Lecture 6 - Designof Digital Filters

6.1 Simplefilters

Therearetwo methodgor smoothinga sequencef numberdn orderto approx-
imatea low-passfilter: the polynomialfit, asjust describedandthe moving av-
erage. In the first case,the approximationto a LPF canbe improved by using
a higherdegreepolynomial: for example,insteadof usinga quadraticasin the
examplegivenin thepreviouslecture we couldhave fitted aleast-squareguartic
to the original “noisy” data. The effect of usinga higherdegreepolynomialis
to give both a higherdegreeof tangeng atw = 0 anda sharpercut-off in the
amplituderesponse.

An exampleof asimplemoving-averagdilter is the Hannindfilter, for which:

1
ylk] = Z(x[k] + 2z[k — 1] + z[k — 2])
Thisfilter producesanoutputwhichis a scaledaverageof threesuccessie inputs,

with the centrepoint of the threeweightedtwice ashewaily asits two adjacent
neighbours.

6.1.1 Designby z-domainarguments

Takingthe z-transfomwe obtainatransferfunctionof theform
1 -1
H(z) = Z(1+22 + 2_9)

which hastwo zeroesat 22 + 22 + 1 = (z + 1) = 0 i.e. z = —1. Remember
thatthis correspond#o adoubledampingatthe Nyquistfrequeng. Thiswill give
attenuatiorof HF signalsi.e. a LPF effect. Alternatively we couldargueto puta
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poleatDC, somefraction0 < « < 1 of theway alongtherealaxis. This gives

H(z) = I

Z— 1—oz"

1
andthus

Y(2)(1—az™)=2""X(z2)
andin differencetermsin thedigital time domain

ylk] = z[k — 1] + ay[k — 1]

which givesaLPF asarecurtentfilter (whichis thusanlIR filter). In generalwe
may useout knowledgeof the Laplacedesignof transferfunctionsto arguethe
designin thez-domainaswell. Thisis simplefor low-orderfilters (asabove), but
would betediousat higherorders—thereareotherways.

6.2 FIR designsbhasedon window functions

FIR filters canalso be designedirom a frequeng responsespecification. The
equivalentsampledimpulseresponsewhich determineghe coeficients of the
FIR filter, canthenbefoundby inverse(discrete}ouriertransformatior{Discrete
Fourier Transformsarenot covereduntil laterin the coursebut the examplefilter
designbelow shouldstill be easyto follow).

Consideranideallow-passcharacteristi¢brick-wall filter) G (jw) with a cut-
off frequeny w. = 7 /4T whereT = samplingperiod:

We know thatthe continuousmpulseresponse(t) is givenby (andshovnin
Fig. 6.1):

1 [ -
- . Jwt
g(t) o) G(jw)e’ dw
We ([ sinw,t

The sampledmpulseresponsgy|k] (which would be obtainedby takingthein-

verseDFT of thediscreteequivalent“brick-wall” frequeng characteristicsk the
sampledversionof the continuoussi“Tx function. It is not possibleto implement
thecorrespondindpw-pasdilter designbecause:
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Figure6.1: Impulseresponsef brick wall filter in (left) continuousand (right)
discretetimedomains.

e aninfinite numberof coeficientswould berequired

e the impulseresponses that of a non-causabystem(g|[k] exists between
k = —oo andk = 0).

A first solution

hencewe could,
1. Truncatethe expressiorfor g[k] atsomereasonablealueof £, say10.
2. Shift all the coeficientsby thesamenumber

Thisis shovnin Fig 6.2.
Now thatwe have thedifferenceequation

20
ylk] = axlk — i
=0
for thefilter, we canalsoobtainits transferfunction

20
G(z) = Z a;z”"
i=0

As before,we canobtainthe actualfrequeny responsef thefilter by evalu-
ating G(z) ontheunit circle (i.e. G(e’“")). Thisis shavn in Fig 6.3 usingboth
linearandlogarithmicplotsfor theamplituderesponse.
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Figure6.2: Impulseresponsef brick wall filter shifted.

Figure6.3: Linear (left) andlog (right) responsefor 21 and 11 coeficientsin the
brick wall filter.

Better solution

Thetruncationof theimpulseresponsés equialentto multiplying it by arectan-
gular“window” function. This leadsto anovershootandripple beforeandafter
the discontinuityin the frequeny response- a phenomenonknown as Gibb’s
phenomenorfthe overshootis about9% — seeprevious Fig). The amplitudeof
theovershoodoesnot decreas& moreandmorecoeficientsareincludedin the
digital filter.

A moresuccessfulvay of designingan FIR filter is to usea finite weighting
sequence|k]. Thereareanumberof suchsequencedpr exampletheHamming,
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Hanningor Kaiserwindows.

_Ja+(1l-a)costE —N<Ek<N
w[k]_{ 0 elsavhere

If & = 0.54 thisis theHammingwindow if « = 0.5 thisis theHanning or raised
cosine window Fig 6.4 shows the 11 point Hammingwindow. The Fourier
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Figure6.4: 11 point Hammingwindow

transformof thesewindows consist=f a centrallobe which containsmostof the
enegy andsidelobeswhich generallydecayvery rapidly.

Theuseof suchawindow to reducethe Fouriercoeficientsfor the higherfre-
gueng termsleadsto areductionin ripple amplitude atthe expenseof a slightly
worseinitial cut-off slope.Thefrequeng responsef the21-coeficientFIR filter
Fig. 6.3is shavn in Fig. 6.5 togetherwith that of the equvalent“windowed”
filter (thefilter weightson this casebeingcomputedrom g[k] = g[k].w|[k]) using
aHammingwindow.

6.2.1 FIR filter design—conclusion

FIR filters are usually found in applicationswherewaveform distortion due to
non-linearphases harmful. As the 2 examplesof filters studiedillustrate, FIR
filters with exactly linear phasecanbe designedthey musthave animpulsere-
sponsewhich is either symmetrical- i.e. palindromiccoeficients— or purely
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Figure6.5: Hammingwindowremaing overshoot.

anti-symmetrical)FIR filtersaremostlyrealisedasnon-recursie structuressuch
filters arealwaysstable.However, if a sharpcut-off in theamplituderesponses
required,alarge numberof coeficientsareneededusually> 100).
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6.3 Designof IR filters

Most recursve filters have aninfinite impulseresponsebecausef the feedback
of previous outputs. Practicallnfinite-Impulse-Respong@R) filters areusually
basediponanalogueequivalents(Butterworth, Chebyshe, etc.),usingatransfor
mationknown asthe bilinear transformatiorwhich mapsthe s-planepolesand
zerosof theanalogudilter into the z-plane.However, it is quite possibleto design
anlIR filter without ary referenceto analoguedesignsfor exampleby choos-
ing appropriatdocationsfor the polesandzeroeson the unit circle (Remember:
G(e’“T) = 0 whereverthereis azeroon the unit circle,i.e. completeattenuation
of thatfrequeng; ontheotherhand,G(e’“") — oo whenthereis apolenearthe
unit circle,i.e. high gainatthatfrequeng).

6.4 Bilinear transformation

Thetechniqueof digitizing ananaloguealesigns themostpopularIR filter design
technique,sincethereis a large amountof theory on standardanalogusfilters
available(someof which wasexploredin thefirst half of this lecturecourse).
Thebilinear z-transformis a mathematicalransformatiorfrom the s-domain
to the z-domainwhich preseresthefrequeng characteristicandis definedby:

21—zt
§= =
T1+ 21

where T = samplingperiod

Underthis mapping,the entire jw axis in the s-planeis mappedonto the unit
circlein the z-plane;theleft-half s-planeis mappednsidethe unit circle andthe
right-half s-planeis mappedutsidethe unit circle.

The bilineartransformatiorgivesa non-linearrelationshipbetweeranalogue
frequeny w, anddigital frequeny w,. Sincethefrequeny responsef adigital
filter is evaluatedby settingz = /7"

Sa:jwa:—ﬁ:— 'w2T 7.ZT:—tanh
T1+ e Iwd Tede+e]Td T 2
ie 2 tan 2L
. Wy = s tan ——
T 2
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The form of this non-linearityis shovn in Fig. 6.6 for thecasel = 2. For
smallvaluesof w,, the mappingis almostlinear;for mostof the frequeny scale,
however, the mappingis highly non-linear

3.5

Bf oo

25}

Figure6.6: Thebilinear mappingfunction.

Thecut-off frequencie®f adigital filter will thereforebetangentiallywarped
comparedvith thoseof the analogudilter from which it wasdesigned.In order
to compensatéor this undesirablesffect, it is necessaryo pre-warptherequired
cut-off frequenciedbefore designinghe analogudilter. Thus

¢ the desiredsetof digital filter cut-off frequenciess determinedirst. For
example,if therearefour critcial cut-off frequenciesyy, wgz, wgz andwg,).
Using the frequeng warping relationshipderived above, the filter cut-off
frequenciesare corvertedto a new setof analoguecut-off frequencies,
Waly Wa2; Wa3 andwaél-

e Finally, ananalogudilter is designedwith the appropriatevarpedcut-off
frequencies. Applying the bilinear transformatiorto this analoguefilter
givesadigital filter with the desiredcut-off frequencies.
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6.4.1 Example: designof IIR filter usingbilinear z-transform

Designadigital low-passButterworth filter with a3dB cut-off frequeng of 2kHz
andminimumattenuatiorof 30dBat4.25kHzfor a samplingrateof 10kHz.

Answer

fs = 10* Hz; hencel = 10~ sec.
wa = 21 x 2 x 10% rads/seci s, = 27 x 4.25 x 102 rads/sec.

Apply pre-warpingtransformation:

9 T 9
Wi = 7 tan YA _ 9 % 10%tan 0.2 = 0.72654 x 7 = 14.53 x 10° rads/sec
2 T
Waz = 7 ta Yd2T _ 9 % 10*tan 0.4257 = 83.31 x 10° rads/sec

(ie. fo1 = 2.3kHz andf,, = 13.3kHz—thisshONsthewarpingeffectnear%)
Theorderof filter requiredcannow beworkedout asbefore:

N logA l0g19104/10
~ . 83.31
logt’)—c loglom

=1.98

n

n = 2 meetsthe specification

For asecond-ordeButterworth LPF

2
c

G(s) =
(5) s2 4+ 5v/2w, + w?

Substitutev,; = w, = 0.72654% in above equationandusethe bilineartransfor

H _ 2 1—z 1.
mations = Tite—1"

(2)%0.726542
(%)Q(i)Q + \/5(%)20.72654(1_2_1) + (%)2(0.72654)2

1421 1421

G(z) =
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(NB: (%) factorcancelut)

0.52786
G(Z) = 11 2 1—z—1
(321)% 4 1.02749(32) + 0.52786
1422714272

G(2) = 0.52786
(2) 2.55535 — 0.9442721 + 0.500382 2

142zt 4272
1 —0.369532"1 + 0.1958222

G(z) = 0.20657

from which we canfinally write thefollowing differenceequation:

y[k] = 0.20657x[k] + 0.41314z[k — 1] 4 0.20657z[k — 2] + 0.36953y[k — 1] —
0.19582y[k — 2]

In orderto checkthe magnitudecharacteristicef the frequeng responsere-
write G(z) as:

2242241
22 —0.36953z + 0.19582

G(z) = 0.20657

e dcgain w,T =0 — z = 1 whichgives|G(1)| =1

e 3dB cut-off frequeny wy T = 0.47
Thus

c0s 0.87 + 7 sin 0.87 + 2(cos 0.47 + jsin 0.47) + 1

G(e"*™) = 0.20657
() c0s 0.87 + j sin 0.8 — 0.36953(cos 0.47 + j sin 0.47) 4+ 0.19582

0.8092 + 2.48997

e, G(eV4) = 0.20657
(€”*) ~0.72739 + 0.23634]

which gives|G| = 0.707
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You canalsocheckthe 30dB minimum attenuatiorrequiremenby working out
G(60'857rj).

6.4.2 Conclusion

With recursve lIR filters, we cangenerallyachiere a desiredfrequeng response
characteristiovith afilter of lower orderthanfor anon-recursiefilter (especially
if elliptic designsareused). A recursve filter hasboth polesand zeroeswhich
canbe selectedvy the designerhencetherearemorefree parametershanfor a
non-recursiefilter of thesameorder(only zeroesanbevaried).However, when
thepolesof anlIR filter arecloseto theunit circle, they needto be specifiedvery
accuratelytypically 3 to 6 decimalplaces)f instability is to beavoided.
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