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In this paper, an arbitrary function f(x) defined on the interval (0, a) is
‘expressed as an expansion in Dini's series of the orthogonal family

(Fs (om 2) of modified Bessel functions, where Gy (x) = x-¥ Ji (x) and pm

denotes the mth postive root of the equationx$F", (ax) +h F, (ax) = 0.
Next, the convergence theorem is rigorously established. The Din's series

suggest to considera varaint of the finite Hankel transformation, which wil
be called the finite Hankel-Schwartz transformation of the second kind. This

transformation is used in solving some partial differential equations which
‘cannot be directly treated by applying the corresponding finite Hankel trans-
formation, Fisally, we remark thatthe initial term of our expansion depends

‘only on the parameter h, whereas the classical Dini’s expansion depends on
hee

1, Inrropucrion

Schwartz’ investigated the following modified Hankel transformation

FQ) = F FOO) ams) (lt)
where dm (x) = [2°TP (+ Wp xt dx and F (x) = 2°T (+ 1) x-¥ Jy (x), Jv)
being the Bessel function of the first kind of order v.

This transformation has been studied in spaces of distributions by several authors

and Lee’ calls it Hankel-Schwartz integral transformation.

To consider the expansion of an arbitrary function f(x) defined in the interval

(0, a) as a Fourier-Bessel series, i.e., as a series of the type

LQ) = Za Fon) (1.2)

where Fv (x) = x-’ Jy (x),¥ 2 — } and J, denote the positive zeros of the functions
Fi), ie,

Fr (ina) = 0. (1.3)
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Méndez* introduced the corresponding finite transformation through the equation

Ar (FD) = Faw) = d XE Fy (ja x) f (x) dx (1.4)

which is called Hankel-Schwartz transformation of the first kind of order v, Its

inversion theorem is stated as :

Theorem \—Let f(t) be a function defined in (0, 1) and assumed to be absolutely
summable over the same interval. Letv => — 4 and

7
a= er Fy (i,t)

f (0) dt,n = 1,2, ..KFA.) 8

If f (1) is of bounded variation in (a, 6),0 < a <6 <1, and ifx € (a, 6), then the

series (1.2) converges to

LLG + + FO - OL

In this paper we show how the modified Dini series expansion of an arbitrary
function f(x) leads naturally to the finite Hankel-Schwartz integral transformation of

the second kind. The inverson theorem of this new transformation is rigorously

established by studying the convergence of the series expansion. The operational

calculus generated is used in the solution of several problems in Mathematical Physics.

Recall that the form of the Dini series is determined by the nature of the zeros

of the equation

2 Fi @M+hF (=O.

We emphasizethat the first term of the expansions depend on the parameter /, and
‘not on A + y, as it happens in the classical theory (cf. Watson", p. 597).

Another interesting feature of this transformation is its usefulness in the solution

of partial differential equations which cannot be tackled by applying the corresponding

finite Hankel transformation when v # | (cf. Colombo‘, p. 82).
Finally, we will denote in the sequel the partial sum of the series (1.2) by

Si(3) ~ Bam Fo Um 3). 0.5)
Setting

Pew= Sp 2 HUes) Fed A)
FA)
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we have

Se) = fo PLO, OF(0 dt. 0.1)

2. Preciminary Resutts

Let L denote the differential operator x71 <2. trv Zé We begin by consi-
dering the following Sturm-Liouville problem (cf. Sneddon”, p. 440)

(L+™)y =0,0<a<b (21),

My (a) = a, y (a) + ay (a) = 0, Ny (B) = b, y (6) +5,9" (1) = 0
wo(2.2)

where a,, a,, 6, and 6, represent prescribed constants.

‘The general solution of eqn. (2.1) is

Y= $9) = 40) FAs + BO) RAW (23)

where Fy (x) = x-* Jo (x) and Yo (x) = x-¥ Yo (0), Jo (x) being the Bessel function
of the first kind of order v and Y, (x) the one of second kind.

Let y = ¢, (x) be the eigenfunctions of the problem (2.1)—(2.2) which corres-

pond to the nonzero eigenvalues A,. We have the general orthogonality condition

ifmln" {x ODE x93)’ wo

S37 4,0) bn @) dx = 4 +2600) 6 i]. ifmen
t 0 ifm zn,

(2.4)

Then, we deduce from (2.3) that the solution of the particular problem

(L+9)¢@)=0, O<xca wns(2.5)

N¢ (@) = ¢' @) + hg (@) = 0,4 >0
is

$n (x) = Fo (P, x) (2.6)

where P,, P,, ..denote the positive zeros arranged in ascending order of magnitude of
the transcendental equation

2 F, (a2) +h F(a) =0 me)

ive, fof. Gray et al.', p. 16, eqn. (24)),

ait Fy, (az) + hFs (az) = 0.
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The above orthogonality condition (2.4) now becomes

t Spe (ah + ab 20h) 2 (Ppa) if man
[2 FP) Fe) dx =} 77F
‘ Lo vif zn, 28)

Given an arbitrary functionf (x) defined in the interval (0, a), (2.8) allows one toformally express this function as a Dini expansion, as follows

LG) = Eby Fs (Pm x) (2.9)

where

2e% ‘

ox= j XE SF,(Px)f (x) dx
att) FF (Pma) (ah? + apt, — 2vh) @ -..(2.10)

m = 1, 2, ..., Pm being the positive roots of eqn. (2.7).

Note that we can extend the Dixon theorem (cf. Watson’, p. 480) to the zeros

of the function (2.7). Indeed, it can be proved that the zeros of the equations

Ax F(x) + BH (x) = Oand Cx F', (x) + DFvix) = 0 are interlaced, what-

ever the real numbers 4, B, C and D, provided they are such that AD # BC. Hence,

the roots of eqns. (1.3) and (2.7) also are interlaced.

3. THe Mopiriep Dint ExPansion—THE CONVERGENCE THEOREM:

In this section it will be assumed that a = | for the sake of simplicity.

As it occurs in the classical theory of Dini expansions (cf. Watson’?, p. 597), we

have to add an initial term to the series (2.9), In fact, the form of Dini expansion is

based on the zeros of the function (2.7) and these depend upon the values of the para-

meter h. Thus, the expansion (2.9) only corresponds to the case h > 0.

When h = 0 it can easily be seen that the equation (2.7) has a zero at the origin.

On the other hand, when / < 0 this function has two purely imaginary zeros.

Let v be a real number such that v > — }. We write the modified Dini expan-

sion of f (x), as follows

£0) = bot E bmn Fs (Pu) 2.1)

where by denote the initial term which must be inserted in (2.9) asa consequence of
the existence of these new roots.
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Ifh > O the initial term 6, = 0 and (3.1) coincides with (2.9). But when

h = 0, taking into account that

J x8 (Om 3) de = Figs _) = 0, m= 1, 2.
[cf. Gray et al.', p. 16, eqn. (25)] and (2.7), we get

by = r+ 2) | xS00) ds G2)

Finally, if + Py i denote the imaginary zeros of (2.7) when h < 0, from (3.1)

and (2.8) we infer that

2°53 2b= ——__—__—_ J x1 (iPe x) f(a) de. ...8.3)
(P+ 2vh — ht) FF (Pei) &

Now, consider the function

2w Fe (aw) Fs (ow) 34)
Fw) WH, (w) +h Fy (w))

whose poles are the zeros ji, js... of Fv (2) and the zeros Pi, Ay... of: F, (2)

+h F(2).

The residues of this function at the first poles are

2FiUe) Flin)
BF, Um)

Ifh > 0 the residues at the poles Ps, Pay... are
20%, Fv (Pax) Fe (Pa)

(PL — 2h + ht) F} (Pe)

When h = 0 we must moreover consider the residue at the origin, whose value

is 4@ +1).

When h < 0 the residues at -: ip, are both equal to

20 Fs (Po xi) Fu (Po ti)

(P2 + 2vh — ht) F3 (Poi)
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By denoting the partial sum of the series (3.1)

44) = be + E bn Fo (Pe 3) G5)
and

oa 27, Fi (Pe aL (Pmt)
Po 158) = Ag (a0) + 8.6)

fat (P3,— 2vh + At) 2 (P,)

where

{ O,ifh>0
| 26+ Difh=0

Aen = |
"

(3.7)

DSS apt (Po xi) Fe (Pott)
|ith<o

{ (P+ 2h — HF) F2QPpi)
wo can express (3.5) a8

a, (x) =f 09 Py (x, A) FU) at. (8)
Now choose D, such that it is not equal to any of the numberja and P, < D,<< Pas, and let jw be the greatest of the numbers j,, which does not exceed D, (cf.

Watson", p. 598),

The following expression

5,6058) = SS PFU Fea) _ 45x,1)wt in Fey (im)

ean 2 PL, Fs (Poe x) Fe (0, 1)
- > ans 39)

fear (P5,+ ht — 2vh) F? (Pn)

where A, (x, t) is given by (3.7), permits to connect the partial sums of the modified

series of Fourier-Bessel (1.2) and Dini (3.1). Clearly, from (1.5), (1.6), (1.7), (3.5).
(3.8) and (3.9) it can be deduced that

fe s.0 6/00 dt = 3 a, Fin 2) — 6, ~ bm Fo (02)
= Sw (2) = 6, (0). 1.10)
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From Cauchy's theory of residues we find the following integral representation

of (3.9)

bysot

SO, 6 9 = pp j 2Fao)Fo") __ by.)T
piace Fo(w) tw F, (0) +h Fe (w))

Since

§ wires (om) dt = 0° Fons (8)
[ef. Gray et al, p. 16, eqn. (25)), it can be inferred from (3.11) that

j 18S, (x, 15 A) dt = oo j Frew) Fos () Gy,
: Tybee Fu (w) (w Fi (w) + h Fy (w)}

(3.12)

As an immediate consequence of(3.11) and (3.12) we have

esIS@6MI< Gyamgoe—y 3.13)
and

(pao , a (4ynriG Saat Ral < 5S (4) aa (3.14)
where cs and ¢, are constants independent of n, x and f.

Next, it can be proved with an argument similar to the one used in Watson'*

(p. 599) that if f (1) is absolutely summable in the interval (a, b), 0 <a < b < 1, then
.

{ 9S, (x, 5A) £(O dt + 0, a8 n> 00 3.15)

provided 0 <x <1.

Theorem 2—Letf(t) be a function defined and absolutely summable in the

interval (0, 1). If f(t) is of bounded variation in (a, 6) where 0 <a <b < 1, then
the series (3.1) converges to the sum#[f(x + 0) + f(x — O)] at all points x suchthata+ A < x <b — 4,A > 0 being arbitrarily small.

Proor : By virture of Theorem 1 the series Zo, Fv (J, x) converges to the
sum } [f(x + 0) + f(x — 0)]. Our assertion follows directly from (3.10) and (3.15)
to pass to the limit as n -> co,
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Remark 1 : Note that the initial term by of our expansion (3.1) only depends on

the value of A, whereas this term depends on A+ in the classical theory

(cf. Watson",p, 598), Moreover, the roots P, of theequation 2 F(z) + h Fv(2)=0
are not equal to the roots A,’s of z J, (z) + hJy (2) = (z) = 0.

4. Tue Finrre HANKeL—SCHWaARTZ INTEGRAL TRANSFORMATION OF

‘THE SECOND KIND—APPLICATIONS

According to (2.9) and (2.10), we define the finite Hankel-Schwartz integral

transformation of the second kind of order v > — 4 by the equation

Pov S00] = Fava) = fF,0S(0 de 4.0)
whose kernel is the modified Bessel function (2.6) and where f,, denote the roots of

eqn. (2.7).

The corresponding inversion formula is

en PA Fay (2) Fv (Py x)-
22, [Faw OM = $00) = Ot eer Sp —"

=i (ah* + ap?— 2vh) F4(P,a)
4.2)

Theorem 2 not only guarantees existence of (4.1) but also ensures that inversion

formula (4.2) holds.

If we assume that thef € C* (0, a),f’ (a) + h f(a) = 0 and h > 0, we obtainthe main operational formula of this transformation, i. e.,

. vd, :tw [2 + BEE)]= — 6 bw) 43)
whatever the values of f (0), andf’ (0), provided they are finite.

Iff' (a) + hf (a) #0 andh > 0, we get
- wei,too [rey + BEHy @]- Keo @+hs@

= PE hun FO. a)

Remark 2: Recall that the function»y= F, (x) isa solution of the equation
Lymy + 1+2 y+ y <0. tts multiplication by x" has only repercussions on
the sign of the parameter y, that is, the function

y= FIQ= Fs)
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is a solution of the equation

trymy + By tym,
Consequently, the solution of Sturm-Liouville problem

(L* + ¥) dQ) =0

. , 2») oy =NE@M=y@+ (a- *) $a) =0
is

#2) = FF P(X) 4.5)

where P,, P:,... denote the positive zeros of the equation (2.7). The solutions (4.5)

form a orthogonal system on the interval (0, a) with respect to the weight function

x'-4», Proceeding as before, we can now introduce the integral transform

MLO = FLO = fo" FE ONL) dx 4.6)

whose inversion formula, in the case h > 0, is given by

a 20 FL) FE odA a = 50) = SS
sar a'-*¥ (ah? + ap} — 2vh) F$* (Py a)

4.7)

A similar result to that proven in Theorem 2 can be stated in relation with the
convergence of the series (4.7), whenever v = — 4.

The main operational rule of the transform (4 6) is

om [ros Spo |= = 6 ae 48)
Qvprovided thatf’ (a) + ( — *)s@ =0andh>0.

In the sequel we shall give a few examples to illustrate the use of the above
transformations in solving some important problems.

(a) Let» be any real number. We wish to find the solution of the equation

Ou w+ bee 1 owgrt MEM ef Bm oo<r<ak>0) (49)
satisfying the initial condition

u(r,0)=f(r) O©Srsa)
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and the boundary conditions

woo + hu(a,t)= 0, for every v = 0,
or

ued + (« -2)u@o = 0, for every v = 0.
By virtue of (4.3) and (4.8), we convert formally (4.9) into

2 kp -
(2 + et) ume = 0,

where

hut (rs W), vz 0

Fw O = Vas, (u(r Dh ¥ S 0.

Hence,

ket

Un = Fiv(n) om (4.10)
where

Av (fl, +20

Fo) = VASO)» 50.

By applying the inversion jformulas (4,2) and (4.7) to (4.10), we get the required
solution

if 2 ketfy ga PE Fav (0) Fo (Par) emheh

\ sar> 20|" ES (att+ ak) 208) + FF (Pa)wnon 4

Sa PL Fav (0) F5, (Py 1) emheRE ay
| ir
[OO ca + or, + FI 0.0

Note that when v ~ 0 the prablem (4.9) reduces to the one considered by

Sneddon" (eqns. 8-4-20, 33, 34) on the diffusion equation, since in this caseF, (x)
= Jy (x) and p, = & are the roots ofx J; (ax) +h Jp (ax) = 0. Then, both of
formulas in (4.11) yield the sum solution and this coincides with the one achieved in
the reference mentioned obove.

A procedure similar to the one used by Churchill? (p. 191), allows one to esta-
Dlish (4.11) as a rigorous solution of our problem.
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Remark 3 : Note that the equation (4.9)cannot be solved directly by means of

the finite Hankel transformation, except when v = 0, Nevertheless, the simultaneous
application of the figite Hank:I-Schwartz transformations (4.1) and (4.6) providesasimple method to solve immediately the problem (a), no matter what the real value of

y may be.

() Many partial differential equations involving the n-dimensional laplacian

operator can also be solved by using the transformation (4.1). Indeed, the n-dimen-

sional potential equation is

GuGu, eu +o 0 (4.12)
ext ax} oxi,

where wu =u (Xiy X35 ney Neos 7) If we seek solations which only depend on

rem xt +(x} +..+ x2)! and z, (4.12) reduces to the from (ef. Sneddon”, p. 342)

eu pn 2m | awat SR + Gee (4.13)

We find now the solution of (4.13) that satisfies the conditions

2.2)+ hu(a2) = 0(2 > 0,4> 0)
4,0) =S0 (4.14)

u(r, 2) + 0, a8 2 + ©,

by directly applying to (4.13) the finite Hankel-Schwartz transformation of the second
kind of order

v = (n — 3)/2. Now denote U, (z) = shaw (u(r, 2). From (4.3) wesee that U, (2) satisfies the equation

. Uy (2) _— Ua)+ TERE) oo
whose solution is, in view of conditions (4.14),

U, (2) = F(n) e-tat

where

F(n) = daw fF)

Again making use of (4.2), the formal solution of the problem posed by equations
(4.13) 4.14) is

Sy PE etal Fe (Par) Fn)

109-  > ——————. 2fA.15)
Sar (ah? + ap) — 2vh) $3 (P, a)
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That (4.15) is truly a solution of our problem can be proved assuming that the

function f(r) is such that the above series and the series obtained by applyingtheoperator L and 2; converge adequately
When v = O(i¢.,” = 3) the problem (4.13) consists of finding the bounded

steady temperatures u(r, z) in the cylinder r € a,z > 0, if it is assumed that heat

transfer into surroundings at temperature zero takes place through the surface r = a,
according to the linear law u, (a, z) = — hw (a, z).

Remark 4: The problem (4.13) is usually solved by means of the finite Hankel
transform only in the casen = 3 (Colombo*, p. 82). Now, by combining the finitetransforms (4.1) and (4.6), it is feasible to solve this problem for eachn 2 3, evenmore, for an arbitrary integer n.

REFERENCES

1. T.M, Apostol, Mathematical Analis, Adision-Wesey, Mass. 1957.2. H.S, Carslaw, An Iniraduction tothe Theory of Fourier's Series and Inegrals, Dover Publication,
New York, 1950.

3. R.V. Churchill, Fourier Series an! Boundary Value Problems, McGraw-Hill Book Co, Ine.
New York, 1963,

4. S. Colombo, Les transformationsdeMeinet Hankel, C.N. R.S., Pats, 1959.
5. LS. Dube and J. N, Pandey, Tohoku Math J.27 (1975), 337-54,6. A.Gray, G.B. Mathews and T.M. MacRobert, Treatise on Bessel Functions and their

“Applications 10 Physics, McMillan and Co. Ltd, London, 1952.

1. W.Y. Lee, SIAMJ. Math, Anal 6 (2) (1973), 427-328. J. M. Méndez, The nite Hankel-Schwartz transform (To appeat)

9. ALL, Schwarts, Proc. An, Math, Soc. 221969), 713-17

10. 1.N. Snoddon, Phill Mog. Ser. 7, 37 (264) (1964), 17-25.
11, ALN. Sneddon, The use of Integral Transforms, Tata-MeGraw-Hil, New Delt, 1979.

12. G.N. Watson,A Treatise on the Theory of Bessel Functions, Cambridge University Press,London, 1966.


