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In a recent note in these PROCEEDINGS,! henceforth to be referred to as
1, certain solutions of the equation

a- z’)w' — 2+ Dzw + (b —c%)w =0 1)

were defined. Corresponding to a discrete set of characteristic values of
the parameter b; there exist solutions of the type

ReLy(c, 2) = (&)™ B! auTutatin(ca), (I-10)

convergent throughout the entire z-plane and behaving as (cz) ™°7! sin

(cz - l—:;—a 1r) as z—> . In the neighborhood of 2z =0 a formal solution

may be obtained in terms of an expansion in hypergeometric functions,
| Sehile, 2) = L' T3, @9

which for the characteristic values ; is also bounded at the singularities
z = =1, With the aid of the integral representatlon (I-18) it was shown
that (I-8) and (I-10) are proportional,

Sei (¢, 2) = Nk Rej i(c, 2), (1-26)

and that the expansion coefficients are related by the simple exprssmn
(1-22).
An independent particular solution of (1) behaving at infinity as (¢cz) ™% ™!

cos ( ! -|2- a r) may be defined formally by

Roi (e, 2) = (8" ¥ 6ulNysati(cs). (I-11)

This expansion, however, diverges in general at the branch points z =
=] and consequently is usable only for large values of the independent
variable. It is the object of the present note to define a second solution
valid in the neighborhood of 2 = 0, and to determine its analytic connection
with the functions (I-10), (I-11).

By analogy with the definition (I-4) of the functions T, let

TaE) = (1 — 297 Qayale), @)
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where the Q3 , are Associated Legendre functions of the second kind as
defined by Hobson.? If R(n +a 4+ 1) >0,

_ e T(n+2 +1) L awhe _ p—w—te-1
= it et D) _1(1 )*te (z — ) dt. (3)

Since both the T and the Tj thus defined satisfy the same recursion
formulas, a second formal solution of (1) may be defined,

Sezi(c, 2) = ; aTa), )]

T

which may be expected to converge in the neighborhood of z = 0, since
3" d is bounded when b assumes one of the characteristic values &;.
”

It is known that (1) is satisfied by the Laplace transform
w(@) = S €1 — 2)° u(t)ds, (I-18)
c

where u(t) itself satisfies (1) and the contour C is to be determined by the
bilinear concomitant

£ (1 — et [u: - %‘]

Asin Ilet u(t) = Seli(f) = NERek (ct). If t—> o and|arg ct|< =,

=0. (1-19)
C

2

Let it be assumed that I'[c(z + 1)] >0, I[c(z — 1)] > 0. This is in accord
with the conditions of most physical problems wherein z is real and I(c) > 0.
The contour may now start and terminate at { = 4. In particular a
solution may be represented by

w(z) = f TR ot (1 _ e st (o )

Selq (&) —> Nk (cf) ™% sin (ct _+ “r)-

(—1+.14) |
LetI, = f e (1 — £)° T2 (Hat.

Then on replacing Ty by the differential expression

_ _(=D)Tr+2+1) — - @ — g)nto
L0 = srtmrormtarn 0 D =" ©
and integrating partially one finds
_ I'(n+ 2 +1) s, (nta)wic \® (__1+'1+)
L= st DrmratD o @ | e qymtey,

@)
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It has been shown by Watson?® that
I‘( ”n— a)c("+“)’"(cz)”+“+l/’ (—1+,14)

Jn—a—1s (c2) = ortetl | /o0 e‘“‘(t’ —_ 1)”+“dt,

. (8)
and hence
I” = * P(” + 24 + 1) (_]»)l.‘i’1 2‘\/£'Sina‘l’(62)_a_l/’-,—n—a—l/: (CZ).

I'n+1)

| ©
Multiply both sides of (9) by db, replace d on the right side by a;, according
to (I-22), and sum over odd or even values of # as / is odd or even. Thete
results

w(2) = f i €™ (1 — 12)°Sel (Hdt =
2k(—1)* sin an(c2) " T ahuaiilen).  (10)

”

The integral thus evaluated may. be readily expressed in terms of the
functions Re}; and Re};. In virtue of the definition of the Neumann
function Ny,4441/, When % is an integer,

(="
cosax

Nn‘-ll-a+1/s = "_ta-nafjn+a+1/s - Jn=a=1/1» (11)

it follows that
(=1 (cz) e~ Z’af.f_,._.,_l,, (¢c8) = cosax[tanar Rel; + Rel;]. (12)

In the domain 1 < 2 £ « one has therefore ‘
(—1+,1+)
f (1 — t’)"Se}, 1(8)dt = Bysin 2a1r[ta.n or Re}; + Re3;].  (13)

The contour integral must now be evaluated for values of 2 lying in
domain —1 < 2z < 1. To accomplish this, let Se;;(f) be replaced by
NkiRe} j(ct) in the integrand of (13) and consider integrals of the type

K= [T g - @ T @it 18)

The Bessel function may be replaced by-its representatlon as a definite
integral, . , .

: e A
Jn+a+l/: (ct) = (ct)

oct: 1 2 n+ads ; 15 B
5Fon/ZaT(n +a + 1) = )
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and on reversing the order of integration there results for (14),

K, = 1 ! 2\n+a (1
" 2"t/ T(n +a+1) J_, ds(1 — s?) .[ ' .
e"“(“‘)(t’ — 1)%(ct)™dt. (16)

Let the contour of integration be taken around the points (—1, +1) such
that ¢ > 1 over the entire path. Then (2 — 1)* may be expanded in a
convergent series of inverse powers of ¢, and it may be shown* that

(—1+,14)
f EEm (2 — 1) (ct)"dt =

27e T = (=1)"T'(m — a) me, __ \am—20—n+1
cett ,,.z.;o mIT(—a)T(2m — n — 2a) =) - an
. . nxi
_ 1 2¢“"" 2 (—1)'*" sin 2an-
Ka= 2"7°\/2xT(n + a + 1) et (8
xi (=1)"T'(m — a)T'(n + 2a+ 1—2”‘) am ™ (1 — spr+e
m=0 m!(—a) -1

(z —s) tm—20—n—17¢

i

Now by (3) it appears that \
2"tetip(n + g + 1) - ariTtm

1
(1 _ sg)u+a(z _ s)zm—za—n—lds = i

-1 I'(n+ 2 — 2m + 1)

: (19)

and on substituting in (18) a’nd reducing, one obtains
K, =2 Jg e ¥ sin2an(~1)'H 3 (ZDTm = 6) amepa-sm

2ot m=0 mll(—a) : ""‘”&0)

™

Finally, in virtue of (14) a.n'd'.(13.), there results |
—eoxi (—1+,14)

3 d K, = _"M f (1 — £2)%Sel ()dt, (1)
n R J @

or ,
tan a7 Re,‘,,;_ + Re?,,; = . S ) :
2 e_aﬁ‘(_l)l.i-l ) L (—l)f"I‘(m _ a) mgec —2m
24/2¢ ") 2 Al 2"Ty 22
Al J; éu+l ; q'e mz=:0 m!I\(_a) n+2m ( )
The right-hand side of (22) is next to be expressed as a multiple of the

function Se}; defined in (4). In the simple case @ = 0 corresponding to
axially symmetric spheroidal functions, the summation over m breaks
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off with the first term. Replacing a}, by d% according to (I-22) yields at
once
ixl
Ry = — N ov s, 23)
c

In order to determine the proportionality factor, let us write

_nm @ ¢ {ym -

Srae” sy ST 20 anpanan L) S AT (29)
n m=0 m!I‘(—a) »

and evaluate at the ordinary point 2 = 0. By an obvious modification of

Hobson'’s expressions for the functions Q4,, on the cross cut between

=15 we have

r(n+2a+l)
T:(o)=—2““sin”-;2“r ni2 VA (25
r(25)
2

and a corresponding expression for Tp1im(0). Introducing these values
into (24) one obtains an expression for the joining factor g in terms of
the known expansion coefficients.

I‘(n+2a+1)
/dlﬂ__z____ =
el(C)zn: w? I,(n+2)
2
n+2a—2m-+1

R
z aigollz(_‘f));,’: (p(n + 22m ¥ 2) ) (26)
2

The analytic connection between the functions of the second kind is
therefore

_1l+1 —axi
tanaarRe,‘,,,-i-Reﬁ; = 2‘13(—-2?;-_'_:—

In case @ is an integer, as in the spheroidal wave functions, Se;; represents
the analytic continuation of Re}; into the origin. In particular

M Seq ;. 27

=li

b = ‘Jg e -’-’ (a = 0): (28)

m=é¢—?(§—§+l)' (@ =1). (29)
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If a is half an odd integer, as in the case of the Mathieu functions
(@ = —1/2), tan ar in (27) becomes infinite. The function (cz) ~*~"* Y’

af,J —n—a—v,(c2), however, is then no longer independent of Re;; and, as
might be expected, it is easy to show that Se; is now proportional to
Se;;. An independent expression for Sei; applicable in this case may be
obtained by a limiting process, the details of which will be published later.
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1. Introduction.—In the absence of any appreciable gravitational field
the conditions satisfied by the temperature of a medium having no thermal
flow from one portion to another, are well known to be those of uniformity
throughout the system. In the presence of a gravitational field, however,
the conditions imposed at thermal equilibrium on the proper temperature—
as measured at different points of the medium by local observers—are
considerably more complicated, owing to the association of inertia and
weight with all forms of energy and the consequent tendency for heat to
flow from regions of higher to those of lower gravitational potential.
Nevertheless, for the special case of static gravitational fields, these more
complicated conditions have already been obtained,’? and it is the purpose
of the present article to investigate the conditions for thermal equilibrium
in the general case of any kind of gravitational field.

The investigation shows that a reasonably straightforward treatment
can be found which leads to an apparently satisfactory, covariant expression
of the general conditions for thermal equilibrium. The possible value of
such a result can be two-fold. In the first place it satisfies our desire for
coherent theory, since our previous expression of the conditions for thermal
equilibrium, which applied only to static systems and was made in the non-
covariant language of a kind of codrdinate system then appropriate, can
now be regarded as a special case of the gemerally covariant expression
applying to any kind of system. In the second place, the expression ob-



