
CHAPTER 3

FRACTIONAL CALCULUS AND FRACTIONAL
DIFFERENTIAL EQUATIONS

[This chapter is based on the lectures of Professor R.K. Saxena of Jai Narain Vyas
University, Jodhpur, Rajasthan, India. ]

3.0. Introduction

This section deals with certain properties of fractional calculus associated
with Laplace and Mellin transforms. Composition relationsbetween Riemann-
Liouville fractional calculus and generalized Mittag-Leffler functions are pre-
sented. Applications of fractional calculus in the solution of differential and
integral equations of fractional order are demonstrated. This study will bring the
reader to the research level.

3.1. Laplace Transform of the Fractional Integral

3.1.1. Laplace transform

Notation 3.1.1. F(s) = L{ f (t); s} = (L f )(s) : Laplace transform off (t) with param-
eters.

Notation 3.1.2. L−1{ f (s); t} : Inverse Laplace transform

Definition 3.1.1. The Laplace transform of a functionf (t), denoted byF(s),
is defined by the equation

F(s) = (L f )(s) = L{ f (t); s} =
∫ ∞

0
e−st f (t)dt, (3.1.1)
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whereℜ(s) > 0, which may be symbolically written as

F(s) = L{ f (t); s} or f (t) = L−1{F(s); t},
provided that the functionf (t) is continuous fort ≥ 0, it being tacitly assumed
that the integral in (3.1.1) exists.

Example 3.1.1. Prove that

L−1{s−ρ} = tρ−1

Γ(ρ)
, ℜ(s) > 0, ℜ(ρ) > 0. (3.1.2)

It follows from the Laplace integral

∫ ∞

0
e−sttρ−1dt =

Γ(s)
sρ

, ℜ(s) > 0, ℜ(ρ) > 0. (3.1.3)

Example 3.1.2. Find the inverse Laplace transform ofF(s)
a+sα ; a, α > 0; where

ℜ(s) > 0, F(s) = L{ f (t); s}.

Solution 3.1.1. Let

G(s) =
1

a+ sα
=

∞
∑

r=0

(−a)r s−α−αr , | a
sα
| < 1.

Therefore,

L−1{G(s)} = g(t) = L−1















∞
∑

r=0

(−a)r s−α−αr















= tα−1Eα,α(−atα). (3.1.4)

Application of convolution theorem of Laplace transform yields the result

L−1

{

F(s)
a+ sα

; t

}

=

∫ x

0
(x− t)α−1Eα,α(−a(x− t)α) f (t)dt (3.1.5)

where ℜ(α) > 0.
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3.1.2. Laplace transform of the fractional integral

We have

0I−νx f (x) =
1
Γ(ν)

∫ x

0
(x− t)ν−1 f (t)dt, (3.1.6)

whereℜ(ν) > 0.
Application of convolution theorem of the Laplace transform gives

L{0I−νx f (x); s} = L

{

tν−1

Γ(ν)

}

L{ f (t); s}

= s−νF(s), (3.1.7)

where ℜ(s) > 0, ℜ(ν) > 0.

3.1.3. Laplace transform of the fractional derivative

If n ∈ N, then by the theory of the Laplace transform, we know that

L

{

dn

dxn
f ; s

}

= snF(s) −
n−1
∑

k=0

sn−k−1 f (k)(0+) (3.1.8)

= snF(s) −
n−1
∑

k=0

sk f (n−k−1)(0+), (n− 1 ≤ α < n) (3.1.9)

where ℜ(s) > 0 and F(s) is the Laplace transform off (t).
By virtue of the definition of the derivative, we find that

L{0Dα
x f ; s} = L

{

dn

dxn 0I
n−α
x f ; s

}
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= snL
{

0I
n−α
x f ; s

} −
n−1
∑

k=0

sk dn−k−1

dxn−k−1 0In−α
x f (0+)

= sαF(s) −
n−1
∑

k=0

skDα−k−1 f (0+),

(

D =
d
dx

)

(3.1.10)

= sαF(s) −
n

∑

k=1

sk−1Dα−k f (0+) (3.1.11)

where ℜ(s) > 0.

3.1.4. Laplace transform of Caputo derivative

Notation 3.1.3. C
0

aDα
x

Definition 3.1.2. The Caputo derivative of a casual functionf (t) ( that is
f (t) = 0 for t < 0 ) with α > 0 was defined by Caputo (1969) in the form

C
0

aD
α
x f (x) = aI

n−α
x

dn

dxn
f (x) = aD−(n−α)

t f n(t) (3.1.12)

=
1

Γ(n− α)

∫ x

a
(x− t)n−α−1 f n(t)dt, (n− 1 < α < n) (3.1.13)

wheren ∈ N.
From (3.1.7) and (3.1.13), it follows that

L{C
0

0D
α
t f (t); s} = s−(n−α)L{ f (n)(t)}. (3.1.14)

On using (3.1.8), we see that

L{C
0

0D
α
t f (t); s} = s−(n−α)















snF(s) −
n−1
∑

k=0

sn−k−1 f (k)(0+)















= sαF(s) −
n−1
∑

k=0

sα−k−1 f (k)(0+), (n− 1 < α ≤ n), (3.1.15)

where ℜ(s) > 0 and ℜ(α) > 0.
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Note 3.1.1. From (3.1.12), it can be seen that

C
0

0D
α
t A = 0, whereA is a constant,

whereas the Riemann-Liouville derivative

0D
α
t A =

At−α

Γ(1− α)
, (α , 1, 2, · · · ), (3.1.16)

which is a remarkable result.

Exercises 3.1.

3.1.1. Prove that

(0I
−ν
x f )(x) = L−1x−νL{ f (x)}, (3.1.17)

whereℜ(ν) > 0.

3.1.2. Prove that

(xW
ν
∞L f )(x) = Lx−νL−1 f (x), (3.1.18)

whereℜ(ν) > 0.

3.1.3. Prove that the solution of Abel integral equation of the second kind

φ(x) − λ

Γ(α)

∫ x

0

φ(t)dt
(x− t)1−α = f (x), 0 < x < 1

α > 0, is given by

φ(x) =
d
dx

∫ x

0
Eα[λ(x− t)α] f (t) dt, (3.1.19)

whereEα(x) is the Mittag-Leffler function defined by equation (3.5.1).

3.1.4. Show that

λ

Γ(α)

∫ x

0

Eα(λtα)
(x− t)1−αdt = Eα(λxα) − 1, α > 0. (3.1.20)
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3.2. Mellin Transform of the Fractional Integrals and
the Fractional Derivatives

3.2.1. Mellin transform

Notation 3.2.1. m{ f (x); s}, f ∗(s), the Mellin transform

Notation 3.2.2. m−1{ f ∗(s); x}, Inverse Mellin transform

Definition 3.2.1. The Mellin transform of a functionf (x), denoted byf ∗(s),
is defined by

f ∗(s) = m{ f (x); s} =
∫ ∞

0
xs−1 f (x)dx, x > 0. (3.2.1)

The inverse Mellin transform is given by the contour integral

f (x) = m−1{ f ∗(s); x} = 1
2πi

∫ γ+i∞

γ−i∞
f ∗(s)x−sds, i =

√
−1 (3.2.2)

whereγ is real.

3.2.2. Mellin transform of the fractional integral

Theorem 3.2.1. The following result holds true.

m(0I
α
x f )(s) =

Γ(1− α − s)
Γ(1− α)

f ∗(s+ α), (3.2.3)

whereℜ(α) > 0 and ℜ(α + s) < 1.

Proof 3.2.1. We have

m(0Iαx f )(s) =
∫ ∞

0
zs−1 1
Γ(α)

∫ z

0
(z− t)α−1 f (t) dtdz

=
1
Γ(α)

∫ ∞

0
f (t) dt

∫ ∞

t
zs−1(z− t)α−1 dz (3.2.4)

on settingz= t
u, thez-integral becomes
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tα+s−1

∫ 1

0
u−α−s(1− u)α−1du = tα+s−1B(α, 1− α − s), (3.2.5)

whereℜ(α) > 0, ℜ(α + s) < 1. Putting the above value ofz-integral, the result
follows.

Similarly we can establish

Theorem 3.2.2. The following result holds true.

m(xI
α
∞ f )(s) =

Γ(s)
Γ(s+ α)

m {tα f (t); s}

=
Γ(s)
Γ(s+ α)

f ∗(s+ α), (3.2.6)

whereℜ(α) > 0, ℜ(s) > 0.

Note 3.2.1. If we set f (x) = x−αφ(x), then using the property of the Mellin
transform

xαφ(x)↔ φ∗(s+ α), (3.2.7)

the results (3.2.3) and (3.2.6) become

(0Iαx x−α f (x))(s) =
Γ(1− α − s)
Γ(1− s)

f ∗(s), (3.2.8)

whereℜ(α) > 0, ℜ(α + s) < 1 and

(xI
α
∞ x−α f (x))(s) =

Γ(s)
Γ(s+ α)

f ∗(s), (3.2.9)

whereℜ(α) > 0, and ℜ(s) > 0, respectively.

3.2.3. Mellin transform of the fractional derivative

Theorem 3.2.3. If n ∈ N, then
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m{ f (n)(t); (s)} = (−1)n
Γ(s)
Γ(s− n)

m{ f (t); s− n}, (3.2.10)

whereℜ(s) > 0,ℜ(s− n) > 0.

Proof 3.2.2. Integrate by parts and using the definition of the Mellin transform,
the result follows.

Example 3.2.1. Find the Mellin transform of the fractional derivative.

Solution 3.2.1. We have

0D
α
x f = 0Dn

x 0Dα−n
x f = 0D

n
x 0In−α

x f . (3.2.11)

Therefore,

m(0Dα
x f )(s) =

(−1)n Γ(s)
Γ(s− n)

m
{

0In−α
x f

}

(s− n), (n− 1 ≤ ℜ(α) < n) (3.2.12)

=
(−1)n Γ(s)Γ(1− (s− α))
Γ(s− n)Γ(1− s+ n)

m{ f (t); s− α} , (3.2.13)

whereℜ(s) > 0,ℜ(s) < 1+ℜ(α).

Remark 3.2.1. An alternative form of ( 3.2.13 ) is given in Exercise 3.2.2.

Exercises 3.2.

3.2.1 Prove Theorem 3.2.2.

3.2.2 Prove that the Mellin transform of fractional derivative isgiven by

m(0Dα
x f )(s) =

(−1)n Γ(s) sin[π(s− n)]
Γ(s− α) sin[π(s− α)]

m{ f (t); s− α} , (3.2.14)

whereℜ(s) > 0,ℜ(α − s) > −1.

3.2.3 Find the Mellin transform of (1+ xa)−b; a, b > 0.



3.3. KOBER OPERATORS 183

3.3. Kober Operators

Kober operators are the generalization of Riemann - Liouville and Weyl op-
erators. These operators have been used by many authors in deriving the solution
of single, dual and triple integral equations possessing special functions of math-
ematical physics, as their kernels.

Notation 3.3.1. Kober operator of the first kind

I[ f (x)], I[α, η : f (x)], I(α, η) f (x),Eα,η

0,x f , In,αx f .

Notation 3.3.2. Kober operator of the second kind

R[ f (x)], R[α, ζ : f (x)], R(α, ζ) f (x),Kα,ζ
x,∞ f ,Kζ,α

x f .

Definition 3.3.1.
I[ f (x)] = I[α, η : f (x)] = I(α, η) f (x) = Eα,η

0,x f

= I
η,α
x f =

x−η−α

Γ(α)

∫ x

0
(x− t)α−1tη f (t)dt, (3.3.1)

whereℜ(α) > 0.

Definition 3.3.2.
R[ f (x)] = R[α, ζ : f (x)] = R(α, ζ) f (x) = Kα,ζ

x,∞ f

= Kζ,α
x f =

xζ

Γ(α)

∫ ∞

x
(t − x)α−1t−ζ−α f (t)dt, (3.3.2)

whereℜ(α) > 0.

(3.3.1) and (3.3.2) hold true under the following conditions:

f ∈ Lp(0,∞),ℜ(α) > 0,ℜ(η) > −1
q
,ℜ(ζ) > −1

p
,
1
p
+

1
q
= 1, p ≥ 1.

Whenη = 0, (3.3.1) reduces to Riemann - Liouville operator. That is,

I0,α
x f = x−α 0I

α
x f . (3.3.3)

For ζ = 0, (3.3.2) yields the Weyl operator oft−α f (t). That is,
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K0,α
x f = xW

α
∞ t−α f (t). (3.3.4)

Theorem 3.3.1. [Kober (1940)].

If ℜ(α) > 0,ℜ(η − s) > −1, f ∈ Lp(o,∞), 1 ≤ p ≤ 2 ( or f ∈ Mp(o,∞),
a subspace of Lp(o,∞) and p> 2 ),ℜ(η) > −1

q,
1
p +

1
q = 1, then there holds the

formula

m{I(α, η) f }(s) = Γ(1+ η − s)
Γ(α + η + 1− s)

m{ f (x); s}. (3.3.5)

Proof 3.3.1. It is similar to the proof of Theorem 3.2.1.

In a similar manner, we can establish

Theorem 3.3.2. [Kober (1940)].

If ℜ(α) > 0,ℜ(s+ ζ) > 0, f ∈ Lp(o,∞), 1 ≤ p ≤ 2 ( or f ∈ Mp(o,∞), a
subspace of Lp(o,∞) and p> 2 )

ℜ(ζ) > −1
p
,
1
p
+

1
q
= 1,

then,

m{ℜ(α, ζ) f }(s) = Γ(ζ + s)
Γ(α + ζ + s)

m{ f (x); s}. (3.3.6)

Semigroup property of the Kober operators has been given in the form of

Theorem 3.3.3. If f ∈ Lp(o,∞), g ∈ Lq(o,∞), 1
p+

1
q = 1,ℜ(η) > −1

q,ℜ(ζ) >

− 1
p, 1 ≤ p ≤ 2, ( or f ∈ Mp(o,∞), a subspace of Lp(o,∞) and p> 2 ), then

∫ ∞

0
g(x)(I(α, η : f ))(x)dx =

∫ ∞

0
f (x)(R(α, ζ : g))(x)dx. (3.3.7)

Proof 3.3.2. Interchange the order of integration.
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Remark 3.3.1. Operators defined by (3.3.1.) and (3.3.2) are also called Erdélyi-
Kober operators.

Exercises 3.3.

3.3.1 Prove theorem 3.3.1.

3.3.2 For the modified Erdélyi-Kober operators, defined by the following equa-
tions form> 0:

I(α, η : m) f (x) = I( f (x) : α, η,m)

=
m
Γ(α)

x−η−mα+m−1

∫ x

o
tη(xm − tm)α−1 f (t)dt, (3.3.8)

and

R(α, ζ : m) f (x) = R( f (x) : α, ζ,m)

=
mxζ

Γ(α)

∫ ∞

x
t−ζ−mα+m−1(tm− xm)α−1 f (t)dt, (3.3.9)

where f ∈ Lp(0,∞),ℜ(α) > 0,ℜ(η) > −1
q,ℜ(ζ) > − 1

p,
1
p +

1
q = 1, find the

Mellin transforms of (i) I(α, η : m) f (x) and (ii) R(α, ζ : m) f (x) , giving
the conditions of validity.

3.3.3 For the operators defined by (3.3.8) and (3.3.9.), show that
∫ ∞

0
R( f (x) : α, η,m)g(x)dx =

∫ ∞

0
f (x)I(g(x) : α, η,m)dx, (3.3.10)

where the parametersα, η,m are the same in both the operatorsI and R. Give
conditions of validity of (3.3.10).

3.3.4 For the Erdélyi-Kober operator, defined by

Iη,α f (x) =
2x−2α−2η

Γ(α)

∫ x

0
(x2 − t2)α−1t2η+1 f (t)dt, (3.3.11)
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whereℜ(α) > 0, establish the following results (Sneddon (1975)):

(i) Iη,αx2β f (x) = x2βIη+β,α f (x) (3.3.12)

(ii) Iη,αIη+α,β = Iη,α+β = Iη+α,β,Iη,α (3.3.13)

(iii) I−1
η,α = Iη+α,−α. (3.3.14)

Remark 3.3.2. The results of Exercise 3.3.4 also hold for the operator, defined
by

Kη,α f (x) =
2x2η

Γ(α)

∫ ∞

x
(t2 − x2)α−1t−2α−2η+1 f (t)dt, (3.3.15)

whereℜ(α) > 0.

Remark 3.3.3. Operators more general than the operators defined by (3.3.11)
and (3.3.15) are recently defined by Galué et al [Integral Transform & Spec.
Funct. Vol. 9 (2000), No. 3, pp. 185-196] in the form

aI
η,α
x f (x) =

x−η−α

Γ(α)

∫ x

a
(x− t)α−1tη f (t)dt, (3.3.16)

whereℜ(α) > 0.

3.4. Generalized Kober Operators

Notation 3.4.1. I[α, β, γ : m, µ, η, a : f (x)], I[ f (x)]

Notation 3.4.2. I[α, β, γ : m, µ, δ, a : f (x)], I[ f (x)]

Notation 3.4.3. R[ f (x)],R
[

α,β,γ;
σ,ρ,a; : f (x)

]

Notation 3.4.4. K[ f (x)],K
[

α,β,γ;
δ,ρ,a; : f (x)

]

Notation 3.4.5. Iα,β,η;0,x f (x) (Saigo, 1978)

Notation 3.4.6. Jα,β,η;x,α f (x) (Saigo, 1978)
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Definition 3.4.1.
I[ f (x)] = I[α, β, γ : m, µ, η, a : f (x)]

=
µx−η−1

Γ(1− α)

∫ x

0
2F1(α, β +m, γ;

atµ

xµ
)tη f (t)dt, (3.4.1)

where2F1(·) is the Gauss hypergeometric function.

Definition 3.4.2.
I[ f (x)] = I[α, β, γ : m, µ, δ, a : f (x)]

=
µxδ

Γ(1− α)

∫ ∞

x
2F1(α, β +m; γ;

axµ

tµ
)t−δ−1 f (t)dt. (3.4.2)

Operators defined by (3.4.1) and (3.4.2) exist under the following conditions:

(i) 1 ≤ p, q < ∞, p−1
+ q−1

= 1, |arg(1− a)| < π
(ii) ℜ(1−α) > m,ℜ(η) > −1

q,ℜ(δ) > − 1
p,ℜ(γ−α−β−m) > −1,m∈ N0; γ ,

0,−1,−2, · · ·
(iii) f ∈ Lp(0,∞)

Equations (3.4.1) and (3.4.2) are introduced by Kalla and Saxena (1969).

For γ = β, (3.4.1) and (3.4.2) reduce to generalized Kober operators, given
by Saxena (1967).

Definition 3.4.3.
R[ f (x)] = R

[

α,β,γ;
σ,ρ,a; f (x)

]

=
x−σ−ρ

Γ(ρ)

∫ x

0
tσ(x− t)ρ−1

2F1[α, β; γ; a(1− t
x
)] f (t)dt. (3.4.3)

Definition 3.4.4.
K[ f (x)] = K

[

α,β,γ;
δ,ρ,a; f (x)

]

=
xδ

Γ(ρ)

∫ ∞

x
t−δ−ρ(t − x)ρ−1

2F1[α, β; γ; a(1− x
t
)] f (t)dt. (3.4.4)
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The conditions of validity of the operators (3.4.3) and (3.4.4) are given be-
low:

(i) p ≥ 1, q < ∞, p−1
+ q−1

= 1, |arg(1− a)| < π.
(ii) ℜ(σ) > −1

q,ℜ(δ) > − 1
p,ℜ(ρ) > 0.

(iii) γ , 0,−1,−2, · · · ;ℜ(γ − α − β) > 0.
(iv) f ∈ Lp(0,∞).

The operators defined by (3.4.3) and (3.4.4) are given by Saxena and Kumb-
hat (1973). Whena is replaced bya

α
andα tends to infinity, the operators defined

by (3.4.3) and (3.4.4) reduce to the following operators associated with confluent
hypergeometric functions.

Definition 3.4.5.

R

[

β,γ;
σ,ρ,a; f (x)

]

= lim
α→∞
R

[

α,β,γ;
σ,ρ, a

α
; f (x)

]

=
x−σ−ρ

Γ(ρ)

∫ x

0
Φ[β, γ; a(1− t

x
)]tσ(x− t)ρ−1 f (t)dt. (3.4.5)

Definition 3.4.6.

K

[

β,γ;
σ,ρ,a; f (x)

]

= lim
α→∞
K

[

α,β,γ;
δ,ρ, a

α
; f (x)

]

=
xδ

Γ(ρ)

∫ ∞

x
Φ[β, γ; a(1− x

t
)]t−δ−ρ(t − x)ρ−1 f (t)dt, (3.4.6)

whereℜ(ρ) > 0,ℜ(δ) > 0.

Remark 3.4.1. Many interesting and useful properties of the operators defined
by (3.4.3) and (3.4.4) are investigated by Saxena and Kumbhat (1975), which
deal with relations of these operators with well-known integral transforms, such
as Laplace, Mellin and Hankel transforms. Equation (3.4.3)was first considered
by Love (1967).

Remark 3.4.2. In the special case, whenα is replaced byα + β, γ by α, σ by
zero,ρ by α andβ by −η, then (3.4.3) reduces to the operator (3.4.7) considered
by Saigo (1978). Similarly, (3.4.4) reduces to another operator (3.4.9) introduced
by Saigo (1978).
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Definition 3.4.7. Let α, β, η ∈ C, and letx ∈ R+ the fractional integral
(ℜ(α) > 0) and the fractional derivative (ℜ(α) < 0) of the first kind of a function
f (x) onR+ are defined by Saigo (1978) in the form

Iα,β,η0,x f (x) =
x−α−β

Γ(α)

∫ x

0
(x− t)α−1

× 2F1(α + β,−η;α; 1− t
x
) f (t)dt, ℜ(α) > 0 (3.4.7)

=
dn

dxn
Iα+n,β−n,η−n
0,x f (x), 0 < ℜ(α) + n ≤ 1, (n ∈ N0). (3.4.8)

Definition 3.4.8. The fractional integral (ℜ(α) > 0) and fractional derivative
(ℜ(α) < 0) of the second kind of a functionf (x) onR+ are given by Saigo (1978)
in the form

Jα,β,ηx,∞ f (x) =
1
Γ(α)

∫ ∞

x
(t − x)α−1t−α−β

× 2F1(α + β,−η;α; 1− x
t
) f (t)dt, ℜ(α) > 0 (3.4.9)

= (−1)n
dn

dxn
Jα+n,β−n,η

x,∞ f (x), 0 < ℜ(α) + n ≤ 1, (n ∈ N0). (3.4.10)

Example 3.4.1. Find the value of

Iα,β,η0,x

{

xσ−1
2F1(a, b; c;−a′x)

}

.

Solution 3.4.1. We have

K = Iα,β,η0,x

{

xσ−1
2F1(a, b; c;−ax)

}

=

∞
∑

r=0

(a)r(b)r(−1)r(a′)r

(c)r r!
Iα,β,η0,x xr+σ−1.

Applying the result of Exercise 3.4.1, we obtain
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K = xσ−β−1
∞
∑

r=0

(−1)r
(a)r(b)r Γ(σ + r)Γ(σ − β + η + r)(a′)r

(c)r r! Γ(σ − β + r)Γ(α + η + σ + r)
xr

= xσ−β−1 Γ(σ)Γ(σ + η − β)
Γ(σ − β)Γ(σ + α + η)

× 4F3(a, b, σ, σ + η − β; c, σ − β, σ + α + η;−a′x),

whereℜ(α) > 0,ℜ(σ) > 0,ℜ(σ + η − β) > 0, c , 0,−1,−2, · · · ; |a′x| < 1.

Example 3.4.2. Find the value of

Jα,β,ηx,∞ (xλ 2F1(a, b; c;
a′

x
)).

Solution 3.4.2. Following a similar procedure and using the result of Exercise
3.4.3, it gives

Jα,β,ηx,∞ (xλ 2F1(a, b; c;
a′

x
)) =

Γ(β − λ)Γ(η − λ)
Γ(−λ)Γ(α + β + η − λ)

xλ−β

× 4F3(a, b, β − λ, η − λ; c,−λ, α + β + η − λ;
a′

x
),

whereℜ(α) > 0,ℜ(β−λ) > 0,ℜ(η−λ) > 0, x > 0, c , 0,−1,−2, · · · ; |x| > |a′|.

Remark 3.4.3. Special cases of the operatorsIα,β,η0,x andJα,β,ηx,∞ are the operators of
Riemann -Liouville:

Iα,−α,η0,x f (x) = 0D−αx f (x) =
1
Γ(α)

∫ x

0
(x− t)α−1 f (t)dt, (ℜ(α) > 0) (3.4.11)

the Weyl:

Jα,−α,ηx,∞ f (x) = xW
α
∞ f (x) =

1
Γ(α)

∫ ∞

x
(t − x)α−1 f (t)dt, (ℜ(α) > 0) (3.4.12)
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and the Erdélyi - Kober operators:

Iα,0,η0,x f (x) = Eα,η

0,x f (x) =
x−α−η

Γ(α)

∫ x

0
(x− t)α−1tη f (t)dt, (ℜ(α) > 0) (3.4.13)

and

Jα,0,ηx,∞ f (x) = Kα,η
x,∞ f (x) =

xη

Γ(α)

∫ ∞

x
(t − x)α−1t−α−η f (t)dt, (ℜ(α) > 0) (3.4.14)

Example 3.4.3. Prove the following theorem.

If ℜ(α) > 0 andℜ(s) < 1+min[0,ℜ(η − β)], then the following formula holds for
f (x) ∈ Lp(0,∞) with 1 ≤ p ≤ 2 or f (x) ∈ Mp(0,∞) with p > 2:

m
{

xβIα,β,η0,x f
}

=
Γ(1− s)Γ(η − β + 1− s)
Γ(1− s− β)Γ(α + η + 1− s)

m{ f (x)}. (3.4.15)

Solution 3.4.3. Use the integral

∫ ∞

x
u−σ−γ(u− x)γ−1

2F1 (α, β; γ; 1− x
u

)du =
Γ(γ)Γ(σ)Γ(γ + σ − α − β)
Γ(γ + σ − α)Γ(γ + σ − β)

,

(3.4.16)
whereℜ(γ) > 0, ℜ(σ) > 0, ℜ(γ + σ − α − β) > 0.

Exercises 3.4.

3.4.1. Prove that

Iα,β,η0,x xλ =
Γ(1+ λ)Γ(1+ λ + η − β)
Γ(1+ λ − β)Γ(1+ λ + α + η)

xλ−β, (3.4.17)

and give the conditions of validity.

3.4.2. Find the Mellin transform ofxβ Jα,β,ηx,∞ f (x), giving conditions of its validity.

3.4.3. Prove that

Jα,β,ηx,∞ xλ =
Γ(β − λ)Γ(η − λ)

Γ(−λ)Γ(α + β + η − λ)
xλ−β (3.4.18)
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and give the conditions of validity.

3.4.4. Prove that

Iα,β,η0,x (xke−λx) =
Γ(k + 1)Γ(η + k− β + 1)
Γ(k− β + 1)Γ(α + η + k+ 1)

xk−β

× 2F2(k+ 1, η + k− β + 1; k− β + 1, α + η + k+ 1;−λx), (3.4.19)

and give the conditions of validity.

3.4.5. Prove that

Jα,β,ηx,∞ e−sx
= sηxη−β

Γ(β − η)
Γ(α + β)

Φ(1− α − β, 1+ η − β;−sx)

+ sβ
Γ(η − β)
Γ(α + η)

Φ(1− α − η, 1+ β − η;−sx), (3.4.20)

and give the conditions of its validity. Deduce the results for L[ xWα
∞ f ](s) and

L[ Kα,η
x,∞ f ](s).

3.4.6. Prove that [ Saxena and Nishimoto (2002) ]

Iα,β,η0,x [xσ−1(a+ bx)c] = ac Γ(σ)Γ(σ + η − β)
Γ(σ − β)Γ(σ + α + η)

xσ−β−1

× 3F2(σ, σ + η − β,−c; σ − β, σ + α + η;−bx
a

),

(3.4.21)

whereℜ(σ) > max[0,ℜ(β − η)], |bx
a | < 1.

3.4.7. Evaluate

Iα,β,η0,x

{

xσ−1Hm,n
p,q

[

axλ |(ap,Ap)
(bq,Bq)

]}

, λ > 0, (3.4.22)

and give the conditions of its validity.

3.4.8. Evaluate

Jα,β,ηx,∞
{

xσ−1Hm,n
p,q

[

ax−λ |(ap,Ap)
(bq,Bq)

]}

, λ > 0, (3.4.23)

and give the conditions of its validity.
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3.4.9. Establish the following property of Saigo operators called“Integration by
parts”.

∫ ∞

0
f (x)

(

Iα,β,η0,x g
)

(x)dx =
∫ ∞

0
g(x)

(

Jα,β,ηx,∞ f
)

(x)dx.

3.4.10. From Exercise 3.4.6, deduce the formula for

Iα,−α,η0,x (a+ bx)c, (3.4.24)

given by B. Ross (1993).

3.4.11. Prove that

Rα
0,xx

k
=
Γ(k+ 1)
Γ(α + k+ 1)

xk+α, (3.4.25)

whereℜ(α) > 0, ℜ(k) > −1,

3.4.12. Prove that

Wα
x,∞xk

=
Γ(−α − k)
Γ(−k)

xk+α, (3.4.26)

whereℜ(α) > 0, ℜ(k) < −ℜ(α).

3.4.13. Show that

Jα,β,ηx,∞ (xλe−px) = xλ−βG3,0
2,3

[

px|−λ,α+β+η−λ0,β−λ,η−λ

]

, (3.4.27)

whereG3,0
2,3(·) is the Meijer’s G-function,ℜ(px) > 0, ℜ(α) > 0.

Hint: Use the integral

e−px
=

1
2πi

∫

L
Γ(−s)(px)sds. (3.4.28)

3.4.14. Evaluate

Iα,β,η0,x xσ−1Hm,n
p,q

[

ax−λ|(ap,Ap)
(bq,Bq)

]

, λ > 0, (3.4.29)

giving the conditions of its validity.
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3.4.15. Evaluate

Jα,β,ηx,∞ xσ−1Hm,n
p,q

[

axλ|(ap,Ap)
(bq,Bq)

]

, λ > 0 (3.4.30)

and give the conditions of validity of the result.

3.4.16. With the help of the following chain rules for Saigo operators ( Saigo,
1985)

Iα,β,η0,x Iγ,δ,α+η0,x f = Iα+γ,β+δ,η0,x f , (3.4.31)

and

Jα,β,ηx,∞ Jγ,δ,α+ηx,∞ f = Jα+γ,β+δ,ηx,∞ f , (3.4.32)

derive the inverses

(Iα,β,η0,x )−1
= I−α,−β,α+η0,x . (3.4.33)

and

(Jα,β,ηx,∞ )−1
= J−α,−β,α+ηx,∞ . (3.4.34)

3.5. Compositions of Riemann-Liouville Fractional
Calculus Operators and Generalized Mittag-Leffler
Functions

In this section, composition relations between Riemann-Liouville fractional
calculus operators and generalized Mittag-Leffler functions are derived. These
relations may be useful in the solution of fractional differintegral equations. For
details, one can refer to the work of Saxena and Saigo (2005).
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3.5.1. Composition relations between R-L operators and Eδ
β,γ

(z)

Notation 3.5.1. Eα(x) : Mittag-Leffler function.

Notation 3.5.2. Eα,β(x) : Generalized Mittag-Leffler function.

Notation 3.5.3. Iα0+ f : Riemann-Liouville left-sided integral.

Notation 3.5.4. Iα− f : Riemann-Liouville right-sided integral.

Notation 3.5.5. Dα
0+ f : Riemann-Liouville left-sided derivative.

Notation 3.5.6. Dα
− f : Riemann-Liouville right-sided derivative.

Notation 3.5.7. Eδ
β,γ

(z) : Generalized Mittag-Leffler function (Prabhakar, 1971).

Definition 3.5.1.

Eα(z) :=
∞
∑

k=0

zk

Γ(αk + 1)
, (α ∈ C,ℜ(α) > 0). (3.5.1)

Definition 3.5.2.

Eα,β(z) :=
∞
∑

k=0

zk

Γ(αk+ β)
, (α, β ∈ C,ℜ(α) > 0,ℜ(β) > 0). (3.5.2)

Definition 3.5.3.

(Iα0+ f )(x) :=
1
Γ(α)

∫ x

0

f (t)
(x− t)1−αdt, ℜ(α) > 0. (3.5.3)

Definition 3.5.4.

(Iα− f )(x) :=
1
Γ(α)

∫ ∞

x

f (t)
(t − x)1−αdt, ℜ(α) > 0. (3.5.4)

Definition 3.5.5.

(Dα
0+ f )(x) : =

( d
dx

)[α]+1(

I1−{α}
0+

)

(x); ℜ(α) > 0 (3.5.5)

=
1

Γ(1− {α})

( d
dx

)[α]+1 ∫ x

0

f (t)
(x− t){α}

dt, ℜ(α) > 0. (3.5.6)
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Definition 3.5.6.

(Dα
− f )(x) : =

(

d
dx

)[α]+1

(I1−{α}
− f )(x), ℜ(α) > 0 (3.5.7)

=
1

Γ(1− {α})

(

− d
dx

)[α]+1 ∫ ∞

x

f (t)
(t − x){α}

dt, ℜ(α) > 0. (3.5.8)

Remark 3.5.1. Here [α] means the maximal integer not exceedingα and{α} is
the fractional part ofα.

Definition 3.5.7.

Eδ
β,γ(z) :=

∞
∑

k=0

(δ)kzk

Γ(βk + γ)k!
, (β, γ, δ ∈ C;ℜ(γ) > 0,ℜ(β) > 0). (3.5.9)

Forδ = 1, (3.5.9) reduces to (3.5.2).

Theorem 3.5.1. Let α > 0, β > 0, γ > 0 and α ∈ R. Let Iα0+ be the
left-sided operator of Riemann-Liouville fractional integral (3.5.3). Then there
holds the formula

(Iα0+[t
γ−1Eδ

β,γ(atβ)])(x) = xα+γ−1Eδ
β,α+γ(axβ). (3.5.10)

Proof 3.5.1. By virtue of (3.5.3) and (3.5.9), we have

K ≡ (Iα0+[t
γ−1Eδ

β,γ(atβ)])(x) =
1
Γ(α)

∫ x

0
(x− t)α−1

∞
∑

n=0

(δ)nantnβ+γ−1

Γ(βn+ γ)n!
dt.

Interchanging the order of integration and summation and evaluating the inner
integral by means of beta-function formula, it gives

K ≡ xα+γ−1
∞
∑

n=0

(δ)n(axβ)n

Γ(α + βn+ γ)(n)!
= xα+γ−1Eδ

β,α+γ(axβ).

This completes the proof of Theorem 3.5.1.

Corollary 3.5.1. Forα > 0, β > 0, γ > 0 andα ∈ R, there holds the formula

(Iα0+[t
γ−1Eβ,γ(atβ)])(x) = xα+γ−1Eβ,α+γ(axβ). (3.5.11)



3.5. COMPOSITIONS OF RIEMANN-LIOUVILLE FRACTIONAL CALCULUS 197

Remark 3.5.2. Forβ = α, (3.5.11) reduces to

(Iα0+[t
γ−1Eα,γ(atβ)])(x) =

xγ−1

a
[Eα,γ(axα) − 1

Γ(γ)
], (a , 0) (3.5.12)

by virtue of the identity

Eα,γ(x) =
1
Γ(γ)

+ xEα,α+γ(x), (a , 0). (3.5.13)

Theorem 3.5.2. Let α > 0, β > 0, γ > 0 andα ∈ R, (a , 0) and let Iα0+
be the left-sided operator of Riemann-Liouville fractional integral (3.5.3). Then
there holds the formula

(Iα0+[t
γ−1Eδ

β,γ(atβ)])(x) =
1
a

xα+γ−β−1[Eδ
β,α+γ−β(axβ) − Eδ−1

β,α+γ−β(axβ)]. (3.5.14)

Proof. Use Theorem 3.5.1.

The following two theorems can be established in the same way.

Theorem 3.5.3. Let α > 0, β > 0, γ > 0 andα ∈ R and let Iα− be the right-
sided operator of Riemann-Liouville fractional integral (3.5.4). Then we arrive
at the following result:

(Iα−[t
−α−γEδ

β,γ(at−β)])(x) = x−γ[Eδ
β,α+γ(ax−β)] (3.5.15)

Corollary 3.5.2. Forα > 0, β > 0, γ > 0 andα ∈ R, there holds the formulas:

(Iα−[t
−α−γEβ,γ(at−β)])(x) = x−γ[Eβ,α+γ(ax−β)] (3.5.16)

and

(Iα−t
−α−1Eβ(at−β))(x) = x−1[Eβ,α+1(ax−β)]. (3.5.17)

Theorem 3.5.4. Letα > 0, β > 0, γ > 0, α ∈ R, (a , 0), α + γ > β and let
Iα− be the right-sided operator of Riemann-Liouville fractional integral (3.5.4).
Then there holds the formula
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(Iα−[t
−α−γEδ

β,γ(at−β)])(x) =
1
a

xβ−γ[Eδ
β,α+γ−β(ax−β) − Eδ−1

β,α+γ−β(ax−β)]. (3.5.18)

Corollary 3.5.3. Forα > 0, β > 0, γ > 0 withα+ γ > β and forα ∈ R, (a , 0),
there holds the formula

(Iα−[t
−α−γEβ,γ(at−β)])(x) =

1
a

xβ−γ
[

Eβ,α+γ−β(ax−β) − 1
Γ(α + γ − β)

]

. (3.5.19)

Remark 3.5.3. (Kilbas and Saigo, (1998) )

(Iα−[t
−α−γEα,γ(at−α)])(x) =

xα−γ

a
[Eα,γ(ax−α) − 1

Γ(γ)
], (a , 0) (3.5.20)

(Iα−[t
−α−1Eα(at−α)])(x) =

xα−1

a

[

Eα(ax−α) − 1
]

, (a , 0). (3.5.21)

Theorem 3.5.5. Let α > 0, β > 0, γ > 0, γ > α, α ∈ R and let Dα0+ be
the left-sided operator of Riemann -Liouville fractional derivative (3.5.6). Then
there holds the formula.

(Dα
0+[t

γ−1Eδ
β,γ(atβ)])(x) = xγ−α−1Eδ

β,γ−α(axβ). (3.5.22)

Proof 3.5.2. By virtue of (3.5.9) and (3.5.6), we have

K ≡ (Dα
0+[t

γ−1Eδ
β,γ(atβ)])(x) =

( d
dx

)[α]+1(

I1−{α}
0+

[

tγ−1Eδ
β,γ(atβ)

]

)

(x)

=

∞
∑

n=0

an(δ)n

Γ(γ + nβ)Γ(1− {a})n!

( d
dx

)[α]+1 ∫ x

0
tnβ+γ−1(x− t)−{α}dt

=

∞
∑

n=0

an(δ)n

Γ(γ + nβ + 1− {α})n!

( d
dx

)[α]+1

xnβ+γ−{α}

=

∞
∑

n=0

an(δ)nxγ+nβ−α−1

Γ(nβ + γ − α)n!
= xγ−α−1Eδ

β,γ−α(axβ),

which proves the theorem.
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By using a similar procedure, we arrive at the following theorem.

Theorem 3.5.6. Let α > 0, γ > β > 0, α ∈ R, (a , 0), γ > α + β and let
Dα

0+ be the left-sided operator of Riemann-Liouville fractional derivative (3.5.6).
Then there holds the formula

(

Dα
0+[t

γ−1Eδ
β,γ(atβ)]

)

(x) =
1
a

xγ−α−β−1
[

Eδ
β,γ−α−β(axβ) − Eδ−1

β,γ−α−β(axβ)
]

. (3.5.23)

Corollary 3.5.4. Let α > 0, γ > β > 0, α ∈ R, (a , 0), γ > α + β, then there
holds the formula.

(

Dα
0+[t

γ−1Eβ,γ(atβ)]
)

(x) =
1
a

xγ−α−β−1

[

Eβ,γ−α−β(axβ) − 1
Γ(γ − α − β)

]

. (3.5.24)

Theorem 3.5.7. Let α > 0, γ > 0, γ − α > 0 with γ − α + {α} > 1, α ∈ R,
and let Dα− be the right-sided operator of Riemann-Liouville fractional derivative
(3.5.8). Then there holds the formula.

(

Dα
−[t

α−γEδ
β,γ(at−β)]

)

(x) = x−γEδ
β,γ−α(ax−β). (3.5.25)

Theorem 3.5.8. Letα > 0, β > 0 with γ−{α} > 1, α ∈ R, γ > α+β, (a , 0)
and let Dα− be the right-sided operator of Riemann-Liouville fractional derivative
(3.5.8). Then there holds the formula

(

Dα
−[t

α−γEδ
β,γ(at−β)]

)

(x) =
xβ−γ

a

[

Eδ
β,γ−α−β(ax−β) − Eδ−1

β,γ−α−β(ax−β)
]

. (3.5.26)

Exercises 3.5.

3.5.1. Show that

axβEδ
β,γ(axβ) = Eδ

β,γ−β(axβ) − Eδ−1
β,γ−β(axβ), (a , 0) (3.5.27)

3.5.2. Show that
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(

Iα0+[t
γ−1Eα,γ(atα)]

)

(x) =
xγ−1

a

[

Eα,γ(axα) − 1
Γ(γ)

]

, (a , 0). (3.5.28)

3.5.3. Prove Theorem 3.5.3.

3.5.4. Prove Theorem 3.5.4.

3.5.5. Prove Theorem 3.5.6.

3.5.6. Prove Theorem 3.5.7.

3.5.7. Prove Theorem 3.5.8.

3.5.8. Prove that

(

Iα0+t
ωHm,n

p,q

[

tσ|(ap,Ap)
(bq,Bq)

])

(x) = xω+αHm,n+1
p+1,q+1

[

xσ|(−ω,σ),(ap,Ap)
(bq,Bq),(−ω−α,σ)

]

, (3.5.29)

giving conditions of validity.

3.5.9. Evaluate

(

Iα−t
ωHm,n

p,q

[

tσ|(ap,Ap)
(bq,Bq)

])

(x), (3.5.30)

and give the conditions of validity.

3.6. Fractional Differential Equations

Differential equations contain integer order derivatives, whereas fractional
differential equations involve fractional derivatives, likedα

dxα , which are de-
fined for α > 0. Hereα is not necessarily an integer and can be rational,
irrational or even complex-valued. Today, fractional calculus models find ap-
plications in physical, biological, engineering, biomedical and earth sciences.
Most of the problems discussed involve relaxation and diffusion models in the
so called complex or disordered systems. Thus, it gives riseto the generaliza-
tion of initial value problems involving ordinary differential equations to gen-
eralized fractional-order differential equations and Cauchy problems involving
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partial differential equations to fractional reaction, fractional diffusion and frac-
tional reaction-diffusion equations. Fractional calculus plays a dominant rolein
the solution of all these physical problems.

3.6.1. Fractional relaxation

In order to formulate a relaxation process, we require a physical law, say the
relaxation equation

d
dt

f (t) +
1
c

f (t) = 0, t > 0, c > 0, (3.6.1)

to be solved for the initial valuef (t = 0) = f0. The unique solution of (3.6.1) is
given by

f (t) = f0 e−
t
c , t ≥ 0, c > 0. (3.6.2)

Now the problem is as to how we can generalize the initial-value problem
(3.6.1) into a fractional value problem with physical motivation.

If we incorporate the initial valuef0 into the integrated relaxation equation
(3.6.1), we find that

f (t) − f0 = −
1
c 0D

−1
t f (t), (3.6.3)

where0D−1
t is the standard Riemann integral off (t).

On replacing1
c 0D−1

t f (t) by 1
cα 0D−αt f (t), it yields the fractional integral

equation

f (t) − f0 = −
(

1
cα

)

0D−αt f (t), α > 0 (3.6.4)

with initial value

f0 = f (t = 0).

Applying the Riemann-Liouville differential operator0Dα
t from the left and mak-

ing use of the formula (3.1.16), we arrive at

0Dα
t f (t) = f0

t−α

Γ(1− α)
= −c−α f (t), α > 0, c > 0, (3.6.5)

with initial condition f0 = f (t = 0).
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Theorem 3.6.1. The solution of the fractional differential equation (3.6.4) is
given by

f (t) = f0H
1,1
1,2

[( t
c

)α
∣

∣

∣

(0,1)

(0,1),(0,α)

]

, (3.6.6)

whereα > 0, c > 0.

Proof 3.6.1. If we apply the Laplace transform to equation (3.6.4), it gives

F(s) − f0s−1
= − 1

cα
s−αF(s), (3.6.7)

where we have used the result (3.1.7) andF(s) is the Laplace transform off (t).
Solving forF(s), we have

F(s) = L{ f (t)} = f0

[

s−1

1+ (cs)−α

]

. (3.6.8)

Taking inverse Laplace transform, (3.6.8) gives

f (t) = L−1{F(s)} = f0L
−1

[

s−1

1+ (cs)−α

]

= f0L
−1















∞
∑

k=0

(−1)kc−αks−αk−1















= f0

∞
∑

k=0

(−1)k( t
c)
αk

Γ(αk + 1)

= f0Eα

[

−(
t
c
)α

]

, (3.6.9)

whereEα(·) is the Mittag-Leffler function. (3.6.9) can be written in terms of the
H-function as

f (t) = f0H
1,1
1,2

[( t
c

)α
∣

∣

∣

(0,1)

(0,1),(0,α)

]

, (3.6.10)

wherec > 0, α > 0. This completes the proof of the Theorem 3.6.1.
Alternative form of the solution. By virtue of the identity

Hm,n
p,q

[

xµ
∣

∣

∣

(ap,Ap)

(bq,Bq)

]

=
1
µ

Hm,n
p,q

[

x
∣

∣

∣

(ap,
Ap
µ

)

(bq,
Bq
µ

)

]

, (µ > 0) (3.6.11)
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the solution (3.6.10) can be written as

f (t) =
f0
α

H1,1
1,2

[ t
c

∣

∣

∣

(0, 1
α

)

(0, 1
α

),(0,1)

]

, (3.6.12)

whereα > 0, c > 0.

Remark 3.6.1. In the limit asα→ 1, one recovers the result (3.6.2)

f (t) = f0 exp(− t
c
) = f0E1(

t
c
). (3.6.13)

Remark 3.6.2. In terms of Wright’s function, the solution (3.6.10) can be ex-
pressed in the form

f (t) = f0 1ψ1

[

(1,1)
(1,α)

∣

∣

∣ − (
t
c
)α

]

, (3.6.14)

whereα > 0, c > 0.
In a similar manner, we can establish Theorems 3.6.2 and 3.6.3 given below.

Theorem 3.6.2. The solution of the fractional integral equation

N(t) − N0t
µ−1
= −cν 0D−νt N(t), (3.6.15)

is given by
N(t) = N0Γ(µ)tµ−1Eν,µ(−cνtµ), (3.6.16)

where Eν,µ(·) is the generalized Mittag-Leffler function (3.5.2),ν > 0, µ > 0.

Remark 3.6.3. Whenµ = 1, we obtain the result given by Haubold and Mathai
(2000).

Theorem 3.6.3. If c > 0, ν > 0, µ > 0, then for the solution of the integral
equation

N(t) − N0 tµ−1Eγ
ν,µ[−(ct)ν] = −cν0D−νt N(t), (3.6.17)

there holds the formula

N(t) = N0 tµ−1Eγ+1
ν,µ [−(ct)ν]. (3.6.18)
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Hint: Use the formula

L−1
{

s−β(1− as−α)−γ
}

= tβ−1Eγ

α,β
(atα), (3.6.19)

whereℜ(α) > 0,ℜ(β) > 0,ℜ(s) > |a| 1
ℜ(α) ,ℜ(s) > 0.

Corollary 3.6.1. If c > 0, µ > 0, ν > 0, then for the solution of

N(t) − N0t
µ−1Eν,µ[−cνtν] = −cν 0D

−ν
t N(t), (3.6.20)

there holds the relation

N(t) =
N0

ν
tµ−1

[

Eν,µ−1(−cνtν) + (1+ ν − µ)Eν,µ(−cνtν)
]

. (3.6.21)

Theorem 3.6.4. The Cauchy problem for the integro-differential equation

0Dµ
x f (x) + λ 0D

−ν
x f (x) = h(x), (λ, µ, ν ∈ C) (3.6.22)

with the initial condition

Dµ−k−1
x f (0) = ak, k = 0, 1, · · · , [µ], (3.6.23)

whereℜ(ν) > 0,ℜ(µ) > 0 and h(x) is any integrable function on the finite
interval [0,b] has the unique solution, given by

f (x) =
∫ x

0
(x− t)µ−1Eµ+ν,µ[−λ(x− t)µ+ν]h(t)dt

+

n−1
∑

k=0

akxα−k−1Eµ+ν,µ−k(−λxµ+ν) (3.6.24)

Proof 3.6.2. Exercise.

Theorem 3.6.5. The solution of the equation

0D
1
2
t f (t) + b f(t) = t > 0;

[

0D
− 1

2
t f (t)

]

t=0
= C, (3.6.25)

where C is a constant is given by
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f (t) = C t−
1
2 E1

2 ,
1
2
(−bt

1
2 ), (3.6.26)

where E1
2 ,

1
2
(·) is the Mittag-Leffler function.

Proof 3.6.3. Exercise.

Remark 3.6.4. Theorem 3.6.5 gives the generalized form of the equation solved
by Oldham and Spanier (1974).

Exercises 3.6.

3.6.1. Prove that ifc > 0, ν > 0, µ > 0, then the solution of

N(t) − N0t
µ−1E2

ν,µ(c
νtν) = −cν0D

−ν
t N(t), (3.6.27)

is given by

N(t) = N0t
µ−1E3

ν,µ(−cνtν) =
N0tµ−1

2ν2

[

Eν,µ−2(−cνtν)

+ {3(ν + 1)− 2µ}Eν,µ−1(−cνtν)

+

{

2ν2
+ µ2
+ 3ν − 2µ − 3νµ + 1

}

Eν,µ(−cνtν)
]

, (3.6.28)

whereℜ(ν) > 0, ℜ(µ) > 2.

3.6.2. Prove that ifν > 0, c > 0, d > 0, µ > 0, c , d, then for the solution of the
equation

N(t) − N0t
µ−1Eν,µ(−dνtν) = −cν0D

−ν
t N(t), (3.6.29)

there holds the formula.

N(t) = N0
tµ−ν−1

cν − dν
[

Eν,µ−ν(−dνtν) − Eν,µ−ν(−cνtν)
]

. (3.6.30)

3.6.3. Prove that ifc > 0, ν > 0, µ > 0, then for the solution of the equation

N(t) − N0t
µ−1Eν,µ(−cνtν) = −cν0D

−ν
t N(t), (3.6.31)

the following result holds:
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N(t) =
N0

ν
tµ−1

[

Eν,µ−1(−cνtν) + (1+ ν − µ)Eν,µ(−cνtν)
]

. (3.6.32)

3.6.4. Solve the equation

0D
Q
t f (t) + 0D

q
t f (t) = g(t),

whereq− Q is not an integer or a half integer and the initial condition is

[

0D
q−1
t f (t) + 0D

Q−1
t f (t)

]

t=0
= C (3.6.33)

whereC is a constant.
3.6.5. Solve the equation

0D
α
t x(t) − λx(t) = h(t), (t > 0), (3.6.34)

subject to the initial conditions

[

0D
α−k
t h(t)

]

t=0
= bk, (k = 1, · · · , n) (3.6.35)

wheren− 1 < α < n.

3.6.6 Prove Theorem 3.6.4

3.6.6 Prove Theorem 3.6.5.

3.6.2. Fractional diffusion

Theorem 3.6.6. The solution of the following initial value problem for the
fractional diffusion equation in one dimension

0D
α
t U(x, t) = λ2∂

2U(x, t)
∂x2

, (t > 0,−∞ < x < ∞) (3.6.36)



3.6. FRACTIONAL DIFFERENTIAL EQUATIONS 207

with initial conditions :

lim
x→±∞

U(x, t) = 0;
[

0Dα−1
t U(x, t)

]

t=0
= φ(x) (3.6.37)

is given by

U(x, t) =
∫ ∞

−∞
G(x− ζ, t)φ(ζ)dζ, (3.6.38)

where

G(x, t) =
1
π

∫ ∞

0
tα−1Eα,α(−k2λ2tα) coskx dk. (3.6.39)

Solution 3.6.1. Let 0 < α < 1. Using the boundary conditions (3.6.37), the
Fourier transform of (3.6.36) with respect to variablex gives

0D
α
x Ū(k, t) + λ2k2Ū(k, t) = 0 (3.6.40)

[

0D
α−1
t Ū(k, t)

]

t=0
= φ̄(k), (3.6.41)

wherek is a Fourier transform parameter and ‘− ’ indicates Fourier transform.
Applying the Laplace transform to (3.6.40) and using (3.6.41), it gives

≃
U(k, s) =

φ̄(k)
sα + k2λ2

, (3.6.42)

where ‘ ∼ ’ indicates Laplace transform. The inverse Laplace transform of
(3.6.42) yields

Ū(k, t) = tα−1φ̄(k)Eα,α(−λ2k2t2), (3.6.43)

and then the solution is obtained by taking inverse Fourier transform. By taking
inverse Fourier transform of (3.6.43) and using the formula

1
2π

∫ ∞

−∞
e−ikx f (k)dk =

1
π

∫ ∞

0
f (k) cos(kx)dk (3.6.44)

we have
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U(x, t) =
∫ ∞

−∞
G(x− ζ, t)φ(ζ)dζ, (3.6.45)

where

G(x, t) =
1
π

∫ ∞

0
tα−1Eα,α(−k2λ2tα) cos(kx)dk (3.6.46)

withℜ(α) > 0, k > 0.

Exercise 3.6.

3.6.8 Evaluate the integral in (3.6.46).

3.6.9 Find the solution of the Fick’s diffusion equation

∂

∂t
P(x, t) = λ

∂2

∂x2
P(x, t),

with the initial conditionP(x, t = 0) = δ(x), whereδ(x) is the Dirac delta func-
tion.
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