced 1o the even case by imbedding {‘I_ﬂ] into
a larger Clifford algebra as in Exercize 20,40

(20.43) Reference: [Por].
(20.44) For example, the transposition of o, and a, is achieved by the matrix

LI I
bbb
I I 1
S A

(20.50) Reference: [Ch2, §4.3].
{20.51) Reference: [Ch2, §4.2-4.5], [Jacl].
Other references include [L-M], [Cal], [R-tIY], [Hus], [P-5].

Lecture 21

(21.9) Il ey, ..., o, are the vectors, and we have a nontrivial relation

"“gﬂiﬂv“,@."ﬁ-

with non-negative coeflicients, then (v, v) = EI-J myia, o) < 0, 50 0 = 0. But v lies on
the same side of the hyperplane.

(21.15) The first is ruled oul by considering
w=ey,  vm(ley 4+ 2o+ el B, w=le, + 2eq + eyl /6,
with 1 = ey, ) + (ey, v)® + (e, w)? = 1/4 + Y8 + 3/8 = |. For the second, use
0oy, v =(2ey + z,,],.l',ﬁ. woes (Seg 4+ deg F Jeg + 2oy t..j,.l’\.-"'ﬁ.
with (e, u)? + 2, ) & (e, w)? = L4 4 1/3 4 5012 =1

{21.16) Using the characterization that a{H,) = & ,. one can write the fundamental
weighls , in terms of the basis L. The tables in [Bour, Ch. £] also express them in
terms of the simple roots.
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(E6): oy =2 5’;—51_.‘_

%'ill.+L:+Lg+L.+L,}+%ﬁL..

wym—Ly+ L+ Ly + Lo+ L) + 5%;“,

wy =Ly Ly + Ly & .J'GL;,

Ws“lrn*L:*‘?"'{:i:La.
w‘-L,+1";-—3L.;

(Eq) wy = /2L,
wy =Ly + Ly + Ly + Ly + Ly + Lg) + /2L,
“‘}"il—LJ+L=+L:+L4+[4+L‘}+3-zébh
wy=Ly+ Ly + Ly + Lg + 2,/2L,,
m,nL.+L,+LE+]'—‘;—’iL,,

‘Wa:Ls*‘Lﬁ-l-vlﬁLn
2
2

iy = Lg + Ly

(Eq) wy = 2y,
wy=dL, + Ly Ly+ L+ L+ Ly + Ly + 5Ly}
wy=d{~Ly+ Ly+ Ly + Lo+ Ly + Lg + Ly 4 TLg),
wyg=Ly+ L, 4+ Lo + Lo + Ly + 504,
wym Ly + Lo+ Lg + Ly + 4L,
g = Ly + Lg + Ly 4 3y,
Wy = Lg + Ly + 2y,
g = Ly + Ly;
1F.) wy =1L, + L,
wy =2y 4+ Ly + Ly,
wy = 43IL, + Ly + Ly + Ly),
by = Ly;
1Gy) ay =Ly + M) =2, 4 ay,
my = 3y = Ja, + In,.
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{21.17) The only cases of the same rank that have the same number of roots are (RB,)
and (C,) for all n, nd (Bg), (C,), and (Eg) (B, ) has n rools shorter than the others, (C,)
n roots longer, and in (Eg) all the roots are (he same length.

{21.18) For the matrices see [ Bour, Ch. 6] or [Hul, p. 59]. The determinants are:
n+ Llor (A 2lor(B,),(C,)and (E, ) 4 for (D,); 3 lot (Eg ) and | for (G,),(Fy ), and (Eg).

{21.23) See Lecture 22.
The proof of Lemma 21.20 is from [Jacl, p. 124], where details can be lound.

For more on Dynkin diagrams and classification, see [Ch3], [Dem], [Dy-0],
[LIE], and [Tit].

Lecture 22

{22.5) Use the fact that B(¥, Z) = 6 Tr{¥ » Z) on &l,C, and the formula [¢, e}] =
3'51,_}" 5;1'!1 giving
Bi[e, e}, Z) = 6-Tr{(3- E,y— & 1) o Z) = 18-Tr(E, yo Z) = 18-eM(Z-¢))

{22.13) Hint: use the dihedral group symmetry.
{22.15) Answer: sl,C = sl,C,
{22200 For (b), note that (oA wile A @)= Tilv A& wh @, ) = dllv & w) A g) =
pledlw) = plwhriv),
{22.21) For a wiple J = {p<g<rle= {1,..., 9], let ;= ¢, & ¢, & &, and similarly
for ¢,. For triples J and K the essential caleulation (sce Exercise 22.5) is to verify that
ey n g i8 | —c/18) limes

0 r#JnK =<1

E.. TK={pgn)J={pgmlms#n

Epp+E +E, - {1 TK=J=]|pqr}
For Freudenthal's construction, see [Frl], [H-8].

{22.24) For #l,,, T, such an inyolution takes E, ; to {--!]-"’*'E..,-_,._,,.‘; the fized
algebra is {X:'XM = —MX], where M = (my), with my=01ili+ j#n+ 2, and
otherwise my = (— 1), This M is symmetric if n is even, skew if n is odd, so the fixed
subalgebra for (A,,,) is the Lie algebra so;,, C of (B.), and that for (A4, ) is the Lie
algebra sp,,,C of (C,). For [D,), the fixed algebra is so4, _, C, corresponding to (B, _, ),
while for the rolation of ([J,), the fixed algebra is g;. For a description of possible
aulomorphisms of simple Lie algebras, see [Jacl, §IX]

(22.25) Answer: Forel, ., C, X+ —X". Forso,,C.n 2 5 X+ PXP", where P is the
aulomorphism of C7° that interchanges e, and £5, and preserves Uhe other basic vectors,
For the other automorphisms of ¢0,C, see Exercise 20,44,

(22.27) References: [Her], [Jacd, p. 777], [Pos], [Hul, §19.3].
(22.38) Reference [Ch2, §4.5], [Jacd, p. 131], [Jacl], [Lo, p. 104].
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Lecture 23

{23.3) The map takes z = x + iy to {u, v) with u = x/fx}, v = p.
(23.10) Since plexp(}. o H)) = (™, ..., e*, &7, .. ), lo be in the kernel we must have
a, = 2ni-n;, and then exp(} a,H,) = [— 1)E".

(23.11) MNote that the surjectivity of the fundamental groups is equivalent 10 the
connecledness of ™' (1) when 7: G — G is the universal covering, which is equivalent
to the Cartan subgroup of @ containing the center of G,

(23.17) Mote that I'G) = n,{ ) surjecls onto n, (), and there is an exact sequence
0 -+ m,(G) —+ Center(G) -+ Center(G) = 0.

(23.19) When m is odd, the represeniations are the representations of 50_C, and the
products of those by the one-dimensional alternating (determinant) representation,
When m = 2m, the representations of S0_C with highest weights (4,....,4,) and
{dy,..., =4,) are conjugate, so that, if 4, # 0, they correspond to one irreducible
representation of O,,C, whose underlying space can be identified with [, ,,@®
Ti,....-a 14, =10, then [ is an irreducible representation of O,C. In either case,
the representations correspond to partitions A = (1, = -~ = A, = 0). See §19.5 for an
argument.

{23.31) Sec Exercises 19.6, 19.7, and 19.16.

123.36) For (b), consider (0* )2 (D7) = (D* - D7)
{23.37) Reference: [B-1D), V1 §7].
(23.38) Forsl,, O I =T, 4 ...
{23.39) Relerence: [Bour, VIII §7, Exer. 11].

(21.41) Compute highest weight vectors in the (external) lensor product of two
irreducible representations, to verily that it is irreducible with highest weight the sum
of the two weights.

{23.47) See Exercise 2040 and Theorems 17.5 and 19.2

PR for s0,,C, nodd, [} = LTI TR T

(21.51) An isotropic (v — 1}plane is automatically contained in an isotropic a-plane.
These are two-step Mlag varieties, corresponding to omitting two nodes.

{23.62) For (b}, use the fact that B-n'-B is open in G. For (c), if p is a weight,
Jix" wy) = plx)diy)fiw) for x and yin B, so with x & H and w = n’,

plx)fiw) = f(x~"'w) = flwx) = Ax)f(w).
Other references on homogeneous spaces include [B-G-G, [Hel], and [11i].

Lecture 24

(24.4) {a)is proved in Lemma D.25, and (b} follows, For (c), note that by the definition
of p as half the sum of the positive roots, p — W{p) is the sum of those positive [T such
that W{fl) is negative.
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{24.27) This is Exercise A 62,
(24.46) This follows from formulas (A61) and (A.65).

(24.51) In the following the mndamental weights are numbered as in the answer (o
Exercise 21.16:

(Fak po=8a, + 15ay + 2lay & lag;
dim(,), (i = 1,23, 4 52, 1274, 273, 26.
(Eg): po=Ly+ 2y + 3y + 4Ly + 4,31,

= By + Moy + 150, + 21a, + 152, + Bag;
dim([, ), (= 1,...,6): 27, 78, 351, 2925, 351, 27.
(Ek p=Ly+ 2Ly + 3L, +4L, + 5Ly + 17,/221.,
= §(3dx; + 490, + 66ay + Do, -+ TSag + 52ag + 270,k
dim{l, ) (i = 1,..., 7 133, 912, 8645, 365750, 27664, 1539, 56.
(Egk  p=0Ly+2Ly+ 3L, + 4Ly + 5Ly + 605 + 230,
= 46m, + 68ay 4+ Flay + 1350, + 1100, + Bdag 4 570, + 29ay;
dim{]"_{l;li' = 1,..., 8 3875, 147250, 6GOGOO0, GE90079264, 146325270,
2450240, 30380, 248,

{24.52) Using the dimension formula as in Exercise 24.9, it sullices 1o check which
fundamental weights correspond to small representations, and then which sums of
these are still small, The results are:

{A) nz1; dim G =n® & 2n: dim I, = ("'
the dominant weighls whose representations have dimension al most dim G are:
iy, fidg, Wy, By
2, 2m,, of dimension ("4%);
wy + o, of dimenston n® + 2n;
wiy forn = 5 wy, oy lor o = 6 coy, 0y forn = 7.
B,) nz2 dimG =2+ n; dim I, ={"}") lfor k < m, and dim [,_ = 1", giving:
ary, oy
m, forn=734 5 6
2myy, of dimension 10, for n = 2.
(C,) nz3 dim G =2 + n; dim T, = (1) = (,2%), giving:
oy, (]
2wy, of dimension 2n? 4 n;

wy forn=3.
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(D) nzd dimG=2n —n; dim I, =({}fork <n -2 and
dim [, =dim [, =2"" giving
iy, b}
.y, o, forn=4 56 7.
(Eg) dimG =78 ), w0
(E;) dim G =133  w, w,.
(Eq) dim G =248 1wy,
(Fg)  dim G = 52; oy, ty.
(G,) dim G = 14; iy, 0.
For irreducible representations of general Lie groups with this property, see [5-K].

Other references with character formulas include [ES-K], [Kil]. [Ki2], [K1],
[Mur2]. and [Ra).

Lecture 25

{25.2) Changing p by an element of the Weyl group, one can assume j is also
dominant and 4 — o is a sum of positive roots. Then [4) > Ypll, and c(p) = (4, 4) -
{m, ) + (4 — p, 2p) > 0.

{25.4) A direct calculation gives
ClX -v)— X C)=} U [U], X]-v+ 3 [U, X]-Uj-u.

To see that this is zero, write [U}, X] =} a,Uj; then by {14.23), y = ([U}, X], U]} =
=([U}, X1, U), so [U}, X] = ~F a,U;. The terms in the above sums then cancel in
pairs.

(25.6) By (14.25), (H,, 1) = afH N X,, ¥} = 2X,, ¥} Use Exercise 1428,
{25.12) The symmetry gives
(F = o, @drtg gy + (F = (m = i}ty @}y e = (2 — i, gy = 0
since 2{f1, 2) = miz, a), so the terms cancel in pairs.
{25.22) We have
.Z__I—'I'FIH + Wip) — ple{— e} = ;l—llwltl“"{ﬂl - .l‘r"W_H_ (1 —e{—a))

and the right-hand side is | by Lemma 24.3.
(25.23) We have

TN = B (= 0"TPWL+ p) = (a4 p = Wiph) + )

= ‘;_1—1:"' }';1— PR+ p) — p— p)+ Wip) = p)
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and the inner sum is zero unless WA + p) = p + p. Note that il j is a rool of I, this
happens only il p = 1 by Exercise 25.2,

{25.24) The minuscule weights are:

(A By oy Gy,
B,k oy

1C.k ty,

D,k Wy, Wyey Wy,
(Eqk: iy, g,

(E;) .

Reference: [Bour, VIII, §7.3].
(25.28) One easy way is lo use the isomorphism so,C = &l,C = 51, C.

{25.30) N,,, is zero by definition when y is not in the closed posilive Weyl chamber
w,and Wiv + p) = pis notin % if W # 1. Reference: [Hul].

{25.40) The weight space of the restriction of I', corresponding to T is the direct sum
of the weight spaces of I'; corresponding to those i which restrict o ji

{25.41) Use the preceding exercise and Exercise 25.23.

{2543 Using the action of a Lie algebra on a tensor product, the action of C on
Py ... Uy, i5 @ sum over terms where U and LY act on different elements or the same
element. Grouping the terms accordingly leads to the displayed formula, See [L-T, I,
pp. 19-20].

Lecture 26

{26.2) In terms of the basis L,, Ly of b* dual to {H,, H;], cigenvalues are #iL, and
+3L, + il

{26.9) Reference: [Hel, §111.7].

(26.10) Constructing b = ng(/1) as in Appendix [, take H 3o that a(H) = H.
(26.12) See Exercise 21.6,

(26.13) Reference: [Hel, §X.6.4].

{26.21) If a conjugate linear endomorphism ¢: W — W did not map [, to itsell, there
would be another factor U of W and an isomorphism of I, with U'*; the highest weight
of (I;)* cannot be lower than 4.

(26.22) See Exercise .43 and Exercise 26.21.
(26.28) References: [A-B-5], [Hus], [Por]. See also Exercise 20,38,
(26.30) Use the identity ¢ [F] = [V @& ¥] — 2[A*V].

Other references on real forms are [Gil], [B-1D], [Va].
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Appendix A

(A.29) (b} Use P" = F_¢H,, P"SM,,
(A.30) Some of these formulas also follow lrom Weyl's character formula,

(A.31) For parl {a), when a; = ay = - Z a;, this is (A.19). The prool of (A.9) shows
that for any a = (a,, .... 3]

H,-H, .. H, =Y KL.S,

which shows that the K_, are unchanged when the as are reordered. For a purely
combinatorial prool see [Sta, §10].

(A.32) For (i) compare the generating functions E(r)=Y Et'=[](l + x,) and
Hif)= 5 Ht' = LJE(—1); (i) follows from {A.5) and (A6L For (i), note thai
Py = Eﬂ:‘ = ¥ xmifll — x,t) = tH(t)/H{t). Exponentiate this to get (vi). For details
and more on this involution, see [Mac] or [Sta], where it is vsed to derive basic
identities among symmetric polynomials.

1A.39) References: [Mac], [Sta], [Fu, §A.9.4].
{A41) See [Mac, p. 33] or [Fu, p. 420).
(A48) Since J(E}) = M} and }E]) = I},
'9{3(133 = 5"”:.—”1 - H'I.-r-;f} = IE:.—HJ' - E:.-Hf = sl-j'
1A6T) Answer: }{, -...-{, times the determinant of the matrix whose ith row is
ooy Sycmn Hhoi o D F o ean)

More on symmelric polynomials can be found in [Mac), [Sta], [1.-8], and
references listed in these sources. Some of the identities in §A.3 are new, although resulls
along these lines can be found in [Wel], [Lit1], [Lit2] and [Ko-Te]; other identities
involving the determinants discussed in §A.3 can be found in [Mac, §1.5]. Discussions
of Schur funclions and representation theory can be found in [[242] and [Lit2].

Appendix C

(C.1) Take a basis in which X has Jordan canonical form, and compule using the
corresponding basis E; lor gl{V).

(C.12) If g = P, and b is a simple ideal, h = (g, h] = P la,, b], s0 b is contained
in some g,.

(C.13) Since lor & & Der(g) and X & g, ad{§{X)) = [4, ad{X)], ad{q) is an ideal in the
Lie algebra Der{g). Therefore, [ad(n)', ad(g)] = 0;in particular, il § € ad{g)* and X & g,
then ad{8(X)) = [4, ad{ X)] = 0. S0 ad(g)* = 0 and adig) = Der(g).

Appendix D

(D8) To show ad{X} is nilpotent on g5(H) for X in gy(H), consider the complex line
from H to X:sel H(z) =(1 — 2} + zX. Then ad{li{z)} preserves cach eigenspace
o, (11). By continuity, lor z sulliciently near 0, ad([f{z)) is a nonsingular transformation
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of g,{H) for 1 ¢ 0, which implies that g.(H(2)) i= contained in gg(H), and by the
regularity of H, qo(Hi2)) = gqlH) for small 2,

This means thal there is an integer k so that Ile{:}}'[ ¥) = 0 for all ¥ & gy H) and
all small z. Butad(IT{z)*{ ¥} is a polynomial function of z, so it must vanish identically.
Hence, selting 2 = 1, ad(X)* vanishes on qg(17), as asseried.

(D.24) See [Bour, V11, §3] for details,
{D.33) References: [Sed, §V.11], [Hul, §12.2].

Appendix E

Prools of both of these theorems can be found, together with many other refaied resulis,
in [ Bour 1]. See also [Sed], [Pos], [Va], [Jacl].

Appendix F

{F.12) Check that the right-hand side is muliilinear, alternating, and takes the value
1 on a standard basis. Or see [Wel, §V1.1].

(F.16) SO, C-invariants can be wrillen in the form A + ¥ A, B, where A and the
A are polynomials in the Qx*, x"} and the B, are brackets. Such is taken to
A+ detjg) } AR by g in O,C. For an odd (resp. even) invariant the first {resp. the
second) term must vanish,

(F.20) Reference: [Wel, I1.6], or [Br, p. B66].

There are many elementary relerences for invarfant (heory, such as [D-C], [Pr],
[Spl], and [Ho2]; the last contains a prool of Capelli's formula. There are also many
modern approaches to invariant theory, some which can be found in [DC-P], [Sch]
and [Vu] and references described therein; some of these also contain some invariant
theory for exceplional groups. For a more conceptual and representation-theorelic
approach to Capelli's identity, see [Ho3]. Weyl's book [Wel] remains an excellent
reference for invarant theory of the orthogonal and symplectic groups together with
the related [Br], [We2].
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Wi, ZafL, + - + Ly}), 260

V™ {irred. rep. with highest wt,
Ly 4+ 1y), 260

IJ‘ {‘lﬁl 263

5,1 163

&4} 265, 198

 {symmetric bilinear form), 168

50, (orthogonal Lie groups), 268

#0,C lorthogonal Lie algebras), 268

Hy, X, Y & Uy W (elements
in s0y,), 270

¥ 296

Sy ¥, 296

SH 297, 398

2V, @) (orthogonal group), 301

C = (@) = CHM ¥, Q){Clilford algebra),
m

C=C"""@Go™ = CH O, 302

so(Q), 303

5t = Y ST .l"'l.'““"{hlﬁ-spiﬂ
represeniations), 305

5 = AW (spin represeniation), 307

Cip, q), 307

* {conjugation), 307-308

t (reversing map), 307308

o (main involution), 307-308

g Spin(Q) — S0((Q), 308

Pin(, 308

Spin*(p, q) = 50*(p, q), Spinip, q) -
30(p, q), 312

E (Euclidean space of rool system), 319

{ , JKilling form), 320

g, = fi{H,) = 2(P, a)fla, a), 320

['4!." (B,), ‘C#JF [Dn]l 321-326

(Eg) (Eq) (Eq) (Fy) (Gy), 321-326

w,, iy (lor gy), 351

I, (for gg), 351

# (trilinear maps), 360

T, T (trilinear maps), 360

0 {Octonians, Cayley algebra), 362--165

Jd {Jordan algebra), 362365

H {Cartan subgroup), 369

I (irred. rep, with highest wi.
dm ALy + o+ AL, 370-371

U, T, 372-373

N{HYH = T, 374

Rig) (representation ring), 375

A=Ay, 375

545

F[A) 375

eld), 375

Char: Rig) —+ Z[A]™, 375

Fiv..oo T (irred. reps. with highest wis,
My, ..., o), 376

Ay By, B,C, I, D*, D7, 377-378

1" {exterior power operator), 380-381

' (Adams operator), 380-381

b {Borel subalgehra), 382-383

H {Borel subgroup), 182183

P {parabolic subgroup), 384

p (parabolic subalgebra), 384

p(Z), 185

L, (line bundle), 392

g, 306

B-wW-B, 196

u, U, Uw), Uiw), 6

{—=1)" = sgn{H), 400

7 (half the sum of the pasitive rools), A,.
A0

{at, Iy = alHg) = 2z, FIAP, 1), 402

n, (dimension of weight space), 415

C (Casimir operator), 416

P, P, 419-420

A, 419-420

v, 419-420

P{p) {(Kostant’s counting lunction), 421

Nyy, 428

A% A, A = (T, 428

iy (real form), 430

H;, Hy{com plete symmetric polynomials),
453

M, (mononal symmetric polynomials),
454

E,. E;(elementary symmetric
polynomials), 454

5, (Schur polynomials), 454

¢ . 3 (bilinear form on symmetric
polynomials), 458

Wil P), (), 459

2y =i, 11"y e i d, 460

A, 3 A = A 461 -462

Scxye Sy, 466-467

# {exterior multiplication), 474

TV {tensor algebras), 475

AV (exterior algebras), 475

Sym'V (symmelric algebras), 475

¢ , 3 (pairing between space and dual
space), 476
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B, (Killing form an V), 478 8 (set of simple roots), 494
b, 480

Mil(g) = n (nilradical), 485
U = LM{g) (universal enveloping algebra), [ ] (bracket), 504

o= {;Tt}ﬂmmﬂ“’ 496

486 5 = Sym(¥'*), 504
«(H), 487 & < d (antilexicographic order), 505
€(X) = explad( X)), 491 p, . 505

E(h), 491 {1 (Cayley operator), 507



Index

abelian groups (representations of), 8
abelian Lie algebra, 121
abelian Lie group, 94
abelian variety, 135
Abramsky-Jahn-King formula, 411-412
Adams operalors, 380, 449
adjoint form {of a Lie group), 101
adjoint representation, 106
admissible Coxeter diagram, 327
Ado's theorem, 124, 500-503
algebraic group, 95, 374
alternating group (representations of )
o, 9
A, 20
My, 29
A, 63-67
alternating map, 472
alternaling represeniation, 9
Artin's theorem, 36
automorphism group of a Lie algebra,
498
averaging, 6, 15, 21

hilinear form, 40, 97

Borel-Weil-Bott-Schmid theorem, 392-
393

Borel subalgebra, 210, 338, 382

Borel subgroup, 67, 383 478

Borel's fixed point theorem, 384
bracket, 107108, 504

branching formula, 59, 426

Braver's theorem, 36

Bruhat cell and decomposition, 395-198
Burnside, 24-15

Campbell-Hausdorl formula, 117
Capelli's identity, 507508, 514-515
Cartan, 434
Cartan criterion for solvability, 479
Carlan decompuosition, 198, 437
Cartan matrix, 334
Cartan multiplication, 429
Cartan subalgebra, 198, 338, 432,
478492
Cartan subgroup, 369, 373, 381
Casimir operator, 416, 429, 48]
Cauchy's idenlity, 457-458
Cayley algebra, 362- 365
Cayley operator, 507
center of Lie algehra, 121
character (of representation), 13, 22, 375,
440, 442

character homomorphism, 375
character table, 14

of Sy, 14

of 3,, 19
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character table (comt.)
of ¥, 20
ol S, 18
of U4, 29
of S, 49
of M, 66
of GL,(F,), T0
of SL,(F,), 71-73
characteristic ideal, 484
characteristics (of Frobenius), 51
Chevalley groups, 74
chordal variety, 192, 230
class function, 13, 22
classical Lie algebras and groups, 132,
367-375
Clebsch, 237
Clebsch-Gordon problem, 8, 424
Cliflord, 64
Cliford algebras, 30, 299-307, 364 -365
commulator algebra, B4
commutalor subalgebra of Lie algebra,
122
compact form, 432-438
complete reducibility, 6, 128, 481483
complete symmetric polynomial, 77, 453
complex Lie algebra, 109
complex Lie group, 95
complex representation, 41, 444-449
complex torus, 120
complexification, 430, 438
conjugate linear involution, 436
conjugate parlition, 45, 454
conjugale representation, 64
connected Lie group, 94
contraction maps, 182, 224, 260262,
28R, 475-477
convolution, 3§
corool, 495-496
Coxeter diagram, 327
cube, rigid motions of, 20

degree (ol representation), 3

derivation, 113, 480, 4831486

derived series, 122

Deruyts, 237

determinantal formula, 58, 404, 406-411,
454-470

dihedral group, 30, 243

Index

dimension of Lie group, 93

direct sum [of representations), 4
iliscriminant, 48, 400, 454
distinguished subalgebras, 200
dodecahedron, rigid motions of, 29--30
dominant weight, 203, 376

dual {of representation), 4, 110, 233
dual (of rool sysiem), 436

Dwynkin, 117

Dynkin diagrams, 319-338

eigenspace, 162
eigenvecior, 162
eightlold way, 179
elementary subgroup, 36
elementary symmeiric polynomial, 77,
454
elliptic curve, 133- 135
Engel's theorem, 125
exceptional Lie algebras and groups, 132,
339365
93, 339359, 362-364, 191-392
tg — ey, J61-362, 392
{4, 362, 365
exponential map, 115-120, 369-370
exlerior algebra, 475
exterior powers of representations, 4,
31-32, 472477
external tensor product, 24, 427
extra-special 2-groups, 31

first fundamental theorem of invariant
theory, 504-513

fized point formula, 14, 384, 393

flag (complete and partial), 95-96,
383-398

flag manifold, 73, 383-398

Fourier inversion formula, 17

Fourier transform, 18

Freudenthal, 359, 361

Freudenthal multiplicity formula,
415-419

Frobenius character formula, 49, 54-62

Frobenius reciprocity, 35, 37-18

fundamenial weights, 205, 287, 195,
376-1378, 528
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Gelfand, 426

general linear group, 95, 97, 231-237

Giambelli's formula, 404-411, 455

Grassmannian, 192, 227-231, 276278,
283, 286, IR6-I8E

{Lagrangian and orthogonal), 386—

187, 390

group algebra, 36-39

half-spin representations, 306

Heisenberg group, 31

Hermite reciprocity, 82, 160, 189, 233

Hermitian inner product, form, 6, 11, 16,
98,99

Hessian, 157

highest weight, 175, 203

highest weight vector, 167, 175, 202

homogeneous spaces, 182198

hook length (formula), 50, 78, 411-412

Hopf algebra, 62

icosahedron, rigid motions of, 29-30

ideal in Lie algebra, 122

immersed subgroup, 95

incidence correspondence, 193

induced representation, 32-36, 17-38,
393

indecomposable represeniation, &

inner multiplicities, 415

inner product, 16, 23, 79

internal products, 476

invariant polynomials, 504-513

invariant suhspace, &

irreducible representalion, 4

isogenous, isogeny, 101

isotropic, 262, 274, 278, 304, 378, 390

Jacobi identity, 108, 114

Jacobi-Trudy identity, 455

Jordan algebra, 365

Jordan decomposition, 128--129, 478,
4R2-483

Killing form, 202, 206-210, 240-241,
272, 478479

349

King, 411,424

Klimyk, 428

Kostant, 429

Kostant multiplicity formula, 419-424

Kostka numbers, 56- 57, 80, 456-457,
459

d-ring, 380

level fof a root), 330

Levi decomposition, subalgehra, 124,
499- 500

lexicographic ordering of partitions, 53

Lie algebra, 108

Lie group, 93

Lie subalgebra, 109

Lie subgroup, 94

Lie's thearem, 126

Littlewood-Richardson number, 58, 79,
B2-83, 424, 427, 455-456

Littlewood - Richardson rule, 58, 79,
2115-227, 455-456

lower central series, 122

map belween representations, 3

map between Lie groups, 93
minuscule weight, 423

modification rules, 426

meclular represenlation, 7

Molien, 24-15

module (G-module, g-module), 3, 481
monomial symmetric polynomial, 454
morphism of Lie groups, 33
multilinear map, 472

multiplicities, 7, 17, 199, 375
Murnaghan-Makayama rule, 59

natural real form, 415, 437

Mewlon polynomials, 460

nil radical, 485

mipotent Lie algebra, 122, 124125
nilrepresentation, 501

ectonians, J62- 365
one-parameter subgroup, 115
ordering of roots, 202
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orthogonal group, 96, 97, 268269, 300,
301, 367, 374

orthogonal Lie algebras, 268-269

orthonormal, 16, 17, 22

outer product, 58, 61

pairing, 4

partition, 18, 4445, 421, 453

perfect Lie algebra, 113

perfect pairing, 28

permutation representation, 5

Peler-Weyl thearem, 440

PfafMian, 228

Pieri's formula, 5859, 79-81, 225-1127,
455, 462

Planchere! formula, 18

plane conic, 154-159

plethysm, B, B2, 151-160, 185-193,
124231

Pliicker embedding, 227-218, 389

Pliicker equations, relations, 229, 235

Poincaré-BirchofT-Witt theorem, 486

positive deflinite, 98, 99, 207

posilive roots, 202, 214, 243, 271

power sums, 48, 459-460

primitive root, 204, 215, 243, 271-272

projection (formulas), 15, 21, 23

projective space, 153

quadric, 189-190, 228, 274-278,
IR5-286, 313, 388, 3191

qualernions, 99, 312

quaternionic representation, 41, 444449

Racah, 422, 425, 428

radical of a Lie algebra, 123, 481-481

rank (of Lie algebra or root system), 321,
438

rank {of a partition), 51

rational normal curve, 153~ 160

real form, 430, 442

real representation, 5, 17, 444-449

real simple Lie algebras and groups,
430-439

reductive Lie algebra, 131

regular element, 487488

Index

regular representation, §, 17
representation, 3, 95, 100, 109

defined over a field, 41

ol a Lie algebra, 109
representations

of g, €y, 2y, T4, 414

of gy, 350-359, 412-414

of GL,C, 231-237

of sl C, 146160

of sl,C, 161-193

of #1,C and el,C, 217-231

of s0,C, 273

of a0, C, 274-277

of so,C, 277-281

of en,C, 2182~ 286

of g0, C, 294-296

of sogC, 312-315

of #0410, 286-291, 305- 306, 409-411

of 804,,,C, 294-296, 307, 407-409

of sp,C, 244-252

of ¢p,C, 256-250

of sp;,C, 259-266, 404407
repressntation ring

of finite group, 22

of Lie group or algebra, 375-182
restricted representation, 32, 80, 381-382,

425-47%

right action, 38-39
root, 165, 198, 240, 270, 332-134, 489
root lattice, 166, 213, 242, 273, 371-374
rool space, 165, 198
rool system, 320

Schur functor, 76, 222227

Schur polynomial, 49, 77, 223, 199, 454
461

Schur's Lemma, 7

semisimple Lie algebra, 123, 131, 209, 480

semistandard tableau, 56, 236, 456, 461

Serre, 337

Beveri, 392

shufMe, 474

simple Lie algebra, 122, 131132

simple root, 204, 324

simply reducible group, 227

skew hook, 59

skew Schur functor, function, 82-83

skew symmetric bilinear form, 238
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skew Young diagram, 82
Snapper conjecture, 60
solvable Lie algebra, 122, 125, 479-480
Specht module, 60
special linear group, 93-97
special linear Lie algebra, 211-212
special unitary group, 98
spin groups, 102, 299- 300, 307-312,
168-372
spin represenlalions, 30, 281, 201, 295,
306, 446, 448
spinor, 306
spinor variety, 390
split conjugacy class, 64
split form, 432-438, 445
standard representation, 9, 151, 176, 244,
157,273, 352
standard tableau, 57, 81, 457
Sieinberg’s formula, 425
siring {of roots), 201, 324
subrepresentation, 4
symmeiric algebra, 475
symmeiric group (representations of)
&,,9-11
&,, 18-20
S,,27-18
S, 3, 44-62
symmetric map, 473
symmetric polynomials, 450451, 461-
462
symmetric powers (of representations), 4,
LI, 473-477
symplectic group, 96, 97, 99, 238-239
symplectic Lie algebra, 23%-240

tableau, 45

tabloid, 60

tangeni developable, 159

tensor algebra, 475

tensor powers of representation, 4, 472

tensor product of representations, 4, 110,
424-415,471-472

Towber, 235

triality, 311, 312-315, 364

trivial representation, 5, 9

twisled cubic curve, 155

551

unipotent matrices, 26

unitary group, 98

universal enveloping algebra, 416,
486

upper iriangular matrices, 95

Vandermonde determinant, 49

vector feld, 114

Veronese embedding, 153155, 189,
230-231, 286, 389

Veronese surface, 189 - 193, 392

virtual character, 23, 36

virtual representation, 22

von Mevmann, [18

weight, 165, 199

weight diagram, 199

weight lattice, 172-173, 200, 214, 242,
273, 350, 372374

weight space, 165, 199

Weil, 392

Weyl chamber, 205, 208, 215, 243, 256,
259,272, 283, 292, 195, 351,376,495

Weyl character formula, 289, 199-414,
440 -444

Weyl group, 201, 214, 243, 271, 340, 375,
493498

Wey! module, 76-84, 222227

Weyl's construction, T6- 84, 222-227,
262266, 296-298

Weyl's integration formula, 443

Weyl's unitary trick, 128-131

Witt, 365

wreath product, 243

Young diagram, 45, 453
Young subgroup, 54
Young symmetrizer, 46
Young's rule, 57

Zak, 192
Zetlin, 416



