
Lecture6 - Designof Digital Filters

6.1 Simplefilters

Therearetwo methodsfor smoothinga sequenceof numbersin orderto approx-
imatea low-passfilter: thepolynomialfit, asjust described,andthemoving av-
erage. In the first case,the approximationto a LPF canbe improved by using
a higher-degreepolynomial: for example,insteadof usinga quadraticasin the
examplegivenin thepreviouslecture,wecouldhavefitteda least-squaresquartic
to the original “noisy” data. The effect of usinga higher-degreepolynomial is
to give both a higherdegreeof tangency at ����� anda sharpercut-off in the
amplituderesponse.

An exampleof asimplemoving-averagefilter is theHanningfilter, for which:���	��
���
����� �	��
���� � ����� 
 
�� � ��������
��
Thisfilter producesanoutputwhichis ascaledaverageof threesuccessiveinputs,
with the centrepoint of the threeweightedtwice asheavily asits two adjacent
neighbours.

6.1.1 Designby z-domainarguments

Takingthez-transfomweobtaina transferfunctionof theform �"! ��� 
��� 
 �#� !�$&% � ! $�' �
which hastwo zeroesat ! ' �(� ! � 
 � �"! � 
 � ' ��� i.e. ! �)� 
 . Remember
thatthiscorrespondsto adoubledampingat theNyquistfrequency. Thiswill give
attenuationof HF signalsi.e. a LPF effect. Alternatively we couldargueto put a
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poleatDC, somefraction ��*,+�* 
 of thewayalongtherealaxis.Thisgives �-! ��� 
! �.+ � ! $&%
 �.+ ! $&%
andthus / �-! � � 
 �.+ !�$&% ��� !�$&%102�"! �
andin differencetermsin thedigital timedomain���	��
3� � ����� 
 
���+4�5���6� 
 

whichgivesaLPFasa recurrentfilter (which is thusanIIR filter). In general,we
may useout knowledgeof the Laplacedesignof transferfunctionsto arguethe
designin thez-domainaswell. This is simplefor low-orderfilters (asabove),but
wouldbetediousathigherorders– thereareotherways.

6.2 FIR designsbasedon window functions

FIR filters canalso be designedfrom a frequency responsespecification. The
equivalentsampledimpulseresponse,which determinesthe coefficientsof the
FIR filter, canthenbefoundby inverse(discrete)Fouriertransformation(Discrete
FourierTransformsarenot covereduntil laterin thecoursebut theexamplefilter
designbelow shouldstill beeasyto follow).

Consideranideallow-passcharacteristic(brick-wall filter) 7 �98 �:� with a cut-
off frequency �<;=�(>4? �A@ where

@ � samplingperiod:
Weknow thatthecontinuousimpulseresponse� �CB � is givenby (andshown in

Fig. 6.1): D ��B �E� 
��> F,G$ G 7 �H8 �:�JILK1M�NCOA�� �<;>QPSRUT9V �=; B�<; BXW (6.1)

The sampledimpulseresponseD�����
 (which would be obtainedby taking the in-
verseDFT of thediscreteequivalent“brick-wall” frequency characteristics)is the
sampledversionof thecontinuousY9Z\[�]] function. It is not possibleto implement
thecorrespondinglow-passfilter designbecause:
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Figure6.1: Impulseresponseof brick wall filter in (left) continuousand (right)
discretetimedomains.^ aninfinite numberof coefficientswouldberequired^ the impulseresponseis that of a non-causalsystem � D�����
 exists between���_�a` and ���b�c� .
A first solution

hencewecould,

1. Truncatetheexpressionfor D��	��
 atsomereasonablevalueof � , say10.

2. Shift all thecoefficientsby thesamenumber.

This is shown in Fig 6.2.
Now thatwehave thedifferenceequation������
3� 'edf gih dkj

g � ���l��m"

for thefilter, wecanalsoobtainits transferfunction7 �"! �k� 'edf gnh d j

g !�$ g
As before,we canobtaintheactualfrequency responseof thefilter by evalu-

ating 7 �-! � on theunit circle (i.e. 7 � I K1Mpo � ). This is shown in Fig 6.3 usingboth
linearandlogarithmicplotsfor theamplituderesponse.
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Figure6.2: Impulseresponseof brick wall filter shifted.
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Figure6.3: Linear(left) andlog (right) responsesfor 21and11coefficientsin the
brick wall filter.

Better solution

Thetruncationof theimpulseresponseis equivalentto multiplying it by arectan-
gular “window” function. This leadsto anovershootandripple beforeandafter
the discontinuityin the frequency response– a phenomenomknown asGibb’s
phenomenom(the overshootis about9% – seepreviousFig). The amplitudeof
theovershootdoesnot decreaseif moreandmorecoefficientsareincludedin the
digital filter.

A moresuccessfulway of designinganFIR filter is to usea finite weighting
sequenceq ����
 . Thereareanumberof suchsequences,for exampletheHamming,
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Hanningor Kaiserwindows.q ����
��sr +t� � 
 �.+S�vuxw RSyUz{ �.|E}(�~}�|
0 elsewhere

If +��(�v��� � this is theHammingwindow, if +��(�v��� this is theHanning, or raised
cosine, window. Fig 6.4 shows the 11 point Hammingwindow. The Fourier
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Figure6.4: 11pointHammingwindow.

transformof thesewindowsconsistsof a centrallobewhich containsmostof the
energy andsidelobeswhichgenerallydecayvery rapidly.

Theuseof suchawindow to reducetheFouriercoefficientsfor thehigherfre-
quency termsleadsto a reductionin rippleamplitude,at theexpenseof a slightly
worseinitial cut-off slope.Thefrequency responseof the21-coefficientFIR filter
Fig. 6.3 is shown in Fig. 6.5 togetherwith that of the equivalent“windowed”
filter (thefilter weightson thiscasebeingcomputedfrom D5����
3��D5����
"� q �	��
 ) using
aHammingwindow.

6.2.1 FIR filter design– conclusion

FIR filters are usually found in applicationswherewaveform distortiondue to
non-linearphaseis harmful. As the 2 examplesof filters studiedillustrate,FIR
filters with exactly linearphasecanbe designed(they musthave an impulsere-
sponsewhich is either symmetrical– i.e. palindromiccoefficients– or purely
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Figure6.5: Hammingwindowremovingovershoot.

anti-symmetrical).FIR filtersaremostlyrealisedasnon-recursivestructures;such
filters arealwaysstable.However, if a sharpcut-off in theamplituderesponseis
required,a largenumberof coefficientsareneeded(usually � 100).
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6.3 Designof IIR filters

Most recursive filters have aninfinite impulseresponse,becauseof thefeedback
of previousoutputs.PracticalInfinite-Impulse-Response(IIR) filters areusually
baseduponanalogueequivalents(Butterworth,Chebyshev, etc.),usingatransfor-
mationknown asthe bilinear transformationwhich mapsthe � -planepolesand
zerosof theanaloguefilter into the ! -plane.However, it is quitepossibleto design
an IIR filter without any referenceto analoguedesigns,for exampleby choos-
ing appropriatelocationsfor thepolesandzeroeson theunit circle (Remember:7 � I KeM�o �k��� wherever thereis a zeroon theunit circle, i.e. completeattenuation
of thatfrequency; on theotherhand,7 � I K1Mpo ��� ` whenthereis apolenearthe
unit circle, i.e. highgainat thatfrequency).

6.4 Bilinear transformation

Thetechniqueof digitizingananaloguedesignis themostpopularIIR filter design
technique,sincethereis a large amountof theory on standardanaloguefilters
available(someof whichwasexploredin thefirst half of this lecturecourse).

Thebilinear ! -transformis a mathematicaltransformationfrom the � -domain
to the ! -domainwhichpreservesthefrequency characteristicsandis definedby:� � �@ 
 � ! $&%
 � ! $&% where

@ � samplingperiod

Under this mapping,the entire 8 � axis in the � -planeis mappedonto the unit
circle in the ! -plane;theleft-half � -planeis mappedinsidetheunit circle andthe
right-half � -planeis mappedoutsidetheunit circle.

Thebilineartransformationgivesa non-linearrelationshipbetweenanalogue
frequency �<� anddigital frequency �<� . Sincethefrequency responseof a digital
filter is evaluatedby setting! �bI K1Mpo :

� ��� 8 �=��� �@ 
 �.I $ K1M��eo
 �2I $ K1M � o � �@ I K1M � o' �.I $ K1M � o'I K1M � o' �2I $ K1M � o' � �@���� V�� 8 �<� @�
ie. �<��� �@���� V �<� @�
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The form of this non-linearityis shown in Fig. 6.6 for the case
@ ��� . For

smallvaluesof �<� , themappingis almostlinear;for mostof thefrequency scale,
however, themappingis highly non-linear.
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Figure6.6: Thebilinear mappingfunction.

Thecut-off frequenciesof adigital filter will thereforebetangentiallywarped
comparedwith thoseof theanaloguefilter from which it wasdesigned.In order
to compensatefor this undesirableeffect, it is necessaryto pre-warptherequired
cut-off frequenciesbeforedesigningtheanaloguefilter. Thus^ the desiredsetof digital filter cut-off frequenciesis determinedfirst. For

example,if therearefour critcial cut-off frequencies,�=� %�� �<� '�� �<�1� and�=�e� ).
Using the frequency warpingrelationshipderived above, the filter cut-off
frequenciesare converted to a new set of analoguecut-off frequencies,�<� %�� �<� '�� �<�J� and �=�1� .^ Finally, ananaloguefilter is designedwith the appropriatewarpedcut-off
frequencies. Applying the bilinear transformationto this analoguefilter
givesadigital filter with thedesiredcut-off frequencies.
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6.4.1 Example: designof IIR filter usingbilinear z-transform

Designadigital low-passButterworthfilter with a3dBcut-off frequency of 2kHz
andminimumattenuationof 30dBat4.25kHzfor a samplingrateof 10kHz.

Answer��� � 
 � � Hz; hence
@ � 
 � $ � sec.�<� % ����>������ 
 � � rads/sec;�=� ' � ��>�� � �¡�¢��� 
 � � rads/sec.

Apply pre-warpingtransformation:�<� % � �@#�L� V �=� % @� �b��� 
 � � �L� V �v���p>£���v��¤A�A¥c� � � �@ � 
 � �¡�A¦�� 
 � � rads/sec

�<� ' � �@ �L� V �<� ' @� �b��� 
 � � �L� V �v� � �¢��>§�(¨¢¦v�	¦ 
 � 
 � � rads/sec

(ie.

� � % � ���	¦ kHz and

� � ' � 
 ¦v�	¦ kHz – thisshows thewarpingeffectnear ©"ª' )
Theorderof filter requiredcannow beworkedout asbefore:«­¬ ®C¯ D�°®-¯ D M�±M�² �³®C¯ D %-d 
 ��´ 
 �®C¯ D %-dcµ �U¶ � %% ��¶ ·e� � 
 �¡¸A¨¹»º½¼ meetsthe specification

For asecond-orderButterworthLPF,7 � � �k� � ';� ' � � ´ �p�<;���� ';
Substitute�<� % �b�<;k�¾����¤¢�¿¥c� � 'o in aboveequationandusethebilineartransfor-
mation � � 'o %e$�À�Á¿Â%"Ã�À Á¿Â :

7 �"! �k� � 'o � ' ����¤¢�¿¥c� � '� 'o � ' � %e$�À Á¿Â%"Ã�À Á¿Â � ' � ´ � � 'o � ' �v�¡¤¢�A¥c� � � %e$�À ÁAÂ%"Ã�À ÁAÂ �Ä� � 'o � ' � �v�¡¤¢�A¥¢� � � '
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(NB: � 'o � factorcancelsout)

7 �-! ��� �v�¡�¢�¢¤A¨A¥� %e$�À ÁAÂ%"Ã�À ÁAÂ � ' � 
 �	�c�¢¤ � ¸ � %e$�À ÁAÂ%"Ã�À Á¿Â �Ä���v�¡�¢�¢¤¿¨¢¥7 �-! �k���v�¡�¢�¢¤A¨A¥ 
 �#� ! $&% � ! $�'���¡�¢�¢�A¦c�Å���v�	¸ �¢� �¢¤ ! $&% ���v�¡�A�¢�¢¦A¨ ! $�'
7 �-! ���b�v�¡�A�¢¥c�¢¤ 
 �#� ! $&% � ! $�'
 �.�v�	¦¢¥¢¸c�A¦ ! $&% ���v� 
 ¸c�A¨¢� ! $�'

from whichwecanfinally write thefollowing differenceequation:���	��
<�Æ�v���¿�¢¥c�¢¤ � ����
v�Ç�v� � 
 ¦ 
 � � �	��� 
 
��,�v�¡�A�¢¥c�A¤ � �	���Ç��
v�Ç�v�	¦¢¥¢¸c�¿¦A�5���l� 
 
3��v� 
 ¸c�¿¨c�¿���	�È�2�p

In orderto checkthemagnitudecharacteristicsof thefrequency response,re-

write 7 �"! � as:

7 �-! ���b�v�¡�A�¢¥c�A¤ ! ' �#� ! � 
! ' ���v�	¦¢¥¢¸c�¿¦ ! ���v� 
 ¸c�A¨¢�^ dcgain: �<� @ ���È� ! � 
 whichgives É\7 � 
 � É � 
^ 3dBcut-off frequency �<� % @ �(�v� � >
Thus7 � I d ¶ � z K��k���v���¿�¢¥c�¢¤ uxw R �v�	¨¿>Ê� 8 RUT9V ���¡¨¿>Ê��� � uxw R �v� � >Ê� 8 RUTËV ��� � >Ì�Ä� 
uxw R ���¡¨¿>Ê� 8 RUT9V �v�	¨¿>Í���v�	¦¢¥¢¸c�A¦ � uÎw R �v� � >Ê� 8 RJTËV �v� � >4�Ä�2�v� 
 ¸c�A¨c�
ie. 7 � I d ¶ � z K��k�(�v�¡�A�¢¥c�¢¤ �v�	¨¢�¢¸¢���#��� � ¨¢¸¢¸ 8�a�v�¡¤¢�¢¤¿¦¢¸��������A¦A¥¢¦ � 8 whichgives É\7~É ���v�¡¤A�c¤
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You canalsocheckthe30dBminimumattenuationrequirementby working out7 � I d ¶ µ · z K � .
6.4.2 Conclusion

With recursive IIR filters,we cangenerallyachieve a desiredfrequency response
characteristicwith afilter of lowerorderthanfor anon-recursivefilter (especially
if elliptic designsareused). A recursive filter hasboth polesandzeroeswhich
canbeselectedby thedesigner, hencetherearemorefreeparametersthanfor a
non-recursivefilter of thesameorder(only zeroescanbevaried).However, when
thepolesof anIIR filter arecloseto theunit circle, they needto bespecifiedvery
accurately(typically 3 to 6 decimalplaces)if instability is to beavoided.
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