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Preface

‘The primary goal ofthese lectures is to introduce a beginner to the finite-
dimensional representations of Lie groups and Lie algebras. Since this goal is

shared by quite a few other books, we should explain in this Preface how our
approach differs, although the potential reader can probably sce this better
by a quick browse through the book.

Representation theory is simple to define: it is the study of the ways in
which a given group may act on vector spaces. It is almost certainly unique,

however, among such clearly delineated subjects, in the breadth of its interest
to mathematicians. This is not surprising: group actions are ubiquitousin 20thcentury mathematics, and where the object on which a group acts is not a
‘vector space, we have learned to replace it by one that is (e.g., a cohomology.
Broup, tangent space, etc). As a consequence, many mathematicians other

than specialists in the field (or even those who think they might want to be)
come in contact with the subject in various ways. It is for such people that
this text is designed. To put it another way, we intend this as a book for

beginners to learn from and not as a reference.
“This idea essentially determines the choice of material covered here. As

‘simple as is the definition of representation theory given above, it fragments
considerably when we try to get more specific. For a start, what kind of group
G are we dealing with—a finite group like the symmetric group &, or the

general linear group over a finite field GL,(F,), an infinite discrete group
like SL,(Z), a Lie group like SLC, or possibly a Lie group over @ local

ficld? Needless to say, each of these settings requires a substantially different
approach to its representation theory. Likewise, what sort of vector space is

G acting on: is it over C, R, Q, or possibly @ field of finite characteristic? Is it
finite dimensional or infinite dimensional, and if the latter, what additional
structure stich as norm,or inner product) does it carry? Various combinations.
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of answers to these questions lead to areas of intense research activity in

representation theory, and itisnatural fora text intended to prepare studentsfor a career in the subject to lead up to one or more of these areas. AS @

corollary, such a book tends o get through the elementary material as quickly
as possible: if one has a semester to get up to and through Harish~Chandra
modules, there is litle time to dawdle over the representations of ©, and
SLC.

By contrast, the present book focuses exactly on the simplest cases: repre~
sentations of finite groups and Lie groups on finite-dimensional real and
complex vector spaces. This is in some sense the cominon ground of the
subject, the area that is the object of most of the interest in representation
theory coming from outside.

‘The intent of this book to serve nonspecialists likewise dictates to some

degree our approach to the material we do cover. Probably the main feature

‘of our presentation i that weconcentrateon examples, developing the general‘theory sparingly, and then mainlyasa useful and unifying languageto describephenomena already encountered in concrete cases. By the same token, we for
the most part introduce theoretical notions when and where they are useful
for analyzing concrete situations, postponingas long as possible those notionsthat are used mainly for proving general theorems.

Finally, our goal of making the book accessible (o outsiders accounts in
part for the style of the writing. These lectures have grown from courses of
the second author in 1984 and 1987, and we have attempted to keep the

informal style of these lectures. Thus there is almost no attempt at efficiency:‘where it seems to make sense froma didactic point ofview,we Work out manyspecial cases of an idea by hand before proving the general case; and we
cheerfully give several proofs of one fact if we think they are illuminating.
‘Similarly, whileit is common to develop the whole semisimple story from onepoint of view, say that of compact groups, or Lie algebras,or algebraic groups,we have avoided this,as eficient as it may be.It is of course not a strikingly original notion that beginnerscan best learnabout a subject by working through examples, with general machinery only

introduced slowly and as the need arises, but it seems particularly appropriate
here. In most subjects such an approach means one has a few out of an

unknown infinity of examples which are useful to illuminate {hg general

situation. When the subject isthe representation theory of complexsemisimple
Lie groups and algebras, however, something special happens: once one has
‘worked through all the exainples readilyat hand— the “classical” cases ofthespecial linear, orthogonal, and symplectic groups—one has not just a few
useful examples, one has all but five “exceptional” cases

This is essentially what we do here. We start with a quick tour through

representation theory of finite groups, with emphasis determined by what is
useful for Lie groups. In this regard, we include more on the symmetric groups
than is usual. Then we turn to Lie groups and Lie algebras. After some

preliminaries and a look at low-dimensional examples, and one lecture with
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some general notions about semisimplicity, we get to the heart of the course:

‘working out the finite-dimensional representations of the classical groups.

For each series of classical Lie algebraswe prove the fundamental existencetheorem for representations of given highest weight by explicit construction.Our object, however, is not just existence, but to see the representations in

action, to see geometric implications of decompositionsof naturally occurringrepresentations, and to see the relations among them caused by coincidences
between the Lie algebras.

‘The goat of the lat six lectures is to make a bridge between the example-

oriented approach of the earlier parts and the general theory. Here we make
an attempt to interpret what has gone before in abstract terms, trying to make
‘connectionswith modern terminology. We develop the general theory enoughto see that we have studied all the simple complex Lie algebras with five

exceptions. Sinoe these are encountered les frequently than the classical series,
itis probably not reasonablein a first courseto Work out their representationsas explicitly, although we do carry this out for one of them. We also prove the
general Weyl character formula, which can be used to verify and extend many

of the results we worked out by hand earlier in the book.
Ofcourse, the point we reach hardly touches the current state of affairs in

Lie theory, but we hope it is enough to keep the reader's eyes from glazing
‘over when confronted with a lecture that begins: “Let G be a semisimple
Lie group, P a parabolic subgroup, ...” We might also hope that working,
throughthis book would prepare some readers to appreciate the elegance(andcliciency) of the abstract approach.In spirit this book is probably closer to Weyt's classic [Wet] than to others

written today. Indeed, a secondary goal ofour book is to present manyof theresults of Weyl and his predecessors in a form more accessible to modern
readers. In particular, we include Wey!’s constructions of the representations

of the general and special linear groups by using Young's syminetrizers; and
we invoke @ litle invariant theory to do the corresponding result for the
orthogonal and symplectic groups. We also include Weyl's formulas for the
characters of these representations in terms of the elementary characters of
symmetric powers of the standard representations. (Interestingly, Weyl only

gave the corresponding formulas in terms of the exterior powers or the general
linear group. The corresponding formulas for the orthogonal and symplectic
groups were only given recently by Koike and Terada. We include a simple
new proof of these determinantal formulas)

More about individual sections can be found in the introductions to other

parts of the book.
Needless to say, a price is paid for the inefficiency and restricted focus of

these notes. The most obvious is a lot of omitted material: for example, we

include little on the basic topological, differentiable, or analytic properties of
Lie groups, as this playsa small role in our story and is well covered in dozensofother sources, including many graduate texts on manifolds. Moreover, there
are no infinite-dimensional representations, no Harish-Chandra or Verma
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modules, no Steifel diagrams, no Lie algebra cohomology, no analysis on
symmetric spacesor groups, no arithmetic groups or automorphic forms, and.nothing about representations in characteristic p > 0. There is no consistent
attempt to indicate which of our results on Lie groups apply more generally
to algebraic groups over fields other than R or € (eg, local fields). And there
is only passing mentionof other standard topics, such as universal enveloping,algebras or Bruhat decompositions, which have become standard tools of

representation theory. (Experts who saw drafts ofthis book agreed that some
topic we omitted must not be left out ofa modern book on representationtheory—but no two experts suggested the same topic.)We have not tried (0 trace the history of the subjects treated, or assign
credit, or to attribute ideas to original sources—thisis far beyond our know!-edge. When we give references, we have simply tried to send the reader to
sources that are as readable as possible for one knowing what is written here.
‘A good systematic reference for the finite-group material, including proofs of
the results we leave out, is Serre [Se2]. For Lie groups and Lie algebras,
Serre [Se3], Adams [Ad], Humphreys [Hu!}, and Bourbaki [Bour} are

recommended references, as are the classics Weyl [Wel] and Littlewood
Tui).

‘We would like (o thank the many people who have contributed ideas andsuggestions for this manuscript, among them J-F. Burnol,R.Bryant, J.Carrell,B. Conrad, P. Diaconis, D. Eisenbud, D. Goldstein, M. Green, P. Griffiths,

B. Gross, M. Hildebrand, R. Howe, H. Kraft, A. Landman, B. Mazur,

N. Chriss, D. Petersen, G. Schwartz, J. Towber, and L. Tu. In particular, we
would like to thank David Mumford, from whom we learned much of what

‘we kntow about the subject, and whose ideas are very much in evidence inthis,
book.

Had this book been written 10 years ago, we would at this point thank the
people who typed i. That being no longer applicable, perhaps we should
thank instead the National Science Foundation, the University of Chicago,

and Harvard University for generously providing the various Macintoshes on
which this manuscript was produced. Finally, we thank Chan Fulton for
making the drawings.

Bill Fulton anil Joe Harris



Using This Book

‘few words are in order about the practical use of this book. To begin with,
prerequisites are minimal: we assume only a basic knowledge of standard

first-year graduate material in algebra and topology, including basic notions
about manifolds. A good undergraduate background should be more than

enough for most of the text; some examples and exercises, and some of the
discussion in Part IV may refer to more advanced topics, but these can readily

be skipped. Probably the main practical requirement is a good working
knowledge of multilinear algebra, including tensor, exterior, and symmetric
products of finite dimensional vector spaces, for which Appendix B may help.
‘We have indicated, in introductory remarks (o each lecture, when any back-
ground beyond this is assumed and how essential it is.

For acourse,thisbook could be used in two ways. First, there are a numberof
topics that are not logically essential to the rest of the book and that canbe skimmed or skipped entirely. For example, in a minimal reading one could

skip $$4,5,6,11.3, 134, 153-155, 173, 19.5, 20,221,223, 233-234,25.,and26.2; this might be suitable for a basicone-semestercourse. On the other hand,in a year-long course it should be possible to work through as much of the
material as backgroundandjor interest suggested. Most of the material intheAppendices is relevant only to such a tong course. Again, we have tried

{o indicat, in the introductory remarks in each lecture, which topics are
inessential and may be omitted.

‘Another aspect ofthe book that readers may want to approach indifferent

‘ways is the profusion of examples. These are putin largely for didactic reasons:
‘we feel that this is the sort of material that can best be understood by gaining

some direct hands-on experience with the objects involved. For the most part,
however, they do not actually develop new ideas; the reader whose tastes run

‘more tothe abstract andgeneral than the concrete and special may skip many
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of them without logical consequence. (Of course, such a reader will probably
wind up burning this book anyway.)

We include hundreds ofexercises, of wildly different purposes and difficulties.
Some are the usual sorts of variations of the examples in the text or are

straightforward verifications offacts needed; « student will probably want to
attempt most of these. Sometimes an exercise is inserted whose solution is a
special case of something we do in the text later, if we think working on it will
bbe useful motivation (again, there is no attempt at “eliciency,” and readers

are encouraged to go back to old exercises from time (o time). Many exercises,
are included that indicate some further directions or new topics (or standard
topics we have omitted); a beginner may best be advised (0 skim these for

‘general information, pethaps working outa few simple cases. In exercises, we
{ried to include topics that may be hard for nonexperts to extract from the
literature, especially the older literature. In general, much of the theory is in

the exercises—and most of the examples in the text.
We have resisted the idea of grading the exercises by (expected) difficulty,

although a “problem” is probably harder than an “exercise.” Many exercises

are starred: the + is not an indication of difficulty, but means that the reader
can find some information about it in the section “Hints, Answers, and

References” at the back of the book. This may be a hint, a statement of the
answer, a complete solution, a reference (o where more can be found, or

@ combination of any of these. We hope these miscellaneous remarks, as,
haphazard and uneven as they are, will be of some use
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PART I

FINITE GROUPS

Given that over three-quarters of this book is devoted to the representation
theory of Lie groups and Lie algebras, why have a discussion of the represen-

{ations of finite groups at all? There are certainly valid reasons from a logical

point ofview:many of the ideas, concepts, and constructionswe will introducehere will be applied in the study of Lie groups and algebras, The real reason

for us, however, is didactic, as we will now try to explain.
Representation theoryis very mucha 20th-century subject, in the followingsense. In the 19th century, when groups were dealt with they were generally

understood to be subsets of the permutations of a set, or of the automor-
phismsGL(V of a vector space ¥, closed under compositionand inverse. Onlyin the 20th century was the notion of an abstract group given, making it

possible to make a distinction between properties of the abstract group and
properties ofthe particular realization asa subgroupof a permutation groupor GL(V). To give an analogy, in the 19th century a manifold was always a
subsetof f*; only in the 20th century did the notion of an abstract Riemannianmanifold become common.

In both cases, the introduction of the abstract object made @ fundamental
difference to the subject. In differential geometry, one could inake a crucial
distinction between the intrinsicand extrinsic geometry of the manifold: whichproperties were invariants of the metric on the manifold and which were

properties of the particular embedding in R*. Questions of existence or non-
‘existence, for example, could be broken up into two parts: did the abstract
manifold exist, and could it be embedded, Similarly, what would have been
called in the 19th century simply “group theory” is now factored into (wo
parts. First, there is the study of the structure of abstract groups (e, the
classification of simple groups). Second is the companion question: given a
group G, how can we describe all the ways in which G may be embedded in
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(or mapped to) a linear group GL(VY?. This, of course is the subject matter
of representation theory.

Given this point of view, it makes sense when first introducing representa-

tion theory to do so in a context where the nature ofthe groups G in questionis itself simple, and relatively well understood. I is largely for this reason that
wwe are starting off with the representation theory of finite groups: for those
readers who are not already familiar with the motivations and goals of

representation theory,it seemed better toestablish those first ina setting wherethe structure of the groups was not itself an issue. When we analyze, for

‘example, the representations ofthe symmetric and alternating groups on 3,4,

and 5 letters, it can be expected that the reader is already familiar with the
‘groups and can focus on the basic concepts of representation theory being
introduced.

‘We will spend the firs six lectures on the case offinite groups. Many ofthe
techniques developed for finite groups will carry over to Lie groups; indeed,

‘our choice of topics isin part guided by this. For example, we spend quite a
bit of time on the symmetric group; this is partly for its own interest, but also
partly because what we learn here gives one way to study representations of
the general linear group and its subgroups. There are other topics, such as the

alternating group ®,, and the groups SL;(F,) and GL,(F,) that are studied
purely for their own interest and do not appear later. (In general, for those
teaders primarily concerned with Lie theory, we have tried to indicate in the

introductory notes to each lecture which ideas will be useful in the succeeding
parts of this book.) Nonetheless, this is by no means a comprehensive treat-
‘ment of the representation theory of finite groups; many important topics,
such as the Artin and Brauer theorems and the whole subject of modular
fepresentations, are omitted.



LECTURE 1

Representations of Finite Groups

Jn this lecture we give the basic defnitions of representation theory, and prove two ofthebasic results showing that every representation i (unique) direct sum of irreduc-
ible ones. We work out as examples the case of abelian groups, and the simplest

nonabelian group, the symmetric group on 3 letters. In the latter case we give an
analysis that will turn out not to be useful for the study of finite groups, but whose
‘main deaiscentral tothe study of the representations of Lie groups,
1.1: Definitions

§1.2: Complete reducibility;Schurs lemma
1.3: Examples: Abelian groups; S,

§1.1. Definitions

{A representation of a finite group G on a fnite-dimensional complex veetor
space V is a homomorphism p: G + GL(V) of G to the group of automor-
phismsof V; we say that such a map gives V the structure ofaG-module. Whenthere is little ambiguity about the map p (and, we're afraid, even sometimes

‘when there is) we sometimes call Vitselfa representation of G; in this vein wewill often suppress the symbolp and writeg- v or gu for p(g){v). The dimensionof V is sometimes called the degree of p.

‘A map @ between two representations V and W of Gis a vector space map9: V+ W such that

vow

vow
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commutes for every g € G. (We will call this a G-linear map when we want to
distinguish it from an arbitrary linear map between the vector spaces V and
W) We can then define Ker g, Im 9, and Coker @, whichare also G-modules.‘Asubrepresentation of representation V isa vector subspace W of V whichis invariant under G. A representation V is called irreducible if there is no
proper nonzero invariant subspace W of V.

ITV and Ware representations, the direct sum V & W and the tensor product
V@ W are also representations, the latter via

9(°@ ) = go @aw.

Fora representation ¥, the nth tensor power V®* is again a representation of,
G by this rule, and the exterior powers /°(V) and symmetric powers Sym"(V)

are subrepresentations' of it.The dual V* = Hom(V, €) of Vis also a repre
sentation, though not in the most obvious way: we want the two representa-
tions of G to respect the natural pairing (denoted ¢ , )) between V* and ¥,

so that if p: G+ GL(V) isa representation and p*:G + GL(V*) is the dual,
we should have

<p*(a)(0*), a(a)(0)> = <v*, >

for all g€G, ve ¥, and v* € V*. This in turn forces us to define the dual

representation by

9a) = "91°": V4+ ¥*
for all g€ 6.

Exercise L.1. Verify that with this definition of p*, the relation above is
satisfied

Having defined the dual ofa representation and the tensor product of tworepresentations, itis likewise the case that if V and W are representations, thenHom(¥, W) is also a representation, via the identification Hom(¥, W) =
V* @ W. Unraveling this, if we view an element of Hom(¥, W) as. linear map

@ from V to W, we have
(a0)(0) = ao(a"'®)

for all ve ¥. In other words, the definition is such that the diagram

vtow

vw

commutes. Note that the dual representation is, in turn, a special case of this:

+ For moreon exteriorand symmetric powers. inluding descriptions as quotient spacesof tentorpowers,ee Appendix
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when W = Cis the trivial representation, ic, gw = wfor all w € C, this makes
V* into a G-module, with g9(0) = og '0), ic, a9 = (ao.
Exercise {.2. Verify that in general the vector space ofG-linear maps between

two representations V and W of G is just the subspace Hom(V, W)® of
elements of Hom(¥, W) fixed under the action of G. This subspace is often
denoted Homa(¥,

We have, in effec, taken the identification Hom(¥, W) = V* @ W as the

definition of the representation Hom(¥, W). More generally, the usual iden-
tities for vector spaces are also true for representations, cg,

VEUGM=VENEVEM,

NVOM= @ NVONW,
A=,

and so on,

Exercise .3°. Let p: G+ GL(V) be any representation of the finite group G

on an n-dimensional vector space V and suppose that for any g€ G, the
determinant of p(g) is 1. Show that the spaces MV and A'-*V* are iso

morphic as representations of G.
If X is any finite set and G acts on the left on X, ie, G+ Aut(X) is

homomorphism to the permutation group of X, there is an associated per-

‘mutation representation: let V be the vector space with basis (e,: x € X}, and
let G act on V by

OL Mee = Fae.

‘The regular representation, denoted Rg oF R, corresponds to the left action of

G on itself. Alternatively, R is the space of complex-valued functions on G,
where an element g € G acts on a function « by (g2)(h) = (gh.

Exercise 1.4*. (a) Verify that these (wo descriptions of R agree, by identifying
the element e, with the characteristic function which takes the value f on x,

O.on other elements of G.
(b) The space of functions on G can also be made into a G-module by the

rule (g2)(h) = a(fig). Show that this isan isomorphic representation.

§1.2. Complete Reducibility; Schur’s Lemma

{As in any study, before we begin our attempt to classify the representations
ofa finite group G in earnest we should try to simplify life by restricting our
search somewhat, Specifically, we have seen that representations of G can be
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built up out of other representations by linear algebraic operations, most
simply by taking the direct sum. We should focus, then, on representations
that are “atomic” with respect to this operation,ie. that cannot be expressedas a direct sum of others; the usual term for such a representation is inde-
composable. Happily, the situation is as nice as it could possibly be: a repre-

sentation is atomic in this sense if and only itis irreducible (ie. contains no
proper subrepresentations), and every representation is the direct sum of
ireducibles, in a suitable sense uniquely so. The key to al this is

Proposition 1.5. If W is a subrepresentation of a representation V of a finite
group G, then there is a complementary incariant subspace W" of V, so that
v-wew.

Proor. There are two ways of doing this. One can introduce a (positive
definite) Hermitian inner product H on V which is preserved by each g € G

(ie, such that H(g0, gw) = H(o, w) forall », w € V and g € G). Indeed, if Hy is.
any Hermitian product on ¥, one gets such an H by averaging over G:

U(0, ») = Y. Hoge, aw).

‘Then the perpendicular subspace W! is complementary to W in V. Alterna-
Lively (but similarly), we can simply choose an arbitrary subspace U comple-
mentary to W, let xo: V+ W be the projection given by the direct sum
decomposition V = W @ U, and average the map x» over G: that is, take

Ho) = ¥, altel to
This will then be a G-linear map from V onto W, which is multiplication by
IG\ on W;its kernel will, therefore, be a subspace of V invariant under G and
complementary to W. o

Corollary 1.6. Any representation isa direct sum of irreducible representations.
This property is called complete reducibilty, or semisiplicity. We will see

that, for continuous representations the circle $?, or any compact group, has
this property; integration over the group (with respect to an invariant measure
‘on the group) plays the role of averaging in the above proof. The (additive)
group R does not have this property: the representation

a(t 4
O14

leaves the x axis fixed, but there is no complementary subspace. We will see
other Lie groups such as SL,(C) that are semisimple in this sense. Note also
that this argument would fail ifthe vector space V was over a field of finite

characteristicsinceit might then be the case that x(2) = Oforv e W. Thefailure
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of complete reducibility is one of the things that makes the subject of modular
representations,or representations on vector spaces over finitefields,so tricky.‘The extent to which the decomposition of an arbitrary representation intoa direct sum of irreducible ones is unique is one of the consequences of the
following:

Schur's Lemma 1.7. If V and W are irreducible representations of G and
@: V+ W isa G-module homomorphism, then

(1) Either ¢ is an isomorphism, or = 0.
Q) If V = Wy theng = 2-1 for some he C, the identity.
Proor. The first claim follows from the fact that Ker @ and Im are invariant
subspaces. For the second, since € is algebraically closed, must have an
cigenvalue 2, ie, for some 1€€, ¢ ~ AI has a nonzero kernel. By (1), then,

we must have @ ~ Al = 0,50 = Al. a
We can summarize what we have shown so far in

Proposition 1.8. For any representation V of a finite group G, there is a
decomposition

V=Ve@-@ Ko,

where the V, are distinct irreducible representations. The decomposition of V

into a direct sum of the k factors is unique, as are the ¥, that occur and their
‘multiplicities a,

Proor. It follows from Schur’s lemma that if W is another representation of

G, with a decomposition W = @ W,°, and o: V+ W is a map of represen-
tations, then g must map the factor V;%" into that factor W;®™ for which
W, = Vi; when applied to the identity map of V to V, the stated uniqueness

follows. a
In the next lecture we will give a formula forthe projection of V onto Vi".

‘The decomposition of the ith summand intoa direct sum of a, copies of Visnot unique if a, > 1, however.

Occasionally the decomposition is written,

Va aKO-@ahk=ahi+ tah, (19)
especially when one is concerned only about the isomorphisin classes and
multiplicities of the

‘One more fact that will be establishedin the following lecture is thata finite‘roup G admits only finitely many irreducible representations V, up to iso-

morphism (in fact, we will say how many). This, then, is the framework of the
classification ofall representations of G: by the above,oncewe have described
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the iereducible representations of G, we will be able to describe an arbitrary
representation as a linear combination of these. Our first goal, in analyzing

the representations of any group, will therefore be:
( Describe all the irreducible representations of G.

‘Once we have done this there temains the problem ofcarrying out in practice

the description of a given representation in these terms. Thus, our second goal
will be:

(ii) Find techniques for giving the direct sum decomposition (1.9), and in

particular determining the multiplicities a, of an arbitrary representation V.
Finally, iti the case that the representations we will most often be concerned
with are those arising from simpler ones by the sort of linear- or multiinear-
algebraic operations described above, We would like, therefore, to be able to
<escribe, inthe terms above, the representation we get when we perform these
‘operations on a known representation. This is known generally as

(ii) Plethysm: Describe the decompositions, with multiplicities, of represen-
tations derived from a qiven representation ¥, such as V@FV, V*, MV),
Sym'(V), and Ai(A'V), Note that if V decomposes into a sum of two represen-
tations, these representations decompose accordingly;eg,ifV = U@ W,then

NV= @ Nu@Nw,
s0 it is enough to work out this plethysm for irreducible representations.
Similarly, if V and W are two irreducible representations, we want to decom-
pose V @ W; this is usually known as the Clebsch-Gordon problem.

§1.3. Examples: Abelian Groups; S3

One obvious place to look for examples is with abelian groups. It does not
take ong, however, to deal with this case. Basically, we may observe in general

that if V isa representation of the finite group G, abelian or not, each g € G

gives a map p(g): V -+ V; but this map is not generally a G-module homomor-
phism: for general h € G we will have

ai(on) ¥ H(gto)-

Indeed, p(g): V -+ ¥ will be G-linear for everypif (and only if) gis in the center,2(G) of G. In particular if G is abelian, and Vis an irreducible representation,

then by Schur's lemma every element g € G acts on V by a scalar multiple of
the identity. Every subspace of V is thus invariant; so that V must be one

«dimensional, The irreducible representations of an abelian group G are thus‘simply elements of the dual group, that is, homomorphisms
G40
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We consider next the simplest nonabelian group, G = G4. To begin with,
wwe have (as with any symmetric group) two one-dimensional representations:
we have the trivial representation, which we will denote U, and the alternating
representation U, defined by setting

0 = san(g)o

for g € G,v€ C. Next, since G comes to us as a permutation group, we have

‘@ natural permutation representation, in which G acts on C* by permuting

thecoordinates. Explicitly, if{e),e3,¢s) isthe standard basis, then g-€, = ey.
or, equivalently,

(24523523)= Ga-say ZarvanFe ton)‘This representation, like any permutation representation, is not irreducible:
the line spanned by the sum (1,1, 1) of the basis vectors is invariant, with
‘complementary subspace

Vm ((2y,2y:25) C82, +25 425 =O)‘This two-dimensional representation ¥is easly seen to be irreducible; we callit the standard representation of Sy.
Let us now turn to the problem of describing an arbitrary representation

of S. We will seein the next lecture a wonderful tool for doing this, called

‘character theory; but, as inefficient as this may be, we would like here to adopt
a more ad hoc approach. This has some virtues as a didactic technique in the
Present context (admittedly dubious ones, consisting mainly of making the

point that there are other and far worse ways of doing things than character
theory). The real reason we are doing itis that it will serve to introduce an

idea that, while superfluous foranalyzing the representationsof finite groupsin general, will prove to be the Key to understanding representations of Lie
groups.

‘The idea is very simple one: since we have just seen that the representation
theory ofa finite abelian group is virtually trivial, we will start our analysis‘of an arbitrary representation W of &, by looking just at the action of the

abelian subgroup Wl, = Z/3¢ &, on W. This yields a very simple decom-
position: if we take t to be any generator of Wl (that is, any three-cycle), the
space W is spanned by eigenvectors», for the action of x, whose eigenvalues

are of course all powers ofa cube root of unity «= e?*". Thus,
w= OY

where

Vin Cy and r= 0%

Next, we ask how the remaining elements of S, act on IV in terms ofthis
decomposition. To see how this goes,

let o be any transposition, so that + and« together generate S,, with the relation ota = x? We want to know where
‘sends an eigenvector forthe action of r, say with eigenvalue «; to answer
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this, we look at how r acts on o(s). We use the basic relation above to write
Ho(0)) = o(¢°(0)

= o(w"-0)

= 0 o(0)

‘The conclusion, then,is that i vis an eigenvector forx with eigenvalue co, then(0) is again an eigenvector fort, with eigenvalue w.

Exercise 1.10, Verify that with o = (12), r = (123),the standard representationhas a basisa = («, 1,0"), = (Ly, 0"), with
=o, f=o'f, of, ofa.

Suppose now that we start with such an eigenvector v for r. Ifthe eigenvalue
of vis wo ¥ 1, then o(0) is an eigenvector with eigenvalue «w™ ¥ «and so is.
independent of v; and v and o(o) together span a two-dimensional subspace
V’ of W invariant under 5. In fact, Vis isomorphic to the standard repre-
sentation, which follows from Exercise 1.10. If, on the other hand, the eigen-
value of vis 1, then o(0) may or may not be independent of v.Ifit is not, then
spans a one-dimensional subrepresentation of W, isomorphic to the trivial

representation if (0)= o and to the alternating representation if o(0) = —v.Mfa(o) and vare independent, thenv+ o(o)and v — o(o) span one-dimensionalrepresentationsof W isomorphic to the trivial and alternating representations,respectively
We have thus accomplished the first two of the goals we have set for

ourselves above in the ease ofthe group G = Sy. First, we see from the above
that the only three irreducible representations of S, are the trivial, alternating,
and standard representations U, U' and V. Moreover, for an arbitrary repre

sentation W of S, we can write
Wa U™@UM@Ve;

and we have a way to determine the multiplicities a, b, and c: c for example,
is the number of independent eigenvectors for ¢ with eigenvalue «, whereas

a + cis the multiplicity oflasan eigenvalue of a, andb + cis the multiplicity,of —1 as an eigenvalue of o.
In fact, this approach gives us as well the answer to our third problem,

finding the decomposition of the symmetric, alternating, or tensor powers of
a given representation W, since if we know the eigenvalues oft on such arepresentation, we know the eigenvalues of ton the various tensor powers ofW. For example, we can use this method to decompose V @ ¥, where V is

the standard two-dimensional representation. For V @ V is spanned by the
vectors «Ba, «Bf, PB, and \®P; these are eigenvectors for t with

cigenvalues 7%, 1, 1, and c, respectively, and a interchanges @@« with
1 f,and x @ f with f @ a.Thus« @ x and f @ f spana subrepresentation
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isomorphic to ¥, 2@ f+ P@a spans a trivial representation U, and
&® ff @aspans U’,s0

VeVvsv@u'ey.

Exercise 1.11. Use this approach to find the decomposition of the represen-
tations Sym?V and Sym?

Exercise 1.12. (a) Decompose the regular representation R of G5,
(b) Show that Sym**SV is isomorphic to Sym'V@R, and computeSym*V for all k.

Exercise 1.13*. Show that Sym?(Sym?V) = Sym?(Sym?¥). Is

Sym"(Sym*V) isomorphic to Sym"(Sym*V)?
‘As we have indicated, the idea of studyinga representation V ofa groupGby first restricting the action to an abelian subgroup, gettinga decompositionof V into one-dimensional invariant subspaces, and then asking how the

remaining generators ofthe group act on these subspaces, does not work well
for finite G in general; for one thing, there will not in general be a convenient
abelian subgroup to use. This idea will turn out, however, to be the key to

understanding the representations of Lie groups, with a torus subgroup
playing the role of the cyclic subgroup in this example.

Exercise 1.14*, Let V be an irreducible representation of the finite group G.
Show that, up to scalars, there is a unique Hermitian inner product on ¥
preserved by G.



LECTURE 2

Characters

“This lecture contain the heart of our treatment ofthe representation theory of finite
‘groups: the definition in §2.1 of the character ofa representation,and the main theorem(proved in two steps in §2.2 and §2.4) that the characters of the irreducible representa-tions

form an orthonormal bass forthe space of clas functions on G. Thee will be‘ore examples and more constructions inthe following lectures, but thisis what youteed 10 know.

$21: Characters

$22 The rst projection formula and is consequences
$23 Examples: S, and Mt,

§24: More projection formulas; more consequences

§2.1. Characters

As we indicated in the preceding section, there is a remarkably effective

tool for understanding the representations of a finite group G, called
character theory. This is in some ways motivated by the example worked out
in the last section where we saw that a representation of Sy was determined

by knowing the eigenvalues ofthe action of the elements t and o € Ss. For a
general group G, it is not clear what subgroups and/or elements should play
the role of Ws, t, and 0; but the example certainly suggests that knowing
all the eigenvalues of each element of G should sullice to describe the
representation.

‘Of course, specifying all the eigenvalues of the action of each element of G
is somewhat unwieldy, but fortunately itis redundant as well. For example,

if we know the eigenvalues {2,} of an element g € G, then of course we know
the eigenvalues {4*} of g* for each k as well. We canthususe this redundancy
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tosimplify the data we have to specify. The key observation here is it is enough
to give, for example, just the sum ofthe eigenvalues ofeach element of G, since

knowing the sums J: Af of the kth powers of the eigenvalues of a given element
@ € G isequivalent fo knowing the eigenvalues {2,} ofg themselves. This thensuggests the following:

Definition. If V is a representation of G, its character xy is the complex-valued

function on the group defined by

alg) = Tale)

the trace of g on ¥.
In particular, we have

Aelligh™) = ro(9

‘80 that xy is constant on the conjugacy classes of G; such a function is called
a class function. Note that yy(1) = dim V.

Proposition 2.1. Let V and W be representations of G. Then

Xrew =e tt ven = kyr

a= Fy and xnry(9) = Meo)? ~ rola)

Proor. We compute the values of these characters on a fixed element g € G.
For the action of g, V has eigenvalues {2,} and W has eigenvalues {y1,}. Then

{4+ sy} and {4,°1)) are eigenvalues for V @ W and V @ W, from which the
first two formulas follow. Similarly (4; = 2,} are the eigenvalues for gon V*,
since all eigenvalues are nth roots of unity, with n the order of g. Finally,
{Adjli < j} are the eigenvalues for g on A?¥, and

AP - D4,
ae

and since g? has eigenvalues {42}, the last formula follows. a

Exercise 2.2. For Sym?V, verify that

Aynov(@) = Hava)? + x09)

Note that this is compatible with the decomposition

V@V =Sym’V OAV.

Exercise 2.3%. Compute the characters of Sym'V and A‘V.

Exercise 24°. Show that if we know the character zy of a representation V,

then we know the eigenvalues of each element g of Gin the sense that we
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know the coefficients of the characteristic polynomial of g: V+ V. Carry this
‘out explicitly for elementsg € G of orders 2,3, and 4, and fora representationofG on a vector space of dimension 2,3, or 4.
Exercise 25.(The original fixed-point formula). V is the permutation repre-

sentation associated to the action of a group G on a finite set X, show that

(9) is the number of elements of X fixed by g.

‘As we have said, the character of a representation ofa group G is really afunctionon the set ofconjugacy classes in G. This suggests expressing the basic
information about the irreducible representations of a group G in the form of1 character table. This is a table with the conjugacy classes [] of G listed
across the top, usually given bya representative g, with (for reasons that willbecome apparent later) the number of elements in each conjugacy class overit; the irreducible representations ¥ of G listed on the left; and, in the appro-

priate box, the value ofthe character xy on the conjugacy class [4

Example 26. We compute the character table of ©. This is easy: to begin

with, the trivial representation takes the values (I, 1, 1) on the three conjugacy
classes [1], [(12)}, and [(123)}, whereas the alternating representation has

values (1, ~1, 1). To see the character of the standard representation, note

that the permutation representation decomposes: €? = U@ V; since the
character of the permutation representation has, by Exercise 2.5, the values
1,0), we have zy = ze — tu = Gs 1,0) (1,1, 1) = (2,0, 1). In sum,
then, the character table of S, is

13002

& | 1 ay ay
wivaty [I 1

alternating U' | 1-1standad¥ 120 00 =t

This gives us another solution of the basic problem posed in Lecture 1: if
Wis any representation of S, and we decompose W into irreducible repre-
sentations W = U®*® U'®® V%, then tw = ary + bry: + Cxy. In particu-
lar, since the functions xy, xy- and xy are independent, we see that W is

determined up to isomorphism by its character Yy-
Consider, for example, V @ V. Its characteris (zy)?, which has values 4,0,

and | on the three conjugacy classes. Since V ® U ® U’ has the same char-
acter, this implies that V @ V decomposes into V @ U @ U', as we have seen
directly. Similarly, V @ U' has values 2, 0, and —1, so ¥@ U" x ¥.
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Exercise 2.7*, Find the decomposition of the representation V®* using char-
acter theory.

Characters willbe similarly useful for larger groups, although its rare to
{find simple closed formulas for decomposing tensor products.

§2.2. The First Projection Formula and
Its Consequences

In the last lecture, we asked (among other things) for a way of locating

explicitly the direct sum factors in the decomposition ofa representation intoirreducible ones. In this section we will start by giving an explicit formula for

the projection ofan irreducible representation onto the direct sum ofthe trivial
factors in this decomposition; as it will turn out, this formula alone has
tremendous consequences.

To start, for any representation V of a group G, we set

Vo ={veV:go=0 YgeG}.

We ask for a way of finding V° explicitly. The idea behind our solution to
this is already implicit in the previous lecture. We observed there that for any

representation V of G and any g€G, the endomorphism g: V -» V is, in
general, not a G-module homomorphism. On the other hand, if we take the
average of all these endomorphisms, that is, we set

1
-t End(v)ogi dane Baar

then the endomorphism ¢ will be G-linear since Sig = hglt'. In fact, we
have

Proposition 2.8. The map @ is a projection of V onto V°.
Proor. First, suppose v = (Ww) = (1/|G|) Dgw. Then, for any he G,

1 1
w= Shaw = 1-5 aw,0 GEhw = gj Zom

‘so the image of g is contained in V°. Conversely, if ve V%, then p(v) =

(NG) Lv = 0,80 V7 = Imighand 9 2 9 = 9. fal
We thus have a way of finding explicitly the direct sum of the trivial

subrepresentations of a given representation, although the formula can be

hard to use if it does not simplify. If we just want to know the number m of
copies of the trivial representation appearing in the decomposition of V, we
can do this numerically, since this number will be just the trace of the
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projection 9. We have

sm = dim VO = Teace()

1 1

= DL Trace(g) = — v( 29)ii de MO = GF ?
In particular, we observe that for an irreducible representation V other than
the trivial one, the sum over allg € G of the values of the character yy is zero.We can do much more with this idea, however. The key is to use Exercise

1.2:if V and W are representations of G, then with Hom(V, W), the representa-
tion defined in Lecture 1, we have

Hoin(V, W)® = (G-module homomorphisms froin V to W).

ICV is irreducible then by Schur's lemma dim Hom(¥, W)? is the multiplicity
of V in W; similarly, if W is irreducible, dim Hom(V, W)? is the multiplicity

of W in V, and in the case where both V and W are irreducible, we have
" 1 iftvow

dim Hom(V, W) = { aw
But now the character yon. ofthe representation Hom(V, W) = V* @ W
is given by

Aino (9) = HAG) Lor).

We can now apply formula (2.9) in this case to obtain the striking

— 1 itvew

gid Memo = { tvew. 2.10)
To-express this lt

Ctoa(G) = lass functions on G)

and define an Hermitian inner product on Cq,,,,(G) by

—
(ap) = b ai(eA) = ig 3,OM eu

Formula (2.10) then amounts to

‘Theorem 2.12, In terms of this inner product, the characters of the irreductble
representations of G are orthonormal.

For example, the orthonormality of the thre irreducible representations

‘ofG, can be read from its character table in Example2.6. The numbers overeach conjugacy class tell how many times to count entries in that column.

Corollary 2.13. The mumber of ireducibe representations of Gis less than or
equal 10 the numberof con)ugacy classes.
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We will soon show that there are no nonzero class functions orthogonal

to the characters, so that equality holds in Corollary 2.13.

Corollary 2.14. Any representation is determined by its character.

Indeed if V = Vi" @-~- @ %, with the ¥, distinct irreducible characters,
then xy = Dayty, and the zy, are linearly independent,

Corollary 2.15. A representation V is irreducible if and onlyif (ys ty) = 1.
In fact, if V x Vi" @+--@ HO% as above,then (xv. Xr)= Sa‘The multiplicities a, can be calculated via

Corollary 2.16. The multiplicity a of ¥, in V is the inner product of xy with x.

jie, a) = (tvs Xv)
We obtain some further corollaries by applying all this to the regular

representation R of G. First, by Exercise 2.5 we know the characterof R; itissimply
_ {0 ifoweule) fr itg=e.

Thus, we see fist ofall that R is not irreducible if G # {e}. In fact, if we set
R= @YV,%, with V, distinct irreducibles, then

1 ,

41 ™ Oto a) = jgqptederIGI = dim Yi ean

Corollary 2.18. Any irreducible representation V of G appears in the regular

representation dim V times.

In particular, this proves again that there are only finitely many irreducible
representations. As a numerical consequence ofthis we have the formula

1G] = dim(R) = ¥ dim(viy 19)

Also, applying this to the value ofthe character of the regular representation
‘onan clement g € G other than the identity, we have

0=Lidim ¥)-zv(9) ig #e. (2.20)

These two formulas amount to the Fourier inversion formula for finite groups,

f Example 3.32. For example, if ll but one of the characters is known, they
sive a formula for the unknown character.

Exercise 221. The orthogonality of the rows of the character table is equiv-

alent to an orthogonality for the columns (assuming the fact that there are as
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many rows a8 columns). Written out, this says:
() ForgeG,

— _1Gl
Exot = T5

Where the sum is over all irreducible characters, and c(g) is the number of

elements in the conjugacy class of g.
Gi) IFg and hare elements of G that are not conjugate, then

L xio)xlh) = 0.

Note that for g = ¢ these reduce to (2.19) and (2.20).

§2.3. Examples: S, and %,

To see how the analysis of the characters of a group actually goes in practice,
we now work out the character table of S,. To start, we list the conjugacy

classes in S, and the number of elements of S, in each. As with any symmetric
group S;, the conjugacy classes correspond naturally to the partitions of d,
that is, expressions of d as a sum of positive integers ay, a3, ..., 44, Where
the correspondence associates to such a partition the conjugacy class of a

Permutation consisting of disjoint cycles of length a), a3, .., ay. Thus, in Sy
wwe have the clases of the identity element | (4= 1-41-41 + 1), a trans-
position such as (12), corresponding to the partition 4 = 2+ 1 + 1; a three
cycle (123) corresponding to 4 = 3 + 1; a four-cycle (1234) (4 = 4); and the

product of two disjoint transpositions (12)(34) (4 = 2 + 2)
Exercise 2.22. Show that the number of elements in each of these conjugacy

classes is, respectively, 1, 6, 8, 6,and 3.
AAs for the irreducible representations of Sq, we start with the same ones

that we had in the case of S,: the trivial U, the alternating U', and the

standard representation V, i, the quotient ofthe permutation representation
associated to the standard action of S, on a set of four elements by the
Urivial subtepresentation. The character of the trivial representation on the
five conjugacy classes is of course (1,1, 1,1, 1), and that of the alternating

representation is (1, —1, 1, —1, 1). To find the character of the standard
{epresentation,we observe that by Exercise 25 the character ofthe permuta-

tion representation on C* is xc« = (4, 2, 1, 0, 0) and, correspondingly,
ty = tertv = G0, 1,~2).

Note that |p] = 1, so V is irreducible, The character table so far looks like
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1 6 8 ‘ 3

St 0 (ry 34) (12904)

wal |r 1 ot fl 1atternating U |EE 1
sanded 1300 10 at “1

Clearly, we are not done yet: since the sum of the squares ofthe dimensions
of these three representations is 1 + 1+9= LI, by (2.19) there must be

additional irreducible representations ofGg, the squares of whose dimensions

add up to 24 — 11 = 13.Since there are by Corollary 2.13 at most two of them,
there must be exactly two, of dimensions 2 and 3. The latter of these is easy
to locate: if we just tensor the standard representation with the alternating,
one U’, we atrive at a reptesentation V’ with character tv: = xy"te: =
G, =1,0, 1, =. We can see that this is irreducible either from its character

(since [zy-1 = 1) or from the fact that it is the tensor product of an irreducible
representation with a one-dimensional one; since its characteris not equal to

that of any ofthe first three, this must be one of the two missing ones. As for

the remaining representation of degree two, we will for now simply call it W;
we can determine its character from the orthogonality relations (2.10). We
obtain then the complete character table for 4:

1 6 8 6 3

ef 0 ay) 02909

wivald [Tt q 1

stternating | to =E Lt 1

standard¥ } 30010 =I “1Veveu|3 -1 0 1 -1

Another 12 0 = ° 2

Exercise 2.23. Verify the last row of this table from (2.10) or (2.20),

We now get a dividend: we can take the characterof themystery represen-tation W, which we have obtained from general character theory alone, and

use it to describe the representation W explicitly! The key is the 2 in the last

column for yw: this says that the action of (12)(34) on the two-dimensional
vector space Mis an involution of trace 2, and so must be the identity. Thus,

W is really a representation of the quotient group!

IEW isa normal subgroupof «group G representation p:G-+ GL{V) i tii on W if andonly iit factors vough the quotent

G-GN-=-GUN.

Representalons of CIN can be ientied with epresentations of G tha ar rival on W.
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Si/{1,(12)(34), (13)(24), (14)(23)} & Ss,
[One may see this isomorphism by letting ©, act on the elements of the

‘conjugacy class of(12)(34); equivalently, ifwe realize , as the group of rigidmotions ofa cube (see below), by looking at the action of S, on pairs of‘opposite faces.] W must then be just the standard representation of S, pulled
back to G, via this quotient.

Example 2.24. As we said above, the group of rigid motions of a cube is the
symmetric groupon four letters; G, acts on the cube via its action on the fourJong diagonals. It follows, of course, that G, acts as well on the set of faces.
of edges, of vertices, ete; and to each of these is associated a permutation

representation of G,.We may thus ask how these representations decompose;‘We will do here the case of the faces and Ieave the others as exercises.
We start, of course, by describing the character y of the permutation

representation associated to the faces of the cube. Rotation by 180° about a

line joining the midpoints of two opposite edges isa transposition in S, and
fixes no faces, 0 x(12) = 0. Rotation by 120° about a long diagonal shows

1(123) = 0, Rotation by 90° abouta line joining the midpoints of two oppositefaces shows x(1234)= 2, and rotation by 180° gives x((I2)(34))= 2.Now(% x) = 3, s0 zs the sum of three distinct irreducible representations, From
the table, (x. 20)= (xs %e-)= Os Xw)= I, and the inner products with theothers are zero, so this representation is U @ V’@ W. In fact, the sums of

‘opposite faces span a three-dimensional subrepresentation which contains U
(spanned by the sum of all faces), so this representation is U@ W. The

differences of opposite faces therefore span ¥".
Exercise 225*. Decompose the permutation representation of G, on (i) the
vertices and (ii) the edges of the cube.

Exercise 2.26. The alternating group %, has four conjugacy classes. Three
representations U, U', and U" come from the representations of

Wa /{1, (12)(34),(139(24),(14)(23)} = 2/3,
s0 there is one more irreducible representation V of dimensidn 3. Compute

the character table, with « =e;

boa 4 3

C7 ec

vfi H 7

ult wt 1

wlio o 1

vis 0 0 “1
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Exercise 2.27. Consider the representations of S, and their restrictions to %,.

Which are still irreducible when restricted, and which decompose? Which
pairs of nonisomorphic representations of S, become isomorphic when
restricted? Which representations of %, arise as restrictions from ©,?

§2.4. More Projection Formulas; More Consequences

In this section, we complete the analysis of the characters ofthe irreducible

representations of a general finite group begun in §2.2 and give a more general
formula for the projection ofa general representation V onto the direct sumof the factors in V isomorphic to a given irreducible representation W. The
main idea for both is a generalization of the“averaging”of theendomorphisms4: V ~» V used in §2.2, the point being that instead ofsimply averaging all the

g we can ask the question: what linear combinations of the endomorphisms
g: V + V are G-linear endomorphisms? The answer is given by

Proposition 2.28. Let a: G-+€ be any function on the group G, and for any
representation V of G set

Gar= Lalg)-ai VV.
Then 18 @ homomorphism of G-modules forall V if and only if a is a class
Sanction.

Proor, We simply write out the condition that ~, y be G-linear, and the result
falls out: we have

Garth) = ag): g(he)

= Lahgh)- hgh")

(substituting hgh" for g)

= MY athgh )-a(0))

= ME aa) a0)

(fis a clase function)

= Mg..r()

Exercise 2.29*. Complete this proof by showing that conversely if@ is not aclass function, then there exists a representation V of G for which @, fails tobe G-linear. oO

{As an immediate consequence ofthis proposition, we have
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Proposition 230. The number of irreducible representations of G ts equal tothe

number of conjugacy classes of G. Equivalently, their characters {xy} form an
orthonormal basis for Cunu(G)-

Proor. Suppose a: G -» Cisa class function and (a, xy) = 0 for all irreduciblerepresentations V; we must show that a = 0. Consider the endomorphism

oan = Lega VVasdefined above. By Schur's lemma, g,,, = A-Id; and if n = dim V, then

ae! trmce(ouy)
1

=Lalo
—

=ea
=o.

Thus, »,.y = 0, oF Y.a(g)-g = 0 on any representation V ofG; in particular,
this will be true for the regular representation V = R. But in R the elements
{g€G}, thought of as elements of End(R), are linearly independent. For
‘example, the elements {g(e)} are all independent. Thus a(g) = 0 for all g, as

required a
‘This proposition completes the description of the characters of a finite

group in general. We will see in more examples below how we can use this
information to build up the character table of a given group. For now, we
mention another way of expressing this proposition, via the representation
ring of the group G.

‘The representation ring R(G) of group Gis easy to define. First, asa group
we just take R(G) to be the free abelian group generated by all (isomorphism
classes of) representations of G, and mod out by the subgroup generated by

elements ofthe form ¥ + W —(V @ W), Equivalently, given the statement of

complete reducibility, we can just take all integral linear combinationsa," ¥;of the irreducible representations ¥, of G;elements of R(G) are correspondingly
called virtual representations. The ting structureis then given simply by tensorproduct, defined on the generators of R(G) and extended by linearity.

‘We can express most of what we have learned so far about representations:of a finite group G in these terms. To begin, the character defines a map
2 R(G) + Caml)

from R(G)to the ring ofcomplex-valued functions on G; by the basic formulas
of Proposition 2.1, this map isin facta ring homomorphism. The statement

that a representation in determined by its character then says that y is injective;
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the images of y are called virtual characters and correspond thereby to virtual
representations. Finally, our last proposition amounts to the statement that

xcinduces an isomorphism

Ae! RG) ®C-+ Coal)

‘The virtual characters ofG form a lattice A = Z* in Cetses(G), in which theactual characters sit as a cone Ay N°c Z* We can thus think of the

problem ofdescribing the characters ofG as having two parts: first, we haveto find A, and then the cone Ag < A (once we know Ap, the charactersof theirreducible representations will be determined). In the following lecture we

will state theorems of Artin and Brauer characterizing A @ Q and A.
‘The argument for Proposition 230 also suggests how to obtain a more

general projection formula. Explicitly, if W is afxed irreducible representation,
then for any representation V, look at the weighted sum

1

= 1. Y iwl@-ae End= Gi, twlairg e Endy,
By Proposition 2.28, y isaG-module homomorphism. Hence, if V is irreduc-ible, we have w = A-Id, and

1dm
gap Tey

- FEV [Gln@ wo)Fan V [GHW wo
1

= {dim V ivew
0 itvem.

For arbitrary V,

1 73vy = dim WG telah: VV (231)

is the projection of V onto the factor consisting of the sum of all copies of W
appearing in V. In other words, if V = QV," then

ty
y= dim yD ila 2.32)Top (232)

is the projection of V onto ¥;2",

Exercise 2.33*. (a) In terms of representations V and W in R(G), the inner
product on Caq(G) takes the simple form

(VW) = dim Homa(¥, W)
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(b) Ue Cayu(G)is a virtual character, and (x, 2) = 1, then either yor —1is the character ofan irreducible representation, the plus sign occurring whenx(1) > 0. f(r, x) = 2, and x(I) > 0, then is either the sum or the difference
of two irreducible characters.

(©) IfU, V,and W are irreducible representations, show that U appears in

V@W if and only if W occurs in V* @ U. Deduce that this cannot occur

unless dim U > dim Widim ¥.

We conclude this lecture with some exercises that use characters to work

‘ut some standard facts about representations.

Exercise 234", Let V and W be irreducible representations of G, and
Lo: V-+ W any linear mapping. Define L: V -+ W by

1Le)= Yo Lo(a"o= Ge bolo)
Show that L. = OifV and W are not isomorphic, and that L. is multiplicationby trace(LoVdim(¥) if V = W.

Exercise 2.35*, Show that ifthe irreducible representations of G are represented
by unitary matrices [of Exercise 1.14], the matrix entries ofthese representa-
tions form an orthogonal basis for the space ofall functions on G [with inner
product given by (2.11)}.

Exercise 2.36*. IF G, and G, are groups, and V, and V are representations of

G, and G;, then the tensor product ¥; @ V, is a representation of G, x Gs,
by (a1 X ga)-(01 @ ea) = 940) @ga03. To distinguish this “external” tensorproduct from the internal tensor product—when G, = G,—this external
tensor product is sometimes denoted V, @ V3. If % is the character of Vj, then
the value of the character z of V, V4 is given by the product:

(9s * 92)= t1(9s)x2(G2)-
ICV, and V, are irreducible, show that VV, is also irreducible and show
that every irreducible representation of G, x Gy arises this way. In terms of
representation rings,

RG, x G,) = RG) @RG,).

In these lectures we will often be given a subgroup G of a general linear
group GL(V), and we will look for other representations inside tensor powers
‘of ¥. The following problem, which is a theorem of Burnside and Molien,

shows that for a finite group G, all irreducible representations can be found
this way.
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Problem 2.37*. Show that if V is a faithful representation of G, ie. p: G-+
GL(¥) is injective, then any irreducible representation of G is contained in
some tensor power V9 of ¥.

Problem 2.38*. Show that the dimension of an irreducible representation of

Gdivides the order ofG.
‘Another challenge:

Problem 2.39. Show that the character of any irreducible representation of

dimension greater than 1 assumes the value 0 on some conjugacy class of the
group.



LECTURE 3

Examples; Induced Representations;
Group Algebras; Real Representations

‘This lecture is somethingofa grabbag. We startin §3.1 with examples illustrating theuse ofthe techniques ofthe preceding lecture. Section 32 i alo by way ofan exampleWe wil see quite abit more about the representations of the symmetric groups in
general later;4s devoted to this and will certainly subsume this discussion, but thiould provide a east a sense of how we can go about analyzing representations of‘clas of groups, as opposed to individual groups. in 3.3 and 3.4 we introduce twobasi notions in representation theory, induced representations and the group algebra
Finally in §35 we show how to classify representations ofa finite group on areal
‘vector space, given the answer to the corresponding question over Cy and say a few

‘words about the analogous question fr subfields of € other than Everything in thislectureis elementary excet Exercises 39 and 332, which involve the notions of Cliflordalgebras and the Fourier transform, respectively (both exercises, of course, ean be

skipped).

S41: Examples: , and &,

§32 Exterior powers ofthe standard representation of S
{23 Induced representations

{4 The group algebra

$35 Real representations and representations ove subfields of ©

§3.1. Examples: S; and

‘We have found the representations of the symmetric and alternating groups
for n < 4, Before turning to a more systematic study of symmetric and alter-
nating groups, we will work out the next couple of cases.
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Representations of the Symmetric Group &

As before, we start by listing the conjugacy classes of ©, and giving the number
of elements of each: we have 10 transpositions, 20 three-cycles, 30 four-cycles
and 24 five-cycles; in addition, we have 15 elements conjugate to (12)(34) and

10 elements conjugate to(12)(345). As for the irreducible representations, we
have, of course, the trivial representation U, the alternating representation U',

and the standard representation V; also, as in the case of , we can tensor
the standard representation V with the alternating one to obtain another
irreducible representation V’ with character xy- = xy Xu.

Exercise 3.1. Find the characters of the representations V and V"; deduce in
particular that and V” are distinct irreducible representations.

‘The first four rows of the character table are thus

1 0 m7 0 2 1s 20

Ss | ay ary 039 24) BH (19045)

ufi 14 1 1 1 1

a 1 1 “1

vj4ao2 4 0 -t ° =

wlao 2 4 a) ° 1

Clearly, we need three more irreducible representations. Where should we
look for these? On the basis of our previous experience and Problem 2.37),
natural place would be in the tensor products/powers of the irreducible
representations we have found so far, in particular in V @ V (the other two

possible products will yield nothing new: we have V' @ V = V@V@U' and
V'@V' = V@ V). Of course, V ® V breaks up into \?Vand Sym*¥,so welook at these separately. To start with, by the formula

Xara) = Marla)? ~ x00")

‘we calculate the character of A?¥:

Anew = (6,0,0,0, by ~2,0}

we see from this that it is indeed a fifth irreducible representation (and that
AV QU" = A’, so we get nothing new that way),

‘We can now find the remaining two representations in either of two ways.
First, if n, and n, are their dimensions, we have

Sha 120— 14184 EH E ,

s0 nf 4+ n} = 50. Thete are no more one-dimensional representations, since
these are trivial on normal subgroups whose quotient group is cyclic, and W,
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is the only such subgroup. So the only possibility ism, = ny = 5. Let W denote
cone of these five-dimensional representations, and set W”’ = W'® U’. In the
table, if the row giving the character of W is,

(oa ay as ty as ae),

that of Wis (5 a) a, ~ay ay ay ~ay) Using the orthogonality

‘relations or (2.20), one sees that HV’ # W; and with a litle calculation, up to
interchanging WW and W’, the last two rows are as given:

1 10 2» 9 24 Is 20

S [toy (yy) 1]BH__ 145)

vit 1 0 7 7 1 7

Cr 1 1 “1

vlqoo2 4 0-1 0 -

via 4 o = 0 1

a er) ° 1 -2 0

wis obo -t = 0 1 1

wls -t 0-1 1 ° 1 “1

From the decomposition V® U = C', we have also *V = ASCS = U',
and V* = V. The perfect pairing’

VxAV4MV =U,

taking0 x (04 © v2 A 03) 10.0 A oy A vz A vy shows that A\*Vis isomorphicto V*@U' =V.

‘Another way to find the representations W and W’ would be to proceed
with our original plan, and look at the representation Sym?¥. We will leave

this in the form ofan exercise:

Exercise 32. (i) Find the character of the representation Sym?¥.
(ii) Without using any knowledge of the character table of Ss, use this to

show that Sym?V is the direct sum of three distinct irreducible representations.

(ii) Using our knowledge ofthe first five rows ofthe character table, show
that Sym?V is the direct sum of the representations U, V, and a third irreduc-
ible representation W. Complete the character table for Ss,

Exercise 33. Find the decomposition into irreducibles of the representations
AW, Sym, and V@ W.

21 Yard Ware n-dimensional vector spaces, and U is one dimensional a perfect paving isbilinear mapfs Vx H+ U auch tat no nonzero vector vin ¥ has fe, ) = 0. Equivalent,the map ¥ = Hom(W, U)= 1 @U, vt fl, wh, ian iomorphism,
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Representations of the Alternating Group %,

What happens to the conjugacy classes above if we replace G, by ®,?
Obviously, all the odd conjugacy classes disappear; but at the same time, since
conjugation by a transposition is now an outer, rather than inner, auto-

morphism, some conjugacy classes may break into two

Exercise 3.4 Show that the conjugacy class in &, of permutations consisting

of products ofdisjoint cycles of lengths by, ba, ...will break up into the unionof two conjugacy classes in W, if all the hy are odd and distinct ifany by are

even or repeated, it remains a single conjugacy class in %,. (We consider a
fixed point as a cycle of length 1.)

In the case of Mg, this means we have the conjugacy class of three-cycles
{as belore, 20 elements), and of products of two disjoint transpositions (15

elements); the conjugacy class of five-cycles, however, breaks up into the

conjugacy classes of(12345) and (21345), each having 12 elements.

{As forthe representations, the obvious first place to look is at restrictions

to ML, of the irreducible representations of Ss found above. An irreducible
representation of ©, may become reducible when restricted to Ws; or two

distinct representations may become isomorphic, as will be the case with U
and U', V and ¥', or W and W’. In fact, U, V, and W stay irreducible

since theit characters satisfy (z, x) = 1. But the character of A?V has values
(6,0, =2, 1, 1) on the conjugacy classes listed above, so (x, x) = 2,and \°V is

the sum of twoirreducible representations, which we denote by Y and Z, Since
the sums of the squares ofall the dimensionsis 0, (dim ¥)? + (dim Z)? = 18,so each must be three dimensional.

Exercise 3.5. Use the orthogonality relations to complete the character table
of My:

1 20 Is 2 2
ay | 102) 8 (aM) ats4s)
uli T 1 1

via o “1 -1

wis 1 1 - %%refs 1-5y}s

0 -t a on1-3 148zis 0 1 Live bas

‘The representations ¥ and Z may in fact be familiar: can be realized as
the groupof motions ofan icosahedron (or, equivalently, ofadodecahedron)
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and ¥ is the corresponding representation. Note that the two representations
{W, + GLs(R) corresponding to Y and Z have the same image, but (as you

‘ean see from the fact that their characters differ only on the conjugacy classes

‘of (12345) and (21345)) differ by an outer automorphism ofWs.Note also that /\?V does not decompose over Q; we could see this directly
from the fact that the vertices of a dodecahedron cannot all have rational

coordinates, which follows from the analogous fact for a regular pentagon in,
the plane.

Exercise 36, Find the decomposition of the permutation representation of &,
‘corresponding to the (i) verticesi) faces, and (i) edges of the icosahedron.
Exercise 37. Consider the dihedral group Dz, defined to be the group of
isometriesofa regular n-gon in the plane. Let I” = Z/n < Dy, be the subgroupof rotations. Use the methods of Lecture | (applied there to the case Sy = Dg)
to analyze the representations of Dy that is, restrict an arbitrary represemta-

tion of Dy, to I, break it up into eigenspaces for the action of F, and ask how
the remaining generator of Dz, acts of these eigenspaces

Exercise 3.8. Analyze the representations ofthe dihedral group D,, using the
character theory developed in Lecture 2.

Exercise 39. (a) Find the character table of the group of order 8 consisting of
the quaternions {41, +i, tj, £k} under multiplication, This is the case
m= 3of a collection of groups of order 2", which we denote H, To describe
them, let Gy denote the complex Cilford algebra generated by 0y,..., 0 with
felations of = —1 and v,-0j= —0j-0j, 80 Cy has a basis vy = 04°... 881 = {iy <*"* <i) vaties over subsetsof (1, ..", m). (See §20.1 for notation andbasic facts about Clifford algebras). Set

Hy, = {bop [Mis even) < (gy

This group is a 2-to-1 covering of the abelian 2-group of m x m diagonal
matrices with 1 diagonal entries and determinant 1. The center of Hy is

{£1} if mis odd and is {1, £0)),__)} if'm is even. The other conjugacy
classes consist of pairs of elements {0,). The isomorphismsof Cz*" with amatrix algebra or a product of two matrix algebras give a 2-<dimensional
“spin” representation S of Hq, and two 2"-dimensional “spin” or “half-
spin” representationsS* and 5” of Hy(b) Compute the characters of these spin representations and verify that
they are irreducible,

(©) Deduce that the spin representations, together with the 2"-' one-
dimensional representations coming from the abelian group H_/{ +1) givea‘complete set of irreducible representations, and compute the character tablefor Hy
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Foroddm the groups 11, are examples of extra-special 2-groups,cf. (Grie],[Qu].
Exercise 3.10, Find the character table ofthe group SL3(Z/3),

Exercise 3.11. Let 11(2/3) be the Heisenberg group of order 27:

lab

HEB)=4{0 1 ¢|abeez/3} <SLs(2/3).

oot

‘Analyze the representations of H(Z/3), first by the methods of Lecture 1

(restricting in this case to the center
106

z=4{0 1 o|vezap=zs

oot

of H(Z/3)), and then by character theory.

§3.2. Exterior Powers of the Standard

Representation of S

How should we go about constructing representations of the symmetric
groups in general?The answer to this isnot immediate;itis a subject that willoccupy most of the next lecture (where we will produce all the irreducible

representations of ©,). For now, as an example ofthe elementary techniques

developed so far we will analyze directly one of the obvious candidates:
Proposition 3.12. Each exterior power M*V of the standard representation V of
&, is irreducible, 0. <k sd ~1.

Proor. From the decomposition C4 = V @ U, we see that V is irreducible if

and only if (es, Zea) = 2. Similarly, since
NC = (AV @ NU)O(N V@AU) = NVONY,

itsuffices to show that (x, x) = 2, where zis the character ofthe representation
NCE Let A= {1,2,...5d). For a subset B of A with k elements,and g ¢ G =Sy let

0 ifgm 4B

{ole=4 1 if g(B) = Band gly is an even permutation
=1 if o(B)= B and glyis od.
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Here, if g(B) = B, gly denotes the permutation of the set B determined by g.

‘Then x(4) = E {a}s, and

1 2w= 7 (Fon)
1

= AL EP Wala

1= GY FD en ale) (sen glo,
where the sums are over subsets B and C of A with k elements, and in the last

equation, the sum is over thoseg wth g(B) = B and g(C) = C. Such gis givenby
four permutations: one of By C, one of B\B > C, one of C\B - C, and oneof A\Bu C, Letting I be the cardinalityof B > C, this last sum can be written

1
i

(sgn a)? (sgn b)(sgn c)TEE Fi sks ceh ste Eig OPO NERD
I

=tyyma- 2 «).appre a0006.%so)(Xv)These last sums are zero unless k — 1 = 0 or 1. The case k = | gives
L 1 (a
ty a—met —wl=ayh@-b a (sje lat.

Similarly, the terms withk— | = | also add up to 1, so (x, x) = 2, as required.
a

Note by way ofcontrast that the symmetric powers ofthe standard repre-
sentation of S, are almost never irreducible. For example, we already know

that the representation Sym?V contains one copy ofthe trivial representation:
this is just the statement that every irreducible real representation (such as V)
‘admits an inner product (unique, up to scalars) invariant under the group

action; nor is the quotient ofSym?V by this trivial subrepresentation neces-
sarily irreducible, as witness the case of Gs,

§3.3. Induced Representations

ICH © Gisa subgroup, any representation V of G restricts toa representation
of H, denoted ResfV or simple Res V. In this section, we describe an impor-
tant construction which produces representations of G from representations
of H. Suppose V is a representation of G, and W < V is a subspace which is

H-invariant. For any g in G, the subspace g W = {g:w: we W} depends only
on the leftcoset gH of g modulo H, since gh: W = g-(h- W) = g: W;foracoset
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in G/H, we write0 W for this subspace of V. We say that Vis induced by Wif every element in V can be written uniquely as a sum of elements in such
translates of W, ic,

ve Ww

In this case we write V = IndgW = Ind W.
Example 3.13. The permutation representation associated tothe left action of
G on G/H is induced from the trivial one-dimensional representation W of H.

Here V has basis {e,: 0 € G/H}, and W = C-ey, with HH the trivial coset.
‘Example 3.14. The regular representation of G is induced from the regular

representation of H. Here V has basis {e,:g€G}, whereas W has basis
{ey he H}.

‘We claim that, given a representation W of11, such V exists and is uniqueup to isomorphism, Although we will later give several fancier ways to see
this, it is not hard to do it by hand. Choose a representative g, € G for each
coset 0 € G/I1, with e representing the trivial coset H¥. To see the uniqueness,
note that each element of V hasa unique expression v = Y°g,,, for elements
w, in W. Giveng in G, write gg, = g,-h for some  € G/il and he Hl. Then‘we must have

9°(9.%) = (9°90)%s = (Oe Wms = ah).
This proves the uniqueness and tells us how to construct V = Ind(W) from

W. Take a copy W’ of for each left coset o € G/H1; for w e W, let g,w denote

the element of W" corresponding to w in W. Let ¥= GP) W*, so every
element of V hasa unique expression v = J9,w, for elements w, in W. Given
9 €G, define

(92%) = 9.0) if 9-9, = ah.

‘To show that thisdefinesas action of G on V, we must verify that g’-(q-(geW.))
= (0'-4)-(ge,) for another element g' in G. Now ifg'-g, = 9,°H, then

0'-(0-(G4™,)) = 9° (axhw,)) = 94(H thw,)).Since (9°-9):4. = 9"°(g"_)= 9" G."h = gp" W-h,we have
(6'-0)-(900,) = 9gl(HA) m,) = a,(H!-Ch,))

as required.

Example 3.5. If W = (W;, then Ind W = (Ind W,.

‘The existence of the induced representation follows from Examples 3.14
and 3.15since any W isa direct sum of summands ofthe regular representation.
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Exercise 3.16. (a) If U is a representation of G and W a representation of H,
show that (with all ensor products over ©)

U@ Ind W = Ind(Res(U)@ W),
In particular, Ind(Res(U)) = U @ P, where P is the permutation representa

tion of G on G/H. For a formula for Res(Ind(W)), for W a representation of
1, see [Se2, p. 8]

(b) Like restriction, induction is transitive: if Hc K & G are subgroups,
show that

Ind§(W) = Ind{(Ind§ W).

Note that Example 3.15 says that the map Ind gives a group homomor-

phism between the representation rings R(H) and R(G),in the opposite diree-
tion from the ring homomorphism Res: R(G) -+ R(H) given by restriction;

Exercise 3.16(a) says that this map satisfiesa“ push-pull” formula2: Ind(f) =Ind(Res(a)-) with respect to the restriction map.

Proposition 3.17. Let W be a representation of H, U a representation of G,and
suppose V = Ind W. Then any H-module homomorphism g: W-+ U extends
uniquely t0 a G-module homomorphism @: V-+ U. ie,

Hom(W, Res U) = Hom,(Ind W, U)

In particular, this universal property determines Ind W up to canonical
‘somorphism.

Proor. With V = @, ano: W as before, define @ on o°W by
a: Wt. Ws Uo U,

which is independent of the representative g, for o since @ is H-linear.

To compute the character ofV = Ind W, note thatg € Gmaps oW to goW,50 the trace is calculated from those cosets @ with go = 0, ie, sgse HT for
sea. Therefore,

Kiva) = YE w(s"'9s) (8 €o arbitrary). (3.18)

Exercise 3.19. (a) If C is a conjugacy class of G, and CH decomposes into
conjugacy classes D,,..., D, of H, (3.18) can be rewritten as: the value of the
character of Ind W on Cis

IGl <. 1D
inar() = Fa Fe tol)Yoel = iBjc(6) If W is the trivial representation of H, then

(GH),
naw) = oD canraat = Fe, ICOHL
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Corollary 3.20 (Frobenius Reciprocity). If W is a representation of Hand U a
representation of G, then

(Chaney Lode = (ors Ineswdn

Proor. It suffices by linearity to prove this when W and U are irreducible.
The left-hand side is the number of times U appears in Ind W, which is
the dimension of Home(Ind W, U). The right-hand side is the dimension of
Homy(W, Res U). These dimensions are equal by the proposition o

IW and U are irreducible, Frobenius reciprocity says: the nunher of timesU appears in Ind W is the same as the number of times W appears in Res U.

Frobenius reciprocity can be used to find characters of G if characters of
Hare known.

Example 321, We compute IndjW, when H =, <G= Sy, W= Va (thestandard representation) = U3 (the alternating representation). We know the
irreducible represenatations of S4: Us, Us, Vs, which restrict Us, Us = Vay
U; ® Us, respectively. Thus, by Frobenius, Ind Vy = U; ® Vs,

Example 222. Consider next H = S ¢ G = G,, W = Vs. Again we know the
irreducible representations,and Res Us = Us, Res U; = Uj, Res Vy = Uy ® Vs[the vector

(Le By = 3)© Va = {p25X35 4)!D1 = OF
is fixed by 11], Res Vj = Uy ® V5, with Vj = V,,and Res W, = V,(as one may
see directly), Hence, Ind Vs = Ve@ ¥ @ W,. (Note that the isomorphism
Res W, = ¥, actually follows, since one W, is all that could be added to
Ve@ Veto get Ind V4.)

Exercise 323, Determine the isomorphisin classes ofthe representationsof S,induced by () the one-dimensional representation of the group generated by

(1234) in which (1234)-v = io,i = /—T; (i) the one-dimensional representation of the group generated by (123) in which (123)-0 =e",

Exercise 324. Let H = Wy ¢ G = &,. Show that Ind U = U@ U', Ind ¥=
V@ V', and Ind W = W@ W’, whereas Ind ¥ = Ind Z = AV.

Exercise 3.25*. Which irreducible representations of ©, remain irreducible
when restricted to %,? Which are induced from 91,? How much does this tell

‘you about the irreducible representations of 2,2

Exercise 3.26*. There is a unique nonabelian group of order 21, which can be

realized as the groupof afine transformationsx1-» ax + B ofthe line over thefield with seven elements, with a a cube root of unity in that field, Find the
irreducible representations and character table for this group.



36 3. Examples; Induced Representations; Group Algebras; Real Representations

Now that we have introduced the notion of induced representation, we can
state two important theorems describing the characters of representations of

A finite group. In the preceding lecture we mentioned the notion of virtual
character; ths is just an element ofthe image A of the character map

ERG) + ConulG)

from the representation ring R(G) of virtual representations. The following
two theorems both state that in order to generate A @) Q (resp. A)itis enough

toconsider the simplest kind of induced representations, namely, those induced
from eyclic (respective elementary) subgroups of G. For the proofs of these
theorems we refer to [Se2, §9, 10]. We will not need them in these lectures.

Attin’s Theorem 3.27. The characters of induced representations from eyclie
subgroups of G generate a lattice offinite index in A.

A subgroup H of G is p-elementary if H = A x B, with A cyclic of order
prime to p and Ba p-group.

Brauer’s Theorem 3.28. The characters of induced representations from elemen-
tary subgroups of G generate the lattice A.

§3.4. The Group Algebra

There is an important notion that we have already dealt with implicitly but

not explicitly this is the group algebra CG associated to a finite group G. This
is an object that forall intents and purposescan completely replace the groupG itself; any statement about the representations of G has an exact equivalent
statement about the group algebra. Indeed, to a large extent the choice of

language is a matter oftaste.
‘The underlying vector space of the group algebra of G is the vector space

with basis (e,} corresponding to elements of the group G, that is, the under-
lying vector space of the regular representation. We define the algebra struc-
ture on this vector space simply by

et ee

By a representation of the algebra CG on a vector space V we mean simply
an algebra homomorphism

CG + End(v),

50 that a representation V of CG isthe same thing asa left CG-module, Notethata representationp: G-+ Aut(V) will extend by linearity to a map j: CG -»End(V),s0 that representations of CGcorrespond exactly to representations
of G; the let CG-module given by CG itself corresponds to the regular
representation.
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If (19) are the irreducible representations of G, then we have seen that the
regular representation R decomposes

R= Qemjownm

We can now refine this statement in terms of the group algebra: we have

Proposition 3.29. As algebras,

66 = @ End)

root. As we have sad, for any representation W of G, the map G -> Aut(H¥)
extends by linearity to a map CG ~» End(W); applying this to each of the
irreducible representations W, gives us a canonical map

9: 06-+@ Endy

‘This is injective since the representation on the regular representation is

faithful Since both have dimension 5 (im 1),the mapisan tomorphism, 0
A few remarks are in order about the isoinorphism of the proposition.

First, 9 can be interpreted as the Fourier transform, ef. Exercise 3.32. Note
also that Proposition 2.28 has a natural interpretation in terms of the group

algebra: it says that the center of CG consists of thoseJ" a(g)e, for which a isclass function.

Next,we can thinkofg as the decomposition ofthe semisimple algebra CG
into a product of matrix algebras. 1 implies thatthe matrix ences of the
irveductble representations give a bass forthe space ofall functions on G, cf.
Exercte 235,

'Note in particular that any reducible representation isomorphic to a
(evnimal) let ideal in CG. These let ideals are generated by idempotents. hn
fact, wecan interpret the projection forma ofthe ast lecture in the language

ofthe group algebra: the formulas sy simply that the elements

—dim w-L  iwlah-e, 806Gide
are the idempotents in the group algebra corresponding to the direct sum
factors in the decomposition of Proposition 3.29. To locate the irreducible

representations W, of group G [not just a direct sum of dim(1¥,) copies), we
‘want to find other idempotents of CG. We will see this carried out for the

Symmetric groups inthe following lecture“The group algebra also gives us another description of induced representa
tions if W is a representation of a subgroup 11 of G, then the induced
representation may be constructed simply by

Ind W= C6 Ben



38 3. Examples: Induced Representations; Group Algebra; Real Representations

‘where G acts on the first factor: g (ey ® w) = égy@ w. The isomorphism ofthe reciprocity theorem is then a special case of a general formula for a change
of rings CH ~+ C6:

Homen(W, U) = Homeg(CG @cu W, U).

Exercise 3.30". The induced representation Ind(W) can also be realized con-
cretely as a space of W-valued functions on G, which can be useful to produce

matrix realizations, or when trying to decompose Ind(W) into irreducible
pieces. Show that Ind(W) is isomorphic to

Homp,(CG, W)= {f: G+ W:f(hg) = hf(a), Vhe H,g eG},
where G acts by (@'- f(a) = S(aa’)

Exercise 3.31. If CG is identified with the space of functions on G, the function
‘ corresponding to S'sq@(g)é,, show that the product in CG corresponds

to the convolution + of functions:
(9+ Wa) = 5 othwiirtoy.

(With integration replacing summation, this indicates how one may extend
the notion of regular representation to compact groups.)

Exercise 332°. If p: G+ GL(V,)isa representation, and 9 is a functionon G,define the Fourier transform @(p) in End(¥,) by the formula

10) = F000).
{@) Show that 9°¥(0) = @l0) 910).
(b) Prove the Fourier inversion formula

110) = [GX diemVe) Trace((a")- (0),
the sum over the irreducible representationsp of G. This formula is equivalentto formulas (2.19) and (2.20).

(©) Prove the Plancherel formula for functions » and y on G:

oy 1¥, eC Wa) = Gy dion) TracetHp H(0)
Our choice ofteft action of a group on a space has been perfectly arbitrary,

and the entire story isthe same iG aets on the right instead, Moreover, there
isa standard way to change a right action into a left action, and vice versa:
Given a right action of G on ¥, define the left action by

goemv(g') geGveVv.
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If A = CG is the group algebra, a right action of G on V makes V a right
A-module, To turn right modules into left modules, we can use the anti-

involution a+-+4 of A defined by (5.4,¢,)" = Saye, A right A-module is
then turned intoa left A-module bysettinga0 = v=

The following exercise will take you back to the origins of representation
theory in the 19th century, when Frobenius found the characters by factoring,
this determinant.

Exercise 3.33*. Given a finite group G oforder n, take a variable x, for each
element g in G, and order the elements of G arbitrarily. Let F be the deter-

rminant ofthe n xn matrix whose entry in the row labeled by g and column

labeled by his x, 4-1. This isa form of degree m in the n variables x,, which is
independent of the ordering. Normalize the factors of F to take the value 1

when x, = 1 and x, =0 for g #e. Show that the irreducible factors of F

correspond tothe irreducible representations of G. Moreover if Fisthe factorcorresponding to the representation p, show that the degree of F, is the degree4(p) of the representation p, and that each F, occurs in F dp) ‘times. fx, is
the character of p, show that z,(g) is the coefficient of x, x4" in F,,

§3.5. Real Representations and Representations
over Subfields ofC

Ifa group G acts on a real vector space Vo, then we say the corresponding,
‘complex representation of V = Vo ®q€ is real. To the extent that we areinterested in the action of a group G on real rather than complex vector

spaces, the problem we face is to say which ofthe complex representations of
G we have studied are in fact real

Our first guess might be that a representation is real if and only if its

characteris real-valued. This (urns out not to be the case: the character of a
teal representation is certainly real-valued, but the converse need not be true.
Tofind an example, suppose G < SU(2)isa finite, nonabelian subgroup. Then
G acts on C? = V with a real-valued character since the trace of any matrix

in SU(Q) is real. If V were a real representation, however, then G would be a
subgroup of SO(2) = $", which is abelian. To produce such a group, note that
SU(2)canbe identified with the unit quaternions. Set G = (1, +i, +i, +h).Then G/{ + 1} is abelian, so has four one-dimensional representations, which
sive four one-dimensional representations of G. Thus, G has one irreducible
{wo-dimensional representation, whose character is real, but which isnot real

Exercise 334%, Compute the character table for this quaternion group G, and
compare it with the character table of the dihedral group of order 8
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‘A more successful approach is to note that if V is a real representation of

G, coming from Vo as above, then one can find a positive definite symmetric

bilinear forin on ¥, which is preserved by G. This givesa symmetric bilinearform on V which is preserved by G. Not every representation will have such
a form since degeneracies may arise when one tries to construct one following

the construction of Proposition 1.5. Infact,

Lemma 3.35. An irreducible representation V of G is real if and only if there is
‘a nondegenerate symmetric bilinear form B on V preserved by G.

Proor. If we have such B, and an arbitrary nondegenerate Hermitian form H,
also G-invariant, then

vavedy

gives a conjugate linear isomorphism @ from ¥ to V: given xe V, there is a
unique (x)€ F with B(x, y) = H(p(x), y), and @ commutes with the actionof G. Then 9? =p @ is a complex linear G-module homomorphism, so
g? = Ald. Moreover,

(OC), ») = Bix, ¥) = BLY.) = H((). 9) = HG,00).

from which it follows that H(g?(x), y) = H(x, @(y)), and therefore 2 is a
positive real number. Changing H by a scalar, we may assume = I, so

‘p? = Id. Thus, ¥ isa sum ofreal eigenspaces V, and V_ for @ corresponding.
toeigenvalues | and — 1. Since » commutes with G, V, and V_ are G-invariant

subspaces. Finally, p(ix) = —ig(x), so iV, = V.,and V= V, @C. a

Note from the proof that a real representation is also characterized by the
‘existence of a conjugate linear endomorphism of V whose square is the
identity; if V = Vo @q C, it is given by conjugation: v9 @A+v9 @ A.A warning is in order here: an irreducible representation of G on a vector
‘space over R may become reducible when we extend the group field to C. To
ive the simplest example, the representation of Z/n on R? given by

Onk 2nk'

cos sin

tay° 2nk 2nk
sins osm

is irreducible over R for n > 2 (no line in R? is fixed by the action of Z/n), but
will be reducible over C. Thus, classifying the irreducible representations of G
cover

C that are real does not mean that we have classified all the irreduciblereal representations. However, we will see in Exercise 3.39 below how to finish
the story once we have found the real representations of G that are irreducible
over C.
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Suppose V isan irreducible representation of G with z, real. Then there is4 G-equivariant isomorphism Vx V*, ie, there is a G-equivariant (non-
degenerate) bilinear form B on V; but, in general, B need not be symmetric.
Regarding B in

V*@V* = Symv* @ AVS,

and noting the uniqueness of B up to inultiplication by scalars, we see that B

is either symmetric or skew-symmetric, If B is skew-symmetric, proceedingasabove one can scale so g? = —Id. This makes V “quaternionic,” with @
becoming multiplication? by j:

Definition 3.36. A quaternionic representation is a (complex) representation V
which has a G-invariant homomorphism J: V+ V that is conjugate linear,

‘and satisfies J? = —Id. Thus, a skew-symmetric nondegenerate G-invariant

B determines a quaternionic structure on ¥.
Summarizing the preceding discussion we have the

‘Theoem 337. An irreducible representation V Is one and only one of the

{following

(1) Complex: zy is not real-valued; V does not have a G-invariant non-
degenerate bilinear form.

(2) Real: V = Vo ®C, areal representation; V has a G-invariant symmetric

nondegenerate bilinear form.

(3) Quaternionie: zy is real, but V is not real; V has a G-invariant skew-
symmetric nondegeneate bilinear form.

Exercise 3.38. Show that for V irreducible,

0 if Vis complex
1

ma (g?)= 1 if Vis realwae
—1 if Vis quaternionic.

“This verifies thatthe three cases in the theorem are mutually exclusive. It also
implies that if the order of G is odd, all nontrivial representations must be

‘complex,

Bxercise 3.39. Let Vp be a real vector space on which G acts irreducibly,

V = ¥o@C the corresponding real representation of G. Show that if V is not
irreducible, then it has exactly two irreducible factors, and they are conjugate
‘complex representations of G.

+ See 12 for mor on qunernion and quteroni epresenaton,
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Exercise 3.40, Classify the real representations of 2.
Exercise 3.41*. The group algebra RG isa product of simple R-algebras corre-
sponding to the irreducible representations over R. These simple algebras are
tmatrix algebras over C, R, or the quaternions H accordingas the representation is compler, real, or quaternionic.

Exercise 342°. (a) Show that all characters ofa group are real ifand only ifevery element is conjugate to its inverse.

(b) Show that an element ¢ in a split conjugacy class of ®t, is conjugate toits inverse if and only if the number of cycles in ¢ whose length is congruent
t03 modulo 4 is even.

(©) Show that the only d’s for which every character of is real-valued are
d= 1, 2,5,6,10, and 14,

Exercise 343°. Show that: () the tensor product of two real or two quater-
niionic representations is real; (i) for any ¥, V* ® Vis teak (i) if Vis real, so

are all /'V; (iv) if V is quaternionic, AY is real for k even, quaternionic for
kod.

Representations over Subfields of C in General

We consider next the generalization ofthe preceding problem to more general
subfields of C. Unfortunately, our results will not be nearly as strong in
general, but we can at least express the problem neatly in terms of the
representation ring ofG.To begin with, our terminology in this general setting isa little different.

Let K < C be any subfield. We define a K-representation of G to bea vector
space Vo over K on which G acts; in this case we say that the complex
representation V = Vo ® C is defined over K.

One way to measure how many of the representations of Gare defined over

a field K is to introduce the representation ring Rg(G) of G over K. This is
‘defined just like the ordinary representation ring; that is itis just the group

of formal linear combinations ofK-tepresentations ofG modulo relations ofthe form ¥ + W ~(V@ W), with multiplication given by tensor product.

Exercise 344°, Describe the representation ring of G over R for some of the
groups G whose complex representation we have analyzed above, In partic-
ular, is the rank of Rq(G) always the same as the rank of R(G)?

Exercise 2.45*.(a) Show that Re(G)is the subring ofthe ring ofclass functions

con G generated (as an additive group) by characters of representations definedover K.
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(b) Show that the characters of irreducible representations over K form an
‘orthogonal basis for Rx(G)-

(€) Show that a complex representation of G can be defined over K if and
only ifits character belongs t0 Ry(G)-

For more on the relation between Ry(G) and R(G), see [Se2].



LECTURE 4

Representations of S,: Young Diagrams
and Frobenius’s Character Formula

Jn this lecture we get 10 work. Specifically, we give in §4.1 a complete description of

the ieredocible representations of the symmetric group, that is, a constuction of the
representations (via Young smmetrizers)and a forma Frobenive’ formula)for heircharacters. The proof thatthe representations constructed in 41 are indeed the

inreducible representations of the symmetric group is given in 642; the proof of
Frobenius formula, as well as a numberof others, in 4.3. Apa from thei intiasic
interest (and undeniable beauty), these results ura Out tobe of substantial interest in

Lie theory analogsof theYoung symmetizers wil give a constrction ofthe ieredc-ible representations of SLC. AC the sume time, while the techniquesofthis lecture arecompletely elementary (we use only few identities about symmetic polynomial,

proved in Appendix A), the level ofdifclty is clearly higher than in preceding

fecture. The resis in the later halfof 43 (rom Corollary 439 on) in particular ae«quite dtc, and inasmuch as they ate not used later inthe text may be skipped by

teaders who are not symietic grovp enthusiasts.

HA: Statement of the results
H2: Ireducible representations of Sy
$43 Proof of Frobenius’ formula

§4.1. Statements of the Results

‘The number of irreducible representaton of S; is the number of conjugacy

classes, which is the number p(d) of partitions! of d:d= A, Fo"Ay
Ay> BAe We have
"1c tometns convenient,and sometines a nuisance, fo have partons that end in one oftore seri anveiens, we all some ofthe on the end tobe mr. Twquencesdefinethe same parton,of cous hey dir ony by zeros ate end
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E nae =f (1,roe Nee
ee ee eo |

which converges exactly in {t] < I. This partition number is an interesting
arithmetic function, whose congruences and growth behavior as a function of

dthave been much stoied (ef. Har}, (And). For example, pd) i asymptoi-
cally equal to (ad)e"V4, with a = 4/3 and f= x/3).

To a partition A = (A;,..., 4,) is associated a Young diagram (sometimes
called a Young frame or Ferrers diagram)

ay

aa
As
a

As

with 2, boxes in the ith row, the rows of boxes ined up on the fet. The
conjugate partition X' = (2,,...,4,) to the partition A is defined by inter-

changing rows and columns in the Young diagram, ic, reflecting the diagram
in the 45° line. For example, the diagram above is that of the partition

G,3,2, 1, I, whose conjugate is(5, 3,2). (Without reference to the diagram, the
‘conjugate partition to A can be defined by saying 2; is the number of terms in
the partition 2 that are greater than or equal to i)

Young diagrams can be used to describe projection operators for the
regular representation, which will then give the ireducible representations of
G,. For a given Young diagram, number the boxes, say consecutively as
shown

1[2[3]

4b
ES}

More generally, define a tableau on a given Young diagram to be a numbering
of the boxes by the integers I, ..., d.Given a tableau, say the canonical one

shown, define two subgroups? of the symmetric group

>ratbeaothr than the canoial oe wee chen, one wl et ifentousin actPant Qa dierent ements nthe group Ping teepeenttons contacted way
titte Somatic
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P = P,= (geSg preserveseach row}

and

0 = 0, = (9€ S,:g preserves each column}.
In the group algebra CG,, we introduce two elements correspondingto thesesubgroups: we set

a= Zoe and bi F sentaleg ay
To see what a, and b, do, observe that if V is any vector space and &, acts
fon the dth tensor power ® by permuting factors the image of the element
4, € CG, ~+ End(V®)is just the subspace

Im(a,) = Sym*'V@Sym4V@-- @Sym*v c VM,
where the inclusion on the right is obtained by grouping the factors of V°*
according to the rows of the Young tableaux. Similarly, the image of b, on
this tensor power is

Im(,) = MV@NV ONY VE,

‘where ji the conjugate partition to 2
Finally, we set

gaa he lS (42)

this is called a Young symmetrizer. For example, when 1= (d), ey = uy =

Syeasén and the image of cy on V% is Sym‘¥. When A= (I, .-5 1s

Garay = By,...1) = Dene 2, 88M(O)eq, and the image ofc, om Vis MY.We will eventualy see that the image of the symmetrizers ¢, in V® provide
essentially all the finite-dimensional irreducible representations of GL(V).
Here we state the corresponding fact for representations of S,:

‘Theorem 4.3. Some scalar multiple of cy is idempotent, Le, ¢2 = nycy, and the
image of ¢ (by right multiplication on C&,) is an irreducible representation
V; of G,. Every irreducible representation of G, can be obtained in this
way fora unique partition.
We will prove this theorem in the next section. Note that, as a corollary,

cach irteducible representationof G, can be defined over the rational numberssince ¢, is in the rational group algebra QG,. Note also that the theorem givesa direct correspondence between conjugacy classes in ©, and irreducible

representations of G,, something which has never been achieved for general
groups.

For example, for4 = (d),
Ha C8 F geOF
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is the trivial representation U, and when A= (1,..., 1,

Kisco CBs Y. sentaley = CF sentode,

is the alternating representation U’. For 4 = (2,1),

Cray = (61 + eaad“(Er easy)= E+ ea2y~ easy = Cas2»
in CEs, and Va,y)is spanned by c.2,1) and (13)-¢,1 $0 Mea, is the standardrepresentation of 5.

Exercise 44*. Set A = Cy, 80 Vy = Acy = Addy.
(a) Show that P= Ab,
{b) Show that ¥, is the image of the map from Aa, to Ab, given by right

‘multiplication by b,. By(a), thisis isomorphic tothe image ofAb, + Aa given

by right multiplication by a,.
{(c) Using (a) and the description of V, in the theorem show that

Vy = VW@U,

where is the conjugate partitionto A and U"is the alternating representation,
Examples 45, In earlier lectures we described the ireducible representations
of 6, ord < 5, From the construction ofthe representation correspondingto4 Young diagram itis not hard to work out which representations come from
which diagrams:

& tvs A] atemating

8, oO sUU teva A U" ahemating
FP ¥ standara

S, cm vu | uv
a
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8s com vu fl uv
pp oy PP v Pe nv
fw ap w

Exercise 4.6*. Show that for general d, the standard representation V corre-

sponds to the partition d = (d ~ 1) + 1, Asa challenge, you can try to prove
that the exterior powers of the standard representation V are represented by
a “hook”:

£ff nv\

Note that this recovers our theorem that the A'V are irreducible
Next we turn to Frobenius’s formula for the character z, of Vi, which

includes a formula for its dimension. Let C, denote the conjugacy class in S,
determined by a sequence

Ta Clgsiasocesig) with Yad, = ds
G consists of those permutations that have i {-cycles, iy 2-cyces, ..., and iy
a-eyctes

Introduce independent variables x,,..., % with k at least as large as the

number of rows in the Young diagram of 4. Define the power sums Pix),
<j < d, and the discriminant A(x) by

Pye xf ead te exh,Feed ek ! an
Aly) = q (%— x).

I f(3)= f(y. ---1%4) is Formal power series, and (ly...) is a ktupleof non-negative integers, let

CSO May. csty = COMMficient of x]!----- xf in f. (48)
Givena partition A: Ay 2 Ay 2 Ootd, set

Wea tko bed tkQhdy 49)
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a strictly decreasing sequence ofk non-negative integers. The character of V;evaluated on g € C;is given by the remarkable

Frobenius Formula 4.10

2G) = [a qT)reerFP Says

For example, if d = 5, A = (3, 2), and C;is the conjugacy class of (12)(345),
eyiy = 0, iy = 1, ig = 1, then

Has) = [le — 23)03 + DOP + haa = b

Other entries in our character tables for G5, S,, and Gy can be verified as
easily, verifying the assertions of Examples 4.5.

In terms of certain symmetric functions, called Schur polynomials, Fro-
benius's formula can be expressed by

T] Bea = Ens,

the sum over all partitions 2 of d in at most k parts (ef. Proposition 437
and (A.27)). Although we do not use Schur polynomials explicitly in this

lecture, they piay the central role in the algebraic background developed in
Appendix A.

Let us use the Frobenius formula to compute the dimension of ¥;. The
conjugacy class of the identity corresponds to i = (d), so

im Vy = alGig) = (BC)5 2 Aa
Now A(s) is the Vandermonde determinant:

Toyo apt

ig © =F, amo)to mags
‘The other term is

aer er te
the sum over k-tuples (r,,-..,1%) that sum to d. To find the coefficient of
xi'-,,.-xi¢in the product, we pair off corresponding termsin these two sums,geting

aLeen
aayeho OT

the sum over those o in G, such that sy —o(f) + £2 Oforall t<i<k
‘This sum can be written as
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a .

iin iid, 8 LNUh= Yr. ~ ok ~f+ 42)

a ' 4 MM »
ie Aer] .

a Tee
By column reduction this determinant reduces to the van der Monde deter-
ininent 30

dt
Kye Tat, 4.10dim Y= Fig LJ 9 ay

with b= yeh
‘There is another way of expressing the dimensions of the V;. The hook

length ofa box in a Young diagram is the number of squares directly below
or directly to the right of the box, including the box once.

In the following diagram, each box is labeled by its hook length:

{efaq3qi)
[aj2hi]
OJ

Hook Length Formula 4.12.

adimv,=
im "4 = TT Hook lengths)

For the above partition 4 + 3 + 1 of 8, the dimension of the corresponding
representation of G, is therefore 81/6-4:4:2-3 = 70.

Exercise 4.13*. Deduce the hook length formula from the Frobenius formula
aan

Exercise 4.14*, Use the hook length formula to show that the only irreducible
representations of S, of dimension less than d are the trivial and alternating
representations U and U" of dimension I, the standard represetation F

and V’ = V@U' of dimension d — 1, and three other examples: the (wo-

dimensional representation of ©, corresponding to the partition 4 = 242,
and the two five-dimensional representations of Sg corresponding (o the
pautiions@=3h 3and 624242
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Exercise 4.15*. Using Frobenius's formula or otherwise, show that

Ha-1.Cd = ty — Ny

Haa-2.1.(G) = Mi = Mh = 2) = tas

Na-aalG)= Mi — WG = 2) += 1
Can you continue this list?

Exercise 4.16*. Ifgis a cycle of length din G,, show that y,(g) is +1 if Lisahook, and zero if A is not a hook:

HI dG. DOsssd-tx0 ET eae ST
Exercise 4.17. Frobenius [Frot] used his formula to compute the value of x,

‘on a cycle of length m < d.
{@) Following the procedure that led to (411)—which was the case

m= 1—show that

dim Vz & Wtly)1a(12.-)) =TpYe ay (4.18)
where h,, = d!/(d — m)im is the number of cycles of length m (if m > 1), and

. =

oe) = J] = I Wed) = ote — my TP e+1).
‘The sum in (4.18) can be realized as the coefficient of x~' in the Laurent

expansion of p(x)/¢p(x) at x = oo.
‘Define the rankr of a partition to be the length of the diagonal ofits Young.

diagram, and let a, and b, be the number of boxes below and to the right of

the ith box of
the diagonal, reading from lower right to upper left. Frobeniuscate ($10) te hraetrines ofthe partion (Many weer now weaba.

areverse notationfor the characteristics, writing (b,,..., by|a,,-.., a,) instead.)For the partition (10,9, 9,4, 4,4, 1)

(SEER
ESSE|Hi EpEeEE] oA asa

haractersios =Ht characteristics ( 67 )CET
uy

Algebraically, r and the characteristics a, <-** <a, and by <-- <h, are
deterinined by requiring the equality of the two sets
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Uncle =1e@ggk= Lea} and

{0b kW By k +B).

(b) Show that ¥(xVots) = oI (9), where y = x — d and

[Te- =Jo)=5, at) =fm []5+ 0foraty is

Deduce that the sum in (4.18) is the coefficient of x~* in g(x\/f(x).
{c) When m = 2, use this to prove the formula

dim Vs,
- ink = ala,xl(12) = Gq Py (bb + D ~ aa, + 1)

Hurwitz [Hur] used this formula of Frobenius to calculate the number of
‘ways to write a given permutation as a product of transpositions. From this

‘he gave a formula for the number of branched coveringsof the Riemann spherewith a given number of sheets and given simple branch points. Ingram [In]
hhas given other formulas for z,(g), when g is a somewhat more complicated
conjugacy class

Exercise 4.19*. If V is the standard representation of S,, prove the decom-
positions into irreducible representations:

Sym?V = U@V@ Va-2.2»

V@V =Sym'V OAV =U BVO Mur. ® Merny

Exercise 4.20%, Suppose A is symmetric, ie, A= 2’, and let q, > 9 >">

4, > Oe the lengths of the symmetric hooks that form the diagram of 2; thus,
gy = 2A, — 1, gy = 2A, — 3,.... Show that if g is a product of disjoint cycles

of lengths 44, 435-1 dr then

2g) = (- De",

§4.2. Irreducible Representations of S,

We show next that the representations V, constructed in the first section are

exactly the irreducible representations of G,. This proof appears in many
standard texts (eg. [C-R], [Ja-Ke], [N-S], [Wet]), so we will be a tittle
concise.

Let A = CG, be the group ring of S,. For a partition A of d, let P and Q

be the corresponding subgroups preserving the rows and columns of a Young
tableau T corresponding to 4, let a= a,, b = by, and let c=c, = ab be
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the corresponding Young symmetrizer, so V; = Ac, is the corresponding
representation. (These groups and elements should really be subscripted by
T to denote dependence on the tableau chosen, but the assertions made
depend only on the partition, so we usually omit reference to .)

Note that PQ = (1}, so an element of Gcan be written in at most one
way as a product p-4, p€ P, q€ Q. Thus, c is the sum J, bey, the sum over

alg that can be written as p-4, with coefficient 41 being sgn(q); in particular,the coefficient of e, in is 1.
Lemma 421.(1) For p€ P, p-a=a°p =a.

(2) For qe Q, (sgn(q)q):b = b-(sgn(q)q) = b.
) For all pe P, q€ 0, p-c-(sen(q)a) = c, and, up to multiplication by a

scalar, ets the only such element in A.

Proor. Only the last assertion is not obvious. IF ng¢, satisfies the condition
in (3), then iyy = s80(@)n, for all gp, q: in particular, py = sen(q)n,. Thus,
it suffices to verify that n, = 0 if @¢ PQ. For such g it sufices to find
transposition ¢ such that p= P and q = gg € Q; for then g = paq, 80
1, = ~My IT” = gT is the tableau obtained by replacing each entry i of T
by ofl), the claim is that there is are two distinct integers that appear in the

same row of T and in the same column of 7’; tis then the transposition of

these two integers. We must verily that if there were no such pair of integers,
then one could writeg = p-qforsomep ¢ P,q€ Q. Todo this first take p, € Pand 4; € 0’ = gQg™ so that p, T and qi 7” have the same frst row: repeating

on the rest of the tableau, one gets p € P and q’ € Q’ so that pT = q’T". Then,
pT= 497, s0 p= 4q'g, and therefore g = pq, where q=9"'(q') tae Q, asrequired, a

We order partitions lexicographically:

A> p_ ifthe first nonvanishing 2 ~ 1 is positive (422)

Lemma 4.23.(1)1f4 > sthen forallx © Ayay-x-b, = 0.1m parttenlar,if2 > 3then e,-¢, = 0.

Q) Forall x€ A,eq*x°€, = isa scalar multiple of cy. In particular,e,¢y =
nea for some n, € C.

Proor. For (I), we may take x = g € G,, Since g-b,-q"t is the element con-
structed from 97", where T” is the tableau used to construct b,, it sulfices to

show that a,°b, = 0. One verifies that2 > jimplies that there are two integersin the same row of T and the same column of 7°. If ¢ is the transposition of

these integers, then ay:t = dy, ¢-by = —by,$0 dy" By = ay° CE by = 44" byeas required. Part (2) follows from Lemma 42t (3. fal

Exercise 424°, Show that if # then cy: A-c, = 0: in particular, ey"¢, = 0.
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Lemma 4.25, (1) Each ¥, isan irreducible representation of Gy.

2) If Ax 14 then ¥, and V, are not isomorphic

Proof. For (I) note that cj¥yc€e, by Lemma 423. If Woh, is a
subrepresentation, then ¢,W is either Cc, or 0. If the first is true, then
Vz = Ase, W. Otherwise W: Wc A-cW =0, but this implies W = 0.
Indeed, a projection from A onto W is given by right multiplication by an
clement g€A with @ = g?€W-W =O. This argument also shows that

€4¥; # 0, ie, that the number n, ofthe previous lemma is nonzero.
For(2), we may assumeA> j. Then c,V = Ce, # 0, but cx, = €x° Ay =0, s0 they cannot be isomorphic A-modules. 0

Lemma 426, For any A, ¢,-€4 = mics, with my = di/dim Ky,

Proor. Let F be right multiplication by c, on A. Since F is multiplication by
nn, on Vj, and zero on Ker(c) the trace of F is n, times the dimension of

But the coefficient of e in ey C1 is 1, $0 trace(F) = |G, = dl. fal
Since there are as many irreducible representations V, as conjugacy classesof G,, these must form a complete set of isomorphism classes of irreducible

representations, which completes the proofof Theorem 4.3. n the next sectionwe will prove Frobenius’s formula for the character of V,, and, in a series of

exercises, discuss a little of what else is known about them: how to decompose
{ensor products or induced or restricted representations, how (o find a basis,

Tor Ya, ete

§4.3. Proofof Frobenius’s Formula
For any partition 2 of d, we have a subgroup, often called a Young subgroup,

6-8, x KG, OG, a2

Let U; be the representation of G, induced from the trivial representation of
;, Equivalently, U; = A+a,, with a, as in the preceding section. Let

a= Xo, = character of Us. (428)

Key to this investigation is the relation between U, and Vj, i, between Yj
and the character z, of ¥;. Note first that V, appears in U,, since there is a
surjection

Uy= Aay—» Va = Addy, xr x-by (4.29)
Alternatively,

Vy = Aah, & Abya,© Aa, = Us,
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by Exercise 44, For example, we have

Uaca.n® hay ® Vaywhich expresses (he fact that the permutation representation C* of G, is the
sum ofthe standard representation and the rival representation, Eventually
‘we will see that every U; contains ¥; with multiplicity one, and contains only

other Vy for > 2
‘The character of U;, is easy to compute directly since U, is an induced

representation, and we do this next.
For i= (iy... 1a)d-upleof non-negative integers with Yai, = d, denoteby

Gee

the conjugacy class consisting ofelements made up of i, I-cycles, i, 2-cycles,
, iz d-cycles. The number of elements in C; is easily counted to be

dl1G imi dag 430)
By the formula for characters of induced representations (Exercise 3.19),

1NG) = Ale: GIGSVIG) = gqlSe: SAF IGOSs1
hited at s a!aLe |dt Tht ZT Perib odral

where the sum is over all collections {tyq:1< p< kt <q<d} of non-
negative integers satisfying

pa rig t tag to he

Ayagt + gy toot dg
(To count C,n ;, write the pth component ofan element of G, as a productof rps L-cycles, r, 2-cycles, ....) Simplifying,

A iWIG) => q Falta oral (431)
the sum over the same collections of integers {Fy

This sum is exactly the coefficient of the monomial X? = x}*-...-xj*in the
power sum symmetric polynomial

PO (xy eons tag Od to tM le bo xf (4.32)

‘So we have the formula

VAG)= [P™], = coefficient of Xin Pt, (433)
To prove Frobenius’s formula, we need to compare these coefficients with the
coefficients «»,(i) defined by
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o,f)=[A PM, b= Ay tk — Ay th 2)... ab (434)

Our goal, Frobenius’s formula, is the assertion that x,(C;) = «,(i).
“There isa general identity, valid for any symmetric polynomial P, relating

such coefficients:

[PLY Kyl: Pig stetieptt-2s oon

where the coefficients K,, are certain universally defined integers, called

Kostka numbers. For any partitionsAand of, the integer K,, may be definedcombinatorially as the number of ways to fill the boxesof the Young diagramfor j with A, I's, A; 2s, up to A, K's, in such a way that the entries in each
row are nondecreasing, and those in each column are strictly increasing; such

are called semistandard tableaux on 1 of type A. In particular,
Kyat, and Ky, =Oforp<d

‘The integer K,, may be also be defined to be the coelficient of the monomial
X= x}'-...-x2* in the Schur polynomial S, corresponding to j. For the
proof that these are equivalent definitions, see (A.9) and (A.19) of Appendix
‘A.In the present case, applying Lemma A.26 to the polynomial P = P*, we
deduce

WG) =F Kya, = 0.0) +L Kyo. (439)
“The result of Lemma A.28 can be written, using (4.30), inthe form

1

GIMME, = dup (436)
This indicates that the functions w,, regarded as functions on the conjugacy
classes of G,, satisfy the same orthogonality relations as the irreducible
characters of S,. In fact, one can deduce formally from these equations that
the « must be the irreducible characters of G,, which is what Frobenius

proved. A little more work is needed to see that «, is actually the character
‘of the representation V, that is, o prove

Proposition 4.37. Let x= zy, be the character of V,. Then for any conjugacy
class C, of Sy,

1G) = o,f)

Proor. We have seen in (4.29) that the representation Us, whose characteris
a, contains the irreducible representation ¥,. In fact, this is all that we need
{o know about the relation between U, and ¥,. I implies that we have

a= Stanza tas2 Wallmy 2 0, (438)
Consider this equation together with (4.35). We deduce first that each «, is a
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virtual character: we can write

1=L mytm MpEZ
But the «like the z,, are orthonormal by (4:36), so

1 =(@n0,) = Emin

and hence wis +: for some irreducible character z. (It follows from the hook
length formula that the plus sign holds here, but we do not need to assume
this)

Fix A,and assume inductively that z, = 0, forall > 2, 0 by (4.35)

War ont FKate

Comparing this with (4.38), and using the linear independence ofcharacters,
the only possibility is that3 = 2, a
Corollary 439 (Young's rule). The integer K, isthe multiplicityof the irredue-ible representation V, in the induced representation Uy

UZUODK uM, Watt L Kate

Note that when 2 (1,..., 1}, Us is just the regular representation, so
Kyu,_.1) = dim V,. This shows that the dimension of Vj is the number of

standard tableaux on 2, i.e, the number of ways to fill the Young diagram ofAwith the numbers from 1 tod, such that all rows and columns are increasing,
‘The hook length formula gives another combinatorial formula for this dimen-
sion. Frame, Robinson, and Thrall proved that these two numbers are equal
Fora short and purely combinatorial proof, see [G-N-W]. For another proofthat the dimension of ¥, is the number of standard tableaux, see [Jam]. The
latter leads to a canonical decomposition of the group ring A = CS, as the
direct sum of left ideals Aer, summing over all standard tableaux, with
ey = (dim ¥,/dl)-ey, and cy the Young symmetrizer corresponding to T, cf.

Exercises 4.47 and 4.50. This, in turn, leads to explicit ealculation of matrices
‘of the representations ¥, with integer coefficients.

For another example of Young's rule, we have a decomposition

Yacun = BD Manto
In fact, the only jx whose diagrams can be filled with d— a I's and a 2's,
nondecreasing in rows and strictly increasing in columns, are those with at
‘most two rows, with the second row no longer than a; and such a diagram

has onty one such tableau, so there are no multiplicities.

Exercise 440°. The characters yj, of G, have been defined only when Ais a

partition of d. Extend the definition to any k-tuplea = (a,,..., a4) of integers
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that add up tod by setting ¥, = 0 if any of the a, are negative, and otherwise

Wa = Way where J is the reordering of a,,..., a, in descending order. In this
case ¥, is the character of the representation induced from the trivial represen-
tation by the inclusion of &,, x--- x S, in Sp. Use (A.5) and (A9) of

Appendix A (o prove the determinantal formula for the irreducible characters
ain terms of the induced characters Y,:

a= F800 srt geeay-2ond rahe
Ione writes y, asa formal product Yo, "---"Vays the preceding formulacan be written

Ya dager Vaya

= Wasyabe art Me
Vago Va

The formal product of the preceding exercise is the character version of an
“outer product” of representations. Given any non-negative integers dj, ...,

dy, and representations ¥jof G,,, denote by V, 0°» 0 the (isomorphism class.
of the) representation of S,,d = Sd), induced from the tensor product repre-

sentation Y, 8°: ¥, of G,, x“ x G,, by the inclusion of Gy, x =" x Sy,
in S, (see Exercise 2.36). This product is commutative and associative. It will
turn out to be useful to have

a procedure for decomposing such a representa-tion into its irreducible pieces. For this it is enough to do the case of two
factors, and with the individual representations V, irreducible. In this case, one
has, for V, the representation of S, corresponding to the partition A ofd and¥, the representation of ©, corresponding to the partition j« of m,

V0 Vy = Naps Mor (441)
the sum over all partitions v ofd + m, with N,,, the coefficients given by theLittlewood-Richardson rule (A.8) of Appendix A. Indeed, by the exercise, thecharacter of Vo ¥, is the product ofthe corresponding determinants, and, by

(A8), that is the stim ofthe characters Nj,

When m = 1 and x = (m), V, is trivial; this gives

Ind "Ys = Mos (42)the sum over all v whose Young diagram is obtained from that ofA by adding
‘one box. This formula usesonlya simpler formof the Littlewood-Richardsonrule known as Pieris formula, which is proved in (A.7).

Exercise 443%. Show that the Littlewood-Richardson number Nyyy is the
multiplicity of the irreducible representation V,03V, in the restriction of ¥,
from &,,,, to S, x S,,. In particular, taking m = 1, 4 = (I), Pieri’s formula
(A.7) gives:

Rese"¥, = 5 Vay
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the sum over all 4 obtained from v by removing one box. This is known as

the “branching theorem,”and is useful for inductive proofs and constructions,particularly because the decomposition is multiplicity free. For example, you

‘can use it to reprove the fact that the multiplicity of V, in U, is the number of

semistandard tableaux on oftype 2. It can also be used to prove the assertion

made in Exercise 4.6 that the representations corresponding to hooks are

exterior powers of the standard representation.
Exercise 4.44* (Pieri’s rule). Regard , as a subgroup of S,,,, as usual. Let 4
bea partition ofd and va partition ofd + m. Use Exercise 4.40 to show thatthe multiplicityof V, in the induced representation Ind(¥,) is zero unless theYoung diagram of J is contained in that of v, and then it is the number of
‘ways to number the skew diagram lying between them with the numbers from
| to m, increasing in both row and column. By Frobenius reciprocity, this is
the same as the multiplicityof ¥, in Res(¥).

‘When applied to d = 0 (or 1), this implies again that the dimension of V, isthe number

of standard tableaux on the Young diagram of v.For a sampling of the many applications of these rules, see [Dia §7, §8].

Problem 4.45*. The Murnaghan- Nakayama rule gives an efficient inductive
method for computing character values: If 2 is a partition of d, and g € S, is
writtenas a product of an m-cycleand a disjoint permutation h € G,_,,,then

19) = L(-44(,

where the sum is overall partitions «of d—m that are obtained from 4 by

removing a skew hookof lengthm, and r(ji) is the numberof vertical steps inthe skew hook, i-e., one less than the number of rows in the hook. A skew hook

for 2 is a connected region of boundary boxes for its Young diagram such

that removing them leaves a smaller Young diagram; there is a one-to-one
correspondence between skew hooks and ordinary hooks of the same size, as
indicated:

A=(7,6,5,5,4,4,1, 1)

= (1,4,4,3,3,1, 151)

hook length = 9,r = 4

For example, if 4 has no hooks of length m, then x,(g) = 0.
‘The Murnaghan -Nakayama rule may be written inductively as follows: If

8 a written as a product of disjoint cycles of lengths my, my... ny, With
the lengths m, taken in any order, then z,(9) is the sum (— 17", where the
sum is overall ways s to decompose the Young diagram of2 by suecessively
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removing p skew hooks of lengths m,, ..., my, and r(3) is the (otal number of
vertical steps in the hooks of.

(a) Deduce the Murnaghan—Nakayama rule from (4.41) and Exercise 4.16,
using the Littlewood-Richardson rule. Or:

(b) With the notation of Exercise 4.40, show that

Vester Wald) = 3 Vahey Wel

Exercise 4.46°. Show that Corollary 4.39 implies the “Snapper conjecture”:
the irreducible representation V, occurs in the induced representation U; if
and only if

Sas Sm for all j >t.

Problem 447*. There is a more intrinsic construction of the irreducible

representation V,, called a Specht module, which does not involve ofthe choice

of a tableau; it is also useful for studying representations of S, in positive
characteristic. Define a tabloid {T} to be an equivalence class of tableaux

(numberings by the integers 1 to d) on A, two being equivalent if the rows are
the same up to order. Then G, acts by permutations on the tabloids, and the
corresponding representation, with basis the tabloids, is isomorphic to Us
For each tablea 7; define an element Fin this representation space, by

By = be(T} = Zsenta)(ar},

the sum over the q that preserve the columns of T. The span of all E,'s is
isomorphic to V,, and the E,'s, where T varies over the standard tableaux,
form a bass.

Another construction of V, is to take the subspace of the polynomial ring

C[x,,....%4] spanned by all polynomials F,, where F; = [] (x; — x), the
prodict overall pairsi < J which oceur inthe same column i the tableau 7:
Exercise 4.48*. Let U; be the representation A-b,, which is the representation
of &, induced from the tensor product of the alternating representations on
the subgroup S, = G,, x“ x G,,, where jt = 2 is the conjugate partition.
Show that the decomposition of Uris

Ue DK yrke

Deduce that V; is the only irreducible representation that occurs in both U;
and U;, and it occurs in each with multiplicity one.

Note, however, thatin general Ac # Asa, A-hysinceAc, may notbecontained in Aa,



$43. Proof of Frobenius's Formula 6

Exercise 4.49*, With notation as in (441), if U’ = Vg...) is the alternating
representation of G,, show that V, 0 Y,,..1) decomposes into a direct sum
Vz, the sum over all x whose Young diagram can be obtained from that of
A by adding m boxes, with no (wo in the same row.

Exercise 450, We have seen that A = C6, is isomorphic (o a direct sum of

1m, copies of V, = Acy, where m, = dim V; isthe numberof standard tableauon A. This can be seen explicitly as follows. For each standard tableau T on
each 4, let cy be the element of CS, constructed from T. Then A = @A cr.
Indeed,an argument like that in Lemma 4.23 shows thal cy:cy- = O wheneverT and T” are tableaux on the same diagram and T > T’, i. the first entry

(reading from left to right, then (op to bottom) where the tableaux differ has

the entry of T larger than that of 7”. From this it follows that the sum EA cy
is direct. A dimension count concludes the proot. (This also gives another
proof that the dimension of ¥, is the number of standard tableaux on 2,
provided one verifies that the sum of the squares of the latter numbers is dt,
ef [Boe] or [Ke])

Exercise 451*. There are several methods for decomposing a tensor product

of two representations of ©, which amounts (o finding the coefficients Cy,
in the decomposition

Vi@ Vy ECan

for 2, 1, and y partitions of d. Since one knows how to express Vy in terms
of the induced representations U,, it suffices to compute ¥;@U,, which
is isomorphic to Ind(Res(V,)), restricting and inducing from the subgroup
&, = ©, x S,, x +; this restriction and induction can be computed by the
Littlewood-Richardson rule, For d < 5, you can work out these coefficients

using only restriction to ©,., and Pieris formula.
(a) Prove the following closed-form formula for the coefficients, which

shows in particular that they are independent of the ordering ofthe subscripts,
Anand:

1Cn = Le o,o,0o,(0,Fagen

the sum over all i= (ig...ia) with Eat, = d, and with «,()= x4(C) andaf)= it HI. vig!
(b) Show that

_ft ituea 1 itpex

Exercise 452*, Let Ry = R(S,) denote the representation ring, and set

R= GeoRy. The outer product of (4.41) determines maps
Re@Ra Rese
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which makes R into.a commutative, graded Z-algebra, Restriction determines

maps

Ream = R(Syom)+ R(S_ x Sq) = Ry @ Rey
which defines a co-product 5: R-» RQR. Together, these make R into a(graded) Hopf algebra. (This assertion implies many of the formulas we have
proved in this lecture, as well as some we have not)

(@) Show that as an algebra,

RX TH Ha

where Hy is an indeterminate of degree dH, corresponds to the trivial
representation of S,. Show that the co-prodvet 8 is determined by

5UH,)= HO Hy @Hy + $1 @ My
IE we set A= Z[Hjy.-s ayes] QAge we can identify Ay with thesymmetric polynomials of degree d in k = d variables. The basic symmetric

Polynomials in A, defined in Appendix A therefore cortespond to vietual
representations of

(0) Show that, corresponds to the alternating representation U', and

HyesUn Siet¥y BretUb
(©) Show that the scalar product( , ) defined on A, in (A.16)coreesponds(o the scalar product defined on class functions in (2.10)
(G) Show that the involution 9 of Exercise A.32 corresponds to tensoring

a representation with the alternating representation U'.
(©) Show that the inverse map from R, to Ay takes a representation 1 to

1
sh rwlGadP®FaqgaelGo)

where26) = i112... hts“The (inner tensor product ofrepresentations of G; gives a map Ry @ Ry—>
, which corresponds to an “inner product” on symmetric functions, some-
times denoted «

(©) Show that

0 forint6 pmmere {lov itjek
Since these P* form a basis for Ay@ Q, this formula determines the inner
product



LECTURE 5

Representations of %, and GL,(F,)

In this lecture we analyze the representationof two more types ofgroups: the alternat-inggroups andthe linear groups GL(F)and SL,(F,) over Gite elds. nthe former‘cate, we prove some general results relating the representations of @ group to the
fepresentationsofasubgroupof index two,and.use what we know about the symmetricgroup; this should be completely straightforward given just the basic ideas of the

receding lecture. Inthe later cae we start essentially from scratch The two sections«an be read (ot not) independent; neither is logically necessary for the remainder ofthe book

45.1: Representations of
§52: Representations of GL,(,) and SL (,)

§5.1. Representations of %,

“The alternating groups &,,d > 5, form one of the infinite families of simple

groups. In this section, continuing the discussion of §3.1, we describe their
irreducible representations, The basic method for analyzing representations

of W, is by restricting the representations we know from ©.
In general when H isa subgroupof index two ina group G, there i a closerelationship between their representations. We willsee this phenomenon again

in Lie theory for the subgroups SO, of the orthogonal groups O,.
Let U and U denote the trivial and nontrivial representation of G obtained

from the two representations of G/H. For any representation V of G, let
V' = V@U'; the character of V' is the same as the character of V on

elements of I, but takes opposite values on elements not in Hi. In particular,
Res’ = Res Vv.



“a 5. Representations of and GL3(F,)

If Wis any representationof H, there is a conjugate representation definedby conjugating by any element ¢ of G that is not in H; if y is the character

‘of W, the character of the conjugate is h++ (tht-?). Since ¢ is unique up to
multiplication by an element of H, the conjugate representation is unique up
to isomorphism.

Proposition5.1. Let V be an irreducible representation ofG,andlet W = ResVbe the restriction of V to H. Then exactly one of the following holds:
(1) Visnocisomorphic to V’; W isirreducibleand isomorphictits conjugate;IndgW=VvoV'.
(2) V&V; W = W'@ W*, where W' and W" are irreducible and conjugate

‘but not isomorphic; tnd W" x Ind W" = V.
Each irreducible representation of H arises uniquely in this way, noting that

incase(1) V' and V determine the same representation.

Proor. Let x be the character of V. We have

16l= 2M = ¥ beer + F tx0oP-
Since the first sum isan integral multiple of, this multiple must be I or 2,

which are the two cases of the proposition. This shows that W is either
irreducible

or the sum of two distinct irreducible representations W" and W”.‘Note that the second case happens when y(t) = 0 for all ¢¢ H, which is the
case when V" is isomorphic to V. In the second case, W’ and W" must be
conjugate since W is sel-conjugate, and if W' and W” were self-conjugate V

would not be irreducible. The other assertions in (1) and (2) follow from the
isomorphism Ind(Res V) = V @(U @ U’) of Exercise 3.16. Similarly, for any
representation W of H, Res(Ind W)is the direct sum of W and its conjugate—
as follows say from Exercise 3.19—from which the last statement follows

readily o
Most ofthis discussion extends with little change to the case where H is a

normal subgroup of arbitrary prime index in G, cf. [B-tD, pp. 293-296].
Gifford has extended much

of this proposition to arbitrary normal subgroupsoffinite index, cf. [Dor, §14].
‘There are two types of conjugacy classes ¢ in H: those that are also

conjugacy classes in G, and those such that c Uc’ is a conjugacy class in G,
where c’ = tct™', « ¢ H; the latter are called split. When W is irreducible, its

character assumes the same values—those of the character of the representa-
tion V of G that restricts to W—on pairs of split conjugacy classes, whereas
in the other case the characters of W’ and W” agree on nonsplit classes, but

they must disagree on some split classes. If zw-(c) = xy-(c’) = x, and yy-(c’) =
Aw-(@) = y, we know the sum x + y, since itis the value of the character of
the representation V that gives rise to W’ and W" on cc’. Often the exact
values ofx and y can be determined from orthogonality considerations.
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Exercise 5.2*. Show that the numberof split conjugacy classes is equal to thenumber of irreducible representations V of G that are isomorphic to V’, or

to the number of irreducible representations ofH that are not isomorphic{o their conjugates. Equivalently, the number of nonsplit classes in H is sameas the number ofconjugacy classes of G that are not in H.
We apply these considerations to the alternating subgroupof the symmetricgroup. Consider restrictions of the representations ¥, from © to Wy. Recall

that if’ is the conjugate partition to A, then

Ye WOU,

with U’ the alternating representation. The two cases of the proposition
correspond to the cases (I) 4” # A and (2) 2° = A. 1 2 ¥ A, let Wy be the
restriction of V, (0 Wy. If 2’ = 2, let W; and Wy be the two representations
‘whose sum is the restriction of ¥;. We have

Ind y= Vi@ Vy, Res y= Res Vy = Wy whenX ¥ A,
Ind Wi= Ind We =H, Resi = Wi@ Wy when Y= 2

Note that

# (self-conjugate representations of S,)

= #{symmetric Young diagrams)

= # (split pairs of conjugacy classes in W,}

= # (conjugacy classes in ©, breaking into two classes in Wy)Now a conjugacyclass of an element written as a product ofdisjoint cycles

is split if and only if there is no odd permutation commuting with it, which is
equivalent (0 all the cycles having odd length, and no two eycles having the

same length. So the number of self-conjugate representations is the number
of partitions ofd as a sum of distinct odd numbers. In fact, there is a naturalcorrespondence between these two sets: any such partition corresponds to &

symmetric Young diagram, assembling hooks as indicated:

[EEE|Her

|}Ht GeHHH
nnn
a)

If A is the partition, the lengths of the cycles in the corresponding split
conjugacy classes are qy = 2d — 1 dy = 2Ay ~ 3,43 = 2dy — 5)...
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For a selfconjugate partition 4 let and xj denote the characters of Wj
and W;,andlet cand’ bea pair ofsplit conjugacy classes, consisting ofeycles‘of odd lengths q, > q2 ><" > q. The following proposition of Frobenius
‘completes the description ofthe character table of

Proposition 5.3. (1) If cand c' do not correspond to the partition 2, then

140 = 2il€) = 49 = 2) = Sraleve)

(2) If candc’ correspond to A, then
BO=GE=%, le =GO=»

with x and y the to numbers

(rtVO a),

and m= S([]9; — 1)= 4d = 9.
For example,if d= 4 and 4 = (2, 2), we haver = 2, q, = 3,q2 = 1, and xand y are the cube roots of unity; the representations Wj and Wj" are the

representations labeled U’ and U" in the table in §2.3. For d = 5,4 = (3, 1, 1),

r= 1, q; =5, and we find the representations called Y and Z in §3.1. For
4 <7, there is at most one split pair, so the character table can be derived
from orthogonality alone.

Note that since only one pair of character values is not taken care of bythe first case of Frobenius's formula, the choiceof which representation is Wand which W," is equivalent to choosing the plus and minus sign in (2). Note
also that the integer m occurring in (2) is the number of squares above the
diagonal in the Young diagram of 2.

‘We outline a proof of the proposition as an exercise:

Exercise 54°. Step1. Let q-= (qi >°~ > qj) be a sequence of positive oddimtegers adding to d, and let c’ = c’(q) and c" = c*(q) be the corresponding

conjugacy classes in W,. Let A be a self-conjugate partition of d, and let 7 and
3 be the corresponding characters of &,. Assume that 7, and xj take on the
‘same values on each element of %, that is not in c’ or ¢”. Let w= x3(c') =

Aile"Vand v= 4(€°) = rile’)

(@ Show that v and vare real when m = $5(q, ~ 1) iseven, and7 = v when
mis odd.

(ii) Let 9.= x, — x3. Deduce from the equation (9, 9) = 2 that ju — 0]? =

(ii) Show that is the partition that corresponds to q and that +0 =
(=1)%, and deduce that « and v are the numbers specified in (2) of the
proposition,

Step 2. Prove the proposition by induction on d, and for fixed d, look at

that q which has smallest q,, and for which some character has values on the
classes c’(q) and c*(q) other than those prescribed by the proposition,
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() Mfr = t,s0q, = d= 2m + 1, thecortesponding self-conjugate partitionis A= (m+ I, 1,..., I By induction, Step I applies to z; and zi.
(i) Ifr> 1, consider the imbedding H = W,, x yg, ¢ G = %,, and let

X’ and X" be the representations of G induced from the representations

Wie@Wy and We as, where Wj and W7 are the representations of Wf,

corresponding to q;, i.e, to the sel-conjugate partition (a, ~ 1}, ly...» I)OF
4435 Wy is one ofthe representations of 8, corresponding to (q2,....q,).and

{G denotes the external tensor product (see Exercise 2.36). Show that X° and
X" are conjugate representations of @,, and their characters z’ and x” take

‘equal values on each pairof split conjugacy classes, withthe exception of ea)and c“(q), and compute the values of these characters on c'(q) and c"(q)-
(ii) Let = y’ ~ *, and show that (8, 8) = 2. Decomposing X' and X"

into their irreducible pieces, deduce that X" = ¥ @ Wj and X" = ¥® Wj for

some sel-conjugate representation Y and some sell-conjugate pattition A of.(iv) Apply Step 1 to the characters y, and y}, and conclude the proof.
Exercise 5.5*. Show that if d>6, the only irreducible representations of

1, ofdimension less than d are the trivial representation and the (1 — 1)

dimensional restriction of the standard representation of G,. Find the excep-
tions ford <6.

We have worked out the character tables for all G, and %, ford < 5. Withthe formulas of Frobenius, an interested reader can construct the tables for @few more d—until the number ofpartitions of d becomes large.

§5.2. Representations of GL,(F,) and SL,(F,)

The groups GL4(F,) ofinvertible2 x 2 matrices with entries inthe finite ieldF, with q elements, where q is a prime power, form another important series
of finite groups, as do their subgroups SLa(f,) consisting of matrices of
determinant one. The quotient PGL,(F,) = GL,(F,V/FZ_ is the automor-
phism group of the finite projective line P4(F,). The quotients PSLa(F,)=SLy(F,)/{ 41} are simple groups if q # 2, 3 (Exercise 5.9). In this section we
sketch the character theory of these groups.
We begin with G = GL3(F,). There are several key subgroups:

‘ab i

cool Der-{6 i}
(This “Borel subgroup” B and the group of upper triangular unjpotent
‘matricesN will reappearwhen we look at Lie groups.) Since G acts transitively‘on the projective line P'(F,), with B the isotropy group of the point (1:0), we
have

{Gl = |BI-/P'(FI = (q ~ 1a + 1)
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We will also need the diagonal subgroup

2") pees,oaf(t Sherer.
where we write Ffor Fy. Let” = F,: be the extension of F ofdegree two, unique
up to isomorphism, We can identify GL,(F,) as the group of all F-linear

invertible endomorphisms of F. This makes evident a large cyclic subgroup
K = (F" of G Atleastif gis odd, we may make this isomorphism explicit bhooting sgenertog forthe cele poup F* and choosing «square root Jein F’. Then I and «/e form a basis for F' as a vector space over F, so we can
make the identification:

f(x os ye (: )k= =r, etext yes

{¢ epee y xseeas tiveK is acyclic subgroup of G of order q? ~ 1. We often make this identification,
leaving it as anexercise to make the necessary modifications in case qiseven.

“The conjugacy classes in G are easily found:

Representative No. Elements in Class No. Classes
x0)

xt >

»-(5 !) e- ot
x 0) 2 @=)@-2)

-( 2 aa=)

orHerec,andc, «areconjugateby(_) }),andd,, and d,.., are conjugate
by any (: <=) To count the number of elements in the conjugacy class
of bylook atthe action of G on this class by conjugation; the isotropy group
{(6 hes the number ofelements in the class is the index of this group
inG, which sq? — 1. Similarly the isotropy group for ¢,.,isD, and the isotropygroup ford, ,is K. Tosce that the classes are disjoint, consider the eigenvalues
and the Jordan canonical forms. Since they account for [Gl elements, the list
is complete

There are q? — 1 conjugacy classes, so we must find the same number of
irreducible representations. Consider first the permutation representation of
G on P4(F), which has dimension q + 1. It contains the trivial representation;
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Jet V be the complementary q-dimensional representation. The values of the

‘character y of V on the four types of conjugacy classes are x(a,) = 4, x(b,) = 0,
Uexy) = 1, x(da,,) = — 1, which we display as the table:

Vig 0 1 -1

Since (x, 2) = 1, V is iceducible.
For each of the q—I characters a: F*+C* of F*, we have a one-

dimensional representation U, of G defined by U,(g)= a(det(g)). We alsohave the representations V, = V@ U,. The valves of the characters of these
representations are

Ug ax? aay ax)aty) a(x? ~ 69")

Ves gat ax)a(y) a(x — ey?)

Note that if we identify (3 °) with (= 4 y/éin F, then
xt aey? =aa( 2) Normye(C) = C08 =

The next place to look for representations is at those that are induced

{rom large subgroups. Foreach pair a, ofcharactersofF*, there isa characterof the subgroup B:

B+ BIN = Dm Ft x FY 408 x CF CF,

which takes ( ) to a(a)p(d). Let W, g be the representation induced from
Bio G by this representation; this isa representation of dimension (G: B] =
4a + 1. By Exercise 3.19 its character valuesare found to be:

Woe ENA) —AIL) aCIALY) + aA)
We see from this that Wy Wpay that WU, Vand that for a # B
the representation is irreducible. This gives {(q — 1)(q — 2) more irreducible
representations, of dimension q + 1

‘Comparing with the ist of conjugacy classes,we see that there are 1q(q — 1)irreducible characters left to be found. A natural way to find new characters

is to induce characters from the cyclic subgroup K. For a representation
OK = (Fy C4,

the character values ofthe induced representation of dimension [G: K] =

q— Late

Ind(@):  aq— Nel) 9 9 e+ 00K

Here again (=x + y/eeK =(F')*. Note that Ind(p") = Ind(g), so the
representations Ind(g) for 9* # @ give }a(q ~ 1) diferent representations.
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However, these represenations are not irreducible: the character y of Ind(o)

satisfies (z, x) = q— 1 if @* # g, and otherwise (z, z)= q. We will have to

work a little harder to get itreducible representations from these Ind(g)
Another attempt to find more representations is to look inside tensor

products ofrepresentationswe know. We have ¥,@U, = ¥,,and W,4@U, =Wy 80 there are no new ones (0 be found this way. But tensor productsofthe V's and W,,,'s are more promising. For example, V @ W,,, has character
values

VOM: gat Dax) 0 a(x) tay) 0

We can calculate some inner products ofthese characters with each other

to estimate how many itteducible representations each contains, and how
many they have in common, For example,

Grom tm.) = 2

Ginaen tn =I if gle =a,

Grom trem,)=4 +3,

Crem nue) = it gle =a

Comparing with the formula (ste) Zinag)) = 4~ 1, one deduces that
V@W,, and Ind(9) contain many of the same representations. With any
luck, Ind(g) and W,,. should both be contained in V @ W,..This guess is‘easily confirmed; the virtual character

By = Krom, ~ Karas ~ Kia

takes values (q — a(x), —a(x), 0, and —((C) + o(G)") on the four types of
conjugacy classes. Therefore, (19. 15) = 1, and x,(I) = q—1>0, s0 7, is,
in fact, the character of an irreducible subrepresentation of V@ W. of
dimension q~ 1. We denote this representation by X,. These ta(q— 1)
representations, for  ¥ @, and with X, = X,a, therefore complete the list
of irreducible representations for GL(F) The character table is

' e-! ete ene

20 oa 0) (9)

| ay a) ao) ae)
Ki] eats?) 0 ac) aie)

Was | + NeCIM) — abe) —_alBL)+ aL) °HI a= nets) =9t0) ° tote) + 99)
Exercise 5.6. Find the multiplicity of each irreducible representation in the
representations V@ W, , and Ind(¢).
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Exerese 57, Find the character table of PGL3(F) = GL (FY. Note tha its
characters are just the characters of GL,(F) that take the same values on
elements equivalent mod F

We turn next to the subgroup SLa(F,) of 2 x 2 matrices of determinant
one, wth q add. The conjugacy lasses, together with the numberof elements

ineach conjugacy class, and the number ofeoujugacy classes ofeach ype, are
Representative No. Elements in Class No. Classes

100 «-(, ‘) \ \
-1 0

-e= 1 f° . ( o- i)
vi v=)9 ( ') z '
re gto ()) j
-11 g-1

le ee!° ( 0 - ) a '
x 0 a-3om (5 Sxeat a+) >
xy a-1® (5 Nxwat aa-1) a

The verifications are very much as we did for GLs(F,). In (7), the clases of

( Sana (5 ) are the same. In (8), the classes for (x, y)and (x, —y)
are the same;a before, better labelingisby the element inthe cyclic group

Cm (Le (Fy crt = 1}

the elements +1 are not used, and the classes of (and {-! ate the same.

“The total number of conjugacy classes is q +4, 30 we turn to the task of

Finding q + 4 irreducible representations. We fist see what we get by restrct-
ing representations from GL,(F,). Sine we know the characters, there i no
problem working this out, and se simply state the results

(1) The Usall restrict tothe trivial representation U. Hence, i we restrict any

representation, we will get the same forall tensor products by Uz’.
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(2) The restriction V ofthe ¥;8isireducble

) Therestriction W, of W, isireducibleifa? 4 I,and W, = W, when = a
orf =a", These give I(q_- 3) iereducible representations of dimension
+1

(8) Let edenote the character ofF* with «? = Ix 1.The restrictionof M%isthe sum of two distine irreducible representations, which we denote
Wand W"

(4) The restriction of X, depends only on the restriction of tothe subgroup
Gvand g and @"! determinethe same representation. The represenationis irreducible if @? + 1. This gives {(q — 1) itreducible representations of
dimension q ~ 1.

(4) IG denotes the character ofC with y? = 1,4 # {the restriction of Xyis the sum of two distinct irreducible representations, which we denote
X’and X",

Altogether this list gives q +4 distinct irreducible representations, and it

is therefore the compete list. To finish the character table the problem isto
describe the four representations W", W", X', and X".Since we know the sum

ofthe squares ofthe dimensions ofall representations, we can deduce thatthe
sum of the squares of these four representations is q? +1, which is only
Possible if the fits two have dimension f(q-+ 1) and the other two 4(q ~ 1)
‘This is similar to what we saw happens for restrictions of representations to
subgroups of index two. Although the index here i larger, we can use what

wwe know about index two subgroups by finding a subgroup 11 ofindex wo
in GL,@,) that contains SL(F,) and analyzing the restrictions of these four
representations to H.

For H we take the matrices in GL(F,) whote determinant is a square. The
representatives of the conjugacy classes are the same as those for GL(F,),

including, ofcourse, only those representatives whose determinant isa square,
but we mast ad cles represented byte cemene (5), 20. These
are conjugate tothe elements (; a) in GL,(F,), but not in H. These are the
4~ | split conjugacy classes, The procedure of the preceding section cam beused to work outall the representations of H, but we need only a lite ofthis

Note that the sign representation U' from G/HT is U,,s0 that W,, =
1, @ U' and X, = X,@ U's their restrictions to H spit into sums of conju:
aie irreducible representations of half their dimensions. This shows these

representations stay irreducible on restriction from HH to SL(F,)s0 that IV"

and 1" are conjugate representations of dimension 4(q + 1), and X’ and X*
are conjugate representations of dimension {(q— 1). In addition, we know
that thelr character values on all nonsplit conjugacy clases are the same as

haf the characters ofthe representations W, and X,.respectively. This ial
the information we need to finish the character table. Indeed, the only values
not covered by this discussion are
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Vt) (le) (tt) (te

OL OL 0 =1, o-!

woos ot . ¢

‘The first two rows are determined as follows. We know that 5 + (=

tt 1oiyt_(i-t

(}, |) taiscongrent to modulo4, and to (5 $) otherwise, and sinex0") = 7a) for any character, we conclude that s and ¢ are real if q=1 mod(4), ands = Tifq = 3 mod(4). In addition, since —e acts as the identity‘or minus the identity for any irreducible representation (Schur’s lemma),

x(a) = Xa) x(t)

for any irreducible character x. This gives the relations s’ = c(—1)s and
1 = ¢(—1)t. Finally, applying the equation (x, z) = 1 to the character of W’

gives @ formula for si + (3. Solving these equations gives s, 1 = $+ }./wa,
where = ¢(—1) is or —l according as q = 1 or 3 mod(4). Similarly one

‘computes that w and v are —}+ 4,/«g. This concludes the computations
needed to write out the character table.

Exercise 5.8. By considering the action of SL,(F,)on the set P'(F,), show thatSL,(F,) & S5, PSL,(F,) & W,, and SL_(F,) = Us.

Exercise 5.9%, Use the character table for SL,(F,) to show that PSL,(F,) is a
simple group if q is odd and greater than 3.

Eercbe 10 Comput the character able of PSL) te by rearing
itas a quotient of SL,(F,), or as a subgroup of index two in PGL,(E,).

Exercise 5.11*. Find the conjugacy classesof GL,(F,), and compute the char-acters
of the permutation representations obtained by the action of GL3(F,)‘on(j) the projective plane P?(F,)and (ii) the “flag variety” consisting ofa point‘on aine in P2(E,). Show that the first is irreducible and that the second is a

som ofthe evil recent, wo cope he it representation, bd

an irteducible representation.

Athogh te characters of he above groups were found by the eaty

pioneers in representation theory, actually producing the representations in
natural way is more difficult. There has been a great deal of work extending
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this story to GL,(F,) and SL,(F,) for n > 2 (cl. [Gr]}, and for corresponding,
groups, called finite Chevalley groups, related to other Lie groups. For some
hints in thisdirectionsee [Hu3), as well as [Ti2]. Since all but a finite numberof finite simple groups are now known to arise this way (or are cyclic or
alternating groups, whose characters we already know), such representations

play a fundamental role in group theory. In recent work their Lie-theoretic

origins have been exploited to produce their representations, but to tell this
story would go far beyond the scope of these lecture(®)s.



LECTURE 6

Weyl’s Construction

In this lecture we introduce and study an important collection of functors generalizing
the symmetric powers and exteiot powers. These ae defined sinply in terms of the
Young.symmettizersitrodoed in piven representation V ofan arbitrary Brou?
G, we consider the dth tensor power of V, on which both G and the symmetric group

con d letters act. We then take the image of the action of c, on V®; this is again a
representation of G, denoted ,(V). This gives us a way of generating new representa-tion, whose main application wil be to Lie groups: for example, we will generat allreprerentations ofS,C by applying these to the standard representation C* of SLC.While it may be easiest to read this material while the definitions of the Yours
symmettizers are stil rsh in the mind, the construction wil not be used again until
$15, so that this lecture can be deferred until then.

46.1: Schur functors and their characters$6.2: The proofs

§6.1. Schur Functors and Their Characters

For any finite-dimensional complex vector space V, we have the canonical
decomposition

VOV~SymV@NV.

‘The group GL(V) acts on V ® V, and this is,as we shall soon see, the decom-position of V® V intoa direct sum ofirreducible GL(V)-representations. For
the next tensor power,

V@V@V =Sym*V OAV ® another space.
‘We shall see that this other space is a sum of two copies of an irreducible



%6 6 Weyl's Construction

GL(V}representation, Just as Sym‘V and MV are images of symmetrizing
operators from V& = V@ V@-~" V to itself,so are the other factors. Thesymmetric group ©, acts on V®, say on the right, by permuting the factors

(6, @ 04): 0 = t9q Pa
This action commutes with the left action of GL(V). For any partition 2 ofd
we have from the last lecture a Young symmetrizer ¢, in €G,. We denote the

image of ¢, on V® by SV:
S,V = Im(cshes)

which is again a representation of GL(V). We call the functor! V ~'S,¥ the
‘Schur functor or Weyl module, or simply Weyl’s construction, corresponding
to A. It was Schur who made the correspondence between representations of
symmetric groups and representationsof general linear groups, and Weyl whomade the construction we give here.” We will give other descriptions later, cf.
Exercise6.14 and §155.For example, the partition d = d corresponds to the functor V ~~ Sym* V,
and the partition d = 1 ++" + 1 to the functor V ~M¥.

We find something new for the partition 3 = 2 + 1. The corresponding
syminetrizer is

Caan 14 ean~ fas ~ Eusay
0 the image ofc, is the subspace of V® spanned by all vectors

0, BOs + 02 @ oy W035 — vO, Ot — By WP

ILA'V.@ V is embedded in ¥® by mapping

(1 A 03) @ 04+ 0, O02 @ v3 — OMB,
then the image of cis the subspace of \?V@ V spanned by all vectors

(01 4 05) 02 + (0 A 09)@ 01.
Itis not hard to verify that these vectors span the kernel of the canonical map

from A?V@ V to AV,so we have
Sa.nW = KeriV@ VAY).

(This gives the missing factor in the decomposition of V®)
Note that some of the S, can be zero if V has small dimension. We will

see that this is the case precisely when the number of rows in the Young

diagram of Ais greater than the dimension of V.
"The funcoraity means sly that near map g: V+ Wf vector spaces determines nearsnap 5419) 51¥ + SW, with $,(9 6 ) ~ Sy(¢)» SH) and $d) = Id

2 The notion goesby a varityofnames and noatinsin the erature, depending onthe comesConstructions fer markedly when nol over afield ofcharactetitc zero; nd many athors nowrarametize them by the conjeate partion Out choice of notation fs guided hy the corre:
spondencebetwen theeupctors and Scr polynotins, which we wise aetheichacacters
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When G = GL(V), and for important subgroups G < GL(V), these S,V

give many ofthe irreducible representations of G; we will come back to this
Tater in the book. For now we can use our knowledge of symmetric group
reptesentations to prove afew facts about them— in particular, we show that
they decompose the tensor powers V%, and that they are irreducible repre-

sentations of GL(V). We will alsocomputetheir characters; this will eventuallybe seen to be a special case of the Weyl character formula.
‘Any endomorphismg of V gives rise to an endomorphism of §, V: In orderto ell what representations we get, we will need to compute the trace ofthis

endomorphismon S,V; we denote this trace by 75,y(9). For the computation,let x,,.-., % be the eigenvaluesof gon V,k = dim V. Two cases are easy.Forreid
SV = Sym! tap = Halsys 0% )

where H,(x,,..., Xs) is the complete symmetric polynomial of degree d. The

defition of these symmetric polynomials given in (A.1) of Appendix A

‘The truth of(6.1) is evident when g is a diagonal matrix, and its truth for the

dense set of diagonalizable endomorphisms implies it for all endomorphisms;
fof one can see it directly by using the Jordan canonical form of g. For
2 (Lec Dy we have simitasly

ScoanY MM A P= Eleiert — (62)with B40 ..00%4) the elementary symmetric polynomial [see (A.2)]. The
polynomials H, and E, are special cases of the Schur polynomials, which we

denote by 5, = 8431, 4) AB varies over the partitionsof d into a meetke parts, these polynomials §, form a basis for the symmettic polynomials of
degree d in these k variables. Schur polynomials are defined and discussed in
‘Appendix A, especially (A.4)-(A.6). The above two formulas can be written

A510) = S,0y.005%4) for A= (A) and A= (yes De

We will show that this equation is valid for all 2:

‘Theorem 63. (1) Let k=dim V. Then S,V is zero if Ayn #0. If 2=
> 2 A 2 05 then

Anasinidim $,V = S,(1,...,I)= poieBat Sane™ CoD WL Fa
(2) Let m, be the dimension of the irreducible representation V, of S,

corresponding to. Then

ya@ 5,0,

(3) For any g€ GL(V), the trace ofg on S,V is the value of the Schurpolmomtal on the elgennalues <u. om af 9 08
Asie) = Sil6 100)
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(4) Bach §,¥ 1s an irreducible representation of GL(V).
‘This theorem will be proved in the next section. Other formulas for the

dimension of §,V are given in Exercises A.30 and A.31. The following is
another:

Exercise 64°. Show that

an Kia pe eet.dim
5.7 = FETs 49

where the products are over the d pairs (i, /) that number the row and column

of boxes for 4, and hy is the hook number of the corresponding box.
Exercise 6.5, Show that ¥®? x Sym*V ®A?V @ (Sy2,1)¥)%, and

VO4 a Sym*VOMY (Sp, © Sa2,nV)9? B(S2.4.0V)

‘Compute the dimensions of each of the irreducible factors.
‘The proofof the theorem actually gives the following corollary:

Corollary 6.6. If ¢ € CS,, and (CS,)-c = VE" as representations of Gy,
then there is a corresponding decomposition of GL(V)-spaces:

vee PSve
If 4, 25 X4 are the eigenvalues of an endomorphism of V, the trace of the
induced endomorphismof Vc is S.74Sy(Xy 004%)
If Aand pare different partitions, each with at most k = dim parts, the

irreducible GL{V)-spaces §,V and §,V are not isomorphic. Indeed, their
characters are the Schur polynomials'S, and ,, which are different. More
generally, at least for those representations of GL(V) which can be decom-
posed into a direct sum of copies of the represenations S, V's, the representa-
tions are completely determined by their characters. This follows immediately
from the fact thatthe Schur polynomials are linearly independent.

Note, however, that we cannot hope to get allinite-dimensional irreducible
representations of GL(V) this way, since the duals of these representations
are not included. We will see in Lecture 15 that this is essentially the only

‘omission. Note also that although the operation that takes representations of
E, to representations of GL(V) preserves direct sums, the situation with
respect to other linear algebra constructions such as tensor products is more
complicated.

One important application of Corollary 6.6 is to the decomposition ofatensor product $,¥ @S,V of two Weyl modules, with, say, 4a partition of
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dand 1a partition ofm.The result is
SV OS,V = DN S.Vs )

here the sum is over partitions v ofd + m, and N,,, are numbers determinedby the Littlewood Richardson rule. This is a rule that gives N,,, as the numberof ways to expand the Young diagram of A, using in an appropriate way, to

achieve the Young diagram for v; see (A.8) for the precise formula. Two

important special cases are easier to use and prove since they involve only the
simpler Pieri formula (A.7). For pt = (m), we have

SV @Sym"V= @DS,¥, (68)

the sum over all y whose Young diagram is obtained by adding m boxes 10

the Young diagram of J, with no two in the same column. Similarly for
(lyons De

S,VONV=@S,¥, (69)the sum over all partitions x whose Young diagram is obtained from that of
Aby adding m boxes, with no two in the same row.

To prove these formulas, we need only observe that

SV OSV = VOC BVOM cy

= VQ VOM (e,@e)= VO,
with c= c,@c,€ CS, @CS, = C(S, x S,) < CS,,,,. This proves that
S,V@ S,V has a decomposition as in Corollary 6.6, and the coefficients are
given by knowing the decomposition of the corresponding character. The
character ofa tensor product is the product of the characters of the factors;so this amounts to writing the product 5,5, of Schur polynomials as a linear

‘combination of Schur polynomials. This is done in Appendix A, and formulas
67), (6.8), and (6.9) follow from (A.8}, (A.7), and Exercise A.32 (v), respectively.

For example, rom Sym!V @ V = Sym'*"V ® Sy, ,¥, it follows that

Su.1)V = Ker(Sym’V @ V+ Sym**"V),

and similarly for the conjugate partition,

SeaatanY= Ke(hV@ V+ MV),
Exercise 6.10%, One can also derive the preceding decompositions of tensor
products directly from corresponding decompositions of representations of
symmetric groups. Show that, in fact, 5 @ S,V corresponds to the “inner

product” representation V; © V, of G,,,, described in (4.41),
Exercise 6.11*. (a) The Littlewood- Richardson rule also comes into the de-
composition ofa Schur functor of a direct sum of vector spaces V and W. This
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generalizes the well-known identities

Sym"(V.® W) = BD (Symev@ Sym"iv),
AVOW)= B WV@NW).

Prove the general decomposition over GL(V) x GL(W):

SVOW) =D MplS.VOS,W),

the sum aver all partitions 2, such that the sum of the oumbers partitioned

by A.and sis the number partitioned by v. (To be consistent with Exercise
2.36 one should use the notation & for these “external” tensor products)

(6) Similarly prove the formula for the Schur functor ofa tensor product:
S(VOW) = DC lS.VOS,0),

where the coefficients C,,, are definedin Exercise 4.51. In particular show that
Sym(V@ W)= OSV OS",

thesum overall partitionsofd with at most dim V or dim W rows. ReplacingW by IV*, this gives the decomposition forthe space of polynomial functionscof degree don the space Hom(¥, W) over GL(V) x GL(W), For variations
con this theme, see [Ho3]. Similacly,

NV@W)=DS,V OS",

the sum over partitions 2 ofd with at most dim V rows and at most dim Wcolumns.
Exercise 6.12. Regarding

GL, C=GL,€ x {1} GLC x GL, Co Gy
the preceding exercise shows how the restriction of a representation de-

composes:

Res(S,(C"™™)) = E(Naye dim §,(€"))5(C°).

In particular, form = 1, Piers formula gives
Res(S.("')) = BSC),

the sum over all 2 obtained from v by removing any number of boxes from
its Young dingram, with no two in any column.

Exercise 613°. Show that for any partition 1 = (sty...) of dy

NVORVO-ONVE ORySeh,
where K,, is the Kostka number and 2' the conjugate of 2
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Exercise 6.14*. Let ji = 2’ be the conjugate partition. Put the factors of the

dth tensor power V® in one-to-one correspondence with the squares ofthe
‘Young diagram of 2. Show that §, is the image of this composite map:

QUNV) + Bi(G"V)+ VO B (G4) -» Wy(Sym),
the first map being the tensor product of the obvious inclusions, the second

‘grouping the factors of ¥® according to the columns of the Young diagram,
the third grouping the factors according to the rows of the Young diagram,
and the fourth the obvious quotient map. Alternatively, S, V is the image of
a composite map

@ym*V) -» @(@*V) + VE+@ (OV) + @, (WV).
In particular, S,V can be realized as a subspace of tensors in V® that are
invariant by automorphisms that preserve the rows of a Young tableau of

4, or a subspace that is anti-invariant under those that preserve the columns,
but not both, ef. Exercise 4.48.

Problem 6.15*. The preceding exercise can be used to describe a basis for the
space 5,V. Let r,.-.,1% be a basis for V. For each semistandard tableau 7

(on 2, one can use it to write down an element vy in (AV); vy is a tensor
product of wedge products of basis elements, the ith factor in A*V being the
‘wedge product (in order) of those basis vectors whose indices occur in the ith
column of 1: The fact to be proved is that the images of these elements vy

under the first composite map ofthe preceding exercise form a basis for S, V.
At the end of Lecture 15, using more representation theory than we have

at the moment, we will work out a simple variation of the construction of SV

which will give quick proofs of refinements of the preceding exercise and
problem.

Exercise 6.16*. The Pieri formula gives a decomposition

Sym!V@ Sym'V = D Susa-n¥s
the sum over 0 <a < d. The lefi-hand side decomposes into a direct sum of
‘Sym?(Sym*V) and A?(Sym*V), Show that, in fact,

Sym*(Sym*V) = S24,0)V ® Si24-2,2V ®Si24-4oV Os

ASyMV) = Sass.nY BSas-s.a1¥@ Sears. O°
‘Similarly using the dual form of Pieri to decompose4V@ A‘V into the sum@Sp¥, the sum over all 2 = (2,..., 2, 1,-..5 H) consisting ofd — a 2's and 2aV's,0 < a < d, show that Sym?(/“V) is the sum of those factors with a even,

aud A*(\¢V) is the sum ofthose with a odd,
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Exercise 6.17". Zand are any partitions, we canform the composite functorS,(S,V). The original “plethysm” problem—which remains very difficult in
sgeneral—is to decompose these composites:

SASAY) = B May,

thesum overall partitionsvof dm,where2isa partition of dand jis partitionofm. The preceding exercise carried out four special cases ofthis.
(a) Show that there always exists such a decomposition for some non-

negative integers M,,, by constructing an element c in CS,q, depending on
Aand 1, such that §,(5,¥) is Vc.

(b) Compute Sym?(S,,, .,¥) and A*(S,2,2)¥).

Exercise 6.18* “Hermite reciprocity.” Show that if dim V = 2 there are iso-
morphisms

Sym*(Sym*V) = Sym*(Sym?V)‘ofGL{V}-representations for all p and g.

Exercise 619°. Much ofthe story about Young diagrams and representations
of symmetric and general linear groups can be generalized to skew Young
diagrams, which ate the diflerences of two Young diagrams. If and y. ate
partitions with 4 <2, for all i, 4/jt denotes the complement of the Young.
diagram for y in that of A. For example, if A = (3, 3, 1) and w= (2, 1), A/n is

the numbered part of

‘To cach A/s: we have a skew Schur function S,)4, which can be defined by

any of several generalizations of constructions of ordinary Schur functions.
Using the notation of Appendix A, the following definitions are equivalent:

0) Sie = Mac ny-tsh

«i Sup = NBxi-n-tash

i Sug = Emaxooo 88%
where m, is the number of ways to number the boxes of2/1 with a, I's, a; 2's,

++ 4 k's, with nondecreasing rows and strictly increasing columns.
In terms of ordinary Schur polynomials, we have

) Sun = EL NanaSes

where N,,, is the Littlewood-Richardson number.
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Each A/u determines elements ayq, byy., aNd Young symmetrizers Cay =

yb, in A = CS,,d = ¥ 2, — py, exactly as in §4.1, and hencea representa-tion denoted Vy, = Acyy, of Sj. Equivalently, V,,, is the image of the map
Abjy-+ Ady given by right multiplication by a,,,, or the image of the map
Ady, -+ Abs), given by right multiplication by b,,,. The decomposition of Vijy
into irreducible representations is

7) Van = E Nara

YeSimilarly there are skew Schur functors Sy, which take a vector space

to the image of c,,, on V; equivalently, S,,, V is the image ofa natural map(generalizing that in the Exercise 6.14)

w QUNHV)+ VOB Sym'r® V),

i) QiSym'nV)+ VO B (MAW).
Given a basis v,,.... for V and a standard tableau Ton 2/u, one can write

down an element vy in @,(A'%*V); for example, corresponding to the dis-
played tableau, vy = v4 @ 0; Ov, A vs). Akey fact, generalizing the result of
Exercise 6.15, is that the images of these elements under the map (vi) form a

basis for S,),V.
The character of S,,,V is given by the Schur function Sy: if g is an

endomorphism of V with eigenvalues x,, ..., x4, then

wip Hssgr(O) = Supl¥4y 0X4)
In terms of basic Schur functors,

co) Sun¥= Na SV.
Exercise 6.20*. (a) Show that if4 = (p, 4), Sip. is the kernel of the contraction map

cg: SYMPV@ Sym*V-» Sym? *V.®@ Syme"Y,
(b) If. =(p, 4,7), show that S,.,.¥ is the intersection of the kernels of

two contraction maps ¢,_@ I, and I, ® c,,,, where I, denotes the identity map‘on Sym! ¥.

In general, for 2=(A,, ..., Ay), SV ¢ Sym" V@---@Sym'*¥is the inter-section of the kernels of the k — 1 maps

WAN O- Oly, Oly Bly, Oo Shy Usisk=

(©) For A=(p,1,...., 1), show that S,V is the kernel of the contraction
map:

Serato ¥ = Ker(Sym’¥@APY—» Sym"'V @ APY)
In general, for any choice of a between 1 and k— 1, the intersection of
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the kernels of all y, except #, is S,V@S,V, where a =(A,,...,2,) and
T= ysis Aah 80 5,¥ is the kernel of @ contraction map defined on

S.V@§,V. For example, ifaisk — I,and wesetr = 24, Pier's formula writesS,V@ Sym'V as a direct sum of S,V and other factors SV; the general

assertion in (b) is equivalent to the claim that S, V is the only factor that is
in the kernel of the contraction, ie.,

SAV = Ker(Sqy,..14-y¥ @ Sym'V+VN@ Sym'-"V).
‘These results correspond to writingthe representations V, < U, of the sym-metric group as the intersection of kernels of maps to Us... ay+t,ajoy-teooede

Exercise 6.21, The functorial nature of Weyl's construction has many conse-

quences, which are not explored in this book. For example, if E, is a complex
of vector spaces, the tensor product E% is also a complex, and the symmetric
‘group &, acts on it; when factorsin E, and E, are transposed past each other,the usual sign (— 1)" is inserted. The image of the Young symmetrizer c, is a
complex S,(E,), sometimes called a Schur complex. Show that if E, is the
complex E_, = V+ Eg = ¥, with the boundary map the identity map, and
A =(d), then §,(E,)is the Koszul complex
ONANQS! NF BS? VN QS + S190,

where \' = A’'V, and S! = Sym’¥.

§6.2. The Proofs

We need first a small piece of the general story about semisimple algebras,
which we work out by hand. For the moment G can be any finite group,
although our application is for the symmetric group. If U is a right module
over A= C6, let

B = Homg{(U, U) = (9: U + U: @(0-9) = 9(v)-g, Woe U,g eG}.

Note that B acts on U on theleft, commuting with the right action of A; Bis

called the commutator algebra. IfU = () U2" isan irreducible decompositionwith U; nonisomorphic irreducible right A-modules, then by Schur’s Lemma.
17

B= BH, Home U™, UE") = Bi MalOh,

where M, (C) is the ring ofn, x m, complex matrices.If Wis any let A-module, the tensor product

U @, W = U @¢ Wsubspace generated by {a@ w — v@ aw}
is a left B-module by acting on the first factor: b-(v ® w) = (b-2)® w.
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Lemma 622. Let U be a finite-dimensional right A-module.

(i) For any c € A, the canonicalmap U @, Ac -+ Ucis an isomorphismof leftB-modules
(i) If W= Ac is an irreducible left A-module, then U @, W = Uc is an

irreducible left Bemodule,

Gii) If W,= Ac; are the distinct irreducible left A-modules, with m, the
dimension of WW, then

U=DAU® W)™ = Di (Uey™™
is the decomposition of U into irreducible left B-modules.

Proor. Note first that Ac is a direct summand of A as a left A-module; this is

‘a consequence of the semisimplicity of all representations of G (Proposition
1.5). To prove (i), consider the commutative diagram

U QA —+ UG Ac > URA

i

where the vertical maps are the maps »@ a¥-+ v-a; since the left horizontal
maps are surjective, the right ones injective, and the outside vertical maps are
isomorphisms, the middle vertical map must be an isomorphism,

For (ii), consider first the case where U is an irreducible A-module, so

B= C. It suffices to show that dim U @, W < |. For this we use Proposition
329. identify A with a direct sum (Py-, My, of r matrix algebras. We can

identity W with a minimal let ideal of A. Any minimal ideal in the sum of
matrix algebras is isomorphic to one which consists of r-tuples of matrices
which are zero except in one factor, and in this factor are all zero except for
‘onecolumn. Similarly, U can be identified with the right ideal of -tuples which
are zero except in one factor, and in that factor all are zero except in one row.
Then U @, W will be zero unless the factor is the same for U and W,in which
case U @, W can be identified with the matrices which are zero except in one

row and column ofthat factor. This completes the proof when U is irreducible.For the general case of(i, decompose U = (), U9" into a sum of irreducible
right A-modules,so U @, W = B,(U@, WIP = CO for some k, which isvisibly irreducible over B =  M,,(C).
art (i) follows, since the isomorphism A 2 (EW; determines an iso-

morphism

UZ UQAzU® (QW) = PiU @ M)™. oO
To prove Theorem 6,3, we will apply Lemma 6.22to the right CS,-moduleU = ¥®. That lemma shows how to decompose U as a B-module, where B



86 6. Weyls Construction

is the algebra of all endomorphisms of U that commute with all permuta-

tions ofthe factors. The endomorphisms of U induced by endomorphisms of
V are certainly inthis algebra B. Although B is generally much larger than
End(V), we have

Lemma 6.23. The algebra B is spanned as a linear subspace of End(V®) by
End(V). A subspaceof V® is a sub-B-module if and only if i is invariant byGuy),
Proor. Note that if W is any finite-dimensional vector space, then SymW is,
the subspace of W® spanned by all w! = dlw@---@w as w runs through
W. Applying this to W = End(V) = V* @ V proves the first statement, since

End(V®) =(V*)™ @ V% = WE, with compatible actions of G,. The second
follows from the fact that GL(V) is dense in End(V/). o

‘We turn now to the proof of Theorem 6.3. Note that $V is Uc, s0 parts
(2) and (4) follow from Lemmas 6.22 and 6.23. We use the same methods to

ive a rather indirect but short proof of part (3); for a direct approach see

Exercise 6.28. From Lemma6.22 we havean isomorphism of GL(V)-modules:
SV x Vey (624)

with Vy = Ase, Similarly for Uy = Asay, and since the image of right multi-

plication by a, on V® is the tensor product of symmetric powers, we have
Sym*V@ SymV @---@ Sym*V =VE@, Us. (6.28)

But we have an isomorphism U, & @), Kya, of A-modules by Young's rule
(4.39), s0 we deduce an isomorphism of GL(V}modules

Sym41V.@ Sym2V.@-@Sym*V= DKyS,V. (6.26)
By what we saw before the statement of the theorem, the trace of g on the

left-hand side of (6.26)is the product H,(x,,..., 4) of the complete symmetric
polynomials H,(x1,...,%) Let 5,(g) denote the endomorphism of $,V
determined by an endomorphism g of V. We therefore have

Higley, 4) = Ep Kya Traee(S,(g)).

But these are precisely the relations between the functions H, and the Schur
polynomials 5, [see formula (A.9)J, and these relations are invertible, since
the matrixK,,)of coefficient is triangular with I's on the diagonal. I followsthat Trace(Sy(g)) = Sy(xy,...X4) which proves part (3).

Note that if 2= (Ay,...5 4) with d > K and dys, #0, this same argument
shows that the trace is 5,(X1,.-.*4,0,--s0), which is zero, for example by
(A) For g the identity this shows that $V = 0 in this case. From part (3)
we also get
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dim $,V= S,(1,..., (6.27)
and computing 5,(1, ..., 1) via Exercise A.30(i) yields part (1). o
Exercise 6.28. If you have given an independent proof of Problem 6.15, part
(3) of Theorem 6.3 can be seen directly. The basis elements vy for S,V specified

in Problem 6.15 are eigenvectors fora diagonal matrix with entries x1,...,.%aswith eigenvalue X* = xf'-...: xf*, where the tableau T has a, 1's, a, 2's,...,
a, k's. The trace is therefore JK, X*, where K,, is the number of ways to
number the boxes of the Young diagram of 4 with a, I's, a, 2's, ...,.a, k's. This
is just the expression for 5, obtained in Exercise A.31(a).

‘We conclude this lecture with afew of the standard elaborations of these

ideas, in exercise form; they are not needed in these lectures.

Exercise 629°. Show that, in the context of Lemma 6:2, if U isa faithful

A-module, then A i the commutator ofits commutator B

A= (i: U + Us (bv) = by(o), oe U, b eB}.
IU isnot faithful, the canonical map from A to its bicommutator is surjective.
Conclude that, in Theorem 6.3, the algebra of endomorphisms of V® that
commute with GL(V)is spanned by the permutations in Sy
Exercise 6.30. Show that, in Lemma 6.22, there is a natural one-to-one cor-

respondence between the irreducible right A-modules U, that occur in U and
theirreducibleeft B-modules F Show that there isa canonical decomposition

U=@Miee v)
asa left B-module and asa right A-module. This shows again that the number

of imes ¥, occurs in U is the dimension of U, and dually that the number of
times U, occurs is the dimension of ¥;. Deduce the canonical decomposition

ve = DSVWc My

the sum over partitions 4 ofd into at most k = dim V parts; this decompositionis compatible with the actionsof GL(V) and &,. In particular, the number oftimes V, occurs in the representation V® of G; is the dimension of S,V.

Exercise 6.31. Let e be an idempotent in the group algebra A = CG, and let
U=eA be the corresponding right A-module. Let F = ede, a subalgebra of

A. The algebra structurein A makes eA a left E-module. Show that this definesan isomorphism of C-algebras

B= ede = Hom(ed, eA) = Homg(U, U) = B
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Exercise 6.32, I 1 isa subgroup of G, and ¢ ¢ CH is an idempotent, corre-

sponding oa representation W = CHeof H, show that CG eis the induced
representation Indj(W). For example, if 9:11 + C* is a one-dimensional
representation, then

Log,Ind9(9) = CG-es, wherees = Y Hiale(9) 9 1G) 2, Haier



PART II

LIE GROUPS AND

LIE ALGEBRAS

From a naive point of view, Lie groups seem to stand at the opposite end of

the spectrum ofgroups from finite ones." On the one hand, as abstract groups
they Seem enormously complicated: for example, being of uncountable order,
there is no question of giving generators and relations. On the other hand,
they do come with the additional data of a topology and a manifold structure;
this makes it possible—and, given the apparent hopelessness of approaching
them purely as algebraic objects, necessary—to use geometric concepts to
study them,

Lie groups thus represent a confluence of algebra, topology, and geometry,
which perhaps accounts in part for their ubiquity in modern mathematics. It
also makes the subject a potentially intimidating one: to have to understand,
both individually and collectively, all these aspects ofa single object may besomewhat daunting.

Happily, just because the algebra and the geometry/topotogy of Lie groupare so closely entwined, there is an object we can use to approach the study‘of Lie groups that extracts much of the structure of a Lie group (primarilyits algebraic structure) while seemingly getting rid of the topological com-
plexity. Thisis, ofcourse, the Lie algebra. The Lie algebra is, atleast according
{o its definition, a purely algebraic object, consisting simply ofa vector spacewith bilinear operation; and so it might appear that in associating to a Lie
sroup its Lie algebra we are necessarily giving up a lot of information about
the group. This is, in fact, not the case: as we shall sce in many cases (and

perhaps all of the most important ones), encoded in the algebraic structure of
A Lie algebra is almost all of the geometry of the group. In particular, we will
"tn spite of thi there are deep only partial understood, elation: betnen finite and Le
soups extending even to their simple group casiteaions



0 I Lie Groups and Lie Algebras

see by the end of Lecture 8 that there is a very close relationship between

representations of the Lie group we start with and representations ofthe Lie

algebra we associate 10 it; and by the end of the book we will make that
correspondence exact.
We said that passing from the Lie group to its Lie algebra represents a

simplification because it eliminates whatever nontrivial topological structure
the group may have had; it “attens out,” or “linearizes,” the group. This, in

turn, allows for a further simplification: since a Lie algebra is just a vector

space with bilinear operation, it makes perfect sense, if we are asked to study
areal Lie algebra (or one over any subfield of €) to tensor with the complex
numbers. Thus, we may investigate first the structure and representations of
complex Lie algebras, and then go back to apply this knowledge to the study

of real ones. In fact, this turns out to be a feasible approach, in every respect:
the structure of complex Lie algebras tends to be substantially simpler than

that ofreal Lie algebras; and knowing the representationsof the complex Liealgebra will solve the problem ofclassifying the representations ofthe real one.
‘There is one further reduction to be made: some very elementary Lie

algebra theory allows us to narrow our focus further to the study ofsemisimple
Lie algebras. This is a subset of Lie algebras analogous to simple groups in
that they are in some sense atomic objects, but better behaved in a number

ofways: semisimple Lie algebra is a direct sum ofsimple ones; there are easy

criteria for the semisimplicity of a given Lie algebra; and, most of all, their
representation theory can be approached in a completely uniform manner.
Moreover, as in the case of finite groups, there is a complete classification
theorem for simple Lie algebras.
We may thus describe our approach to the representation theory of Lie

groups by the sequence of objects
Lie group

~~ Lie algebra

~~ complex Lie algebra

-~ semisimple complex Lie algebra.

We describe this progression in Lectures 7-9. In Lectures 7 and 8 we intro-

duce the definitions of and some basic facts about Lie groupsand Lie algebras.Lecture 8 ends with a description of the exponential map, which allows us to
establish the close connection between the first two objects above. We then
do, in Lecture 9, the very elementary classification theory of Lie algebras that
‘motivates our focus on semisimple complex Lie algebras, and at least state
the classification theorem for these. This establishes the fact that the second,
third, and fourth objects above have essentially the same irreducible repre-
sentations. (This lecture may also serve to give a brief taste of some general
theory, which is mostly postponed to later lectures or appendices) In Lecture
10 we discuss examples of Lie algebras in low dimensions.
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From that point on we will proceed to devote ourselves almost exclusively

to the study of semisimple complex Lie algebras and their representations.
‘We do this, we have to say, in an extremely inefficient manner: we start with
a couple of very special cases, which occupy us for three lectures (11-13),

enuinciate the general paradigm in Lecture 14; carry this out for the classical
Lie algebras in Lectures 15-20; and (finaly) finish off the general theory in

Lectures 21-26. Thus, it will not be until the end that we go back and use the
knowledge we have gained to say something about the original problem. In
view of this long interlude, it is perhaps a good idea to enunciate one more
time our basic,

Point of View: The primary objects of interest are Lie groups and their

representations; these are what actually occur in real life and these are what

‘we want to understand, The notion of a complex Lie algebras is introduced
primarilyas a tool in this study; it isan essential tool? and we should consider‘ourselves incredibly lucky to have such a wonderfully elective one; but in thend it is for us @ means to an end.

‘The special cases worked out in Lectures 11-13 are the Lie algebras ofSL
and SL3. Remarkably, most of the structure shared by all semisimple Lie
algebras can be seen in these examples, We should probably point out that
‘much of what we do by hand in these cases could be deduced from the Weyl
construction we Saw in Lecture 6 (as we will do generally in Lecture 15), but
‘we mainly ignore this, in order to work from a “Lie algebra” point of view
and motivate the general story.

2Peshaps not lopkally 80; ef: Adams’ book [Ad].



LECTURE 7

Lie Groups

In this lecture we introduce the definitions and basi examples of Lie groups and Liealgebras. We assume here familiarity with the definition of diflerentible manifolds and
raps between them, but no more; in partiular, we do not mention vector fields

diflrentiat forms, Riemannian metres, or any other tenors. Section 7.3, which

discussesmapsofLie groups that are covering space maps ofthe underying manifolds,‘may be skimmed and referred back to as needed, though working through it will help
romote familiarity with basic examplesof Lie groups.
74: Lie groups: definitions
47.2: Examples of Lie groups

§73: Two constructions

§7.1. Lie Groups: Definitions

You probably already know what a Lie group is; itis just a set endowed
simultaneously with the compatible structures of a group and a” manifold.
“Compatible” here means that the multiplication and inverse operations in
the group structure

x:Gx646

and

1636

are actualy differentiable maps (logically, this is equivalent to the single
requirement that the map G x G+ G sending(x, y) to x: y"" is ©),‘A map, ot morphism, between two Lie groups G and H is just a map
: GH that is both differentiable and a group homomorphism. In general,

‘qualifiers applied to Lie groups refer to one or another of the two structures,



4 7. Lie Groups

usually without much ambiguity; thus, abelian refers to the group structure,
n-dimensional ot connected refers to the manifold structure. Sometimes a

condition on one structure turns out to be equivalent to a condition on the

other; for example, we will See below that to say that a map of connected Lie
Broups : G+ H isa surjective map of groups is equivalent to saying that the
differential dg is surjective at every point.

‘One area where there is some potential confusion is in the definition of a
Lie subgroup. This is essentially a difficulty inherited directly from manifold
theory, where we have to make a distinction between a closed submanifold of
a manifold M, by which we mean a subset X <M that inherits a manifold
structure from M (ie, that may be given, locally in M, by setting a subset of
the local coordinates equal to zero), and an immersed submanifold, by which
‘we mean the image ofa manifold X under a one-to-one map with injectivedifferential everywhere—that is, a map that is an embedding locally in X.
‘The distinction is necessary simply because the underlying topological space
structure of an immersed submanifold may not agree with the topological
structure induced by the inclusion of X in M. For example,the map from Xto M could be the immersion of an open interval in R into the plane R? asafigure “6”:

Another standard example of this, which is also an example in the category

of groups, would be to take M to be the two-dimensional real torus R?/Z? =
5" x $!, and X the image in M ofa line Vc R having irrational slope:

The upshot ofthis is that we definea Lie subgroup (or closed Lie subgroup,if we want to emphasize the point) of a Lie group G to be a subset that is
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simultaneously a subgroup and a closed submanifold; and we define an
immersed subgroup to be the image of a Lie group H under an injective
morphism to G. (That a one-to-one morphism of Lie groups has everywhere
injective differential will follow from discussions later in this lecture)

The definition of a complex Lie group is exactly analogous, the words
“differentiable manifold” being replaced by “complex manifold” and all
‘elated notions revised accordingly. Similarly todefinean algebraic group one.replaces “differentiable manifold” by “algebraic variety” and “differentiable
map” by “regular morphism.” As we will see, the category of complex Lie
‘groups is in many ways markedly diflerent from that of real Lie groups (for

‘xainple, there are many fewer complex Lie groups than real ones). Ofcourse,
the study of algebraic groups in general is quite different from either ofthese

since an algebraic group comes with afield of definition that may or may not
be a subfield of € (it may, for that matter, have positive characteristic). In

practice, thoyigh, while the two are not the same (we will see examples of this
in Lecture 10, for example), the category of algebraic groups over € behaves

very much like the category ofcomplex Lie groups.

§7.2. Examples of Lie Groups

‘The basic example of a Lie group is of course the general linear group GL,R.
of invertible n x n real matrices; this is an open subset of the vector space of
all n x n matrices, and gets its manifold structure accordingly (so that the

entries of the matrix are coordinates on GL,R). That the multiplication
map GL,R x GL,R + GL,R is differentiable is clear; that the inverse map
GL,R + GL,.Ris follows from Cramer's formula for the inverse. Occasionally

GL,R will come to us as the group of automorphisms of an n-dimensional

real vector space V; when we want to think of GL,R in this way (eg, without
choosinga basis for V and thereby identifying G with the group of matrices),wwe will write it as GL(V) or Aut(V). A representation of a Lie group G, of
course, sa morphism from G to GL{V).

Most other Lie groups are defined initially as subgroups of GL, (though
they may appearin other contexts as subgroupsof other general linear groups,which is, of course, the subject matter of these lectures). For the most part,such subgroups may be described either by equations on the entries of an

1 x nmatrix, oras thesubgroupof automorphisms of V = R preserving somestructureon R®. For example, we have:
the special linear group SL,8 of automorphisms of R" preserving the

volume element; equivalently, m x m matrices A with determinant 1

the group B, of upper-triangular matrices; equivalently, the subgroup of

‘tutomorphisms of R* preserving the lag!
“in genesa flag xx quence ubapacesof fied vector space each properly conned inthe nex it sx complete ag cach has one dimension larger than the preceding. and portalcberwite,
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where Kis the span of the standard basis vectors ¢,,...y€)-Note that choosing,
‘a different basis and correspondingly a different flag yields a different sub-
group of GL,R, but one isomorphic to (indeed, conjugate to) By. Somewhat
more generally, for any sequence of positive integers a... with sum n we

can look at the group ofblock-upper-triangular matrices; this isthe subgroup
‘of automorphisms of R" preserving & partial flag

0= KEK emer ey ehaRy
where the dimension of Wis, + +--+ a, Ifthe subspace Fis spanned by the

fiesta, +" + a,basis vectors the groupwill be the set of matrices of the forin
eLefepe\ da

Off | tes
ofole te
olotole/ ja

‘The group N, of upper-triangular unipotent matrices (that is, upper triangular
with 1's on the diagonal); equivalently, the subgroup ofautomorphisms ofRYpreserving the complete flag {¥;} where ¥ is the span of the standard basis

vectorse,,...,€,and acting asthe identity on the successive quotients ¥.1/¥;
As before, we can, for any sequence of positive integers a...a with sum 1,look at the group of biock-upper-triangular unipotent matrices; this is the
subgroup of automorphisms of R* preserving a partial lag and acting as
the identity on successive quotients, ie, matrices of the form

TLefepe\ jar

ofr fete | teofoli ts
olololr! ja

Next, thereare the subgroups of GL,R defined as the group of transforma-tions ofV = R" ofdcterininant{ preserving some bilinear form Q: V x V -+¥.If the bilinear form Q is symmetric and positive definite, the group we getis called the (special) orthogonal group SO,8 (sometimes written SO(nk see
p. 100). If Q is symmetric and nondegenerate but not definite—e-g, ifit has k
positive eigenvaluesand I negative—the group is denoted SQ,,,R or SOK, Inote that SO(K, 1) = SO(, k). If Q is skew-symmetric and nondegenerate, the
‘group is called the symplectic group and denoted Sp,R; note that in this case
must be even

‘The equations that define the subgroup of GLR preservinga bilinear formQare easy to write down. Ifwe representQ bya matrix M—that is, we write
Q(o, w) =o Mow
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forall r, w € R*—then the condition

QlAv, Aw) = Qlo, w)

translates into the condition that

"oA MAW = fo Mow

for all v and w; this is equivalent to saying that

“MA = M.

Thus, for example, if Q is the symmetric form Q(v, w) = 'o-w given by the

identity matrix M = 1, the group SO,R isust the group of x neal matricesA of determinant 1 such that ‘A= A“.

Exercise 7.1%. Show that in the case of Spz,R the requirement that the

transformations have determinant | is redundant; whereas in the case of SO,R.ifwe do not require the transformations to have determinant | the group we
get (denoted O,R, or sometimes O(n) is disconnected.

Exercise 7.2%. Show that SO(k; !)has two connected components ifk and areboth positive. The connected component containing the identity is often
denoted SO*(k, 1). (Composing with a projection onto RE or RF, we may
associate to an automorphism A € SO(k, 1) automorphisms of Rt and Rt;

80" (k, 1) will consist of those A € SO I) whose associated automorphismspreserve the orientations of Rand Rt!)

Note that if the form Q is degenerate, a transformation preserving Q will
carry its kernel

Ker(Q) = {ve V: Q(0, ») = 0¥we V}

into itself; 50 that the group we get is simply the group ofmatrices preservingthe subspace Ker(Q) and preserving the induced nondegenerate form Gon the
quotient ¥/Ker(Q). Likewise, if Q is a general bilinear form, that is, neither
symmetric nor skew-symmetric, a linear transformation preserving Q will

preserve the symmetric and skew-symmetric parts of Q individually, so we just
get an intersection of the subgroups encountered already. At any rate, we
usually Himit our attention to nondegenerate forms that are either symmetric
or skew-symmetric,

Ofcourse, the group GLC of complex linear automorphismsof a complexvector space V = C* can be viewed as subgroup of the general linear group,
GLB; iti, thus, a real Lie group as well as is the subgroup SL,C ofn x m‘complex matrices of determinant 1. Similarly, the subgroups SO,C < SL,C

and Sp2qC  SL24C of transformations of a complex Vector space preserving,
‘a symmetric and skew-symmetric nondegenerate bilinear form, respectively,

are real as well as complex Lie subgroups. Note that since all nondegenerate
bilinear symmetric forms ona complex veetor space are isomorphic (in partic-
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ular, there is no such thing as a signature), there is only one complex

orthogonal subgroup SO,€ c SL,C up to conjugation; there are no analogs
of the groups SO,,R.Another example we can come up with here is the unitary group U, or U(r),defined to be the groupof complex linear automorphisms of an n-dimensional‘complex vector space V preservinga positive definite Hermitian inner productH on V.(A Hermitian form H is required to be conjugate linear in the
first? factor, and linear in the second: H(2o, ow) = ZH(o, w)t, and Hw, 0) =
Hi,wh it is positive definite if 1, e) > O forv#0)Just as in the case ofthe subgroups SO and Sp, it is easy to write down the
equations for U(r): for some mx n matrix M we can write the form H as

H(G,W)= "0°Mow, Yo,weCt
{note that for H to be conjugate symmetric, M must be conjugate symmetric,
ie, M = M); then the group U(n)is just the group ofn x n complex matricesA satistying

WM A=M.

In particular, if 11 is the “standard” Hermitian inner product H(c, w) = ‘dw

given by the identity matrix, U(n) will be the groupof n x ncomplex matricesA such that A= A,

Exercise 7.3. Show that if H is a Hermitian form on a complex vector space
V, then the real part R = Re(H) ofH is a symmetric form on the underlyingreal space, and the imaginary part C= Im(H) is a skew-symmetric real
form; these are related by C(x, w) = R(i, w). Both R and C are invariant by
‘multiplication by i: R(iv, iv) = R(o, w) Show conversely that any such real
symmetric R is the real part of a unique Hermitian H. Show that if His

standard, sis Rand Ccoespods tothe matin J = (1. Dede
that

.

Ult) = OM) Sp2-R.

Note that the determinant of a unitary matrix canbe any complex number‘of modulus 1; the special unitary group, SU(n), is the subgroup of U(n) of
automorphisms with determinant 1. The subgroup of GL,C preserving an
indefinite Hermitian inner product with k positive eigenvalues and [ negative

ones is denoted U, or U(k, the subgroup ofthose of determinant I is
denoted SU,,, 0F SU(k, 0.

Ina similar vein, the group GLH of quaternionic linear automorphismsofan n-dimensional vector space V over the ring H of quaternions is a real
2 This choice of which factors near and which conjvat nea is est common than the othermakes te diference in what oliows but it does have the small advantage ofbeing compatiblewih the nara choice for qoaternions.



$7.2. Examplesof Lie Groups ”
Lie subgroup of the group GL4,R, as are the further subgroups of H-linear
transformations of V preservinga bilinear form. Since H is not commutative,‘are must be taken with the conventions here, and it snay be worth a lithe
digression to go through this now. We take the vector spaces V to be right
Hemodules; H" is the space of column vectors with right multiplication by

scalars. In this way the n x n matrices with entries in H actin the usual way

on Hi" on the left. Scalar multiplication on the lft (only) is H-linear.
View H = C@jC = C?, Then left multiplication by elements of Ht giveCinear endomorphisms of C2, which determines a mapping H -» MzC to

the 2 x 2 complex matrices. In particular, H* = GLH Gs GLC. Similarly

Ht = €7@ jC" = C%,so we have an embedding GL,H Gs GL,,C. Note that
4 C-linear mapping g: H"-+ H" is H-linear exactly when it commutes with
£:(e)= (Oj, Io v, + Jo, then 0: j= —¥, + J0,,$0 multiplication byjtakes(')t0(° —!)(®) sctotiows thatiJis the matrix of the preceding,o) "ro Moy
exercise, then

GLH = (AeGL,,C: A =A).

Those matrices with real determinant 1 form a subgroup SLyH.‘A Hermitian form {or “symplectic scalar product’) on a quaternionic vector
space Vis an R-bilineas form K: V x V+ H that is conjugate H-linear in the
fist factor andH-linear in the second: K(vA, wa) = AK(e, w)y, and satisfiesK(w,0) = K(G,w). is positive definite if K(0, 0) > Ofor v ¥ 0. (The conjugate
TofaquaternionA = a + bi + of + dkis definedto be a — bi — oj — dk) Thestandard Hermitian form on H" is Zi,w. The group of automorphisms of an
‘dimensional quaternionic space preserving such a form is called the compact
symplectic group and denoted Sp(n)or Uy). The standard Hermitian form onWeis Zim.
Exercise 7.4, Regarding V as a complex vector space, show that every quater-
nionie Hermitian form K has the form

K(o, ») = H(0, ») + JQ, »),

where H is a complex Hermitian form and @ is a skew-symmetric complexlinear form on V, with H and Q related by Q(c, w) = H(uj, w),and Hf satisfying
the condition Hj, w)) = H(®,w). Conversely, any such Hermitian H is thecomplex part ofa unique K. If K is standard, so is 11, and @ is given by thesame matrix as in Exercise 73. Deduce that

Spin) = URNA Sp,,€.
This shows that the two notions of “symplectic” are compatible.

More generally, i K is not positive definite, but has signature (p,q) say the
standard Sf-, tm, — Di$,, Hj, the automorphisms preserving it form a
s10up UyqH. Or ifthe form is a skew Hermitian form (satisfying the same
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linearity conditions, but with K(w, 0) = —K{(o, w)), the group is denoted
umn.

Exercise 75. Identify, among all the real Lie groups described above, which

‘ones are compact.

Complex Lie Groups

So far, all of our examples have been examples of real Lie groups. As for
complex Liegroups,these are fewer in number.The general linear group GL,Cis one, and again, all the elementary examples come to us as subgroups of the
general linear group GL,C. There is, for example, the subgroup SO,C of
automorphisms of an n-dimensional complex vector space V having deter-
tminant 1 and preserving a nondegenerate symmetric bilinear form Q (note

that Q no longer has a signature), and likewise the subgroup Sp,C of trans-
formations of determinant I preserving a skew-symmetric bilinear form.

Exercise 7.6. Show that the subgroup SU(n) ¢ SL,C is not a complex Lie

subgroup. (Itis not enough to observe that the defining equations given above
are not holomorphic)

Exercise 7.7. Show that none of the complex Lie groups described above is
compact.

We should remark here that both of these exercises are immediate con-

sequences of the general fact that any compact complex Lie group ts abelian;

we will prove this in the next lecture. A representationof a complex Lie groupG is a map of complex Lie groups from G to GL(V)= GL,C for an n-dimensional complex vector space ; note that such a map is required to be
complex analytic.

Remarks on Notation

A.common convention is to use a notation without subscripts or mention of
‘round field to denote the real groups:

Of), SOM, SO(P.g, Ul, SUL, SU(P.9) Spin)

and to use subscripts for the algebraic groups GL,, SL, SOy, and Sp,. This,

of course, introduces some anomalies: for example, SO,R is SO(n), but Sp,
is not Sp(n); but some violation of symmetry seems inevitable in any notation.
‘The notations GL(n, R) or GL(n, C) are often used in place of our GL,R or

GL,C, and similarly for SL, SO, and Sp.
Also, where we have written Sp, some write Sp, In practice, it seems that

those most interested in algebraic groups or Lie algebras use the former
notation, and those interested in compact groups the latter. Other common

notations are U*(2n) in place of our GL,t, Sp(p. 4) for our U,,qH, and
O*Q2n) for our UstE.
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Exercise 7.8. Find the dimensions of the various real Lie groups GL,R, SLR,
By Nyy SO,R, SO,,,R, Spa, Uln), SU(m), GL,C, SLC, GL,H, and Spin)
introduced above

§7.3. Two Constructions

‘There are two constructions, in some sense inverse to one another, that arise

frequently in dealing with Lie groups (and that also provide us with further

‘examples of Lie groups). They are expressed in the following two statements.
Proposition 7.9. Let G be a Lie group, H a connected manifold, and @: H + Ga

covering space map.’ Let e' be an element lying over the identity e of G. Then

there is a unique Lie group structure on H such that e” isthe identity and ¢ is
‘map of Lie groups; and the kernel of @ isin the center of H.

Proposition 7.10. Let H be a Lie group, and Tc Z(H) a discrete subgroup of
its center. Then there is a unique Lie group structure on the quotient group
G = H/T such that the quotient map H -+ G isa Lie group map.
The proofof the second proposition is straightforward. To prove the first, oneshows that the multiplication on Glifts uniquely to a nap Hx H + H which
takes (e’, ¢’) to e’, and verifies that this product satisfies the group axioms. In
fact, it suffices to do this when H is the universal covering of G, for one can
then apply the second proposition to intermediate coverings. o

Exercise 7.11%. (a) Show that any discrete normal subgroup of a connected

Lie group G isin the center Z(G)
(b) 1F2(G) is diserete, show that G/Z(G) has trivial center.

‘These two propositions motivate a definition: we say that a Lie group map

between two Lie groups G and H is an isogeny if tis a covering space map

of the underlying manifolds; and we say two Lie groups G and H are isogenous
if there is an isogeny between them (in either direction). Isogeny is not an
equivalence relation, but generates one; observe that every isogeny equiv-
lence class has an initial member (that is, one that maps to every other one
‘by an isogeny)—that is, just the universal covering space G of any one—and,
if the center of this universal cover is discrete, as will be the case for all our

semisimple groups, a final object G/Z(G) as well. For any group G in such an
‘equivalence class, we wll all G the simply connected form ofthe group G, and

G/Z(G) (iit exists) the adjoint form (we will see later a more general definitionof adjoint form).
This meane that is « contnoous map wth the ropery tha every point of G has x

reihborhood U sch that @"(U) «deat union of open tes exch mapping homeomor:‘Phically to U,
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Exercise 7.12 I 11 -+ Gis a covering of connected Lie groups, show that Z(G)
is discrete if and only if Z(H) is discrete, and then 11/Z(H) = G/Z(G). There-
fore, if Z(G) is discrete the adjoint form ofG exists and is G/Z(G).

‘Toapply these ideas to some ofthe examples discussed, note that the center

of SL, (over R ot €) is just the subgroup of multiples ofthe identity by an nth
root of unity; the quotient may be denoted PSL, or PSL,C. In the complex

‘ease, PSL,C is isomorphic to the quotient of GL,C by its center C* ofscalar
‘matrices, and so one often writes PGL,C instead of PSL.C. The center ofthegroup SO, is the subgroup {+1} when nis even, and trivial when 1 is odd; in
the former case the quotient will be denoted PSO,R or PSO,C. Finally the

center ofthe group Spa, is similarly the subgroup {1}, and the quotient is
denoted PSp,,R or PSPC.

Exercise 7.13*, Realize PGL,C as a matrix group, ic, find an embedding.
(aithful representation) PGL,C + GLyC for some N. Do the same for the
other quotients above.

In the other direction, whenever we have a Lie group that is not simply

connected, we ean ask what its universal covering space is, This is, for example,
hhow the famous spin groups arise: as we will se, the orthogonal groups SO,R.

and SO,C have fundamental group Z/2, and so by the above there exist
connected, two-sheeted covers ofthese groups. These are denoted Spin, and
Spin,C, and will be discussed in Lecture 20; for the time being, the reader may
Find it worthwhile (if frustrating) to try to realize these as matrix groups. The
last exercises of this section sketch a few steps in this direction which can be
done now by hand.

Exercise 7.14. Show that the universal covering of U(n) can be identified

with the subgroup of the product U(n) x R consisting of pairs (g, 1) with
det(g) =e

Exercise 7.15. We have seen in Exercise 7.4 that

SU(2) = Sp(2) = (gH: a9 = 1}.
Identifying R® with the imaginary quaternions (with basis i, j,k), show that,
for qj = |, the map 1» qug maps R® to itself, and is an isometry. Verify that
the resulting map

SUQ) = Spe) +003)

isa 2:1 covering map. Since the equation 9 = 1 describes a 3-sphere, SU(2)
is the universal covering of SO(3); and SO() is the adjoint form of SUQ)

Exercise 7.16, Let M,C = €* be the space of2 x 2-matrices, with symmetricform Q(A, B) = | Trace(AB"), where BF is the adjoint of the matrix B; the
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quadratic form associated to Q is the determinant. For g and h in SL3C, the

mapping At-+9 Ah" is in SOC. Show that this gives a 2: | covering
SLC x SL{C+SO,C,

which, since SLC is simply connected, realizes the universal covering of
SO,€.

Exercise 7.17. Identify C? with the space of traceless matrices in M,C, so
€SL,C acts by Ar+gAg"!. Show that this gives a 2: 1 covering

SL,C-+805C,

which realizes the universal covering of SOsC.



LECTURE 8

Lie Algebras and Lie Groups

In this erucal lecturewe intoduce the definition ofthe Lie algebra associated toa Lie4group and ts elation to that group. All thre sections are logically necessaryfor whatfollows; $8.1 essential, We use here alitle more manifold theory. specially, the

Aierntal ofa map of manifolds i used ina fundamental way in 68.1 the notion ofthe tangent vector to an are ina manifolds used in§8.2 and §8.3, andthe notion ofa

‘ctor field is introduced in an auxiliary capacity in §83. The Campbell Hausdortformula is introduced only to estabish the First and Second Principleof 81 below;if you are willing to tke those on faith the formula (and exercises dealing witht) canbe skimmed. Exercises 827-820 give alternative descriptions of the Lie algebra
Aansociated to Lie group, but canbe skipped for now.

8.1: Lie algebras: motivation and definition

§82 Examplesof Lie algebras$83: The exponential map

§8.1. Lie Algebras: Motivation and Definition

Given that we want to study the representations of a Lie group, how do we
g0 about it? As we have said, the notions of generators and relations is hardly
relevant here. The answer, of course, is that we have to use the continuous

structure of the group. The first step in doing this is
Exercise 8.1. Let G be a connected Lie group, and U < G any neighborhood
ofthe identity. Show that U generates 6

‘This statement implies that any map p: G+ HT between connected Lie

groups will be determined by what it does on any open set containing the
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identity in G, ie, p is determined by its germ at e € G. In fact, we can extend
this idea a good bit further: later in this lecture we will establish the

First Principle: Let Gand H be Lie groups, with G connected. A map p: G+ H
is uniquely determined by its differential dp,: T,G + T,H at the identity.

Thisis, ofcourse, great news: we can completely describe a homomorphism
of Lie groups by giving a linear map between two vector spaces. Its not really
worth that much, however, unless we can give at least some answer to the

next, obvious question: which maps between these two vector spaces actually

arise as differentials of group homomorphisms? The answer to this is expressed
in the Second Principle below, but it will take us a few pages to get there. To

start, we have to ask ourselves what it means for a map to be a homomor-
phism, and in what ways this may be reflected in the differential

‘To begin with, the definition of a homomorphism is simply a @* map p
such that

ah) = pa): ath)

for all g and h in G. To express this in a more confusing way, we can say that
4 homomorphism respects the action of a group on itself by left or right multi-
plication: that is, or any g € G we denote by m,: G—+ G the differentiable map
iven by multiplication by g, and observe that a @* map p:G— H of Lie

groups will be a homomorphism if it carries m, {0 my in the sense that the
diagram

G—++H

GH
‘commutes.

‘The problem with this characterization is that, since the maps m, have no

fixed points itis hard to associate to them any operationon the tangent spacetoG at one point. This suggests looking, not at the diffeomorphisms m,, but
at the automorphisms of G given by conjugation. Explicitly, for any g € G we
define the map

Yy646

by

Yh) = g-heg

(%, is actually a Lie group map, but that is not relevant for our present
Putposes,) Itis now equally the case that a homomorphism p respectsthe actionofa group G on itself by conjugation: that is, it will carry ¥, into Vy in the
sense that the diagram
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Gon

¢—n

‘commutes. We have, in other words, a natural map

G+Aut(G),

The advantage ofworking with ¥, is that it fixes the identity element e€ G;wwe can therefore extract someof its structure by looking at its differential atewe set

Ad(@) = (d'¥,).: TG — T.G. (8.2)

This is a representation

‘Ad: G+ Aut(T,G) 63)
of the group G on its own tangent space, called the adjoint representation of
the group. This givesa third characterization’: a homomorphismtp respects theadjoint action ofa group G on its tangent space T.G at the identity. In otherwords, for any g € G the actions of Ad(g)on 7,G and Ad(p(g)) on T.H mustcommute with the differential (dp),: 7,G ~» T,H, ie. the diagram

7,6 TH

TG ay Tell
‘commutes; equivalently, for any tangent vector v € 7,G,

Ap(AdKg\(o)) = AdLo(a))(dp(0). 84)

This is nice, but does not yet answer our question, for preservation of the
adjoint representation Ad: G+ Aut(7,G)still involves the map p on the group,

G itself, and so is not purely a condition on the differential (dp),. We have
instead t0 go one step further, and take the differential of the map Ad, The
group Aut(T.G) being just an open subset of the vector space of endomor-
phisms of 7,G, its tangent space at the identity is naturally identified with

End(7,G); taking the differential of the map Ad we arrive at a map
ad: T,G + End(7,G). 85)

‘This is essentially a trilinear gadget on the tangent space 7,G; that is, we can
view the image ad(X)(Y) of a tangent vector Y under the map ad(X)as a
"characterization" is not the right word hee (or inthe preceding cas) since we do not
mean an equivalent condition, bat rather something implied by the condition that p be &
homomorphism
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function of the two variables X and ¥, so that we get a bilinear map
TG x T.G>T.G.

We use the notation [ , ] for this bilinear map; that is, fora pair of tangent
vectors X and ¥ to Gat e, we write

(x, ¥ad(xy(¥). (8.6)

AAs desired, the map ad involves only the tangent space to the group G at
¢, and 50 gives us our final characterization: the differential (dp), ofa homo-‘morphism p on a Lie group G respects the adjoint action of the tangent space
to G on itself. Explicitly, the fact that p and dp, respect the adjoint represen-
tation implies in turn that the diagram

7.6 i TH

16 ay Tel

commutes; ie, for any pair of tangent vectors X and ¥ to Gat ¢,

Apa XV(Y) = adldp (X)}dp). co)

or, equivalently,

pA, YD) = dp (X) dp(YN (88)

Al this may be fairly confusing (iit is not, you probably do not need to
te reading this book). Two things, however, should be borne in mind, They
are:

() Ie is not $0 bad, in the sense that we can make the bracket operation,
as defined above, reasonably explicit. We do this irst for the general linear
group G = GL,R. Note that in this case conjugation extends to the ambient

linear space E = End(R) = M,R of GL,R by the same formula: Ad(g)(M) =
aMg"", and this ambient space is identified with the tangent space 7.G;

differentiation in Eis usualdifferentiation of matrices. For any pair of tangent
vectors X and ¥toGL,Rat e,let:-+ G be an are with 7(0) = e and tangentvector ¥/(0) = X. Then our definition of [X, ¥] i that

a[YY] = ad(an(y) = il (adoro
Applying the product rule to Ad(()(¥) = (0¥7(9) this is

= 1 YY) + y10)- ¥-(—y10)"* -y'O)-7(0"")

aX Yex,

Which,of course, explains the bracket notation. In general, any time a Lie{roup is piven as a subgroup of a general linear group GLP, we can view its
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tangent space T,G atthe identity as a subspace ofthe space of endomorphisins
of RP; and since bracket is preserved by (diflerentials of maps of Lie groups,
the bracket operation on 7,G will coincide with the commutator.

(ii) Even if i were that bad, it wouldbe worth it, Tis is because it turns outthat the bracket operation is exactly the auswer to the question we raised

before. Precisely, later inthis lecture we will prove the

Second Principle: Let G and H be Lie groups, with G connected and simply
connected. A linear map 7,G— T,H is the differential of a homomorphism

:G -+ I itand onlyif it preserves the bracket operation, in the sense of (8.8)
above.

We are now almost done: maps between Lie groups are classified by mapsbetween vector spaces preserving the structure of a bilinear map froin the
vector space to itself. We have only one more question (o answer: when does.1 vector space with this additional structure actually arise as the tangent space
at the identity to a Lie group, with the adjoint or bracket product? Happily,
we have the answer to this as well. First, though itis far from clear from our

initial definition, it follows from our description of the bracket as a commu
tator that the bracket is skew-symmetric, ie, [X,Y] = —LY, X]. Second, it
likewise follows from the description of [X, ¥] as a commutator that it
satisfies the Jacobi identity: for any three tangent vectors X, Y, and Z,

(40% 20) + 0% (2, XI] + (2, 0%, 9) = 0.
We thus make the

Definition 8.9.4 Lie algehra gis a vector space together with a skew-symmetric.
bilinear map

CL. kaxa-9

satisfying the Jacobi identity

We should take a moment out here to make one important point. Why,
you might ask, do we define the bracket operation in terms of the relatively
difficult operations Ad and ad, instead of just defining [X, Y] to be the
cominutator X-¥ — Y-X? The answer is that the “composition” X- ¥ of
elementsof a Lie algebra is not well defined. Specifically, any time we embed1 Lie group G in a general linear group GL(V), we get a corresponding

embedding ofits Lie algebra g in the space End(V), and can talk about the
composition XY € End(V) of elements of q in this context; but it must be

borne in mind that this composition X- ¥ will depend on the embedding of
{9,and for that matter need not even be an element ofg. Only the commutatorX-¥ — ¥-X isalwaysan element ofindependent ofthe representation,Theterminology

sometimes heightens the confusion: for example, when we speak‘of embeddinga Lie algebra inthe algebra End(V) of endomorphisms of F, theword algebra may mean two very different things. In general, when we want
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to refer to the endomorphisms ofa vector space V (resp. R°) asa Lie algebra,‘we will write gi(V) (resp. gl,R) instead of End(V) (resp. M,R).

To return to our discussion of Lie algebras, a map of Lie algebras isa linear

‘map of vector spaces preserving the bracket, in the sense of (8.8); notions like
Lie subalgebra are defined accordingly. We note in passing one thing that will

turn out to be significant: the definition of Lie algebra does not specify the
field. Thus, we have real Lie algebras, complex Lie algebras, etc, all defined

in the same way, and in addition, given a real Lie algebra we may associate

toita complex Lie algebra, whose underlying vector space is q@ C and whose
bracket operation is just the bracket on g extended by lineacity

Exercise 8.10*. The skew-commutativity and Jacobi identity also follow from
the naturality of the bracket (8.8), without using an embedding in gl(V)

(a) Deduce the skew-commutativity [X, X] = Ofrom that fact that any X can

‘be written the image ofa vector by dp, for some homomorphism p: R -» G.
(Gee §8.3 for the existence ofp.)

(b) Given that the bracket is skew-commutative, verify that the Jacobi identity,
is equivalent to the assertion that

ad = d(Ad),: 9 -+ End)

preserves the bracket. In particular, ad is a mapof Lie algebras.
To sum up our progress so far: taking for the moment on faith the state-

iments made, we have seen that

(@ the tangent spaceg at the identity to a Lie group G is naturally endowedwith the structure ofa Lie algebra;(i) if G and H are Lie groups with G connected and simply connected,
the maps from G to H are in one-to-one correspondence with maps of
the associated Lie algebras, by associating to p:G-» Hits differential
ead.

Of course, we make the

Definition 8.11. A representation of a Lie algebra g on a vector space V is
simply a map of Lie alerbras

Bi: 9-+ (V) = End(V),

ie, a linear map that preserves brackets, of an action of q on V such that

LX, YI}= XV)— FX).
Statementi) above implies in particular that representationsof aconnected‘and simply connected Lie group are in one-to-one correspondence with repre-
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sentations of its Lie algebra, This is, then, the first step of the series of
reductions outlined in the introduction to Part II.

At this point, a few words are in order about the relation between repre-
sentations ofa Lie group and the corresponding representations of its Liealgebra. The fist remark tomakes about tensors. Recall that f Vand W arerepresentations ofa Lie group G, then we define the representation V @ W to
be the vector space V @ W with the action of G described by

ae Ow)=O alw).

“The definition for representations ofa Lie algebra, however,is quite different.For one thing, if g is the Lie algebra of G, so that the representation ofGonthe vector spaces V and W induces representations of g on these spaces, we

want the tensor product of the representations V and W of g to be the
representation induced by the action ofG on V@ W above. But now supposethat {y,} is an arc in G with 7 = e and tangent vector yo = X eg. Then by

definition the action of X on Vis given by
aXo) = 4. yo)

and similarly for w € W; it follows that the action ofX on the tensor productv@wis
xee@~=4) gen

=F], moen
d d

~(i{_ news oo(4] vm),

X0Ow) = X]Ow+ OX 12)
This, then, is how we define the action ofa Lie algebra g on the tensor product
of two representations of This describes as well other tensor: fr example,
if V is a representation of the group G, v € V is any vector and v? € Sym? V
its square, then for any 9 €G,

a0") = ato)”.

On the other hand, if V is a representation ofthe Lie algebra g and X e gis
any element, we have

XW) = 2-0-X(0) 619

(One further example: if p: G -» GL(V) isa representation of the group G, thedual representation p': G+ GL(V*) is defined by setting

#(Q)= "0191. VO V8

Ditferentiating this, we find that if p:4-+glV) isa representation of @ Lie
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algebra g, the dual representation ofg on V* will be given by

BX)="X) = "p(X V8 VE. 14)
A second and related point to be made concerns terminology. Obviously,

‘when we speak of the action of a group Gon a vector space V preserving some

extra structure on ¥, we mean that literally:for example, if we have a quadratic.
form Q on ¥, to say that G preserves Q means just that

(910), o()) = Q(0,w), Yo e Gand o, we V.

Equivalently, we mean that the associated action of G on the vector space
Sym?¥* fixes the element Q.€ Sym?V*. But by the above calculation, the

action of the associated Lie algebra g on V satisies
Qo, Xo) + O(X(0}, =O, WKegandrwev (8.15)

or, equivalently, Q(e, X(c)) = 0 for all Xe and v€ V; in other words, the
induced action on Sym?V* kills the element Q. By way of terminology, then,
we will n general say that the action ofa Lie algebra on a vector space preservessome structure when a corresponding Lie group action does.

The next section will be spent in giving examples. In §8.3 we will establish
the basic relations between Lie groups and their Lie algebras, (othe point
where we can prove the First and Second Principles above. The further

statement that any Lie algebra isthe Lie algebra of some Lie group will follow
from the statement (see Appendix E) that every Lie algebra may be embedded
inglR.

Exercise 8.16*, Show that if G is connected the image of Ad: G + GL(q) is the
adjoint form of the group G when that exists.

Exercise 8.17%. Let V be a representation of a connected Lie group G and
:g.-+ End(V) the corresponding map of Lie algebras. Show that a subspace
W of V is invariant by G ifand only i itis carried into itself under the action

of the Lie algebra g, i, p(X)(W) & W for all X in g, Hence, V is irreducible
over G if and only if itis irreducible over g

§8.2. Examples of Lie Algebras

We start with the Lie algebras associated to each of the groups mentioned in
Lecture 7. Each of these groups is given as a subgroup of GL(V) = GL,R, so

their Lie algebras will be subspaces of End(V) = gl,R.
‘Consider frst the special linear group SL,R. If {4,) is an arc in SL,R with

d= and tangent vector Ap = X at t = 0, then by definition we have for
any basis ¢1,...,€,0f V = RY,

Ales) A Alen) ey AA ey
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‘Taking the derivative and evaluating at « ~ 0 we have by the product rule

ao- f] taten now Aled)
HDer ar axlanr ne,
= Trace(X)-(e, Ao A ey)

‘The tangent vectors toSL,Rare thus all endomorphismsof trace 0; comparingdimensions we can see that the Lie algebra sR is exactly the vector spaceoftraceless
n x m matrices.‘The orthogonal and symplectic cases are somewhat simpler. For example,

the orthogonal group O,R is defined to be the automorphisms A of an
n-dimensional vector space V preserving a quadratic form Q, so that if {4,)
isan arc in Q,R with Ay = J and A, = X we have or every pair of vectors 0,
wer

QALo), Adw)) = Qo, w).
Taking derivatives, we see that

CX (0), ») + Oo, X(w)) = 0 818)
forall v, w € V; this is exactly the condition that describes the orthogonal Lie

algebra so,R = 0,R. Incoordinatesifthe quadratic form Qis given on V = RYas
Ql0, w) = "0 Mow (8.19)

for some symmetric n x n matrix M, then as we have seen the condition on
Ae GL,R to be in O,Ris that

‘AM-A=M, (820)

Differentiating, the condition on an m x n mattin X to be in the Lie algebra

‘0,8 of the orthogonal group is that
OMEMEX 90. 21

Note that if M is the identity matrix—ie, @ is the “standard” quadratic
form Q(o, w) = 'o-w on R*—then this says that soft isthe subspace of skew-
symmetricn x nmatrices.To put it intrinsically, in terms ofthe identification‘of V with V* given by the quadratic formQ, and the consequent identificationEnd(V)= V@ V* = V@ FV, the Lie algebra s0,R < End(V)is just the sub-space MV & V @ V of skew-symmetric tensors:

20,8 = AV c End(V) = V@ V. (822)
AAllof the above, with the exception of the last paragraph, works equally

well o describe the Lie algebra sp,4R of the Lie group Spa9R of transforma-
tions preserving a skew-symmetric bilinear form Q; that is, sp24R is the

subspace of endomorphisms of ¥ satisfying (8.18) for every pair of vectors t,

we ¥,or.iFQ is given by a skew-symmetric 2n x 2n matrix M as in (8.19), the
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space of matrices satisfying (8.21). The one statement that has to be substan-

tially modified is the last one of the last paragraph: because Q is skew-
symmetric, condition (8.18) is equivalent to saying that

2X (0), w) = XW), 0)
for all v, we V5 thus, in terms of the identification of V with V* given
by Q, the Lie algebra sp,,R¢ End(V)= V@ V* = V@ V is the subspacesym’¥c V@V:

Spa,Ft = Sym*V c End(V) = V@ V. (823)

Exercise 824*. With Q a standard skew form, say of Exercise 7.3, describe

SpagR and its Lie algebra spa,R (as subgroup of GL,R and subalgebra of

‘lzaR). Do & corresponding calculation for SOR.

‘One more similar example is that of the Lie algebra u, of the unitary group
U(n); by a similar calculation we find that the Lie algebra of complex linear

endomorphisms of C* preservinga Hermitian inner product H isjust the space‘of matrices X satisfying

H(X(o), w) + Ho, X(w)) = 0, Yo, we Vs

if H is given by H(o, w) = 'B-w, this amounts to saying that X is conjugate
skew-symmetric, ie, that ‘¥ = — X.

Exercise 8.25, Find the Lie algebras ofthe real Lie groups SL,C and SL,H—
the elements in GL,H whose real determinant ist.

Exercise 8.26. Show that the Lie algebras of the Lie groups B, and N, intro-
duced in §7.2 are the algebra b,R of upper triangular n x n matrices and the

algebra n,R of strictly upper triangular n x n matrices, respectively.
If is a complex Lie group, its Lie algebra is a complex Lie algebra. Just

asin the real case, we have the complex Lie algebras gl,C, #4,C, #0,C, and

‘Pax of the Lie groups GL,C, SL,C, SOC, and Spz,C.

Exercise 8.27. Let A be any (real or complex) algebra, not necessarily finite

dimensional, or even associative. A derivation is a linear map D: A» A satis-
fying the Leibnitz rule D(ab) = aD(b) + D(a)

(@) Show that the derivations Der(4) form a Lie algebra under the bracket
[D,E] = Do E — Eo D.It Ais finite dimensional,so is Der(A).{(b) The group of automorphisms of A is a closed subgroup G of the group
GL(A)of linear automorphisms of A. Show that the Lie algebra of G isDer(A).

(9 If the algebra A is a Lie algebra, the map A+ Der(A), X+-+Dy, where
D,(¥) = [X, ¥]. isa map of Lie algebras.



na 8. Lie Algebras and Lie Groups
Exercise 828°. Ifg isa Lie algebra the Lie algebra automorphisms of g form

‘ Lie subgroup Aut(g) of the general linear group GL(a).
(a) Show that the Lie algebra of Aut(q) is Der(a).IfG is a simply connected

Lie group with Lie algebra g, the map Aut(G)-+ Aut(q) by g+-+do is
‘one-to-one and onto, giving Aut(G) the structure of a Lie group with Lie
algebra Der(g).

(b) Show that the automorphism group of any connected Lie group is a Lie
subgroup of the automorphism groupofits Lie algebra

Exercise 8.29*. For any manifold M, the C* vector fields on M form a Lie
algebra o(M),as follows: a vector field v can be identified with a derivation of

the ring A of C* functions on M, with v(f) the function whose value at a

point x of M is the value of the tangent vector v, on f at x. Show that the
vector fields on M form a Lie algebra, in fact a Lie subalgebra of the Lie
algebra Der(A). Ifa Lie groupG acts on M, the G-invariant vector fields forma Lie subalgebra vgM ofo(M). Ifthe action is transitive, the invariant vector

fields form a finite-dimensional Lie algebra.
If G is a Lie group, v9(G)= TG becomes a Lie algebra by the aboveprocess. Show that this bracket agrees with that defined using the adjoint map(8.6). This gives another proof that the bracket is skew-symmetric and satisfies

Jacob's identity.

§8.3. The Exponential Map

The essential ingredient in studying the relationship between a Lie group G
and its Lie algebra q is the exponential map. This may be defined in very
straightforward fashion, using the notion of one-parameter subgroups, which

we study next. Suppose that X « g is any element, viewed simply as a tangent
vector to G at the identity. For any element g € G, denote by m,: G -+ G the
‘map of manifolds given by multiplication on the lft by g. Then we can define

1 vector field ron al of G simply by setting
x(a) = (m,)4(X)-

This vector field is clearly invariant under [eft translation (ie, it is carried

into itself under the diffeomorphism m, forall g), and itis not hard to see that
this gives an identiticationof q withthe space of all eft-invariant vector fieldson G. Under this identification, the bracket operation on the Lie algebra 9

corresponds to Lie bracket of vector fields; indeed, this may be adopted as the
definition of the Lie algebra associated to a Lie group (f. Exercise 8.29) For
‘our present purposes, however,'all we need to know is that o exists and is
Jeft-invariant.

Given any vector field » on a manifold M and a point pe M, a basic

theorem from differential equations allows us to integrate the vector field. This
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ives a differentiable map g:1 > M, defined on some open interval I con-

taining 0, with (0)= p, whose tangent vector at any point is the vectorassigned (0 that point by o, ie, stich that

9= 99)

for all¢in I. The map g is uniquely characterized by these properties. Now
suppose the manifold in question is a Lie group G, the vector field the Field

1 associated to an element X € g, and p the identity. We arrive then at a map
9:1 -+ G; we claim that, atleast where @ is defined, it is a homomorphism, ic,
(5 +1) = @(s)o(0) whenever 5, t, and 5 + ¢ are in I. To prove this, fix s and

Jet ¢ vary; that is, consider the two arcsa and fi given by a(t) = (9) @(t) andfle) = 96 + 1). Ofcourse, a(0) ~ (0},and bythe invariance ofthe vector Feld

by, we see that the tangent vectors satisfy a'() = vy(a(t)) and f') = vx(()

forall By the uniqueness ofthe integral curve of a vector field on a manifold,
wwe deduce that a(() = Ate for alt

From the fact that @(5 + 1) = @(3)@(0) forall s and1 neat 0, it follows thatextends uniquely to all of R, defining a homomorphism

oe RG

with (0) = o<(0X0) = (Muy) y(X) for allt

Exercise 8.30. Establish the product rule for derivatives of arcs ina Lie group

G:ifwand fare arcs in G and y(t) = a(t) AC, then
(0) = drag BO) + dp,

where for any g € G, the map m, (resp. n,): G —> G is given by left (resp. right)
multiplication byg.Use this o give another proof that g isa homomorphism.
Exercise 8.31. Show that yy is uniquely determined by the fact that itis a
homomorphism of R to G with tangent vector g4(0) at the identity equal to

X. Deduce that if ¥: G+ H is a map of Lie groups, then 95,x = Vo x.
The Lie group map qy: RG is called the one-parameter subgroup of G

with tangent vector X at the identity. The construction of these one-parameter
subgroups for each X amounts to the verification of the Second Principle of

$81 for homomorphisms from R to G. The fact that there exists such a
‘one-parameter subgroup of G with any given tangent vector at the identity is
crucial. For example, itis not hard to see (we will do this in a moment) that
these one-parameter subgroups fill up a neighborhood of the identity in G,

which immediately implies the First Principle of §8.1. To carry this out, we
define the exponential map

exaG

by exp(X) = ex( 1). (8.32)
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Note that by the uniqueness of @y, we have
unl oxi:

£0 thatthe exponential map restricted tothe lines through the origin in 9
fives the one-paraineter subgroups of G. Indeed, Exercise 8.31 implies the
characterization:

Proposition 8.33, The exponential mapis the unique map from 9 0 G taking O
toe whose diferential at the origin

(x.)oiToa = 9+ 1.6 = 9
isthe identity, and whose restrictions tothe lines through the origin in are
one-parameter subgroups of G.

‘This in particular implies (cf. Exercise 8.31) that the exponential map is
natural, in the sense that for any map y: G-» H of Lie groups the diagram

6H
commutes

Now, since the dierential ofthe exponential map atthe origin in 9 is an
isomorphism, the image of exp wil contain a neighborhood of the identity in

G.1fG is connected, this will generate all of G; from this follows the First
Principle: if G is connected, then the map is determinedby its differential dy),at the identity

Using (8.32), we can write down the exponential map very explicitly in the
case of GL4R, and hence or any subgroup of GL,R. We just use the standard
power series forthe function e% and set, for X €End(V},

epee x ee ey 634)
Observe that this converges and is invertible, with inverse exp(—X), Clearly,
the differential of this map from to G at the origin is the identity; and by

the standard power series computation, the restriction ofthe map to any line
through the origin ig i a one-pararyper subgroup of G. Thu, the may

coincides with the exponential as dtined orginally, and by natuality he
sani is irue for any subgroup of G. (Note that, as we have pointed out, the

individual terms in the expression on the right of (8.34)are very much depen-dent of the particular embedding of G in a general linear group GL(V) and
correspondingly of qn End(V), even though the sum onthe right in (8.34)isnot)

This explicit form of the exponential map allows us to give substance to
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the assertion that “the group structure of G is encoded in the Lie algebra.”

Explicitly, we claim that not only do the exponentialsexp(X) generate G, butfor X and Y in a sufficiently small neighborhood of the origin in g, we can
write down the product exp(X)-exp(¥) as an exponential. To do this, we
introducefirst the“inverse” oftheexponential map: forg € Gc GL,R,weset

1 @-ylog)= (9 =~OOD eg
Of course, this will be defined only for g sufficiently close to the identity in G;
‘but where it is defined it will be an inverse to the exponential map.

Now, we definea new bilinear operation on gl,R: we set
X+¥ = loglexp(X)-exp()).

We have to be careful what we mean by this, of course; We substitute forg inthe expression above for log(g) the quantity

exp(x) erry (14+ ve ) (1 yee )

aro ne(Sere Ben,2 2

being careful, of course, to preserve the order of the factors in each product.

Doing this, we arriveat
xeven srs (FPP y ere Z))y-

2 2 2

aX YEG YDS

Observe in particular that the terms of degree 2 in X and ¥ do not in-

‘volve the squares of X and ¥ or the product X'- Y alone, but only the com-
‘mutator. In fact, this is true of each term in the formula, ic, the quantity

loglexp(X)-exp()) can be expressed purely in terms of X,Y, and the bracket
‘operation; the resulting formula is called the Campbell-Hausdorff formula
{although the actual formula in closed form was given by Dynkin). To degree
three, itis

Xey=X4+V +40 VIE SOGOX VIDS ALOK XI te

Exercise 8.35*. Verily (and find the correct signs in) the cubic term of the
Campbell- Hausdorff formula.

Exercise 8,36. Prove the assertion of the last paragraph that the power series
log(exp(X)- exp(¥)) can be expressed purely in termsof X, ¥, and the bracketoperation
Exercise 8.37. Show that for X and Y sufficiently small, the power series
Joglexp(X)-exp(¥)) converges.
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Exercise 8.38*. (a) Show that there is a constant C such that for X, ¥ € gly

Xe =X +V4(X, ¥] +E, where BES CUXE + WYP.
(6) Show that exp(X + ¥)= limy.. (exp(X/n)-exp(Y/n)f.(6) Show that

, x Y x nyaunts=m(en(*)-90(")-20(—*)e0(-2))
Exercise 8.39. Show that if G is a subgroup of GL,R, the elements of its
Lie algebra are the “infinitesimal transformations” of G in the sense of von
Neumann, ie, they are the matrices in g{R which can be realized as limits

tim A=, Ave G6, > 0,690.
Exercise 840, Show that expis surjective forG = GL,C but not forG = GL; Rifn> tor forG = SLC.

By the Campbell-Hausdorff formula, we can not only identify all the

clements of G in a neighborhood of the identity, but we can also say what their
pairwise products are, thus making precise the sense in whichg and its bracketoperation determines G and its group law locally. Of course, we have notwritten a closed-form expression for the Campbell-Hausdorff formula; but,

as we will sce shortly, its very existenceis significant. (For such a closed form,see [Sel, 164.8])
‘We now consider another very natural question, namely, when a vector

subspace h < q isthe Lie algebra of (ic, tangent space at the identity to) an
immersed subgroup of G. Obviously, a necessary condition is that lis closed
under the bracket operation; we claim here that this is sufficient as well:
Proposition 8.41, Let G be a Lie group, 9 its Lie algebra, and h 9 a Lie
subalgebra. Then the subgroup of the group G generated by exp(b) is an
immersed subgroup H with tangent space 7,1 =).

Proor. Note that the subgroup generated by exp(b) is the same as the sub-

group generated by exp(U), where U is any neighborhood of the origin in b. It
will suffice, then (see Exercise 8.42), to show that the image of under the
exponential map is “locally” closed under multiplication, ie, that for a suffi-

ciently small disc A <6, the product exp(A):exp(A) that is, the set of pairwise
products exp(X)-exp(Y) for X, ¥ € A) is contained in the image of under

the exponential map,

We will do this under the hypothesis that G may be realized as a subgroup
ofa general linear group GL,R, so that we can use the formula (8.34) for the
exponential map. This is a harmless assumption, given the statement (to be
proved in Appendix E) that any finite-dimensional Lie algebra may be
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embedded in the Lie algebra glyR: the subgroup of GL,R generated by
exp(g) will be a group isogenous to G, and, as the reader can easily check,

proving the proposition for a group isogenous to G is equivalent to provingittor G.

It thus suffices to prove the assertion in case the group G is GL,R. But thisis exactly the content of the Campbell- Hausdorff formula a

When applied to an embedding of a Lie algebra g into ly, we see, in
particular, that every finite-dimensional Lie algebra is the Lie algebra of a Lie

‘group. From what we have seen, this Lie group is unique if we requite it to be
simply connected, and then all others are obtained by dividing this simply
connected model by a discrete subgroup of its center.

Exercise £.42*, Suppose Gy is an open neighborhood of the identity in a Lie
group G such that Go: Gy © Gy and Ga! = Go. Suppose Hp is a closed sub-
manifold of Gy such that Ho: Hy = Hand Ha! = Hy.Show that the subgroup
HofG generated by Hg is an immersed Lie subgroup of G.

‘Asa fairly easy consequence of this proposition, we can finally give a proofof the Second Principle stated in §8.1, which we may restate as,

Second Principle. Let G andH be Lie groups with G simply connected, and letsand ly be their Lie algebras. A linear mapa: 9 >is the diferentialof a mapA:G—H of Lie groups if and only if« is a map of Lie algebras,
Proor. To see this, consider the product G x H. Its Lie algebra is just 9 ® b.
Let | c.g @b be the graph of the map a. Then the hypothesis that a is a map
of Lic algebras is equivalent to the statement that jisa Lie subalgebra ofg @ b;and given this, by the proposition there exists an immersed Lie subgroup,
J.¢G x Ht with tangent space T.J = j

Look now at the map :J + G given by projection on the first factor. By

hypothesis, the differential ofthis map dx, ~ gis an isomorphisin, so that
the map J + G is an isogeny; but since G is simply connected it follows that

isan isomorphism. The projection n: G = J -» H on the second factor is then
a Lie group map whose differential atthe identity is« a
Exercise 8.43*. If -+ 9/ is a homomorphism of Lie algebras with kernel
show that the kernel H of the corresponding map of simply connected Lie
groups G+ G’ is a closed subgroup of G with Lie group h. This does not

extend to non-normal subgroups,ie.to the situation when fis not the kernelof a homomorphism: give an example of an immersed subgroup of a simply
connected Lie group G whose image in G is not closed.

Exercise 8.44, Use the ideas of this lecture to prove the assertion that a
compact complex connected Lie group G must be abelian:
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(a) Verify that the map Ad:G -+ Aut(T,G) < End(T,G) is holomorphic, and,therefore (by the maximum principle), constant,
(b) Deduce that if ¥, is conjugation by g, then d'¥, is the identity, so

"Y,(exp(X)) = exp(t'F,(X)) = exp(X) for all X € 7,6, which implies that
Gis abelian.

(©) Show that the exponentialmap from 7,G to G is surjective, with the kernela lattice A, so G = T,G/A is a complex torus.



LECTURE 9

Initial Classification of Lie Algebras

In this lecture we define vatious subclasses of Lic algebras: nilpotent, solvable, semi-

simpesete,and prove basic fats about their representations, The discussion setielyelementary (largely because the hard theorems are stated without proof for now) there
are no prerequisites beyond linear algebra. Apart from giving these bate defitons
the purpose of the leture it largely to motivate the narrowing of our focus to
semisimple algebras that will take place in the sequel. n particular, the frst part of
§9.3 is logically the most important for what follows.

$9.1: Rough classification of Lie algebras
$92: Engels Theorem and Lie's Theorem

§9.3; Semisimple Lie algebras
4: Simple Li algebras

99.1. Rough Classification of Lie Algebras

We will give, in this section, a preliminary sort of classification ofLie algebras,

reflecting the degree to which a given Lie algebra g fails to be abelian. As we
have indicated, the goal ultimately is to narrow our focus onto semisimple Lie
algebras.

Before we begin, two definitions, both completly straightforward: First,wedefinethe center Z(q) of a Lie algebra g to be the subspace of g ofelements:X eq such that [X, ¥] = 0 for all Yeg. Of course, we say gis abelian if all
brackets are zero.

Exercise 9.1. Let G be a Lie group, 9 its Lie algebra. Show that the subgroup
of G generated by exponentiating the Lie subalgebra Z(q) is the connected

component of the identity in the center Z(G) of G.
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Next, we say that a Lie subalgebra h < g ofa Lie algebra g is an ideal ifitsatisfies the condition

[XK Yeh forall Keb Ves.

Just as cotinected subgroups of a Lie group correspond to subalgebras ofits
Lie algebra, the notion of ideal in a Lie algebra corresponds to the notion of,
normal subgroup, in the following sense:

Exercise 9.2. Let G be a connected Lie group, H < G a connected subgroup
and q and fy their Lie algebras, Show that HY is a normal subgroup of G if and.

only if is an ideal of g,
Observe also that the bracket operation on q induces a bracket on the quotient
spacea/b if and only if isan ideal in 9This, in turns, motivates the next bit of terminology: we say that a Lie

algebraq is simple if dim g > and it contains no nontrivial ideals. By the last
exercise, this is equivalent to saying that the adjoint form G of the Lie algebra
{has no nontrivial normal Lie subgroups.

Now, to altempt (0 classify Lie algebras, we introduce two descending.

chains of subalgebras. The first is the lower central series of subalgebras
defined inductively by

_

%= Loa

and

9 = [9 %-r9]-

Note that the subalgebras 2% are in fact ideals in g. The other series is called
the derived series {g}; itis defined by

a q= [9,0]

and

Ho = (99, #9).

Exercise 9.3. Use the Jacobi identity to show that 9% is also an ideal in g
More generally, it} is an ideal in a Lie algebra g, show that (9, }] is also an

ideal in g; hence all 91) are ideals in q

Observe that we have 99 < Mq for all k, with equality when k = I; we
often write simply 9 for 29 = 9g and call this the commutator subalgebra
‘We now make the

Definitions.

(We say that gis nilpotent if %g = 0for somek(il) We say that gis solvable it 9*q = 0 for some k.
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(il) Wesay that gis perfect if 9g = 9 this is nota concept we willuse much)
(iv) We say that gis semisimple ifg has no nonzero solvable ideals.

The standard example of a nilpotent Lie algebra is the algebra n,R of
strictly upper-triangular n x m matrices; in this case the kth subalgebra 9

in the lower central series will be the subspace 1,48 of matrices A = (a,)such that aj; = 0 whenever j <i +k, ie, that are zero below the diagonal

and within a distance k of it in each column or row. (In terms of a complete
flag {V;} as in §7.2, theseare just the endomorphisms that carry into Vj-x-1)Itfollows also that any subalgebraof the Lie algebra n,R is likewise nilpotent;‘we will show later that any nilpotent Lie algebra is isomorphic to such a
subalgebra. We will also see that ifa Lie algebra g is represented on a vectorspace V, such that each element acts asa nilpotent endomorphism, there is abasis for V such that, identifying gf(V) with gl,R, 9 maps to the subalgebra
nReghR

Similarly, a standard example ofa solvable Lie algebra is the space b,R of
‘upper-triangularn x n matrices; in this Lie algebra the commutator 6,Risthe algebra nR and the derived series i, thus, O*,R = toe ,qR Again, it
follows that any subalgebra of the algebra b,R is likewise solvable; and we

will prove later that, conversely, any representation of a solvable Lie algebra
‘on a vector space V consists, in terms of a suitable basis, entirely of upper-

triangular matrices (ie, givena solvable Lie subalgebra g of gl(V), there exists‘basis for V such that under the corresponding identification of gl(V) with

1,R, the subalgebra 9 is contained in by < gl,
It is clear from the definitions that the properties of being nilpotent or

solvable are inherited by subalgebras or homomorphic images. We will sce
that the same is true for semisimplicity in the case of homomorphic images,
though not for subalgebras.

Note that q is solvable if and only if g has a sequence of Lie subalgebras
8=0 > 91>> =0, such that grog is an ideal im gy and gi/tues ixabelian, Indeed, if this is the case, one sees by induction that a < 4, for all
i (One may also refine such a sequence to one where each quotient g/d is

‘one dimensional) It follows from this description that if} is an ideal in a Lie
algebra g, then g is solvable if and only if and q/y are solvable Lie algebras.(The analogous assertion for nilpotent Lie algebras is false: the ideal ng is

nilpotent in the Lie algebra b, of upper-triangular matrices, and the quotient

isthe nilpotent algebra b, ofdiagonal matrices, but b, is not nilpotent) If gis
the Lie algebra ofa connected Lie group G, then g is solvable if and only ifthere is a sequence ofconnected subgroups, each normal in G (or in the next

inthe sequence), such that the quotients are abelian
In particular, the sum of two solvable ideals in a Lie algebra g is again

solvable [note that (a + bY & a/(a 6)}. It follows that the sum ofall solv-
able ideals ing isa maximal solvable ideal, called the radical of g and denoted
Radi(q). The quotient g/Rad{(q) is semisimple. Any Lie algebra 9 thus fits into

anexact sequence
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0 Rad(g) -» 9 + g/Rad(g)+0 04)
where the first algebra is solvable and the last is semisimple, With this
somewhat shaky justification (but see Proposition 9.17), we may say that to

study the representation theory of an arbitrary Lie algebra, we have to
understand individually the representation theories of solvable and semi-
simple Lie algebras. Of these, the former is relatively easy, atleast as regards
irreducible representations. The basic fact about them—that any irreducible

representation of a solvable Lie algebra is one dimensional—will be proved
later in this lecture, The representation theory of semisimple Lie algebras, on
the other hand, is extraordinarily rich, and itis this subject that will occupy
us for most of the remainder of the book.

‘Another easy consequence of the definitions is the fact that a Lie algebra
is semisimple if and only if it has no nonzero abelian ideals. Indeed, the last

‘nonzero term in the derived sequence of ideals 9*Rad(g) would be an abelian
ideal in g (cf. Exercise 9.3). A semisimple Lie algebra can have no center, so
the adjoint representation of a semisimple Lie algebra is faithful

It is a fact that the sequence (9.4) splits, in the sense that there are sub-

algebras of g that map isomorphically onto q/Rad(a). The existence of such
«Levi decomposition is part ofthe general theory we are postponing, To show
that an arbitrary Lie algebra has faithful representation (Ado’s theorem), one
starts with a faithful representation of the center, and then builds a represen-
{ation ofthe radical stepby step, inserting a string of ideals between the centerand the radical. Then one uses a spitting to get from a faithful representation

con the radical to some representation on al of; the sum ofthis representation

and the adjoint representation is then a faithful representation. See Appendix
E for details.

‘One reason for the terminology simple/semisimple will become clear later
in this lecture, when we show that a semisimple Lie algebra is a direct sum of
simple ones,

Exercise 9. Every semisimple Lie algebrais perfect. Show that the Lie group‘of Euclidean motions of R has a Lie algebra g which is perfect, ie, 99 = 9,
‘but g is not semisimple, More generally, if ) is semisimple, and V is an

irreducible representation of b, the twisted product

9 = (0, Xlve HX eb} with [(0, X),(w, YY} = (Xw— Yo, [X, YD)

is a Lie algebra with 9 = 9, Rad(q) = V abelian, and q/Rad(q) = b.

Exercise 9.6, (a) Show that the following are equivalent for a Lie algebra 9: ()
9:is nilpotent, (i) There is a chain of ideals 9 = go > 9) >-*- > 9, =0 with
1/4144 contained in the center of g/ays1- (i) There is an integer n such that

dX) 0 ad (Xy) 0+ 0 ad (NQ)(Y) = [Kay (Xa 004 Xe VY) = 0for all X15...) Xqp Ying,
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(b) Conclude that a connected Lie group Gis nilpotent if and only if it can

be realized as a succession of central extensions ofabelian Lie groups.

Exercise 9.7. IfG is connected and nilpotent, show that the exponential map

exp: q+ G is surjective, making g the universal covering space of G.
Exercise 98, Show that the following are equivalent for a Lie algebra 9: () 9
is solvable. (ii) There is a chain of ideals g = go > 9) >" > 94 = 0 with

s/s, abelian. (ii) Thereis a chain ofsubalgebras9 = M9 > ay >" > = 0such that gy, is an ideal in g,, and gy/qis1 is abetian,

§9.2. Engel’s Theorem and Lie’s Theorem

We will now prove the statement made above about representations of solv-
able Lie algebras always being upper triangular. This may give the reader an
idea of how the general theory proceeds, before we go back to the concrete
‘examples that are our main concern. The starting point is

‘Theorem 9:9 (Enge!'s Theorem). Let g < gl(V) be any Lie subalgebra such that

every X € gia nilpotent endomorphism of V. Then there exists a nonzero vector

v6 V such that X(o)= 0 for all X © 9,
‘Note this implies that there exists a basis for V in termsof which the matrixrepresentativeof each X ¢ q is strictly upper triangular: since ¢ kills 0, it willact on the quotient Vof V by the span of v, and by induction we can find a

basis 7... for Vin terms of which this action is strictly upper triangular.

Lifting 6, to any v, € V and setting v, = » then gives a basis for V as desired.
Proor oF Tsonem 9.9. One observation before we start is that if X € al(V)

is any nilpotent element, then the adjoint action ad(X): gl(V)-» gl(V) is nil-
potent. This is straightforward: to say that X is nilpotent is to say that

there exists a flag of subspaces 0. Vy © Vy C7 © KC Kay = V such that
X(V)) € Vi-s3 we can then check that for any endomorphism ¥ of ¥ the

‘endomorphism ad(X"(Y) carties ¥; into Visa
‘We now proceed by induction on the dimension of g, The first step is to

show that, under the hypotheses of the problem, 9 contains an ideal 1 of
codimension one. An fact, let I} be any maximal proper subalgebra; we
claim that I has codimension one and is an ideal. To see this, we look at the

adjoint representation of g; since lisa subalgebra the adjoint action ad(b) of,

‘hon q preserves the subspace <q and so acts on g/. Moreover, by our
“observation above, for any X € h ad(X) acts nilpotently on gl(V}), hence on 9,
henceon g/h. Thus, by induction, there exists a nonzero element ¥ « g/b killedbyad(X) for all X ¢ by equivalently, there exists an element ¥ € g not inh such
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that ad(X)(¥)€b for all X eb. But this is to say that the subspace by of qspanned by b and Y is @ Lie subalgebra of g, in which 6 sits as an ideal ofcodimension one; by the maximality of we have b= g and we are done.
We return now to the representationof gon ¥. We may apply the inductionhypothesis to the subalgebra of q found in the preceding paragraph to

conclude that there exists a nonzero vector v ¢ V such that X(c) = 0 for all

X €by, et Wc V be the subspace ofall such vectors ve . Let ¥ be any

clement of g not in §; since h and ¥ span g, it will suffice to show that there
‘existsa (nonzero) vectorv € W such that ¥(o) = 0. Now for any veetor we Wand any X €b, we have

X(Y())= YX (0) + EX, YT).
‘The first term on the right is zero because by hypothesis w e W, X € and so
X(w) = 0; likewise, the second term is zero because [X, ¥} = ad(X)(Y)eb,

Thus, X(¥(w)) = Oforall X € b; we deduce that Y(w)€ W. But this means thatthe action of ¥ on V carries the subspace H¥ into itself; since Yacts nilpotently
‘on ¥, it follows that there exists a vector ve W such that ¥(o) = 0. oO

Exercise 9.10*. Show that a Lie algebra gis nilpotent if and only if ad(X)is a

nilpotent endomorphism of q for every X € 9.
Engels theorem, in turn, allows us to prove the basic statement made

above that every representation ofa solvable Lie group can be put in upper-triangular form, This is implied by

‘Theorem 9.11 (Lie’s Theorem). Let g < gl(V)bea complex solvable Lie algebra.Then there existsanonzerovector v¢ V that isan eigenvectorof X forallX € g
Exercise 9.12. Show that this implies the existence of a basis for V in terms of
which the matrix representative of ench X e g is upper triangular.
Proor oF THroreM 9.11. Once more, the first step in the argument is to assert

that g contains an ideal b of codimension one. This time, since g is solvable
we know that 2g # g, sothat the quotient a = g/g isa nonzero abelian Lie

algebra; the inverse image in g of any codimension one subspace of a will
then be a codimension one ideal in.

Still following the lines of the previous argument, we may by induction

assume that there isa vectorvp € V that is an eigenvector forall X € b, Denotethe eigenvalue of X corresponding to v9 by A(X). We then consider the

subspace W c V of all vectors satisfying the same relation, ic., we set
W = (ve V: X(o)= A(X)-w YX eb).

Let ¥ now be any element ofg not in b, As before, it will sulfice to show thatY carries some vector v € W into a multiple of itself, and for this itis enough
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toshow that ¥ carries W into itself. We prove this ina general context in thefollowing lemma,

Lemma 9.13. Let bbe an ideal in a Lie algebra g, Let V be a representation of
.and 2:t)-+€ a linear function, Set

W = (ve V:X(0) = A(X)-0 YX eh},

Then ¥(W) < W for all ¥ € q.
Proor. Let w be any nonzero element of W; to test whether ¥(w) © W we let

X be any element of h and write
X (YEW) = OCW) + OX, YH)

= AX): Y(w)

+ AEX, YD 14)since [X, ¥] eb, This differs rom our previous calculation in that the secondterm on the right is not immediately seen to be zero; indeed, ¥(w) wil lie in

W ifand only if ACX, ¥}) = 0 for all X eb.
To verify this, we introduce another subspace of ¥, namely, the span U of

the images w, ¥(w), ¥2(w),... of w under successive applications of ¥. This
subspace is clearly preserved by Y; we claim that any X € carries U into
itself as well. It is certainly the case that b carries w into a multiple of itself,

and hence into U, and (9.14) says that jycarties ¥(w)into a linear combination‘of ¥(w) and w, and so into U. In general, we can see that § carries ¥*(w) into
U by induction: for any X eh we write

XCPH OW) = FORO) + OX, YT). 9.15)

Since X(Y#~"(w))€ U by induction the first term on the right is in U, andsince [X, ¥] eb the second term is in U as well

In fact, we see something more from (9.14) and (9.15): it follows that, in
terms of the basis w, Y(w), ¥2(w),... for U, the action of any X €b is upper

triangular, with diagonal entries all equal to 2(X). tn particular, for any X €
the trace of the restriction of X to U is just the dimension of U times 4(X).

On the other hand, for any element X ei) the commutator [X, YJ acts on U,
and being the commutator

of two endomorphisms of U the trace ofthis actionis zero, It followsthen that A([X, YJ) = 0, and we are done. a
Exercise 9.16. Show that any irreducible representation of a solvable Lie
algebra gis one dimensional, and g acts trivially

Atleast for irreducible representations, Lie's theorem implies they will all

beknown for anarbitrary Lie algebra when they are known forthe semisimple
‘ase, Infact, we have:

Proposition 9.17. Let q be a complex Lie algebra, Qu = e/Rad(q). Every irre-

Aucible representationof qs of the form V = Vp @ L, where Vp isan irreducible
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representation of 94, [ie., a representation of g that is trivial on Rad(q)), and
Lisa one-dimensional representation

PRroor. By Lie’s theorem there is a 2 € (Rad(g))* such that

W = {ve V:X(0) = A(X)-0 WX © Rad(g)}

is not zero. Apply the preceding lemma, with h = Rad(g). Since V is irreduc-

ible, we must have W = V. Now extend 4 in any way (o a linear function on
‘, and let L be the one-dimensional representation of g determined by 4; in

other words, ¥(z) = A(Y)-z for all Ye q and ze L. Then V@ L* is a repre-
sentation that is trivial on Rad(@), 80 it comes from a representation ofax
‘as required, o

Exercise 9.18, Show that if is a subalgebra of g that maps isomorphically
‘onto 9/Radiq), then any irreducible representation of g restricts to an irre-

ducible representation of q’, and any irreducible representation of 9’ extends
toa representation of 9.

§9.3. Semisimple Lie Algebras

As is clear from the above, many of the aspects of the representation theory
‘of finite groups that were essential to our approach are no longer valid in the
context of general Lie algebras and Lie groups. Most obvious of these is
complete reducibility, which we have seen fails for Lie groups; another is the
fact that not only can the action of elements of a Lie group or algebra on a

vector space be nondiagonalizable, the action of some element ofa Lie algebra
may be diagonalizable under one representation and not under another.

‘That is the bad news. The good news is that, if we just restrict ourselves to.
semisimple Lie algebras, everything is once more as well behaved as possible,
For one thing, we have complete reducibility again:

‘Theorem 9.19 (Complete Reducibility). Let V be a representation of the semi-
simple Lie algebra g and W < V a subspace invariant under the action of.
‘Then there existsa subspace W" < Vcomplementaryco W and invariant underg,
‘The proof of this basic result will be deferred to Appendix C.

‘The other question, the diagonalizabilityof elements of a Lie algebra under
a representation, requires a little more discussion. Recall first the statement
of Jordan decomposition: any endomorphism X ofa complex vector space V
can be uniquely written in the form

X=X+%,
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where X, is diagonalizable, X, is nilpotent, and the (wo commute. Moreover,
X, and X, may be expressed as polynomials in X.

Now, suppose that is an arbitrary Lie algebra, X © any clement, and
1:9 - ala€ any representation. We have seen that the image p(X) need not
bbe diagonalizable; we may still ask how p(X) behaves with respect to the

Jordan decomposition. The answers thal, in general, absolutely nothing need
betrue. Forexample,just takingg = C, wesee that under the representation

reo

every clement is diagonalizable, ie, p(X), = p(X), under the representation

can? ®
PENG 9,

every element is nilpotent [ie, p(X), = OJ; whereas under the representation

o(( ‘)nO)

not only are the images p(X) neither diagonalizable nor nilpotent, the dia-
gonalizableand nilpotent parts of p(X) are not even in the image p(q) ofthe
representation.

I we assume the Lie algebra 4 is semisimple, however, the situation is
radically different. Specifically, we have

‘Theorem 9.20 (Preservation ofJordan Decomposition}. Let g be a semisinpleLie algebra. For any element X € g, there exist X, and X,€ g such that for any
representation p:q gl(V) we have

AUX), = 0(%) and p(X), = p(X)

In other words, if we think of p as injective and g accordingly as a Liesubalgebra of ql(V}, the diagonalizable and nilpotent parts of any'element X of
re again in q and are independent of the particular representation p,

‘The proofs we wil give ofthe last two theorems both involve introducing

‘objects that are not essential forthe rest ofthis book, and we therefore relegate
them to Appendix C. It is worth remarking, however, that another approach

‘was used classically by Hermann Weyl this isthe famous unitary trick, which
ve will describe briefly.

A Digression on “The Unitary Trick”

Basically, the idea is that the statements above (complete reducbility, pre-
servation of Jordan decomposition) can be proved readily for the represen-
tations of a compact Lie group. To prove complete reducbilty for example,
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‘we can proceed more or less just asin the case ofa finite group: ifthe compactgroup G acts on a vector space, we see that there is a Hermitian metric on V
invariant under the action of G by taking an arbitrary metric on V and
averaging its images under the actionof G. IfG fixes a subspace Wc ¥, it willthen fix as well its orthogonal complement W! with respect to this metric
(Alternatively, we can choose an arbitrary complement WV’ to W, not neces-

sarily fixed by G, and average over G the projection map to g(W) with kernel
W; this average will have image invariant under G.)
How does this help us analyze the representation of a semisimple Lie

algebra? The key fact here (to be proved in Lecture 26) is that if 9 is any
complex semisimple Lie algebra, there existsa (unique) real Lie algebra gy withcomplexification gg @ C= a, such that the simply connected form of the Lie

algebra go is « compact Lie group G. Thu, restricting a given representation
‘of q to qo, we can exponentiate to obtain a representation of G, for which
complete reducibility holds; and we can deduce from this the complete re-
ducibility of the original representation. For example, while it is certainly not
true that any representation of the Lie group SL,R on a vector space V
admits an invariant Hermitian metcc (in fact, it cannot, unless itis the trivial

representation), we can

{i let p’ be the corresponding (complex) representation of the Lie algebra
StF

(i) by linearity extend the representation p’ of s,R to.a representation p" of
sl;

(ii) restrict to a representation p” of the subalgebra sus, < s1,C;
(iv) exponentiate to obtain a representation p™ of the Unitary group SU,.

We can now argue that
Ifa subspace W < V is invariant under the action of SLR,

itmustbeinvariant under s1,R;and since sI,C = s1,8 @ C,itfollowsthatit will be invariant under sl,€; s0 ofcourse
it will be invariant under sty; and hence
it will be invariant under SU,,

Now, since SU, is compact, there will exist a complementary subspace ”

preserved by SU,; we argue that
W’ will then be invariant under su,; and since s1,C = su, @ C, it follows

that

it will be invariant under si,€. Restricting, we see that
it will be invariant under s1,R, and exponentiating,
it will be invariant under SLR.

Similarly, if one wants to know that the diagonal elements of SL,R act
semisimply in any representation, or equivalently that the diagonal elements
of s{,R act semisimply, one goes through the same reasoning, coming down
tothe fact thatthegroupof diagonal elementsin su, is abelian and compact.
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In general, most of the theorems about the finite-dimensional represen-

{ation of semisimple Lie algebras admit proofs along two diflerent lines: either
algebraically,using just the structure ofthe Lie algebra;or by the unitary trick,that s, by associating toa representation of such a Lie algebra. representation‘ofa compact Lie group and working with that. Which is preferable depends
very much on taste and context; in this book we will for the most part go with
the algebraic proofs, though in the case of the Weyl character formula in Part
IV the proof via compact groups is so much more appealing it has to be
mentioned,

‘The following exercises include a few applications of these two theorems.
Exercise 9.21°, Show that a Lie algebra q is semisimple if and only if every
Finite-dimensional representation is semisimple, ie., every invariant subspace

has a complement.

Exercise 9.22 Use Weyl's unitary trick to show that, for n > 2, all represen-
tations of SO,€ are semisimple, so that, in particular, the Lie algebras #0,€
are semisimple, Do the same for Sp,,€ and sp,,€, n > I, Where does the
argument break down for SO,€7

Exercise 9.23. Show that a real Lie algebra q is solvable if and only if the
complex Licalgebra9 @qCis solvable, Similarly for nilpotent and semisimple.
Exercise 9.24*, If} is an ideal in @ Lie algebra 9, show that g is semisimple if
and only if} and g/h are semisimple, Deduce that every semisimple Lie algebra

isa direct sum ofsimple Lie algebras.

Exercise 9.25%. A Lie algebra is called reductive ifits radical is equal to its
center. A Lie group is reductive if its Lie algebra is reductive. For example,

GL,Cis reductive. Show that the followingare true fora reductive Lie algebra1 () 9g is semisimple; Gi) the adjoint representation of q is semisimple; (i) 9
isa product of a semisimple and an abelian Lie algebra; (iv) g has a finite-

dimensional faithful semisimple representation, In fact, each of these condi-

{ions is equivalent to g being reductive.

§9.4. Simple Lie Algebras

There is one more basic fact about Lie algebras to be stated here; though its

Proof will have to be considerably deferred, it informs our whole approach to
the subject. This is the complete classification of simple Lie algebras:

‘Theorem 9.26. With five exceptions, every simple complex Lie algebra is iso-

morphic to either sl,€, £0,€, oF spz4€ for some n.
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‘The five exceptions can all be explicitly described, though none is par-
ticularly simple except in name; they are denoted qa, fas €, €7, and ey. We
will give a construction of each later in the book (§22.3. The algebras s1,C
(for n > 1), 80,€ (for n > 2), and spz,€ are commonly called the classical Lie
‘algebras and the corresponding groups the classical Lie groups) the other five
algebras are called, naturally enough, the exceptional Lie algebras.

‘The nature ofthe classification theorem for simple Lie algebras creates a

dilemma as to how we approach the subject: many of the theorems about
simple Lie algebras can be proved either in the abstract, or by verifying themin turn for each of the particular algebras listed in the classification theorem.
Another alternative is to dectare that we are concerned with understanding

only the representations of the classical algebras sI,C, s0,C, and spayC, and
verily any relevant theorems just in these cases.

Of these three approaches, the last isin many ways the leat satisfactory;
iti, however, the one that we shall for the most patt take. Specifically, what

we will do, starting in Lecture 11. the following:

() Analyze in Lectures 11-13 a couple ofexamples, namely, sls€ and sf,€,
‘on what may appear to be an ad hoc basis.

{ii) On the basis ofthese examples, propose in Lecture 14a general paradigin
for the study of representations ofa simple (or semisimple) Lie algebra.(ii) Proceed in Lectures 15-20 to carry out this analysis for the classical
algebras s1,C, s0,C, and sp2,C.

(iv) Givein Part IV and the appendices proofs for general simple Lie algebras
of the facts discovered in the preceding sections for the classical ones (as,
well as one further important result, the Weyl character formula).

We can at least partially justify this seemingly inefficient approach by
saying that even if one makes a beeline for the general theorems about the

structure and representation theory of a simple Lie algebra, to apply these

results in practice we would still need to carry out the sort ofexplicit analysis
of the individual algebras done in Lectures 11~20. This is, however, a fairly
bald rationalization: the fact is, the reason we are doingit this way is that thisisthe only way we haveever been able to understand any ofthe general results.



LECTURE 10

Lie Algebras in Dimensions One, Two,
and Three

Just to get sense of what a Lie algebra is and what groups might be associated to itwe wl easily here all Lie algebras of dimensionthee o les. We will work primarilywith complex Lie algebras and Lie groups, but will mention the real case as well.

‘Needless to say, this lecture is logically superfivous, but iti easy, fon, and serves @
Aidatic purpose, so why not read it anyway. The analyses ofboth the Lie algebras

and the Lie groups ae completely elementary, with one exception: the casieation

of the complex Lie groups associated to abelian Lie algebras involves the theory of‘complestriand should probably beskipped by anyone not fui with thissubject
{10.; Dimensions one and two

4102: Dimension thee, rank one

{10.3: Dimension three, rank two

$104; Dimension three, rank three

§10.1. Dimensions One and Two

To begin with, any one-dimensional Lie algebra q is clearly abelian, that is,
Cwith all brackets zero.

‘The simply connected Lie group with this Lie algebra is just the group ©
under addition; and other connected Lie groups that have g as their Lie

algebra must all bequotientsof € by diserete subgroups A.< C. fA as rank‘one, then the quotient is just C* under multiplication. I A has rank two,

however, G may be any one of a continuously varying family of complex toriof dimension one (ot Riemann surfaces of genus one, or elliptic curves over C).
‘The set of isomorphism classes of such tori is parametrized by the complex
plane with coordinate j, where the functionj on the set of lattices A < € isas described in, eg, [AhI].
‘Overthe real numbers, the situationis completely straightforward:theonlyteal Lie algebra of dimension one is again R with trivial bracket; the simply
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connected Lie group associated to itis R under addition; and the only other

connected real Lie group with this Lie algebra is R/Z x 5?
Dimension Two

Here we have to consider two cases, depending on whethergi abelian or not
Case 1: 9 abelian, This is very much like the previous case; the simply con-

nected two-dimensional abelian complex Lie group is justC? under addition,and the remaining connected Lie groups with Lie algebra g are just quotients
ofC? by discrete subgroups. Such a subgroup A c €? can have rank 1,2, 3,‘or 4,and we analyze these possibilities in turn (the reader who has seen enough
‘complex (ori in the preceding example may wish to skip directly to Case 2 at
this point).
the rank ofA is 1, we can complete the generator of A to a basis for C*,so that A = Ze, € Ce, ® Ce, andG & €* x C. I the rank of Ais2, there are‘two possibilities: either A fies in a one-dimensional complex subspace of €?or it does not. If it does not, a pair of generators for A will also be a basis

for C? over €, s0 that A = Ze, ® Ze, C? = Ce, ® Ces, and G = C* x C*.
Ion the other hand A does lie ina complex fine in €?, so that we have

A = Ze, ® Zte, for some te EAR, then G = E x € will be the product of
the torus €(Z @ Zr) and C; the remarks above apply to the classification of

these (see Exercise 10.1).
The cases where A has rank 3 or 4 are a litle less clear. To begin with, ifthe rank of A is 3, the main question to ask is whether any rank 2 sublattice

A’ of A lies in a complex line. It does, then we can assume this sublattice is
saturated (ie, a pair of generators for A’ can be completed to a set of
generators for A) and write A = Ze, @ Zxe, @ Zes, so that we will have
G = Ex C*, where E is a torus as above.

Exercise 10.1*. For two one-dimensional complex tori E and E', show that
the complex Lie groups G = E x € and G' = E’ x € are isomorphic if and
only if E = E*. Similarly for E x C* and E’ x C*.

If, on the other hand, no such sublattice of A exists, the situation is much

‘more mysterious. One way wecantry to represent G is by choosinga generatorfor A and considering the projection of C? onto the quotient of C? by the line
spanned by this generator; thus, if we write A = Ze, @ Zea@ Z(ae, + Bes)then (assumingf is not real) we have maps

e —— C/Ce =

G =C7/Le, ® Ze. Lae, + fer) —_— CZ OZ)
expressing Gas a bundleover a torus F = C/(Z @ Z/f), with fibers isomotphic
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to €*. This expression of G does not, however, help us very much to describe
the family of all such groups. For one thing, the elliptic curve E is surely not
determined by the data of G: if we just exchange e, and e3, for example, we

replace E by €/(2 @ Za), which, of course, need not even be isogenous to E.
Indeed, this yields an example of different algebraic groups isomorphic as

complex Lie groups: expressing G as a C* bundle in this way gives it the

structure of an algebraic variety, which, in turn, determines theelliptic curve

E (for example, the field ofrational functions on G willbe the field of rational

functions on E with one variable adjoined), Thus, different expressions of the
complex Lie group G as a C* bundle yield nonisomorphic algebraic groups.

Finally, the case where A has rank 4 remains completely mysterious
‘Among such two-dimensional complex tori are the abelian varieties; these are

just the tori that may be embedded in complex projective space (and hence
‘maybe realizedas algebraic varieties). Forpolarized abelian varieties (that is,
abelian varieties with equivalence class ofembedding in projective space) there
exists a reasonable moduli theory; but the set of abelian varieties forms only
a countable dense union in the set of all complex tori (indeed, the general

complex torus possesses no nonconstant meromorphic functions whatsoever).
No satisfactory theory of moduli is known for these objects.

Needless to say, the foregoing discussion of the various abelian complex
Lie groups in dimension two is completely orthogonal to our present pur-
‘poses. We hope to make the point, however,that even in this seemingly trivialcase there lurk some fairly mysterious phenomena. Of course, none of this
‘occurs in the real case, where the two-dimensional abelian simply connected
teal Lie groupisjust Rx Rand any other connected two-dimensional abelian

teal Lie group is the quotient of this by a sublattice Ac R x R of rank | or

2, whichis to say either Rx 5! or S! x S'.
Case

2: q not abelian. Viewing the Lie bracket asa linearmap(, 3: 'q—9,‘we see that ifitis not zero, it must have one-dimensional image. We can thus
choose a basis {X, ¥} for g as vector space with X spanning the image of
C, }after multiplying ¥ by an appropriate scalar we will have (X, ¥] = X,

which of course determines q completely. There is thus @ unique nonabelian

‘two-dimensional Lie algebra g over either R or C.
‘What are the complex Lie groups with Lie algebra 4? To find one, we start

With the adjoint representation of g, which is faithful: we have
ad(X): X40, ad(¥): XH —X,

Yoox, yeso

or in matrix notation, in terms of the basis {X, ¥} for 9,

or -10

at the adjoint forrm
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‘ab

Topologically this group is homeomorphic to € x C*. To take its universal

cover, we write a general member of Gy as
es

o ay

‘The product of two such matrices is given by

et s\ fe" s\_ (estes
o lo Jo 1

so we may realize the universal cover G of Gy as the group of pairs (t, 3)
€ x with group law

(Ws) HU Es Hes,

‘The center of G is just the subgroup

Z(G) = (Qnin,0)} = Z,so that the connected groups with Liealgebrag form a partially ordered tower
G

1

4

G, = Gin = {(a, bye C* x C5 (0, B)-(a’,b’) = (aa’, b + a°b’)}.
1

J

Gy

Exercise 10.2%. Show that for nm the two groups G, and G,, are not
isomorphic.

Finally, in the real case things are simpler: when we exponentiate the
adjoint representation as above, the Lie group we arrive at is already simply
connected,and sois the unique connected real Lie group with this Lie algebra.

§10.2. Dimension Three, Rank 1

{As in the case of dimension two, we look at the Lie bracket as a linear mapfrom ‘qo g and begin ourclassification by considering the rank ofthis map

(that is, the dimension of %q), which may be either 0, 1,2, or 3. For the case
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of rank 0, we refer back to the discussion of abelian Lie groups above. We
begin with the case of rank I.

Here thekernelofthemap[ , ]:A?g -+ gis wo dimensional, which means

that for some X € q itconsistsof al vectors of the form X  Y with ¥ ranging.‘overall of g (X here will just be the vector corresponding to the hyperplane
ker({, J) < Ag under the natural (up to scalars) duality between a three-
dimensional vector space and its exterior square). Completing X to a basis,

{X, ¥,Z} of g, we can write in the form
(4 Y1= (4, Z1=0,

(42)=0x 4 BY yz
forsomea, f,€ €. Ifeither f or yis nonzero, we may now rechoose our basi,
replacing ¥ by a multiple of the linear combination aX + PY + yZ and either
leaving Z alone (iff 4 0) or replacing Z by ¥ (if ¥ 0). We will then have.

(X, ¥1=%,2]=0,

21-7

from which we see that q is just the product of the one-dimensional abelian
Lie algebra CX with the non-abelian two-dimensional Lie algebra CY @ CZ
described in the preceding discussion. We may thus ignore this case and
assume that in fact we have fi = y = 0; replacing X by aX we then have the
Lie algebra

(%Y1=0%Z1=0,

z21=x.

How do Wwe find the Lie groups with this Lie algebra? As before, we need

to start with a faithful representation of g, but here the adjoint representation‘is useless, since X is in its kernel. We can, however, arrive at a representation
of q by considering the equations defining g: we want to find a pair of
endomorphisms ¥ and Z on some vector space that do not commute, but that

do commute with their commutator X = [¥, Z]; thus,
(YZ~ ZY) —(¥Z—ZY)¥= YZ —2¥ZY + ZY? =0

and similarly for [Z, CY, Z1]. One simple way to find such a pair of endo-

morphisms is make all tree terms Y?Z, YZY, and Z? Yin the above equation
2210, eg, by making Y and Z both have square zero, and to have YZ =0
while ZY ¥ 0. For example, on a three-dimensional vector space with basis
¢,.¢2,and ey we could take ¥ to be the map carrying ¢, to e, and killing
¢and e,, and Z the map carrying e, to ¢, and killing ¢, and es; we then have

YZ =O while ZY sends ey to e,. We see then that gis ust the Lie algebra nyof strictly upper-triangular 3 x 3 matrices. When we exponentiate we arrive
tthe group,
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tae

G=t{{0 1 chabeee

oot

which is simply connected. Now the center of G is the subgroup

to 6)

z@=4{0 1 olvech xe,
oo

so the discrete subgroups of Z(G) are just lattices A of rank 1 or 2; thus any
connected group with Lie algebra g is either G, G/Z, or G/(2 x Z)—that is,
an extension of€ x € by either €, C*, or a torus E.
Exercise 10.3. Show that G/A is determined up to isomorphism by the one-
dimensional Z(GY/A

Asimilar analysis holds in the real case: just as before, y is the unique real
Lie algebra ofdimension three with commutator subalgebra ofdimension one,

its simply connected form is the group G of unipotent 3 x 3 matrices and (the
centerof this group being R) the only other group with this Lie algebra is the
quotient H = G/2.

Incidentally, the group H represents an interesting example ofa group that
cannot be realized as a matrix group, ic, that admits no faithful finite-
dimensional representations. One way (o see this is to argue that in any
irreducible finite-dimensional representation V the center 5? of IH, being

compact and abelian, must be diagonalizable; and so under the corresponding,
representation of the Lie algebra g the element X must be carried to a
iagonalizable endomorphism of ¥. Bot now ifv€ V is any eigenvector for Xwith eigenvalue 2, we also have, arguing as in §9.2,

X(¥(0)= YEX(W) = Y(A0)= AY(0)
and simitarly X(Z(0)) = 2Z(0), ic, both ¥(e) and Z(o) are also eigenvectors
for X with eigenvalue 2. Since ¥ and Z generate g and the representation V

isirreducible, it follows that X must act asa scalar multiple2:1 of the identity,butsinceX = [¥, ZJisa commutator and 50 has (race 0, it followsthat 2 = 0.
Exercise 10.4*, Show that if G is a simply connected Lie group, and its Lie
algebra is solvable, then G cannot contain any nontrivial compact subgroup

{in particular, it contains no elements of finite order),
‘The group H does, however, have an important infinite-dimensional repre-

sentation. This arises from the representation of the Lie algebra g on the space
¥ of6 functions on the real line R with coordinate x, in which ¥, Z, and Xare the operators
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Vi frente: f

spat
25M i

and X = CY, ZJis ~ xi times the identity. Exponentiating,we see that e"” acts
‘ona function f by multiplying it by the function (cos ¢x + i-sin tx}; € sends
JS to the function F, where F(x) = f(t +x), and e sends f to the scalar
multiple en" f.

§10.3. Dimension Three, Rank 2

In this case, write the commutator subalgebra @q. q as the span of (wo
elements Y and Z. The commutator of Y and Z can then be written

(YZ) = aY + pz.

But now the endomorphism ad(¥) of g carries g into Mq, kills Y, and sends Z
toaY + AZ,and so has trace f; on the other hand, since ad(Y)is acommutator

in End{(q), it must have trace 0. Thus, f, and similarly a, must be zero; ie., the
subalgebra Pq must be abelian. It follows from this that for any element X € g
not in Pq, the map

ad(X): Pq > Fg

‘must be an isomorphism. We may now distinguish two possibilities: either
a1(X) is diagonalzible or it not

(Note that for the first time we see a case where the classification of the

real Lie algebra will be more complicated than that of the complex: in the real
case we will have to deal with the third possibility that ad(X) is diagonalizible
‘over € but not over R, ic, that it has two complex conjugate eigenvalues.
Though we have not seen it much in these low-dimensional examples, in fact
itis generally the case that the real picture is substantially more complicated
than the complex one, for essentially just this reason.)

Possibility A: ad(X) is diagonalizable, In this case itis natural to use as a basis
for ga pair ofeigenvectors ¥, Z for ad(X),and by multiplying X by a suitable
scalar we can assume that one of the eigenvalues (both of which are nonzero)
isJ,We thus have the equations forg

(KY YI=% W%Z)<az, z1=0 cos)

for some ae C*.

Exercise 106,Show that wo Licalgebrasg,, 0, corresponding to two diferent

sealars in the structure equations (103) are isomorphic ifand only if2 = a or
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a= Ia’. Observe that we have forthe first time a continuously varying family
of nonisomorphic complex Lie algebras.

To find the groups with these Lie algebras we go to the adjoint represen-
tation, which here is faithful. Explicitly, ad(¥) carries X to —¥ and kills ¥
and Z; ad(Z) carries X to —aZ and also kills ¥ and Z; and ad(X) carties ¥
to itself, Z to a2, and kills X. A general member aX ~ bY ~ eZ of the Lie
algebra is thus represented (with respect to the basis {Y, Z, X} for g) by the
matrix

a0 6

0 aa ac

000

Exponentiating, we find that a group with Lie algebra 9 is
eo Ww

G= jo &* o),uuvec} GLC

oot

Here we run across a very interesting circumstance. I the complex number «
isnot rational, then the exponential map from q to Gis one-to-one, and hence
a homeomorphism; thus, in particular, Gis simply connected. If, on the other
hand, « is rational, G will have nontrivial fundamental group. To see this,

“observe that we always have an exact sequence ofgroups
14B4G+A-1,

where

a)

A=4lo et Ole

oot

and

bow

B= 1/0 1 o).noe€} xOxe

oot

Now when a Q, the group A = C is simply connected; but when a Q—
‘whateveritsdenominator—we haveA % C* andcorrespondinglyx (G) = Z.
Exercise 10.7. Show that G has no center, and hence when a # Q, itis the

‘unique connected group with Lie algebra g. For «  Q, describe the universal
covering of G and classify all groups with Lie algebra g,

‘Observe that in this case, even though we have a continuously varying
family of Lie algebras a,, we have no corresponding continuously varying
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family of the adjoint (linear) Lie groups; the simply-connected forms do form
a family, however.

Possibility B: ad(X) isnot diagonalizable, In this case the natural thingto dois to choose a basis {¥, Z} of 9g with respect to which ad(X) is in Jordan
‘normal form; replacing X by a multiple, we may assume both its eigenvalues
are 1 so that we will have the Lie algebra

(WY=% (Zs +z, (42-0 (108)

‘With respect to the basis (YZ, X} for9, then, the adjoint action ofthe general

clement aX — bY — cZ of the Lie algebra is represented by the matrix

aa bte

Oa ¢

00 0

and exponentiating we find that the corresponding group is

el te w

G={{0 e vluuoeeh.

\o o 1

Exercise 10.9. Show that this group has no center, and hence is the unique
connected complex Lie group with its Lie algebra.

Note that the real Lie groups obtained by exponentiating the adjoint action‘of the Lie algebras given by (10.5) and (10.8) are all homeomorphic to R? and
have no center, and so are the only connected real Lie groups with these Lie
algebras,

Exercise 10.10. Complete the analysis of real Lie groups in Case 2 by con-
sidering the third possibility mentioned above: that ad(X) acts on 2g with
distinct complex conjugate eigenvalues. Observe that in this way we arrive
at our first example of two nonisomorphic real Lie algebras whose tensor

Products with € are isomorphic.

§10.4. Dimension Three, Rank 3

Ovr analysis of this final case begins, asin the preceding one, by looking for
tigenvectors ofthe adjoint action of a suitable element X € g. Specifically, we
tlaim that we can find an element Heq such that ad(H):q—9 has an
igenvector with nonzero cigenvalue. To see this, observe fist that for any
nonzero X €4, the rank of ad(X) must be 2; in particular, we must have
Kerfad(X)) = CX. Now start with anyX € 9. Either ad(X) hasan eigenvectorWith nonzero eigenvalue or itis nilpotent: if itis nilpotent, then there exists a
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vector ¥ €4, not in the kernel of ad(X) but in the kernel of ad(X)?—that
is, such that ad(X)(¥) = aX for some nonzero ae C. But then of course

ad(¥)(X) = —aX, so that X is an eigenvector for ad(Y) with nonzero
eigenvalue,

‘So: choose HandX € go that X isan eigenvector with nonzero eigenvaluefor ad(H), and write [H, X] = aX. Since H € 9, ad(H) is a commutator in
End(g), and so has trace 0; it follows that ad(H) must have a third eigenvector

¥ with eigenvalue —a. To describe the structure of g completely it now
remains to find the commutatorof X and Y; but this follows from the Jacobiidentity. We have

(CH, 0%, YT) = — 04,04 01 ~ 1% 1H, XT

= -[X,a¥] -(%ax]

=o,

from which we deduce that [X, ¥] must be a multipleof H; since it must bea nonzero multiple, we can multiply X or ¥ by ascalar to makeit I. Similarlymultiplying Hf by a scalar we can assume a is 1 or any other nonzero scalarThus, there is only one possible complex Lie algebra 9 ofthis type. One could
look for endomorphisms #1, X, and Y whose commutators satisfy these
relations,as we did before. Or we may simply realize that the three-dimensionalLie algebra o1;€ has not yet been seen, so it must be this last possibility. In
fact, a natural basis for st3€ is

10 1 0 0)

n-() 2). x-(5 re 8)
whose Lie algebra is given by

ULxXJ=2x, (HYJ=-2y (XYJ=m (lor

What groups other than SLE have Lie algebra sl,€? To begin with, the
group SL Cis simply connected: for example, the map SLC -+ €? ~ {(0,0)}
sending a matrix to its first row expresses the topological space SL3€ as @
‘bundle with fiber € over €? — {(0,0)}. Also, itis not hard to see that the center
‘of SLC is just the subgroup {$1} of scalar matrices, so that the only other
connected group with Lie algebra st3€ is the quotient PSL,C = SI,€/{ +1}.

‘Asin the precedingcase, the analysis of real three-dimensional Lie algebras4 with 9q = g involves one additional possibility. At the outset of the argu-
iment above, we started with an arbitrary H € g and said that if ad(Z4) had no

eigenvector other than H itself, then it would have to be nilpotent. Of course,
inthe real casei is also possible that ad(H) has two distinct complex conjugateeigenvalues A and Z Since ad(H) is a commutator in End(q) and so has trace
0, A will have to be purely imaginary in this case; and so multiplying HT byareal scalar we can assume that its eigenvalues arei and —i. It follows thenthat we can find X, Ye with
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(HX1=¥ and [HY]= —X.
Using the Jacobi identity as before we may conclude that the commutator ofX and Y isa multiple of H; after multiplyingeach of X and Y by a real scalarwwe can assume that it is either H or —H. Finally, if [X,Y] = —H, then

we observe that we are in the case we considered before: ad(¥) will have

X + Hasaneigenvector with nonzero eigenvalue, and following our previous
analysis we may conclude that 9 = <l,R. Thus, we are left with the sole
additional possibility that g has structure equations

(x=% CYI=-x, (YI=H (10.12)

‘This, finally, we may recognize as the Lie algebra sit, of the real Lie group

SUG) (as you may recall, the isomorphism su, @ € & s1,C was used in the
last lecture).

‘What are the real Lie groups with Lie algebras s1,R and su,?To start, the‘enter of the group SLR is again just the scalar matrices ( +1}, so the only

group dominated by SL-yRis the quotient PSL4R. On the other hand, unlike
the complex case SLR is not simply connected: now the map associating to
2x 2 matrix its first row expresses SLR as a bundle with fiber Rover

R? — ((0,0)}, $0 that x,(SL,R) = Z. More precisely PSLgR maps to the real
projective line P'R, which is homeomorphic to the circle, with fiber homeo-

morphic to R2, 0 x,(PSL,R) = Z. We thushavea tower of covering spaces ofPSL,R, consisting of the simply-connected group 5 with center Z and its
quotients 5, = S/nZ (not al ofthese are covers of SLaR, despite the diagram
below).

A note: In §102 we encountered a real Lie group with no faithful finite-

dimensional representations; only its universal cover could be represented as

‘a matrix group. Here we find in some sense the opposite phenomenon: the
groups Sand 5, have no faithful finite-dimensional representations, all finite-
dimensional representations factoring through SLR or PSLR. This fact will

be proved as a consequence of our discussion of the representations of the Lie
algebra sly in the next lecture.

What about groups with Lie algebra stiz? To begin with, there is SU(2},
which (again via the map sending a matrix to its first row vector) is homeo-
morphic to S® and thus simply connected. The center of this group is again
{41}, s0 that the quotient PSUQ) is the only other group with Lie algebra

su,. Alternatively, we may realize SU(2) as the group of unit quaternions. cf.
Exercise 7.15)

Finally, we remark that there are other representations of the real and
complex Lie groups discussed above. As we will see, the Lie algebra s0€ is
isomorphic to s13C, which induces an isomorphism between the correspond

ing adjoint formsPSL,€and SO,€ (and between the simply-connected formsSLC and the spin group SpingC). This in turn suggests two miore real forms
ofthis group: SOR and SO*2, 1), In fact, it is not hard to see that SO,R =PSUQ2), while SO*Q, 1) = PSLAR. Lastly the isomorphism suy,, OC =
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‘su, @€ = sl,C implies that the real Lie algebra st, , is isomorphic to either
sui, oF slg; in fact, the later is the case and this induces an isomorphism of

groups SU;,, s SLR. We summarize the isomorphisms mentioned in the
diagram below:

5

& Sping€ SpinR

SU(I,1) = SLR c__, SL,€ «> SUQ) = {unit quaternions)

PSL,R c. PSLy€ «> PSUQ2) = (unit quaternions}/+1

S0'Q, Ye, SOC > SOR (10.13)

Note also the coincidences:

Spx{€)=SL{O, —_Sp,(R) = SLR), (10.14)

which follow from the fact that Sp refers to preserving a skew-symmetric
bilinear form, and for2 x 2 matricesthe determinant is such a form.
Exercise 10.15. ldentily the Lie algebras 505, sity suy,1,$02,1, and verify the
assertions made about the corresponding Lie groups in the diagram.
Exercise 10.16. For each of the Lie algebras encountered in this lecture,
‘compute the lower central series and the derived series, and say whether the
algebra is nilpotent, solvable, simple, or semisimple.

Exercise 10.17. The following are Lie groups of dimension two or three, s0
‘must appear on our list. Find them: () the group of affine transformationsofthe line (x+-+ax + b, under composition); (i) the group of upper-triangular
2 x 2imatrices(i) the groupof orientation preserving Euclidean transforma-tions ofthe plane (compositions of translations and rotations).

Exercise 10.18, Locate R? with the usual cross-product on our list of Lie *

algebras, More generally, consider the family of Lie algebras parametrizedbyreal quadruples (a,b,c, d), each with basis X, ¥, Z with bracket given by

LY Y)=aZ4d¥,  (%Z]= bX, [ZX] =e¥ — az.
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Classify this Lie algebra as (a,b,c, d) varies in R*, showing in particular that
‘every three-dimensional Lie algebra can be written in this way.

Exercise 10.19. Realize the isomorphism of SU(L, 1) with SLR by identifying
them with the groups of complex automorphisms of the unit disk and the
upper half-plane, respectively.

Exercise 10.20, Classify all Lie algebras of dimension four and rank 1; in

particular, show that they areall direct sums of Lie algebras described above.
Exercise 10.21, Show more generally that there exists a Lie algebra of dimen-
sion mand rank 1 that is not a direct sum of smaller Lie algebras if and only
if mis odd; in case m is odd show that this Lie algebra is unique and realize
it as.a Lie subalgebra of s,C.
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Representations of sl,C

This isthe frst of four lectures—S11--14—that comprise in some sense the heat of
the book. In particular, the naive analysis of 11.1, tether with te analogous pats

(of 12 and 613 form the pareigm for the stdy of itedimensional representations‘ofall semisimple Lie algebras and groups. 611.28 les central in it we show how theanalysis carried out in §11.1 can be used to explicitly describe the tensor products of
irreducible representations. 6113s last important; it indicates howwe can interpret,seometrically some ofthe results ofthe preceding section. The discussions in§1.1 andS11 2are completely elementary (wedo vse the notionof symmeiti powers of vectorsce but in non-threatening way) §113involvesa fair amount of elassical projectivescometry, and can be skimmed or skipped by those not alrendy familiar with the
‘elevant basi notions from algebraic geometry.

11.1: The iereducble representations
$112: (tie plethysm
11.3: A ie peometre plethysm

§1L.1. The Irreducible Representations

We start our discussion ofrepresentations of semisimple Lie algebras with he

simplest case, that ofs13€. As we will see, while this case does not exhibit anyof the complexity of the more general case, the basic idea that informs the

whole approach is clearly illustrated here.
‘This approach is one already mentioned above, in connection with the

representations of the symmetric group onthree letters. The idea in that case

was that given a representation of our group on a vector space V we fist

restrict the repretentation to the abelian subgroup generated by a Jcyde
We obiain a decomposition
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v=O%

of V into eigenspaces for the action of t; the commutation relations satisfied

bythe remaining elementso of the group with respect to« implied that suchosimply permuted these subspaces V,,so that the representation was in effectdetermined
by the collection of eigenvalues of t.‘Of course, circumstances in the case of Lie algebra representations are quite

different: to name two, it is no longer the case that the action ofan abelian

object on any vector space admits such a decomposition; and even if such a
‘decomposition exists we certainly cannot expect that the remaining elements
of our Lie algebra will simply permute its summands. Nevertheless, the idea

remains essentially a good one, as we shall now see.
To begin with, we choose the basis for the Lie algebra sl, from the last

lecture:

10} 01 0 0

a=(5 i). x-( ob r-(( °)
satisfying

(H,X)=2x,  (H,¥J=-2Y,  (X, ¥] =H. (ily

These seem like a perfectly natural basis to choose, but in fact the choice is
dictated by more than aesthetics; there is, as we will see, a nearly canonical
way ofchoosinga basis of a semisimple Lie algebra (up to conjugation),whichwilt yield this basis in the present circumstance and which will share many of
the properties we describe below.

Tn any event, let V be an irreducible fnite-dimensional representation of
alyC. We start by trotting out one of the facts that we quoted in Lecture 9,
the preservation of Jordan decomposition; in the present circumstances it
implies that

The action of Ht on V is diagonatizable. (nay

‘We thus have, as indicated, a decomposition

v=Ohe (11.3)

where thea run over collection of complex numbers, such that forany vector
ve V, we have

Heo) = ev.

The next question is obviously how X and ¥ act on the various spaces
¥,.We claim that X and Y must each carry the subspaces V, into other sub-
afaces ¥,. In fact, we can be mote specific if we want to know where the
‘image of a given vector v € V, under the action of X sits in relation to the
‘ecomposition (11.3, we have to know how H acts on X(o this is given by
the
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Fundamental Calculation (frst time

H(X() = X(H(0) + CH, X10)

= X (a0) + 2X(o)

= 2-X(0}

iif visan eigenvector forH with eigenvalue a, then X(o)is also an eigenvectorJor H, with eigenvalue & + 2. In other words, we have

Xi V+ Vesa

‘The action of ¥ on each ¥, is similarly calculated; we have ¥(V,) < Va
Observe that as an immediate consequence ofthis and the irreducibility of

¥, all che complex numbers # that appear in the decomposition (11.3) must be

congruent tone another mod 2:for any that actually occurs, the subspace

DB Voutan

would be invariant under sl,€ and hence equal (o all of ¥. Moreover, by the

same token, the ¥, that appear must form an unbroken string of numbers of

theform fl + 2,...f!-+ 2k. Wedenote by n the last element in this sequence;
al this point we just know n is a complex number, but we will soon see that
it must be an integer.

To proceed with our analysis, we have the following picture of the actionof sl,€ on the vector space ¥:

xxx

iaa

QQa
Choose any nonzero vector v€ ¥,; Since Vyyy = (0), we must have X(0) = 0.
‘We ask now what happens when we apply the map Y to the vector v. To begin
with, we have

Claim 11.4, The vectors (0, Y(0), Y(0),..-} span V.

Proor. From the irreducibility of ¥ itis enough to show that the subspace

Wc V spanned by these vectors is carried into itself under the action ofs,€.
Clearly, ¥ preserves W, since it simply carties the vector ¥™(o) into Y"""(0,
Likewise, since the vector Y™(0) is in V,-amy We have 14(Y™()) = (n — 2m):
¥*(o),80 H preservesthe subspace W. Thus, it suffices to check that X(W) <Wie, that for each m, X carties ¥"(o) into a linear combination of the ¥"(o.‘We check this in turn for m = 0, 1,2, ete:

To begin with, we have X(o) = 0€ W. To see what X does to ¥(o), we use
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the commutation relations for sls: we have

X(V(O)= LX VIO)+ XC)
= Heo) + YO)

Next, we see that

XC)= OX, YIN)+ FOX)
= HY)+ Yorn)
= (n~2)- Yo) +m YOO)

‘The pattern now is clear: X carries each vectorin the sequence v, ¥(o) ¥%(0),into a multiple ofthe previous vector. Explicitly, we have
X(VMO))= (1 (2) + (= A = Im + 2) YHHOY,

or

X(YO)

= mn= m+ 1 YO), ansas can readily be verified by induction. o

There are a number of corollaries of the calculation in the above Claim.

To begin with, we make the observation that

all the eigenspaces V, of H are one dimensional. (11.6)

Second, since we have in the course of the proof written down a basis for V
and said exactly where each of H, X, and Y takes each basis vector, the

representation V is completely determined by the one complex number n that
westarted with; in particular, of course, we have that

V is determined by the collection of a occurring in the decomposition
va@ye. (17

To complete our analysis, we have to use one more time the finite dimen-

sonality of ¥. This tells us that there is a lower bound on the a for which
¥, # (O)aswell as an upper one, so that we must have ¥*(v) = Ofor suicently
large k. But now if m is the smallest power of ¥ annihilating o, then from the
‘lation (11.5),

= X(YM(O))= min = m+ IY HO),
‘nd the fact that Y"-1(0) # 0, we conclude that n ~m-+ 1 = 0; in particular,
itfollows that m & a non-negative integer. The picture is thus that the eigen-
valuesa of H on ¥form astring ofintegers differing by 2 and symmetric aboutthe origin in Z. In sum, then, we see that there is a unique representation V°
foreach non-negative integerm; the representation ¥ is (n + 1)-dimensional,with H having eigenvalues n,n ~ 2,....—n+ 2 —n.
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Note that the existence part of this statement may be deduced by checking
that the actions of H, X, and ¥ as given above in terms ofthe basis 0, Yo,

¥%(0),..-, ¥"(o)for ¥ do indeed satisfy all the commutation relations for st;C.
Alternatively, we will exhibit them in a moment. Note also that by the

symmetry ofthe eigenvalues we may deduce the useful fact that any represen-
tation V of slyC such that the eigenvalues of H all have the same parity and

occur with multiplicity oneisnecessarlyirreducible; more generally, the numberofirreducible factors in an arbitrary representation V of sl€ is exactly the sumof the multiplicities of 0 and 1 as eigenvalues of H.

‘Wecan identify in these terms some ofthe standard representations ofst,C.To begin with, the trivial one-dimensional representationCs clearly just V.As for the standard representation of sl, on V = C?, if x and y are the
standard basis for C2, then we have H(x) = x and H(y) = —y, so that V =

Cx ®C-y = V_, @ M; isjust the representation V" above. Similarly,a basisfor the symmetric square W = Sym? = Sym?C? is given by {x3, xy, y*}andwe have

(xx)= x HG)+ MG) = Dex,
H(e y) = x H(y)+ H(x)-y = 0,
H-y) = HQ) + HOY= ~2y-y

so the representation W = C-x? ® C-xy@C-y? = W.2@ Wo@ Wy is the
representation ¥° above. More generally, the nth symmetric power Sym*V
ofV has basis (x", x*""y,..., y"}, and we have

Hey) = (9B HG) ey eH) yt

a(n ext tyt

+0 that the eigenvalues of H on Sym*V are exactly n,n ~ 2,..., —m. By the
observation above that a representation for which all eigenvalues of H occur
with multiplicity 1 must be irreducible, it follows that Sym*V is irreducible,
and hence that

VO = Sym*V.

In sum then, we can say simply that

“Any irreducible representation of sl,C is a symmetric power of the
standard representation V = C2 (18)

Observe that when weexponentiate the imageof sC under the embeddings1,C + sl,,,€ corresponding to the representation Sym'V, we arrive at the

group SL,€ when m is odd and PGL3C when n is even, Thus, the represen
tationsof the group PGLC are exactly the even powers Sym?V.
Exerelse 11.9. Use the analysis of the representations of sl,€ to prove the
statement made in the previous lecture that the universalcover S of SLR hesno finite-dimensional representations
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§11.2. A Little Plethysm

Clearly, knowing the eigenspace decomposition ofgiven representations tells

us the eigenspace decomposition ofall their tensor, symmetric, and alternating
products and powers:forexample,if V = @) ¥,and W = (DW, then V@ W =QW,@ Wp) and V, @ Wis an eigenspace for H with eigenvalue w + f. Wecan use this to describe the decomposition of these products and powers into
irreducible representations of the algebra s1,.

For example, let V = C? be the standard representation of s1,C; and
suppose we want (o study the representation Sym?¥ ® Sym?V; we ask in
particular whether if it irreducible and, if not, how it decomposes. We have
seen that the eigenvalues of Sym?V are 2, 0, and —2, and those of Sym?V are

3,1, ~1,and —3. The 12 eigenvalues ofthe tensor product Sym?V@ Sym?Vare thus 5 and —5, 3 and —3 (taken twice), and I and — 1 (taken three times),
wwe may represent them by the diagram

—*-}+-©+©+©+-O-++-—
s ° 5

The eigenvector with eigenvalue 5 will generate a subrepresentation of the
tensor product isomorphic to Sym*¥, which will account for one occurrence

ofeach ofthe eigenvalues 5, 3,1, ~1, ~3, and ~5. Similarly, the complementof Sym*V in the tensor product will have eigenvalues 3 and —3, and ! and
=I (taken twice), and so will contain a copy of the representation Sym?¥,
which will account for one occurrence of the eigenvalues 3, 1, —1 and —3;

and the complement of these two subrepresentations will be simply a copy of
V. We have, thus,

Sym?V@ Sym? = Sym*V@ Sym?V @ ¥.
Note that the projection map

Sym?V @ Sym?-+ Sym'V
(on the first factor is just multiplication of polynomials; the other two projec-
tions do not admit such obvious interpretations.

Exercise 11.10. Find, in a similar way, the decomposition ofthe tensor product
Sym'V @ Sym*¥.

Exercise 11.11%, Show, in general, that for a> h we have

Sym*V @ Sym*V =Sym**V@ Sym*"*-?V @-~ @ Sym*-*¥.
As indicated, we can also look at symmetric and extetior powers of given

representations; in many ways this is more interesting For example, let
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V = C* beas above the standard representation of s€, and let W = Sym?V
be its symmetric square; ie, in the notation introduced above, take W = V®.

Weask now whether the symmetric square of W is ireducible, and if not what
its decomposition is. To answer this, observe that W has eigenvalues ~2, 0,
and 2, each occurring once, so that the symmetric square of W will have

eigenvalues the pairwise sums of these numbers—that is, —4, ~2,0 (occurring,
tovice), 2, and 4. We may represent Sym? by the diagram:

—e—_}—*—}-@—} eo43 2 4 0 1 23 4

From this, it is clear that the representation Sym? must decompose into
‘one copy of the representation V“ = Sym*V, plus one copy of the trivial
(one-dimensional) representation:

Sym?(Sym?)) = Sym*v @ Sym°Y, (nig)

Indeed, we can see this directly: we have a natural map,
‘Symm?(Sym?V)) + Sym4¥

‘obtained simply by evaluation; this will have a one-dimensional kernel (if x

and y are as above the standard basis for V we can write a generator of this
kernel as (x?)-(y?) — (xy),

Exercise (1.13. Show that the exterior squareAWis isomorphic to W itselt.‘Observe that this, together with the above description of Sym?W, agrees with
the decomposition of W @ W given in Exercise 11.11 above.

We can, in a similar way, describe the decomposition of all the symmetric
powers ofthe representation W = Sym?¥: For example, the third syminetric

power Sym?W has eigenvalues given by the triple sums of the set {—2,0, 2};
these are ~6, ~4, ~ 2(twice),0 (twice), 2 (twice), 4,and 6; diagrammatically,

th tOOO

‘Again, there is no ambiguity about the decomposition; this collection of

eigenspaces can only come from the direct sum of Sym®V with Sym? so wemust have

‘Sym? (Sym?) = Sym®V @ Sym?¥.
As before, we can see a least part of this directly: we have a natural evaluation
map

Sym?(Sym?V)-» Sym°V,
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and the eigenspace decomposition tells us that the kernel is the irreducible
representation Sym?¥.

Exercise 11.14. Use the eigenspace decomposition (o establish the formula
twat

for all n

§11.3. A Little Geometric Plethysm

We want to give some geometric interpretations of these and similar decom-

positions of higher tensor powers frepresentations ofs,C. One bigdilference
is that instead of looking at the action of either the Lie algebra sl,€ or the

groups SL,C or PGL,C on a representation IY, we look at the action ofthe
sroup PGL,C on the associated projective space' PW. In this context, i is
natural to look at various geometric objects associated to the action: for
‘example, we look at closures of orbits of the action, which all turn out to be
algebraic varieties, ie, definable by polynomial equations. In particular, our
goal in the following will be to describe the symmetric and exterior powers of,
W in termsof the action of PGL,C on the projective spaces PWV and variousfoci in PW,

‘The main point is that while the action of PGL,€ on the projective space
PY= P* associated to the standard representation V is transitive, its action‘on the spaces P(Sym"V) & P*forn > 1 is not. Rather, the action will preserve
various orbits whose closures are algebraic subvarieties of P*—for example,
the locus of points

C= {{o-0-...:0]:0€ Y) < P(Sym*¥)

corresponding to nth powers in Sym"V will be an algebraic curve in

P(sym"V) = P*,called the rational normal curve; and this curve will be carried
into itself by any element of PGL,C acting on P* (more about this in a
moment).Thus,a knowledge of the geometry of these subvarieties of PW mayilluminatethe representation W, and vice versa. This approach is particularlyUseful in describing the symmetric powers of W, since these powers can be
viewed as the vector spaces of homogeneous polynomials on the projective
space P(W*) (or, mod scalars, as hypersurfaces in that projective space).
Decomposing these symmetric powers should therefore correspond to some
interesting projective geometry.

"PW her denotes the projective space oftines through the origin in W. oF the quotient spaceof{\(0} by moltptication by nonzero veslarswe write []for he pont in PIV determined bythesont vector w. For Wm O°" [2s 2a] ithe pnt in B= PW determined bya pointFy sov tain"
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Digression on Projective Geometry

First, as we have indicated, we want to describe representations of Lie groups

in terms ofthe corresponding actions on projective spaces. The following fact

rom algebraic geometry is therefore of some moral if not logical) importance:
Fact 11.15. The group of automorphisms of projective space P"—cither as

algebraic variety or as complex manifold—is just the group PGL,4,€.
Fora proof, see (Hal. (For the Riemann sphere P' at least, this should be4 familiar fact from complex analysis)
For any vector space W of dimension n+ 1, Sym'W* is the space of

homogeneous polynomials of degree k on the projective space P* = PW of

lines in W; dually, Sym*W will be the space of homogeneous polynomials of
degree kon the projective space P* = P(W*) oflines in W*,or of hyperplanesin W. Thus, the projective space P(Sym'¥) is the space of hypersurfaces of
degree k in P* = P(W*) (Because of this duality, we usually work with objects

inthe projective space P(W*)rather than the dual space PW in order to derive
results about symmetric powers SymtW; this may seem initially more con-
fusing, but we believe itis ultimately less s0)

For any vector space V and any positive integer», we have a natural map,
called the Veronese embedding

PV co P(Sym"V*)

that maps the line spanned by o € ¥* to the line spanned by ve Sym"V*, We
will encounter the Veronese embedding of higher-dimensional vector spaces
in later lectures; here we are concerned just with the case where V is two
dimensional, so PY* =P". In this case we have a map

1cP! Ss

Pt = PSym"V*)whose image is called the rational normal curve C = C, of degree n. Choosingbases {af} for V* and {...[ml/ki(n— W)!]a'p"*...} for Sym*V* and ex-
panding out (xa + yf)" we see that in coordinates this map may be given as

Cay)Bety eh eh

From the definition, the action of PGL,C on P* preserves C,; conversely,
since any automorphism of P* fixing C, pointwise is the identity, from Fact
11.15 it follows that the group G of automorphisms of P* that preserve C, i
precisely PGL3€. (Note that conversely if W is any (n+ 1)-dimensional

representation of SL,€ and PW= P* contains a rational normal curveofdegree
m preserved by the action of PGLC, then we must have W = Sym"V;we leave this as an exercise*)

When n = 2, Cis the plane conic defined by the equation2 Note that any confusion between PH and PW’ is celatively harmles for us here, since the
representations Sym ae omonpic to thee dua
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F (Zo, 24, 23) = ZoZa ~ Z} = 0.Forn = 3, Cis the twisted cubic curve in P?, and is defined by three quadratic
polynomials

ZZ1—Z},  Zely-ZZy and ZZ, ~Z3.

More generally, the rational normal curve is the common zero locus of the
2x 2 minors of the matrix

Zales -Zyas

that i, the locus where the rank of M is 1

Back to Plethysm

We start with Example (11.12). We can interpret the decomposition given

there (or rather the decomposition ofthe representation of the corresponding
Lie group SLC) geometrically via the Veronese embedding 13: P' + P?. As

noted, SLC acts on P? = P(Sym?V*) asthe group of motions of P?carrying
the conic curve C, into itself. Its action on the space Sym?(Sym?V)) of
quadratic polynomials on P? thus must preserve the one-dimensional sub-

space CF spanned by the polynomial F above that defines the conic C;. At
the same time, we see that pullback via 1 defines a map from the space of

‘quadratic polynomials on P to the space of quartic polynomials on P*, which
thas kernel € F; thus, we have an exact sequence

0+ € = Sym°V -+ Sym?(Sym*V)) ++ Sym*¥ +0,

Which implies the decomposition of Sym?(Sym?V)) described above.
‘Note that what comes to us at first glance is not actually the direct sum

decomposition (11.12) of Sym?(Sym?V)}, but just the exact sequence above.
‘The splitting of this sequence of SL,C-modules, guaranteed by the general
theory, is less obvious. For example, we are saying that given a conic curve C
in the plane P2, there is a subspace Uc of the space of all conics in P?,
complementary to the one-dimensional subspace spanned by C itself and
invariant under the action of the group of motions of the plane P? carrying
Cinto itself. Is therea geometric description ofthis space? Yes: the followingProposition gives one.

Proposition 11.16. The subrepresentation Sym*V  Sym?(Sym?)is the space
conics spanned by the family of double lines tangent to the conic C = Cy.

Proor. One way to prove this is to simply write out this subspace in coor-
dinates: in terms of homogeneous coordinates Z, on P? as above, the tangent

lineo the conic C at the point [1,, #*] is the line
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Ly = {2:02 ~ 202, + Z,=0).

The double line 21, is, thus, the conic with equation

a°Z} — 40° Z)Z, + 20°ZpZ, + Aa?Z} — aZ,Z, + ZF =O.

‘The subspace these conics generate is thus spanned by 23, ZZ, ZZa. Zi,
and ZpZ, + 22}. By construction, this is invariant under the action of SLaC,
and it is visibly complementary to the trivial subrepresentation C-F =
(ZZ ~ Z3).

For those familiar with some algebraic geometry, it may not be necessary

to write all this down in coordinates: we could just observe that the map from
the conic curve Co the projective space P(Sym*(Sym?V)) of conics in P?
sending each point p € C to the square of the tangent line to C at p is the
restriction to C of the quadratic Veronese map P? -» P®, and so has image a

quartic rational normal curve. This spans a four-dimensional projective sub-
space of P(Sym*(Sym?V)}, which must correspond to a subrepresentation
isomorphic to Sym*¥. o

We will return to this notion in Exercise 11.26 below.

‘We can, in a similar way, describe the decomposition ofall the symmetric

powers of the representation W = Sym?V; in the general setting, the geo-
‘metric interpretation becomes quite handy. For example, we have seen that
the third symmetric power decomposes

‘Sym?(Sym?V) = SymV@ Sym*¥.
This is immediate from the geometric description: the space of eubics in the
planeP? naturally decomposes into the space ofcubics vanishing on the conicC = Cy, plus a complementaryspace isomorphic (via the pullback map #$)othe space of sextic polynomials on P; moreover, since a cubic vanishing on€, factors into the quadratic polynomial F and a linear factor, the space of
cubics vanishing on the conic curve Cc P* may be identified with the space
of lines in P2

‘One more special case: from the general formula (L1.14), we have

‘Sym*(Sym?V) = Sym*V @ Sym*V@ Sym°V.
Again, this is easy to see from the geometric picture: the space of quartic

polynoinials on P? consistsof the one-dimensional space ofquartics spanned

by the square ofthe defining equation F of C itself, plus the space ofquartics
vanishing on C modulo multiples of F2, plus the space of quattics modulo
those vanishing on C. (We use the word “plus,” suggesting a ditect sum, but

as before only an exact sequence is apparent).

Exercise 11.17. Show that, in general, the order of vanishing on C defines a
filtration on the space of polynomials of degree n in P%, whose successive

quotients are the direct sum factors on the right hand side ofthe decompos-
tion of Exercise 11.14
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We can similarly analyze symmetric powers of the representation U =
‘Sym?V. Forexample, since U haseigenvalues —3, —1, 1.and 3, the syminetric

square of U has eigenvalues —6, —4, ~2 (twice), O(twice), 2 (twice), 4, and 6;
diagrammatically, we have

SPE OPO Oboes

‘This implies that

Sym?(Sym?¥) 2 Syn°V@ Sym?¥. (118)
‘We can interpret this in terms of the twisted cubic C = Cc P* as follows:

the space of quadratic polynomials on P?contains, asa subrepresentation, the

three-dimensional vector space of quadrics containing the curve C itself; and
the quotient is isomorphic, via the pullback map 1$, to the space of sextic
polynomials on P*,

Exercise 11.19*. By the above, the action of SLC on the space of quadric
surfaces containing the twisted cubic curve C is the same as its action on
P(Sym?V*)= P. Make this explicit by associating to every quadric con-taining C a polynomial of degree 2 on P', up to scalars.

Exercise 11.20°, The direct sum decomposition (11.18) says that there is a

linear space of quadric surfaces in P? preserved under the action of SLC and
complementary to the space of quadrics containing C. Describe this space.

Exercise 11.21. The projection map from Sym?(Sym?¥) to Sym?V given by
the decomposition (11.18) above may be viewed as a quadratic map from the

vector space Sym? to the vector space Sym?V. Show that it may be given in
these terms as the Hessian, that is, by associating to a homogeneous cubic

polynomial in two variables the determinant ofthe 2 x 2 matrix ofits second

partials.

Exercise 11.22. The map in the preceding exercise may be vievted as associating
o an unordered triple of points (p,q.r} in P' an unordered pair of points
{5,1} PY. Show that this pair of points is the pair of fixed points of the
automorphism of P permuting the three points p, 4, and r cyclically

Exercise 11.23*. Show that

Symm?(Sym*V) = Sym*V@ Sym5V@ Sym?V,
and interpret this in terms of the geometry of the twisted cubic curve, In

particular, show that the space of cubic surfaces containing the curve is the
direct sum of the last two factors, and identify the subspace of cubies corre-sponding to the last factor.



138 11, Representations of sl,€
Exercise 11.24. Analyze the representation Sym*(Sym*V) similarly. In par-
ticular, show that it contains a trivial one-dimensional subrepresentation.

‘The trivial subrepresentation of Sym*(Sym?¥) found in the last exercise
hhas an interesting interpretation. To say that Sym*(Sym?V) has such an
invariant one-dimensional subspaces to say that there existsa quartic surfacein P? preserved under all motions of P? carrying the rational normal curve
C= Cy into itself. What is this surface? The answer is simple: itis the ¢angent
developable to the twisted cubic, that is, the surface given as the union of the
tangent lines to C.

Exercise 11.25*. Show that the representation Sym?(Sym*V) containsa trivial
subrepresentation, and interpret this geometrically.

Problem 11.26. Another way of interpreting the direct sum decomposition of
Sym?(Sym?V) geometrically is to say that given a conic curve C= P? and
given four points on C, we can find a conic C’= C(C; py,..-5 Ps) <Pintersecting C in exactly these points, in a way that is preserved by the action

of the group PGL5€ of all motions of P? (i. for any motion A: P? -+ P? ofthe plane, we have A(C'(C; py,» Pa)) = C(AC; APs.» APa))- What is a
description ofthis process? In particular, show that the cross-ratio ofthe four

points p, on the curve C” must be a function ofthe cross-ratio of the p, on C,
and find this function. Observe also that this process gives an endomorphism
ofthe pencil

{COPY py Pee

Ch = PEof conics passing through any four points p,¢ P?, What is the degree of this
‘endomorphism?

‘The above questions have all deat with the symmetric powers of Sym*¥.
‘There are also interesting questions about the exterior powers of Sym*¥:
To start with, considerthe exterior square A?(Sym?V).The eigenvalues ofthistepresentation are just the pairwisesums of distinct elementsof (3, 1, —1, ~3}.that is, 4, 2,0 (twice), ~2, and —4; we deduce that

AX Sym?) = Sym*V @ Sym? V, (1127)
Observe in particular that according to this there isa skew-symmetric bilinear

form on the space U = Sym?V preserved (up to scalars) by the action of SLC.
What is this form? One way of describing it would be in terms of the twisted
ccubie: the map from C to the dual projective space (P°)* sending each point
eC to the osculating plane to C at p extends to a skew-symmetric linear
isomorphism of P? with (P2)*.

Exercise 11.28. Show that a line in P? is isotropic for this form if and only if,

viewed as an element of P(\*U),itliesin the linear span ofthe locus oftangent
lines to the twisted cubic.
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Exercise 11.29, Show that the projection on the first factor in the decomposi-

‘ion (11.27) is given explicitly by the map

FA GreF-dG—G-dF
and say precisely what this means.

Exercise 11.30, Show that,

in general, the representation A?(Sym"V) has as adirect sum factor the representation Sym?*~*V, and thatthe projection on this
factor is given as in the preceding exercise. Find the remaining factors of
12(Sym"V), and interpret them.

More on Rational Normal Curves

Exercise 11.31. Analyze in general the representations Sym?(Sym"V}; show,
using eigenvalues, that we have

Sym™(Sym"V) =  Sym*"~*¥,

Exercise 11.32%. Interpret the space Sym?(Sym"V) of the preceding exercise

asthe space of quadris in the projective space P*, and use the geometry of
the rational normal curve C = C, < P*to interpret the decomposition ofthisrepresentation into irreducible factors. In particular, show that direct sum

@sme

isthe spaceof quadratic polynomials vanishing on the rational normal curve;and that the direct sum

@symrey

isthe space of quadties containing the tangential developable ofthe rational
normal curve, that is, the union ofthe tangent fines to C. Can you interpret

thesumsfor « > k fork > 27
Exercise 11.33, Note that by Exercise 11.11, the tensor power

‘Sym'V @ Sym"

ahways contains a copy of the trivial representation; and that by Exercises
11.30 and 11.31, this trivial subrepresentation will ie in Sym"(Sym"V) ifn is
cexen and in \2Sym*V) if is odd. Show that in ether case, the bilinear form

on Symn"V preserved by SLC may be described asthe isomorphism of P* with
(PP carrying each point p of the rational normal curve C< P* into the
‘oscuating hyperplane to C at p.

Comparing Exercises 11.14 and 11.31, we see that Sym?(Sym"v) =
Sym"(Sym*V}; apparently coincidentally. This isin fact « special case of a
‘more general theorem (ef Exercise 6.18)
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Exercise 11.34. (Hermite Reciprocity). Use the eigenvalues of H to prove the
isomorphism

Symm'(SymrV) = Sym"(Sym*V).

Can you exhibit explicitly a map between these two?
Note that in the examples of Hermite reciprocity we have seen, it

seems completely coincidental: for example, the fact that the representations
Sym?(Sym*V) and Sym*(Sym?V) both contain a trivial representation cor-
responds to the facts that the tangential developable of the twisted cubic in
P? has degree 4, while the chordal variety of the rational normal quartic in
P* has degree 3.

Exercise 11.35*. Show that A"(Sym"V) = Sym™(Sym""?-"V),,

We will se in Lecture 23 that there is a unique closed orbitin P(WV) for anyirreducible representation W. For now, we can do the following special case

Exercise 11.36. Show that the unique closed orbit of the action of SLC on
the projectivization of any irreducible representation is isomorphic to P'
(these are the rational normal curves introduced above).



LECTURE 12

Representations of sI,C, Part I

“This lecture develops esulls for sl, € analogous to thoteof 1.1 (though notin exactlythe same orden. This involves generalizing some ofthe basic terms ofS (eg, the

otto of eigenvalueand eigenvector have to be redefined), bu the basic ideas are insamesense aleady in 11, Certainly no techniquesare involved beyond those of 1.1.
Wecome now toa second importantstage in the developmentofthe theory:in the following, we will take our analysis of the representations of s1,C and

‘sec how it goes over in the next case, the algebra sl,C. As we will see, a number
of the basic constructions need to be modified, or at least rethought. There
are, however, two pieces of good news that should be borne in mind. First,
we will arrive, by the end of the following lecture, at a classification of the

Fepresentations ofs1,C that is every bit as detailed and explicit as the classifi-

cation we arrived at previously for sl,C. Second, once we have redone out

analysis in this context, we will need to introduce no further concepts to carry

out the classification of the finite-dimensional representations of all remaining
semisimple Lie algebras.

‘We will proceed by analogy with the previous lecture. To begin with, we
started out our analysis of s1,C with the basis (H, X, Y} for the Lie algebra;
we then proceeded to decompose an arbitrary representation V of sl,€ into

4 direct sum of eigenspaces for the action of H. What element of s1,C in
particular will play the role of H? The answer—and this is the first and
perhaps most wrenching change from the previous case-—is that no one
clement really allows us to see what is going on.' Instead, we have to replace

"Thin inert true a we wilse from the lowing anny ir anydngonl matiseen ar independent over, thon the ation of om any eprcenation Vo a
Aecrmivs the representation(eiwe know the eigenalesef we know 7) Ba (we wltte ying to earry lou in ractce would be shee perersty
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the single element H€sl,C with a subspace hc slyC, namely, the two-
dimensional subspace of all diagonal matrices. The idea is a basic one; it
comes down to the observation that commuting diagonalizable matrices are
simultaneously diagonalizable. This translates in the present circumstances to

the statement that any finite-dimensional representation V of sly€ admits a
decomposition V = @V,, where every vector v€ V, isan eigenvector for every
clement H eb,

AL this point some terminology is clearly in order, since we will be dealing,
with the action not of

a single matrix H but rather a vector space } of them.To begin with, by an eigenvector for h we will mean, reasonably enough, a

vector v€ V that is an eigenvector for every H € bh. For such a vector o we can
write

H(o) = aH)», (2

where a(H) is a scalar depending linearly on H, ic., «€ h*. This leads to our

second notion: by an eigenvalue for the action of h we will mean an element
@€b® such that there exists a nonzero element v € V satisfying (12.1), and by

the eigenspace associated to the eigenvalue « we will mean the subspace of all
vectors v€ V satisfying (12.1) Thus we may phrase the statement above as

(12.2) Any finite-dimensional representation V of sl;C has a decomposition

v= OM

where V, isan eigenspace for anda ranges overa finite subset of i.
‘This is, in fact,a special case ofamore general statement: for any semisimpleLie algebra g, we will be able to find an abelian subalgebra h < g, such that

the action of h on any g-module V will be diagonalizable, ic., we will have a

direct sum decomposition of V into eigenspaces ¥, for b.
Having decided what the analogue for sl,C of H €sl,€ is, let us now

consider what will play the role of X and ¥. The key here is to look at the
commutation relations

(H,X)=2X and (H,¥}=~—2Y

in st,C. The correct way to interpret these is as saying that X and Y are

eigenvectors for the adjoint actionof H on si,C. In our present circumstances,then, we want to look for eigenvectors(in the new sense) for the adjoint actionofh on sls€. In other words, we apply (12.2) to the adjoint representation of
s1y€ to obtain a decomposition

s,€ =hO@s.d (123)

where « ranges over a finite subset of h* and b acts on each space g, by scalar
multiplication, ie, for any Heh and Yeg,,

[H, ¥] = ad(Hy(¥)= a(t) ¥.This is probably easier to carry out in practice than it isto say; we are being
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longwinded here because once this process is understood it will be straight-

forward to apply it to the other Lie algebras. In any case, todo it in the present

circumstances, we just observe that multiplication ofa mattix M on the leftbby a diagonal mattix D with entries a, multiplies the ith row of M by a, while
‘multiplication on the right multiplies the ith column by a; ithe entries ofMare m, ;, the entries of the commutator (D, M] are thus (a; ~ a,)m,,. We see
then that the commutator [D, M] will be a multiple of M for all Dif and only

ifall but one entry ofM are zero. Thus, if we let E, be the 3 x 3 matrix whose(i dthentry is { and all of whose other entries are0, we see that the E, exactlygenerate the eigenspaces for the adjoint action of bon g.
Explicitly, we have

a, 0 0)

b=4[0 a, 0):a,40,40,=0

0 0 a

and so we can write

he = CfLy,Ly, La}Ly + La + Ly = 0)},where
a, 0 0

LJ 0 a, 0}=a,

0 0 a

‘The linear functionals«  h* appeatingin the direct sum decomposition(12.3)are thus the six functionals L, — L; the space qy,.., will be generated by the
element E,,,. To draw a picture

tasks

. ARK .a (124)
‘The virtue of this decomposition and the corresponding picture is that we

can read off from it pretty much the entire structure of the Lie algebra. OF
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course, the action of h on 9 is clear from the picture: b carries each of the

subspaces g, into itself, acting on each g, by scalar multiplication by the linear
functional represented by the corresponding dot. Beyond that, though, we can

also see, much as in the case of representations of s1,C, how the rest ofthe Lie
algebra acts. Basically, we let X be any element of g, and ask where ad(X)

sends a given vector Y € gp: the answer as before comes from knowing how by
acts on ad(X)(V). Explicitly, we let H be an arbitrary element ofh and as onpage 148 we make the

Fundamental Calculation (second time):

(A, OX, 3) =X, CH, 0) + CCH, XD. 7
= LX, UH) V+ Cath)X, 1
= (o(H) + ACH))-LX, ¥}.

In other words, [X, Y] = ad(X)(¥) és again an eigenvector for b, with eigen-
value a + f. Thus,

Ad(9.): 86 > Ber45

in particular, the action of ad(g,) preserves the decomposition (12.3) in the

sense that it carries each eigenspace g, into another. We can interpret this in

terms ofthe diagram (12.4) of eigenspaces by saying that each g, acts, 0 to
speak, by “translation”; that is, it carries each space q, corresponding to a dot

in the diagram into the subspace g,,, corresponding (o that dot translated by
«. Forexample, the action of qz,-, may be pictured as

°

tasksa
7

a‘
boty Ou

byob ets

tek
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ice it carries 1-1, iM€0 614-145 914-14 IMO B;H IMO B1,-140 15-14 M0 Br, -Lw
and kills 1,15: 91y-14»8Nd 8,1,Of course, not all the data can be read offof the diagram, atleast on the basis on what we have said so far. For example,

wwe donotat present see from thediagram the kernel ofad(g,,-.,) on}, though‘we will see later how to read this offas well. We do, however, have at least apretty good idea of who is doing what to whom.
Pretty much the same picture applies to any representation V of l,C: we

start from the eigenspace decomposition V = @Y, for the action of that we
saw in (12.2). Next, the commutation relations for sly tell us exactly how the
remaining summands of the decomposition(12.3) of sl,€ act on the space V,‘and again we will see that each of the spaces g, acts by carryingone eigenspace¥, into another. As usual, for any X € g, and v€ Vj we can tell where X will

send v if we know how an arbitrary element H « h will act on X(o). This we
can determine by making the

Fundamental Cateulation (third time}:

H(X(0) = X(H(0) + LH, XI)

= X (BUH): 0) + (aC) XY(0)

= (@(H) + ALI): X(0

We see from this that X(0) is again an eigenvector for the action of by with

eigenvalue a + fi in other words, the action of g, carties Vs t0 V,,4. We can
thus represent the eigenspaces V, of V by dots in a plane diagram so that each
{acts again “by translation,” as we did for representations of s1,C in the
preceding lecture and the adjoint representation of s1,C above. Just asin the
case of sls (page 148), we have

Observation 12.6. The eigenvaluesa occurring in am irreductble representationof s1yC differ from one other by integral linear combinations of the vectors
L,- Leb

[Note that these vectors L — Ly generatea lattice in h*, which we will denoteby Ap, and that all the lie in some translate of this lattice.

AL this point, we should begin to introduce some of the terminology that

appears in this subject. The basic object here, the eigenvalue « € h* of the
action of hon a representation V of g, is called a weight ofthe representation;
the corresponding eigenvectors in ¥, are called, naturally enough, weight

vectors and the spaces ¥, themselves weight spaces. Clearly, the weights that
‘occur in the adjoint representation are special; these are called the roots of
the Lie algebra and the corresponding subspaces g, ¢ g root spaces; by
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convention, zero is not a root. The lattice Ay < b* generated by the roots «
is called the root lattice.

“To see what the next step should be, we go back to the analysis of represen-
{ations of sl,C. There, at this stage we continued our analysis by going to anextremal eigenspace V, and taking a vector v€ V,. The point was that since V,
was extremal, the operator X, which would carry V, to V2. would have to
Kill ;s0 that » would be then both an eigenvector forH and in the kernel ofX. We then saw that these two facts allowed us (o completely describe the

representation V in terms of images of v.

What would be the appropriately analogous setup in the case of st,C? To
start at the beginning, there isthe question of what we mean by extremal: in
the case of st3C, since we knew that all the eigenvalues were scalars differing,
by integral multiples of2, there was not much ambiguity about what we meant

bythis. In the present circumstance this does involvea priori a choice (thoughas we shall see the choice does not affect the outcome). we have to choose a

direction, and look for the farthest a in that direction appearing in the

decomposition (12.3). What this means is that we shoukd choose a linear
functional

[Ag R,

extend it by linearity to a linear functional [:*—+C, and then for any
representation ¥ we should go to the cigenspace F, for which the real part of
Ifa) is maximal? Of course, to avoid ambiguity we should choose I to be
irrational with respect to the lattice A, that is, to have no kernel.

What is the point of this? The answer is that, just as in the case of a.
representation V of slC we found in this way a vector v¢ ¥ that was
simultaneously in the kernel of the operator X and an eigenvector for #1, ip
the present case what we will find is a vector v€ ¥, that is an cigenvector for
4, and at the same time in the kernel of the action of ag for every fh such that

[(f) > O—that is, chat is killed by half the root spaces 94 (specifically, the root
spaces corresponding to dots in the diagram (12.4) lying in @ half plane). This
will likewise give us a nearly complete description ofthe representation V.

‘To carry this out explicitly, choose our functional Ito be given by

HayLy + agLy + ayLs)

= aay + bay + cay,where a + b+ ¢=0 and a> b >, s0 that the spaces g, < g for which wehhave (a) > 0 are then exactly 1,15. @cz-r4» ANU Gy,-14; they correspond to
‘matrices with one nonzero entry above the diagonal.

2The reaversuscomplex busines i are hertng since (twill turn out very shorty all hesigervlues a actualy occutring in any representation wil infact bei the ea Gin fc, the
rationalnear span of
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Lys

HOOK ™
~-V—-\-

Ino

Thus, fori < j, the matrices E,,, generate the positive root spaces, and the E,,‘generate the negative root spaces. We'sct

Hy = UB Bud = Bia — Bx (128)

Now let ¥ be any irreducible, fnite-dimensional representation of s1,C.

‘The upshot of all the above is the

Lemma 12.9. There is a vector ve V with the properties that

(0 vis an eigenvectorfor b, te. v€ ¥, for somea; andi) vis killed by Ey,3,Es, and Ey.»
For any representation V of slyC, a vector ve V with these properties is

called a highest weight vector.

In the case of s1,C, having found an eigenvector v for H killed by X, we
argued that the images of » under successive applications of ¥ generated the
representation. The situation here is the same: analogous to Claim 11.4 we
have

(Claim 12.40. Let V be an irreducible representation of slyC, and ve V a highest
weight vector. Then V is generated by the images of v under suecessive applica-
tionsof the three operators E,., Ey,,, and Es,,.

Before we check the claim, we note three immediate consequences. First,
it says that all the eigenvalues fhe * occurring in V lie in a sort of {-plane

with corner at a
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Second, we see that the dimension of ¥, itself is 1, 90 that o is the unique
eigenvector with this eigenvalue (up to scalar, of course). (We will see below
that in fact o is the unique highest weight vector of V up to scalars; sce
Proposition 12.11) Lastly it says that the spaces Vesyty-14 800 Veunty-t)
are all at most one dimensional, since they must be spanned by (E,,)"(0) and
(Es,,F(0, respectively.

PROOF OF CLAIM 12.10. This is formally the same as the proof of the corre-

sponding statement forslyC: we argue that the subspace W of V spanned by
images of v under the subalgebra of s1,€ generated by E,, Es,1, and Ey,

in fac, preserved by all of s1yC and hence must be all of V.'To do thiswe justhhave to check that Ey», E.s, and By,y carry W into itself(in fact itis enoughto do this for the first two, the third being their commutator), and this is

straightforward. To begin with, v itself isin the kernel of E, », Es», nd Ey»,
so thereisno problem there, Next wecheck that E,,(0)iskeptin W: wehave

Ex,2(E2,1(0))= (Ex, (Es,2(0))+ CE e.2» Ea, 100)
= (Es2 Ea, D0

since E,, (0) = 0 and [Ey,5, By,.J€b:and
Ey, s(E2,1(0)) = (Ex, (Es, s(0)) + (Ea,9» E2100)

=0

since E,s(t) =0 and [E3,s, 2,1] = 0. A similar computation shows that
E,,0) i also carried into V by Ey, and E,,»,

More generally, we may argue the claim by a sort of induction: we let
denote any word of length m or less in the letters E,, and Es, and take W,
to be the vector space spanned by the vectors w,(0) for all such words; nole

that Wis the union of the spaces W,, since E,,; is the commutator of E,» and
Eq,,. We claim that Ey, and Es,5 carry W, into W,... To sce this, we can
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write w, as either E>, © ¥y-1 OF Es, 0 m,-,3 in either case w,_,(s) will be an
cigenvector for b with eigenvalue f for somefn the former casewe have

Elo) = By22.10%)

= Ea,s(E 4.20% -()) + CE rar Ba,1 M0m-1(0))
© Ea, (Wy-2) + BUTE 1,2 Ea,1 1) M10)
an

since (E,25 B,. € and

Ez, s(waO)) = Ea. 3(E2,10e-()))
= Ea,1(Ea, 3044-10) + CE r,s» Ea,110%4-100))
© Exi(W-2)

eM

since [E3,s, E,,,] = 0. Essentially the same calculation covers the latter case

Wy = Ey,3 © tye, establishing the claim. o
This argument shows a little more; in fact, it proves

Proposition 12.11. If V is any representation of slyC and v€ V is a highest
weight vector, then the subrepresentation W of V generated by the images
of v by successive applications of the three operators E,y, Es,., and Ey, is
itreducible.

Proor. Let a be the weight of v.The above shows that Wis a subrepresenta-
tion, and it is clear that W, is one dimensional. If W were not irreducible, we

would have W= W"@ W" for some representations W’ and W". But since
Projection to W’ and W" commute with the action of b, we have MW,=W;® Wz. This shows that one of these spaces is zero, which implies that v
belongs to W" or W", and hence that Wis W” or W". o

Asacorollary ofhis proposition we see that any irreducible representationofs€ has a unique highest weight vector, up to scalars; more generally, the
set of highest weight vectors in V forms a union of linear subspaces “Py
corresponding to the irreducible subrepresentations W of ¥, with the dimen
sion of yy equal to the number of times W appears in the direct sum

decomposition of V into irreducibles.
‘What do we do next? Well, let us continue to look at the border vectors

(E,,:)"(0). We call these border vectors because they live in (and, as we saw,
span)a collection of eigenspaces a, Qes1-14» Ses 2yiy-tyy ~~ that correspondto points on the boundary of the diagram above of possible eigenvalues

of ¥, We also know that they span an uninterrupted string of nonzero cigen-

SPOS By sauy-14) %C K=O, Ly ny until we get {0 the first m such that
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(E2.,)"(0) = 0, after that we have Gysai..-t,) = (0) for all k > m. The picture
is thus:

RRQ
OOO

where we have no dots above/to the right ofthe bold line, and no dots on that
line other than the ones marked.

The obvious question now is how Jong the string of dots along this line is.
‘One way to answer this would be to make a calculation analogous to the one

in the preceding lecture: use the computation made above to say explicitly forany k what multiple of (E,,)*~(0) the image ofE,,.}(o) under the map Ey,»
is, and use the fact that (Ea, )*(e) = 0 to determine m. It will be simpler—

and more useful in general—if instead we just use what we have already

Jearned about representations ofsis€. The point is, the elements Ey. ond Ea,1.
together with their commutator (Ey,2, Ey,.} = Hy 3» pan a subalgebra of slyCisomorphic to sl,€ via an isomorphism carrying Ey, By,, and Hy,» to the
elements X, ¥ and H. We will denote this subalgebra by 6. (the notation

may appear awkward, but this isa special case of a general construction). By
the description we have already given ofthe action of s1yC on the representa-
tion V in terms of the decomposition V = @)¥,, we sec that the subalgebra

51,1, Will shift cigenspaces V, only in the direction of Ly — L,;in particular,
the direct sum of the eigenspaces in question, namely the subspace

W= @oeonts-u9 (1213
of ¥ will be preserved by the action of s,,-,,- In other words, Wis a
representation of 8,1, = s1,€ and we may dodice from this that the eigen:
ealues of H,, on Ware integral, and synnmetric with respect to zero. Leaving

aside the integrality for the moment, this says that the string of dots in diagram
(12.12) must be symmetricwith respect to the line <H,,., L) = Oin the planeby*. Happily (though by no means coincidentally, as we shall see), this line is

perpendicular to the line spanned by Ly — Ly in the picture we have draw,
80 we can say simply that the siring of dots occurring in diagram (12.12) is

preserved under reflection in the line (Hh, 2, L} = 0.
In general, for any i#/ the elemenis E,, and F;,, together with their

commutator [Ej 5, = Hi. span a subalgebra 9,1, of sly isomorphic



to sl;C via an isomorphism carrying E; » E,,., and H, , to the elements X, ¥,
and H, (Note that 1,,= —H,,.) Analyzing the action of the subalgebra

<H,_3, L) = 0 in b*. The picture is thus

SOD
KSOY
OARVAVAVAVAV VIED

ATAYANAKA

Let us now take a look at the last eigenspace in the first string, that is, Vy
where nt is as before the smallest integer such that (E,,,)"(o) = 0 and f =

a +(m— I)(Ly — Ly). If v' € Vy is any vector, then, by definition, we have
the bold line in diagram (12.12), we haveas well that Eys(0') = By, s(0") = 0.‘Thus, v’, like v itself, satisfies the statement of Lemma 12.9, except for the

exchange of the indices2 and 1; or in other words, if we had chosen the linearfunctional | above differently —precisely, with coefficients b > a > c—then

Tespect to the vector v' instead of v, we would find tht all eigenvalues of V
‘occur below or to the right of the lines through f in the directions of L, — Ly

were symmetric about the lines (H,,,L) = 0 and (Hy,L) = 0, respectively. The picture now is

POSOLOseein
VAVAVAVAVAY/ WEE

seared



at the end of the string of eigenvalues {fi + k(Ls — L,)} we will arrive at a

eigenvalues in V will be bounded by a hexagon symmetric with respect to the
lines (H,,, L) = 0 and with one vertex at a; indeed, this characterizes the

of isometries ofthe plane generated by reflections in these three lines.

VAAL

KOXLD
LOO QA
DYcrete

i

ROEWIDELY
iy VETANAYA

We will see ina moment that the set ofeigenvalues will include all the points

multiplicity one.

‘of the elements H1,,, must be integers; itis not hard to see that this means that
all the eigenvalues occurring in (12.2) must be integral linear combinations of
the L,, i¢., in terms of the diagrams above, all dots must lie in the lattice Aw

‘ofinterstices (as indeed we have been drawing them). Thus, we have

Proposition 12.15. All the eigenvalues of any irreducible finite-dimensional

This is exactly analogous to he situation of the previous lecture: there we
saw that the eigenvaluesof 1 in any irreducible, finite-dimensional representa-

and were congruent to one another modulo the sublatticeAy = 2: Z generated
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by the eigenvalues of / under the adjoint representation, Note that in the ease

ofsl,C wehave Ay /Ag 2 Z/2, while in the presentcase we have Ay /Ay 2 Z/3we will sce later how this reflects a general pattern. The lattice Av is called
the weight lattice.

Exercise 12.16, Show that the two conditions that the eigenvalues of V are
congruent to one another modulo Ag and are preserved under reflection in

the three lines Hy, L) = 0 imply that they all lie in Aw, and that, infact,
this characterizes Ay.

To continue, we can go into the interior of the diagram (12.14) of eigen-
values of V by observing that the direct sums (12.13) are not the only visible

subspaces of V preserved under the action of the subalgebras s,,_.,; more
generally, for anyf¢ b* appearing in the decomposition (12.2) and any i,j thedirect sum

Wo @oonietp

will be a representation of ¢,-1, (not necessarily irreducible, of course); in
particular it follows that the values of k for which Vysau,-19 % (0) form an
iunbroken string of integers. Observing that if f is any of the “extremal”
cigenvalues pictured in diagram (12.[4), then this string will include another;

0 that all eigenvalues congruent to the dots pictured in diagram (12.14) and
lying in their convex hull must also occur. Thus, the complete diagram of
eigenvalues will look like

Wecan summarize this description in

Proposition 12.18, Let V be any irreducible, finite-dimensional representation

GSC. Then for some a€ Ny &*, the set of eigenvalues occurring in V is
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‘exactly the set of linear functionals congruent to a modulo the lattice Ay and
Lying in the hexagon with vertices the images of a under the group generated by

reflections in the lines (Hy, L) = 0.

Remark, Wedid, in the analysis thus far, make oneapparently arbitrary choice
when we defined the notion of “extremal” eigenvalue by choosing a lincar
functional {on b¢. We remark here that, infact, the choice was not as broad

as might at first have appeared. Indeed, given the fact that the configuration
of eigenvalues occurring in any irreducible fnite-dimensional representation
of siyC is always either a triangle or a hexagon, the “extremal” eigenvalue
picked out by | will always turn out to be one of the three or six vertices of

this figure; in other words, if we define the linear functional {to take a,L +
azLy + ayly 0 aa, + bay + cas, then only the ordering of the three real
numbers a, 6, and c matters. Indeed, in hindsight this choice was completely
analogous to the choice we made (implicitly) in the case of s1,C in choosing
one of the two directions along the real line.

We said at the outset of this lecture that our goal was to arrive at a
description of representations of sly as complete as that for s1,€. We have
now, certainly, as complete a description of the possible configurations of

cigenvalues; but clearly much more is needed. Specifically, we should have

an existence and uniqueness theorem;

an explicit construction ofeach representations, analogous to thestatement
that every representation of sl,C is a symmetric power of the standard; and

{or the purpose of analyzing tensor products of representations of sly, we
need a description not just of the set of eigenvalues, but of the multiplicities
with which they occur,

(Note that the last question is one that has no analogue in the case of sI,C:
in both cases, any irreducible representation is generated by taking a single
cigenvector v€ ¥, and pushing it around by elements of g,; but whereas in the

previous case there was only one way to get from V,{o Fy —that is, by applyingY over and over again—in the present circumstance there will be more than
cone way of getting, for example, rom ¥, t0 Yes1, 1,3 and these may yield
independent eigenvectors, This has been, however, already too long a lecture,

and so we will defer these questions, along with all examples, to the next.



LECTURE 13

Representations of sl,C, Part II:
Mainly Lots of Examples

In this lecture we complete the analysis of the irreducible representations of s1,C,

culminating in §13.2 withthe answers to all hee ofthe questions raised at the end ofthelast tur: we explicitly construct the unique reducible representation with given
tighest weight and in particular determine is multiplicities. The ater (wo sections

correspond to $11.2 and 113 in the letre onl. In partclar, $134, like 6113,involves some projective algebraic geometry and may be skipped by those to whom
this wots.

$134: Examples

$132: Description ofthe irreducible representations
4133: A Tite more plethysm
{134 A litle more geometric pethysm

§13.1. Examples

‘Thislecturewillbe largely concerned with studying examples, giving construc-tions and analyzing tensor products of representations of sl,€. We start,
‘however, by at least stating the basic existence and uniqueness theorem that
provides the context for this analysis
To state this, recall from the previous lecture than any irreducible, fnite-

dimensional representation of ely has a vector, unique up to scalars, tha is
simultaneously an eigenvector for the subalgebra hand killed by the three

subspaces G),-149r,-14» ANd 9,,,-1,- We called such a vectora highest weightvector of the representation V; its associated eigenvalue will, of course, be
called the highest weight of V. More generally, in any finite-dimensional

representation W ofstsC, any vector 0 € W with these properties wll becalled

A highest weight vector; we saw that it will generate an irreducible sub-
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representation V of W. Finally, from the description given in the fast lecture
‘of the possible configurations of eigenvalues fora representation of #1,C, wesoe that any highest weight vector must lie in the ({}:plane described by the
inequalities <H,,2,.L) = 0 and (Hy,s,L) 20, ie, it must be of the form
(a+ BL, + bLy = aly — bLy for some pair of non-negative integers a and
'b. We can now state

‘Theorem 13.1. For any pair of natural numbers a, b there exists a unique

Irreducible, finite-dimensional representation Fy of sl, with highest weight
aly ~ bby.

We will defer the proof of this theorem until the second section of this
Fecture, not so much because itis in any way difficult but simply because it is
time to get to some examples. We will remark, however, that whereas in the

case of slsC the analysis that led to the concept of highest weight vector
immediately gave the uniqueness part of the analogous theorem, here to

establish uniqueness we will be forced to resort to a more indirect trick. The
proof ofexistence, by contrast, willbe very muchlike that ofthe corresponding,statement for sl,C: we will construct the representations T., out of the
standard representation by multilinear algebra.

For the time being, though, we would like to apply the analysis of the

previous lecture to some of the obvious representations ofs1,€, partly to gain
some familiarity with what goes on and partly in the hopes of sceing a general
‘multiinear-algebraic construction.

We begin with the standard representation of sl,C on V = €°. Of course,the eigenvectors for the action off are just the standard basis vectors €,, €3,

and es; they have eigenvalues L, La, and L,, respectively. The weight diagram
for V is thus

Next, consider the dual representation ¥*. The eigenvalues of the dual ofa representation of a Lic algebra are just the negatives of the eigenvalues of
the original, so the diagram of ¥* is
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Alternatively, of course, we can just observe that the dual basis vectors e? are
eigenvectors with eigenvalues —Ly,

‘Note that while in the case of sl,€ the weights of any representation were
symmetric about the origin, and correspondingly each representation was
isomorphic to its dual, the same is not true here (that the diagrams for V and
¥* look the same is a reflection of the fact that the two representations are
carried into one another by an automorphism of sly€, namely, the auto-
‘morphism X ++ —'X). Observe also that /* is also isomorphic to the repre-
sentation /?Y, whose weights are the pairwise sums of the distinct weights of
V; and that likewise V is isomorphic as representation to \?V*.

‘Next, consider the degree 2 tensor products of V and *, Since the weights
ofthe syimmetricsquareofa representation are the pairwise sums of he weights,othe original, the weight diagram of Sym?¥ will look like

and likewise the symmetric square Sym?V* has weights {—2Ly. Ly ~ Ly} =
(-21, ~ 21, La}:
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We see immediately from these diagrams that Sym?¥ and Sym?V* are
irreducible, since neither collection of weights is the union of two collections

arising from representations ofs1,€.
As for the tensor product V@ V*, its weights are just the sums of the

weights (L,) of V with those {—L,} of V*,that is, thefinear functionals L, — L,
(each occurring once, with weight vector ¢, @ ef ) and 0 (occurring with multi
plicity three, with weight vectors e, @ e?). We can represent these weights by
the diagram

where the triple circle is intended to convey the fact that the weight space fy
is three dimensional. By contrast with the last two examples, this representa-

tion is not irreducible: there isa linear map

V@Vee

given simply by the contraction

0 @urys do, ut> = ut(o)
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(or, in terms of the identification V@ V* = Hom(¥, V), by the trace) that is

‘a map of sl,C-modules (with € the trivial representation, of course). The
kernel of this map is then the subspaceof V @ ¥'* of traceless matrices, whichis just the adjoint representation of the Lie algebra sl, and is irreducible (we
can sec this ether from our explicit description of the adjoint representation —
for example, Ey, is the unique weight vector fot b killed by G1, -14» 81,—L5»
and g,,-1,—0F if we take as known the fact that SLC is simple, from the
fact that a subrepresentation of the adjoint representation is an ideal ina Lie
algebra, and exponentiates to a normal subgroup, f. Exercise 8.43.)

(Physicists cal this adjoint representation ofsls€ (or SU(3)) the “eightfold
way,” and relate its decomposition to mesons and baryons. The standard
representation V is related to “quarks” and V* to “antiquarks.” Sec [S-W],
[Mack})

(We note that,in general, if Vis any faithful representation of a Lie algebra,the adjoint representation will appear as a subrepresentation of the tensor

Vevey
Let us continue now with some of the triple tensor products of V and ¥*,

‘which will be the last specific cases we look at. To begin with, we have the
symmetric cubes Sym? V and Sym? *, with weight diagrams

and
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respectively. In general itis clear that, in terms of the description given in

the preceding lectore of the possible weight diagrams of irreducible repre-
sentations of sly, the symmetric powers of V and ¥* will be exactly the

representations with triangular, as opposed to hexagonal, diagrams.
Italso follows from the above description and the fact that the weights of

the symmetric powers Sym" occur with multiplicity 1 that Sym"V and
Sym*V* are all irreducible, ie, we have, in the notation of Theorem 13.1,

Sym'V =F and Sym*V* = Ty

By way of notation, we will often write Sym*V in placeof T,Consider now the mixed tensor Sym?V@ V*. Its weights are the sums ofthe weights of Sym? that is, the pairwise sums of the Ly with the weights
‘of V*; explicitly, these are Ly + Ly — Ly and 2L; ~ L; (each occurring, once)
and the L; themselves (each occurring three times, as L, +L, —L,). Dia
grammatically, the representation looks like

Now, we know right off the bat that this is not irreducible: we have a natural
map

aSym'V@ V8

siven again by contraction, that is, by the map

ow @ uta Co, ut) + diy ut) 0,
which isa map ofslsC-modules.* What does the Kernel ofthis map look like?
Of course, its weight diagram is

* Another way to see that Sym?© ¥* not Ieeducbe ito observe tht if representationWis generatedbya highest weigh vector oof weight 2Ly ~ Ly. a8 Sym!V@ V* mostbe itiinreocibie, the eigenvalue can be taken with mullpiciy al most 2 the corresponding
‘genepace being generated by Fi, 2°F,s0and Ey Ey
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‘and we know one other thing: certainly any vector in the weight space of

2L, ~ Ly—that is to say, of course, any multiple of the vector e? @ e$— is
killed BY 1,14: Siy-tyy ANU Gy, 80 that the kernel of r will contain an
irreducible representationF = I, with 2L, — Ly asits highest weight. SinceT-must then assume every weight of Ker(i), there are exactly two possibilities:
‘either Ker()) = P, which assumes the weights L, with multiplicity 2; or all the

weights of F occur with multiplicity one and Ker(i) = F @ V.
How do we settle this issue? There are atleast three ways. To begin with,

we can try to analyze directly the structure of the kernel of1. An alternativeapproach would be to determine a priori with what multiplicities the weightsof fy are taken, Certainly it is clear that a formula giving us the latter
information will be tremendously valuable—it would for one thing clear up

the present confusion instantly —and indeed there exist several such, one of
which, the Weyl character formula, we will prove later in the book. (We will

also prove the Kostant multiplicity formula, which can be applied to deduce
directly the independence statement we arrive at below.) Asa third possibility,
weanidentifythe representations F,,as Weyl modules and appeal to Lecture6. Rather than invoke such general formulas at present, however, we will take
the first approach here. This is straightforward: in terms of the notation

we have been using, the highest weight vector for the representation

Tc Sym?V@ V* is the vector e? @ ef, and so the eigenspace I, ¢ T withcigenvalue L, will be spanned by the images of this vector under the two

compositions E,,  Es,y and Es,y © Ey... These ae, respectively,
Ba, © Es,2(0}@ e$) = E2,1(Es,216})@ et +} @ Es,2(¢$))

= Ex(-F @et)

= —2e, 2) Bef +e} Bef
and

Es,20 Ba,s(e{ @ e$) = Es,2(Es.s(€1) Beh + €7 @ Ey, sle8))

= By 2ey-€2)@8)
= eyes) @eF — 2eye,)@ et
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Since these are independent, we conclude that the weight Ly does occur in
with multiplicity 2, and hence that the kernel of ris irreducible, ie.

sym@ Vt 21, Ov
§13.2. Description of the Irreducible Representations
At this point, rather than go on with more examples we should state some of
the general principles that have emerged so far. The first and most important
{though pretty obvious) is the basic

Observation 13.2. If the representations V and W have highest weight vectors
and w with weights « and f, respectively, then the vector v@we V@ W is

‘a highest weight vector of weight « + P.

Of course, there are numerous generalizations of this: the vector v* € Sym"V

isa highest weight vector of weight na, etc? Just the basic statement above,
however, enables us to give the

PROOF OF THEOREM 13.1, Fits, the existence statement follows immediately

from the observation: the representation Sym? V @ Sym*¥* will contain an
irreducible subrepresentation I, with highest weight aL ~ by

‘The uniqueness part is only slightly harder (if less explicit): Given

irreducible representations V and W with highest weighta, letve Vand we W
be highest weight vectors with weighta.Then (0, w) is again a highest weightvector in the representation V @ W with highest weight a; let Uc V@W
be the irreducible subrepresentation generated by (r, »). The projection
maps n,: UV and my: U—> W, being nonzero maps between irreducible

representations ofsly, must be isomorphisms, and we deduce that V & W.
a

Exercise 13.3*, Let S, be the Schur functor introduced in Lecture 6. What

can you say about the highest weight vectors in the representation 5,(V)
‘obtained by applying it to a given representation V7

To continue our discussion of tensor products like Sym*V@ Sym* V* in‘gencral, as we indicated we would like to make more explicit the constructionof the representation TF, which we know to be lying in Sym*V@ Sym*V*,To begin with, we have in general a contraction map

ty: Sym*V@ Sym?V* -+ Sym?! ¥ @ Sym?! V*
analogous to the map 1 introduced above; we can describe this map either
{in fancy language) as the dual of the map from Sym*~! ¥ @ Sym?"!V*

to Sym*V @Sym*V* given by multiplication by the identity clement in
2 One tighly es obvious statementthi the weighsof Vare, 4.2. with ay)> ey)>then /*¥ posese highest weight vector weight, +--+, Rote that snes the ondetng‘ftv g;mayin fet Jependonthe choice of (even wih the restictona > b> onthe creficentsof av above thie may in some cases imply te existence of several subrepresentations of 7,
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V@V* =Hom(¥, V); or, concretely, by sending

(04-201) BOT 88)

DipCTA ee Re aD‘Clearly this map is surjective, and, since the target does not have eigenvalue

aL ~ bLy, the subrepresentation T,,, ¢ Sym*V@ Sym*V* must lie in thekernel. In fact, we have, just as in the case ofSym?V @ V* above,

Claim 13.4. The kernel of the map 1, is the irreducible representation Ty.
We will defer the proof of this for a moment and consider some of its

‘consequences, To begin with, we can deduce from this assertion the complete
decomposition ofSym*V@ Sym*¥*: we must have (if, say. b < a)

Sym*V@ Sym'V* = @Tyiacr (13.5)
‘Since we know, a priori, all the multiplicities ofthe eigenvalues of the tensor

product Sym"V@ Sym*V®, this will, in turn, determine (inductively at least)all the multiplicities of the representations T,,y. In fact, the answer turns
out to be very nice. To express it, observe first that if a 2 h, the weight dia-

gram of either T,,,, or Sym*V @ Sym*V’* looks like a sequence of b shrinking
‘concentric (not in general regular) hexagons #H, with vertices at the points
(a—i)L, — (b — AL, fori =0, 1, ...,6 — |, followed (after the shorter three
sides of the hexagon have shrunk to points) by a sequenceof [(a ~ 6/3] + 1triangles T; with vertices at the points (a—b—3/)L, for j=0, 1, ...

[a — by/3] (it will be convenient notationally to refer to T, as Hy occasionally),
Diagram (13,6) shows the picture of the weights of Sym®V@ Sym?V*:

aN .~e
NS Naty ttySiyoty

os (36)

a 7

aeo.
ee
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(Note that by the decoinposition (13.5), the weights of the highest weight
vectors in Sym*V@ Sym*V* will be aL, — bLs, (a — I)Ly —(b — WLy, .--5(a— b)Ly,a8 shown in the diagram.)

An examination ofthe representationSym*V @ Sym'V* shows that it hasmultiplicity (7+ 1)(1+ 2/2 on the hexagon H,, and then a constant muli-

plicity (b + 1)(b + 2/2 on all the triangles 7}; and it follows from the decom-
position (13.5), in general, that the representation Ty has multiplicity (i+ 1)
‘on Hand b on ‘In Englishthe multiplicitiesof f increase byoneon eachof the concentric hexagons of the eigenvalue diagram and are constant on the

triangles. Note in particular that the description of T,, in the preceding
section is a special case of this.

Proor oF CLAIM 13.4. We remark first that the claim will be implied by the
‘Weyl character formula or by the description via Weyl’s construction in
Lecture 15; so the reader who wishes to can skip the following without dire
consequences to the logical structure of the book. Otherwise, observe

first that the claim is equivalent to asserting the decomposition (13.5}
this, in tun, is equivalent to the statement that the representation
W = Sym*V@ Sym'V* has exactly b+ 1 irreducible components (stillassuming a > b). The irreducible factors in a representation correspond
to the highest weight vectors in the representation up to scalars; so in
sum the claim is equivalent to the assertion that the eigenspace W, of
Sym*V @ Sym'V* contains a unique highest weight vector (up to scalars) if «

is of the form (a — i)Ly — (b — i)Ly for i < b, and none otherwise; this is what
wwe shall prove.

‘To begin with, the “none otherwise” part of the statement follows (given

the other) just from looking at the diagram: if, for example, any of the
cigenspaces W, corresponding to a point a on a hexagon H; (other than the

vertex (a — i)L, —(b — i)L of H,) possessed a highest weight vector, the
multiplicity ofa in W would be strictly greater than of (a — f)L, ~ (b — JL,which we know is not the case; similarly, the fact that the multiplicities ofWin the triangular part of the eigenvaluediagram are constant implics that there
can be no highest weight vectors with eigenvalue on a TJ; for j > |. Thus, we
just have to check that the weight spaces W, for a= (a ~ i)Ly —(b = i)Ly
contain only the one highest weight vector we know is there; and we do this
by explicit calculation

‘To start, for any monomial indexI = (i,,i,, is) of degree Yi, = i, we denotebye! « Sym'¥ thecorresponding monomial | | (e}) and define (e*)! € Sym'¥*
similarly. We can then write any element of the weight space Wig-it,e-0y
‘of Sym*V @ Sym'V* as

w= Le lee @ (eh! (ey).

Im these terms, it is easy to write down the action of the two operators E,.
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and E,, First, E,, kills both e, ¢ V and ef ¢ ¥*, so that we have

Eyee Olle He)

= hfesheh @(esh (ery!)
ile eV OUP)

where I” = (i, + 1,i;— 1, is) and I” = (iy — If, + 1, is) (and we adopt the
convention that e’ = 0 if, < 0 for any p) It follows that the vector v above is

in the kernel of Ey, if and only if the coefficients c, satisfy i,cy = (Iy + Yep:
‘and by the analogous calculation that v is in the kernel of E,3 if and only ifigcy = (iy + Ney whenever the indices I and J are related by jy = iy, Jy =
i, +1, and Jy = fy — 1. These conditions are equivalent to saying that the
numbers i!f,tigley are independent of f. We see, in other words, that o is a

highest weight vector if and only ifall the coefficients c, are equal to c/i,lis!is!for some constant ¢, oO

§13.3. A Little More Plethysm

‘We would like to consider here, as we did in the case of sl,€ in Lecture 11,

how the tensor products and powersof the representationswe have describeddecompose. We start with one general remark: given our knowledge of the

eigenvalue diagrams of the irreducible representations of sl,C (with multi-
plicities) there can be no possible ambiguity about the decomposition of any

representation U given as the tensor product of representations whose cigen-
value diagrams are known. Indeed, we have an algorithin for determining the
components ofthat decomposition, as follows:

1. Write down the eigenvalue decomposition of U.

2. Find the eigenvalue « = aL, — bL, appearing in this diagram for which

the value of I) is maximal

3. We now know that U will contain a copyof the irreducible representation
T, =T,4,ie, U = T, @ U' for some U’. Since we also know the cigenvalue

diagramof f,, wecan thus write down thecigenvaluediagram of U’ as well.4, Repeat this process for U’.

‘To sec how this goes in practice, consider some examples of tensor productsofthe basic irreducible representations described so far, We have already seen
how the tensor products of the symmetric powers of the standard represen-
{ation V of s1,C and symmetric powers of its dual decompose; jet us look now
atan example ofamore general tensor product ofirreducible representations:

say V itself and the representation T,,. We start by writing down the weightsof the tensor product: since T,, has weights 2L; — Ly, Ly +L; — Ly, and L,
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representation I,, as well; since this has weight diagram

IINININININ

ee
WAVAVACANALYYZ\
RE
OK)

‘the remaining part of the tensor product will have weight diagram
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‘Sym? (Sym?) = Sym*V@ Sym?V*.
Indeed, the presence of the Sym*V factor is clear: there is an obvious map

«9: Symm*(Sym* V)) + Sym* V

obtained simply by multiplying out. The identification of the kernel of this
‘map with the representation Sym?

V* is certainly less obvious, bu can still bemade explicit, Wecan identify V* with \?V as wesaw,and then define a map
2 Sym3(\"¥) — Sym*(Sym?))

by sending the generator (uA 8)-(w A 2)@Sym*(A*V) to the element

(w-w)-(0-2) — (wz): (0 W) © Sym? (Sym? V), whichis clearly in the kernel of ¢.
Exercise 13.9. Verily that this map is well defined and that it extends linearly

to.an isomorphism of Sym?(A*V) with Ker(p).
Exercise 13.10. Apply the techniques above to show that the representation,
A*(Sym?V) is isomorphic to T,
Exercise 13.11. Apply the same techniques to determinethe irreducible factorsof the representation A?(Sym?V). Note: we will return to this example in
Exercise 13.22.

Exercise 13.12. Find the decomposition into irreducibles of the representa-
tions Sym?(Sym?V) and Sym*(Sym?V) (observe in particular that Hermitereciprocity has bitten the dust). Describe the projection maps to the various

factors. Note: we will describe these examplesfurther in the following section.

§13.4. A Little More Geometric Plethysm

Just as in the case of sI3C, some of these identifications can also be seen in
geometric terms. To do this, recall from §11.3 the definition of the Veronese

embedding: if P? = PV* isthe projective space of one-dimensional subspaces
of V*, there is then a natural embedding of P? in the projective space P* =
P(Sym?V*), obtained simply by sending the point (o"] € P® corresponding

tothe vector o* € V* tothe point [o®#] € P(Sym?V*) associatedto the vectorof? = ot oe Sym?V*. The image 5c P* is called the Veronese surface. As
inthe case ofthe rational normal curves discussed in Lecture 11, itis not hard

{0 see that the group of automorphisms of P* carrying S into itselfis exactlythe group PGLy€ of automorphisms of 5 = P#
Now,aquadratic polynomial in the homogeneous coordinatesof the spaceP(Sym?V*) x P° will restrict to quartic polynomialon the Veronese surface5 = PV®, which corresponds to the natural evaluation mapg of the precedingsection; the kernel of this map is thus the vector space of quadratic poly-
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rnomials in P? vanishing on the Veronese surface S, on which the group of
automorphismsof P carryingS to itself obviously acts. Now, for any pair ofpoints P = (u*], Q = [oP] €5, itis not hard to see that the cone over the
Veronese surface with vertex the line PQ <P (that is, the union of the
2-planes POR as R varies over the surface S) will be a quadric hypersurface

in P*containing the Veronese surface; sendingthe generator u* -v* € Sym?V*to this quadric hypersurface will then define an isomorphism of the space of
such quadrics with the projective space associated to Sym? V*,

Exercise 13.13.Verify the statements made in the last paragraph: that the

tunion ofthe PQR is a quadric hypersurface and that this extends to a linear
isomorphism P(Sym?V*)x P(Ker(9)). Verify also that this isomorphismcoincides with the one given in Exercise 13.9.

‘There is another way of representing the Veronese surface that will shed
some light on this kernel. If, in terms of some coordinates e, on V*, we think

of Sym*V* as the vector space ofsymmetric3 x 3matrices,then the Veronesesurface is just the locus, in the associated projective space, of rank | matrices‘up to scalars, ie, in terms of homogeneous coordinates Z,, = e,"¢, 00 P*,

Zia Zy2 Zs)

s-fa ont Zt ze)eal.Zs Zrs Zss

‘The vector space of quadratic polynomials vanishing on S is then generated
by the 2 x 2 minors of the matrix (Z, in particular, for any pair of linear
combinations of the rows and pair of linear combinations of the columns we
get a2 x 2 mattix whose determinant vanisheson S.
Exercise 13.14. Show that this is exactly the isomorphism Sym?(\?V)=Ker(o) described above.

‘We note in passing that if indeed the space of quadrics containing the
Veronese surface, with the action of the group PGL3€ of motions of P*

preserving 5, isthe projectivization ofthe representation Sym? V*, then it must
contain its own Veronese surface, ie, there must be a surface T = P(V*)<P(Ker(o)) invariant under this action, This turns out to be just the set of

quadricsof rank 3 containing the Veronese, that is, the quadrics whose singularlocus is a plane. Infact,the 2-plane will be the tangent plane to S at a point,giving the identification T = S.

Let us consider one more exampleof this type, namely,the symmetric cube‘Sym*(Sym?V)). (We promise we will stop after this one.) As before, itis easyto write down the eigenvalues of this representation; they are just the triple

sums ofthe eigenvalues {2L,, L, + Ly} ofSym?¥V. The diagram (we will drawhere only one-sixth of the plane and indicate multiplicities with numbers
rather than tings) thus looks like
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from which we see what the decomposition must be: as representations we
have

Sym? (Sym?) = Sym°V@ 12,2. (13115)
‘As before, the map to the first factor

is ust the obvious one; itis the identifica-tion ofthe kernel that is intriguing, and especiallythe identification of the lastfactor.
To see what is going on here, we should look again at the geometry of the

Veronese surface $< P* = P(Sym*V*), The space Sym°(Sym?V)) is just thespace of homogeneous cubic polynomials on the ambient space PS, and as

before the map to the first factor ofthe right-hand side of(13.15) is just the

restriction, so that the last two factors of (13.15) represent the vector space

(S)3 of cubic polynomials vanishing on S. Note that we could in fact prove
(13.15) without recourse to eigenvalue diagrams from this: since the ideal of
the Veronese surface is generated by the vector space I(S), of quadratic
polynomials vanishing on it, we have a surjective map

US. W = Sym2V*@ Sym?V—+1(5)s.
But we already know how the left hand side decomposes: we have

Sym? ¥* @ Sym?V = 13,21), OC, (1316)
$0 that 1(S) must be a partial direct sum of these three irreducible represen-
tations; by dimension considerations it can only be I, © €.

This, in turn, tells us how to make the isomorphism (13.15) explicit (assum-
ing we want to}: we can define a map

Sym?(\? V) @ Sym?V + Sym?(Sym?V)
by sending,

(A904 2) (8-H (GU W) (02) — w-2)-(0- 1) (9)
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and then just check that this gives an isomorphism of 13,2 ¢
Sym?V* @ Sym?V with the kernel of projection on the first factor of the
right-hand side of(13.15).

‘What is really most interestingin this whole situation, though, isthe trivialsummand in the expression (13.15), To say that there is such @ summand is tosay that there exists a cubic hypersurface X in P® preserved under all anto-
‘morphismsof P® carrying S to itself. Of course, we have already run into thisone: itis the determinant of the 3 x 3 matrix (Z,,) introduced above. To
‘express this more intrinsically, if we think of the Veronese as the set of rank
{tensorsin Sym? V4, itis just the set of tensors ofrank 2 or less. This, in turn,

yields another description of X: since a rank 2 tensor is just one that can be
‘expressed asa linear combination of two rank I tensors, we see that X is theFamous chordal variety of the Veronese surface: it is the union of the chords

to S, and at the same time the union ofall the tangent planes to S.
Exercise 13.17. Show that the only symmetric powers of Sym?V that possess

trivial summands are the powers Sym*(Sym?)) divisible by 3, and that the
‘unique trivial summand in this is just the kth power of the trivial summand
of Sym*(Sym*V)).

Exercise 13.18. Given the isomorphism of the projectivization of the vector

space I(S),—that is, the projective space of quadric hypersurfaces containing
the Veronese surface—with P(Sym*V*), find the unique cubic hypersurface
in 1(S), invariant under the action of PGL,C.

Exercise 13.19. Analyze the representation Sym?(Sym*V)) of sl,C. Interpret
the direct sum factors in termsof the geometry of the Veronese embeddingofPV* = P? in P(Sym'V*)= PP.
Exercise 13.20, Show that the representations Sym‘(Sym?¥)) and
Sym®(Sym°¥)) contain trivial summands, and that the representation
Sym'(Sym'V)) contains two. Interpret these.

Exercise 13.21. Apply the techniques above to show that the representation
(Sym? V) is isomorphic to T,

Exercise 1322*. Apply the techniques above to analyze the representation

/%(Sym*V), and in particular to interpret its decomposition into irreducible
representations.

Exercise 13.23. If P* = P(Sym?V*) is the ambient space of the Veronese
surface, the Grassmannian G(2, 5) of 2-planes in PS naturally embeds in the
projective space P(A*(Sym*V)). Describe, in terms of the decomposition
im the preceding exercise, the span of the locus of tangent 2-planes to the
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Veronese, and the span of the locus of 2-planes in P® spanned by the imagesin $ of lines in PY,

Exercise 13.24*. Show that the unique closed orbit of the action of SLsC on

the representation I, is either isomorphic to P? (embedded as the Veronese
surface) ifeithera or b is zero, or to the incidence correspondence

Em ((p.):pel) cP? x PY

itneither a or bis zero.

°





PART III

THE CLASSICAL LIE ALGEBRAS

AND THEIR REPRESENTATIONS

‘As we indicated at the outset, the analysis we have just carried out of the

structure of stC and slyC and their representations carries over to other

semisimple complex Lie algebras, In Lecture 14 we codify this structure, using
the pattern of the examples we have worked out so far to give a model for

the analysis of arbitrary semisimple Lie algebras and stating someof the most,important facts that are true in general. As usual, we postpone proofs

of manyofthese facts until Part 1V and the Appendices, the main point here being to
introduce @ unifying approach and language. The facts themselves will all be

seen explicitly on a case-by-case basis for the classical Lie algebras #l,C, sp ,C,
and s0,C, which are studied in some detail in Lectures 15-20.

Most of the development follows the outline we developed in Lectures
11-13, the main goal being to describe the irreducible representations as
explicitly as we can, and t0 see the decomposition of naturally occurring
representations, both algebraically and geometrically. While most of the

representations are found inside tensor powers of the standard representations,
for the orthogonal Lie algebras this only gives half of them, and one needs
new methods to construct the other “spin” representations. This carried out
using Clifford algebras in Lecture 20.

We also make the tie with Weyls construction of representations of GLC.
from Lecture 6, which arose from the representation theory of the symmetric
groups. We show in Lecture 15 that these are the irreducible representations

ofsl; in Lecture 17 we show how to use them to construct the irreducible
representations of the symplectic Lie algebras, and in Lecture 19 to give the

nnonspin representation of the orthogonal Lie algebras. These give useful
descriptions of the irreducible representations, and powerful methods for
decomposing other representations, but they are not necessary for the logical
progression of the book, and many of these decompositions can also be

deduced from the Weyl character formula which we will discuss in Part IV.





LECTURE 14

The General Setup: Analyzing the
Structure and Representations of an

Arbitrary Semisimple Lie Algebra

‘This is the fast of the four central lectures; in the body of it, §14.1, we extract from the
‘examples of §1!—13 the basic algorithm for analyzing a general semisimple Lie algebra
nd its representations. is this algorithm that we wl spend the remainder of PartTH carrying out for the classical algebras, and the reader who finds the general setup

confusing may wish to read thls eeturein parallel with for example, Lectures 15 and
16. tn particular, §142 is less clearly motivated by what we have worked out 80 fr;

the realer may wish(o skim i for mow and defer a more thorovgh reading til ater

sing through some more ofthe examples of Lectures 15-20
§14.1: Analyzing simple Lie algebras in general.
§14.2: About the Killing form

§14.1. Analyzing Simple Lie Algebras in General

‘Wessaid

at the outset of Lecture 12 that once the analysis of the representations.ofl,€ was understood, the analysis ofthe representations of any semisimple
Lie algebra would be clear, at least in broad outline, Here we would like to
indicate how that analysis will go in general, by providing an essentially
algorithmic procedure for describing the representations of an arbitrary com-

plex semisimple Lie algebra 9, The process we give here is directly analogous,
step for step, to that carried out in Lecture 12 for sl,€; the only difference is

‘one change in the order ofsteps: having seen in the case of sl€ the importance
of the “distinguished” subalgebras s, = sl;€ < g and the corresponding dis-
tinguished elements H, €, < b, we will introduce them earlier here.

Step 0. Verify that your Lie algebra is semisimple; it not, none of the
following will work (but see Remark 14.3). If your Lie algebra is not semi-
simple, pass as indicated in Lecture 9 to its semisimple part; a knowledge of
the representationsofthis quotient algebra may not tell You everything about
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the representations of the original, but it will at least tell you about the
irreducible representations.

‘Step I. Find an abelian subalgebra y c g acting diagonally. This is of course
the analogue of looking at the specific element H in sl,C and the subalgebra

} ofdiagonal matrices in the case of sly€; in general, to serve an analogous

function it should bean abelian subalgebra that acts diagonally on one faithful
(and hence, by Theorem 9.20, on any) representation of9,Moreover, in orderthat the restriction ofa representation V of g to h carry the greatest possibleinformation about ¥V, ) should clearly be maximal among abelian, diagonali-
zable subalgebras; such a subalgebra is called a Cartan subalgebra.

‘Note that while this step would seem to be somewhat less than algorithmic

(in particular, while it is certainly possible to tell when a subalgebra of a given
Lic algebra is abelian, and when itis diagonalizable, itis not clear how to tell
whether it is maximal with respect to these properties). This defect will,
however, be largely cleared up in the next step (see Remark 14.3).

Step 2. Let h act on g by the adjoint representation, and decompose 9

‘accordingly. By the choice off, its action on any representation of g will be

<iagonalizable; applying this to the adjoint representation we arrive at adirect
suum decomposition, called a Cartan decomposition,

= bO@a) (14.1)
where the action ofl preserves each 9, and acts on it by scalar multiplication

by the linear functional a-€ 5; that is, for any He hand X e g, we will have

ad(H)(X) = a(t) X.‘The second direct sum in the expression (14.1) is over a finite set of eigenvaluesae h*; these cigenvalues—in the language of Lecture 12, the weights of the
adjoint representation—are called the rootsof the Lie algebra and the corre-sponding subspaces g, are called the root spaces. Of course, itself is just the
cigenspace for the action of h corresponding to the eigenvalue 0 (sce Remark
14.3 below); so that in some contexts—such as the following paragraph, for
example——it will be convenient to adopt the convention that g ~ b; but we
do not usually count 0. h* as a root. The set of all roots is usually denoted
Robe.

As in the previous cases, we can picture the structure of the Lie algebra in

terms of the diagram ofits roots: by the fundamental calculation of §11.1 and
Lecture 12 (which we will not reproduce here for the fourth time) we see that

the adjoint action of a carries the eigenspace gy into another eigenspace gasp.

‘There are a couple of things we can anticipate about how the configurationof roots (and the corresponding root spaces) will look. We will simply state
them here as

Facts 142

(i) each root space gy wil be one dimensional.

Gi) R wil generate a lattice Ay & h* of rank equal to the dimension of b.
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(ii) R is symmetric ahout the origin, Le, f a€ R is a root, then —we R is
root as well.

‘These facts will all be proved in general in due course; for the time being,

they are just things we will observe as we do the analysis of each simple Lie
algebra in turn, We mention them here simply because some of what follows
will make sense only given these facts. Note in particular that by (i), the roots
ail fie in (and span)a real subspace of h*; all our pictures clearly will be ofthis
real subspace.

Remark 14.3 If indeed 0 does appear as an eigenvalue of the action of hon
a/b, then we may conclude from this that } was not maximal to begin with:

by the above, anything in the O-cigenspace of the action of h commutes with
‘hand (given the fact that the g, are one dimensional) acts diagonally on 9, 30
that if it not already in b, then could be enlarged while still retaining the

properties of being abelian and diagonalizable, Similarly, the assertion in (i)

that the roots span * follows from the fact that an element of in the
annihilator ofallof them would be in the center of 9,

From what we have done so far, we get our first picture of the structure of

an arbitrary irreducible finite-dimensional representation V of g. Specifically,
V will admit a direct sum decomposition

v=O% (144)

where the direct sum runs over a finite set of « € h* and by acts diagonally on
each V, by multiplication by the eigenvaluea ie, for any H € hand ve Vz wewill have

HG) = a(tty-v.

‘The eigenvalues ¢ b* that appear in this direct sum decomposition are called
the weights of V; the V, themselves are called weight spaces, and the dimension
‘ofa weight space V, will be called the multiplicity of the weight a in V. We will
often represent V by drawing a picture of the set of its weights and thinking
of each dot as representing a subspace; this picture (often with some annota-

tion todenote themultiplicity ofeach weight)is called the weight diagram of V.
‘The action of the rest of the Lie algebra on V can be described in these

terms: for any root f, we have

82 Vat Voss

s0 we can think ofthe action of g, on V asa translation inthe weight diagram,
shifting each of the dots over by f and mapping the weight spaces
correspondingly.

Observe next that all the weights of an irreducible representation are
congrtient to one another modulo the root lattice Ay: otherwise, for any
weight « of V the subspace
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v= @ Yor

would bea proper subrepresentation of V: In particular,in view of Fact 14.2),this means that the weights ale in a translate ofthe real subspace spanned
by the roots,s0 that itis not so unreasonable to draw a picture of them.Step 3. Find the distinguished subalgebras 5, % sl, < g. As we saw in the

‘example of sy€, a crucial ingredient in the analysis of an arbitrary irreducible
finite-dimensional representation is the restriction of the representation to
certain special copies of the algebra sl, contained in g, and the application
of what we know from Lecture 11 about such representations. To generalize

this to our arbitrary Lie algebra 9, let gg € 9 bea root space, one dimensional
by (i)of Fact 14.2, Then by(ii)of Fact 14.2, there is another root space 9» €and their commutator [a4, 9-.] must be a subspace of go = b, of dimension

‘at most one. The adjoint action of the commutator [4,, 6] thus carries each
‘of gq and g.- into itself; so that the direct sum

$2 = Ge ® 9-2 [Ge 9-2) (14.5)
is a subalgebra of 9, The structure of s, is not hard to describe, given two
further facts that we will state here, verily in cases, and prove in general in
Appendix D.

Facts 14.6.

( [ae 8-2] # 0; and

Gi) (LG, 9-1) 96] # 0.

Given these, it follows that the subalgebra s, is isomorphic to sly. In
particular, we can pick a basis X, © dy» Ys € Ge and Hy € [Oy 8-r] satislying
the standard commutation relations (9.1) for sl,€; X, and ¥, are not deter-
mined by this, but H, is, being the unique element of [jq, @-«) having eigen-

values 2and ~2 on g, and g.., respectively (ie, H, is uniquely characterized
by the requirements that Hy€ [8 8-»] and a(H,) = 2]

Step 4. Use the integrality of the eigenvalues of the Hy. The distinguished
elements H, € b found above are important firs ofall because, by the analysis

of the representations ofs|,€ carried out in Lecture 9, in any representation

of s,—and hence in any representation of g—all elgenvalues of the action of
H, must be integers. Thus, every eigenvalue f € h* of every representation of
{9 must assume integer values on all the H,. We correspondingly let Ay be
the set of linear functionals fie b* that are integer valued on all the Hy; Aw

will be a lattice, called the weight lattice of g, with the property that
all weights of all representations of 9 will ie in Ay.
Note, in particular, that R&C Ay and hence Ag & Aw; in fact, the root

lattice will in general be a sublattice of finite index in the weight lattice.

Step 5. Use the symmetry of the eigenvalues of the H,. The integrality ofthe
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eigenvalues of the H, under any representation is only half the story; it is also
true that they are symmetric about the origin in Z. To express this, for any

we introduce the involution W, on the vector space h* with + I-cigenspace

the hyperplane

0, = (BEY: (HyBD = 0} (14.7)
and minus | eigenspace the line spanned by « itself.’ In English, W, is the
Teflection in the plane Q, with axis the line spanned by a:

2pwep) = p— Aled = p — pitteyx (148)a(H,)

‘Let WB be the group generated by these involutions; W is called the Weyl group
of the Lie algebra g,

‘Now suppose that V isany representation of g, with eigenspace decomposi-tion ¥ = G) %. The weights f appearing inthis decomposition can then be
broken up into equivalence classes mod a, and the direct sum

Yn @ Yow (149)
of the eigenspaces in a given equivalence class will be a subrepresentation of
V for s,. It follows then that the set of weights of V congruent to any given
{f mod & will be invariant under the involution W; in particular,

The set of weights of any representation of g ts invariant under the Weyl
rou.

‘Tomake this more explicit, thestring of weights that correspond tononzeto
summands in (149) are, possibly afer replacing f by a translate by a multiple
ote

BB+9B 4 22.0.5 f mm withm= —BUH,) (14.10)(Note that by our analysis ofst,€ this must bean uninterrupted string) Indeedit wechoosef and m > Oso that (I4.10)s the string corresponding to nonzerosummands in (14.9), then the stringof integers

OHAB + 9H) = Bt) +2, (+ ma) ,) = AH) + 2m
ust be symmetric about zero, s0 f(H,) = —m. In particular,

WD+ ka) = f+ (—PUH,)— Kya = f+ (m— Ka
Note also that by the same analysis the multiplicities of the weighs are
invariant under the Weyl group.

We should mention one other fact about the Weyl group, whose proof we:
also postpone

"Not tht bythe ondgeeacy ern ie Fat 146 the te dc ote inthe
Iyer, Real nt) te pig beeened)=A)
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Fact (4.11, Every element of the Weyl group is induced by an automorphism
of the Lie algebra g carrying \ to itself.

We can even say what automorphism of q does the trick: to get the involution
W,, take the adjoint action of the exponential exp(niU,) € G, where G is any

group with Lie algebra q and U, is @ suitable element of the direct sum ofthe
root spacesg, and g-,..To prove that Ad(exp(iU,)) actually does this requiresmore knowledge of q than we currently possess; but it would be an excellent
exercise to verify this assertion directly in each of the cases studied below.

(For the general case see (23.20) and (26.15})
Step 6. Draw the picture (optional). While there is no logical need to do so

at this point, it will be much easier to think about what is going on in b* if
we introduce the appropriate inner product, called the Killing form, on g
(hence by restriction on b, and hence on). Since the introduction of the

Killing form is, logically, a digression, we will defer until later in this lecture
a discussion of its various definitions and properties. It will suffice for now (0
‘mention the characteristic property of the induced inner product on b*: up to

scalars itis the unique inner product on h* preserved by the Weyl group, ie,

in terms of which the Weyl group acts as a group of orthogonal transforma-
tions. Equivalently, iis the unique inner product (up to scalars) such that the
Jine spanned by each root a € bis actually perpendicular to the planeM, (sothat the involution W, is just a reflection in that hyperplane). Indeed, in
practice this is most often how we will computeit. In erms ofthe Killing form,
then, we can say that the Weyl group is just the group generated by the

reflections in the hyperplanes perpendicular to the roots of the Lie algebra.
Step7. Choose a direction in *. By this we mean a real finear functional !con the lattice Ay irrational with respect to this lattice. This gives us a

decomposition of the set

R=RUR, (14.12)

where R* = (a: (a) > 0} {the ae R* are called the positive roots, those in R~
negative}; this decomposition is called an ordering of the roots. For most
purposes, the only aspect of! that matters is the associated ordering of theroots.

The point of choosing a ditection—and thereby an ordering of the roots
R = R* URIs, of course, to mimicthe notion ofhighest weight vector that‘was 50 crucial in the cases of sl, and s1,€. Specifically, we make the

Definition, Let V be any representation of g. A nonzero vector v€ V that is
both an eigenvector for the action ofh and in the kernel of gy for all ae R*is called a highest weight vector of V.

Just as in the previous cases, we then have
Proposition 14.13. For any semisimple complex Lie algebra 9,

(i) every finite-dimensional representation V of q possesses a highest welght
vector;
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(id) the subspace W of ¥ generated by the images of a highest weight vector »
under suecessive applications of root spaces gy for B € R is an irreducible
subrepresentation;

(ii) am irreducible representation possessesa unique highest weight vector up oscalars.
Proor. Part (i) is immediate: we just take a to be the weight appearing in V
for which the value (a) is maximal and choose v any nonzero vector in the

weight space ¥,-Since V,.4 = (0) forallf R*, sucha vectoro will necessarilybe in the kernel ofall root spaces gy corresponding to positive roots f.

Part (i) may be proved by the same argument as in the two cases we have
already discussed: we let W, be the subspace spanned by all w,-0 where is 8

‘word of length at most m in elements of g, for negative f. We then claim that
for any X inany positive root space, X« W, < W,, Tosee this, writes generator

of W,in the form ¥-w,w € W,..,,and use the commutation relation X= Y-w =
Y-X-w + [X, ¥]-w; the claim follows by induction, since (X, YJ is always
in b, The subspace Wc V which is « union of all the 1, is thus a sub-
representation; to see that itis irreducible; note that ifwe write W = W"@ W",
then either "or W* will have to contain the one-dimensional weight space
W, and so will have to equal W.

‘The uniquenessof the highest weight vectorof an irreducible representationfollows
immediately: if» € V, and we ¥, were two such, not scalar multiples‘of each other, we would have I(2) > 1(f) and vice versa. fa}

Exercise 14.14, Show that in (i) one need only apply those gy for which

‘y' # 0.(Note: with W, defined using only these gp, and X in any root space,
the same inductive argument shows that XW, c W,,,. On the other hand,

ifone uses all gy with fl negative and primitive, as in Observation 14.16, then
X-W, < W,-., One cannot combine these, however: V may not be generated
by successively applying those g, with f negative, primitive, and gy-v # Oe8.,
the standard representation ofsly.)

‘The weight « of the highest weight vector of an irreducible representation
will be called, not unreasonably, the highest weight of that representation; the
{erm dominant weight is also common.

We can refine part (ji) of this proposition slightly in another direction; this,
isnot crucial but will be useful later on in estimating multiplicities of various.
tepresentations. This refinement is based on

Exercise 14.15*. (a) Let 4, .... a4 be roots ofa semisimple Lie algebra q and4, <q the corresponding root spaces. Show that the subalgebra of g gene-

rated by the Cartan subalgebra b together with the q, is exactly the directsum  ® (a), where the direct sum is over the intersection ofthe set R of
roots of g with the semigroup N {ay,..-.4%) <b generated by the a.

(b) Similarly let ay... be negative roots of a semisimple Lie algebra a
‘and9,, © 9 the corresponding root spaces. Show that the subalgebra ofg gene-
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rated by the g,, is exactly the direct sum €P 9, where the direct sum is over the
intersection of the set R of roots of q with the semigroup N{a.....%4} <0
generated by the a

(Note that by the description ofthe adjoint action ofa Lie algebra on itselfwe have an obvious inclusion; the problem here is to show—given the facts

above—that if + Be R, then fo, 0)] #0)

From this exercise itis clear that generating a subrepresentation WY of a
given representation V by successive applicationsof root spacesy for '& R™to.a highest weight veclor 0 is inefficient; we need only apply the root spaces
{y Corresponding t0 a set of roots f generating R™ as a semigroup. We

accordingly introduce another piece of terminology: we say that a positive
(esp, negative) root a € R is primitive or simple if it cannot be epxressed as a
sum of two positive (resp. negative) roots. (Note that, since there are only
finitely many roots, every positive root can be written as a sum of primitive
positive roots) We then have

Observation 14.16. Any irreducible representation V is generated by the images
Of its highest weight vector v under successive applications of root spaces gy
where fi ranges over the primitive negative roots.

We have already seen one example of this in the case of sly, where we
observed (in the proofof Claim 12.10 and in the analysis of Sym?V@ V* inLecture 13) that any irreducible representation was generated by applying thetwo elements E2,1 © Gc.-1, and Es,2 € Buy-t, t0 a highest weight vector.

To return to our description ofthe weights of an irreducible representationV, we observe next that in fact every vertex of the convex hull of the weightsof V must be conjugate toa under the Weyl group. To see this, note that by theabove the set of weights is contained in the cone a + C;, where C, is the
positive real cone spanned by the roots fe R~ such that ag(o) # 0—that is,
such that a(H,) # 0. Conversely, the weights of V will contain the string of
weights

0+By Bonn + (OCH,)IP (aan
for any fl € R~. Thus, any vertex of the convex hull ofthe set of weights of ¥
adjacent to a must be of the form

a — a(H,)p = Wyle)

for some fl; applying the same analysis to each successive vertex gives the
statement,

From the above, we deduce that the set of weights of V will fi in the conver.
‘hull ofthe images of a under the Weyl group. Since, moreover, we know thatthe intersection ofthis set with any set of weights ofthe form (f+ ny} willbe
‘connected string, it follows that the set of weights of V will be exactly the
weights that are congruent to & modulo the root lattice Ax and that lie i the
convex hull of the images of a under the Weyl group.



S14.1. Analyzing SimpleLie Algebras in General 205

One more bit of terminology, and then we are done. By what we have seen(cf. (14.17), the highest weight of any representation of V will be a weight «
satisfying a(H,) 2 0 for every y © R*. The locus ¥,, in the real span of the
roots, of points satisfying these inequalities—in terms of the Killing form,
making an acute or right angle with each of the positive roots—is called the

(closed) Weyl chamber associated to the orderingof the roots. A Weyl chamber‘could also be described as the closure of a connected component of the

complement ofthe union of the hyperplanes 0,. The Weyl group acts simply
transitively on the set of Weyl chambers and likewise on the set of orderings

‘of the roots. As usual, these statements willbe easy to seein the cases we study,while the abstract proofs are postponed (to Appendix D).
Step 8. Classify the irreducible, finite-dimensional representations of 9

Where all the above is leading should be pretty clear, itis expressed in the
fundamental existence and uniqueness theorem:

‘Theorem 14.18, For any ain the intersectionof the Weyl chamber W associatedto the ordering of the roots with the weight lattice Aw, there exists a unique
irreducible, finite-dimensional representation I, of q with highest weight a; this,
gives a bijection between WM Ay and the set of irreducible representations of
8, The weightsof I will consist of those elementsof the weight lattice congruentto a modulo the root lattice Ag and lying in the convex hull of the set of pointsin 9* conjugate to a under the Weyl group.

Hate-rroor. We will give here just the proof of uniqueness, which is easy.

‘The existence part we will demonstrate explicitly in each example in turn; and
later on we wll sketch some of theconstructionsthat can be made in generalThe uniqueness part is exactly the same as for sly. If V and W are two
irreducible, fnite-dimensional representationsof g with highest weight vectors‘and w, respectively, both having weight a, then the vector (s, w) €V@ W
will again be a highest weight vector of weight a in that representation. Let
Uc V@W be the subrepresentation generated by (0, w); since U will again

be irreducible the projection mapsn,: U -» V andx: U + W, being nonzero,will have to be isomorphisms. a

‘Another fact which we will see as we go along—and eventually prove in
general—is that there are always fundamental weights 02, .... @, with the

Property that any dominant weight can be expressed uniquely as a non-
‘negative integral linear combination of them. They can be characterized
geometrically as the first weights met along the edges of the Weyl cham-

ber, or algebraically as those elements «in h* such that «n(H,,) = &,,,, where
4, -.., % are the simple roots (in some order). When we have found them,

we often write T,,,.._., for the itreducible representation with highest weight
604 $0" + Gorey

Tess = Taynybosay
‘As with most of the material in this section, general proofs will be found in
Lecture 21 and Appendix D.
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‘One basic point we want to repeat here (and that we hope to demonstrate

in succeeding lectures) is this: that actually carryingout this process in practice
is completely elementary and straightforward. Any mathematician, stranded
‘on a desert island with only these ideas and the definition ofa particular Liealgebra g such as ¢1,C, s0,C, or sp,,C, would in short order have a complete

description of all the objects defined above in the case of g. We should say as
well, however, that at the conclusion of this procedure we are left without one
vital piece of information about the representations of g, without which we
will be unable (o analyze completely, for example, tensor products of known
representations;this is, ofcourse, a description of the multiplicitiesof the basicrepresentations I. As we said, we will, in fact, describe and prove such a
formula (the Weyl character formula); but it is of a much less straight-
forward character (our hypothetical shipwrecked mathematician would have
to have what could only be described as a pretty good day to come up with
the dea) and will be left until later. For now, we will conclude this lecture with

the promised introduetion to the Killing form

§14.2. About the Killing Form

{As we said, the Killing form is an inner product (symmetric bilinear form)onthe Lie algebra g; abusing our notation, we will denote by B both the Killing

form and the induced inner products on b and h*. B can be defined in several
‘ways; the most common is by associating to a pair of elements X, Ye g the
trace of the composition of their adjoint actions on g, ic,

B(X, ¥) = Tr(ad(X) © ad(¥): g -+ 9). (14.19)

‘As we will see, the Killing form may be computed in practice either from this
definition, or (up to scalars) by using its invariance under the group of

automorphisms of g. We remark that this definition is not as opaque as it may
seem at first. For one thing, the description of the adjoint action of the root

space g, as a “translation” of the root diagram—that is, carrying each root
space gy into g,4p—tells us immediately that g, is perpendicular to gg for all
Plother than —aj in other words, the decomposition

o-50(@ 6.09.0) (14.20)
is orthogonal. As for the restrictionof B to b, this is more subtle, but it is nothard to write down: if X, Y arein b, and Z, generatesg,,then ad(X)oad(¥)(Z,)
= a(X)a(Y)Z,,50 BUX, Y) = Y.a(X)a(¥),the sum over the roots; viewing Bly‘as an element of the symmetric square Sym?(h*), we have

1B= 5 Ta (1421)
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‘A key fact following from this—one that, if nothing else, makes picturing
'b* with the inner product B involve less eyestrain—is

(14.22) Bis positive definite on the real subspace of ¥ spanned by the vectors

{Heae R).

Indeed, all roots take on real values on this space (since all @(H,)€ Zc R),s0 for Hin this real subspace of b, B(H, H) is non-negative, and is zero only
when all a(H) = 0, which implies H = 0, since the roots span b>.
To see that the Killing form is nondegenerate on all ofg, we need the useful

identity:

BEX, ¥},Z) = BX KZ). (1423)

for all X, ¥, Z in g, Ths follows from the identity

Trace((X¥ — PX)Z) = Trace(X(¥Z — Z¥)
for any endomorphisms X, ¥, Z ofa vector space. And this, in turn, followsfrom

Trace(¥XZ — XZY) = Trace(L¥, XZ}) = 0.

{An immediate consequence of (1423) is that if ais any ideal in a Lie algebra
§ then its orthogonal complement a! with respect to B is also an ideal. In
particular, ifg is simple, the kernel of B is zero (note that the kernel cannot
be g since it does not contain b). Since the Killing form ofa direct sum is the
sum of the Killing forms of the factors, it follows that the Killing form is

nondegenerate

an a semisimple Lie algebra gOne ofthe reasons the Killing form helps to picture b* isthe fact mentionedabove:
Proposition 14.24. With respect to B, the line spanned by each root is perpen-
dicular tothe hyperplane Q,,

[As we observed, this is equivalent to saying that the involutions W, above
are simply reflections in hyperplanes, and in turn to saying that the whole
Weyl group is orthogonal. Note also that Proposition 14.24 thereby follows

immediately from the Fact 14.11: from the definition of B above, it is clearly
invariant under any automorphism ofg. Nevertheless, we would prefer not torely on this fact; and anyway giving'a direct proof of the proposition is not
bard, in terms of the picture we have of the adjoint action ofg on itself. Toprove

the assertion a 1.0, it sufices to prove the dual assertion that H 1. Hyfor all Hin the annihilator of. But now by construction H, is the commutator
[X,, ZJofan element X, € 9, and an element ¥, € g-,. Using (14.23) we have
for any Hin b,

BOE, H) = BUCXey YJ, H) = BUX, (Yor HD)

= BX,, a(H) 1.)= aH) BIX,, ¥) (1425)
which vanishes since a(H) = 0
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Note that as a consequence ofthis, we can characterize the Weyl chamber

associated to an ordering of the roots as exactly those vectors in the real span
of the roots forming an acute angle with all the positive roots (or, equivalently,
‘with all the primitive ones); the Weyl chamber is thus the cone whose faces lie
in the hyperplanes perpendicular to the primitive positive roots.

Equation (14.25) leads to a formula for the isomorphism of h with b*
determined by the Killing form. First note that for H = HH, it gives

BUH, H,) = 2B\Xx, ¥) #0,

for if B(X., ¥) were zero we would have B(H,, H) = Oforall H, contradicting.

the nondegeneracy of B on h. The element T, of which corresponds to a € h*
by the Killing formis by definition the element of that satisfies thecondition

BUT, H) = a(H) forall Heb, (1426)

Looking at (14.25), we see that T, = H,/B(X., Y_) = 2H,/B(Hay Hy). This
proves

Corollary 14.27. The isomorphism of b* and ty determined by the Killing form
B carries & (0 T, = (2/B(Hy, H,))° H,.

The Killing form on h* is defined by Bla, A) = BUT. T).

Exercise 14.28. Show that the inverse isomorphism from f to b* takes H, to
(2/B(e, «))-a

‘The orthogonality of Wy, can be expressed by the formula
2B(6,9),Wap) = p— =OsO) = B~ata.a)

Comparing with (14.8) this says:

Corollary 1429. If « and fare roots, then

2B, 2)/B(e, 2) = (H,)

fs an integer.

By the above identification of h with h*, (14.22) translates to

Corollary 14:30. The Killing form B is postive definite on the real vector space
spanned by the root lattice Ap.

Note that it follows immediately from (14.22) that the Weyl group 13 is
Finite, being simultaneously discrete (IB preserves the set R of roots ofq andhence the lattice A; it follows that 9B can be realized as a subgroup ofGL,Z)
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and compact (8B preserves the Killing form, and hence is a subgroup of the
orthogonal group O,R.) Alternatively, WB is a subgroup of the permutation

group of the set ofroots.‘As we observed, the Killing form on b* is preserved by the Weyl group. In
fact, in case g is simple, the Killing form is, up to scalars, the unique inner
product preserved by the Weyl group. This will follow from

Proposition 14.31. The space b* is an irreducible representation of the Weyl
group BW.

Proor. Suppose that 3 < b* were preserved by the action of 4B. This means

that every roota € b¢ of g will either lic in the subspace 3 or be perpendiculartoit, ie, for every a 3 and f ¢ 3 we will have P(H,) = 0. We claim then thatthe subspace 4! of spanned by the subaigebras {8.}zey will be an ideal in g
Clearly it will be a subalgebra; the space spanned by the distinguished sub-

algebras s, corresponding to the set of roots lying in any subspace of h¢ will
be. To see that itis in fact an ideal, let ¥ € g, be an element ofa root space.Then for any a g, we have

UZ] e mp =0

since a + flis neitherin 3 nor perpendicular toit, and so cannot be a root;and
C,H.) = —(H,, Y] = f(H,):¥ = 0.

Thus, ad(Y) kills g; since, of course, all of 1 itself will preserve git follows
that gis an ideal. Thus, either all the roots lie in 3 and soj = h*, or all rootsare perpendicularto g and correspondingly3 = (0) a

Note that given Fact 14.11, we can also express the last staiement by saying
that (in case g is simple) the Killing form on b is the unique form preserved
by every automorphism of the Lie algebra g carrying ly to itself. As we will
sce, in practice this is most often how we will first describe the Killing form.

Exercise 14.32. Find the Killing form on the Lie algebras s1,€ and sly€ by
‘explicit computation, and verify the statements made above in these cases.

Exercise 14.33°. If a semisimple Lie algebra is a direct sum of simple sub-
algebras, then its Killing form is the orthogonal sum of the Killing forms of
the factors. Show that, conversely, ifthe roots ofa semisimple Lie algebra lie

in a collection of mutually perpendicular subspaces, then the Lie algebra
decomposes accordingly.

Exercise 14.34*, Suppose g is Lie algebra that has an abelian subalgebra

by such that g has a decomposition (14.1), satisfying the conditions of Facts
142 and 146. Show that g is semisimple, and h is a Cartan subalgebra.



210 14, The General Setup: Analyzing the Structure

‘The preceding exercise can be used instead of Weyl’s unitary trick or any
abstract theory to verify that the algebras we meetin the next few lectures are
all semisimple. It is tempting to call such a Lie algebra “visibly semisimple.”

‘The discussion of the geometry ofthe roots ofa semisimple Lie algebra willbe continued in Lecture 21 and completed in Appendix D. The Killing form
becomes particularly useful in the general theory; for example, solvability and

semisimplicity can both be characterized by properties of the Killing form (see
Appendix C).

Exercise 14.35¢. Show that b = f ® @e>o Geis maximal solvable subalgebra
of g; bis called a Borel subalgebra. Show that €),.»o 9. is a maximal nilpotent
subalgebra of g.These will be discussed in Lecture 25.
Exercise 14.36%, Show that the Killing form on the Lie algebra gly is given by
the formula

BUX, ¥) = 2m THX o ¥) — 2TH(X) TH(Y).

Find similar formulas for sl, $0q, arid sPq, showing in each case that B(X, ¥)
is a constant multiple of TH(X oY).

Exercise 14.37. If G is @ real Lie group, the Killing form on its Lie algebra
9 = T.G may not be positive definite, When its, it determines, by let trans-
lation, a Riemannian metric on G. Show that the Killing form is positive
definite for G = SO,R, but not for SLR.



LECTURE 15

sl,C€ and sl,C

In this lecture, we will illustrate the general paradigm of the previous lecture by

applying tothe Lie algebra sl; thsi typical of the analysesof specific Lie algebrascarried out in this Part. We start in §15.1 by describing the Cartan subalgebra,
roo, root spaces, te, for al,€ in general. We then givein §152 detailed account of‘the representations ofa, which generalizes diectyto},C;in particular, we deducethe existence part of Theorem 14.18 for #€.In§15.3 we give an explicit construction ofthe ireducible represeatations of sf,C
‘using the Weyl construction introdvced in Lecture 6; analogous constructions of the
itreducible cepresentationsof the remaining classical Lie algebras will be given in §17.3and §19,5. This section presupposes familiarity with Lecture 6 and Appendix A, but

can be skipped by those willing to forego §17.3 and 19.5 as well. Section 15.4 requires:
‘essentially the same degree of knowledge of classical algebraic geometry as §§11.3 and
1344 (it does not presuppose §15.3), but can also be skipped. Finally, §15.5 describes
representationsof GLC; this appears to involve the Weyl construction but in factthetoain statement, Proposition 1547 (and even its proof) can be understood without the
preceding two sections

$151: Analyzing lye
§152: Representationsof s,C and s1,¢5153: Weyl construction and tensor products
4154: Some more geometry

$185: Representations of GLC

$15.1. Analyzing s{,C

To begin with, we have to locate a Cartan subalgebra, and this is not hard;

asin the case of al, and sly€ the subalgebra of diagonal matrices will work
fine. Writing H, for the diagonal matrix E,,, that takes e, to itself and kills e,



2 15, sl4C and sf,
for j # i, we have

= ay Hly + aglly +o + aly:a, + 03 4° + y= 0};
‘note that His not in b. We ean correspondingly write

be = C{Lyy Lay eves Lyh(Ly + La to + Ly =O)
where Li(H,) = 6,,. We often write L, for the image of L, in b*
We have already seen how the diagonal matrices act on the space of all

traceless matrices: if Eis the endomorphism of €* carrying ¢, toe, and killing
ey forall k # j, then we have

ad(a,Hy + a,H, +> + a,H,)(E,,) = (a, ~ a) Ex js (15.1)
or, in other words, E, 18 an eigenvector for the action of b with eigenvalue
Ly ~ Lin particular,therootsof sl,C are just the pairwise differences of the L;.Before we try to visualize anything taking place in b or *, let us take @
‘moment out and describe the Killing form. To this end, note that the auto-

morphism » of C*sending e, toe, ¢;t0 ~e, and fixinge forall k# 1, jinducesan automorphism Ad(p) of the Lie algebra s1,C (or even gl,(C)) that carries

{to itself, exchanges H, and H, and fixes all the other Hy. Since the Killing
form on h must be invariant under all these automorphisms, it must satisfy

BUL, Ly) = BlLy, Ly) for all and j and B(L, U4) = B(Ly La) for all, j and

#1, {it follows that on b it must be a linear combination of the forms
BL aH, EHH) = Lab

and

BU,HE bil) = Dayiby
On the space {J a): Ya, =0}, however, we have 0=(Ya)(Lb) =
Sayb, + Yay, 80 in fact these two forms are dependent; and hence we can
‘write the Killing form simply as a multiple of B’. Similarly, the Killing form

con b* must be a linear combination of the forms B'(S: aby, Shula) = 5.
and B'S aL, LbiLa) = Lyoiabj; the condition that B(Y, aL, ),bL,) =0
whenever a, = 43 ="°*= 6, 0F By = by =": =b, implies that it must be a
ltiple of

=! 1BQ ae Dba) = +)Sab 7 Eat
j (152)

Lab5B ab,
We may, of course, also calculate the Killing form directly from the defini-

tion, By (14.21, since the roots of slxC are {Lj ~ Lj}iyy we have

BY aie, Yb) = Laos (= Nb ~ 6)

= Li Laer lauds + ayby — aby — ab).

Noting that J°,,,4= —o, and, similarly,"41h = —h, this simplifies to
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BUY Hy Y bth) = 2m Yay (153)
It follows with a little calculation that the dual form on h* is

BY abe, Zbl) = (1/2 Epab~ Tisai. (15.4)

Itis probably simpler just to think of this as the form, unique up to scalars,
invariant under the symmetric group &, of permutations of (1, 2,..., 2}. The
L,, therefore, all have the same length, and the angles between all pairs are

the same. To picture the roots in h*, then, we should think of the points L, as
situated at the vertices of

a regular (n — 1)-simplex A, with the origin locatedat the barycenter of that simplex. This picture is easiest to visualize in the
special case n = 4, where the L, will be located at every other vertex ofa unitcube centered at the origin:

by

ly if
i

H (53)

oe

i

Now, as we said, the roots of al,C are now just the pairwise differences of
the L;. The root lattice Ay they generate can thus be described as

Ag= (Dade ae Z, La, = OE Ly = 0)
Both the roots and the root lattice can be drawn in the case of s1,C: if we think
of the vectors L, € h* as four of the vertices ofa cube centered at the origin,the roots will comprise all the midpoints of the edges ofa second cube whoselinear dimensions are twice the dimensions of the ist

byob

Lucky
\

i

+ fuels (156)

1Lyk |
i

ae”~ an
ky



m4 15, eCard aie

‘The next step, finding the distinguished subalgebras s,, is also very easy.

‘The root space g,,-1, corresponding to the root Ly ~ L, is generated by Ej.
s0 the subalgebra 5,1, i generated by

Buy Bsn and (Ey Eyal = Hh — Hy

‘The eigenvalue of H, ~ H, actingon E;, is (L, — L,)(U, — H,) = 2, so that thecorresponding
distinguished element H,,-., in h must be just H,— H,. Theannihilator, of course, is the hyperplane Q),-,, = {La,Ly: a = aj}; note thatthis is indeed perpendicular to the root L;~ L, with respect to the Killing

form B as described above

Knowing the H, we know the weight lattice: in order for a linear functional
Ya,L;€h* to have integral values on all the distinguished elements, it is
clearly necessary and sufficient that all the a, be congruent to one another
moduloZ. Since ¥: L; = 0 in h, this means that the weight lattice is given as

A = 2{Lyyoo LaAELy =O
In sum, then, the weight lattice of s|,€ may be realizedas the lattice generatedby the vertices of a regular (n — \)-simplex A centered at the origin; and the
rootsas the pairwise differences of these vertices.

‘While we are at it, having determined Ag and Aw we might as well compute
the quotient Aw/A.,. This is pretty easy: since the lattice Aw can be generated

bby Axtogether with any ofthe vertices L, ofour simplex, the quotient Aw/Ax.

will be cyclic, generated by any L,; since,modulo Ag,
0 = Sy (ly— Ly)= my ~ Ly Ly = by.

we see that L, has order dividing nin Aw/A,.

Exercise 15.7. Show that L, has order exactly n in Aw/Ag, 80 that Aw/Ag =
Zt.

From the above we can also say what the Weyl group is: the reflection in
the hyperplane perpendicular to the root L, ~ L, will exchange L, and L,€ h*and leave the other Ly alone, so that the Weyl group 8B is just the group ©,
‘acting as the symmetric group on the generators L, of h*. Note that we have
already verified that these automorphisms ofh* do come from automorphisms
ofthe whole Lie algebra s1,C preserving b

Tocontinue, let us choose a direction, and describe the corresponding Weyl
chamber. We can write our linear functional | as

Wat) = Dem,

with Te; = 0; let us suppose that cy > ¢,>--"> cy. The corresponding

ordering of the roots will then be
Rt = {L,-Lzi< J}

and
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. R= {L,-Ly J <I}
“The primitive negative roots for this ordering are simply the roots Li. ~ Ly.
(Note that the ordering othe oot depends only onthe reaie ie ofthe

¢,,80 that the Weyl group acts simply transitively on the set of orderings.) The
(Closed) Weyl chamber associated to this ordering will then be the set

Ya Qatia 2e2 2a)

(ne way to describ thi geometely ists that we take the brgcentie
subdivision of the faces of the simplex A, the Weyl chamber will be the cone
over one (n — 2}-simplex of the barycentric subdivision:eg, in the case m = 4

SZ
Itmay be easier to visualize the casen = 4 ifwe introduce the associated cubes:
in terms of the cube with vertices at the points :+L,, we can draw the Weyl
Chamber at

|
~

i 4 (158)

\

—_ i te
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Alternatively, in terms of the slightly larger cube with vertices at the points

£2Lq weean draw Was

byt

\

i 4 (159)

11,158

Loesswe ST

o—

From thefistof these pictures we se that the edgesof the Weyl chamber arethe rays generated by the vectors Ly, Ly + Lay and Ly +L, + Ly; and thatthe faces of the Weyl chamber are the planes orthogonal to the primitive
negative roots Ly ~ Ly, Ly ~La, and Ly~ Ly. The picture in general is
analogous: for s1,C, the Weyl chamber will be the cone over an (it~ 2}
simplex, with edges generated by the vectors

Lys Lat Lay yt bat bapeeeg ly tt bt= hy
The faces of #” will thus be the hyperplanes

Dit, = (L alya, = ays}
perpendicular to the primitive negative roots Lys — Lie

‘Note the important phenomenon: the intersection of the closed Weyl
chamber with the lattice Aw will be a free semigroup N*™* generated by the

fundamental weights, = Ly +: + L,occurting along the edges ofthe Weyl
chamber. One aspect of its significance that is immediate is tha it allows us
to index the irreducible representations s1,C nicely: for an arbitrary (n ~ Ip
tupleof natural numbers (4),...,dy-1)€ N° we will denote bY Ty... the
irreducible representation ofsi,C with highest weight a,L, + .a,(Ly + L3) +

Pe eyLy Ht bag) (ay +o Haag + go yada +

‘Thisalsothas the nice consequence that oncewe have located the ireduciblerepresentations ¥" with highest weight Ly +" + Ly, the general irreducible
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representation T,,,...,, with highest weight Yla(L, +--+ L)) will occur
inside the tensor product of symmetric powers

Sym*'¥"@ Symer¥1@---@ Symresvirt
of these representations. Thus, the existence part of the basic Theorem 14.18

jis reduced to finding the basic representations V; we will do this in due

course, though at this point it is probably not too hard an exercise to guess
what they are.

§15.2. Representations of st,€ and sl,C

We begin as usual with the standard representation of si,C on V = C*. The
standard basis vectors e, of C* are eigenvectors for the action of b, with
eigenvalues L;, so that the weight diagram looks like

by\/
/

y,

VY

«with the reference cube drawn as wel,

J



‘The dual representation V* of course has weights — L, corresponding to the
vectors of the dual basis e? for V*, so that the weight diagram, with its
reference cube, looks like

LGaA “
Note that the highest weight for this representation is —_L4, which lies along.

the bottom edge ofthe Weyl chamber,as depicted in Diagram (15.8). Note alsothat the weights of the representation A'V—the triple sums Ly + L; + Ls,
Ly + Ly + Lay Ly + Ly + Lasand Ly + Ly + L, of distinct weightsof V—are

This suggests that we look next at the second exterior power A?V. This is
a six-dimensional representation, with weights L, + L, the pairwise sums of
distinct weights of V; its weight diagram, in its reference cube, looks like

pay aa

G
‘The diagram shows clearly that \*V is irreducible since itis not the nontrivial
union of two configurations invariant under the Weyl group S, (and all
weights occur with multiplicity 1). Note also that the weights are symmetric
about the origin, reflecting the isomorphism of A?V with (A?V)* = A%(V*).

Note that the highest weight L, +L, of the representation AV is the
primitive vector along the front edge of the Weyl chamber #* as pictured in
Diagram (15.8). Now, we have already seen that the intersection of the closed
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Weyl chamber with the weight lattice is a free semigroup generated by the

primitive vectors along the threeedgesof #”—that i every vectorin #°7 Ayisa non-negative integral linear combination ofthe three vectors L,Ly + Lay

and Ly +L, + Ly. As we remarked at the end of the first section of this
lecture,itfollows that we have praved the existence half ofthe general existenceand uniqueness theorem (14.18) in the case of the Lie algebra st,C. Explicitly,
since ¥, AY, and AY = V* have highest weight vectors with weights Ly,
Ly + Ly, and Ly + Ly + Ly, respectively, it follows that the representation

Sym"V@ Sym*(\?V)@ Sym'(\°V)
contains a highest weight vector with weight aly + b(Ly + Ly) +

{Ly + Ly + Ly), and hence a copy of the irreducible representation Ty, With
this highest weight.

Let us continue our examination of representations of gC with a pair of
tensor products of the three basic representations: ¥@A*V and V@AV.
{As for the first of these, its weights are easy to find: they consist of the sums

2a + L, (which occur once, a8 the sum of L, and Ly + L,) and Ly + Ly + Ly
(which occur three times). The diagram of these weights looks like

WS )
(We have drawn only the vertices of the convex hull of this diagram, thus

omitting the weights L, +L, + La; they are located at the centers of the
hexagonal faces ofthis polyhedron)

Now, the representation V@A'V cannot be irreducible, for at least a
couple of reasons. First off, just by looking at weights, we see that the
irreducible representation W = T),.,o with highest weight 2L, + L2.can have

muhiplicity at most 2on the weight L, + Ly + Ls: by Observation 14.16, the
weight space M%, .1,+1,i8 generated by the images ofthe highest weight vectorbe Watson, by successive applications of the primitive negative root spaces
Sry-tarBry ty» AG Gy,-r4- ButLy + Ly + Lyis uniquely expressible as a sumOf 2Ly + Ly and the primitive negative roots:

Ly + Ly + by = Wy $ ba t Ula La) + (Ly — Lak
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Si-ts(Oey-1,(0}). We can in fact check that the representation Ty, takes
on the weight L, +L, + Ly with multiplicity 2 by writing ovt these

have

84-14 (85-10) = C- Ey, (Es, 2(€, ler A €2)))

= C-E,,,(e, @(e, A €3))

=C-(e, @le, a es) +e, Ole, A €3))-
‘This is in fact what is called for in Exercise 15.10.

‘Alternatively, forgetting weights entirely, we can see from standard multi-

linear algebra that the representation V @ A?V cannot be irreducible: we have

@VONVaNY

which is obviously surjective. The kernel of this map is a representation with
the same set of weights as V @ AV (but taking on the weights Ly + Lj + Ly
tation F),,0 with highest weight 2L, + Ly.

Exercise 15.10, Prove that the kernel of ¢ is indeed the irreducible represen-
tation Fy 1.9

Finally, consider the tensor product V@/%V. This has weights

2L, + Ly + Ly= Ly — Ly each occurring once, and 0, occurring four times. Its
weight diagrams thus look like

\OK
‘This we may recognize as simply a direct sum of the adjoint representation
with a copy of the trivial; this corresponds to the kernel and image of the
obvious contraction (or trace) map
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V@AV =V@V*=Hom(y, ¥)-+€.

(Note that the adjoint representation is the irreducible representation with
highest weight 2L, + Ly + Ly, or in other words the representation F,.,1.)

Exercise 15.11. Describe the weights of the representations Sym*V, and deduce
that they are all irreducible.

Exercise 15.12. Describe the weights of the representations Sym"(\?V), and
deduce that they are not irreducible. Describe maps

94: Symm"(MPV)+ Sym™-3(V)
and show that the kernel of g, is the irreducible representation with highest
weight n(L, + L3)

Exercise 15.13. The irreducible representation I... with highest weight
3Ly + 2L; +L occurs as a subrepresentation ‘of the tensor product

V@AV @NV lying in the kernel of each of the three maps,
VONV@NV=AV@NVY

VONV@NV>NVONV& AV
V@NVONV =VONV*@VY+VONVtXVOV

obtained by wedging two of the three factors Is it equal to the intersection of
these kernels? To test your graphic abilities, draw a diagram of the weights
(ignoring multiplicities)of this representation.

Representations of s1,C

‘Once the case ofst, Cis digested, the case ofthe special linear group in generaloffers
no surprises; the main difference in the general case is just the absenceofpictures, Ofcourse, the standard representation V ofslyC has highest weight

Ly, and similarly the exterior power /*V is irreducible with highest weight
Ly +--+ Ly It follows that the irreducible representation Ty... , with
highest weight (a, +--+ a,-:)Ly +" + ay-4Ly-1 will appear inside the
tensor product

Sym"V @ Sym"(A7V) @--- @ Sym'(N"V),

demonstrating the existence theorem (14.18) for representations of s1,C.

Exercise 15.14. Verify that the exterior powers ofthe standard representations

of si,C are indeed irreducible though this is not necessary for the truth ofthe
last Sentence).
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§15.3. Weyl’s Construction and Tensor Products

At the end of the preceding section, we saw that the irreducible representation
Fa. osq-« OFUC with highest weight (ay + 2°* + ay-y)by °°" + yt Lq- Will
‘appear as a subspace of the tensor product

Sym" V @ Sym(3P)@ ~~ @ Sym*-H(V),

‘or equivalently as a subspace of the dth tensor power V® of the standard
representation ¥. The natural question is, how can we describe this subspace?
We have seen the answer

in one case already (two cases, if you count the trivial‘answer Fr, = Sym*V in the case n = 2): the representation I, of slyC can berealized as the kernel of the contraction map

Sym*V @ Sym*(A?V) -+ Sym*""V @ Sym?""(7).

This raises the question of whether the representation I, can in general be
described as a subspace of the tensor power @(Sym*(\'V)) by intersecting
kernels of such contraction/wedge product maps. Specifically, for i and j with
i+ j-Smwecan define maps

Sym" V @ Sym™(A7V) @ ++ @ Sym" (AV)
= AV@NV® Sym"V @-- @ Sym*"(NV)@ ~~

@Sym")@-@ Sym*4A1V)
and we haye similar maps for{ < j with + j = mand ieven with 2i > n;there
are likewise analogously defined maps in which we split off three or more

factors. The representation T,,.._.,_, isin the kernel ofall such maps; and we
may ask whether the intersection of all such kernels is equal to I.

The answer, it turns out, is no. Itis a worthwhile exercise to find an example
‘ofa representation I, that cannot be realized in this way.) There is, however,
another way of describing IP’, as a subspace of V®: in fact, we have already
‘met these representations in Lecture 6, under the guise of Schur functors ot
Weyl modules. In fact, at the end of this lecture we will see how to describe

them explicitly as subspaces of the above spaces @(Sym*(A'V)). Recall that
for V = €* an mdimensional vector space, and any partition

RAZAez BAO,
we can apply the Schur functor S, to V to obtain a representation

S,V = S,(C*) of GL(V) = GL,(C). I'd = YA, this was realized as
SV

= Vc, = VBes, Varwhere c, is the Young symmetrizer correspondingto A, and V, is the irreduciblerepresentation of S, corresponding to 2.
‘We saw in Lecture 6 that S, V is an irreducible representation of GL,C. It

follows immediately that S, V remains irreducible as a representation ofSL,C,
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since any element of GL,C is a scalar multiple of an element of SLC. In

particular, it determines an irreducible representation of the Lie algebra sl,C:
Proposition 15.15. The representation S,(C") is the irreducible representation
of sI,C with highest weight yLy + AgLy +°* + AyLy.

In particular, $,(C*) and S,(C*)are isomorphic representations of si,C ifand only if A, — jy is constant, independent of i. To relate this to our earlier
notation,we may say that the irreducible representation T,,..., , of{4C withhighest

weight a,L, + a,(Ly + Ly) +°" + a,.,(Ly +*- + Ly-,)is obtainedbby applyingthe Schur functor S, to the standard representation V, where
ema EH ats BOE Oyety sone dents)

(Ifwe wanta unique Schur functor for each representation, we can restrict tothose 2 with 2, = 0.) In terms of the Young diagram for A, the coefficients

a, = A, — Ayy are the differences of lengths of rows. For example, ifn = 6,

aay
=a

as «

is the Young diagram corresponding to T,,0,3,1+

PROOFOF THE PROPOSITION. In Theorem 6.3 we calculated that the trace ofadiagonal matrix with entries x;, ..., x, on $,(C*) is the Schur polynomial
'S,(0y, -..%). By Equation (A.19), when the Schur polynomial is written out
it takes the form

Slee)= Ma + L KayMy (15.16)
where M, is the sum of the monomial X* = xftxJ?+...-xf* and all distinct
monomials obtained from it by permuting the variables, and the K,, are
certain non-negative integers called Kostka numbers. When S,(C") is

diagonalized with respect to the group of diagonal matrices in GL,(C), it
is also diagonalized with respect to h < sl,(C). There is one monomial in
the displayed equation for each one-dimensional eigenspace. The weights of

S,(C") as a representation of sl,(C) therefore consist ofall
Wy Ly + aby bo + tab

each occurring as often as it does in the monomial X* in the polynomial
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S,G¢4y---5%4) Since the sum is over those partitions j for which the first
nonzero A, ~ jis positive, the highest weight that appears is Ay Ly + AL, +

+ AyLy, which concludes the proof. [In fact one can describe an explicit

basis ofeigenvectors for S,(C*) which correspond to the monomials that
appear in (15.16), ef. Problem 6.15 or Proposition 15.55. fa}

In particular, we have (by Theorem 6.3) formulas for the dimension of the
representation with given highest weight. Explicitly, one formula says that

i (toto) tiia Peta tirt asinConmted™ Dey j-t
‘As we saw in the proof, this proposition also gives the multiplicities of all

‘weight spaces as the integers K,, that appear in (15.16), which have a simple
‘combinatorial description (p. 456): the dimension of the weight space with
weight 1 in the representation S,(C*)is the number of ways one can fill theYoung diagram of A with jy V's, ty 2',., M8, in such a way that the entries
in each row are nondecreasing and those in each colunn are strictly increasing.

Exercise 15.18. Use the formula in case n = 4 to calculate the dimensions of

the irreducible representations F,s,9 and f),s,, of sl C. In the former case,
use this to redo Exercise 15.10; in the latter case, to do Exercise 15.13.

Exercise 15.19%, Use this formula to show thatthe dimension ofthe irreducible
representation T,, of sly with highest weight aly + (Ly + La) is
(a+b + 1)(a + 1)(b + 1/2. This is the same as the dimension of the kernel

of the contraction map

tau: Symm*V@ Sym"V* -» Sym?“!V@ Sym1V*,
Use this to give another proof of the assertion madeinClaim 13.4 that Fi
this kernel.

Exercise 15.20*. As an application of the above formula, show that if Vis the
standard representation of s,C, then the kernel of the wedge product map

VONV+ANY

is the irreducible representation Ty,o,..0,1,0,.. with highest weight
2Ly + Ly +" + Ly: and that the irreducible representation Ty.»,1,0,.. with
hhighest weight k- Ly + Ly is the kernel of the produet map

V.@ Sym*V —+ Sym",
Exercise 15.21*. Show that the only nontrivial irreducible representations of

sI,C of dimension less than or equal to n are V and V*.
‘One important consequence of the fact that the irreducible representations

ofsi,C are obtained by applying Schur functors tothe standard representation
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is that identities among the Schur-Weyl functors give rise to identities among
representations of GL, (and hence SL, and si,), as we saw in Lecture 6. For
‘example the representation

Sym4(V)@ Sym’(V) @-- @ Sym*(V) (15.22)
is a direct sum of representations §,(V)® @), K,S,(V), where K,, is thecoefficient described above, The particular application of this principle that
‘we will use most frequently in the sequel, however, is the consequence that

one ows thedecompositionof tensor product of any two irreducible represen-ations of s},€: specifically, the tensor power S,(V) ® S,(V) decomposes into
a direct sum of irreducible representations

SOS) = ONS) (1523)

where the coefficientsN;,, are given by the Littlewood-Richardson rule, whichisa formula in terms ofthe number of ways to fill the Young diagram betweenZand v with pry 1s, ty 2'S, ...y My ms, Satislying a certain combinatorial
condition described in (A.8).

Exercise 15.24. Use the Littlewood-Richardson rule to show that the

representation T,,44,,..e.¥%., OCCUFS exactly once in the tensor product
Faces® Toot

A special case of this is the analogue of Pieri's formula, which allows us
to decompose the tensor product of an arbitrary irreducible representation
with either Sym'V =Tj,o,.6 or the fundamental representation AV =
Tp,...1.0,..,0e (where the T occurs in the kth place):

Proposition 15.25. (i) The tensor product of Ty,,...0,., with Sym'V =Tj,o,..0
decomposes into a direct sum:

Fasetet © Fn = Dlijoahert

the sum over all bys yes) fr which there are non-negative integers¢ys--s¢ywhase sum isk, With ey, ty for SiS~ 1, and with by = a, Gaotfor\ sisn—.
i) The tensor product of T,...0, With NV =To,_..0,1,0,...0 decomposes

into a direet sum:

Fact OF 01.0-.0% Dliutee

‘the sum over all (by, ...,b,-1) for which there is a subset S of {1,....n} of
cardinalityk, such that if i¢ S and i+ le S, thena,> 0, with

a—1 ifi¢Sandities

he fat ilieSandi+ ies

a, otherwise.
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Proor. This is simply a matter of translating the prescriptions of (68) and

(69), which describe the decompositions in terms of adding boxes to the Young
diagrams. In (the care the number of boxes added to the ith row, and in

{ii Sis the set of rows to which a box is added. a
Exercise 15.26. Verify the descriptions in Section 2 of this lecture of V@?V
and V@ A'Y, where V is the standard representation of s1,C.
Exercise 15.27. Use Pieris formula (with n = 4) twice to find the decomposition
into irreducibles of V @ A?

@ AV, where V is the standard representationof slC. Use this to redo Exercise 15.13.

Exercise 15.28, Use Pier’ formula to prove (135). You may also want to look

around in Lecture 13 to see which other of the decompositions found there
by hand may be deduced from these formulas.

Exercise 15.29. Verily that the statement of Exercise 15.20 follows directly
from Pier’s formula.

In the following exercises, V = C*is the standard representation ofsi,€.
Exercise 15.30. Consider now tensor products of the form A'V@ A'V, with,
say, k > l. Show that there is a natural map

RV @AV NOVQNY

given by contraction with the element “trace” (or “identity") in V@ V* =

End(V). Explicitly, this map may be given by

(A A Bln AoA mH)

ap (DOA A OA MI BOW, A ABA A He
What is the image of this map? Show that the Kernel is the irreducible
representation To,..o.,0,..0,1,0... With highest weight 2L, + +--+ 2L,+
Lys tot by

Exercise 15.31*.Carry out an analysis similar to that ofthe preceding exercise
for the maps

Sym*V@ Sym'V -» Sym**!V @ Sym!"!V
defined analogously.

Exercise 15.32*. As a special case of Pieris formula, we see that if V is the
standard representation of s,C, the tensor product
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NV ORV = DS a,..2 tet 0M)
= DM o.1.0..0 0.40.08

where in the ith factor the 1's occur in the (k — ith and (k + ith places. A:

the same time, of course, we know that
AV @AV = Sym(ANV)@ AAV).

If we denote the ith term on the right-hand side ofthe first displayed equationfor MV@ MY by @,, show that
Sym(MV)= GO, and AMV) =@ Ox.

Exercise 1533. As another special case of Pier's formula, we see that the
tensor product

Sym*V@ Sym'V = @ Susis-ol¥)
=Bhrco.0

‘At the same time, of course, we know that

Sym*V@ Sym*V = Sym?(Sym*V) @ A*(Sym*¥).
Which ofthe factors appearing in the first decomposition lie in Sym?(Sym*V),
and which in A%(Sym*V)2

IC follows from the Littlewood-Richardson rule that if,, and v all haveAt most two rows, then the coefficient Ny, is zeto or one (and itis easy to
say which occurs) In particular, for the Lie algebras sl,C and slyC, the
decomposition of the tensor product of two irreducible representations is
always multiplicity free. Groups whose representations have this property,
such as SU(2), SUG), and SOG) which are so important in physics, are called
“simply reducible,”cf.[Mack].

§15.4. Some More Geometry

Let V be an n-dimensional vector space, and G(k, n) = Gtk, V) = Grass, the
Grassmannian of k-planes in V. Grass, V isembedded as a subvariely of theprojective space P('*V) by the Plicker embedding:

p: Grass,¥ + PUNY)
sending the plane W spanned by vectors 0, .., ty t0 the alternating tensor

by A-°* 4 Oy. Equivalently,noting that if W < Vis a k-dimensional subspace,then A'W isa line in (RY, we may write this simply as
ps WW,
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‘This embedding is compatible with the action ofthe general linear group:

PSL,C = Aut(P(V)) = {0 € Aut(PUMY)): o(G(k, V)) = Gk, ¥)}”.

This follows from a fact in algebraic geometry ({Ha]): all automorphisms

‘of the Grassmannian are induced by automorphisms of V, unless n = 2k,
in which case we can choose an arbitrary isomorphism of V with V*
and compose these with the automorphism that takes W to (C*/W)*. Here
the superscript * denotes the connected component of the identity. As in
previous lectures, if we want symmetric powers to correspond to homo-
geneous polynomials on projective space, we should consider the dual situa-
tion: G = Grass*V is the Grassmannian of k-dimensional quotient spaces of
V, and the Pliicker embedding embeds G in the projective space P(M'V*) of

one-dimensional quotients of A'V.
‘The space of all homogeneous polynomials of degree m on P(A'V*) is

naturally the symmetric power Sym"(A'V). Let (Gq denote the subspace of

those polynomials of degree m on P(\*V*) that vanish on G. Each I(G), is @
representation of s1,C:

0-+ 1(G)q.-» Sym™(MV)—+ Wy» 0,
where W, denotes the restrictions to G of the polynomials of degree m on
the ambient space P(A*V*). We shall see later that W,, is the irreducible
representation Tp,...o.n.o,... With highest weight m(L, + "> + Ly) (the case
‘m =2 will be dealt with below). In the following discussion, we consider the

problem of describingthe quadratic part 1(G), ofthe ideal asa representationof si,C,

Exercise 15.34. Consider the first case of a Grassmannian that is not a

projective space, that is, k = 2. The ideal of the Grassmannian G(2, V) of
Zplanes in a vector spaceis easy to describe:a tensor@ € \*V is decomposableif and only if p « p = 0 (equivalently, if we think of g as given by a skew-
symmetric x n matrix,ifand onlyif the Pfalfiansof symmetric 4 x 4 minorsall vanish} and indeed the quadratie relations we get inthis way generate the
ideal of the Grassmannian. We, thus, have an isomorphism

1G), = MV

and correspondingly a decomposition into irreducibles

Sym7(A7V) & MV® F,2,0....09
where To,2.0,...0 8, a8 above, the irreducible representation with highest
weight 2(2, Ly)ef. Exercise 1532.
Exercise 15.38. When k = 2 and n = 4, Gis a quadric hypersurface in PS, so
polynomials vanishing on G are simply those divisible the quadratic poly-
nomial that defines G. Deduce an isomorphism.

1G)q = Sym").
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The first case of a Grassmannian that is not a projective space or of the

form G(2, V)is, ofcourse, G(3, 6), and this yields an interesting example.
Exercise 15.36. Let V be six dimensional. By examining weights, show that

the space 1(G), of quadratic polynomials vanishing on the Grassmannian
GQ, ¥) < PUY) is isomorphic to the adjoint representation of sigC, ic,
that we have a map

g:Sym4(M'V)-» V@V"

with image the space of traceless matrices.

Exercise 15.37. Find explicitly the map g of the preceding exercise.

Exercise 15.38. Again, let V be six dimensional. Show that the representation
Sym*(A*¥V) has a trivial direct summand, corresponding to the hypersurface
in P(\?V*) dual to the Grassmannian G = G(3, ¥).< PAY).

In general, the ideal 1(G) = G)1(Gy is generated by the famous Pliicker

‘equations. These are homogeneous polynomials of degree two, and may be
written down explicitly, of, (15.53), (H-P], or [Ha]. In the following exercises,
‘We will give a more intrinsic description of these relations, which will allow
us to identify the space 1(G), they span as a representation on sI,C (and to
see the general pattern of which the above are special cases).

Exercise 15.39. For a given tensor A« AY, we introduce two associated
subspaces:

We (ve Vion h=}CV
and

We = (ot EVE Ut AAT =O} Ct,

where, abusing notation slightly, A* is the tensor A viewed as an element of
NV = NAVE, Show that the dimensions of W and W* are at most k and

‘n~ k, respectively, and that A is decomposable ifand only if W has dimensionkor W* has dimensionn — k; and deduce that A is decomposable ifand onlyifthe annihilator W' of W* is equal to W.

Exercise 15.40. Now let B AM#V* = Av 'V, Wedge product gives a map

i NVNOV = ve

Using the preceding exercise, show that A is decomposable if and only if

n(A) AA =06K1V

for all Ze AM*
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Exercise 1541. Observe that in the preceding exercise we construct a map

NOV" ®Sym(NV) AY,

or, by duality, a map

NO Y*@ NAVE 4 Sym4Nvry (15.42)

whose image is a vector space ofquadrics on P(N'V) whose common zeros
are exactly the locus of decomposable vectors, that is, the Grassmannian
G(k, V). Show that this image is exactly the span of the Pliicker relations
above.

Exercise 1543. Show that the map (15.42) ofthe preceding exercise is just the

dual ofthe map constructed in Exercise 15:30, with k = land restricted to the
symmetric product. Combining this with the result of Exercise 15.32 (and
assuming the statement that the Plicker relations do indeed span 1(G),)
deduce that in termsof the description

Sym(AV) = ® Ox

of the symmetric square of A'Y, we have

Wy = Qo = To,...0.2.0

(the ireducible representation with highest weight 2(L, +++ L,)) and

HO); = DO

Hard Exercise 15.44, Show that in the last equation the sub-direct sum

=@exn

is just the quadratic part of the ideal of the restricted chordal variety of the
‘Grassmannian: that is, the union of the chords LM joining pairs of points
in G corresponding to pairs of planes L and M meeting in a subspace of
dimension atleastk~ 21 + 1. (Question: What isthe actual zero locus ofthese‘quadrics?)
Exercise 1548. Carry out an analysis similar to the above to relate the
ideal ofa Veronese variety PV* c P(Sym*V*) to the decomposition given inExercise 15.33 of Sym*(Sym*¥). For which k do the quadratie polyiomials
vanishing the Veronese give an irreducible representation?

Exercise 15.46. (For algebraic geometers and/or commutative algebraists)
Justas the group PGL,C actson the ring$ of polynomialson projective spaceP*, preserving the ideal of the Veronese variety, so it acts on that space of

relations on the ideal (that is, inasmuch as the ideal is generated by quadrics,

the kernel of the multiplication map 1,(2) @ S — 5), and likewise on the entireminimal resolution of the ideal of X. Show that this resolution has the form
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++ R@S+R,@S—+1:QV@S,

where al the R, are finite-dimensional representations of PGL,C, and identify
the representations R, in the specific cases of

(i the rational normal curve in P?,
(i) the rational normal curve in P*, and
(ii) the Veronese surface in PS.

§15.5. Representations of GL,C

We have said that there is litte difference between representations of GLC.

and those ofthe subgroup SL,.C of matrices of determinant 1. Our object here
is to record the difference, which, naturally enough, comes from the deter-
rminant: if V = C* is the standard representation, A'V is trivia for SL,C but

not for GLC. Similarly, V and /*'V* are isomorphic for SL,C but not
for GLC.

To relate representations of SL,C and GL,C, we first need to define some

representations of GL,C. To begin with, let D, denote the one-dimensional
representation of GL,C given by the kth power of the determinant. When k

is non-negative, D, = (A'V)®; Ds is the dual (D,)* of D,. Next, note that the
irreducible representations of SLC may be lifted to representations of GLC.
in two ways. First, for any index a = (dy,.., d,) of length we may take ®,to be the subrepresentation of the tensor product

Sym"V @-- @ Sym"H(A1V) @ Sym™(NV)

spanned by the highest weight vector with weight a,L, +a,(L, + Ly) +
a y(Ly + °°" + Ly-a)—that is, the vector

B= CE

(ey Aes encley AAG‘This restricts to SL4C to give the representation Fy, wherea’ = (24, ..-y 45-3);taking different vaiues of a, amounts to tensoring the representation with

different factors Sym**(\'V) = (A°V)®* = D,,. In particular, we have

Death = Payot @ Daswhich allows us to extend the definition of ©, to indices « with a, <0: we
simply set

Go oate = Pecutnts@ Doefor large k.
Alternatively,we may consider the Schur functor S, applied to the standardrepresentation V of GL,C, where

Dm (a HH OyBy HH yyy Oya + My)
We will denote this representation 5,V of GL,C by ‘Wy; note that

Ways catgth = Paysovdy De
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which likewise allows us to define , for any index 2 with 2, > 2, 2" > Ay
even if some of the 2, are negative: we simply take

Pancake Waytte ndgtt@ Daa
for any sufficiently large k.

As is not hard to see, the two representations ©, and ‘Y, are isomorphic as
representationsof GL,C: by§15.3 thelr restrictions to SL,C agree, soit sufices
to check their restrictions to the center €* < GL,C, where each acts by

multiplication by 22 = 2!) Itis even clearer that there are no coincidences
among the ®, (ie, ®, will be isomorphic to y if and only if a=’: if
, = ,, we must have a, = aj for { = I,..., — 1,30 the statement follows

from the nontrivialty of D, fork # 0.Thus, to complete ourdescription oftheirreducible inite-dimensional representations of GLC, we just have to check
that we have found them all. We may then express the completed result as

Proposition 15.47. Every irreducible complex representation of GLC is iso-
‘morphicto, for a uniqueindex 2 = 2yy 2.52, with 2y 2 Ay 2° > hy (equi‘alently, 10 ©, for a unique index a = as,..., 0, with dy, -.-.dy-y 2 0).

Proor. We start by going back to the corresponding Lie algebras. The scalar

matrices form a one-dimensional ideal € in glgC, and in fact ql,C isa product
of Lie algebras:

B= 6,0 xe. (15.48)

{In particular,Cis the radicalof gl,C, and st, is the semisimple part. It follows{rom Proposition 9.17 that every irreducible representationof gl,C isa tensorproductof an irreducible representation of s!,C and a one-dimensional repre-
sentation, More precisely, let W = S,(C*)be the representation ofsl, deter-
mined by the partition 4 (extended to sI,€ x € by making the second factor
act trivially). For we C, let L{w) be the one-dimensional representation of
sl,€ x C which is zero on the first factor and multiplication by w on the
second; the proof of Proposition 9.17 shows that any irreducible representa-

tion of sl,C x € is isomorphic to a tensor product W7, ® L(w). The same is
therefore true for the simply connected’ group SL,C x € with this Lie
algebra

We write GL,€ asa quotient modulo a discrete subgroup of the centerofSLC x C:

1 -+ Ker(p) ~» SLC x € 4 GLC +1, (15.49)
where p(g x 2) = e*-g,s0 the kernel of p is generated by e*-1 x (3), where
5=2ai/n

‘Our task is simply to see which of the representations W, @ L(w) of
SLC x C are trivial on the kernel of p. Now eI acts on S,C* by multi

" Fora proof that SLC i simply connected,ne $23.
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plication by e%, whered = J. Ajrindeed, thisis true on the entire representation(€*) which contains $,C*. And —s acts on L{w) by multiplication by e”*,s0
ex (=s)acts on the tensor product by multiplication by e"™. The tensor
product is, therefore, trivial on the Kernel ofp precisely when sd — sw € 2niZ,
ie, when

w= DAtkn
for some integer k.
We claim finally that any representation W; @ Lw) satisfying this condi-

tion isthe pullback via p ofa representation ¥ on GL,C. In fact, itis not hard
to.ee that itis the pullback of the representation ,, 4.2 +4: the two clearly
restrict to the same representation on SLC, and their restrictions to € are
just multiplication by e** = etn», fs}

Exercise 15.50. Show that the dual of the representation , which is iso-
morphic to 5,(V*)is the representation M4.)

Exercise 15.51*, Show that if p: GLC -» GL(W)is a representation (assumed
to be holomorphic), then W decomposes into a direct sum of irreducible
representations.

Exercise 15.52*. Show thal the Hermite reciprocity isomorphism of Exercise
11.34 is an isomorphism over GLC, not just over SL3€.

More Remarks on Weyl’s Construction

‘We close out this lecture by looking once more at the Weyl construction of
these representations of GL(V). This will includea realization “by generators.and relations,” as well 2s givinga natural basis for each representation. First,it may be illuminating—and it will be useful later—to look more closely at

how 5, sits in V®. We want to realize S,V asa subspace of the subspace

Syme (AV) @ Sym™(AV) @--@ Syme(V) cH,

‘where ais the number ofcolumns of the Young diagram of of length i (andkis the number of rows). This space is embedded in V® in the natural way:
from left to right, a factor Sym*(/PV) is embedded in the corresponding V°"*
by mappinga symmetric product of exterior products

(CORE Se Ce

(ieA 204°"A Oa)0
L8B(9) (O19, 001) BB Ugg 19) @ °° B (eer) BB Peso. ves

thesum over pe S, and g = (q1,-...4a)€ Sy x *** x Gy, In other words, one
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first symmetrizes by permuting columns of the same length, and then performs
an alternating symmetrizer on each column.

Lettinga = (a,,..., a4), let A*(V) denote this tensor product of symmetricpowers ofexterior powers, Le, set

AMV = Sym™(NV)® Symm™(N-*V)@--- @Sym™(V).

‘We want to realize SV as a subspaceof A*¥, To do this we use the construc-tion ofSVas V&*c,, where c, isa Young symmetrizer; to get compatibilitywith the embedding of A*V we have just made, we use the tableau which

‘numbers the columns from top to bottom, then left to right.

vfefele ayaa

s[7peet aes

ae? uel

pany

my ee

saad

We take j= 2! = (yt; 2-2 1, > O}to be theconjugateof4 The symmetrizercx is a product a,"by, where a, = S.e,, the sum over all p in the subgroup
P = G,, x-+" x S,, of G, preserving the rows,b, = Y.sgn(q)q, the sum overthe subgroup Q = &,, x-~- x S,, preserving the columns, as described in
Lecture 4. The symmetrizing by rows can be done in two steps as follows.
‘There is a subgroup

R=G xx,

of P, which consists of permutations that move all entries of each column
to the same position in some column of the same length; in other words,

permutations in R are determined by permuting columns which have the same
length. (In the illustration, R = (1, (46)(57)},) Set

a= Ze ince,

Now if we definea to be Yep, where the sum is over any set of representativesin P for the feft cosets P/R, then the row symmetrizer a, is the product of
and a3. So

SAV)= (VR G3)-a4- by.
‘The point is that, by what we have just seen,

VS a,b = AV.
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Since V4, isa subspace of V®, its image S,(V) by ab, is a subspace of
‘A*(V), a8 we claimed,

‘There is a simple way to construct all the representations $,V of GL{V)
at once. Infact, the direct sum of all the representations $Y, over all (non-
negative) partitions 2, ean be made into a commutative, graded ring, which

we denote by S' or S'(V), with simple generators and relations. This is simitar
to the fact that the symmetric algebra Sym'V = @)Sym*V and the exterior
algebra NV = )/*Vare easier to describe than the individual graded pieces,and it has some of the similar advantages for studying all the represen-
tations at once. This algebra has appeared and reappeared frequently, cf.
[H-PJ; the construction we give is essentially that of Towber [Tow1}.To construct $'(V), start with the symmetric algebra on the sum ofall the

positive exterior products of V: set

AW) =SymV ONVORVO--® NV)
= @_ Sym™(AV)@-- @Sym4NV)@ Sym"(V),

the sum over all ntuples a,,.... dy of non-negative integers. So A°(V) is thedirect sum of the 4*(V) just considered. The ring S' = S'(V) is defined to be
the quotient ofthis ring 4(V) modulo the graded, two-sided ideal generated
by all elements (“Pliicker relations") of the form

(oy, A Aa AAW)

- fo ee eeOe)
(1533)

for all p > q > 1 and all 055-4 Ups Why «oo. Wye V. (I p = g, this is an ele-
ment of Sym?(A°V}; if p > g, it is in WV @ AV = Sym! (AP¥) @ Sym’ (A‘V).
Note that the multiplication in $(V)comes entirely from its beinga symmetricAlgebra and does not involve the wedge products in NV.)

Exercise 15.54*. Show that "contains all elements of the form

(op A Oo A Amy)

HLOp A AWA AMA AG)
(80, AAA Mey AEA Ma)

for all p> q2 1 > U and all 5.205 Up, Why oor My where the sum is overall <i < iy <"~* <i, < p,and the elements w,,..., w, are inserted at the

corresponding places in vy A °"* 6 tp

Remark. You can avoid this exercise by simply taking the elements in the
‘exercise as defining generators for the ideal J". When p = q =r, the calcula-
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tion of Exercise 15.54 shows that the relation (0, a"" 6 1,)-(m) A" 4 mp)
= (my 8° A.W,)-(0) A= A) follows from the generating equations forI’.In particular, this commutativity shows that one could define S'(V) to be the
full tensor algebra on V®\?V. ®--- @ AV modulo the ideal generated by
the same generators.

‘The algebra S'{V) is the direct sum of the images 5*(V) of the summands

AV), Let e1,..-,€, be a basis for V. We will construct a basis for S*(V), with
‘a basis clement e, for every semistandard tableau T on the partition 2 which
corresponds to a. Recall that a semistandard tableau is a numbering of the

boxes of the Young diagram with the integers {,..., ,in such a way that the
entries in each row are nondecreasing, and the entries in each column are
strictly increasing. Let T(i,j) be the entry of T in the ith row and the jth
column. Define ey to be the image in $*(V) of the element

eran eran 6° erp €SMV @ Sym"),
ive, wedge together the basis elements corresponding to the entries in the
columns, and multiply the results in $(V).

Proposition 15.58. (1) The projection from A*(V) to S*(V) maps the subspace
S,(V) isomorphically onto S*(V)..

(2) The ey for T a semistandard tableau on A form a basis for $*(V).

Proor. We show first that the elements e, span S*(V). It is clear that the e
span if we allow all tableaux T that number the boxes of 2 with integers

between | and n with strictly increasing columns, for such elements span before
dividingby the ideal I". We order such tableaux by listing their entries columnby column, from left to right and top to bottom, and using the reverse

lexicographic order: T’ > Tifthe last entry where they differ has a larger entryfor T’ thanfor 7: If T is not semistandard, there willbe two successive columnsof T, say the jth and (j + 1)st, in which we have T(r,j)> T(r, + 1) for some
rr. It suffices to show how to use relations ins to write ¢, as a linear

combination of elements ¢,. with T” > T. For this we use the relation in
Exercise 15.54, with 0 = ery. for 1<i< p= pp and w= ery) for

US iS q = sss, to interchange the first r of the {w,} with subsets of r ofthe
{nj}. The terms on the right-hand side ofthe relation will all correspond to

tableaux 7” in which ther first entriesin the(j + 1)st column of T are replaced
by r of the enties in the jth column, and are not otherwise changed beyond
the th column. All oftheseare larger than T inthe ordering, which proves theassertion

It is possible to give a direct proof that the ey corresponding to semi-

standard tableaux Tare linearly independent (see Tow1]), but we can getbywith less. Among the semistandard tableaux on 2 there is a smallest one Ty

‘whose ith row is filed with the integer i. We need to know that ey, i not ze
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in S%. This is easy to see directly. In fact, the relations among the e, in
FAY) are spanned by those obtained by substituting r elements from
‘some column of some T to an earlier column, as in the preceding paragraph,
Such will never involve the generator ¢,, unless the 7’that is used is Tq, and

in this case, the resulting element of is zero. Since ey, occurs in no nontrivial
relation, its image in S* cannot vanish.

Since e,, comes from 5,(V), it follows that the projection from 5,(V) to
S*(V) is not zero. Since this projection is a mapping of representations of

SL(V) it follows that S*(V) must containa copy ofthe irreducible representa~
tion §,(V). We know from Theorem 6.3 and Exercise A.3) that the dimension

‘of S,(V) is the number of semistandard tableaux on 2. Since we have proved
that the dimension of §*(V) is at most this number, the projection from 5,(V)

to S*(P) must be surjective, and since S,(V) is irreducible, it must be injective
as well, and the e, for Ta semistandard tableay on 2 must form a basis, as

asserted. o
Note that this proposition gives another description of the representations

S,(V), as the quotient of the space AV) by the subspace generated by the

“Picker” relations (15.53).
Exercise 15.56. Show that, ifthe factor /*¥is omitted from the construction,the resulting algebra is the direct sum of all irreducible representations of
SL(V) = SLC.

Itis remarkable that all the representations $,(C") of GL,C were written
down by Deruyts (following Clebsch) a century ago, before representation
theory was born, as in the following exercise.

Exercise 15.57*. Let X = (x,,) be an nx n matrix of indeterminants, The
groupG = GL,Cacts on the polynomial ring C[x, ,] by g-x1,) = Dhar 0%forg

= («,,)€ GL,C. For any tableau Ton the Young diagram of consisting,of the integers from 1 to n, strictly increasing in the columns, let ey be the

product of minors constructed from X, one for each column, as follows: if the

column of T has length jy, form the minor using the first columns, and use
the rows that are numbered by the entries of the column of T: Let D, be the
subspace of C[x,,] spanned by these e,, where dis the number partitioned
by A Show that: ()D, is preserved by GLC; (i) the ep, where T is semi-
standard, form a basis for D,: (li) D, is isomorphic to S,(C")



LECTURE 16

Symplectic Lie Algebras

In this lecture we do for the symplectic Lie algebras exactly what we did for the special

linear ones jn §15.1 and most of §15.2: we will first describe in general the structure of
a symplectic Lie algebra (that is, give a Cartan subalgebra, find the roots, describe the
Killing form, and so on). We will then work out in some detail the representations of

the specie algbra sp.C. Asin the cae of the corresponding analysis ofthe special
linear Lie algebras, thins completely elementary.

$164: The structure of Sp,,€ and sp34C
$162 Representationsof spuC

§16.1. The Structure of Sp,,€ and sp;,C

Let ¥ be a2n-dimensional complex vector space, and

OVxVAC,

1 nondegenerate, skew-symmetric bilinear form on V. The symplectic Lie
group Sp;,C is then defined to be the group of automorphisms A of ¥

preserving Q—that is, such that Q(4v, Aw) = Q(o, w) forall v, we ¥—and the
symplectic Lie algebra spz,C correspondingly consists of endomorphisms
A: VV satisfying

(40, #) + Ole, Aw) =0

for all vand w € ¥. Clearly, the isomorphism classes of the abstract group and
Lie algebra do not depend on the pasticular choice of Q; but in order to be
able (o write down elements of both explicitly we will, for the remainderof
our discussion, take @ to be the bilinear form given, in terms of a basis e,,....
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€2_ for V, by

Ole etnd= 1,

ein ei) = —1,

and

Qe,¢)=0 ifjeitm

‘The bilinear form Q may be expreted as

Q(x, y) = "x Mey,

where M is the 2n x 2n matrix given in block form as

1),

wo(L, op
the group Spz,Cis thus the proup of 2n x 2n matrices A saitying

M='A-M-A

and the Lie algebra sp2,€ correspondingly the space of matrices X satisfying
the relation

XM + M°X =0. (16.1)
Writing a 2n x 2n matrix X in block form a8

AB

x-(¢ 9)
we have

. ='c W
xwe(“ 2)

and

cp

wx-(S,so that this relation is equivalent to saying that the off-diagonal blocks B and
C of X are symmetric, and the diagonal blocks A and D of X are negative
transposes of each other.

With this said, there is certainly an obvious candidate for Cartan sub-

algebra b in sp3,€, namely the subalgebra of matrices diagonal in this
representation; in fact, this works,as we shall see shortly. The subalgebra h is,thus spanned by the n 2nx2n matrices Hf, = E,, ~ Eysgeys whose action on
Vis to fix e;, send e,4, to its negative, and kill all the remaining basis vectors;
we will correspondingly take as basis for the dual vector space h* the dual
basis Ly, where (Ly, Hi) ~ 4,.

‘We have already seen how the diagonal matrices act on the algebra of all
‘matrices, so that it is easy to describe the action of h on g. For example, for
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1. i,j < nthe matrix E,,€ plas iscarried into itself under the adjoint action
of H,, into minus itself by the action of H,, and to 0 by all the other Hy; and

the same is true of the matrix E,.,,.; The element
Xi Big ~ Ens sass © axl

is thus an eigenvector for the action of b, with eigenvalue L, — Ly. Similarly,
fori # j we see that the matrices B44, and F,q4, are carried into themselvesby Hand H, and killed by all the other Ha; and likewise E,,,, and E4,, are
cach carried into their negatives by H, and H, and killed by the others. Thus,
the elements

Yay Bunty + Enns

and

Zs = Basis+ Basse
are eigenvectors for the action of b, with eigenvalues Ly +L, and —L,~ Ly,
respectively. Finally, when f= j the same calculation shows that Ey,us iS

doubled by H, and killed by all other H,; and likewise E,,,, is sent to minus
twice itself by 11, and to 0 by the others. Thus, the elements

U,= Exess
and

Vim Bevis

are eigenvectors with eigenvalues 2L, and —2L,, respectively. In sum, then,
the roots of the Lie algebra sp,€ are the vectors +L, + Lye 5*.

In the first case n = 1, ofcourse we just get the root diagram of sls, whichis the same algebra as sp C. In case n = 2, we have the diagram

XE .
‘As in the case of the special linear Lie algebras, probably the easiest way

to determine the Killing form on sp5,€ (at least up to scalars) is to use its
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invariance under the automorphisms of sp,,C preserving b. For example, w
have the automorphisms of sp3,C induced by permutations of the basi
vectors e, of ¥: for any permutation o of {1,2,...,1} we can define a:
automorphism of V preserving @ by sending , {0 enn Ad eye 10 Eysn 3M
this induces an automorphism of sp24C preserving h and carrying H, to Hq,
Also, for any i we can define an involution of ¥—and thereby of sp,,C—b:
sending €, t0 ey44, pai tO —€,, and all the other basis vectors to themselves
this will have the effect of sending H, to —H, and preserving all the other H,
Now, the Killing form on } must be invariant under these automorphisms

from the first batch it follows that for some pair ofconstants « and ) we mus
have

Billy Hy) = a

and

BUH, H,) =f fori # j;

from the second batch it follows that, in fact, f = 0. Thus, Bis just a multiple
ofthe standard quadratic form B(H,, H,) = 6, and the dual form correspond:
ingly a multipleof B(L,, L,) = 6:0 that the angles in the diagram above arecorrect.

Also as in the case of sl,C, one can also compute the Killing form directly
from the definition: B(H, H’) = ¥ a(H)a(H"), the sum over all roots @. For
H = Y.qH,and H' = b,, this gives B(H, H’) as a sum

4, 4) + 2, 2a)(2bi) (a,— aby —Flot ath+) + 28 aneann + F ca ach ~)
which simplifies to

BU, H') = (4n + US by (163)

Our next job is to locate the distinguished copies s, of slxC, and the
corresponding elements 11, € . This is completely straightforward. We start

with the eigenvalues L, — Ly and L, — L, corresponding to the elements X,,,
and X;,.; we have

Da Mud = CEs ~ Bsssnet Bua ~ Ensines]

= CEays Ey) + [Eps unsis Exsinss]

= Bir Ey+ Bassnty — Bastaot
=Hy‘Thus, the distinguished element H;,.., is a multiple of H, — H,. To see what

multiple, recall that H,,-1, should act’on X;,, by multiplication by 2 and on
X,, by multiplication by ~-2; since we have

d(H, — HY) = (Lr — LM — HY) Xay

= Xp



mw 16, SymplectcLie Algebras
wwe conclude that

Hau, = He Hy

Next consider the pair of opposite eigenvalues L, +L, and ~Ly — Ly
corresponding to the eigenvectors ¥, and Z,,. We have

Chas Zi) = Benes + Exner Envy + Bosse]

= Lene Bassa + [joo Eras]

= Bu Bnsyats+ Ess Ensuast
= H+ty

We cateulate then

d(H,+HY)= (Ly + LE+ HD) Yaya2 Ky

s0 we have

Aya, = H+ Hy

and similarly

Haren = Th Hy
Finally, we look at the pair of eigenvalues +21, coming from the eigen-

vectors U;and F,. Tocompletethespanof U,and V;toa copy ofsl,C weadd
[UV = cesi Easd

= Eu Ensiast

=H

Since

ad(Hi)(U) = LH) U,

=2U,

wwe conclude that the distinguished element H,, is Hy, and likewise Hs, =
—Hy, Thus, the distinguished elements {H,} ©) are (4H, + Hy +H); in
particular, the weight lattice Ay of linear forms on jy integral om all the His

‘exactly the lattice of integral linear combinations of the Ly. In Diagram (162)for exampleths is just the lattice ofintersectionsof the horizontal and verticallines drawn; observe that for all the index [Ay Ax] of the root lattice inthe
weight lattice is just 2.

[Next we consider the group of symmetries of the weights of an arbitrary
representation of sp,C. For each root « we let W, be the involution in
1 fixing the hyperplane 9, given by (H,, L) = 0 and acting as —I on the
line spanned by a; we observe inthis case that, as we claimed will be true in

‘general, the line generated by ais perpendicular to the hyperplane 0, so that
the involution is just a reflection inthis plane. In the ease m = 2, for example,
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we get the dihedral group generated by reflections around the four lines drawn
through the origin:

SANZ

ahihy
Beer,
PS
SI

EP PRLLP

so that the weight diagram of a representation of sp,C will look like an
‘octagon in general, or (in some cases) a square.

In general, reflection in the plane 5), given by <H,, L) = 0 will simply
reverse the sign of L, while leaving the other L, fixed; reflection in the plane
<H,— Hy, L) = O will exchange Ly and L, and leave the remaining Ly alone
‘The Weyl group 9B acts as the full automorphism group of the lines spanned
by the L, and fits into a sequence

1(Zpzy+B 46,41
Note that the sequence splits: % is a semidirect product of S, and (Z/2Z)".

(This isa special case of a wreath product, In particular theorderof Wis 2n!.‘We can choose a positive direction as before:

UL GLa)= Cydy +0 + yyy Ce > CQ > >>O
‘The positive roots are then

RY = (Lt bhi (li hep (164)

with primitive positive roots {L; — Lys, }y=1,..,.-1 2nd 2L,. The corresponding
(closed) Weyl chamber is

W = (a,Ly + a;Ly+0" + aby, 2a,2-24, 20}; (16.5)
note that the walls of this chamber—the cones

{Zabyay >> a, = yyy > 0 > a, > OF
and

(Cabsa, > a, >" > a, = 0}
lin the hyperplanes, nd 9,,, perpendicular to the primitive positive
‘or negative roots, as expecied.
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§16.2. Representations of sp.

Let us consider now the representationsofthe algebra sp, specifically. Recallthat, with the choiceof Weyl chamberas above, there isa unique irreduciblerepresentation
I, ofsp,C with highest weight « for any a in the intersectionof the closed Weyl chamber # with the weight lattice: that is, for each lattice

vector in the shaded region in the diagram

D<Dx<P<PepeVANEAN ee

Xxxx}RRR
Berea

X>x>x<p

hoy ch ges ght ver can be mite 3 son-sepie inte
linear combination of L, and L, +L; for simplicity we will just write

Ts for the irreducible representation Typ, su,+z» With highest weight

endomorshisms ofthe four-dimensional vector spaceVs the four anandbasis vectors ¢,,¢2,¢3, and e, are eigenvectors with eigenvalues L,, L2, —Ly,
and — Ls, respectively,so that the weight diagram of Vis,

Sh

Dp]
XxXVAG
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V is just the representation To in the notation above. Note that the dual of
this representation is isomorphic to it, which we can see either from the

symmetry ofthe weight diagram,or directly from the fact thatthe correspond-ing group representation preserves a bilinear form V x V-+C giving an
identiication of ¥ with V*

‘The next representation to consider is the exterior square A?V. The weights

of A?¥, the pairwise sums of distinct weights of V, are just the linear forms
+L; + L, (each appearing once) and 0 (appearing twice, as Ly — Ly and
L, — L,),80 that its weight diagram looks like

KKK
DXTx[xKOK
belxhsVSSSKo<IxhPVAAN

‘Clearly this representation is not irreducible. We can see this from the weight
diagram, using Observation 14.16: there is only one way of getting to the
‘weight space 0 from the highest weight L, + L3 by successive applications of

the primitive negative root spaces g-1, +1, (spanned by X,,, = E,.; ~ Es,«)
and g_3., (spanned by V; = E,,,)—that is, by applying first V;, which takes
‘you to the weight space of L, — L, and then X;,,—and so the dimension of

the zero weight spacein the irreducible representation I, with highest weightL, + L, must be one. Of course, we know in any event that \?V cannot be
itreducible: the corresponding group action of Sp,C on V by definition
preserves the skew form Q ¢ \?V* = A?V. Either way, we conclude that we
have a direct sum decomposition

NV=wee,

where W is the itreducible, fve-dimensional representation of ep<C with

highest weight L, + L,—in our notation, To, ,—-and weight diagram



. mt

xh
EPR
eR
PLRY

Let us consider next some degree 2 tensors in V and W. To begin with, we
‘can write down the weight diagram for the representation Sym?V; the weights
being just the pairwise sums ofthe weights of V, the diagram is

Bhs
Rep
Kaan
LLL

‘This looks like the weight diagram ofthe asoint repression seaindeed
tam ‘ention 161 ening the symplectic ieletsthat te

sp.c Hom(h, V) = V@V" = VV
is just the subspace Sym?V < V @ V. In particular, Sym*V is the irreducible
representation T,o with highest weight 2L.

‘Next, consider the symmetric square Sym?W, which has weight diagram
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ehh.
BERR REYWEAVER ANAi SNE ranePRR
EERE

Tosee if thisis irreducible we first look at the weight diagram: this time thereare three ways of getting from the weight space with highest weight 2L, + 2L,to the space of weight 0 by successively applying X;,, = Es, —Es,« and

VY; = E,g,2,S0 if we want to proceed by this method we are forced to do a little
calculation, which we leave as Exercise 16.7.

Alternatively, we can see directly that Sym? W decomposes: the natural map.
given by wedge product

NV@NV+AMV =o

‘is symmetric, and so factors to give a map

Sym4{A¥V)) +.

Moreover, since this map is well defined up to scalars —in particular, it does
not depend on the choice of skew form Q—it cannot contain the subspace
‘Sym?W c Sym?(A?¥)) in its kernel, so that it restricts to give a surjection

g: Sym? W — C.

‘This approach would appear to leave two possibilities open: either the
kernel of this map is irreducible, or it is the direct sum of an irreducible

representation and a further trivial summand, In fact, however, from the
principle that an irreducible representation cannot have two independent
invariant bilinear forms, we see that Sym?W can contain at most one trivial
summand, and so the former alternative must hold, i.c., we have

Sym'W =Ty,2 OC. (16.6)
Exercise 16.7%. Prove (166) directly, by showing that if v is @ highest
weight vector, then the three vectors X;.,VX2,1¥i0, Xz.1X2,1¥a¥av, and

WX,.1X;,,¥e0 span a two-dimensional subspace of the kernel of o.
Exercise 16.8, Verify that A?W = Sym*V. The significance of this isomor-
phism will be developed further in Lecture 18.



Lastly, consider the tensor product V @ W. First, its weight diagram:

<b>

x<PuxXp

‘This obviously must contain the irreducible representation I, with highest

weight 2L, + L,; but it cannot be irreducible, for either of two reasons. First,

+L, with multiplicity at most 2, so that V @ W must contain at least one copy.

ofthe representation V. Alternatively, we have a natural map given by wedge
cies

AVONV AV = Vt = V;

and since this map does not depend on the choice of skew form Q, it must
restrict to give a nonzero (and hence surjective) map

o VOW.

Exercise 16.9. Show that the kernel of this map is irreducible, and hence that
we have:

V@Ww=",,0V.

What about more general tensors? To begin with, note that we have
established the existence half

of the standard existence and uniqueness theorem(14.18) in the case of sp,C: the irreducible representation I, may be found

somewhere in the tensor product Sym*V @ Sym*W. The question that remains:
products decompose. This will be, as it was in the case of si,C, nearly

tantamount (modulo the combinatorics needed to count the multiplicity with
which the tensor product Sym*V@ Sym*W assumes each of its eigenvalues)

Let us start with the simplest case, namely, the representations Sym*¥.

‘These have weight diagram a sequenceof nested diamonds D, with vertices at
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Moreover, i is not hard to calculate the multiplicities of Sym*V: the multi
plicity on the outer diamond D, is one, of course; and then the multiplicities
will increase by one on successive rings, so that the multiplicity along the
diamond D, will bet

Exercise 16.10. Using the techniques of Lecture 13, show that the representa-

tions Sym*V are irreducible.
‘The next simplest representations, naturally enough, are the syinmetric

powers Sym'W of W. These have eigenvalue diagrams in the shape of a
sequence of squares S, with vertices at b(Ly + L3), (b— 1)(Ly + La), and so

e+a
——

foe | |o—e--—

Here, however, the multipicties increase in a rather strange way: they grow
quadratically, but only on every other ring. Explicitly, the multiplicity will be
fone on the outer two rings, then 3 on the next two rings, 6 on the next two;
in general, it will be (i + 1)/2 on the (21 — I)st and (2i)th squares Sy). and
Sw
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Exercise 16.11. Show that contraction with the skew form @ ¢ Sym?W*
introduced in the discussion of Sym?W above determines a surjection from
Sym*W onto Sym*-2W, and that the kernel of this map is the irreducible
Srrcactnton Fay with Mghe welght Bye Lah Show tat the mal
Pieliceal sy aston the estes Sev and dco above

We will nish by analyzing, naively and in detail, one example ofa represen-
tation T.,, with a and b both nonzero, namely, F,,;one thingwe may observe
(on the basis ofthis example is that there is not a similarly simple pattern tothe multiplicities of the representations F,, with general a and b. To carry out

‘our analysis, we start ofcourse with the product Sym?V@ W. We can readilydraw the weight diagram for this representation; drawing only one-cighth of

the plane and indicating multiplicities by numbers, it is

2S
<xKOSVGN

SAB

‘We know that the representation Sym?V @ W contains copy of the irreducible
representation T3,, with highest weight 2L, +(L, + Ly): and we can see
imoedintly orthdiag hat ronol goal resample acon
take the weight 2L, with multiplicity at most 2 (ifv ¢ Tis its highest weight
vector, the correspondingweightspace (Ts,,)az, © Fa, Will be spanned by thetwo vectors Xp,,(V;(0)) and V5(Xp,(0))} since it cannot contain a copy of
the representation I, (the multiplicity of the weight 2(L, + L,) being just
one) it follows that Sym?V@ W must contain a copy of the representationTyo = Sym*V,

‘We can, in this way, narrow down the list of possibilities a good deal. For
example,, cannot have multiplicity just one at each ofthe weights 2L, andLy + Ly: if it did, Sym?@ W would have to contain two copies of Sym?V‘and a further two copies of W to make up the multiplicity at Ly + Ly; but
sinceO must appearas a weight of [>,, this would give a total multiplicityofat least 7 for the weight 0 in Sym?¥@ W. Similarly, F,, cannot have multi-plicity 1 at 2L, and 2 at L, + Ly: we would then have two copies of Sym?V
and one of W in Sym?V@ W; and since the multiplicity of O in T,, will inthr cae be at nt? (Ocng rei than egal Lathe mlicy ot
1 ty ison ase ayemui oft eas or the wigan0
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in Sym*V @ W. It follows that Sym?V @ W must contain exactly one copy of
‘Sym?V; and since the multiplicity of Ly + L, in T,, is at most 3, it follows
that Sym?¥ @ W will contain at least one copy of To, = Was wel.

Exercise 16.12. Prove, independently of the above analysis, that Sym?V@ W‘must contain @ copy of Sym?V and a copy of W by looking at the map

o:Sym’VQW+V@V

obtained by sending

U-0@lwA 2 U@ Gor wr2)+ o@GWAWA2
where we ate identifying AV with the dual space V* and denoting by
G:V*- V the isomorphism induced by the skew form Q on V. Specifically,
show that the image ofthis map is complementary to the line spanned by the
clementQe MV* = Vc V@Y.

‘The above leaves us with exactly two possibilities for the weights of F,,
we know that the multiplicity of 2L, in Tis exactly 2; s0 either the

multiplicities of Ly +L, and O in T,, are both 3 and we have
Sym?V@ W = 13,1 @Sym'V@ Ws

or the multiplicities of Ly + Ly and 0 in I, are both 2 and we have

Sym?¥ @W =T3,,@Sym'V. OW

Exercise 16.13. Show that the former of these two possibilities actually occurs,
by

(2) Showing that ifv is the highest weight vector in T3,, ¢ Sym?V.@ W,
then the images (X,:)*Va(0) X3,1VaX2,s(0h and V(X, )?0 are independent,
and (redundantly)

(b) Showing that the representation Sym? @ W contains only one highest

weight vector of weight Ly + La
‘The weight diagram of I, is therefore

may

ciate

ERR
PERER
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We see from all this that, in particular, the weights of the irreducible

representations ofsp, Care not constant on the rings oftheir weight diagrams,
Exercise 16.14. Analyze the representation V@ Sym?W of spxC. Find in
particular the multiplicities of the representation I,..
Exercise 16.15. Analyze the representation Sym?V@ Sym?W of sp4C. Findin particular the multiplicities of the representation T's,2.



LECTURE 17

sp6C and sp,,C

Inthe fiat two sections ofthis lecture we complete our clasifcation ofthe representa:tions ofthe symplectic Lie algebras: we describe in detail the example of sp, thea
sketch the representation theory of symplectic Lie algebras in general, in particular

proving the existence part ofTheorem 14.18 for sp, a the nal sectionwe describefn analog forthe symplectic algebras ofthe consruetion given in 153 of the itredue-ible representations ofthe special near algebras via Wey’ construction, though we

Postpone giving analogous formulas for the decomposition of tensor products of

irreducible representations. Sections 17.1 and 17.2 are completely elementary, given
the by now standard multilinear algebca of Appendix B. Section 173, like 6153,

requires familiarity with the contents of Lecture 6 and Appendix A; but, like that

section itcan be skipped without affecting most of the rest ofthe book.
$17.1: Representations of sp4C
4172: Representationsof the symplectic Lie algebras in general417. WeyT' construction for symplectic groups

§17.1. Representations of sp.

‘As we have seen, the Cartan algebra h of spe is three-dimensional, with the
linear functionals Ly, Lz, and Ls forming an orthonormal basis in terms of

the Killing form; and the roots of spgC are then the 18 vectors + Ly + Ly. We
can draw this in terms of a “reference cube” in h* with faces centered at the
points +1, the vectors + L, + L, with i # j are then the midpoints of edges
of this reference cube and the vectors +2L, the midpoints of the faces of a
cube twice as large. Alternatively, we can draw a reference octahedron with
vertices at the vectors +2l,; the roots +L, + L, with i #J will then be the
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midpoints of the edges of this octahedron:

or, if we include the reference cube as well, as

Al<| ins anyae,
‘This last dingram, however ineplly drawn, suggests a comparison with the

root diagramof s1,C; in fact the 12 roots of spgC of the form +L, + L, for
14 j are congruent tothe 12 roots of sC. In particular, the Weyl group of

n4C wil be generated by the Weyl group of el, plus any ofthe adiional
three reflections in the planes perpendicular to the L, (ie., the planes parallel
to the faces of the reference cube in the root diagram of either Lie algebra).
We can indicate the planes perpencicular to the roots of sp4C by drawing
where they cross the visible part of the reference cube:
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We see from this that the effect of the additional reflections in the Weyl
groupof sp¢€ on the Weyl chamber of s{, is simply to cut it in half; whereas.the Weyl chamberof sI,€ looked like

'\

iLo
the Weyl chamber of sp.C will look like just the upper half of this region:

a

I

In terms of the reference octahedron, this is the cone over one part of the
barycentric subdivision ofa face:
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Sea
of if we rotate 90° around the vertical axis in an attempt to make the picture
clearer,

m

We should remark before proceeding that the comparison between the root
systems of the special linear algebra sl,C and the symplectic algebra spCispeculiar to this case; in general, the root systems of st,,,€C and spyC will earno such similarity.

‘As we saw in the preceding lecture, the weight lattice of spe consists

simply ofthe integral linear combinations ofthe weights L,. In particular, the
intersection ofthe weight lattice with the closed Weyl chamber chosen above
will consist exactly of integral linear combinationsa, Ly + agL + a3Ly with4, 2 03 2 ay > 0. By Our general existence and uniqueness theorem, then,for every triple (a,),c) of non-negative integers there will exist a unique

inreducible representation of spgC with highest weight aL, + (Ly + La) +
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eLy + Ly + Ly) = (a+b + Ly + (b+ Ly + cL;we will denote this reresentation by I... and will demonstrate its existence in the following.‘We start by considering the standard representation of spgC on V = (
‘The eigenvectors of the action of fon ¥ are just the standard basis vecto
,,and these have eigenvalues + L,,s0 that the weight diagram ofV looks li!the midpoints of the faces of the reference cube (or the vertices of :
octahedron one-half the size ofthe reference octahedron):

ty

In particular, V is the representation T,0,0-
Since we are going to want (o find a representation with highest weigl

Ly + Ly, the natural thing to look at next is the second exterior power A?

ofthe standard representation. This will have weights the pairwise sum «
distinct weights of ¥, or in other words the 12 weights +L, + L, with i ¥
and the weight 0 taken three times. This is not irreducible: by definition th

action of speC on the standard representation preserves a skew form,s0 thethe representation on /?V will have a trivial summand, On the other hanc
the skew form on V preserved by spgC, and hence that trivial summand «
XY, is unique; and since all the nonzero weights of A'V occur with mult
plicty 1 and are conjugate under the Weyl group, it follows that the comple

tment W of the trivial representation in A*Vis irreducible. So W = To, .oAs in previous examples, we can also see that /?V is not irreducible b
using the fact (Observation 14.16) that the irreducible representation To,,‘with highest weight Ly +L; will be generated by applying to a single highe:
weight vector v the root spaces g,,-1,» 8i,-r4» ANd 8-21, Corresponding t+
primitive negative roots. We can then verify that in the irreducible representa

tion W with highest weight L, + La, there are only three ways of going fron
the highest weight space to the zero weight space by successive application 0

these roots spaces: we can go

Ly+laky Rett
Ly tLy+l;-Ly +0
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Exercise 17.3. Verify this, and also verify that the lower two routes to the

zeto-weight space in A?V yield the same nonzero vector, and that the upper

route yields an independent element of AV, so that0 does indeed occur withmultiplicity 2 as a weight of To,s,0-

To continue, we look next at the third exterior power A’ of the standard
representation; we know that this will contain a copy of the irreducible
representation To, with highest weight L, + Ly + Ls. The weights of \?V
are of two kinds: we have the eight sums +L, + Ly + Ls, corresponding to
the vertices of the reference cube and each occurring once; and we have the

weights +L, each occurring twice (as +L, + L,—L; and +L, + Ly — Ly)
‘The weight diagram thus looks like the vertices of the reference cube together
withthe midpoins of it face

1%

i

ig
ae

Now, the weights +, must occur in the representation T,o,, with highest
weightL, + Ly + Ls, ince they are congruent to L, + Ly + Ly modulo theroot lattice and lie in the convex hull ofthe translates of L, + Ly + Ls underthe Weyl group (that is, they lie in the closed reference cube). But (hey cannot
occur with multiplicity greater than 1: for example, the only way to get from

the point Ly + Ly + Ly to the point L, by translations by the basic vectors

a Lusky ~ Lavand —2L, pltured in Diagram (17.1) above while staying
inside the reference cube)is by translation by —2L, first, and then by Ls — Ly.it follows that the multiplicities of the weights +L; in To,o,; are 1. On the
other hand, we have a natural map

NVoV

obtained by contracting with the element of A?V* preserved by the action of,
‘sp6C, and the kernel of this map, which must contain the representation

Trane ill have exactly these weights The kernel of i thus the irreducible
representation with highest weight L, + Ly + Ly; we wil call this representa-
tion U for now

‘At this point, we have established the existence theorem for repre-
sentations of spgC: the irreducible representation I, ,. with highest weight
(a+b + o)Ly + (a + b)L, + cLy will occur inside the representation

‘Sym*V@ Sym'W @ Sym‘.
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For example, suppose we want to find the irreducible representation T,1,0
‘with highest weight 2L, + L. The weights ofthis representation will be the
24 weights +2L, + L,, each taken with multiplicity 1; the 8 weights +L, +

L, £ Ly, taken with a multiplicitywe do nota priori know (but that the readercan verify must be either 1 or 2), and the weights +L, taken with some

other multiplicity. At the same time, the representation V® W, which contains
T,,1,0, wil take on these weights, with multiplicities 1, 3, and 6, respectively
In particular, it follows that V@W will contain @ copy of the irreduciblerepresentation U with highest weight L, +L + Ls as well, alternatively, we
‘can sce this directly by observing that the wedge product map

V@NV>AV

factors to give a map

vewou

and that T),,9 must fie in the kernel of this map. To say more about the
location of f;,,,0 inside V@ W, and its exact weights, would require either

explicit calculation or something like the Weyl character formula. Wewillseein Lecture 24 how the latter can be used (o solve the problem; for the time
being we leave this as,

Exercise 17.4. Verily by direct calculationthat the multiplicities ofthe weightsofT,,s,0are 1,2,and 5, and hence that the kernelof themapg above is exactlythe representation I, 0.

§17.2. Representations of sp;,€ in General

‘The general picture for representations ofthe symplectic Lie algebras offers
no further surprises. As we have seen, the weight lattice consists simply of

integral linear combinations ofthe 1, And our typical Weyl chamber is a cone

‘over a simplex in n-space, with edges the rays defined by

Oy =a= a>yyy = = =O.
‘The primitive lattice element on the ith ray isthe weight = Ly +" + Ly

and we may observe that, similarly to the case ofthe special linear Lie algebras,
these n fundamental weights generate as a semigroup the intersection of
the closed Weyl chamber with the Jattice. Thus, our basic existence and
‘uniqueness theorem asserts that for an arbitrary n-tuple of natural numbers

(ay, «5 d,) € IN there will be a unique irreducible representation with highest
weight

1004 + 304 + °°" + 0

(ay HH a) (ay bo ay)Lg +o + Ogle
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‘As before, we denote this by Ty,

Trrccata = Fat tantly oad tagll  hg
‘These exhaust all irreducible representations of sp24C.

‘We can find the irreducible representation V" = Tp, .s,...o With highest
weight Ly ++": + Ly easily enough. Clearly, it will be coniained in the kth
exterior power /Y of the standard representation. Moreover, we have a
natural contraction map

oe NV NOY

defined by

airy Ao Aa) F OlOH Y= WH Ao A me AGA ny
(Gee §8.3 of Appendix B for an intrinsic definition and explanation) Since the
representation '-?V does not have the weight L +" + La, the irreducible

representation wit this highest weight will have to be contained in the kernel
of this map. We claim now that conversely

‘Theorem 175, For 1 <k <1 the kernel ofthe map ois exactly the irreducible
representation ¥™ =T,.0.1,0,.,0 With highest weight Ly +°+" + Ly,

Proor. Clearly, itis enough to show that the kernel of @, is an irreducible

representation of sp,C. We will do this by restricting toa subalgebra of sp 2,
isomorphic to s,C, and using what we have learned about representationsofSC.

Todescribethis copy of slyC inside spaxC, consider the subgroup G < Spyof transformations ofthe space V = €2* preserving the skew form Qintroduced
in Lecture 16 and preserving as well the decomposition V = C{¢,..-s64) ®
(eyes n4}- These can act arbitrarily on the first factor, as long as they
do the opposite on the second; in coordinates, they are the matrices

x 0

We have, correspondingly, a subalgebra

A 0

isomorphic to s1,€.

Now, denote by W the standard representation of s1,C. The restriction of

the representation V of epz4€ to the subalgebra s then splits
v=wewe

into a direct sum of W and its dual and we have, correspondingly,
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AV= @ uewenwe
How does the tensor product "W@ A*W* decompose as a representation
‘of s1,C7 We know the answer to this from the discussion in Lecture 15 (see
Exercise 15.30): we have contraction maps

Ye MW@ AW? howeA Ws,

and the kernel of ¥,, is the irreducible representation Wi!" =

To 0,400, With (i, say,<n — highestweight 2L, + --"+2L, +Lea + °F Ly-y. The restriction ofA*Vto s is thus given by
Ave wen

ok,
and by the same token,

Ker) = @, we.

Note that the actual highest weight factor inthe summand W"" & Ker()AV is the vector

WOM me ey Ao NEGA agents AoA ae

ENTREGA Cagensant AOA Caer
Exercise 17.6. Show that more generally the highest weight vector in any
summand 1" c A‘V is the vector

WhO me AT AOA Caectigss AOA Cay A EEN

me A Ne, A Canctsnas AOA Cay (LUE A tgaEE

By the above, any subspace of Ker(g,) invariant under sp2,C must be a
irect sum, over a subset of pairs (a,b) with a+ b= k, of subspaces 1",
But now (supposing for the moment that k <n) we observe that the element

Zanes= Eaecbia + Enten-b€ PanC
carties the vector w'" into w""!**” and, likewise,

Yorncnes = Eavr.aener + Excnesarass © 8PanC

carries w'* to wi") In casea + b= k = 1, we see similarly that
Vom Eaten’ PC

carries the vector w into w"!**, and

Uses = Eartnsars © 9P20€

carries w"” to w'"*'#-Y, Thus, any representation of sp2q€ contained in
Ker(g,)and containing any one of the factors W‘*" will contain them all, andvweare done. o
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Exercise 17.7. Another way to conclude this proof would be to remark that,

inasmuch as all the w"" above are eigenvectors ofdifferent weights, any

highest weight vector for the action of sp2,C on ker(q) < A'V would have

to be (up to scalars) oneof the w=". It would thus be sufficient to find, for each(a, 8) with a+b =k other than (a, b) = (k,0), a positive root a such that
.(w*") # 0. Do this.

Note that, having found the irreducible representations VW" = To,...1...0
with highest weight Ly +" + Ly, any other representation of sp, will

‘occur in a tensor product of these; specifically, the irreducible representation
Trccsong With highest weight ay Ly 4 °°°-+ ay(Ly ++ + L,) will occur in the
productSym*V@ Sym**¥ @ --@ Sym*V",‘One further remark is that there exist geometric interpretations of the
action of sl,,Con the fundamental representations V™. We have said beforethat the group PSp,,€ may be characterized as the subgroup of PGL,C
carrying isotropic subspaces of V into isotropic subspaces. At the same time,

PGL«€ acts on the projective space P(/*V) as the connected component of
the identity in the group of motions of this space carrying the Grassmannian
G = G{k, V) c PUNY) into itself. Now, the subset G, < G of k-dimensional
isotropic subspaces of V is exactly the intersection of the Grassmannian G
with the subspace P(V®) associated to the kernel of the map @ above; so that
PSpa4C will act on P(V™) carrying G, into itself and indeed when 1 < k <n
‘may be characterized as the connected component of the identity in the group

of motions of P(V) preserving the variety G,.
Exercise 17.8, Show that if k > n the contraction gis injective.

§17.3. Weyl’s Construction for Symplectic Groups

‘We have just seen how the basic representations for sp24C can be obtained

by taking certain basic representations ofthe larger Lie algebra sl,,C—inthiscase, MV for k< n—and intersecting with the kernel of a contraction con:
structed from the symplectic form. In fact, all the representations of the
symplectic Lie algebras can be given a similar conrete realization, by inter-

secting certain ofthe irreducible representations of sl, withthe intersections
of the kernels of all such contractions.

Recall from Lectures 6 and 15 that the irreducible representations of slaC
are given by Schur functors $V, where 1 = (A, 2 *** 2 day 2 O)isa partition

of some integer d = J: 4,, and V = C™. This representation is realized as the
image of a corresponding Young symmetrizer ¢, acting on the d-fold tensor
product space V®, For each pair ! = {p <q) of integers between | and d,

the symplectic form @ determines a contraction
0: V8 youn, (179)

2B BoyOp 0—)2) BOI, OBO BW ve
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Let V & ¥® denote the intersection ofthe kernels ofall these contractions.‘These subspaces is mapped to itself by permutations, so Visa subrepresen-tation of V® asa representation ofthe symmetric group ,. Now let"

SaV=VOOS,¥. (17.10)
‘This space is @ representation ofthe symplectic group Spz4C of Q, since V
and 5,(V) are subrepresentations of V% over Sp,C.

‘Theorem 17.11. The space S y,(V) is nonzero if and only ifthe Young diagram
of Bhas at most n rows, Le, Ayss = 0. Im this case, Say(V) is the irreducible

representation of 84 with highest weight 2yLy 4°" 2gby.
In other words, for an ntuple (a,,..-»a,) of non-negative integers

Taste = Says

where 1s the partition (ay + ay 4°" + 0q)024 °°" dyy ony)

The proof follows the pattern for the general linear group given in§6.2, butwe will have to call on a basic result from invariant theory in place of the
simple Lemma 6.23. We fist show how to find a complement to V in V4
For example, ifd = 2, then

V9 VOC,

where is the element of V@ V corresponding to the quadratic form Q. In
terms of our canonical basis,y = ¥(¢, @ e41 — eno:@ €;). In general, for anyI= (p <4} define

yy vee. you

by inserting y in the p,q factors. Note that ©, 0, is multiplication by
2n = dim V on V4", We claim that

Vem VO OY HVE), (17.12)To prove ths, put the standard Hermitian metric, Jon V = €%, using the

siven ¢, a a basis, so that (ae, be,) = dab. This extends to give a Hermitianmetric on each V®. We claim that the displayed equation isa perpendicular
direct sum. This follows from the following exercise.

Exercise 17.13. (i) Verify that for 6, we ¥;(¥-0@») = Ole. w){) Use (9) to show that Ker(@,) = Im('¥,} for each 7

Now define F< V® to be the intersection of the kernels of all r-fold

contractions ®,, 0-0 @,,,and set

V68, =I), 0° 8, VEE™), (1714)

"This flows a classical notation of wing ¢ forthe symplectic group and {forthe

cxinogona group (although we have omited the corespnding notation {) forthe generalBacar oun)
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Lemma 17.18. The tensor power V® decomposes into a direct sum
VO= VO DVROVRO OVApy

with p = (4/2), and, for all r > 1,

FE VO OVO” OV

Exercise 17.16. (i) Show as in the preceding exercise that there is a perpendi-
cular decomposition

VOE = FA@Y YH )07- 0, (VON).
(ii) Verity that (F$7)< Fay.(ii) Show by induction that V® is the sum of the spaces V2,
(iv) Finish the proof of the lemma, using (i) and (ji) to deduce that both

sums are orthogonal splittings. o

All the subspaces in these splittings are invariant by the action of the
symplectic group Sp2,C, as well as the action of the symmetric group S,. In
particular, we see that

Sash= VO rey = Imley VO + V®) 77)
Exercise 17.18%. () Show that if s> n, then M'V@ V@*-" is contained inLr ¥AVE"), and deduce that $ 4)(V) = Oil Ayu is not 0.

{i} Show that S.4,(V)is not zero if 2,4, = 0.
For any pair of integersI from (1, .-.d), define

9, =p 0.0: VO VE,
From what we have seen, 1 is the intersection of the kernels of all these

endomorphisms. Note that the endomorphism of V® determined by any
symplectic automorphism of V not only commutes with all permutations of
the factors &, but also commutes with the operators 9,. We need a fact which
is proved in Appendix F.2:

Invariant Theory Fact 17.19. Any endomorphism of V® that commutes with
all permutations in S, and all the operators 9, isa finite C-inear combination

Of operatorsof the form A @-""® A, for A € Sp,
Now let B be the algebra of all endomorphisms of the space V that

are C-linear combinations of operators of the form A @--: @ A,for Ae SpasC-
Proposition 17.20. The algebra B is precisely the algebra ofall endomorphisms
of V commuting with all pernaitations in S.

Proor. IfF isan endomorphism of V commuting with all permutationsof+ seat than the andamarnhiem F of V% that is F on the factor V and
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zero on the complementary summand J., ¥,(¥#") is an endomorphism
that commutes with all permutations and all operators 9). The fact that F
is a linear combination of operators from the symplectic group (which we
‘know from Fact 17.19) implies the same for F. o

Corollary 17.21. The representations S.,(V)are irreducible representations ofSpi,C
Proor. Since Bis the commutator algebra to A = C[S,] acting on the space
V, Lemma 6.22 implies that (V)-c, isan irreducible B-module. But we
have seen that (V‘®)-c, = Sci)¥, and the proposition shows that being
irreducible over B is the same as being irreducible over Spa,C. o

Exercise 17.22. Show that the multiplicity with which S.,,(V) occurs in ¥is the dimension m, ofthe corresponding representation V, of Sy

‘As was the case for the Weyl construction over GLC, there are general

formulas for decomposing tensor products ofthese representations, as well as
restrictions to subgroups Sp,,-€, and for their dimensions and multiplicities
of weight spaces. We postpone these questions to Lecture 25, when we will

have the Weyl character formula at our disposal.
[As we saw in Lecture 15 for GLC; itis possibie to make a commutative

algebra which we denote by S© = $(1) out of the sum ofall the irreducible

representations of Sp.,€, where V = C™is the standard representation. Prob-
ably the simplest way to do this, given what we have proved so fa, isto start
with the ring

AV,n) = SymVONVONVO-ONV)

=D, Sym(NV) @-~- @ Syme) @ Syme(V),

the sum over all n-tuples a = (a,,...,4,) of non-negative integers. Define a

ring $'(V,n) to be the quotient of 4°, n) by the ideal generated by the same
relations as in (15.53). By the argument in §15.5, the ring $'(V,n)is the direct
‘sum ofall the representations $,(V) of GL(V}, a 2 varies over all partitions

with at most n parts.

‘The decomposition V4 = V® @W of (17.12) determines a decom-
position Vc, = Vc, @ Wc, which is a decomposition

SAV) = Sa(M Olav)

of representations of Sp,,€. We claim that the sum J = @,Jcy(V) is an
ideal in S'(V,n) = @, Sil). This is easy to sce using weights, since Jc,,(V)
is the sum ofall the representations in $,(V) whose highest weight is strictly

smaller than 2. This implies that the image of J,,,(V)® 8,(V) in S4,4(V) is
4 sum of representations whose highest weights are less than 2+ $0 they
aust bein Jea.(V).

The quotient ring i, therefore, the ring $°(V)we were looking for:
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50 = SUM = PSa)
In fact, the idealJ“ is generated by elements ofthe form x » y, wherex € N'V,i-<n—2,and /is the element in A*V corresponding to the skew form Q. An
‘oulline of the proofis sketched at the end of Lecture 25. The calculations, aswellas other constructions ofthe ring, can be found in [L-T], where one can
also find a discussion of functorial properties of the construction. For bases,

see (DC-P], [L-M-S], and [M-S]



LECTURE 18

Orthogonal Lie Algebras

In this and the following tw. lectures we cary out forthe orthogonal Lie algebras

what we have already done ithe special linear and symplectic eases. Asin those eases,
we start by working out iv general the structure of the orthogonal Lie algebras,
Gescribing the roots, root spaces, Weyl group, etc, and then go to work on low

dimensional examples. Therefsne new penotenon her:as it turns out all thre ofthe
Lie algebras we deal with in §18,2 are isomorphic to symplectic or special linearLie algebras we have already analyzed (this will be true ofsogC as well, but of no other

orthogonal Li algebra) As inthe previous cases, the analysis ofthe Le algebras and
their representation theory will be completely elementary. Algebraic gcometty does

intrude into the discussion, however we have described the isomorphism between the
orthogonal Lie algebras discuseed and special linear and symplectic ones in terms of
Projectve geometry since that is whal seems tous most natural. This should not be

A problem; there ace many other waye of descrbing these omorphioms, and readers
who disugree with our choice ean substitute their own,

$18.1: $0,C and 2046
18.2; Representations of ¢93C, e04C, and 604

§18.1. SO,,C and s0,,C

We will take up now the analysis of the Lic algebras of orthogonal groups.
Here there is. as we will see very shortly, » very big difference in behavior
between the so-called “even” orthogonal Lic alycLias $0,,€ and the “odd”

orthogonal Lie algebras +0,,,,. Interestingly enouyh, the latter seem at first
glance to be more coipiicated, especially in terms of notation; but when we
analyze their representations we sec “hat in fact th y behave more regularly
‘than the even ones. In any event,we wll try to carry out the analysisin parallel
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fashion for as long as is feasible; when it becomes necessary to split up into
‘cases, we will usually look at the even orthogonal Lie algebras first and then
consider the odd,

Let V be a m-dimensional complex vector space, and

O:VxV4e

‘a nondegenerate, symmetric bilinear forin on V. The orthogonal group SO,C
is then defined to be the group of automorphisms A of V of determinant 1

preserving Q—that is, such that Q(Av, Aw) = Q(v, w) for all v, we V—and the
orthogonal Lie algebra so,,C correspondingly consists of endomorphisms
A: VV satistying

Q(Av, w) + Qto, Aw)=0 (18.1)
for all vand we V. As in the case of the symplectic Lie algebras, to carry out

‘our analysis we want to write Q explicitly in terms of a basis for V, and here
is where the cases of even and odd m first separate. In case m = 2nis even, we
will choose a basis for V in terms of which the quadratic form Q is given by

lei sn) = Oleisw e) = 1

and

Ole,e)=0 ifj#itn.

The bilinear form Q may be expressed as

Ole») = Moy,

where M is the 2n x 2n matrix given in block form as
01Me (, )

the group SO;,C is thus the group of2n x 2n matrices A satisfying
M='A-M’A

and the Lie algebra s0,,€ correspondingly the space of matrices X satisfying
the relation

'X°M + M-X =0.

‘Writing a 2n x 2n matrix X in block form as

ABxe (2 )
we have

‘CAXM =w-(5 4)
and
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cD)

so that this relation is equivalent to saying that the off-diagonal blocks B and
C of X are skew-symmetric, and the diagonal blocks A and D of X are negative
transposes of each other.

Exercise 18.2, Show that with this choice of basis,

a 0 .
s,0-{(0 2)}se.

and s0,€ =.

The situation in case thedimensionm of V is odd is similar, ifa little messier.To begin with, we will take Q to be expressible, in termsofa basis €,,..-s€an41for ¥, by

Qe esa) = Deiter) =1 fort sis;

Qlernst Czas) = 5
and

Qle,,€)) = 0 for all other pairs i,j

The bilinear form Q may be expressed as
Q(x, y) =e Moy,

where M is the (2n + 1) x (2n-+ 1) matrix
a

M={1,[0[0

otolt

(the diagonal blocks here having widths n, n, and 1). The Lie algebra s02—4;C
is correspondingly the space of matrices X satisfying the relation ‘XM +
M-X =0; if we write X in block form as

A|BIE

x=| c[p|F |,

Grails

then this is equivalent to saying that, as in the previous case, B and C are
skew-symmetric and A and D negative transposes of each other; and in addition

E=-'H,F = ~'G, and J =0.
With these choices, we may take as Cartan subalg-bra—in both the even

and odd cases—the subalgebra of matrices diagonal in this representation."

" Note that if we had taken the simpler chooe of ©, with M the identity marx, the Lie algebrawould have consisted of skew-symmetric matrices, and there would have been no nonzero
diagonal matrices in the Lie alecbva
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The subalgebra fis thus generated by the n 2n x 2n matrices Hy = E, —
Egsinvi Whose action on V isto fix e,, send e,,, to its negative, and Kill all the
remaining basis vectors; note that this is the same whether m = 2n or 2n + 1.

We will correspondingly take as basis for the dual vector space * the dual
basis L), where <L), H,) = 5,

Given that the Cartan subalgebra of s0,,€ coincides, asa subspace ofs12,€,
with the Cartan subalgebra of sp,,C, we can use much of the description of
the roots of sp2,€ to help locate the roots and root spaces of s0,4C. For
example, we saw in Lecture 16 that the endomorphism

X= Ej Entiat © P20

is an eigenvector for the action ofh with eigenvalue L, — L,. Since X,, is alsoan element of s0,4€;, we see that L, — Lys likewise a root of $024, with root
space generated by X,,. Less directly but using the same analysis, we find that
the endomorphisms

Yi = Fonts — Enns

and

25 = Enis Entit

are eigenvectors for the action of , with eigenvalues Ly + L, and —Ly — Ly
respectively (note that ¥,, and Z,,, do not coincide with their definitions in
Lecture 16). In sum, then, the rootsof the Lie algebra s0,,€ are the vectors{thi t Lhe b*

‘The case of the algebra 0344, is similar; indeed, i! the eigenvectors for
the action of h found above in s0,,€, viewed as endomorphisms of €2*"", are
likewise eigenvectors for the action of on 02,4, €. in addition, we have the
endomorphisms

Up = Exansr ~ Exesinti

and

Ve = Enstansr ~ Exess
which are eigenvectors with eigenvalues +L, and — L,, respectively. The roots
Of 802941€ are thus the roots +L; + L; of $029, together with additional
roots +L;

We note that we could have arrived at these statementswithout decompos-ing the Lie algebras s0,.C: the description (18.1) of the orthogonal Lie algebra
may be interpreted as saying that, in terms of the identification of V with V*

given by the form Q, sog€ is just the Lie algebra of skew-symmetric enclo-
morphisms of V (an endomorphism being skew-symmetric if itis equal to

‘minus its transpose). That is, the adjoint representation vf 50, is isomorphic
to the wedge product (PV. In the even case m = 2n, since the weights of V are
+L, (inasmuch as the subalgebras h < End(V) coincide, the weights of V must

likewise be the same for s0,,C as for sp2,C), it follows that the roots of s0,C
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are just the pairwise distinct sums +L, + Ly In the odd case m = 2n + 1, we
see that e245: € V is an eigenvector for the action of § with eigenvalue 0, so
that the weights of the standard representation V are {+L;} U {0} and the
weights of the adjoint representation correspondingly (4 L; + Lj} U {+ Ly}.

Exercise 18.3, Use a similar analysis to find the roots of sp,C without explicit
calculation.

To make a compisison with the Lie algebra sp,,C,we can say that the rootdiagram of 802.€ looks like that of sp24€ with the roots +2L, removed,
‘whereas the root diagram of 503441 looks like that of sp,4 with the roots
£2L, replaced by +L;. Note that this immediately tells us what the Weyl
‘BrOUpS are: first, in the case of 50,4, the Weyl group is the same as that of
SP2gC!

14 ZY+B, Sh

In the case of $02,C, the Weyl group is the subgroup of the Weyl group of
sP2,€ generated by reflection in the hyperplanes perpendicular to the roots

+L; + Ly, without the additional generator given by reflection in the roots
£L,. This subgroup still acts as the full symmetric group on the set of

coordinate axes in 5*; but the kernel ofthis action, instead of acting as ++ on
each of the coordinate axes independently, will consist of transformations of

determinant 1; ie, will act as —1 on aneven number of axes. (That every suchtransformation is indeed in the Weyl group is easy to see: for example,

reflection in the plane perpendicular to L, + 1,; followed by reflection in the
plane perpendicular to L, — L; will send L; to Lj, Lj to ~Lj, and Ly to Ly
for k # i, j.) Another way to say this is that the Weyl group is the subgroup

of the Weyl group of sp, consistingof transformations whose determinantagrees with the sign of the induced permutation of the coordinate axes; so that
while the Weyl group of spz4C fits into the exact sequence

1-+(Z/2) + BWyy,6+ Se 1,

the Weyl group of s0,4C has instead the sequence

14(Z2Y"! + By,,,0-+ Se -¥

We can likewise describe the Weyl chambers of s0,,€ and 603,4,€ by

direct comparison with sp,,C. To start, to choose an ordering of the roots
We take as linear functional on b* a form [= cH, +--+ CylHly, where

6 > ¢3 > "+" > > 0. The positive roots in the case of$02.4,€ are then
R= (byt high {Lim Lijicit Lhe

whereas in the case of 50,4 we have

RY = {Ly + Lhd (Li Lies

The primitive positive roots are
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Dy = yy Ly — Lay eony byes = by by for $0446
Ly = bgy by — bgp ooey Lye ~ by Lynn + Ly f0r 6034C.

In the first case, the Weyl chamber is exactly the same as for sp,,C, namely,
for m = 2n +1,

W =(Labya, 2a; >" 24,> 0}
since the roots are the same except for the factor of2 on some. In the case of'80,C, since there is no root along the line spanned by the L,, the equality
a, = 0 does not describea face of the Weyl chamber; however, since L,_, + Ly
is still a root (and a positive one) we still have the inequality a,-, + a, > 0in
W, so that we can write, for m = 2n,

W = {Sabi a, > a, > "+ 2 ay > 1a}.

(Note that in the case of s0,€ we could have chosen our linear functional
La cyHy +0 + eH, with cy >c; >"> —c,>0; the ordering of the
roots, and consequently the Weyl chamber, would still be the same.)

As for the Killing form, the same considerations as for the symplectic case

show that it must be, up to scalars, the standard quadratic form: BH, H,) =

6,,. (This was implicitin the above description of the Weyl group.) The explicitcalculation is no more difficult, and we leave it as an exercise:

((4n—2)S ab, ifm=2n+1BY aH, YH) = {im ~4)Eqh, itm =2n
Next, to describe the representations of the orthogonal Lie algebras we

have to determine the weight lattice in h*; and to do this we must, as before,
locate the copies s, of st,€ corresponding to the root pairs +a, and the
corresponding distinguished elements H, of h. This is so similar to the case of
‘5P2aC that we will leave the actual calculations as an exercise; we will simply
state here the results that in s0,,€ for any m,

{i) the distinguished copy s,,-,, of slzC associated to the root L,~ Ly
is the span of the root spaces q,,-1, = C°X),j 9-1-1, = ©° Xj, and their

commutator [X;,, Xi] = Eyy ~ Ey.j + Easiness ~ Envicnsir With distinguished
element H,-1, = H; — H, (this is exactly as in the case of sp,_C);

(ii) the distinguished copy s,,42, of sl, associated to the root L, + Ly
is the span of the root spaces fis, =" ¥.y Q-t-1, = C*Z,, and their
commutator [¥.p Zij) = — Bist Ey Basins + Enstant = —Hi~ Hy
with distinguished element H,,,., = Hy + H, (60 that we have also H_y,-., =
—H, — Hj); and in the case of 803,,,C,

(iii) the distinguished copy ,, of sl, associated to the root L, is the spanof the root spaces q,, = €- U,, g-., = €-¥; and their commutator [U,, 4] =
CEL ants — Exettnsis Entiantt ~ Exnec) = — Ho with distinguished element

H,, = 2H, (so that H_,, = —2H, as well).

Exercise 18.4, Verify the computations made here.
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Again, the configuration ofdistinguished elements resembles that of sp,
closely; that of s0.,41€ differs from it by the substitui‘on of +24, for +H,
whereas that of s03,€ differs by the removal of the 4:H. The effect on the
Weight lattice is the same in either case: for both even and odd orthogonal Lie
algebras, the weight lattice Ay is the lattice generated by the L, together with

the element (Ly + °°" + L,)/2.
Exercise 18.5. Show that

zp ifm=2n+1

Aw/Mn= 4 Z/4 ifm = 2n and nis odd
(2227/2 ifm=2mand nis even.

§18.2. Representations of so, so,C, aud so,C

To give some examples, start with the case n = 1. Of course, s0,€ = C is not

semisimple, The root system of50,on the other hand, looks like that of st, C:

—e——_}
by ° Bo.

This is because, in fact, the two Lie algebras are isomorphic. Indeed, like the

symplectic group, the quotient PSO,€ of the orthogonal group by its center
can be realized as the motions of the projective space PV preserving isotropic
subspaces for the quadratic form Q; in particular, this means we can real-
ize PSO,C as the group of motions of PY =P"? carrying the quadric
hypersurface

@ = {Lv}: Qe, v) = 0}

into itself. In the first case of this, we see that the group PSO, is the group

‘of motions of the projective plane P? carryinga conic curve C < P? into itselfBut we have seen before that this group is also PGL3C (the conic curve is

itself isomorphic to P!, and the group acts as its full group of automorphisms),
giving us the isomorphism 50, ~ sl,C. One thing to note here is that the
“standard” representation ofs04C is not the standard representation of st,
but rather its symmetric square. In fact, the irreducible representation with

hhighest weight } L, is not contained in tensor powers of the standard represen
tation of oC. This will turn out to be significant: the standard representation
of sl,€, viewed as a representation of s05€, is the first example of a spin
representation of an orthogonal Lie algebra.

The next examples involve two-dimensional Cartan algebras. First we have
so4C, whose root diagram looks like
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itesx | tthe
whyDXfits

Note one thing about this diagram: the roots are located on the union of
two complementary lines. This says, by Exercise 14.33, that the Lie algebra
504 is decomposable, and in fact should be the sum of two algebras each of
whose root dingrams looks ike that of sC; explicitly, s04C is the direct sum

of the two algebrass,, for a= Ly + Lz and a= Ly ~ La. In fact, we can seethis isomorphism

s04€ & sl € x sh3C, (186)

as in the previous example, geometrically. Precisely, we may realize the group
PSO,C = SO,C/{ £1} as the connected component of the identity in the

group of motions of projective three-space P? carrying a quadric hyper-
surface Q into itself, But a quadric hypersurface in P* has two rulings by

Tines,and these two rulings give an isomorphism of @ witha product P! xP"

PSO,C thus acts on the product P! x P!;and since the connected component
of the identity in the automorphism group of this variety is just the product
PGL,C x PGL,C, we get an inclusion

PSO,C-+ PGL,€ x PGLC.

Another way of saying this is to remark that PSO,C acts on the variety of

isotropic 2-planes for the quadratic form Q on V; and this variety is just the
disjoint union of two copies of P!. To see in this case that the map is an



§18.2. Representations of 0,C, s0,€, and sos 28

isomorphism, consider the tensor product V = U @ W of the pullbacks to

sl,C x sl,C ofthe standard representations of the two factors. Clearly the
action on P(U ® W) will preserve the points corresponding to decomposable
tensors (that is, points of the form [u@ w])}; but the locus of such points is
just a quadric hypersurface, giving us the inverse inclusion of PGL,C x
PGL,C in PSO,C.

Tn fact, all of this will fall out of the analysis of the representations of so,C,iff we just pursue it as usual.To begin with, the Weyl chamber we have selectedlooks like .

» fae,

Now, the standard representation has, as noted above, weight diagram

>maar ‘

with highest weight L, (note that the highest weight ofthe standard represen-
tation lies in this case in the interior of the Weyl chamber, somethirig of an
anomaly). Its second exterior power will have weights +L; +1. and 0
(occurring with multiplicity 2), ie, diagram
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We see one thing about this representation right away, namely, that it cannot
be irreducible. Indeed, the images of the highest weight L, + Ly under the
Weyl group consist just of (Ly + La),80 that the diagram of the irreduciblerepresentation with this highest weight is

We see from this that the second exterior power AV of the standard

representation of s04€ must be the direct sum ofthe irreducible represen-

tations W, =i, and W,=Ty,-1, with highest weights L, +L, and
L, — Ly. Since A*V is at the same time the adjoint representation, this says

that 60,C itself must bea product of Lie algebras with adjoint representationsTaye, and ly -1,)

‘One way to detive the picture of the ruling of the quadric in P? from this,
decomposition is to view so,€ as a subalgebra of slyC, and the action of
PSO,C on P(A?V) as a subgroup of the group of motions of P2(\7V) = PS
preserving the Grassmannian G = G(2, V) of lines in P%, In fact, we see from

the above that the action of PSO, on P*will preservea pair ofcomplementary2-planes PW, and PW,,; it follows that this action must carry into themselves
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the intersections ofthese 2-planes with the Grassmannian. These intersectionsare conic curves, corresponding to one-parameter families of lines sweeping
out a quadric surface (necessarily the same quadric, since the action of SO,C

on preserves unique quadratic form; thus, the two rulings of the quadric.

Pw Pw;

_

G=cam

Note one more aspect of this example: as in the case of s0,€ % slyC, the

weights of the standard representation of s0,€ do not generate the weight
lattice, but rather a sublattice Z{L,, L,} ofindex 2 in Ay. Thus, there is no

way of constructing all the representations of so, by applying lineat- or
multilinear-algebraic constructions to the standard representation; itis only
aller we are aware of the isomorphism so, % sl;C x slC that we can
construct, for example, the representation Ty,+1,y2 with highest weight
(Ly + L,)/2 (of course, this is just the pullback from the first factor of
sl€ x slyC of the standard representati-n of s1,€).

‘We come now to the case of s05€, which is more interesting. The root
diagram in this case looks like

xt
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{as in the preceding example, the weight lattice is the lattice of intersections

of all the lines drawn). The first thing we should notice about this diagram is
that it is isomorphic to the weight diagram of the Lie algebra sp4C; the

diagram just appears here rotated through an angleof 7/4. Indeed, this is notaccidental; the two Lie algebras sp. and s04C are isomorphic, and it is
riot hard {0 construct this isomorphism explicitly. To see the isomorphism
geometrically, we simply have to recall the identification, made in Lecture
14, of the group PSp,C with a group of motions of P*, There, we saw
that the larger group PGL4C could be identified with the automorphisms
of the projective space P(A?V) = P* preserving the Grassmannian G =
GQ, 4) < PUY). The subgroup PSp,C© PGL,C thus preserves both theGrassmannian G, which is a quadcic hypersurface in PS, and the decompos-tion of AV into the span CQ of the skew form Qe \?¥* = A'V and its
complement 1, and so acts on PIV carrying the intersection G, = Gn PW
into itself. We thus saw that PSp,C was a subgroup of the group of motions
of projective space P* preserving a quadric hypersurface, and asserted that in
fact it was the whole group.

(To see the reverse inclusion directly, we can invoke a little algebraic

geometry, which tells us that the locus of isotropic lines for a quadcic in P* is
isomorphic to P?,so that PSOsC acts on P?, Moreover, this action preserves
the subset of pairs of points in P? whose corresponding lines in P* intersect,
which, for a suitably defined skew-symmetric bilinear form 0, is exactly the
set of pairs (Lv], [W]) such that O(», w) = 0, so that we have an inclusion of
PSO,C in PSp,C)

Let us proceed to analyze the: representations of sos as we would
ordinarily, bearing in mind the isomorphism with sp,C. To begin with, we
draw the Weyl chamber picked out above in

As for the representations of so,C, we have (o begin with the standard, which
has weight diagram
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be
This we see corresponds to the representation W = A?V/C-Q of sp,€. Next,
the second exterior power of the standard representation ofso, has weights

peehy

This is of course the adjoint representation of sosC; it is the irreducible
representation with highest weight L + Ly. Note that it corresponds to the
symmetric squareSym*Vof the standard representation ofsp, (see Exercise
16.8).

Exercise 18.7. Show that contraction with the quadratic form Q ¢ Sym*V*
preserved by the action of sos induces maps

‘9: Sym*V + Sym*"?V,

‘Show that the kernel of this Coustraction is exactly the irreducible representa-
tion with highest weight a-L,. Compare this with the analysis in Exercise
1611
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Exercise 18.8. Examine the symmetric power Sym*(/\?V) of the representation
/2V. This will contain a copy of the irreducible representation Pyu,+14j; What

else will it contain? Interpret these other factors in light ofthe isomorphism
£05€ = p,C.

Exercise 18,9, For an example of a “mixed” tensor, consider the irreducible

representation Ty, ,1,- Show that this is contained in the kernels of the wedge
product map.

oO VONV AV

and the composition

O:VONV+VE@NV SY,

where the first map is inducedby the isomorphism 0: V+ V* and the second
is the contraction V*@ A? — V. Is it equal to the intersection of these
kernels? Show that the weight diagram of this representation is

SRM IRS

After you are done with this analysis, compare with the analysis given of the
corresponding representation in Lecture 16.

Note that, as in the case of the other orthogonal Lie algebras studied so
far (and as is the case for all s0,,C), the weights of the standard representation
donot generare the weight lattice, but only the sublatticeof index two generatedby the L,. Ths, the tensor algebra of the standard representation will contain
only one-halfof all the irreducible representations of so,€. Now, we do knowthat there are others, and even something about them-—for example, we see
in the following exercise that the irreducible representation of sos with

highest weight (Ly + L3)/2 is. sort of "symmetric square root” ofthe adjoint
representation:

Exercise 18.10. Show, using only root and weight diagrams for sosC, that the
‘exterior square /?V of the standard representation of sosC is actually the
syuimetric square of an irreducible representation
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‘We can also describe this irreducible representation via the isomorphism

of sosC with sp,C: it is just the standard representation of sp,C on C*. We
do not at this point have, however, a way of constructing this representation
without invoking the isomorphism. This representation, the representation of

0€ with highest weight L1/2, and the representation of s04€ with highest
weight (L, + L3)/2 discussed above are called spin representations of the
corresponding Lie algebras and will be the subject matter of Lecture 20.



LECTURE 19

80,C, $0,C, and so,,C

‘This lecture is analogous in content (and prerequisites) to Lecture 17: we do some

more low-dimensional examples and then describe the general picture of the represen-
tations of the orthogonal Lie algebras. One difference is that only half the irreducible
representationsofs0,C lien the tensor algcbra ofthe standard, to complete the pictureofthe representation theory we have to construct the spin representations, which is
the subject matter of the following lecture, The first four sections are completely

elementary (except possibly for the discusion of the isomorphism sagC > sl4C in
5191); the lat section assumesaknowledgeof Lecture 6 and §15.3, but can be skippedby those who did not read those sections.
$19.1: Representations of so,C
§192: Representations of the even orthogonal algebras
$19.3: Representationsof so,§19.4: Representations of the odd orthogonal algebras$1955: Wey's construction for orthogonal groups

§19.1. Representations of so,C

We continue our discussion of orthogonal Lie algebras with the example of
s0¢C. First, its root diagram:
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batty
re

1 Lythy
le

¢ byt
1

L
* ep -Ly

‘Once more (and for the last time), we notice a coincidence between this and

the root diagram of a Lie algebra already studied, namely, sl,C. In fact, the
two Lie algebras are isomorphic. The isomorphism is one we have already
observed, in a sense: in the preceding lecture we noted that if V is a four-

dimensional vector space, then the group PGL,€ may be realized as the

connected component of the identity in the groupof motions of P(\*V) = BScarrying the Grassmannian G = G(2, 4) < P(A*V) into itself, and PSpyC <
PGL,€ the subgroup fixing a hyperplane PW = P* c PS. We used this to
identify the subgroup PSp,C with the orthogonal group PSO,C; at the same
time it gives an identificationof the larger group PGL,C with the orthogonal
group PSO,C.

Even though so¢C is isomorphic to a Lie algebra we have already examined,

itis worth going through the analysis of its representations for what amounts
to a second time, partly so as to understand the isomorphism better, but
mainly because we will see clearly in the case of sog€ a number of phenomena
that will hold true of the even orthogonal groups in general. To start, we draw
the Weyl chamber in h*:

1S

1 mob

L a basta ty

As usual, we begin with the standard representation, which has weights
+L,, corresponding to the centers of the faces of the cube:
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i abs

m Faas i

ee ret

el
“7 *

‘Note that the highest weight L, once more lies on an edge of the Wey! chamber
(the front edge, in the diagram on the preceding page). Observe that the

standard representation ofsogC corresponds,as we have already pointed out,to the exterior square of the standard representation of s1,C.

Next, we look at the exterior square /\?V of the standard representationof sogC. This will have weights +L; + L, (of course, it is tie adjoint represen-
tation) and so will have weight diagram.

<a4

oon. /LAN
‘Note that the highest weight vector L, + 1.. of this representation does not
lie on an edge of the Weyl chamber, but rather in the interior of a face (the
‘back face, in the diagram above). In order to generate all the representations,
‘we still need to find the irreducible representations with highest weight along,
the remaining two edges of the Weyl chamber.
We look next at the exterior cube /\*V of the standard representation. The

weights here are the eight weights +L, + L, + Ly, each taken with multi-
plicity one, and the six weights + L,, each taken with multiplicity 2, as in the
diagram

ig tetas
'
| ©
a

®| | ®
®
'

eee eee Cree
x ®
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Now, we notice something very interesting: this cannot be an irreducible

representation, We can see this in a number of ways: the images of the weight
L, + Lz + Lyunder the Weyl group, for example, consist ofevery other vertex
Of the reference cube; in particular, their convex hull does not contain the

remaining four vertices including L, + Ly — Ly. Equivalently, there isno way
to go from L, + Ly + Ly to Ly + Ly — Ly by translation by negative root
vectors. The representation /°V will thus contain copies of the irreducible

representations Ty, 41,41, aNd Tr, 1,-1, With highest weights L, + Ly + Ls
and Ly + Ly — Ls, with weight diagiams

Lytegtey

“AT s
NG by

AEN
ee

and

a Lytle by

Since the weight diagram of each of these is a tetrahedron containing the

weights +t L;, we have accounted for all the weights of (V and so must have
a direct sum decomposition

OV = Vig etyets ® Tay stanny
We can relate this direct sum decomposition to a geometric feature of a

‘quadric hypersurface in PS, analogous to the presence of two rulings on a
‘quadric in P?, We saw before that the locus of lines lying on a quadric
surface in P? turns out to be disconnected, consisting of two components
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each isomorphic to P' (and embedded, via the Pliicker embedding of the
Grassmannian G = G(2, 4) of lines in P® in P(\?C) = P*, as a pair of conic

ccurves lying in complementary2-planes in P5), Ina similar fashion,the varietyof 2-planes lying on a quadric hypersurface in P turns out to be disconnected,
consisting of two components that, under the Pliicker embedding of G(3, 6)
in P(\C*) = P'?, span two complementary 9-planes PW, and PW,; these
‘two planes give the direct sum decomposition of *V as an s0,C-module,

In fact, if we think of a quadric hypersurface in P? as the Grassmannian
G = G(2, 4) of lines in P®, we can see explicitly what these two families of
2-planes are: for every point p€ P® the locus of lines passing through p forms

‘2 2-plane on G, and for every plan: H < P? the locus of lines lying in H is a
2plane in G. These are the two families; indeed, in this case we can go two
steps further. First, we see from this that each of these families is para-
‘metrized by P, so that the connected component PSO,€ of the identity
in the group of motions of P5 preserving the Grassmannian acts on P?,
giving us the inverse inclusion PSO,C c PGL€. Second, under the Pliicker

embedding each of these families is carried into a copy of the quadratic
Veronese embedding of P® into P?, giving us the identification of the direct
sum factors ofthe third exterior power of the standard representation of s0g€
swith the symmetric square of the standard representation of s1,€.

Exercise 19.1. Verify, without using the isomorphism with svgC and the

analysis above, that the standard representation V of si,C satisfies
ARV) = Sym?¥@ Sym?V*.

Note that we have now identified,in erms of tensor powers ofthe standard

one, irreducible representations of sogC with highest weight vectors Ly,
L, + Ly + Ly and Ly + Ly ~ Ly lying along the edge of the Weyl chamber,
as well as one with highest weight L + Ly lying in a face. We can thus find

irreducible representations with highest weight 7, ifnot for every yin Ay 0,
at least for every weight 7 in the intersection of #” with a sublattice of index
Din Ay,

§19.2. Representations of the Even

Orthogonal Algebras

We will not examine any further representations of sogC per se, leaving it as

an exercise to do so (and to compare the «sults o the corresponding analysis
for si,€). Instead, we can now describethe general pattern forrepresentations
of the even orthogonal Lie algebras s0,,C. The complete story will have to
wait until the following lecture, since at present we cannot construct all the

fepresentations of 80,4 (as we have pointed out, we have been able to do so
in the cases n = 2 and 3 studied so far only by virtue of isomorphisms with
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other Lie algebras; and there are no more such isomorphisms from this point
on). We will nonetheless give as much of the picture as we can.
To begin with, recall that the weight lattice of s0,,C is generated by

Ly,..., L, togetherwith the further vector (L, +--+ + L,)/2. The Weyl cham-ber, on the other hand, is the cone

WwW ={Y alia, >a, 2° > £a,}.
Note that the Weyl chamber is a simplicial cone, with faces corresponding
to the n planes a, =a, ..., @,-, =a, and a,_, = ~a,; the edges of the
‘Weyl chaniber ure thus the rays generated by the vectors Ly, Ly + La, -.-5
Ly tort Lyn, Ly toe +L, and Ly ++ + Lyy— L, (note that Ly +

+ L,- is not on an edge of the Weyl chamber). We see from this that, as

in every previous case, the intersection of the weight lattice with the closed
Weyl cone is a free semigroup generated by fundamental weights, in this case
the vectors Ly, Ly + L2,.-., Ly +*"* + L,-2 and the vectors'

aa(Lyte + L,2 and B= (Ly +--+ Ly ~ L,V2
‘As before, the obvious place to start to look for irreducible representations

is among the exterior powers of the standard representation. This almost
works: we have

‘Theorem 19.2. (i) The exterior powers \*V of the standard representation V of
80,,€ are irreducible for k = 1, 2, ...,m ~ 1; and (ii) The exterior power N'V
has exactly two irreducible factors.

Proor, The proof will follow the same lines as that of the analogous theorem

for the symplectic Lie algebras in Lecture 17; in particular, we will start by
considering the restriction to the same subalgebra as in the case of sp24C-

Recall that the group Sp,,C ¢SL,,C of automorphisms preserving
the skew form Q introduced in Lecture 16 contains the subgroup G of
antomorphisms of the space V = C2" preserving the decomposition
V = Ce, .-.5€g} @ Cfegsry +++»Can) acting as an arbitrary automorphism
on the first factor and as the inverse transpose of that automorphism on the
second factor; in matrices

xX 0
= x -

In fact, the subgroup SO,,C c SL;,€ also contains the same subgroup; we
have, correspondingly a subalgebra

"To conform to standard conventions, with simple rots 6 = fy ~ Lys for sm 1y and

a= Ly + Ly t0 have o{ll,) = the fundamental weights, shout be put inte order:
OnLybk bylor lst s'n~ Qo

Op AL ey LV aaytt LD
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s- {6 “ Ae ach 60,6
isomorphic to sl,C.

Denote by W the standard representation of s{,C. As in the previous case,
the restriction ofthe standard representation V of ¢0,4€ to the subalgebra s
then splits

v-wews

into a direct sum of W and its dual; and we have, correspondingly,

Nv= @ uewenwr
‘We also can say how each factor on the right-hand side of this expression
decomposes as a representation of sl,C: we have contraction maps

Vy MW@ NWA MW @NOWs,
and the kernel of '¥,,, is the irreducible representation W with highest
weight 2Ly +-*+ + 2L,+ Lyyy + °° + Ly. The restriction of A'V to 5 isthus given by

NV = wen,

oh,
where the actual highest weight factor in the summand WM’ is the
vector

WM eno N EA Cageggy AoA Og A OE NE

FEA AA eanben RA ag A (SUE A bya

‘Now, all the vectors w'*-” have distinct weights; and it follows, asin Exercise
17.7, that any highest weight vector for the action of 803,€ on A'V will ea
scalar multiple of one of the w'*". It will thus suffice, in order to show ihat
/'V isirreducibleas representation ofs0,,€ for k <n, toexhibit for each (a, b)with a+b <k <n other than (k,0) a positive root a such that the image

g,(w*") ¥ 0. This is simplest in the case a + b = k < (so there is no factor
of@ in wy just as in the case of sp24€ we have

Yorra-ver we)
= (Euetan-nen — ExnenaveniMOr AA be A Caner AA Fay)

were

40

and ¥, jis the generator ofthe positive root space 4,41,
In case a + b < k <n, we observe first that for any i andj
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YQ) = (Einrs — Ejns (Cp A rsp)

arene

#0

so that whenevera <i, j<n~b¥,fw)
SHAE A NOM eancnen AoA ag A OME NA)

FEAT AGA Canney AoA Cae A Visl(E(ep A esg))* 202)
Uk AaB) (ey Ao Neg A EA ELA Capers AA Cag A ONE)

#0.

Itisalways possible to find a pair(i,j) satisfying the conditions a < i,j <n—bsince we are assuming a + b < k <n; this concludes the proofof part (i).‘The proof of part (ii) requires only one further step: we have to check the

vectors wis" with a + b = k= nto see if any of them might be highest weight
vectors for 502,€. In fact (as the statement ofthe theorem implies), two of themare: It is not hard to check that, in fact, w°' and w-!- are killed by every

positive root space 4), .,,. To see that no other vector w®-""* js, look at theactionOF Yoya.ae2 © Bryn stan: WE have
Yorreoater)

= (Exstunvata — EnvanvariMlr A °° A CaM Cavers A“ A Can)

TELA AGG A East A Cnsaet A Enters AA Can

TELA NA basa A OnsetAoA Can
#0. a

Remarks, (i) This theorem will be a consequence of the Weyl character
formula, which will tell us a priori that the dimension of the irreducible

representation of o,4€ with highest weight L, +--+ + L, has dimension (7)
ifk <n, and half that if k =n.

(i) Note also that by the above, \"V isthe direct sum of the two irreducible
representations T,, and Ty, with highest weights 22 = Ly +--+ L, and
B= Ly +0 + Ly — Ly. Indeed, the inclusion Ty,@ Tay ¢A'V can beseen just from the weight diagram: / i” possessesa highest weight vector withhighest weight L, +--* + L,, and so contains a copy of Tq; but this repre-
sentation does not possess the weight 2f, and so \'V must contain Ty, as
well. (Alternatively, we observed in the preceding lecture that in choos-
ing an ordering of the roots we could have chosen our linear functional | =
cy Hy +: + 6,Hy with cy > cp >" > —c, > Owithout altering the positive
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roots or the Weyl chamber; in this case the weight J of (*V with I(2) maximal
would be 28, showing that Tc AV)

(ii) If we want to avoid weight diagrams altogether, we can still see that

NV must be reducible, because the action of s0,,C preserves two bilinear
forms: first, we have the bilinear form induced on /\*V by the form Q on V;
and second we have the wedge product

ONY x NV+ AMV = C,

the last map takinge, °°» ¢,4t0 I. It followsthat \*V is reducible; indeed,if we want to see the direct sum decomposition asserted in the statement of

the theorem we can look at the composition

UAV NYE OMY,

where the first map is the isomorphism given by Q and the second is

the isomorphism given by g. The square of this map is the identity, and
decomposing A'V into +1 and —I eigenspaces for this map gives (wo
subrepresentations.

Exercise 19.3*, Part (i) of Theorem 19.2 can also be proved by showing that
for any nonzero vector we MY, the linear span of the vectors X(w), for
X €50,C, is all of A'V. For these purposes take, instead of the basis we have

been using, an orthonormal basis 0, .., 0, for V = C",m = 2n,s0 Q(v, 6) =
44. The vectors vy = 0, °°" A ty, I= {iy <-* < iy), form a basis for MY,
and 0,C has a basis consisting of endomorphisms V,., p <q, which takes

0,10 0,, 0, (0 ~v4, and takes the other v, to zero. Compute the images V,«(0,),
and prove the claim, first, when w =e, for some I, and then by induction on
the number of nonzero coefficients in the expression w = ¥a,0,. For (ii) a
similar argument shows that \*V

is an irreducible representation of the groupO,C, and the ideas of§5.1 (cf. §19.5) can be used to see how it decomposes overthe subgroup SO,€ of index two.

We return now to our analysis of the representations of s0,,C. By the
theorem, the exterior powers ¥, A?¥, ..., /-?V provide us with the irredue-
ible representations with highest weight the fundamental weight alongthe firstn~2 edges of the Weyl chamber (of course, the exterior power /'V is

irreducible as well, but as we have observed, L, + °*: + L,.. isnot onan edge
of the Weyl chamber, and so A*“'V is not as useful for our purposes). For the
remaining two edges, we lave found irreducible representations with highest
weights located there, nemely the two direct sum factors of /*V; but the

highest weights of these two representations are not primitive ones; they are

divisible by 2. Thus, given the theorem above, we see that we have constructed
exactly one-halfthe irreducible representations of $0.4, n..mely, those whosehighest

weight lies in the sublattice Z(I.,,..., Ly] © s\y. Explicitly, anyweight yin the closed Weyl chamber can bee pressed (uniquely) in the form
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yea hy to + ay (Ly +o + bya)

dy g(Ly Hoe Dyag ~ Dg 2 + ag(Ley +o + Ly 2
with a, € N. Ifa,_, + a, is even, with a,_, > a, we see that the representation:

Sym" V @--- @ Sym*-2(\"7V)@ Sym*(A"""V) @Sym"? (Py9)
will contain an irreducible representation F, with highest weight y; whereas if
4, = 4,4, we will find T, inside

Sym"V @ + @ Sym*--(\-2V) @ Sym" (A""'V)@ Sym'o"*-7(P,),
There remains the problem of constructing irreducible representations T,

whose highest weight 7 involves an odd number of as and f's. To do this, we
clearly have to exhibit irreducible representations I, and T, with highest
weights « and B. These exist, and are called the spin representations of 602,C;
we will study them in detail in the following lecture. We see from the above

that once we exhibit the two representations T, and I, we will have con-
structed all the representations of so,,C. The representation I, with highest
weight 7 written above will be found in the tensor product

Sym"*V @--- @ Sym*-s(\"-7V)@ Sym*-"(T)@ Sym*(T).For the time being, we will assume the existence of the spin representationsof s0,,C; there is a good deal we can say about these representations just on
the basis of their weight diagrams.

Exercise 19.4*. Find the weights (with multiplicities) of the representations

AY, and also of Pq, zp, Te, and Fy,

Exercise 19.5. Using the above, show that I, and Ty are dual to one another
when n is odd, and that they are self-dual when 1 is even.

Exercise 19.6. Give the complete decomposition into irreducible representa~
tions of Sym?T, and A*T,, Show that

LOT, =h, OM VON“*VON VO”

Exercise 19.7. Show that

TOT <M'VEN VON VO
Exercise 19.8, Verify directly the above statements in the case of so,C, using.

the isomorphism with s1,C.

Exercise 19.9. Show that the automorphism of C?* that interchanges e, and
am, leaving the other e, fixed, determines an automorphism of so,,€ that

preserves the n—2 roots Ly — Ly, ..y Ly-2—L,-1 and interchanges
L,-1 — L, and L,-, + L,. This automorphism takes the representation V to.
itself, but interchanges I, and Ty,
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§19.3. Representations of s0,C

While we might reasonably be apprehensive about the prospect of a family of
Lie algebras even more strangely behaved than the even orthogonal algebras,
thereis some good news: even though the roots systems of the odd Lie algebras
appear more complicated than those of the even, the representation theory of
the odd algebras is somewhat tamer. We will describe these representations,
starting with the example of so,C; we begin, as always, with a picture of the
root diagram:

r

or ener ia Lith

Syieel n>
an |
a

As we said, this looks like the root diagram for spgC, except that the roots

+2L, have been shortened to +L,. Unlike the case of s0,C, however, where
the long and short roots could be confused and the root diagram was corre-

spondingly congruent to that of sp,C, in the present circumstance the root
diagram is not similar to any other; the Lie algebra s0,C, in fact, is not
isomorphic to any of the others we have studied. Next, the Weyl chamber:

neueky

<4 - -— oe hy thy

)4
:

|nn

Again, the Weyl chamber itself looks just like that of spsC; the difference
in this picture is in the weight lattice, which contains the additional vector
(Ly + Ly + Lyy/2.
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As usual, we start our study of the representations of so, with the
standard sepresentation, whose weights are + L, and 0:

Ls

<>ty

‘Note that the highest weight L, ofthis representation lies along the front edgeof the Weyl chamber. Next, the weights of the exterior square A?V are
£L; + Ly, +L, and 0 (taken three times); this, of course, is just the adjoint

representation, Note that the highest weight L, + L, ofthis representation is
thesameas that ofthe exterior squareof the standard representation for s0C,but because of the smaller Weyl chamber this weight does indeed lie on an
‘edge of the chamber.

Next, consider the third exterior power A°V of the standard. This has
weights +L, +L, + Ls, +L,+ Lj, +L; (with multiplicity 2) and 0 (withmultiplicity 3), ie, at the midpoints of all the vertices, edges, and faces ofthe
cube:

- Lye tly

le ws
te

vet els. Lytls

Ase tr8l-——5- ‘
a

It is not obvious, from the weight diagram alone, that this is an irreducible

representation; it could be that /\°V contains a copy of the standard represen-
tation V and that theirreducible representation F, ,,+1, thus has multiplicity{on the weights +L, and multiplicity 2 (or 1) at 0. We can rule out this
possibility by direct calculation: for example, if this were the case, then \?V
would contain a highest weight vector with weight L. The weight space with
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cigenvalueL, in A°V is spanned by the tensors.e, Ae, A esande, Aes 0&6however, and if we apply to these the generators Xy.1=Ey.2— Esa

Xq,5 = Es,3 ~ Eo,s and Uy = Es, ~ Er,9 0fthe root spaces corresponding
to the positive roots Ly ~ La,Ly — Ly, and Ls, we see that

Nally Aes A ee)=C1 A€2 A Cis
Usles A e906)= er Aes Ae; #0:

Xa aley Ae: Aes) =e, A-€2 A ees

Usle, ney es) = 0.

There is thus no linear combination ofe, ae) A és and €, 0 €y A é, killedby both U3 and X;,3,showing that A? has no highest weight vector of weight
Ly

Exercise 19.10. Verify that A?V does not contain the trivial representation.

We have thus found irreducible representationsof so,C with highest weightvectors along the three edges of the Weyl chamber, and as in the case of sogC

wwe have thereby established the existence of the irreducible representationsof0,€ with highest weight in the sublattice (Ly,L2, Ly}. To complete thedescription, we need to know that the representation T, with highest weight

& = (Ly + Ly + Ly)/2exists, and what it looks like, and this time thereis noisomorphism to provide this; we will have (o wait until the following lecture.
In the meantime, we can still have fun playing around both with the represen-
tations we do know exist, and also with those whose existence is simply
asserted,

Exercise 19.11. Find the decomposition into irreducible representations of the
tensor product V @ /\?V; in particular find the multiplicities of the irreducible

representation F3y,4,, With highest weight 21, + Ly.

Exercise 19.12. Show that the symmetric square of the representation ¥

decomposes into copy of A°V and a trivial one-dimensional representation.

Exercise 1913, Find the decomposition into irreducible representations =f
Mr.

§19.4. Representations of the
Odd Orthogonal Algebras

We will now describe as much as we can of the general pattern for representa-
tions of the odd orthogonal Lie algebras £03,,,C. As in the case of the even

orthogonal Lie algebras, the proof of the existence part of the basic theorem
(14.18) (that is, the construction of the itreducible representation with given
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highest weight) will not be complete until the following lecture, but we can
work around this pretty well.

To begin with, recall that the weight lattice of50,4€ is, like that of s0,4C,generatedby Ly,..., L, together with te further vector(Ly ++ + L,)/2. TheWeyl chamber, on the other hand, is tine cone

W = (Saba,2 02° 20,20}‘The Weyl chamber is as we have pointed out the same as for sp2,C, that is,
itis a simplicial cone with faces corresponding to the n planes a, = d3,...,
4,-, =a, and a, =0. The edges of the Weyl chamber are thus the rays
generated by the vectors Ly,Ly + Lay.soy Ly +77 + byas and Ly °°" + Ly(note that L, +--+ Ly. is on an edge of the Weyl chamber). Again, the

intersection ofthe weight lattice with the closed Weyl cones a free semigroup,
in this case generated by the fundamental weights w, = Ly, , = Ly + Ly,
sess Op = Ly Ho Ly and the weight w,= a= (Ly +++ L,)/2.Moreover, as we saw in the cases of so4C and s0,C, the exterior powers of
the standard representation do serve to generate all the irreducible representa-
tions whose highest weights are in the sublattice Z (L,,...., L,}:in general we
hhave the following theorem.

‘Theorem 19.14. For k=, ..., m, the exterior power AV of the standard
represeniation V of 602944 isthe irreducible representation with highest weight

Lyte by

Proor. We will leave this as an exercise; the proof is essentially the same as in
the case of $04, with enough of 1 difference to make it interesting. =.

We have thus constructed one-halfof the irreducible representations of029,,: any weight y in the closed Weyl chamber can be written

yayLy + ay(Ly+ La) et yg(Ly +o + bya)+ gly +00 + Ly)/2
with a, € N; and ifa, is even, the representation

Sym" V @ ++@ Sym* (AMV) @ Sym™?(\"V)
will contain an irreducible representation T, with highest weight y. We are still
missing, however, any representation whose weights involve odd multiples of
4; to construct these, we clearly hae to exhibit an irreducible representation

T, with highest weight a. This exitts and is called (as in the case of the even

orthogonal Lie algebras) the spin representation of$024.4C- We see from theabove that oncewe exhibit the spin representation F, we will have constructedall the representations of $0244; for any 7 as above the tensor

Sym"V @ + @ Sym*=-1(A""'V) @ Sym**(T,)

will contain a copy of I,
{As in the case of the spin representation T, of the even orthogonal Lie

algebras, we can say some things about T even in advance of its explicit
construction; for example, we can do the following exercises.
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Exercise 19.15. Find the weights (with multiplicities) of the representations
AV, and also of Ty

Exercise 19.16. Give the complete decomposition into irreducible representa-
tions of Sym? and /?T,. Show that

LOT =NVON'VONVO ONVONY.

Exercise 19.17. Verify directly the above statements in the case of s05C, using
the isomorphism with sp4€.

§19.5. Weyl’s Construction for Orthogonal Groups

‘The same procedure we saw in the symplectic case can be used to construct
representations of the orthogonal groups, this time generalizing what we saw
directly for /'V in §§19.2 and 19.4, For the symmetric form Q on V = C*,

‘the same formula (17.9) determines contractions from V® to V®4—"), Denote
the intersection of the kernels of all these contractions by V¥". For any
partition2 = (A 2 ++" 2 dy 20) ofd, let

SV =V8OSY. (19.18)

As before, this is a representation of the orthogonal group O,€ of Q.

‘Theorem 19.19. The space Sy,,V is an irreducible representation of OC; Stay¥
nonzero if and only if the sum of the lengths of the first two columns of the
Young diagram of 2 is at most m.

‘The tensor power V% decomposes exactly as in Lemma 17.15, with every-
thing the same but replacing the symbol <d) by {1}. In particular,

SV = Vey = Iimfey: Vs VI,

Exercise 19.20. Verify that S,,V is zero when the sum of the lengths of the
first two columns is greater than m by showing that M"V @AV@ V4" #-™ iscontained in J, ¥,(V°%") when a+ b> m. Show that S,V is not zero
when the sum of the lengths of the first two colmns is at most m.

Exercise 19.21*. (i) Show that the kernel of the contraction from Sym*V to
‘Sym!"?1 is the irreducible representation Sy,V vf so4€ with highest weight
dLy

(ii) Show that

Sym'V= SV® SuaO° ® Sy-ap)"
where p is the largest integer < d/2.



$19. Wey"'s Construction for Orthogonal Groups 27

‘The proof of the theorem proceeds exactly as in §17.3. The fundamental

fact from invariant theory is the same statement as (17.19), with, of course, the
operators 3, = , ©, defined usingthe given symmetric form, and the groupSpa.C replaced by O,C (and the same reference to Appendix F.2 for the
proof). The theorem then follows from Lemma 6.22 in exactly the same way
as for the symplectic group.
To find the irreducible representations over SOC one can proceed as in

$5.1. Weyl calls two partitions (each with the sum of the firsi two column
lengthsat most m) associated if the sum ofthe lengths of their first columns is
mand the other columns of their Young diagrams have the same lengths.

Representations of associated partitions restrict to isomorphic representa-

tions of SO,€. Note that at least one of each pair of associated partitions will
have a Young diagram with at most 4m rows. If m = 2n + 1 is odd, no Ais
associated to itself, but if m = 2nis even, any A with a Young diagram with n
nonzero rows will be associated to itself, and its restriction will be the sum of

two conjugate representations of SO,,C of thesame dimension. The final result
is

‘Theorem 19.22.(i)If m= 2n + LandA = (2, > °°: & Ay 2 O)sthenSyyV is theirreducible representation of soqC with highest weight 4yLy + °°" + Agloy

(i) If m= 2n, and A= (Ay Be Ayay 2 Oh then SyyV is the irreducible
representation of s0,C with highest weight 4, Ly +" + Aghy

(ii) If m = 2n, and 2 = (Ay &*° 2 Ayg & Ay > 0), them SyaV is the sum of
two irreducible representations of $0, with highest weights AL, + °°" + AgLy
andAy Ly $00 + Ay byt Anke
Exercise 19.23. When mis odd, show that O,€ = SO,C x {£1}, Show that

itd and rare associated,then « = A @ ¢,wherecis the sign of the det: rminant.
We postpone to Lecture 25 all discussion of multiplicities of weigh spaces,

or decomposing tensor products or restrictions to subgroups.

As we saw in Lecture 15 for GL,C and in Lecture 17 forSp.,C,itis possibleto make 2 commutative algebra S!!= SMV) out of the sum of oll the
irreducible representations of SO,C, where V = C" is the standard repre-
sentation. First supposem = 2n + 1 is odd. Define the ring '(V, n) as in§15.5,which is a sum of all the representations S,(V) of GL(V) where 2 runs over
all partitions with at most 1 parts. As in the symplectic case, there is a
canonical decomposition

SAV) = SV ® Ja),

and the direct sum J" = @, Jya(V) is an ideal in $'(V, n). The quotient ring

SV) = AH M/S = @ Sal)
is a commutative graded ring which contains each irreducible representation
0f S0244,€ once.
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If m= 2n is even, the above quotient will contain each representation

S,y(V/) twice if has n rows. To cut it down so there is only one of each, one
‘can add to J" relations of the form x — 1(x), for x € A'V, where 1: 'V + AV
is the isomorphism described in the remark (ii) afier the proof of Theorem

19.2, Fora detailed discussion,with explicit generatorsfor the ideas, see [L-T].
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Spin Representations of so,,C

In this lecture we complete the picture of the rep:esentations of the orthogonal Lie
algebras by constructing the spin representations S* of s0,€; this also yields a

description of the spin groups SpingC. Since the representation-theoretic analysis of

the spaces S* was carried outin the preceding lecture,we are concerned here primarilywith the algebra involved in their construction. Thus, §20.1 and §20.2, while elementary,
involve some fairly serious algebra, Section 203, where we briefly sketch the notion of
trait, may seem mysterious to the reader (this i atleast in part ecause itis so to

the authors) iso, t may be skipped. Finally,we should say that the subject of thespinrepresentations of 4,€ isa very rich One, and one that accommodates many diferent

Points of view the reader who is intrested is encouraged t0 try some of the other

Approacts that may be found inthe literature.
§2011: Clilford algebras and spin representations of 0,C
§202: The spin groups SpingC and Spin,
$203: SpingC and triality

§20.1. Clifford Algebras and Spin Representations
of s0,€

We begin this section by trying to motivate the definition of Clifford algebras.
‘We may begin by asking, why were we able to find all the representations of
SL,Cot Sp2,C inside tensor powers of the standard representation, but onlyhalf the representations of SO,,€ arise this way? One difference that points in

this direction lies in the topology of these groups: SL,C and Sp2,€ are simply
connected, while SO, has fundamental group Z/2 for m> 2 (for proof:
see §23.1). Therefore SO,C has a double covering, the spin group Spin,.C.
(For m < 6, these covering’ could also be extracted from our identifications
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ofthe adjoint group PSO,C with the adjoint group of other simply connected
groups; eg. the double cover of SOC is SLC.) We will see that the missing
representations are those representations of Spin, that do not come from
representations of SO,,C.

This double covering may be most readily visible; and probably familiar,

for the case ofthe real subgroup SO,R ofrotations: a rotation is specified by
an axis to rotate about, given by a unit vector u, and an angle of rotation
about u; the two choices -tw of unit vector give a two-sheeted covering. In
other words, if Dis the unit ball in R°, there is a double covering

S* = D'/aD? +50,

which sends a vector » in D? to rotation by the angle 2r[nl] about the unit
vector v/lol (the origin and the unit sphere OD! are sent to the identity
transformation).

This covering is even easier to see for the entire orthogonal group O,R,
which is generated by reflections R, in unit vectors v (with tv determining
the same reflection): we can describe the double cover of O,R as the group
generated by unit vectors v, with relations

Op ety Na My

whenever the compositions of the corresponding reflections are equal, ie,
whenever

Ry, 07770Ry, = Ry, 07 Ry,
and also relations

(-0:(=m) = 0-w

for all pairs of unit vectors v and w. (Note that if we restricted ourselves to
products of even numbers of the generators v € 0D? we would get back the
double cover of the special orthogonal group SO,C)

How should we generalize this? The answer is not obs iou:. For one thing,{for various reasons we will not try to construct directly a group that covers

the orthogonal group in general. Instead, given a vector space V (real or
complex) and a quadratic form Q on ¥, we will first construct an algebra

Cli, Q), called the Cliford algebra. The algebra Cliff(¥, Q) will then turn
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out to contain in its multiplicative group a subgroup which is a double cover

of the orthogonal group O(V, Q) of automorphisms of V preserving Q.
By analogy with the construction ofthe double cover ofSOR,the Cliffordalgebra Cliff(V, Q) associated to the pair (V,Q) is an associative algebra

containing and generated by V. (When we want to describe the spin group
inside CliM(V, Q) we will restrict ourse'ves to products of even numbers of

elements of V having a fixed norm Q(®, ») if odd products are allowed as well,
Wwe get a group called “Pin” which is a double covering of the whole orthogonal
group.) To motivate the definition, we would like Cliff(V, Q) to be the algebra
generated by V subject to relations analogous to those above for the double

cover of the orthogonal group. In particular, for any vector v with Q(e, v) = 1,
since the reflection R, in the hyperplane perpendicular to vis an involution,
we want

vont

in ClifV, Q). By polarization, this is the same as imposing the relation

vow + we = 20(0,»)
{or all vand w in V. In particular, w-v = ~v-w if and w are perpendicular.
Infact, the Clifford algebra' willbe defined below to be the associative algebragenerated by V and subject to the equation v-v = Q(o, »).

Looking ahead, we will see later in this section that each complex Clifford
algebra contains an orthogonal Lie algebra as a subalgebra, The key theorem.
is then that Clif(V, Q) is isomorphic either to a matrix algebra or to.a sum of two
matrix algebras. This in turn determines either one or two representations of

the orthogonal Lie algebras, which turn out to be the representations which

were needed to completethe story in the last lecture, Just as in the special linearand symplectic cases, the corresponding Lie groups are not really needed to
construct the representations; they can be written down directly from the Lie
algebra. In this section we do this, using the Clifford algebras to construct

these representations of s0,€ directly, and verify that they give the missing
spin representations. In the second section of this lecture we will show how
the spin groups sit as subgroups in their multiplicative groups.

Clifford Algebras

Given a symmetric bilinear form Q on a vector space V, the Cliford algebra
C= C(Q) = Ciif(¥, Q) is an associative algebra with unit 1, which contains
and is generated by V, with v-v = Q(e, 0): I forall € V. Equivalently, we have
the equation

v-w-+wv = 20(0,wh, (20.1)
"The mathematical world seems to be about evenly divided about the choice of signs here, and
‘one must translate from Q t0 =Q to go from one side tothe other.
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for all v and w in V. The Clifford algebra can be deiined to be the universal
algebra with this property: if E is any associative algebra with unit, and a

linear mapping j: V -+ Eis given such that j(0)* = Q(v, »)| for all ve V, or
equivalently

Jt0)-l09) + j6)-s(0) = 20(0, w)-1 (202)

for allo, w € V, then there should bea unique homomorphism of algebras from

C(Q) to E extending j. The Clifford algebra can be constructed quickly by
taking the tensor algebra

TI) = QV" =COVOVENOVOVOV)O-,

and setting C(Q) = T'(V)/1(Q), where 1(Q) is the two-sided ideal generated by
all elements of the form »@ v— Q(v,0)°1. It is automatic that this CQ)

satisfies the required universal property.
The facts that the dimension of C is 2, where m= dim(V), and that the

canonical mapping from V to C is an embedding, are part of the following
Jemma:

Lemma 20.3. If €, ..., € form a basis for V, then the products e, =

644" y' eis for T= {iy Sig <0 <i), and with eg = 1, forma hasis forC(Q) = Cliff, Q).

Proor. From the equations e,-¢, + "e; = 20(¢, ¢) it follows immediately
that the elements e, generate C(Q). Their independence is not hard to verily
directly; it also follows by seeing that the images in the matrix algebras under
the mappings constructed below are independent. For another proof, note
that when Q = 0, the Clifford algebra is just the exterior algebra 'V. In
‘general, the Clifford algebra canbe filtered by subspacesF;, consisting of thoseelements which can be written as sums of at most k products of elements in
V; one checks that the associated graded space Fi/F,y, is AMV. For a third
proof, one can verify that the Clifford algebra of the direct sum of two
orthogonal spaces is the skew commutative tensor product of the Clifford
algebras of the two spaces (cf. Exercise B.9), which reduces one to the trivial

case where dim V = 1 a
Since the ideal 1(Q)< T(V) is generated by elements ofeven degree, the

Clifford algebra inherits a Z/22 grading:

C=C OCH=C OC,

with CF Ct EC*, C7 CO“, CCF>, CC ECF;C* is spannedby productsof an even number ofelementsin VandC~ isspanned byjroducts
of an odd number. In particular, C" is a subalgebra of dimension 2"

Since C(Q) is an associative algebra, it determines a Lie algebra, with
bracket (a, b] = a: b — b-a. Fromnow on we assume Q is nondegenerate, The
new representations of s0,,C will be found in two steps
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( embeddingthe Lie algebra s0((: = 0, inside the Lie algebra of the evenpart ofthe Clifford algebra CG;

(i) identifying the Clifford algebras with one or two copies of matrix algebras.
To carry out the first step we make explicit the isomorphism of \?¥ with

0(Q) that we have discussed before, Recall that

80(Q) = {¥ € End(V): (Xv, w) + Q(v, Xw) = 0 for all v, win V}.

‘The isomorphism is given by

MVS s0(Q)< End(V), a A E+ Pare

for a and b in V, where aay is defined by

Parv(0) = 2(O(b, v)a — Qa, »)b). (20.4)

It isa simple verification that gis in s0(Q). One sees that the natural bases
correspond up to scalars, eg, € A ey. Maps to 2(E,,)~ Eysjasth $0 the map
is an isomorphism. (The choice of scalar factor is unimportant here; it was
‘chosen to simplify later formulas) One calculates what the bracket on /?V
must be to make this an isomorphism of Lie algebras:

[ents Penal) = Pend? Penal?) — Pena? Pans)

= anol Qld, vJe — O(c, 0)d) — 2eenalQlb, va — Ola, v)b)
= 40(4, 11016, c)a— Ola, 0)

= 40(c, (Q(b, d)a — Ola, d)b)

— 4Q(b, v)(QUd, ade ~ Ofc, ahd)

+ 4Q(a, w)(Q(d, be — Qc, Bd)

= 20(b, Penal) ~ 20(b, d)Penc(0)

= 29(a, d)g.r4(0) + 20(a, e)Pens(0).

This gives an explicit formula for the bracket on A?V:

[ar bend] =20(b, can d—20(b, dane

~ 20(a, den b+ 20a, ed ab. (20.5)

‘On the other hand, the bracket in the Clifford algebra satisfies

la-b.e-d] = ached —e-d-a-h

= (2Q(b, chard ~ ave-b-d)~ (2Q(a, d)e-b ~ c-adb)
= 20(b, e)a-d — (20(b, d)a-e ~ a-e-d-b)

— 29a, d)e-b + (20(a, c)-d-b — a-e-d-b)

= 20(b, e)a-d — 29(b, d)a-e — 29(a, deb + 20(a,c)-ab,
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It follows that the map y: \?V

+ Cliff(V, Q) defined byUa.» b) = Ha-b— b-a) = a-b ~ O(a, b) (96)
is a map? of Lie algebras, and by looking at basis elements again one sees that
it is an embedding, This proves:

Lemma 20.7. The mapping y 0 p"*: s0(Q)+ C(Q)"** embeds s0(Q) as a Liesubalgebra of C(Q)"**.

Exercise 208, Show that the image of y is
FynCyoKer(trace),

where F, is the subspace of C(Q) spanned by products of at most two elements
of V, and the trace of an element of C(Q) is the trace of left multiplication by
that element on C(Q).

We consider first the even case: write V= W@W’, where W and W’ are

n-dimensional isotropic spaces for Q. (Recall that a space is isotropic when Q
restricts to the zero form on it) With our choice of standard Q on V = C*,
Wan be taken to be the space spanned by the first n basis vectors, W’ by the
fast

Lemma 20.9. The decomposition V = W @) W’ determines an isomorphism of
algebras

C(Q) = End('W),

whereNW =PW@ NW.
Proor. Mapping C(Q) to the algebra E = Fnd(/'W¥) is the same as defining
1 linear mapping from V to E, satisfying (20.2). We must construct maps
I: W-+ Band: W' + Esuch that

KwF =O, Mw'P=0, (20.10)

and

Hos) 0 Hw’) + 10") 0 Iw) = 200», wT

for any we W, w’e W’, For each we W, let L,, € E be left multiplication bywon the exterior algebra AW:
LAG=wad, FeNW.

For 9 W®, let Dy € E be the derivation of AW such that Ds(1) = 0, Ds(w) =

Sw) eA°W = C for we W= A'W, and
2 Note thatthe bilinear form y given by (206) is alternating since (a a) = 0,50 it defines a
linear map on AY,
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DAE A 8) = DoE) 0 E+ (= DHE A DylC).

Explicitly, Dy(wy 0° 0.0) = S(— 19m)(oy, A AW, A Aw). Nowset
Iw) = Ly, Mw!) = Ds, (20.11)

where 9 © W* is defined by the identity 9(w) = 20(w, w’) for all we W. The re-

quired equations (20.10) are straightforward verifications: one checks directly
on elements in W = A'W, and then that, if they hold on { and é, they hold
on A &. Finally, one may see that the resulting map is an isomorphism by
looking at what happens to a basis. Oo

Exercise 20.12. The left C(Q}-module A'Wis isomorphic to a left ideal in C(Q).Show that if f is a generator for A"W’, then C(Q)-f = \'W-f, and the map
(++E-f gives an isomorphism

KWNWf = CO)

of left C(Q}modules.
Now we have a decomposition AW = A\"**W @ AW into the sum of

even and odd exterior powers, and C(W)"** respects this splitting. We deduce
from Lemma 20.9 an isomorphism

Cyr" = End(A"W)® End(A“W). (20.13)
Combining with Lemma 20.7, we now have an embedding of Lie algebras:

80(Q) < C(Q)™*" & all")@ gl), (20.14)
and hence we have two representations ofs0(Q) = s0,,C, which we denote by

St=Avw and Sy = AmW.

Proposition 20.15. The representations S* are the irreducible representationsof'80,,C with highest weightsa = \(Ly +°* + L,)and B= \(Ly +++" Lys =L,). More precisely,

St =0, and S=Ty ifniseven;

St =, and S-=0, sfnisodd.

Proor. We show that the natural basis vectors e, = ¢), A -"" Ae, for NW
are weight vectors. Tracing through the isomorphisms established above, we
see that Hy = E,,— Exyigssin b € $0,,€ corresponds to 4(e, A éys,) in MV,
which corresponds to I(¢,"e,,4~ 1) in C(Q), which maps to

ML, Daey ~ 1) = Le, © Dez ~ 4 € End(NW).

‘A simple calculation shows that
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ey ifterba e Daten) =if tig.
Therefore, ¢, spansa weight space with weight (Seri ~ S414) All suchweights with given |1| mod 2 are congruent by the Weyl group, so each of
St = Av" and S = A“4W must be an irreducible representation. The
highest weights are easy to read off. For example, the highest weight for

N**W is 3.L, = aifmis even, while ifm is odd, its highest weight is p.
These two representations S* and S~ are usually called the half-spin

representations of $03,C, while their sum $= S* @S~ = A'W is called the

spin representation. Frequently, especially when we speak of the even and odd
ccases together, we call them all simply “spin representations.” Elements of S

are called spinors. For other proofs ofthe proposition see Exercises 20.34 and
2035.

For the odd case, write V=W®W'®U, where W and W" are mn

dimensional isotropic subspaces, and U isa one-dimensional space perpendic-
ular to them. For our standard Q on €?**!, these are spanned by the fist n,
the second n, and the last basis vector.

Lemma 20.16. The decomposition V = W@W’@ U determines an isomor-phism of algebras

C(Q) = End NW) @ End(AW).

Proor. Proceedingasinthe even case, tomap V to E = End(\'W),map we Wto L,, w’€ W" to Ds, where 9{w) == 20(w, w’) as before, Let ug be the element
in U'such that O(u, uo) = 1, and send ty to the endomorphism that is the
identity on A***W, and minus the identity on A%*W. Since this involution
skew commutes with all L and D,, the resulting map from V = W@ W’ @ U
to E determines an algebra homomorphism from C(Q) to E. The map to
End(\'W’) is defined similarly, reversing the roles of IV and W’. Again one
checks that the map is an isomorphism by looking at bases. a

Exercise 20.17*. Find a generator for a left ideal of C(Q) that is isomorphic
to AW.

The subalgebra C(Q)"™* of C(Q) is mapped isomorphically onto either of
the factors by the isomorphism of the lemma, so we have an isomorphism in
the odd case

C(gy""* = End(A'W). (20.18)

AAs before, this gives a representation S =: 'W of Lie algebras:

$0344, = 80(Q) & C(Q*** = gl W) = gl(S). (20.19)
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Proposition 20.20. The representation S = /'W is the trreductble representation

Of $0294, with highest weight
aa KL, + +L).

Proor. Exactly as in the even case, each ¢, is an eigenvector with with weight
HeerLi~ yar Ly) This time all such weights are congruent by the Weyl‘group,

so this must be an irreducible representation, and the highest weightis clearly 4(L, +--+ L,). oO
‘As we saw in Lecture 19, the construction of this spin representation $

finishes the proof of the existence theorem for representations of so,C, and
hhence for all of the classical complex semisimple Lie algebras.

Exercise 20.21%. Use the above idcntification of the Clifford algebras with
‘matrix algebras(or direct calculation) to compute their centers. In particular,show that the intersection of the cexter of C with the even subalgebra Cis,

always the one-dimensional space ©» scalars. Show similarly that ifxis in C™!#
and x-v = —o-x forall vin ¥, then x= 0.
Exercise 20.22*. For X € s0(Q) and ve V, we have X-ve V by the standard
action of s0(Q) on V. On the other hand, w> have identified s0(Q) and V as

subspaces of the Clifford algebra C, so we can compute the commutator
[X,0]. Show that these agree:

Xev=[XeJeVeG.

Problem 20.23*. Let C(p, q) be the real Clifford algebra corresponding to the
quadratic form with p positive and q negative eigenvalues, Lemmas 20.9 and
20.16 actually construct isomorphisms of C(n, n) with a real matrix algebra,

and of C(n + 1, n) witha product oftwo real matrix algebras. Compute C(p, 4)for other p and q. All are products of one or two matrix algebras over R, C,
or.

§20.2. The Spin Groups Spin,,C and Spin,

‘The Clifford algebra C = C(Q) is generated by the subspace V = C%, and C
has an anti-involution xt x*, determined by

(pO = (=op

for any v,,..., »,in V. This operation », sometimes called the conjugation, is
the composite of:

the main antiautomorphism or reversing map t: C+ C determined by



HO, oO)= DE (20.24)
for by, .0.5, in Vand

the main involution a which is the identity on C**** and minus the identity
on Cie,

Ct ed (20.25)Note that x: y)* = y*-x*, which comes from the identities t(x- y) = ¢(y)-1(x)and a(x:y) = a(x)-a(y).
Exercise 20.26. Use the universal property for C to verify that these are well

defined: show that a is a homomorphism from C to C and t is a well-defined
homomorphism from C to the opposite algebra of C (the algebra with the
‘same vector space structure, but with reversed multiplication: xy = y-x)

Instead of defining the spin groupas the set of products ofcertain elements

of ¥, it will be convenient to start with a more abstract definition. Set

Spin)= {xe C(O)": x-x* = Land x-Vext eV}. (2027)
We see from this definition that Spin(@) forms a closed subgroup of the group
of units in the (even) Clifford algebra. Any x in Spin(Q) determines an endo-
morphism p(x) of V by

px}(o)=x-0-x*, vev,
Proposition 20.28. For x€ Spin(Q), p(x) is in SO(Q). The mapping

p: Spin(Q) - SO(Q)

isa homomorphism, making Spin(Q).a connected two-sheeted covering of SO(Q).

The kernelof p is {1, — 1}.

Proor. We will prove something more. Define a larger subgroup, this time of
the multiplicative group of C(Q), by

Pin(Q) = {xe C(Q):x-x* = Land x-Vex*V}, (20.29)

and define a homomorphism

P:Pin(Q)— OQ), ()(0) = a(x)-0-x*, (20.30)

where a: C(Q)-» C(Q) is the main inve tion.To see that p(x) preserves the quad. utic form Q, we use the fact that for w
in V, Q(w, w) = w-w = —w-w!, and calculate:

A pxI(0), p(x)(0)) = —a(x)-v-x* (a(a)-v- x4)
= a(x) v-xt xt a(x)?



= =a(x)-v-0* ae)

= QC, v)atx)-a(x*)

= Qo, wlalx-x*) = Ql0,

We claim next that p is surjective. This follows from the standard fact (see
Exercise 20.32) that the orthogonal group O(Q) is generated by reflections.
Indeed, if R,, is the reflection in the hyperplane perpendicular to a vector w,
normalized $0 that Q(w, w) = —1, it is easy to see that w is in Pin(Q) and
Ow) = Rys in fact,

wewe = we(—w) = —Qlw, w)= 1,
and so

1)(8) = a(w): wow" = —w- l= ws
and if Q(w, v) = 0,

OW)(0)= a(w)-0-wt = —w-v-we = v-wewe =o.
‘The next claim is that the kernel of p cu the larger group Pin(Q) is +1.

Suppose xis in the kernel, and writex = xo + x, With x9 € Candx, € C4Then x9-0 = 0: x9 for all v€ ¥, $0 x9 is in the center of C. And x,-v = —0-x,for all v ¢ V. By Exercise20.21, xqis inC- 1, andx, = 0. S0.x = xisin C andx= ljsox= +1

It follows that if Re O(Q) is written as a product ofreflections R,.,°.-.° Re,then the two elementsin p-"(R) are +, ..., In particular, we get anotherdescription of the spin groups:

Spin(Q) = Pin(Q)> C(Q)"*" = p~(SO(Q))
= Cbwewn EK OO) ==. 2031)

Since ~1 = v-v for any v with Qo, ») = —1, we see that the spin group

consists of even products of such elements.
‘Tocompletethe proof,we must check that Spin(Q) is connected or, equiva-lently, that the two elements in the kernel of p can be connected by a path.

We leave this now as an exercise, since much more will be seen shortly.)

Exercise 20.32. Let Q be a nondegenerate symmetric bilinear form on a real
or complex vector space V.

(a) Show that if v and w are vectors in V with Q(v, v) = Q(w, w) #0, then

there is either a reflection or a product oftwo reflections that takes v into w.

(b) Deduce that every element of the orthogonal group of Q can be writtenas the product of at most 2dim(V) reflections.

Exercise 20.33*. Since Spin(Q) is a subgroup of the multiplicative group of

C(Q), its Lie algebra is a subalgebra of C(Q) with its usual bracket, Verify that
this subalgebra is the subalgebra so(Q) that was constructed in §20.1.



Exercise 20.34. The fact that /'W (and \'W" in the odd case) is an irreducible

module over C(Q) is equivalent to the fact that itis an irreducible represen

tation ofthe group Pin(@Q) since the linear span of Pin(Q) is dens= in C(Q).
(a) Apply the analysis of §5.1 to the subgroup

Spin(Q) < Pin(Q)

of index two. In the odd case, NW and ‘VW’ are conjugate representations,

so their restrictions to Spin(Q) are isomorphic and irreducible: this is the spin
representation. In the even case, /'W is self-conjugate, and its restriction to

Spin(Q) is a sum of two conjugate irreducible representations, which are the
two half-spin representations.

(b) OF the representations of Spin(Q) (ie., the representations of so,C),
which induce irreducible representations of Pin(Q) and which are restrictions

ofirreducible representations of Pin(Q)?
Exercise 20.35. Deduce the irreducibility of the spin and half-spin represen-
{ations from the fact that their restrictions to the 2-groups of Exercise 3.9 are
irreducible representations of these finite groups.

Exercise 20.36%. Show that the center of Spin, (C)is p-"(I) = {4 1} ifmis odd.
If'm is even show that the center is

et = (£1, to},

where, in terms of our standard basis,

ten ener — Hennes, Mn Can — Hany
aa 2

Exercise 20.37*. Show that the spin representation Spin(Q) + GL(S) maps
into the special linear group SL(S). Show that for m= 2n and n even, the
half-spin representations also map into the special linear groups SL(S*) and
SLs).

Exercise 20,38*. Construct a nondegenerate bilinear pairing fon the spinor
space S = NW by choosing an isomorphism of A*W with C and letting As, )

be the image of r(3) a 1 € AW by the projection to \'W = C, where x is the
main antiautomorphism).

{a) When m = 2n, show that can also be defined by the identity is, Of =
u(s:f):t-f for an appropriate generator f of AW’. Deduce that the action
of Spin(Q) on S respects the bilinear form f.

(b) Show that fis symmetric if n is congruent to 0 or 3 modulo 4, and
skew-symmetric otherwise. So the spin representation is a homomorphism

Spiny... SOC ifn = 0, 3(4),

Spinz,.,C + SpyC ifn = 1,2 (4).
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(©) If m = 2n, the restrictions of f to S* and S~ are zero if nis odd. For n
even, deduce thatthe half-spin representations are homomorphisms

Spiny,C-» 80; 1C ifn = 0(4),

Spin,,€+ SpriC ifm = 2(4).
Note in particular that SpingC has two maps to SOsC in addition to the

original covering. “Triality,” which we discuss in the next section, describes
the relation among these three homomorphisms.

Exercise 20.39. Show that the spin and half-spin representations give the
isomorphisms we have seen before:

Spin,C = GL(S*) = GL,C = C*,

Spin ~ SL(S) = SLC,

SpingC = SL(S*) x SL(S)= SL3C x SL3C,
Spin, = SpIS) = Sp.C,

Spinge & SL{S*) = SLC.

Exercise 20.40. Let C,, denote the Clifford algebra of the vector space C™ with
our standard quadratic form Ox

(a) Th embeddingof C7" = W ® W'in C?**! = W ® W’@U as indicatedinduces in embedding of Cz, in Cyay1, and corresponding embedding of
Spin,,€ in Spin,.,C and of SO,,€ in SOy_4,C. Show that the spin represen-
tation$ of Sping,,y€ restrict to the spin representation $* @ S~ ofping.C.(b) Similarly there is an embedding of Spin,,,,C in Spin,,,2C coming

froman embedding ofC™"! = W@W"@ Vine"? = W@ WOU; @ Uss
here U,@U;=C@C with the quadratic form ( o and U=C is

‘roi )embedded in U, ® U, by sending | to ry J. Show that each of theER
half-spin representations of Spin,,,.° restricts to the spin representation of
Spin3,4,€.

Very little of the above discussion needs to be changed to construct the real
spin groups Spin,,(R), which are double coverings of the real orthogonal
groups SO,,(R). One uses the real Clifford algebra Cliff(R™, Q) associated to
the real quadratic form Q = —Q,., where Q,.is the standard positive definite
quadratic form on R™. If v, are an orthonormal basis, the products in this
Clifford algebra are given by

ney = orn, HAR and op y= —b
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‘The same definitions can be given as in the complex case, giving rise to
coverings Pin,(R) of O,(R) and Spin,(R) of SO,(R).

Exercise 2041, Show that Spin,,R is connected by showing that ifv and w areany two perpendicular elements in V with Q(o, x) = Q(w, w) = —1, the path

1Hs(cos(tpn + sin(Qw)-(cos(t}v ~ sin(dw), OS t< H/2

connects —1 to 1

Exercise 20.42. Show that i+,"0, jh 0y"0,, kh+04 0, determines an iso-
morphism of the quaternions If onto the even part of Cliff(R’, —Q,), such
that conjugation ~ in H corresponds to the conjugation in the Clifford
algebra. Show that this maps Sp(2) = {q € Hl4j = 1} isomorphically onto
Spiny, and that this isomorphism is compatible with the map to SO,R
defined in Exercise 7.15.

More generally if Qs a quadratic form on R™ with p positive and q negative
cigenvalues, we get a group Spin*(p, q) in the Clifford algebra C(p, 4) =
Ciff(2", 0), with double coverings

Spin"(p, q) + $0"(p, 9)

Exercise 20.43*, Show that Spin*(p,q) is connected if p and q are positive,
except for the case p = q = 1, when it has two components. Show that if in
the definition of spin groups one relaxes the condition x:x* =1 to thecondition x-x* = +1, one gets coverings Spin(p, 4) of SO(p, 4.

§20.3. SpingC and Triality

When m is even, there is always an outer automorphism of Spin,(C) that
interchanges the two spin representations S* and S~, while preserving the
basic representation V = ©" (ef Exercise 19.9). In casem = 8, all three oftheserepresentations V, S*, aud S~ are eight dimensional. One basic expression of,
trialty is the fact that there are automorphisms of SpingC of so, that
permute these three representations arbitrarily. (In fact, the group of outer
automorphisms modulo inner automorphisms is the symmetric group on

three elements.) We give a brief discussion of this phenomenon in this section,in the form of an extended exercise.

To see where these automorphisms might come from, consider the four

simple roots:

a= Ly~Ly, a= by—Ly aye Lly—Ly, ay Ly + Ly.
Note that a}, a3, and a, are mutually perpendicular, and that each makes an
angle of 120° with a,
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Exercise 20.44*. For each of the six permutations of {a,,a5, a4} find the
orthogonal automorphism of the root space which fixes «, and realizes the
permutation ofa, a3, and a4.

Each automorphism of this exercise corresponds to an automorphism of
the Cartan subalgebra b. In the next lecture we will see that such auto-
morphisms can be extended (nonuniquely) to automorphisms of the Lie
algebra so,(C). (For explicit formulas sec [Ca2],)

‘There is also a purely geometric notion of triality, Recall that an even-
dimensional quadric Q can contain linear spaces A of at most half the dimen-
sion of Q, and that there are two families of linear spaces of this maximal
dimension (cf. [G-H], [Ha]). In case Q is six-dimensional, each of these

families can themselves be realized as six-dimensional quadrics, which we may.
denote by Q* and Q™ (see below). Moreover, there are correspondences that
assign to a point of any one of these quadrics a 3-plane in each of the others:

Point in@ ——+ 3-plane in Q*

be Pea
Point in Q* ——+ 3-plane in Q

Given P <Q, {A€Q*: A contains P} is a 3-plane in Q*, and {AeQ™:Acontains P} ‘sa 3-plane in Q™.

Given A  Q*, A itselfis a 3-plane in Q, and {T ¢ Q™: PA is a 2-plane}is a 3-plane in Q”.

Given A € Q~, A itselfis a 3-plane in Q, and {T ¢ Q*: Po Ais a 2-plane}is a 3-plane in Q*.

To relate these two notions of triality, take Q to be our standard quadric
in P’ = P(V), with V = W@W’ with our usual quadratic space, and let
S* = Aw"W and S” = A°“W be the two spin representations. In Exercise20.38 we constructed quadratic forms on S* and S™, by choosing an iso-
morphism of A*W with C. This gives us two quadrics Q* and Q~ in P(S*)
ne

‘To identify Q* and Q~ with the families of 3-planes in Q, recall the action
of V on S=\'W=S* @S~ which gave rise to the isomorphism of the
Clifford algebra with End(S) (cf. Lemma 20.9). This in fact maps S* to S~
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and S~ to S*;so we have bilinear maps

VxSt 9S" and VxS~ St (20.46)
Exercise 20.47, Show that for each point in Q", represented by a vector s€ S*,
{ve V:-s = 0} isanisotropic 4-plane in V, and hence determines a projective
3:plane in Q. Similarly, each point in Q~ determines a 3-plane in Q. Show that
every 3-plane in Q arises uniquely in one of these ways.

Let ¢ , >y denote the symmetric form corresponding to the quadratic
form in ¥, and similarly for $* and $~. Define a product

StKSVY sxtrst, 20.48)
by requiring that <0, 5-0) = (0-5, Qs: for all ve ¥.

Exercise 20.49. Use this product, together with those in (20.46), to show that
the other four arrows in the hexagon (20.45) for geometric triality can be
described as in the preceding exercise.

This leads to an algebraic version of triality, which we sketch following,
[Ch2}. The above products determine a commutative but nonassociative

product on the direct sum A = V @ S* ® S~. The operation

(0,5, 04 40'S,Dy
determines a cubic form on A, which by polarization determines a symmetric
trilinear form ® on A.

Exercise 20.50*. One can construct an automorphism J of A of order three
that sends V to S*, S* to S~, and S~ to V, preserving theit quadratic forms,
and compatible with the cubic form. The definition of J depends on the

choice of an element v, € V and s, € S* with <0), 0, dy = (51.81 )s+ = 1s set
ty = vy -Siy 80 that (ty, ,¢. = 1 as well. The mapJ is defined to be thecomposite j10 v of two involutions y« and v, which are determined by the
following:

(i) interchangesS* and S~,and maps V to itself, with 4(s) = v,-sfors.€ S*;lv)= 240, v1 v0 — v for ve V.(ii) v interchanges V and S”, maps S* to itself, with v(0)= vs, for ve V;W(3)= 245,51 )5-5, — slor se S*
‘Show that this J satisfies the asserted properties

Exercise 20.51%, In this algebraic form, triality can be expressed by the asser-
tion that there is an automorphism j of SpingC of order 3 compatible with J,
ie, such that for all x e SpingC, the following diagrams commute:
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ys +.57

ne

If j':80gC -+ 509C is the map induced by j, the fact that j is compatible
with the trilinear form ® (cf. Exercise 20.49) translates to the “local triality”
‘equation

(Xe, 5,0) + Oe, ¥5, 0) + 0, 5, Zt) =0

for X € 809, ¥ = j'(X),Z = j'(¥).





PART IV

LIE THEORY

‘The purpose of this final part of the book is threefold.
First of all, we want to complete the program stated in the introduction to

Part Il. We have completed the first two steps of this program, showing in
Part IT how theanalysisof representations of Lie groups could be reduced tothe study of representations of complex Lie algebras, of which the most
important are the semisimple; and carrying out in Part I1f such an analysis

for the classical Lie algebras s1,C, sp24C, and #0,C. To finish the story, we

want now to translate our answers back into the termsof the original problem.{In particular, we want to deal with representations of Lie groups as well as
Lie algebras, and real groups and algebras as well as complex. The passage
back to groups is described in Lecture21, and the analysis ofthe real case inLecture 26.

‘Another goal ofthis Part is to establisha framework for some of the resultsof the preceding lectures—to describe the general theory of seinisimple Lie

algebras and Lie groups. The key point here is the introduction of the Dynkin
diagram and its use in classifying all semisimple Lie algebras over C. From
cone point of view, the impact of the classification theorem is not great: it just
tells us that we have in fact already analyzed all but five of the simple Lie
algebras in existence, Beyond that, however, it provides a picture and @
language for the description of the general Lie algebra. This both yields a
description of the five remaining simple Lie algebras and allows us to give
uniform descriptions of associated objects: for example, the compact homo-
‘geneous spaces associated to simple Lie groups, or the characters of their

representations. The classification theory of semisimple Lie algebras is given
in Lecture 21; the description in these terms of their representations and
characters is given in Lecture 23. The five exceptional simple Lie algebras,

whose existence is revealed from the Dynkin diagrams, are studied in Lecture
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22; we give a fairly detailed account of one of them (g3), with only brief
descriptions of the others.

Third, all this general theory makes it possible to answer the main out-

standing problem left over from Part III: a description of the multiplicitiesofthe weights in the irreducible representations of the simple Lie algebras. We

sive in Lectures 24 and 25 a number offormulas for these multiplicities,

This, it should be said, represents in some ways a shift in style. In the
previous lectures we would typically analyze special cases first and deduce
general patterns from these cases; here, for example, the Weyl character

formula is stated and proved in general, then specialized (0 the various

individual cases (this is the approach more often taken in the literatureon thesubject). In some ways, this is a fourth goal of Part IV: to provide a bridge
between the naive exploration of Lie theory undertaken in Parts If and III,
and the more general theory readers will ind elsewhere when they pursue the
subject further.

Finally, we should repeat here the disclaimer made in the Preface, This
part of the book, to the extent that it is successful, will introduce the reader

to the rich and varied world of Lie theory; but it certainly undertakes no
serious exploration of that world. We do not, for example, touch on such

basic constructions as the universal enveloping algebra, Verma modules, Tits
buildings; and we do not even hint at the fascinating subject of (infinite-
dimensional) unitary representations. The reader is encouraged to sample

these and other topics, as well as those inclyded here, according to backgroundand interest.



LECTURE 21

The Classification of Complex Simple
Lie Algebras

Tn the first section ofthis lecture we introduce the Dynikn diagram associated to

senisimple Lie algebra g, This san amazingly efficient way ofconveying the structureof git ea simple diagram that not only determines g upto isomorphism in theory,butin practice exhibits many ofthe propertiesof The main use of Dyakin diagramsfn this lecture, however, wll be to provide a framework forthe basc classification

theorem, which says that with exactly five exceptions the Lie algebras discustedso farin these lectures are all the simple Lie algebras. To do this in §21.2 we show how to
list all diagrams that arise from semisimple Lie algebras. In §21.3 we show how to

recover such a Lie algebra from the data of its diagram, completing the proofof theclassification theorem. All three sections are completely elementary, though §21.3 gets
A litle complicated; may be useful to read it in conjunction with §221, where the
Process deseibediscarid out in detail fr the exceptional algebra gy. (Note that

neither §21.3 of §22.1 is a prerequisite for §22.3, where another description of gy will
bbe given.)

$21.1: Dynkin diagrams associated to semisimple Lie algebras$212: ClassifyingDynkin diagrams212: Recoveringa Lie algebra from its Dynkin diagram

§21.1. Dynkin Diagrams Associated to Semisimple
Lie Algebras

For the following, we will let g be a semisimple Lie algebra; as usual, a Cartan
subalgebra h of g will be fixed throughout. As we have seen, the roots R of g
‘span a real subspace of h* on which the Killing form is positive definite. We
denote this Euclidean space here by E, and the Killing form on E simply by
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(., insteadof BC, )The geometryof how R sits in Eis very rigid,as indicatedby the pictureswe have seen forthe clasical Lie algebras. In this section wewill classify the possible configurations, up to rotation and multiplication by
2 positive scalar in E. In the next section we will ee that this geometry
completely determines the Lie algebra

“The following four properties of the root system are all that are needed:

(1) Risafot set spanning €
(Q) we R= ae R, butk-a isnot in Rif kis any real mmber other than +1.(G) ForeR, the reflection W, in the hyperplanea maps Ro lise(4) Fora, fe R, the real number

7)ye = 12)
Ga)

(san integer.

Except perhaps forthe second part of (2), these properties have been seen
in Lecture 4. For example, 4) is Corollary 1429, Note that ng, = B(H,), and

WB) = B= ryt eu)

For (2 consider the representation i= (De of the Lie algebras, = #,C.
Note that all the nonzero factors but ) =: gare one dimensional. We may
assume a is the smallest nonzero root that appears In the string. Now,
decompose jas an «module:

ine@i.

By the hypothesis that ais the smallest nonzero oot that appears in the string,
iis a representation of, having no eigenspace with eigenvalue | or 2for fy.
Ie follows that must be trivial 12, gy, = (0) for k# Or +L

‘Any set R of elements in a Euclidean space E satisfying conditions (1)to(4)may be called an (abstract) rot syste
Property () puts very strong restrictions on the geometry of the roots. If

‘Dis the angle between a and f, ve have

Mn Doon. 12)
In particular,

Appa = 4 008%) a3)

is an integer between 0 and 4. The case when this integer is 4 occurs when
cos(9)= 1,1. p= ba. Omitting this trivial case, the only possibilitiesaetherefore those given inthe following table. Here we have ordered the (wo
roots0 that IAL 2 Fath oF tl = ny
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‘Table 21.4

coi) 32 J22 12 0 -12 -fyp -/3p
a a6 ai nf n/2 Inf} Awl ‘Sn/6reSoe Oe er aeee
a

Bow we tet fw

Tn other words, the relation of any two rootsa and f is oneof

a sus

‘The dimension n = dimgE = dimch is called the rank (of the Lie algebra,or the root system). It is easy to find all those of smallest ranks. As we write
them down, we will label them by the labels (A,), (B,), ..- that have become
standard.

Rank 1. The only possibility is

eee

which is the root system of s1,C.
Rank 2. Note first that by Property (3), the angle between two roots must be
theame for any palrofedjacrat root Ina two-dimensional root sytem. As
‘we will see, any of the four angles x/2, n/3, n/4, and n/6 can occur; once this
angle is specified the relative lengthsof the roots are determined by Property(4), except in the case ofright angles. Thus, up to scalars there are exactly four
root systems of dimension two. First we have the case © = /2,

‘ (ayean mts
which is the root system of s1;€ x sl,€ = #04.

(In general, the orthogonal direct sum of two root systems is a root system;
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‘root system that is not such a suum is called irreducible. Our task will be
to classify all irreducible root systems.)

The other root systents of rank 2 are

the root system of slsC;

the root system of s04€ = sp4€; and

. MK
Although we have not yet seen a Lie algebra with this root system, we will ee
that there is one.

Exercise 21.5, Show that these are all the root systems of rank 2.

Exercise 21.6. Show that a semisimple Lie algebra is simple if and only if ts
root system is irreducible.

Rank 3. Besides the direct sumsof (A,) with one of those of rank 2, we havethe irreducible root systems we have seen; we draw only dots at the endsofthe vectors, the origins being in the centers of the reference cubes: ;
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—s

|

+
ay \

!

oo
a”
-

which is the root system of sl,C = s0gC;

—

a
- ‘*
Ei

i

the root system of s0,C;

the root system of sp¢C.

Exercise 21.7. Show that there are no other root systems of rank 3.

We can further reduce the data ofa root system by introducing a subset ofthe roots, called the simple roots. First, choose as in Lecture 14 a direction
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LER, so that R = R* UR” is a disjoint union of positive and negative
roots. Call a positive root simple fit is not the sum oftwo other positive roots.
For the classical Lie algebras, keeping the notations and conventions of
Lectures 15-20, the simple roots are

(A) Shae© by = bay ba = bay ey bgt ~ by bg — nots
(B)—s0aq44© by hay ba — baggy beat = bay be

(Cy) Bagby = hay by = bay enep baa ~ boy Do

(Dy) 802 Ly ~ hagha ~ Ly ey bt ~ bay bt + by
Exercise 21.8. Verify this list, and find two simple roots for (G).

We next deduce a few consequences of properties (1)-(4), which indicate
hhow strong these axioms are. They will be used in the present classificationofabstract systems, as well asin the following section.

(5) If a fare roots with B # +a, then the a-string through fi Le. the rootsofthe form

B= pa A (p= Ns A = 4, 8, B+ B+ 20,5 B+QO
thas at most four in a string, Le. p+ q <3; in addition,p ~ q = Mya.

Indeed, since W.(A + qa) = f)— pa, and

WB + 92) = (B — ny) — Qa,
‘we must havep = nig, + q, Which isthe second equality. For the first,we may{ake p = 0, and then q = —M, which we have seen is an integer no larget

than three. As a consequence of (5) we have
(6) Supposea, are roots with f # a. Then

(fa) > 0a —fiisaroot,

(fa) <0->a + fisarootIF (B, 2) = 0, then a — anda + f are simultaneously roots or nonroots.
(1) Wf cand P are distinct simple roots, then a — ftand fl — a are not roots.
This follows from the definition of simple, since from the equation
a= fi+(a— fi), «—fi cannot be in R*, and similarly —(«—)=—«cannot be in R*. From (6) and (7) we deduce that (, f) < 0, ie,
(8) The angle between two distinct simple roots cannot be acute.

(0) The simple roots are linearly independent.

This follows from (8) by

Exercise 21.9*. Ifa set of vectors lies on one side of a hyperplane, withal‘mutual angles at least 90°, show that they must be linearly independent.
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(10) There are precisely n simple roots. Each positive root can be written

uniquely as a non-negative integral linear combination of simple roots.

Since R spans E, the first statement follows from (9), as does the uniqueness
ofthe second statement. The fact that any positive root can be written as a

positive sum ofsimple roots follows readily from the definition, for ifa were a
positive root with minimal (a) that could not be so written, then a is not
simple, so a = f+ y, with f and y positive roots with I(A) IQ) < l(a.

Note thatas an immediate corollary of(10)it follows that no root isa linearcombination ofthe simple roots a, with coefficientsof mixed sign. For example,(Dis just a special case of this.
‘The Dynkin diagram of the root system is drawn by drawing one node O

for each simple root and joining two nodes by a number of lines depending.
‘on the angle 9 between them:

rotines 0 0 teem

one tne oo tons
woes SED it Oe ae

eels = CESED HO Ss
‘When there is one Tine, the roots have the same length; if two or three lines,
an arrow is drawn pointing from the longer to the shorter foot.

Exercise 21.10. Show thata root system is irreducibleif and only ifits Dynkindiagram is connected.

We will see later that the Dynkin diagram of a root system is independentof the choice of direction, i, of the decomposition of into R* and R~

§21.2. Classifying Dynkin Diagrams

The wonderful thing about Dynkin diagrams is that from this very simple

picture one can reconstruct the entire Lie algebra from which it came, We will
see this in the following section; for now, we ask the complementary question
of which diagrams arise from Lie algebras. Our goal isthe following classifica-
tion theorem, which is a result in pure Euclidean geometry. (The subscripts

on the labels (A,),... are the number of nodes.)
‘Theorem 21.11. The Dynkindiagramsof irreducible root systemsare precisely:
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@ oo oD en

) o-oo te)

oo

o o—asD—o

@ oxen

The first four are those belonging to the classical series we have been
sadn

(An) Shor
(By) $0a_41€
C) Pf

Dy) 62,C

‘The restrictionson min these series are to avoid repeats, as well as degeneratecaine teSagres to fal aeonenessee
cn

When m= our ofthe diagrams become one noe. Te ease)

degen snsansenotseminmplwe te cnncenca(y) = 1h)=(A,) correspond to the isomorphisms

sp,C = s0,C = 8l,C oO.
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For n = 2, (Dz) = (Ay) x (A;) consists of two disjoint nodes, correspond-
ing to the isomorphism

s0,Ces,CxslC O oO.

‘The coincidence (C,) = (B,) corresponds to the isomorphism
sp,€ & $046 OED = CHD}

For n = 3, the fact that (D5) = (A) reflects the isomorphism

wc eae < = 0~o—0
PRoor oF THE THEOREM. Our desert-island reader would find this a pleasant
pastime. For example,if there are two simple roots with angle 52/6, the planeof these roots must contain the G, configuration of 12 roots. It is not hard to

see that one cannot add another root that is not perpendicular to this plane,
without some ofthe 12 angles and lengths being wrong. This shows that (G2)

is the only connected diagram containing a triple line, At the risk of spoiling
‘your fun, we give the general proof of a slightly stronger result.

In fact, the angles alone determine the possible diagrams, Such diagrams,
without the arrows (o indicate relative lengths, are often called Coxeter
diagrams (or Coxeter graphs). Define a diagram of n nodes, with each pair

connected by 0, 1, 2, or 3 lines, to be admissible if there aren independent unit‘vectors
e,,...,¢, in a Euclidean space € with the angle between e, and e, being1/2, 2n/3, 3n/4, Or Sn/6, according as the number of lines between correspond-ing nodes is 0, {, 2, or 3. The claim is thatthe diagramsof the above Dynkindiagrams, ignoring the arrows, are the only connected admissible diagrams.

‘Note that

(e,€) = 0, -1/2, -/272, or — /372, 21.12)
according as the number of lines between them is 0, 1, 2, or 3; equivalently,

4(e,, ¢)" = number oflines between e, and ¢,. (21.13)The steps of the proof areas follows:
(0 Any subdiagram of an admissible diagram, obtained by removing some

odes and all lines to them, wil also be admissible.

(ii) There are at most n — 1 pairs of nodes that are connected by lines. The
diagram has no cycles (loops).

Indeed, if; and ¢, are connected, 2(¢, ) < —1,and

O< Fe Lelan42F (ene
which proves the first statement of(ii). The second follows from the first and (i).
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(iii) No node has more than three lines to it.

By (i), we may assume that e, is connected to each of the other nodes; by
Gi, no other nodes are connected to each other. We must show that
Lh-24(e,,€))? <4. Since e3,...,¢, are perpendicularunit vectors, ande, isnotin their span,

1=(,,¢,) >d fee),
as required,

(iv) In an admissible diagram, any string of nodes connected to each other
by one line, with none but the ends of the string connected to any other nodes,
can be collapsed to one node, and resulting diagram remains admissible:

ae 2 ao
° © o co

fey, ..., ¢ are the unit vectors corresponding to the string of nodes, then
ese, 4°" +e,isa unit veetor, since

(ee) =r + ley, e2) + (ea, es) 4° + (C1 EN)

=r-(=).

Moreover, e’ satisfies the same conditions with respect to the other vectors

since (e’, ¢)) is either (e,, ¢)) or e,, ¢))-

Now we can rule out the other admissible connected diagrams not on outlist. First, from (iii) we see that the diagram(G,) has the only tripleedge. Next,there cannot be two double lines, or we could find a subdiagram of the form:

a=p—o—.... —a==p

and then collapsethe middle to getC——contradicting(ii.Similarlythere can be at most one triple node, i.c., a node with single lines to three other
nodes, by
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By the same reasoning, there cannot be a triple node together with a double
line:

To finish the case with double lines, we must simply verify that

o—a-=p—o—o

cs a)

isnot admissible. Consider general vectorsv = aye, + 0302, and w'= aye, +Ae, + ayes. We have

WI? = aj +a} —aya,, wl)? = a} + a} + a3 — asay — agas,

and (0, ) = ~a,a,/,/2, We want to choose v and w to contradict the
Cauchy ~Schwarz inequality (0, w)? < Jof*l}wl?. For this we want |a,\/foll
and [a,//Iw to be as large as possible.

Exercise 21.14. Show that these maxima are achieved by taking a, = 2a, and
a= 3a, 0, = 2a.

Infact, v= €, + 2es, w= 3ey + 2ey + edo give the contradictory
(ow)? = 18, fo? =3, and fl? =6.

Finally, we must show that the strings coming out from a triple node cannot
belonger that those specified in types (D,)(E),(E;),0F(E). First, werule out

Consider the three perpendicular unit vectors:

w= Rep tes 0 = (eg tes/3, w= (eg te/3.Then asin (li), since e, is not in the span ofthem,
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T= Hes? > (ey, u? + (er 0? + (er WP = 1/3+ 13+ 1B= 1,
a contradiction.

Exercise 21.15*, Similarly, rule out

o-o-o-bo-o-0
and

te ee

(The last few argumentscan be amalgamated, by showing that ifthe legs froma triple node have lengths p, 4, and r, then t/p-+ 1/q + I/r must be greater

than 1)

This finishes the proof ofthe theorem. a

§21.3. Recovering a Lie Algebra from Its
Dynkin Diagram

In this section we will complete the classification theorem for simple Lie

algebras by showing how one may recover a simple Lie algebra from the data
of its Dynkin diagram. This will proceed in two stages: first, we will see how

{0 reconstruct a root system from its Dynkin diagram (which a priori only

{ells us the configuration of the simple roots). Secondly, we will show how

to describe the entire Lie algebra in terms of its root system. (In the next
lecturewe will do allthis explicitly, by hand, and independently ofthe generdiscussion here, for the simplest exceptional case (G} as we have noted, the
reader may find it useful to work through §22.1 before or while reading the
general story described here)

To begin with, to recover the root system from the Dynkin diagram, let,
14, be the simple roots corresponding to the nodes of a connected Dynkin

diagram, We must show which non-negative integral linear combinations

Sma, are roots. Call Fm, the level of ¥ may.Thoseof level one are the simp‘Toots. For level two, we see from Property (2) that no 2a is a root, and by
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Property (6) that «+ a, is a root precisely when (a, 04) <0, ie, when the
corresponding nodes are joined by a line.

‘Suppose we know all positive roots of level at most m, and let f= Sima,bbe any positive root of level m. We next determine for each simple root a = a),
whether f+ «is also a root. Look at the a-string through fi:

B~ pesos Proves B+ OR

\Welnow p by induction (10 root isa linear combination of the simple roots

4, with coefficients of mixed sign, so p < my and ff — pais a positive root). By
Property (S).q°= P — Me: 80 f+ ais a ot exactly when

(8.0) _> tye = 28 oF ngPte Baa) By
Inelffect, the additional roots we will find in this way are those obtained by
reflecting a known positive root in the hyperplane perpendicular to a simple
roota, (and filling in the string if necessary).
To finish the proof,we must show that we get all the positive roots in thisway. This will follow once from the fact that any positive root of level m + 1fan be written in atleast one way as a sum ofa poitive root of level m and

asimple root. Ify = Fora, has level m + |, from

0< = Lua

some (7,1) must be postive, with r,> 0. By property (6h y ~ a8 a root, as

required.

By way ofexample, consider the rank 2 root systems. In the case of sly, we
start with a pairof simple roots a, @, with n,,,., = 1, ie, at an angle of 2/3;asalways, we know that = a, +9, isa root a5 wel.

a) peate,

Vaa
On the other hand, since ff — 2a, = a2 — ay is not a root, f +a, cannot be
either, and likewise + a, is not;so we have all the positive roots.In

the case of sp4C, we have two simple roots a, and a, at an angle of 3n/4;in terms of an orthonormal basis L, and L, these may be taken to be L, and1, Ly, respectively.

% ata, Jota,

INVA«
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We thensee that in addition to t= +a, the sum +2, = 2m, isaroot—it is just the rection of a, In the plane perpendicular (0 @,—-bul
B+a, =a, + 2a, and 3a, + a are not because a, — a, and a, — a, arenot
respectively (alternatively, we could note that they would form inadmissible
ingles witha, and a respectively)

Finally, in the case of (G,), we have two simple roots «,,a, at an angleof‘5n/6, which in terms

of an orthonormal basis for E may be taken to be L, and(—3L, + /3L)/2 respectively

”sae~
Reflecting «, in the plane perpendicular to a, yields a string of roots a, + a,

a, + 2a, and a, +343. Moreover, reflecting the last of these in the plane
perpendicular to a, yields one more root, 2a, + 3ay. Finally, these are all the
positive roots, giving us the root system for the diagram (G,).
We state here the results of applying this process to the exceptional

diagrams (F,), (Es), (E,), and (E,) (in addition to (G,)). In each case, Ly,....
LL,isan orthogonal basis for E, the simple rootsa, can be taken to be as follows,and the corresponding root systems are given:

3, v3(G.) aye hy aye 5h tb

R = {ln Vite thy + Bu, 3b, +f}
(Gz) thus has 6 postive roots.

(F,) a,=L,—-Ly, a=Ly-ly, as=ly,
gw bt ba = ba be= poe;

+ Ly + by t by + LyRP = [LU flat Lhe Ula — bjfee Ha bh
In particular, (F) has 24 postive roots

(6 yehabst Vis gett hy
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aye by— by y= byl
as=Ly— Ly agebyLys

RY m (a+ bhicsesU(l= Lyhyeres
gy {tbat ba tb t La bbs + Vibe

2 number

of minus signs even(E,) has 36 positive roots.

&) aebya ban ins bet Silo, ay = hy + Ly
Bye La— by abyby tp by by
age Lsy—Ly, y=be — bs;

RE = (Let Lyeseo

Ula ~ Lyhyctce (2b)vfthth Bibles iby .z orem ee

‘Thus, (E,) has 63 positive roots.

Ly= y= bythyG) gation thy
ay=hy—by age Lby—Lz, as = by —Ly
aga Ls—Ly, ae be—Ls, ty = Ly — Le.

RY = (Ly + Lyhrcsen

Ula ~ Lyhyatenvu tL, tL, te thy+ by-
2Samberst

mina stnt even”{E,) has 120 positive roots.
For (G,) and (Fy) the simple roots are listed in order reading from let to

fight in their Dynkin diagrams:

oo o—a0—o

sin the classical series (A,)-(D,). For (Ey), the numbering is

%) Gs 6 as Gy a oF
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while those for (E,) and (E,) are obtained by removing the last one or two
nodes. Note that, given the root system of (Ey), we can find the root system

of(E,)or (Eg) by taking the subspace spanned by the first seven or six simpleroots.
Exercise 21.16*. (8) Verify the above lists of roots.

(b) In each case, calculate the corresponding fundamental weights
Exercise 21.17%. Show that no two of the root systems of (A,)-(Ey) ate

isomorphic, and deduce that the Dynkin diagram of a root system is indepen-
dent of choice of positive roots

‘A more satisfying reason for the last fact is the observation that any (wo
choices of positive roots difler by an clement of the Weyl group—the group
generated by reflections W, in the simple roots. This can be seen directly for
‘each of the diagrams (A,)-(E,); for a general proof that two choices differ by
an element of the Weyl group, see Proposition D.29

‘We should mention here another way of conveying the data of a Dyakia
diagram. This is simply the m x m matrix of integers (my = Maa). where We

take m= 2; itis called the Cartan matrix of the Dynkin diagram (or ofthe
Lie algebra). Thus, for example, the Cartan matrix of (A) is

2-1 0: 0

-1 2-1 0 + + 0

o-1 2-1 + - 0

0 0 s-t 2-1

0 0 a

‘These matrices pop up remarkably often, in @ variety ofseemingly unrelated

areas of mathematics. They will not play a major role in the present text,balthe reader has probably encountered them already in one form or noth
and will probably do so again.

Exercise 21.18%. Compute the Cartan matrix, and its determinant, for ead
Dynkin diagram.

‘The neat task is to see how the root system determines the Lie algebra. We
‘concentrate on the uniqueness, since there are other ways to see the existeindeed, for all but the five exceptions we have already seen the Lie alge

‘We will describe several approaches to this problem, starting with a staigh
forward and computational method and finishing with a slick but ab
approach,
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Assume as before that g is & simple Lie algebra, with a chosen Ca

subalgebra b and decomposition of the roots R into positive and negs
roots; let a,» dy be the simple roots. The Dynkin diagram informatic
the knowledge of (%, a) fr alli # j, Let H, = H,, be the corresponding t

(of 5, defined by the rule we have seen in Lecture 14: if (7;} is the b
corresponding via the Killing form to {a,), set H, = 27;/(a, 4)

Choose any nonzero eleinent X, in the root space g,, for 1 <i< m1

determines elements Yin g_., such that [Xj ¥.] = Hy. Weclaim first thatttInelements {1, X,, Yi} generate g as a Lie algebra. This follows from

Chaim 21.19. If a f, anda + B are roots, then [ay 84] = Bary
Proor, Again look at the a-string through gp, ie, Paez ysse: This is
ireducible representation of s, = sl,C, since all the terms are one dimensio
(this follows from the fact that no fi + kaecan be zero, given thatf # :ta).}10W if (a4 9p] = 0, azo 9pr4a WOuld bea nontrivial subrepresentation,

For each positive root p, we have seen that can writef as a sum of simfootsf=a, ++ a, such that each of the sums a, ++ +a, is 8 £01's <r. If'we choose such & presentation for each f, and set

Xp OM Kygeen Mig Meo]and
My Os gee Mi Hdd

then the collection

{Ho 1 <i <n: Xp, Yy BER") Qt2

forms a basis for g, Note that iff is not sitnple, there is no reason to expe
{Uiy, %] to be the distinguished element Hy in.
“We want to show that the multiplication table for these basis elements
sgompletely determined by the Dynkin diagram. The main difficulty is that tt

{isin of thse oot the above expremion for may nt be ania‘Forexample, suppose

B= (ay +0) + ay = (02 +43) +04,sith
a, +a, and a + ay roots, We must compare (Xs, (Xz, XJ} wit‘BG, L%5, X71]. In fact, they must be negativesof each other. For, by JacobWhave

Bou O43, A071= — 0%, (2, 0] ~ 2X 2XX31= — LE OX MD]
ing that [X,, Xj] = 0 since a + ay cannot be a root, eg, by step (i) 0
preceding section.

For any sequenceI = (iy,....ij) 1 < ij Sn.set
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ayy te bay,

Xp = XsXe grees [Xie Xi
Ya = DisTiare May Hid TICall 1 admissible if each partial sum a,, +--+ +4, is a root, 1 <8 <r; notethat 1 is admissible exactly when X; is not zero,

Lemma 21.21. 1f andJ are two admissible sequences for which ay = a, thenthere is anonzero rationalnumberq determined by I,J,and the Dynkin diagran,such that X, = q°X,.

Proor. Let k = i, be the last entry in I. If j, = kas wel, the result follows by
induction on r. We reduce the general case to this case, by maneuvering to
replace j, by k. We have first

X= 4°,Oh XT
with qy a nonzero rational number depending only on J, k, and the Dynkia

diagram, since a, ~ ay = a ~ a is a root; the point is that we know how
s., & sl, acts on the ay-string through a, as soonas we know the length ofthestring, and this is Dynkin diagram information. Next, let s be the largest
integer such that j, = k. Then

The aD = DXp0

oo (Maes Olas OMe XII) JswhereK = (jas-+-y fdbsince (%, [Xi 21] = (Xn [Yie 21] when!  k. Finally,
Uh, Xn XJ = 42° Xe

with q2 @ nonzero rational number depending only on K, k, and the Dynkia’

diagram, since a + ois a root. Combining these three equations, we get
Xp 9192 Xs Xi [Xia Kad De

which sulfices since the sequence for the term on the right ends in the semé
integer k as 1. is}

Proposition 21.22. The bracket of any two basis elements in (21.20) is aresinmultiple of another basis element, that multiple determined from the Dyn
diagram.

Poor This cet for bracts ofan H, with any bass cement. Lemna2.3handles brackets of the form [X;, X,], and those involving only Y'ssimilar. For brackets (¥,, X,], it sufices inductively to compute [%, X]
a rational multiple of some Xx, with K shorter than J (or of Hy iJ has:
term}; but this was worked out in the proof of the lemma.

Exercise 21.23* (i) Show that in (G,) each positive root can be written inoalf
one way as a sum of simple roots, up to the order of the first two root
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(ii) Work out the multiplication table from the Dynkin diagram. (ii) Ver:
that the result is indeed a Lie algebra, which is (visibly) simple.

This exercise will be worked out in detail to startthe next lecture. Of cour:there is nothing but lack oftime to keep us from verifying that the other fo
exceptional Dynkin diagrams do lead, by the same prescription, to honest L
algebras, but doing it by hand gets pretty laborious, and we will describe son

of the other methods available.
The fact that the multiplication table can be defined with rational coef

cients becomes important when one wants to reduce them modulo prin
numbers, which we will not discuss here. The fact that they can be taken t
be real, on the other hand, will come up later, when we discuss real forms
complex Lie algebras and groups.

There is

a more general and elegant way to proceed, given by Serre [Se3‘Write ny in place of n,,,,. Form the free Lie algebra on generators

Hsoeey Hay Xpsooes Xa YoseoosFs
ic, form the free (tensor) algebra with this basis, and divide modulo by th
relations (4, B] + [B, A] = 0and the Jacobi relation. Then take this free Li
algebra, and divide by the relations

CH, A] = O(a CX HI= Mall X,Y OCA I:

Ui,

Xp) = my X(0ll He CH YD = ry Yalland, for alli # j,
(4 %I=0 OH =0 itmy =o;

COL 410 LK. WIT =0 itmy= —1

(XO OXKI= 0, OOO, WTO itty= ~2.Do 1%, 2% 0% 47 = 0 OOK DL. HIT= 0 ifmy= —3

Exercise 21.24. Verify that if one starts with a semisimple Lie algebra with a
'Bven Dynkin diagram, the above equations must hold.

Serre shows ({Se3, Chap. VI App.], cf. [Hut §18)) that the resulting Lie
_agcbra is inite-dimensional semisimple Lie algebra, with Cartan subalgebra
1 ted by H,,..., H, and given root system. In particular, this includes a

‘root othe existenceof all the simple Lie algebras.Here isa third approach to uniqueness. Suppose

g and g}, with given Cartanphar § and ¥¥, and choice of positive roots, have isomorphic root

‘ystems. There is an isomorphism b -> 1, taking corresponding 1, to Hj.
{Choose arbitrarily nonzero vectors X; and X; in the root spaces of g and
‘Sortespondingto the simple roots.
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‘Claim 21.25. There ts a unique isomorphism from g to g' extending the iso

‘morphism of § with W, and mapping X; to X; for all

ProoF. The uniqueness of the isomorphism is easy: the resulting map is
determined on the ¥, by sl, considerations, and the 1, X;, and ¥, generate8For the eristence of the isomorphism consider the subalgebra g of g ® 9
generated by = HOH}, X,=X,@Xj, and K= ¥@ Y. 1 suffices to

prove that the (wo projections from§ (og and g' are isomorphisms. The kernelof the second projection is t @ 0, where tis an ideal in 9, Since g is simple,
is either 0, as required, or = g, In the latter case, we must have § = 9@ 8
To see that this is impossible, consider a maximal positive root A,

take nonzero vectors X,, Xj in the corresponding root spaces, and set

X, = Xp@Xp, a highest weight vector ing Let W be the subspace of §
‘obtained by successively applying all fs. Then W is a proper subspace of
since its weight space W, corresponding {0 fis one dimensional. By the
argument we have seen several times, § preserves W. Now if j= 9@q, W

would be an ideal in g@4. and this would force X,@0 to belong to
making W, two dimensional again. a

To finish this story, we should show that the simple Lie algebras corre
sponding to two different Dynkin diagrams cannot be isomorphic, ic, that

the two choices made in going from a semisimple Lie algebra to Dynkin
diagram do not change the answer. The general facts are:

(1) Any two Cartan subalgebras of a semisimple Lie algebra are conjugate
ie, there is an inner automorphism by an element in the corresponding

adjoint group, which takes one into the other.(2) Any two decompositions of a root system into positive and negative roots
differ by an element of the Weyl group.

‘These are standard facts which are proved in Appendix D. Both statements

are subsumed in the fact that any two Borel subalgebras of a semisimple Lit
algebra are conjugate, a Borel subalgebra being the subspace spanned by the
Cartan subalgebra and the root spaces g, for positive & For those reader
who crave logical completeness but do not want (0 go through so much
general theory, we observe that most possible coincidences can be ruled out
by stch simple considerations as computing dimensions, and others can be
ruled out by simple ad hoc methods, f. Exercise 21.17

Finally, we must also prove the “existence theorem”: that there is a simp
Lie algebra for each Dynkin diagram, Serre’s theorem quoted above gives

unified proof of existence. But we have seen and studied the Lie algebrasotthe classical eases (A,)-(D,), and itis more in keeping withthe spirit of thea
lectures to at least try to see the five exceptions explicitly. This isthe subjed
of the next lecture,



LECTURE 22

§2 and Other Exceptional Lie Algebras

“This lecture i mainly about g, With just enough dscusion ofthe algebraic constrvc-sons ofthe other exceptional Li algebras to give the reader a sense oftheir complexity.di being only {4dimensional, diferent: we can reasonably cary out in practice theprocess described in§21.3 toarriveat an explicit descriptionofthe algebra by specifyingbasis and all pairwise products; we do this in §22.1 and verify in §22.2 that the result
really isa Lie algebra. In §22.3 we analyze the representations of q3, and arrive in
particular at another description of gz: it is the algebra of endomorphisms of
seven-dimensional vector space preserving a general trilinear form, (Note that §22.3

may beread independentlyof either §22.1, §21.2, or §21.3) Finally, in the fourth section‘re will sketch some of the more abstract (ie, coordinate free) approaches to the

‘onstruction of the five exceptional Lie algebras. While the first two sections are

completely elementary, the constructions given in §22.4 involve some fairly serious
algebra

22.1: Construction of g, from its Dynkin diagram
222: Veriying that quit Lie algebra
223: Representation theory of g2
{P24 Algebra constructions ofthe exceptional Lie algebras

$22.1. Construction of g, from Its Dynkin Diagram

‘Inthis section we willearry out explicitly the process described inthe preceding
‘ection for the Dynkin diagram (G,), constructing in this way a Lie algebra
‘a with diagram (G,) (and in particular proving its existence).
“The first step is to find the root system from the Dynkin diagram. In the
case ofg this is immediate; we may draw the root system R ch associated
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Claim 21.25. There is a unique isomorphism from g (0 ' extending the iso

‘morphism of 6 with W, and mapping X, to X; for al

PRooF. The uniqueness of the isomorphism is easy: the resulting map is
determined on the ¥; by sl, considerations, and the 1%, X;,and Y, generateg.For the existence of the isomorphism consider the subalgebra § of ga

generated by A, = H,@ Hi, X= X,@ Xi, and f= H@ Yi. 1 sulfces toprove that the two projections from § to and g' are isomorphisms. The kernel
(of the second projection is @ 0, where tis an ideal in, Since g is simple,
is either 0, as required, or f = g, In the latter case, we must have § = g@
To see that this is impossible, consider a maximal positive root f,

take nonzero vectors X,, Xj in the corresponding root spaces, and set
X,= X,@ Xj, a highest weight vector in g Let W be the subspace of§‘obtained by successively applying all F's. Then W is a proper subspace of
since its weight space W, corresponding to fis one dimensional. By the
argument we have seen several times, @ preserves W. Now if j= a@4, W
would be an ideal in g @4q', and this would force X, 0 to belong to
making W, two dimensional again, a

To finish this story, we should show that the simple Lie algebras corre:
sponding to two different Dynkin diagrams cannot be isomorphic, ie, that
the two choices made in going from a semisimple Lie algebra to Dynkin
diagram do not change the answer. The general facts are:

(1) Any two Cartan subalgebras of a semisimple Lie algebra are conjugate,
ie, there is an inner automorphism by an element in the corresponding
adjoint group, which takes one into the other.

@) Any two decompositions of a root system into positive and negative roots
differ by an element ofthe Wey! group.

‘These are standard facts which are proved in Appendix D. Both statemeats

are subsumed in the fact that any {Wo Borel subalgebras of @ semisimple Lie
algebra are conjugate, a Borel subalgebra being the subspace spanned by the
Cartan subalgebra and the root spaces 9, for positive «. For those readert.
‘who crave logical completeness but do not want to go through so much
general theory, we observe that most possible coincidences can be ruled ott
by such simple considerations as computing dimensions, and others can bé,
ruled out by simple ad hoc methods, ef, Exercise 21.17.

Finally, we must also prove the “existence theorem”: that there isa simple
Lie algebra for each Dynikin diagram. Serte’s theorem quoted above gives

unified proof ofexistence. But we have seen and studied the Lie algebrasftthe classical cases (A,)-(D,), and itis more in keeping with the spirit of thes,
lectures to at least try to see the five exceptions explicitly. This is the subjed

of the next lecture.



LECTURE 22

§2 and Other Exceptional Lie Algebras

This lecture

is mainly about gz, with just enough discussion of the algebraic construc-tions of the other exceptional Lie algebras to give the reader a Sense of their complexity.
92, being only 14-dimensional, is different: we can reasonably carry out in practice the
process described in §21.3 to arriveat anexplict description ofthe algebra by specifying
abasis and all pairwise products; we do this in §22.1 and verify in §22.2 that the result
really is a Lic algebra. In §22.3 we analyze the representations of q3, and arrive in

pactcular at another description of gy it tthe algebra of endomorphisms of ateven dimensional vector space preserving genera trilinear form. (Note that §223may be read independentlyof either §22.1, §21.2, or §21.3) Finally, in the fourth sectionwe Wil sketch some of the more absiract (Le, coordinate free) approaches to the
construction of the five exceptional Lie algebras, While the fst two sections are

completely elementary, the constructions given in §224 involve some fil serious
algebra.

{22 Construction of from its Dynkin diagram{222 Verifying that 93 isa Lie algebra
{223 Representation theoryof osR24: Algebraic constructions of the exceptions Le algebras

§22.1. Construction of g, from Its Dynkin Diagram
Inthis section we will carry out explicitly the process described in the preceding
‘ection for the Dynkin diagram (Gq), constructing in this way a Lie algebra
‘g2 With diagram (G.,) (and in particular proving its existence).

‘The first step is to find the root system from the Dynkin diagram. In the

case of g; this is immediate; we may draw the root system R c §* associated
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to the diagram G, as follows:

2OD

ay = c4n.tiny | 9, = (12. f40)r= adi2) as = 02,f8)
% 70.9)

ms msms »

me

Here the positive roots are denoted a, with a and a, the simple roots. The
coordinate system here has no particular significance(in particular, recall thatthe configuration of roots a, and f, is determined only up to & real scalar), but

is convenient for calculating inner products. Note that the Weyl group is the
dihedral group generated by rotation through an angle of x/3 and reflection
in the horizontal; the Weyl chamber associated to the choice of ordering of
the roots given is the cone between the roots ag and ay

‘As indicated in the preceding section, we start by letting X, be any eigen-
vector for the action ofh with eigenvaluea,, and X, any eigenvector for theaction ofb with eigenvalue a. We similarly let ¥, and ¥, be eigenvectors with
eigenvalues f, and fl, and set

Hy= 0X, KI) and Hy= (X,Y)Wecan choose ¥; and ¥,s0 that the elementsH, € satisfy ay(H,) = aa(H)=die,
(Hy, X,J= 2X, and (Hy, Xg) = 2-Xy

I follows that

(iy, Ki) = -2-¥% and (Hy, hy) = -2-%,

ie, Hy, Xnand ¥;spanasubalgebras,, > sl,C, with H, X;,and ¥,a normalized
basis for this copy of sl,C.

Now, its clear from the diagram above that there is a unique way of writing
each positive root a, as a sum of simple roots a, + °** + a,, 0 that the partial
sums a, +"" + a, are roots for each I < k (modulo exchanging the first two
terms) we go through the root system by the path



221. Constructionofg from Its Dyokin Diagram u

|*|
ie, we write

ay = ay + a3,

ayaa tay may tay ba,

Mg may Hayay Hay Hay + OyAg = ay Fay a +0, Ho, Hay tay
According to the general recipe, this means we now set

X= 1% =O Xs),

X= (XX Xe = (Xa, Xs),

and define Yy,..., Ye similarly. The elements Hy, Hay X15 00-5 Xos Yasooo» Yothen form a basis for the 14-dimensional ga, with M7, and ff basis for b, X,
generator of the eigenspace 9,,, and ¥;a generator of gp, for f= I,...,6.

The task at hand now is to write down the multiplication table for qin
{erms of this basis. Of course, some products are already known: we know,

for example, that H,, X;, and ¥; form a normalized basis for sly€ for i = 1,2,
{and we have the relations defining Xs, ..., X- and Yj, ..., Y, above. In

‘Addition, since we know that the product [X, Xj] lies in the root space 9,4,
foreach i andj, we see immediately that [X,, Xj] = 0 whenever a + ay is notroot. We deduce that

(Xi, X5] = 1, Xe) = Xa, Xa] = (Xa, X4) = Xa, Xo] = a, X5]
= [Xa Xe) = Xa, Xs)

= Xa Xe) = [Xs Xo) = 0,and likewise
Of, %5] = 0%, Yo) = Of Ks) = 2, 4) = Oe Yo = Oe 5)

= (5, Yo)= (a 5) = [Ya Yo)= Diss Yo]= 0.
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Similarly, we know that [X,, ¥j] = 0 whenever a, + f = ay ~ ais not a root;
this tells us as well that

(4, 2) = OX, Yo) = Oa, NI) = Xs Ye) = On 5) = OX, V5)
= 1%, 4) = 1%, 2) = Xs a) = Me, Hh = 0

‘The multiplication table thus far looks like

MX MX MH Xe Xs te Xe hei, 0%, 0, + + + * + + + + 6 +
4 sox,8 8 ee ee eex Mok 0 Xe 8 Xe 2 0 2 0 0% On © % # % + 0 0 0

% H, 0 + 0 0 X% 0 O +
%+0000&+0

x+ 4 4 0 0 Oe

% re er)
Xe + 0 + Oe
%+0+0

x+ 0 8

% + 0
Xs .

The next thing to do is to describe the action of Hy and HH, on the various
vectors X, and ¥. This can be done using the inner product on b, but itis
perhaps simpler to go back to the basic idea of restriction to the subalgebras

s,, and s,,. For example, if we want to determine the action of 7, on the
Various X,, consider how the algebra 9 = bD(a,,@g,,) decomposes as2representation of s,,:

°

3 aug 3
oe0 8
age 2

oe0 ce

o
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Mgt wo tv epretettion the span of Xe and Ya sandy noted
‘one copy of the adjoint representation Sym?V (the subalgebra ¢,, itself)
spanned by X,, %;,and H,;and two copiesof the irreducible four-dimensionalrepresentation Sym*V spanned by X,, X3, Xe, and X,and Y,, Ya, Ys, and YyIn particular, it follows that Xz, Xs, X4, and Xy are eigenvectors for the
action of H, with eigenvalues of —3, —1, 1, and 3, respectively; and likewise
Ys, Yay Ys. and Yq are eigenvectors with eigenvalues —3, —1, , and 3. In
similar fashion, we consider the decomposition of q under the action of

%,, = C{Hz, Xz, ¥a): diagrammatically, this looks like

1

1 Mt Cae a

NS“a

(, itself), and four copies of the standard two-dimensional representation V,
spanned by X, and Xs,Xy and X,, Y; and Ys, and Yzand Y.. It follows thatFoe aa cee in titre din einer
and likewise X5, X,, Ys, and Yq are eigenvectors with eigenvalue — 1.

Including this information, we can fill in (he top two rows of the multipli-

a “h % Wy =m X% -h Oo er

Decomposing g, accordingto the action of s,, and s,, gives us informationabout the action of X,, X;, ¥%;, and ¥, on the other basis vectors as well.
For example, we saw a moment ago that X, and Xq together span a sub-
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representation of gz under the action of s,,, with ad(X,) carrying X, to Xg
follows from this that ad(¥,) must carry Xq back to Xq: we have

2d(¥)(Xe) = 24%) 24(X3)(X5)
= 2d(X,) ad(15)(%3) — ad( (Xs, DS)

= 0—ad(H,)(X3) = Xs.

Simitarly, since ad(X,) carries X; into —X, which together with Xy spansa‘copy ofthe standard two-dimensional representation of s,, = sly, it followsthat ad(¥,) will carry —X, back to X,. Likewise from the fact that ad(¥)

carries ¥; to ~ Ys we see that ad(¥3)(¥) = ~ Yi, and since ad Ya): Yar Yorad(X,): Yor Ys.
We can in the same way use the action of s,, to determine the values of

ad(X,) and ad( ¥2)on various basis vectors, though because the representation
of 84, of g3 has larger-dimensional components this is slightly more com-

plicated. To begin with, consider the representation of ¢4, on the subspace
spanned by X3, Xs, X4, and X,. We know that ad(X,) carties X, to X,and
since X; is an eigenvector for the action of the commutator [X1, %)] = Hy
with eigenvalue —3,it follows that ad(¥,) must carry Xy to 3Xz: we have

ad(¥,)(%3) = ad(¥,) ad(X4)(%3)
= ad(Xy) ad(¥)(%2) ~ ad( EX. HDG)
= 0 — ad(HH,)(%s) = 3X3.

‘Using this, we can next determine the action of ¥, on Xy

ad(¥,)(Xa)= ad(¥%) ad (X4)(%3)
= ad(X,) ad (Y)(Xs) — d(H, )(X5)
= ad(X,)BXQ) + Xy = 4Xy,

and we calculate likewise that ad(¥,)(X3)= 3X4. Analogously, knowing thatad(¥,) carties ¥_ 10 Ys to Yq to Ys yields the information that ad(X,) mustarty Ys. Ya, and Ys (0 3%, 4% and, 3%, respectively. Including all this

information in the chart, the next four rows of our multiplication table are

XO NS hh OM WX Mh

xX Woy 0 OX 3h 4h 0 3m 0 0i 0% 3X oN AX, % 3X, 0 0 0% HW 0 -% 0 0 X& 0 0 %
% -% 0 0 0 0 O&O

‘We next have to find the commutators of the basis elements X, and 1, fot4, §23. We cannot do this by looking at the action of the subalgebra
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generated by X, and ¥;, since for i> 3 we do not know the commutat
[%, ¥]. Rather, the way to do this is outlined in the general proof in (
preceding section: we just use the expression of the X, and ¥ as brackets

the generators Xj, Xz, ¥;,and ¥; to reducethe problem to brackets with thegenerators, which we now know. Thus, for example, the frst unknown entin the table at present is the bracket [X, Yq]. We calculate this by writing
as(X,,Xa], 50 that

ad X)(Y5) = adlEXy, X3D)(%)
= ad(X,) ad(X4)(¥5)~ ad(X3) ad(X4)(¥%5)
= ad(X)(—%) — 04(4)8%)

= -H, 3H,

Likewise, to evaluate [X,, Xu] we have

Ad(XX) = ad( LX, XD)

= ad(X,) ad (X3)(X4) ~ ad(X,) ad(%)(Xa)
= —ad(X,)(%s) = — Xe

In this way, we can evaluate all brackets with Xs; knowing these, w
can reduce any bracket with X, to one involving X, and X by writin
X4= [X,, Xs}, and so on. Continving in this way, we may complete ot
multiplication table:

BX OR Se ee wR OR mt
om IN OG hm ok Oh Oe
mo ok my on Oe Oy

x re a eex Ce a
xa
xa a)

i Mmm 0 8 8m
% M% -% 0 0 om oO

tH,i sm 8 may 0am
x ry 0 Kyo

ah ga% ae 5
% wer, 0

sot,a
nn

Ofcourse, in retrospect we see that the basis we have chosen is far fromthe most symmetric one possible: for example, if we divided X, and Y, by 2‘and Xs, Xe, Ys, and Y, by 6, and changed the signs of X, and Ys, the form olthe table would be
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Table 221
os Th & S FM Sh Mh

0 mm 4 3% Oh he OM oh Mh Oe
mW ay Oh To
x moe 0 a Sh wy ty 0
a o -n On om my % - 0 ot

xn rr a a rr eo"a

x ree a
® a a ey
% ams,0 =O" noe KF

x nam 0
® an)
x nm

‘There was another good reason for these changes: now each ofthe brackets
(%,, ¥] will be the distinguished element of h corresponding to the root ay If
we denote this element by H,, then we read off from the table that

Hy= Hy 43M, Hy 2H, + 3th, 22)
Hy= y+ ly, He Hy + 2

and

HUM [X= 2X, Uh, W= -2%, 23)

for t= 1,2,3,4,5,6.

§22.2. Verifying That g, Is a Lie Algebra

‘The calculation of the preceding section gives a complete description ofwhat
the Lie algebra g, must look like, but there is still some work to be done:

unless we know that there isa Lie algebra with diagram (G3), we do not know
that the above multiplication table defines a Lie algebra, let alone a simple
‘one. Infact, the simplicity is not much of a problem (cf. Exercise 14.34), but
to know that itis a Lie algebra requires knowing that the Jacobi identityisvalid. One could simply check this from the table for all '#) triples of elementsfrom the basis, a rather uninviting task.

‘There is another way, which gives more structure to the preceding calcula:
tions, and which will give a clue for possible constructions of other Li
algebras. The root diagram for (G,) is made up of two hexagons, one wit

Jong arrows, the other with short. This suggests that we should find a copyofthe corresponding Lie algebra slyC inside g3. The subspace spanned byand the root spaces corresponding to the six longer roots is clearly closed
‘under brackets, so is the obvious candidate. The long roots are ay, , and
ig = a5 + a3, and their inverses. So we define go to be the subspace spanned
by the corresponding vectors:



Go = C{Hs, Hz, Xs, Ys, Xz, Ya, Xo, Yo.

Ay Xs Ys XM % Xe Xe
Hs 0 2X5 —2¥%,  -X, y Xe —Vs

xy rs rn Sk A
yy Ay 0 Ys

% =Xs °

Xe Hy +H,

‘Thisis exactly the multiplication table for sl,C, with its standard basis (in
same order):

hy = C{Eyy — Ea.as Ba,2 — Es,3y Bs,20 Bats EasyEs,20 Es,a9 Baa}
‘So we have determined an isomorphism

(Note right away that this verifies the Jacobi identity for triples taken from
‘The rest of the Lie algebra must be a representation of the subalge!

{% & #1, and we know what this must be: the smaller hexagon is the uniot
the (wo triangles which are the weight diagrams for the standard represen
tionof sl, and its dual, which we denote here by W and W*; W is the sum.the root spaces for a,, f,, and fs, while W* is the sum of those for P,.

and a.

«

<PKE »
we<J —_bs
aBs
Be

Again, a look at the table shows that the vectors X,, ¥,, and Y, form a ba:
for W=C? that corresponds to the standard basis ¢,, ¢;, and es, at
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similarly Y., X,, and Xy form a basis for W* = (C2)* that corresponds to
the dual basis ef, ef, and ef: we have

WHC(Xa Ye Bh WE=Ca,Xi Xs}
2 = 90 @ W@W".

With these isomorphisms, the brackets

fox WW and ggx Wt We
‘correspond to the standard operationsof sly€ on C? and (C3)*.Next we look at brackets of elements in W. Note that [W, W] is containedin W®, either by weights or by looking at the table. The table is

no & 4%

Xe 2%) 2X or eet

HY 0 -2% a an)

Identifying W = C*, W* = (C2)? asabove,we see that the bracket Wx W-+W* becomes the map

WxWawe=MW,  oxwee—2-vAw,

Similarly for W*, we have [W*, W*] < W, and the bracket is identified with
the map

Wi WhaWaNW,  gxbrrond

Finally we must look at brackets ofelementsof W with those of W’*, whichland in go. Here the table is

% x Xs

X. U+H, 3X 3K

xy My oma, XY
KM 3 Hy,

In terms of the standard bases, [¢,, ef] = 3E,,— Syl. Intrinsically, this
mapping

CE Wx We as,C 9)

cean be described by the formula
[v, ¢10) = 30(w)0 — (ow 24

for e,we Wand pe W*.
Exercise 22.5%. Show that [¢, @] is the element of sly characterized by the
formula
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Blo, 9],Z) = 189(Z-0) for all Z €s1C,
where B is the Killing form on gy = sly€. In other words, if we write 0:
the element in gy = sly satisfying the identity

Bloe9, Z) = (2-0) for allZe qo = s15C,
then the bracket [r, can be written in the form

[2,9] = 18-099.

Itis now a relatively painless task to verify the Jacobi identity, since,

than having to check it for triples from a basis, it sufices to check it on
ofarbitrary elements of the three spaces qo, Wand W* using the above
algebra descriptions for the brackets. We will write out this exercise, sin

same reasoningwill be used later. For example,for three or two element:{o, this amounts to the fact that go = sly isa Lie algebra and W and
representations,

For one elementZ in go, and two elements vand win W, the Jacobi idfor these three elements is equivalent to the identity

Zon w)=(Z-)nwt on (Zw),
which we know for the action of @ Lie algebra on an exterior produc
similarly for one element in go and (wo in W*.

The Jacobi identity for Z € go, 0€ W, and pe W* amounts to

[Z,0*9] =(Z-0)49 + 04(Z-9).

Applying B(Y,—) to both sides, and using the identity B(Y,[Z, ?
BUCY, Z}, X) this becomes

ALY, Z]-0) = (Y(Z-v) + (Z-@Y-oe

Since @(LY, Z]-0) = @(¥(Z-0)) ~ @(Z (Ye) this reduces to

(Z-@)(w)= —9(Z-),
for w= ¥-0, which comes from the fact that W and W* are

representations.

For triples,0, win W, the Jacobi identityis similarly reduced to the ide
(A Zw) + (0.0 w(Z-u)+ (w A w)(Z-e) = 0

for allz € go, which amounts to
UADA(ZWw +UA (Ze) Aw (Zu) AvAW
=ZWAvAW=0 inNW=C;

and similarly for triples from W*.
For, we W, and @ € W®, noting that

Uo, #),0] = -2-[0 A me] = — 4-400 w) Ao = —4-(0f9w ~ (H
the Jacobi identity for these elements reads
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—4-(@(e)w ~ otw)o) = —Lm, @1(0) + Lo, @( (28)

The right-hand side is

—L, @H(0) + Lo, 9] () = —Gelo)w — o(w)o) + Bptw)o — o(e)m),

which proves this case. (This last line was the only place where we needed to
use the definition (22.4) in place of the fancier (227))

‘The last case is for one element v in W and two elements@ andy in W".‘This time identity to be proved comes down to

4g — oO) = Le, o]-¥ — [v1

Applying both sides to an element w in W, this becomes

—4-Woho() — POW) = (Lo, HI) — W{Le, @]-).

If we apply ¥/ to the previous case (22.8) we have
—4-(oledH(m) — om WE) = —HILw, 0-0) + HALH, @-¥

‘And these are the same, using the symmetry ofthe Killing form:

18-9(C0, ¥)-») = BULe, Ws Om, #1)= B(Lw, 0] (0, VI)= 180(E™, 0-0)
‘This completes the proof that the algebra with multiplication table (224)

is a Lie algebra. With the hindsight derived from working all this out, of
course, we see that there is a quicker way to construct g,, without any
‘multiplication table: simply start with slC ® W@ W*, and define products
according to the above rules.

§22.3. Representations of g)

We would now like to use the standard procedure, outlined in Lecture 14 (and
carried out for the classical Lie algebras in Lectures 15-20) to say something
about the representations of g,. One nice aspect ofthis is that, working simply
from the root system of g, and analyzing its representations, we will arriveat‘What is perhaps the simplest description of the algebra: we will see that gis

the algebra ofendomorphisms ofa seven-dimensional vector space preservinga general trilinear form.
‘The first step isto find the weight lattice for g2. Ths is the latticeAy <5dual to the lattice Ty < b generated by the six distinguished elements Hj. By

(222), Ty is generated by H, and H,. Since the values of the eigenvalues 1,
and a, on H, and 1, are given by

a(Hy)=2, ath)= 1,
ax(H,)= 3, ay(Ha) =2,

it follows that the weight lattice is generated by the eigenvaluesa, and, (andin particular the weight lattice Ay is equal to the root lattice A). The pictureis thus
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As in the case of the classical Lie algebras, the intersection of the (clo
Weyl chamber #” with the weight lattice is a free semigroup on the
fundamental weights

= 2ay +a, and, = 3a, + 2a.

Any itteducible representation of q will thus have a highest weight vects
‘hich is a non-negative linear combination of these two. As usual, we W

T,y for the irreducible representation with highest weight aco, + bars

Let us consider first the representation I. with highest weight a. Tr:
lating «, around by the action of the Weyl group, we see that the wei
diagram of Fo looks like
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Since there is only one way of getting from the weight « to the weight 0 by
subtraction of simple positive roots, the multiplicity of the weight 0 in Ty.
‘must be I. Ty,9 is thus a seven-dimensional representation. It is the smaliest
of the representations of gs, and moreover has the property (as we will verify

below) that every irreducible representation of q, appearsinits tensor algebra;
we will therefore call it the standard representation of g, and denote it V.

‘The next smallest representation of g is the representation To, with
highest weight «,; this is just the adjoint representation, with weight diagram

Note that the multiplicity of0 as a weight of T,; is 2, and the dimensionofTo.q is 14

‘Consider next the exterior square A?V of the standard representation

V =Ty,0 of qs. Its weight diagram looks like



from which we may deduce that

AV 21. @V.

In particular, since the adjoint representation I, , of g2 is contained in AY
and the irreducible representation I, with highest weight aa, + ba, i
contained in the tensor product Sym*V@ Sym'T'p,,,we see that every irreducible representation of , appears in some tensor power V®™ of the standar:

‘Next, look at the symmetric square Sym?Vof the standard representation
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Clearly, this contains a copy of the irreducible representation T>,0 of

with highest weight 2.,. Depending on the multiplicities of this represents

tion, it may also contain a copy of V itsel, of the trivial representation, of
both; or it may be irreducible. To see which isin fact the case, we need to
know more about the action of q, on the standard representation v. We

will do this in two ways, first by direct calculation, and second using the
decomposition of gs into sl, @ W @ W*. Although the second approach is
shorter, the fist illustrates how one can calculate for the exceptional Lie
algebras very much as we have been doing in the classical eases.
To describe V explicitly, stat with a highest weight vector for ¥, ie, any

‘nonzero elemento, ofthe cigenspace V4 ¢ V forthe action of) with eigenvalve
a. The image of 0, under the root vector ¥, will then bea nonzero elementofthe eigenspace ¥3 with eigenvalue a, (this follows from the fact that the
direct sum V @ Va, a8& representation ofthe subalgebra 2,, < gs a copyofthe standard representation of, = sl3C), Similarly,the image of oy under ¥isa generatoro, ofthe eigenspace V, with eigenvaluea, the image of, under¥, isa generator ofthe eigenspace Vg with eigenvalue 0, and so on. We may
thus choose asa basis for V the vectors

% =H = Kl, w= Kl

mr AK, y= FOr), and me = — YO),

where o, (resp. w) isan eigenvector with eigenvalue o(resp. .). (The signs and
coefficient} in the definition of w, are there for reasons of symmetty—see

Exercise 2.10) Diagrammatically the action of gy may be represented by the
arrows

Moy
exe

Y,

wow eA
oxeee

awo
o<—e

Exercise 2239. (i) Verify that the vectors 0, w;, and u, as defined above, ae
indeed generators ofthe corresponding eigenspaces (i) Find, in terms ofthis

basis for ¥, the images of v, under the elements Ys, Ya, Yo, and Yo.
Exercise 22.10, Show that the elements X,and ¥;¢ g, all carry basis vectos,

1 and w, into other basis vectors, up to sign (or to 2ef0, of course), and cary
to twice basis vectors, that is, Xju = 2o, and Yu = 20 for f= 13,4,
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Now, the representation Sym*V has, as basis, the pairwise products of
the basis veetors for V; and the subrepresentation T;, is just the subspace
generated by the images of the highest weight vector of under (repeated
applications of) the generators F, Y, of the negative root spacesof 9. Thus,for example, the eigenspace in SyméV with eigenvalue a, is the span ofthe
products u-o, and 0°04;the part ofthis lying in Twill be the span of thetwo vectors Ya ¥,¥s(02) and ¥ Ys ¥(ob). We calculate:

¥%% Yi(e2) = Yo ¥s(2oy°04) = Yl203)

= 404-05

and

WY YY(08)= % YQes-e4) = — oye)
= 204-05 — 20-04

We see, in other words, that T>,o assumes the weigh a with multiplicity 2,

to that in particular Sym?V does not contain a copy of V.
Similarly, to see whether or not Sym?V contains a copy of the trivial

representation, we have to calculate the multiplicity of the weight 0 in T>.o.
Since any path in the weight lattice from the eigenvalue 22, to 0 obtained by

fubtracting a, and a, must passthrough ay, we can do this by evaluating the
products of ¥, and Y, on the generators vj vy and uv, ofthe eigenspace with
fipenvalue ay: we have

HH Yelorvs)= —¥, Y(e8) = — %Qu-e,)
= 420, — 202;

YH Tureg)= 0;
WWM (0105) = YYoluees)= — Yu)

= 2myr0 =

Y WY (uo4)= Ys Yalev5 + 2m 04)
= (—w-0y + 25°04)

= 204 — uP — Dg va + Dosey;

HY YlOy09)= YY; (ues)= Ym; 09)
= =m0, + Dmy-055

and

WY, Yung) = WY (ueoy + 2004) = Yold 05)
= dmyo0y + diy

Weee from this that the O-eigenspace of Tis three dimensional; we thus‘have the decomposition

Sym?V 21,6 ®C.
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In particular, we deduce that the action of qa on the standard representation
V = C" preserves a quadratic form; and correspondingly that the subalgebra
42 € sI(V) = s1,€ is actually contained in the algebra s0,C. We will se this
again in the following section, where we will give alternative descriptionsofthe exceptional Lie algebras, and again in §23.3 where we describe compact
homogeneous spaces for Lie groups.

Exercise 22.11. Analyze in general the symmetric powers Sym'Vof the stan-dard representation V of gy.

Finally, consider the exteriorcube\*V of the standard representation. Theweight diagram is

yn.

and ater we remove one copy of the representation To with highest weight

2a, (this isthe sum of the three highest weights a4, a, and a, of V), we ae
deft with
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This, by what we have seen, can only be the direct sum of the standard

representation V with the trivial representation C. In sum, then, we concludethat

AV xT, o@ VOC.

Note in particular that, as a corollary, the action of 3 on the standard
tepresentation preserves a skew-symmetric trilinear form « on V. It is not
hard to write down this form: itis a linear combination of the five vectors

My AWA Oy, 0E AWA Mas Wh AWAD4, 0, A Uy A WandWy A WyA vg: andthe fact that itis preserved by X, and X; is enough to determine the coeficients:
wehave

Om My NWA Dg HO AWA Met M AWA Dy

204 Ay A Wa + 2 A Wy A tee
‘The fact that the action of g3 on V preserves the skew-symmetric cubic

form c takes on additional significance when we make a naive dimension
fount. The space /°V of all such alternating forms has dimension 35, while
the algebra gl(V) of endomorphisms of V has dimension 49; the difference is

txacily the dimension ofthe algebra g,. In fact, we can check directly that the
linear map

og)+N

sendingA € End(V) to A(o) is surjective. We deduce that « is a general cubic
‘Mternating form [ie, an open dense subset of AV corresponds to forms
‘quivalent to. under Aut(V)}, and hence that

Proposition 22.12. The algebra q, is exactly the algebra of endomorphisms of
‘seven-dimensional vector space V preserving a general skew-symmetric cubic
formovon V.
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Exercise 22.13*. Verify that the map @ aboveis surjective by direct calculation
of the action of gl(V) on w A'V.

Exercise 22.14, As an alternative to the preceding exercise, analyze skew-
symmetric trilinear forms on C* to show that for n <7 there are only finitely
‘many such forms, up to the action of GL,C. Verify that the form w abovesgeneral in AC" (Infact, there are only finitely many cubic alternating forms
‘on C* as well, though this is fairly complicated; for n > 9a simple dimension
count shows that there is a continuously varying family of such forms.)

Note that the cubic form a preserved by the action of qs gives us explicitlythe inclusion

Vvony

deduced earlier from their weight diagrams: this is just the map ¥*-»/\'Y
aiven by contraction/wedge product with «, composed with the isomorphism
of V with V*.

Exercise 22.15*. Find the algebra of endomorphisms of a six-dimensional
vector space preservinga general skew-symmetric trilinear form.

‘We will see the form «» again when we describe 9, in the following section
‘These calculations using the table amount to using all the information

that can be extracted from the subalgebras s, & sl,C of q3. Using the copy
of sl,€ that we found in the second section can make some of this more
transparent. Make the identification

$2 = 99 O WOW? =shCOWOW*.

As a representation of slyC, the seven-dimensional representation V must
be the sum of W, W*, and the trivial representation C. If we make this
identification,

v=wowrec,

itis not hard to work out how the rest of q, acts. This is given in the following,
table:

wow ¢

w yoe

% x Xw XO

Wooo -0nw Wo) ew
Weg a) Ay Bee

With this identification, we have w= 1 in C, and
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me, MRE Wye ey in W =O

mae oe opm et ine = (CY

Conversely it is not hard to verify that the above table defines a representation

of qa, by checking the various cases of the identity [6 nJ-y = €-(1"y) ~
1(€-))for &, in g, and y in V. Note that the cubic form «» becomes

om Se rune? tereretet ret red)
‘This description of V can be used to verify the calculations made earlier,

and also to study ils symmetric and exterior powers. For example, Sym?
decomposes over slyC into

Sym?W@ Sym?W* @ Sym’C® WOCOW*@COWOW*
= Sym?W@ Sym?W* @C@ WO W* @siCOC.

‘To get the weights around the outside ring, the irreducible representation Ts,
must include Sym?W, Sym?W*, and sl,C. Checking that Weg, maps
Sym?W* nontrivially to W* shows that it must also include W and W*. To
finish it suffices to compute the part killed by qa, which must fie in the sum

of the two components which are trivial for sI,C; checking that this is one
dimensional, one recovers the decomposition

sym'V = 1;,0@C.

Exercise 22.16. Use this method to decompose A\?V and Sym?¥.

§22.4. Algebraic Constructions of the
Exceptional Lie Algebras

Inthis section we will sketch a fewof the abstract approaches to the construc-tion ofthe five exceptional Lie algebras. The constructions are not as easy as
you might wish: although the exceptional Lie groups and their Lie algebras

have a remarkable way ofshowing up unexpectedly in many areas of mathe-
‘matics and physics, they do not have such simple descriptions as the classical

series. Indeed, they were not discovered until the classification theorem forced
‘mathematicians (o Look for them.

To begin with, the method we used to construct gy in the second section
‘ofthis lecture can be generalized to construct other Lie algebras. This is the

construction of Freudenthal, which we do first. It can be used to construct theLie algebra eg for the diagram (Eq). From ey itis possible to construct e, and
and f,. Then we will present (or at least sketch) several other approaches

t0their construction. Since it isa rather echnical subject, probably not really
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suited fora first cours, we will touch on several approaches rather than ge
a detailed discussion of one

The onstruction of, a8 sumgo @ We W* that we found inthe secondsection works more generally, with very litle change. Suppose fo i a sem-

Simple Lie algebra, and W is a representation of gg: let W* be the dial
representation, and st

8= HOW OW

We also need maps

MW and nsw

of representations of go. We assume these are given by trilinear maps T:
Wes Gand 7": MWS G, which means that

(Asim) =TH8,9) and He AV)= Te. v9)
We assume these maps are related by the identity:

(AWA 9 = olor" — otwo ein

for all»,we W and ge W*, We can then define a bracket on g by the same

rules asin the second section To describeit, weletX, ,Z,.. denote arbitraryelementsof oy 8 elementsof W, and o, vs 9. elements of W*. Thebracket in gi determined By setting:

(© LG YI=04.7) _thegivenbracketingo),i) [Xo] =X-e——(theactionofgoon W),Gi) (Xo) = X-@ __(thecanonical action of gy on W*),Gv) [un]=e-(0n w)  forascalaratobe determined),() Ca¥) =B-(@ AW) (forascalarto be determined)(i) [wel se(ere) (forascalaretobe determined),
As before, @ is the element of gp such that

B04 9,2) = 02-0) for allZ eGo,
where B isthe Killing form on gg: The rules ()-vi) determine a biteat

product [, }on all of g, and the fact that itis skew follows from the fst
that (XX) = 0, (0, «] 0, and (9, 9] = 0

‘The argument that we gave showing that satisfies the Jacobi identi

works in this general case without essential change, except for the one cas of
a triple with two elements in WV and one in W*, where we had to do anexplicit!
calculation, The identity we need inthe general case in place of (2.7) th
identity:

ab-((w— gmp) =e((ore)-w—(we9)-0, —(2IEh

which is equivalent tothe Jacobi identity foro, wand g. Again, the spl
othe resulting Li algebra is easy to se, provided all the weight spaces
One dimensional, using Exercise 14.4, 90 we have:
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Proposition 22.19 (Freudenthal). Given a representation W of a semisimy
Lie algebra go and trilinear forms T and T° inducing maps \?W+ W* aAW + W,such that (22.17)and (22.18) are satisfied, the above products make

9=%OW@ Wt

into a Lie algebra. If the weight spaces of W are all one dimensional, and 11
weights of W, W*, and the roots of go are all distinct, and abc #0, then g

semisimple, with the same Cartan subalgebra as go
Exercise 22.20*, (a) Show that the trilinear map T determines a map /
RW W* of representations ifand only ift satisfies the identity

T(X-u,6, w) + Tu, Xo, w)+ Thws0, X-w)=0 VX€ fos
and similarly for T°.

(&) Show that (22.18) is equivalent to the identity

ab-(0.0 Wo A ¥)= -(Blwey, 049) — Bowe,v6 ¥)).
‘The Lie algebra eg for (Eq) can be constructed by this method. This tim

Bois taken to be the Lie algebra slg; if V = €° is the standard representatios
Of si,€, let W= A®¥, so W* = A'V*; the trilinear map is the usual wedg:
product,

RV@NVONVINV=C,

And similarly for A'V*. We leave the verifications to the reader:

Exercise 22.21*. (i) Verify (22.17), and check the conditions on the rootsof st,and the weights of AV and A?*. (i) Use the fact that B(X, ¥) = 18-Tr(XY{or sty to show that (22.18) holds precisely if ¢ ~ 18ab. (ii) Show that the
Dynkin diagram of the resulting Lie algebra is (Eq)

Note that the dimension of slg is 80, and that of W and W* is 84, so the
‘tum has dimension 248, as predicted by the root system of (Ey).

‘Once the Lie algebra eg is constructed, e, and e, can be found as sub-

‘algebras, a8 follows, Note that removing one or two nodes from the long arm
sifthe Dynkin diagram of (B,) leads to the Dyokin diagrams (E,) and (Eg).

In general, ifgis a simple Lie algebra, with Dynkin diagram D, consider a

gubdiagram D” of D obtained by removing some subset of nodes, together
ith all the lines meeting these nodes.' Then we can construct a semisimple

jubalgebra q° of q with D° as its Dyokin diagram, Infact, gis the subalgebra
Srverated by all the root spaces g4,, wherea isa root in D”,
there are double or triple lines between two nodes, both nodes should be removed or kept
frites:
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Exercise 22.27*, The center of O is RI, which is preserved by G. Let ¥ be
orthogonal space (o R-1 with respect to the quadratic form N. Then G is

imbedded in the group SO(Y) oforthogonal transformations of Y.

(a) Define a“cross product” x on ¥ by the formula v x w = o-w + Blo, w)-l
Show that G can be identified with the group of orthogonal (ransforma-
tions of ¥ that preserve the cross product

(b) Show that G = Aut(O) acts transitively on the 6-sphere

={Ln Le =,

and the subgroup K that fixes |= e, is mapped onto the S-sphere in ef
‘by the map g++g-j. Conclude from this that G is 14-dimensional and
simply connected.

(6) Show that {D € Der(0): D() = 0} is isomorphic to stty

(4) Verify that the Lie algebra ofderivations of the complex octonians isthe
simple Lie algebra of type (G3).

Exercise 22.28*. The octonions can also be constructed from the Cifford

algebra ofan eight-dimensional vector space with a nondegenerate quadratic

form. With , S*, and S~ as in §203, with o € V, 5, €S*, t= 9-5 eS"
chosen so the values of the quadratic forms are I on each ofthem asin Exercie

20,50, define a product V x V+ ¥,(o, w)i-+ 00 by the formula

vow = (0-t,)-(w-s).

Note that ot; €$*, w-s, € S~, $0 their product (0°1,)=(W"5,)is back in ¥(a) Show that V with this product is isomorphic to the complex octoniaas
©, with unit o,, with the map ++ —p(e,)(0) corresponding to conjugationia°.

Conversely, starting with the complex octonians ©, one can reconstruct

the algebra of §20.3: define A =00O, define an automorphism J oforder 3 ofA by J(x, ¥,2)= (2, x y), and define a product ~ from each succes,sion of two factors to the third by the formulas x-y= Xo, y-2=FoR
Px= Fok,

(b) Show that A is isomorphic to the algebra described in §20.3.

(©) Identifying s04C with the space of skew linear transformations of O}
show that for each A in sogC there are unique B and C in s04C such that

Alcoy) = Bx)oy + x0 Cly)
forall complex octonionsx and y. Equivalently, if one defines a trilinear fotms(, + Jom the octonions by (x, 2) = Tr((x © y) 02) = Trl o(y2 2)

(Ax, y, 2) + (x, By, 2) + ( , Cz) = 0

forall x, y,2-Show that this trilinear form agrees with that defined in Exerc2049, and the mapping A+-+ Bdetermines the triality automorphism’ ofso4C
of order three described in Exercise 20.51,
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Exercise 22.29, Define three homomorphisms from the real Clifford algebra
C= C(O, 7) to Endy(0) by sending »€ R? = S° Re, to the maps L, Ry, and

Tydefined by L(x) = ¢ ox, Ry(x) = x0, and T(x) = v0(x 00) = (00 x).
(a) Show that these do determine maps of the Clford algebra, and that the

induced maps

SpingR + Co" = C, + Endy()are the two spin representationsand the standard representation, respectively(b) Verify that T,(x 0 y) = L(x): L(y) for all 0, x, y, and use this to verify

the triaity formula in (c) ofthe preceding exercise.
‘The algebra f,can be realized as the derivation algebra of the complenifica-

won of a 27-dimensional Jordan algebra J. This can be constructed as the set
‘of matrices of the form

aap

aby}

Bye

with a,b,c scalars, and a, By in ©, The product in J is given by

xoy= Hxy + yx),

‘where the products on the right-hand side are defined by usual matrix multi-

plication. This algebra is commutative but not associative, and satisfies the

entity ((x © x) y)ox = (xo x) (ye x) In fact, (F,) is the group of auto-
‘aorphisms of this 27-dimensional space that preserve the scalar product
Gy) = Tr(xe y) and the scalar triple product (x, y,2) = Tr((xe y)° 2). The
Kemel ofthe trace map is an irreducible 26-dimensional cepresentation of fa.

For details see [Ch-S], (Tol, [Pos].
_In addition, there is a cubic form “det” on J such that the linear auto-

torphisms of J that preserve this form is a group of type (Eq). This again
shows f, a8 a subalgebra of eg.

jE The other exceptional Lie algebras can also be constructed as derivations
afappropriate algebras. We refer for this to [Ti2}, (Dr], (Fr2}, [Jac2}, and

tbe references found in these sources. Other constructions were given by Wit,
& [Wa]. The simple Lie algebras are also constructed explicitly in [S-K, §1]
Seealso [Ch-S}, (Fri), and [Sc].
What little we will have to say about the representations of the four

‘acxptional Lie algebras besides g, can wait until we have the Weyl character
formula.



LECTURE 23

Complex Lie Groups; Characters

‘This lecture serves two functions. First and foremost, we make the transition back

from Lie algebras to Lie groups: in §23.1 we classify the groups having a sven

semisimple Lie algebra,and say Which representations ofthe Lie algebra,as describedin the preceding lectures, it to which groups. Secondly, we introduce in §232 the
notionof character in the contextof Lie theory; this gives us another way ofdescribing
the representations of the classical groups, and also provides a necessary framework
for the results ofthe following two lectures. Then in §23:3 we sketch the beaut
interelationships among Dynkin diagrams, compact homogeneous spaces and the
iereducible representations of a Lie group. The first two sections are elementary

modulo a litle topology needed to calelate the fundamental groups ofthe casi
‘groups in §23.1. The third section, by contrast, may appear imposible: it involves,at‘aious points, projective algebraic geometry, holomorphic fine bundles, and thet
cohomology. In fact,a good deal of §23.3 can be understood without these notions,the reader is encouraged to read a8 much ofthe section as seems ineligible. A al

section §23.4 gives a very brief introduction to the related Bruhat decomposition,whichis inchuded because ofits ubiquity in the iterate.
§231: Representationsof complex simple groups§242: Representation rings and characters
§23.3: Homogeneous spaces

8234 Brahat decompositions

§23.1. Representations ofComplex Simple Lie Groups

In Lecture 21 we classified all simple Lie algebras over C. This in turn yields

a classification of simple complex Lié groups: a we saw in Lecture 7, fr any
Lie algebra g there is a unique simply connected group G, and all other

(connected) complex Lie groups with Lie algebra g are quotients of 6 by
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discrete subgroups ofthe center Z(G). In this section, we will first describethesr0ups associated to the classical Lie algebras, and then proceed to describe

which of the representations of the classical algebras we have described in
Part IL lift to which of the groups. We start with

Proposition 23.1. For all

n > 1, the Lie groups SLC and Spa, are connectedand simply connected. For n > 1, SO,€ ts connected, with my(80,€) = Z, and
¥(80,C) = Z/2 for n > 3.

Proof. The main tool needed from topology is the long exact homotopy

sequence of a fibration. If the Lie group G acts transitively on a manifold

M, and H is the isotropy group ofa point Po of M, then G/H = M, and themap G > M bygg:Po is a fibration with fiber #2. The resulting long exactSequence is, assuming the spaces are connected,

soot n3(0) > my (H) 14 (G) + (M) (1). (232)
(The base points, which are omitted in this notation, can be taken to be the
‘entity elements of H and G, and the point Fa in M.) In practice we will know

‘Mand H are connected, from which it follows that G is also connected. From
this exact sequence, if M and H are also simply connected, the same follows
for6.
To apply the fong exact homotopy sequence in our present circumstartoewe argue by induction, noting first that SL,€ = SO,€ = {1}. Now consider

the action of G=SL,C on the manifold M = C'\(0}. The subgroup
fixing the vector Py = (1,0, ..,0) consists of matrices whose first column is
(1,0,...,0) and whose lower right— 1) by (n— 1) matrix is in SLy_y(itfollows that as topological spaces H = SL,_,C x C*!. Since M is simply

connected for n 2 2 (having the sphere S?*~* as a deformation retract), and H
has SL,-€ as a deformation retract, the claim for SLy€ follows from (23.2)
by induction on m

‘The group SO,C is isomorphic to the multiplicative group €*, which has
the circle as a deformation retract, 80 x,($0;€) = Z. The group G = SO,C

acts transitively on M = (0€ C*: Q(0,0) = 1}, where Q is the symmetric bi-linear form preserved by G. (The transitivity of the action is more or less
{equivalent to knowing that all nondegenerate symmetric bilinear forms are
equivalent) For explicit calculations take the standard Q for which the
standard basis {¢,) of C* is an orthonormal basis. This time the subgroup H
fixing e, is SO,_,€. From the following exercise, it follows that M has the
sphere S*-" as a deformation retract. By (23.2) the map

1(80,-,€)~ (50,0)

isan isomorphism for m 2 4. So it sulfices to look at SOsC. This could be
done by lookingat the maps in the sme exact sequence, but we saw in LectureOthat SO,€ has. two-sheeted covering by SL3C, which is simply connected
by the preceding paragraph, so 1,(SO,C) = Z/2, 8s required,
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The group G = Spz4€ acts transitively on

M ={(0, we C* x C™: Qo, ) = 1),

where @is the skew form preserved by G, and the isotropy group is Sp24-2C.
Since Sp, = SL,C, the first case is known. By the following exercise, since
M is defined in C* by a nondegenerate quadratic form, M has S"! as a
deformation retract, so we conclude again by induction. oO

Exercise 23.3%, Show that ((¢1,...,7.)€C": Zz? = 1) is homeomorphic to
the tangent bundle (o the (n — l)-sphere, ie, 16

Toes = {(ty 2) ES x RYwv = 0}.
Using the exact sequence {1} + SL,C+GL,C + C* {1} we deduce

from the proposition and (23.2) that

m(GL,C) =Z. 4

Exercise 235. Show that for all the above groups G, the second homotopy,

groups 3(G) are trivial

We digress a moment here to mention a famous fact. Each of the above
‘groups G has an associated compact subgroup: SU(n) ¢ SL,C,Sp(7) < SPC

and SO(7) < SO,C. In fact, each ofthese subgroups is connected, and these
inclusions induce isomorphisms of their fundamental groups.

Exercise 23.6. Prove these assertions by finding compatible actions ofthe
subgroups on appropriate manifolds, Alternatively, observe that in each case
the compact subgroup in question is just the subgroup of G preserving a
Hermitian form on C" or €*, and use Gram-Schmidt to give a retractionof,G onto the subgroup.

Now, by Proposition 23.1 the simply-connected complex Lie groups corre-
sponding to the Lie algebras g = sI,C, sp,C, and s0,€ are

G=SL.C, SpiC, and Spin,C.
‘We also know the center Z(G) of each of these groups. From Lecture 7 we.
also know the other connected groups with these Lie algebras:

+ The complex Lie groups with Lie algebra sl,C are SL,C and quotientsofSL,€ by subgroups of the form (e2*"-}, for m dividing m (in particular,
it's prime the only such groups are SL,C and PSL,C).

+ The complex Lie groups with Lie algebra sp,,C are Spay and PSp,,C.
+ The complex Lie groups with Lie algebra s03,4,C are Spina,C andSOC.
and

+ The complex Lie groups with Lic algebra s024C are Spin,,C, SO;4C and)

PSO,,C;in addition, ifm is even, there are two other groups covered doubly
by Spin, and covering doubly PSO,,C [ef. Exercise 20.36].



231, Representations of Complex Simple Groups 3

These are called the classical groups Inthe cases where we have observ

coincidences of Lie algebras, we have the following isomorphisms of grout

SpinsC =SL,C and SO,€ = PSL,C;
SpingC =SL,€ x SL,C and PSO,C= PSL,€ x PSL,C;
SpinC = Sp, and SOs€ = PSp,C;

and

Sping = SL4C and PSO,C = PSL,C.

Note that in the first case n = 4 where there is an intermediate subgrov

between SL,C and PSL,C, the subgroup in question is interesting: it turt
out to be SO,C. In general, however, these intermediate groups seldom aris

Consider now representations of these classical groups. According to th
basic result of Lecture 7, representations of a complex Lie algebra g wi
correspond exactly to representations of the associated simply connected Li

group G: specifically, for any representation

pa altY)

of, setting

BlexptX) = exp(oX))

determines a well-defined homomorphism

7: 6+GL").

For any other group with algebra g, given as the quotient G/C of G by

«subgroup Cc Z(G), the representations ofG are simply the representationof
G trivial on C. It is therefore enough to see which of the representation:of the classical Lie algebras described in Part III are trivial on which sub

groups Cc Z(G).
‘This turns out to be very straightforward To begin with, we observe that

the center of each group G with Lie algebra g lies in the image of the chosen
Cartan subalgebra <q under the exponential map. It will therefore be
‘enough to know when exp((X)) = I for X € b; and since the representations

of gare particularly simple on b this presents no difficulty.
‘What we do have to do first is to describe the restriction ofthe exponential

‘map to h, so that we can say which elements ofh exponentiate to elements of“Z(G, For the proup tha at gen as mata groupe, twill be prety

‘obvious, but for the spin groups we will need to doa little calculation. We
{willalso want to describe the Cartan subgroup H ofeach ofthe classical groupsG, which is the connected subgroup whose Lie algebra is the Cartan sub-

“algebra b of 9. For G = SL,C, H is just the diagonal matrices in G, i,
H = (diag(z,,...,2,):2 a= I}.

Similarly in Sp,,€ or SO,,C, H = {ding(z),..., 2,. 27... 24")), whereas in
S05,4C, H = (ding(z,,.°., 29, 274... 25", DJ. Im each of these cases the
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‘exponential mapping from b to H is just the usual exponentiation ofdiagonal
mattices.

To calculate the exponential mapping for Spin,C, we need to describe the
elements in Spiny that lie over the diagonal matrices in $O,C. This is not

a difficult task. Calculating as in §20.2, we find that for any nonzero complex
number2 and any I < J-<n,and with m= 2n + 1 orm = 2n, the elements

1 “1 a, (toe

in the Clifford algebra are in fact elements of Spin,C. Moreover, if
1p: SpingC -+ SOC is the covering, the image p(w(z)) is the diagonal matrix
whose jth entry is 2, (n + j)th entry is 2°?, and other diagonal entries are 1.

These elements (2) also commute with each other, so for any nonzero
complex numbers 23, 5% we can define

WOE aye 2) = mag) Wa Cea) oo Malla) 38)
Then p(v(24, 5 29)) = diaglt, 4 2%, 27% ---»2¢2) ifm = 2m, while if m=
2n + 1, we get the same diagonal matrix but with a 1 at the end.

Let 1 = Ex — Exsunan the usual basis for bc $04.

Lemma 239. For any complex numbers ay, ...y yy
explay Hy + + a,H,) = we", ..€%)

in Spin,C.
PRooF. Since the map exp: } + SpingC is determined by the facts that itis
continuous, it takes 0 to 1, and its composite with p is the exponential for
80,€, this follows from the preceding formulas. oO

Exercise 23.10°. Show that exp(5;a)Hj) = if and only if each ay is in 2xiZ
and Soa, e 4niZ.

We see also that exp(h) contains the center of SpingC. Indeed
1 w(=1, IB) and if m is even, the other central elements are +0,

with cw = w(,..., i), as we calculated in Exercise 20.36. (This, of course, abo
contains the fact that there is a path between 1 and —I, proving again that
Spin,,C is connected.)

Exercise 23.11*. Verify forall the classical groups G that: (i) H = exp()is

closed subgroup of G that contains the center of G; (i) the map of funda:
‘mental groups x,(H, ¢) + m,(G, ¢)is surjective; i) for any connected covering
x:G' + G, x-"(H) is connected and is the Cartan subgroup of G.

Nowlet G = G/C bea semisimple Lie group with Lie algebra g and Carta,
subalgebra b. Choose an ordering of the roots, and let Tbe the irreducible

representation of q with highest weight 2. The basic fact that we need is
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Lemma 23.12, The representation [, is a representation of G = G/C if a
only if

AX) 2niZ_ whenever exp(X)e C.

Proor. The representation I is a representation of G when g-v = » for+GEC, where vis a highest weight vector in T}. Since exp(6) contains C, th
says exp(X)- 0 = o forall X eh such that exp(X) € C. Now by the natural
ofthe exponentialmap, and since X-» = A(X)o forX € , we haveexp(X)-»©, Hence the condition is that e"0 = v, or that e2) = 1 ifexp(X)ewhich isthe displayed criterion, c

Let us work this out explicitly or each of the classical groups. It may hel
tointroduce a notation forthe irreducible representations which,amongothVirtues, allows some common terminology in the various cases. Note that focach of sl. SP 20s $05q and 503445 the root space b* is spanned by weightwe have called Ly, ..., Ly, 80a weight can be written uniquely in fore
AL, +004 Agly. We may sometimes write A in place of the weigh
Auky +--+ Auk. In the rest of this lecture at least, we write 1 for th
inreducible representation with highest weight Ly +": + Ayby. Note tha

by our choice of Weyl chambers the highest weights 2 = (2y,...,4,) hat aris:
satisfy

Ay Bay 2 Ay ZO LO sly $Paus AN 039445

where the 4,are all integers in the first two cases, and for $03.45 they are ether
all integers or all hal-integers; and

Aza zo ZA SWI ZO for s0,,,
with the 2, all integers or all hal-integers.
Proposition 23.13. For each subgroup C of the center of G, the representation
Tis a representation of G/C precisely under the following conditions:

() G= Slasy€, C has order m dividing w + 1:4, 0:modi).
Gi) G = Spz,€,C = {+1}: DA,is even.Gi) G = SpingyC or Spingyss€, C = (41): all A are integers
Gv) G = Spin,,€, C= (1, te}: all 2, are integers, 3A, is even.
() G = Spin,,C, n even, C= (1,c}: YA, is an even integer; and for C ={1, ~@}:8:4, — 9/2 ts an odd integer.

In particular, representations of PSL,»1€ are given by partitions 2 with
LA, = Omod(n + 1), and those for PSpzy€ have 5:4, even. Case (i) verifies
‘that we saw in Lecture 19 about representations of 50,C. Representations

ofPSO,C correspond to integral partitions A with J>4, even.
Prot. With the preceding lemma and the explicit description of everything

‘ia sight, the calculations are routine. In case (i), for example, a generator for
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Cis of the form exp(X), with

xe anim (5. Ey) — MEgus a)
and so A(X)= (2ni/m)(52,) will be a multiple of 2xi exactly when Yd, isdivisible by m For Spas cexp(X) = — 1 when X = mi(S. 1) 90 AX) = x3 Ayand (ii) follows. The calculations are similar for Spin,C, noting that
exp(2ni(if) = —1 and exp(ailS H))) = « a

By way of an example, reall that any irreducible representation of eC i
of the form Sym*V, where V is the standard two-dimensional representation.
Any such representation, of course, lifts to the group SL3C; but it fits
to PSL,€ = SOsC if and only if k is even (in particular, the “standard”

representation of SOC on C? is the symmetric square Sym?V). For another
cxample, we have seen that any ireducible representation of ap, may be
found in a tensor product Sym*V@ Sym'W, where V is the standard four-dimensional representation of sp, and Wc A*V the complement of the
(rivial one-dimensional representation. All such representations lift o Sp,C,
but they lit to PSp,€ = SO,€ if and only ifk is even—equivalenty, i they
are contained in a representation of the form Sym'W@ Sym*(A2W), whereWis the “standard” representation of SOC.

Exercise 23.14, Show that each of these semisimple complex Lie groups G has
a finite-dimensional faithful representation.

‘The result of the proposition can be put in a more formal setting, which
brings out a feature that our alert reader has surely noticed: the center of

the simply-connected form of g is isomorphic to the quotient group Aw/Ay
of the weight lattice modulo the root lattice. We note first that this abelian
group Aw/Ax is finite. We have seen this for the classical Lie algebras. In
feneral, we have

Lemma 23.15. The group Ay/An isfinite,of order equal tothe determinantofthe Carton matrix.

Proo®. The simple rootsa form a basis for the root lattice A. The correspond
‘ing elements H, form a basis for

T= Z(H 7€R),

a lattice in b; this is proved in Appendix D.4, Since Aw is defined to be the
Tati of elements off that take integral values on Ty, the determinant

et(a(t,) = detiny)

isthe index [Aw : Ap]. 0
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In particular, forthe exceptional groups,Ay /Ag is trivial for (G,),(F),(E4), and cyclic of order two for (E) and order three for (E,).
'n fact, the center of the simply-connected group is naturally isomorp!

{0 the dual of Ay/Ag. To express this, consider the natural dual of this I:
‘group. The lattice I, defined in the preceding proofisa sublattice of the latti

Ty = (Xe bea(X)eZ forall ae R).
Note that Ay was defined to be the lattice of elements of} that take integs

values on Ty. It follows formally from the definitions and the fact that Ay//
isfinite that we have a perfect pairing

Tillg X Aw/An + Qf, (X,a)e¥a(X).
‘The claim is that there is a natural isomorphism from T/T to the cent

FG, which is given by the exponential. More precisely, let eg: )-» HG
the homomorphism defined by

ee(X) = exp(2RiX),

‘We claim that when G = G is the simply-connected group, Ker(eg) = Tx ar
¢¢(Tw)is the centerof G, from which it follows that eg induces an isomorphisn

T/Tx & ZG),
More generally, for any G = G/C, define a lattice T(G) between Ty and Ty t

T(G) = Ker(eg).

Theneg determines an isomorphism
Ty/(G) = Z(G).

‘Wemay thus state our result as

‘Theorem 23.16. There is a one-to-one correspondence between connected Li
groups G with the Lie algebra g and lattices A <b such that

Ape Ay.

The correspondence is given by associating to a group G the lattice dual to th
fernelof the exponential map exp: ¢-+ G; in particular, the largest lattice Ay
‘corresponds tothe simply-connected group, the smallest Ag to the adjoint grow,

with no center. In terms of this correspondence, the irreducible representation
Yof g with highest weight 2 € h* will lift 60 a representation of the group
corresponding to Ac b° if and only if Le A

Note also that

H = W/T(G)=C8 x x CF,
With n = dimch copies ofC.
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Exercise 23.17*. Show that these claims follow formally from what we have

seen: that the image of the exponential map contains the center, and that for
any weight « there is a representation V ofgwhose weight space V, is not zero.Show also that eg determines an isomorphism I'(G)/T, = *,(G). In diagram

form, ty Go
u ‘Center(G) 1

TO). G
u (0) 1

Tr é

Exercise 23.18. Find the kernels of each of the spin and half-spin representa-

tions Spin,  -» GL(S) and Spin, + GL{S*)
Exercise 23.19*, Classify the irreducible representations of the full orthogonal
group 0,€.

Note that by our analysis of the Lie algebra g, there is a unique group G
with this Lie algebra, which is simultaneously the simply-connected and

adjoint forms; the representations of this group are exactly those of the alge-
bra gs. The same is true for the Lie algebras of type (F,) and (Eg), while (E;)
and (E,) cach have (wo associated groups, an adjoint one with fundamental
group 2/2 and Z/3, and a simply-connected form with center Z/2 and Z/3
respectively

It may be worth pointing out that each complex simple Lie group G can
be realized as a closed subgroup defined by polynomial equations in some
general linear group, i-c., thatG is an affine algebraic group. Every irreduciblerepresentation G-+ GL(V) is also defined by polynomials in appropriatecoordinates. This explains why the whole subject can be developed from the
point of view of algebraic groups, as in [Bor!] and [Hu2].

The Weyl group %, which we defined as a subgroup of Aut(h*), can be
interpreted in terms of any connected Lie group G with Lie algebra g. Let H
be the Cartan subgroup corresponding to 6, and let N(H) be the normalizer,

N(H) = (9 €G: gH@"' = H}.

We have homomorphisms:

(LH) + Aut(H)+ Aut(5)+ Auto"),
the first defined by conjugation, the second by differentiation at the identity,
and the third using the identification ofb and )* via the Killing form. Fact14.11 can be sharpened to the claim that this mapdetermines an isomorphism:

NCHYN 590. 2329

‘When G is the adjoint form ofthe Lie algebra, this isomorphism is proved
in Appendix D. The general case follows, using:
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Exercise 23.21. Show that ifx: G’-+ Gis a connected covering, with Cartasubgroups 1H’ = x-'(H), then the induced map N(H'VH’+ N(H)/H is 9isomorphism.
Exercise 23.22, For each of the classical groups, and each simple root a fin

an element in N(H) that maps to the reflection W, in W.

§23.2. Representation Rings and Characters

Jost as with finite groups, we can form the representation ring R ofa semsimple
Lie algebra or Lie group: take the free abelian group on the isomorphist‘lasses [7] of finite-dimensional representations V,and divide by the relation(7) =[V'] + [V"] whenever V = V'@ V". By the complete reducibility

representations, it follows as before that Risa free abelian group on the classe
(VJ of irreducible representations. Again, the tensor product of representa
tions makes R into a ring: (V]-[W]= [V @ W]. Many of our questionabout decomposing representations and tensor products of representation

‘an be nicely encoded by describing R more fully. We do this first for the Li
algebras,

For a semisimple Lie algebra g, let A = Ay be the weight lattice, and le
Z{A) be the integral group ring on the abelian group A. We write e(2) for thy
basis element of Z[A] corresponding to the weight 4; for now at least thes:

are just formal symbols, having nothing to do with exponentials (but se:

(23.40), Elements of Z[A] are expressionsofthe form Y)n,e(J),ie, they assignAninteger
n, to each weight 2, with all but a finite number being zero. So Z[Aisa natural cartier for the information about multiplicities of representations

Define a character homomorphism

Char: R(q)-+ ZA] (23.23
by the formula CharL¥] = F.dim(¥,)e(2), where ¥; is the weight space of
for the weight A and dim(¥,) its multiplicity. This is clearly an additive

homomorphism.
The fist assertion about this character map is that itis injective. This comes

down to the fact that a representation is determined by the multiplicities of

its weight spaces, which is something we saw in Lecture 14,
‘The productin the group ring Z[A] is determined by e(a)-e(B) = e(a + )Weclaim next that Char isa ring homomorphism. This comes from the familiafact that

VOWn= @ YOM,

‘The Weyl group

2U acts on Z[AJ,and a third simple claim is that the imageofCharis contained in the ring of invariants Z[A]™. This comes down to the
fect that, for an irreducible (and hence for any) representation V, the weight
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spaces obtained by reflecting in walls of the Weyl chambers all have the same
dimension

Let wy, ---, 0% be a set of fundamental weights; as we have seen, these arethe first weights along edges of a Weyl chamber, and they are free generators
for the lattice A. Let Ty, ..., Ty be the classes in R(g) of the irreducible

representations with highest weights 7, .., 0

‘Theorem 23.24 (a) The representation ring R(g) is a polynomial ring on the
variables Fy. Tae

(b) The homomorphism R(q)-+Z[A]"is an isomorphism.
In particular, this says that Z[A]® is a polynomial ring on the variables

Char(T), ..., Char(). In fact, the theorem is equivalent to this assertion,

since if we take variables U,,..., U, and map the polynomial ring on the U;
to R(g) by sending U, to T;, we have

ZU,-.- Us}+ Rig)+ ZEA].
Ifthe composite is an isomorphism, the second being injective, both must be
isomorphisms, which is what the theorem says.

In spite ofits fancy appearance, we will se that the theorem follows quite
easily from what we know about the action of the Weyl group 488 on the
weights

Forany P ¢ Z[A}let us say that ais a highest weight for P ifthe coefficientof e(a) in P is nonzero, and, with a chosen ordering of weights as before, ais
the largest such weight. We first observe that if P is invariant under 28, then
the highest weight for P is in #” A, where #” is our chosen (closed) Weyl

chamber. In general, weights in #7 A are often referred to as dominant
weights.

Now suppose {P;} is any collection of elements in Z[AJ®, one for each
dominant weight 4, such that P has highest weight A and the coefficient of
e(A)is 1. We claim that the P, form an additive basis for Z[AJ™ over Z. This
is easy to see and is the same argument used in the theory of symmetric
polynomials in any algebra text: given P with highest weight Jifthe coefficient

of e(2) ism, then P — mP, is invariant whose highest weight is lower, and one
continues inductively until one reaches weight zero, ie, the constants.

Let P; = CharT), which has highest weight o,, and suppose the coelficientofe(a)is 1. Since any weight 2€ 9° A can be uniquely expressed in theform 2 = J mw, for some non-negative integers m, and the highest weight

of [] Py" is Smo it follows that the monomials [](P)" in P,,.... P, form
an additive basis for Z[AJ™. This says preciselythat Z[0,.... P,J = ZCAT®,and completes the proof. od

Let us work this out concretely for each of our cases sl,41C, 8P4C, 8030410,
and $034. Each lattice A contains weights we have called Ly,..., Ly; in thefirst case we also have Lay, with Ly +-" + Lyes = 0. We set
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x= ely xi" = e(—L,)e ZEA] 2325
Note thatin case Ly,..., L, isa basis for A, then

ZEA = 20 55 See XT see MSD EDRs he oe ta)A
asa subring of the field Q(x,, ..., x,):

(A,) For st,,1C, fundamental weights are

Ly byt ay by bby+ byeeeey by $+ by
corresponding to the irreducible representations ¥, A?¥, .... A'V, with
V = C**! the standard representation. The character of \'V is ¥,e(a), the sum

overall athat aresums of k different L; for 1 <i < n+ 1.SoChar(A'V) = Ay,
where Ay is the th elementary symmetric function of xy... Xys1- The Weyl

group is the symmetric group &,,,, acting by permutation on the indices, so
the theorem in this case says that

R(shegs)= ZAI" = ZEAgy oy Aud 2326
Note that ZEA] = ZExis sos Xap ery Mtns Xye1 ~ Uy 80 ZEA] has an
additive basis consisting ofall monomialsx*, witha an n-tuple ofnon-negative
integers, but with not all a, positive.

(C,) For sp,C, the lattice A and fundamental weights have the same

description as in the preceding case. The corresponding irreducible represen-

tations are the kernels V of the contraction maps MV —> AV, with now
V =C* the standard representation, k = 1, ..., m The character of A*V is
Lela), the sum over alla that are sums ofk different +L, for 1 <i'<n. The
character Char(*V) is thus the elementary symmetric polynomial C, in the

variables x, X;',X35.X3', +5 Xqy Xy!. The theorem then says that
R(sp 29) = ZLAT® = ZC,Cx — W,Cy ~ Chyooes Gy Goad (23.27)

= ZC, Cy, Cy... GI
(B,) For 803,4,€, A is spanned by the L; together with (Ly +°-*+ I)

‘The fundamental representations are V, A?V, ..., N'Y, and the spin
Tepresentation S. The character of A'V is the kth elementary symmetric
functionof the 2n + 1 elementsx, x;',...,X— ¥,', and 1; denote this by By.‘The character of 5, which we denote by B, isthe sum Sxf¥+,..-x2"8, where

xt = e(Lf2}, x” = e(—L/2). (23.28)

‘So Bis the nth elementary symmetric polynomialin the variables x/" + xj".Therefore,
(S044€)= ZLAJ™ = Z[ By, .-» Bats BY. (2329)

(D,) For s0,,C, A and Z[A] are the same as in the preceding case.
‘The fundamental representations are V, A?V, ..., A*-?¥, and the half-spin
representations S* and S~. The character of A'V, denoted D,, is the kth
dementary symmetric function of the 2n elements x1, 77"... Xe Xe! The
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character D* of S* is the sum Y.xf"?-...-x2", where the number of plu
signs is even or odd according to the sign. We have

(60340)= ZLAJ® = © 2Dy,---, Daa D*, D-). (23.30)
Exercise 23.31*. (a) Prove the following relation in R(s0aqs1€):

Ba Bt FB +h,

corresponding to the isomorphism

S@SzNVO--ONVONY.

This describes R602.) as a quadratic extension of the ring Z[By, .... Bi}
(b) Let Dy (respectively, D;)be the character of the representation whosehighest weight is twice that of D* (resp., D~),s0 that, for example, the sumofthe representations Dj} and D; is MY. Prove the relations in R(s0,C):

D*-Dt = Ds + Dyg + Dyn to,

D>-D- =Dz + Dyy t Dy bs

Dt D> = Dyay + yoy + Duns boo

We can likewise describe the representation ring for g3. Here, we may take
as generators for the weight lattice the weights L and L, as pictured in the
diagram

and correspondingly write Z[A] as Z[xy, xj", x3. x3"Js where x; = e(La It

will be a little more symmetric to introduce Ly = —L, — Ly as pictured and
xy = x!x5! = e(Ly) and write

ZLA] = 2045 82, Meer X23 — 1
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In these terms the Weyl group is the group %8 generated by the symmetrt
group, permutingthe variablesx, and the involution sending each x, to x;"‘The standard representation has weights +L, and 0, and so has character

A= AG303)= 14 Fg ha ag! by sh.
Similarly, the adjoint representation has weights -£1,, £(Ly~L,) and (
(taken twices its character is

B= A(Xty X35 X3) + ACS [May X2/X4y Xa/X1)-
‘The theorem thus implies in this case the equality

R(x) = ZEA] = ZEA, B). (23.32

Exercise 23.33, Verify directlythe statement that any element of Z[x), x3. x3](.x2%5 — Dinvariant under the group2B as described isin facta polynomiajn A and B.

Similarly we can define the representation ring R(G) ofa semisimple grouy

G. When G is the simply-connected form of its Lie algebra a, R(G)= R(q)$0 R(SL,C), R(SP24C), R¢Spin.a4C), and R(Spin;yC) are given by (23.26)
(23.27, 23.29), and (23.30) In general, R(G) isa subring of R(g); we can reac
off which subring by looking at Proposition 23.13. We have, in fact,

RGO94 0) = ZLB. 05 Bali (2334
R(SOz4C)= Z[Dy,-.+5 DyntyDe, Dey (23.35

with D and Dz as in Exercise 23.31, But this time there is one relation:
(DE + Dyan + Daca bo ADE + Dana + Dana bo + 1)

= (Dyn + Daas to HY

Exercise 23.36°.

@) Prove 2334)

(©) Show that the relation in (23.35) comes from Exercise 23.31(b). Show that
R(SO,,€) isthe polynomial ring in the n + 1 generators shown, modukc
the ideal generated by the one polynomial indicated.

(© Describe the representation rings for the other groups with these simple
Lie algebras.

(@) Prove the isomorphism

R(GLC) = Z[E,,..-5 Eas En"),

where the E, are the elementary symmetric functions of x3, +) Xy
Exercise 23.37*. (a) Show that the image of R(Q,C) in R(SOqC) is the poly

nomial ring Z[B,,..., B,) ifm = 2n-+ 1, and Z[D,,.... Dy] itm = 2n.
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(b) Show that

ROrpo4©)= R(SOsens C1 R(Z/2)ZLBos Bur Bases Baers~ 1)
and

R(Oz,C) = Z[D,,.--4Dys Dan VI

where / is the ideal generated by (Dz_)? — 1 and D,Dzx — Dy.

Exercise 23.38°. The mapping that takes a representation V to its dual ¥*
induces an involutionof the representation ring: [V]* = [V*]. The ring Z[A]hhas an involution determined by (e(4))* = e(—2). Show that the character
homomorphism commutes with these involutions. Show that for sl...

(A))* = Ags; f0F#05441C,and 8p25C, and 8074€ for neven, the involutionisthe identity; whilefor e0,4€ with n odd, (D,)* = D,,(D*)* = D~,(D")* = D*Deduce that all representations of all symplectic and orthogonal groups are

self-dual. Note that when « is the identity, all representations are self-dual. In
the other cases, compute the duals of irreducible representations with given
highest weight.

‘The following exercise deals with a special property of the representation
rings of semisimple Lie groups and algebras.

Exercise 2339°. The representation rings R= R(q) and R(G) have another
important structure: they are J-rings. There are operators

A: RG) RG), 1=0,1,2,...5
determined by 2({V]}) = (A'V] for any representation V.

(a) Show that this determines well-defined maps, satisfying 2° = 1,2" = Id,
and

Herne F eavoy
for any x and y in R. In fact, R is what is called a special -ring: there are

formulas for 2'(x- y) and 4'(/(x)), valid as if x and y could be written as sums

‘of one-dimensional representations (see, ¢.g., [A-T]}.
(b) Showthat4‘ extends to Z[A],and use this to verify that R(G) is a specialdesing,
Define Adams operators y*: R-» R by #*(x) = P,(A'x, ..., 4"), where Pris

the expression for the kth power sum (cf. Exercise A.32) in terms of the

‘elementary symmetric functions, n > k. Equivalently,

BE) — WHER)boo =DMA)= 0.
(©) Show that, regarding R as the ring of functions on the group G,-

(W'x(@) = x(q"). Equivalently, y*(e(4)) = e(ka).
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(6) Show that each y* is a ring homomorphism, and y* 0 y! = y*
{6) Show that for a representation V,

Char(Sym*¥) = } Char(V) + 4W(Char(¥)).

Char(\2V) = § Char(¥)? ~ $¥2(Char(¥)).

Show that Char(Sym*V) and Char(MV) can be written as polynomials in
W(Char(V)), Esk sd

Formal Characters and Actual Characters

Let G be a Lie group with Lic algebra g, For any representation V of g, the
image of [¥] € R(g) in Z[A] is called the formal character of ¥. As it turns
‘out, this formal character can be identified with the honest character of the

corresponding representation of the group G, restricted to the Cartan sub-
group H:

(2340) 1/Char(V) = Y, m,e(a)isthe formal character,and exp(X) isan elementOf H,then the traceof exp(X) on V is mae"?
This is simply because exp(X) acts on the weight space V, by multiplication
by et, as we have seen. In particular, a representation is determined by the
character of its restriction to a Cartan subgroup,

‘Another common notation for this is to set e(X)=exp(2Rix), and

e(2) = exp(2niz). Then the trace ofe(X) is Yymge(a(X))

Exercise 23.41. As a function on H, the character of a representation is
invariant under the Weyl group 20= N(H)/H. Describe R(G) as a ring ofSW-invariant functions on H.

This is also compatible with out descriptions of elements of Z[A]" as
Laurent polynomials in variables x, ot x}. For SLys,€, for example, ifthe

character Char(W) of a representation W is P(x...» Xsey) the trace of the
tmatrix diag(2y,..., 240;)0NVis P(2y, .., 293) Similarly for the other groups.using the diagonal matrices described in the first section of this lecture. For

the spin groups, the clement w(z),..., 2.) defined in (23.8) has trace given
by substituting 2, for x#2, and 2) for x," in the corresponding Laurent
polynomial

Exercise 23.42*. If g, and g, are two semisimple Lie algebras, show that

RGG1 X93) = R(G1)@ ROG)
Exercise 23.43*, (a) For the natural inclusion s1,€< sl,y,C, restriction ofrepresentations gives a homomorphism R(sl,.,C)+ R(Sl,C), which can be
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described by saying what happens to the polynomial generators. Since
NCOC) = ACHOAC this is

AimAt Ave

Give the analogous descriptions for the following inclusions:

Pre2 HPC, — $054C C80 y—41C, $0341 S #0243
ACS HPC, CCHC, SCC 805,C;

PCC HAC, — 50,44 CC HlaqaiC, — $0340 C ly,C.
(0) The inclusion sk€ x sl,€ ¢ sl,,q€ determines a restriction homo-

morphism R(sl,,,C)—> R(sl,C x sl,€) = R(sI,C)@ R(slaC), which takes
polynomial generators A, (0A,@ 1+ Ay. @ Ay +: +1 @ Ay, Computeanalogously for

SPC X PaCS Pree ely — 84C X F0gC C 8044 4C:
Which of these inclusions correspond to removing nodes from the Dynkin

diagrams?

Exercise 23.44. Compute the isomorphisms of representation rings corre:
sponding to the isomorphismss1,C 2 $05€, s05€ = sp4C, and sl,C = 504C.

§23.3. Homogeneous Spaces

In this section we will introduce and describe the compact homogeneous
spaces associated to the classical groups. As we will see, these are classified

neatly in terms of Dynkin diagrams, and are, in turn, closely related to the
representation theory of the groups acting on them. Unfortunately, we are
‘unable to give here more than the barest outline of this beautiful subject; but
‘we will a least try (osay what the principal objects are, and what connections
among them exist. In particular, we give at the end of the section a diagram

(23.58) depicting these objects and correspondences to which the reader can
tefer while reading this section.

‘We begin by introducing the notion of Borel subalgebras and Borel sub-
groups. Recall first that a choice of Cartan subalgebra h in a semisimple Lie
algebra g determines, as we have seen, a decomposition g = h® DeenGe TO
each choice of ordering of the root system R = R* UR, We can associateasubalgebra

b=b0 Qo
called a Borel subalgebra. Note that b is solvable, since 9b < Bm
BD— Pasegs ete. In fact, b is a maximal solvable subalgebra (Exercise
1435,
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IfG isa Lie group with semisimple Lie algebra 9, the connected subgroup

BofG with Lie algebra b i called a Borel subgroup.
Claim 23.48, B isa closed subgroup of G, and the quotient G/B is compact.
Proor. Consider the adjoint representation of G on g. The action of the Borel
subalgebra b obviously preserves the subspace b < g, and, in fact, b is just the

inverse image ofthe subalgebra of gl(q) preserving this subspace: if X =: X,isany element of g with X, € 9, and X, ¥ 0 forsome ae R, we could findanelement H of < b with ad(X)(H)¢ b—any H notin the anniilator of © h*would do, B is thus (the connected component of the identity in) the inverseimage in G of the subgroup of GL(a) carrying b into itself. It follows that B is

dosed; and the quotient G/B is contained in a Grassmannian and hence
compact. (Alternatively, we could consider the action of G on the projective
space P(g), and observe that Bis just the connected component of the identity

inthe stabilizer ofthe point corresponding to the highest weight spacea, < )
In fact, in the case of the classical groups, itis easy to describe the Borel

subgroups and the corresponding quotients.

For G = SLysC, B is the group of all upper-triangular matrices in G, ic.,
those automorphisms preserving the standard flag. It follows that G/B is the
usual (complete) flag manifold, ic, the variety of all lags

GB= (Wc heme vce)of subspaces with dim(¥,) = r

For G = SO;,€ or SOs441€ the orthogonal group of automorphisms of
7 =C™ or C**" preserving a quadratic form Q, B is the subgroup of
automorphisms which preserve a fixed flag ¥; <-"" c ¥, of isotropic sub-

spaces with dim(¥,) ~ r. All such flags being conjugate, G/B is the variety of
all such flags, ie.,

G/B= (VK e eC C™ OY,Ve)= 0}Note that B automatically preserves the flag of orthogonal subspaces, so that
‘we could also characterize G/B as the space of complete flags equal to their
orthogonal complements, ie,

G/B = (0c Vy 20°C Vagy © Veg = OM: OW qs)= 0}-
Finally, the same holds for Sp3,C: the Borel subgroups B & Sp34C are just

the subgroups preserving a hall-fiag of isotropic subspaces, or equivalentlya full lag of pairwise complementary subspaces; and the quotient G/B is
correspondingly the variety of all such flags.

Exercise 23.46. With our choice of basis {¢,} let V, be the subspace spanned
by the first r basic vectors. If B is defined to be the subgroup that preserves
V, for 1 <r <n, verily that the Lie algebra of B is spanned by the Cartan
subalgebra and the positive root spaces described in Lectures 17 and 19.
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‘We now want to consider more general quotients ofa semisimple complexgroup G, To begin with, we say that a (connected') subgroup P of Gis
parabolic if the quotient G/P is compact. Of course, a Borel subgroup B is
parabolic, and so is any closed subgroup containing a Borel subgroup. The
following claim is a converse to this: it asserts that the Borel subgroups are
‘exactly the minimal parabolic subgroups.

(Claim 23.47. If Bis a Borel subgroup and P a parabolic subgroup of G, then
there is an xe G with

BoxPx!

We will not prove this here, but wil remark that itis closely related to

Claim 23.48. If P < G is a parabolic subgroup, then the quotient G/P mayberealized as an orbit of the action of G on PV for some representation V of G
(in particular, G/P ts a projective algebraic variety).

The fist claim follows from the second by a version of Bore’s fixed point
theorem: if B is a connected solvable group, V a representation of B and

X c PV a projective variety carried into itself under the action ofB on PY,then B must have a fixed point on X. This is straightforward: we observe(byLie's theorem (9.11)) that the action of the solvable group B on V must

preserve a flag ofsubspaces
Ochewehav

with dim(¥) = i. We can thus find a subspace F< V fixed by B such thatXintersects PY, in a finite collection of points, which must then be fixed points
for the action of Bon X. In the other direction, we will soon see directly how

G/P is a projective variety whenever P is a subgroup containing B.
‘We can now completely classify the parabolic subgroups ofa simple group,up to conjugacy. By the above, we may assume that P contains a Borel

‘subgcoup B. Correspondingly, its Lie algebra p is a subspace of g containing

b and invariant under the action of B on g; i.e, it isa direct sum
P-0Da

for some subset T of R that contains all postive roots. Now, in order for po

bea subalgebra of g, the subset T must be closed under addition (that is if
two roots are in T, then either their sum is in T oF is not a root). Since, in

addition, T contains all the positive roots, we may observe that if a, B, and7are positive roots with a = + y, then we must have

-aeT = —feTand—yeT.

"Wis genera fact that P must be connected if GP I compact.
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Clearly, any such subset T must be generated by R* together with the
Negatives of

a subset £ of the set of simple roots. Thus, if for each subset Eof the set of simple roots we let T(Z) consist of all roots which can be written

as sums of negatives of the roots in E, together with all positive roots, and
form the subalgebra

PZ) =b® Ber (23.49)"E) Py (23.49)
then p(Z) is a parabolic subalgebra, the corresponding Lie group P(E) is a
parabolic subgroup containing B, and we obtain in this way all the parabolic
subgroups ofG. We can express this as the observation that, up to conjugacy,parabolic subgroups of the simple group G are in one-to-one correspondence

with subsets of the nodes of the Dynkin diagram, ie., with subsets of the set of
simple roots.

Examples. In the case of sl,C, there is a symmetry in the Dynkin diagram, so
that there is only one parabolic subgroup other than the Borel, corresponding
to the diagram

o——e

This, in turn, gives the subset of the root system

corresponding to the subgroup

00 «

and the homogeneous space

G/P =P?

In the case of sp,€, there are two subdiagrams of the Dynkin diagram:

ep w ante

these correspond to the subsets of the root system
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co e

\ ; \e
(Here we are usinga black dot to indicatean omitted simple root, a white dotto indicate an included one.) The corresponding subgroups of Sp,C are those
preserving the vector e,, and preserving the subspace spanned by ey atid e3,
respectively. The quotients G/B are thus the variety of one-dimensional iso-
tropic subspaces (ie, the variety P* of all the one-dimensional spaces) and
the variety of two-dimensional isotropic subspaces.

Exercise 23.50. Interpret the diagrams above as giving rise to parabolic

subgroups ofthe group SO,€ ofautomorphisms of C? preservinga symmetricbilinear form. Show that the corresponding homogeneous spaces are the

vatiety of isotropic planes and lines in C°, respectively. In particular, deduce
the classical algebraic geometry facts that:

{) The variety of isotropic 2-planes for a nondegenerate skew-symmetric
bilinear form on C* is isomorphic to a quadric hypersurface in P4.

(ii) The variety of isotropic 2-planes for a nondegenerate symmetric bilinear
form on C? (equivalently, lines on a smooth quadric hypersurface in P*)
is isomorphic to P?.

In general, it is not hard to see that any parabolic subgroup P in a classical
group G may be described as the subgroup that preserves a partial flag in
the standard representation. In particular, a maximal parabolic subgroup,

corresponding to omitting one node ofthe Dynkin diagram, may be describedas the subgroup of G preserving a single subspace. Thus, for G = SLC, the

kth node of the Dynkin diagram

o—0—*—0 00000
corresponds to the Grassmannian G(k, m) of k-dimensional subspaces of C*,
(Note that the symmetry of the diagram reflects the isomorphism of the
Grassmannians G(k, m) and G(m — k,m))

For Spa,C, the kth node of the Dynkin diagram
0000000 oxi



£233. Homogeneous Spacer 87

corresponds tothe Lagrangian Grassmannian of isotropic kplan, fork = 1,
2, ...,n. Similarly, for G = SO,,,,€, the kth node of the Dynkin diagram
‘corresponds to the orthogonal Grassmannian of isotropic k-planes in C?**".

Finally, for SO,,C,fork = 1,2,...,n — 2the kth node of the Dynkin diagram

0-08-0000
yields the orthogonal Grassmannian ofisotropic k-planes in C?*, but there is.
‘one anomaly: either of the last two nodes

gives one of the two connected components of the Grassmannian of isotropic
meplanes

Exercise 23.51*. Compute p(£) directly for each of the classical groups, and
verify the above statements. Why is the orthogonal Grassmannianof isotropic(a— 1}-planes in C2" not included on the list?

As we saw already in Exercise 23,50, the low-dimensional coincidences
between Dynkin diagram ean be used to recover some lacs we have seen
before. For example, the coincidence (D,) = (A,) x (Ay) identifies the two
family of lines on a quadratic surface in P® with two copies of P!. The
‘coincidence (A,) = (D3)

war.

fives rise to two identifications of marked diagrams: we have

wd



corresponding to the isomorphism between the Grassmann varieties
P= G(1, 4), P = G(3, 4) and the two components of the family of 2-planes

quadric hypersurface Q itself. Finally, an observation that is not quite so

says that either connected component of the variety of 3-planes on a smooth

‘quadric hypersurface Q in P” is isomorphic to the quadric @ itself.
There is another way to realize the compact homogeneous spaces associated

to a simple group G. Let V = [), be an irreducible representation of G with

highest weight A, and consider the action ofG on the projective space PY: Let
pe PY be the point corresponding to the eigenspace with eigenvalue 4 We

Claim 23.52. The orbit Gp is the unique closed orbit of the action of Gon PY.

Proor. The point pis fixed under the Borel subgroup B, so that the stabilizer
of p is a parabolic subgroup P,; the orbit G/P, is thus compact and hence.

closed. Conversely, by the Borel fixed point theorem, any closed orbit of G
containsa fixed point for the action of B; butp is the unique point in PV fixedby B. is}

In fact, itis not hard to say which parabolic subgroup P, is, in terms ofthe
classification above: itis the parabolic subgroup corresponding to the subset of=simple roots that are perpendicular to the weight A. Now, sets E of simpleroots correspond to faces of the Weyl chamber, namely, the face that is the ,

intersection of all hyperplanes perpendicular to all roots in £. 7
We thus have a correspondence between faces of the Weyl chamber and

parabolic subgroups P, such that if V = I, is the irreducible representation
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is of the form G/P, where P is the parabolic subgroup corresponding to th
open face of ¥ containing 2. In particular, weights in the interior of the Wet
‘chamber correspond to P, = B, and so determine the full ag manifold G/l
whereas weights on the edges give rise to the quotients of G by maxim:
parabolies. Note that we do obtain in this way all compact homogeneou

spaces for G.
For example, we have the representations of SLyC: as we have seen, th

representations Sym*V and Sym'V*, with highest weights on the boundatie
of the Weyl chamber, have closed orbits {o*},4y and {I}r-y isomorphic t
PY and PV®. By contrast, the adjoint representation—the complement 0
the trivial representation in Hom(V, ¥) = V @ V*—has as closed orbit thy
variety of traceless rank 1 homomorphisms, which is isomorphic to the fla,

manifold via the map sending a homomorphism @ to the pair (Im g, Ker @)
‘The picture is

~,
seemmeon Sya'y*
Tare cnet P?

| et ogARsaewnveerwvers= rh

.

—y

a

repens $ymy

Tare credo

In general, if V is the standard representation ofSL,C. in the representa-
lions of SL,€ of the form W = Sym*V we saw that the vectors of the form

{0*}-ey formeda closed orbit in PW, called the Veronese embedding of P*"'Likewise, in representations ofthe form W = A*V the decomposable vectors
0, A 0, 0+" 9 %} formed a closed orbit in PW; thisis the Plicker embedd-
ing of the Grassmannian.

Similarly, we may identify the closed orbits in representations of SpaC.
Recall here that the basic representations of SpyC are the standard represen-
tation V = C* and the complement W of the trivial representation in the
exterior square (?V; all other representations are contained in a tensor
product of symmetric powers of these. Now, SpaC acts transitively on PV:
the closed orbit is all of P*. In general, in P(Sym'V) the closed orbit is just
thesetof vectors (0"}.,»  P?. By contrast, the closed orbit in PW is just the
intersection of the hyperplane PW< P(/\?V) with the locus of decomposablevectors {0 A W},.wevi this is the variety



390 23. Complex Lie Groups; Characters
X= (0.0 w:(0,w) =O}

of isotropic 2-planes A < V for the skew form Q.
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For the group Spinyas€; the closed orbit of the spin representation Sis

the orthogonal Grassmannian ofn-dimensional isotropic subspaces of C™"",The corresponding subvariety

G/P = P(S)

isa variety ofdimension(n + 1)n/2in P™, N = 2*— I, called the spinor variety,
or the variety of pure spinors. Similarly for Sping,C, the two spin representa-
tions S* and S~ give embeddings ofthe two components of the orthogonal
Grassmannian of n-dimensional isotropic subspaces of ™, one in P(S* one
in P(S"). These spinor varieties have dimension n(n — 1)/2.in projectivespaces
of dimension 2"-" — 1

Exercise 23.53. Show that the spinor variety for Spin,,_€ is isomorphic
each ofthe spinor varieties for SpingsC. Infact they are projectively equivalent
as subvarieties of projective space PX, N= 2°" — 1.

It follows that, for m < 8, the spinor varieties for Sping are isomorphic

to homogeneous spaces we have described by other means. The first new one
is the 10-dimensional variety in P'*, which comes from Spiny or Spin,C-It is worth going back to interpret some of the “geometric plethysm”ofearlier lectures (eg, Exercises 11.36 and 13.24) in this light.

Finally, we can describe (at least one of) the compact homogeneous space

for the group G; in this way. To begin with, Gy has two maximal parabolie
subgroups, corresponding to the diagrams

oe te E|D
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These are the groups whose Lie algebras are the parabolic subalgebras spanned
by the Cartan subalgebra b < g together with the root spaces corresponding
tothe roots in the diagrams

and

In particular, each of these parabolic subgroups will have dimension 9, so
that both the corresponding homogeneous spaces will be five-dimensional
‘atieties. We can use this to identify one of these spaces: if V is the standard
seven-dimensional representation of G,, the closed orbit in PV = P® will be
‘hypersurface, which (since it is homogeneous) can only be a quadric hyper-
surface. Thus, the homogeneous space for G, corresponding to the diagram

——s

isa quadric hypersurface in PS. In particular, we see again that the action of
G,0n Vpreserves a nondegenerate bilinear form, ie, we have an inclusion

6, &+80,,

The other homogeneous space ¥ of gis less readily described. One wayto describe it is to use the fact that the adjoint representation W of g3 is
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contained in the exterior square \*V ofthe standard. Since the Grassmannian

G(1, 2) < P(MY) oflines in PV is closed and invariant in P(A?V), it follows
that Y is contained in the intersection of G with the subspace PIV < P(/\?V)

Inother words, in termsof the skew-symmetric trilinear form won V preserved
by the action of G,,we can say that ¥ is contained in the locus,

Ea (Ac Via(A,A,)=0} < G02,
Problem 2354.18 ¥ = E?

Exercise 23.55. Show that the representation of Ey whose highest weight i
the first fundamental weight o», determines a 16-dimensional homogeneous

space in P?,

‘These homogeneous spaces have an amazing way of showing up as extremal
examples of subvarieties of projective spaces, starting with a discovery of
Severi that the Veronese surface in P? is the only surface in P* (nonsingular
and not contained ina hyperplane) whose chords do not fil up P*, For recent‘work along these lines, see [L-VdV], with its appendix by Zak on interesting
projective varieties that arise from representation theory.

Although we have described homogeneous spaces only for semisimple Lie
groups, this is no real loss of generality: any irreducible representation V ofa

Lie group G comes from a representation of its semisimple quotient, up to
‘multiplying by a character (see Proposition 9.17), and this character does not
change the orbits in P(V).

It is possible t0 take this whole correspondence one step further and
use it to give a construction of the irreducible representations of G; this is

the modern approach to constructing the irreducible representations, due

primarily to Borel, Weil, Bott, and, in a more general setting, Schmid. We do
rot have the means to do this in detail in the present circumstances, but we
will sketch the construction.

The idea is very straightforward We have just seen that for every irreduc-

ible representation V of G there isa unique closed orbit X = G/P ofthe action

of G on PY. We obtain in this way from V a projective variety X together with

a line bundle L on X invariant under the action of G (the restriction of the
universal bundle from PV) In fact, we may recover V from this data simply

as the vector space of holomorphic sections ofthe line bundle L on X. What
ties this all together isthe fact that this gives us a one-to-one correspondence,
between irreducible representations of G and ample (positive) line bundleson,compact homogeneous spaces G/P. More generally, using the projection maps
G/B -» G/P, we may pull back all these line bundles to ine bundles on G/B,

This then extends to give an isomorphism between the weight latice of gand,
the group of line bundles on G/B, with the wonderful property that fot
dominant weights 2, the space of holomorphic sections of the associated line,
bundle L, isthe irreducible representation of G with highest weight 2



£233. Homogeneous Spaces a

The point of all this, apart {rom its intrinsic beauty, is that we can g

backward: starting with just the group G, we can construct the homogeneou
‘space G/B, and then realize all the irreducible representations of G as co

homology groups ofline bundles on G/B. To carry this out, start with a weigh
Ae b* for g. We have seen that 4 exponentiates to a homomorphism H + C*
i.e,it givesa one-dimensional representation C, ofH.We want to induce thirepresentation {rom H to G.IfH ¢ Bc Gisa Borel subgroup, the representation extends trivially to B, since B is a semiditect product of Hand thi

nilpotent subgroup N whose Lie algebra is the direct sum of those g, foi
positive roots a. Then we can form

Ly=6 x90

= (G x C)A(9, 0) ~ (x, x0),x € B),
which, with its natural projection to G/B, is a holomorphic line bundle on the

projective variety G/B. The cohomology groups ofsuch a line bundle are finite

dimensional, and since G actson L.,, these cohomology groups are representa-tions of G.

‘We have Bott's theorem for the vanishing of the cohomology of this line
bundle:

Claim 23,56. H'(G/B, L,) = 0 for i # 12),

where i(A) is an integer depending on which Weyl chamber A belongs to. If Ais

adominant weight (ie., belongs to the closure ofthe positive Weyl chamber
for the choice of positive roots used in defining B), then i(— 4) = 0. In this case
the sections H°(G/B, L_.,) are a finite-dimensional vector space, on which G
aos

Claim 23:57. For La dominant weight, the space of sections H°(G/B, L..)is the
irreducible representation with highest weight 2

In this context the Riemann—Roch theorem can be applied to give a for-

‘mula for thedimensionof the irreducible representation. In fact, the dimensionpart
of Weyl’s character formula can be proved this way. More refined analy-fis, using the Woods Hole fixed point theorem, can be used to get the full char-

cacter formula (cf. [A-B]). For a very readable introduction to this, see [Bot]
‘We conclude this discussion by giving a diagram showing the relationships

‘among the various objects associated to an irreducible representation of a semi-
‘simple Lie algebra g. The objects and maps in diagram (23.58) are explained
next.

First of all, as we have indicated, the term “Grassmannians” means the

ordinary Grassmannians in the case of the groups SLC, and the Lagrangian
‘Grassmannians and the orthogonal Grassmannians of isotropic subspaces in
‘the cases of Sp,,C and SO,,€, respectively Likewise, “flag manifolds” refers

‘fo the spaces parametcizing nested sequences of such subspaces. In the cases.
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of the exceptional Lie algebras, the term “Grassmannian” should just beignored; except forthe quotientof G, by one ofits two maximal parabolic sub-‘groups, the homogeneous spaces forthe exceptional groups are not varieties
With which we are likely to be a priori familar.

With this said, we may describe the maps 4, B, etc, as follows:

A,A':the map A associates to a subset of the nodes of the Dynkin diagram
(equivalently, a subset S of the set of simple roots) the face of the Weyl
chamber described by

0,2) > 0,¥aeS;ws {ulnar ove st,
where (, is the Killing form: the inverse is clear.B, B: the map B associates to a face #5 of the Weyl chamber the subalgebra
‘spanned by the Cartan subalgebra b, the positive root spaces g,, a Rs

land the root spaces g. corresponding to those positive roots« perpendic-ular to Wz. Equivalently, in terms of the corresponding subset S of the
simple roots, gs will be generated by the Borel subalgebra, together with
the root spaces g.. for a S. Again, since every parabolic subalgebra is
conjugate to one of this form, the inverse map is clear.

GC: The map C simply associates to a parabolic subalgebra p <9 the

‘quotient G/P of G by the corresponding parabolic subgroup P < G. In the
other direction, given the homogeneous space X = G/P, with the actionofG, the group Psust the stabilizer ofa point in X. Note that the connected
component of the identity in the automorphism group of G/P may be

strictly larger: for example, P?*-' is a compact homogencous space for
‘SpaxC, and we have seen that a quadric hypersurface in P* is a homoge-
neous space for Gy.

D, D: The map D associates to the irreducible representation V of q with
highest weight 2 the open face of the Weyl chamber containing 4 In
the other direction, given an open face 5 of ¥, choose a lattice point
Ae WyOAy and take V = Ty.

E: We send the representation V to the subalgebra or subgroup fixing the

highest weight vector ve ¥.
F, F: We associate to the representation V the (unique) closed orbit of the

corresponding action of the groupG on the projective space PV. Going inthe other direction, we have to choose an ample line bundle Lon the space

G/P, and then take its vector space of holomorphic sections.

23.4. Bruhat Decompositions

Wend this lecture with a brief introduction to the Bruhat decomposition of

semisimple complex Lie group G, and the related Bruhat cells in the flag
Ianifold G/B. These ideas ate not used in this course, but they appear so often
thewhere that it may be useful to describe them in the language we have
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developed in this lecture. We will give the general statements, but verify them

only for the classical groups. General proofs can be found in [Bor]or {Hv2}.[As we have seen, a choice of positive roots determines a Borel subgroupBand Cartan subgroup 1, with normalizer N(H), so N(H)/H is identified with
the Weyl group 28. For each We%8 fix a representative my in N(H), Thedouble coset B-nyB is clearly independent of choice of ny, and willbe
denoted BW: B.

‘Theorem 23.59 (Bruhat Decomposition). The group G is a disjoint union ofthe
128) double cosetsB- W: B, as W varles over the Weyl group.

Let us first see this explicitly for G = SLC. Here N(H) consists ofall
‘monomial matrices in SL,C, ie, matrices with exactly one nonzero entry in
each row and each column, and 28 = qj a monomial matrix with nonzero

entry in the o(j)th row of the jth column maps to the permutation ¢. To see
that the double cosets cover G, giveng € G, use elementary row operationsbyleft multiplicationby elementsin B to get an element b-g°*, with b € B chosenso that the total number of zeros appearing atthe lft in the rows in bg" is
as largeas possible. two rowsof b-g"? had the same numberof zs attheleft, one could increase the total by an elementary row operation.Since al therows of bg" start with different numbers of zeros, this matrix can be
put in upper-triangular form by left multiplication by a monomial matri,
therefore, there is a permutation @ so that b’ = n,b-"" is upper triangular,
ie, 9 = WY -n,:b is in B-o-B. To see that the double cosets are disjoint,
suppose my =H-n,-b for some b and 6’ in B. From the equation b=
(1) (WY ny onesees thatb must have nonzero entries in each place where(nny"*-ny: does, from which it follows that o” = «.

Tn fact, this can be strengthenedas follows. Let U (resp. U~)be the subgroupof G whose Lie algebra is the sum of all root spaces 9, for all positive (resp
negative) rootsa. ForG = SLC, U (resp. U) consists of upper- (resp. lower),triangular matrices with 1’s on the diagonal. For Win the Weyl group, define
subgroups

U(W)= U crn: U stiy!, UW= Ung Unt
of U, which are again independent ofthe choice of representative my for W:

Corollary 23.60. Every element in B- W-B can be written uty: b for wie
elements u in U(W) and b in B.

To see the existence of such an expression, note first that the Lie algebmy

of U(W) is the sum of all root spaces a, for which «is positive and W~"(aht
negative; and the Lie algebra of U(WY is the sum of all root spaces 9, fot,

which a and W~!(a) are positive. One sees from this that U(W): U(WY Hitthe entire Borel group B. Since H ny = ye: and U(W)'-My = ty U,and
Hand U are subgroups of B,
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B ny: B= UW) UW) HotyB
= UW) UW) tyB
= UW) ny B.

‘To see the uniqueness, suppose that ty = w-Myb for some u in U(W) and b
in B.Then rig!-u-nyis in U~ 0B = {1},80 w= 1, a8 requied.Note in particular that the dimension of U(W) is the cardinality of R* oy
W(R"), where R* and R” are the positive and negative roots; this is also the

rninimum number I(W) of reflections in simple roots whose product is W, cf.
Exercise D.30. It is a general fact, which we will see for the classical groups,
tat U(W) is isomorphic to an affine space C".

It follows from the Bruhat decomposition that G/B is disjoint union of
thecosets Xy = Bmp” B/B,again with W varying over the Weyl group. These

Xv ate called Bruhat ces. From the corollaty we see that Xy is isomorphic
tothe affine space U(W) = C%™,

» For G = SLC and in 18 ~ Sy, the group U(o) consists of matrices with
I's on the diagonal, and zero entry in the i,j place whenever either i > j or

€°'G) <0""()), which isan affine space ofdimensionIfo) = # {(,j):1> jandali) < o(/)}-

Exercise 23.61. Identifying SL.4C/B with the space of all flags, show that X,
consists of those fags 0.< ¥, © Vc: such that the dimensions of inter~
sections with the standard flag are governed by o, in the following sense: for
each I< k<m, the set ofk numbers d such that ¥,nC" SKC! is
‘preciselythe set {o(1), 0(2),. ., o(K)}-
We will verity the Bruhat decomposition for Sp,,C by regarding it as a

subgroup of SL,,€ and using what we have just seen for SLC, following
[Ste2}. Our description of Sp,,C in Lecture 16 amounts to saying that it
Ws the fixed point set of the automorphism @ of SL,4C given by @(4)=
ACM, with M = ( ° {Te Borel subgroupof Sp,€ will be thebaersection ofthe Borel subgroupB of SL,C with Sp,C, providedwe changete order of the basis of C7 10 €15 sy Cn +» ann» 80 that B consists of

[Ratrices whose upper left block is upper triangular, whose lower lft block is
40, and whose lower right block is lower triangular. The automorphism @

‘maps this B to itself, and also preserves the diagonal subgroup H and its

frases 'N(H), and the groups U and U~. The Weyl group of Sp,,€ canidentified with the permutations in S,, such that a(n + 1) = of() £m for
‘all <i <n, and it isexactly for theseo for whichone can choose

a monomialPernt SP4C- Now if is any element in Sp,4C, writeg= w-n,"bing to the above corollary. Then

9 = 90) = GU) (4): (6),
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and by uniquenessof the decomposition we must have @(u) = 1,4) = Mh,he Hand 9(b) = h"'-b Ut ollows that belongs to the Weyl group of Sp3xC
This gives the Bruhat decomposition,and, moreover, a unique decompositionofg € Spzx€ into u-n,-b, with w in U(o)7 Sp2x€ Since this latter is an affinespace, this shows that the corresponding Bruhat cell in the symplectic ag

‘manifold is an affine space.

Exactly the same idea works for the orthogonal groups SOC, by realizing

them as fixed points of automorphisms ofSL,,C ofthe form At» M™!A-!-M,

with M the matrix giving the quadratic form
Note finally that if Wis the element in the Weyl group that takes each

root to its negative, then B- W"- Bis a dense open subset of G, a fact whichis
evident for the classical groups by the above discussion. The corresponding
Bruhat cell Xy. is the image of U~ in G/B, which is also a dense open set. It
follows thata function ofsection ofa line bundle on G/B is determined by its

values on U~. For treatises developing representation theory via functionsonU>, see [N-S] or [Zel}
The following exercise uses these ideas to sketch a proof of Claim 2357

that the sections of the bundle L_, on G/B form the irreducible representation
with highest weight 2

Exercise 23,62*. (a) Show that sections s of L.., are all of the form s(gB)=(6,f(a)), where f is « holomorphic function on G satisfying '

S92) = AGF(Q)_ for all xe B.

(b) Let n’ € N(H) be a representative of the element W” in the Weyl group
which takes each element to its negative Show that fis determined by ils
value at 1.

{(c) Show that any highest weight for f must be 2, and conclude that
11°(G/B, Ls the irreducible representation F, with highest weight 2

The holomorphic functions f of this exercise are functions on the space

G/U. Inother words, all irreducible representations of Gcan be found in spaces
‘of functions on G/U. This is one common approach to the study ofrepresenttions, especially by the Soviet school, ef. [N-S}, [Zel].

Functions on G/U form a commutative ring, which indicates how to make,
the sum ofall the irreducible representations into a commutative ring, Infact,
for the classical groups, these rings are the algebras S', S°, and 5! con-
structed in Lectures 15, 17, and 19, cf. [L-T]. They are also coordinate tings

{for natural embeddings of flag manifolds in products of projective spaces.



LECTURE 24

Weyl! Character Formula

‘This lecture is petty straightforward: we simply sat the Weyl character formula in

{241 then show how it may be worked out in specie examplesin $242. In particular,‘re derive in the case ofthe classical algebras formulas fr the character of givenirreducible representationas a polynomialin the characters of certain basic ones (eitherthe aerating or the symmetric powers of the standard cepreentaion for sl,C and

thee analogoes for sp3,C and #05) The profs ofthe formula are deered to the
folowing two lectures’ The techniques involved here are elementary, though the

deeerminantal formulas ae fstly comples, involving all the algebraof Appendix A
AI: The Wel character formula
{PA2: Applications to classical Lie algebras and groups

§24.1. The Weyl Character Formula

‘We have already seen the Weyl character formula in the case of s1,€, and it
is one reason why we were able to calculate so many more representations in
that case. We saw in Lectures 6 and 15 that for the representation P, = S,C*

“ofSL,C with highest weight 4 = 5 1,L,, the trace of the action of a diagonal
matrix A ¢ SLC with entries x,...., x, is the symmetric function called the

Schur polynomial 5,(x,,-.., X,). This includeda formula for the multiplicities,which are the coefficients of the monomials in these variables

Inorder to extend this formula to the other Lie algebras, let us try to rewrite
this Schur polynomial in a way that may generalize. The Schur polynomial is
defined to be a quotient of two alternating polynomials:

Oy ung

Sie od = Ty
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‘These determinants can be expanded as usual as a sum over the symmetric

group &,, which is the Weyl group %®. Writing x, = e(L,) in Z[A] as in the
preceding lecture, and writing(— 1)" for sgn(W) = det(W) for W in the Weyl
group, the numerator may be expanded in the form

eg DET so hn = (=DEE, + — DL)

=F (- New + od

where we write J for EijL, and we set p = E(n ~i)Ly. Our formula therefore
takes the form

LeHee + 0)Chari =LY"0)oo X(—1)"e(W(p)

‘The denominator is the discriminant
ACK1y 22 Xa) Te y=Leto ~ e(L)).

This can be written in terms of the positive roots L, — Lyi <j, as

Aly oy Xe) = Tedar Ly) e-Kly ~ Ly)
Note also that

p= Elm — Ly = Ly + (Ly + Ly)to + (Ly Hot by)
1

= Pg -L)
Which isthe sum of the fundamental weights, and half che sum of the positive
roots

‘These

are the formulas that generalize to the other semisimple Lie algebras.For any weight 4 define A, ¢ Z[A] by

Au= SNOW). ean

Note that 4, isnot invariant by the Weyl group, but is alternating: W(A,)=(-1)"A, for We. The ratio of two alternating polynomials will be
invariant.

‘Theorem 24.2 (Weyl Character Formula). Let p be half the sum of the positive
roots. Then p is a weight, and A, # i. The character of the irreducible repre-
sentation T,, with highest weight dis

Chart) = “2, (wer)
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‘The assertions aboutp are part ofthe following lemma and exercise, which

will also be useful in the applications:

Lemma 24.3. The denominator A, of Weyl’s formula is

4,= [] (lar%) ~ e(—a12)

= eo) T].-e-a)

=e-0) Ta)

PROOF. Since e(p) = e(5: 4/2) = [] (a/2} the equality ofthe three displayed
expressions is evident; denote these expressions temporarily by A. The key
point is to see that A is alternating. For this, it suffices to see that A changes

sign when a reflection in a hyperplane perpendicularto one of the simple rootsis applied to it, since these reflections generate the Weyl group. This follows
immediately from the first expression for A and (a) in Exercise 24.4 below.
Now, by the second displayed expression, the highest weight term that

appearsin A is e(p), which is the sameas that appearing in A,. Calculating1/A formally as in (24.5) below, we see that A,/A is a formal sum ¥m,e()
that is invariant by the Weyl group, and, using part (c)of the following exercise,ithas weight0. As in Theorem23.24 it follows that A,/A is constant; and, since‘and A, have the same leading term e(p), we must have A, = A 0

Exercise 24.4%. (a) If W = W,, is the reflection in the hyperplane perpendicular
loasimple root a, show that W(a,) = —a,, and W permutes the other positive
roots.

(b) With Was in (a), show that W(p) = p — a). Deduce that p is the ele-

ment in * such that p(H,)= 2(p, a)A@%. 2%) = | for exch simple root a,Equivalently, p is the sum of the fundamental weights. In particular, p is a

‘weight.

(0) For any W ¥ J in the Weyl group, show that p — W(p) is a sum of
distinct positive roots. Deduce that W(p) is not in the closure of the positive
Weyl chamber.

Proofs of the character formula will be given in §25.2 and again in §262.
For now we should at least verify that it is plausible, ie, that A,,,/A, is in
Z{A]" and that the highest weight that occurs is 4. Note that since the
tumerator and denominator ate alternating, the ratio is invariant, The fact

that A, is not zero follows from the second expression in the preceding lemma.
To see that the ratio is actually in Z[A], however, we must verify that it has
only a finite number of nonzero coefficients. Write
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1 Ps
tee = e(- ay! =e, <n) (4HO) Tp ear ete IT 3, ene 45)

When this is multiplied by y,, = (—"e(W¥(2 + p)), we get a formal sum
where the highest weight that occurs is the weight 2. This means in particular

that there are only a finite number of nonzero terms corresponding to weights
in the fundamental (positive) Weyl chamberW But since the ratio is invariant
by the Weyl group, the same is true for all Weyl chambers, 80 A,,9/A, isin

ZLAJ™, and has highest weight 2. It follows in particular that the Ays/Ay,a8A varies over W’7 A, form an additive basis for Z[A]™.Before considering the proofor any other special case, we apply (WCF)togive a formula for the dimension of Ty:

Corollary 24.6. The dimension of the irreducible representation Tis
Btpe py Btpadim 0,= [] SP oo py STPA eres

where (a, B) = a(H,) = 2(c, B\MB, B) and( , )is the Killing form.
Proor. The dimension of IP, is obtained by adding the coefficients of all e(a)
in Char({),ie,, computing the image ofChar(I,) by the homomorphism from
Z{A] to C which sends each e(a) to 1. However, as in the case of the Schur
polynomial, the denominator vanishes if we try to do this directly. To get
around this, we factor this homomorphism through the ring of power series:

Z[A]* [tel] +€,

where the second homomorphism sets the variable ¢ equal to zero, ic. picks

off the constant term of the power series, and the first homomorphism takes
e(a) to e**. More generally, for any weight jt define a homomorphism

Ye ZEAJ—- CLLD}, — ela)yverer,
We claim that ¥,(4,) = 'P,(4,) for all Land j.This isa simple consequence
ofthe invariance’of the metric, ) under the Weyl group:

(Ay)= I (— ream
=S(-nrertonwe

aE (- rere

= ¥4,)

Therefore,

(Ay) = ¥,(4,) = Yay)

= [en ay



{242. Applications to Cassia Li Algebras and Groups wo:

-( Le »)em4 terms of higher degree int
Hence,

V (Arsalan) = PAs AQ)
= Uene)+ terms of positive degree in ¢,

which finishes the proof a

Exercise 247, In the case of sl, verity that the above corollary gives the
dimension we found in Lecture 6.

Exercise 248, Verily directly that the right-hand side of the formula for the
dimension is positive.

Sinoe 11= Ausy/A, i8 the character of a virtual representation whichtakes on a positive value at the identity, a8 in the case of finite groups, to

prove that i is the character of an irreducible representation, i sulfices to

show that fo 1s2s= I for an appropriate compact group G. This was theariginal approach of Weyl, which we will describe in the last lecture. Since
the highest weight appearing is 2, we will know then that this irreducible
representation must be T3.

Exercise 249. Use Corollary 24,6 to show that if 2is a dominant weight
Gx, in the closure of the postive Weyl chamber) and ois a fundamental
weight, then the dimension of Ti, is greater than the dimension of

Conclude that the nontrivial representations of smallest dimension must be
mong the m representations f, with w a fundamental weight.

$24.2. Applications to Classical Lie Algebras
and Groups

Inthe case ofthe general linear group GLC, the character ofthe represen-
tation the Schur polynomial

byte tf
al

"We we the representation ofGL,C iend fit rsction to SLC. sine the ater wouldtease the producto he vale 0
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wich has several expressions in terms of simpler symmetric funtion Note
that the character of the dih symmetric power of the standard representa

tion is the dth complete symmetric polynomial 11, in n variables (Appendix
Ad}

Hy = Char(Sym‘(C")).

‘The first “Giambelli” or determinantal formula (A.5) of Appendix A gives

the character of the representation with highest weight 2 = (1, > ~~" > 2, >0)
asanr x r determinant:

Hy.Char Cy) = ages | ee |. (24.10)

Aaa Ay

Equivalently, this expresses a general element F, € R(G)of the representationring as a polynomial in the representations Sym“(C"*). A second determinantal

formula, from (A.6), expresses I, in terms of the basic representations A‘(C*),
whose characters are the elementary symmetric polynomials

Eq = Char(M(C*)).

‘This formula is, with g the conjugate partition to A,

Eg, Eyer Egy tint

Char(l) = LEgsed= [etn (ay

In this section we work out the character formula for the other classical

Lie algebras, including analogues of these determinantal formulas, The ana-
logues of the first determinantal formula (24.10) were given by Weyl, but the
analoguesof (24.11) were found only recently ({Ko-Te]). We also pay, at leastby way of exercises, the debts to (WCF) that we owe from earlier lectures.

‘The Symplectic Case

‘The weights for sp,,C are integral linear combinations of L,,..., Ly.Weoften
writef= (sys ens Ha) For the weightjy Ly 4 °°" + pgLy‘The positive roots are {L, — Ly},<j and {L, + Ly}.<). from which we find

PHL Ot lL Ly + (Ly + Lg) to + (Ly to FL (24.12)

ep =O Noo
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4, |

‘As we saw in Lecture 16, an element in the Weyl group can be writen

uniquely as a product 60, where o is a permutation of (Ly... La} and

= (6,-0.5 Gh With6 = +1. Hence:

ALVESre“an e419)
here the sign (~1)' is the product of the c,. Now with x, = e(L,), this can be
written

©

A=LY] tin xa)
or

Ayala 44

where |a, ,| denotes the determinant of the n x matrix (a,,) In particular,
Ay = bop xp tony, (24.15)

From (2414) or Exercise A.52 we have

Ag = MK, XToes Xe tT OE TDS ee" (24.16)
where A is the discriminant.

Exercise 24.17, show that

Aa = [] er sereg ~ DTD Ge = Derr a)
‘The character of the irreducible representation F, with highest weight

dn Sebibedy 2-2 2, 2 Ovi thereto:



406 24, Weyl Character Formula

papitata tyChatty) = rarcaret (24.18)
a al

The dimension of I) is easily worked out from Corollary 24.6:
=. Whdime = OLY.

QG=0 aree-i=5
WY) yh pats

Tot =m Ti myWhere I, =A, +n— 1+ Land m=n—i+L

Exercise 24.20, Show that, setting Ij = 4 + ~i,

LGD+ G+ TG + 9im(t) =SP8)
= Ga n= Ht

‘These formulas give the dimension of the irreducible representation T,,,..«
with highest weight 4,00, + "+ ayy where the «, are the fundamental
weights, using the relation ay = a) +"°""+ ay.

Exercise 24.21. Use Exercise 2420 to verify that for A= Ly + °**-+ Ly, the

dimension of Ty is 2n if k-= I, and ()-( *) if k= 2, Use this to
give another proof that the kernel of the contraction from MV to A-4Visirreducible.

‘The first determinantal formula for the symplectic group goes as follows
Let

We 005%) Hey ey Xue Tones Bat

Where His the dth complete symmetric polynomial in 2n variables. In other
words, J, i the character of the representation Sym“(C™) of sp2,C. From
Proposition A.50 of Appendix A we have

Proposition 2422. If 4 = (A 2 > A, > 0) the character of T isthe deter
inant of the r x r matrix whose ith row is

Cain Suctea tit Sates tact oe Sagan t Siptesah

For example, for 4 = (d) ie, A= dLy, we have Chat(Cy)) = Jy, which is

the character of Symé(C"), In particular, this verifies that the kth symmetric
powers Sym*(C?) of the standard representation are all irreducible. (This, of
course isa special ease ofthe general description given in §17.3, since all the

contraction maps vanish on the symmetric powers)
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Exercise 24.23, (i) Find the characterof the representation of sp4C with highestweight o +02 = 2L, + La, verifying that the multiplicities are as we foundin §16.2. (i) Find the character of the representation of spqC with highest
weight wy + a, thus verifying the assertion of Exercise 17.4

‘The second Giambelli formula in the symplectic case expresses Fin terms
of the basic representations

Ta, = Ker( (0) + A-4(C%))

which are the kernels of the contractions, The character of I, is Ej, where

Bye LE Bex te tay bay! botxy and
BC ey ae XT yey Mat)

— Ena hy ye MT oo a)fork 2 2, where Ey isthe kth elementary symmetric polynomial. The formula
is

Corollary 2424, Let j= (sy, ..-4 4) be the conjugate partition to 2. The

‘character of Tis equal to the determinant of the I x I matrix whose ith row is
(Ein Enmtea + Beet Eyouns + Bait Egat + Catia)

Proor. This follows from the proposition and Proposition A.44, which
equates the two determinants before specializingthe variables. fal

‘There is also a simple formula for the character in terms of the characters£, of AY(C™), which also follows from Proposition A.44:
Char(F) = 1B ts) ~ Burt-ah (24.25)

Note that Eysy = Ez» (corresponding to the isomorphism At**C?* =
N-*C™) and” Exe —Ey-ava- In particular, Corollary 24.24 expresses
Char(F;) as a polynomial in the characters of the basic representations T,,
woe Pay

‘The Odd Orthogonal Case

For sozeyi€ the weights are3 Ly j= (js ++ a) With all integers or all,halfintegers. The positive roots are (L — Ly}:ej {Lr + L,)s<j,and (L,},$0 pis (Ly +++ + L,) less than in the case for sp3.
p=Linth— DL, (24.26)

or

pa (n— dn Food

With xf! = (£1) and xf! = e(4:1,/2), we have the same formula as

before [(24.14)] for Ay
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Exercise 24.27*. Show that

Apa bap = ety

AG, HG oy he HME) Oe? = THY. Gel? = xp)
I Ty is the irreducible representation with highest weight 4= SAL),

A, 2+" 2 4, 2 0, then the character formula can be written

Chany =poy aunac(T) = roe
Similarly,

i WD +)
dimer) = [=P Gtime) = Gy ows t= i=p

=A Ah=p
hin’, 2429Hen =miy Mn eid

wherel=A,-+n—i+ $,and m=n—i+$.
Exercise 24.30. Show that, with jj = 4, + — i,

TG DG 45+ OTTAK +Oim(t) =Foi
= Gn Gn=

‘These formulas give the dimension of the irreducible representation T,,...«,
with highest weight a, +*-*-+ a,0,, where the «, are the fundamental
weights, using the equations

oees
Exercise24.31. Use the dimension formula to verify that for A= Ly + +" + Lys
the dimension of Fis (*ft ‘) Use this to give another proof that /*Vis
irreducible for | < k <n. Verify that the dimension of the spin representation
is 2", thus reproving that it is irreducible.

Exercise 24.32. Use the dimension formula to verify that the kernel of the

contraction :
Sym‘(C™") -+ Sym?2(C2%1)

is an irreducible representation with highest weight dL.

In case the representation isa representation ofSO,,4,©; i¢, the A, areall-integral, there is a first determinantal formula that expresses I’, in terms of
the kernels ofthe contractions

Ker(Symmt(C™"")-» Symé-4 C2"),
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Let K, denote the character of this Kernel, s0 Ke = I, Ky =x, bo $4
ail fe tag! + fand

KgHA 05 oes SeeXi yeeBe WS Healy coe Xa Xi oon es Oe
where H, is the dth complete symmetric polynomial. From Proposition A.60
we have

Proposition 2433. If A= (Ay 2°": > 2,>0), with the A, integral, then the

character of Tis the determinant of the'r x r matrix whose ith row is
(Kater Kanter + Kat Kates + Kart Katee + Ka-iorea):

In particular, for

4 = (d), the character is K,, which verifies that the kernelof Sym*(C2**1) -» Sym*-#(C™"1) is irreducible.

Exercise 24.34. Use the character formula to verify that the multiplicities of
the representation Ty, ,, of SosC are as specified in Exercise 189.

The second determinantal formula for SOsq4,€ writes 1 in terms of the
representations AM(C™*), whose characters are

By = Elaoes Xap XT yee has Dh
Applying Proposition 24.33 with Corollary A.46, we have

Corollary 2435. Let j= (jy, ...444) be the conjugate partition to A. The
characterof Tisequal tothe determinantof the x Imatrix whose ith row is

Egetsn Enter + Epet Eger + Bgyt-iead

Since Eyiy = Exs1-x (Corresponding to the isomorphism A'**C2*! x
NACH, this expresses Char(T) as a polynomial in Ey, .... Ey with
E,= Char(M'c™*"),

The Even Orthogonal Case

For so4€the weights are the same as in the preceding case. This time the {L}ate
not positive roots, however, so p is (Ly +++" + L,) less than in the caseOf 02441C, OF Ly +°**-+ Ley less than in the case of sP34C:

p=Ln- IL, (2436)

or

pa (n— Bn 2.40)

The calculation of A, is similar, but using only those«of positive sign. Thistime
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Lee festa) =4f on + 8 + ff on — 8}
This leads 10

A, = Mp tg" + bs". (2437,

Note that the second determinant term vanishes when any j1, is zero. In

particular,

Ay Axl x, (2438)

From (24.14) or Exercise A.66,

Ay= AUK, AT oe ht ED (24.39)
‘This gives, with T the irreducible representation with highest weight

Am DalyAy2° lal 20,
bt ty + bef —Char() =hey (24.Aaa a oe

where I, = 2, +n — 1. As before,

, da) ey)
dimr) = JP.

its) = TN =) Gath
aa

“na, aaTht= mpi ean
where I, = Ay + — dandm, =n — 1. Notethat,as expected, the two representations with weights (2,,..., 4,1, +4,) have the same dimensions.

Exercise 24.42. Show that

eeSe)
aHn =HB

‘These formulas give the dimension of the irreducible representation T,...4.
with highest weight a, +--+ 4,c,, where the a, are the fundamental

weights, using the equations

Amatotea + MG, 4 +a, TStisn—2,
Baga = Myo $y) y= Haya + 5).

Exercise 24.43, Use the dimension formula to verify that for a = Ly + °°> + Ly

k<n, the dimension of T, is (7). so AMC") is irreducible. For
Ae Ly +++ Ley £ by the dimension is (2). 50 AY(C) is the sum of
the two corresponding irreducible representations. Verify that the dimension
of the two spin representations are 2"~', proving irreducibility again,
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‘Note that the second term in the numerator in (24.40) changes sign when
Axis replaced by —4,; in particular, it vanishes when 2, = 0. When A, = 0,
the representation 17 is a representation of the orthogonal group Oz4C
‘When 2, # 0, the direct sum of the two representations with highest weights

(yy --o5 £4,) is an irreducible representation of OgyC. (See Exercises 23.19
and 23.37)

Let Ly be the character of Ker(Sym‘(C%)—> Sym*-7(C™), ic,

Leg Habeety oop Sup Xi yoo Xu") — Ha alps eos XapXT yoo Xe") I either«ase, Proposition A.64 applies to give the first determinantal formula:

Proposition 24.44, Given integersA, > --- > 2, > 0,the characterof the irreduc-ible representation of Ong with highest weight A= (Ay,...y4,) is the deter-Iminant of ther x r matrix whase ith row is
(Layer Laetes + bayer one Rayoter + Layctorea)

Again, for 2= (4), this verifies that the kernel of the contraction from

Sym*(C™) to Sym*-*(C%) is irreducible.

‘The second determinantal formula isthe same asin the odd case, but with
Ey Fults ooos San MtoeMSF
Corollary 2445. Let y= (sty... 44) be the conjugate partition to A. The
characterof Tis equalto the determinantof the x Imatrix whose Ith rowis

CEgetss Eyy-teat Byte Egy-trt Eyetteal

Using the fact that Eyy4 = E,-4. this expresses Char(T3) as @ polynomial in

Eyyoooy By with Ey = Char MC).
Exercise 24.46*. For each of the orthogonal groups O,€, show that the
characterof the irreducible representation with highest weight 4canbe writteninthe

form Char (Py) = tastes — BayatshWhere is the character of Sym*(C"). Another formula for the dimension of

T, is obtained by substituting (7) for hy in this determinant.
‘There are other formulas expressing the characters of general representa-

tions in termsof simpler ones. Abramsky, Jahn, and King [A-J-K] give onethat can be expressed by the same formula for the general linear, symplectic,

and orthogonal groups. The general irreducible representations are given by
partitions 2 or Young diagrams, and in their formula the simpler represen-
{ations are those corresponding to hooks. To express it, let (ab) denote
the hook with horizontal leg of length a +1 and vertical leg of length

b+ 1, ie, the partition (a + 1, 1,...,1), with & I's. More generally, given

= (a, >" > a, 20) and b = (by >" > b, 2 0) with o, or b, nonzero,let(a+b) denote the partition whose Young diagram has legs ofthese lengths (0
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the right of and below the r diagonal boxes (cf. Frobenius’s notation, Exercise
4.17). Let tug.s, denote the character of the corresponding irreducible represen
tation. Their formula is

Leah = eight stser (any

Taking the degree of both sides gives new formulas for the dimensions of the
irreducible representations. These formulas are particularly useful if the rank

rrof the partition is small.
Exceptional Cases

‘We will, as a last example, work out the Weyl character formula for the

exceptional Lie algebra g,, and thereby verify some of the analysis of its
representations given in Lecture 22. The remaining four exceptional Lie
algebras we will leave as exercises.

‘Tobegin with, the value of p is easily seen to be 2L, + 3Lz,in termsof thebasis L,, Ly for the weight lattice introduced in Lecture 22.

a aciea

Now, for any weight = pL, + qL2 + rLy, we have

Ay 3, fay hay Xen Ye Xela Xda
= BOIS apl8)= BONS, «0°,
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where we writex or (x, X35 3) and x7" for (x7, x51, x5") A is the diserim-inant, and S,,., the Schur function. Using the relation [] x, = 1 we can alsowrite this as

= BE) (Sy.g06) ~ Sxepim-ain el)

for any m2 max(p, 4,1) To make this notation agree with the standard

notation for Schur polynomials from Appendix (A.4), note that 5,4, is the
Schur polynomial S,.» for the partition (s,s > &, where s is two fess than

the difference between the largest and smallest of p,q, and r, while is one less
than the diference between the second largest and the smallest; if p,q, and r

are not distinc, 5, , = 0. Thus, for example,

Ay = BG) (S1, 4) = Sy)
= ACs) (xe + 4%5 40%) — 44 — 2 — 43)

Now, any irreducible representation T of g, has highest weight 2 = aor, +
borg, where 0, = Ly + Ly and a; = Ly + 2L; are the two fundamental

weights, and aand bare non-negativeintegers.Then 4 + p = (a-+ b+ 2)Ly +(a-+ 2b + 3)L,. The Weyl character formula in this case becomes
Proposition 24.48. The character of the representation of 3 wth highest weight
fay + boo is

Char(Ty,,) = Seszeeteseen= Sies2bsinSau Say

Exercise 2449. In the case ofthe standard representation To the adjoint
representation Tp, , and the representation T, use this formula to verily the
multiplicities found in Lecture 22,

We can also work out the dimension formuta explicitly in this case. The
two fundamental weights and «, have inner products

(o,e)=1 (yo) = 32 and — (04) =;
‘0, and a, are among the positive roots of gz, and in terms of these the

temaining positive roots ate 20, ~ ay, 30; ~ 0g, 0; ~ 04, aNd 200, ~ 3,The weight pis the sum ofthe fundamental weights«», and o,, so that for anarbitrary weight 4 = ac, + bor we have the followingtable of inner products:
A bd Cato

Too, 12a (+n

dy—0, 3 NaF IA Hab+ 2y2‘a, 5h a44hp ah4 592= 92 ged Mas 4-H

<0; 2 4% (as 3442

to, +20, 32 he x42
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‘We conclude that the dimension ofthe irreducible representation Ty of gy with
highest weight 2 = aor + boos is

int, ,) =(@t DA+ B+ 2020+ 3b + Hfa-4 2 + Ia + 364441)aa
We can check this in the cases a= 1, b= 0 and a=0, b = 1, getting the
dimensions7 and 14 of the standard and adjoint representations, respectively.In case a= 2, b= 0 we may verify the result of the explicit calculation in

Lecture 22, finding that

im(T 9) = 27

and, therefore, deducing that A?V = T3,o@ V @ € and Sym*V = T;,o@C.

Exercise 2450. Show that Sym*V = @HYT-24,0-

We leave the analogous computations for the remaining four Lie algebrasas exercises, using the description of the root systems found in Exercise 21.16.
Since we have not said much about the Weyl group in the exceptional cases

the formula (WCF) cannot be used directly —not to mention the fact that the
‘orders of these Weyl groups are: 27-3? = 1152 for fa; 27+3*+5 = SI,840 for
egy 219-3457 = 2,903,040 for €5, and 2!*:3%+5?-7 = 696,729,600 for ty.
However, the dimension formula is available.

Exercise 2451*. For each of the four remaining exceptional Lie algebras,

compute p= half the sum of the positive roots. For each ofthe fundamental

‘weights «, at least for f,, compute the dimension of the irreducible represen-
tation with highest weight «. In particular, find the nontrivial representation

‘of minimal dimension. Use this to verily that (Eg) is not isomorphic to (By)

(oF (Cy), ita that ¢g is not isomorphic to $0;5€ o sp,2€.
Exercise 24.52°. List all irreducible representations V of simple Lie algebras
‘such that dim V < dim g, Note that these include all cases where the corre-

sponding group representation has a Zariski dense orbit, or a finite number
of orbits.



LECTURE 25

More Character Formulas

In this lecture we give vo more formulas forthe muliplces ofan irreducible

representation ofa semisimple Lie algcbra or group. First, Freudenthal's formula
(25.1) gives a straightforward way of calculating the multiplicity ofa given weight‘once

we know the multiplicity of all higher ones. This in (urn allows us to prove in252 the Weyl character formula, as well as another multiplicity formula due to
Kosta. Finally in §25.3 we give Stenberg’ formula for the decomposition of the

{tensor product of two arbitrary irreducible representationsof a semisimple Lie algebra,and also give formulas for some pairsc g forthe decompesiton ofthe restitionto' of reducible representations of

£254: Freudenthats moliplicty formula
{252: Proof of WSF}, the Kestant multiplicity forma

£253: Tensor produce and restrictions to subgroups

§25.1. Freudenthal’s Multiplicity Formula

Freudenthal’s formula gives a general way of computing the multiplicities
ofa representation, ic, the dimensions of its weight spaces, by working
down successively from the highest weight. The result is similar to (but more
complicated than) what we did for sl;C in Lecture 13, where we found the
multiplicities along successive concentric hexagons in the weight diagram.

Let Ty, be the irreducible representation with highest weight 2, which will

be fixed throughout this discussion. Let, = nF) be the dimension of the
weight space! of weight yx in Ty, i¢., Char(T,) = J-n,e(1). Freudenthal gives
a formula for n, in terms of multiplicities of weights that are higher than j.

"an the erstemap are fen referred Yo 8 ner mice”



416 25. Mote Character Formas
Proposition 25.1 (Freudenthal's Multiplicity Formula). With the aboe
notation,

ea) mf) = 2 FE (Ht kag oan
where e(1) = 1+ pl? ~ la + el?.

Here IPI? = (B, B),( , )is the Killing form, and pis half the sum of the positive
roots.

Exercise 25.2°. Verify that c(u) is positive ify # A and n, > 0.

‘The proof of Freudenthal’s formula uses a Casimir operator, denoted C.
‘This is an endomorphism of any representation V of the semisimple Lie
algebra g, and is constructed as follows. Take any basis U,, ..., U, for g, and
let Uj, ..., Us be the dual basis with respect to the Killing form on g. Set

CHU,U + + UU,

ic, for any ve V, CW) = YU, (Uj-v).

Exercise 25.3, Verify that C is independent of the choice of basis”,
“The key fact is

Exercise 25.4*. Show that C commutes with every operation in g, ie,

C(X-v)= X-Cwv) forall Xeg.ve Vv.
‘The idea is to use a special basis for the construction of C, so that each

term U,U; will act as multiplication by a constant on any weight space, and

this constant can be calculated in terms of multiplicities. Then Schur’s lemma
can be applied to know that, incase V is irreducible, C itself is multiplication
bya scalar. Taking traces will lead to a relation among multiplicities, and a
little algebraic manipulation will give Freudenthal's formula.

‘The basis for g to use is a natural one: Choose the basis H,,..., H, for the
Cartan subalgebra, where H, = H,,cortesponds to the simple rootay,and ktH; be the dual basis for the restriction of the Killing form to h. For each root
a, choose a nonzero X, € g,. The dual basis will then have X} in g_,. In fact,
if we let Y, € q-, be the usual element so that X,, ¥,, and H, = [X,, ¥,) are
the canonical basis for the subalgebra s, = s1€ thal they span, then

XL= (02% as)

Exercise 25.6*. Verify (25.5) by showing that (X,, ¥,) = 2/(a, a).

“tn lancy language,ea element ofthe univers enveloping algebra fg bu we donot net‘me
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Now we have the Casimir operator

C= LMM + YXand we analyze the actionof Con the weight space V, corresponding to weightfor any representation ¥. Let n, = dim(V,). First we have

Ai; acts on ¥, by multiplication by (1, 2) = lyl?. (25.7)

Indeed, H,Hj acts by multiplication by j(H,)y(H)). If we write p= Yona,
where the a are the fundamental weights, then j(H,) = 7, and if = Sri,

with «the dual basis to a, then similarly u(H;) = rj. Hence Y) n(H)u(H;) =
Sel = (i 1), as asserted.
Now consider the action of X,Xz = (( 2)/2)X¥, on F,, Restricting to thesubalgebra

s, = sl, and to the subrepresentation @)) ¥,.1, corresponding tothe a-string through 1, we arein a situation which we know very well. Supposethis
string is Vy @ VpeB" Vpn

‘80 m = fi(H,) (ef. (14.10)]}, and let k be the integer such that j= f — ka. We

assume for now that k < m/2.

‘On the first term Vy, X,¥, acts by multiplication by m= f(H,) =

2B, a)(x, a), so X,X; acts by multiplication by (f,2). In general, on the
part of ¥s-,, which is the image of Vg by multiplication by (¥,}, we know
[el (11.5)]} that X, ¥, acts by multiplication by (k + 1)(m — k). This gives us

asubspace of ¥, of dimension n, on which X,X7 acts by multiplication by
(+ 19(B, 2) — Ka 29/2) mk + YC 2) + RC, 2/2.

‘Now peel off the subrepresentation (over s,) of V spanned by V, and apply
the same reasoning to what is left. We have a subspace of V,_, of dimension

14-4 — ty (0 which the same analysiscan be made. From this we get a subspaceof ¥, of dimension mp_, — ny on which XX; acts by multiplication by
(U4 2) + (k ~ (a, 292).

Continuing to peel off subrepresentations, the space V, is decomposed into
pieces on which X,X; acts by multiplication by a scalar. The trace of X,X;
on F,is therefore the sum

+DEL a) + He a2) + G0 9) COUUH + Mee2

FH pete ~ Maer) MC 2) + (0) 99/2).

Canceling in successive terms, this simplifies to

‘TraceXa Xalr,) = J (H+ its pee: (258)
‘One pleasant fact about this sum is that it may be extended to all i > 0, since
Mya = Ofori> k,
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Incase k > m/2, thecomputation is similar, peeling off representationsfromthe other end, starting with V;-.. The only dilference is that the actionofu%, 0M Vp i 260, The res 8

Trace KK) = 7S 0,ay 259)
Exercise 25.10, Show that X,X; = A.A, + (a, 4/2)ll,, and deduce (255)
directly from (25.8) by replacing 2 by —a

In fact, (25.8) is valid for all 4 and a, as we sce from the identity

E e+ tm alga=0. es)
Exercise 25.12*. Verify (25.11) by using the symmetry ofthe a-string through p.

Now we add the assumption that V is irreducible, so C is multiplication

by some scalar c. Taking the trace of Con V, and adding, we get

on, = (Hm + FY (at + ia OV ote (25.13)
Note that when i = 0 the two terms for « and —a cancel each other, so the

summation can begin at i = | instead, Rewriting this in terms of the positive
weights, and using (25.11) the sums become

XY + ia eet FY Ue ie pate

my F042 YS Ut tates

‘Summarizing, and observing that J eas (i a) = (1, 2p), we have
er, = (ie #) + (ie 20) +2 Ye YH + IMpa

Note that (1,1) + (94,20) = (+ p, +p) ~(p.) = hae + pl? — Bp. To

evaluate theconstantweevaluateon the highest weight space V;, where n, = 1and ,,., = 0 fori > 0. Hence,

=(4)+ (2p)= 1+ oP — WP. sia)‘Combining the preceding two equations yields Freudenthal’s formula.

Exercise 25.15. Apply Freudenthal’s formula to the representations of sl;C

considered in §13.2, verifying again that the multiplicities are as prescribed on
the hexagons and triangles.
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Exercise 25.16. Use Freudenthal’s formula to calculate multiplicities for the

representations I,0, T9,1, and Ty,9 of (93).

§25.2. Proof of (WCF); the Kostant
Multiplicity Formula

It is not unreasonable to anticipate that Weyl's character formula can be
deduced from Freudenthal’s inductive formula, but some algebraic manip-
ulation is certainly required. Let

a= Char(ly) =F nye)

be the character of the irreducible representation with highest weight 2.
Freudenthal’s formula, in form (25.13), reads*

ene Lovamead +E & (1+ in, 2)see,
where c= [2 + pl? — fp. To get this to look anything like Wey!’s formula,

‘we must get rid of the inside sums over i. If « is fixed, they will disappear if\ we multiply by e(2) — 1, as successive terms cance!:
(ola) ~ FF + a amped = Fis age + a

Let P = [een (e(a) — 1) = (e(a) ~ 1)-P,, where P, = []pra(e(B) ~ 1). The
receding two formulas give

Pet = PS (us sdmyea) + Y (Hu adPangetse +a). (25.17)

Note also that

Pm (-1Ay Aye

where r is the number of positive roots, so at least the formula now involves

the ingredients that go into (WCF).
‘We want (o prove (WCF): A, 11= Ais». We have seen in §24.1 that bothsides of this equation are alternating, and that both have highest weight term
e+ p), with coefficient 1. On the right-hand side the only terms that appear
are those of the form +e(W(A + p)), for W in the Weyl group. To prove
(WCF), it suffices to prove that the only terms appearing with nonzero
coefficients in A,-z, are these same e(W(A + p)), for then the alternating
property and the knowledge ofthe coefficient of e(4 + p) determine all the

coefficients. This can be expressed as:

nhs section we workin th rng CCA] ite soms Yn wit comple oicient m-
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Claim, The only terms (x) occurring In Ay-xs with nonzero coefficlem are
those with Wh = A+ pl.

‘To see that this is equivalent, note that by definition of A, and y,, the terms

in Ay, ate all of the form +e(s), where v = 1+ W(p), for ea weight of F,
and W in the Weyl group. But if Ij. + W(o}l = [4 + pl since the metricisinvariantby the Weyl group, this gives |W~'(x) + pl = JA + pil. But wesawin Exercise 25.2 that this cannot happen unless x = W(A), as required.
We are thus reduced to proving the claim. This suggests looking at the

“Laplacian” operator that maps e() to fyel?e()0, that is, the map

A: C[A] + C[A]

defined by

ACE mend) = F(a wegen).

‘Theclaimis equivalent to the assertion thatF = A,” z, satisfies the “differentialequation”
A(F) = 14 + pF.

From the definition A(x.) = (v4 )nge(u). And A(A,) = pl?4,. In general,
since | W(a)l| = Yall for all We WB,

ACA.) = E (DLW (@)e(W (2) = La?4,,

‘So we would be in good shape if we had a formula for A ofa product of twofunctions. One expects such a formula to take the form

Ua) = Aa + 208f, Va) + JACO) 2518)

where V is a “gradient,” and (, ) is an “inner product.” Takingf = e(ug = e(v), we see that we need to have (Ve(), Ve(»)) = (4, ve(u + ¥). Thereisindeed such a gradient and inner product. Define a homomorphism

V: CLA]-+§* @ CLA] = Hom(h, CTAI)
by the formula V(e()) = s-e(j)), and define the bilinear form ( , ) on
'° @ CLA] by the formula (acts), Be(o)) = (a, Ble(u + v), where (x, isthe
Killing form on §*.

Exercise 25.19. With these definitions, verify that (25.18) is satisfied, as well as
the Leibnitz rule

Visa) = Vif) + S¥(0).

For example, ¥(z1) = Eynyst- es) and, by the Leibnitz rule,

Ver) = 5 Pexelah
But now look at formula (25.17). This reads



$252. Proofof (WCF the Kostant Multiplicity Formala a
Pra = PAU) + (VP, Vita)

Since, also by the exercise, V(P)= 2(—1YA,V(A,), we may cancel (—1YA,from each term in the equation, getting

© Agta = ApA(ts) + 2(VAys Vis)

By the identity (25.18), the right-hand side of this equation is

(4,23) — (A, )2 = BA,24) ~ WPA,ReSincee = | + pl? ~pI?this gives I + pl7A,x, = A(A, x2) which finishesthe proof. Bb

We conclude this section with a proof of another general multiplicity
formula, discovered by Kostant. It gives an elegant closed formula for the
multiplicities, but at the expense of summing over the entire Weyl group
(although as we will indicate below, there are many interesting cases where all
buta few terms of the sum vanish). It alsoinvolvesa kind of partition countingfunction. For each weight 1, let P(x) be the number of ways to write as a

‘sum of positive roots; set P(0) = 1. Equivalently,
1
ty Pel 5.Jaw 7Ee (25:20)

Proposition 25.21. (Kostant’s Multiplicity Formula). The multiplicity n,(U)ofweight jin the irreducible representation I, is given by

nt) = 1)" PW + p) — (e+rE) = 3 (POE + 9) —(u +
where p is half the sum of the positive roots.

Proor. Write(A,)"! = e(—p¥[](1 — e(—a)) = 5, P(vle(—v — p). By(WCF),
a> AseelA,) =F (NEE + pPe(—¥ — 0)

= EC prpoe wea + 9) - + 0)

= EC Vtrna + a) — (+ Met,
as seen by writing p= I(A + p) —(v + ph. o

In fact, the proof shows that Kostant’s formula is equivalent to Weyl's
formula, ef. [Cart].

‘One way to interpret Kostant’s formula, at least for weights 1 close to the
highest weight 4 of I, is as a sort of converse to Proposition 14.13(ii). Recall

that this says that I will be generated by the images of its highest weight
vector 0 under successive applications of the generators of the negative root

spaces; in practice, we used this fact to bound from above the multiplicities of
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various weights close to A by counting the number of ways of getting from

Ato by adding negative roots. The problemin making this precise was alwaysthat we did not know how many relations there were among these images, if
any. Kostant’ formula gives an answer: for example, if the difference A — tis

small relative (oA, we ee that the only nonzero term inthe sum is the principle
term, corresponding to W = 1; in this ease the answer is that there are no
relations other than the trivial ones X(¥(o)) ~ Y(X(o)) = LX, ¥1(o). When

gels somewhat smaller, other terms appear corresponding to single reflections
Win the walls ofthe Weyl chamber for which W(A + p) is higher than y+ p;

wecan think ofthese terms, which all appear with sign — 1, correction terms
indicating the presence of relations. As y gets smaller sill, of course, more
terms appear of both signs, and this viewpoint breaks down.

To see how this works in practice, the reader can for example carry out the
analysis of the example at the end of§13.1
Exercise 25.22* (Kostant). Prove the following formula for the function P,
Which can be used to calculate it inductively: P(0) = 1, and, for #0,

Pn) — FCP + W)~

Exercise 25.23* (Racah), Deduce from Kostant’s formula and the preceding
exercise the following inductive formula for the multiplicities m, of pin

Trin, = Vif = A, and if eis any other weight of F, then
== L(KWhgeparn9 =F (HDT ney arr

Show, infact, that for any weight jt

og rpm = EHV

where the second sum is over those W’e WB such that W"(A + p) = 1 +p.
Note that Kostant’s formula, more thanany of the others, shows us directlythe pattern of multiplicities in the irreducible representations of sl,C. For

‘one thing, itis easy to represent the function P diagrammatically: in the
Weight lattice of sl,C, the function P() will be a constant 1 on the rays

{aL ~ aLy},z0 and {als — aLz},2o through the origin in the direction of
the two simple positive roots Ly —L, and Ly — La. It will have value 2.00
the translates {aL — (a + 3)Ly}45-y and (aL, ~(@ ~ 3)L;}epof these (worays by the third positive root Ly — Ly: for example, the first of these can be
written as

Ly ~(a + 3)Ly = (a+ 1) (Ly ~ Ly)+ Ly ~ Ly
= (a4 2)-(Ly— Ly) + Ly Las

and correspondingly its value will increase by 1 on each successive translale

of these rays by Ly ~ Ly. The picture is thus
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nae
PRR”

Now, the prescription given in the Kostant formula for the multiplicities is to
take six copies of this function Mipped about the origin, translated so that
‘the vertex of the outer shell lies at the points w(A + p)—p and take their

alternating sum. Superimposing the six pictures we arrive at

iNreehpes
KOO)NS NW

which shows us clearly the hexagonal pattern of the multiplicities.
Exercise 25.24*. A nonzero dominant weight 4 of a simple Lie algebra is called
minuscule if (H,) = 0 or | for each positive root a.

fa) Show that if A is minuscule, then every weight space of TF is one
Ronen



au 25, More Character Formulas

(b) Show that J is minuscule if and only if all the weights of F, are conjugate
under the Weyl group.

{c) Show that a minuscule weight must be one of the fundamental weights.

Find the minuscule weights for each simple Lie algebra.

§25.3. Tensor Productsand Restrictions To Subgroups
In the case of the general or special linear groups, we saw general formulas

for describing how the tensor product I, @ [,, of two irreducible representa-
tions decomposes:

TOT, =Ql

In these cases the multiplicities N,,, can be described by a combinatorial
formula: the Littlewood-Richardson rule. In general, such a decomposition
is equivalent to writing

at Lage @529
in Z[A], where x, = Char(P,) denotes the character.* By Weyl's character
formula, these multiplicities N,,, are determined by the identity

Arse Ane =O Nip’ Arty 2528)

This formula gives an eflective procedure for calculating the coefficients Nyy,
if one that is tedious in practice: we can pee!off highest weights, ie, successivelysubtract from A,,p° 4,«multiplesof 4, A,,,for thehighestvthat appears.There are some explicit formulas for the other classical groups. R. C. King
[Ki2] has showed that for both the symplectic or orthogonal groups, the
multiplicities ,,, are given by the formula

Nig = 3 Mees’ Men Mover (2527)
where the M’s denote the Littlewood-Richardson multiplicities, i¢., the corre:
sponding numbers for the general linear group, and the sum is over all
partitions {, o, t. For other formulas for the classical groups, see [Murl),
{Wel,p. 230].

Exercise 25.28*. For s04C, show that all the nonzero multiplicities N,,, are I's,
and these occur for v ina rectangle with sides making 45° angles to the axes.
Describe this rectangle

“ tnthetterature these multiples W,, are often called “outer multpcies“and the eoblewolfinding theo decompoting the enor prodct, the “Clebach Gordon” problem,



{§253. Tensor Products and Restrictions to Subgroups 425

Steinberg has also given a general formula for the multiplicities N,,,. Since
itinvolves a double summation over the Weyl group, using it in a concrete
situation may be a challenge.

Proposition 25.29 (Steinberg's Formula). The multiplicity of U, in T,® Fis

Naps YD"POA p) 4 WW + A) —¥~ 20)

where the sum is over pairs W, W" € 48, and P isthe counting function appearing
‘in Kostant’s multiplicity formula.

Exercise 25.30°, Prove Steinberg's formula by multiplying (25.25) by A,,using
(WCF) t0 get ZeAysy = DNagyAvsp: Write out both sides, using Kostant’s

formula for x4, and compute the coefficient of the term e(f + p)on each side,
for any f. This gives

Dy (DM POVEA + p) + WH + 0) ~ B20) = DOWN nmasore:
Show that for f= v all the terms on the right are zer0 but Nay.

Exercise 25.31 (Racah). Use the Steinberg and Kostant formulas to show that
Nagr = F (DMsgrr nl Ta

The followingis the generalization ofsomething we have seen several times:
Exercise 25.32. If 2 and pare dominant weights, and a is a simple root with
ACH) and p(H,) not zero, show that A+ j1~ a is a dominant weight and
T,@T, contains the irreducible representation F.,-. with multiplicity one.
So

TOP, =F, Olay. others.

Incase t= 2, with A(H,) # 0, Sym?(F) contains F,,, while A(T) contains
Tee

Exercise 25.3. If 44 is a dominant weight for each weight ¢ of [, show
thatthe irreducible representations appearing in T, ® Fare exactly the Fs

Infact, with no assumptions, every component of F, @ [always has this form.
One can show that Na, is the dimension of

{ve (G5:HO)= 0,1 sinh = HD).
For this, see (Zel, §131].

For other general formulas for the multiplicities N,,, see [Kem], [K-N],
Ui} and [Kumt], [Kum].

We have also seen a formula for decomposing the representation I of
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GL, when restricted to the subgroup GL.y_, ©. In this case the multiplicities
of the irreducible components again havea simple combinatorial description.
‘There are similar formulas for other classical groups In the literature, such
formulas are often called “branching formulas," or “modification rules.” We
will just state the analogues ofthis formula for the symplecticand orthogonalcases:

For 80;,€ < 803,,,C, and T, the irreducible representation of $03_4,C

piven by = (A, 2°" > A 2 0), the restriction is
Resize) = Ol (2534)

the sum over all X= (Zy,..-, 2) with

MeMekezheo2hiekelhh

with the 2, and 4, simultaneously all integers or all half integers.

For 807.-1€ € 50740, and I the irreducible representation of £0;,€ givenby Amy 2-2 AD,

Resta) = ON, (2539

the sum over all = (2,,..., 41) with,

Meh ehezhen2hy 2th

with the J, and 4, simultaneously all integers or all half integers.

For $p3_-2€ & sp24C, and I, the irreducible representation of sp,,€ givenby A= (A, > -+ > 4, 2 0), the restriction is

ResterSc(G) = DNulis (2536)

the sum over all F= (iy, ..-,2y-4) with I, 2 +++ > Jy, 2 0, and the multi

plicity Nyy is the number ofsequences p,,..., p, of integers satisfying
ASMAME Me zAWZ MAO

and

Pr2AL> pave > Pa 2 Ayr 2 Pw

Asin the case of GLC, these formulas are equivalent to identities among
symmetric polynomials. The reader may enjoy trying to work them out from
{his pointof view, cf Exercise 23.43 and [Boe]. A less computational approachis given in [Zel].

‘As we sawin the caseof the general linear group, these branching rules can‘be used inductively to compute the dimensions of the weight spaces. For
example, for 50, consider the chain

$0,€ > 04-46 > 804-,63° > $04€.
Decomposing @ representation successively from one layer to the next will

finally write it as a sum of one-dimensional weight spaces, and the dimension
can be read off from the number of“partitions” in chains that start with the
givenA. The representations can beconstructed from these chains, as describedby Gelfand and Zetlin, ef. (Zel, §10).
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Similarly, one can ask for formulas for decomposing restrictions for
other inclusions, such as the natural embeddings: Sp,,€ ¢ SL;,.C,

$0,C ¢SL,C, GLC x GLC cGL,,,C, GLC x GL, < GLC,

SLC c Spz,€, SLC c SO,,,,€, SL,C © SO,,C, fo mention just a few.
Such formulas are determined in principle by computing what happens
to generators of the representation rings, which is not hard: one need
only decompose exterior or symmetric products of standard representations,
ef. Exercise 23.31, A few closed formulas for decomposing more general
representations can also be found in the literature. We state what happens

when the irreducible representations of GL,,C are restricted to the orthogonal
or symplectic subgroups, referring to [Lit3] for the proofs:

For 0,€ € GLC, withm = 2n oF 2n + 1, given=(A 2° > Ay 29,Resse)
= BNali, 537)the sum over all X= (Z, >+-- > J, 2 0), where

N= J Naw
with Njx, the Littlewood-Richardson coefficient, and the sum over all

5 = (5, > 5; > ---) with all 5, even.
Exercise 23.38. Show that the representation Is, 2) of GLiyC restricts to the
direct sum

Fay@Na ® Moy
‘over O,C. (This decomposition is important in differential geometry: the
Riemann~Christoffel tensor has type (2, 2), and the above three components

of its decomposition are the conformal curvature tensor, the Ricci tensor, and
the scalar curvature, respectively.)

Similarly for Sp€ GLC,
Reset) = BNuli. (25.39)

the sum over all A= (2, 2" 2 A,2 0), where
Ma=ENuw

Ny is the Littkewood-Richardson coefficient, and the sum is over all
n= (ty = 12 2 My = 4 2 ***) with each part occurring an even number of
times,

Itis perhaps worth pointing out the the decomposition of tensor productsis a special case of the decomposition of restrictions: the exterior tensor
product T,611,, of two irreducible representations of G is an irreducible
representation of

G x G, and the restriction of this to the diagonal embedding,of Gin G x G isthe usual tensor product F ® I.
‘Thereare also some general formulas, valid whenever j is a semisimple Lie
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subalgebra ofa semisimple Lie algebrag. Assume that the Cartan subalgebraHis a subalgebra of h, so we have a restriction from h* to h*, and we assumethe half-spaces determining positive roots are compatible. We write ji for

weights of §, andwe write je]7 to mean that a weight 4 of g restricts toSimilarly write WW for a typical element of the Weyl groupof j, and 7 for halfthe sum of its positive weights. If A (resp. 2) is a dominant weight for g
(resp. @) let Nyx denote the multiplicity with which Tappearsin the restrictionOf to, ie,

Rest) = @i Nut

Exercise 25.40*. Show that, for any dominant weight4 of g and any weight jof,
nytt) = © Numalt-Brat) =F Nant

Exercise 25.41° (Klimyk). Show that
Nu =T(-I ntae a a

Exercise 25.42. Show that if the formula of the preceding exercise is applied

to the diagonal embedding of gin g x g, then the Racah formula of Exercise
25:3 results

Foradditional formulas of a similar vein, as well as discussions of how they
can be implemented on a computer, there are several articles in STAMJ.ApplMath. 2, 1973.

Finally, we note that it is possible, for any semisimple Lie algebra 9, to
make the direct sum of all its irreducible representations into a commutative
algebra, generalizing constructions we saw in Lectures 15, §17, and §19. Let

Trays cess Fa, be the irreducible representations corresponding to the funda-

mental weights 0,..., 0, Let
A’ = Sym'(F, O @F a)

This is a commutative graded algebra, the direct sum of pieces

A= @ Sym, @Sym),

where a = (a,,....4,) is an mtuple of non-negative integers. Then A* is
the direct sum of the irreducible representation T, whose highest weight is

A= Y.qja, and a sum J* of representations whose highest weight is strictly
smaller. As before, weight considerations show that J" = B,J" isan ideal in
80 the quotient

At = Ql :
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is the direct sum of all the irreducible representations, The product
TOL, Tine

in this ring is often called Cartan multiplication; note that the fact that Ty.»
‘occurs once in the tensor product determines such a projection, but only up
to multiplication by a scalar.

‘Using ideas of§25.1, it is possible to give generators for the ideal J. If Cis
the Casimir operator, we know that C acts on all representations and is
multiplication by the constant c, = (A, 4) + (2A, p).ou the irreducible represen
tation with highest weight 2. Therefore, if 4= Svajw,, the endomorphism
C—e,1 of A* vanishes on the factor F, and on each of the representations

T, of lower weight pit is multiplication by c, — ¢, # 0 (ef. (25.2)}. It follows:
that

Jt = Image(C — el: At A

Exercise 25.43*. Write C = ¥ U,Uj asin §25.1. Show that for ¥,,...,0_ vectors:
in the fundamental weight spaces, with v, € [,, and J’; = 5° aj, the element
(C ~ el)(0, -04°...°0,) is the sum over all pairs j,k, with 1 <j <k <m,ofthe terms

(Zee. ites) + Uilop Uo) ~ 2a ae)ey a) Alle
From this exercise follows a theorem of Kostant: J is generated by the

elements

LUO Vibe) + Uso) Uso") — 2, Bor
for vel, weT,, with a and f fundamental roots. For the classical Lie
algebras, this formula can be used to find concrete realizations of the ring. If
‘one wants a similar ring for a semisimple Lie group, one has the same ring,
‘ofcourse, when the group is simply connected; this leads to the ring described
in Lectures 15 and 17 for SL,C and Sp,,€. For SO,,.C, little change is needed
when m is odd, but there is more work for m even. Details can be found in

wn



LECTURE 26

Real Lie Algebras and Lie Groups

In this lector we ncatehow to complete the last step inthe proces ovine ate
beginning of Part TI: to take our knowlege ofthe classification and representation
theory of complex algebras and groups and deduce the corresponding statemensia
the real case. We do this inthe ist section, givinga list ofthe simple classical el Li

algebras and saying a few words about the corresponding groups and their (complex)
representations. The existence of a compact group whose Lie algebra has as complexi-
fleation a given semisimple complex Lie algebra makes 1 possible to give another
{indeed the orignal) way to prove the Weyl character formula; we sketch this n 262
Finally, we can askin regard (o real Lie groupsG a question analogous to one askedfor the representations of iit groups in 83%: which ofthe complex representationsV of G actually come from real ones. We answer this in the most commonly -

countered cases in §26.3. In this final lecture, proofs, when we attempt them, are

‘severally only sketched and may require more than the usual fortitude from the ede.
§26.1: Classification of real simple Lie algebras and groups

§26.2: Second proofofWey!’s character formula£26. Real, comple, and quaternionl representations

§26.1. Classification of Real Simple Lie Algebras
and Groups

‘Having described the semisimple complex Lie algebras, we now address the
analogous problem for real Lie algebras. Since the complexificationgo @aof a semisimple real Lie algebra go is a semisimple complex Lie algebra and

we have classified those, we are reduced to the problem ofdescribing the rea
forms of the complex semisimple Lie algebras: that is, for a given complex Lie
algebra g, findingall real Lie algebras go with
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0 @eC = 9.

We saw many of the real forms of the classical complex Lie groups and

Algebras back in Lectures 7 and 8. In this section we will indicate one way to
approach the question systematically, but we will only include sketches of
proots.
To get the idea of what to expect, let us work out real forms of sty

in detail. To do this, suppose go is any real Lie subalgebra of sl,C, with
% @y C = al,C. The natural thing to do is (o try to carry out our analysis of
semisimple Lie algebras for the real Lie algebra gg: that is find an element
Hegy such that ad(H) acts semisimply on go, decompose fe into eigenspaces,andso on. The first part of this presents no problem: since the subset of st,C
‘ofnon-semisimple matrices is a proper algebraic subvariety, it cannot contain
the real subspacego € sl,C,0 that we can certainly finda semisimple H € go,‘The next thing is to consider the eigenspaces of ad{H) acting on g, Of
‘course, ad(H) has one eigenvalue 0, corresponding to the eigenspace o =
R-H spanned by H. The remaining two eigenvalues must then sum to zero,
Which leaves just (wo possibilities:

() ad(i) has eigenvalues 2 and —2, for 2 a nonzero real number; multi-
plying H by a real scalar, we can take A= 2. In this case we obtain a
decomposition ofthe vector space gy into one-dimensional eigenspaces

G0 =bo® a2 Osa

We can then choose X € g; and Y'€ g-; the standard argument then shows

that the bracket [X, YJ is a nonzero multiple of H, which we may take to be
I by rechoosing X and ¥. We thus have the real form sf, with the basis

10 or cm)

a=(, -) * -( ob r(i )
(i)ad(t)has eigenvalues iAand —iAfor Asome nonzero real number; again,adjusting H by a real scalar we may take A = I. In this case, of course, there‘reno real eigenvectors for the action of ad(#) on go; but we can decomposefo into the direct sum of hy and the two-dimensional subspace gy. corte-

sponding to the pair of eigenvaluesi and —1. We may then choose a basis Band Cfor gy.) with

(H,BJ=C and [H,C]=—B.

‘The commutator [B, C] will then be a nonzero multiple of H, which we may
luke to be either H or —H (we can multiply B and C simultaneously by a
ala p, which multiplies the commutator (B, C] by”) In the latter case, we
tee that go is isomorphic to st:R again: these are the relations we get if we
{ake as basis for st;C the three vectors

cm) ot 1 0

n=(2 3), 0-2), oma c=(1_°)
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Finally, ifthe commutator [B, C] = 11, we do get a new example: gg i in this
case isomorphic to the algebra

sul, = (A: = —A and trace(A) = 0} © shC,

which has as basis

sp 0 o _(0 2)a(0 Sab a(n o} ™ =n 9
Exercise26.1. Carry out this analysis forthe real Lie algebras s0,R and s0,,R.In particular, give an isomorphism ofeach with either s1,R oF st,

This completes our analysis of the real forms of sl,C. In the general
case, we can try to apply a similar analysis, and indeed at least one aspect

generalizes: given a real form go < g of the complex semisimple Lie algebra
8, we can find a real subalgebra ljp c go such that hy @ € is a Cartan sub-

algebra of g = go ®C; this is called a Cartan subalgebra of gg. There is a
further complication in the case of Lie algebras ofrank 2 or more: the values

on be ofa root ae R ofg need not be either all real or all purely imaginary.We, thus, need to consider the root spaces gy, Qa, Soa And gay and the
subalgebra they generate, at the same time. Moreover as we saw in the above
example, whether the values of the roots a € R of g on the real subspacehyare real, purely imaginary, or neither will in general depend on the choiceofbo.
Exercise 26.2. In the case of go = sly cq = slyC, suppose we choose as
Cartan subalgebra hy the space spanned over f by the elements

2 0 0 0 00

ny~[0-1 0) and wy=[0 0 1

0 0-1 0-19,

‘Show that this is indeed a Cartan subalgebra, and find the decompositionof8 into eigenspaces for the action of h = bhp ®C. In particular, find the roots
‘of g as linear functions on b, and describe the corresponding decomposition

of Go
Judging from these examples, it is probably prudent to resist the temptationto try to carry out an analysis ofreal semisimple Lie algebras via an analogue,

‘of the decomposition g = h ® (@g,) in this case. Rather, in the present book,
we will do two things. First, we will give the statement of the classificatiog
theorem for the real forms of the classical algebeas—that is, we will Hist all
the simple real Lie algebras whose complexifications are classical al
Second, we will focus on two distinguished real forms possessed by any
semisimple Lie algebra, the split form and the compact form. These are

two forms that you see most often; and the existence ofthe latter in particu
will be essential in the following section.
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For the first, it turns out to be enough to work out the complexifications

0®a C= 4 Oia ofthe real Lie algebras go we know. The list is:
Real Lie algebra ‘Complexification

any 4c
aC sl,C x st,C
sl,H = gl, H/R sl,,€
80 ),4R p44
sot £0,€ x £0,C
spa, opal

span spa,€ X sp24€
9 She
oe) Papel

agit 503,
‘The last two in the left-hand column are the Lie algebras of the groups U,,¢H
and U3H of automorphisms of a quaternionic vector space preserving a

Hermitian form with signature(p, q), and a skew-symmetric Hermitian form,respectively.
Weshould first verify that the algebras on the right are indeed the complexi-

fications of those on the left. Some are obvious, such as the complexification
(oh Re = 5,8 O-s1,R = sh,C.

‘The same goes for so, ,R and sp,,R.
Next, consider the compleaificaion of

ou, = {A eal,C:'7= —A).
To see that sl,C = su, @i su,, let Me s1,C, and write

. M = AM —'M) + 4(M +‘) = 44 + 4B;
then A € si, iB € sy, and M = $4 ~ 1(/2)B.

+ The general caseof sg € lqis similar ifthe form is given by (x,y) ='80y, then su,,¢ = (A:'4Q = —QA). Writing M € sl,,4€ in the form

M = 4(M ~ Q-'M-Q)— GM + i0-"47-Q)
land using @ = 'Q = Q"! = Q, one sees that Mest, .@i-s,¢.

For the complexification of s{,,C,embed s1,,C ins\,,C x si,€ by Ar-+(A,4).‘Given any pair (B, C), write

BO-KB+C,8+ 0418-6 B+

= HB + CB + C)—i-(QGB+ iC, iB + iC).
For the quaternionic Lie algebra, from the description of GL,H we saw in

Lecture 7, we have

aH = {Ae glagC: AJ = JA},
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or ‘i

M = AM —J-M-J)—1-0 0M + 10-1M J)
to see that gM @p C= glysC-

Exercise 26.3. Verify the rest of the lst.
The theorem, which also goes back to Cartan, is that this includes the

completelist of simple real Lie algebras associated tothe classical complex types
(A,)}-(D,). In fact, there are an additional 17 simple real Lie algebras asso-
ciated with the five exceptional Lie algebras The proof of this theorem is
rather long, and we refer to the literature (cf. {H-S], (Hel), (Ar]) for it

Split Forms and Compact Forms

Rather than try 10 classify in general the real forms qo of a semisimple Lie
algebra , we would like to focus here on two particular forms that ate
possessed by every semisimple Lie algebra and that are by far the most
‘commonly dealt with in practice: the split form and the compact form.

These represent the two extremes of behavior of the decomposition 9 =,
4 ®(@Pg,) with respect to the real subalgebra gy ¢ g. To begin with,the splitJorm of qs a form go such that there exists a Cartan subalgebra bo & go (thatis,a subalgebra whose complexifcation ) = hy @C < go ®C = gisa Cartan
subalgebra of q) whose action on jg has all real eigenvalues—i., such that
all the roots a€ R= h* of g (with respect to the Cartan subalgebra b=

yy @ C < 9) assume all real values on the subspace bo. In this case we havea
direct sum decomposition

Ho = bo O(Di)

of go into ho and one-dimensional eigenspacesj, for the action of bo (each
will just be the intersection ofthe root space q, < q with go; each pair janj_,will generatea subalgebra isomorphic to s1,R. As we will see momentarihethis uniquely characterizes the real form go of9By contrast, in the compact form all the roots a € Rc * ofg (with respectto the Cartan subalgebra b = by @ C cg) assume all purely imaginary valved‘on the subspace fp. We accordingly have a direct sum decomposition

90 = bo OCD)

Of go into bp and two-diinensional spaces on which bp acts by rotation (ea

|, will just be the intersection of the root space 9, @ 9-« With go); each |, will,
Benerate a subalgebra isomorphic to su.

‘The existence of the split form of a semisimple complex Lie algebra wik
already established in Lecture 21: one way to construct a real—even rations,
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—form go of a semisimple Lie algebra g is by starting with any generator X,,
{for the root space for each positive simple root a,, completing it to standard
basis X,,, ¥,,.and H, = [X,, ¥,,]for the corresponding s,, = s1,C, and taking

80 to be the real subalgebra generated by these elements. Choosing a way to
write each positive root as a sum of simple roots even determined a basis
{H,6, X,€ Qu, Y.€ 9-«} for go, in (21.20) The Cartan subalgebra jp of gy

is the real span of these 4. Note that onceb is fixed forg, the real subalgebrabos uniquely determined as the span of the H, for all rootsa. The algebra gois determined up to isomorphism; it is sometimes called the natural real form
fg, Note that this also demonstrates the uniqueness of the split form: itis
the only real form gg ofg that has a Cartan subalgebra hy acting on go withall eal eigenvalues,

‘As for the compact form ofa semisimple Lie algebra, it owes much ofits‘significance (as well as its name) to the last condition in

Proposition 26.4. Suppose g is any complex semisimple Lie algebra and go < §
areal form of 9. Let bg be a Curtan subalgebra of G9. = Yo ® € the corre-
sponding Cartan subalgebra of 9. The following are equivalent”

() Each root a RE? ofg assumes purely imaginary values on Yo, and{for each root a the subalgebra of fo generated by the intersection I, of
(G.4..) with go is isomorphic to sus;

Gil) The restriction 10 go of the Killing form of 9 is negative definite;
ii) The real Lie group Go with Lie algebra go is compact.

Tn (iii), G, can be taken to be the adjoint form of gg. However, a theoremof Weyl ensures that the fundamental group of any such G, is finite, so the

‘ondition is independent of the choiceof Gp. Note also that, by the equivalencewith (i) and (i), the condition (i) must be independent of the choice of Cartan
bubalgebra fo. This is in contrast with the split case, where we require only

that there exist a Cartan subalgebra whose action on ghasal real eigenvalues;‘aswesaw in the case of s!; R, in the split case adifferenthy may have imaginaryEigenvalues
‘Proor. We start by showing that the first condition implies the second; this
vill follow from direct observation. To begin with, the value of the Killing

form on H € by is visibly
BUH, H) = ¥ (aH) <0.

Next, the subspaces |, are orthogonal to one another with respect to B, so it
remains only to verify B(Z, Z) <0 for a general member Z € 1, To do this,

Ket X and ¥ be generators of g, and g_, < g respectively, chosen so as to form,
{opether with their commutatorH! = (X, Ya standacd basisfor #C. By theanalysis ofeal forms ofs1,C above, we may take as generators ofthe algebra
‘gencratedby (, the elements iH, U = X — Y and V=iX +i¥. If we set

Z = aU + bV= (a + ih):X + (—a +i) ¥,
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then we have

d(Z) 0 ad(Z) = (a + iby? ad(X) 0 ad(X)

~ (a? + b*)(ad(X)0 ad(¥) + ad(¥) © ad(X))
+ (a ~ iby? ad(¥)  ad(7.

Now, ad(X)  ad(X) and ad(¥) © ad(¥) have no trace, so we can write

trace{ad(Z)0 ad(Z)) = —2-(a? + b?)-trace(ad(X) 0 ad(¥)). (265)By direct examination, in the representation Sym*V of slaC, ad(X)  ad(Y)

acts by multiplication by (n — A)(n + 2 — 24 > O on the A-eigenspace for I,

from which we deduce that the right-hand side of(26.5) is negative.
Next, we show that the second condition implies the third. This is imme-

diate: the adjoint form G, is the connected component of the identity of the
group Aut(qo). In particular, itis a closed subgroup of the adjoint group of
and it acts faithfully on the real vector space dg, presceving the bilinear form

B. If B is negative definite it follows that Gy is a closed subgroup of the
‘orthogonal group SO,,8, which is compact.

Finally, if we know that Gy is compact, by averaging we can constructapositive definite inner product on gg invariant under the action ofGg. For any

X in fo, ad(X) is represented by a skew-symmetric matrix A = (a) with

respect {0 an orthonormal basis of go (cf. (14.23)}, $0 B(X, X) = Tr(A° A) =
Yesaiydye= —Laz, <0. In particular, the eigenvalues of ad(X) must bePurely imaginary. Therefore a(h,)<iR and = —a for any root a, fromwhich () follows. oO

We now claim that every semisimple complex Lie algebra has unique
‘compact form. To see this we need an algebraic notion which is, in fact, crucial

to the classification theorem mentioned above: that of conjugate linear incole
tion, If = 99 @x C is the complexification ofa real Lie algebra go, there isamap 0: 9 9 which takes x® 2 to x@ 7 for xe go and z € C; itis conjugate
linear, preserves Lie brackets, and 0 is the identity. The real algebra go isthe

fixed subalgebra of o, and conversely, given such a conjugate linear involution
@ ofa complex Lie algebra gits fixed algebra? is a real form of g, To prove the
claim, we start with the split, or natural form, as constructed in Lecture 21
and referred to above. With a basis for g chosen as inthis construction, itt

not hard to show that there isa unique Lie algebra automorphism ¢ of g that
takes each element ofb to its negative and takes each X, to Y, (this followsfrom Claim 21.25). This automorphism ¢ is a complex linear involution which
preserves the real subalgebra go. This automorphism commutes with the
associated conjugate linear 0. The composite op = ga is a conjugate linear
involution, from which it follows that its fixed part q, = g°* is another real

form ofg, This has Cartan subalgebra h, = h’* = fo. We have seen that the
restriction of the Killing form to by is positive definite. It follows that is

restriction (0 his negative definite, and hence that a, is a compact form of
Finally, this construction of q, from go is reversible, and from this one can
deduce the uniqueness of the compact form.
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‘We may see directly from this construction that

H=hO Di,
where, ~ (4, © g-.)"is a real plane with , @e C= 9.@g-.and{b,, kb.

Exercise 26.6, Verily that (A, =H: 1 <j <n) isa basis for b, (B, = X_— Yor

C= i-(X, + ¥,)} is a basis for [,, and the action is given by

Up B= PG. and (4), G]= —P' Bywhere pis the integer a(H,). In particular, b, acts by rotations on the planes ly
Our classical Lie algebras g all came equipped with a natural real form ao,

and with a basis of the above type. These split forms are:

Complex simple Liealgebra Split form

share shar

seu ert0
spa spk

50,0 8x4

Exerdise 26.7, For each ofthese split forms, find the corresponding compact
form g..

Exercise 268. Letgo be areal semisimple Lie algebra. Show thata subalgebrabofgg isa Cartan subalgebra if and only itis a maximal abelian subalgebraand the adjoint action on go is semisimple.

Exercise 26.9*. Starting with a real form go of g with associated conjugation
4, show that one can always find a compact form a, of g such that 4(9,) = Beand such that

8 =1@r,

wheret = by = 90% ge, nd p = go -(i°9,). Such a decomposition is called aCartan decomposition ofgo. Itis unique up to inner automorphism.

Exercise 26.10°, For any real form go of 9, given by a conjugation a, show
that there is a Cartan subalgebra b of g that is preserved by 9, $0 9.) is
8Cartan subalgebra of go.

Naturally, the various special isomorphisms between complex Lie algebras
(H1,€ & s04€ & sp,C, etc) give rise to special isomorphisms among their real
forms. For example, we have already seen that

st Re sit, 50; 5p2R

while

su, 2 50,R= SIH = 0H
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(cf. Exercise 26.1), Similarly, eachof the remaining three special isomorphisms‘of complex semisimple Lie algebras gives rise to isomorphisms between their
real forms, as follows:

@ 20,6  ah,€ x 51,0

‘compact forms: sog9t ssi X sty
split forms: 503.2 & s1,R x sl,
others: 603, 2 sIgC, fH & sity x shR,

(i) sp.C = 0,6

compact forms: gH 2 04
split forms: sp4R £05,
other: ty,yH & 504.1.(ii) SC a 8060

‘compact forms: si, & soft

split forms: sl4R = 05,5
others: sts,» 2 $04.23 Sts,y 2 USH; slH & s05,,

In addition, the extra automorphism of #0, coming from trality gives

rise to an isomorphism uf Hl % 806...
Exercise 26.11. Verify some ofthe isomorphisms above. (Of course,inthe case‘of compact and split forms, these are implied by the corresponding iso-
morphisms of complex Lie algebras, but itis worthwhile to see them diteclly
im any case.)

Real Groups

We turn now to problem of describing the real Lie groups with these Lie
algebras. Let G be the adjoint form of the semisimple complex Lie algebra9I go is a real form of g, the associated conjugate linear involution « ofg thatfixes go lilts to an involution ¢ of G. (This follows from the functorial nature
of the adjoint form, noting that G is regarded now as a real Lie group)

The fixed points G” of this involution then form a closed subgroup of G; its
connected component ofthe identity Gp is a real Lie group whose Lie algebrais go. G is called the complexificationof Go‘We have seen in§23.1 that if T = Ty isthe lattice of those elementsin onwhich all roots take integral values, then 2niTis the kernel of the exponential
mapping exp: b -+ G to the adjoint form. If bo is a Cartan subalgebra of go;
T = exp{b) will be compact precisely when the intersection of hy with the

kernel 2niT”is a lattice of maximal rank. In this case, T will be a product of n
copies of the circle S!, n = dim), and, since the Killing form on bj is negative
definite, the corresponding teal group Ga will also be compact. Such a Go will
bbe a maximal compact subgroup of G.

‘When Gy < Gisa maximal compact subgroup, they have the same itredve-
ible complex representations. Indeed, for any complex group G’, each complex
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‘homomorphism fromG to G'is the extension of unique real homomorphismfrom G, to G’. This follows from the corresponding fact for Lie algebras and

the fact that Gp and G have the same fundamental group. This is another
general fact, which implies the finiteness of the fundamental gioup of Go; we
‘omit the proof, noting only that it can be seen directly in the classical cases:

Exercise 26.12¢. Prove that x, (Gg)-* =, (G)is an isomorphism for each of thedassical adjoint groups.

Exercise 26.13*, The special isomorphisms of real Lie algebras listed above

Bive rise to special isomorphisms of real Lie groups. Can you find these?

tis another general fact that any compact (connected) Lie group is a
Quotient

(GxG, x x Gx TZ,
where the G; are simple compact Lie groups, T = (S!)* is a torus, and Z is a

discrete subgroup of the center. In particular, its Lie algebra is the direct sum
of asemisimple compact Lie algebra and an abelian Lie algebra. This provides
another reason why the classification of irreducible representations in the real
‘compact case and the semisimple complex case are essentially the same.

Representations of Real Lie Algebras

Finally, we should say a word here about the irreducible representations

(always here in complex vector spacest) of simple real Lic algebras. In some
‘cases these are easily described in terms of the complex case: for example, the

‘reducible representations of si, or slyR are the same as those for sl,C, Le.
they are the restrictions of the irreducible representations I, ~ S,C* corre-
sponding (o partitions or Young diagrams 2. This is the situation in general
whenever the complexification q ~ ao @ C of the real Lie algebra gy is still

simple: the representations of go on complex vector spaces are exactly thefepresentations of g. The situation is slightly different when we have a simplereal Lie algebra whose complexification is not simple:for example, theireduc-ible representations of slyC, regarded as a real Lie algebra, are of the form
T.@T,, where [, is the conjugate representation of T, The situation in
several is expressed in the following

Exercise 26.14. Show that ifgq

is a simple real Lie algebra whose complesifica-tion gs simple, its irreducible representations are the restrictions of(uniquely
determined) irreducible representationsof g Ifqois the underlyingreal algebra‘ofa

simple complex Lie algebra, show that the irreducible representations offh ate of the form V @ W, where V and W are (uniquely determined) irreduc-
ible tepresentations of the complex Lie algebra.
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§26.2. Second Proof of Weyl’s Character Formula

The title ofthis section is perhaps inaccurate: what we will give here i actually
a sketch of the first proof of the Weyl character formula. Weyl, in his original
proof, used what he called the “unitarian trick,” which is to say he introduces
the compact form of a given semisimple Lie algebra and uses integrationonthe corresponding compact group G. (This trick was already described in §9.3,
in the context of proving complete reducibility of representations ofa semi-simple algebra.)

Indeed, the main reason for including this section (which is, after all,

logically unnecessary) is to acquaint the reader with the “classical” treatment

of Lie groups via their compact forms. This treatment follows very much the
‘same lines a8 the representation theory of finite groups. To begin with, we

replace the average (!/\Gl) Yeeo f(g) by the integral fg f(g) dy, the volume
element dj chosen to be translation invariant and such that fo dy = 1. Uf
p: G+ Aut(V) is a finite-dimensional representation, with character

(9) = Trace(p(g)

then fe p(g) due Hom(¥, V) is idempotent, and itis the projection onto the
invariant subspace V°. So fg xy(g) dye = dim(V®). Applied to Hom(¥, W) as
before, since Xiemy.m = Zviw it follows that

f Tow du = dim(Homel¥, W).
So if V and W are irreducible,

feted { ivewio Jot MN otherwise.

Up to now, everything is completely analogous to the case offinite groups,
and is proved in exactly the same way. The last general fact, analogous to the
basic Proposition 2.30, is harder in the compact case:

Peter—Weyl Theorem. The characters of irreducible representations span &

dense subspace of the space ofcontinuous class functions.

Itis, moreover, the case that the coordinate functions of the irreducible matrix,
representations span a dense subspace of all continuous (or L?) functionsonG. For the proofof these statements we refer to [Ad] or [B-tD]. Given thefundamental role that (2.30) played in the analysis of representationsof finite
g70ups, itis not surprising thatthe Peter-Weyl theorem is the cornerstoneof‘most treatments of compact groups, even though it has played no role so fatin this book.

‘We now proceed to indicate how the original proof of the Weyl character
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formula went in this setting, In this section, G will denote a fixed compact
group, whose Lie algebra g is a real form of the semisimple complex Lie
algebra gc = 9 @a C. We have seen that

8-90 Bh

‘compatible with the usual decomposition g¢ = he ® (9. ® 9-.) when com-
plexifed. The real Cartan algebra facts by rotations on the planes l.
Now let T'= exp(h) < G. As before we have chosen h so that it contains

the lattice 2niT” which is the kernel of the exponential map from he to the
simply-connected form of gc,0 T (SY is a compact torus.Inthiscompactcase we can realize the Weyl group on the group level again:
Chaim 26.15. N(TY/T=
Poor. For each pairof roots a, ~a, we havea subalgebra 8, & #l3€ < eywith

a corresponding su, < 9, Exponentiating gives a subgroup SU() < 6.The cement (_ ) acts by Ad, taking H to —H, X to ¥, and ¥ to X. It
isin N(7), and, with B as in the preceding section, (i” 5) = exo(5 =).Then aw(}xia) 9 acts by reflection in the hyperplane a! < 6, o

Note that 8 acting on takes the lattice 2nif” to itself, so 9B acts on
T= b/2niT by conjugation.

Theorem 26.16. Every element of G is conjugate to an element of T: A general
element is conjugate to || such elements of T.

‘Sketch of a proof: Note thatG acts by eft multiplication on the left coset spaceX = G/T. For any 2 € G, consider the mapf,: X -» X which takes yTto 2yT.The claim is that f, must have a fixed point, ie, there is a y such that
y"zy€ T.Since all fare homotopic, and X is compact, the Lefschetz numberoffis the topological Buler characteristic of X. The frst statement follows
from the claim that this Euler characteristics not zero, Thisis a good exercise

forthe classical groups;see [BorZ] for a general proof. For another proof seeRemark 26.20 below.

For the second assertion, check first that any element that commutes with
every element of T isin T. Take an “irrational” element x in T so that its
muliples are dense in 7: Then for any yeG, yxy" T=>yTy"! = T, and

yay"! =xye T. This gives precisely [20] conjugates ofx that are in T.
Corollary 26.17. The clas functions on G are the W-invariant functions on T.
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Suppose G isa real form of the complex semisimple group Ge, ie. Gisareal analytic closed subgroup of Ge, and the Lie algebra of Gis ge. The

characters on Gccan be written 3-n,e2" the sum over in the weight ltie
1K they are invariant under the Weyl group. From what we have seen, they
can be identified with M-invariant functions on the torus. Let us work this

‘ut forthe classical groups:

Case (A,):G = SU(n + 1) The Lie algebra s,,, consists of skew-Hermitan
matrices,

b= sg, shgiRt = (imaginary diagonal matrices of trace 0},
and T = (ding(e™,..., 2%): 9, = 0} In this case, the Weyl group20is the syinmetric group &,,., represented by permutation matrices (with one
entry 4:1 on each row and column, other entries 0) modulo T. Let x: T-+5!
correspond o the ith diagonalentry e™". So characters on T are symmetiepolynomials in 2, ..- 21+, modulo the relation 2y°..."2yey = 1 Therefor,
characters on SU(n + I) are symmettic polynomials in 2y.--s2su1-

Case (B,): G = SO(2n + 1) consists of matrices with n 2%? blocks ofthe
form

(seas? ~sin(2n99)sin@2n9})—_cos(2n3)

along the diagonal, and one 1 in the lower right corner. Again we see that
T= (SY. This time N(T) will have block permutations to interchange the

blocks, and also matrices with some blocks (( 5) in the squares along the
diagonal, with the other blocks 2 x 2 identity matrices, with a 1 inthe

corner to make the determinant positive; these take 9 to 9, for each {whee
a block is (; ) This again realizes the Weyl group as a semidirect product
of S, and (Z/29. With z identified with e® again, we see thatthe charactersare the symmetric polynomials inthe variables z, +2; i.e, in cos(2n9,).
cos(2nd,)

Case (D,):G = SO(2n) his as in the preceding case but with no lower core.
Sincewe have no commer to put a —1 in, there can be only an even numberof
blocks ofthe form (; o reflecting the fact that $B isa semidirect produc.
of(Z/27 and 6, This time the invariants are symmetric polynomial in he
2, + 2; ', and one additional 11,(z, — 2(").

Case (C,): G ~ Sp(2n)-b consists of imaginary diagonal matrices, T consis
of diagonal matrices with entries e2*°. The Weyl group in generated by
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permutation matrices and diagonal matrices with entries which are 1's and

‘quaternionic j's: D is a semidirect product of(Z/2)* and G,. The invariants
are symmetric polynomials in the 2; + 2;".
The key to Weyl’s analysis is to calculate the integralof a class function f

‘on G as a suitable integral over the torus T. For this, consider the imap

mG/TX TG, r(xT,y= xyx'.
By what we said earlier, is a generically finite-sheeted covering, with (20)
sheets, It follows that

1

fnf wrfyntdy[ 18 Jorrer

Now x*(f)(xT, y) = fly) since f is a class function. To calculate x*dy, con-
sider the induced map on tangent spaces

n= dx:gh xb—>9

At the point (x9; yo) € G/T x T,
(xoe™T, yoe'”)H+ Xoe"*yoe%e-xa!

‘We want to calculate

4 cget*ygetTe*x2Neal overs!)Filioe Vor 85 Yooolo¥oxa! T's
which is

Xal8¥0 + YoY ~ Yox)¥0'(¥oya'¥a') = ole + YoYo! — YoYo" )¥o'
Now yoyy! = y since yo € T and yeh. To calculate the determinant of x,

‘wecan ignore the volume-preserving transformation x9( )xq'. If we identify
‘awith g/ x b, the matrix becomes

T—Ad(¥)
0 yy

So the determinant of n, is det(l — Ad(yo)). Now (a/¥)c = @au and Ad(yo)
acts as e?*) on g,. Hence

dering) = T] (26.18)
4s. function on T alone, independent of the factor G/T. This gives Weyl’s

Integration formula:

t‘dig = — 1 = e01) dy. (26.19)fy lite ai, OT errno) di (26.19)
Remark 26.20. The same argument gives another proofof the theorem that Gis covered by conjugates of T: This amounts to the assertion that the map
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G/T x T-+6 of compact manifolds is surjective By what we saw above,
for a generic point yp € T there are exactly [X8| points in x~"(y) and at each

‘of these the Jacobian determinant is the same (nonzero) number. It follows
that the topologicaldegree of the mapxis,so the map must be surjective.
Now (1 ~ e?#)(1 — e-#) = (et — o°*)(e"*— 6 ™, soil we sot

d= [cme

then det(x,) = AA, As we saw in Lemma 24.3, = A,, wherep is half the sumofthe positive roots and, for any weight p,

A= X(-trenro,

Now we can complete the second proof of Weyl's character formula: the
character of the representation with highest weight is A,49/A,. Sincewe sawin §24.1 that Ays9/A, has highest weight A and (see Corollary 24.6) its valve
at the identity is positive, it suffices to show that the integral of fo x2 =
where z= Ays4/A,- By Weyl’ integration formula,

1 3! _—

= gig | 1188= gig | Asve aveI, eali,Bi[,
1

at _ayrenmarn. (orem a,ai aft Oem Ee
which concludes the proof.

§26.3. Real, Complex, and Quaternionic

Representations

‘The final topic we want to take up is the classification of irreducible complex‘representations of semisimple Liegroupsor algebras into thoseof real quatem-ionic, or complex type. To define our terms, given a real semisimple Lie groupGq oF its Lie algebra gy and a representation of Gy oF gy on a complex vector

space V we say that the representation V is real, or of real type, if it comesfrom a representation of Gy of gy on a real vector space Vp by extensionofscalars(V = Vp @a C);thisis equivalent osaying that it has a conjugate linear‘endomorphism whose square is the identity. ILis quaternionic if it comes from
a quaternionic representation by restriction ofscalars, or equivalently iit hag

‘conjugate linear endomorphism whose square is minus the identity. Finally,
wwe say that the representation is complex if it is neither of these. (Compare
with Theorem 3.37 for finite groups)

Having completely classified the irreducible representations of the classical
complex Lie algebras, and having described all the real forms of these Lit
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algebras, we have a clear-cut problem: to detemine the type of the restriction
‘of each representation to each real form. Rather than try to answer this in
every case, however, we will instead mention some of the ideas that allow us
toanswer this question, and then focus on the cases ofthe split forms (where

theansweris easy) and the compact forms (where the answer is more interest-ing, and where we have more tools to play with). We assume the complexifica-

tion g of go is simple, so irreducible representations of go are restrictions of
‘unique irreducible representations ofg (cf. (26.14); in particular, we have theclassification of irreducible representations by dominant weights,To begin with, the tensor products of two real, or two quaternionic, or of

pair ofcomplex conjugate representations is always real; and exterior powers
‘of real and quaternionic representations are equally easy to analyze, as for
finite groups (see Exercise 3.43). Such tensor and exterior powers may not be
inreducible, but the following criterion can often be used to describe an

irreducible component of highest weight that occurs inside them
Exercise 26.21*. Suppose W isa representation ofa semisimple group G that
is real or quaternionic, and suppose W has a highest weight 2 that occurs
with multiplicity 1, Show that the irreducible representations T, with highest
weight 2 has the same type as W.

We may apply this in particular to the tensor product 1, @T, of the

irreducible representations of g with highest weights A and 1; since the irreduc-
‘ible representation T;,,, with highest weight4 + 1 appears once in this tensorproduct, we deduce

Exercise 2622*,() IT, and T,, are both real or both quaternionic, then T+,
isreal, (i) IFT; is real and I, is quaternionic, then T,.,, is quaternionic. (i) If
Tyand F,, are complex and conjugate, then I’ is real

‘The last two exercises almost completely answer the question of the repre-
sentations of the split forms of the classical groups: we have
Proposition 26.23. Every irreducible representation of the split forms sly.R,H6401.08, P2aR and £0,,,8 of the classical Lie algebras is real

‘Proor. Ineachof these cases, the standard representation V is real, from whichIWfollows that the exterior powers A'V are real, from which it follows that the

symmetric powers Sym"*(\'V) are real. Now, in the cases of t,., Rand sP2eR,
wwe have seen that the highest weights «, ofthe representations AMV for k=

Jyeesgnforma set of fundamental weights: that is, every irreducible representa-
tion T has highest weight a,c for some non-negative integers ay,..., dy
Iifollows that F appears once in the tensor product.

Sym" V.@ Sym"(A7V) @--- @ Sym™("V)
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and so is real, (Alternatively, Weyl's construction produces real representa-
tions when applied to real vector spaces)

The only difference in the orthogonal case is that some of the exterior
powers A'V of the standard representation must be replaced in this descrip-
tion by the spin representation(s). That the spin representations are real
follows from the construction in Lecture 20, cf, Exercise 20.23; the result in
this case then follows as before. a

‘The Compact Case

‘We turn now to the compact forms of the classical Lie algebras. In this case,the theory behaves very much like that of finite groups, discussed in Lecture
5. Specifically, any action of

a compact group Gp on a complex vector spaceV preserves a nondegenerate Hermitian inner product (obtained, for example,

by choosing one arbitrarily and averaging its translates under the action of Gy}
It follows that the dual of Vis isomorphic to its conjugate, so that V willbe
either real or quaternionic exactly when itis isomorphic to its dual V*. (Ia

terms of characters, this says that the character Char(V) is invariant under
the automorphism of Z[A] which takes e(n) to e(—1; for groups, this says
the character is real) More precisely, an irreducible representation of &
‘compact group/Lie algebra will be real (resp. quaternionic) ifand only ifithas
‘an invariant nondegenerate symmetric (resp. skew-symmetric) bilinear form,

Inother words, theclasifcationof an irreducible V isdeterminedby whether
V@V=Sym'VONV

‘contains the trivial representation, and, iso, in which factor. So determining
which type a representation belongs to is a very special case of the general

plethysm problem of decomposing such representations.
With this said, we consider in turn the algebras st,, ugH, and s0,R.
Let Ty be the irreducible representation of sl,C with highest weight A=

Laven, where oy = Ly +:°: + Lyi... 1 are the fundamental weights
Of s1,C. The dual of I will have highest weight J-a,_,"a, so that I will be
real or quaternionic if and only ifa, = a,_, forall, We now distinguish thee
cases:

(i) If nis odd, then the sublattice of weights 4 = Shaya with a, = a,., forall fis rely generated by the sums «7, + «0, for i= 1,...,(n~ 1/2. Nowa,

is the highest weight of the exterior power A'V, so that the irreducible repre:sentation with highest weight w, + c,, willappear once in the tensor product
AV@N'V =(NV)QV),

which by Exercise 26.21 above is real. It follows that for any weight
A= Ya: with a= a,.,for allt, the irreducible representation Tis real

(iia) If'n = 2k is even, then the sublattice of weights A= Syay-cy with
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4, = a, .for all is freely generated by the sums0% + Wy-ifOri = Ly...4k— Lytogether with the weigltt a4. As before, the irreducible representations with

highest weight cy + @,, are all real. Moreover, in case mis divisible by 4 the
representation MV isreal as well,since AAV admitsa symmetricbitineat form

NV@NV+A4V =C

given by wedge product. It follows then as before that for any weight 4 =
Ya: with a, = a,_; for al , the irreducible representation I; is real.

(ib) In case nis congruent to 2 mod 4, the analysis is similar to the last case
except that wedge product gives a skew-symmetric bilinear pairing on A‘V.

‘The representation \'V is thus quaternionic,and it follows that for any weightA=
Jay, with a, = a,_; for all, the irreducible representation Ty is real if4, is even, quaternionic if a is odd. In sum, then, we have

Proposition 26.24. For any weight X= Yay-e of sug, the irreducible repre-
sentation T with highest weight A is: complex if a, # 4, for any {; real if
=a,.,for alli and m is odd, or n = 4k, or m = 4k + 2 and day, i8 even; and
quaternionte if a, = dy, forall iand n = 4k + 2.and dya,, ts odd,

Next, we consider the case of the compact form u,H of sP24C: To begin
with,

we note that since the restriction to 1H of the standard representationof sp,,€ on V & C?*is quaternionic, the exterior power A*Vis real fork evenand quaternionic fork odd. Since the highest weights,of AV fork = I...{orm a set of fundamental weights, this completely determines the type of the
imeducible representationsof u,H: we have
Proposition 26.28. For any weight A = 3a,-0 of tg, the trreductble repre-
sentation T;, with highest weight 2 is real if a, is even for all odd i, and

quaternionic if ais odd for any odd i.
‘Next, we consider the odd orthogonal algebras. Part ofthis is easy: since

the resitiction (0 s03,,, of the standard representation V of 503444 is real,

to reall its exterior powers, and it follows that any representation of60941
whose highest weight lies in the sublattice of index two generated by the

highest weights of these exterior powers is real It remains, then, to describe
the typeof the spin representation; the answer, whose verification we leave asExercise

26.28 below, is that the spin representation T of #024,€ (that's the irreducible representation whose highest weight is one-half the highest
weight of A'V) is real when n = 0 or 3 mod 4, and quaternionic ifn = 1 or2Lmod 4. This yields

Proposition 26.26. Let « be the highest weight of the representation NV of

$03943C. For any weight A = ay0r + "°° + Oy-16q-1 + Oy0q/20f 802y44R, the
Irveducible representation V, with highest weight 2 ts real if a is even, or f mts
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congruent to 0 or 3mod 4; if a, is odd and n= 1 or 2mod 4, then Ty is
‘quaternionic.

(Note that, in each of the last two cases, the fact that every representation
iselther real or quaternionic follows from the observation that the Weyl group

action on the Cartan subalgebra h < g includes multiplication by ~ 1)
Finally, we have the even orthogonal Lie algebras. As before. the exterior

powers of the standard representation V are all real, but we now have two
spin representations to deal with, with highest vectors (in the notation of

Lecture 19) = (Ley + °** + LyV/2 and f= (Ly +o" + Lyng ~ Ly)/2. The first
‘question is whether these two are sll-conjugate or conjugate to each other. In

case 1 is even, as in the case of the symplectic and odd orthogonal algebras,
the Weyl group action on the Cartan subalgebra contains multiplication by
=1 (the Weyl group contains the automorphism of * reversing the sign of

any even nuinber ofthe basis elements L,),80 that I and Ty will be isomorphic
to their duals; ifm is odd, on the other hand, we see that I, will have —f asa
weight, so that I, and [, will be complex representations dual to each other,
‘We consider these cases in turn

() Suppose first that n is odd, and say Ais any weight, written as

Am ayy + °° + yn aWq-7 + Aya + 040.

ay. 4 ay, the representation T, with highest weight 4 will not be isomorphic
to its dual, and so will be complex. On the other hand, T,, appears once ia

T, @Ty = End), and so is rea; thus, ifa,.. = a, the representation [willbe real.

(i) If, by contrast, nis even then all representations of s0,4ft will be either
real or quaternionic. The half-spin representations T, and Tp are real ifn =0,
(mod 4), quaternionic ifn = 2 (mod 4), a fact that we leave as Exercise 2628
It follows that, with 2 as above, Twill be real if either n is divisible by 4, oF
ifaya + aisevensifn = 2 mod 4anda,.. + a,isodd, F willbe quaternionie;In Sum, then, we have
Proposition 26.27. The representation T of 80348 with highest weight 2;

40 + °° + yaya + 48 +40 willbe complex if n is oddand a, 4,4,3 it will be quaterniontc if n= 2 mod 4 and ay. +, s odd; and it wilbereal otherwise.

Exercise 2628. Verily the statements made above about the types of the

spin representation T, of the orthogonal Lie algebras, ie., that thespinrepresentation T, of 0344,8 is real when n= 0 or 3 (mod 4); and quater,

nionic ifm = 1 or 2 (mod 4), and that the hall-spin representations of $0,4R°
are real ifn 0 (mod 4) and quaternionic ifn = 2(mod 4). Show, in fact, thal,

the eves Cfo alba Co" Cy = COs) are product of oe otcopies of matrix algebras over R, C, or #4, with R occurring for m=O

£1 mod 8, € occurringfor m = £2 mod 8, and H for m= 3 or 4 mod Bs
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Exercise 2629. Show that for a representation ¥ of a compact group G,

0 if Viscomplexj we?) = 4 1 ifVisreale
=I. if Visquaternionic.

Exercise 26.30*. Show that for a representation V of a compact group, the
number of irreducible real components it contains, minus the number of

‘quaternionic representations, i the number of times the trivial representation

‘occurs in y#V in the representation ring, where y is the Adams operation
(6 Exercise 2339),





APPENDICES

These appendices contain proofs ofsome of the general Lie algebra facts thatwere postponed during the course, as well as some results from algebra and

invariant theory which were used particularly in the “Weyl construction
Schur functor” descriptions of representations.

‘The first appendix is a fairly serious excursion in polynomial algebra. It
‘roves some basic facts about symmetric functions, especially the Schur
polynomials, which occur as characters of representationsof GL, or SL,, and.{Bres determinantal formulas for them in terms of other basic symmetric
polynomials. The last section of Appendix A includes some new identities
Among symmetric polynoinials, which, when the variables are specialized,
tapress characters of representations of Sp, and SO,, as determinants in the

sharacters of basic representations.
Appendix B gives a short summary of some basic multilinear facts about

letior and symmetric powers. The first two sections can be used as a
‘eletence for the conventions and notations we have followed; the third

‘eaatains 2 general discussion of constructions such as contractions, many

Special cases of which were discussed in the main text.
‘The next three appendices conclude our discussion of the theory of Lie

“agebras, which began in Lectures 9, 14, and 21. Proofs are given, by standard
[Bethods, of the promised general results on semisimplicity, the theorem on
fonjugacyof Cartan subalgebras, facts about the Weyl group, Ado’s theorem{hat every Lie algebra has a faithful representation, and Levi's theorem that

‘plits the map from a Lie algebra to its semisimple quotient.
~The last appendix develops just enough classical invariant theory to find

{Be polynomial invariants for SL,C, Sp2,C, and SOC. This was the key to
‘gar proof that Weyl's construction gives the irreducible representationsofthe‘mplectic and orthogonal groups.





APPENDIX A

On Symmetric Functions

JA: Basic symmetric polynomials and relations among them
$A2: Proof ofthe determinantal identities

$43 Other determinantal identities

§A.1. Basic Symmetric Polynomials and
Relations among Them

The vector space of homogeneous symmetric polynomials of degree d in k
ratiables xj, .... % has several important bases, usually indexed by the

partitions A= (4; = A, = ++ > Ay 2 0) of d intoat most k parts, or by Young.diagrams with at most k rows (see §4.1). We list four of these bases, which
are all valid for polynomials with integer coefficients, or coefficients in any
‘exnmutative ring.

First we have the monomials in the complete symmetric polynomials:

Hy =H Hay Hayy wan

‘where H, is the jth complete symmetric polynomial, ie., the sum of all distinct
monomnials of degree j; equivalently,
»12
1

AF nw,Nr=xan
For example, with three variables,

Hay = O42 +5),

Hay = PAGE tae EUG £%
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[Next are the monomial symmetric polynomials:

M=DX, (aay

the sum over all distinct permutations a = (#4...) Of (Ayy...y Aas here

X= ft ...oxf, For example,

Moy = ¥08 E48 + 2%,

Mao = 3433 +35)

The third are the monomialsin the elementary symmetri functions. Unike
the first two, these are parametrized by partitions 1 of d in integers no larger’

than k, ie, k> m, 2°" sy 2 0. These are exactly the partitions that arconjugate toapartition of d into at mostk parts. (The conjugate to a partition,is the partition whose Young diagram is obtained from that of by inter=

changing rows and columns. We denote the conjugate of 4 by 1, althoughthenotation Zs also common.) For such set

By Egy Ey oo En (As)

where E, is the jth elementary symmetric polynomial, ic,

Bm Leyte ty [eae 3 Be
For example,

Fay Oy $a tH)

Eea,oy = Xa + X1%3 + 2%.

‘The fourth are the Schur polynomials, which may be the most important,
although they are less often met in modern algebra courses:

bgt plSie fbep ad)
wy

where A = [],<)(%;— x) is the discriminant, and |q,,| denotes the deter-
minant of ak x k matrix, For example,

Suan Xv 8s aX,

Sao = stad +d toe teary 2%

‘The first task of this appendix is to describe some relations among these
symmetric polynomials, For example, one sees quickly that

Suan = Ea = Hi ~ Hay

Sia.0 = Hao) = Ei ~ Eas

Su,0)'Su.o1 = Sas» + S2.0y-

These are special cases of three important formulas involving Schur poly-
nomials, which we state next. The first two are known as determinontal
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Jormulas. The first is also known as the Jacobi -Trudy identity From geometry,
the ist two aresometimescalled Giambell’s formulas, and the third is Pier's‘formula, The proof will be given in the next section.

haw Myee (as)

Note that if 4,,, =": = & = 0, the determinant on the right isthe same as

the determinant of the upper left p x p corner. The second is
En Ewer: Exein

Eyet Faye5. = [Eyapl =| . (a6

Where = (J, 4) isthe conjugate pactition to A
The third “Pieri” formula tells how to multiply a Schur polynomial S, by

‘basic Schur polynomial Sy = Hy:

SiSm = DS (A?)the sum over all v whose Young diagram can be obtained from that of 2 by
adding a total of m boxes to the rows, but with no two boxes in the same
column,ie, those ¥ = (r4,...+ ) with

Heh zMehen-SnzA2z0,

and Sy, = C4, +m = d +m. For exaniple, the identity

Sia. Say = See + Se.2»

+ So.t.n + S20‘an be seen from the pictures

PP EP

One can use the Pieri and determinantal formulas to multiply any two
Schur polynomials, but there is a more direct formula, which generalizes

Per’ formula. This Littlewood- Richardson rule gives a combinatorial formula{or the coefficients N,,, in the expansion of a product as a near combination‘of Schur polynomials:

When ki fied, we olen omit zeros atthe end of patton, 20 (m) denotes the partion
feo. 0
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SS, = L NawSy- (As)

Here 2 is a partition of d, a partition of m, and the sum is over all partitions
‘of d+ m (each with at most k parts). The Littlewood-Richardson rule says
that Nig, 5 the number of ways the Young diagram for A can be expanded
to the Young diagram for v by a strict p-expansion. If fe = (ity)... tah ®

svexpansion ofa Young diagram is obtained by first adding j1, boxes, accord-
ing to the above description in Pieri’s formula, and putting the integer | in
each of these j1, boxes; then adding similarly ., boxes with a 2, continuing
‘until finally 4 boxes are added with the integer k. The expansion is called
srlt if, when the integers in the boxes are listed from right to left, starting
with the top row and working down, and one looks at the first f entries in this

list (for any ¢ between | and 4, + --- + #4), each integerp between | andk ~1‘occurs atleast as many times as the next integer p +
For example, the equation

Sa.n' Siar= Saas + Saray Say #28 9.2.0
+ Sorat Sa. + Sa.2.40

«an be seen by listing the strict (2, expansions of the Voung diagram FF]
i 1)

z

Ff
A proof of the Littlewood-Richardson rule can be found in [Mac, §1.9}; for

the other results of this appendix we can get by without using it.
Formula (A.7), applied inductively, yields

Hy = Say SaysSag =D Kade (As)where K,, is the number of ways one can fill the boxes of the Young diagram
of with Ay U's, Ay 2's, up to 2, R's, in such a way that the entries in each row,
are nondecreasing, and those in each column are strictly increasing. Such &

tableau is called a semistondard tableau on 1 of typeA. These integers K,,ttall non-negative, with

Ku=l and K,.=0 ifa>yp, {AQ

ie, if the first nonvanishing A, — 4, is positive; in addition, K,, = 0 if has
more nonzero terms thanj.For example, ifk = 3,(K,,)is given by the mateix,
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oo Pf

pols]:

_——

The integers K,, are called Kostka numbers.

Exercise A.11, Show that K,, is nonzero if and only if

Apt age basiy tin boot
for all i> 1.

When A= (1, Ie. 1), Kya, .1y iS the number of standard tableaux on the
diagram of jt, where a standard tableau is a numbering of the d boxes of a

Young diagram by the integers 1 through d, increasing in both rows and
‘columns,

We need one more formula involving Schur polynomials, which comes

from an identity of Cauchy. Let y,,..., Ys be another set of indeterminates,
and write P(x) and P(y) for the same polynomial P expressed in terms of
variables x,,..., x ad J,....5 Ya, Fespectively. The formula we need is

1. A(x)A(y)
der|=] 2 ACIAO) | Ati=l [Jus an

‘The proof

is by induction on k. To compute the determinant, first subtract,the first row from each of the other rows, noting that
iet
Foxy Vo xy xy TP xay

and factor out common factors. Then subtract the first column from each of

the other columns, this time using the equation
ionen ho eaTy Tn Pox Tx

to factor out common factors. One is left with a matrix whose first row is
(10... 0), and whose lower right square lias the original entries. The formula
follows by induction (ef. (Wel, p. 202]). a

Another form of Cauchy's identity is



4st ‘A. On Symnmetic Funtions

+=r sas, (as)
[Joey 508

the sum overall partitions & with at most k terms, To prove this, expand the
determinantwhose jentry is(L~ sy)" = 1 xy + xy} 4 One ersthat foranyI > +++ > k the coefficient of y{ty'?-...- yft is the determinant |x}!By symmetry of the x and y variables we have

1 ut «yh

|STL (alg,
‘Combining (A.12) with (A.4) gives (A.13). a

Expansion of the left-hand side of (A.13) gives
1e
=Haloyp) =F HiGoMyl (A.15)Tes ns r wn) LAwMAG). (As)

Since the polynomials /1, a8 well as the M, form a basis for the symmetric
polynomials, one can define a bilinear form ¢ , > on the space of homo-

Beneous symmetric polynomials of degree d in k variables, by requiring that

HM, = bap (A169)

where 5,,, is 1 ifA = x and 0 otherwise. The basic fact here is that the Schurpolynomials forman orthonormal bass for ths paring:
Sy 5.) = bie (Aly,

In particular, this implies that the pairing < , > is symmetric. Equation
(A.17) is easily deduced from the preceding equations, as follows, Write
S,= Yault, = DPM, for some integer mattices a,, and By. Then

Su 5.) = Daa (A)

In order that

FSIS) = Fan lildboaM(0)
bbe equal to , 4,(x)M,(y), which it must by (A.13) and (A.15), we must have

Yoat= fy -
‘This is equivalent to the equation J°,a,;bj_ = 54, Which by (A.18) implies
(Atn,

Because of this duality, formula (A.9) is equivalent to the equation

5,2 E KyaMy (alg)
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‘This gives another formula for these Kostka numbers: K,, is the coefficient

of Xin Sy where X=xx
‘The identities (A.9) and (A.19) for the basic symmetric polynomials allow

us to relate the coefficients of X? in any symmetric polynomial P with the

coefficients expanding P asa linear combination of the Schur polynomials. If
is any homogeneous symmetric polynomial of degree d in k variables, and

Aisany partition of d into at most k parts, define numbers ¥,(P) and «,(P) by
ValP) = [Pay (a2)

where [P}, denotes the coefficient of X* = x}'...:xf in P, and

O(P)= (AP, FH tRNAER 2QecrAgs — (A2N)
here A= []j<,(x;— x). We want tocompare these two collectionsof numbers,4s 1 varies over the partitions,

‘The first numbers y(P) are the coefficients in the expression

P=YvA(PIMs (a2)

for P as a linear combination of the monomial symmetric polynomials M,.

‘Theintegers «,(P) have a similarinterpretation in terms of Schur polynomials:
P=Yo,(P)S,. (A.23)

‘Note from the definition that the coefficient of X' in A°S, is 1, and that no.

other monomial with strictly decreasing exponents appearsin A- S,; from this,formula (A.23) is evident. In this terminology we may rewrite (A.19) and
(AS) as

Ky = valS,) = (5,J; = coefficient of X* in S, (A.24)
and

Kym (Hy) = (8°Haden dr (A25)

Lemma A.26. For any symmetric polynomial P of degree d in k variables,

WP) = EK -0,(P)

Proor. We have

PvP, = P= TL o,(P5, = E,PPK Ms

-¥ (5 K,s04(P) My
and the result follows, since the M, are independent. a

‘We want to apply the preceding discussion when the polynomial P is a
Product of sums of powers of the variables. Let Pj=.x{ +:+- + xf, and for
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1 = (i;,..., ig), @ d-tuple of non-negative integers with Sai, = d, set
PO PPh

‘These Newton or power sum polynomials form a basis for the symmetric
functions with rational coefficients, but not with integer coefficients. Let

n,Q) = oP)

Equivatently,

Po =F w,(S,. (Am

For the proof of Frobenius’s formula in Lecture 4 we need a formal lemma
about these coefficients «,(i):

‘Lemma A.28. For partitions A andyt of d,

' 1 itampyi Ti aA AO = { otherwise.
Proor. We will use Cauchy’s formula (A.13). Note that

eltog( [] 1 — xu) = Lage2([]t sa") = § Lepe0n
0

1 t

rma Benner)
LSPrer

1-¥LAr RT y 0, 0)S,(0) z (95,0).
‘Comparing with (A.13), the conclusion follows a

Exercise A29*. Using the pairing < , > of (A.16), the coeficients «(=
@,(P®) can be written @,(i) = (S,, P").

{@) Show that the Newton polynomials are orthogonalfor this paring, and
PO, POY = is Dit.

Equivalently,

1 pnS.= ED qjee”,
where the sum is over all partitions P= (iy,....14) with Yai, = 4, and
2) = Vig! yl

(b) Show that «,() = 5), <Si, My)" H,, P>.
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We should remark that we have chosen fo write our formulas for a fixed

numberk of variables, since that often simplifies computations whenk is small.Itismore usual to require the numberof variables to be large, at least as large18 the numbers being parttioned--or in the limiting ring with an infinite
number of variables, cf. Exercise A.32; the formulas for smailer k are then

recovered by setting the variables x, = 0 fori > k. For example, if k > 2 wehave S3) = Si + Si.ay Which reduces (0 $2, = Sy) when k = 1

“The next two exercisesgive formulas forthe value ofthe Schur polynomialswhen
the variables x, are all set equal to 1; these numbers are the dimensionsof the corresponding representations. For a formula for S,(1,..., 1) involving

hhook lengths of the Young diagram of 4, see Exercise 64.
Exercise A.30*. When x, = x‘~', the numerators in (A.4) are van der Monde
determinants, leading to

; bec HH
0 51 Po Te
Taking the limit as x + 1, one finds

Anatjrii Si, = P44!) (yy = JA
By (A.5) and (A.6) we have also the following two formulas:

1Gi - where Sono) Salle Thyeseth where ye! =oa
Stat (. ¥ ere yaatenDY yg) were ts noth) = a
Exercise A.31*. (a) Show that

5=SKeX%

the sum over all monomials X*= xf'-...-xf+, where, for any k-tuple a ofnon-negative integers, K,, is the number of ways to number the boxes of theYoung
diagram of 1 with a, 1's, a; 2's, ..., a k's, with nondecreasing rows{nd strictly increasing columns. In particular, the right-hand side isa sym-

‘metric polynomial, a fact which is not obvious from the definition.

(b) Deduce that 5,(1,.., I)is the number ofways to number the boxes of

the Young diagram of j1 with integers from I to k, with nondecreasing rows:
and strictly increasing columns (ic, the number of semistandard tableaux).

Exercise A.32*. The idea of considering symmetric polynomials in an arbi-
trarily large number of variables can be formalized by working in the ring

‘Amlim A(k), where A(k) denotes the ring of symmetric polynomials in k
variables. Then
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N= ZHy Hageo = BEBps os Bayo

is a graded polynomial ring, with 1 and E, of degreei. A ring homomorphism9: A+ A can be defined by requiring

HE) =H, forall

() Show that 9 is an involution: J? = 9. Equivalently,

UH) = E.

(i) 112" is the conjugate partition to 2, show that

HS4) = Sy.

(ii) AFB, = xf 4 xfs the jth power sum, show that

9) = (- 1,

(iv) Deduce the formula

Bx=D Kuby

(¥) Deduce a dual form of (A.7}

SiS... = Sr En =D Sethe sum overall partitionswhose Young diagram ean be obtained fromthat of2 by adding m boxes, with no two in any row.(i) Show that

1 (-pEen=r po, a Oe pe,a= Zagh Fay
where the sums are over all i= (jy,...,i) with Saiy=d, and
2() = fy !1 12%... igtd", Note that

Leva=ey

§A.2. Proofs of the Determinantal Identities

‘To prove the Jacobi-Trudi identity (A.5), note the identities

Xf = Bap Bap tee (May, (A33)

for any 1 <j <k,p 2 k And for any 0.<m<kandp> k,
Hyom— Ey Hyams + Ealp men +o (PEHy me 0. (AS)

Both ofthese follow immediately from the defining power series for the Eyand
H, Since these two recursion relations are the same, there ate universal

polynomials A(p,q) in the variables E, .., By such that



$A2. Proofs ofthe Determinanta Identities 463

Xf = Alp, Dxpt+ Alp, xp?+ + ACP, RDSf = Alp. DP" + Alp, 2s} (PB, (ass)Hye = ACP. DM games + AUP, Diamn 427° + ACD, RYH
For any integers A,,..., 4x this leads to matrix identities

oxi = (AA + ki, De Dan
oF y= AG ie a3
(Has y-y = (AB + ki Mayor

where )p, denotes the k x'k matrix whose p,q entry is specified between the
parentheses. The relations (A.34): Iso imply:
Lemma (A.37). The matrices (H,_,) and ((—1)*°E,.,) are lower-triangular
‘matrices with ’s along the diagonal, and are inversesof each other.
The identities (A.36) therefore combine to give

(fy =FlaggDie (= DPE poe OP Das (A.38)
Taking determinants gives (A.5, since the determinant of the matrix in the
middle is 1.

Exercise A.29*. Prove the identity

byt[] Ca" = Dib
the sum over all k-tuples (m,, ..., m,) of non-negative integers with m, > 1, >
m, 2°" > m, > |,, and deduce Pieri’s formula (A.7).

To complete the proofs of the assertions in §A.1, we show that the two
determinants appearing in the Giambelli formulas (A.5) and (A.6) are equal,
fie A= yy on Ay) and f= (Hy--y my) ate Conjugate partitions, then

Wlagyoal = IB ash (Ao)

Here the H, and E, can be any eleinents (in a commutative ring) satisfying the
identity (St) (5 (—1 Et) = 1, with Hy = Ey = 1 and H,= E, =0 for
<0. To prove it, we need a combinatorial characterization of the conjugacy
of partitions:

Exercise AAI*. For1 = (Ay, .0. Ag) and yt = (jt,,...., ) Conjugate partitions,show thatthe sets

(tnat-bt<isk} and fntj—ytsisl}

form a disjoint union of the set {1 ...,k +}.
We also need a basic matrix identity which relates minors of a matrix to

minors of its inverse (or matrix of cofactors). IfA = (ay) is an r x r matrix,and = (5,,....54)and T = (t,... 4)are twosequencesof k distinct integers
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from {1,...,r}, let As,r denote the corresponding minor: As,y is the deter-
rminant of the k x k matrix whose i entry is g,,.

Lemma A.42. Let A and B be r x r matrices whose product is a scalar matrix:

ev I,. Let (S, S') and (T, T’) be permutationsof the sequence (1, ...,r), where Sand T consists of k integers, S' and T’ ofr ~ k. Then
ON Aap = edet(A) Br

where& is the product of the signs of the two permutations.
Proor. By permuting the rows and columns of A, multiplying on the left and
right by permutation matrices Pand Q corsesponding to the two permutations

(of (y---y7), We may take the (S, T) minor to the upper left corner:
Ay AY

Then

-ippt (31 B

Now taking determinants in the identity

Ay 4) h BY) _ (A 0As As) \0 BA) \As hens,

gives the equation det(PAQ)-det(B,) = det(A,)-c'™*. Since& is the product ofthe determinants of P and Q, the lemma follows. i)

ProoFoF (A.40). Apply the lemma toA = (H,.,)and B = ((—1)-?E,.,), withr=k+land
SHaQ+hAtk betDy
SETyk2 dy kTIh
T=(kKk-1,..., 0,

TARA QoD.
Then

Ase = det Haons4-9-wsr-n) = Hagel

Similarly,

Brg = =D Ey iy) = (=DEM— DEE god
=(-fEyersh

with d = Sy = 4, Since ¢ = (—1},(A.40) follows. o
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§A.3. Other Determinantal Identities

In this final section we prove some variations of these formulas which are
useful for calculating characters of symplectic and orthogonal groups. We
want to compare minors, not of H = (H,_,) and E = ((—1)'"/E,_,), but of

matrices H* and E~ constructed from them by the following procedures:
Foran r x rmatrix H = (H,,), and a fixed integer k between 1 and r, H*

denotes the

r x r matrix obtained from H by folding H along the kth column,‘and adding each column to the right of the kth column to the column the
same distance tothe lef. That is,

tig = {lst Haas ith <k
UH, ifjak

(with theconvention that H,,, = Oifp orq is not between 1 andr). The matrixE~ is obtained by folding E along its kth row, and subtracting rows above
this row from those below:

few fu Emus itt> ke
ute, tisk

Lemma A.43, If H and E are lower-triangular matrices with W's along the
diagonal, that are inverse to each other, then the same is true for I1* and E~.

Proor. Thisisa straightforward calculation: thei, jentryof the matrix H* - E~k
Fig + Maan adEns + Haba +S HlEp ~ Ener)
= S Masbas +L eae SMa anes

The first sum is, and the others cancel term by term. oO

Proposition A.44. Let 2 = (A,,..., Ag) and jx = (41y,..-, 14) be conjugate parti-
Hos. Set,

Bim 6, forist, and jm E,~ Bia foriz2
Then the determinant of the k  k matrix whose ith row is

Is equal to the determinant of theI x. matrix whose ith row is

Each ofthese determinantsts equal tothe determinant
MBytes ~ Boel
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‘and tothe determinant

Wij Hirshwhere Hf = H, fori 1, and fori> 2
. My Viisodd

Hy = Wt Maat Matt { vitew

Proor. With H = (i,.,)and E = ((—1)}"7E,.,) wecan apply the basic lemma(AA2) to the new mattices A = H1* and B= E~, and the same permutations
(5,8) and (7, 77) used in the proof of (A.40). This time

Agr = detHisnsranyeah

and

Ht octet Hapa i= ookHansa = Yip ity=1
Similarly,

By = del(ERss ay-n)
with

Exvanzen = (=DMEaay — Eger
[As before, Lemma A.42 implies that the determinant ofthe first displayed
‘matrix ofthe proposition is equal to that of the third. Noting that

Eyres~ Byars= Baring + Byysas-a t °° + Eye pear
fone ean do elementary column operations on the third matrix, subtracting
the first column from the thid, then the second by the fourth, et, to see tha
tive second and third determinants are equal. Since If, = 117 — Hj» the same
argument shows the equality ofthe frst and fourth determinants a

Note that in these four formulas, asin the determinantalformulas for Schurpolynomials, ifa partition has p nonzero terms, only the upper lll px psubdeterminant needs to be calculated. We denote by Sy the determinantofthe proposition:

Sey Mlacinr Mayra + Hace os Marie Hay-rasak (AAS)
Dually set Hj = Hy ~ Hy. and 67 = Ey + Ey-a + Ba +

Corollary AAG. The following determinants are equal:

(ito Hiern + Hig oe Migrant Hiarneah

co) WBycisn Egoiea tb Ege oe Egctar + Eyt-teak
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) VBpctty — Barts

w) Waotoy — Hagorsh

Define 5,4 to be the determinant ofthis corollary:

Sam icin Wiper + Miao Mice + Mi-rasah (A47)

Exercise A.48*. Let A be the ring of symmetric polynomials, 9: A+ A the
involution of Exercise A.32. Show that

HSeay) = Sn

‘when 2 and j: are conjugate partitions.

For applications to symplectic and orthogonal characters we need to
specialize the variables x,,..., x4. First (for the symplectic group Sp,,) take
k= 2n, let 2,,..., 2, be independent variables, and specialize

XUE coe Sa tS Met PZT oy Xa Ze
Set

Gm Heyy oes ta 2s os 2") (aay)in the field Q(2,,..., 2.) ofrational functions.

Proposition A.50. Given integers A, > °-- 2 A, 2 0, we have

perth gptieenteny
pater= ah

bp eT HlwhereJ,denotes the n x n matrix whose ith row ts
Crete Syeteat Sacro Sictint Seton)

From Proposition A.44 we obtain three other formulas for the right-hand side,
8

Wal = epy-tey — See-tesls (AS)

where 6; = E,(2,,--+5 2m 274, ++ 25"), and jis the conjugate partition to 2.

Exercise A.52, Calculate the denominator of the left-hand side:
Hep FO AR eee Cy eae den

where& = 2) + 27! and 6 = 2)—27'.
Proor OF Proposrtion A.50. Set

Gl) = af = 35% Ep) = af + 3)". (53)
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By the same argument that proved the Jacobi-Trudy formula (A.5) via (A.38,
the proposition follows from the following lemma:

Lemma AS4, For 1 < j <n and any Integer 1 > 0, ((l) isthe product of the
Lx mm xn, and n x t matrices

co)

ia)
Ge Sens tb Ieoner oe Set t+ deanerd (=D)

0)

Proor. From (A.37) we can calculate 2} and z;', and subtracting gives
Pa

GD = So deans oss (ASS)

where §, = D2,(— 1%, 2 — 4). Multiplying (A.33) by 27 and sub.
tracting we find

CAP) ete — We + (=PeSD)
==Pept (D+ (= DPPepeab 2)4+ eantfQn— pe (A.56)

Note also that

(= 1 e, = (=1p (Asn

since D(— fe,” = [](t = 2e)( = 74) = [] l= Git +P). From (A.56)
and (A.37) follows

Step Sp Teonsts (Ass)

where ry = D-p(— It Feq-pf(n + 1 — 9): Combining (A.55) and (A.$8) con.
cludes the proof. o

[Next (for the odd orthogonal groups Oy,,,) let k = 2n + 1, and specialize

the variables x,,...,:X2¢ 8 above, and x,,,,'» 1. We introduce variables zi
and 2/", square roots ofthe variables just considered, and we work in the
fietd Q(z!",..., 214), Set

Ky = Wyle, os tee ton te= Hil D ws)
Hess Fue Bs BN Hyealeay cesta 2 cee a4 Dy

where His the jth complete symmetric polynomial in 2n + I variables.

Proposition A.60. Given integers 4, 2 +"> 2 2 0, we have
Ieper tiie getapr rary Ki
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where K, 4s then x n matrix whose ith row is
(Rays Karte} Kaen Kaycine t+ Kay-iemead

Corollary A.46 gives three alternative expressions for this determinant, ¢g.,

IKAh = Wiserey ~ haus (Asn
wherehy = Hye, 00.4 2m Fibs eon etyI
Exercise A.62. Calculate the denominator ofthe left-hand side:

iiaaiaee REARS eee

ProorOF PROPOSITION A.60. We have (jl) = z} — 2; and &(l) =z} + 2/"inQ(z, ..., 2!) for Lan integer or a half integer. First note that

EGO = G+ + GD.

‘Multiplying the numerator and denominator of the left-hand side of
the statement of the proposition by €,(4)°...-E(J}, the numerator
becomes {Z,(2, +n — i+ 1) + (A, + i)}, and the denominator becomes
Kiln =i + 1) + Gln— i} = [G(r — E+ 1). We can, therefore, apply LemmaASA to calculate the ratio, getting the determinant ofa matrix whose entriesare sums ofcertain J's. Note that by direct calculation K, = Jj + Jj-1, 80 the
terms can be combined, and the ratio is the determinant of the displayed

matrix K. a

Finally (or the even orthogonal groups O,,) let k= 2n, and specialize the

variables x,, ..., X29 a8 above. Set
ilyoon Bun Bayon Feboii ) (A683)

ey en Be BT eee BE) Mpa gn eoon Be Feo ODwith H, the complete symmetric polynomial in 2n variables.

Proposition A.64, Given integers A, 2+ = Ay 2 0, we have

Iftert 4g apteenny {ict it,>0ee lial if, =0,

where L, is the n x n matrix whose ith row is

(lyetar Latent baer oe Lacton t bay-ionea)

As before, there are other expressions for these determinants, €g,

Mah= thactsy— Iacecsh (65)
wherehy = Hy(24, 025 Fy) 27" 000 259)
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Exercise A.66. Calculate the denominator ofthe left-hand side:

pt GM = DE aso Sab

ProoF oF Prorosmion A.64. Note that (0) = &(l-+ 1) ~ &( = 1 Mult-

plying the numerator and denominator by (,°..."fx the numerator becomes
IGA, + 2 — i + 1) — GA, + nm — i — Df and the denominator becomes

je— 64) Gln == k= Gln— 6+this is seen by noting that the bottom row of the matrix on the left i

Gi) = G(—D)= 2G), and performing row reductions starting from thebottom row. The rest of the proofis the same as in the preceding proposition,The only change is when 2, = 0, in which case the bottom row in the numerator
‘matrix is the same as that in the denominator a

Exercise A.67*. Find a similar formula for

act gettetend

hiasi
Tepe a Fl



APPENDIX B

On Multilinear Algebra

In ths appendix we state the basic facts about tEnsor products and exterior and
symmetric powers that ae used in the ext. Its hoped that a reader with some linear

algebra background can fill in details ofthe proofs.

$8.1: Tensor product

82 Exterior and symmetric powers
§B.3: Duals and contractions

§B.1. Tensor Products

‘The tensor product of two vector spaces V and W over a field is a vector space
¥@ W equipped with a bilinear map

VxW+V@W, oxwroOw,

which is universak for any bilinear map f: V x W-+ U toa vector space U,

there is a unique linear map from V @ W to U that takes v® w to fie, w)
‘This universal property determines the tensor product up to canonical iso-
morphism, If the ground field K needs to be mentioned, the tensor product is
denoted V @q W.

If {e,} and {fj} are bases for V and W, the elements {e,@fj} form abasis for V @ W. This can be used to construct V @ W. The construction is

functorial: Hinear maps V—»V’ and W + W" determine a linear map from
V@WtoV Ow’.

Similarly one has the tensor product V, ®--*@ V, of n vector spaces, with
its universal multiinear map

Vx x RKO @ ke
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taking 0, x + x 0, {0 0; @**"@ ve (Recall that a map from the Cartesian

product to a vector space U is multilinear if, when all but one of the factors ¥;
are fixed, the resulting map from V, to U is linear.) The construction oftensor
Products is commutative:

VOWRWOV, vOww@e;

distributive:

MYOWOWXY OWMON®W),
and associative:

VUONOWzV@VOM=VEVOM,

by (U®@ wu G(0@ w+ B0@w.
In particular, there are tensor powers V°" = V @-~-@ V ofa fixed space

V. By convention, V®° is the ground field
IfA is an algebra over the ground field, and V isa right A-module, and W

a left A-module, there is a tensor product denoted V@, W, which can be
constructed as the quotient of V@ W by the subspace generated by all
(0-0)® w ~ »@ (a: w)forallv¢ V, we W,andae A. The resultingmap fromV x W to V@, W is universal for bilinear maps fi from V x W to vector

spaces U that satisfy the property that f(o-a, w) = f(e, a-w). This tensor
product is also distributive.

§B.2. Exterior and Symmetric Powers

‘The exterior powers N'V of a vector space V, sometimes denoted Alt*V, come
‘equipped with an alternating multilinear map

Vix VA, 0, xo OED A A

that is universal: for f: V x ==: x V+ U analternating multilinearmap, thereisa unique linear map from A'Vto U which takesvj 4 °°" 4 00 P04, +04)Recall that a multilinearmap Bis alternatingif (oy... v,) = 0 whenever wo‘of the vectors o, are equal. This implies that f(e,,-.., 2) changes sign when

two ofthe vectors are interchanged.! It follows that

Bieoyys +225 Coen) = SEMO)BLC, --o5) forall oe G.‘The exterior power can be constructed as the quotient space ofV"by thesubspace generated by all v, @:-@ c, with two ofthe vectors equal. We let

HVE ARV, m0, BB) =O AA Oy

"This follows (rom the standard polarization: for two factors, le +m, 04 ¥)~ Bes)=Bos) = oon) Rn)
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denote the projection. If {e,} i a basis for ¥, then

fey neg av neih << <h}
ia bass for A*V. Define APY to be the ground field

IF V and W are vector spaces, there is a canonical linear map from
AV @AW to MW @W), which takes (0, 0°" v,)@ (wy A> A m4)
to, A-- 0, Aw A“ A hy This determinesan isomorphism

MV@ Wx DNV ON“. Bb
(From this isomorphism theassertion about bases of MV follows by induction
‘on the dimension)

‘The symmetric powers Sym*V, sometimes denoted S*V, comes with a
universal symmetric multilinear map

Vice Vey, op xo eB Be

Recall that a multilinear map fi: V x <-> x V-+U is symmetric if it is
unchanged when any two factors are interchanged, or

Bless Pay) = BlO 15-01%) forall e © Gy.

‘The symmetric power can be constructed as the quotient space of V®" by the
subspace generated by all 0, @°""@ &,— C9) @"""@ Cay OF by those in
which @ permutes two suecessive factors. Again We lt

VO SymV, (0, OBO)= 04-2.
denote the projection. If (,} i basis fr V, then

fete ss sh)

isa bass or Sym*V, So Sym*Vcan be regarded as the space of homogeneouspolynomials of degree n in the variables e,. Define Sym°V to be the ground
field. As before, there are canonical isomorphisms

Sym"(V@1)= @ Sym'v@ Sym". (2)“Theexterior powers A'V and symmetric powers Sym*V can also be realizedas subspaces of V®, assuming, as we have throughout, that the ground field
has characteristic 0, We will denote the inclusions by , 30 we have

VORAV V8, Ve Symi 1S

“The imbedding 1: A'V + V®* is defined by

Hoy Ao A Oa) FE 8Bm(e) Pay BB Poy (83)
(This is well defined since the right-hand side is alternating) The image of is
the space of anti-invariants ofthe right action of G, on ¥#"
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(Oo) o= 4B" Say HEWES, (BA)

(The anti-invariants are the vectors z € V® such that 2-6 = sgn(o}z for all
o€ G,) Moreover, ifA = 10 , then (I/nl)A is the projection onto this antiinvariant subspace.’ (Often the coefficient {/n! is put in front of the formula
for 1; this makes no essential difference, but leads to awkward formulas for
contractions)

Similarly we have 1: Sym"V+ V by
Hoy)= FL Paty OB Pai es)

‘The image of + is the space of invariants of the right action of S, on V. If
A= 10, then (I/n}/A is the projection onto this invariant subspace.

‘The wedge product determines a product

MV@NV SAMY, 9

(0, A A Og) Blas AOA ByuadPO, AA Oy A gat AOA Dats

which is associative and skew-commutative. This product is compatible with
the projection from the tensor powers onto the exterior powers, but care must

‘be taken for the inclusion of exterior in tensor powers, since for examplev Aw.is sent t0 vw ~ wo [not to (o@w— wee] by « In general, the
diagram.

MV@NY ts “*y

| ‘| on
ver@yer yomen

‘commutes when the bottom horizontal map is defined by the formula

(01® rq) @(Omp1 B® tea) os)
HY 880) 941) @°** @ PeayB Poysry B °° B Copmsnyy

the sum over all “shuffles,” ie., permutationso of {1,..., m+n} that preservethe order of the subsets {1,...,m} and {m+ 1,...,1m-+n}.Similarly the symmetric powers have a commutative product (0, ..."0,)®(may ose! Btn) #2. Og’ Pegs so" One With a similar compatibility.Notethat 0? € Sym?Fis sent to 20@0 in V@V, v" € Sym'V to nl(v@--- @o)inV®, and generally one has the analogue of (B.7), changing each “sgn(o)" to
“1° in formula (B.8).

All these mappings are compatible with linear maps of vector spaces
VW, and in particular commute with the left actions of the general linear,

group GL(V) = Aut(V) of automorphisms, or the algebra End(V)=
Hom(¥, V) of endomorphisms, on V, AV, and Sym*¥.

"Tue this factor which mits oopreendacosion Lo vector spaces over ids of characterise.
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Itis sometimes convenient to make algebras out of the direct sum ofall ofthe tensor, exterior, or symmetric powers. The tensor algebra T'V is the
sum zo ¥%, with product determined by the canonical isomorphism
V9"@ VE" -« VO""™), The exterior algebra NV is the sum Bex o/*V, whichis the quotient of TV by the two-sided ideal generated by all v@o in

¥®. The symmetric algebra Sym'V is the sum (yzoSym"V, which is the
‘quotient of T"Vby the two-sided ideal generated by all» @ w — w @ vin V°2.
Exercise BY. The algebra Sym'V is a commutative, graded algebra, which
satisfies the universal property that any linear map from V to the frst graded
Piece C! of a commutative graded algebra C determines a homomorphism
Sym'V--+C- of graded algebras. Use this to show that Sym'(V@ WV)=Sym'V@ Sym'W, and deduce the isomorphism (B.2). Prove the analogous
assertions for NV, in the category of skew-commutative graded algebras.
In particular, construct an isomorphism A(V@ W) =A'V@ NW, where ®denotes the skew-commutative tensor product: iti the usual tensor product
additively, but the product has (a @ b):(¢ @ d) = (— 1y*#"4*#\(a-b)@ (c-d)for homogencous elements a and c in the first algebra, and b and d in the
second. In particular, this proves (B.1).

§B.3. Duals and Contractions

‘Although only a few simple contractions are used inthe lectures, and most of
these are written out by hand where needed, it may be useful to see the general
picture,

IEV* denotes the dual space to ¥, there are contraction maps

gf: VOP@ (VEO YOUN@ (VE),
for any 1 <i< pand 1 < j < q,determined by evaluating the jth coordinate

ofV*)** on the ith coordinate of V°*:
GO. ®@%,@% BB) (6.10
= Hf001 OBB" Or, @% BBV OB.

More generally if F = (yy .o.5) and J = (jyy.ccy fy) at@ two sequences of
1 distinct indices from {1,..-,p} and {1,...,g}, respectively, there is a
contraction

ch: VF @ (VA) VOU

@ (VION (an)which takes 01 0° 4 1,@  @ ® 9, t0

Tl .00.)1© @ 0, @ 0,8 @2,@0 BOO,BB %
For example, if p=q=n and [=J=(1,...,n this contraction

Ve @(V)%"-+ C identifies (V*)®* with the dual space of V°"
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Now (V®)* consists of n-multilinear forms on V, and (A"V)* consists of
alternating n multilinear forms on V; in particular, (A'V)* is a subspace of
(V®)*; this is the inclusion via x*. The composite

NV) (VN VON,

where the first map is the inclusion 1 and the second is the isomorphism of the
preceding paragraph, maps /*(V*) isomorphically onto the subspace (A’V)*.
Explicitly,

avy (evye,

BEA A BaeDL AA DoS, BNO) 1/04) +++" Pola)
= det(ojo,)1

This dual pairing \"'V @ \"(V*)— K is often denoted ¢ , >.
‘There isa similar isomorphism of Symn"(V*) with Sym’(V)*, but without

‘the signs “sgn(o).”

Exercise B.2 If ¢;, .... eq is a basis for V, with ef the dual basis for V*,
then {e, AoA eI Sh << <i, sm} is a basis for AV, and
felt-...-el: i, 20, Si, = n} is a basis for Sym*V, Show that, via the above
isomorphisms, the dual bases for A"(V*) and Sym"(V*) are

tlehneem eh} am feria" (eat
‘There are related contractions, sometimes called internal products, and

denoted sand, on exterior and symmetric powers. For the exterior powers
they are maps:

NV @NY(V*)+ AUV*) xX@aroxta;, wv (ayNVANY+ AV), X@arexta,
These can be defined most simply as transposes of wedge products ie, they
are determined by the identities

«axday=(zax,a> forze AV

and

Kx,p> = (xan B) for pe A(V*).
(The relation of this definition to the contraction maps cj above is expressed
in Exercise B.16.) Note that when q = 0, these contractions reduce to the
previous duality pairing between APY and A(V*),

For symmetric powers, the internal products are defined similarly.
SymVE@SmrV Sym", XBAI: gg
Sym?"*V@ Sym*(V*)—Sym4(V), x @arexta -
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Exercise B.IS. For v, w¢ V,and 9, y€ V*, show that

PH AW=VOG— GOW and (0A Wy =elew— gOw)o.

More generally, for ifx = 0 A" A vp and a= 9) 0°" A Opeq With eVand ge V*, then

x40 =F sen(oeraigsss(O0)--- Poiessn(le) Pay 6° A Poy

the sum over all permutations ¢ of {1,...,P +4} that preserve the order of
(ecg) IP= 0 00° 8 yyanda= 9, A A gythen
Gi) Le = sen(o)@(0—)---" Myla) Paypsty AA Cotpsge

the sum over all permutations that preserve the order of (p+ 1,....P +4}
Verify these formulas and use them to give formulas for these internal products

inermsof standard bases. State and verify analogous formulas for symmetricpowers
Exercise B.16. Using formula (i) of the preceding exercise, show that the
contraction map t. may

be given as 1/ptq! times the composition ofthe mapsNMV @N(V*)-» VOU+O@(V9)PP + VOR AY,

where the middle map is the contraction map c} of (B.11), with I= J =

{1,....p},and the other maps come from 1 and x. Prove the same formulas
(with the same scalar factor) for the other internal products.

Exercise B.17. In the situation of formula (ii), suppose the v, are independent,
and let W be the (p + q}-<dimensional subspace of V that they span; suppose

the g, are independent, and let Z be the p-codimensional subspace of V of the
common zeros ofthe @. Show that xa = 0 ifdim(W -Z) > 4, and other-

Wise xLa= uy °°" 4 ty for some vectors u that span WnZ.
Exercise B.1B. Prove the formulas

(eA sa= xsyse) and xt (er p)=(xLaes.

State and verify the analogous formulas for symmetric powers. In particular,
forewe Vg.yeV*,

Plo W= Ve + POW and (o-w)L p= wlo)w + p(w)e.

For example, v-1(97) = 29(0)9 and (0°) @ = 29(0)0.

For a detailed development of these ideas, see [Bour, Algebra, Chap 3]
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On Semisimplicity

§C.1: The Killing form and Cartan’s criterion
§C.2: Complete reducibiity andthe Jordan decomposition
§C.3: On derivations

§C.L. The Killing Form and Cartan’s Criterion

We recall first the Jordan decomposition of a linear transformation X ofafinite-dimensional complex vector space V as a sum of its semisimple and
nilpotent parts: X = X, + X,, where X, is the semisimple part of X, and X,

the nilpotent part. Itis uniquely characterized by the fact that X, is semisimple
(diagonalizable), X, is nilpotent, and X, and X, commute with each other. In
fact, X, and X, can be written as polynomials in X, so any endomorphism

that commutes with X automatically commutes with X, and X,, One case
of the invarianceof Jordan decomposition is an easy calculation:

Exercise C.1*. For any X € gi(V), the endomorphism ad(X) of gi(V) satisfies
ad(X), = ad(X,) and ad(X), = ad(X,).

‘There is a Killing form By defined on gl(V) by the formula *

BAX, ¥)= TeX oY), (cay

where Tr is the trace and © denotes composition of transformations, As in
(14.23), the identity

By(X, LY, Z)) = BALX, ¥},Z) cy
holds for all X, ¥, Zin gl(V).
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‘The Killing form Bon a Lie algebra qs that of Exercise C.| for the adjoint

representation: B(X, Y) = B,(ad(X),ad(¥)). This was introduced in Lecture

14, where a few of is properties were proved. Here we use the Killing form to
characterize solvability and semisimplicty of the Lie algebra

If g is solvable, by Lie’s theorem its adjoint representation can be put in
‘upper-triangular form. It follows that 2q= [9,9] acts by strictly upper-{riangular matrices. So if X is in 2g and Y in , then ad(X)o ad(Y)is strictly
‘upper triangular, in particularits trace B(X, Y) is zero. Cartan’s criterion isthat this characterizes solvability:

Proposition C4. The Lie algebra gts soleabe if and only i Blo, 2g) = 0.
We will prove something that looks a litle weaker, but will turn out to be

alittle stronger. We prove:

‘TheoremC5 (Cartan’s criterion), If gis a subalgebraof gl(V)and B,(X, Y)=0Jor all X and ¥ ing, then gis solvable.

For this, it suffices to show that every elementof 9 is nilpotent, for thenby Engel’s theorem q must be a nilpotent ideal, and therefore g is solvable.
So take X€9g, and let 2y,...y4, be its eigenvalues (counted with

multiplicity for X as an endomorphism of V. We must show the A, are all
2e10. These eigenvalues satisfy some obvious relations; for example, 54,4, =
Te(X 0 X)) = By(X, X) = 0. What we need to show is

RAte +a, =0. (co)
To prove this, take a basis for V so that X is in Jordan canonical form,

with 2,,..., 4, down the diagonal; the semisimple part D = X, of X is this
diagonal transformation. Let D be the endomorphism of V given by the
diagonal matrix with 2,,..., 2, down the diagonal. Since Tr(D0 X) = YU,Ay,it sulfices to prove

TB 0 X) =0. cn

Since X isa sum of commutators [¥, 2], with ¥and Z in g, Te(D 0 X) is4 sum of terms of the form Tr(D ° [Y, Z]) = Tr({D, ¥] Z). So we will be
doneif we know that [D, ¥] belongsto 9, for our hypothesis is that Tr(g0 g) =O.That is, we are reduced io showing

ad(D)(9) < 6. (ca
For this it suffices to prove that ad(B) can be written as a polynomial in

ad(X), for we know that ad(X)*(¥) is in g if X and ¥ are in g, Since ad(D) =
ad(X,) = ad(X), isa polynomial in ad(X), i sulices to show that ad(D) can

be wiitten as a polynomial in ad(D). This isa simple computation: using the
usual basis {E} for 9l(V), ad(D) and ad(D) ate complex conjugate diagonal
tmatrices, and any such are polynomials in each other o
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We can prove now that if is a Lie algebra for which B(99, 2g) = 0, then

ais solvable, which certainly implies Proposition C.4. By what we just proved,
the image of 2g by the adjoint representation in al(g) is solvable. Since the

kernel of the adjoint map is abelian, this makes 9g solvable (cf. Exercise 98),and by definition this makes 9 solvable. Oo
Exercise C9. Show that a Lie algebra g is solvable if and only if

Blad(X), ad(X)) = 0 for all X in g.
Itis easy to deduce from Cartan’s criterion a criterion for semisimplicity—

part of whichwe saw in Lecture 14, but there assuming some facts we had notProved yet

Proposition C.10. A Lie algebra g is semisimple f and only if its Killing form
Bis nondegenerate,

Proor. By (C.3) the null-space s = {X € g: BUX, ¥) = 0 for all Ye) is an
ideal. Suppose g is semisimple. By Cartan’s criterion, the image ad(s) < gl(@)
is solvable; as in the preceding proof, s is then solvable, so s = 0 by the
definition of semisimple. Conversely, if B is nondegenerate, we must show
that any abelian ideal a in g must be zero. If Xea and Yeg, then

A = ad(X)o ad(¥) maps g into a and « to 0, so Tr(A) = 0. This implies that
4c 6 = 0, as required, a
Corollary C.11. A semisimple Lie algebra is a direct product of simple Lie
algebras.

Proor. For any ideal b of g, the annihilator
bt= [X92BUX, ¥) =O forall Yeh)

is an ideal, by (C.3) again, By Cartan’s criterion,b 0! is solvable, hence 2er0,80 9 = ®h!. The decomposition follows by a simple induction. is)

I follows that q = 9g, and that all ideals and images ofg are semisimple,Tn fact:

Exercise €.12*, Show that if is a direct product of simple Lie algebras, the

only ideals in g are sums ofsomeof the factors. In particular, the decompositioninto simple factors is unique (not just up to isomorphism),

Exercise C.13*. Show that if gis semisimple, the adjoint map ad: g ->gliq)is
an isomorphism ofg onto the algebra Der(g) of derivations of g ~
Exercise C.14, Show that if g is nilpotent then its Killing form is ilentically
zeto, and find a counterexample to the converse,
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§C.2. Complete Reducibility and the
Jordan Decomposition

‘We repeat that this section is optional, since the results can be deduced from

the existence of a compact group such that the complexification of its Lie
algebra is a given semisimple Lie algebra. We include here the standard

algebraic approach. A finite-dimensional representation of a Lie algebra g will
‘be called a g-module, and a g-invariant subspacea submodule.
Proposition C.15, Let V be a representation ofthe semisimple Lie algebra g and
We V a submodule. Then there exists a submodule W" = V complementary
toW.

Proof. Since the image of g by the representation is semisimple, we may
assume g < gl(V). We will require a slight generalization of the Casimir
‘operator C, € End(V) which was used in §25.1 in the proof of Freudenthal's

formula. We take a basis U;,..., U,for g, and a dual basis Uj,..., U;, but this
time with respect to the Killing form By defined in Exercise C.1: By(X, ¥) =
‘Tr(X © ¥) (Note by Cartan’s criterion that By is nondegenerate.) Then Cy is
defined by the formula Cy(o) = Uy (Ui-0)

AAs before, a simple calculation shows that Cy is an endomorphism of
that commutes with the action of g Its trace is

THCy) = E THU, Uj) =F By (Up Uj) = digg) (C16
We note also that since Cy maps any submodule W to itself, and since it
‘commutes with g, its kernel Ker(C,)and image are submodules.Note first that all one-dimensional representations of a semisimple q aretrivia, since 9g must act trivially on a one-dimensional representation, and
a= 99,

We proceed {0 the proof itself As should be familiar from Lecture 9, the

basic ease to prove is when W < V is an irreducible invariant subspace of
codimension one. Then Cy maps W into itself, and C, acts trivially on ¥/W.
But now by Schur’s lemma, since W is irreducible, C, is multiplication by a
scalar on W. This scalar is not zero, or (C.16) would be contradicted. Hence
V = W@ Ker(C,), which finishes this special case.

It follows easily by induction on the dimension that the same is (rue
whenever Wc V has codimension one. For if W is not irreducible, let Z be a

nonzero submodule, and find a complementto W/Z. < V/Z (by induction}, say¥/Z. Since ¥/Z.is one dimensional, find (by induction) U so that ¥ = Z® U,
Then V = W@U.

By the same argument, it suffices to prove the statement of the theorem
when W is irreducible. Consider the restriction map

p: Hom(¥, W)-+ Hom(Y, 1),
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a homomorphism of g-modules. The second contains the one-dimensional

submodule Hom,(W, W7). By the preceding case, there is a one-dimensional
submodule of ™'(Hom,(I%, W)) < Hom(¥, W) which maps onto Hom,(W, W)
by p. Since one-dimensional modules are trivial, this means there is @

srinvariant yin Hom(¥, W) such that p(y) = 1. But this means that y is a
invariant projection of V onto W,s0 V = W @ Ker(),as required.

We will apply this to prove the invariance of Jordan decomposition
(Theorem 9.20}. The essential point is:

Proposition C.17. Let g he a semisimple Lie subalgebra of gl(V). Then for any

element X € 9, the semisimple part X, and the nilpotent part X, are also in

PROOF. The idea is to write qas an intersection of Lie subalgebras of gl(V) for
which the conclusion of the theorem is easy to prove. For example, we know
Ac sI(V) since g = g, and clearly X, and X, are traceless if X is. Similarly,
if V is not irreducible, for any submodule W of V, let

sw = (Ye al(Y): ¥(W) c W and Te(Yly) = 0}.

‘Then gis also a subalgebra of sy, and X, and X, are also in Sy.

Since LX, q] € g, it follows that [p(X), a] ca for any polynomial p(T).
Hence [X,, a ¢ g and [X,, 9] < 9, In other words, X, and X, belong to the
Lie subalgebra n of gl(V) consisting of those endomorphisms A such that
[4,4] < g. Son gives us another subalgebra to work with. Now we claim that
iis the intersection of n and all the algebras sy for all submodules W of ¥.
This claim, as we saw, will finish the proof. Let q’ be the intersection of all

these Lie algebras. Then g is an ideal ing! since g’ < n.
By the complete reducibility theorem we can find a submodule U of g' so

that g’ = g @ U. Since [g, 6] € 9, we must have [9, U] = 0. To show that U
is 0, it sulfces to show that for any Y € U its restriction to any irreducible

submodule W of Vis zero (noting that Y preserves W since ¥ € sw, and that
Vis a sum of irreducible submodules). But since ¥ commutes with g, Schur's

emma implies that the restriction of ¥ to W is multiplication by a scalar, and
the assumption that ¥ € 6y means that Tr(Yly) = 0,30 Yly = 0, a required.

o

Now if gis a semisimple algebra, the adjoint representation ad embeds gin gl(g). For any X in g the theorem implies that the semisimple and nilpotent
parts of ad(X) are ing. We write these X, and X,. The decomposition
X = X, +X, may be called the absolute Jordan decomposition. Note that
[Xu X_] = 0. [follows easly from the definition that if p: g + 4’ is a homo-
morphism from one semisimple Lie algebra onto another, then p(X,) = p(X),
and p(X,) = p(X),. (This follows for example from the fact that gis obtained
from g by factoring out some of its simple ideals) In fact, the absolute
decomposition determines all others:
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Corollary C.18.1f p: 4» gl(V)isany representation of a semisimple Lie algebra
8. then p(X,) is the semisimple part of p(X) and p(X,) is the nilpotent part of
PAX),

Proor. We just saw that p(X,) and p(X,) are the semisimple and nilpotent

parts of p(X) as regarded in the semisimple Lie algebra g’ = p(q). Apply the

theorem to g' < all) fs}

IK follows that an element X in a semisimple Lie algebra that is semisimplein one faithful representation is semisimple in al representations.

§C.3. On Derivations

In this inal section we collect a few facts relating the Killing form, solvability,
and nilpotency with derivations of Lie algebras, mainly for use in Appendix

E. We first prove a couple of lemmas related to the Lie~Engel theory of
Lecture 9, For these g is any Lie algebra, r = Rad(a) denotes its radical, and
99 =a, a].

Lemma C19. For any representation p: q—» gl(V), every element of pga)
isa nilpotent endomorphism.

Proor. It suffices to treat the case where the representation V is irreducible,
for if W were a proper subrepresentation, we would know the result by

induction on the dimension for W and ¥/W, which implies it for V. We may
replace g by its image, so we may assume p is injective. In this case we show
that gx = 0, We may assume r ¥ 0. Consider the largest integer k such
thata = 9't is not zero. This ais an abelian ideal of g, It suffices to show thatBq..0 = 0, for if k > 0, then ac 9g,We need three facts:

( Ifq€ gl(V) is an irreducible representation and b is any ideal of g that

consists of nilpotent transformations of V, then b = 0. (Indeed, by Enge!'s
theorem,

W = {ve V:X(0) =O forall X eb)
isnonzero, and by Lemma 9.13, W is preserved by g. Since V isirreducible,

W = V, whichsays that b = 0.){i A transformation X is nilpotent exactly when Tr(X*) = 0 forall positive
integers n. (This is seen by writing X in Jordan canonical form.)

i) THLX, ¥]-Z) = 0 whenever [¥, 2] = 0. (This follows from the identity

(C3: TEX, Y}-Z) = THX-LZD)

Next we can see that (9, a] = 0. For if X eq and Yea, then [X, Y]€ a;

since ais abelian, ¥ commutes with [X, ¥] and hence with powers of LX, YJ.



as €. On Semisimplicity

Applying(ii) with Z = [X, YJ"? gives Tr(LX, ¥) = 0 forn > 0,and (i and(imply that [g, 0] = 0.

Finally we show that 9go0=0. If X, Yeq and (X, Yeo, then
L.LX, YI] = 0 by the preceding step, so again ¥ commutes with powersof[X,Y],

and the same argument shows that Tr(LX, YJ") = 0, and (i) and ()again show that 2g a = 0. fs)
Lemma C20. For any Lie algebra g, (q,€ i nilpotent.

Proor. Look at the images j and ¥ ofq and r by the adjoint representationad: g -»glfq). By Lemma C.19 and Engels theorem, (G, ¥] is @ nilpotent idealofj. Since the kernel ofthe adjoint representation is the centerof g, it followsthat the quotient of [g,r] by a central ideal is nilpotent, which implies that
[4,1] itself is nilpotent. o

‘An ideal @ ofa Lie algebra g is called characteristic if any derivation of gmaps
a into itself. Note that an ideal is just a subspace that is preserved byall inner derivations Dy = ad(X).I follows from the definitions that fais any

ideal in g, then any characteristic ideal in a is automatically an ideal in
The following simple construction is useful for turning questions about

‘general derivations into questions about inner derivations. Given any Lie

algebra gand aderivationD of, let’ = g @ C,anddefinea bracket ong’ by
(OG,A,04) = (LX, YJ + AD(Y)~ D0,0).

It is easy to verify that g’ is a Lie algebra containing g = 9 @ 0 as an ideal,
and that, setting & = (0, 1), the restriction of D; = ad(€) to g is the given
‘derivation D.

‘Asa simple application of this construction, if B is the Killing form on g,
wwe have the identity

BID(X), ¥) + B(X, D(Y)) = 0 (2h

for any derivation D of g, and any X and Yin g, Indeed, if B' is the Killing

form on g', (C.3) gives B([Z, XJ, ¥) + BX, [é, J) = 0; since g is an ideal in
4, Bis the restriction of BT to q, and (C21) follows.

From (C21) it follows that if a is a characteristic ideal of g, then ils

‘orthogonal complement with respect to the Killing formisalsoa characteristic
ideal ofg
Proposition C.22. For any Lie algebra g, Rad{g) isthe orthogonal complement
to 9g with respect to the Killing form.

Proor. To see that r= Rad(a) is contained in @g", ie., that 9g is perpendic-
ular to x, let X, Ye qand Ze. Recalling that (LX, ¥], Z) = BUX, (%.Z)),
itsuffices toshow that B(X, [¥, Z]) = 0. Lettbe the subalgebra ofg generatedby rand X. Then [bb] <r, so h is solvable, so by Lie's theorem, under the
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adjoint action, h acts on g by upper-triangular matrices. By Lemma C.19,
(YZ) acts on g by nilpotent transformations. It follows that X © LY,Z]also acts nilpotently on g, from which it follows that B(X, LY, Z]) =
‘Tr(X 0 [¥, Z]) = 0, as required.

Since 9g isa characteristic ideal, (@q)*isan ideal. tis solvable by Cartan’sctiterion (Proposition C.4), since

B(a9!, MBs") < B(a', Bp) = 0.

It follows that %q! c r, which concludes the proof. o

Corollary C23. If «is an ideal ina Lie algebra g, then
Rad(a) = Radig)ne.

Proor. Since Rad(a) is a characteristic ideal ofan ideal itis an ideal ofg, Sinceitis solvable, it must be contained in the radical of g. This shows the inclusion©; the opposition inclusion is clear since Rad(q)a is a solvable ideal in a,
a

Proposition C.24. If D is a derivation of a Lie algebra 9, then D(Rad\() is

contained in a nilpotent ideal of q.
Proof. Construct = @C as before, with € = (0,1). Since Rad(g) <
Radi’), we have

D(Rad(q)) = [é, Rad(a)] € [s', Rad(a')} 98.

By Lemma C.20, [q’, Rad(q’)] isa nilpotent ideal in g, so its intersection with

Gis also nilpotent a

Just as with the notion of solvability, any Lie algebra q contains a largest
nilpotent ideal, usually called the nil radical of g, and denoted Nil(g) oF 1.
Proposition C.24 says that any derivation maps t into n, which includes the
sesult ofLemmaC.20that [9, t] € 0. Theexistence of this ideal follows from:
Lemma C25. If a and b are nilpotent ideals ina Lie algebra g, then a + bisalso
4anilpotent ideal.

Proor. An ideal a is nilpotent iff there is a positive integer k so that all
fold brackets(X,, (Xa. [-.-» Xi-1» Nad. 1] are zero when each X; is in4. Equivalently, all m-fold brackets of m elements of q are zero if atleast k ofthem are in a. Ifk is chosen to work for @ and for 6, it is easy to verify that 2kworks for thesum « + 6, since any bracketof 2k elements, each from a or fromb, contains atleast k elements from a or from b. a

Since Nil(q)< Rad(q), it follows from Proposition C.24 that Nil is acharacteristic ideal ofg. The same reasoningas in Corollary C.23 gives:
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Corollary €.26. If ais an ideal in a Lie algebra q, then
Nil(a) = Nil(g)4.

Misa Lie algebra, its universal enveloping alyebra U = U(g)is the quotientofthe tensor algebra ofg modulo the two-sided ideal generated by all X @ Y ~Y@X~[X, Y] for all X, ¥ in g, It is an associative algebra, with a map
1g» U such that

ALEX, YD) = D0, YD = 201) — HC,

and satisfying the universal property: for any linear map from g to an
associative algebra A such that g({X, ¥}) = F9(X), o(7)] for all X, Y, there
is a unique homomorphism of algebras @: U-+ A such that g = 01. For
cexample,a representation p: 4 -» l(V) determinesan algebra homomorphismB: U(q) -» End(V). Conversely, any representation arises in this way.
We will need the following easy lemma:

Lemma C21. For any derivation D of a Lie algebra , there is @ unique

derivation B of the associative algebra U(g) such that B 1 = 10 D.
PRooF. Define an endomorphism of the tensor algebra ofg which is zero onthe zeroth tensor power, and on the nth tensor power is

X,@- @ Xp DX, @ Xz OX,+X, @DAW“ OX, +
+X, @X,@- @DX,

‘Thisis well defined, since it is multilinear in each factor, and it is easily checked
to be a derivation ofthe tensor algebra; denote it by D’. To see that D” passes
to the quotient U(@) one checks routinely that it vanishes on generators for
the ideal of relations. a

Exercise C.28. If D is an inner derivation by an element X in , verify that D
is the inner derivation by the element (X).

It is a fact that the canonical map 1 embeds 9 in U(q). The Poincaré
Birkhoff- Witt theorem asserts that, infact, if U(q) is filtered with the nth piece
generated by all products of at most n products of elements of 1(q), then the
associated graded ring is the symmetric algebra on g. Equivalently, if Xys.--.
X, is a basis for g, then the monomials X{-...: X'* form a basis for U(q). We
40 not need this theorem, but we wil use the fact that these monomials

generate Ui; this follows by a simple induction, using the equations XX; ~
XX, = LX, Xj] to rearrange the order in products.



APPENDIX D

Cartan Subalgebras

$D.t: The existence of Cartan subalgebras
§D.2 On the structure ofsemisimple Lie algebras

§D3. The conjugacy of Cartan subalgebras
§D4: On the Weyl group

Our task here is to prove the basic general facts that were stated in Lecture

14 about the decomposition of a semisimple Lie algebra q into a Cartan
algebra h and a sum of root spaces q,, including the existence of such and
its uniqueness up to conjugation.

§D.1. The Existence of Cartan Subalgebras

Note that if we have

a decomposition as in Lecture 14, and H is any element‘of h such that a(/7) 4 0 for all roots a, then § is determined by HH: h = ¢(H),
where

(i) = (Xe 9:(H, X) =0}. oH
The elements of b with this property are called regular. They form a Zariski
‘open subset of h: the complement of the union of the hyperplanes defined by
the equationsa = 0. In particular, regular elements are dense in b. If H € h isnot regular, then cis larger than by since it contains other root spaces. Notethat allelementsof are also semisimple, i.¢,, they are equal to their semisimplepars.
‘Of course, this discussion depends on knowing the decomposition which

weare trying to prove. But it suggests one way to construct and characterize
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Cartan subalgebras: they should be subalgebras of the form ¢(/1) for some

semisimple element 17, that are minimal in some sense. We can measure this
minimality simply by dimension,

Definition D.2. The rank n ofa semisimple Lie algebra g is the minimum ofthe dimension of ¢(H) as H varies over all semisimple elements of g. A

semisimple element H is called regular if c(H) has dimension n. A Cartan
subalgebra of gis an abelian subalgebra all of whose elements are semisimple,
and that is not contained in any larger such subalgebra. Our first main goal
is

Proposition D.3. If H is regular, then e(Il) i @ Cartan subalgebra,

For any semisimple element H, q decomposes into eigenspaces for the

adjoint action of H:
9= Path = ® © att, (D4

where g,(Hf) = {X € 9: (Hf, X] = AX), and (it) = qo(Hf). There is a similar
‘decomposition even if H (oF 4) is not semisimple, but replacing the eigenspace
by g,(H1) = {X € g: (ad(H) — AI(X) = 0 for large k}.

Exercise D.S. Without assuming that H is semisimple, show that

[as(t. 96000] & taeq(llh by proving the identity
(adQety — 2+ OMEN, YD.

& (k

-£(‘)ceaan aN), fad tH) = pty)
Let us(temporarily) call an arbitrary element H € g regular ifdim(go(H)) <

dim(qo(X)) for all X eg.

Lemma D6. If H is regular, then go(H) is abelian.

Proor. Consider how the Killing form B respects the decomposition (D.4)—
again knowing what to expect from Lecture 14, If ¥ is in q,(H) with A #0,

then ad(Y) maps each eigenspace to a different eigenspace (by Exercise D.5),
as does ad(¥) 0 ad(X) for X € go(H}. The trace of such an endomorphismiszero, ie. B(X, Y) = 0 for such X and ¥.

Because 9 is semisimple, B is nondegenerate. Since we have shown that
‘A(1)is perpendicular to the other weight spaces, it follows that the restriction
‘of B to go(H) is nondegenerate.

Consider the Jordan decompositionX = X, + X,ofan element X ingo(.Since ad(X,) = ad(X), is nilpotent, X, belongs to go(/), 80 X, = X — X, does

also. Then ad(X,) = ad(X),is nilpotent and semisimple on qo(H),s0 it vanishes
there. But this already shows that ad(X) = ad(X,) + ad(X,) is a nilpotent
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endomorphisin of go(Hf) for any X € go(H4). Hence, by Engel’s theorem, go(H)
is nilpotent, so by Lies theorem g has a basis in which the endomorphisms

ad(X) are upper-triangular for all X © go(H4). It follows that for any elements
in gol), the trace of products oftheir adjoint actions on gis independent of
the order of composition. In particular, for X, ¥, Ze go(Hf), the trace of
ad([X, ¥J)¢ ad(Z) on g is zero, ie., B(LX, ¥], Z]) = 0. But since B is nondegenerate on go( li), [X, ¥] = 0, 80 gol) is abelian, o

I follows immediately that go() is not contained in any larger abelian
subalgebra, since any element that commutes with 11 is in g(I?) by defini-

tion, To finish the proof ofthe propositionwe must prove the following lemma,which also shows that the temporary definition of regular agrees with the first

Lemma D.7. If H is regular, then any element of (1!) is semisimple.
Proor. We saw that if is in go(IH) then X, is also. Using the same basis as
in the preceding proof, we sce that ad(X,) has a strictly upper-triangular
matrix. Hence, B(X,, Y) = Tr(ad(X,)0 ad(¥)) = 0 for all ¥ in go(). By thenondegeneracy again, X, = 0, as required. a

It follows from Lemma D6 that if 1 is regular, and is in go(H), then
(X) contains go(H), and they are equal exactly when X is also regular.

Problein D.8*. Prove that if His regular in any Lie algebra, then go({t) is a
nilpotent Lie algebra.

Exercise D9, Show that a subalgebra is a Cartan subalgebra if and only ifit
consists entirely of semisimple elements and is contained in no larger sub-
algebra with this property

§D.2. On the Structure of Semisimple Lie Algebras

Leth bea Cartan subalgebra ofa semisimple Lie algebra g, Under the adjoint
representationit consists of commuting semisimple endomorphisms. Its thenstandard linear algebra fact that this action is simultaneously diagonalizable:

a= Bae, (D.10)

‘where the eigenspaces are parametrized by some set of linear formswe b*,including « = 0, and where

a= (Keg: [IX] = a(H)-X for all H eb).

Tn particular, gg isthe centralizer off in, The nonzero a are called roots
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Lemma D.tt.5 = 66.

Proor. Since fis abelian, lis contained in go Ih corresponds to a regular
clement H, ie, = go) anything that commutes with 17 must bein b 50
is contained in b fs

Ityis constructed from the tegular clement H, then by definition 9,(H)ithe direct sum of those q, for which a(H) = 2. Note that the decomposition
(D.10) may be finer than (D4, but that if 1 is chosen to be an element of

such thatthe a(H) are distinct for distinet roots, then the decompositions
coincide

(Our next task is to study the other eigenspaces 9,. AS before, we have

[4-99] € fesg: I follows that if + fi #0, and if Xe a, and Y egy thenad(X}o ad(¥)is nilpotent, 80 its trace is 2er0, ie,

Wfa+ #0, then Blgy.84) =0. x)
Now for any root, if ~a were nota roo, this implies 9, is perpendicular

toll g including f = 0), which would contradict the nondegeneracy of B.
So we get one ofthe facts asserted in Lecture Id

If isa root,then —aisalo a root (013)
Moreover,the pairingB: 9, x g-«+ Cis nondegenerate Another fact asofollows easily

The rootsa span y* on)
Foriffnot there would bea nonzero X eh with a(X) = Ofor all roots which
means that [X, ¥] = 0 for all ¥ in all g,. But then X isin the center of
which i zero by semisimplicty of g

Now let a bea root, let X € 6, Ye gaa and take any H eb, Then

BUH (X, YD) = BUCH, X), ¥) = ACHBUX, Y) 15

This cannot be zero for all H, X, and Y without contradicting what we have
just proved. In particular,

For any r00t a8, 8-e] #0. 016Let T,€ bbe the element dual to via the pairing Bom b, ic, characterizedby the identity B(7, 1) = a(H) for al H in, We claim next that

[X,Y]= BOX, INT, forallX © 4, Ye 8 (1)
To see it, pair both sides with an arbitrary element 11 of}. Using (0.15), we
have :

BUI, BUX, YT.) = BUH, T)B(X, ¥) = a(H1VBX, ¥) = BULLEN. YD.
as required, Next we show that
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aT.) #0. (0.18)

Suppose this were false. Choose X € gy, Ye g-. such that BUX, Yy= #0.

Then [X, ¥] = T,,50 X, ¥,and 7, span a Lie subalgebras of g. Ifa(7:) = 0,sis solvable. Since [X, Ye 9s, it follows that ad((X, ¥1) is a nilpotent
endomorphisin of g, But then 7, is nilpotent; but all elements ofh are semi-simple, s0 T, = 0, a contradiction. This gives another claim from Lecture 14:

For any root a, [es 6a ta] #0. (D.19)For with X and Yas above, [[X, ¥], XJ = ¢°(T,,X]= c:a(T,)X #0.Thelast remainingfactaboutroot spaces left unproved [rom Lecture I4is
For any root a, gis one-dimensional (0.2

By what we have seen, wecan find X € g,, Ye g-.,8othat Hf = £X, ¥] #0,and a(H) # 0. Adjusting by scalars, they generate a subalgebra s isomorphic
to sizC, with standard basis 1, X, ¥, 60 in particular a(I¥)= 2. Considerthe adjoint action of son the sum V = § @ gue, the sum over all nonzero

complex multiples ka of a. From what we know about the weights of repre-
sentations of s, the only k that can occur are integral multiples of .
Now s acts trivially on Ker(a) € )¢ ¥, and it acts irreducibly on s ¢ ¥.

Together these cover the zero weight space b, since I! is not in Ker(a). So the

“only even weights occurring can be 0 and +2. In particular,
2a cannot be a root. (0.21)

But this implies that 4a cannot be a root, which says that 1 is not a weight
occurring in V. But then there can be no other representations occurring in

Vie, V= Ker(a)® s, which proves (D.20) a

§D.3. The Conjugacy of Cartan Subalgebras

We show that any two Cartan subalgebras are conjugate by an inner auto-
morphism of the adjoint subgroup of Aut(q). Fix one Cartan subalgebra b,

and consider the decomposition (D.10}. For any elementX in a rootspace9,,ad(X)¢ alla) is nilpotent, as we have seen, so its exponential exp(ad{X))

GLa) is just a finite polynomial in ad(X). Set

e(X) = explad(X))

Let E(b) be the subgroup of Aut(q) generated by all such e(X). We want to
prove now that this group is independentofthe choice ofb, and that all Cartansubalgebras are conjugate by elements in this group. (We will see in the next
section that £(b)is the connected component of Aut(q),i<. that itis the adjoint
group.) The proof will be a kind of complex algebraic analogue of the corte-

sponding argument for compact tori that was sketched in Lecture 26.
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‘Theorem D.22. Let h and ly be 0wo Cartan subalgebras of g. Then (i) Eth) =
E(U}), and (i) there isan element g € E = E(b) so that g(h) = bi.

Proor. Fix a Cartan subalgebra b, Let a, .., a, be its roots. Consider the
mapping

Pitta, XM, XG

defined by F(X, 4 Xp H) = e(X,)9-9 (X,)(H). Note that F is @ poly:nomial mapping from one complex vector space to another of the sane
dimension, We want to show that not only isthe image of F dense, but that,

i ey denotes the set of regular elements in b, then

F(t, % °°" % a, * Deg) Contains a Zariski open set, (D.23)
ic, it contains the complement of a hypersurface defined by a polynomial
equation.

Suppose that this claim is proved. It follows that for any other Cartan

subalgebra Wy, the corresponding image also contains a Zariski open set. But
twononempty Zariski open sets always meet. In this case this means E(}) By
meets E(H): Deg. That is, there are g © E(B), H € Dig, g” € Eh), H' Hing SUCH
that g(lf) = g'(H"). But then since H and Hi’ are regular,

0) = (90H) = ao(a(#D) = goa’) = 9'(ao(')) = 9°06

‘This proves the conjugacy of land by. And since

E() = @E()9"' = E(a16)) = E(a'h) = o' EWV0'" = BW),

both statements of the theorem are proved. o

To prove (D.23), we use a special case of a very general fact from basic

algebraic geometry: if F: C+ €* is a polynomial mapping whose derivative
F,|, is invertible at some point P, then for any nonempty Zariski open set
UCC*, F(U) contains a nonempty Zariski open sct. For the proof we refer
to any basic algebraic geometry text, eg, [Ha], or to [Bour, VI, App. A} So
it suffices to show that dF, is surjective at a point P = (0,...,0, H), where
He bey. This is a simple calculation:

Exercise D.24°. Show that dF,l,(0,...,0,Z)=Z for Zeb, and that
F,1,(0,-- 50, ¥,0,...,0,0) = ad(Y)(H) = —ad(1H)(¥) for Ye g,,. Conclude

that the image ofdF], contains h and each root space, so dF. |, is surjective.
is}

We remark that although this section, like the preceding appendix, was
written for complex Lie algebras, a simple “base change” argument shows:
that the results extend to Lie algebras over any algebraically closed field of

characteristic zero. Some, such as Cartan's criterion, then follow over any field
of characteristic zero, by extending to an algebraic closure. .
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§D4. On the Weyl Group

tn this section we complete the proofs of some ofthe general ats about the

Weyl group that were stated in Lectures 14 and 21. The notation will be as in
‘those sections: E is the real space generated by the roots R; @ is the Weyl
‘group, generated by the involutions W, ofE determined by

WB) = B~ Bia =p20,
where

( , ) denotes the Killing form (or any inner product invariant for theWeyl group). We consider a decomposition

R=R UR

into positive and negative roots, given by some |: £ + Ras in Lecture 14, and

weet Sc R* be the set ofsimple roots for this decomposition. Note that for
any Win the Wes! ero,

R= mRyoweRy

is the decomposition into postive and negative root fr the tinear map

To W-+, We want to show that every decomposition arises this way. To prove
this we need some simple variations of the ideas in §21.1

Lemma D25.1/ isa simple rot then W, perme al he othe postive rots,ie, W, maps R*\{a} to itself.

PROOF. This follows from the expression of positive roots as sums f = Y'm,a,.
with the a, simple, and the m, non-negative integers. If a = a), W,(0) diflers
from onlyby an integral mulloa I a,(ilbar ome postivecoeiciens 50 mus bea postive rot it

Let Wo be the subgroup of I generated by the W,, as a varies over the

simple roots. (We will soon see that IB, = %.)

‘Lemma D.26, Any root can be written in the form f= W(a) for some ae S
and W eM, In parteular, R= AS)

PRooF. It sulfices to do this for positive roots, since YBo(a) = Wp W,(a)=—8,(a)for anya e S:1f Bis postivebut not simple, write = Scmayasabove,and induct on the leve! Ym, As in the previous lemma, there i a simple root750 that (A) is @ positive root of lower level. By induction, W,() = W(a)
forae Sand We Wy, 30 ft = W,W(a),asrequired a
Lemma D.27. The Weyl group is generated by the reflections in the simple roots,
let 8,
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Proor. Given a root fi, we must show that Wy is in 8p, By the preceding
Jemma, write f= U(@) for some U © W, ae S, Then

Wy = Woy = UW, (02%)
since both sides act the same on and p, a
Proposition D.29. The Weyl group acts simply transitively on the set of decom
positions of R into postive and negative roots.

Proor. For the transitivity, suppose R = Q* U Q” is another decomposition.
We induct on the number of roots that are in R* but not in Q*. If this

number is zero, then R* = Q*. Otherwise there must be some simple root «
that is not in Q*. It suffices to prove that W,(Q*) has more roots in common
with R* than Q* does, for then by induction we can write W,(Q*) = W(R*)
for some We WB,so Q* = W,W(R"), as required. Infact,we have by Lemmabas,

WAQ") ORE > WO" ORV {a} = WD" OR {a},

and this proves the assertion.

For simple transitivity, we must show that if an element W in the Weyl
group takes R* to itself, then it must be the identity. If not, write W as@Product of reflections in simple roots,

We Wy Wes

with r minimal, with W, the reflection in the simple root fl. Let a = fj. It
suffices to show that

Wooo Wy = Wie Whos Moan oe Moy
forsomes,|<< r~2.Let U, = Wyay -..: W,-1. This equationisequivalentto the equation W,U,W,= U,, or U,W,U;* = W,, of Ua) = f, (since by(D.28), Wy = UU").

Tofinish the proofwe must find an sso that U,(a) = f,- Note that U,_2(a) =W,_.(a)isa positive root (by Lemma D.25,sincef,.. # 6). On the other hand,the hypothesis implies that

Vola)= Wy. Wena)= Wi Wi(—a)= — Wea)
isa negative root. So there must be some s with I < s <r —2such that Usa)is positive and U,.,(a) is negative. This means that W, takes the positive root
U,Ga){o the negative root U, (2). But by Lemma D.25 again, this can happen
only i W,is the reflection in the root U,(a), ie, f, = Usa). a

‘The simple roots$ for a decomposition R = R* UR” are called a basiTorthe roots. SinceS and R* determine each other, the proposition is equivalentto the assertion that the Weyl group acts simplytransitivelyon the set of bases
Exercise D.30, For W'© 2, set IW) = #(R?  W(R")). Show that W can be
written as a product of IW) relections in simple roots, but no fewer.
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IF, denotes the hyperplane in E perpendicular to the root a, the (closed)

Weyl chambers are the closures of the connected components of the comple-
ment €\()Q, of these hyperplanes. For a decomposition R = R* U R- with
simple roots S, the set

W = (Bek: (P,a)20,YaeR*} = (fe E:(P,a)>0,Vaes)
is one of these Weyl chambers. The fact that every Weyl chamber arises this,
way follows from

Lemma D331. For any in € there is some W eM such that (W(f), 2) > 0

forall ae 5,

PRoOF. Let p be half the sum of the positive roots. It follows from Lemma
D.25 that W.(p) = p — «for any simple root a. Take W in 9B to maximize the
inner product (17(B), p). Then for all a eS,

(HWP), p) = WB), Wap) = (WCB), p — 2) = (WCB), #) — (UB. 2)

cannot be larger than (H(A), ps0 (W(f), a) <0. a
‘Thus, the orbit of one Weyl chamber by the Weyl group covers E, s0 all

‘Weyl chambers are conjugate to each other by the action of the Weyl group.
Soall arise by partitioning R into positive and negative roots. This partition-
ingis uniquely determined by the Weyl chainber. In fact, the walls of a Weyl
‘chamber are the hyperplanes 2, as a varies over the n corresponding simple
roots, n = dim(E). From the proposition we have:

Corollary D.32. The Weyl group acts simply transitively on Weyl chambers

Exercise D.33*. Let 6 be the group of automorphisms of E that map R to
itself

() Show that$B is a normal subgroup of ©(i) Let 3% be the automorphisms in 6 which map a given set of simple roots
5 to itself, Show that is a semidirect product of Wand 3.

(i, Show that Bisisomorphic to the group of automorphisms of the Dynkin
diagram,

(iv) Compute 8 for each of the simple groups

Our next goal is to show that the lattice Z(H,:a€ R} <b has a basis of
elements H, where a varies over the simple roots. This is analogous to the
statement we have proved that the root lattice A, in * is generated by simple
roots. The first statement can be deduced from the second, using the Killing

form to map by to b*, Hy+(H, —), where ( , is the Killing form, We saw in
Lecture {4 that this map takes H, to a’ = (2/(e,a))a. Given a root system R
ina Euclidean space E, to each root a one can define its coroot a’ in F by the
formula



496 D. Cartan Subalgebras

ate
fea)

Let R'm {a':aeR) be the set of coroots. For any O#aeb, set a’ =
(2ila,a))a, and for any a le, set My = 2(0, ata,a). Let R= R* UR” bedecomposition of R into positive and negative roots, and let S be the
corresponding set of simple positive roots.

Lemma D.34.(i) The set R’ of coroots forms a root system in €
(i) The set $' = a’: ee S) isa set of simple roots for R.
Gi) For a PES. type = Map.

ProoF.Itisa straightforward calculationthat ny: = nap. It follows by anothershort calculation that i W, denotes the reflection inthe hyperplane petpendic-ular toa, then W,(f') = (W,((B)¥. The four defining properties of a root system
specified in §21.1 follow immediately from this. It is clear that if R* is the
set of roots in R that are positive for a functional ! on E, then (R*Y =
{a’: ae R*) is the corresponding set of positive roots for R’. Roots in Rare
those that can be written as a nonnegative linear combinations of roots in
S,and this property characterizes S. Since ais a positive multiple of « for any
4, it follows that roots in (R*) are those that can be written as non-negative
linear combinations of roots in, which proves (i) a

‘The root system R’ icalled the dualof R.
Exercise D.35. Find the dual of each type of simple root system.
Proposition D.36.(i) The elementsH,fora € S generate the lattice Z{H,: 2 R).Gi) Ifo, € ly are defined by the property that «,(H,) = 5, then the elements
1, generate the weight lattice Ay.

(ii) The nonnegative integral linear combinationsof the fundamental weights‘©, are precisely the weights in W'- Ay, where W is the closed Weyl chamber

corresponding to R*.

ProoF. The isomorphism f) -+* given by the Killing form takes Hf, to the

coroot a’. Bythe lemmaand the fact that all positive roots are sumsof simpleroots, the set {a's cS} spans the same lattice as (a’: a € R). This proves(i,and it follows that the weights are precisely those elements in b that take
integral values on the set (H,:€ S). The rest of the proposition follows,
noting that

W = (BEE: PH.) > OforallaeR*}
= (Pek: pli) 2 Ofor all ae} is)

If we identify b with * by means of the Killing form, we can regard 28 asa group of automorphisms of b, By means of this, the reflection W, corre-
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sponding to a root « becomes the automorphism of h which takes an clement
Ho H—a(H)-H,, We have a last debt (Fact 14.11) to pay about the Weyl
group:

Proposition D.37. Every element of the Weyl group is induced by an auto-
‘morphism of «which maps ho itsel/

Proor. It suffices to produce the generating involutions W, in this way. The
claim is that if X, and Y, are generators of gy and gu. a8 usual, then 9, =
e(XvJe(—YJe(X,) is such an automorphism, where, as in the preceding
section, we write e(X) for expad(X)). We inust show that 9,(H) =H —

a(H)-H, for all Hin b, It sulfices to do this for H with a(H) = 0, and for

H = H,, since such together span b. If a(H) = 0, then (X,, H] = (¥,, H] = 0,
50 8,(If) = I, which takes care ofthiscase. For H = I,it sulfices to calculateonthesubalgebras, = C(I, Xx, %e} & sl3C,and thisisa simple calculation:
Exercise D.38, (a) For slyC with its standard basis, show that 9=
e(X)e(V)e(X) maps H to —H, X to ~¥, and ¥ to —X.

(b) Show that if G isa Lie group with Lie algebra g, then 9, is induced by
the element exp(4n(X, — ¥,)) ofG.
We need a refinement of the preceding calculation. For a root and a

nonzero complex number t, define two automorphisms of g:
B40)= e(°X,)2 (OEY) 0e(0-Xy)

and

(0) = 9,(0)0 9(—1).

Lemma D.39. The automorphism ®,(t) is the identity om b, and for any root Bi

itis multiplication by 0% on gy

Proor. Look first in sty, with X = X,, Y= ¥,. Its simplest to calculate in

the covering SLyC ofthe adjoint group. Here 9,(0 lifts (0

» -yyepanae(!)( 1. (4 #expeexyexp(—'v-expO)=(4 1) (ir a) (o 4

° ‘)—rt o}

$0. () lits to

° ‘). 0-1 -(' °)-et ofr of ~lo et}:
Tossce how ,(0) acts on gp, for f # +4, it sullices to consider the action of

the SL,C corresponding to 5, = C{H,, Xq, ¥,} on the astring through fii.
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‘on @apae- We know that this is an irreducible representation of SLC, and

the weight of g, is f(HH,). It follows that (5 3) acts by multiplication by
«ft, Simiarly on tit acts by multiplication by &° = 1. ao

Putting the preceding results together, we can give a description of the

automorphism group Aut(q) of g. Let E = £(b) be the subgroup generated by
elements exp(ad(Z)), a8 Z varies over root spaces gy, «#0, as in §D3

Let G be the adjoint form of g, so we have
EEG Aut) < Auto,

where Aut%(q) is the connected component of the identity.

Proposition D0. We have E = G = Aut®(q) and Aut(g\/Aut®(q is isomorphic
to the automorphism group of the Dynkin diagram.
Proor. Fix the Cartan algebra h and positive roots R*. Let Aut(gy' be the
group of automorphisms of g that map 6 to itself, and similarly denote by
primes the intersections of subgroups with Aut(q. We leave it to the reader

to construct a finite subgroup K of Avt(qy which maps isomorphically onto
the automorphism group of the Dynkin diagram, and which meets G only in
the identity clement (see Exercise 22.25 for a direct case-by-case approach,
oF use (21.28). It then suffices to prove that Aut) is a semidirect product of

E and K, ie, that Aut(g)= E°K.‘To see this, start with any element « in Aut). By Theorem 022, thereisat, € Ewith o(b) = 14 (6). Thena = tj" isin Aut(ay. By Proposition D.29andthe proof of Proposition D.37 there ist, € E’s0 that a, = "+0, mapsR* (oR. This element may permute the simple roots, but there issome ke Ks0 that 6, = 03k" is the identity on the set ofsimple roots. Now a is the

identity on h and itis multiplication by some nonzero scalar cy on each gy.
By the nonsingularity of the Cartan matrix there is some nonzero complex

number ¢ and some 2.¢ Ag so that cy = ("for every simple root p. From
Lemma D.39 it follows that there is & r in Eso that and ay agree on each

4, for each simple root f, and both ate the identity on 6. But it then follows
fom the uniqueness theorem (Claim 21.25) that o, = s, Hence

omtt ay ke EK,
as required. a

Exercise D.AL. Show that any two Borel subalgebras of a semisimple Lie

algebra are conjugate.
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Ado’s and Levi’s Theorems

SE: Levis theorem

$62: Adis theorem

§E.1. Levi's Theorem

‘The object of this section is to prove Levi's theorem:

‘Theorem E.1. Let q be a Lie algebra with radical t. Then there is a subalgebra
Nofq such that g = +L.
Proor. There are several simple reductions. First, we may assume there is no
nonzero ideal of g that is properly contained in r. For if a were such an
ideal, by induction on the dimension of 9, g/a would have a subalgebra
complementary (o r/a, and this subalgebra has the form (/a, with (as required.

In particular, we may assumer is abelian, since otherwise Mr is a proper ideal
in t which is an ideal in q by Corollary C.23. We may also assume that
{9,1] = x,forif a, x] = 0 then the adjoint representation factors through 9/t,

andsince g/t is semisimple, the submodule t < g has a complement, which is
the required 1

Now V = gl(g)is a g-module via the adjoint representation: for X € g and
vey,

X-9= [ad X), 9] = ad X) 0.9 — p oadlX).
In other words, for X, Ye g and ge ¥,

(4-0) = EX, @09] = (LX 1D. (2)
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‘The trick is to consider the following subspaces of V:
C= {g¢ V: 9(g) <r and g|, is multiplication by a scalar)
uv

B= {9 eV: (a) rand g(t) =0)
u

A= {ad(X): X €

‘These are easily checked to be g-submodules of ¥, included in each other as
indicated. And C/B is a trivial g-module of rank 1, ie. C/B = €, by taking@in C tothe scalar Asuch that gl, = 4-1.(Note that C/B ¥ Osince one can find‘an

endomorphism of the vector space g which is the identity on t and zero on1 vector space complement to r) We claim also that

aCcB and CoA 3)Toprove theselet ¢ € C, and assume the restrictionof g to + is multiplicationby the scalar c. IX eg and ¥ er, then by (E.2),

(X-@)() = LXe¥]~ ef X,Y] =0,
50 X-@eB; this proves the first inclusion. If Xer, and Yes, then

LY, Meet] = 0,50

(X91)= -(EX, YD = (-e% YI,
and X- = ad(—cX) is in 4, which proves the second inclusion.

‘This means that the map C/A -+ C/B = C isa surjection of g/t-modules,
which must split since g/t is semisimple. In other words, there is an element
in Csuch that ol, = id, and g-9 is contained in A. Now let

I= (Negi X-@=0}.

Iis easy to check that tis a subalgebra of g. We must verify: () 1 t = O,and
(ii) =1 + r. For the first, if X is a nonzero element of the intersection, then,
as we saw above, X-g = ad(—X),so ad(X) = 0. Hence [9, X] = 0, s0 €-Xisa nonzero ideal int, contradicting our assumptions. For (i), let X € g. ThenX-q isin A, 0 X-g = ad(¥) for some ¥ in r. We saw that ad(¥)= —¥-9,so(X + ¥)"@ =O,ie,X+ ¥ belongstol HenceX = (X+ ¥)— Visinthesum of land. o

This proves the existence of Levi subalgebras{of any Lie algebra. We haveno need to prove the companion fact that any wo Levi subalgebras are
conjugate, ef, [Bour, 1, 6.8]

§E.2. Ado's Theorem

‘The goal is Ado's theorem that every Lie algebra is linear, ic, isa subalgebraof si(V) for some vector space ¥, which is the same as saying it has a

Finite-dimensional faithful representation. As in the previous section, there are
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some easy steps, and thena clever argument is needed to create an appropriaterepresentation.
Westart, ofcourse, with the adjoint representation, which is aboutthe onlyrepresentation we have for an abstract Lie algebra g, Since the kernel of the

adjoint representation isthe center ¢ of g, it suffices to find a representation
ofg which is faithful on ¢. For then the sum of this representation and the
adjoint representation is a faithful representation ofg,‘The abelian Lie algebra has a faithful representation by nilpotent matrices.

For example, when ¢ = C is one dimensional, one can take the representation
Av-+(8 8) in general a direct sum ofsuch representations will suffice,
We can choose a sequence

of subalgebrasCMe EB) EE p= ME Bp SEDES Bea HH‘each an ideal in the next, with n = Nil(g) the largest nilpotent ideal of g, and
= Rad{a)the largest solvable ideal; asin9.1 we may assume dim(q/ai-1)= |fori < q. The planis to start with a faithful representation of go, and construct

successively representations of each g, which are faithful on c. The conditionswwe will need to make this step are that g, = g,-1 © by with gy, a solvable ideal
in g, and ba subalgebra of g,. We can achieve this by taking hy to be any
‘one-dimensional vector space complementary to g.-s for i < 4. Similarly to
g0 from r to g, use Levi's theorem to write g = x @ 6 fora subalgebra b.Call a representation p of a Lie algebra a nilrepresentation if p(X)is a
nilpotent endomorphism for every X in Nil(g). A stronger version of Ado’s
theorem is:

Theorem EA. Every Lie algebra has a faithful finite-dimensional
nilrepresentation.

‘The crucial step is:

Proposition E.5. Let g be a Lie algebra which isa direct sum of a sotoable ideal

a and a subalgebra b Let a be a nilrepresentation of a. Then there is a
representation p of 9 such that

bo Ker(p) < Ker(o)

IF Nil(g) = Nil(o)or Nil(g) = 9,thenp maybe taken to he anitrepresentation.
‘Ado’s theorem follows readily from this proposition. Startingwith a faithfulrepresentation py of ¢ = go by nilpotent matrices, one uses the proposition to

construct successively nilrepresentations p, of qy- The displayed condition
assures that they are all faithful on c. Note that ifi < p, Nil(g)) = gy, while if1> p we have Nillg,) = Nil(g,..) = by Corollary C26, so the hypotheses
assure that all representations can be taken to be nilrepresentations. =)

Supposeg = a @ h isa Lie algebra which isa direct sum of an ideal a anda subalgebrab, Let U = U(a) he the universal enveloping algebra ofa. Any
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¥ in a determines a linear endomorphism Ly of U, which is simply let

multiplication by the image of ¥ in U. Any X in g determines an inner
derivation ¥++[X, ¥] ofa; let Dy be the corresponding derivation of U, ef.
Lemma C.27. For each X in g we define a linear mapping Tx: U+U by
writing X = ¥ + Z with Yin aand Z inh, and setting

Ty = Ly + De,

A straightforward calculation shows that

Tixs.xa

= Ty 9 Try ~ Thy? Tey 6)Ifg(U) denotes the infinite-dimensional Lie algebra ofendomorphisms of U,with the usual bracket [4, B] = Ao B— Bo A, this means that the mapping

4-4 KU), X+ Ty. is a homomorphism of Lie algebras.
Suppose a: + gi(V) is a finite-dimensional representation of a. Let

4: U + End(V) be the corresponding homomorphism ofalgebras,asin §C.3,and let I be the kernel of 6. The basic step is:
Lemma E.7. Assume that « is solvable. Suppose I is an ideal of U = U(a)
satisfying thefollowing

two properties:() U/l i finice dimensional; i) the imageof every element in Nil(a) in U/t is nllpotent. Then there isan idealJ <1 of Usatisfying properties (i) and (i), and also (ii) for every derivation D of a, the
corresponding derivation of U maps J into itsel.

Granting this lemma, we prove Proposition E.5 as follows. From the
representation o we constructed an ideal I in U = U(a), with U/l < End(V),

0 condition (j) is satisfied; the fact that ¢ is a nilrepresentation implies that
condition (i) also holds. Let J be an ideal whose existence is asserted in the

Jemma, Because of (i, each ofthe endomorphisms T; of U maps J into itself,

and so determines an endomorphism T; of U/J. By (E.6), the mapping XT;
isa homomorphism of Lie algebras from g to gl(U/J). This is the representa-
tion p required in the proposition.
We firs verify that Ker(p)a < Ker(o). Note that if X isin a, then T; isjust left multiplication by X on U/J, 50 if p(X) vanishes, the image ofX in Umust be in J; since J c J, X maps to zero in U/l < End(V), $0 a(X) = 0, as

required

Tt remains to show that, under either of the additional hypotheses, pis a
nilrepresentation. Note first that each X in aactson UJ by left multiplication,and ifX isin Nil(o), by (i its image in U/Jis nilpotent. Thus p(X)s nilpotentfor every X in Nil(a). In particular, this shows that p is a nilrepresentation
when Nil(g) = Nil(

In the other case, g is nilpotent, so a is also nilpotent, and the preceding
shows that p(Y) is nilpotent for every ¥ in a. We need a slightly stronger
assertion than this. Let A. End(U/J)be the associative algebra (with unit)generated by p(q),and let P < A be the two-sided ideal generated by p(a). Theclaim is that P isa nilpotent ideal, ie, that P* = P-...-P = 0 for some k. TO
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see this, note that there is ak such that every product ofk elements of p(a) is
zero; this follows from Enge's theorem, putting the action in strictly upper-
triangular form, To show that P! = 0, we must show that any product of
ements in p(g) which contains at Teast k members from p(a is zero. But if x

isin pg) and y is in p(o), we have
xy=yx+xah

and (x, y]is in pa), 80 terms from p(a) can be successively moved to the left

‘until the productisa sum of products each beginning withk terms from p(@).Now if gis nilpotent, for any Z in h (or in g), ad(Z) isa nilpotent endo-

‘morphism of g, and hence of a. By the Leibnitz rule for derivations, it follows
that the corresponding derivation Dz of U is nilpotent on any element,

although the power required to annihilate an element may be unbounded
However, since U/J is finite dimensional, it follows readily that the induced
derivation of U/J

is nilpotent. In other words, p(Z) is nilpotent for every Z inb, Given X in g, wile X= ¥-+Z with Yea and Zeh, Choose kas in
the preceding paragraph, and choose ! so that p(Z}'=0. It follows that
AlX}" = (p(1) + p(Z)) vanishes, since, when the latter is expanded, each
summand either has p(¥) occurring at least k times, or else p(Z)' occurs
Somewhere in the product a

To finish, we must prove Lemma E.7. Let Q be the two-sided ideal in the
algebra U/! generated by the image of Nil(a). Since U/l is generated by the
image of a, the same argument as in the paragraph before last shows that
@* = Ofor some k. WriteQ = K/I for an ideal K of U,and setJ = K*.ClearlyJc I,and we claim that J satisfies the conditions ()-i)of the lemma.Tose that J has finite codimension, let x,,..., % be a bass for the image
of ain U, and choose monic polynomials py such that p(x) is in K; this is

possible since U/K is nite dimensional. Therefore, p(x) isin J, so the images
ofthex satisfy monicequationsin U/J. ince U is generated by the monomialsxj+..."xh ifollows readily that U/d is spanned by a finite number of these
elements.

Property (i) is clear from the construction, for ifx € U isthe image of an
clementof Nil(a), some power x” sin by assumption,sox" isin It < K* = JFor (ii, if D is a derivation of o, since a is solvable, it follows from
Proposition C-24 that D maps a into Nilfa). The corresponding derivationofUtherefore maps U into K, from whichit follows that it mapsJ = K* to itsel.

a

As before, the results ofthis section also apply to teal Lie algebras: if is
real, a faithful representation (complex) representation of q@C is auto-matically a faithful real representation, and embeds g is some gl,R.



APPENDIX F

Invariant Theory for the
Classical Groups

“The object sto derive just enough invariant theory for the lasical groups to verify
the claims made in the text. We follow a classical, constructive approach, ving an

entity of Capel

SF.1: The polynomial invariants
§F.2: Applications to symplectic and orthogonal groups
§F.3: Proofof Capelli’s identity

§F.1. The Polynomial Invariants

Let V = C%, regarded as the standard representation of GL,C, so of any of
the subgroups G = SL,C, O,C, SO,C, of Sp,€ (for n even); e,,..., & denotes

a standard basis for V, compatible with one of the standard realizations of G.
The goal is to find those polynomials F(s'.... x) of m variables on V

which are invariant by G. For example, if Q: V @ V — C is the bilinear form
determining the orthogonal or symplectic group, the polynomials Q(x, x")
are invariants, In addition, if G is a subgroup of SL(V), the bracket
[x x. x], given by the determinant,

al x] = det(xf), (Fa)

is an invariant of G. The first fundamental theorem of invariant theory for

these groups asserts that any invariant is a polynomial function of these basic.
invariants. This is the goal of this appendix.

‘We denote by 5 the homogeneous polynomial functions of degree d on V,
ic, S¢ = Sym‘(V*). For an m-tuple d = (dj, ..., d,) of non-negative integers,

let S* = $* @ ++ @ S* be the polynomialson V®" which are homogeneonsof
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degree din the ith variable, Note that

Sym'(v@")* = Qs4,

the sum over all d with dy + d + °°" + dy = k, which identifies elements of
54 with functions of m-tuples in V. We write F(X", ..., x") for such a poly-

nomial, with usual abbreviations to F(x)form = 1, F(x, yMorm = 2, F(x, ¥, 2)form =3.

When m = 1 we have already found the invariants: for SLC and Sp,€ all
syrametric powers Sate irreducible, so there are no invariants unless d = 0;

forS0,C the kernel ofthe map $+ S4-2(contracting withthe given quadratic
{orm Q)is irreducible, so by induction one sees that there are no invariants if
dis odd, whereas if'd is even, the invariants are scalar multiples of the
polynomial Q(x, x}!?. (These results wll be proved again below)

In theory one could follow procedures outlined in the text to decompose
the tensor productsof the known representations S* to ind out how the trivialrepresentation occutsin $4, Except in small degrees and dimensions, however,
(his is eather impractical

To describe the G-invariant polynomials in S4, we will carry out an
induction, first with respect to the total degree Jd, then with respect to
the individual multidegrees ordered antilexicographicaly: a’ < d means that

either Jj < Ed, or Yd} = Yd and the largest i for which dj and d, differ
has d; <d,

For integers i and j between 1 and m there is a canonical “polarization”

map Dy which takes a polynomial F of m variables to the polynoral
8

in OFDF)= Xs (2)
This operator lowers the jth degree by 1, while it increases the ith degree by
1, i, it maps S* to S¢, where dis the same sequence of multi-indices as d,

bt with dj = dy — Land dj = dy + 1; id; = 0 set S# = 0. Whenj= i, notethat by Euler’sformula, Dy is multiplication by d, Note also that these Dy are
derivations:

DylF Fa) = DF):Fa + Fy DylFa). 3)
These maps may be described intrinsically in terms of the multilinear

algebra of Appendix B, as follows. Since only two factors are involved, it

suffices to look at the map D,; when there are only two factors. In this case
the map

DxKOSSQS

isdefined by

oe Me BMY soe Wa SE oe MB Myo Bo Me



06 F. Invariant Theory forthe Clasial Groups
Equivalently, D, is the composite

QS+H Q(S' OS) = (SK @S')QOS* +S" QS,
where the second is determined by the product 5¢@ S! -+ S“*" of symmetric
powers, and the first by the dual map S* + 5'@ S*! (which takes F(x) to
Yuxe @ OF/A%,). This shows, if there were any doubt, that the Dy are maps of
GL(V}-modules, ic., that they are independent of choice ofcoordinates,

Note that Dj,» Dy maps S* to itself. Explicitly, for d = (d,e),

a OFDay Dull)= Ege (Snide)
or OF

= Png + Danger
oF

wer eS anger.

A first idea is that, ifF is an invariant by a group G < GL(V), then Dy(F) will
also be an invariant,and these invariants will beknown by induction if < j,
50 one can describe the possible Dy © Dy(F) that arise. If one also knew the

Second term in the above expression for this, one could determine e-F, which
sulces to determine F, provided eis not zero

In general, itis not evident how to proceed, but in case dim V = 2, and
4d = (d,e), this can idea can be cartied through as follows. Some of the terms
in the second term also occur in the expression

OF OF[y]-2F) = (2-9)(-se):
The rest occur in or or

deF=d (x23) =r Wid
Comparing the preceding three formulas gives the identity

(4+ Ne F = Day 0 DyalF) + Gy] QF). 2)

From this identity i is eaty to ind all invariants for oneof our subgroupsof GL,C and for functions of two variables. We will do it for G = SO,C, as

it illustrates the ideas ofthe general case—even though G is not semisimple,

‘and the results can be seen directly by identifying G with C*. We assume the
simple case of functions of one variable has been checked: only multiples of
Ol, x)? are invariant. SupposeF e S¢ @ S*isan invariant ofG = SO3€, with
> 0, We claim that F i a polynomial inthe bracket fnetion [xy] and the

polynomials Q(x, y), Q(x, x), and Q(y, y). Either directly or from the above —
Femiy one sees that (Fis also an $0,C-invariant, and by induction itis

2 polynomial in these basic polynomials, Similarly by the anilesicographic
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induction we know that D, ,(F) is a polynomial in the the basic invariants. It
therefore sce to verify that Dy, preserves polynomials in the Tour basic

invariants. By the derivation property (F.3) it is enough to compute the effect

of D,, on the basic invariants, and this is easy:
Duley] =0, D2 Ox, y) = OO,

Dy, Q(x, x) = 20(x, 9, Da Oly, y) =O.
By (F-4) we conclude that (d+ I)e-F is a polynomial in the basic invariants,
wich concludes the proa

This plan ofattack, in fact, extends to find all polynomial invariants of all
the classical subgroups of GL(V). What is needed is an appropriate general-
ization of the identity (F.4). About a century ago Capelli found such an
identity. The clue is to write (F.4) in the more suggestive form

Duy +L Daal| Ds, p= bo,
where the determinant on the lefts evaluated by expanding as usual, but being
careful to read the composition of operators from left to right, since they do
tetcommute

‘Thisis the formula which generalizes. If F is a function ofm variables fromV,and dim V = m, define, following Cayley,

orPF saman aca (Fs)
in symbols, Q is given by the determinant

aa ao
ae ae ae
a @

ai axe

é
ce

é

‘The Capelli identity is the formula:

Dy+tm—1 Dia se Dim
Dy Pax m—2 oe. Dam) pan gar my. (F6)
Pas Dar Dm

This is an identity of operators acting on functions F = F(x", ...,x") of m
variables, with m =n = dim V, and as always the determinant is expanded
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‘with compositions ofoperators reading from lef to right. Note the important
corollary:ifthe numberof variablesis greater than the dimension,m > n, then

Dytm-1t Dy Pin

Dy Day $mM—2-.. Daw" K=0. FD

Das Dy Doe

‘This follows by regarding F as a function on C* which is independent ofthe
last m ~ n coordinates. Since QF) = 0 for such a function, (F.7) follows from
(Fo.

‘We will prove Capelli’ identity in §F.3. Now we use it to compute invariants.
Let K denote the operator on the left-hand side ofthese Capelli identities.Theexpansion of K has a main diagonal term, the produet ofthe diagonal entriesDy, +m ~ 1, which are scalars on multihomogeneous functions. Note that in
any other product of the expansion, the last nondiagonal term which occurs

is one of the Dy withi < j. Since the diagonal terms commute with the others,‘wecan group the products that precedea given Dyinto one operator,so wecanwrite, for Fe S4,

K(F) = pF ¥ PydlP

where p = (dy +m —1)-(dy +m —2)°...-(dq), and each Py isa linear com
bination of compositions of various Dy. Capeli’s identities say that

oF = 5 PDIF) itm>n, 8)a

pF SPD) + (x... x]-0(F) ifm=n (9)
&

Just as in the above special case, if Fis an invariant of a group G, each
DAF) is also an invariant in a S* where we will know all such invariantsbyinduction. If G is a subgroup of SL(V), and m= n, then Q(F) is also an
invariant, as follows from the definition or Capelli’ identity.

Invariants for SL,C.

Let F $* be an invariant ofthe group SLy€. We must show that F can be
‘written as a polynomial in the basic bracket polynomials. In particular,ifm
<n, we must verify that there are no invariants except the constants ia5S? = €. This is a simple consequence of the fact that for a dense open set of

‘tuples of vectors—namely, those which are linearly independent—there is‘an automorphism of SL,C taking them to a fixed m-tuple of independent

vectors, say €),...y éq-S0 an invariant function must take the same value onall such m-tuples. By the density, it must be constant,For m > n, we proceed by induction as indicated above. All DyF are known
tobeinvariants (fori < j),asis Q(F}, so these are polynomialsin the brackets,
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‘To complete the proof, by Capelli’ identities (F.8) and (F.9, it suffices to see
that the operators Dyy all take brackets to scalar multiples of brackets. This

isan obvious calculation: Day takes a bracket [x x"...x] to zero if b
does not appearas one of the superscripts, or to the bracket with the variablex replaced by x if x does occur, the latter is zero if x™ also occurs andis a bracket otherwise. To avoid repeats, one needs only consider brackets
where the superscripts are increasing. This completes the proofof
Proposition F.10. Polynomial invariants F(x'",..., x)of SLC cam be written4s polynomials in the brackets

C8 DSi ch co <iym

Exercise F.11. Show that the only polynomial invariants of GL,€ are the
constants,

Invariants for Sp,C

Let r= n/2, and let @ be the skew form defining the symplectic group Sp,C,
8 O(x, 9) = Dien esr — Sousi Standard coordinates. Note first that thebrackets are not needed:

Exercise F.12*. Show that the bracket (x!) x"... x] is equal to

Fsen(oyQtx', x20. (2%, tye. (ym, ee,

‘where the sum is over all permutations o of {1,....1} such that o(28— 1) <

ei for 1 <i <rand o(i~ 1) < o(i)for2<i<r.
Let 77 be the assertion that any Sp,€-invariant polynomial in m variables

{rom €*can be written as a polynomial in the basic polynomials Q(x”, x).
‘The antilexicographic induction using the Capelli identities is the same as
before, and gives the implications

Trl T= Ty forallm>n.

The only variation here is to verify thatthe operatorsDaa preserve polynomialsin the basic invariants, and D,yQ(x”, x) is again zero or another basic
invariant

‘The situation where m <n is a little more complicated than that for the
special linear group, however—which is hardly surprising since there are
nontrivial invariants for Sp,C in this range. Note that 7;" implies 7,7" for
in’ <m, so it sufices to prove Tz". Thisis done by induction on r = n/2, ke,by proving the implication Tz} => Ty!. To prove this, consider the restric:
tion F’ of an invariant polynomial F on V = €* to the subspace ’ = C™?

Perpendicular tothe plane spanned by e, and e,. This restriction isan invariant
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ofthe group Sp,_.€. By induction, Fisa polynomial in the basic invariants.Since Q(x", x) restricts to the corresponding invariant on V', there is a
polynomial in these Q(x", x") such that F and this polynomial have the same

restriction to V". Subtracting, it suffices to prove that ifan invariant F restricts
to zero on V’, then F is zero.

‘We show first that the restriction ofF to the larger subspace W = V' Ce,must be zero. Fix y!,..., in ’, and consider the function of m complexvariables.

Hlay oat)= FF eyoon HO ge
‘The fact that F is invariant by automorphisms in Sp,C which fix V’ and send
¢,t0 ae, and ¢, to a”-¢, shows that

Wyss Ag) = Alysetg) fOr all A #0,
Since h is a polynomial, it must be constant, $0 ty... 64) = (0, .-.40) = 0,
as require.

Since F is invariant, it follows that the restriction of F to any hyperplaneof the form g° W, for any 9 € Sp,C is zero. It is not hard to verify that every
hyperplane in €" has this form. So any n — I vectors lie in such an hyperplane,

‘and so F is identically zero. This finishes the proof for the symplectic group:
Proposition F.13. Polynomial invariants F(x", .... x™)of Sp,€ can be written
4s polynomials in functions

Qx",<), Isi<jsm

Invariants for SO,C

This time brackets may be needed, as well as the functions given by the
symmetric form Q, but products of brackets are not required:

Exercise F.14, Prove the identity

Le Ly 9 19YI, eryen

for any variables x... x, "05 9.

Let 7 be the assertion that any SO,€-invariant polynomial in m variables
‘can be written asa polynomial in the brackets and the invariants Q(x", x,where we take Q(x, y) = Sia X:y1 to be the form determining the orthogonal
group. The proofsof the implications 7") = T= "for m > n are exactlyas in the preceding cases, and require no further comment. As before, it
remains to prove T;-', and, by induction on 1, it sulfices to prove the
implication Tz} => Teh
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Let ¥’

= €™ be the orthogonal complement to e,. The restriction F” to¥’ofan SO,C-invariant polynomial F is SO, ..C-invariant, and by induction
we know it is a polynomial in the restrictions of the basic polynomials
Q(x", x) and in the bracket [x"....x-}. An apparent snag is met here,
however, since this bracket is not the restriction of an invariant on ¥. By
Exercise F.14, we can write

Fem + B(x... eM),

where A and B ate polynomials in the Q's alone. In particular, A and B are
ver, i, they are invariants ofthe full orthogonal group ,..€. But Fis also

even, since any element of O,-€ is the restriction of some element in SO,C
(mapping ¢, to -£¢,). Since the bracket is taken to minus itself by auto-

morphisms ofdeterminant —1, we must have F” = A. This means that we canSubtract a polynomial in the invariants Q(x, x" from F, so we can assume
F’=0, Therefore, the restriction of F to any hyperplane of the form gV’,

g€ SO,C, is zero, But itis easyto verily that(n — I}tuples in such hyperplanesform an open dense subset of all (n ~ 1)-tuples in C* (the condition is that
there be an orthogonal vector e with Q(e:e) # 0). This proves:
Proposition F.15. Polynomial invariants F(x", ....x)of SO,C can be written4s polynomials in functions

lx", 9) and Ext... en,

With I SiS JSmI<iy <ip<o<sm

Exercise F.16*. Show that the polynomial invariants of O,C can be written
as polynomials in the functions Q(x", x4), 1 < i<j <m. Show that odd
polynomial invariants of O,C, ie. polynomials F which are taken to det(g)- F
by g in O,C, can be written as linear combinations of even invariants times
brackets

§F.2. Applications to Symplectic and
Orthogonal Groups

We consider the symplectic group Sp,€_and the orthogonal group O,C
together, letting Q denote the corresponding skew or symmetric form. The
results in the first section, applied to the case d= (I,..., 1) say that the
invariants in (¥*)®* are all polynomials in the polynomials Q(x", x”), and
by degree considerations mmust be even, and theyare all linear combinationsof products

Q¢s$e, ey. geal, etn)... -gEaleem—tm, xm) AT)
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for permutations @ of {1,..-.m} such that o(2i — 1) < o(2i) for |< ism?
Regarding Q € V* @ V*, these are obtained from the invariant Q@:""@Q

(m/2 times) by permuting the factors. In other words, one pairs off the m
‘components, and inserts @ in the place indicated by each pair.

The form Q gives an isomorphism of V with ¥*, which takes v to Q(o, —}

Using this we can find all invariants of tensor products (V*)®* @(¥)®, via
the isomorphism

(VAP89 = (VN B(VENP & (VN BV)
‘They are linear combinationsofthe images ofthe above invariants under thisidentification. To see what they are, we just need to see what happens to Q
under the isomorphisms V* @ V* = V*@ Vand V*@ V* x V@V:

Exercise F.18,() Verify that under the canonical isomorphism

V*@V* x V*@V = Hom(¥, ¥)= End(v)
Q maps to the identity endomorphism. (i) Let y be the image of Q under the
canonical isomorphisin V* @ V* = V @ V. Verify that .

¥= Le@en— ue forG = Sp,C,n= 25
¥=La@e forg~ 0,0.

For the applications in Lectures 17 and 19, we need only the ease I= k,
‘butwe want to reinterpretthese invariants by way ofthe canonical isomorphism

(v9) = (VM (VI & Hom(v, V4) = End(V%),  (F.19)

In §§17,3 and 19.5 we defined endomorphisms 9, € End(V®) for each pair

1ofintegers from (1,..., 5 for F the frst pair, :

HO,B02 B23 Hg) = V0. 29) WOW oss
the case for general I is a permutation of this. We claim that an invariant in

(V*)®% ofthe form (F.17)is taken by the isomorphism (F.19) to a composition‘of operators 3, and permutationsin &;. This is simply a matter of unravelingthe definitions, which may be simpler to follow pictorially than notationally.
The invariant in (F.17)isdescribed by pairing the integers from I to 2d. Thesepairs are either from the first d, the last d, oroneof each. Forexample,id = $the pairings could be as indicated:
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for the pairs {1, 3}, {8, 9}. (2,6), {4,7}, {5, 10}. Composing before and after

with permutations, this can be changed to
o—o

‘The corresponding endomorphism of V®%becomes 9,1 = (1, 2}. The general

invariant one gets can be expressed in the form
054,09, 0°95), 0%,

where o and x permute the d factors, and the pairs J, are the first p pairs:
f= (- 1,3).
Now let A be the subalgebra of the ring End(V®) generated. by all

9®--"@g for g in the group G = SpxC (or O,C). By the simplicity of the
‘group, we know that A isa semisimple algebra of endomorphisms. We have

just computed that the ring B of commutators of A is the ring generated by
all permutations in S, and the operators 9). By the general theory of semi-
simple algebras, cf. §6.2, A must be the commutator algebra of B. In English,
any endomorphism of V®% which commutes with permutations and with the
operators 9, must be a finite linear combination of operators of the form
9@-@qfor gin G. This is precisely the fact from invariant theory that was
Used in the text.

We remark thata similar procedurecan be used for SLC, but since in thiscase V and V* are not isomorphic, to do this one must first do some more

work to compute invariants in tensor products of covariant and contra-
variant factors. The idea is simple enough: use the canonical isomorphism
V=A™(V*) to tum each V factor into several V* factors. Tracing through
the invariants by this procedure is rather complicated, however, and we refer
to (Wel, 118] for details. We did not need this analysis, because it was easy
to work the commutator story the other way around, showing that the
commutatorof €[&;]is the algebra generated by allg @--@ gforgin SLC(or GL,©), This can, in turn, be run backwards:

Exercise F.20*. Use the fact that the the GL,C-invariants of End(v®) are

generated by permutations to show that theGL.,C-invariantsof (V*)°4 @ V®%are obtained by pairing off the factors and contracting. There are no GL,C-
invariants in (V4) @ V®" if k # 1. For SL,C-invariants, one also has deter-
inant factors when k ~ 1s a multiple of the dimension.

We also omit any discussion of the second fundamental theorems, which
describe the relations among the generators ofthe rings of invariants (but see

the discussions at the ends of Lectures 17 and 19). These results can also be
found in {Wel}.
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§F.3. Proofof Capelli’s Identity
The proofs not essentially different from the case m = 2, once one has a good
notational scheme to keep track of the algebraic manipulations which come

about because the basic operators Dy do not commute with each other. A

convenient way to do this is as follows. For indices iy, jy,--» ip, jp between 1
and m, define an operator A,,;,4,,j,--- 4y,), which takes a function F of m
variables x"), ..., x to the function

Baye By lE) = Seca ag OE
Forp = 1, Ayis just the operator Dy, but for p > |, this is not the compositionof the operators 4,,,. Note that the order of the terms in the expression
Bij o> Sig, i8 unimportant,

‘We cant form determinants ofp x p matrices with entries these Ay, whichact on functions by expanding the determinant as usual, with each of the p!

products operating as above. For example, for them x m matrix (Ay),
Syl) = |S Seno): Banana+ Bnei

The matrix (Ay) is a product of matrices (x)-(0/dx{"), and taking deter-
rminants gives the

Lemma F21. For m= n,{Syl(F) = Ce... x)}-04F),

To prove Capelli’ identity (F.6), then, we must prove the following identityof operators on functions F(x", ..., x):

Diytm=t Dy oe Dim By Bi Ow

Py Diptm—2 Daal Jar Br + Aaml pay

Das Daa os ee er oa
This is a formal identity, based on the simple identities:

Dap? Day = DypBan = BypBag itp a;

Duy? Day = Byybg+ Dy itp
Similarly, if p # a, for all k, then -

Dey? Bays, Baa, = Bap bayry os Baas (F.23)while if there is just one k with p = a4, then

Dap? Bains + Bad, = Bap Barns = Bad, + Barry Baty oo Baa, (FA)
Wherein the last term the Ay replaces 4,
We prove (F.22) by showing inductively that all r x r minors of the two
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matrices of (F.22) which are taken from the last r columns are equal (as

operators on functions F as always). This is obvious when r = 1. We suppose
it has been proved forr = m — p, and show it for r + . By induction, we mayreplace the last r columns of the matrix on the left by the last r columns of the

‘matrix on the right. Thedifferenceof minor on the let and the correspondingminor on the right will then be a maximal minor of the matrix
Dip~ Bip Bape Aim

Dip S2yp Bags vs Bam

yp — bee +r Bape Bom |"

Dp Amp Bmp = Bmso we must show that all maximal minors ofthis matrix are zero. Suppose the
minor chosen is that using the gith rows, for | <qo <q, <“"" <4, <™m.
Expanding along the left column, this determinant is

EoMo— E,M, + E,M, ~*~ +(—1VE,M,, (F.25)
Where Ey = Dap — Bap if ge # Prand Ey = Dyp ~ Opp + Fifgg = pyand Ma is
the corresponding cofactor (r x r) determinant:

obs, EMM egrsetr- Searteareueseusny Serta — (F-26)
To show that (F.25) is zero, there are two cases. In the first case, the pth

row is not included in the minor, ie., q, # p for all i. In this case each term

EM, is zero, since E, = Dy ~ Sg, and all the products in the expansion of
‘Mare of the form A,,y, .- ba, With all a, p, and the assertion follows from
(F.23).

In the second case, the pth row is included, ic., g = p for some k. As in the

first case, (Dyp — 4y,)My = 0, and since E, = D,y — Byy + F, We have
EM = PM.

Weclaim that each of the other terms E,M,,for i # k, is equal to(~1)*""'M,,
from which it follows that the alternating sum in (F.25) is zero. When M, is

written out as in (F.26), and it is multiplied by E, = D,,, — 4,,,.an application
of (F.24) shows that one gets the same determinant as (F.26), but expanded
with the qth row moved between the q_;th and the q,,th rows. This
transposition of rows accounts for the sign (—1)~'*', yielding E,M, =

(-1/°""' My, as required. o
Exercise F.27. Find a GL(V}linear surjection from S* @--@ S* onto
V* @ S11 @-- GH"! that realizes the map Fe+[x... x] -Q(F),
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Note: Unualy answers or referenes are given ony for more theoretical exer, of
those which may be referred to elsewhere.

Lecture 1

(1.3) The hypotheses ensure that AV is trivial, and the bilinear map NV @ A"*V+AV = C isa perfect pairing, ic., it makes each space the dual of the other, cf. §B.3.

(1.4) For (b), take the function a to the function a’, where a'(g) = a(g™').
(13) Yes See Exercise 6.18,
(1.14) If 1 is a Hermitian inner producton ¥, let fi: V + V* be the conjugate linearmap given by w+ 14(, -) If 1 is another, the composite (7) « [Tis Linear, and a
homomorphism i H and 1" are G-invatiant. Apply Schur's lemma.

Lecture 2

(2.3) Fora general formula expressing complete symmetric polynomials and elnentary symmetric polynomials in terms of ums of powers, se Exerie A.32(.
(2.4) Look at the induced action on A*V.

27) v= U%@U™@V®,with a= b= 4" + (—1p,ande= + (-0,
(2.25) Answers:(i)U@® V@®U'®V'; (i) U@V" BVO Ww.
(229) The regular representation will do.

(2.38) For (e) use characters or the isomorphism
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Home(V@ W, U) = HomelW, ¥*@ U)
(234) Schur’s lemma applies to L

235) Apply the preceding exercise, with Lp given by a matrix of indeterminates. For
etal, sce (Se2,§2.2].

(2.36) Show that (, x)= 1, and compute the sum of the squares of these representa-
tions. Reference: ([Se2, 3.2)

(237) If is the character of an irceducble representation, and y is the character ofV,let a, = (9, x"), and consider the power series

Boe!S pecncne Ly lla.Sarg 5 pew = Gla ap
Here C runs over conjugacy classes. Since 3(C) = dim) only for C= [e}. the right-
hand side isa nontrivial rational function:in particulara, cannot be zero forall positive
(238) This is another theorem of Burnside. If C is a conjugacy class in G,
9= Dyeca: V-+V is a Gomap, 20 multiplication by a scalar ic, and 2-dim ¥ =

Trace(@) = [Cl-24(C). The ie ate algebraic integers, since the elements Pacey 8 Cvaries over the conjugacy clases, generate the center ofthe group ring Z{G, whichisa finitely generated abelian group. Now

Lier wrt = 164,
s01GY/im V = Sic Ae-ZoICh isan algebraic integer. In fact, the dimensionof V dividesthe index of the center of Gf. (Se2,p. 53]

(239) Incase the character xis Z-alued, the equation .12(g)? = 1] shows that |G]

fs the sum of [G| non-negative integers, one of which, {ye is greater than 1, so atleast one must be0. In general, the values of x are algebraic integers, since they aresums ofroots of unity. Lez,» 2m be the characters obtained from y by the action‘ofthe Galois group Gal(@/Q) (or Gal(C/Q)) on 7: these characters are also char-

acter of irreducible representations of G. Now if z(g) #0, then [],z4a) is a nonzerointeger, 80 [[]ix(a)l? > 1. Since the arithmetic mean is atleast the geometric mean,
Lubna)? = m. Therefore,

miGl= XY, tnd? = mic,
and we must have equality for every g€G. In particular, i dis the degree of the
representation,md? = J n(0)? =m,80.4 = 1

Lecture 3

825) See 954

{826 IH Gisthe subgroup of order 7, there ae thee one-dimensional representa
tins from G/H, and two threedimensional representations induced from H. For

sencralizations, see [Se2, $8.2).
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(0.30) W is embedded in the space of W-valued functions on G by sending we W to

the function which takes he 1! to h-w and all other cosets to zero. Note that if (¢x)
ina st of coset representatives, the mapf+.9, @ f(a; givesan isomorphism fromHomy(€G, W) 10 C6 @en W.

(0.32) For (identify the right-hand sie with the trace of an endomorphism of C6.For (¢, ake to be the characteristic function of an element g and apply (b.
(3.33) F isthe determinant of left multiplication by the element «@ = 5.x,¢,€CG onthe regular representation, and F, is the determinant oflt multiplication by aon theirreducible CG-module ¥, corresponding to. The factorization of F follows from the‘decomposition of the regular representation. The irreducibility of F follows from the
icreduetbilty of a matrix whose entries are indeterminates, using Proposition 329.

Fining gin G, set the variables x, = 1 and x, = Ofor k + 9; the coefficient of x, inthe

determinant of let multiplication by 1 + x,¢, 00 F, is z(0)

(834) See Exercises 38 and 39.

(8.38) V can be replaced by V*; ¥@ V = Sym?V@ /?¥ contains at most one copyofthe trivial representation, If Sym? contains te trivial representation, then
16h =F zormir(@) = ME x(a? + Lav(o"))

Otherwise, the right-hand side is zero; similarly for (PV. Note that if zy is cea, then
Lxv(o? = It

G41) Reference: [Se2, $13.2}
(0.42) Reference: Ja-Ke, p. 12.

8.43) Consider the endomorphismJ @ J of V @ W.
0.44) For G = Z/3, the rank of RG) is 2, whereas that of R(G) is 3.

(G45) See (Se2,§12] for details

Lecture 4

(4.4) Right multiplication by a givesa map Aab—+ Aba, and right multiplication by bives a map back. The composites are multiplications by nonzero scalars. More

generally,iFA = CGisa group algebra, call an element a = Jaye, Hermitian id = &
ites ay-1 = dy Ia and b are idempotents which are Hermitian, then Aab= Aba.
(4.6) A basis for Kas.) = CBy' en i803. 84 where

Note that ey = e404 4°" + tg Q,and9-0) = cif (4) = £ A basisfor Vc Chisoy,+e WHETE 0) = 6; — G-1- FOF the ease3 > 1, use(4.10) or see (4.43).
(4.13) Note that the hook lengths ofthe boxes inthe first column are the number
‘sth Induct from the diagram obtained by omitting the first column,



Hints, Answers, and References si9

(4.14) Induct as in the preceding exercise by removing the first column, considering

separately the cases when the remaining diagram is one ofthe exceptions

(415) Frobenius [Frot] gives these and analogous formulas for = (d— 3,3),

MHI= 4.(416) Using Frobenius’ formula, the coefficient ofx'...-xbind-(xf +--+ xfJeanbbenonzerocnly if = d.s0 Ahas the prescribed form; thecoeticient of 4-15? -..x4
in A, a...) 8(— 1".

(4.19) See Exercise 4.51 fora general procedure for decomposing tensor products

(420) Use Frobenius’ formula

as in Exercise 4.16 to show that x(q) = (— I 'z.(0),Where p= (23 ~ 1, 2y ~ yonus 4 ~ Hand he Gy. ,, ithe product of eyles of engths
Bove

(424) If4 <j use the antiinvolution * of A induced by the map gr+g"', 9@ Sx,noting that 2, = (ayhy)* = bya = byay,80(c4° °c)” = byob = by(a, 8b) ay =°.
(440) Note tha the Y's are related to the 118 by the satne equations asthe symmetricpolynomials H's to the Schur polynomials S's (A.9)in the appendix. The equation(A) for the 5; in terms ofthe H's therefore implies the determinantal formula.
(443) Use Frobenius reciprocity and (442) to prove the general formula. To prove
that Katou) APY, argue by induction ond. Note thatthe restriction of A*V spitsintoa sum of two exterior powers of the standard representation, and from anything‘buta hook one can remove atleast three boxes,
(44) The induced representation of V4 by the inclusion of in Syeq 1 V5 © Ky
Use the transitivityof induction, Exercise 3.16(0).
(445) For (a), see [Jam, pp. 79-83}. For (b), using (4.33), the coefficient of X* in
(Of +--+ xP)P isthe sum ofthe coefcients of X*x;" in 9, summing over those
Hor which a, 2 m. Use the determinantal formula to write z.(@) as @ sum £ + xa(8)

ad show that the 1 which occur are those obtained by removing skew hooks.
Reference: [Boe, pp. 192-196}

(446) See Exercise A.11. In fact, this condition is equivalent to the condition that
Ky <K,.q forall p,o¢ to the condition that Us is isomorphic to U,  W, for some

representation W, ef [L-V].
(447) References: For the first construction see [Jam), [Ja-Ke} for the second, see

(rey.

(448) There are several ways to do this () Use the methods of this lecture to showthat the valve of the character of U; on the class C, i [9(P*)}j,, where 9 is the
involution defined in Exercise A.32. Then apply Lemma A.26,(i) Show that U; @ U"

isisomorphic to U,-and use Corollary 4.39 (i) Use Exercise 440 or 444.

(449) Use Exercise A.32(0),

(451) (@) Note that 7, = Lyo,Wine and Eo, = (1/2) T,e0.(z., where Sy is the

‘aracerstic function ofthe conjugacy class Ci, Therefore,
nak. Fn,(Ea,
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{com which the required formula follows. For other procedutes and tablesfor small dsee [Ja-Kel, (Co}, and (Harn

(6) V5 Vag = Va a0 Y4® Vy = Vv which prove the corresponding resus

for Cay ADd Cy... USE (a) 0 petmutethe subsctpts.
(452) For a), the described map from A to R is surjective by the determinnta
formula of Exercise 440; its an isomorphism since R, and A, are free of the same
rank. For (0, note that P® corresponds to the character Ya2(Cp)ta which by
Exercise 221 isthe clas function which is zero outside the conjugacy clas Cy, and

whore valve on Cis 2).For more ofthis corcespondence, ae (Bu), [Di2}, [Mac]. In (Kx] a ting
structureon this ing i related to representation theory. In [Liu] this Hopf algehra isuted to derive many ofthe fats about representations of G, from scratch. In [Ze]asimilar approach is also used for representations of GL,(Fy)

More about representations ofthe symmetric groups can also be found in (Fou)
and UL]

Lecture 5

(62) Consider the class functions on H which are invariant by conjugation by an
element notin Ht.

(4) Step 1. () laversesof elements ofc are conjugate o elements of cif mis even,and to elements of c” if mis odd; x(g™') = x(0). (ii) (9, 9) is
2 pen —eit-4 were - ui)<2! yw—op.aire |u—oP + #e*-|0 ~ ul? Y= Faeg! P

(iii) IfAcorresponded to p ¥ , the values of x; and x; on the corresponding conjugacy
classes ¢’(p) and c*(p) would be the same number, say w, and Exercise4.20 implies that2w = +1 Since w isan algebraic integer, thisis impossible. Therefore,2 correspondsto 4, and now trom Exercise420 we get the addtional equationu + » = (=fStep 2. (i) Information about the characters 7 and ofX° and X° is exsly{determined from Exercise3.19, andthe at thatthe characters of the actorsare knownby indvetion. In particular, since c') and c”(q) each decomposes into two conjugacyclasses in 17, we have

_

netgy = tan e+ Ved Jaa - Segreign= tte £4eepa ~

ett ene
wok,

where6) =(— 1799, f= (— 10-9,pm eyeand g! =9q"...-q,;and sinilarlyforthe other values. (v) The characterof Y takes equal valves on cach par ofconjugateclasses. (Reference: (Fro2], [Boe}).

(6.5) Reference: Ja-Ke}.

(59) 1f-N is a normal subgroup properly between {+1} and SL,(F, one ofthe
noatevial characters must take the vale 7) kenteally on

(5.11) Reference: [Stel].
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Lecture 6

(64) Compare (1) ofthe theorem with formulas (4.1) and (4.12) For « procedure to

construct a basis of $V, se Exercise 6.28
(6.10) By (4.41), thereis an isomorphism of CS. qe-modules:

CF som ®eseye 024BH)® DeNagelTensoring of the Heft with the right CG,,q-module V4" = VO@e V9, and
toting that C(S, x E,)= CSCS,

(We VO")Beeace. (iON)= D.NinS.¥.
(This also ses the general fact: if A+ Bis aring homomorphism, Na let A-module,
and M a right Bemodule, then M @y(B @, N) M @, N.) The le-hand side ofthe

splayed equation is

(7% Gc0, 4) eV" Wee, Hs) SV@ SV.hich concludes the proof

{6.11 (a) The key observation is that

(VO WI=DVO OW) @eye,<0y CS
thesum overall ab with a + b ='d. Tensoring this on the right with the C(S,}module
Yoone gets

WOW =DUOW) Geyer ay) REM
where Res, denotes the restriction to G, x 6, Then use Exercise 443 to decompose
this restrietion.

(b) By Frobenius reciprocity, the representation induced by ¥, via the diagonal

‘embedding of Gin S, % S,is DCieVs Vy. With A Cy, this says
(4@ A) @y Ae = DCan(Aes @ Ae)

Tensor this with the right (A @ A}-module(V@ W}*™ = V4 @ W'% The special casefollow trom Exercise 451(b).

(6.13) Use Exercise A.32(iv),or write the left side as V% @ Ab, and use Exercise 448,

(6.14) These come from the realizations ofthe representation V, = Ac, asthe image
ofthe maps Ab, —+ Aa given by right multiplication by ay, and similarly Aay+ Ab,by right multiplication by by.

(615) Itis clear that if one allows T to vary overall tableaux with strictly increasingalums but no conditions on the rows then the corresponding span the first spaceQe to show that the vy for Tsemistandard span the image the key point is to
show how to interchange elements in suocessive rows. Once itis checked that the

‘ements span, the independence can be deduced from the fact that the number of
semistandard tableaux is the same as the dimension. For a direct proof of both

spanning and independence, see [A-B-W}—but note that their patitions are all the
conjugates of ours. See also Proposition 15.55,
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(6.16) Use Bxercise 6.14 to realize each S,¥ which occurs as the image in ¥%@‘ofasymmetizing map, and check whether this image is invariant or anti-invariant by
the map which permutes the (wo factors

(6.17) (a) Kdenting the dim elements on which Six acts with the set of pair

(i, sts 4.1 <j <m) determines embeddings ofthe groups Sx ~~ x S,(m
factors) and Gy in Syq- Let

=O @ GE CE,B OCS,= CG, x x SC CS,
C= OCS CCE.

Then ¢=c'-c" isthe required element of CS, Fora combinatorial description of
plethysm see [Mac §L8].

(b) The answers are

Sym'Sa.V)= Sao ®Su.2.0¥ BS..." © Se.3.2.0¥5

BS 2.9) = Sy.s,9¥® Sp.2.a.y¥-
Reference: [Lit2,p. 278]

(6.18) Their characters are the same. In fact, ifx and y are eigenvalues of an endo-‘morphism of V the race on the ft-hand side is /(k)x497%, where (Kis the numberof partitions ofk into at most p integers each at most g. This number is symmetric in
and g, by conjugating partitions.

(6.19) The fects about skew Schur polynomials are straightforward generalizations of
corresponding facts for regular Schur polynomials given in Appendix A; prools of
{i-(io) can be found in [Mac]. To see thatthe two descriptions of Va, agreese thehint for Bxercise 44(a} Skew Schur functors are discussed in [A-B-W], where the

construction ofa assis given from this the character formula vii follows, Then Gx)
plies x) and (x)

(620) References, with proofs of similar statements in arbitrary characteristic (where
‘the results, however, ate weaker), are (Pet and (Jam).

(6.21) References: (A-B-W] and (P-W}

(6.29) A reference for the general theory of semisimple algebras and its applications
to group theory is (C-R, §26}.

Lecture 7

(74) One way to show that a symplectic transformation has determinant 1, [Dil}.
is to show that the group SpsgC is generated by those which fix a hyperplane ie.
transformations ofthe form vt» + 1Q(0, u) for some vectoru and scalar2. Another,of, Exercise F.12, is to write the determinant as a polynomial expression in terms of
the form @.

(72) Consider the action on the quadric0, ») =
(7.11) For any ¥, the image of the map x+xyx-ty" is discrete only ify in central
(7.13) PGL,€ acts byconjugation on n x» matrices,
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Lecture 8

(10) 0) s4EX, Y}Z)= (0X YZ} and (ad X08 V2)= (ad X oad Ya4 Youd XYZ) =O ZH) ZT

(8.16) The kernel of Ad is the center Z(G), of. Exercise 7.11.
(8.17) Use statement (i, noting that W is G-invariant it itis Ginvariant, G the
sniversal coveringof 6.
(824) With A, B,C, Dn x n matrices,

4B) cacao ="Db, 4D "CB =souim)={(4 Puc ='caap ='08.40~'ca =I}
|out {( phen cm cn= -o}

(828) The automorphisms ofG = G/C are the automorphismsof @ which preserveC.
(425) The point i thatthe commutator of two vector elds i again a vector eld,which can be checked in local coordinates.

(835) Both signs ae pos

(438) Reference: Hol}.

(842) For het, Mork ives «coordinate neighborhood of h. For another approachto Proposition 841, with more details se (Hel, 1.2).
(843) For an example, take any simply connected group which contains a torus of
dimension greter than on, say SUS), and lake an Satta ine thera.

Lecture 9

(92) IF ian abaian subgroupof Gand the claim holds for Gt, show that it holdsfor6.0¢,i€Gsteazed asa group otipotent matrices, apply Campball-Hausdor
(910) teachad(X) i nilpotent, the theorem givesa agg = Ye > Vj 9~-> =0,ith, 1) Vy fom which it fllows that 9 & Ve

(021) If had an abelian del, emisimpliciy ofthe adjoint repetentation would
ean that ther isa surjection gs of Li algebras, But an abelian Li algebra has

bls of representations tha are not semnisinple
(024) For the las statement, note thatthe adjoint representation i semisimple. Or
see Corallaty CL

(925) Reference: (Bou, ] for this (as well as for details for many other sateeats inLecture 9).

(0.27 the adjoint representation i semisimple



Lecture 10

have to be an isomorphism.

(10.4) By hypothesis, the Lie algebra g of G has an ideal h with abelian quotient;

use the corresponding exact sequence of groups, withthe corresponding long exact

Lecture 11

(he)-£(P
Reference: (B-tD, p. 87),

(11.19) Given two points on C there is 2-dimensional vector space of quadries
tay heer itiesebac cite seo qudi suedyh
(2 ane tite rrfe

(11.23) Answer: the cones over the curve, with vertex a varying point in P?,

Lecture 13

(13.3) For ¥standard, Sippy ¥ 3 Tay. See §15.3 for details
(138) 0, b> 0, VOMay =Tass.s @Lane1 OTana6 $153.

{hn Tung nesiete Vrngesesha gan sgentton

Mewartenantgenevinaed
[Gre].
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Lecture 14

(1415) The fct that (9, 4] = deo i proved in Claim 21.19
(1433) See the proofof Proposition 1431.
(1434) IF Rad(a)vg, #0, then Radig) >», 2813, which is not solvable. IF

Radia) ha H, and a4) #0, then 9, = (Hy 94] © Radia). Use the fact that

{b,Rad(qy] c Radia) toconctude that Rad(g) = Radia)vb +, Radla)og, = 0.Forstronger theorem, se [Va, 64.4]

(1435) 16’ > 6,then6" > §,50'is a direct sum of and some root spaces 9, fora T,TR, Then T contains some a together with , 50 6 >, % sl, which is not
solvable,

(1436) For sl,€, BUX, ¥) = 2m Te(X0 V). Forso,C, the coefficient isn ~ 2, and for‘p26, the coeficient is (m + 2)

Lecture 15

(15.19) See also Exercise 620.
(1520) See Pier’ formulas (69), (638).
(1521) Use the dimension formula (15.17).
(1831) See Bxerese 6.20.

(1532) This is Exercise 6.16 in another notation (and restricted to the special linear

er0up)

(1533) See Exercise 6.16

(15.51) Use Weyl’ unitary trick withthe group Uf)
(1552) See Exercise 6.18,

(15.54) Show by induction on r that r! times the difference is an integral linear

‘combination of generators for': For details see [Tow2]
(1557) The analogueof (15.53) is valid for these products of minors, and that can beused as in Proposition 15.55 to show that the ey for semistandard 7” generate Ds
‘The same eyas in Propasition 15.55 is a highest weight veetor. For more on this
construction,see [¥dWj; we learned it fromJ.Towber.
For other realizations ofthe representationsof GL,C, ee (N-S}
Lecture 16

(16.7) With © = (ey 1 ¢,), calulate as in $13.1; the two vectors X53 ¥pX3,1¥a0 and

%5.1%3,1¥a¥a0 ate proportional, and V, Xz,.Xz,,¥a¥i independent of them,
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Lecture 17

(17.18) (Note that ay: PPV+ A is surjective i s > n. See Exercise 6.14 forthe second statement. (i) This can be done by direct calculation, asin [Wel,p. 155]

for the harder case of the orthogonal group. Or, show that $,(V) hasa highest weightvector with weight2, and this cannot occur in any (V9.
(17.22) This follows from the theorem and the corresponding result for the general
linear groups. Or see Exercise 6.30

Lecture 19

(193)

° Hpalat=Dorlnaet

Haded= 4 tenn, pe Tandaed
tOninvie) Hae Fand pet

‘The Sst aserton follows readily. If w = J j0), withthe fewest numberof nonzero
coeficients, and a, and ag ate nonzero, choose q€J\K, p¥¢JUK (possible since

2k < mh then Vaq(0s) #0, Vpq(0e) = 0, and 80 F, (w)is a nonzero vector with fewer‘nonzero coefficients.

(19.4) The multiplicityof Ly 2° bg — ba-y ~~LainAVis(2iCk ~~ b=21. For Fa, of Fg the multiplicityis (2) ifis positive,by symmetry under replacingany,by I, For athe weightsareHe, Ly + + &La)-withe, = 1,and[] = ithe
moltipicites are all one since these are conjugate under the Weyl group, similarlyfor T, but with []e;= 1

(19.21) Forgeneralizations,see 23.2.

Lecture 20

(20.17) IFf spans A*W’, and uo spans U with Quo, te) = 1, them f-(L + (17) is

such a generator. See Exercise 20.12.

(20.21) If x isin the center, take an orthogonal basis {0,), write out x = Soyo in

{erms of the bass, and look at the equations x:vj= +x for all j. Note that 0) =(1a C5€ 1, whereas 04-0 = (—1)"™0y-op if Je L. Conclude that o; =iis odd and thereissomej¢ I crif|/iseven and there issome J J. Asimilar argumentworks if xis odd, Reference (A-B-, p. 7)

(20.22) IX = a0 6, LX, 0] = Hla-b-v — easy —0-a-b + 0-6-4, which is
420(, Ja —a-v-b ~ 20(4, sb+ b-v-a~ 20{o,sb + a-0-b + 20(b,da — bea)
= 2Q(b, 80 — 2010, vib = galt

(2023) Reference: [Por], but note that his C(p, q)s our Ci, p). See also [A-B-S}.
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(2032) IF Qo— w.0~ w) #0, then Ry-.(0)= Ww. Otherwise, Rysa(0)= —¥, andR.{—m) = w. For (6) compote given element of O(Q) with an element constructed
by(a)toget one finedon alne, and writ, by induction on the dimension,the restrictiontothe perpendicular hyperplane aa product of reflections.(20,33) By Bxercise 2022, X-v = (X, 0]. See also Exercise 824

(2036) I are a bass for V with Q(0.,)) = ~6,4 then @ = 04°..."dq: Hm = 2 (4),
the center i cyclicof order four, while i'm = 0 (4) ts the Klein four group.
(20.37) Show that so(Q) acts by tracless endomorphism. For example, the trace of
HonS* isthe number of < (1,...,n} such that iseven and ¢ f,minusthe numberwith i¢ 1

(20.38) For the frst statement ofa), choose f spanning /*H” so that, forthe chosen

generator of PW, x(J)-e°f = fc For the second, when mm is even, x(olf= x°8°f byExercise 20:1280 Ale(sh Of= tx-#- fet f) = Ue f)ex60) (ES)= eS)(4) = Ble, 0) The odd case can be reduced tothe even case by imbedding C(Q) into
‘larger Clifford algebra asin Exercise 2040.

(20.43) Reference: (Por)
(20.48) For example, the transposition ofa, anda is achieved by the matrix

. pag
$4 -$-t
s-og

$-¥-$ 4

(20.50) Reference: (Ch2, $4.3}.

(2051) Reference: [Ch2, 42-45} [Jacl].

Other references include (L-M}, (Cat), (B-tD), [Hus], [P-S}

Lecture 21

(21.9) If ay... re the vectors,and we havea nontrivial relation

with non-negative coeficients, then (0, ) = Smunfaya)) <0, 0.0 = 0. But ies onthe same sideof the hyperplane.(21.15) The fist is ruled out by considering

Hae, om Bete teVJ6 w= Be +267 + aVV/6,
swith 1 > (ey. eye0) Ce, W)? = 1/4 + 3/8 + 3/8 = 1. For the second, use

meg Vm ReyHeN/T, woe (Sey + deg + Bey + Dey + e@N//T5,vith 64.897 (e400? 4 (ety)? A 41/84 5/12 = 1
(21.16) Using the characterization that 0(H,)= 8,,. one can write the fundamental‘weights im terms of the basis 1, The tables in [Bowr, Ch. 6] also express them interms of the simple root.
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Ope Wey tha ty thabthy

4= by + bg + bs + Silke,

wont Bue:(Ey: = Sik
oy= Why + by thy+ Lab by + Le) + J3Ly,
Ob thet ttle tts ete) 4 2t,,
cg Ly + Ly + hg + Ly + 2/2

= Ly + Lg + Sik,
wa

tymtet bai
(€) 0,=2b,

ops My tha thy t Lat hy + hg + hy + Skgh
oy HH Ly + Leg thy + La tig + bg + by + Tha,
Ws Ly + Lg ths + Let yt She

Coy Let gt Lag thy + Ay
p= Ly + byt Ly + hs

y= bg + hey + Dy
y=

by thy(Fa y=by thay
y= 2Ly + hy + hy,

5 = 4OLy+ LyHy+ Lah
only

(G) y= HLy + Jka) = ay + ay,

oy = S3Ly = 3 + Day.
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(21.17) The only eases ofthe same rank that have the same number of roots are (By)

and (C,)forallnnd (By), (C,), and (Eq) (B,) has n roots shorter than the others, (Cy)‘ntoots longer, and in (Ey) all the roots are the same length.
(21.18) For the matrices see (Bour, Ch. 6] of [Hul,p. $9]. The determinants are:
n+ Lfor(A,) 2for(B,),(C,) and (E,}:4 for (D,) 3 for (Eq and 1 for (G,),(F,)and (Ey).
(21.23) See Lecture 2

The proofof Lemma 2120s from (Jacl, p. 124, where details can be Found.
For mote on Dynkin diagrams and classification, see (Ch3}, (Dem), (Dy-O},

{LIE}, and (Tit).

Lecture 22

(225) Use the fact that B(¥, Z) = 6 Te{¥'°Z) on sIy€, and the formula (6, ef) =
3B ~ diy Ivo

Bilen ef}, Z) = 6-Te((3- Ey)— 4-10 Z) = 18-Te(E,,,0Z) = IB-ef(Z-e).
(22.13) Hint use the ditedeal group symmetry.

Q21S) Answer: hy x AC.

(22.20) For (b), note that (0 who A ¥)= THe who.¥) = U0 AH) Ae) =
AHL) — LWW(0).
(22.21) For a Wiple I= (P<q<r} © [ly h let em ey A e446, and similarly
for gy For triples J and K the essential caculation (ne Exercise 225 isto verify that

€72 xis (—c/18) times
° twos!

Ean HK =(ra.0)J={namhmen
Ege Egg t Buy MEK =I = (nar

For Freudenthal's constriction, se [Fr2}, [H-S]

(2224) For st,4,€, such an involution takes Eto (--1Y""""Ey.z-paa-si the fixed
algebra is (X.XM= MX}, where M = (mj, with my = Of + j 4 +2, and‘otherwise my = (— 1}. This M is symmettic if» is even, skew if mis odd, so the fixed
subalgebra for (Apis the Lie algebra #0,q,€of (B,), and that for (Aza) the Liealgebra sp2_€ of(C.,). For (D,), the fixed algebra is s0,4-,C, corresponding to (B, 1),‘hile forthe rotation of (Da) the ied algebra is gy. Fora description of posible
automorphisms of simple Lie algebras, see [Jact, (1X).

(22.25) Answer: Forays €, Xi-+ —X" For $034€,M2 5, Xs PXP-, where Ps thesulomorphisiof "that interchanges e, and e,,and preserves the other base vectors.For the other automorphisms of 804C, see Exercise 20.44,
(22.27) References: [Her], [Jac3,p. 777}, [Pos], [Hul, $19.3].
(22.38) Reference [Ch2, $4.5}, [Jact, p. 131], [Jact], (Lo, p. 104).
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Lecture 23

(23.3) The map takes2 = x + fy tou.) with w= x/bxl, 0 = y
(23.10) Since plexp (5eff) = (ens % 6°". to bein the Kernel we must havey= 2ni-ny and then exp()a) = (— YE”.
(2311) Note that the surjectvity of the fundamental groups is equivalent to the
connectedness of x11) when x: G-» Gis the universal covering, which is equivalent

{o the Cartan subgroup of G containing the center of 6.
(23.17) Note that '(6) = n,(H) surjects onto n,(G), and there i an exact sequence

0+ my(G) + Center(G) -+ Center(G) +0.

(23.19) When mis odd, the representations are the representations of SO,C, and the

products of those by the one-dimensional alternating (determinant) represetation
When m= 2n, the representations of SO,€ with highest weights (,...y,) and

(asesoes =A) are conjugate, so that, if 2%0, they correspond to one irreduciblerepresentation of O.C, whose underlying space can be identified with Ty,..29®

Tra,..-ay- IAy = 0, then Fis an iereducible representation of OgC. In either case,the representations correspond to partitions 2 = (Ay 2 = 2, 2 0) See §195 for an
argument

(2331) See Exercises 19.6, 19.7, and 19.16.

(23.36) For (by, consider (D*)?-(D-)?= (D" Dy.
(2337) Reference: [B4D, VI 67]

(23.38) For shysy©. TP = Fay ay-tyonts-tyiFOF 80240, 084, TF = Tay ty atant(2339) Reference: [Bour, VI §7, Bxer. 11.

(2342) Compute highest weight vectors in the (external) tensor product of two
irreducible representations, to verify that iis irreducible with highest weight the sum
ofthe two weights.

(2343) See Exercise 20.40 and Theorems 17.5 and 19.2.

(2351) An isotropic (v ~ 1}plane is automatically contained in an isotropic mplane.

‘These are two-step flag varieties, corresponding to omitting two nodes.

(2362) For (b), use the fact that B-n'=B is open in G. For (eit pis a weight,

So'wy) =nSfor x and yin B, 80 with xe Hand w=,

nsf) = fs) = flo) = Aafio. .

(Other references on homogeneous spaces include (B-G-G], [Hel], and {1}.

Lecture 24

(244) (a)is proved in Lemma D.25, and (b) follows, For), note that by the definition

‘of pas lf the sum ofthe positive roots,» — Wp) is the sum of those postive f suchthat 17(f)is negative.
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(24.27) This is Brercse A62.

(24.46) Ths follows from formulas (A.6) and (A.65)
(2451) tn the following the fundamental weights are numbered as in the answer to
Exercise 21.16

a: pa Bay + 180, + 2hay + Ha;

im (hg), 0 = 1,2,3,4% $2, 1274, 273, 26(Ea pa Ly 4 By + Bly + Als + 4/iLg
Ba, + ay + 1505

+ Zag + 15a + Ba:Aim (Fa), Lyons 27, 78 381, 2928, 351, 27

(EF pm ly + Ly + ly + ALy + She + 17/221
= Hay + 4905 + 6625 + 964 + 7505 + S2ag + 2705)

inh). tn, TE 133, 912, 8645, 365750, 27664, 1539, 56

(Gye pa Ly + My bat Aly + Slg+ Oly + 23g
= 6a; + 6843 + 9105 + 13504 + 11005 + Bag + STay + 29a5;

inh) = 1,258 3875, 147250, 6696000, 6899079264, 146325270,

2450040, 30380, 248,

(24.52) Using the dimension formula asin Exercise 249, i slices to check which

fundamental weights correspond to small representations, and thea which sums of

these are tll small The results are:
(A) m2; dim Gm 0? 4 2u: dim Ty,= CP

the dominant weights whose representations have dimension at most dim Gare:

0,02, 01.0%

204,204, of dimension("37%
(01 + 0, 0f dimension n? + 2n;
105 form = 8,0, 04 fr n = 6: 005,05 for = 7.

(B,)_ 22 dimG = 2n? +m; dim Fy,= (24) fork <n, and dim T, = 2%giving

eforn= 3,4,5,6
2,of dimension 10,fot n = 2.

(Cy) m2 3; dim G = 20? 4m; dim, = (2) ~ (24) ivi

ono:

2a,of dimension 2n? + 1;
oyforn= 3
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{D,) m24; dim G = 2n? —n; dim F,, = (2) fork <n ~2,and
dime T= dim F,,= 2°, giving

(4.45 0 for n= 4,§,6,7.
HE) dimG= 78 01,0240

(E) dimG= 13% @,0.

(E) dim G-= 248, og

(Fa) dim G = 32%; O06.

(G) dimG=14 ones

For irveducible representations of general Lie groups with this property,sce [S-K]
Other references with character formulas include (ES-K), {Kil}. (Ki2], (KI

[Mur2}, and (Ra).

Lecture 25

(252) Changing p by an clement of the Weyl group, one can assume it alo

dominant and 2 — jis a sum of postive rots. Then [2H > tnt), and cts) = (2)
(oi)+=29) >0.
(254) A direct calculation gives

CX) — X-C0) =F Up (UEXT-0 + L(Y, ATU.To see that this is zero, write (Uj, X] =F ayUj then by (14.23), ay = (CU XI, Uj) =~((Uj, XI, Up, 80 [Uj. X= —F.ayUj. The terms in the above sums then cancel in
pairs

(25.6) By (14.25) Hy) = a(H)(Xa, Ye) = 2X, Yo) Use Exercise 1428
(25.12) The symmetry gives

(B02)1g +B (= 198, 9) gecne = 2PM apg = 0
since 2(f. 2)= ma, a), so the terms cancel in pairs
(25.22) We have

Eves Wp) ~ pdet—n= FN" eOH(0)~ od [I]. a
tnd the right-hand side ist by Lemma 24.3.

(25.23) We have

ZL paper (DPW + 1) — (utp — WE) OD)
= EEO" L(+ 0) — 1 — 0+ 0)— oh.
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andthe inner sum is zero unless W'(2 + p) = y+ Note that fis a rootof F, thishappens only ify = 1 by Exercise 252.
(2524) The minuscule weights are:

(A py 24 yy

Oy: ow

(Ce Oy
(D,¥ Oy Dyn 4s Oy

cr on 06

(Ey ©.

Reference: (Bout, VII, §7.3)

(2528) One easy way is to use the isomorphism s04C 2s1,C x s1,€.

(2530) Ny is zero by definition when y isnot in the closed positive Weyl chamber

‘Wand W(y + p) — pis not in # if W # 1. Reference: (Hut).
(25.40) The weight space of the restriction of F, corresponding to ji is the direct sum
ofthe weight spaces of corresponding to those which restit to jt

(2541) Use the preceding execie and Exercise 25.23.
(2543) Using the action ofa Lie algebra on a tensor product, the action ofC on{yt isa som over terms where U, and U; act on diferent clements or the same

clement" Grouping the terms accordingly lads to the displayed formula, See (L-T,
pp. 19-20),

Lecture 26

(26.2) In terms of the basis L,, Ly of h* dual to (H;, Hz}, eigenvalues are +iL, and
$5Ly + Ly

(26.9) Reference: [Hel, $111.7].

(26.10) Constructing = go(/1) as in Appendix D, take H so that o(H) = H.

(26.12) See Exercise 23.6.
(26.13) Reference: [Hel, §X.6.4].

(26.21) Ifa conjugate linear endomorphism g: W -+ W did not map I, to itself, there

would be another factor U of W and an izomorphism of with U* the highest weight‘of ({;)* cannot be lower than 2,
(2622) See Exercise 3.43 and Exercise 2621

(26.28) References: (A-B-S], [Hus], [Por]. See also Exercise 20.38,
(26.30) Use the identity ¥#[V] = [V@ V} - 20A°V}

Other references on real forms are (Gil). {BAD}. [Va
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Appendix A

{A.29) (b) Use P® = 5, <H,, P™)M,.

{(A.30) Someof these formulas also follow from Weyl’s character formula,
(A. For par (a) when a) 2 4; >"ay this it (A.19, The proof of (A) shows
that for any a = (0),--4)

Ha Mayo Hay = DBS

which shows that the K,, ate unchanged when the are reordered. Fora purely
combinatorial proof see [Sta, §10}.

(A.32) For (i) compare the generating functions E(t) = SE,t! = F](t + x0) and
1) = Ht! = YE(—1; (i) follows from (AS) and (A). For (i note that

P(t) = SP = xit/lt — x40)= cH WVH(O. Exponentiate this to get (i). For detailsand more on this involution, see [Mac] or (Sta, where itis sed to derive base
‘dentiies among symmetric polynomials.

(A.39) References: [Mac], [Sta],[Fu, §4.9.4].
{AAl1) See [Mac, p. 33] or (Fu,p. 420].
(A48) Since 96;) = Hi and HE7) = Hi,

Sep) = HU oy ~ Hit = toy ~ Batol = Si

(A.67) Answer: Ky-.--Gy times the determinant ofthe matrix whose ith row is
apt Syctsn F Sytor oo Sapient + Sacctonsn

More on symimetic polynomials can be found in (Mac), {Sta}, (L-S}, and

referencestniedin these sources Some of theidewttes nA} are new,although results
along these lines can be found in [Wel], (Litt), [Lit2] and [Ko-Te]; other identities

involving the determinants discussed in (A. can be found in [Me, 5]. Discussions‘of Schur functions and representation theory can be found in (Di2] and [Lit2}
Appendix C

(C1) Take a basis in which X has Jordan canonical form, and compute vsing the
corresponding basis Ey or gi).

(C12) Mg = Day and 6 sa simple ideat, ) = [9.6] = Dla], 50 is contained
insomeg.

(C13) Since for 5 ¢ Derg) and X e , ad(6(X)) = (8, nd(X)], ad isan ideal in the

Licalgebra Der(ghTherefore,(ada, adlg)}~ O;in particular, if3e ad(a)* andX €then ad(6(X)) = [4, ad(X)] = 0. So ad(g)' = 0 and ad(q) = Der(q).

Appendix D
(D8) To show ad(X)is nilpotent on qe(H) for X in go(l}, consider the complex linefrom H to X: set Mz) =(1 — 2) + 2X. Then ad{/1(2)) preserves each eigenspace

(1) Wy continuity, for 2 sulficiently near 0, d((2)isa nonsingular transformation
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of g,{t) for 240, which implies that g(H(2) is contained in gg(), and by the

regularity of H, g(H4(2)= gf) for smalThis means that thece is an integer ks that ad(H(2)¥(Y) = Oo all ¥ © gq(H) andallsmall. Butad(T(2)P(¥) ia polynomial function of, x04 must vanish identicallyHence, siting: = 1, ad(X}? vanishes on g(t}, as asserted
(0.24) See [Bour, Vit, 83] for detail.

(D3) References: (Se3, §V.11},[Hu $122}.

Appendix E

Proofs ofboth ofthese theoremscanbe found, togetherwith many other related results,in [Bout I}. See also [Se3], (Pos), (Va), Uact}.

Appendix F

(12) Check that the right-hand side is motilinar, alternating, and takes the value

ona standard bass. Or see [Wel, §VL1].
(F.16) SO,C-iavariants can be written in the form A+ TA,B, where A and the
A are polynomials in the Q(x", x) and the B, are brackets. Such is taken to

Second) tem must vanish,

(F 20) Reference: [Wel, 1.6], oF [Br, p. 866}

‘There are many elementary references for invariant theory, such as (D-C}, [Pr],
{Spt}, and (Ho?; the last contains a proofof Capeli's formula. There are also many‘modern approaches to invariant theory, some which can be found in [DC-P], [Sch]

and [Vu] and references described therein; ome ofthese also contain some invariant
theory for exceptional groups. For a more conceptual and representation-theorelic
approach to Capell's identity, see [Ho3]. Weyl’ book [Wel] remains an excellent

reference for invariant theory of the orthogonal and symplectic groups together with
the elated (Br), (We2}.



Bibliography

[A-B]M.F. Atiyah and R Bott, A Lefgchets fied point formula for elite

compicres Il Applications Ann, Math 9(1968) 451-91.[ABS] MF Aliyah, R.Bolt,andA Shapiro, liflord modules, Topology’, Sopp1968, 3-38,

[A‘H-W] K! Akin, D. A. Buchsbaum, andJ. Weyman, Schut functors and Schurcomple, Adv, Math 4 (1982), 207-278

[Ad] Adams,LecuresonLie Groups, W. A. Benjamin,In, New York, 1968[AhI] LV. Atlfors, Complex Analy Second Eatin, MeGraw-Hil, New York1966

[AS-K] YJ. Abrainsky H, A. Jahn, and R. C. King, Frobenius symbols and the
groupsS,, GL(n), O(n), and Spin), Can. J. Math, 25 (1973), 941-959.[And] GE: Andrews,TheTheoryof Partitions, Encylopediaof Mathematics and113 Appleations, vo. 2, Addzon-Wesley Reading, MA, 1976.

[Ar] S'K-ArakiOn root systems and an infinitesimal lssifcationof irreduciblesymmetric spaces, J.Math, Osaka City Uni, 13 (1960), 1-34[Aq] MC Aliyah and B, O. Tall, Grovp representations, Sings, and the J-
homomorphism, Topotogy8 (1969), 251-297[B-G-G) LN. Bernstein, M.Geltand,and S. 1, Gelfand, Schubert celis and cohomol-‘fy ofthe spaces G/P, Russ, Math, Sur. 28 (1973), 1-26.[Boe] _H. Boerner, Representationsof Groups,Elsevier North-Holland, Amsterdam,70

[Bort] A. Borel, Linear Algebraic Groups, W.A. Benjamin, 1969 and (GTM 126,Springer Vering, New York, 1991.
{[Bor2] A” Bore, Topology of Lie groups and characteristic clases, Bul, Amer,

Math Soe. 61 (1959, 397-432.
(Hot) R. Bott, On induced representations, in The Mathematical Heritage of

Hermarin Weyl Proc. Symp. Pure Math Vol. 48, American Mathematical
Society, Providence, RU 1988, pp. 1-13

[Bove] _N’Bovrbak Lie Groups and Lie Algebras, Chapters 1-3 Spinge-Vetag,New York, 1989; Groupes et algbres de Lie, Chaptres 4,3 et 6, Masson
Pars, 1981; Groupeset algdbres de Lie, Chaptres 78 Diffusion CCS:Pars, 1975; Alpebra 1, Chaptr 3, Springer-Verlag, New York, 1989



Bibliography 337
[Br] __R. Brauer,On algebras which are connected with the seunisimple continuousgroups, Ann. Math. 38 1937), 857-872[BAD] _T. Brécker and T. tom Dieck, Representationsof Compact Lie Groups,Springer-Verlag, New York, 1985,

[Bu] J. Burroughs, Operations in Grothendieck rings and the symmetric group,
Can. J. Math, 26 (1974), 543-550.[cal] E, Cartan, The Theory of Spinors, Hermann, Paris, 1966, and Dover
Publications, 1981

[C22] E. Cartan, Le principe de dualité et Ia théorie des groupes simples et

semi-simples, Bull Sc. Math. 49(1925), 361-374[cart] P.Cartier,On H. Weyl's character formula, Bull. Amer. Math. Soc.67(1961),228-230.
[ChI]__C.Chevalley, Theoryof Lie Groups, Princeton University Press, Princeton,NJ, 1946,

Cena} C Chevae, The Alebrale Theoryof Spinrs, Columbia Univer Pes,New York,

[Ch3] Séminaire C. Chevalley 1956-1958, Classification des Groupes de Lie
Algdbriques, Secrétariat mathématique, Pats, 1958

[Ch-S] _ C.Chevalley and R. D. Schafer, The exceptional simple Lie algebras F, and
Eg, Proc. Natl. Acad, Sci. USA. 361950), 137-141.[Co] A°J. Coleman, Induced Representations with Applications to S, and GL),
‘Queens Papers Pure Appl. Math, 4 (1966)[CR] CW. Curtis andL Reiner, Representation Theory of Finite Groups andAssociative Algebras, interscience Publishers, New York, 1962.

{(D-C} 1, Dieudonné and J: Carrell, Insariant Theory, Old and New, Academic
Press, New York, 1971

[DCP] C. De Concini and C. Procesi, A characteristicfree approach to invarianttheory, Ado, Math. 21 (1976) 430-354,
[Dem] M. Demazure, A, B, CD, E, Fete, Springer Lecture Notes 777, Springer-

Verlag, Heidelberg, 1980, pp. 221-327.
[Dit] J. Diewdonné, Sur les Groupes Classques, Hermann, Pars, 1967.
[Diz] J-Dieudonné, Schur functions and group representations, in Young tableau

‘and Schur functorsinalgebraand geometry, Astérisque 87_88(1981), 7-19.[Dia] P. Diaconis, Group Representations in Probabilityand Statistics Institute ofMathematical Statistics, Hayward, CA, 1988.

{Don} R.Donag,On the peoretry of Grastmannians, Duke Math. J 44 (197,5-837,[Dor] L. Dornholf, Group Representation Theory, ParisA and B, Marcel Dekker,New York, i971, 1972.

[De] _D. Drucker, Exceptional Lie algebras and the structure of hermitian sym-

‘metric spaces, Mem. Amer. Math. Soc. 208 (1978).[Dy-0} _E. B. Dynkin andA. L. Onicik, Compact global Lie groups, Amer. Math.Soc. Transl,Series 224 (1962), i19-192.[ES-K] _N. Bl Samra and R.C. King, Reduced determinantal forms for characters
‘of the classical Lie groups, J. Phys. A:Math. Gen, 12 (1979), 2308-2315.[Foa] _D. Foata (ed), Combinatoire et Représentation du Groupe Syméirique,
Strasbourg 1976, Springer Lecture Notes 579, Springer-Verlag, Heidelberg,
1977

[Frt]H.Freudenthal, Oktaven, Ausnahmegruppen und Oktavengeometrie, Mathe-
rmatisch Instituut der Rijksuniversieit te Utrecht, Utrecht, 1951, 1960.

(Fe2]_H. Freudenthal, Lie groupsin the foundationsof geometry, Adv. Math. 1(1968), 145-190.

[Fr4¥] _H, Freudenthal and H. de Vries, Linear Lie Groups, Academic Press, New
York, 1968.



538 Bibliography

[Fto!] FG. Frobenius, Uber die Charaklere der symmettischen Gruppe, Sit
Kania. Preuss. Akai. Wisse, (1900), 516534; Gesarmmelte Abhandlungen

I, Springer-Verlag, Heidelberg, 1968, pp. 148-166.
{Fro2]_F.'G. Frobenius, Uber die Charaktere der alternirenden Gruppe, Sit

Konig. Preuss. Akad, Wissen. (1901), 303-315; Gesammelte Abhandlongen
UL, Springer-Verlag, Heidelberg, 1968,pp. 167-179.[Fu] W. Falton, Intersection Theor, Springer-Verlag, New York, 1984,

[G11] P. Gris and J. Hares, Principles of Algebraic Geometry, Wiley-
Interscience, New York, 1978

[Gil] R Gilmore, Lie Groups, Lie Algebras, and Some of Their Applications,
Wiley, New York, 1974,

[G-N-W] C. Greene, A. Nijenhuis, and H.-S, Will,A probabilistic proof ofa formulafor the numberof Young tableaux of given shape, Adv. Math, 31 (1979),108-108,
[Gr] J.A. Green, The characters of the finite general linear group, Trans. Amer.

‘Meath, Soe. 80 (1955), 402-447,[Gre] M.L. Green, Koszul cohomology and the geometry of projective varieties,1,1,J. Dif. Geom. 19 (1984), 125-171;20 (1984), 279-289.[Grie] RL Griess, Automorphisms of extra special groups and nonvanishing
degree 2 cohomology, PacificJ.Math4 (1973), 403-422.[iia] 3. Harris, Algebraic Geometry, Springer-Verlag, New York,to appeat.[Ham] M. Hamermesh, Group Theory and its Application to Physical Problems,‘Addison-Wesley, Reading, MA, 1962 and Dove, 1989,

[Mar] G.H. Hardy, Ramanujan, Cambridge University Press, Cambridge, MA,
1940,

[Het] S. Helgason, Differential Geometry, Lie Groups, and Srmmetric Spaces,
‘Academie Press, New York, 1978

[Her] Ro Hermann, Spinors, Cliford and Cayley Algebras, Interdisciplinary
Mathematics Volume Vil, 1974

{HH Hiller, Geometryof Coxeter Groups, Pitman, London, 1982.[Hol] Rowe, Very basic Lie theory, Amer, Math. Monthly90 (1983), 600-623;91 (1984), 247.[H102]__ R. Howe,The classical groups and invariantsof binary forms, Proc. Symp.Pure Math. 48 (1988), 133-166.[Ho3] _R. Howe, Remarks on classical invariant theory, Trans. Amer. Math. Soc.

313 (1989), 539-869,[H-P]__W.Y.D.HodgeandD. Pedoe, Methods of Algebraic Geometry, vols. and2, Cambridge University Press, Cambridge, MA, 1947, 1952; 1968,
[HS] M.Hausner and J.T. Schwarz, Lie groups; Lie algebras, Gordon and

Breach, New York, 1968

[Hol] 1. E, Humphreys, Introduction to Lie Algebras and Representation Theor,
Springer-Verlag, New York, 1972, 1980.

[Hu2] JE Humphreys, Linear Aigebratc Groups, Springer-Verlag, New York,
1975, 1981

[itu3] J. E. Humphreys, Representations of SL2,0), Amer. Math, Monthly82(1975, 21-3.

[Hur] A. Hurwitz, Uber die Anzahl der Riemann’schen Flichen mit geacbenen
Veraweigungspunkten, Math, Ann, 85 (1902), 53-66.

[sus] D. Husemollr, Fibre Bundles, second edition, Springer-Verlag, New York,
107s.

Un] RE Ingram, Some characters ofthe symmetricroup, Proc. Amer. Math.Soe. 11950), 358-369.[lv] Be Iversen, The geometry of algebraic groups, Adv. Math. 20 (1976), 57-85,



Bibliography 539

[act] N. Jacobson, Lie Algebras, Wiley, New York 1962, and Dover. 1979.[acd] N. Jacobson, Exceptional Lie Algebras, Marcel Dekker, New York 1971[ac3] _N. Jacobson, Cayley numbers and simple Lie algebras of type G, Duke
‘Math.J.5 (1939), 775-783.Usct] _N.Jacobson, Triality and Lie algebrasof type D,, Rend. Cire. Mat. Palermo2) 13 (1964), 129-153

Us-Ke] G. James and A. Kerber, The Representation Theory of the Symmetric
Group, Encyclopedia of Mathematics and Its Applications, vol. 16, Addison-
Wesley, Reading, MA, 1981

[am] G.D. James, The Representation Theoryofthe Symmetric Groups, SpringerLecture Notes 682, Springer-Verlag, Heidelberg, 1978,
U-L] —T. Jésefiak and A: Lascoux (eds), Young Tableans and Schur Funetors in

Algebra and Geometry, Torwi, Poland 1980, Astérisque 87-88, 1981.
[Ke] A. Kerber, Representationsof Symmetric Gronps 1, Springer Lecture Notes240, Springer-Verlag, Heidelberg, 1971

(Kem) G. Kemph Tenor product of representations, Amer. J. Math 1091987),401-41

[Kit] RC. King, The dimensions of irreducible tensor representations of the
orthogonaland symplectic groups, Can, J. Math. 23(1971), 176-188.[Ki2] RC. King, Modification rules and products of irreducible representations

ofthe unitary, orthogonal and symplectic groups, J. Math. Phys. 12(1971),1588-1598,

[ic] A.A.Kinllov, Elementsof the Theory of Representations, Springer-Verlag,New York, 1976.

[KI] A.U. Klymyk, Multiplcities of weights of representations and multiplicitiesof representations of semisimple Lie algebras, Sov. Math. Doki. 8 (1967),
1531-1534,

[K-N]__G. Kempf and L. Ness, Tensor products of fundamental representations,
Can. J. Math, 40 (1988), 633-648.[Kn] _D.Knutson,d-Rings and the Representation Theory ofthe Symmetric Group,Springer Lecture Notes 308, Springer-Verlag. Heidelberg 1973.

[Kos] _B.Kostant,A formula for the multiplicityof « weight, Trans. Amer. MathSoc. 93 (1959), 53-73,
[Ko-Te] K. Koike andL. Terada, Young-diagrammaticmethods for the representation theory of the classical groups of type B, Cand Dy, J. Algebra 107(1987), 466-511.
[Ku] PS Kung (ed), Young Tablecusxin Combinatorics, Imariant Theory, and‘Algebra, Academic Press, New York, 1982

[Kumt] |S. Kumar, Proof of the Parthasarathy-Ranga Rao-Varadarajan conjec-

ture, Favent. Math, 93 (1988), 117-130.[Kum2] §. Kumar, A refinement of the PRY conjecture, Invent. Math, 97 (1989),305-311

[Le] W. Lederman, Introduction to Group Characters, Cambridge University
Press, Cambridge, MA, 1977.

[LJP Littelmann, A Littlewood—Richardson rule for classical groups, C. R.
‘Acad. Sc. Paris306 (1988), 299-303.[LIE] Séminaire Sophus LIE 1954/1955, Théorie des Algebres de Lie, Topolopie
des groupes de Lie, Ecole Normale Supérieure, Paris, 1985.

[Li] DE. Littlewood, The Theoryof Group Characters and Matrix Represen-tations of Groups, second ed., Oxford University Press, Oxford, 1980.
[Lit2]D.E. Littlewood,A University Algebra, William Heinemann Ltd, London,1950; second ed, 1958, and Dover, 1970,[Li] _D.E. Littlewood, On invariants under restricted groups, Philos. Trans. Ry.Soc. A 239 (1944), 387-417,



540 Bibliography

[Liv] A. Liuleviius, Arows, symmetriesand representation rings,J. Pure Ap.‘Algebra 19 (1980), 289°273,
[LM] 118 Lawson and M-L. Michelson, Spin Geometry, Princeton University

Press, Princeton, NJ, 1989
[L-M-S]V. Lakshmibai,C, Musii,andC. 8, Seshadri, Geometry of G/P, Bull. Amer.‘Mark, Soe. 1 (1979), 432-435

[Lo] Loos, Symmetric Spaces,W. A. Benjamin, New York, 1969.[LS] A. Lascoux and M. P. Schitzenberger, Formulaire raisonné de fonctionssymmetiques, U. E. Maths, Paris VII, L-A. 248, 1985
[LT] G- Lancaster and J. Towber, Representation-Tunctors and flag-agebras

for theclassical groups, Il,J.Algebra$9 (1979), 16~38;94 (1985), 265-316[L-VAV]_R. LazarsfeldandA. Van de Ven, TopicsintheGeometry of Prjectve Space,DMV Seminar Band 4, Birkhauser, Boston, MA, 1984,
[L-V] RA. Liebler and MR. Vitale, Ordering the pacttion characters of the

symmetric group, J.Algebra25(1973), 487-489.[Mac] LG: Macdonald, Sywunetric Functions and Hail Polynomials, Clarendon
Press, Oxford, 1978.

[Mack] _G. W. Mackey, Introduction to The Racah-Wigner Algebra in Quantum
‘Theory.by L.C Biedenharnand J.D, Louck, Encyclopediaof Mathematicsand Its Applications, vol. 9, Addison-Wesley, Reading, MA, 1981

[M.S] G. Musiliand C.8, Seshadri, Standard monomial theory, Springer Lecture
Notes 867 (1981), 441-476.[Morl] FD. Murnaghan, The Theory of Group Representations, The Johns
Hopkins Press, Baimore, 1938,

(Mur2] FD. Murnaghan, The Unitary ond Rotation Groups, Spartan Books,
Washington, DC, 1962,

[No] K. Nomizu, Lie Groups and Differential Geometry, Mathematics Society of
Japan, Tokyo, 1956.

UNS] M.A-Naimark and A.1 Stern, Theory of Growp Representations, Springer-Verlag, New York, 1982
[Pel] M.II- Peel, Hook representationsof symmetric groups, Glasgow Math. J.12 (197), 136-149.

[Pe2]__M.H. Peel Specht modules andthe symmetric groups, J. Algebra 36(1975),38-97,

{Por] LR Porteous, Topological Geometry, second edition, Cambridge University
ress, Cambridge, MA, 1981

[Pos] M. Posinikov, Lie Groups and Lie Algebras, MIR, Moscow 1986,[Pe] C.Procesi, Primerof Invariant Theory, Brandeis Lecture Notes 1, 1982[PS] A Pressley andG. Seeal, Loop Groups, Clarendon Press, Oxford, 1986[P-W] _P. Pragace andJ.Weyman, On the constructionof resolutions of deter-sminantal ideals: a survey, Springer Lecture Notes 1220 (1986), 73-92.[Qu] _D. Quillen, The mod 2 cohomology rings of extra-special 2-troups and the
spinor groups, Math, Ann. 194(1971), 197-212.[Ra] G., Racah, Lectures on Lie groups, in Group Theoretical Concepts and
Methods in Elementary Particle Physics, Gordon and Breach, New York,
1964, 1-36

[Se] R.D/Schater, An Introduction o Nonassociaive Algebras, Academic Press,New York, 1966,

[Sch] _G. W. Schwarz,On classical invariant theory and binary cubics,An. Ist.Fourier 31(1987), 191-216.[Sel] 1-P.Serre,Lie Algebras and Lie Groups,W.A. Benjamin, New York, 1965[Sed] J.-P. Serre, Linear Representations of Finite Groups, Springer-Verlag, New
York, 1977



Bibliography su
[8e3] J.P. Serve, Complex Semi-sinpleLie Algebras, Springer-Verlag, New York,1987,
[SK] M. Seto and T. Kimura, A clasification of ireducible prehomogeneous

vector spaces and their relative invariants, Nagoya Math, J. 65 (1977),13s.

[Sp] TA. Springer, rian Theory, Springer Lecture Notes $65, Springer-
Verlag, Heidelberg, 1977

[Sta] RP Stanley, Theory and Application of Plane Partitions, Parts 1 and 2,
Studies Appl Math (1971), 167-188, 289-279.

[Stel] RStcinberg, The representations of GLG,¢) GL(4ah,PGLG,qh andPGL(4 gh Can J. Math. 3(195), 225-235.{Stex] _R.Steinberg Conjugacy classes in Algebraic Groups, Springer Lecture Notes3466, Springer-Verlag, Heldelberg, 1974
[SW] _D.ISattingerand0. Weaver Lie Groups and Algebras with Applicationsto

Physis, Geometry, and Mechanics, Springer-Verlag New York, 1986.[Til] L-Tits, Groupes simpleset geometries assoctes, Pre. Intern. Cong. Math.‘Stockhiotn (1962), 197-221[72] 1.Tits, Surlesconstantes de structureet le théorémedexistencedes aladbres4e Lie semisimples, Publ. Math. LILES. 31 (1965). 21-58.[To] M.L- Tomber, Lie algebras of type F, Proc. Amer. Math. Soe. 4 (1953),189-768

[Tow!] 4. Towber, Two new functors from modules to algebras, J. Algebra 47

(97M, 80-104[Tow2} J. Towber, Young symmetry, the Nag manifold, and representations of
GLMn, J-Algebra64 (1979), 414-462.[Va] V.8. Varadarajan, Lie Groups, Lie Algebras, ond Their Representrios,

Springer-Verig, New York, 197, 1984 a[dW] BEL.van der Waerden, Reihenentwicklungen und Uberschiebungen in der
favariantentheore,insbesondere im quarterndren Giebiet, Math. Ann. U13
(1936, 14-35.

[Vu]. Vust, Sur la théovie des invariants des groupes classques, Ana, Inst,
Fourier 26(1976, 1-31

[Wa] ZX Wan, Lie Algebras, Pergamon Press, New York, 1975

[Wel] 1. Weyl, Classica! Groups, Princeton Univesity Press, Princeton,NJ, 1939;second edition, 1946,

[We2] 1. Weyl, Uber Algebren, die mit der Komplexgruppe in Zusammenhang
stehen, und ihre Darstellungen, Math, ett 38 (1932), 300-320.

[Ze] A.V. Zelevinsky, Representations of Fine Classical Grovps, Springer
sy Leettng Notes 869, Springer-Verlag, Heidelberg 1981
[2el]__D.PZelobenko, Compact Lie Groupe and Thelr Represemations, Trans-

lations of Mathematica! Monographs, vol. 40, American Mathematical
Society, Providence, RI, 1973,





Index of Symbols

9-0 = gv= p(g)(v) (group action, CG (group algebra of G), 36representation), 3 Rg(G) representation ring over K}, 42
vomvena 1d) (numberof partitionsof d). 44v4 42 (conjugate partition to 2), 45

Sym*¥, 4 Pa Qn 46
ved 4,46

Ce cy (Young symmetrizer), 46
ma 146
VE"B® HO = a,%,-@ Hs)(powersum), 48,459.aK ay¥, oo KT ‘a(incriminant,4,459U (ivi cop.9 LID 48489V

standard rep)9 (Sehr polynomia, 49,454U alternating rep), 9 A= C8, (group ringof Sy), 52ay character of 7). 13 S54

‘Te(race) 13 Un 54
[o] (conjugacy class of g), 14 Viz 54
C cam(G) (Class functions on), 16 P55, 459-460
( finner product), 16 n,Q), 35, 459-460

,(oymmeticerouph 18 KE afin coads, 55459-460

(alternating group), 18 Kye (Kostka number, 56,456
R(G)(eepresentationting of 22 yn 8{external tensor prodet), 24 Yyo...0 % (outer product, $81, (dihedral group),30 Nig. (Litlewood-Richardsonnumber,Chior algebra),30 58, 19,82, 44,427, 455-486SL,(2/3), 31 Caen OL
ReagY, Res(V) (restriction of GUI) SL(F, POL CF) 67

representation), 32 5,¥ (Sehurfunttor,Weyl Module) 76-77IndZ¥, Ind(V) (induced representation), ys,p(9), 76-77

33 Sipe he Fig Sip 82-3



saa Inder of Symbols

GLB, GL(V), AUUY) = SLR, 95 PAV (projective space of fines in WY), 153
2,95 (9, 153

96 [eornnp tq} 153
80,R = SO(n, SOR = SOK, 1,96 1g: PE CsP* (ational normal curve), 154Sp.R, 96 4,162, 198

0,8 = O(0),97 a. 162, 198GL.C.SL,6,97 Ey(eights), 163, 212,239
$0,697 Ly weights), 163,212, 239

Spi 97 ‘Aa (001 lattice, 165-166, 198, 213U,= UC, SUI, Uss= Uk D, TegR, 166, 202, 243SU, = SUG, 98 ‘Aw (eight lattice) 172,200GLH, 98 TsGrred.rop.ofsl, € with highest weightSLM, 98-100 “aly + Bly + Ly), 176,244
p(n)= Un), 98-100 R the set of roots. 198Us. 98-100 2, (subalgebra % #1,C corresponding

ust, 98-100 to root a), 200Z(G) center of G), 101 H,, lis. of», corresponding to I, X.Y
PSL.R, PSL.C, POL,C, PSO.R, in s,€),200

PSO.C. PSp2.P, PSC, 102 Xa(elis. of s, corresponding to Hl, X,Y

SpingP, SpingC, 102 in st,€), 200

7,G (angent space), 108 ¥, (ets. ofs, corresponding to H,X, ¥rm (let multiplication by gh, 105 in sf,€), 200

°¥V, (conjugation by ), 105 W, (reflection on b* corresponding to
‘Ad, ad (adjoint actions), 106-107 root a, 200

L., J bracket in Lie algebra), 107 0, (hyperplane in b* corresponding to
17) ale, 109 root a), 200

aR, 112 30 (Weyl group), 201£0,R0= 04R 112 Vig csteingoff), 201spa4R, 112 R" (positive root), R™ (negative roots),
wl 202

bats ¥ (dosed Weyl chamber), 205

mR, 113 (04, (fundamental weights)

aiC,sC, 113 205, 306
20,6, 113 Fao ted. cep. with highest wt
sp n6, 113 Gyioy +" agen) 205

‘ex (one-parameter subgroup), 115, (Killing fre, 206

exp (exponential map), 115, Gin} corresponding to H, inh), 208

1X4 ¥ = fog(exp(X)-exp(¥), 117 Hiy= Buy 211,239
2) (center of g), 124 1: Grass, -+ BMY) (Picker
2%g, Mg, 25 = [9,9] (commutator embedding) 227

subalgebra), 122 ,(K** power of determinant), 231
Radia) (radical of g, 123 Bays 2
Se = g/Radig), 127 Vy ctgs 231
X'= X,+X,Ulordan decomposition), $'V= GS*V, 235-236, 398128, 482 Qskew-symmetre bilinear form), 238
va SpaaC (symplectic Lie groups), 239

X47 spa.€ (symplectic Lie algebras), 239
y147 Xin ise Zip Uo ¥ (elementsin #924C),v.47 240



Index of Symbols sas

Foy ited. rep. of spa with highest ZA], 375Wi Lay +--+ Ly), 260 (0, 375

1% Gere. rep. with highest wr ‘Chae: Rig) -+ 2(AJ%, 375Ly ooo Ly), 260 Fysooe Ta itted. rp. with highest wis0,268 (ys oh 316
Sa3h 26 Abs BB, Cj Dy D* D~, 377-378
83,265,398 exterior power operator), 380-381
Qsymamettc bilinear form), 268 ¥' (Adams operator, 380-381

804C, orthogonal Lie groups), 268 __b (Borel subalgebra}, 382-3832046 (orthogonal Lie algebras), 268 (Borel subgroup), 382-383
Hu ays Non Zu Us ¥ eements (parabolic subgroup), 384

in 8059) 270 » (parabolic subalgebra), 384

14,296 (0), 385
5 ,y¥, 296 Line bundle), 392
tt aor, 398 195396
OLY,Q) (orthogonal group), 301 BW: 8,396C= C(Q) = CUMY, Q)Clifordalgebra), _U, U-, UW), UCWY, 396

201 (1)= sen(i), 400,C=C OCH = COC, 302 ‘(halfthe sum of the postive roots), Ay.50(Q), 303 40

St ATI,S” = AME (hatespin C0, Y= aH) = 2 PAP, A, 402representations), 305 ny (dimension ofweight space) 415= AAW (opin representation), 307 € (Casimir operator), 416
1p, 307 P, Pye 19-420

+ (conjugation), 307-308 .419-420

+ (reversing map), 307-308 ¥, 419-420
«(main involution), 307-308 Plu) (Kostan’s counting function), 421
#:Spin(Q)-» SO(0), 308 Ng 428

Pin(Q), 308 HA, AIS = QU AB
Spin*(p, 4)-»S0"(p. 4 Spin(p,q)-> (ea form), 430

80(p, gh, 312 1, H{completesymmetric polynomials),(ucidean space of root system) 319 453
(Kling form), 320 1M, (wononsalsyrometric polynomials),
ye = BAH) = 28, 9), 320 454
(4). (84) (Gh (Dy), 321-326 E,, Fy(elementary symmetric

(E_). (Eh (Eg) (Fah (Gs) 321-326 Polynomials), 454

(04, 05 (org), 351 5, (Scliue polynomials), 454Tas (or 92) 351 (bilinear form on symmetric* telinear maps), 360 polynomials), 438

7, tilinear maps), 360 AP) 04h) 459.

© (Octonians, Cayley algebra), 362-365 2)= ig -ig! ha 460J Woedan algebra), 362-365 AGN A, 461-462

H (Cartan subgroup) 369 Say. Say 466-467
iced ep, with highest wt. ‘(extetiorenuttplication, 474

Am AyLy ton ALgh 370-371 TV tengo algebras), 475Ty fy, 372-373 AV (exterior algebras, 475

Nenyit = 90, 374 ‘Sym¥ (aymmettic algebras), 475
2(g)(cepreseatation ring), 375 > (pairing between space and dual

A= Aw 375 space), 476



6 Index of Symboe
fi (King form on ¥), 478 5 (oe ofsimple roots), 494vi, 430 a
Nil(g)= n(nilradica),485 wm ayT(corooth496U = UG) univeral enveloping algebra), [3140] (bracken, 04

436 5! = Sym), 504tun, 487 AW < dfantlesicographicorden, 505eX)
= explad(X), 491 4,305Eq), 491 Cayley operator, $07



Index

sbetian groups representations of),8 ‘Bore fixed point theorem, 384
abelian Li algebra, 121 bracket, 107-108, So4
abelian Lie group,94 branching formula, 59,426abelian variety, 135 Braver theorem, 36

‘Abramsky-Jaha-King formula, 411-412 Bruhat cll and decomposition, 395-198

‘Adams operators, 380, 49 Burnside, 24-25aujoint form (ofa Lie group), 101adjoint represeataton, 106

admisible Concer diagram, 327 Campbell-Hausdort formula, 117‘Ado's theorem, 124, 500-503 Capeli’s identity, 507-508, Si4—St5algebraic group, 95,374 Cartan,444allernatng group (representations of) Cartan criterion for solvability,479%,,9 Cartan decomposition, 198,437

20 Cartan matrin, 304
4,29 Cartan multiplication292%, 63-67 Cartan subalgebra, 198,338, 432,

alternating map, 472 478-492
alternating representation,9 Cartan subgroup, 369,373, 381‘tin’ theorem, 36 Casimir operator, 416,429, 481
automorphism group ofa Lie algebra, Cauchy's identity, 457-458

498 Cayley algebra, 362-265
averaging 615,21 Cayley operator, 507

center of Li algebra, 121

character (of representation), 13, 22,375,Aitnea form, 40,97 440,442
BorekWeilBottSchmid theorem, 392 character homomorphism, 375,

33 Character able, 14

Borel subalgebra,210,38, 382 of yaBorel subgroup, 67, 383, 4°8 of. 9



sa Index
hacer becom) dimension of Lio, 93

ri 20 Sec sumo epetatons4ore ovina sha,4

oa atingsales, 200
wane Sodechetron id motions o 29-3

aes Somioatweia03 76

at. 70 iat eprentiation 0,23sian Seal ot som 86

coerce ea 48 Dyan 17characteristics (of Frobenius), 51 Dynkin diagrams, 319-338

Chery poops

howl oy 192.20

chs tition i323 ,Gus Usaand soupy 12, Semyen 62,tals Seencio
Sahl way, 79Clebseh.237
elementary subgroup, 36{Clebsch:Gordon problem, 8, 424 ementary subgroup,Clifford, 64 elementary symmetric polynomial, 77,;

“seCord leben 20, 29-207, 364-15 ulans
commutatorage sion,

omer subalgebra of Lie algebra, caeepionalUe algebras and groups, 132,‘compact form, 432-438 0

Compl edocy¢12481-489__——$81339-35,262-364 391-92
complete symmetric polynomial, 77,453 f* S095 86?
complet Li seb, 109 expe map, 15-120,39-370
complex Lie group, 95 exterior algebra, 475,
Comet rapeention1, 44-44p —exesioralgebrn TScomple tors, 120 exterior power oferesenaton 4
complexification, 430, 438 ‘external tensor product, 24, 427Conjmnteliariavtaton 436 «seta tet produ, 2
‘conjugate partition, 45, 454 pecial 2-groups,
conte operation64connected Ue pow,
Soutacton map 18224, 20-262, Sin fandanctl hore ovarian

maarear theory3

contin 38 fed pin oral, 1 14393
coro 3396 fag Compete and pariah 9596,

Contes gram 327 Sar en‘cube, rigid motionsof, 20 flag manifold, 73, 383-398
Fou aveoe orl, £7

Fourer taro,

degre epentation3 Preven 9 3Seton 80 489-486 Freonmip formula
Servedei ‘isa

Dery? Frobenius haraerfol, 4-62

SnbatlformlS840406-411, Fen fecposty, 337-8pe Fedewig 28 27,25,

ida grup 30,283 seam a



Index S49
Gelfand, 426 King, 411,424

general linear group, 95,97, 231-237 Klimyk, 428
‘Giambel’s formula, 404-411, 455, Kostant, 429

Grassmannian, 192, 227-231, 276-278, Kostant multiplicity formula, 419-424

283, 286, 386-388 Kostka numbers, 6-57, 80, 456-457,
(Lagrangian and orthogonal), 386— 459

387, 390

aroup algebra, 36-39
ring, 380

level (of a root), 330half spin representations, 306 Levi decomposition, subalgebra, 124,
Heisenberg group, 31 499-500

Hermite reciprocity, 82, 160, 189, 233 lexicographic ordering of partitions, 33
Hermitian inner product, form, 6,11, 16, Lie algebra, 108,

98,99 Lie group, 93)

Hessian, 157 Lie subalgebra, 109

highest weight, 175, 203 Lie subgroup, 94

highest weight vector, 167, 175, 202 Lie's theorem, 126

homogeneous spaces, 382-398 Littlewood-Richardson number, $8, 79,

hhook length (formula), 50,78,411~412 82-83, 424, 427, 455-456
Hopfalgebra, 62 Littlewood-Richardson rule, $8, 79,

228-227, 455-456

lower central series, 122

Icorahedron, rigid motionsof, 20-30ideal in Lie algebra, 122

immersed subgroup, 95 map between representations, 3
incidence correspondence, 193 imap between Lie groups, 93

induced representation, 32-36, 37-38, minuscule weight, 423
393 modification rules, 426

indecomposable representation, 6 ‘nodular representation, 7

inner multiplicities, 415 Molien, 24-25inner product, 16, 23, 79 module (G-module, g-module), 3, 481
internal products, 476 ‘monomial symmetric polynomial, 454
invariant polynomials, So4-513 ‘morphism of Lie groups,93invariant subspace, 6 multilinear map, 472
irreducible representation, 4 ‘multiplicities, 7,17, 199, 375
isogenous, isogeny, 101 ‘Murnaghan-Nakayama rule, 59
isotropic, 262, 274,278, 304,378, 390

natural real form, 435, 437

Jacobi identity, 108, 114 Newton polynomials, 460
Jacobi-Trudy identity, 455, nil radical, 485,

Jordan algebra, 365 nilpotent Lie algebra, 122, 124-125
Jordan decomposition, 128-129, 478, _nilrepresentation, S01

482-483,

octonians, 362-365

Killing form, 202, 206-210, 240-241, one-parameter subgroup, 115

212, 478-479 ordering of roots, 202,



50 Index

orthogonal group, 96,97, 268-269, 300, regular representation, 5,17
301,367, 374 representation, 3,95, 100, 109

orthogonal Lie algebras, 268-269 defined over afield, 41
orthonormal, 16,17, 22 ofa Lie algebra, 109
outer produc, 85, 6 representations

Of e6s€y.tes far 44of
gy, 350-359, 412-414rsiring, 4 of GLC, 231-237

partition, 18, 445,421,453, of 6, 146-160
perfect Lie algebra, 123 ofs1,6, 161-193

perfect pairing, 28 of s,€ and si €, 217-231permutation representation, $ of 04,273
Peter-Weyl theorem, 40 of so,€, 24-277

Paffian, 228 of04, 277-281Piers formula, $8-59, 79-81, 225-227, of#4, 282-286455,462 of s0y€, 294-296,Plancherel formula, 38 of soy, 312-315,plane conic, 154-159 of 30546, 286-292, 305-306, 409411plethyar, 8,82, 151-160, 185-193, (of 503444, 294-296, 307, 407-40924-231 of spa, 244-252

Plicker embedding, 227-228, 389 of sP4C, 286-259Plicker equations, relations, 229,235 of spy€, 259-266, 404-407

Poincaré-Birchof-Wit theorem, 486 representation ring

positive definite, 98, 99,207 of nite group, 22

Positive roots, 202, 214,243,271 of Lie group or algebra, 375-382power sums, 48, 459-460 restricted representation, 32,80, 381-382,

Drimitive oot, 204, 215, 243, 71-272 425-428

projection formulas), 15,21, 23 sight action, 38-39
Projectve space, 153 root, 168, 198, 240, 270, 332-334, 489

root lattice, 166, 213,242, 273, 372-374

root space, 165, 198
uadric, 189-190, 228, 274-278, root system, 320

285-286, 313,388,391,

quaternions, 99,312

‘quaternionic representation 41,444-489  Schut functor, 16, 222-227Sehr polynomial 49, 77,223,399, 484—
462aca, 422,425, 428 Sehues Lemma, 7

radical of Lie algebra, 123, 483-481 semisimple Lie algebra, 123, 131,209,480
rank (of Lie algebra or root system, 321, _semistandard tableau, 56,236, 456, 461

438 Serte, 337sank (ofa partition), St Severi, 392
rational normal curv, 153-160 shut, 474

real form, 430, 442 simple Le algebra, 122, 131-132

real representation, 5,17, 444-449 simple root, 204,324

real simple Lie algebras and groups, simply reducible group, 227

430-439 skew hook, 99
reductive Lie algebra, 131 skew Schut functor, function, 82-83,

regular element, 487-488 skew symmetric bilinear form, 238



Inder ssi
skew Youne diagram, 82 svipotent tices, 96

Snapper conjectare, tary grup. 98solvableLie algebra, 12, 125,479-480 _niveral entloing algebra, 416‘Specht
module, 60 486spell near soup, 98-97 pp angular mates, 95Spoila Lic algebra, 211-212‘pec untry group, 98

Spin group, 102,299 30,307-312, Vandermonde dterainan, $9
368-372 vector field, 114spin representations, 30, 81, 291,295, Veronese embedding, 153-155, 189,

306, 446, 448 230-231, 286, 389spinor, 306 ‘Veronese surface, 189-193, 392
‘spinor variety, 390 virtual character, 23, 36
split conjugacy class, 64 virtual representation, 22
Sp om, 432-4345 waneweuan 18
Standard representation, 9,15, 176, 244

257,273 382

standard table, 57,81 457 see 165,199
‘Steinberg's formula, 425 weight diagram, 199

string (of roots), 201, 324 ‘weight lattice, 172-173, 200, 214, 242,subrepresentation, 4 273, 350, 372-374

‘symmetric algebra, 475 weight space, 165, 199samme group presentations of) Wek sg
S901 ‘Weyl chamber, 205, 208, 215, 243, 256,
Ss, 18-20 259, 272, 283, 292, 295, 351,376,495Ss, 27-28 ‘Weyl character formula, 289, 399-414,

S31, 44-62 440-444
symmetric map, 473, Weyl group, 201, 214, 243,271, 340, 375,‘Smet polyoma, 40-1,461-7

462 ‘Wey! module, 76-84, 222-227
‘symmetric powers (of representations), 4, Wey1's construction, 76-84, 222-227,

tit, aPy-aT? power
symplectic group, 96, 97,99, 238-239 Weyts integration formula, 443
symplectic Lie algebra, 239-240 ‘Weyl’ unitary trick, 128-131

wit, 365

wreath produ, 243tablens 48

tal, 60

panel aa Young diagram, 45,453
tensor powers of representation, 4, 472 Yoursbgtensor product oftepresentations4, 110, Youns symmestzer424-425, 471-472 ome re,
Tower, 235

Wit, 311, 32-315, 368

tev presentation, 3,9 Zak, 392twisted cube curve, 155 Zein,26


