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In this paper, an arbitrary function f(x) defined on the interval (D, a) is
expressed as an expansion in Dini's series of the orthogonal family
{ 55 (pm x)} of modified Bessel functions, where G, (x) = 2™V J, (x) and pm
denotes the mth postive root of the equation x §r°, (ax) + b S, (ax) = 0,

Mext, the convergence theorem is rigorously established. The Dini's series
suggest to consider a varaint of the finite Hankel transformation, which will
be called the finite Hankel-Schwartz transformation of the second kind. This
transformation is used in solving some partial differential equations which
cannot be directly treated by applying the corresponding finite Hankel trans-
formation. Finally, we remark that the initial term of our expansion depends
only on the parameter h, whereas the classical Dini's expansion depends on
b+ v

1. INTRODUCTION
Schwartz® investigated the following modified Hankel transformation
FO)= ] & (0)f(x) dm () (1)
where dm (x) = [T (v + )] x™*dx and F (x) = 2T (v + 1) x~* Jy (x), Ju (%)
being the Bessel function of the first kind of order v.

This transformation has been studied in spaces of distributions by several authors
and Lee” calls it Hankel-Schwartz integral transformation.

To consider the expansion of an arbitrary funection f (x) defined in the interval
(0, a) as a Fourier-Bessel series, i.e., as a series of the type
m &
f(x)= Z a, F(jnx) .(1.2)
w=]
where &y (x) = x=¥ Jy (x),» = — } and J, denote the positive zeros of the functions
5’\' [ﬂ}s i'=~|
g-'i {jl ﬂ]’ = ui ,,.[1.3‘}
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Méndez® introduced the corresponding finite transformation through the equation
&
M [ (x)] = Fipu (n) = uI x40 G, (Ja x) f (x) dx .(1.4)

which is called Hankel-Schwartz transformation of the first kind of order v, Its
inversion theorem is stated as :

Theorem 1—Let f(f) be a function defined in (0, 1) and assumed to be absolutely
summable over the same interval. Letv = — {1 and

ay = J e s rodann=2
;n 5-.:'.. [In] L]

If £ (1) is of bounded variation in (2, ), 0 < @ < b < 1, and if x € (a, b), then the
series (1.2) converges to

PA(x+0) + f(x = 0)).

In this paper we show how the modified Dini series expansion of an arbitrary
function f (x) leads naturally to the finite Hankel-Schwartz integral transformation of
the second kind. The inverson theorem of this new transformation is rigorously
established by studying the convergence of the series expansion. The operational
calculus generated is used in the solution of several problems in Mathematical Physics.

Recall that the form of the Dini series is determined by the nature of the zeros
of the equation

: F, (@) +hF(z)=0
We emphasize that the first term of the expansions depend on the parameter A, and
not on A + v, as it happens in the classical theory (cf. Watson'®, p. 597).

Another interesting feature of this transformation is its usefulness in the solution
of partial differential equations which cannot be tackled by applying the corresponding
finite Hankel transformation when v # 1 (cf. Colombo®, p. 82).

Finally, we will denote in the sequel the partial sum of the series (1.2) by
S, = £ am SFu U 2. (1.5)
Setting

P.l:x‘f}- 3 zﬁ{jnx}?uus:j
w1 F,0 0

.(1.6)
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we have

S, (x) = [ %1 P, (x, 1) £ (¢) d. iR
[ ]

2. PreLiMINARY RESULTS

d
Let L denote the differential operator x~**-! dx xtrei ‘% We begin by consi-
dering the following Sturm-Liouville problem (cf. Sneddon!?, p. 440)

(L+A)y=0,0<a<b (2.1)
My(@)=a y(@ +a,y(@=0Ny(d) =byb) +b,y(B)=0
.(2.2)

where a,, a,, b, and b, represent prescribed constants.
The general solution of eqn. (2.1) is

y=é(x,2) = A0 F.(Ax) + B(A) () .(2.3)

where 5 (x) = x* Jy (x) and Z (x) = x™* ¥, (%), J. (x) being the Bessel function
of the first kind of order v and ¥. (x) the one of second kind.

Let y = ¢, (x) be the eigenfunctions of the problem (2.1)—(2.2) which corres-
pond to the nonzesro eigenvalues A,. We have the general orthogonality condition

f ;T: [x“"” {x ($5 (X)*+AL xél (%)

|
f X1 6, (x) ém (x) dx = ) + 2 ¢a (%) #, (ﬂ}]- if = n
a
lL 0 yifm == n,
..(2.4)

Then, we deduce from (2.3) that the solution of the particular problem
(L+Aa)¢(x)=0, 0sx<a ..(2.5)
Né(a)=¢'(a) + hé(a) =0, h >0
is

$a () = Fv (P, x) ...(2.6)
where Py, P, ..denote the positive zeros arranged in ascending order of magnitude of
the transcendental equation

z F,(az2)+h Fo(az) =0 (2.7

i.e., [cf. Gray er al.®, p. 16, eqn. (24)),
—az* F,, (az) + hSF (az) = 0.
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The above orthogonality condition (2.4) now becomes

T ;i: (ah* + aP) —2vh) 7 (P,a),if m=n
! X G (Px) T (Pyx) dx = %Pn
o

Lo , ifmsn, .(2.8)

Given an arbitrary function f (x) defined in the interval (0, a), (2.8) allows one to
formally express this function as a Dini expansion, as follows

f(x) = _‘g b, S (Pm x) - (2.9)
where
2e2 a
bm = —— [ o) 7 (0 dx

a®* S (Pma) (ah® + ap] — 2vh) ; {2.10)

m= 1,2, ..., Pm being the positive roots of eqn. (2.7).

Note that we can extend the Dixon theorem (cf. Watson'®, p. 480) to the zeros
of the function (2.7). Indeed, it can be proved that the zeros of the equations
Ax F ! (x) + BSFv(x) = Dand Cx &, (x) + DS (x) = 0 are interlaced, what-

ever the real numbers A4, 8, C and D, provided they are such that AD == BC. Hence,
the roots of eqns. (1.3) and (2.7) also are interlaced.

3. Tue MobiFiep Dini Expansion—THE CoNVERGENCE THEOREM

In this section it will be assumed that @ = | for the sake of simplicity.

As it occurs in the classical theory of Dini expansions (cf. Watson'®, p. 597), we
have to add an initial term to the series (2.9). In fact, the form of Dini expansion is
based on the zeros of the function (2.7) and these depend upon the values of the para-
meter h. Thus, the expansion (2.9) only corresponds to the case i = 0.

When h = 0 it can easily be seen that the equation (2.7) has a zero at the origin.
On the other hand, when & < 0 this function has two purely imaginary zeros.

Let v be a real number such thatv = — 4. We write the modified Dini expan-
sion of [ (x), as follows

f() = b+ £ bn Fu(Pu) ER))

where by denote the initial term which must be inserted in (2.9) asa consequence of
the existence of these new roots.
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Ifh = 0 the initial term b, = 0 and (3.1) coincides with (2.9). But when
h = 0, taking into account that

2‘ S (Pax)dx = Fuy(P)=0,m=1,2,..

[ef. Gray er al®, p. 16, eqn. (25)] and (2.7), we get

by = (2v + 2) | x™ f(x) dx. (3.2)
L]

Finally, if & P, i denote the imaginary zeros of (2.7) when h < 0, from (3.1)
and (2.8) we infer that
2p; !
by = X G, (iPg x) f(x) dx. ...(3.3)
(P2 + 2vh — h*) F* (p, 1) 4

MNow, consider the function
2w S5 (xw) S, (tw)
SF(w) wS (W) + h . (v))

«.(3.4)

whose poles are the zeros j,, ji,... of S (z) and the zeros P, P, ... of z &, (2)
-+ h .?-'I {Z}

The residues of this function at the first poles are
2 FvlJax) Feliat) ‘
I F L, (Jim)

If A = 0 the residues at the poles p,, Py, ... are

2P, Fu(pax) Fulpat)

(P! — 2k + k) FI()

When b = 0 we must moreover consider the residue at the origin, whose value
is — 4 (v 4 1)

When #t < 0 the residues at 4- ip, are both equal to
2P, S (Po xi) S (Py 1i)

(P} + 2vh — h*) S (Py i)
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By denoting the partial sum of the series (3.1)

a, (x) = by + 3 bu 4 (Pn X) .(3.5)
and
rn 2P (P X) fu(Pmt)
Po(x, t; h) = Ay (x,1) + ..(3.6)
o (PL— 2vh + ) FL(P,)
where
[ 0,ifh=>0
Jifh=0
ll 2(v 4 1),if ey
Ao (x,0) = ¢ _ | .
|20 S (P xi) Sy (Po 1)
| — ,ifh<0
!L (P2 + 2vh — ) FE(Py i)
we can express (3.5) as
ou (x) = | 159 P, (x, £ h) [ (1) dt. ~(38)
a

Now choose D, such that itis not equal to any of the number jm and p, < D,

< P,y and let jv be the greatest of the numbers j,, which does not exceed D, (cf.
Watson'®, p. 598),

The following expression

S. '[..I', I h] = 25"{‘!‘— I} S {fm I':I
=1 Jo 5‘:“ (Jim)

— Ao (x, 1)

= 2P, Fo (P x) F (P 1)
- z ~(39)
(P + b — 2vh) F (Pm)

where 4, (x, 1) is given by (3.7), permits to connect the partial sums of the modified
series of Fourier-Bessel (1.2) and Dini (3.1). Clearly, from (1.5), (1.6), (1.7), (3.5),
(3.8) and (3.9) it can be deduced that

1

£ S, (x, 5 ) S (0) do = £ 4y Fy(jmx) — by — T b Fo (P %)
=i =1

= Sy (x) — o, (x). ..(3.10)
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From Cauchy's theory of residues we find the following integral representation
of (3.9)

D +ooq
S, (x, 12 B) = 2'_ [ 2w Fy (xw) Fy (W) dw. .(.11)
™ b s Fu (W {w FL (W) + h F (W)

§ Wit (W) di = 19t Fuy, (W)

[ef. Gray et al.®, p. 16, eqn. (25)], it can be inferred from (3.11) that
r .D.Hbr.
[ vl § {x. rh)dt = iﬂ-: [ W Sy (xw) Sy [ﬁl-"]
[ ﬂ.'ml' g'u(W}{“’F:{W]-Fth[w]}
(3.12)

dw,

As an immediate consequence of (3.11) and (3.12) we have

Cy

l S- {xr 1, k} |- = {xl.]ri-l]i {2 —_y = I}

...(3.13)

and

I
wilf2
|I:=-+' Six, t; By di < <% (_) !
; b,

X

where ¢; and ¢, are constants independent of n, x and 1.

Mext, it can be proved with an argument similar to the one used in Watson'?
(p. 599) that if /(1) is absolutely summable in the interval (a, b)), 0 < @ < b < 1, then

f o1 s, (x, 6 )£ (1) dt = 0,887 — oo (3.15)

[ ]
provided 0 < x < 1.

Theorem 2—Let f (1) be a function defined and absolotely summable in the
interval (0, 1). If f(f)is of bounded variation in (g, b) where0 < @ < b < 1, then
the series (3.1) converges to the sum 4 [ (x + 0) + f(x — 0)] at all points x such
thata + A = x < b — A, A > 0 being arbitrarily small.

Proor : By virture of Theorem 1 the series E‘ g, Fy (j, x) converges to the

sum } [f(x + 0) + f(x — 0)]. Our assertion follows directly from (3.10) and (3.15)
to pass to the limit as n — oo,



1096 J. M. MENDEZ

Remark 1 : Note that the initial term &, of our expansion (3.1) only depends on
the value of h, whereas this term depends om h + v in the classical theory

(cf. Watson'®, p. 598). Moreover, the roots P, of the equation z & (z) + h 5. (2)=0

are not equal to the roots A,"s of z J, (z2) + AJv (2) = (2) = 0.

4, Tue Finrme HANKEL—SCHWARTZ INTEGRAL TRANSFORMATION OF
THE SECOND KIND—APPLICATIONS

According to (2.9) and (2.10), we define the finite Hankel-Schwartz integral
transformation of the second kind of order v > — { by the equation

Moy [ (x)] = Fou (n) = fx’"“ (P x) f(x) dx .(4.1)

whose kernel is the modified Bessel function (2.6) and where P, denote the roots of
eqn. (2.7).

The corresponding inversion formula is

o=t (ah* + ap? — M}Sf {P a}
..(4.2)

Theorem 2 not only guarantees existence of (4.1) but also ensures that inversion
formula (4.2) holds.

If we assume that the f € C*(0,4),/ ' (a) + hf(a) = 0 and h > 0, we obtain
the main operational formula of this transformation, i. e.,

214—[

P Fy,. {ﬂ} 9'! {P -1'_]
B @) =10 = bt e S

iy I:.f'{x} + £ (x :.] = = P e [f ()] (43)

whatever the values of / (0), and f” (0), provided they are finite.
If ' (a) + hf(a) 3£ 0 and h > 0, we get
21 + 1

S [ e+ '{x)] = a1 G, (p, @) (f' (@) + h f(a))

= Py S [ (X)) (- 4)

Rmmrk 2: 2F'-n:s::all that the function y = 5, (x) is a solution of the equation
Ly=y + + Ly + » = 0. Its multiplication by x* has only repercussions on
the sign of the pamm:t:r v, that is, the function

yo= F¥(x) =2 F, (x)
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is a solution of the equation

- v

X

L*y=y + y+y=0

Consequently, the solution of Sturm-Liouville problem

(L* + A% ¢ (x) =0

Mi@=¢@+ (h- Z)s@=0
is

$ (X) = F) Pa(x) .(4.5)
where P, Pu,... denote the positive zeros of the equation (2.7). The solutions (4.5)

form a orthogonal system on the interval (0, a) with respect to the weight function
x1-%  Proceeding as before, we can now introduce the integral transform

S Lf (0] = F2, (n) = ]x""“ F* (P ) f(¥)dx .(4.6)

whose inversion formula, in the case & = 0, is given by

= 202 Fl,(m) F¥ (P, %)
SIFS, ()] = f(x) =

=t @' (aht 4 ap] — 2vh) F}° (P, a) .
(47

A similar result to that proven in Theorem 2 can be stated in relation with the
convergence of the series (4.7), whenever v = — &.

The main operational rule of the transform (4 6) is

i [ rws SR @] = - e @9

provided that [ (a) + (ﬁ - zai)f{a} =0and h > 0.

In the sequel we shall give a few examples to illustrate the use of the above
transformations in solving some important problems.

(a) Let v be any real number. We wish to find the solution of the equation

2
‘;rl, I"T‘]"%--}:’;%{r:-n.u{r-:a,k}n} ..(4.9)
satisfying the initial condition

u(r,0)=f(r) 0=r=a)
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and the boundary conditions
a"{a“r"} + hu(a,t) = 0, for every v = 0,
or
ou(a, 1) + (h fk)u{a.r]-ﬂ, for every v = 0.
ar a
By virtue of (4.3) and (4.8), we convert formally (4.9) into
a i .
(Z + ke )vmo =0,
where
;hlu‘f[’ [’- "}] y ¥ E V]
Ulu'\l {'} = 'ﬁ:‘_“ [" {r' '}]‘ . s ﬂr
Hence,
—kgl
Upw (1) = Fapu (n) € ! .. (4.10)
where

Jen [, ¥ 20
Fi () = {.:::._, [f v <0,

By applying the inversion formulas (4.2) and (4.7) to (4.10), we get the required
solution

|r oo Pl OF, (1) Sy(P,r) e Kent

2
amﬂz yv=0

o=t (ah® + aP), —2vh) + F] (P, a)

"{rl I] = 1
2, P! Fuy(n) %, (P, r) e kent .(4.11)

ﬂ,—.,z.,,-l—z . v =0,

w=1 (ah* + ap, + 29h) F 2} (P, a)

.

Note that when v = 0 the prablem (4.9) reduces to the one considered by
Sneddon' (eqns. 8-4-20, 33, 34) on the diffusion equation, since in this case 57, (x)

= Jy (x) and p, = E, are the roots of x J {ax) + h Jy (ax) = 0. Then, both of
formulas in (4.11) yield the sum solution and this coincides with the one achieved in
the reference mentioned obove.

A procedure similar to the one used by Churchill® (p. 191), allows one to esta-
blish (4.11) as a rigorous solution of our problem.
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Remark 3 : Note that the equation (4.9) cannot be solved directly by means of
the finite Hankel transformation, except when v = 0. MNevertheless, the simultaneous
application of the finite Hank:zl-Schwartz transformations (4.1) and (4.6) provides a
simple method to solve immediately the problem (a), no matter what the real value of
¥ may be.

(b) Many partial differential equations involving the n-dimensional laplacian
operator can also bz solved by using the transformation (4.1). Indeed, the n-dimen-
sional potential equation is

at ot | a2
_"+_"+,,,+":"_”_+T‘:_=o .. (4.12)
axd ax oxi,

where w = w (¥, x4 .y Xoopy 2). If we seek solations which only depend on
roe=x® {x +..4+ x _1]‘ I* and z, (4.12) reduces to the from (cf. Sneddon'?, p, 342)

u 2 By, (4.13)

We find now the solution of (4.13) that satisfies the conditions

3"':" ”+hu{az}—u(z 0,h > 0)

u(r,0) = f(r) ...(4.14)
H{r, ﬂ - l].aaz —+ oo,

by directly applying to (4.13) the finite Hankel-Schwartz transformation of the second
kind of order v = (n — 3)/2. Now denote U, (z) = ,h,, (u(r, ). From (4.3) we
see that U, (z) satisfies the equation

@ U, (z)
2z = 0

-0 U.(2) +

whose solution is, in view of conditions (4.14),
U, (z) = F(n) et

where
F(n) = by [ S (r)].

Again making use of (4.2), the formal solution of the problem posed by equations
(4.13)—(4.14) is

2 P vt S, (P, r) F(n)

gyl

u(r,z) = ...(4.15)

< (aht + ap® — 20h) FE (Pya)
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That (4.15) is truly a solution of our problem can be proved assuming that the
function / (r) is mc!h that the above series and the series obtained by applying the

operator L and ;;—, converge adequately.

When v = 0 (i.e.,, n = 3) the problem (4.13) consists of finding the bounded
steady temperatures w (r, z) in the cylinder r € @,z = 0, if it is assumed that heat

transfer into surroundings at temperature zero takes place through the surface r = a,
according to the linear law u, (g, z) = — hu (a, z).

Remark 4 : The problem (4.13) is usually solved by means of the finite Hankel
transform only in the case n = 3 (Colombo*, p. 82). Now, by combining the finite

transforms (4.1) and (4.6), it is feasible to solve this problem for eachn = 3, even
more, for an arbitrary integer n.
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