CHAPTER 3

FRACTIONAL CALCULUSAND FRACTIONAL
DIFFERENTIAL EQUATIONS

[This chapter is based on the lectures of Professor R.K. Saxena of Jai Narain Vyas
University, Jodhpur, Rajasthan, India. |

3.0. Introduction

This section deals with certain properties of fractiondtwlus associated
with Laplace and Mellin transforms. Composition relatidretween Riemann-
Liouville fractional calculus and generalized Mittagfller functions are pre-
sented. Applications of fractional calculus in the solntwf differential and
integral equations of fractional order are demonstratéas Study will bring the
reader to the research level.

3.1. Laplace Transform of the Fractional Integral

3.1.1. Laplacetransform

Notation 3.1.1. F(s) = L{f(t); s} = (Lf)(s) : Laplace transform of (t) with param-
eters.

Notation 3.1.2.  L~Y{f(9);t} : Inverse Laplace transform

Definition 3.1.1. The Laplace transform of a functidift), denoted by=(s),
is defined by the equation

F(S) = (LF)(9) = L{f(1):; 8} = fom e St (), (3.1.1)
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176 3. FRACTIONAL CALCULUS AND FRACTIONAL DIFFERENTIAL EQUTIONS
where®R(s) > 0, which may be symbolically written as

F(s) = L{f(t); s} or f(t) = L™Y{F(9):t},

provided that the functionf (t) is continuous fot > 0, it being tacitly assumed
that the integral in (3.1.1) exists.

Example 3.1.1. Prove that

to- 1
L Hs7) = " R(s) >0, R(p)> 0. (3.1.2)

It follows from the Laplace integral
f e St ldt = g, R(s) >0, R(p)> 0. (3.1.3)
0

Example 3.1.2. Find the inverse Laplace transform % a,a > 0; where
R(s) > 0,F(s) = L{f(t); s}

Solution 3.1.1. Let

G(9) = Z =D ayse i| <1
r=0

Therefore,

HG(9) =g = L {Z(—a)fs-“-‘"}
r=0

=t*'E, . (-at?). (3.1.4)

Application of convolution theorem of Laplace transformelgis the result

a+s
where R(a) > 0.

) { 2 t} ) f (k= 071, o (-alx— 1)) Ok (3.1.5)
0
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3.1.2. Laplacetransform of thefractional integral

We have
ol T(X) = % fox(x—t)v‘lf(t)dt, (3.1.6)

where R(v) > 0.
Application of convolution theorem of the Laplace transfiagives

v=1

Liol " F(x); §) = L{;(V)} Lif(): s

= s F(9), (3.1.7)

where R(s) >0, R(v) > 0.

3.1.3. Laplacetransform of the fractional derivative

If ne N, then by the theory of the Laplace transform, we know that
gn n-1
el P G _ —k—1 £ (K)
L{dxn f: s} SF(9) g $1£0(04) (3.1.8)

n-1

= S'F(s) - Z FFOkD04), (n-1<a<n) (3.1.9)
k=0

where R(s) > 0 and F(s) is the Laplace transform df(t).
By virtue of the definition of the derivative, we find that

fo dn n—a
L{ocD§ f; st =L ﬁolx fis
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-l kL

= S'L{ITf; s} - ; S S ol f(04)
n-1

= S"F(s) - Z D11 (04), (D = d%) (3.1.10)
k=0

= S'F(9) - )| $7ID"F(0+) (3.1.11)
k=1

where R(s) > 0.

3.1.4. Laplacetransform of Caputo derivative
Notation 3.1.3. CO:aD;’

Definition 3.1.2. The Caputo derivative of a casual functi(t) ( that is
f(t) =0fort < 0) with @ > 0 was defined by Caputo (1969) in the form

a Cra
CaDif(x) =l Q“’ﬁf(x) = Dy £1(t) (3.1.12)

1
I'n-a)

fx(x — )™ (Ddt, (n—- 1 < @ < N) (3.1.13)

wheren € N.
From (3.1.7) and (3.1.13), it follows that

L(C oD f(1); 8} = sAILFO(D)). (3.1.14)

On using (3.1.8), we see that

n-1

LIC oDf f(t); 8 = 5™ | SF(5) - ) s M(04)
k=0

n-1

= 'F(9) - Z ¢ *1f004), (n-1l<a<n), (3.1.15)
k=0

where R(s) >0 and R(a) > 0.
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Note 3.1.1. From (3.1.12), it can be seen that

COZ oDfA = 0, whereA s a constant
whereas the Riemann-Liouville derivative

At

DiA =
ot I'l-a)

, (@#1,2,-0), (3.1.16)

which is a remarkable result.

Exercises 3.1.

3.1.1. Prove that

(ol” )(X) = L2x"L{f ()}, (3.1.17)
where®R(v) > 0.

3.1.2. Prove that

(W LT)(X) = Lx "L (x), (3.1.18)
where®R(v) > 0.

3.1.3. Prove that the solution of Abel integral equation of the seickind

1% gt
Y0~y fo g = (9 0<x<1

a > 0, is given by

X
d(X) = dgx f E.[A(x—t)?] f(t) dt, (3.1.19)
0
whereE,(X) is the Mittag-Lefler function defined by equation (3.5.1).

3.1.4. Show that

A Et)
I(@) Jo (x—t)

dt = E,(Ax*) - 1, a > O. (3.1.20)
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3.2. Méellin Transform of theFractional I ntegralsand
the Fractional Derivatives

3.2.1. Mdlin transform

Notation 3.2.1. m{f(x); s}, f*(s), the Mellin transform

Notation 3.2.2.  m{f*(s); x}, Inverse Mellin transform

Definition 3.2.1. The Mellin transform of a functiori(x), denoted byf*(s),
is defined by

f*(s) = m{f(X); s} = f x5 f(x)dx, x> 0. (3.2.1)
0
The inverse Mellin transform is given by the contour intégra
1 y+ico
f(xX) = mY{f(s); x} = o f(9x%ds, i = V-1 (3.2.2)
y—ico

wherey is real.

3.2.2. Mdlin transform of the fractional integral
Theorem 3.2.1. The following result holds true.

mlg )9 =

whereR(a) >0 and R(a+59) <1

f*(s+ a), (3.2.3)

Proof 3.2.1. We have

m(ply f)(s) = fom zs‘lﬁla) foz(z—t)"‘lf(t) dtdz

1 ¥ s 1y, a1
_F(a)fo f(t)dtft Flz-ttdz  (3.2.4)

on settingz = 5 thez-integral becomes
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1
e f UL - U tdu =t B(e, 1 - - 9), (3.2.5)
0

whereR(a) > 0, R(a+ S) < 1. Putting the above value afintegral, the result
follows.
Similarly we can establish

Theorem 3.2.2. The following result holds true.

I'(s)
I'(s+ a)
_ T
" I(s+a)

M(xle f)(s) = m {t*f(t); s}

f*(s+ a), (3.2.6)
whereR(a) > 0, R(s) > 0.

Note 3.2.1. If we set f(X) = x*¢(X), then using the property of the Mellin
transform

X p(X) & ¢*(S+ ), (3.2.7)
the results (3.2.3) and (3.2.6) become

(@l x99 = LY 19, (3.2.8)
whereR(a) >0, R@+9s) <1 and
(12 X FO)(S) = r(z(f)a) (9). (3.2.9)

where®R(a) > 0, and R(s) > 0, respectively.

3.2.3. Mdlin transform of the fractional derivative
Theorem 3.2.3. Ifne N, then
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I'(s)

m{fO); (9) = S P

whereR(s) > 0, R(s—n) > 0.

m{f(t); s—n}, (3.2.10)

Proof 3.2.2.  Integrate by parts and using the definition of the Mellin sfanm,
the result follows.

Example 3.2.1. Find the Mellin transform of the fractional derivative.

Solution 3.2.1. We have

oDl; f = oDQ oDl;_n f = oDQ ol)r(]_a f (3211)

Therefore,

m(oD5 f)(s) = % mioly @ f}(s—n),(n-1<R(e) <n) (3.2.12)
_ ) T(Yrd - (s—-a))
~ I(s-nI(l-s+n)

where®R(s) > 0, R(s) < 1+ R(a).

m{f(t); s— a}, (3.2.13)

Remark 3.2.1. An alternative form of ( 3.2.13) is given in Exercise 3.2.2.

Exercises 3.2.

3.2.1 Prove Theorem 3.2.2.

3.2.2 Prove that the Mellin transform of fractional derivativegisen by

) _ (=1 1(9) sinfr(s— n)]
m(ODx f)(S) - r(s— a') sin[ﬂ(S— a’)]
whereR(s) > 0, R(a — s) > —-1.

m{f(t); s—a}, (3.2.14)

3.2.3 Find the Mellin transform of (% x®)~®; a,b > 0.
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3.3. Kober Operators

Kober operators are the generalization of Riemann - Liberaihd Weyl op-
erators. These operators have been used by many authorg/ingléhe solution
of single, dual and triple integral equations possessiegiapfunctions of math-
ematical physics, as their kernels.

Notation 3.3.1.  Kober operator of the first kind
(X)), Ia,n: f(X)], La,n)f(X), E‘“7 f, I f.
Notation 3.3.2.  Kober operator of the second kind
R[f(X)], Rla, : F(X)], R(a, O)F(X), Kps f, KL f.

Definition 3.3.1.

L] =Ien 2 F()] = La,m) F(X) = Eg f
X

—_ T _ a—-1tn
=3 =50 f (x — O)* L f (t)ctt, (3.3.1)

where®R (a) > 0.

Definition 3.3.2.
R[f(¥)] = R[e. ¢ : F(X)] = R(e, 0) F(x) = Kgs f

4 00
=K f= s f (t— X)* M (), (3.3.2)
I(e) Jx
where®R (a) > 0.
(3.3.1) and (3.3.2) hold true under the following conditon

f € Lp(0, 00), R(a) > 0, R(n) > —%,?&({) > _Fl)% + % =1Lp=>1

Whenn = 0, (3.3.1) reduces to Riemann - Liouville operator. That is,

120f = x@ ol2f, (3.3.3)
For/ =0, (3.3.2) yields the Weyl operator of f(t). That s,



184 3. FRACTIONAL CALCULUS AND FRACTIONAL DIFFERENTIAL EQWTIONS

KOof = W2 o f(t). (3.3.4)
Theorem 3.3.1. [Kober (1940)].
If R(a) >0, R(n—9) > -1, eLy(0,00),1

a subspace of }(0, o) and p> 2), R(n) > —(—1],
formula

p<2 (or fe My(o, ),
+ % = 1, then there holds the

ol IA

I'l+n--9)
INa+n+1-19

m{I(a, ) f}(s) = m{ (x); s}. (3.3.5)

Proof 3.3.1. Itis similar to the proof of Theorem 3.2.1.
In a similar manner, we can establish
Theorem 3.3.2. [Kober (1940)].

If R(e@) >0, R(s+¢)>0,f eLp(0,0),1<p<2 (or feMpyow),a
subspace of }(o, ) and p> 2)

11 1
R()>—-——=,—+==1,
) pT g

then,

I'¢C+9)

m{R(a, ) f}(s) = T@+l19

m{ f(X); s}. (3.3.6)

Semigroup property of the Kober operators has been givereiform of

Theorem 3.3.3. If f € Ly(0, ), g € L4(0, ), %+§ =1,R(@) > —(—1],9%(4) >
—%, 1<p<2 (orfeMp(o, ), asubspace of {0, ) and p> 2), then

f g(X) I, m : £))(x)dx :f f(X)(R(a, ¢ : g))(X)dx. (3.3.7)
0 0

Proof 3.3.2. Interchange the order of integration.
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Remark 3.3.1. Operators defined by (3.3.1.) and (3.3.2) are also calleél¥rd
Kober operators.

Exercises 3.3.
3.3.1 Prove theorem 3.3.1.

3.3.2 For the modified Erdélyi-Kober operators, defined by théofeing equa-
tions form > O:

I(a,n: mf(X) =1(f(X): a,n,m)
m

— _ yn—ma+m-1 X (M _ §mya-1
= f¥ fo (X™ -t (), (3.3.8)

and

R, :m)f(x) =R(f(X) : a,,m)
_mé
(o) Jx
where f € Lp(0, ), R(a) > 0,R(n) > —%,?&({) > —
Mellin transforms of (i) I(a,n : mf(x) and (i) R
the conditions of validity.

t_g—ma+m—1(tm _ Xm)a—l f(t)dt, (3.3.9)

Tl

% + é = 1, find the
a,l > mf(x), giving

N

3.3.3 For the operators defined by (3.3.8) and (3.3.9.), show that

fo R(f(X) : a,n, mg(x)dx = fo f(X)I(g(X) : a,n, mdx, (3.3.10)

where the parametets , m are the same in both the operatbrand R. Give
conditions of validity of (3.3.10).

3.3.4 For the Erdélyi-Kober operator, defined by

2X—2af—2n

In,a f (X) = l—«(a,)

f (O — )12 £ (o, (3.3.11)
0
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whereR (@) > 0, establish the following results (Sneddon (1975)):

() 1oX®f() =x¥.50f(X) (3.3.12)
(“) IT],(YIT]+(1/,ﬁ = Ir],a/+,8 = |n+a”3’|n’a (3313)
(iii) L = lpraa- (3.3.14)

Remark 3.3.2. The results of Exercise 3.3.4 also hold for the operatornddfi
by

K, o f(X) =

whereR (a) > 0.

21 00
Fz(a) f (2 = Q)" 1221 f ()it (3.3.15)

Remark 3.3.3. Operators more general than the operators defined by (3.3.11
and (3.3.15) are recently defined by Galué et al [Integrah3form & Spec.
Funct. Vol. 9 (2000), No. 3, pp. 185-196] in the form

aly“T(x) =

a—-14n
r( ) f(x L £ (), (3.3.16)

whereR (a) > 0.

3.4. Generalized Kober Operators
Notation 3.4.1. I[a,B,y: mun,a: f(X)],I[f(X)]
Notation 3.4.2. I[a,B.y:mud,a: f(X]I[F(X)]

Notation 3.4.3.  R[f(¥].R[50% : f(¥)]

0,0,

Notation 3.4.4.  K[f(X)], K [{52 : f(x)]

Notation 3.4.5. 154" f(x) (Saigo, 1978)

Notation 3.4.6.  Ji2"f(x) (Saigo, 1978)
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Definition 3.4.1.
I =1Ma. B,y : mpu,n,a: f(x)]
lux—r]—l X
h F(l — a) 0
where,F4(-) is the Gauss hypergeometric function.

L
Fi(a, B+ my; %)t" f(t)dt, (3.4.1)

Definition 3.4.2.
I[f(X)] =[a,B,y : mu,d,a: f(X)]

p (T Cad
“T(1-a) fx oFi(a,+my; =) (Dt (3.4.2)

Operators defined by (3.4.1) and (3.4.2) exist under thevatig conditions:

() 1<p, g<oo, plt+gl=1 Jarg(l-a)<n

(i) R(l-a)>mR(@) > -1 R(©) > —%,%(7—&—,8—m) >-1meNgy v+
0,-1,-2,--

(i) f e Ly(0, )

Equations (3.4.1) and (3.4.2) are introduced by Kalla anc:8a (1969).

Fory = B, (3.4.1) and (3.4.2) reduce to generalized Kober operatoren
by Saxena (1967).

Definition 3.4.3.
R[f(0)] = R[55% (9]
Xor

" Th) Jo

Definition 3.4.4.
K[f(X)] = K[;22 (3]

6,0,8;

X B —0-p - - X
:r_@fxt (t=Xy oFalafiyia(l- DIf@OdL (3.4.4)

7 (x = 1)L JFy[a. B y: a(l )3()] fod.  (3.4.3)
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The conditions of validity of the operators (3.4.3) and (8)4re given be-
low:

() p=1 g<oo, prt+gl=1 Jarg(l-a)l <.
(i) R@)>-1RE) > -1 R() > 0.

(i) y#0,-1,-2,---;R(y—-a-p)>0.

(iv) f e Ly(0,).

The operators defined by (3.4.3) and (3.4.4) are given byr&eaed Kumb-
hat (1973). Whem s replaced by anda tends to infinity, the operators defined
by (3.4.3) and (3.4.4) reduce to the following operatorgeisgéed with confluent
hypergeometric functions.

Definition 3.4.5.
B[ (9] = lim R|22% £00)
Xor

. t o 0—
=00 O[B,y; a1l - St (x - 1) L (t)at. (3.4.5)

Definition 3.4.6.
7 [ (9] = im %62

X’ ” . X —6—p o~
= o f B,y a1~ DIt (t-¥) f(tdt,  (3.4.6)
where®R (o) > 0, R(5) > O.

Remark 3.4.1. Many interesting and useful properties of the operatorsddfi
by (3.4.3) and (3.4.4) are investigated by Saxena and Kub(iB&5), which
deal with relations of these operators with well-known gnég transforms, such
as Laplace, Mellin and Hankel transforms. Equation (3.4a3 first considered
by Love (1967).

Remark 3.4.2. In the special case, whenis replaced byr + 8,y by «, o by
zero,p by a@ andg by —n, then (3.4.3) reduces to the operator (3.4.7) considered
by Saigo (1978). Similarly, (3.4.4) reduces to another afmer(3.4.9) introduced

by Saigo (1978).
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Definition 3.4.7. Leta,B8,n € C, and letx € R, the fractional integral
(R(a) > 0) and the fractional derivativéi(«) < 0) of the first kind of a function
f(X) onR, are defined by Saigo (1978) in the form

T J, v

X Fila+B,—-n,a;1- ;()f(t)dt, R(a) >0 (3.4.7)

0,371 f(x) =

n
ddxn|g;”ﬁ I fx), 0<R(@)+n<l (neNy.  (3.4.8)

Definition 3.4.8. The fractional integral’®R (o) > 0) and fractional derivative

(R (@) < 0) of the second kind of a functioi(x) onR, are given by Saigo (1978)
in the form

JeBn £(x) = Tla) f oo(t — X p
X oF; (a + B -l %()f(t)dt, R(a) >0 (3.4.9)

=L gensna £0 0< Ra)+n<1 (neNy). (3.4.10)

dxn %
Example 3.4.1. Find the value of
g (X7 oFa(a, b; ¢ —a'x)} .
Solution 3.4.1.  We have

K = 1527 X 5Fy(a, b; ¢; —ax)}
_ i @) () (1Y @) rvo-1.

(C),r! 0.

Applying the result of Exercise 3.4.1, we obtain
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g1 Ny gy @) T(o + (o =B +n+0)@)
K=x ;( YV om To—gsf@snto+n
o1 _T@T@+1-p)
I'oc-BI'(c+a+n)
X 4F3(a,b,o,0+n-6;c,0-B,0+a+n;,—-aXx),

whereR(a) > 0,R(c) >0,R(c+n-pB)>0,c+0,-1,-2,---; [aX < 1.

Example 3.4.2. Find the value of

’

N a
JEEN (X HF1(a, b; c; ;))-

Solution 3.4.2.  Following a similar procedure and using the result of Exaci
3.4.3, it gives

a FE-Arn-4) .
@B, (A F b -2 = A-B
JX,oo (X 2 l(a*a !C’ )) F(_/l)r(a+ﬁ+7]—/l)x
X 4F3(a,b,,6’—/l,r]—/l;C,—/l,a+,8+r]—/l;%),
whereR(a) > 0,R(B-2) > 0,R(n—-1) >0,x>0,c+#0,-1,-2,---; |[x > |[&].

Remark 3.4.3. Special cases of the operat¢f§” andJ;%" are the operators of
Riemann -Liouville:

lox " F(¥) = oD f(X) = Tla) fo X(x—t)“‘lf(t)dt, (R(a) > 0) (3.4.11)

the Weyl:

B () = WL f(X) = % f m(t - X (Hdt, (R(e) > 0) (3.4.12)
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and the Erdélyi - Kober operators:

oo f(9) = E f(x)—

a—14n
) f(x D E(dt, (R(e) > 0)  (3.4.13)

and

3207 £(x) = K22 f(x) = f (t = X (O)dt, (R(a) > 0) (3.4.14)

I(a)

Example 3.4.3.  Prove the following theorem.

If R(a) >0andR(s) <1+ min[0,R(n - p)], then the following formula holds for
f(X) € Lp(0, o0) with 1 < p < 2 or f(X) € Mp(0, c0) with p > 2:

B, F(l S)F(U 18+1 S)
m{¥lge7 ) = T@-5-Ara@srsi-9 m{ f(X)}. (3.4.15)

Solution 3.4.3.  Use the integral

TN (y+o-a-p)
Fy+o-a)l(y+oc-p5)’

fw = oy (o By =

(3.4.16)
whereR(y) > 0, R(o) >0, R(y+o—-a-p) > 0.
Exercises 3.4.
3.4.1. Prove that
B IrL+Ar(1+A2+n-4) e (3.4.17)

0 T TA+A-BTA+A+a+n)"
and give the conditions of validity.

3.4.2. Find the Mellin transform of¢ J3%" f(X), giving conditions of its validity.

3.4.3. Prove that
NG Bl I'B-OI(n-4) 1B
F( Al +B+n-2)

(3.4.18)
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and give the conditions of validity.

3.4.4. Prove that

I'k+1rp+k-+1)
'k-B+1)I(e+n+k+1)
X oFa(k+Ln+k-B+1, kK-B+1La+n+k+1;-1%), (3.4.19)
and give the conditions of validity.

—B

|‘01:f’77 (Xke—/lX) —

3.4.5. Prove that

(B -
Jebn e sX = s”x”‘ﬁ—rg +,787))CD(1 —a-B,1+n-B;—-s¥
I'(n-B) :
+SBF(CH_n)d)(l—a—n,l+,8—n,—sx), (3.4.20)

and give the conditions of its validity. Deduce the resudtsLff W2, f](s) and
L[ K& fI(9).

3.4.6. Prove that [ Saxena and Nishimoto (2002) ]

D@ +1-6) oy

a.p, -1 C] _ AC
IO’Xn [ (a+bx7] =a I'o-BI(c+a+n)

bx
X 3Fa(o, 0 +n—-pB,-C; 0'—,8,0'+a+17;—g),
(3.4.21)
whereR (o) > max[Q R(3 - )], || < 1.
3.4.7. Evaluate
a,B, _ (ap,Ap)
g2 {xHp [axt gen |} 4> 0, (3.4.22)
and give the conditions of its validity.
3.4.8. Evaluate
a.,f, — — (a JA )
I {rtHpa faxct egd]), >0, (3.4.23)

and give the conditions of its validity.
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3.4.9. Establish the following property of Saigo operators cafletegration by
parts”.

fo ) £(%) (1657g) (x)dx = fo ) g(x) (327 1) (x)dx.

3.4.10. From Exercise 3.4.6, deduce the formula for

lox (@a+bX", (3.4.24)
given by B. Ross (1993).

3.4.11. Prove that

I'k+1)
X = X 4.2
R = Fa v ke 1) (3.4.25)
whereR(a) > 0, R(K) > -1,
3.4.12. Prove that

k _ I'(—a—k) era

WY =—" 3.4.26
X,oox F(_k) ’ ( )
whereR(a) > 0, R(K) < —R(a).
3.4.13. Show that
Iehn (x'e ™) = xPGHS [pxg i (3.4.27)
whereG33() is the Meijer's G-function®R(px) > 0, R(a) > 0.
Hint: Use the integral
1
P = — | (- *d 3.4.28
e =5 [ TE-9(pxds (3.4.29)
3.4.14. Evaluate
@B o— ~1((@p.Ap)
genetmalaxc ] s o (3.4.29)

giving the conditions of its validity.
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3.4.15. Evaluate

@ _ LA
L 1H3}?[a><‘|$§,8§)’], >0 (3.4.30)

and give the conditions of validity of the result.

3.4.16. With the help of the following chain rules for Saigo operat¢rSaigo,
1985)

gBmaarng = g rong, (3.4.31)
and
Jebngroatnf = Jerrbronf, (3.4.32)
derive the inverses
(gEnt = 5P, (3.4.33)
and
(JeEmyt = g ahae, (3.4.34)

3.5. Compositions of Riemann-Liouville Fractional
CalculusOperatorsand Generalized Mittag-L effler
Functions

In this section, composition relations between Riemaroulille fractional
calculus operators and generalized MittagHes functions are derived. These
relations may be useful in the solution of fractiondteliintegral equations. For
details, one can refer to the work of Saxena and Saigo (2005).



3.5. COMPOSITIONS OF RIEMANN-LIOUVILLE FRACTIONAL CALCUIWUS 195

3.5.1. Compositionrelationsbetween R-L operatorsand Eg’y(z)
Notation 3.5.1. E,(X) : Mittag-Leffler function.

Notation 3.5.2.  E,3(X) : Generalized Mittag-L@er function.

Notation 3.5.3. 1§, f : Riemann-Liouville left-sided integral.

Notation 3.5.4. 1%f : Riemann-Liouville right-sided integral.

Notation 3.5.5.  Dg, f : Riemann-Liouville left-sided derivative.

Notation 3.5.6. D®f : Riemann-Liouville right-sided derivative.

Notation 3.5.7. Eg’y(z) . Generalized Mittag-L&ler function (Prabhakar, 1971).
Definition 3.5.1.

- Fa
E,(2) = Z T T (@ € C,R(a) > 0). (3.5.1)

Definition 3.5.2.

E.s(2) = Z - (ak+ﬁ) (@, € C,R(a) > 0, R(B) > 0). (3.5.2)

Definition 3.5.3.
(15,H0 = 5 f (Xf(tt))ladt, R(a) > 0. (3.5.3)

Definition 3.5.4.
(N0 = 75 f 7 f(t))l _dt, R(a) > 0. (3.5.4)

Definition 3.5.5.
(D5, F)(x) : = (d%)[am(léz{“})(x); R(a) >0 (35.5)

1 d [a@]+1 X f(t)
ﬁ(dx) L (X — t) dt, R(e)>0. (3.5.6)
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Definition 3.5.6.

[a]+
(D‘_’f)(x)::(%() (17 )(x), Ra)>0 (3.5.7)

1 d [a]+1 0 f(t)
"I~ (a)) (_d_x) fx (t — X)) dt, R(e)>0  (3.5.8)

Remark 3.5.1. Here jp] means the maximal integer not exceedingnd{a} is
the fractional part of.

Definition 3.5.7.

(O .
0 (2= Z F(,Bk: e B7deCRO)>0RE) >0, (359)

Foro =1, (3.5.9) reduces to (3.5.2).

Theorem 3.5.1. Leta >0, 8> 0, y >0 and @ € R. Let [¢ be the
left-sided operator of Riemann-Liouville fractional igtal (3.5.3). Then there

holds the formula

(5. [E}, @)X = X7 E],,(aX). (3.5.10)

Lty

Proof 3.5.1. By virtue of (3.5.3) and (3.5.9), we have

((5)nantr’;8+y 1

= (|0+[t7 'E (al’B)])(X) = r( ) f ( t)d 12 r(ﬁn + ‘)/)n'

Interchanging the order of integration and summation aradueting the inner
integral by means of beta-function formula, it gives

K = x"w_lg F(a(é)n(aﬁ)n = xLES (@f).

+pn +y)(n)! Py

This completes the proof of Theorem 3.5.1.

Corollary 3.5.1. Fora > 0,8 > 0,y > 0 anda € R, there holds the formula

(15, [ Ep, (@P))(X) = X7 Eg 40y (56). (3.5.11)
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Remark 3.5.2. Forg = a, (3.5.11) reduces to

y—1
(18,10 Eay (@)D = ——[Euy(ax) - le)], (a%0)  (35.12)
by virtue of the identity
E.,(X) = le) + XEy04y(X), (@ # 0). (3.5.13)

Theorem 3.5.2. Leta > 0,8 > 0,y > 0Oande € R, (a # 0)and let §,
be the left-sided operator of Riemann-Liouville fractibmaegral (3.5.3). Then
there holds the formula

_ 1 .5 _
(15, [1ES, @) (X) = aX" YPE 40y s(@€) — Ef L, _s@XF)].  (3.5.14)
Proof. Use Theorem 3.5.1.

The following two theorems can be established in the same way

Theorem 3.5.3. Leta > 0,8> 0,y > 0anda € R and let I be the right-
sided operator of Riemann-Liouville fractional integr&l%.4). Then we arrive
at the following result:

(°[t"7ES @PN(X) = X7[E),,,@x*)] (3.5.15)

,aty

Corollary 3.5.2. Fora > 0,8 > 0,y > 0 anda € R, there holds the formulas:
(1t Epy (@t A))(X) = X [Epary(aX?)] (35.16)

and
(17t Eg(at?)(X) = X [Egasa(@x?)]. (3.5.17)
Theorem 3.5.4. Leta >0,>0,y>0,a4€R, (@a#0),a+vy>pandlet

I be the right-sided operator of Riemann-Liouville fracbimtegral (3.5.4).
Then there holds the formula
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(1" 7E, @00 = 20 7E), 4@x?) ~ ELL, ,@x?).  (3518)

Corollary 3.5.3. Fora > 0,8> 0,y >0witha+vy > Bandfore e R, (a#0),
there holds the formula

1

m] . (3.5.19)

1
(127 g, (@t *)(x) = axﬁ‘y [Eﬁ,aw—ﬁ(ax_ﬁ) -
Remark 3.5.3. (Kilbas and Saigo, (1998) )

(91 E, @) = (B (ax™) - ( ;
l 1

_ [Ea(ax“’) - 1], (@ 0). (3.5.21)

1, (az0) (3.5.20)

([T E @t )X =

Theorem 3.5.5. Lete > 0,4 > 0,y > 0,y > a,a@ € R and let ¥, be
the left-sided operator of Riemann -Liouville fraction&rivative (3.5.6). Then
there holds the formula.

(DG, [ 1E], @’))(x) = ¥ 'E],,_,(a¥). (3.5.22)

Proof 3.5.2. By virtue of (3.5.9) and (3.5.6), we have
al+1
= (D413, @00 = () (15 [p-2E5 ) oo
- a”((S)n d e o
Z TGy + BT — (d_) f e x -ty
( d
dx

_ i (S
I'y+n3+1-

_ i an((s) X)’+|"L3 ot — 3 lE(‘}
I'nB+vy—-a)n By-a

(@x),

which proves the theorem.
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By using a similar procedure, we arrive at the following ttego.

Theorem 3.5.6. Leta >0,y >8> 0,acR, (a#0), y>a+pandlet
Dg, be the left-sided operator of Riemann-Liouville fractibderivative (3.5.6).
Then there holds the formula

(D5, [7E5, (@) (9 = 072 [ES,

@) —Ejt, s@f)]. (35.23)

Corollary 3.5.4. Leta >0,y >8> 0,0 € R, (a# 0), y > a+ B, then there
holds the formula.

(Dg, [ Ep,(@t)]) () = ng—a—ﬁ—l [Eﬁ,y_l,_ﬁ(aﬁ) - r 1 (3.5.24)

(V—Q—ﬁ)]'

Theorem 3.5.7. Leta >0,y >0,y —a >0withy—a+{a} > La €R,
and let ¥ be the right-sided operator of Riemann-Liouville fractbderivative
(3.5.8). Then there holds the formula.

(D[t ES, (at?)]) (¥) = X 7E]

By—a

(ax?). (3.5.25)

Theorem 3.5.8. Leta > 0,8>0withy—{a}>1, a €R, y> a+pB, (a#0)
and let ¥ be the right-sided operator of Riemann-Liouville fractbderivative
(3.5.8). Then there holds the formula

(D[t 7ES, (at*)]) (x) = )% B}, o p(@x?) -~ ES, s(ax?)|. (35.26)

By—a

Exercises 3.5.
3.5.1. Show that

axX’E} (aX) = Ej,_s(ax’) - E} ! J(@X), (a# 0) (3.5.27)
3.5.2. Show that
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(16, [0 Eay(at)]) () = %1 [Ea,y(aw - % , (@a#0). (3.5.28)
3.5.3. Prove Theorem 3.5.3.
3.5.4. Prove Theorem 3.5.4.
3.5.5. Prove Theorem 3.5.6.
3.5.6. Prove Theorem 3.5.7.
3.5.7. Prove Theorem 3.5.8.
3.5.8. Prove that

(18038 [€e5e0]) 09 = X" MG [¥ legsacoem] . (35:29)
giving conditions of validity.
3.5.9. Evaluate

(1t HmR (12080 ) (9. (3.5.30)

and give the conditions of validity.

3.6. Fractional Differential Equations

Differential equations contain integer order derivatives, rede fractional
differential equations involve fractional derivatives, Ii{gé, which are de-
fined fora > 0. Herea is not necessarily an integer and can be rational,
irrational or even complex-valued. Today, fractional céds models find ap-
plications in physical, biological, engineering, biom=diand earth sciences.
Most of the problems discussed involve relaxation arftldion models in the
so called complex or disordered systems. Thus, it givestoighe generaliza-
tion of initial value problems involving ordinary filerential equations to gen-
eralized fractional-order fferential equations and Cauchy problems involving



3.6. FRACTIONAL DIFFERENTIAL EQUATIONS 201

partial diferential equations to fractional reaction, fractiondfudiion and frac-
tional reaction-diusion equations. Fractional calculus plays a dominantirole
the solution of all these physical problems.

3.6.1. Fractional relaxation

In order to formulate a relaxation process, we require aiphyRw, say the
relaxation equation

d 1
af(t)+6f(t)—0,t>0,c>0, (3.6.1)

to be solved for the initial valué(t = 0) = fo. The unique solution of (3.6.1) is
given by

f(t)=f, €5,t>0,c>0. (3.6.2)
Now the problem is as to how we can generalize the initiallwadroblem
(3.6.1) into a fractional value problem with physical mation.
If we incorporate the initial valud, into the integrated relaxation equation
(3.6.1), we find that

f(t) - fo = —% oDt f (1), (3.6.3)

whereoD; ! is the standard Riemann integral ).
On replacings oDi* f(t) by & oDy f(t), it yields the fractional integral
equation

f(t) - fo = — (é) oD f(t), @ >0 (3.6.4)

with initial value

fo= f(t=0).
Applying the Riemann-Liouville dierential operatogDy from the left and mak-
ing use of the formula (3.1.16), we arrive at

-

T - a)
with initial condition fo = f(t = 0).

oD (1) = f = —Ccf(t), a>0,c> 0, (3.6.5)
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Theorem 3.6.1. The solution of the fractional gierential equation (3.6.4) is
given by

_ 11 [( T\ |01
f(t) - foHl’z [(E) (0’1)’(0’0)] ’ (366)
wherea > 0,c > 0.

Proof 3.6.1.  If we apply the Laplace transform to equation (3.6.4), iegiv

F(s) - fost = —és“’F(s), (3.6.7)

where we have used the result (3.1.7) &1td) is the Laplace transform df(t).
Solving forF(s), we have

-1
F(s) = L{f(0) = o ﬁ] (3.6.8)

Taking inverse Laplace transform, (3.6.8) gives

f(t) = LYF(9)} = foL?

g1
1+ (CS)“’]
[Z( 1)k —ak —ak l]
( 1)k )a/k
=fo Z T(ak + 1)
— f,E, [—(E)a] , (3.6.9)

whereE, (') is the Mittag-Létler function. (3.6.9) can be written in terms of the
H-function as

_ 11 [( 0\ 0D
1 = 23 (<) lonom|: (3.6.10)
wherec > 0, @ > 0. This completes the proof of the Theorem 3.6.1.
Alternative form of the solution. By virtue of the identity

1 (a
mn (ap mn P
H [ (bq Bq)] /alvq [ |(b BQ):| (IJ O) (3.6.11)
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the solution (3.6.10) can be written as

fo 11t
f(t) - EHLZ [E (0’(%)’(0’1)] s (3612)

wherea > 0,c > 0.

Remark 3.6.1. In the limit asa — 1, one recovers the result (3.6.2)
t t
ft)y="fo exp(—(—:) = foEl((—:). (3.6.13)

Remark 3.6.2. In terms of Wright's function, the solution (3.6.10) can be e
pressed in the form

t
f(t) = fo w1 [83 - (E)a]’ (3.6.14)

wherea > 0,¢c > 0.
In a similar manner, we can establish Theorems 3.6.2 an8 §ien below.

Theorem 3.6.2. The solution of the fractional integral equation

N(t) — Not** = —¢” oDy N(t), (3.6.15)
is given by

N(t) = Nl ()t 'E, . (-C't), (3.6.16)
where E ,(-) is the generalized Mittag-lfger function (3.5.2)y > 0, u > 0.

Remark 3.6.3. Whenu = 1, we obtain the result given by Haubold and Mathai
(2000).

Theorem 3.6.3. Ifc > 0,v > 0,u > 0, then for the solution of the integral
equation

N(t) — No t“EJ [—(ct)’] = —¢’oD;” N(b), (3.6.17)
there holds the formula

N(t) = No t**EY*[—(ct)]. (3.6.18)

W
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Hint: Use the formula

L {sP(1-as*)7} = 1B (at"), (3.6.19)
whereR(a) > 0, R(8) > 0, R(S) > [a]%@, R(s) > O.

Corollary 3.6.1. If ¢ > 0,u > 0,v > 0, then for the solution of

N(t) — Not“ *E, ,[-C't"] = —¢” oD;” N(t), (3.6.20)
there holds the relation

N(t) = %t"‘l [Eua(=C) + (A +v = E,(-c1)]. (3.6.21)

Theorem 3.6.4. The Cauchy problem for the integrofirential equation

oDk f(X) + 1 oD f(X) = h(X), (4, u,v € C) (3.6.22)
with the initial condition

DAL £(0) = a, k=0,1,---, [u], (3.6.23)

whereR(v) > 0,R(u) > 0 and HX) is any integrable function on the finite
interval [0,b] has the unique solution, given by

f(x) = fo (X P [~ 1 Th(Ddt
AT (%) (3.6.24)

Proof 3.6.2. EXxercise.

Theorem 3.6.5. The solution of the equation

DEfM) +bf(t) =t > O; [OD;% f(t)] _C (3.6.25)
t=0

where C is a constant is given by
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f(t) = C t2Ey 4(-bt?), (3.6.26)
where E}%(') is the Mittag-Lgfler function.
Proof 3.6.3. EXxercise.

Remark 3.6.4. Theorem 3.6.5 gives the generalized form of the equatioresol
by Oldham and Spanier (1974).

Exercises 3.6.
3.6.1. Prove that ift > 0,v > 0, u > 0, then the solution of
N(t) — Not“ *E(C't") = —¢"oD;” N(1), (3.6.27)
is given by
Not#~?

_ -1=3 Vivy ViV
N() = ot 1E3, (~c) = =2 [Ew_z(—c )
+ {3(V + 1) - 2/1} Ev,/z—l(_cytv)
+ {2v2 + 2 +3v—2u—-3vu+ l} E,,,/,(—Cvtv)], (3.6.28)
whereR(v) > 0, R(u) > 2.

3.6.2. Prove thatifv > 0,c > 0,d > O,u > O, c # d, then for the solution of the
equation

N(t) — Not“ 'E, ,(-d"t") = —c’oD;” N(t), (3.6.29)
there holds the formula.
t/l—v—l
NE) = Noo—; |[E,pms(—d't) - E, i (—C1)]. (3.6.30)

3.6.3. Prove that ifc > 0,v > O, u > 0, then for the solution of the equation

N(t) — Not“ 'E, ,(-C't") = —C"oD;” N(t), (3.6.31)
the following result holds:
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N(D) = ogu-t [Eva(-c't) + L+ v - WE, ()]

v
3.6.4. Solve the equation

oD f(t) + oD (1) = g(t),

(3.6.32)

whereq — Q is not an integer or a half integer and the initial conditisn i

DI f(t) + DL f(t)] =C
-

whereC is a constant.
3.6.5. Solve the equation

oDy’ X(t) — ax(t) = h(t), (t>0),

subject to the initial conditions

[OD?_k h(t)]tzo = bk, (k =1---, n)
wheren—-1<a <n.

3.6.6 Prove Theorem 3.6.4

3.6.6 Prove Theorem 3.6.5.

3.6.2. Fractional diffusion

Theorem 3.6.6. The solution of the following initial value problem for the

fractional diffusion equation in one dimension

0°U(x, 1)
OX?

oD U(x, 1) = 22

, (t>0,—00 < X< )

(3.6.33)

(3.6.34)

(3.6.35)

(3.6.36)
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with initial conditions :

lim U(xt) =0; |oDF ™ U(x, t)]tzo = ¢(X) (3.6.37)
is given by
U(x,t) :[ G(x =, t)p()de, (3.6.38)
where
G(x 1) = % f ) 9 E, o (—k?2%t%) coskx dk. (3.6.39)
0

Solution 3.6.1. Let 0 < @ < 1. Using the boundary conditions (3.6.37), the
Fourier transform of (3.6.36) with respect to variaklgives

oD2 U(k, t) + 222U (k,t) = 0 (3.6.40)
|oDft Uk, t)]t:0 = ¢(K), (3.6.41)

wherek is a Fourier transform parameter and * indicates Fourier transform.
Applying the Laplace transform to (3.6.40) and using (3L§.4 gives

- )

Uk s) = oo (3.6.42)
where ‘ ~ ’ indicates Laplace transform. The inverse Laplace tramsfof
(3.6.42) yields

Uk, t) = t* (K E, o (—12K3t2), (3.6.43)

and then the solution is obtained by taking inverse Fourgarsform. By taking
inverse Fourier transform of (3.6.43) and using the formula

1 * —ikx l *
— fldk== [ f(K dk 6.
ZnL,e (K) ﬂfo (K) coskx) (3.6.44)

we have
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U(x,t) = f T G(x— £ 0L, (3.6.45)

[ee)

where
_} - a-1 _ L2 )2t
G(x t) = t" Eq o (—k°A71Y) coskx)dk (3.6.46)
T Jo

with R(a) > 0,k > 0.

Exercise 3.6.
3.6.8 Evaluate the integral in (3.6.46).

3.6.9 Find the solution of the Fick’s éfusion equation

0 0?
p P(x,1) = A% P(x1),

with the initial conditionP(x,t = 0) = 6(x), whered(x) is the Dirac delta func-
tion.
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