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Chapter 1

Vectors and Vector Spaces

1.1 Vector Spaces

Underlying every vector space (to be defined shortly) is a scalar field F .
Examples of scalar fields are the real and the complex numbers

R := real numbers

C := complex numbers.

These are the only fields we use here.

Definition 1.1.1. A vector space V is a collection of objects with a (vector)
addition and scalar multiplication defined that closed under both operations
and which in addition satisfies the following axioms:

(i) (α+ β)x = αx+ βx for all x ∈ V and α,β ∈ F
(ii) α(βx) = (αβ)x

(iii) x+ y = y + x for all x, y ∈ V
(iv) x+ (y + z) = (x+ y) + z for all x, y, z ∈ V
(v) α(x+ y) = αx+ αy

(vi) ∃O ∈ V z 0 + x = x; 0 is usually called the origin
(vii) 0x = 0

(viii) ex = x where e is the multiplicative unit in F .
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The “closed” property mentioned above means that for all α,β ∈ F and
x, y ∈ V

αx+ βy ∈ V
(i.e. you can’t leave V using vector addition and scalar multiplication). Also,
when we write for α,β ∈ F and x ∈ V

(α+ β)x

the ‘+’ is in the field, whereas when we write x+ y for x, y ∈ V , the ‘+’ is
in the vector space. There is a multiple usage of this symbol.

Examples.

(1) R2 = {(a1, a2) | a1, a2 ∈ R} two dimensional space.

(2) Rn = {(a1, a2, . . . , an) | a1, a2, . . . , an ∈ R}, n dimensional space.
(a1, a2, . . . , an) is called an n-tuple.

(3) C2 and Cn respectively to R2 and Rn where the underlying field is C,
the complex numbers.

(4) Pn =

l
n�
j=0

ajx
j | a0, a1, . . . , an ∈ R

M
is called the polynomial space of

all polynomials of degree n. Note this includes not just the polynomials
of exactly degree n but also those of lesser degree.

(5) fp = {(ai, . . . ) | ai ∈ R,Σ|ai|p < ∞}. This space is comprised of
vectors in the form of infinite-tuples of numbers. Properly we would
write

fp(R) or fp(C)

to designate the field.

(6) TN =

F
N�
n=1

an sinnπx | a1, . . . , an ∈ R
k
, trigonometric polynomials.

Standard vectors in Rn

e1 = (1, 0, . . . , 0)
e2 = (0, 1, 0, . . . , 0)
e3 = (0, 0, 1, 0, . . . , 0)
...
en = (0, 0, . . . , 0, 1)

These are the
unit∗ vec-
tors which
point in the
n orthogonal∗

directions.
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∗Precise definitions will be given later.

For R2, the standard vectors are
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e1 = (1, 0)

e2 = (0, 1) (1,0)

(0,1)

(0,0)

1

2

e

Graphical representa-
tion of e1 and e2 in the
usual two dimensional
plane.

Recall the usual vector addition in the plane uses the parallelogram rule

y

x+y

For R3, the standard vectors are

e1 = (1, 0, 0)

e2 = (0, 1, 0)

e3 = (0, 0, 1)

(0,0,1)

(1,0,0)

e

e

e (0,1,0)

2

3

1

Graphical representa-
tion of e1, e2, and e3 in
the usual

Linear algebra is the mathematics of vector spaces and their subspaces. We
will see that many questions about vector spaces can be reformulated as
questions about arrays of numbers.

1.1.1 Subspaces

Let V be a vector space and U ⊂ V . We will call U a subspace of V if U
is closed under vector addition, scalar multiplication and satisfies all of the
vector space axioms. We also use the term linear subspace synonymously.
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Examples. Proofs will be given later

let V = R3 = {(a, b, c) | a, b, c ∈ R} (1.1)

U = {(a, b, 0) | a, b ∈ R}.
Clearly U ⊂ V and also U is a subspace of V .

let v1, v2 ∈ R3 (1.2)

W = {av1 + bv2 | a, b ∈ R}
W is a subspace of R3.

In this case we say W is “spanned” by {v1, v2}. In general, let S ⊂ V , a
vector space, have the form

S = {v1, v2, . . . , vk}.
The span of S is the set

U =


k3
j=1

ajvj | a1, . . . , ak ∈ R
 .

We will use the notion

S(v1, v2, . . . , vk)

for the span of a set of vectors.

Definition 1.1.2. We say that

u = a1v1 + · · ·+ akvk
is a linear combination of the vectors v1, v2, . . . , vk.

Theorem 1.1.1. Let V be a vector space and U ⊂ V . If U is closed under
vector addition and scalar multiplication, then U is a subspace of V .

Proof. We remark that this result provides a “short cut” to proving that a
particular subset of a vector space is in fact a subspace. The actual proof
of this result is simple. To show (i), note that if x ∈ U then x ∈ V and so

(ab)x = ax+ bx.

Now ax, bx, ax+ bx and (a+ b)x are all in U by the closure hypothesis. The
equality is due to vector space properties of V . Thus (i) holds for U . Each
of the other axioms is proved similarly.
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A very important corollary follows about spans.

Corollary 1.1.1. Let V be a vector space and S = {v1, v2, . . . , vk} ⊂ V .
Then S(v1, . . . , vk) is a linear subspace of V .

Proof. We merely observe that

S(v1, . . . , vk) =

l
k3
1

ajvj | a1, . . . , ak ∈ R or C
M
.

This means that the closure is built right into the definition of span. Thus,
if

v = a1v1 + · · ·+ akvk
w = b1v1 + · · ·+ bkvk

then both

v +w = (a1 + b1)v1 + · · ·+ (ak + bk)vk

and

cv = ca1v + ca2v + · · ·+ cakv

are in U . Thus U is closed under both operations; therefore U is a subspace
of V .

Example 1.1.1. (Product spaces.) Let V and W be vector spaces defined
over the same field. We define the new vector space Z = V ×W by

Z = {(v, w) | u ∈ V, w ∈W}

We define vector addition as (v1, w1) + (v2, w2) = (v1 + v2, w1 + w2) and
scalar multiplication by α(v, w) = (αv, αw). With these operations, Z is a
vector space, sometimes called the product of V and W .

Example 1.1.2. Using set-builder notation, define V13 = {(a, 0, b) | a, b,∈
R}. Then U is a subspace of R3. It can also be realized as the subspace of
the standard vectors e1 = (1, 0, 0) and e3 = (0, 0, 1), that is to say V13 =
S (e1, e3).
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Example 1.1.3. More subspaces of R3. There are two other important
methods to construct subspaces of R3. Besides the set builder notation
used above, we have just considered the method of spanning sets. For
example, let S = {v1, v2} ⊂ R3. Then S (S) is a subspace of R3. Simi-
larly, if T = {v1} ⊂ R3. Then S (T ) is a subspace of R3. A third way
to construct subspaces is by using inner products. Let x,w ∈ R3. Ex-
pressed in coordinates x = (x1, x2, x3) and w = (w1, w2, w3) . Define
the inrner product of x and w by x · w = x1w1 + x2w2 + x3w3. Then
Uw = {x ∈ R3 | x · w = 0} is a subpace of R3. To prove this it is neces-
sary to prove closure under vector addition and scalar multiplication. The
latter is easy to see because the inner product is homogeneous in α, that is,
(αx) · w = αx1w1 + αx2w2 + αx3w3 = α (x · w) . Therefore if x · w = 0 so
also is (αx) ·w. The additivity is also straightforward. Let x, y ∈ U . Then
the sum

(x+ y) · w = (x1 + y1)w1 + (x2 + y2)w2 + (x3 + y3)w3

= (x1w1 + x2w2 + x3w3) + (y1w1 + y2w2 + y3w3)

= 0 + 0 = 0

However, by choosing two vectors v, w,∈ R3 we can define Uv,w = {x ∈
R3 | x ·y = 0 and x ·w = 0}. Establishing Uv,w is a subspace of R3 is proved
similarly. In fact, what is that both these sets of subspaces, those formed
by spanning sets and those formed from the inner products are the same set
of subspaces. For example, referring to the previous example, it follows that
V13 = S (e1, e3) = Ue2 . Can you see how to correspond the others?

1.2 Linear independence and linear dependence

One of the most important problems in vector spaces is to determine if
a given subspace is the span of a collection of vectors and if so, to deter-
mine a spanning set. Given the importance of spanning sets, we intend to
examine the notion in more detail. In particular, we consider the concept
of uniqueness of representation.

Let S = {v1, . . . , vk} ⊂ V , a vector space, and let U = S(v1, . . . , vk) (or
S(S) for simpler notation). Certainly we know that any vector v ∈ U has
the representation

v = a1v1 + · · ·+ akvk
for some set of scalars a1, . . . , ak. Is this representation unique? Or, can we
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find another set of scalars b1, . . . , bk not all the same as a1, . . . , ak respec-
tively for which

v = b1v1 + · · ·+ bkvk.

We need more information about S to answer this question either way.

Definition 1.2.1. Let S = {v1, . . . , vk} ⊂ V , a vector space. We say that
S is linearly dependent (l.d.) if there are scalars a1, . . . , ak not all zero for
which

a1v1 + a2v2 + · · ·+ akvk = 0. (T)

Otherwise we say S is linearly independent (l.i.).

Note. If we allow all the scalars to be zero we can always arrange for (T)
to hold, making the concept vacuous.

Proposition 1.2.1. If S = {v1, . . . , vk} ⊂ V , a vector space, is linearly
dependent, then one member of this set can be expressed as a linear combi-
nation of the others.

Proof. We know that there are scalars a1, . . . , ak such that

a1v1 + a2v2 + · · ·+ akvk = 0

Since not all of the coefficients are zero, we can solve for one of the vectors
as a linear combination of the other vectors.

Remark 1.2.1. Actually we have shown that there is no vector with a
unique representation in S(S).

Corollary 1.2.1. If 0 ∈ S = {v1, . . . , vk}, then S is linearly dependent.

Proof. Trivial.

Corollary 1.2.2. If S = {v1, . . . , vk} is linearly independent then every
subset of S is linearly independent.
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1.3 Bases

The idea of a basis is that of finding a minimal generating set for a vector
space. Through basis, unicity of representation and a number of other useful
properties, both theoretical and computational, can be concluded. Thinking
of the concept in operations research ideas, a basis will be a redundancy free
and complete generating set for a vector space

Definition 1.3.1. Let V be a vector space and S = {v1, . . . , vk} ⊂ V . We
call S a spanning set for the subspace U = S(S).

Suppose that V is a vector space, and S = {v1, . . . , vk} is a linearly
independent spanning set for V . Then S is called a basis of V . Modify this
definition correspondingly for subspaces.

Proposition 1.3.1. If S is a basis of V , then every vector has a unique
representation.

Proof. Let S = {v1, . . . , vk} and v ∈ V . Then
v = a1v1 + · · ·+ akvk

for some choice of scalars. If there is a second choice of scalars b1, . . . , bk
not all the same, respectively, as a1, . . . , ak, we have

v = b1v1 + · · ·+ bkvk
and

0 = (a1 − b1)v1 + · · ·+ (ak − bk)vk.
Since not all of the differences a1 − b1, . . . , ak − bk are zero we must have
that S is linearly dependent. This is a contradiction to our hypothesis, and
the result is proved.

Example. Let V = R3 and S = {e1, e2, e3}. Then S is a basis for V .
Proof. Clearly V is spanned by S. Now suppose that

0 = a1e1 + a2e2 + a3e3

or

(0, 0, 0) = a1(1, 0, 0) + a2(0, 1, 0) + a3(0, 0, 1)

= (a1, a2, a3).

Hence a1 = a2 = a3 = 0. Thus the set {e1, e2, e3} is linearly independent.
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Remark 1.3.1. Note how we resolved the linearly dependent/linearly in-
dependent issue by converting a vector problem to a numbers problem. This
is at the heart of linear algebra.

Exercise. Let S = {v1, v2} = {(1, 0, 1), (1,−1, 0)} ⊂ R3. Show that S is
linearly independent and therefore a basis of S(S).

1.4 Extension to a basis

In this section, we show that given a linearly independent set of vectors
from a vector space with a finite spanning set, it is possible add to this set
more vectors until it becomes a basis. Thus any set of linearly independent
vectors can be a part (subset) of a basis.

Theorem 1.4.1 (Extension to a basis). Assume that the given vector space
V has a finite spanning set S1, i.e. V = S(S1). Let S0 = {x1, . . . , x } be a
linearly independent subset of V so that S(S0) V . Then, there is a subset
SI1 of S1, such that S0 ∪ SI is a basis for V .
Proof. Our intention is to add vectors to S0 keeping it linearly independent
and eventually becoming a basis. There are a couple of steps.
Steps.

1. Since S(S1) S(S0), there is a vector y1 ∈ S1 such that S0,1 =
{S0, y1} is linearly independent and thus S(S0,1) S(S0).

2. Continue this process generating sets

S0,1 = {S0, y1}
S0,2 = {S0,1, y2}
...

S0,j = {S0,j−1, yj−1}
...

At each step S0,1, S0,2, . . . are linearly independent sets. Since S1 is
finite we must eventually have that

S(S0,m) = S(S1) = V.

3. Since S0,m is linearly independent and spans V , it must be a basis.
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Remark 1.4.1. In the proof it was important to begin with any spanning
set for V and to extract vectors from it as we did. Assuming merely that
there exists a finite spanning set and extracting vectors directly from V
leads to a problem of terminus. That is, when can we say that the new
linearly independent set being generated in Step 2 above is a spanning set
for V ? What we would need is a theorem that says something to the effect
that if V has a finite basis, then every linearly independent set having the
same number of vectors is also a basis. This result is the content of the next
section. However, to prove it we need the Extension theorem.

Corollary 1.4.1. If S = {v1, . . . , vk} is linearly dependent then the repre-
sentation of vectors in S(S) is not unique.

Proof. We know there are scalars a1, . . . , ak not all zero, for which

a1v1 + · · ·+ akvk = 0

let v ∈ S(S) have the representation

v = b1v1 + b2v2 + · · ·+ bkvk.

Then we also have the representation

v = (a1 + b1)v1 + (a2 + b2)v2 + · · ·+ (ak + bk)vk
establishing the result.

Remark 1.4.2. The upshot of this construction is that we can always con-
struct a basis from a spanning set. In actual practice this process may be
quite difficult to carry out. In fact, we will spend some time achieving this
goal. The main tool will be matrix theory.

1.5 Dimension

One of the most remarkable features of vector spaces is the notion of
dimension. We need one simple result that makes this happen, the basis
theorem.

Theorem 1.5.1 (Basis Theorem). Let S = {v1, . . . , vk} ⊂ V be a basis
for V . Then every basis of V has k elements.
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Proof. We proceed by induction. Suppose S = {v1} and T = {w1, w2} are
both bases of V . Then since S is a basis

w1 = α1v1 w2 = α2v1

and therefore

1

α1
w1 − 1

α2
w2 = 0

which implies that T is linearly dependent (we tacitly assumed that both
α1 and α2 were nonzero. Why can we do this?)

The next step is to assume the result holds for bases having up to k
elements. Suppose that S = {v1, . . . , vk+1} and T = {w1, . . . , wk+2} are
both bases of V . Now consider SI = {v1, . . . , vk}. We know that S(SI)
S(S) = S(T ) = V . By our extension of bases result, there is a vector
w 1 ∈ T such that

SI1 = {v1, . . . , vk, w 1}
is linearly independent andS(SI1) ⊂ S(S) = V . IfS(SI1) V , our extension
result applies again to give a vector v 1 such that

SI11 = {v1, . . . , vk, w 1 , v 1}
is linearly independent The only possible selection is v 1 = vk+1. But in this
case w i will depend on v1, . . . , vk, vk+1, and that is a contradiction. Hence
S(v1, . . . , vk, w 1) = V .

The next step is to remove the vector vk from S
I
1 and apply the extension

to conclude that the span of the set

SI2 = {v1, . . . , vk−1, w 1 , w 2}
is V . We continue in this way eventually concluding that

SIk+1 = {w 1 , w 2 , . . . , w k+1
}

has span V . But SIk+1 T , whence T is linearly dependent.

Proposition 1.5.1 (Reduced spanning sets). (a) Suppose that S =
{v1, . . . , vk} spans V and vj depends (linearly) on

Sj = {v1, . . . , vj−1, vj+1 . . . vk}.
Then Sj also spans V .
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(b) If at least one vector in S is nonzero (that is V W= {0}, the smallest
vector space), then there is a subset S0 ⊂ S that is linearly independent
and spans V .

Proof. (Left to reader.)

Definition 1.5.1. The dimension of a vector space V is the (unique) num-
ber of vectors in a basis of V . We write dim(V ) for the dimension.

Remark 1.5.1. This definition make sense possible only because of our
basis theorem from which we are assured all every linearly independent
spanning sets of V , that is all bases, have the same number of elements.

Examples.

(1) dim(Rn) = n,

(2) dim(Pn) = n+ 1.

Exercise. Let M = all rectangular arrays of two rows and three columns
with real entries. Find a basis for M , and find the dimension of M . Note

M =

F}
a b c
d e f

] eeee a, b, c, d, e, f ∈ Rk
Example 1.5.1. Pn = {anxn + an−1xn−1 + · · · + a1x + a0 = 0} is the
vector space of polynomials of degree n. We claim that the powers, x0 = 1,
x, x2, . . . , xn are linearly independent, and since

Pn = S(1, x, . . . , x
n)

they form a basis of Pn.

Proof. There are several ways we can prove this fact. Here is the most
direct and it requires essentially no machinery. Suppose they are linearly
dependent, which means that there are coefficients a0, a1, . . . , an so that

anx
n + an−1xn−1 + · · ·+ a1x+ a0 = 0, (T)

the function. (This functional view is critically important because every
polynomial has roots.) There must be a coefficient which is nonzero and
which corresponds to the highest power. Let us assume that an W= 0, for
convenience, and with no loss in generality.
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Solve for xn to get

xn = −an−1
an

xn−1 + · · ·+−a1
an
x− a0

an
(TT)

Now compute the ratio of this expression divided by xn on both sides, and
let x→∞. The left side of course will be 1. Again for convenience we take
n = 2. So, condensing terms we will have

b1x+ b0
x2

= b1

w
1

x

W
+ b0

w
1

x2

W
= 1

where bj = −aj/a2. But as x → ∞ the expression b1
D
1
x

i
+ b0
D
1
x2

i → 0.
This is a contradiction. It cannot be that the functions 1, x, and x2 are
linearly dependent.

In the general case for n we have

bn−1
w
1

x

W
+ bn−2

w
1

x2

W
+ · · ·+ b0

w
1

xn

W
= 1,

where bj = −aj/an. Apply the same limiting argument to obtain the con-
tradiction. Thus

T = {1, x, . . . , xn}
is a basis of Pn.

A calculus proof is available. It is also based on the fact that if the
powers are linearly independent and (T) holds, then we can assume that the
same relation (TT) is true. Now take the nth derivative of both sides. We
obtain

n! = 0

a contraction, and the result if proved
Finally, one more technique used to prove this result is by using the

Fundamental Theorem of Algebra.

Theorem 1.5.2. Every polynomial (T) of exactly nth degree (i.e. with
an W= 0) has exactly n roots counted with multiplicity (i.e. if q(x) = qnxn +
qn−1xn−1 + · · ·+ q1x+ q0 ∈ Pn(C), qn W= 0 then the number of solutions of
q(x) = 0 is exactly n).

From (T) above we have an nth degree polynomial that is zero for every
x. Thus the polynomial is zero, and this means all the coefficients are
zero. This is a contradiction to the hypothesis, and therefore the theorem
is proved.
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Remark 1.5.2.

P0 P1 P2 · · · Pn · · · .

On the other hand this is not true for the Euclidean spaces R1, R2, . . . .
However, we may say that there is a subspace of R3 which is “like” R2 in
every possible way. Do you see this? We have

R2 = {(a, b) | a, b ∈ R}
R3 = {(a, b, c) | a, b, c ∈ R}.

No element in R2, an ordered pair, can be in R3, a set of ordered triples.
However

U = {(a, b, 0) | a, b ∈ R}

is “like” R2 is just about every way. Later on we will give a precise mathe-
matical meaning to this comparison.

Example 1.5.2. Find a basis for the subspace V0 of R3 of all solutions to

x1 + x2 + x3 = 0 (T)

where x = (x1, x2, x3) ∈ R3.
Solution. First show that the set V0 = {(x1, x2, x3) ∈ R3 | x1+x2+x3 = 0}
is in fact a subspace of R3. Clearly if x = (x1, x2, x3) ∈ V0 and y =
(y1, y2, y3) ∈ V0 then x + y = (x1 + y1, x2 + y2, x3 + y3) ∈ V0, proving
closure under vector addition. Similarly V0 is closed under scalar multi-
plication. Next, we seek a collection of vectors v1, v2, . . . , vk ∈ V0 so that
S(v1, . . . , vk) = V0. Let x3 = α and x2 = β be free parameters. Then

x1 = −(α+ β).

Hence all solutions of (T) have the form

x = (−(α+ β),β,α)

x = α(−1, 0, 1) + β(−1, 1, 0).

Obviously the vectors v1 = (−1, 0, 1) and v2 = (−1, 1, 0) are linearly inde-
pendent, and x is expressed as being in the span of them. So, V0 = S(v1, v2).
V0 has dimension 2.



22 CHAPTER 1. VECTORS AND VECTOR SPACES

Theorem 1.5.3 (Uniqueness). Let S = {v1, . . . , vk} be a basis of V .
Then each vector v ∈ V has a unique representation with respect to S.

Proof. Since S(S) = V we have that

v = a1v1 + a2v2 + · · ·+ akvk
for some coefficients a1, a2, . . . , ak in the given field. (This is the represen-
tation of v with respect to S.) If it is not unique there is another

v = b1v1 + b2v2 + · · ·+ bkvk.
So, subtracting we have

(a1 − b1)v1 + (a2 − b2)v2 + · · ·+ (ak − bk)vk = 0
where the differences aj−bj are not all zero. This implies that S is a linearly
dependent set.

Theorem 1.5.4. Suppose that S = {v1, . . . , vk} is a basis of the vector
space V . Suppose that T = {w1, . . . , wm} is a linearly independent subset
of V . Then m ≤ k.
Proof. We know that S is a linearly independent spanning set. This means
that every linearly independent set of k vectors is also a spanning set. There-
fore, m > k renders a contradiction as T0 = {w1, . . . , wk} is a spanning set
and wk+1 ∈ S(T0).
Definition 1.5.2. If A is any set we define

|A| := cardinality of A,
that is to say |A| is the number of elements of A.
Example 1.5.3. Let T = {1, x, x2, x3}. Then |T | = 4.
Theorem 1.5.5. Both Rk and Ck are k-dimensional and Sk = {e1, e2, . . . , ek}
is a basis of both.

Proof. It is easy to see that e1, . . . , ek are linearly independent, and any
vector x in Rk has the form

x = a1e1 + a2e2 + · · ·+ akek
for a1, . . . , ak ∈ R. Thus Sk is a linearly independent spanning set and
hence a basis of Rk.
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Question:What single change to the proof above gives the theorem for Ck?

The following results follow easily from previous results.

Theorem 1.5.6. Let V be a k-dimensional vector space.

(i) Every set T with |T | > k is linearly dependent.
(ii) If D = {v1, . . . , vj} is linearly independent and j < k, then there are

vectors v 1 , . . . , v k−j ∈ V such that

D ∪ {v 1 , . . . , v k−j}
is a basis of V .

(iii) If D ⊂ V , |D| = k, and D is either a spanning set for V or linearly
independent, then D is a basis for V .

1.6 Norms

Norms are a way of putting a measure of distance on vector spaces. The
purpose is for the refined analysis of vector spaces from the viewpoint of
many applications. It is also to all the comparison of various vectors on
the basis of their length. Ultimately, we wish to discuss vector spaces as
representatives of points. Naturally, we are all accustomed to the “shortest
distance” distance from the Pythagorean theorem. This is an example of a
norm, but we shall consider them as real valued functions with very special
properties.

Definition 1.6.1. Norms on vector spaces over C, or R. Let V be a vec-
tor space and suppose that , · , : V → R+ is a function from V to the
nonnegative reals for which

(i) ,x, ≥ 0 for all x ∈ V and

,x, = 0 if and only if x = 0
(ii) ,αx, = |α|,x, for all α ∈ C, R and x ∈ V
(iii) ,x+ y, ≤ ,x,+ ,y, for all x, y ∈ V “The Triangle inequality”.

Then , · , is called a norm on V . The second condition is often termed the
(positive) homogeneity property.

Remark 1.6.1. The notation is a substitute function notation. The ex-
pression , · ,, without the vector, is just the way a norm is expressed.
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Examples. Let V = Rn (or Cn). Define for x = (x1, . . . , xn)

(i) ,x,2 = (|x1|2 + |x2|2 + · · ·+ |xn|2)1/2 Euclidean norm

(ii) ,x,1 = (|x1|+ |x2|+ · · ·+ |xn|) f1 norm

(iii) ,x,∞ = max
1≤i≤n

|xi| f∞ norm

Norm (ii) is read as: ell one norm. Norm (iii) is read as: ell infinity norm.

Proof that (ii) is a norm. Clearly (i) holds. Next

,αx,1 = (|αx1|+ |αx2|+ · · ·+ |αxn|)
= (|α||x1|+ |α||x2|+ · · ·+ |α||xn|)
= |α|(|x1|+ |x2|+ · · ·+ |xn|) = |α|,x,1

which is what we needed to prove. Also,

,x+ y,1 = (|x1 + y1|+ |x2 + y2|+ · · ·+ |xn + yn|)
≤ (|x1|+ |y1|+ |x2|+ |y2|+ · · ·+ |xn|+ |yn|)
= (|x1|+ |x2|+ · · ·+ |xn|) + (|y1|+ |y2|+ · · ·+ |yn|)
= ,x,1 + ,y,1.

Here we used the fact that |α+ β| ≤ |α|+ |β| for numbers.
To prove that (i) is a norm we need a very famous inequality.

Lemma 1.6.1 (Cauchy—Schwartz). Given that a1, . . . , an and b1, . . . , bn
are in C. Then

n3
1

|aibi| ≤
X

n3
1

a2i

~1/2X n3
1

b2i

~1/2
. (T)

Proof. We consider for the variable t

Σ(ai + tbi)
2 = Σa2i + 2tΣaibi + t

2Σb2i .

Note that (T) is obvious if
n�
1
aibi = 0. If not take

t = −

n�
1
a2i

n�
1
aibi

.
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Then

Σ(ai + tbi)
2 = Σa2i − 2

Σa2i
Σaibi

Σaibi +

D
Σa2i
i2

(Σaibi)
2Σb

2
i

= −Σa2i +
D
Σa2i
i2
Σb2i

(Σaibi)
2

=
D
Σa2i
iw−1 + Σa2iΣb

2
i

(Σaibi)
2

W
.

Since the left side is ≥ 0 and since Σa2i ≥ 0, we must have thatw
−1 + Σa2iΣb

2
i

(Σaibi)
2

W
≥ 0.

Solving this inequality we have

(Σaibi)
2 ≤ Σa2iΣb2i .

Now that square roots to get the result.

To prove that (i) is a norm, we note that conditions (i) and (ii) are
straightforward. The truth of condition (iii) is a consequence of another
famous result.

Theorem 1.6.1 (Minkowski). ,x+ y,2 ≤ ,x,2 + ,y,2.

Proof.

Σ(ai + bi)
2 = Σa2i + 2Σaibi + Σb

2
i

≤ Σa2i + 2
D
Σa2i
i1/2 D

Σb2i
i1/2

+ Σb2i

=
pD
Σa2i
i1/2

+
D
Σb2i
i1/2Q2

.

Taking square roots gives the result.

Continuity and Equivalence of Norms

Lemma 1.6.2. Every vector norm on Cn is continuous in the vector com-
ponents.
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Proof. Let x ∈ Cn and ,·, some norm on Cn. We need to show that if the
vector δ → 0, in components, then ,x+ δ, → ,x,. First, by the triangle
inequality

,x+ δ, ≤ ,x,+ ,δ, or

,x+ δ, − ,x, ≤ ,δ,

Similarly

,x, ≤ ,x+ δ − δ,
≤ ,x+ δ,+ ,δ, or

−,δ, ≤ ,x+ δ, − ,x,

Therefore

|,x+ δ, − ,x,| ≤ ,δ,

Now expressing δ in components and standard bases vectors, we write δ =
δ1e1 + · · ·+ δnen and

,δ, ≤ |δ1| ,e1,+ · · ·+ |δn| ,en,
≤ max

1≤i≤n
|δi| (,e1,+ · · ·+ ,en,)

≤ M max
1≤i≤n

|δi|

where M = ,e1,+ · · ·+ ,en, . We know that if δ → 0 in components, then
max1≤i≤n |δi|→ 0. Therefore |,x+ δ, − ,x,|→ 0, as well.

Definition 1.6.2. Let ,·,a and ,·,b be two vector norms on Cn. We say
that these norms are equivalent if there are postive constants m, M such
that for all x ∈ Cn

m ,x,a ≤ ,x,b ≤M ,x,a
The remarkable fact about vector norms on Cn is that they are all equiv-

alent. The only tool we need to prove this is the following result: Every
continuous function on a compact set of Cn assumes its maximum (and
minimum) on that set. The term “compact” refers to a particular kind of
set K, one which is both bounded and closed. Bounded means that for
maxx∈K ,x, ≤ B < ∞ and closed means that if limn→∞ xn = x, then
x ∈ K.
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Theorem 1.6.2. All norms on Cn are equivalent.

Proof. Since equivalence of norms is an equivalence condition, we can take
one of the norms to be the infinity norm ,·,∞ . Denote the other norm by
,·,. Now define K = { x | ,x,∞ = 1 }. This set, called the unit ball in the
infinity norm, is compact. Now we define

m = min
x ∈ K

,x, and

M = max
x ∈ K

,x,

Since ,·, is a continuous function on K (from the lemma above) and since
K is compact, we have that both the minimum and maximum are attained
by specific vectors in K. Since these vectors are nonzero (they’re in K) and
because ,x, is positive for nonzero vectors, it must follow that 0 < m <
M <∞. Hence, on K, the relation

m ,x, ≤ ,x,∞ ≤M ,x,

holds true. For any vector x ∈ Cn we can write x =
w

x

,x,∞

W
,x,∞ and

x

,x,∞
∈ K. Thus

m

EEEE x

,x,∞

EEEE ≤ EEEE x

,x,∞

EEEE
∞
≤M

EEEE x

,x,∞

EEEE
m

EEEE x

,x,∞

EEEE ,x,∞ ≤
EEEE x

,x,∞

EEEE
∞
,x,∞ ≤M

EEEE x

,x,∞

EEEE ,x,∞
m ,x, ≤ ,x,∞ ≤M ,x,

and the theorem is proved.

Example 1.6.1. Example. Find the estimates for the equivalence of ,·,2
and ,·,∞

Solution. Let x ∈ Cn. Then, because we know for any finite sequences
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that
�n
i=1 |aibi| ≤ max1≤i≤n |ai|

�n
i=1 |bi|

,x,2 =

X
n3
i=1

|xi|2
~1

2

≤
X

n3
i=1

1 · |xi|2
~ 1

2

≤
w
max
1≤i≤n

|xi|2
W1/2X n3

i=1

1

~1
2

= n
1
2 ,x,∞

On the other hand, by the Cauchy-Schwartz inequality

,x,∞ = max
1≤i≤n

|xi|

≤
n3
i=1

|xi|

≤
X

n3
i=1

1

~ 1
2
X

n3
i=1

|xi|2
~1/2

= n
1
2 ,x,2

Putting these inequalities together we have

n−
1
2 ,x,2 ≤ ,x,∞ ≤ n

1
2 ,x,2

This makes m = n−1/2 and M = n
1
2 .

Remark 1.6.2. Note that the constantsm andM depend on the dimension
of the vector space. Though not the rule in all cases, it is mostly the
situation.

Norms on polynomial spaces

Polynomial spaces, as we have considered earlier, can be given norms as well.
Since they are function spaces, our norms usually need to consider all the
values of the independent variable. In many, though not all, cases we need
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to restrict the domains of the polynomials. With that in mind we introduce
the notation

Pk(a, b) = Pk with domain restricted to the interval [a, b]

We now define the function versions of the same three norms we have just
studied. For functions p(x) in Pk(a, b) we define

1. ,p(x),2 =
D $ b
a | p(x) |2 dx

i 1
2

2. ,p(x),1 =
$ b
a | p(x) | dx

3. ,p(x),∞ = max
a≤x≤b

| p(x) |

The positivity and homogeneity properties are fairly easy to prove. The
triangle property is a little more involved. However, it has essentially been
proved for the earlier norms. In the present case, one merely “integrates”
over the inequality. Sometimes , · ,2 is called the energy norm.

The integral norms are really the norm for polynomial spaces. Alternate
norms use pointwise evaluation or even derivatives depending on the appli-
cation. Here is a common type of norm that features the first derivative.
For p ∈ Pn (a, b) define

,p, = max
a≤x≤b

|p (x)|+ max
a≤x≤b

eepI (x)ee
As is evident this norm becomes large not only when the polynomial is large
but also when its derivative is large. If we remove the term maxa≤x≤b |p (x)|
from the norm above and define

N (p) = max
a≤x≤b

eepI (x)ee
This function satisfies all the norm properties except one and thus is not a
norm. (See the exercises.) Point evaluation-type norms take us too far afield
of our goals partly because making point evaluations into norms requires
some knowledge of interpolation and related topics. Leave it said that the
obvious point evaluation functions such as p(a) and the like will not provide
us with norms.



30 CHAPTER 1. VECTORS AND VECTOR SPACES

1.7 Ordered Bases

Given a vector space V with a basis S = {v1, v2, . . . , vk} we now know
that every vector v ∈ V has a representation with respect to the basis

v = a1v1 + a2v2 + · · ·+ akvk.

But no order is implied. For example, for R2 we have S = {e1, e2} = {e2, e1}
shows us that there is no particular order convey through the definition of
a basis. When we place an order on a basis we will notice an underlying
algebraic structure of all k-dimensional vector spaces.

Definition 1.7.1. Let V be a k-dimensional vector space with basis S =
{v1; v2; . . . ; vk} is specified with a fixed and well defined order as indicated
by their relevant positions. Then S is called an ordered basis. With or-
dered bases we obtain coordinates. Let V be a vector space of dimension
k with ordered basis S, and suppose v ∈ V . For 1 ≤ i ≤ k, we define
the ith coordinate of v with respect to S to be the ith coefficient ai in the
representation

v = a1v1 + a2v2 + · · ·+ aivi + · · ·+ akvk.

In this way we can associate each v ∈ V with a k-tuple of numbers
(a1, a2, . . . , ak) ∈ Rk that are the coefficients of v with respect to S. The
k-tuple is unique, owing to the fixed ordering of S. Conversely, for each
ordered k-tuple (a1, a2, . . . , ak) ∈ Rk there is associated a unique vector
v ∈ V given by v = a1v1 + a2v2 + · · ·+ aivi + · · ·+ akvk.

We will express this association as

v ∼ (a1, a2, . . . , ak)

The following properties are each simple propositions:

• If v ∼ (a1, a2, . . . , ak) and w ∼ (b1, b2, . . . , bk) then

v + w ∼ (a1 + b1, a2 + b2, . . . , ak + bk)

• If v ∼ (a1, a2, . . . , ak) and α ∈ R (or C), then

αv ∼ α(a1, a2, . . . , ak) = (αa1,αa2, . . . ,αak)

• If v ∼ (a1, a2, . . . , ak) = (0, 0, . . . 0), then v = 0.
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We now define a special type of linear function from one linear space to
another. The special condition is linearity of the map.

Definition 1.7.2. Let V and W be two vector spaces. We say that V and
W are homomorphic if there is a mapping Φ between V and W for which

(1.) For v and w in V
Φ(v + w) = Φ(v) + Φ(w)

(2.) For v and α ∈ R (or C)
Φ(αv) = αΦ(v)

In this case we call Φ a homomorphism from V to W . Furthermore, we say
that V and W are isomorphic if they are homomorphic and if

(3.) For each w ∈W there exists a unique v ∈ V such that

Φ(v) = w

In this case we call Φ a isomorphism from V to W .

We put all this together to show that finite dimensional vector spaces
over the reals (resp. complex numers) and the standard Euclidean spaces
Rk (resp. Ck) are very, very closely related. Indeed from the point of view
of isometry, they are identical.

Theorem 1.7.1. If V is a k-dimensional vector space over R (resp C), then
V is isomorphic to Rk (resp. Ck).

This constitutes the beginning of the sufficiency of matrix theory as a
tool to study finite dimentsional vector spaces.

Definition 1.7.3. The mapping cs : V → Rk defined by

cs(v) = (a1, a2, . . . , ak)

where v ∼ (a1, a2, . . . , ak) is the so-called coordinate map.
Example 1.7.1. We have shown that in R3 the solutions to the equation
x1 + x2 + x3 = 0 for x = (x1, x2, x3) ∈ R3 is a subspace V0 with basis
S = {v1, v2} = {(−1, 0, 1), (−1, 1, 0)}. With respect to this basis v0 ∈ V0 if
there are constants α0, β0 so that

v0 = α0 (−1, 0, 1) + β0 (−1, 1, 0)
With respect to this basis the coordinate map has the form

cs(v0) = (α0, β0)

Therefore, we have established that V0 is isomorphic to R2.
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1.8 Exercises.

1. Show that {(a, b, 0) | a, b ∈ R} is a subspace of R3 by proving that it
is spanned by vectors in R3. Find at least two sets of spanning sets.

2. Show that {(a, b, 1) | a, b ∈ R} cannot be a subspace of R3.
3. Show that {(a − b, 2b − a, a − b) | a, b ∈ R} is a subspace of R3 by
proving that it is spanned by vectors in R3.

4. For any w ∈ R3, show that Uw = {x ∈ R3 | x · w = d W= 0} is not
subpace of R3.

5. Find a set of vectors in R3 that spans the subspace Uw = {x ∈ R3 | x ·
w = 0}, where w = (1, 1, 1).

6. Why can {(a− b, a2, ab) | a, b ∈ R} never be a subspace of R3?
7. Let Q = {x1, . . . , xk } be a set of distinct points on the real line
with k < n. Show that the subset PQ of the polynomial space Pn of
polynomials zero on the set Q is in fact a subspace of Pn. Characterize
PQ if k > n and k = n.

8. In the product space defined above prove that definitions given the
result is a vector space.

9. What is the product space R2 ×R3 ?
10. Find a basis for Q = {ax+ bx3 | a, b ∈ R}.
11. Let T ⊂ Pn be those polynomials of exactly degree n. Show that T is

not a subspace of Pn.

12. What is the dimension of

Q = {ax+ ax2 + bx3 | a, b ∈ Q}.
What is a basis for Q?

13. Given that S = {x1, x2, . . . , x2k} and T = {y1, y2, . . . , y2k} are
both bases of a vector space V. (Note, the space V has dimension 2k.)
Consider the set of any k integers L = {l1, . . . , lk} ⊂ {1, 2, . . . , 2k}. (i)
Show that associated with P = {xl1 , xl2 , . . . , xlk} there are exactly
k vectors from T , say Q = {ym1 , ym2 , . . . , ymk} so that P ∪Q is also
a basis for V. (ii) Is the set of vectors from T unique? Why or why
not?
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14. Given Pn. Define Zn = {pI(x) | p(x) ∈ Pn}. (The notation pI(x) is the
standard notation for the derivative of the function p(x) with respect
to the variable x.) What is another way to express Zn in terms of
previously defined spaces?

15. Show that ,x,∞ is a norm. (Hint. The condition (iii) should be the
focal point of your effort.)

16. Let S = {x1, x2, . . . , xn} ⊂ Rn. For each j = 1, 2, . . . , n suppose
xj ∈ S has the property that its first j − 1 entries equal zero and the
jth entry is nonzero. Show that S is a basis of Rn.

17. Let w = (w1, w2, w3) ∈ R3, where all the components of w are strictly
positive. Define ,·,w onR3 by ,x,w =

p
w1 |x1|2 + w2 |x3|2 +w2 |x3|2

Q1/2
.

Show that ,·,w is a norm on R3.

18. Show that equivalence of norms is an equivalence relation.

19. Define for p ∈ Pn (a, b) the function N (p) = maxa≤x≤b |pI (x)| . Show
that this is not a norm on Pn (a, b).

20. For p ∈ Pn (a, b) define ,p, = maxa≤x≤b |p (x)|+maxa≤x≤b |pII (x)| .
Show this is a norm on Pn (a, b).

21. Suppose that V is a vector space with dimension k. Find two (linearly
independent) spanning sets S = {v1, v2, . . . , vk} andW = {w1, w2, . . . , wk}
of V such that if any m < k vectors are chosen from S and any k−m
vectors are chosen from T, the resulting set will be a basis for V.

22. For p ∈ Pn (a, b) define N (p) =
eep Da+b2 iee . Show this is not a norm

on Pn (a, b).

23. Find the estimates for the equivalence of ,·,1 and ,·,∞.
24. Find the estimates for the equivalence of ,·,1 and ,·,2.
25. Show that Pn defined over the reals is isomorphic to Rn+1.

26. Show that Tn, the space of trigonometric polynomials, defined over
the reals is isomorphic to Rn.

27. Show that the product space Ck × Cm is isomorphic to Ck+m.
28. What is the relation between the product space Pn × Pn and P2n ?

Find the polynomial space that is isomorphic to Pn × Pn.
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Terms.

Field
Vector space
scalar multiplication
Closed space
Origin
Polynomial space
Subspace, linear subspace
Span
Spanning set
Representation
Uniqueness of representation
linear dependence
linear independence
linear combination
Basis
Extension to a basis
Dimension
Norm
f2 norm; f1 norm; f2∞ norm
Cauchy-Schwartz inequality
Fundamental Theorem of Algebra
Cardinality
Triangle inquality



Chapter 2

Matrices and Linear Algebra

2.1 Basics

Definition 2.1.1. A matrix is an m× n array of scalars from a given field
F . The individual values in the matrix are called entries.

Examples.

A =

^
2 1 3
−1 2 4

�
B =

^
1 2
3 4

�
The size of the array is–written as m× n, where

m× n
c A

number of rows number of columns

Notation

A =


a11 a12 . . . a1n

a21 a22 . . . a2n

an1 an2 . . . amn


A
←− rows
t

A A c
columns

A := uppercase denotes a matrix

a := lower case denotes an entry of a matrix a ∈ F.
Special matrices

33
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(1) If m = n, the matrix is called square. In this case we have

(1a) A matrix A is said to be diagonal if

aij = 0 i W= j.
(1b) A diagonal matrix A may be denoted by diag(d1, d2, . . . , dn)

where

aii = di aij = 0 j W= i.
The diagonal matrix diag(1, 1, . . . , 1) is called the identity matrix
and is usually denoted by

In =


1 0 . . . 0
0 1
...

. . .

0 1


or simply I, when n is assumed to be known. 0 = diag(0, . . . , 0)
is called the zero matrix.

(1c) A square matrix L is said to be lower triangular if

fij = 0 i < j.

(1d) A square matrix U is said to be upper triangular if

uij = 0 i > j.

(1e) A square matrix A is called symmetric if

aij = aji.

(1f) A square matrix A is called Hermitian if

aij = āji (z̄ := complex conjugate of z).

(1g) Eij has a 1 in the (i, j) position and zeros in all other positions.

(2) A rectangular matrix A is called nonnegative if

aij ≥ 0 all i, j.

It is called positive if

aij > 0 all i, j.

Each of these matrices has some special properties, which we will study
during this course.
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Definition 2.1.2. The set of all m × n matrices is denoted by Mm,n(F ),
where F is the underlying field (usually R or C). In the case where m = n
we write Mn(F ) to denote the matrices of size n× n.
Theorem 2.1.1. Mm,n is a vector space with basis given by Eij , 1 ≤ i ≤
m, 1 ≤ j ≤ n.

Equality, Addition, Multiplication

Definition 2.1.3. Two matrices A and B are equal if and only if they have
the same size and

aij = bij all i, j.

Definition 2.1.4. If A is any matrix and α ∈ F then the scalar multipli-
cation B = αA is defined by

bij = αaij all i, j.

Definition 2.1.5. If A and B are matrices of the same size then the sum
A and B is defined by C = A+B, where

cij = aij + bij all i, j

We can also compute the difference D = A−B by summing A and (−1)B

D = A−B = A+ (−1)B.

matrix subtraction.
Matrix addition “inherits” many properties from the field F .

Theorem 2.1.2. If A,B,C ∈Mm,n(F ) and α,β ∈ F , then
(1) A+B = B +A commutivity

(2) A+ (B + C) = (A+B) + C associativity

(3) α(A+B) = αA+ αB distributivity of a scalar

(4) If B = 0 (a matrix of all zeros) then

A+B = A+ 0 = A

(4) (α+ β)A = αA+ βA
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(5) α(βA) = αβA

(6) 0A = 0

(7) α 0 = 0.

Definition 2.1.6. If x and y ∈ Rn,
x = (x1 . . . xn)

y = (y1 . . . yn).

Then the scalar or dot product of x and y is given by

�x, yX =
n3
i=1

xiyi.

Remark 2.1.1. (i) Alternate notation for the scalar product: �x, yX = x ·y.
(ii) The dot product is defined only for vectors of the same length.

Example 2.1.1. Let x = (1, 0, 3,−1) and y = (0, 2,−1, 2) then �x, yX =
1(0) + 0(2) + 3(−1)− 1(2) = −5.
Definition 2.1.7. If A is m×n and B is n×p. Let ri(A) denote the vector
with entries given by the ith row of A, and let cj(B) denote the vector with
entries given by the jth row of B. The product C = AB is the m×p matrix
defined by

cij = �ri(A), cj(B)X
where ri(A) is the vector in Rn consisting of the i

th row of A and similarly
cj(B) is the vector formed from the jth column of B. Other notation for
C = AB

cij =
n�
k=1

aikbkj 1 ≤ i ≤ m
1 ≤ j ≤ p.

Example 2.1.2. Let

A =

}
1 0 1
3 2 1

]
and B =

 2 1
3 0
−1 1

 .
Then

AB =

}
1 2
11 4

]
.
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Properties of matrix multiplication

(1) If AB exists, does it happen that BA exists and AB = BA? The
answer is usually no. First AB and BA exist if and only if A ∈
Mm,n(F ) and B ∈ Mn,m(F ). Even if this is so the sizes of AB and
BA are different (AB is m × m and BA is n × n) unless m = n.
However even if m = n we may have AB W= BA. See the examples
below. They may be different sizes and if they are the same size (i.e.
A and B are square) the entries may be different

A = [1, 2] B =

}−1
1

]
AB = [1]

BA =

}−1 −2
1 2

]
A =

}
1 2
3 4

]
B =

}−1 1
0 1

]
AB =

}−1 3
−3 7

]
BA =

}
2 2
3 4

]
(2) If A is square we define

A1 = A, A2 = AA, A3 = A2A = AAA

An = An−1A = A · · ·A (n factors).

(3) I = diag(1, . . . , 1). If A ∈Mm,n(F ) then

AIn = A and

ImA = A.

Theorem 2.1.3 (Matrix Multiplication Rules). Assume A,B, and C
are matrices for which all products below make sense. Then

(1) A(BC) = (AB)C

(2) A(B ±C) = AB ±AC and (A±B)C = AC ±BC
(3) AI = A and IA = A

(4) c(AB) = (cA)B

(5) A0 = 0 and 0B = 0
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(6) For A square

ArAs = AsAr for all integers r, s ≥ 1.

Fact: If AC and BC are equal, it does not follow that A = B. See Exercise
60.

Remark 2.1.2. We use an alternate notation for matrix entries. For any
matrix B denote the (i, j)-entry by (B)ij .

Definition 2.1.8. Let A ∈Mm,n(F ).

(i) Define the transpose of A, denoted by AT , to be the n × m matrix
with entries

(AT )ij = aji.

(ii) Define the adjoint of A, denoted by A∗, to be the n×m matrix with
entries

(A∗)ij = āji complex conjugate

Example 2.1.3.

A =

}
1 2 3
5 4 1

]
AT =

1 5
2 4
3 1


In words. . . “The rows of A become the columns of AT , taken in the same
order.” The following results are easy to prove.

Theorem 2.1.4 (Laws of transposes). (1) (AT )T = A and (A∗)∗ = A

(2) (A±B)T = AT ±BT (and for ∗)
(3) (cA)T = cAT (cA)∗ = c̄A∗

(4) (AB)T = BTAT

(5) If A is symmetric

A = AT
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(6) If A is Hermitian

A = A∗.

More facts about symmetry.

Proof. (1) We know (AT )ij = aji. So ((A
T )T )ij = aij . Thus (A

T )T = A.

(2) (A±B)T = aji ± bji. So (A±B)T = AT ±BT .

Proposition 2.1.1. (1) A is symmetric if and only if AT is symmetric.

(1)∗ A is Hermitian if and only if A∗ is Hermitian.

(2) If A is symmetric, then A2 is also symmetric.

(3) If A is symmetric, then An is also symmetric for all n.

Definition 2.1.9. A matrix is called skew-symmetric if

AT = −A.
Example 2.1.4. The matrix

A =

 0 1 2
−1 0 −3
−2 3 0


is skew-symmetric.

Theorem 2.1.5. (1) If A is skew symmetric, then A is a square matrix
and aii = 0, i = 1, . . . , n.

(2) For any matrix A ∈Mn(F )

A−AT

is skew-symmetric while A+AT is symmetric.

(3) Every matrix A ∈ Mn(F ) can be uniquely written as the sum of a
skew-symmetric and symmetric matrix.

Proof. (1) If A ∈ Mm,n(F ), then A
T ∈ Mn,m(F ). So, if A

T = −A we
must have m = n. Also

aii = −aii
for i = 1, . . . , n. So aii = 0 for all i.
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(2) Since (A − AT )T = AT − A = −(A − AT ), it follows that A − AT is
skew-symmetric.

(3) Let A = B + C be a second such decomposition. Subtraction gives

1

2
(A+AT )−B = C − 1

2
(A−AT ).

The left matrix is symmetric while the right matrix is skew-symmetric.
Hence both are the zero matrix.

A =
1

2
(A+AT ) +

1

2
(A−AT ).

Examples. A =
J
0 −1
1 0

o
is skew-symmetric. Let

B =

}
1 2
−1 4

]
BT =

}
1 −1
2 4

]
B −BT =

}
0 3
−3 0

]
B +BT =

}
2 1
1 8

]
.

Then

B =
1

2
(B −BT ) + 1

2
(B +BT ).

An important observation about matrix multiplication is related to ideas
from vector spaces. Indeed, two very important vector spaces are associated
with matrices.

Definition 2.1.10. Let A ∈Mm,n(C).
(i)Denote by

cj(A) := j
th column of A

cj(A) ∈ Cm. We call the subspace of Cm spanned by the columns of A the
column space of A. With c1 (A) , . . . , cn (A) denoting the columns of A
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the column space is S (c1 (A) , . . . , cn (A)) .
(ii) Similarly, we call the subspace of Cn spanned by the rows of A the row
space of A. With r1 (A) , . . . , rm (A) denoting the rows of A the row space
is therefore S (r1 (A) , . . . , rm (A)) .

Let x ∈ Cn, which we view as the n × 1 matrix x = [x1 . . . xn]
T . The

product Ax is defined and

Ax =
n3
j=1

xjcj(A).

That is to say, Ax ∈ S(c1(A), . . . , cn(A)) = column space of A.
Definition 2.1.11. Let A ∈Mn(F ). The matrix A is said to be invertible
if there is a matrix B ∈Mn(F ) such that

AB = BA = I.

In this case B is called the inverse of A, and the notation for the inverse is
A−1.

Examples.

(i) Let

A =

}
1 3
−1 2

]
Then

A−1 =
1

5

}
2 −3
1 1

]
.

(ii) For n = 3 we have

A =

 1 2 −1
−1 3 −1
−2 3 −1

 A−1 =

 0 1 −1
−1 3 −2
−3 7 −5


A square matrix need not have an inverse, as will be discussed in the
next section. As examples, the two matrices below do not have inverses

A =

}
1 −2
−1 2

]
B =

1 0 1
0 2 1
1 2 2


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2.2 Linear Systems

The solutions of linear systems is likely the single largest application of ma-
trix theory. Indeed, most reasonable problems of the sciences and economics
that have the need to solve problems of several variable almost without ex-
ception are reduced to component parts where one of them is the solution
of a linear system. Of course the entire solution process may have the linear
system solver as a relatively small component, but an essential one. Even
the solution of nonlinear problems, especially, employ linear systems to great
and crucial advantage.

To be precise, we suppose that the coefficients aij , 1 ≤ i ≤ m and 1 ≤
j ≤ n and the data bj , 1 ≤ j ≤ m are known. We define the linear system
for the n unknowns x1, . . . , xn to be

a11x1 + a12x2 + · · ·+ a1nxn = b1
a21x1 + a22x2 + · · ·+ a2nxn = b2 (∗)

am1x1 + am2x2 + · · ·+ amnxn = bm
The solution set is defined to be the subset of Rn of vectors (x1, . . . , xn) that
satisfy each of the m equations of the system. The question of how to solve
a linear system includes a vast literature of theoretical and computation
methods. Certain systems form the model of what to do. In the systems
below we note that the first one has three highly coupled (interrelated)
variables.

3x1 − 2x2 + 4x3 = 7

x1 − 6x2 − 2x3 = 0

−x1 + 3x2 + 6x3 = −2
The second system is more tractable because there appears even to the
untrained eye a clear and direct method of solution.

3x1 − 2x2 − x3 = 7

x2 − 2x3 = 1

2x3 = −2
Indeed, we can see right off that x3 = −1. Substituting this value into the
second equation we obtain x2 = 1− 2 = −1. Substituting both x2 and x3
into the first equation, we obtain 2x1−2 (−1)− (−1) = 7, gives x1 = 2. The
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solution set is the vector (2,−1,−1) . The virtue of the second system is
that the unknowns can be determined one-by-one, back substituting those
already found into the next equation until all unknowns are determined. So
if we can convert the given system of the first kind to one of the second kind,
we can determine the solution.

This procedure for solving linear systems is therefore the applications of
operations to effect the gradual elimination of unknowns from the equations
until a new system results that can be solved by direct means. The oper-
ations allowed in this process must have precisely one important property:
They must not change the solution set by either adding to it or subtracting
from it. There are exactly three such operations needed to reduce any set
of linear equations so that it can be solved directly.

(E1) Interchange two equations.

(E2) Multiply any equation by a nonzero constant.

(E3) Add a multiple of one equation to another.

This can be summarized in the following theorem

Theorem 2.2.1. Given the linear system (*). The set of equation opera-
tions E1, E2, and E3 on the equations of (*) does not alter the solution set
of the system (*).

We leave this result to the exercises. Our main intent is to convert these
operations into corresponding operations for matrices. Before we do this
we clarify which linear systems can have a soltution. First, the system can
be converted to matrix form by setting A equal to the m × n matrix of
coefficients, b equal to the m × 1 vector of data, and x equal to the n × 1
vector of unknowns. Then the system (*) can be written as

Ax = b

In this way we see that with ci (A) denoting the i
th column of A, the system

is expressible as

x1c1 (A) + · · ·+ xncn (A) = b

From this equation it is clear that the system has a solution if and only if
the vector b is in S (c1 (A) , · · · , cn (A)). This is summarized in the following
theorem.



44 CHAPTER 2. MATRICES AND LINEAR ALGEBRA

Theorem 2.2.2. A necessary and sufficient condition that Ax = b has a
solution is that b ∈ S(c1(A) . . . cn(A)).

In the general matrix product C = AB, we note that the column space of
C ⊂ column space of A. In the following definition we regard the matrix A
as a function acting upon vectors in one vector space with range in another
vector space. This is entirely similar to the domain-range idea of function
theory.

Definition 2.2.1. The range of A = {Ax | x ∈ Rn ( orCn )}.
It follows directly from our discussion above that the range of A equals

S(c1(A), . . . , cn(A)).
Row operations: To solve Ax = b we use a process called Gaussian
elimination, which is based on row operations.

Type 1: Interchange two rows. (Notation: Ri ←→ Rj)
Type 2: Multiply a row by a nonzero constant. (Notation: cRi → Ri)
Type 3: Add a multiple of one row to another row. (Notation: cRi+Rj →
Rj)

Gaussian elimination is the process of reducing a matrix to its RREF using
these row operations. Each of these operations is the respective analogue of
the equation operations described above, and each can be realized by left
matrix multiplication. We have the following.
Type 1

E1 =



1
...

...

1
...

...
. . . . . . 0 . . . . . . . . . 1 . . . . . . . . .

... 1
...

...
. . .

...
... 1

...
. . . . . . 1 . . . . . . . . . 0 . . . . . . . . .

...
... 1

...
...

. . .
...

... 1



row i

row j

column
i

column
j
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Notation: Ri ↔ Rj

Type 2

E2 =



1
...

. . .
...

1
...

. . . . . . . . . c . . . . . . . . .
... 1
...

. . .
... 1


row i

column i

Notation: cRi

Type 3

E3 =



1
...

1
...
...
...
. . .

. . . . . . c . . . . . . . . . . . .
... 1
... 1


row j

column
i

Notation: cRi +Rj , the abbreviated form of cRi +Rj → Rj

Example 2.2.1. The operations

 2 1 0
0 2 1
−1 0 2

 R1 ←→ R2
→

 0 2 1
2 1 0
−1 0 2

 4R3
→

 0 2 1
2 1 0
−4 0 8


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can also be realized as

R1 ←→ R2 :

 0 1 0
1 0 0
0 0 1

 2 1 0
0 2 1
−1 0 2

 =
 0 2 1

2 1 0
−1 0 2


4R3 :

 1 0 0
0 1 0
0 0 4

  0 2 1
2 1 0
−1 0 2

 =
 0 2 1

2 1 0
−4 0 8


The operations 2 1 0

0 2 1
−1 0 2

 −3R1 +R2→
2R1 +R3

 2 1 0
−6 −1 1
3 2 2


can be realized by the left matrix multiplications 1 0 0

0 1 0
2 0 1

 1 0 0
−3 1 0
0 0 1

 2 1 0
0 2 1
−1 0 2

 =
 2 1 0
−6 −1 1
3 2 2


Note there are two matrix multiplications them, one for each Type 3 ele-
mentary operation.

Row-reduced echelon form. To each A ∈ Mm,n(E) there is a canonical
form also inMm,n(E) which may be obtained by row operations. Called the
RREF, it has the following properties.

(a) Each nonzero row has a 1 as the first nonzero entry (:= leading one).

(b) All column entries above and below a leading one are zero.

(c) All zero rows are at the bottom.

(d) The leading one of one row is to the left of leading ones of all lower
rows.

Example 2.2.2.

B =


1 2 0 0 −1
0 0 1 0 3
0 0 0 1 0
0 0 0 0 0

 is in RREF.
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Theorem 2.2.3. Let A ∈Mm,n(F ). Then the RREF is necessarily unique.

We defer the proof of this result. Let A ∈ Mm,n(F ). Recall that the
row space of A is the subspace of Rn (or Cn) spanned by the rows of A. In
symbols the row space is

S(r1(A), . . . , rm(A)).

Proposition 2.2.1. For A ∈Mm,n(F ) the rows of its RREF span the rows
space of A.

Proof. First, we know the nonzero rows of the RREF are linearly indepen-
dent. And all row operations are linear combinations of the rows. Therefore
the row space generated from the RREF is contained in the row space of
A. If the containment is proper. That is there is a row of A that is lin-
early independent from the row space of the RREF, this is a contradiction
because every row of A can be obtained by the inverse row operations from
the RREF.

Proposition 2.2.2. If A ∈ Mm,n(F ) and a row operation is applied to A,
then linearly dependent columns of A remain linearly dependent and linearly
independent columns of A remain linearly independent.

Proposition 2.2.3. The number of linearly independent columns of A ∈
Mm,n(F ) is the same as the number of leading ones in the RREF of A.

Proof. Let S = {i1 . . . ik} be the columns of the RREF of A having a lead-
ing one. These columns of the RREF are linearly independent Thus these
columns were originally linearly independent. If another column is linearly
independent, this column of the RREF is linearly dependent on the columns
with a leading one. This is a contradiction to the above proposition.

Proof of Theorem 2.2.3. By the way the RREF is constructed, left-to-right,
and top-to-bottom, it should be apparent that if the right most row of the
RREF is removed, there results the RREF of the m× (n−1) matrix formed
from A by deleting the nth column. Similarly, if the bottom row of the
RREF is removed there results a new matrix in RREF form, though not
simply related to the original matrix A.

To prove that the RREF is unique, we proceed by a double induction,
first on the number of columns. We take it as given that for an m×1 matrix
the RREF is unique. It is either the zero m × 1 matrix, which would be
the case if A was zero or the matrix with a 1 in the first row and zeros in
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the other rows. Assume therefore that the RREF is unique if the number
of columns is less than n. Assume there are two RREF forms, B1 and
B2 for A. Now the RREF of A is therefore unique through the (n − 1)st
columns. The only difference between the RREF’s B1 and B2 must occur
in the nth column. Now proceed by induction on the number of nonzero
rows. Assume that A W= 0. If A has just one row, the RREF of A is simply
the scalar multiple of A that makes the first nonzero column entry a one.
Thus it is unique. If A = 0, the RREF is also zero. Assume now that
the RREF is unique for matrices with less than m rows. By the comments
above that the only difference between the RREF’s B1 and B2 can occur at
the (m,n)-entry. That is (B1)m,n W= (B2)m,n. They are therefore not leading
ones. (Why?) There is a leading one in the mth row, however, because it
is a non zero row. Because the row spaces of B1 and B2 are identical, this
results in a contradiction, and therefore the (m,n)-entries must be equal.
Finally, B1 = B2. This completes the induction. (Alternatively, the two
systems pertaining to the RREF’s must have the same solution set to the
system Ax = 0. With (B1)m,n W= (B2)m,n, it is easy to see that the solution
sets to B1x = 0 and B2x = 0 must differ.) ¤

Definition 2.2.2. Let A ∈Mm,n and b ∈ Rm (or Cn). Define

[A|b] =
a11 . . . a1n b1
a21 . . . a2n b2
am1 . . . amn bm


[A|b] is called the augmented matrix of A by b. [A|b] ∈ Mm,n+1(F ). The
augmented matrix is a useful notation for finding the solution of systems
using row operations.

Identical to other definitions for solutions of equations, the equivalence
of two systems is defined via the idea of equality of the solution set.

Definition 2.2.3. Two linear systems Ax = b andBx = c are called equiv-
alent if one can be converted to the other by elementary equation opera-
tions.

It is easy to see that this implies the following

Theorem 2.2.4. Two linear systems Ax = b and Bx = c are equivalent if
and only if both [A|b] and [B|c] have the same row reduced echelon form.
We leave the prove to the reader. (See Exercise 23.) Note that the solution
set need not be a single vector; it can be null or infinite.
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2.3 Rank

Definition 2.3.1. The rank of any matrix A, denote by r(A), is the di-
mension of its column space.

Proposition 2.3.1. (i) The rank of A equals the number of nonzero rows
of the RREF of A, i.e. the number of leading ones.
(ii) r(A) = r(AT ).

Proof. (i) Follows from previous results.
(ii) The number of linearly independent rows equals the number of lin-
early independent columns. The number of linearly independent rows is
the number of linearly independent columns of AT–by definition. Hence
r(A) = r(AT ).

Proposition 2.3.2. Let A ∈ Mm,n(C) and b ∈ Cm. Then Ax = b has a
solution if and only if r(A) = r([A|b]), where [A|b] is the augmented matrix.
Remark 2.3.1. Solutions may exist and may not. However, even if a so-
lution exists, it may not be unique. Indeed if it is not unique, there is an
infinity of solutions.

Definition 2.3.2. When Ax = b has a solution we say the system is con-
sistent.

Naturally, in practical applications we want our systems to be consistent.
When they are not, this can be an indicator that something is wrong with
the underlying physical model. In mathematics, we also want consistent
systems; they are usually far more interesting and offer richer environments
for study.

In addition to the column and row spaces, another space of great impor-
tance is the so-called null space, the set of vectors x ∈ Rn for which Ax = 0.
In contrast, when solving the simple single variable linear equation ax = b
with a W= 0 we know there is always a unique solution x = b/a. In solving
even the simplest higher dimensional systems, the picture is not as clear.

Definition 2.3.3. Let A ∈Mm,n(F ). The null space of A is defined to be

Null(A) = {x ∈ Rn | Ax = 0}.
It is a simple consequence of the linearity of matrix multiplication that

Null(A) is a linear subspace of Rn. That is to say, Null(A) is closed under
vector addition and scalar multiplication. In fact, A(x + y) = Ax + Ay =
0 + 0 = 0, if x, y ∈ Null(A). Also, A(αx) = αAx = 0, if x ∈ Null(A). We
state this formally as
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Theorem 2.3.1. Let A ∈ Mm,n(F ). Then Null(A) is a subspace of Rn
while the range of A is in Rm.

Having such solutions gives valuable information about the solution set
of the linear system Ax = b. For, if we have found a solution, x, and have
any vector z ∈ Null(A), then x+ z is a solution of the same linear system.
Indeed, what is easy to see is that if u and v are both solutions to Ax = b,
then A(u − v) = Au− Av = 0, or what is the same x − y ∈ Null(A). This
means that to find all solutions to Ax = b, we need only find a single solution
and the null space. We summarize this as the following theorem.

Theorem 2.3.2. Let A ∈ Mm,n(F ) with null space Null(A). Let x be any
nonzero solution to Ax = b. Then the set x+Null(A) is the entire solution
set to Ax = b.

Example 2.3.1. Find the null space of A =

}
1 3
−3 −9

]
.

Solution. Solve Ax = 0. The RREF for A is

}
1 3
0 0

]
. Solving x1+3x2 = 0,

take x2 = t, a “free” parameter and solve for x1 to get x1 = −3t. Thus
every solution to Ax = 0 can be written in the form

x =

} −3t
t

]
= t

} −3
1

]
t ∈ R

Expressed this way we see that Null(A) =

F
t

} −3
1

]
| t ∈ R

k
, a subspace

of R2 of dimension 1.

Theorem 2.3.3 (Fundamental theorem on rank). A ∈Mm,n(F ). The
following are equivalent

(a) r(A) = k.

(b) There exist exactly k linearly independent columns of A.

(c) There exist exactly k linearly independent rows of A.

(d) The dimension of the column space of A is k (i.e. dim(Range A) = k).

(e) There exists a set S of exactly k vectors in Rm for which Ax = b has
a solution for each b ∈ S(S).

(f) The null space of A has dimension n− k.
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Proof. The equivalence of (a), (b), (c) and (d) follow from previous con-
siderations. To establish (e), let S = {cf1 , cf2 , . . . , cfk} denote the linearly
independent column vectors of A. Let T = {ef1 , ef2 , . . . , efk} ⊂ Rn be the
standard vectors. Then Aefj = cfj . If b ∈ S(S), then b = a1cf1 + a2cf2 +
· · ·+ akcfk . A solution to Ax = b is given by x = a1ef1 + a2ef2 + · · ·+ akefk .
Conversely, if (e) holds, then the set S must be linearly independent for
otherwise S could be reduced to k − 1 or fewer vectors. Similarly if A has
k+1 linearly independent columns then set S can be expanded. Therefore,
the column space of A must have exactly k vectors.

To prove (f) we assume that S = {v1, . . . , vk} is a basis for the column
space of A. Let T = {w1, . . . , wk} ⊂ Rn for which Awi = vi, i = 1, . . . , k.
By our extension theorem, we select n − k vectors wk+1, . . . , wn such that
U = {w1, . . . , wk, wk+1, . . . , wn} is a basis of Rn. We must have that
Awk+1 ∈ S(S). Hence there are scalars b1, . . . , bk such that

Awk+1 = A(b1w1 + · · ·+ bkwk)

and thus wIk+1 = wk+1 − (b1w1 + · · · + bkwk) is in the null space of A.
Repeat this process for each wk+j , j = 1, . . . , n − k. We generate a total
of n − k vectors {wIk+1, . . . , wIn} in this manner. This set must be linearly
independent. (Why?) Therefore, the dimension of the null space must be
at least n − k. Now we consider a new basis which consists of the original
vectors and the n− k vectors {wIk+1, wIk+2, . . . , wIn} for which Aw = 0. We
assert that the dimension of the null space is exactly n− k. For if z ∈ Rn is
a vector for which Az = 0, then z can be uniquely written as a component
z1 from S(T ) and a component z2 from S({wIk+1, . . . , wIn}). But Az1 W= 0
and Az2 = 0. Therefore Az = 0 is impossible unless the component z1 = 0.

Conversely, if (f) holds we take a basis for the null space T = {u1, u2, . . . , un−k}
and extend the basis

T I = T ∪ {un−k+1, . . . , un}

to Rn. Next argue similarly to above that

Aun−k+1, Aun−k+2, . . . , Aun

must be linearly independent, for otherwise there is yet another linearly
independent vector that can be added to its basis, a contradiction. Therefore
the column space must have dimension at least, and hence equal to k.

The following corollary assembles many consequences of this theorem.
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Corollary 2.3.1. (1) r(A) ≤ min(m,n).
(2) r(AB) ≤ min(r(A), r(B)).
(3) r(A+B) ≤ r(A) + r(B).
(4) r(A) = r(AT ) = r(A∗) = r(Ā).

(5) If A ∈Mm(F ) and B ∈Mm,n(F ), and if A is invertible, then

r(AB) = r(B).

Similarly, if C ∈Mn(F ) is invertible and B ∈Mm,n(F )

r(BC) = r(B).

(6) r(A) = r(ATA) = r(A∗A).

(7) Let A ∈Mm,n(F ), with r(A) = k. Then A = XBY where X ∈Mm,k,
Y ∈Mk,n and B ∈Mk is invertible.

(8) In particular, every rank 1 matrix has the form A = xyT , where x ∈
Rm and y ∈ Rn. Here

xyT =

x1y1 x1y2 . . . x1yn
...

...
...

xmy1 xmy2 . . . xmyn

 .
Proof. (1) The rank of any matrix is the number of linearly independent

rows, which is the same as the number of linearly independent columns.
The maximum this value can be is therefore the maximum of the
minimum of the dimensions of the matrix, or r (A) ≤ min (m,n) .

(2) The product AB can be viewed in two ways. The first is as a set
of linear combinations of the rows of B, and the other is as a set of
linear combinations of the columns of A. In either case the number
of linear independent rows (or columns as the case may be) In other
words, the rank of the product AB cannot be greater than the number
of linearly independent columns of A nor greater than the number of
linearly independent rows of B. Another way to express this is as
r (AB) ≤ min(r (A) , r (B))
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(3) Now let S = {v1, . . . vr(A)} and T = {w1, . . . , wr(B)} be basis of the
column spaces of A and B respectively. Then, the dimension of the
union S∪T = {v1, . . . vr(A), w1, . . . , wr(B)} cannot exceed r (A)+r (B) .
Also, every vector in the column space of A+B is clearly in the span
of S ∪ T. The result follows.

(4) The rank ofA is the number of linearly independent rows (and columns)
of A, which in turn is the number of linearly independent columns of
AT , which in turn is the rank of AT . That is, r (A) = r

D
AT
i
. Similar

proofs hold for A∗ and Ā.

(5) Now suppose that A ∈ Mm (F ) is invertible and B ∈ Mm,n. As
we have emphasized many times the rows of the product AB can be
viewed as a set of linear combinations of the rows of B. Since A has
rank m any set of linearly independent rows of B remains linearly
independent. To see why, let ri (AB) denote the i

th row of the product
AB. Then it is easy to see that

ri (AB) =
m3
j=1

aijrj (B)

Suppose we can determine constants c1, . . . , cm not all zero so that

0 =
m3
j=1

ciri (AB) =
m3
i=1

ci

m3
j=1

aijrj (B)

=
m3
j=1

rj (B)
m3
i=1

ciaij

This linear combination of the rows of B has coefficient given by AT c,
where c = [c1, . . . , ck]

T . Because the rank of A (and AT ) is m, we
can solve this system for any vector d ∈ Rm. Suppose that the row
vectors rjl (B) , f = 1, . . . , r(B), are linearly independent. Arrange
that the components of d to be zero for indices not included in the set
jl, f = 1, . . . , r(B) and not all zero otherwise. Then the conclusion

0 =
�m
j=1 rj (B)

�m
i=1 ciaij =

�r(B)
l=1 rjl (B) djl is impossible. Indeed,

the same basis of the row space of B will be a basis of the row space
of AB. This proves the result.

(6) We postpone the proof of this result until we discuss orthogonality.
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(7) Place A in RREF, say ARREF . Since r (A) = k we know the top k
rows of ARREF are linearly independent and the remaining rows are
zero. Define Y to be the k× n matrix consisting of these top k rows.
Define B = Ik. Now the rows of A are linear combinations of these
rows. So, define the m × k matrix X to have rows as follows: The
first row of consists of the coefficients so that

�
x1jrj(Y ) = r1 (A) .

In general, the ith row of X is selected so that3
xijrj(Y ) = ri (A)

(8) This is an application of (7) noting in this special case that X is an
m× 1 matrix that can be interpretted as a vector x ∈ Rm. Similarly,
Y is an 1 × n matrix that can be interpretted as a vector y ∈ Rn.
Thus, with I = [1], we have

A = xyT

Example 2.3.2. Here is the decomposition of the form given in Lemma
2.3.1 (7). The 3× 4 matrix A has rank 2.

A =


1 2 −1
0 0 2
−1 −2 3
2 4 0

 =


1 −1
0 2
−1 3
2 0

} 1 0
0 1

] }
1 2 0
0 0 1

]
= XBY

The matrix Y is the RREF of A.

Example 2.3.3. Let x = [x1, x2, . . . , xm]
T ∈ Rm and y = [y1, y2, . . . yn]T ∈

Rn. Then the rank one m× n matrix xyT has the form

xyT =


x1y1 x1y2 · · · x1yn
x2y1 x2y2 x2yn
...

. . .
...

xmy1 xmy2 · · · xmyn


In particular, with x = [1, 3, 5]T , and y = [−2, 7]T , the rank one 3×2 matrix
xyT is given by

xyT =

 13
5

 [−2, 7] =
 −2 7
−6 21
−10 35


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Invertible Matrices

A subclass matrices A ∈ Mn(F ) that have only the zero kernel is very
important in applications and theoretical developments.

Definition 2.3.4. A ∈ Mn is called nonsingular if Ax = 0 implies that
x = 0.

In many texts such matrices are introduced though an equivalent alter-
nate definition involving rank.

Definition 2.3.5. A ∈Mn is nonsingular if r(A) = n.

We also say that nonsingular matrices have full rank. That nonsingular
matrices are invertible and conversely together with many other equivalences
is the content of the next theorem.

Theorem 2.3.4. [Fundamental theorem on inverses] Let A ∈Mn(F ). Then
the following statements are equivalent.

(a) A is nonsingular.

(b) A is invertible.

(c) r(A) = n.

(d) The rows and columns of A are linearly independent.

(e) dim(Range(A)) = n.

(f) dim(Null(A)) = 0.

(g) Ax = b is consistent for all b ∈ Rn (or Cn).
(h) Ax = b has a unique solution for every x ∈ Rn (or Cn).
(i) Ax = 0 has only the zero solution.

(j)* 0 is not an eigenvalue of A.

(k)* detA W= 0.
* The statements about eigenvalues and the determinant (detA) of a ma-
trix will be clarified later after they have been properly defined. They are
included now for completeness.
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Definition 2.3.6. Two linear systems Ax = b andBx = c are called equiv-
alent if one can be converted to the other by elementary equation opera-
tions. Equivalently, the systems are equivalent if [A | b] can be converted to
[B | c] by elementary row operations.

Alternatively, the systems are equivalent if they have the same solution
set which means of course that both can be reduced to the same RREF.

Theorem 2.3.5. If A ∈ Mn(F ) and B ∈ Mn(F ) with AB = I, then B is
unique.

Proof. If AB = I then for every e1 . . . en there is a solution to the system
Abi = ei for all 1 = 1, 2, . . . , n. Thus the set {bi}ni=1 is linearly independent
(because the set {ei} is) and moreover a basis. Similarly if AC = I then
A(C − B) = 0, and there are ci ∈ Rn (or Cn), i = 1, . . . , n such that
Aci = ei. Suppose for example that c1− b1 W= 0. Since the {bi}ni=1 is a basis
it follows that c1 − b1 = Σαjbj , where not all αj are zero. Therefore,

A(c1 − b1) = ΣαjAbj = Σαjej W= 0.
and this is a contradiction.

Theorem 2.3.6. Let A ∈Mn(F ). If B is a right inverse, AB = I, then B
is a left inverse.

Proof. Define C = BA − I + B, and assume C W= B or what is the same
thing that B is not a left inverse. Then

AC = ABA−A+AB = (AB)(A)−A+AB
= A−A+AB = I

This implies that C is another right inverse of A, contradicting Theorem
2.3.5.

2.4 Orthogonality

Let V be a vector space over C. We define an inner product �·, ·X on V × V
to be a function from V to C that satisfies the following properties:

1. �av,wX = a�v, wX and �v, awX = a�v, wX (a is the complex conjugate
of a)

2. �v, wX = �w, vX
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3. �u+ v, wX = �u,wX+ �v, wX (linearity)
4. �u, v + wX = �u, vX+ �u,wX
5. �v, vX ≥ 0 with �v, vX = 0 if and only if v = 0.

For inner products over real vector spaces, we neglect the complex con-
jugate operation. In addition, we want our inner products to define a norm
as follows:

6. For any v ∈ V , ,v,2 = �v, vX

We assume thoughout the text that all vector spaces with inner products
have norms defined exactly in this way. With the norm and vector v can
be normalized by dilating it to have length 1, say vn = v

1
,v, . The simplest

type of inner product on Cn is given by

�v, wX =
n3
i=1

xiȳi

We call this the standard inner product.
Using any inner product, we can define an angle between vectors.

Definition 2.4.1. The angle θxy between vectors x and y in Rn is defined
by

cos θxy =
�x, yX
,x,,y,

=
�x, yX

(�x, xX)1/2(�y, yX)1/2 .

This comes from the well known result in R2

x · y = ,x,,y, cos θ
which can be proved using the law of cosines. With angle comes the notion
of orthogonality.

Definition 2.4.2. Two vectors u and v are said to be orthogonal if the
angle between them if π

2 or what is the same thing �u, vX = 0. In this case
we commonly write x⊥y. We extend this notation to sets U writing x⊥U
to mean that x⊥u for every u ∈ U . Similarly two sets U and V are called
orthogonal if u⊥v for every u ∈ U and v ∈ V .
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Remark 2.4.1. It is important to note that the notion of orthogonality
depends completely on the inner product. For example, theweighted inner

product defined by �v, wX =
n�
i=1
wi xiȳi where the wi > 0 gives very different

orthogonal vectors from the standard inner product.

Example 2.4.1. In Rn or Cn the standard unit vectors are orthogonal with
respect to the standard inner product.

Example 2.4.2. In the R3 the vectors u = (1, 2,−1) and v = (1, 1, 3) are
orthogonal because

�x, yX = 1 (1) + 2 (2)− 1 (3) = 0

Note that in R3 the complex conjugate is not written. The set of vectors
(x1, x2, x3) ∈ R3 orthogonal to u = (1, 2,−1) satisfies the equation x1 +
2x2 − x3 = 0 is recognizable as the plane with normal vector u.
Definition 2.4.3. We define the projection Puv of one vector v in the di-
rection of an other vector u to be

Puv =
�u, vX
,u,2 u

As you can see, we have merely written an expression for the more in-
tuitive version of the projection in question given by ,v, cos θuv u

,u, . In the
figure below, we show the fundamental diagram for the projection of one
vector in the direction of another.

�

u

v

P vu

If the vectors u and v are orthogonal, it is easy to see that Puv = 0 .
(Why?)

Example 2.4.3. Find the projection of the vector v = (1, 2, 1) on the vector
u = (−2, 1, 3)
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Solution. We have

Puv =
�u, vX
,u,2 u =

�(1, 2, 1) , (−2, 1, 3)X
,(−2, 1, 3),2 (−2, 1, 3)

=
1 (−2) + 2 (1) + 1 (3)

14
(−2, 1, 3)

=
5

14
(−2, 1, 3)

We are now ready to find orthogonal sets of vectors and orthogonal bases.
First we make an important definition.

Definition 2.4.4. Let V be a vector space with an inner product. A set
of vectors S = {x1, . . . , xn} in V is said to be orthogonal if �xi, xjX = 0 for
i W= j. It is called orthonormal if also �xi, xiX = 1. If, in addition, S is a
basis it is called an orthogonal basis or orthonomal basis.

Note: Sometimes the conditions for orthonormality are written as

�xi, xjX = δij

where δij is the “Dirac” delta: δij = 0, i W= j, δii = 1.
Theorem 2.4.1. Suppose U is a subspace of the (inner product) vector
space V and that U has the basis S = {x1 . . . xk}, then U has an orthogonal
basis.

Proof. Define y1 =
x1
,|x,| . Thus y1 is the “normalized” x1. Now define the

new orthonormal basis recursively by

yIj+1 = xj+1 −
j3
i=1

�yi, xj+1Xyi

yj+1 =
yIj+1
,yIj+1,

for j = 1, 2, . . . , k − 1. Then
(1) yj+1 is orthogonal to y1, . . . , yj

(2) yj+1 W= 0.
In the language above we have �yi, yjX = δij .
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Basically, what the proof accomplishes is to take the differences of the
vector from the projections to the others. Referring to the figure above we
compute v − Puv as noted in the figure below. The process of orthogonal-
ization described above is called the Gram—Schmidt process.

�

u

v

v

P v

P v

u

u
-

Representation of vectors

One of the great advantages of orthonormal bases is that they make the
representation of vectors particularly easy. It is as simple as computing an
inner product. Let V be a vector space with inner product �·, ·X and with
subspace U having basis S = {u1, u2, . . . , uk}. Then for every u ∈ U we
know there are constants a1, a2, . . . , ak such that

x = a1u1 + a2u2 + · · ·+ akuk.
Taking the inner product of both sides with uj and applying the orthogo-
nality relations

�x, ujX = �a1u1 + a2u2 + · · ·+ akuk., ujX

=
k3
j=1

ai �ui., ujX = aj

Thus aj = �x, ujX, j = 1, 2, . . . , k, and

x =
k3
j=1

�u., ujXuj

Example 2.4.4. One basis of R2 is given by the orthonormal vectors S =

{u1, u2}, where u1 =
�
1√
2
, 1√

2

=T
and u2 =

�
1√
2
,− 1√

2

=T
. The representa-

tion of x = [3, 2]T is given by

x =
23
j=1

�u., ujXuj = 5

2

√
2

}
1√
2
,
1√
2

]T
+
1

2

√
2

}
1√
2
,− 1√

2

]T
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Orthogonal subspaces

Definition 2.4.5. For any set of vectors S we define

S⊥ = {v ∈ V | v⊥S}

That is, S⊥ is the set of vectors orthogonal to S. Often, S⊥ is called the
orthogonal complement or orthocomplement of S.

For example the orthocomplement of any vector v = [v1, v2, v3]
T ∈ R3 is the

(unique) plane passing through the origin that is orthogonal to v. It is easy
to see that the equation of the plane is x1v1 + x2v2 + x3v3 = 0.

For any set of vectors S the orthocomplement S⊥ has the remarkable
property of being a subspace of V , and therefore it is must have an orthog-
onal basis.

Proposition 2.4.1. Suppose that V is a vector space with an inner product,
and S ⊂ V . Then S⊥ is a subspace of V .

Proof. If y1, . . . , ym ∈ S⊥ then Σaiyi ∈ S⊥ for every set of coefficients
a1, . . . , am in R (or C).

Corollary 2.4.1. Suppose that V is a vector space with an inner product,
and S ⊂ V .

(i) If S is a basis of V , S⊥ = {0}.

(ii) If U = S(S), then U⊥ = S⊥.

The proofs of these facts are elementary consequences of the proposition.
An important decomposition result is based on orthogonality of subspaces.
For example, suppose that V is a finite dimensional inner product space and
that U is a subspace of V . Let U⊥ be the orthocomplement of U, and let
S = {u1, u2, . . . , uk} be an orthonormal basis of U . Let x ∈ V . Define
x1 =

�k
j=1 �x, ujXuj , and x2 = x − x1. Then it follows that x1 ∈ U and

x2 ∈ U⊥. Moreover, x = x1 + x2. We summarize this in the following.

Proposition 2.4.2. Let V is a vector space with inner product �·, ·X and
with subspace U . Then every vector x ∈ V can be written as a sum of two
orthogonal vectors x = x1 + x2, where x1 ∈ U and x2 ∈ U⊥.
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Geometrically what this results asserts is that for a given subspace of
an inner product space, every vector has an orthogonal decomposition as
two unique sum of a vector from the subspace and its orthocomplement.
We write the vector components as the respective projections of the given
vector to the orthogonal subspaces

x1 = PU x

x2 = PU ⊥ x

Such decompositions are important in the analysis of vector spaces and
matrices. In the case of vector spaces, of course, the representation of
vectors is of great value. In the case of matrices, this type of decomposition
serves to allow reductions of the matrices while preserving the information
they carry.

2.4.1 An important equality for matrix multiplication and
the inner product

Let A ∈ Mmn(C). Then we know that both A∗A and AA∗ (Alternatively,
ATA and AAT exist) exist, and we can surely inquire about the rank of these
matrices. The main result of this section is on the rank of ATA, namely
that r (A) = r(A∗A) = r(AA∗). The proof is quite simple but requires an
important equality. Let A ∈Mmn(C) and v ∈ Cn and w ∈ Cm. Then

�Av,wX =

r
m3
i=1

(Av)i , wi

S

=
m3
i=1

n3
j=1

aijvj w̄i

=
n3
j=1

vj

m3
i=1

aijw̄i

=
n3
j=1

vj

m3
i=1

āijwi

=
n3
j=1

vj (A∗w)j

= �v,A∗wX
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As a consequence we have �A∗Av,wX = �Av,AwX if both v, w ∈ Cn. This
important equality allows the adjoint or transpose matrices to be used on
either side of the inner product, as needed. Indeed we shall use this below.

Proposition 2.4.3. Let A ∈Mmn(C) have rank r (A) . Then

r (A) = r(A∗A) = r(AA∗)

Proof. Assume that r (A) = k. Then there are k standard vectors ej1 , . . . , ejk
such that for each l = 1, 2, . . . k, the vectors Aejl is one of the linearly
independent columns of A. Moreover, it also follows that for every set of
constants a1, . . . , ak the vector A

D�
alelj
i W= 0. Now A∗A

D�
alelj
i W= 0

follows because?
A∗A
p3

alelj

Q
,
p3

alelj

Q#
=
?
A
p3

alelj

Q
, A
p3

alelj

Q#
=
EEEAp3alelj

QEEE2 W= 0
This in turn establishes that A∗A cannot be zero on a linear space of di-
mension k except for the zero element of course, and since the rank of A∗A
cannot be larger than k the result is proved.

Remark 2.4.2. This establishes (6) of the Corollary 2.3.1 above. Also, it
is easy to see that the result is also true for real matrices.

2.4.2 The Legendre Polynomials

When a vector space has an inner product, it is possible to construct an
orthogonal basis from any given basis. We do this now for the polynomial
space Pn (−1, 1) and a particular basis.

Consider the space the polynomials of degree n defined on the interval
[−1, 1] over the reals. Recall that this is a vector space and has as a basis
the monomials

\
1, x, x2, . . . , xn

�
. We can define an assortment of inner

products on this space, but the most common inner product is given by

�p, qX =
8 1

−1
p (x) q (x) dx

Verifying the inner product properties is fairly straight forward and we leave
it as an exercise. This inner product also defines a norm

,p,2 =
8 1

−1
|p (x)|2 dx
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This norm satisfies the triangle inequality requires an integral version of the
Cauchy-Schwartz inequality.

Now that we have an inner product and norm, we could proceed to find
an othogonal basis of Pn (−1, 1) by applying the Gram-Schmidt procedure
to the basis

\
1, x, x2, . . . , xn

�
. This procedure can be clumsy and tedious.

It is easier to build an orthogonal basis from scratch. Following tradition
we will use capital letters P0, P1, . . . to denote our orthogonal polynomials.
Toward this end take P0 = 1. Note we are numbering from 0 onwards so
that the polynomial degree will agree with the index. Now let P1 = ax+ b.
For orthogonality, we need8 1

−1
P0 (x)P1 (x) dx =

8 1

−1
1 · (ax+ b) dx = 2b = 0

Thus b = 0 and a can be arbitrary. We take a = 1. This gives y1 = x. Now
we assume the model for the next orthogonal function to be y2 = ax

2+bx+c.
This time there are two orthogonality conditions to satisfy.8 1

−1
P0 (x)P2 (x) dx =

8 1

−1
1 · Dax2 + bx+ ci dx = 2

3
a+ 2c = 08 1

−1
P1 (x)P2 (x) dx =

8 1

−1
x · Dax2 + bx+ ci dx = 2

3
b = 0

We conclude that b = 0. From the equation 2
3a+2c = 0, we can assign one

of the variables and solve for the other one. Following tradition we take
c = −12 and solve for a to get a = 3

2 .

The next polynomial will be modeled as P3 (x) = ax3 + bx2 + cx + d.
Three orthogonality relations need to be satisfied.8 1

−1
P0 (x)P3 (x) dx =

8 1

−1
1 · Dax3 + bx2 + cx+ di dx = 2

3
b+ 2d = 08 1

−1
P1 (x)P3 (x) dx =

8 1

−1
x · Dax3 + bx2 + cx+ di dx = 2

5
a+

2

3
c = 08 1

−1
P2 (x)P3 (x) dx =

8 1

−1
1

2
(3x− 1) Dax3 + bx2 + cx+ di dx

=
3

5
a− 1

3
b+ c− d = 0

It is easy to see that b = d = 0 (why?) and from 2
5a +

2
3c = 0, we select
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c = −32 and a = 5
2 . Our table of orthogonal polynomials so far is

k Pk (x)

0 1

1 x

2 1
2 (3x− 1)

3 1
2

D
5x3 − 3xi

Continue in this fashion, generating polynomials of increasing order each
orthogonal to all of the lower order ones.

P0(x) = 1

P1(x) = x

P2(x) = 3/2x2 − 1/2
P3, x) = 5/2x3 − 3/2x
P4(x) =

35

8
x4 − 15

4
x2 + 3/8

P5(x) =
63

8
x5 − 35

4
x3 +

15

8
x

P6(x) =
231

16
x6 − 315

16
x4 +

105

16
x2 − 5

16

P7(x) =
429

16
x7 − 693

16
x5 +

315

16
x3 − 35

16
x

P8(x) =
6435

128
x8 − 3003

32
x6 +

3465

64
x4 − 315

32
x2 +

35

128

P9(x) =
12155

128
x9 − 6435

32
x7 +

9009

64
x5 − 1155

32
x3 +

315

128
x

P10(x) =
46189

256
x10 − 109395

256
x8 +

45045

128
x6 − 15015

128
x4 +

3465

256
x2 − 63

256

2.4.3 Orthogonal matrices

Besides sets of vectors being orthogonal, there is also a definition of orthog-
onal matrices. The two notions are closely linked.

Definition 2.4.6. We say a matrix A ∈ Mn(C) is orthogonal if A∗A = I.
The same definition applies to matrices A ∈ Mn(R) with A

∗ replaced by
AT .
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For example, the rotation matrices (Exercise ??) Bθ =

}
cos θ − sin θ
sin θ cos θ

]
are all orthogonal.

A simple consequence of this definition is that the rows and the columns
of A are orthonormal. We see for example that when A is orthogonal then
(A∗)2 = (A−1)2 = A−1A−1 = (A2)−1. Such a definition applies, as well to
higher powers. For instance, if A is orthogonal then Am is orthogonal for
every positive integer m.

One way to generate orthogonal matrices in Cn (or Rn) is to begin with
an orthonormal basis and arrange it into an n×nmatrix either as its columns
or rows.

Theorem 2.4.2. (i) Let {xi}, i = 1, . . . , n be an orthonormal basis of Cn
or (Rn). Then the matrices

U =

 x1 · · · xn
↓ · · · ↓
· ·

 and V =

 x1 −→ ·
...

...
xn −→ ·


formed by arranging the vectors xi as its respective columns or rows are
orthogonal.

(ii) Conversely, U is an orthogonal matrix, the sets of its rows and
columns are each orthonormal, and moreover each forms a basis of Cn or
(Rn).

The proofs are entirely trivial. We shall consider these types of results
in more detail later in Chapter 4. In the meantime there are a few more
interesting results that are direct consequences of the definition and facts
about the transpose (adjoint).

Theorem 2.4.3. Let A,B ∈Mn (C) (or Mn (R) ) be orthogonal matrices.
Then
(a) A is invertible and A−1 = A∗.
(b) For each integer k = 0,±1,±2, . . . , both Ak and −Ak are orthogonal.
(c) AB is orthogonal.

2.5 Determinants

This section is about determinants that can be regarded as a measure of
singularity of a matrix. More generally, in many applied situations that
deal with complex objects, a single number is sought that will in some way
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classify an aspect of those objects. The determinant is such a measure for
singularity of the matrix. The determinant is difficult to calculate and of
not much practical use. However, it has considerable theoretical value and
certainly has a place of historical interest.

Definition 2.5.1. Let A ∈ Mn(F ). Define the determinant of A to be
the value in F

detA =
3
σ

X
n�
i=1

aiσ(i)

~
· sgn σ

where σ is a permutation of the integers {1, 2, . . . , n} and
(1)
�
σ
denotes the sum over all permutations

(2) sgn σ = sign of σ = ±1
A transposition is the exchange of two elements of an ordered list with
all others staying the same. With respect to permutations, a transposition
of one permutation is another permutation formed by the exchange of two
values. For example a transposition of {1, 4, 3, 2} is {1, 3, 4, 2}. The sign of
a given permutation σ is

(a) +1, if the number of transpositions required to bring σ to {1, 2, . . . , n}
is even.

(b) −1, if the number of transpositions required to bring σ to {1, 2, . . . , n}
is odd.

Alternatively, and what is the same thing, we may count the number m of
transpositions required to bring σ to {1, 2, . . . , n} and to compute the sign
is (−1)m.
Example 2.5.1.

σ1 = {2, 1, 3} 1↔2−−→ {1, 2, 3} odd

σ2 = {2, 3, 1} 3↔1−−→ {2, 1, 3} 1↔2−−→ {1, 2, 3} even

sgn σ1 = −1 sgn σ2 = +1

Proposition 2.5.1. Let A ∈Mn.
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(i) If two rows of A are interchanged to obtain B, then

detB = −detA.

(ii) Given A ∈Mn(F ). If any row is multiplied by a scalar c, the resulting
matrix B has determinant

detB = cdetA.

(iii) If any two rows of A ∈Mn(F ) are equal,

detA = 0.

Proof. (i) Suppose rows i1 and i2 are interchanged. Now for the given
permutations σ apply the transposition i1 ↔ i2 to get σ1. Then

n�
i=1

ai1σ(i) =
n�
i=1

bi2σ1(i)

because

ai1σ(i1) = bi2σ1(i2)

as

bi2j = ai1j and σ1(i2) = σ2(i1)

and similarly ai2σ(i2) = bi1σ1(i1). All other terms are equal. In the
computation of the full determinant with signs of the permutations,
we see that the change is caused only by the fact sgn(σ1) = −sgn(σ).
Thus,

detB = −detA.

(ii) Is trivial.

(iii) If two rows are equal then by part (i)

detA = −detA

and this implies detA = 0.
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Corollary 2.5.1. Let A ∈Mn. If A has two rows equal up to a multiplica-
tive constant, it has has determinant zero.

What happens to the determinant when two matrices are added. The
result is too complicated to write down is not very important. However,
when a single vector is added to a row or a column of a matrix, then the
result can be simply stated.

Proposition 2.5.2. Suppose A ∈ Mn(F ). Suppose B is obtained from A
by adding a vector v to a given row (resp. column) and C is obtained from
A by replacing the given row (resp. column) by the vector v. Then

detB = detA+ detC.

Proof. Assume the jth row is altered. Using the definition of the determi-
nant,

detA =
3
σ

sgn (σ)
�
i

biσ(i) =
3
σ

sgn (σ)

�
iW=j
biσ(i)

 bjσ(j)
=
3
σ

sgn (σ)

�
iW=j
aiσ(i)

 (a+ v)jσ(j)
=
3
σ

sgn (σ)

�
iW=j
aiσ(i)

ajσ(j) +3
σ

sgn (σ)

�
iW=j
aiσ(i)

 vjσ(j)
detA+ detC

For column replacement the proof is similar, particularly using the alternate
representation of the determinant given in Exercise 15.

Corollary 2.5.2. Suppose A ∈ Mn(F ) and B is obtained by multiplying a
given row (resp. column) of A by a scalar and adding it to another row
(resp. column), then

detB = detA.

Proof. First note that in applying Proposition 2.5.2 C has two rows equal
up to a multiplicative constant. Thus detC = 0.

Computing determinants is usually difficult and many techniques have
been devised to compute them out. As is evident from counting, computing
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the determinant of an n×n matrix using the definition above would require
the expression of all n! permutations of the integers {1, 2, . . . , n} and the
determination of their signs together with all the concommitant products
and summation. This method is prohibitively costly. Using elementary
row operations and Gaussian elimination, the evaluation of the determinant
becomes more manageable. First we need the result below.

Theorem 2.5.1. For the elementary matrices the following results hold.

(a) for Type 1 (row interchange) E1

detE1 = −1

(b) for Type 2 (multiply a row by a constant c) E2

detE2 = c

(c) for Type 3 (add a multiple of one row to another row) E3

detE3 = 1.

Note that (c) is a consequence of Corollary 2.5.2. Proof of parts (a) and (b)
are left as exercises. Thus for any matrix A ∈Mn(F ) we have

det(E1A) = −detA = detE1 detA

det(E2A) = cdetA = detE2 detA

det(E3A) = detA = detE3 detA.

Suppose F1 . . . Fk is a sequence of row operations to reduce A to its RREF.
Then

FkFk−1 . . . F1A = B.

Now we see that

detB = det(FkFk−1 . . . F1A)
= det(Fk) det(Fk−1 . . . F1A)

=
...

= det(Fk) det(Fk−1) . . .det(F1) detA.

For B in RREF and B ∈Mn(F ), we have that B is upper triangular. The
next result establishes Theorem 2.3.4(k) about the determinant of singular
and non singular matrices. Moreover, the determinant of triangular matrices
is computed simply as the product of its diagonal elements.
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Proposition 2.5.3. Let A ∈Mn. Then

(i) If r(A) < n, then detA = 0.

(ii) If A is triangular then

detA =
�
aii

(iii) If r(A) = n, then detA W= 0.

Proof. (i) If r(A) < n, then its RREF has a row of zeros, and detA = 0 by
Theorem 2.5.1. (ii) If A is triangular the only product without possible zero
entries is

�
aii. Hence detA =

�
aii. (iii) If If r(A) = n, then its RREF has

no nonzero rows. Since it is square and has a leading one in each column,
it follows that the RREF is the identity matrix. Therefore detA W= 0.

Now let A,B ∈ Mn. If A is singular the RREF must have a zero row.
It follows that detA = 0. If A is singular it follows that AB is singular.
Therefore

0 = detAB = detAdetB.

The same reasoning applies if B is singular. If A and B are not singular
both A and B can be row reduced to the identity. Let F1 . . . Fk1 be the row
operations that reduce A to I, and G1 . . . GkB be the row operations that
reduce B to I. Then

detA = [det(F1) . . .det(FkA)]
−1

detB = [det(G1) . . .det(GkB)]
−1.

Also

I = (GkB . . . G1)(FkB . . . F1)AB

and we have

det I = (detA)−1(detB)−1 detAB.

This proves the

Theorem 2.5.2. If A,B ∈Mn(F ), detAB = detAdetB.
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2.5.1 Minors and Determinants

The method of row reduction is one of the simplest methods to compute
the determinant of a matrix. Indeed, it is not necessary to use Type 2 el-
ementary transformation. This results in the computing the determinant
as the product of the diagonal elements of the resulting triangular matrix
possibly multiplied by a minus sign. An alternate approach to computing
determinants using minors is both interesting and useful. However, unless
the matrix has some special form, it does not provide a computational al-
ternative to row reduction.

Definition 2.5.2. Let A ∈Mn (C) . For any row i and column j define the
(ij)-minor of A by

Mij = detA
ith row removed

jth column removed

The notation

A
ith row removed

jth column removed

denotes the (n− 1)× (n− 1) matrix formed from A by removing the ith row
and jth column. With minors an alternative formulation of the determinant
can be given. This method, while not of great value computationally, has
some theoretical importance. For example, the inverse of a matrix can be
expressed using minors. We begin by consideration the determinant.

Theorem 2.5.3. Let A ∈ Mn (C) . (i) Fix any row, say row k. The de-
terminant of A is given by

detA =
n3
j=1

akj (−1)k+jMkj

(ii) Fix any column, say column m. The determinant of A is given by

detA =
n3
j=1

ajm (−1)m+jMjm

Proof. (i) Suppose that k = 1. Consider the quantity

a11M11
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We observe that this is equivalent to all the products of the form

sgn (σ) a11 · a2σ(2) · · · · · anσ(n)
where only permutations that fix the integer (i.e. position) 1 are taken.
Thus σ (1) = 1. Since this position is fixed the signs taken in the determi-
nantM11 for permutations of n−1 integers are respectively the same as the
signs for the new permutation of n integers.

Now consider all permutations that fix the integer 2 in the sense that
σ (1) = 2. The quantity a12 (−1)1+2M12 consists of all the products of the
form

sgn (σ) a12 · a2σ(1)a3σ(3) · · · · · anσ(n)
We need here the extra sign change because if the part of the permutation
σ of the integers {1, 3, 4, . . . , n} is of one sign, which is the sign used in
the computation of detMij , then the permutation of σ of the integers
{1, 2, 3, 4, . . . , n} is of the other sign, and that sign is sgn (σ).

When we proceed to the kth component, we consider permutations that
fix the integer k. That is, σ (1) = k. In this case the quantity a1k (−1)1+kM1k

consists of all products of the form

sgn (σ) a1ka2σ(1) · · · · ak−1σ(k−1)ak+1σ(k+1) · · · · · anσ(n)
Continuing in this way we exhaust all possible products a1σ(1) · a2σ(2) · · · · ·
anσ(n) over all possible permutations of the integers {1, 2, . . . , n}. This
proves the assertion. The proof for expanding from any row is similar, with
only a possible change of sign needed, which is a prescribed.

(ii) The proof is similar.

Example 2.5.2. Find the determinant of

A =

 3 2 −1
0 1 3
1 2 −1


expanding across the first row and then expanding down the second column.

Solution. Expanding across the first row gives

detA = a11M11 − a12M12 + a13M12

= 3det

}
1 3
2 −1

]
− 2 det

}
0 3
1 −1

]
− 1 det

}
0 1
1 2

]
= 3 (−7)− 2 (−3)− (−1)
= −14
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Expanding across the second column gives

detA = −2 det
}
0 3
1 −1

]
+ 1det

}
3 −1
1 −1

]
− 2 det

}
3 −1
0 3

]
= −2 (−3) + (−2)− 2 (9) = −14

The inverse of the matrix can be formulated in terms of minors, which
is formulated below.

Definition 2.5.3. Let A ∈ Mn (C) (or Mn (R)). Define the adjugate (or
adjoint) matrix Â by

Âij = (−1)i+jMji

where Mji is the ji minor.

The adjugate has traditionally been called the “adjoint”, but that terminol-
ogy is somewhat ambiguous in light of the previous definition as complex
conjugate transpose. Note that it is defined for all square matrices; when
restricted to invertible matrices the inverse appears.

Theorem 2.5.4. Let A ∈ Mn (C) (or Mn (R)) be invertible. Then A
−1 =

1
detAÂ

Proof. A quick examination of the ij-entry of the product AÂ yields the
following sum

n3
j=1

aijÂjk =
1

det (A)

n3
j=1

aij (−1)k+jMkj

There are two possibilities. (1) If i = k, then the summation above is the
summation to form the determinant as described in Theorem 2.5.3. (2) If
i W= k, the summation is the computation of the determinant of the matrix
A with the kth row replaced by the ith row. Thus the determinant of a
matrix with two identical rows is represented above and this must be zero.

We conclude that
p
AÂ
Q
ij
= δij , the usual Kronecker ‘delta,’ and the result

is proved.

Example 2.5.1. Find the adjugate and inverse of

A =

}
2 4
2 1

]
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It is easy to see that

Â =

}
1 −4
−2 2

]
Also detA = −6. Therefore, the inverse

A−1 = −1
6

}
1 −4
−2 2

]

Remark 2.5.1. The notation for cofactors of a square matrix A is often
used

âij = (−1)i+jMji

Note the reversed order of the subscripts ij and then ji above.

Cramer’s Rule

We know now that the solution to the system Ax = b is given by x = A−1b.

Moreover, the inverse A−1 is given by A−1 =
Â

detA
, where Â is the adjugate

matrix. The the ith component of the solution vector is therefore

xi =
1

detA

n3
j=1

âijbj

=
1

detA

n3
j=1

(−1)i+jMjibj

=
detAi
detA

where we define the matrix Ai to be the modification to A by replacing its
ith column by the vector b. In this way we obtain a very compact formula
for the solution of a linear system. Called Cramer’s rule we state this
conclusion as

Theorem 2.5.1. (Cramer’s Rule.) Let A ∈ Mn (C) be invertible and b ∈
Cn. For each i = 1, , n, define the matrix Ai to be the modification of A
by replacing its ith column by the vector b. Then the solution to the linear

system Ax = b is given by components xi =
detAi
detA

, i = 1, , n.
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Example 2.5.2. Given the matrix A =

}
2 4
2 1

]
, and the vector b =}

2
−1
]
. Solve the system Ax = b by Cramer’s rule.

We have

A1 =

}
2 4
−1 1

]
and A2 =

}
2 2
2 −1

]
and detA1 = 6, detA2 = −6, detA = −6. Therefore

x1 = −1 and x2 = 1

A curious formula

The useful formula using cofactors given below will have some consequence
when we study positive definite operators in Chapter ??.

Proposition 2.5.1. Consider the matrix

B =


0 x1 x2 · · · xn
x1 a11 a12 · · · a1n
x2 a21 a22 · · · a2n
...

...
...

. . .
...

xn an1 an2 ann


Then

detB = −
3

âijxixj

where âij is the ij-cofactor of A.

Proof. Expand by minors along the top row to get

detB =
3

(−1)j xjM1j (B)

Now expand the matrix of M1j (B) down the first column. This gives

M1j (B) =
3

(−1)i−1 xiMij (A)
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Combining we obtain

detB =
3

(−1)j xjM1j (B)

=
3

(−1)j xj
�3

(−1)i−1 xiMij (A)
=

=
33

(−1)i+j−1 xjxiMij (A)

= −
33

âijxjxi

The reader may note that in the last line of the equation above, we should
have used âij . However, the formulation given is correct, as well. (Why?)

2.6 Partitioned Matrices

It is convenient to study partitioned or “blocked” matrices, or more graph-
ically said, matrices whose entries are themselves matrices. For example,
with I2 denoting the 2 × 2 identity matrix we can create the 4 × 4 matrix
written in partitioned form and expanded form.

A =

}
aI2 cI2
cI2 dI2

]
=


a 0 b 0
0 a 0 b
c 0 d 0
0 c 0 d


Partitioning matrices allows our attention to focus on certain structural
properties. In many applications partititioned matrices appear in a natural
way, with the particular blocks having some system context. Many similar
subclasses and processes apply to partitioned matrices. In specific situations
they can be added, multiplied, and inverted, just like regular matrices. It is
even possible to perform “blocked” version of Gaussian elimination. In the
few results here, we touch on some of these possibilities.

Definition 2.6.1. For each 1 ≤ i ≤ m and 1 ≤ j ≤ n, let Aij be an mi×nj
matrices where . Then the matrix

A =


A11 A12 · · · A1n
A21 A2n · · · A2n
...

...
. . .

...
Am1 Am2 · · · Amn


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is a partitioned matrix of order (
�
m)i × (

�
nj) .

The usual operations of addition and multiplication of partitioned ma-
trices can be performed provided each of the operations makes sense. For
addition of two partitioned matrices A and B it is necessary to have the
same numbers of blocks of the respective same sizes. Then

A+B =


A11 A12 · · · A1n
A21 A2n · · · A2n
...

...
. . .

...
Am1 Am2 · · · Amn

+

B11 B12 · · · B1n
B21 B2n · · · B2n
...

...
. . .

...
Bm1 Bm2 · · · Bmn



=


A11 +B11 A12 +B12 · · · A1n +B1n
A21 +B21 A2n +B2n · · · A2n +B2n

...
...

. . .
...

Am1 +Bm1 Am2 +Bm2 · · · Amn +Bmn


For multiplication, the situation is a bit more complicated. For definiteness,
suppose that B is a partitioned matrix with block sizes si × tj , where 1 ≤
i ≤ p and 1 ≤ j ≤ q The usual operations to construct C = AB,

n3
j=1

AijBjk

then make sense provided p = n and nj = sj , 1 ≤ j ≤ n.
A special category of partitioned matrices are the so-called quasi-triangular

matrices, wherein Aij = 0 if i > j for the “lower” triangular version. The
special subclass of quasi-triangular matrices wherein Aij = 0 if i W= j are
called quasi-diagonal. In the case of the multiplication of partitioned
matrices (C = AB) with the left multiplicand A a quasi-diagonal matrix,
we have Cik = AiiBik. Thus the multiplication is similar in form to the usual
multiplication of matrices where the left multiplicand is a diagonal matrix.
In the case of the multiplication of partitioned matrices (C = AB) with the
right multiplicand B a quasi-diagonal matrix, we have Cik = AikBkk. For
quasi-triangular matrices with square diagonal blocks, there is an interesting
result about the determinant.

Theorem 2.6.1. Let A be a quasi-triangular matrix, where the diagonal
blocks Aii are square. Then

detA =
�
i

detAii
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Proof. Apply row operations on each vertical block without row interchanges
between blocks, without any Type 2 operations. The resulting matrix in
each diagonal block position (i, i) is triangular. Be sure to multiply one
of the diagonal entries by ±1, reflecting the number of row interchanges
within a block. The resulting matrix can still be regarded as partitioned,
though the diagonal blocks are now actually upper triangular. Now apply
Proposition 2.5.3, noting that the product of each of the diagonal entries
pertaining to the ith block is in fact detAii.

A simple consequence of this result, proved alá Gaussian elimination, is
contained in the following corollary.

Corollary 2.6.1. Consider the partitioned matrix

A =

}
A11 A12
A21 A22

]
with square diagonal blocks and with A11 invertible. Then the rank of A is
the same as the rank of A11 if and only if A22 = A21A

−1
11 A12.

Proof. Multiplication of A by the elementary partitioned matrix

E =

}
I 0

−A21A−111 I

]
yields

EA =

}
I 0

−A21A−111 I

] }
A11 A12
A21 A22

]
=

}
A11 A12
0 A22 −A21A−111 A12

]
Since E has full rank, it follows that rank(EA) = rankA. Since EA is
quasi-triangular, it follows that the rank of A is the same as the rank of A11
if and only if A22 −A21A−111 A12 = 0.

2.7 Linear Transformations

Definition 2.7.1. A mapping T from Rn to Rm is called a linear trans-
formation if

T (x+ y) = Tx+ Ty ∀x, y ∈ Rn
T (ax) = aTx ∀a ∈ F.
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Note: We normally write Tx instead of T (x).

Example 2.7.1. T : Rn → Rm. Let a ∈ Rm and y ∈ Rn. Then for each
x ∈ Rn, Tx = �x, yXa is a linear transformation. Let S = {v1 . . . vn} be
a basis of Rn, and define the m × n matrix with columns given by the
coordinates of Tv1, Tv2, . . . , Tvn. Then this matrix

A =

^
Tv1 Tv2 Tvn

↓ ↓ ··· ↓

�
is the matrix representation of T with respect to the basis S. Thus, if
x = Σaivi, whence [x]S = (a1 . . . an), we have

[Tx]S = A[x]S

T There is a duality between all linear transformations from Rn to Rm
and the set Mm,n(F ).

Note that Mm,n(F ) is itself a vector space over F . Hence L(Fn, Fm),
the set of linear transformations from Fn to Fm is likewise. As such it has
subspaces.

Example 2.7.2. (1) Let x̄ ∈ Fn. Definite J = {T ∈ L | T x̄ = 0}. Then
J is a subspace of L(Fn, Fm).

(2) Let U = {T ∈ L(Rn, Rn) | Tx ≥ 0 if x ≥ 0}, where {x ≥ 0} means
the positive orthant of Rn. U is not a linear subspace of L(Rn, Rn),
though it is a convex set.

(3) Define T : Pn → Pn by Tp =
d

dx
p. T is a linear transformation.

Example 2.7.3. Express the linear transformation D : P3 → P3 given by
Dp = d

dxp(x) as a matrix with respect to the basis. S = {1, x, x2, x3}. We
have D1 = 0 = 0 + 0x+ 0x2 + 0x3. Also

[D1]S = [0, 0, 0, 0]
T

similarly

[Dx]S = [1, 0, 0, 0]
T

[Dx2]S = [0, 2, 0, 0]
T

[Dx3]S = [0, 0, 3, 0]
T .
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Hence

[D]S =


0 1 0 0
0 0 2 0
0 0 0 3
0 0 0 0

 .
In this context the differentiation operator is rather simple.

Example 2.7.4. Consider the linear transformation T defined by Tq =
3x d

dxq + x
2q for q ∈ P2. Find the matrix representation of T.

Solution. First off we notice that this transformation has range in
P4. Let’s use the standard bases for this problem. We then determine
the coordinates of T for vectors in the P2 basis {1, x, x2}in the P4 basis
{1, x, x2, x3, x4}. Compute

T (1) = x2

T (x) = 3x+ x3

T
D
x2
i
= 6x2 + x4

The coordinates of the input vectors we know are [1, 0, 0]T , [0, 1, 0]T , and
[0, 0, 1]T . For the output vectors the coordinates are [0, 0, 1, 0, 0]T , [0, 3, 0, 1, 0]T ,
and [0, 0, 6, 0, 1]T . So, with respect to these two bases, the matrix of the
transformation is

A =


0 0 0
0 3 0
1 0 6
0 1 0
0 0 1


Observe that the dimensionality corresponds with the dimentionality of the
respective spaces.

Example 2.7.5. Let V = R2, with S0 = {v1, v2} = {[ 10 ] , [ 11 ]}, S1 =
{w1, w2} =

\
[ 12 ] ,
J−2
1

o�
, and T = I the identity. The vectors above are

expressed in the standard E = {e1, e2}, Tvj = Ivj = vj . To find [vj ]S1 we
solve

vj = ajw1 + βjw2
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v1 :

}
1 −2
2 1

] }
α1
β1

]
=

}
1
0

]
−→
}
α1
β1

]
=

}
1
5
−25

]

v2 :

}
1 −2
2 1

] }
α2
β2

]
=

}
1
1

]
−→
}
α2
β2

]
=

}
3
5
−15

] At solve linear
systems

Therefore

S1 [I]S0 =

}
1
5

3
5

−25 −15

]
←

change of
basis
matrix

If

[x]S0 =

}−1
2

]
[x]S1 = S1 [I]S0

}−1
2

]
=
1

5

}
1 3
−2 −1

] }−1
2

]
=
1

5

}
5
0

]
=

}
1
0

]
.

Note the necessity of using the standard basis to express the vectors in both
bases S0 and S1.

2.8 Change of Basis

Let V be a vector space with bases S0 = {v1 . . . vn} and S1 = {w1 . . . wn},
and suppose T : V → V is a linear transformation. We want to find the
representation of T as a matrix that takes a vector x given in terms of its S0
coordinates and produces the vector Tx given in terms of its S1 coordinates.

We know that x→ [x]S0 is well defined. The action of T is known if the

n vector [x]S0 =

} c1
...
cn

]
and the vectors Tv1, T v2, . . . , T vn are known, for if

x = Σcjvj , then Tx = ΣcjTvj , by linearity.

To determine [Tx]S1 we need to convert the Tvj , j = 1, . . . , n to coor-
dinates in the other S1 basis, This is done as follows. Find

[Tvj ]S1 =


t1j
t2j
...
tnj

 j = 1, 2, . . . , n.
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Then if x ∈ V
[Tx]S1 = [ΣcjTvj ]S1 = Σcj [Tvj ]S1

=

3
j

tijcj


=

t11 . . . t1n

tn1 tnn


c1...
cn

 .
This n× n array [tij ] depends on T, S0 and S1 but not on x. We define the
S0 → S1 basis representation of T to be [tij ], and we write this as

S1 [T ]S0 =

t11 . . . t1n
...

. . .
...

tn1 . . . tnn

 .
In the special case that T is the identity operator the matrix S1 [I]S0 converts
the coordinates of a vector in the basis S0 to coordinates in the basis S1. It
is easy to see that S0 [I]S1 must be the inverse of S1 [I]S0 and thus

S0 [I]S1 · S1 [I]S0 = I.
We can also establish the equality

S1 [T ]S1 = S1 [I]S0S0 [T ]S0S0 [I]S1 .

In this way we see that the matrix representation of T depends on the bases
involved. If X is any invertible matrix in Mn(F ) we can write

B = X−1AX.

The interpretation in this context is clear

X : change of coordinate from one basis to another S0 → S1

X−1 : change of coordinate S1 → S0

A : matrix of the linear transformation in the basis S0

B : matrix of the same linear transformation in the basis S1.

With this in mind it seems prudent to study linear transformations in the
basis that makes their matrix representation as simple as possible.
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Example 2.8.1. Let A =

}
1 3
−1 1

]
be the matrix representation of a lin-

ear transformation given with respect to the standard basis S0 = {e1, e2} =
{(1, 0) , (0, 1)} Find the matrix representation of this transformation with
resepect to the basis S1 = {v1, v2} = {(2, 1) , (1, 1)}.
Solution. According to the analysis above we need to determine S0 [I]S1 and

S1 [I]S0 . Of course S1 [I]S0 = S0 [I]
−1
S1
. Since the coordinates of the vectors

in S1 are expressed in terms of the basis vectors S0 we obtain directly

S0 [I]S1 =

}
2 1
1 1

]
Its inverse is given by

S0 [I]
−1
S1
=

}
1 −1
−1 2

]
Assembling these matrices we have the final matrix converted to the new

basis.

S1 [A]S1 = S1 [I]S0 A S0 [I]S1

=

}
1 −1
−1 2

] }
1 3
−1 1

] }
2 1
1 1

]
=

}
6 4
−7 −4

]

Example 2.8.2. Consider the same problem as above except that the ma-
trix A is given in the basis S1. Find matrix representation of this transfor-
mation with resepect to the basis S0.

Solution. To solve this problem we need to determine S0 [A]S0 = S0 [I]S1 A S1 [I]S0 .
As we already have these matrices, we determine that

S0 [A]S0 = S0 [I]S1 A S1 [I]S0 .

=

}
2 1
1 1

] }
1 3
−1 1

] }
1 −1
−1 2

]
=

} −6 13
−4 8

]
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2.9 Appendix A – Solving linear systems

The key to solving linear systems is to reduce the augmented system to
RREF and solve the resulting equations. While this may be so, there is an
intermediate step that occurs about half way through the computation of
the RREF where the reduced matrix achieves an upper triangular form. At
this point the solution can be determined directly by back substitution. To
clarify the rules on back substitution, suppose that we have the triangular
form 

a11 a12 · · · a1n
0 a22 · · · a2n
...

. . .
...

0 · · · 0 ann

eeeeeeeee
b1
b2
...
bn


Assuming that the diagonal part consists of all nonzero terms, we can solve
this system by back substitution. First solve for xn =

bn
ann
. Now inductively

solve for the remaining solution coordinates using the formula

xn−j =
1

bn−j,n−j

^
j−13
k=0

an−j,n−kxn−k

�
, j = 1, 2, . . . , n− 1

This inconvenient looking formula can be replaced by

xj =
1

bjj

 n3
k = j+1

ajkxk

 , j = n− 1, n− 2, . . . , 1

where the index runs from j = n − 1 up to j = 1. The upshot is that the
row reduction process can be halted when a triangular-like form has been
attained. The applies as well to nonsingular and non square systems, where
the the process is stopped when all the leading ones have been identified,
entries below them have been zeroed out, and all the zero rows are present.
The principle reason for using back substitution is to reduce the number
of computations required, an important consideration in numerical linear
algebra. In the example below we solve a 3× 3 nonsingular system.
Example 2.9.1. Solve Ax = b where

A =

 1 2 0
2 2 −1
−1 3 2

 b =

 3
6
−2


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Solution. Find the RREF of [A | b]. Then solve Ax = b. 1 2 0
2 2 −1
−1 3 2

eeeeee
3
6
−2

 −2R1 +R2
→

R1 +R3

 1 2 0
0 −2 −1
0 5 2

eeeeee
3
0
1


−12R2
→

 1 2 0
0 1 1

2
0 5 2

eeeeee
3
0
1


−5R2 +R3
→

 1 2 0
0 1 1

2
0 0 −12

eeeeee
3
0
1

 (∗)

−12R3 +R2
→

 1 2 0
0 1 0
0 0 1

eeeeee
3
1
−2


−2R3
→

 1 2 0
0 1 1

2
0 0 1

eeeeee
3
0
−2


−2R2 +R1
→

 1 0 0
0 1 0
0 0 1

eeeeee
1
1
−2



Hence solving we obtain x3 = −2, x2 = 1, and x1 = 1. This is fine,
but there is a faster way to solve this system. Stop the reduction when
the system attains a triangular form at (∗) . From this point solve to obtain
x3 = −2. Now back substitute x3 = 2 into the second row (equation) to
solve for x2. Thus x2 = −12 (−2) = 1. Finally, back substitute x3 = 2 and
x2 = 1 into the first row (equation) to solve for x1. Thus x1 = 3−2 (1) = 1.
Sometimes the form (∗) is called the row reduced form.
Example 2.9.2. Given the augmented system for Ax = b is in RREF.

1 2 0 0 0 0
0 0 1 2 0 −1
0 0 0 0 1 3
0 0 0 0 0 0

eeeeeeee
4
1
1
0


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Find the solution.

Solution. The leading ones occur in columns 1, 3, and 5. The values in
columns 2, 4, and 6 can be taken as free parameters. So, take x2 = r, x4 = s,
and x6 = t. Now solving for the other varables we have

x1 = 4− 2r
x3 = 1− 2s+ t
x5 = 1− 3t

The solution set is comprised of the vector

x = [4− 2r, r, 1− 2s+ t, s, 1− t, t]T
= [4, 0, 1, 0, 1, 0]T + r [−2, 1, 0, 0, 0, 0]T + s [0, 0,−2, 1, 0, 0]T + t [0, 0, 1, 0− 3, 1]T

for all r, s, and t. We can rewrite this as the set

S =




4
0
1
0
1
0

+ r

−2
1
0
0
0
0

+ s


0
0
−2
1
0
0

+ t


0
0
1
0
−3
1



eeeeeeeeeeee
r, s, t ∈ R or C


This representation shows better the connection between the free constants
and the component vectors that make up the solution. Note this expression
also reveals the solution of the homogeneous solution Ax = 0 as the set+
r [−2, 1, 0, 0, 0, 0]T + s [0, 0,−2, 1, 0, 0]T + t [0, 0, 1, 0− 3, 1]T

eee r, s, t ∈ R or C�

Indeed, this is a full subspace.

Example 2.9.3. The RREF can be used to determine the inverse, as well.
Given the matrix A ∈ Mn, the inverse is given by the matrix X for
which AX = I. In turn with x1, . . . , xn representing the columns of
X and e1, . . . , en representing the standard vectors we see that Axj =
ej , j = 1, 2, . . . , n. To solve for these vectors, form the augmented matrix
[A | ej ] , j = 1, 2, . . . , n and row reduce as above. A massive short cut to
this process is to augment all the standard vectors at one and row reduce the
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resulting n× 2n matrix [A | I]. If A is invertible, its RREF is the identity.
Therefore,

[A | I]
row
→

operations
[I | X]

and, of course, A−1 = X. Thus, for

A =

 −2 1 0
1 1 2
3 −2 −1


we row reduce [A | I] as follows

[A | I] =

 −2 1 0
1 1 2
3 −2 −1

eeeeee
1 0 0
0 1 0
0 0 1


row
→

operations

 1 0 0
0 1 0
0 0 1

eeeeee
3 1 2
7 2 4
−5 −1 −3


2.10 Exercises

1. Consider the differential operator T = 2x
d

dx
(·)−4 acting on the vector

space of cubic polynomials, P3. Show that T is a linear transformation
and find a matrix representation of it. Assume the basis is given by
{1, x, x2, x3}.

2. (i) Find matrices A and B, each with positive rank, for which r(A +
B) = r(A) + r(B). (ii) Find matrices A and B, each with positive
rank, for which r(A+B) = 0. (iii) Give a method to find two nonzero
matrices A and B for which the sum has any preassigned rank. Of
course, the matrix sizes may depend on this value.

3. Find square matrices A and B for which r(A) = r(B) = 2 and for
which r(AB) = 0.

4. Suppose that A is an m×n matrix and that x is a solution of Ax = b
over the prescribed field. Show that every solution of Ax = b have the
form x+ x0, where x0 is a solution of Ax0 = 0.
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5. Find a matrix A ∈Mn of rank n−1 for which r(Ak) = n−k for k ≤ n.
Is it possible to begin this process with a matrix A ∈ Mn of rank n
and for which r(Ak) = n− k + 1 for k ≤ n ?

6. Show that Ax = b has a solution if and only if yT b = 0 if and only if
yTA = 0 for some column vector.

7. In R2 the linear transformation that rotates any vector by θ radians
counter clockwise T has matrix representation with respect to the
standard basis given by

A =

}
cos θ − sin θ
sin θ cos θ

]
What is the matrix representation with respect to the standard basis
of the transformation that rotates any vector by θ radians clockwise?
What is the relation between the matrices?

8. Show that if B,C ∈ Mn(F ), where B is symmetric and C is skew-
symmetric, then B = C implies that B = C = 0.

9. Prove the general formula for the inverse of the 2 × 2 matrix A =}
a b
c d

]
is A−1 =

1

detA

}
d −b
−c a

]
.

10. Prove Theorem 2.5.1(a).

11. Prove Theorem 2.5.1(b).

12. Prove that every permutation σmust have an inverse σ−1 ( i.e. σ−1(σ(j)) =
j), and the signs of σ−1 and σ are the same.

13. Show that the sign of every transposition is −1.

14. Prove that detA =
�

σ (−1)sgn(σ)
w�
i
aσ(i) i

W
15. Prove Proposition 2.5.2 using minors.

16. Suppose that the n× n matrix A is singular. Show that each column
of the adjugate matrix Â is a solution of Ax = 0. (McDuffee, Chapter
3, Theorem 29.)
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17. Suppose that A is an (n−1)×n matrix, and consider the homogeneous
system Ax = 0 for x ∈ Rn. Define hi to be the determinant of the
(n−1)×(n−1) matrix formed by removing the ith column of A. Show
that the vector h = (h1, . . . , hn)

T is a solution to Ax = 0. (McDuffee,
Chapter 3, Corollary 29.)

18. Show that A =
J
1 −1
−1 1

o
has no inverse by trying to solve AB = I That

is, assume the form

B =

}
a b
c d

]
multiply the matrices (A and B) together, and then solve for the un-
knowns a, b, c, and d. (This is not a very efficient way to determine
inverses of matrices. Try the same thing for any 3× 3 matrix.)

19. Prove that the elementary equation operations do not change the so-
lution set of a linear system.

20. Find the inverses of E1, E2, and E3.

21. Find the matrix representation of linear transformation T that rotates
any vector by θ radians counter clockwise (ccw) with respect to the
basis S = {(2, 1) , (1, 1)}.

22. Consider R3. Suppose that we have angles {θi}3i=1 and pairs of co-
ordinate vectors {(e1, e2) , (e1, e3) , (e2, e3)}. Let T be the linear trans-
formation that successively rotates a vector in the respective planes
{(ei1 , ei2)}ki=1 through the respective angles {θi}ki=1. Find the matrix
representation of T with respect to the standard basis. Prove that it
is invertible.

23. Prove Theorem 2.2.4.

24. Prove or disprove the equivalence of the linear systems.

2x− 3y = −1
x+ 4y = 5

−x+ 4y = 3
x+ 2y = 3

25. Find basis for the orthocomplement of the subspace of R3 spanned by
the vectors {[2, 1, 1]T , [1, 1, 2]T }.

26. Find basis for the orthocomplement of the subspace of R3 spanned by
the vector [1, 1, 1]T .
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27. Consider planar rotations in Rn with respect to the standard bases

elements. Prove that there must be
n (n− 1)

2
of them – discounting

the particular angle. Display the general representation of any of
them. Prove or disprove that any two of them are commutative. That
is for two angles {θi}2i=1 and pairs of coordinate vectors {(ei1 , ei2)}ki=1
the respective counter clockwise rotations are commutative.

28. Suppose that A ∈Mmk, B ∈Mkn and both have rank k. Show that
the rank of AB is k.

29. Suppose that A ∈ Mmk has rank k. Prove that ARREF =

}
Ik
0

]
where Ik is the identity matrix of size k and 0 is the m − k × k zero
matrix.

30. Suppose that B ∈ Mkn has rank k. Prove that BRREF =
J
Ik 0

o
where Ik is the identity matrix of size k and 0 is thek ×n − k zero
matrix.

31. Determine and prove a version of Corollary 2.6.1 for 3 × 3 blocked
matrices, where we assume the diagonal blocks A11 is invertible and
wish to conclude the result that the rank of A is the equal to the rank
of A11.

32. Suppose that we have angles {θi}ki=1 and pairs of coordinate vectors
{(ei1 , ei2)}ki=1. Let T be the linear transformation that successively
rotates a vector in the respective planes {(ei1 , ei2)}ki=1 through the
respective angles {θi}ki=1. Prove that the matrix representation of the
linear transformation with respect to any basis must be invertible.

33. The super-diagonal of a matrix is the set of elements ai,i+1. The subdi-
agonal of a matrix is the set of elements ai−1,i. A tri-banded matrix is
one for which the entries are zero above the super-diagonal and below
the subdiagonal. Suppose that for an n× n tri-banded matrix T , we
have ai−1,i = a, aii = 0, and ai,i+1 = c. Prove the following facts:

(a) If n is odd detA = 0.

(b) If n = 2m is even detT = (−1)m amcm.
34. For the banded matrix of the previous example, prove the following

for the powers T p of T .
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(a) If p is odd, prove that (T p)ij = 0 if i+ j is even.

(b) If p is even, prove that (T p)ij = 0 if i+ j is odd.

35. Consider the vector space P2 (1, 2) with inner product defined by �p, qX =$ 2
1 p (x) q (x) dx. Find an orthogonal basis of P2 (1, 2) . (Hint. Begin
with the standard basis {1, x, x2}. Apply the Gram-Schmidt procedure.)

36. For what values of a and b is the matrix below singular

A =

 a 2 1
2 1 b
1 a −2


37. The Vandermonde matrix, defined for a sequence of numbers {x1, . . . xn},

is given by the n× n matrix

Vn =


1 x1 x21 · · · xn−11

1 x2 x22 · · · xn−12

...
...

...
. . .

...
1 xn x2n · · · xn−1n


Prove that the determinant is given by

detVn =
n�

i>j=1

(xi − xj)

38. In the case the x-values are the integers {1, . . . , n}, prove that detVn
is divisible by

n�
i=1
(i− 1)!. (These numbers are called superfactorials.)

39. Prove that for the weighted functional defined in Remark 2.4.1, it is
necessary and sufficient that the weights be strictly positive for it to
be an inner product.

40. For what values of a and b is the matrix below singular

A =


b 0 a 0
0 0 b a
0 a 0 b
b a 0 0


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41. Find an orthogonal basis for R2 from the vectors {(1, 2), (2, 1)}.
42. Find an orthogonal basis of the subspace ofR3 spanned by {(1, 0, 1), (0, 1,−1)}
43. Suppose that V is a vector space with an inner product, and S ⊂ V .

Show that if S is a basis of V , S⊥ = {0}.
44. Suppose that V is a vector space with an inner product, and S ⊂ V .

Show that if U = S(S), then U⊥ = S⊥.

45. Let A ∈ Mmn(F ). Show it may not be true that r (A) = r(ATA) =
r(AAT ) unless F = R, in which case it is true.

46. If A ∈Mn(C) is orthogonal, show that the rows and columns of A are
orthogonal.

47. If A is orthogonal then Am is orthogonal for every positive integer m.
(This is a part of Theorem 2.4.3(b).)

48. Consider the polynomial space Pn [−1, 1] with the inner product �p, qX =$ 1
−1 p (t) q (t) dt. Show that every polynomial p ∈ Pn for which p (1) =
p (−1) = 0 is orthogonal to its derivative.

49. Consider the polynomial space Pn [−1, 1] with the inner product �p, qX =$ 1
−1 p (t) q (t) dt. Show that the subspace of polynomials in even pow-
ers (e.g. p (t) = t2− 5t6) is orthogonal to the subspace of polynomials
in odd powers.

50. Let A =

}
1 3
−1 1

]
be the matrix representation of a linear trans-

formation given with respect to the standard basis S0 = {e1, e2} =
{(1, 0) , (0, 1)} Find the matrix representation of this transformation
with resepect to the basis S1 = {v1, v2} = {(2,−3) , (1,−2)}.

51. Show that the sign of every transposition from the set {1, 2, . . . , n} is
−1.

52. What are the signs of the permutations {7, 6, 5, 4, 3, 2, 1} and
{7,1, 6, 4, 3, 5, 2} of the integers {1, 2, 3, 4, 5, 6, 7}?

53. Prove that the sign of the permutation {m, m−1, . . . , 2, 1} is (−1)m.
54. Suppose A,B ∈Mn(F ). If A is singular, use a row space argument to

show that detAB = 0.
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55. Show that if A ∈Mm,n and B ∈Mm,n and both r(A) = r(B) = m. If
r(AB) = m− k, what can be said about n?

56. Prove that

det

eeeeeeee
x1 x2 x3 x4
−x2 x1 −x4 x3
−x3 x4 x1 −x2
−x4 −x3 −x2 x1

eeeeeeee =
D
x21 + x

2
2 + x

2
3 + x

2
4

i2

57. Prove that there is no invertible 3 × 3 matrix that has all the same
cofactors. What similar statement can be made for n× n matrices?

58. Show by example that there are matricesA andB for which limn→∞An

and limn→∞Bn both exist, but for which limn→∞ (AB)n does not ex-
ist.

59. Let A ∈ M2(C). Show that there is no matrix solution B ∈ M2(C)
to AB − BA = I. What can you say about the same problem with
A, B ∈Mn(C)?

60. Show by example that if AC = BC then it does not follow that A = B.
However, show that if C is inveritble the conclusion A = B is valid.



Chapter 3

Eigenvalues and Eigenvectors

In this chapter we begin our study of the most important, and certainly the
most dominant aspect, of matrix theory. Called spectral theory, it allows us
to give fundamental structure theorems for matrices and to develop power
tools for comparing and computing with matrices. We begin with a study
of norms on matrices.

3.1 Matrix Norms

We know Mn is a vector space. It is most useful to apply a metric on this
vector space. The reasons are manifold, ranging from general information of
a metrized system to perturbation theory where the “smallness” of a matrix
must be measured. For that reason we define metrics called matrix norms
that are regular norms with one additional property pertaining to the matrix
product.

Definition 3.1.1. Let A ∈ Mn. Recall that a norm, , · ,, on any vector
space satifies the properties:

(i) ,A, ≥ 0 and |A, = 0 if and only if A = 0
(ii) ,cA, = |c|,A, for c ∈ R
(iii) ,A+B, ≤ ,A,+ ,B,.
There is a true vector product on Mn defined by matrix multiplication. In
this connection we say that the norm is submultiplicative if

(iv) ,AB, ≤ ,A,,B,

95
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In the case that the norm , · , satifies all four properties (i) - (iv) we call it
a matrix norm.

Here are a few simple consequences for matrix norms. The proofs are
straightforward.

Proposition 3.1.1. Let , · , be a matrix norm on Mn, and suppose that
A ∈Mn. Then

(a) ,A,2 ≤ ,A,2, ,Ap, ≤ ,A,p, p = 2, 3, . . .

(b) If A2 = A then ,A, ≥ 1
(c) If A is invertible, then ,A−1, ≥ ,I,

,A,

(d) ,I, ≥ 1.
Proof. The proof of (a) is a consequence of induction. Supposing that
A2 = A, we have by the submultiplicativity property that ,A, = EEA2EE ≤
,A,2. Hence ,A, ≥ 1, and therefore (b) follows. If A is invertible, we
apply the submultiplicativity again to obtain ,I, = EEAA−1EE ≤ ,A,EEA−1EE,
whence (c) follows. Finally, (d) follows because I2 = I and (b) applies.

Matrices for which A2 = A are called idempotent. Idempotent matrices
turn up in most unlikely places and are useful for applications.

Examples. We can easily apply standard vector space type norms, i.e. f1,
f2, and f∞ to matrices. Indeed, an n × n matrix can clearly be viewed as
an element of Cn2 with the coordinate stacked in rows of n numbers each.
The trick is usually to verify the submultiplicativity condition (iv).
1. f1. Define

,A,1 =
3
i,j

|aij |

The usual norm conditions (i)—(iii) hold. To show submultiplicativity we
write

,AB,1 =
3
ij

eeeee3
k

aikbkj

eeeee
≤
3
ij

3
k

|aik|bkj |

≤
3
ijkm

|aik||bmj | =
3
i,k

|aik|
3
mj

|bmj |

= ,A,1,B,1.
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Thus ,A,1 is a matrix norm.
2. f2. Define

,A,2 =
3

i,j

a2ij

1/2

conditions (i)—(iii) clearly hold. ,A,2 is also a matrix norm as we see by
application of the Cauchy—Schwartz inequality. We have

,AB,22 =
3
ij

X3
k

aikbkj

~2
≤
3
i,j

X3
k

a2ik

~X3
m

b2jm

~

=

3
i,k

|aik|2
3

j,m

|bjm|2


= ,A,22,B,22.

This norm has three common names: The (a) Frobenius norm, (b) Schur
norm, and (c) Hilbert—Schmidt norm. It has considerable importance in
matrix theory.

3. f∞. Define for A ∈Mn(R)

,A,∞ = sup
i,j
|aij | = max

i,j
|aij |.

Note that if J = [ 1 11 1 ], ,J,∞ = 1. Also J2 = 2J . Thus ,J2, = 2,J, = 1 W≤
,J,2. So ,A,∞ is not a matrix norm, though it is a vector space norm. We
can make it into a matrix norm by

,A, = n,A,∞.

Note

|||AB||| = nmax
i,j

eeeee3
k

aikbkj

eeeee
≤ nmax

ij
nmax

k
|aik||bkj |

≤ n2max
i,k

|aik|max
k,j

|bkj |
= |||A||| |||B|||.
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In the inequalities above we use the fundamental inequality3
k

|ckdk| ≤ max
k
|dk|
3
k

|ck|

(See Exercise 4.) While these norms have some use in general matrix theory,
most of the widely applicable norms are those that are subordinate to vector
norms in the manner defined below.

Definition 3.1.2. Let ,·, be a vector norm on Rn (or Cn). For A ∈Mn(R)
(or Mn(C)) we define the norm ,A, on Mn by

,A, = max
,x,=1

,Ax,. (T)

and call ,A, the norm subordinate to the vector norm. Note the use of
the same notation for both the vector and subordinate norms.

Theorem 3.1.1. The subordinate norm is a matrix norm and ,Ax, ≤
,A,,x,.
Proof. We need to verify conditions (i)—(iv). Conditions (i) and (ii) are
obvious and are left to the reader . To show (iii), we have

,A+B, = max
,x,=1

,(A+B)x, ≤ max
,x,=1

(,Ax,+ ,Bx,)

≤ max
,x,=1

,Ax,+ max
,x,=1

,Bx,

= ,A,+ ,B,.

Note that

,Ax, = ,x,A
w
x

,x,
W

≤ ,A, ,x,

since
EEE x
,x,
EEE = 1. Finally, it follows that for any x ∈ Rn

,ABx, ≤ ,A,,Bx, ≤ ,A,,B,,x,

and therefore ,AB, ≤ ,A,,B,.

Corollary 3.1.1. (i) ,I, = 1.
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(ii) If A is invertible, then

,A−1, ≥ (,A,)−1.

Proof. For (i) we have

,I, = max
,x,=1

,Ix, = max
,x,=1

,x, = 1.

To prove (ii) begin with A−1A = I. Then by the submultiplicativity and (i)

1 = ,I, ≤ ,A−1,,A,

and so ,A−1, ≥ 1/,A,.

There are many results connected with matrix norms and eigenvectors that
we shall explore before long. The relation between the norm of the matrix
and its inverse is important in computational linear algebra. The quantity
,A−1, ,A, the condition number of the matrix A. When it is very large,
the solution of the linear systemAx = b by general methods such as Gaussian
elimination may produce results with considerable error. The condition
number, therefore, tips off investigators to this possibility. Naturally enough
the condition number may be difficult to compute accurately in exactly these
circumstances. Alternative and very approximate methods are often used
as reliable substitutes for the condition number.

A special type of matrix, one for which ,Ax, = ,x, for every x ∈ C,
is called an isometry. Such matrices which do not “stretch” any vectors
have remarkable spectral properties and play an important roll in spectral
theory.

3.2 Convergence and perturbation theory

It will often be necessary to compare one matrix with another matrix that
is nearby in some sense. When a matrix norm at is hand it is possible
to measure the proximity of two matrices by computing the norm of their
difference. This is just as we do for numbers. We begin with this study by
showing that if the norm of a matrix is less than one, then its difference
with the identity is invertible. Again, this is just as with numbers; that is,
if |r| < 1, 1

1−r is defined. Let us assume R ∈Mn and , , is some norm on

Mn. We want to show that if ,R, < 1 then (I − R)−1 exists. Toward this
end we prove the following lemma.
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Lemma 3.2.1. For every R ∈Mn

(I −R)(I +R+R2 + · · ·+Rn) = I −Rn+1.

Proof. This result for matrices is the direct analog of the result for numbers
(1−r)(1+r+r2+· · ·+rn) = 1−rn+1, also often written as 1+r+r2+· · ·+rn =
1−rn+1
1−r . We prove the result inductively. If n = 1 the result follows from

direct computation, (I − R)(I + R) = I − R2. Assume the result holds up
to n− 1. Then

(I −R)(I +R+R2 + · · ·+Rn−1 +Rn) = (I −R)(I +R+ · · ·+Rn−1)
+ (I −R)Rn

= (I −Rn) +Rn −Rn+1 = I −Rn+1

by our inductive hypothesis. This calculation completes the induction, and
hence the proof.

Remark 3.2.1. Sometimes the proof is presented in a “quasi-inductive”
manner. That is, you will see

(I −R)(I +R+R2 + · · ·+Rn) = (I +R+R2 + · · ·+Rn)
− (R+R2 + · · ·+Rn+1) (∗)

= I −Rn+1

This is usually considered acceptable because the correct induction is trans-
parent in the calculation.

Below we will show that if ,R, = λ < 1, then (I + R + R2 + · · · ) =
(I − R)−1. It would be incorrect to apply the obvious fact that ,Rn+1, <
λn+1 →∞ to draw the conclusion from the equality (∗) above without first
establishing convergence of the series

∞�
0
Rk. A crucial step in showing that

an infinite series is convergent is showing that its partial sums satisfy the
Cauchy criterion:

�∞
k=1 ak converges if and only if for each ε > 0, there

exists an integer N such that if m,n > N, then
ee�n

k=m+1 ak
ee < ε. (See

Appendix A.) There is just one more aspect of this problem. While it is easy
to establishe the Cauchy criterion for our present situation, we still need to
resolve the situation between norm convergence and pointwise convergence.
We need to conclude that if ,R, < 1 then limn→∞Rn = 0, and by this
expression we mean that (Rn)ij → 0 for all 1 ≤ i, j ≤ n.
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Lemma 3.2.2. Suppose that the norm , · , is a subordinate norm on Mn

and R ∈Mn.

(i) If ,R, < ε, then there is a constant M such that |pij | < Mε.

(ii) If limn→∞ ,Rn, = 0, then limn→∞Rn = 0.
Proof. (i) If ,R, < 6, if follows that ,Rx, < 6 for each vector x, and by
selecting the standard vectors ej in turn, it follows that from which it follows
that ,r∗j, < 6, where r∗j denotes the jth column of R. By Theorem 1.6.2 all
norms are equivalent. It follows that there is a fixed constantM independent
of 6 and R such that |rij | < M6.
(ii) Suppose for some increasing subsequence of powers nk →∞ it happens

that
eee(Rnk)ijeee ≥ r. Select the standard unit vector ej . A little computation

shows that ,Rnkej, ≥ r, whence ,Rnk, ≥ r, contradicting the known limit
limn→∞ ,Rn, = 0. The conclusion limn→∞Rn = 0 follows.

Lemma 3.2.3. Suppose that the norm , · , is a subordinate norm on Mn.
If ,R, = λ < 1, then I +R+R2 + · · ·+Rk + · · · converges.
Proof. Let Pn = I + R + · · · + Rn. To show convergence we establish that
{Pn} is a Cauchy sequence. For n > m we have

Pn − Pm =
n3

k=m+1

Rk

Hence

,Pn − Pm, =
EEEEE

n3
k=m+1

Rk

EEEEE
≤

n3
k=m+1

,Rk,

≤
n3

k=m+1

,R,k

=
n3

m+1

λk = λm+1
n−m−13
j=0

λj

≤ λm+1(1− λ)−1 → 0
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where in the second last step we used the inequality, which is valid for

0 ≤ λ ≤ 1.
n−m−1�

0
λj ≤

∞�
0
λj < (1 − λ)−1. We conclude by Lemma 3.2.2

that the individual matrix entries of the parital sums converge and thus the
series itself converges.

Note that this result is independent of the particular norm. In practice it is
often necessary to select a convenient norm to actually carry out or verify
particular computations are valid. In the theorem below we complete the
analysis of the matrix version of the geometric series, stating that when the
norm of a matrix is less than one, the geometric series based on that matrix
converges and the inverse of the difference with the identity exists.

Theorem 3.2.1. If R ∈Mn(F ) and ,R, < 1 for some norm, then (I−R)−1
exists and

(I −R)−1 = I +R+R2 + · · · =
∞3
k=0

Rk.

Proof. Apply the two previous lemmas.

The perturbation result alluded to above can now be stated and easily
proved. In words this result states that if we begin with an invertible matrix
and additively perturb it by a sufficiently small amount the result remains
invertible. Overall, this is the first of a series of results where what is proved
is that some property of a matrix is preserved under additive perturbations.

Corollary 3.2.1. If A,B ∈Mn and A is invertible, then A+λB is invert-
ible for sufficiently small |λ| (in R or C).

Proof. As above we assume that , · , is a norm on Mn(F ). It is any easy
computation to see that

A+ λB = A(I + λA−1B).

Select λ sufficiently small so that ,λA−1B, = |λ|,A−1B, < 1. Then by the
theorem above, I + λA−1B is invertible. Therefore

(A+ λB)−1 = (I + λA−1B)−1A−1

and the result follows.
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Another way of stating this is to say that if A,B ∈Mn and A has a nonzero
determinant, then for sufficiently small λ the matrix A + λB also has a
nonzero determinant. This corollary can be applied directly to the identity
matrix itself being perturbed by a rank one matrix. In this case the λ can
be specified in terms of the two vectors comprising the matrix. (Recall
Theorem 2.3.1(8).)

Corollary 3.2.2. Let x, y ∈ Rn satisfy |�x, yX| = |λ| < 1. Then I + xyT is
invertible and

(I + xyT )−1 = I − xyT (1 + λ)−1.

Proof. We have that (I + xyT )−1 exists by selecting a norm , · , consistent
with the inner product �·, ·X. (For example, take ,A, = sup

,x,2=1
,Ax,2, where

, · ,2 is the Euclidean norm.) It is easy to see that (xyT )k = λk−1xyT .
Therefore

(I + xyT )−1 = I − xyT + (xyT )2 − (xyT )3 + · · ·
= I − xyT + λxyT − λ2xyT + · · ·

= I − xyT
X

n3
k=0

(−λ)k
~
.

Thus

(I + xyT )−1 = I − xyT (1 + λ)−1

and the result is proved.

In words we conclude that the perturbation of the identity by a small rank
1 matrix has a computable inverse.

3.3 Eigenvectors and Eigenvalues

Throughout this section we will consider only matrices A ∈Mn(C) or Mn(R).
Furthermore, we suppress the field designation unless it is relevant.

Definition 3.3.1. If A ∈ Mn and x ∈ Cn or Rn. If there is a constant
λ ∈ C and a vector x W= 0 for which

Ax = λx
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we call λ an eigenvalue of A and x its corresponding eigenvector. Al-
ternatively, we call x the eigenvector pertaining to the eigenvalue λ, and
vice-versa.

Definition 3.3.2. For A ∈Mn, define

(1) σ(A) = {λ | Ax = λx has a solution for a nonzero vector x}. σ(A) is
called the spectrum of A.

(2) ρ(A) = sup
λ∈σ(A)

|λ|
p
or equivalently max

λ∈σ(A)
|λ|
Q
. ρ(A) is called the

spectral radius.

Example 3.3.1. Let A = [ 2 11 2 ]. Then λ = 1 is an eigenvalue of A with
eigenvector x = [−1, 1]T . Also λ = 3 is an eigenvalue of A with eigenvector
x = (1, 1)T . The spectrum of A is σ(A) = {1, 3} and the spectral radius of
A is ρ(A) = 3.

Example 3.3.2. The 3×3 matrix B =
 −3 0 6
−12 9 26
4 −4 −9

 has eigenvalues:
−1,−3, 1. Pertaining to the eigenvalues are the eigenvectors

 31
1

↔ 1,


 11
0

↔ −3

 3
−2
2

↔ −1
The characteristic polynomial

To say that Ax = λx has a nontrivial solution (x W= 0) for some λ ∈ C is
the same as the assertion that (A−λI)x = 0 has a nontrivial solution. This
means that

det(A− λI) = 0

or what is more commonly written

det(λI −A) = 0.

From the original definition (Definition 2.5.1) the determinant is sum of
products of individual matrix entries. Therefore, det(λI − A) must be a
polynomial in λ. This makes the definition:
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Definition 3.3.3. Let A ∈Mn. The determinant

pA(λ) = det(λI −A)
is called the characteristic polynomial of A. Its zeros1 are the called
the eigenvalues of A. The set σ(A) of all eigenvalues of A is called the
spectrum of A.

A simple consequence of the nature of the determinant of det(λI −A) is
the following.

Proposition 3.3.1. If A ∈Mn, then pA(λ) has degree exactly n.

See Appendix A for basic information on solving polynomials equations
p(λ) = 0. We may note that even though A ∈ Mn(C) has n2 entries in
its definition, its spectrum is completely determined by the n coefficients of
pA(λ).

Procedure. The basic procedure of determining eigenvalues and eigenvec-
tors is this: (1) Solve det(λI − A) = 0 for the eigenvalues λ and (2) for
any given eigenvalue λ solve the system (A− λI)x = 0 for the pertaining
eigenvector(s). Though this procedure is not practical in general it can be
effective for small sized matrices, and for matrices with special structures.

Theorem 3.3.1. Let A ∈ Mn. The set of eigenvectors pertaining to any
particular eigenvalue is a subspace of the given vector space Cn.

Proof. Let λ ∈ σ (A) . The set of eigenvectors pertaining to λ is the null
space of (A− λI) . The proof is complete by application of Theorem 2.3.1
that states the null space of any matrix is a subspace of the underlying
vector space.

In light of this theorem the following definition makes sense and is a most
important concept in the study of eigenvalues and eigenvectors.

Definition 3.3.4. Let A ∈ Mn and let λ ∈ σ (A). The null space of
(A− λI) is called the eigenspace of A pertaining to λ.
Theorem 3.3.2. Let A ∈Mn. Then

(i) Eigenvectors pertaining to different eigenvalues are linearly indepen-
dent.

1The zeros of a polynomial (or more generally a function) p(λ) are the solutions to the
equation p(λ) = 0. A solution to p(λ) = 0 is also called a root of the equation.
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(ii) Suppose λ ∈ σ (A) with eigenvector x is different from the set of
eigenvalues {µ1, . . . , µk} ⊂ σ (A) and Vµ is the span of the pertaining
eigenspaces. Then x /∈ Vµ.

Proof. (i) Let µ, λ ∈ σ (A) with µ W= λ pertaining eigenvectors x and y
resepectively. Suppose these vectors are linearly dependent; that is, y = cx.
Then

µy = µcx = cµx

= cAx = A (cx)

= Ay

= λy

This is a contradiction, and (i) is proved.
(ii) Suppose the contrary holds, namely that x ∈ Vµ. Then x = a1y1+ · · ·+
akym where {y1, · · · , ym} are linearly independent vectors of Vµ. Each of
the vectors yi is an eigenvector, we know. Assume the pertaining eigenvalues
denoted by µji . That is to say, Ayi = µjiyi, for each i = 1, . . . ,m. Then

λx = Ax = A (a1y1 + · · ·+ amym)
= a1µj1y1 + · · ·+ akµjmym

If λ W= 0 we have

x = a1y1 + · · ·+ amym = a1µj1
λ
y1 + · · ·+ akµjm

λ
ym

We know by the previous part of this result that at least two of the co-
efficients ai must be nonzero. (Why?) Thus we have two different rep-
resentations of the same vector by linearly independent vectors, which is
impossible. On the other hand, if λ = 0 then a1µ1y1 + · · · + akµkyk = 0,
which is also impossible. Thus, (ii) is proved.

The examples below will illustrate the spectra of various matrices.

Example 3.3.1. Let A =
J
a b
c d

o
. Then pA(λ) is given by

pA(λ) = det(λI −A) = det
}
λ− a −b
−c λ− d

]
= (λ− a)(λ− d)− bc
= λ2 − (a+ d)λ+ ad− bc.
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The eigenvalues are the roots of pA(λ) = 0

λ =
a+ d±0(a+ d)2 − 4(ad− bc)

2

=
a+ d±0(a− d)2 + 4bc

2
.

For this quadratic there are three possibilities:

(a) Two real roots
c
9
different values

equal values

(b) Two complex roots

Here are three 2 × 2 examples that illustrate each possibility. The reader
should compute the characteristic polynomials to verify these computation.

B1 =

}
1 −1
1 −1

]
. Then pB1(λ) = λ2 λ = 0, 0

B2 =

}
0 −1
1 0

]
. Then pB2(λ) = λ2 + 1 λ = ±i

B3 =

}
0 1
1 0

]
. Then pB3(λ) = λ2 − 1 λ = ±1.

Example 3.3.2. Consider the rotation in the x, z-plane through an angle
θ

B =

 cos θ 0 − sin θ
0 1 0
sin θ 0 cos θ


The characteristic polynomial is given by

pB (λ) = det

λ
 1 0 0
0 1 0
0 0 1

−
 cos θ 0 − sin θ

0 1 0
sin θ 0 cos θ


= −1 + (1 + 2 cos θ)λ− (1 + 2 cos θ)λ2 + λ3

The eigenvalues are 1, cos θ +
√
cos2 θ − 1, cos θ − √cos2 θ − 1. When θ

is not equal to an even multiple of π, exactly two of the roots are complex
numbers. In fact, they are complex conjugate pairs, which can also be
written as cos θ + i sin θ, cos θ − i sin θ. The magnitude of each eigenvalue
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is 1, which means all three eigenvalues lie on the unit circle in the complex
plane. An interesting observation is that the characteristic polynomial and
hence the eigenvalues are the same regardless of which pair of axes (x-z,
x-y, or y-z) is selected for the rotation. Matrices of the form B are actually
called rotations. In two dimensions the counter-clockwise rotations through
the angle θ are given by

Bθ =

}
cos θ − sin θ
sin θ cos θ

]
The eigenvalues for all θ is not equal to an even multiple of π are ±i. (See
Exercise 2.)

Example 3.3.3. If T is upper triangular with diag T = [t11, t22, . . . , tnn].
Then λI−T is upper triangular with diag[λ− t11,λ− t22, . . . ,λ− tnn]. Thus
the determinant of λI − T gives the characteristic polynomial of T to be

pT (λ) =
n�
i=1

(λ− tii)

The eigenvalues of T are the diagonal elements of T . By expanding this
product we see that

pT (λ) = λn − (Σtii)λn−1 + lower order terms.

The constant term of pT (λ) is (−1)n
n�
i=1
tii = (−1)n detT . We define

tr T =
n3
i=1

tii

and call it the trace of T . The same statements apply to lower triangular
matrices. Moreover, the trace definition applies to all matrices, not just to
triangular ones, and the result will be the same.

Example 3.3.4. Suppose that A is rank 1. Then there are two vectors
w, z ∈ Cn for which

A = wzT .

To find the spectrum of A we consider the equation

Ax = λx
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or

�z, xXw = λx.

From this we see that x = w is an eigenvector with eigenvalue �z, wX. If
z⊥x, x is an eigenvector pertaining to the eigenvalue 0. Therefore,

σA = {�z, wX, 0}.
The characteristic polynomial is

pλ(λ) = (λ− �z, wX)λn−1.
If w and z are orthogonal then

pA(λ) = λn.

If w and z are not orthogonal though there are just two eigenvalues, we say
that 0 is an eigenvalue of multiplicity n− 1, the order of the factor (λ− 0).
Also �z, wX has multiplicity 1. This is the subject of the next section.

For instance, suppose w = (1,−1, 2) and z = (0, 1,−3). Then spectrum
of the matrix A = wzT is given by σ(A) = {−7, 0}. The eigenvalue pertain-
ing to λ = −7 is w and we may take x = (0, 3, 1) and (c, 3, 1), for any c ∈ C,
to be eigenvectors pertaining to λ = 0. Note that {w, (0, 3, 1), (1, 3, 1)} form
a basis for R3.

To complete our discussion of characteristic polynomials we prove a re-
sult that every nth degree polynomial with lead coefficient one is the char-
acteristic polynomial of some matrix. You will note the similarity of this
result and the analogous result for differential systems.

Theorem 3.3.3. Every polynomial of nth degree with lead coefficient 1, that
is

q (λ) = λn + b1λ
n−1 + · · ·+ bn−1λ+ bn

is the characteristic polynomial of some matrix.

Proof. We consider the n× n matrix

B =


0 1 0 · · · 0
0 0 1 0
...

. . .

−bn −bn−1 −b1


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Then λI −B has the form

λI −B =


λ −1 0 · · · 0
0 λ −1 0
... λ

. . .

bn bn−1 λ+ b1


Now expand in minors across the bottom row to get

det (λI −B) = bn (−1)n+1 det

 −1 0 · · · 0
λ −1 0

λ
. . .


+bn−1 (−1)n+2 det

 λ 0 · · · 0
0 −1 0
... λ

. . .

+ · · ·
+b1 (−1)n+n det

 λ −1 0 · · ·
0 λ −1
... λ

. . .


= bn (−1)n+1 (−1)n−1 + bn−1 (−1)n+2 λ (−1)n−2 + · · ·

+(λ+ b1) (−1)n+n λn−1
= bn + bn−1λ+ · · ·+ b1λn−1 + λn

which is what we set out to prove. (The reader should check carefully the
term with bn−2 to fully understand the nature of this proof.)

Multiplicity

Let A ∈ Mn(C). Since pA(λ) is a polynomial of degree exactly n, it must
have exactly n eigenvectors (i.e. roots) λ1,λ2, . . . ,λn counted according to
multiplicity. Recall that the multiplicity of an eigenvalue is the number of
times the monomial (λ − λi) is repeated in the factorization of pA(λ). For
example the multiplicity of the root 2 in the polynomial (λ − 2)3(λ − 5)
is 3. Suppose µ1, . . . , µk are the distinct eigenvalues with multiplicities
m1,m2, . . . ,mk respectively. Then the characteristic polynomial can be



3.3. EIGENVECTORS AND EIGENVALUES 111

rewritten as

pA(λ) = det(λI −A) =
n�
1

(λ− λi)

=
k�
1

(λ− µi)mi .

More precisely, the multiplicities m1,m2, . . . ,mk are called the algebraic
multiplicities of the respective eigenvalues. This factorization will be very
useful later.

We know that for each eigenvalue λ of any multiplicity m, there must
be at least one eigenvector pertaining to λ. What is desired, but not always
possible, is to find µ linearly independent eigenvectors corresponding to the
eigenvalue λ of multiplicity m. This state of affairs makes matrix theory at
once much more challenging but also much more interesting.

Example 3.3.3. For the matrix

A =

 2 0 0

0 7
4

1
4

√
3

0 1
4

√
3 5

4


the characteristic polynomial is det(λI − A) = pA (λ) = λ3 − 5λ2 + 8λ −
4, which can be factored as pA (λ) = (λ− 1) (λ− 2)2 We see that the
eigenvalues are 1, 2, and 2. So, the multiplicity of the eigenvalue λ = 1
is 1, and the multiplicity of the eigenvalue λ = 2 is 2. The eigenspace

pertaining to the eigenvalue λ = 1 is generated by the vector

 0

−13
√
3

1

,
and the dimension of this eigenspace is one. The eigenspace pertaining to

λ = 2 is generated by

 10
0

 and
 0

1
1
3

√
3

 . (That is, these two vectors form
a basis of the eigenspace.) To summarize, for the given matrix there is one
eigenvector for the eigenvalue λ = 1, and there are two linearly independent
eigenvectors for the eigenvalue λ = 2. The dimension of the eigenspace
pertaining to λ = 1 is one, and the dimension of the eigenspace pertaining
to λ = 2 is two.

Now contrast the above example where the eigenvectors span the space C3
and the next example where we have an eigenvalue of multiplicity three but
the eigenspace is of dimension one.
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Example 3.3.4. Consider the matrix

A =

 2 −1 0
0 2 0
1 0 2


The characteristic polynomial is given by (λ− 2)3 . Hence the eigenvalue
λ = 2 has multiplicity three. The eigenspace pertaining to λ = 2 is gener-
ated by the single vector [0, 0, 1]T To see this we solve

(A− 2I)x =

 2 −1 0
0 2 0
1 0 2

− 2
 1 0 0
0 1 0
0 0 1

x
=

 0 −1 0
0 0 0
1 0 0

x = 0

The row reduced echelon form for

 0 −1 0
0 0 0
1 0 0

 is
 1 0 0
0 1 0
0 0 0

. From

this it is apparent that we may take x3 = t, but that x1 = x2 = 0. Now
assign t = 1 to obtain the generating vector [0, 0, 1]T . This type of example
and its consequences seriously complexifies the study of matrices.

Symmetric Functions

Definition 3.3.5. Let n be a positive integer and Λ = {λ1,λ2, . . . ,λn} be
given numbers. Suppose that k is a positive integer with 1 ≤ k ≤ n. The
kth elementary symmetric function on the Λ is defined by

Sk(λ1, . . . ,λn) =
3

1≤i1<···<ik≤n

k�
j=1

λij .

It is easy to see that

S1(λ1, . . . ,λn) =
n3
1

λi

Sn(λ1, . . . ,λn) =
n�
1

λi.
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For a given matrix A ∈Mn there are n symmetric functions defined with
respect to its eigenvalues Λ = {λ1,λ2, . . . ,λn}. The symmetric functions
are sometimes called the invariants of matrices as they are invariant under
similarity transformations that will be in Section 3.5. They also furnish
directly the coefficients of the characteristic polynomial. Thus specifying
the n symmetric functions of an n × n matrix is sufficient to determine its
eigenvalues.

Theorem 3.3.4. Let A ∈Mn have symmetric functions Sk, k = 1, 2, . . . , n.
Then

det(λI −A) =
n�
i=1

(λ− λi) = λn +
n3
k=1

(−1)kSkλn−k.

Proof. The proof is a consequence of actually expanding the product
�n
i=1(λ−

λi). Each term in the expansion has exactly n terms multiplied together that
are combinations of the factor λ and the −λIis. For example, for the power
λn−k the coefficient is obtained by computing the total number of products
of k “different” −1λIis. (The term different is in quotes because it refers
to different indices not actual values.) Collecting all these terms is accom-
plished by addition. Now the number of ways we can obtain products of
these k different (−1)λIis is easily seen to be the number of sequences in the
set {1 ≤ i1 < · · · < ik ≤ n}. The sum of these is clearly (−1)kSk, with the
(−1)k factor being the collected product of k −1’s.

Two of the symmetric functions are familiar. In the following we restate
this using familiar terms.

Theorem 3.3.5. Let A ∈Mn(C). Then

pA(λ) = det(λI −A) =
n3
k=0

pkλ
n−k

where p0 = 1 and

(i) p1 = −tr(A) = −
n3
1

aii

(ii) pn = −detA.
(iii) pk = (−1)kSk, for 1 < k < n.
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Proof. Note that pA(0) = −det(A) = pn. This gives (ii). To establish (i),
we consider

det


λ · a11 −a12 . . . −a1n
−a21 λ− a22 −a2n
...

. . .

−an1 . . . λ− ann

 .

Clearly the product
n�
1
(λ − aii) is one of the selections of products in

the calculation process. In every other product there must be no more than
n− 2 diagonal terms. Hence

pA(λ) = det(λI −A) =
n�
1

(λ− aii) + pn−2(λ),

where pn−2(λ) is a polynomial of degree n − 2. The coefficient of λn−1 is
−

n�
1
aii by the Theorem 3.3.4, and this is (i).

As a final note, observe that the characteristic polynomial is defined by
knowing the n symmetric functions. However, the matrix itself has n2 en-
tries. Therefore, one may expect that knowing the only characteristic poly-
nomial of a matrix is insufficient to characterize it. This is correct. Many
matrices having rather different properties can have the same characteristic
polynomial.

3.4 The Hamilton-Cayley Theorem

The Hamilton-Cayley Theorem opens the doors to a finer analysis of a ma-
trix through the use of polynomials, which in turn is an important tool of
spectral analysis. The results states that any square matrix satisfies its own
charactertic polynomial, that is pA(A) = 0. The proof is not difficult, but we
need some preliminary results about factoring matrix-valued polynomials.
Preceding that we need to consider matrix polynomials in some detail.

Matrix polynomials

One of the very important results of matrix theory is the Hamilton-Cayley
theorem which states that a matrix satisfies its only characteristic equation.
This implies we need the notion of a matrix polynomial. It is an easy idea
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– just replace the coefficients of any polynomial by matrices – but it bears
some important consequences.

Definition 3.4.1. Let A0, A1, . . . , Am be square n × n matrices. We can
define the polynomial with matrix coefficients

A(λ) = A0λ
m +A1λ

m−1 + · · ·+Am−1λ+Am.
The degree of A(λ) is m, provided A0 W= 0. A(λ) is called regular if detA0 W=
0. In this case we can construct an equivalent monic2 polynomial.

Ã(λ) = A−10 A(λ) = A
−1
0 A0λ

m +A−10 A1λ
m−1 + · · ·+A−10 Am

= Iλm + Ã1λ
m−1 + · · ·+ Ãm.

The algebra of matrix polynomials mimics the normal polynomial algebra.
Let

A(λ) =
m3
0

Aiλ
m−k B(λ) =

m3
0

Biλ
m−k.

(1) Addition:

A(λ)±B(λ) =
m3
0

(Ak ±Bk)λm−k.

(2) Multiplication:

A(λ)B(λ) =
m3
i=0

λm
w m3
k=0

AiBm−i
W

The term
�m
k=0AiBm−i is called the Cauchy product of the sequences.

Note that the matrices Aj always multiply on the left of the Bk.

(3) Division: Let A(λ) and B(λ) be two matrix polynomials of degree
m (as above) and suppose B(λ) is regular, i.e. detB0 W= 0. We say
that Qr(λ) and Rr(λ) are right quotient and remainder of A(λ) upon
division by B(λ) if

A(λ) = Qr(λ)B(λ) +Rr(λ) (1)

2Recall that a monic polynomial is a polynomial where coefficient of the highest power
is one. For matrix polynomials the corresponding coefficient is I, the identity matrix.
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if the degree of Rr(λ) is less than that of B(λ). Similarly Qf(λ) and
Rf(λ) are respectively the left quotient and remainder of A(λ) upon
division by B(λ) if

A(λ) = B(λ)Qf(λ) +Rf(λ) (2)

if the degree of Rf(λ) is less than that of B(λ).

In the case (1) we see

A(λ)B−1(λ) = Qr(λ) +Rr(λ)B−1(λ), (3)

which looks much like ab = q+
r
b , a way to write the quotient and remainder

of a divided by b when a and b are numbers. Also, the form (3) may not
properly exist for all λ.

Lemma 3.4.1. Let Bi ∈ Mn (C) , i = 0, . . . , n with B0 nonsingular.

Then the polynomial

B (λ) = B0λ
n +B1λ

n−1 + · · ·+Bn
is invertible for sufficiently large |λ|.
Proof. We factor B (λ) as

B (λ) = B0λ
n
D
I +B−10 B1λ

−1 + · · ·+B−10 Bnλ
−ni

= B0λ
n
J
I + λ−1

D
B−10 B1 + · · ·+B−10 Bnλ

1−nio
For λ > 1, the norm of the term B−10 B1 + · · ·+B−10 Bnλ

1−n is bounded byEEB−10 B1 + · · ·+B−10 Bnλ
1−nEE ≤ EEB−10 B1

EE+ EEB−10 B2
EE |λ|−1 + · · ·EEB−10 Bn

EE |λ|1−n
≤
p
1 + |λ|−1 + · · ·+ |λ|1−n

Q
max
1≤i≤n

EEB−10 Bi
EE

≤ 1

1− |λ|−1 max1≤i≤n
EEB−10 Bi

EE
Thus the conditions of our perturbation theorem hold and for sufficiently
large |λ| , it follows EEλ−1 DB−10 B1 + · · ·+B−10 Bnλ

1−niEE < 1. Hence
I + λ−1

D
B−10 B1 + · · ·+B−10 Bnλ

1−ni
is invertible and therefore B (λ) is also invertible.
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Theorem 3.4.1. Let A(λ) and B(λ) be matrix polynomials in Mn(C) or
(Mn(R)). Then both left and right division of A(λ) by B(λ) is possible and
the respective quotients and remainders are unique.

Proof. We proceed by induction on degB, and clearly if degB = 0 the result
holds. If degB = p > degA(λ) = m then the result follows simply. For,
take Qr(λ) = 0 and Rr(λ) = A(λ). The conditions of right division are met.
Now suppose that p ≤ m. It is easy to see that

A(λ) = A0λ
m +A1λ

m−1 + · · ·+Am−1λ+Am

= A0B
−1
0 λm−pB(λ)−

p3
j=1

A0B
−1
0 Bjλ

m−j +
m3
j=1

Ajλ
m−j

= Q1(λ)B(λ) +A1(λ)

where degA1(λ) < degA(λ). Our inductive hypothesis assumed the division
was possible for matrix polynomials A(λ) of degree < p. Therefore, A1(λ) =
Q2(λ)B() + R(λ), where the degree of B(λ) < p. Finally, with Q(λ) =
Q(λ) +Q2(λ), there results A(λ) = Q(λ)B() +R(λ).

To establish uniqueness we assume two right divisors and quotients have
been determined. Thus

A = Qr1(λ)B(λ) +Rr1(λ)

A = Qr2(λ)B(λ) +Rr2(λ)

Subtract to get

0 = (Qr1(λ)−Qr2(λ))B(λ) +Rr1(λ)−Rr2(λ).
If Qr1(λ) − Qr2(λ) W= 0, we know the degree of (Qr1(λ) − Qr2(λ))B(λ) is
greater than the degree of R1(λ) − R2(λ). This contradiction implies that
Qr1(λ)−Qr2(λ) = 0, which in turn implies that Rr1(λ)−Rr2(λ) = 0. Hence
the decomposition is unique.

Hamilton-Cayley Theorem

Let

B(λ) = B0λ
m +B1λ

m−1 + · · ·+Bm−1λ+Bm

with B0 W= 0. We can also, write B(λ) =
m�
i=0

λm−iBi. Both versions are

the same. However, when A ∈Mn(F ), there are two possible evaluations of
B(A).
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Definition 3.4.2. Let B(λ), A ∈ Mn(C) (or Mn(R)) and B(λ) = B0λ
m +

B1λ
m−1 + · · ·+Bm−1λ+Bm. Define

B(A) = B0A
m +B1A

m−1 + · · ·+Bm “right value”�B(A) = AmB0 +Am−1B1 + · · ·+Bm “left value”

The generalized Bézout theorem gives the remainder of B(λ) divided by
λI −A. In fact, we have
Theorem 3.4.2 (Generalized Bézout Theorem). The right division of
B(λ) by λI −A has remainder

Rr(λ) = B(A)

Similarly, the left division of B(λ) by (λI −A) has remainder
Rf(λ) = �B(A).

Proof. In the case degB(λ) = 1, we have

B0λ+B1 = B0(λI −A) +B0A+B1.
The remainder Rr(λ) = B0A+B1 = B(A). Assume the result holds for all
polynomials up to degree p− 1. We have

B(λ) = B0λ
p +B1λ

p−1 + · · ·+Bp
= B0λ

p−1(λI −A) +B0Aλp−1 +B1λp−1 + · · ·
= B0λ

p−1(λI −A) +B1(λ)
where degB1(λ) ≤ p− 1. By induction

B(λ) = B0λ
p−1(λI −A) +Qr(λ)(λI −A) +B1(A)

B1(A) = (B0A + B1)A
p−1 + B2Ap−2 + · · · + Bp−1A + Bp = B(A). This

proves the result.

Corollary 3.4.1. (λI − A) divides B(λ) if and only if B(A) = 0 (resp�B(A) = 0).
Combining the Bézout result and the adjoint formulation of the matrix

inverse, we can establish the important Hamilton-Cayley theorem.

Theorem 3.4.3 (Hamilton-Cayley). Let A ∈ Mn(C) (or Mn(R)) with
characteristic polynomial pA(λ). Then pA(A) = 0.
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Proof. Recall the adjoint formulation of the inverse as Ĉ = 1
det ·CC

T
ij = C

−1.
Now let B = adj(A− λI). Then

B(λI −A) = det(λI −A)I
(λI −A)B = det(λI −A)I.

These equations show that p(λ)I = det(λI − A)I is divisible on the right
and the left by (λI −A) without remainder. It follows from the generalized
Bézout theorem that this is possible only if pA(A) = 0.

Let A ∈ Mn (C) . Now that we know any A satisfies its characteristic
polynomial, we might also ask if there are polynomials of lower degree that it
also satisfies. In particular, we will study the so-called minimal polynomial
that a matrix satisfies. The nature of this polynomial will shed considerable
light on the fundamental structure of A. For example, both matrices below
have the same characteristic polynomial P (λ) = (λ− 2)3.

A =

 2 0 0
0 2 0
0 0 2

 and B =
 2 1 0
0 2 1
0 0 2


Hence λ = 2 is an eigenvalue of multiplicity three. However, A satifies the
much simpler first degree polynomial (λ− 2) while there is no polynomial
of degree less that three that B satisfies. By this time you recognize
that A has three linearly independent eigenvectors, while B has only one
eigenvector. We will take this subject up in a later chapter.

Biographies

Arthur Cayley (1821-1895), one of the most prolific mathematicians of his
era and of all time, born in Richmond, Surrey, and studied mathematics at
Cambridge. For four years he taught at Cambridge having won a Fellowship
and, during this period, he published 28 papers in the Cambridge Mathe-
matical Journal. A Cambridge fellowship had a limited tenure so Cayley
had to find a profession. He chose law and was admitted to the bar in 1849.
He spent 14 years as a lawyer, but Cayley always considered it as a means
to make money so that he could pursue mathematics. During these 14 years
as a lawyer Cayley published about 250 mathematical papers! Part of that
time he worked in collaboration with James Joseph Sylvester3 (1814-

3In 1841 he went to the United States to become professor at the University of Virginia,
but just four years later resigned and returned to England. He took to teaching private
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1897), another lawyer. Together, but not in collaboration, they founded the
algebraic theory of invariants 1843.

In 1863 Cayley was appointed Sadleirian professor of Pure Mathemat-
ics at Cambridge. This involved a very large decrease in income. However
Cayley was very happy to devote himself entirely to mathematics. He pub-
lished over 900 papers and notes covering nearly every aspect of modern
mathematics.

The most important of his work is in developing the algebra of matrices,
work in non-Euclidean geometry and n-dimensional geometry. Importantly,
he also clarified many of the theorems of algebraic geometry that had previ-
ously been only hinted at, and he was among the first to realize how many
different areas of mathematics were linked together by group theory.

As early as 1849 Cayley wrote a paper linking his ideas on permutations
with Cauchy’s. In 1854 Cayley wrote two papers which are remarkable for
the insight they have of abstract groups. At that time the only known
groups were groups of permutations and even this was a radically new area,
yet Cayley defines an abstract group and gives a table to display the group
multiplication.

Cayley developed the theory of algebraic invariance, and his develop-
ment of n-dimensional geometry has been applied in physics to the study
of the space-time continuum. His work on matrices served as a founda-
tion for quantum mechanics, which was developed by Werner Heisenberg in
1925. Cayley also suggested that Euclidean and non-Euclidean geometry
are special types of geometry. He united projective geometry and metrical
geometry which is dependent on sizes of angles and lengths of lines.

Heinrich Weber (1842-1913) was born and educated in Heidelberg, where
he became professor 1869. He then taught at a number of institutions in
Germany and Switzerland. His main work was in algebra and number theory.
He is best known for his outstanding text Lehrbuch der Algebra published
in 1895.

Weber worked hard to connect the various theories even fundamental
concepts such as a field and a group, which were seen as tools and not
properly developed as theories in his Die partiellen Differentialgleichungen
der mathematischen Physik 1900-01, which was essentially a reworking of a
book of the same title based on lectures given by Bernhard Riemann and

pupils and had among them Florence Nightingale. By 1850 he became a barrister, and by
1855 returned to an academic life at the Royal Military Academy in Woolwich, London. He
returned to the US again in 1877 to become professor at the new Johns Hopkins University,
but returned to England once again in 1877. Sylvester coined the term ‘matrix’ in 1850.
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written by Karl Hattendorff.

Etienne Bézout (1730-1783) was a mathematician who represents a char-
acteristic aspect of the subject at that time. One of the many successful
textbook projects produced in the 18th century was Bézout’s Cours de math-
ematique, a six volume work that first appeared in 1764-1769, which was
almost immediately issued in a new edition of 1770-1772, and which boasted
many versions in French and other languages. (The first American textbook
in analytic geometry, incidentally, was derived in 1826 from Bézout’s Cours.)

It was through such compilations, rather than through the original works
of the authors themselves, that the mathematical advances of Euler and
d’Alembert became widely known. Bézout’s name is familiar today in con-
nection with the use of determinants in algebraic elimination. In a memoir
of the Paris Academy for 1764, and more extensively in a treatise of 1779
entitled Theorie generale des equations algebriques, Bézout gave artificial
rules, similar to Cramer’s, for solving n simultaneous linear equations in n
unknowns. He is best known for an extension of these to a system of equa-
tions in one or more unknowns in which it is required to find the condition
on the coefficients necessary for the equations to have a common solution.
To take a very simple case, one might ask for the condition that the equa-
tions a1x + b1y + c1 = 0, a2x + b2y + c2 = 0, a3x + bay + c3 = 0 have a
common solution. The necessary condition is that the eliminant a special
case of the “Bezoutiant,” should be 0.

Somewhat more complicated eliminants arise when conditions are sought
for two polynomial equations of unequal degree to have a common solution.
Bézout also was the first one to give a satisfactory proof of the theorem,
known to Maclaurin and Cramer, that two algebraic curves of degreesm and
n respectively intersect in general in m · n points; hence, this is often called
Bézout’s theorem. Euler also had contributed to the theory of elimination,
but less extensively than did Bézout.

Taken from A History of Mathematics by Carl Boyer
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William Rowen Hamilton
Born Aug. 3/4, 1805, Dublin, Ire. and died Sept. 2, 1865, Dublin

Irish mathematician and astronomer who developed the theory of quater-
nions, a landmark in the development of algebra, and discovered the phe-
nomenon of conical refraction. His unification of dynamics and optics, more-
over, has had lasting influence on mathematical physics, even though the
full significance of his work was not fully appreciated until after the rise of
quantum mechanics.

Like his English contemporaries Thomas Babington Macaulay and John
Stuart Mill, Hamilton showed unusual intellect as a child. Before the age
of three his parents sent him to live with his father’s brother, James, a
learned clergyman and schoolmaster at an Anglican school at Trim, a small
town near Dublin, where he remained until 1823, when he entered Trinity
College, Dublin. Within a few months of his arrival at his uncle’s he could
read English easily and was advanced in arithmetic; at five he could translate
Latin, Greek, and Hebrew and recite Homer, Milton and Dryden. Before
his 12th birthday he had compiled a grammar of Syriac, and by the age of
14 he had sufficient mastery of the Persian language to compose a welcome
to the Persian ambassador on his visit to Dublin.

Hamilton became interested in mathematics after a meeting in 1820
with Zerah Colburn, an American who could calculate mentally with aston-
ishing speed. Having read the Eléments d’algèbre of Alexis—Claude Clairaut
and Isaac Newton’s Principia, Hamilton had immersed himself in the five
volumes of Pierre—Simon Laplace’s Traité de mécanique céleste (1798-1827;
Celestial Mechanics) by the time he was 16. His detection of a flaw in
Laplace’s reasoning brought him to the attention of John Brinkley, pro-
fessor of astronomy at Trinity College. When Hamilton was 17, he sent
Brinkley, then president of the Royal Irish Academy, an original memoir
about geometrical optics. Brinkley, in forwarding the memoir to the Acad-
emy, is said to have remarked: “This young man, I do not say will be, but
is, the first mathematician of his age.”

In 1823 Hamilton entered Trinity College, from which he obtained the
highest honours in both classics and mathematics. Meanwhile, he continued
his research in optics and in April 1827 submitted this “theory of Systems
of Rays” to the Academy. The paper transformed geometrical optics into
a new mathematical science by establishing one uniform method for the
solution of all problems in that field. Hamilton started from the principle,
originated by the 17th-century French mathematician Pierre de Fermat, that
light takes the shortest possible time in going from one point to another,
whether the path is straight or is bent by refraction. Hamilton’s key idea
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was to consider the time (or a related quantity called the “action”) as a
function of the end points between which the light passes and to show that
this quantity varied when the coordinates of the end points varied, according
to a law that he called the law of varying action. He showed that the entire
theory of systems of rays is reducible to the study of this characteristic
function.

Shortly after -Hamilton submitted his paper and while still an under-
graduate, Trinity College elected him to the post of Andrews professor of
astronomy and royal astronomer of Ireland, to succeed Brinkley, who had
been made bishop. Thus an undergraduate (not quite 22 years old) became
ex officio an examiner of graduates who were candidates for the Bishop Law
Prize in mathematics. The electors’ object was to provide Hamilton with
a research post free from heavy teaching duties. Accordingly, in October
1827 Hamilton took up residence next to Dunsink Observatory, 5 miles (8
km) from Dublin, where he lived for the rest of his life. He proved to be an
unsuccessful observer, but large audiences were attracted by the distinctly
literary flavour of his lectures on astronomy. Throughout his life Hamilton
was attracted to literature and considered the poet William Wordsworth
among his fiends, although Wordsworth advised him to write mathematics
rather than poetry.

With eigenvalues we are able to begin spectral analysis. That part is
the derivation of the various normal forms for matrices. We begin with a
relatively weak form of the Jordan form, which is coming up.

First of all, as you have seen diagonal matrices furnish the easiest form
for matrix analysis. Also, linear systems are very simple to solve for diagonal
matrices. The next simplest class of matrices are the triangular matrices.
We begin with the following result based on the idea of similarity.

3.5 Similarity

Definition 3.5.1. A matrix B ∈ Mn is said to be similar to A ∈ Mn if
there exists a nonsingular matrix S ∈Mn such that

B = S−1AS.

The transformation A→ S1AS is called a similarity transformation. Some-
times we write A ∼ B. Note that similarity is an equivalence relation:

(i) A ∼ A reflexivity
(ii) B ∼ A⇒ A ∼ B symmetry
(iii) B ∼ A and A ∼ C ⇒ B ∼ C transitivity
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Theorem 3.5.1. Similar matrices have the same characteristic polynomial.

Proof. We suppose A,B, and S ∈ Mn with S invertible and B = S−1AS.
Then

λI −B = λI − S−1AS
= λS−1IS − S−1AS
= S−1(λI −A)S.

Hence

det(λI −B) = det(S−1(λI −A)S)
= det(S−1) det(λI −A) detS
= det(λI −A)

because 1 = det I = det(SS−1) = detS detS−1.

A simple consequence of Theorem 3.5.1 and Corollary 2.3.1 follows.

Corollary 3.5.1. If A and B are in Mn and if A and B are similar, then
they have the same eigenvalues counted according to multiplicity, and there-
fore the same rank.

We remark that even though [ 0 00 0 ] and [
0 1
0 0 ] have the same eigenvalues,

0 and 0, they are not similar. Hence the converse is not true.

Another immediate corollary of Theorem 3.5.1 can be expressed in terms
of the invariance of the trace and determinant of similarity transformations,
that is functions on Mn(F ) defined for any invertible matrix S by TS(A) =
S−1AS. Note that such transformations are linear mappings fromMn(F )→
Mn(F ). We shall see how important are those properties of matrices that
are invariant (i.e. do not change) under similarity transformations.

Corollary 3.5.2. If A, B ∈Mn are similar, then they have the same trace
and same determinant. That is, tr(A) = tr(B) and detA = detB.

Theorem 3.5.2. If A ∈Mn, then A is similar to a triangular matrix.

Proof. The following sketch shows the first two steps of the proof. A formal
induction can be applied to achieve the full result.

Let λ1 be an eigenvalue of A with eigenvector u1. Select a basis , say
S1, of Cn and arrange these vectors into columns of the matrix P1, with u1
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in the first column. Define B1 = P
−1
1 AP1. Then B1 is the representation of

A in the new basis and so

B1 =


λ α1 . . . αn−1
0
... A2
0

 where A2 is (n− 1)× (n− 1)

because Au1 = λ1u1. Remembering that B1 is the representation of A in
the basis S1, then [u1]S1 = e1 and hence B1e1 = λe1 = λ1[1, 0, . . . , 0]

T . By
similarity, the characteristic polynomial of B1 is the same as that of A, but
more importantly (using expansion by minors down the first column)

det(λI −B1) = (λ− λ1) det(λIn−1 −A2).
Now select an eigenvalue λ2 of A2 and pertaining eigenvector v2 ∈ Cn; so
A2v2 = λ2v2. Note that λ2 is also an eigenvalue of A. With this vector we
define

û1 =


1
0
...
0

 û2 =

 0
v2

 .
Select a basis of Cn−1, with v2 selected first and create the matrix �P2 with
this basis as columns

P2 =


1 0 . . . 0
0
... �P2
0

 .
It is an easy matter to see that P2 is invertible and

B2 = P
−1
2 B1P2

=


λ1 ∗ . . . . . . ∗
0 λ2 ∗ . . . ∗
0 0 A3
...

...
0 0

 .
Of course, B2 ∼ B1, and by the transitivity of similarity B2 ∼ A. Con-

tinue this process, deriving ultimately the triangular matrix Bn ∼ Bn−1 and
hence Bn ∼ A. This completes the proof.



126 CHAPTER 3. EIGENVALUES AND EIGENVECTORS

Definition 3.5.2. We say that A ∈Mn is diagonalizable if A is similar to
a diagonal matrix.

Suppose P ∈ Mn is nonsingular and D ∈ Mn is a diagonal matrix. Let
A = PDP−1. Suppose the columns of P are the vectors v1, v2, . . . , vn. Then

Avj = PDP
−1vj

= PDej = λjPej = λjvj

where λj is the j
th diagonal element of D, and ej is the j

th standard vector.
Similarly, if u1, . . . , un are n linearly independent vectors of A pertain-

ing to eigenvalues λ1,λ2, . . . ,λn, then with Q, the matrix with columns
u1 . . . un, we have

AQ = QD

where

D =


λ1

λ2 s
. . .

s λn

 .
Therefore

Q−1AQ = D.

We have thus established the

Theorem 3.5.3. Let A ∈ Mn. Then A is diagonalizable if and only if A
has n linearly independent eigenvectors.

As a practical measure, the conditions of this theorem are remarkably
difficult to verify.

Example 3.5.1. The matrix A = [ 0 10 0 ] is not diagonalizable.

Solution. First we note that the spectrum σ(A) = {0}. Solving

Ax = 0

we see that x = c(1, 0)T is the only solution. That is to say, there are not
two linearly independent eigenvectors. hence the result.
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Corollary 3.5.3. If A ∈ Mn is diagonalizable and B is similar to A, then
B is diagonalizable.

Proof. The proof follows directly from transitivity of similarity. However,
more directly, suppose that B ∼ A and S is the invertible matrix such that
B = SAS−1 Then BS = SA. If u is an eigenvector of A with eigenvalue λ,
then SAu = λSu and therefore BSu = λSu. This is valid for each eigenvec-
tor. We see that if u1, . . . , un are the eigenvalues of A, then Su1, . . . , Sun
are the eigenvalues of B. The similarity matrix converts the eigenvectors of
one matrix to the eigenvectors of the transformed matrix.

In light of these remarks, we see that similarity transforms preserve com-
pletely the dimension of eigenspaces. It is just as significant to note that
if a similarity transformation diagonalizes a given matrix A, the similarity
matrix must consist of the eigenvectors of A.

Corollary 3.5.4. Let A ∈ Mn be nonzero and nilpotent. Then A is not
diagonalizable.

Proof. SupposeA ∼ T , where T is triangular. SinceA is nilpotent (i.e.(Am =
0), T is nilpotent, as well. Therefore the diagonal entries of T are zero. The
spectrum of T and hence A is zero, it’s null space has dimension n. There-
fore, by Theorem 2.3.3(f), its rank is zero. Therefore T = 0, and hence
A = 0. The result is proved.

Alternatively, if the nilpotent matrix A is similar to a diagonal matrix with
zero diagonal entries, then A is similar to the zero matrix. Thus A is itself
the zero matrix. From the obvious fact that the power of a similarity trans-
formations is the similarity transformation of the power of a matrix, that is
(SAS−1)m = SAmS−1 (see Exercise 26), we have

Corollary 3.5.5. Suppose A ∈ Mn(C) is diagonalizable. (i) Then Am is
diagonalizable for every positive integer m. (ii) If p(·) is any polynomial,
then p(A) is diagonalizable.

Corollary 3.5.6. If all the eigenvalues of A ∈Mn(C) are distinct, then A
is diagonalizable.

Proposition 3.5.1. Let A ∈Mn(C) and ε > 0. Then for any matrix norm
,·, there is a matrix B with norm ,B, < ε for which A+B is diagonalizable
and for each λ ∈ σ(A) there is a µ ∈ σ(B) for which |λ− µ| < ε.
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Proof. First triangularize A to T by a similarity transformation, T = SAS−1.
Now add to T any diagonal matrix D so that the resulting triangular ma-
trix T +D has all distinct values. Moreover this can be accomplished by a
diagonal matrix of arbitrarily small norm for any matrix norm. Then we
have

S−1 (T +D)S = S−1TS + S−1DS
= A+B

where B := S−1DS. Now by the submultiplicative property of matrix norms
,B, ≤ EES−1DSEE ≤ EES−1EE ,D, ,S,. Thus to obtain the estimate ,B, < ε,
it is sufficient to take ,D, ≤ 6

,S−1,,S, , which is possible as established

above. Since the spectrum σ(A + B) of A + B has n distinct values, it
follows that A+B is diagonalizable.

There are many, many results on diagonalizable and non-diagonalizable ma-
trices. Here is an interesting class of nondiagonalizable matrices we will
encounter later.

Proposition 3.5.2. pro Every matrix of the form

A = λI +N

where N is nilpotent and is not zero is not diagonalizable.

An important subclass has the form:

A =


λ 1

λ 1 s
λ 1

s . . . 1
λ

 “Jordan block”.

Eigenvectors

Once an eigenvalue is determined, it is a relatively simple matter to find the
pertaining eigenvectors. Just solve the homogeneous system (λI −A)x = 0.
Eigenvectors have a more complex structure and their study merits our
attention.
Facts

(1) σ(A) = σ(AT ) including mutliplicities.
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(2) σ(A) = σ(A∗), including multiplicities.

Proof. det(λI −A) = det((λI −A)T ) = det(λI −AT ). Similarly for A∗.
Definition 3.5.3. The linear space spanned by all the eigenvectors per-
taining to an eigenvalue λ is called the eigenspace corresponding to the
eigenvalue λ.

For any A ∈Mn any subspace V ∈ Cn for which
AV ⊂ V

is called an invariant subspace of A. The determination of invariant sub-
spaces for linear transformations has been an important question for decades.

Example 3.5.2. For any upper triangular matrix T the spaces Vj = S(e1, e2, . . . , ej),
j = 1, . . . , n are invariant.

Example 3.5.3. Given A ∈ Mn, with eigenvalue λ. The eigenspace cor-
responding to λ and all of its subspaces are invariant subspaces. Corollary
to this, the null space N(A) = {x|Ax = 0} is an invariant subspace of A
corresponding to the eigenvalue λ = 0.

Definition 3.5.4. Let A ∈ Mn with eigenvalue λ. The dimension of the
eigenspace corresponding to λ is called the geometric multiplicity of λ. The
multiplicity of λ as a zero of the characteristic polynomial pA(λ) is called
the algebraic multiplicity.

Theorem 3.5.4. If A ∈ Mn and λ0 is an eigenvalue of A with geometric
and algebraic multiplicities mg and ma, respectively. Then

mg ≤ ma.
Proof. Let u1 . . . umg be linearly independent eigenvectors pertaining to λ0.
Let S be a matrix consisting of a basis of Cn with u1 . . . umg selected among
them and placed in the first mg columns. Then

B = S−1AS =

λ0I ... ∗. . . . . . . . . . . .

0
... �B


where I = Img . It is easy to see that

pB(λ) = pA(λ) = (λ− λ0)mgp
B
(λ),

whence the algebraic multiplicity ma ≥ mg.
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Example 3.5.4. For A = [ 0 10 0 ], the algebraic multiplicity of a is 2, while
the geometric multiplicity of 0 is 1. Hence, the equality mg = ma is not
possible, in general.

Theorem 3.5.5. If A ∈ Mn and for each eigenvalue µ ∈ σ(A), mg(µ) =
ma(µ), then A is diagonalizable. The converse is also true.

Proof. Extend the argument given in the theorem just above. Alternatively,
we can see that A must have n linearly independent eigenvalues, which
follows from the

Lemma 3.5.1. If A ∈ Mn and µ W= λ are eigenvalues with eigenspaces Eµ
and Eλ respectively. Then Eµ and Eλ are linearly independent.

Proof. Suppose u ∈ Eµ can be expressed as

u =
k3
cjvj

where, of course u W= 0 and vj W= 0, j = 1, . . . , k where v1 . . . vk ∈ Eλ. Then
Au = AΣcjvj

⇒ µu = λΣcjvj

⇒ u =
λ

µ
Σcjvj , if µ W= 0.

Since λ/µ W= 1, we have a contradiction. If µ = 0, then Σcjvj = 0 and this
implies u = 0. In either case we have a contradiction, the result is therefore
proved.

While both A and AT have the same eigenvalues, counted even with
multiplicities, the eigenspaces can be very much different. Consider the
example where

A =

}
1 1
0 2

]
and AT =

}
1 0
1 2

]
.

The eigenvalue λ = 1 has eigenvector u = [ 10 ] for A and
J
1−1
o
for AT .

A new concept of left eigenvector yield some interesting results.

Definition 3.5.5. We say λ is a left eigenvector of A ∈ Mn if there is a
vector y ∈ Cn for which

y∗A = λy∗
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or in Rn if yTA = λyT . Taking adjoints the two sides of this equality become

(y∗A)∗ = A∗y
(λy∗)∗ = λ̄y.

Putting these lines together A∗y = λ̄y and hence λ̄ is an eigenvalue of A∗.
Here’s the big result.

Theorem 3.5.6. Let A ∈ Mn(C) with eigenvalues λ and eigenvector u.
Let u, v be left eigenvectors pertaining to µ, λ, respectively. If µ W= λ, v∗u =
�u, vX = 0.
Proof. We have

v∗u =
1

µ
v∗Aµ =

λ

µ
v∗u.

Assuming µ W= 0 we have a contradiction. If µ = 0, argue as v∗u = 1
λv
∗Au =

µ
λc
∗u = 0, which was to be proved. The result is proved.

Note that left eigenvectors of A are (right) eigenvectors of A∗ (AT in the
real case).

3.6 Equivalent norms and convergent matrices

Equivalent norms

So far we have defined a number of different norms. Just what “different”
means is subject to different interpretations. For example, we might agree
that different means that the two norms have a different value for some
matrix A. On the other hand if we have two matrix norms , · ,a and , · ,b,
we might be prepared to say that if for two positive constants mM > 0

0 < m ≤ ,A,a,A,b ≤M for all A ∈Mn(F )

then these norms are not really so different but rather are equivalent be-
cause “small” in one norm implies “small” in the other and the same for
“large.” Indeed, when two norms satisfy the condition above we will call
them equivalent. The remarkable fact is that all subordinate norms on a
finite dimensional space are equivalent. This is a direct consequence of the
similar result for vector norms. We state it below but leave the details of
the proof to the reader.
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Theorem 3.6.1. Any two matrix norms, , · ,a and , · ,b, on Mn(C) are
equivalent in the sense that there exist two positive constants mM > 0

0 < m ≤ ,A,a,A,b ≤M for all A ∈Mn(F )

We have already proved one convergence result about the invertibility of
I − A when ,A, < 1. A deeper version of this result can be proved based
on a new matrix norm. This result has important consequences in general
matrix theory and particularly in computational matrix theory. It is most
important in applications, where having ρ(A) < 1 can yield the same results
as having ,A, < 1.
Lemma 3.6.1. Let , · , be a matrix norm that is subordinate to the vector
norm (on Cn) , · ,. Then for each A ∈Mn

ρ(A) ≤ ,A,.

Note: We use the same notation for both vector and matrix norms.

Proof. Let λ ∈ σ(A). Then with corresponding eigenvector xλ we have
Axλ = λxλ. Normalizing xλ so that ,xλ, = 1, we have ,A, = max

,x,=1
,Ax, ≥

,Axλ, = |λ| ,xλ, = |λ|. Hence

,A, ≥ max
λ∈σ(A)

|λ| = ρ(A).

Theorem 3.6.2. For each A ∈ Mn and ε > 0 there is a vector norm , · ,
on Cn for which the subordinate matrix norm , · , satisfies

ρ(A) ≤ ,A, ≤ ρ(A) + ε.

Proof. The proof follows in a series of simple steps, the first of which is
interesting in its own right. First we know that A is similar to a triangular
matrix B–from a previous theorem

B = SAS−1 = Λ+ U

where Λ is the diagonal part of B and U is strictly upper triangular part of
B, with zeros filled in elsewhere.
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Note that the diagonal of B is the spectrum of B and hence that of A.
This is important. Now select a δ > 0 and form the diagonal matrix

D =


1

δ−1 s
. . .

s δ1−n

 .
A brief computation reveals that

C = DBD−1 = DSAS−1D−1

= D(Λ+ U)D−1

= Λ+DUD−1 = Λ+ V

where V = DUD−1 and more specifically vij = δj−iuij for j > i and of
course Λ is a diagonal matrix with the spectrum of A for the diagonal ele-
ments. In this way we see that for δ small enough we have arranged that
A is similar to the diagonal matrix of its spectral elements plus a small
triangular perturbation. We now define the new vector norm on Cn by

,x,A = �(DS)∗(DS)x, xX1/2.
We recognise this to be a norm from a previous result. Now compute the
matrix norm

,A,A = max
,x,A=1

,Ax,A.

Thus

,Ax,2A = �DSAx,DSAxX
= �CDSx,CDSxX
≤ ,C,22,DSx,2
= ,C∗C,2,x,2A.

From C = Λ+ V , it follows that

C∗C = Λ∗Λ+ Λ∗V + V ∗Λ+ V ∗V.

Because the last three terms have a δp multiplier for various positive powers
p, we can make the terms Λ∗V + V ∗Λ+ V ∗V small in any norm by taking
δ sufficiently small. Also the diagonal elements of Λ∗Λ have the form

|λi|2 λi ∈ S(A).
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Talking δ sufficiently small so that each of ,Λ∗V ,2, ,V ∗Λ,2 and ,V ∗V ,2 is
less than 6/3. With ,x,2A = 1 as required, we have

,Ax,A ≤ (ρ(A) + ε),x,A
and we know already that ,A,A ≥ ρ(A).

An important corollary places a lower bound on vector norms is given
below.

Corollary 3.6.1. For any A ∈Mn

ρ(A) = inf
, ,
(max
,x,=1

,Ax,)

where the infimum is taken over all vector norms.

Convergent matrices

Definition 3.6.1. We say that a matrix A ∈ Mn(F ) for F = R or C is
convergent if

lim
m→∞A

m = 0 ← the zero matrix.

That is, for each 1 ≤ i, j ≤ n the limm→∞(Am)ij = 0. This is sometimes
called pointwise convergence.

Theorem 3.6.3. The following three statements are equivalent:

(a) A is convergent.

(b) lim
n→∞ ,A

m, = 0, for some matrix norm.

(c) ρ(A) < 1.

Proof. These results follow substantially from previously proven results.
However, for completeness, assume (a) holds. Then

lim
n→∞maxij

|(An)ij | = 0

or what is the same we have

lim
n→∞ ,A

n,∞ = 0
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which is (b). Now suppose that (b) holds. If ρ(A) ≥ 1 there is a vector
x for which ,Anx, = ,ρ(A),n,x,. Therefore ,An, ≥ 1, which contradicts
(b). Thus (c) holds. Next if (c) holds we can apply the above theorem to
establish that there is a norm for which ,A, < 1. Hence (b) follows. Finally,
we know that

,Am,∞ ≤M,Am, (T)

whence lim
n→∞A

m = 0. (That is (a) ≡ (b)). In sum we have shown that (a)

≡ (b) and (b) ≡ (c).

To establish (T) we need the following.

Theorem 3.6.4. If , , and , · ,I are two vector norms on Cn then there
are constants m and M so that

m,x,I ≤ ,x, < M,x,I

for all x ∈ Cn.

This result carries over to matrix norms subordinate to vector norms by
simple inheritance. To prove this result we use compactness ideas. Suppose
there is a sequence of vectors xj for which

1 ≤ ,xj, < 1

j
,xj,I

and for which the components of xj are bounded in modulus. By compact-
ness there is a convergent subsequence of the xj , for which limxj = x W= 0.
But ,x,I <∞. Hence ,x, = 0, a contradiction.

Here is the new and improved version of our previous result.

Theorem 3.6.5. If ρ(A) < 1 then (I −A)−1 exists and

(I −A)−1 = I +A+A2 + · · · .

Proof. Select a matrix norm , · , for which ,A, < 1. Apply previous calcu-
lations. We know that every matrix can be triangularized and “almost” di-
agonalized we may ask if we can eliminate altogether the off-diagonal terms.
The answer is unfortunately no. But we can resolve the diagonal question
completely.
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3.7 Exercises

1. Suppose that U ∈ Mn is orthogonal and let , · , be a matrix norm.
Show that ,U, ≥ 1.

2. In two dimensions the counter-clockwise rotations through the angle
θ are given by

Bθ =

}
cos θ − sin θ
sin θ cos θ

]
Find the eigenvalues and eigenvectors for all θ. (Note the two special
cases, θ is not equal to an even multiple of π and θ = 0.

3. Given two matrices A, B ∈ Mn (C). Define the commutant of A and
B by [A,B]−AB −BA. Prove that tr[A,B] = 0.

4. Given two finite sequences {ck}nk=1 and {dk}nk=1. Prove that
�
k |ckdk| ≤

maxk |dk|
�
k |ck|.

5. Verify that a matrix norm which is subordinate to a vector norm sat-
isfies norm conditions (i) and (ii).

6. Let A ∈ Mn (C) . Show that the matrix norm subordinate to the
vector norm ,·,∞ is given by

,A,∞ = maxi ,ri (A),1

where as usual ri (A) denotes the i
th row of the matrix A and ,·,1 is

the f1 norm.

7. The Hilbert matrix, Hn of order n is defined by

hij =
1

i+ j − 1 1 ≤ i, j ≤ n

8. Show that ,Hn,1 < lnn.
9. Show that ,Hn,∞ = 1.

10. Show that ,Hn,2 ∼ n
1
2 .

11. Show that the spectral radius of Hn is bounded by 1.

12. Show that for each ε > 0 there exists an integer N such that if n > N
there is a vector x ∈ Rn with ,x,2=1 such that ,Hnx,2 < ε.
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13. Same as the previous question except that you need to show that

N =
!

1
ε1/2

�
+ 1 will work.

14. Show that the matrix A =

 1 1 0
0 3 1
1 −1 2

 is not diagonalizable.Let
A ∈Mn (C) .

15. We know that the characteristic polynomial of a matrix A ∈ M12 (C)
is equal to pA (λ) = (λ− 1)12 − 1. Show that A is not similar to the
identity matrix.

16. We know that the spectrum of A ∈ M3 (C) is σ(A) = {1, 1,−2} and
the corresponding eigenvectors are {[1, 2, 1]T , [2, 1,−1]T , [1, 1, 2]T }.
(i) Is it possible to determine A ? Why or why not? If so, prove it.

If not show two different matrices with the given spectrum and
eigenvectors.

(ii) Is A diagonalizable?

17. Prove that if A ∈ Mn (C) is diagonalizable then for each λ ∈ σ (A) ,
the algebraic and geometric multiplicities are equal. That is, ma (λ) =
mg (λ) .

18. Show that B−1(λ) exists for |λ| sufficiently large.
19. We say that a matrix A ∈ Mn (R) is row stochastic if all its entries

are non negative and the sum of the entries of each row is one.

(i) Prove that 1 ∈ σ (A) .
(ii) Prove that ρ (A) = 1.

20. We say that A,B ∈Mn (C) are quasi -commutative if the spectrum of
AB −BA is just zero, i.e. σ (AB −BA) = {0}.

21. Prove that if AB is nilpotent then so is BA.

22. A matrix A ∈Mn (C) has a square root if there is a matrix B ∈Mn (C)
such that B2 = A. Show that if A is diagonalizable then it has a square
root.

23. Prove that every matrix that commutes with every diagonal matrix is
itself diagonal.
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24. Suppose that if A ∈Mn (C) is diagonalizable and for each λ ∈ σ (A) ,
|λ| < 1. Prove directly from similarity ideas that limn→∞An =
0.(That is, do not apply the more general theorem from the lecture
notes.)

25. We say that A is right quasi-invertible if there exists a matrix B ∈
Mn (C) such that AB ∼ D, whereD is a diagonal matrix with diagonal
entries nonzero. Similarly, we say that A is left quasi-invertible if there
exists a matrix B ∈Mn (C) such that BA ∼ D, where D is a diagonal
matrix with diagonal entries nonzero.

(i) Show that if A is right quasi-invertible then it is invertible.

(ii) Show that ifA is right quasi-invertible then it is left quasi-invertible.

(iii) Prove that quasi-invertibility is not an equivalence relation. (Hint.
How do we usually show that an assertion is false?)

26. Suppose that A, S ∈Mn, with S invertible, andm is a positive integer.
Show that (SAS−1)m = SAmS−1.

27. Consider the rotation  1 0 0
0 cos θ − sin θ
0 sin θ cos θ


Show that the eigenvalues are the same as for the rotation cos θ 0 − sin θ

0 1 0
sin θ 0 cos θ


See Example 2 of section 3.2.

28. Let A ∈Mn (C). Define eA =
�∞
n=0

An

n!
. (i) Prove that exists. (ii)

Suppose that A, B ∈ Mn (C). Is eA+B = eAeB ? If not, when is it
true?

29. Suppose that A, B ∈ Mn (C). We say A ` B if [A,B] = 0, where
[·, ·] is the commutant. Prove or disprove that “`” is an equivalence
relation. Answer the same question in the case of quasi-commutivity.
(See Exercise 20

30. Let u, v ∈ Cn. Find (I + uv∗)m.
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31. Define the function f on Mm×n (C) by f(A) = rankA, and suppose
that , · , is any matrix norm. Prove the following. (1) If for any
matrix A for which f(A) = n show that f is continuous in , · ,. That
is, for every ε > 0 then f(B) = n for every matrix B with ,BA, < ε.
is continuous in an ε-neighborhood of A. That is, for any B with
,A − B, < ε, then f(B) = f(A). (This deviates slightly from the
usual definition of continuity because the function f is integer valued.)
(2) If f(A) < n, then f is not continuous in every ε-neighborhood of
A.

3.8 Appendix A

It is desired to solve the equation p (λ) = 0 for coefficients in p0, . . . , pn ∈ C
or R. The basic theorem on this subject is called the Fundamental Theo-
rem of Algebra (FTA), whose importance is manifest by its hundreds of
applications. Concommitant with the FTA is the notion of reducible and
irreducible factors.

Theorem 3.8.1 (Theorem Fundamental Theorem of Algebra). Given
any polynomial p (λ) = p0λ

n+p1λ
n−1+· · ·+pn with coefficients in p0, . . . , pn ∈

C. There is at least one solution λ ∈ C to the equation p (λ) = 0.
Though proving this result would take us too far afield of our subject,

we remarks that the simplest proof of this result no doubt comes as a di-
rect application of Liouville’s Theorem, a result in complex analysis. As a
corollary to the FTA, we have that there are exactly n solutions to p (λ) = 0
when counted with multiplicitiy. Proved originally by Gauss, the proof of
this theorem eluded mathematicians for many years. Let us assume that
p0 = 1 to make the factorization simpler to write. Thus

p (λ) =
k�
i=1

(λ− λi)mi (4)

.
As we know, in the case that the coefficients p0, . . . , pn are real, there

may be complex solutions. As is easy to prove, complex solutions must
come in complex conjugate pairs. For if λ = r + is is a solution

p (r + is) = (r + is)n + p1 (r + is)
n−1 + · · · pn−1 (r + is) + pn = 0

Because the coefficients are real, the real and imaginary parts of the powers
(r + is)j remain respectively real or imaginary upon multiplication by pj .
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Thus

p (r + is) = Re (r + is)n + p1Re (r + is)
n−1 + · · · pn−1Re (r + is) + pn

+i
p
Im (r + is)n + p1Im (r + is)

n−1 + · · · pn−1Im (r + is) + pn
Q

= 0

Hence the real and imaginary parts are each zero. Since Re (r − is)j =
Re (r + is)j and Im (r − is)j = −Im (r + is)j it follows that p (r − is) = 0.

In the case that the coefficients are real it may be of interest to note
what statement of factorization analogous to (4) above. To this end we
need the definition

Definition 3.8.1. The real polynomial x2 + bx+ c is called irreducible if
it has no real zeros.

In general, any polynomial that cannot be factored over the underlying
field is called irreducible. Irreducible polynomials have played a very impor-
tant role in fields such as abstract algebra and number theory. Indeed, they
were central in early attempts to prove Fermat’s last theorem and also so
but more indirectly to the acutal proof. Our attention here is restricted to
the fields C and R.

Theorem 3.8.2. Let p (λ) = λn + p1λ
n−1 + · · · + pn with coefficients in

p0, . . . , pn ∈ R. Then p (λ) can be factored as a product of linear factors
pertaining to real zeros of p (λ) = 0 and irreducible quadratic factors.

Proof. The proof is an easy application of the FTA and the observation
above. If λk = r+ is is a zero of p (λ), then so also is λ̄k = r− is. Therefore
the product (λ− λk)

D
λ− λ̄k

i
= λ2−2λr+r2+s2 is an irreducible quadratic.

Combine such terms with the linear factors generated from the real zeros,
and use (4).

Remark 3.8.1. It is worth noting that there are no higher order irreducible
factors with real coefficients. Even though there are certainly higher order
polynomials with complex roots, they can always factored as products of
either real linear or real quadratic factors. Proving this without the FTA
may prove challenging.
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3.9 Appendix B

3.9.1 Infinite Series

Definition 3.9.1. An infinite series, denoted by

a0 + a1 + a2 + · · ·

is a sequence {un}, where un is defined by

un = a0 + a1 + · · ·+ an
If the sequence {un} converges to some limit A, we say that the infinite
series converges to A and use the notation

a0 + a1 + a2 + · · · = A

We also say that the sum of the infinite series is A. If {un} diverges, the
infinite series a0 + a1 + a2 + · · · is said to be divergent.

The sequence {un} is called the sequence of partial sums, and the se-
quence {an} is called the sequence of terms of the infinite series a0 + a1 +
a2 + · · · .

Let us now return to the formula

1 + r + r2 + · · ·+ rn = 1− rn+1
1− r

where r W= 1. Since the sequence {rn+1} converges (and, in fact, to 0) if and
only if −1 < r < 1 (or |r| < 1), r being different from 1, the infinite series

1 + r + r2 + · · ·

converges to (1− r)−1 if and only if |r| < 1. This infinite series is called the
geometric series with ratio r.

Definition 3.9.2. Geometric Series with Ratio r

1 + r + r2 + · · · = 1

1− r , if |r| < 1

and diverges if |r| ≥ 1.
Multiplying both sides by r yields the following.
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Definition 3.9.3. If |r| < 1, then
r + r2 + r3 + · · · = r

1− r
Example 3.9.1. Investigate the convergence of each of the following infi-
nite series. If it converges, determine its limit (sum).
a. 1− 1

2 +
1
4 − 1

8 + · · · b. 1 + 2
3 +

4
9 +

8
27 + · · · c. 34 +

9
16 +

27
64 + · · ·

Solution A careful study reveals that each infinite series is a geometric
series. In fact, the ratios are, respectively, (a) −12 , (b) 23 , and (c) 34 . Since
they are all of absolute value less than 1, they all converge. In fact, we have:
a. 1− 1

2 +
1
4 − 1

8 + · · · = 1
1−(− 1

2
)
= 2

3

b. 1 + 2
3 +

4
9 +

8
27 + · · · = 1

1− 2
3

= 3
1 = 3

c. 34 +
9
16 +

27
64 + · · · =

3
4

1− 3
4

= 3
4 · 41 = 3

Since an infinite series is defined as a sequence of partial sums, the prop-
erties of sequences carry over to infinite series. The following two properties
are especially important.

1. Uniqueness of Limit If a0 + a1 + a2 + · · · converges, then
it converges to a unique limit.

This property explains the notation

a0 + a1 + a2 + · · · = A
where A is the limit of the infinite series. Because of this notation, we often
say that the infinite series sums to A, or the sum of the infinitely many
terms a0, a1, a2, . . . is A. We remark, however, that the order of the terms
cannot be changed arbitrarily in general.

Definition 3.9.4. 2. Sum of Infinite Series If
a0 + a1 + a2 + · · · = A and b0 + b1 + b2 + · · · = B, then

(a0 + b0) + (a1 + b1) + (a2 + b2) + · · · = (a0 + a1 + a2 + · · · )
+(b0 + b1 + b2 + · · · )

= A+B

This property follows from the observation that

(a0 + b0) + (a1 + b1) + · · ·+ (an + bn) = (a0 + a1 + · · ·+ an)
+(b0 + b1 + · · ·+ bn)

converges to A+B. Another property is
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Definition 3.9.5. 3. Constant Multiple of Infinite Series If a0+a1+
a2 + · · · = A and c is a constant, then

ca0 + ca1 + ca2 + · · · = cA
Example 3.9.2. Determine the sums of the following convergent infinite
series.
a. 5

3·2 +
13
9·4 +

35
27·8 + · · · b. 1

3·2 +
1
9·2 +

1
27·2 + ·

Solution a. By the Sum Property, the sum of the first infinite series isw
1

3
+
1

2

W
+

w
1

9
+
1

4

W
+

w
1

27
+
1

8

W
+ · · ·

=

w
1

3
+
1

9
+
1

27
+ · · ·

W
+

w
1

2
+
1

4
+
1

8
+ · · ·

W
=

1
3

1− 1
3

+
1
2

1− 1
2

=
1

2
+ 1 =

3

2

b. By the Constant-Multiple Property, the sum of the second infinite series
is

1

2

w
1

3
+
1

9
+
1

27
+ · · ·

W
=
1

2
·

1
3

1− 1
3

=
1

2
· 1
2
=
1

4

Another type of infinite series can be illustrated by using Taylor poly-
nomial extrapolation as follows.

Example 3.9.3. In extrapolating the value of ln 2, the nth-degree Taylor
polynomial Pn(x) of ln(1 + x) at x = 0 was evaluated at x = 1 in Example
4 of Section 12.3. Interpret ln 2 as the sum of an infinite series whose nth
partial sum is Pn(1).

Solution We have seen in Example 3 of Section 12.3 that

Pn(x) = x− 1
2
x2 +

1

3
x3 − · · ·+ (−1)n−1 1

n
xn

so that Pn(1) = 1− 1
2 +

1
3 − · · ·+(−1)n−1 1n , and it is the nth partial sum of

the infinite series

1− 1
2
+
1

3
− 1
4
+ · · ·

Since {Pn(1)} converges to ln 2 (see Example 4in Section 12.3), we have

ln 2 = 1− 1
2
+
1

3
− 1
4
− · · ·
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It should be noted that the terms of the infinite series in the preceding
example alternate in sign. In general, an infinite series of this type always
converges.

Alternating Series Test Let a0 ≥ a1 ≥ · · · ≥ 0. If an ap-
proaches 0, then the infinite series

a0 − a1 + a2 − a3 + · · ·

converges to some limit A, where 0 < A < a0.

The condition that the term an tends to zero is essential in the above
Alternating Series Test. In fact, if the terms do not tend to zero, the corre-
sponding infinite series, alternating or not, must diverge.

Divergence Test If an does not approach zero as n → +∞,
then the infinite series

a0 + a1 + a2 + · · ·

diverges.

Example 3.9.4. Determine the convergence or divergence of the following
infinite series.

a. 1− 1
3 +

1
5 − 1

7 + · · · b. −23 + 4
5 − 6

7 + · · ·
Solution a. This series is an alternating series with

1 >
1

3
>
1

5
> · · · > 0

and with the terms approaching 0. In fact, the general (nth) term is

(−1)n 1

2n+ 1

Hence, by the Alternating Series Test, the infinite series 1− 1
3 +

1
5 − 1

7 + · · ·
converges.

b. Let a1 = −23 , a2 = 4
5 , a3 = −67 , . . . . It is clear that an does not approach

0, and it follows from the Divergence Test that the infinite series is divergent.
[The nth term is (−1)n2n/(2n + 1).] Note, however, that the terms do
alternate in sign.
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Another useful tool for testing convergence or divergence of an infinite
series is the Ratio Test, to be discussed below. Recall that the geometric
series

1 + r + r2 + · · ·
where the nth term is an = r

n, converges if |r| < 1 and diverges otherwise.
Note also that the ratio of two consecutive terms is

an+1
an

=
rn+1

rn
= r

Hence, the geometric series converges if and only if this ratio is of absolute
value less than 1. In general, it is possible to draw a similar conclusion if the
sequence of the absolute values of the ratios of consecutive terms converges.

Ratio Test Suppose that the sequence

{|an+1|/|an|}
converges to some limit R. Then, the infinite series a0 + a1 +
a2 + · · · converges if R < 1 and diverges if R > 1.

Example 3.9.5. In each of the following, determine all values of r for which
the infinite series converges.
a. 1 + r + r2

2! +
r3

3! + · · · b. 1 + 2r + 3r3 + 4r3 + · · ·
Solution a. The nth term is an = r

n/n!, so that

an+1
an

=
rn+1

(n+ 1)!
· n!
rn
=

r

n+ 1

For each value of r, we have

|an+1|
|an| =

1

n+ 1
|r|→ 0 < 1

Hence, by the Ratio Test, the infinite series converges for all values of r.
b. Let an = (n+ 1)r

n. Then,

|an+1|
|an| =

(n+ 2)|r|n+1
(n+ 1)|r|n =

n+ 2

n+ 1
|r|→ |r|

Hence, the Ratio Test says that the infinite series converges if |r| < 1 and
diverges if |r| > 1. For |r| = 1, we have |an| = n+1, which does not converge
to 0, so that the corresponding infinite series must be divergent as a result
of applying the Divergence Test.

Sometimes it is possible to compare the partial sums of an infinite series
with certain integrals, as illustrated in the following example.



146 CHAPTER 3. EIGENVALUES AND EIGENVECTORS

Example 3.9.6. Show that 1+ 1
2+· · ·+1/n is larger than the define integral$ n+1

1 dx/x, and conclude that the infinite series 1 + 1
2 +

1
3 + · · · diverges.

Solution Consider the function f(x) = 1/x. Then, the definite integral8 n+1

1

dx

x
= ln(n+ 1)− ln 1 = ln(n+ 1)

is the area under the graph of the function y = f(x) between x = 1 and
x = n+ 1. On the other hand, the sum

1 +
1

2
+ · · ·+ 1

n
= [f(1) + f(2) + · · ·+ f(n)]∆x

where ∆x = 1, is the sum of the areas of n rectangles with base ∆x = 1 and
heights f(1), . . . , f(n), consecutively, as shown in Figure 12.5. Since the
union of these rectangles covers the region bounded by the curve y = f(x),
the x-axis, and the vertical lines x = 1 and x = n+ 1, we have:

1 +
1

2
+ · · ·+ 1

n
>

8 n+1

1

dx

x
= ln(n+ 1)

Now recall that ln(n + 1) approaches ∞ as n approaches ∞. Hence, the
sequence of partial sums of the infinite series

1 +
1

2
+
1

3
+ · · ·

must be divergent.

The above infinite series is called the harmonic series. It diverges “to
infinity” in the sense that its sequence of partial sums becomes arbitrarily
large for all large values of n. If an infinite series diverges to infinity, we also
say that it sums to infinity and use the notation “= ∞” accordingly. We
have
The Harmonic Series is defined by

1 +
1

2
+
1

3
+ · · · =∞



Chapter 4

Unitary Matrices

4.1 Basics

This chapter considers a very important class of matrices that are quite use-
ful in proving a number of structure theorems about all matrices. Called
unitary matrices, they comprise a class of matrices that have the remarkable
properties that as transformations they preserve length, and preserve the an-
gle between vectors. This is of course true for the identity transformation.
Therefore it is helpful to regard unitary matrices as “generalized identities,”
though we will see that they form quite a large class. An important exam-
ple of these matrices, the rotations, have already been considered. In this
chapter, the underlying field is usually C, the underlying vector space is Cn,
and almost without exception the underlying norm is k · k2. We begin by
recalling a few important facts.

Recall that a set of vectors x1, . . . , xk ∈ Cn is called orthogonal if
x∗jxm = hxm, xji = 0 for 1 ≤ j 6= m ≤ k. The set is orthonormal if

x∗jxm = δmj =

½
1 j = m
0 j 6= m.

An orthogonal set of vectors can be made orthonormal by scaling:

xj −→ 1

(x∗jxj)1/2
xj .

Theorem 4.1.1. Every set of orthonormal vectors is linearly independent.

Proof. The proof is routine, using a common technique. Suppose S =
{xj}kj=1 is orthonormal and linearly dependent. Then, without loss of gen-

157
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erality (by relabeling if needed), we can assume

uk =
k−1X
j=1

cjuj .

Compute u∗kuk as

1 = u∗kuk = u
∗
k

k−1X
j=1

cjuj


=
k−1X
j=1

cju
∗
kuj = 0.

This contradiction proves the result.

Corollary 4.1.1. If S = {u1 . . . uk} ⊂ Cn is orthonormal then k ≤ n.
Corollary 4.1.2. Every k-dimensional subspace of Cn has an orthonormal
basis.

Proof. Apply the Gram—Schmidt process to any basis to orthonormalize
it.

Definition 4.1.1. A matrix U ∈Mn is said to be unitary if U
∗U = I. [If

U ∈Mn(R) and U
TU = I, then U is called real orthogonal.]

Note: A linear transformation T : Cn → Cn is called an isometry if
kTxk = kxk for all x ∈ Cn.
Proposition 4.1.1. Suppose that U ∈Mn is unitary. (i) Then the columns
of U form an orthonormal basis of Cn, or Rn , if U is real. (ii) The spectrum
σ(u) ⊂ {z | |z| = 1}. (iii) |detU | = 1.
Proof. The proof of (i) is a consequence of the definition. To prove (ii), first
denote the columns of U by ui, i = 1, . . . , n. If λ is an eigenvalue of U with
pertaining eigenvector x, then kUxk = kPxiuik = (

P |xi|2)1/2 = kxk =
|λ|kxk. Hence |λ| = 1. Finally, (iii) follows directly because detU = Qλi.
Thus |detU | =Q |λi| = 1.
This important result is just one of many equivalent results about unitary
matrices. In the result below, a number of equivalences are established.

Theorem 4.1.2. Let U ∈Mn. The following are equivalent.
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(a) U is unitary.

(b) U is nonsingular and U∗ = U−1.

(c) UU∗ = I.

(d) U∗ is unitary.

(e) The columns of U form an orthonormal set.

(f) The rows of U form an orthonormal set.

(g) U is an isometry.

(h) U carries every set of orthonormal vectors to a set of orthonormal
vectors.

Proof. (a) ⇒ (b) follows from the definition of unitary and the fact that
the inverse is unique.

(b) ⇒ (c) follows from the fact that a left inverse is also a right inverse.

(a) ⇒ (d) UU∗ = (U∗)∗U∗ = I.
(d) ⇒ (e) (e) ≡ (b) ⇒ u∗jukδjk, where u1 . . . un are the columns of U .
Similarly (b) ⇒ (e).

(d) ≡ (f) same reasoning.
(e)⇒ (g) We know the columns of U are orthonormal. Denoting the columns
by u1 . . . un, we have

Ux =
nX
1

xiui

where x = (x1, . . . , xn)
T . It is an easy matter to see that

kUxk2 =
nX
1

|xi|2 = kxk2.

(g) ⇒ (e). Consider x = ej . Then Ux = uj . Hence 1 = kejk = kUejk =
kujk. The columns of U have norm one. Now let x = αei + βej be chosen
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such that kxk = kαei + βejk =
q
|α|2 + |β|2 = 1. Then

1 = kUxk2
= kU (αei + βej)k2
= hU (αei + βej) , U (αei + βej)i
= |α|2 hUei, Ueii+ |β|2 hUej , Ueji+ αβ̄ hUei, Ueji+ ᾱβ hUej , Ueii
= |α|2 hui, uii+ |β|2 huj , uji+ αβ̄ hui, uji+ ᾱβ huj , uii
= |α|2 + |β|2 + 2< ¡αβ̄ hui, uji¢
= 1 + 2< ¡αβ̄ hui, uji¢

Thus < ¡αβ̄ hui, uji¢ = 0. Now suppose hui, uji = s + it. Selecting α =
β = 1√

2
we obtain that <hui, uji = 0, and selecting α = iβ = 1√

2
we obtain

that =hui, uji = 0. Thus hui, uji = 0. Since the coordinates i and j are
arbitrary, it follows that the columns of U are orthogonal.
(g) ⇒ (h) Suppose {v1, . . . , vn} is orthogonal. For any two of them kU(vj +
vk)k2 = kvj + vkk2. Hence hUvj , Uvki = 0.
(h)⇒ (e) The orthormal set of the standard unit vectors ej , j = 1, . . . , n
is carried to the columns of U . That is Uej = uj , the j

th column of U .
Therefore the columns of U are orthonormal.

Corollary 4.1.3. If U ∈Mn(C) is unitary, then the transformation defined
by U preserves angles.

Proof. We have for any vectors x, y ∈ Cn that the angle θ is completely
determined from the inner product via cos θ = hx,yi

kxkkyk . Since U is unitary

(and thus an isometry) it follows that

hUx,Uyi = hU∗Ux, yi = hx, yi
This proves the result.

Example 4.1.1. Let T (θ) =
£
cos θ − sin θ
sin θ cos θ

¤
where θ is any real. Then T (θ) is

real orthogonal.

Proposition 4.1.1. If U ∈M2(R) is real orthogonal, then U has the form
T (θ) for some θ or the form

U =

·
1 0
0 −1

¸
T (θ) =

·
cos θ sin θ
sin θ − cos θ

¸
Finally, we can easily establish the diagonalizability of unitary matrices.
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Theorem 4.1.3. If U ∈Mn is unitary, then it is diagonalizable.

Proof. To prove this we need to revisit the proof of Theorem 3.5.2. As
before, select the first vector to be a normalized eigenvector u1 pertaining
to λ1. Now choose the remaining vectors to be orthonormal to u1. This
makes the matrix P1 with all these vectors as columns a unitary matrix.
Therefore B1 = P

−1UP is also unitary. However it has the form

B1 =


λ α1 . . . αn−1
0
... A2
0

 where A2 is (n− 1)× (n− 1)

Since it is unitary, it must have orthogonal columns by Theorem 4.1.2. It
follows then that α1 = α2 = · · · = αn = 0 and

B1 =


λ 0 . . . 0
0
... A2
0


At this point one may apply and inductive hypothesis to conclude that A2
is similar to a diagonal matrix. Thus by the manner in which the full
similarity was constructed, we see that A must also be similar to a diagonal
matrix.

Corollary 4.1.1. Let U ∈Mn be unitary. Then

(i) Then U has a set of n orthogonal eigenvectors.

(ii) Let {λ1, . . . ,λn} and {v1, . . . , vn} denote respectively the eigenvalues
and their pertaining orthonormal eigenvectors of U. Then U has the
representation as the sum of rank one matrices given by

U =
nX
j=1

λjvjv
T
j

This representation is often called the spectral respresentation or spectral
decomposition of U .
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4.1.1 Groups of matrices

Invertible and unitary matrices have a fundamental structure that makes
possible a great many general statements about their nature and the way
they act upon vectors other vectors matrices. A group is a set with a math-
ematical operation, product, that obeys some minimal set of properties so
as to resemble the nonzero numbers under multiplication.

Definition 4.1.2. A group G is a set with a binary operation G×G→ G
which assigns to every pair a, b of elements of G a unique element ab in G.
The operation, called the product, satisfies four properties:

1. Closure. If a, b ∈ G, then ab ∈ G.

2. Associativity. If a, b, c ∈ G, then a(bc) = (ab)c.

3. Identity. There exists an element e ∈ G such that ae = ea = a for
every a ∈ G. e is called the identity of G.

4. Inverse. For each a ∈ G, there exists an element â ∈ G such that
aâ = âa = e. â is called the inverse of a and is often denoted by a−1.

A subset of G that is itself a group under the same product is called a
subgroup of G.

It may be interesting to note that removal of any of the properties 2-4 leads
to other categories of sets that have interest, and in fact applications, in
their own right. Moreover, many groups have additional properties such as
commutativity, i.e. ab = ba for all a, b ∈ G. Below are a few examples of
matrix groups. Note matrix addition is not involved in these definitions.

Example 4.1.2. As usual Mn is the vector space of n × n matrices. The
product in these examples is the usual matrix product.

• The group GL(n, F ) is the group of invertible n× n matrices. This is
the so-called general linear group. The subset of Mn of invertible
lower (resp. upper) triangular matrices is a subgroup of GL(n, F ).

• The unitary group Un of unitary matrices in Mn(C).

• The orthogonal group On orthogonal matrices in Mn(R). The sub-
group of On denoted by SOn consists of orthogonal matrices with
determinant 1.
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Because element inverses are required, it is obvious that the only subsets
of invertible matrices in Mn will be groups. Clearly, GL(n,F ) is a group
because the properties follow from those matrix of multiplication. We have
already established that invertible lower triangular matrices have lower tri-
angular inverses. Therefore, they form a subgroup of GL(n, F ). We consider
the unitary and orthogonal groups below.

Proposition 4.1.2. For any integer n = 1, 2, . . . the set of unitary matrices
Un (resp. real orthogonal) forms a group. Similarly On is a group, with
subgroup SOn.

Proof. The result follows if we can show that unitary matrices are closed
under multiplication. Let U and V be unitary. Then

(UV )∗(UV ) = V ∗U∗UV
= V ∗V = I

For orthogonal matrices the proof is essentially identical. That SOn is a
group follows from the determinant equality det(AB) = detAdetB. There-
fore it is a subgroup of On.

4.1.2 Permutation matrices

Another example of matrix groups comes from the idea of permutations of
integers.

Definition 4.1.3. The matrix P ∈Mn(C) is called a permutation matrix
if each row and each column has exactly one 1, the rest of the entries being
zero.

Example 4.1.3. Let

P =

1 0 0
0 0 1
0 1 0

 Q =


0 0 0 1
0 1 0 0
1 0 0 0
0 0 1 0


P and Q are permutation matrices.

Another way to view a permutation matrix is with the game of chess.
On an n × n chess board place n rooks in positions where none of them
attack one another. Viewing the board as an n×n matrix with ones where
the rooks are and zeros elsewhere, this matrix will be a permutation matrix.
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Of course there are n! such placements, exactly the number of permutations
of the integers {1, 2, . . . , n}.

Permutation matrices are closely linked with permutations as discussed
in Chapter 2.5. Let σ be a permutation of the integers {1, 2, . . . , n}. Define
the matrix A by

aij =

½
1 if j = σ (i)
0 if otherwise

Then A is a permutation matrix. We could also use the Dirac notation
to express the same matrix, that is to say aij = δiσ(j). The product of
permutation matrices is again a permutation matrix. This is apparent by
straight multiplication. Let P and Q be two n × n permutation matrices
with pertaining permutations σP and σQ of the integers {1, 2, . . . , n}. Then
the ith row of P is eσP (i) and the i

th row of Q is eσQ(i). (Recall the ei are

the usual standard vectors.) Now the ith row of the product PQ can be
computed by

nX
j=1

pijeσQ(j) =
nX
j=1

δiσ(j)eσQ(j) = eσQ(σP (i))

Thus the multiplication ithrow of PQ is a standard vector. Since the σP (i)
ranges over the integers {1, 2, . . . , n}, it is true also that σQ (σP (i)) does
likewise. Therefore the “product” σQ (σP (i)) is also a permutation. We
conclude that the standard vectors constitute the rows of PQ. Thus permu-
tation matrices are orthogonal under multiplication. Moreover the inverse of
every permutation is permutation matrix, with the inverse describe through
the inverse of the pertaining permutation of {1, 2, . . . , n}. Therefore, we
have the following result.

Proposition 4.1.3. Permutation matrices are orthogonal. Permutation
matrices form a subgroup of On.

4.1.3 Unitary equivalence

Definition 4.1.4. A matrix B ∈Mn is said to be unitarily equivalent to A
if there is a unitary matrix U ∈Mn such that

B = U∗AU.

(In the real case we say B is orthogonally equivalent to A.)
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Theorem 4.1.4. If B and A are unitarily equivalent. Then

nX
i,j=1

|bij |2 =
nX

i,j=1

|aij |2.

Proof. We have
nP

i,j=1
|aij |2 = tr A∗A, and

Σ|bij |2 = tr B∗B = tr (U∗AU)∗U∗AU = tr U∗A∗AU
= tr A∗A,

since the trace is invariant under similarity transformations.

Alternatively, we have BU∗ = U∗A. Since U (and U∗) are isometries
we have each column of U∗A has the same norm as the norm of the same
column of A. The same holds for the rows of BU∗, whence the result.

Example 4.1.4. B =
£
3 1−2 0

¤
and A = [ 1 10 2 ] are similar but not unitarily

equivalent. A and B are similar because (1) they have the same spectrum,
σ(A) = σ(B) = {1, 2} and (2) they have two linearly independent eigenvec-
tors. They are not unitarily equivalent because the conditions of the above
theorem are not met.

Remark 4.1.1. Unitary equivalence is a finer classification than similarity.
Indeed, consider the two sets S(A) = {B | B is similar to A} and U(A) =
{B|B is unitarily equivalent to A}, then

U(A) ⊂ S(A).

(Can you show that U(A) $ S(A) for some large class of A ∈Mn?)

4.1.4 Householder transformations

An important class of unitary transformations are elementary reflections.
These can be realized as transformations that reflect one vector to its neg-
ative and leave invariant the orthocomplement of vectors.

Definition 4.1.5. Simple Householder transformation.) Suppose w ∈ Cn,
kwk = 1. Define the Householder transformation Hw by

Hw = I − 2ww∗
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Computing

HwH
∗
w = (I − 2ww∗)(I − 2ww∗)∗

= I − 2ww∗ − 2ww∗ + 4ww∗ww∗
= I − 4ww∗ + 4hw,wiww∗ = I

it follows that Hw is unitary.

Example 4.1.5. Consider the vector w =

·
cos θ
sin θ

¸
and the Householder

transformation

Hw = I − 2wwT =
·
1− 2 cos2 θ −2 cos θ sin θ
−2 cos θ sin θ 1− 2 sin2 θ

¸
=

· − cos 2θ − sin 2θ
− sin 2θ cos 2θ

¸
The transformation properties for the standard vectors are

Hw e1 =

· − cos 2θ
− sin 2θ

¸
and

Hw e2 =

·
cos 2θ
− sin 2θ

¸
This is shown below. It is evident that this unitary transformation is not a
rotation. Though, it can be imagined as a “rotation with a one dimensional
reflection.”

w

w

w

H e

H e
e

e2

1
θ

2θ

2θ

Householder transformation

Example 4.1.6. Let θ be real. For any n ≥ 2 and 1 ≤ i, j ≤ n with i 6= j
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define

Un(θ, i, j)

i

j



1 0 . . .
... 0

. . .
...

...

0 1
...

...
. . . . . . . . . . . cos θ . . . . . . . . . . . . − sin θ . . . . . . . . . . .

...

1
. . .

1

...

. . . . . . . . . . . sin θ . . . . . . . . . . . . cos θ . . . . . . . . . . .
...

... 1
...

...
... 0

. . . 0

0
...

...
... 1


i j

Then Un(θ; i, j) is a rotation and is unitary.

Proposition 4.1.4 (Limit theorems). (i) Show that the unitary matri-
ces are closed with respect to any norm. That is, if the sequence {Un}⊂
Mn(C) are all unitary and the limn→∞ Un = U in the k·k2 norm, then U
is also unitary.

(ii) The unitary matrices are closed under pointwise convergence. That
is, if the sequence {U n}⊂Mn(C) are all unitary and limn→∞ Un = U for
each (ij)entry, then U is also unitary.

Householder transformations can also be used to triangularize a matrix.
The procedure successively removes the lower triangular portion of a matrix
column by column in a way similar to Gaussian elimination. The elemen-
tary row operations are replaced by elementary reflectors. The result is a
triangular matrix T = Hvn · · ·Hv2Hv1A. Since these reflectors are unitary,
the factorization yields an effective method for solving linear systems. The
actual process is rather straightforward. Construct the vector v such that

¡
I − 2vvT ¢A = ¡I − 2vvT ¢


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...
an1 an2 · · · ann

 =

â11 â12 · · · â1n
0 â22 · · · â2n
...

...
. . .

...
0 ân2 · · · ânn


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This is accomplished as follows. This means we wish to find a vector v
such that ¡

I − 2vvT ¢ [a11, a21, · · · , an1]T = [â11, 0, · · · , 0]T
For notational convenience and to emphasize the construction is vector
based, relabel the column vector [a11, a21, · · · , an1]T as [x1, x2, . . . , xn]T

vj =
xj

2 hv, xi
for j = 2, 3, . . . , n. Define

v1 =
x1 + α

2 hv, xi
Then

hv, xi =
hx, xi
2 hv, xi +

αx1
2 hv, xi =

kxk2
2 hv, xi +

αx1
2 hv, xi

4 hv, xi2 = 2 kxk2 + 2αx1
where k·k denotes the Euclidean norm. Also, for Hv to be unitary we need

1 = hv, vi = 1

4 hv, xi2
³
kxk2 + 2αx1 + α2

´
4 hv, xi2 = kxk2 + 2αx1 + α2

Equating the two expressions for 4 hv, xi2 gives
2 kxk2 + 2αx1 = kxk2 + 2αx1 + α2

α2 = kxk2
α = ±kxk

We now have that

4 hv, xi2 = 2 kxk2 ± 2 kxkx1

hv, xi =

µ
1

2

³
kxk2 ± kxkx1

´¶ 1
2

This makes v1 =
x1±kxk

( 12(kxk2±kxkx1))
1
2
. With the construction of Hv to “elim-

inate” the first column of A, we relabel the vector v as v1 (with the small
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possibility of notational confusion) and move to describe Hv2 using a trans-
formation of the same kind with a vector of the type v = (0, x2, x3, . . . , xn).
Such a selection will not affect the structure of the first column. Continue
this until the matrix is triangularized. The upshot is that every matrix can
be factored as A = UT, where U is unitary and T is upper triangular.
The main result for this section is the factorization theorem. As it turns out,
every Unitary matrix can be written as a product of elementary reflectors.
The proof requires a slightly more general notion of reflector.

Definition 4.1.6. The general form of the Householder matrix, also called
an elementary reflector, has the form

Hv = I − τvv∗

where the vector v ∈ Cn.
In order for Hv to be unitary, it must be true that

HvH
∗
v = (I − τvv∗) (I − τvv∗)∗
= (I − τvv∗) (I − τ̄vv∗)
= I − τvv∗ − τ̄vv∗ + |τ |2 (v∗v) vv∗
= I − 2Re (τ) vv∗ + |τ |2 |v|2 vv∗
= I

Therefore, for v 6= 0 we must have
−2Re (τ) vv∗ + |τ |2 |v|2 vv∗ =

³
−2Re (τ) + |τ |2 |v|2

´
vv∗

= 0

or

−2Re (τ) + |τ |2 |v|2 = 0
Now suppose that Q ∈Mn (R) is orthogonal and that the spectrum σ (Q) ⊂
{−1, 1} . Suppose Q has a complete set of normalized orthogonal eigen-

vectors1, it can be expressed as Q =
nP
i=1

λiviv
T
i where the set v1, . . . , vn are

the eigenvectors and λi ⊂ σ (Q). Now assume the eigenvectors have been
arranged so that this simplifies to

Q = −
kX
i=1

viv
T
i +

nX
i=k+1

viv
T
i

1This is in fact a theorem that will be established in Chapter 4.2. It follows as a
consequence of Schur’s theorem
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Here we have just arrange the eigenvectors with eigenvalue −1 to come first.
Define

Hj = I − 2vjvTj , j = 1, . . . , k

It follows that

Q =
kY
j=1

Hj =
kY
j=1

¡
I − 2vjvTj

¢
for it is easy to check that

Uvm =
kY
j=1

Hj =

½ −vm if m ≤ k
vm if m > k

Since we have agreement withQ on a basis, the equality follows. In words we
may say that an orthogonal matrix U with spectrum σ (Q) ⊂ {−1, 1} with
can be written as a product of reflectors. With this simple case out of

the way, we consider more general case we write Q =
nP
i=1

λiviv
T
i . where the

set v1, . . . , vn are the eigenvectors and λi ⊂ σ (Q). We wish to represent Q
similar to the above formula as a product of elementary reflectors.

Q =
kY
j=1

Hj =
kY
j=1

¡
I − τjwjw∗j

¢
where wi = αivi for some scalars αi. On the one hand it must be true
that −2Re (τi) + |τi|2 |wi|2 = 0 for each i = 1, . . . n, and on the other hand
it must follow that

(I − τiwiw∗i ) vm =
½
λivi if m = i
vm if m 6= i

The second of these relations is automatically satisfied by the orthogonality
of the eigenvectors. The second relation can needs to be solved. This

simplifies to (I − τiwiw∗i ) vi =
³
1− τi |αi|2

´
vi = λivi. Therefore, it is

necessary to solve the system

−2Re (τi) + |τi|2 |vi|2 = 0

1− τi |αi|2 = λi

Having done so there results the factorization.
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Theorem 4.1.5. Let Q ∈ Mn be real orthogonal or unitary. Then Q can

be factored as the product of elementary reflectors Q =
nQ
j=1

³
I − τjwjw∗j

´
,

where the wj are the eigenvectors of Q.

Note that the product written here is up to n whereas the earlier product
was just up to k. The difference here is slight, for by taking the scalar (α)
equal zero when necessary, it is possible to equate the second form to the
first form when the spectrum is contained in the set {−1, 1}.

4.2 Schur’s theorem

It has already been established in Theorem 3.5.2 that every matrix is similar
to a triangular matrix. A far stronger result is possible. Called Schur’s
theorem, this result proves that the similarity is actually unitary similarity.

Theorem 4.2.1 (Schur’s Theorem). Every matrix A ∈ Mn(C) is uni-
tarily equivalent to a triangular matrix.

Proof. We proceed by induction on the size of the matrix n. First suppose
the A is 2 × 2. Then for a given eigenvalue λ and normalized eigenvector
v form the matrix P with its first column v and second column any vector
orthogonal to v with norm one. Then P is an unitary matrix and P ∗AP =·
λ ∗
0 ∗

¸
. This is the desired triangular form. Now assume the Schur

factorization is possible for matrices up to size (n− 1) × (n− 1). For the
given n×nmatrix A select any eigenvalue λ . With its pertaining normalized
eigenvector v construct the matrix P with v in the first column and an
orthonormal complementary basis in the remaining n− 1 columns. Then

P ∗AP =


λ â12 · · · â1n
0 â22 · · · â2n
...

...
. . .

...
0 ân2 · · · ânn

 =

λ â12 · · · â1n
0
... A2
0


The eigenvalues of A2 together with λ constitute the eigenvalues of A. By
the inductive hypothesis there is an (n− 1)× (n− 1) unitary matrix Q̂ such
that Q̂∗A2Q̂ = T2, where T2 is triangular. Now embed Q̂ in an n×n matrix
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Q as shown below

Q =


λ 0 · · · 0
0
... Q̂
0


It follows that

Q∗P ∗APQ =


λ 0 · · · 0
0
... T2
0

 = T
is triangular, as indicated. Therefore the factorization is complete upon
defining the similarity transformation U = PQ. Of course, the eigenvalues
of A2 together with λ constitute the eigenvalues of A, and therefore by
similarity the diagonal of T contains only eigenvalues of A.

The triangular matrix above is not unique as is easy to see by mixing or
permuting the eigenvalues. An important consequence of Schur’s theorem
pertains to unitary matrices. Suppose that B is unitary and we apply the
Schur factorization to write B = U∗TU . Then T = UBU∗. It follows that
the upper triangular matrix is itself unitary, which is to say T ∗T = I. It is a
simple fact to prove this implies that T is in fact a diagonal matrix. Thus,
the following result is proved.

Corollary 4.2.1. Every unitary matrix is diagonalizable. Moreover, every
unitary matrix has n orthogonal eigenvectors.

Proposition 4.2.1. If B,A ∈M2 are similar and tr(B
∗B) = tr(A∗A), then

B and A are unitarily equivalent.

This result higher dimensions.

Theorem 4.2.2. Suppose that A ∈Mn(C) has distinct eigenvalues λ1 . . .λk
with multiplicities n1, n2, . . . , nk respectively. Then A is similar to a matrix
of the form 

T1
0

T2

0
. . .

Tk


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where Ti ∈Mni is upper triangular with diagonal entries λi.

Proof. Let E1 be eigenspace of λ1. Assume dimE1 = m1. Let u1 . . . um1 be
an orthogonal basis of E1, and suppose v1 . . . vn−m1 is an orthonormal basis
of Cn − E1. Then with P = [u1 . . . um1 , v1 . . . vn−m1 ] we have P

−1AP has
the block structure ·

T1 0

0 A2

¸
.

Continue this way, as we have done before. However, if dimEi < mi we
must proceed a different way. First apply Schur’s Theorem to triangularize.
Arrange the first m1 eigenvalues to the first m1 diagonal entries of T , the
similar triangular matrix. Let Er,s be the matrix with a 1 in the r, s position
and 0’s elsewhere. We assume throughout that r 6= s. Then, it is easy to
see that I + αEr,s is invertible and that (I + αErs)

−1 = I − αErs. Now if
we define

(I + αErs)
−1 T (I + αErs)

we see that trs → trs+α(trr− tss). We know trr− tss 6= 0 if r and s pertain
to values with different eigenvalues. Now this value is changed, but so also
are the values above and to the right of trs. This is illustrated below.

columns → s

row r


↑

∗ ↑
∗ → →


To see how to use these similarity transformation to zero out the upper

blocks, consider the special case with just two blocks

A =


T1 T12

0 T2


We will give a procedure to use elementary matrices αEij to zero-out each
of the entries in T12. The matrix T12 has m1 ·m2 entries and we will need
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to use exactly that many of the matrices αEij . In the diagram below we
illustrate the order of removal (zeroing-out) of upper entries

T1

m1 2m1 · · · m1 ·m2
...

...
...

2
...

1 m1 + 1 · · · · · ·

0 T2


When performed in this way we developm1·m2 constants αij . We proceed in
the upper right block (T12) in the left-most column and bottom entry, that is
position (m1,m1 + 1) . For the (m1,m1 + 1) position we use the elementary
matrix αEm1,m1+1 to zero out this position. This is possible because the
diagonal entries of T1 and T2 are different. Now use the elementary matrix
αEm1−1,m1+1 to zero-out the position (m1 − 1,m1 + 1). Proceed up this
column to the first row each time using a new α. We are finished when
all the entries in column m1 + 1 from row m1 to row 1 are zero. Now
focus on the next column to the right, column m1 + 2. Proceed in the
same way from the (m1,m1 + 2) position to the (1,m1 + 1) position, using
elementary matrices αEk,m1+2 zeroing out the entries (k,m1 + 2) positions,
k = m1, . . . , 1. Ultimately, we can zero out every entry in the upper right
block with this marching left-to-right, bottom-to-top procedure.

In the general scheme with k × k blocks, next use the matrices T2 and
T3 to zero-out the block matrix T23.(See below.)

T =



T1 0 T13
T2 T23

T3

. . . . . .

0

. . .

Tk−1 Tk−1,k
Tk



After that it is possible using blocks T1 and T3 to zero-out the block T13.
This is the general scheme for the entire triangular structure, moving down
the super-diagonal (j.j+1) blocks and then up the (block) columns. In this
way we can zero-out any value not in the square diagonal blocks pertaining
to the eigenvalues λ1 . . .λk.
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Remark 4.2.1. If A ∈ Mn(R) and σ(A) ⊂ R, then all operations can be
carried out with real numbers.

Lemma 4.2.1. Let J ⊂Mn be a commuting family. Then there is a vector
x ∈ Cn for which x is an eigenvector for every A ∈ J .
Proof. Let W ⊂ Cn be a subspace of minimal dimension that is invariant
under J . Since Cn is invariant, we know W exists. Since Cn is invariant,
we know W exists. Suppose there is an A ∈ J for which there is a vector
in W which is not an eigenvector of A. Define W0 = {y ∈ W | Ay =
λy for some λ}. That is, W0 is a set of eigenvectors of A. Since W is
invariant under A, it follows that W0 6= φ. Also, by assumption. W0 $W .
For any x ∈W0

ABx = (AB)x = B(Ax) = λBx

and so Bx ∈ W0. It follows that W0 is J invariant, and W0 has lower
positive dimension than W .

As a consequence we have the following result.

Theorem 4.2.3. Let J be a commuting family in Mn. If A ∈ J is diago-
nalizable, then J is simultaneously diagonalizable.

Proof. Since A is diagonalizable there are n linearly independent eigenvec-
tors of A and if S is in Mn and consists of those eigenvectors the matrix
S−1AS is diagonal. Since eigenvectors of A are the same as eigenvectors of
B ∈ J , it follows that S−1BS is also diagonal. Thus S−1JS = D := all
diagonal matrices.

Theorem 4.2.4. Let J ⊂ Mn be a commuting family. There is a unitary
matrix U ∈Mn such that U

∗AU is upper triangular for each A ∈ J .
Proof. From the proof of Schur’s Theorem we have that the eigenvectors
chosen for U are the same for all A ∈ J . This follows because after the first
step we have reduced A and B to·

A11 A12
0 A22

¸
and

·
B11 B12
0 B22

¸
respectively. Commutativity is preserved under simultaneous similarity and
therefore A22 and B22 commutes. Therefore at the second step the same
eigenvector can be selected for all B22 ⊂ J2, a commuting family.
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Theorem 4.2.5. If A ∈ Mn(R), there is a real orthogonal matrix Q ∈
Mn(R) such that

(?) QTAQ =


A1

A2 ?

0
. . .

Ak

 1 ≤ k ≤ n

where each Ai is a real 1× 1 matrix or a real 2× 2 matrix with a non real
pair of complex conjugate eigenvalues.

Theorem 4.2.6. Let J ⊂ Mn(R) be a commuting family. There is a real
orthogonal matrix Q ∈ Mn(R) for which Q

TAQ has the form (?) for every
A ∈ J .
Theorem 4.2.7. Suppose A,B ∈ Mn(C) have eigenvalues α1, . . . ,αn and
β1, . . . ,βn respectively. If A and B commute then there is a permutation
i1 . . . in of the integers 1, . . . , n for which the eigenvalues of A+B are αj +
βij , j = 1, . . . , n. Thus σ(A+B) ⊂ σ(A) + σ(B).

Proof. Since J = {A,B} forms a commuting family we have that every
eigenvector of A is an eigenvector of B, and conversely. Thus if Ax = αjx
we must have that Bx = Bijx. But how do we get the permutation? The
answer is to simultaneously triangularize with U ∈Mn. We have

U∗AU = T and U∗BU = R.

Since

U∗(A+B)U = T +R

we have that the eigenvalues pair up as described.

Note: We don’t necessarily need A and B to commute. We need only the
hypothesis that A and B are simultaneously diagonalizable.

If A and B do not commute little can be said of σ(A+B). In particular
σ(A+B) $ σ(A) + σ(B). Indeed, by summing upper triangular and lower
triangular matrices we can exhibit a range of possibilities. Let A = [ 0 10 0 ],
B = [ 0 01 0 ], σ(A+B) = {−1, 1} but σ(A) = σ(B) = {0}.
Corollary 4.2.1. Suppose A,B ∈Mn are commuting matrices with eigen-
values
α1, . . . ,αn and β1, . . . ,βn respectively. If αi 6= −βj for all 1 ≤ i, j ≤ n,
then A+B is nonsingular.
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Note: Giving conditions for the nonsingularity of A+B in terms of various
conditions on A and B is a very different problem. It has many possible
answers.

4.3 Exercises

1. Characterize all diagonal unitary matrices and all diagonal orthogonal
matrices in Mn.

2. Let T (θ) =
£
cos θ − sin θ
sin θ cos θ

¤
where θ is any real. Then T (θ) is real orthog-

onal. Prove that if U ∈M2(R) is real orthogonal, then U has the form
T (θ) for some θ or

U =

·
1 0
0 −1

¸
T (θ),

and conversely.

3. Let us define the n × n matrix P to be a w-permutation matrix if
for every vector x ∈ Rn, the vector Px has the same components
as x in value and number, though possibly permuted. Show that
w-permutation matrices are permutation matrices.

4. In R2 identify all Householder transformations that are rotations.

5. Given any unit vector w in the plane formed by ei and ej . Express
the Householder matrix for this vector.

6. Show that the set of unitary matrices on Cn forms a subgroup of the
subset of GL(n,C).

7. In R2, prove that the product of two (Householder) reflections is a
rotation. (Hint. If the reflection angles are θ1 and θ2, then the rotation
angle is 2 (θ1 − θ2) .)

8. Prove that the unitary matrices are closed the norm. That is, if the
sequence {Un}⊂ Mn(C) are all unitary and limn→∞ Un = U in the
k·k2 norm, then U is also unitary.

9. Let A ∈Mn be invertible. Define G = A
k, (A−1)k, k = 1, 2, . . . . Show

that G is a subgroup of Mn. Here the group multiplication is matrix
multiplication.
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10. Prove that the unitary matrices are closed under pointwise conver-
gence. That is, if the sequence {U n}⊂ Mn(C) are all unitary and
limn→∞ Un = U for each (ij)entry, then U is also unitary.

11. Suppose that A ∈Mn and that AB = BA for all B ∈Mn. Show that
A is a multiple of the identity.

12. Prove that a unitary matrix U can be written as V −1W−1VW for
unitary V,W if and only if detU = 1. (Bellman, 1970)

13. Prove that the only triangular unitary matrices are diagonal matrices.

14. We know that given any bounded sequence of numbers, there is a
convergent subsequence. (Bolzano-Weierstrass Theorem). Show that
the same is true for matrices for any given matrix norm. In particular,
show that if Un is any sequence of unitary matrices, then there is a
convergent subsequence.

15. The Hadamard Gate (from quantum computing) is defined by the

matrix H = 1√
2

·
1 1
1 −1

¸
. Show that this transformation is a House-

holder matrix. What are its eigenvalues and eigenvectors?

16. Show that the unitary matrices do not form a subspace Mn(C).

17. Prove that if a matrix A ∈Mn(C) preserves the orthonormality of one
orthonormal basis, then it must be unitary.

18. Call the matrix A a checkerboard matrix if either

(I) aij = 0 if i+ j is even or (II) aij = 0 if i+ j is odd

We call the matrices of type I even checkerboard and type II odd
checkerboard. Define CH (n) to be all n×n invertible checkerboard
matrices. The questions below all pertain to square matrices.

(a) Show that if n is odd there are no invertible even checkerboard
matrices.

(b) Prove that every unitary matrix U has determinant with modulus
one. (That is, |detU | = 1.)

(c) Prove that n is odd the product of odd checkerboard matrices is
odd.
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(d) Prove that if n is even then the product of an even and an odd
checkerboard matrix is odd, while the product of two even (or
odd) checkerboard matrices is even.

(e) Prove that if n is even then the inverse of any checkerboard matrix
is a checkerboard matrix of the same type. However, in light of
(a), it is only true that if n is an invertible odd checkerboard
matrix, its inverse is odd.

(f) Suppose that n = 2m. Characterize all the odd checkerboard
invertible matrices.

(g) Prove that CH (n) is a subgroup of GL (n) .

(h) Prove that the invertible odd checkerboard matrices of any size
n forms a subgroup of CH (n).

In connection with chess, checkerboard matrices give the type of chess
board on which the maximum number of mutually non-attacking knights
can be placed on the even (i+j is even) or odd (i+j is odd) positions.

19. Prove that every unitary matrix can be written as the product of a
unitary diagonal matrix and another unitary matrix whose first column
has nonnegative entries.
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Chapter 5

Hermitian Theory

Hermitian matrices form one of the most useful classes of square matri-
ces. They occur naturally in a variety of applications from the solution of
partial differential equations to signal and image processing. Fortunately,
they possess the most desirable of matrix properties and present the user
with a relative ease of computation. There are several very powerful facts
about Hermitian matrices that have found universal application. First the
spectrum of Hermitian matrices is real. Second, Hermitian matrices have a
complete set of orthogonal eigenvectors, which makes them diagonalizable.
Third, these facts give a spectral representation for Hermitian matrices and
a corresponding method to approximate them by matrices of less rank.

5.1 Diagonalizability of Hermitian Matrices

Let’s begin by recalling the basic definition.

Definition 5.1.1. Let A ∈Mn(C). We say that A is Hermitian if A = A∗,
where A∗ = ĀT . A∗ is called the adjoint of A. This, of course, is in conflict
with the other definition of adjoint, which is given in terms of minors.

Recall the following facts and definitions about subspaces of Cn:

• If U, V are subspaces of Cn, we define the direct sum of U and V by
U ⊕ V = {u+ v |u ∈ U, v ∈ V }.

• If U, V are subspaces of Cn, we say U and V are orthogonal if hu, vi = 0
for every u ∈ U and v ∈ V . In this case we write U ⊥ V .

For example, a natural way to obtain orthogonal subspaces is from ortho-
normal bases. Suppose that {u1, . . . , un} is an orthonormal basis of Cn. Let
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the integers {1, . . . , n} be divided into two (disjoint) subsets J1 and J2. Now
define

U1 = S{ui | i ∈ J1}
U2 = S{ui | i ∈ J2}

Then U1 and U2 are orthogonal, i.e. U1 ⊥ U2, and
U1 ⊕ U2 = Cn

hAu, xi = hu,Axi = λ hu, xi = 0
Our main result is that Hermitian matrices are diagonalizable. To prove it,
we reveal other interesting and important properties of Hermitian matrices.
For example, consider the following.

Theorem 5.1.1. Let A ∈ Mn(C) be Hermitian. Then the spectrum of
A,σ(A), is real.

Proof. Let λ ∈ σ(A) with corresponding eigenvector x ∈ Cn. Then
hAx, xi = hx,Axi = hx,λxi = λ̄hx, xi
k

hλx, xi
k

λhx, xi.
Since we know kxk2 = hx, xi 6= 0, it follows that λ = λ̄, which is to say that
λ is real.

Theorem 5.1.2. Let A ∈ Mn(C) be Hermitian and suppose that λ and µ
are different eigenvalues with corresponding eigenvectors x and y. Then
x ⊥ y (i.e. hx, yi = 0).
Proof. We know Ax = λx and Ay = µy. Now compute

hAx, yi = hx,A∗yi = hx,Ayi = µhx, yi
k

λhx, yi.
If hx, yi 6= 0, the equality above yields a contradiction and the result is
proved.
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Remark 5.1.1. This result also follows from the previously proved result
about the orthogonality of left and right eigenvectors pertaining to different
eigenvalues.

Theorem 5.1.3. Let A ∈Mn(C) be Hermitian, and let λ be an eigenvalue
of A. Then the algebraic and geometric multiplicities of λ are equal. In
symbols,

ma(λ) = mg(λ).

Proof. We prove this result by reconsideration of our main result on triangu-
larization of A by a similarity transformation. Let x ∈ Cn be an eigenvector
of A pertaining to λ. So, Ax = λx. Let u2, . . . , un ⊂ Cn be a set of vectors
orthogonal to x, so that {x, u2, . . . , un} is a basis of Cn. Indeed, it is an
orthogonal basis, and by normalizing the vectors it becomes an orthonor-
mal basis. We claim that U2 = S(u2, . . . , un), the span of {u2, . . . , un } is
invariant under A. To see this, suppose

u =
nX
j=2

cjuj ∈ U2

and

Au = v + ax

where v ∈ U2 and a 6= 0. Then, on the one hand
hAu, xi = hu,Axi = λ hu, xi = 0

On the other hand

hAu, xi = hv + ax, xi = a hx, xi = a kxk2 6= 0
This contraction establishes that the span of {u2, . . . , un } is invariant under
A.

Let U ⊕ V = Cn be invariant subspaces with U ⊥ V . Suppose that UB
and VB are orthonormal bases of the orthogonal subspaces U and V. Define
the matrix P ∈Mn (C) by taking for its columns first the basis vectors UB
and and then the basis vectors VB. Let us write P = [UB, VB] (with only
a small abuse of notation). Then, since A is Hermitian,

B = P−1AP

=

·
Au 0. . . . . . . . . .
0 Av

¸
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The whole process can be carried out exactly ma(λ) times, each time
generating a new orthogonal eigenvector pertaining to λ. This establishes
that mg(λ) = ma(λ). A formal induction could have been given.

Remark 5.1.2. Note how we applied orthogonality and invariance to force
the triangular matrix of the previous result to become diagonal. This is
what permitted the successive extraction of eigenvectors. Indeed, if for any
eigenvector x the subspace of Cn orthogonal to x is invariant, we could have
carried out the same steps as above.

We are now in a position to state our main result, whose proof is implicit
in the three lemmas above.

Theorem 5.1.4. Let A ∈ Mn(C) be Hermitian. Then A is diagonalizable.
The matrix P for which P−1AP is diagonal can be taken to be orthogonal.
Finally, if {λ1, . . . ,λn}and {u1, . . . , un} denote eigenvalues and pertaining
orthonormal eigenvectors for A, then A admits the spectral representation
A =

Pn
j=1 λjuju

T
j .

Corollary 5.1.1. Let A ∈Mn(C) be Hermitian.

(i) A has n linearly independent and orthogonal eigenvectors.

(ii) A is unitarily equivalent to a diagonal matrix.

(iii) If A,B ∈Mn are unitarily equivalent, then A is Hermitian if and only
if B is Hermitian.

Note that in part (iii) above, the condition of unitary equivalence cannot be
replaced by just similarity. (Why?)

Theorem 5.1.5. If A,B ∈ Mn(C) and A ∼ B with S as the similarity
transformation matrix, B = S−1AS. If Ax = λx and y = S−1x, then
By = λy.

If matrices are similar so also are their eigenstructures. It should establish
the very closeness that similarity implies. Later as we consider decomposi-
tion theorems, we will see even more remarkable consequences.

Though we have as yet no method of determining the eigenvalues of a
matrix beyond factoring the characteristic polynomial, it is instructive to
see how their existence impacts the fundamental problem of solving Ax = b.
Suppose that A is Hermitian with eigenvalues λ1, . . . ,λn, counted according
to multiplicity and with orthonormal eigenvectors {u1, . . . , un}. Consider
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the following solution method for the system Ax = b. Since the span of the
eigenvectors is Cn then

b =
nX
i=1

biui

where as we know by the orthonormality of the vectors {u1, . . . , un} that
bi = hb, uii. We can also write x =

Pn
i=1 xiui. Then, the system becomes

Ax = A

Ã
nX
i=1

xiui

!

=
nX
i=1

xiλiui =
nX
i=1

biui

Therefore, the solution is

xi =
bi
λi
, i = 1, . . . , n

Expanding the data vector b in the basis of eigenvectors yields a rapid
method to find the solution to the system. Nonetheless, this is not the
preferred method for solving linear systems when the coefficient matrix is
Hermitian. Finding all the eigenvectors is usually costly, and other ways
are available that are more efficient. We will discuss a few of them in in
the section and in later chapters.

Approximating Hermitian matrices

With the spectral representation available, we have a tool to approximate the
matrix, keeping the “important” part and discarding the less important part.
Suppose the eigenvalues are arranged in decending order |λ1| ≥ · · · ≥ |λn|.
Now approximate A by

Ak =
kX
j=1

λjuju
T
j (1)

This is an n×n matrix. The difference A−Ak =
Pn
j=k+1 λjuju

T
j . We can

approximate the norm of the difference by

(A−Ak)x =
 nX
j=k+1

λjuju
T
j

x = nX
j=k+1

λjxjuj
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where x =
Pn
j=1 xjuj . Assume kxk = 1. By the Cauchy-Schwartz inequality

k(A−Ak)xk2 =

°°°°°°
nX

j=k+1

λjxjuj

°°°°°°
2

≤
nX

j=k+1

|λj |2

Therefore, k(A−Ak)k ≤
³Pn

j=k+1 |λj |2
´1/2

. From this we can conclude

that if the smaller eigenvalues are sufficiently small, the matrix can be ac-
curately approximated by a matrix of lesser rank.

Example 5.1.1. The matrix

A =


0.5745 −0.5005 0.1005 0.0000
−0.5005 1.176 −0.5756 0.1005
0.1005 −0.5756 1.176 −0.5005
0.0000 0.1005 −0.5005 0.5745


has eigenvalues eigenvectors {2.004, 0.9877, 0.3219, 0.1872} with pertaining
eigenvectors

u1 =


0.2740
−0.6519
0.6519
−0.2740

 , u2 =


0.4918
−0.5080
−0.5080
0.4918

 , u3 =


0.6519
0.2740
−0.2740
−0.6519

 , u4 =

0.5080
0.4918
0.4918
0.5080


respectively. Neglecting the eigenvectors pertaining to the two smaller
eigenvalues A is approximated according as 1 the formula above by

A2 =
2X
j=1

λjuju
T
j = λ1u1u

T
1 + λ2u2u

T
2

= 2.004


0.274
−0.6519
0.6519
−0.274




0.274
−0.6519
0.6519
−0.274


T

+ 0.9877


0.4918
−0.508
−0.508
0.4918



0.4918
−0.508
−0.508
0.4918


T

A2 =


0.3893 −0.6047 0.1112 0.0884
−0.6047 1.107 −0.5968 0.1112
0.1112 −0.5968 1.107 −0.6047
0.0884 0.1112 −0.6047 0.3893


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The difference

A−A2 =


0.1852 0.1042 −0.0107 −0.0884
0.1042 0.069 0.0212 −0.0107
−0.0107 0.0212 0.069 0.1042
−0.0884 −0.0107 0.1042 0.1852


has 2-norm kA−A2k2 = 0.3218, while the 2-norm kAk2 = 2.004. The

relative error of approximation is
kA−A2k2
kAk2 = 0.3218

2.004 = 0.1606.

To illustrate how this may be used, let us attempt to use A2 to approx-
imate the solution of Ax = b, where b = [2. 606,−4. 087, 1. 113, 0.346 4]T .
First of all the exact solution is x = [2. 223,−2. 688,−0.162 9, 0.931 2]T .
Since the matrix A2 has rank two, it is not solvable for every vector b.
We therefore project the vector b into the span of the range of A2, namely
u1 and u2. Thus

b2 = hb, u1iu1 + hb, u2iu2 = [2. 555,−4. 118, 1. 109, 0.358 4]T

Now solve A2x2 = b2, to obtain x2 = [2. 023,−2. 828,−0.220 2, 0.927 4]T .
The 2-norm of the difference is kx− x2k2 = 0.250 8. This error, though
not extremely small, can be accounted for by the fact that the data vector
b has sizable u3 and u4 components. That is

°°projS(u3,u4)b°° = 0.250 8.
5.2 Finding eigenvectors

Recall that a zero of a polynomial is called simple if its multiplicity is one.
If the eigenvalues of A ∈Mn(C) are distinct and the largest, λn, in modulus
is simple, then there is an iterative method to find it. Assume

(1) |λn| = ρ(A)

(2) ma(λn) = 1.

Moreover, without loss of generality we assume eigenvalues to be ordered
|λ1| ≤ · · · ≤ |λn−1| < |λn| = ρn. Select x

(0) ∈ C(n). Define

x(k+1) =
1

kx(k)kAx
(k).

By scaling we can assume that λn = 1, and that y
(1), . . . , y(n) are linearly

independent eigenvectors of A. So Ay(n) = y(n). We can write

x(0) = c1y
(1) + · · ·+ cny(n).
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Then, except for a scale factor (i.e. the factor kx(k)k−1)

x(k) = c1λ
k
1y
(1) + · · ·+ cnλkny(n).

Since |λj | < 1, j = 1, 2, . . . , n−1, we have that |λkj |→ 0 if j = 1, 2, . . . , n−1.
Therefore, the limit of x(k) approaches a multiple of y(n).

This gives the following result.

Theorem 5.2.1. Let A ∈ Mn(C) have n distinct eigenvalues and assume
the eigenvalue λn with modulus ρ(A) is simple. If x

(0) is not orthogonal to
the eigenvector y(n) pertaining to λn, then the sequence of vectors defined by

x(k+1) =
1

kx(k)kAx
(k)

converges to a multiple of y(n). This is called the Power Method.

The rate of convergence is controlled by |λn−1|. The closer to 1 this
number is the slower the iterates converge. Also, if we know only that λn
(for which |λn| = ρ(A) is simple we can determine what it is by considering
the Rayleigh quotient. Take

ρk =
hAx(k), x(k)i
hx(k), x(k)i .

Then lim
k→∞

ρk = λn. Thus the multiple of y
(n) is indeed λn.

To find intermediate eigenvalues and eigenvectors we apply an adaptation
of the power method called the orthogonalization method. However, in order
to adapt the power method to determine λn−1 ,our underlying assumption
is that is also simple and morover |λn−2| < |λn−1|.

Assume y(n) and λn are known. Then we restart the iteration, taking
the starting value

x̂(0) = x(0) − hx
(0), y(n)i
ky(n)k2 y(n).

We know that the eigenvector y(n−1) pertaining to λn−1 is orthogonal to
y(n). Thus, in theory all of the iterates

x̂(k+1) =
1

kx̂(k)kT x̂
(k)
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will remain orthogonal to y(n). Therefore,

lim
k→∞

x̂(k) = y(n−1).

–in theory. In practice, however, we must accept that y(n) has not been
determined exactly. This means x̂(0) has not been purged of all of y(n). By
our previous reasoning, since λn is the dominant eigenvalue, the presence of
y(n) will creep back into the iterates x̂(k). To reduce the contamination it is
best to purify the iterates x̂(k) periodically by the reduction

(?) x̂(k) −→ x̂(k) − hx̂
(k), y(n)i
ky(n)k y(n)

before computing x̂(k+1). The previous argument can be applied to prove
that

(2) lim
k→∞

x(k) = y(n−1)

(2) lim
k→∞

hAx(k), x(k)i
kx(k)k2 = λn−1.

Additionally, even if we know y(n) exactly, round-off error would reinstate
a y(n) component in our iterative computations. Thus the purification step
above, (?), should be applied in all circumstances.

Finally, subsequent eigenvalues and eigenvectors may be determined by
successive orthogonalizations. Again the eigenvalue simplicity and strict
inequality is needed for convergence. Specifically, all eigenvectors can be
determined if we assume that eigenvalues to be strictly ordered |λ1| < · · · <
|λn−1| < |λn| = ρn. For example, we begin the iterations to determine y

(n−j)

with

x̂(0) = x(0) −
j−1X
i=0

hx(0), y(n−i)i
ky(n−i)k2 y(n−i).

Don’t forget the re-orthogonalizations periodically throughout the iterative
process.

What can be done to find intermediate eigenvalues and eigenvectors in
the case A is not symmetric? The method above fails, but a variation of it
works.

What must be done is to generate the left and right eigenvectors, w(n)

and y(n), for A. Use the same process. To compute y(n−1) and w(n−1) we
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orthogonalize thusly:

x̂(0) = x(0) − hx
(0), w(n)i
kw(n)k2 w(n)

ẑ(0) = z(0) − hz
(0), y(n)i
ky(n)k2 y(n)

where z(0) is the original starting value used to determine the left eigenvector
w(n). Since we know that

lim
k→∞

x(k) = αy(n)

it is easy to see that

lim
k→∞

Ax(k) = αλny
(n).

Therefore,

lim
k→∞

hAx(k), x(k)i
hx(k), x(k)i = λn.

Example 5.2.1. Let T be the transformation of R2 → R2 that rotates a
vector by θ radians. Then it is clear that no matter what nonzero vector
x(0) is selected the iterations x(k+1) = Tx(k) will never converge. (Assume
kx(0)k = 1.) Now the matrix representation of T is

AT =

·
cos θ − sin θ
sin θ cos θ

¸
rotates counterclockwise

we have

pAT (λ) = det

·
λ− cos θ sin θ
− sin θ λ− cos θ

¸
= (λ− cos θ)2 + sin2 θ.

The spectrum of AT is therefore

λ = cos θ ± i sin θ.

Notice that the eigenvalues are discrete, but there are two eigenvalues with
modulus ρ(AT ) = 1. The above results therefore do not apply.
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Example 5.2.2. Although the previous example is not based on a symmet-
ric matrix, it certainly illustrates non convergence of the power iterations.

The even simpler Householder matrix

·
1 0
0 −1

¸
furnishes us with a sym-

metric matrix for which the iterations also do not converge. In this case,
there are two eigenvalues with modulus equal to the spectral radius (±1).
With arbitrary starting vector x(0) = [a, b]T , it is obvious that the even
iterations are x(2i) = [a, b]T and the odd iterations are x(2i−1) = [a, −b]T .

Assuming again that the eigenvalues are distinct and even stronger, as-
suming that

|λ1| < |λ2| < · · · < |λn|

we can apply the process above to extract all the eigenvalues (Rayleigh
quotient) and the eigenvectors, one-by-one, when AAA is symmetric.

First of all, considering the matrix A − σI we can shift the eigenvalues
to either the left or the right. Depending on the location of λn a sufficiently
large |σ| may be chosen so that |λ1 − σ| = ρ(A − σI). The power method
can be applied to determine λ1 − σ and hence λ1.

5.3 Positive definite matrices

Of the many important subclasses of Hermitian matrices, there is one class
that stands out.

Definition 5.3.1. We say that A ∈Mn (C) is positive definite if hAx, xi >
0 for every nonzero x ∈ Cn. Similarly, we say that A ∈ Mn (C) is positive
semidefinite if hAx, xi ≥ 0 for every nonzero x ∈ Cn.

It is easy to see that for positive definite matrices all of the results are
true

Theorem 5.3.1. Let A, B ∈Mn (C). Then

1. If A is positive definite, then σ (A) ⊂ R+n
2. If A is positive definite, then A is invertible.

3. B∗B is positive semidefinite.

4. If B is invertible then B∗B is positive definite.
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5. If B ∈ Mn (C) is positive semidefinite, then diag (B) is nonnegative,
and diag (B) is strictly positive when B is postive definite.

The proofs are all routine. Of course, every diagonal matrix with non-
negative entries is positive semidefinite.

Square roots

Given a real matrix A ∈Mn. It is sometimes desired to determine a square
root of A. By this we mean any matrix B for which B2 = A. Moreover,
if possible, it is desired that the square root be real. Our experience with
numbers indicates that in order that a number have a positive square root,
it must be positive. The analogue for matrices is the condition of being
positive definite.

Theorem 5.3.2. Let A ∈ Mn be positive [semi-]definite. Then A has a
real square root. Moreover, the square root can taken to be positive //[semi-
]definite.

Proof. We can write the diagonal matrix of the eigenvalues of A in the equa-

tionA = P−1DP . Extract the positive square root ofD asD
1
2 =diag(λ

1/2
1 , . . . ,λ

1/2
n ).

Obviously D
1
2D

1
2 = D. Now define A

1
2 by A

1
2 = P−1D

1
2P . This matrix is

real. It is simple to check that A
1
2A

1
2 = A, and that this particular square

root is positive definite.

Clearly any real diagonalizable matrix with nonnegative eigenvectors has a
real square root as well. However, beyond that conditions for determin-
ing existence let alone determination of square roots take us into a very
specialized subject.

5.4 Singular Value Decomposition

Definition 5.4.1. For any A ∈Mmn, the n× n Hermitian matrix A∗A is
positive semi-definite. Denoting its eigenvalues by λj we called the valuesp
λj the singular values of A.

Because r (A∗A) ≤ min (r (A∗) , r (A)) ≤ min(m,n) there are at most
min (m,n) nonzero singular values.

Lemma 5.4.1. Let A ∈Mmn. There is an orthonormal basis {u1, . . . , un} of
Cn such that {Au1, . . . , Aun} is orthogonal.
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Proof. Proof. Consider the n × n Hermitian matrix A∗A, and denote an
orthonormal basis of its eigenvectors by {u1, . . . , un}. Then it is easy to see
that {Au1, . . . , Aun} is an orthogonal set. For hAuj , Auki = hA∗Auj , uki =
λj huj , uki = 0.
Lemma 5.4.2. Lemma 2 Let A ∈Mmn and an orthonormal basis {u1, . . . , un} of
Cn. Define

vj =

(
1

kAujkAuj if kAujk 6= 0
0 if kAujk = 0

Let S = diag(kAu1k , . . . , kAunk), the n × n matrix U having rows given
by the basis {u1, . . . , un} and V̂ the m × n matrix given by the columns
{v1, . . . , vn}. Then A = V̂ SU .

Proof. Proof. Consider

V̂ SUuj =


v1 v2 vn
↓ ↓ ↓



kAu1k 0 · · · 0
0 kAu2k 0 0
...

. . .
...

0 0 · · · kAunk



u1 −→
u2 −→

un −→

 uj

=


v1 v2 vn
↓ ↓ ↓



kAu1k 0 · · · 0
0 kAu2k 0 0
...

. . .
...

0 0 · · · kAunk

 ej

=


v1 v2 vn
↓ ↓ ↓

 kAujk ej = kAujk vj = Auj
Thus both V̂ SU and A have the same action on a basis. Therefore they are
equal.

It is easy to see that kAujk =
p
λj , that is the singular values. While

A = V̂ SU could be called the singular value decomposition (SVD), what is
usually offered at the SVD is small modification of it. Redefine the matrix
U so that the first r columns pertain to the nonzero singularvalues. Define
D to be the m× n matrix consisting of the non zero singular values in the
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djj positions, and filled in with zeros else where. Define the matrix V to be
the first r of the columns of V̂ and if r < m construct an additional m− r
orthonormal columns so that V is an orthonormal basis of Cn. The resulting
product V DU , called the singular value decomposition of A, is equal to
A, and moreover it follows that V is m ×m, D is m × n, and U is n × n.
This gives the following theorem

Theorem 5.4.1. Let A ∈Mmn. Then there is an m×m orthogonal matrix
V, an n×n orthogonal matrix U , and an m×n matrix D with only diagonal
entries such that A = V DU. The diagonal entries of D are the singular
values of A and the rows of U are the eigenvectors of A∗A.

Example 5.4.1. The singular value decomposition can be used for image
compression. Here is the idea. Consider all the eigenvalues of A∗A and
order them greatest to least. Zero the matrix S for all eigenvalues less than
some threshold. Then in the reconstruction and transmission of the matrix,
it is not necessary to include the vectors pertaining to these eigenvalues. In
the example below, we have considered a 164 × 193 pixel image of C. F.
Gauss (1777-1855) on the postage stamp issued by Germany on Feb. 23,
1955, to commemorate the centenary of death. Therefore its spectrum has
164 eigenvalues. The eigenvalues range from 26,603.0 to 1.895. A plot
of the eigenvalues shown below. Now compress the image, retaining only a
fraction of the eigenvalues by effectively zeroing the smaller eigenvalues.
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Note that the original image of the stamp has been enlarged and resampled
for more accurate comparisons. This image (stored at 221 dpi) is displayed
at effective 80 dpi with the enlargement. Below we show two plots where
we have retained respectively 30% and 10% of the eigenvalues. There is an
apparent drastic decline in the image quality at roughly 10:1 compression.
In this image all eigenvalues smaller than λ = 860 have been zeroed.

Using 48 of 164 eigenvalues Using 16 of 164 eigenvalues
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5.5 Exercises

1. Prove Theorem 5.3.1 (i).

2. Prove Theorem 5.3.1 (ii).

3. Suppose that A,B ∈Mn (C) are Hermitian. We will say A < 0 if A
is non-negative definite. Also, we say A < B if A − B < 0. Is “<”
an equivalence relation? If A < B and B < C prove or disprove that
A < C.

4. Describe all Hermitian matrices of rank one.

5. Suppose that A,B ∈Mn (C) are Hermitian and positive definite. Find
necessary and sufficient conditions for AB to be Hermitian and also
positive definite.

6. For any matrix A ∈ Mn (C) with eigenvalues λi, i = 1, . . . , n. Prove
that

Pn
i=1 |λi|2 =

Pn
i,j=1 |aij |2.



Chapter 6

Normal Matrices

Normal matrices are matrices that include Hermitian matrices and enjoy
several of the same properties as Hermitian matrices. Indeed, while we
proved that Hermitian matrices are unitarily diagonalizable, we did not
establish any converse. That is, if a matrix is unitarily diagonalizable, then
does it have any special property involving for example its spectrum or its
adjoint? As we shall see normal matrices are unitarily diagonalizable.

6.1 Introduction to Normal matrices

Definition 6.1.1. A matrix A ∈Mn is called normal if A
∗A = AA∗.

Proposition 6.1.1. A ∈Mn is normal if and only if every matrix unitarily
equivalent to A is normal.

Proof. Suppose A is normal and B = U∗AU , where U is unitary. Then
B∗B = U∗A∗AU = U∗AA∗U = U∗AUU∗A∗U = BB∗. If U∗AU is normal
then it is easy to see that U∗AA∗U = U∗A∗AU . Multiply this equation on
the right by U∗ and on the left by U to obtain AA∗ = A∗A.

Examples.

(1) Unitary matrices are normal (U∗U = I = UU∗).

(2) Hermitian matrices are normal (AA∗ = A2 = A∗A).

(3) If A∗ = −A, we have A∗A = AA∗ = −A2. Hence matrices for which
A∗ = −A, called skew-Hermitian, are normal.

197
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Example 6.1.1. Consider the arbitrary matrix N ∈ M2 (R) , written as

N =

·
a b
c d

¸
. If we suppose that N is normal then

N∗N =

·
a b
c d

¸T ·
a b
c d

¸
=

·
a2 + c2 ab+ cd
ab+ cd b2 + d2

¸
NN∗ =

·
a b
c d

¸ ·
a b
c d

¸T
=

·
a2 + b2 ac+ bd
ac+ bd c2 + d2

¸
From this we conclude that b2 = c2, or b = ±c. Consider the cases in turn.

(i) If c = b, then N is Hermitian and thus normal.
(ii) If c = −b 6= 0, then (N∗N)12 = ab+ cd = b (a− d). On the other

hand (NN∗)12 = ac + bd = (d− a) b. For b (a− d) = (d− a) b, we must
have a = d. This gives that real 2×2 normal matrices are either symmetric
or have the form

N =

·
a b
−b a

¸
Note this form includes both rotations and skew-symmetric matrices.

Recall the definition of a unitarily diagonalizable matrix: A matrix A ∈Mn

is called unitarily diagonalizable if there is a unitary matrix U for which
U∗AU is diagonal. A simple consequence of this is that if U∗AU = D
(where D = diagonal and U = unitary), then

AU = UD

and hence A has n orthonormal eigenvectors. This is just a part of the
spectral theorem for normal matrices.

Theorem 6.1.1 (Spectral theorem for normal matrices). If A ∈Mn

has eigenvalues λ1 . . .λn, counted according to multiplicity, the following
statements are equivalent.

(a) A is normal.

(b) A is unitarily diagonalizable.

(c)
Pn
i=1

Pn
j=1 |aij |2 =

Pn
j=1 |λj |2.

(d) There is an orthonormal set of n eigenvectors of A.
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Proof. (a) ⇒ (b). If A is normal, then AA∗ is Hermitian and therefore
unitarily diagonalizable. Thus U∗A∗AU = D = U∗AA∗U . Also, A, A∗,
A∗A = AA∗ form a commuting family. This implies that eigenvectors of
A∗A are also eigenvectors of A. Since A∗A has a complete orthonormal set
we know that U∗AU is also diagonal. It is easy to see also that (b) ⇒ (a)
We also note that (a) ⇒ (d).

(b) ⇒ (c). Suppose U∗AU = D. Then U∗A∗U = D∗ and U∗A∗AU = D∗D.
By Corollary 3.5.2 similarly preserves the trace. We know trace of A∗A
is tr (A∗A) =

Pn
j=1

Pn
k=1 a

∗
jkakj =

Pn
j=1

Pn
k=1 ākjakj =

Pn
j=1

Pn
k=1 |akj |2.

Since the trace of D∗D is Σ|λj |2, the result follows.
(c) ⇒ (b). We know that A is unitarily equivalent to a upper triangular
matrix T . We also know that if A ∼ B are unitarily equivalent

P
ij
|aij |2 =P

ij
|bij |2. Application of this equality to the upper triangular matrix T yields

X
i,j

|aij |2 =
X

|λj |2 +
X
j>i

|tij |2 =
X

|λj |2.

Thus tij = 0 for j > i. Thus A is uniformly diagonalizable.

(d) ⇒ (b). Trivial.

Corollary 6.1.1. Let A ∈ Mn and A is normal. If U is unitary and if
U∗AU is upper triangular then U∗AU is diagonal.

Theorem 6.1.2. Let N ∈ Mn(R). Then N is normal if and only if there
is a real orthogonal matrix Q ∈Mn(R) such that

QTNQ =


A1

A2 °
. . .

° An

 (1)

where Ai is 1× 1 (real) or Ai is 2× 2 (real) of the form

Ai =

·
αi βj
−βj αi

¸
.

Proof. First of all, any matrix A of the form given by (1) is normal, and
therefore so also is any matrix unitarily similar (real orthogonally similar in
this case) to it.
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To prove the converse we assume that N ∈Mn(R) is normal. We know
that N is unitarily diagonalizable. That is, there is a unitary matrix U such
that U∗NU = D, the diagonal matrix of its eigenvalues. Because N is real,
all complex eigenvalues occur in complex conjugate pairs. Arrange them as
successive diagonal entries in D. If λ is a real eigenvalue, we can assume
without loss of generality that the corresponding eigenvector is real. For
complex eigenvalues, the corresponding eigenvectors also occur in conjugate
pairs. Thus if α+ iβ is an eigenvector of N with corresponding eigenvector
written in real and complex parts u = ur + ius. Since N is real we have
that α− iβ is also an eigenvector of N with corresponding eigenvector ū =
ur − ius. By the fact that N is unitarily diagonalible, these vectors are
orthogonal. This means hur, usi = 0.

Replace the eigenvectors ur ± ius by the real an imaginary parts in U .
This gives the matrix Q. Now compute QTNQ. It is easy to see that com-
puteNur = αur−βvs andNus = αus+βvr. When the first of these vectors
(αur−βvs) is multiplied byQT we obtain the vector [0, . . . , α,−β, 0, . . . 0]T .
Multiplication by the second gives the vector [0, . . . ,β, α, 0, . . . 0]T . In this

way the components

·
α β
−β α

¸
arise.

Corollary 6.1.2. (a) A ∈Mn is symmetric if and only if (1) holds with all
blocks 1× 1 (and real).
(b) AAT = I if and only if (1) has the form

λ1
...

λp ∗
A1

∗
...

Ak


where λj = ±1 and Aj =

h
cos θj − sin θj
sin θj cos θj

i
θj ∈ R.

6.2 Exercises

1. If A and B commute and if A is normal, then A∗ and B commute.



Chapter 7

Factorization Theorems

This chapter highlights a few of the many factorization theorems for ma-
trices. While some factorization results are relatively direct, others are it-
erative. While some factorization results serve to simplify the solution to
linear systems, others are concerned with revealing the matrix eigenvalues.
We consider both types of results here.

7.1 The PLU Decomposition

The PLU decomposition (or factorization) To achieve LU factorization we
require a modified notion of the row reduced echelon form.

Definition 7.1.1. The modified row echelon form of a matrix is that form
which satisfies all the conditions of the modified row reduced echelon form
except that we do not require zeros to be above leading ones, and moreover
we do not require leading ones, just nonzero entries.

For example the matrices below are in row echelon form.

A =

 1 2 3
0 0 1
0 0 0

 B =

 1 2 3 0
0 4 −7 6
0 0 0 1



Most of the factorizations A ∈Mn (C) studied so far require one essential
ingredient, namely the eigenvectors of A. While it was not emphasized when
we studied Gaussian elimination, there is a LU-type factorization there.
Assume for the moment that the only operations needed to carry A to its

201
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modified row echelon form are those that add a multiple of one row to
another. The modified row echelon form of a matrix is that form which
satisfies all the conditions of the modified row reduced echelon form except
that we do not require zeros to be above leading ones, and moreover we
do not require leading ones, just nonzero entries. Naturally it is easy to
make the leading nonzero entries into leading ones by the multiplication by
an appropriate identity matrix. That is not the point here. What we
want to observe is that in this case the reduction is accomplished by the left
multiplication of A by a sequence of lower triangular matrices of the form.

L =


1
0 1 0
... 0 1

c
. . .

0 · · · 1


Since we pivot at the (1, 1)-entry first, we eliminate all the entries in the first
column below the first row. The product of all the matrices L to accomplish
this has the form

L1 =


1
c21 1 0
c31 0 1
...

. . .

cn1 0 · · · 1


where ck1 = −ak1a11 . Thus, with the notation that A = A1 has entries a

(1)
ij this

first phase of the reduction renders the matrix A2 with entries a
(2)
ij

A2 = L1A1 =



a
(2)
11 · · · a

(2)
1n

0 a
(2)
22 · · · ...

0 a
(2)
32 a

(2)
33

...
. . .

...

0 a
(2)
n2 · · · a

(2)
nn


Since we have assumed that no row interchanges are necessary to carry out

the reduction we know that a
(2)
22 6= 0. The next part of the reduction process

is the elimination of the elements in the second column below the second
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row, i.e. a
(2)
32 → 0, . . . a

(2)
n2 → 0. Correspondingly, this can be achieved by

a matrix of the form

L2 =


1
0 1 0
0 c22 1
...

...
. . .

0 cn2 · · · 1


(What are the values ck2 ?) The result is the matrix A3 given by

A3 = L2A2 = L2L1A1 =



a
(3)
11 · · · a

(3)
1n

0 a
(3)
22 · · · ...

0 0 a
(3)
33

...
...

...
. . .

...

0 0 a
(3)
3n a

(3)
nn


Proceeding in this way through all the rows (columns) there results

An = Ln−1An−1 = Ln−1 · · ·L2L1A1 =



a
(3)
11 · · · a

(3)
1n

0 a
(3)
22 · · · ...

0 0 a
(3)
33

...
...

...
. . .

...

0 0 0 a
(3)
nn


The right side of the equation above is an upper triangular matrix. Denote
it by U. Since each of the matrices Li, i = 1, . . . n− 1 is invertible we can
write

A = L−11 · · ·L−1n−1U

The lemma below is useful in this.

Lemma 7.1.1. Suppose the lower triangular matrix L ∈ Mn (C) has the
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form

L =



1

0
. . . 0

1
0 1

...
... ck+1,k

. . .
...

. . .

0 · · · 0 cnk 1


←− kth row

Then L is invertible with inverse given by

L−1 =



1

0
. . . 0

1
0 1

...
... −ck+1,k . . .

...
. . .

0 · · · 0 −cnk 1


←− kth row

Proof. Trivial

Lemma 7.1.2. Suppose L1,L2, · · · , Ln−1are the matrices given above. Then

the matrix L = L−11 · · ·L−1n−1 has the form

L =



1
−c21 1 0
−c31 −c32 1

1
...

...
... −ck+1,k . . .

...
. . .

−cn1 −cn2 · · · −cnk · · · 1


Proof. Trivial.

Applying these lemmas to the present situation we can say that when
no row interchanges are needed we can factor and matrix A ∈ Mn (C) as
A = LU, where L is lower triangular and U is upper triangular. When row
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interchanges are needed and we let P be the permutation matrix that creates
these row interchanges then the LU-factorization above can be carried out
for the matrix PA. Thus PA = LU, where L is lower triangular and U is
upper triangular. We call this the PLU factorization. Let us summarize
this in the following theorem.

Theorem 7.1.1. Let A ∈ Mn (C). Then there is a permutation matrix
P ∈Mn (C) and lower L and upper U triangular matrices (∈Mn (C)), such
that PA = LU. Moreover, L can be taken to have ones on its diagonal. That
is, `ii = 1, i = 1, . . . n.

By applying the result above to AT it is easy to see that the matrix U
can be taken to have the ones in its diagonal. The result is stated as a
corollary.

Corollary 7.1.1. Let A ∈ Mn (C). Then there is a permutation matrix
P ∈ Mn (C) and lower and upper triangular matrices (∈ Mn (C)) respec-
tively, such that PA = LU. Moreover, U can be taken to have ones on its
diagonal (uii = 1, i = 1, . . . n).

The PLU decomposition can be put in service to solving the system
Ax = b as follows. Assume that A ∈ Mn (C) is invertible. Determine the
permutation matrix P in order that PA = LU, where L is lower triangular
and U is upper triangular. Thus, we have

Ax = b

PAx = Pb

LUx = Pb

Solve the systems

Ly = Pb

Ux = y

Then LUx = Ly = Pb .Hence x is a solution to the system. The advantages
of this formulation over the direct Gaussian elimination is that the systems
Ly = Pb and Ux = y are triangular and hence are easy to solve. For example

for the first of the systems, Ly = Pb, let the vector Pb =
h
b̂1, . . . , b̂n

iT
.

Then it is easy to see that “back substitution” (aka “forward substitution”)
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can be used to determine y. That is, we have the recursive relations

y1 =
b̂1
l11

y2 =
b̂2 − l21y1
l22

...

yn =

Ã
b̂n −

n−1X
m=1

lnmym

!
l−1nn

A similar formula applies to solve Ux = y. In this case we solve first for
xn = yn/unn. The general formula is recursive with xk being determined
after xk+1, . . . , xn . are determined using the formula

xk =

Ã
yk −

nX
m=k+1

ukmym

!
u−1kk

In practice the step of determining and then multiplying by the per-
mutation matrix is not actually carried out. Rather, an index array is
generated, while the elimination step is accomplished that effectively inter-
changes a “pointer” to the row interchanges. This saves considerable time
in solving potentially very large systems.

More general and instructive methods are available for accomplishing
this LU factorization. Also, conditions are available for when no (nontrivial)
permutation is required. We need the following lemma.

Lemma 7.1.3. Let A ∈Mn (C) have the LU factorization A = LU , where
L is lower triangular and U is upper triangular. For any partition of the
matrix of the form

A =

·
A11 A12
A21 A22

¸
there are corresponding decompositions of the matrices L and U

L =

·
L11 0
L21 L22

¸
and U =

·
U11 U12
0 U22

¸
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where the Lii and the Uii. are lower and upper triangular respectively. More-
over, we have

A11 = L11U11

A21 = L21U11

A12 = L12U22

A22 = L21U12 + L22U22

Thus L11U11 is a LU factorization of A11.

With this lemma we can establish that almost every matrix can have a
LU factorization.

Definition 7.1.2. Let A ∈ Mn (C) and suppose that 1 ≤ j ≤ n. The
expression det(A{1, . . . , j}) means the determininant of the upper left j × j
submatrix of A. These quaditities for j = 1, . . . , n are called the principal
determinants of A.

Theorem 7.1.2. Let A ∈Mn (C) and suppose that A has rank k. If

det(A{1, . . . , j}) 6= 0 for j = 1, . . . , k (1)

then A has a LU factorization A = LU , where L is lower triangular and U
is upper triangular. Moreover, the factorization may be taken so that either
L or U is nonsingular. In the case k = n both L and U will be nonsingular.

Proof. We carry out this LU factorization as a direct calculation in compar-
ison to the Gaussian elimination method above. Let us propose to solve
the equation LU = A expressed as

l11
l21 l22 0
l31 l32 l33
...

...
...

. . .
. . .

ln1 ln2 · · · · · · lnn





u11 u12 u13 · · · u1n
u22 u23 · · · u2n

u33

0
. . .

...
. . .

unn



=



a11 a12 a13 a1n
a21 a22 a23 a2n
a31 a32 a33
...

...
...

. . .
...

. . .

an1 an2 · · · · · · ann


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It is easy to see that l11u11 = a11. We can take, for example l11 = 1 and
solve for u11. The detminant condition assures us that u11 6= 0. Next solve
for the (2, 1)-entry. We have l21u11 = a21. Since u11 6= 0, solve for l21.
For the (1, 2)-entry we have l11u12 = a12, which can be solved for u12 since
l11 6= 0. Finally, for the (2, 2)-entry, l12u12 + l22u22 = a22 is an equation
with two unknowns. Assign l22 = 1 and solve for u22. What is important
to note is that the process carried out this way gives the factorization of the
upper left 2× 2 submatrix of A. Thus·

l11 0
l21 l22

¸ ·
u11 u12
0 u22

¸
=

·
a11 a12
a21 a22

¸

Since det

µ·
a11 a12
a21 a22

¸¶
6= 0, it follows that det

µ·
u11 u12
0 u22

¸¶
6= 0 and

we know that

·
l11 0
l21 l22

¸
is nonsingular as the diagonal elements are ones.

Continue the factorization process through the k × k upper left submatrix
of A.

Now consider the blocked matrix form form A

A =

·
A11 A12
A21 A22

¸
where A11 is k×k and has rank k. Thus we know that the rows of the lower
(n− k)× n matrix above, that is £ A21 A22

¤
can be written as a unique

linear combination of the rows of the upper k×nmatrix £ A11 A12
¤
. Thus£

A21 A22
¤
= C

£
A11 A12

¤
for some (n− k) × k matrix C. Of course this means: A21 = C A11 and
A22 = C A12. We consider the factorization

A =

·
A11 A12
A21 A22

¸
=

·
L11 0
L21 L22

¸ ·
U11 U12
0 U22

¸

where the blocks L11 and U11 have just been determined. From the
equations in the lemma above we solve to get U12 = L−111 A12 and L21 =



7.2. LRLRLR FACTORIZATION 209

A12U
−1
11 . Then

A22 = L21U12 + L22U22

= A12U
−1
11 L

−1
11 A12 + L22U22

= A12 A
−1
11 A12 + L22U22

= C A11 A
−1
11 A12 + L22U22

= C A12 + L22U22

= A22 + L22U22

Thus we solve L22U22 = 0. Obviously, we can take for L22 any nonsingular
matrix we wish and solve for U22 or conversely.

7.2 LRLRLR factorization

While the PLU factorization is useful for solving systems, the LR factoriza-
tion can be used to determine eigenvalues. .

Let A ∈Mn be given. Then

A = A1 = L1R1.

Then

L−11 A1L1 = R1L1 ≡ A2
A2 = L2R2

L−12 A2L2 = R2L2 ≡ A3.

Continue in this fashion to obtain

L−1k AkLk = RkLk ≡ Ak+1 (?)

We define

Pk = L1L2 . . . Lk

Qk = Rk . . . R2R1.

Then

PkAk+1 = A1Pk
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for

Ak+1 = L
−1
k AkLk

= L−1k L
−1
k−1Ak−1Lk−1Lk

...

= P−1k A1Pk

or

Pk Ak+1 = A1Pk.

Hence

PkQk = Pk−1AkQk−1
= A1Pk−1Qk−1
= A1Pk−2Ak−1Qk−2
= A21Pk−2Qk−2
...

= Ak1.

Theorem 7.2.1 (Rutishauser). Let A ∈Mn be given. Assume the eigen-
values of A satisfy

|λ1| > |λ2| > · · · > |λn| > 0.

Then A ∼ Λ = diag(λ1 . . .λn). Assume A = SΛS−1, and

Y ≡ S−1 = LyRy X = S = LxRx

where Ly and Lx are lower unit triangular matrices and Ry and Rx are
upper triangular. Then Ak defined by (?) satisfy the result limAk is upper
triangular.

Proof. (Wilkinson) We have

Ak1 = XΛ
kY

= XΛkLyRy

= XΛkLyΛ
−kΛkRy.
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By the strict inequalities between the eigenvalues we have

(ΛkLyΛ
−k)ij =


1 i = jµ

λi
λj

¶k
`ij i > j

0 i < j.

Hence ΛkLyΛ
−k → I (because |λi|

|λj | < 1 if i > j). Hence with

Ak1 = LxRx(Λ
kLyΛ

−k)ΛkRy

and

Ak1 = PkQk

we conclude that lim
k→∞

Pk = Lx. Therefore

Lk = P
−1
k−1Pk → I.

Finally we have that Ak must be upper triangular because

L−1k Ak = Rk

is upper triangular.

This exposes all the eigenvalues of A. Therefore the eigenvectors can be
determined.

7.3 The QRQRQR algorithm

Certain numerical problems with the LU algorithm have led to the QR
algorithm, which is based on the decomposition of the matrix A as

A = QR

where Q is unitary and R is upper triangular.

Theorem 7.3.1 (QR-factorization). (i) Suppose A is inMn,m and n ≥
m. Then there is a matrix Q ∈Mn,m with orthogonal columns and an
upper triangular matrix
R ∈Mm such that A = QR.
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(ii) If n = m, then Q is unitary. If A is nonsingular the diagonal entries
of R can be chosen to be positive.

(iii) If A is real; then Q and R may be chosen to be real.

Proof. (i) We proceed inductively. Let a1, . . . , an denote the columns
of A and q1, q2, . . . , qm denote the columns of Q. The basic idea of
the QR-factorization is to orthogonalize the columns of A from left
to right. Then the columns can be expressed by the formulas ak =Pk
i=1 ckqk, k = 1, . . . , n. The coefficients of the expansion become,

respectively, the entries of the kth column of R, completed by n − k
zeros. (Of course, if the rank of A is less than m, we fill in arbitrary
orthogonal vectors which we know exist as m ≤ n.) For the details,
first define q1 = a1/ka1k. To compute q2 we use the Gram—Schmidt
procedure.

q̂2 = a2 − hq1, a1iq1
q2 = q̂2/kq̂2k.

Tracing backwards note that

a2 = q̂2 + hq1, a1iq1
= kq̂2kq2 + hq1, a1iq1.

So we have

·
a1 a2 a3
↓ ↓ ↓ . . .

¸
=

·
q1 q2 q3
↓ ↓ ↓ . . .

¸
ka1k hq1, a1i . . .
0 kq̂2k
... 0
0 0

 .
Instead of the full inductive step we compute q3 and finish at that
point

q̂3 = a3 − hq1, a3iq1 − hq2, a3iq2
q3 = q̂3/kq̂3k.

Hence

a3 = kq̂3kq3 + hq1, a3iq1 + hq2, a3iq2.
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The third column of R is thus given by

r3 = [hq1, a3i, hq2, a3i, kq̂3k, 0, 0, . . . , 0]T .

In this way we see that the columns of Q are orthogonal and the matrix
R is upper triangular, with an exception. That is the possibility that
q̂k = 0 for some k. In this degenerate case we take qk to be any
vector orthogonal to the span of a1, a2, . . . , am, and we take rkj = 0,
j = k, k + 1 . . .m. Also we note that if q̂k = 0, then ak is linearly
dependent on a1, a2, . . . , ak−1, and hence on q1, q2, . . . qk−1. Select the
coefficients r1k, . . . , rk−1k to reflect this dependence.

(ii) If m = n, the process above yields a unitary matrix. If A is nonsingu-
lar, the process above yields a matrix R with a positive diagonal.

(iii) If A is a real, all operators above can be carried out in real arithmetic.

Now what about the uniqueness of the decomposition? Essentially the
uniqueness is true up to a multiplication by a diagonal matrix, except in
the case when the matrix has rank is less than m, when there is no form of
uniqueness. Suppose that the rank of A is m.

Then application of the Gram-Schmidt procedure yields a matrix R with
positive diagonal. Suppose that A has two QR factorizations, QR and PS
with upper triangular factors having positive diagonals. Then

P ∗Q = SR−1

We have that SR−1 is upper triangular and moreover has a positive diagonal.
Also, P ∗Q is unitary. We know that the only upper triangular unitary
matrices are diagonal matrices, and finally the only unitary matrix with a
positive diagonal is the identity matrix. Therefore P ∗Q = I, which is to
say that P = Q. We summarize as

Corollary 7.3.1. Suppose A is in Mn,m and n ≥ m. If rank(A) = m
then the QR factorization of A = QR with upper triangular matrix R having
a positive diagonal is unique.
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The QR algorithm

The QR algorithm parallels the LR algorithm almost identically. Suppose
A is in Mn Define

A1 = Q1R1

A2 ≡ R1Q1.

Also

Q∗1A1Q = A2.

Then decompose A2 into a QR decomposition

A2 = Q2R2

and

Q∗2A2Q2 = R2Q2 ≡ A3.

Also

Q∗2Q
∗
1A1Q1Q2 = R2Q2 = A3.

Proceed sequentially

Ak = QkRk

Ak+1 = RkQk

Q∗kAkQk = Ak+1.

Let

Pk = Q1Q2 . . . Qk

Tk = RkRk−1 . . . R1.

Then

P ∗kA1Pk = Ak+1.

whence

PkAk+1 = A1Pk.
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Also we have

PkTk = Pk−1QkRkTk−1
= Pk−1AkTk−1
= A1Pk−1Tk−1
= . . .

= Ak1 .

Theorem 7.3.2. Let A ∈ Mn be given, and assume the eigenvalues of A
satisfy

|λ1| > |λ2| > · · · > |λn| > 0.

Then the iterations Ak converge to a triangular matrix.

Proof. Our hypothesis gives that A is diagonalizable, and we write A ∼ Λ =
diag(λ1 . . .λn). That is,

A1 = SΛS
−1

where Λ = diag(λ1 . . .λn). Let

X = S = QxRx here QR
Y = S−1 = LyUy here LU.

Then

Ak1 = QxRxΛ
kLyUy

= QxRxΛ
kLyΛ

−kΛkUy
= Qx(I +RxEkR

−1
x )RxΛ

kUY

where

Ek = Λ
kLyΛ

−k − I

(Ek)ij =


0 i = j

(λi/λj)
k`ij i > j

0 i < j.

It follows that I +RxEkR
−1
x → I, and RxΛ

−kUy is upper triangular. Thus

Qx(I +RxEkR
−1
x )RxΛ

kUy = PkTk.
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The matrix I + RxEkR
−1
x can be QR factored as ŨkR̃k, and since I +

RxEkR
−1
x → I, it follows that we can assume both Ũk → I and R̃k → I.

Hence

Ak1 = QxŨk[R̃k(I +RxEkR
−1
x )RxΛ

kUy] = PkTk.

with the first factor unitary and the second factor upper triangular. Since
we have assumed (by the eigenvalue condition) that A is nonsingular, this
factorization is essentially unique, where possibly a multiplication by a di-
agonal matrix must be applied to give the upper triangular factor on the
right a positive diagonal. Just what is the form of the diagonal matrix can
be seen from the following. Let Λ = |Λ|Λ1, where |Λ| is the diagonal matrix
of moduli of the elements of Λ and where Λ1 is the unitary matrix of the
signs of each eigenvalue respectively. We also take Uy = Λ2 (Λ

∗
2Uy) where

Λ2 is a unitary matrix chosen so that Λ
∗
2U has a positive diagonal. Then

Ak1 = QxŨkΛ2Λ
k
1[
³
Λ2Λ

k
1

´−1
R̃k(I +RxEkR

−1
x )Rx

³
Λ2Λ

k
1

´
|Λ|k (Λ∗2Uy)] = PkTk.

From this we obtain Pk is essentially asymptotic to QxŨkΛ2Λ
k
1 and from

this we obtain that

Qk = P
−1
k−1Pk → Λ1

which is diagonal. Finally, it follows that Ak is upper triangular since

Q−1k Ak = Rk

In the limit therefore A is similar to an upper triangular matrix.

Example 7.3.1. Apply the QR method to the matrix

A :=

 2.3 1 2
2 2 2.1
3 2 0


The matrix A has eigvenvalues 5.45, 0.723, −1.87. The successive iterations
are
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A2 =

 5.10 −0.511 2.13
0.631 0.662 0.136
1.42 −0.0202 −1.44

 A3 =

 5.51 −1.02 −0.36
−0.0146 0.666 0.482
0.513 0.240 −1.84


A4 =

 5.46 −1.41 0.482
−0.0372 0.495 0.672
0.169 0.815 −1.62

 A5 =

 5.47 −0.366 −1.26
−0.0404 −0.462 1.39
0.0430 1.21 −0.677


A6 =

 5.46 −1.13 −0.687
−0.0184 −1.52 0.813
0.00826 0.983 0.381

 A7 =

 5.45 0.529 −1.18
−0.00682 −1.78 0.585
0.00115 0.414 0.638


A8 =

 5.43 0.684 −1.09
−0.000822 −1.87 0.229
0.0000215 0.0659 0.729


Note the gradual appearance of the eigenvalues on the diagonal.
Remark. These iterations were carried out in precision 3 arithmetic, which
affects the rate of convergence to triangular form.

7.4 Least Squares

As we know, if A ∈ Mn,m with m < n it is generally not possible to solve
the overdetermined system

Ax = b.

For example, suppose we have the data {(xi, yi)}ni=1, with the x-coordinates
distinct. We may wish to “fit” a straight to this data. This means we want
to find coefficients m and b so that

b+mxi = yi, i = 1, . . . , n. (?)

Taking the matrix and data vector

A =


1 x1
1 x2
...
1 xn

 b =


y1
y2
...
yn


and z = [b,m]T , the system (?) becomes Az = b. Usually n À 2. Hence
there is virtually no hope to determine a unique solution to system.

However, there are numerous ways to determine constants m and b so
that the resulting line represents the data. For example, owing to the dis-
tinctness of the x-coordinates, it is possible to solve any 2× 2 subsystem of
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Az = b. Other variations exist. A new 2 × 2 system could be created by
creating two averages of the data, say left and right, and solving. Assume

the sequence {xj} is ordered from least to greatest. Define x` = 1
k

kP
j=1

xj and

xr =
1

n−k
nP

j=k+1

xj . Let y` and yr denote the corresponding averages for the

ordinates. Then define the intercept b and slope m by solving the system·
1 x`
1 xr

¸ ·
b
m

¸
=

·
y`
yr

¸
While this will normally give a reasonable approximating line, its value has
little utility beyond its naive simplicity and visual appearance. What is
desired is to establish a criteria for choosing the line.

Define the residual of the approximation r = b−Az. It makes perfect
sense to consider finding z = [b,m]T for which the residual is minimized in
some norm. Any norm can be selected here, but on practical grounds the
best norm to use is the Euclidean norm k · k2. The vector Az that yields
the minimal norm residual is the one for which (b − Az) ⊥ Aw, for we are
seeking the nearest value in the Aw to the vector b. It can be found by
select the one for the solution, Az, for which

b−Ax ⊥ Aw all w.

This means

hb−Ax,Ayi = 0 all y

or

hAT (b−Ay), yi = 0 all y

or

AT (b−Ay) = 0

ATAy = AT b.
Normal
Equations

The least squares solution to Ax = b is given by the solution to the normal
equation

ATAy = AT b.
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Suppose we have the QR decomposition for A. Then if A is real

ATA = RTQTQR = RTR

AT y = RTQy.

Hence the normal equations become

RTRx = RTQy.

Assuming that the rank of A is m, we must have that R and hence RT

is invertible. Therefore we have the least squares solution is given by the
triangular system

Rx = Qy.

7.5 Exercises

1. If A ∈ M(C) has rank k, show that there is a permutation matrix P
such that PA has its first k principal determinants nonzero.

2. For the least squares fit of a straight line determine R and Q.

3. In the case of data

ATA =

·
n Σxi
Σxi Σx2i

¸
AT b =

·
Σyi
Σxiyi

¸
.

4. In attempting to solve a quadratic fit we have the model

c+ bxi + ax
2
i = yi i = 1, . . . , n.

The system is

A =

1 x1 x21
...

...
...

1 xn x2n

 b =


y1
y2
...
yn

 .
The normal equations have the matrix and data given by

ATA =

 n Σxi Σx2i
Σxi Σx2i Σx3i
Σx2i Σx2i Σx4i

 AT b =

 Σyi
Σxiyi
Σx2i yi

 .
5. Find the normal equations for the least squares fit of data to a poly-
nomial of degree k.
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Jordan Normal Form

8.1 Minimal Polynomials

Recall pA(x) = det(xI − A) is called the characteristic polynomial of the
matrix A.

Theorem 8.1.1. Let A ∈ Mn. Then there exists a unique monic polyno-
mial qA(x) of minimum degree for which qA(A) = 0. If p(x) is any polyno-
mial such that p(A) = 0, then qA(x) divides p(x).

Proof. Since there is a polynomial pA(x) for which pA(A) = 0, there is one of
minimal degree, which we can assume is monic. by the Euclidean algorithm

pA(x) = qA(x)h(x) + r(x)

where deg r(x) < deg qA(x). We know

pA(A) = qA(A)h(A) + r(A).

Hence r(A) = 0, and by the minimality assumption r(x) ≡ 0. Thus qA
divided pA(x) and also any polynomial for which p(A) = 0. to establish
that qA is unique, suppose q(x) is another monic polynomial of the same
degree for which q(A) = 0. Then

r(x) = q(x)− qA(x)
is a polynomial of degree less than qA(x) for which r(a) = q(A)−qA(A) = 0.
This cannot be unless r(x) ≡ 0 = 0q = qA.
Definition 8.1.1. The polynomial qA(x) in the theorem above is called the
minimal polynomial.

221
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Corollary 8.1.1. If A,B ∈Mn are similar, then they have the same min-
imal polynomial.

Proof.

B = S−1AS

qA(B) = qA(S
−1AS) = S−1qA(A)S = qA(A) = 0.

If there is a minimal polynomial for B of smaller degree, say qB(x), then
qB(A) = 0 by the same argument. This contradicts the minimality of qA(x).

Now that we have a minimum polynomial for any matrix, can we find a
matrix with a given polynomial as its minimum polynomial? Can the degree
the polynomial and the size of the matrix match? The answers to both
questions are affirmative and presented below in one theorem.

Theorem 8.1.2. For any nth degree polynomial

p(x) = xn + an−1xn−1 + an−2xn−2 + · · ·+ a1x+ a0

there is a matrix A ∈Mn (C) for which it is the minimal polynomial.

Proof. Consider the matrix given by

A =


0 0 . . . . . . −a0
1 0 −a1
0 1 0

. . . −a2
. . . 0

...
0 . . . 0 1 −an−1

 .

Observe that

Ie1 = e1 = A
0e1

Ae1 = e2 = Ae1

Ae2 = e3 = A
2e1

...

Aen−1 = en = An−1e1
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and

Aen = −an−1en − an−2en−1 − · · ·− a1e2 − a0e1

Since Aen = A
ne1, it follows that

p(A)e1 = A
ne1 + an−1An−1e1 + an−2A−2e1 + · · ·+ a1Ae1 + a0Ie1 = 0

Also

p(A)ek = p(A)A
k−1e1 = Ak−1p(A)e1 = Ak−1(0) = 0 k = 2, . . . , n.

Hence p(A)ej = 0 for j = 1 . . . n. Thus p(A) = 0. We know also that
p(x) is monic. Suppose now that

q(x) = xm + bm−1xm−1 · · ·+ b1x+ b0
where m < n and q(A) = 0. Then

q(A)e1 = A
me1 + bm−1Am−1e1 + · · ·+ b1Ae1 + b0e1

= em+1 + bm−1em + · · ·+ b1e2 + b0e1 = 0.
But the vectors em+1 . . . e1 are linear independent from which we conclude
that q(A) = 0 is impossible. Thus p(x) is minimal.

Definition 8.1.2. For a given monic polynomial p(x), the matrix A con-
structed above is called the companion matrix to p.

The transpose of the companion matrix can also be used to generate a linear
differential system which has the same characteristic polynomial as a given

nth order differential equation. Consider the linear differential equation

y(n) + an−1y(n−1) + · · ·+ a1y0 + a0 = 0.
This nth order ODE can be converted to a first order system as follows:

u1 = y

u2 = u
0
1 = y0

u3 = u
0
2 = y00

...
...

un = u
0
n−1 = y(n−1)
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Then we have

u1
u2

...

un



0

=



0 1
0 1 0

0 1
. . .

. . .

0
. . . 1

a0 −a1 . . . . . . −an−1





u1
u2

...

un


8.2 Invariant subspaces

There seems to be no truly simple way to the Jordan normal form. The
approach taken here is intended to reveal a number of features of a matrix,
interesting in their own right. In particular, we will construct “generalized
eigenspaces” that envelop the entire connection of a matrix with its eigen-
values. We have in various ways considered subspaces V of Cn that are
invariant under the matrix A ∈ Mn(C). Recall this means that AV ⊂ V .
For example, eigenvectors can be used to create invariant subspaces. Null
spaces, the eigenspace of the zero eigenvalue, are invariant as well. Triangu-
lar matrices furnish an easily recognizable sequence of invariant subspaces.
Assuming T ∈ Mn (C) is upper triangular, it is easy to see that the sub-
spaces generated by the coordinate vectors {e1, . . . , em} for m = 1, . . . , n are
invariant under T.

We now consider a specific type of invariant subspace that will lead the
so-called Jordan normal form of a matrix, the closest matrix similar to A
that resembles a diagonal matrix.

Definition 8.2.1 (Generalized Eigenspace). LetA ∈Mn (C) with spec-
trum σ (A) = {λ1, . . . ,λk}. Define the generalized eigenspace pertaining to
λi by

Vλi = {x ∈ Cn | (A− λiI)n x = 0}
Observe that all the eigenvectors pertaining to λi are contained in Vλi .

If the span of the eigenvectors pertaining to λi is not equal to Vλi then there
must be a positive power p and a vector x such that (A− λiI)p x = 0 but that
y = (A− λiI)p−1 x 6= 0. Thus y is an eigenvector pertaining to λi. For this
reason we will call Vλi the space of generalized eigenvectors pertaining to
λi. Our first result, that Vλi is invariant under A, is simple to prove, noting
that only closure under vector addition and scalar multiplication need be
established.
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Theorem 8.2.1. Let A ∈ Mn (C) with spectrum σ (A) = {λ1, . . . ,λk}.
Then for each i = 1, . . . , k, Vλi is an invariant subspace of A.

One might question as to whether Vλi could be enlarged by allowing
higher powers than n in the definition. The negative answer is most simply
expressed by evoking the Hamilton-Cayley theorem. We write the charac-
teristic polynomial pA (λ) =

Q
(λ− λi)mA(λi), wheremA (λi) is the algebraic

multiplicity of λi. Since pA (A) =
Q
(A− λiI)mA(λi) = 0, it is an easy mat-

ter to see that we exhaust all of Cn with the spaces Vλi . This is to say that
allowing higher powers in the definition will not increase the subspaces Vλi .
Indeed, as we shall see, the power of (λ−λi) can be decreased to the geomet-
ric multiplicity mg (λi) the power for λi. For now the general power n will
suffice. One very important result, and an essential first step in deriving
the Jordan form, is to establish that any square matrix A is similar to a
block diagonal matrix, with each block carrying a single eigenvalue.

Theorem 8.2.2. Let A ∈ Mn (C) with spectrum σ (A) = {λ1, . . . ,λk} and
with invariant subspaces Vλi , i = 1, 2, . . . , k. Then (i) The spaces Vλi , j =

1, . . . , k are mutually linearly independent. (ii)
Lk

i=1 Vλi = Cn (alternatively
Cn = S(Vλ1 , . . . , Vλk)) (iii) dimVλi = mA (λi). (iv) A is similar to a block
diagonal matrix with k blocks A1, . . . , Ak. Moreover, σ (Ai) = {λi} and
dimAi = mA (λi) .

Proof. (i) It should be clear that the subspaces Vλi are linearly independent
of each other. For if there is a vector x in both Vλi and Vλj then there is

a vector for some integer q, it must be true that (A− λjI)q−1 x 6= 0 but
(A− λjI)q x = 0. This means that y = (A− λjI)q−1 x is an eigenvector
pertaining to λj . Since (A− λiI)n x = 0 we must also have that

(A− λjI)q−1 (A− λiI)n x = (A− λiI)n (A− λjI)q−1 x
= (A− λiI)n y = 0

=
nX
k=0

µ
n

k

¶
(−λi)n−k Aky

=
nX
k=0

µ
n

k

¶
(−λi)n−k λj

ky

= (λj − λi)n y = 0

This is impossible unless λj = λi. (ii) The key part of the proof is to block
diagonalize A with respect to these invariant subspaces. To that end, let S
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be the matrix with columns generated from bases of the individual Vλi taken
in the order of the indices. Supposing there are more linearly independent
vectors in Cn other than those already selected, fill out the matrix S with
vectors linearly independent to the subspaces Vλi , i = 1, . . . , k. Now define
Ã = S−1AS. We conclude by the invariance of the subspaces and their
mutual linear independence that Ã has the following block structure.

Ã = S−1AS =


A1 0 · · · 0 ∗
0 A2 0 ∗
...

. . .
...

Ak ∗
0 · · · 0 B


It follows that

pA (λ) = pÃ (λ) =
³Y

pAi (λ)
´
pB (λ)

Any root r of pB (λ) must be an eigenvalue of A, say λj , and there must be an
eigenvector x pertaining to λj . Moreover, due to the block structure we can
assume that x = [0, . . . , 0, x] T , where there are k blocked zeros of the sizes of
the Ai respectively. Then it is easy to see that ASx = λjSx, and this implies
that Sx ∈ Vλj . Thus there is another vector in Vλj , which contradicts its

definition. Therefore B is null, or what is the same thing, ⊕ki=1Vλi = Cn.
(iii) Let di = dim Vλi . From (ii) know

P
di = n. Suppose that λi ∈ σ (Aj).

Then there is another eigenvector x pertaining to λi and for which Ajx =

λix. Moreover, this vector has the form x = [0, . . . , 0, x, 0, . . . 0]T , analogous
to the argument above. By construction Sx /∈ Vλi , but ASx = λiSx, and

this contradicts the definition of Vλi . We thus have that pAi (λ) = (λ− λi)di .
Since pA (λ) =

Q
pAi (λ) =

Q
(λ− λi)mA(λi), it follows that di = mA (λi)

(iv) Putting (ii), and (iii) together gives the block diagonal structure as
required.

On account of the mutual linear independence of the invariant subspaces
Vλi and the fact that they exhaust Cn the following corollary is immediate.

Corollary 8.2.1. Let A ∈ Mn (C) with spectrum σ (A) = λ1, . . . ,λk and
with generalized eigenspaces Vλi , i = 1, 2, . . . , k. Then each x ∈ Cn has a

unique representation x =
Pk
i=1 xi where xi ∈ Vλi.

Another interesting result which reveals how the matrix works as a linear
transformation is to decompose the it into components with respect to the
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generalized eigenspaces. In particular, viewing the block diagonal form

Ã = S−1AS =


A1 0 · · · 0
0 A2 0
...

. . .

Ak


the space Cn can be split into a direct sum of subspaces E1, . . . , Ek based on
coordinate blocks. This is accomplished in such that any vector y ∈ Cn can
be written uniquely as y =

Pk
i=1 yi where the yi ∈ Ei. (Keep in mind that

each yi ∈ Cn; its coordinates are zero outside the coordinate block pertaining
Ei.) Then Ãy = Ã

Pk
i=1 yi =

Pk
i=1 Ãyi =

Pk
i=1Aiyi. This provides a

computational tool – when this block diagonal form is known. Note that
the blocks correspond directly to the invariant subspaces by SEi = Vλi . We
can use these invariant subspaces to get at the minimal polynomial. For
each i = 1, . . . , k define

mi = min
j
{(A− λiI)j x = 0 | x ∈ Vλi}

Theorem 8.2.3. Let A ∈ Mn (C) with spectrum σ (A) = λ1, . . . ,λk and
with invariant subspaces Vλi , i = 1, 2, . . . , k. Then the minimal polynomial
of A is given by

q (λ) =
kY
i=1

(λ− λi)mi

Proof. Certainly we see that for any vector x ∈ Vλj

q (A)x =

Ã
kY
i=1

(A− λiI)mi

!
x = 0

Hence, the minimal polynomial qA (λ) divides q (A). To see that indeed
they are in fact equal, suppose that the minimal polynomial has the form

qA (λ) =
kY
i=1

(λ− λi)m̂i

where m̂i ≤ mi, for i = 1, . . . , k and in particular m̂j < mj . By construction
there must exist a vector x ∈ Vλj such that (A− λjI)mj x = 0 but y =
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(A− λjI)mj−1 x 6= 0. Then if

q (A)x =

Ã
kY
i=1

(A− λiI)m̂i

!
x

=

 kY
i=1
i6=j

(A− λiI)m̂i

 y
= 0

This cannot be because the contrary implies that there is another vector in
one of the invariant subspaces Vλk .

Just one more step is needed before the Jordan normal form can be derived.
For a given Vλi we can interpret the spaces in a heirarchical viewpoint. We
know that Vλi contains all the eigenvectors pertaining to λi. Call these
eigenvectors the first order generalized eigenvectors. If the span of these
is not equal to Vλi , then there must be a vector x ∈ Vλi for which y =
(A− λiI)2 x = 0 but (A− λiI)x 6= 0. That is to say y is an eigenvector of
A pertaining to λi. Call such vectors second order generalized eigenvectors.
In general we call an x ∈ Vλi a generalized eigenvector of order j if y =
(A− λiI)j x = 0 but (A− λiI)j−1 x 6= 0. In light of our previous discussion
Vλi contains generalized eigenvectors of order up to but not greater than
mλi .

Theorem 8.2.4. Let A ∈ Mn (C) with spectrum σ (A) = {λ1, . . . ,λk} and
with invariant subspaces Vλi , i = 1, 2, . . . , k.

(i) Let x ∈ Vλi be a generalized eigenvector of order p. Then the vectors

x, (A− λiI)x, (A− λiI)2 x, . . . , (A− λiI)p−1 x (1)

are linearly independent.

(ii) The subspace of Cn generated by the vectors in (1) is an invariant
subspace of A.

Proof. (i) To prove linear independence of a set of vectors we suppose linear
dependence. That is there is a smallest integer k and constants bj such that

kX
j=0

xj =
kX
j=0

bj (A− λiI)j x = 0
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where bk 6= 0. Solving we obtain bk (A− λiI)k x = −
Pk−1
j=0 bj (A− λiI)j x.

Now apply (A− λiI)p−k to both sides and obtain a new linearly dependent
set as the following calculation shows.

0 = bk (A− λiI)p−k+k x = −
k−1X
j=0

bj (A− λiI)j+p−k x

= −
p−1X
j=p−k

bj+p−k (A− λiI)j x

The key point to note here is that the lower limit of the sum is increased.
This new linearly dependent set, which we denote with the notation

Pp−1
j=p−k cj (A− λiI)j x

can be split in the same way as before, where we assume with no loss in gen-
erality that cp−1 6= 0. Then

cp−1 (A− λiI)p−1 x = −
p−2X
j=p−k

cj (A− λiI)j x

Apply (A− λiI) to both sides to get

0 = cp−1 (A− λiI)p x = −
p−2X
j=p−k

cj (A− λiI)j+1 x

= −
p−1X

j=p−k+1
cj−1 (A− λiI)j x

Thus we have obtained another linearly independent set with the lower limit
of powers increased by one. Continue this process until the linear depen-
dence of (A− λiI)p−1 x and (A− λiI)p−2 x is achieved. Thus we have

c (A− λiI)p−1 x = d (A− λiI)p−2 x
(A− λiI) y =

d

c
y

where y = (A− λiI)p−2 x. This implies that λi +
d

c
is a new eigenvalue

with eigenvector y ∈ Vλi , and of course this is a contradiction. (ii) The
invariance under A is more straightforward. First note that while x1 = x,
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x2 = (A− λI)x = Ax− λx so that Ax = x2 − λx1. Consider any vector y
defined by y =

Pp−1
j=0 bj (A− λiI)j x It follows that

Ay = A

p−1X
j=0

bj (A− λiI)j x

=

p−1X
j=0

bj (A− λiI)j Ax

=

p−1X
j=0

bj (A− λiI)j (x2 − λx1)

=

p−1X
j=0

bj (A− λiI)j [(A− λiI)x1 − λx1]

=

p−1X
j=0

cj (A− λiI)j x

where cj = bj−1 − λ for j > 0 and c0 = −λ, which proves the result.

8.3 The Jordan Normal Form

We need a lemma that points in the direction we are headed, that being the
use of invariant subspaces as a basis for the (Jordan) block diagonalization
of any matrix. These results were discussed in detail in the Section 8.2. The
restatement here illustrates the “invariant subspace” nature of the result,
irrespective of generalized eigenspaces. Its proof is elementary and is left to
the reader.

Lemma 8.3.1. Let A ∈Mn (C) with invariant subspace V ⊂ Cn.
(i) Suppose v1 . . . vk is a basis for V and S is an invertible matrix with

the first k columns given by v1 . . . vk. Then

1...k

S−1AS =
· ∗ ∗
0 ∗

¸
.
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(ii) Suppose that V1, V2 ⊂ Cn are two invariant subspaces of A and Cn =
V1 ⊕ V2. Let the (invertible) matrix S consist respectively of bases from V1
and V2 as its columns. Then

S−1AS =
· ∗ 0

0 ∗
¸
.

Definition 8.3.1. Let λ ∈ C. A Jordan block Jk(λ) is a k × k upper
triangular matrix of the form

Jk(λ) =


λ 1

0
λ 1

0
. . . 1

λ

 .

A Jordan matrix is any matrix of the form

J =

Jn1(λ1) 0
. . .

0 Jnk(λk)

 .
where the matrices Jn1 are Jordan blocks. If J ∈Mn(C), then n1+n2 · · ·+
nk = n.

Theorem 8.3.1 (Jordan normal form). Let A ∈ Mn(C). Then there is
a nonsingular matrix S ∈Mn such that

A = S


Jn1(λ1)

0
. . .

0
Jnk(λk)

S−1 = SJS−1

where Jni(λi) is a Jordan block, where n1+n2+ · · ·+nk = n. J is unique up
to permutations of the blocks. The eigenvalues λ1, . . . ,λk are not necessarily
distinct. If A is real with real eigenvalues, then S can be taken as real.

Proof. This result is proved in four steps.

(1) Block diagonalize (by similarity) into invariant subspaces pertaining to
σ(A). This is accomplished as follows. First block diagonalize the ma-
trix according to the generalized eigenspaces Vλi = {x ∈ Cn | (A− λiI)n x =
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0} as discussed in the previous section. Beginning with the highest or-
der eigenvector in x ∈ Vλi , construct the invariant subspace as in (1)
of Section 8.2. Repeat this process until all generalized eigenvectors
have been included in an invariant subspace. This includes of course
first order eigenvectors that are not associated with higher order eigen-
vectors. These invariant subspaces have dimension one. Each of these
invariant subspaces is linearly independent from the others. Continue
this process for all the generalized eigenspaces. This exhausts Cn.
Each of the blocks contains exactly one eigenvector. The dimensions
of these invariant subspaces can range from one to mλi , there being at
least one subspace of dimension mλi .

(2) Triangularize each block by Schur’s theorem, so that each block has
the form

K(λ) =

λ ∗
. . .

0 λ


You will note that

K(λ) = λI +N

where N is nilpotent, or K(λ) is 1× 1.
(3) “Jordanize” each triangular block. Assume thatK1(λ) ism×m, where

m > 1. By construction K1(λ) pertains to an invariant subspace for
which there is a unique vector x for which

Nm−1x 6= 0 and Nmx = 0.

ThusNm−1x is an eigenvector ofK1(λ), the unique eigenvector. Define

yi = N
i−1x i = 1, 2, . . . ,m.

Expand the set {yi}mi=1 as a basis of Cm. Define

S1 =

"
ym ym−1 · · · y1
...

... · · · ...

#
.

Then

NS1 =

"
0 ym ym−1 . . . y2
...

...
... · · · ...

#
.
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So

S−11 NS1 =


0 1 0
0 1

0
. . .
. . . 1

0 0

 .

We conclude that

S−11 K1(λ)S1 =



λ 1 0
λ 1

λ 1
. . .

. . .

. . . 1
0 λ


(4) Assemble all of the blocks to form the Jordan form. For example,

the block K1(λ) and the corresponding similarity transformation S1
studied above can be treated in the assembly process as follows: Define
the n× n matrix

Ŝ1 =

 I 0 0
0 S1 0
0 0 I


where S1 is the block constructed above and placed in the n×n matrix
in the position that K1(λ) was extracted from the block triangular
form of A. Repeat this for each of the blocks pertaining to minimally
invariant subspaces. This gives a sequence of block diagonal matrices
Ŝ1, Ŝ2 . . . , Ŝk. Define T = Ŝ1Ŝ2 . . . Ŝk. It has the form

T =


Ŝ1 0

Ŝ2
. . .

0 Ŝk


Together with the original matrix P that transformed the matrix to
the minimal invariant subspace blocked form and the unitary matrix
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V used to triangularize A, it follows that

A = PV T


Jn1(λ1)

0
. . .

0
Jnk(λk)

 (PV T )−1 = SJS−1

with S = PV T .

Example 8.3.1. Let

J =



2 1

0 2

2

3 1 0
0 3 1
0 0 3

−1


In this example, there are four blocks, with two of the blocks pertaining to
the single eigenvalue 2. For the first block there is the single eigenvector e1,
but the invariant subspace isS (e1,e2) . For the second block, the eigenvector,
e3, generates the one dimensional invariant subspace. The block pertaining
to the eigenvector 3 has the single eigenvector e4 while the minimal invariant
subspace is S (e4,e5, e6). Finally, the one dimensional subspace pertaining
to the eigenvector −1 is spanned by e7. The minimal invariant polynomial
is q (λ) = (λ− 2)2 (λ− 3)3 (λ+ 1).

8.4 Convergent matrices

Using the Jordan normal form, the study of convergent matrices becomes
relatively straightforward and simpler.

Theorem 8.4.1. If A ∈Mn and ρ(A) < 1. Then

lim
k→∞

A = 0.
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Proof. We assume A is a Jordan matrix. Each Jordan block Jk(λ) can be
written as

Jk(λ) = λIk +Nk

where

Nk =


0 1 0
0 1
. . .

. . .

. . . 1
0 0

 is nilpotent.

Now

A =

Jn1(λ1) . . .

Jmk
(λk)

 .
We compute, for m > nk

(Jnk(λk))
M = (λI +N)m

= λmI +

mkX
j=0

λm−jN j

µ
m

j

¶
because N j = 0 for j > nk. We have

λm−j
µ
m

j

¶
→ 0 as m→∞

since |λ| < 1. The results follows.

8.5 Exercises

1. Prove Theorem 8.2.1.

2. Find a 3× 3 matrix that has the same eigenvalues are the squares of
the roots of the equation λ3 − 3λ2 + 4λ− 5 = 0.

3. Suppose that A is a square matrix with σ(A) = {3}, ma(3) = 6, and
mg(3) = 3. Up to permutations of the blocks show all possible Jordan
normal forms for A.
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4. Let A ∈Mn (C) and let x1 ∈ Cn.Define xi+1 = Axi for i = 1, . . . , n−1.
Show that V = S({x1, . . . , xn}) is an invariant subspace of A. Show
that V contains an eigenvector of A.

5. Referring to the previous problem, let A ∈ Mn (R) be a permutation
matrix. (i) Find starting vectors so that dimV = n. (ii) Find start-
ing vectors so that dimV = 1. (iii) Show that if λ = 1 is a simple
eigenvalue of A then dimV = 1 or dimV = n.



Chapter 9

Hermitian and Symmetric
Matrices

Example 9.0.1. Let f : D→ R, D ⊂ Rn. The Hessian is defined by

H(x) = hij(x) ≡ ∂f

∂xi∂xj
∈Mn.

Since for functions f ∈ C2 it is known that
∂2f

∂xi∂xj
=

∂2f

∂xj∂xi

it follows that H(x) is symmetric.

Definition 9.0.1. A function f : R→ R is convex if

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y)

for x, y ∈ D (domain) and 0 ≤ λ ≤ 1.
Proposition 9.0.1. If f ∈ C2(D) and f 00(x) ≥ 0 on D then f(x) is convex.

Proof. Because f 00 ≥ 0, this implies that f 0(x) is increasing. Therefore if
x < xm < y we must have

f(xm) ≤ f(x) + f 0(xm)(xm − x)

and

f(xm) ≤ f(y) + f 0(xm)(xm − y)

237
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by the Mean Value Theorem. Therefore,

y − xm
y − x f(xm) +

xm − x
y − x f(xm) ≤

y − xm
y − x f(x) +

xm − x
y − x f(y)

or

f(xm) ≤ y − xm
y − x f(x) +

(xm − x)
y − x f(y).

It is easy to see that

xm =
y − xm
y − x x+

xm − x
y − x y.

Defining λ = y−xm
y−x , it follows that 1− λ = xm−x

y−x .

Definition 9.0.2. We say that f : D → R, where D ⊂ Rn is convex, is a
convex function if f is a convex function on every line in D.

Theorem 9.0.1. Suppose f ∈ C2(D) and H(x) is positive definite. Then
f is convex on D.

Proof. Let x ∈ D and η be some direction. Then x+ λη is a line in D. We
compute d2

dλ2
f(x+ λn)

d

dλ
f = ∇f · n =


∂f
∂x1
...
∂f
∂xn

 · [n1 . . . nn].
Now

d

dλ

µ
∂f

∂x1

¶
= ∇ ∂f

∂x1
· η =

 ∂2f
∂x1∂x1

∂2f
∂xn∂x1

 · [η1, . . . , ηn].
Hence we see that

d2

dλ2
f(x+ λη) = ηTH(x)η ≥ 0

by assumption.
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Example 9.0.2. Let A = [aij ] ∈ Mn. Consider the quadratic form on Cn
or Rn defined by

Q(x) = xTAx = Σaijxjxi

=
1

2
Σ(aij + aji)xjxi

= xT
1

2
(A+AT )x.

Since the matrix A+AT is symmetric the study of quadratic forms is reduced
to the symmetric case.

Example 9.0.3. Let Lf =
nP

i,j=1
aij

∂2f
∂xi∂xj

. L is called a partial differential

operator. By the combination of devices above (assuming f ∈ C2 for exam-
ple) we can study the symmetric and equivalent partial differential operator

Lf =
nX

i,j=1

1

2
(aij + aji)

∂2f

∂xi∂xj
.

In particular, if A+AT is positive definite the operator is called elliptic.

Other cases are

(1) hyperbolic,

(2) degenerate/parabolic.

Characterizations of Hermitian matrices. Recall

(1) A ∈Mn is Hermitian if A
∗ = A.

(2) A ∈Mn is called skew-Hermitian if A = −A∗.
Here are some facts

(a) If A is Hermitian the diagonal is real.

(b) If A is skew-Hermitian the diagonal is imaginary.

(c) A+A∗, AA∗ and A∗A are all Hermitian if A ∈Mn.

(d) If A is Hermitian than Ak, k = 0, 1, . . . , are Hermitian. A−1 is Her-
mitian if A is invertible.
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(e) A−A∗ is skew-Hermitian.
(f) A ∈Mn yields the decomposition

A =
1

2
(A+A∗) +

1

2
(A−A∗)

Hermitian Skew Hermitian

(g) If A is Hermitian iA is skew-Hermitian. If A is skew-Hermitian then
iA is Hermitian.

Theorem 9.0.2. Let A ∈ Mn. Then A = S + iT where S and T are
Hermitian. Moreover this is unique.

Proof.

A =
1

2
(A+A∗) +

1

2
(A−A∗)

= S + iT

where S = 1
2(A+A

∗) and

iT =
1

2
(A−A∗)

⇒ T = − i
2
(A−A∗).

Theorem 9.0.3. Let A ∈Mn be Hermitian. Then

(a) x∗Ax is real for all x ∈ Cn;
(b) All the eigenvalues of A are real;

(c) S∗AS is Hermitian for all S ∈Mn.

Proof. For (a) we have

x∗Ax = Σaijxjxi.

The conjugate is

x∗Ax = Σāij x̄jxi = Σajix̄jxi
= Σaijxj x̄i + x

∗Ax

Theorem 9.0.4. Let A ∈Mn. Then A is Hermitian if and only if at least
one of the following holds:
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(a) hAx, xi = x∗Ax is real ∀x ∈ Cn.

(b) A is normal with real eigenvalues.

(c) S∗AS is Hermitian for all S ∈Mn.

Proof. Hermitian ⇒ (a), (b), or (c) are obvious. (a) ⇒ Hermitian. Prove
using ej and ek. We have

hAej + ek, ej + eki = ajj + akk + ajk + akj

⇒ ajk + akj is real ⇒ Im ajk = −Im akj .

Similarly

hAiej + ek, iej + eki− ajj + akk + iakj − iajk

⇒ i(akj − ajk) is real ⇒ Re akj = Re ajk.

All this gives A∗ = A.
(c) ⇒ Hermitian S∗AS is Hermitian ⇒ S∗AS is similar to a real diagonal
matrix. Therefore A is similar to a real diagonal matrix. Just let S = I to
get A is Hermitian.

Theorem 9.0.5 (Spectral Theorem). Let A ∈ Mn be Hermitian. Then
A is unitarily (similar) equivalent to a real diagonal matrix. If A is real
Hermitian, then A is orthogonally similar to a real diagonal matrix.

9.1 Variational Characterizations of Eigenvalues

Let A ∈Mn be Hermitian. Assume

λmin ≤ λ1 ≤ λ2 ≤ · · · ≤ λn−1 ≤ λn = λmax.

Theorem 9.1.1 (Rayleigh—Ritz). Let A ∈ Mn, and let the eigenvalues
of A be ordered as above. Then

λmax = λn = max
x6=0

hAx, xi
hx, xi

λmin = λ1 = min
x 6=0

hAx, xi
hx, xi .
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Proof. Let x1 . . . xn be the linearly independent and orthogonal eigenvectors
of A. Any vector x ∈ Cn has the representation

xΣαjxj .

Then hAx, xi = Σα2jλj and hx, xi = Σα2j . Hence

hAx, xi
hx, xi =

X
j

α2jP
i
α2i
λj .

Since

½
α2j
Σα2i

¾
is nonnegative and sums to 1, it follows that

hAx, xi
hx, xi

is a convex combination of the eigenvalues, whence the theorem follows. In
particular take x = xn(x1) to achieve the maximum (minimum).

Remark 9.1.1. This result gives just the largest and smallest eigenvalues.
How can we achieve the intermediate eigenvalues? We have already consid-
ered this problem somewhat in conjunction with the power method. In that
consideration we employed the bi-orthogonal eigenvectors. For a Hermitian
matrix, the families are the same. So we could characterize the eigenvalues
in a manner similar to that discussed previously. However, the following
characterization is simpler.

Theorem 9.1.2. Let A ∈ Mn be Hermitian with eigenvalues as above and
corresponding eigenvectors x1 . . . xn. Then

(∗) λn−k = max
x⊥{xn,... ,xn−k+1}

x6=0

hAx, xi
hx, xi .

The following result is even more general

(∗) λn−k = min
{wn,wn−1...wn−k+1}

max
x⊥{wn,wn−1...wn−k+1}

x 6=0

hAx, xi
hx, xi .

Proof. The Rayleigh—Ritz argument above gives (∗) directly.
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9.2 Matrix inequalities

When the underlying matrix is symmetric or positive definite, certain pow-
erful inequalities can be established. The first inequality is a consequence
of the cofactor result Proposition 2.5.1.

Theorem 9.2.1. Let A ∈Mn(C) be positive definite. Then detA ≤ a11a22 · · · ann
Proof. Expanding in minors, the determinant of A

detA = a11

¯̄̄̄
¯̄̄ a22 · · · a2n
...

. . .
...

an2 ann

¯̄̄̄
¯̄̄+ det

¯̄̄̄
¯̄̄̄
¯
0 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...
an1 an2 ann

¯̄̄̄
¯̄̄̄
¯

Since A is positive definite, it follows that each of it principal submatrices
is also. Therefore, the first term in the right side of the equality above is
postive, while the second term is negative by the cofactor result Proposition
2.5.1. To clarify , it is important to note that if A is Hermitian and invert-
ible, so also is its inverse. In particular, it A is positive definite, we know
its determinant is positive and so when we write

det

¯̄̄̄
¯̄̄̄
¯
0 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...
an1 an2 ann

¯̄̄̄
¯̄̄̄
¯ = −

X
a1ja1ka

ik

it is clear this term is negative. Therefore,

detA ≤ a11

¯̄̄̄
¯̄̄ a22 · · · a2n
...

. . .
...

an2 ann

¯̄̄̄
¯̄̄

whence the result follows inductively.

Corollary 9.2.1. Let S1, S2, . . . , Sr be any partition of the integers {1, . . . , n},
and let A1, A2, . . . , Ar., be the principal submatrices of A pertaining to the
indices of each subdivision. Then

detA = detA1 detA2 · · ·detAr
An important consequence of Theorem 9.2.1 is one of the most famous

determinantal inequalities. It is due to Hadamard.
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Theorem 9.2.1. Let B be an arbitrary nonsingular real square matrix. Then

(detB)2 ≤
nY
i=1

nX
j=1

|bij |2

Proof. Define A = BTB. Then

diagA =

 nX
j=1

|b1j |2, . . . ,
nX
j=1

|bnj |2


whence the result follows from Theorem 9.2.1 since detA = (detB)2.

9.3 Exercises

1. Prove Corollary 9.2.1.

2. Establish Theorem 9.2.1 in the case the matrix is complex.

3. Establish a result similar to Theorem 9.2.1 for rectangular matrices.



Chapter 10

Nonnegative Matrices

10.1 Definitions

Nonnegative matrices are simply those with all nonnegative entries. We
will eventually distinguish various types of such matrices substantially on
how they are nonnegative or conversely where they are zero. A particular
type of nonnegative matrix, the type that has no off-diagonal block to be
zero, will turn out to have the greatest value to us. If nonnegative matrices
distinguished themselves in only minor ways from general matrices, they
would not occupy the high position of importance they enjoy in the modern
literature. Indeed, many remarkable properties of nonnegative matrices
have been uncovered. Owing substantially to the many applications to
economics, probability, and engineering, the subject has now for more than
a century been one of the hottest areas of research within the subject.

Definition 10.1.1. A ∈ Mn(R) is called nonnegative if aij ≥ 0 for 1 ≤
i, j ≤ n. We use the notation A ≥ 0 for nonnegative matrices. If aij > 0
for all i, j we say A is fully (or strictly) positive. (Notation. AÀ 0.)

In this section we need some special notation. Let x ∈ Cn, x = (x1, . . . , xn)T .
Then

|x| = (|x1|, . . . , |xn|)T .

We say that x ∈ Rn is positive if xi ≥ 0, 1 ≤ i ≤ n. We say that x ∈ Rn is
fully (or strictly) positive if xi > 0, 1 ≤ i ≤ n. We use the notation x ≥ 0
and xÀ 0 for positive and strictly positive vectors, respectively.

Note that if A ≥ 0 we have kAk∞ = kAek∞ where e = (1, 1, . . . , 1)T .

245
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To give an idea of the direction we are heading, let us suppose that
A ∈ Mn (R) is a nonnegative matrix. Let λ 6= 0 be an eigenvector of A
with pertaining eigenvector x ≥ 0. Thus Ax = λx. (We will prove that
this comes to pass for every nonnegative square matrix.) Suppose further
that the vector Ax is zero on the index set S. That is (Ax)i = 0 if i ∈ S.
Since λ 6= 0 it follows that xi = 0 i ∈ S. Let SC be the complement of
S in the integers {1, . . . , n}, and let P and P⊥ be the projections to S and
SC , respectively. So, Px = 0 and P⊥x = x. Also, it is easy to see that
In = P + P

⊥, and hence

PAP⊥x = λPx = 0

Therefore PAP⊥ = 0. When we write

A =
³
P + P⊥

´
A
³
P + P⊥

´
in block form

A =
³
P + P⊥

´
A
³
P + P⊥

´
=

·
PAP PAP⊥

P⊥AP P⊥AP⊥

¸
we see that A has the special form

A =

·
PAP 0
P⊥AP P⊥AP⊥

¸
This particular calculation reveals in a simple way the consequences of zero
components to eigenvectors of nonnegative matrices. Zero components of
eigenvectors implies zero blocks of A. It would be correct to observe that
this argument requires a nonnegative eigenvector. Nonetheless, there are still
some very special properties of the remaining eigenvalues of A, particularly
those with the modulus equal to the spectral radius. It will be convenient to
have a name for the index set where a nonnegative vector x ∈ Rn is strictly
positive.

Definition 10.1.2. Let x ∈ Rn be nonnegative, x ≥ 0. Let S be the index
set such that xi 6= 0 if i ∈ S. We call S the support of the vector x.

10.2 General Theory

Definition 10.2.1. For A ∈ Mn(R) and λ /∈ σ(A) we define the resolvent
of A by

R(λ) = (λI −A)−1.
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This function behaves much like a rational function in complex variable
theory. It has poles at each λ ∈ σ(A). The order of the pole is the same as
the order of the zero of λ in the minimal polynomial of A.

Theorem 10.2.1. Suppose A ∈Mn(R) is nonnegative and λ > ρ(A), then
R(λ) = (λI −A)−1 ≥ 0.
Proof. Apply the Neumann series

(?) (λI −A)−1 =
∞X
k=0

λ−(k+1)Ak.

Since λ > 0 and A ≥ 0, it is apparent that R(λ) ≥ 0.
Remark 10.2.1. It is apparent that (?) holds upon noting that

(λI −A)−1
Ã
1−

µ
A

λ

¶n+1!
=

nX
0

λ−(k+1)Ak

and that |λ| > ρ(A) yields convergence.

Theorem 10.2.2. Suppose A ∈ Mn(R) is nonnegative. Then the spectral
radius ρ(A) of A is an eigenvalue of A with at least one eigenvector, x ≥ 0.
Proof. Suppose for each y ≥ 0, R(λ)y remains bounded as λ ↓ ρ. If x ∈ Cn
is arbitrary

|R(λ)x| =
¯̄̄̄
¯
∞X
n=0

λ−(n+1)Anx

¯̄̄̄
¯

≤
∞X
n=0

|λ|−(n+1)An|x|

= R(|λ|)|x|
for all λ, |λ| > ρ. It follows that R(λ)x is uniformly bounded in the region
|λ| > ρ, and this is impossible.

Now let y0 ≥ 0 be a vector for which R(λ)y0 is unbounded as λ ↓ p, and
let k k denote a vector norm. For λ > r, set

z(λ) = R(λ)y0/kR(λ)y0k,
where kR(λ)y0k ↑ ∞. Now z(λ) ⊂ {x | kxk = 1}, and the latter is compact.
Therefore {z(λ)}λ>ρ has a cluster point x0 with x0 ≥ 0 and kx0k = 1. Since

(ρI −A)z(λ) = (ρ− λ)z(λ) + y0/kR(λ)y0k
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and since λ→ ρ and kR(λ)y0k ↑ ∞ we have

lim
λ→ρ

(ρI −A)z(λ) = lim
λ→ρ

(ρI −A)x0 = 0.

Corollary 10.2.1. Suppose A ∈ Mn(R) is nonnegative and Az = λz for
some z À 0, then λ = ρ(A).

Proof. Since ρ(A) ⊂ σ(AT ) there is a vector y ≥ 0 for which AT y = ρy. If
λ 6= ρ, we must have hz, yi = 0. But z À 0 and this is impossible.

Corollary 10.2.2. Suppose A ∈ Mn(R) is strictly positive and z ≥ 0 such
that Az = ρz, then z À 0.

Proof. If zi = 0, then
nP
j=1

aijzj = 0, and thus zj = 0 for all j since aij > 0,

for all j. Hence z = 0, a contradiction.

This result will be strengthened in the next section by another result that
has the same conclusion but a much weaker hypotheses.

Theorem 10.2.3. Suppose A ∈ Mn(R) is nonnegative with spectral radius
ρ(A) and define

rm = min
i

X
j

aij rM = max
i

P
j
aij

cm = min
j

X
i

aij cM = max
j

P
i
aij

then both inequalities below hold.

rm ≤ ρ(A) ≤ rM
cm ≤ ρ(A) ≤ cM

Moreover, if A,B ∈Mn(R) then ρ(A+B) ≥ max(ρ(A), ρ(B)).
Proof. We prove the second set of inequalities. Let x ∈ Rn be the eigenvec-
tor pertaining to ρ(A). Since x ≥ 0 we can normalize x so that Pxi = 1.
Then

nX
j=1

aijxj = ρ(A)xi, i = 1, . . . , n
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Sum both side in i to obtain

nX
i=1

nX
j=1

aijxj =
nX
i=1

ρ(A)xi

nX
j=1

Ã
nX
i=1

aij

!
xj = ρ(A)

Replacing
Pn
i=1 aij by cM makes the sum on the left larger, that is

ρ(A) ≤
nX
j=1

Ã
nX
i=1

aij

!
xj ≤ cM

nX
i=1

xi = cM

Similarly replacing
Pn
i=1 aij by cm makes the sum on the left smaller,

and therefore ρ(A) ≥ cm. Thus, cm ≤ ρ(A) ≤ cM . The other inequality,
rm ≤ ρ(A) ≤ rM , can be easily established by applying what has just been
proved to the matrix AT noting of course that ρ(A) = ρ(AT ).

The proof that ρ(A + B) ≥ max(ρ(A), ρ(B)) is an easy consequence of
a Neumann series argument.

We could just as well prove the first inequality and apply it to the transpose
to obtain the second. This proof is given below.

Alternative Proof. Let x be the eigenvector pertaining to ρ(A) and xk =
max
i
xi. Then

ρxk =
nX
j=1

aijxj ≤
 nX
j=1

aij

maxxj .
Hence

ρ ≤
nX
j=1

aij ≤ max
k

nX
j=1

akj = t.

To obtain s ≤ ρ, let y ≥ 0 satisfy
AT y = ρy

and suppose kyk1 = 1. Then we have on the one hand
he,AT yi = ρhe, yi = ρ
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and on the other hand applying convexity

he,AT yi =
X
i

X
j

aTijyj

=
X
j

yj

ÃX
i

aji

!
≥ min

j

X
i

aji = s

Corollary 10.2.1. (i) If ρ(A) is equal to one of the quantities cm or cM ,
then all of the sums

P
i
aij are equal for j in the support of the eigenvector

x pertaining to ρ.
(ii) If ρ(A) is equal to one of the quantities rm or rM , then all of the sumsP
j
aij are equal for i in the support of the eigenvector y of A

T pertaining

to ρ. (iii) If all the row sums (resp. column sums) are equal, the spectral
radius is equal to this value.

Proof. Assume that ρ(A) = cM . Let S denote the support (recall Definition
10.1.2) of the eigenvector x. Assume also that the eigenvector x is normal-
ized so that

Pn
j=1 xj =

P
j∈S xj = 1. Following the proof of Theorem 10.2.3

we have
nX
j=1

Ã
nX
i=1

aij

!
xj =

X
j∈S

Ã
nX
i=1

aij

!
xj = cM

Since
1

cM
(
Pn
i=1 aij) ≤ 1 for each j = 1, . . . , n it follows that

X
j∈S

1

cM

Ã
nX
i=1

aij

!
xj ≤

X
j∈S

xj

Clearly if for some j ∈ S we have 1

cM
(
Pn
i=1 aij) < 1 the inequality above

will become a strict inequality, and the result is proved. The result is proved
similarly for cm
(ii) Apply the proof of (i) to AT .

10.3 Mean Ergodic Theorem

Let A ∈Mn(R). We have seen that understanding the nature of powers A
k,

k = 1, 2, . . . leads to interesting conclusions. For example if lim
k→∞

Ak = P ,
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it is easy to see that P is idempotent (P 2 = P ) and AP = PA = P . It is
therefore a projection to the fixed space of A. A less restrictive property is
mean convergence:

Mk = k
−1(I +A+A2 + · · ·+Ak)

lim
k→∞

Mk = P.

Note that if ρ(A) < 1 we have Ak → 0. Hence Mk → 0. On the other hand
if ρ(A) > 1 the Mk become unbounded. Hence mean convergence has value
only when ρ(A) = 1.

Theorem 10.3.1 (Mean Ergodic Theorem for matrices). Let A ∈Mn(R)
with ρ(A) = 1. If {Ak}∞k=1 is bounded then lim

k→∞
Mk = P , where P is a pro-

jection, commuting with A, onto the fixed space of A.

Proof. We need a norm k · k, vector and matrix. We have kAkk < C for
k = 1, 2, . . . . It is easy to see that

(?) AMk −Mk =
1

k

Ã
kX
0

Aj+1

!
− 1
k

Ã
kX
0

Aj

!
=
1

k
(I +Ak+1)

≤ 1
k
(1 +C).

Since the matricesMk are bounded they have a cluster point P . This means
there is a subsequence Mkj that converges to P . If there is another cluster
point Q (i.e. there is a subsequence M`j → Q), then we compare P and Q.
First we know

kMkj − Pk <
ε

2(1 +C)

kM`j −Qk <
ε

2(1 +C)
.

From (?) we have AP = P and AQ = Q, whence MkjP = P and MljQ = Q
for all k = 1, 2, . . . . Hence

P −Q =M`j (Mkj − P )−Mkj (M`j −Q)
or

kP −Qk ≤ ε.
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Thus P = Q and Mk converges to some matrix P . We have AP = PA = P
hence MkP = P for all k and therefore P 2 = P . Clearly the range of P
consists of all fixed vectors under A.

Corollary 10.3.1. Let A ∈ Mn(R) and suppose that lim
k→∞

Ak = P , then

lim
k→∞

Mk exists and equals P .

Definition 10.3.1. Let A ∈ Mn(R) have ρ(A) = 1. Then A is said to be
mean ergodic if

lim k−1(I +A+ · · ·+Ak)

exists.

Clearly, if A ∈ Mn(R) satisfies ρ(A) = 1 and A
k is bounded, then A is

mean ergodic. (Previous theorem.) Conversely, if A is mean ergodic then
the sequence Ak is bounded. This can be proved by resorting to the Jordan
canonical form and showing Ak is bounded if and only if Akj is bounded,
where AJ is the Jordan canonical form of A.

Lemma 10.3.1. Let A ∈ Mn(R) with ρ(A) = 1. Suppose λ = 1 is a
simple pole of the resolvent, and the only eigenvalue of modulus 1. Then
A = P + B where P = lim

λ→1
(λ− 1)R(λ) is a projection onto the fixed space

of A, PB = BP = 0 and ρ(B) < 1.

Proof. We know that P exists and using the Neumann series it is clear that
AP = PA = P

A lim
λ→1

(λ− 1)(λI −A)−1 = A(λ− 1)
∞X
0

λ−(k+1)Ak

= lim
λ→1

(λ− 1)
∞X
0

λ−(k+1)Ak+1

= lim
λ→1

(λ− 1)λ
"X

0

λ−(k+1)Ak − λ−1
#

= lim
λ→1

(λ− 1)R(λ) = P.

That is, AP = P . The other assertions follow similarly. Also, it follows that

P 2 = lim
λ→1

PR(λ) = P
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which is to say that P is a projection. We have, as well, that Ax = x ⇒
Px = x, again using the Neumann series.

Now define B = A− P . Then BP = PB = 0. Suppose Bx = ax, where
|α| ≥ 1. Then Px = 0, for

αPx = PBx = 0.

Therefore Ax = αx. Here α 6= 1 implies x = 0 by hypothesis and α = 1
implies Px = x, or x = 0, also. This contradicts the assumption that
|α| ≥ 1.
Theorem 10.3.2. Let A ∈ Mn(R) satisfy A ≥ 0 and ρ(A) = 1. The
following are equivalent:

(a) λ = 1 is a simple pole of R(λ).

(b) {Ak}∞1 is bounded.

(c) A is mean ergodic.

Moreover

lim
λ→1

(λ− 1)R(λ) = lim
k→∞

1

k
(I +A+ · · ·+Ak)

if either limit exists.

10.4 Irreducible Matrices

Irreducible matrices form one of the cornerstones of positive matrix theory.
Because the condition of irreducibility is both natural and often satisfied,
their applications are far and wide.

Definition 10.4.1. Let A ∈Mn (C) . The zero pattern of A is the set of
ordered pairs S = {(i, j) | aij = 0 }.
Example 10.4.1. For example with

A =

 0 1 2
1 0 0
2 3 0


S = {(1, 1) , (2, 2) , (2, 3) , (3, 3)}.
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Definition 10.4.2. A generalized permutation matrix B is any matrix hav-
ing the same zero patter as a permutation matrix.

This means of course that a generalized permutation matrix has ex-
actly one nonzero entry in each row and one nonzero entry in each column.
Generalized permutation matrices are those nonnegative matrices with non-
negative inverses.

Theorem 10.4.1. Let A ∈ Mn (R) be invertible and A ≥ 0. Then A is
invertible with nonnegative inverse if and only if A is a generalized permu-
tation matrix.

Proof. First, if A is a generalized permutation matrix, define the matrix B
by

bij =

 0 if aij = 0
1

aij
if aij 6= 0

Then A−1 = BT ≥ 0. On the other hand suppose A−1 ≥ 0 and A has
on some row two non zero entries, say ai,j1 and ai,j2 . Since A−1 ≥ 0 is
invertible there is a nonzero entry in the ith column, say a−1ki > 0. Now
compute multiply A−1A. It is easy to see that¡

A−1A
¢
k,j1

> 0 and
¡
A−1A

¢
k,j2

> 0

which contradicts that A−1A = I.

Example 10.4.1. The analysis for 2×2 matrices can be carried out directly.
Suppose that

A =

·
a b
c d

¸
and A−1 =

1

detA

·
d −b
−c a

¸
There are two cases: (1) detA > 0. In this case we conclude that b = c = 0.
Thus A is a generalized permutation matrix. (2) detA < 0. In this case
we conclude that a = d = 0. Again A is a generalized permutation matrix.
As these are the only two cases, the result is verified.

Definition 10.4.3. Let A, B ∈Mn (R). We say that A is cogredient to
B if there is a permutation matrix P such that

B = PTAP
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Note that two cogredient matrices are similar, indeed they are unitarily
similar for the very special class of unitary matrices given by permutations.
It is important to note that since AP merely interchanges the columns of
A and PTAP then interchanges the rows of AP. From this we observe that
both A and B = PTAP have exactly the same elements, though permuted.

Definition 10.4.4. Let A ∈Mn (R). We say that A is irreducible if it is
not cogredient to a matrix of the form·

A1 0

A3 A4

¸
where the block matrices A1 and A4 are square matrices. Otherwise the
matrix is called reducible.

Example 10.4.2. All diagonal matrices are reducible.

There is another way to describe irreducible (and reducible) matrices in
terms of projections. Let S = {j1, . . . , jk} ⊂ {1, 2, . . . , n} and define PS to
be the projection to the coordinate directions by

PS ei =

½
1 if i ∈ S
0 if i /∈ S

Furthermore define

P⊥S = I − PS
Then PS and P

⊥
S are orthogonal projections. That is, the product PSP

⊥
S =

0 and by definition PS + P
⊥
S = I. If SC denotes the complement of S in

{1, 2, . . . , n}, it is easy to see that P⊥S = PSC

Proposition 10.4.1. Let A ∈ Mn (R). Then A is irreducible if and only
if there is no set of indices S = {j1, . . . , jk} ⊂ {1, 2, . . . , n} for which
PSAP

⊥
S = 0.

Proof. Suppose there is a set of indices S = {j1, . . . , jk} ⊂ {1, 2, . . . , n} for
which PSAP

⊥
S = 0. Define the permutation matrix as from the permutation

that takes the first k integers 1, . . . , k to the integers j1, . . . , jk and the
integers k + 1, . . . , n to the complement SC . Then

PTAP =

·
A1 A2
A3 A4

¸
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The entries in the block A2 are those with rows given from the rows cor-
responding to the indices in S and columns corresponding to the indices
in SC . Thus A is reducible. Conversely, suppose that A is reducible and
that P is a permutation matrix such that

PTAP =

·
A1 0

A3 A4

¸
For definiteness, let us assume that A1 is k× k and A4 is (n− k)× (n− k) .
Define S = {ji | pji,i = 1, i = 1, . . . , k}. and T = {ji | pji,i = 1, i =
k + 1, . . . , n} Because P is a permutation, it follows that T = SC and
PSAP

⊥
S = 0, which proves the converse.

As we know for a nonnegative matrix A ∈Mn (R) the spectral radius is
an eigenvalue of A with pertaining eigenvector x ≥ 0. When the additional
assumption of irreducibility of A is added the conclusion can be strengthened
to xÀ 0. To prove this result we establish a simple result from which the
xÀ 0 follows almost directly.

Theorem 10.4.2. Let A ∈ Mn (R) be nonnegative and irreducible. Sup-
pose that y ∈ Rn is nonnegative with exactly 1 ≤ k ≤ n− 1 nonzero entries.
Then (I +A) y has strictly more nonzero entries.

Proof. Suppose the nonzero entries of y are S = {j1, . . . , jk}. Since (I +A) y =
y + Ay, it follows immediately that ((I +A) y)ji 6= 0 for ji ∈ S, and there-
fore there are at least as many nonzero entries in (I +A) y as there are in
y. In order that the number of nonzero entries not increase, we must have
for each index i /∈ S that (Ay)i = 0. With PS defined as the projection
to the standard coordinates with indices from S we conclude therefore that
P⊥S AP = 0, which means that A is reducible, a contradiction.

Corollary 10.4.1. Let A ∈Mn (R) be nonnegative. Then A is irreducible
if and only if (I +A)n−1 > 0.

Proof. Suppose that A is irreducible and y ≥ 0 is any vector in Rn. Then
(I +A) y has strictly more nonzero coordinates and thus (I +A)2 y has even
more nonzero coordinates. We see that the number of nonzero coordinates
of (I +A)k y must increase by at least one until the maximum of n nonzero
coordinates is reached. This must occur by the (n− 1)th power. Now
apply this to the vectors of the standard basis e1, . . . , en. For example,
(I +A)n−1 ek À 0. This means that the kth column of (I +A)n−1 is strictly
positive. The result follows.



10.4. IRREDUCIBLE MATRICES 257

Suppose conversely that (I +A)n−1 > 0 but that A is reducible. Then
there is a permutation matrix P such that PTAP has the form

PTAP =

·
A1 0

A3 A4

¸
It is easy to see that all the powers of A have the same form – with respect
to the same blocks. Also, (I +A)n−1 = I +

Pn−1
i=1

¡n−1
i

¢
Ai. So

PT (I +A)n−1 P = PT

Ã
I +

n−1X
i=1

µ
n− 1
i

¶
Ai

!
P

= I +
n−1X
i=1

µ
n− 1
i

¶
PTAiPT

has the same form

PT (I +A)n−1 P =
·
Ã1 0

Ã3 Ã4

¸
and this proves the result.

Corollary 10.4.2. Let A ∈Mn (R) be nonnegative. Then A is irreducible
if and only if for each pair of indices (i, j) there a positive power 1 ≤ k ≤ n
such that

¡
Ak
¢
ij
> 0.

Proof. Suppose thatA is irreducible. Since (I +A)n−1 = I+
Pn−1
i=1

¡n−1
i

¢
Ai >

0, it follows that A (I +A)n−1 = A +
Pn−1
i=1

¡
n−1
i

¢
Ai+1 > 0. Thus for each

pair of indices (i, j) ,
¡
Ak
¢
ij
> 0 for some k.

On the other hand suppose that A is reducible. Then there is a permu-
tation matrix P for which

PTAP =

·
A1 0

A3 A4

¸
Follow the same argument as above to establish that A (I +A)n−1 must
have the same form as PTAP with the same zero pattern. Thus there is
no positive power 1 ≤ k ≤ n such that ¡

Ak
¢
ij
> 0 for any of the pairs of

indices corresponding to the (upper right) zero block above.

Another characterization of irreducibility arises when we have Ax ≤ ax for
some nonzero vector x ≥ 0. This type of domination-type condition appears
to be quite weak. Nonetheless, it is equivalent to the others.
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Corollary 10.4.3. Let A ∈Mn (R) be nonnegative. Then A is irreducible
if and only if Ax ≤ ax for some nonzero vector x ≥ 0, then xÀ 0.

Proof. If xi = 0, then aij = 0 whenever xj 6= 0. Define S = {1 ≤ j ≤
n | xj 6= 0}. Then with PS as the orthogonal projection to the standard
vectors ei, i ∈ S, it must follow that PSAP

⊥
S = 0. Since S is strictly

contained in {1, 2, . . . , n}, it follows that A is reducible.
Now suppose that A is reducible, which means we can assume it has

the form

A =

·
A1 0

A3 A4

¸
For definiteness, let us assume that A1 is k × k and A4 is (n− k)× (n− k)
and of course k ≥ 1. Let v ∈ Rn−k be the nonzero nonnegative vector which
satisfies A4v = ρ (A4) v. Let u = 0 ∈ Rk. Define the vector x = u⊕v. Then

(Ax)i =

½
(A1u)i = 0 = ρ (A4)ui if 1 ≤ i ≤ k
(A1v)i = ρ (A4) vi if k + 1 ≤ i ≤ n

The conditions of that the hypothesis are met without xÀ 0.

Corollary 10.4.4 (Subinvariance). Let A ∈Mn (R) be nonnegative and
irreducible with spectral radius ρ. Suppose that there is a positive number s
and nonnegative vector z ≥ 0 for which

(Az)i ≤ szi, for i = 1, 2, . . . , n

Then (i) z À 0, and (ii) ρ ≤ s. If in addition ρ = s, then Az = ρz.

Proof. Clearly, the same inequality holds for powers of A. For A (Az) ≤
Az ≤ sz. Now apply induction. Next suppose that zi = 0. By Corollary
10.4.2 we must have for each index pair i, j that

¡
Ak
¢
ij
> 0 for some positive

integer k making
¡
Akz

¢
i
≤ szi impossible for some k. Thus z À 0. To prove

the second assertion, let x be the eigenvector of AT pertaining ρ. Then

hAz, xi = ­z,ATx® = ρ hz, xi ≤ s hz, xi (1)

Since xÀ 0, the innerproduct hz, xi > 0. Hence ρ ≤ s.
Finally, if ρ = s and (Az)i < ρzi for some index i then we conclude from

(1) that ρ < ρ, a contradiction.
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Theorem 10.4.3. Let A ∈Mn (R) be nonnegative and irreducible. If x ≥
0 is the eigenvector pertaining to ρ (A), i.e. Ax = ρ (A)x, then xÀ 0.

Proof. We have that (I +A) is also nonnegative and irreducible, with spec-
tral radius 1 + ρ (A) and pertaining eigenvector x. Since

(I +A)n−1 x > (1 + ρ (A))n−1 xÀ 0

it follows that xÀ 0.

Corollary 10.4.5. (i) If ρ(A) is equal to one of the quantities cm or cM
from Theorem 10.2.3, then all of the sums

P
i
aij are equal for j = 1, . . . , n.

(ii) If ρ(A) is equal to one of the quantities rm or rM from Theorem 10.2.3,
then all of the sums

P
j
aij are equal for i = 1, . . . , n. (iii) Conversely, if all

the row sums (resp. column sums) are equal, the spectral radius is equal to
this value.

Proof. Both are direct consequences of Corollary 10.2.1 and Theorem 10.4.3
which imply that the eigenvectors (of A and AT , resp.) pertaining to ρ are
strictly positive.

10.4.1 Sharper estimates of the maximal eigenvalue

Sharper estimates for the maximal eigenvalue (spectral radius) are possible.
The following results assembles much of what we have considered above. We
begin with a basic inequality that has an interesting geometric interpreta-
tion.

Lemma 10.4.1. Let ai, bi, i = 1, . . . n be two positive sequences. Then

min
j

bj
aj
≤
Pn
j=1 bjPn
j=1 aj

≤ max
j

bj
aj

Proof. We proceed by induction. The result is trivial for n = 1. For n = 2
the result is a simple consequence of vector addition as follows. Consider
the ordered pairs (ai, bi), i = 1, 2. Their sum is (a1 + a2, b1 + b2). It is a
simple matter to see that the slope of this vector must lie between the slopes
of the summands, which is to say

min
j

bj
aj
≤
P2
j=1 bjP2
j=1 aj

≤ max
j

bj
aj
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as is shown below.

Now assume by induction the result holds up to n− 1. Then we must have
that Pn

j=1 bjPn
j=1 aj

=

Pn−1
j=1 bj + bnPn−1
j=1 aj + an

≤ max
"Pn−1

j=1 bjPn−1
j=1 aj

,
bn
an

#

≤ max

·
max

1≤j≤n−1
bj
aj
,
bn
an

¸
= max
1≤j≤n

bj
aj

A similar argument serves to establish the other inequality.

Theorem 10.4.4. Let A ∈Mn (R) be nonnegative with row sums rk and
spectral radius ρ. Then

min
k

 1
rk

nX
j=1

akjrj

 ≤ ρ ≤ max
k

 1
rk

nX
j=1

akjrj

 (2)

Proof. First assume that A is irreducible. Let x ∈ Rn be the principal
nonnegative eigenvector of AT , so ATx = ρx and x À 0. Assume also
that x has been normalized so that

P
xi = 1. By summing both sides of

ATx = ρx, we see that
P
rkxk = ρ. Since ρ2 is the spectral radius of A2, we

also have that
¡
AT
¢2
x =

¡
A2
¢T
x = ρ2x. Summing both sides, it follows

that
Pn
k=1

Pn
j=1 rja

T
jkxk = ρ2. Now

ρ =
ρ2

ρ
=

Pn
k=1

Pn
j=1 rja

T
jkxk

rkxk
= max

k

Pn
j=1 akjrj

rk

by Lemma 10.4.1. The reverse inequality is proved similarly. In the
case that A is not irreducible, we take the limit Ak ↓ A where the Ak are
irreducible matrices. The result holds for each Ak, and the quantities in the
inequality are continuous in the limiting process. Some small care must be
taken in the case that A has a zero row.
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Of course, we have not yet established that the estimates (2) are sharper
that the basic inequality mink rk ≤ ρ ≤ maxk rk. That is the content of
following result, whose proof is left as an exercise.

Corollary 10.4.6. Let A ∈ Mn (R) be nonnegative with row sums rk.
Then

min
k
rk ≤ min

k

 1
rk

nX
j=1

akjrj

 ≤ ρ ≤ max
k

 1
rk

nX
j=1

akjrj

 ≤ max
k
rk

We can continue this kind of argument even further. Let A ∈ Mn (R)
be nonnegative with row sums ri and let x be the nonnegative eigenvector
pertaining to ρ. Then

¡
AT
¢3
x = ρ3x or expandedX

m,k,j

aTija
T
jka

T
kmxm = ρ3xi

Summing both sides yieldsX
m,k,j

rja
T
jka

T
kmxm = ρ3

Therefore,

ρ =
ρ3

ρ2
=

P
m

P
k

P
j rja

T
jka

T
kmxmP

m

P
j rja

T
jmxm

≤ max
m

P
k

P
j rja

T
jka

T
kmP

j rja
T
jm

= max
m

P
k amk

P
j akjrjP

j amjrj

by Lemma 10.4.1, thus yielding another estimate for the spectral radius.
The estimate is two-sided as those above. This is summarized in the fol-
lowing result.

Theorem 10.4.5. Let A ∈Mn (R) be nonnegative with row sums ri. Then

min
m

P
k amk

P
j akjrjP

j amjrj
≤ ρ ≤ max

m

P
k amk

P
j akjrjP

j amjrj
(3)

Remember the complete proof as developed above does require the assump-
tion irreducibility and the passage of the limit. Let’s consider an example
and see what these estimates provide.
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Example 10.4.3. Let

A =

 1 3 3
5 3 5
1 1 4


The eigenvalues of A are −2, 2, and 8. Thus ρ = 8. The row sums are
r1 = 7, r2 = 13, r3 = 6, which yields the estimates 6 ≤ ρ ≤ 13. The
estimates from (2) are 64

7 , 8, and
22
3 giving the estimates

7.333333333 ≤ ρ ≤ 9.142857143

Finally, from (3) the estimates for ρ are

7.818181818 ≤ ρ ≤ 8.192307692

It remains to show that the estimates in (3) furnish an improvement to
the estimates in (2). This is furnished by the following corollary, which is
left as an exercise.

Corollary 10.4.7. Let A ∈Mn (R) be nonnegative with row sums ri. Then
for each m = 1, . . . , n

min
k

 1
rk

nX
j=1

akjrj

 ≤ Pk amk
P
j akjrjP

j amjrj
≤ max

k

 1
rk

nX
j=1

akjrj

 (4)

These results are by no means the end of the story on the important
subject of eigenvalue estimation.

10.5 Stochastic Matrices

Definition 10.5.1. A matrix A ∈Mn(R), A ≥ 0, is called (row) stochastic
if each row sum of A is 1 or equivalently Ae = e. (Recall, e = (1, 1, . . . , 1)T .)
Similarly, a matrix A ∈ Mn(R), A ≥ 0, is called column stochastic if AT is
stochastic.

A direct consequence of Corollary 10.2.1(iii) is that the spectral radius of
stochastic matrices must be one.

Theorem 10.5.1. Let A ∈ Mn(R) row or column stochastic. Then the
spectral radius of A is ρ(A) = 1.
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Lemma 10.5.1. Let A, B ∈ Mn (R) be nonnegative row stochastic ma-
trices. Then for any number 0 ≤ c ≤ 1, the matrices cA + (1− c)B and
AB are also row stochastic. The same result holds for column stochastic
matrices.

Theorem 10.5.2. Every stochastic matrix is mean ergodic, and the periph-
eral spectrum is fully cyclic.

Proof. If A ≥ 0 is stochastic, so also is Ak, k = 1, 2, . . . . Therefore Ak is
bounded. Also ρ(A) ≤ max

i

P
k

aij = 1. Hence the conditions of the previous

theorems are met. This proves A is mean ergodic.

Stochastic matrices–as a set–have some interesting properties. Let Sn ⊂
Mn(R) of stochastic matrices. Then Sn is a convex set, it is also closed.
Whenever a closed convex set is determined, the characterization of its ex-
treme points is desired.

Recall, the (matrix) point A ∈ Sn is called an extreme point if whenever

A = ΣλjAj

Σλj = 1, λj ≥ 0 and Aj ∈ Sn it follows that one of the Aj ’s equals A and
all λj but one are 0.

Examples. We can also view Sn ⊂ Rn
2
. It is a convex subset of Rn

2

and is moreover the intersection of the positive orthant of Rn
2
with the n

hyperplanes defined by
P
j
aij = 1, i = 1, . . . , n. [Note that we are viewing

a vector x ∈ Rn2 as

x = (α11, . . . ,α1n,α21, . . . ,α2n, . . . ,αn1, . . . ,αnn)
T ]

Sn is therefore a convex polyhedron in R
n2 . The dimension of Sn is n

2 − n.
Theorem 10.5.3. A ∈ Sn is an extreme point of Sn if and only if A has
exactly one 1 in each row, and all other entries are zero.

Proof. Let C = cij be a (0,1)-matrix. (That is a matrix cij =

½
1
0
or for

all 1 ≤ i, j ≤ n.) Suppose that C ∈ Sn then there is a unique j for which
cij = 1. If C = λA + (1 − λ)B it is easy to see that a1j = b1j = 1 and
moreover that a1k = b1k = 0 for all other k 6= j. It follows that C is an
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extreme point. Conversely suppose C ∈ Sn is not a (0,1) matrix. Fix one
row. Let

Aj =


ej
c2 →
...
cn →


where ej = (0, 0, . . . , 1,

jthposition

0 . . . 0) and c2 . . . cn are the respective rows of C.

Then

C =
nX
1

C1jAj .

If C1 is not a (0,1) row we are finished, since C cannot be an extreme point.
Otherwise select any non (0,1) row and repeat this argument with respect
to that row.

Corollary 10.5.1. Permutation matrices are extreme points.

Definition 10.5.2. A lattice homomorphism of Cn is a linear mapA : Cn →
Cn such that |Ax| = A|x|, for all x ∈ Cn. A is a lattice isomorphism if both
A and A−1 are lattice homomorphisms.

Theorem 10.5.4. A ∈ Sn is a lattice homomorphism if and only if A is an
extreme point of Sn. A ∈ Sn is a lattice isomorphism if and only if A is a
permutation matrix.

Theorem 10.5.5. A ⊂ Sn is a permutation matrix if and only if σ(A) ⊂ Γ.
Γ = {λ ∈ C | |λ| = 1}.Exercise.

1. Show that any row stochastic matrix (i.e. nonnegative entries with
row sums are equal 1) with at least one column having equal entries
is singular.

2. Show that the only nonnegative matrices with nonnegative inverses
must be diagonal matrices.

3. Adapt the argument from Section 10.1 to prove that the nonnegative
eigenvector x pertaining to the spectral radius of an irreducible matrix
must be strictly positive.
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4. Suppose that A, B ∈ Mn (R) are nonnegative matrices. Prove or
disprove

(a) If A is irreducible then AT is irreducible.

(b) If A is irreducible then Ap is irreducible, for every positive power
p ≥ 1.

(c) If A2 is irreducible then A is irreducible.

(d) If A, B are irreducible, then AB is irreducible.

(e) If A, B are irreducible, then aA + bB is irreducible for all non-
negative constants a, b ≥ 0.

5. Suppose that A, B ∈ Mn (R) are nonnegative matrices. Prove that
if A is irreducible, then aA + bB is irreducible for all nonnegative
constants a, b > 0.

6. Suppose that A ∈Mn (R) is nonnegative and irreducible and that the
trace of A is positive, trA > 0. Prove that Ak > 0 for some sufficiently
large integer k.

7. Prove Corollary 10.2.1(ii) for ρ(A) = rm.

8. Let A ∈ Mn (R) be nonnegative with row sums ri (A) and column
sums ci (A). Show that

Pn
i=1 ri

¡
A2
¢
=
Pn
i=1 ci (A) ri (A).

9. Prove Corollary 10.4.6.

10. Prove Corollary 10.4.7. (Hint. Use Lemma 10.4.1.)

11. Let p be any positive integer and suppose that A ∈Mn (R) is nonneg-
ative with row sums ri. Define r = (r1,..., rn)

T . Recall that (Apr)m
refers to the mth coordinate of the vector Apr. Show that

min
m

(Apr)m
(Ap−1r)m

≤ ρ ≤ max
m

(Apr)m
(Ap−1r)m

(Hint. Assume first that A is irreducible.)

12. Use the estimates (2) and (3) to estimate the maximal eigenvalue of

A =

 5 1 4
3 1 5
1 2 2


The maximal eigenvalue is approximately 7.640246936.
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13. Use the estimates (2) and (3) to estimate the maximal eigenvalue of

A =


2 1 4 4
5 7 3 2
5 0 6 0
5 5 5 7


The maximal eigenvalue is approximately 14.34259731.

14. Suppose that A ∈Mn (R) is nonnegative and irreducible with spectral
radius ρ, and suppose x ∈ Rn is any strictly positive vector, x À 0.

Define τ = max
i

(Ax)i
xi

. Show that ρ ≤ τ .

15.

A =

·
1 0
0 1

¸
σ(A) = {1} C =

0 0 1
1 0 0
0 1 0


B =

·
0 1
1 0

¸
σ(B) = {−1, 1} ρC(λ) = λ3 + 1 = 0

λ = −1, eiπ/3, e−iπ/3
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