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PREFACE

The preface to the first edition, reprinted on the sL1CCeeding pages, excused
this book’s deficiencies on grounds that can hardly be justified now that

these “notes” truly have become a book.
At one time I had optimistically planned to completely revise all this material

for the momentous occasion, but I soon realized the futility of such a.n under-
taking. As I examined these five volumes, written so many years ago, I could
scarcely believe that I had once had the energy to learn so much material, or
even recall how I had unearthed some of it.

So I have contented myselfwith the correction of errors brought to my atten-
tion by diligent readers, together with a few expository ameliorations; among
these is the inclusion of a translation of Gauss’ paper in Volume 2.

Aside from that, this third and final edition differs from the previous ones only
in being typeset, and with figures redrawn. I have merely endeavored to typeset
these books in a manner befitting a subject of such importance and beauty.

As a final note, it should be pointed out that since the first volumes of this
series made their appearance in 1970, references in the text to “recent” results
should be placed in context.





Preface to t/ze First Edition

How mass NOTES §AME To BE
and how theyglid not cgme to be agbook

For many years I have wanted to write the Great American Differential

Geometry book. Today a di lemma confronts any one intent on penetrat-

ing the mysteries of differential geometry. On the one hand, one can

consult numerous classical treatments of the subject in an attempt to

form some idea how the concepts within it developed. Unfortunately,

a modern mathematical education tends to make classical mathematical

works inaccessible, particularly those in differential geometry. On the

other hand, one can now find texts as modern in spirit, and as clean in

exposition, as Bourbaki 's Algebra. But a thorough study of these books

usually leaves one unprepared to consult classical works, and entirely

ignorant of the relationship between elegant modern constructions and

their classical counterparts. Most students eventually find that this

ignorance of the roots of the subject has its price —— no one denies that

modern definitions are clear, elegant, and precise; it's just that it's

impossible to comprehend how any one ever thought of them. And even after

one does master a modern treatment of differential geometry, other modern

treatments often appear simply to be about totally different subjects.

Of course, these remarks merely mean that no matter how well some of the

present day texts achieve their objective, I nevertheless feel that an

introduction to differential geometry ought to have quite different aims.

There are two main premises on which these notes are based. The first

premise is that it is absurdly inefficient to eschew the modern language

of manifolds, bundles, forms, etc. , which was developed precisely in

order to rigorize the concepts of classical differential geometry.

Rephrasing everything in more elementary terms involves incredible
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contortions which are not only unnecessary, but misleading. The work

of Gauss, for example, which uses infinitesimals throughout, is most

naturally rephrased in terms of differentials, even if it is possible

to rewrite it in terms of derivatives . For this reason, the entire

first volume of these notes is devoted to the theory of differentiable

manifolds, the basic language of modern differential geometry. This

language is compared whenever possible with the classical language, so

that classical works can then be read.

The second premise for these notes is that in order for an introduction

to differential geometry to expose the geometric aspect of the subject,

an historical approach is necessary; there is no point in introducing

the curvature tensor without explaining how it was invented and what it

has to do with curvature . I personally felt that I could never acquire

a satisfactory understanding of differentiable geometry until I read

the original works. The second volume of these notes gives a detailed

exposition of the fundamental papers of Gauss and Riemann. Gauss’ work

is now available in English (General Investigations of Curved Surfaces;

Raven Press) . There are also two English translations of Riema.nn's work,

but I have provided a (very free) translation in the second volume .

Of course, I do not think that one should follow all the intricacies of

the historical process, with its inevitable duplications and false leads

What is intended, rather, is a presentation of the subject along the

lines which its development Egg have followed; as Bernard Morin said

to me, there is no reason, in mathematics any more than in biology, why

ontogeny must recapitulate phylogeny. When modern terminology finally

is introduced, it should be as an outgrowth of this (mythical) historical

development . And all the major approaches have to be presented, for they

were all related to each other, and all still play an important role .
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At this point I am reminded of a paper described in Littlewood' s

Mathemati,c§an' s Miscellany. The paper began "The aim of this paper is

to prove . . ." and it transpired only much later that this aim was not

achieved (the author hadn't claimed that it was) . What I have outlined

above is the content of a book the realization of whose basic plan and the

incorporation of whose details would perhaps be impossible; what I have

written is a second or third draft of a preliminary version of this book.

I have had to restrict myself to what I could write and learn about within

the present academic year, and all revisions and corrections have had to

be made within this same period of time. Although I may some day be able

to devote to its completion the time which such an undertaking deserves,

at present I have no plans for this. Consequently, I would like to make

these notes available now, despite their deficiencies, and with all the

compromises I learned to make in the early hours of the morning.

These notes were written while I was teaching a year course in dif—

ferential geometry at Brandeis University, during the academic year

1969-7'0. The course was taken by six juniors and seniors, and audited by

a few graduate students . Most of them were familiar with the material in

Calculus on llanifolds, which is essentially regarded as a prerequisite.

More precisely, the complete prerequisites are advanced calculus using

linear algebra and a basic knowledge of metric spaces . An acquaintance

with topological spaces is even better, since it allows one to avoid the

technical troubles which are sometimes relegated to the Problems , but I

tried hard to make everything work without it .

The material in the present volume was covered in the first term, except

for Chapter 10, which occupied the first couple of weeks of the second

term, and Chapter 11, which was not covered in class at all. We found it

necessary to take rest cures of nearly a week after completing Chapters 2,

3, and 7. The same material could easily be expanded to a full year course
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in manifold theory with a pace that few would describe as excessively

leisurely. I am grateful to the class for keeping up with my accelerated

pace, for otherwise the second half of these notes would not have been

written. I am also extremely grateful to Richard Palais, whose expert

knowledge saved me innumerable hours of labor.

WM ‘
flzwteéé
oyzdmt, /era
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CHAPTER 1

MANIFOLDS

The nicest example of a metric space is Euclidean n~space R", consisting of
all n-tuples x = (xl, . . . ,x") with each xi <5 R, where R is the set of real

numbers. Whenever we speak of R" as a metric space, we shall assume that it
has the “usual metric”

H

d(-xay) = 2(yi—-xi): J
:'=l

unless another metric is explicitly suggested. For n = 0 we will interpret R0 as
the single point 0 6 R.

A manifold is supposed to be “locally? like one of these exemplary metric
spaces R". To be precise, a manifold is a metric space M with the following
property:

If x <5 M, then there is some neighborhood U of x and some integer
n 3 0 such that U is homeomorphic to R".

The simplest example of a manifold is, of course, just IR" itself; for each
x 6 R" we can take U to be all of R". Clearly, R" supplied with an equiva-
lent metric (one which makes it homeomorphic to ll?." with the usual metric),
is also a manifold. Indeed, a hasty recollection of the definition shows that
anything homeomorphic to a manifold is also a manifold—the specific met-
ric with which M is endowed plays almost no role, and we shall almost never
mention it.

[If you know anything about topological spaces, you can replace “metric
space” by “topological space” in our definition; this new definition allows some
pathological creatures which are not metrizable and which fail to have other
properties one might carelessly assume must be possessed by spaces which are
locally so nice. Appendix A contains remarks, supplementing various chapters,
which should be consulted if one allows a manifold to be non-metrizable.]

The second simplest example of a manifold is an open ball in IR"; in this
case we can take U to be the entire open ball since an open ball in R“ is
homeomorphic to R". This example immediately suggests the next: any open

1



2 Chapter J

subset V of R" is a manifold—for each x 6 V we can choose U to be some open
ball with x <5 U C V. Exercising a mathematician’s penchant for generalization,

/t\  
tu V/, “ ¢\U

we immediately announce a proposition whose proof is left to the reader: An
open subset of a manifold is also a manifold (called, quite naturally, an open
submanifold of the original manifold).

The open subsets of R" already provide many different examples ofmanifolds
(just how many is the subject of Problem 24), though by no means all. Before
proceeding to examine other examples, which constitute most of this chapter,
some preliminary remarks need to be made.

If x is a point of a manifold M, and U is a neighborhood of x (U contains
some open set V with x <5 V} which is homeomorphic to R" by a homeomor-
phism (,6: U —> R", then ¢(V) C R" is an open set containing ¢(x). Conse-

41
A

quently, there is an open ball W with qb(x) <5 W C ¢(V). Thus x E ¢_1(W) C
V C U. Since ob: V —> R" is continuous, the set ¢_1(l/V) is open in V, and thus
open in M ; it is, of course, homeomorphic to W, and thus to R". This compli-
cated little argument just shows that we can always choose the neighborhood U
in our definition to be an open neighborhood.
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With a little thought, it begins to appear that, in fact, U must be open. But
to prove this, we need the following theorem, stated here without proof.*

1. THEOREM. If U C IR“ is open and f : U —> IR” is one-one and continu-
ous, then f(U) C R" is open. (It follows that f(V) is open for any open V C U,
so f_' is continuous, and f is a homeomorphism.)

Theorem l is called “Invariance ofDomain”, for it implies that the property of
being a “domain” (a connected open set) is invariant under one-one continuous
maps into R". The proof that the neighborhood U in our definition must be
open is a simple deduction from Invariance of Domain, left to the reader as an
easy exercise (it is also easy to see that ifTheorem l were false, then there would
be an example where the U in our definition was not open].

We next turn our attention to the integer n appearing in our definition. Notice
that n may depend on the point x. For example, if M C R3 is

M={(x,y,2):z=0}U{(x,y,z):x=0andz=1}
=M1UM2,

then we can choose n = 2 for points in M; and n = I for points in M2. This

1=-..______,,/ M2

.-.-gv ' 1* .> 1
.-= =*-'-'$i_‘1L-E_'§;<-1§.),{\_ ‘ 5.3+, 1 ._ --.?:.=::g_1,-,=:.,;;d _ : -.\__.., *=I~'3*,-mt, ....~.~ '>;-.§=j,,s-i;¥>=’2t.-E-1¢’§?§5*?E -ta;-"-or .1 , ->.,..- - ._-:_~ 3, --=. -,-...‘ _ .__; _. ., 3,§,,._,’,;g-'-J§;:?Z1 5...1 ..-=, -..-.I'.“~ :'-v~I-_'=:_-;:t1.-.,.»,.;=.¥;;_’{_;_ r~'.5-'.=-3? -'-IF .,

. ':"'*;'E"f'f[1‘9_‘¢:1‘,-.;-'-_f_-,,p_,T_ r.-::\g.¢:gr:?<‘ . -~
sn+"‘~"{*t,"=,?_!..¥:.-‘?'}'.*_:. 1&9.‘-r-;::1:: §§:?.=:~."<.»~1§‘>;:-i§€JF*.Er%:=*=’<=2-5 -". - . 1*‘:'-i:'.=,"-Z/A”.-.11:--.-i»-.1legal:eaa*It’l=alai3=,'l?.*“‘"~ 3?"-.,. ,,-;<,.1,§.>».;-2:-'g .~;-§:.-;=-'=§;='.'.1.;-t27,_»z<,;;¢=_.-.,,,= .»’f~f»$= ,_._,"%;;;.-.,-W "' '- *~=».:»"..:-.-:\#.:-*‘r.¢r' -. __,_.

example, by the way, is an unnecessarily complicated device for producing one
manifold from two. In general, given M1 and M2, with metrics_d1 and dz, we
can first replace each d,- with an equivalent metric d,- such that d,- (x, y) < I for
all x, y <5 M,-; for example, we can define

d, .
df = OI’ dj = ITllI'l(d;‘, l).

*All proofs require some amount of machinery. The quickest routes arc probably pro-
vided by Vick, Homology Theory and Massey, Singular Homology Theory. An old-fashioned,
but pleasantly geometric, treatment may be found in Newman, Yiipology ofPZane Sets.
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Then we can define a metric d on M = M] U M2 by

d(x y) _ d,-(x, y) if therc is some E such that x, y 6 M,-
’ I otherwise

(we assume that M1 and M2 are disjoint; ifnot, they can be replaced by new sets
which are). In the new spaCe M, both M1 and M2 are open sets. If M1 and M2
are manifolds, M is clearly a manifold also. This construction can be applied
to any number of spaces-——even uncountably many; the resulting metric space is
called the disjoint union of the metric spaces Mi. A disjoint union of manifolds
is a manifold. In particular, since a space with one point is a manifold, so is any
discrete space M, defined by the metric

d( )_{0 ifx=y

x'y_ I ifxgéy.

Although different n’s may be required at differeilt points of a manifold M,
it would seem that only one n can work at a given point x <5 M. For the proof
of this intuitively obvious assertion we have recourse once again to Invariance
of Domain. As a first step, we note that IR" is not homeomorphic to Rm when
n .7£ m, for if n :> m, then there is a one-one continuous map from Rm into
a non-open subset of IR". The further deduction, that the n of our definition
is unique at each x <5 M, is left to the reader. This unique n is called the
dimension of M at x. A manifold has dimension 11 or is 11-dimensional or is an
n-manifold if it has dimension n at each point. It is convenient to refer to tl1e
manifold M as M" when we want to indicate tl1at M has dimension n.

Consider once more a discreie space, which is a 0-dimensional manifold.
The only compact subsets of such a space are finite subsets. Consequently, an
uncountable discrete space is not 0'-compact (it cannot be written as a countable
union of compact suhsets). The same phenomenon occurs with higher-dimen-
sional manifolds, as we see by taking a disjoint union of uncountably many
manifolds homeomorphic to IR". In these examples, however, the manifold is
not connected. We will often need to know that this is the only way in which
0"-compactness can fail to hold.

2. THEOREM. If X is a connected, locally compact metric space, then X is
0*-compact.

PROOF. For each x <5 X consider those numbers r > 0 such that the closed
ball

{y E X I d(x,y) 51'}
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is a compact set (there is at least one such r > 0, since X is locally compact).
The set ofall such r > 0 is an interval. If, for some x, this set includes all r > 0,
then X is o~compact, since

O0

X=LJUEX1Mmw5nl
rr=l

If not, then for each x <5 X define r (x) to be one—half the least upper bound of
all such r.

The triangle inequality implies that

{y E X1d(X1,J#)5 r} C ‘U’ E X I d(>~'2,J#) S1‘ + d(X1,-\'2)},
so that

{y E XId(x1,y)5r— d(X1,x2)} C {y 6 X r d(X2,J’) 5 rl,
which implies that

m rUO2rwQ—%dunnl
Interchanging x1 and x2 gives

ta lHm)—HnN5gdUnnL
so the function r: X —> 11?. is continuous. This has the following important
consequence. Suppose A C X is compact. Let A’ be the union of all closed
balls of radius r(y) and center y, for all y <5 A. Then A’ is also compact. The
proof is as follows.

Let z1,z2,z3,... be a sequence in A’. For each i there is a y,- <5 A such
that 2; is in the ball of radius r(y,-) with center y,-. Since A is compact, some
subsequencc of the y,-, which we might as well assume is the sequence itself,
converges to some point y <5 A. Now the closed ball B of radius %r(y) and

%r(y)

r(y) y

K
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center y is compact. Since y,- —> y and since the function r is continuous,
eventually the closed balls

{y 6 X I d(y,y.-) 5 r(yi)}

are contained in B. So the sequence 2; is eventually in the compact set B, and
consequently some subsequence converges. Moreover, the limit point is actually
in the closed ball of radius r(y) and center y (Problem l0). Thus A’ is compact.

Now let x0 <5 X and consider the compact sets

A1 = {X0}
An-I-I = An!-

Their union A is clearly open. It is also closed. To see this, suppose that x is
a point in the closure of A. Thcn there is some y <5 A with d(x, y) < §r(x).

BY (1),

PU’) 2 rt-Y) — —d(x,y)

l\J-—-l\.>-—- mm
to

> r(x) - — - —r(x) = §r(x)

> d(x,y).

This shows that if y 6 An, then x E An’, so x E A.
Since X is connected, and A 75 El is open and closed, it must be that X = A,

which is o—compact. ¢$¢

After this hassle with point-set topology, we present the long-promised exam-
ples ofmanifolds. The only connected l~manifolds are the line R and the circle,
or I-dimensional sphere, S‘, defined by

S‘ ={xe1R§2:d(.\-,0)= 1}.
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The function f: (0,2rr) —> S1 defined by f(6) = (cos6,sin6) is a home-
omorphism; it is even continuous, though not one-one, on [0, 2:-r]. We will
often denote the point (cos 6,sin 6) 6 S ' simply by 6 6 [0, 23¢]. (Of course, it
is always necessary to check that use of this notation is valid.) The function
g: (—rr,rr) —> S ', defined by the same formula, is also a homeomorphism;
together with f it shows that S1 is indeed a manifold.

There is another way to prove this, better suited to generalization. The pro-
jection P from the point (0,1) onto the line IR >< {-1} C IR >< IR, illustrated in

(0, I)

X

_F<_><z./___.___ ______________ __

the above diagram, is a homeomorphism of S 1 — {(0, 1)} onto IR >< {-1}: this is
proved most simply by calculating PI S I — {(0, 1)} —> IR >< {-1} explicitly. The
point (0, l) may be taken care of similarly, by projecting onto IR >< {I }, or it suf-
fices to note that S ' is “homogeneous”—there is a homeomorphism taking any
point into any other (namely, an appropriate rotation of IR2]. Considerations
similar to these now show that the n-sphere

S" = {x 6 IR"+' :d(x,0) = I}

is an n-manifold. The 2-sphere S 2, commonly known as “the sphere”, is our
first example of a compact 2-manifold or surface.

From these few manifolds we can already construct many others by noting
that if M; are manifolds ofdimension IT; (i = 1,2), then M] >< M2 is an (n1+n2)—
manifold. In particular

S] ><»-- ><S'
\..i.~..i.-/

ntirncs

is called the n-torus, while S1 >< S ' is commonly called “the torus”. It is ob-
viously homeomorphic to a subset of IR“, and it is also homeomorphic to a
certain subset of IR3 which is what most people have in mind when they speak of
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“the torus”: This subset may be obtained by revolving the circle

{(0,y,z) E IR3 ; (y— n2 + Z2 =1/4}

around the z~axis. The same construction may be applied to any I~manifoId

I0
a

I
I

I w_v

I‘.ix, l

contained in {(0, y, :) 6 IR3 : y > 0}. The resulting surface, called a surface of
revolution, llas components homeomorphic either to the torus or to the cylinder
S I x IR, the latter of which is also homeomorphic to the annulus, the region of
the plane contained between two concentric circles.

. _ . . . ~__~j
I \

I
I

* - . I » --
I I

I

I

-_ _ _ _ . - . _ - . . ~__-- _'____--_
I- ,~ p ‘

I ' _W:;_W_w__________
"' —U -_.- F -~_‘
'-~- _---' I ‘II

""' \ H w.___r___-,

Thc next simplest compact 2~manifold is the 2~holed torus. To provide a more

‘<I:>"<I:>'

explicit description of the 2~holed torus, it is easiest to begin with a “handle”, a
space homeomorphic to a torus with a hole cut out; more precisely, we throw
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away all the points on one side of a certain circle, which remains in our handle,
and which will be referred to as the boundary of the handle. The 2-holed

torus may be obtained by piecing two of these together; it is also described as

the disjoint union of two handles with corresponding points on the boundaries
“identified”.

The n~holed torus may be obtained by repeated applications of this proce-
dure. It is homeomorphic to the space obtained by starting with the disjoint

 T T —-I-‘T-7" ‘I }'|

union of n handlcs and a sphere with n holes, and then identifying points on
the boundary of the 1"“ handle with corresponding points on the ill‘ boundary
piece of the sphere.

There is one 2-manifold of which most budding mathematicians make the
acquaintance when they still know more about paper and paste than about
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metric spaces—the famous Mb'biz1J smjo, which you “make” by giving a strip
of paper a half twist before pasting its ends together. This can be described

;i.'-\"'.-‘-.-‘-;.'- .:: ;';: ':--- 1-‘- 3-'- '-‘¢~=- 1% €“~' :' :§:';' 3.- ~. .. __.,..._._._.,...;_.:. -_ 5. .,.._

analytically as the image in IR3 of the function f : [0, 21:] >< (-1, 1) —> IR3 defined
by

f(6,r) = (2cos6 + I cos % cos6I, 2sin6 + I cosgsinél, rsin g).

unit vector Sir, %
c e fircl o Q - \ /
radius 2 cos 1%

6, *--¢-_..._- cos g
1 ‘\ 6,

J 1 cos 5 cos9
egég

el /
v

2cos9

If we define f on [0, 2:1] >< [-1, I] instead, we obtain the Mobius strip with
a boundary; as investigation of the paper model will show, this boundary is
homeomorphic to a circle, not to two disjoint circles. With our recently intro-
duced terminology, the Mobius strip can also be described as [0, I] >< (-1, I)
with (0,1) and (1, -r) “identified”.

! t ! i ! i

y!

-4-1-4-<-fit-4-<44-<1

0 75

_1 , * M ” H ....

I/Ve have not yet had to make precise this notion of “identification”, but our
next example will force the issue. We wish to identify each point x 6 S 2 with
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its antipodal point —-x 6 S 2. The space which results, the projective plane, P2,
is a lot harder to visualize than previous examples; indeed, there is no subset
of IR3 which represents it adequately.

The precise definition of P2 uses the same trick that mathematicians always
use when they want two things which are not equal to be equal. The points
of P2 are defined to be the sets {p, —-p} for p 6 S2. We will denote this set
by [p] 6 P2, so that {—p] = [p]. We thus have a map f: S2 —> P2 given
by f(p) = [p], for which f(p) = f(q) implies p = :l:q. We will postpone
for a while the problem of defining the metric giving the distance between two
points [p] and [q], but we can easily say what the open sets will turn out to be
(and this is all you need to know in order to check that P2 is a surface}. A subset
U C P2 will be open if and only if f“'(U) C S2 is open. This just means that
the open sets of P2 are ofthe form f(V) where V C S2 is an open set with
the additional important property that if it contains p it also contains — p,

| an
2 »V-

.7.-.. V(,___.’..‘
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In exactly the same way, we could have defined the points of the Mobius
strip M to be

all points (s,r) 6 (0,1) >< (-1, 1)
together with

all sets {(0,r), (1, —r)}, denoted by [(0,1)] or [(1, -r)].

There is a map f: [0,1] >< (—1,1)—> M given by

_ on) Ks¢Ql
f“S’i‘) _ I[(S,I)] ifs = 0 or 1,

and U C M is open if and only if f“(U) C [0,1] >< (-1, 1) is open, so that
the open sets of M are of the form f(V) where V is open and contains (s, -1)
whenevcr it contains (s, I) for s = 0 or I.

..V V

To get an idea of what P2 looks like, we can make things easier for ourselves
by first throwing away all points of S2 below the (x, y)-plane, since they are
identified with points above the (x, y)-plane anyway. This leaves the upper
hemisphere (including the bounding ciiclc), which is homeomorphic to the disc

02 = {X 6 IR2:d(x,0)51},
and wc must identify each p 6 S‘ with —-p 6 S‘. Squaring things off a
bit, this is the same as identifying points on the sides of a square according
to the schenie shown below (points on sides with the same label are identified
in such 21 way that the heads of the arrows are identified with each other), The
dotted lines in this picture are the key to understanding P2. If we distort the

A
\
\
\
\

\ NB \ XB
\\

\
\

A
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region between them a bit we see that the front part of B followed by the
hack part of A, at the upper left, is to be identified with the same thing at the
lower right, in reverse direction; in other words, we obtain a Mobius strip with

A
\ A \B[ ~, if \

\ \\ \ \\
\ \ \\ \\
\\ \ \\

\ [B \ /A9
\ \ A

A
a boundary (namely, the dotted line, which is a single circle). If this Mobius
strip is removed, we are left with two pieces which can be rearranged to form
something homeomorphic to a disc. The projective plane is thus obtained from

§$i“5'

_._-,_-|_--
W.,(91>»

....

the disjoint union of a disc and a Mobius strip with a boundary, by identifying
points on the boundary and points on the boundary of the disc, both of which
are circles. Thus to make a model of P2 we just have to sew a circular piece of
cloth and a cloth Molnius strip together along their edges. Unfortunately, a little
experimentation will convince you that this cannot be done (without having the
two pieces of cloth pass through each other).

The subset of IR3 obtained as the union of the Mobius strip and a disc, al-
though not hoineoniorpliic to P2, can still he described mathematically in terms

U:
of P . There is clearly a continuous function f 1 P —> IR whose image is this
subset; moreover; although f is not one-one, it is locally one-one; that is; every
point p 6 P2 has a neighborhood U on which f is one-one. Such a function f
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is called a topological immersion (the single word “immersion” has a more spe-
cialized meaning, explained in Chapter 2). We can thus say that P2 can be
topologically immersed in R3, although not topologically imbedded (there is no
homeomorphism f liom P2 to a subset of R3]. In R4, however, witl1 an extra
dimension to play around with, the disc can be added so as not to intersect the
Mobius strip.

Another topological immersion of P2 in R3 can be obtained by first immers-
ing the Mobius strip so that its boundary circle lies in a plane; this can be done
in the following way, The figures below show that the Mobius strip may be ob-
tained from an annulus by identifying opposite points of the inner circle. (This
is also obvious from the Fact that the ll/Iobius strip is the projective plane with a
disc removed.) Tl1is inner circle can he replaced by a quadrilateral. When the

A‘ A2—>A'E::i:::'i::::::|A2—> T‘/'1 Ail, LA: A11‘
A2 AI A21? B |/4] "HIE I I I I I “ ' ' ' ' “Bi"" '-

/12 A2

—> 2;’ }B —> —>

A1 112

resulting figure is drawn up into 3-space and the appropriate identifications are
made we obtain the “cr0ss—cap”. The cross-cap together with the disc at the
bottom is a topologically immersed P2.

CD

1 ‘2>
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The one gap in the preceding discussion is the definition ofa metric for P2.
The missing metric can be supplied by an appeal to Problem 3-l, which will
later be used quite often, and which the reader should peruse sometime before
rt-acling Chapter 3. Roughly speaking, it shows that things like P2, which ought
In be manifolds, are. (Those who know about topological spaces will recognize
in as a disguised case of the Urysolm Metrization Theorem.) For the present,
however, we will obtain our metric by a trick that simultaneously provides an
imbedding of P2 in R4. Consider the function f: S2 —> R4 defined by

f<x,y,z) = <yz,xz,xy,x’ + 2112 + 3:2).
(Ilcarly f(]J) = f(-11). V\le maintain that f(p) = f(q) implies that p = :|:q.
'l'n prove this, suppose that f(x, y,z) = f(a, b, c). We have, first of all

yz = be
(1) xz = ac

xy = ab.

If a,b,c ¢ 0, this leads to

bx
)1 I ~—--'-

2 £1<> __Cx
G

Now

(x+y+z)2=x2+y2+z2+2(xy+xz+yz)
=1+2(xy +xz +yz),

so we also have
(x+y+z)2=(a+b+c)2,

hence

6) a+b+c=iU+y+Q.

Using (2), this gives

b b
(1 Q (1
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so A’ = :|:a. Similarly, we obtain y = :|:b, 2 = :|:b, with the same sign (which
comes from (3)) holding for all three equations. In this case we have proved our
contention without even using the fourth coordinate of f. Now suppose a = 0.
If X 7’: 0, then (l) would immediately give y = z = 0, so that

(x,y,z) = (:|:i,0,0).

But y = 2: = 0 implies (by (l) again) that bc = 0, so b = 0 or c = 0 and

(G, b, C) = (0, :|:i, 0) Or (0, 0, :|:l).

These equations clearly contradict

x2 + 2y2 + 322 = a2 + 2b2 + 3:32.

Thus x = 0 also, and we have

G-t> "~¢-/
l\-I

() yz=bc' y2+z2=l

yz + 3:2 = 2b2 + 362 (6) b2 + ('2 = 1.

But (6) implies that

2;-2 + 3:2 = 2y2 + 3(1- yz)
=3—y{

and similarly for b and c, so (5) gives

3 - yz = 3 - b2
(7) y = :|:b.

Now (4) gives
(8) z = :l:('

(this holds even if y = b = 0, since then 2, C = zbl). Clearly, (4) also shows that
the same sign holds in (7) and which completes the proof.

Since f(]J) = f(q) precisely when p = :|:q, we can define fl-: P2 —> R4 by

fitpii = ftp).
This map is one-one and we can use it to define the metric in P2:

¢?tt1»1,tq1) = d(f([11]),f([q])) = d(f(11), f(q))-
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Then one can check that the open sets are indeed the ones described above.
By the way, the map g: P2 —> R3 defined by the first 3 components of f,

g([X.y,Z]) = (yz.Xz,Xy)

is a topological immersion of P2 in R3. The image in R3 is Steiner’s “Roman
surface”.

“)5?”  TW 9

\’Vith the new surface P2 at our disposal, we can create other surfaces in
the same way as the n-holed torus. For example, to a handle we can attach
a projective space with a hole cut out, or, what amounts to the same thing, a
Mobius strip. The closest we can come to picturing this is by drawing a cross-
cap sticking on a torus. We can also join together a pair of projective planes
with holes cut out, which amounts to sewing two Mobius strips together along
their boundary. Although this can be pictured as two cross—caps joined together,
it has a nicer, and famous, representation. Consider the surface obtained from
the square with identifications indicated below; it may also be obtained from
the cylinder [0, 1] >< SI by identifying (0,x) 6 [0, 1] >< S1 with (I,x'), where X’
is the reflection of x through a fixed diameter of the circle. Notice that the

\ W
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identifications on the square force P], Pg, P3, and P4 to be identified, so that
the set {P1, P2, P3, P4} is a single point of our new space. The dotted lines

P1 P3 ,_ _,4 .
\
~
\

B B '
(0.10 - (1.x’)

‘"0|\-I

in
JP

{P12-P2} {P32-P4}

below, dividing the sides into thirds, form a single circle, which separates the
surface into two parts, one of which is shaded.

Ag Ag

/"13 A2 /41 B3 K

B2 -'32 '—>

B3 T3‘. ~‘\“~ B] A B]A3 A2 A1 ‘B3

Rearrangement of the two parts shows that this surface is precisely two
Mobius strips with corresponding points on their boundary identified. The
description in terms of [0, 1] >< S l immediately suggests an immersion of the
surface. Turning one end of the cylinder around and pushing it through itself
orients the left—hand boundary so that (0, x) is directly opposite (1, x’), to which
it can then be joined, forming the “Klein bottle”.

, ab
i “ ii‘-
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Examples of higher-dimensional manifolds will not be treated in nearly such
tlvtail, but, in addition to the family of n-manifolds S", we will mention the
related family of “projective spaces”. Projective n-space P“ is defined as the
collection of all sets {p, —p} for p <5 S". The description of the open sets in P"
is precisely analogous to the description for P2. Although these spaces seem to
Ibrm a familv as regular as the family S ” , we will see later that the spaces P"
lbr even n difi"er in a very important way from the same spaces for odd n.

One further definition is needed to complete this introduction to manifolds.
We have already discussed some spaces which are not manifolds only because
they have a “boundary”, for example, the Mobius strip and the disc. Points
nti these “boundaries” do not have neighborhoods homeomorphic to R", but
they do have neighborhoods homeomorphic to an important subset of R". The
(closed) half-space IHI" is defined by

IHI" = {(xl,...,x") E R” zx" Z 0}.

A manifold-with-boundary is a metric space M with the following property:

If X <5 M, then there is some neighborhood U of x and some integer
n 3 0 such that U is homeomorphic to either R” or llil".

A point in a manifold-with-boundary cannot have a neighborhood homeo-
morphic to both R" and lHl" (Invariance of Domain again); we can therefore
distinguish those points x 6 M having a neighborhood homeomorphic to llil".
The set of all such x is called the boundary of M and is denoted by 3M. If M is
actually a manifold, then 3M = lb. Notice that if M is a subset of R”, then 8M
is not necessarily the same as the boundary of M in the old sense (defined for
any subset of R“); indeed, if M is a manifold-with-boundary of dimension <: n,
then all points of M will be boundary points of M.

Ifmanifolds-with-boundary are studied as frequently as manifolds, it becomes
bothersome to use this long designation. Often, the word “manifold” is used
for “manifold-with-boundary”. A manifold in our sense is then called “non-
bounded”; a non-bounded compact manifold is called a “closed manifold”. We
will stick to the other terminology, but will sometimes use “bounded manifold”
instead of “manifold-with-boundary”.
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PROBLEMS

1. Show that if d is a metric on X, then both ail = d/(1 + d) and d -"==
min(i,d) are also metrics and that they are equivalent to d (i.e., the identity
map 1: (X,d) —> (X,d) is a homeomorphism).

2. If (X;, d,-) are metric spaces, fori 6 I, with metrics d; < 1, and X; {'1 X; = lb
for 1' 75 j, then (X,d) is a metric space, where X = U,~X;, and d(x,y) =
d;-(x,_i') if x,y <5 X; for some 1', while d(x,y) = 1 otherwise. Each X; is an
open subset of X, and Y is homeomorphic to X if and only if Y = U, Y;
where the Y; are disjoint open sets and Y; is homeomorphic to X; for each 1'.
The space (X, d) (or any space homeomorphic to it) is called the disjoint union
of the spaces X;.

3. (a) Every manifold is locally compact.
(b) Every manifold is locally pathwise connected, and a connected manifold is
pathwise connected.
(c) A connected manifold is arcwise connected. (A path is a continuous image
of [0, I], but an arc is a one-one continuous image. A difiicult theorem states
that every path contains an are between its end points, but a direct proof of
arcwise—connectedness can be given for manifolds.)

4. A space X is called locally connected if for each x <5 X it is the case that
every neighborhood of x contains a connected neighborhood.

(a) Connectedness does not imply local connectedness.
(b) An open subset of a locally connected space is locally connected.
(c) X is locally connected if and only if components of open sets are open, so
evcry neighborhood of a point in a locally connected space contains an open
connected neighborhood.
(d) A locally connected space is homeomorphic to the disjoint union of its com-
ponents.
(e) Every manifold is locally connected, and consequently homeorrlorphic to
the disjoint union of its components, which are open submanifolds.

5. (a) The neighborhood U in our definition of a manifold is always open.
(b) The integer n in our definition is unique for each .1‘.

6. (a) A subset of an n-manifold is an n-manifold if and only if it is open.
(b) if M is connected, then the dimension of M at 2: is the same for all x E M.

7. (a) if U C R is an interval and f: U —> R is continuous and one-one,
then f is either increasing or decreasing.
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(h) The image f(U) is open.
( The map f is ahomeomorphism.-\

-..._.4

8. l"or this problem, assume

(l) (The Generalizedjordan Curve Theorem) If A C R” is homeomorphic
to SP] , then R" -— A has 2 components, and A is the boundary ofeach.

(2) If B C R“ is homeomorphic to D" = {x (-3 R" I d(x,0) 5 1}, then
R" -— B is connected.

,._._,_._,__

-2.:In-II! _r"--IP:

One component of R" —— A (the “outside of A”) is unbounded, and the other
“inside of A”) is bounded.

h) lf U C R" is open, A C U is homeomorphic to S"'"1 and f: U —>
lllt” is one-one and continuous (so that f is a homeomorphism on A), then
flinside of A) = inside of f(A). (First prove C.)
(r) Prove Invariance of Domain,

9. (a) Give an elementary proof that R‘ is not homeomorphic to R" for n > 1.
(h) Prove directly from the Generalizedjordan Curve Theorem that Rm is not
homeomorphic to R" for m ye n.

10. In the proofof Theorem 2, show that the limit of a convergent subsequencc
olithe 2; is actually in the closed ball of radius r(y) and center y.

11. Every connected manifold (which is a metric space) has a countable base
for its topology, and a countable dense subset.

P
12. (a) Compute the composition f = S1 -— {(0,1)} —> R‘ >< {-1} —> R‘
explicitly for the map P on page 7, and show that it is a homeomorphism.
(l3) Do the same for f: S"-' ~ {(0,...,0, 1)} -> 1R"*'.

13. (a) The text describes the open subsets of P2 as sets of the form f(V),
where V C S2 is open and contains - p whenever it contains p. Show that this
last condition is actually unnecessary.
(b) The analogous condition is necessary for the Mobius strip, which is discussed
immediately afterwards. Explain how the two cases difier.

14. (a) Check that the metric defined for P2 gives the open sets described in
the text.
(b) Check that P2 is a surface.
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15. (a) Show that P‘ is homeomorphic to S l.
(b) Since we can consider S“_l C S", and since antipodal points in S"*l are
still antipodal when considered as points in S " , we can consider P""l C P" in
an obvious way. Show that P” — P"*1 is homeomorphic to interior D" = {x E
R” : d(x,0) < I}.

16. A classical theorem of topology states that every compact surface other
than S 2 is obtained by gluing together a certain number of tori and projective
spaces, and that all compact surfaces-with-boundary are obtained from these
by cutting out a finite number of discs. To which of these “standard” surfaces
are the following homeomorphic?

Q ( l ‘N Arts" v ‘

A:i;.;;.

1'7. Let C C R C R2 be the Cantor set. Show that R2 — C is homeomorphic
to the surface shown at the top of the next page.
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,-----. _,_____,..# this circle is not in the surface

these circles are
_ _<7 , in the surface

l8. A locally compact (but non-compact) space X “has one end” if for every
compact C C X there is a compact K such that C C K C X and X -— K is
connected.

()R" has one end if n > 1, but not if n : 1.
(I1) R" ~ {0} does not “have one end” so R" -— {0} is not homeomorphic to Rm.

p\\ ,_|

l9. This problem is a sequel to the previous one; it will be used in Problem 24.
An end of X is a function s which assigns to each compact subset C C X a
non-empty component e(C) of X -— C, in such a way that C; C C3 implies
*?(C2) C 8(5))-
(a) If C C R is compact, then R -— C has exactly 2 unbounded components, the
“left” component containing all numbers < some N, the “right” one containing
all numbers > some N. If s is an end of R, show that s(C) is either always the
“left” component of R — C, or always the “right” one. Thus R has 2 ends.
(b) Show that R" has only one end e for n > 1. More generally, X has exactly
one end s if and only if X “has one end” in the sense of Problem l8.
(c) This part requires some knowledge of topological spaces. Let 8 (X ) be the
set of all ends of a connected, locally connected, locally compact Hausdorff
space X. Define a topology on X U€(X) by choosing as neighborhoods N¢(s0)
of an end sq the sets

Ng(e@) = s0(C) U {ends s : e(C) = s@(C)},

for all compact C. Show that X U E? (X ) is a compact I-Iausdorfii space. What
is R U€(R), and R" U €(R") for n >1?

20. Consider the following three surfaces.

(A) The infinite-holed torus:(' ' '
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( )The doubly infinite-holed torus: ' ' ' <<:¥f:;i/H313,’/T\_:/::; ' ' '
Obit( ) The infinite jail cell window: E

H_1it?nhg?it;1h¥_H_._--

__...___-___ —_ —_ —_

sll;Ql ll ll._i..-— i-1-i i-L-L " Q-L-Ii _i..-.-/(‘ma
'"_i'“?\ C ”T-7 ' "T-I (

ell;;lf,llelte.
Cit r it it "K; "'7'1‘./-r

(a) Surfaces (A) and (C) have one end, while surface (B) does not.
(b) Surfaces (A) and (C) are homeomorphic! Hint: The region cut out by the
lines in the picture below is a cylinder, which occurs at the left of (A). Now draw
in two more lines enclosing more holes, and consider the region between the
two pairs.

.]’t'lt Jl ll, Jil|ti.t._._ Jltti,
C“"]€1c1t‘Al W
Egg? F-*—'='=.\-ayy ,?1\1v1vra,m,,  A ~|v»‘itsnslieg “*—-?—*1l I
 ‘ "-—"__' , "'?'__' W
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21. (a) The three open subsets of R2 shown below are homeomorphic.

‘I 4‘
II. -, I III

III
1'

-_ - . - - --- - , . - -- . . .- . - - , II -H-.__ ‘-5 -‘H -‘"-
' I ' \ -' I I I. - | -I I 0 '_ -‘ _ .'. 3 .', : 2 :9 I I
'u.l' 1- 7"‘, i .'!-" "v"

\ir|iini:te swiss cheese
"..---.= i’, , _.r"».. _.---._. _.-'-.:

""..- =. I 1. .- =..-"'
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I 0 I i‘ 0 n I ‘ 1 ‘-' .- ~ ~...
III ., III---------------------------------------------- ,- _- _- -

I I O I
I I I I
I I I O

(b) The points inside the three surfaces of Problem 20 are homeomorphic.

22. (a) Every open subset of R is homeomorphic to the disjoint union of inter-
vals.
(b) There are only countably many non-homeomorphic open subsets of R.

23. For the purposes of this problem we will use a consequence of the Uiysohn
Metrization Theorem, that for any connected manifold M, there is a homeo-
morphism f from M to a subset of the countable product R >< R >< .

(a) If M is a connected non-compact manifold, then there is a continuous
function f: M —> R such that f “goes to oo at oo”, i.e., if {xn} is a sequence
which is eventually in the complement of every compact set, then f(x;;) —> 00.
(Compare with Problem 2-30.)
(b) Given a homeomorphism f: M —> R >< R >< and a g: M —> R which
goes to oo at oo, define f; M _> R >< (R >< R >< ---) by f(x) = (g(x),f(x)).
Show that j:(M) is closed.
(c) There are at most c non-homeomorphic connected manifolds (where c = 2“°
is the cardinality of R).

24. (a) It is possible for R2 - A and R2 — B to be homeomorphic even though A
and B are non-homeomorphic closed subsets.
(b) If A C R2 is closed and totally disconnected (the only components of A are
points), then 8 (R2 — A) is homeomorphic to A, Hence R2 — A and R2 — B are
non-homeomorphic if A and B are non-homeomorphic closed totally discon-
nected sets.
(c) The derived set A’ of A is the set of all non-isolated points. We define Al")
inductively by Al‘) = A’ and A(""") = (A ("))’. For each n there is a subset A,
of R such that A ,,(") consists of one point.
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*(d) There are e non-homeomorphic closed totally disconnected subsets of R2.
Hint: Let C be the Cantor set, and c; < c; < c3 < a sequence of points
in C. For each sequence n; < H3 < , one can add a set An, such that its
n,-‘h derived set is {c;}.
(e) There are c non-homeomorphic connected open subsets of R2.

25. (a) A manifold-with-boundary could be defined as a metric space M with
the pI‘0pCTty that for each x <5 M there is a neighborhood U of x and an
integer n 3 0 such that U is homeomorphic to an open subset of llll”.
(b) If M is a manifold-with-boundary, then 8M is a closed subset of M and
3M and M — 3M are manifolds.
(c) If C;-,1‘ <5 I are the components of 3M, and I’ C I, then M — U,-EPC; is
a manifold—with-boundary.

26. If M C R" is a closed set and an n-dimensional manifold-with—boundary,
then the topological boundary of M, as a subset of R”, is 3M. This is not
necessarily true if M is not a closed subset.

27- (a) Every point (a, b, c) on Steiner’s surface satisfies b2c2 + a2c2 + a2b2 =
abc.
(b) If (a,b,c) satisfies this equation and 0 95 D = \/b2c2 +a2c2 +a2b2, then
(a, b,c) is on Steiner’s surface. Hint: Let x = bc/D, etc.
(c) The set {(a,b,c) <5 R3 : b2c2 + a2c2 + a2b2 = abc} is the union of the
Steiner surface and of the portions (-00, -1 /2) and (1 /2, oo) of each axis.



CHAPTER 2

DIFFERENTIABLE STRUCTURES

We are now ready to apply analysis to the study of manifolds. The neces-
sary tools of “advanced calculus”, which the reader should bring along

freshly sharpened, are contained in Chapters 2 and 3 of Calculus on Manflblds.
We will use freely the notation and results of these chapters, includirzg some
problems, notably 2-9, 2-I5, 2-25, 2-26, 2-29, 3-32, and 3-35; however, we will
denote the identity map from IR” to IR" by I , rather than by IT (which will be
used often enough in other contexts), so that I i (x) m xi.

On a general manifold M the notion of a continuous function f : M —> IR
makes sense, but the notion of a differentiable function f: M —> IR does not.
This is the case despite the fact that M is locally like IR", where differentia-
bility of functions can be defined. If U C M is an open set and we choose
a homeomorphism ¢: U —> IR", it would seem reasonable to define f to be
differentiable on U if f 0 ¢“': IR" —> IR is difiereiitiable. Unfortunately, if
31/: V —> IR" is another homeomorphism, and U O V qé I5, then it is not
necessarily true that f o 1/1"‘ : IR” —> IR is also differentiable. Indeed, since

f<>v»“' =f<>¢"'<><¢<>i/f‘),
we can expect f o 1/1"‘ to be differentiable for all f which make f orb“! differ-
entiable only if <1’: o 11/“I : IR" —> IR" is difierentiable. This is certainly not always

11/ ¢
IR" IR"

¢-w“
)

27
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the case; for example, one need merely choose <1’: to be how, where h: IR" —> IR"
is a homeomorphism that is not difierentiable.

If we insist on defining differentiable functions on any manifold, there is no
way out of this impasse. It is necessary to adorn our manifolds with a little
additional structure, the precise nature of which is suggested by the previous
discussion.

Among all possible homeomorphisms from U C M onto IR”, we wish to select
a certain collection with the property that ¢oib“' is diflerentiable whenever qb, 11/
are in the collection. This is precisely what we shall do, but a few refinements
will be introduced along the way.

First of all, we will be interested almost exclusively in functions f : IR" —> IR"
which are C°° (that is, each component function fl possesses continuous partial
derivatives of all orders); sometimes we will use the words “diiierentiable” or
“smooth” to mean (I'°°.

Moreover, instead of considering homeomorphisms from open subsets U
of M onto IR", it will sufiice to consider homeomorphisms x: U —> x(U) C IR"
onto open subsets of IR".

The use of the letters x, y, etc., for these homeomorphisms, henceforth ad-
hered to almost religiously, is meant to encourage the casual confusion of a point
p E M with x(p) <5 IR", which has “coordinates” x'(p),...,x" (p). The only
time this notation will be confusing (and it will be) is when we are referring to
the manifold IR" , where it is hard not to lapse back into the practice of denoting
points by x and y. We will often mention the pair (x, U), instead of x alone,
just to provide a convenient name for the domain of x.

If U and V are open subsets of M, two homeomorphisms x: U —> x(U) C
IR" and y: V —> y(V) C IR" are called C°°-related if the maps

Jim-"';x(Unv)_>y(UnV)
xoy"":y(UflV)—> it-(Um/)

are C°°. This make sense, since x(UfiV) and y(U OV) are open subsets of IR".
Also, it makes sense, and is automatically true, if U ('1 V = Q.

A family ofmutually C°°-related homeomorphisms whose domains cover M
is called an atlas for M. A particular member (x, U) of an atlas A is called
a chart (for the atlas A), or a coordinate system on U, for the obvious reason
that it provides a way of assigning “coordinates” to points on U, namely, the
coordinates x'(p), . . . ,x"(p) to the point p 6 U.

We can even imagine a mesh of coordinate lines on U, by considering the
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inverse images under x of lines in IR" parallel to one of the axes.
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The simplest example of a manifold together with an atlas consists of IR" with
an atlas A of only one map, the identity I : IR" —> IR”. We can easily make the
atlas bigger; if U and V are homeomorphic open subsets of IR", we can adjoin
any homeomorphism x: U —> V with the property that x and x""‘ are C°°.
Indeed, we can adjoin as many such x’s as we like—it is easy to check that
they are all C°°-related to each other. The advantage of this bigger atlas ‘ll
is that the single word “chart”, when applied to this atlas, denotes something
which must be described in cumbersome language if one can refer only to A.
Aside from this, ‘Lt diiTers only superficially from A; one can easily construct ‘Lt
from A (and one would be foolish not to do so once and for all). What has just
been said for the atlas {I } applies to any atlas:

l. LEMMA. If A is an atlas of C°°-related charts on M, then A is contained
in a unique maximal atlas A’ for M.

PROOF. Let A’ be the set of all charts y which are C°°—i-elated to all charts
x <5 A. It is easy to check that all charts in A’ are C°°-related, so A’ is an atlas,
and it is clearly the unique maximal atlas containing A. '1'

We now define a C°° manifold (or differentiable manifold, or smooth manifold)
to be a pair (M , A), where A is a maximal atlas for M. Thus, about the simplest
example of a C°° manifold is (lR",‘ll), where ‘ll (the “usual C°°-structure for
IR””) is the maximal atlas containing {I}. Another example is (IR, V) where V
contains the homeomorphism x i—> x3, whose inverse is not C°°, together with
all charts C°°-related to it. Although (IR, 11) and (IR, V) are not the same, there
is a one-one onto function f: IR —> IR such that

A-EU ifandonlyif xof<-EV,

namely, the obvious map f(x) = x3. Thus (IR,‘l1) and (IR, V) are the sort
of structures one would want to call “isomorphic”. The term actually used is
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“diffeomorphic”: two C°° manifolds (M,A) and (N ,.fB) are diffeomorpliic if
there is a one-one onto function f: M —> N such that

L,
x<-3.23 ifandonlyif xofi-EA.  

The map f is called a diffeomorphism, and f“l is clearly a diffeomorphism
also. If we had not required our atlases to be maximal, the definition of diffeo-
morphism would have had to be more complicated.

Normally, of course, we will suppress mention of the atlas for a differentiable
manifold, and speak elliptically of “the differentiable manifold M”; the atlas
for M is sometimes referred to as the dg'fl'ereuiiabZe structure for M. It will always
be understood that IR" refers to the pair (IR", U).

It is easy to see that a diffeomorphism must be continuous. Consequently,
its inverse must also be continuous, so that a diffeomorphism is automatically
a homeomorphism. This raises the natural question whether, conversely, two
homeomorphic manifolds are necessarily diffeomorphic. Later (Problem 9-24)
we will be able to prove easily that IR with any atlas is diffeomorphic to (IR, U).
A proof of the corresponding assertion for IRZ is much harder, the proof for IR3
would certainly be too difficult for inclusion here, and the proof of the essential
uniqueness of C°° structures on IR" for n 3 5 requires very diflieult teehniques
from topology.

In the case of spheres, the projections P] and P2 from the points (0, . . . ,0, 1)
and (0,. ..,0, -1) of S """' are easily seen to be C°°-related. They therefore
cletermine an atlas—the “usual C°° structure for S "“"'”. This atlas may also be
described in terms of the 2n homeomorphisms

fli S”“’ {'){x 6 IR“ Ix’ > 0}—> lR”“’

g,-: S”""'!'1{x <5 IR" Ix’ <0}—> IR"""

defined by f-(x) = g,-(x) = (x’,. . . ,x’"",x’+', . . . ,x"), which are C°°-related
to P1 and P2. There are, up to diffeomorphism, unique differentiable structures
on S" for n 5 6. But there are 28 diffeomorphism classes of differentiable
structures on S -’, and over 16 million on S 3'. However, we shall not come
close to proving these assertions, which are part of the field called “differential
topology”, rather then differential geometry. (Perhaps most astonishing of all
is the quite recent discovery that IR4 has a differentiable structure that is not
cliffeomorphie to the usual differentiable structure!)

Other examples of differentiable manifolds will be given soon, but we can
already describe a differentiable structure A’ on any open submanifold N of



Dfléreutiable Struclu res 31

a differentiable manifold (M,A); the atlas A’ consists of all (X, U) in A with
U C N.

_]ust as diffeomorphisms are analogues for C°° manifolds of homeomor-
phisms, there are analogues of continuous maps. A function f I M —> N is
called differentiable if for every coordinate system (x, U) for M and (y, V)
for N, the map y o f o x“12 IR" —> IR”’ is differentiable. More particularly, f

?~—----ir

is called differentiable at p 6 M if y O f o x“1 is differentiable at x(p) for
coordinate systems (x, U) and (y,V) with p E U and f(p) 6 V. If this is
true for one pair of coordinate systems, it is easily seen to be true for any other
pair. We can thus define differentiability of f on any open subset M’ C M;
as one would suspect, this coincides with differentiability of the restricted map
f |M’: M’ —> N. Clearly, a differentiable map is continuous.

A differentiable function f : M —> IR refers, of course, to the usual differen-
tiable structure on IR, and hence f is differentiable if and only if f 0 x“! is
differentiable for each chart x. It is easy to see that

(l) afunction f; IR" —> IR"‘ is differentiable as amap between C°° manifolds
if and only if it is differentiable in thc usual sense;

(2) afunction f: M —> IR"’ is differentiable ifand only ifeach ff: M —> IR’"
is difierentiable;

/—~\/—\,
-PUD

""'\-1-I

) a coordinate system (x, U) is a diffeomorphism from U to x(U);

a function f: M —> N is differentiable if and only if each y’ o f is
differentiable for each coordinate system y of N;

(5) a differentiable function f : M —> N is a diffeomorphism if and only if
f is one-one onto and f“I: N —> M is differentiable.

The differentiable structures on many manifolds are designed to make certain
functions differentiable. Consider first the product M; >< M2 of two differen-
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tiable manifolds Mi, and the two “projections” Jr,-: M] >< M2 —> M; defined
by JT,:(p], P2) = p,-. It is easy to define a differentiable structure on M1 >< M2
which makes each in differentiable. For each pair (x,-, U,-) of coordinate systems
on M,-, we construct the homeomorphism

X1 X X2: U] X U2 %' lRnl+n2

defined by

1'1 >< ~\'2(P1= P2) = (-\'1(P1),X2(P2)), i-6-, X1 >< X2 '-=(-1'10 Tfiixz ° K2)-

Then we extend this atlas to a maximal one.
Similarly, there is a differentiable structure on P" which makes the map

f: S" —> IP" (defined by f(p) == [p] = {p,-p}) differentiable. Consider
any coordinate system (x, U) for S ”, where U does not contain - p if it con-
tains p, so that f|U is one-one. The map x o (f|U)“1 is a homeomorphism
on f(U) C IP", and any two such are C°°-related. The collection of these
homeoinorpliisms can then be extended to a maximal atlas.

To obtain differentiable structures on other surfaces, we first note that a C°°
manifold-with-boundary can be defined in an obvious way. It is only necessary
to know when a map f : Ilil" —> IR” is to be considered differentiable; we call f
differentiable when it can be extended to a differentiable function on an open
neighborhood of Ilil". A “handle” is then a C°° manifold-with-boundary.

A differentiable structure on the 2-holed torus can be obtained by “matching”
the differentiable structure on two handles. The details involved in this process
are reserved for Problem 14-.

To deal with C°° functions effectively, one needs to know that there are lots of
them. The existence of C°° functions on a manifold depends on the existence of
C °° functions on IR” which are 0 outside of a compact set. We briefly recall here
the necessary facts about such C°° functions (c.f. Calculus on Mamjiilds, pg. 29).
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(l) The function ht IR —> IR defined by

... x2 l
h(x)=le 1/ xfo \ l /

0 X =0 -_-.;-.-- . |

—l l

is C°°, and h(”)(0) = O for all n.

(2) The function j: IR —> IR defined by
---2 ---2- - -t .j(x)={e if 1) -e """') x<E(-l,1) ‘A A 2

0 x ¢ (-1.1) _, ,
is C°°.

Similarly, there is a C°° function k : IR —> IR which is positive on (0,5) and 0
elsewhere.

) : k

5

(3) The function l: IR —> IR defined by

1 l~»-</.5»)/(/.*<I '
5

is C°°; ll is 0 for x 5 0, increasing on (0,6), and I for x 3 5.

(4) The function g: IR" —> IR defined by

4: = 0

go) =jt.»-’/8)---jtx"/8) "E >° t
--4:

is C°°; it is positive on (-2, e) >< - -- x (-—-e, 2) and 0 elsewhere.

On a C°° manifold M we can now produce many non-constant C°° func-
tions, The closure {x : f(x) 75 0} is called the support of f, and denoted simply
by support f (or sometimes supp f).

2. LEMMA. Let C C U C M with C compact and U open. Then there
is a C°° function f: M —> [0,1] such that f = 1 on C and supportf C U.
(Compare Case 2 of the proof of Theorem l5.)
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PROOF. For each p 6 C, choose a coordinate system (x, V) with V C U and
x(p) = 0. Then x(V) D (--8,2) >< >< (—e,e) for some e > 0. The function
g o x (where g is defined in (4)) is C°° on V. Clearly it remains C°° ifwe extend

it to be 0 outside of V. Let fp be the extended function. The function fp can be
constructed for each p, and is positive on a neighborhood of p whose closure is
contained in U. Since C is compact, finitely many such neighborhoods cover C,
and the sum, j}, + +-f,,,,, of the corresponding functions has support C U.
On C it is positive, so on C it is 3 6 forsome6 > 0. Let f = lo([,,, +- - -+j:,,,,),
where l is defined in (3). '1'

By the way, we could have defined C’ manifolds for each r 3 1, not just for
“r = 00”. (A function f: IR" —> IR is C’ if it has continuous partial derivatives
up to order r). A “CU function” is just a continuous function, so a C '3 manifold is
just a manifold in the sense of Chapter I. We can also define analytic manifolds
(a function f: IR" —> IR is analytic at a <5 IR" if f can be expressed as a
power series in the (xi — uf) which converges in some neighborhood of a). The
symbol C°’ stands for analytic, and it is convenient to agree that r < 00 < cu
for each integer r 3 0. If at < )8, then the charts of a maximal C *6 atlas are all
C°'-related, hut this atlas can always be extended to a bigger atlas of C°‘-related
charts, as in Lemma l. Thus, a C *6 structure on M can always be extended
to a C°’ structure in a unique way; the smaller structure is the “stronger” one,
the C0 structure (consisting of all homeomorphisms x: U —> IR") being the
largest. The converse of this trivial remark is a hard theorem: For or 3 1,
every C°’ structure contains a C *6 structure for each )8 > or; it is not unique, of
course, but it is unique up to diffeomorphism. This will not be proved l1ere.*
In fact, C°‘ manifolds for or 5:5 00 will hardly ever be mentioned again. One
rcmark is in order now; the proof of Lemma 2 produces an appropriate C“
function f on a C“ manifold, for 0 5 or 5 oo. Of course, for at = cu the proof

flior a proof see unkres,Elenzenlagi Diflermlial Y5/1ul0_g)'.
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fails completely (and the result is false-an analytic function which is 0 on an
open set is 0 everywhere).

With differentiable functions now at our disposal, it is fitting that we begin
differentiating them. What we shall define are the partial derivatives of a dif-
ferentiable function f: M —> IR, with respect to a coordinate system (x, U At
this point classical notation for partial derivatives is systematically introduced,
so it is worth recalling a logical notation for the partial derivatives of a function
f: IR" —> IR. We denote by D,-f(a) the number

1- f(a]:--~:ai+h:,j"1an)“f(a)rm 2 ~ .
lz—)-O l?

The Chain Rule states that if g: IR“ —> IR" and f: IR" —> IR, then

D1‘ (f 0 gm - Z v.~f<gt~>> ~ D1'8"(¢1)-
fzl

Now, for a function f : M —> IR and a coordinate system (x, U) we define

%tp> = P == Dilf 0 x*’><x<p>>.
(or simply =_- D; (f 0 x""l) 0 x, as an equation between functions). If we
define the curve c,- : (—-e, e) —> M by

c.-t1=>- x"‘txtp> + <0. - --./1. - - so».

2* ----
then this partial derivative is just

Hm 1'tc.-<1i>>- ftp),
l1—)-U li

so it measures the rate change of f along the curve c,~; in fact it is just (foc;)’(0).
Notice that _ _. 1 ni=jfix‘

fix-l(p) 1 lo its 721.
If x happens to be the identity map of IR", then D;f(p) = 3f/8x’(p), which
is the classical symbol for this partial derivative.
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Another classical instance of this notation, often not completely clarified, is
the use of the symbols 3/6r and 6 /66 in connection with “polar coordinates”.
On the subset A of IRE defined by

A=lR”-{(x,y)6lR2:y=0andx_20} ‘ s;

=IR2-L

we can introduce a “coordinate system” P: A —> IR2 by

P(X,J’) -"-= (f(X= y),9(X,J*)),

where r(x, y) =-- V x” + y” and 6(x, y) is the unique number in (0, 21?) with

x = rtx. 2) cosetx. Y) ‘ml
y = "tr, y) sin 60¢, y)- "-"(mil

This really is a coordinate system on A in our sense, with its image being the
set {r I r > 0} >< (0,211). (Of course, the polar coordinate system is often

2:: ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~
(r, 9) "6-axis”

ii.  * - W - —.:__

“r-axis”

not restricted to the set A. One can delete any ray other than L if 6(x, y)
is restricted to lie in the appropriate interval (69.60 + 27:); many results are
essentially independent of which line is deleted, and this sometimes justifies the
sloppiness involved in the definition of the polar coordinate system.)

We have really defined P as an inverse function, whose inverse P“' is defined
simply by

P"'(r, 6) = (r cos6, r sin 6).
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From this formula we can compute 6f/fir explicitly:

(f 0 P“’)(r, 6) = f(r cos 6, r sin 6),

so

gtxiy) = Ditf 0 P“"')(P(X,y))
= Dif(P"‘(P(X=y)) - Di[P""‘]‘(P(X,y))

+ 1>iftP*‘tPtx.n> -1->i[P*‘1ttPt>-.i»)>
by the Chain Rule

= D1 f(X,y) - cos 60¢. y) + -D2f(x!y)-SiI16(x!y)‘
This formula just gives the value of the directional derivative of f at (x, y),

along a unit vector v = (cos 6(x, y),sin 6(x, y)) pointing outwards from the
origin to (x, y). This is to be expected, because cl, the inverse image under P

/} sin 6{x,y)

(‘xi J’); ‘—-v—’

Cl"»" COS9{Ii}')

1' a{xI-l’)

of a curve along the “r-axis”, is just a line in this direction.
A similar computation gives

%(-Y, J’) = D1f(X,J’)l*'*'(x>J’) Sin 60¢, J’)l + D2f(r, J')[r(X= y) ¢0s9(X. y)l-

The vector w = (— sin 6(x, y),cos6(x, y)) is perpendicular to v, and thus the
direction, at the point (x, y), of the curve C3 which is the inverse image under P
of a curve along the “6-axis”. The factor 1-(x, y) appears because this curve

V¥- U

1:

_'7---.- -- 7

‘X.
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goes around a circle of that radius as 6 goes from 0 to 2:-r, so it is going r (x, y)
times as fast as it should go in order to be used to compute the directional
derivative of f in the direction w. Note that 8f/86 is independent of which
line is deleted from the plane in order to define the function 6 unambiguously.

Using the notation 8f/fix for D1 f, etc., and suppressing the argument (x, y)
everywhere (thus writing an equation about functions), we can write the above
equations as

if __ if ax .5; -- 5cos6 + $s1n6

6 6% = %(—r sin 6) + $1‘ cos6.

In particular; these formulas also tell us what fix/8:‘ etc., are, where (x, y)
denotes the identity coordinate system of IR2. We have 6x/6r = cos 6, etc., so
our formulas can be put in the form

2__ 3f6x + fiffiy
81' T fix Br 3y fir

w,wm+y@
as C 6x 50 ca; as

In classical notation, the Chain Rule would always be written in this way. It is
a pleasure to report that henceforth this may always be done:

3. PROPOSITION. If (x, U) and (y, V) are coordinate systems on M, and
f: M —> IR is differentiable, then on U O V we have

af " af 6x-7
“I W"Zwa_i»="1:1

PROOF. It’s the Chain Rule, of course, if you just keep your cool:

$02) = Di-(f 0 y“")(y(P))
= D;([f 0 Xfll ° [X 0 J#”’l)(y(P))

= Z D.i(f 0 -»-""‘><tx O i»""‘1<i»<i>>>> - D.-[X 0 i»""‘1-"<i»<p>>
jnl
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I1

= Z 12,-if O x""'><xtp>>»1>.-[x»‘ O i»*'1ti»<i>>>
j=1

" af a 1 ,=j;]w(P)-,,i,,,,(P)- '»'

At this point we could introduce the “Einstein summation convention”. No-
tice that the summation in this formula occurs for the index j, which appears
both “above” (in 6X1’/6y’) and “below” (in 6f/6x*’ ). There are scads of for-
mulas in which this happens, often with hoards of indices being summed over,
and the convention is to omit the Z sign completely—double indices (which
by luck, the nature of things, and felicitous choice of notation, almost always
occur above and below) being summed over. I won’t use this notation because
whenever I do, I soon forget I’m supposed to be summing, and because by do-
ing things “right”, one can avoid what Elie Cartan has called the “debauch of
indices”.

We will often write formula (l) in the form

a “ 6x=l a
6y" 6y‘ 6x7’

here 6/6yf is considered as an operator taking the function f to 6f/6y’. The
operator taking f to 6f/6yf (p) is denoted by

” -.i6 6 61 6
aiip’ tus ax Zyi(p)3 y_,, F216 62:1,,

For later use we record a property of Z = 6/6x5 |P; it is a “point-derivation”.

4. PROPOSITION. For any differentiable f, gi M —> IR, and any coordinate
system (x, U) with p <-5 U, the operator E = 6/6x"|,, satisfies

Etfg) = f(P)@(g) + f(f)g(P)-
PROOF. Left to the reader. '1'

If (x, U) and (x’, U’) are two coordinate systems on M, the n >< n matrix

6x”
(',",";,"_,r(P))
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is just the Jacobian matrix of x’ 0 A'““1 at x(p). It is non-singular; in fact, its
inverse is clearly

6x’(3-;;}'(P)) -

Now if ft M" —> Nm is C°° and (y, V) is a coordinate system around f(p),
the rank of the m >< J‘? matrix

3 i(£a_.?_Q(,,,)
xi

clearly does not depend on the coordinate System (x, U) or (y, V). It is called
the rank of f at p. The point p is called a critical point of f if the rank of f
at p is < m (the dimension of the image N); if p is not a critical point of f,
it is called a regular point of f. If p is a critical point of f, the value f(p) is
called a critical value of f. Other points in N are regular values; thus q 6 N
is a regular value if and only if p is a regular point of f for every p <5 f"'(q).
This is true, in particular, if q 9! f(M)—a non-value of f is still a “regular
value”.

If f : IR —> IR, then x is a critical point of f if and only if f" (x) = 0. It
is possible for all points of the interval [a, b] to be critical points, although this
can happen only if f is constant on [a,b]. If f: IR2 —> IR has all points as
critical values, then D1 f = D;f = 0 everywhere, so f is again constant. On
the other hand, a function f : IR3 —> IR2 may have all points as critical points
without being constant, for example, f(x, y) = A-. In this case, however, the
image f(lR2) = IR >< {0} C IR2 is still a “small” subset of IR”. The most important
theorem about critical points generalizes this fact. To state it, we will need some
terminology.

Recall that a set A C IR" has “measure zero” if for every e > 0 there is a
sequence B], B3, B3, . .. of (closed or open) rectangles with

O0

ACUBH
rim]

and
co
Z v(B,,) < e,
fl=l

wl1e1'e v(B,,) is the volume of B". We want to define the same concept for a
subset of a manifold. To do this we need a lemma, which in turn depends on
a lemma from Calculus on Mamjiilds, which we merely state.
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5. LEMMA. Let A C IR" be a rectangle and let f: A —> IR" be a function
such that |D,-f'| 5 K on A for i,j = l,,..,n. Then

|f(X) '" f(J/)| .€"’K|X-*J#|

for all x,y 6 A.

6. LEMMA. If f: IR" —> IR" is C1 and A C IR" has measure 0, then f(A) has
measure 0.

PROOF. We can assume that A is contained in a compact set C (since IR" is a
countable union of compact sets). Lemma 5 implies that there is some K such
that

lf(X) :- f(J’)| 5 H’-KIX -~ yl
for all x, y <5 C. Thus f takes rectangles of diameter cl into sets of diameter
5 ?I2Kd. This clearly implies that f(A) has measure 0 if A does. '1'

A subset A of a C °° :2-manifold M has measure zero if there is a sequence
of charts (x;,U,-), with A C U, Ur, such that each set x,-(A {'1 U,-) C IR" has
measure 0. Using Lemma 6, it is easy to see that if A C M has measure 0, then
x(A ('1 U) C IR” has measure 0 for any coordinate system (x, U). Conversely,
if this condition is satisfied and M is connected, or has only countably many
components, then it follows easily from Theorem l-2 that A has measure 0. (But
if M is the disjoint union of uncountably many copies of IR, and A consists of
one point from each component, then A does not have measure 0). Lemma 6
thus implies another result:

7. COROLLARY. If f: M —> N is a C ' function between two n-manifolds
and A C M has measure 0, then f(A) C N has measure 0.

PROOF. There is a sequence of charts (xi, U,-) with A C U, U,’ and each set
x,-(A {'1 U,-) ofmeasure 0. If (y, V) is a chart on N, then f(A) {'1 V = U, f(A {'1
U,-) F) V. Each set

ytft/1 r) U.-) n V) - y Q f Q x""'tx<A n 11.))
has measure O, by Lemma 6. Thus y(f(A)f)V) has measure 0. Since U,-)
is contained in the union of at most countably many components of N, it follows
that f(A) has measure 0. '1'



42 crtepter 2

8. THEOREM (SARD’S THEOREM). If f: M —> N is a CI map between
n-manifolds, and M has at most countably many components, then the critical
values of f form a set of measure 0 in N.

PROOF. It clearly suffices to consider the case where M and N are IR". But
this case is just Theorem 3.14 of Calculus on Manfibltls. '1'

The stronger version ofSard ’s Theorem, which we will never use (except once,
in Problem 8-24), states* that the critical values of a CI‘ map f: M" —> N"'
are a set of measure 0 if k Z l + max(n — m,0). Theorem 8 is the easy case,
and the case m > n is the trivial case (Problem 20). Although Theorem 8 will
be very important later on, for the present w_e are more interested in knowing
what the image of f : M —> N looks like locally, in terms of the rank k of f
at p <5 M. More exact information can be given when f actually has rank lc
in a neighborhood of p. It should be noted that f must have rank 3 lc in
some neighborhood of p, because some lc >< lc submatrix of (6(yf o f) /6x‘. )
has non-zero determinant at p, and hence in a neighborhood of p.

9. THEOREM. (l) If f: M” —> N’" has rank k at p, then there is some coor-
dinate system (x, U) around p and some coordinate system (y, V) around f(p)
with yof ox““’ in the form

J/<>f°>¢“"(¢1’=---#1")=((11,---r¢1”,1l/”+’(fl).---rt1/’"(a))-
Moreover, given any coordinate system y, the appropriate coordinate system
on N can be obtained merely by permuting the component functions of y.
(2) If f has rank k in a neighborhood of p, then there are coordinate systems
(x, U) and (y, V) such that

yof<r>x""(a’,...,a") = (a1,...,a",0,...,0).

Remark: The special case M = IR", N = IR’" is equivalent to the general theo-
rem, which gives only local results. If y is the identity of IR’", part (l) says that
by first performing a diffeomorphism on IR", and then permuting the coordi-
nates in IR’", we can insure that f keeps the first k components of a point fixed.
These diffeomorphisms on IR" and IR“ are clearly necessary, since f may not
even be one-onc on IRk >< {0} C IR", and its image could, for example, contain
only points with first coordinate 0.

* For a proof, see Milnor, Yiyioltzgy From flu’ D;'f’t'eitlial1le l'icut)l)0iit! or Sternberg, Lectures on
Dflrrenlial Geometry.
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In part (2) we must clearly allow more leeway in the choice of y, since f(]R")
may not be contained in any k-dimensional subspace of IR".

PROOF. (1) Choose some coordinate system u around p. By a permutation of
the coordinate functions u‘ and y’ we can arrange that

(1) d¢t( (p))%0 ¢,5=1,...,k.
Define

x°‘=y°’0f o.'=1,...,k
x"'=u' r=k+1,...,n.

Condition (1) implies that

_ 80> Of)
8 I

(2) det ) = det “

This shows that x = (x 0 11*‘) 0 at is a coordinate system in some neighbor-
hood of p, since (2) and the Inverse Function Theorem show that x 0 14*‘ is a
difieomorphism in a neighborhood of u(p). Now

€
 

‘IL 5:’

q = x_1(a1,...,a") means x(q) = (a1,_..,a"),

hence x‘.(q) = ai,

hence ya Of(q) =00‘ of = limik
u’(q)=a’ r=k+1,...,n,

so

y<>f<>>F‘(a‘,---,0") = y<>f(q) forq =x“(a‘,---,0")
2 (a]I“'3ak7i,i)'

(2) Choose coordinate systems x and v so that v o f 0 x'1 has the form in
Since rank f = k in a neighborhood of p, the lower square in the matrix

is 0_ ' 1
aw’ on __

>< Dk+1l1l/kl-1

Dmlnlfm



44 Chapter 2

must vanish in a neighborhood of p. Thus we can write

1,!/'(a)=1,l}"(a1,...,a]‘) r=k+1,...,m.

Define
yfl‘ Z UH

yr = Ur ____1"(}r O(v1’___,vk).

Since

(3) yov_'(b1,...,b”')=y(q) forv(q):(b1,...,b'")

Z (b1J"-sbka bk-{-1 “'11-[}k+I(b]:---:bk); ---2 bm “Th-Z}m(bI:"'1bk)):

(31?) 1 ( )
has non—zero determinant, so y is a coordinate system in a neighborhood
of f(p). Moreover,

the Jacobian matrix

yofox_1(a1,...,a“)

=y-»v"‘ ov-»fox"‘<a’,....a")
=y@~v"‘<-:2.-.,a".1//*+‘<a),...,t1/’"<a>)

= <a‘,...,a’2 t1»"+’<a)-t1?"+'(a’,-_.,a"), 1//*"<a)-r?*"<a’,...,a"))
bi/(3)

= <a‘,...,a",0,...,0)- -:-
Theorem 9 acquires a special form when the rank of f is n or m:

10. THEOREM. (l) If m 5 n and f: M" —> Nm has rank m at p, then for
any coordinate system (y, V) around f( p), there is some coordinate system
(x, U) around p with

y0f<>x_](a1,...,a”) = (a1,...,a”').
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(2) If 22 5 m and f : M" —> N’" has rank n at p, then for any coordinate
system (x, U) around p, there is a coordinate system (y, V) around f(p) with

yof ox_1(a',...,a") = (a1,...,a",0,...,0).

PROOF (I) This is practically a special case of (l) in Theorem 9; it is only
necessary to observe that when k = m, it is ciearly unnecessary, in the proof of
this case, to permute the y‘ in order to arrange that

Q

det( (p))¢0 a:,fi=1,...,m;

only the u" need be permuted.
(2) Since the rank of f at any point must be 5 n, the rank of f equals rt
in some neighborhood of p. It is convenient to think of the case M : R"
and N = ll?" and produce the coordinate system y for Rm when we are given
the identity coordinate system for IR". Part (2) of Theorem 9 yields coordinate
systems ¢ for IR" and 1,0 for Rm such that

11/ ofo¢_1(a],...,fl") = (a1,...,a",O,...,0).

Even if we clo not perform 471 first, the map f still takes IR” into the subset

, , ms") = fc¢<1s">> 1111"‘
R ¢ R f 11/ _._~e?.=‘v=; =e.==~

-4 )' >
Ale’-I-'.'-.1I_-I1". 35.1"‘

/‘1//<f<1s")>
f(lR”) which 1,11 takes to R" x {O} C 1R’"—the points of IR” just get moved to
the wrong place in IR" >< {O}. This can be corrected by another map on 1R’".
Define It by

l(b1,...,bm)= (¢-1(b‘,...,b"),b"+‘,...,1;-"').
Then

1011/@f(a‘,..-,0") = 10¢ Q/<>¢*‘<b‘,...,b")
for (b1,...,b“)=¢(a)

=i(b‘,...,b",o,...,o)
= (¢-‘(b‘,...,b"),0,...,0)
= (a1,...,a“,O,...,O),

so It 0 11/ is the desired y. If we are given a coordinate system x on IR" other
than tl1e identify, we just define

Mb‘, - . . ,b"') = <1-<¢"‘(b’, . . .,b")>,b"+‘, . . .,b'");
it is easily checked that y == it o 11/ is now the desired y. *1‘
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Although p is a regular point of f in case (l) of Theorem l0 and a critical
point in case (2) (if 11 < m), it is case (2) which most interests us. A differentiable
function f: M” —> N’" is called an irmnersion if the rank of f is rt, the
dimension of the domain M, at all points of M. Of course, it is necessary that
m Z :1, and it is clear from Theorem l0(2] that an immersion is locally one-one
(so it is a topological immersion, as defined in Chapter l). On the other hand,
a differentiable map f need not be an immersion even if it is globally one-one.
The simplest example is the function f I R —> IR defined by f(x) = x3, with
f’(O) = O. Another example is

e_"'—2 x > O X
g(x)= 0 JL‘=0 t _ t

-e"x—2 x < O. /

A more illuminating example is the function hi IR —> R2 defined by

ho-) = (go), tgo-)1); ”

although its image is the graph of a non-differentiable function, the curve itself
manages to be differentiable by slowing down to velocity 0 at the point (0,0).
One can easily define a similar curve whose image looks like the picture below.

75
Three immersions of IR in R2 are shown below. Although the second and

third immersions ,5; and ,5; are one-one, their images are not homeomorphic

W l 
132(3)
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to IR. Of course, even if the one-one immersion f : P —> M is not a homeo-
morphism onto its image, there is certainly some metric and some differentiable
structure on f(P) which makes the inclusion map 2' : f(P) —> M an immer-
sion. In general, a subset M1 C M, with a differentiable structure (not nec-

' 'bl 'h h ' M ' h 'ts a subset of M) is called ancssartly compati e wit t e metric 1 in eri as ,
immersed submanifold of M if the inclusion map 1': M1 —> M is an immersion.
The following picture, indicating the image of an immersion B3: IR —> S‘ >< S‘,

1.!»
second time around

shows that M; may even be a dense subset of M.
Despite these complications, if M1 is a k—dimensional immersed submanifold

of M” and U; is a neighborhood in M; of a point p e M1, then there is a
coordinate system (y, V) of M around p, such that

U101/={qEM=y"+‘(q)=---=y"(q)=0};

this is an immediate consequence of Theorem lO(2), with f = 1'. Thus, if
g: M1 —> N is C°° (considered as a function on the manifold M1) in a neigh-
borhood of a point p 6 M1, then there is a C°° function § on a neighborhood
V C M of p such that g = § of on V O M;—we can define

_ , y°’(q')=y°'(q) <r=-1,---,/<s(q) =g(q), where { y"'(q')=0 r=k+l,...,n.
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On the other hand, even if g is C°° on all of M, we may not be able to
define § on M. For example, this cannot be done if g is one of the functions
19?‘: 5.-(M) —> R.

One other complication arises with immersed submanifolds. If M1 C M is
an immersed submanifold, and ft P —> M is a C°° function with f(P) C M1,
it is not necessarily true that f is C°° when considered as a map into M1, with its
C°° structure. The following figure shows that f might not even be continuous

f(P) f P

M|CM=]R2 M1

as a map into M1. Actually, this is the only thing that can go wrong:

ll. PROPOSITION. If M; C M is an immersed manifold, ft P —> M is
a C°° function with f(P) C M1, and f is continuous considered as a map
into M1, then f is also C°° considered as a map into M1.

PROOF. Let 1': M1 —> M be the inclusion map. We want to show that 2' *1 0 f
is C°° if it is continuous. Given p 6 P, choose a coordinate system (y, V) for M
around f(p) such that

U1={qE V1J’k+'(q)='-'=J’“(6l)=9}
is a neighborhood of f(p) in M] and (y' |U;, . . . , y"| U1) is a coordinate system
Of M1 011 U1.

" -.| "---.,_
| I‘

U, i
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By assumption, 1"] 0 f is continuous, so

f 1 0 r'(open set) is an open set.

Since U; is open in M], this means that f"1(U|) C P is open. Thus f takes
some neighborhood of p e P into U1. Since all yl of are C°°, and y1,. .., yk
are a coordinate system on U1, the function f is C°° considered as a map
into M1. '1'

Most of these difiiculties disappear when we consider one-one immersions
f 1 P —> M which are homeomorphisms onto their image. Such an immersion
is called an imhedding (“embedding” for the English). An immersed subman-
ifold M; C M is called simply a (C°°) submanifold of M if the inclusion map
1': M1 —> M is an imbedding; it is called a elosed submanifold of M if M1 is
also a closed subset of M.

@ ..

a closed
. - - submanifold

There is one way of getting submanifolds which is very important, and gives
the sphere .S‘"_1 C IR" ~— {0} C IR", defined as {x : lxlz = l}, as a special case.

12. PROPOSITION. If f I M" —> N has constant rank k on a neighborhood
of f‘! (y), then f "' (y) is a closed submanifold of M of dimension n —- k (or
is empty). In particular, if y is a regular value of f I M" —> N“, then f-1 (y)
is an (H ~— m)—dimeiisional submanifold of M (or is empty).

PROOF. Left to the reader. '2'

It is to be hoped that however abstract the notion of C°° manifolds may
appear, submanifolds of RN will seem like fairly concrete objects. Now it turns
out that ezieiji (connected) C°° manifold can be imbedded in some RN , so that
manifolds can be pictured as subsets of Euclidean space (though this picture
is not always the niost useful one). We will prove this fact only for compact
manifolds, but we first develop some of the machineiy which would be used in
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the general case, since we will need it later on anyway. Unfortunately, there are
many definitions and theorems involved.

If (9 is a cover of a space M, a cover (9’ of M is a refinement of (9 (or
“refines (9”) if for every U in (9’ there is some V in (9 with U C V (the sets of (9’
are “smaller” than those of (9)—a subcover is a very special case of a refining
cover. A cover (9 is called locally finite if every p E M has a neighborhood W
which intersects only finitely many sets in (9.

13. THEOREM. If (9 is an open cover of a manifold M, then there is an open
cover (9" of M which is locally finite and which refines (9. Moreover, we can
choose all members of (9’ to be open sets diffeomorphic to IR".

PROOF V\=’e can obviously assume that M is connected. By Theorem 1.2, there
are compact sets C1,Cg, C3,. . . with M = C1 U Cg U C3 U - - - . Clearly C; has
an open neighborhood U; with compact closure. Then F; U Cg has an open
neighborhood U; with compact closure. Continuing in this way we obtain
open sets U,-, with compact and C U,-+1, whose union contains all C,-,
and hence is M. Let U_; = U0 = El.

..
 fl/ //

Now M is the union for i > l of the “annular” regions A; = U,-~— U,-_1. Since
each A, is compact, we can obviously cover A; by a finite number of open sets,
each contained in some member of (9, and each contained in V; = U,-+1 - U,-_g.
\'Ve can also choose these open sets to be diffeomorphic to R“. In this way we
obtain a cover (9" which refines (9 and which is locally finite, since a point in U,-
is not in for j ;">_ 2+i'. *9
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Notice that if (9 is an open locally finite cover of a space M and C C M is
compact, then C intersects only finitely many members of (9. This shows that
an open locally finite cover of a connected manifold must be countable (like the
cover constructed in the proof of Theorem 13).

l4. THEOREM (THE SHRINKING LEMMA). Let (9 be an open locally
finite cover of a manifold M. Then it is possible to choose, for each U in (9, an
open set U ’ with F C U in such a way that the collection of all U’ is also an
open cover of M.

PROOF V\le can clearly assume that M is connected. Let (9 = {U1, Ug, U3, . . . }.
Then

c, =U;--(UgUU3U---)
is a closed set contained in U1, and M = C1 U U2 U U3 U - - - . Let U1’ be an
open set with C; C U,’ C U,’ C U1. Now

C'2=U2-"(UiUU3U--')

is a closed set contained in U3, and M = U,’ U C2 U U3 U - -- . Let U; be an
open set with Cg C U5 C U5 C Ug. Continue in this way.

For any p E M there is a largest n with p E U", because (9 is locally finite.
Now

pE U,"UU§'U--tUU,’;U(U,,+1UU,,+;;U---);

it follows that
pe U,"UU§U---,

Isince replacing U,,+,- by U,,+,- cannot possibly eliminate p. '3‘

15. THEOREM. Let (9 be an open locally finite cover of a manifold M. Then
there is a collection of C°° functions (pg: M —> [0, l], one for each U in (9,
such tliat

(l) support ¢U C U for each U,

(2) Z¢U(p) = l for all p E M (this sum is really a finite sum in some
U
neighborhood of p, by (l)).
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PROOF Case .7. Each U in (9 has compact closure. Choose the U’ as in Theorem
14. Apply Lemma 2 to U’ C U C M to obtain a C°° function (try; M —> [0,1]
which is l on F and has support C U. Since the U’ cover M, clearly

Z 1,lrU > O everywhere.
Ue(9

Define

‘PU =
Z ti/U

UGO

Case 2. General case. This case can be proved in the same way, provided that
Lemma 2 is true for C C U C M with C closed (but not necessarily compact)
and U open. But this is a consequence of Case It

For each p 6 C choose an open set Up C U with compact closure. Cover
M -- C with open sets V0, having compact closure and contained in M -- C.
The open cover {U,,, V0,} has an open locally finite refinement (9 to which Case .7
applies. Let

f = Z (pg, where (9’ = {U E (9 : U C Up for some p}.
U60’

This sum is C°°, since it is a finite sum in a neigliborliood of each point. Since
ZU¢U(p) = l for all p, and ¢U(p) = 0 when U C V0,, clearly f(p) = l
for all p 6 C. Using the fact that (9 is locally finite, it is easy to see that
supportf C U. 6+

l6. COROLLARY. If (9 is any open cover of a manifold M, then there is a
collection of C°° functions ¢,-: M —> [0,1] such that

(1) the collection of sets { p: ¢,-(p) qé O} is locally finite,

(2) Z,-¢,-(p) = I for all p 6 M,

(3) for each 1' there is a U 6 (9 such that support ¢,- C U.

(A collection {¢,-I M —> [0, 1]} satisfying (l) and (2) is called a partition ofunity;
if it satisfics (3), it is called subordinate to (9.)

It is now fairly easy to prove the last theorem of this chapter.

l7. THEOREM. If M” is a compact C°° manifold, then there is an imbed-
cling ft M —> RN for some N.
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PROOF There are a finite number of coordinate systems (x1, U1), . . . , (xk, Uk)
with M = U; U-- -UU1,. Choose U,’ as in Theorem l4, and functions 1,[r;: M —>
[0,1] which are l on and have support C U,-. Define fi M —> RN, where
N = nk + k, by

f=(tl/1 -X1,---=1!/it-Xi<,1l/1,---,tl/i<)-

This is a1i immersion, because any point p is in U,-’ for some 2', and on U,-’, where
1/1; -.= 1, the N X n_]acobian matrix

8f°‘ _ _ 8x‘?
W CO1'lltE1II1S ll'lC P? X PI I'nI'1ltI'].X £3 Z
8x, 8x,

It is also one-one. For suppose that f(p) = f(q). There is some 2' such that
p E U,-’, Then (Zr,-(p) = 1, so also 11/,-(q) = 1. This shows that we must have
q e U,-. Moreover,

ti/s -Xr'(P) == 11/: -r<:(¢1),
so p = q, since xi is one-one on U,-. '1'

Problem 3-33 shows that, in fact, we can always choose N -_-= 2n + 1.

PROBLEMS

1. (a) Show that being C°°—related is not an equivalence relation.
(b) In the proof of Lemma l, show that all charts in A’ are C°°-related, as
claimed.

2. (a) If M is a metric space together with a collection of homeomorphisms
x: U —> IR" whose domains cover M and which are C°°-related, show that
the ti at each point is unique without using Invariance of Domain.
(b) Show siinilai'ly that 3M is well-defined for a C°° manifold-with-boundary M.

3. (a) All C°° functions are continuous, and the composition of C°° functions
is C°°.
(b) A function fl M —> N is C°° if and only if g o f is C°° for every C°°
function g: N —> 1R.

4. How many clistinct C°° structures are there on IR? (There is only one up to
diffeoinorphism; that is not the question being asked.)
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5. (a) If N C M is open and A’ consists of all (x, U) in A with U C N, show
that A’ is maximal for N if A is maximal for M.
(b) Show that A1’ can also be described as the set of all (x|V O N, V O N) for
(x, V) in A.
(c) Show that the inclusion 1': N —> M is C°°, and that A’ is the unique atlas
with this property.

6. Check that the two projections P1 and P2 on .S‘"“] are C°° related to the 2n
homeomorphisms fl- and gt.

7. (a) If M is a connected C°° manifold and p,q E M, then there is a C°°
curve c: [0,1] —> M with c(0) = p and c(l) == q.
(b) It is even possible to choose c to be one-one.

8. (a) Show that (M1 x Mg) >< M3 is diffeomorphic to M1 >< (Mg x M3) and
that M1 >< Mg is diffeomorphic to M2 >< M1.
(b) The diffcrentiable structure on M1 >< M2 makes the “slice” maps

Pl FT (PI:

P2 *—+ (151,192)

of M1, M; —> M1 >< Mg differentiable for all p1 6 M1, 192 E Mg.
(c) More generally, a map f : N —> M1 >< Mg is C°° if and only if the compo-
sitions 7:1 O f: N —> M1 and rt; 0 f: N —> Mg are C°°. Moreover, the C°°
structure we have defined for M1 >< Mg is the only one with this property
(d) Iff,-: N —> M; are C°° (i = 1,2), can one determine the rank of (f],fg)I N
—> M1 >< Mg at p in terms ofthe ranks of f; at p? For f,-: N; —> M,-, show that
fl >< f2IN1>< N2 —> M1 >< M2,d@fiI1eC1 by f1 >< f2(p1,P2) = (f1(p1)»f2(p2)).
is C°° and determine its rank in terms of the ranks of j}.

9. Let g: S" —> IP” be the map p i——> [p]. Show that ft P“ —> M is C°° ifand
only if fog: S” —> M is C°°. Compare the rank of f and the rank of f cg.

10. (a) If U C IR" is open and ft U —> IR is locally C°° (every point has a
neighborhood on which f is C°°), then f is C°°. (Obvious.)
(b) If f: 11-11" —> IR is locally C°°, then f is C°°, i.e., f can be extended to a
C°° function on a neighborhood of ll-ll". (Not so obvious.)

11. If f : ll-11" —> IR has two extensions g,h to C°° functions in a neighborhood
of 1H1“, then Dy-g and D,-Ii are the same at points of IR”-1 >< {O} (so we can speak
of D,-f at these points).

12. If M is a C°° inanifold-witli—boundary, then there is a unique C°° structure
on 8M such that the inclusion map i : 8M —> M is an imbedding.
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13. (a) Let U C M" be an open set such that boundary U is an (ii — l)—dimen-
sional (differentiable) submanifold. Show that U is an it—dimensional manifold-
with-boundary. (It is well to bear in mind the following example: if U = {x E
IR": d(x,O) < 1 or 1 < d(x,O) < 2}, then U is a manifold-with-boundary, but
3U qé boundary U.)
(b) Consider the figure shown below. This figure may be extended by putting

at

smaller copies of the two parts of S’ into the regions indicated by arrows, and
then repeating this construction indefinitely. The closure S of the final resulting
figure is known as Alexandefis Horned Sphere. Show that S is homeomorphic to S 2.
(Hint: The additional points in the closure are homeomorphic to the Cantor
set.) If U is the unbounded component of IR3 — S, then S = boundary U, but
U is not a 2-dimensional manifold-with-boundary, so part (a) is true only for
differentiable submanifolds.

14. (a) There is a map f : IR2 —> IR2 such that

(l) f(x,0) = (x,0) for all x,

(2) f(x,y) C H2 for y 3 O,
(3) f(x,y) c 1R2 - H2 for y < 0,
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O0(4) f restricted to the upper half-plane or the lower half-plane is C , but f
itself is not C°°. '

(b) Suppose M and N are C°° manifolds-with-boundary and f I 3M —> 3N
is a diffeomorphism. Let P = M U; N be obtained from the disjoint union
of M and N by identifying x E 3M with f(x) E 3N. If (x, U) is a coordinate
system around p E 3M and (y, V) a coordinate system around f( p), with
f(U f'13M) = V ('1 3N, and (y of)|U I") 3M = x|U ('1 8M, we can define a
homeomorphism from U U V C P to IR" by sending U to 1H1" by x and V to
the lower half-plane by the reflection of y. Show that this procedure does not

/ T I \

fies “’;¥&;,,
1%

gd/i of y

define a C°° structure on P\

(c) Now suppose that there is a neighborhood U of 3M in M and a diffeo-
morphism ct: U —> 3M x [0, I), such that o:(p) = (p,0) for all p 6 8M, and a
similar diffeomorphism ,5: V —> 3N x [0, l). (We will be able to prove later that
such diffeomorpliisms always exist). Show that there is a unique C°° structure

\its-Q

on P such that the inclusions of M and N are C°° and such that the map from
U U V to 8M x (--l, l) induced by or and 13 is a diffeomorphism.
(d) By using two different pairs (or, ,5), define two different C°° structures on IR2,
consiclcred as the union of two copies of 11-112 with corresponding points on 311-112
iclentified. Show that the resulting C°° manifolds are diffeomorphic, but that
the diffeomorphism cannot be chosen arbitrarily close to the identity map.
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15. (a) Find a C°° structure on 11-111 x 11-11’ which makes the inclusion into IR2
a C°° map. Can the inclusion be an imbedding? Are the projections on each
factor C°° maps?
(b) If M and N are manifolds-with-boundary, construct a C°° structure on
M x N such that all the “slice maps” (defined in Problem 8) are C°°.

16. Show that the function f I IR —> IR defined by

e_1"x x > 0f<x>= {O
x50

is C°° (the formula e_1"‘2 is used just to get a function which is > 0 for x < 0,
and e_"""| could be used just as well).

17. Lemma 2 (as addended by the proofofTheorem 15) shows that if C1 and Cg
are disjoint closed subsets of M, then there is a C°° function ft M -> [0,1]
such that C1 C f"1(0) and Cg C f_’(1). Actually, we can even find f with
C1 = f"l(0) and Cg = f"1(l). The proof turns out to be quite easy, once you
know the trick.

(a) It suffices to find, for any closed C C M, a C°° function f with C = f "1 (0).
(b) Let {U1} be a countable cover of M - C, where each U1 is of the form

U1 = x"’({a e 1R”:|a|< 1})
for some coordinate system x taking an open subset of M —— C onto IR". Let
f,-: M —> [0,1] be a C°° function with f,- > 0 on U1 and f,- --= 0 on M -— U,-.
Functions like

Elf; 32)’,-
ir, i."""?{-,
3x1 3x1 3x

will be called mixed partials of )’,-, of order 1,2,. .. . Let

oz; = sup ofall mixed partials off1, . . . ,f,- ofall orders 5 1'.

Show that O0
fr

f '-"= Z E
i=1

is C°°, and C = f"'1

18. Consider the coordinate system (yl , yz) for 1R2 defined by

y‘ (cub) = a
y2(a,b) = a + 1’).
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(a) Compute Bf/3y1(a,b) from the definition.
(b) Also compute it from Proposition 3 (to find 3]’/Ely’ , write each 1’ in terms
of yl and yz).

Notice that Elf/Eiyl qé 8f/_3I’ even though y’ = 11; the operator 8/Ely’ depends
on y and 1', not just on y’.

19. Compute the “Laplacian”

a2 a2
xfiai

in terms of polar coordinates. (First compute 3/3x in terms of 3/Br and 3/39;
then compute 32/8x2 from this). Answer: %[%(r9fi,_) + 5’-%(%%)].

20. 1f f: M" —> N’" is C’ and m > it, then f(M) has measure 0 (provided
that M has only countably many components).

21. The following pictures show, for it = 1,2, and 3, a subdivision of [0,1] x
[0, 1] into 22" squares, A,,,1,. . . , An,22JI; square An’), is labeled simply k. The
numbering is determined by the following conditions:

(a) The lower left square is A,,,1.

(b) The upper left square is A ,,,2z~.

(c) Squares /1,,’ 1, and A,,,;,,_1_1 have a common side.

(d) Squares A,,_41_1_1, A,,,41_1_2, A,,,41_1_3, A,,,41_1_4 are contained in A,,_1,;_1_1.

IE '3 II
IIIlill "'

2 IEM‘
III "

Define f: [0, 1] —> [0, I] x [0, 1] by the condition

-HIEIIEH HHEI IIEII IEEEIIII IIIIIIIIIIIIIIII IIIIIIIIIIIIIIII

k l k
f(l) E An‘); TOT all "F if 5

Show that f is continuous, onto [0, 1] x [0, 1], and not one-one.
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22. For p/2" E [0, 1], define f(p/2") E IRZ as shown below.

1, f(2)
15.2-1

sh
W.-:~:=_-"' .='.v-*4. ...=..11.-~"— l";_-._-1' :-,=-,¢,;-_?;=,1j,_'.'u * ' .:,

- "‘ : #2,:
.*-- 7'- ;-1q..-.-.'-.-;»-.\.-.i:- . £111.». u;,1';§-37'," 1_'.=;;:€'i.".!-'.*'.Z".?-I‘ .*."-l‘.~_~“—;s'* 7.r:r=t~*.-.1sv f —)3l3 t'_f£=_1:-iii-?:?e1:4!‘£‘E=‘E.i1_ ,~:’s:‘1?as?~. L ‘Q rc..|..-.. » . 1 -.. .'~' - -1'-:3;-1 \. '.’—: =.';-1' -Yl.1.-:11: ms?--1 ' .-<3-.:-rs.,: {-"t-‘-i.=-..r-:-1.-1,-=4-‘gt . Li-T‘wanes?A-no .~ ~r~ B=fmat) at->

(a) Show that f is uniformly continuous, so that it has a continuous extension
g: [0,1] —> IR2. Show that g is one-one, and that its image will not have
measure 0 if the shaded triangles are chosen correctly.
(b) Consider the homeomorphic image of S 1 obtained by adding, below the
image of g, a semi-circle with diameter the line segment AB. \'Vhat does the
inside of this curve look like?

23. Let c: [0,1] —> IR" be continuous. For each partition P : {r0,...,:,,} of
[0, 1], define

k
ac. P) = Zdtcv.->.c<:.-_1)>.

i=1
The curve c is rectifiable if {£(c, P)} is bounded above (with length equal to
sup{€(c, P)}). Show that the image of a rectifiable curve has measure 0.

24. (a) If M is a C°° manifold, a set M1 C M can be made into a k-dimen-
sional submanifold of M if and only if around each point in M1 there is a
coordinate system (x, U) on M such that M1 PI U = {p: x"+’(p) = =
X”(P) = 0}-
(b) The subset M1 can be made into a closed submanifold if and only if such
coordinate systems exist around every point of M.

25. The set {(x, lxl); x E IR} is not the image of any immersion of IR into IR2.

26. (a) If U C IR" is open and f: U ~—> ]R"_" is C°°, then the graph of
f = {(p,f(p)) E IR”: p E U} is a submanifold of IR".
(b) Every submanifold of IR" is locally of this form, after renumbering coor-
dinates. (Neither Theorem 9 nor 10 is quite strong enough. You will need
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the implicit function theorem (Calculus on Manifolds, pg. 41). Theorem 10 is es-
sentially Theorem 2-13 of Calculus on Manifolds; comparison with the implicit
function theorem will show how some information has been allowed to escape.)

27. (a) An immersion from one rz-manifold to another is an open map (the
image of an open set is open).
(b) If M and N are ti-ITII-1I1lfOlClS with M compact and N connected, and
f: M —> N is an immersion, then f is onto.

28. Prove Proposition l2: If f : M” —> N has constant rank k on a neigh-
borhood of f_1(y), then f_' (y) is a (closed) submanifold of M of dimension
rz ~ k (or is empty).

29. Let fl lF°2 —> IR3 be the map

e([x.y.z]) = (yz.Xr='.xy)
defined in Chapter l, whose image is the Steiner surface. Show that g fails to
be an immersion at 6 points (the image points are the points at distance :l:l/2
on each axis). There is a way of immersing P2 in IR3, known as Boy’s Surface.
See Hilbert and Cohn-Vossen, Geometry and the Imagirtatiort, pp. 317-321.

30. A continuous function f : X —> Y is proper if f“’(C) is compact for
every compact C C Y. The limit set 1_.(f) of f is the set of all y E Y such
that y = lim f(x,,) for some sequence x1,x2,x3,... E X with no convergent
subsequencc.

L(f) = I5 if and only if f is proper.
f(X) C Y is closed ifand only if 1_.(f) C f(X).
There is a continuous f : IR —> IR2 with f(IR) closed, but 1_.(f) 75 0.
A one-one continuous function f : X —> Y is a homeomorphism (onto its

image) ifand only if L(f) O f(Y) -= Q1.
(e) A submanifold M1 C M is a closed submanifold if and only if the inclusion
map i: M1 —> M is proper.
(f) If M is a manifold, there is a proper map f: M —> IR; the function f can
be made C°° if M is a C°° manifold.

oaie

31. (a) Find a cover of [0,1] which is not locally finite but which is “point-
finite”: every point of [0, I] is in only finitely many members of the cover.
(b) Prove the Shrinking Lemma when the cover (9 is point-finite and countable
(notice that local-finiteness is not really used).
(c) Prove the Shrinking Lemma when (9 is a (not necessarily countable) point-
finite cover of any space. (You will need Zorn’s Lemma; consider collections C’
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ofpairs (U, U’) where U E (9, U’ C U, and the union ofall U’ for (U, U’) E C’,
together with all other U 6 (9 covers the space.)

32. (a) If M1 C M is a closed submanifold, U I) M1 is any neighborhood,
and f:M1—> IR is C°°, then there is a C°° function f: M —> IR with )7: f
on M1, and with support JF C U.
(b) This is false if M = IR and M1 = (0,1).
(c) This is false if IR is replaced by a disconnected manifold N.

Remark: It is also false if M = IR2, M1 = N = S1, and f = identity; in fact, in
this case, f has no continuous extension to a map from IR2 to S1, but the proof
requires some topology. However, f can always be extended to a C°° function
in a neighborhood of M1 (extend locally, and use partitions of unity).

33. (a) The set of all non-singular 22 >< n matrices with real entries is called
GL(n, IR), the general linear group. It is a C°° manifold, since it is an open
subset of IR"2. The special linear group SL(r1,IR), or unimodular group, is the
subgroup of all matrices with det = l. Using the formula for D(det) in Calcuius
on Adarzgfialds, pg. 24, show that SL(n, IR) is a closed submanifold of GL(n, IR) of
dimension I22 — l.
(b) The symmetric I2 >< n matrices may be thought of as IR"("+l)/2. Define
1,!/: GL(n,IR) —> (symmetric matrices) by 1,1/(A) = A - A‘, where A‘ is the
transpose of A. The subgroup v,(r“‘(I) of GL(n,IR) is called the orthogonal
group O(n). Show that A E O(n) if and only if the rows [or columns] of A are
orthonormal.
(c) Show that O(n) is compact.
(d) For any A 6 GL(n,IR), define RA: GL(n,IR) —> GL(n,IR) by R,4(B) = BA.
Show that RA is a diffeomorphism, and that 11/ o RA = 11/ for all A 6 O(n). By
applying the chain rule, show that for A E O(n) the matrix

3 :1 3 if
(%k7(A)) has the same rank as (%fi(I)) .

(Here xkl are the coordinate functions in IR"2, and 1,lr'7 the n(n+ l)/2 component
functions of 11/.) Conclude from Proposition I2 that O(n) is a submanifold of
GL(n,IR).
(e) Using the formula

11/"1' (A) = Zn.-1.0,”. (A —-= (at,-I).
k
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show that _
Hi; k =1 75 j

3 U - /C z: ' '~”%.v<A> = ¥ *’.ax 20;] /C =1 2 1

0 otherwise.
Show that the rank of this matrix is n(n + l)/2 at I (and hence at A for all
A E O(n).) Conclude that O(n) has dimension n(n —~ 1)/2.
(F) Show that det A = :l:l for all A E O(n). The group O(n)r‘1SL(n,IR) is called
the special orthogonal group SO(n), or the rotation group R(n).

34. Let M(m,n) denote the set of all m >< :2 matrices, and M(m,n;k) the set
of all m x n matrices of rank k.
(a) For every X0 e M(m,n;k) there are permutation matrices P and Q such
that

PXOQ = (fig 13;) , where A0 is k >< k and non~singular.

(b) There is some 2 > 0 such that A is non-singular whenever all entries of
A--A0are<:g,

A BPXQ=(C D)
(c) If

where the entries of A — A0 are < e, then X has rank k if and only if D -.-.=
CA_lB. Hint: If 1;, denotes the k x k identity matrix, then

1;, 0 A B _ A B
X I,,_.;, C D T XA+C XB+D '

(d) M(m,n;k) C M(m,n) is a submanifold of dimension k(m + n -~ k) for all
k 35 m,n.



CHAPTER 3

THE TANGENT BUNDLE

Apoint v 6 IR“ is frequently pictured as an arrow from O to v. But there are
many situations where we would like to picture this same arrow as starting

U
U

at a different point p E IR":

ll /p+UP *1’
U J

J4
.0

_;
J-

J»
a

J

For example, suppose c: IR —> IR” is a differentiable curve. Then c’(:) =
(cl’(r), . . . ,c"’(t)) isjust a point of IR", but the line between c(r) and c(r) +c'(r)
is tangent to the curve, and the “velocity vector” or “tangent vector” c’(l) of
the curve c is customarily pictured as the arrow from c(t) to c(t) + c’(£)_

c(r) + c’(t)

(‘(1') 0 Ci(f)

63
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To give this picture mathematical substance, we simply describe the “arrow”
from p to p + v by the pair (p, v). The set of all such pairs is just IR” >< IR",
which we will also denote by TIR”, the “tangent space of IR"”; elements of TIR"
are called “tangent vectors” of IR". We will often denote (p, v) E TIR" by vp
(“the vector v at p”); in conformity with this notation, we will denote the set
of all 1[p,v) for v E IR" by IR”,,. At times, it is more convenient to denote a
member of TIR" by a single letter, like v. To recover the first member of a pair
v e TIR", we define the “projection” map rt: IR“ >< IR“ —> IR" by rr(a,b) = a.
For any tangent vector v, the point rr(v) is “where it’s at”.

The set rt-'(p) may be pictured as all arrows starting at p. Alternately,

P

it can be pictured more geometrically as a particular subset of IR" >< IR", the
one visualizable case occurring when n = 1. This picture gives rise to some

TR“ ‘M 7;)“ “ IEYXW
i Ii ‘I I. . I I ,. . .
l___l_ug___JlwI:‘ Ill w llllii \I_.:__l_‘; ll

II "I "I .r1~"r .,;I , "'\"*v— I . I

ll} ill gU31,‘ I g p .‘:‘3‘I‘H1‘I“ p

lilllwl i,‘;¥l*! Nil‘,

71'

13" I I ,__,
P

te1'minology—we call n"'(p) the fibre over p. This fibre can be made into a
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vector space in an obvious way: we define

(p,v)®(p,w)=(p,v+w)
a . (pvv) 2 (pza 'v)-

(The operations EB and ~ should really be thought of as defined on

U rr'l(p) X rr_l(p), and IR X TIR", respectively.
Penn

Usually we will just use ordinary + and » instead of ® and ~ .)

If f: IR" —> IR”' is a differentiable map, and p E IR", then the linear trans-
formation Df(p): IR" —> IR”' may be used to produce a linear map from
IR”, —> IR"';(,,) defined by

up *—> [Df(P)(v)]Itp>-

This map, whose apparently anomalous features will soon be justified, is de-
noted by f,.,,; the symbol fit denotes the map fit: TIR” —> TIR”' which is the
union of all ftp. Since _)’...,,(v) is defined to be a vector E IR’"jr(,,), the follow-
ing diagram “commutes” (the two possible compositions from TIR" to IR”' are
equal), f '

TIR” Z1 TIR”'

rrj in rr 0 f, .1 f 0 rt.

R» .._..,.L_. Rm
Thus, fi,, has the map f, as well as all maps Df(p), built into it.

This is not the only reason for defining 1’... in this particular way, however.
Suppose that g: IR"" —> IRI‘ is another differentiable function, so that, by the
chain rule,

(1) D(g O f)(p) = Dg(f(p)) <> Df(p)-
By our definition,

glh 7:

This looks horribly complicated, but, using (l), it can be written

g*(f..(v,,)) = (g O f)*(v,,);
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thus we have

g*°fi==(g°f)*-

This relation would clearly fall apart completely if ft (vp) were not in IR’"f(,,);
with our present definition of fik, it is merely an elegant restatement of the
chain rule.

Henceforth, we will state almost all concepts about_]acobian matrices, like
rank or singularity, in terms of j’,,, rather than Df. The “tangent vector” of a
curve c: IR —> IR" can be defined in terms of this concept, also. The tangent
vector of c at I may be defined as

Ci(i)c(r) E lR”¢(:)-

[If c happens to be of the form

5 Pm
ctr)-=<1.r<o>1‘<>r f: R a R cm=“’m

then

C’(t)c(-I‘) = (1: }”(£))c(r)§

this vector lies along the tangent line to the graph of f at (I, f(£))_] Notice
that the tangent vector of c at t is the same as

C*(ll') Z ‘T (CH0): - - - I Cnl(t))C(.l'):

where 1, = (I, I) is the “unit” tangent vector of IR at I.

0 l I I;
~c '1' 0 0- )

If g: IR" —> IR”' is differentiable, then g o c is a curve in IR”'. The tangent
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vector of g 0 c at X is

(g ° C)=k(lt) 2 g=|=(c=r(lt))

= g,,,(tangent vector of c at r).

‘U

c(t)
L9

8(¢l[f))
ll g*(U)

Consider now an n—dimensional manifold M and an imbedding 1': M —> IR”.
Suppose we take a coordinate system (x, U) around p. Then 1' o x“l is a map
from IR" to IRN with rank n. Consequently, (i o x“‘),,.(IR",,(,,)) is an n—dimen—
sional subspace of IRN;(,,,. This subspace doesn’t depend on the coordinate

RN

IR” . ‘K;
x(P)

system x, for if y is another coordinate system, then

(f o y_'),, -.= (i ox_l ox 0 y_l),,,

‘T (I. ° x_])* 0 (X O y_1)=l=

and

(“T ° J’_')*.vu>)¢ Rnytpi —> Rnxtm
is an isomorphism (with inverse (y O X _1)*.»<(P)}.
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There is another way to see this, which justifies the picture we have drawn.
If c: (-—e,e) —> IR" is a curve with c(O) = x(p), then or = i ox“! o c is a
curve in IRN which lies in z'(M), and every differentiable curve in t'(M) is ofthis

Ci(0)x(p)

x(p) k,’f/»- I.

form (ProofP). Now

a*(l0) 2 (1. ° x_l)* ° c*(l0)=

so the tangent vector of every oz is in (i ox“'),,.(IR”,,(,,)). Moreover, every vector
in this subspace is the tangent vector of some oz, since every vector in IR",,(,,, is
the tangent vector of some curve c. Thus, our n—dimensional subspace is just
the set of all tangent vectors at i'(p) to differentiable curves in i (M). We will
denote this n-dimensional subspace by (M ,1‘),,.

We now want to look at the (disjoint) union

T(M,i')= U (M, r), c tow) XRN c TIRN.
p€M

We can define a “projection” map

rt: T(M,i) —> M

by
rt'(v) = p if v E (M,t')P.

As in the case of TIR", each “fibre” rr_'(p) has a vector space structure also.
Beyond this we have to look a little more carefully at some specific examples.

Consider first the manifold M = S1 and the inclusion i : S‘ —> IR2. The
curve c(9) = (cos 9,sin 9) passes through every point of S‘, and

c’(9) --= (-— sin 9, cos 9) 75 0.

For each p = (cos 9,sin 9) e S‘, let up .-.-= (- sin 9,cos 9),, (it clearly doesn’t
matter which of the infinitely many possible 9’s we choose). Then (Sl, 1),, con-
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sists of all multiples of the vector up. We can therefore define a homeomorphism

up

up up

ST 7

P

“P

fl; T(Sl,t') —> SI >< IR1 by f,(}tu,,) -= (p,§l), which makes the following dia-
gram commute.

r(.s',t) .-iii‘-.»->5‘ >< n‘
X % [rt’(a,b)=a]

51

If we define the “fibres” of rt’ to be the sets rt’_] (p), then each fibre has a vector
space structure in a natural way. Commutativity of the diagram means that fl
takes fibres into fibres; clearly fl restricted to a fibre is a linear isomorphism
onto the image.

Now consider the manifold M = S2 and the inclusion it 5'2 C IR3. In this
case there is no map f2: T(S2,t') —> S2 >< IR2 with the properties of the map f1.
If there were, then, for a fixed vector v gé 0 in IR2, the set of vectors

{f2_](vp) I P E 52}

would be a collection of non-zero tangent vectors, one at each point of S2,
which varied continuously. It is a well-known (hard) theorem of topology that
this is impossible (you can’t comb the hair on a sphere).

/-5‘\
§§\.--»

\_ \°&,
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There is another example where we can prove that no appropriate homeo-
morphism T(M, 1') —> M X IR2 exists, without appealing to a hard theorem of
topology. The map 1' will just be the inclusion M —> IR3 where M is a Mobius
strip, to be precise, the particular subset of IR3 defined in Chapter l—M is the
image of the map f: [O,2rt] X (-1, 1) —> IR3 defined by

f(9,t) = (2cos9 + I cos%cos9, 2sin9 + tcos g sin9, rsin g).

At each point p --= (2 cos 9,2 sin 9,0) of M, the vector

l "oi - -— o
+ A

00, (9, )4
I S "T 2rt

2, Y. *

v, = (-2 sin 9,2cos9,0),, = f.((1,0)(,_0,)

is a tangent vector. The same is true for all multiples of f,.((O, l)(9,0)), shown
as dashed arrows in the picture. Notice that

f#((OI 1)(0,0)) = lDf(0»0)(O» 1)l(2,o,o)
3

= l:l(0=0)] = (1=0=O)t2,0,0),
3! (2,o.0)

while

ft=((0,1)(2=t,0)) = |:E;—{(2F»0)jI = (-1»0»0)(2,0,0)-
(2,o,0)

This means that we can never pick non-zero dashed vectors conlinuousbw on the
set of all points (2 cos 9,2 sin 9,0); If we could, then each vector would be

/.((0.M@>><t.t>)
for some continuous function It: [0,2rt] —> IR. This function would have to be
non-zero everywhere and also satisfy l(2rt) == —~Jt(O), which it can’t (by an easy
theorem of topology). The impossibility of choosing non-zero dashed vectors
continuously clearly shows that there is no way to map T(M, t‘), fibre by fibre,
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homeomorphically onto M X IR2. We thus have another case where T(M ,1‘)
does not “look like” a product M X IR".

For any imbedding 1': M —> IRN, however, the stmcture of T(M, 1') is always
simple locally: if (x, U) is a coordinate system on M, then rt_l(U), the part
of T(M ,1’) over U, can always be mapped, fibre by fibre, homeomorphically
onto U X IR". In fact, for each p 6 U, the fibre

(M,f)p Cql.1E1.lS O X_l)*x(p) (Rnx(p)) Z mp (lRnx(p)),

where the abbreviation mp has been introduced temporarily; we can therefore
define

f;tt-‘((1)-> U >< rt"
by

f (mp(vX(p))) = (P-11)-
In standard jargon, T(M, i) is “locally trivial”. This additional feature qualifies
T(M, t‘) to be included among an extremely important class of structures:

An It-dimensional vector bundle (or n-plane bundle) is a five-tuple

Em (E,rt, B, ®,G)),

where

(l) E and B are spaces (the “total space” and “base space” of E,
respectively),

(2) rt: E —> B is a continuous map onto B,

(3) ® and (D are maps

EB: (Jrt"'(p)Xrt_'(p)—>E, G):IRXE—> E,
p€B

with ® (rt_'(p) X rt'l(p)) C rt"(p) and ®(IR X rt"(p)) C
rt_'(p), which make each fibre rt_' (p) into an n—dimensional
vector space over IR,

such that the following “local triviality” condition is satisfied:

For each p E B, there is a neighborhood U of p and a homeomor-
phism I: rt"(U) ~—> U X IR“ which is a vector space isomorphism
from each rt_'(q) onto q X IR", for all q E U.
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Because this local triviality condition really is a local condition, each bundle
5 = (E,rt, B, ®,®) automatically gives rise to a bundle EIA over any subset
A C B; to be precise,

5|/1 = (J1'_l(/1), ttltt-'(/1), A, @| Um, 71'_l(p) >< 7l'_l(p), ®|11t >< 7l'_](/l)).

Notation as cumbersome as all this invites abuse, and we shall usually refer
simply to a bundle rt: E —> B, or even denote the bundle by E alone. For
vectors v,w E rt_' (p) and a E IR, we will denote @(v, w) and (E)(a, v) by v + w,
and a - v or av, respectively. I

The simplest example of an n-plane bundle is just X X IR" with rt: X X IR" —>
X the projection on the first factor, and the obvious vector space structure on
each fibre. This is called the trivial n—plane bundle over X and will be denoted
by e"(X). The “tangent bundle” TIR” is just e"(IR").

The bundle T(S',:') considered before is equivalent to e'(S1). Equivalence
is here a technical term: Two vector bundles E1 = rt1: E1 —> B and E2 =
rtg: E2 —> B are equivalent (E1 2 E2) if there is a homeomorphism h: E1 —> E2
which takes each fibre rt1“'(p) isomorphically onto rt;f'(p). The map h is
called an equivalence. A bundle equivalent to e"(B) is called trivial. (The
local triviality condition for a bundle E just says that §lU is trivial for some
neighborhood U of p.)

The bundles T(S 2, t‘) and T(M , 1') are not trivial, but there is an even simpler
example of a non-trivial bundle. The Mobius strip itself (not T(M,i)) can be
1-nnsidered as a 1-dimensional vector bundle over S1, for M can be obtained
from [0, l] X IR by identifying (0,a) with (l, —a), while S 1 can be obtained from

Oi“

..,, in

N

1 Y % __/ _ _
/
B

/,5
{0, l
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[0,1] by identifying 0 with I; the map rt is defined by rt(t‘,a) = I for 0 <1 I <: 1
and rt({ (O, a), (l,—a)}) = {O, l}. The diagram above illustrates local triviality
near the point {O, I} of S1. Suppose that s: S1 —> M is a continuous function
with rt o s = identity of M (such a function is called a section). Such a map

MI)  e
corresponds to a continuous function Ii: [0, l] —> IR with 5(0) = —.'§(l). Since E
must be 0 somewhere, the section s must be 0 somewhere (that is, 8(9) E rr“' (9)
must be the O vector for some 9 E S 1). This surely shows that M is not a trivial
bundle.

An equivalence is obviously the analogue of an isomorphism. The analogue
of a homomorphism is the following.* A bundle map from E1 to E2 is a pair of
continuous maps (_)F,f), with f2: E1 —> E2 and f: B1 —> B2, such that

(l) the following diagram commutes

ml It
B, in B2 ,

(2) )5: rt1_1(p) —> rtfl (f(p)) is a linear map.

The pair (ft, f) is a bundle map from TIRI‘ to TIR' for any differentiable
fl IR,‘ —> IR’. If Mi’ C IRI‘ and Ni” C IR’ are submanifolds, 1': M —> IR,‘ and
j: N —> IR’ are the inclusions, and the map f satisfies f(M) C N, then f,

*There are actually several possible choices, depending on whether one is consider-
ing all bundles at once, fixed bundles over various spaces, or a fixed base space with
varying bundles. Thus f may be restricted to be an isomorphism on fibres and f to
be the identity or a homeomorphism. The relations between some of these cases are
considered in the problems.
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takes T(M,i) to T(N,j); to see this, just remember that v E T(M,z'),, is the
tangent vector of a curve c in M, so fl.(v) is the tangent vector of the curve
f 0 c in N, and consequently f,.(v) E T(N,j). In this way we obtain a bundle
map from T(M,z') to T(N,j). Actually, it would have sufficed to begin with
a C°° function f : M —> N, since f can be extended to IRI‘ locally In fact,
this construction could be generalized much further, to the case where 1' and j
are merely imbeddings of two abstract manifolds M and N, and f: M —> N
is C°°; we just consider the function j o f o 1'“! : i(M) —> i(N) and extend it
locally to IRA‘ . The case which we want to examine most carefully is the simplest:
where M = N and f is the identity, while 1' and j are two imbeddings of M
in IRA‘ and IR’ , respectively. Elements of T(M, 1'), are of the form (i o x_')...(w)

 
\/1, ..

for w E lR"x(,,), while elements of T(M, j),, are of the form (j o x“1).,.(w) for
w E lR",,(,,). Ifwe map

ti ox-‘).(w) t-> <1 <>x“)..<w)
we obtain a bundle map from T(M,t')|U to T(M,j)|U, which is obviously an
equivalence. The map (M ,z'),, —> (M, j),, induced on fibres is independent of
the coordinate system x, for if (y, V) is another coordinate system, then

ti O y"')...<w) = (i O x*')*(<x O y*‘)..<w))

<1 O y—])*(w) = <1 ox-‘).(<x Q y"‘).<w))-
We can therefore put all these maps together, and obtain an equivalence from
T(M,z') to T(M,j). In other words, the dependence of T(M,i) on 1' is al-
most illusory; we could abbreviate T(M, i) to TM, if we agreed that TM really
denotes an equivalence class of bundles, rather than one bundle. That is the
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sort of thing an algebraist might do, and it is undoubtedly ugly. What we would
like to do is to get a single bundle for each M, in some natural way, which has
all the properties any one of these particular bundles T(M, 1') has. Can we do
this? Yes, we can. When we do, TIR" will be different from our old defini-
tion (namely, e”(lR”)), and so will ft for f I IR” —> lR'", so in stating our result
precisely we will write “old ft.” when necessary.

l. THEOREM. It is possible to assign to each n-manifold M an n-plane bun-
dle TM over M, and to each C°° map f: M —> N a bundle map (f,,f), such
that:

(1) If 1: M —> M is the identity, then 1...: TM —> TM is the identity. If
g: N—> P, then (gof),..==g*<>f*.

(2) There are equivalences I": TIR" —> e"(lR") such that for every C°° func-
tion f: IR“ —> IR“ the following commutes.

TIR" _w-_->f* TlR""
I'll jtm

' EDGE?!) EMURM)

(3) If U C M is an open submanifold, then TU is equivalent to (TM)|U,
and for f: M —> N the map (f|U),,: TU —> TN is just the restriction
of fin More precisely, there is an equivalence TU 2 (TM)|U such that
the following diagrams commute, where 1': U —> M is the inclusion.*

TU 5* > TM TU M-»--->(f'U)* TN

(TM)|U TM

PROOF. The construction of TM is an ingenious, though quite natural, sub-
terfuge. We will obtain a single bundle for TM, but the elements of TM will each
be large equivalence classes.

* When using the notation ft, it must be understood that the symbol “f” really refers to
a triple (f, M, N) where f : M —> N. The identity map I of U to itselfand the inclusion
map 1': U —> M have to be considered as different, since the maps 1,: TU —> TU and
1',..: TU —> TM are certainly different (they map TU into two different sets).
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The construction is much easier to understand if we first imagine that we ul-
ready had our bundles TM. Then if (x, U) is a coordinate system, we would
have a map xi: TU —> T(x(U)), and this would be an equivalence (with
inverse (x“'),,.). Since TU should be essentially (TM)|U, and T(x(U)) should
essentially be x(U) X IR", a point e 6 rt“‘(p) would be taken by xi. to some
(x (p), v). Here v is just an element of IR" (and every v would occur, since x...
maps rt‘! (p) isomorphically onto {p} X IR"). If y is another coordinate system,
then y,,.(e) would be (y(p), w) for some w E IR". We can easily figure out what
the relationship between v and w would be; since (x(p), v) is taken to (y(p), w)
by y,, 0 x,,."l = (y 0 x_l),,, and (y ox"l)* is supposed to be the old (y 0x_l),..,
we would have

(E1) w= D(yox_l)(x(p))(v).

This condition makes perfect sense without any mention of bundles. It is the
clue which enables us to now define TM.

If x and y are coordinate systems whose domains contain p, and v, w E IR",
we define

(x, v) '5' (y, w) if (a) is satisfied.

It is easy to check (using the chain rule) that t; is an equivalence relation; the
equivalence class of (x, v) will be denoted by [x, v],,. These equivalence classes
will be called tangent vectors at p, and TM is defined to be the set of all tangent
vectors at all points p E M; the map rt takes *5» equivalence classes to p. We
define a vector space structure on rt"! (p) by the formulas

[x, 11],, + [x, w]p = [x, v + w],,
a - [x,v]P '-= [x,a - v],,;

this definition is independent of the particular coordinate system x or y, because
D(y o x_1)(x(p)) is an isomorphism from IR“ to IR”.

Our definition of TM provides a one-one onto map

(b) Ix: rt_1(U) —> U X IR”, namely [x, 11],, |—-> (q,v).

We want this to be a homeomorphism, so we want If‘ (A) to be open for every
open A C U X IR", and thus we want any union of such sets to be open. There
is a metric with exactly these sets as open sets, but it is a little ticklish to produce,
so we leave this one part of the proof to Problem l.

We now have a bundle rt: TM —> M. We will denote the fibre rt'1(p)
by M,,, in conformity with the notation lR"p, though TM, might be better. If
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f: M —> N, and (x, U) and (y, V) are coordinate systems around p and f(p),
respectively, we define

(C) ft([X, vlp) = ly. D(y ° f O X-”)(X(P))(v)lf<,,)-

Of course, it must be checked that this definition is independent of x and y
(the chain rule again).

Condition (1) of our theorem is obvious.
To prove (2), we define I" to be t1, where I is the identity map of IR” and tx

is defined in (b); it is trivial, though perhaps confusing to the novice, to prove
commutativity of the diagram.

Condition (3) is practically obvious also. In fact, the fibre of TU over p E U
is almost exactly the same as the fibre of TM over p; the only difference is that
each equivalence class for M contains some extra members, since in M there
are more coordinate systems around p than there are in U C M. *1‘

Henceforth, the bundle rt : TM —> M will be called the tangent bundle of M.
lf 2': M —> IRI‘ is an imbedding, then TM is equivalent to T(M,z'). In fact, if
(x, U) is a coordinate system around p, and I is the identity coordinate system
of IRA’, then

r1..([r,v],,) = [I.D(1'<= x“)o=<p))<v)1.-<,,> by (C)
t"=t1 I

(ftp). Dtf <>x"‘)(x(p))(v)) E (M.1'),,;
the composition t“z',. is easily seen to be an equivalence. But T(M, t’) will play
no further role in this story—the abstract substitute TM will always be used
instead.

Having succeeded in producing a bundle over each M, which is equivalent to
T(M, 1'), we next ask how fortuitous this was. Can one find other bundles with
the same properties? The answer is yes, and we proceed to define two different
such bundles.

For the first example, we consider curves c: (-—e,t:) —> M, each defined
on some interval around O, with c(O) = p. If (x, U) is a coordinate system
around p, we define

x o cl and x o Cg, mapping IR to IR”,c ’-‘~10 ifandonl if: _ _
I 1’ 2 Y have the same derivative at O.

The equivalence classes, for all p E M, will be the elements of our new bun-
dle, T’M. For f : M —> N there is a map fn taking the § equivalence class
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of c to the I-'3) equivalence class of f o c. Without bothering to check details,
we can already see that this example is “really the same” as TM —

th '»-*~¢ ' al l f "1[x,v]p corresponds to: 6 P cqinv cnce (?aSSnO C1]/’
where y is a curve 1n R with 3/ (O) = v;

under this correspondence, fg corresponds to f,..
In the second example, things are not so simple. We define a tangent vector

at p to be a linear operator if which operates on all C°° functions f and which
is a “derivation at p”:

flfg) = f(p)f(s) + g(p)f(f)-
We have already seen that the operators E = 3/Bx’. IF have this property. For

these operators, clearly €(f) = €(g) if f = g in a neighborhood of p. This
condition is actually tme for any derivation E. For, suppose that f = 0 in a
neighborhood of p. There is a C°° function h: M —> IR with h(p) == 1 and
support h C f"' (0). Then

0: 3(0) =€(fh) = f(0)€(h)+h(0)€(f) = 0+€(f).

Thus, if f = g in a neighborhood of 0, then 0 = €(f* g) e--e €(f)* €(g). If f
is defined only in a neighborhood of p, we may use this trick to define €(f);
choose h to be 1 on a neighborhood of p, with support h C f"1 (0), and define
€(f) as €(fh).

The set of all such operators is a vector space, but it is not a priori clear what
its dimension is. This comes out of the following.

2. LEMMA. Let f be a C°° function in a convex open neighborhood U of O
in IR", with f(0) = 0. Then there are C°° functions g,-: U —> R with

() f(xla"-ax”)=Z:?=]x|'gi(xla-"axn) f0rx€Ua

(9) 3;-(0) = D=-f(0)-
(The second condition actually follows from the first.)

PROOF. For x E U, let h,¢(t) *-= f(tx); this is defined for 0 5 t 5 1, since U is
convex. Then

|—-|

1 1 H _
f<x)=r<x)~r<0)= L h;<:)d:-= L Z12.-/(ix)-xvii.

:'=-I

Therefore we can let g(x) = fg D,-f(tx) dz‘. *1‘
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3. THEOREM. The set of all linear derivations at p E M" is an n—dimen—
sional vector space. In fact, if (x, U) is a coordinate system around p, then

3 3

P
span this vector space, and any derivation E can be written

" - 8
£2 Li.g;ax)af ,

(so E is determined by the numbers €(x')).

PROOF. Notice that

8(1): £(1-1);-.1-£(1)+1-8(1),
so 8(1) = O. Hence €(c) = c - 6(1) = O for any constant function c on U.
Consider the case where M = R" and p = 0. Assume U is convex. Given f
on U, choose g; as in Lemma 2, for the function f -—- f(O). Then

chM) = W -— /<0» = ~@(Z Psi) £§0§'§£.Zii“§u“S.E0..>
i=1

lP1=
= wuUaw»+FwM@m

n _

= £(I’)—,.(0) +0.8,
This shows that 8/8 I i I0 span the vector space; they are clearly linearly inde-
pendent. It is a simple exercise to use the coordinate system x to transfer this
result from IR” to M. *1‘

From Theorem 3 we can see that, once again, a bundle constructed from all
derivations at all points of M is “really the same” as TM. We can let

H - 8
E = 2 a’ F correspond to [x, a]p;

i=1 P

the formula
a " af a

ai-=' T2ai¢=‘(p)ai’
P j=l y P
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derived in Chapter 2, shows that

H ,- 8 H ,- 8 , . 1- R ,-8yj
E0 ll-‘I-1I1ClOnlYlf b r-‘Z0

1:] P i=1 P i=1

and this is precisely the equation which says that (x,a) '5' (y,b). It is easily
checked that under this correspondence, the map which corresponds to ft can
be defined as follows:

[f.=(5)l(g) = ~‘3(3 O f)-
H

Notice that if x denotes the identity coordinate system on IR", then Z al 3%;
corresponds to ap when we identify TR" with s"(]R"). 5:1

We will usually make no distinction whatsoever between a tangent vector
v 6 MP and the linear derivation it corresponds to, that is, between [.>:,a]p and

3,1 .
i=1 8x‘ P’

consequently, we will not hesitate to write v(f) for a differentiable function f
defined in a neighborhood of p. In fact, a tangent vector is often most easily
described by telling what derivation it corresponds to, and the map f, is often
most easily analyzed from the relation

(f1=v)(g) = vlg ° f)-

It is Customary to denote the identity coordinate system on IR‘ by r, and to
write

d 1. 8
-u— I‘ -—-dr ,0 ° 8:

this is a basis for Rm. If c: IR —> M is a differentiable curve, then

d
-— M

C* (dl :0) E C00)

is called the tangent vector to c at :0. We will denote it by the suggestive symbol

dc
dz‘ ,0
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This symbol will be subjected to the standard abuses one finds (unexplained) in
calculus textbooks: the symbol

d
-6-{E will often stand for -E ,
dt dt ,

the subscript “I” now denoting a particular number t E IR, as well as the identity
coordinate system.

As you might well expect, it is no accident that our second and third examples
turned out to be “really the same” as TM. There is a general theorem that all
“reasonable” examples will have this property, but it is a little delicate to state,
and quite a mess to prove, so it has been quarantined in an Addendum to this
chapter.

The tangent bundle TM of a C°° manifold has a little more structure than
an arbitrary n—plane bundle. Since TM locally looks like U >< R“, clearly TM
is itself a manifold; there is, moreover, a natural way to put a C°° structure
on TM. If x: U —> IR" is a chart on M, then every element u E (TM)|U is
uniquely of the form

H - 8
v"-12:0’? , p=rr(v).

[=1 x P

Let us denote al by jCi(U). Then the map

v +~> <x‘<n<v)>.....x"<r<v)).>1=‘<v).....x"<v)) e R2"
is a homeomorphism from (TM)|U to x(U) >< R“. This map, (x o rr,J'c), is
simply the map x,,. when we identify TU with U >< IR" in the standard way. If
(y, V) is another coordinate system, and

H . 8

‘U = W

J=1

then, as we have already seen,
ll Fl. .3};-l . . __

6" = 2¢1'fi(p)= Z60.-ty’ Ox ‘)(x(P))-
:'=l i=1

This shows that if (t,a) .-= (H, . ..,:",a',.. .,a") e R2", then
yin O (x*)-I ((#3)

= (y <>x"‘(r). XL, a"Di(y‘ @X"‘)(r). Z121 a"Di-ty“ <>x"‘)(r))-
This expression shows that y,,. <> (x,,.)"' is C°°.
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‘We thus have a collection of C°°-related charts on TM, which can be ex-
tended to a maximal atlas.

With this C°° structure, the local trivializations x... are C°°. In general, a
vector bundle rt: E —> B is called a C°° vector bundle if E and B are C°°
manifolds and there are C°° local trivializations in a neighborhood of each
point. It follows that rt: E —> B is C°°.

Recall that a section ofa bundle 21' : E —> B is a continuous function s: B —> E
such that rt as = identity of B; for C°° vector bundles we can also speak of C°°
sections. A section of TM is called a vector field on M; for submanifolds M
of IR", a vector field may be pictured as a continuous selection ofarrows tangent
to M. The theorem that you can’t comb the hair on a sphere just states that

‘pu-

I.

é-".-N

there is no vector field on S2 which is everywhere non-zero. We have shown that
there do not exist two vector fields on the Mobius strip which are everywhere
linearly independent.

Vector fields are customarily denoted by symbols like X, Y, or Z, and the
vector X( p) is often denoted by X_,, (sometimes X may be used to denote a
single vector, in some Mp). If we think of TM as the set of derivations, then for
any coordinate system (x, U), we have

H - 8
X(p)=Z:a’(p)-—,— forallpeU.

i=1 8x P

The functions a‘. are continuous or C°° if and only if X: U —> TM is contin-
uous or C°°.

If X and Y are two vector fields, we define a new vector field X + Y by

(X + Y)(p) =—- Xtp) + Y(p)-
Similarly, if f : M —> IR, we define the vector field fX by

(fX)(p) == f(PlX(Pl-
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Clearly X + Y and fX are C°° if X, Y, and f are C°°. On U we can Write

n ‘ a _

X Z E 611%,
i=1 8x

the symbol 8/8x’_ now denoting the vector field

H 8
P 8x’-

If f: M —> E1 is a C°° function, and X is a vector field, then we can define
a newfunction X (f): M —> IR by letting X operate on f at each point:

it/nip) = X,,</1.
It is not hard to Check that if X is a C°° vector field, then X(f) is C'°° for
every C°° function f; indeed, iflocally

n _ 8

X(P) = Za‘(P)§
i=1

then n
_ - 8f
X = '—.ax: 1

which is a sum of products of C°° functions. Conversely, if X(f) is C°° for
evegi C°° function f, then X is a C°° vector field (since X(xl) = al).

Let 37 denote the set of all C°° functions on M. We have just seen that a C°°
vector field X gives rise to a function X: F —> .77. Clearly,

Yo" +2) = it/) + 1?(g)
X(fe) fX(e) +eX(f);

thus X is a “derivation” of the ring 3'7. Often, a C°° vector field X is identified
with the derivation X. The reason for this is that if A: 3'7 —> J‘? is any deriva-
tion, then A == X for a unique C°° vector field X. In fact, we clearly must
define

Xp(f) == A(fl(P)=
and the operator XP thus defined is a derivation at p.
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The tangent bundle is the true beginning of the study of differentiable mani-
folds, and you should not read further until you grok it.* The next few chapters
constitute a detailed study of this bundle. One basic theme in all these chap-
ters is that any structure one can put on a vector space leads to a structure on
any vector bundle, in particular on the tangent bundle of a manifold. For the
present, we will discuss just one new concept about manifolds, which arises in
this very way from the notion of “orientation” in a vector space.

The non—singular linear maps f : V —> V from a finite dimensional vector
space to itself fall into two groups, those with det f > 0, and those with det f < O;
linear transformations in the first group are called orientation preserving and
the others are called orientation reversing. A simple example of the latter is
the map f: IR" —> IR" defined by f(x) = (x1,. .. ,x"_1, -—x") (reflection in the
hyperplane x" --= 0). There is no way to pass continuously between these two
groups: if we identify linear maps R" —> R" with n >< n matrices, and thus
with lR”2, then the orientation preserving and orientation reversing maps are
disjoint open subsets of the set of all non-singular maps (those with det qé O).
The terminology “orientation preserving” is a bit strange, since we have not yet
defined anything called “orientation”, which is being preserved. The problem
becomes more acute if we want to define orientation preserving isomorphisms
between tw0 different (but iS0m0Tphic) vector spaces V and W; this clearly
makes no sense unless we supply V and W with more structure.

To provide this extra structure, we note that two ordered bases (v1,. . . , vn)
and (v"1, . . . , v',,) for V determine an isomorphism f: V —> V with f(v,-) = v’,-;
the matrix A = (a,-j) of f is given by the equations

I’!
r 2 :1);: ajfllj.

i=1

We call (111,... ,v,,) and (v"1, . . . ,v",,) equally oriented if det A > 0 (i.e., if f is
orientation preserving) and oppositely oriented if det A < O.

The relation of being equally oriented is clearly an equivalence relation, divid-
ing the collection of all ordered bases into just two equivalence classes. Either of
these two equivalence classes is called an orientation for V. The class to which
(v1, . . . , vn) belongs will be denoted by [vi ,. . . , vn], so that if ,u is an orientation
of V, then (v;,...,v,,) E p. if and only if [v;,...,v,,] --= ,u.. If p. denotes one

*A cult word of the sixties, “grok” was coined, purportedly as a word from the Martian
language, by Robert A. Heinlein in his pop science fiction novel Stranger in a Strange
Land. lts sense is nicely conveyed by the definition in The American Heritage Dictionary:
“To understand profoundly through intuition or empathy”.
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w, ,,,""* plane of
w; and wg

111

Examples of equally oriented ordered bases in R, R2, and R3.

orientation of V, the other will be denoted by --u, and the orientation [e1, . . . , en]
for R” will be called the “standard orientation”.

Now if (V, ,u,) and (W, v) are two n-dimensional vector spaces, together with
orientations, an isomorphism f : V —> W is called orientation preserving (with
respect to pa and U) if [f(v;), . . . , f(v,,)] = v whenever [v1, . . . , v,,] = ,u,; if this
holds for any one (v; , . . . , vn), it clearly holds for all.

For the trivial bundle e”(X) == X >< R" we can put the “standard orientation"
[(x,e;), . . . , (x,e,,)] on each fibre {x} x R". If f: e"(X) —> e"(X) is an equiva-
lence, and X is connected, then f is either orientation preserving or orientation
reversing on each fibre, for if we define the functions a,-,; : X —> R by

II

f(x,@r-J = Zap-(X) - (>~'.@;),
i=1

then det(a,-j): X —> R is continuous and never O. If rt: E —> B is a non-
trivial rz-plane bundle, an orientation tr of E is defined to be a collection of
orientations up for IF‘ (p) which satisfy the following “compatibility condition”
for any open connected set U C B:

lf t: rt"! (U) —> U ><R" is an equivalence, and the fibres of U ><R" are
given the standard orientation, then t is either orientation preserving
or orientation reversing on all fibres.

Notice that if this condition is satisfied for a certain t, and t’ : rr"l (U) —> U x R"
is another equivalence, then t’ automatically satisfies the same condition, since
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t’01-] I U x R” —> U >< R" is an equivalence. This shows that the orientations up
define an orientation of E if the compatibility condition holds for a collection
of sets U which cover B.

If a bundle E has orientation ,u :.: {pp}, it has another orientation -/.t =
{-p,,,}, but not every bundle has an orientation. For example, the Mobius
strip, considered as a 1-dimensional bundle over SI, has no orientation. For,
although the Mobius strip has no non-zero section, we can pick two vectors
from each fibre so that the totality A looks like two sections. For example,
we can let A be [0, 1] >< {-1,1} with (0,a) identified with (1, -a); then A just
looks like the boundary of the Mobius strip obtained from [0, 1] >< [-1, 1]. If

"\ O
we had compatible orientations up, we could define a section st S‘ -> M by
choosing s(p) to be the unique vector s(p) E A r'1n"‘1 (p) with [s(p)] = up.

A bundle is called orientable if it has an orientation, and non-orientable oth-
erwise; an oriented bundle is just a pair (E, pt) where pt is an orientation for E.
This definition can be applied, in particular, to the tangent bundle TM of a
C°° manifold M. In this case, we call M itself orientable or non-orientable de-
pending on whether TM is orientable or non-orientable; an orientation of TM
is also called an orientation of M, and an oriented manifold is a pair (M,/st)
where pt is an orientation for TM.

The manifold R" is orientable, since TR” 2 s"(R"), on which we have the
standard orientation. The sphere S"*1 C R" is also orientable. To see this we

P.v=w
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note that for each p E S”"1 the vector w -= p,, E e"(R") 2 TR” is not in
t',,,(S""1,,) E TR“,, (Problem 2l), so for v1,...,v,,..; E S""l,, we can define
(v1,...,v,,..;) E ,u,, if and only if (w,t',,,(v,),...,i,,(v,,_,)) is in the standard
orientation of R",,. The orientation p, m {;.t,, : p E S""'} thus defined is called
the “standard orientation” of S“"1.

The torus S1 X S I is another example of an orientable manifold. This can
be seen by noting that for any two manifolds M; and Mg the fibre (M1 x M2),,
of T(M, x Mg) can be written as V1,, ® V1,, where (JT,'),,,,I Mp —> (M,-),, is an
isomorphism and the subspaces V,-,, vary continuously (Problem 26). Since TS‘
is trivial, this shows that T(S I >< S 1) is also trivial, and consequently orientable.
Any n—holed torus is also orientable—the proof is presented in Problem l6,
which also discusses the tangent bundle of a manifold-with-boundary.

The Mobius strip M is the simplest example of a non-orientable 2—manifold.
For the imbedding of M considered previously we have already seen that on the

1 .__ . . ----—- ~
i +o (9,0) 3 , r

2:1",5, v...1 _

subset S = {(2 cos 9, 2sin 9,0)} C M there are continuously varying vectors v,,,
but that it is impossible to choose continuously from among the dashed vectors
w,, = f.,.((0,1)(9,0)) and their negatives. If we had orientations ,u,, for p E S,
then we could simply choose w,, if [v,,, w,,] -= ;.t,, and -w,, otherwise.

The projective plane 1P2 must be non-orientable also, since it contains the
Mobius strip (for any orientable bundle E = rt: E —> B, the restriction EIB’
to any subset B’ C B is also orientable). Non—orientability of ]P’2 can be seen
in another way, by considering the “antipodal map” A: S2 —> S2 defined by
A(p) = --p. This map is just the restriction of a linear map A-: R3 —> R3
defined by the same formula. The map A,.: S2,, —> S2A(,,) is just (p,v) |->
(,:f(p), A-(v)), when S2,, is identified with a subspace of {p} >< R3. The map A
is orientation reversing, so if 11,- = (p, u,-) E S2,,, the bases

($211222: and

are oppositely oriented. This shows that if pt is the standard orientation of S2
and [‘Ug,Ug] 6 ;.t,,, then [A,,.v1,A,.vg] 6 -;.tA(,,). Thus the map A: S2 —> S2 is
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“orientation reversing” (the notion of an orientation preserving or orientation
reversing map f 1 M —> N makes sense for any imbedding f of one oriented
manifold into another oriented manifold of the same dimension). From this fact
it follows easily that 1P2 is not orientable: If 1P2 had an orientation v = {um}
and g: S2 —> 1P2 is the map p |—-> [p], then we could define an orientation
{flap} on S" by requiring g to be orientation preserving; the map A would then
be orientation preserving with respect to /1, which is impossible, since ll = pa
or -—;.t.

For projective 3—space 1P3 the situation is just the opposite. In this case, the
antipodal map A: S3 —> S3 is orientation preserving. If g: S3 —> 1P3 is the
map p |—-> [p], we obviously can define orientations 11,, for 1P3 by requiring g
to be orientation preserving. In general, these same arguments show that 1P“ is
orientable for n odd and non—orientable for n even.

There is a more “elementary” definition of orientability, which does not use
the tangent bundle of M at all. According to this definition, M is orientable if
there is a subset A’ of the atlas A for M such that

the domains of all (x, U) E A’ cover M,
for all (x,U) and (y, V) E A’,

/—\,_
i\J|—-I

‘-/‘--._.-I

I.
8

det(l.)>0 on UOV.
8x1

An orientation it of TM allows us to distinguish the subset A’ as the collection
of all (x, U) for which x,,,: TMIU —> T(x(U)) 2 x(U) x IR" is orientation
preserving (when x(U) >< R" is given the standard orientation). Condition (2)
holds, because it is just the condition that (y o x"‘),,.: T(x(U)) —> T(x(U))
is orientation preserving. Conversely, given A’ we can orient the fibres of
TM |U in such a way that x, is orientation preserving, and obtain an orientation
of TM. Although our original definition is easier to picture geometrically, the
determinant condition will be very important later on.
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ADDENDUM
EQUIVALENCE OF TANGENT BUNDLES

The fact that all reasonable candidates for the tangent bundle of M turn out
to be essentially the same is stated precisely as follows.

4. THEOREM*. If we have a bundle T'M over M for each M, and a bundle
map (f;;,f) for each C°° map f: M —> N satisfying

’C5fi."::

) of Theorem l,
) of Theorem 1, for certain equivalences t"",
) ofTheorem l, for certain equivalences T’U 2 (T"M)|U,

then there are equivalences

eM: TM —> T"M

such that the following diagram commutes for every C°° map f : M —> N.

TM i-» TN..,) ja
T"M Q-L T'N

PROOF. The details of this proof are so horrible that you should probably skip
it (and you should definitely quit when you get bogged down); the welcome
symbol *2» occurs quite a ways on. Nevertheless, the idea behind the proof is
simple enough. If (x,U) is a chart on M, then both (TM)|U and (T"M)|U
“look like” x(U) >< IR", so there ought to be a map taking the fibres of one to
the fibres of the other. What we have to hope is that our conditions on TM and
T'M make them “look alike” in a sufiiciently strong way for this idea to really
work out. Those who have been through this sort of rigamarole before know
(i.e., have faith) that it’s going to work out; those for whom this sort of proof is
a new experience should find it painful and instructive.

*Functorites will notice that Theorems l and 4 say that there is, up to natural equiv-
alence, a unique functor from the category of C'°° manifolds and C°° maps to the
category of bundles and bundle maps which is naturally equivalent to (£",o1d f*) on
Euclidean spaces, and to the restriction of the functor on open submanifolds.
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Let (x, U) be a coordinate system on M. Then we have the following string
of equivalences. Two of them, which are denoted by the same symbol 2 , are
the equivalences mentioned in condition (3). Let ax denote the composition
ax 1--(t"|x(U))o 1: O x* 0 (:)"‘.

(TM)1U <__i TU -__’-"=“_> T(x(U)) _-F4» (T]l€")|x(U) .‘l|3‘fl> s"(lR“)lx(U)

\ (Ix _ I/V

Similarly, using equivalence 1:’ for T’, we can define fix.

11*’ Xi .- E’ n ’”
(T’M)lU <—~—-'~'" T’U —-——> T (x(U)) —-——> (TR )lX(U) I ‘x(U) 8n(lRn)|X(U)

\ j 132:; _7 /l

Then

l5x"1<><>~'xI (TM)|U —> (T'M)|U

is an equivalence, so it takes the fibre of TM over p isomorphically to the fibre
of T"M over p for each p E U. Our main task is to show that this isomorphism
between the fibres over p is independent of the coordinate system (x, U). This
will be done in three stages.

(I) Suppose V C U is open and y = X|V- We will need to name all the inclusion
maps

i:U—>M

iii/—>M

jIV—>U

kt y(V)—> x(U).

To compare ax and ozy, consider the following diagram.

(TM)|U TU -'E“_> T(x(U))i (T1Rt")|x(U) 313%. 8" (]R")|x (U)
(1) jc Q) jiz. Q) ls... @ la @ la

(TMNV <—-~‘3-- Tv —'5"—> Tum) —3"'—> <TR")1y<1/> ~‘3-ml E"<1R">|y<v>
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Each of the four squares in this diagram commutes. To see this for square ®,
we enlarge it, as shown below. The two triangles on the left commute by con-
dition (3) for TM, and the one on the right commutes because i 0 j = F.

(TM)|U
‘\:

Cmqgru

TM _ 1;
‘K

C /TV

(TM)|V

Square ® commutes because k o y = x o j. Square (3) commutes for the
same reason as square ®; the inclusions x(U) —> IR" and y(V) —> IR" come
into play. Square @ obviously commutes. Chasing through diagram (1) now
shows that the following commutes.

(TM)|U -L» £"<R")|x<v)

C C

<TM)|v —-‘-"”—> e"<1R")|y<v>

This means that for p E V, the isomorphism oz}, between the fibres over p
is the same as ax. Clearly the same is true for ,6, and fly, since our proof
used only properties (1), (2), and (3), not the explicit construction of TM. Thus
fly“! cozy = Bx"! o ozx on the fibres over p, for every p E V.

(II) We now need a Lemma which applies to both TM and T"M_ Again, it will
be proved for TM (where it is actually obvious), using only properties (l), (2),
and (3), so that it is also true for T"M.
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LEMMA. If A C IR" and B C Rm are open, and f: A —> B is C°°, then the
following diagram commutes.

TA_-E-—>(T]R")|A ’n"’ .»;"(n)"|/1
frj f,.

TB .__.""-'_> (T1R’")|B ._’fi> .@"'(n)"'|B

PROOF. Case 1. me is a maj) f; ts" -> hm with f = f on A. Consider the
following diagram, where 1' : A —> IR" and j : B —> lR’" are the inclusion maps.

(TR)"|/1 ’""’ -e"<R")|A
% c jc

TA _~5i*‘—> Th" ‘" awn")
fkj is fl.

TB -_’i‘_> Tn" i-~> .=;'"(n'")
tAnt

(T]R’")|B _’-"_"_>.i.~"'(it"')|B

Everything in this diagram obviously commutes. This implies that the two
compositions

N n 'TA L->(Tn")|.=1 1a"(lR")|A Lma") °1d I @'"(11t’")

and

TA is TB i> (T1R’")|B iii .=;*" (1R’")|BL .@'"(n'")

are equal and this proves the Lemma in Case l, since the maps “old ft” and
“old f,” are equal on A.

Case 2. Genera! case. For each p E A, we want to show that two maps are the
same on the fibre over p. Now there is a map _)F : IR" —> Rm with _)F = f on an
open set A’, where p E A’ C A. We then have the following diagram, where
every 1:" comes from the fact that some set is an open submanifold of another,
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and 2': A’ —> A is the inclusion map.
H

TAA F ~:»~ A > (Tll?.")|A l>s”(]R)”|A
\\\C

\
\'\

1*) ,(TA)]A’ @ C @ (C
/ ‘l

/c .
lt.// - ,-V H I

(2) Q) TA’ " (TlR")iA’i>s(]l'?.")lA’ @ .

fli‘ ® Old OlCl ft

(1

V
¢'\-I

,,, .
" (T1R’")lBi 8*" (1l'&"')lB

Boxes G), ®, and @ obviously commute, and @ commutes by Case .7. To
see that square ® (which has a triangle within it) commutes, we imbed it in
a larger diagram, in which j: A —> IR" is the inclusion map, and other maps
have also been named, for ease of reference.

TR"
y K <1»)

ATA xi-()>(TlR“)|A
Kl lfi (H)

.- ( )xx ,,,TA (TR )|A
To prove that A 0 1', = M 0 K, it sufiices to prove that

Uoloi,,,=1)o,u,oK,

since u is one-one. Thus it sufiices to prove j,. 0 1', = u 0 ,u, 0 K, which amounts
to proving commutativity of the following diagram.

TR”

(jofy X
A..-
""-' H J‘TA’ ———-—--——----+ (TR )|A

Since j 0 i is just the inclusion of A’ in IR", this does commute.
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Commutativiry of diagram (2) shows that the composition

ft 2 m r’"lB m mTA—->TB—~>(TlR )|B_-_>e (R )|B
coincides, on the subset (TA)|A’, with the composition

2 ,. "A fl .., Id; m ,..TA._-_>(TR )|A_ii.._..~; (R )|A_‘i_Le~ (R )|B.

and on A’ we can replace “old )7,” by “old f,,”. In other words, the two com-
positions are equal in a neighborhood of any p 6 A, and are thus equal, which
proves the Lemma.

(III) Now suppose (x, U) and (y, V) are any two coordinate systems with p E
U F1 V. To prove that ,B_,."1 o oz), and ,Bx"’ 0 oz}, induce the same isomorphism
on the fibre of TM at p, we can assume without loss of generality that U = V,
because part (I) applies to x and x|U O V, as well as to y and y|U F) V.

Assuming U = V, we have the following diagram.

Tr-rw>> i» <TR">:x<v> ~51’-‘Q s"<R":»tt-(U)

%
(3) (TM)iU ii TU (y 01"")... old (y O x"‘).,.

X ii

Tom) i» <TR">|y<v>51’-@> 8" <R":»|yw>
The triangle obviously commutes, and the rectangle commutes by part (II).
Diagram thus shows that

ozy = old (y 0 x_’),,, oozx.

Exactly the same result holds for T’ :

By = Old (Y Q X"’)»= O Bx-

The desired result ,8)?’ o ozy = Bx"! O ozx follows immediately.
Now that we have a well-defined bundle map TM —> T’M_ (the union of all

,B,,“’ oozx), it is clearly an equivalence eM. The proofthat eN O f, = ft; oeM is
left as a masochistic exercise for the reader. 4*
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PROBLEMS

1. Let M be any set, and {(x,-, U,-)} a sequence ofone-one functions x,- : U,- —> IR”
with U; C M and x(U,-) open in R", such that each

X; Q XFII Xr(U=' fl Uj) —> Xi (Ur C U1)
is continuous. It would seem that M ought to have a metric which makes
each U; open and each x,- a homeomorphism. Actually, this is not quite true:

(a) Let M = ]RU{>z=}, where >z< ¢ IR. Let U1 = R and x1:U1—> IR be the
identity, and let U2 = R -- {0} U {=1<}, with xg: U2 —> R defined by

Xg(£I) = a, a 75 0,=l<

)Cg(=l<) =0.

Show that there is no metric on M of the required sort, by showing that every
neighborhood of 0 would have to intersect every neighborhood of »z<_ Never-
theless, we can find on M a pseudometric p (a function p: M x M —> IR with
all properties for a metric except that p(p,q) may be 0 for p 7': q) such that p
is a metric on each U,- and each x,- is a homeomorphism:
(b) If A C IR” is open, then there is a sequence A1,/lg, A3, . .. of open subsets
of A such that every open subset of A is a union of certain A,-’s.
(c) There is a sequence of continuous functions f-: A —> [0, 1], with support f,-
C A, which “separates points and closed sets”: if C is closed and p E A - C,
then there is some fi- with fl-(p) ¢ f-(A (WC). Hint: First arrange in a sequence
all pairs (A,-, /lj) ofpart (b) with C /lj.
(d) Let fl,j, j = 1,2,3, . .. be such a sequence for each open set x,-(U,-). Define
8:311 M —> [0,1] bl’

“(nun pew
0 P ¢ Ui-

Arrange all g,-,1» in a single sequence G1, G2, G3, . . ., let d be a bounded metric
on IR, and define p on M by

gig; (P)

PM
Q»!

(>(p.q)= —-d(Gr(P),Gr(q))-
i=1

Show that p is the required pseudometric.
(e) Suppose that for every p,q E M there is a U,- and U; with p E U; and
q E U; and open sets B,- C x,-(U,-) and B; C xj(Uj) so that p E x,-"’(B,-),
q E x,;"’(B,;), and x,-"’(B,-) fix,;_’(B,;) = 9. Show that p is actually a metric
on M.
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2. (a) Suppose (x, U) and (y, V) are two coordinate systems, giving rise to two
maps on TM,

lxiff ’(U)—> U ><]R”, [x,v]q|--> (q,v),

ry: n“’(V) —> V >< IR“, [y,w]q |—-> (q, w).

Show that in :r"’(U F) V) the sets of the form tx"1(A) for A C U >< IR" open
are exactly the sets of the form If! (B) for B C V >< IR" open.
(b) Show that if there is a metric on TM such that Ix, is a homeomorphism for
a collection (xi, U,-) with M = U, U,-, then all Ix are homeomorphisms.
(c) Conclude from Problem l that there is a metric on TM which makes each Ix
a homeomorphism.

3. Show that in the definition of an equivalence it sufiices to assume that the
map E 1 —> E2 is continuous. (To prove the inverse continuous, note that locally
it isjust a map U x R“ —> U >< IR“).

4. Show that in the definition of a bundle map, continuity of f I B1 —> B2
follows automatically from continuity of f : E 1 —> E2.

5. A weak equivalence between two bundles over the same base space B is
a bundle map ()7, f) where _)F is an isomorphism on each fibre, and f is a
homeomorphism of B onto itself. Find two inequivalent, but weakly equivalent,
bundles over the following base spaces:

(i) the disjoint union of two circles,
(ii) a figure eight (>6,
(iii) the torus.

6. Given a bundle map (f, f), show that _)F = g 0 Ii where g and h are contin-
uous maps such that h takes fibres linearly to fibres, while g is an isomorphism
on cach fibre.

7. (a) Show that for any bundle rt: E —> B, the map s: B —> E with s(p)
the O vector of n"1 (p) is a section.
(b) Show that an n-plane bundle E is trivial if and only if there are n sections
s1,...,.s',, which are everywhere linearly independent, i.e., s1(p),...,s,,(p) E
n"1 (p) are linearly independent for all p E B.
(c) Show that locally every n-plane bundle has n linearly independent sections.

8. (a) Check that *;; is an equivalence relation on the set of pairs (x, v).
(b) Check that the definition of f, is independent of the coordinate systems x
and y which are used.
(c) Check the remaining details in Theorem l.
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9. (a) Show that the correspondence between TM and equivalence classes of
curves under which [x, 11],, corresponds to the 1;: equivalence class of x"’ o 3/,
for 3/ a curve in IR“ with 3/’(O) = v, makes f.. correspond to ffl.
(b) Show that under the correspondence [x,a],, t-> Z, a='8/3x='|p, the map f,
can be defined by

[ft(~‘3)](e) = ~‘3(e 0 f)-
10. If V is a finite dimensional vector space over IR, define a C°° structure on V
and a homeomorphism from V >< V to TV which is independent of choice of
bases. As in the case of IR”, for v, w E V we will denote by vw E Vw the vector
corresponding to (w, v).

11. If g: IR —> IR is C°° show that

gov) = 2(0) + e’(0)x + xzhtx)
for some C°° function h: IR —> IR.

12. (a) Let F), be the set ofall C°° functions f: M —> IR with f(p) = O, and
let E: 3+], —> IR be a linear operator with €(fg) = 0 for all f,g E Fp. Show
that E has a unique extension to a derivation.
(b) Let W be the vector subspace of E, generated by all products fg for f, g E
J“?],. Show that the vector space of all derivations at p is isomorphic to the dual
space (J'T,,/ W)*.
(c) Since (J"5],/ W)* has dimension n = dimension of M, the same must be true
of 3"],/W. If x is a coordinate system with x(p) = O, show that xl + W, . . . ,
x" + W is a basis for .F,,/ W (use Lemma 2). The situation is quite different for
C 1 functions, as the next problem shows.

13. (a) Let V be the vector space ofall C1 functions f: IR —> IR with f(O) = O,
and let W be the subspace generated by all products. Show that lim f(x)/x2
exists for all f E W. “T0
(b) ForO<s< l,Iet

x’+" x 3 0nu) {O H0
Show that all f, are in V, and that they represent linearly independent elements
of V/ W.
(c) Conclude that (V/ W)"‘ has dimension cc = 2‘.

14. If f: M —> N and f, is the O map on each fibre, then f is constant on
each component of M.
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15. (a) A map ft M —> N is an immersion if and only if f, is one-one on
each fibre of TM, More generally, the rank of f at p E M is the rank of the
linear transformation ft: Mp —> Nf(,,,).
(b) If f 0 g = f, where g is a diffeomorphism, then the rank of f o g at a
equals the rank of f at g(a). (Compare with Problem 2-33(d).)
16. (a) If M is a manifold-with-boundary, the tangent bundle TM is defined
exactly as for M ; elements of Mp are *5» equivalence classes of pairs (x,v).
Although x takes a neighborhood of p E 8M onto II-ll“, rather than IR“, the
vectors v still run through IR", so Mp still has tangent vectors “pointing in all
directions”. If p E 3M and x: U —> II-ll” is a coordinate system around p, then

M

x,,."’ (IR""1,,(,,)) C MP is a subspace. Show that this subspace does not depend
on the choice of x; in fact, it is i,,.(8M),,, where 1': 8M —> M is the inclusion.
(b) Let a E IR”"1 >< {O} C II-ll". A tangent vector in II-Il”,, is said to point “in-
ward” if, under the identification of TII-II" with 8" (II-ll"), the vector is (a, v) where
v" > 0. A vector v E Mp which is not in 1', (BM),, is said to point “inward” if

 n Q

inward

a Tmoutward

x,.(v) E IHl",,(,,) points inward. Show that this definition does not depend on
the coordinate system x.
(c) Show that if M has an orientation ,u., then 3M has a unique orientation
Zip. such that [v;, . . . ,v,,_1] = (3,u.),, ifand only if [w,i,.v;,. . . ,i,,,v,,_1] = ,u,, for
every outward pointing w E Mp.
(d) If pt is the usual orientation of IHI", show that Ely. is (—l)" times the usual
orientation of IR""1 = till-ll". (The reason for this choice will become clear in
Chapter 8.)
(e) Suppose we are in the setup of Problem 2-l4. Define gt 8M >< [0, l) —>
3N >< [0, l) by g(p,t) = (f(p),t). Show that TP is obtained from TM U TN
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by identifying

vE(8M),, with (p*‘).g,a,(v)a(aN),,,,,.
(f) If M and N have orientations ,u, and v and ft (8M,8,t.t) —> (8N,8v) is
orientation-reversing, show that P has an orientation which agrees with ,u. and u
onMCPandNCP.
(g) Suppose M is S2 with two holes cut out, and N is [0,1] x S’. Let f be
a diffeomorphism from M to N which is orientation preserving on one copy
of S1 and orientation reversing on the other. What is the resulting manifold P?

17. Show that TIP2 is homeomorphic to the space obtained from T(.S‘2,t') by
identifying (p, v) E (S2,t'),, with (-—p, -v) E (.S‘2,i)_.,,.

18. Although there is no everywhere non-zero vector field on S2, there is one
on 5'2 - {(0, 0, 1)}, which is dififeomorphic to IR2. Show that such a vector field
can be picked so that near (O, 0, l) the vector field looks like the following picture
(a “magnetic dipole”):

/Y.‘

¢- --.
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19. Suppose we have a “multiplication” map (a, b) :—-> a -b from IR" >< IR" to IR"
that makes IR" into a (non-associative) division algebra. That is,

(Q1 +fl2)'b=01 *b+-02

fl'(b1+1’J'2)=0-b1+fl'b2
rI.(a-b)= (la)-b=a-(lb) fO1";i. EIR

at (l,O,...,O) =0

and there are no zero divisors:

a,b;éO=> ab;é0.
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(For example, for n = l, we can use ordinary multiplication, and for n = 2
we can use “complex multiplication”, (a, b) - (c,d) = (ac -— bd,ad + bc).) Let
e1, . . . ,e,, be the standard basis of IR".

Every point in .S‘""’ is a -e1 for a unique a E IR".
If a sé 0, then a -e1, . . . ,a ~e,, are linearly independent.
If p = a~e1 E .S"""1, then the projection of a -e2,...,a -en on (.S‘""1,t'),,

e linearly independent.
Multiplication by a is continuous.
T.S‘“‘1 is trivial.
TIP”""1 is trivial.

The tangent bundles TS3 and TS7 are both trivial. Multiplications with
the required properties on IR“ and IR8 are provided by the “quaternions” and
“Cayley numbers”, respectively; the quaternions are not commutative and the
Cayley numbers are not even associative. It is a classical theorem that the
reals, complexes, and quaternions are the only associative examples. For a
simple proof, see R.S. Palais, The Clarsgfieation of Real Division Algebras, Amer.
Math. Monthly 75 (1968), 366-368. _]. F. Adams has proved, using methods of
algebraic topology, that n = 1, 2, 4, or 8.

[Incidentally non~existence ofzero divisors immediately implies that for a 75 O
there is some b with ab = (l,O,...,O) and b’ with b’a = (l,0,...,O). If the
multiplication is associative it follows easily that b = b’, so that we always have
multiplicative inverses. Conversely, this condition implies that there are no zero
divisors if the multiplication is associative; otherwise it sufiices to assume the
existence ofa unique b with a ~ b = b - a = (l,O, . . .,0).]

/‘R/‘R/1%”/‘R/1% .:>.e..&"1.c.@.e.

20. (a) Consider the space obtained from [0,1] x IR" by identifying (O, v) with
(1, Tv), where T: IR" —> IR" is a vector space isomorphism. Show that this can
be made into the total space of a vector bundle over S1 (a generalized Mobius
strip).
(b) Show that the resulting bundle is orientable if and only if T is orientation
preserving.

21. Show that for p E S2, the vector pp E IR3,, is not in i,.(.S‘2,,) by showing that
the inner product (p,c’(O)) = O for all curves c with c(O) = p and |c(t)| = l
for all t. (Recall that

(f,e>’(¢) = (f’(1)‘,e(f)>+ (f(().e’(t)‘>.
where ‘ denotes the transpose; see Calculus on Manifttldr, pg. 23.)

22. Let M be a C°° manifold. Suppose that (TM)|A is trivial whenever A C M
is homeomorphic to S1. Show that M is orientable. Hint: An arc c from
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pg E M to p E M is contained in some such A so (TM)|c is trivial. Thus one
can “transport” the orientation of M,,,, to M,,. It must be checked that this is
independent of the choice of c. First consider pairs c, c’ which meet only at pg
and p. The general, possibly quite messy, case can be treated by breaking up c
into small pieces contained in coordinate neighborhoods.

Remark: Using results from the Addendum to Chapter 9, together with Prob-
lem 29, we can conclude that a neighborhood ofsome S 1 C M is non-orientable
if M is non-orientable.

The next two problems deal with important constructions associated with
vector bundles.

23. (a) Supposeé -= 71': E —> X is a bundle and f: Y —> X is a continu-
ous map. Let E’ C Y x E be the set of all (y,e) with f(y) = n(e), define
rt’: E’ —> Y by n’(y,e) = y, and define _)FI E’ —> E by _)F(]/,6) = e. A vector
space structure can be defined on

n’"‘o> = tote): A E r"‘ </om
by using the vector space structure on rt" (f(y)). Show that rt’ : E' —> Y is a
bundle, and (_)F, f) a bundle map which is an isomorphism on each fibre. This
bundle is denoted by f*(E), and is called the bundle induced (from E) by f.
(b) Suppose we have another bundle E” = rt”; E” —> Y and a bundle map

(_)F, f) from E” to E which is an isomorphism on each fibre. Show that E” 2

E’ = f*(E). Hint: Map 6 E E” to (rr”(e),f(e)) E E’.
(<1) If er Z —> Y, then (f<>e)*(E)1.e*(f*(E))-
(d) If A C X and i: A —> X is the inclusion map, then i"‘(.§) 2: E|A.
(e) If 5 is orientable, then f*(.~§') is also orientable.
(f) Give an example where E is non—orientable, but f* (E) is orientable.
(g) Let E = rt: E —> B be a vector bundle. Since rt: E —> B is a continuous
map from a space to the base space B of 5, the symbol rr*(.§) makes sense.
Show that if E is not orientable, then n'*(E) is not orientable.

24. (a) Given an n—plane bundle E = rt: E —> B and an m-plane bundle 17 =
n’: E’ —> B, let E” C E >< E’ be the set of all pairs (e,e’) with n(e) = n’(e’).
Let n”(e,e’) = n(e) = rr’(e’). Show that rt”: E” —> B is an (rt + m)—plane
bundle. It is called the Whitney sum E ® 17 of 5 and 17; the fibre of E ® 17 over p
is the direct sum n"’(p) EB n"'1(p).
(bl If fi Y —> B, Show that f*(€ ® '7) 1 f*(E) ® f*('7)-
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riwHriw *&»-09¢

Given bundles E; = rt,-I E; —> B,-, define rt: E1 X E2 —> B1 X B2 by
e;,e2) = (rt; (e;),n2(e2)). Show that this is a bundle E1 >< E2 over B1 >< B2.
If A: B —> B x B is the “diagonal map”, A(x) = (x,x), show that E ® 17 Z

A (E >< '7)‘
(e) If E and n are orientable, show that E ® 17 is orientable.
(f) If E is orientable, and I7 is non—orientable, show that E ® 17 is also non~
orientable.
(g) Define a “natural” orientation on V ® V for any vector space V, and use
this to show that E ® E is always orientable.
(h) If X is a “figure eight” (c.f. Problem 5), find two non-orientable l—plane
bundles E and 17 over X such that E ® 17 is also non-orientable.

25. (a) If rri E —> M is a C°° vector bundle, then rt... has maximal rank at
rach point, and each fibre 71""(p) is a C°° submanifold of E.
(b) The 0—section of E is a submanifold, carried diffeomorphically onto B by rt.

26. (a) If M and N are C°° manifolds, and JIM [or me] I M><N —> M [or N]
is the projection on M [or N], then T(M >< N) 2 n'M*(TM) ® n;v*(TN).
(b) If M and N are orientable, then M >< N is orientable.
( ) If M >< N is orientable, then both M and N are orientable.(“J

27. Show that thejacobian matrix of y,,. 0 (x,,.)" is of the form

Dry’ OX“ 0
( X D;'J*"°X'“)i

This shows that the manifold TM is alutqys orientable, i.e., the bundle T(TM) is
orientable. (Here is a more conceptual formulation: for v E TM, the orientation
for (TM), can be defined as

[ 3 3 3 3

3(xIorr) vi...’ 3(x"0rr),,’3x1,,”H’3x" 5

the form of y... o (x,..)'"' shows that this orientation is independent of the choice
of x_) A different proof that TM is orientable is given in Problem 29.

28. (a) Let (x, U) be a coordinate system on M with x(p) = O and let v E MP
be 2;, a’ 8/3x’|p . Consider the curve c in TM defined by

3
_

P
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Show that
dc 8
:;;<°> = an

(b) Find a curve whose tangent vector at 0 is 8/8(x" o n)|U.

29. This problem requires some familiarity with the notion of exact sequences
-f e .

(cf Chapter ll). A sequence ofbundle maps E1 ——> E2 ——> E3 with f = g =
identity of B is exact if at each fibre it is exact as a sequence of vector space
maps.

(a) If E = rt: E —> B is a C°° vector bundle, show that there is an exact
sequence

O —> 2r*(E) —> TE —> n'*(TB) —> O.

Hint: (l) An element of the total space of n*(E) is a pair of points in the same
fibre, which determines a tangent vector of the fibre. (2) Map X E (TE), to
(6, rt,X).
(b) If 0 > E1 > E2 > E3 > 0 is exact, then each bundle E1 is orientable if
the other two are.
(c) T(TM) is always orientable.
(d) If rt: E —> M is not orientable, then the manifold E is not orientable. (This
is why the proof that the Mobius strip is a non-orientable manifold is so similar
to the proof that the Mobius bundle over S1 is not orientable.)

The next two Problems contain more information about the groups intro-
duced in Problem 2-33. In addition to being used in Problem 32, this informa-
tion will all be important in Chapter IO.

30. (a) Let pg E .S"""1 be the point (O,...,O, 1). For rt 3 2 define ft SO(n) —>
.S"""1 by f(A) = A(p(1). Show that f is continuous and open. Show that
f'"l(p(1) is homeomorphic to SO(rt — 1), and then show that f"’(p) is home-
omorphic to SO(n — l) for all p E .S‘""1.
(b) SO(l) is a point, so it is connected. Using part (a), and induction on rt,
prove that SO(rt) is connected for all rt ?_ l.
(c) Show that O(n) has exactly two components.

31. (a) If T: IR" —> IR“ is a linear transformation, T*1 IR" —> IR", the adjoint
of T, is defined by (T*v, w) = (v, Tw) (for each v, the map w i——> (v, Tw) is
linear, so it is w :-> (T*v, w) for a unique T"‘v). If A is the matrix of T with
respect to the usual basis, show that the matrix of T"‘ is the transpose A‘.
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(b) A linear transformation TI IR" —> IR“ is self-adjoint if T = T*, so that
(Tv,w) = (v, Tw) for all v,w E IR". If A is the matrix of T with respect to the
standard basis, then T is self-adjoint if and only if A is symmetric, A‘ = A. It
is a standard theorem that a symmetric A can be written as CDC "1 for some
diagonal matrix D (for an analytic proof, see Calculus an Manifitlds, pg. 122).
Show that C can be chosen orthogonal, by showing that eigenvectors for distinct
eigenvalues are orthogonal.
(c) A self-adjoint T (or the corresponding symmetric A) is called positive semi-
definite if (Tv, v) 3 O for all v E IR", and positive definite if (Tu, v) > 0 for all
v gé O. Show that a positive definite A is non-singular. Hint: Use the Schwarz
inequality.
(d) Show that A‘ - A is always positive semi-definite.
(e) Show that a positive semi-definite A can be written as A = B2 for some B.
(Remember that A is symmetric.)
(f) Show that every A E GL(n,IR) can be written uniquely as A = A1 -A; where
A1 E O(rt) and A2 is positive definite. Hint: Consider A‘ - A, and use part (e).
(g) The matrices A1 and A2 are continuous functions of A. Hint: If Al”) —> A
and AV‘) = A(")1 - A992, then some subsequencc of {A(")1} converges.
(li) GL(n,IR) is homeomorphic to O(n) X R"(“+’)/2 and has exactly two com-
ponents, {A: detA > O} and {A: detA < 0}. (Notice that this also gives us
another way of finding the dimension of O(n).)

32. Two continuous functions jg, f1 : X —> Y are called homotopic if there is
a continuous function H: X X [0, l] —> Y such that

f,-(X)=1'](X,I') Ii:-'0,l.

The functions H1: X —> Y defined by H,(x) = H(x,t) may be thought ofas a
path of functions from H11 = fg to H1 = f1. The map H is called a homotopy
between fo and f1.

The notation f: (X, A) -> (Y, B), for A C X and B C Y, means that
ft X—> Y and f(A) C B. We call fl1,f1: (X,A) —> (Y, B) homotopic(as maps
from (X, A) to (Y, B)) if there is an H as above such that each H1: (X, A) —>
(Y, B).
(a) If A: [0, 1] —> GL(n,IR) is continuous and H: IR” >< [0,1] —> IR“ is defined by
H(x,t) = A(r)(x),show that H is continuous, so that H11 and H1 are homotopic
as maps from (IR”,IR” —~ {O}) to (IR",IR" — {O}). Conclude that a non-singular
linear transformation TI (IR”,IR” -— {O}) —> (IR”,IR” -- {O}) with det T > O is
homotopic to the identity map.
(b) Suppose f: IR" —> IR" is C°° and f(0) = 0, while f(IR" - {O}) C IR" -
If Df(0) is non-singular, show that f: (IR",IR" —- {O}) —> (IR",IR" -- {O}

~@/Pfi-A
.....£?.0'}-
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homotopic to Df(0): (]R",]R" -— {O}) —> (]R",]R” - {O}). Hint: Define H(x,I) =
f(tx) for O < t 5 l and H(x,0) = Df(O)(x). To prove continuity at points
(x, O), use Lemma 2.
(c) Let U be a neighborhood of 0 E IR“ and f I U --> R" a homeomorphism
with f(O) = O. Let B, C V be the open ball with center 0 and radius r, and let
I1: R" —> B, be the homeomorphism

h(x) = arctan |x|) x;
rr

then
f 0121 (]R",]R" — {O}) —> (]R",]R“ -- {O}).

We will say that f is orientation preserving at 0 if f o h is homotopic to the
identity map I: (lR",lR“ - {O}) —> (]R",lR” - {O}). Check that this does not
depend on the choice of B, C V.
(d) Forp E R“, let Tp:]R“ —> R" be Tp(q) = p+q. If f: U --> Visa
homeomorphism, where U , V C IR" are open, we will say that f is orientation
preserving at p if T__)-(P) O f 0 Tp is orientation preserving at O. Show that if M
is orientable, then there is a collection C’ of charts whose domains cover M such
that for every (x, U) and (y, V) in C’, the map y ox"1 is orientation preserving
at x(p) for all p E U ('1 V.
(e) Notice that the condition on y 0 x"! in part (d) makes sense even if y ox”!
is not differentiable. Thus, if M is any (not necessarily differentiable) manifold,
we can define M to be orientable if there is a collection C3 of homeomorphisms
x: U —> IR" whose domains cover M, such that C’ satisfies the condition in
part (d). To prove that this definition agrees with the old one we need a fact
from algebraic topology: If f: IR” —> R” is a homeomorphism with f(0) = 0
and T: R" —> R“ is T(x1,...,x“) = (x1,...,x”"1,»-x“), then precisely one
of f and T 0 f is orientation preserving at O. Assuming this result, show that
if M has such a collection G of homeomorphisms, then for any C°° structure
on M the tangent bundle TM is orientable.

33. Let M” C RN be a C°° n-dimensional submanifold. By a chord of M we
mean a point of RN ofthe form p -- q for p,q 6 M.

(a) Prove that if N > 2n + 1, then there is a vector v E S N"'1 such that

|-|(') no chord of M is parallel to v,
ii no tan ent lane M contains v.g P P

Hint: Consider certain maps from appropriate open subsets of M >< M and
TM to 5”"1.
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(b) Let lRN"1 C RN be the subspace perpendicular to v, and rt: RN —> lRN"1
the corresponding projection. Show that rr|M is a one-one immersion. In
particular, if M is compact, then zr|M is an imbedding.
(c) Every compact C°° n-dimensional manifold can be imbedded in 1R2""" .

Note: This is the easy case of Whitney’s classical theorem, which gives the
same result even for non-compact manifolds (H. ‘Whitney, Dzflerentiabte mangfrtds,
Ann. of Math. 37 (1935), 645-680). Proofs may be found in Auslander and
MacKenzie, Introduction to Dtflerentiabte ./Wangfblds and Sternberg, Lectures on

ferential Geometry. In Munkres, Elementary Diflnezztial Y5j)0l0gy, there is a different
sort of argument to prove that a not-necessarily—compact n-manifold M can be
imbedded in some RN (in fact, with N = (n + l)2). Then we may show that M
imbeds in ]R2"+1 using essentially the argument above, together with the exis-
tence of a proper map f : M —> IR, given by Problem '2-30 (compare Guillemin
mid Pollack, Dflezentiat Yiipology). A much harder 1-esult of Whitney shows that
M" can actually be imbedded in R2" (H. Whitney, The seb’—z'ntersectz'0n.r qfa smooth
2z—man§fi1ldz'n 2n—space, Ann. of Math. 45 (1944), 220-24 6).



CHAPTER4

TENSORS

All the constructions on vector bundles carried out in this chapter have a
common feature. In each case, we replace each fibre rr"l(p) by some

other vector space, and then fit all these new vector spaces together to form a
new vector bundle over the same base space.

The simplest case arises when we replace each fibre V by its dual space V*.
Recall that V* denotes the vector space of all linear functions it: V —> IR. If
f I V —> W is a linear transformation, then there is a linear transformation
f*: W* —> V* defined by

(f*l)(v) = l(fv)-

It is clear that if Iv: V —> V is the identity, then 1;/* is the identity map of V*
and if g: U —> V, then (f og)"‘ = g* 0 f*. These simple remarks already
show that f* is an isomorphism if ft V —> W is, for (f'"l 0 f)* = 1;/* and
(f<=f"‘)* =1»/*.

The dimension of V* is the same as that of V, for finite dimensional V. In
fact, if vl, . _ .,v,, is a basis for V, then the elements v*,- E V*, defined by

11*,-(11,-) =..- 5},

are easily checked to be a basis for V*. The linear function 11*; depends on the
entire set v1, . . .,v,,, not just on vi alone, and the isomorphism from V to V*
obtained by sending v,- to 11*; is not independent of the choice of basis (consider
what happens if v1 is replaced by 2111).

On the other hand, if u E V, we can define v** E V** = (V*)* unambigu-
ously by

v**()t) = Mu) for every A E V*.

If v**(l.) = 0 for every ll. 6 V*, then §\.(v) = 0 for all It E V*, which implies that

IO?
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v = 0. Thus the map v |—> v** is an isomorphism from V to V"‘*. It is called
the natural isomorphism from V to V"‘*.

(Problem 6 gives a precise meaning to the word “natural”, formulated only
after the term had long been in use. Once the meaning is made precise, we can
prove that there is no natural isomorphism from V to V*.)

Now let 3,’ = rr: E —> B be any vector bundle. Let

E’ = Urn-'<p>1*,
peB

and define the function rt’: E’ —> B to take each [rr_'(p)]* to p. If U C B,
and t I rt" (U) —> U >< R" is a trivialization, then we can define a function

1’; 1-H-'(u) _> U >< (n")*

in the obvious way: since the map I restricted to a fibre,

or rr"(p) —> {P} >< R",

is an isomorphism, it gives us an isomorphism

<:,,*>"': tn-'<p>1* —> {1>}>< <R">*.

We can make rt’ : E’ —> B into a vector bundle, the dual bundle 5* of Q’, by
requiring that all such I’ be local trivializations. (We first pick an isomorphism
from (lR”)"' to R”, once and for all.)

At first it might appear that 11-'* 2 3;, since each rr_'(p) is isomorphic to
rr’“' (p). However, this is true merely because the two vector spaces have the
same dimension. The lack of a natural isomorphism from V to V* prevents
us from constructing an equivalence between §* and £1. Actually, we will see
later that in “most” cases 35* is equivalent to 3;; for the present, readers may
ponder this question for themselves. In contrast, the bundle §'** = (t‘§*)* is
atwqys equivalent to §. We construct the equivalence by mapping the fibre V
of £5 over p to the fibre V"‘* of E** over p by the natural isomorphism. If you
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think about how 1‘;* is constructed, it will appear obvious that this map is indeed
an equivalence.

Even if E can be pictured geometrically (e.g., if 5 is TM), there is seldom a
geometric picture for §*. Rather, §* operates on §: If s is a section of 3;‘ and cr
is a section of t,=*, then we can define a function from B to R by

s(P) G rr"(P)
P H g(p)(S(p)) o(P) e 11"‘ (P) = Ir" (P)*-

This function will be denoted simply by o(s).

When this construction is applied to the tangent bundle TM of M, the re-
sulting bundle, denoted by T*M, is called the cotangent bundle of M; the fibre
of T*M over p is (M,,)*. Like TM, the cotangent bundle T*M is actually a
C°° vector bundle: since two trivializations x,,, and y,, of TM are C°°—related,
the same is clearly true for x,’ and y,.’ (in fact, y,,' 0 (X,,")_' = ya 0 (x,,,)").
We can thus define C°°, as well as continuous, sections of T*M. If w is a C°°
section of T*M and X is a C°° vector field, then w(X) is the C°° function
P '—> w(P)(X(P))-

If f: M —> R is a C°° function, then a C°° section df of T*M can be
defined by

df(P)(X) = X(f) F01‘/Y EMP-

The section df is called the differential of f. Suppose, in particular, that X is
do/dt|,,,, where c(t0) = p. Recall that

Q _c i
dz," * dz

This means that

df(§ )=c,(% )0)
d

=Em(f°¢')

= (f or-m) or W
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Adopting the elliptical notations

g for gr, d%ff§£2 for g'(t),

this equation takes the nice form

dc _ d(f(c(r)))

If (x, U) is a coordinate system, then the dxf are sections of T*M over U.
Applying the definition, we see that

. 3 .

P

Thus dx'(p), . . .,dx”(p) isjust the basis of Mp* dual to the basis 3/Bx‘ Ip, . . . ,
8/3x”|_,, of Mp.

This means that every section w can be expressed uniquely on U as

I’!

w(P) = Zwi-(P)dx"(P),
l'=|

for certain functions w,- on U. The section w is continuous or C°° if and only if
the functions w,- are.

We can also write
H

w= 2 w,-dxi,
i=1

if we define sums of sections and products of functions and sections in the
obvious way (“pointwise” addition and multiplication).

The section elf must have some such expression. In fact, we obtain a classical
formula:
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1. THEOREM. If (x, U) is a coordinate system and f is a C°° function, then
on U we have

df = Z:a—’_f,dx‘.
_ 3a
1..-=1

PROOF. If Xp e Mp is
It ,- 8

XP=Z“ W
1':-"I P

then
at = Xp<x‘) = di-"<P><Xt>.

Thus

df(P)(XP) = Xpm = Z @‘§7{.<p>
[=1

= Z ,a—,{,<P> dx"<P><X.,>. ~:~
{:1

Classical differential geometers (and classical analysts) did not hesitate to talk
about “infinitely small” changes dxl of the coordinates xi , just as Leibnitz had.
No one wanted to admit that this was nonsense, because true results were ob-
tained when these infinitely small quantities were divided into each other (pro-
vided one did it in the right way).

Eventually it was realized that the closest one can come to describing an
infinitely small change is to describe a direction in which this change is supposed
to occur, i.e., a tangent vector, Since df is supposed to be the infinitesimal
change of f under an infinitesimal change of the point, df must be a function
of this change, which means that df should be a function on tangent vectors.
The dxl themselves then metamorphosed into functions, and it became clear
that they must be distinguished from the tangent vectors 8/8x".

Once this realization came, it was only a matter of making new definitions,
which preserved the old notation, and waiting for everybody to catch up. In
short, all classical notions involving infinitely small quantities became functions
on tangent vectors, like df, except for quotients of infinitely small quantities,
which became tangent vectors, like dc/dz.

Looking back at thc classical works from our modern vantage point, one can
usually see that, no matter how obscurely expressed, this point of view was in
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some sense the one always taken by classical geometers. In fact, the differential
df was usually introduced in the following way:

CLASSICAL FORMULATION

Let f be a function of the x',. . . ,x“,
say f=f(x',...,x").

MODERN FORMULATION

Let f be a function on M, and x a
coordinate system (so that f = fox
for some function f on R", namely

f = f O xii).

Let xi be functions of r, say xi =
x'(t). Then f becomes a function
OT F, f(f) = f(X' (I), - - - ,X”(I))-

Let CI R —> M be a curve. Then
foc:lR—> R, where

fofie(t),= j(x's¢(i),...,x"s¢(1)).
We now have

a_iyd_x"dz _ ,=, an dz '

(The classical notation, which
suppresses the curve c, is still used
by physicists, as we shall point out
once again in Chapter 7.)

We now have

(f =>@)’(r)
= Z D.-f<x<c<r)))-o-*1» cm)

l'=I

= a—f-(cm) - of Q cm)I,__=I Bx

or

d<f<c<r)))_ " af ,dx"<c<:))
dz _ g@(C(i)) dz

Multiplying by dt gives

n i

{=1

(This equation signifies that true
results are obtained by dividing by
dr again, no matter what t/zefunctioru

i hx’ (I) are. It is the closest approac
in classical analysis to the realiza-
tion of df as a function on tangen
vectors.)

I

Coniseciuently,

dc _ “ af ,- dc

Since every tangent vector at c(t) is
of the form dc /dt, we have

H I

f=l
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In preparation for our reading of Gauss and Riemann, we will continually
examine the classical way of expressing all concepts which we introduce. After
a while, the “translation” of classical terminology becomes only a little more
difficult than the translation of the German in which it was written.

Recall that if f: M —> N is C°°, then there is a map f,,: TM —> TN;
for each p e M, we have a map )’,,,,,: Mp —> Nf(,,). Since f,,,, is a linear
transformation between two vector spaces, it gives rise to a map

Nf(.v)* _* MP*'

Strict notational propriety would dictate that this map be denoted by (f*_,,)*,
but everyone denotes it simply by

f; I Nfrpf‘ —> Mf-
Notice that we cannot put all j,,* together to obtain a bundle map from T*N
to T*M; in fact, the same gr E N may be f( pg) for more than one p,- E M,
and there is no reason why f,,_,,, should equal f,,.,,,. On the other hand, we can
do something with the cotangent bundle that we could not do with the tangent
bundle. Suppose w is a section of T*N. Then we can define a section r] of T*M
as follows:

7l(p) : 0 ftp:

i.e.,
fl(P)(Xp) = w(f(P))(f*pXp) for Xp E Mp'

(The complex symbolism tends to hide the simple idea: to operate on a vector,
we push it over to N by f,,., and then operate on it by w.) This section 17 is
denoted, naturally enough, by f*w. There is no corresponding way of trans-
ferring a vector field X on M over to a vector field on N.

Despite these differences, we can say, roughly, that a map f: M —> N pro-
duces a map J’... going in the same direction on the tangent bundle and a map
f* going in the opposite direction on the cotangent bundle. Nowadays such
situations are always distinguished by calling the things which go in the same
direction “covariant” and the things which go in the opposite direction “con-
travariant”. Classical terminology used these same words, and it just happens
to have reversed this: a vector field is called a contravariant vector field, while
a section of T*M is called a covariant vector fieId. And no one has had the
gall or authority to reverse terminology so sanctified by years of usage. So
it’s V61’)! easy to remember which kind of vector field is covariant, and which
contravariant—it’s just the opposite of what it logically ought to be.
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The rationale behind the classical terminology can be seen by considering
coordinate systems x on R" which are linear transformations. In this case, if
x(v,-) = E3, then

x(a'v| + ~--+ a"v,,) = (a',...,a"),

so the x coordinate system is just an “oblique Cartesian coordinate system”.

3,11’
- -— " I I r

"" -I I, 1 (Q3

I

U2 “

£1121
vi __________

If x’ is another such coordinate system, then x’? = EL, a,~,-x" for certain a,-J-.
. _ - ' 5Clearly a,-J - 3;” /Bx , so

. " *1<*> »"’=Z?—1x’;I
I'M]

this can he seen directly from the fact that the matrix (3x'j /Bx’) is the constant
lnatrix D(x' 0 .\""') = x’ 0 x'"l. Comparing with

) 4 "1' i: ax“ d *(=1==1= x = i. X ,
ml 3x‘

from Theorem l, we see that the difierentials dxi “change in the same way” as
tlic coordinates xi, hence they are “covariant”. Consequently any combination

H

w = 23(1),-dx“
Fm]

is also called “covariant”. Notice that if we also have

H‘

w = Z to’; dx”,
I'm]
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then we can express the w',- in terms of the 0);. Substituting

" I
.f__ ax 1"

dl —-; 1xJ

J%

into the first expression for w and comparing coefficients with the second, we
find that

“ Bx‘
I Q;..,, _‘— Z..,,_ax,,..

1"-1"-=1

On the other hand, given two expressions

i:a1_é_€C_IT = fig/i%

fml rm]

for a vector field, the functions ad must satisfy

H -3)"

GU. : Z151‘-Lag.
3 .

fr-=1 A

These expressions can always be remembered by noting that indices which are
summed over always appear once “above” and once “below”. (Coordinate func-
tions xl, . . . ,x" used to be denoted by x1 ,. . . ,x,,. This suggested subscripts w,-
for covariaut vector fields and superscripts LI“ for coiitravariant vector fields. Af-
ter this was firmly established, the indices on the .x’s were shifted upstairs again
to make the summation convention work out.)

Covariant and contravariant vector fields, i.e., sections of T*M and TM,
respectively, are also called covariant and contravariant tensors (or tensor fields)
of order 1, which is a warning that worse things are to come. We begin with
some worse algebra.

If V1,. . . , Vm are vector spaces, a function

T: V1 ><---><V,,,—>liR

is multilinear if
U l_> T(Ul>--->Uk--l>U>Uk+l»--->Um)

is linear for each choice of v|,...,vk..|,v;¢+|,...,v,,,. The set of all such T
is clearly a vector space. If V1,. . ., V”, = V, this vector space will be denoted
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by T’"(V). Notice that T'(V) = V*. If f: V —> W is a linear transfor-
mation, then there is a linear transformation f*: T”‘(W) —> T"‘(V), defined
completely analogously to the case m = I:

f*T(v1,---.vm) = T(f(vl)>--->f(Um))-

For T E T"‘(V), and S e T'(V) we can define the “tensor product” T ®S E
f,~k+i(V) by

T ®S(Ul:"'>Uk>Uk+l>- -'1-viii-I-ll) Z T(v|9"'>vk) ' S(Uk+l:---:Uk+1)'

Ofcourse, T®S is not S®T. On the other hand, (S®T)®U = S®(T®U),
so we can define :1-fold tensor products unambiguously; this tensor product
operation is itself multilinear, (S1 + S2) ® T = S1 ® T + S2 ® T, etc. In
particular, if v|,...,v,, is a basis for V and 11*], ...,v*,, is the dual basis for
V* = T'(V), then the elements

v*,-,®---®v*;,_ 15s,,...,i,,gn

are easily seen to be a basis for T“ (V), which thus has dimension nk.
We can use this new algebraic construction to obtain a new bundle from any

vector bundle § = rt: E —> B. We let

E’ = U T“(rr"'(p)),
_pEB

and let
rt’: E"—> B take 3'""‘(rr'“'1(p)) to p.

IfUCBand
r:rr“l(U)—> U><1x"

is a trivialization, then the isomorphisms

Ia: rr"'(p) —> {P} >< R"
yield isomorphisms

(rp*)"I 5'”"(rr"(p)) —> {P} >< 9""(1R”)-
If we choose an isomorphism T“ QR") —> 113"“ once and for all, these maps can
be put together to give a map

2": ;rr"'"1(U)—> U >< lR"“.
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We make rt’: E" —> B into a vector bundle T“ (15) by requiring that all such I’
he local trivializations. The bundle §* is the special case k = 1.

For the case of TM, the bundle T“(TM) is called the bundle of covariant
tensors of order k, and a section is called a covariant tensor fieId oforder k. If
(x, U) is a coordinate system, so that

dx’ <p).....dx"<p>
is a basis for (M,a)*, then the k-fold tensor products

dx"(p)®---®dX“(P) e T"(Mp) 151'],---Jr 5"
are a basis for T"‘(M_,,). Thus, on U every covariant tensor field A of order k
can be written

/1tp)= Z A1....i,,.<p)dx‘*<p)®---sdxrtpi.
I] ,...,.l’j,-

or simply

1-" -

A = Z: A;,___,,_.dxf1®---®dxi*,
it :3£

where dx“ ® - - - ® dx"*'-' now denotes a section of Ti‘ (TM). If we also have

A = Z A’i.....-,_. dx”" ® - - - ® dx-"'~.
l'],...,lk

then _
it lkA, _ A Bx Bx

0t(...Ot;; — Z l(...i;,- ax*"‘"‘,a} - - . ?xfak

f(,.",ik

(the products are just ordinary products of functions). To derive this equation,
we just use equation (=+==1=) on page ll4, and multilinearity of ®. The section A
is continuous or C°° if and only if the functions A ,=,___,-,, are.

A covariant tensor field A of order k can just be thought of as an operation A
on k vector fields X1, . . ., Xk which yields a function:

i1'<X1....,Xi)<p> = /1(p)(X1(p). . . . >Xk(P))-
Notice that A is multilinear on the set 'V of C°° vector fields:

.i"(X,,...,X,-+X',,...X,,)=.i'(X,,...,X,,...,X,,)+Z(X,,...,X’,,...Xk)
,&"(X,,...,.iX,,...X,.) = aE(X,,...,X,.).
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Moreover, because A is defined “pointwise”, it is actually linear aver the C°°
fmzctions 37; i.e., if f is C°°, then

A(X|,...,fX,-,...,X;,)_fA(X|,...,X,-,...,Xk),

forwehave

JRX1.---.fX.-.....Xi><p> = A<.v><X1 (P),---=f(P)Xi'(P)> - - -=Xk(P))
= f(p)A(p)(X1(p),- . . .X1(p),. . . >Xk(P))
_ ' A(X1:" - >Xf:' - '>Xk)(p)'

We are finally ready for another theorem, one that is used over and over.

2. THEOREM. If
.A»:'V><---x'V—>J'7
MM

k times

is linear over 37, then there is a unique tensor field A with A» = A.

PROOF. Note first that if v e MP is any tangent vector, then there is a vector
field X e 'V with X( p) = v. In fact, if (x, U) is a coordinate system and

v=gai%

then we can define
n . 8

X : fgflifi OI] U

0 outside U,

where each ai now denotes a constant function and f is a C°° function with
f(p) = 1 and supportf C U.

Now if v|,...,vk E Mp are extended to vector fields X;,...,Xk E 'V we
clearly must define

A(11)(v1,-- -,v:<) = <>4>(X1,---,X1<)(P)-

The problem is to prove that this is well—defined: If X;(p) = Y,-(p) for each 1',
we claim that

A(Xl:- - = Aiyls - ' -1
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(The map A “lives at points”, to use the in terminology.) For simplicity, take the
case k = I (the general case is exactly analogous). The proof that .>%(X)(p) =
.;%(Y)(p) when X(p) = Y(p) is in two steps.

(l) Suppose first that X = Y in a neighborhood U of p. Let f be a C°°
function with f(p) = 1 and support f C U. Then fX = fY, so

f=>4>(/Y) = ¢“~(fX)= =>4>(fY) =f¢‘~(Y);

evaluating at p gives
=>‘»(X)(P) = =>‘¥(Y)(P)-

(2) To prove the result, it obviously suffices to show that .>%(X)(p) = 0 if
X(p) = 0. Let (x,U) be a coordinate system around p, so that on U we
can write

" .3 .X=Zb=F wherea1lb'(p)=0.
i=-I

If g is 1 in a neighborhood V of p, and support g C U, then

n . 8 n 8

1'-=1 1‘-1"-=1

is a well—defined C°° vector field on all of M which equals X on V, so that

i =>‘~(X)(1>) = <>4»(Y)(p). by (I)-
Now

wtritm = Zen») i A (P)
i=1

O 00.0= 0, since 11-’ (p) =

Because of Theorem 2, we will never distinguish between the tensor field A
and the operation /T, nor will we use the symbol A any longer. Note that
Theorem 2 applies, in particular, to the case k = 1, where T'“(TM) = T*M,
the cotangent bundle: a function from 'V —> 37 which is linear over F comes
from a covariant vector field cu. _]ust as with covariant vector fields, a C°° map
f I M —> N gives a map f* taking covariant tensor fields A of order k on N
to covariant tensor fields f*A of order k on M:

f*»4(P)(X1,,.---XI<,,) = /1(f(P))(f»=X1,,,--~,fiX1<,,)-
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Moreover, if A and B are covariant tensor fields of orders k and 1, respectively,
then we can define a new covariant tensor field A ® B of order k + 1:

(A ® B)(p) = A(p) ® B(p) (operating on Mp x >< Mp k +1 times).

Although covariant tensor fields will be our main concern, if only for the
sake of completeness we should define contravariant tensor fields. Recall that
a contravariant vector field is a section X of TM. So each XP e M,,. Now an
element v ofa vector space V can be thought ofas a linear function v: V* —> R;
we just define v(}t) to be Mu). A contravariant tensor field of order k is just
a section A of the bundle T"‘(T*M); thus, each A(p) is a k-linear function
on M,,*. We could also use the notation ?‘},(TM), ifwe use Tk(V) to denote all
k-linear functions on V*. In local coordinates we can write

. . B BAU’): A11---Jr-(p)m ®...®W

J-i:'"IJk P

(remember that each B/Bx!‘ |,, operates on M,,,*), or simply

. . 3 B
A = AJ""J"i. i..

j Z, Bxll ® ® Bxlk
I:-"1 )'\‘

If we have another such expression,

- - B B

“=42. '4'"lu---tfk

then we easily compute that

_ _3x»'fi1 axrfir
rfi _ y ...;.i____ i41' “Uzi .41 wax,‘ am.

|,...3k

A contravariant tensor field A of order k can be considered as an operator A
taking k covariant vector fields w; , . . . , wk into a function:

/Tim],---=wk)(P) = A(p)(w1(p)..-..wi(P))-
Naturally, there is an analogue ofTheorem 2, proved exactly the same way, that
allows us to dispense with the notation A, and to identify contravariant tensor
fields of order k with operators on k covariant vector fields that are linear over
the C°° functions 37.
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Finally, we are ready to introduce “mixed” tensor fields. To make the intro-
duction less painful, we consider a special case first. If V is a vector space, let
T,‘ (V) denote all bilinear functions

T:VxV*—>R.

A vector bundle F,’ = rt : E —> B gives rise to a vector bundle T,‘ (if), obtained by
replacing each fibre rr_' (p) by T,1(rr_'(p)). In particular, sections of Z1 (TM)
are called tensor fields, covariant of order I and contravariant of order 1.

There are all sorts of algebraic tricks one can play with T,‘ (V); although they
should be kept to a minimum, certain ones are quite important. Let End(V)
denote the vector space of all linear transformations T: V —> V (“endomor-
phisms” of V). Notice that each S G End(V) gives rise to a bilinear S E T,‘ (V),

§; V >< 1/* _> ix,
by the formula

(*) $(v= X) = 3»($(v))-
Moreover, the correspondence S |—> S from End(V) to Z‘ (V) is linear and one-
0116, for § = o implies that ).(S(v)) = 0 for all 2., which implies that so) = 0,
for all v. Since both End(V) and T]'(V) have dimension n2, this map is an
isomorphism. The inverse, however, is not so easy to describe. Given S, for
each v the vector S (v) e V is merely determined by describing the action of a it
on it according to (=1=). It is not hard to check that this isomorphism of End (V)
and fi'(V) makes the identity map 1: V —> V in End(V) correspond to the
“evaluation” map

4; v >< 1/*_> n in T,'(V)
given by

e(v,}t) = }t(v).

Generally speaking, our isomorphism can be used to transfer any operation
from End(V) to T,‘ (V). In particular, given a bilinear

T:V><V*—>R,

we can take the trace of the corresponding S: V —> V; this number is called
the contraction of T. If v|,.. .,v,, is a basis of V and

T = Z: Ti)-U*l' ® Uh
ilj
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then we can find the matrix A = (a,-J-) of S, defined by
fl‘

SW1) = Z ajiUj>
jzl

in terms of the T,j ; in fact,

fin = v*;'(S(v1)) = T(vr>v*;) = 7}’.-

Thus
n -

contraction of T = E T,‘.
Fm]

(The term “contraction” comes from the fact that the number of indices is con-
tracted from 2 to 0 by setting the upper and lower indices equal and summing.)

These identifications and operations can be carried out, fibre by fibre, in any
fibre bundle T,‘ (35). Thus, a section A of T,‘ (35) can just as well be considered
as a section of the bundle End(¢‘,=), obtained by replacing each fibre rr“‘ (p) by
End(rr_‘ (p)). In this case, each A( p) is an endomorphism of rr_1(p). More-
over, each section A gives rise to a function

(contraction of A): B —> R

defined by

p |—> contraction of A(p) _

= trace A(p) ifwe consider A(p) e End(.1r_I(p)).

In particular, given a tensor field A, covariant of order 1 and contravariant
of order 1, which is a section of T,‘ (TM), we can consider each A(p) as an
endomorphism of Mp, and we obtain a function “contraction of A”. If in a
coordinate system

A = dx' ® F

then
fl

(contraction of A) = Z A:-.
{=1

The general notion of a mixed tensor field is a straightforward generalization.
Define 17}‘“(V) to be the set of all (k +1)-linear

T: ]/®-~-®I(><1/*®---®Vj-> lit.
lc times t times
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Every bundle 1E gives rise to a bundle T}"‘(§). Sections of 3T}“(TM) are called
tensor fields, covariant oforder k and contravariant of order 1, or simply of type
(if), an abbreviation that also saves everybody embarrassment about the use of
the words “covariant” and “contravariant”. Locally, a tensor field A of type
can be expressed as

— J“"J‘ fl f M MA—_Z_ At1...r';_.dx ® ®dx':®,x,-, ® eax,-,.
t_(,...,t;,-
J1,---:1!

and if

- - 3 3A’ = i Z; =‘1'§.'...if dx“1 rs - - - ® dx"*< <2» 55 ® - - - ®
.[,..., {,-

J| 1---1.”

then

. . fl axik ax-"BI axffifrfi _ Jl---J! ax W __ _ __
(*) A oei...ozi,, _ i A1';...t;,- ax,-on axyqk axj, ax], '

¢,...,r;,-
in.---Jr

Classical differential geometry books are filled with monstrosities like this
equation. In fact, the classical definition of a tensor field is: an assignment
of n"""" functions to every coordinate system so that (=1=) holds between the n"""'
functions assigned to any two coordinate systems x and x’. (l) Or even, “a set
of 12"” functions which changes according to (=i=)”. Consequently, in classical
differential geometry, all important tensors are actually defined by defining the
functions Ag , in terms of the coordinate system x, and then checking that (=1=)
holds.

Here is an important example. In every classical differential geometry book,
one will find the following assertion: “The Kronecker delta 5,?‘ is a tensor.” In
other words, it is asserted that if one chooses the same :12 functions 5,1‘ for each
coordinate system, then (=1=) holds, i.e.,

- Bx" Bx’55 _ i.

5“ — Bx*'°¢ Bxi ’,1

this is certainly true, for

Z5, ax‘ ax? _ Bx”-B 50,,
M Bx °‘ Bxl ,2, Bx °‘ Bx’
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From our point of view, what this equation shows is that

- B_ J 2 iA_Z:5,-dx®axJ.
1,1

is a certain tensor field, independent of the choice of the coordinate system x
To identify the mysterious map

A(p): Mp >< M,,* —> R,

we consider v E M,, and A e M,,* with the expressions

H 8 H

v=Za“aia , )t=Z:b5dx5(p);
oc=l x P fin]

then

- . B/1(P)(v.A) = Z6? drip) ® H tum
1,; P

- . “ a a “= Bfd '(p)( a°‘—O, ( b dx‘5(p))5: x O; Bx ,, Bx! ,, ,2; 5
= Z 5,.jafb,-

i,j

= i: Gib;

iml

= ).(v).

Thus A(p) is just the evaluation map MP >< M,,* —> R; considered as an endo-
morphism of M,,, it is just the identity map.

The contraction of a tensor is defined, classically, in a similar manner. Given
a tensor, i.e., a collection of functions A , one for each coordinate system, sat-
isfying

-Bx" Bx'5'l3_ 1??

Aa—'ZJ':Ai Bx*'°‘ Bx?’
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we note that

i A’: = i(Z4.%,’-‘.§§)
o:=l 0z=l t,j

. “ ' J= g;/1,! 2 ;i,;:‘c—:

= Z445;
at
H

= £3,411,
iv-l

Q

so that this sum is a well—defined function. This calculation tends to obscure
the one part which is really necessarywverification of the fact that the trace of
a linear transformation, defined as the sum of the diagonal entries of its matrix,
is independent of the basis with respect to which the matrix is written.

Incidentally, a tensor of type can be contracted with respect to any pair
of upper and lower indices. For example, the functions

N

B53 = Z *“°iii3§
Otml

“transform correctly” if the do. Ifwe consider each A(p) e T},3(M,,), then
we are taking B(p) E ‘T}2(M,,) to be

B(p)(v|,v2,)t|,}t2) = contraction of: (v,).) |—> A(p)(v,v|,v2,).|,)t2,)t).

Wliile a contravariant vector field is classically a set of n functions which
“transforms in a certain way”, a vector at a single point p is classically just an
assignment of n numbers a‘, . . . ,a” to each coordinate system x, such that the
numbers a"‘,. . . ,a”‘ assigned to x’ satisfy

. “ . "1'an _ Z:aIai(p)_
— _ Bxi

rm]

This is precisety the definition we adopted when we defined tangent vectors as
equivalence classes [x, a],,. The revolution in the modern approach is that the
set of all vectors is made into a bundle, so that vector fields can be defined as
sections, rather than as equivalence classes of sets of functions, and that all other
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types of tensors are constructed from this bundle. The tangent bundle itself was
almost a victim of the excesses of revolutionary zeal. For a long time, the party
line held that TM must be defined either as derivations, or as equivalence classes
of curves; the return to the old definition was influenced by the “functorial”
point of view of Theorems 3-1 and 3-4.

The modern revolt against the classical point of view has been so complete
in certain quarters that some mathematicians will give a three page proof that
avoids coordinates in preference to a three line proof that uses them. We won’t
go quite that far, but we will give an “invariant” definition (one that does not
use a coordinate system) of any tensors that are defined. Unlike the “Kronecker
delta” and contractions, such invariant definitions are usually not so easy to
come by. As we shall see, invariant definitions of all the important tensors in
differential geometry are made by means ofTheorem 2. We seldom define A (p)
directly; instead we define a function A on vector fields, which miraculously
turns out to be linear over the C°° functions 37, and hence must come from
some A. At the appropriate time we will discuss whether or not this is all a big
cheat.
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PROBLEMS

1. Let f: M" —> N”', and suppose that (x,U) and (y, V) are coordinate
systems around p and f( p), respectively.

(a) If g: N —> R, then

atsef) _”' as 30/"<=>f)ax, (P) ay, (f(p)) - firm.

(Proposition 2-3 is the special case f = identity.)
(b) Show that

3 m 30”‘ °f) 3
x" ) _ Z Bx? (P) I ’P j=| f(P)

and, more generally, express jI..(Z§'m, a"B/Bx‘|p) in terms of the B/By1'|,,.
(c) Show that

(f*dy")(r) = Z aLif)(P) - dx’(r)-
fml ax

(d) Express

fl Z 4,-....,~..dr"'®---®dy”')
I J-|e--will

in terms of the dxi .

2. If f,g: M —> N are C°°, show that

dtfs) = fds+ stif-

3. Let f: M —> R he C°°. For v e Mp, show that

fitvl = df(”)f(p) G Ric»)-

4. (a) Show that ifthe ordered bases 11], . . . , 1),, and w1,. . . , w,, for V are equally
oriented, then the same is true ofthe bases 11*] , . . . , v*,, and 10*], . . . , w*,, for V*.
(b) Show that a bundle E is orientable if and only if £* is orientable.
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5. The following statements and problems are all taken from Eisenhart’s clas-
sical work Riemannian Geometry». In each case, check them, using the classical
methods, and then translate the problem and solution into modern terms. An
“invariant” is just a (well—defined) function. Remember that the summation
convention is always used, so kin; means EL, }t";.t,-. Hints and answers are
given at the end, after (xiii).

(i) If the quantity kin; is an invariant and either if or pt; are the components
of an arbitrary [covariant or contravariant] vector field, the other sets are com-
ponents of a vector field.
(ii) If ).,,;*' are the components of n vector fields [in an n-manifold], where i
for i = l, . . . ,1: indicates the component and ca for or = l, . . . , rt the vector, and
these vectors are independent, that is, det(}t,,,;") 76 0, then any vector-field U is
expressible in the form

2.‘ = a“2.,,,*,
where the a’s are invariants.
(iii) If ;.t,- are the components of a given vector—field, any vector—field A5 satisfy-
ing it‘ 11.; = 0 is expressible linearly in terms of 12 — I independent vector fields
la)’. for oz = l, . . . , n — 1 which satisfy the equation.
(iv) If aij = a/"i for the components of a tensor field in one coordinate system,
then a"1 = a2’ for the coordinates in any other coordinate system.
(v) If av and bi!‘ are components of a tensor field, so are aij + Zr” . If ail‘ and
bk; are components of a tensor field, so are aijbki.
(vi) If a,-J-}t")H' is an invariant for if an arbitrary vector, then a,-; + a,1; are the
components of a tensor; in particular, if a,-)~}t'}J = 0, then a,-; + a,-,- = 0.
(vii) If a,-J-)t"}tj = 0 for all vectors id such that kin; = 0, where pt; is a given
covariant vector, if vi is defined [c.f. (iii)] by arjlafvt = 0, or = 1, . . . ,1: — I and
pt,-vi # 0, and by definition

a,-J-vi=a)~ v'p.;=r,

then (Hg; —- %;.t,-cry-)§‘¢‘,*j = 0 is satisfied by every vector field 3,", and consequently

1
fir; + flji = '1'j(lli<Fj + llj<F1')~

(viii) If a,, are the components of a tensor and b and c are invariants, show
that if ban + can = 0, then either b = —c and a,,_ is symmetric, or b = c and
a,-S is skew-symmetric.
(ix) By definition the rank of a tensor of the second order a5) is the rank of
the matrix (erg)-). Show that the rank is invariant under all transformations of
coordinates.
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(x) Show that the rank of the tensor of components ail?)-, where a,- and by
are the components of two vectors, is one; show that for the symmetric tensor
Gib) -l— fljb; tl‘l(-3 I'2lI1l< lS YWO.

(xi) Show that the tensor equation ai; A; = alt), where or is an invariant, can
be written in the form (ai; — a5i,-)}t,- = 0. Show also that a’) = 5*’)-oi, if the
equation is to hold for an arbitrary vector X,-.
(xii) If a",~).,- = alt) holds for all vectors A; such that ttilf = 0, where [Li is a
given vector, then

ai) = 0:5") + tr)-;.t".

(xiii) If

0 ifj,,,=j5forsomecz;é)3ori,,,=i5forsomea;é)3

6j,___j,,_ OI-If {J-ls---ij-P}T£{2.l>'--sip}

"""" 1 if j], . . .,j,, is an even permutation of 2'1, . . . ,1’),
——1 if j|,. . . ,j,, is an odd permutation of 1'1, . . . ,z',,

then <i,i,1_:'_',.f’ are the components of a tensor in all coordinate systems.

HINTS AND ANSWERS.

(i) to is determined if w(X) is known for all X, and vice versa.
(iii) Given w [with w(p) # 0 for all p], there are everywhere linearly indepen-
dent vector fields X1, . . . , X,,_1 which span kerw at each point. (This is true
only locally For example, on S 2 >< R there is an to such that ker w(p, I) consists
of vectors tangent to S 2 >< {t}.)
(vi) For T: V >< V —> R, let T'(v, w) = T(w, v). Then T + T’ is determined by
S(v) = T(v, v). For, T(v + w, v + w) = T(v, v) + T(v, w) + T(w, v) + T(w, w).
Similarly, T(v, v) = 0 for all v implies that T + T’ = 0.
(vii) Given to [with w(p) 95 0 for all p], choose Y complementary to kerw at
all points. If o'(Z) = T(Y, Z), then T(Z, Z) = w(Z)o'(Z)/w(Y) for ail vector
fields Z.
(ix) T: V >< V —> R corresponds to T: V —> V* [where T(v)(w) = T(v,w)].
The rank of T may be defined as the rank of T (consider the matrix of T with
respect to bases 111,. . . , 11,, and 11*] , . . . ,v*,,).
(xii) Let V = M,,*. If T: V —> V and pt e V* and T(v) = cw for all v e l£CI‘[L,
there is a y complementary to ker /.t such that

T(v) = av + ;i(v)y for all v.

(Begin by choosing yo complementary to ker p. and writing v uniquely as v@+cy@
for ‘U9 e ker pt.)
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(xiii)Define
5:_V><---><V><V*><---xVi—>R

,0 times ,0 times

by
5(1)], . . ., Up, A], . . ., AP) = dCt(}tj ('Uj)).

6. (a) Let 1';/: V —> V** be the “natural isomorphism” z'V(v)(}t) = )t(v). Show
that for any linear transformation f: V —> W, the following diagram com-
mutes: _ .

V M, 1/**fl 14
i *4:WLW

’h) Show that there do not exist isomorphisms 1';/: V -> V* such that the fol-
lowing diagram always commutes.

V {V V:

fl _ it
W ii,W*

Hint: There does not even exist an isomorphism 2': R —> ll?’ which makes the
diagram commute for all linear f: R —> R.

7. A covarzantfunctor from (finite dimensional) vector spaces to vector spaces is a
function F which assigns to every vector space V a vector space F( V) and to ev-
cry linear transformation f: V —> W a linear transformation F( f): F( V) —>
F(W), such that F(l;/) = l}=‘(V) and F(g of) = F(g) O F(v).

(a) The “identity functor”, F(V) = V, F( f) = f is a functor.
(b) The “double dual functor”, F(V) = V**, F(f) = f** is a functor.
(c) The “Ta functor”, F(V) = T}<(V) = T"‘(V*),

F(f)(T)(3~1»---,3~i<)=T(l1°f>---tlksf)
is a functor.
(d) If F is any functor and f : V —> W is an isomorphism, then F(f) is an
isomorphism.

A contravan'antfw1ct0r is defined similarly except that F(f): F(W) —> F(V) and
F(g o f) = F(f) o F(g). Functors of more than one argument, covariant in
some and contravariant in others, may also be defined.

(e) The “dual functor”, F(V) = V*, F(f) = f* is a contravariant functor.
(f) The “Tk functor”, F(V) = T"‘(V), F(f) = f* is a contravariant functor.
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8. (a) Let Hom(V, W) denote all linear transformations from V to W. Choos-
ing a basis for V and W, we can identify Hom(V, W) with the m >< n matrices,
and consequently give it the metric of ll-"km". Show that a different choice of
bases leads to a homeomorphic metric on I-Iom(V, W).
(b) A functor F gives a map from Hom(V, W) to Hom(F(V), F(W)). Call F
continuous if this map is always continuous [using the metric in part (a)]. Show
that if § = rt: E —> B is any vector bundle, and F is continuous, then there is
a bundle F(§) = Ir’: E’ —> B for which Tr"_](p) = F(rr'"1(p)), and such that
to every trivialization

I: rr_1(U)—> U >< R"

corresponds a trivialization

I’: :rr’_'(U) —> U >< FUR").

(c) The functor St"}(V) = T‘ (V"‘) = V** is continuous. (The bundle T1 (TM) is
just a case of the construction in (b).)
(d) Define a continuous contravariant functor F, and show how to construct a
bundle F(!‘;').
(e) The functor F(V) = V* is continuous. (The bundle T*M is a special case
of the construction in (d).)

Generally, the same construction can be used when F is a functor of several
arguments. The bundles fik (M) are all special cases. See the next two problems
for other examples, as well as an example of a functor which is not continuous.

9. (a) Let F be a functor from V", the class of :2-dimensional vector spaces,
to Vi‘. Given A e GL(n,lR) we can consider it as a map A: R” —> R”. Then
F(A): F(lR") —> FUR"). Choose, once and for all, an isomorphism FUR") —>
Rk. Then F(A) can be considered as a map 11(A): Rk —> Rk. Show that
12: GL(n, R) —> GL(k, R) is a homomorphism.
(b) How does the homomorphism 11 depend on the initial choice of the isomor-
phism F(R") -> Rl‘?
(c) Let v = (v1, . . .,v,,) and W = (101,. ..,w,,) be ordered bases of V and let
e = (e1, . . . , en) be the standard basis of R". If e —> v denotes the isomorphism
taking e,- to v,-, show that the following diagram commutes

RN 8—>V V

Al/—>W 2

Rn
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where A = (a,-J-) is defined by

U); = Z: flj;'UJ'.

1'“!

After identifying FUR") with 113;‘, this means that

Rk F(€ —> V)

h(A)
l W)

Ric

also commutes. This suggests a way of proving the following.

THEOREM. If h: GL(n,R) —> GL(k,lR) is any l‘l0m0m0rpl‘liSm,
there is a functor F;, : V" —> Vk such that the homomorphism defined
in part (a) is equal to /1.

(d) For q,q’ e Rf‘, define
(mt) ~ (w.<1’)

if q = /'1(A)q" where w,- = Z;-‘=1 aj,-vj. Show that ~ is an equivalence relation,
and that every equivalence class contains exactly one element (v, q) for a given v.
We will denote the equivalence class of (v,g) by [v, q].
(c) Show that the operations

["=9'1]+[Y>q2l=[Y>9'1+ 9'2]
Q ' [Y=9'l = ["= 99']

are well-defined operations making the set of all equivalence classes into a
k—dimensional vector space F;,(V).
(f) If V,W e V" and f: V —> W, choose ordered bases v,w, define A by
f(v,-) = 237:] aj,-wj, and define

Fn(f)[",9'l = [“’,/1(A)(9')l-

Show that this is a well—defined linear transformation, that F;, is a functor, and
that F;,(A) = I:(A) when we identify F;,(lR") with El‘ by [e,q] |—> g.
(g) Let oz: R —> R be a non-continuous homomorphism (compare page 380),
and let 11: GL(n,lR) —> GL(1,]R.) = R be h(A) = a(det A). Then F;,: V” —> V‘
is a non-continuous functor.
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10. In classical tensor analysis there are, in addition to mixed tensor fields, other
“quantities” which are defined as sets of functions which transform according
to yet other rules. These new rules are of the form

, Bx“
A = A operated on by f1 F .

For example, assignments of a single function a to each coordinate system x
such that the function a’ assigned to x’ satisfies

Eixi
a’=det( .)-a

3x”

are called (even) scalar densities; assignments for which

a’ = det (Lid)
Bx”

are called odd scalar densities. The Theorem in Problem 9 allows us to con-
struct a bundle whose sections correspond to these classical entities (later we
will have a more illuminating way):

(a) Let /2: GL(n,lR) —> GL(l,lR) take A into multiplication by detA. Let F;,
be the functor given by the Theorem, and consider the 1-dimensional bundle
F;,(TM) obtained by replacing each fibre Mp with F;,(Mp). If (x, U) is a
coordinate system, then

3
!"' )>]]€Fh(MP)

P P

is non-zero, so every section on U can be expressed as a -ax for a unique
function a. If x’ is another coordinate system and a -ax = a’ - ax», show that

a'=det -a.
Bx”

(b) If, instead, 1'1 takes A into multiplication by |detA|, show that the corre-
sponding equation is ‘

a’ = det (Lx
Bx”

(c) For this 11, show that a non-zero element of F;,(V) determines an orientation
for V. Conclude that the bundle of odd scalar densities is not trivial if M is not
orientable.
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(<1) VVe can identify 3t'}"(lR") with n~"“"’ by taking
. . . . . it-+1e*,-, ®---®e*,-,_®e,-, ®---®e,-, |—> (z1,...,1k,]1,...,];)‘h basis vector oflR” .

Recall that it f; v -> v, we define 53%;); 3t‘}"‘(V) _> St‘}"‘(V) by

1;"<f)<T)tv1.....vi..>~1.....>v>= Ttftvm.--.ftvi.).>~. @f.---.ii<>f)-
Given A G GL(n,llR), we can consider it as a map A: R” —> R”. Then
3t‘}"‘(A): F}"‘(]R") —> 3t":,"‘(lR") determines an element fi"(A) of GL(n""*“',]R).
Let /2: GL(n,lR) —> GL(n"+",li?.) be defined by

/z(A) = (det A)wfi}k(A) w an integer.

The bundle F(TM) is called the bundle of (even) relative tensors of type
and weight w. For k = 1 = 0 we obtain the bundle of (even) relative scalars of
weight w [the (even) scalar densities are the (even) relative scalars of weight 1].
lf (det A)“ is replaced by ldet A|‘“ (w any real number), we obtain the bundle
of odd relative tensors of type and weight w. Show that the transformation
law for the components of sections of these bundles is

A.-6|.--fit _ dc, 31"‘ w Z A1‘:---1': 3"’-'...... ax“ axi§'..... axifii
a|...ak "" axyj I'|...i,q- ax.r0t| ax/12‘); ax)‘ ax)‘,

;If_|,... ';,-
Jl:---:J.~'

(or the same formula with det(3x"/3x”_) replaced by |det(3x"/Bx”-)|).
(e) Define

+1 if fl, . . . ,r',, is an even permutation of 1, . . . ,n
.9,-|___,fl = -1 if 1'1, . . . ,1}, is an odd permutation of 1,. . . , n

0 if fO,=f5 for somea 755.

Show that there is a covariant relative tensor of weight -1 with these compo-
nents in every coordinate system. Also show that sf‘ "J" = .9,-|___,-,, are the com-
ponents in every coordinate system of a certain contravariant relative tensor
of weight 1. (See Problem 7-l2 for a geometric interpretation of these relative
tensors.)
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VECTOR FIELDS AND
DIFFERENTIAL EQUATIONS

We return to a more detailed study of the tangent bundle TM, and its
sections, i.e., vector fields. Let X be a vector field defined in a neigh-

borhood of p G M. We would like to know if there is a curve pt (—e, s) —> M
through p whose tangent vectors coincide with X, that is, a curve p with

-Z, o--?>

»<><°>=P _//' '*-“.__’.__',X>
d dp X P \

* i 2* = ( - .______*Phi.) Pt” -err-\. Q
P

Since this a local question, we wish to introduce a coordinate system (x, U)
around p and transfer the vector field X to x(U) C R”. Recall that, in general,
a,..X does not make sense for C°° functions at M —> N. However, if at is a
difleomorpliism, then we define

(o:,,.X)q = o:,,(X,,,-|(q)) [i.e., = a,m_|(q)(XO,-|(q))].

It is not hard to check (Problem l) that o:,,X is C°° on o.'(M). In particular, we
have a vector field x,,X on x(U) C R". There is a function f: x(U) —> R"
with

(-x#X)q = f(q)q Q Rnqw

i.e., (x,,.X)q has “components” f1(q),. . ., f"(q). Gonsider the curve c = x op.
The condition

dp
I — X(P(5))

means that
dp... (5 = X<p<r>>;
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hence

d d
If I -'= xtpvk I) = 35* (Xi/7(0)) = (x=|=X)x(p(r))

= (x*X)c(r)-

If we use c"(t) to denote the ordinary derivative of the lR”—valued function c,
then this equation finally becomes simply

6'0) '= f(C(I))-

This is a simple example of a differential equation for a function c: R —> ll-R”,
which may also be considered as a system of 21 differential equations for the
functions cf,

c“(t)=ff(c'(t),...,c"(t)) t'=1,...,n.

We also want the “initial conditions”

03(0) = 15(19)-

Solving a differential equation used to be described as “integrating” the
equation (the process is integration when the equation has the special form
c"(t) = f(I) for f : R —> R, a form to which our particular equations never
reduce); solutions were consequently called “integrals” of the equation. Part of
this terminology is still preserved. A curve p: (——s, .9) —> M with

10(0) = P
dd-if = Xtpto)

is called an integral curve for X with initial condition p(0) = p. Similar ter-
minology is applied, of course, to the dififerential equations one obtains upon
introducing a coordinate system. For quite some time, we will work entirely in
Euclidean space, and for a while x, y, etc., will denote points of R”. If U C R"
is open and f: U —> R”, then a curve c: (-8, s) —> M with

c(0) = x x E U

6(1) = f(c(r))
is called an integral curve for f with initial condition c(0) = x.
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Before stating the main theorem about the existence and uniqueness of such
integral curves, we consider some special cases.

The equation for a curve c with range R,

ea) = -tr.-(1)12,
which would be written classically in terms of a function y: R —> R as

dy 2
2'; _ Ty 1-

is the special case f (a) = —a2. The standard method of solving this equation
is to write

d
la = dx
-1’
dy

1
—=x+C
Y

1y=?~x+C
Thus the cuwes I

“‘) = i+_c
are supposed to be solutions. This can be checked directly if you don’t believe
the above manipulations. (They really do make sense; the equation in question
asserts that y’ = f 0 y, so

( I y y’ 1-— 0 - = -
f 5

(F°J’)"=1
F0/(I))=I+C

hence, if F’ = 1/f, then

for some C.) To obtain the initial conditions c(0) = a, we must take
1

c(t) = in
I + 1/a

This works in all cases except a = 0. ln this case, the correct solution is

c(t) = 0 for all I
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(which we missed by dividing by y). In terms of vector fields, the curves c are
the integral curves of

d
A/(C1) = -—-£12-‘Eu

W 4 ---- .11 .. ~—4-ow —~ 1. 41-1. 4-.4 --C1 We ~
_l _l 0 1 12 4 4 2

Notice that no integral curve, except c(I) =- 0, can be defined for all I, even
though X is defined on all of R. It might be thought that this somehow reflects
the fact that X (0) = 0, but this has nothing to do with the case. For a > 0, the
curve c(I) = 1 / (I + 1/a) is defined for all large I, and as I —> oo it approaches,
but never reaches, 0. On the other hand, as I —> -1 /Ii the curve escapes to
infinity because the vector field gets big too fast. This will continue to be true
even if we modify the vector field near 0 so that it is never 0.

Another phenomenon is illustrated by the equation

c’<o = not”.
written classically as

dy 2/3
dx T y '

There are two different solutions with the initial condition c(0) = 0, namely

(l) c(I) = 0 for all I,

(2) c(I) = T29 for all I.

In this case, the function f, given by f(a) = I12/3, is not differentiable. Unique-
ness will always be insured when f : U —> R" is C 1, but it can also be obtained
with a rather less stringent condition. We say that the function f satisfies a
Lipschitz condition on U if there is some K such that

lf(X)—-f(y)|.sK|>~‘—-yl f<>ra1IX,yeU-
Notice that f(a) == I121’3 is not Lipschitz; in fact, there is no K with

lftx) "" f(0)| .5 K|>~'|
for x near 0, since

xz/3 2”
--— =x""'/3—> :l:oo as x—> 0”. f(x)=-"XA.
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A Lipschitz function is clearly continuous, but not necessarily differentiable (for
example, f(.>c) = |x|). On the other hand, a C 1 function is locally Lipschitz,
that is, it satisfies a Lipschitz condition in a neighborhood of each point—this
follows from Lemma 2-5. A Lipschitz function is also clearly bounded on any
bounded set.

The basic existence and uniqueness theorem for differential equations de-
pends on a simple lemma about complete metric spaces.

l. THEOREM (THE CONTRACTION LEMMA). Let (M,p) be a non-
empty complete metric space, and let f: M —> M be a “contraction”, that is,
suppose there is some C < 1 such that

otftx), ft)-')) 5 Cots.)/) for all my G M-
Then there is a unique x e M such that f(x) = x (the function f has a unique
“fixed point”).

PROOF. Notice that f is clearly continuous. Letxo e M and define asequence
{x,,} inductively by

x"'i'l = f(xR)a

i.e.,
X~+1=f”(I0)=f°f°"'°f(I0)-

ntimes

Then an easy induction argument shows that

Pixnixn-t-I) $ CnP(x0:xl)-

Thus

p(rn,x.,+i) s ptxi.-,xn+1) + - - - + p(x..+i-1 .rn+.t)
s <6" + - - - + C“*""')ptx@.x1)~

Since C < 1, the sum Z20 C" converges, so C”+- - -+C”‘*"l"'l —> O as n —> 00.
Thus the sequence {x,,} is Cauchy, so there is some x with

x = lim x,,. -
fl—'¥OO

Continuity of f then shows that

Q§.Of(x) -= lim f(x,,) -= lim x,,+| r x.
F|'—')OO II—')OO
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We are going to apply the Contraction Lemma to certain spaces of functions.
Recall that if (M, p) is a metric space and X is compact, then the set of all
continuous functions f : X —> M is a metric space ifwe define the metric O’ by

vtflg) == Sup atftX),stX))-
xeX

If M is bounded, then we do not even need X to be compact. Moreover, if M
is complete, then the new metric space is also complete; this is basically just the
theorem that the uniform limit of continuous functions is continuous, plus the
fact that each xlirréo f,(x) exists since M is complete. In particular, if M is a
compact subset of R", then the set of all continuous functions f: X —> M is
complete with the metric

<Itf,s) = llf ~ ell, where llfll = $l1P|f(X)|-
xeX

Our basic strategy in solving differential equations will be to replace differen-
tiable functions and derivatives by continuous functions and integrals. If U C
R" and f I U —> R" is continuous, then a continuous function (II (--b,b) —> U,
defined on some interval around 0, clearly satisfies

I Mr) -= fmo)
U 01(0) = x

if it satisfies the integral equation
I

(2) av) --= x + ( ftwtu)) du.
where the integral of an R”—valued function is defined by integrating each com-
ponent function separately. Conversely, if at satisfies (l), then or is differentiable,
hence continuous; thus oz’ ==- f o at is continuous, so

a(I) - x = oI(I) -—a(0) = fia"(u) du = [I f(oI(I;)) du.
0 0

For the proof of the basic theorem, we need only one simple estimate. If a
continuous function f: [o,b] —> R” satisfies | f I 5 K, then

f(u)du 5 K(b - o).

To prove this, we note that it is true for constant functions, hence for step
functions, and thus for continuous functions, which are uniform limits on [0, b]
of step functions.
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2. THEOREM. Let f: U —> R“ be any function, where U C R” is open.
Let x0 E U and let o > O be a number such that the closed ball B;,,(x0), of
radius 2o and center x0, is contained in U. Suppose that

) |f| s L on Fates)
() lftr) - f(y)| 5 KIX -1/I for my e §2e(X0)-

Choose b > 0 so that

( l 5 5- Q/L
( ) b < 1/K.

Then for each x e E,,(x0) there is a unique ax: (—-b,b) —> U such that

<Ix'tI) = ftorx (1))
oI,,(0) = x.

I\3'TZ."

>-PUD

PROOF Choose x e Ba (xo), which will be fixed for the remainder of the proof.
Let

M = {continuous oz: (-—b,b) —> §;;,,(x0)}.

Then M is a complete metric space. For each as e M, define a curve So: on
trbib) by I

So:(I)=x-t-A f(tx(u))du

(the integral exists since f is continuous on B2a(x0)). The cuwe Sat is clearly
continuous. Moreover, for any I G (-—b,b) we have

|-Mr)-x| = ftwtu>>du
< bL by

5 o by
n""'-wr"‘-w

()3\--|
éfléfl

Since |x -— x0| 5 o, it follows that |S0z (I) -— x0| < 2o, for all I E (-—b,b), so

(=t=) SO!(I) E B29 (X0) C B-29 (X0) f0I‘I G

Thus S: M —> M.
Now suppose oz, )3 e M. Then

use - so n = sgp £ft<1tu)) — ftfit-11)) at
< 1>1< sup late) -aw bye)

~b<u<b

= bK||°l "fill-
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Since we chose bK < 1 (by (4)), this shows that S: M —> M is a contraction.
Hence S has a unique fixed point:

There is a unique oi: (--b,b) —> B20060) with
I

Ct(I) =x+‘/(I) f(o:(u))du.

This, alas, is not quite what the theorem states. Having used the elegant Con-
traction Lemma, we pay for it by finishing off with a finicky detail:

The map at is the unique )3 : (-—b,b) —> U satisfying
I

no = X + [0 ftfi on du-
Reoson: We claim that any such )3 actually lies in §;a(A'0), in fact, in B;,,(x0).
Consider first numbers I > 0. We have already seen (statement (=t=)) that for
eachI with05I <b,

(=t==t=) fl(t) = x + ft f(fi(u)) du is in B2_,,(x0) [the open ball]
0

provided that

)3(u) G B;,,(x0) for all u with 0 5 u < I,

so certainly if

)3(u) E Bg,,(x0) for all u with 0 5 It 5 I.

We can now use a simple least upper bound argument. Let

A={It05I<17and)3(u)€B;,,(x0)for05u<I}.

Let at = supA. Suppose or < b. We clearly have ,B(u) e B2,,(x0) for 0 5 u < oz.
So fi(a) e B;,,(xq), by (=t=*). This clearly implies that )3(a + s) E Bga(XQ) for
sufficiently small s > 0, which contradicts the fact that or = sup A. So it must
be that supA == b. A similar argument works for --b < I 5 0.

To sum up, the unique fixed point ax of the map S is the unique curve with
the desired properties. '1'
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Notice that solutions of the differential equation

05(1) = f(°l(f))
remain solutions under additive changes of parameter; that is, if

- t3(1)=¢¥(‘0+1).
then

f3'(f) = <¥'(I0 +1) = f(°¢(l0 +I)) = f(t3(I))-
This remark allows us to extend the uniqueness part of Theorem 2.

3. THEOREM. Suppose f: U —> R" is locally Lipschitz, that is, around each
point there is a ball on which f satisfies condition (2) ofTheorem 2 for some K
(and hence also condition (l) for some L). Let x e U and let on ,a; be two maps
on some open interval I with a1(I),a;(I) C U and

on-’(l) == f(0u(I)) ,__ 1 2
01,-(0)=x T ’ '

Then oz] = (Z2 on I.

PROOF. Suppose oz] (I0) = O!2(I()) for some I0 E I. Ifwe define

fist!) = <Ii(lo +1),
then the functions )3; satisfy the same differential equation, )3,-’(I) = f()9,-(I)),
and have the same initial condition )3; (0) = oz] (I0) =-- tx;(I0) E U. Hence 51 (I) =
,8;(I) for sufficiently small I, by Theorem l. Thus the set

{I e 110-'1(I)"-'= 0120)}
is open. It is clearly also closed and non-empty, so it equals I. +9

We now revert to the situation in Theorem 2. We will write ozx (I) as a(I,x),
so that we have a map

Oil ('-O,b) X Ba(JtI0) —> U

satisfying

Q-§(0, X) = X

d
;1";tY(5ix)= f(°l(iiX))

[i.e., D1oz(I,x) = f(oz(I,x)), but we will frequently use 8/BI or d/dt in this
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discussion]. This map or is called a local flow for f in (-—b,b) >< B,,(x0). To
picture this map oz, the best we can do is to draw the images of the integral

B24 (X0)
It

curves ax. If y = ax(I0), then the integral curve ax with the initial condition
a,,(0) = x differs from the integral curve ay with initial condition Q‘.iy(0) = y
only by a change ofparameter, so the two images overlap. For each fixed x, the
mapI |—> a(I,x) for ~—b <I < b lies alongpart of the curve through x. On the
other hand, ifwe fix I, then the map

x |—> Cd(I,)C)

gives the result of pushing each x along the integral curve through it, for a time
interval of I. To focus attention on this map, we denote it by ¢,»:

¢,(x) = ci(I,x) [-== oIx(I)].

This map qt), is always continuous. In fact, the whole fiow or is continuous (as a
function of both I and x):

4. THEOREM. If f: U —> R” is locally Lipschitz, then the flow

oz: (-—b,b) >< B,,(.x0) —> U

given by Theorem 2 is continuous.

PROOF. Let us denote the map S defined in the proof of Theorem 2 by S1,
to indicate explicitly the role of x. Then

lltlx "- Syflfxll = llsxax "- Syflfxll == IX "- yi-
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Recall that

Ilsa " S13" S bK||°t *" I3||-
lf Sif denotes the n-fold iterate of Sy, then

||<>a - S;ax|| 5 ma - Sycix || + ||-mi - Siva || + - - - + ||$,’§"'<rx - S;ax||
lK K"-‘ - --— - .s<1+1> + +05) in y|.4,___,K|x yl

Recall also that in Theorem I the fixed point 0a,, of Sy is the limit of S,’,fo: for
any oz. Hence 0a,. = lim S,’§0z,,, so we obtain

H-¥OO

l
O! '"' Ci < i" I *"- .|| X J»’ll_ ,_,K| y|

Since ||ot,, '"'-Ofyll = sup |ot(I, x)--ot(I, y)|, this certainly proves continuity of oz. +I+
I

If additional conditions are placed upon the map f, then further smoothness
conditions can be proved for oz. In fact,

F f: U —> R" is Ck, then tfzeflowoti (——b,b) >< B,,(x0) —> U is also Ck.

Unfortunately, this is a very hard theorem. A clean exposition of the clas-
sical proof is given in Langs Introduction to Dfierentiable Manifillds (2nd ed.), and
a recently discovered proof can be found in Lang, Real and Functional Analysis
(3rd ed.), pp. 37l-379. In order to read this high—powered proof, you must first
learn the elements of Banach spaces, including the Hahn-Banach theorem, and
then read about differential calculus in Banach spaces, including the inverse and
implicit function theorems (Real and FuncIionaZAnalysis, pp. 360—365), but this is
probably easier than reading the classical proof (and, besides, when you’re fin-
ished you’ll also know about Banach spaces, and differential calculus in Banach
spaces).

We will just accept this fact. Notice that the maps qt), are consequently C°°
if f is C°°.

Since the map
oz: (-b,b) >< B,,,(x0) —> U

satisfies ot(0,x) = x, we have

<13 {0} >< Fa/2(X0) —> Ea/2050) C Ba(X0)-
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Continuity of at and compactness of {0} >< Ba/2(x0) imply that there is some
6 > O such that

C5: (""3>5) X Ba/2 (350) _* Ba (x0)-

l

B21: (X0) U Ba (X0)

[If x G Ba/2(x0), then the integral curve with initial condition x stays in Ba(x0)
for |I| < 8.]

So if |s| < .9, and x e Ba/;_(x0), then the point O!(S,X) E B,,,(x0), so we can
also define

3/(I) = O!(I,O!(S,)C)) |I| < 8.

This satisfies

1/(I) = ft:/(1))
3/(0) = oI(s,x).

We have also noted that

).‘3(I) = Ci(S + I,x), defined for |s +I| < 8,

satisfies

5'0) = f(l3(I))
)3(0) = ot(s,x).

Consequently, fi(I) ---: a(I,a(s,x)) for |I| < s. In other words,

if |s|,|I|, |s +I| < 8, then oI(I,ot(s,x)) ---: ot(s +I,x).

If we now let ¢,: Ba/;(x0) —> R" be ¢,(x) = ot(I,x) for x e Ba/g()C()), we can
say:

if |s|, |I|, |s +I| < e and x,¢>,(x) e Ba/;(x0), then
¢i(¢:(Il) = ¢>i+:(X)-

Roughly speaking, ¢I~+-S = ¢>; o qt), = <1’), 0 <,t>,. This shows, in particular, that for
|s| < 8 each ¢_,- is a diffeomorphism, with inverse ti),-"I = ¢>_._,. Everything we
have said, since it is local, can be resaid, without requiring any more proof, on
a manifold.
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5. THEOREM. Let X be a C°° vector field on M, and let p E M. Then there
is an open set V containing p and an s > 0, such that there is a unique col-
lection of diffeomorphisms <,t>,»: V —> ¢,(V) C M for |I| < s with the following
properties:

() ¢: (—e,1:)>< V —> M, defined by ¢(I, p) = <,t>,(p), is C°°.
(2) If |s|, |I|, |s +I| < e, and q,<i>,(q) e V, then

\--|

¢'s+r(9') -'= ‘Rs ° ¢'r(9')-

(3) If q e V, then Xq is the tangent vector at I = 0 of the curvet |—> ¢>,(q).

The examples given previously show that we cannot expect ¢, to be defined
for all I, or on all of M. In one case however, this can be attained. The support
ofa vector field X isjust the closure of {p E M: X,, 75 O}.

6. THEOREM. If X has compact support (in particular, if M is compact),
then there are diffeomorphisms <,t>,: M —> M for all I e R with properties (l),
(9), (3)-
PROOF. Cover support X by a finite number of open sets V1,. . . , V,, given by
Theorem 5 with corresponding .91, . . . ,e,, and diffeomorphisms of. Let e =
min(s|,...,1:,,). Notice that by uniqueness, ¢f(q) = ¢,’ (q) for q E V,- F1 V,-. So
We can define _

3 ' .¢t(q) : {¢r(§l) if 9' G V:

q if gt at support X.

Clearly qt): (—s,s) >< M —> M is C°°, and <,t>,.(., --= qt), o<,t>_, if |I|,|s|, |I + s| < 8,
and each ¢, is a diffeomorphism.

To define qt), for |I| 3 .9, write

I = k(s/2) + 1- with k an integer, and |1'| < s/2.

Let

¢ u (pg/2 0 - - - o (pg/2 0 (pr [¢E/2 iterated lf lIlI‘l1CS:| f0l‘ k Z 0

I <,t>.._,/2 o - - - o <,t>..,,/2 o qt), [¢..,.;/2 iterated -k times] for k < 0.

It is easy to check that this is the desired {¢v,}. '1'
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The unique collection {¢,} given by Theorem 6, or more precisely, the map
I |—> <,t>, from R to the group of all diffeomorphisms of M, is called a 1-parameter
group ofdiffeomorphisms, and is said to be generated by X. In the local case of
Theorem 5, we obtain a “local 1-parameter group of local diffeomorphisms”.
The vector field X is sometimes called the “infinitesimal generator” of {¢,}
(vector fields used to be called “infinitesimal transformations”).

Condition (3) in Theorem 5 can be rephrased in terms of the action of Xq
on a C°° function f: M —> R. Recall that

dc d c I5,-to = % -= (fa or)-
Thus, to say that X4 is the tangent vector at I = 0 of the curve t |—> ¢,(q)
amounts to saying that

(Xfm) : Xqf _,,i_)n0ft¢atq)f)—f(4)_

This equation will he used very frequently. The first use is to derive a corollary
of Theorem 5 which allows us to simplify many calculations involving vector
fields, and which also has important theoretical uses.

7. THEOREM. Let X be a C°° vector field on M with X(p) 75 0. Then there
is a coordinate system (x, U) around p such that

3
XW OI]

PROOF. It is easy to see that we can assume M = R" (with the standard coor-
dinate system I',...,I", say), and p = 0 e R". Moreover, we can assume that
X (0) = 3/BI‘ |0. The idea of the proof is that in a neighborhood of 0 there is a
unique integral curve through each point (0, a2, . . . , a”); if q lies on the integral

__ _ 4-,’?ii __,_,-f

T“""*-——— (0, 02
""'-\-._,_____‘

"'\-uq,-‘-__i

""'\-1-__ _ 5,; ~ ’/,./"'
________.____________._

\\)\



Vector Fields and Dgfihrmztial Equations 149

curve through this point, we will use 1:12,. . . , a" as the last n — 1 coordinates of q
and the time interval it takes the curve to get to q as the first coordinate. To
do this, let X generate qt), and consider the map X defined on a neighborhood
of 0 in R" by

;((a',...,a") =<,i>,,1(0,a2,...,a").

We compute that for a = (a',. . . , a"),

xe(% )(f)==% (fox)

= [33, ,f;;f<><<a' + /1.-22.. . . . a">> - ftxte))]
= )i_{n, %if(¢a1+h(0, at. . . . . -=r">) - ftxto))]
- )3, %if(¢1=(X(“)))— ftxt==1))]
= tXf)txte))-

Moreover, for 1' > 1 we can at least compute

xe(%0)tf)=-5?-gotfox)

=,{1I}},%[ftxt°,---./=,---,0)) - ft0)]
= lim l[f(0,...,h,...,0)-f(0)]

h—+0 /1

._ 3f
T BI?

Since X (0) = 3/BI‘ |0 by assumption, this shows that ;(,,,0 = I is non-singular.
Hence x = ;("" may be used as a coordinate system in a neighborhood of 0.
This is the desired coordinate system, for it is easy to see that the equation
X,,(3/31') = X 0 X, which we have just proved, is equivalent to X = 3/3x‘. +I*

The second use of the equation

tXf)te) = lim l[f(¢>a(P)) - mml1—>0 /2

is more comprehensive. The fact that Xf can be defined totally in terms of
the ClllT€0I'l10I‘])l1iSI'I1S ¢,=, suggests that an action of X on other objects can be
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obtained in a similar way. To emphasize the fundamental similarity of these
notions, we first introduce the notation

Lxf f0!‘ Xf.

We call LXf the (Lie) derivative of f with respect to X; it is another function,
whose value at p is denoted variously by (L,rf)(p) = LXf(p) == (Xf)(p) =
Xp(f). Now if w is a C°° covariant vector field, we define a new covariant
vector field, the Lie derivative of to with respect to X , by

. l(Lx w)(p) = A111}, ;[(¢i*w)(p) - w(p)]-

This is tlie limit of certain members of Mp*. Recall that if XP E Mp, then

(¢i*w)(p)(Xp) = w(¢h(P))(¢h*XP)-
A fairly easy direct argument (Problem 8) shows that this limit always exists,
and that tlie newly defined covariant vector field LX w is C°°, but we will soon
compute this vector field explicitly in a coordinate system, and these facts will
then be obvious.

lf Y is another vector field, we can define the Lie derivative of Y with respect
toX,

_ l
(LXY) 2 Ely}? "" (¢'i1*Y)P]-

The vector field ¢;,,,,Y appearing here is a special case of the vector field oz,,,Y
defined at the beginning of the chapter, for oz: M —> N a diffeomorphism and Y
a vector field on M. Thus (¢>;,,,. Y)P = ¢;,,,,(Y¢__h(p)) is obtained by evaluating Y

3* ¢i»"l (P) = ¢-4, (p), and then moving it back to p by ¢;,*.

/ Pintegral curve
I *—> MP) Y¢'-!:(P)

of X through p Q5-hip)

(¢'Ii=r Y)p

The definition of LXY can be made to look more closely analogous to Lgf
and Lxw in the following way. If oz: M —> N is a diffeomorphism and Y is a
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vector field on the range N, then a vector field a'*Y on M can be defined by

(°¢*Y).v = (°!"])*(Y=1(P))-

Of course, oz*(Y) is just (a""),,.Y. Now notice that

_ 1 . Y —(<;i>;,*Y) , 1,§1_1g;;[<¢,.*Y)p - YP] = pg P ” ~ go-,;[Yp - (¢'--k*Y)p]
= gin, %tYp ~ (¢>k*Y)p] = <Lm<p>-

Nevertheless, we will stick to the original (equivalent) definition.
Vile now wish to compute LXw and LXY in a coordinate System. The cal-

culation is made a lot easier by first observing

8. PROPOSITION. If L); Y; and L); w; exist for i = 1,2, then

(I) Lx(Yi + Y2) = LXY1 + Lx Y2,
(2) Lx(wi +012) = Lxwi + Lxw2-

If LXY and Lxw exist, then

()LXfY=Xf'Y+f'LXY>
( Lxf- =Xf'w+f-Lxw) w .

Finally, if w(Y) denotes the function p |—> w(p)(Y_,,) and LXw and LXY exist,
then

(5) Lx(w(Y)) = (Lx w)(Y) + w(LxY)-

>-PKUO

PROOF. (l) and (2) are trivial. The remaining equations are all proved by the
same trick, the one used in finding (fg)" (x). We will do number (3) here.

<L.t»fY> - lim limo ""(¢h*fY)]
p'_I1->0}? P P

_ l
=,II1i% ,?[f(p)Y,0 T ¢'Il=i=(fY)¢_._;,(p)]

= 31% %tf<p>Yp - f(¢--h(P))¢h=i=Y¢.._;,(p)]
. l"=,€1_I;%f(p)E[Yp - ¢'h*Y¢_;,(p)l

+ iii-fa ¢,,*y¢__h(p)_
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The first limit is clearly f(p) - LX Y(p). In the second limit, the term in brackets
approaches

liml 2 Xflp)’
k—+0 -—k

while an easy argument shows that ¢;,,,, Y¢,__,,(p) —> Yp. '1'

‘We are now ready to compute LX in terms of a coordinate system (x, U)
on M. Suppose X = XL, a"3/Bx‘. We first compute LX (dxi ). Recall (Prob-
lem 4-l) that if f : M —> N and y is a coordinate system on N, then

f*(dyl) =fi dxj.
jzl xi

We can apply this to <;'>;,*, where y is x. Then

LX (Mir) = 335;, % t<¢».*>dx‘<p> - dr’(p)]

= ,l,1_,n}, 5 Z: fizi;-?Q(1>)dX"(p) -' dX‘(p)] -
\-_..

1:
Q:

Now the coefficient of dxj (p) is

- 1 3(Xl°¢t) r__- l 3(Ii°¢h) 3(Xi°¢'0)i!lL“@zlW*“‘1"l1lL‘%,;;l ax: ”‘P>c at-1 ‘ml
3 - : :(*) = g ,l,1__)I'% %[(X °¢>1i) - (X °¢>0)l

P

{this step will be justified in a moment}
3 - Ba‘

= '3; P X(X') = '3F(P)-

To justify (=i=) we note that the map A(fz,q) = xi (¢»;,(q)) is C°° from R >< M
to R; thus 32A/Ezlhaxj = 32A/Bx]. Biz, which is what the interchange of limits
amounts to.

It now follows that ,, .
. B ' .

Lxdx' =g5%dx’.

We could now use (2) and (4) of Proposition 8 to compute LXw in general, but
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we are really interested in computing LX Y. To compute LX(3/Bxl ) we could
imitate the calculations of LX dxi; but there would be a complication, because
¢;,,,, on vector fields involves one more composition than ¢;,* on covariant vector
fields. The trick needed to deal with this complication has already been used to
prove (3), (4), and (5) of Proposition 8, and we can now use (5) to get the answer
immediately:

i i 3 :' 3 :' 3OZLX 51- '-ZLX [dx =(LX

SO _
- 8 3 ’

dx' ‘-== — -éi;xj xj

thus,
3 H Ba‘. 3

L15? "- -
Using (3) we obtain .

. 3 . 8 . 3
1"‘? = L J - "i. J "i.LX (I7 axj) X17 ax,-l-17 LX (axj)

n - n -,8b1 a ,a@= a
“Q” wt?-gb inw-

Sumniing over j and then interchanging f and j in the second double sum we
obtain

" " ,abi ,a@i a " , a ” , a
L"‘Y=§(§“ w""’ Hg" W’ Y=,§"w~
This somewhat complicated expression immediately leads to a much simpler

coordinate—fi'ee expression for LX Y. If f : M —> N is a C°° function, then Yf
is a function, so X Yf = X(Yf) makes sense. Clearly

"la “ -if .-war .--W
I J] :1

5: 8 _= 3x1 __ Bx 3x1 3x131

The second partial derivatives which arise here cancel those in the expression
for Y(Xf), and we find that

LXY = XY — YX, also denoted by [X, Y].
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Often, [X, Y] (which is called the “bracket” of X and Y) is just defined as
X Y — YX; note that this means

lX>YlP(f) = Xplyfl _ YP(Xf)-

A straightforward verification shows that

[X, Ylptfg) = f(P)[X, Ylplg) + g(P)[X, Ylptf),

so that [X, Y]P is a derivation at p, and can therefore be considered as a member
of Mp.

We are now in a very strange situation. Two vector fields LXY and [X, Y]
have both been defined independently of any coordinate system, but they have
been proved equal using a coordinate system. This sort of thing irks some
people to no end. Fortunately, in this case the coordinate-free proof is short,
though hardly obvious.

ln Chapter 3 we proved a lemma which for the special case of R says that a
C°° function f: (—s,£) —> R with f(O) = 0 can be written

f(I) = Est!)

for a C°° function g: (—s,s) —> R with g(0) = f*'(0), namely

1
g(t)=-A f’(st)ds.

This has an immediate generalization.

9. LEMMA. lf f: (-2,:-:) >< M —> R is C°° and f(0,p) = 0 for all p E M,
then there is a C°° function g: (—s,s) >< M —> R with

ftw) = Istw)
aa—{(0,P) == s(0,p)~

PROOF. Define
' ago, P) = ( first P)d3- ~=~
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l0. THEOREM. If X and Y are C°° vector fields, then

LX1’ = [X, Y].
PROOF. Let f: M —> R be C°°. Let X generate <,t>,, |I| < 2. By Lemma 9
there is a family of C°° functions gr on M such that

f°¢1=f+‘gr
8'0=Xf-

Then

(¢'h=rY)p(f) ='—“ ¢h*(Y¢-J';(_P))(.f) = Y¢_,,(p)(f O ¢h)
='—" Y¢_i.u>)(f + /18/1),

SO

330 %tYp — (¢h=i=Y)Pl(f) = gs, ,-';t<Yf><p> — (Yf)(¢--h(P))l
— ,]i_I%(Y£,’h)(<i>-t(P))

= (LX rm») ~ <Yg@><p>
= Xpiyf) — Yp<Xf>- ~=~

The equality LXY = [X, Y] = XY — YX reveals certain facts about LXY
which are by no means obvious from the definition. Clearly

so

Consequently,
LXY = —LyX, so LXX =0.

Since we obviously have LX (a Y1 + bY;) = HLX Y1 + bLX Y2, it follows imme-
diately that L is also linear with respect to X:

L4,;/,+g,_;/21’ = HLXI Y -l— bLX2Y.

Finally, a straightforward calculation proves the ‘jacobi identity .

[X,[Y,Z]] + [Z, [X,Y]] + [Y,[Z,X]] = 0.

This equation is capable of two interpretations in terms of Lie derivatives:

(l Lx[Y=Zl = [LxY,Zl+ [Y,LxZl,
(b) as operators on C°° functions, we have

L[X,y] = LX 0 Ly — Ly O LX (wllitill might be written 21$ [LX, Ly]].

N
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Finally, note that LX Y is linear over constants only, not over the C°° functions 5*“.
In fact, Proposition 8, or a simple calculation using the definition of [X, Y],
shows that

[fX,gY] = fg[X,Y]+ f(Xg)Y -—g(Yf)X-
Thus, the bracket operation [ , ] is not a tensor—that is, [X, Y]], does not de-
pend only on X], and Y], (which is not surprising—what can one do to two
vectors in a vector space except take linear combinations of themi’), but on the
vector fields X and Y. In particular, even if X], = 0, it does not necessarily
follow that [X, Y]], =—_~ 0—in the formula

[X,Ylp(f) = Xp(Yf) "* Ypt/Yf)
the first term X],(Yf) is zero, but the second may not be, for Xf may have a
non-zero derivative in the Y], direction even though (Xf)(p) 2 0.

The bracket [X, Y], although not a tensor, pops up in the definition of prac-
tically all other tensors, for reasons that will become more and more apparent.
Before procecding to examine its geometric interpretation, we will endeavor
to become more at ease with the Lie derivative by taking time out to prove
directly from the definition of LXY two facts which are obvious from the defi-
nition of [X, Y].

(l) LXX = 0.
lf X generates qty, it certainly suffices to sliow that (¢;],, X)], = X], for all /1.

Recall that (¢>;,,,X)], = <]i>;,,,X,],__,,(],). Now X,],__],(],) is just the tangent vector at

Xv
P

'Y¢'--hip)
¢'--ll

time t = -—/i to the curve t |—> gt), (p), and thus the tangent vector, at timer = 0,
to the curve

I/(Z) 2 ¢'I--li(p)-

Thus ¢v;,,, X],__,,(],) is the tangent vector, at time I 2 0, to the curve

¢l1° I/(I) "Z ¢l:(¢I--it = ¢'I

But this tangent vector is just X],.



l/Ector fields‘ and ])§*jTei"en tzial Equations 15 7

(2) If X], and Y], are both 0, then LXY(p) = 0.
Since X], = 0, the unique integral curve c with c(0) = p and dc/dz = X (c (I ))

is simply c(z) = p (an integral curve starting at p can never get away; conversely,
of course, an integral curve starting at some other point can never get to p).
Then Y], = 0 and

(¢h*Y)p : ¢/1* Y¢_,_;, (p) = ¢'h>i= Yp = ¢l:=r0 = 0:

so LX Y(p) = 0.

To develop an interpretation of [X, Y] we first prove two lemmas.

l l. LEMMA. Let oz: M —> N be a diffeomorphism and X a vector field on M
which generates {¢,}. Then a:,,X generates {oz o qt‘), o cz'"' }.

PROOF. We have

(QY»=X)q(f) 2 l0‘5*Xa"‘l(q)l(f)

= Xa""l(q)(f Oa)

= ,]i_I:10%l(f°a)(¢li(Ci“l(9'))) — (f =w)tw"'<q>)1

= ]i_q, %[f(°l 0 ¢,. O or‘ an — f(q)]- ~:+

12. COROLLARY. Ifoe: M -> M, then a,,X == X ifand only if ¢>,ooz = o:o¢,
for all t.

l3. LEMMA. Let X generate {¢,} and Y generate {gm}. Then [X, Y] —-= 0 if
and only if qt), o tbs = 1,0, o qt), for all s,I.

PROOF. If ¢; 0 1,0, = 1,0], o qt), for all S, then ¢:*Y = Y by Corollary l2. If this
is true for all t, then clearly LXY == 0.

Conversely, suppose that [X, Y] = 0, so that

. _ l
(=l=] 0 = ]1_m) Z[Y,] -— (<,t>;,,, Y)],] for all q.

Given p E M, consider the curve CI (--6, 6) —> M], given by

Z (¢]*Y)p.
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For the derivative, c"(r), of this map into the vector space M], we have

do = 33;], ,';tc<r + /1)~ cm]
=,§i_,11;,;;t<¢[,+;.,.Y),, - <¢,.r),1

_ 1
= },1_,"}, ;l¢r* (¢>h»= Y)¢_..tp> "' ¢- Y¢_..<p>l

. 1
= ¢I* {,]1_,"}, ;l(¢h*Y)¢-.itp> "' Ya-1 uni}

= ¢r,(0) 11sing(*) with 9' = ¢’-.=(P)
=. 0.

Consequently c(I) = c(0), so ¢,,,Y = Y. By Corollary l2, ¢>,- 0 tbs = 1,0, 0 qt), for
all s,t. '1'

We have already shown that if X (p) ¢ 0, then there is a coordinate system x
with X = 3/3x‘. If Y is another vector field, everywhere linearly independent
of X, then we might expect to find a coordinate system with

3 3
‘*> X-555 Y='w¢—2'
However, a short calculation immediately gives the result

3 3 _ 0
3x‘ ’ F — ’

so there is no hope offinding a coordinate system satisfying (*) unless [X, Y] = 0.
The remarkable fact is that the condition [X, Y] = 0 is sqflicient, as well as
necessary, for the existence of the desired coordinate system.

14. THEOREM. If X1, . . . , X], are linearly independent C°° vector fields in
a neighborhood of p, and [X,,,,X],] = 0 for 1 5 o:,fi 5 k, then there is a
coordinate system (x, U) around p such that

3
Xa: OI'l U, (IT-.l,...,l€.

PROOF As in the proof of Theorem 7, we can assume that M = R", that
p = 0, and, by a linear change of coordinates, that

3
Ci-'=l,...,/{.

0
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If XC] generates {¢}"}, define X by

;((a',...,a") = (pg, (¢fi,(. . . (¢:]‘].(0,.. . ,O,a"“*",...,a")) ...)).

As in the proof ofTheorem 7, we can compute that

3
,1 mi = ,...,k3 X (0) at], 0 or 1it» >13:" 3

0 min Qlzk-l-l,...,H.

Thus x = ;(""' can be used as a coordinate system in a neighborhood of p = 0.
Moreover,just as before we see that

3
X]

Nothing said so far uses the hypothesis [X,,,,X];] -== 0. To make use ofit, we
appeal to Lemma 13; it shows that for each ca between 1 and k, the map X can
also be written

X(a1,...,a”) =¢§a(¢>,:](...(0,...,0,a"‘H,...,a")...)),

and our previous argument then shows that

X], = '1'

We thus see that the bracket [X, Y] measures, in some sense, the extent to
which the integral curves of X and Y can be used to form the "coordinate
lines” of a coordinate system. There is a more complicated, more difiicult to
prove, and less important result, which makes this assertion much more precise.
If X and Y are two vector fields in a neighborhood of p, then for sufiiciently
smal; h we can

(1) follow the integral curve of X Y
through p for time fr;

(2) starting from that point, follow the
integral curve of Y for time I2;

(3) then follow the integral curve of X X
backwards for time h; p

(4) tlien follow the integral curve of Y
backwards for time /1. Y

X
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If there happens to be a coordinate system x with x(p) = 0 and

3 3
Xx? m——-

3x1’ Y 3x2’

then these steps take us to points with coordinates

M-"NF.-"W" -/~,_/:3

(haoaos so)

(/I,/1,0
(0, /1,0, ,0)
(0,0,0,...,0),E

so that this “parallelogram” is always closed. Even when X and Y are (linearly
independent) vector fields with [X, Y] ;é 0, the parallelogram is “closed up
to first order”. The meaning of this phrase [an extension of the terminology
“c = 3/ up to first order at 0”, which means that c’ (0) = 3/(0)] is the following.
Let t-(ft) be the point which step (4) ends up at,

‘ c
\

¢‘(/1) = it-/I (¢-h (Wt (¢h (OD)-

Then the cuwe c is the constant curve p up to first order, that is,

15. PROPOSITION. C10) = 0.
PROOF. Ifwe define

011 (I,/1) = ¢i(¢t(P))
420» /1) = ¢>-1 (W (¢1»(P)))
‘I39, /1) = W-r(¢-h('#;i(¢h (P)))),

then
c(t) = tx3(t,t).

Moreover,

Q3ll 0!2(0=5)=0!1(1=I)
(bl a3(0:t):a.-7-(tar)
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and for any C°° function f: M —> R,

(C)  mYfoCi|

(<1) @ = -—Xfotxg
(e)  = --Yfoozg

while

(I) Ow. /1) = Xft<><1<0./1))-
Consequently, repeated use of the chain rule gives

(f ° CH0) = D1(f °<¥3)(9=0) + D2(f ° <¥3)(9=9)
= D1(f°0!3)(9=0)

+ [D1(f ° <¥2)(9»9) + D2(f° <12)(9, 9)] “Sing (bl
= Ditf °<¥3)(9=0) + D1(f°<¥2)(9,0)

+ [D1 (f 0 cz|)(0,0) + D;z(f o0z|)(0,0)] using (a).

Thus, (c), (d), (e), and (f) give

.0 0:0tf 0 ¢')’(0) = ~Yf(p) - Xftr) + Yftr) + Xftr) =
Whenever we have a curve c: (--s,.<:) —> M with c(0) = p and c’(0) = 0 E

M],, we can define a new vector c”(0) or dzc/dt2|0 by

c”w)tf> = (f Q c>”<0>~
A simple calculation shows, using the assumption c’(0) = 0, that this operator c” (0)
is a derivation, c”(0) e M],. (A more general construction is presented in Prob-
lem l7.) It turns out that for the curve c defined previously, the bracket [X, Y]],
is related to this “second order” derivation. Until we get to Lie groups it will
not be clear how anyone ever thought of the next theorem. The proof, which
ends the chapter, but can easily be skipped, is an horrendous, but clever, cal-
culation. It is followed by an addendum containing some additional important
points about differential equations which are used later, and a second addendum
concerning linearly independent vector fields in dimension 2.
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16. THEOREM. mo) = 2[X, Y]],.
PROOF. Using the notation ofthe previous proof, since (fo c) (I) = (foa3)(t,t)
we have

(*) (f 0 ¢)”(°) = 131,1 (f 0 <¥s)(0,0) + 292,1 (f °¢¥s)(0>0) + D2.2(f Q <Ia)(°i9)-

Now

r""""qas
(1) D1,: (f °0t3)(9,0) = D1('—Yf °0t3)(9,0) by ll

= YYf(P) by
We also have

(2) 2D2,1(f ° 0l3)(0>9)
= 2D! (“Yf ° Q3) by (Pl
= 2[D1(Yf 0 O!2)(0,0)

+ D2(Yf 0 0l2)(0,0)] by ( ) and the chain rule

=2XYf(r) ~2Dz(Yf<>ou)(0,0) by
x 2XYf(p) -— 2[D1(Yf 0 a|)(0,0)

+ D2(Yf 0 c¢])(O, 0)] by ( ) and the chain rule

= 2XYf(P) " 2YYf(P) '"' 3XYf(P) by l l and (ll

23¢"

Q3

C‘)

Since (b) gives

D2(f ° 0ls)(0,$) = D1(f 0 0l2)(S,-Y) + D2(f ° °t2)(S,S),

we have

(3) D2.2(f° 0¢s)(9,9) == D1,1(f 0 O12) (9, 9) + 2132,: (f0 012) (9, 0)
+ D2,2(f ° <¥2)(0=0)

Z D|(--Xfoczg)(0,0) + 2D;_>(-'Xf ocz;_)(0,0)

+ D2,2(f ° 0l2)(0»0) by (d)
='- XXf(P) "" 2[D1(Xf<>tI1)(0=0) + D2(Xf 00.'1)(0,9)l

+ D;,;(f 0 a;)(0,0) by (d) and the chain rule

= XXf(r) -— 3YXf(P) - 2XXf(r)
+ D2,2(f ° <¥2)(9>0) bl’ (C) and (ll
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Finally, from

D2(f °<¥2)(0,~Y) = D1 (f ° <¥1)(S,S) + D2(f °<¥2)($>~Y) (from (all

we have

(4) D2,2(f ° 0i2)(0,0) = 131,1 (f ° ¢¥1)(0,0)
+ 2D2,1(f ° 0l1)(0>9) + D2,2(f ° <¥1)(9>9)

= YYf(r) + 2XYf(r) + XXf(r)
by (c) and

Substituting (l)-(4) in (=|=) yields the theorem. '1'
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ADDENDUM 1
DIFFERENTIAL EQUATIONS

Although we have always solved difierential equations

3
-,;a(t,x) = f(a(t,x))

with the initial condition
a(0,x) = x,

we couldjust as well have required, for some to, that

a(t0,x) = x.

To prove this, one can replace 0 by to everywhere in the proof of Theorem 2,
or else just replace or by I |—> a(t —r0,x).

Another omission in our treatment of differential equations is more glaring:
the differential equations a"(t) = f(o:(t)) do not even include simple equations
ofthe form o:"(t) = g(t), let alone equations like o:"(t) = to:(t). In general, we
would like to solve equations

35~<I(I,x) = f(I,w(I,X))
<X(0,x) ==-"X,

where f: (—c,c) x U —> R". One way to do this is to replace f(a(t,x)) by
f (t,oz(t,.r)) wherever it occurs in the proof. There is also a clever trick. Define

fr (—c,c') >< U —> R"'H

by _
f(S,X) = (1, f(»Y,X))-

Then there is a flow (6z',6z2) == ti: (-—b,b) >< W —> R >< R" with

§<itw.x) =-= ft<i<r.s,x))
oi(0,s,x) = (s,x).

For the first component function 6:‘ this means that

3 -1-50: (t,s,x) =1

&'(O,s,x)=--s;
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thus
c'é'(I,s,x) =3-t-I.

For the second component (E2 we have

'a%&2(t:Ssx) = f(&(t>Ssx))

= f(¢i1(I,S,X),<32(I,S,x))
= f(s+ t,6e2(r,s,x)).

Then
fi(t,x) = ts’-’(r,0,x)

is the desired flow with

gr tr. X) -= me (rm)
,8 (0,x) = x.

Of course, we could also have arranged for B (t0,x) == x (by first finding 6:
with 6z(t0,s,x) = (s,x), not by considering the curve r |—> fi(t --t0,x)).

Finally, consider the special case of a linear differential equation

Oftf) =s(t)~<I(t),
where g is an n >< n matrix-valued function on (a,b). In this case

ftwt) ='-" st!) -X-
If c is any n >< n (constant) matrix, then

tc ~@¢)’(I) = c -av) = st!) - me)
so c-oz is also a solution of the same dififerential equation. This remark allows us
to prove an important property of linear differential equations, distinguishing
them from general differential equations tx"(£) = f(t,cz(t)), which may have
solutions defined only on a small time interval, even if f : (a,b) >< R" -> R"
is C°°.

l7. PROPOSITION. If g is a continuous n >< n matrix-valued function on
(a,b), then the solutions of the equation

0/<1) = em -wit)
can all be defined on (a,b).
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PROOF. Notice that continuity of g implies that f (t,x) = g(t) - x is locally
Lipschitz. So for any to E (a, b) we can solve the equation, with any given initial
condition, in a neighborhood of to. Extend it as far as possible. If the extended
solution or is not defined for all I with to 51 <1 l1, let 1| be the least upper bound
of the set of t’s for which it is defined. Pick )9 with

]3'(t) = g(t) -]6(t) fort near I1

591) 5'5 9~

Then ]6(t*) 75 0 for 1* < £1 close enough to I]. Hence there is c with

tr - rite) = wt")-
By uniqueness, c - ,8 coincides with oz on the interval where they are defined.
l liI.1$ cz ma he extended ast £1 as c - , a contradiction. Similarl or must beY P Y,

defined for all I with a < t 5 to. '1'
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ADDENDUM 2
PARAMETER CURVES IN TWO DIMENSIONS

If f : U —> M is an immersion from an open set U C R" into an n—dimen-
sional manifold M, the curve I |—> fl[a1,...,a,-__1,t,a,-,,.1,...,a,,) is called a
parameter curve in the 1' ‘h direction. Given n vector fields X1, . . . , X,, defincd
in a neighborhood of p E M and linearly independent at p, we know that thcre
is usually no immersion fi U —> M with p G f(U), whose parameter curves
in the ith direction are the integral curves of the X,-—for we might not have
[X,-,X]-] = 0. However, we might hope to find an immersion f for which the
parameter curves in the ith direction lie along the integral curves of the X]-, but
have di1"ferent parameterizations. A simple example (Problem 20) shows that
even this modest hope cannot be fulfilled in dimension 3.

On the other hand, in the special case of dimension 2, such an imbedding
can be found:

l8. PROPOSITION. Let X|,X; be linearly independent vector fields in a
neighborhood of a point p in a 2-dimensional manifold M. Then there is
an imbedding f: U —> M, where U C R2 is open and p e f(U), whose id‘
parameter lines lie along the integral curves of X,-.

PROOF. We can assume that p == 0 E R2, and that X]-(0) = (e,-)0. Every
point q in a sufficiently small neighborhood of 0 is on a unique integral curve
Of X1 through a point (0,x2(q))—we proved precisely this fact in Theorem 7.
Similarly, q is on a unique integral curve of X; through a point (x' (q),0).

-Y2 (<1) ll q

I T it‘ (<1)

The map q |—> (xl (q),.\'2(q)) is C°°, with _]acobian equal to I at 0 (these facts
also follow from the proof of Theorem 7). Its inverse, in a sufliciently small
neighborhood of 0, is the required diffeomorphism. '2'
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Vile can always compose f with a map of the form (x, y) |—> (a(x), B(y))
for dififeomorphisms or and B of R, which gives us considerable flexibility If,
for example, C C R2 is the graph of a monotone function g, then the map

C .

(x, y) |—> (x, g(y)) takes the diagonal {(x, x)} to C. Moreover, for any particular
parameterization c = (c;,c'2): R —> R2 of C, we can further arrange that (‘(1')
maps to (e(t),c(r)), by composing with (x, y) l—> (c]""(x), y). Consequently,
we can state

l9. PROPOSITION. Let X;,X; be linearly independent vector fields in a
neighborhood of a point P in a 2—dimensional manifold M, and let c be a
curve in M with c(0) = p and c’(z) never a multiple of X; or X2. Then there
is an imbedding f: U —> M, where U C R2 is open and p G f(U), whose ilh
parameter lines lie along the integral curves of X]-, and for which f(t, I) = c(r).
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PROBLEMS

1. (a) Ifozi M—> Nis C°°, then 05*: TM—> TN is C°°.
(b) If oz: M —> N is a diffeomorphism, and X is a C°° vector field on M, then
o:,,,X is a C°° vector field on N.
(c) If 0:: IR —> R is 01(2) = :3, then there is a C°° vector field X on R such that
a:,,.X is not a C°° vector field.

2. Find a nowhere 0 vector field on 1R such that all integral curves can be defined
only on some interval around 0.

3. Find an example of a complete metric space (M, p) and a function f : M —>
M such that p(f(x),f(y)) <1 p(x,y) for all x,y e M, but f has no fixed point.

4. Let f: (~—c,c) x U >< V —> R" be C°°, where U, V C R” are open, and let
(xo, yo) E U >< V, Prove that there is a neighborhood W of (xo, yo) and a num-
ber b > 0 such that for each (x,y) E W there is aunique cc = a(x,y): (--b,b) —>
U with cz'(r) E V for I E (--b,b) and

0¢”(f) = f(r,0¢(I)=0¢'(f))
01(0) = x

(1/(0) = y.

Moreover, if we write a(x,,.)(t) = a(r,x,y), then oz: (--b,b) >< W —> U is C°°.
Hint: Consider the system of equations

0/(I) = 5(1)
fiW)=fmwvLMO)

5. We sometimes have to solve equations “depending on parameters”,

3(*) 5<r(r.y.>~') = f(I, ynrtr. y.X))
M0. y. I) = 1',

where f: (--c,c) >< V x U —> R", for open U C IR" and V C Rm, and we are
solving for a(_,,,x): (--Z7, b) —> U for each initial condition x and “parameter” y.
For example, the equation

oft!) = wt!)
01(0) == X,
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with solution
cx(r) = X83”,

is such a case.

(a) Define _
f: (—-c,c)><V><U—>lR”‘><lR"

by _
ftrmr) = (0,f(r.r.X))-

If (6z‘,6z2) = 6:: (-b,b) >< W —> Rm >< IR" is a flow for f in a neighborhood of
(y0,x0), so that

a_ _-_
a,v¢(r.y.X) f (r.<>1(r.y,>v))

&(0$ y! A’) == (J?! x)!

show that we can write

'50,)/»>~') 7' (y’a(!:y»x))

for some oz, and conclude that ca satisfies (=|=).
(b) Show that equations of the form

3
(=l==!=) 5oz(r,x) = f(z,x,a(r, x))

o:(0, x) = x

can be reduced to equations of the form (=t=) (and thus to equations

%<1(r.x)= f(<1(r,x)),

ultimately). [VVhen one proves that a Ck function f: U —> R" has a Ck flow
oz: (-b,b) >< W —> U, the hard part is to prove that if f is C‘, then or is
difilzreiitiable with respect to the arguments in W, and that if the derivative with
respect to these arguments is denoted by D201, then

(***) D; D;o:(r,.r) = D;f(a(r,x)) - D;o:(r,x)

(a result which follows directly from the original equation

D;a(:,x) = f(a(z,.\'))

if f is C2, since D;D2 = DZD1). Since (=t==i==t=) is an equation for D20: of the
form (am), it follows that D20: is diHCI‘€l1[i&blC if Dgf is C‘, i.e., if f is C2.
Difierentialuility of class Ck is then proved similarly, by induction.]
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6. (a) Consider a linear difierential equation

05(1) = 3'(I)°((f),

where g: IR —> R, so that we are solving for a real-valued function ca. Show
that all solutions are multiples of

av) 2 efg(r)dr

where fg(r) dz denotes some function G with G'(r) = g (one can obtain all
positive multiples simply by changing G). The remainder of this problem inves-
tigates the extent to which similar results hold for a system of linear difierential
equations.
(b) Let A = (a,-J-) be an n >< n matrix, and let |A| denote the maximum of all
|flgj|. Sl'l0W ll‘l3.l

IA + Bl 5. I/4|+ IBI
IABI sfll/1! - IBI-

(c) Conclude that the infinite series of n >< n matrices
A A2 A3 A4

converges absolutely [in the sense that the (i, j)‘h entry of the partial sums
converge absolutely for each (i, j)] and uniformly in any bounded set.
(d) Show that

exp(TAT"l) = T(expA)T"'}.
(e) If AB = BA, then

exp(A + B) = (exp A)(exp B).

§“;t4_+_W_(§£)(§§5)+R
p=0 _- p=O p=0 N

Hint: Write

and show that IRNI —> 0 as N —> 00.
(Y) (exp A)(exp --A) == I, so exp A is always invertible.
(g) The map exp, considered as a map exp: lR"2 —> lR“2, is clearly difierentiable
(it is even analytic). Show that

¢><p’<@><B> = B (= ¢><p<@> ~ B)-
(Notice that for |A|, the usual norm of A G R"2, we have |A| 5 |A| 5 n|A|.)
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(h) Use the limit established in part (g) to show that exp’(A)(B) = exp(A) - B
if AB =.- BA.
(i) Let A: R —> lR"2 be difierentiable, and let

3(1) =-' @><P(A(I))-

If B’(r) denotes the matrix whose entries are the derivatives of the entries of B,
show that

B10 = /11:) - ¢><P(/10)).
provided that A(r)A'(r) 2 A’(r)A(r). (This is clearly true if A(s)A(r) 2 A(t)A(s)
for all s,r.)
(j) Show that the linear differential equation

oft!) = gt!) -01(1)
has the solution I

o:(r) = exp (i g(s) ds)

provided that g(s)g(r) = g(t)g(S) for all s, r. (This certainly happens when g(t)
is a constant matrix A, so every system of linear equations with constant co-
efiicients can be solved explicitly—the exponential of [J g(s) ds =-. zA can be
found by putting A in_]ordan canonical form.)

7. Check that if the coordinate system x is x = )("'i, for X: R" —> M, then
X = 3/3.1" is equivalent to ;(,,,(3/31') = X 0 X.

8. (a) Let M and N be C°° manifolds. For a C°° function f: M >< N —> R
and gr e N, let f( - ,q) denote the function from M to R defined by

P I—> f(19,17)-

If (x, U) is a coordinate system on M, show that the function 3f/Bxi , defined
by

5-,=(P,q) = "-§"'(P),

is a C°° function on M >< N.
(b) If <35: (——s,e) >< M —> M is a l—parameter group of diffeomorphisms, show
that for every C°° function f : M —> R, the limit

;li_I;T:)'fi1'lf(¢h(P))'" ma]
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exists, and defines a C°° function on M.
(c) If ¢*: (—£,£) >< TM —> TM is defined by

¢*(t= U) = ¢r=|=(v),

show that ¢,.. is C°°, and conclude that for every C°° vector field X and covari-
ant vector field 0) on M, the limit

ggno ';;l(¢h*w)(-Yp) - we->1
exists and defines a C°° function on M.
(d) Treat LXY similarly.

9. Give the argument to show that ¢;,,,.Y¢_,,(_,,; —> Yp in the proof of Proposi-
tion 8.

10. (a) Prove that

L,-((f-oa)=Xf-cv+f-L,-(co

LXlfv(Y)l = (LXw)(Y) + ¢v(LXY)-

(b) How would Proposition 8 have to be changed if we had defined (LX Y)(p)
as

_ 1,ig_1_~,_no ;.;t<¢t..Y>,., — 11,1?
11. (a) Show that

¢*(df)(Y) = Y(f °¢)-
(b) Using (a), show directly from the definition of Ly that for Y G Mp,

lLX df(P)l(Yp) z Yp(LXf),

and conclude that
LX df = d(L,vf).

The formula for LX dxi , derived in the text, is just a special case derived in an
unnecessarily clumsy way. In the next part we get a much simpler proof that
L,-(Y = [X, Y], using the technique which appeared in the proof of Proposi-
tion l5.
(c) Let X and Y be vector fields on M, and fr M —> IR a C°° function. If X
generates {¢,}, define

oz(t,h) == Y¢_,(,,)(f 0 ¢;,).
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Show that

D;0z(O,O) = —Xp(Yf)
D20:'(O, 0) =

Conclude that for c(h) = o1(h, h) we have

—~C"(0) = LxY(P)(f) = [X, Y]p(f)-

12. Check the Jacobi identity.

13. On R3 let X, Y, Z be the vector fields

3 3X = _ - -
23y ‘V32:

3 3
Y = —.'Z— '—

3x + A 32
3 3

Z = — — ———.
y3x x3y

(a) Show that the map

aX+bY +cZ v—> (a,b,c) e R3

is an isomorphism (from a certain set of vector fields to R3) and that [U , V] |—>
the cross-product of the images of U and V.
(b) Show that the fiow of aX + bY + cZ is a rotation of R3 about some axis
through O.

14. If A is a tensor field oftype on N and ¢: M —> N is a diffeomorpliism,
we define ¢*A on M as follows. If v|, . . . ,vk G Mp, and M, . . . , K; G Mp*, then

l¢*A(P)](v| , - - - Mt, M , - - - ,1!)
= A<¢u»))t¢.v.....,¢.vi. t¢">*i......t¢*'>*m.

(a) Check that under the identification of a vector field [or covariant vector
field] with a tcnsor field of type [or type this agrees with our old ¢* Y.
(b) If the vector field X on M generates {¢>,}, and A is a tensor field oftype
on M, we define

(LX/Dip) = ,p;n0;1;t<¢,.*A><p> - Arm].
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Show that

LX(/1 -l" B) = LXA -l" LXB

Lxl/1 ® B) = (LX/1) ® 3+ A one
(so that

Lx(f/1) = X(f)/4 + f-LXA)>
in particular).
(c) Show that

LX,.;.X2A = LX,/1 + LX2/1.

Hint: We already know that it is true for A of type (E), (ii),
(d) Let

C: rm/>—> I/:;'tv>
be any contraction

(CT)(v1,---,v1<-|,l|,---Jr-1)
= contraction of

(v,k) |—> T(v|,...,v,,,_.|,v,v,,,_;.|,...,vk_|,k|,...,}\5_|,l,l5+|,...,)\;__;).

Show that
LX(CA) = C(L,vA).

(e) Noting that A(X| , . . . , Xk, w| , . . . ,w;) can be obtained by applying contrac-
tions repeatedly to A ® X| ® - - - ® X;, ® w| ® ---® 0);, use (d) to show that

LX(A(X;,...,X;<,w|,...,w;))
=(LX/1)(X|,...,Xk,(z)1,...,(z),~')

k

+Z:A(X;,...,L,vX,-,...,X;,,w|,...,w;)
i=1

I

+ Z:A(X1,...,X;,,w;,...,LXw;,...,w;).
t'=I

. . n I n

(f) If A has components A,il‘_'_'_',fi in a coordinate system x and X = Z 0'3/3x’,
i=1

show that the coordinates of LXA are given by
:1 J’!---1'! k rz -

J1---J! _ ' It---11¢ J1---J -11.! +1---J!
(LXA)i1---is _ Ea‘? _ 2 Z: Ail---1'1.-G U 3,1-1'

1'=| cz=| j=|

I rz '- - 30’+ 2 :A!""." .. ._,-_
1]..-Ja_]llQv_|_]-.Jk ax;a,

otwl :'=l
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15. Let D be an operator taking the C°° functions F to 37, and the C°° vector
fields '17 to V, such that D: 37 —> F and D: '17 —> '17 are linear over IR and

D(fY)=f-DY+Df-Y.

(a) Show that D has a unique extension to an operator taking tensor fields of
type to themselves, such that

D is linear over IR

( D(A®B)=DA®B+A®DB

( for any contraction C, DC = CD.t_>oy~Q’I"'_.
‘-u_t/‘-u_/‘-u_/

If we take Df = Xf and DY = L,-(Y, then this unique extension is Ly.
(la) Let A be a tensor field oftype so that vge can consider A(p) G End(_/lép);
then A(X) is a vector field for each vector eld X. Show that if we de ne
D,;f = O, DAX == A(X), then DA has a uni-que extension satisfying (l), (2),
and (3).
(c) Show that

(DA w)(1>) = —A(1>)*(w(P))-
(d) Show that

LIX = fLx — DX®df-
Hint: Check this for functions and vector fields first.
(e) If T is of type show that

I’! H N

(DA r)jj' .-= Z r,j”.4f, + Z :r,j".4,{ - Z T3343.
aml 0:=| ct‘-=-I

Generalize to tensors of type

16. (a) Let f: IR —> IR satisfy f"(O) = O. Define g(t‘) = fort‘ 3 O. Show
that the right-hand derivative

I . (/)— (0) f”(0)so ’ 1. g 2 ~
(Use Taylor’s Theorem.)
(I3) Given ct IR —> M with c'(O) = O E Mp, define 7/(I) = for I Z O.
Show that the tangent vector c”(0) defined by c”(O)(f) _-= (f 0 c)”(O) can also
be described by c”(O) = 2)/"(0).
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17- (a) Let f: M —> IR have p as a critical point, so that ft), = O. Given
vectors Xp’ Y), e Mp, choose vector fields X, Y with X}, = X), and Y), = Yp.
Define

f..t/Y... Y,» = Xptrfa.
Using the fact that [X, Y]_,,(f) = 0, show that f,.,,(X_,,, Yp) is symmetric, and
conclude that it is well—defined.
(b) Show that

rz rz g 8 rz _ _ 32]-

f i" , bl i. )3 Gib)"-?T(p).fml P 3x1 P wig, 3a 3x1

(c) The rank of (32f/3x"3x1' (p)) is independent of the coordinate system.
(d) Let f: M —> N have p as a critical point. For Xp, Y), e M and g: N —> IR
define ~ ~

f|=*(X: Y)(g) = XP(Y(g °

Show that

fr-*5 MP X MP _* Nftp)
is a well-defined bilinear map.
(e) If c: IR —> M has 0 as a critical point, show that

takes (1g,lg) to the tangent vector c”(O) defined by c”(O)(f) = (f 0 c)”(O).

18. Let c be the curve of Theorems I5 and I6. If x is a coordinate system
around p with x(p) = O, and

rz _ 8

Z (iii? :|‘D 3x ,,

show that
f@UD=aWL+MFL

where 0(t2) denotes a function such that

1m0Myfi=u
r—>0

19. (a) If M is compact and O is a regular value of f : M —> IR, then there is
a neighborhood U of O e IR such that f"(U) is diffeomorphic to f'"'(0) >< U,
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by a diffeomorphism ¢>: f"(O) >< U —> f"(U) with f(¢(p,t)) = I. Hint:
Use Theorem 7 and a partition of unity to construct a vector field X on a
neighborhood of f‘i(O) such that f,,X = d/dt.
(b) More generally, if M is compact and q e N is a regular value of f: M —>
N, then there is a neighborhood U of q and a diffeomorphism ¢: f‘! (q) X U —>
f“ (U) with f(¢(P=q’)) = q’-
(c) It follows from (b) that if all points of N are regular values, then f_l(q1)
and f"(q2) are diffeomorphic for qhq; sufficiently close. If f is onto N, does
it follow that M is diffeomorphic to f"(q) x N?

20. In IR3, let Y and Z be unit vector fields always pointing along the y- and
:—axes, respectively, and let X will be a vector field one of whose integral curves
is the x-axis, while certain other integral curves are parabolas in the planes
y = constant, as shown in the first part of the figure below. Using the second
part of the figure, show that Proposition I8 does not hold in dimension 3.

Z

,P\ J,

a

I

+~+ r—~> > > Jt _

/ 0



CHAPTER 6

INTEGRAL MANIFOLDS

PROLOGUE

A mathe1natician’s reputation rests on Beauty is the first test: there is no
the number of bad proofs he has given. permanent place in the world for
[Pioneer work is clumsy] ugly mathematics.

A. S. Besicovitch,
quoted in E. Littlewood, G. H. Handy,
A M'at/zernaiiciarfs /ldzlrcellany A Mal/zernalicianir /1fl0[0g_’)‘

In the previous chapter, we have seen that the integral curves of a vector field
on a manifold M may be definable only for some small time interval, even

though the vector field is C°° on all of M. W'e will now vary our question
a little, so that global results can be obtained. Instead of a vector field, sup-
pose that for each p G M we have a l—dimensional subspace AP C Mp. The
function A is called a I-dimensional distribution (this kind of distribution has
nothing whatsoever to do with the distributions of analysis, which include such
things as the “ti-function”). Then A is spanned by a vector field tocalty; that is,
we can choose (in many possible ways) a vector field X such that O # Xq G Aq
for all q in some open set around p. We call A a C°° distribution if such a
vector field X can be chosen to be C°° in a neighborhood of each point.

For a I-dimensional distribution the notion of an integral curve makes no
sense, but we define a (1-dimensional) submanifold N of M to be an integral
manifold of A iffor every [J G N we have

f,,.(N_,,) = AP where ii N —> M is the inclusion map.

For a given p G M, we can always find an integral manifold N of a C°°
distribution A with p G N; we just choose a vector field X with O 79 Xq G Aq
for q in a neighborhood of [2, find an integral curve c‘ of X with initial condition
0(0) = p, and then forget about the parameterization of c, by defining N to be
{c(I)}. This argument actually shows that for every p G M there is a coordinate
system (x, U) such that for each fixed set of numbers az, . . . ,a", the set

{I1 E U I rztq) = H2. - --.x"(q) = r1”}
179
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is an integral manifold of A on U, and that these are the only integral manifolds
in U.

This is still a local result, but because we are dealing with submanifolds,
rather than curves with a particular parameterization, we can join overlapping
integral submanifolds together. The entire manifold M can be written as a
disjoint union of connected integral submanifolds of A, which locally look like

--i-i-.--.-"-

(rather than like

.--.._..--i._..._. -___.i,,,_

' icated. For example, there is a distribution
mfolds all look like the dense l—clin1ensional

or sometlnng even more compl )
on the torus whose integral ma ' .

submanifolcl pictured in Chapter 2. On the other hancl, there is a distribution
on the torus which has one compact connected integral manifold, and all other

integral manifolds non-compact. It happens that the integral manifolds of these
two distributions are also the integral curves for certain vector fields, but on the
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Mobius strip there is a distribution which is spanned by a vector field only
locall )4

,fl|||t|IlIII IIlIIIlIlIlIl](|.

\'\le are leaving out the details involved in fitting together these local integral
manifolds because we will eventually do this over again in the higher dimen-
sional case. For the moment we will investigate higher dimensional cases only
locally.

A lt'~dimensional distribution on M is a function p |—> AP, where AP C MP
is a k—dimensional subspace of MP. For any p G M there is a neighborhood U
and k vector fields X,,. ..,Xk such that X|(q),. ..,X;P(q) are a basis for AP,
for each q G U. We call A a C°° distribution if it is possible to choose C°°
vector fields X1, . . . ,XP with this property, in a neighborhood of each point p.
A (lc-dimensional) submanifold N of M is called an integral manifold of A if
for every p G N we have

t'...(NP) = AP where 1' : N —> M is the inclusion map.

Although tlic definitions given so far all look the same as the l-dimensional
case, the results will look very different. In general, integral manifolds do not
exirl, even locally.

As the simplest example, consider the 2-dimensional distribution A in IR3 for
which AP --: A(P,P,P; is spanned by

-2- + bi and 3- .
3x P 3:: P 3}‘ P

Th us
3 3 3

AP={r—-- +s—-- +bt'—_ :r,sGIR}.
3:. P 3yP 3; P

Ifwe identify TIR3 with IR3 >< IR3, then AP consists of all (r,s,br)P. Thus AP
may be pictured as the plane with the equation

2-c=b(x—-a).
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The figure below shows AP for points [2 = (a,b,O). The plane A(,,,,;,,c; through
(a, b,c-) isjust parallel to the one through (a,b,O).

_ __ i /.///4,//;/ 4//

yawya
\\\*:\ \

Ifyou can picturc this distribution, you can probably see that it has no integral
manifolds; a proof can be Qven as follows. Suppose there were an integral
manifold N of A with O e N. The intersection of N and {|[0,y,z)} would be a
curve y in the (y, :)-plane tlirougli O whose tangent vectors would have to lie
in the intersection of A(@,,.,,; and the (y, 2)-plane. The only such vectors have
third component O, so 7/ must be the y-axis. Now consider, for each fixed yg,
the intersection N O {(x,_vg, 2)}. This will be a curve in the plane 1[ (x, y@,z)}
through (O, y@,O), with all tangent vectors having slope yo, so it must be the
linc {[X, yo, y0x)}. Our intcgral manifold would have to look like the following
picture. But this submanifold cloes not work. For example, its tangent space at
(I, O, O) contains vectors with third component non-zero.

//
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To see in greater detail what is happening here, consider the somewhat more
general case where A(,,,;,,,,) = AP is

3 3 3
AP : {T 5'; p'l' S5; P + [?'_f((I,b)‘l'Sg((I,b):| g P I i',S E

geometrically, AP is the plane with the equation

Z T“ C z f(a:b)(x -T (I) T”

As in the first example, the plane A(,,,;,,c) through ((1, b,c) will be parallel to
the one through (a,b, O), since f and g depend only on a and b.

\'Ve now ask when the distribution A has an integral manifold N through each
point. Since AP is never perpendicular to the (x, y)-plane, the submanifold is
given locally as the graph of a function:

N = {(X,y.-r-J II = 01(I,y)}- /

Now the tangent space at p == (a,b,01(a, b)) is spanned by

3 301 3_.... _ ,5 _
3x P + 3x(a ) 8;:

a +31 Mi
Byp 3y(a’ 32

These tangent vectors are in AP if and only if

3rm») = -‘~”-(ma,3x
3gtmn = altamn.

J’

So we need to find a function 0:: R2 —> IR with
301 3

l*l E=f= i=8-
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It is wcll-known that this is not always possible. By using the equality ofmixed
partial derivatives, we find a necessary condition on f and g:

af 3g

In our previous example,

3
f(a1b):=b: ix]:3y
g(a:b):0: ' _"-:0:

so this necessary condition is not satisfied. It is also well-known that the neces—
sziry COI1Clili0I1 (=i==e=) is sziflirient for the existence of the function or satisfying (=i=) in
a neighborhood of any point.

0. PROPOSITlON. If f,g: R2 —> IR satisfy

3f as
(**) = 5";

1

in a neighborhood of O, and :9 e IR, then there is a function oz, defined in a
neighborhood of O G R2, such that

oe(0,0) = :0
30:

[=i=) 3x -T f
30: __
3y H gi

PROOF. We first define 0z(x,0) so that a(0,0) = :0 and

tn §~§<>:,o> = ./ti-.0); _ 3 “!£*°> A

namely, we define
X

0z(,\',0) = :0 +f f(r,0)dr.
0
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Then, for each x, we define 0e(x, y) so that

—— x = g .1 } lllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll
namely, we define

1'
@1(><,y) --= 01(>~',0)+f gt/1', I) dr

0
x y

=.:@+f f(r,0)dr+~/Q g(x,r)dr.
0 o

This construction does not use (=i=*), and always provide us with an or satisfy—
ing (2), 30:/3y : g. We claim that if [>i==:=) holds, then also 30:/3x = f. To prove
this, consider, for each fixed x, the function

y I—> gi-f(x,y) — f(X,y)-
It

This is 0 for y = 0 by (I). To prove that it equals 0 for all y, we just have to
show that its derivative is O. But its derivative at y is

3101 af a 30: af
5~5;(A.y) — §};(x,y) -— 5; (my) — a—~y(x,y)

3 3= git-i-,y> - ai;<x.y> by (2)
= O by (ms). '1'

We are now ready to look at essentially the most general case of a 2-dimen-
sional distribution in R3:

3 3 3
Ap={r5~;p+S53-I-p+[I'f(P)-l'Sg(]J)]$pIIQSGIR},

where f,g: R3 —> IR. Suppose that

N = {(x,y,z) : 2 = a(x,y)}
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is an integral manifold of A. The tangent space of N at p = (a,b,0e(a,b)) is
spanned, once again, by

3 30: 3_ _.._ ,1; _._.
3x,,+3x(a )3z

a 301 a
_""" ab """'ay, 3y ” lag

These tangent vectors are in AP if and only if

30:
f(H.b,v1(-4.5)) = gtrub).

(*) 301
g(aa bi GT0‘: I 5;(a: b)‘

In order to obtain necessary conditions for the existence of such a function 0:,
we again use the equality of mixed partial derivatives. Thus (=t=) and the chain
rule imply that

2ii"-tab) = 9-{<a.b.a<a.b>> + aiY~.b,a<~,b>> - aim 11>3y3x 3y 32 3y

32 3 3 3-_9’»<~.b> = 5-<~.b.a<~.b>> + -§i<a.b.<i<a.b>> - -°i<a,z>>.3.x3y 3x 3; 3y

This condition is not very useful, since it still involves the unknown function 0:,
but we can substitute from [>:=) to obtain

3 3,,—£(~.b.aw.b>> + ,—{<a.b,<i<a.b>> - g<~,b.<it~.b>>
= §~'§;w.b.a<a.b>> + %‘§w,b.<i<~.b>> - nu. b.a<~.b>>.

Now we are looking for conditions which will be satisfied by f and g when
there is an integral manifold of A through every point, which means that for each
pair (a, b) these equations must hold no matter what a(a, b) is. Thus we obtain
finally the necessary condition

if if -95 as
l**) 3y+3z g”a>é+az'f'
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In this more general case, the necessary condition again turns out to be suf-
ficient. In fact, there is no need to restrict ourselves to equations for a single
function defined on R2; we can treat a system of partial differential equations
for 1: functions on Rm (i.e., a partial differential equation for a function from Rm
to R"). In the following theorem, we will use I to denote points in Rm and x
for points in R"; so for a function f: Rm >< R" —> Rf‘ we use

3f
§ f0r Df f,

3f
axi f0!" Dm+f f.

1. THEOREM. Let U >< V C Rm >< R" be open, where U is a neighborhood
of 0 e Rm, and let fi: U >< V —> R" be C°° functions, for 2' = l,...,m. Then
for every x G V, there is at most one function

oz: W —> V,

defined in a neighborhood W of O in Rm, satisfying

01(0) = x

(ii) go) =f,-(i,a(i)) for all I e w.
(More precisely, any two such functions 0:1 and 01;, defined on W1 and W2, agree
on the component of W| fl W; which contains O.) Moreover, such a function
exists (and is automatically C°°) in some neighborhood W if and only if there
is a neighborhood of (O,x) e U >< V on which

3f‘ aft H 3f‘ H afi . .
[*>l=) T';—$+EaT';cfik—Zfi_)3'k=0 l,_]=I,...,I7’I.

k=:1 k=1

PROOF. Uniqueness will be obvious from the proof of existence. Necessity of
the conditions (>z==:=) is left to the reader as a simple exercise, and we will concern
ourselves with proving existence if these conditions do hold. The proof will be
like that of Proposition O, with a different twist at the end.

Vile first want to define o1(t,O, . . . , O) so that

0e(0,0,...,O) =x
(1) a£(I,0,...,O)=fi(I,O,...,0,0((I,O,...,O)).
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To do this, we consider the ordinary differential equation

151(9) = X
fi1’(r) = f1(r.0..._.0,fi1(r)).

This equation has a unique solution, defined for ltl < 2;. Define

w(r,0,....0) = 1510) lrl < £1.
Then (l) holds for lrl < 2;.

Now for each fixed I‘ with lt‘| < s1, consider the equation

=0z(t1,0,...,0)
: f2(I1:t=0:---=O!fl2(r))'

This has a unique solution for sufficiently small I. At this point the reader must
refer back to Theorem 5-2, and verify the following assertion: If we choose 2;
sufiiciently small, then for it‘; < 2| the solutions of the equations for ,6; with
the initial conditions 132(0) = oz(t‘,0, . . . ,0) will each be defined for it} < £2 for
some £2 > 0. We then define

'¢'1>‘0:>"*1fig \\-n-/\\-u-/

o1(r‘,r,0,...,0)=,62(z) |t'l<s;,lt|<a;.

Then
01(0,0,0,...,0)=x

3°’ | | |(2) F0 ,r,0,...,O) =f;(r ,r,0,...,0,a(z ,r,0,...,O))

1:‘: <£|,lrl <81-
W’e claim that for each fixed I1 with |I|] < 2| we also have, for all I with |I| < £2,

3°‘ 1 1 1(3) O=g(t‘)=- F0 ,r,0,...,O)— f|(r ,t,0,...,0,0z(t ,r,0,...,O)).

Note first that

(4) g(0) = 0 by (1)-
We now derive an equation for g’(t). In the following, all expressions involv~
ing or are to be evaluated at (I1, t, 0, . . . , 0) and all expressions involving j} are
to be evaluated at (t1,I, 0, . . . ,0,0z(t1, I, 0, . . . ,0)). W'e have

320: afl " af, 30:!’I T; T;

g (fl 3I23t'1 an ,2 ask ail’



Integral Manfiicir 189

and thus

, a 30: af, af, ,,
(5) 8(F)=§‘,T(5§)—g2'—l§;é?f2 l3Y(2)

3f; " 3f;i30/‘ af, ” afi ,, .
=w+,§fisF-as-ggnrfe ">’l2)"‘g“““
= % + [s"(r)+f1f‘]

lc-=1 8 i

af, " aft ,, . .- 5 - 2 5; fa by Cl6fin1t10I1, (3)
rt

if ,,,—_§g*(r> by an
=1

1!

Now equation (5) is a differential equation with a unique solution for each
initial condition. The solution with initial condition g(0) = 0, given by (4), is
clearly g(I) = 0 for all 1'. So (3) is true.

It is a simple exercise to continue the definition of or until it is eventually
defined on (—e1,s;) >< >< (——e,,, en) and satisfies (=i=). *1‘

Theorem l essentially solves for us the problem ofdeciding which distributions
have integral manifolds. Our investigation of the problem so far illustrates one
basic fact about theorems in differential geometry:

Many of the fundamental theorems of differential geometry fall into
one of two classes. The first kind of theorem says that if one has a
certain nice situation (e.g., a distribution with integral submanifolds
through every point) then certain other conditions hold; these con-
ditions are obtained by setting mixed partials equal, and are called
“integrability conditions”. The second kind of theorem justifies this
terminology, by showing that the “integrability conditions” are suffi-
cient for recovering the nice situation.

The remaining parts of our investigation, in which we will essentially begin
anew, illustrates an even more important fact about the theorems of differential
geometry:

There a|'e always incredibly concise and elegant ways to state the in-
tegrability conditions, and prove their sufficiencyg without ever even
mentioning partial derivatives.
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LOCAL THEORY

If f: M —> N is a C°° function, and X and Y are C°° vector fields on M
and N, respectively, we say that X and Y are f-related if fl,.,,(X,,) = Yflp) for
each p e M. If g: N —> R is a C°° function, then

Ymits) = fitpXp(.s)
Z O Jr):

5° (Yn@f=wnf@m.
Conversely, if this is true for all C°° functions g: N —> R, then X and Y are
f-related.

Of course, a given vector field X may not be f-related to any vector field Y,
nor must a given vector field Y be f-related to any vector field on M. In one
case, the latter condition is fulfilled:

2. PROPOSITION. Let f: M —> N be a C°° function such that f is an
immersion. If Y is a C°° vector field on N with

Yftpi '5 fP*(MP)v
then there is a unique C°° vector field X on M which is f-related to Y.

PROOF. Clearly we must define Xp to be the unique element of Mp with
Yfm = f,,...X,,. To prove that X is C°°, we use Theorem 2-l0(2): there are
coordinate systems (x, U) around p e M and (y, V) around f(p) e N such
that

J’° fo x_I(a1:\"".\an) = (aI‘J"'Jan‘JO$"'$O)'

This is easily seen to imply that

fr .) =
Thus if '1 l_ 3

K Y = go: $5,

where 01' are C°° functions, then

X=ir§s
i=1

where 015 0 f = 135. This implies that the functions ,3’. are C°° (Problem 3). *3‘

The most important property of f-relatedness for us is the following:

3. PROPOSITION. If X,- and Y,» are f-related, fori = l,2, then [X1,X;] and
[Y|, Y2] are f-related.
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PROOF. If g: N —> IR is C°°, then

(ll (Ys8)°f=X:(§°f) i=1,2-
So

{lYi, Yzlgl ° f = {Y1(Y2£)} ° f - {Y2(Y18)} ° f
= X1 ([162] O f) — X2([Y1s] <> f)

by (l), with g replaced by Ygg and Ylg, respectively

= X1(X2(£ ° f)) — Xz(X1(§ 0 f)) by (1)
= IX1,-1’z](£ ° f)- *9

Now consider a k-dimensional distribution A. \'Ve will say that a vector
field X belongs to A if Xp E AP for all p. Suppose that N is an integral
manifold of A, and I: N —> M is the inclusion map. If X and Y are two vector
fields which belong to A, then for all p E N there are unique Xp, Yp G Np such
that

Xp = i*X_,,, Yp = J',,.Yp.

In other words, X and X are i-related, and Y and Y are i-related. Proposition 2
shows that X and Y are C°° vector fields on N, and Proposition 3 then shows
that [X, Y] and [X, Y] are 1'-related. Thus

i*]:¢17, Z [X,

Here [X, Y]], G Np; this therefore shows that [X,Y]], G AP. Consequently, if
there is an integral manifold of A through every point [1, then [X, Y] also belongs
10 A.

For a moment look back at the distribution A in R3 given by

8 3 8A,,_{i5A~;p+s5~;p+[:f(p)+sg(p)]$p. .=,selR}.

The vector fields 3 3
X = —-- + f—

3). 3‘- ¢-

3 3
Y=—~»- —

3y +832
belong to A. Using the formula on page l56, we see that

3 3 3 3 3tX,Y1= (§-£+fa—f-g-55»)-;.
This belongs to A only when the expression in parentheses is 0, which is precisely
the condition For A to have an integral manifold through every point.
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In general, A is called integrable if [X, Y] belongs to A whenever X and Y
belong to A. This condition can be checked fairly easily:

4. PROPOSITION. If X1, . ..,X;, span A in a neighborhood U of p, then A
is integrable on U if and only if each [X,-, is a linear combination

k

tnm=Zqn
|2‘=]

for C°° functions C3-.

PROOF. Such functions clearly exist if A is integrable, since [X,-,X;]q G A4,
.i1ich is spanned by the X.,(q). Conversely, suppose such functions exist. If X

and Y belong to A we can clearly write
k

X = Z.r~X.»
I2]

k

Y = Z:3i-Yr
I'=]

To prove [X, Y] belongs to A, it obviously suffices to treat each If}-X,-,g,-Xj]
separately. Since we have

lfX.gY] = fg[X. Y] + f(Xg)Y — g(Yf)X.
clearly [fX,gY] belongs to A if X, Y and [X, Y] do. *Z*

We are now ready for the main theorem. It is equivalent to Theorem l; in
fact, Theorem l can be derived from it [Problem 7). But the proof is quite
different.

5. THEOREM (THE FROBENIUS INTEGRABILITY THEOREM;
FIRST VERSION). Let A be a C°° integrable k—climensional distribution
on M. For every [J E M there is a coordinate system (x, U) with

>~'(1>) = 0
x(U) = (—-e,e) >< >< (-—e,e),

such that for each ak+', . . . , 0" with all [ail < e, the set

{Q e U1»-*+‘<q>= W‘. x"<q> = as
is an integral manifold of A.

Any connected integral manifold of A restricted to U is contained in one of
these sets.
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PROOF. We can clearly assume that we are in IR", with p : O. Moreover, we
can assume that Ag C lR"0 is spanned by

3 3
8:‘ 0"“ 8:!‘ 0

Let rt: IR“ —> Rk be projection onto the first k factors. Then rt.,.: A0 —> Rko is
an isomorphism. By continuity, rt... is one-one on Aq for q near 0. So near O,
we can choose unique

X1(q),---,Xk(€?)€ A1,?

so that
3

IF*X,'(q)=i. l'=i,...,k,

33" rrtq)

Then the vector fields X,- (on a neighborhood of O G IR") and 3/3!" (on Rk) are
rt-related. By Proposition 3,

3 3
J'1'#]:A,ia Z

=0.

rte)

But, [X,:, X_;]q E Aq by assumption, and rt... is one-one on Aq. So [X;, = O.
By Theorem 5-14, there is a coordinate system x such that

3 .
/Y;"-=5 1:1,.-.,k.

The sets {q G U: xk+'(q) = a"‘+',...,x"(q) = 0"} are clearly integral man-
ifolds of A, since their tangent spaces are spanned by the 3/3x" = X; for
i = 1, . . . , k.

If N is a connected integral manifold of A restrictcd to U, with inclusion map
i: N —> U, consider d(x"’ o 1') for k + l 5 m 5 ii. For any tangent vector Xq
of Nq we have

=0,

since i,,.Xq G Aq, which is spanned by the 3/3x="|q for j == l,...,k. Thus
d(x"‘ o 1') = O, which implies that x"' o 1' is constant on the connected mani-
fold N. *I*
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GLOBAL THEORY

In order to express the global results succinctly, we introduce the following
terminology.

If M is a C°° manifold, a (usually disconnected) k-dimensional submani-
fold N of M is called a foliation of M if every point of M is in [some com-
ponent of) N, and if around every point [J E M there is a coordinate system
(X, U), with

x(U) = (-e,e) >< >< (—e,e),

such that the components of N H U are the sets ofthe form

{q e v: x"+'<q> = a"+',...,x"<q> = as rm < 8.
Each component of N is called a folium or leaf of the foliation N. Notice that
two distinei components of N OU might belong to the same leafofthe foliation.

\ Q -. \

\‘ \ \

I
I

*' I / 1 / /
L i W _

6. THEOREM. Let A be a C°° k-dimensional integrable distribution on M.
Then M is foliated by an integral manifold of A (each component is called a
maximal integral manifold of A).

"-,_,_.-

__-- .-I‘,
__’

.-1"’
-

-
"'-

""'-__ - -
-,_ "'-.|-

PROOF. Using Theorem l-2, we see that we can cover M by a sequence of
coordinate systems (x,-, U,-) satisfying the conditions of Theorem 5. For such a
coordinate system (x, U ), let us call each set

{q G U: xk+1(q) :ak+l’ ‘H, xn(q) zan}

a slice of U.
It is possible for a single slice S of U,- to intersect U; in more than one slice

of Uj, as shown below. But S O U; has at most countably many components,



Inregral Jlflangfilcir 195

and each component is contained in a single slice of U; by Theorem 5, so S FlU_;
is contained in at most countably many slices of Uj.

, ,.-.-.t‘-;»‘fi'i—-i=‘;:'->.-._,;,-- =,-; .. =7.;._..;,¢;_._ 3,; .._. 51‘. s?-.-9.’; I
-..-----'\-—--- . ' I---'-:-‘-11* 1§=?.;;'sl.-=.=iI-1::‘.€§'=;-- :~-==: =2~...,:-" ..-:;;:*:.‘-‘T'¥£§;- -,1-1:-;.-'"-1-'=:2-.::.:v '-'-Y1-\:§1‘,;-- _.::1-:.-:.-:..;-,5-::.3-1-.3? ='*:-.""..::-r.--\-¢-- >-~p- /.'*:-J .-..»- -'.'.’\‘~ --

_-___~_U-\__\,_______ ..,, _.., -_ .¢-- - - ,._‘_,>.1.. _.-_=-‘.3.,13.§';='-15-ii?ifQildisitl'$2r,5;.;;tj1i-*_1:J(l'f='ll'- . an-.21
;; _;:<;-€‘:!¢?.|L:1:-.P§§Y‘:F-"' ' *‘-}'.';.":'._N;:j-1}. ';‘.i.'.-21_..- { .1--1"-<-'-L . .-:' --"--1' >. --, -_:\1;-3,;':*~.:= ;=§es;=.%r5:-2- 5 .=--= ".';.a'=;i\.t<::}-. -'-."-.;>=:~.

"'92 i§5i~“==*".=JFI3*-‘E '-I*I‘1??=

"-s~"‘ =15=1‘-'-=.§;-;=~. 2:452;$ ‘ f§'E".\'..';i!;: ."-1.=-
=-=‘;1'-;'.l§;‘_.f'-rkiy. 1551.2&'~i:’>'»;'- ;=;»;;ie* =52 ;=§
;r_;-=;;:-z_|}'=§-jig .5;.%i-

Y: Ci" - 51 1-E? 5%}-‘;

-?='-§?'-’==1-ti:= .1515"

$ ::'=.‘=‘-t:'l\I;!\-;!=;-; __ ..=:-*:’t'z-=i¢f?I'
‘ 2»-,, r

!

-5-0. -1'5;-;~t;=.'-.'-s ’-= -:2"--11.5%‘-'-.1..-'.=.;';é.-.2" -" ..:f.-'= '
'1? -. " -.'.§.=;¢:='.-.:’f-;--‘‘:1.-_-.;f.-= .::;'.;‘-‘ - _.1;-'.r_..;.,,_ ' -""22;:;:;-.!;'.-:;-.'-"'_ _.3;_,_-

Given p e M, choose a coordinate system (x0, U0) with p e U0, and let S0
be the slice of U0 containing p. A slice S of some U,- will be calledjoined to p
ifthere is a sequence

O= i0,i1,...,i; =1’

and corresponding slices

S0 = Si{pS§]s' ~-ssif : S

with
S,-“OS,-a+|;él?l Ql:0,...,!'—l.

Since there are at most countably many such sequences of slices for each se-
quence z'0, . . . , 1'1, and only countably many such sequences, there are at most
countably many slices joined to p. Using Problem 3-}, we see that the union
of all such slices is a submanifold of M. For q 7:5 p, the corresponding union
is either equal to, or totally disjoint from, the first union. Consequently, M
is foliated by the disjoint union of all such submanifolds; this disjoint union is
clearly an integral manifold of A. *3

[If we are allowing non-metrizable manifolds, the proof is even easier, since
we do not have to find a countable number of coordinate systems for each leaf,
and can merely describe the topology of the foliation as the smallest one which
makes each slice an open set. In this case, however, the discussion to follow
will not be valid—in fact, Appendix A describes a non-paracompact manifold
which is foliated by a lower-dimensional connected submanifold]
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Notice that if (x, U) is a coordinate system of the sort considered in the proof
of the theorem, then infinitely many slices of U may belong to the same folium.

Ital
(lflflflfl
KQKQ.

However, at most couizlably man) slices can belong to the same folium; otherwise

this folium would contain an uncountable disjoint family of open sets. This
allows us to apply a proposition from Chapter 2.

7. THEOREM. Let M be a C°° manifold, and M; a folium of the folia-
tion cleterniined by some distribution A. Let P be another C°° manifold and
ft P —> M a C°° function with f(P) C Mt. Then f is C°° considered as a
map into M1.

PROOF. According to Proposition 2-I 1, it sufiices to show that f is continuous
as a map into M]. Given [J G P, choose a coordinate system (x, U) around
f(p) such that the slices

{q e U: x"""(q) = ak+', . ..,x"(q) = 0"}

are integral manifolds of A. Now f is continuous as a map into M, so f takes

M1
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some neighborhood W of p into U; we can choose W to be connected. For
k +1 5 1' 5 iz, ifwe had x"(f(p’)) ¢ a’. for any p’ e W, then x" 0 f would take
on all values between a" and x"(f(p")), by continuity. This would mean that
f(W) contained points of uncountably many slices, contradicting the fact that
ffwl C M1-

Consequently, x"(f(p’)) = (Ii for all p’ e W. In other words, f(W) is
contained in the single slice of U which contains p. This makes it clear that f
is continuous as a map into M1. *1*
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PROBLEMS

1. (a) Let E = III E —> B be an n-plane bundle, and E’ = Ir’: E’ -> B a
k-plane bundle such that E’ C E. If 1': E’ —> E is the inclusion map, and
1,5»: B —> B the identity map, we say that if’ is a subbundle of if if (i, I3) is a
bundle map. Show that a k-dimensional distribution on M is just a subbundle
of TM.
(b) For the case of C°° bundles 1;‘ and 8' over a C°° manifold M, define a C°°
subbundle, and show that a k-dimensional distribution is C°° if and only if it is
a C°° subbundle.

2. (a) In the proof of Theorem l, check the assertion about choosing at sulfi-
ciently small.
(b) Supply the proof of the uniqueness part of the theorem.

3. (a) In the proof of Proposition 2, show that

3 3

fi (ax? P) — 3-Vi ftp).

(b) Complete the proof of Proposition 2 by showing that if

PI - 3Y = *—.,aw
so that

" aX =

with 0:5 o f = 15", then the functions 5'; are C°°.

4. In the proof of Proposition 4, show that the functions Cf} actually are C°°.

5. Let A1, , . , , A0 be integrable distributions on M, of dimensions d1, . . . ,d;,,
Suppose that for each p e M,

Mp = (A|)_0 €B ® (A;,)p.

Show that there is a coordinate system (x, U) around each point, such that A,
is spanned by 3/3X',...,3/3x"", etc.
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6. Prove Theorem l from Theorem 5, by considering the distribution A in
Rm >< R“ (with coordinates t,x), defined by

m - 3 - 3
Ap={Z l'i5I—f Z?‘i_fI:k([)))'a—JCT Il'€lRm}.

[=1 P = =1 P

+ TM- _f'—"‘~

s

Notice that even when the do not depend on x, so that the equations are of
the form

30:5(1) = f,-tr).
with the integrability conditions

3f} 31‘;-w=w=
we nevertheless work in Rm x R“, rather than Rm. This is connected with the
classical technique of “introducing new independent variables”.

7. This problem outlines another method of proving Theorem l, by reducing
the partial differential equations to ordinary equations along lines through the
origin. A similar technique will be very important in Chapter II. 7.

(a) If we want 0e(ur) = )3(u,t) for some functi0n ,6: [0,e) >< W —> V, show
that /5 must satisfy the equation

%i-(1.01) 2 211' - ;f,-(t.=:,;3(a,:))
j=I

film) ==x-
We know that we can solve such equations (we need Problem 5-5, since the
equation depends on the “parameter” I e Rm). One has to check that one e
can be picked which works for all I E W.
(b) Show that

fi(u, vi‘) = ,6(uv,t).

(Show that both functions satisfy the same differential equation as functions
of u, with the same initial condition.) By shrinking W, we can consequently
assume that e = 1.
(c) Conclude that

35 _ 35W014‘) - v - w(I,vr).
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(d) Use the integrability condition on f to show that

%(v,t) and v-f;(vt,;5(v,t))

satisfy the same difi'erential equation, as functions of v. Use (c) to conclude that
the two functions are equal.
(e) Define 0e(t) = ,6(l,t). Noting that 01(1)!) = ,6(v,t), show that or satisfies the
desired equation.

8. This problem is for those who know something about complex analysis. Let
f; (C >< (C —> (C be complex analytic. If we denote the coordinate functions in
(C >< (C by 21,22 = x|,y1,x2,y2, then f = u + iv satisfies the Cauchy-Riemann
equations

3u _ 3v

ax‘ am I = 1,2.
3u __ 3v
3y: Br;

Use Theorem l to prove that we can solve the equations

30:‘ _ _ , _ 2 __ 3012
*5? — Mt-\.J.@1(>~,y).v1(x,y))— ay

a°'2— oi" >01" ))-—-i-iiax—v(x,y. (M}’- (My — ay

in a neighborhood of O G (C (or of any point :0 G C), and conclude that the
differential equation

¢'(Z) = f(Z.¢(Z))
(in which ' denotes the complex derivative) has a solution in a neighborhood
of :0, with any given initial condition ¢(z0) = w0.
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DIFFERENTIAL FORMS

We turn our attention once more to tensor fields, but we will be concerned
with a special kind of tensor field, the discussion of which requires some

more algebraic preliminaries.
Let V be an n-dimensional vector space over R. An element T G ‘Till/) is

called alternating if

T(v1,...,v,-,...,v_,-,,,.,vk) =0 if v,- = v_,- (i #1).

If T is alternating, then for any vt , . . . , vk, we have

O:T(vt,...,v,-+v_,-,...,v,-+v_,-,...,v,t)
=T(v|,...,v;,...,v,-,...,v,t)+T(v|,...,v;,...,v;,...,vk)

+T(v1,...,v_,-,...,v,-,...,v,t)+T(v1,...,v_;,...,v,.-,...,vk)
=O+T(v,,...,v,-,...,v)-,...,v.t)+T(v|,...,v;,...,v;,...,vt)+0.

Therefore, T is skew-symmetric:

T(v|,...,v,-,...,v_,-,...,v;,) =—T(v1,...,v;,...,v;,...,v;,).

Of course, if T is skew-symmetric, then T is also alternating. [This is not true
in the special ease of a vector space over a field where I + I = O; in this case,
skew-symmetry is the same as symmetry, and the condition of being alternating
is the stronger one.]

V\le will denote by S2k(V) the set of all alternating T G Tk (V). It is clear
that Q"‘(V) C 'Ti"(V) is a subspace of ‘Tk(V). Moreover, if ft V —> W is a
linear transformation, then f*: ‘Tk (W) —> T!‘ (V) preserves these subspaces-
f*; s2'<(w) -> szltv). Notice that nltv) = r'(v) = 1/*, so s2'(v) has
dimension I7. It is also convenient to set S2°(V) = ‘Toll/) = R. At the moment
it is not clear what the dimension of S2k(V) equals for k > 1, but one case is
well-known. The most familiar example of an alternating T is the determinant
function det G ‘J'"(R“), considered as a function of the n rows of a matrix-
wc shall soon see that this function is, in a certain sense, the most general
alternating function. Most discussions of the determinant begin by showing
that of any two alternating H-linear functions on R", one is a multiple of the

201
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other; in other words, dim S2"(R") 5 1. Then one proves dim Q”(R") = I
by actually constructing the non-zero function det (it follows, of course, that
dim Q"(V) = I if V is any n-dimensional vector space). The construction of
det is usually by a messy, explicit formula, which is a special case of the definition
to follow.

Let S), denote the set of all permutations of {1, . . . ,k}; an element 0 G S), is
a function i i—> o(i). If (v1, . . . , vk) is a k-tuple (of any objects) we set

U . (vl:' °'avk) Z (UO'(])$--- lUU(k))'

This definition has a built-in confusion. On the right side, the first element,
for example, is the 0(1)“ of the v’s on the left side; if these v’s have indices
running in some order other than 1, . . . , k, then the first element on the right is not
necessarily that v whose index is 0(1). The simplest way to figure out something
likeo-(v3,vg. v|,...)is to rename things: v3 = w|,v2 z w2,v| = w3,... . Thus
warned, we compute

0"(P-(vi,---,vt<))=U'('Jp(1),--..vp(t<))

by setting
vptl) = wh - - -= vptlr) = wk,

so that

0-(p-(vt,...,v,t))=o-(w1,...,w,t)

=(wa(1),»--,wa(.l<))
= (v.0(v(l))> - - - i ”p(v(k))) Since we = U001)-

Thus

{ 0"(p'(v]s---sVl<))=(pU)'(vls"':vl()- ]

Now for any T G ‘J""(V) we definc the “alternation of T”

I
AltT= F Z: sgno-Too,

i 055;,-

0i.e.,
I

Alt T(v|,...,v;,) = F Z sgno - T(vc,(|),...,v,(;,)),
' (IE5),

where sgno is +1 if 0 is an even permutation and -1 if 0 is odd.
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1. PROPOSITION.

) If T e zrttv), then A1t(T) G S'2"(V).
( ) If cu e szktv), then Altw = cu.
( ) If r e rttv), then A1t(A1t(T)) = mar).L>Ol\D’:

0:0PROOF. Left to the reader [or see pp. 78-79 of Calculus on Manzjlilis).

\'\le now define, for cu G Qk(V) and n G Qi(V), an element wAr] G Q'i‘+"(V),
the wedge product of w and 17, by

k+l)!
wAn=(—,(T~Alt(w®n).

The funny coellicient is not essential, but it makes some things work out more
nicely, as we shall soon see. It is clear that

(1) A is bilinear:
(wt +w2)Ar;=cut An+w2An

w/\(Y71 -l-'72) =01/"71 +01/\'72
awAr7=wAan=a(wA27)

(2) f*(w/\Yt)=f*w/\f*n-
Moreover, it is easy to see that

(3) A is “anti-commutative”: cu A n = (—1)mi7 A cu.

In particular, if k is odd then

wAw=Q

Finally, associativity of A is proved in the following way

2. THEOREM.
(1) If s e rttv) and T e rltv) and A1t(S) = 0, then

A1t(S ® T) 2 A1t(T o s) = 0.

UOFO

( ) Alt(Alt(w ® T1) ® e) = Alt(w ® 0 ® e) = A1t(w ® A1t(n ts 6)).
()1r cu G §z'<(v), 0 G S2"(V), e G smv), then

(lc +l +m)l
(wA1))At9=cuA(nA6)= Mt(w®n®3).
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PROOF. (l) Wle have
(lf -I-l)lAlt(-S ® T)(U1, . . . , Uk_|_,t)

= Z: sgno-(S®T)-(0-(v1,...,vk_|.;))
GE-5'),-+1

= E 58"“ U ° S(va(I)= - - - 1 Ucr(k)) ' T(Ucr(k+1)= - - - a Ua(k+l'))-
GE-5'),-+[

Now let G C Ski.) consist of all 0 which leave k + 1, . . . ,lt +l fixed. Then

Z 58110’ ' Sivan), - - - I va(t<)) ' T(v0(k+I)> - - - , va(k+t))
0&6’

= Z S3116’ - S(v0'(1)i---=U0’(k)) ~7'(v1<+1..--.vt<+t)
0’iES;,-

Suppose now that 00 ¢ G. Let 00G = {a0o’: 0’ G G}. Then

Z: sgno - (S ® T)(o - (v1,.. . ,vk+;))
0'EO't|G

= sgIwo- Z SgI10" - (5 ® T)(0" - (Go - (vi, ---.v1<+t))) ll)’ (*l-
cr"GG

We have just shown that this is O (since 00 - (v1,...,v;,._,_,~) is just some other
(k +l)-tuple of vectors). Notice that G fio0G = 1?), for if 0 G G H 00G, then
0 : 000’ for some 0' G G, so 00 = o(o')“" G G, a contradiction. \lVe can then
continue in this way, breaking S_t+; up into disjoint subsets, the sum over each
being 0. The relation Alt(T ® S) = 0 is proved similarly.

(2) Clearly

A11(A1l(n ® 6) — n ® 9) = Ahtn ® 6) - Ahte ® 9) = 0.
so (l) implies that

0 = Alrtw ® [A1102 sf?) — n ®6])
= Alt(w ® Alt(r7 ® 9)) — Alt(w ® I] ® 3);

the other equality is proved similarly.

(3) Vile have
tr +l+m)!

_ (k +1 +m)! (k +1)!
G tr 41):”?! ' /<11!"

The other equality is proved similarly. ~2¢

Alt(w ® 17 ® 3).



1)t'/]t':reiitt'ttl 1‘lJ?'?.?1.$' 205

Notice that (2) just states that A is associative even if we had omitted the
factor (k +l)!/k!l! in the definition. On the other hand, the factor l/kl in the
definition of Alt is essential-—~without it, we would not have Alt(Alt T) = Alt T,
and the first equation in the proof of (2) would fail. [Ifwe had defined Htjust
like Alt, but without the factor I/kl, then A could be defined by

1 __

This makes sense, even over afield offinite cl1aractenlrtz'c, because each term in the
sum Alt(w ® n)(v1, . . . , v_t+;) occurs k!l! times (since cu and I] are alternating),
and l/kill can be interpreted as meaning that these kill terms are replaced by
just one.] The factor (k +1)!/kill has been inserted into the definition of A
for the following reason. If v1, . . ., v,, is a basis of V, and ¢|, . . . ,<,t>,, is the dual
basis, then

<t>.A---A¢t=5~J§,ii-%IlA1t<¢-s---st»)
one0 n

= Z Sgnv-(¢1®---®¢a)°¢
UESJ;

In particular,
(erA---A<t>n)(v|,---.vs)=1-

(So if vi, . . . , 1),, is the standard basis for R", then ¢| A - - - A (6,, = det A basis
for Qk(V) can now be described.

3. THEOREM. The set of all

<,l>,-,A---/\¢>,-,\_ l51'|<---<z'k5t1

is a basis for Qk(V), which therefore has dimension

(I?) _ ti!
k T k!(n — k)!'

(In particular, S2k(V) = {0} for k > tr.)

PROOF. If (U e S2l‘(V) c rktv), we can write

w = 2 at'1...1i;_- ¢'t'] ® ' ' ° ® ¢i;,- -

i1,...,t';_-
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So
iv = A1l(¢v)= 2 ¢1t,...t,_. A1t(¢n ® ' - - ® ¢t,.)-

t'|,...,i,t,-

Each Alt(¢,~, ® ® ¢,-,_.) is either 0 or = :1:(1/l<!)¢,-, A A <1),-,, for some
j, < < jk, so the elements ¢,;, A - - - A<,t>,,-,_. for jt < < jk span S2"(V). If

0 : E at'1...t'k ¢i| A /\¢I't,-i
i|<---<0.

then applying both sides to (vi, , . . . , v,-,,,) gives ct,-,___,-,,_ = 0. '1'

4-. COROLLARY. If wt, . . . ,w;< G Q] (V), then cu], . . . ,w_t are linearly inde-
pendent if and only if

w|A---Awk7éO.

PROOF. If a)1,...,a)k are linearly independent, there is a basis vt , . . . , v;,,. . . , v,,
of V such that the dual basis vectors ¢1,...,¢,t,...,¢,, satisfy ¢>,- = cu; for
I 51' 5 k. Then wt A Awk is a basis element of S2i‘(V), so it is not 0.

On the other hand, if

wt =a2w2+---+akwk,

then

w|Aw2A---Aw), =(u2wg+---+ukwk)Aw2A---Aw),=0. *1‘

To abbreviate formulas, it is convenient to let 1 denote a typical “multi-index”
(1],. . . ,z'k), and let gt); denote gt»,-I A -- - A qt),-,__. Then every element of S2"‘(V) is
uniquely expressible as

Zat ¢t-
I

Notice that Theorem 3 iniplies that every to G Q*(R") is a linear combination
of the functions

vi
(v1,. . .,v;,) i—> determinant ofa k >< k minor of ( f

Wt

One more simple theorem is in order, before we proceed to apply our eon-
struction to manifolds.
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5. THEOREM. Let vi, . . . , v,, be a basis for V, let cu G Q"(V), and let
H

w,-=5 oz,-,-vj i=l,...,)t.
]'=]

Then
CU(lU|, . . . , w,,) =1 ClClI(Q',:_,') ' CU(U1,. . . , U0).

PROOF. Define n G ‘T"(R“) by

l](((£||,-..,(ln]),..., (Cln1,...,(I;m))=(tJ(2(I_;1U_,;',-..,2(l_,m1J_,;').

.1 I t I
Tlieii clearly )7 G Q"(R“), so r) = c - det for some c G R, and

6 = filler.---tea) =w(vi,---.va)- '3'

6. COROLLARY. If V is ti-dimensional and 0 ¢ cu G S2"(V), then there is a
unique orientation it for V such that

[vt,...,v,,] = /.1 ifand only if w(v|,...,v,,) > 0.

With our new algebraic construction at hand, we are ready to apply it to
vector bundles. If E = rt: E —> B is a vector bundle, we obtain a new bundle
Qk(E) by replacing each fibre rt“'1(p) with Qk(n“'(p)). A section cu of Qk(§)
is a function with cu(p) G §2k(rt""(p)) for each p G B. If n is a section of Qi(E),
then we can define a section to A 27 of Qk""'(E) by (cu A r7)(p) = w(p) A 17(1)) G
Q"+’tn"' tn).

In particular, sections of Qk ( TM), which are just alternating covariant tensor
fields of order k, are called k-forms on M. A l-form is just a covariant vector
field. Since Qk(TM) can obviously be made into a C°° vector bundle, we can
speak of C°° forms; all forms will be understood to be C°° forms unless the
contrary is explicitly stated. Remember that covariant tensors actually map
contravariantly: If f: M —> N is C°°, and cu is a k-form on N, then f*w is a
k-form on M. We can also define cu, + cu; and cu A T]. The following properties
of It-forms are obvious from the corresponding properties for 52* (V);

(w1+w2)/\0=w1/\t;+w2A17
w/\(m+nz)=w/\m+w/\nz

fw/\n=w/\fn=f(wAn)
wAn=(—I)k"r)AoJ

f"‘(wAn)=f*w/\f”n-
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If (x, U) is a coordinate system, then the dx"(p) are a basis for M,,"‘, so the
dx"'(p) A A dx'l~' (1)) (it < < ik) are a basis for Q"‘(p). Thus every
k-form cu can be written uniquely as

w = Z: w,-,___,-,‘_ dxil A -- - A dxik
fl .q...<,ik

or, ifwe denote dxi‘ A A d),-fr by dxl for the multi-index I = (1],. . . ,z'k),

to = Z w] dxf.
I

The problem of finding the relationship between the cu; and the functions cu’;
when

cu =20); dxi = Em’; dyi
1 1

is left to the reader (Problem 16), but we will do one special case here.

7. THEOREM. If f: M —> N is a C°° function between n-manifolds, (x, U)
is a coordinate system around p G M, and (y, V) a coordinate system around
q = f(1>) e N, then

8 E
filgtlyl A---Ady") = (£°f)-det( ) dx‘ A---Adx".

PROOF. It SUFECCS to sliow that

f*(dy' A - - - A dy”) = det (L};xD,f)) dx' A ---A dx".

Now, by Problem 4--l,

1|! fl a af(tl_V'/\---/\(ly)([)) ~¢, ..-
3i. ,, ,,

,, a a=dy‘(q)A~--Ad)’ (r1)(J’*-6; ..--.f..5;
’ P

.... . _ ,n H 3(}”'°f) 3~d)‘(e)A-- Ar!) (e)(giax, (10%

(y"<>f) 3
TX”(TOWrm»
Q.)

3 " '
= det ( (Pl) , by Theorem 5. *3‘
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8. COROLLARY. If (x, U) and (y, V) are two coordinate systems on M and

gdy‘ A---Ady" =l1dx' A---Adx",

3yi
h=g-Clfit

PROOF. Apply the theorem with f = identity map. *2»

then

This corolla shows that ti-forms are the eometric ob'ects corres ondin to1')’ S J P 3
the “even scalar densities” defined in Problem 4--l0.]

Iflf = rt: E —> B is an I1-plane bundle, then a nowltere zero section cu of Q“(§)
has a special significance: For each [J G B, the non-zero w(p) G Q"(rt"'(p))
determines an orientation ,u.,, of rt"l(p) by Corollary 6. It is easy to see that
the collection oforientations {,u.,,} satisfy the “compatability condition” set forth
in Chapter 3, so that p. = {pp} is an orientation of §. In particular, if there is
a nowhere zero it-form cu on an it-manifold M, then M is orientable (i.e., the
bundle TM is orientable). The converse also holds:

9. THEOREM. Ifa C°° manifold M is orientable, then there is an n-form to
on M which is nowhere 0.

PROOF. By Theorem 2-l3 and 2-15, we can choose a cover (9 of M by a col-
lection of coordinate systems {(x, U )}, and a partition ofunity {qty} subordinate
to (9. Let p. be an orientation of M. For each (x, U) choose an n-form tug
on U such that for v|,...,v,, G Mp, p G U we have

wt;(v|,...,v,,)>O ifandonlyif {v1,...,v,,]=,u.,,.

Nowlet
cu = X: ¢UwU.

UGO

Then to is a C°° 12-form. Moreover, for every p, if v|,...,v,, G Mp satisfy
3 n n 0 3 U11] 1 Mp,

(¢v wu)(P)(v1..--.vs) 2 0,

and strict inequality holds for at least one U. Thus w(p) ¢ 0. *2»
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Notice that the bundle Q"(TM) is 1-dimensional. \/Ve have shown that if M
is orientable, then Q" (TM) has a nowhere O section, which implies that it is
trivial. Conversely, of course, if the bundle S2" ( TM) is trivial, then it certainly
has a nowhere O section, so M is orientable. [Generally, if if is a k-plane bundle,
then Qk(E) is trivial if and only if E is orientable, provided that the base space B
is “paracompact” (every open cover has a locally-finite refinement).]

_]ust as S2°( V) has been introduced as another name for R, a O-form on M
will just mean a function f on M (and f A w will just mean f - cu), For
every O-form f we have the I-form df (recall that df(X) = X(f)), which in a
coordinate system (x, U) is given by

ef _ ax, dx .

cv=Z:cu1dxi,
I

then each dc.-J; is a I-form, and we can define a (lt +1)-form dw, the differential
of cu, by

If cu is a k-form

dw = Z:dw;dx"
I

= ;fi%dx°' A er’.
tI=]

It turns out that this definition does not depend on the coordinate system. This
can be proved in several ways. The first way is to use a brute-force computation,
comparing the coellicients cu’; in the expression

cu = 2:0)’; dxi
I

with the cu).
The second method is a lot sneakier. W'e begin by finding some properties of

dw (still defined with respect to this particular coordinate system).

10. PROPOSITION.

(l) d(w| + (U2) = dc.-)1 + dC!J2.
(2) If wt is a k-form, then

d(w| A (U2) = dwt A cu; + (-l)'i‘w| A drug.

(3) d(dw) = 0. Briefly; dz = O.



PROOF. (l) is clear. To prove (2) we first note that because of (l) it sullices to

Differential lbrrns

consider only

OJ] =fdXI

w2=gdxJ.

Then w, A cu; = fg dxl A dxi and

d(w] A (U2) G d(fg) A ex’ A ex’
GgdfAdx'AdxJ+fdgAdx"Adx“'
G do), Aw, +t~i)*fes-I A dgA ex’
= do), A (U2 + (-—l)kw, A (R02.

(3) It clearly sufiices to consider only k-forms of the form

Then

(:J=fdJCI.

H

3
dw = Z % dx“ A die"

a=l
S0

rt n 2
dldw) = 2(Z: dxfl A dx“ A dxl).

I12] fl=]

In this sum, the terms

and

azf fl III I
 dX /\ dx /\dX

32f ti 1
 dXaA dx /\dX

cancel in pairs. *9

Vile next note that these properties characterize d on U.

ll. PROPOSITION. Suppose d’ takes it-forms on U to (lc + I)-forms on U
for all k, and satisfies

'-P‘~<.>Ol\D’:"...
vvvv

(
(
(

di(w] + (U2) = d’w| + d’wg.
d"(w| A (U2) = d"w] A (02 + (—I)"‘w| A d"w2.

d"(d"f) = 0-
d"f = (the old) dfi

Then d’ = d on U.
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PROOF. It is clearly enough to show that d '0) = dw when cu = f dx! . Now

by (2).

aqeG)GafAAJ+fAwwM)
GefAA¥+fAenaU bym.

So it sufiices to show that d'(dx1) == O, where

dxi = dx"' A A dxi"

=dG“A- Adah bymy

We will use induction on k. Assuming it for k — l we have

e%¢H)=e%wx“A.~Adw@)
=e%afiuAeG@A.~Aewa

—- d".\"" A d"(d'x"' A -- - A d’x'l~') by (2)
= O —- O, by (3) and the inductive hypothesis. ¢I~

l2. COROLLARY. There is a unique operator d from the k-forms on M to
the (k + 1)-forms on M, for all k, satisfying

d(w1+ (1)2) = dw, + dc);

d(cu| A (U2) = dwt A (U2 + (—-l)kw| A drug

e2=a

and agreeing with the old d on functions.

PROOF. For each coordinate system (x,U) we have a unique dg defined.
Given the form cu, and [J G M, pick any U with 1) G U and define

dwtfl) = du(wlU)(P)- '5'

The third way of proving that the definition of d does not depend on the
coordinate system is to give an invariant definition.
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l3. THEOREM. If cu is a k-form on M, then there is a unique (k + I)-form
dw on M such that for every set ofvector lields X1, . . . , X_t_,_, we have

Pl‘) dall-Y] , - - -a Xl:.|-I)
k+1

= Zr-1)"+'x,-(GtX,, . ..,X,-,...,X,.+,))
[ml

+ Z t-1)*'+1'<»ttX..X,-1.X-..-_.7r?.....1'?}.....Xt+i)
l5f<.t'5l<+l

(= E|+E2,say)

__.-,,,_

where over X,- indicates that it is omitted. This (lt + 1)-form agrees with dtu
as defined previously.

PROOF. The operator which takes (X1 , . . . , X_t_,.]) to E1 + E2 is clearly linear
over R. Moreover, it is actually linear over the C°° functions 37. In fact, if X,1, is
replaced by fX,-,,, then E, becomes

fr. + Zr-1)"+'(X.-f)<»tX......1?}.....X).+.).
"#l't|

and using the formulas

lfX=Yl=flX.Y]-Yf-X
lX.fY]==f[X.Y]+Xf-Y,

it is easily seen that E2 becomes

+ E(—])i+:-i|(~1,lf)w(Xf¢]a X]: - - - sjili-s - - - 9:?-frills ' ' ' 9 AIR-+1)

1'-€t'||

_ 2(_])iii+j(Xjf)w(~m't|aX]a- - -:-j;ITF(s- - -a :i?s- ' ':XR+])i

l'[)<_)i

a briefinspection then shows that E] + E2 becomes fE| + ffig.
Theorem 4-2 shows that there is a unique covariant tensor field dw satisfy-

ing (>l=). It is easy to check that dw is alternating, so that it is a (k + I)-f0rI‘r1.
To compute dtv in a coordinate system (x, U) it clearly suflices to compute

cl(f dxl ). Moreover, by renumbering, we might as well assume

w=fdx'A---Adxl‘.
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For dw, as for any form, we have

dtu -= Z dw(3/3x°", . . . ,3/3x""+‘) dx°" A ---A dx“'~'+'.
,;,,.=...<0,,_,_,

It is clear from (>l=) that dw(3/3x“', . . ., 3/3x°'l<+') = O

unless some (0t1,...,0'?}-, . . . , 0tk_,.|) is a permutation of (1, . . . ,l<).

Since the 0t’s are increasing, this happens only if

(<1'1,...,0t.t+1)=ll...-,/<,J') J'>l<.

in which case

tlw(3/3x“‘,...,3/3x“*', 3/Elxl) G (-_1)"%.
SO

dw=Z:(—-I)k;%dx' A---Adxk/\dJCj
j>l< x

=Z:Lr.dx="/\dx' A---Adxktpk 3x

H 3 .
=Z:i.dx-l A.dx' A---Adxk,

I213):-l

which is just the old definition. *Z*

This is our first real example of an invariant definition of an important tensor,
and our first use ofTheorem 4-2. We do not find dtu(p)(v,, . _ _ ,vk_,_,) directly,
but first find dw(X1,...,X,t_,_1), where X,- are vector fields extending v,-, and
then evaluate this function at p. By some sort of magic, this turns out to be
independent of the extensions X1, . . , ,X,t+t. This may not seem to be much of
an improvement over using a coordinate system and checking that the definition
is independent of the coordinate system. But we can hardly hope for anything
better. After all, although dcu(X1,...,Xk_,_1)(p) does not depend on the values
of X, except at p, it does depend on the values Of cu at points other than p—
this must enter into our formula somehow. One other feature of our definition
is common to most invariant definitions of tensors—the presence of a term
involving brackets of various vector fields. This term is what makes the operator
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linear over the C°° functions, but it disappears in computations in a coordinate
system.

In the particular case where cu is a 1—form, Theorem l3 gives the following
formula.

l <1<»<X.r) = X(w(Y)) - Y<<»tX)> - wtl/Y, Y1) l
This enables us to state a second version of Theorem 6-5 (The Frobenius Inte-
grability Theorem) in terms of diliereiitial forms. Define the ring S2(M) to be
the direct sum of the rings of I-forms on M, for all 1. If A is a k-dimensional
distribution on M, then J(A) C S2(M) will denote the Subring generated by
the set of all forms to with the property that (if to has degree l)

o)(X1,. . . , X;) = O whenever X1, . . . ,X; belong to A.

It is clear that wt +tu2 G .l(A) if (:)],(U2 G .l(A), and that T) A to G ..l(A) if
to G .l(A) [thus, .l(A) is an ideal in the ring Q(M)]. Locally, the ideal .l(A)
is generated by n — k independent 1-forms w"+', . . . ,cu". In fact, around any
point p G M we can choose a coordinate system (x, U) so that

3 3 A
-—-— ,...,— s an _
31:1,, 3).l‘,, P P

Then
dX1(])) A - - - A dxk(p) is non-zero on AP.

By continuity, the same is true for q sulficiently close to p, which by Corol-
lary 4 implies that dxl (q), . . .,dxk(q) are linearly independent in Aq. There-
fore, tliere are C°° functions f3“ such that

It

dx°'(q)= Z)‘F(q)dA'fl(q) restrlctedto Aq 0t =k-|-1,...,n.
fl=l

We can therefore let

TM» .\.
CU‘: ="-dxa _ fiadxfl.

l4. PROPOSITION (THE FROBENIUS INTEGRABILITY THEOREM;
SECOND VERSION). A distribution A on M is integrable if and only if
d(.£(A)) c eta).
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PROOF. Locally we can choose 1—forms wl, _ _ _ , cu" which span Mq* for each q
such that wk“, . . . ,w" generate .1(A), Let X1, . . . ,X,, be the vector fields with

. w*'(X,-) = 5},

Then X1, . . . , Xk span A. So A is integrable ifand only ifthere are functions C5
with

k

[X,-,X,-] = Zcgxfl 1,; =1,___,1<.
fi=1

Now
dw°‘(X,-,X;) =: X,-(w°'(XJ-)) — X,-(w°'(X;)) — w°'([X;,X;]).

For I 5 i,j 5 k and oz > k, the first two terms on the right vanish. So
dw°‘(X,-,Xj) = O if and only if w"'([X,-,X;]) = O. But each w°'([X,-,X,-]) = O
if and only if cach [X,-,X;] belongs to A (i.e., if A is integrable), while each
dw°'(X,-, = O ifand only if dw“ G .£(A). '1‘

Notice that since the w" Aw? (i < j) span Q2(Mq) for each q, we can always
write

dcu“ = Z03-wi /\ cuj
i<j

=—. /\ wj for certain forms 6}‘.
1'

If or > k, and i@,j0 5 k are distinct, we have

0 = dw“(X;‘,,X,-0) = Zwf A a)J)(Xl-n, X,-,,)
1'

2 6JF:;(Xill)>

so we can write the condition d(J(A)) C .£(A) as

dw“ = 26; /\ wfi.
fir:-k

Once we have introduced a coordinate system (x, U) such that the slices

{fl e U: A-"+‘<q> = W‘, ...,x"<q> = ~"}
are integral submanifolds of A, the forms dxk"'1, . . . ,dx" are a basis for .£(A),
so w*""], . . . ,w" must he linear combinations of them. We therefore have the
following.
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l5. COROLLARY. If ct-/‘"H,...,w” are linearly independent I—forms in a
neighborhood of p e M, then there are I-forms 6;‘ (oz, ,6 > k) with

dw“ -= Z 3; A wfi

13
if and only ifthere are functions ffl“,gfl (OI, ,5 > k) with

(Ha Z’

8
Although Theorem l3 warms the heart of many an invariant lover, the cases

k > I will hardly ever be used [a very significant exception occurs in the last
chapter of Volume V). Problem l8 gives another invariant definition of dw,
using induction on the degree of cu, which is much simpler. The reader may
reflect on the difiiculties which would be involved in using the definition of
Theorem l3 to prove the following important property of dz

16. PROPOSITION. If f: M —> N is C°° and cu is a k-form on N, then

f*(dw) = d(f*<'J)-
PROOF. For p e M, let (x, U) be a coordinate system around f(p). We can
EISSUTDC

cu zgdxl‘ /\---Adxik.

We will use induction on k. For k = O we have, tracing through some defini-
tions,

f*(ds)(X) = ds(fiX) = [f-=X](s) = X(s<> f)
= dts <>f)(X)

(and, of course, f*g is to be interpreted as g 0 f). Assuming the formula for
k — I, we have

dtfm») = d((f*g ax“ A --- A dx‘i"""‘ ) A f*dx"~")
= d(f*(g ax“ A - - . A as-*'~~1)) A f*dxi"' +0

since df*dx‘l\' = dd(x"’*' Q f) a 0
= f*(d(g dxi‘ A ---A dx"’~'-"1)) A f*dx""'

by the inductive hyposthesis
= f*(dg A dx“ A - - - A dx"'*'"-1) A f*dx""'
= f*(dg A dxi‘ A -- - A dxl*\'"-1 A dxik)

= f* (dw)- *2‘
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One property of d qualifies, by the criterion of the previous chapter, as a
basic theorem of differential geometry. The relation d2 = 0 is just an elegant
way of stating that mixed partial derivatives are equal. There is another set of
terminology for stating the same thing. A form cu is called closed if dw = O
and exact if w = dry for some form r7. [The terminology “exact” is classical-
difTerential forms used to be called simply “differentials”; a diflerential was then
called “exact” if it actually was the difierential of something. The term “closed”
is based on an analogy with chains, which will be discussed in the next chapter.)
Since d 2 == O, every exact form is closed. In other words, dw = O is a necessary
condition for solving cu = dn. If at is a l—lorm

II

cu= 2 widxi,
ll

then the condition dw = 0, i.e.,

Bw- Btu-#1.;
Bxl Bx‘

is necessary for solving cu = df, i.e.,

af __
axi ._w,.

Now we know from Theorem 6—l that these conditions are also sutficient. For
2-forms the situation is more complicated, however. If cu is a 2—form on R3,

(U:/id)’/\dZ—Bdx/\dZ—|—CdX/\dy,

then
cu = d(Pdx+ Qdy+Rdz)

if and only if

BR BQ_ _ i = A
By B:

BP BR_ _ _ = B
B2 Bx

B2 _ al = C_
Bx By

The necessary condition, dw = O, is

"’i+‘”i+§-0Bx By B:_'
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In general, we are dealing with a rather strange collection of partial diiierential
equations (carefully selected so that we can get integrability conditions). It turns
out that these necessary conditions are also sufficient: if cu is closed, then it is
exact. Like our results about solutions to differential equations, this result is
true only locally. The reasons for restricting ourselves to local results are now
somewhat different, however. Consider the case of a closed 1—form w on R2:

3f asw=fdx+gdy, with

We know how to find a function or on all of R2 with w = doe, namely

@1(>~',y) = fx f(I,yo)dI +fy g(><.I)dI-
In yo

On the other hand, the situation is very different if cu is defined only on IR2 —{0}.
Recall that if L C R2 is [0,oo) >< {O}, then

Bzlliz-L—>llR, L
0

defined in Chapter 2, is C°°; in fact,

(1-,6): R2 - L -> {F1 r > 0} >< (0,2;¢)
is the inverse ofthe map

(a, b) |—> (a cos b, a sin b),

whose derivative at (a, b) has determinant equal to a 96 0. By deleting a dififerent
ray L; we can define a dififerent function B1. Then B1 = 6 in the region A1 and
B1 = B+2rr in the region A2. Consequently dB and dB] agree on their common

0
630,40 x

A 1 9* A 2

8 I 40¢
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domain, so that together they define a l—form cu on R2 — {O}. A computation
(Problem 20) shows that

=-»_d +-M-—<1.“J x2_|_y2 2 x2_|_y2-l’

The l—form cu is usually denoted by dB, but this is an abuse of notation, since
cu = d6 only on R2—L. In fact, cu is not df forary C] function f; R2—{O} —> R.
Indeed, if 0) = df, then

df=d6 on R2—L,

so d(f — 9) = O on R2 — L, which implies that Bf/Bx = B9/Bx and Bf/By =
Flt]/By and hence f = 6+ constant on R2 —L, which is impossible. Nevertheless,
dw = 0 [the two relations

d(d6) = 0 on R2 - 1.
d(d61) = 0 on R2 - 1.,

clearly imply that this is so]. So to is closed, but not exact. (It is still exact in a
neighborhood of any point of R2 — {0}.)

Clearly w is also not exact in any small region containing O. This example
shows that it is the shape of the region, rather than its size, that determines
whether or not a closed form is necessarily exact.

A manifold M is callcd (smoothly) contractible to a point [)9 e M if there is
a C°° function

H:M><[O,1]—>M

such that

H(p’1)=p forpeM.
H(P,O) = P0

For example, R" is smoothly contractible to 0 e R"; we can define

H: R" >< [O,1]—> R"

by
H(p, I) = tp.

More generally, U C R" is contractible to [)0 e U if U has the property that
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p e U implies [)9 +t(p — pg) e U for O 5 I 5 I (such a region U is called
star-shaped with respect to pg).

\xv‘>-
33

Of course, many other regions are also contractible to a point. If we think

W

of [0, 1] as representing time, t_ien for each time I we have a map p t—> H (p, t)
of M into itself; at time 1 this is just the identity map, and at time O it is the
constant map.

We will show that if M is smoothly contractible to a point, then every closed
form on M is exact, (By the way, this result and our investigation of the form d6
prove the intuitively obvious fact that R2 —— {O} is not contractible to a point; the
same result holds for R" -- {O}, but we will not be in a position to prove this
until the next chapter.) The trick in proving our result is to analyze M >< [0, 1]
[for any manifold M), and pay hardly any attention at all to H.

Fort G [0, 1] we define

i1iM%MX[O,1]

by
2-{(12) = (pat)-

We claim that if cu is a form on M >< [0, I] with dw = O, then

z'|*<u — z'0*w is exact;
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we will see later (and you may try to convince yourself right now) that the
theorem follows trivially from this.

Consider first a 1-form w on M x [0, I]. We will begin by working in a coordi-
nate system on M x [0, I], There is an obvious function! on M >< [0, I] (namely,
the projection rt on the second coordinate), and if (x, U) is a coordinate system
on M, while JIM is the projection on M, then

(xi 0 HM, . . . ,x" 0 rtM,t)

is a coordinate system on U x [0,1]. We will denote xi o HM by ii, for conve-
nience. It is easy to check (or should be) that

H H

l'a*(E(U;' (iii —|—fdI) := 2:0-n(-,oe)dx",

1 1 1 1A .

where
w,-( -,0!) denotes the function p t—> w,(p,01).

Now for cu = EL, cu; di‘ + fdt we have

PI PI. . B - . B _.dw = [terms not involving dt] — 2 % d2?‘ A dt + Z dx‘ A dt.
i=1 i=1 X

So dw = 0 implies that
Btu; __ Bf
Br T art '

Consequently,

I 8(1)‘:w.-(7,1) - wt-(12.0) =f Timid:
0 I

l

=£ fi(P,f)df,

SO

(1) Zwi(P>1ld$'i—Z:wi(P=OldXi-‘= %tp,r>dr)dA-*1
0

at a

-

M:
i=1 i= =

Ifwe define g: M —> R by

1
gm = fa ftimdr.
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then

1
(2) §tp> = f §—f,-(mar.

X 0 X

Equations (1) and (2) show that

i1*w — i@*cu == dg.

Now although we seem to be using a coordinate system, the function f, and
hence g also, is really independent of the coordinate system. Notice that for
the tangent space of M x [0,1] we have

(=i=) (M x [0, I])(,,,,) = kerm, EB kerrtM,,..

kei-2tM,,, M x [0,1]

lo’ I] 4% kerm,

l HM

If a vector space V is a direct sum V = V1 69 V3 of two subspaces, then any
cu E S2l(V) can be written

_........ M

w := wl + cu;

where

w1(v1 + U2) = w(v1)
w2(vi +v2l = ("(112)-

Applying this to the decomposition [=t=), we write the I-form cu on M x [0, I] as
cu] +w2; there is then a unique f with cu; = fdi‘.

In general, for a k-form cu, it is easy to see (Problem 22) that we can write cu
uniquely as

cu = cul + (dt A 7])

where w1(v1,. . .,vk) = 0 ifsome v,- e ker 2rM,,,, and 27 is a (k -1)-form with the
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analogous property. Define a (k — I)-form Iw on M as follows:
1

Iw(p)(vl 2 - - - a vk'—]) Zf 2)(il:|=v] 2 ' ~ - >il*vk—])d2-0
We claim that dw = 0 implies that i'1*w — i'@*w = d(Iw). Actually, it is easier
to find a formula for i'1*w — i0*w that holds even when dw ¢ O.

17. THEOREM. For any k-form cu on M x [0, 1] we have
z']*w — i'@*w 1: d(1w_) + I(dw).

(Consequently, i1"‘w — i'0*w = d(Iw) if dw = O.)

PROOF. Since Iw is already invariantly defined, we can just as well work in
a coordinate system (id, . . . , i'",t). The operator I is clearly linear, so we just
have to consider two cases.

(1) w 5 f¢1>t:=1A--.A.<1x-=~ == fax-1. Then
B

dw = L. +%dr Adi’,

it is easy to see that
1 a1<~'w><p>= (f ;,"§tp.r>dr) <1x’<p>

O

= ftp.1>—ftp,o>1<1>-‘(pi
-= z']*w(p) — z'@*w(p).

I?

Since Iw = O, this proves the result in this case.

(2) cu —-= fdt Ad:?2' A A d.i"l<~' = fdt A d5F2. Then z'1*w = t'@*w -—= O.
Now

I(dw)(p) = 1(- Z 4: A .45:-'1 A d2’)(p)
am]

1 a I=- = (L fi(p,r)dt) dx Ada.

d(Iw) = d (fl f(p,t)dI) dxi
0

H a 1 ‘ I

_-=2:-Mg; j(p,i')dt) dx“Ad.\‘.
0t1=l a

Clearly I(dw) + d(Icu) _-= O, ¢:¢

Q
l*1=

and
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18. COROLLARY. If M is smoothly contractible to a point pg e M, then
every closed form cu on M is exact.

PROOF. We are given H: M x [0,1] —> M with

H(11»I)=1> f all eM.
H(P>0)=P9 or P

Thus

H oi1IM -> M is the identity
H oig: M —> M is the constant map pg.

So

cu : (H oi1)*(cu) ==:'1*(H*cu)

0 =—' (H °1'0)*(w) = io*(H*<v)-

But
d(H*cu) = H*(dw) == O,

S0

cu — 0 -= i1*(H*w) — ig*(H*w)
: d(I(H*w)) by the Theorem. ¢§¢

Corollary l8 is called the Poincare Lemma by most geometers, while d2 = O
is called the Poincare Lemma by some (I don’t even know whether Poincare had
anything to do with it.) In the case of a star—shaped open subset U of R”, where
we have an explicit formula for H, we can find (Problem 23) an explicit formula
for I(H*w), for every form cu on U. Since the new form is given by an integral,
we can solve the system of partial difiereiitial equations cu = dn explicitly in
terms of integrals. There are classical theorems about vector fields in R3 which
can be derived from the Poincare Lemma and its converse (Problem 27), and
originally d was introduced in order to obtain a uniform generalization of all
these results. Even though the Poincare Lemma and its converse fit very nicely
into our pattern for basic theorems about differential geometry, it has always
been something ofa mystery to me just why d turns out to be so important.
An answer to this question is provided by a theorem of Palais, Nalmal Operations
on Diifléz-eizlz'al Harms, Trans. Amer. Math. Soc. 92 (1959), 125--141. Suppose we
have any operator D from k-forms to l -forms, such that the following diagram
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commutes for every C°° map f: M —> N [it actually sufiices to assume that
the diagram commutes only for diffeomorphisms f].

*

k-forms on M <—J-f-— k-forms on N,.( (D
l-forms on MLl-forms on M

Palais’ tlieorem says that, with few exceptions, D = O. Roughly, these excep-
tional cases are the following. If k _-= l, then D can be a multiple of the identity
map, but nothing else. If l = k + I, then D can only be some multiple of d.
(As a corollary, d2 = O, since d 2 makes the above diagram commute!) There is
only one other case where a non-zero D exists—when k is the dimension of M
and l = O. In this case, D can be a multiple of “integration”, which we discuss
in the next chapter.
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PROBLEMS

1. Show that if we define

U . (vl a ' ' ' 1 vk) Z (vO""I(l)! - - ' :vO""'I(k)):

then
0°fl°(v1,---Mt)=<TP°(v1,---=vk)-

2. Let E be Alt without the factor I/kl, and define w7Yiy = Em ® 27). Show
that A is not associative. (Try cu, 27 e S2] (V) and B e S22(V).)

3. Let S’ C Sk+; be the subgroup ofall 0 which leave both sets {I, . . . , k} and
{k+ I, . . . , k +1} invariant. A cross section of S’ is a subset K C Sk_(_1 containing
exactly one element from each left coset of S’.

(a) Show that for any cross section K we have

(‘J A Willi» - - - = vk+i) = Z $8710 ‘w ® Tl(vcr(l)= - - - > v0(/<+t‘))-
oteK

This definition may be used even in a field of finite characteristic.
(b) Show from this definition that wAr; is alternating, and wA T] = (--i)k’T]/\(U.
(Proving associativity is quite messy)
(c) A permutation 0 G Sk_|_; is called a slzujiepermuialion if 0(1) < 0(2) < <
o(k) and o(k+ I) < o(k +2) < < o(l< +1). Show that the set ofall shufiie
permutations is a cross section of S’.

4. For v G V and cu E Qk(V), we define the contraction v_J cu G Q2“ (V) by

(U-l°")(vi,---,v.1<-1) =°J(v,vi,---,vk-»1)-

This is sometime also called the inner product and the notation igw is also used.

(a) Show that
v_l(w_l cu) = -—w_l(v_J cu).

(b) Show that if vi, . . . , v,, is a basis of V with dual basis ¢>1,. . . ,¢>,,, then

0 j¢anyi'.,
"’"’(""‘A"'A""*')“ l(-1)""*¢,-,A---A'<i§;"A...A¢,, ifj=i.,.

(c) Show that for cu; G Q'l‘(V) and cu; E §2’(V) we have

v_l(w1 A (1)2): (v_J (U1)/\w3 + (-l)"w1 A (v_| (U2).

(Use (b) and linearity of everything.)



228 Chapter 7

(d) Formula (c) can be used to give a definition of cu] Aw; by induction on k +1
(which works for vector spaces over any field): If A is defined for forms of degree
adding up to < k +1, we define

all A w2(vls-- -av/C-I-1') = “vi --I ml) Au-22:l(v2w ~ ' avk-|-I)

+(-l)k[w1/\(v1-I <v2)](v2,---,vl<+t)-
Show that with this definition (U1 A cu; is skew-symmetric (it is only necessary to
check that interchanging v, and ‘U3 changes the sign of the right side).
(e) Prove by induction that A is bihnear and that cu] A cu; == (—-l)"’w; A wl.
(f) If X is a vector field on M and cu a k-form on M we define a (lc -- l)—form
X_J cu by

(X-I w)(1>) = XU1)-I win)-
Show that if cu; is a k-form, then

X_|(cu1 A (U2) =: (X_l w1) A cu; +(—-l)kw1A(X_| (U2).

5. Show that n functions j],.. ., fig: M —> R form a coordinate system in a
neighborhood of p e M if and only if dfi A - - - A df,,(p) ¢ O.

6. An element cu 6 Q2‘(V) is called decomposable if cu = ¢] A- - -/\(}’),Q for some
¢i E V* = Q’(l/)-

2(a) If dim V 5 3, then every cu G Q (V) is decomposable.
(b) If ¢;, i’ = I,...,4 are independent, then w = (<1), A (pg) + (¢3 A Q54) is not
decomposable. Hint: Look at cu A w.

7. For any cu e S22‘(V), we define the annihilator of cu to be
/lmi(cu)={¢€ V*I¢/\uJ=0}.

(a) Show that
dim An7z(w) 5 R,

and that equality holds if and only if cu is decomposable.
(b) Every subspace of V* is /lrm(0.J) for some decomposable cu, which is unique
up to a multiplicative constant.
(c) If to] and co; are decomposable, then Am:(w1) C Amz(w2) if and only if
cu; : w] A T) for some q.
(d) lf w,- are decomposable, then Amz(w]) ft /lnn(0Jg) = {O} if and only if
cu, A cu; ¢ 0. In this case,

Aflnfwl) —|— /l?272(CU2) = Amlffidl /\ (U2).

(e) lf V has dimension n, then any cu e Q""l (V) is decomposable.
(f) Since v,- e V can be regarded as elements of V**, we can consider v1 A - - -A
vi, e S2"‘(V*). Reformulate parts (a)-—(d) in terms of this A product.
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8. (a) Let w e Q2(V). Show that there is a basis <,i>1, . . . ,¢,, of V* such that

('3 = (¢l /\¢2) 'l""'l' (¢2r—l "\¢2r)-

Hint: If
w = Zja.-,~//.- A 10;,

I'<j

choose ¢, involving 1,01, 1,03,. .. ,1,0,, and ¢3 involving 1,03, . . . , 1,0,, so that

"J = ¢i /\ ¢2 + w’,

where w’ does not involve 1,01 or 1,03.
(b) Show that the r-fold wedge product w A - - - Aw is non-zero and decompos-
able, and that the (r + I)-fold wedge product is O. Thus r is well—determined;
it is called the rank of w.
(c) If w = ZR, a,-_,-1,0; A 1,0,-, show that the rank of w is the rank of the ma-
lI'iX (ail).
9. If v,,...,v,, is a basis for V and w,- = Z;-’=, oz,-,-v,-, show that

(lCi(()l5_;)lU*1/\~--/\ w*,, = 11*, A Av*,,.

10. Let./l = (a,-;)be an nxn matrix. Let I 5 p 5n be fixed, andletq =n—p.
ForH=li, < </1,, andK=k, <--- <kq,let

"rat, ¢li,h,.- ¢1p+1,1<, fl,g+i,1<.,
B” -.=det : : , CK =det : I

0 I O 1

“pill: - - - “.vJIp “ink: - - - an,-its

(a) If v1,...,v,, is abasis of V and

I1‘

w,-= g a,-iv,-,
;=1_

showthat

w,A---Aw,,=Z:BHvH
H

K
w,,_|.,A---Aw,,=Z:C UK.

K
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(b) Let H’ = {l, . . . ,n} —- H (arranged in increasing order). Show that

0 K;éH"
UHAUXZ €H'Hi'U1/\-/\'U K*H’, .. H _ ,

where eH,H.- is the sign of the permutation

(1 . . . . . . . . .71)
/21!/221'--shpsklsw-skq .

(c) Prove “Laplace’s expansion”

det A = 2 85,51 BHCH’.
H

11. (Cartan’s Lemma) Let ¢>1,...,¢k 6 V* be independent and suppose that
1,0|,...,1,0,t e V* satisfy

(¢’i/\¢i)+"'+(¢k/\ll/k) =0-

Then
k

1,0; = ZCl_;'i¢J', where a,-,- = a,-,-.
J'=|

12. In addition to forms, we can consider sections of bundles constructed from
TM using Q and other operations. For example, if E == rt: E —> B is a vector
bundle, we can consider Q"‘(§*), the bundle whose fibre at p is S2"([rt'"' (p)]*).
Since we can regard

B
F as an element of (M,,)"’*,

any section of S2"(T*M) can be written locally as

B B
/1%/\---/\fi.

(a) Show that if

8 A A 3 ——/1 3 A A 3gBy' " aw‘ OX‘
thcn I

Byi T
.
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This shows that sections of S2" (T*M) are the geometric objects corresponding
to the (even) relative scalars of weight -1 in Problem 4-l0.
(b) Let ‘J}k[”’](V) denote the vector space of all multilinear functions

Vx---xVxV*x---x V*—>Q’"(V).
L J Q ..._J

V '"'7’W

k times I times

Show that sections of ‘J]"["l(TM) correspond to (even) relative tensors of type
and weight I. (Notice that if v,,...,v,, is a basis for V, then elements of

Q" (V) can be represented by real numbers [times the element 11*, A - - - A v*,,].)
(c) If ‘J}‘§m](V) is defined similarly, except that S2”’(V) is replaced by Q"'(V*),

show that sections of 3”}fi,](TM) correspond to (even) relative tensors of type
and weight —-1.
(d) Show that the covariant relative tensor of type and weight I defined in
Problem 4-l0, with components 2“ "2", corresponds to the map

V* x-~x V* —> Q”(V)
ntimes

given by ((151, . . . ,<,i>,,) 1—> (,0, A - - - A (,()_q, Interpret the relative tensor with com-
ponents £;,___,-,, similarly.
(e) Suppose Q"“”(V) denotes all functions I7: V x x V —> R which are of
the form

T)('U1,...,'lJ,,)=[w(U1,.. . ,v,,)]w w an integer

for some w e S2"(V). Let ‘J}"[”"”]( V) be defined like ‘J]"l”], except that S2"(V) is
replaced by S2"‘“’(V). Show that sections of ‘J}"[”“”](TM) correspond to (even)
relative tensors of type and weight w. Similarly for Bjfizw].
(f) For those who know about tensor products V ® W and exterior algebras
A" (V), these results can all be restated. We can identify 7,2 (V) with

k I® I/*®® V=Y*2;~~®Yi®K2~~®K-
ktimes (times

Since §2’"(V) % A"'(V*) % [A"'(V)]*, we can identify

k I'r;"l'"l(v) with cg) v*®® V®A"’(V)
k I‘i;(‘,,,(v) with (X) 1/*®® V®A”’(V*).
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Consider, more generally,

. k 1'T.-'k[m.wl(V) :__ ® V* ® ® V ® ®w /(mw)

k I=it...1<v>-® we 1/@®““-v*>»
Noting that A”(V)®- - -® A"(V) is always 1-dimensional, show that sections of
‘J',',"[”“”l(TM) and ?]’[‘n,w,(TM) correspond to (even) relative tensors of type
and weight w and -—w, respectively.

13. (a) If V has dimension n and A : V —; V is a linear transformation, then
the map A*; S2" (V) —> S2" (V) must be multiplication by some constant c.
Show that c = det A. (This may be used as a definition of det A.)
(b) Conclude that det AB = (det A)(det B).

14. Recall that the characteristic polynomial of A: V —> V is

X(A) = det(AI - .4)
= A" - (ti-a¢@.4)i""‘ + - - - + (-1)" detA
= at" - @,i""1+ c2A”"2 + - - . + (-l)”c,,.

(a) Show that ck = trace of A*: Qk(V) —> Q"(V).
(b) Conclude that c,r<(A B) = c;,(BA).
(c) Let be as defined in Problem 4—5(xiii). If A: V —> V has a ma-
trix (a,-2 ) (with respect to some basis), show that

1 1'1 ii ii ii---ii
ckl/1): D all afz ‘Hair; 511---is-'

l_1,...,I,i,-
Jl$"'!Jk

Thus, if5 is as defined on page 130, and A is a tensor of type then the
function p 1—> ck(A(p)) can be defined as a (2k)-fold contraction of

A13;---®A®6.
\-_i._.,,....._._.-I

k times

15. Let P(X,-;) be apolynomial in n2 variables. For every nxn matrix A = (a,-J-)
we then have a number P(a;j-). Call P invariant if P(A) = P(BAB"l) for
all A and all invertible B. This problem outlines a proof that any invariant P
is a polynomial in the polynomials c1, . . ., en defined in Problem l4. We will



Dgfereiilial Forms 233

need the algebraic result that any symmetric polynomial Q(y,, . . . , yn) in the ii
variables y1,.. . ,y,, can be written as a polynomial in 01,. . .,o,,, where or; is
the ill‘ elementary symmetric polynomial of y,, . . . ,y,,. Recall that the 0, can
be defined by the equation

R

]_[(y - yr) = y" — viy”'"‘ + - - - + (—1)"-2»
1"-=1

Thus, they are the coefficients, up to sign, of the polynomial with roots y1,. . . ,
yn. Since the eigenvalues A1, . . . , kn ofa matrix A are, by definition, the roots
of the polynomial X(k), it follows that

Cl'(-A) =Ui(A-li"-iA-n)-

We will first consider matrices A over the complex numbers (C (the coefficients
of P may also be complex).

(a) Define Q(y|, . , . ,y,,) to be P(A) where A is the diagonal matrix

(ital
Then there is a polynomial R such that

Qlyli--'=}’H) -:' R(UI(y|:--':yfl):|---iUfl(y|:--->yfl))-

The polynomial R has real coefficients if P does.
(b) P(A) = R(c1(A),. _.,c,,(A)) for all diagonalizable A.
(c) The discriminant D(A) is defined as ]_],-#1-(A; — A,-)2, where A; are the
eigenvalues of A. Show that D(A) can be written as a polynomial in the entries
of A.
(d) Show that P(A) = R(c1(A), . . . ,c,,(A)) whenever D(A) ¢ 0. Conclude, by
continuity, that the equation holds for all matrices A over (C. (This last conclu-
sion follows even if (C is replaced by some other field, since the set where D ¢ O
is Zariski-dense; this is “the principal of irrelevance of algebraic inequalities”,
compare pg. V375.)

Now suppose that the coefficients of P are real and that P(A) = P(BAB"l)
for all real A and real invertible B.
(e) The same equation holds for complex A and complex invertible B. (Regard
the equation as n2 polynomial equations in the a,-,- and bi,-.)
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16. (a) Let v1, ...,v,, be a basis for V, and let w1,...,w;, G V be given by

H

w,»== g oi,-,-v,-.
I-"=1

For w e Q"(V) Show that
wfwls---=wR)= E aIw(vi1>---avi;,-)-i

1=i‘1<---<i‘;,-

where 0!] is the determinant ofthe k x k submatrix of (&';'j') obtained by selecting
rows i1,...,ii<.
(b) Generalize Theorem 7 and Corollary 8 to k-forms.
(c) Check directly from (b) that the definition of d does not depend on the
coordinate system.

17. Show that d(Z:,-{J 01,-; dxl A dxj) = 0 if and only if

Boi-- Ba-/< B0:-k _ _
ax: - ax’,-A + 3;, =0 for alli <; <l<.

18. In Problem 5-l4 we defined LXA for any tensor field A.

( Show that if w is a k-form, then so is LX w.
(b) Show that

Q3
V

Lxlwi Awz) == Lxwi Awz + wt /\ Lxwz.
(c) Using 5-l4(e), show that

X(w(X|,--->Xi-)-) = LX(w(X1=--->Xk))
=LX0‘J(X1i---=Xk)

k

+ 2('_])i+]a2(l:/Y: Xi]: X1: - - - i Es ' ' ' s /Y/C)»

i=1

(d) Deduce the following two expressions:

d°J(X1,---,Xl<+1)
k+1

= 2('—l)l+’LX,.(:J(A’],-..,Xi,...,Xk+])

1'21

+ Z1-1)"+*'*'<»tiX.~,X,-1, Xi, _ . - . _ . . . 55. . . . . rat.)
i<j
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dw(X1,- --,-1’t<+i)
Ik-I-1 .

= 5 2f_2)’+liXz'(w(X1i---iXi>---iXk+1))
i=1

"l"LXfw(X1:"-:Xf:---:XR+1)}

(e) Show that
X_|dw=LXw—d(X_lw),

i.e.,

d<"(-Y1»---,Xk+1) = (1-X1 w)(X2, - A -=Xk+1) - dl-Y1-l w)(X2>---,Xk+l)-
(This may be used to give an inductive definition of d.)
(f) Using (e), show that d(LX w) = L,-((dw).

19. Let Cljj be n2 functions on R” with a,-,- = aj,-. Show that in order for there
to be fulictions 1.11,. . . , 1.1,, in a neighborhood of any point in R" with

,,. -1 %+%
“T2 Bx!’ Bx‘

it is necessary and sufficient that

3261,"; 320;‘); B2a,~,- B2a;;,
— . I : — . . f ll ' ' .

Bx"‘Bx" Bx! Bx’ Bx"‘Bx' BxJ Bx’ or a 1’ bk’!

Hint: First set up partial differential equations for the functions )3-,1, = Buy/Bxk—
Bug/Bx], and use Theorem 6-l.

20. Compute that
-d — d

“d6” Z A -J; x.

I + J’
(At most places B = arctan y/x [+ a constant] .)

21. (a) If w is a I-form fdx on [0, 1] with f(O) = f(I), show that there is a
unique number A such that w—k dx = dg for some function g with g(O) = g(l).
Hint: Integrate the equation w — A dx = dg on [0, 1] to find A.
(b) Let 1': S‘ —> R2—{O} be the inclusion, and let 0’ = z'*(dB). Ifc: [0,1] —> S]
is

c(x) = (cos 2rtx,sin Zrtx),

show that
c'*(o’) 2 Zn dx.

(c) If w is a closed 1-form on S l show that there is a unique number A such
that w - Ito’ is exact.
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22. (a) Show that every w G Qk(V1 EB V3) can be written as a sum of forms
cu; /\ 0); where cu; has degree oz and (U2 has degree )3 = k — oz and

w1(v1,...,v,,,) = O ifsome vi e V;
w3(v;,...,vg) = O ifsome 11,- G V1.

(b) If dim V3 = I, and O ¢ k E I/3*, then cu can be written uniquely as cu; +
(0)2 /\ A), where cu; is a k-form and cu; is a (k — I)-form such that

w1(v1,...,v;<) = 0 ifsome v,- e V;
w;;(v1,...,v;<_.;) = 0 ifsome v,- G V3.

23. Let U C R" be an open set star-shaped with respect to O, and define H: U ><
[0,1] —> U by H(p,t) = Ip. If

w = Z w,-,___,-R dxi‘ A - - - /\ dxik
i1<~-<51;

on U, show that

I(H*w)
1* 1

= Z: Z:(—1)°"'l(f tk'"‘w,-,_,_;k(Ix) dt) x"" dx" /\-../\dx"<*/\---/\dx"‘.
1'] <---<1}; G51 0

24. (a) Let U C R2 be abounded open set such that R2—U is connected. Show
that U is difieomorphic to R2, and hence smoothly contractible to a point. (The
converse is proved in Problem 8-9.) Hint: Obtain U as an increasing union of
sets, the kth set being a finite union ofsquares containing the set ofpoints in U
whose distance from boundary U is 5 I/k.

I I U

Tl if R R R if l ll
T Vila 7 F ¢.J‘":*..

** 1" ',fl, ,r_a , t _ nt Y R i
l _L

P4?“

i1*’ T-'Tii*4‘; :*;“""i“ iI411,o _J__4a.. toR;Lj_ __4L.
n

II
a

_\A:J3Z,t fie’iigik fr""" ‘!‘L‘h|..__.4 it‘J;
;_ iii}
-_ 1| a

; IEEE 1 he "2
(b) Find a bounded open set U C R3 such that R3 — U is connected, but U is
not contractible to a point.

1.Jo
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25. Let U C R" be an open set star-shaped with respect to O. Is U homeo-
morphic to R"? (It would certainly appear so, but the “obvious” proof does
not work, since the length of rays from 0 to the boundary of the set could vary
discontinuously.)

26. Let ( , ) be the usual inner product on R",

H

((1,1)) = ids".
iml

(a) If v1,. . ., v,,_.1 e R", show that there is a unique vector vi >< - - - >< v,,_.1 e R”
with

w
v

(v1><---xvn-1,w)=det( :1) forallweR”.

vn~i

(b) Show that x >< e S2""l (R"), and express it in terms of the 2*,-, using the
expansion of a matrix by minors.
(c) For R3 show that

v >< w = (v2w3 — v3w2, 113w‘ — vlw3, vlwz — vzwl).

(First find all e; >< ej

27. (a) If f 1 R" —> R, define a vector field grad f, the gradient of f, on R"
by

” af a " a
g"adf=Za—x="W=ZD"f'a—x="

fa} fml

Introducing the formal symbolism

'1 8
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we can write grad f = Vf. If (grad f)(p) = wp, show that

= (U9 w):

where DUf(p) denotes the directional derivative in the direction v at p (or
simply v,,(f), if we regard up E R",,). Conclude that Vf(p) is the direction in
which f is changing fastest at p.
(I3) If X = Z‘;'$1a'8/fix’ is a vector field on R", we define the divergence
of X as

n Ba;
d' X = ——..IV ax;

(Symbolically, we can write div X = (V, X ).) We also define, for n = 3,

curlX(=V><X)

3a3 Baz 8 Ba‘ 8&3 8 3:12 Ba‘ 8
Bx? " aw 8.142 + 3x3 " 81"’ 3x2 + F " F F‘

Define forms

tux =aldx+a2dy+a3dz

27,1,» ==a'dy/\dz+a2dz/\dx+a3dx/\dy.

Show that

(if == tug,-adf

d(wX) : 7icurlX

d(27,y) = (div X) dx /\ dy /\ dz.

(c) Conclude that

Curl grad f = 0

div curl X = 0.

(d) If X is a vector field on a star-shaped open set U C R“ and curl X = 0,
then X = grad f for some function f: U —> R. Similarly, if div X = 0, then
X —_= curl Y for some vector field Y on U.



CHAPTER 8

INTEGRATION

The basic concept of this chapter generalizes line and surface integrals,
which first arose fi'om very physical considerations. Suppose, for example,

that c: [0, 1] —> R2 is a curve and w = fdx +gdy is a 1-form on R2 (where
f, g: R2 —> R, and x and y denote the coordinate functions on R2). If we
choose a partition 0 = to < - - - < 1,, = 1 of [0, 1], then we can divide the curve c
into n pieces, the i‘h piece going from c(r,-_;) to c(:,-). When the differences
I; - [I-QQII are small, each such piece is approximately a straight segment, with

c(I)

¢’(!:)

C(€|') <_ c2(!,-) — c2(r,-..,)
6(0) ¢'(!|'»1)____

\c' an - c‘ <1.--1)
horizontal projection cl (I,-) - c'(!,-_|) and vertical projection c2(!,-) — c2(t,-._.|).
We can choose points c(§,-) on each piece by choosing points E; 6 [1,-_1,t,-]. For
each partition P and each such choice E -= (E1, . . . ,§,,), consider the sum

s<P. s> = Z 1"<c<s.-)) ta-"<1.-) - c‘ <:.~_1 >1 + gee.-)) tczw) - c2<:.-~1)1-
I'=l

If these sums approach a limit as the “mesh” ||P|] of P approaches 0, that is,
as the maximum of !,- - 2‘,-.., approaches 0, then the limit is denoted by

‘/fdx-l-gdy.

(This is a complicated limit. To be precise, if |]P]| = max(!,- - I,-_|}, then the
equation I

lim .S'(P,§)=/fdx+gdy
HP"-+0 ¢

239
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means: for all .1: > O, there is a 5 > 0 such that for all partitions P with ||P]] < 5.
we have

‘S(P,§)—-ffdx+gdy <5

for all choices E for P.)
The limit which we have just defined is called a “line integral”; it has a natural

physical interpretation. If we consider a “force field” on R2, described by the

/ ///4/ "”f /‘

then S (P, §) is the “work” involved in moving a unit mass along the curve c in
the case where c is actually a straight line between I,-_| and I; and f and g are
constant along these straight line segments; the limit is the natural definition
of the work done in the general case. (In classical terminology, the differential
f dx + g dy would be described as the work done by the force field on an “in-
finitely small” displacement with components dx, dy; the integral is the “sum”
of these infinitely small displacements.)

Before worrying about how to compute this limit, consider the special case
where

J/0

6(1) = (bro)-
l

II] ll1iS C2156, (‘](!;) — (‘](!;'...]) = I; "— !;__,|, Whilfi ('2(!;') "— (‘2(!;'...|) = 0, S0

II

s<P.s> = Z f(E;,yo)(!: -1,-...)-
iml
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These sums approach

1
ffdx+gdy =f f(x,yo)dx-

c 0

On the other hand, if

yg O——-it

cm = (lb +<1~:)@.y@). __ _
_; 1

a b

111611 ¢"(!r) " 1f"(!:~1)=(b " a)(1r "-HH1), $0

$(P,§) = (5 "- 61') ' Z f(§:b + (1 "- €i)¢1,yo)(h' - is--1)~
; 1

These sums approach

I b

(b-a) L f<xb+<1—x>@.y@)dx=[ f<x.y0>dx-
In general, for any curve c, we have, by the mean value theorem,

¢‘](!r) '~ C'(h'-1) = ¢‘“(¢Yi)(!r "- It-1) 0!: E lb‘-Mil
@2(r,-) —~ @2(n-*1) = c2'(fi:)(n- -— mi) fir E [1,-._|,r.-].

C/J O

"trs<P. s) = {f<c<s.-)>c"<a.-) + g<c<s.->)c2’w.-)} <:.- - 1.--1).
A somewhat messy argument (Problem I) shows that these sums approach what
it looks like they should approach, namely

I

/0 [f<c<mc"<:)+g<c<:))c2’<:)1di.
Physicists’ notation (or abuse thereof) makes it easy to remember this result.
The components c',c2 of c are denoted simply by x and y [i.e., x denotes
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x o c and y denotes y o c; this is indicated classically by saying “let x = x(!),
y = y(!)”]. The above integral is then written

' d dffl.-1x+gdJ’=L [f(1',J")E? +s(x,y)?fl dr-

ln preference to this physical interpretation of “line integrals”, we can in-
troduce a more geometrical interpretation. Recall that dc/d!(E,-) denotes the

CUE)

¢'(¢it) fifl _dl ($1)

£'(*':‘-1)

tangent vector of c at time E,-. Then the sums

(*) Zw<<.~<s-)1 (gen) - <1; »- 1.-..,)
In-I

= Z tree.->)c"<s.-> + g<c<s-))c2’<s.->1 - <:.- - 1.-H.)
IR]

clearly also approach

1
f [fee nc"<o + g<c<mc2’<:)1d:.

0

Consider the special case where c goes with constant velocity on each (5-1, 1;)
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Ifwe choose any E; E (I,-.,|,!,-), then

length of %!€(E,-) = the constant speed on (I,-..|, 1,-)

length ofthe segment from c(!,-..,) to c(t,-)
It '~ 1:“: '

so
d

[length of ?:(§,-)] - (!,- - XIDHI) = length of segment from c(!,-..|) to c(!,-).

In this case,
fl

Z|:lC}"lgil1 Of - (I; — l';...])
lim]

is the length of c, and the limit of such sums, for a general c, can be used as a
definition of the length of c. The line integral

f w = limit of the sums (*)
C

can be thought of as the “length” of c, when our ruler is changing contin-
uously in a way specified by w: Notice that the restriction of w(c(!)) to the
1-dimensional subspace of R269) spanned by dc/dz‘ is a constant times “signed
length”. The natural way to specify a continuously changing length along c
is to specify a length on its tangent vectors; this is the modern counterpart of
the classical conception, whereby the curve c is divided into infinitely small
parts, the infinitely small piece at c(I), with components dx, dy, having length
f(¢‘(!)) dx + g(@(!)) 4)’-

Before pushing this geometrical interpretation too far, we should note that
there is no l—form cu on R2 such that

f w = length of c for all curves c.
C

It is true that for a given one-one curve c we can produce a form 0) which works
for c; we choose w(c(!)) E S2'(R2c(,)) so that

R
R

I:
w(c(!))(%) =1, it

'\‘
ll kernel w(c(r))

-ls

(choosing the kernel of cu arbitrarily), and then extend w to R2. But if c is
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not one-one this may be impossible; for example, in the situation shown below,

there is no element of S2'(R2,(,.)) which has the value 1 on all three vectors.
In general, given any w on R2 which is everywhere non-zero, the subspaces
Ap == kerw(p) form a I-dimensional distribution on R2; any curve contained
in an integral submanifold of A will have “length” O. Later we will see a way
of circumventing this diiiiculty, if we are interested in obtaining the ordinary
length of a curve. For the present, we note that the sums (*), used to define this
generalized “length”, make sense even if c is a curve in a manifold M (where
there is no notion of “length”), and w is a l—form on M, so we can define fc cu
as the limit of these sums.

One property of line integrals should be mentioned now, because it is ob-
vious with our original definition and merely true for our new definition. If
p: [0, I] —> [0, 1] is a one-one increasing function from [0, 1] onto [0, 1], then the
curve c o pi [0, 1] —> M is called a reparameterization of c—it has exactly the
same image as c, but transverses it at a diiierent rate. Every sum S (P,E) for c
is clearly equal to a sum .S'(P',§") for c o p, and conversely, so it is clear from
our first definition that for a curve c: [0, 1] —> R2 we have

/0):] ..,
r: cop

(“the integral of w over c is independent of the parameterization”). This is no
longer so clear when we consider the sums (=1<) for a curve c: [0, 1] —> M, nor is
it clear even for a curve c: [0, 1] —> R2, but in this case we can proceed right to
the integral these sums approach, namely

1
f [re-<:1)c"<:)+ g<c<mc2*<:)1d:.

0
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The result then follows from a calculation: the substitution J’ = p(u) gives

I

L 1f<c<:11¢-"<11 + g<c<:>1c2’<:11dr
p"'(l)

=f (0) [f(@(P(H)))@"(P(H))+3(¢‘(P(H)))@2'(P(H))lP'(u)du
p—l

= Lllflv Q P(H))(¢‘ ° P)"(1-')+ g(¢‘ O P(H))(@ ° P)2'(H)l du-

For a curve in R", and a l—form w = EL] w,~ dxl, there is a similar calcula-
tion; for a general manifold M, we can introduce a coordinate system for our
calculations if c([0, 1]) lies in one coordinate system, or break c up into several
pieces otherwise. We are being a bit sloppy about all this because we are about
to introduce yet a third definition, which will eventually become our formal
choice. Consider once again the case of a 1-form on R2, where

f w = f'1f<c<i11c“<i1+g<c<i11c2*<:11dr-
c 0

Notice that if I is the standard coordinate system on R, then for the map
c: [0,1] —> R2 we have

c*(f dx + g dy) = (f 0 @)c*(dr) + (g Q @)¢'*(dy)
= (f°C)d(X'=>¢')+(g°@)d(J’°@)
= (f o c)c"dt + (g o c)c2'd!,

so that formally we just integrate c*(f dx + g dy); to be precise, we write
c'*(f dx + gdy) = It cl: (in the unique possible way), and take the integral
of it on [0,1].

Everything we have said for curves c: [0,1] —> R“ could be generalized to
functions ct [0,1]2 —> R". If x and y are the coordinate functions on R2, let

as 3c
8c M
n="* 5
@_ ( Z’
3J*—c*

/"'_""\

cuCD

\.___,./
I":

Q: ‘-=: as 5-:

For a pair of partitions so < - -- < s,,, and to < - -- < In of [0, I], if we choose
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E,-y E [5,-_|,s,-] >< [tj-1,t;] and w is a 2-form on R”, then

IIIII CII /I
-5‘1'~1 st

we-(s-,-1) (§—;<s.-,-1.§—;<r.-,-1) <s.- - -5'1‘-1)(!j - 1,--11

9
is a “generalized area” of the parallelogram spanned by

8c 8c
5(E:j), a—y(€i;)-

The limit of sums of these terms can be thought of as a “generalized area” of c.
To make a long story short, we now proceed with the formal definitions.

A C°° function c: [O,1]" —> M is ealled a singular /<-cube in M (the word
“singular” indicates that c is not necessarily one»one). We will let [0, 1]" = R0 =
0 e R, so that a singular 0-cube c is determined by the one point c(0) E M.
The inclusion map of [0, 11* in n’< Will be denoted by 1*; [0, 11* _> nk; it is
called the standard /<-cube.

If w is a k-form on [0, 1],‘, and xl , . . .,x" are the coordinate functions, then cu
can be written uniquely as

w=fdx'/\---Adxl‘.
Wedefine

= f f(x',...,x")dx' dxk
[0=ll""

f (1) to be f f in classical notation, which modern _
notation attempts to mimic as far[0-11* [0-1]" . .as logic permits

If w is a k-form on M, and c is a singular k-cube in M, we define/.~r= 1
10.11‘

where the right hand side has just been defined. For k = 0, we have a special
definition: a O-form is a function f, and for a singular 0—cube c we define

/C f = f<¢~<0>>.
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1. PROPOSITION. Let e: [0, 1]” —> R" be a one-one singular n-cube with
det c’ 3 0 on [0, 1]". Let w be the n-form

I w=fdx'/\---Adx”.

Then

C/~J= / ft ~—>C c<t0.11"> * T

PROOF By definition,

g/cu : /I c*(w)
C [Q1111

== / (f oc)(det c’) dxl /\ - - - /\ dx” by Theorem 7-7
t0,]]r1

= f (f o 0)] det c'] dxl /\ - - - /\ dx" by assumption
[g,|]r|

= f f by the change of variable formula. ‘I0

c([0,l]")

2. COROLLARY. Let p: [0, 1]" —> [0, 1]" be one-one onto with det p’ 3; 0,
let c be a singular k-cube in M and let w be a k-form on M. Then

c cop
PROOF. We have

w = (C 0 pm = f p*<c*w>
Cop

[°.|l"" [9-1]“

= I c*(w) by the Proposition, since p is onto

[0 1]“

0:0

C
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The map cop: [0, 1],‘ —> M is called areparameterization of c if pi [0, 1]" —>
[0, 1],‘ is a C°° one-one onto map with det p’ 56 0 everywhere (so that p" is
also C°°); it is called orientation preserving or orientation reversing depending
on whether det p’ > 0 or det p’ < 0 everywhere. The corollary thus shows
independence ofparameterization, provided it is orientation preserving; an ori-
entation reversing reparameterization clearly changes the sign of the integral.
Notice that there would be no such result ifwe tried to define the integral over c
ofa C°° function f: M —> R by the formula

f f oC.

t0.11*'
For example, if ct [0,1] —> M then

1 1
f f(c(!))dt is generally eéf f(c(p(!))) cit.

0 0
From a formal point of view, differential forms are the things we integrate be-
cause they transform correctly (i.e., in accordance with Theorem 7-7, so that
the change of variable formula will pop up); functions on a manifold cannot be
integrated (we can integrate a function f on the manifold R2‘ only because it
gives us a form fdxl /\ /\dxk).

Our definition of the integral of a k-form w over a singular k-cube c can
immediately be generalized. A It-ehain is simply a formal (finite) sum of singular
k-cubes multiplied by integers, e.g..

lC| -262 + 363.

The It-chain let = l -cl will also be denoted simply by cl. We add It-chains,
and multiply them by integers, purely formally, e.g.,

3(f1 + 31'-0+ (-2l(¢'1 + 63 + 6'2) = "262 - 263 + 51'4-

Morcovcr, we define the integral of to over a k—chain c = 2,. a,-c,» in the obvious
way:

Q): a‘f OJ.
fxafc; I c,-

The reason for introducing It-chains is that to every /<-chain c (which may be
just a singular /c-cube) we wish to associate a (k —- l)-chain Be, which is called
the boundary of c, and which is supposed to be the sum of the various singular
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(k — 1)-cubes around the boundary of each singular k-cube in c. In practice, it

is convenient to modify this idea. The boundary of I 2, for example will not b, e
the sum of the four singular 1-cubes indicated below on the left, but the sum,

~1

-1 +1

with the indicated coefficients, of the four singular 1-cubes shown on the right.
(Notice that this ill 'w not change the integral of a 1-form over 812.) For each 1'
with 1 5 1' 5 n we first define two singular (n — l)—cubes 13- 0) and I 1) (the
(2,0)-face and (1',l)-face of I") as follows: If x E [0, l]“", then

I?-'0)(x) = ]“(x',. ..,x"_1,0,x",...,x"_1)

=-. (x',...,x'_',0,x',...,x”_'),

1{j._,,(x) = ]”(x1,.. .,x"-1, 1,1-",.. .,x"-1)
= (xl,...,x"',l,x',...,x“'1).

Ii2.1>

I I 151.01 lim)
I(1.01 2<1 .11--, . . ..,- .

1(2,u)



250 Chapter e

The (i,or)-face of a singular n-cube c is defined

C(;_a) = C 0 (I3-fly).

c
cm 0'0) ¢'(2 1)

c
90.0)

0(0) C“-‘P

Now we define
H

6c = Z Z (_i)l+aC(f,a).
5:] 1‘I=0,l

Finally, the boundary of an n-chain Z, a,-c,- is defined by

a,-er) = 23:1,-8(c,-).

These definitions all make sense only for n 2 L For the case of a 0-cube
c: [0, 1]” —> M, which we will usually simply identify with the point P = c(0),
we define Be to be the number 1 E R, and for a O—chain Z, arc; we define

e,-e,-) = Zila,-8(c,-) = Ea,-.

Notice that for a l-cube ct [0,1] —> M we have

36' = 111.1) - ¢'t1.0)=

so
8(8c)=1— 1 =0.

We also have, for a singular 2-cube ct [0, l]2 —> M,

S

as = 60.1) - (‘(2.1) - 60.0) + 60.0), C2”)
3(3¢')=(R-‘Ql-(R—-5') P

—($— P)+(Q— P)
_0 ¢‘(2.0)_ _ R

Q 90.1)

¢’{2.1)
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From a picture it can be checked that this also happens for a singular 3-cube,
a good exercise because this involves figuring out just what the boundary of a
3-cube looks like. In general, we have:

3. PROPOSITION. If c is any n-chain in M, then 8(8c) = 0. Briefly, 32 = 0.

PROOF. Let 1' 5 j 5 n — l, and consider (](’:.,a))U.,fi). For x E [0, 1]"_2, we
have, from the definition

(]iie)l<1.fi)(>t) = ]ft.e)(]i}1i)(x))
= 1,';.,,,,(s-',. . . ,xf-',,e,x-1', . . .,x"_2)
= ]”(x',...,x’_',t.r,x',...,x"_1,fl,x*',...,x"_2).

Similarly,

(1ii'+1.fl))t=".a) = ]iit+1.r)(]<'i.ii)("))
= If‘)-+,'fi)(a",...,x'i"l,a,x‘,...,x”'2)

= I"(x',...,xi_',a,xi,...,xj_',,3,xj,...,x"_2).

Thus (]fi.‘a)){j.,B) = (]6.+,‘B))(,,a) for 2' 5 j 5 n — 1. It follows easily for any
singular n-cube c that (t-(,-,,,,))U-H5) = (cu-_,_,,m)(,-_,,,) for 2' 5 j 5 n — 1. Now

I1

3(3c) = a(Z Z (-1 )"+"q,-_,,,)
I la 0]

sr .;M311= "l)i+a+j+fl(C(1',cc))(j,B)-

In this sum, (c(,-,,,,))(y-J3) and (c(y+1,,5))(,-My occur with opposite signs. Therefore
all terms cancel in pairs, and 3(3c) = 0. Since the theorem is true for singular
n-cubes, it is clearly also true for singular n-chains. '3'

Notice that for some n-chains c we have not only 8(8c) = 0, but even 8c = 0.
For example, this is the case if c = cl — C2, where c1 and C2 are two l-cubes
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with t-1(0) = c;(0) and c;(l) = c;(l). If c is just a singular 1-cube itself, then

C2
C1

8c = 0 precisely when c(0) = c(l), i.e., when c is a “closed” curve. In general,

C

any It-chain c is called elosed if 30 = 0.
Recall that a di;f"Terential form w with dw = 0 is also called “closed”; this

terminology has been purposely chosen to parallel the terminology for chains
(on the other hand, a chain of tlie form 3c is not described, reciprocally, by
the classical term of “exact”, but is simply called “a boundary”). This parallel
terminology was not chosen merely because of the formal similarities between cl
and 3, expressed by the relations (12 = 0 and 82 = 0. The connection between
fornis and chains goes much deeper than that. For example, we have seen that
on R2 — {0} there is a l—form “d6” which is closed but not exact. There is also a
l-chain c which is closed but not a boundary, namely, a closed curve encircling

('
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the point 0 once. Although it is intuitively clear that e is not the boundary of a
2-chain in R2 — {O}, the simplest proof uses the theorem which establishes the
connection between forms, chains, d, and 3.

4. THEOREM (STOKES’ THEOREM). If to is a (/< -1)-form on M and c is
a k-chain in M, then

fdw =‘/I w.
c 3c

PROOF. Most of the proof involves the special case where cu is a (k - 1)-form
on R2 and c = I" . In this case, w is a sum of (k — l)-forms of the type

1 """= 1.-fdx /\---/\dx'/\---/xdx,

and it sufiices to prove the theorem for each of these. We now compute. First,
a little notation translation shows that

Ii A I1@_,,*(fex'A---Aéiiiiw---week)
0,11‘-

0 ifj#z'

= ff(-\°],...,oz,...,.xk)dx'...dxk ifj=z'.
[0,]]1'\

The1'eforc

f fdx' /\---Agiil/\---/\dx"
3!!‘

k
“Z Z: (—l)j+“£0]] 112 *(fdx'/\... /\dx"/\---Adxk)

1
_ . (.-=1)

;'=1 oz=0, - "' J

=(-1)"+' I f(x‘,...,1,...,x")dx'...dx"
I0-ll"

+(~1)"/fo.-',...,o,...,)<")¢1>.-'...d).-‘R
t0.11'*



254 Chapter 8

On the other hand,

£kd(fdx' /\---/\ iii?’/\---/\(l.rk)
__--..,

= I D,-f dxi/\dX]/\---/\ dx‘/\---/\d.\-"

t0.11*'
= (-1)‘-' I D,-f.

l0-11"‘

By Fubini’s theorem and the fundamental theorem of calculus we have

fd(fdx'/\---/\3iil'/\---/\dx")
[Ii

1 1 ,,___
=(—l)i_'f D,-f(.)t",...,.rk)clxi) dx'...da‘l...(1.r"

0 0

=(-1)‘-'L]...L] (f(x',...,1,...,)t-")
I k I j _k—f(x ,...,0,...,x )1 dx ...dx ...d:1

=(—l)"_' f f(.*c',...,l,...,x")dx'...dx"

t0.11’~'
+(—l)" f f(x',...,0,...,.rk)cla-1...dx".

[0-11*

f do) = I w.
Z” art

For an arbitrary singular k-cube, chasing through the definitions shows that

[(1):] c*w.
Be 31*

/clw=f c*(dw)=/ d(c*a))=/ c*w=f w.
c Z2 1* 3!“ 3c

The theorem clearly follows for k-chains also. +1»

Thus

Therefore
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Notice that Stokes’ Theorem not only uses the fundamental theorem of cal-
culus, but actually becomes that theorem when c = I 1 and w = f.

As an application of Stokes’ Theorem, we show that the curve c: [0, 1] —>
R2 — {O} defined by

c

c(t) = (cos 2rrt,sin 2m),

although closed, is not 3c2 for any 2-chain c2. Ifwe did have c = 302, then we
would have

fee =/ ee=f d(dt9)=/ o=o.
c Bcz (:2 c2

But a straightforward computation (which will be good for the soul) shows that

_-J) A

‘£((6=‘lC. dX+ dy=2H.

[There is also a non-computational argument, using the fact that “dd” really
is d9 for I9: R2 — ([0,oo) >< {O}) —> R: We have

f d6l=l9(l —s)—6l(s),

c|{s,l—t=:]

and 6l(l -5) — 9(5) —> 211' as s —> 0.]
Although we used this calculation to show that c is not a boundary, we could

just as well have used it to show that to = “:16” is not exact. For, if we had
to = df for some C°° function ft R2 — {O} —> R, then we would have

We were previously able to give a simpler argument to show that “d6” is not
exact, but Stokes’ Theorem is the tool which will enable us to deal with forms
on R" — {O}. For example, we will eventually obtain a 2-form cu on R2’ — {O},

if xdy Adz —ydx /\dz+zdx Ady
“J (x2_|__,,2 +32):-1./2
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which is closed but not exact. For the moment we are keeping the origin of w a
secret, but a straightforward calculation shows that do) = 0. To prove that w is
not exact we will want to integrate it over a 2-chain which “fills up” the 2-sphere
S 2 C R2’ - {O}. There are lots of ways of doing this, but they all turn out to give
the same result. In fact, we first want to describe a way of integrating n-forms
over n-manifolds. This is possible only when M is orientable; the reason will
be clear from the next result, which is basic for our definition.

5. THEOREM. Let M be a11 n-manifold with an orientation pt, and let C1,C2 :
[0, 1]“ —> M be two singular n-cubes which can be extended to be diffeomor-
phisms i11 a 11eigl1borl1ood of [0, 1]". Assume that cl and C2 are both orientation
preserving (with respect to the orientation pt on M, and the usual orientation
on R"). If w is an n—form on M such that

support w C cl ([0, 1]") ti c2([0, 1]”),

PROOF. We want to use Corollary 2, and write

cg c2o(c;- 1 0C1) c]

The only problem is that cf‘ 0 e, is not defined on all of [0, 1]" (it does satisfy
det(c2‘"' o cl )" 3 0, since cl a11d e2 are both orientation preserving). However, a
glance at the proof of Corollary 2 will show that the result still follows, because
of tl1e fact that support cu C c|([0, 1]”) O c2([0, 1]”). '3'

then

The common number fa), for singular n-cubes c: [0, 1]” -> M with sup-
C

port to C c([0, 1]") a11d c orientation preserving, will be denoted by

/Ma).
lf to is a11 arbitrary n-form on M, then there is a cover (9 of M by open sets U.
each co11tai11ed in some e-([0, 1]"), where c is a singular n-cube of this sort; if (D
is a partition of unity subordinate to this cover, then

or
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is defined for each oi E (D. We wish to define

/../~=g/...¢-‘~-
We will adopt this definition only when w has compact support, in which case
the sum is actually finite, since support to can intersect only finitely many of the
sets {p : <;5(p) ;=é 0}, which form a locally finite collection. If we have another
partition of unity ll! (subordinate to a cover £9’), then

Z] ¢-<»=Zjf Zr»-¢-<»=Z 2/ l1"¢'w;
¢>e<I> M <t>e<I> M 1,tre\It ¢>e<I>1,tre\I1 M

these sums are all finite, and the last sum can clearly also be written as

Z Q‘)-30-w= 1/1-w,
1,tre\I1 <t>e<I> M 1,tre\I1 M

so that our definition does not depend on the partition. (We really should denote
this sum by

(M .110
for the orientation -it of M we clearly have

/I to =—f cu.
(M.—t1) (M41)

However, we usually omit explicit mention of pt.)
With minor modifications we can define IM w even if M is an n—manifold—

with—boundary. If M C R” is an n—dimensional manifold-with-boundary and
f : M —> R has compact support, then

fMfdx'/\---/\dx"=]!j‘.

where the right hand side denotes the ordinaiy integral. This is a simple conse-
quence of Proposition l. Likewise, if f : M“ —> N“ is a difieomorphism onto,
and to is an n-form with compact support on N, then

jiv
M . . . . .

— f co if f 1s orientation reversing.
N

to if f is orientation preserving
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Although n-forms can be integrated only over orientable manifolds, there is
a way of discussing integration on non-orientable manifolds. Suppose that w is
a function on M such that for each p E M we have

w(p) = lnpl for some up E Q"(Mp),

i.e., for any n vectors v1, . . . , 12,, E Mp we have

w(p)(vl: ~' - iv?!) = i7ip(v1,-- ':vfl)i 2 0'

Such a function cu is called a volume element—on each vector space it deter-
mines a way ofmeasuring n—dime11sional volume (not signed volume). If (x, U)
is a coordinate system, then on U we can write

w=f|dx'/\---/\dx”] forf3;0;

we call w a C°° volume element if f is C°°. One way of obtaining a volume
element is to begin with an n-form ry and then define w( p) = lry(p)[. However,
not every volume element arises in this way—the form 17,, may not vary con-
tinuously with p. For example, consider the Mobius strip M, imbedded in R3.
Si11ce Mp can be considered as a subspace of lR3p, we can define

w(p)(vp, wp) = area of parallelogram spanned by v and w.

lt is not hard to see that w is a volume element; locally, w is of the form cu = I17]
for an n-form ry. But this cannot be true on all of M, since there is no n-form ry
on M which is everywhere non-zero.

Theorem 7-7 has an obvious ITl0difiCE1ti0I‘l for volume elements:

7-7'. THEOREM. If f: M —> N is a C°° function between n-manifolds,
(x, U) is a coordinate system around p E M, and (y, V) a coordinate system
around q = f(p) E N, then for non-negative gt V —> IR we have

f*(g|d};] /\.../\dy”]) : (gof) . det .|d_)(] /\... Ada-"|_

PROOF. Go through the proof of Theorem 7-7, putting in absolute value signs
in the right place. *2*
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7-8’. COROLLARY. If (x, U) and (y, V) are two coordinate systems on M
and

g]dy'/\~~-/\dy"]=12|dx' /\---/\dA'”l g,/120
then _

By‘
h=g- det(F)].

[This corollary shows that volume elements are the geometric objects corre-
sponding to the “odd scalar densities” defined in Problem 4--10.]

It is now an easy matter to integrate a volume element cu over any manifold.
First we define

f cu: f f forw=f]dx'/\---/\dx"|, f?_0.
[g,|]n

t0,]]n'

Then for an n-chain c: [0, 1]" —> M we define

‘/cu zf c*w.
c [0,1]"

Theorem 7-7" shows that Proposition I holds for a volume element cu = f ldxl /\
- - -/\dx"| even if det c’ is not 3 0. Thus Corollary 2 holds for volume elements
even if det p’ is not 3 0. From this we conclude that Theorem 5 holds for
volume elements cu on any manifold M, without assuming c1,c2 orientation
preserving (or even that M is orientable). Consequently we can define fM w
for any V0ll.11'l'lC element w with compact support.

Of course, when M is orientable these considerations are unnecessary. For,
there is a nowhere zero n-form 17 on M, and consequently any volume element w
can be written

w=fW,f20
lf we choose an orientation p. for M such that w(v|, . . . , v,,) > O for v1, . . . , v,,
positively oriented, then we can define

Volume clements will be important later, but for the remainder of this chapter
we are concerned only with integrating forms over oriented manifolds. In fact,
our main result about integrals of forms over manifolds, an analogue of Stokes’
Theorem about the integral of forms over chains, does not work for volume
elements.
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Recall from Problem 3-I6 that if M is a manifold-with-boundary, and p E
HM, then certain vectors v E Mp can be CiiStiI‘lg"|_1iShCCi by the fact that for any
coordinate system x: U —> ll-ll" around p, the vector x,,.(v) E ll-ll";-(1,) points
“outwards”. We call such vectors v E Mp “outward pointing”. If M has an

5, __

orientation pt, we define the induced orientation Hp, for BM by the condition that
[v|,...,v,,...|] E (3;,t)p if and only if [w,v|,...,v,,..|] E up for every outward
pointing w E Mp. If it is the usual orientation of 1H1" , then for p == (a,0) E lrll”
we have

lip I [(9l)p, . .. ,(@n)pi = (“lim-][(@n)pi(9l)p: - - -1 (en--llpi

=(~1)”[(~@~)p,(@1),,,-.-,(@s~1)p]-

Since (-e,,),, is an outward pointing vector, this shows that the induced orien~
tation on lR"'“' x {0} = an" is (-I)” times the usual one. The reason for this
choice is the following. Let c be an orientation preserving singular n~cube in
(M,;,t) such that BM O c([0, 1]") = c(,;,_0)([0, ]]"'“1). Then c(,,,0): [0, ]]“'“1 —>

('(n.0)

(3M,8;,t) is orientation preserving for even n, and orientation reversing for
odd n. If w is an (n - 1)~form on M whose support is contained in the interior
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of the image of c (this interior contains points in the image of c(,,_0;,), it follows
that

fl .;11_-.-.:-_‘._-=. ;l '.\-.

support cu

But c(,,_0; appears with coefficient (-1)" in 3c. So

(*) /0):/i w=(--l)"/ 0):‘/i w.
36 ("-1)"¢‘m,tii Conn) HM

If it were not for this choice of Bu we would have some unpleasant minus signs
in the following theorem.

5. THEOREM (STOKES’ THEOREM). If M is an oriented n-dimensional
manifold-with~bounda1y, and BM is given the induced orientation, and w is an
(n — })—form on M with compact support, then

‘/dw=f w.
M BM

PROOF. Suppose first that there is an orientation preserving singular n—cube c
in M — BM such that support w C interior of image c. Then

f dw = / dw = f cu by Theorem 4
M c 3c

= 0 since support 0) C interior of image c,

I w=0.
BM

Suppose next that there is an orientation preserving singular n-cube c in M
such that 3Mfic([O, 1]") = c(,,,0;([0, }]”""), and support w C interior ofimage c.
Then once again

while we clearly h ave
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In general, there is an open cover (9 of M and a partition of unity <1) sub-
ordinate to (9 such that for each Q5 E (D the form Q5 - w is one of the two sorts
already considered. We have

0=d(}) =d(Z¢) = Zdtp,
¢>e¢ ¢e¢

S0

Z d¢ /\ 0) = 0.
¢€¢

Since w has compact support, this is really a finite sum, and we conclude that

Z] d(;5/\w=:O.
¢e¢ M

Therefore

/M (la): ‘/q‘;-(Irv: fdqfi/\w+¢-dwM M
=2] d(¢.w)= z~l€i.M¢.w:f8Mw. 0:.¢>e¢ M ¢>e¢

One of the simplest applications of Stokes’ Theorem occurs when the oriented
n-manifold (M,;,t) is compact (so that every form has compact support) and
BM := U. In this case, if r; is any (11 — i)-form, then

I {(7):}
M HM

Therefore we can find an n-form w on M which is not exact (even though it
must be closed, because all (n + i)~forms on M are 0), simply by finding an w
with

/I w :,=é 0.
M

Such a form cu always exists. Incleccl we have seen that there is a form w such
that for vi, . . . , v,, 6 Mp we have

(*) w(v;,...,v,,)>0 if[v1,...,v,,]=;i,,.

If c": [0, 1]" —> (M , ii) is orientation preserving, then the form c*w on [0, 1]” is
clearly _

g dxi A - - » /\ dx” for some g > 0 on [0, l]",



1rttegr'at2'0n 263

so fa w > 0. It follows that IM w > 0. There is, moreover, no need to choose
a form w with (*) holding everywhere—we can allow the > sign to be replaced
by 3. Thus we can even obtain a non-exact n-form on M which has support
contained in a coordinate neighborhood.

This seemingly minor result already proves a theorem: a compact oriented
manifold is not smoothly contractible to a point. As we have already empha-
sized, it is the “shape” of M, rather than its “size”, which determines whether
or not every closed form on M is exact. Roughly speaking, we can obtain
more information about the shape of M by analyzing more closely the extent
to which closed forms are not necessarily exact. In particular, we would now
like to ask just how many non-exact n-forms there are on a compact oriented
n-manifold M. Naturally, if w is not exact, then the same is true for w + dq for
any (n — l)—form 17, so we really want to consider w and w + dig as equivalent.
There is, of course, a standard way ofdoing this, by considering quotient spaces.
We will apply this construction not only to n~forms, but to forms of any degree.

For each k, the collection Zk (M) of all closed k—forms on M is a vector
space. The space B"(M) of all exact k-forms is a subspace (since dz = 0), so
we can form the quotient vector space

H’<<M> = z"<M>/B"<M>;
this vector space Hk (M ) is called the It-dimensional dc Rham cohomology vector
space of M. [de R/zamia" T/zeorem states that this vector space is isomorphic to
a certain vector space defined purely in terms of the topology of M (for any
space M), called the “k-dimensional cohomology group of M with real coef-
ficients”; the notation Zk, Bl‘ is chosen to correspond to the notation used in
algebraic topology, where these groups are defined.]

An element of Hi‘ (M) is an equivalence class [cu] of a closed k-form w, two
closed k—forms cu; and cu; being equivalent if and only if their difference is exact.
In terms of these vector spaces, the Poincare Lemma says that H"UR" ) = 0 (the
vector space containing only 0) if k > 0, or more generally, H"(M) = 0 if M
is contractible and k > 0.

To compute H°(M) we note first that B°(M) = 0 (there are no non-zero
exact 0—forms, since there are no non-zero (—l)—forms for them to be the dif-
ferential of). So H°(M ) is the same as the vector space of all C°° functions
f : M —> IR with df = O. If M is connected, the condition df = 0 implies
that f is constant, so H°(M) Q R. (In general, the dimension of H°(M) is the
number of components of M.)

Aside from these trivial remarks, we presently know only one other fact about
H"(M)—if M is compact and oriented, then H“(M) has dimension 3 l. The
further study of Hk (M) requires a careful look at spheres and Euclidean space.
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On .S'""" C R” — {0} there is a natural choice of an (n — l)-form 6’ with
fS,,__; 0’ > 0; for (v;),,,...,(v,,...;),, E .S'"'"1,,,, we define

P

oJ(p)((v1)ps - - - :|(v!l--l)P) : det( Li] )'

Un-I

Clearly this is > O if (v;),,,, . . . , (v,,...;),, is a positively oriented basis. In fact,
we defined the orientation of .S' "' "1 in precisely this way—this orientation is just
the induced orientation when .S'”“‘ is considered as the boundary of the unit
ball {p E IR” : I p| 5 I} with the usual orientation. Using the expansion of a
determinant by minors along the top row we see that 0’ is the restriction to
S""1 of the form 0 on 1R" defined by

H

tr = Z:(—I)’i""x"dx] /\ ---Adxi /\ Adx”.
i=1

The form tr’ on .S'”"" will now be used to find an (n — I)-form on R" — {0}
which is closed but not exact (thus showing that H"‘“‘ (R" — {O}) =,£ 0). Consider
the map r: R" — {0} —> S”"" defined by

P PHp) = —— = —-lpl 11(1))
Clearly r(p) = p if p E .S'”"l; otherwise said, if it .S'”'"l —> R" — {0} is the
inclusion, then

r o i = identity of .S'”“‘.

(In general, if A C X and r: X —> A satisfies r(a) = a for a E A, then r is
called a retraction of X onto A.)

Clearly, r"'o" is closed:

d(r*a’) = r*dcr" = 0.

However, it is not exact, for if r*a’ = dry, then

tr’ = i*r*a’ = di*q;

hut we know that 0’ is not exact.
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It is a worthwhile exercise to compute by brute force that

‘d — d d —- dforn=2, r*o"’=—A y y~7x=x y x=d6

for n : 3’ fig, : Xdyfs dz — y dig/\ dz +zdx /\ dy
(x2 + P2 + :2)”

= Li-§[xdy/\dz—ydx/\dz+zdx/\dy].

Since we will actually need to know r*o" in general, we evaluate it in another
way:

7. LEMMA. If tr is the form on R" defined by
II

tr = Z:(—I)""'1x"dx‘ /\ --- /xdxi /\ --- A dx”,
I I

and tr’ is the restriction 1'*a of tr to .S'""“, then

(*) »-WP) =
So H

I - - --~.
r*o’ = F Z(—])’"'x’ dxl /\ ---/\dX' /\ ---Adx”.

i=1

PROOF At any point p e R” — {O}, the tangent space lR"p is spanned by pp
and the vectors vp in the tangent space of the sphere .S'”'"'(| pl) of radius I p|.
So it suffices to check that both sides of (=1=) give the same result when applied
to n — I vectors each of which is one of these two sorts. Now pp is the tangent
vector of a curve y lying along the straight line through 0 and p; this curve is
taken to the single point r(p) by r, so r...(pp) = 0. On the other hand,

P
P

cr(p)(pp, (v;)p, . . . , (v,,..;)p) -= det ‘ll = 0.

Uni-2

So it suffices to apply both sides of (*) to vectors in the tangent space of
.S'"“' (lpl). Thus (Problem l5), it suffiees to show that for such vectors vp we
have

"*(vP) = Tg|'vr(p)-
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But this is almost obvious, since the vector vp is the tangent vector of a circle y
lying in .S'”"](]p|), and the curve r o y lies in .S'""'l and goes I/|p| as far in the
same time. '§'

8. COROLLARY (INTEGRATION IN “POLAR COORDINATES”). Let
fr B —> R, where

B={PER”=lpls 1}.
and define g: .S'"'"l —> R by

1

g(P) = [0 it"-‘f<~ - mu.
Then

ff=ffdxl/\---/\dx”=/ go’.
B B Sn--I

PROOF. Consider .S'”‘"' x [0, I] and the two projections 1

, l
1 [9,1]

H12 .S'”"] X [0,1] —> Sn“:

H21 Sm“! X [0,1] —> [0 . 0%Let us use the abbreviation
Sn--1

6" A d1: :rr1*a' /\ 7r;*dI.

If (y, U) is a coordinate system on S""1, with a corresponding coordinate sys-
tem (jg!) = (y 0J'1'1,.'!1'_'._\) on S""'l X [0, I], and 6" = cedyl /\ /\dy”'"l, then
clearly

cr"Ad! = Exo:r1d;7‘/\---/\dj"“‘/xdt.
From this it is easy to see that ifwe define h: .S'”“' X [0, I] —> 1R by

h<p.~) = ~"*‘f<~ - P).
then

f go’ = (—])”"1 f ho’ A dz.
Sn--I Sn--E x[0, 1]

Now we can define a diffeomorphism Q5: B — {0} —> .S'""l X (0, I] by

Mp) = (Hp), 11(9)) = (P/lp|,lp|)-
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Then

¢>*(o’ A dz) = ¢*(rr,*a" A rrfdz)
= ¢*rr;*o" A ¢*rr2*dz‘

=(YF1° <z">)*0"' /\ (H2 0 Q5741
= r*6" A v*dz‘

I ( H D- l T-T " n xi ,-v" I
=- Z:(—I)’ ‘x‘dx‘A---/\dx'A---Adx )AZ:~;dx

'=l i=1

(_])n I " _ I
= W Z(Xl)2d.?Ci /\"- Adi”

lim]

(_])rI-1

= ——--—dx‘ A---Adx".vn--I

Hence

¢*(lto" A dz) -= (It o ¢)¢*(o’ A dz)
(_])n--I

=v"'"lf-——-»—dx]/\---Adx"
vn“"]

-= (—])"""fdx‘ A - - - A dx”.

So,

ffdx'A---Adx"=(—I)""lf ¢*(ha’Adz)
B B-{0}

= (—])""'/ ho’ A dz
s"-*=<(0,i]

= f go’.
Sn-I

(This last step requires some justification, which should be supplied by the
reader, since the forms involved do not have compact support on the mani-
folds B — {0} a11d S""1 X (0, I] where they are defined.) '1'

We are about ready to coinpute Hi‘ (M) in a few more cases. We are going to
reduce our calculations to calculations within coordinate neighborhoods, which
are submanifolds of M, but not compact. It is therefore necessary to introduce
another collection of vector spaces, which are interesting in their own right.
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The dc Rham cohomology vector spaces with compact supports Hp“ (M) are
defined as

H.f<M> = Zi‘<M>/B§<M>,
where Z2‘ (M) is the vector space of closed k-forms with compact support, and
B§(M) is the vector space of all It-forms dr] where 17 is a (k — I)-form with
compact support. Of course, if M is compact, then H__,"(M) = Hi‘ (M). Notice
that Bf (M) is not the same as the set of all exact k-forms with compact support.
For example, on IR”, if f 3 O is a function with compact support, and f > 0
at some point, then

w=fdx‘ A---Adx”
is exact (every closed form on R" is) and has compact support, but w is not tiff]
for any form q with compact support. Indeed, if w = dry where ry has compact
support, then by Stokes’ Theorem

f 0):‘/I dr]=f 1;.-=0.
Rn Rn 3R1:

This example shows that H,f(lR”) 79 O, and a similar argument shows that
if M is any orientable manifold, then Hc"(M ) ;=é 0. \zVe are now going to show
that for any connected orientable manifold M we actually have

H§‘(M) en.
This means that if we choose a fixed w with _fM w gé 0, then for any n—form cu’
with compact support there is a real number a such that cu’ ——aw is exact. The
number a can be described easily: if

w’—aw =dn,

v/w"—]_ aw:-I dr;=O,
M’ M M

a=fw’/I w;
M M

the problem, of course, is showing that 17 exists. Notice that the assertion that
Hg‘ (M) % R is equivalent to the assertion that

is an isomorphism of H,f(M) with R, i.e., to the assertion that a closed form w
with compact support is the differential of another form with compact support
if IM 0.) = O.

then

so
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9. THEOREM. If M is a connected orientable n-manifold, then H§(M ) W» IR.

PROOF. Vile will establish the theorem in three steps:

(l) The theorem is true for M = IR.

(2) If the theorem is true for (n — I)-manifolds, in particular for S““], then
it is true for R”.

(3) If the theorem is true for R", then it is true for any connected oriented
n-manifold.

Step 1. Let w be a I-form on R with compact support such that fp cu = 0. There
is some function f (not necessarily with compact support) such that cu = df.
Since support w is compact, df = 0 outside some interval [—N, N], so f is a

f

—N N

constant c; on (-00, —N) and a constant C2 on (N, oo). Moreover,

O=‘/w=f df=ff'(z‘)dz‘=c2-—c;.
R R R

Therefore c1 = C2 = c and we have

w=d(f-C)

where f — c has compact support.

Step 2. Let w = f dxl A - -- A dx” be an n-form with compact support on R"
such that fR,, w = 0. For simplicity assume that support cu C {p E R" : |p| < I}.
We know that there is an (n — II)-form rj on R” such that cu = dq. In fact, from
Problem 7-23, we have an explicit formula for rj,

H i
n(z>) = D-1>""' ’”“'.f(z - P) tr’) X" dx‘ A - - - A dxi A - - - A dx“.

{=1 0
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Using the substitution tz = |p|z this becomes

ll
q(p)=(Lpu”_']f(u-£1-)du)fi;

H

X 2(—I)i“lxi dxl A - - - A dxi A - - - A dx"
17:]

lpl i P
= f z.z”'" f(u - —-) du -r*o’(p) by Lemma 7.

0 |P|

Define g: .S'”"'l —> R by

I

g(z>) =f0 ~”"'f(~ - z>)d~-

On the set A = {p E R" : |p| > I} we have f = 0, so on A we have

I..,.) = (/0 .~-.» (11 . ,-5;) .1.) ~=-*<z’(p).
1'? = (g O r) - r*<z' = z'*(g<z’)-

or

Moreover, by Corollary 8 we have for the (n — I)-form go’ on S""1,

f go"=ffdx‘A---Adx".
Sn—! B

_ =:‘/I w=O.
RH

Thus, by the hypothesis for Ste]: 2,

go’ -= c/A for some (n — 2)-form A on S'”"'1.

Hence
ry = z'*(dA) = d(r*l).

Let /2: R" —> [0,1] be any C°° function with It = I on A and it = 0 in a
neighborhood of O. Then l1z'*A is a C°° form on R” and

w = dry = d(t7 — d(1zz'*A)):
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the form n — d(/2z'*A) has compact support, since on A we have

ry — d(lzz'*A) = ry — d(z'*A) == 0.

Step 3. Choose an zz-form w such that IM w ;é O and cu has compact support
contained in an open set U C M, with U diffeomorphic to R”. If w’ is any
other n-form with compact support, we want to show that there is a number c
and a form 17 with compact support such that

cu’ = cw + dr).

Using a partition of unity, we can write

w’ =<z‘>iw’+---+<z‘>zzw’

where each ¢,~w" has compact support contained in some open set U; C M
with U,- diffeomorphic to R”. It obviously suffices to find c,- and ti; with ¢,-w’ =
c,-cu + dry,-, for each z‘. In other words, we can assume cu’ has support contained
in some open V C M which is diffeomorphic to R“.

Using the connectedness of M, it is easy to see that there is a sequence of
open sets

U=HWqH=V
clififeomorphic to R”, with V; I’) V,-+1 :,._~‘- (5. Choose forms cu; with support wt C

support cu;

V; O l/,-+1 and IV, cu; :,é 0. Since we are assuming the theorem for R” we have
I

cu; - c;w = dig;

cu; — C20); = dz};

w’ — c,w,_.i = dnf:

where all :7, have compact support (C V,-). From this we clearly obtain the
desired result. *§*
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The method used in the last step can be used to derive another result.

IO. THEOREM. If M is any connected non-orientable n-manifold, then
H_f(M) = 0.

PROOF. Choose an n-form w with compact support contained in an open set U
diffeomorphic to R", such that fu w qé 0 (this integral makes sense, since U is
orientable). It obviously suffices to show that w = dn for some form 27 with
compact support. Consider a sequence

u=mwUm=v

of coordinate systems (V,-,x,-) where each x,- o x,-_|.;'"' is orientation preserving.
Choose the forms cu; in Step 3 so that, using the orientation of V; which makes
x,-: V; —> R” orientation preserving, we have fp, 0); > 0; then also IV,+1 w,- > 0.
Consequently, the numbers

C; := v/i (1)5 (:);'...] GT6 POSIIIVC.
Vi Vi

cu; = cw + dn where c > 0.
It follows that

Now if M is unorientable, there is such a sequence where V, .-= V; but x, ox;"‘
is orientation ret:ersirz_g. Taking cu’ = -0), we have

—w=cw+d17 forc>0

so '
(—c—])w=dr] for—c—];é0.¢Z¢

We can also compute H"(M) for non-compact M.

ll. THEOREM. If M is a connected non-compact n-manifold (orientable or
not), then H"(M) = 0.

PROOF. Consider first an n-form w with support contained in a coordinate
neighborhood U which is diffeomorphic to R". Since M is not compact, there
is an infinite sequence

U = U1,U2,U3,U4,---
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of such coordinate neighborhoods such that U; F) U;-+1 96 Q), and such that the
sequence is eventually in the complement of any compact set.

rt support wt
suppo w

U= support (02

Now choose n-forms w,- with compact support contained in U; O U;-+1, such
that fur cu; ;=é O. There are constants c; and forms q; with compact support
C U; such that

w = Ciwt + dfli

wt = Cf+lwz'+l + d7lz'+1 i2 1-
Then

w = dr]1—|-C1(U;

= d171+C1dY72 + Cifizwz
= dni +Cidr72 + 61624173 + CiC2<1'3w3

Since any point p E M is eventually in the complement of the U,-’s, we have

w = dm + cidnz + ClC2d7i3 + C1C2C3d7l4 + - --,
where the right side makes sense since the U; are eventually outside of any
compact set.

Now it can be shown (Problem 20) that there is actually such a sequence
U1, U2, U3, . .. whose union is all of M (repetitions are allowed, and U; may
intersect several U_; for j < 1', but the sequence is still eventually outside of any
compact set). The cover (9 = {U} is then locally finite. Let {zpy} be a partition
of unity subordinate to (9. If w is an n-form on M, then for each U; we have
seen that

¢U,w = dn; where I]; has support contained in U; U U,-+1 U U;-+3 U - - - .

Hence 2 2
IP12

stw:Z:¢Utw=§:d’7I'=d( ')-°:‘
i=1 i=1 =
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SUMMARY OF RESULTS

(l) For R" we have
k R k = 0

H (R”) "Ar
0 k > 0.

(2) If M is a connected n-manifold, then

H°(M) A; n
R if M is orientableH.;'<M>~{ . . .0 if M 15 non-orientable

Hé‘ if M is compact
H"(M) W { , _

0 if M is not compact.

We also know that H""" (R” —{0}) :,é 0, but we have not listed this result, since
we will eventually improve it. In order to proceed further with our computations
we need to examine the behavior of the de Rham cohomology vector spaces
under C°° maps f: M —> N. If cu is a closed k-form on N, then f*w is also

Illclosed (df*w = f dw = 0), so f* takes Z"(N) to Z"‘(M). On the other hand,
f* also takes Bk(N) to B"(M), since f*(dn) 2 d(f*rp). This shows that f*
induces a map

z"<N>/B"<N) -> z’<<M)/B"<M).
also denoted by f*:

f*: H"(N) _> H"(M).
For example, consider the case /< = 0. If N is connected, then H°(N ) is just

the collection of constant functions c: N -> R. Then f*(c) = c 0 f is also a
constant function. If M is connected, then f*: H°(N) —> H°(M) is just the
identity map under the natural identification of H°(N) and H°(M) with R.
If M is disconnected, with components Mp, a E A, then H°(M) is isomorphic
to the direct sum

@ Ra, where each Ra % R;
a€A

the map f* takes c E R into the element of EBRQ, with ad‘ component equal
to c. If N is also disconnected, with components Np, B <5 B, then

f*= 69% —> EBA“
BGB aeA

takes the element {C5} of QEBGB R5 to {CL}, where cg, = C5 when f(M,,) C Np.



122 tegration 2'75

A more interesting case, and the only one we are presently in a position to
look at, is the map

f*: H“(N) —> H”(M)

when M and N are both compact connected oriented n-manifolds. There is
no natural way to make H"(M ) isomorphic to R, so we really want to compare

fMf*w and /Iva)

for w an zz-form on N. Choose one wt; with IN wo ;é 0. Then there is some
number a such that

/f*w0=a-/I wo.
M N

Since w |—> _fM w is an isomorphism of H"(M) and R (and similarly for N) it
follows that for every form w we have

/Mf*w=a-jivw.

The number a = deg f, which depends only on f, is called the degree of f.
If M and N are not compact, but f is proper (the inverse image of any compact
set is compact), then we have a map

f*1H§(N)—> HUM)

and a number deg f, such that

[M /*0» = (dssf) [N w
for all forms cu on N with compact support. Until one sees the proof of the
next theorem, it is almost unbelievable that this number is always an integer.

12. THEOREM, Let f; M —> N be a proper map between two connected
oriented It-manifolds (M,;t) and (N, v). Let q 6 N be a regular value of
For each p E f"'l(q), let

I if ftp: Mp —> Np is orientation preserving
signp f = (using the orientations up for Mp and up for N4)

—] if fltp is orientation reversing.
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Then
degf= Z signpf (=0iff_l(p)=@).

Pcf-*0?)
PROOF Notice first that regular values exist, by Sard’s Theorem. Moreover,
f“'(q) is finite, since it is compact and consists of isolated points, so the sum
above is a finite sum. _

Let f_'(q) = {p1, . . . , pk}. Choose coordinate systems (U,-,x;) around p;
such that all points in U; are reg-ular values of f, and the U; are disjoint. ‘We
want to choose a coordinate system (V, y) around q such that f“l (V) = U; U

U Uk. To do this, first choose a compact neighborhood W of q, and let

_ . ..

.1, -

él‘-<"’+'*'-§?1";;fiJ "¢-.-.--rt ' ..._

.
..-,;_§'?r.\»

W’ C M be the compact set

W’=f"(W)—(U; u---ut/,,).
Then f( W’) is a closed set which does not contain q. We can therefore choose
V C W—f( W’). This ensures that f"! (V) C U; U- - -UU;;. Finally, redefine U;
to be U; I’) f“'(V).

Now choose cu on N to be w = gdy‘ /\ - - - A dy" where g 3 0 has compact
support contained in V. Then support f*0) C U; U - - - U Uk. So

z<

etA\
xE

(~..

§
sign .2

15*

Since f is a diffeomorphism from each U; to V we have

f f*w=f w iffis orientation preserving
U, V

= — f w if f is orientation reversing.
V

Since f is orientation preserving [or reversing] precisely when signp f :.- I [or
-1] this proves the theorem. *1»
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As an immediate application of the theorem, we compute the degree of the
“antipodal map” AI S" —> S" defined by A(p) .-= -—p. 'We have already
seen that A is orientation presenting or reversing at all points, depending on
whether z: is odd or even. Since A"‘l (p) consists ofjust one point, we conclude
that

deg A = (— I)""I.
We can draw an interesting conclusion from this result, but we need to intro-

duce another important concept first. Two functions f, gt M —> N between
two C°° manifolds are called (smoothly) homotopic if there is a smooth function

HIM X [0,1] —> N

with
H(P,0) = f(P) for an PE M_
H(P=l)=8(P) ’

the map H is called a (smooth) homotopy between f and g. Notice that M is
smoothly contractible to a point pg E M if and only if the identity map of M is
homotopic to the constant map pg. Recall that for every k-form to on M X [0, I]
we defined a (k — ])—form Iw on M such that

z'1*w -— t0*w = d(]w) + ](dw).

We used this fact to show that all closed forms on a smoothly contractible man-
ifold are exact. We can now prove a more general result.

I3. THEOREM. If f, g: M —> N are smoothly homotopic, then the maps

f*; H“(N) -> H"(M)
g*: H"(N) -> H"(M)

are equal, f* -:= g*.

PROOF By assumption, there is a smooth map H: M X [0, I] —> N with
f = H otg

g = H 0 1'1.

Any element of H"(N) is the equivalence class [cu] of some closed k-form to
on N. Then

g*w — f*0J = (H oI';)*w -- (H o it-;)*w

= z.*<H*w> - a*<H*w)
= d(IH*w) + ](dH*w)
= d(]H*w) + 0.

But this means that g*([w]) -= f*([w]). '1'
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14. COROLLARY. If M and N are compact oriented n-manifolds and the
maps f,g: M —> N are homotopic, then degf = deg g.

15. COROLLARY. If It is even, then there does not exist a nowhere zero
vector field on S".

PROOF We have already seen that the degree of the antipodal map A: S" —>
S" is (—I)""". Since the identity map has degree I, A is not homotopic to
the identity for n even. But if there is a nowhere zero vector field on S", then
we can construct a homotopy between A and the identity map as follows. For
each p, there is a unique great semi-circle yp from p to A(p) = — p whose
tangent vector at p is a multiple of X( p). Define

11(1),!) = 101(1)» :3‘

For P? odd we can explicitly construct a nowhere zero vector field on S”. For
p = (x;,...,x,,_|.;) E S” we define

X(P) = (—-Ti. X0. —-Y3. X2. - - - = —Xa+i= In);

this is perpendicular to p = (x;,x2, . . . ,x,,+;), and therefore in .S""p. (On S‘
this gives the standard picture.) The vector field on S" can then be used to give

I

1
7

\

a homotopy between A and the identity map.
For another application of Theorem l3, consider the retraction

I-= R" - to -> Sr‘ to) = P/|P|-
If t: .S'”'"' —> R" — {0} is the inclusion, then

r oi: S'”'"l —> .S'”"" is the identity l of S'“"'l.
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The map

z'or:R"—{0}—>R"——-{0} toz'(p)=p/|p|

is, of course, not the identity, but it is homotopic to the identity; we can define
the homotopy H by

I/.p(I$i]

I
I

. ’3i(z>)
n HQ) (i=0)H(P.!)=!P+(1 —1)z"(z1)cR -—{0}- <1=@>

A retraction with this property is called a deformation retraction. Whenever z‘
is a deformation retraction, the maps (r oi)* and (z' or)* are the identity. Thus,
for the case of S”"] C R” — {O}, we have

H"<s"*‘> 11> H"<s" - {O})
Hfls" — on -’—> H"<$"">

and

7* or = (1'o)°)* = identity of H"(]R" - to};
1* o)'* = <,- oI')* .-= identity of H’<(s"~‘).

So t* and r* are inverses of each other. Thus

H"(s""‘) w H"(n" - {op for all z<.
In particular, we have H”'"l(R” -- "1"! R. A generator of H”'“l(R" — is
the closed form r*o".

We are now going to compute Hk (R” —- {O}) for all k. We need one further
observation. The manifold

MX{0}CMXRI

is clearly a deformation retraction of M X R’. So H"(M) % Hk(M X R!)
for all 1.
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15. THEOREM. For 0 < k < I? - I we have Hk(R" — {O}) = Hk(.S'"_1) .-= 0.

PROOF. Induction on n. The first case where there is anything to prove is
n = 3. We claim H'(]R3 - {op = 0.

Let w be a closed I-form on R3. Let A and B be the open sets

(0,0, I)
A = R’ - {(0.0) >< (-00.01)
B = R3 — {(0.0) >< I0. 00)}. *""

(0=0s_'l)

Since A and B are both star-shaped (with respect to the points (0,0, I) and
(0,0, — I), respectively), there are 0-forms f4 and fg on A and B with

w=df4 onA

w=df5- onB.

Now
(((_}:q—f3)=0 0nA|')B,

and
AF)B=[R2—{0}]XR,

so clearly f4 — fg is a constant c on A I’) B. Thus to is exact, for

to -= d(f.; — c) on A
to = d(j,'5-) on B

andf.;—c=f5- onAI’)B.
If to is a closed I-form on R4, there is a similar argument, using

A = n4 - {(0,0,0) >< (-00,01}
B = n4 - {(0,0,0) >< [0,oo)}.

If cu is a closed 2-form on R4, then we obtain I-forms 17,4 and 173 with

w=d11,q onA

w=d173 onB.
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Now
d(rjA—n3)=O onA|')B

and
H}(A n B) = H1([]R3 - {on >< n) is H'(]R3 ~ {op = 0.

So r;,.; - rig = dl for some 0-form A on A I’) B. Unlike the previous case, we
cannot simply consider 17,4 — dl, since this is not defined on A. To circumvent
this difficulty, note that there is a partition of unity {¢,;,¢B} for the cover {A, B}
of R3 -—- {O}:

Q5/t + $3 = I
d(,(>,4 + dgbg = 0

support<,b,4 C A
supportqfig C B.

NOW, if
¢BA OI] A O B

Q5371 denotes {O on A _ (A n B),

and similarly for <,(>,4A, then

(I231 is a C°° form on A

(,(),4A is a C°° form on B.

On A I’) B we have

WA — ¢((<t>B/I) = 77A -953 all -" ‘($3 Al
= 77A +(¢A —1)dl+d¢A A1
= 77A — dl +d(<t>A/U
= ms +d(¢Al)-

So we can define a C°° form on R" — {0} = A UB by letting it be rig — d(¢;,-A)
on A, and 173 + d(¢,;A) on B. Clearly,

(U = d7],4 = 61(1),; — 011 A

= dfle = ‘((175 + d(<t>/ill) 01’! 3,

so cu is exact.
The general inductive step is similar. *1‘
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We end this chapter with one more calculation, which we will need in Chap-
ter ll.

17. THEOREM. For 0 5 k < n we have Hc‘."(R”) = 0.

PROOF The proof that H_§(R") = 0 is left to the reader.
Let cu be a k-form on R” with compact support, 0 < k < n. We know that

cu = dn for some (k — ])—form r; on R". Let B be a closed ball containing
support w. Then on A = R" — B we have dq = 0. Since A is diflfeomorphic to

0=w=dr)

it:  
R” — {O} and k - I < rt — I we have from Theorem 15 that

17 = dA for some (k — 2)—form A on A.

Let f: R" —> [0, I] be a C°° function with f = 0 in a neighborhood of B and
f = I on R" — 2B, where 2B denotes the ball of twice the radius of B. Then
d(fA) makes sense on all of R" and

w = 40 = do - am);
the form ry — d(fA) clearly has compact support contained in 2B. '2'
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PROBLEMS

l. The Riemann zhtegrat versus I.'1zeDarboux tntegrat. Let f : [a, b] —> R be bounded.
For a partition P = {:0 < < z,;} of [a,b], let m; = m;-(f) be the inf of f
on [z;_.;,z;] and define M; = M;-(f) similarly. A choice for P is an n-tuple
E = (E1,...,E;;) with E; E [z;_.;,z;]. We define the “lower sum”, “upper sum”,
and “Riemann sum” for a partition P and choice E by

Lo’. P) - Zia.-<1") - <1.» - z.-_.t>
l'=l

rm’. P) = M.-<1’) - 0; - z.--1)
i=1

so". an - Zf<s-><z.- - !I'-l)-
[=1

Clearly L(f, P) 5 .S'(f, P,E) 5 U(f, P). We call f Darboux integrable if the
sup of all L(f, P) equals the inf of all U(f, P); this sup or inf is called the
Darboux integral of f on [a,b]. \'Ve call f Riemann integrable if

l' S P ' 'upilplo (f, ,5;') exists,

the limit is called the Riemann integral of f on [a, b].

(a) We can define S(f, P,§) even if f is not bounded. Show however, that
Hjilpi 0.S'(f, P,§) cannot exist if f is unbounded.

(b) If f is continuous on [a,b], then f is Riemann and Darboux integrable on
[a, b], and the two integrals are equal. (Use uniform continuity of f on [a, b].)
(c) If f is Riemann integrable on [a, b], then f is Darboux integrable on [a, b]
and the two integrals are equal.
(d) Let tn 5 f 5 M on [a,b]. Let P = {so < < Sm} and Q = {:0 < <
z,,} be two partitions of [a,b]. For each t =- 1,. . . ,n, let

e; = length of [z;_.1, 1;]
— sum of lengths of all [s;,__;, sp] which are contained in [t;__;, z‘;].

It-i fzllwrl I I I 1
 

[s;,_1,s;,]’s contained in [I‘;_.;, 1;]
shaded lengths -= add up to e;
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Show that, if M; denotes the sup of f on [z;_.1,z;], then

H

U(f, P) 5 U(f. Q) + Z014 - M.-)e;
i=1

5 U(f,Q)+(M —zn)i:e;.
i=1

There is a similar result for lower sums.
(e) Show that EL, e; —> O as ||P|| —> 0, and deduce Darboux’s Theorem:

j)ifi1;1>0U(f, P) = inf{U(f, Q) 1 Q a partition of [a,b]}

lUl)il{l)>0L(f, P) = sup{L(f, Q): Q a partition of [a,b]}.
ll

(f) If f is Darboux integrable on [a, b], then f is Riemann integrable on [a, b].
(g) (Osgood’s Theorem). Let f and g be integrable on [a,b]. Show that foi
choices E,E" for P,

H z>
,,;i,g0§f<s;)s<s'.><zt-z._;> == fe-

HW? Iflgl S M 01’l[¢1'=bl.thfifl|f(§"z)8(§’t)—f(§i)8(§'t)| S M|f(§'z)—f(§r)|-
(h) Show that fa fdx + gdy, defined as a limit of sums, equals

(blf(c(r))@"(z) +s(c(¢))c2'(!)ld1-
2. Compute fa d6 == f[0,,]c* dd, where c(z) = (cos 2rtz,sin2m) on [0,1].

3. For it an integer, and R > O, let cR,,,: [0, I] —> R2 — {O} be defined by

cR,,,(I‘) = (R cos Znrrz‘, Rsin Znm‘).

(a) Show that there is a singular 2-cube c: [0, I]2 —> R2 — {0} such that cR,,,, —
CR2," = Be.

(b) If c: [0,1] —> R2 — {O} is any curve with c(0) = c(I), show that there is
some n such that c -— c1,,, is a boundary in R2 — {O}.
(c) Show that n is unique. It is called the winding number of c around 0.
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4. Let f: (C —> (C be apolynomial, f(z) = z"+a;z”_l-I----+a,,,wheren 3 I.
Define cR,f: [0,1] —> (C by cR,f = foCR,1.

(a) Show that if R is large enough, then cg’; —- cR,,., is the boundary ofa chain
in (C — {O}. Hint: Note that cR~,;;(z‘) = [cR,; (t)]”, and write

C1 C1f(z)=z"(]+~;_l+..._|_;_.;)_

(b) Show that f(2) = 0 for some z E (C (“Fundamental Theorem of Algebra”).
Hint: If f(z) # 0 for all z with |z| 5 R, then cR,f — c0,f is a boundary.

5. Some approaches to integration use singular simplexes instead of singular
cubes. Although Stokes’ Theorem becomes more complicated, there are some
advantages in using singular simplexes, as indicated in the next Problem.

Let An C R” be the set of all x E R" such that

F1

O5x'5l, 2.135].
t'= I

\-,-.\_ A 3

at at. _,_. . . ________
0 I

A singular it-simplex in M is a C°° function c: Ap —> M, and an zz-chain
is a formal sum of singular H-SlI‘l)plCXCS. As before, let I": An —> R” be the
inclusion map. Define 8;: A,,._] —> An by

aoo-) = ([1 - 3;,‘ x=‘],s', . . . ,x""‘)
8,-(x)=-(x',...,x"’"',0,xf,...,,\'"“') 0<z'5n,

and for singular zz-simplexes c, define 8,-c =- c o 8;. Then we define

H

zBc = Z(—]) 8;-c.
i=0

(a) Describe geometrically the images 3;-(A,,_.;) in An.
(b) Show that 82 .-= 0.
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_,_,--C
H(c) Show that ifwsfdxl /\---/\dX2/\---/\dX“ is an (n— 1)-form onR,

then
f dw = f cu.
I" at"

(Imitate the proof for cubes.)
(d) Define few for any k-chain c in M and k-form to on M, and prove that

‘/dw-:,/2 w
c 3c

for any (k — 1)-form cu.
6. Every x E A;;_,_; can be written as Ix’, for O 5 t 5 1, and x’ E 80(A;;).

1!

X

Morcover, x’ is unique except when z‘ === 0. For any singular k-simplex c: A1; —>
R”, define E: A;;_|_, —> R" by

L.

E(.\') ---z -c(x').

C

We then define E for chains c in the obvious way.

(a) Show that dc = 0 implies that c = 85.
(b) Let c: [0,1] —> R2 be a closed curve. Show that c is not the boundary of
any sum o of singular 2-cubes. Hint: If 8o -= Z, a;c;, what can be said about
Zr‘???
(c) Show that we do have c = Bo + c" where c’ is degetzerate, that is, c"([O, 1]) is
a point.
(d) If c;(0) = cg(0) and 01(1) = cg(]), show that c1 —— cg is a boundary, using
either simplexes or cubes.
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7. Let w be a 1-form on a manifold M. Suppose that ft w == 0 for every closed
curve c in M. Show that w is exact. Hint: If we do have w = df, then for any
curve <3 we have

f w = f<<:<m - f<<:<<>>>-
8. A manifold M is called simply-connected if M is connected and if every
smooth map f: S1 —> M is smoothly contractible to a point. [ActuaIly, any
space M (not necessarily a manifold) is called simply-connected if it is connected
and any continuous f : S1 —> M is (continuously) contractible to a point. It is
not hard to show that for a manifold we may insert “smooth” at both places.]

If M is smoothly contractible to a point, then M is simply-connected.
.S' I is not simply-connected.

(c S" is simply-connected for n > I. Hint: Show that a smooth f: S‘ —> S"
is not onto.
(d) If M is simply-connected and p e M, then any smooth map f: S‘ —> M
is smoothly contractible to p.
(e) If M = U U V where U and V are simply-connected open subsets with
U O V connected, then M is simply-connected. (This gives another proof that
S" is simply-connected for n > 1.) Hint: Given f: S I —> M, partition S I into
a finite number of intervals each of which is taken into either U or V.
(f) If M is simply-connected, then H ‘(M ) = 0. (See Problem 7.)
9. (a) Let U C R2 be a bounded open set such that R2 -— U is not con-
nected. Show that U is not smoothly contractible to a point. (Converse of

--/€'5Ql

Problem 7-24.) Hint: If p is in a bounded component of R2 -— U, show that
there is a curve in U which “surrounds” p.
(b) A bounded connected open set U C R2 is smoothly contractible to a point
if and only if it is simply-connected.
(c) This is false for open subsets of R3.
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l0. Let w be an n-form on an oriented manifold M". Let <15 and II! be two
partitions of unity by functions with compact support, and suppose that

Zf 4; - lwl < oo.
¢ed> M

(a) This implies that Zqbeq, fM ¢ - w converges absolutely.
(b)Showthat

ZfM¢-w=Z Z] 1//-¢-w,
¢ed> ¢e¢1,tre\l1 M

and show the same result with w replaced by lwl. (Note that for each qt), there
are only finitely many 1,» which are non-zero on support ¢.)
(c) Show that Zwew fM 1/1 - lwl < 00, and that

/l -w --: I 1) -cu.
M; M Q3 Q, M

We define this common sum to be IM cu.
(d) Let An C (n,n + 1) be closed sets. Let f: R —> R be a C°° function with
IA" f == (-—])"/n and support f C U" An. Find two partitions of unity <1)
and III such that 21¢“, fn ¢ - f dx and Ewew IR 1,9 - f dx converge absolutely
to different values.

ll. Following Problem 7-12, define geometric objects corresponding to odd
relative tensors of type and weight w (w any real number).
12. (a) Let M be {(x,y) E R2 : |(x,y)l < I}, together with a proper portion

ofits boundary, and let w = x dy. Show that/..,
even though both sides make sense, using Problem IO. (No computations
needed—~note that equality would hold if we had the entire boundary.)
(b) Similarly, find a counterexample to Stokes’ Theorem when M = (0,1)
and w is a O-form whose support is not compact.
(c) Examine a partition of unity for (0, 1) by functions with compact support to
see just why the proof of Stokes’ Theorem breaks down in this case.
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13. Suppose M is a compact orientable rt-manifold (with no boundary), and 6
is an (n — 1)-form on M. Show that d6 is 0 at some point.

14. Let M1,M2 C R" be compact n-dimensional manifolds-with-boundary
with M2 C M1 -- 8M1. Show that for any closed (n -- 1)-form w on M1,

3M1

/ f ..,.
HM] 3M2

15. Account for the factor 1/lpl" in Lemma 7 (we have r,,.(v,,) = (1/lp|)v,(p),
but this only accounts for a factor of 1/lp|"'"1, since there are n -- 1 vectors
v1, . . .,v,,..1).

16. Use the formula for r*dx‘ (Problem 4-1) to compute r*0". (Note that

r*o" = r*i*o = (i or)*o;

the map i or: R" -— {0} —> R” -- {O} is just r, considered as a map into R" -- {0}.)

17. (a) Let M” and N m be oriented manifolds, and let w and ry be an n-form
and an m-form with compact support, on M and N, respectively. We will
orient M >< N by agreeing that v1, . . . ,v,,, w1,...,w,,, is positively oriented in
(M >< N)(p,q) H Mp QB Nq if v1,...,v,, and wt, . . .,wm are positively oriented
in Mp and Nq, respectively. If rt,-: M >< N —> M or N is projection on the ill‘
factor, show that

I .T1'1*(1)/\I1'2*I]-"-=‘l'(U"[7].
MxN M N

(b) Ifh: M X N —> Ris C°°, then

f hrr1*w/\rrg*r;=[ gw,
MxN M

where

g(P)=fN/MP,-)m MP, -)=q1->/1<P,q)-
(c) Every (n1 +n)-form on M >< N is /t1r1*w /\ 1r2*17 for some w and 27.
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18. (a) Let p E R" -- {O}. Let w1,. . . , w,,..g E R"), and let v 6 R",, be (1119);, for
some A E R. Show that

r*cr'(v, w1,. . . ,w,,..g) = 0.

(b) Let M C R" - {0} be a compact (n — 1)-manifold-with-boundary which is
the union of segments of rays through 0. Show that fM r*o" = 0.

I
I

r

t l

' I
I I

Ill’
If

(c) Let M C R"-—{O} be a compact (rt-—1)-manifold-with-boundary which inter-
sects every ray through 0 at most once, and let C(M) =- {lp : p E M,A I3 0}.

C(M)

‘to~ Ki ll

l \ \.i \ ~.

C(M)fiS2

Show that
f r*6'=f r*U".

M C(M)fi.S‘3
The latter integral is the measure of the solicl angle subtended by M. For this
reason we often denote r*o' by dG),,.

19. For all (x,y,:) E R3 except those with x = 0, y = 0, z E (--00,0], we
define ¢(x, y, :) to be the angle between the positive 2-axis and the ray from 0
through {x,y,z).
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(I, J’, I)

‘¢\

(X, y)

(a) ¢(x,y, z) = 21I‘Cl21I‘l(\/X2 + yz/z) (with appropriate conventions).
(b) If v(p) == lpl, and 6 is considered as a function on R3, 6(x,y,z) =
arctan y/x, then (v,6, Q5) is a coordinate system on the set ofall points (x,y,z)
in R3 except those with y = O, x E [0, 00) or with x -= 0, y = 0, z E (—o0,0].
(c) If v is a longitudinal unit tangent vector on the sphere .S'2(r) of radius r,
then d¢(v) = 1. If w points along a meridian through p = (x,y,z) E .S'2(r),

‘Q?
then I

d6(w ) = -Mi.
p /X2 _,_y2

(d) If 6 and ¢ are taken to mean the restrictions of 6 and qfi to [certain portions
of] S2, then

6' = h (19 /\ dqfi,

where h: S2 -> R is

lt(x,y, 2) = --vxz + yz (the minus sign comes from the orientation).

(e) Conclude that
0" = d(- cos Q5 d6).
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(f) Let rg: R2 — {0} —> S1 be the retraction, so that d6 =-- ?'2*t'*o, for the form 0
on R2. Show that

?'g*d6 ="-" d6.

If rt: R3 —> R2 is the projection, then the form d6 on [part of] R3 is just rr*d6,
for the form d6 on [part of] R2. Use this to show that

r*d6 =-" d6-

(g) Also prove this directly by using the result in part (c), and the fact that
r...(v,,) = v,(,,)/[pl for v tangent to .S'2(|p|).
(h) Conclude that

d(-D3 = r*a" = d(— cos(¢ o r) d6)
= d(—cos¢d6).

(i) Similarly, express d®,, on R" — {0} in terms of d®,,._1 on R”'"‘ — {O}.

20. Prove that a connected manifold is the union U1 U U2 U U3 U , where
the U; are coordinate neighborhoods, with U; O U; qé (5, and the sequence is
eventually outside of any compact set.

21. Let f : M” —> N” be a proper map between oriented n-manifolds such
that f,.: Mp —> Nf(,,) is orientation preserving whenever p is a regular point.
Show that if N is connected, then either f is onto N, or else all points are
critical points of

22. (a) Show that apolynomial map f: (C —> (C, given by f(z) = z"+a;z"""I+
+a,,,is proper (n 3 I).

(b) Let f’(z) = nz”'"I +(n —l)a1S""'2+- -'+an-_1. Show that we have f"(z) =
lim0[f(: + w) — f(z)]/w, where w varies over complex numbers.

w—>

(c) W'rite _/'(x+r'y) -= u(x,y)+iv(x, y) for real-valued functions u and v. Show
that

, _ 6 _8v
f (X+1y) = a—_i(X,y) +1$(X.y)

#61) ) £31.: )
“T °

Hint: Choose w to be a real Ii, and then to be fit.
(d) Conclude that

|f’<x +0812 = dct1>f<x.y>.
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where f" is defined in part (b), while Df is the linear transformation defined
for any difl"erentiable f: R2 —> R2.
(e) Using Problem 21, give another proof of the Fundamental Theorem of Al-
gebra.
(f) There is a still simpler argument, not using Problem 2 l (which relies on many
theorems of this chapter). Show directly that if f : M —> N is proper, then the
number of points in f""1 (a) is a locally constant function on the set of regular
values of Show that this set is connected for a polynomial f I (C —> (C, and
conclude that f takes on all values.

23. Let M""1 C R” be a compact oriented manifold. For p E R" — M, choose
an (n — I)-sphere E around p such that all points inside E are in R" — M. Let
rp: R" — {p} —> Z be the obvious retraction. Define the winding number w(p)
of M around p to be the degree of r,,lM.

0 E0 @
0 I

Show that this definition agrees with that in Problem 3.
(b) Show that this definition does not depend on the choice of Z.
(c) Show that w is constant in a neighborhood of p. Conclude that w is con-
stant on each component of R" — M.
(d) Suppose M contains a portion A of an (72 — I)-plane. Let p and q be points

":55" ‘~t_/

/A
@"

0U
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close to this plane, but on opposite sides. Show that w(q) = w(p) :|: l. (Show
that r,,,|M is homotopic to a map which equals rp [M on M — A and which does
not take any point of A onto the point x in the figure.)
(e) Show that, in general, if M is orientable, then R" — M has at least 2 com-
ponents. The next few Problems show how to prove the same result even if M
is not orientable. More precise conclusions are drawn in Chapter ll.

24. Let M and N be compact n-manifolds, and let f,g: M —> N be smoothly
homotopic, by a smooth homotopy H: M >< [0, 1] —> N.

(a) Let q E N be a regular value of H. Let #f"I(q) denote the (finite) number
ofpoints in f'“1(q). Show that

#f'"I(q) fi #3'“I(q) (mod 2)-
HinI: H""1 (q) is a compact l-manifold-with-boundary The number of points
in its boundary is clearly even. (This is one place where we use the stronger
form of Sard’s Theorem.)
(b) Show, more generally, that this result holds so long as q is a regular value of
both f and g.

25. For two maps f,g: M —> N we will write f 2 g to indicate that f is
smoothly homotopic to g.

a If 2: g, then there is a smooth homoto H’: M >< [0,l —> N such thatPY

H"(p,I) = f(p) for I in a neighborhood of 0,
H’(p,I) = g(p) for I in a neighborhood of l.

(b) 2 is an equivalence relation.

26. If f is smoothly homotopic to g by a smooth homotopy H such that p i->
H( p,I) is a diffeoniorphism for each I, we say that f is smoothly isotopic to g.

(a) Being smoothly isotopic is an equivalence relation.
(b) Let ¢: R" —> R be a C°° function which is positive on the interior of the
unit ball, and 0 elsewhere. For p E S""1, let H: R >< R” —> R" satisfy

2””) - ¢<H<r 8)) - P
H(0,x) = x.

(Each solution is defined for all I, by Theorem 5-6.) Show that each .1‘ 1-> H(I, 1')
is a diffeomorphism, which is smoothly isotopic to the identity, and leaves all
points outside the unit hall fixed.
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(c) Show that by choosing suitable p and I we can make H(I,0) be any point
in the interior of the unit ball.
(d) If M is connected and p,q E M, then there is a diffeomorphism f: M —>
M such that f(p) = q and f is smoothly isotopic to the identity.
(e) Use part (d) to give an alternate proof of Step 3 of Theorem 9.
(f) If M and N are compact n-manifolds, and f: M —> N, then for regular
values (]],(]2 E N we have

#f"l(q1) E #f"I (Q2) (mod 2)
(where #f'"'(q) is defined in Problem 24). This number is called the mod 2
degree of f.
(g) By replacing “degree” with “mod 2 degree” in Problem 23, show that if
M C R" is a compact (n -- l)-manifold, then R" —- M has at least 2 components.

27. Let {X'} be a C°° family of C°° vector fields on a compact manifold M.
(To be more precise, suppose X is a C°° vector field on M >< [0, 1]; then X" (p)
will denote rrM,.X(,,,,,-).) From the addendum to Chapter 5, and the argument
which was used in the proof of Theorem 5-6, it follows that there is a C°° family
{wt} of diffeomorphisms of M [not necessarily a 1-parameter group], with qbo =
identity, which is generated by {X ' }, i.e., for any C°° function f: M —> R we
have

<Xrf)(p) Z f(¢r+h(P))h"“ f(¢r(P))_

For a family cu, of /<-forms on M we define the k-form

. . (I) [1 ""‘ (I)8. -.= hm
h—>0 /2

(a) Show that for 17(I) = ¢,*w, we have

Ylr = ¢f*(LX'wr +68)-

(b) Let wo and cu; be nowhere zero 22-forms on a compact oriented n-mani-
fold M, and define

cu, = (I -— I)w0+Iw|.

Show that the family qfi, of ditcfeomorphisnis generated by {X' } satisfies

¢,*w,- = wt) for all I

if and only if
LXIOJ; = (U0 --0J1.
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(c) Using Problem 7-l8, show that this holds if and only if

d(Xr_lQ)y) 2 (U9 -(1)1.

(d) Suppose that IM wo = IM wt, so that wo - cu; = all for some Il. Show that
there is a diffeomorphism fiz M —> M such that wt) = f1*w;.

28. Let f: M2 —> R" and g: Ni —> R" be C°° maps, where M and N are
compact oriented manifolds, II = k +1 + I, and f(M) O g(N) = (5. Define

af,g: M >< N—> S”_' CR”-{0}

by
<1/.g<p.q>= age) — mi) ==

We define the linking number of f and g to be

S deg“,/-,8:

where M >< N is oriented as in Problem l8.

la) 5(f= 8) = (~1)"’+‘t3(8=f)-
(b) Let H: M >< [0,1] —> R" and K: N X [0,1] —> R" be smooth homotopies
with

H(I>.0) = f(P) K(q.0) = 8(8)
H(P= 1) = f(P) K(q. 1) = 8(8)

such that

{H(p,I) I p E M} O {K(q,I) :q E N} = Q) for every I.

Show that

wig) --- I<f.§>-
(c) For f,g: S1 —> R3 show that

____ I I
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where

"(",v) = I301)" f(")l

<f‘>'<~> <f2>*<~> <f3>’<~>
/1(~.v) = det (8‘)’(v) (82)’(v) (83)'(v)

g‘<v> - /1 <8) 82(1)) - 1"’-<8) 8%») - 1%)
(the factor I /4:rr comes from the fact that I52 a’ = 4zr [Problem 9-1 4]).
(d) Show that €(f,g) = 0 if f and g both lie in the same plane (first do it
for (x, y)—plane). The next problem shows how to determine Z(f, g) without
calculating.
29. (a) For (a,b,c) E R3 define

(x—a)dy/\dz—(y-b)dx/\dz+(z—c)dx/\dy"“’<“-be [<8 -8>2+<i‘1e8ri<: -82138 -
For a compact oriented 2—manifold-with-boundary M C R3 and (a,b,c) gé M,
let

Q(a=b>C) = /M d@(a.b.¢)-

Let (a,b,c) and (a",b’,c") be points close to p E M, on opposite sides of M.
Suppose (a, b,c) is on the same side as a vector wp E R3p -- Mp for which the

l-UP
o(£1,(?, C)

triple wp, (vi)p, (U2)p is positively oriented in R3p when (v1)p, (v2)p is positively
oriented in Mp. Show that

lim Q (a, b, c) -- S2 (a', bl, C’) = -—4rr.
(=1.b.¢)—>p

(filly.-'I")—>P

Hint: First show that if M = 6N, then Q(a,b,c) = -41: for (a,b,c) E N — M
and S2(a,b,c) = 0 for (a,b,c) ff N.
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(b) Let f: S‘ —> R3 be an imbedding such that f(.S'l) = BM for some com-
pact oriented 2—manifold-with-boundary M. (An M with this property always
exists. See Fort, Yfipology Qf 3-Jlflinfliilds, pg. I38.) Let g: S1 —> R3 and suppose

The figure on the left shows a non-orientable
surface whose boundary is the “trefoil” knot, /’ -

\/2
/ .

\
Q67 . ,

|

but the surface on the right--including the
hemisphere behind the plane of the paper-
ir orientable.

that when g(I) = p E M we have dg/dI 55 Mp. Let 21+ be the number ofinter-
sections where dg/dI points in the same direction as the vector wp of part (a),
and I1“ the number of other intersections. Show that

__ --l
Ii.-=II+--n =—f g*(dQ).

471' SI

(c) Show that

6Q __ ,,, (yg--gb) dz -- (2 dy
%("’b"°) " f l if |<x.y.:>P it T l
3Q __ ,, ,(z-—c)dx--(x--a)dz

@—8("’b’C"'(.<=f( l(>~'.y.r)l3 l
BS2 _ __ * (x--a)dy,—-(y--b)dx

T1?(“’ 2") "A112 l |<x.3».z>P l‘
(d) Show that n = €(f,g). Compute t?(f,g) for the pairs shown below.

<\* r§ ‘ QC
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30. (a) Let p,q E R" be distinct. Choose open sets A,B C R" — {p,q} so
that A and B are diffeomorphic to R" —- {O}, and A |"| B is difieomorphic to R”.
Using an argument similar to that in the proof of Theorem I6, show that

=,;t';?.Q'»f=._-.=.=."§£=.=-"t-'.-3'?»-‘Q_, ,._,-.__

»=§e%e\_'. ‘.',.p‘>‘ f, ."__'.. .-§'._

}%¢_;.
;( ~ "1 --/‘1 2, 8*-.it.-7%.‘-ifi 3

\ .2:-22;)‘
i >2 xi I‘: V-3.-2 :22 '

. .1 .5’. _.'_ '
s~ W 1'-é ~‘:'/'2- 1\~,~7 Pf . '.,_ t "-;='~£\‘0 11- . 0P .1-3; ' .- q.4.-, _.,~t-,'f_\-.e\,;. .;ri2vg-are-:=~ .=~.-.-Te, __.,.._,_. , ,,,_. ,_.ii» 2 ‘ "-3 E *"i\_ .1 :-Qmwg

'%@%m:_ wt. f"'_'."' tr;

8.-.16:‘,3: K. 1-: .*'.\;,t.->"v‘ '.~'a"~\vZ\.:t3‘-‘.') 2-‘ *'- =I '.\‘Y2.'.‘\ -0. '%_'. ,_ - .-.~> . -2: 1-.sq, " >>a",1-.<,~QE-$..-gf. . .-~.
. l-.- ""_:* _".-;.\' .>. ‘-C

._.-;’...-"_.‘__.)_,,,I:_,/.-'-t.-t‘¢=*._-’t~>.'-1”l2'§'='3“r-J4?~"?2'€”‘

H"(R" ~ {p,q}) = 0 for 0 < I< < IT - 1, and that H"“‘(R” ~ {p,q}) has
dimension 2.
(b) Find the de Rham cohomology vector spaces of R" - F where F C R” is
a finite set.

31. We define the cup product U: H2(M) >< Hl(M) —> H"+'(M) by

[w] v [It] = [w /\ rt]-

Show that u is well-defined, i.e., cu A 17 is exact if w is exact and 17 is closed.
Show that U is bilinear.
If 8 E H"(M) and 8 E H"(M), then 8 U8 = <-1)“8 UCY.
If f; M _> N, and 8 e H"(N), 8 E Hl(N), then

/"""\-<I""'~<I"'“'-<&o€&

f*<v~fi) = f”‘<Wf”‘fi-
(e) The cross-product ><; H"(M) >< H'(N) _> H'<+’<M >< N) is defined by

[w] >< [11] = [1rM*w /\ H~*n]-

Show that >< is well-defined, and that

or >< 6 = :rtM*cz u7r,v*fi.
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(f) If A: M —> M >< M is the “diagonal map”, given by 5(P) = (P, p), show
that

(IL/fl:A*(O!Xfi).

32, On the n-dimensional torus

T”=.S'l><---XS!
\..i_......V_i._/

ntirnes

let d6l denote rt,-*d6, where 1:,-: T" —> S1 is projection on the 1"” factor.

(a) Show that all d62' /\ - - - /\ d6"'~' represent different elements of H"(T"), by
finding submanifolds of T" over which they have different integrals. Hence
dim H"(T") 3 Equality is proved in the Problems for Chapter ll.
(b) Show that every map f: S" —> T” has degree 0. Hint: Use Problem 25.



CHAPTER 9 -

RIEMANNIAN METRICS

In previous chapters we have exploited nearly every construction associated
with vector spaces, and thus with bundles, but there has been one notable

exception—we have never mentioned inner products. The time has now come
to make use of this neglected tool.

An inner product on a vector space V over a field F is a bilinear function
from V >< V to F, denoted by (v, w) 1-> (v, w), which is symmetric,

(vs w) -'= (wl v),
and non-degenerate: if v =,£ 0, then there is some w 96 0 such that

(w, v) :,=é 0.

For us, the field F will always be R.
For each r with 0 5 r _-5 n, we can define an inner product ( , ), on R" by

F‘ H

(8,8), = Z898" - Z 8%‘,
i=1 in:-+1

this is non-degenerate because if a ;=é 0, then

N

((al, ...,a”), (al, . ..,a',-—ar+1,.. . ,-—a"))r -.= Z(al)2 > 0.
i=1

In particular, for r = n we obtain the “usual inner product”, ( , ) on R",

TI

(8, 8) = Zalbl.
[ml

For this inner product we have (a, a) > 0 for any a ;=é O. In general, a symmetric
bilinear function ( , ) is called positive definite if

(v,v) > O for all v :,-‘- 0.

A positive definite bilinear function ( , ) is clearly non-degenerate, and conse-
quently an inner product. _

30]
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Notice that an inner product ( , ) on V is an element of 'T2(V), so if
f : W —> V is a linear transformation, then f*( , ) is a symmetric bilinear
function on W. This symmetric bilinear function may be degenerate even if f
is one-one, e.g., if ( , ) is defined on R2 by

(8, 8) = 8181- 828?,
and f: R—> R2is

f(Q) = (ale)-
However, f*( , ) is clearly 11on-degenerate if f is an isomorphism onto V. Also,
if ( , ) is positive definite, then f*( , ) is positive definite if and only if f is
one-one.

For any basis 111,. . . , vp of V, with corresponding dual basis v*1,. . . , v*,,, we
can write H

(=)= Z 8=';v*i®v*i-
z',j=l

In this expression.
gt; = (v='=“il=

so symmetry of ( , ) implies that the matrix <g;'j) is symmetric,

31'} z gif-

The matrix (g,-,8) has another important interpretation. Since an inner product
( , ) is linear in the second argument, wc can define a linear functional (pp E V*,
for each v 6 V, by

<I>8(w) = (v=w)-
Since ( , ) is linear in the first argument, the map v I--> (pp is a linear transfor-
mation from V 1o V*. Non-degeneracy of ( , ) implies that 85,, ;é 0 if v 95 0.
Thus, if V is finite dimcnsional, an inner product ( , ) gives us an isomorphism
or: V —> V*, with

(v,w) = ar(v)(w).

Clearly, the matrix (g,-y) is just the matrix of as: V —> V* with respect to the
bases {vi} for V and {v*,-} for V*. Thus, non-degeneracy of ( , ) is cquivalenl
to the condition that

(g,-1-) is non-singular. det{g,-;) # 0.

Positive dcfiniteness of ( , ) corresponds to the more complicated condition
that the matrix (g,-;) be “positive definite”, meaning that

H

Z: gtjalaj > 0 for all a1,...,a,, with at least one aj ;é 0.
[:1
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Given any positive algizzite inner product ( , ) on V we define the associated
norm by

||v|| = t/(v,v) (the positive square root is to be taken).

In R" we denote the norm corresponding to ( , ) simply by

Ial = t/(8.8) = |§j<8"r.
i=1

The principal properties of || || are the following.

l. THEOREM. For all v, w G V we have

||(1v||= lr1|-|lvl|-
(2) |(v,w)| 5 ||v|| - ]|w||, with equality if and only if v and w are linearly

dependent (Schwarz inequality).

<3) ||v + wn 5 uvn + ||w|| (Triangle i11¢qu=<1Iiw)-

/-'-~. hull \-_/

PROOF (l) is trivial.
(2) If v and w are linearly dependent, equality clearly holds. If not, then 0 51$
}\v—wforall)\eR,so

0 < ||)\v — w||2 = (Av — w,}\v — w)

= »\2||v||2 — 28(1). w) + ||wu2.
So the right side is a quadratic equation in Ll. with no real solution, and its
discriminant must be negative. Thus

48.». w)2 — 4||v||2||w||2 < 0.
(3) ||v+w||2 = (v-l-w,v+w)

= ||v|l2+ ||w||2+2(v,w)
5 llvllz + llwllz +2||v|| - llwll by (2)
= (llvll + ||w||)2- *3‘

The function || || has certain unpleasant properties--for example, the func-
tion | I on R" is not differentiable at 0 E R”—-which do not arise for the function
|| ||2. This latter function is a “quadratic function” on V-—in terms ofa basis
{v,-} for V it can be written as a “homogeneous polynomial of degree 2” in the
components, H 2 H

I alt)’ = g g,-,.-a'a".
I'=I i,j=1



304 C/zapter 9

More succinctly,
Pi

2
ll : Z gtjl-:'*:‘ ‘V2,?-

Is]-=l

An invariant definition ofa quadratic function can be obtained (Problem l) from
the following observation.

2. THEOREM (POLARIZATION IDENTITY). If II || is the norm associ-
ated to an inner product ( , ) on V, then

ll) (U1w): illlv + w|l2 — |lv||2 — ||w||2l
<2) <v.w> = ~lt||v + wnt — nv — wl|2]-

PROOF. Compute. *1‘

Theorem 2 shows that two inner products which induce the same norm arc
themselves equal. Similarly, if f I V —> V is norm presenting, that is, || f(v)|] =
||v|| for all v e V, then f is also inner product preserving, that is, (f(v),f(w)) =
(o. w) for all v,w e V.

‘Ne will now see that, “up to isomorphism”, there is only one positive definite
inner product.

3. THEOREM. If ( , ) is a positive definite inner product on an I1-(lilI'lt3l1-
sional vector space V, then there is a basis 1.11,. . . , up for V such that (tr,-, tr,-) =
5,-,;. (Such a basis is called orthonormal with respect to ( , ).) Consequently,
there is an isomorphism f: R" —> V such that

(¢1.b)= (f(a)» f(b)), alb G R"-
In other words,

f*( 8 )= ( J )-
PROOF Let w1,. .., wp be any basis for V. VVc obtain the desired basis by
applying the “Gram-Schmidt orthonormalization process” to this basis:

Since w] 56 0, we can define

wtv] = Z,
llwl ll

and clearly ||v| || = l. Suppose that We have constructed tr], . . .,v;, so that

lvi=vil = 5:; I 5-",1 5 R
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and
spanv|,...,v;< _—=span w1,...,w;<.

Then wk_|_; is linearly independent of U], . . . ,v;<. Let

wi<+1 = wk+1 — (1-‘IN-’k+1l'~’l — '" (1%?-’k+1l1J/< 5* 0-

It is easy to see that

(w;{_H,v,-)=0 z'=l,...,l<.

So we can define I
wk+1

1-’1<+1 = WHIP

and continue inductively. *I~

A positive definite inner product ( , ) on V is sometimes called a Euclidean
metric on V. This is because we obtain a metric p on V by defining

p(l-)2 w) = llv —

The “triangle inequality” (Theorem 1(3)) shows that this is indeed a metric. We
also call ||v|| the length of v.

W’e have only one more algebraic trick to play. Recall that an inner product
( , ) on V provides an isomorphism at V —> V* with

¢Y(v)(w) = (v,w)-

Using the natural isomorphism 1': V —> V**, defined by

i(v)(?~) = »\(v),

we obtain an isomorphism

(Fl 1'5; v* —> V --> (1/*)*.
We can now use 19 to define a bilinear function ( , )* on V"‘ by

Wu)‘ = fl(l)(#) =1'vf"(»\)(#)= u(<>f"(»\))-
Now, the symmetry of ( , ) can be expressed by the equation

<r(v)(w) = <r(w)(v)-
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Letting
or(v) = R, rr(w) = M,

this can be written
3\(w"‘(u)) = utv-'_‘ (1)),

which shows that ( , )* is also symmetric,

(t¢,»\)* = (i\,#)*-

Consequently ( , )* is an inner product on the dual space V* (in fact, the one
which produces 15). -

To see what this all means, choose a basis {v,-} for V, let {v*,-} be the dual
basis for V*, and let

H

(, )= Z g;jU*;'®U*j.

;',j=I

Then

(g,-j) is the matrix of cc: V -> V* with respect to {v,-} and {v*,-}
so

(8i,t)“1 is thc matrix of of‘: V* —> V with respect to {v*,-} and {vi}
SO

(g,-j)_l is the matrix of B: V* —> V** with respect to {v*,-} and {v**,-}.

Thus, if we let gij be the entries of the inverse matrix, (gill ) = (gt; )_1, So that

H

Z gikgkj = 5},
/{=1

then
P?

( , )*= Z g:;U*=|=i®v=|==|=]_

1',J'=1
rt

= Z g” v; ® v,-, if we consider v,- e V“‘*.
;,]:l

One can check directly (Problem 9), without the invariant definition, that this
equation defines ( , )"‘ independently of the choice of basis.
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Notice that if ( , ) is positive definite, so that

ar(v)(v) > 0 for v # 0,

then, letting o:(v) = A, we have

Ate-1(,t)) = e(;t)(,t) > 0 for A ¢ 0,

so ( , )* is also positive definite. This can also be checked directly from the
definition in terms of a basis. In the positive definite case, the simplest way to
describe ( , )* is as follows: The basis v*1, . . . , v*,, of V* is orthonormal with
respect to ( , )* if and only if 1.11,. ..,v,, is orthonormal with respect to ( , ).

Similar tricks can be used (Problem 4) to produce an inner product on all
the vector spaces 9"<(v), 5',,(t/) = :"<(v*), and s2’<(v)_ However, we are
interested in only one case, which we will not describe in a completely invariant
way. The vector space Q"(V) is 1-dimensional, so to produce an inner product
on it, we need only describe which two elements, w and —w, will have length 1.
Let U], . . . , L1,, and w1,. . . , w,, be two bases of V which are orthonormal with
respect to ( , ). If we write

Pi’

11);’ = Zap-v,-,

1=I

then
H H I1

5;; = (wiswj> = fit/er?-’k»Z:0ftjvt>= Z I-Ykt°ltj(vl<»vll
/{=1 f=l /f,f=l

II‘

= Z0H<t0H<,t-
k=1

So the transpose matrix A‘ of A = (oz,-j) satisfies A -A‘ = 1, which implies that
clet A = :|:l. It follows from Theorem ?—5 that for any w E Q”(V) we have

w(v1,...,v,,) = :|:w(w1,...,w,,).

It clearly follows that

11*] A---/\v*,, =:|:w*1/\---/\w*,,.

We have thus distinguished two elements of Q" (V); they are both of the form
v*i /\- - -/\v*,, for {vi} an orthonormal basis of V. We will call these two elements
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the elements ofnorm 1 in S2" (V). Ifwe also have an orientation ,tt, then we can
further distinguish the one which is positive when applied to any (v1,. . . , v,,)
with [v1, . . . ,v,,] = /tt; we will call it the positive element of norm 1 in S2"(V).

To express the elements of norm 1 in terms of an arbitrary basis wt, . . ., w,,,
We choose an orthonormal basis v1, . . . , 1),, and write

H

U); = 2 (X),-,-Uj.
1'=1

I-IProblem 1 9 implies that

det(crz,-,;) w*1 A - -- A w*,, = 11*] A -- - A v*,,.

If we write i
H‘

(a ) = Z 8z'jw*i®w*j,

1'.f=1

then
rt rt

8;; = (wt,w,i'l = akivki Z3‘-1ft,tv1>
k | t 1
H

= Z Irzetmej,
k=1

so if A = (tre,-J,-). then

clet(g,~j) = det(A' - A) = (det A)2.

In particular, det(g,-j) is alwqrs positive. Consequently, the elements of norm 1
in Q"(V) art‘

i ~/dettge-) w*1 A - -- /\ wfit gt; = (wt, we)-
We now apply our new tool to vector bundles. If § = rt: E —> B is a vector

bundle, we define a Riemannian metric on E to be a function ( , ) which assigns
to each p G B a positive definite inner product ( , )1, on 7r_l(p), and which
is continuous in the sense that for any two continuous sections s1 , S21 B —> E ,
the function

(S1,S2l = P '—> (S|(P),S2(Pllp
is also continuous. If E is a C°° vector bundle over a C°° manifold we can also
speak of C°° Riemannian metrics.
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[Another approach to the definition can be given. Let Euc(V) be the set of all
positive definite inner products on V. Ifwe replace each rr“' (p) by Euc(rr_' (p)),
and let

Bets) = U Beet-‘tpii.
peB

then a Riemannian metric on E can be defined to be a section of Euc(E). The
only problem is that Euc(V) is not a vector space; the new object E:ta(E) that we
obtain is not a vector bundle at all, but an instance of a more general structure,
a fibre bundle]

4. THEOREM. Let 5 = rt: E —> M be a [C°°] It-plane bundle over a C°°
manifold M. Then there is a [C°°] Riemannian metric on E.

PROOF. There is an open locally finite cover (9 of M by sets U for which there
exists [C°°] trivializations

IU: rr_1(U) —> U >< litk.
On U x litk, there is an obvious Riemannian metric,

((P,a),(1>,b))p = (ab)-
For v, w e rr"(p), define

<v.w>j;’ = (1‘u(v)>fu(w))p-
Then ( , )U is a [C°°] Riemannian metric for EIU. Let {@511} be a partition of
unity subordinate to (9. We define ( , ) by

(v,w)p = Z ¢u(P)(v=w)ff v,w e rr"(P)-
U50

Then ( , ) is continuous [C°°] and each ( , ),, is a symmetric bilinear function
on 7T_] (p). To show that it is positive definite, note that

twp = Z ¢eo>)<v.v>,‘,:’;
U50

Ueach ¢U(p)(v,v),, 2 0, and for some U strict inequality holds. *1‘

[The same argument shows that any vector bundle over a paracompact space
has a Riemannian metric.]

Notice that the argument in the final step would not work if we had merely
picked non-degenerate inner products ( , )U. In fact (Problem 7), there is no
( , ) on T82 which gives a symmetric bilinear function on each S2}, which is
not positive definite or negative definite but is still non—degenerate.
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As an application ofTheorem 4-, we settle some questions which have till now
remained unanswered.

:1. COROLLARY. If E = rt: E —> M is a k—plane bundle, then E 1' E*.

PROOF. Let ( , ) be a Riemannian metric for E. Then for each p G M, we
have an isomorphism

%I1r"‘(p)—> tit-'tp>1*
defined by

Oipwllwl = <1». we v. w e Ir‘ (p)-
Continuity of ( , ) implies that the union ofall up is a homeomorphism from E
to E’ = UpGMl7T_](P)l*- +1»

6. COROLLARY. IfE = rt: E —> M is a l—plane bundle, then E is trivial if
and only if E is orientable.

PROOF. The “only if” part is trivial. If E has an orientation it and ( , ) is a
Riemannian metric on M then there is a unique

s(1>) err '(P)

with

(-5113'):-5'(Pllp =1; l5(Pll = lip-

Clearly s is a section; we then define an equivalence ft E —> M >< IR by

f(5\S(P)) = (PA)-

ALTERNATIVE PROOF We know (see the discussion after Theorem 7-9) that
if E is orientable, then there is a nowhere 0 section of

Q‘ ts) = s*.
so that E* is trivial. But E 2 E*. *I*

All these considerations take on special significance when our bundle is the
tangent bundle TM of a C°° manifold M. In this case, a C°° Riemannian
metric ( , ) for TM, which gives a positive definite inner product ( , ),, on
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each MP, is called a Riemannian metric on M. If (x, U) is a coordinate system
on M, then on U we can write our Riemannian metric ( , ) as

H

(,)= Z g,-,- dx"®dx1',
I'.f=1

where the C°° functions gr; satisfy g,-j = gj,-, since ( , ) is symmetric, and
det(g;j) > 0 since ( , ) is positive definite. A Riemannian metric ( , ) on M
is, of course, a covariant tensor of order 2. So for every C°° map f: N —> M
there is a covariant tensor f*( , ) on N, which is clearly symmetric; it is a
Riemannian metric on N if and only if f is an immersion (f,.,, is one-one for
all p G N

The Riemannian metric ( , )*, which ( , ) induces on the dual bundle T*M,
is a contravariant tensor of order 2, and we can write it as

H .. 3 3
*___ lj_i i_<.> —UZ=:]e weaxj.

Our discussion of inner products induced on V‘ shows that for each p, the
matrix (g‘~’l (p)) is the inverse ofthe matrix (gr; (p)); thus

H

Z st-re“ = 5,?-
/{=1

Similarly, for each p G M the Riemannian metric ( , ) on M determines
two elements of S2"(M,,), the elements ofnorm I. We have seen that they can
be written

i ~/dettet,-(p)) dX'(1>) /\ A dX"(1>)-
If M has an orientation ,U., then ,tt,, allows us to pick out the positive element of
norm 1, and we obtain an it-form on M; if x: U —> IR" is orientatiflrt preserving,
then on U this form can be written

~'det(g,-_;) dxl A - -- A dx”.

Even if M is not orientable, we obtain a “volume element” on M, as defined
in Chapter 8; in a coordinate system (Jr, U) it can be written as

vdet(g,;,-) ldxl A ---A dA'”|.

This volume element is denoted by d V, even though it is usually not d of
anything (even when M is orientable and it can be considered to be an n—form),
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and is called the volume element determined by ( , ). We can then define the
volume of M as

f av.
M

This certainly makes sense if M is compact, and in the non-compact case (see
Problem 8—lO) it either converges to a definite number, or becomes arbitrarily
large over compact subsets of M, in which case we say that M has “infinite
volume”.

If M is an n-dimensional manifold (-with-boundary) in IR", with the “usual
Riemannian metric”

H

<»=ZMew.
i=1

then g,-j = 5,-j, so
dV = Idx‘ A ---Adx"|,

and “volume” becomes ordinary volume.
There is an even more important construction associated with a Riemannian

metric on M, which will occupy us for the rest of the chapter. For every C°°
curve y: [a,b] —> M, we have tangent vectors

dy
}"(=’) = E E Mytt),

and can therefore use ( , ) to define their length

|| dl = Q, dl = Q, dl , to be precise .
dt dt dt dt dz W)

Wc can then define the length of y from a to b,

b b

worif giw <=/'hvmw)
If y is merely j1zk'ceu12'se smoot/1, meaning that there is a partition a = to < - - - <

tn = b of [a,b] such that y is smooth on each [t,-_|,t,-] (with possibly different
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left— and right—hand derivatives at :1, . . . , r,,_,), we can define the length of y by

Lfitr) ~= 2 I-f§_, (V I [rt-1 , til)-
i=1

Whenever there is no possibility of misunderstanding we will denote Lg simply
by L. A little argument shows (Problem l5) that for piecewise smooth curves in
IR", with the usual Riemannian metric

t dxl ® dxl,
t'=l

this definition agrees with the definition of length as the least upper bound of
the lengths of inscribed polygonal curves.

We can also define a function s: [a,b] —> IR, the “arclength function of y”
by

" d
I = LL If d .s() (Y) 0 dz I

Naturally,

(ii) s’(:) = ||‘j]—: .

Consequently dy/dt has constant length 1 precisely when s(t) = t + constant,
thus precisely when s(t) = I — a. Then

b —a = s(b) = Lg(y).

We can reparameterize y to be a curve on [0, b -— a] by defining

PU) = }’(F — 61)-

For the new curve y we have

new s(t) 1-: L§(}7) = Lf,+"(y) = old s(t + a) - old s(a)
= r.

If }/ satisfies s(t‘) -= I we say that y is parameterized by arclength (and then
often use s instead of I to denote the argument in the domain of y).
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Classically, the norm || ll on M was denoted by ds. (This makes some sort
of sense even in modern notation; equation (=t=) says that for each curve y and
corresponding s: [a,b] —> IR we have

Ids! = J/“(ll ll)

on [a, 19].) Consequently, in classical books one usually sees the equation

H

d-5'2 = Z ggj dx'dx’.

l,}:]

Nowadays, this is sometimes interpreted as being the equivalent of the modern
equation ( , ) = J,-=1gt; dx’ ® dxt’, but what it always actually meant was

N

|| 3|-2 = Z g,-,-dxidxl.
IsJ'=1

The symbol dxldx-l appearing here is not a classical substitute for dxl ® dxj —
the value (dxida-j)(p) of dxidxj at p should not be interpreted as a bilinear
function at all, but as the quadratic function

v |—> dx"(p)(v) -dXj(p)(U) v G Mp,

and we would use the same symbol today. The classical way of indicating
dxl ® dxf was very strange: one wrote

H‘

Z gt; dxltix-" where dx and tix are independent infinitesimals.
l',j :1

(Classically, the Riemannian metric was not a function on tangent vectors, but
the inner product of two “infinitely small displacements” dx and cix.)

Consider now a Riemannian metric ( , ) on a connected manifold M. If
p, q G M are any two points, then there is at least one piecewise smooth curve
y: [a,b] —> M from p to q (there is even a smooth curve from p to q). Definc

d(p, q) = inf{L(y): y a piecewise smooth curve from p to q}.

It is clear that d(p,q) 3 0 and d(p, p) = 0. Moreover, if r G M is a third
point, then for any .9 > 0, we can choose piecewise smooth curves

yl: [a,b] —> M from p to q with L(}/1) — d(p,q) < a
}/2: [b,c-] —> M from q to r with L(}/2) -~ d(q,r) < a.
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If we define y: [a,c] —> M to be yl on [a,b] and }/2 on [b,c], then y is a
piecewise smooth curve from p to r and

I-(1/)= I-(1/0+ Lo/2) < dtpt q) + dtq, 1') + Ze-
Since this is true for all e > 0, it follows that

d(Pn') S d(P, Q) + d(q,t')-
[Ifwe did not allow piecewise smooth curves, there would be difliculties in fitting
together y, and }/2, but d would still turn out to be the same (Problem l7).] The
function d 1 M >< M —> IR has all properties for a metric, except that it is not so
clear that d(p,q) > 0 for p sé q. This is made clear in the following.

7. THEOREM. The function dt M >< M —> R is a metric on M, and if
p: M x M —> IR is the original metric on M (which makes M a manifold), then
(M, d) is homeomorphic to (M,p).

PROOF. Both parts of the theorem are obviously consequences of the following

7’. LEMMA. Let U be an open neighborhood of the closed ball B = {p G R" :
[pl 5 1}, let ( , )8 be the “Euclidean” or usual Riemannian metric on U,

n
( ,>, = Ede‘ ®dxi,

t=1
and let ( , ) be any other Riemannian metric. Let I I = ll ll, and ll II be the
corresponding norms. Then there are numbers m, M > 0 such that

m~ll5lll|5M'll ORB,
and consequently for any curve y: [a,b] —> B we have

ml-e(r) S I-(1') 5 M Leo’)-
PROOF. Define Gt B >< .S‘"_l —> R by

G(P=(1) = llapllp-
Then G is continuous and positive. Since B x 8"“! is compact there are num-
bers m, M > 0 such that

m<G<M onB><S"_'.
Now if p G B and 0 aé bp G lR",,, let a G S"" be a = b/lb). Then

mlbl < lbIG(p,a) < Mlbl;

since
lblG(1M1) = lbl - llapllp = ll(l/Jlalpllp = llbllp,

this gives the desired inequality (which clearly also holds for b = 0). '1'
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Notice that the distance d(p,q) defined by our metric need not be L(y) for
any piecewise smooth curve from p to q. For example, the manifold M might
be 1R2 - {O}, and q might be —p. Of course, if d(p,q) = L(y) for some 1/,

Ml ”
—P

then y is clearly a shortest piecewise smooth curve from p to :1 (there might be
more than one shortest curve, e.g., the two semi-circles between the points p
and -11 on S l).

ln order to investigate the question of shortest curves more thoroughly, we
have to employ techniques fi'om the “calculus of variations”. As an introduction
to such techniques. we consider first a simple problem of this sort. Suppose we
are given a (suitably differentiable) function

F: lR >< IR >< IR —> IR.

We seek, among all functions ft [a,b] —> IR with f(a) = a’ and f(b) ~= b’ one

1,»; I
ct’

_ |_ 1' | W

‘ ct b

which will maximize (or minimize) the quantity

fb F(r,f(r)=f'(I))dt-

For example, if

F(r,1<,.v)= ~/1+ 92,
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then we are looking for a function f on [a,b] which makes the curve t |—>
(I, f(t)) between (a,a') and (b,b') of shortest length

b
f ,/1+[f’(t)]-2 dr.

As a second example, if

F(t,x,'y) = 2rrx\/1+y2,

then we are trying to minimize the area of the surface obtained by revolving
the graph of f around the x-axis, which is given (Problem l2) by

21: fb f(I),/1 + [f'(t)]2 dt.

To approach this sort of problem we recall first the methods used for solv-
ing the much simpler problem of determining the maximum or minimum of
a function f : IR —> IR. To solve this problem, we examine the critical points
of f, i.e., those points x for which f’(x) = 0. A critical point is not necessarily
a maximum or minimum, or even a local maximum or minimum, but critical
points arc the only candidates for maxima or minima if f is everywhere differ-
entiable. Similarly, for a function f : IRZ —> lR we consider points (x, y) G IRE
for which

(*) Dif(¢\',J’) = D2f(XJ) = 0-
'(»\'=J'l

/ A

This is the same as saying that the curves

I'—>f(»\'+r=y)
f*—> f(x,y+t)
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have derivative 0 at 0. \'Ve might try to get more information by considering
the condition

0 = (foc)'(0)
for every curve c: (—£,s) —> IRE with c(0) = (x,y), but it turns out that these
conditions follow from (rt), because of the chain rule.

To find maxima and minima for

b
Jtf)= f Ft:.ft¢),f’tt))dr

we wish to proceed in an analogous way, by considering curves in the set of all
functions f 1 [a,b] —> lR. This can be done by considering a “variation” of f,
that is, a function

or: (—s,s) >< [a,b] —> IR

such that
0z(O,!) =

The functions t |—> ot(u,r) are then a family of functions on (—e,a) which
pass through f for u = 0. We will denote this function by cir(u). Thus 6: is a
function from (—s,s) to the set offunctions f: [a,b] —> IR. Ifeachcir(u) satisfies
cir(u)(a) = a’, 5z(u)(b) r: b’, in other words if _

b’-

ot(u,a) = a’ ur_.
ar(u,b) = bl

'\\

- te ~ | ~
lg a b

for all u G (-—-s,£), then we call or a variation of f keeping endpoints fixed.
For a variation ct we now compute

dJ(6t(u)) ___ d fl’ 80:
du 0-» E; H 0 G F(t,oe(u,t),E(u,t)) dz

11': Z
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b
-"=1; “=0F(t,a(u,t),i?3—c:(u,t))] dt

b Bot 3F ,
zfi

82o: 3F ,+ mto.r>5;tr./(0.1 on] eh.
Since 82a/Built = 820:/Btdu, we can apply integration by parts to the second
term in the integrand, thus obtaining

tr) “J(if"” 0: fabgjt0.r)[%§tt.ftt),f'<¢))
N: d 3F ,

— E (5';(5rf(5lrf (5)))] dl

aa or , ”
"l"%(01'i)5(r>.f(f)>f(f))

For variations ct keeping endpoints fixed, the second term is 0, and we obtain

- b i

‘”“‘“‘” e f 5130. 1) Bithftti. rm)
0 0 XH: ilu

d 3F ,
— E ('53:(taf({)1f (l')l)] di-

In classical treatments of the calculus ofvariations, the variations or were taken
to be of the special form

¢Y(H,f) -‘= f(=’) "I" 110(1),

for some 27: [a,b] —> IR with 17(a) ~.-.= r,\(b) =- 0. Then we obtain

dJ(5r(u)) 1’ or d BFu:0= 7l(r)[$(f1f(t)>f’([))_E($([:f(£)1f!(t))):| dr-

The final result is, of course, essentially the same. The derivative % 0 J (ti: (11))
is called the “first variation” of J and is denoted classically by "-

b an oar
51:.-...-‘L
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As is usual in classical notation, the arguments of functions are either put in
indiscriminately or left out indiscriminately--in this case, not only are the ar-
guments t and (I, f(I), f’ (1)) omitted (resulting in the disappearance of the
function f for which we are solving), but the dependence of 5J on cc is not
indicated (which can make things pretty confusing).

If f is to maximize or minimize J, then 5J(ce) must be 0 for every variation or
of f keeping endpoints fixed. As in the case of I-dimensional calculus, there is
no reason to expect that the condition 5J(ur) = 0 for all as will imply that f is
even a local maximum or minimum for J, and we emphasize this by introducing
a definition. VVe call f a critical point of J (or an extremal for J) if 5J(cz) = 0
for all variations 0: of f keeping endpoints fixed. The particular form (=|==|=) into
which we have put SJ now allows us to deduce an important condition.

8. THEOREM (EULER’S EQUATION). The C 2 function f is a critical
point of J if and only if f satisfies

%§<:,_/1:), rm) - % (%<:.f<:),r’u)>) = 0.
PROOF. Clearly f must make the integral in (**) vanish for 6061]’

3r1(f)= gm»)
which vanishes at a and b. So the theorem is a consequence of the following
simple

8’. LEMMA. If a continuous function g: [a,b] —> IR satisfies

b
f r}(r)g(I) df = O

for every C°° function 2; on [a,b] with 11(0) = r;(b) = 0, then g = 0.

PROOF Choose Y] to be qfig where Q5 is positive on (a, b) and ¢(a) = ¢(b) = 0. *Z*

As an example, Consider the case where F(r,.\-, y) = V I + yz. The Euler
cquation is

0:g( rm )
‘” ~/1+[f'm1’ ’
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S0
X/i,.@_.=,_,_ f”1+f f f‘/M

hence
0 : (1_+_f:2)f.v _ fr]-:1 : (1_ fr_+_ f!2)f!f,

which implies that f"" = 0, so f is linear.
Notice that we would have obtained the same result if we had considered the

case F(t,x, y) = 1 + yz, for then the Euler equation is simply

d .»
0 = E(2f (5))-

This is analogous to the situation in 1-dimensional calculus, where the critical
points of \/ f are the same as those of f, since

r_ ff(~/7)—$-

For the case of the surface of revolution, where F(£,x, y) = xv 1 + yz, the
Euler equation is

0: f1+[f,(,)]2 jf( f(r)f»(r) );
\/1+[f’(I)]2

1+ j-:2 _ ffu = 0,

which we will also write in the classical form

dy 2 dzy
l"l" —_}W =

To solve this, we use one of the R0 standard tricks (leaving justification of the
details to the reader). We let

this leads to the equation

dy
_ ‘Z io

P M y dx

Then
dz)’ dfi I dp dy _ Q
dig _ dx ' dy dx "P41-’
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so our equation becomes

dp1+p2—yp;)_=0,
p 1
id =-ed’,1+’); P y J

1
5log(1 + pg) = logy + constant

y=-constant-\/1 +112
d:

pz6Ti:VCJJ2—1

L}, — dx
V cyz — 1

and thus (see Problem 20 for the definition and properties of the “hyperbolic
cosine” function cosh and its inverse)

59L;‘2=,,+,,_
Replacing C by 1/C, we write this as

a) y=cm%(i%£).

The graph of
_ ex —l-2""_ _-T

is shown below; it is symmetric about the y-axis, decreasing for x 5 0, and
increasing for x 3 0.

cosh x

cosh
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So our surface must look like the one drawn below. It is, by the way, not
trivial to decide whether there are constants k and c which will make the graph
of (=i=) pass through (a,a’) and (b,b’). Problem 2l investigates the special case
where a’ = b’.

\

ii

U"-

/'—'\ F’

It is easy to generalize these considerations to the c
and

ase where f: [a,b] —> IR”

b
J(f)=f F(r,f(r),f"(:))dr forF:lR><lR"><IR"—>IR.

G

In this case we consider oz: (—a,s) >< [a,b] —> IR" with 51(0) = f, and compute
that

dJ(5!(u)) 317'
‘***> T ' —=0 - = I) l5F(r,f(r),f’(r))

- % (§§<:,f<:),f*<::»))] dr
317 b

+
_M=sii. (0,r)a—y,(r, ftr), f’(¢))

Thus , any critical point f of J must satisfy the n

3F , d 3F ,5x—,(r,f(r).f (ID — 5 (5?-(r,f(r),f (r)) =0-
We are now going to apply these results to the problem of finding shortest

paths in a manifold M. If y: [a,b] —> M is a piecewise smooth curve, with
}/(a) = p and }/(b) ~= q, we define a variation of y to be a function

as: (—s,£) x [a,b] —> M

equations
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for some s > 0, such that

K) rr(0,I) = }’(l),
(2) there is a partition a =10 <1, < < IN =.- b of [a,b] so that oz is C°°

on each strip (...s,s) >< [1,-_1,r,-].

v--a-I

V\le call at a variation of y keeping endpoints fixed if

to s@~~)=1’ f l -—- .a(u,b)__=q oralue( e,s)

,....>\\>\ ll /4,

—-*___€_______,--

_,./

/' \

“” “1:::::s\ \l§§§Eg?
 _‘~._\-a_____,./it

As before, we let ci?(u) be the path r |—> ce(u,I). We would like to find which
paths y satisfy

dl-(5¢(M))T“u=0

for all variations oz keeping endpoints fixed. However, we will take a hint from
our first exaniple and first find the critical points for the “energy”

1 b dy 2 1 b dy dyE =- - d =- - -0’) 2L dz I 2L ldfdrldi’

which has a much nicer integrand; afterwards we will consider the relation
between the two integrals.

V\le can assume that each y| [r,-_|,t,-] lies in some coordinate system (x, U)
(otherwise we just refine the partition). If (L1,!) is the standard coordinate system
in (—£,£) X [(1,1)] we write

a£(u r) -—- at 8
31.1 ’ ii Bu (“,0

Ba 8
——(u,I) = C6,, — .8: (8: (,,,,))



Rz'crnanmmz /l4e£n'c.s 325

Then Elur/3t‘(u,I) is the tangent vector at time I to the curve cir(u). If We adopt
the abbreviations

1-Y"(H,r) = »Y’i(¢Y(H,f)), mi) -'= Xi(}’(¢’)) = ¢Yi(0,=')=

then

So

a " aw a dy " dy‘ a
;(HJ)= ilhll-F , -

I l=l A duh!) I I-=l I x Y0)

1 ll dy dy
E(}’| [ii-1,Iil) "= (E= dl

17-1

1 ‘I H dyl dyj
:: - -- ‘id ., _] wig] gut}/(1)) d, d, 1

If we use the coordinate system x to identify U with IR", and consider the g,-j
as functions on R", then we are considering

ft; F(i'(f),i/"(I))d¢

where
1 " . .

F(»r.y) =5 Z gt,-(Jr) - J=’y’-
i,j=l

Then _ _
aF( dy 1 " ag,-, d)/‘d1/J
3.1’

211'}

SO

-»¢- i/(1).?) =5 Z ,—A_,<i»ui>W7,
i,j=I

d
OF dy " dy’,—y, (yo). 7,7) = ggrrti/(I))T,

d BF dy " 41;» " ag” dyfdyt»,;;(;,~;;; (1/<:).;))--ggi.<i/(ti) dz, +2] We/vi) d, ch.
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In order to obtain a symmetrical looking 1‘esult, we note that a little index
juggling gives

ij EEK- i:%~<’_Y""L".. @¢’_>"'<’L’”_=| as-I at dz ,,j_=| Eixf at at "Uzi 3x" at at
50

i:‘lgidLjfl=li:%d_1’i"_1’j+li:@"_1’idLj
3x3 dr dz 2__ Bxfdrdr 2,_|8x‘drdr'

F-J=| l,J'=l *»J'=

From we now obtain

dam): 9.-_. . it-1)
du

u=0

I," " ad! " d2]/r
-—- jg!“ gwfllill [g;8rr(}’(fllf,2

H 1 38,-: 3.9;: ast; dy‘ di/1'
'l'i’J_Z=l 5 (w(l/(1')) "l" ax; (HO) — fill/(Flow? df

Z

+
-F1$3’

d(0.1) Z gm/(ii) 7’;
r=l

r 1:‘

ft‘

Remember that y is only piecewise C°°. Let
1 _ 1'0’:-1) Q _
%(r,-+) = right hand tangent vector of y at I; dr in )

d—y(:-‘) .-= left hand tan ent vector of at t- %(ti+)
(II i g y i’ y(H+:l

Notice that the filial suni in the above formula is simply

3 d 3 d
fl‘)? -F fl'—|)97:,(ff—l+)>-

To abbreviate the integral somewhat we introduce the symbols

3 3.- 1 i ' 3 s‘
l[””'] Z 5 (ail '1" ail: aitill
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These depend on the coordinate system, but the integral

"' H 33:’ H dz}/’ n dyl dyj- — .- — “.1 —— -<1./{Hg 3,, (0.1) gs.» (1/(1)) 6,, +fJZ:j][=i 1041)) d, d, I

which appears in our result, clearly cannot. Consequently, we will use the exact
same expression for each [1,-_| , I,-], even though different coordinate systems may
actually be involved (and hence different g,-; and yl).

Now we just have to add up these results. Let

d d d _
Af|'?]l',/=?]g,’(l.I_+)_?Jg,’(!|:_) !=19'-':N—1

<1? 9'?
AW L.

dr dr _
Ant-I = —E(7N

Then we obtain the following formula (where there is a convention being used
in the integral).

9. THEOREM (FIRST VARIATION FORMULA). For any variation ct,
we have

dE(5z(u))
du u =0

b H H H ‘ .

-— g$(0.r) gg.».<i»ui>——~—d,, +UZ=§|[v.11<i/<r>>7,,—7 -4:
N-Z(ai<@»~>~>#1l~l_0 3u dt

(In the case of a variation at leaving endpoints fixed, the sum can be written
from 1 to N — 1.)

This result is not very pretty, but there it is. It should be noted that [I'j, 3] are
not the components of a tensor. Nevertheless, later on we will have an invariant
interpretation of the first variation forniula. For the time being we present,
with apologies, this coordinate dependent approach. From the first variation
formula it is, of course, simple to obtain conditions for critical points of E .
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l0. COROLLARY. If yt [a,b] —> M is a C°° path, then y is a critical point
of E2 if and only if for every coordinate system (x, U) we have

d2 r H d Id 1

Zgi,<y<r>>,—§ + Z ti./.11<m>>7’;7’, = 0 for no e v.
J"=] |",j=I

PROOF. Suppose y is a critical point. Given 1 with y(I) e U, choose a partition
of [a,b] with I E (I,-_;,I,-) for some i, and such that yl [t,-_1,I;] is in U. If or
is a variation of y keeping endpoints fixed, then in the first variation formula
we can assume that the part of the integral from I,--1 to I; is written in terms
of (x, U ). The final term in the formula vanishes since y is C°°. Now apply
the method of proof in Lemma 8', choosing all 30//3u(0, t) to be 0, except one,
which is 0 outside of (I,-_| , I5), but a positive function times the term in brackets
on (f:'—I>fl)- .:‘

In order to put the equations ofCorollary l0 in a standard form we introduce
another set of symbols

k H 1, .. H kl 38'! 38'! 38""=v'=Zg'l””1=Zg'5(fi""fi-fil'l1' [=1 I:

Our equations can now be written

d2]/k ll dyi dyj

7;? "t ‘"5°"‘”W7 = °-
We know from the standard theorem about systems of second order differential
equations (Problem 5-4), that for each p e M and each v G MP, there is a
unique yr (—s,£) —> M, for some 8 > 0, such that 1/ satisfies

H0) = P
dy

= U

d2}/< " dyi dyj__s_ rt. __= .dig +UZ=:] Ulyllll dz .4.» 0
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Moreover, this y is C°° on (—a,s). This last fact shows that if y, : [0,s) —> M
and 1/21 (—£, 0] —> M are C°° functions satisfying this equation, and ifmoreover

71(0) = I’: (0)

dyl + ___dl’2 ._

then y, and 1/2 together give a C°° function on (—£,£). Naturally, we could
replace 0 by any other I. We now have the more precise result,

ll. COROLLARY. A piecewise C°° path y: [a,b] —> M is a critical point
for E3 if and only if y is actually C°° on [a,b] and for every coordinate system
(x, U) satisfies ____

d2yk " dyidyj
/< ._-'-a';"2—-l~ E POI"

i,j=l

PROOF. Let y be a critical point. Choosing the same as’ as before (all cxl are 0
outside of (1,-_,,r,-)), we see that y] [I,-..;,I,-] satisfies the equation, because the
final term in the first variation formula still vanishes. Now choose or so that

30: dy _
%(0,ff)=A;I-E, I=l,...,N—l.

We already know that the integral in the first variation formula vanishes. So
we obtain

IP13 .--""‘-""--

P
Q.

3x D
Q.

5--< --..._______...--

0Z— i Pi

which implies that all Ah. % are 0. By our previous remarks, this means that y
.01is actually C°° on all of [a,b]. +¢

As the simplest possible case, consider the Euclidean metric on IR",
H

(, )= Zdxl®dxi.
I'=l

Here g,-_; = 5,-j, so all 3g,-J-/3x" = 0, and Pf, = 0. The critical points y for the
energy function satisfy

d2yk
Tfl=0.



330 caqpei9

Thus y lies along a straight line, so y is a critical point for the length function
as well. The situation is now quite different from the first variational problem
we considered, when we considered only curves of the form I |—> (t, f(1')).
Any reparameterization of y is also a critical point for length, since length is
independent ofparameterization (Problem 16). This shows that there are critical
points for length which definitely aren’t critical points for energy, since we have
just seen that for y to be a critical point for energy, the component functions
of y must be linear, and hence y must be parameterized proportionally to arc-
length. This situation always prevails.

12. THEOREM. If y: [a,b] —> M is a critical point for E, then y is param-
eterized proportionally to arclength.

PROOF. Observe first, from the definitions, that

52“ . . . .
"E"?-1'E'lir£' =

Now we have

d dy 2 d " dytdyf
Z; d, —E(ijZlglj(y(I))T!T)

_ n n agij dy; dy,-dyj H dz}/,. dyj

-— Z"5_"_r(l’(*')l df d, "E,""""l" 8.-*.»'(}’(fl)T,2 7;"
1,,/=1 [=1 r,;=1

" dyi d2yr
+ gir(Y(f))WTf2 -

:,r=l

Replacing 3g,-_;/3x] by the value given above, this can be written as

d dr 2__ H drj H div’ " . . dyldr’d, d, -2;dt(2;8oU40}dfi'+w?€Dh}hYUD?fi"E7)
_ r: J‘ =

n dy; n dz]/r rt _ _ dyj dy;

+ Z W(Z 21-rt}/(f))T2 + Z[i1.11<y(1>>»;;--5;).
l'=l I‘-1] J',f:]

Since y is a critical point for E , both terms in parentheses are 0 (Corollary 10).
Thus the length lldy/dr 1] is constant. *1‘
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The formula

38:; . . . .
(*l 5"; =l1/<>Jl+lJ/Ml

occurring in this proofwill be used on several occasions later on. It will also be
useful to know a formula for 3g’-i /3x". To derive one, we first differentiate

H

Z simgm‘ = 5;’
m=I

to obtain H H
32”” dgim ,,,-Zs1m—i=-Zfig ’-

m=i m'=l

Thus we have

38” if 38”” H mj 33-‘may, -22 glm ayk - gigs 2 ay,

= _ Z g”g”’~’l([!k,m] + [mk,I]) by (=|=)
l',m

= — Zs”1"fi — Zs"“'1".§.i.,
I H1‘

OT

38” H :1 J 1; z(*=l<) W = —Z(g l"”,+g FM).
I l

We can find the equations for critical points of the length function L in ex-
actly the same way as we treated the energy function. For the moment we
consider only paths y: [a,b] —> M with dy/dr ;,é 0 everywhere. For the por-
tion yI[t,-_1,r,-] of y contained in a coordinate system (x, U ), we have

r,- " dyr dyj
I-(1/l[ri~.si.r=-1):] Z st-.1-(1/(r))— ——-— dr-,,.,,, “=1 dr dr

Considering our coordinate system as R", we are now dealing with the case

F(x,y) = ’ Z si".r(>¢)y"J""-
\ i..r=1
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We introduce the arclength function

8(1) = Lit?)-

ds dy __ dy5-"; -r(i»o.;).
Then

So we have

" dgi; drldi/IZ "c;r‘*"’”?i? at
E U) dy :li"’l='3x*' 1' ’d: 2 Q

dz

H d r

2 gilt)/(I))"—y-~ar , dy __r=l _, J???
W l’(),dt — -

dz
After a little more calculation we finally obtain the equations for a critical point
of L: H ,

dzs
dz?" " 1. di/‘di/" did‘ F
“E1i'5“+=-,2: PU-(y(l)) dr id] — Sdii ids -0.

dz

It is clear from this that critical points of E are also critical points of L (since
they satisfy dzs/dtz = 0). Conversely, given a critical point y for L with
dy/dr =,é 0 everywhere, the function

s: [(1.1)] —> t9.1-in/>1
is a diffeomorphism, and we can consider the reparameterized curve

1/ 08"‘: t9.L5u/>1» M-
This reparameterized curve is automatically also a critical point for L, so it
must satisfy the same differential equation. Since it is now parameterized by
arclength, the third term vanishes, so y o s_1 is a critical point for E .

There is only one detail which remains unsettled. Conceivably a critical
point for L might have a kink, but be C°° because it has a zero tangent vector
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there, as in the figure below. In this case it would not be possible to reparame-

terize y by arclength. Problem 37 shows that this situation cannot arise.
Henceforth we will call a critical point of E a geodesic on M (for the Rie-

mannian metric ( , )). This name comes from the science of geodesy, which
is concerned with the measurement of the earth’s surface, including surveying
and the measurement of degrees of latitude and longitude. A geodesic on the
earth’s surface is a segment of a great circle, which is the shortest path between
two points. Before we can say whether this is true for geodesics in general,
which are so far merely known to be critical points for length, we must initiate
a local study of geodesics.

The most elementary properties of geodesics depend only on facts about
differential equations. Observe that the equations for a geodesic,

dilyk " k dyr dyj

“diam +i,iZ=:i P’-"i?1r_'F.7 =0’

have an important homogeneity property: if y is a geodesic, then I |—> 1/(ct) is
also clearly a geodesic. This feature of the equation allows us to improve the
result given by the basic existence and uniqueness theorems.

13. THEOREM. Let p G M. Then there is a neighborhood U of p and a
number e > 0 such that for every q G U and every tangent vector v G Mq with
||v|| < 8 there is a unique geodesic

}/1,: (—2,2) —> M

satisfying
d141(0) = Q. %<9> = v.

PROOF. The fundamental existence and uniqueness theorem says that there
is a neighborhood U of p and 81,6; > 0 so that for q G U and v G Mq with
Ilvll < st there is a unique geodesic

Yvi (-2!-?2,2~‘-I2) —> M
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with the required initial conditions.
Choose .9 < 81822 Then if Ivl < e and |I| < 2 we have

Ilv/e2]| < e1 and IE-Igfl < 222.

So we can define y,,(I) to be y,,/,,(s;t). +$*

If v e Mq is a vector for which there is a geodesic

yr [0,1] —> M

satisfying
d1/1/(0) = 9. 5(0) = U5

then we define the exponential of v to be

exp(v) = CXpq(l.J) = y(1).

(The reason for this terminology will be explained in the next chapter.) The
geodesic y can thus be described as

1/(I) = @XPq(='v)-

Since Mq is an n—dimcnsional vector space, there is a natural way to give it
a C°° structure. If (9 C Mq is the set of all vectors v G Mq for which CXpq(lJ)
is defined, then the map

expq: (9 —> M

is C°°, since the solutions of the clifferential equations for geodesics have a C°°
flow. Identifying the tangent space (Mq),_, at v G Mq with Mq itself, we have an
induced map

(@XPq)v*I Mq _* M€XPq(U)‘

Iii particular, we claim that the map

(expq)o,,: Mq —> Mq is the identity.

In fact, to obtain a cuive c in the manifold Mq with dc/dI(0) = v G Mq =
(M,,)0, we can let C(t‘) = rv. Then expq 9 c(z) = expq(rv), the geodesic with
tangent vector v at time 0, so

d
(@XPq)0*(v) = E 0@><Pq(¢‘(F)) = P-

I:
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Before proving the next result, we recall some facts about the manifold TM.
If (x, U) is a coordinate system on M, then for q G U we can express every
vector v E Mq uniquely as

H ,3
U=.ZCl

:=i

We will denote ai by i'f(v), so that
_- 3U = Zx’(v) F ,

i=1 Irtv)
where rt: TM —> M is the projection. Then

(x1orr,...,x" 07I,)lfl,...,.>l'n)=(Jf'1,...,.7f",.>t1,...,.>lfn)
is a coordinate system on rr""l(U). For v e Mq, q e U we therefore have
tangent vectors

TM

3 3
5;“, G(TM)v>

U

ll?

QM
the vectors 3/ 3J't"|v are all in the tangent space of the submanifold Mq C TM,
while the vectors 3/39? (U span a complimentary subspace.

I4. THEOREM. For every p G M there is a neighborhood W and a number
e > 0 such that

(l) Any two points of W are joined by a unique geodesic in M of length
< s.

(2) Let v(q,q") denote the unique vector v e Mq of length < e such that
expq(v) = q’. Then (q,q") |—> v(q,q") is a C°° function from W x W —>
TM.

(3) For each q e W, the map expq maps the open e—ball in Mq diffeomor-
phically onto an open set Uq 3 W.
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PROOF. Theorem l3 says that the vector 0 e Mp has a neighborhood V in the
manifold TM such that exp is defined on V. Define the C°° function F: V —>
M x M by

F(v) = (Yf(v)»@><P(v))-
Let (x,U) be a coordinate system around p. We will use the coordinate

system
(.t‘,...,.t",.»21,.. .,x"),

-1 -thdescribed above, for rt (U). If rt,-: M >< M —> M is projection on the 1
factor, then

(x1o1r;,...,x" om,x‘ orr;,...,x" orrg) = (x1‘,...,x1”,x21,...,x;”)

is a coordinate system on U x U. Now, using the fact that
(expp)o,,.I Mp —> Mp

is the identity, it is not hard to see that at 0 e Mp we have
( 8 ) 8 8

Fir “T 5 “_"",T "l" i-
3X‘ 0 3X1 (pip) OX2!

3ts>--it 9ax 0 axl (pm)
Consequently, F, is one-one at 0 G Mp, so F maps some neighborhood V’
of 0 diffeomorphically onto some neighborhood of (p, p) G M X M. We may
assume that V’ consists of all vectors v G Mp with q in some neighborhood U "
of p and [lull < s. Choose W to be a smaller neighborhood of p for which
F(V") 3 W >< W. '2'

(rap)

Given a W as in the theorem, and q e W, consider the geodesics through q
of the form r |—> expq (Iv) for [lull < .9. These fill out Up. The close analysis of
geodesics depends on the following.

/{¢><p,.(v) I llvll = 9}



R2'emannz'an /ldezrics 337

15. LEMMA (GAUSS’ LEMMA). In Up, the geodesics through q are perpen-
dicular to the hypersurfaces

{expp(v) : [lull = constant < e}.

FIRSTPROOF Let U2 IR —> Mp be a smooth curve with ||v(I)ll = a constant
k < .9 for all I, and define

a(u,;) .-=@xpp(u-u(I)) -1 < u <1.

We are claiming that for every such at we have

3
<g—:(u,I), £(u,I)> = 0 for all (u,I).

A calculation precisely like that in the proofofTheorem 12 proves the following
equation, in which the arguments (u, I) and ar(u, I) are omitted, for convenience:

3 3a: 3a: H 3a:-l H 320:’ H _ _3al3c.r'
‘ll nln=El"ga(§g"—ai: +,§l"=1la7nl

H 30:‘ H 32¢’ H 3021' 30:"_ -— '1,‘ —-- ."lg 311 (gg”auai +j,_,Z=:,[’ ’] all 31‘)

The first term on the right is 0 since each curve u |—> ar(u,I) is a geodesic.
Similarly, we obtain

3 30: 30: H 30:5 " 32a’ " _ _ 3321' 33:"
<2) aln=nl"2§n(;g"Tai"*",§,l1’*’lns?)>
which is just twice the second term on the right of (1). But 301/ 3u(u, I) is just the
tangent vector at time u to the geodesic u |—> expp(u - v(I)), where ||v(I)|| =- k;
so ||3cx/3u|| = k. Thus the second term on the right of (2) is also 0. So

3a: 3a:
<5, is independent ofu.

But a(0,I) = expp(0) = q, so 3a!/3I(O,I) = 0. It follows that

a a =0 for all (Ll,f).
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SECOND PROOF. Let v: R —> Mp be any smooth curve with ||v(I) ll -= a constant
k < .9 for all I, and define

,B(u,I) = expp (I - v(u)) (note carefully the roles played by r and u).

Then ,6 is a variation of the geodesic y(I) = expp (I -11(0)), defined on [0, 1]. By

,1
I

/'1
,/

/K

/ Z’
/’ ///

/1

1»z/9
the first variation formula, we have

dE(fi(M)) __ 35 gig; 36 5’);
if dbl “=0” lat/0’1)’ d.=ml_l5(0’0)’ at loll

_ 35 dr
“ -1)» 'aT(1)>i

the integral vanishing since y is a geodesic. But each curve fl(u) has energy

- 2
E(5(u))=fl i§.l.‘.fli"_). d;=fl/(id,-=k1,

0 df 0
SO

__dE(B(~)), __ 915 d_i/
0‘ dll ing): <au(°’1)’di l/'_'\

._.
\—/ 0:0

l6. COROLLARY. Let c: [a,b] —> Up — {q} be a piecewise smooth curve,

¢‘(=') = @><Pq(H(I) - 11(1)).
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for 0 < u(I) < .9 and ||v(I)|| = l. Then

Lie 2 Mb) — ~(d)l.
with equality if and only if II is monotonic and v is constant, so that C is a radial
geodesic joining two concentric spherical shells around q.

PROOF If c.r(u, I) = expp(u - v(I)), then c(I) = or(u(I),I) and

dc __ 3a , I 3a
dI -3uu()+3I'

Since
3a: 3o: 30:
5’5l=°’ ln=‘=

wehave
dcz , 2 33:2 , 2|p; —|d(=')l—i-'5 ?.l~(=*)l.

with equality if and only if 3a/3I = 0, and hence v"(I) = 0. Thus

b dc b

/i —- dI 2/P |u'(I)|dI 2 |u(b) — u(a)l,
0 dl 0

with equality if and only if II is monotonic and v is constant. +I+

l7. COROLLARY. Let W and .9 be as in Theorem l5, let y: [0, 1] —> M be
the geodesic of length < 9 joining q,q’ E W, and let c: [0, 1] —> M be any
piecewise C°° path from q to q’. Then

1-(1/) 5 I-(¢').

with equality holding if and only if c is a reparameterization of y.

PROOF. We can assume that q’ -= expp(rv) e Up — {q} (otherwise break c up
into smaller pieces). For 5 > 0, the path c must contain a segment which joins
the spherical shell of radius 5 to the spherical shell of radius r, and lies between
them. By Corollary 16, the length of this segment has length 3 r — 3. So the
length of c is 3 r, and clearly c must be a reparameterization of y for equality
to hold. +I+
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We thus see that stflicienthi small pieces of geodesics are minimal paths for arc-
length. We can use Corollary 1? to determine the geodesics on a few simple
surfaces, without any computations, if we first introduce a notion which will
play a crucial role later. If (M,( , )) and (M’,( , )’) are C°° manifolds with
Riemannian metrics, then a one-one C°° function f : M —> M’ is called an
isometry of M into M’ if f"‘( , )’ = ( , ). For example, reflection through a
plane E2 C R"+' is an isometry I: S" —> S". It is clear that if c: [0, 1] —> M
is a C°° curve, then the length of c with respect to ( , ) is the length of f o c
with respect to ( , )’; and if c is a geodesic, then f <> c is likewise a geodesic.

For the isometry I : S" —> S" mentioned above, the fixed point set is the great
circle C = S" ('1 E2. Let p,q G C be two points with a unique geodesic C’
of minimal length between them. Then I (C’) is a geodesic of the same length
as C’ between 1(p) = p and 1(q) = q. So C’ = 1(C’), which implies that
C’ C C, so that C is a geodesic. Since there is a great circle through any point
of S" in any given direction, these are all the geodesics.

Notice that a portion of a great circle which is larger than a semi-circle is
definitely not of minimal length, even amflng nearby jiatlzs. Antipodal points on

Path Of smaller length

the sphere have a continuum of geodesics ofminimal length between them. All
other pairs of points have a unique geodesic of minimal length between them
but an infinite family of non-minimal geodesics, depending on how many times
the geodesic goes around the sphere and in which direction it starts.
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The geodesics on a right circular cylinder Z are the generating lines, the

©
-
\

\
1

\-._,_-____ .
I

-—-“ -1-.,- ‘\-
I

circles cut by planes perpendicular to the generating lines, and the helices
on Z. In fact, if L is a generating line of Z, then we can set up an isometry
I I Z — L —> R2 by rolling Z onto R2. The geodesics on Z are just the images

='ii..=.-1: 1-.2:_:3FI-II.--‘3 : jg 1 r.-.1 i 111:2}-.; ;-1= z 5:.-.-F-,=:¢
'_'-'.==_'-‘er; ;=::==._:-.=l';._:,:. -'. .-;>.1;:1;:

I135‘ {‘l‘_:T I?i.’-€.-‘.':-'-“- =-.1 ¢';;2?(lf».
-.'I;i-5*; :i§';ii:'-2[ L512-..' ii’.-.-.‘i.-.-‘

i‘;:i'_";{‘.* —I§£i'~T--‘F'=;':1z..Y~. ‘-':-=13.-1'7
- __ ;__. _';_ _ —— '

under 1-’ of the straight lines in IR2. Two points on Z have infinitely many
geodesics between them.

We are now in a position to wind up our discussion of Riemannian met-
rics on M by establishing an important connection between the Riemannian
metric ( , ) and the metric dz M >< M —> R it determines,

d(p,q) = inf{L(y) I y a piecewise smooth curve from p to q}.

Notice that on both the sphere and the infinite cylinder every geodesic y defined
on an interval [a, b] can be extended to a geodesic defined on all of R. This is
false on a cylinder of bounded height, a bounded portion of IR", or R“ — {O}.
ln general, a manifold M with a Riemannian metric ( , ) is called geodesically
complete ifevery geodesic y: [a,b] —> M can be extended to a geodesic from R
to M.
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18. THEOREM (HOPF—RINOW-DE RHAM). If ( , ) is a Riemannian
metric on M, then M is geodesically complete if and only if M is complete
in the metric d determined by ( , ). Moreover, any two points in a geodesi-
cally complete manifold can be joined by a geodesic of minimal length.

PROOF. Suppose M is geodesically complete. Given p,q e M with d( p, q) =
r > 0, choose Up as in Theorem 14. Let S C Up be the spherical shell of radius
5 < .9. There is a point

pg = expptiv, llvll = 1

on S such that d(po,q) 3 d(s,q) for all s G S. We claim that

(*) @><l>a(rv) = 9;
this will show that the geodesic }/(I) = expp(Iv) is a geodesic of minimal length
between p and q. To prove this result, we will prove that

(=t==l=) d()/(I), q) = I‘ —I I G [5,r].

First of all, since every curve from p to q must intersect S, we clearly have

d(I>.9) = miI1(d(p.s) + d(-9. 9)) = 5 + d(po. 9)-$65‘

So d(P0>q) = I‘ — 5. This proves that (=l=*) holds for I = 5.
Now let I0 G [5, r] be the least upper bound of a11I for which (*=t=) holds. Then

(**) holds for I0 also, by continuity. Suppose I0 < r. Let S’ be a spherical shell

'-pg?

I
Po

S

of radius 3’ around }/(Io) and let pg’ G S’ be a point closest to q. Then

q.

d(}’(f0)»=?) = ]1;l§}(d(l’(1’0)>-Y) + d(-Ylq)) = 5’ "l" d(P0’.'¥).
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SO

(***) d(1>0", Q) = (F — lo) — 5"-

Hence
d(P, 110') 2 4(1),?) — d(P0",=?) =10 +5’-

But the path C obtained by following y from p to ]/(lg) and then the minimal
geodesic from 3/(I0) to pg’ has length precisely I0 +5’. So c is a path ofminimal
length, and must therefore be a geodesic, which means that it coincides with y.
Hence

}’(l0 + 5') = 110'-

Hence (=l=>i==l=) gives
dti/(Io + 6’),q) = r — (I0 +5’),

showing that (>1-1*) holds for I0 + 5". This contradicts the choice of I0, so it must
be that I0 = I‘. In other words, (*=|=) holds for I = r, which proves (*).

From this result, it follows easily that M is complete with the metric d. In
fact, if A C M has diameter D, and p G A, then the map expp: Mp —> M
maps the closed disc of radius D in Mp onto a compact set containing A. In
other words, bounded subsets of M have compact closure. From this it is clear
that Cauchy sequences converge.

Conversely, suppose M is complete as a metric space. Given any geodesic
y: (a,b) —> M, choose In —> b. Clearly 1/(In) is a Cauchy sequence in M, so it
converges to some point p G M. Using Theorem I4, it is not difiicult to show
that y can be extended past b. Consequently, by a least upper bound argument,
any geodesic can be extended to 1R. '1'

As a particular consequence of Theorem I8, note that there is always a min-
imal geodesic joining any two points of a compact manifold.
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ADDENDUM
TUBULAR NEIGHBORHOODS

Let M" C N"+k be a submanifold of N, with it M —> N the inclusion map,
so that for every p e M we have i,,,(M,,) C Np. If ( , ) is a Riemannian metric
for N, then we can define Mpl C Np as

Mpl = {v G Np ; (v,i',,w) = 0 for all w G Mp}.

Let
E= U Mp-L and wz E—> M take Mpl to p.

peM

It is not hard to see that u = 217: E —> M is a l<—plane bundle over M, the
normal bundle of M in N.

For example, the normal bundle u of S"_1 (3 IR" is the trivial 1-plane bundle,
for v has a section consisting ofunit outwa1'd normal vectors. On the other hand

if M is the Mobius strip and S1 C M is a circle around the center, then it is
not hard to see that the normal bundle v will be isomorphic to the (non-trivial)
bundle M —> S1. If we consider S1 C M C P2, then the normal bundle

of S‘ in P2 is exactly the same as the normal bundle of S‘ in M, so it too is
non-trivial.
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Our aim is to prove that for compact M the normal bundle of M in N is
always equivalent to a bundle If : U —> M for which U is an open neighborhood
of M in N, and for which the 0-section st M -> U is just the inclusion of M
into U. In the case where N is the total space of a bundle over M, this open
neighborhood can be taken to be the whole total space. But in general the
neighborhood cannot be all of N. For example, as an appropriate neighborhood
of S‘ C R2 we can choose R2 — {O}.

~.. ,/// ,

l /I
 ‘-,\

\ \\\\ “M.

\\ \

\

/

A bundle rr : U —> M with U an open neighborhood of M in N, for which the
0—secti0n s: M —> U is the inclusion of M in U, is called a tubular neighborhood
of M in N. Before proving the existence of tubular neighborhoods, we add some
remarks and a Lemma.

If rt: U —> M is a tubular neighborhood, then clearly

rr os = identity of M,
s o rr is smoothly homotopic to the identity of U,

so If is a deformation retraction, and Hi‘ (U) R Hk(M); thus M has the same
de Rham cohomology as an open neighborhood. Moreover, if we choose a
Riemannian metric ( , ) for III U —> M and define D = {e G U : (e,e) 5 1},
then D is a submanifold-with-boundary of U, and the map IIIDI D —> M is
also a deformation retraction. So M also has the same de Rham cohomology
as a closed neighborhood.

19. LEMMA. Let X be a compact metric space and Xo C X a closed subset.
Let f: X —> Y be a local homeomorphism such that f IXO is one-one. Then
there is a neighborhood U of Xo such that f |U is one-one.
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PROOFI LetCCX>< Xbe

{(»\'>y) e X >< X = x ¢ y and ftxi = f(y)}-
Then C is closed, for if (x,,,y,,) is a sequence in C with x8, —> x and yn —> y,
then f(x) = lim f(X,8) = lim f(y,,) = f(y), and also X 75 y since f is locally
one-one.

If gr C -> R is g(x,y) = d(x,X0) + d(y,Xo), then g > 0 on C. Since C
is compact, there is e > 0 such that g 3 2.9 on C. Then f is one-one on the
s-neighborhood of Xo. ‘I’

20. THEOREM. Let M C N be a compact submanifold of N. Then M has
a tubular neighborhood III U —> M in N, which is equivalent to the normal
bundle of M in N.

PROOF. Choose a Riemannian metric ( , ) for N, with the corresponding
norm |] I], and metric dz N x N —> lR. Let

E={v:veN8 andvGM,,J',forsomepeM}
E8={veE:|Iv][<s}
U8={qeN:d(q,M) <5}.

It follows easily from Theorem 13, and compactness of M, that exp is defined
on E8 for sufficiently small .9 > 0. We claim that for sufiiciently small 8, the map
exp is a diffeomorphism from E8 onto U8. This will clearly prove the theorem.

Let V C E be the set of a non-critical points for exp. Then V 3 M (consid-
ered as a subset of E via the 0-section), and V1 = V F1 E1 is compact; since exp
is one~one on M (I V1, it follows from Lemma 19 that for sufiiciently small .9
the map exp is a diffeomorphism on E8.

It is clear also that exp(E8) C U8. To prove that exp is onto U8, choose any
q e U8, and a point p G M closest to q. If y: [0,1] —> N is the geodesic of
length < .9 with }/(0) = p and }/(1) = q, it is easy to see that y is perpendicular
to M at p (compare the second proof of Gauss’ Lemma). This means that
q = exppdy/dr(0) where dy/dt(0) E E8. '2»

One of the interesting features of Theorem 20 is that all the paraphernalia
of Riemannian metrics and geodesics are used in its proof, while they do not
even appear in the statement. Theorem 20 will be needed only in Chapter ll,
where we will also need the following modification.
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21. THEOREM. Let N be a manifold-with-boundary, with compact bound-
ary 3N. Then 3N has (arbitrarily small) open [and closed] neighborhoods for
which there are deformation retractions onto 3N.

PROOF. Exactly the same as the proofofTheorem 20, using only inward poin t-
ing normal vectors. *1‘
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PROBLEMS

1. Let V be a vector space over a field F of characteristic % 2, and let hi V ><
V —> F be symmetric and bilinear.

(a) Define q: V —> F by q(v) = h(v,v). Show that if ¢1,...,q5,, is a basis
for V"‘, then

q= § (1o'v*t-v*;
1..t=1for some a,-_;.

(b) Show that

q(—v) = q(v)
ho. v) = élqw + v) — Q01) — q(v)]-

(c) Suppose q: V —> F satisfies q(—v) = v, and that li(u, v) = q(u+v)—q(u)—
q(v) is bilinear. Show that

qtu+v+w)—r1(u)—q{v+w)= qtu+v)—q(u)—q(v)—q(u+w)—q(u)—q(w)-
Conclude that q(0) = 0, and q(2u) = 4q(u). Then show that q(v) = h(v, v).

2. Let ( , ) be a Euclidean metric for V*. Suppose Q58-,tlr; G V* satisfy Q51 A
A (pk = tlr; A--- A tlrk 75 0, and let W8) and Wu’, be the subspaces of V*

spanned by the qb; and ti/8-.

(a) Show that w e W8; if and only if w A Q5; A ~ -- A 415;, = 0. Conclude that
W8; = W,;,.
(b) Let o;,...,o;8 be an orthonormal basis of W8) = W,;,. If ¢,- = Z, a,-8-er,-,
show that the signed k-dimensional volume of the parallelepiped spanned by
¢1,. . . ,¢;< is det(a,-J-). (The sign is + if ¢;,. . . , (pk has the same orientation as
01, . . .,o;,, and — otherwise.)
(c) Using Problem 7-9, show that this volume is the same for tlr1,.. . , tlrk.
(d) Conversely, if W¢ = W,;,, and the signed volumes of the parallelepipeds are
the same, show that ¢] A Aqfik = ‘$1/\---A tlrk.

Ifwe identify V with V""", so that we have a wedge product v1 A- - -A018 ofvectors
v,- e V, then we have a geometric condition for equality with wl A A wk.
In Legons sur la Géoméirie des Es/it.-ces de Riernuim, E. Cartan uses this condition to
dgfine S2,‘ (V*) as formal sums of equivalence classes of k vectors; he deduces
geometrically the corresponding conditions on the coordinates of v8-, w,-.

3. Let V be an n—dimensional vector space, and ( , ) an inner product on V
which is not necessarily positive definite. A basis v1,...,v,., for V is called
orthonormal if (v,-, vj) = :l:¢i,-J,-.
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(a) If V sé {O}, then there is a vector v G V with (v, v) # 0.
(b) For W <: V, let wl = {U G v 1 (v,w) = Ofor all w G W}. Prove that
dim Wl 3 n — dim W. Hint? If {wg} is a basis for W, consider the linear
functionals A,-: V —> R defined by A,-(v) = (v, w,-).
(c) If ( a ) is non-degenerate on W, then V = W EB W1-, and ( , ) is also
non-degenerate on l/VJ".
(d) V has an orthonormal basis. Thus, there is an isomorphism f 1 R" —>
V with f*( , ) = ( , )8 for some 2' (the inner product ( , )8 is defined on
page 30l).
(e) The index of ( , ) is the largest dimension of a subspace W C V such that
( , )|W is negative definite. Show that the index is n — r, thus showing that r
is unique (“Sylvester‘s Law of Inertia”).

4. Let ( , ) be a (possibly non-positive definite) inner product on V, and let
vi, . . . , v8 be an orthonormal basis (see Problem 3). Define an inner product
( . )" on s.2’<(v) by requiring that

U*,']/\-~-/\U*gk l§!'1<---<I'k§fl

be an orthonormal basis, with

It(v*,-, /\ - -- A 11*,-,‘,, 11*,-1 A - -- A v*,-,8) = det((v8-M 153)).

( ) Show that ( , )" is independent ofthe basis v1,...,v;8. (Use Problem 7-l6.)
(b) Show that
N

(Q51/\ /\¢1<=1l’1/\'"/\ Wtlk = d@Y((¢t'=ll'jl*) = <1l@i((¢‘t', Will)-

(c) If ( , ) has index i, then

(U*1A---/\v*,,,U*1A---/\U*,,)" = (-1)‘.

(d) For those who know about ® and Al‘. Using the isomorphisms 8)!‘ V* "v
(®k V)* and A"(V*) % (A"V)*, define inner products on ®kV and A"V by
using the isomorphism V —> V* given by the inner product on V. Show that
these inner products agree with the ones defined above.

5. Recall the definition of v; >< - - - >< v,,_; in Problem 7-26.

(a) Show that (vi >< >< v,,_;,v,-) = 0.
(b) Show that Iv; >< -- - >< v,,_1| = s/det(g,-j), where g,-J; = (v,-,v,-). Hint: Apply
the result on page 308 to a certain (n — 1)-dimensional subspace of R“.
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6. Let E = rrt E —> B be a vector bundle. An indefinite metric on § is
a continuous choice of a non-positive definite inner product ( , ) p on each
IF‘ (p). Show that the index of ( , )p is constant on each component of B.

7. This problem requires a little knowledge of simple~connectedness and cov-
ering spaces.
(a) There is no way ofcontinuously choosing a 1-dimensional subspace of Sip,
for each p G S2. (Consider the space consisting of the two unit vectors in each
subspace.)
(b) There is no Riemannian metric of index 1 on S 2.

8. Let ( , ) and ( , )' be two Riemannian metrics on a vector bundle E =
rt: E —> B. Let S be the set of e e E with (e,e) = 1, and define S’ similarly.
Show that S is homeomorphic to S’. If E is a smooth bundle over a manifold M,
show that S is difleomorphic to S’.

9. Show by a computation that if the functions g;_; and g";_; are related by

iixl Eixi
Stag = ggijmfit

1.1

with det(g;_;) 79 0, and the functions gl-l , g”'»" are defined by

H H

Z 9”‘9t,t = 5}. Z 9’”‘9’t; = 5}.
If i /< 1

then
mt .r_B-Bx 3x

gm” = Zg"a—.vw~i..»"
This, of course, is the classical way of defining the tensor [having the compo-
ne nts] git’ .

10. (a) Let ( , ) be a Riemannian metric on M, and A a tensor of type so
that A(p): Mp —> Mp. Define a tensor B of type by

B(Pl(UhU2l = (/1(P)(vt),v2)-

If the expression for A in a coordinate system is

H . , 3_ 1 . ______
A — ..Z;Ai dlr ® 3x-l’I..I=
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show that B = Z,-J, B,-1, dxl ® dxk, where
I7

But = Z /1;’ git-
i=*

(b) Similarly, define a tensor C of type by

C(Pl(l1>7\2l = (A(Pl*(5l1)=5\2l-
Show that if C has components CH, then

Fl‘

1"---l

The tensors B and C are said to be obtained from A by “raising and lowering
indices”.

11. (a) Let X1, . . .,X,, be linearly independent vector fields on a manifold M
with a Riemannian metric ( , ). Show that the Gram-Schmidt process can be
applied to the vector fields all at once, so that we obtain n everywhere orthonor-
mal vector fields Y1, . . . , Yn-
(b) For the case of a non-positive definite metric, find Y1, . . . , Y" with (Y,-, I’)-) =
:l:ti;j in a neighborhood of any point.

12. (a) If f I [a,b] —> IR is positive, show that the area of the surface obtained
by revolving the graph of f around the x-axis is

[ab2rrf,/1+(f")2.

(b) Compute the area of S2.

13. Let M C R" be an (n — 1)-dimensional submanifold with orientation ,t_1,.
The outward unit normal v( p) at p G M is defined to be that vector in IR"p
oflength 1 such that v(p), (v;)p, . . . , (v,,_;)p is positively oriented in R"p when
(v1)p, . . . , (v,,_1)p is positively oriented in Mp.

(a) If M = 3N for an n-dimensional manifold-with-boundary N C R", then
v(p) is outward pointing in the sense of Chapter 8.
(b) Let dV,,_; be the volume element of M determined by the Riemannian
metric it acquires as a submanifold of R". Show that ifwe consider v(p) as an
element of IR", then

“(Pl

di/n_1(p)((U1)p, . . . , (IJ;;_1)p) = Cif2E( L11 ).

7-in-1
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Conclude that dV,,_| (p) is the restriction to Mp of

Zt-1)‘-'v"(p)d>t'(p) /\ A /\--- Adx"(p).
t'=|

(e) Note that U] >< >< v,,_| = cxv(p) for some or G IR (by Problem 5). Show
that for w G R” we have

(w,v(p)) . (vt >< >< v,,_;,v(p)) = (w,v| >< x v,,_|).
Conclude that

vi(p) - dVtt-1(Pl '-= restriction to Mp of

(--l)l_ldXl(p) A--- Adx"(p) A--- Adx”(p).
(d) Let M C IR" be a compact n-dimensional manifold-with-boundary, with v
the outward unit normal on BM. Denote the volume element of M by dV,,,
and that of 3M by zlV,,..;. Let X = Z, a"8/Bx‘ be a vector field on M. Prove
the Divergence Theorem:

g/idivXdVn =[ (X,1J)dV;t-|
M 3M

(the function div X is defined in Problem 7-27). Hint: Consider the form w
on M defined by

H

w=Z(-1)’ la'dx' A---Adx‘A---Adx".
rl

(e) Let M C R3 be a compact 2—dimensional manifold-with-boundary, with
orientation pt, and outward unit normal v. Let T be the vector field on BM
consisting ofpositively oriented unit vectors. Denote the volume element of M
by dA, and that of 8M by ds. Let X be a vector field on M. Prove (the original)
Stokes’ Theorem:

f(V>< X,v)dA=/ (X,T)ds
M BM

(V >< X is defined in Problem 7-27).

14. (a) Let V" be the volume of the unit ball in lR". Show that

I

V,, = I (1 - .t—2)‘"")/21/,,-|t1>t-. — --
-1
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I
(b) If 1,, = f (1 - x2)‘"-ll/2 dx, show that

-1
- 11,, = 5’-1,,_2.
it

(c) Using V1 = 2, V2 = IT, show that
Hr:/2
-i H evenV _ tn/2)!,,._
2(n-H)/2 (n—l)/2
—--i—-—13 Z H nodd.

7rn)'2

r(1 + n/2) ‘l
(d) Let A,,_| be the (n -—- 1)—volume of S "-1. Using the method of proof in
Corollary 8-8, but reversing the order of integration, show that

(In terms of the 1" function, this can be written

' 1
V” =f r"_'A,,_1dr = --A,,_|.

0 1'?

(e) Obtain this same result by applying the Divergence Theorem (Problem 13),

15. (a) Let ct [0,1] —> R" be a differentiable curve, where IR" has the usual
Riemannian metric ( , ) = Z,-dxf ®dxi. Show that

I H

: 1 1' 2I-(9) f If [tn (1)1 dr-
O i=l

(b) For the special case c‘: [0, 1] —> R2 given by c(r) = (I, f(1')), show that this
length,

I
f ./1+1r'm12 tit.

0
is the least upper bound of the lengths of inscribed polygonal curves.

Hint: If the inscribed polygonal curve is determined by the points (r,-, c(r,-)) for
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a partition 0 =10 < < In = 1 of [0,1], then we have

l¢'(l'r‘) "" CU:-1)| = \/(F: - fs—1)2 + (fllil "" f(fi-1))2

= \/(rt -Qt fr.--1 )2 + f*(t}5>(r,- - 1,--1?
for some E; G [r,-_.|,r,-].
(c) Prove the same result in the general case. Hint; Use the results of Prob-
lem 8-1, and uniform continuity of V on a compact set.

It is natural to suppose that the area of a surface is, similarly, the least upper
bound of the areas of inscribed polygonal surfaces, but as H. Schwarz first
observed, this least upper bound is infinite for a bounded portion of a cylinder!
To illustrate Schwarz’s example I have plagiarized the following picture from a
book called Matrurmatnuuectmii Aucuius Ha Muaeoofipasunx, written by someone
called M. Cnmsax.

Q if

ill/l‘7l7l7lll7 Top view

To increase the number of triangles, we maintain the hexagonal arrangement,
bnl move the planes of the hexagons closer together, so that the triangles are more
nearly in a plane parallel to the bases of the Cylinder. In this way, we can increase
the number of triangles indefinitely, while the area of each approaches 111/2.

The topic of surlace area for non-clifferentiable surfaces is a complex one, which
we will not go into here.
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16. Let ct [0, l] —> M be a curve in a manifold M with a Riemannian metric
( , ). If p: [0, l] —> [0, l] is a difleomorphism, show that

I-(C) = I-(6 O P)-
17. Show that the metric d on M may be defined using C°°, instead ofpiece-
wise C°° curves. (Show how to round olTcorners of a piecewise C°° path so that
the length increases by less than any given 8 > 0; remember that the formula
for length involves only first derivatives.)

18. (a) Let B C M be homeomorphic to the ball {p G IR" : lpl 5 1} and let
S C M be the subset corresponding to {p G IR" I [pl = 1}. Show that M -—- S
is disconnected, by showing that M -—- B and B -—- S are disjoint open subsets of
M -—- S.
(b) If p G B - S and q G M — B, show that d(p,q) 2, miI§d(p,q"). Use

q’E
this fact and Lemma 7" to complete the proof of Theorem 7. (In the theory of
infinite dimensional manifolds, these details become quite important, for M - S
cloes not have to be disconnected, and Theorem 7 is false.)

19. (a) By applying integration by parts to the equation on pages 318-319,
show that

41 * b a2 8F ,
 2 0 zf I) li$('f'.\ ./_(r)af

u= I 8 i

- §<:,r<1>,r'<:>>dr] dz;
this result makes sense even if f is only C I.
(b) Du B021; Rqymondlv Lemma. If a continuous function g on [a,b] satisfies

b
I n’(r)g(r)dr = 0

for all C°° functions 1] on [a,b] with r](a) = r](b) = 0, then g is a constant.
Hint: The constant c must be

1 b

G

We clearly have
b

f n"(r)[g(r) - c1 dr = 0,
so we need to find a suitable 1] with r;’(r) = g(r) -—- c.
(c) Conclude thatif the C ' function f is acriticalpointof J, then f still satisfies
the Euler equations (which are not a fm'0rz' meaningful if f is not C2).
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20. The hyperbolic sine, hyperbolic cosine, and hyperbolic tangent functions
sinh, cosh, and tanh are defined by

_ ex - e“" ex + e"" sinh x
s1nhx=i-, coshx=—---—, tanhx=i.

2 2 cosh X

(a) Graph sinh, cosh, and tanh.
(b) Show that

cosh2- sinhz = 1
tanhz +1 / coshz = 1

sinh(x + y) = sinh x cosh y + coshx sinh y
cosh(x + y) = coshx cosh y + sinh x sinh y

sinh’ = cosh
cosh’ = sinh.

(c) For those who l-tnow about complex power series:

sinhx = E, cosh x = cosix.

(d) The inverse functions of sinh and tanh are denoted by SlI1h_' and tanh_',
respectively, while cosh“ denotes the inverse of cosh | [0, 00). Show that

SlI1h(COSh—IX) = V x2 ._ 1 (sinh—l)!(x) :#

cosh(sinh"" I) = V + '2 ‘ 2

_ 1 (cosh"')"(x) : .cosh(tanh 'x) =L F
/1 __ xg X --' l

5'

l’\J>—ll!-_-.

>1

21. Consider the problem of finding a surface of revolution joining two circles
ofradius l, situated, for convenience, at a and --a. We are lool-ting for a function

1
\
l

--I"
\

-u a
r r r |

~-_r

W- r 1 r r
\3

--....-L-

r r r r | r

rm
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of the form x
f(x) = c‘ cosh -E

where c is supposed to satisfy

CCosh€-=l (c > 0).

(a) There is a unique yo > 0 with tanh yo = 1/yo. Examine the sign of 1/y --
tanhy for y > 0.
(b) Examine the sign of coshy -—- jisinhy for y :> 0.
(c) Let

Aa(c) = c cosh g c > 0.

Show that A6 has a minimum at a/yo, find the value of A0 there, and sketch
the graph,
(d) There exists c with ccosha/c = 1 if and only if a 5 y0/ cosh yo. If a =
yof cosh yo, then there is a unique such c, namely c = a/yo = 1/cosh yo. If
at < y0/ cosh yo, then there are two such c, with c| < a/yo < ('2. It turns out
that the surface for ('2 has smaller area.ts

—————-—__~_____ l 1 _ : | 1_____W
--yo/ cosh yo -0 l a yq/ cosh yo

l

(e) Using Problem 20(d), show that

-——J-)2-—- = Vyoz -— 1.
coshyo

[yo ~ 1.2, so ~/yoz ~ I ~ .67.]
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[These phenomena can be pictured more easily if we use the notion of an
envelope—c.f Volume III, pp. l76f’C The envelope of the l—parameter family
of curves X

_/;(x) = e cosh -E

is determined by solving the equations

3jI,(x) x x x
0:i =cosh-—-—--sinh-—.

Ele e t‘ e

W'e obtain _ _A Jt
-— = ztyo, y = ecosh -—- = ecosh yo,
e e

so the envelope consists of the straight lines

cosh yo
y = IE-—----——x.

yo

The unique member of the family through (y0/ cosh yo, l) is tangent to the
envelope at that point. For a < y0/ cosh yo, the graph of fer is tangent to

\‘ ”

‘ 4
‘ 1
“ . 1

\ ( I I:
\

\ \ - ,1\..\\}\ \ ll 5/
\ /‘lg _ 1 _ [7

1.
A/[I.

I.

“- 11,| F3

"‘>NI

.t

Ti.

‘\‘\

‘x

\_ 1

“‘ -~. 1’K ‘“‘-____ '1
‘ . I
‘\ '""‘<-..._____ ______,-// 1

.______H__- ‘--F'____-

\ T“"'-—-_. 4-—-"”"T' 1\\ ~ ’
\. ,/

\

\‘*-1 ._--/

‘ 4
‘ 1
‘ :\ - ____. 1 ___ __ ..,. I ‘ .._L| _
1' ‘t Q I O5] :

Cosh yo I ”I \\\ C 1 J 0

y = —i—>.’. .\
yo Ir \\

the envelope at points P, Q G (-—a,a), but the graph of fig is tangent to the
envelope at points outside [-—a,a]_ The point Q is called conjugate to P along
the extremal fq, and it is shown in the calculus of variations that the existence
of this conjugate point implies that the portion of j}, from P to (a, 1) does no!
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've a local minimum for fx/1 + (f")2. Com are with the discussion ofBl P
conjugate points of a geodesic in Volume IV, Chapter 8, and note the remark
on pg. V.396.)]

22. All of our illustrations of calculus of variations problems involved an F
which does not involve I, so that the Euler equations are actually

gum. mm ~ % (gt/<:>.r*<:>>) = 0-
(a) Show that for any f and F: R2 —> R we have

d ,BF , BF d BF
E (‘Hf ay) " f lBx W at ayl=

and conclude that the extremals for our problem satisfy
,BF

F-fa--0.

(b) Apply this to F(x, y) = XV 1 + yz to obtain directly the equation dy/dx =

v cyz -—- I which we eventually obtained in our solution to the problem.

23. (a) Let x and X’ be two coordinate systems, with corresponding g,-_; and g’,-_;
for the expression of a Riemannian metric. Show that

ago, _ i E Bx,‘ Bx‘ Bxi
Bx’? T Bxl‘ Bx’? Bx"°‘ Bx"5

i,j,/(".::l

n _ Bxl Bzxj Bx} Bzxl
+ .218“ Bx'°‘ Bx"l5Bx"1; + Bxtfi Bx’°‘Bx’1; ':,_i--=--

(la) For the corresponding [z'j, k] and [ur,B, y]", show that
,, . . ,, _, __ an 3.1‘-l a>.~’< ax awlafl. }’l = M ‘[11,/<1 ax,, 7,,T, + _Z] T, i-ax,,,x,,,.

1,], ..-:. I,j=

so that [ij,k] are not the components of a tensor.
(cl Also show that

N ‘ ‘ Naia_;a.ry a2Iary

Figs = Z Piiii,si,@Li "l"U km Bx Bx Bx IHI Bx Bx Bx

24. Show that any C°° structure on R is diffeomorphic to the usual C°° st1'uc—
ture. (Consider the arclength function on a geodesic for some Riemannian
metric on IR.)
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25. Let ( , ) = Z,-dxi ® dxl be the usual Riemannian metric on R", and
let 2:,-J g,-_;du" ® du-l be another metric, where u',...,u“ again denotes the
standard coordinate system on IR". Suppose we are told that there is a diffeo-
morphism f: R“ —> IR" such that Z,-J g,-_; dui ®du-l = f*( , ). How can we
go about finding fP

(a) Let Bf/Bu? = e,-: IR" —> IR". If we consider e,- as a vector field on IR", show
that f,.(B/Bu") = e,-.
(b) Show that g,-_; : (e,-,e_;).
(c) To solve for f it is, in theory at least, sufiieient to solve for the e,~, and to
solve for these we want to find differential equations

Be- HI
an] 1% ljef

satisfied by the e,-’s. Show that we must have

H H 2 I I

def 3 f 3fBM = Zg’"’*‘i1 = Z€.nT'51F'
?'=l l'=l

(d) Show that

agij W t 32f! 82f!

Buk I ,2‘ BuiBu" + Bu-lBu"

= ZgjrA€k "l"gi'rAr];_;
r-=1

(e) By cyclically permuting 1', j, k, deduce that

Bij,k = lij,/fl,

so that AB = 1";-'1. In Lepons sur la Géornétrie des Etjmces de Riemann, Cartan uses
this approach to motivate the introduction of the P5.
(f) Deduce the result Afj = 1";-3 directly from our equations for a geodesic.
(Note that the curves obtained by setting all but one fi constant are geodesics,
since they correspond to lines parallel to the x‘—a.xis.)
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26. If (V",( , )") and (V”,( , )”) are two vector spaces with inner products,
we <1l@fin@( , lon V = I/'69 V” by

(Ur 69 Una wl 69 wif) = (vr,w:)r _+_ (UN, wn)n'

(a) Show that ( , ) is an inner product.
(b) Given Riemannian metrics on M and N, it follows that there is a natural
way to put a Riemannian metric on M x N. Describe the geodesics on M >< N
for this metric.

27. (a) Let y: [a,b] —> M be a geodesic, and let p: [ur,,B] —> [a,b] be a
diffeomorphism. Show that e = y 0 p satisfies

dzcl‘ H def dc-ll dcl‘ p”(r)—+ 1".-"(tr ——=—-—-drz ig I C Dd: dz dz p’(r)

(b) Conversely, if e satisfies this equation, then y is a geodesic.
(c) If e satisfies

dzek H dei dc-ii dekW fig! l"5(c'(t))IW = Tito) for jJ,I IR -> IR,

then e is a reparameterization of a geodesic. (The equation p”(r) = p'(t),ri(t)
can be solved explicitly: p(r) = fr eM(‘l ds, where M’(.s') = ;.t(s)

28. Let e be a curve in M with dc/dr aé 0 everywhere, and consider the hy-
persurfaces

{expcwv : ||v|| = constant, where v G MC“) with (v,de/dz) = 0}.

Show that for v G MC“) with (v,dc'/dr) = 0, the geodesic u |—> expcwu - v
is perpendicular to these hypersurfaces. (Gauss’ Lemma is the “special case”
where e is constant.)

*t"1*=-e
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29. Let y: [61,19] —> M be a geodesic with 1/(ct) = p, and suppose that expp is
a diffeomorphism on a neighborhood (9 C Mp of {1}/(0) I 0 5 r 5 1}. Show
that y is a curve of minimal length between p and q = 3/(b), among all curves
in exp((9). (Gauss’ Lemma still works on exp((9).)

30. If ( , ) is a Riemannian metric on M and d: M >< M —> R is the corre-
sponding metric, then a curve y: [61,19] —> M with d()/(ct), y(b)) = L(y) is a
geodesic.

31. Sclzwarzfi" inequality for continuous functions states that

(M-it/.”~)(/.‘n»
with equality if and only if and g are linearly dependent (over IR).

(a) Prove Schwarz‘s inequality by imitating the proof of Theorem 1(2).
(b) For any curve y show that

[1-Ztnr 5 tb ~ awfitn.
with equality if and only if y is parameterized proportionally to arclength.
(c) Let yi [a,b] —> M be a geodesic with L3(y) = d(y(a),y(b)). If e(a) =
}/(a) and e(b) = }/(b), show that

L 2 L 2E(r)=%s3%sE(v)-

Conclude that E (y) < E (C) unless e is also a geodesic with

Lfitv) = dtc<a).ctb>>-
In particular, sufiiciently small pieces of a geodesic minimize energy.

32. Let p be a point of a manifold M with a Riemannian metric ( , ). Choose
a basis v| , . . . , v,, of Mp, so that we have a “rectangular” coordinate system X
on Mp given by Z, aiv; |—> (al, . . . , ct”); let x be the coordinate system X0 exp_'.
defined in a neighborhood U of p.

(a) Show that in this coordinate system we have F5 (p) = 0. Hint: Recall
the equations for a geodesic, and note that a geodesic y through p is just exp
composed with a straight line through O in M,,, so that each yk is linear.
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(b) Let I‘! U —> R be l‘(q) = d(p,q), S0 that I‘ 0 y = zk(}/‘)2, Show that

d2((r Oi/)2) di/" 2 2 k <11/" dr’"VT dlxiwl " Z 1’ ‘"~TiTil~
Ir r,j,k

(c) Note that
2drldrj 2 (drkZ 7-F7? 5 " Z 7;) -1,] k

Using part (a), conclude that if ll}/(0) II is sufiiciently small, then

d%r9rV
—TE?_*>0’

so that d (r 0 1/)2/dr is strictly increasing in a neighborhood of 0.
(d) Let BS = {v G Mp: ||v|| ;<_ s} and S, = {v G Mp: ||v|| = s}. Show that
the following is true for all sufiiciently small s > 0: if y is a geodesic such that
}/(0) G exp(S,,-) and such that }/(0) is tangent to exp(S£), then there is 6 :> 0
(depending on y) such that y(r) 92 e>.;p(B_,) for 0 75 I G (-5,5). Hint: If }/(0) is

s.==\ ‘

tangent to exp(S,;), then d(r 0 y)/dr = 0.
(e) Let q and q’ be two points with r(q),r(q") < s and let y be the unique
geodesic of length < 2s joining them. Show that for sufiiciently small s the
maximum of 2' 0 y occurs at either q or q’.
(f) A set U C M is geodesically convex if every pair q,q" G U has a unique
geodesic of minimum length between them, and this geodesic lies completely
in U. Show that exp({v G Mp I ||v|| < s}) is geodesically convex for sufiiiciently
small s > 0.
(g) Let f: U —> IR" be a dilcfeomorphism of a neighborhood U of O G IR"
into lit”. Show that for sufiiciently small .9, the image of the open s-ball is
convex.
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33. (a) There is an everywhere differentiable curve c'(z') = (I, f(1')) in R2 such
that

_ length ofel [0,h]1 L--_- 1.til-‘l1 1cth>- (1911 B
Hint: Make e look something like the following picture.

l " length from
(go) to (1,0) is 1

.\ _-' length from
, r ‘(J-,,0) to (§,0) is-'5

a’ ‘-

' ll ~\ 1 1 1
1' ‘~ \ 2

I

I \ I
\
\
\

(b) Consider the situation in Corollary 15, except that c(z) = Q if and only if
1' = a, and suppose u’(z) > 0 for z near 0. Ife is C‘, then v(z) approaches a
limit ast —> 0 (even though v(0) is undefined). Show that if c is C‘, then there
is some K > 0 such that for all 1' near 0 we have

%—?(u,r) glfu ?)—c:(l,z)| 05:151.

Hint: In Mp we clearly have

_- |p,|.
dz T dz '

Since expq is locally a diffeomorphism there are 0 < K] < K2 such that

K1 llvll 5 ll@XPq»<vll S Kzllvll
for all tangent vectors v at points near q.
(c) Conclude that

"“/ Ba 1z 2 i 3 dHm “CH0, 11]) = Hm A u (I) + at (u(r)-’) z 1- 1‘

it->0 d(p, c(h)) h—»-0 u(h)
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(d) If c is C I, show that L(c) is the least upper bound of inscribed piecewise
geodesic curves.

34. (a) Using the methods of Problem 33, show that if c is the straight line
joining v, w G Mp, then

lim Lexi’° C) = 1.
v,w—>0

(b) Similarly, if y,,,w is the unique geodesic joining exp(v) and exp(w), and
J/-;_;,'w --: EXP O C-U,w., thfin

Lil/v,wlim ) = l.
v,w—>0 L(Cv,-w)

(c) Conclude that
Hm = ,_

v-w—>9 llv — wll
35- Let f: M —> N be an isometry. Show that f is an isometry of the met-
ric space structures determined on M and N by their respective Riemannian
metrics.

36. Let M be a manifold with Riemannian metric ( , ) and corresponding
metric d. Let ft M —> M be a map of M onto itself which preserves the
metric d.

(a) If y is a geodesic, then f 0 y is a geodesic.
(b) Define f’: Mp —> Mflp) as follows: For y a geodesic with 1/(0) = p, let

fiti/(9)) = ‘”+),@ -
{=0

Show that llf"(X) = ll/Yll, and that f’(cX) = cf"(X).
(c) Given X, Y G Mp, use Problem 34 to Show that

2<X.Y> 1X12 + 111/12 11:X—zY|12
llXll-llYll_ |lXl|-llYll I llIXll-IIIYII

IIXH2 -1- IIYII2 . [d(9><11=*X, <=><1>IY)]2
llXll ' llYll I—*° llIXll ' llIYll
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Conclude that (X,Y)p = (f'(X),f"(Y))f(p), and then that f’(X + Y) =
f"(X) + f'(Y)-
(d) Part (c) shows that f’: Mp —> Mjqp, is a diffeomorphism. Use this to show
that f is itself a diffeomorphism, and hence an isometiy.

37. (a) For v, w G lit" with w aé 0, show that

. llv+rwlI—Ilvll (v.w)lim P — : 1»r—»-9 r llvll
The same result then holds in any vector space with a Euclidean metric ( , ).
Hint: If v: IR" —> IR is the norm, then the limit is Dv(v)(w). Alternately, one
can use the equation (u, v) = llull - - cost? where B is the angle between u
and v.
(b) Conclude that if w is linearly independent of v, then

U)

. l|v+fwl|-llvll-llfwllhm as 0. v
{-2-O I

(c) Let y: [0, 1] —> M be a piecewise C ' critical point for length, and suppose
that }/’(zo+) 56 y’(t0_) for some to G (0,1). Choose z| < to and consider the
variation oz fo1' which tir(u) is obtained by following y up to I1, then the unique
geodesic from y(I|) to J/(Io + u), ancl finally the rest of y. Show that if z| is

}’(1)

}/(to + zt)

V00)

YU1)

J/(9)

close enough to to, then dL(5z(u))/du|N=0 qé 0, a contradiction. Thus, critical
paths for length cannot have kinks.
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33- Consider a cylinder Z C R3 of radius r. Find the metric d induced by the
Riemannian metric it acquires as a subset of R3.
39. Consider a cone C (without the vertex), and let L be a generating line,
Unfolding C — L onto R2 produces a map fr C -— L —> R2 which is a local

iSOl'l‘lCtl')‘l, but which is usually not one-one. Investigate the geodesics on a cone
(the number of geodesics between two points depends on the angle of the cone,
and some geodesics may come back to their initial point).

40. Let g: S” —> P" be the map g(p) = [p] = {p,-—p}.

(a) Show that there is a unique Riemannian metric (( , )) on P" such that
g*(( , )) is the usual Riemannian metric on S" (the one that makes the inclusion
of S" into lli"+' an isometry).
(b) Show that every geodesic y: lit —> P" is closed (that is, there is a number a
such that y(r —l-a) = 1/(1') for all z‘), and that every two geodesics intersect exactly
once.
(c) Show that there are isometries of P” onto itself taking any tangent vector
at one point to any tangent vector at any other point.

These results show that P" provides a model for “elliptical” non-Euclidean
geometry. The sum of the angles in any triangle is > rt.

41. The Poincare upper half-plane 3t’2 is the manifold {(x, y) G R2 : y > 0}
with the Riemannian metric

( )fl dx ® dx;l- dy ® dy
9 J)2

(a) Compute that

2 1 1 1 2 1 k
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(b) Let C be a semi-circle in Jfz with center at (0, c) and radius R . Considering
it as a curve z 1~> (t,y(t)), show that

gizi/(1)), _-J/(I), _ }/(3)2
dd z-c 1/(z) '

(c) Using Problem 27, show that all the geodesics in H2 are the (suitably pa-
rameterized) semi-circles with center on the x-axis, together with the straight
lines parallel to the y-axis. _
(d) Show that these geodesics have infinite length in either direction, so that the
upper half-plane is complete.
(e) Show that if y is a geodesic and p 92 1/, then there are infinitely many
geodesics through p which do not intersect y.
(f) For those who know a little about conformal mapping (compare with Prob-
Lem IV 7-6). Consider the upper half-plane as a subset of the complex num-
bers C. Show that the maps

z+bfa):-jig a,b,c,dG]R, ad-bc>0

are isometries, and that we can take any tangent vector at one point to any
tangent vector at any other point by some f... Conclude that if length AB =
length A’B" and length AC = length A’C" and the angle between the tangent
vectors of ,8 and 1/ at A equals the angle between the tangent vectors of B’
and y’ at A’, then length BC = length B'C' and the angles at B and B’ and
at C and C ’ are equal (“side-angle-side”). These results show that the Poincare

B

13

1/ B’ 5'A C cfl
Y Ar

upper halfiplane is a model for Lobachevskian non-Euclidean geometry. The
sum of the angles in any triangle is < rt.
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42. Let M be a Riemannian manifold such that every two points of M can be
joined by a unique geodesic of minimal length, Does it necessarily follow that
the Riemannian manifold M is complete?

43. Let M be a manifold with a Riemannian metric ( , ), and choose a fixed
point p G M. Suppose that every geodesic y: [a,b] —> M with initial value
3/(a) = p can be extended to all of IR. Show that the Riemannian manifold M
is geodesically complete.

44. Let p be a point in a complete non-compact Riemannian manifold M. Prove
that there is a geodesic y: [0,oo) —> M with the initial value 1/(0) = p, having
the property that y is a minimal geodesic between any two of its points.

45. Let M and N be geodesically complete Riemannian manifolds, and give
M >< N the Riemannian metric described in Problem 26. Show that the Rie-
mannian manifold M >< N is also complete.

46. This problem presupposes knowledge of covering spaces. Let g: M —> N
be a covering space, where N is a C°° manifold. Then there is a unique C°°
structure on M which makes g an immersion. If ( , ) is a Riemannian metric
on N, then g*( , ) is a Riemannian metric on M, and (M,g*( , )) is complete
if and only if (N ,( , )) is complete.

47. (a) If M" C N""'k is a submanifold of N, show that the normal bundle v
is indeed a k-plane bundle.
(b) Using the notion of Whitney sum EB introduced in Problem 3-52, show that

v GB TM 2 (TN)|M.

48. (a) Show that the normal bundles 1.11, 1.1; of M" C N"""‘ defined for two
different Riemannian metrics are equivalent.
(b) If if = rt: E —> M is a smooth Ic-plane bundle over M", show that the
normal bundle of M (I E is equivalent to 5

49. (a) Given an exact sequence of bundle maps

f t
0 >E1 >E;->E3 >0

as in Problem 3-28, where the bundles are over a smooth manifold M [or, more
generally, over a paracompact space], show that E2 2 E1 EB E3.
(13) If 1; = III E _> M is a smooth bundle, conclude that TE 2 2r*($) es
rr*(TM).
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50. (a) Let M be a non-orientable manifold. According to Problem 3-22 there
is S 1 C M so that (TM)|S I is not orientable (the Problem deals with the case
where (TM)|S 1 is always trivial, but the same conclusions will hold if each
(TM)|S' is orientable; in fact, it is not hard to show that a bundle over S] is
trivial if and only if it is orientable). Using Problem 47, show that the normal
bundle v of S1 C M is not orientable.
(b) Use Problem 3-29 to conclude that there is a neighborhood ofsome S1 C M
which is not orientable. (Thus, any non-orientable manifold contains a “fairly
small” non-orientable open submanifold.)



CHAPTER 10

LIE GROUPS

Tl1l$ chapter uses, and illuminates, many of the results and concepts of the
preceding chapters. It will also play an important role in later Volumes,

where we are concerned with geometric problems, because in the study of these
problems the groups of automorphisms of various structures play a central role,
and these groups can be studied by the methods now at our disposal.

A topological group is a space G which also has a group structure (the product
of 0:, b E G being denoted by ab) such that the maps

(a,b) t—-> ab from G >< G to G

rt t-> a‘"' from G to G

are continuous. It clearly suflices to assume instead that the single map (a, b) |->
ab"l is continuous. VVe will mainly be interested in a very special kind of
topological group. A Lie group is a group G which is also a manifold with a
C°° structure such that

(IJ) »~> Xi’
x t—-> Jr“!

are C°° functions. It clearly suffices to assume that the map (x, y) t-> xy‘l
is C °°. As a matte1' of fact (Problem l), it even suffices to assume that the map
(x, y) t—-> xy is C°°.

The simplest example of a Lie group is IR", with the operation +. The
circle S 1 is also a Lie g1'0l.1p. One way to put a group structure on S I is to
consider it as the quotient group R/Z, where Z C IR denotes the subgroup
of integers. The functions x t—-> cos Zrrx and x t—-> sin Zrrx are C°° functions
on IR/Z, and at each point at least one of them is a coordinate system. Thus

the map (x y) t—-> x—-y I--> xv"!
m m m

R >< R —> 1R —> S] = 1R/Z.
which can be expressed in coordinates as one of the two maps

(x, y) t—-> cos 2rr(x — y) = cos Zrrx cos Zrry + sin Zrrx sin Zrry
(x, y) i—-> sin 2rr(x — y) = sin Zrrx cos Zrry -—- cos Zrrx sin Zrry,

is C°°: consequently the map (x, y) t—-> xy"' from S] >< S1 to S] is also C°°.

371
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If G and H are Lie groups, then G >< H, with the product C°° structure,
and the direct product group structure, is easily seen to be a Lie group. In
particular. the torus S ‘ >< S I is a Lie group. The torus may also be described
as the quotient groupit mill t Hit
the pairs (a.b) and (a’,b') represent the same element of S‘ >< SI if and only
ifa’-a eZand b"—beZ.

Many important Lie groups are matrix groups. The general linear group
GL(n,]R) is the group of all non-singular real :2 >< n matrices, considered as a
subset of IR":. Since the function det: IR": —> IR is continuous (it is a polynomial
map), the set GL(n,IR) = det“l(IR — {O}) is open, and hence can be given the
C°° structure which makes it an open submanifold of IR"2. Multiplication of
matrices is C°°, since the entries of AB are polynomials in the entries of A
and B. Smoothness of the inverse map follows similarly from Cramer’s Rule:

(A“I),.~,- =detA"j/detA,

where All is the matrix obtained from A by deleting row i and column j.
One of the most important examples of a Lie group is the orthogonal group

O(n), consisting of all A G GL(n,IlR) with A - A‘ = I, where A‘ is the transpose
of A. This condition is equivalent to the condition that the rows [and columns]
of A are orthonormal, which is equivalent to the condition that, with respect
to the usual basis of IR", the matrix A represents a linear transformation which
is an “isometry”, i.e., is norm preserving, and thus inner product preserving.
Problem 2-33 presents a proof tliat O(n) is a closed submanifold of GL(n,IR),
of dimension nln — 1) /2. To show that O(n) is a Lie group we must show that
the map (x,_1=) t-> x,1'“' which is C°° on GL(n,IR), is also C°° as a map from
O(n) >< O(n) to O(n). By Proposition 2-l l, it sufiices to sliow that it is continuous;
but this is true because the inclusion of O(n) —> GL(n, IR) is a homeomorphism
(since O(n) is a submanifold of GL(n, IR)). Later in the chapter we will havc
another way of proving that O(n) is a Lie group, and in particular, a manifold.

Tlie argument in the previous paragraph shows, generally, that if H C G is a
subgroup of G and also a submanifold of G, then H is a Lie group. (This gives
another proof that S I is a Lie group, for S l C R2 can be considered as the group
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of complex numbers of norm 1. Similarly, S 3 is the Lie group of quaternions
of norm 1. It is know that these are the only spheres which admit a Lie group
structure.) It is possible for a subgroup H of G to be Lie group with respect to
a C°° structure that makes it merely an immersed submanifold. For example,
if L C IR >< IR is a subgroup consisting of ail (x,Cx]I for C irrational, then the

i I I 1/' as
image of L in S‘ >< S‘ = IR >< IR/(Z >< Z) is a dense subgroup. We define a Lie
subgroup H of G to be a subset H of G which is a subgroup of G, and also a
Lie group for some C°° structure which makes the inclusion map 1' : H —> G an
immersion. As we have seen, a subgroup which is an (imbedded) submanifold
is always a Lie subgroup. It even turns out, after some work (Problem 18), that
a subgroup which is an immersed submanifold is always a Lie subgroup, but we
will not need this fact.

The group O(n) is disconnected; the two components consist of all A e O(n)
with detA = +1 and detA = -1, respectively Clearly SO(n) = {A E O(n) :
det A = 1}, the component containing the identity I, is a subgroup. This is not
accidental.

l. PROPOSITION. If G is a topological group, t11en the component K con-
taining the identity e E G is a closed normal subgroup of G. If G is a Lie
group, then K is an open Lie subgroup.

PROOF. If a e K, then a“'K is connected, since b t-> a‘"‘b is a homeomor-
phism of K to itself Since e : a"a G a"" K, we have 0" K C K. Since this
is true for all a E K, we have K“‘ K C K, which proves that K is a subgroup.

For any b E G, it follows similarly that bKb“‘ is connected. Since e E bKb“',
we have bKb“' (I K, so K is normal. Moreover, K is closed since components
are always closed.

If G is a Lie group, then K is also open, since G is locally connected, so K
is a submanifold and a subgroup of G . Hence K is a Lie subgroup. '3'

The group SO(2) is just S I, which we have already seen is a Lie group. As
a final example of a Lie group, we mention E(n), the group of all Euclidean
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motions, i.e., isometries of IR". A little argument shows (Problem 5] that every
element of E(n) can be written uniquely as A - 1" where A C O(n), and 1* is a
translation,

r(x) = r,,(x) = x+ a.

We can give E(n) the C°° structure which makes it difieomorphic to O(n) >< IR" .
Now E(n) is not the direct product O(n) >< IR" as a group, since translations and
orthogonal transformations do not generally commute. In fact,

Ar..A*'(:<) = At/1*‘:-+0) = X + /1<a)= 1'/1(a)(-Y),
5O

Z I’/1(3), Ara 1

Consequently,

Ara(Brg,)“‘ = Ar,,rg,B”' = Ar_,,_g,B”‘

= /1B‘]1'sta-b),
which shows that E(n) is a Lie group. Clearly the component of e E E(n) is
the subgroup of all Ar with A e SO(n).

For any Lie group G, if a G G we define the left and right translations.
Lat G —> G and Ra: G—> G,by

L_,,(b) = ab
Ra(b) = ba.

Notice that La and Ra are both difieomorphisms, with inverses La-1 and Ra-1.
respectively. Consequently, the maps

Lag: é Gab

Rm-I Gs —> Gba
are isomorphisms. A vector field X on G is called left invariant if

La.,,X=X for all are G.

Recall this means that

L,,.,Xb = Xab for all a,b G G.

It is easy to see that this is true if we merely have

L,,,,X,. = Xa for all a E G.

Consequently, given X9 G Ge. there is a unique left invariant vector field X
on G which has the value X9 at e.
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2. PROPOSITION. Every left invariant vector field X on a Lie group G
is C°°.

PROOF. It suflices to prove that X is C°° in a neighborhood of e, since the
diffeomorphism La then takes X to the C °° vector field La,,.X around 0 (Prob-
lem 5-I). Let (x,U) be a coordinate system around e. Choose a neighbor-
hood V of e so that a,b e V implies ab"' E U. Then for a e V we have

Xxl(a) : La*Xe(-ti)

= X.o-" 0 La)-
Since the map (a,b) t—-> ab is C°° on V >< V we can write

flab) =xiLa(b) = fi(x'(a),...,x"(a),x'(b),...,x”(b))

for some C°° function ff on x(V) >< x(V). Then

Xi-‘((1) = Xeti-" 0 La)
fl ‘ fl_ -3(x’ 0 La) _ - 3_ gel M---8)”, where Xe _ ggl

E

= i:cjDs+1.f‘(A'(@),X(@))-
f'~=l

which shows that Xxi is C°°. This implies that X is C°°. *1‘

3. COROLLARY. A Lie group G always has a trivial tangent bundle (and is
consequently orientable).

PROOF. Choose a basis X18, . . . , X,,e for Ge. Let X1 , . . . , X,, be the left invari-
ant vector fields with these values at e. Then X1, . . . , X,, are clearly everywhere
linearly independent, so we can define an equivalence

fITG—>G><IR"

1)‘.

.f(Zc'”X.-tall = <<1.c‘.....c"). ~:~
j=I
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A left invariant vector field X is just one that is La-related to itself for all a.
Consequently, Proposition 6-3 shows that [X, Y] is lefi invariant if X and Y are.
Henceforth we will use X, Y, etc., to denote elements of Ge, and X , Y, etc., to
denote the left invariant vector fields with X (e) = X, Y(e) = Y, etc. We can
then define an operation [ , ] on Ge by

rnaflu

[X, Y] = [X,Y](e).

The vector space Ge, together with this [ , ] operation, is called the Lie algebra
of G , and will be denoted by £ (G ). (Sometimes the Lie algebra of G is defined
instead to be the set of left invariant vector fields.) We will also use the more
customary notation g (a German Fraktur g) for £(G). This notation requires
some conventions for particular groups; we write

qI(n, IR) for the Lie algebra of GL(n,IR)
o(n) for the Lie algebra of O(n).

In general, a Lie algebra is a finite dimensional vector space V, with a bilinear
operation [ , ] satisfying

[X, X] = 0
[[X, Y], Z] + [[Y, Z], X] + [[Z,X], Y] = 0 ‘jacobi identity”

for all X,Y,Z E V.
Since the [ , ] operation is assumed alternating, it is also skew-symmetric,

[X, Y] = -[Y, X]. Consequently, we call a Lie algebra abelian or commutative
if [X,Y] =0 for all X,Y.

The Lie algebra of IR" is isomorphic as a vector space to IR". Clearly .£(IR")
is abelian, since the vector fields 8/Bxi are left invariant and [3/8x", 8/iixj] = 0.
The Lie algebra .£(S') of S‘ is 1-dimensional, and consequently must be
abelian. If V; are Lie algebras with bracket operations [ , ],- for i = 1,2, then
we can define an operation [ , ] on the direct sum V = V1 €B V; (= V1 x V; as
a set) by

[(X1,X2), (Y1,Y2)l = (IX1, Y1l1,[X2,Y2l2)-

It is easy to check that this makes V into a Lie algebra, and that .,C(G >< H )
is isomorphic to £ (G) >< .£(H) with this bracket operation. Consequently, the
Lie algebra £(SI >< >< S1) is also abelian.

The structure of gl(n,IR) is more complicated. Since GL(n,IR) is an open
submanifold of IR"2, the tangent space of GL(n,IR) at the identity I can be
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identified with IR”2. Ifwe use the standard coordinates xii on IR"2, then an n >< n
(possibly singular) matrix M = (M,-_,=) can be identified with

8
M] .

l-J
ru

Let M be the left invariant vector field on GL(n,IR) corresponding to M. ‘We
compute the function Mxki on GL(n,IR) as follows. For every A G GL(n,IR),

F?x"’<A) = flit»-*1) = LA*MJ o-*1) = M1 o-*1 0 LA)-
Now the function xki 0 LA: GL(n,lR) —> GL(n,IR) is the linear function

ff

(W 0 ants) = MAB) = Z At..B...».
cx=l

with (constant) partial derivatives

3 A - ' = I
T-(KM 0 LA) = { klBx” 0 _] 7*’: I.

So

~ aMi-’“’(,4) = Mm-"’ 0 LA) = M,-,-Ftfi’ 0 LA)
ha‘

H‘ H

= Z MilAk:' = z MalAka-
t=1 u=l

Thus, _

i“MXki={Mji kzr
Bx” 0 k ;é 1'.

So if N is another n >< n matrix, we have

~ Jr! _ __ 3 ~ klN_:(MJt )_ ZN,,—ax,j (Mx )
1.1

H‘

= Z Nkj M,-1 = (NM)kl-
j=]

From this we see that '

[17. Iv]; = Zuwv - NM»; i, ;
1<,1 ax -’
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thus, if we identify gI(n,IR) with IR"2, the bracket operation is just

[M,N] = MN —- NM.

Notice that in any ring, if we define [a,b] = ab — ba, then [ , ] satisfies the
_]acobi identity.

Since O(n) is a submanifold of GL(n, IR) we can consider O(n)_i as a subspace
of GL(n,lR);, and thus identify 0(n) with a certain subspace of nit’? This
subspace may be determined as follows. If A: (—s,s) —> O(n) is a curve with
14(0) = I, and W6 Cl€I1OI€(/l(I)),-_,; /-l;_,:(I),Il1€fl

Z /4u<(l)/ljt<(*') = 5:15
t<=1

diiierentiating gives
/l:t<'(0)5;t + 5fK /l;t'(0) = 0,

which shows that
1455(0) == —»4jt'(0)-

Thus O(n),t C IR"" can contain only matrices M which are skew—symmetric,

0 M]; M13 M1”

—M|g 0

M: —M]3 0

‘MIR 0

This subspace has climension n(n — 1)/2, which is cxactly the dimension of O(n),
so O(n); must consist exactly of skew—symmet1ic matrices. If we did not know
the dimension of O(n), we could use the following line of reasoning. For each
1', j with 1' < j, we can define a curve A: IR —> O(n) by

I. J.

1

cost sin! 1'
A(t) = (rotation in the (i, j)—plane)

— sin I cos I j

I
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with sin! and — sin! at (i, j) and (j, 1'), 1's on the diagonal except at (t',t') and
(j, j), and 0's elsewhere. Then the set of all A’(0) span the skew-symmetric ma-
trices. Hence O(n)1 must consist exactly of skew-symmetric matrices, and O(n)
must have dimension n (n — 1) /2.

We do not need any new calculations to determine the bracket operation
in o(n). In fact, consider a Lie subgroup H of any Lie group G, and let i: H —>
G be the inclusion. Since 2},: He —> Ge is an isomorphism into, we can identify
He with a subspace of Ge. Any X e He can be extended to a left invariant
vector field X on H and a left invariant vector field X on G . For each a E H C
G , we have lefi translations

La:H—>H, La:G—>G

and
La of 11.0 La.

So
7-=tt)?(a) : 7-=t=La*X = La*(7.*X) :

In_ other words, X and X are f—related. Consequently, if Y E He, then [X, Y]
and [X , Y] are f—related, which means that

[X1 = 7.*(lX:

Thus, He C Ge = g is a subalgebra of g, that is, He is a subspace of g which is
closed under the [ , ] operation; moreover, He with this induced [ , ] operation
is just E) = .£(H).

This correspondence between Lie subgroups of G and subalgebras of g turns
out to work in the other direction also.

4-. THEOREM. Let G be a Lie group, and I] a subalgebra of Q. Then there
is a unique connected Lie subgroup H of G whose Lie algebra is I].

PROOF. For a E G, let Ag be the subspace of Ga consisting of all X(a) for
X e I]. The fact that I] is a subalgebra of g implies that A is an integrable
distribution. Let H be the maximal integral manifold of A containing e. If
b e G, then clearly L,_t,,,.(A,,) = Ab“, so Lb, leaves the distribution A invariant.
It follows immediately that Lb permutes the various maximal integral manifolds
of A among themselves. In particular, if b G H, then Li,-t takes H to the
maximal integral manifold containing Lb-i(b) = e, so Lb-t(H) = H. This
implies that H is a subgroup of G . To prove that it is a Lie subgroup we just
need to show that (a, b) t—-> ab"' is C°°. Now this map is clearly C°° as a map
into G . Using Theorem 6-7, it follows that it is C°° as a map into H.

The proof of uniqueness is left to the reader. *3’
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There is a very difiicult theorem of Ado which states that every Lie algebra
is isomorphic to a subalgebra of GL(N,IR) for some N. It then follows from
Theorem 4 that every Lie algebra is zltomorphic to I/ze Lie a(gebra tyfsome Liegroup. Later
on we will be able to obtain a “local” version of this result. We will soon see to
what extent the Lie algebra of G determines G .

Vife continue the study of Lie groups along the same route used in the study
of groups. Having considered subgroups of Lie groups (and subalgebras of their
Lie algebras), we next consider, more generally, homomorphisms between Lie
groups. If ¢: G —> H is a C°° homomorphism, then <,i'>,,,,._.: Ge —> He. For any
a E G we clearly have

(P O La = L¢:(a] °¢:
Iv /it-I

so if X E Ge, and X = <,i'>.,.,._.X is the left invariant vector field on H with
value ¢..._.,X at e, then

¢=|:a/?((1) = ¢*aLa*X = L¢(a]*¢*eX

= 1?<¢<a))-
Thus X and X are Q5-ielated. Consequently, the map ¢,,.,._,: g —> I] is a Lie
algebra homomorphism, that is,

¢*e(aX "I" by) : a¢*eX “I” b¢=t=eY

¢=1=elX=Yl = l¢*eX:¢=reYl-

Usually, we will denote ¢..., simply by qt‘)... : g —> I].
For example, suppose that G = H = IR. There are an enormous number

of homomorphisms ¢: IR —> IR, because IR is a vector space of uncountable
dimension over Q, and every linear transformation is a group homomorphism.
But if ¢ is C°°, then the condition

4>(S +1) = ¢(S) + ¢>(r)

implies that
d¢(! +8) _ d¢'($)_

ds — ds '
evaluating at s = 0 gives

4/(I) = ¢'(0),
which means that ¢(:) = ct for some c (= ¢>’(0)). It is not hard to see that even
a continuous ¢ must be of this form (one first shows that ¢ is of this form on the
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rational numbers). We can identify .£(IR) with IR. Clearly the map ¢,,.: IR —> IR
is just multiplication by c.

Now suppose that G = IR, but H = S 1 = IR/Z. A neighborhood of the
identity e e S 1 can be identified with a neighborhood of 0 e IR, giving rise to an
identification of “C (S 1) with IR. The continuous homomorphisms Q5: IR —> S 1
are clearly of the form

XCn_>n-_>n/Z;
once again, ¢,,.: IR —> IR is multiplication by c.

Notice that the only continuous homomorphism 45: S 1 —> IR is the 0 map
(since {0} is the only compact subgroup of IR). Consequently, a Lie algebra ho-
momorphism g —> I) may not come from any C°° homomorphism ¢: G —> H.
However, we do have a local result.

5. THEOREM. Let G and H be Lie groups, and (D: g —> IE) a Lie algebra
homomorphism. Then there is a neighborhood U of e E G and a C°° map
¢: U —> H such that

¢(ab) = ¢(a)¢(b) when a, b,ab E U,

and such that for every X e g we have

¢*eX =

Moreover, if there are two C°° homomorphisms ¢,1lr: G —> H with ¢,,,. =
tlrie = <1), and G is connected, then ¢ = 11/.

PROOF. Let T (German Fraktur k) be the subset T C g >< If) ofall (X, <I>(X)), for
X e Q. Since (D is a homomorphism, iis a subalgebra of Q >< I] = £(G >< H). By
Theorem 4, there is a unique connected Lie subgroup K of G >< H whose Lie
algebra is f. If rt] : G >< H —> G is projection on the first factor, and to = 31'] |K,
then to: K —> G is a C°° homomorphism. For X G g we have

w*(X,<1>(X)) = X,

so an: K(8,8) —> Ge is an isomorphism. Consequently, there is an open neigh-
borhood V of (e,e) E K such that to takes V difieomorphically onto an open
neighborhood U of e E G. If I21 G >< H —> H is projection on the second
factor, we can define

¢ =.- H2 o(0_] on U.
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The first condition on ¢ is obvious. As for the second, if X E g, then

w=t(X,‘1’(X)) = X,

so

Given <i>,i!/I G —> H, define the one-one map 6: G —> G >< H by

9(0) = (6111!/((1))

The image G’ of 6 is a Lie subgroup of G >< H and for X e ti we clearly have

9*/Y = (X,‘i’(X))=

so .£(G’) -: f. Thus G’ = K, which implies that 11r(a) = ¢(a) for all a e G. 'Z~

6. COROLLARY. If two Lie groups G and H have isomorphic Lie algebras.
then they are locally isomorphic.

PROOF. Given an isomorphism <1): gt —> I], let 4'» be the map given by Theo-
rem 5_ Since ¢,,.e = (I) is an isomorphism, ¢ is a diffeomorphism in a neighbor-
hood of e e G. '3'

Remark: For those who know about Simply-Cot1neCteCl spaces it is fairly easy
(Problem 8) to conclude that two simply-connected Lie groups with isomorphic
Lie algebras are actually isomorphic, and that all connected Lie groups with a
given Lie algebra are covered by the same simply—connected Lie group.

7. COROLLARY. A connected Lie group G with an abelian Lie algebra is
itself abelian.

PROOF. By Corollary 6, G is locally isomorphic to IR", so ab = bu for a, b
in a neighborhood of e. It follows that G is abelian, since (Problem 4) any
neighborhood of e generates G . '2'

8. COROLLARY. For every X e Ge, there is a unique C°° homomorphism
¢: IR —> G such that

d¢-— nX.dz ,=,,
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FIRSTPROOF. Define (D: IR —> £(G) by

(lJ(a:) 2 o:X.

Clearly (D is a Lie algebra homomorphism. By Theorem 5, on some neighbor-
hood (—s, 1:) of 0 E IR there is a map Q5: (—s,t:) —> G with

¢>(S+=‘)=¢(S)¢(I) |S|,lI|,|S+='| <8
and 61¢ d

d:,0 dI,0
To extend ¢ to IR we write every I with |I| 3 s uniquely as

I x k(e/2) + r k an integer, |r| < s/2

(pm = ¢(s/2) - - -¢(s/2) -¢(r) [¢(s/2) appears k times] k 3 0
¢(—e/2) - --¢(—e/2) -¢(r) [¢(—e/2) appears —k times] k < 0.

Uniqueness also follows from Theorem 5.
SECOND (DIRECT) PROOF. If ft G —> IR is C°°, and ¢: IR —> G is a C°°
homomorphism, then

and define

d¢ ___ . ./(¢(!+/1)) —f(¢(-'))
Eur) W Ill-I-iii) It

- f(¢(l)¢(/1)) — f(¢(!))= l1m
it-->0 L?

d
¢-6-5 u=ofoL¢U)o¢

d¢ .$1-¢(r)*E _o <1)
= L¢<.>.X<f) = >?<¢<n)o").

ru

Thus ¢ must be an integral curve of X , which proves uniqueness. Conversely,
if Q5: IR —> G is an integral curve of X, then

I t"-> 95(8) '¢(f)
is an integral curve of X which passes through ¢(s) at time I x 0. The same is
clearly true for

I *~> ¢(s + I),
so ¢ is a homomorphism. We know that integral curves of X exist locally; they
can be extended to all of IR using the method of the first proof. "I'
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A homomorphism ¢: IR —> G is called a 1-parameter subgroup of G. We
thus see that there is a unique 1-parameter subgroup ¢ of G with given tangent
vector dd)/d!(0) G Ge. VVe have already examined the I-parameter subgroups
ul More interesting things happen when we take G to be IR - {O}, with
multiplication as the group operation. Then all C°° homomorphisms Q5: IR —>
IR — {O}, with

¢(S +1’) = ¢(S)¢(I),
must satisfy

¢'(I) = ¢'(0)¢(t’)
¢>(0) = 1-

The solutions of this equation are

4,0») _..: e¢t'(0)f_

Notice that IR—{0} is just GL(1,IR). All C°° homomorphisms ¢: IR —> GL(n,IR)
must satisfy the analogous differential equation

W ¢'(*') = <1/(0) '¢(f)=
¢(0) = 1,

where - now denotes matrix multiplication. The solutions of these equations
can be written formally in the same way

(**I ¢(t’) = ¢XP(I¢’(0)).
where exponentiation of matrices is defined

A _ I A A2 A3
€Xp()— ~l"'1""'"-I"-2T~l-""37-I--'-.

. I 0

This follows from the facts in Problem 5-6, some of which will be briefly reca-
pitulated here.

If A = (a,-_;) and |A| : max |a,-_;|, then clearly

IA + Bl 5|/1|+lBl
IABI 5 HI/ll - IBII

hence |A|,‘ 5 n""‘|A|" 5 n"|A|". Consequently,

A”, + AM" <<~|/1|)”, <~|A|)”+" 0 N
N! (N4-K)! r NF "'+(N+1<)t T as _’°°‘
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so the series for exp(A) converges (the (i, j)‘h entry of the partial sums converge),
and convergence is absolute and uniform in any bounded set. Moreover (see
Problem 5-6), if AB = BA, then

exp(A + B) = (exp A)(exp B).

Hence, if ¢(t) is defined by (>t<>t<), then

¢, (1) = §,§,p(I¢’(0) + /1¢>’£0)) — @Xp(I¢’(0))

Z jig) t@xp<1=¢;f0>> — 11 c,,,(,,,.(0,,
I 2 1 2_ /~i>%,t%<t>2_. ,...

= lfllii ' LII ' ‘*"P(""’!(°)I
= ¢’(0)¢(r).

so ¢ does satisfy (>t<).
For any Lie group G, we now define the “exponential map"

exp: g—> G

as follows. Given X G ct, let ¢: IR —> G be the unique C°° homomorphism
with d¢/dz (0) = X. Then

exp(X) = ¢(1).
We clearly have

exp(I1 + t;)X = (expt‘1X)(expt2X)

exp(—IX) = (exp t‘X)"'.

9. PROPOSITION. The map exp: G, —> G is C°° (note that Ge ’»¥ IR" has a
natural C°° structure), and 0 is a regular point, so that exp takes a neighborhood
of 0 E Ge diffeomorphically onto a neighborhood of e e G. If tit: G —> H is
any C°° homomorphism, then

gxp 0 1!/* = ‘(If 0 ¢Xp_ €Xpl lfixp

11/
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PROOF The tangent space (Ge >< G)(X_,,) of the C°° manifold Ge >< G at the
point (X,a) can be identified with Ge 69 Ga. We define a vector field Y on
Ge >< G by

Y(X,a) = 0 EB X(o). O O

ts1);>is' I I T
Then Y has a flow or: IR >< (Ge >< G) —> Ge >< G, which we know is C°°. Since

expX = projection on G of tx(1,0 EB X),

it follows that exp is C°°.
If we identify a vector v E (G,,.)0 with Ge, then the curve c(t) = iv in Ge has

tangent vector v at 0. So

d exp(c(t)) d
exp,,0(v) - dr 0 - 81- I 0 exp(tv)

I: =

=1)‘.

So exp,,0 is the identity; and hence one-one. Therefore exp is a diffeomorphism
in a neighborhood of 0.

Given tut G —> H, and X E Ge, let ti): IR —> G be a homomorphism with

5.12 =X
dr,=0

Then 11/ o ¢: IR —> H is a homomorphism with

d(il/ ° ¢)i—--- — ,,X.dt if[=0

Consequently,
@XP(i!/=tX) = if 0 45(1) = 11/(¢XP X)- '1'

IO. COROLLARY. Every one-one C°° homomorphism ¢: G —> H is an
immersion (so ¢(G) is a Lie subgroup of H).

PROOF. If ¢.,.,,(X(p)) = 0 for some non-zero X G g, then also <,t5,,.,,(X) = 0.
But then

e = exp ¢,,,,(rX) = ¢(exp(rX)),

contradicting the fact that ¢ is one-one. Q2»
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ll. COROLLARY. Every continuous homomorphism ¢: IR —> G is C°°.

PROOF. Let U be a star-shaped open neighborhood of 0 G Ge on which exp
is one-one. For any to E exp(-§_;U), if to = exp(X/2) for X G U, then

G = exp(X/2) = [exp(X/4)]2, exp X/4 e exp(%-U).
So a has a square root in exp(§-U). Moreover, if a = b2 for b e cxp(%U), then
b = exp(Y/2) for Y e U, so

exp(X/2) = 61 = b2 = [exp(Y/2)]2 = exp Y.
Since X/2, Y e U it follows that X/2 = Y, so X/4 = Y/2. This shows that
every a E exp(%U) has a unique square root in the set exp(%-U).

Now choose t~ > 0 so that ¢(t) E exp(%U) for |t| 5 t~. Let ¢(t~) = exp X,
X E exp(-%U). Since

t¢<t/2)? = ¢<t:> = [exp X/212.
it follows from the above that ¢(s/2) = exp(X/2). By induction we have

¢(e/2") = exp(X/2”).

Hence
¢("1/2" '8) = ¢(8/2")”' = [@XP(X/2")I’" = ¢XP(m/2" ' X)-

By continuity,
Q 0 O0.0¢(se) = expsX for all s e [—l,1

I2. COROLLARY. Every continuous homomorphism ¢: G —> H is C°°.

PROOF. Choose a basis X1,..., X,, for Ge. The map I t—-> ¢(exptX,-) is a
continuous homomorphism of IR to H, so there is Y; e He such that

¢(exp IX,-) = exp!Y,-.

Thus,

(*I ¢((¢><P!1XiI ' - - (QXP t'ttXe)) = (QXP 1'1 Y1) ' ' - (EXP (nYn)~
Now the map 11/: IR“ —> G given by

11/(t1,. ..,r,,) = (expI1X1) - - - (expt,,X,,)
is C°° and clearly 8

Tl/at ) = XI,
0

so tlr is a diffeomorphism of a neighborhood U of 0 G IR" onto a neighbor-
hood V of e e G. Then on V,

¢= (¢°11/)°I1/-1,
and (=t=) shows that ¢ 0 11/ is C °°. So ¢ is C °° at e, and thus everywhere. '2'



388 Chapter" I 0

I3. COROLLARY. If G and G’ are Lie groups which are isomorphic as topo-
logical groups, then they are isomorphic as Lie groups, that is, there is a diffeo-
morphism between them which is also a group isomorphism.

PROOF. Apply Corollary ll to the continuous isomorphism and its inverse. '2'

The properties of the particular exponential map

exp: n"2 (= gl(H,IR)] -> o1.(tt,n)
may now be used to show that O(n) is a Lie group. It is easy to see that

exp(M‘) = (exp M)‘.

Moreover, since exp(M + N) = (exp M)(exp N) when MN = NM, we have

(exp M)(exp —M) : I.

So if M is skew~symmetric, M = —M l, then

(exp M)(exp M)‘ = 1,
i.e., expM E O(n). Conversely, any A E O(n) sufficiently close to I can be
written A = expM for some M. Let A‘ = exp N. Then I = A - Al =
(cxp M)(exp N), so expN = (exp M)"" = exp(—M). For sufiiciently small M
and N this implies that N = —M. So exp M‘ = A‘ = exp(—M); hence
M‘ = -M. It follows that a neighborhood of I in O(n) is an n(n -— 1)/2
dimensional submanifold of GL(n,IR). Since O(n) is a subgroup, O(n) is itself
a submanifold of GL(n,IR).

_]ust as in GL(n, IR), the equation exp(X + Y) = exp X exp Y holds whenever
[X, Y] = 0 (Problem l3). In general, [X, Y] measures, up to first order, the
cxtent to which this equation fails to hold. In the following Theorem, and in
its ptoof, to indicate that a function e: IR —> Ge has the property that c(r)/I3 is
bounded for small r, we will denote it by 0(r3). Thus 0(r3) will denote difierent
functions at different times.

I4-. THEOREM. If G is a Lie group and X, Y G Ge, then
2

(I) exp IX exp!Y = exp(r(X + Y) + %[X, Y] + 003)}

(2) exp(—rX) exp(—!Y) exprX exprY = exp{!2[X, Y] -|- 0(r3)}

(3) exp!XexprYexp(—!X) = txp{tr + r2[X, Y] + 003)}.
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PROOF. We have

X/df(a)=-fa(f):La*X(f)=X(f°La)=‘c}6% f(a‘3XPuX)
u=0

Similarly,

.. -7 d
(11) lf(a) = 2-1; Of(a-expuY).

I1:

For fixed s, let
¢(r) = f(expsX exprY).

Then

, d d(tn) cp (r) = -G-,-;f(exp sX exprY) = H; f(exp sX exprY exp uY)
u=0

= (Yf)(exp sX exprY) by (ii).
Applying (iii) to Yf instead of f gives

r-1.4:-1.4

(iv) ¢”(!) _ [Y(Yf)](exp sX exprY).

Now Taylor's Theorem says that

¢(t) = ¢(0) + ¢’(o)t + $12 + otfi).

Suppose that f(e) = 0. Then we have

(v) f(exp .tX exp tr) = f(exp .tX) + 1'(Yf)(exp .tX)

+ €[Y(Yf)](exp.s'X) + 003).

Similarly, for any F.

d ...
-J;-F(expsX) = (XF)(expsX)

2 1-... 1-...;L§F(exp SX) = [X(XF)I(exp SX)

F(expsX) = F(e) + s(XF)(e) + %2[2?()'?F)](@) + 0(.t3).
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Substituting in (v) for F = f, F = and F = l7(I7f) gives
r-4 nu(vi) f(¢><p SX exptl’) _ s(Xf)(e) + :(Yf)(e)

+ ‘;2[>?<1'?f)1<e>+§[?<?"f>1<e>+ Slj;(?f)(e)
+ 0(9) + 003) + 0(s2:) + oofi).

In particular‘,
/u ru

(vii) f(exptX exprl’) - t[(X + Y)f](e)

+ :2 + 2?? + fl (e) + 0(9).

Now for small t we can write

exp¢‘X exptl’ = exp Z(r)

for some C°° function Z with values in Ge. Applying Taylor’s formula to Z
gives

2(1) =12, +1222 + 0(9),
for some Z1, Z2 G Ge. If f(e) = 0, then clearly f(A(!) + O(!3)) = f(A(t)) -|-
0(!3), so by (vi) we have

(viii) f(expZ(t)) = f(exp(!Zi + !2Z;)) + 0(r3)

= 42, fut») + r1(22f)(@)
+ §[2"1(Zf)](e) + 003).

Since we can take the f’s to be coordinate functions, comparison of (vii) and
(viii) gives

j(H+?=2;
H-4 H-4 Hahn flung

ZZ ~ XX ~~ YY

%+Z=*=T+’“’+T~
which gives

l
Zl:X+Y:

thus proving (1).
Equation (2) follows immediately from (1).
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To prove (3), again choose f with f(e) -= 0. Then similar calculations give

(ix) f(exptX exptl’ exp(-—tX))~ M MM ~ m

=,[<r+ r~r);1(@)+.~2[(¥ + §+%+ri>'-rrui>'r)] (E)
+ 0(9).

Ifwe write

explX expr)’ exp(-:X) = exp(£S1 +1252 + 0(:3)),

then we also have

(X) f(expt‘X exprl’ exp(-—!X)) = f(exp(t‘S1 + 952)) + 0(9)
= its] me) + r2(§2f)(e)

2
+ %[$1(51f)](@) + 003).

Comparing (ix) and (x) gives the desired result. '1'

Notice that formula (2) is a special case of Theorem 5-l6 (compare also with
Problems 5-l6 and 5-l8).

The work involved in proving Theorem 14 is justified by its role in the fol-
lowing beautiful theorem.

l5. TI-IEOREM. If G is a Lie group and H C G is a closed subset which is
also a subgroup (algebraically), then H is a Lie subgroup of G. More precisely,
there is a C°° structure on H, with lfte relative !0]20l0gy, that makes it a Lie subgroup
of G.

PROOF We attempt to reconstruct the Lie algebra of H as follows. Let I) C Ge
be the set of all X G Ge such that expIX G H for all I.

Assertion J. Let X,- G Ge with X,- —> X and let t,- —> 0 with each I; ;é 0. Suppose
expt,-X; E H for all 1'. Then X E I].

Progfi We can assume I; > 0, since exp(-I,-X,-) = (expr,-X,-)_' E H. For I > 0,
let

k,-(r) = largest integer 5
I

Then r r
_— -—- 1 < kl"(!) S _5
Ii is
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SO

:,-k,- (z) -> r.
Now

kill)exp(k,-(¢‘)!,-X,-) = [exp(t,-X,-)] E H,

k,-(:)z,-X,- -> IX.

Thus exp :X 6 H, since H is closed and exp is continuous. We clearly also have
exprX E H for! < 0, so X E I). Q.E.D.

We now claim that I] C Ge is a vector subspace. Clearly X e I} implies
sX e I) for all s e ]i?.. If X, Y e I], we can write by (l) of Theorem l4

exp:X exprl’ -= exp{!(X + Y) + rZ(r)}

where Z(r) —> 0 as r —> 0. Choose positive I; —> 0 and let X; = X + Y + Z(r,-).
Then Asse"r£z'0n J implies that X + Y E I]. Alternatively, we can write, for fixed r.

IX FY H-— r(X+Y)+!2[X Y]+O(l/n2)l'
exp n exp n T cxp 2n ’ I ’

taking limits as n —> oo gives expr(X + Y) G H.
(Similarly, using (2) of Theorem l4 we see that [X, Y] e I), so that I] is a

subalgebra, but we will not even use this (act.]
Now let U be an open neighborhood of 0 e Ge on which exp is a diiTeomo1'-

phism. Then exp(I) O U) is a submanifold of G. It clearly sufiices to show that
if U is small enough, then

H ('1 exp(U) = exp(I] ('1 U).

Choose a subspace I)’ C Ge complementary to I], so that Ge 2 I) EB I)’.

As.rem'on 2. The map ¢: Ge —> G defined by

¢(X+X')=expXexpX’ XeI),X'eI]'

is a dilleomorphism in some neighborhood of 0.
Proqy’. Choose 21 basis X1,...,X;e,...,X,, of Ge with X;,...,X;e a basis for I].
Then ¢ is given by

n it n

0,-X5) = exp(Za,-Xe) exp( 2 0,-X,-).
i=1 i=1 l'=ff-I-I
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Since the map 217:, a,-X; i-> (01,. . .,a,,) is a diffeomorphism of Ge onto IR”.
it suiiices to show that

/4 n

11/(a;,...,a,,) =. exp(Za,-Xe) exp( Z 0,-X,-)

is a diffeomorphism in a neighborhood of 0 e R”. This is clear, since

8
1]/,,, 0) = X,-. Q.E.D.

Asserfion 3. Thcre is a neighborhood V’ of 0 in I)’ such that exp X’ ¢ H if
0 7’: X ’ e V’.
Proqf Choose an inner product on I)’ and let K C I)’ be the compact set of all
X’ e I)’ with l 5 |X’| 5 2. Ifthe assertion were false, there would be X,-’ 6 I)’
with X,-’ —> 0 and exp X,-’ e H. Choose integers 11,- with

n,-X,-’ E K.

Choosing a subsequence ifnecessary we can assume X,-’ -»> X’ E K. Since

l/ne —> 0, exp(l/n,-)(n,-X,-’) E H,

it follows from A.r.ser!z'07i J that X’ E I], a contradiction. QED.

We can now complete the proof of the theorem. Choose a neighborhood
U = W >< W’ of Ge on which exp is a diffeomorphism, with

W a neighborhood of0 e I)
W’ a neighborhood of 0 E h’

such that W’ is contained in V’ ofAssertion 3, and ¢ of Assertion 2 is a diffeomor-
phism on W >< W’. Clearly

exp(I] O U) C H O exp(U).

To prove the reverse inclusion, let a 6 H O exp(U). Then

a=e>;pXe;<pX’ XeW,X’eW’.

Since a, exp X e H we obtain expX’ G H, so 0 = X’, and a G exp(I) Q U). ¢I¢
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Up to now, we have concentrated on the left invariant vector fields, but man}
properties of Lie groups are better expressed in terms of forms. A form w is
called Ieft invariant if Le”w _-= to for all a e G. This means that

w(b) = Le*[w(ab)].

Clearly, a left invariant k-form w is determined by its value w(e) E S2"(Ge).
Hence, if wl, . . . ,w” are left invariant l-forms such that w‘(e), . . . ,w”(e) span
Ge"‘. then every left invariant k-form is

. . I
Z a,-,...i,,.w’1/_\---/\w”‘ = Z:/11w

1'1 <---<:';,- 1

for certain constamfs 0;. If w’(e), . . . ,w”(e) is the dual basis to X1,... , Xe E Ge.
then any C°° vector field X can be written

H

X = for C°° functions f’.
j=I

Then
w’ (X) == f’,

so 0)’ is C °°. It follows that any left invariant form is C°°.
If to is left invariant, then for a e G we have

Le*dw = d(Le*w) = dw,

so (la) is also left invariant. The formula on page Q15 implies that for a left
invariant l—form to and left invariant vector fields X and Y we have

In-urn-1 ru ru ru ru n-urndw(X, Y) _ X(w(Y)) - Y(w(X)) - w([X, Y])
= —w([X,Y]).

Hence

(*l dw(¢’)(X, Y) = —w(@)([X, Y1),

the bracket being the operation in Q.
Thc interplay between left invariant and right invariant vector fields is the

subject of Problem l l. Here we consider the case of forms.
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16. PROPOSITION. Let ti: 0 _> 0 be ,1/(3) = 3-1.
A form to is left invariant if and only if iZr*w is right invariant.

( Ir we E s2*(0e), then 1[r*we = (—l)"we.
( If to is left and right invariant, then dw --= 0.

-P~L:Ql\DZ
\-\—»/\-\—»/\-\—»/\-\—»/

( If G is abelian, then g is abelian (converse of Corollary T).

PROOF. (l) Clearly
‘I/°Rb-"=Lb—1 ‘*1!/=

so
Rb*¢¥ Z ,¢,*Lb_]*.

If to is left invariant, then

R),*(ilr*w) = (1/*L,,_1*w = i!r"‘w.

so (Z/"’w is right invariant. The converse is similar.

(2) It clearly sufiices to prove this for k = l. So it is enough to show that
(!r.,e(X) = —X for X E Ge. Now X is the tangent vector at I = 0 ofthe curve
I l-> ex-prX. So i0,..eX is the tangent vector at t = 0 ofr i-> (expt‘X)_’ =
exp(-—rX); this tangent vector is just -X.

(3) If 0) is a left and right invariant k-form, then

¢*(we) = <-1)"we.
Since 1!/*a) and to are both left invariant, we have

i!r*w = (—l)"w.

The form dw is also left and right invariant, so

11/*(dw)=(—l)”+'dw.
But

mam) = d(11/*w) = d((—l)kw) = (—l)”dw.
So dw =0.

(4) If G is abelian, then all left invariant l-forms to are also right invariant. So
dw = 0 for all left invariant l-forms. It follows from (>z<) that [X, Y] = 0 for all
X, Y e g.
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Allemate prnqfty’ (4). By Theorem l4, if G is abelian, then for X, Y E Ge we
have

£2 3 :2 3
5[X,Y]+ 0(1): 3[Y,X]+ on ).

Hence
§[X, Y] + om)/:1 .-= §[Y,X] + 0(9)/:2.

Letting I —> 0, we obtain [X, Y] = [Y, X]. #9

Since do) is left invariant for any left invariant 0), it follows that for a basis 0)‘ ,
. . . ,w” of invariant l-forms we can express each dwk in terms of the (vi /\ er’ .
First choose X,,_..,X,, E Ge dual to w’(e), . . . , w”(e). There are constants C)’;
such that

N

rnm=Z%m
l’¢'=l

clearly we also have
T7

tn%=Z%h
i=1

The numbers Ci’; are callcd the constants ofstructure of G (with respect to the
basis X1, . . . , Xe of Q). From skew-symmetry of [ , ] and thejacobi identity we
obtain

0M%=—d
N

(2) Z(c;}c,§, + c,;';,c,§, + c,;'*,c,=j,.) = 0.
l£=l

From (>z<) on page 394- we obtain

dwk = — X:C,’} cu’ A or’ .-= —% ZZC,-’,‘, w’ Aw’.
i<j i.j

It turns out that (2) is exactly what we obtain from the relation d2w"' = 0. Con-
dition (2) is thus an integrability condition. In fact, we can prove (Problem 30)
that if C,-’j are constants satisfying (l) and (2), then we can find eveiywhere
linearly independent l-forms col , . . . , cu” in a neighborhood of 0 E R" such that

. 1 - -
dw’ =—-2-Z:C,~’§ w’ Aw‘.

1'-I
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Moreover, the existence of such w’ implies (Problem 29) that we can define a
multiplication (0, b) i~> ab in a neighborhood of 0 which is a group as far as
it can be and which has the w" as left invariant l-forms. From this latter fact
and (a suitable local version of) Theorem 5 we could immediately deduce the
following Theorem, for which we supply an independent proof.

I7. THEOREM. Let G be a Lie group with a basis of left invariant l-forms
w‘, . . . , w” and constants of structure C,-’}. Let M” be a differentiable manifold
and let 9’, . . .,6” be everywhere linearly independent l-forms on M satisfying

40* = - Zcgel /\9j.
i<j

Then for every p e M there is a neighborhood U and a diffeomorphism
f: U—>Gsuchthat

6’ = f*w’.

PROOF. Let rt]: M >< G —> M and 1:2: M >< G —> G be the projections. Let

Elk = rr1*9", (Bk = rr;_~*w".

Then

¢/(ék - 03*) = - 20,’;-([é'” AG’) - [J M311)
£'<j

2 _ Zcj;-[é*' /\ (51 -@1’)+(é" - 3") /\(i)"].
i<j

By Proposition 7-l4, M >< G is foliated by n-dimensional manifolds whose
tangent spaces at each point are annihilated by all Gk — a3". Choose 0 G G
and let T‘ be the folium through (p,a). Now til, . . ,Ei",(D’,. . . ,5)" are linearly
independent everywhere; so on I"(,,,e], which is the set ofvectors in (M >< G)(,,,e]
where ti" - (Bk = 0, the sets Pl, . . . ,3” and a3l,...,z3" are each linearly inde-
pendent. Hence Ir): I" —> M and I-T22 I" —> G are each diffeomorphisms
in some neighborhood of (p,a). This means that F contains the graph of
a diffeomorphism f from a neighborhood U of p to a neighborhood of a.

% G
M
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Letf_:U—>M><Gbethemap

fin = tqeftqn <: 1".
Since Elk — (Bk = 0 on T‘, we have

0 __= j“-=1=(gl'< _ (Bk) 2 j"-*R_l=1=6k ___ j'-'=t=n_2=1=wk

:2-..(J1'] 0 f-)*9k -—(J1'2 0 _;;)*w"'

= 9" - f*w". »:¢

It is also possible to say by how much any two such maps differ:

18. THEOREM. Let M be a connected manifold, let G be a Lie group, and
let j}, jj: M —> G be two C°° maps such that

f1*(w) = f2*(w)

for all left invariant l-forms w. Then fl and fz differ by a left translation, that
is, there is a (unique) a G G such that

f2=Laoj].

PEDESTRI/1N PROOF. Case J. M = IR and the Iwo maps yl, 1/2: IR —> G satisfi
3/1(0) =: )/2(0). We must show that yl = 3/2. For every left invariant l—form w
we l1El\-'1'

d d
("(1/2(!))= 72*") )= Yliiw

I

= wll/1(0)

___ ( * dY1— (LY2il'lY1(Il"’) °=’(Y2(*’))j 7
I

= WU/2(1))([Li»wm<:)-1],_ 1%) -

It follows that w e [L ] Q
Ch "' Y3(!l)’](?l"’ * (yr ‘

If we regard 1/, as given, and write this equation out in a coordinate system.
thcn it becomes an ordinaiy difierential equation for }/2 (of the type considered
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in the Addendum to Chapter 5), so it has a unique solution with the initial
condition }/2(0) = 1/,(0). But this solution is clearly )/2 = 1/1.

Case 2. M = IR, but the maps y, , )/2 are a2'bz'tra:§)i. Choose a G G so that

J/2(0) = Q ' 14(0)-

If a) is a left invariant l—form, then

(La 9 1/i)*(w) = 1/)*(Le*w) = 1/1*(w) = 1/z*(w)»
Since Le 0 3/1(0) = 3/2(0), it follows from Case J that Le 0 y, = 3/2.

Case 3. Genera! ease. Let [J0 G M. Choose a G G so that

fi(P0) = Q ' fI(P0)-

For any p E M there is a C°° curve c: IR —> M with 0(0) = pg and c(I) = p.
Let y; = o c. Then

r2*(w) = v*fz*(w) = v*f1"‘(w) = 1*1*(w)-
By Case 2, we have

1/2(1): a - 1/((3) for all r.

in particular for I = l, so f2(p) = a - f,(p).

ELEGANTPROOF Let Ir,-: G ><G -> G be projection on the Fl‘ factor. Choose
a basis w’, . . .,w” for the left invariant l-forms. For (0, b) E G x G, let

N

A(e,,g,] = n ker(Ir;*w’ — :rr;;*a)’).
£'=l

Then A is an integrable distribution on G >< G. In fact, if A(G) C G >< G is the
diagonal subgroup {(0,0) I er G G}, then the maximal integral manifolds of A
are the left cosets of A(G). Now define hr M —> G >< G by

/itp) = (Mp), 12(3))-
By assumption,

Iz*(rr;*w’ - rr2*w’) := f,*w’ -— fi*w’ --= 0.

Since M is connected, it follows that lz(M) is contained in some left coset
of A(G). In other words, there are a,b E G with

af;(p)==bfl(p) for all peM. ¢$~
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I9. COROLLARY. If G is a connected Lie group and ft G —> G is a C°°
map preserving left invariant forms, then f = Le for a unique a G G.

W’hile left invariant I-forms play a fundamental role in the study of G, the
left invariant f2—fOI‘ITlS are also very important. Clearly, all left invariant n-forms
are a constant multiple of any non-zero one. If U” is a left invariant n—form.
then 0" determines an orientation on G, and if f: G —> IR is a C°° function
with compact support, we can define

f faflo

c
Since 0” is usually kept fixed in any discussion, this is often abbreviated to

_/éf or /Gf(a)da.

The latter notation has advantages in certain cases. For example, left invariance
of 0” implies that

/ f(a) da =_/C f(ba) c/cz.
6 G

/i fa” = /i go”, where g(a) 2- f(ba);
G G

in other words.

|note that Lb is an orientation preserving diffeomorphism, so

fafo"-=LLg,*(j'o”)=_L(foL,=,)L,=,*cr"=--L(foL;,)o”.

which proves the formula]. We can, of course, also consider right invariant
n-forms. These generally turn out to be quite different from the left invariant
n-forms (see the example in Problem 25). But in one case they coincide.

20. PROPOSITION. If G is compact and connected and 0) is a left invariant
)2-form, then to is also right invariant.

PROOF. Suppose to 7E 0. For each a E G, the form Re*w is left invariant. so
there is a unique real number f(a) with

Re*w = f(a)w.

Since Re* 0 R[,* 2 (Reg,)*, we have

f(@b) = f(b@) == f(-<1)- f(b)-
Sof(G) C IR is acompact connected subgroup of IR-{O}. Hence f(G) = {I}. 92+
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Vile can also consider Riemannian metrics on G. In the case ofa compact
group G there is always a Riemannian metric on G which is both left and
right invariant. In fact, if ( , ) is any Riemannian metric we can choose a
bi-invariant n-form 0" and define a bi-invariant (( , on G

(<1/.W» --- [G G<L..Re.<v). L..Re.<W)) da db.
We are finally ready to account for some terminology from Chapter 9.

2]. PROPOSITION. Let G be a Lie group with a bi-invariant metric.
(l) For any 0 E G, the map Ia: G —> G given by ]e(b) = ab_]a is an isometry
which reverses geodesics through a, i.e., if y is a geodesic and 1/(0) = 0, then
fen/(=')) = r(—I)-
(2) The geodesics y with 1/(0) :-_- e are precisely the I-parameter subgroups
of G, i.e., the maps r |~—> cxp(IX) for some X 6 gt.

PROOF (I) Since
If Z b—I.

the map lee: Ge —> Ge is just multiplication by -I (see the proof of Proposi-
tion l6(2)), so it is an isometry on Ge. Since

1.. =.- R,,_1IeL,,_1
for any a E G, the map lee: Ge —> Ge-1 is also an isometry. Clearly Ie reverses
geodesics through e.

Since
Ia 5: RaIeRa_]:

it is clear that Ie is an isometry reversing geodesic through a.

(2) Let y: IR —> G be a geodesic with 3/(0) -= e. For fixed t, let

J7(u) = J/(I + M)-

Then )7 is a geodesic and 17(0) = 1/(I). So

I)/(t]Ie(Y(u)) = I)/(r)(}"("'l~*’)) = Iy(r)(l7(“‘u *0)

= )7(z + :1): )/(u + 2:).

But also

IY(IIIe(b) = 1/(r)b1/(1).
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SO

J/(‘)1/(u)J/(I) = J/(M + 21‘)-
It Follows by induction that

y(nt) = 3/(t)” for any integer n.

If 1’ =11’: and I” = n”: for integers n’ and n”, then

14:’ +:") = i»m"’+"” == i»(:')i»<:”>=
so y is a homomorphism on Q. By continuity y is a l—parameter subgroup.

These are the only geodesics, since there are l—parameter subgroups with
any tangent vector at I = 0, and geodesics through e are determined by their
tangent vectors at t = 0. 0:0

We conclude this chapter by introducing some neat formalism which allows
us to write the expression for dwk in an invariant way that does not use the
constants ofstructure of G. If V is a d-dimensional vector space, we define a
V-valued k-form on M to be a function (0 such that each w( p) is an alternating
map

w(p): Mpx---><Mp—> V.
\i........_-,_,i_.-I

ktimcs

If v1, . . . , vd is a basis for V, then there are ordinary k-forms to‘, . . . ,wd such
that For X1, . . . ,Xk G MP we have

d .

w(p)(X1,...,X;¢) = Zw'(p)(X;,...,Xk)v,-:
:'=l

we will write simply
d

(L)-‘=5 wi°U|‘.

I I

For any V-valued k-form to we define a V-valued (k + 1)-form dw by

d
dw = Zdwl - v,-;

i=1

a simple calculation shows that this definition does not depend on the choice of
basis 11;, . ..vd for V.
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Similarly, suppose p: U >< V —> W is a bilinear map, where U and V have
bases u;,.. . , uc and 111,. . .,vd, respectively. If w is a U-valued k-form

C

(UZE (1):-‘LII.

i=l

and T} is a V-valued I-form

d

n=_Zn”-vi,
J=1

then
c d

Z: Z211)"/\ Tlj 'P(I1;,v;)
i=1 j=]

is a W-valued (k+1)-form; a calculation shows that this does not depend on the
choice of bases u1,. . . ,u,, or 111,. . . , vd. We will denote this W-valued (k +1)-
form by p(u) /\ 17).

These concepts have a natural place in the study of a Lie group G. Although
there is no natural way to choose a basis of left invariant l-forms on G , there is
a natural g1-valued l—form on G , namely the form to defined by

nu

(=i=) a)(a)(X(a)) = X G g.

Using the bilinear map [ , ]I Q >< Q —> g, we have, for any Q-valued k-form 27
and any g-valued l—form X on G, a new g-valued (k +1)-form [1] /\ A] on G.

Now suppose that X;,...,X,, E Ge = g is a basis, and that w‘,...,w" is a
dual basis of left invariant l-forms. The form to defined by (*) can clearly be
written n

w=Zwk -Xi.
)i.'=]

Then

(1) dwzzdwk-Xk
R-=1

= i:(Z:C,-ljwi /\ wj) -Xi.
,l¢=] i<j
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On the other hand,
It

tnm=Zqn
kal

S0

It II II

(2) [w/\w]=Z(ZZc,-’j-w’/\w1-X,,).
R-=1 i=1 j-=1

Comparing (l) and (2), we obtain the equations of structure of G :

The equations of structure of a Lie group will play an important role in
Volume III. For the present we merely wish to point out that the terms dw and
[to /\ cu] appearing in this equation can also be defined in an invariant way. For
the term do) we just modify the formula in Theorem 7-l3: If U is a vector field
on G and f is a g-valued function on G, then (Problem 20) we can define a
Q-valued function U(f) on G. On the other hand, w(U) is a Q-valued function
on G. For vector fields U and V we can then define

dw(U, V) = U(w(‘/)) - V(w(U)) -—w([U= V1)-

Recall that the value at a e G ofthe right side depends only on the values Ua
and Va of U and V at a. Ifwe choose U = X, V 2 Y for some X,Y E Ge,
then

nun“ nun“dw(a)(X,,, 11,) h 0 - 0 - w(a)([X, 1/1,)
= —-w(e)([)?, fie) since [52, ?] is left invariant
= —-w(e)([X, Y]) by definition of [ , 1 in 0,.
= ‘[X, Y] } . .... -_ by definition ofa).
= ~[w(¢1)(Xa),w(0)(Ya)]

It follows that for any vector fields U and V we have

I da)fU, V) =. i/-[t.-)(U),ti)(V)]. i

Problem 20 gives an invariant definition of p(w/xn) and shows that this equation
is equivalent to the equations of structure.
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WARNINGI In some books the equation which we have just deduced appears
as dw(U, V) = —— -%[w(U),w(V)]. The appearance of the factor -£5 here has
norlzing to do with the % in the other form of the structure equations. It comes
about because some books do not use the factor (k + 1)!/kl 1! in the definition
of /\. This makes their A A q equal to -% ofours for l-forms A and q. Then the
definition of d(Z to,-dxl) as Zdw; A dxl makes their dw equal to -E of ours
for l-forms to.
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PROBLEMS

1. Let G be a group which is also a C°° manifold, and suppose that (x, y) i-> x_r
is C°°.

Find f_l when ft G >< G —> G >< G is f(x,y) =(x,xy).
Show that (e, e) is a regular point of f.

( Conclude that G is a Lie group...9,@€
2. Let G be a topological group, and H C G a subgroup. Show that the
closure H of H is also a subgroup.

3. Let G be a topological group and H C G a subgroup.

N( ) If H is open, then so is every coset gH.
(b) If H is open, then H is closed.

4. Let G be a connected topological group, and U a neighborhood of e e G.
Let U” denote all products 0; ---0,, for a,- e U.

( ) Show that U""" is a neighborhood of U".
( ) Conclude that U" U" = G. (Use Problem 3.)
( ) If G is locally compact and connected, then G is tr-compact.“UN

5. Let f: IR" —> IR" be distance preserving, with f(0) = 0.

Q-@@@

Show that f takes straight lines to straight lines.
Show that f takes planes to planes.
Show that f is a linear transformation, and hence an element of O(n).

( ) Show that any element of E(n) can be written A - r for A e O(n) and r a
translation.

6. Show that the tangent bundle TG ofa Lie group G can always be made into
a Lie group.

7. We have computed that for M E gI(n,]R) we have

... ... 3 ... "M = Z Mi-"*' - W. where MXWA) = ZM,,A,,,,.
k I Ot=l

(a) Show that this means that

M(A) = A -M G R -GL(n,]R),;.
nu

(It is actually clear a fmiori that M defined in this way is left invariant, for L,;,,. =
LA since LA is linear.)
(b) Find the right invariant vector field with value M at J.
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8. Let G and H be topological groups and ¢: U —> H a map on a connected
open neighborhood U of e e G such that ¢(ab) = ¢(a)¢(b) when a, b,ab E U.

(a) For each c e G, consider pairs (V, (Zr), where V C G is an open neighbor-
hood of c with V - v-I c U, and where 11»; v _> H satisfies 11/(0) - u/(1>)~' =
¢(ab_') for a,b G V. Define (V;,(lr1) Q» (V2,(lr2) if tr, .-= 1//2 on some smaller
neighborhood of c. Show that the set ofall '2,» equivalence classes, for all c 6 G,
can be made into a covering space of G.
(b) Conclude that if G is simply-connected, then Q5 can be extended uniquely
to a homomorphism of G into H.

9. In Theorem 5, show that ¢ and 11/ are equal even if they are defined only
on a neighborhood U of e E G, provided that U is connected.

10. Show that Corollary 7 is false if G is not assumed connected.

11. If G is a group, we define the opposite group G° to be the same set with
the multiplication ~ defined by a» b = b -a. If Q is a Lie algebra, with operation
[ , ], we define the opposite Lie algebra 41° to be the same set with the operation
[X, Y]° = -[X, Y].

(a) G° is a group, and if tl/: G —> G is a i~—> 0-], then (Ir is an isomorphism
from G to G °.
(b) g° is a Lie algebra, and X I-> ——X is an isomorphism of g onto g°.
(c) .£(G°) is isomorphic to [.£(G)]° = g°.
(d) Let [ , ] be the operation on Ge obtained by using right invariant vector
fields instead ofleft invariant ones. Then (g,[ , ]) is isomorphic to £(G°), and
hence to g°.
(e) Use this to give another proof that g is abelian when G is abelian.

exp = . .
""' ""' SID G COS G

12. (a) Show that

0 a cos a sin a
a 0

(b) Use the matrices A and B below to show that exp(A + B) is not generally
equal to (exp A)(exp B).

0 1 0 0A40 0) B»-(1 0)
13. Let X,Y e Ge with [X, Y] = 0.
(a) Use Lemma 5-13 to show that (exp sX)(exp!Y) = (exp!Y)(exp sX).
(b) More generally, use Theorem 5 to show that exp is a homomorphism
on the subspace of Ge spanned by X and Y. In particular, exp(X + Y) =
(exp X)(exp Y).



408 Chapter 10

14. Problem l3 implies that exp!(X + Y) = (exptX)(exptY) if [X, Y] = 0. A
more general result holds. Let X and Y be vector fields on a C°° manifold M
with corresponding local l—parameter families of local diffeomorphisms {tin},
{ti/5}. Suppose that [X, Y] -.= 0, and let 1], = qt‘), O ti/; = (Zr, 0 ¢,-.

(a) Show that

% = Xm.-om + ¢,..tYu1o<p))-
(b) Using Corollary 5-l2, show that

% = Xmm) + Y(m(P))-
In other words, {1],} is generated by X + Y.

15. (a) If M is a diagonal matrix with complex entries, show that

det exp M = etracc M

(b) Show that the same equation holds for all diagonalizable M with complex
entries.
(c) Conclude that it holds for all M with complex entries. (The diagonalizable
matrices are dense, compare Problem 7-l5.)
(d) Using Proposition 9, show that for the homomorphism det: GL(n,R) —>
R - {O}, the map det,,.: gI(n,R) —> .-.C(R - {O}) -= R isjust M l-> trace M.
(e) Use this fact to give a fancy proof that trace MN = trace NM. (Look at
trace(MN -—- NM) -= trace[M,
(f) Prove the result in part (d) directly, without using (c). (Since det... and trace
are homomorphisms, it sufiices to look at matrices with only one non-zero entry.)
(g) Now use tliis result and Proposition 9 to give a fancy proof of (c).

16. (a) Let U be a neighborhood of the identity (1,0) of S I (considered as a
subsct of R2). Show that no matter how small U is, there are elements a e U
which have square roots outside U in addition to their square root in U.
(b) Show that for each n ?_ l, there is a neighborhood U of e e G such that
eveiy element in U has a unique nil‘ root in U.
(c) For G = S 1, show that there is no neighborhood U which has this property
for all n.

17. (a) Let (x, V) be a coordinate system around e 6 G with X'l(€) = 0. Let

xttob) = f='(it»‘(o),...,1-"(o),x‘(o),...,,\-"(on
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for C°° functions fl. Show that

D,-f"(0) = o.+.-fro) = 6;!
(b) If oz,,B: (-—s,e) —> G are differentiable, show that

(¢1'l5’)"(0)= t1"(0)+ l3'(0)-

(c) Also deduce this result from Theorem l4-(l). (Not even the full strength of(l)
is needed; it sufiices to know that exptX expi'Y = exp{I(X + Y) + 0(1)}. The
argument ofpart (a) is essentially equivalent to the initial part of the deduction
of (l).)

18. Let G be a Lie group, and let H C G be a subgroup of G (algebraically),
such that every a E H can be joined to e by a C°° path lying in H. Let I] C G_._.
be the set of tangent vectors to all C°° paths lying in H.

(a) Show that I] is a subalgebra of Ge. (Use Theorem l4.)
(b) Let K C G be the connected Lie subgroup of G with Lie algebra I]. Show
that H C K. Hint: _]oin any a E H to e by a C°° curve c, and show that the
tangent vectors of c lie in the distribution constructed in the proofofTheorem 4.
(c) Let c-;,...,c;, be curves in H with {c,-"(0)} a basis for X]. By considering
the map f(tl,...,t*) = c;(!')---c;,(tk), show that K C H. Thus, H is a Lie
subgroup of G. It is even true that H C G is a Lie subgroup if H is path
connected (by not necessarily C°° paths); see Yamabe, On an arcwise connected
.mbg2'oup ofa Lie group, Osaka Math._]. 2 (1950), l3——l4-.
(d) If H C G is a subgroup and an immersed submanifold, then H is a Lie
subgroup.

19. For a 6 G, consider the map b t~—> aba_' = L,,R,,_'(b). The map

(LaRa_])#3 Q _* ii

is denoted by Ad(a); usually Ad(a)(X) is denoted simply by Ad(a)X.

(a) Ad(ab) -= Ad(a)oAd(b). Thus we have a homomorphism Ad: G —> Aut(g),
where Aul(t1), the automorphism group of g, is the set of all non-singular linear
transformations of the vector space Q onto itself (thus, isomorphic to GL(n,R)
if ti has dimension n). The map Ad is called the adjoint representation.
(b) Show thal

exp(Ad(0)X) = (I(CK]J X)o-‘.
Hint: This follows immediately from one of our propositions.
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(c) For A E GL(n,R) and M E gI(n,R) show that

Ad(A)M = AMA-‘.
(It suffices to show this for M in a neighborhood of 0.)
(d) Show that

Ad(exp:X)Y = Y + t[X, Y] + 0(8).
(e) Since Ad: G —> g, we have the map

_ ___ tangent space of Aut(g) at the
Ade Q (r Ge) "* identity map 1,, of ti to itself.

This tangent space is isomorphic to End(§1), where End(g) is the vector space of
all linear transformations of g into itself: If c is a curve in Aut(g) with 0(0) = lg,
then to regard c"(0) as an element of Aut(g), we let it operate on Y e Q by

c’(0)(Y) =5; c(Y).
{=0

(Compare with the case gt = R", Azu!(t1) = GL(n,R), End(g) =12 >< n matrices.)
Use (d) to show that

Ad,.,.(X)(Y) = [X, Y].

(A proof may also be given using the fact that [X,Y] -= Li:-Y.) The map
Y l--> [X, Y] is denoted by ad X G End(g).
(f) Conclude that

dX2
Ad(expX)=exp(adX)==lg+adX+-{if-+-~.

(g) Let G be a Connected Lie group and H C G a Lie subgroup. Show that H
is a normal subgroup of G if and only if I] = .£(H) is an ideal of ti = .£(G),
that is, if and only if [X, Y] E I] for all X G Q, Y e I].

20. (a) Let f: M —> V, where V is a finite dimensional vector space, with basis
v;,...,vd. For Xp E Mp, define X,,(f) G V by

d

X(f) = Z/r,.tf‘) - v.-.
I'-=1

where _/ = 3;, fl - v,- for f‘; M _> ts. Show that this definition is indepen-
dent ofthe choice of basis v1, . . ., vd for V.
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(b) If o) is a V-valued k-form, show that do) may be defined invariantly by the
formula in Theorem 7-l3 (using the definition in part (a)).
(c) For p: U >< V —> W, show that p(o) /\ 1)) may be defined invariantly by

p(w A ' '>Xk>Xk+1: ' ° ' I Xk+f)

l
Z 2 58715 ' p(w(XU(i]: ' ' ° 9 XU(»iC])I 7l(Xo'(it+1)> ° ° ' >XU(»iC+f]))'

O'ESj,-_|__i

Conclude, in particular, that

to A <»1<X. Y) = 2tw<X).t»tY)1-
(d) Deduce the structure equations from (b) and (c).

21. (a) If o) is a U-valued k-form and 27 is a V-valued I-form, and p: U >< V —>
W, then

dUMvAm)=oMwAn%+P4VmwAdm-
(b) For a Q-valued k-form o) and I-form 1) we have

to A to = <-1)’*’+‘ [11 A w]-
(c) Moreover, if K is a g-valued m-form, then

(—l)l""[w /\ [T7 /\ ll] + (—l)“[H /\ ll /\ wll + (—l)""' [1 /\ [H /\ wll = 0-

22. Let G C GL(n,R) be a Lie subgroup. The inclusion map G —> GL(n,R) —>
R"2 will be denoted by P (for “point”). Then dP is an R"2-valued l—form (it
corresponds to the identity map of the tangent space of G into itself We can
also consider dP as a matrix of l-forms; it is just the matrix (dxlj), where each
dxij is restricted to the tangent bundle of G. We also have the R"2-valued
l—form (or matrix of l-forms) P4 -dP, where - denotes matrix multiplication,
and P_1 denotes the map A I--> A-1 on G.

-' -dP = p(P_‘ A dP), where pi xi“ >< n"’ _> n"* is matrix multiplication.
dP = A - dP. (Use f*d = df*.)

dP is left invariant; and (dP) - P‘! is right invariant.
dP is the natural (1-valued l—form o) on G. (It sufiices to check that

F*oP=oo1)
(e) Using dP = P - o), show that 0 = dP - o) + P - do), where the matrix of
2-forms P - do) is computed by formally multiplying the matrices of l-forms dP
and o). Deduce that

I§@@€ wiqw

do)+o)-o)..-=0.
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If o) is the matrix of l-forms o) = (o)"j), this says that

do)” = — Z10)“ A o/‘j.
k

Check that these equations are equivalent to the equations of structure (use the
form do)(X, Y) = —[o)(X),o)(Y)].)

23. Let G C GL(2,R) consist of all matrices ('3 with a # 0. For conve-

nience, denote the coordinates xi‘ and X12 on GL(2,R) by x and )2

(a) Show that for the natural g-valued form o) on G we have

l dx dy
0’ "' Z ( 0 0

so that dx/x and dy/x are lefl invariant l-forms on G, and a left invariant
2-form is (dx A dy)/xi.
(b) Find the structure constants for these forms.
(c) Show that

MP) _ P_, 2 —ydX0+xdy)

and find the right invariant 2-forms.

24. (a) Show that the natural gl(n, R)-valued l—form o) on GL(n, R) is given by

.. 1 " . .:1 : tic d Jr;
(U Ldet(xafi) A >

where
tr”) = dowel’) - tee)".

(b) Show that both the left and right invariant n2-forms are multiples of

l_.......__....fi.(d-1' d "1 (d-1" d-"1" _(dct(xafi)) it A A x ) A A A A A it )

25. The special linear group SL(n,R) C GL(n,R) is the set of all matrices of
determinant l.

(a) Using Problem l5, show that its Lie algebra -3I(n,R) consists of all matrices
with trace = 0.
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(b) For the case of SL(2, R), Show that

_;_ __ vdx—ydu vdy~—ydv
P dP—(*—LldJt‘+IdLl —-udy+xdv ’

where we use x, y, u, v for xi], x12, x2‘, X22. Check that the trace is 0 by
dillcrcntiating the equation xv — yu = l.
(c) Show that a left invariant 3-form is

vdx/xdu/\dy-ydx/xdu/\dv.

26. For M,N E 13(12): £(O(n)) = {M I M = —M‘}, define

(N, M) = —traceM-N‘.

( ( , ) is a positive definite inner product on 0(n).
(b) If A E O(n), then

I-‘J
\-_/

(Ad(A_)M,Ad(A)N) = (M, N).

(Ad(A) is defined in Problem l9.)
(c) The left invariant metric on O(n) with value ( , ) at O(n) ,1 is also right
invariant.

27. (a) If G is a compact Lie group, then exp: g —> G is onto. Hint: Use
Proposition Ql.
(b) Let A E SL(2,]R). Recall that A satisfies its characteristic polynomial, so
A2 — (trace A)A + I = 0. Conclude that trace A2 2 —2.
(c) Show that thc following element of SL(2, R) is not A2 for any A. Conclude
that it is not in the image of exp.

-2 0(0 -I/2)
(d) SL(2,]R) does not have a bi-invariant metric.

28. Let x be a coordinate system around e in a Lie group G, let rrj: G >< G —> G
be the projections, and let (y,z) be the coordinate system around (e,e) given
by Jr‘ = xi 031'], :5 = x’ orrg. Define Q5": G >< G —> R by

¢i(a, b) == X’_(r1b),
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and let X,- be the left invariant vector field on G with

3
Xi(£’) ==

(a) Show that
H _ 8

Xi ‘* Z 11’?_ BA 1
1:2]

where _

111;‘ (<1) = 33%-ta, e).
(b) Using L,,Lb = Lab, show that

'[La*Xi(b)l(xI) = tXiwb>1<x’).
Deduce that

X,-(b)(x" 0 La) = 11/; (ab).
and then that - _ _

H j 34>" 1Zr, <1») - gum») -= it-(ab).
i=1 “

Letting 1} == (#21:) be the inverse matrix of 1!! = (diff), we can write

34"! H 1 w"
I=

This equation (or any of numerous things equivalent to it) is known as Lz'e’s_firs1
fundamental Z/zearem. The associativity of G is implicitly contained in it, since we
used the fact that La Lb = Lab.
(c) Prove the converse of Lies first fundamental 1/zearem, which states the following.
Let ¢ = (qfil, . . . ,¢") be a differentiable function in a neighborhood of 0 e R2"
[with standard coordinate system yl , . . . , _1=", :1, . . . ,::"] such that

¢(a,0) --= a for a G R".

Suppose there are differentiable functions glrj in a neighborhood of 0 e IR" [with
standard coordinate system xi, . . . , x"] such that

1!/}(0) = 5}

3¢'i __ H ; ~; for (a, b) in a neighborhood(*> ‘fi(a>b)"-i%¢;'(¢((?,b))°¢j(b) OMGR2,



Lie (,-'r0uj).\ 41 5

Then (0, b) |—-> ¢(a, b) is a local Lie group structure on a neighborhood of0 e R"
(it is associative and has inverses for points close enough to 0, which serves as
the identity]; the corresponding left invariant vector fields are

U I a

X; = -J-—..
12¢’ 32:1

[To prove associativity, note that

a *'( ( ,b ,;- " -,.-‘L-3ia_i’,%) = Z11/l<¢<¢<a.b>.z>>-v,»<z) hr (*1
!=l

and then show that ¢(a, ¢(b, 2)) satisfies the same equation.]

29. Lie’: secorzdfmdamenial tfceorem states that the left invariant vector fields X5 of
a Lie group G satisfy

H

[X,-, X,-1 = Z Cf;-Xi
k=l

for certain eonstarzts C,-‘5 —in other words, the bracket of two left invariant vector
fields is left invariant. The aim of this problem is to prove the converse qfLie’s
secondfimdanzental theorem, which states the following: A Lie algebra ofvector fields
on a neighborhood of 0 e IR", which is of dimension :2 over IR and contains a
basis for lR”@, is the set of left invariant vector fields for some local Lie group
structure on a neighborhood of 0 e IR".

(a) Choose X}, . . . , X” in the Lie algebra so that X,-(0) = 8/Bxilo and set
n _ 8

I 1,2“ 8x1

lf
N

(Oi = Z dA'j,
j=1

then the wf are the dual forms, and consequently

dwk = ~— Z C5» cu’ /\ w’ Cf‘; constants.
:'<j

(b) Let Ir,-: R" >< IR" —> R" be the projections. Then
H I1

Irfwj -— I-n*w" = Z:(ihj ° F2)[d(-Y’ 0 rm) - Z30!/i 0 Hz) - -7Tl*(9i:|-
1:1 f=I
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Consequently, the ideal generated by the forms d(x" orrz)-— XL, (tlrf orrg)-rr1*to"
IFis the same as the ideal J3 generated by the forms rt; to} -—rr;*wj. Using the fact

that the C15,, are constants, show that d (1) C 1. Hence 11?." x R” is foliated by
I?-dimensional manifolds on which the forms d(x" orrg) — 2;, (115? 01:2) -rr;*w"
all vanish.
(c) Conclude, as in the proof of Theorem l7, that for fixed a, there is a function
(Dal R" —> R" satisfying (1),, (0) = a and

N

d<I>:l<b) = Z vi <<1>..<b)) -Mb).
I I

or equivalently,

9-i1<b>= r/lie on - rm)aA’j I a J I

Now set ¢(a, b) = <I>a(b), and use the converse of Lie’s first fundamental theo-
rem.

30. Lie’: tho-dfimdanzerzlal tizeormr states that the CJlk satisfy equations (l) and (2)
on page 396, i.e., that the left invariant vector fields form a Lie algebra under
[ , ]. The aim of this problem is to prove the converse ofliefs" t/zirdfundomentaf
.‘,l;ri0!'el??, which states that any n—dimensional Lie algebra is the Lie algebra for
some local Lie group in a neighborhood of 0 e R".

Let Cg be constants satisfying equations (1) and (2) on page 396. We would
like to find vector fields X;, . . .,X,, on a I1Clgl1bO1“l1OOCl of 0 e R" such that
[X,-. X,-] = 22:, C,-'5 Xi. Equivalently, we want to find forms to‘ with

dwk = - Z C5 to‘ /\ wj.
I‘ <1

Then the result will follow fiom the converse of Lie’s second fundamental the-
orem.
(a) Let /If be functions on IR >< IR“ such that

PL’: - 5* - Zak W8! _ I‘ - - 1"

I-J
/iffto, A‘) = 0.

These are equations “depending on the parameters x” (see Problem 5-5 (b]].
Note that hf(r,0) = rift, so that hf(l,0) = 5;‘. Let oi‘ be the l—form on 1R >< R"
defined by

Gk = 231,1.‘ dx’.
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and write
dak = ll‘ + (dr Adk).

Where ll‘ and ark do not involve dz. Show that

ahl Bhl . .k _ _____._!_ ___ ____5_ . .It _ W.) ax Adi!

ak = dxk ___ xl'0.j_

I1]

(b) Show that

av = at /\ (- Z0}; dxi /ta)‘ - 20,-’; xklj).
HJ I-J

(c) Let
6* =v< +%Zq§s="/isa

:',j

Show that

d6" = an /\ (_ cf; i-W‘ - Z cf} cj,i-we A oi)
:,_) :,_; r..

+ terms not involving dr.

Using
. . l . .ZZC.-’;-em‘ A <1’ = 5 ZZ<e.-’;-Ci. ~ e;i‘.e:,->0‘ M

S 1" SI-aj r‘ l-Ij '

: + A U;_; rs

and equation (2) on page 396, show that

d9" =d:/\(-21¢“,-'j-x"l" +%ZZC',-’f.C_,l-xros/xol)J
is]. lirj as

+ terms not involving dr.

Finally deduce that

eel = df A - Z c,’;x1o’ + terms not involving dl.
j,I
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(d) We can write
6* = Egg‘,-dx' /\dXJ.

i<j

where gf‘J.(0. x) = 0 (Why-?). Using (c), show that

agi‘. k

"TIL = " Z Cr: “gir-r,s

Conclude that 6* = 0.
(e) \'\"e now have

] . .It _ k
}\

_ III

l - .ea‘ -= - 52c,-'j-0' Ac’ + (dr mi‘)
iii

Show that the Iorms to/"(.\') = ok(l,x) satisfy

dwl‘ =——%ZC,-‘lim’./\wj.
5,]



CHAPTER ll

EXCURSION IN THE REALM
OF ALGEBRAIC TOPOLOGY

Tl1lS chapter explores further properties of the de Rham cohomology vector
spaces of a manifold. Our main results will be restatements, in terms of the

de Rham cohomology, of fundamental properties of the ordinary cohomology
which is studied in algebraic topology. Because we deal only with manifolds.
many of the proofs become significantly easier. On the other hand, we will be
using some of the inain tools of algebraic topology, thus retaining much of the
flavor of that subject. Along the way we will deduce all sorts of interesting con-
sequences, including a theorem about the possibility of imbedding n-manifolds
in ]R"’+‘.

Let M be a manifold with M = U U V for open sets U,V C M. Before
examining the cohomology of M we will Simply look at the vector space Ck (M l
of k~forms on M. Let

iU:U—>M IV: I/—>M

jU:UfiV—>U j;/:UfiV—>V

be the inclusions. Then we have two linear maps or and 15.

='*a9'-* ="*-'-='C"(M)-————-Mi” " c'<<u)eec’<(v)i>5J” JP C"(UnV)
defined by

=I(w)=(1't/*(w),iv*(w)) fi{Al1A‘2) = ju*(M) - J'v*(l2)-

Here iU*(w) is just the restriction of to to U. etc. Clearly /3 o or = 01 ln other
words, iinageor C ker ;5’. Moreover, the converse holds: kerb’ C image or. For,
if ;B(M,l;) = 0, then it; = lg on U H V. so we can define to on M to be M
on U and kg on V. and then a(w) = (}.;,}tg). The equation imagea = kerfi is
expressed by saying that the above diagram is exact at the middle vector space.
We can extend this diagram by putting the vector space containing only 0 at the

419
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ends; the arrows at either end of the following sequence are the only pOSSiblt-
linear maps.

1. LEMMA. The sequence

. 50+CHMj£+@flH$CH@—+CMUfiV}+0
is exact at all places.

PROOF. lt is clear that or is one-one. This is equivalent to exactness at Cl‘ (M ).
since the image ofthe first map is {0} C C"(M). Similarly, exactness at Ck (U O
V) is equivalent to fi being onto. To prove that fi is onto, let {¢u,¢V} be a
partition of unity subordinate to {U , V}. Then to G Ck(U Pl V) is

w = l3(¢vw, -¢uw)-
where ¢|/to denotes the Iorm equal to gbvw on U F1 V, and equal to 0 on
U - (U n 1/ ). +:~

By ptitting in the maps (1. we can expand our diagram as follows,

r r
‘~ -Q wl

oi» C’*'(U)e|aC"(v) C"(Unv)-_>0
le leee Q

w -1 w

so that the rows are all exact. lt is easy to check that this diagram commutes.
that is, any two compositions from one vector space to another are equal:

in
(c/&Bd)oa=aod jdead =dl a

J1.
= I =(fofi fj'o(dEB£) d easel 5

5  *
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Our first main theorem depends only on the simple algebraic structure in-
herent in this diagram. To isolate this purely algebraic structure, we make
the following definitions. A complex C is a sequence of vector spaces Cl‘.
k = 0, 1,2,... , together with a sequence oflinear maps

e*= cl -> c"+‘
Satisfying dk‘H o elf‘ = 0, or briefly, c/2 = 0. A map or: C; —> Cg between
complexes is a sequence oflinear maps

0/<1 c,'< -> cf
such that the following diagram commutes for all 1:.

1:
C3!‘

t

eel |e-*I .
C-‘k+I 0/‘J’ C-_,k+1

The most important examples of complexes are obtained by choosing C‘ :
Ci‘ (M) for some manifold M, with dl‘ the operator d on k-forms. Another
example, implicit in our discussion, is the direct sum C = C1 €B C; of two
complexes, defined by

ct‘ = c,’*' esC;"‘. e’* = efi‘ @e2’~'.

For any complex C we can define the cohomology vector spaces of C by

. ker ell‘
HA = L".

(C) image dbl

Nz1tu1'ally, if C = {C"'(M)}, then Hk(C) is just Hl‘(M). lf or: C; —> C; is a
map between complexes. then we have a map, also denoted by or.

or: H"(C1)-> H"(C3).

To define or we notc that every clement of H"'(C1) is determined by some
x e Cii‘ with d/‘(xl = 0. Commutativity of the above diagram shows that
d2"(or"‘(x)) = 0z""'la';"'(.r) = 0, so o/‘(x) determines an element of H"‘(C2),
which we define to be or(the class determined by x). This map is well-defined.
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for ifwe change x to x + d;""" (y) for some y E C/‘“', then a*(x) is changed
to

<1"‘<>t-+ di’<"‘o)) -= aw) + a"<di""‘om
= am + d2"*‘<<>/‘"‘o)>.

which dctermines the same element of Hk(C;). W'hen C1,‘ .-= Ck(M), C2)‘ =
cmv). and <1; C"(M) _> ckov) is f* for f; N -> M, then this map isjust
_{*¢ H"(M) _> Hmv).

Now suppose that we have an exact sequence of complexes

:1 I5
0 > C1 > C2 > C3 > 0.

which really means a vast commutative diagram in which all rows are exact.

J_t_,J
R‘--I i--I fik Cglk-'i 0

‘d‘k-I “dgk-I d3!»--I

~. A -. A,

(?5‘f e s >C1A —’-Q e —)C2k —'-g e

If I"‘+ 13 + C-3k+l 0

t I
~ ~; 1

\'\"haI does this imply about the maps =1; H’~'(c,) _> H’*'(c2) and 5; H"tc2) _>
H""(C3)? The nicest thing that could happen would be for the following dia-
gram to bc exact:

It ‘Y k '5 t-0-> H (C1)—> H (C2)—> H (C3)->0.
This is not true. For example, if U and V are ovei'lappi11g portions of S 2 for
which there is a deformation retraction of U O V into S], then we have an exact
sequence

0—> c’*<s2> —> c"<U>e1s»c’“<v> -> C’“<v o V) —> 0- ‘fig;~51»“cg
-in

as-.33¢k,-fifi-".1,§~;‘r<'

C"!

F
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but not an exact sequence

'(s1) HI(U)oH‘(v) H‘(t1nv)?>0.
22 22 22
0 0 R

Nevertheless, something very nice is true:

I5
2. THEOREM. lf 0 > CI a> C; > C3 > 0 is a short exact sequence ol
complexes, then there are linear maps

6"‘: H"<c3) —> H"+‘(ci>
so that the following infinitely long sequence is exact (everywhere):

0 Q‘ o H 0 5 10—> H (Ci)—> H (C2)—> H (Cs)—>H (Ci)—>--'
5—> H"<c1) L H"‘<c1) L Hk(C3) —> H"+‘<ci) —>

PROOF. Throughout the proofl diagram (>1=) should be kept at hand. Let x E
Cgk with cl3"(x) = 0. By exactness of the middle row of (*), there is y e C31‘
with fik (y) = x. Then

0 = 613* to = 613* fi"o) = fi"‘*‘di*<y)-
So d2"(y) e ker)3"+I = iITl21gCCt/k+I§ thus d;"‘(_v) = 0/‘+I(z) for some (unique)
: e C1""'I. Moreover.

__= d2k+]ak+I(z) Z __:

Since a"+] is one-one, this implies that d1"+I(::) = 0, so 2 determines an ele-
ment of Hk+](C1): this element is defined to be 5!‘ ofthe element of Hk(C3)
determined by x.

ln order to prove that 5" is well-defined, we must check that the result does
not dcpend on thc choice of x E Cgk representing the element of H"(C3). So
we have to show that we obtain 0 e H"+I(C1) if we start with an element of
the lorm d3k'I(x’) for x’ e C3"“I. ln this case, let x’ = fi"“I(y’)_ Then

A, : d3k—I(x:) = d3k—-Ifik—-I(y.') : fikd2k—-I(yr)’

so we choose dgk—](_]") as _1'. This means that d;"'(_1-') = 0, and hence : = 0.
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lt is also necessary to check that our definition is independent of the choice
of y with fi"‘(y) = x; this is left to the reader.

The proof that the sequence is exact consists of 6 similar diagram chases. We
will supplv the proof that kercr (I image 5. Let x E Cik satisfy di"(x) = 0, and
suppose that cri"(x) E Cf‘ represcnts 0 E Hk(Cg). This means that a"‘(x) .-=
d2"‘I(y) Ior some y E Cgk—I. Now

d3k--Ifik—-I(J,) : fikd2f<.'—-I(y) : fikaI¢'(x) :

So ;5’i"“I(_1’) represents an element of H"“I(C3). Moreover. the definition of 5
immediately shows that the image of this element under 5 is precisely the class
represented by X. Q‘

lt is a worthwhile exercise to check that the main step in the proof of Theo-
rem 8-l6 is preciselv the proof that keror C image 5, together with the first part
of the proof that 5 is well-defined. All of Theorem 8-l6 can be derived directly
from the following corollanj of Lemma l and Theorem Q.

3. THEOREM (THE MAYER-VlETORlS SEQUENCE). lf M = U U V,
where U and V are open. then we have an exact sequence (eventually ending
in 0’s):

u-= H°tM> - —~H"(M) - H"(U)EB H"(V) -> H"(u n vi Q H"+'(M) -> .

As several of the Problems show. the cohomology of nearly everything can
be computed by a suitable application of the Mayer-Vietoris sequence. As a
simple cxamplc. we consider the torus T = S i >< S ', and the open sets U
and V illttstratcd below. Since there is a deformation retraction of U and V

U . .. -A, .,-- 1/
- £2‘?-5' ’“s§“§§§\' ‘J .'=_-, ‘- 5' “*“ _‘* . xi “‘ '=;-,.

£51.-». ‘iv ii x - -=-=»».~\g, _ -' »-- , -- .-.- - .. ,» '<_»\_---.
-’z§t£‘!z> i ’ _,. . 1: -“‘ . ‘ , Q l"_""\’-‘.3?

if __ "1-. . _ >33, ' -iii-5.="‘~t .-:¢-.-.- ~?"*"I:»¢;=."’.¢1,qi._. .~?,;‘_\-,_(.;;~i-.1 is ,‘_._ _§;;;5¥.,,§,y- #1, mi
""“‘q=:' 1-.lg:.’.' TI“ " $3. ' “~".-.‘}"<. .. r.: -- :{ ,,,_-:1 - '

2
"wt

-51‘-z. .-

onto circles. and a deformation retraction of U O V onto 2 circles. the l\'Iayer-
Vietoris sequence lr~
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—> H°(T) —> H°(U) es H°(V} —> H°(U n vi —> H‘m —> H'tu) es H‘(V) -_»
Rt 2?
ts rt

-~»» H‘(U o vi —~+ H2(T) —> 0.
€= BE

lR<€BlR [R

The map HI(U H V) —> H2(T) is not 0 (it is onto H2(T)), so its kernel is
l~dimensional. Thus the image of the map H1(U)EB H‘(v) _> H‘(u n v)
is l-dimensional. So the kernel of ma map is l—dimensional. and consequently
the map HI(T) —> HI(U) EB HI(V) has a l~dimensional image. Similar rea-
soning shows that this map also has a 1-dimensional kernel. lt follows that
clim H1 (T) = 2. The reasoning used here can fortunately be systematized.

4-. PROPOSlTlON. lf the sequence

or
0 >V1 >1/2 >--- >Vk_1—>V,1.—>O

is exact, then

0 =dim V1—diml/2 +dim v3 ----+ r-1)""1 dim v,..
PROOF. By induction on k. For k = l we have the sequence

O —> V1 —> 0.

Exactness means that {0} C V1 is the kernel of the map V1 —> 0, which implies
that V1 =

Assume the theorem for k -— I. Since the map V2 —> V3 has kernel a(V1), it
induces a map V2/cr(V1) —> V3. Moreover, this map is one-one. So we have an
exact sequence of k —- I vector spaces

O—> V2/a(V1) —> V3 —> —> Vk_.1—> V1, —> 0:

hence

0-=dlITlV2/tI(V1)"'C'liITlV3+-->

7?‘ 0:0which proves the theorem for
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Rather than compute the cohomology of other manifolds, we will use the
Mayer-Vietoris sequence to relate the dimensions of H"(M) to an entirely
dillerent set of numbers, arising from a “triangulation” of M, a new structure
which we will now define.

The standard n-simplex A,, is defined as the set

A1,, = {X elRI"+l :0_*Exi§ land Z;:1lx“=l}.

A2
A

A0 ‘/ I /
\AF i

ll 1

(ln Problem 8-5. A1,, is defined to be a difi'ei'ent_ although homeomorphic, set.)
The subset of A,, obtained by setting :2 — k of the coordinates xi equal to 0
is homeomorphic to A1. and is called a A"-face of A,,. lf A C M is a dif-
Ieomorphic image oI' some Am, then the image of a k~face of Am is called a
k-face of A. Now by a triangulation of a compact n~manifold M we mean a
finite collection lo”,-} ofdilfeomorphic images of An which cover M and which
satisfy the following condition:

lf tr"; Flo”; 72 ll). thcn for some k the intersection tr"; no"; is a k~Iace
of both ct”; and 0”,-.

tee 4»4»
L1 _ . . I '

Q 1 he standard lI‘1H1'l!1'L1lEll]0li ixahd .
O ofS2(aftc1 Stembem nflersiimom

of 3~s1mplcxc

C i i I. .

. _  2i

% lnvalicl '\
A “triangulations” v

(n =: 21'

lt is a difiicult theorem that every C°° manifold has a triangulation; for a
proofsee Munkres. EIcmcm‘a2_"1-Dgjjlémzlzial Y?ij)0!r)gJ'. or \’\*’hitney, Geonretnic Inlegratiazz

4%
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Tlteotjn Assuming that our manifold M has a triangulation {o"1-} we will call
each or"; an ??~$impleX of the triangulation; any k-face of any tr”; will be called
a k-simplex of the triangulation, We let ark be the number of these k-simplexes.

Now let U be the disjoint union of open balls, one within each it-simplex J",-1
and let V,,_1 be the complement of the set consisting of the centers of these balls,
so that V,,_.1 is a neighborhood ofthe union ofall (n-— l)—simplexes of M. Then

Q - 0
<.'

M = U U V,,_1 where U H V,,_.1 has the same cohomology as a disjoint union
of an copies of S"*1. Consider first the case where n > 2. The Ma_ver~Vieto1-is
sequence breaks into pieces:

(1) 0 —> H°(M) —> H°(U) o H°(V,,_1)—> H°(U n v,,_,1_> H'(M)

—> H'w) e H](Vfl—I) —> H'w n Vu-I)
ll ll
0 0

(2) I-'or1<:/<<n-1.

H’<*'ru n v,,_.,) _> H"(M) _> H""(U) as H’*(v,,_,) _> H*(U n1/,,_,)
ll ll 1'.
U U ll

(3) H"-1w n V;:—-I) —> H“*'tM> —» H"-‘wt es H""tv.,_.> —-
il ll
U U

-> H"_'(U n Vn—]) —> H"(M> —> H"w> es H"(Vn—l)
ll
U
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Applying Proposition 4 to these pieces yields

dimH"(V,,..1)=dimH*(M) 05k 5»-2
dim H"—‘t1/,,_t) = dim H"-1(M) - dim H"(M) + =1...

For the case I? = 2 we easily obtain the same result without splitting up the
sequence. We now introduce the Euler characteristic X(M) of M, defined by

X(M) = dim H°tM) - dim HHM) + dim H2(M) _ +1-1)" dim H”(M).
This makes sense for any manifold in which all H k (M) are finite dimensional;
we anticipate here a later result that Hi‘ (M) is finite dimensional whe11ever M
is compact. The above equations then imply that

n—l

Xtt/,,-1) = Z:(-1);‘ dim H"(v,,__,)
k=0

n—2
= Zt-_1)'< dim H"(M)

k=0

+(-1)"_1[dim H""‘ (M) - dim H"(M) + ct,,]
= ;((M) - (—1)”a,,.

01'

X(M) = X(Vn-l)“l"("'1)nan-

5. THEOREM. For any triangulation of a compact manifold M we have

X(M)=¢Y0—0t1+0f2 "-'-+(—1)”=Yn-

PROOF. In the manifold V,,_, we define a new open set U which consists of
a disjoint union of sets diffeomorphic to IR", one for each (n — 1)-face, joining
the balls of the old U.

ii“ ‘(W (‘oITlP0ne11ts of
‘ new U (H == 2) v ___,_,

/V .components of 1.1r\
iii
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We will let V,,_2 be the complement of arcs, in the new U, joining the centers
of the balls in the old U.

i§\
VI;-1_2 iS thl?

complement ofL,

(n .-:: 2‘) (n x 3'}

V,,_2 is the
complement of

L.

An argument precisely like that which proves the equation

= X0/n—l) "l-' ("'1)n05n

also shows that
X(Vn—I) = ><tv.._2) + t»-1)"-‘=1.._1.

Similarly, we introduce V,,_3, . . . , V11; the last of these is a disjoint union of an
sets each of which is smoothly contractible to a point. Hence X(V0) = org, while
in all other cases we have

X(l/it) = X(Vt'-1) + ("-1)"'=1t<-

Combining these equations, we have

X(M) = X(Vn—1)+(_1l”art

= ><tv,._2)+[<~1)"-‘=n_1 +t~1)"=1..1

= x(V0)+[(-1)‘a1+---+(-—1)”m=]
==1o —in + ---+ (—1)"0ta- OO.’

6. COROLLARY (DESCARTES-EULER). If a convex polyhedron has V
vertices, E edges, and F faces, then

V--E-I-F=2.
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Ifwe turn from Hi‘ to Hf we encounter a very difi"erent situation. If U C M
is open, a form to with compact support C M may not restrict to a form with
compact support C U: the inclusion map of U into M is not proper. On the

,ta;:J£:s,, Support £0
‘w"I;“;’+>
(:1-i ' .'

U

other hand, if to is a lorm with compact support C U, then to can be extended
to M by letting it be 0 outside U; we will denote this extended form by

_ ’ support to
to (to).

If Cf (M) denotes the vector space of A--fornis with compact support on M, we
can define a new sequence.

7. LEMMA. The sequence
- ;$"_ . 1- - I; . 1.

o_>cfttmv)15'»-iscftu)ocftv1l‘i'._Jl>cftM)_>o
1S CXZICL

PROOF. It is clear that jg’ EB -~ j1/’ is one-one; in fact, each map jg’ and jv’
IS one-one.

To prove that t'U’+i;»’ is onto, let to be a k-form with compact support on M.
and let {¢u,¢;/} be a partition of unity for the cover {U, V}. Then

w =¢uw+<tn/w
is clearly the image of (¢Uw,¢1/w) 6 C'(’."(U) EB Cg‘(V).

It is clear that image (jU' EB -—j1/’) C kertiy’ + 1'1/). To prove the coliyersc.
suppose that

(A.1.,A2) 6 C'f{U) EBCf(V) satisfies t'U’(lt) +i1/'(lg) = 0.

This means that It. = -kg. Since supportl1 (I U and support lg C U. this
shows that support kt C U O V and support lg C U O V. So (l|,lg) is the
itnage of M 6 Cf(U H V). ~1~
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8. THEOREM (MAYER-VIETORIS FOR COM PACT SUPPORTS). Ifthe
tnanifold M = U U V for U, V open in M, then there is a long exact sequence

5_> Hfw nt/1_> H§(t1) oH§(v) _> H§(M) __> H§+‘(Un t/1 _> .
PROOF. Apply Theorem 2 to the short exact sequence of complexes given by
the Lemma. *I*

This sequence is much harder to work with than the Mayer-Vietoris sequence.
For example, suppose we want to find Hf for R" -{O}, which is dilfeomorphic to
S"“‘ xlli. Ifwe write S" = ULJV in the usual way, so that UHV is diffeomorphic
to S"“‘ >< R, then S” >< IR = (U >< IR) U (V >< R), where (U >< R) O (V >< R)
is diffeomorphic to S”_' >< R2. The only way to use induction is to find Hf
for all S" >< lR'", starting with S1 >< Rm. The details will be left to the reader;
we will merely record one further result, for later use. and then proceed to yet
another application of Theorem 2.

9. COROLLARY. If M = U U V for U, V open in M, then there is a dual
long exact sequence

_>Hj‘+‘(tmv1* -> Hf(M)* _> [Hj‘(t11oH§tv1]* _> Hftunvy _>
PROOF. We just have to show that if the sequence of linear maps

=1 I5
l’Vt"—->W2-—->W3t

is exact at W2. then so is the sequence of dual maps and spaces
* =t

=1! 5 1|‘ a 1|‘W3 -—> W3 ~—-> W1 .

For any A 6 W3* we have

ot*1B*(l)=0t*(lo1B)=lo(1B00t)=l00=0.

SO 0* 0 fi* = 0.

Now suppose it 6 W;* satisfies 0z*(l) = 0. Thcn A o or = 0. We claim that

W1 -°'_> W; it as

tr It

lli
there is l: W3 -> R with A = 1t5’*(l), i.e., It = 16 0 i. Given a w 6 W3 which is

a
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of the form B(w’), we define
itwl = M13’)-

This makes sense, for if fi(w') = fi(w"), then w — w" = a(:) for some 2, so
ltw) — Atw") = lac) = 0. This defines 1 on fi(W2) (I W3. Now choost
W <3 ll/3 with W3 = ]3(l'l/2) o W, and define it to be o on w. +:~

We now consider a rather different situation. Let N C M be a cotnpacr sub-
manifold of M. Then M-N is also a manifold. We therefore have the sequence

-»

C.5‘tM - N) i> CHM) '-—>cttm.
where e is “extension”. This sequence is not exact at Cf(M): the kernel of t"‘
contains all to 6 C,‘."(M) which are 0 on N, while the image of e contains all
to 6 Cf (M) which are 0 in a neighborhood of N.

To circumvent this clifficulty. we will have to use a technical device. We
appeal first to a result fi-om the Addendum to Chapter 9. There is a compact
neighborhood V of N and a map rt: V —> N such that V is a manifold-with-
boundary, and if j: N —> V is the inclusion, then rt 0 j is the identity of N.
while j o rt is smoothly homotopic to the identity of V. We now construct a
sequence of such neighborhoods V = V1 3 V2 3 V3 3 with Q, V; = N

V2 X W _ N

Vt //.5 i ii
J?‘

5;£g*;é.m"_| ,,_:_,:-27".-75.?-s.< _<

Now consider two forms to; 6 C I‘ (V,-), to; 6 C k(V,,-)- We will call to; and to;
equiztaltznl if there is I > 1', j such that

to,-IV; = w,|v,_
It is clear that we can make the set of all equivalence classes into a vector space
9"(N), the “germs of k-forms in a neighborhood of M”. Moreover, it is easy
to define cl: §<k(N) -> Q"-"‘(N), so that we obtain a complex Q. Finally. we
clefine a map of complexes

-=t=
k Ic, (M) —~> §\"(N)

in the obvious way: to t—-> the equivalence class of any w|V,-.
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10. LEMMA. The sequence

1; e 1; ll isO—> C,(M-—N)—->Cc(M)—->9 (N)—>O

isexact.

PROOF. Clearly e is one-one.
If cu 6 Cf(M - N). then cu = 0 in some neighborhood U of N. Since N is

compact and Q; V; = N, there is some l‘ such that V; C U, and consequently
cu = 0 on V}. This means tl1at l'*e(w) = 0. Conversely, suppose P». E Cck(M)
satisfies l'*(}t) = 0. By definition of Q" (N), this means that ll V; = 0 for some ll
Hence MM -—- N has compact support C M -—- N, and A = e(}t|M -—— N).

Finally, any element of §k(N) is represented by a form n on some V}. Let
f: M —> [0,1] be a C°° function which is 1 on V}-+1, having support f C
interior V}. Then ff] E Cf(M), and f T) represents the same element of 9"‘(N)
as 1;; consequently this element is l'*(flq). '3'

ll. LEMMA. The COl10mOlOgy vector spaces H"($0 of the complex {E-,1k(N)}
are isomorphic to Hk(N ) for all k.

PROOF. This follows easily from the fact that 1*: H"‘(V;) _> H"(N) is 2111
isomorphism for each V,-. Details are left to the reader. *1‘

12. THEOREM (THE EXACT SEQUENCE OF A PAIR). If N C M is a
compact submanifold of M, then there is an exact sequence

(ll.-._> Hf(M--N)—> Hfliw)-> H"(N)-> H§+‘(M-N)->
PROOF. Apply Theorem 2 to the exact sequence ofcomplexes given by Lemma
10, and then use Lemma ll. 4*

In the proof of this theorem, the de Rham cohomology of the manifold—with—
boundary V} entered only as an intermediary (and we could have replaced
the V; by their interiors). But in the next theorem, which we will need later, it
is the object of primary interest.

13. THEOREM. Let M be a manifold—with-boundary; with compact bound-
ary 3M. Then there is an exact sequence

ls_> Hflm -aim -> Hf(M)—> H"(8M)—-> H,§*+‘(M --8M)->
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PROOF. _]ust like the proof of Theorem 12, using tubular neighborhoods V} of
3M in M. '1‘

1/, V2
M 1/

'3\:,vT=?€"-ii’?

A n f‘As a simple application of Theorem 13, we can rederive Hc'(]R ) rom a
l~:nowledge of H"(S"_'), by choosing M to be the closed ball B in R", with
Hf(B) % Hk(B) = 0 for k qé 0. The reader may use Theorem 12 to compute
Hf(S" >< Rm), by considering the pair (S" >< lR’",{p} >< Rm). Then Theo-
rem l3 may be used to compute the cohomology of S" >< S’"_' .-= 3(S" ><
closed ball in Rm). For our next application we will seek bigger game.

Let M C R""" be a compact n—dimensional submanifold of lR"+‘ (a com-
pact “hyperslirface” of lR”"'l). Using Theorem 8-17, the sequence of the pair
(n"+', M) gives
H;l(R!J+l) Z} H‘fl+l (Rn+l __ Z) H;I+l (]Rn+l) i) Hn+I

ll Z? ll
O R O

It follows thal

(>l=) number of components of ]R”+' -— M = dim H"(M ) + 1.

But we also know (Problem 8-25) tlial

(>l=>l=) number of components of ]R"+' ~ M 3 2.

14-. THEOREM. If M C R""" is a compact hypersurface, then M is ori-
entable, and lR""" -M has exactly 2 components. Moreover, M is the boundary
of each component.

PROOF. From (=-l=) and (=l==-l=) we obtain

dim H"(M)+13 2.
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Since dim H"(M) is either 0 or 1, we conclude that dim H"(M) = 1, so M is
orientable; then (=l=) shows that llR”"" -— M has exactly two components. The
proof in Problem 8-25 shows that every point of M is arbitrarily close to points
in diflerent components of llR"+' — M, so every point of M is in the boundary
of each of the two components. '1'

15. COROLLARY (GENERALIZED [C°°]_]ORDAN CURVE THEOREM).
If M C llR"+' is a submanifold homeomorphic to S", then lR"+' -— M has two
components, and M is the boundary of each.

16. COROLLARY. Neither the projective plane nor the Klein bottle can be
imbedded in R3.

Our next main result will combine some of the theorems we already have.
However, there are a number of technicalities involved, which we will have to
dispose of first.

Consider a bounded open set U C R” which is stal-—shaped with respect to 0.
Then U can be described as '

U = {IX : x 6 S"'"' and 0 gr < p(x)}

for a certain function pt .S‘”_' —> R. We will call p the radial function of U.

Q\‘I
\

If p is C°°, then we can prove that U is ClilTCOIT10l‘pl1lC to the open ball B of
radius 1 in R". The basic idea of the proof is to take Ix e B to p(x)r -x e U.
This produces difficulties at 0, so a modification is necessary.

17. LEMMA. Ifthe radial function p ofa star—shaped open set U C R” is C°°,
then U is difleomorphic to the open ball B of radius 1 in R”.
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PROOF. We can assume, without loss of generality, that p 3 1 on S"_'. Let
fl [0,1] —> [0, 1] be a C°° function with

I
f --= O in a neighborhood of 0 1 ‘E

f’ 2 0 f
f(1)==1-

Define /1: B —> U by I

/:(r.v)= [1‘+(p(.X')— l)f(r)]x, x e S"_', 0 5: < 1.
Clearly It is a one-one map of B onto U. It is the identity in a neighborhood
of 0, so it is C°°. with a non-zero _]acobian, at 0. At any other point the same
conclusion follows from the fact that I l-> I + lplx) -— l)f(r) is a C°° function
with strictly positive derivative. *2»

In general. the function p need not be C°°; it might not even be continuous.

However, the discontinuities of p can be of a certain form only.

l8. LEMMA. At each point x e S"_'. the radial function p of a star—shaped
open set U C R” is “lower semi-continuous": for every 8 > 0 there is a neigh-
borhood W of .v in S”_' such that p(y) > p(x) -— s for all y 6 W.

PROOF. Choose Ix 6 U with p(x) ~ I < s. Since U is open. tl1ere is an open

ball B with .v E B C U. There is clearly a neighborhood W of .\' with the
property that for _l' e W the point 13' is in B, and hence in U. This means that
for 3' 6 W we have p(_l') 3 I > p(x) -—- 8. Q?
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Even when p is discontinuous, it looks as if U should be diffeomorphic to R".
Proving this turns out to be quite a feat, and we will be content with proving
the following.

19. LEMMA. If U is an open star—shaped set in R", then H"‘(U) is H"‘(R")
and Hftul ~ H_,_l‘(R”) for all k.
PROOF. The proof for Hl‘ is clear, since U is smoothly contractible to a point.
We also know that H,_f’(U) #11 R w H,.f."(R"). By Theorem 8—l7, we just have to
show that H,;l‘(U) = 0 for 0 35 k < n.

Let cu be a closed k-form with compact support K C U. We claim that there
is a C°° function p: S"_‘ —> R such that ,5 < p and

K C V= {rxrx e S"_' and0_-5! <,5(x)}.

This will prove the Lemma, for then V is di1’l'eomorphic to R" , and consequently
cu = dig where 1’) has compact support contained in V, and hence in U.

For each x e S"_', choose I, < p(x) such that all points in K ofthe form ux
for 0 5 u 5 p(x) actually have u < 1,. Since K is closed and p is lower semi-

-» r.v

/’fi \,1
. _ I .

_l
//

‘\.,_.r

continuous, there is a neighborhood W, of x in S"_' such that I, may also
be used as r_,. for all y E W. Let Wx,,..., Wx, cover .S'”_', let ¢;,...,¢; be a
partition of unity subordinate to this cover, and define

l5=I.v,¢i+-~-+ts-,¢r-

Any point x E S"_' is in a certain subcollection of the l/1",.-,., say Wx, , . . . , Wx,
for convenience. Then p;+;(x),...,p;(x) are 0. Each r,;,,...,t,,., is < p(x).
Since ¢l(X)+- --+¢;(x) = 1. it follows that ,5(x) < p(x). Similarly, K C V. '1'
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‘We can apply this last Lemma in the following way Let M be a compact
manifold, and choose a Riemannian metric for M. According to Problem 9-32,
every point has a neighborhood U which is geodesically convex; we can also
choose U so that for any p 6 U the map expp takes an open subset of Mp
diileomorphically onto U. Let {U1 , . . . , Ur} be a finite cover by such open sets.
If any V = U,-, f"l- - -O U;-, is non-empty, then V is clearly geodesically convex. If
p 6 V, then expp establishes a difleomorphism of V with an open star-shaped
set in Mp. It follows from Lemma 19 that V has the same Hf‘ and Hf as R".
In general, a manifold M will be called of finite type if there is a finite cover
{U;, . . . , U,} such that each non—empty intersection has the same H1‘ and Hg‘
as R"; such a cover will be called nice.

It is fairly clear that ifwe consider N = {1,2, 3, . . .} as a subset of R2, then
M = R2 -—- N is not of finite type. To prove this rigorously, we first use the
Mayer-Vietoris sequence for R2 = M U V, where V is a disjoint union of balls
around 1,2,3, . . . . We obtain

ct 0 1

H‘(R2) H'(M)eBH'(V) H'(Mnl/llsflltnl),
ll ll Ii
0 0 0

where M O V has the same H ' as a disjoint union of infinitely many copies
of S '; this shows that H‘ (M) is infinite dimensional (see Problem 7 for more
information about the cohomology of M). On the other hand,

20. PROPOSITION. If M has finite type, then Ht (M) and H§tM) EIFC finite
dimensional for all k-

PROOF. By induction on the number of open sets r in a nice cover. It is
clear for r = 1. Suppose it is true for a certain 2-, and consider a nice cover
{U;,...,U,,U} of M. Then the theorem is true for V = U; U U U, and
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for U. It is also true for U t"lV, since this has the nice cover {U |'“lU| , . . . , U |'“lU;"}.
Now consider the Mayer—Vietoris sequence

.--_> H""(Unv) is H’*tM) -3-> H"(U)e9H"‘(V)—>
The map a maps Hl‘ (M ) onto a finite dimensional vector space, and the kernel
of 0' is also finite dimensional. So Hk (M) must be finite dimensional.

The proof for H,;"(M) is similar. '1'

For any manifold M we can define (see Problem 8-31) the cup product map

H’<(M) >< H"(M) -51> H’*+" (M)
by

tlwl, [till t—> [w A ti]-
We can also define

H"(M) >< Hi<Ml 3-> H§‘+’<Ml
by the same formula, since cu /\ r; has compact support if 1) does. Now suppose
that M" is connected and oriented, with orientation /.1.. There is then a unique
element of Hf(M) represented by any T) E C,j."(M) with

j r) =1.
(Mm)

It is convenient to also use it to denote both this element of H,;"(M) and the
isomorphism H,‘,"(M) —> R which takes this element to 1 E R. Now every
cr 6 H"(M) determines an element of the dual space HC”‘l‘(M)* by

F-L
fll—>cru}3€H§(M)—->R.

We denote this element of Hc"_’* (M)* by PD(cr), the “Poincare dual” of cr, so
that we have a map

PD: H"‘(M) + H;*‘*tMl*. PD(<r)tfi) = tttrr U 5)-
One of the fundamental theorems of manifold theory states that PD is always
an isomorphism. We are all set up to prove this fact, but we shall restrict
the theorem to manifolds of finite type, in order not to plague ourselves with
additional technical details. As with most big theorems of algebraic topology,
the main part of the proof is called a Lemma, and the theorem itself is a simple
corollary.
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21. LEMMA. If M = UUV for open sets U and V and PD is an isomorphism
for all k on U, V, and U Pl V, then PD is also an isomorphism for all k on M.

PROOF. Let I : n - k. Consider the following diagram, in which the top row
is the Mayer-Vietoris sequence, and the bottom row is the dual of the Mayer-
Vietoris sequence for compact supports.

H""(u) ts H""'tv; —» 11*-‘(U n V) -1» H"(M) —> H"(u) ea H"(V) _» Hk(U n v)

PDEBPD lPD ]PD lPDEBPD lPD

[Hj+‘(U> ea Hj+'(v)}' _> H§+'tu n V)‘ _> Hjtmy _> [larjtuy ea Hjtt/;}* _> Hjtu n vr

By assumption, all vertical maps, except possibly the middle one, are isomor-
phisms. It is not hard to check (Problem 8) that every square in this diagram
commutes up to sign, so that by changing some of the vertical isomorphisms
to their negatives, we obtain a commutative diagram. \'Ve now forget all about
our manifold and use a purely algebraic result.

“THE FIVE LEMMA”. Consider the following commutative diagram of vec-
tor spaces and linear lnaps. Suppose that the rows are exact, and that qbt, ¢p_.
tgba, ¢5 are isomorphisms. Then tgb;-, is also an isomorphism.

VI "" >V2 ‘*2 >V3 2’ >1/4 °“‘ >Vs
1

l¢l F12 l¢3 l¢4 l¢s
W]_,_____§l 5W2 52 >W3 153 ,W4 54 >W5

PROOF. Suppose ¢3(x) = 0 for some x E V3. Then B3¢3(x) = 0, so ¢4t'13(..\') =
0. Hence <13 (x) = 0, since Q54 is an isomorphism. By exactness at V3, there is
)‘ 6 V; with Jt' = 0tp_(_l‘). Thus 0 = ¢3(Jt') = ¢3a2(y) = fl2¢;(y). Hence
¢2(y) = /3;(:) for some 2 e W1. Moreover, : = ¢;(w) for some w E Vt. Then

¢z(J’) = 161(5) = Bl¢l (w) = ¢aotl(w),

Wl1lCl1 implies that y = a,(w). Hence

X = Q20’) = vlzttntwll = 0-

So at; is one-onc.
The proof that ¢3 is onto is similar, and is left to the reader. This proves the

original Lemma. '1'
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22. THEOREM (THE POINCARE DUALITY THEOREM). If M is a
connected oriented n-manifold of finite type, then the map

PD: H"(M) _> H;-*(M)*
is an isomorphism for all k.

PROOF. By induction on the number r of open sets in a nice cover of M. The
theorem is clearly true for r = 1. Suppose it is true for a certain r, and consider
a nice cover {U;,...,U,,U} of M. Let V = U; U---UU,. The theorem is true
for U, V, and for U Pl V (as in the proof of Proposition 19). By the Lemma, it
is true for M. This completes the induction step. '3'

23. COROLLARY. If M is a connected oriented n-manifold of finite type,
then Hl‘(M) and H,’."_k(M) have the same dimension.

PROOF. Use the Theorem and Proposition l9, noting that V* is isomorphic
to V if V is finite dimensional. '3'

Even though the Poincare Duality Theorem holds for manifolds which are not
of finite type, Corollary 23 does not. In fact, Problem 7 shows that H 1 (R2 - N)
and HQ (R2 -—- N) have different (infinite) dimensions.

24-. COROLLARY. If M is a compact connected orientable n-manifold, then
H*"(M) and H""‘(M) have the same dimension.

25. COROLLARY, If M is a compact orientable odd-dimensional manifold,
then )((M) = 0.

PROOF. In the expression for ;((M), the terms (—1)k dim Hk(M) and

t-1)"-" dim H"_"‘(M) .-= (-l)"+‘ dim H"-’* (M)
cancel in pairs. '1'

A more involved use of Poincare duality will eventually allow us to say much
more about the Euler characteristic of any compact connected oriented man-
ifold M". We begin by considering a smooth k-dimensional orientable vector
bundle E = rt: E —> M over M. Orientations p. for M and v for E give an
orientation p. 69 v for the (n + k)-manifold E. since E is locally a product. If
{U1 , . . . , U,} is a nice cover of M by geodesically convex sets so small that each
bundle $|U; is trivial, then a slight modification of the proof for Lemma l9
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shows that {rr_' (U1), . . . ,rr‘"' (U,)} is a nice cover of E, so E is a manifold of
finite type. Notice also that for the maps

s = 0-section
M ’ E

we have

rt 0 s = identity of M

s o rt is smoothly homotopic to identity of E ,

so rr*: Hl(M) —> H"(E) is an isomorphism for all I. The Poincare duality
theorem shows that there is a unique class U E H§‘(E) such that

rr*).tu U = tees U e H;*+*(E).

This class U is called the Thom class of E. Our first goal will be to find a
simpler property to characterize U.

Let Fp = rr_‘(p) be the fibre ofE over any point p e M, and let jp: Fp —> E
be the inclusion map. Since jp is proper, there is an element j_;,*U 6 H,;"(F_,,).
On the other hand, the orientation v for§ determines an orientation up for FP,
and hence an element up 6 H,l‘(F_,,).

26. THEOREM. Let (M, /.1.) be a compact connected oriented manifold, and
5 = rt : E —> M an oriented k-plane bundle over M with orientation v. Then
the Thom class U is the unique element of H,f.l‘(E) with the property that for
all p 6 M we have j_;,*U = Up. (This condition means that

.[ 19*” = 1»(FPIIUIP)

where U is the class of the closed form cu.)

PROOF. Pick some closed form w e C,.f."(E) representing U, and let 1] E C"(M)
be a form representing p., so that f(M,,,) T] = 1. Our definition of U states that

(l) ‘[rr*n/\w=1.
I-I

Let A C M be an open set which is difieomorphic to R", so that A is smoothly
contractible to any point p E A. Also choose A so that there is an equivalence

f: at-‘t/1) -> A >< Rk.
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This equivalence allows us to identify IF‘ (A) with A >< Fp. Under this identifica-
tion, the map jp: Fp —> rr_' (A) corresponds to the map e l—> (p,e) for e 6 Fp,
which we will continue to denote by jp. We will also use H21 A >< F_,, —> Fp to
denote projection on the second factor.

Let II ll be a norm on Fp. By choosing a smaller A if necessary, we can
assume that there is some K > 0 such that, under the identification of rt‘! (A)
with A x F_,,, the support of w|;rr‘”' (A) is contained in {(q,e) : q e A, ||e|| < K}.

l: : support w
1 A ll

A/.

Using the fact that A is smoothly contractible to p, it is easy to see that there
is a smooth homotopy H: (A >< Fp) >< [0,1] —> A >< Fp such that

H(e,0) = e

Hles 1) = (P=Tf2(@)) = Ji=(1't2(@));

we just pull the fibres along the smooth homotopy which makes A contractible

éeifi_.__

‘l1llll"'
to e. For the H constructed in this way it follows that

H(e,l') ¢ support w if ||e|| 3 K.

Consequently; the form H*w on (A >< Fp) >< [0,1] has support contained in
{(q,e, r) : ||e|| < K}. A glance at the definition of I (page 224) shows that the
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form ]H*w on A >< Fp has support contained in {(q,e) I ||e|| < K}. Theo-
rem 7-l4 shows that

(jp orrg)*w - w = r';*(H*w) - r';;*(H*w)
= d(]H*w) + ](dH*w)

=d(]H*w).

Thus

(2) rr2*j_;,*w - cu = d)., support it C {(q,e) : ||e|| < K}.

So

(3) f rr*nAw=/ rr*lqA2r2*jp*w -/ rr*r;lAd)t.
AXFI7 AXFI: AXFI:

Now, on the one hand we have (Problem 8-l7)

(4) f rr*1) Arrg*j_;,*w = f2r*l1 j_,,*w.
A><F,, A r},

On the other hand, we claim that the last integral in (3) is 0. To prove this, it
clearly sufiices to prove that the integral is 0 over A’ >< Fp for any closed ball
A’ C A. Since

rr*p. A :1}. = :l:d(rr*p. A dlt).

we have

where rr*p. A A has
(5) f rr*p. A all = :l:/i d(J'r*p. A lt) compact support on

"”‘Ftt "'*Ft= A’ >< Fa by (2)

= :1; f rr*p. A A by Stokes’ Theorem
3A‘lXFp

: O,

because the form Jr*p. A A. is clearly O on BA’ >< Fp (since 3A’ is (n -—- 1)-dimen-
sional).

Combining (3), (4), (5) we see that

f J'f*?]/\(1):‘[J'{*l’)-l/i j,,*w.
A:-:F,; ,4 F,
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This shows that ff,-P j,,*w is independent of p, for p e A. Using connectedness.
it is easy to see that it is independent of p for all p E M, so we will denote it
simply by ff, j*w. Thus

f ir*r;Aw=[rr*r;-[j*w.
Jr""(A) A F

Comparing with equation (l), and utilizing partitions of unity, we conclude that

/j*w= 1,
F

which proves the first part of the theorem.
Now suppose we have another class U’ E Hf (E ). Since

Hfte) is H”(E) 4.». H"(M) R: R.

it follows that U’ = cU for some c E R. Consequently.

1'a*U’ = 1'a*<-“U = C ~ va-
Hence U’ has the salne property as U only if c = 1. '1'

The Thom class U of E = rt: E —> M can now be used to determine an
element of H"(M). Let s: M —> E be any section; there alwaysis one (namely
the 0-section) and any two are clearly smoothly homotopic. We define the Euler
class )((E) 6 H"(M) of E

xté) = 8*!!-
Notice that if E has a non-zero section .9: M —> E, and cu 6 C_,j."(E) rep-
resents U, then a suitable multiple c -s of s takes M to the complement of
support cu. Hence, in this case

x(E) = (C - S)*U = 0-

The terminology “Euler class” is connected with the special case of the bundle
TM, whose sections are, of course, vector fields on M. If X is a vector field
on M which has an isolated 0 at some point p (that is, X(p) = 0, but X(q) 54 0
for q ¢ p in a lieighborhood of p), then, quite independently of our previous
considerations, we can define an “index” of X at p. Consider first a vector
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field X on an open set U C R" with an isolated zero at 0 E U. We can define
a function fy; U -—- {O} —> S"_I by f,y(p) = X(p)/|X(p)|. If 1°: S”_l —> U
is t'(p) = sp, mapping S”_' into U, then the map fx oi: S"_' —> S“_‘ has a
certain degree; it is independent of e, for smalls, since the maps it, 1'2: S"_' —>
U corresponding to s; and 2; will be smoothly homotopic. This degree is called
the index of X at 0.

index 0 index 0 index l index I

index --I index 2 index --2

index I in R" index (--1)” in R"
xlts As

Now consider a diffeomorphism /it U —> V C R" with 11(0) = O. Recall that
h,,.X is the vector field on V with

(h,.X)(y) = ]1*(Xh—I(y)).

Clearly 0 is also an isolated zero of h,,.X.

27. LEMMA. If ht U —> V C R" is a dilleomorpliism with h(0) = 0, and X
has an isolated 0 at 0, then the index of l:,,.X at 0 equals the index of X at 0.
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PROOF. Suppose first that h is orientation preserving. Define

H: R" >< [0,1]—> R”

by
h(rx) 0 < r 5 1
ommu)l=o

This is a smooth homotopy; to prove that it is smooth at 0 we use Lemma 3-2
(compare Problem 3-32). Each map H; = x l—> H (x, l) is clearly a diffeomor-
phism, 0 5 I 5 1. Note that H; e SO(n), since fl is orientation preserving.
There is also a smooth homotopy {I-1,}, 1 5 I 5 2 with each H, E SO(n) and
H; = identity, since SO(n) is connected. So (see Problem 8-25), the map I1 is
smoothly homotopic to the identity, via maps which are diffeomorphisms. This
shows that fin; is smoothly homotopic to fy,» on a sufiiciently small region of
R" — {O}. Hence the degree of j},_X o 1' is the same as the degree of fy o 1'.

To deal with non-orientation preserving h, it obviously suffices to check the
theorem for h(x) = (xl, . . , ,x”_', —x”). In this case

flay =l10_/lyohpl,

which shows that degree fi,,,,y oi = degree fy o 1'. '1'

H(x,l')={

<-

As a consequence of Lemma 27, we can now define the index of a vector field
on a manifold. If X is a vector field on a manifold M, with an isolated zero at
p E M, we choose a coordinate system (x, U) with x(p) = 0, and define the
index of X at p to be the index of x,,.X at 0.

28. THEOREM. Let M be a compact connected manifold with an orien-
tation p., which is, by definition, also an orientation for the tangent bundle
E = rt: TM —> M. Let X: M —> TM be a vector field with only a finite
number of zeros, and let o be the sum of the indices of X at these zeros. Then

M®=v-MEHWM1
PROOF. Let pt, . . . , pr be the zeros of X. Choose disjoint coordinate systems
(Ul>xl)> - ' ' 1 lufaxf) xflpf) Z 0: and let

Br = Xtpllll? 6 R”I|P|.E1l)-

If w E Cf(E) is a closed form representing the Thom class U of E, then we
are trying to prove that

/ X*(w) = o.
(Mali)
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We can clearly suppose that X(q) ¢ support w for q ¢ U; B,-. So

[M X*<w> = L X*<w>;
thus it sufi-ices to prove that

(=i<) f X*(w) = index ofX at p,-.
5',

It will be convenient to drop the subscript i from now on.
We can assume that TM is trivial over B, so that JT'_1(B) can be identified

with B >< Mp. Let j,, and Hg have the same meaning as in the proof of The-
orem 26. Also clioose a norm || ll on Mp. We can assume that under the
identification of ir"'(B) with B >< Mp; the support of w|ir"'(B) is contained
in {(q, v) : q e A, ||v|| 5 1}. Recall from the proof ofTheorem 26 that

J'rg*j,,"'w -—- to = dl support }-. C {(q,v) I ||v|| 51}.

Since we can assume that X(q) ¢ support A for q e 3B, we have

(1) I X*(w) = f X*i'rg*(j_,,*w) - f X*(d}.)
B B B

= f X*i'r2*( j_,,*w) - f X*0.) by Stokes’ Theorem
B aB

= f X*J"r2*(j,,*w).
B

On the manifold Mp we have

. _ p an (n — 1)—form on Mhpw _ 6/,0 (with non-compact suppltirt).

If D C Mp is the unil disc (with respect to the norm || ||) and S""‘ denotes
3D C Mp, then

1 F1SW”! 3.0 D

=‘/\jp*Q)

D

_ 1 by Theorem 26, and the fact
— ‘ that support jp*w C D.
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Now, for q E B — {p}, we can define

Ytq) = Xtq)/|X(q)i,
,-

and X : BB —> TM is smoothly homotopic to X I 3B —> TM. So

(3) f X*:rrg*(j_,,*w) = f X*:rrg* dp
B B

= J X*rr;*p by Stokes’ Theorem
BB

=/ l7*Ff2*P
aB

=/ (Ff2°l7)*P-
BB

From the definition of the index of a vector field, together with equation (2), it
follows that

(4) f (rt; o X*)p = index ofX at p.
aB

K-"K
*

\\:_/' 0:¢Equations (l), (3), (4) together imply

29. COROLLARY. If X and Y are two vector fields with only finitely many
zeros on a compact orientable manifold, then the sum of the indices of X equals
the sum of the indices of Y.

At the moment, we do not even know that there is a vector field on M with
finitely many zeros, nor do we know what this constant sum of the indices is
(although our terminology certainly suggests a good guess). To resolve these
questions, we consider once again a triangulation of M. 'We can then find a
vector field X with just one zero in each k—simplex of the triangulation. We
begin by drawing the integral curves of X along the 1—simplexes, with a zero at
cach 0-simplex and at one point in each 1—siinplex. We then extend this picture
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to include the integral curves of X on the 2—simplexes, producing a zero at Ont

I

point in cach of them. We then continue similarly until the n—simplexes are
filled.

30. THEOREM (POINCAREHOPF). The sum of the indices of this vectoi"
field (and hence of any vector field) on M is the Euler characteristic x(M).
Thus, for 2;‘ = JTI TM —> M we have )((§) = ;((M) ~p..

PROOF. At each O-simplex of the triangulation, the vector field looks like

with index 1.
Now consider the vector field in a neighborhood of the place where it is zero

on a 1-simplex. The vector field looks like a vector field on IR" = R1 >< ]R"_‘
which points direcTly inwards on R‘ >< {0} and directly outwards on {0} >< llR”_'.

+ )1

Ck
___ >--fi—— _

1 (a) n = 2 I (b) it = 3
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For H = 2, the index is clearly -1. To compute the index in general, we note
that fx takes the “north pole” N = (0, ...,0, 1) to itself and no other point
goes to N. By Theorem 8-12 we just have to compute sig"nN f,y. Now at N we
can pick projection on llR"_‘ >< {0} as the coordinate system. Along the inverse
image of the xi-axis the vector field looks exactly like figure (a) above, where we
already know the degree is --1, so fyi takes the subspace of S"-1 N consisting of
tangent vectors to this curve into the same subspace, in an orientation reversing
way. Along the inverse image ofthe x2-, . . . , x"_l -axes the vector field looks like

so f,y,,, takes the corresponding subspaces of S"-1 N into themselves in an ori-
entation presewing way. Thus signN fy = --1, which is therefore the index of
the vector field.

In general, near a zero within a k-simplex, X looks like a vector field on
R" = Rk >< llR"‘k which points directly inwards on R" >< {0} and directly outwards
on {0} >< llR"_k. The same argument shows that the index is (-1)"-

Consequently, the sum of the indices is

Q0"Q1+Q2—"-=X(M). Q‘

We end this chapter with one more observation, which we will need in the
last chapter of Volume V! Let £5 = JTI E —> M be a smooth oriented k-plane
bundle over a compact connected oriented rz-manifold M, and let ( , ) be a
Riemannian metric for !_;'. Then we can form the “associated disc bundle” and
“associated sphere bundle”

D={e:(e,e)__ 7
s={@;(¢» = iiii if

It is easy to see that D is a compact oriented (12 + k)-manifold, with 3D = S;
moreover, the D constructed for any other Riemannian metric is diffeomorpliic
to this one. We let not S —> M be rr|S.

.. Pb '1-\_i4 ii
iiW

.
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3l. THEOREM. A class oz E Hk(M) satisfies rr0*(a) = 0 if and only if oz is a
multiple of x(E).

PROOF. Consider the following picture. The top row is the exact sequence

Hftn-s H"(0)M>H"(s)

§ rr *ix ll
H"<M)

for (D, S) given by Theorem 13. The map s: M —> D — S is the 0-section,
while E I M —> D is tlie same O-section. Note that everything commutes.

J'r0* = 1'* o (rr|D)* since no = (2'r|D) 0 1',

Si. _ CT 0 L, since extending a form to D
— * does not affect its value on s(M),

and that
0 (JT|.D)* = identity of H"(M),

since (ir|D) o if is smoothly homotopic to the identity.
Now let oz E Hk(M) satisfy rr0*(a) = 0. Then i*(1r|D)*a = 0, so (rr|D)*a E

image e. Since D - S is difleomorpliic to E, and every element of H,i‘(D — S)
is a multiple of the Tliom class U of §, we conclude that

(rr|D)*a=c--e(U) for somece IR.

Hence

oz = .'§*(i'r|D)*a =:c -§*(e(U)) = c-s*U

=v-x(€)-

The proof of the converse is similar. +1‘
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PROBLEMS

1. Find H"‘(Sl >< - - - >< Sl) by induction on the number I? offactors. [Answeri
Cliff] Hk =

2. (a) Use the Mayer-Vietoris sequence to determine Hk(M -—- {p}) in terms
of Hk(M), for a connected manifold M.
(b) If M and N are two connected It-manifolds, let M #N be obtained by
joining M and N as shown below. Find the cohomology of M # N in terms of
that of M and N.

kl‘ N @/
/ \_ W

(c) Find X for the n-holed torus. [Answerz 2 -- 211.]

(a) Find H"(Mobius strip).
) Find H"(lP’2).

c) Find Hk(lP’”). (Use Problem l-l5(b); it is necessary to consider whether a
neighborhood of lP”'_l in P" is orientable or not.) [Answerz dim H"(lP’") = 1
if k even and 5 it, = O otherwise.]
(d) Find Hf‘(Klein bottle).
(e) Find the cohomology of M # (Mobius strip) and M # (Klein bottle) if M
is the n-holed torus.

4. (a) The figure below is a triangulation of a rectangle. If we perform the
indicated identifications of edges we do not obtain a triangulation of the torus.
Why not?

A >.11.
A
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(b) The figure below does give a triangulation of the torus when sides are iden-
tified. Find (Y0, O11, Q2 for this triangulation; compare with Theorem 5 and
Problem l.

5. (a) For any triangiilation of a compact 2-manifold M, show that

30:2 = 20:;

<11 = 30’-Yo — x(M))
(10010 "-1) > Q?~"--—2 __ i

l(X0 3 5(v + ~/49 - 24x(M) ).
(b) Show that for triangulations of S2 and the torus T2 = Sl >< Sl we have

S2: 01034 01136 (x234

T219027 01132] Q2214.

Find triangulations for which these inequalities are all equalities.

6. (a) Find Hf ( S" >< Rm) by induction on rt, using the Mayer—Vietoris sequence
for compact supports.
(b) Use the exact sequence of the pair (S" >< Rm, {p} >< Rm) to compute the
same vector spaces.
(c) Compute Hk(S" >< S"'_l), using Theorem 13.

7. (a) The vector space H1(R2 — N) may be described as the set of all se-
quences of real numbers. Using the exact sequence of the pair (R2,N), show
that Hcl(R2 -—- N) may he considered as the set of all real sequences {an} such
that an = 0 for all but finitely many n.
(b) Describe the map PD: H1(R2 -— N) —> H,_l(R2 -—- N)* in terms of these
descriptions of H1(R2—-N) and H61 (R2—-N). and show that it is an isomorphism.
(c) Clearly Hcl(R2 -—- N) has a countable basis. Show that H1(R2 -—- N) does
not. Hint: If v,- == {aij} e H1(R2 - N), choose (b1,b2) E R2 linearly indepen-
dent of (011,012); then choose (b3,b4,b5) E R3 linearly independent of both
(¢113,m“,¢115) and (f123,=’124,f125); etc.
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8. Show that the squares in the diagram in the proof of Lemma 21 commute,
except for the square

H"_‘(U ri V) i.H"(M)
jet) jPB

H;.’+‘(U n 1/)* __> Hj(M)*

which commutes up to the sign (-—1)l‘, (It will be necessary to recall how various
maps are defined, which is a good exercise; the only slightly difiicult maps are
the ones involved in the above diagram.)

9. (a) Let M = M1 UMQUMQ U- - - be a disjoint union oforiented n-manifolds.
Show that Hcl‘(M) '~== @,- H:‘(M,-), this “direct sum” consisting of all sequences
(0z1,0zg,0z3, _ . .) with oz; E H:‘(M,-) and all but finitely many ct; = 0 E Hg‘(M,-).
(b) Show that Hk(M) '4 ]_[,- Hk(M,-), this “direct product” consisting of all
sequences (a1,0z2,cz3,...) with oz; 6 H2‘(M,-).
(c) Show that if the Poincare duality theorem holds for each M,-, then it holds
for M.
(d) The figure below shows a decomposition of a triangulated 2-manifold into
three open sets U0, U1, and U2. Use an analogous decomposition in n dimen-
sions to prove that Poincare duality holds for any triangulated manifold.

\ kw‘: * "

.*_.
'='i=.1-;._

\' I.-.3‘.-i'.»,:-,-‘>:‘,;i_“-_ §é}%;f_.:_.-,
v .4.-7 ‘.T"i"i?1T~1I< t!‘,‘;§,iiET-§,'£*I t.-=='=E'=%:'1iZ€é?Eii:sa€it E€'=.i=.t:-'2-;'=I=.;i--k.=1.../ I _— "'-""~-;:L‘.-;=;*—»- ‘=1-.-',;_.,;--.,-:’.=-3;..,-_

.%_;, ' F ~
v :.-- :.'---=-~-.'--- - ' _ . =..——,,,_. _ 1t / I \ :.-.-E".-ztmzziiiséiiiil‘ '_1r:."'-‘?‘.=1'.;'-'::;' 1.;;L.‘ ’ ;,. ~—-.._ .-1-;e:-._s.:.¢;r;é>=a:¢;".¢- ".:i=?.’,-1==)‘=-.*.-='rii;-.-,.-- ==.'-3'--‘J-"R=.=-=-111%‘; .- :~- ‘~t- '-‘Ev-??:1+~¢.¢<>:i=-:==:.1;)‘ ‘K1--1 '-1%E.-‘FEE-itii-E5i%::'$;fir -1'#‘*'»‘*\.~Ir.-i ‘t=';§;::;~.F;_;;;=t»-5gm»;r ’ --"¢:*;.+:=i:;1g:s::-;- .~\‘.<-.'I~ii1.1;-<,:1:;- '==.*:;=’¢’:-‘;itt,>%_::&~.:z - "~%%'3*.*si=.:-:<;it=- trait?-;;¢‘e.=t"1=§§:._.. "s.=§§€?_=-.E=‘.~é1-.i'-I

‘-'-.‘.".. "*-T¢El£EiE" .€$3ii-5"Z5535"-‘?5‘£i:. ‘"335’-il'€‘55 -- .- ..1.i -'4"=t¢.1";ir:;,<11;!§.1:....:, -¢,—;v_-.1 _-._- .if--' - '~~ -"-iflgrf-,4: 1,‘. 1.-1--~~-.r. .1~.1.-;, .¢..1' :1r ~31‘;-1<-::;;=<-E1 ~i:Es'..":P_.'.W.=¢5 we :.~_-=I -_1::'.:l-2) "1'3'»=i<.':i:m;1*i:;':;.t1;'g ‘ .;.."--
Q :-_.:'-_.=.-' "I; ;.t.:‘.'.. - .i.__'
'1‘ P" ...;= .-=>;=,{-;;>1;§§.;;»a;:_,t,-...,...... ‘Y...~;a-:es:+t-.~‘.; ’~».

‘\':-1'1‘? .'-'-"~'*~ E'-'i->':i.\'e£.1t.\“€-C(:12i1~-1%:-11? 1:1. I“‘.‘.:-.‘.:':'.’.-;-.'-: -iii‘-Y-1‘ »'.-='¢.':-i%‘t;*;‘.-;::!:=Q- E‘-1'-_ °'-‘ - .1‘ ‘--.;v;-" wit:;g?f£=ig§;§:;:_eig~;;;,-1'.;z5§21;# ill,I 4 J '1j e g -< “Ii = <' .. . .._-<.- .r ....' .z_.-\,.‘_<.,~- ->i~.-,..-.-.--. Ii..-i '- '="::'* ‘=*->'-"-f§==‘ =-i;'=:-.--5' ..<=;::;‘.='~ =1" B ~Q ' “- €'~'-‘.1.-1:-;'~¢>>"=2‘.?=:'.:Y. '1?"-:2 21:32‘; ::'.' '~:'.» ~13’-115:1-:~t-:-gr-;=.t21 ' -i‘*i‘i,i£1i:1.¥'::::}.~le.-';;i
Qt ‘Ti =13 ‘:‘.%";‘:2>§~1?€5.=';-";:=I: = ,=i:,it'*f§'Q5f}l?j1£iE?iiif>1‘-

> . I'.‘-.z, __;:;';',-'.-1‘.:1.'~"" “'

‘ . \

.s\1";=

U0 is union of shaded U2 is union Ofshaded
U1 is union of unshacled%
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I0. Let § = rt: E —> M and .§' = rt’: E’ —> M be oriented k-plane bundles.
over a compact oriented manifold M, and (f, f) a bundle map from 5’ to E‘
which is an isomorphism on each fibre,

(a) If U e Hf(E) and U’ e Hf(E") are the Thom classes, then f*(u) = U’.
(b) f*(;((§)) = ;((§’). (Using the notation ofProblem 3-23, we have f*()((§)) ==
X(f*(§))-)
1I. (a) Let £5 = rt: E —> M be an oriented k-plane bundle over an oriented
manifold M, with Thom class U. Using Poincaré duality, prove the Thom
Isomorphism Theorem: The map H"(E) —> H§+l‘(E) given by oz l—> ct u U is
an isomorphism for all I.
(b) Since we can also consider U as being in Hk(E), we can form U u U E
H;.2"(E). Using anticommutativity of A, show that this is 0 for k odd. Conclude
that U represents 0 6 Hk(E), so that X(§l = 0. It follows, in particular, that
)((§) = 0 when § = rt: TM —> M for M of odd dimension, providing another
proof that )((M) = O in this case.

I2. If a vector field X has an isolated singularity at p E M", show that the
index of --X at p is (--1)" times the index of X at 1). This provides another
proofthat ;((M) = 0 for odd n.

13. (a) Let p1, . . . ,p,- E M. Using Problem 8-26, show that there is a subset
D C M diffeomorphic to the closed ball, such that all 19,- E interior D.
(b) If M is compact, then there is a vector field X on M with only one singu-
larity.
(c) It is a fact that a C°° niap f: S”“l —> S"_1 of degree 0 is smoothly lio-
motopic to a constant map. Using this, show that if ;((M) = 0, then there is a
nowhere 0 vector field on M.
(d) lf M is connected and not compact, then there is a nowhere 0 vector field
on M. (Begin with a triangulation to obtain a vector field with a discrete set oi
zeros. join these by a ray going to infinity, enclose this ray in a cone, and push
everything off to infinity.)

(e) lf M is a connected nianifold-with-boundary. with BM # I5, then there is a
nowhere zero vector field on M.
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14. This Problem proves de Rham’s Theorem. Basic knowledge of singular
coliomology is required. Vile will denote the group of singular lc-chains of X
by S;,(X). For a manifold M, we let Sf°(M) denote the C°° singular k-chains,
and let it Sf°(M) —> S;,(M) be the inclusion. It is not hard to show that there
is a chain map r: S;,(M) —> Sf°(M) so that 1' oi = identity of S,‘;’°(M), while
1' O 1' is chain homotopic to the identity of S;((M) [basically, T is approximation
by a C°° chain]. This means that we obtain the correct singular cohomology
of M if we consider the complex Hom(Sf°(M), R).

(a) If cu is a closed k-form on M, let R/1(0)) 6 Hom(Sf°(M),R) be

R/i(w)(c) = fa).

Show that R/z is a chain map from {Ck(M)} to {Hom(Sf°(M),R)}. (Hail:
Stokes’ Theorem.) It follows that there is an induced map R/i from the de Rham
cohomology of M to the singular cohomology of M.
(b) Show that R/z is an isomorphism on a smoothly contractible manifold (Lem-
mas 17, l8, and 19 will not be necessary for this.)
(c) Imitate the proof of Theorem 21, using the Mayer-Vietoris sequence for
singular cohomology, to show that if R/i is an isomorphism for U, V, and U O V,
then it is an isomorphism for U U V.
(d) Conclude that R/z is an isomorphism if M is of finite type. (Using the
method of Problem 9, it follows that R/i is an isomorphism for any triangulated
manifold.)
(e) Check that the cup product defined using A corresponds to the cup product
defined in singular cohomology.





APPENDIX A

CHAPTER 1
Following the suggestions in this chapter, we will now define a manifold to be

a topological space M such that

( ) M is Hausdorfi“,

(2) For each x 6 M there is a neighborhood U of x and an integer n 3 0
such that U is homeomorphic to R".

>-|

Condition (l) is necessary, for there is even a 1-dimensional “manifold” which is
not Hausdorff. lt consists of R U {=i=} where =i= ¢ R, with the following topology:
A set U is open if and only if

]\3|1--I

( ) U O R is open,
( ) If =-r= E U. thcn (U O R) U {0} is a neighborhood of O (in R).

Thus the neighborhoods of =r= look just like neighborhoods of 0. This space may
also be obtained by identifying all points except 0 in one copy of R with thc
corresponding point in another copy of R. Although non-Hausdorff manifolds
are important in certain cases, we will not consider them.

\/Ve have just seen that the Hausdorff property is not a “local property”, but
local compactness is, so every manifold is locally compact. Moreover, a Haus-
dorfflocally compact space is regular, so every manifold is regular. (By the way,
this argument does not work for “infinite dimensional” manifolds, which are lo-
cally like Banach spaces; these need not be regular even if they are Hausdorff)
On the other hand, there are manifolds which are not normal (Problem 6). Ev-
ery manifold is also clearly locally connected, so every component is open, and
thus a manifold itself. Before exhibiting non-metrizable manifolds, we first note
that almost all “nice” properties of a manifold are equivalent.

THEOREM. The following properties are equivalent for any manifold M:

) Each component of M is 0-compact.

::"".-B‘( ) Each component of M is second countable (has a countable base for the
topology).
M is metrizable.

1"?S}

(d) M is paracompact.

(In particular. a compact manifold is metrizable.)

459
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FIRST PROOF. (at => (b) follows immediately from the simple proposition that
a 0-compact locally second countable space is second countable.

(1)) => (c) follows from the Urysohn metrization theorem.
(c] => (cl) because any metric space is paracompact (Kelley. General 75/10/ogr.

pg. l60). The second proof does not rely on this diflicult theorem.
(cl) => (a) is a consequence of the following.

LEMMA. A connected. locally cotnpact, paracompact space is o-compact.

Pica)? There is a locally finite cover of the space by open sets with compact clo-
sure. If U0 is one ofthese. then U0 can intersect onlya finite number U1, . . . , U“,
ofthe 0thers. Similarly U0 U U1 U - - - U U,“ intersects only U,,,+1, . . . , U,,,; and
so on. The union

0U0U...L,|L,m L,|..,L,|[j,,:L,|...__U0L,|,.,U[jn| U.,.L,|U”:L,|...

is clearly open. It is also closed. for if x is in the closure, then x must be in
the closure of a finite union of these U,-. because .\- has a neighborhood which
intersects only finitely many. Thus x is in the union.

Since the space is connected, it equals this countable union of compact sets.
This proves the Lemma and the Theorem.

SECOJVD PROOF. (a) => (b) => (c) and (d) => (a) as before.
(c) => (a) is Theorem 1-2.
(a) => (d). Let M = C1 UCQ U- -- .whcre each C; is compact. Clearly C1 has

an open neighborhood U1 with compact closure. Then U1 U C2 has an open
neighborhood U3 with compact closure. Continuing in this way, we obtain open
sets U1 with U; compact and C U,-+1, whose union contains all C,-_ and hence
is M. It is easy to show from this that M is paracompact. *3‘

It turns out that thcre are even 1-manifolds which are not paracompact. The
construction of thc-se examples requires the ordinal numbers, which are briefly
cxplained here. (Ordinal numbers will not be needed for a 2-dimensional ex-
ample lo come later.

ORDINAL NUMBERS

Recall that an ordering < on a set A is a relation such that

(1) a < b and /2 < c implies a < c for all a,b,c E A (transitivityt
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(2) For all a,b E A, one and only one of the following holds:
(1 .-= li

(ii) a < /1 (trichotomy).
(iii) b < ct (also written a > b"

I-60 \_/

An ordered set isjust a pair (A , <) where < is an ordering on A. Two ordered
sets (A, <) and (B. -<) are order isomorphic ifthere is a one-one onto function
f: A —> B such that a < 13 implies f(a) -< f(b): the map f itselfis called an
order isomorphism. and f-1 is easily seen to be an order isomorphism also.

An ordering < on A is a well—ordering if every non-empty subset B C A
has afirsl clement. that is. an element b such that b 5 19' for all b’ 6 B. Some
well-ordered sets are illustrated below: in this scheme we do not list any of the <
relations which are consequences of the ones already listed.

til
{0}
0<l (A={0,!}}
0<1<Z‘ (A={0,1,2}‘=
0<1<2<3 etc.

0<1<2<3<---
O<l<2<---<w (tvissomeset;-’:O,l,2,3....1

(w + 1 is, for the present.
0<1<2<<--<w<w+l justasetdistinctfrom

those already mention edt

0<1<2<---<w<w+l<a>+2<.--
0<l<2<---<w<w+1<a>+2<...<w-2

0<1<2<---<w<w+I<a>+2<.--<w-2<a>-2+l<---
0<l<2<~--<w<w+l<w+2<---<w-2<w-2+l<---<w

0<1<2<---<w<-~-<w-2<~-~<w-3<...<--.
0<1<2<~--<a><~-<w-2<---<0)-3<---<-~<w2.
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Any subset of a well-ordered set is. of course, also a well-ordered set with thr
same ordering. In particular. a subset B of a well-ordered set A is called an
(initial) segment if b 6 B and ct < b imply a E B. It is easy to see that if B is a
segment of A. then either B = A or else there is some a 6 A such that

B={a'eA:a'<a};

in fact. ct is the first element of A -—- B. Notice that each set on our list is a
segment of the succeeding ones. It is not hard to see that no two sets on our list
are order isomorphic. For example.

0<1<---<w and 0<l<---<w<w+1

are not order isomorphic because the second has both a last and a next to last
element. while the first does not. But there is a much more general proposition
which will settle all cases at oncc:

l. PROPOSITION. lf B 72 A is a segment of A. then_B is not order isomor-
phic to A. In fact, the only order isomorphism from B to a segirreirl of A is tht
identity.

PROOF. If _/i: B —> B’ C A is an order isomorphism and B’ is a segment
of A. then for the first clement b of B (and hence of A) we clearly must have
f(b) = b. Then f(b’) must be b’. where b’ is the second element. And so on.
even for the “wlh” element (the first one after the first, second, third, etc.)l The
way we prove this rigorously is amazingly simple: If f(b) =,é b for some b E B.
just consider the first element of {b 6 B 1 f(b) ¢ b}: an outright contradiction
appears almost immediately. *1‘

Proposition l has a companion. which makes the study of well-ordered sets
simply delightful.

2. PROPOSlTION. If (A, <) and (B,-<) are well-ordered sets, then one is
order isomorphic to a segment of the other.

PROOF. We match the first element of A with the first of B, the second with
the second, , the “a>‘h” with the “filth”, etc., until we run out of one set.
To do this rigorously, consider order isomorphisms from segments of A onto
segments of B. It is easy to show that any two such order isomorphisms agree
on the smaller of their two domains (just consider the smallest element where
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they don’t). So all such order isomorphisms can be put together to give another.
which is clearly the largest of all. lfit is defined on all of A we are done. llit
is not, then its range must be all of B (or we could easily extend it) and we are
still done. *1‘

Suppose wc define a relation < between well-ordered sets by stipulating that
(A.<) -< (B,<) when (A.<) is order isomorphic to a proper segment ol
(B. <). Transitiyity of -< is obvious, and Propositions l and 2 show that we al—
most have trichotomy. ‘E/&1inost”, because the condition “(A, <) = (B, <)” musl
be replaced by “(A, <) order isomorphic to (B. <)". To obviate this difficulty
we need only work with order isomorphism classes of well-ordered sets, instead
of with the well-ordered sets themselves. These order isomorphism classes are
called ordinal numbers. They are beautilul:*

3. PROPOSITlON. -< is a well—ordering of the ordinal numbers.

PROOF. Given a non—empty set A of ordinal numbers, let (A, <) be a well-
orclered set representing one of its elements <1. To produce a smallest element
of A we (‘an obviously ignore elements 3 oz. Every element < oz is represented
by an ordered set which is order isomorphic to some proper segment of A:
each of these is the segment Consisting of elements of A less tliat some a e A.
Consider tlie least of these a’s. It determines a segment which represents some
[5 6 ,>4~. This )3 is the smallest element of A». *1‘

Notice that if a is an ordinal number, represented by a well-ordered set
(A . <), then the well-ordered set of all ordinals 16 < oz has a particularly simple
representation: it is order isomorphic to the set (A. <)! Roughly speaking: An
ordinal number is order isoniorphic to the set of all ordinals less than it.

If oz is an ordinal number, we will denote by 01 + I the smallest ordinal after oz
(if oz is represented by tlie well-ordered set (A, <). then oz + I is represented
by a well-ordered set with just one more element, larger than all members
of A). Notice that some ordinals are not of the form a + 1 for any ct; these
are called limit ordinals, while those of the form oz + I are called successor

*Only one feature mars the beauty of the ordinal numbers as presented here. Each
ordinal number is a horribly large set; it would be much nicer to choose one specific well-
ordered sel from eacli order isomorpliism class, and define tliese specific sets to be tlie
ordinal numbers. There is a particularly elegant way to do this, due to yon Neumann,
which can be found in the Appendix to Kelley, Genera! 75/:0/051'.
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ordinals. We will also denote some ordinals by the symbols appearing before:
0,l,2.3....,w,w+1,... , etc.

Our list of well-ordered sets only begins to suggest the complexity which well-
ordered sets can achieve. With a little thought, one can see how the symbols
(1)3, cu‘. would appear [symbols like w3 + wz - 3 + cu -4 + 6 would be used
somewhere between (03 and (04): after all these one would need

cu fife)to _w ,....

and after all these the symbol so pops up. After
2 3 w u:“"

so ,s0 ,....s0"’,...,st;"’ ,...,s0"’

UTIC COITICS l()

81,82,-.-38$.‘-.,8@u’,..-,sEn,»..,£iEFH,-. .

and this is only the beginning!
Ali thc well-ordered sets mentioned so far are mzmlab/c. There are indeed an

enormous number of countable well-ordered sets:

4-. PROl’OSlTlOl\". Let Q be the collection of all countable ordinals [ordinals
represented by a countable well-ordered set). Then Q is uncountable.

PROOF. By Proposition 3. (Q. <) is a well-ordered set. lf it were countable. ii
would represent a countable ordinal cz 6 Q. By the remark after Proposition 3.
this would mean that Q is orclcr isomorphic to the collection of ordinals -< o.
i.c.. to a proper segment of itself. contradicting* Proposition l, +2‘

We have thus established the existence of an uncountable ordinal. Our Spr-
cilic cxainplc. represented by Q, is clearly the first uncountable ordinal; any
mcmber of Q is countable, and consequently has only countably many pre-
(lecessors. (lt is hopeless to try to “reach” Q by continuing the listing of well-
ordered sets begun above. for one would have to go uncountably far, and en-
counter sets with an uncountable number of degrees of complexity. A leap of
faith is required.)

Although the countable ordinals exhibit uncountably many degrees of coni-
plcxity. they are each simple in one way:

* By clclctin_:r the words countable and uncountable in this proofone obtains thc “Burali-
Foni Paradox": the sei Orr! of all ordinal numbers is well-orclered, so it represents an
ordinal or 5 01:1. and hence is orcler isomorphic to an initial segment of Uni’. For a
resoluiion of this paradox, see l§clley’s Appendix.
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5. PROPOSITION. If oz E Q is a limit ordinal, then there is a sequence fit -<
fig < fig -< -< 01, such that every fi -<: 01 satisfies fi -< fi,, for some H (we say
that {fin} is “cofinal” in a).

PROOF. Since oz is countable, all its members can be listed (in not—necessarily
increasing order) 1/(,1/2,}/3,. .. . Let fit == yi and let fi,,.|.t be the first 1/ in the
list which comes after fi,,. ‘Q’

6. COROLLARY. If oz E Q. then oz is represented by some well-ordered subset
of IR. However, no subset of IR is order isomorphic to Q.

PROOF. Suppose there were one, and hence a smallest, oz E Q not represented
by some subset of IR. lt cannot happen that oz =1 fi + 1, for then fi would be
represented by a subset of IR, thus also by a subset of (-—oo,0) and a could
by represented by a subset of IR. So by Proposition 5, there is a sequence
fit -< fig -<: fig -< < 01 cofinal in 01. Then fi,- is represented by a subset oi
(-00, f ), and we can easily arrange that the subset representing fi,- is a segment
of the subset representing fij for i < j. The union of all these sets would then
represent a, a contradiction.

If a subset of IR were order isomorphic to Q, then there would be uncountably
many disjoint intervals in IR, namely those between the points representing Q
and 01 + 1 for all cr E Q. This is impossible. *1‘

The first example of a non-metrizable manifold is defined in terms of Q.
Consider Q >< [0, 1), with the order < defined as follows:

(a,s)<(fi,r) ifa-<fiorifa==fiands<r.

This can be pictured as follows:

o >¢ ~ ">4 > o—>o—>oi> --->
(0.0) (1.0) (2.01 (02.0) (w+1.0) (w+2.0) {nu-2,0)

The set Q >< [0, 1) with tlie order topology (a subbase consists of sets of the form
{.\' I x < xo} and {.\' 1 .\' > _\'0}) is called the closed long ray (with “origin” (0, 0)).
and L"' = Q >< {O, 1) — {(0,0)} is the (open) long ray. The disjoint union of two
copies of the closed long ray with their origins identified is the long line L. To
distinguish L"' and L. the names “half-lon g line" and “long line” may also be
used. The Corollary to Proposition 5 implies easily that the long ray and the
long line are 1-dimensional manifolds; aside from the line and the circle, there
are no other connected l—manifolds.
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Quite a few new 2-manifolds can now be constructed:

L+ >< Sl (half-long cylinder), L >< S‘ (long cylinder).
L+ >< R (half-long strip). L >< lli (long strip),

L >< L (big plane). L >< L+ (big half-plane),
L"' >< L+ (big quadrant).

ldentifying all points ((0,0),6) in the product of the closed long ray and S‘
produces another 2—manifold. which might be called the “big disc”.

There is another way of producing a non-metrizable 2—manifold which does
not use Q at all. We begin with the open upper half-plane R1 = {(x, y) E R2 2
_]' > 0} and another copy R2 >< {0} of the plane; we will denote this set by R5.
and denote the point (x,y,0) by (X,)=)o. Define a map ft}: (R§)_|_ —> Ri by

gf‘il,i’il', 7" - ‘ ‘~ -1--)' 5 I/I If-1Iowa no == <>-.t= .r>-
Consider the disjoint union of R1 and Rg, with p E (R§,).|. and f0(p) 6 R1

identified. This is a Hausdorff manifold; the following diagram shows two
open sets homeomorphic to R2. The manifold itself is, in fact, homeomorphic

st
t-" '- {1jI'il"-it) q__,IU

ssssss es) :::::: ts
113%;-(113%)-t

I I I I I I I u I | I I

.___-v—¢

k’-'_-__.-—f"_X

I I I 43"\I

‘i‘O

91
IJ

i‘ , _.

'.;;_—-.

to R2; we could have thrown away R1 to begin with since it is identified by a
homeomorphism with (R%,)+ .

But consider now, for each a 6 R, another copy of R2, say R2 >< {ct}, which
we will denote by R5. Define jg: (R§)_,_ —> R1 by

fi=<<~».*">@> = <~ + 1'-\= rt i -'\ 1
1
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In the disjoint union of R1 and all R3, a E R we wish to identify each p E (R‘:;)+
with fa(p) 6 R3, We may dispense with Ri completely, and in the disjoint
union of all Rf, identify each (x,y),, and (x',,v’)), for which y = y’ > 0 and
.v_r+a = .r‘,v+b. The equivalence classes, of course. are a space homeomorphic
to R1, so we will consider R12, a subset of the resulting space. This space is
still a I-lausdorfi‘ manifold, but it cannot be second countable, for it has an
uncountable discrete subset, namely the set {(0,0)a}. This manifold, the Priifer
manifold, and related manifolds, have some very strange properties, developed
in the problems.

PROBLEMS

I. (a) A well-ordered set cannot contain a decreasing infinite sequence xt >
X2 > x3 > .
(b) Ifwe denote (oz + 1) + 1 by a + 2, (01 + 2) +1 by ct + 3, etc., then any oz
equals )3 +21 for a unique limit ordinal fi and integer n 13 0. (Thus one can
define even and odd ordinals.)

2. Let c be a “choice function”, i.e., c(A) is defined for each set A 92 El. and
c(A) E A for all A. Given a set X, a well-ordering < on a subset Y of X will
be called “distinguished” if for all y E Y.

1' == c-(Y -— {y' E Y I 1" < y}).

(a) Show that of any two distinguished well—orderings, one is an extension of
the other.
(b) Show that there is a well-ordering on X. (Zorn’s Lemma may be deduced
from this fact fairly easily.)
(c) Given two sets, show that one of them is equivalent to (can be put in one-one
correspondence with) a subset of the other.
(d) Show that on any infinite set there is a well-ordering which represents a
limit ordinal.
(e) From (d), and Problem l, show that if X and Y are disjoint equivalent
infinite sets, then X U Y is equivalent to Y.

3. (a) L+ and L are not metrizable. '
(b) If x1 5 x; 5 X3 5 is a sequence in L+. then {xn} converges to some
point. Consequently, any sequence has a convergent subsequence (but L"' is
not compactl).
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(c) If {xn} and {y,,} are sequences in L"' with x,, 5 yn 5 x,,+1 for all n, then
both sequences converge to the same point.
(d) L+ (and also L) are normal. (Use (c)).
(e) More generally, any order topology is normal (completely different proof).
(f) If f: L"' —> R is continuous, and 2' > s, then one ofthe sets f"] ((——oo,s])
and f“" ({r,oo)) is countable.
(g) If f : L"' —> R is continuous, then f is eventually constant.

4- la) Ll“ is not contractible. Hint: Given H: L+>< [0, 1] —> L+ with H(x,O) =
x for all x, show that for every I we have {H(x,t)} = L+.
(b) rr[(L"') = Ir) (L) = 0. Similarly for L+ >< R, L>< R, L>< L, L>< L+, L+>< L‘.
(c)rr1(L"' >< S1) = rrI(L >< S‘) = Z..

5. (a) L"' and L are not homeomorphic. Hint: Imitating Problem l—l9, defint
“paracompact ends".
(b) L+ >< R and L >< R are not homeomorphic; L+ >< S‘ and L >< S] are not
homeomorphic.
(c) Of the 2-manifolds constructed from L+ or L with IT] = 0 and one para-
compact end, only L+ >< R has the homotopy type of L+.
(d) The Stone-Cech compactifications of L >< L, L"' >< L, L"' >< L+, and thc
big disc are all distinct. (Using Problem 3(g), one can explicitly construct thesc
Stone-Cech compactifications.

6. (a) Show that the Prtiler manifold P is Hausdorli.
(b) P does not have a countable dense subset.
(c) Let U be an open set in R1 which is the union of “wedges” centered at
(0.0) for every irrational a. Show that U includes a whole rectangle ofthe form

.-31;..

'a.-'

(a.b) >< (0.-9). Hint: Let /1,, = {az the wedge centered at a has width 3 1/21}.
Since R = Q U U" An. some A,, is not nowhere dense.
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(d) Let C;,C2 C P be

Ci = {(0,0),, : a irrational}
C2 = {(0,0)a I a rational}.

Show that C1 and C; are closed, but that they are not contained in disjoint
open sets.
(e) Define H: P >< [0, 1] —> P by

f_fS ' 1+3); ) ify>0
H((x>J’la>3l = 1+3)’ _S+Sy a

(x 1-32,)’ 1-32) ify50.
G

/":“\

7%

+ £3

 

Show that H is well-defined and that H(p, 1) E R1 U {(0,0),,} for all p E P.
Conclude that P is contractible.
(f) P — {(x, y),, I _v < 0} is a manifold-with-boundary P’, whose boundary is a
disjoint union of uncountably many copies of IR.
(g) The disjoint union of two copies of P’, with corresponding points on the
boundary identified, is a manifold which is not metrizable, but which has a
countable dense subset. Its fundamental group is uncountablc.

7. It is known that every second countable contractible 2-manifold is S 2 or R2.
Hence the result of constructing the Prtifer manifold using only copies R5 for
rational a must be homeomorphic to R2. Describe a homeomorphism of this
manifold onto R2.

B. Let M be a connected Hausdorff manifold which is not a point.

(a) If A C M has cardinality c (the cardinality of R), then the closure A has
cardinality t‘.
(b) If C C M is closed and has cardinality t‘, then C has an open neighborhood
with cardinality r.
(c) Let p e M, There is a function f: Q —> (set ofsubsets of M) such that
f(oz) has cardinality c for all oz 6 Q, and such that

f(0) = {Pl
f(a) is an open neighborhood of the closure of Uflga f(,B).

(Consider functions defined on initial segments of Q with these same properties,
and apply Zorn’s Lemma. Alternatively, one can require _/(oz) to be the result of
applying the choice function to the set of all open neighborhoods of the closure
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of U5“, f(fi) with cardinality t‘. Then there is a unique f with the required
properties. This is an example of defining a function by “transfinite induction”,)
(d) A function f : Q —> (set of subsets of [0, 1]) with the properties of the fune-
tion in part (c) is eventually constant.
(e) M has cardinality t. (Given p’ E M, consider an are from p to p’.)

9. (a) A connected 1-manifold whose topology is the order topology for some
order, is homeomorphic to either the real line, the long line, or the half-long
line.
(b) Every 1—manifold M contains a maximal open submanifold N whose topol-
ogy is the order topology for some order.
(c) If M is connected and N 72 M, then M is homeomorphic to S].
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CHAPTER 2
The long ray L"' can be given a C°° structure, and even a C"’ structure.

To see this we need the result of Problem 9-24—any C°° [or Cw] structure
on a manifold M homeomorphic to R is difieomorphic to R with the usual
structure. This implies that it is also diffeomorphic to (0, 1), and consequently
that the structure on M can be extended if M is a proper subset of L"'. An
easy application of Zorn’s Lemma then shows that C°° and C"’ structures exist
on L+.

I do not know whether all C°° structures on L+ are difieomorphic. It is
known that there are uncountably many inequivalent C” structures on L+, If
p E L"'. and L4‘), denotes all points 5 p, then L+ -— L+), is clearly homeomor-
phic to L+. If (9 is a C“’ structure for L+, then it yields a C“ structure for
L+ -— L"'_,,, and hence for L+. These are all distinct, in other words, there is
no C“ map

fIL+-—L+p—>L+-—L+q q>/J

with a C°° inverse. In fact, we must have f(q) :> q, and then it is easy to see

P Q
L 1 -. ..__.

, , f(e).-. ,__.
‘I

that we must 3l$0 have ffffqll > f(q): ffffffqlll > ffff‘/ll, em The
increasing sequence q, f(q),f(f(q)), . .. has a limit point xs E L"' -— L"'_,,.
and f(x0) = 9:0. Now f cannot be the identity on all points > xo (for then
it would be the identity everywhere, since it is C"’). So for some qt > xo we
have _/(qt) 72 qt; we can assume f(q1) > q;, since we can consider f'_1 in
the contrary case. Reasoning as before, we obtain xi > xo with f(x1) =—- x1.
Continuing in this way, we obtain xo < xt < x; < with f(x,,) -= x,,. This
sequence has a limit in L+ -— L+_,,, but this implies that f(x) = x for all x, a
contradiction.

A C "’ structure exists on the Prufer manifold; this follows immediately from
the fact that tlie maps used for identifying points in variou8 (REM with
points in R1, are all C"’. I do not know whether every 2-manifold has a C°°
structure.

Using the C “’ structure on L+, we can get a C"’ structure on L"' >< L"'. How-
ever, the method used for obtaining a C"’ structure on L+ will not yield a complex
attagyzzic struclure on L"' >< L"'; the problem is that a complex analytic structure
on R2 may bc conformally equivalent to the disc, and hence extendable, but it
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may also be equivalent to the complex plane, and not extendable. In fact, i1
is a classical theorem of Rado that every Riemannian surface (2-manifold with
a complex analytic structure) is second countable. On the other hand, a mod-
ification of the Priifer manifold yields a non-metrizable manifold of complex
dimension 2. References to these matters are to be found in

Calabi and Rosenlicht, Complex Analytic Manfiirlds witltoui Countable Base, Proc.
Amer. Math. Soc. 4 (l953), pp. 335-34-O.

H. Rneser. Attafieisc/re Siruclzlm‘ uncl Aliza‘/zlbarkezif, Ann. Acad. Sic. Fennicae Se-
ries A, I 25l/5 (l958), pp. l—8.

PROBLEMS

10. Prove that lor q > p there is no non-constant C"’ map f : L"' -— L"',, —>
L+ - L*q.
ll. Let (Y, p) be a metric space and let f : X —> Y be a continuous locally
one-one map. where X is Hausdorfil connected, locally connected, and locally
compact.

(a) Every two points x, y e X are contained in a compact connected C C X.
(bl Let d(x,_v) be the greatest lower bound of the diameters of f(C ) (in the
p-metric) for all eompact connected C containing x and _1'. Show that d is a
metric on X which gives the same topology for X.

12. Of the various manifolds mentioned in the previous section, try to deter-
mine which can be immersed in which.
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CHAPTER 6
Problem A-6(g) describes a non-paracompact 2-manifold in which two open

half—planes are a dense set. \'Ve will now describe a 3—dimensional version with
a twist.

Let A == {(x,y,z) E R3 Iy # 0}, and for each a E IR let R3 be a copy of R3.
points in R3. being denoted by (x,y,z),,. In the disjoint union of A and all IR2.
a E R we identify

(X,y,z)¢, for y > 0 with (a + yx,y,z +a)
(x,y,z),, for y < 0 with (a + yx,y,z — a).

The equivalence classes form a 3—dimensional Hausdorff manifold M. On this
manifold there is an obvious function “Z”, and the sets 2 = constant form a
foliation of M by a 2-dimensional manifold N. The remarkable fact about this
2-dimensional manifold N is thatit is connected. For, the set of points (x, y,c) E
A with y > 0 is identified with the set of points (x,y.c — a),, 6 R3. with y > 0.
Now the folium containing {(x,y,c — a),,} contains the points (x,y,c — a),,
with _v < 0. and these are identified with the set of points (x,y,c -— 2a) 6 A
with _v < 0. Since we can choose a == c/2, we see that all leaves of the foliation
are the same as the leaf containing {(x,y,0) : y < 0} C A.

This example is due to M. Rneser, Be£spie/ eincr dim6nsi0'nJer1z0/l8?ld€fl ana[31tzl<~
char: Abbildung zwzschen zJibare'ib<";alz!ba2'en Adarzzizgfizltigkeitew. Archiv: Math. ll (l960),
pp. 280-281.
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CHAPTERS 7, 9, 10

l. Vile have seen that any paracompact C°° manifold has a Riemannian metric.
The converse also holds, since a Riemannian metric determines an ordinary
metric.

2. Problem A-ll implies that a manifold N immersed in a paracompact mani-
fold M is paracompact, but a much easier proof is now available: Let ( , ) be
a Riemannian metric on M; if f: N —> M is an immersion, then N has the
Riemannian metric f*( , ).

We can now dispense with the argument in the proof of Theorem 6-6 which
was used to show that each folium of a distribution on a metrizable manifold is
also metrizable, for the folium is a submanifold, and hence paracompact.

3. Since there is no Riemannian metric on a non-paracompact manifold M.
the tangent bundle TM cannot be trivial. Thus the tangent bundle of the long
line is not trivial, nor is the tangent bundle ofthe Prufer manifold, even though
the Priifer manifold is contractible. (On the other hand, a basic result about
bundles says that a bundle over a paracompact contractible space is trivial.
Compare pg. V. 27 2.)

4. The tangent bundle of the long line L is clearly orientable, so there can-
no! be a nowhere zero 1-form cu on L, for w and the orientation would cle-
termine a nowhere zero vector field, contradicting the fact that the tangen!
bundle is not trivial. Thus, Theorem 7—9 fails for L. Notice also that if M
is non-paracompact, then TM is definitely not equivalent to T*M, since an
equivalence would determine a Riemannian metric. So there are at least two
inequivalent non-trivial bundles over M.

5. Although the results in the Addendum to Chapter 9 can be extended to
closed, not necessarily compact. submanifolds, they cannot be extended to non-
paraconipact manifolds, as can be seen by considering the 0—dimensional sub-
manifold {(0.0)a} ofthe Priifer manifold.

6. A Lie group is automatically paracompact, since its tangent bundle is trivial.
More generally, a locally compact connected topological group is 0-compact
(Problem 10-4}.
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7. lt is not clear that a non-paracompact manifold cannot have an i]‘lCl€li]]ilf
metric (a non-degenerate inner product on each tangent space). This will bf
proved in Volume II (Chapter 8, Addendum l).

PROBLEM

I3. Is there a nowhere zero 2-form on the various non-paracompact 2-mani-
folds which have been described?
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Lemma, 139
Contravariant

functor, l30
tensor field, l2{)
vector field, 113

Convex
geodesically, 363
polyhedron, 429

Coordinate lines, 159
Coordinate system, 28. 158
Coordinates, 28
Cotangent bundle, 109
Covariant

functor, 130
tensor field, ll?
vector field, I13

Covet
locally finite, 50
point-finite, 60
refinement of, 50

Cramer’s Rule, 372
Critical point, 40

in the calculus of variations, 320
Critical value, 40
Cross section, 227
Cross-cap, l4
Cross-product, 299

Index

Cup product, 299, 439
Curl, 238
Cylinder, 8
C’ manifold, 34
C0 manifold, 34
CO(

distribution, 1/9
form, 207
function, 32
manifold, 29
manifold-with-boundary, 32
Riemannian metric, 308
structure on TM, 82

C°°—related, 28

Darboux
integrable, 283
integral, 283

Darboux’s Theorem, 284
Debauch ofindices, 39, 123
Decomposable, 228
Definition, invariant, 214
Deformation retraction, 279
Degenerate, 286
Degree, 275

mod 2, 295
Density

even scalar, I33, 209
odd scalar, l33, 259
relative scalar, 23l
scalar, 133

Derivation, 39, 78
of a ring, 83

Derived set, 25
Descartes—Euler Theorem, 429
Determinant, 232
Difleomorphic, 30
Dillieomorpliism, 30

one—parameter gmup of, 148
Difierentiable, 27, 28, 31, 32

at a point, 31
manifold, 29
structure, 30

on the long line, 47]
Cube, singular, 246 011 P”. 32



Differentiable (continued
(structure continued.

on 1R", 29
on S” , 30

Differential, 210
equation, 136, 164

depending on parameters, 169
linear, 165

forms, 201
ofa function, 109

Dimension, 4
Direct sum, 421
Disc bundle, associated, 451
Discriminant, 233
Disjoint union, 4, 20
Distribution, 179, 181

ideal of, 215
on torus, 180

Divergence, 238
Theorem, 352

Domain, 3
Du Bois Reymond’s Lemma, 355
Dual

basis, 107
space, 107
vector bundle, 108

Einstein summation convention, 39
Elements of norm 1, 308
Elliptical non-Euclidean geometry, 367
Embedding, 49
End, 23

paracompact, 468
Endomorplaism, 121
Energy, 324
Envelope, 358
Equations depending on parameters.

169
Equations of structure. 404
Equivalence (of vector bundles), 72

weak, 96
Euclidean

metric, 305, 315
motion. 374
n—space, 1

483

Euler, 429
characteristic, 428
class, 445

Euler’s Equation, 320
Even

ordinal, 467
relative scalar, 231
relative tensor, 134, 231
scalar density, 133, 209

Exact
form, 218
sequence, 419, 422

of a pair, 433
of vector bundles, 103

Exponential map, 334, 385
Exponential of matrices, 384
Extension, 432
Extremal, 320

Faith, leap of, 464
Fibre, 64, 68, 71
Finite

characteristic, 205
type, 438

First element, 461
First variation, 319, 327
Five Lemma, 440
Fixed point, 139
Foliation, 194
Folium, 194
Force field, 240
Form, 207

difierential, 201
left invariant, 374
right invariant, 400

f-related, 190
Frobenius lntegrability Theorem, 192

215
Fubini’s theorem, 254
Functor, 130
Functorites, 89
Fundamental Theorem of Algebra.

285,293
Fundamental Theorem of Calculus,

254



4 84 Index

Gauss’s Lemma, 337
General linear group, 61, 372
Generalized area, 246
Geodesic, 333

closed, 36?
reversing map, 401

Geodesically complete, 341
Geodesically convex. 363
Geodesy, 333
Germs of k-forms, 432
Global theory ofintegral manifolds.

194
Gradient, 237
Gram-Schinidt ortlionortnalization

process, 304
Gml-:. 84
Group

Lie. 371
matrix, 372
opposite, 407
orthogonal, 372
topological, 371

Gtlillemin, V. V\l., 106

Hahn-Banach theorem, 145
Hair. 69
Half—10n_t!

cylinder. 466
line, 46.’)
strip, 466

Half-space, 19
Handle, 8
Hardy, G.H., 179
Has one end, 23
Heinlein, Robert A., 84
Hausdorfif, 459
Homogeneous, 7
Homomotphism

continuous, 387
of Lie algebras, 380

Homotopic, 104, 277
Homotopy, 104, 277
Hopf, H., 342, 450

Hyperbolit
cosine, 356
sine, 356
tangent, 356

Ideal ofa Lie algebra, 410
Identification, 10
Imbedding, 49

topological, 14
Immersed submanifold, 47
Immersion, 46

topological, 14, 46
Implicit function theorem, 60
Indefinite metric, 350
Independent infinitesimals, 314
Index of inner product, 349
Index of vector field

on a manifold, 447
on 1R", 446

Indices
debauch of, 39, 123
raising and lowering, 351

Induced
bundle, 101
orientation, 260

Inequalities, principle of irrelevanc
algebraic, 233

Inertia, Sylvester’s Law of, 349
Infinite volume, 312
Infinitely small change, lll
Infinitely small displacements, 314
Infinitesimal generator, 148
Infinitesimals, independent, 314
Initial conditions, 136

ofintegral ctnve, 136
Initial segment, 462
Inner product, 227, 301

preserving, 304-, 372
usual, 301

lnside, 21
Integrability conditions, 189
Integrable distribution, 192
Integrable function

Darboux, 283
Riemann 283Hopf—Rinow—de Rham Theorem, 342 ,

C



Integral
curve, 136
Darboux, 283
line, 239, 243
manifold, 179, 181

maximal, 194
ofa differential equation, 136
Riemann, 283
surface, 245

Integration, 136, 226, 239
Invariance of Domain, 3
lnvariant, 128, 232

definition, 214
Irrelevance of algebraic inequalities,

principle of, 233
Isometry, 340
Isomorphic Lie groups. locally, 382
lsomorphism, natural. 108
lsotopic, 294

Jacobi identity, 155, 376
for the bracket in any ring, 378

_]acobian matrix, 40
Jordan Curve Theorem, 21, 435

Kelley, _]_, 460, 463, 464
Kink, 366
Klein bottle, 18, 435
Kneser, H., 472
Kneser, M., 473

Lang, 5., 145
Laplace’s expansion, 230
Laplacian, 58
Law Oflnertia, Sy1vesler's, 349
Leaf, 194
Leap of faith, 464
Left invariant

form, 394
11 form, 400

Indct 485

vector field, 374
Left translation, 374
Length, 243, 305, 312

of a CLITVC, 59
Lie algebra, 376

abelian, 376, 382, 395
commutative, 376
homomorphism of, 380
ideal of, 410
opposite, 407

Lie derivative, 150
Lie group, 371

arcwise connected subgroup of, 409
closed stibgroup of, 391
local, 415
normal subgroup of, 410
topologically isomorphic, 388

Lie subgroup, 373
Lie’s fundamental theorem

first, 414
second, 415
third. 416

Limit
ordinal, 463
set. 60

Line integral, 239, 243
Linear diiierential equations, 165

systems of, 171
Linear transformation

adjoint of, 103
contraction of, 121
positive definite, 104
positive semi-definite, 104

Linl-ting number, 296
Lipschitz condition, 138
Littlew0od,E., 179
Lives at points, 119
Lobachevskian non-Euclidean geome-

try, 368
Local

flow, 14-4
Lie group, 415
one-parameter group of local diHeo-

morphism, 148
spanned locally, 179
triviality, 71

Local theory of integral manifolds, 190



486 Index

Locallt Mayer-Vietoris Sequence, 424
compact, 20 for compact supports, 43]
connected, 20 Measure zero, 40, 4]
finite cover, 50 Mesh, 239
isomorphic Lie groups, 382 Metric
Lipschitz. 139 bi-invariant, 401
one-one, I3 Euclidean, 305, 3l5
pathwise connected, 20 indefinite, 350

Long Riemannian, 308, 3ll
cylinder, 466 usual, 312
line, 465 spaces, disjoint union of, 4, 20
ray, 4-63 Milnor,_].'W., 4-?

closed. 465 Mod 2 degree, 295
open, 46:3 Mobius strip, 10

Lower sum, 283 generalized, lO{l
Multi-index, 208
Multilinear function. ]l5
Munkres,J.R., 34. 106

MacKenzie. R.E., lO6
Magic, 214
Manifold, 1,459

analytic. 34 n-dimensional, 4
atlas for. 28 n-forms, left invariant, 4-(JO
boundary of. 19 n-holed torus, 9
bounded. 19 n-manifold, 4
closed. I91 n-plane bundle, 71
C’, 34 n-sphere, 7
C0, 34 n-torus. 7
C°°, 291 Natural Q-valued l—form, 403
cliflerentialnle, 29 Natural isomorpliisin, 108
climension of. 4 Neighborhood, tubular, 345
imbedding in RN. 51? Newman, M.H.A.. 3
integral. 179, l8I Nice cover, 4-38

maximal, 194 Non-bounded, l9
non-nictrizable, 465, 466 N011-degenerate, 30]
orieiitzltion of. 86 Non—Euclidean geonietry
smooth. ‘Z9 elliptical, 367

Manifold-wit]i—boundary. I9 Lobachevskian. 368
C°°, 31‘ Non-metrizable manifold, 465, 4-66

Map N01'l'-O1'i€1‘ll.&i')|t‘
between COI11p]€‘}CC5_ 4-‘2l bundle, 86
bundlc. '73 manifold, 86
ranl-: of. 4ll Norm, 303

Massey. \’\’.S.. 3 ])1‘eser\'ing, 304_ 37')
I\’lal1'i>£ gr0l1pS. 3'72 Normal
Maximal intcgral manifold, I94 bundle, 344



Normal (continued)
space, 459
subgroup ofa Lie group, 4-10
outward unit, 351

Nowhere zero section, 209

Odd
ordinal, 467
relative tensor, 134, 288
scalar density, 133, 259

One-dimensional distribution, 179
One-dimensional sphere, 6
One—parameter group

of difleomorphisms, 148
oflocal diffeomorphisms, local. 148

One-parameter subgroup, 384
Open

long ray, 465
map, 60
submanifold, 2

Opposite
group, 407
Lie algebra, 407

Ordet
isomorphic, 461
isomorphism, 461
topology, 465

Ordered set, 461
Ordering, 460
Ordinal numbers, 463
Orientable

bundle, 86
manifold, 86

Orientation
ofa bundle, 85
ofa manifold, 86
of a vector space, 84
preserving, 84, 85, 88, 105, 248
reversing, 84, 88, 248

Orthogonal group, 61, 372
Orthonormal, 304, 348
Ortlaonormalization process, Grain-

Scbmidt, 304
Osgood’s Theorem, 284

Index 487

Outside, 21
Outward pointing, 260
Outward unit normal, 351

Palais, R. 5., 100, 225
Paracompact, 210, 459

end, 468
Parameter cuwes, special, 167
Parameterized by arclength, 313
Partial derivatives, 35
Partition, 239, 245

of unity, 52
Pathwise connected, 20
Piecewise smooth, 312
Pig, Yfillow, 434
Poincare, H., 450
Poincare dual, 439
Poincare Duality Theorem, 441
Poincare-Hopi Theorem, 450
Poincare Lemma, 225
Poincare upper half?-plane, 367
Point

inward, 98
outward, 98, 260

Point-derivation, 39
Point-finite cover, 60
Polar coordinates, 36

integration in, 266
Polarization, 304
Pollack, A., l06
Positive definite, 104, 301
Positive element of norm 1, 308
Positive senai-definite, l04
Product

ofvector bundles, 102
tensor, ll6

Projection, 7, 30, 32
PI‘O_jCCtive

plane, ll, 435
space, l9, 88

Pnoper map, 60, 275
Prufer manifold, 46?
Pseudometric. 95



488

Quaternions, 100
of norm l, 373

Radial function, 4-35
Rado, T., 472
Ranl-z

ofa form, 229
ofa map, 4-0, 98

Rectifiable, 59
Refinement of a cover, 50
Regular

point, 40
space, 459
value, 4-0

Related vector fields. 190
Relative

scalar, 134, 23l
tensor, 134, 231, 288

Reparameterization, 244, 248
Retraclion, 264

deformation, 279
Revolution, surface of, 8, 321
de Rham, G., 342
de Rham cohomology vector spaces.

263
With compact supports, 268

dc Rham’s Theorem, 263, 457
Riemann

integrable, 283
integral, 283
sum, 283

Riemannian metric, 308, 3ll
tisual, 312

Right invariant n-form, 400
Right translation, 374
Rinow, W., 342
Roman surface, l7. 26
Rosenlicht, M., 472
Rotation group. 62

1?Zd€,1

Sard’s Theorem, 42, 294
Scalar, relative, l34, 23l
Scalar density, l33
Schwarz, H., 354
Schwarz inequality, 303, 362
Second countable, 459
Section of a vector bundle, 73

zero, 96
Segment, initial, 462
Self-adjoint linear transformation, I04
Semi-definite, positive, 104
Separate points and closed sets, 95
Sequence

exact, 419, 422
of vector bundles, 103

Mayer-Vietoris, 424
for compact supports , 4-31

ofa pair, 433
Shrinking Lemma, 51
Shrinking Lemma, 60
Shuttle permutation, 227
Simplex

of a triangulation, 42?
singular, 285

Simply-connected, 287
Lie group, 382

Singular
cube, 246
simplex, 285

Skew-symmetric, 201, 378
Slice, I94
Slice maps, 54
Smooth, 28

homotopy, 277
manifold, 29
piecewise, 312

Smoothly
contractible, 220
homotopic, 2'77
isotopic, 294

Solid angle, 290
Space filling cuwe, 58
Spanned locally, 179
Special linear group, 6]
Special orthogonal group, 6'2
Sphere, 7
Sphere bundle, associated, 451



Standard
n-simplex, 426
Singular cube, 246

Star-shaped, 221
Steiner’s surface, l7, 26
Sternberg, S., 42, 106
Stokes‘ Theorem, 253, 261, 285, 352
Stone-Cech compactification, 468
Structure constants, 396
Subalgebra of a Lie algebra, 379
Subbundle, 198
Subcover, 50
Subgroup

Lie, 373
one-parameter, 384

Subnianifold, 49
C°°, 49
closed, 49
immersed, 47
open, 2

Successor ordinal, 464
Sum of vector bundles, 'Whitney, 101
Support, 33, 147
Surface, 7

area, 354
integral, 239
of revolution, 8, 321

Sylvester’s Law of inertia, 349
Symmetric bilinear form, 301
System of linear diflerential equations.

171
cr-compact, 4, 459

Tangent bundle, 77
Tangent space of 1R", 64
Tangent vector

inward pointing, 98
ofa manifold, 76
of R", 64
outward pointing, 98, 260
to a ctnve, 63, 66

Index 489

Tensor
contravariant, 120
covariant, ll3
even relative, 134, 231
odd relative, 134, 288

Tensor field
classical definition of, 123
contravariant, 120
covariant, 1l3
mi:-ted, 121, 122

Tensor product, ll6
Thom class, 442
Thom lsomorphism Theorem, 456
Topological

group, 371
imbedding, I4
immersion, l4, 46

Topologically isomorphic Lie groups,
388

Torus, /, 8
n-holed, 7, 9

Total space, 71
Totally disconnected, 25
Transitivity, 460
Translation

left, 374
right, 374

Triangle inequality, 303
Triangulation, 426

simplex of, 427
Trichotomy, 46]
Trivial vector bundle, 72
Tubular neighborhood, 345
Two-holed torus, 8

Vick, _]. w., 3

Wedge product, 203
Whitney, H., 106
W'hitney sum, 101
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CORRECTIONS FOR VOLUME I

pg. 3, line 3-: change d,-(x,y) < 1 to 0',-(x, y) 5 1.
pg. 14; relabel the lower left part of the central figure as

/12 -42
-' ~4 \0 \

PP at;
\ 1\ »\ -

At i/it

pg. 19: replace the next—to—last paragraph with the following: .
The set of points in a manifold-with-boundary that do not have a neighborhood homeomorphic to R" (but only one homeomorphic

to ll-ll“) is called the boundary of M and is denoted by BM. Equivalently, x 6 BM if and only if there is a neighborhood V of x and
a homeomorphism ¢ : V ——> ll-ll" such that ¢(x) = 0. If M is actually a manifold, then 8M = I3, and 8M itself is always a manifold
(without boundary)'.

Q 1 .U1
pg. 43: Replace the last line and displayed equation with the following:
Since rank f = k in a neighborhood of p, the lower rectangle in the matrix

Q
= Dk+1lf/k+1- -- Dk+1Wm

Bx!

D",,r,k+l Dnvrlm

pg. 22: Replace the top left figure with

l

pg. 60, Problem 30: Change part (f) and add part (g):

(f) If M is a connected manifold, there is a proper map f: M -—> R; the function f can be made C°° if M is a C°° manifold.
(g) The same is true if M has at most countably many components.

pg. 61, Problem 32: For clarity, restate part (c) as follows:

(c) This is false if f: M1 -—> R is replaced with f 2 M1 —-> N for a disconnected manifold N.

pg. 70: Replace the last two lines of page 70 and the first two lines of page 71 with the following:
theorem of topology). If there were a way to map T(M, 1'), fibre by fibre, homeomorphically onto M x R2, then each up would
correspond to (p, v(p)) for some v(p) 6 R2, and we could continuously pick w(p) 6 R2, corresponding to a dashed vector, by using the
criterion that w(p) should make a positive angle with v(p).

pg. 78: the third display should read:

0 = 3(0) = £(fh) = f(P)5(l1) + lt(P)£(f) = 0 + 5(f)-

pg. 103, Problem 29(d). Add the hypothesis that M is orientable.
pg. 117: After the next to last display, A(X1, . ..,Xk)(p) = A(p)(X1(p), . ..,X,t,(p)), add:

If A is C°°, then /Tis C°°, in the sense that )T(X1,...,Xk) is a C°° function for all C°° vector fields X|, . . . , Xk.

pg. 118: Add the following to the statement of the theorem: If A is C°°, then A is also.



pg. 119: Add the following at the end of the proof:

Smoothness of A follows from the fact that the function A,-,,__,-R is .A,(3/3x;,,...,3/Bx,-,,).
pg. 131, Problem 9: Let F be a covariant functor from V, .
pg. 133. Though there is considerable variation in terminology, what are here called “odd scalar densities” should probably simply be
called "scalar densities”; what are called “even scalar densities” might best be called “signed scalar densities”.

In part (c) of Problem 10, we should be considering the h of part (a), not the h of part (b)! Thus conclude that the bundle of signed
scalar densities (not the scalar densities) is not trivial if M is not orientable.
pg. 134. Extending the changed terminology from pg. 133, we should probably speak of the bundle of “signed tensor densities of type

and weight w” (though sometimes the term relative tensor is used instead, restricting densities to those of weight 1), when the
transformation rule involves (det/1)“, omitting the modifier “signed” when it involves Idet/11"’.
pg. 143. The hypothesis of Theorem 3 should be changed so that it reads:

Let x 6 U and let aha; be two maps on some open interval I such that a1(1),a;(I) C U,

oo’(I) = f(t1t(I)) t'=1,2

and at1(tO) = o:2(t9) for some to e I.

And the first sentence of the proof should be deleted.
pg. 177. Problem 17, part (d) should begin:
(d) Let f: M -—> N, and suppose that flu, =0. For X,,,Y,, eM,, and .

pg. 198. In Problem 5, we must also assume that each A; EB A1 is integrable.
pg. 226. In the comutative diagram, the lower right entry should be “I-forms on N”.
pg. 233. The reference “pg. V375” refers to pg. 375 of Volume V.
pg. 237. In Problem 26, replace parts (b) and (c) with:

(b) Determine the id‘ component of v1 x x v,,_1 in terms of the (n — 1) x (n — 1) submatrices of the matrix

(U1)vn

v x w = (v2w3 — v3w2,v3w1— vlwi, vlwz — vzwl).
In particular, for R3, show that

pg. 292. In Problem 20, the condition U; F1 U; gé 8 should be U; r‘t U,~.,.1 56 El.
pg. 408. Problem I6 (b) should read: “For any Lie group G, show that ”.
pp. 408-410. For consistency with standard usage, Au! should be replaced with Aut, and then replace End with End. In part (g) of
Problem I9, add the hypothesis that H is a connected Lie subgroup.
pg. 411. The display in Problem 21, part (c) should read:

t-t>’""tw A tn A A11+<-1>"‘m A [A A w11+t-n'"'tt A to A 1111 = 0.


