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PREFACE

TT preface to the first edition, reprinted on the succeeding pages, excusedthis book’s deficiencies on grounds that can hardly be justified now that

these “notes” truly have become a book.

At one time I had optimistically planned to completely revise all this material

for the momentous occasion, but I soon realized the futility of such an under-

taking. As I examined these five volumes, written so many years ago, I could

scarcely believe that I had once had the energy to learn so much material, or
even recall how I had unearthed some of it.

SoI have contented myself with the correction of errors brought to my atten-
tion by diligent readers, together with a few expository ameliorations; among
these is the inclusion of a translation of Gauss’ paper in Volume 2.

Aside from that, this third and final edition differs from the previous ones only

in being typeset, and with figures redrawn. I have merely endeavored to typeset

these books in a manner befitting a subject of such importance and beauty.

As a final note, it should be pointed out that since the first volumes of this

series made their appearance in 1970, references in the text to “recent” results

should be placed in context.





Preface to the First Edition

HOW THESE NOTES CAME TO BE

and how they did not come to be a book

For many years I have wanted to write the Great American Differential

Geometry book. Today a dilemma confronts any one intent on penetrat-

ing the mysteries of differential geometry. On the one hand, one can

consult numerous classical treatments of the subject in an attempt to

form some idea how the concepts within it developed. Unfortunately,

a modern mathematical education tends to make classical mathematical

works inaccessible, particularly those in differential geometry. On the

other hand, one can now find texts as modern in spirit, and as clean in

exposition, as Bourbaki's Algebra. But a thorough study of these books

usually leaves one unprepared to consult classical works, and entirely

ignorant of the relationship between elegant modern constructions and

their classical counterparts. Most students eventually find that this

ignorance of the roots of the subject has its price -- no one denies that

modern definitions are clear, elegant, and precise; it's just that it's

impossible to comprehend how any one ever thought of them. And even after

one does master a modern treatment of differential geometry, other modern

treatments often appear simply to be about totally different subjects.

Of course, these remarks merely mean that no matter how well some of the

present day texts achieve their objective, I nevertheless feel that an

introduction to differential geometry ought to have quite different aims.

There are two main premises on which these notes are based. The first

premise is that it is absurdly inefficient to eschew the modern language

of manifolds, bundles, forms, etc., which was developed precisely in

order to rigorize the concepts of classical differential geometry.

Rephrasing everything in more elementary terms involves incredible
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contortions which are not only unnecessary, but misleading. The work

of Gauss, for example, which uses infinitesimals throughout, is most

naturally rephrased in terms of differentials, even if it is possible

to rewrite it in terms of derivatives. For this reason, the entire

first volume of these notes is devoted to the theory of differentiable

manifolds, the basic language of modern differential geometry. This

language is compared whenever possible with the classical language, so

that classical works can then be read.

The second premise for these notes is that in order for an introduction

to differential geometry to expose the geometric aspect of the subject,

an historical approach is necessary; there is no point in introducing

the curvature tensor without explaining how it was invented and what it

has to do with curvature. I personally felt that I could never acquire

a satisfactory understanding of differentiable geometry until I read

the original works. The second volume of these notes gives a detailed

exposition of the fundamental papers of Gauss and Riemann. Gauss' work

is now available in English (General Investigations of Curved Surfaces;

Raven Press). There are also two English translations of Riemann's work,

but I have provided a (very free) translation in the second volume.

Of course, I do not think that one should follow all the intricacies of

the historical process, with its inevitable duplications and false leads

What is intended, rather, is a presentation of the subject along the

lines vhich its development might have followed; as Bernard Morin said

tome, there is no reason, in mathematics any more than in biology, why

ontogeny must recapitulate phylogeny. When modern terminology finally

is introduced, it should be as an outgrowth of this (mythical) historical

development. And all the major approaches have to be presented, for they

were all related to each other, and all still play an important role.
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At this point I am reminded of a paper described in Littlewood's

Mathematician's Miscellany. The paper began "The aim of this paper is

to prove ..." and it transpired only much later that this aim was not

achieved (the author hadn't claimed that it was). What I have outlined

above is the content of a book the realization of whose basic plan and the

incorporation of vhose details would perhaps be impossible; what I have

written is a second or third draft of a preliminary version of this book.

T have had to restrict myself to what I could write and learn about within

the present academic year, and all revisions and corrections have had to

be made within this same period of time. Although I may some day be able

to devote to its completion the time which such an undertaking deserves,

at present I have no plans for this. Consequently, I would like to make

these notes available now, despite their deficiencies, and with all the

compromises I learned to make in the early hours of the morning.

These notes were written while I was teaching a year course in dif-

ferential geometry at Brandeis University, during the academic year

1969-70. The course was taken by six juniors and seniors, and audited by

a few graduate students. Most of them were familiar with the material in

Calculus on Manifolds, which is essentially regarded as a prerequisite.

More precisely, the complete prerequisites are advanced calculus using

linear algebra and a basic knowledge of metric spaces. An acquaintance

with topological spaces is even better, since it allows one to avoid the

technical troubles which are sometimes relegated to the Problems, but I

tried hard to make everything work without it.

The material in the present volume was covered in the first term, except

for Chapter 10, which occupied the first couple of weeks of the second

term, and Chapter 11, vhich was not covered in class at all. We found it

necessary to take rest cures of nearly a week after completing Chapters 2,

3, and7. The same material could easily be expanded to a full year course
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jn manifold theory with a pace that few yould describe as excessively

leisurely. I am grateful to the class for keeping up with my accelerated

pace, for othervise the second half of these notes would not have been

written. I am also extremely grateful to Richard Palais, vhose expert

knowledge saved me innumerable hours of labor.

Wrath, 1970
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CHAPTER 1

MANIFOLDS

TX nicest example of a metric space is Euclidean n-space R", consisting ofall n-tuples x = (x!,...,x") with each x! € R, where R is the set of real
numbers. Whenever we speak of R” as a metric space, we shall assume that it
has the “usual metric”

”

d(x,» = |°o%- xi,
f=

unless another metric is explicitly suggested. For n = 0 we will interpret R® as
the single point 0 € R.

A manifold is supposed to be “locally” like one of these exemplary metric
spaces R". To be precise, a manifold is a metric space M with the following
property:

If x € M, then there is some neighborhood U of x and some integer
n> Osuch that U is homeomorphic to R”.

The simplest example of a manifold is, of course, just R” itself; for each
x € R” we can take U to be all of R". Clearly, R" supplied with an equiva-
lent metric (one which makes it homeomorphic to R” with the usual metric),
is also a manifold. Indeed, a hasty recollection of the definition shows that
anything homeomorphic to a manifold is also a manifold—the specific met-
ric with which M is endowed plays almost no role, and we shall almost never
mention it.

[If you know anything about topological spaces, you can replace “metric
space” by “topological space” in our definition; this new definition allows some
pathological creatures which are not metrizable and which fail to have other
properties one might carelessly assume must be possessed by spaces which are
locally so nice. Appendix A contains remarks, supplementing various chapters,
which should be consulted if one allows a manifold to be non-metrizable.]

The second simplest example of a manifold is an open ball in R"; in this
case we can take U to be the entire open ball since an open ball in R” is
homeomorphic to R". This example immediately suggests the next: any open

1
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subset V of R” is a manifold—for each x € V we can choose U to be some open
ball with x € U C V. Exercisingamathematician’s penchant for generalization,

ee

U v7 NL nT

we immediately announce a proposition whose proof is left to the reader: An
open subset ofa manifold is also a manifold (called, quite naturally, an opensubmanifold of the original manifold).

The open subsets of R” already provide many different examples of manifolds
(just how many is the subject of Problem 24), though by no means all. Before
proceeding to examine other examples, which constitute most of this chapter,
some preliminary remarks need to be made.

If x is a point ofa manifold M, andU is a neighborhood of x (U contains
some open set V with x € V) which is homeomorphic to R" by a homeomor-

phism ¢: U > R", then $(V) C R® is an open set containing $(x). Conse-

¢

CS ”wa
quently, there is an open ball W with ¢(x) « WC ¢(V). Thus x € ¢7"(W) C
V CU. Since $: V — R” is continuous, the set ¢~"(W) is open in V, and thus
open in M; it is, of course, homeomorphic to W, and thus to R”. This compli-
cated little argumentjust shows that we can always choose the neighborhood U
in our definition to be an open neighborhood.
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With a little thought, it begins to appear that, in fact, U must be open. But
to prove this, we need the following theorem, stated here without proof.*

1. THEOREM. If U Cc R" is open and f: U -> R” is one-one and continu-
ous, then f(U) C R” is open. (It follows that f(V) is open for any open V Cc U,
so f~ is continuous, and f is a homeomorphism.)

Theorem 1 is called “Invariance ofDomain”, for it implies that the property of
being a “domain” (a connected open set) is invariant under one-one continuous

maps into R”. The proof that the neighborhood U in our definition must be
open is a simple deduction from Invariance of Domain, left to the reader as an

easy exercise (it is also easy to see that ifTheorem | were false, then there would
be an example where the U in our definition was not open).
We next turn our attention to the integer » appearing in our definition. Notice

that » may depend on the point x. For example, if M C R? is

M ={(x, yz): 2 = 0} U{(x, y,z) ix = 0 andz = I}
=M,UM,

then we can choose 1 = 2 for points in M; and n = 1 for points in Mz. This

KM

_—_ M

example, by the way, is an unnecessarily complicated device for producing one

manifold from two. In general, given M; and M2, with metricsdi and d2, we
can first replace each d; with an equivalent metric d; such that d;(x, y) < 1 for
all x, y € Mj; for example, we can define

A di 5 .
dj =Tea or dj =min(d;, 1).

* All proofs require some amount of machinery. The quickest routes arc probably pro-
vided by Vick, Homology Theory and Massey, Singular Homology Theory. An old-fashioned,

but pleasantly geometric, treatment may be found in Newman, Topology of Plane Sets.
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Then we can define a metric d on M = My U Mp by

d(z,y) = (ie if there is some / such that x,y € M;1 otherwise

(we assume that M, and M) are disjoint; ifnot, they can be replaced by new sets
which are). In the new space M, both M; and M) are open sets. If M, and M2
are manifolds, M is clearly a manifold also. This construction can be applied
to any number of spaces—even uncountably many; the resulting metric space is
called the disjoint union of the metric spaces Mj. A disjoint union of manifolds
is a manifold. In particular, since a space with one point is a manifold, so is any
discrete space M, defined by the metric

dana {i oe?1 ifxsy.

Although different n’s may be required at different points ofa manifold M,it would seem that only one » can work at a given point x € M. For the proof
of this intuitively obvious assertion we have recourse once again to Invariance

of Domain. As a first step, we note that R” is not homeomorphic to R™ when
n # m, for if n > m, then there is a one-one continuous map from R” into
a non-open subset of R”. The further deduction, that the » of our definition
is unique at each x € M, is lefi to the reader. This unique 7 is called the
dimension of M at x. A manifold has dimension n or is n-dimensional or is an

n-manifold if it has dimension n at each point. It is convenient to refer to the
manifold M as M” when we want to indicate that M has dimension n.

Consider once more a discrete space, which is a 0-dimensional manifold.
The only compact subsets of such a space are finite subsets. Consequently, an
uncountable discrete space is not o-compact (it cannot be written as a countable
union of compact subsets). The same phenomenon occurs with higher-dimen-
sional manifolds, as we see by taking a digoint union of uncountably many
manifolds homeomorphic to R”. In these examples, however, the manifold is
not connected. We will ofien need to know that this is the only way in which
o-compactness can fail to hold.

2. THEOREM. If ¥X is a connected, locally compact metric space, then ¥ is
o-compact.

PROOF. For each x € X consider those numbers r > 0 such that the closed

ball

{ye X:d(x,y) sr}
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is a compact set (there is at least one such r > 0, since ¥ is locally compact).

The set of all such + > 0 is an interval. If, for some x, this set includes all r > 0,
then ¥ is o-compact, since

co

X=UtexX: d(x, y) <n}.
n=!

If not, then for each x € X define r(x) to be one-halfthe least upper bound ofall such r.

The triangle inequality implies that

{ye X id(xs,y) Sr} C {ye Xs d(x,y) s 1 + d(m,2)},
so that

fy € X sd,y) S17 — d(xi,x2)} C (y eX sd,y) S17},
which implies that

1(i) rer) 2 r2) — 5d X2).

Interchanging x; and x2 gives

1(2) Ira) — ra)L S 5dx2),
so the function r: ¥ — R is continuous. This has the following important
consequence. Suppose A C X is compact. Let A’ be the union of all closed
balls of radius r(y) and center y, for all y € A. Then A’ is also compact. The
proof is as follows.
Let 21,22, 23,-.. be a sequence in A’. For each i there is a yj € A such

that 2; is in the ball of radius r(y;) with center y;. Since A is compact, some
subsequence of the y;, which we might as well assume is the sequence itself,

converges to some point y € A. Now the closed ball B of radius 3r(y) and

3r(y)

ro

(y) y
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center y is compact. Since y; > y and since the function r is continuous,
eventually the closed balls

{ye X :d(y, yi) sru)}

are contained in B. So the sequence 2; is eventually in the compact set B, and
consequently some subsequence converges. Moreover, the limit point is actually
in the closed ball of radius r(y) and center y (Problem 10). Thus A’ is compact.
Now let xo € X and consider the compact sets

Ay = {xo}

Ans1 = An’.

Their union A is clearly open. It is also closed. To see this, suppose that x is
a point in the closure of A. Then there is some y € A with d(x, y) < 3r(x).

By (1),

1PQ") 2 r(x) ~ 5x ¥)

12 2>r(x)- ory (x) = 37)
> d(x,y).

This shows that if y € An, then x € Ay’, so x € A.

Since ¥ is connected, and A # 9 is open and closed, it must be that ¥ = A,
which is o-compact.

After this hassle with point-set topology, we present the long-promised exam-
ples of manifolds. The only connected 1-manifolds are the line R and the circle,

or I-dimensional sphere, S', defined by

S' = & €R*:d(x,0) = 1}.
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The function f: (0,2r) + S! defined by f(6) = (cos6,sin6) is a home-
omorphism; it is even continuous, though not one-one, on [0,27]. We will

often denote the point (cos6,sin@) € S! simply by 6 € [0,2z]. (Of course, it
is always necessary to check that use of this notation is valid.) The function

g: (-m,2) — S', defined by the same formula, is also a homeomorphism;
together with f it shows that S! is indeed a manifold.
There is another way to prove this, better suited to generalization. The pro-

jection P from the point (0,1) onto the line R x {—-1} C R x R, illustrated in

1)

x,

Pr)
2 Oy F Le

the above diagram, is a homeomorphism of S! — {(0, 1)} onto R x {—1}: this is
proved most simply by calculating P: S! — {(0,1)} > R x {-1} explicitly. The

point (0, 1) may be taken care ofsimilarly, by projecting onto R x {1}, or it suf-

fices to note that S? is “homogeneous” —there is a homeomorphism taking any
point into any other (namely, an appropriate rotation of R?). Considerations
similar to these now show that the n-sphere

S" = {x ER"! : d(x,0) =D}

is an n-manifold. The 2-sphere $?, commonly known as “the sphere”, is our
first example of a compact 2-manifold or surface.
From these few manifolds we can already construct many others by noting

that if Mj are manifolds ofdimension nj ( = 1,2), then My x Mp is an (my -+12)-

manifold. In particular

S'x--+x S!
——

n times

is called the n-torus, while S! x S! is commonly called “the torus”. It is ob-
viously homeomorphic to a subset of R4, and it is also homeomorphic to a

certain subset of R3 whichiswhat most people have in mind when they speak of
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“the torus”: This subset may be obtained by revolving the circle

{0, y,z) € Rs (y— 1)? +27 = 1/4}

around the z-axis. The same construction may be applied to any I-manifold

CAD
contained in {(0, =) € R? : > 0}. The resulting surface, called a surface of
revolution, las components homeomorphic either to the torus or to the cylinder

S! x R, the latter of which is also homeomorphic to the annulus, the region of
the plane contained between two concentric circles.

The nest simplest compact 2-manifold is the 2-holed torus. To provide a more

= =)
explicit description of the 2-holed torus, it is easiest to begin with a “handle”, a
space homeomorphic to a torus with a hole cut out; more precisely, we throw
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away all the points on one side of a certain circle, which remains in our handle,
and which will be referred to as the boundary of the handle. The 2-holed

torus may be obtained by piecing two of these together; it is also described as

the disjoint union of two handles with corresponding points on the boundaries
“identified”.

The n-holed torus may be obtained by repeated applications of this proce-
dure. It is homeomorphic to the space obtained by starting with the disjoint

union of 1 handles and a sphere with 1 holes, and then identifying points on

the boundary of the i*® handle with corresponding points on the i** boundary
piece of the sphere.

There is one 2-manifold of which most budding mathematicians make the
acquaintance when they still know more about paper and paste than about
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metric spaces—the famous Mébius strip, which you “make” by giving a strip
of paper a half twist before pasting its ends together. This can be described

aS
analytically as the image in R? of the function f : [0,2] x (—1, 1) + R? defined
by

J(6,1) = (2058 +1 c0s$ cos, 2sin9 + 1cos$sind, rsin$).

unit vector sin$eaeae) cos $ sing 4/S 3-2cos$

eS —-SS8 cos
2cos8

If'we define f on [0,217] x [-1, 1] instead, we obtain the Mabius strip with
a boundary; as investigation of the paper model will show, this boundary is

homeomorphic to a circle, not to two disjoint circles. With our recently intro-
duced terminology, the Mabius strip can also be described as [0,1] x (1,1)
with (0, 1) and (1, —1) “identified”.

i

M

0U
l

7

y
+

a: oe

We have not yet had to make precise this notion of “identification”, but our
next example will force the issue. We wish to identify each point x € S? with
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its antipodal point —x € S?. The space which results, the projective plane, P?,
is a lot harder to visualize than previous examples; indeed, there is no subset
of R? which represents it adequately.

a
iS

The precise definition of P? uses the same trick that mathematicians always
use when they want two things which are not equal to be equal. The points
of P? are defined to be the sets {p,—p} for p € S?. We will denote this set
by [p] € P?, so that [—p] = [p]. We thus have a map f: S? > P? given
by f(p) = Lp], for which f(p) = f(g) implies p = +g. We will postpone
for a while the problem of defining the metric giving the distance between two
points [p] and [9], but we can easily say what the open sets will turn out to be
(and this is all you need to know in order to check that P? is a surface}. A subset

U C P? will be open if and only if {-'(U) C S? is open. This just means that
the open sets of P? are of the form f(V) where V C S? is an open set with
the additional important property that if it contains p it also contains — p.

Sze
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In exactly the same way, we could have defined the points of the Mébius
strip M to be

all points (s,1) € (0,1) x (-1,1)

together with

all sets {(0,1),(1,-1)}, denoted by [(0, 4)] or [(1, -9].

There is a map f: [0,1] x (-1,1) > M given by

(st) if's £0,1£9) = { .[G0] ifs =0or1,

and U C M is open if and only if f-'(U) C [0,1] x (-1,1) is open, so that
the open sets of M are of the form f(V) where V is open and contains (s,—1)
whenever it contains (s,1) for s = 0 or 1.

To get an idea of what P? looks like, we can make things easier for ourselves
by first throwing away all points of S? below the (x, »)-plane, since they are
identified with points above the (x, y)-plane anyway. This leaves the upper
hemisphere (including the bounding circle), which is homeomorphic to the disc

D? = {x € R?: d(x,0) <1},

and we must identify each p € S! with —p € S'. Squaring things off a
bit, this is the same as identifying points on the sides of a square according
to the scheme shown below (points on sides with the same label are identified

in such a way that the heads of the arrows are identified with each other). The
dotted lines in this picture are the key to understanding P?. If we distort the

A

Lo
A



Manifolds 13

region between them a bit we see that the front part of B followed by the
back part of A, at the upper left, is to be identified with the same thing at the
lower right, in reverse direction; in other words, we obtain a Mébius strip with

A

‘
A

x

B ox ,

x, A _ KeNA
A

a boundary (namely, the dotted line, which is a single circle). If this Mobius
strip is removed, we are left with two pieces which can be rearranged to form
something homeomorphic to a disc. The projective plane is thus obtained from

A 4 |. AUR

“Ee, ix 47) fla \ SN
a) So ee oma Lm

» | Ow ae ae
v ee] oe NEE *A Hse

the disjoint union of a disc and a Mobius strip with a boundary, by identifying
points on the boundary and points on the boundary of the disc, both of which
are circles. Thus to make a model of P? we just have to sew a circular piece of

cloth and a cloth Mobius strip together along their edges. Unfortunately, a litle
experimentation will convince you that this cannot be done (without having the
two pieces of cloth pass through each other).

The subset of IR? obtained as the union of the Mobius strip and a disc, al-
though not homeomorphicto P?, can still be described mathematically in terms

of P?. There is clearly a continuous function f: P? > R3 whose image is this
subset; moreover, although f is not one-one, it is locally one-one, that is, every
point p € P? hasa neighborhood U on which f is one-one. Such a function f
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is called a topological immersion (the single word “immersion” has a more spe-
cialized meaning, explained in Chapter 2). We can thus say that P? can be
topologically immersed in R?, although not topologically imbedded (there is no
homeomorphism f from P? to a subset of R3). In R*, however, with an extra
dimension to play around with, the disc can be added so as not to intersect the
Mébius strip.

Another topological immersion of P? in R3 can be obtained by first immers-
ing the Mobius strip so that its boundary circle lies in a plane; this can be done
in the following way. The figures below show that the Mobius strip may be ob-
tained from an annulus by identifying opposite points of the inner circle. (This
is also obvious from the fact that the Mébius strip is the projective plane with a

disc removed.) This inner circle can be replaced by a quadrilateral. When the

Az Al B 2peeSeo feeatAz At af Ba B RO

‘Az| | Az

=> (2 | — >

Ar], a2

resulting figure is drawn up into 3-space and the appropriate identifications are
made we obtain the “cross-cap”. The cross-cap together with the disc at the
bottom is a topologically immersed P2.

€ 2 <>D/C Le_> >
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‘The one gap in the preceding discussion is the definition ofa metric for P?.‘The missing metric can be supplied by an appeal to Problem 3-1, which will
later be used quite often, and which the reader should peruse sometime before

reading Chapter 3. Roughly speaking, it shows that things like P?, which ought
to be manifolds, are. (Those who know about topological spaces will recognize
it as a disguised case of the Urysohn Metrization Theorem.) For the present,
however, we will obtain our metric by a trick that simultaneously provides an
imbedding of P? in R*, Consider the function f: S? > R¢ defined by

I(x, y,2) = (yz,x2,xy,x? + 2y? + 32),
Clearly f(p) = f(—p). We maintain that f(p) = f(g) implies that p = +q.

‘To prove this, suppose that f(x, y,z) = f (a,b,c). We have, first ofall

yz =be

() xz = ac

xy =ab.

lf a,b,¢ #0, this leads to

bx

oefe) aQ)
ex
ze—.

Now

(x+y +2) =x? + yr +2? + Uxy xz + yz}

=14+2xy+xz + yz),

so we also have

tytzP=(a+bto),

hence

(3) atb+cost(xt+y+z).

Using (2), this gives

4 5atbtentx(1 +245) =ax(42**),a a a
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so x = +a. Similarly, we obtain » = £b, z = £6, with the same sign (which
comes from (3)} holding for all three equations. In this case we have proved our
contention without even using the fourth coordinate of f. Now suppose a = 0.
If x #0, then (1) would immediately give y = z = 0, so that

(x, ¥,2) = (£1,0,0).

But y= z = 0 implies (by (1) again) that be = 0, so b = 0 or c = O and

(a,b,c)= (0,41,0) or (0,0, 1).
These equations clearly contradict

x? 4 2y? +32? = a? + 2b? + 307.

Thus x = 0 also, and we have

(4) yz=be ; peal
(5) -2y? +32? = 2b? + 3c? ®) P+ =i.

But (6) implies that

2)? 4327 = 2y? +.3(1 — y*)

=3-y',

and similarly for b and c, so (5) gives

3-y? =3-2?

(7) yas.

Now (4) gives

(3) z=te

(this holds even if y = =0, since then z,¢ = +1). Clearly, (4) also shows that

the same sign holds in (7) and (8). which completes the proof.

Since f(p) = f(g) precisely when p = +g, we can define f: P? > R* by

FP) = fe).

This map is one-one and we can usc it to define the metric in P?;

d((p}, fal) = (FLD, Fad) = a(S), F)-
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Then one can check that the open sets are indeed the ones described above.
By the way, the map g: P? > R3 defined by the first 3 components of /,

8 (Lx, ¥,2]) = (vz, x2, xy)

is a topological immersion of P? in R?. The image in R? is Steiner’s “Roman
surface”.

YY

2Di CSIS
With the new surface P? at our disposal, we can create other surfaces in

the same way as the x-holed torus. For example, to a handle we can attach

a projective space with a hole cut out, or, what amounts to the same thing, a
Mobius strip. The closest we can come to picturing this is by drawing a cross-

cap sticking on a torus. We can also join together a pair of projective planes
with holes cut out, which amounts to sewing two Mébius strips together along
their boundary. Although this can be pictured as two cross-caps joined together,

it has a nicer, and famous, representation. Consider the surface obtained from
the square with identifications indicated below; it may also be obtained from
the cylinder [0,1] x S? by identifying (0,x) € [0,1] x S? with (1, x’), where x’is the reflection of x through a fixed diameter of the circle. Notice that the
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identifications on the square force P}, P2, P3, and Ps to be identified, so that
the set {P1, Po, Ps, Ps} is a single point of our new space. The dotted lines

Py Ps
A

B B

(0,x) (1, x’)
P. A Pi2 ‘ {Pi, Pa} {P3, Pa}

below, dividing the sides into thirds, form a single circle, which separates the
surface into two parts, one of which is shaded.

A2 Ad

As, Ar, Ai oeI\
BR Se) U By

als. ne | id |
By a ms, By By

Rearrangement of the two parts shows that this surface is precisely two
Mobius strips with corresponding points on their boundary identified. The
description in terms of [0,1] x S' immediately suggests an immersion of the
surface. Turning one end of the cylinder around and pushing it through itself
orients the lefi-hand boundary so that (0,x) is directly opposite (1, x’), to which
it can then bejoined, forming the “Klein bottle”.

VA
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Examples of higher-dimensional manifolds will not be treated in nearly such
detail, but, in addition to the family of n-manifolds S$”, we will mention the

related family of “projective spaces”, Projective n-space P” is defined as the

collection ofall sets {p, —p} for p € S”. The description ofthe open sets in P”

is precisely analogous to the description for P?. Although these spaces seem to
form a family as regular as the family S”, we will see later that the spaces P”
for even n differ in a very important way from the same spaces for odd 1.
One further definition is needed to complete this introduction to manifolds.

We have already discussed some spaces which are not manifolds only because
they have a “boundary”, for example, the Mobius strip and the disc. Points
ot: these “boundaries” do not have neighborhoods homeomorphic to R”, but
they do have neighborhoods homeomorphic to an important subset of R". The
(closed) half-space H” is defined by

H” = {(x!,...,x") € RB":x” > 0}.

A manifold-with-boundary is a metric space M with the following property:

If x € M, then there is some neighborhood U of x and some integer
n 2 O such that U is homeomorphic to either R" or H".

A point in a manifold-with-boundary cannot have a neighborhood homeo-
morphic to both R” and H"” (Invariance of Domain again); we can therefore
distinguish those points x € M having a neighborhood homeomorphic to H”.

The set of all such x is called the boundary of M and is denoted by 0M. If M is
actually a manifold, then 2M = @. Notice that if M is a subset of R”, then 2M

is not necessarily the same as the boundary of M in the old sense (defined for
any subset of R”}; indeed, if M is a manifold-with-boundary of dimension < 7,
then all points of M will be boundary points of M.

Ifmanifolds-with-boundary are studied as frequently as manifolds, it becomes
bothersome to use this long designation. Often, the word “manifold” is used
for “manifold-with-boundary”. A manifold in our sense is then called “non-

hounded”; a non-bounded compact manifold is called a “closed manifold”. We
will stick to the other terminology, but will sometimes use “bounded manifold”

instead of “manifold-with-boundary”.
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PROBLEMS

1, Show that if d is a metric on X, then both d = d/(1 +d) andd =

min(1,d) are also metrics and that they are equivalent to d (ie., the identity
map 1: (X,d) + (X,d) is a homeomorphism).

2. If (Xj, d;) are metric spaces, fori ¢ 1, with metrics d; < 1, and ¥;0.X; =@fori # j, then (X,d) is a metric space, where ¥ = U, Xj, and d(x,y) =
di(x, 7) if x, € X; for some i, while d(x, y) = 1 otherwise. Each X; is an
open subset of X, and ¥ is homeomorphic to X if and only if Y = U; ¥i
where the ¥; are disjoint open sets and ¥; is homeomorphic to X; for each i.
The space (¥,d) (or any space homeomorphic to it) is called the disjoint unionof the spaces X;.

3. (a) Every manifold is locally compact.
(b) Every manifold is locally pathwise connected, and a connected manifold is
pathwise connected.
(c) A connected manifold is arewise connected. (A path is a continuous image
of [0,1], but an arc is a one-one continuous image. A difficult theorem states

that every path contains an arc between its end points, but a direct proof of
arcwise-connectedness can be given for manifolds.)

4, A space X is called locally connected if for each x € X it is the case that
every neighborhood of x contains a connected neighborhood.

(a) Connectedness does not imply local connectedness.

(b) An open subset of a locally connected space is locally connected.
(©) X is locally connected if and only if components of open sets are open, so

every neighborhood of a point in a locally connected space contains an open
connected neighborhood.

(d) A locally connected space is homcomorphic to the disjoint union ofits com-
ponents.

(c) Every manifold is locally connected, and consequently homeomorphic to
the disjoint union of its components, which are open submanifolds.

5. (a) The neighborhood U in our definition ofa manifold is always open.
(b) The integer n in our definition is unique for each x.

6. (a) A subset of an n-manifold is an n-manifold if and onlyif it is open.
(b) 1f Mf is connected, then the dimension of M at x is the same for all x € M.

7. (a) If UC Ris an interval and f: U - R is continuous and one-one,

then f is either increasing or decreasing,



Manifolds 21

(b) ‘The image f(U) is open.

(©) The map f is a homeomorphism.

8. Kor this problem, assume

(1) (The Generalized Jordan Curve Theorem) If A CR" is homeomorphic

to S"“!, then R" ~ A has 2 components, and A is the boundary ofeach.
(2} If B Cc R® is homeomorphic to D" = {x € R” : d(x,0) < 1}, then

R" ~ B is connected.

(a) One component of R"~ A (the “outside of A”) is unbounded, and the other
(ihe “inside of A”) is bounded.

(b) If UC R" is open, A C U is homeomorphic to S"~? and f:U
R” is one-one and continuous (so that f is a homeomorphism on 4A), then
(inside of A) = inside of f(A). (First prove C.)
(c) Prove Invariance of Domain,

9. (a) Give an elementary proof that R! is not homeomorphic to R” for 1 > 1.
(b) Prove directly from the Generalized Jordan Curve Theorem that R" is not

homeomorphic to R" for m #n.

10. In the proofof Theorem 2, show that the limit of a convergent subsequence
of the z; is actually in the closed ball of radius r(y) and center y.

11. Every connected manifold (which is a metric space) has a countable base
for its topology, and a countable dense subset.

P12. (a) Compute the composition f = S! ~ {(0,1)}} —> R! x {-1} > RI
explicitly for the map P on page 7, and show that it is a homeomorphism.
(b) Do the same for f: S"-! ~ {(0,...,0,1}> BR").
13. (a) The text describes the open subsets of P? as sets of the form f(V),
where V C S? is open and contains ~ p whenever it contains p. Show that this
last condition is actually unnecessary.

(b) The analogous condition és necessary for the Mobius strip, which is discussed
immediately afterwards. Explain how the two cases differ.

14. (a) Check that the metric defined for P? gives the open sets described in
the text.

(b) Check that P? is a surface.
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15, (a) Show that P! is homeomorphic to S!.
(b) Since we can consider S”~' C S", and since antipodal points in S"~! are
still antipodal when considered as points in S", we can consider P"-! C P” in
an obvious way. Show that P" — P"~" is homeomorphic to interior D” = {x €
R”: d(x,0) <1}.

16. A classical theorem of topology states that every compact surface other

than S? is obtained by gluing together a certain number oftori and projective

spaces, and that all compact surfaces-with-boundary are obtained from these

by cutting out a finite number of discs. To which ofthese “standard” surfaces

are the following homeomorphic?

‘ia §}

| <> a
|

a hole in ay. .SF a hole Ww

(vy.a hole in (um y ” E
a hole in (i S

a hole me,
17. Let C C RC R? be the Cantor set. Show that R? — C is homeomorphic
to the surface shown at the top of the next page.
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pony this circle is not in the surface

these circles are

/ ww Jin the surface
18. A locally compact (but non-compact) space ¥ “has one end” if for every

compact C C X there is a compact K such that C Cc K C ¥ and X ~ K is
connected.

{a) R” has one end if n > 1, but not if 1 = 1.

(b) R” ~ {0} does not “have one end” so R” ~ {0} is not homeomorphic to R™.

19. This problem is a sequel to the previous one; it will be used in Problem 24.
An end of X is a function ¢ which assigns to each compact subset C C X¥ a
non-empty component ¢(C) of X ~ C, in such a way that C) C Cy implies
(C2) C (GQ).

a) If C C Ris compact, then R~C has exactly 2 unbounded components, the

“eft” component containing all numbers < some N, the “right” one containing
all numbers > some N. If ¢ is an end of R, show that e(C) is either always the
“defi” component of R — C, or always the “right” one. Thus R has 2 ends.

(b) Show that R” has only one end ¢ for 2 > 1. More generally, ¥ has exactly
one end ¢ if and only if ¥ “has one end” in the sense of Problem 18.
(c) This part requires some knowledge of topological spaces. Let €(¥) be the
set of all ends of a connected, locally connected, locally compact Hausdorff

space X. Define a topology on X UE(X) by choosing as neighborhoods Nc (eo)
of an end €9 the sets

Ne (€o) = €0(C) U fends € : €(C) = e0(C)},

for all compact C. Show that ¥ U €(X) is a compact Hausdorff space. What
is RU €(R), and R” UE(R") for n > 1?

20. Consider the following three surfaces.

(A) The infinite-holed torus: (SS Se
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(B) The doubly infinite-holed torus: * * *SSS B00
(C) The infinite jail cell window:

—I
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(a) Surfaces (A) and (C) have one end, while surface (B) does not.

(b) Surfaces (A) and (C) are homeomorphic! Hint: The region cut out by the
ines in the picture below is a cylinder, which occurs at the left of (A). Now draw
in two more Jines enclosing more holes, and consider the region between the
two pairs.
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21. (a) The three open subsets of R? shown below are homeomorphic.

infinite swiss cheese

(b) The points inside the three surfaces of Problem 20 are homeomorphic.

22. (a) Every open subset of R is homeomorphic to the disjoint union of inter-
vals.

(b) There are only countably many non-homeomorphic open subsets of R.

23. For the purposes of this problem we will use a consequence ofthe Urysohn

Metrization Theorem, that for any connected manifold M, there is a homeo-
morphism f from M to a subset of the countable product R x R x ---.

(a) If M is a connected non-compact manifold, then there is a continuous
function f: M — R such that f “goes to 00 at 00, ie, if {xn} is a sequence
which is eventually in the complement of every compact set, then f (xn) > 00.
(Compare with Problem 2-30.)

(b) Given a homeomorphism f: M > R xR x --- anda g: M > R which
goes to 00 at co, define f: M > Rx (Rx Rx ---) by f(x) = (g(x), f(@)).
Show that f(M) is closed.

(c) There are at most ¢ non-homeomorphic connected manifolds (where ¢ = 280
is the cardinality of R).

24. (a) Itis possible for R? — A and R?—B to be homeomorphic even though A
and B are non-homeomorphic closed subsets.
(b) If A C R? is closed and totally disconnected (the only components of A are
points), then €(R? — A) is homeomorphic to A. Hence R?— A and R? — B are
non-homeomorphic if A and B are non-homeomorphic closed totally discon-
nected sets.

(c) The derived set A’ of A is the set ofall non-isolated points. We define A®
inductively by A = A’ and A@+) = (A)’. For each n there is a subset An
of R such that A,“ consists of one point.
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*(d) There are ¢ non-homeomorphic closed totally disconnected subsets of R?.
Hint: Let C be the Cantor set, and ¢) < cz < ¢3 < +--+ a sequence of points

in C. For each sequence m) < nz < ---, one can add a set A,, such that its
nj derived set is {c}.
(e) There are ¢ non-homeomorphic connected open subsets of R?.

25. (a) A manifold-with-boundary could be defined as a metric space M with
the property that for each x € M there is a neighborhood U of x and an
integer 1 > 0 such that U is homeomorphic to an open subset of H”.
(b) If M is a manifold-with-boundary, then 4M is a closed subset of M and
0M and M — @M are manifolds.

() If Ci, i € 7 are the components of 9M, and I’ C J, then M — Ujey Gi is
a manifold-with-boundary.

26. If M C R” is a closed set and an n-dimensional manifold-with-boundary,
then the topological boundary of M, as a subset of R", is 9M. This is not
necessarily true if M is not a closed subset.

27. (a) Every point (@,,¢) on Steiner’s surface satisfies b2c? + ac? + a2b? =
abe.

(b} If (,5,c) satisfies this equation and 0 4 D = Vb?c? + a2c? 4 a7b?, then
(a,b,c) is on Steiner’s surface. Hint: Let x = be/D, etc.

() The set {(@,b,c) € RB : bc? + ac? + .a7b? = abc} is the union of the
Steiner surface and ofthe portions (—00,—1/2) and (1/2, 00) of each axis.
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DIFFERENTIABLE STRUCTURES

WwW: are now ready to apply analysis to the study of manifolds. The neces-sary tools of “advanced calculus”, which the reader should bring along
freshly sharpened, are contained in Chapters 2 and 3 of Calculus on Manifolds.
We will use freely the notation and results of these chapters, including some
problems, notably 2-9, 2-15, 2-25, 2-26, 2-29, 3-32, and 3-35; however, we will

denote the identity map from R” to R” by /, rather than by x (which will be
used often enough in other contexts), so that //(x) = x!.

Ona general manifold M the notion of a continuous function f: M > R
makes sense, but the notion of a differentiable function f: M — R does not.
This is the case despite the fact that M is locally like R”, where differentia-
bility of functions can be defined. If U C M is an open set and we choose
a homeomorphism ¢: U > R’", it would seem reasonable to define f to be

differentiable on U if f o6~!: R" = R is differentiable. Unfortunately, if
yw: V = R" is another homeomorphism, and UNV # 9, then it is not

necessarily true that f o y~!: R" > R is also differentiable. Indeed, since

Soy = fog o(pow'),

we can expect fey! to be differentiable for all f which make f o~" differ-
entiable only if ¢oy~!: R” > R" is differentiable. This is certainly not always

vu ¢
R" R

gow!—__ row,

27
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the case; for example, one need merely choose ¢ to be how, where h: R” > R”
is a homeomorphism that is not differentiable.

If we insist on defining differentiable functions on any manifold, there is no
way out of this impasse. It is necessary to adorn our manifolds with a little
additional structure, the precise nature of which is suggested by the previous
discussion.

Among all possible homeomorphisms from U C M onto R", we wish to select
a certain collection with the property that oy! is differentiable whenever $,
are in the collection. This is precisely what we shall do, but a few refinements
will be introduced along the way.

First of all, we will be interested almost exclusively in functions f: R" > R"
which are C® (that is, each component function f! possesses continuous partial
derivatives of all orders); sometimes we will use the words “differentiable” or
“smooth” to mean C®.

Moreover, instead of considering homeomorphisms from open subsets U
of M onto R’", it will suffice to consider homeomorphisms x: U — x(U) CR”
onto open subsets of R".

The use of the letters x, ’, etc., for these homeomorphisms, henceforth ad-
hered to almost religiously, is meant to encourage the casual confusion ofa point
p € M with x(p) € R", which has “coordinates” x!(p),...,x"(p). The only
time this notation will be confusing (and it will be) is when we are referring to
the manifold R”, whcre it is hard not to lapse back into the practice of denoting
points by x and y. We will often mention the pair (x,U), instead of x alone,
just to provide a convenient name for the domain of x.

If U and V are open subsets of M, two homeomorphisms x: U > x(U) C
R” and y: V > (V) C R" are called C™-related if the maps

pox: x(U NV) > pUNV)

xoytls (UAV)> x(U NV)

are C®. This make sense, since x(UNV) and y(U NV) are open subsets of R".
Also, it makes sense, and is automatically true, if UNV = 9.

A family ofmutually C®-related homeomorphisms whose domains cover M
is called an atlas for M. A particular member (x, U) of an atlas A is called
a chart (for the atlas A), or a coordinate system on U, for the obvious reason
that it provides a way of assigning “coordinates” to points on U, namely, the
coordinates x'(p),...,x"(p) to the point p € U.
We can even imagine a mesh of coordinate lines on U, by considering the
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inverse images under x oflines in R" parallel to one of the axes.

The simplest example of'a manifold together with an atlas consists of R" with
an atlas A of only one map, the identity J: R” > R". We can easily make the
atlas bigger; if U and V are homeomorphic open subsets of R", we can adjoin
any homeomorphism x: U -> V with the property that x and x7} are C®.
Indeed, we can adjoin as many such x’s as we like—it is easy to check that

they are all C%-related to each other. The advantage of this bigger atlas U

is that the single word “chart”, when applied to this atlas, denotes something
which must be described in cumbersome language if one can refer only to A.
Aside from this, U differs only superficially from A; one can easily construct U

from A (and one would be foolish not to do so once and for all). What has just
been said for the atlas {7} applies to any atlas:

1. LEMMA. If A is an atlas of C™-related charts on M, then A is contained

in a unique maximal atlas A’ for M.

PROOF. Let A’ be the set of all charts y which are C°°-related to all charts
x € A. It is easy to check that all charts in A’ are C®-related, so A’ is an atlas,
and it is clearly the unique maximal atlas containing A. ¢

We now define a C® manifold (or differentiable manifold,or smooth manifold)
to be a pair (M, A), where A is a maximal atlas for M. Thus, about the simplest
example of

aC® manifold is (R",U), where U (the “usual C°-structure forR””) is the maximal atlas containing {7}. Another example is (R,'V) where V

contains the homeomorphism x + x°, whosc inverse is not C®, together with
all charts C®-related to it. Although (R, U) and (R, V) are not the same, there

is a one-one onto function f: R — R such that

x€U ifand only if xo feV,

namely, the obvious map f(x) = x. Thus (R,U) and (R,'V) are the sort

ofstructures one would want to call “isomorphic”. The term actually used is
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“diffeomorphic”: two C® manifolds (M, A) and (N,B) are diffeomorphic if
there is a one-one onto function f: M —> N such that

+.

x €B ifand only if xo fe A. Ls KR
The map f is called a diffeomorphism, and f~" is clearly a diffeomorphism

also. If we had not required our atlases to be maximal, the definition of diffeo-
morphism would have had to be more complicated.

Normally, of course, we will suppress mention ofthe atlas for a differentiable
manifold, and speak elliptically of “the differentiable manifold M”; the atlas
for M is sometimes referred to as the differentiable structure for M. It will always

be understood that R” refers to the pair (R”, U).
It is easy to see that a diffeomorphism must be continuous. Consequently,

its inverse must also be continuous, so that a diffeomorphism is automatically
a homeomorphism. This raises the natural question whether, conversely, two

homeomorphic manifolds are necessarily diffeomorphic. Later (Problem 9-24)
we will be able to prove easily that R with any atlas is diffeomorphic to (R, U).
A proof of the corresponding assertion for R? is much harder, the proof for R3
would certainly be too difficult for inclusion here, and the proof of the essential
uniqueness of C® structures on R" for n > 5 requires very difficult techniques

from topology.
In the case of spheres, the projections P; and P2 from the points (0,...,0,1)

and (0,...,0,—1) of S"~! are easily seen to be C®-related. They therefore
determine an atlas—the “usual C® structure for S”~!”. This alas may also be
described in terms of the 21 homeomorphisms

fi SO ER" :x' > 0} 3 RT

gi: S™' {xe RY: x! <0} RT

defined by fi(x) = gi(x) = (x1,...,x/7!,x/41,...,x"),which are C%-related
to P; and P;. There are, up to diffeomorphism, unique differentiable structures
on S” for n < 6. But there are 28 diffeomorphism classes of differentiable
structures on S7, and over 16 million on S3!. However, we shall not come
close to proving these assertions, which are part of the field called “differential

topology”, rather then differential geometry. (Perhaps most astonishing of all
is the quite recent discovery that R* has a differentiable structure that is not
diffeomorphic to the usual differentiable structure!)
Other examples of differentiable manifolds will be given soon, but we can

already describe a differentiable structure A’ on any open submanifold N of
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a differentiable manifold (M, A); the atlas A’ consists of all (x,U) in A with
UCN.

Just as diffeomorphisms are analogues for C° manifolds of homeomor-

phisms, there are analogues of continuous maps. A function f: M > N is
called differentiable if for every coordinate system (x,U) for M and (y,V)
for N, the map yo f ox~!: R” — R” is differentiable. More particularly, f

G®
;

»x, Re
R

is called differentiable at p € M if yo f ox~? is differentiable at x(p) for

coordinate systems (x,U) and (y’,V) with p € U and f(p) € V. If this is
true for one pair of coordinate systems, it is easily seen to be true for any other
pair. We can thus define differentiability of f on any open subset M’ C M;
as one would suspect, this coincides with differentiability of the restricted map
S\M’: M’ — N. Clearly, a differentiable map is continuous.

A differentiable function f: M — R refers, of course, to the usual differen-
tiable structure on R, and hence /f is differentiable if and only if f 0x7" is
differentiable for cach chart x. It is easy to see that

()) afunction f: R" -> R'is differentiable as a map between C® manifolds

if and onlyif it is differentiable in the usual sense;
(2) afunctionf:M — R" is differentiable if and only ifeach f!: M — R™is differentiable;

(3) a coordinate system (x, U) is a diffeomorphism from U to x(U);
(4) a function f: M — N is differentiable if and only if each y/o f is

differentiable for each coordinate system y of N;

(5) a differentiable function f: M — N is a diffeomorphismif and only if
f is one-one onto and f~!: N > M is differentiable.

The differentiable structures on many manifolds are designed to make certain
functions differentiable. Consider first the product M, x M2 of two differen-
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tiable manifolds M;, and the two “projections” ;: M, x Mz —> M; defined
by 7;(p1, P2) = pi. It is easy to define a differentiable structure on M; x Mz
which makes each m; differentiable. For each pair (x;, Us) ofcoordinate systems
on M;, we construct the homeomorphism

Xy xX x2: U, x U2 > R42

defined by

1 X2(P1s P2) = Or (P1),X2(p2)), ee, 1 X Xz = (41 0-1, X2 0-72).

Then we extend this atlas to a maximal one.

Similarly, there is a differentiable structure on P” which makes the map
f: S" + P" (defined by f(p) = [p] = {p,—p}) differentiable. Consider
any coordinate system (x,U) for S", where U does nol contain —p if it con-
tains p, so that f|U is one-one. The map x o (f|U)~? is a homeomorphism
on f(U) C P*, and any two such are C®-related. The collection of these
homeomorphisms can then be extended to a maximal atlas.

To obtain differentiable structures on other surfaces, we first note that a C°

manifold-with-boundary can be defined in an obvious way. It is only necessary
to know when a map f': H” > R” is to be considered differentiable; we call f

differentiable when it can be extended to a differentiable function on an open

neighborhood of H”. A “handle” is then a C® manifold-with-boundary.

A differentiable structure on the 2-holed torus can be obtained by “matching”
the differentiable structure on two handles, The details involved in this process
are reserved for Problem 14.

To deal with C® functions effectively, one needs to know that there are lots of
them. The existence of C™ functions on a manifold depends on the existence of
C® functions on R” which are 0 outside of

acompact set. We briefly recall herethe necessary facts about such C® functions (c.f. Calculus on Manifolds, pg. 29).
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(1) The function : R -> R defined by

mix? h
A(x) = e x #0

0 x=0

-1 1

is C®, and h“(0) = 0 for all 7.

(2) The function j: R > R defined by

mann? “Get?wo={e Genny? eG x | (1,1) i0) x ¢(-1,1) 4 ;
is C%.

Similarly, there is a C® function k: R + R which is positive on (0,5) and 0
elsewhere,

jus
3

(3) The function /: R > R defined by
1

H

x 5 :

0 ‘0 :
3

is C®; it is 0 for x < 0, increasing on (0,6), and 1 for x 26.

(4) The function g: R” -> R defined by

| =0

8(8) = Jla"/e)--- f(a" /e) ahs
=

is C%; it is positive on (—e,2) x --- x (~e,8) and 0 elsewhere.

On a C® manifold M we can now produce many non-constant C® func-
tions, The closure {x : f(x) # 0) is called the support of f, and denoted simply
by supportf (or sometimes supp /).

2, LEMMA. Let C c U C M with C compact and U open. Then there
is a C® function f: M —> [0,1] such that f = 1 on C and support f c U.

(Compare Case2 ofthe proofof Theorem 15,}
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PROOF. For each p € C, choose a coordinate system (x, V) with V C U and
x(p) = 0. Then x(V) > (~e,8) x --- x (—6,€) for some ¢ > 0. The function
gx (where g is defined in (4)) is C° on V. Clearly it remains C™ if we extend

|

it to be 0 outside of V. Let fy be the extended function. The function fp can be
constructed for each p, and is positive on a neighborhood of p whose closure is
contained in U. Since C is compact, finitely many such neighborhoods cover C,
and the sum, fp, + ---+-fp,, of the corresponding functions has support C U.

OnC itis positive, so on C itis > 6 forsome8 > 0. Let f = 10( fp +:-*+Spm)»where / is defined in (3).

By the way, we could have defined C’ manifolds for each r > 1, not just for
“p = 00”. (A function f: R” > R is C’ if it has continuous partial derivatives
up to order r). A“C° function” isjust a continuous function, so a C° manifold is
just a manifold in the sense of Chapter 1. We can also define analytic manifolds

(a function f: R" > R is analytic at a € R” if f can be expressed as a
power series in the (x! — a‘) which converges in some neighborhood of a). The
symbol C® stands for analytic, and it is convenient to agree that r < co <@
for each integer r > 0. If a < B, then the charts ofa maximal C atlas are allC*-related, but this atlas can always be extended to a bigger atlas of C*-related
charts, as in Lemma 1. Thus, a C8 structure on M can always be extended
to a C® structure in a unique way; the smaller structure is the “stronger” one,
the C° structure (consisting of all homeomorphisms x: U — R”) being the
largest. The converse of this trivial remark is a hard theorem: For a > 1,
every C® structure contains a C8 structure for each B > a; it is not unique, of
course, but it is unique up to diffeomorphism. This will not be proved here.*
In fact, C* manifolds for « # co will hardly ever be mentioned again. One
remark is in order now; the proof of Lemma 2 produces an appropriate C*
fimction f on a C® manifold, for 0 < a < 00. Of course, for ¢ = w the proof

*For a proof see Munkres, Elementary Differential Topology.



Differentiable Structures 35

fails completely (and the result is false—an analytic function which is 0 on an
open set is 0 everywhere).

With differentiable functions now at our disposal, it is fitting that we begin
differentiating them. What we shall define are the partial derivatives of a dif-
ferentiable function f: M — R, with respect to a coordinate system (x,U). At
this point classical notation for partial derivatives is systematically introduced,
so it is worth recalling a logical notation for the partial derivatives of a function
Jf: R" = R. We denote by D; f(@) the number

_ f(a',....a' +h,..-.4")- f@im$+.
ho h

The Chain Rule states that if g: R™ — R” and f: R” > R, then
1

Dj(f og)la) = D> Dif (g(a) - Djs! (a).
izt

Now, for a function f: M > R and a coordinate system (x, U) we define

of af =
dxt(P) = 957 7 = Dif ox™)(x(p)),

. ar i . .(or simply 35 = Di(f©x7') 0.x, as an equation between functions). If we
define the curve cj: (—e,£) > M by

cx(h) = x7'(x(p) + O,---5hy--50)),

2

CYS

then this partial derivative is just

im 16) = LP)
ho h

so it measures the rate change of f along the curve ¢;; in fact it is just (foc;)'(0).

Notice that ax! 1 fie;xt fi=j
ag P) = 8 = {o ii otf.

If x happens to be the identity map of R”, then D;f(p) = 2f/x!(p), which
is the classical symbol for this partial derivative.
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Another classical instance of this notation, often not completely clarified, is
the use of the symbols 9/9” and 8/96 in connection with “polar coordinates”.
On the subset A of R? defined by

A=R? —{(x,y) €R?: py =0 and x 20} |
=R?-L |

we can introduce a “coordinate system” P: A + R? by

P(x, y) = 7, »),6(%, »)),

where r(x,y) = Vx? + y? and 6(x, y) is the unique number in (0, 2) with

)

x= r(x, py) cosO(x, y) A ey)y =r(x, y) sin B(x, y). ‘ao

This really is a coordinate system on A in our sense, with its image being the
set {r : r > 0} x (0,27). (Of course, the polar coordinate system is often

Wnt ~----------

(7,8) “@-axis”——

a| “y-axis”
not restricted to the set A. One can delete any ray other than L if @(x, y)
is restricted to lie in the appropriate interval (6,4 + 2m); many results are
essentially independent of which line is deleted, and this sometimes justifies the
sloppiness involved in the definition of the polar coordinate system.)
We have really defined P as an inverse function, whose inverse P™! is defined

simply by
P~'(r,6) = (r-cos6,r sin).
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From this formula we can compute af/@r explicitly:

(fo P™)(r, 8) = f(r cos6,r sin 8),

so

a, =Ley = Di( fo P™)(P(x,¥)
= Di f(P7'( P(x, ¥)) - Di[ PV (Py)

+ Daf(P\(P(x,9) - DilPPP,»))by the Chain Rule

= Di f(x, )- cosO(x, y) + Daf (x, y) + sin (x, ¥).
This formula just gives the value of the directional derivative of f at (x, ¥),

along a unit vector v = (cos@(x,y), sin 6(x, y)) pointing outwards from theorigin to (x, y). This is to be expected, because ¢1, the inverse image under P

4} snot.(9)

ley,” ©0800.)
8x9)

ofa curve along the “r-axis”, is just a line in this direction.
A similar computation gives

of p

9g 9) = DSC, Wr y) sin BC, y)] + Do F(X, lr Or, ¥) cosO(x, Y)]-
The vector w = (—sin 6(x, y), cos @(x, ’)) is perpendicular to v, and thus the
direction, at the point (x, ), of the curve ¢z which is the inverse image under P
ofa curve along the “6-axis”. The factor r(x, }) appears because this curve

w

: Le

«
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goes arounda circle of that radius as 6 goes from 0 to 2x, so it is going r(x, y)
times as fast as it should go in order to be used to compute the directional

derivative of f in the direction w, Note that 8f/86 is independent of which
line is deleted from the plane in order to define the function @ unambiguously.

Using the notation 8f/8x for Dy f, etc., and suppressing the argument (x,}')everywhere (thus writing an equation about functions}, we can write the above
equations as

af _ af afSet = sind

or Ox cos + ay sin
af af. of
5a = ag +a cos6.

In particular, these formulas also tell us what 4x/dr etc., are, where (x,y)
denotes the identity coordinate system of R?. We have 4x/8r = cos6, etc., so
our formulas can be put in the form

af _ af ax , af ayar
~

ax Br * By Oraf _ af ax , af ay00 «8x 00” ay 36°

In classical notation, the Chain Rule would always be written in this way. It is
a pleasure to report that henceforth this may always be done:

3. PROPOSITION. If (x,U) and (y,V) are coordinate systems on M, and
Jt: M — Ris differentiable, then on U NV we have

af ey af axt1 se saa ay Ds ax dytja

PROOF. It’s the Chain Rule, of course, if you just keep your cool:

a =

Lo = Dif oy )(p))
= Dif ox™]o [xo y")(p)

a

= YO Difox(eoye) - Dilx 0 HF OCD)j=
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n

= DDS 0x7") - Dilx! oy")
ja

n af. ax!
= La:Br %
ja

At this point we could introduce the “Einstein summation convention”. No-
tice that the summation in this formula occurs for the index j, which appears

both “above” (in ax! /ay') and “below” (in 9f/8x/). There are scads of for-
mulas in which this happens, often with hoards of indices being summed over,
and the convention is to omit the > sign completely—double indices (which

by luck, the nature of things, and felicitous choice of notation, almost always
occur above and below) being summed over. I won't use this notation because
whenever I do, I soon forget I’m supposed to be summing, and because by do-
ing things “right”, one can avoid what Elie Cartan has called the “debauch of
indices”.

We will often write formula (1) in the form

a ax! a

here /@y! is considered as an operator taking the function f to af/ay'. The
operator taking f to f/8y!(p) is denoted by

a | a | “.axJ a=a]; thus =] =) —W)s] -ay'|, ay, x aye? Oxi |,
For later use we record a property of £ = /x'|p: it is a “point-derivation”.

4. PROPOSITION. For any differentiable f, g: M — R, and any coordinate
system (x,U) with p € U, the operator £ = 9/8!|p satisfies

(fa) = F(pye(a) + E(P)8(e)-

PROOF. Left to the reader.

If (x,U) and (x',U") are two coordinate systems on M, the 1 x 1 matrix

axti

(Fo)
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is just the Jacobian matrix of x‘ 0 x7) at x(p). It is non-singular; in fact, its
inverse is clearly

Ox!

(So) :
Nowif f: M" > N" is C® and (y,V) is a coordinate system around f(p),

the rank ofthe m x 7 matrix

aie I

(3370)
clearly does not depend on the coordinate system (x,U) or (y, V). It is called

the rank of f at p. The point p is called a critical point of f if the rank of f
at p is < m (the dimension of the image N}; if p is not a critical point of f,
it is called a regular point of f. If p is a critical point of f, the value f(p) is
called a critical value of f. Other points in N are regular values; thus g € N
is a regular value if and only if p isa regular point of f for every p € f-"(q)-This is true, in particular, if g ¢ {(M)—a non-value of f is still a “regular
value”.

If f: R > R, then x is a critical point of f if and only if f'(x) = 0. It
is possible for all points of the interval [a,6] to be critical points, although this
can happen only if f is constant on [a,d]. If f: R? -> R has all points as
critical values, then Di f = D2 f = 0 everywhere, so f is again constant. On
the other hand, a function f: R? > R? may have all points as critical points
without being constant, for example, f(x,)) = x. In this case, however, the
image f(R2) = Rx {0} C R? is still a “small” subset of R?. The most important
theorem about critical points generalizes this fact. To stateit,we will need some
terminology.

Recall that a set A C R" has “measure zero” if for every € > 0 there is a

sequence By, Bz, B3,... of (closed or open) rectangles with
oo

Ac U Bn
n=l

and
co

vB) <e,
n=l

where v(B,) is the volume of By. We want to define the same concept for a
subset ofamanifold. To do this we need a lemma, which in turn depends on
a lemma from Calculus on Manifolds, which we merely state.
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5. LEMMA. Let 4 C R" be a rectangle and let f: A > R” be a function
such that |Djf#| < K on A for i,j =1,...,". Then

If) - SO) <0? Kix — y|

for all x,y € A.

6. LEMMA. If f: R" — R" is C} and A C R" has measure 0, then f(A) has
measure 0.

PROOF. We can assume that A is contained in a compact set C (ince R" is a
countable union of compact sets). Lemma 5 implies that there is some K such
that

IF) - FO) <0? Kix = yl

for all x,y € C. Thus f takes rectangles of diameter d into sets of diameter
<n’ Kd. This clearly implies that f(A) has measure 0 if A does.

Asubset A of

aC® n-manifold M has measure zero ifthere is a sequenceof charts (x;,U;), with A C U; Uj, such that each set xj(A 1 Uj) C R" has
measure 0. Using Lemma 6, it is easy to see that if A C M has measure 0, then

x(A NU) C R" has measure 0 for any coordinate system (x, U). Conversely,
if this condition is satisfied and M is connected, or has only countably many
components, then it follows easily from Theorem 1-2 that A has measure 0. (But

if M is the disjoint union of uncountably many copies of R, and A consists of
one point from each component, then A does not have measure 0}. Lemma 6
thus implies another result:

7. COROLLARY. If f: M > N isa C' function between two n-manifolds
and A C M has measure 0, then f(A) C N has measure 0.

PROOF. There is a sequence of charts (x;,U;) with A C U; Uj and each set
x;(A NU;) of measure 0. If (y, V) isa chart on N, then f(A)NV =U; f(AN
U;) OV. Each set

VFA NU) AV) = yo fox "(x(A NU;))

has measure 0, by Lemma 6. Thus (f(A) NV) has measure 0. Since f (U, Ui)
is contained

in the union ofat most countably many components of Ny, it followsthat f(A) has measure 0. 4
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8. THEOREM (SARD’S THEOREM). If f: M > N isa C’ map between
n-manifolds, and M has at most countably many components, then the critical

values of f form a set of measure 0 in N.

PROOF. It clearly suffices to consider the case where M and N are R". But
this case is just Theorem 3.14 of Calculus on Manifolds.

The stronger version of Sard’s Theorem, which we will never use (except once,
in Problem 8-24), states* that the critical values ofaCé map f: M" > N™
are a set of measure 0 if k > 1 + max(# — m,0). Theorem8 is the easy case,
and the case m > 1 is the trivial case (Problem 20). Although Theorem8 will
be very important later on, for the present we are more interested in knowing

what the image of f: M — N looks like locally, in terms of the rank k of f
at p € M. More exact information can be given when f actually has rank k

in a neighborhood of p. It should be noted that f must have rank > k in
some neighborhood of p, because some k x k submatrix of (A(y! o f)/ax!)
has non-zero determinant at p, and hence in a neighborhood of p.

9. THEOREM. (1) If f: @" — N™ has rankk at p, then there is some coor-
dinate system (x, U) around p and some coordinate system (y, V) around f(p)
with yo f x7 in the form

vofoxa',...,a") =(a',...,a*, w@),....~™a)).
Moreover, given any coordinate system ), the appropriate coordinate system
on N can be obtained merely by permuting the component functions of y.

(2) If f has rank k in a neighborhood of p, then there are coordinate systems
(x, U) and (y, V) such that

yofoxta',...,a") = (a',...,a*,0,...,0).

Remark: The special case M = R", N = R™ is equivalent to the general theo-
rem, which gives only local results. If y is the identity of R’”, part (1) says that
by first performing a diffeomorphism on R”, and then permuting the coordi-
nates in R™, we can insure that f keeps the first k components of a point fixed.
These diffeomorphisms on R" and R™ are clearly necessary, since f may not
even be one-onc on R* x {0} C R”, and its image could, for example, contain
only points with first coordinate 0.

*For a proof, see Milnor, Topology From the Differentiable Viewpoint or Sternberg, Lectures on
Differential Geometry.
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In part (2) we must clearly allow more Jeeway in the choice of y, since f(R”)

may not be contained in any k-dimensional subspace of R”.

PROOF. (1) Choose some coordinate system u around p. By a permutation of
the coordinate functions u! and y! we can arrange that

ayo /)
_() de (Dm) #0 a,P=1,...,k.

Define

x= yTof  a=,..,k

x=” rok+l,...,n,

Condition (1) implies that

aor /) xax!
_ aubQ det (Eo) = det T #0.

0 4
This shows that x = (x ou7!) ow is a coordinate system in some neighbor-
hood of p, since (2) and the Inverse Function Theorem show that x ou is a
diffeomorphism in a neighborhood of u(p). Now

g=x(a',...,a") means x(q) = (a',...,a"),

hence x!(q) =a’,

h Yofqgy=a  a=l,...,kne

ence u’(q) =a” r=k+1,....m,
so

yofoxtal,...ja)=yof(g)  forg=x7(a',...,a")

=(a',...,a*,__).

(2) Choose coordinate systems x and v so that vo f 0x7? has the form in (1).
Since rank f = k in a neighborhood of p, the lower square in the matrix

| O
auto f) ii
AL) = D(

ys] YX 1
Dm
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must vanish in a neighborhood of p. Thus we can write

wa=Wial,...a*) r=k4+1,....m.

Define

yt aot

yayo(v,...,v*).

Since

(8) you '(,...,8") = yg) for v(g) = (b',...,5")

= (b',...,0K, BET —PH. bk), b™ = (BI... BK),

the Jacobian matrix

10ay) fa

AX [el
has non-zero determinant, so y is a coordinate system in a neighborhood
of f(p). Moreover,

yofoxtal,...,a")

= you love fox(al,...,a")

=you(a’,...,a%,yk (a),...,¥"(a))
= (a),...ak, wa) - HHa!,..,0%), wa)— Ha, a)

by @)

= (a',...,a*,0,...,0). &

Theorem 9 acquires a special form when the rank of f is n or m:

10. THEOREM. (I) If m<nand f: M" > N™ has rank m at p, then for

any coordinate system (y,V) around f(p), there is some coordinate system
(x, U) around p with

yofox(a,...,a") =(a',...,a7).
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(Q In < mand f: M" > N” has rank n at p, then for any coordinate

system (x,U) around p, there is a coordinate system (y, V) around f(p) with

yofoxal,...,a") = (al,...,a",0,...,0).

PROOF. (1) This is practically a special case of (1) in Theorem 9; it is only
necessary to observe that when k = m, it is clearly unnecessary, in the proof of

this case, to permute the y! in order to arrange that
aye f)

_ .det ( ab (p)) #9 a, B=1,...,m;
only the u! need be permuted.

(2) Since the rank of f at any point must be < 7, the rank of f equals 7

in some neighborhood of p. It is convenient to think of the case M = R”

and N = R” and produce the coordinate system y for R” when we are given
the identity coordinate system for R”. Part (2) of Theorem 9 yields coordinate

systems @ for R” and w for R” such that
vofod(a',...,a") =(a',...,a",0,...,0).

Even if we do not perform $7? first, the map /f still takes R” into the subset

ee R" S(R") = £(G(R")) R”
¢ f v es

7
wife")

{(R") which y takes to R" x {0} C R™—the points of R” just get moved to

the wrong place in R” x {0}. This can be corrected by another map on R”.
Define 4 by

2(b', ...,b™) = (G10, ...,b"),b" 1, ....b™).

Then

howpof(al,...,a") =lopofog "(b},...,6")
for (b',...,") = (a)

= A(b),...,67,0,...,0)

= (¢'(1,...,0"),0,...,0)

= (a',...,a7,0,...,0),

so 1.0 W is the desired y. If we are given a coordinate system x on R” other
than the identify, we just define

(BE, b™) = (xO, 6"), B",..., 6);

it is easily checked that y = 0 wy is now the desired y.
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Although p is a regular point of in case (1) of Theorem 10 and a critical
point in case (2) (if 2 < m), it is case (2) which most interests us. A differentiable
function f: M" — N” is called an immersion if the rank of f is n, the

dimension of the domain M, at all points of M. Of course, it is necessary that
m = n, and itis clear from Theorem 10(2) that an immersion is locally one-one
(60 it is a topological immersion, as defined in Chapter 1). On the other hand,
a differentiable map f need not be an immersion even if it is globally one-one.
The simplest example is the function f: R > R defined by f(x) = x3, with
f'(0) = 0. Another example is

er x0 J

g()= 0 x=0

ex? x <0.

A more illuminating example is the function h: R — R? defined by

5 h
h(x) = (g(x), lex)))s . 4

although its image is the graph ofa non-differentiable function, the curve itself
manages to be differentiable by slowing down to velocity 0 at the point (0,0).
One can easily define a similar curve whose image looks like the picture below.

Three immersions of R in R? are shown below. Although the second and
third immersions 8; and f2 are one-one, their images are not homeomorphic

B2(R)
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to R. Of course, even if the one-one immersion f: P — M is not a homeo-

morphism onto its image, there is certainly some metric and some differentiable
structure on f(P) which makes the inclusion map i: f(P) > M an immer-

sion, In general, a subset M, C M, with a differentiable structure (not nec-
cssarily compatible with the metric Mj inherits as a subset of M), is called an

immersed submanifold of M if the inclusion mapi: M; > M is an immersion.
The following picture, indicating the image of an immersion B3: R > S!x S!,

Bs(®) COG
first time around At
second time around

shows that M; may even be a dense subset of M.
Despite these complications, if Mj is a k-dimensional immersed submanifold

of M” and Uj is a neighborhood in M; ofa point p € M,, then there is a
coordinate system (y, ¥) of M around p, such that

UNV = tg eM: yg) =~ = y"(q) = 0};

a

this is an immediate consequence of Theorem 10(2), with f = i. Thus, if

g: My > N is C® (considered as a function on the manifold Mj) in a neigh-
borhood of a point p € M,, then there is a C® function g on a neighborhood
V CM of psuch that g = g of on VM Mj—we can define

= , Iq’)= YQ) = 1,.. 0k= ay8g) = 8(), where Cronce r=k+l,....n
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On the other hand, even if g is C® on all of M, we may not be able to

define on M. For example, this cannot be done if g is one of the functions
B;': Bi(M) > R.
One other complication arises with immersed submanifolds. If My, C M is

an immersed submanifold, and f: P > M isa C®™ function with f(P) C Mi,
itis not necessarily true that f is C® when considered as a map into M,, with its
C® structure. The following figure shows that / might not even be continuous

S(P)
tf )p

M,C M =R My

as a map into Mj. Actually, this is the only thing that can go wrong:

11. PROPOSITION. If M; C M is an immersed manifold, f: P > M is

a C®™ function with f(P) C Mj, and f is continuous considered as a map
into Mj, then f is also C® considered as a map into Mj.

PROOF. Let i: M, > M be the inclusion map. We want to show that i~ 0 f
is C® if it is continuous. Given p € P, choose a coordinate system (y, V) for M
around f(p) such that

Ur = tg eV: yg) =. = y"(q)= 0)
is a neighborhood of f(p) in My and (y"|U;,...,.»*|Ui) is a coordinate system
of M; on Uj.
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By assumption, i—! © f is continuous, so

7! ci(open set) is an open set.

Since U; is open in Mj, this means that f~1(U,) C P is open. Thus f takes
some neighborhood of p € P into Uj. Since all y/o f are C®, and y?,..., y*
are a coordinate system on Uj, the function f is C® considered as a map
into My,

Most of these difficulties disappear when we consider one-one immersions
Jf: P > M which are homeomorphisms onto their image. Such an immersion
is called an imbedding (“embedding” for the English), An immersed subman-

ifold My C M is called simply a (C®) submanifold of M if the inclusion map

i: M, > M is an imbedding; it is called a closed submanifold of M if M, is
also a closed subset of M.

Lo a Xeow submanifold

‘There is one way of getting submanifolds which is very important, and gives

the sphere S"-! CR" — {0} C R®, defined as {x : }x|? = 1}, as a special case.

12, PROPOSITION. If f: M” — N has constant rank k ona neighborhood
of f-()), then f~!(y) is a closed submanifold of M of dimension n — k (or
is empty). In particular, if y is a regular value of f: M" > N™, then f(y)
is an (n — m)-dimensional submanifold of M (or is empty).

PROOF, Left to the reader. 4

It is to be hoped that however abstract the notion of C® manifolds may
appear, submanifolds of R% will scem like fairly concrete objects. Now it turns
out that every (connected) C® manifold can be imbedded in some R%, so that
manifolds can be pictured as subsets of Euclidean space (though this picture
is not always the most useful one). We will prove this fact only for compact
manifolds, but we first develop some of the machinery which would be used in
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the general case, since we will need it later on anyway. Unfortunately, there are

many definitions and theorems involved,

If © is a cover ofa space M, a cover (’ of M is a refinement of © (or
“refines 0”) if for every U in @’ there is some V in O with U C V (the sets of 0”
are “smaller” than those of @)—a subcover is a very special case of a refining

cover. A cover ( is called locally finite if every p € M has a neighborhood W
which intersects only finitely many sets in 0.

13, THEOREM. If @ is an open cover ofa manifold M, then there is an open
cover of M which is locally finite and which refines @. Moreover, we can

choose all members of (’ to be open sets diffeomorphic to R”.

PROOF. Wecan obviously assume that M is connected. By Theorem 1.2, there

are compact sets C1, C2, C3,... with M = C, UG UGU---. Clearly C; has
an open neighborhood U; with compact closure. Then Uj U C2 has an open
neighborhood U2 with compact closure. Continuing in this way, we obtain
open sets U;, with Uj compact and Uj ¢ U;41, whose union contains all C;,
and hence is M. Let U-; = Up = 9.

V4

CS),@Q» y AgLip

Now M isthe union fori > | of the “annular” regions 4; = U;—U;-1. Sincecach Aj is compact, we can obviously cover A; by a finite number of open sets,each contained in some member of @, and each contained in V; = Uj4; — Uj-2.

We can also choose these open sets to be diffeomorphic to R”. In this way we
obtain a cover ’ which refines @ and which is locally finite, since a point in U;
is notin Vj for j > 2+i. &
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Notice that if © is an open locally finite cover ofa space M and C C M is
compact, then C intersects only finitely many members of @. This shows that
an open locally finite cover ofaconnected manifold must be countable (like the
cover constructed in the proof of Theorem 13).

14, THEOREM (THE SHRINKING LEMMA). Let be an open locally
finite cover ofamanifold M. Then it is possible to choose, for each U in @, an
open set U’ with U’ ¢ U in such a way that the collection of all U’ is also an
open cover of M.

PROOF. We can clearly assume that M is connected. Let © = {Uj, U2, U3,...}.
Then

Cy =U, — (U2 UU3U--)

is a closed set contained in Uj, and M = C; UU, UU3U---. Let Uj be an

open set with Cy C Uj C UJ CU). Now

=U, ~(U{UU3U---)

is a closed set contained in U2, and M = UjU C,UU3U---. Let Uj be an
open set with Cz C Uj Cc U3 C U2. Continue in this way.

For any p € M there is a largest n with p € U,, because @ is locally finite.
Now

pe U/UUZU---UU, U (Ups U Unga Us++)5
it follows that

peEUsUUzU+,

since replacing Un4; by Us, cannot possibly eliminate p. 4

15. THEOREM. Let @ be an open locally finite cover ofamanifold M. Then
there is a collection of C® functions gu: M — [0,1], one for each U in O,
such that

(1) support¢y C U for each U,
(2) Sdu(p) = | for all p € M (this sum is really a finite sum in some

U

neighborhood of p, by (1)).
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PROOF. Case 1, Each U_in © has compact closure. Choose the U’ as in Theorem
14. Apply Lemma 2 to U’ Cc U C M to obtain a C™ function wy: M = [0,1]
which is | on U7 and has support ¢ U. Since the U’ cover M, clearly

SY wu > 0 everywhere.
veo

Define vi_

u

ee
UEco

Case 2. General case. This case can be proved in the same way, provided that

Lemma2 is true for C C U C M with C closed (but not necessarily compact)
and U open. But this is a consequence of Case /:

For each p € C choose an open set Up C U with compact closure. Cover
M —C with open sets Vg having compact closure and contained in M — C.

The open cover {Up; Va} has an open locally finite refinement 0 to which Case
applies. Let

f= > gu, where 0! = {U €@:U CU, for some p}.
Ue

This sum is C®, since it is a finite sum in a neighborhood of each point. Since

Xu ¢u(p) = | for all p, and ¢u(p) = 0 when U C Va, clearly f(p) = 1
for all p € C. Using the fact that @ is locally finite, it is easy to see that
support f CU. &

16. COROLLARY. If @ is any open cover ofa manifold M, then there is acollection of C® functions ¢;: M — [0,1] such that

(}) the collection ofsets {p: $;(p) ¥ 0} is locally finite,
(2) Dj di(p) = 5 for all p € M,
(3) for each i there is a U € © such that support; C U.

(A collection {@;: M — [0,1}} satisfying (1) and (2) is called a partition of unity;
if it satisfics (3), it is called subordinate to 0.)

It is now fairly easy to prove the last theorem of this chapter.

17. THEOREM. If M” is a compact C® manifold, then there is an imled-
ding {: M — R% for some N.
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PROOF. There area finite numberof coordinate systems (x1, U;),--- , (Xs Uk)
with M = Uj U---UU,, Choose U; as in Theorem 14, and functions yj: M >
[0,1] which are | on U/ and have support C U;. Define f: M — RY, where
N =nk +k, by

SW Xt Whe Xk Wis Wi)»

This isan immersion, because any point p is in U/ for some i, and on U/, where
Wi = 1, the N x n Jacobian matrix

ase Oxe

xr contains the » x n matrix =~ =].ax? ax}

It is also one-one. For suppose that f(p) = f(g). There is somei such that
p €U!, Then Wi(p) = I, so also ¥i(q) = 1. This shows that we must have
q €U;. Moreover,

Wa i(P) = Wi - Xi),

so p = gq, since x; is one-one on U;. #%

Problem 3-33 shows that, in fact, we can always choose N = 2n + 1.

PROBLEMS

1. (a) Show that being C®-related is not an equivalence relation.

(b) In the proof of Lemma 1, show that all charts in A’ are C%-related, as
claimed,

2. (a) If M is a metric space together with a collection of homeomorphisms
x: U — R" whose domains cover M and which are C°-related, show that

the n at cach point is unique wilhoul using Invariance of Domain.

(b) Show similarly that 07 is well-defined for a C® manifold-with-boundary M.

3. (a) All C® functions are continuous, and the composition of C® functions
isc™.

(b) A function f: M — N is C™ if and only if go f is C® for every C?
function g: N > R.

4. How many distinct C™ structures are there on R? (There is only one up to

diffeomorphism; that is not the question being asked.)
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5. (a) If N C M is open and A’ consists ofall (x,U) in A with U C N, show
that 4’ is maximal for N if A is maximal for M.

(b) Show that A’ can also be described as the set of all (x]V O.N,V ON) for
(x, V) in A.

(c) Show that the inclusion i: N > M is C®, and that A’ is the unique atlas
with this property.

6. Check that the two projections P; and P2 on S"-! are C® related to the 2n
homeomorphisms f; and g;.

7. (a) If M is a connected C® manifold and p,q € M, then there is a C®
curve ¢: [0,1] > M with c(0) = p and c(1) =q.

(b) It is even possible to choose ¢ to be one-one.

8. (a) Show that (M; x M2) x Ms is diffeomorphic to My x (Mz x M3) and
that M; x Mz is diffeomorphic to Mz x My.
(b) The diffcrentiable structure on M, x M2 makes the “slice” maps

Pit (Pr, P2)

P2*> (Bri, pa)

of My, Mz > M, x Mp differentiable for all j; € My, 2 € Mo.

() More generally, a map f: N > My, x Mz is C® if and only if the compo-
sitions x, 0 f: N > My and m2 0 f: N — M2 are C®. Moreover, the C®

structure we have defined for Mj; x Mz is the only one with this property.

(@) If fi: N— M; are C™ ( = 1,2), can one determine the rankof (fi, fa): N
—> My x Mz at p in terms ofthe ranks of f; at p? For fi: Ni > Mz, show that
Si x fa: Ny x No > My x Ma, defined by fi x fo(pi, p2) = (AC);fC p2)),is C® and determine its rank in terms ofthe ranks of fi.

9. Let g: S"-» P" be the map p++ [p]. Show that f: P” > M is C® if and

only if fog: S"-» M is C®. Compare the rank of f and the rank of fog.
10. (a) If U C R® is open and f: U > R is locally C® (every point has a
neighborhood on which f is C®), then f is C®°. (Obvious.)

(b) If f: H" > R is locally C®, then f is C®, ie, f can be extended to a
C® function on a neighborhood of H”. (Not so obvious.)

11. If f: H" > R has two extensions g,h to C® functions in a neighborhood
of H”, then Djg and Djh are the same at points of R”—" x {0} (so we can speak
of Dj f at these points).

12. If M isa C® manifold-with-boundary, then there is a unique C® structure

on 8M such that the inclusion map i: 8M — M is an imbedding.
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13. (a) Let U C M” be an open set such that boundary U is an (w — 1)-dimen-

sional (differentiable) submanifold. Show that 7 is an n-dimensional manifold-
with-boundary. (It is well to bear in mind the following example: if U = {x €

R": d(x,0) < lor] < d(x,0) < 2}, then T is a manifold-with-boundary, but
aU # boundary U.)
(b) Consider the figure shown below. This figure may be extended by putting

ahC$

a
smaller copies of the two parts of S’ into the regions indicated by arrows, and
then repeating this construction indefinitely, The closure S of the final resulting

figure is known as Alexander’s Horned Sphere. Show that S is homeomorphic to S?.
(Hint: The additional points in the closure are homeomorphic to the Cantor
set.) If U is the unbounded component of R? — S, then S = boundary U, but
U is not a 2-dimensional manifold-with-boundary, so part (a) is true only for
differentiable submanifolds.

14. (a) There isa map f: R? > R? such that

() £0,0) = (2,0) for all x,
(2) S(x,y) C H? for y > 0,

(3) f(x,y) CR? - H? for y < 0,
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(4) f restricted to the upper half-plane or the lower half-plane is C, but f
itselfisnot C™. .

(b) Suppose M and N are C® manifolds-with-boundary and f: 8M — dN

is a difleomorphism. Let P = M Uy N be obtained from the disjoint union
of M and N by identifying x € 2M with f(x) € aN. If (x,U) is a coordinate
system around p € 3M and (y,V) a coordinate system around f(p), with
S(U 18M) = VNAN, and (yo f)|U NAM = x|U NOM, we can define a

homeomorphism from U UV C P to R" by sending U to H” by x and V to
the lower half-plane by the reflection of y. Show that this procedure does not

ao

Ley 1rcaNw CO of y

define a C™ structure on P.

() Now suppose that there is a neighborhood U of aM in M and a diffeo-
morphism a: U — 8M x (0,1), such that «(p) = (p,0) for all p € 9M, anda
similar diffeomorphism B: V > 9N x (0,1). (We will be able to prove later that
such diffeomorphisms always exist). Show that there is a unique C® structure

a \a
Vv
= as

on P such that the inclusions of M and N are C® and such that the map from
U UY to aM x (I, 1) induced by @ and f is a diffeomorphism.
(®) By using two different pairs («, 8), define two different C® structures on R?,
considered as the union of two copies of H? with corresponding points on 0H?
identified. Show that the resulting C® manifolds are diffeomorphic, but that
the diffeomorphism cannot be chosen arbitrarily close to the identity map,
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15. (a) Find a C® structure on H! x H! which makes the inclusion into R?
a C® map. Can the inclusion be an imbedding? Are the projections on each
factor C° maps?

(b) If M and N are manifolds-with-boundary, construct a C® structure on
M x N such that all the “slice maps” (defined in Problem 8) are C®.

16. Show that the function f: R > R defined by

ee x>0
x) =Ad {s x <0

is C® (the formula e~/" is used just to get a function which is > 0 for x < 0,
and e~/l*! could be used just as well).

17. Lemma 2 (as addended by the proofof Theorem 15) shows that if Cy and C2
are disjoint closed subsets of M, then there is a C® function f: M —> [0,1]
such that C; C f~'(0) and @ c f7'(1). Actually, we can even find f with

Cy = f~'0) and Cz = f~!(1). The proof turns out to be quite easy, once you
know the trick.

(a) It suffices to find, for any closed C C M,a C® function f with C = f~'(0).
(b) Let {U;} be a countable cover of M — C, where each U; is of the form

U; = x7"({fa € R": Jal < 1)

for some coordinate system x taking an open subset of M —C onto R”, Let
fi: M — [0,1] bea C® function with f; > 0 on U; andfi = 0 on M — Uj.Functions like

ah Bf
Oxi? Axsaxk?

will be called mixed partials of fi, of order 1,2,.... Let

@; = sup ofall mixed partials of fi,...,f; of all orders <i.
Show that

so Sif= Lam
ist

is C®, and C = f~'(0).

18. Consider the coordinate system (y', y?) for R? defined by

y'(a,b)=a

(a,b) = a+b.
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(a) Compute 8f/8y!(a,b) from the definition.
(b) Also compute it from Proposition 3 (to find 8///ay/, write each J! in terms
of y! and y?).

Notice that 8f/dy! # 8f/81' even though y! = /'; the operator 8/8y‘ depends
on y and i, not just on y’.

19. Compute the “Laplacian”

a Ee

in termsofpolar coordinates. (First compute 8/8x in terms of 8/dr and 0/80;
then compute 87/9x? from this). Answer: 1[2(¢72)+ &G§)).

20. If f: M" > N™ is C! and m > n, then f(M) has measure 0 (provided
that M has only countably many components).

21. The following pictures show, for n = 1,2, and 3, a subdivision of [0,1] x
(0, 1] into 2%" squares, An,1,--.sAn,22"3 Square An,x is labeled simply k. The
numbering is determined by the following conditions:

(a) The lower left square is An,1-

(b) The upper left square is A,,2n.

(c) Squares Ap,x and Ap,k41 have a common side.

(d) Squares Ay,4141, Anal42, An,4l+3 An,al44 are contained in Ay—1141-

3 LEP

PrP r) GEAH2 BBR ococeee
CiTT)  RREPEEEGt tTTTT ty

Define f: [0,1] > [0, 1] x (0, 1) by the condition

k-\ kSDE Anx for all om st< a
Show that / is continuous, onto [0, 1] x [0,1], and not one-one.
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22. For p/2" € (0, 1], define f(p/2") € R? as shown below.

ASG)

I

£Qf fee) 1)

4=f0)/“SE FO
SY f@

(a) Show that f is uniformly continuous, so that it has a continuous extension
g: [0,1] > R?, Show that g is one-one, and that its image will not have
measure0 if the shaded triangles are chosen correctly.
(b) Consider the homeomorphic image of S! obtained by adding, below the
image of g, a semi-circle with diameter the line segment AB, What does the
inside of this curve look like?

23, Let c: [0,1] > R" be continuous. For each partition P = (lo,...,tx} of(0, 1], define
k

£(6, P) = J d(elti), c4-1)).
isl

The curve c is rectifiable if {£(c, P)} is bounded above (with length equal to
sup(£(c, P)}). Show that the image of a rectifiable curve has measure 0.
24, (a) If M is a C™ manifold, a set My; C M can be made into a k-dimen-
sional submanifold of M if and only if around each point in M; there is a
coordinate system (x,U) on M such that My QU = {p: x*#'(p) =.) =
x"(p) = 0}.

(b) The subset 44; can be made into a closed submanifold if and only if such
coordinate systems exist around every point of M.

25. The set {(x, x1): x € R} is not the image of any immersion of R into R?.
26. (a) If U c RF is open and f: U > R"-* is C™, then the graph of
Sf =p, f(p)) € R": p € U} is a submanifold of R".

(b) Every submanifold of R” is locally of this form, after renumbering coor-
dinates. (Neither Theorem 9 nor 10 is quite strong enough. You will need
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the implicit function theorem (Calculus on Manifolds, pg. 41). Theorem 10 is es-
sentially Theorem 2-13 of Calculus on Manifolds; comparison with the implicit
function theorem will show how some information has been allowed to escape.)

27. (a) An immersion from one n-manifold to another is an open map (the
image of an open set is open).
(b) If M and N are n-manifolds with M compact and N connected, and

Jf: M > N isan immersion, then f is onto.
28, Prove Proposition 12: If f: M" — N has constant rank k on a neigh-
borhood of f—!(y), then f—'(y) is a (closed) submanifold of M of dimension
n~k (or is empty).

29, Let f: P? + R3 be the map

g([x, y,2]) = (yz, x2, xy)

defined in Chapter 1, whose image is the Steiner surface. Show that g fails to
be an immersion at 6 points (the image points are the points at distance +1/2
on each axis). There is a way of immersing P? in R?, known as Boy’s Surface.
See Hilbert and Cohn-Vossen, Geometry and the Imagination, pp. 317-321.

30. A continuous function f: X > Y is proper if f~'(C) is compact for
every compact C C Y. The limit set L(f) of f is the set of all y € Y such
that y = lim f(xn) for some sequence x1, X2,x3,... € X with no convergent
subsequence.

(a) L(f) = if'and only iff is proper
(b) $(X) CY is closed if and only if L(f) C f(X).
(c) There is a continuous f: R + R? with f(R) closed, but L(/) # 9.
(d) A one-one continuous function {: ¥ > Y is a homeomorphism (onto its

image) if and only if L(f) 0 f(Y) =9.
(e) Asubmanifold M, C M is a closed submanifold if and only if the inclusion
mapi:Mi > M is proper.(f) If M is a manifold, there is a proper map f: M — R; the function f can
be made C®™ if M is a C® manifold,

31. (a) Find a cover of [0,1] which is not locally finite but which is “point-
finite”: every point of (0, 1] is in only finitely many members of the cover.
(b) Prove the Shrinking Lemma when the cover 0) is point-finite and countable
(notice that local-finiteness is not really used).
(©) Prove the Shrinking Lemma when 0 is a (not necessarily countable) point-
finite cover of any space. (You will need Zorn’s Lemma; consider collections C
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of pairs (U, U’) where U € @, U’ CU, and the union ofall U’ for (U,U") € @,

together with all other U € © covers the space.)

32. (a) If My C M isa closed submanifold, U > M; is any neighborhood,
and f: M; > Ris C®, then there is a C® function f: M > Rwith f= f
on M,, and with support f CU.
(b) This is falseif Af = R and M; = (0,1).
(©) This is false if R is replaced by a disconnected manifold N.

Remark: It is also false if M = R?,M,= N = S', and f = identity; in fact, inthis case, f has no continuous extension to a map from R? to S!, but the proof
requires some topology. However, f can always be extended to a C® function
in a neighborhood of Mj (extend locally, and use partitions of unity).

33. (a) The set of al] non-singular n x matrices with real entries is called
GL(n, R), the general linear group. It is a C® manifold, since it is an open
subset of R". The special linear group SL(n,R), or unimodular group, is the
subgroup of all matrices with det = 1. Using the formula for D(det) in Calculus
on Manifolds, pg. 24, show that SL(n, R) is a closed submanifold of GL(n,R) of
dimension n? — 1,

(b) The symmetric 2 x n matrices may be thought of as R™"+"/?_ Define
w: GL(n,R) > (symmetric matrices) by ¥(A) = A- At, where A is the
transpose of A. The subgroup y~!(I) of GL(n,R) is called the orthogonal
group O(n). Show that A € O(n) ifand only if the rows [or columns] of A are
orthonormal.

(c) Show that O(”) is compact.
(d) For any A € GL(n,R), define Ra: GL(n,R) > GL(n,R) by Ra(B) = BA.

Show that Ry is a diffeomorphism, and that yo R4 = y for all A € O(n). By
applying the chain rule, show that for A € O(n) the matrix

iy ij

(Fa) has the same rank as (Fa) :
(Here x*! are the coordinate functions in R™, and y/ the n(n-+1)/2 component
functions of y.) Conclude from Proposition 12 that O(n) is a submanifold of

GL(n, R).
(€) Using the formula

VA) = Yanan (A= (ay),
k
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show that
.

ay k=ifs
ay! ay kaj#i

= (ay=d@ j a
ax’ 2a) k=i=j

0 otherwise.

Show that the rank of this matrix is n(n + 1)/2 at I (and hence at A for all
A € O(n).) Conclude that O(7) has dimension n(n — 1)/2.

(f) Show that det A = 1 for all A € O(n). The group O(n) MSL(n, R) is called
the special orthogonal group SO(n), or the rotation group R(n).

34. Let M(m,n) denote the set of all m x n matrices, and M(m,n;k) the set
of all mx n matrices of rank k.

(a) For every Xo € M(m,n;k) there are permutation matrices P and Q such
that

Ago B 5PXoQ = ( G ae where Ao is k x k and non-singular.
(b) There is some ¢ > 0 such that A is non-singular whenever all entries of
A- Agare <e.

(If

ABPXQ= ( Fa 3)
where the entries of A — Ao are < €, then X has rank k if and only if D =
CA7"B. Hint: If I, denotes the k x k identity matrix, then

kk 0 \(A B\_{ A B
X Ipx)\C D)-\XA4+C xXB+D)°

() M(m,n:k) C M(m,n) is a submanifold of dimension k(m +n — k) for all
k<m,n.
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THE TANGENT BUNDLE a

Arent v € R” is frequently pictured as an arrow from0 to v. But there aremany situations where we would like to picture this same arrow as starting

_
y

at a different point p € R":

—™P
Leu

For example, suppose c: R — R” is a differentiable curve. Then c'(t) =

(c(t), -..,¢"(t)) is just a point of R", but the line between (1) and c(t) +¢"(¢)
is tangent to the curve, and the “velocity vector” or “tangent vector” c’(/) of

the curve c is customarily pictured as the arrow from ¢() to e() + ¢’(t).

c(t) +c'()

e Prz0)

63
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To give this picture mathematical substance, we simply describe the “arrow”
from p to p + v by the pair (p,v). The set of all such pairs is just R” x R”,
which we will also denote by TR", the “tangent space of R””; elements of TR”
are called “tangent vectors” of R”. We will often denote (p,v) € TR" by vp
(“the vector v at p”); in conformity with this notation, we will denote the set
of all (p,v) for v € R” by R",, At times, it is more convenient to denote a
member of TR" by a single letter, like v. To recover the first member of a pair
v € TR", we define the “projection” map x: R" x R” > R" by x(a,b) =a.
For any tangent vector v, the point 7(v) is “where it’s at”.
The set x~!(p) may be pictured as all arrows starting at p. Alternately,

a8
it can be pictured more geometrically as a particular subset of R" x R", the
one visualizable case occurring when n = 1. This picture gives rise to some

Wi || |

TR" | | \

| | | a"(p)|

| | Hl

frR"
P

terminology—we call x~!(p) the fibre over p. This fibre can be made into a
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vector space in an obvious way: we define

(p, v) ® (p,w) = (p,v+ wv)
ae(p,v) = (p,a-v).

(The operations @ and « should really be thought ofas defined on

Up) xp), and Rx TR", respectively.
peR"

Usually we will just use ordinary + and- instead of © and +.)
If f: R" > R” is a differentiable map, and p € R", then the linear trans-

formation Df(p): R” > R"™ may be used to produce a linear map from
R", > Ry) defined by

Up > [Df(PM fp).

This map, whose apparently anomalous features will soon be justified, is de-
noted by fxp; the symbol f, denotes the map f.: TR" > TR™ which is the

union of all f.p. Since f.p(v) is defined to be a vector € R"scpy, the follow-
ing diagram “commutes” (the two possible compositions from TR" to R” are

equal), f
TR’ —*— TR"

*| le POsaitE
p/p

Thus, f, has the map /f, as well as all maps Df(p), built into it.
This is not the only reason for defining f, in this particular way, however.

Suppose that g: R™ + R* is another differentiable function, so that, by the
chain rule,

@ D(g0 f)(p) = Dg(f(p)) © Df(p)-

By our definition,

& (DIDO) = (DESPM)(PMOM))ecrepn:

This looks horribly complicated, but, using (1), it can be written

Bx( fa(Up)) = (82 S)x(Yp)s
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thus we have

B40fe = (80 fae
This relation would clearly fall apart completely if f,(vp) were not in R™ spy;
with our present definition of f,, it is merely an elegant restatement of the
chain rule.

Henceforth, we will state almost all concepts about Jacobian matrices, like
rank or singularity, in terms of f,, rather than Df. The “tangent vector” ofa
curve c: R + R" can be defined in terms of this concept, also, The tangent
vector of ¢ at ¢ may be defined as

ew € Rew:

[If ¢ happens to be of the form

ioeO=OSOA ---.!c(t) = (4 f() for f: RAR i

then

Mew = 0SOc

this vector lies along the tangent line to the graph of f at (, f(t)).] Notice
that the tangent vector of ¢ at / is the same as

eo(1e) = [Dee = (CMO, ++. Dew

where 1, = (/, J) is the “unit” tangent vector of R at ¢.

0 i t ly
——_+___+ ____._1 ,

If g: R" > R” is differentiable, then g oc is a curve in R™, The tangent
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vector of goc at / is

(g 0c)a(Iz) = Ba(Co(I1))

= g,(tangent vector of ¢ at 1),

y

e()

_s,

B(c())

&(v)

Consider now an n-dimensional manifold M and an imbedding i: M > RY.
Suppose we take a coordinate system (x,U) around p, Then io x7" is a map
from R” to R¥ with rank 2. Consequently, (fo x~")4(R"x(p)) is an n-dimen-
sional subspace of R™i, ‘p): This subspace doesn’t depend on the coordinate

RY

a, SS

=(P) .

system x, for if y is another coordinate system, then

(oy) = (fox ox oy ')y

= (Lox), o(x0 y's
and

(oy aya? Ry) > B"xcey

is an isomorphism (with inverse (y 0 x~")ax(py)-



68 Chapter 3

There is another way to see this, which justifies the picture we have drawn.
If c: (—e,e) > R" is a curve with c(0) = x(p), thena =ioxocisa

curve in RY which lies in (M4), and every differentiable curve in i() is of this

Oxy)

(Pp) x PWa a S/S
form (Proof). Now

(lo) = (F0X7")e 0 Cao),

so the tangent vector of every @ is in (0x7), (R"x(p)). Moreover, every vector
in this subspace is the tangent vector of some a, since every vector in R"x¢p) is
the tangent vector of some curve c. Thus, our n-dimensional subspace is just
the set of all tangent vectors at i(p) to differentiable curves in i(M). We will
denote this n-dimensional subspace by (M,/)p.
We now want to Jook at the (disjoint) union

TM)= (JMip ¢ i) x RY CTR.
peM

We can define a “projection” map

x:T(M,i) >M

by

x(v)=p if vE(M,i)p.

As in the case of TR", each “fibre” x~'(p) has a vector space structure also,

Beyond this we have to look a little more carefully at some specific examples.
Consider first the manifold M = S' and the inclusion i: S' > R*, The

curve c(6) = (cos 6, sin 6) passes through every point of S', and

c'(0) = (—sin@, cos 8) 4 0.

For each p = (cos6,sin6) € S!, let up = (—sin9,cos6), (it clearly doesn’t
matter which of the infinitely many possible 6’s we choose). Then (S!, i) con-
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sists of all multiples of the vector u». We can therefore define a homeomorphism

up

A2

up

Si: T(S',i) > S! xR! by fi(Au,) = (p,d), which makes the following dia-
gram commute.

T(S!,i) 4.51 xR!

IN oe [x'"(a,b) =a]
Sy

If we define the “fibres” of x’ to be the sets x’~'(p), then each fibre has a vector
space structure in a natural way, Commutativity of the diagram means that fi
takes fibres into fibres; clearly f; restricted to a fibre is a linear isomorphism
onto the image.
Now consider the manifold M = S? and the inclusion i: S? C R3, In this

case there is uo map f2: T(S?,i) > S? x R? with the properties of the map fi.
If there were, then, for a fixed vector v ¥ 0 in R?, the set of vectors

(up) : p € S?}

would be a collection of non-zero tangent vectors, one at each point of S?,
which varied continuously, It is a well-known (hard) theorem of topology that
this is impossible (you can’t comb the hair on a sphere).

By
Aes
We
ASS 4
ANNS Wess
Neen
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There is another example where we can prove that no appropriate homeo-
morphism T(M,i) > M x R? exists, without appealing to a hard theorem of
topology. The map f will just be the inclusion M — RR? where M is a Mobius
strip, to be precise, the particular subset of R? defined in Chapter 1—M is the
image of the map J: [0,2] x (—1,1) > R? defined by

£06,1) = (2088+1 cos § cos6, 2sin@+ cos $sin8, sin $).
At each point p = (2cos6,2sin6,0) of M, the vector

1 I

+ re aSfof TN

Up = (—2sin 8, 2c0s0,0), = fx ((1,0).0,0))

is a tangent vector. The same is true for all multiples of f,((0, 1)@,0)), Shown
as dashed arrows in the picture. Notice that

L(O,Noo.9) = (2/000, Ylea,0.0

a,

= [Foo] = (1,0, 0)¢2,0,0),d (2,0,0)

while

a,HONer») = [Lame] = (10.0200:ar (2,0,0)

This means that we can never pick non-zero dashed vectors continuously on the
set of all points (2cos 6,2 sin 6,0): If we could, then each vector would be

Su(0,4.(8))0,0))

for some continuous function A: [0,22] > R. This function would have to be
non-zero everywhere and also satisfy A(2x) = —4(0), which it can’t (by an easy
theorem of topology). The impossibility of choosing non-zero dashed vectors
continuously clearly shows that there is no way to map T(M,/i), fibre by fibre,
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homeomorphically onto M x R?, We thus have another case where T(M,i)
does not “look like” a product M x R".

For any imbedding i: M > R¥, however, the structure of T(M,i) is always
simple locally; if (x,U) is a coordinate system on M, then x~'(U), the part
of T(M,ji) over U, can always be mapped, fibre by fibre, homeomorphically
onto U x R". In fact, for each p € U, the fibre

(M,i)p equals (10 X™")ax¢p) (R"x¢p)) = Mp (R"x¢py)5

where the abbreviation m, has been introduced temporarily; we can therefore
define

fi x7\(U) > U xR"

by S(Mp(xips)) = (P»)-

In standard jargon, T(M, i) is “locally trivial”. This additional feature qualifies
T(M, i) to be included among an extremely important class of structures:

An n-dimensional vector bundle (or n-plane bundle) is a five-tuple

& = (E,x, B,®,0),

where

() E and B are spaces (the “total space” and “base space” of &,
respectively),

(2) x: E> Bisa continuous map onto B,

(3) ® and © are maps

@: Un) xm "(p) > EO: Rx E> E,
pes

with ® (x7!(p) x x7"(p)) C x7"(p) and @(R x x7"(p)) Cc
x~'(p), which make each fibre x~!(p) into an n-dimensional
vector space over R,

such that the following “local triviality” condition is satisfied:

For each p € B, there is a neighborhood U of p anda homeomor-

phism 1: x~'(U) + U x R" which is a vector space isomorphism
from each x~'(g) onto q x R", for all g € U.
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Because this local triviality condition really is a local condition, each bundle
£ = (E,x, B,®,©) automatically gives rise to a bundle &[4 over any subset
Ac B; to be precise,

ELA = (xN(A), le "(A), A, | Upea '(p) x "(p), OR x 71(4)).

Notation as cumbersome as all this invites abuse, and we shall usually refer
simply to a bundle x: E — B, or even denote the bundle by E alone. For
vectors v,w € x~!(p) anda € R, we will denote @(v, w) and ©(a, v) by v+u,
and a - v or av, respectively.

,

The simplest example of an n-plane bundle is just ¥ x R" with x: X xR" >
X the projection on the first factor, and the obvious vector space structure on
each fibre. This is called the trivial n-plane bundle over X and will be denoted

by e"(X). The “tangent bundle” TR" is just e”(R”).

The bundle T(S',i) considered before is equivalent to e'(S). Equivalence
is here a technical term: Two vector bundles | = 2): EF) > B and & =

12: E, > B are equivalent (& ~ &2) if there isa homeomorphism h: E) > E2
which takes each fibre x;~'(p) isomorphically onto x27!(p). The map h is
called an equivalence. A bundle equivalent to e”(B) is called trivial. (The

local triviality condition for a bundle & just says that &|U is trivial for some
neighborhood U of p.)

The bundles T(S?,’) and T(M,j) are not trivial, but there is an even simpler
example of a non-trivial bundle. The Mébius strip iseif (not T(M,i)) can be
ronsidered as a 1-dimensional vector bundle over S', for M can be obtained

irom (0, 1] x R by identifying (0,a) with (1, —a), while S! can be obtained from

= =

0

=
I

=

=. 2e
= A =

|.
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{0, 1] by identifying 0 with 1; the mapx is defined by x(t,a) =f for0<! <1
and x({(0,4), (1,—@)}) = {0,1}. The diagram above illustrates local triviality

near the point {0,1} of S?. Suppose that s: S! + M is a continuous function
with 2 0 5 = identity of M (such a function is called a section). Such a map

M

3

s

corresponds to a continuous function $: [0,1] > R with 5(0) = ~5(1). Since 5
must be 0 somewhere, the section s must be 0 somewhere (that is, 5(@) € ~'(0)
must be the 0 vector for some 6 € S?). This surely shows that M is not a trivial
bundle.

An equivalence is obviously the analogue of an isomorphism. The analogue
ofa homomorphism is the following* A bundle map from & to & is a pair of
continuous maps (f, f), with f: Ey > Ez and f: By — Ba, such that

(1) the following diagram commutes

5&

on
3B, Be,

(2) f:m7(p) > w2-"(f(p)) is a linear map.

The pair (f., f) is a bundle map from TR‘ to TR! for any differentiable
Sf: R* > RY If M*™ CRE and NC R! are submanifolds, i: Mf > R* and
j: N > R' are the inclusions, and the map _/ satisfies {(M) C N, then f,

*There are actually several possible choices, depending on whether one is consider-

ing all bundles at once, fixed bundles over various spaces, or a fixed base space with
varying bundles. Thus f may be restricted to be an isomorphism on fibres and f to
be the identity, or a homeomorphism. The relations between some of these cases are
considered in the problems.
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takes T(M,i) to T(N, j); to see this, just remember that v € T(M, ji), is the
tangent vector of a curve ¢ in M, so f.(v) is the tangent vector of the curve
fecin N, and consequently f,(v) € T(N, j). In this way we obtain a bundle
map from T(M,i) to T(N, j). Actually, it would have sufficed to begin with
a C™ function f: M — N, since f can be extended to Ré locally. In fact,
this construction could be generalized much further, to the case where i and j

are merely imbeddings of two abstract manifolds M and N, and f: M > N
is C®; we just consider the function jo f oi7!: i(M) > i(N) and extend it
locally to RX. The case which we want to examine most carefully is the simplest:

where M = N and / is the identity, while / and / are two imbeddings of M
in R* and R’, respectively. Elements of T(M,i)p are of the form (0x7), (w)

yar
v

uy

for w € R"x(p), while elements of T(M, j)p are of the form (j 0 x~1),(w) for
w € R"x(p). If wemap

(60x), (w) (fox), (w)

we obtain a bundle map from T(M,i)|U to T(M, j)IU, which is obviously an
equivalence. The map (M,i)y > (M, /)p induced on fibres is independent of
the coordinate system x, for if (y, V) is another coordinate system, then

(£0 yp a(w) = (60x(x 0 yx (w))

(Joy alw) = fox )a (Ceo y)a(w)).

We can therefore put all these maps together, and obtain an equivalence from

T(M,i) to T(M, j). In other words, the dependence of T(M,i) on i is al-
most illusory; we could abbreviate T(M,i) to TM, ifwe agreed that TM reallydenotes an equivalence class of bundles, rather than one bundle. That is the
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sort of thing an algebraist might do, and it is undoubtedly ugly. What we would
like to do is to get a single bundle for each M, in some natural way, which has

all the properties any one of these particular bundles 7(M, 7) has. Can we do
this? Yes, we can. When we do, TR" will be different from our old defini-

tion (namely, e"(R")), and so will f. for f: R" + R", so in stating our result
precisely we will write “old f,” when necessary.

1, THEOREM. It is possible to assign to each n-manifold M an n-plane bun-

dle TM over M, and to each C® map f: M — N a bundle map (f,, f), such
that:

() If 1: M — M is the identity, then 1.4: TM — TM is the identity. If
g: N— P, then (go f)s = g%o fre

(2) There are equivalences ": TR" > e"(R") such that for every C® func-
tion £: R" > R™ the following commutes.

rR.7R™

a| i
;

2r(Rty OL, om egmy

(3) If U C M is an open submanifold, then TU is equivalent to (7M)|U,

and for f: M > N the map (f|U)«: TU TNis just the restriction
of f,. More precisely, there is an equivalence TU ~ (TM)|U such that

the following diagrams commute, where i: U > M is the inclusion.*
Tu iy TM TU (SIU)« TN

(TM)|U ™

PROOF. The construction of TM is an ingenious, though quite natural, sub-

terfuge. We will obtain a single bundle for TM, but the elements of TM will each
be large equivalence classes.

* When using the notation /f,, it must be understood that the symbol “f” really refers to
atriple(f,M@, N) wheref: M — N. Theidentitymap | of U toitself'and the inclusionmapi: U + M have to be considered as different, since the maps 1,: TU > TU andig: TU + TM are certainly different (they map TU into two different sets).
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The construction is much easier to understand if we first imagine that we al-
ready had our bundles TM. Then if (x,U) is a coordinate system, we would
have a map x4: TU — T(x(U)), and this would be an equivalence (with

inverse (x7!),). Since TU should be essentially (TM)|U, and T(x(U)) should
essentially be x(U) x R", a point e € x~!(p) would be taken by x» to some
(x(p),v). Here v is just an element of R” (and every v would occur, since x»
maps ~!(p) isomorphically onto {p} xR"). If y is another coordinate system,
then »(e) would be (y(p), w) for some w € R”. We can easily figure out what
the relationship between v and w would be; since (x(p), v) is taken to (y(p), w)
by y.0%47! = (yox™!),, and (yox~!), is supposed to be the old (y 0x7!)s,
we would have

@) w= Diy ox! )(x(p))(o). :

This condition makes perfect sense without any mention of bundles. It is the
clue which enables us to now define TM.

If x and y are coordinate systems whose domains contain p, and v, w € R",
we define

(x, 0) 7 Ow) if (a) is satisfied.

It is easy to check (using the chain rule) that + is an equivalence relation; the
equivalence class of (x, v) will be denoted by [x, vl. These equivalence classes

will be called tangent vectors at p, and TM is defined to be the set ofall tangent

vectors at all points p € M; the map x takes % equivalence classes to p. We
define a vector space structure on x~!(p) by the formulas

[yulp + be, wy = bx,u + wy

a-[x,v]p =[x,a- vp;

this definition is independent ofthe particular coordinate system x or y, because

D(yo x7})(x(p)) is an isomorphism from R” to R™.
Our definition of TM provides a one-one onto map

(b) tei n7\(U) > U xR", namely [x,v]q > (9,0).
We want this to be a homeomorphism, so we want tx~! (A) to be open for every
open A CU x R’, and thus we want any union of such sets to be open. There
is a metric with exactly these sets as open sets, but it is a little ticklish to produce,
so we leave this one part of the proof to Problem 1.
We now have a bundle x: TM — M. We will denote the fibre x~1(p)

by M,, in conformity with the notation R",, though TM, might be better. If
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f: M > N,and (x,U) and (y, V) are coordinate systems around p and f(p),
respectively, we define

©) Sal wp) = 1, DOe foxx PW epy-

Of course, it must be checked that this definition is independent of x and y
(the chain rule again),
Condition (1) of our theorem is obvious.

To prove (2), we define t” to be tz, where / is the identity map of R” and ty
is defined in (b); it is trivial, though perhaps confusing to the novice, to prove
commutativity of the diagram.

Condition (3) is practically obvious also. In fact, the fibre of TU over p € U
is almost exactly the same as the fibre of TM over p; the only difference is that

each equivalence class for M contains some extra members, since in M there

are more coordinate systems around p than there are in U C M. &

Henceforth, the bundle x: TM —> M will be called the tangent bundle of M.If i: M — RX is an imbedding, then TM is equivalent to T(M,i). In fact, if
(x, U) is a coordinate system around p, and / is the identity coordinate system
of R¥, then

f(lx, Up) =U, DG ox )(x(P)Mipy by (©)

Mat I
(p), Dio x™")x(P))()) € (Mp;

the composition 1", is easily seen to be an equivalence. But T(M,i) will play
no further role in this story—the abstract substitute TM will always be used
instead.

Having succeeded in producing a bundle over each M, which is equivalent to
T(M,i), we next ask how fortuitous this was. Can one find other bundles with

the same properties? The answer is yes, and we proceed to define two different
such bundles.

For the first example, we consider curves c: (—,£) — M, each defined
on some interval around 0, with c(0) = p. If (x,U) is a coordinate system
around p, we define

«x 0¢ and x oz, mapping R to R",crea ifand only if the same derivative at 0.
The equivalence classes, for all p € M, will be the elements of our new bun-

dle, T’M. For f: M + N there is a map fj taking the * equivalence class



78 Chapter3

of ¢ to the /%, equivalence class of foc. Without bothering to check details,
we can already see that this example is “really the same” as TM—

the % equivalence class of x7!  y,x, ds to: PFx, ¥]p corresponds to: ete y is a curve in R" with "(0) = »5
under this correspondence, fy corresponds to f,.

In the second example, things are not so simple. We define a tangent vector
at p to be a linear operator £ which operates on all C™ functions f and which
is a “derivation at p”:

£(fg) = S(p)e(g) + g(p)e(s)-

We have already seen that the operators £ = 2/8x! l, have this property. For
these operators, clearly £(f) = £(g) if f = g in a neighborhood of p. This
condition is actually true for any derivation £. For, suppose that f = 0 ina
neighborhood of p. There is a C® function h: M > R with h(p) = 1 and
supporth C f~'(0). Then

0 = £(0) = £(fh) = f(0)E(h)+ HOLL) = 0+ 4(f).
Thus, if f = g ina neighborhood of 0, then 0 = £(f —g) = £(f)—£(g). If f
is defined only in a neighborhood of p, we may use this trick to define £(f):

choose h to be 1 on aneighborhood of p, with support h C f~1(0), and define
£(f) as &(fh).

The set of all such operators is a vector space, but it is not @ priori clear what
its dimension is. This comes out of the following.

2. LEMMA. Let f be a C® function in a convex open neighborhood U of 0
in R®, with f(0) = 0. Then there are C® functions g;: U > R with

() S004, 2.52) = Diy xigiel,...,2") for x € U,

(2) gi(0) = Di f(0).
(The second condition actually follows from the first.)

PROOF. For x € U, let hx(t) = f(tx); this is defined for 0 <1 < 1, since U is
convex. Then

1 1m
|

fox) = fo) f= f bnar= [> d.ses)-x! at0 jst

Therefore we can let g(x) = fy Di fltx) dt.
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3. THEOREM. The set of all linear derivations at p € M” is an n-dimen-

sional vector space. In fact, if (x, U) is a coordinate system around p, then

a a

ant], ax,

span this vector space, and any derivation £ can be written
tn

i, 2f=) rel). | >ist ax! |,

(s0 € is determined by the numbers £(x!)).

PROOF. Notice that

£Q = £01-1) =1-£(1) +1- £01),

so €(1) = 0. Hence £(c) = ¢ - £(1) = 0 for any constant function ¢ on U.

Consider the case where M = R” and p = 0. AssumeU is convex. Given f
on U, choose g; as in Lemma 2, for the function f ~ f(0). Then

n ;

_ _ _ 1 (I denotes the i

ka 7 := Pegi) + 14g)
ist

tn af
=

i

= he dg +0.
ist

This shows that 3/9/'Ip span the vector space; they are clearly linearly inde-
pendent. It is a simple exercise to use the coordinate system x to transfer this
result from R” to M.

From Theorem3 we can see that, once again, a bundle constructed from all
derivations at all points of M is “really the same” as TM. We can let

8l=Le xl, correspond to [x,a]p;
the formula

,a

| > ay 8sal =2mrPazG| >ax], Sy ax! ay],
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derived in Chapter 2, shows that

ra 2] = oe] ep OYai —| = bi] ifandonlyif bf = Sra (yp),> ax" |, x ay' |, > ax!
and this is precisely the equation which says that (x,a) > (y,b). It is easily
checked that under this correspondence, the map which corresponds to f, can
be defined as follows:

[fe(O)(g) = £(g 0 f).

1

Notice that if x denotes the identity coordinate system on R", then > a! s|
corresponds to a, when we identify TR" with e”(R"). inl cd
We will usually make no distinction whatsoever between a tangent vector

v € M, and the linear derivation it corresponds to, that is, between [x,a@], and

n

a——| ;» ax'|,

consequently, we will not hesitate to write v(/) for a differentiable function f

defined in a neighborhood of p. In fact, a tangent vector is often most easily
described by telling what derivation it corresponds to, and the map f, is often
most easily analyzed from the relation

(fev) (8) = vee f)-

It is customary to denote the identity coordinate system on R! by 1, and to
write

a for ar
dt|,, atl,”

this is a basis for Ryy. If c: R-> M isa differentiable curve, then

d

is called the tangent vector to ¢ at to. We will denote it by the suggestive symbol

dc

thi
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This symbol will be subjected to the standard abuses one finds (unexplained) in
calculus textbooks: the symbol

de * de

3 Willoften stand for | .
the subscript “t” now denoting a particular number¢ € R, as well as the identitycoordinate system.

As you might well expect, it is no accident that our second and third examples
turned out to be “really the same” as TM. There is a general theorem that all

“reasonable” examples will have this property, but it is a little delicate to state,
and quite a mess to prove, so it has been quarantined in an Addendum to this
chapter.

The tangent bundle 7M of a C® manifold has a little more structure than
an arbitrary n-plane bundle. Since TM locally looks like U x R”, clearly TM
is itself a manifold; there is, moreover, a natural way to put a C® structure
on TM. If x: U + R” is a chart on M, then every element v € (TM)|U is
uniquely of the form

ng

v= Dea ; p=nxtv).ist ax! Pp

Let us denote a! by X/(v). Then the map

Ves (XE COD), px" GC(u)), FY), X"(W)) € RM
is a homeomorphism from (TM)|U to x(U) x R". This map, (x o 2,2), is
simply the map x, when we identify TU with U x R” in the standard way. If
(y, V) is another coordinate system, and

7.8

v= ooaT°Wy

then, as we have already seen,

2 ay! LnJe x yf ox}=

Lea” = Lanw ox*)(x(p))-
This shows thatif (t,a) = (,...,",a!,...,a") € R, then

Ya 0 (Xx) a)

= (vox), Diep! Di(yl ox), --.5 Liar a! Dily"0 x7")).
This expression shows that y 0 (x,)7! is C®.
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We thus have a collection of C°-related charts on TM, which can be ex-
tended to a maximal atlas.

With this C® structure, the local trivializations x, are C°. In general, a

vector bundle x: E — B is called a C™ vector bundle if E and B are C°
manifolds and there are C® local trivializations in a neighborhood of each
point. It follows that x: E> Bis C™.

Recall thata section ofabundlex:E > Bisa continuous functions: B > E
such that x os = identity of B; for C vector bundles we can also speak of C°
sections. A section of TM is called a vector field on M; for submanifolds M

of R”, a vector field may be pictured as a continuous selection of arrows tangent
to M. The theorem that you can’t comb the hair on a sphere just states that

GeyWeis

there is no vector field on S? which is everywhere non-zero. We have shown that
there do not exist two vector fields on the Mobius strip which are everywhere
linearly independent.

Vector fields are customarily denoted by symbols like X, Y, or Z, and the

vector X(p) is often denoted by Xp (sometimes X¥ may be used to denote a
single vector, in some M,). If we think of TM as the set of derivations, then for
any coordinate system (x, U), we have

xw= ain 2| forall peuax? .it iP

The functions a‘ are continuous or C® if and only if X: U > TM is contin-
uous or C®.

If X and ¥ are two vector fields, we define a new vector field ¥ + Y by

(X + Y)(p) = X(p) + ¥(p).

Similarly, if f: M > R, we define the vector field {X by

(FX) (p) = f(P)X(p).



The Tangent Bundle 83

Clearly ¥ + Y and fX are C® if X, Y,and f are C*. On U we can write

n a
X=Lee

ist

the symbol 3/0x/ now denoting the vector field

we u :pe
ol,

If f: M > Risa C® function, and YX is a vector field, then we can define
a new function X(f): M — R by letting X operate on f at each point:

¥(f\(p) = Xp(S)-

It is not hard to check that if X is a C™ vector field, then ¥(f) is C® for

every C® function f; indeed, if locally

2 ax0 =L4 za pi=l Pp

then
,

= af= fof

XiN= de a
which is a sum of products of C® functions. Conversely, if ¥(f) is C° for
every C® function f, then X is a C™ vector field (since X (x!) = a’).

Let ¥ denote the set of all C functions on M. We have just seen that a C°

vector field X gives rise to a function ¥: ¥ — F. Clearly,

Hf +e) =X(N+ Xe)

X (fg) = £X (g) + aX (Sf);
thus ¥ is a “derivation” of the ring F. Often, a C™ vector field X is identified

with the derivation ¥. The reason for this is that if A: F > ¥ is any deriva-
tion, then A = X for a unique C® vector field X. In fact, we clearly must
define

Xp(f) = ACS )(p);

and the operator X, thus defined is a derivation at p.
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The tangent bundle is the true beginning ofthe study of differentiable mani~
folds, and you should not read further until you grok it.* The next few chapters.
constitute a detailed study of this bundle. One basic theme in all these chap-

ters is that any structure one can put on a vector space Jeads to a structure on
any vector bundle, in particular on the tangent bundle of a manifold. For the
present, we will discuss just one new concept about manifolds, which arises in
this very way from the notion of “orientation” in a vector space.

The non-singular linear maps {: V — V froma finite dimensional vector
space to itself fall into two groups, those with det f > 0, and those with det f <0;
linear transformations in the first group are called orientation preserving and
the others are called orientation reversing. A simple example of the latter is
the map f: R"—> R" defined by f(x) = (x1,...,x"-1,-x") (reflection in the
hyperplane x” = 0). There is no way to pass continuously between these two
groups: if we identify linear maps R" + R” with n x n matrices, and thus

with R”’, then the orientation preserving and orientation reversing maps are
disjoint open subsets of the set of all non-singular maps (those with det # 0).
The terminology “orientation preserving” is a bit strange, since we have not yet

defined anything called “orientation”, which is being preserved. The problem
becomes more acute if we want to define orientation preserving isomorphisms
between two different (but isomorphic) vector spaces V and W; this clearly
makes no sense unless we supply V and W with more structure.
To provide this extra structure, we note that two ordered bases (v;,...,Un)and (v'1,...,0'n) for V determine an isomorphism f: V > V with f(u;) = v4;

the matrix A = (a;;) of f is given by the equations

a

vi = Slay.
j=l

We call (vy,-..,0n) and (v,,...,0'n) equally oriented if detA > 0 (ie., if f isorientation preserving) and oppositely oriented if det A < 0.
The relation of being equally oriented is clearly an equivalence relation, divid-

ing the collection ofall ordered bases into just two equivalence classes, Either of
these two equivalence classes is called an orientation for V. The class to which
(v1, ..., Un) belongs will be denoted by [v1,..., ¥], so that if pz is an orientation

of V, then (%,.--,Un) € # if and only if [m,...,Un] = w. If w denotes one

* A cult word of the sixties, “grok” was coined, purportedly as a word from the Martian
language, by Robert A. Heinlein in his pop science fiction novel Stranger in a Strange
Land. Its sense is nicely conveyed by the definition in The American Heritage Dictionary:
“To understand profoundly through intuition or empathy”.
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+++

0 yw ws

id Aik
wy <q»

we Th plane of
wy and w2

uy

Examples ofequally oriented ordered bases in R, R?, and R°.

orientation of V, the other will be denotedby —y, and the orientation [e1,..., n]
for R” will be called the “standard orientation”.

Now if (V, 4) and (W, v) are two n-dimensional vector spaces, together with

orientations, an isomorphism f: V — W is called orientation preserving (with
respect to jt and v) if [f(v),.--, f(n)] = v whenever [v4,...,Un] = M5 if thisholds for any one (1,...,Un), it clearly holds for all.

For the trivial bundle e”(X) = X x R” we can put the “standard orientation”
[0x,€1),+++ (%,en)] on each fibre {x} x R". If f: e"(X) > e"(X) is an equiva-lence, and X is connected, then f is either orientation preserving or orientation

reversing on each fibre, for if we define the functions aij: ¥ > R by
n

L(%,e1) = Yraji(x) - (,¢4),
jel

then det(ajj): X — R is continuous and never 0. If x: E > B is a non-
trivial n-plane bundle, an orientation 4 of E is defined to be a collection of
orientations pp for x~!(p) which satisfy the following “compatibility condition”
for any open connected set U C B:

If t:27'(U) + U xR” isan equivalence, and the fibres of U x R” are

given the standard orientation, then ¢ is either orientation preserving
or orientation reversing on all fibres.

Notice that if this condition is satisfied for a certain t, and’; x~"(U) > UxR"
is another equivalence, then t’ automatically satisfies the same condition, since
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tot~!: UxR" > U xR" isan equivalence. This shows that the orientations py
define an orientation of E if the compatibility condition holds for a collection
of sets U which cover B.

If a bundle E has orientation 4. = {#p}, it has another orientation —p =
{=p}, but not every bundle has an orientation. For example, the Mébius
strip, considered as a 1-dimensional bundle over S!, has no orientation, For,
although the Mébius strip has no non-zero section, we can pick two vectors
from each fibre so that the totality A looks like two sections. For example,

we can let A be [0, 1] x {—1, 1} with (0,a) identified with (1,—-a); then A just
looks like the boundary of the Mobius strip obtained from [0, i] x [1,1]. If

we had compatible orientations 1p, we could define a section s: S' -» M by
choosing s(p) to be the unique vector s(p) € ANx~!(p) with [s(p)] = Hp.
A bundle is called orientable if it has an orientation, and non-orientable oth-

erwise; an oriented bundle is just a pair (§,2) where yz is an orientation for &.This definition can be applied, in particular, to the tangent bundle TM of a
C® manifold M. In this case, we call M itself orientable or non-orientable de-

pending on whether TM is orientable or non-orientable; an orientation of TM

is also called an orientation of M, and an oriented manifold is a pair (M,1)
where jz is an orientation for TM.

The manifold R” is orientable, since TR” ~ e”(R"), on which we have the

standard orientation. The sphere $”~! C R" is also orientable. To see this we

aL Pp = w

Ms:
ar



The Tangent Bundle 87

note that for each p € S"~! the vector w = pp € e"(R") =~ TR" is nol in
i,(S",) € TR", (Problem 21), so for v1,...,Un—-1 € S"7!, we can define
(v1,--.,Un—1) € fp if and only if (w,/4(%1),--.,/(Yn—1)) is in the standard
orientation of R",. The orientation 4 = {up : p € S"~"} thus defined is called
the “standard orientation” of S$”).

The torus S? x S! is another example of an orientable manifold. This can
be seen by noting that for any two manifolds My and Mz the fibre (My x M2),
of T(M, x M2) can be written as Vip © Vap where (t))«! Vip > (Mz)p is an
isomorphism and the subspaces Vip vary continuously (Problem 26). Since TS!
is trivial, this shows that T(S! x S!) is also trivial, and consequently orientable.
Any r-holed torus is also orientable—the proof is presented in Problem 16,
which also discusses the tangent bundle ofa manifold-with-boundary,The Mobius strip M js the simplest example ofa non-orientable 2-manifold.For the imbedding of M considered previously we have already seen that on the

1
z : zx

or

subset S = {(2cos6,2sin @,0)} C M there are continuously varying vectors up,
but that it is impossible to choose continuously from among the dashed vectors

wy = f.((0, 1)(o,0)) and their negatives. If we had orientations tp for p € S,
then we could simply choose wp if [vp, wp] = Hp and —w, otherwise.
The projective plane P? must be non-orientable also, since it contains the

Mobius strip (for any orientable bundle £ = x: E — B, the restriction &|B’
to any subset B’ C B is also orientable). Non-orientability of P? can be seen
in another way, by considering the “antipodal map” A: S? + S? defined by
A(p) = —p. This map is just the restriction ofa linear map A: R? > R?defined by the same formula. The map As: S2, > S?4(p) is just (p,v)
(A(p), A()), when S2, is identified with a subspace of {p} x R?. The map 4
is orientation reversing, so if vj = (p,ui) € Sp, the bases

(u1,¥2,p) and (A(u1), A(u2), A(p))

are oppositely oriented. This shows that if 1 is the standard orientation of S?

and [v4, v2] € fp, then [Ayv1, Asv2] € —Ha(p)- Thus the map A: S? > S? is
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“orientation reversing” (the notion of an orientation preserving or orientation

reversing map f: M — N makes sense for any imbedding f of one oriented
manifold into another oriented manifold of the same dimension). From this fact

it follows easily that P? is not orientable: If P? had an orientation v = {v{p}}
and g: S? > P? is the map p ++ [p], then we could define an orientation
{ip} on S” by requiring g to be orientation preserving; the map A would then
be orientation preserving with respect to ji, which is impossible, since ji = p
or —p.

For projective 3-space P? the situation is just the opposite. In this case, the
antipodal map A: S? > S? is orientation preserving. If g: S? > P? is the
map p + [p], we obviously can define orientations vp for P? by requiring g
to be orientation preserving. In general, these same arguments show that P” is
orientable for n odd and non-orientable for 7 even.

There is a more “elementary” definition of orientability, which does not use
the tangent bundle of M at all. According to this definition, M is orientable if
there is a subset A’ of the atlas * for M such that

(1) the domains ofall (x, U) € A’ cover M,
(2) for all (x,U) and (y,V) € A’,

i

det (2) 20 on Unv.
Oxd

An orientation 42 of TM allows us to distinguish the subset A’ as the collection
of all (x,U) for which x.: TM|U > T(x(U)) = x(U) x R” is orientation

preserving (when x(U) x R" is given the standard orientation). Condition (2)
holds, because it is just the condition that (y ox7!),: T(x(U)) > T(x(U))
is orientation preserving. Conversely, given A’ we can orient the fibres of

TM\U in such a way that x, is orientation preserving, and obtain an orientation
of TM. Although our original definition is easier to picture geometrically, the
determinant condition will be very important later on.
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ADDENDUM

EQUIVALENCE OF TANGENT BUNDLES

The fact that all reasonable candidates for the tangent bundle of M turn out
to be essentially the same is stated precisely as follows.

4. THEOREM*. If we have a bundle 7’M over M for each M, and a bundle

map (fj,f) for each C® map f: M — N satisfying
()) of Theorem 1,

(2) of Theorem ], for certain equivalences t’”,

(3) of Theorem }, for certain equivalences T’U = (T’M)|U,

then there are equivalences

em: TM > T'M

such that the following diagram commutes for every C° map f: M—> N.

™ —&—.TN

T'M #,T'N
PROOF. The details of this proof are so horrible that you should probably skip
it (and you should definitely quit when you get bogged down); the welcome
symbol + occurs quite a ways on. Nevertheless, the idea behind the proof is
simple enough. If (x,U) is a chart on M, then both (TM)|U and (T’M)|U
“Jook like” x(U) x R", so there ought to be a map taking the fibres of one to

the fibres of the other. What we have to hope is that our conditions on TM and
T'M make them “look alike” in a sufficiently strong way for this idea to really
work out. Those who have been through this sort of rigamarole before know
(.e., have faith) that it’s going to work out; those for whom this sort of proof is

a new experience should find it painful and instructive.

*Functorites will notice that Theorems | and 4 say that there js, up to natural equiv-
alence, a unique functor from the category of C® manifolds and C® maps to the
category of bundles and bundle maps which js naturally equivalent to (€",old f,) on
Euclidean spaces, and to the restriction of the functor on open submanifolds.
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Let (x, U) be a coordinate system on M. Then we have the following string
of equivalences. Two of them, which are denoted by the same symbol ~ , are
the equivalences mentioned in condition (3). Let a denote the composition
Oy = (("1x(U)) 0% 0% 0 (7.

(rmyu2ru2rev)5 rey xv) SEO, eeryix)

a
Similarly, using equivalence ~! for T’, we can define Bx.

~ a a

(my 2 ru 28ru25 re ix(v) 22, e@ryixuy

ey
Then

Bx7! o@x: (TM)|U > (T'M)|U

is an equivalence, so it takes the fibre of TM over p isomorphically to the fibre

of T’M over p for each p € U. Our main task is to show that this isomorphism
between the fibres over p is independent ofthe coordinate system (x,U). This

will be done in three stages.

(I) Suppose V C Uis open and y = x|V. We will need to name all the inclusion
maps

i:U>M

i:VoM

ZiVou

k: y(V) > x(U).

To compare @x and ay, consider the following diagram.

(TM)\U =— ru+ T(x(U)) => (TR")|x(V) LW), on ®xv)

) le @ |. (Q) Jo ® le @ le
= Ya = Jn ly), oO(TMV —=— TV+T(y(V))— (TR")|y(V) > e"R")Y(V)
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Each ofthe four squares in this diagram commutes. To see this for square (1),
we enlarge it, asshown below. The two triangles on the left commute by con-
dition (3) for TM, and the one on the right commutes because i  j = 7.

(TM)|U

k . TUa

|
(TMV

Square (2) commutes because k oy = x0 j. Square (3) commutes for the
same reason as square (1); the inclusions x(U) > R" and y(V) > R® come
into play. Square (4) obviously commutes. Chasing through diagram (1) now
shows that the following commutes.

(TMU+e(R")|x(U)

} }
(TMV 25 er (R")Ly(V)

This means that for p € V, the isomorphism ay between the fibres over p
is the same as ax. Clearly the same is true for Bx and By, since our proof
used only properties (I), (2), and (3), not the explicit construction of TM. Thus
By~! o@y = By~! oay on the fibres over p, for every p € V.

(II) We now need a Lemma which applies to both TM and T’M. Again, it will
be proved for TM (where it is actually obvious), using only properties (1), (2),
and (3), so that it is also true for T’M.
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LEMMA. If 4 CR" and B CR” are open, and f: A> B is C®, then the
following diagram commutes.

Ta=rR)4 4, rey
s| [ot UP;

= m iB mepymTB —— (TR”)|B ———> e(R)"|B

PROOF. Case 1. Thereis a map f: R" + R™ with f = f on A. Consider the
following diagram, where i: A—> R" and j: B > R” are the inclusion maps.

n

(TRA IA, Ry] 4a Ir
TAltTR" "2"(R")

Ta+.rR 1" _,emp)

A | Ic
mi

rye 18, meme
Everything in this diagram obviously commutes. This implies that the two

compositions

~ nm ra
TASrd 24 repra Ss orpty) LL, emp

and

~ m

Ta $2, 78= (rR)BLT, emp BS, om (RM)
are cqual and this proves the Lemma in Case |, since the maps “old /,” and
“old f,” are equal on A.

Case 2. General case. For each p € A, we want to show that two maps are the
same on the fibre over p. Now there is a map f: R" > R™ with f = f onan
open set A’, where p € A’ C A. We then have the following diagram, where
every X comes from the fact that some set is an open submanifold of another,
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and i: A’ > A is the inclusion map.

TA5(TR")|A AAS maya
“yc

S

~N

a aia’ Q c @ c
ia

v3
Vv

S nat(2) ® ra——=—_. rea 24, ceria’ ©

fe ld fe7 a @ old oo °
a m

18=.(rrp 2, mami
Boxes (1), @), and @) obviously commute, and (4) commutes by Case 1. To
see that square (2) (which has a triangle within it) commutes, we imbed it in
a larger diagram, in which j: A > R® is the inclusion map, and other maps
have also been named, for ease of reference.

TR"

Ta =)_.rr4

| lec ww
Ta! —=L9O__, (PRA!

To prove that A 0 i, = pox, it suffices to prove that

Vohoiy =vopox,
since v is one-one. Thus it suffices to prove js 0 /, = V 0 40x, which amounts

to proving commutativity of the following diagram.

TR"

Ge nf \c
TA! ——=—— (TR)A’

Since j oj is just the inclusion of A’ in R", this does commute.
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Commutativity of diagram (2) shows that the composition

~ m7a. ra= rR”)B1B, omanB
coincides, on the subset (TA)|A’, with the composition

Ta rea4,ore2, omey,

and on A’ we can replace “old /,” by “old f,”. In other words, the two com-
positions are equal in a neighborhood of any p € A, and are thus equal, which

proves the Lemma.

(II]) Now suppose (x,U) and (y, V) are any two coordinate systems with p €
U AY. To prove that By~! oay and Bx! ay induce the same isomorphism
on the fibre of TM at p, we can assume without loss of generality that U = V,

because part (1) applies to x and x|U 1 V, as well as to y and y[U NV.
Assuming U = V, we have the following diagram.

x "

TexUy)+ rR Ix(V) “EO earyix(vy

x
8) (rmyu Tu (vox), old (0x71),

Ny
= Ly(U)TOU)>RMU) “VPA, eneryiywy

The triangle obviously commutes, and the rectangle commutes by part (II).
Diagram (3) thus shows that

ay = old (pox), ox.

Exactly the same result holds for 7’:

By = old (y 0x7), 0 Bx.

The desired result By~! o ay = x7! 0 ax follows immediately.

Now that we have a well-defined bundle map TM — T’M (the union ofall
Bx" o@;), it is clearly an equivalence ey. The proof that evo f, = fyoem is
left as a masochistic exercise for the reader,
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PROBLEMS

1. Let M be any set, and {(x7, U;)} a sequence of one-one functions x;: U; > R”
with U; C M and x(U;) open in R”, such that each

xj oxy: xj(U; Uj) > xy(U; NU)

is continuous. It would seem that M ought to have a metric which makes
each U; open and each x; a homeomorphism. Actually, this is not quite true:

(a) Let M = RU {x}, wherex ¢ R. Let U; = R and x1: U; > Rbe the

identity, and let Uz = R — {0} U {*}, with x2: Uz > R defined by

x2a)=a, a £0,*

xo(*) =0.

Show that there is no metric on M of the required sort, by showing that every
neighborhood of 0 would have to intersect every neighborhood of *, Never-
theless, we can find on M a pseudometric p (a function p: M x M > R with

all properties for a metric except that p(p,q) may be 0 for p ¥ q) such that p
is a metric on each U; and each x; is a homeomorphism:

(b) If A CR" is open, then there is a sequence Aj, A2, A3,.-. of open subsets
of A such that every open subset of A is a union ofcertain Aj’s.

(6) There is a sequence of continuous functions fj: A — [0,1], with support fi
C A, which “separates points and closed sets”: if C is closed and p € A~C,
then there is some fj with fi(p) ¢ fi(AOC). Hint: First arrange in a sequence

all pairs (A;, Aj) of part (b) with Aj C Ay.
@) Let fi,), 7 = 1,2,3,-... be such a sequence for each open set x;(U;). Define
8,3: M > [0,1] by

ea w= {frm peu;“ 9 peu,

Arrange all gi, in a single sequence G1, G2, G3,..., let d be a bounded metric
on R, and define p on M by

1(p.9) =Yd(Gil), Gita).
i=l

Show that p is the required pseudometric.
(©) Suppose that for every p,g € M there is a U; and Uj with p € U; and
q € Uj and open sets By C x;(U;) and Bj C x;(Uj) so that p € x;~'(B;),
q € xj7"(By), and x;7}(B;) N.xj7!(Bj) = 9. Show that p is actually a metric
on M.
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2. (a) Suppose (x, U) and (y, V) are two coordinate systems, giving rise to two
maps on TM,

tein 1(U)> U xR", [x, vg 0);
yim (VV XR", [yw], + (9,w)-

Show that in x~!(U 9 V) the sets of the form #,~1(A) for A C U x R" open
are exactly the sets of the form ty~"(B) for B.C V x R" open.
(b) Show that if there is a metric on TM such that tx, is a homeomorphism for
a collection (x/,U;) with M =U, U;, then all tx are homeomorphisms.

(©) Conclude from Problem| that there is a metric on 7M which makes each tx
a homeomorphism.

3. Show that in the definition of an equivalence it suffices to assume that the
map E; > E2 is continuous. (To prove the inverse continuous, note that locally
it is just amap U x R" > U xR"),

4. Show that in the definition of

a bundle map, continuity of f: Bi > Bofollows automatically from continuity of f: E; > E2.

5. A weak equivalence between two bundles over the same base space B is
a bundle map (f, f) where f is an isomorphism on each fibre, and f is a
homeomorphism of B onto itself, Find two inequivalent, but weakly equivalent,
bundles over the following base spaces:

(i) the disjoint union of two circles,

(i) a figure eight C7><),
(ii) the torus.

6. Given a bundle map (/, f), show that f = g oh where g and h are contin-
uous maps such that / takes fibres linearly to fibres, while g is an isomorphism
‘on cach fibre.

7. (a) Show that for any bundle x: E > B, the map s: B > E with s(p)
the 0 vector of 27!(p) is a section.

(b) Show that an n-plane bundle & is trivial if and only if there are 1 sections
51,95 which are everywhere linearly independent, i.e. 51(P),---s5n(P) €
x~}(p) are linearly independent for all p € B.
(©) Show that locally every -plane bundle has 1 linearly independent sections.

8. (a) Check that > is an equivalence relation on the set of pairs (x, v).
(b) Check that the definition of f, is independent of the coordinate systems x
and y which are used.

(c) Check the remaining details in Theorem 1.
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9. (a) Show that the correspondence between TM and equivalence classes of
curves under which [x,»] corresponds to the # equivalence class of x~! o y,for y a curve in R" with y/(0) = v, makes f. correspond to fi.

(b) Show that under the correspondence [x,a]p +> >; a‘d/ax"|,, the map f,
can be defined by

[AOl@) = £0 f).

10. If V isa finite dimensional vector space over R, define a C® structure on V

and a homeomorphism from V x V to TV which is independent ofchoice of
bases. As in the case of R”, for v,

w € V we will denote by vw € Vw the vectorcorresponding to (w, v).

11. If g: R—> Ris C™ show that

B(x) = 8 (0) +8'(O)x + x7h(x)

for some C® function h: R > R.

12. (a) Let # be the set of all C® functions f: M > R with f(p) = 0, and

let £: F, > R be a linear operator with £(fg) = 0 for all f,g € Fp. Show
that £ has a unique extension to a derivation.
(b) Let W be the vector subspace of F, generated by all products fg for f,g €

Fp. Show that the vector space of all derivations at p is isomorphic to the dual
space (F,/W)*.
(c) Since (¥,/W)* has dimension n = dimension of M, the same must be true
of ¥,/W. If x is a coordinate system with x(p) = 0, show that x1 + W,...,
x" + W is a basis for F/W (use Lemma 2). The situation is quite different for
C! functions, as the next problem shows.

13. (a) Let V be the vector space ofall C? functions f: R > R with /(0) = 0,
and Jet W be the subspace generated by all products. Show that lim f(x)/x?
exists for all f € W. x0
(b) For0 < e <1, let xi! x>0

x) =Le) {3 x<0.
Show that al] f; are in V, and that they represent linearly independent elements
of V/W.

(c) Conclude that (V/W)* has dimension ¢® = 2°.

14. If f: M — N and f, is the 0 map on each fibre, then f is constant on
each component of M.
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15. (a) A map f: M — N is an immersion if and only if f, is one-one on
each fibre of TM. More generally, the rank of f at p € M is the rank of the
linear transformation fx: Mp > Nycp)-

(b) If fog = f, where g is a diffeomorphism, then the rank of fog ata
equals the rank of f at g(a). (Compare with Problem 2-33(d).)

16. (a) If M is a manifold-with-boundary, the tangent bundle TM is defined

exactly as for M; elements of Mp are ~y equivalence classes of pairs (x, v).
Although x takes a neighborhood of p € 3M onto Hl, rather than R®, the
vectors v still run through R", so M, still has tangent vectors “pointing in all
directions”. If p € 0M and x: U > H" isa coordinate system around p, then

Pais
x47}(R"™1y¢p)) C Mp is a subspace. Show that this subspace does not depend
on the choice of x; in fact, it is /,(8M)p, where i: 8M — M is the inclusion.
(b) Let a € R"™! x {0} C H”. A tangent vector in Hq is said to point “in-
ward” if, under the identification of TH” with e”(H"), the vectoris (a, v) wherev" > 0. A vector v € Mp, which is not in i,(@M)p is said to point “inward” if

ur ‘award

@ outward

X4(v) € H"xp) points inward. Show that this definition does not depend on
the coordinate system x.

(c) Show that if M has an orientation y, then 3M has a unique orientation
dy such that [v1,...,%n—1) = (f)p if and only if [2v, i401, -+548%m—1) = Hp for
every outward pointing w € Mp.

(d) If y is the usual orientation of H”, show that du is (—1)” times the usual
orientation of R"-! = dH”. (The reason for this choice will become clear in
Chapter 8.)

(c) Suppose we are in the setup of Problem 2-14. Define g: 9M x [0,1) >
ONx [0,1) by g(p,t) = (f(p),1). Show that TP is obtained from TM U TN
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by identifying

vE (OM), with (B7')egaoe(v) € (QN)s¢p)-

(f If M and N have orientations 4 and v and f: (8M,9u) > (aN, av) is

orientation-reversing, show that P has an orientation which agrees with » and v
on Mc PandNCP.

(g) Suppose M is S? with two holes cut out, and N is [0,1] x S!. Let f be
a diffeomorphism from M to N which is orientation preserving on one copy
of S! and orientation reversing on the other. What is the resulting manifold P?

17. Show that TP? is homeomorphic to the space obtained from T(S?,i) by
identifying (p, v) € (S?,/)p with (~p, -v) € (S?,i)-p.

18. Although there is no everywhere non-zero vector field on S?, there is one
on S? — {(0,0, 1)}, which is diffeomorphic to R?. Show that such a vector field
can be picked so that near (0,0, 1) the vector field looks like the following picture

(a “magnetic dipole”):

x Lf XN we

19. Suppose we have a “multiplication” map (a,b) +> a-b from R" x R" to R"

that makes R” into a (non-associative) division algebra. That is,

(a1 +42)-b=a,-b+az-b

a+(b) +b.) =a-b) +a+by

Ma-b)=(Aa)-b=a-(Ab) forkeR

@-(1,0,...,0) =a

and there are no zero divisors:

a,b £0 => ab £0.
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(For example, for n = 1, we can use ordinary multiplication, and for n = 2
we can use “complex multiplication”, (a,6) « (¢,d) = (ac ~ bd,ad + be).) Let
€1,-+-,€n be the standard basis of R".

(a) Every point in S”~! is a -e; for a unique a € R".
(b) If a £0, thena-e),...,a@ + en are linearly independent.
(c) If p =a-e € S"~', then the projection of a - e2,...,a-@n on (S""!,f)p
are linearly independent.
(d) Multiplication by a is continuous,
(ce) TS"! is trivial.
() TP"! is trivial.
The tangent bundles TS? and TS” are both trivial. Multiplications with

the required properties on R* and R® are provided by the “quaternions” and
“Cayley numbers”, respectively; the quaternions are not commutative and the
Cayley numbers are not even associative. It is a classical theorem that the

reals, complexes, and quaternions are the only associative examples, For a

simple proof, see R.S. Palais, The Classification of Real Division Algebras, Amer.
Math. Monthly 75 (1968), 366-368. J. F Adams has proved, using methods of
algebraic topology, that n = 1, 2, 4, or 8.

[Incidentally, non-existence ofzero divisors immediately implies that for a # 0
there is some 6 with ab = (1,0,...,0) and ’ with b/a = (1,0,...,0). If the

multiplication is associative it follows easily that b = b’, so that we always have

multiplicative inverses. Conversely, this condition implies that there are no zero
divisors if the multiplication is associative; otherwise it suffices to assume the
existence ofa unique b with a-b =b-a=(1,0,...,0)]
20. (a) Consider the space obtained from [0, 1] x R” by identifying (0, v) with
(1, Tv), where T: R" — R” is a vector space isomorphism. Show that this can
be made into the total space ofa vector bundle over S! (a generalized Mébiusstrip).
(b) Show that the resulting bundle is orientable if and only if 7 is orientation
preserving,

21. Show that forp € S?, the vector pp € R3, is not in ix(S2,) by showing thatthe inner product (p,¢’(0)) = 0 for all curves ¢ with ¢(0) = p and |e(/)| = 1
for all ¢. (Recall that

LaYO = SOL 8O) + (FO,8'O,

where ¢ denotes the transpose; see Calculus on Manifolds, pg. 23.)

22. Let M bea C® manifold. Suppose that (TM)|A is trivial whenever A C M
is homeomorphic to S'. Show that M is orientable. Hint: An arc ¢ from
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po € M to p € M is contained in some such A so (TM)Jc is trivial. Thus one
can “transport” the orientation of M,, to M,. It must be checked that this is

independent ofthe choice of c. First consider pairs ¢, c’ which meet only at po
and p. The general, possibly quite messy, case can be treated by breaking up ¢
into small pieces contained in coordinate neighborhoods.

Remark: Using results from the Addendum to Chapter 9, together with Prob-

lem 29, we can conclude that a neighborhood of some S! C M isnon-orientable
if M is non-orientable.

The next two problems deal with important constructions associated with
vector bundles.

23. (a) Suppose& = 7: E > X is a bundle and f: Y > Y is a continu-
ous map. Let E’ C Y x E be the set of all (y,e) with f(y) = (e), define
x': E! > Y by x'(y,e)= y, and define f: E’ > E by f(y,e) =e. A vector
space structure can be defined on

ny) = {neieex "(f(y))}

by using the vector space structure on x~!(f(y)). Show that 2: E’ > Y¥ isa
bundle, and (f, f) a bundle map which is an isomorphism on each fibre. This
bundle is denoted by f*(&), and is called the bundle induced (from &) by /f.
(b) Suppose we have another bundle &” = x”: E” > Y and a bundle map

(Jf, f) from &” to& which is an isomorphism on each fibre. Show that &” ~
& = f*(). Hint: Map e € E” to (x"(e), f(e)) € E’.
(c) If g: Z > Y, then (f og)*(&) = g*(/*@)).

(d) If A CX andi: A— X is the inclusion map, then i*(&) = &|A.
(e) If & is orientable, then /*(&) is also orientable.

(1) Give an example where £ is non-orientable, but /*(€) is orientable.
(g) Let =: E > B bea vector bundle. Since x: E — B is a continuous

map from a space to the base space B of &, the symbol x*() makes sense.
Show that if & is not orientable, then x*(€) is not orientable.

24. (a) Given an n-plane bundle & = x: E > B and an m-plane bundle 7 =
x’: E’ + B, let E” C Ex E’ be the set of all pairs (e, e’) with x(e) = x'(e’).
Let x"(e,e') = x(e) = x'(e’). Show that x”: E” > B is an (n + m)-plane
bundle. It is called the Whitney sum & @ 7 of & and n; the fibre of & @ 7 over p
is the direct sum x7!(p) ® x/7}(p).
(b) If f: Y > B, show that f*(E® n) = f*(E)© f*().
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() Given bundles & = 2): E; —> Bj, define x: E; x Ex > By x By by

m(e1,€2) = (11(€1), 72(2)). Show that this is a bundle & x & over By x Bp.

(d) If A: B> Bx Bis the “diagonal map”, A(x) = (x, x), show that &@n =
at x n).

(c) If € and » are orientable, show that £ @ 7 is orientable.
(f) If & is orientable, and 7 is non-orientable, show that & ® 77 is also non~
orientable.

(g) Define a “natural” orientation on V ® V for any vector space V, and use
this to show that & @ & is always orientable.
(h) If X is a “figure eight” (c.f. Problem 5), find two non-orientable I-plane
bundles & and 7 over X such that & @ 7 is also non-orientable.

25. (a) If x: E -» M is a C® vector bundle, then xs has maximal rank at

cach point, and each fibre x7!(p) is a C® submanifold of E.
(b) The 0-section of E is a submanifold, carried diffeomorphically onto B by x.

26. (a) If M and N are C® manifolds, and xy [or xy] : MxN > M [or N]
is the projection on M [or N], then T(M x N) ~ xaq*(TM) © xn*(TN).

(b) If M and N are orientable, then M x N is orientable.
(c) If M x N is orientable, then both M and N are orientable.

27. Show that the Jacobian matrix of yy 0 (x«)7! is of the form

Djyiox7! @)
X Dyyiox tJ”

This shows that the manifold TM is always orientable, i.e., the bundle T(TM) is
orientable. (Here is a more conceptual formulation: for v € TM, the orientation
for (TM)y can be defined as

a af ay ayy,
agton)|,’ ? Axton,’ dx]? 7? der], ]?

the form of 4 0 (x)7! shows that this orientation is independent ofthe choice
of x.) A different proof that 7M is orientable is given in Problem 29.

28. (a) Let (x,U) be a coordinate system on M with x(p) = 0 and let v € Mp

be Djs a! 4/8x"|, . Consider the curve c in TM defined by

y=
a

CW= v4 ss ,
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Show that

de a
=O)=—].a= ae |

(b) Find a curve whose tangent vector at 0 is 0/8(x! ox)|,,.

29. This problem requires some familiarity with the notion of exact sequences

(ccf. ChapterI}), A sequence of bundle maps E; + Ey + Ey with f = ¢ =identity of B is exact if at each fibre it is exact as a sequence of vector space
maps.

(a) If € = x: E > B is a C™ vector bundle, show that there is an exact
sequence

O- 2°(&) > TE > x*(TB) > 0.

Hint: (1) An element ofthe total space of 2*(€) is a pair of points in the same
fibre, which determines a tangent vector of the fibre. (2) Map ¥ € (TE)e to
(e,74X).

(b) If 0 E,; > Ex > E3 > 0's exact, then each bundle £; is orientable if
the other two are.

(0) T(TM) is always orientable.

(d) If x: E > M isnot orientable, then the manifold E is not orientable. (This

is why the proof that the Mébius strip is a non-orientable manifold is so similar
to the proof that the Mébius bundle over S! is not orientable.)

The next two Problems contain more information about the groups intro-

duced in Problem 2-33, In addition to being used in Problem 32, this informa-
tion will all be important in Chapter 10.

30. (a) Let po € S"~! be the point (0,...,0, 1). Form > 2 define f: SO(n) >
S™' by f(A) = A(po). Show that f is continuous and open. Show that
{~1(po) is homeomorphic to SO(n — 1), and then show that {~!(p) is home-
omorphic to SO(n — 1) for all p € S">!.
(b) SO(1) is a point, so it is connected. Using part (a), and induction on n,
prove that SO(7) is connected for all n > 1.
(c) Show that O() has exactly two components.

31. (a) If T: R" > R® isa linear transformation, T*: R" > R", the adjoint
of T, is defined by (T*v, w) = (v, Tw) (for each v, the map w +> (v, Tw) is
linear, so it is w+ (T*v, w) for a unique T*v). If A is the matrix of T with
respect to the usual basis, show that the matrix of 7” is the transpose A‘.
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(b) A linear transformation T: R" > R” is self-adjoint if T = T*, so that

(Tv, w) = (v, Tw) for all v,w € R". If A is the matrix of T with respect to the
standard basis, then T is self-adjoint if and only if A is symmetric, At = A, It
is a standard theorem that a symmetric A can be written as CDC~! for some
diagonal matrix D (for an analytic proof, see Calculus on Manifolds, pg. 122).
Show that C can be chosen orthogonal, by showing that eigenvectors for distinct
eigenvalues are orthogonal.
(0) A self-adjoint T (or the corresponding symmetric A) is called positive semi-
definite if (Tv, v) > 0 for all v € R", and positive definite if (Tv, v) > 0 for all
v 0. Show that a positive definite A is non-singular. Hint: Use the Schwarz
inequality.

(d) Show that At - A is always positive semi-definite.
(e) Show that a positive semi-definite A can be written as A = B? for some B.
(Remember that A is symmetric.)
(1) Show that every A € GL(n,R) can be written uniquely as A = Ay-Az where
A, € O(n) and Az is positive definite. Hint: Consider At . A, and use part (c).
(g) The matrices A, and Az are continuous functions of A. Hint: If A > A
and A®) = A“, . A, then some subsequence of {A“);} converges.
(h) GL(#,R) is homeomorphic to O(n) x R™@+)?2 and has exactly two com-
ponents, {A: detA > 0} and {A: detA < 0}. (Notice that this also gives usanother way offinding the dimension of O(n).)

32. Two continuous functions fo, fi: X¥ > Y are called homotopic if there is
a continuous function H: X x [0,1] > Y such that

fix) =HQ,i) 1 =0,1.

The functions H;: X -> Y defined by H;(x) = H(x,1) may be thought of as a

path of functions from Ho = fo to Hi = fi. The mapH is called a homotopy
betweenfo and fj.
The notation f: (X,A) > (Y,B), for A Cc X and BC Y, means that

f:X— Y and f(A) C B. We call fo, fi: (X,A)> (Y, B) homotopic (as mapsfrom (X, A) to (Y, B)) if there is an Has above such that each H;: (X, A) >
(Y, B).

(a) If A: [0,1] > GL(@,R) is continuous and H: R”x [0,1] > R” is defined byH(x,1) = A(t)(x), show that H is continuous, so that Ho and Hj are homotopic
as maps from (R",R” ~ {0}) to (R”,R" — {0}). Conclude that a non-singularlinear transformation T: (R”,R” — {0}) > (R",R” ~ {0}) with det

T > 0 ishomotopic to the identity map.
(b) Suppose f: R” > R” is C® and f(0) = 0, while f(R"— {0}) Cc R" ~ {0}.If Df(0) is non-singular, show that f: (R",R" — {0}) > (R",R* — {0}) is
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homotopic to Df(0): (R",R" — {0}) > (R",R" — {0}). Hint: Define H(x,t) =
S(tx) for 0 < ¢ < 1 and H(x,0) = Df(0)(x). To prove continuity at points
(x,0), use Lemma 2.

(0) Let U be a neighborhood of 0 € R" and f: U -> R" a homeomorphism
with f(0) = 0. Let B, C V be the open ball with center 0 and radius r, and let
A: R" — B, be the homeomorphism

hex) = = arctan ii) x;Pf

then

foh: (R",R"— {0}) > (R",R"~ {0}).
We will say that f is orientation preserving at 0 if f oh is homotopic to the
identity map 1: (R",R" — {0}) > (R",R" ~ {0}). Check that this does not
depend on the choice of B, C V.

(d) Forp © R*, let Tp:R®* > R" be 7,9) = p+q. If f:U > Visahomeomorphism, where U,V C R" are open, we will say that f is orientation
preserving at p if T_ sp) ° f 07, is orientation preserving at 0. Show that if M
is orientable, then there is a collection C of charts whose domains cover M such

that for every (x,U) and (y, V) in @, the map yox~ is orientation preserving
at x(p) for all pe UNV.
(e) Notice that the condition on yo x7! in part (d) makes sense even if y ox!
is not differentiable. Thus, if M is any (not necessarily differentiable) manifold,

we can define M to be orientableif there is a collection C of homeomorphisms
x: U — R" whose domains cover M, such that C satisfies the condition in

part (d), To prove that this definition agrees with the old one we need a fact
from algebraic topology: If f: R” > R" is a homeomorphism with f(0) = 0

and T: R" > R® is T(x!,...,x”) = (x!,...,x"7!,x"), then precisely oneof
f and T o f is orientation preserving at 0. Assuming this result, show thatif M has such a collection @ of homeomorphisms, then for any C® structure

on M the tangent bundle TM is orientable.
33. Let M" CR be a C® n-dimensional submanifold. By a chord of M we
mean a point of R¥ ofthe form p — q for p,g € M.
(a) Prove that if N > 2n +1, then there is a vector v € S%~! such that

(i) no chord of M is parallel to v,

(ii) no tangent plane M, contains v.

Hint: Consider certain maps from appropriate open subsets of M x M and
TM to SN-}.
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(b) Let RY! c RY be the subspace perpendicular to v, and x: RNY > R71
the corresponding projection. Show that x|M is a one-one immersion. In
particular, if M is compact, then x|M is an imbedding.
(©) Every compact C® n-dimensional manifold can be imbedded in R?"+}.

Note: This is the easy case of Whitney’s classical theorem, which gives the
same result even for non-compact manifolds (H. Whitney, Differentiable manifolds,
Ann. of Math. 37 (1935), 645-680). Proofs may be found in Auslander and

MacKenzie, Introduction to Differentiable Manifolds and Sternberg, Lectures on Dif
ferential Geometry. In Munkres, Elementary Differential Topology, there is a different
sort of argument to prove that a not-necessarily-compact n-manifold M can be
imbedded in some RN (in fact, with N = (” + 1)?). Then we may show that M
imbeds in R?"+! using essentially the argument above, together with the exis-
tence ofa proper map f: M — R, given by Problem‘2-30 (compare Guilleminand Pollack, Differential Topology). A much harder result of Whitney shows that
M" can actually be imbedded in R™" (H. Whitney, The self-intersections ofasmoothu-manifold in 2n-space, Ann. of Math. 45 (1944), 220-246).
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TENSORS

A the constructions on vector bundles carried out in this chapter have acommon feature. In each case, we replace each fibre x~!(p) by some
other vector space, and then fit all these new vector spaces together to form a
new vector bundle over the same base space.

The simplest case arises when we replace each fibre V by its dual space V*.

Recal} that V* denotes the vector space of all linear functions 4: V > R. If

Jf: V¥ > W isa linear transformation, then there is a linear transformation
S*: W* > Y* defined by

(S*A)@) = AC fv).

It is clear that if 1y: V > V is the identity, then 1” is the identity map of V*
and if g: U — V, then (fog)* = g*o f*. These simple remarks already

show that f* is an isomorphism if f: V > W is, for (f7! 0 f)* = ly* and
(fo fo) = lw*.
The dimension of V* is the same as that of V, for finite dimensional V. In

fact, if v;,...,Un is a basis for V, then the elements v*; € V*, defined by

v*i(¥j) = 8),

are easily checked to be a basis for V*. The linear function v*; depends on the
entire set v1,...,Un, NOt just on v; alone, and the isomorphism from V to V*
obtained by sending v; to v*; is nol independent of the choice of basis (consider
what happens if v; is replaced by 2v1).

On the other hand, if v € V, we can define v** € V** = (V*)* unambigu-
ously by

v**(A) = A(v) for every} € V*.

If v**(A) = 0 for every A € V*, then A(v) = 0 for all A € V*, which implies that

107



108 Chapter 4

v = 0. Thus the map v +> v** is an isomorphism from V to V**. It is called
the natural isomorphism from V to V**.

(Problem6 gives a precise meaning to the word “natural”, formulated only
after the term had long been in use. Once the meaning is made precise, we can
prove that there is no natural isomorphism from V to V*.)

Now let § = 7: E > B be any vector bundle. Let

B= Ueto,
pe

and define the function 2’: E’ + B to take each [x~'(p)J* to p. If U Cc B,
and ¢: #7'(U) > U x R” is a trivialization, then we can define a function

tin’ "(U) > U x (R")*

in the obvious way: since the map/ restricted to a fibre,

ty wp)> {p) xR",

is an isomorphism, it gives us an isomorphism

(py! fp)" > fp} x (RY.

We can make x’: E’ + B into a vector bundle, the dual bundle &* of &, by
requiring that all such 2’ be local trivializations. (We first pick an isomorphism
from (R")* to R", once and for all.)

At first it might appear that £* ~ &, since each x~!(p) is isomorphic to
x'—'(p). However, this is true merely because the two vector spaces have the
same dimension, The lack of a natural isomorphism from V to V* prevents

us from constructing an equivalence between &* and §. Actually, we will see
later that in “most” cases £* is equivalent to &; for the present, readers may
ponder this question for themselves. In contrast, the bundle £** = (E*)* is

always equivalent to §. We construct the equivalence by mapping the fibre V
of & over p to the fibre V** of &* over p by the natural isomorphism. If you
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think about how &* is constructed, it will appear obvious that this map is indeed
an equivalence.

Even if & can be pictured geometrically (eg,, if is TM), there is seldom a
geometric picture for &*. Rather, &* operates on &: If s is a section of§ and o
is a section of &*, then we can define a function from B to R by

s(p) ex "(p)
Pr o(p)(s(p)) = =

o(p) en’ p) = 2 "(p)*.

This function will be denoted simply by o(s).

When this construction is applied to the tangent bundle TM of M, the re-

sulting bundle, denoted by 7*M, is called the cotangent bundle of M; the fibre
of T*M over p is (Mp)*. Like TM, the cotangent bundle T*M is actually a
C®@ vector bundle: since two trivializations x, and y, of TM are C®-related,

the same is clearly true for x4’ and y,’ {in fact, yx’ 0 (X4!)—! = yx 0 (x4)7!).
We can thus define C®, as well as continuous, sections of T*M. If w isa C®
section of T*M and X is a C™ vector field, then w(X) is the C™ function

Pr w(p)(X(p)).

If f: M + Risa C® function, then a C® section df of T*M can be

defined by

df(ph\X) = X(f) for X © My.

The section df is called the differential of f. Suppose, in particular, that X is
de/dt\1, where ¢(to) = p. Recall that

de] _ (4
ath, *\ ath)”

This means that

de ddy > =C |—

|=<! (fee) :
a to

, a F(e(O))

=(foc)'(to) or ee 7to
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Adopting the elliptical notations

de de dg(t)
S fr & BM for g'(t);a ae a sO

this equation takes the nice form

de) _ af(cl®))af
|— | = ——..if (&) di

If (x,U) is a coordinate system, then the dx! are sections of T*M over U.
Applying the definition, we see that

a ;a
=sidx!(p) (21) =i.

Thus dx'(p),...,dx"(p) is just the basis of Mp* dual to the basis /8x'|p,...,
8/8x"|p of My.
This means that every section w can be expressed uniquely on U as

a

w(p) = Ywi(p) dx'(p),
i=l

for certain functions w; on U. The section w is continuous or C™ if and only if
the functions w; are.

We can also write

n

o= \ordx',
i=l

if we define sums of sections and products of functions and sections in the

obvious way (“pointwise” addition and multiplication).

The section df must have some such expression. In fact, we obtain a classical
formula:
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1, THEOREM. If (x, U) is a coordinate system and f is a C® function, then
on U we have

n of idf= >oatdx'.
PROOF. If Xp € My is

n aX= oa! mal ,
then

a! = X,(x!) = dx'(p)(Xp).

Thus

n

; afAf(D\(Xp) = Xp) = Da TG)
i=l

n a ;

=>Lodx! (p)(Xp). &i=1 3

Classical differential geometers (and classical analysts) did not hesitate to talk

about “infinitely small” changes dx‘ ofthe coordinates x’, just as Leibnitz had.No one wanted to admit that this was nonsense, because true results were ob-

tained when these infinitely small quantities were divided into each other (pro-
vided one did it in the right way).

Eventually it was realized that the closest one can come to describing an
infinitely small change is to describe a direction in which this change is supposed
to occur, i.e., a tangent vector. Since df is supposed to be the infinitesimal

change of f under an infinitesimal change of the point, df must be a function

of this change, which means that df should be a function on tangent vectors.
The dx! themselves then metamorphosed into functions, and it became clear
that they must be distinguished from the tangent vectors 3/dx'.
Once this realization came, it was only a matter of making new definitions,

which preserved the old notation, and waiting for everybody to catch up. In
short, all classical notions involving infinitely small quantities became functions
on tangent vectors, like df, except for quotients of infinitely small quantities,
which became tangent vectors, like de/dt.

Looking back at the classical works from our modern vantage point, one can
usually see that, no matter how obscurely expressed, this point of view was in
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some sense the one always taken by classical geometers. In fact, the differential
df was usually introduced in the following way:

CLASSICAL FORMULATION MODERN FORMULATION

Let f be a function of the x!,...,x”, | Let f be a function on M, and x a
say f= f(x!,...,x"). coordinate system (so that f = fox

for some function f on R", namely
f= fox),

Let x! be functions of 1, say x4 = Let ¢: R > M be a curve. Then

x!(r). Then f becomes a function foc: R= R, where
of 4, fl) = fONO,....x"). foelt) = f(x! cc(t),...,x" ec(d)).
We now have We now have

af _ yp af dt (Foxat 5 ax! dr” ae is
i= =P Dif xe) - OF oo)

(The classical notation, which ist
suppresses the curve ¢, is still used yay ne
by physicists, as we shall point out = DL pre) Gey
once again in Chapter 7.) in

or

ase)
_

Ha dx!(c(t)

aDare: dt
Multiplying by dr gives Consequently,

“af i; de “af i (de
= SF axi. a (=)=-yV = edxi (&af > axt @* if (3) > ax CO) - ax 3)

(This equation signifies that true Since every tangent vector at ¢(¢) is
results are obtained by dividing by of the form de/dt, we have

dt again, no matter what the functions ,
x(t) are. It is the closest approach yp ni

in classical analysis to the realiza- Cy z at
tion of df as a function on tangent ~
vectors.)
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In preparation for our reading of Gauss and Riemann, we will continually
examine the classical way of expressing all concepts which we introduce. After

a while, the “translation” of classical terminology becomes only a little more
difficult than the translation of the German in which it was written.

Recall that if f: M — N is C®, then there is a map f,: TM > TN;
for each p € M, we have a map fep: Mp > Nyy). Since fyp is a linear
transformation between two vector spaces, it gives rise to a map

Nip > My".

Strict notational propriety would dictate that this map be denoted by (f.p)*,
but everyone denotes it simply by

Ips Nyipy* > My”.

Notice that we cannot put all /;* together to obtain a bundle map from T*N
to T*M; in fact, the same g € N may be /(p;) for more than one p; € M,

and there is no reason why fxp, should equal fp). On the other hand, we can
do something with the cotangent bundle that we could not do with the tangent

bundle. Suppose w is a section of T*N. Then we can define a section of T*M
as follows:

n(p) = (Ff (P)) © fap
ie,

n(p)(Xp) = o( f(P))SapXp) for Xp € My.

(The complex symbolism tends to hide the simple idea: to operate on a vector,

we push it over to N by /,, and then operate on it by w.) This section 7 is

denoted, naturally enough, by f*w. There is no corresponding way of wans-
ferring a vector field XY on M over to a vector field on N.

Despite these differences, we can say, roughly, that a map f: M > N pro-
duces a map fs going in the same direction on the tangent bundle and a map
{* going in the opposite direction on the cotangent bundle. Nowadays such
situations are always distinguished by calling the things which go in the same

direction “covariant” and the things which go in the opposite direction “con-
travariant”. Classical terminology used these same words, and it just happens
to have reversed this: a vector field is called a contravariant vector field, while
a section of 7*M is called a covariant vector field. And no one has had the

gall or authority to reverse terminology so sanctified by years of usage. So
it’s very easy to remember which kind of vector field is covariant, and which
contravariant—it’s just the opposite of what it logically ought to be.
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The rationale behind the classical terminology can be seen by considering
coordinate systems x on R” which are linear transformations. In this case, if
x(v;) = e, then

x(a!vy ++++ a"_) = (a',...,0"),
so the x coordinate system is just an “oblique Cartesian coordinate system”.

Bares
Lecce '

bv, {- ~ iQ x(p) = (a,b)
’

v2

av

on

If x’ is another such coordinate system, then x4 = 7/2, aijx! for certain ajj.
Clearly aij = 8x44 /8x!, so

n ax’in i.) iD Deal
isl

this can be seen directly from the fact that the matrix (9x// /4x*) is the constant
inatrix D(x! x7!) = x’ ox7!. Comparing («) with

5 ;

; ax'i

(4 dx) = \~°— dx",(wa) Ls
tl

from Theorem 1, we see that the differentials dx! “change in the same way” as
the coordinates x“, hence they are “covariant”. Consequently, any combination

n

w= Yo dx!
i=l

is also called “covariant”. Notice that if we also have

n

w= Yo'ax",
i=l
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then we can express the w’; in terms of the @;. Substituting

5 P

ax! jdx! = \*—— dxLa
jel

into the first expression for @ and comparing coefficients with the second, we
find that

“ax!’
w= erga

isl

On the other hand, given two expressions

n n

a aDe - Le"ao = Sat7 it

a ON Ox

for a vector field, the functions a’! must satisfy

n ;

; Ox!
in i

a= va axt
tl

‘These expressions can always be remembered by noting that indices which are

summed over always appear once “above” and once “below”. (Coordinate func-
tions x!,..., x" used to be denoted by x1,...,%n- This suggested subscripts w;
for covariant vector fields and superscripts a! for contravariant vector fields. Af
ter this was firmly established, the indices on the x’s were shifted upstairs again
to make the summation convention work out.)

Covariant and contravariant vector fields, i.e. sections of T*M and TM,

respectively, are also called covariant and contravariant tensors (or tensor fields)

of order 1, which is a warning that worse things are to come, We begin with
some worse algebra.

If Vj,...,Vn are vector spaces, a function

TixxVn eR

is multilinear if

VESTy.)M15 Vs Veet +++» Um)
is linear for each choice of v1,...,0%-1,Uk415--->Um- The set of all such T
is clearly a vector space. If i,...,Vm = V, this vector space will be denoted
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by 7"(V). Notice that T'(V) = V*. If f: V > W isa linear transfor-
mation, then there is a linear transformation f*: 7"(W) > T”(V), defined

completely analogously to the case m = 1:

SJ?TM,...,Um)= T(f(1), -- +5 fm).
For T ¢ T*(V), and S € T!(V) we can define the “tensor product” T@S €

TEH(V) by

T QS, ..- 5 Ves Vegts s+ Vet) = T(U1,---5Uk) S (Uegas s+ Vet):

Ofcourse, T@S is not S@T. On the other hand, (S@T)@U = S@(T@U),

so we can define n-fold tensor products unambiguously; this tensor product
operation is itself multilinear, ($1 + S2)@T = S;@T +S. @T, etc. In
particular, if 4,...,0, is a basis for V and v*),...,v%y is the dual basis forv* =7'(V), then the elements

V7 BO vy, Il<t,...,% <0

are easily scen to be a basis for 7*(V), which thus has dimension n*.
We can use this new algebraic construction to obtain a new bundle from any

vector bundle§= 1: E > B. We let
E’= TKx"(p)),

peB

and let

n': E'-> B take T#(x7(p)) to p.

If UC Band

t:a7\(U)> Ux R"
is a trivialization, then the isomorphisms

tpi 7"(p) > {p} x R”

yield isomorphisms

(tp")?: TR "p)) > {p} x TER").

If we choose an isomorphism 7*(R") + R™ once and for all, these maps can
be put together to give a map

ts n'\(U) > U xR”,
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We make x': E’ -> B into a vector bundle * (&) by requiring that all such 7’
be local trivializations, The bundle &* is the special case k = 1.

For the case of TM, the bundle 7*(7M) is called the bundle of covariant
tensors of order k, and a section is called a covariant tensor field of order k. If

(x, U) is a coordinate system, so that

dx'(p),...,dx"(p)

is a basis for (Mp,)*, then the k-fold tensor products

ax" (p) @--- @dx"*(p) ET*(Mp) 1 Sit,...,i¢ Sn

are a basis for T*(M,). Thus, on U every covariant tensor field A of order k
can be written

Alp) = > Ad. (p) ax" (p) @ + @ dx" (p),
heals

or simply

A= DO Anuuig dx B+ ax,

where dx"! @ -.. @ dx's now denotes a section of T*(TM). If we also have

A= DD At aig Ax"B+@ dx"'k,
Fy yeeeste

then Pefe ik

A e.ncty = = Aint uray Dyan
toonik

(the products are just ordinary products of functions). To derive this equation,
we just use equation («*) on page 114, and multilinearity of ®. The section A

is continuous or C® if and only if the functions Aj,..i, are.
A covariant tensor field A of orderk can just be thought of as an operation A

on k vector fields X1,..., Xx which yields a function:

A(X1,0.Xe) (Pp) = ACP XP), Xe(P))-
Notice that A is multilinear on the set ‘V of C® vector fields:

ACM00 Xi4X Xp) = AM yo Xt Xe) +AMXi Xb)
A(X, -0Xi,.6. Xe) = @A(K,00. Xe)
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Moreover, because A is defined “pointwise”, it is actually linear over the C°
functions F; i.e, if f is C, then

A(X 5-005 LX ine Xe) =LAMXin Kids
for we have

A(X 15-225 £Xig es Xa MP) = APY KD) 5-2 LP) XCD), XP)

= S(P)A( PX (p)s- +2 Xe(p)> +++ Xe(P))

= fp) A(%,...,Xty--+ Xe)(p)-

We are finally ready for another theorem, one that is used over and over.

2. THEOREM. If

AL VX x Vor
Raia

A times:

is linear over F, then there is a unique tensor field A with A= A.

PROOF. Note first that if v € Mp is any tangent vector, then there is a vector
field X € V with X(p) = v. In fact, if (x,U) is a coordinate system and

n a

v= > ai al ;far OXI

then we can define

“a

incroe {2° gat on0 outside U,

where each a’ now denotes a constant function and f is a C® function with
S(p) = 1 and supportf Cc U.Now if vy,...,v% € Mp are extended to vector fields X1,...,X% € V we
clearly must define

A(p)(U1,--+5 Uk) = A(X1,.-., Xe)(P)-
The problem is to prove that this is well-defined: If X;(p) = Y;(p) for each i,
we claim that

A(X,«025 Xe)(p) = AM. Yep)«
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(The map & “lives at points”, to use the in terminology) For simplicity, take the

case k = 1 (the general case is exactly analogous). The proof that A(X)(p) =
A(¥)(p) when X(p) = Y(p) is in two steps.

(I) Suppose first that ¥ = Y in a neighborhood U of p. Let f be a C®

function with f(p) = 1 and support f C U. Then fX = fY, so

LA(X) = ACFX) = ALY) = SAY);

evaluating at p gives

A(X)(p) = ALY) (p).
(2) To prove the result, it obviously suffices to show that A(X)(p) = 0 if
X(p) = 0. Let (x,U) be a coordinate system around p, so that on U we
can write

a9 iX=
La where all b'(p) = 0.

If g is 1 in a neighborhood V of p, and support g C U, then

rr) re)Y =adivag =) 85y7ial ist

is a well-defined C™ vector field on all of M which equals X on V, so that

A(X)(p) = A(Y)(p), by (1).

Now

* aAMY)(p) = SBP) (ex) )
ist

=0, since b'(p) =0.

Because of Theorem 2, we will never distinguish between the tensor field A
and the operation A, nor will we use the symbol 4 any longer. Note that
Theorem 2 applies, in particular, to the case k = 1, where T*(7M) = T*M,
the cotangent bundle: a function from V — ¥ which is linear over ¥ comes
from a covariant vector field «w. Just as with covariant vector fields, a C°? map

f:M — N gives a map f* taking covariant tensor fields A of order k on N
to covariant tensor fields {*A of order k on M:

LAPX gs ++ Xig) =ALP)Se Xp «+2 fa Xkp)-
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Moreover, if A and B are covariant tensor fields of orders k and /, respectively,
then we can define a new covariant tensor field A ® B of order k +d:

(A@ B)(p) = A(p) ® Bp) (operating on My x ++. x Mp k +1 times).

Although covariant tensor fields will be our main concern, if only for the
sake of completeness we should define contravariant tensor fields. Recall that

a contravariant vector field is a section X of TM. So each Xp € Mp. Now an
element v ofa vector space V can be thought of as a linear function v: V* > R;

wejust define v(A) to be A(v). A contravariant tensor field of order k is just
a section A of the bundle 7*(T*M); thus, each A(p) is a k-linear function

on M,*. We could also use the notation 7,(7M), if we use T,(V) to denote all
k-linear functions on V*. In local coordinates we can write

i a aAtp)= Do Aten) aa e ean |Jumade ? ?

(remember that each 3/9x/|p operates on Mp"), or simply

, 4, 0 a
= Jred Qe

A= YE Ah oO OT
Jowodk

If we have another such expression,
inode 9. a

= ti-in 9 @...@ 9

Am Do A 8 8 ae
Sivondk

then we easily compute that

1B gx!Bib = Fone OX x"4
= ONT ahSrvoode

A contravariant tensor field A of order k can be considered as an operator A
taking k covariant vector fields w1,...,@ into a function:

A(wr,..-.@k)(P) = AC p)w1(p)- ++, @%(P))-

Naturally, there is an analogue ofTheorem 2, proved exactly the same way, that
allows us to dispense with the notation A, and to identify contravariant tensor
fields of order k with operators on k covariant vector fields that are dnear over
the C® functions F.
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Finally, we are ready to introduce “mixed” tensor fields. To make the intro-
duction less painful, we consider a special case first. If V is a vector space, let
TV) denote all bilinear functions

T:VxV*>R.

A vector bundle § = 2: E — B gives rise to a vector bundle J;! (&), obtained by
replacing each fibre 7~!(p) by J; (-"(p)). In particular, sections of 7;!(7M)
are called tensor fields, covariant of order 1 and contravariant of order 1.

‘There are all sorts of algebraic tricks one can play with J;!(V); although they
should be kept to a minimum, certain ones are quite important. Let End(V)
denote the vector space of all linear transformations T: V > V (“endomor-

phisms” of V), Notice that each S € End(V) gives rise to a bilinear 5 € 7;'(V),

5: vxv*>R,

by the formula

(*) S(v,A) = (S(v)).

Moreover, the correspondence S ++ S from End(V) to x! (V) is linear and one-
one, for S = 0 implies that A(S(v)) = 0 for all 4, which implies that S(v) = 0,
for all v. Since both End(V) and J;!(V) have dimension n?, this map is an
isomorphism. The inverse, however, is not so easy to describe. Given 5, for
each v the vector S(v) € V is merely determined by describing the action of a)
on it according to (#). It is not hard to check that this isomorphism of End(V)

and J;!(V) makes the identity map 1: V > V in End(V) correspond to the
“evaluation” map

e:VxV*>R ind!(V)

given by
e(v,A) = A(v).

Generally speaking, our isomorphism can be used to transfer any operation

from End(V) to 7;(V). In particular, given a bilinear

T:VxV*>R,

we can take the trace of the corresponding S: V —> V; this number is called
the contraction of 7. If vj,...,v, isa basis of V and

T=OTvi@y,
Ai
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then we can find the matrix A = (aij) of S, defined by
n

Seu) = Yo anr;,
j=l

in terms of the 7/; in fact,

ay = v*)(S(%)) = Tv") = Ti}.
Thus

n

contraction of T = 7.
ised

(The term “contraction” comes from the fact that the number ofindices is con-

tracted from 2 to 0 by setting the upper and lower indices equal and summing.)

These identifications and operations can be carried out, fibre by fibre, in any
fibre bundle 7;!(€). Thus, a section A of 7;!(£) can just as well be considered
as a section of the bundle End(§), obtained by replacing each fibre x~!(p) by
End(x~"(p)). In this case, each A(p) is an endomorphism of z~}(p). More-
over, each section A gives rise to a function

(contraction of A): B> R

defined by

p+ contraction of A(p) .

= trace A(p) if we consider A(p) € End(x~'(p)).

In particular, given a tensor field A, covariant of order 1 and contravariant
of order I, which is a section of J;!(7M), we can consider each A(p) as an
endomorphism of Mp, and we obtain a function “contraction of A”. If in a
coordinate system

i a
A= J dxi @——DA a ea

al

then
a

;

(contraction of A) = > Ai,
isl

The general notion of a mixed tensor field is a straightforward generalization.

Define 7;(V) to be the set of all (k + /)-linear
T: V@---@VxV*®@---@V* oR.
er eK ON ee

k times times
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Every bundle & gives rise to a bundle 7;(&). Sections of 7;¥(TM) are called
tensor fields, covariant oforder k and contravariant of order /, or simply oftype

({), an abbreviation that also saves everybody embarrassment about the use of
the words “covariant” and “contravariant”. Locally, a tensor field A of type (4)
can be expressed as

A= Appl dxt @-@dxte ew @- ent
j

teoodi axh axa’
iuont

ooh

and if

Ae DO Ap} ax@.@ dx @ ~~eefood inh ox?bythe
Stvondl

then

a Oxtk 9x'B ax!Br(BiB — Jon OX aoe(*) AN ak = , x icin Fyn” Jaren Oa Oxi’
Healt

Classical differential geometry books are filled with monstrosities like this
equation. In fact, the classical definition ofa tensor field is: an assignment
of n*+# functions to every coordinate system so that (*) holds between the n*+!
functions assigned to any two coordinate systems x and x’. (!) Or even, “a set
of n*+ functions which changes according to (*)”. Consequently, in classical
differential geometry, all important tensors are actually defined by defining the

functions Aj, in terms of the coordinate system x, and then checking that (+)
holds.

Here is an important example. In every classical differential geometry book,

one will find the following assertion: “The Kronecker delta 8/ is a tensor.” In
other words, it is asserted that if one chooses the same n? functions 4/ for each
coordinate system, then (*) holds, i.c.,

j ax! ax'PBS gf2Bae Ls xr Oxi?
bi

this is certainly true, for

a ax! ax!® => ax! ax’? _3
Cy! Bx! Oxi + Ox" Oxi
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From our point of view, what this equation shows is that

A= ve dx! ®<aa ax
ij

is a certain tensor field, independent of the choice of the coordinate system x
To identify the mysterious map

A(p): Mp x My*> R,

we consider v € Mp and A € M,* with the expressions

n a n
= — = Brn):v= oat a » = So bp xp);eal iP Bal

then

A(p)(v,A) = 8) ax'(p)@ (v,A),

if ‘ oxy

n 3 a n
= i dx! oo B

= Lee Do" ge,) a7], (Loewen)if mal iP. 1p \Beal

=o afa’b
ij

1

=doalhy
iI

=A(v).

Thus A(p) is just the evaluation map Mp x Mj* — R; considered as an endo-

morphism of Mp, it is just the identity map.

The contraction of a tensor is defined, classically, in a similar manner. Given
a tensor, i.e, a collection of functions Aj, one for each coordinate system, sat-
isfying

. ax! ax'BBe iae= Dai Ox'® QxJ?
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we note that

a a a yl
ax! axta J

a=l aati Si]

n ax! ax’
= Z —

ij ast

= Dass
bj

n

isl

so that this sum is a well-defined function. This calculation tends to obscure

the one part which is really necessary—verification of the fact that the trace of
a linear transformation, defined as the sum of the diagonal entries of its matrix,

is independent of the basis with respect to which the matrix is written.

Incidentally, a tensor of type (4) can be contracted with respect to any pairof upper and lower indices. For example, the functions

Bit = ashe
axl

“transform correctly” if the A%®¥ do. If we consider each A(p) € 7;'(Mp), then
we are taking B(p) € 7;(M,) to be

B(p)(v1,02,41,A2) = contraction of: (v,4) + A(p)(v; U1, V2, At, A2,A).

While a contravariant vector field is classically a set of n functions which

“transforms in a certain way”, a vector at a single point p is classically just an
assigument of 1 numbers a',...,a” to each coordinate system x, such that the
numbers a’!,...,a’ assigned to x" satisfy

n

P jOxd
a} =) a'——(p).

> gat (P)
This is precisely the definition we adopted when we defined tangent vectors as
equivalence classes [x, 4]. The revolution in the modern approach is that the
set of all vectors is made into a bundle, so that vector fields can be defined as

sections, rather than as equivalence classes of sets offunctions, and that all other
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types of tensors are constructed from this bundle. The tangent bundle itself was
almost a victim of the excesses of revolutionary zeal. For a long time, the party
line held that 7M must be defined either as derivations, or as equivalence classes

of curves; the return to the old definition was influenced by the “functorial”

point of view of Theorems 3-1 and 3-4.
‘The modern revolt against the classical point of view has been so complete

in certain quarters that some mathematicians will give a three page proof that
avoids coordinates in preference to a three line proof that uses them. We won't
go quite that far, but we will give an “invariant” definition (one that does not
use a coordinate system) of any tensors that are defined. Unlike the “Kronecker
delta” and contractions, such invariant definitions are usually not so easy to

come by. As we shall see, invariant definitions of all the important tensors in
differential geometry are made by means ofTheorem 2. We seldom define A(p)

directly; instead we define a function “ on vector fields, which miraculously
turns out to be linear over the C® functions ¥, and hence must come from

some A. At the appropriate time we will discuss whether or not this is all a big
cheat.
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PROBLEMS

1. Let f: M" + N", and suppose that (x,U) and (y,V) are coordinate

systems around p and /(p), respectively.

(a) If g: NR, then

ages), ag a(yi of)

ae (P= pspiLP) (0).
(Proposition 2-3 is the special case f = identity.)

(b) Show that

a 7 ays o f) a+ (gh) <E%20-44,,ax! |p » axt 8y? Irn)
and, more generally, express fx(S-jix1 4/0/x'|,) in terms of the 8/8y/|p.
(c) Show that

a 2. aysstayy(p) = ED) -ax"tp).
ised

(@) Express

r( DS annin dy @---@dy")
in terms ofthe dx!.

2. If fg: M > N are C®, show that

d(fg) = fdgt+egdf.

3. Let f: M > R be C®. For v € My, show that

Salo) = Uf )(py € Ry):

4, (a) Show that ifthe ordered bases vj, ..., Un and wy,..., Wn for V are equally
oriented, then the same is true of the bases v*,,..., v*, and w*},...,w*, for V*.

(b) Show that a bundle é is orientable if and only if £* is orientable.
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5. The following statements and problems are all taken from Eisenhart’s clas-
sical work Riemannian Geometry. In each case, check them, using the classical
methods, and then translate the problem and solution into modern terms. An

“invariant” is just a (well-defined) function. Remember that the summation
convention is always used, so 4/4; means 7/2; \‘4;. Hints and answers are
given at the end, after (xiii).

() If the quantity 4/2; is an invariant and either / or 4; are the components
of an arbitrary [covariant or contravariant] vector field, the other sets are com-

ponents of a vector field.
(i) If Agi! are the components of 7 vector fields [in an n-manifold], where i
for i =1,...,n indicates the component and @ for a = |,...,” the vector, and
these vectors are independent, that is, det(Ag\') # 0, then any vector-field A/ is
expressible in the form

A= a%al!,

where the a’s are invariants.

(iii) If 4; are the components of a given vector-field, any vector-field A! satisfy-
ing \' 4; = 0 is expressible linearly in terms of n — 1 independent vector fields
Aaj! for @ = 1,...,2 — 1 which satisfy the equation.

(iv) If a/ = a4" for the components of a tensor field in one coordinate system,
then a’ = a'/' for the coordinates in any other coordinate system.

() If a! and b4 are components ofa tensor field, so are ai +4. If ad andby, are components of a tensor field, so are a!/ by.
(vi) If ayjA‘A4 is an invariant for \/ an arbitrary vector, then aij + aj; are the
components of a tensor; in particular, if ajjA/A/ = 0, then ajj + aj; = 0.
(vii) If ajjA'A/ = 0 for all vectors A/ such that A’; = 0, where y4; is a given
covariant vector, if v! is defined [c.f. (iii)] by aijAa\'v/ =0,@ = 1,...,7—1and
pivi #0, and by definition

ajv' = 0; vig =r,

then (aij —44170;)§/£4 = 0 is satisfied by every vector field £/, and consequently

aij tay = =u) + Hj0%).
(viii) If a,s are the components of a tensor and b and ¢ are invariants, show
that if ba,s + cas, = 0, then either 6 = —c and ars is symmetric, or b = ¢ and
ars is skew-symmetric.

(ix) By definition the rank of a tensor of the second order aij is the rank of
the matrix (az). Show that the rank is invariant under all transformations of
coordinates.
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(x) Show that the rank of the tensor of components ajby, where a; and by
are the components of two vectors, is one; show that for the symmetric tensor

a;b; + a;b; the rank is two.

(xi) Show that the tensor equation a/;; = aj, where @ is an invariant, can
be written in the form (a!; — «8/;)A; = 0. Show also that a!; = 6a, if the
equation is to hold for an arbitrary vector Aj.
(xii) If a!;A; = cA; holds for all vectors A; such that j1/A; = 0, where px! is a
given vector, then

| ; ;

aj = 08; +ojh!.

(xiii) IF

0 if ja = jp for some a # B or ig = ig for some a # B
gaein = orf thi... ip) Aki, stp}
fvdp 1 if j1,...,jp is an even permutation of i1,...,ép

1 if ji,.--,jp is an odd permutation of i1,...,ip

then 6!” are the components ofa tensor in all coordinate systems.
HINTS AND ANSWERS.

(i) » is determined if w(X) is known for all X, and vice versa.

(ii) Given w [with w(p) ¥ 0 for all p], there are everywhere linearly indepen-

dent vector fields X1,..., Xn—1 which span ker at each point. (This is true
only locally. For example, on S? x R there is an w such that ker w(p, £) consists
ofvectors tangent to S? x {r}.)
(vi) For T: Vx V > R, let 7’(v, w) = T(w, v). Then 7 +7" is determined by
S(v) = Tv, v). For, T(v+w,v+w) = T(v,v)

+ T(v, w) +7 (w, v) +7 (w, wv).Similarly, T(v, v) = 0 for all v implies that T + 7’ = 0.
(vii) Given w [with w(p) # 0 for all p], choose Y complementary to kerw at

all points. If o(Z) = T(Y, Z), then T(Z, Z) = w(Z)o(Z)/w(Y) for all vector
fields Z.

7 _

(ix) T: V x V = R corresponds to 7: V > V* [where T(v)(w) = T(v, w)].
The rank of T may be defined as the rank of F (consider the matrix of 7 with
respect to bases vj,...,Un and v*},...,0%n).(xii) Let V = M,*. If T: V > V and p € V* and T(v) =av forall v € kerp,
there isa y complementary to kerjz such that

Tv) =av+plv)y for all v.

(Begin by choosing yp complementary to ker 4 and writing v uniquely as vp-+cyo
for vp € ker p.)
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(xiii) Define
6: Vx: xVxV*x---xVioRSa *

p times p times

by

S(U1,...5UpyAt,-.-,Ap) = det(Ai(vj)).

6. (a) Let iy: V > V™ be the “natural isomorphism” éy(v)(A) = A(v). Show

that for any linear transformation f: V > W, the following diagram com-

mutes: i :y—e iy

Vr
wi”. we

‘b) Show that there do not exist isomorphisms iy: V — V* such that the fol-
lowing diagram always commutes.

Vv tv ve

|e
wi”. we

Hint: There does not even exist an isomorphism i: R > R* which makes the

diagram commute for all linear f: R > R.

7. A covariant functor from (finite dimensional) vector spaces to vector spaces is a
function F which assignsto every vector space V a vector space F(V) and to ev-
cry linear transformation f: V > W a linear transformation F({): F(V) >
F(W), such that F(ly) = lpqvy and F(g0 f)= F(g)o F(v).
{a) The “identity functor”, F(V) = V, F(f) = f is a functor.

(b) The “double dual functor”, F(V) = V**, F({) = f** isa functor.

(c) The “J functor”, F(V) = Hj (V) = T*(V*),
F(L)(T)Qa, +5 dk)= TO fi.deof)

is a functor.

(d) If F is any functor and f: V > W is an isomorphism, then F(/) is an
isomorphism.

A contravariant functor is defined similarly, except that F(f): F(W) > F(V) and
F(go f) = F(f) 0 F(g). Functors of more than one argument, covariant in
some and contravariant in others, may also be defined.

(e) The “dual functor”, F(V) = V*, F(f) = f* is a contravariant functor.

(f) The “7* functor”, F(V) = T*(V), F(f) = f* is a contravariant functor.
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8. (a) Let Hom(V, W) denote all linear transformations from V to W. Choos-
ing a basis for V and W, we can identify Hom(V, W) with the m x n matrices,

and consequently give it the metric of R””. Show that a different choice of

bases leads to a homeomorphic metric on Hom(V, W).

(b) A functor F gives a map from Hom(V, W) to Hom(F(V), F(W)). Call F
continuous if this map is always continuous [using the metric in part (a)]. Show

that if = 2: E + B is any vector bundle, and F jis continuous, then there is
a bundle F(é) = x‘: E’ > B for which x'~!(p) = F(x7}(p)), and such that
to every trivialization

t:a7(U)> U xR"
corresponds a trivialization

Us w'"(U) > U x FR").

(©) The functor %(V) = 71(V*) = V* is continuous. (The bundle Jj (7M) is
just a case of the construction in (b).)
(d) Define a continuous contravariant functor F, and show how to construct a
bundle F(é).

(©) The functor F(V) = V* is continuous. (The bundle 7*M is a special case
of the construction in (d).)

Generally, the same construction can be used when F is a functor of several

arguments. The bundles J; (4) are all special cases. See the next two problems
for other examples, as well as an example of a functor which is not continuous.

9. (a) Let F be a functor from V", the class of n-dimensional vector spaces,

to V*. Given A € GL(1,R) we can consider it as a map A: R” > R”. Then
F(A): F(R") > F(R"). Choose, once and for all, an isomorphism F(R") >

R*. Then F(A) can be considered as a map (A): R& — R*. Show that
h: GL(n,R) > GL(k,R) is a homomorphism.

(b) How does the homomorphism 4 depend on the initial choice ofthe isomor-

phism F(R") — R*?
(©) Let v = (v,...,0,) and W = (w;,...,W») be ordered bases of V and let
e = (e,...,&n) be the standard basis of R”. Ife + y denotes the isomorphism
taking e; to v;, show that the following diagram commutes

Rp £>%y

R"
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where A = (aiy) is defined by

n

w; =>» ajiv;.
j=l

After identifying F(R") with R*, this means that

RE Fle> ¥) F(V)

h(A | Tas )
RK

also commutes. This suggests a way of proving the following

THEOREM. If h: GL(n,R) > GL(k,R) is any homomorphism,
there is a functor F,: V" > V* such that the homomorphism defined
in part (a) is equal to A.

(d) For q,q' € R*, define
(v9) ~ (Ww, 4’)

if q = h(A)q' where w; = D7_, aj;0;. Show that ~ is an equivalence relation,
and that every equivalence class contains exactly one element (v,q) for a given v.
We will denote the equivalence class of (v,q) by [¥, 4].

(ec) Show that the operations

[v.91]+ [v.92] = [v.91 + 92]
a-[v,q] = [v, aq]

are well-defined operations making the set of all equivalence classes into a
k-dimensional vector space F;,(V).

(f) If V,W eV" and f: V > W, choose ordered bases v,w, define A by

S01) = Dja1 aij, and define

Fal Sly. 4) = [w, A(A)()]-
Show that this is a well-defined linear transformation, that Fj is a functor, and

that F,(A) = 4(A) when we identify F;,(R”) with R* by [e,g] > g.
(g) Leta: R > R be a non-continuous homomorphism (compare page 380),
and let 4: GL(1,R) > GL(,R) = R be h(A) = a(det A). Then Fy: V" > V!
is a non-continuous functor.
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10. In classical tensor analysis there are, in addition to mixed tensor fields, other
“quantities” which are defined as sets of functions which transform according
to yet other rules. These new rules are of the form

axe‘— —A! = A operated on by h (35) .
For example, assignments of a single function a to each coordinate system x
such that the function a’ assigned to x’ satisfies

i

a=dee() 0axtt

are called (even) scalar densities; assignments for which

ax!{=
—}]-

are Called odd scalar densities. The Theorem in Problem9 allows us to con-
struct a bundle whose sections correspond to these classical entities (later we

will have a more illuminating way):

(a) Let h: GL(n,R) > GL(,R) take A into multiplication by detA. Let Fybe the functor given by the Theorem, and consider the I-dimensional bundle
F,(TM) obtained by replacing each fibre Mp with F,(Mp). If (x,U) is a

coordinate system, then

a aox(p) = (si ga) | © FalMy)
is non-zero, so every section on U can be expressed as a - ay for a unique
function a. If x’ is another coordinate system and @ - @y = a‘ - @y', show that

ax!a’ = det (3) oa.ax

(b) If, instead, # takes A into multiplication by |det A], show that the corre-

sponding equation is ;

0 | (= )|a’ = |det |—— ]]-a.

ax

(©) For this 4, show that a non-zero element of F;,(V) determines an orientation
for V. Conclude that the bundle of odd scalar densities is not trivial if M is not

orientable.
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(d) We can identify 7/(R") with R"**" by taking

07 OeBeyBCj, e+ Wj > (dayeestks /tye+-s.J)™ basis vector of R™

Recall that if f: V > V, we define 7;'(f): T'(V) > T;*(V) by

TEAMT,«VesMyM S TLDs SUM fdS)-
Given A € GL(n,R), we can consider it as a map A: R” + R”. Then

TE(A): TER") > F(R") determines an element F(A) of GL(xk*!,R).
Let kh: GL(n,R) > GL(n**!,R) be defined by

h(A) = (det A)"7;*(A) w an integer.

The bundle F(7M) is called the bundle of (even) relative tensors oftype (/)
and weight w. For k =/ = 0 we obtain the bundle of(even) relative scalars of

weight w [the (even) scalar densities are the (even) relative scalars of weight 1].
If (det A)” is replaced by | det A|” (w any real number), we obtain the bundle
of odd relative tensors of type (*) and weight w. Show that the transformation
law for the components of sections of these bundles is

APr-b — [det ax? \]” > Aitedt axit a axle ax'Pi ax‘Pateaie axFJ) me ax ax Axi Axi

(or the same formula with det (8x!/8x"’) replaced by | det(3x!/8x’/))),
(e) Define

+1 if 41,...,é, isan even permutation of I,...,7
€i).cin = 4 —! if it,...,én is an odd permutation of I,...,7

0 if fe = ig for some a # B.
Show that there is a covariant relative tensor of weight —1 with these compo-
nents in every coordinate system, Also show that e/-“” = ej); are the com-
ponents in every coordinate system of a certain contravariant relative tensor

of weight 1. (See Problem 7-12 for a geometric interpretation of these relative
tensors.)
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VECTOR FIELDS AND

DIFFERENTIAL EQUATIONS

W: return to a more detailed study of the tangent bundle TM, and itssections, i.e., vector fields. Let X be a vector field defined in a neigh-

borhood of p € M. We would like to knowif there is a curve p: (—¢,¢) > M
through p whose tangent vectors coincide with X, that is, a curve p with

—_— —_—
= —p(0) = p 40S

d qd r
(|) =a], < x00 at |, dt |, —, “NS

SS ’
Since this a local question, we wish to introduce a coordinate system (x, U)

around p and transfer the vector field X to x(U) CR”. Recall that, in general,
aX does not make sense for C® functions a: M — N. However, if a isa

diffeomorphism, then we define

(2. X)q = O4(Xy-1(9)) [ses = Oyq1(9)(Xa-14))

It is not hard to check (Problem 1) that aX is C° on a(M). In particular, we
have a vector field xX on x(U) CR". There isa function f: x(U) > R”
with

(2 X)q = SQ)q €R"g,

i.e., (%¢X)g has “components” f7(g),..., £"(g). Consider the curve ¢ = x op.
The condition

dp

a 7 XP)
means that

d

Ps ( |) = X(e());
135
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hence

dc d

| = aap (Sl) = xa(¥((0)) = OX) aceon
= Vet.

If we use c’(t) to denote the ordinary derivative of the R’-valued function c,

then this equation finally becomes simply

elt) = f(e().

This is a simple example ofa differential equation for a function c: R > R",which may also be considered as a system of » differential equations for the
functions ¢?,

lta) = fi(cl(t),...,e%) G=1..n

We also want the “initial conditions”

cf (0) = x!(p).

Solving a differential equation used to be described as “integrating” the
equation (the process is integration when the equation has the special form
c() = f(© for f:R = R, a form to which our particular equations never
reduce); solutions were consequently called “integrals” of the equation. Part of
this terminology is still preserved. A curve p: (—¢,¢) > M with

pO) = p

dp

a 7 XO)

is called an integral curve for X with initial condition p(0) = p. Similar ter-
minology is applied, of course, to the differential equations one obtains upon
introducing a coordinate system. For quite some time, we will work entirely in
Euclidean space, and for a while x, y, etc., will denote points of R”. If U CR"
is open and f: U > R’, then a curve c: (—8,¢) > M with

c(0)=x xeU

c(t) = F (elt)

is called an integral curve for f with initial condition c(0) = x.
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Before stating the main theorem about the existence and uniqueness of such
integral curves, we consider some special cases.

‘The equation for a curve ¢ with range R,

et) = -[eP,

which would be written classically in terms of a function y: R > R as

dy 2
ax ~y

is the special case f(a) = —a?. The standard methodofsolving this equation
is to write

dy

=e=dx
dy

[i-fe
1
—=x+C
y

_

it

error

Thus the curves
1

1) =—

ete) t+C
are supposed to be solutions. This can be checked directly ifyou don’t believe
the above manipulations. (They really do make sense; the equation in question
asserts that y’ = f 0 y, so

( : ») ylsoy)-y'=1;

f

hence, if F’ =1/f, then

(Foy) =1

F(x) =x +C

for some C.) To obtain the initial conditions c(0) = a, we must take

I
(1) = ——_-.

“= T78
This works in all cases except a = 0. In this case, the correct solution is

c(t) =0 for allt
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(which we missed by dividing by y). In terms of vector fields, the curves ¢ are

the integral curves of d
=-a—,X(a) a a

ee0 0

Notice that no integral curve, except c(t) = 0, can be defined for all ¢, even
though X is defined on all of R. It might be thought that this somehow reflects
the fact that X (0) = 0, but this has nothing to do with the case. For a > 0, the
curve c(t) = 1/(t + 1/a) is defined for all Jarge 1, and as t > oo it approaches,
but never reaches, 0, On the other hand, as ¢ > —1/a the curve escapes to
infinity because the vector field gets big too fast. This will continue to be true

even if we modify the vector field near 0 so that it is never 0,
Another phenomenon is illustrated by the equation

e=ceyr?,

written classically as

a _ ap
a

‘There are two different solutions with the initial condition c(0) = 0, namely

() c(t) =0 for all t,

(2) c(t) axe for all¢.
In this case, the function /f, given by f(a) = a”, is not differentiable. Unique-
ness wil] always be insured when f: U > R" is C!, but it can also be obtained

with a rather Jess stringent condition. We say that the function / satisfies a
Lipschitz condition on U if there is some K such that

If) - SOs Kix—yl for allx,yeU.

Notice that f(a) = 2 is not Lipschitz; in fact, there is no K with

If)—fs Kia
for x near 0, since

nea 1/3 ea = x7/3— =x7'F + +00 as x > OF. f=x
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A Lipschitz function is clearly continuous, but not necessarily differentiable (for
example, f(x) = |x|). On the other hand, a C! function is locally Lipschitz,
that is, it satisfies a Lipschitz condition in a neighborhood of each point—this
follows from Lemma 2-5. A Lipschitz function is also clearly bounded on any
bounded set.

The basic existence and uniqueness theorem for differential equations de-
pends on a simple lemma about complete metric spaces.

I. THEOREM (THE CONTRACTION LEMMA). Let (M,p) be a non-

empty complete metric space, and Jet f: M > M be a “contraction”, that is,
suppose there is some C <1 such that

PL) SO) s Coy) — forall x,ye M.
Then there is a unique x € M such that f(x) = x (the function f has a unique
“fixed point”).

PROOF. Notice that f is clearly continuous. Let x9 € M and define a sequence
{%p} inductively by

Xna = £(%n),

ie,

Xn = f"(X0) = fo fo+++0 f (Xo).pioeeeeSe,
n times

Then an easy induction argument shows that

P(Xn,Xn4t) SC" p(X *1)-

Thus

(Xn Xn4k) S P(%ns Xnga) +o + PXnsk-1 Xnak)

S (CP $6 OMEN (x9, x1).

SinceC <1, the sum D729 C” converges, so C”----4+C" =! + 0 asin > 00.
‘Thus the sequence {x} is Cauchy, so there is some x with

x= kim X,.
nt00

Continuity of f then shows that

L(%) = fim, f%n) = Jim xing =X.
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We are going to apply the Contraction Lemma to certain spaces of functions,
Recal} that if (44,9) is a metric space and X is compact, then the set of all

continuous functions f: X — M is a metric space if we define the metric o by
o(f,8) = sup p(f(x),8(%))-

xeX

If M is bounded, then we do not even need X to be compact. Moreover, if M

is complete, then the new metric space is also complete; this is basically just the
theorem that the uniform limit of continuous functions is continuous, plus the

fact that each im, In) exists since M is complete. In particular, if M is a
compact subset of R”, then the set ofall continuous functions f: X¥ > M is
complete with the metric

o(f,8)=If~ sll, where || f|| = sup |/()I.xeX

Our basic strategy in solving differential equations will be to replace differen-
tiable functions and derivatives by continuous functions and integrals. If U c
R" and f: U > R’ is continuous, then a continuous functionw: (—b,b) > U,defined on some interval around 0, clearly satisfies

0) a) = f@@)
(0) =x

if it satisfies the integral equation
1

) at) = x4 f Sle(u)) du,
where the integral of an R”-valued function is defined by integrating each com-
ponent function separately. Conversely, if @ satisfies (J), then @ is differentiable,
hence continuous; thus a’ = f 0 @ is continuous, so

t 1

a(t) — x = a(t) — @(0) =f al(u)du = f S(a(u)) du.0 0

For the proof of the basic theorem, we need only one simple estimate. If a
continuous function f: [a,b] > R” satisfies | f| < K, then

blf see 5 K(b~a).a

To prove this, we note that it is true for constant functions, hence for step
functions, and thus for continuous functions, which are uniform limits on [a, b]
of step functions.



Vector Fields and Differential Equations 141

2. THEOREM. Let f: U — R” be any function, where U C R" is open.
Let xo € U and Jet a > 0 be a number such that the closed ball Bza(xo), of
radius 2a and center x9, is contained in U, Suppose that

() If] < L on Boa(xo)
_

(2) If) — SO)| S Kix— y| for x,y € Bra (x0).
Choose b > 0 so that

(3) b<a/L

4) 6 <1/K.

Then for each x € Ba (x9) there is a unique ax: (~b,b) > U such that

ax’) = Sex)

(0) = x.

PROOF. Choose x € Ba(xo), which wil} be fixed for the remainder of the proof.
Let

M = {continuous @: (—b,b) > Bra(xo)}.

Then M is a complete metric space. For each a € M, define a curve Sa on
(—b,b) by ,

Sa(t) =x +f Slau))du0
{the integral exists since f is continuous on B2_(xo0)). The curve Sa is clearly
continuous. Moreover, for any ¢ € (—b,5) we have

1isaq)—x1=|f" acy dy
<bL  by(l)

<a by (3).

Since |x — xo| < @, it follows that |Sa(t) — x9] < 2a, for all t € (—b,b), so

(*) Sa(t) € Bra(Xo) C Boa(xo) fort € (—b, b).
Thus S: M > M.

Now suppose a,8 € M. Then
:

15a -Sp1=sup| " fawn) — sew) a|+ Vo

<bK sup |a(u) - B@)| by (2)
—b<u<b

= bK\ja — Bi.
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Since we chose bK < 1 (by (4)), this shows that S: M — M is a contraction.
Hence S has a unique fixed point:

There is a unique a: (—b,b) > Bog(xo) with
'

a(t) =x +f S(a(u)) du.0

This, alas, is not quite what the theorem states. Having used the elegant Con-

traction Lemma, we pay for it by finishing off with a finicky detail:

The mapa is the unique 6: (—b,b) > U satisfying
t

piy=x+ f soudu.
Reason: We claim that any such f actually lies in Bzq(xo), in fact, in Boa(xo).
Consider first numbers 1 > 0. We have already seen (statement (+)) that for
eacht withO <1 <b,

a

(e*) BW) =x +f S(B@) du isin Bog(Xo) —_ [the open ball]0

provided that

B(u) € Bra(xo) for all w with O<u <t,

so certainly if

B(u) € Bra(xo) for all u with O<u <1.

We can now use a simple Jeast upper bound argument. Let

A={t:0 <t <b and B(u) € Bog(Xo) for 0 <u <2}.

Let « = supA. Suppose @ <b. We clearly have B(u) € Boa(xo) for 0 <u <a.
So B(a) € Bog(xo), by (#*). This clearly implies that B(a +s) € Baa(xo) for
sufficiently smal] s > 0, which contradicts the fact that @ = supA. So it must
be that supA = 6. A similar argument works for —b <1 <0.
To sum up, the unique fixed point ay of the map S is the unique curve with

the desired properties.
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Notice that solutions of the differential equation

a) = fe)

remain solutions under additive changes of parameter; that is, if

: BU)=allo +4),
then

BY) = a'(o +1) = f(@lo+1) = S(BO)-
This remark allows us to extend the uniqueness part of Theorem 2.

3, THEOREM. Suppose f: U -> R” is locally Lipschitz, that is, around each

point there is a bal] on which / satisfies condition (2) ofTheorem 2 for some K
(and hence also condition (1) for some L). Let x € U and Jet @1,2 be two maps
on some open interval J with a (),a2(I) CU and

ai'() = f(a) .

i=1,2.(0) =x
Then oy =a on I.

PROOF. Suppose «1 (to) = @2(to) for some fo € I. Ifwe define
Bilt) =o (0 +4),

then the functions ; satisfy the same differential equation, B;'(t) = f(Bi()),
and have the same initial condition B;(0) = 0 (f0) = 2(fo) € U. Hence f(t) =

B2(t) for sufficiently small t, by Theorem ]. Thus the set

{ee Ts a(t) = a2(t)}

is open. It is clearly also closed and non-empty, so it equals I.

‘We now revert to the situation in Theorem 2. We will write ax (f) as a(t,x),

so that we have a map

a: (-b,b) x Bg(x0) > U

satisfying

a(0,x) =x

c Gx) = fiatWee) = Le»)

fie, Dia(t,x) = f(a(t,x)), but we will frequently use 3/82 or d/dt in this
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discussion]. This map a is called a local flow for f in (—b,b) x Ba(%o). To
picture this map a, the best we can do is to draw the images of the integral

: | Bra(xo)
curves ay. If y = ax (fo), then the integral curve a with the initial condition
@x(0) = x differs from the integral curve @y with initia] condition ay(0) = y
only by a change of parameter, so the two images overlap. For each fixed x, the

mapt ++ a(t,x) for —b <1 <b Jies along part of the curve through x. On the
other hand, if we fix t, then the map

x a(t,x)

gives the result of pushing each x along the integral curve through it, for a time
interval of ¢. To focus attention on this map, we denote it by ¢;:

G(x) = at,x) [=ax()].

This map ¢; is always continuous. In fact, the whole flow @ is continuous (as a
function of both ¢ and x):

4. THEOREM. If /: U — R" is locally Lipschitz, then the flow

@: (—b,b) x Ba(xo) > U

given by Theorem 2 is continuous,

PROOF. Let us denote the map S defined in the proof of Theorem 2 by Sx,
to indicate explicitly the role of x. Then

Ila — Syaxl] = |Sxox — Syax] = |x — yl
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Recall that

|Sa — SB|| < bK|ja — BI.

If S” denotes the n-fold iterate of Sy, then

lox — Shere|] < lex — Syoexl| + |Syax — Shay] +++ + SP — SHorxl)
1

see

nt
- ——|x —S(1+bK+--+ + OK)" ix - yl s Took Ji

Recall also that in Theorem | the fixed point ey of Sy is the limit of Ste for
any a. Hence ay = Jim, Syax, so we obtain

War ~ ay <b|x ~ ylOTS TIER Oh

Since |jax —ay|] = sup |a(¢,x)—a(t, y)|, this certainly proves continuity of a.
t

If additional conditions are placed upon the map /, then further smoothness

conditions can be proved for a. In fact,

If f:U + R" is C¥, then theflowce: (—b,b) x Ba(xo) > U is also CK.

Unfortunately, this is a very hard theorem. A clean exposition of the clas-

sical proof is given in Lang’s Introduction to Differentiable Manifolds (2nd ed.), and
a recently discovered proof can be found in Lang, Real and Functional Analysis
(3rd ed.), pp. 371-379. In order to read this high-powered proof, you must first
Jearn the elements of Banach spaces, including the Hahn-Banach theorem, and

then read about differential calculus in Banach spaces, including the inverse and

implicit function theorems (Real and Functional Analysis, pp. 360-365), but this is
probably easier than reading the classical proof (and, besides, when you’re fin-
ished you’ll also know about Banach spaces, and differential calculus in Banach
spaces).

We will just accept this fact. Notice that the maps ¢; are consequently C°
if f is C*.

Since the map

a: (-b,b) x Ba(xo) > U

satisfies @(0,x) = x, we have

a: {0} x Baja(x0) > Baj2(%0) C Ba(xo)-
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Continuity of « and compactness of {0} x Bz/2(xo) imply that there is some
€ > 0 such that

@: (—€,£) X Baja(Xo) > Ba(xo)- 5]
So

Bra(xo) Ba(xo)

(If x € Baya(xo), then the integral curve with initial condition x stays in Ba(xo)
for |t| < .]
So if |s| <e, and x € Ba/2(Xo), then the point a(s,x) € Ba(Xo), so we can

also define

YQ) =aa(s,x)) [tl <e.

This satisfies
:

YO=SYO)

(0) =a(s,x).

We have also noted that

Bt) = a(s +1, x), defined for |s +¢| <e,

satisfies

Be) = FBO)

BO) = a(s, x).

Consequently, B(t) = a(t,c¢(s,x)) for |t| < e. In other words,

f |si,\tl|lst+t]<e, then a@(t,e(s,x)) =a(s +4,x).

If we now let $;: Ba/a(xo) > R" be ¢;(x) = a (t,x) for x € Bay2(xo), We can
say:

if |s|,|¢],|s +2] <€ and x,¢(x) € Ba/2(Xo), then

Ps (br (X)) = Ps44 (2).

Roughly speaking, $74: = 7 0¢s = ¢s o¢1. This shows, in particular, that for
Is] <€ each gg is a diffeomorphism, with inverse $,~! = ¢-5. Everything we
have said, since it is local, can be resaid, without requiring any more proof, on
a manifold.
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5. THEOREM. Let ¥ bea C® vector field on M, and let p € M. Then there

is an open set V containing p and an € > 0, such that there is a unique col-

lection ofdiffeomorphisms $7: V > ¢,(V) C M for |t| <e with the following
properties:

(1) @: (-e,€) x V > M, defined by $(¢, p) = ¢(p), is C?.

(2) If Isl, lel, Is +41 <2, and q,¢,(g) € V, then

Gsar(q) = bs © (9).

(3) If g € V, then Xz is the tangent vector at¢= 0 ofthe curve + ¢7(9).

The examples given previously show that we cannot expect ¢; to be defined
for all t, or on all of M. In one case however, this can be attained. The support

of a vector field X is just the closure of {p € M: Xp # 0}.

6. THEOREM. If X has compact support (in particular, if M is compact),

then there are diffeomorphisms ¢;: M — M for all t € R with properties (1),
(2), (3).

PROOF. Cover support X bya finite number of open sets Vj,..., Vn given by
Theorem 5 with corresponding ¢1,...,& and diffeomorphisms ¢/. Let ¢ =
min(e1,...,€n). Notice that by uniqueness, ¢/(¢) = $7 (¢) for g € ViN Vj. So
we can define

;

by ifgeV;bg) = { 1) #gevsq if g ¢ support X,

Clearly : (—€,£) x M > M is C™, and gr45 = $1 ods if |tI,|s1,| +5] < €,and each ¢; is a diffeomorphism.

To define ¢, for |t| = e, write

t=k(e/2)+r with & an integer, and |r| < ¢/2.

Let

b= ej. +++ 0 bej20 by [e/2 iterated k times] fork >01 |

bnej2 00 ognc/2°r [P-e/2 iterated ~k times] for k <0.

It is easy to check that this is the desired {¢;}.
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‘The unique collection {¢;} given by Theorem 6, or more precisely, the map

1 + @; from R to the group ofall diffeomorphisms of M, is called a l-parameter
group ofdiffeomorphisms, and is said to be generated by X. In the Jocal case of
Theorem 5, we obtain a “local 1-parameter group of local diffeomorphisms”.
The vector field X is sometimes called the “infinitesimal generator” of {¢;}
(vector fields used to be called “infinitesimal transformations”).

Condition (3) in Theorem 5 can be rephrased in terms of the action of X
ona C® function f: M > R. Recall that

de.
_

af(e(t))
_ .Gea A Feoyo-

Thus, to say that X, is the tangent vector at = 0 of the curve & ¢(q)

amounts to saying that

« S(ba(4)) — SlDQ) = Hef = fim LOM= SO)
‘This equation will be used very frequently. The first use is to derive a corollary
of Theorem 5 which allows us to simplify many calculations involving vector

fields, and which also has important theoretical uses.

7. THEOREM. Let X be a C® vector field on M with X(p) # 0. Then there

is a coordinate system (x,U) around p such that

aX= jet OP Uz.
PROOF. It is easy to see that we can assume M = R” (with the standard coor-
dinate system 1!,...,7", say), and p = 0 € R". Moreover, we can assume that

X(0) = 4/80'|,. The idea of the proof is that in a neighborhood of 0 there is a
unique integral curve through each point (0,a?, ...,a"); if q lies on the integral
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curve through this point, we will use a?,...,.a” as the Jast 7 — 1 coordinates of g
and the time interval it takes the curve to get to g as the first coordinate. To

do this, Jet X generate ¢, and consider the map x defined on a neighborhood
of 0 in R” by

x(a',....4") = $1 0,a,...,a").

We compute that for a = (a!,...,a"),

a a

x(gal,) = gal vem
_

= fim Uta! + h,0?,..-,2") = S(x(@))]poh

_ 1

= fim FU Ga 4n(0,07, 44") — SX)h>0

_

= Him {LS @n(x@)) — S@)

= (XS)(x(a@)).

Moreover, fori > 1 we can at Jeast compute
a a

X« (z,) Nega, fon
1

ime 0,...,/1,...,0)) —Bim FU XO, 2,-5.0) ~ £00)]
_ 1

= lim —[f(0,...,4,-..,0) — SOjim {YO h ) — £(0)]
=f
aul,”

Since X(0) = 9/8t"|, by assumption, this shows that x.0 = 7 is non-singular.
Hence x = x7! may be used as a coordinate system in a neighborhood of 0.
This is the desired coordinate system, for it is easy to see that the equation

Xx(9/dt') = X © x, which we have just proved, is equivalent to ¥ = 0/Ax'.

The second use of the equation

oo(XP)(p) = lim FAL Gulp) — SP)
is more comprehensive. The fact that Xf can be defined totally in terms of
the diffeomorphisms ¢j, suggests that an action of X on other objects can be
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obtained in a similar way. To emphasize the fundamental similarity of these
notions, we first introduce the notation

Lxf for Xf.

We call Lyf the (Lie) derivative of f with respect to X; it is another function,
whose value at p is denoted variously by (Lx f)(p) = Lx f(p) = (Xf)(p) =
Xp(f). Now if w is a C™ covariant vector field, we define a new covariant
vector field, the Lie derivative of w with respect to X, by

A(Lx w)(p) = him [a*e)(p) ~ @(p))-

This is the limit of certain members of M,*. Recall that if Xp, € Mp, then

($1°m)(P)(Xp) = @(b4(P))(bie Xp)-

A fairly easy direct argument (Problem 8) shows that this limit always exists,
and that the newly defined covariant vector field Lyw is C™, but we will soon
compute this vector field explicitly in a coordinate system, and these facts wil]
then be obvious.

If Y is another vector field, we can define the Lie derivative of Y with respect
tox,

_ 1(LxY)(p) = fim 7% ~ Pis¥ Dp).

The vector field ¢j4¥ appearing here is a special case of the vector field a.Ydefined at the beginning of the chapter, for @: M -> N adiffeomorphism and Y
a vector field on M. Thus (fix Y)p = $i«(¥¢_,(p)) is obtained by evaluating Y
at $47! (p) = $-n(p), and then moving it back to p by $j,.

(PhaY

IpJ ’

integral curve

te bi(p) Yo_u(0)
of X through p $-n(P)

‘The definition of LY can be made to Jook more closely analogous to Lxf
and Lyw in the following way, If a: M —> N is a diffeomorphism and Y is a
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vector field on the range N, then a vector field @*Y on M can be defined by
(*YJp = (a) (Yacp))-

Of course, a*(Y) is just (@~'),¥. Now notice that

A UAE = fim 2GRY)e ley gefig gl1D» — Yo) = img Tp = fi Or — 8-0)1

= fim [Wo ~ (bea ¥)p] = (Lx) (0).
Nevertheless, we will stick to the original (equivalent) definition.
We now wish to compute Lyw and LyY in a coordinate system. The cal-culation is made a lot easier by first observing

8. PROPOSITION. If Ly¥; and Ly w; exist for i = 1,2, then
() Lx + ¥2) = LyY + Ly Yo,

(2) Lx ( + @2) = Lywy + Ly wp.
If LyY and Ly exist, then

(3) Lx fY =Xf-Y+f-Lyy,

(4) Ly f-w=Xf-wot+f-Lyo.

Finally, if w(Y) denotes the function p ++ w(p)(Yp) and Lyw and LyY exist,then
(6) Lx (@()) = (Lx @)(¥) + (Ly).

PROOF. (}) and (2) are trivial, The remaining equations are all proved by the
same trick, the one used in finding (/g)'(x). We will do number (3) here.

1(LxJV )p = him SY)p ~ OiaSV )p]
_ 1

= fim FULp ~ Pie FY4-n(0)]h—0 h

_ 1

= fim L(Y» ~ £(b-1(P)) Phe Yo-n(o)]
a 1

= fim £00) 5% — ha¥o_n(or]

+ jim (“2 =oh)SinYonlp-
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The first limit is clearly {(p)-LxY(p). In the second limit, the term in brackets
approaches

« £(P) ~ S(bx(P))Him LAPP LRP SX.fm, =k S(P)s

while an easy argument shows that $i4Yg,(p) > Yp- %

‘We are now ready to compute Ly in terms of a coordinate system (x, U)

on M. Suppose ¥ = 7, a/9/9x!. We first compute Lx (dx!). Recall (Prob-

Jem 4-1) that if f: M — N andy is a coordinate system on N, then

i rave /)*
(dy!) = \°~— dx.Say’) x gar a

We can apply this to $,*, where y is x. Then

Lx (dx')(p) = lim | [@n*)ax!(p) — ax"(p)]

11 A a(xiogs) i F
= jim5 [Esme (p)~ dx'(p) |.

Now the coefficient of dx/(p) is

1 fxtoga) gr] _ p 1 [8x4 edn) a(x!0 go)Ean [ ad | Bala Pe)
_ 9 2d i() = al, Jim, GLE" o bu) — O 0 Go)]

{this step wil] be justified in a moment}

a i, _ daiBSaa, *e )= 57 (P)-
To justify (*) we note that the map A(h,g) = x!($4(q)) is C® from R x M

to R; thus 97A/dhdx/ = 8?A/9x/ dh, which is what the interchange of Jimits
amounts to.

It now follows that

p_wad |Ly dx! = > Fy
j=l

We could now use (2) and (4) of Proposition 8 to compute Lyw in general, but
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we are really interested in computing Ly Y. To compute Ly (8/4x') we could
imitate the calculations of Ly dx!; but there would be a complication, because
hx on vector fields involves one more composition than $j" on covariant vector

fields. The trick needed to deal with this complication has already been used to

prove (3), (4), and (5) of Proposition 8, and we can now use (5) to get the answer
immediately:

; (a (a a
— 7 7 on = A — A —O=LySh =Ly [ax (=) | = (Ly dx') (=) + dx’ (ur35).

°

a aaé: adx! (Ly )=-* ( xa) oxi?
thus,

a “aai a

Using (3) we obtain

a a aLy (b/-—) = Lyd) - + bly (x( a) ag igi +? x(a)
re) aai 8

= —_——_ iA.

de Ox! Sed xe Sed xt
Summing over j and then interchanging i and j in the second double sum we
obtain

“(064 dal)a a) a)LxY = fbos, X= f—, Ye i.* L(re a oat ia Lege Y=LY ge
This somewhat complicated expression immediately leads to a much simpler

coordinate-free expression for Ly Y. If f: M > N is a C® function, then ¥f

is a function, so XYf = X(Yf) makes sense. Clearly
9 (,, oF abiaf gs OSX(Vfy= : i) = i + albi =.on) da ax (de ma) ue Dat Gxt +9 FyTaxt

The second partial derivatives which arise here cance] those in the expression
for Y(Xf), and we find that

LxY =XY-YX, also denoted by [X,Y].
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Often, [X,Y] (which is called the “bracket” of X and Y) is just defined as

XY — YX; note that this means

GYD) = XN) -— HAN-

A straightforward verification shows that

[X,Y Sa) = S(PX Vp) + 8(PX, Yo),

so that [X, Y]p isa derivation at p, and can therefore be considered as a member
of Mp.

We are now in a very strange situation. Two vector fields Ly¥ and [X,Y]have both been defined independently of any coordinate system, but they have
been proved equal using a coordinate system. This sort of thing irks some
people to no end. Fortunately, in this case the coordinate-free proof is short,
though hardly obvious.

In Chapter 3 we proved a Jemma which for the special case of R says that a
C@ function f: (-e,£) > R with f(0) = 0 can be written

SO = tg)

for a C® function g: (-e,e) > R with g(0) = f’(0), namely

1

a(t) =| Sst) ds.0

This has an immediate generalization.

9, LEMMA. If f: (~e,8) x M — R is C® and f(0,p) = 0 for all pe M,
then there is a C® function g: (—e,e) x M > R with

St, P) = 18 P)

af
=. =g(0, p).

ar (0 P) = 800, P)
PROOF. Define

‘aatt, p) ={ gel8h pds. &lo Os
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10. THEOREM. If X and Y are C™ vector fields, then

LxY =[%,Y].

PROOF, Let f: M > Rbe C™. Let X generate ¢,, |t| < ¢. By Lemma 9
there is a family of C°° functions g; on M such that

Sod = f +18

go= Xf.

Then

(bheY oD) = bra (Yon oD) = YonaS © $1)

= Yo_ntoyS + hn),so :
_ . 1

Jim FO — GiaY oD = fim FLAP) — CN G-1(P)))

~ fim en) (@-n(P))
= (LxYf)(p) ~ (Ygo)(P)

= X,(¥f) —Vy(Xf).

The equality LyY = [X,Y] = XY — YX reveals certain facts about LyYwhich are by 10 means obvious from the definition. Clearly

[X,Y]=-¥,X], so [X,X]=0.

Consequendy,
LyY =-LyX, so LyX =0.

Since we obviously have Ly (a¥; + bY2) = aLyY; + bLy Yo, it follows imme-
diately that Z is also linear with respect to X:

Lax,+bxX2¥ =aLly,Y +bLyY.

Finally, a straightforward calculation proves the “Jacobi identity”:

[X.1Y, 2) + [Z, X,Y] + 0 1Z, XJ] = 0.

This equation is capable of two interpretations in terms of Lie derivatives:

(a) Lx[¥,Z] = [LxY,Z]+[¥,LyxZ],

(b) as operators on C® functions, we have
Lux,y| = Lx o Ly — Ly 0 Ly (which might be written as [Lx, Ly].
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Finally, note that LyY is linear over constants only, not over the C® functions F.
In fact, Proposition 8, or a simple calculation using the definition of [X,Y],
shows that

[fX,g¥] = fglX,Y]+ f(Xg)¥ —g(Vs)X.
Thus, the bracket operation [ , ] is not a tensor—that is, [X,¥]p does not de-
pend only on Xp and Yp (which is not surprising—what can one do to two
vectors in a vector space except take linear combinations of them?), but on the

vector fields X and Y. In particular, even if Xp = 0, it does not necessarily
follow that [X,Y] = 0—in the formula

[X, Yo SP) = Xp (VP) — Yo(XS)

the first term Xp(¥/f) is zero, but the second may not be, for Xf may have a
non-zero derivative in the Yp direction even though (X/)(p) = 0.
The bracket [X,Y], although not a tensor, pops up in the definition of prac-

tically all other tensors, for reasons that wil} become more and more apparent,
Before procecding to examine its geometric interpretation, we will endeavor
to become more at ease with the Lie derivative by taking time out to prove
directly from the definition of LyY two facts which are obvious from the defi-nition of [X,Y].

() LyX =0.

If X generates gy, it certainly suffices to show that ($iX)p = Xp for all h.
Recall that ($i+X)p = Gia X$_4(p). Now Xo_,,p) is just the tangent vector at

Xp

P

ent)

g-n(p)

time 1 = —/ to the curve ¢ +> ¢;(p), and thus the tangent vector, at time ¢ = 0,
to the curve

VO) = rut P)-

Thus $iXg_,,(p) is the tangent vector, at time f = 0, to the curve

n° V(t) = bu(Gr—n(P)) = $r(P).

But this tangent vector is just Xp.
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(2) If X, and Y, are both 0, then LyY(p) =0.

Since Xp = 0, the unique integral curve ¢ with c(0) = p and de/dt = X (c(t)
is simply c(t) = p (an integral curve starting at p can never get away; conversely,
of course, an integral curve starting at some other point can never get to p).
Then Y, =0 and

(PraY)p = bie Yg_n(p) = PheYp = bix0 = 0,
so LyY(p) =0.

To develop an interpretation of [X, Y] we first prove two lemmas.

Il. LEMMA. Leta: M > N bea diffeomorphism and X a vector field on M
which generates {g;}. Then aX generates {a 0, a7}.

PROOF. We have

(eX )q(S) = [OeXorg)(J)
= Xan(f a)

~ | = =

= fim FICS© a)(dula“"(@))) ~ (F 2 @)(0"(@)))h>oh

= Jim Hf odsoa™"a)) ~ Sg) &

12. COROLLARY. Ifa: M— M,thena,X = X ifand only if ¢,0w = aog,
for all t.

13, LEMMA. Let X generate {¢,} and Y generate {y;}. Then [X,Y] =0 if
and only if $; 0 Ws = Ws 0 for all s,¢.

PROOF. If $; o%s = Ws 0% for all s, then $;4Y = Y by Corollary }2. Ifthis
is true for all 1, then clearly LyY =0.

Conversely, suppose that [X,Y] = 0, so that

. |(*) O= fim 7 [Ya — (bie )q] for all g.

Given p € M, consider the curve c: (—€,¢) > My given by

C(t) = reY )p-
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For the derivative, c’(t), of this map into the vector space Mp we have

,.
1
=jim [c(t -CO = fim Flee +4) ~ cO]

_

= fim [Germ)p ~ Ore¥)p]
~ 1

= fim 7 [dra (breY orp) ~ Pre ¥ou(p)]
_ 1

= bre {yim F10b4Y Det - Yoo}
= ¢14(0) using (*) with q = $-1(p)
=0.

Consequently c(t) = c(0), so ¢ra¥ = Y. By Corollary 12, ¢¢ 0 Ws = Ys og; for
all s,t.

We have already shown that if X(p) # 0, then there is a coordinate system x
with X = 9/dx'. If Y is another vector field, everywhere linearly independent
of X, then we might expect to find a coordinate system with

a a(*) Xagy Yao
However, a short calculation immediately gives the result

aoa

Laa~
so there is no hope of findinga coordinate system satisfying (*) unless [X, Y] = 0.The remarkable fact is that the condition [X,Y] = 0 is sufficient, as well as
necessary, for the existence of the desired coordinate system.

14. THEOREM. If %1,...,Xx are linearly independent C® vector fields in
a neighborhood of p, and [Xa,Xg] = 0 for 1 < o,f < k, then there is a
coordinate system (x,U) around p such that

aXa= Fa on U, a=l,...,k,
PROOF. As in the proof of Theorem 7, we can assume that M = R”, that

p =0, and, bya linear change of coordinates, that

aXq(0) = al, @=],...,k.
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If Xq generates {¢%}, define x by

H(A") = bau (Baal (BGR (s+ 0,044, 50"). -))s
As in the proof of Theorem 7, we can compute that

Xq(0) = 9] gat..k(2) a0) = ae] ea TeesX(aa| J=

Ot" Io, a

Fh @=ktl...yn
Thus x = x7! can be used as a coordinate system in a neighborhood of p = 0.
Moreover, just as before we see that

a

Maa

Nothing said so far uses the hypothesis [Xx, Xg] = 0. To make use of it, we
appeal to Lemma 13; it shows that for each a between | and k, the map x can
also be written

XC, 5") = ha (hn (= Oy -- 0,08, 50")...)),
and our previous argument then shows that

a
=~—.%Xa =5

We thus see that the bracket [X,Y] measures, in some sense, the extent to
which the integral curves of X and Y can be used to form the “coordinate
lines” ofa coordinate system. There is a more complicated, more difficult to
prove, and less important result, which makes this assertion much more precise.
If X and Y are two vector fields in a neighborhood of p, then for sufficiently
small fh we can

{I) follow the integral curve of X Y
through p for time h;

(2) starting from that point, follow the

integral curve of Y for time A;

(3) then follow the integral curve of ¥ x

backwards for time /; ? 5
(4) then follow the integral curve of Y

backwards for time A. Y
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If there happens to be a coordinate system x with x(p) = 0 and

a a A

Yoqr Yap

then these steps take us to points with coordinates

() (4,0,0,...,0)

(2) (h,h,0,...,0)

(3) (0,4,0,...,0)
(4) (0,0,0,...,0),

so that this “parallelogram” is always closed. Even when X and ¥ are (linearly
independent) vector fields with [X,Y] # 0, the parallelogram is “closed up
to first order”. The meaning of this phrase [an extension of the terminology
“c= y up to first order at 0”, which means that c/(0) = y/(0)] is the following.

Let c(/) be the point which step (4) ends up at,

Ne

©(h) = V-n(b-n Van (O)))- Sy
Then the curve ¢ is the constant curve p up to first order, that is,

15. PROPOSITION. c/(0) =0.

PROOF. If we define

a (t,h) = Ve (ba(P))

a(t, 4) = b-1(Walbn(P)))

13 (0, h) = ¥-1($—n (abn (P)))),

then

c(t) = 03 (1).

Moreover,

a) 2(0,1) = ay (t,t)

() 3(0,1)= aa(t,t)
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and for any C® function f: M > R,

5 2m) yy oa
a C2@) Bee =-Xfou

©) HF 03) | _yroasat

while

af oa0) HL 220) 0,1) = Xf(e(0,h)).
Consequently, repeated use of the chain rule gives

(f 2¢)'(0) = Dif 0@3)(0,0) + Da(f© a3)(0,0)
= Di(f 0a3)(0,0)

+ [Dif 0a2)(0,0) + Da(fea2)(0,0)] using (b)

= Di(f 003)(0,0) + Di(f a2)(0,0)
+ [Dif o01)(0,0) + Da(f 2a1)(0,0)] using (a).

Thus, (c), (d), (e), and (f) give

(Ff ec) = ~YS(p) ~ Xf(p) + YS(p) + Xf(p) = 0. &

Whenever we have a curve c: (~€,£) > M with c(0) = p and c'(0) =0€

Mp, we can define a new vector c'"(0) or d?c/dt?|, by

e"O)(S) = (f 2c)"(0).

A simple calculation shows, using the assumption c'(0) = 0, that this operator c” (0)
is a derivation, c”(0) € Mp. (A more general construction is presented in Prob-
Jem 17.) It turns out that for the curve ¢ defined previously, the bracket [X,Y ]p
is related to this “second order” derivation, Until we get to Lie groups it will

not be clear how anyone ever thought of the next theorem. The proof, which
ends the chapter, but can easily be skipped, is an horrendous, but clever, cal-
culation. It is followed by an addendum containing some additional important
points about differential equations which are used later, and a second addendum
concerning Jineasly independent vector fields in dimension 2.



162 Chapter 5

16. THEOREM. ¢”(0) = 2[X,Y]p.

PROOF. Using the notation ofthe previous proof, since (foc) (t) = (fos) (t,t)
we have

(4) (£06)"() = Dis(f °.@3)(0,0) + 2D2,1(f 003)(0,0) + D2,a(f oa3)(0,0).
Now

() Dia lf 0a3)(0,0) = Di(-Yf oa3)(0,0) by (e)

=YYf(P) by (@).

We also have

(2) 2D2,1(f©. @3)(0, 0)
=2D1(-Yf 003) by (e)

= Di (Yf oa2)(0,0)

+ Da(¥f © «2)(0,0)] by (b) and the chain rule

= 2XYf(p) —2D2(¥f © a2)(0,0) by (d)

= 2XYf(p) —2[Di (YF o.a1)(0,0)

+ D2(¥f oa1)(0,0)] by (a) and the chain rule

=2XYf(p)—2YYf(p)-2XYf(p) _ by (c) and (f).
Since (b) gives

Dalf 0.03)(0,8) = Di(f 0 @2)(S,8) + Dalf 2 2)(5,5),
we have

(3) Daa(f0 03)(0,0) = D1i(f© @2)(0,0) + 2D2,1(f© a2) (0,0)
+ D2,2(f 2.2)(0,0)

= Di(~Xf 0.a2)(0,0) + 2D2(~Xf © a2)(0,0)
+ D2,2(f 002)(0,0) by (d)

= XXf(p) ~ AD (Xf 001)(0,0) + Da(Xf 0.a1)(0,0)]

+ D2,2(f0 @2)(0, 0) by (d) and the chain rule
= XXf(p) ~ 2YXf(p) ~ 2XXf (p)

+ D2,2(f 0a@2)(0,0) by (c) and (f).
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Finally, from

Da(f 0@2)(0,5) = Di(f 001)(s,5) + Da(f o@2)(s,5) [from {a)]

we have

(4) Dzalfoa2)(0,0) = Di(foa)(0,0)

+2D2,i(f 0 01)(0,0) + D2,2(f 001) (0,0)

=YYf(p)+2XYf(p) + XXf(p)

by (0) and ().

Substituting (J)(4) in (#) yields the theorem. ¢
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ADDENDUM 1

DIFFERENTIAL EQUATIONS

Although we have always solved differential equations

a

pp toe) = Fleet, x)1

with the initial condition

a(0,x) =x,

we could just as well have required, for some fo, that

a(to,x) =x.

To prove this, one can replace 0 by fo everywhere in the proofof Theorem 2,
or else just replace @ by f+ a(t —f9,x).

Another omission in our treatment of differential equations is more glaring:
the differential equations a’(1) = f(a(t)) do not even include simple equations
of the form a(t) = g(t), let alone equations like a(t) = ta(¢). In general, we
would Jike to solve equations

fates) = f(Le,x))
a(0,x) =x,

where f: (—¢,c) x U > R”. One way to do this is to replace f (a(t, x)) by

J (t,a(t,x)) wherever it occurs in the proof. There is also a clever trick. Define
Sf: (-¢,e-) x U > RM

by
7

f(5,x) = (1, £(5,x))-
Then there is a flow (@',@) = @: (-b,b) x W > R x R" with

a A

py 88) = FAUX)
(0,5, x) = (5,X).

For the first component function &! this means that

9 51 G Ei
ge Gx) =
@'(0,5,x) = 5;
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thus

@'(t,5,x) = s+,

For the second component & we have

C)

ah 5x) = SEW,»)
= SE65,2),H 5.x)
= f(s +1,@ (1,5, x).

Then

B(x) = @7(,0,x)

is the desired flow with

C

gb) = SEB)
B(O,x) =x.

Of course, we could also have arranged for B(to,x) = x (by first finding &
with& (fo, 5, x) = (5, x), not by considering the curve t+ B(t —t0,x)).

Finally, consider the special case of a dinear differential equation
a’) = g(t) a),

where g is ann X n matrix-valued function on (a,b). In this case

SEX) = BO +x.

If ¢ is any n x n (constant) matrix, then

(c-@)'(t) =c-a'(t) = g(t) c- a(t)

80 ¢+@ is also a solution ofthe same differential equation. This remark allows us
to prove an important property of Jinear differential equations, distinguishing
them from general differential equations a‘(f) = f(t,a(¢)), which may have
solutions defined only on a small time interval, even if f: (a,b) x R” > R”
is CO.

17. PROPOSITION. If g is a continuous 7 x n matrix-valued function on

(a,), then the solutions of the equation

al) = g(t) at)

can all be defined on (a,b).
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PROOF. Notice that continuity of g implies that f(¢,x) = g(t) - x is locally
Lipschitz. So for any fo € (a,b) we can solve the equation, with any given initial
condition, in a neighborhood of fo. Extend it as far as possible. If the extended
solution @ is not defined for all

t with 9 <¢ < 5, Jet 4; be the Jeast upper boundof the set of 2’s for which it is defined. Pick 8 with

BO) = a(t): Bt) fort near 4

Bia) #0.

Then B(¢*) #0 for t* < 1 close enough to t). Hence there is ¢ with

(c- B)@*) = ace").

By uniqueness, ¢ - 8 coincides with a on the interval where they are defined.
{tras @ may be extended past fy as c - 8, a contradiction. Similarly, @ must be
defined for all t witha <1 <t.
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ADDENDUM 2

PARAMETER CURVES IN TWO DIMENSIONS

If f: U — M is an immersion from an open set U CR" into an n-dimen-
sional manifold M, the curve f +> f(@1,.-.,@7-1,4,@i41,.++,@n) is called a

parameter curve in the i direction. Given 7 vector fields X1,...,Xq definedina neighborhood of p € M and linearly independent at p, we know that there
is usually no immersion f: U —-> M with p € f(U), whose parameter curves

in the i direction are the integral curves of the X;—for we might not have
[X;,Xj] = 0. However, we might hope to find an immersion f for which the
parameter curves in the it direction lie along the integral curves of the X;, but
have different parameterizations. A simple example (Problem 20) shows that
even this modest hope cannot be fulfilled in dimension 3.

On the other hand, in the special case of dimension 2, such an imbedding
can be found:

18. PROPOSITION. Let X1,

X2 be linearly independent vector fields in aneighborhood of a point p in a 2-dimensional manifold M. Then there is

an imbedding f: U > M, where U C R? is open and p € f(U), whose i*
parameter lines Jie along the integral curves of Xj.

PROOF. We can assume that p = 0 € R?, and that X;(0) = (ei)o. Every
point q in a sufficiently smal} neighborhood of 0 is on a unique integral curve
of X; through a point (0, x?(q))—we proved precisely this fact in Theorem 7.
Similarly, g is on a unique integral curve of X2 through a point (x! (g),0).

q°@)

alg)

The map q +> (x!'(q),x?(q)) is C®, with Jacobian equal to 7 at 0 (these facts
also follow from the proof of Theorem 7). Its inverse, in a sufficiently small
neighborhood of 0, is the required diffeomorphism. ¢
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We can always compose f with a map of the form (x,y) > (@(x), B(»))

for diffeomorphisms a and B of R, which gives us considerable flexibility. If
for example, C C R? is the graph ofa monotone function g, then the map

; c

(x,y) FH 0%, g())) takes the diagonal {(x, x)} to C. Moreover, for any particular
parameterization ¢ = (c},¢2): R + R? of C, we can further arrange that c(t)
maps (0 (c(t), c(t), by composing with (x,y) + (c)~!(x), y). Consequently,
we can state

19, PROPOSITION. Let ¥;,X2 be linearly independent vector fields in a
neighborhood ofa point p in a 2-dimensional manifold M, and let ¢ be a
curve in M with c(0) = p and ¢'(t) never a multiple of X; or X2. Then there
is an imbedding f: U > M, where U C R? is open and p € f(U), whose i"
parameter lines lie along the integral curves of X;, and for which f(t,1) = ¢(¢).
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PROBLEMS

1. @) Ifa: MN is C™, thena,: TM > TN is C™.

(b) If w: M > N isa diffeomorphism, and X is a C® vector field on M, then
aX is a C® vector field on N.

(c) fa: R= Ris a(t) = 2°, then there is a C® vector field XY on R such that
aX is not a C™ vector field.

2. Find anowhere0 vector field on R such that all integral curves can be defined
only on some interval around 0.

3, Find an example of a complete metric space (M, p) anda function f: M >

M such that p({(x), f(¥)) < p(x, y) for all x,y € M, but f has no fixed point.
4. Let f: (c,¢) x U x V > R" be C®, where U,V C R” are open, and let

(x0,.0) € U x V. Prove that there is a neighborhood W of (xo, yo) and a num-
ber b > O such that for each (x, y) € W there is aunique a = ayz,y): (-b,b) >

U with a'(1) € V fort € (—b,b) and
a(t) = f(,att),e"()

(0) = x

(0) = y.

Moreover, ifwe write o(x,y)(t) = a(t,x, 9), then a: (~b,b) x W > U is C®.Hint: Consider the system of equations

a(t) = Bt)

B') = S,2(1), BO)-

5. We sometimes have to solve equations “depending on parameters”,

a(*) Hie PX) = LbYoh YX)
(0, y,x) = x,

where f: (~c,¢) x V x U = R", for open U CR” and V CR”, and we are
solving for ay,x): (~b,b) > U for each initial condition x and “parameter” y.
For example, the equation

a'(t) = pat)

(0) = x,
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with solution

a(t) = xe",

is such a case.

(a) Define fii (-cc)xVxU +R" xR"
by >

SY,X) = 0, f(6y,%).
If (@,@) = &: (-b,b) x W > R™ x R" is a flow for f in a neighborhood of
(yo, 0), so that

a. a

Heo Yo) = LORY)
&(0, y, x) = (YX),

show that we can write

E(t, YX) = (Vat)

for some a, and conclude that @ satisfies (x).
(b) Show that equations ofthe form

a

(*) qth) = Sx.)
@(0,x) =x

can be reduced to equations of the form (#) (and thus to equations

a

97th) = Fa»),

ultimately). [When one proves that a C¥ function f: U > R" has a C¥ flow

a: (-b,b) x W — JU, the hard part is to prove that if f is C!, then a is
differentiable with respect to the arguments in W, and that if the derivative with
respect to these arguments is denoted by D2a, then

(44%) Dy Dya(t, x) = D2f (a(t, x)) - Dra(t, x)
(a result which follows directly from the original equation

Dya(t,x) = f(a(t,x))

if f is C?, since Dj Dz = D2Dy). Since (##*) is an equation for Da of the
form (##), it follows that Dae is differentiable if D2f is C?, ie, if f is C?.Differentiability of class C* is then proved similarly, by induction]
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6. (a) Consider a linear differential equation

a(t) = g(t)a(t),

where g: R -> R, so that we are solving for a real-valued function «. Show
that all solutions are multiples of

a(t) = ef ear

where f g(t) dt denotes some function G with G’(t) = g (one can obtain all
positive multiples simply by changing G). The remainder of this problem inves-

tigates the extent to which similar results hold for a system oflinear differential
equations,

(b) Let A = (aj) be ann x n matrix, and let [A] denote the maximumofall
|aiz|. Show that

14+ BI <1A1 +141

{ABl salAl- 181.

(c) Conclude that the infinite series of m x m matrices

Aa AB Ataetna
2 yfyf.expAsetal+A+ s+ +a

converges absolutely [in the sense that the (i,j) entry of the partial sums
converge absolutely for each (i, j)] and uniformly in any bounded set.
(d) Show that

exp(TAT~!) = T(exp A)T7!.
() If AB = BA, then

exp(A + B) = (exp A)(exp B).

Hin: Write

y "(A+B)? AP BP>ae ai > ar) + Rwp=0 ‘p=0 ‘pao Po
and show that [Rw] > 0 as N —> 00.

(() (exp A)(exp—A) = J, so expA is always invertible.
(@) The map exp, considered as a map exp: R” — R?”, is clearly differentiable
(it is even analytic). Show that

exp'(0)(B) = B (= exp(0)- B).

(Notice that for |A|, the usual norm of A € R”, we have |A] < |Al <7 1A.)
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(h) Use the limit established in part (g) to show that exp’(A)(B) = exp(A) - B
if AB= BA.

(i) Let A: R > R™ be differentiable, and let

B(t) = exp(A()).

If B'(t) denotes the matrix whose entries are the derivatives of the entries of B,
show that

Bit) = AO) exp(A()),

provided that A(t)A'(t) = A'(t) A(t). (This is clearly ue if A(s)A(t) = A(t)A(s)
for all 5,1.)
(j) Show that the linear differential equation

a(t) = g(t) ale)

has the solution
,

a(t) = exp (f stsyds)0

provided that g(s)g(t) = g(t)g(s) for all s,. (This certainly happens when g(t)

is a constant matrix A, so every system of linear equations with constant co-

efficients can be solved explicitly—the exponential of fj g(s) ds = 1A can be
found by putting A inJordan canonical form.)

7. Check that if the coordinate system x is x = x~!, for x: R" + M, then
X = 0/8x" is equivalent to x,(8/dt') = X ox.

8. (a) Let M and N be C® manifolds. For a C® function f: Mx NR

and q € N, let {(-,g) denote the function from M to R defined by

pre f(p.9)-

If (x,U) is a coordinate system on M, show that the function 4f/4x', definedby
af

—

9FC9))gy (PD = aa Ps
is a C™ function on M x N.

(b) If 6: (-€,£) x M — M is a I-parameter groupofdiffeomorphisms, show
that for every C® function {: M — R, the limit

1lim
> =fim FUL @n(P) — £7)
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exists, and defines a C® function on M.

(©) If $a: (-e,e) x TM — TM is defined by

Galt, v) = bee (),

show that $4 is C°, and conclude that for every C® vector field X and covari-
ant vector field w on M, the limit

— 1
es - ol,fim 7G Un"o)(Xp) ~ of ‘2))

exists and defines a C® function on M.

(d) Treat Ly Y similarly.

9. Give the argument to show that $ix¥_,(p) > Yp in the proofof Proposi-
tion 8,

10. (a) Prove that

Ly(f-o) =Xf-wt f-Lryo
Ly{o(¥)] = (Ly oY) + o(LxY).

(b) How would Proposition 8 have to be changed if we had defined (Ly ¥)(p)
as

1im

— = ?fim G1@ieYpo — Yo)?
11. (a) Show that

o*(df(Y) = YF 09).
(b) Using (a), show directly from the definition of Ly that for Y € Mp,

[Lx df(Pp) = Yo(Lx S),

and conclude that

Ly df =d(Lyf).

The formula for Ly dx’, derived in the text, is just a special case derived in an
unnecessarily clumsy way. In the next part we get a much simpler proof that
LxY = [X,Y], using the technique which appeared in the proof of Proposi-
tion 15.

(c) Let ¥ and ¥ be vector fields on M, and f: M — Ra C® function. If ¥
generates {¢;}, define

a(th) = Yo_o(f oh).
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Show that

Dya(0,0) = —Xp(¥f)

Daax(0, 0) = ¥p(Xf).

Conclude that for c(h) = a(h,h) we have
-c'(0) = Lx ¥(p)(J) = 1% YIN).

12. Check the Jacobi identity.
13. On R? let X, Y, Z be the vector fields

aa

Kary 95
a a

¥s-sp tay
a a

Z=y—-x—.
Yon “By

(a) Show that the map

aX +bY +cZ + (a,b,c) € RB?

is an isomorphism (from a certain set of vector fields to R?) and that [U, V] =
the cross-product of the images of U and V.
(b) Show that the flow of aX + bY + cZ is a rotation of R? about some axis
through 0.

14. If A isa tensor field of type (*) on N and¢: M + N isa diffeomorphism,
we define $*A on M as follows. If uj,...,v% € Mp, and A1,...,Ay € Mp", then

16"A(PYQ1,-Ves Ads)
= AOD) bed, «Pade, (GAL (GD).

(a) Check that under the identification of a vector field [or covariant vector

field) with a tensor field of type (?) [or type (5)] this agrees with our old $*Y.
(b) If the vector field ¥ on M generates {¢,}, and A is a tensor field of type (*)
on M, we define

~ 1(Lx A)(p) = him = [($4,"A)(p) — A(P)].
ho>oh
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Show that

Ly(A+ B)=LyA+LyB

Lx(A@ B) = (LyA)@B+A@LYB

(so that
Ly(fA) = X(f)A+ fLxA),

in particular).
(©) Show that

LyaxA = Ly, A+ Ly,A.
Hint; We already know that it is true for A of type (9), (7), (4):
(a) Let

c: ov)> TEV)
be any contraction

(CT (01, --.5 K-15 AL Ara)

= contraction of

(VA) > TVs ey Vrms Us Vols ee VRAD ADs Apa As ABate sees Arad).

Show that

Ly(CA) = C(Lx A).
(e) Noting that A(X1,..., Xg.@1,-..,«@7) can be obtained by applying contrac-
tions repeatedly to A @ X, @--- @ Xp @@ @ +++@ a, use (d) to show that

Ly (ACM, 0015 Xk, 15 +++, 01))
= (LxA(X.Xe Oty)

k

PDEA yy La Xi oe Me O11)
i=l

i

FOAMKes Or ey Le Wis 501)-
ist

ha) n

(£) If A bas components Aj'""/! in a coordinate system x and ¥ = )> a'd/dx',
isl

show that the coordinates of LyA are given by
n gAiwde km aie(Lx aypinpt = oa! ale = apf etin ae

ist asl j=l

ton i

fied+>>A i viierg me tye’
al ist
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15. Let D be an operator taking the C™ functions F to F, and the C™ vector
fields V to ‘V, such that D: F + ¥ and D: V— V are linear over R and

DY)= f+ DY + Df-Y.

(a) Show that D has a unique extension to an operator taking tensor fields of

type (#) to themselves, such that

(I) D is linear over R

(2) D(A®@B)=DA@B+A@DB
(3) for any contraction C, DC = CD.

Ifwe take Df = Xf and DY = LxY, then this unique extension is Ly.
(b) Let A be a tensor field oftype (}), so that we can consider A(p) € End(Mp);
then A(X) is a vector ficld for each vector field X. Show that if we define
Daf = 0, DaX = A(X), then Dy has a unique extension satisfying (1), (2),
and (3).

(c) Show that

(Dse)(P) = —A(p)*(o(p)-

(@) Show that

Lyx = {Lx — Dyeas.

Hint: Check this for functions and vector fields first.

(©) If T is of type (2), show that

B n n

(DaTib = > 7E A + DT)AL — OTHAG.
a= a=l a=t

Generalize to tensors oftype ().

16. (a) Let f: R > Rsatisfy f’(0) =0. Defineg(t) = (V1) for1 > 0. Showthat the right-hand derivative

- A) — (0) _ f"(0)/ (0) = | g(t) = 8(0)=.840) poor h 2

(Use Taylor’s Theorem.)

(b) Given c: R-+ M with c/(0) = 0 € My, define y(t) = ¢(Vi) fort > 0.Show that the tangent vector ¢”(0) defined by ¢”(0)(/) = (f 0¢)""(0) can also
be described by ¢”(0) = 2y'(0).
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17. (a) Let f: M — R have p asa critical point, so that fzp = 0. Given
vectors Xp,¥p € Mp, choose vector fields ¥,¥ with ¥, = Xp and ¥, = Yp.Define

7San (Xp, Yp) = Xp(¥P).

Using the fact that [¥,¥]p(f) = 0, show that f.s(Xp, Yp) is symmetric, and
conclude that it is well-defined.

(b) Show that

n2n

,a a vr

i iS = tps — —f(D ml , ue xt | ) Do Sagix Ip jan Ib? jet

() The rank of (8?//8x“x4(p)) is independent of the coordinate system.
(d) Let f: M + N have p asa critical point. For Xp, ¥p € M andg: N>R

define _—
Sae(X,Y)(g) = Xp(¥(g 0 f))-

Show that

Sasi Mp X Mp > Nyipy

is a well-defined bilinear map.
() Ife: R > M has 0 as a critical point, show that

Cxx(0): Ro x Ro > Meco)

takes (19, 1p) to the tangent vector c”(0) defined by ¢”(0)() = (f o¢)’"(0).

18. Let c be the curve of Theorems 15 and 16. If x is a coordinate system
around p with x(p) = 0, and

“8WY) = oa! mal ;i=l axt Pp

show that
; ;

x!(c(t)) = a‘t? + o(t),

where o(t?) denotes a function such that

a 2) 72

Tim o(@?)/t? = 0.
19. (a) If M is compact and 0 is a regular value of f: M — R, then there is
a neighborhood U of 0 € R such that f~!(U) is diffeomorphic to f~'(0) x U,
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by a difleomorphism ¢: f—(0) x U + f7!(U) with f(@(p,t)) = t. Hint:

Use Theorem 7 anda partition of unity to construct a vector field ¥ on a
neighborhood of f—'(0) such that f.X = d/dt.

(b) More generally, if M is compact and q € N is a regular value of f: M —
N, then there is a neighborhood U of q anda diffeomorphism¢: f~!(q)xU >L(Y) with f(6(7,9')) = 4".
(€) It follows from (b) that if all points of N are regular values, then f~'(q1)
and f~1(gz) are diffeomorphic for 91,92 sufficiently close. If f is onto N, does
it follow that M is difleomorphic to f~'(q) x N?

20. In R3, let Y and Z be unit vector fields always pointing along the p- and
z-axes, respectively, and let X will be a vector field one of whose integral curves
is the x-axis, while certain other integral curves are parabolas in the planes
y = constant, as shown in the first part of the figure below. Using the second
part of the figure, show that Proposition 18 does not hold in dimension 3.

AP

0



CHAPTER 6

INTEGRAL MANIFOLDS

PROLOGUE

A mathematician’s reputation rests on Beauty is the first test: there is no
the number of bad proofs he has given. permanent place in the world for
[Pioneer work is clumsy] ugly mathematics.

A.S. Besicovitch,

quoted in J. E. Littlewood, G. H. Hardy,
A Mathematician’s Miscellany A Mathematician’s Apology

ik the previous chapter, we have seen that the integral curves of a vector fieldon a manifold M may be definable only for some small time interval, even
though the vector field is C® on all of M. We will now vary our question

a little, so that global results can be obtained. Instead of a vector field, sup-
pose that for each p € M we have a |-dimensional subspace Ap C Mp. The

function A is called a 1-dimensional distribution (this kind of distribution has
nothing whatsoever to clo with the distributions of analysis, which include such

things as the “S-function”), Then A is spanned by a vector field /ocally; that is,
we can choose (in many possilsle ways) a vector field X such that 0-4 Xg € Ag
for all g im some open set around p. We call A a C® distribution if such a

vector field X can be chosen to be C® in a neighborhood ofeach point.
For a 1-dimensional distribution the notion of an integral curve makes no

sense, but we define a (I-dimensional) submanifold N of M to be an integral
manifold of A if for every p € N we have

ix(Np) = Ap where i: N—> M_ is the inclusion map.

For a given p € M, we can always find an integral manifold N ofa C®distribution A with p € N; we just choose a vector field X with 0 # Yq € Ag
for q ina neighborhood of p, find an integral curve ¢ of X with initial condition
c(0) = p, and then forget about the parameterization of ¢, by defining N to be
{e(t)}. This argument actually shows that for every p € M there isa coordinate
system (x, U) such that for each fixed set of numbers a?,...,a”, the set

fg €U : x7(q) =a?,...,x"(q) =a}

179
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is an integral manifold of A on U, and that these are the only integral manifolds
in U.

This is still a local result, but because we are dealing with submanifolds,

rather than curves with a particular parameterization, we can join overlapping
integral submanifolds together. The entire manifold M can be written as a
disjoint union of connected integral submanifolds of A, which locally look like

(rather than like

|||
or something even more complicated). For example, there is a distribution
on the torus whose integral manifolds all look like the dense 1-dimensional

submanifold pictured in Chapter 2. On the other hancl, there is a distribution
on the torus which has one compact connected integral manifold, and all other

integral manifolds non-compact. It happens that the integral manifolds of these
two distributions are also the integral curves for certain vector fields, but on the
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Mobius strip there is a distribution which is spanned by a vector field only
locally.

en EyCmat
We are leaving out the details involved in fitting together these local integral

manifolds because we will eventually do this over again in the higher dimen-
sional case. For the moment we will investigate higher dimensional cases only
locally.

A k-dimensional distribution on M is a function p++ Ap, where Ap C Mp
is a k-dimensional subspace of Mp. For any p € M there is a neighborhood U
and k vector fields X;,...,X, such that ¥1(q),...,X¢(q) are a basis for Ag,
for each g € U. We call A a C® distribution if it is possible to choose C®
vector fields X},...,%q with this property, in a neighborhood of each point p.

A (k-dimensional) submanifold N of M is called an integral manifold of A if
for every p € N we have

is(Np) = Ap where i: N— M_ is the inclusion map.

Although the definitions given so far all look the same as the 1-cimensional
case, the results will look very different. In general, integral manifolds do not
exisi, even locally.

As the simplest example, consider the 2-dimensional distribution A in R? for
which Ap = Aq,b,) is spanned by

a a a

of hereax |p az|, ay |,

Thus

a

ax|, ay|p az\,

If'we identify TR? with R? x R?, then Ap consists of all (7,5,6r)p. Thus Ap
may be pictured as the plane with the equation

z-c=b(x—-a).
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The figure below shows Ap for points p = (a,b, 0). The plane A(a,s,<) through
(a,b,¢) is just parallel to the one through (a,b, 0).

LELELE LE LI

LOODL

Ifyou can picture this distribution, you can probably see that it has no integral

manifolds; a proof can be given as follows. Suppose there were an integral
manifold N of A with 0 € N. The intersection of N and {(0,y,2)} would be a

curve y in the (y,2)-plane through 0 whose tangent vectors would have to le

in the intersection of A@,»,2) and the (j’,z)-plane. The only such vectors have
third component 0, so y must be the y-axis. Now consider, for each fixed yo,
the intersection NM {(x, y0,=)}. This will be a curve in the plane {(x, yo,z)}

through (0, yo,0), with all tangent vectors having slope yo, so it must be the

line {(x, yo, ¥ox)}. Our integral manifold would have to look like the following
picture. But this submanifold does not work. For example, its tangent space at
(1,0, 0) contains vectors with third component non-zero.



Integral Manifolds 183

To see in greater detail what is happening here, consider the somewhat more
general case where A(a,b,c) = Ap is

a C) aAp = yr x-| +5z-] + [rf(a,b)+ sg(a,5)] ie nseR};axl, orl, Z\,

geometrically, Ap is the plane with the equation

ce = f(a,b)(x — a) + 8(a,b)(y ~ 6).

As in the first example, the plane Aa,s,<) through (a, 6,¢) will be parallel to

the one through (a, 6,0), since f and g depend only on a and b.
We now ask when the distribution A has an integral manifold N through each

point. Since Ap is never perpendicular to the (x, »)-plane, the submanifold is
given locally as the graph of a function:

N = {(x,y,2) 12 = a(x,y)}. SS
Now the tangent space at p = (a,b, (a, b)) is spanned by

a a a

Pal + (a,b) zl ;dx|, ax” az\,

a da a

s-| +7) z| 5ys | ay” del,
These tangent vectors are in Ap if and only if

daS(a,b) = Fy oO
dag(a,b)= By )-

So we need to find a function @: R* + R with

da da(*) eh ye
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It is well-known that this is not always possible. By using the equality of mixed
partial derivatives, we find a necessary condition on f and g:

af
_ og()

ay ax”

In our previous example,

S(a,b) = b, of 1,
ay

agg(a,b)=0, 9 =,

so this necessary condition is not satisfied. It is also well-known that the neces-

sary condition (#*) is sufficient for the existence ofthe function a satisfying («) in
a neighborhood of any point.

0. PROPOSITION. If f/,g: R? > R satisfy

) af _ ag(we ay ax

in a neighborhood of 0, and zo € R, then there is a function @, defined in a
neighborhood of0 € R?, such that

@(0,0) = zo

da

(x) bx oS
da

Fen

PROOF. We first define @(x,0) so that «(0,0) = =o and

() Pa) = f(x.0); a(x,0)ax ‘ > 0

namely, we define
x

a(x,0) = zo +f S(t,0) dt.0
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Then, for each x, we define @(x, y) so that

(2) Fy ed) = BI d
. iii

namely, we define

y

atsy) =a(.0+ [” ex,nat0

x --a+f seoars f gtx.dr.0 0

This construction does not use (##), and always provide us with an @ satisfy-
ing (2), 0a/Ay = g. We claim that if («#) holds, then also 8a/4x = f. To prove
this, consider, for each fixed x, the function

da

> FeOn y)— O59).x

This is 0 for y = 0 by (I). To prove that it equals 0 for all y, we just have to
show that its derivative is 0. But its derivative at yp is

Fa af a (aa ar

Dyan 2) —ay)= (¥) (x,9) —ayy)
ag, af |.

= FO) ~ FO” by)
=0_ by (x4). &

We are now ready to look at essentially the most general case of a 2-dimen-
sional distribution in R?:

Ap = pe + 3 + [f(p)+ wz inseRP= ae| tS dy, PSP) + aC?) xl, °” ,
where f,g: R?> R. Suppose that

N = {(x, yz) 12 = a(x, y)}
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is an integral manifold of A, The tangent space of N at p = (a,b,a(a,b)) is
spanned, once again, by

z|+ZemZl.ax|, | ox” zl,
a da a

sr) +5-ab Z| 5ay | ay 3 Ip
These tangent vectors are in Ap if and only if

F(a, b,(@,6)) = (0,0),(*)
g(a,b,a(a,b)) = Sa).

In order to obtain necessary conditions for the existence of such a function a,
we again use the equality of mixed partial derivatives. Thus (*) and the chain

rule imply that

oa ar ar ao
© (a,b) =+ (a,b,0(a,b)) +2 (a,b, a(a, b)) » “(a,bdyin” ) ay (4,b,a(a,b)) + Fo (a,b, aa. )) ay )

il

oa ag ag ao
Se (a,b) = ned ors 7day ) = Gy (a,b, a(4,b)) + 5 (a,b, a(a,b)) dy (a, 6)

This condition is not very useful, since it still involves the unknown function a,

but we can substitute from (+) to obtain

a a.

Lea b,a(a,b)) + a (a,b, a(a,b)) + g(a,b,a(a, b))
a, a,= Fela, b,a(a,b)) + E(a,b,a(a,b)) - fla,b,a(a,6)).

Now we are looking for conditions which will be satisfied by f and g when
there is an integral manifold of A shrough every point, which means that for cach
pair (a,b) these equations must hold no matter what @(a, 6) is. Thus we obtain
finally the necessary condition

af af | _ ag , ag .(*) dy t a2 8 ox oe f
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Jn this more general case, the necessary condition again turns out to be suf-
ficient. In fact, there is no need to restrict ourselves to equations for a single
function defined on R?; we can treat a system of partial differential equations
for n functions on R™ (i.e., a partial differential equation for a function from R”™
to R”). In the following theorem, we will use ¢ to denote points in R™ and x
for points in R"; so for a function f: R™ x R" > R* we use

of

Fv for Dif,
a,

ce for Dm+if.
1, THEOREM. Let U x V C R™ x R” be open, where U is a neighborhood
of 0€ R™, and let fj: U x V > R" be C™ functions, for i = 1,...,. Then

for every x € V, there is at most one function

a:W-YV,

defined in a neighborhood W of 0 in R™, satisfying

a(0) =x

(*) aor

a = fj(t.a(t)) forall te W.

(More precisely, any two such functions 7 and @2, defined on W; and Wo, agree

on the component of W, NW; which contains 0.) Moreover, such a function

exists (and is automatically C®) in some neighborhood W if and only if there
is a neighborhood of (0,x) € U x V on which

af — afi “Of pk Oi px aR() or ag + Dp - Les =0 i,f=ly..sm.
kal kal

PROOF. Uniqueness will be obvious from the proof of existence. Necessity of
the conditions (##) is left to the reader as a simple exercise, and we will concern

ourselves with proving existence if these conditions do hold. The proof will be
like that of Proposition 0, with a different twist at the end.
We first want to define a(1,0,...,0) so that

@(0,0,...,0) =x

U a

® Fp 05-040) = fillsOy- 50,06 05..-50)).
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To do this, we consider the ordinary differential equation

By(0) = x

By'(t)= fil0,...,0, Br).
This equation has a unique solution, defined for |} < 1. Define

@(t,0,...,0) = y(t) ith <e1.

Then (I) holds for jt} < ¢.
Now for each fixed f! with jf'} < e1, consider the equation

B2(0) = a(t',0,...,0)

Ba!(t) = falt,,0,...40, B2(0)-
‘This has a unique solution for sufficiently small t. At this point the reader must
refer back to Theorem 5-2, and verify the following assertion: If we choose e,
sufficiently small, then for |t} < e, the solutions of the equations for B2 with
the initial conditions £2(0) = a(t',0,...,0) will each be defined for |t] < e2 for
some £2 > 0, We then define

a(t!,t,0,...,0) = Bolt) I) <a,It <e2.
Then

(0,0,0,...,0) =x

8a ' '(2) pat 31,0,...,0)= fo(t',1,0,...,0,a(¢',14,0,...,0))

i] <a, itl <e2.

We claim that for each fixed ¢! with |t'] < 2; we also have, for all ¢ with [1] < e2,

8) O=g()= 0 1,05.--50)— Fill t.0,.055050009.10,.--50)).
Note first that

(4) g(0) =0 by (I).

We now derive an equation for g’(f). In the following, all expressions invoh~

ing @ are to be evaluated at (t', 1,0,...,0) and all expressions involving f; are
to be evaluated at (f7,1,0,...,0,a(¢!,1,0,...,0)). We have

Pa af df dakD
j=—-=- ——.

80 = Fran ~ 98 > axk a7?”
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and thus

a (da) Af, Ch pe,0) 80> Fi (38) a? > axe? by @)
ap Oo afaak Af Cah x .= saa = 2)

ort +h axk ar! ar? » axe? by (2) again
ah ah y ie k=n trae sos]

af af a:

= aaa =p>oakSk by definition, (3)=1

"af,
=o by (#4).

kal

Now equation (5) is a differential equation with a unique solution for each
initial condition. The solution with initial condition g(0) = 0, given by (4), is
clearly g(t) = 0 for all 1. So (3) is true.

It is a simple exercise to continue the definition of @ until it is eventually

defined on (—€, £1) x +++ x (En, €n) and satisfies (4).

Theorem| essentially solves for us the problem ofdeciding which distributions
have integral manifolds. Our investigation of the problem so far illustrates one
basic fact about theorems in differential geometry:

Many of the fundamental theorems of differential geometry fall into
one of two classes. The first kind of theorem says that if one has a

certain nice situation (e.g. a distribution with integral submanifolds

through every point) then certain other conditions hold; these con-

ditions are obtained by setting mixed partials equal, and are called
“integrability conditions”. The second kind of theorem justifies this
terminology, by showing that the “integrability conditions” are suffi-
cient for recovering the nice situation,

The remaining parts of our investigation, in which we will essentially begin
anew, illustrates an even more important fact about the theorems of differential
geometry:

There are always incredibly concise and elegant ways to state the in-
tegrability conditions, and prove their sufficiency, without ever even
mentioning partial derivatives.
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LOCAL THEORY

If f: M — N isa C® function, and X¥ and Y are C® vector fields on M

and N, respectively, we say that ¥ and Y are f-related if fap(Xp) = Yp) for
each p € M. If g: N > R is a C™ function, then

Yyy(8) = Sap Xo(8)

=X,(ge Sf),

* (Yayo f=X(fe8).
Conversely, if this is true for all C® functions g: N — R, then X and Y are
f-related.

Of course, a given vector field ¥ may not be f-related to any vector field Y,
nor must a given vector field Y be f-related to any vector field on M. In one
case, the latter condition is fulfilled:

2. PROPOSITION. Let f: M — N be a C™ function such that f is an
immersion. If Y isa C™ vector field on N with

Yep) € Spx(Mp),

then there is a unique C® vector field ¥ on M which is f-related to Y.

PROOF. Clearly we must define Xp to be the unique element of M, with
Yy(p) = foxXp. To prove that X is C®, we use Theorem 2-10(2): there are
coordinate systems (x, U) around p € M and (y,V) around f(p) € N such
that

yofox(al,...,a") =(a',...,a7,0,...,0).

This is easily seen to imply that

a a

Thus if ng
= —

aye ay
where @! are C® functions, then, F

x=) ph

where a! o f = B'. This implies that the functions f/ are C® (Problem 3).

The most important property of f-relatedness for us is the following:

3, PROPOSITION. If X; and ¥; are f-related, fori = 1,2, then [X;, X2] and1%, Yo] are f-related.
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PROOF. If g: N > Ris C®, then

() Wighof=Xilgof) i=1,2.

So

{M, Yelgho f = (M(hrg}of —MMNghof

=X (glo f) -— X2(INglo /)

by (1), with g replaced by Yzg and Yig, respectively
.

= XM (X2lg 0 f)) — X2(M(g 0 f)) _ by(Il)
= 1%, Heo f).

Now consider a k-dimensional distribution A. We will say that a vector

field X belongs to A if Xp € Ap for all p. Suppose that N is an integral

manifold of A, andé: N  M is the inclusion map. If X and Y are two vector
fields which belong to A, then for all p € N there are unique Xp, ¥p € Np such
that

Xp =inXp, Yp = leYp-

In other words, X and X are i-related, and Y and ¥ are i-related. Proposition 2
shows that ¥ and ¥ are C® vector fields on N, and Proposition 3 then shows
that [¥, ¥] and [X,Y] are i-related. Thus

iY, ¥]p = 14, Y Ip.

Here [¥,¥], € Np; this therefore shows that [X,¥]p € Ap. Consequently, if
there is an integral manifold of A through every point p, then [X, Y] also belongs
wd.

For a moment look back at the distribution A in R? given by

p= fre] +2] + ovtseoe| inser
eV a, I, aid ear al :

The vector fields a a
X=mt foix +S9

a a

Yastes
belong to A. Using the formula on page 156, we see that

_ (ag af , ,g af) aaria (-o+ seg he
This belongs to A only when the expression in parentheses is 0, which is precisely
the condition for A to have an integral manifold through every point.
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In general, A is called integrable if [¥, Y] belongs to A whenever X¥ and Y
belong to A. This condition can be checked fairly easily:

4. PROPOSITION. If %},...,X% span A in a neighborhood U of p, then A
is integrable on U if and only if each [X;, Xj] is a linear combination

k

1%, Xj] = 2 Ch Xa
a=

for C® functions Cj}.

PROOF. Such functions clearly exist if A is integrable, since [X;, Xj]y € Ag,
shich is spanned by the Xe(q). Conversely, suppose such functions exist. If ¥
and Y belong to A we can clearly write

k

X= HX
iz

k

Y=>oeiXi.
ia

To prove [X,Y] belongs to A, it obviously suffices to treat each [f; Xj, gj Xj]
separately. Since we have

(fX,8¥] = felX.Y1 + S(Xg)Y — 8(VS)X,

clearly [f¥,gY] belongs to A if X,Y and [X,Y] do.

We are now ready for the main theorem. It is equivalent to Theorem 1; in
fact, Theorem | can be derived from it (Problem 7). But the proof is quite
different.

5. THEOREM (THE FROBENIUS INTEGRABILITY THEOREM;

FIRST VERSION). Let A be a C® integrable k-dimensional distribution
on M. For every p € M there is a coordinate system (x,U) with

x(p) =0

x(U) = (-€,€) x +++ x (~é,€),

such that for each a**!,,..,a” with all [a!| < e, the set
{qe U: x**N(q) = ak, ., x(q) = 0"}

is an integral manifold of A.
Any connected integral manifold of A restricted to U is contained in one of

these sets.
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PROOF. We can clearly assume that we are in R", with p = 0. Moreover, we
can assume that Ag C R"o is spanned by

mal a7a aL

Let 7: R” > R* be projection onto the first k factors. Then 4: Ag > RX is
an isomorphism. By continuity, x, is one-one on Ag for g near 0. So near 0,
we can choose unique

X19), + -+> XK(g) € Ag

so that
F

XiQ=—> EW hoeort.eMD = oi le ‘
Then the vector fields X; (on a neighborhood of 0 € R") and 4/87’ (on R*) are
m-related. By Proposition 3,

Camal Xj, Xj]q = Ee dees
=0.

But, [Xj, Xj]q¢ € Ag by assumption, and z, is one-one on Ag. So [X;, Xj] = 0.
By Theorem 5-14, there is a coordinate system x such that

a A

Magy fs heok.

The sets (g € Us xt1(g) = ak4),..,,x"(g) = a} are clearly integral man-
ifolds of A, since their tangent spaces are spanned by the 4/x/ = X; for
f=..k.

If N isa connected integral manifold of A restrictcd to U, with inclusion map
i: N — U, consider d(x” 0 /) for k +1 <m <n. For any tangent vector Xq
of Nz we have

d(x" 0 i)(Xq) = Xq(x™ 0) = in Xy(x™)
=0,

since isX_ € Ag, which is spanned by the 0/Ax/|q for j = 1,...,k. Thus
d(x" oi) = 0, which implies that x” 0/ is constant on the connected mani-
fold N. %
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GLOBAL THEORY

In order to express the global results succinctly, we introduce the following
terminology.

If M is a C® manifold, a (usually disconnected) k-dimensional submani-
fold N of M is called a foliation of M if every point of M is in (some com-
ponent of) N, and if around every point p € M there is a coordinate system
(x, U), with

x(U) = (6,6) x +++ x (—8,€),

such that the components of N OU are the sets of the form

{qe U: Fg) = a,x") =a") ail <e.

Each component of N is called a folium or leaf ofthe foliation N. Notice that
two distinct components of NU might belong to the same leafof the foliation.

6. THEOREM. Let A be a C® k-dimensional integrable distribution on M.
Then M is foliated by an integral manifold of A (each component is called a
maximal integral manifold of A).

PROOF. Using Theorem 1-2, we see that we can cover M by a sequence of
coordinate systems (x;, U;) satisfying the conditions of Theorem 5. For such a

coordinate system (x, U), let us call each set

qe Us xk) = ak¥, x(q) =a"}

a slice of U.

It is possible for a single slice S of U; to intersect U; in more than one slice
of Uj, as shown below. But S 9 Uj has at most countably many components,
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and each component is contained in a single slice of U; by Theorem 5, so SAU;
is contained in at most countably many slices of U;.

Given p € M, choose a coordinate system (x9, Uo) with p € Uo, and let Sobe
the slice of Up containing p. A slice S of some U; will be called joined to pif there is a sequence

O= io, f1,.-..4=8
and corresponding slices

So = Sigs Sits. Si,= S
with

Sia Sigg #9 @=0,...,0-1.

Since there are at most countably many such sequences of slices for each se-

quence io,...,

i, and only countably many such sequences, there are at mostcountably many slices joined to p. Using Problem 3-1, we see that the union
of all such slices is a submanifold of M. For g # p, the corresponding union
is either equal to, or totally disjoint from, the first union. Consequently, M
is foliated by the disjoint union of all such submanifolds; this disjoint union is
clearly an integral manifold of A. ¢

[If we are allowing non-metrizable manifolds, the proof is even easier, since
we do not have to find a countable number of coordinate systems for each leaf,

and can merely describe the topology ofthe foliation as the smallest one which

makes each slice an open set. In this case, however, the discussion to follow
will not be valid—in fact, Appendix A describes a non-paracompact manifold
which is foliated by a lower-dimensional connected submanifold.)
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Notice that if (x, U) is a coordinate systemofthe sort considered in the proofof the theorem, then infinitely many slices of U may belong to the same folium.

aCreeSAAS

However, al most countably many slices can belong to the same folium; otherwise

this folium would contain an uncountable disjoint family of open sets. This
allows us to apply a proposition from Chapter 2.

7. THEOREM. Let M be a C® manifold, and M, a folium of the folia-
tion determined by some distribution A. Let P be another C® manifold and
ff: P— M a C® function with /(P) C Mi. Then f is C® considered as a

map into M,.

PROOF. According to Proposition 2-1], it suffices to show that f is continuous
as a map into M). Given p € P, choose a coordinate system (x,U) around
S(p) such that the slices

4g €U: xk (g) = ak, ..., x(q) =0"}

are integral manifolds of A. Now / is continuous as a map into M, so f takes

S(P) M
Mm
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some neighborhood W of p into U; we can choose W to be connected. For

k+1<i <n, ifwe bad xi(f(p’)) # al for any p' € W, then x! f would take
on alt values between a! and x!(f(p’)), by continuity. This would mean that
J (W) contained points of uncountably many slices, contradicting the fact that
SW) cM.

Consequently, x/(/(p’)) = a! for all p’ € W. In other words, /(W) is
contained in the single slice of U which contains p. This makes it clear that f
is continuous as a map into My. %
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PROBLEMS .

1. (@) Let€ = 2: E > B be an n-plane bundle, and é! = x’: E’ > Ba
k-plane bundle such that E’ C E. If i: E! > E is the inclusion map, and
Ig: B > B the identity map, we say that €’ is a subbundle of € if (i, 12) is a
bundle map. Show that a k-dimensional distribution on Mis just a subbundleof TM.

(b) For the case of C® bundles€ and &’ over a C® manifold M, define a C°
subbundle, and show that a k-dimensional distribution is C® if and only if it is
a C® subbundle.

2. (a) In the proof of Theorem 1, check the assertion about choosing ¢; suffi-
ciently small.

(b) Supply the proofof the uniqueness part of the theorem.

3. (a) In the proofof Proposition 2, show that

a a

(4 \) © ay! Len’
(b) Complete the proofof Proposition 2 by showing that if

n aY=) a'—

so that

X= y Bi—s
axi?i=

with a! o f = Bi, then the functions B are C®.

4. In the proof of Proposition 4, show that the functions Cf actually are C*.

5. Let Ai,..., Ag be integrable distributions on M, of dimensions dj,...,d4.
Suppose that for each p € M,

My = (Ai)p ®--- ® (An)p-

Show that there is a coordinate system (x, U) around each point, such that Ay
is spanned by 8/8x!,...,0/x%, etc.
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6. Prove Theorem | from Theorem 5, by considering the distribution A in
R” x R” (with coordinates #, x), defined by

m9 nm a
= Yi ik 5

i= a1 Sisl Ip

Notice that even when the fj do not depend on x, so that the equations are of
the form

A jor

qiO = LO,
with the integrability conditions

fh _ hi
or ari*

we nevertheless work in R™ x R”, rather than R”. This is connected with the

classical technique of “introducing new independent variables”.

7. This problem outlines another method of proving Theorem 1, by reducing
the partial differential equations to ordinary equations along lines through the
origin. A similar technique will be very important in Chapter II.7.

(a) If we want a(ut) = B(u,t) for some function B: [0,e) x W — V, show
that B must satisfy the equation

3 m

Fawn = OV - Glut, Pn)
i

B(0,t) = x.

We know that we can solve such equations (we need Problem 5-5, since the

equation depends on the “parameter” ¢ € R”). One has to check that one &
can be picked which works for all te W.
(b) Show that

B(u, vt) = Blu, t).

(Show that both functions satisfy the same differential equation as functions
of w, with the same initial condition.) By shrinking W, we can consequently
assume that ¢ = 1.

(c) Conclude that
ap 3p

ye) =u: gy (hee):
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(d) Use the integrability condition on f to show that

Foun and v- fy(vt, B(v,1))
satisfy the same differential equation, as functions of v. Use (c) to conclude that
the two functions are equal.

(e) Define a(r) = B(1,1). Noting that a(t) = B(v,1), show that @ satisfies the
desired equation.

8. This problem is for those who know something about complex analysis. Let

f:€xC = C be complex analytic. If we denote the coordinate functions in
C x C by 21,22 = ¥1, 91.2, 2, then f = wt iv satisfies the Cauchy-Riemann

equations du au
ax; Oy

, ye i=1,2.
au av

Oy ax;

Use Theorem| to prove that we can solve the equations
30

_ wee, ysa'w, 9), 24,9) = oeFe MOY a(xY) OP (a,Y)) = Dy
2 1

ue = u(x, a(x, y),07 (x,y) = = =
in a neighborhood of 0 € C (or of any point zo € C), and conclude that the
differential equation

$2) = Se, 0(2))

(in which ‘ denotes the complex derivative) has a solution in a neighborhood
of zo, with any given initial condition $(zo) = wo.
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DIFFERENTIAL FORMS

W: turn our attention once more to tensor fields, but we will be concernedwith a special kind of tensor field, the discussion of which requires some
more algebraic preliminaries.

Let V be an n-dimensional vector space over R, An element T € T*(V) is
called alternating if

Tne es Ujy eves Ufy ener Uk) =O if w=y (iF J).

If T is alternating, then for any w,...,Ux,we have
O=T(my,...,U;+ Uj,...,U; FUys..., UR)
STU ee Vine re Vigne ey Uh) A T(V1s 0 Vis ee ey Ufone es Uk)

FTV 2 Ufyeee Vig eee Ue) HT (Uay oe Ups eens Ys ee es Ue)

SORT Us 6 Mise Use ee UR) AT (Us soe User es Use es Uk) +0,

Therefore, T is skew-symmetric:

TU yee Viney Ups ee Ue) = HT (Uy ey Use ees Vis oo Uh)

Of course, if T is skew-symmetric, then T is also alternating. [This is not true
in the special case of a vector space over a field where I + 1 = 0; in this case,
skew-symmetry is the same as symmetry, and the condition of being alternating
is the stronger one.]

We will denote by 2*(V) the set of all alternating T ¢ T*(V). It is clear
that 2*(V) c T*(V) isa subspace of T*(V). Moreover, if f: V > Wisalinear transformation, then {*: T*(W) — T*(V) preserves these subspaces—
7: OF(W) > QK(V). Notice that 2'(V) = T'(V) = V*, so 2(V) has
dimension n. It is also convenient to set 2°(V) = T°(V) = R. At the moment
it is not clear what the dimension of 2*(V) equals for k > 1, but one case is
well-known. The most familiar example of an alternating T is the determinant
function det € 7"(R”), considered as a function of the rows of a matrix—

we shail soon see that this function is, in a certain sense, the most general

alternating function. Most discussions of the determinant begin by showing
that of any two alternating n-linear functions on R”, one is a multiple of the

201
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other; in other words, dim 2"(R”) < 1. Then one proves dimQ"(R") = 1
by actually constructing the non-zero function det (it follows, of course, that
dim 2"(V) = 1 if V is any n-dimensional vector space). The construction of

det is usually by a messy, explicit formula, which is a special case ofthe definition

to follow.

Let S, denote the set ofall permutations of {1,...,}; an element o € Sy is
a function i ++ o(i). If (y,...,Ug) is a k-tuple (of any objects) we set

0+ (Ury++ +s Uk) = (Vorays«++ Yocky)+
This definition has a built-in confusion. On the right side, the first element,
for example, is the o(1)* of the v’s on the left side; if these u’s have indices

runningin some order other than 1,...,k, then the first element on the right is nor
necessarily that v whose index is (1). The simplest way to figure out something
like o -(v3, v2. 11,-..)isto rename things: v3 = wi,v2 = w2,v) = ws,.... Thus
warned, we compute

O -(D> (Vis++ 5 UK)) =F + (Uptays---s Yotky)
by setting

Up) = Wi, -+-5 Up(k) = Wk,

so that

O (P+ (U,.-.5UK))=O + (Wi,..-, We)
= (Wo(ayr-- +5 Wotky)

= (Yp(oay)s-++» Vototky)) Since Wa = Vora.
Thus

(*) © + (P+ (U1,-- +5 Uk) = (PO) + (U1... UR).

Now for any T € 7*(V) we define the “alternation of T”

1ALT = SY sna-Too,
oeSy

ie.,

1Al T1258) = DY sgne-T(veays---sYork),
oeS,

where sgno is +1 if o is an even permutation and —1 if o is odd.
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1. PROPOSITION.

(I) If T € TeV), then Al(T) € 2*(V).

(2) If w € Q*(V), then Altw =o.

(3) If T € T*(V), then Ale(Al(T)) = Alt(T).

PROOF. Left to the reader (or see pp. 78-79 of Calculus on Manifolds). 4

We now define, forw € 2*(V) and n € 2!(V), an element wAn € QkH(V),
the wedge product of w and n, by

k+0!wAn= a Alt(w@ n).
The funny coefficient is not essential, but it makes some things work out more
nicely, as we shall soon see. It is clear that

() Ais bilinear: ygPEC
oA(m +m) =O@AmM+OAM

awAn=wAan =a(wAn)

(2) f*@An)=ftw fn.
Moreover, it is easy to see that

(3) A is “anti-commutative”: @ An = (-1)"n Aw.

In particular, if k is odd then

wA\w=0.

Finally, associativity of A is proved in the following way.

2. THEOREM.

(I) If Se T*(V) and T € T!(V) and Alt(S) = 0, then

Alt(S @ T) = Alt(T @ S) =0.

2) Al(Al(@ @ n) @ 8) = Alt(w @ 7 @ 8) = Alt(w @ Alt(n @ 8).

(3) If we Q*(V), nE MV), OE N™(V), then

_ (k+l+m)!(WAN) AB =HA (NAO) = rm AM @1@8).
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PROOF. (I) We have

(k +1)IAh(S @ T)(v5,.-., Ue47)

= YP sgno-(S@T)-(0+ (ur... 441)
OES

= YE sgna - Seqys..-s Yocky) * TYoteettys«+s Voter)»6S1
Now let G C S41 consist of all a which leave k +1,...,4 +/ fixed. Then

DY sang + S(voayy+s Yo) + Totetnys +++ Yoeto)oe
=] YE sano’: S(vor ys. York) | «Tegoets)oeSy
=0.

Suppose now that 09 ¢ G. Let 0G = {a90': o' € G}. Then

YE sgno-(S@T)o-(r,..-, 442)
can

= sgnoo- D> sgno’-(S @T)(o" + (9 - (U,---5 Yess) by (a).
oe

We have just shown that this is 0 (since go - (¥j,..., ¥44) is just some other
(k +J)-tuple of vectors). Notice that G N.a0G = G, for if ¢ € GNa0G, then
o@ = 090" for some a’ € G, so 09 = o(0')~! € G, a contradiction. We can then
continue in this way, breaking S,4; up into disjoint subsets, the sum over each

being 0. The relation Alt(T @ S) = 0 is proved similarly.

(2) Clearly

Al(AN(] @ 8) — 7 @ 8) = Alt(n@ 8) ~ Alt(7 @ 8) = 0,
so (I) implies that

0 = Alt(w @ [Al(7@ 8) — 7 @ 6)
= Alt(w @ Alt(n @8)) — Alt(w @n @ 8);

the other equality is proved similarly.

(3) We have

(k+l4+m)!(wAnAb= “ER aDimt Ale am @ 8)
_

k+ltmyi (kt)!
=

ead! may Ale @1@ 8).
The other equality is proved similarly. ¢
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Notice that (2) just states that A is associative even if we had omitted the
factor (k +1)!/K!U! in the definition. On the other hand, the factor 1/k! in the
definition of Alt is essential—without it, we would not have Alt(Alt 7) = Alt 7,

and the first equation in the proofof (2) would fail. [Ifwe had defined Alt justlike Alt, but without the factor 1/k!, then A could be defined by

ee

orAn=ge@n).

This makes sense, even over a field of finite characteristic, because each term in the
sum Alt(@@ n)(1,..., Ves) occurs k1/! times (since w and » are alternating),
and 1/k!/! can be interpreted as meaning that these k!/! terms are replaced by

just one.] The factor (k +/)!/k!/! has been inserted into the definition of A
for the following reason. If vy,..., U, is a basis of V, and ¢),...,@n is the dual
basis, then

14-40)!PIAA on =CeO ang @---@ dn)
= Vo sgno -(h1 @-+-@gn) oo.oeSn

In particular,
(Pr Av+-A bn)(V1,+++ Un) = 1.

(So if v),...,¥, is the standard basis for R”, then g A--+ A @n = det.) A basis
for 2*(V) can now be described.

3. THEOREM. The set of all

iy No A big l<ii<-<ipsn

is a basis for 2*(V), which therefore has dimension

i) _ ntk}~ ki@-ky

(In particular, 2*(V) = {0} for k > 7.)

PROOF. If we Q*(V) CT*(YV), we can write

o= > in...ig Diy O°@ Hig.
ftyoatk
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So

@ =Al(w) = > ai. Alt(Gi, @ + @ dig).
Aseathe

Each Alt(¢;, @ «+@ i) is either 0 or = £(1/K!)$j, A -+- A Gj, for some
jy < +++ < jg,80 the elements$j, A «+A gy, for jr <--> < je span 2*(V). If

0 = aig bir AoA Gigs
hhe~siy

then applying both sides to (uj,5.++5 Viz) ives Giy..ig =O.

4. COROLLARY. If a1,...,0% € 21(V), then a ,...,@% are linearly inde-
pendent if and only if

Or Av Na #0.

PROOF. If wn,...,wx are linearly independent, there is a basis U,...,Ug,---.Un
of V such that the dual basis vectors gi,...,¢ks--+.dn Satisfy ¢; = @; for
1<i<k. ThenaA--+A ay isa basis element of 2*(V), so it is not 0.
On the other hand, if

@) = ag, + +++ aOR,

then

@) AW. A+ A WK = (an@2 +++ +UKWK) AW2 A+++ Nw =0.

To abbreviate formulas, it is convenient to let / denote a typical “multi-index”

(a... sig), and let $y denote $j, A+++ A $i,. Then every element of 2*(V) is
uniquely expressible as

La or.
i

Notice that Theorem 3 implies that every w € 2*(R") is a linear combination

ofthe functions

Uy

(U1,...,U%) > determinant ofa k xk minor of |: ].

Uk

One more simple theorem is in order, before we proceed to apply our con-
struction to manifolds.
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5. THEOREM. Let v,...,Un be a basis for V, let w € 2"(V), and let
n

wes ay i= 1.040
j=l

Then

w(wWi,..., Wn) = det(aij) -@(Ur,..-,Un).

PROOF. Define n € T"(R") by

(arr vs @na)y very (dts+++ @nn)) = o( rane ss Dam):
jal m=

Then clearly n € 2"(R"), so n = ¢ - det for some c € R, and

© = M(Ciy--r€n) = O(U1s-+4 Un).

6. COROLLARY. If V is n-dimensional and 0 # @ € 2"(V), then there is a

unique orientation # for V such that

[ur,....tn) = ifandonly if w(u,...,Un) > 0.

With our new algebraic construction at hand, we are ready to apply it to
vector bundles. If € =: E > B is a vector bundle, we obtain a new bundle

2(€) by replacing each fibre 7~(p) with 2*(2~1(p)). A section w of 2*(é)
is a function with w(p) € 2*(x~"(p)) for each p € B. If 7 is asection of Q/(é),
then we can define a section w A n of 2k+(E) by (w A n)(p) = @(p) A n(p) €

Qk n-"(p)).
In particular, sections of 2*(7M), which are just alternating covariant tensor

fields of order k, are called k-forms on M. A 1-form is just a covariant vector

field. Since 2*(7M) can obviously be made into a C® vector bundle, we can
speak of C™ forms; all forms will be understood to be C® forms unless the

contrary is explicitly stated. Remember that covariant tensors actually map
contravariantly: If f: M — N is C®, and is a k-form on N, then f*w is a
k-form on M. We can also define @; + @2 and w An. The following properties

of k-forms are obvious from the corresponding properties for 2* (V):

(a1 +a2) An =a AN +02 AN
oA(m+m)=oAM+OAMm

fonn=onfn= flwrn)
wrn=(-Ik naw

Swan =fon f'n.
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If (x, U) is a coordinate system, then the dx!(p) are a basis for Mp*, so the
dx''(p) A+++ a dxtk(p) (iy < -++ < ig) are a basis for 2*(p). Thus every
k-form w can be written uniquely as

= DL Wiig dx AoAaxis
iyensig

or, if we denote dx! A+++A dx'* by dx! for the multi-index J = (i1,..., 4%),
w= oy dx!.

i

The problem of finding the relationship between the w; and the functions w';
when

0 =o dx! =So' a!
I I

is left to the reader (Problem 16), but we will do one special case here.

7. THEOREM. If f: M > N isa C® function between n-manifolds, (x, U)
is a coordinate system around p € M, and (y, V) a coordinate system around
q = S(p) EN, then

i

L(gdy A. Ady") = eo p-ae(*P) dx! +. dx".x

PROOF. It suffices to show that

i

Si (dy n+ dy") = det (257) dx! A.» A dx".7"

Now, by Problem 4-1,

a a(dy) Aven dy" aon eonS*(dy! A+ A dy"\(p) (3 | |)
= dy ay" u dg= dy'(q)A---A dy"(g) Fea ial,

Saviofa=dy) vee Ly" —_* —wan nao LP orgy.»

“a(yiof), \ a | )se Daa (ag
Ayiof

= det (2570) , by Theorem 5,
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8. COROLLARY. If (x,U) and (y, V) are two coordinate systems on M and

gdy' A+--Ady"=hdx' A+A dx",

then
.

ay?
=g-det(—}.h=g-det (x)

PROOF. Apply the theorem with f = identity map. ¢

[This corollary shows that n-forms are the geometric objects corresponding to
the “even scalar densities” defined in Problem 4-10.]

If =: E > B isann-plane bundle, then a nowhere zero section w of 2"(&)

has a special significance: For each p € B, the non-zero w(p) € 2"(x-"(p))
determines an orientation pp of z~!(p) by Corollary 6. It is easy to see that

the collection oforientations {4p} satisfy the “compatability condition” set forth
in Chapter 3, so that 4 = {fp} is an orientation of &. In particular, if there is
a nowhere zero n-form w on an n-manifold M, then M is orientable (i.e., the

bundle 7M is orientable). The converse also holds:

9. THEOREM. Ifa C® manifold M is orientable, then there is an n-form @
on M which is nowhere 0.

PROOF. By Theorem 2-13 and 2-15, we can choose a cover © of M by a col-

lection of coordinate systems {(x, U)}, anda partition of unity {¢y} subordinate
to @. Let pz be an orientation of M. For each (x, U) choose an n-form wy

on U such that for u,...,07 € Mp, p € U we have

wy(Uy...5Un) > 0 ifand only if [u,...,Un] = Hp.

Now let

w= ¥ due.
UcO

Then w is a C® n-form. Moreover, for every p, if v1,...,Un € Mp satisfy
[u1,.--5Un] = Mp, then each

(gu wy )(p)(U1,-.-,Un) 2 0,

and strict inequality holds for at least one U. Thus w(p) #0. 4
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Notice that the bundle 2"(7M) is I-dimensional. We have shown that if M

is orientable, then 2"(7M) has a nowhere 0 section, which implies that it is

trivial. Conversely, of course, if the bundle 2”(7M) is trivial, then it certainly
has a nowhere 0 section, so M is orientable. (Generally, if € is a k-plane bundle,

then 2(€) is trivial if and only if € is orientable, provided that the base space B
is “paracompact” (every open cover has a locally-finite refinement).]
Just as 2°(V) has been introduced as another name for R, a 0-form on M

will just mean a function f on M (and f Aq will just mean f -o), For
every 0-form f we have the I-form df (recall that df(X) = X(/)), which in a
coordinate system (x, U) is given by

" ofdf
=> sax.if » axl “

If w is a k-form

w= > w, dx’,
I

then each dw, is a I-form, and we can define a (k +1)-form dw, the differential

of w, by

du = Yd dx!
7

n

=pMat na’.7 a=1 *

It turns out that this definition does not depend on the coordinate system. This
can be proved in several ways. The first way is to use a brute-force computation,
comparing the coefficients ’; in the expression

w= Yo'rdx!
I

with the w;.

The second method is a lot sneakier, We begin by finding some properties of
dw (still defined with respect to this particular coordinate system).

10. PROPOSITION.

(I) d@ + a2) = day + day.

(2) If w is a k-form, then

d(wy A @2) = day Aw + (—1)kay A don.

(3) d(dw) =0. Briefly, a? =0.
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PROOF. (\) is clear. To prove (2) we first note that because of (I) it suffices to
consider only

wo = fax!

@, =gdx’.

Then a Aw = fe dx! A dx? and

d(@ A a) = d(fg) A dx! A dx?

=gdf ndx! a dx! + fdgndx'ndx!

= dw Aw, +(—1)*f dx! a dga dx?
= dw Aa) +(~1)kay A dor.

(3) It clearly suffices to consider only k-forms ofthe form
w= fax’,

Then

, af Ido = Leo" A dx
a=l

so

(SN OPS baer gpld(dw) =X(z sot Oxf dx" A de )
In this sum, the terms

ar I
Taedx pdx n dx

and

Pyf Brdxt
oetax8 dx® n dx? n dx

cancel in pairs. ¢

We next note that these properties characterize d on U.

11, PROPOSITION. Suppose a’ takes k-forms on U to (k + 1)-forms on U,
for all k, and satisfies

() d'(@ +2) = d'w, + d'or.

(2) d'(w A wp) = d'w, Aw + (Ikan A d'or.

(3) a'(d'f) =0.

(4) d'f = (the old) df.

Then d! =d on U.
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PROOF, It is clearly enough to show that d’w = dw when w = f dx!. Now
by (2),

a'(f dx!) =d'f ndx' + fnd(dx')

=dfndx'+fnad'(dx') by (4).

So it suffices to show that d/(dx!) = 0, where

dx! = dx'"n---0 ax’
=d'x!'n.--na’x"* by (4).

We will use induction on k. Assuming it for k — 1 we have

d'(dx") = d'(d'x" n..-n d'x'k)

= d'(d'x")A d’x!? W-- Nd’xik
—d'xit x d'(d'x" n-..Ad'x'*) by (2)

=0-0, _ by (3) and the inductive hypothesis.

12. COROLLARY. There is a unique operator d from the k-forms on M to

the (k + 1)-forms on M, for all k, satisfying

d(@ +a) = da, + dw,

d(w A @) = do, Aw. + (-1)kan A der

d=0,

and agreeing with the old d on functions.

PROOF, For each coordinate system (x,U) we have a unique dy defined.

Given the form w, and p € M, pick any U with p € U and define

do(p) = dy(wlU)(p).

The third way of proving that the definition of d@ does not depend on the
coordinate system is to give an invariant definition.
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13, THEOREM. If w isa k-form on M, then there is a unique (k + 1)-form
dw on M such that for every set ofvector fields %1,..., Xe41 we have

(#) dw(%,.... X41)
A+r

.

= EDMYON,Fis Kea))
i=

SD DE ot) aEL1(0. 0.010. HEELSCREIED.CIEEEED.C2)Isi<jsk
(= B) + Ea, say)

where
~

over X; indicates that it is omitted. This (k + 1)-form agrees with dw

as defined previously.

PROOF. The operator which takes (%1,..., X41) to D1 + Zp is clearly linear
over R. Moreover, it is actually linear over the C™ functions #. In fact, if Xiq is
replaced by fXjp, then E) becomes

LE + DED OGNoh.Kiss Kea),iia
and using the formulas

(X.Y)= f1X,Y]-Ys-X
LX SY] = SIX, Y14 XS -Y,

it is easily seen that D2 becomes

LEa+ DAI MY fo Kins Myo. Rinses Riggs oes Xen)
isin

= Se No igs X15 -06s Kins + Kj Xean)s
io}

a brief inspection then shows that 5) + £2 becomes f¥i + fZ2.

Theorem 4-2 shows that there is a unique covariant tensor field dw satisfy-

ing (x). It is easy to check that dw is alternating, so that it is a (k + 1)-form.
To compute dw in a coordinate system (x, U) it clearly suffices to compute

d(f dx"), Moreover, by renumbering, we might as well assume

w= fdx'n.ndxk,
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For dw, as for any form, we have

da= > dex(/Ax™,...,/Ax#+")dx AoA dxth+1,
ey<<

It is clear from (#) that dw(0/0x',...,8/8x**+!) = 0

unless some (0),...,@,...,@%41) is a permutation of (1,...,%).

Since the @’s are increasing, this happens only if

(H.-HkJ) F>k,
in which case

Fl a.dw(@/0x%,...,0/8x%,a/axt) = (kL,ax!
so

af j5 ke 1 kdw = Yen ak AeAax” A dxt
ek

a, .= ye axi A dx! rn. ndxk
— axijek
n a,

= vax A dx! n--Adxk,— axi
ja

whichis just the old definition.

This is our first real example of an invariant definition of an important tensor,
and our first use of Theorem 4-2. We do not find dw(p)(v},..., ¥41) directly,

but first find dw(X1,...,X%41), where X; are vector fields extending v;, and
then evaluate this function at p. By some sort of magic, this turns out to be

independent ofthe extensions X,,...,X%41. This may not seem to be much of
an improvement over using a coordinate system and checking that the definition

is independent of the coordinate system. But we can hardly hope for anything
better. After all, although dw(X},..., ¥x41)(p) does not depend on the values
of X; except at p, it does depend on the values of w at points other than p—
this must enter into our formula someliow. One other feature of our definition

is common to most invariant definitions of tensors—the presence of a term

involving brackets ofvarious vector fields. This term is what makes the operator
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linear over the C® functions, but it disappears in computations in a coordinate
system,

In the particular case where w is a I-form, Theorem 13 gives the following
formula,

dw(X,Y) = X(W(¥)) — ¥(w(X)) - o([X, Y])

This enables us to state a second version of Theorem 6-5 (The Frobenius Inte-

grability Theorem) in terms ofdifferential forms. Define the ring 2(M) to be
the direct sum of the rings of /-forms on M, for alt /. If A is a k-dimensional

distribution on M, then £(A) C &(M) will denote the subring generated by

the set ofall forms w with the property that (if @ has degree /)

o(h,...,X) =0 whenever X),...,X; belongto A.

It is clear that w, + w2 € £(A) if w,w2 € J(A), and that 7 Aw € (A) if

w € f(A) [thus, £(A) is an ideal in the ring 2(M)]. Locally, the ideal £(A)
is generated by n — k independent I-forms w**!,...,«”. In fact, around any
point p € M we can choose a coordinate system (x, U) so that

a a
Dr]

oo ae Ap.ax | axk | ta
Then

dx!(p) A+» dx*(p) is non-zero on Ap.

By continuity, the same is true for q sufficiently close to p, which by Corol-

lary 4 implies that dx'(q),...,ax*(q) are linearly independent im Ag. There-

fore, there are C® functions Sf such that
k

dx%(q)= )~ fgg) dxP(q) restricted6 Bg = =k +1,...,0.
p=)

We can therefore let k

wo = dx — > fp dx.
b=)

14, PROPOSITION (THE FROBENIUS INTEGRABILITY THEOREM;

SECOND VERSION). A distribution A on M is integrable if and only if
d(£(A)) c f(A).
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PROOF. Locally we can choose 1-forms w', ...,@" which span M,* for each q
such that w*+1,...,«" generate £(A). Let Xj,...,%_ be the vector fields with

: w!(Xj) = 8).

‘Then X},..., Xx span A. So A is integrable ifand only ifthere are functions Cf
with

k

in X%l= CRXp fads. sk.fa
Now

des (Xj, Xj) = Xi(w% (Xj) — Xj(w* (Xi) - @% (Xs, X})).
For | < i,j < k and a > k, the first two terms on the right vanish. So
dw%(X;,Xj) = 0 if and only if w%([X7, Xj]) = 0. But each w%([Xi, Xj]) = 0
if and only if each [X;,Xj] belongs to A (ic., if A is integrable), while eachdw*(X;, X;) = 0 if and only if dw € L(A). +

Notice that since the w! Aw/ (i < j) span 2?(M,) for each g, we can always
write

dot = Vefw! nw!
i<j

= 067 Aw! for certain forms 6%.
i

If @ > k, and fo, jo < k are distinct, we have

0 = dw (Xig, Xin) = Y(OF Aw )(Xigs Xio)
i

= OF, Xia)s
so we can write the condition d(f(A)) C £(A) as

dot = 08 nw?,
Bok

Once we have introduced a coordinate system (x, U) such that the slices

{ge Uz x*4q) = ak, x"(g) =a"}

are integral submanifolds of A, the forms dx*+!,...,dx” are a basis for L(A),
so wk+,...,w" must be linear combinations of them. We therefore have the
following
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15. COROLLARY. If w*t!,...,«” are linearly independent I-forms in a
neighborhood of p € M, then there are 1-forms 6¢ (a, B > k) with

do* = > 6g Nw?
D

if and only if there are functions /f,g° (a, B > k) with

wo => fea’.
B

Although Theorem 13 warms the heart of many an invariant lover, the cases
k > 1 will hardly ever be used (a very significant exception occurs in the last
chapter of Volume V). Problem 18 gives another invariant definition of dw,
using induction on the degree of w, which is much simpler. The reader may
reflect on the difficulties which would be involved in using the definition of
Theorem 13 to prove the following important property of d:

16. PROPOSITION. If f: M — N is C® and w is a k-form on N, then

I* (dw) = d(f*w).

PROOF. For p € M, let (x,U) be a coordinate system around f(p). We can
assume

: :

w= gdx" yn... nrdxik,
We will use induction on k. For k = 0 we have, tracing through some defini-

tions,

I*(dg)(X) = dg( f.X) = [fe X1(8) = X(g 0 f)
= d(go f)(X)

(and, of course, f*g is to be interpreted as go f), Assuming the formula for
k — 1, we have

d( ftw) = d((ftg dx! n--- dx) a f*tdxik)

= d(f*(g dx n---ndxtt)) a ftdx' 40
since df*dx'k = dd(x'* o f) =0

= f*(d(g dx" n---ndx'k)) a ftdxik
by the inductive hyposthesis

= f*(dg ndx" n.--n dx) n ftdx'k

= f*(dg ndxi A ---ndx'k- ndx'k)

= f*(dw). &
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One property of d qualifies, by the criterion of the previous chapter, as a
basic theorem of differential geometry. The relation d? = 0 is just an elegant
way of stating that mixed partial derivatives are equal. There is another set of

terminology for stating the same thing. A form w is called closed if dw = 0
and exact if w = dn for some form 9. (The terminology “exact” is classical—
differential forms used to be called simply “differentials”; a differential was then

called “exact”if it actually was the differential of something. The term “closed”
is based on an analogy with chains, which will be discussed in the next chapter.)
Since d? = 0, every exact form is closed. In other words, dw = 0 is a necessary
condition for solving w = dy. If w is a I-form

1

o =) oj dx',
ist

then the condition dw = 0, i.e.,

Bw;
_

dws
ax! ~ Axi

is necessary for solving w = df, ic.,

af
ag =e

Now we know from Theorem 6-1 that these conditions are also sufficient. For

2-forms the situation is more complicated, however. If w is a 2-form on R3,

w = Ady Adz — Bdx ndz+Cdxdy,
then

w = d(Pdx+Qdy+ Rdz)
if and only if

aOR 90 4
ay ae

oP aR

a ox 78
aQ ap

te te

The necessary condition, dw = 0, is

aA rn oB m aC 0
dx dy Or
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In general, we are dealing with a rather strange collection of partial differential
equations (carefully selected so that we can get integrability conditions). It turns
out that these necessary conditions are also sufficient: if w is closed, then it is

exact. Like our results about solutions to differential equations, this result is
true only locally. The reasons for restricting ourselves to local results are now
somewhat different, however. Consider the case ofa closed 1-form w on R?:

a, a.w=fdx+gdy, with uv = x
We know how to find a function @ on ail of R? with w = de, namely

x y

ate fo Aawars f° ena.xo yo

On the other hand, the situation is very different if w is defined only on R? —{0}.
Recall that if L C R? is [0,00) x {0}, then

6: R -LSR, + ZL@

defined in Chapter 2, is C™; in fact,

(7,0): R? — L > (r: r > 0} x (0,22)

is the inverse of the map
(a,b) + (acosb,asinb),

whose derivative at (a, 6) has determinant equal toa # 0. By deletinga different
ray L; we can define a different function 6). Then 6; = 8 in the region A; and
6, = 8+2z in the region Az. Consequently d@ and d@, agree on their common

2’

A Ot
1 ° Ap

-=)1 9000
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domain, so that together they define a I-form w on R? — {0}. A computation
(Problem 20) shows that

-y x

oraOtay dy.

The 1-form w is usually denoted by 4, but this is an abuse of notation, since
w = d6 only onR?-L. In fact,w is not df for any C function f : R?-{0} > R.
Indeed, if w = df, then

df =d0 on R*-L,

so d(f - 8) =0 on R? — L, which implies that f/8x = 90/ax and af/ay =
a/ay and hence f = 6+ constant on R?—L, which is impossible, Nevertheless,
dw =0 [the two relations

d(d0)=0 on R?-L

d(d@;)=0 on RP-Ly

clearly imply that this is so]. So w is closed, but not exact. (It is still exact in a
neighborhood of any point of R? — {0}.)

Clearly @ is also not exact in any small region containing 0. This example
shows that it is the shape of the region, rather than its size, that determines

whether or not a closed form is necessarily exact.
A manifold M is callcd (smoothly) contractible to a point po € M if there is

a C® function

H:Mx(0,1)> M

such that

H(p,l) =
(p= P for pe M.

H(p,0) = po

For example, R” is smoothly contractible to 0 € R”; we can define

H:R" x (0,1)> R”

by

H(p,t) = 1p.

More generally, U C R" is contractible to po € U if U has the property that



Differential Forms 22]

p €U implies po +t(p — po) € U for 0 <1 < 1 (such a region U is called
star-shaped with respect to po).

Of course, many other regions are also contractible to a point. If we think

of [0,1] as representing time, then for each timef we have a map p++ H(p,t)of M into itself; at time 1 this is just the identity map, and at time 0 it is the
constant map.

We will show that if M is smoothly contractible to a point, then every closed

form on M is exact. (By the way, this result and our investigation of the form d@
prove the intuitively obvious fact that R? ~ {0} is zof contractible to a point; the
same result holds for R” ~ {0}, but we will not be in a position to prove this
until the next chapter.) The trick in proving our result is to analyze M x [0,1]
(for any manifold M), and pay hardly any attention at all to H.

For t € [0, 1] we define

ip: M > M x (0,1)

by .i(p) = (pt).

We claim that if w is a form on Mx [0,1] with dw = 0, then

i\*w —ig*w is exact;
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we will see later (and you may try to convince yourself right now) that the
theorem follows trivially from this.

Consider first a 1-form w on Mx [0, 1]. We will begin by working in a coordi-
nate system on M x [0,1]. There is an obvious functiont on M x [0, 1] (namely,the projection z on the second coordinate), and if (x, U) is a coordinate system
on M, while zy is the projection on M, then

(x) onm,...,x" 07M,1)

is a coordinate system on Ux [0,1]. We will denote x! omy by x, for conve-
nience. It is easy to check (or should be) that

2 n

;iet(Soen as! + fat) = Vei(-,a) dx',i=l isi

where

w;(-,@) denotes the function p++ w;(p,a).

Now for @ = 72, 0; dx! + f dt we have
2 n

: : a0; 2; Of iGdw =[t ving dt]— > — az ndt se a! n dt.wo = [termsnot involving df] 2 a oA the xt
So dw = 0 implies that

da;
_

af

ar ax!

Consequently,

90;@i(p; 1) — @;(p,0) =f Hy (etat0 it

lar
=| Sw.odf pg (Pt) at,

so

2 n (Spar ;1 i(p, I) dx! - is we cii) alo, ax Levn.0v4y X(f Bata) ax,
Ifwe define g: M — R by

1

8(p) = f S(p,t)dt,
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then

ag ‘ar(2) =— = =S(p.t)dt.@) Ho = [Shino
Equations (1) and (2) show that

ii*w — igtw = dg.

Now although we seem to be using a coordinate system, the function f, and

hence g also, is really independent ofthe coordinate system. Notice that for

the tangent space of M x [0,1] we have

(«) (M x (0, Dip = kere @ kere.

ker zm» Mx (0,1)

oe aker,
Ie

Ifa vector space V is a direct sum V = V; @ V2 of two subspaces, then any
w € 2(V) can be written

O=01 +02

where

(0) + 02) = w(0})

@2(v) + V2) = w(v2).

Applying this to the decomposition (#), we write the I-form @ on Mx (0, 1] as
@ + @9; there is then a unique f with w2 = f dt.

In general, fora k-form a, it is easy to see (Problem 22) that we can write ©
uniquely as

@ =, + (dt an)

where @1(v},...,0,) =0 ifsome v; € ker myx, and 7 isa (k — 1)-form with the
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analogous property. Define a (k — 1)-form Jw on M as follows:

1Ha(pyory-esb=f MPN ndiy oo srade-s)at0

We claim that dw = 0 implies that iw — io*w = d(Jw). Actually, it is easier
to find a formula for i;*@ — ip*w that holds even when dw # 0.

17, THEOREM. For any k-form w on Mx [0, 1] we have
iy*w — iptw = d(Iw) + I(dw).

(Consequently, ij*w — iptw = d(Iw) if dw = 0.)

PROOF, Since Iw is already invariantly defined, we can just as well work in

a coordinate system (%!,...,5",1). The operator J is clearly linear, so we just
have to consider two cases.

(I) w= f dk" n---nax* = fdx!. Then
a

dw= __. +L a nas;
it is easy to see that

ba,Hdw)(p) = (f Zoe) ax! (p)0

= [f(r1) ~ f(p,0) dx" (p)
= i)*w(p) — io*w(p).

Since Jw = 0, this proves the result in this case.

(2) @ = fidt nds rn... a dsik-! = f dt \d&!, Then is*w = ipto = 0.
Now

H(dw)(p) = (-os Lan d&* nd" \(p)om) axe

“re ar=- ai a tSD (f pale.dt) dx” ndxa=l

and
1

dw) =d (f fp.nat) dx!0

. a ; cs 7- Le (f fo.nat) dx* ndx',
Clearly I(dw) + d(Iw) = 0.
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18. COROLLARY. If M is smoothly contractible to a point po € M, then

every Closed form w on M is exact.

PROOF, We are given H: Mx [0,1] > M with

A(p,1) =

(D=P al peM.
H(p,0) = po

Thus

Hoi,;: M — Mis the identity

Hoig: M — M_ isthe constant map po.

So

@ = (H 0i;)*(w) = i*(H*)

0 = (A 0ip)*(w) = ig"(H*w).

But

d(H*w) = H*(dw) =0,

so.

@ — 0 = 1)"(H*w) — ip” (H*w)

=d((H*w)) by the Theorem.

Corollary 18 is called the Poincaré Lemma by most geometers, while d? = 0
is called the Poincaré Lemma by some (I don’t even know whether Poincaré had
anything to do with it.) In the case ofa star-shaped open subset U of R”, where
we have an explicit formula for H, we can find (Problem 23) an explicit formula
for I(H*w), for every form w on U. Since the new form is given by an integral,

we can solve the system ofpartial differential equations w = dy explicitly in
terms ofintegrals, There are classical theorems about vector fields in R? which
can be derived from the Poincaré Lemma and its converse (Problem 27), and
originally d was introduced in order to obtain a uniform generalization of all

these results. Even though the Poincaré Lemma and its converse fit very nicely
into our pattern for basic theorems about differential geometry, it has always
been something of a mystery to me just why d turns out to be so important.
An answer to this question is provided by a theorem of Palais, Natural Operations
on Differential Forms, Trans, Amer. Math. Soe. 92 (1959), 125~141. Suppose we
have any operator D from k-forms to /-forms, such that the following diagram
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commutes for every C® map f: M — N [it actually suffices to assume that
the diagram commutes only for diffeomorphisms /].

*

k-forms on M£7 k-forms on N

>| |e
fti-forms on M +——— /-forms on M

Palais’ theorem says that, with few exceptions, D = 0. Roughly, these excep-
tional cases are the following. If k =/, then D can be a multiple of the identity

map, but nothing else. If / = k + 1, then D can only be some multiple of d.
(Asa corollary, d? = 0, since d? makes the above diagram commute!) There is

only one other case where a non-zero D exists—when k is the dimension of M
and / = 0. In this case, D can be a multiple of “integration”, which we discuss
in the next chapter.
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PROBLEMS

1. Show that if we define

4 (Vy, 0665 Vk) = (Ugmt(1ys--+5 Yom I(hy)s
then

0+ pe (dy,...,0%) = Op o(d},-..,VK).
2. Let Alt be Alt without the factor 1/k!, and define wn = Alt(w @ n). Show
that 7 is not associative. (Try w,n € 21(V) and 6 € 27(V).,)

3. Let S’ C Sgyy be the subgroup of all o which leave both sets {1,...,k} and
{k-+1,...,k 41} invariant, A cross section of S’ is a subset K C Sky containing
exactly one element from each left coset ofS’.

(a) Show that for any cross section K we have

WAN, -.-5 URI) = > SENT + OB N(Vo (ys +++ Vork4l))-
oeK

This definition may be used even in a field of finite characteristic.
(b) Show from this definition that w A7 is alternating, and w An = (—1)"’naw.
(Proving associativity is quite messy.)
(c) A permutation o € Sxyy is called a shuffle permutation if o(1) < (2) <+++ <
o(k) and o(k +1) <o(k +2) <+-- <o(k 4). Show that the set of all shuffle

permutations is a cross section of S’.

4. For v eV and w € 2*(V), we define the contraction vw € 2*-!(V) by

(VA@)(U1,.66, Vent) = OY, V1, 0, Vea).

This is sometime also called the inner product and the notation iyw is also used.
(a) Show that

vi(wito) = —wi(via).

(b) Show that if vj,...,0, is a basis of V with dual basis 1,...,¢n, then
0 j #any ig

Yj I(bi, A= A big) = = pee4 bin i) { (=I)! bi, AoA big Ao AG J Stee
(c) Show that for @ € 2*(V) and w2 € 2!(V) we have

vA(@) Aw) = (v1}) Aw? + (—I)kay A (v4.2).

(Use (b) and Finearity of everything)
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(d) Formula (c) can be used to give a definition of @; Aw2 by induction on k +/
(which works for vector spaces over any field): If A is defined for forms of degree
adding up to < k +/, we define

WA 02(Yj,...5 Vest) = [(¥1 101) A we) (v2, ..65 Ve4s)

+ (=Ifer A (v) 1@2)] (v2, Ve)»
Show that with this definition @ A w2 is skew-symmetric (it is only necessary to

check that interchanging v; and v2 changes the sign ofthe right side).
(c) Prove by induction that A is bilinear and that w) A@ = (~1)w, A.
(9 If ¥ is a vector field on M and w a k-form on M we define a (k ~ 1)-form
X10 by

(X¥4w)(p) = X(p)1o(p).

Show that if @; is a k-form, then

X A(w A @2) = (X¥ 401) 002 + (—1koy A(X 402).
5. Show that n functions fj,...,fn: 4 — R form a coordinate system in a
neighborhood of p € Mif and only if dfi A---A dfn(p) #0.
6. Anelement w € 2*(V) is called decomposable if w = ¢ A--+Agx for some
$i EV = QV),

(a) If dimV <3, then every w € 2(V) is decomposable.
(b) If $j, ¢ = 1,...,4 are independent, then w = (gi A d2) + (3 A ga) is not
decomposable. Hint: Look at w Aw.

7. For any w € 2*(V), we define the annihilator of w to be

Ann(w) = {6 € V*: 6 Aw = 0}.

(a) Show that

dim Ann(w) < k,

and that equality holds if and only if w is decomposable.

(b) Every subspace of V* is Ann(w) for some decomposable w, which is unique
up to a multiplicative constant.

(c) If @ and w2 are decomposable, then Ann(w) C Ann(w2) if and only if
@2= @ An for some7
(d) If w; are decomposable, then Ann(w1) Q Ann(w2) = {0} if and only if
@; A @2 # 0. In this case,

Ann(0}) + Ann(w2) = Ann(@ A wr).

(e) If V has dimension n, then any w € 2"—1(V) is decomposable.
(0) Since v; € V can be regarded as elements of V**, we can consider vj A--+A

vy, € 2K(V*), Reformulate parts (a)-(d) in terms ofthis A product.
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8. (a) Let w € 27(V). Show that there is a basis ¢y,...,¢n of V* such that

@ = ($1 A ba) +-+*+ (har A dar).
Hint: If

w= Payhinvi,
i=}

choose ¢ involving 1, ¥3,...,¥n and ¢2 involving ¥2,...,Un So that

w= Agrto’,

where w’ does not involve ¥ or ¥2.

(b) Show that the r-fold wedge product w A+++ Aw is non-zero and decompos-
able, and that the (r + 1)-fold wedge product is 0. Thus r is well-determined;
it is called the rank of w.

(0 If @ = Djej aii A Vy, show that the rank of w is the rank of the ma-
trix (aij).

9. If v1.2.5 Un is a basis for V and w; = D4 ajrvj, show that

det(ajj)w*, A--- Aw, = UAAvn

10. Let A = (ajj) be an nxn matrix. Let | < p <n be fixed, and let g =n—p.
ForH = hy <-++ <hy andK =ky <+++ < kg, let

Giyhy ees yh Aptiky +++ Aptijkg

BY adel: : |, CK =det ; 5 :
phy +++ Apyhip Gnky vee Anke

(a) If v,...,Un is a basis of V and
”

w = ajiny,
j=l

show that

WA A Wy = > BY vy
H

Wppi AvA Wn = Vek ox.
K
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(b) Let H’ = {1,...,2}— H (arranged in increasing order). Show that

0 K#¢H
AUK =

PHU Voy wit Av Ay K =H,
where ey, #7 is the sign of the permutation

Ayshayeeshpskiseeeskg)™

(c) Prove “Laplace’s expansion”

detA =) enn BUCH.
a

11. (Cartan’s Lemma) Let g1,...4% € V* be independent and suppose that
VisserVe € V* satisly

(br A Wa) +++ + (ke A Ve) = 0.
Then

k

Vi =D ajigj, where aj = aij.
jal

12. In addition to forms, we can consider sections of bundles constructed from

TM using Q and other operations. For example, if § =: E > B is a vector
bundle, we can consider 2*(é*), the bundle whose fibre at p is 2*([x~'(p)]*).
Since we can regard

Be as an element of (M,)™,
any section of 2"(7*M) can be written locally as

a a

hagt 8 aga

(a) Show that if

ug AoA ug h u Nr uBayt 8 Gye = aT Se
then

,ay!
V7

h =e [a (35)] .
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This shows that sections of 2"(7*M) are the geometric objects corresponding
to the (even) relative scalars of weight —1 in Problem 4-10.

(b) Let 7;*"1(V) denote the vector space ofall multilinear functions

Vx XV xX VE x x VE OMY).QCEAROOESLESAPESLAS‘A times times

Show that sections of 7;“"(7M) correspond to (even) relative tensors of type
(4) and weight 1. (Notice that if vj,...,un is a basis for V, then elements of
2"(V) can be represented by real numbers [times the element v*) A---Av*n].)

(0) If Tky(V) is defined similarly, except that 2”(V) is replaced by 2”(V*),
show that sections of J;f\(TM) correspond to (even) relative tensors of type (7)
and weight —1.

(4) Show that the covariant relative tensor of type (°) and weight | defined in
Problem 4-10, with components e!'-~", corresponds to the map

V* x eeex VES QV)RARRIOCORLE,

n times.

given by (¢1,..-,¢n) > o1 A-+-A@n. Interpret the relative tensor with com-
ponents &j,...;, similarly.
(c) Suppose 2""(V) denotes all functions 9: V x «-» x V — R which are of
the form

N(1,--+5Ux) = [W(V1,--.,¥n)]” wan integer
for some w € 2"(V). Lee T4"™)(V) be defined like 7;”), except that 2"(V) is
replaced by 2""”(V). Show that sections of 7;‘""}(7M) correspond to (even)
relative tensors of type (7) and weight w, Similarly for Tif):
(() For those who know about tensor products V @ W and exterior algebras

A(V), these results can all be restated. We can identify 7;{(V) with

k U@ VeQ@V=Vte--eV'eVe--eV.8 BUONO OY
‘& times Ttimes

Since 2"(V) = A™(V*) = [A™(V)]*, we can identify

k UTV) with RQ vre@ veay)

k UTiim(V) with &) V*@®@ Vea’.
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Consider, more generally,

. k U w

oem) = @ v*@@ V@ @ A™YV)
. k t w

Thaw”) =@ V°@@ Va@" anv.
Noting that A"(V)@---@A”(V) is always 1-dimensional, show that sections of

THY TM) and Tif,y(TM) correspond to (even) relative tensors of type (7)
and weight w and —w, respectively.

13. (a) If V has dimension n and A: V - V is a linear transformation, then
the map A*: 2"(V) + 2"(V) must be multiplication by some constant c.
Show that ¢ = det A. (This may be used as a definition of det A.)

(b) Conclude that det AB = (det A)(det B).

14. Recall that the characteristic polynomial of A: V > V is

x(A) = det(Al — A)

= N" — (trace AAT! +--+ 4 (-1)" det A

SAM A"m! 4 cg?$+ (= On.

(a) Show that cz = trace of A*: Qk(V) > QK(V).
(b) Conclude that cx (AB) = cx (BA).

(©) Let 8/'"7* be as defined in Problem 4-5 (xiii). If A: V + V has a ma-
trix (a/) (with respect to some basis), show that

1 ; ,COA = BLE aie a
* dn essadpe
Jivondk

Thus, if5 is as defined on page 130, and A is a tensor of type (1), then thefunction p +> ce(A(p)) can be defined as a (2k)-fold contraction of

A@---@ AS.
CO Se

& times

15. Let P(X;;) bea polynomial in n? variables, For every nxn matrix A = (aij)
we then have a number P(aj;). Call P invariant if P(A) = P(BAB™?) for
all A and all invertible B. This problem outlines a proof that any invariant P
is a polynomial in the polynomials c},...,¢n defined in Problem 14. We will
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need the algebraic result that any symmetric polynomial Q()1,...,)n) in the n
variables y),...,, can be written as a polynomial in oj,...,0n, where 9; is
the i" elementary symmetric polynomial of yj,..., Yn. Recall that the o; can
be defined by the equation

n

T] 0-90 = 9" - ory +--+ (-1)" on.
ist

Thus, they are the coefficients, up to sign, of the polynomial with roots y1,...,
Yn. Since the eigenvalues 41,...,4n ofa matrix A are, by definition, the rootsof the polynomial x(A), it follows that

ci(A) = oj (Aas... An).

‘We will first consider matrices A over the complex numbers C (the coefficientsof P may also be complex).

(a) Define Q()1,-.-,¥n) to be P(A) where A is the diagonal matrix

Oy

Then there is a polynomial & such that

QePn)= ROL Vas Vande On Vis sees Pn)»
The polynomial & has real coefficients if P does.
(b) P(A) = R(e1(A),...,€n(A)) for all diagonalizable A.

(c) The discriminant D(A) is defined as J],.j;(4: — 4y)®, where A; are the
eigenvalues of A. Show that D(A) can be written as a polynomial in the entries
of A.

(d) Show that P(A) = R(¢,(A),...;¢n(A)) whenever D(A) # 0. Conclude, by

continuity, that the equation holds for all matrices A over C. (This last conclu-

sion follows even if C is replaced by some other field, since the set where D # 0
is Zariski-dense; this is “the principal of irrelevance of algebraic inequalities”,
compare pg, V.375.)
Now suppose that the coefficients of P are real and that P(A) = P(BAB™!)

for all real A and reat invertible B.

(c) The same equation holds for complex A and complex invertible B. (Regard
the equation as n? polynomial equations in the aj; and bj.)
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16. (a) Let vj,...,vp be a basis for V, and let wi,...,wz € V be givenby
1

wy = Sayin;
jal

For w € 2*(V) show that

@(Wi1,...,We) = > G7O(Vi,,+. 5 Vig),
Imi <cig

where a is the determinant of the k xk submatrix of («;) obtained by selecting
rows i},...5ik.

(b) Generalize Theorem 7 and Corollary 8 to k-forms.
(c) Check directly from (b) that the definition of d does not depend on the

coordinate system.

17. Show that d(Q)j<; aij dx! a dx/) = 0 if and only if

Ooi; — Baik | DayK -oG
ak -a07 +a =0 foralli< j<k.

18. In Problem 5-14 we defined LyA for any tensor field A.
(a) Show that if w is a k-form, then so is Lyw.(b) Show that

Lx (wi Aa) = Lywy Aw, + 0 A Ly wr.
(0) Using 5-14(e), show that

X(O(M,.--»Xe) = Lx (W(%,..-»Xk)
= Lyo(%,...,Xe)

k

+ PEDO,KA, Xs.KisXe)ist
(d) Deduce the following two expressions:

do(X,..., Xe41)
k+I

.

= VenLy0%...Ki. Kea)
int

+ RI HX, Xp], Xt oe Kise Rye ey Met)
iy
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dw(X,..., Xai)

1 A+
=FCDMON, Kiss Mega)int

$ Lx, (May Kins Meta}
(ce) Show that

XAdw = Lyw —d(X 10),

ie,

do(M,...,Xksi) = (Lx, @)(X2, «+ +1 X41) — d(Mi 1)(X2,..., Xe)

(This may be used to give an inductive definition of d.)

(() Using (¢), show that d(Lx #) = Ly (dw).
19. Let ajj be n? functions on R” with aij = aj. Show that in order for there

to be functions #1,...,¥, in a neighborhood ofany point in R” with

_ 1 (aur, au= 3 \ aa * ax!
it is necessary and sufficient that

aay Paix Pay Pare
afor alli, j,k 1.axkaxl ~ Axlax! = Gxkaxt  Oxfaxt OANA Aka!

Hint: First set up partial differential equations for the functions fj, = du, /Ox*—
uz /Ax/, and use Theorem 6-1.

20. Compute that

«dy — yd.gor = X= Pax
x+y

(At most places 6 = arctan y/x [+a constant].

21. (a) If w isa 1-form f dx on [0, 1] with (0) = f(1), show that there is a

unique number A such that w—’ dx = dg for some function g with g(0) = g(1).
Hint: Integrate the equation w — A dx = dg on [0,1] to find A.
(b) Leti: S! — R?—{0} be the inclusion, and let 0 = i*(d6). If¢: [0,1] > S!is

c(x) = (cos2zx, sin 2x),

show that

c*(o') = Qn dx.

(0) If w is a closed 1-form on S! show that there is a unique number A such
that w — Ao’ is exact.
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22. (a) Show that every w € 2*(Yj @ V2) can be written as a sum of forms
@; A @2 where w; has degree @ and w2 has degree B = k — 0 and

@1(0},...,Uz) =0 if some v; € V2

@2(Y4,...,0g)=0 ifsome v; € Yi.

(b) If dim ¥ = 1, and 0 #4 € V4", then w can be written uniquely as @; +
(wz AA), where @ is a k-form and w» is a (k — 1)-form such that

@(Uj,...,Uk) =0 if some v; € V2

@2(Yj,..-,Uk-1) =0 ifsome y; € V2.

23, Let Uc R" bean open set star-shaped with respect to 0, and define H : Ux
[0,1] > U by H(p,1) = tp. If

= DY why dx A ndxk
ewnix

on U, show that

I(H*w)

ze 1 . - —=v yeoe'(f Va alts) a) x!@ dxl'n...ndxlan...ndx'k,icp @=1 0

24. (a) Let U C R* be abounded open set such that R?-U is connected. Show
that U is diffeomorphic to R?, and hence smoothly contractible to a point. (The
converse is proved in Problem 8-9.) Hint: Obtain U as an increasing union of

sets, the k* set being a finite union of squares containing the set of points in U
whose distance from boundary U is < 1/k.

\

COCEECECC Cele cere eer

EEREEERECEP as CH
COA Sea
gscnbessneyaceennneny
NELOpETEBRTCEEEEEEEllBCESBAE an SSRNROy BalCN eeEESCEEE

CEES EEPCOSSCCeCe seeer
COCR

(b) Find a bounded open set U C R? such that R? - U is connected, but U is
not contractible to a point.
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25. Let U c R" be an open set star-shaped with respect to 0. Is U homeo-
morphic to R"? (It would certainly appear so, but the “obvious” proof does

not work, since the length ofrays from 0 to the boundary of the set could vary

discontinuously.)

26. Let { , ) be the usual inner product on R”,

(a,b) = Yate!
ist

(a) If v4,...,Un-1 € R”, show that there is a unique vector vj x +++ X Un—1 € R”
with

w

vy(uy X +++ X Upna,W) -u( : for all we R”.Una

(b) Show that x --.x € 2"71(R"), and express it in terms ofthe e*;, using the

expansion ofa matrix by minors.
(©) For R? show that

vx w= (vw — vw, vw! — vw, ow? — vw).

(First find all e; x e;,)

27. {a) If f: R" — R, define a vector field gradf, the gradient of /, on R”by
n n

af a a

Introducing the formal symbolism

“ av=
» Di5eia
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we can write grad f = Vf. If (grad f)(p) = wp, show that

Dy f(p) = (vw),

where Dyf(p) denotes the directional derivative in the direction v at p (or
simply v,(f), if we regard vp € R",). Conclude that V/(p) is the direction in
which f is changing fastest at p.

(b) If ¥ = Dt, a!/ax! is a vector field on R", we define the divergence
of X as

no

. aa!
dv¥= yo.ivX => ial

i=l

(Symbolically, we can write div ¥ = (V,X).) We also define, for n = 3,

curl ¥ (= V x X)

= (32_ dat) a | (aa!_ aa?) 9 | (aa? dal) a= Vani ~ and) axt 7 aad 7 ant) Ot Tat 7 ot)
Define forms

wy =a! dx +a" dy +a° dz

my =aldyndz+a?dzadxt+a°dxady.

Show that

df = Wgrad

(my) = Neux
d(nx) = (div X) dx Ady Adz.

(c) Conclude that

curl gradf=0
div curl X =0.

(@) If X is a vector field on a star-shaped open set U C R" and curl ¥ = 0,
then X = grad f for some function f: U > R. Similarly, if div ¥ = 0, then

X = curl ¥ for some vector field ¥ on U.
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INTEGRATION

ah basic concept of this chapter generalizes line and surface integrals,which first arose from very physical considerations. Suppose, for example,

that ¢: [0,1] > R? is a curve and w = f dx + g dy is a 1-form on R? (where

tig: R? > R, and x and y denote the coordinate functions on R?). If we
choose a partition 0 = fo < -++ < fq = 1 of [0,1], then we can divide the curve c
into n pieces, the i"* piece going from c(tj-1) to c(t). When the differences
t; ~ tj. are small, each such piece is approximately a straight segment, with

e()

et)

CE) A |< (4) — C41)

(0) Ci) es!h(n) — eG)

horizontal projection c!(#;) — ¢!(4—-1) and vertical projection ¢?(4;) — ¢?(t-1).
We can choose points ¢(&;) on each piece by choosing points &; € [f-1,4]- For

each partition P and each such choice & = (£1,...,), consider the sum

"

S(P,E) = > Sees) ~ aN) + BCE) LOU) — 71D).
i=

If these sums approach a limit as the “mesh” ||P] of P approaches 0, that is,
as the maximum of 4; ~ f;~; approaches 0, then the limit is denoted by

[ fdx+gdy.lc

(This is a complicated limit. To be precise, if || P| = max(i; — 4-1}, then the

equation ‘
lim _ S(P,&) = dx dym5 >) fs x +g dy

239
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means: for all ¢ > 0, there is a 5 > 0 such that for all partitions P with || P|] < 6.
we have

sr ~ [pax +20] <éc

for all choices & for P.)

The limit which we have just defined is called a “line integral”; it has a natural
physical interpretation. If we consider a “force field” on R?, described by the
vector field

tut Ug

™ feo
then S(P,) is the “work” involved in moving a unit mass along the curve ¢ inthe case wherec is actually a straight line between s;_; and 4 and f and g are
constant along these straight line segments; the limit is the natural definition
of the work done in the general case. (In classical terminology, the differential
f dx + g dy would be descriloed as the work done by the force field on an “in-

finitely smal)” displacement with components dx, dy; the integral is the “sum”

of these infinitely small displacements.)
Before worrying about how to compute this limit, consider the special case

where

yo

et) = @, yo).

H

In this case, ¢'(t;) — c'(ti-1) = t — 1, while €2(t;) ~ c7(4-1) = 0, so

a

SCPE = Do Si, YON ~ G1).
isl
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These sums approach

1[se +edy -[ SPlx, yo) dx.F 0

On the other hand, if

Yor #———*

e(t) = b+ (1 —1)a, yo),

a b

then el (ts) ~ cl (ti-1) = (@ ~ a) — 4-1), 80

1

S(P,) = (b~a)- S> Gib + (1 ~ a, Yo)ti ~ ti-1).
iat

These sums approach

1 b

o- of S(xb + (1 —x)a, yo) dx ~f Se, yo) dx.0 a

In general, for any curve c, we have, by the mean value theorem,

Ma) — Ga)=u - tr) ar € [r=4]
(4) = ia) = (BMG 1) Bi € [fetta].

So
n

S(P.E) = SO { SleE yeaa) + ale Gde"(B)}  ~ 4-1).
isl

A somewhat messy argument (Problem 1) shows that these sums approach what
it looks like they should approach, namely

1f reare"o + ecw" 4.cy

Physicists’ notation (or abuse thereof) makes it easy to remember this result.
The components c!,c? of ¢ are denoted simply by x and y [i.e., x denotes
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xoe and y denotes yo ¢; this is indicated classically by saying “let x = x(¢),

y = y()”]. The above integral is then written

i dx dy[resvea= ['[son$ +eon$] a.
In preference to this physical interpretation of “line integrals”, we can in-

troduce a more geometrical interpretation. Recall that de/dt(g;) denotes the

et)

cide,
Fe)

e(4—1)

tangent vector of ¢ at time ;. Then the sums

2 de@ Lown($a) =aist

n

= Use"Es) + alee" EN) i — 1)i=l
clearly also approach

1

fete" + etenre"oyar
Consider the special case where ¢ goes with constant velocity on each (t;—1, 4).
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If we choose any & € (f;~1, 07), then

length of a) = the constant speed on (¢;-1,41)
__ length of the segment from e(é~1) to c(t)
7

uta ,
so

[lene of Se} + (tj — G1) = length of segment from c(;-1) to et).
In this case,

“ de

> [ieneth of ea] “(i -t-1)isl a
is the length of ¢, and the limit of such sums, for a general c, can be used as a

definition of the length of c. The line integral

[ w = limit of the sums (*)ec

can be thought of as the “length” of ¢, when our ruler is changing contin-
uously in a way specified by w: Notice that the restriction of w(c(¢)) to the
i-dimensional subspace of R?,¢n spanned by de/dt is a constant times “signed
length”, The natural way to specify a continuously changing length along c

is to specify a length on its tangent vectors; this is the modern counterpart of
the classical conception, whereby the curve ¢ is divided into infinitely small

parts, the infinitely small piece at c(t), with components dx, dy, having length
S(e()) dx + g(e(t)) dy.

Before pushing this geometrical interpretation too far, we should note that
there is no i-form w on R? such that

f{ w=length of ¢ for all curves.ec

It is true that for a given one-one curve ¢ we can produce a form w which works
for ¢; we choose w(c(¢)) € 2'(R%() so that

x

x

d xoo ($f) =1, .dt f

‘kernel ex(e(0))
x

(choosing the kernel of w arbitrarily), and then extend w to R*. But if ¢ is
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not one-one this may be impossible; for example, in the situation shown below,

there is no element of &1(R?,,)) which has the value 1 on all three vectors.
In general, given any w on R? which is everywhere non-zero, the subspaces
Ap = ker w(p) form a 1-dimensional distribution on R?; any curve contained
in an integral submanifold of A will have “length” 0. Later we will see a way
of circumventing this difficulty, if we are interested in obtaining the ordinary
Jength ofa curve. For the present, we note that the sums («), used to define this

generalized “length”, make sense even if c is a curve in a manifold M (where
there is no notion of “Jength”), and w is a 1-form on M, so we can define fo
as the limit of these sums.

One property of line integrals should be mentioned now, because it is ob-
vious with our original definition and merely true for our new definition. If

p: [0,1] + [0,1] is a one-one increasing function from [0, 1] onto [0,1], then the

curve ¢o p: [0,1] > M is called a reparameterization of c—it has exactly the
same image as c, but transverses it at a different rate. Every sum S(P,&) for ¢
is clearly equal to a sum S(P’,£") for ¢ © p, and conversely, so it is clear from
our first definition that for a curve ¢: [0,1] + R? we have

fe Leic [cop

(“the integral of w over ¢ is independent of the parameterization”). This is no

longer so clear when we consider the sums («) for a curve ¢: [0,1] > M, nor is

it clear even for a curve c: [0, 1] > R?, but in this case we can proceed right to
the integral these sums approach, namely

1f [PeM)c"O + g(e@))e*) dt.
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The result then follows from a calculation: the substitution ¢ = p(w) gives

1

[rarer + eemeonar
py 5= f seo, LEMME (PL) + 8 (PON) HCN)] pw) duA

1

= f [fle > pw)y(ee p)"(u) + gle> pU))(e° p)*"u)) du.0

For a curve in R", and a I-form » = 7", @ dx', there is a similar calcula-
tion; for a general manifold M, we can introduce a coordinate system for our
calculations if ¢([0, 1]) lies in one coordinate system, or break ¢ up into several
pieces otherwise. We are being a bit sloppy about all this because we are about

to introduce yet a third definition, which wil] eventually become our formal
choice. Consider once again the case ofa 1-form on R?, where

1f w= f [FeM)e"@+ gee] at.ic 0

Notice that if ¢ is the standard coordinate system on R, then for the map
c: [0, 1] > R? we have

c*(f dx + g dy) =(f oc)e*(dx) + (g oc)c*(dy)

=(fcc)d(xoc)+(g 0c)d(yoc)
=(foc)e’ dt +(g occ” dt,

so that formally we just integrate c*(f dx + g dy); to be precise, we write
e*(f dx + gdy) = hdt (in the unique possille way), and take the integral
of 4 on (0, 1].

Everything we have said for curves c: [0,1] > R" could be generalized to
functions ¢: [0, 1]? > R”. If x and y are the coordinate functions on R?, let

ac acae _ (2 y &
ax Lox

ae ( a ) _=~ =a(—}.

ay ay

For a pair ofpartitions so < --- < 5m and f <--- < t of [0,1], if we choose
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&j € [si-1,51] x [41,4] and @ is a 2-form on R", then

AA SET
Sint Si

Ea acwtetéy) (FE) xe)6G ~ 4-0)
is a “generalized area” of the parallelogram spanned by

ac ac

Pra wei
‘The limit of sums ofthese terms can be thought ofas a “generalized area” of ¢.To make a Jong story short, we now proceed with the formal definitions.

A C® function c: [0,1] > M is called a singular k-cube in M (the word
“singular” indicates that ¢ is not necessarily one-one). We will Jet [0, 1° = R° =
0 € R, so that a singular 0-cube ¢ is determined by the one point c(0) € M.

The inclusion map of [0, 1J* in R* will be denoted by 7*: [0, 1]! > RF; it is
called the standard k-cube.

If w isa k-form on (0, 1}*, and x!,..., x* are the coordinate functions, then w
can be written uniquely as

w= fdx'a---rdx*.
We define

= f SO,....x*) dat... dxt

0.| 5 ms | f in classical notation, which modern },
foe font notation attempts to mimic as far

as logic permits

If w is a k-form on M, and c is a singular k-cube in M, we define

[oe f ctw,ec

(oye

where the right hand side has just been defined. For k = 0, we have a special
definition: a 0-form is a function f, and for a singular 0-cube ¢ we define

[f= P09.lc
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1. PROPOSITION. Let c: [0,1]” > R" be a one-one singular n-cube with
det c’ > 0 on [0, 1]. Let w be the n-form

w= fdx'r---rAdx".

Then

¢for fe [Le©
eaten"

PROOF. By definition,

[ De | ctw)le

fone

= | (fec)(dete!)dx! A---Adx" by Theorem 7-7
foray"

= | (fec)|detel|dx! A... Adx" by assumption
fo,1)"

= f f by the change of variable formula. ¢
e({0,1)")

2. COROLLARY. Let p: [0, 1]* > [0,1]}* be one-one onto with det p’ > 0,
let c be a singular k-cube in M and let w be a k-form on M. Then

{on f @.le cop
PROOF, We have

f w= f (co p)to = f P*(c*w)
cop (0,118 (0,1)*

= / c*(w) _ by the Proposition, since p is onto
fo"

= [ 0. %lc
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The map cop: [0,1] > M iscalled a reparameterization of c if p: [0, 1] >
[0, 1} is a C& one-one onto map with det p’ # 0 everywhere (so that p~! is
also C™); it is called orientation preserving or orientation reversing depending
on whether det p’ > 0 or det p’ < 0 everywhere. The corollary thus shows
independence of parameterization, provided it is orientation preserving; an ori-

entation reversing reparameterization clearly changes the sign of the integral.
Notice that there would be no such result if we tried to define the integral over ¢
ofa C® function {: M — R by the formula

| foe.
{0,1

For example, if c: [0,1] > M then

1 1f Sle(t))dt is generally # f Sle(po) dt.0 0

Froma formal point of view, differential forms are the things we integrate be-
cause they transform correctly (i.¢., in accordance with Theorem 7-7, so that

the change of variable formula will pop up); functions on a manifold cannot be
integrated (we can integrate a function f on the manifold R* only because it
gives us a form fdx'A+--Adx*),
Our definition of the integral of a k-form w over a singular k-cube ¢ can

immediately be generalized. A k-chain is simply a formal (finite) sum of singular
k-cubes multiplied by integers, e.g..

ley — 2¢2 + 303.

The k-chain 1c) = 1 - cy will also be denoted simply by cy. We add k-chains,
and multiply them by integers, purely formally, e.g.,

(cy + 34) + (—2)(cr +3 + ¢2) = ~2e2 — 2e3 + 64.

Morcover, we define the integral of w over a k-chain ¢ = 7; a;¢; in the obvious
way:

w=) a; | ow.ona Ee,
7

The reason for introducing k-chains is that to every k-chain ¢ (which may be
just a singular k-cube) we wish to associate a (k ~ 1)-chain ac, which is called

the boundary of ¢, and which is supposed to be the sum ofthe various singular



Integration 249

(k = 1)-cubes around the boundary of each singular k-cube in ec. In practice, it

is convenient to modify this idea. The boundary of /?, for example, will not be

the sumofthe four singular 1-cubes indicated below on the left, but the sum,

=I

-1 +1

+1

with the indicated coefficients, of the four singular 1-cubes shown on the right.
(Notice that this will not change the integral ofa 1-form over 0/7.) For each iwith 1 < i <n we first define two singular (n — 1)-cubes Tio) and Tay (the
(i,0)-face and (i, 1)-face of 1”) as follows: If x € (0, 1]"~!, then

Too) = 1110,240x74)
Hl.ox xt),

Ty) = 1", Bt)
a(tixt xt).

ay

,
Tio Ki

Tho) Ta

Te.)
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The (i,a)-face of a singular n-cube c is defined by

Cay = 6° Thay)»

(1,0)etl) can
c

C@,0)

(0) aD

Now we define
n

c= > YH)! cG,0-
i=1 a=0,1

Finally, the boundary of an n-chain 37, a;¢; is defined by

(Sar) = 4/8).a i

These definitions all make sense only for n > 1. For the case of a 0-cube

c: [0,1]° > M, which we will usually simply identify with the point P = c(0),
we define ac to be the number 1 € R, and for a 0-chain 7; ajc; we define

a(Saier) = Saja) = Yai.i a i

Notice that for a I-cube ¢: [0,1] > M we have

8¢ = e(1,1) - €41,0)>

so

(ac) =1-1=0.

We also have, for a singular 2-cube c: [0,1]? > M,

q

Ss

Be = 41,1) = Ce,1) = €44,0) + €2,0)5 oo rom
a(ac) = (R— Q)—(R-S) P

—(S

- P)+(Q- P) 2.0)=0. R
Q ea)
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From a picture it can be checked that this also happens for a singular 3-cube,
a good exercise because this involves figuring out just what the boundary ofa3-cube looks like. In general, we have:

3. PROPOSITION. If c is any n-chain in M, then (dc) = 0. Briefly, 3? = 0.

PROOF. Let

i < j <n—1, and consider (Jf. 4y)y,g). For x € (0,1]"-?, wehave, from the definition

Tay G,B) 09 = MuayLG pO)
Ee (HN Cane aSEEPSSS)
=I tax! Bad),

Similarly,

Casey = 1641.0) May PD

= Han pyle ext 0x8...)

HIM xa xt IT Bix x7).

Thus (4 as)¢,p) = UParp))gay rt <j <= 1, Ie follows easily for any
singular n-cube ¢ that (¢(7,«))¢j,8) = (¢y+1,6))(é,a) for i < j <n—1. Now

a
:

ae =a(> DO (-0'*eu0)
f=1a=0,1

n m~t

7HV VY LVoiew*eas e.s)-.
i=1 @=0,1j=1 B=0,1

In this sum, (ci,a))(j,A) and (¢(j-41,6)) (a) Occur with opposite signs. Therefore
all terms cancel in pairs, and 8(c) = 0. Since the theorem is true for singular

n-cubes, it is clearly also true for singular n-chains.

Notice that for some n-chains ¢ we have not only (9c) = 0, but even dc = 0.
For example, this is the case if ¢ = cy — ¢2, where ¢; and cz are two I-cubes
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with ¢)(0) = ¢2(0) and ¢;(1) = ¢2(1). If ¢ is just a singular 1-cube itself, then

a 2CQ
dc = 0 precisely when c(0) = e(1), i.e., when c is a “closed” curve. In general,

any k-chainc js called closed if d¢ = 0.
Recall that a differential form w with dw = 0 is also called “closed”; this

terminology has been purposely chosen to parallel the terminology for chains

{on the other hand, a chain of the form de is not described, reciprocally, by
the classical term of “exact”, but is simply called “a boundary”). This parallel
terminology was not chosen mcrely because ofthe formal similarities between ¢

and @, expressed by the relations d? = 0 and 9? = 0. The connection between
forms and chains goes much deeper than that. For example, we have seen that
on R? — {0} there is a 1-form “d” which is closed but not exact. There is also a

I-chain ¢ which is closed but not a boundary, namely, a closed curve encircling
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the point 0 once. Although it is intuitively clear that ¢ is not the boundary of a

2-chain in R? — {0}, the simplest proof uses the theorem which establishes the
connection between forms, chains, d, and @.

4. THEOREM (STOKES’ THEOREM). If w isa (k—1)-form on M and is
a k-chain in M, then

f dw = f etc ac

PROOF. Most of the proof involves the special case where @ is a (k — 1)-form
on R* and c = J*, In this case, w is a sum of (k — 1)-forms ofthe type

Sax! no nde ne ndsk,

and it suffices to prove the theorem for each of these. We now compute. First,
a little notation translation shows that

kx, 1 ai kePowe TG) (f dx' A+-- A dx! A+++ A dx")

0 ny di

= | | Slax dxldx® ity si.fo.

Therefore

f Sax! Avindxins nakark
ui —

=D yc f Th gt fds A. Ada Ao ndx*)jal and) foe

=(-nH f LO scyeex®)dot... dat
fo,ny*

+(-1! f LO... 0...) dat. dak,
fo.1y*
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On the other hand,

ff af dx! n---n Oxi n-- ndx*)qk

= f Dif dx! dx! N.n dxtno ndx®
f0,1)7*

=(-p! | Dif.
fo,1*

By Fubini’s theorem and the fundamental theorem of calculus we have

fdas nnd nc nds)tk

1 1 _=n f =| Difax) ds!) dx'... dsl... dx*0 o

7

1 1

=n f ff [P68 ete)0 0

F080 24) dx... dx... ax®

RCV fF cet oA dst at
toa

+(-1 | T0850,axl dk.
fon

‘Thus ff de = f @.tk ark

For an arbitrary singular k-cube, chasing through the definitions shows that

ae ark

Therefore

feo=f rtd) = f aera) = f cox f o.c tk ik ark ac

The theorem clearly follows for k-chains also. +
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Notice that Stokes’ Theorem not only uses the fundamental theorem of cal-
culus, but actually becomes that theorem when ¢ = J! and w = f.
As an application of Stokes’ Theorem, we show that the curve c: [0,1] >

R? — {0} defined by

ce

c(t) = (cos 2x, sin 2x1), rans
although closed, is not 4c? for any 2-chain c?. Ifwe did have ¢ = 4c?, then wewould

have fo=fe d= f aas)= f o=0.c ‘cz 2 ic?
But a straightforward computation (which will be good for the soul) shows that

-y x

d=] Say = 28.[ @ [weetae Ly
[There is also a non-computational argument, using the fact that “d6” really
is dO for 6: R? — (0,00) x {0}) > R: We have

f @=00-9-60,
elle te}

and @(1 —£) — O(£) > 2” ase 0]
Although we used this calculation to show that ¢ is not a boundary, we could

just as well have used it to show that w = “d@” is not exact. For, if we had
w = df for some C® function f: R? — {0} + R, then we would have

a= fo=far=f sa [reo.c ic ae 0
We were previously able to give a simpler argument to show that “d6” is not
exact, but Stokes’ Theorem is the tool which will enable us to deal with forms

on R" — {0}. For example, we will eventually obtain a 2-form w on R3 — {0},

_ XdyAdz—ydx Adz+zdx AdyCk
G+ y2 +222
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which is closed but not exact. For the moment we are keeping the origin of w a

secret, but a straightforward calculation shows that dw = 0. To prove that w is
not exact we will want to integrate it over a 2-chain which “fills up” the 2-sphere
S? CR? ~ {0}. There are lots of ways of doing this, but they all turn out to give
the same result. In fact, we first want to describe a way of integrating n-forms

over n-mantifolds. This is possible only when M is orientable; the reason will
be clear from the next result, which is basic for our definition.

5. THEOREM. Let M be an n-manifold with an orientation yz, and let c1,c2:

[0, 1)" + M he two singular n-cubes which can be extended to be diffeomor-
phisms in a neighlorhood of [0, 1”. Assume that ¢, and cz are both orientation

preserving (with respect to the orientation % on M, and the usual orientation
on R"). If @ isan n-form on M such that

support @ C ¢([0, 1]”) Ne2([0, 1]"),

then

feo=fo.ct 2

PROOF. We want to use Corollary 2, and write

fo-f o= fo.c2 je20(e2~1 0c) 1
The only problem is that ¢2! cy is not defined on all of [0, 1]" (it does satisty
det(c27' ec)’ > 0, since ¢; and ¢2 are both orientation preserving). However, a
glance at the proof of Corollary 2 will show that the result still follows, because
of the fact that support @ C cy ([0, 1]”) N ¢2([0, 1]”).

‘The common itumber [ @, for singular n-cubes ¢: [0,1] > M with sup-lc

port & C ¢({0, IJ") and ¢ orientation preserving, will be denoted by

feM
If w is an arbitrary n-form on M, then there is a cover © of M by open sets U.

each contained in some ¢([0, 1"), where ¢ is a singular n-cube ofthis sort; if ®

is a partition of unity subordinate to this cover, then

Lee'M
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is defined for each ¢ € ®, We wish to define

w=) f oo.I, gcaM

We will adopt this definition only when @ has compact support, in which case
the sum is actually finite, since support @ can intersect only finitely many of the

sets {p : o(p) # 0}, which forma locally finite collection. Ifwe have another
partition of unity W (subordinate to a cover (’), then

Lf eoe-Lf Lvlf vow:ea M ged yew ded yew

these sums are all finite, and the last sum can clearly also be written as

LU fewe=yf we,wed pedo M wey’ M

so that our definition does not depend on the partition. (We really should denote

this sum by

(Mn)

for the orientation —. of M we clearly have

1 ied(M,-#) (Mu)

However, we usually omit explicit mention of 1.)
With minor modifications we can define fy, @ even if M is an n-manifold-

with-boundary. If MC R” is an n-dimensional manifold-with-boundary and

f: M — RB has compact support, then

f fax! Anat = ff.M
M

where the right hand side denotes the ordinary integral. This is a simple conse-

quence ofProposition }. Likewise, if f: M” — N” is a difleomorphism onto,

and w is an n-form with compact support on N, then

f @ if f is orientation preserving5
N[ fe=

M

- f a if f is orientation reversing,IN
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Although n-forms can be integrated only over orientable manifolds, there is
a way of discussing integration on non-orientable manifolds. Suppose that w is
a function on M such that for each p € M we have

op) =I|np| for some np € 2"(My),

i.e, for any n vectors v1,..-.Un € Mp we have

(P)(V1y+++ Un)= Mp (U1y +++ Un)! 2 0.
Such a function is called a volume element—on each vector space it deter-

mines a way of measuring n-dimensional volume (not signed volume). If (x, U)
is a coordinate system, then on U we can write

w= fldx'A---Adx"| forf = 0;

we call » a C® volume element if f is C°°. One way ofobtaining a volume

element is to begin with an n-form n and then define w{p) = |n(p)|. However,

not every volume element arises in this way—the form np may not vary con-
tinuously with p. For example, consider the Mébius strip M, imbedded in R?.
Since M, can be considered as a subspace of R3,, we can define

(P)(Up, Wp) = area of parallelogram spanned by v and w.

It is not hard to see that is a volume element; locally, w is of the form w = |n|
for an n-form n. But this cannot be true on all of M, since there is no n-form 7

on M which is everywhere non-zero.

Theorem 7-7 has an obvious modification for volume elements:

7-7, THEOREM. If f: M > N is a C™ function hetween n-manifolds,
(x, U) is a coordinate system around p € M, and (y,V) a coordinate system
around g = f(p) € N, then for non-negative g: V + R we have

acy!Ig ldy! A Ady") = (go f)- fac (5°) sds! As nds"),
PROOF, Go through the proof of Theorem 7-7, putting in absolute value signs
in the right place.
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7-8’, COROLLARY. If (x,U) and (y, V) are two coordinate systems on M
and

gidy!A---Ady"|=h|dx!a---Adx"| — g,h>0
then

a
y&=g-ldet |— ]].«b(n

[This corollary shows that volume elements are the geometric objects corre-
sponding to the “odd scalar densities” defined in Problem 4-10.]

Tt is now an easy matter to integrate a volume element w over any manifold.
First we define

f o= | ft forw=f|dx'a---adx"|, f20.
be fo,1)"

Then for an »-chain ¢: [0,1]" > M we define

fo=f[ ee.ic fo1y"

Theorem 7-7’ shows that Proposition | holds for a volume element w = f |dx!A
-+-Adx"| even if dete’ isnot > 0. Thus Corollary 2 holds for volume elements
even if det p’ is not > 0, From this we conclude that Theorem 5 holds for

volume elements @ on any manifold M, without assuming ci, orientation
preserving (or even that M is orientable). Consequently we can define fry ©
for any volume element with compact support
Of course, when M is orientable these considerations are unnecessary. For,

there is a nowhere zero n-form 7 on M, and consequently any volume element w
can be written

w=f\ln|, f 20.

If we choose an orientation pu for M such that w(vj,...,Un) > 0 for v),...,Un

positively oriented, then we can define

[e= fi ot™M (Mn)

Volume clements will be important later, but for the remainder of this chapter
we are concerned only with integrating forms over oriented manifolds. In fact,
our main result about integrals of forms over manifolds, an analogue of Stokes’
Theorem about the integral of forms over chains, does not work for volume
elements.
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Recall from Problem 3-16 that if M is a manifold-with-boundary, and p €
aM, then certain vectors v € M, can be distinguished by the fact that for any
coordinate system x: U — H” around p, the vector x4(v) € H"¢cp) points
“outwards”. We call such vectors v € My “outward pointing”. If M has an

ca” < Lr

orientation p1, we define the induced orientation 9: for 2M by the condition that

[u1...-,Un—1] € (8), if and only if [w,v1,...,Un—1] € Mp for every outward
pointing w € My. If u is the usual orientation of H", then for p = (a,0) « H”
we have

Mp = ((er)ps-+++(€n)p) = (=1)""[en)ps(€1)ps+s (en=1)p]
= (=1)"[(~en)ps (€1)ps---» (@n~1)p]-

Since (~en)p is an outward pointing vector, this shows that the induced orien-
tation on R"~! x {0} = 9H” is (—1)” times the usual one. The reason for this

choice is the following. Let ¢ be an orientation preserving singular n-cube in

(M, p) such that 8M NM ¢([0,1}") = eG,0)([0, 1]"7!). Then c(,0): [0,1]! >

; 0)
(8M, 0) is orientation preserving for even n, and orientation reversing for
odd n. If w is an (n — 1)-form on M whose support is contained in the interior
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of the image of ¢ (this interior contains points in the image of c(n,0)), it follows
that

[ w= (-1)" f @.
in. ‘aM — support @

But c(n,0) appears with coefficient (~1)" in dc. So

a fomf.o=cmf o=foae yen. cin aM

If it were not for this choice of 34 we would have some unpleasant minus signs
in the following theorem.

6. THEOREM (STOKES’ THEOREM). If M is an oriented n-dimensional
manifold-with-boundary, and 4M is given the induced orientation, and @ is an
(n — 1)-form on M with compact support, then

[=fM ‘aM

PROOF. Suppose first that there is an orientation preserving singular n-cube ¢
in M — 4M such that support @ C interior of image c. Then

f do = f do= f ® by Theorem4M c ae

=0 since support w C interior of image c,

while we clearly have

[eneaM

Suppose next that there is an orientation preserving singular n-cube c in M

such that 2M Ne([0, 1]") = ¢(n,0)([0, 1]"~"), and supportw C interior of image c.Then once again

f du = f ao f o=f wo by).iM c ae aM
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In general, there is an open cover © of M and a partition of unity ® sub-
ordinate to @ such that for each @ € ® the form ¢ - a is one of the two sorts

already considered. We have

0=d(1) = a(Xe) =) 4,
ged geo

so

Vagnw=o.
ged

Since @ has compact support, this is really a finite sum, and we conclude that

> f dp Aw=0.geo lM

Therefore

f de = Lf o-dw = Lf dp \w+$-dw
cs geo M oeaiM

-rf ag-0)= > f ox f wo. %eco! eco 10M Cot

Oneofthe simplest applications of Stokes’ Theorem occurs when the oriented
n-manifold (M,4) is compact (so that every form has compact support) andaM = G. In this case, if is any (n — 1)-form, then

f dn= f n=0.M ‘3M

Therefore we can find an n-form @ on M which is nof exact (even though it
must be closed, because all (2 + 1)-forms on M are 0), simply by finding an
with

f wo #0.M

Such a form @ always exists. Indeed we have seen that there is a form » such
that for v),...,Un € Mp we have

(*) (1, --.,Un) > 0 if [r,...,Um] = wp.
Tf ¢: [0,1]” + (M,

) is orientation preserving, then the form c*w on [0, 1]” isclearly
gdx' A+ Adx" for some g > 0 on [0,1]”,
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so f,w > 0. It follows that fy, @ > 0. There is, moreover, no need to choose
a form w with (x) holding everywhere—we can allow the > sign to be replaced
by >. Thus we can even obtain a non-exact n-form on M which has support
contained in a coordinate neighborhood.

This seemingly minor result already proves a theorem: a compact oriented
manifold is not smoothly contractible to a point. As we have already empha-
sized, it is the “shape” of M, rather than its “size”, which determines whether
or not every closed form on M is exact. Roughly speaking, we can obtain

more information about the shape of M by analyzing more closely the extent

to which closed forms are not necessarily exact. In particular, we would now

like to ask just how many non-exact n-forms there are on a compact oriented
n-manifold M. Naturally, if » is not exact, then the same is true for w + dn for

any (n — 1)-form n, so we really want to consider @ and w + dn as equivalent.
There is, of course, a standard way of doing this, by considering quotient spaces.
We will apply this construction not only to n-forms, but to forms of any degree.

For each k, the collection Z*(M) of all closed k-forms on M is a vector
space. The space B*(M) of all exact k-forms is a subspace (since d? = 0), so
we can form the quotient vector space

HE(M) = Z*(M)/BK(M);

this vector space H* (M) is called the k-dimensional de Rham cohomology vector
space of M. [de Rham’s Theorem states that this vector space is isomorphic to

a ccrtain vector space defined purely in terms of the topology of M (for any
space M), called the “k-dimensional cohomology group of M with real coef
ficients”; the notation Z*, B* is chosen to correspond to the notation used in
algebraic topology, where these groups are defined.]
An element of H*(M) is an equivalence class [w] of a closed k-form w, two

closed k-forms w, and a» being equivalent if and only if their difference is exact.

In terms ofthese vector spaces, the Poincaré Lemma says that H*(R") = 0 (the
vector space containing only 0) if k > 0, or more generally, H*(M) = 0 if M
is contractible and k > 0.

To compute H°(A4) we note first that B°(M) = 0 (there are no non-zero
exact 0-forms, since there are no non-zero (—1)-forms for them to be the dif-

ferential of). So H°(M) is the same as the vector space of all C™ functions
f{:M > R with df = 0. If M is connected, the condition df = 0 implies

that f is constant, so H°(M) © R. (In general, the dimension of H°(M) is the
number of components of M.)

Aside from these trivial remarks, we presently know only one other fact about

H*(M)—if M is compact and oriented, then H”(M) has dimension > 1. The
further study of H*(M) requires a careful look at spheres and Euclidean space.
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On S"~) ¢ R® — {0} there is a natural choice of an (n — 1)-form of with

Sgn 6! > 0: for (01)py.+65(Un-a)p € S”1p, we define

P

’ Uv)
'(p)((U1)ps--+5(Un-1)p) = det}.

Uni

Clearly this is > 0 if (v1)p,...,(Un-1)p is a positively oriented basis. In fact,
we defined the orientation of S”~) in precisely this way—this orientation is just
the induced orientation when S”~! is considered as the boundary of the unit
ball {p € R” : |p| < 1} with the usual orientation. Using the expansion ofa
dcterminant by minors along the top row we see that o’ is the restriction to

S”~? of the form ¢ on R” defined by

wu ; : —0 =SHx! dxt A Adxt A A dx",
ia

The form o’ on S”~? will now be used to find an (n — 1)-form on R” — {0}
which is closed but not exact (thus showing that H"~1(R" —{0}) + 0). Consider
the map r: R" — {0} + $*~! defined by

P Ppr(pP)==—.

Ipl vp)

Clearly r(p) = p if p € S"~); otherwise said, if i: S"-! + R" — {0} is the
inclusion, then

roi = identity of S"7.

(In general, if A C X andr: X — A satisfies r(a) = a for a € A, then r is
called a retraction of X onto A.)

Clearly, r*o’ is closed:

d(r*o’) = r*do' = 0.

However, it is not exact, for if r*o’ = dn, then

o! =i*r*0' = di*n;

but we know that o’ is not exact.
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It is a worthwhile exercise to compute by brute force that

forn=2, reo= 2a vdx _xdy—ydx_ jgx24 ye ry]

gayXdyAdz—ydxAdz tzdx Adyforn
=3, r*o’=e

]

= yaltdy nde —ydx Adz+zdx Ady).
Since we will actually need to know r*o’ in general, we evaluate it in another
way:

7. LEMMA. If a is the form on R" defined by
n

a = Anita! dxl a ndxt as ndx",
i=

and 0’ is the restriction i*o of o to S"~!, then

o(p)(* r*o'(p) = ——.(*) P= im
So

,

rol= = enix!axt a we Adxt Aw A dx",
ix

PROOF. At any point p € R” — {0}, the tangent space R”, is spanned by pp

and the vectors vp in the tangent space of the sphere S"~1(|p|) of radius |p|.
So it suffices to check that both sides of (x) give the same result when applied
tom — I vectors each of which is one of these two sorts. Now pp is the tangent
vector of

a curve y lying along the straight line through 0 and p; this curve istaken to the single point r(p) by r, so r4(pp) = 0. On the other hand,

P

P

9(P)(Pp,(Pi)ps+-+5(Un-2)p) = det} | =O.

Una?

So it suffices to apply both sides of (*) to vectors in the tangent space of
S""(|p|). Thus (Problem 15), it suffices to show that for such vectors vp we
have

!
(Up) = —Ur(py-
(Up. ae
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But this is almost obvious, since the vector vp is the tangent vector of a circle y
lying in S"~"(|p|), and the curve r oy lies in S*~? and goes 1/|p| as far in the
same time. 4%

8. COROLLARY (INTEGRATION IN “POLAR COORDINATES”). Let
ff: B= R, where

B={peR":|p|<j,
and define g: S’~! > R by

1

et) = fw Feu: pau.0

Then

fr-f fast nun ds = f go’.B iB srmt
PROOF. Consider S”~} x [0, 1] and the two projections

pause
m: 8") x [0,1] > $7)
gral

my: S™* x [0,1]= [0,]. in
Let us use the abbreviation |x

gmt

a! Adt = m*o! Antal. >)

If (y, U) is a coordinate system on S"~?, with a corresponding coordinate sys-
tem (7,4) = (¥om,m2) on S”™ x [0,1], and of = ady' A--- Ady", then

clearly aoAdt =o dj! n--- Adj" vdt.
From this it is easy to see that if we define h: S"~! x [0,1] + R by

h(p,u) =u" fu p),

then

f go’ =(-1)""! f ho’ Adt.Isnt S15 (0,1]
Now we can define a difleomorphism $: B — {0} > S"~? x (0,1] by

(Pp) = (r(p), v(p)) = (p/P Pl).
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Then

o° (0 Adt) = $*(m"0' A m2 dt)
= o'my"0' A b*ny*dt

= (m 0¢)"0" A (m2 0)*dt

=ro'avdt

1/< fei — Lg

= a(edx! a... ndxt A--ads") ay ax!
ial i=l

=O xy? ae ave nde
i=

ey na ;=
per oe Av Aax",

Hence

o"(ho’ Adt) = (ho g)¢*(o' Adt)

yet dx! ax"=v St eT Ix" Av Aax
= (“Ifdx ae A dx".

So,

f Sax! A. Adx" = curt f g* (ho! A dt)IB B~{0}

5 cn f ho! Adt51 (0,11

= f go".Isnt

(This last step requires some justification, which should be supplied by the
reader, since the forms involved do not have compact support on the mani-

folds B — {0} aud S"~! x (0,1] where they are defined.) ¢

We are about ready to compute H*(A/) in a few more cases. We are going to
reduce our calculations to calculations within coordinate neighborhoods, which

are submanifolds of M, but not compact. It is therefore necessary to introduce
another collection of vector spaces, which are interesting in their own right.
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The de Rham cohomology vector spaces with compact supports H*(M) are
defined as

HE(M) = Z5(M)/BE(M),

where Z*(M) is the vector space of closed k-forms with compact support, and
BE(M) is the vector space of all k-forms dn where 7 is a (k — 1)-form with
compact support. Of course, if M is compact, then Hk(M) = H*(M). Notice

that B‘ (AM) is not the same as the set of all exact k-forms with compact support.
For example, on R", if f > 0 is a function with compact support, and f > 0
at some point, then

w= fdx' rA-»-Adx"

is exact (every closed form on R’ is) and has compact support, but w is not dn
for any form n with compact support. Indeed, if # = dy where n has compact
support, then by Stokes’ Theorem

f o=[ an= ff n=0.Re Re an"

This example shows that H2(R") # 0, and a similar argument shows that

if M is any orientable manifold, ten H?(M) # 0. We are now going to show
that for any connected orientable manifold M we actually have

H?(M)®R.

This means that if we choose a fixed w with fy @ # 0, then for any n-form w!
with compact support there is a real number a sucli that w’ —aw is exact. The

number a can be described easily: if

ow’ —aw = dn,

then

[ef awe favo,mM: JM iM

so

M 'M

the problem, of course, is showing that 7 exists. Notice that the assertion that

H®(M) ® R is equivalent to the assertion that

lo] > f 5iM

is an isomorphism of H7'(M) with R, i.¢., to the assertion that a closed form w
with compact support is the differential of another form with compact support
if fyo=0.
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9. THEOREM. If M isa connected orientable n-manifold, then H2(M) ~ R.
PROOF, We will establish the theorem in three steps:

(1) The theorem is true for M = R.

(2) If the theorem is true for (n — 1)-manifolds, in particular for S”~), then
it is true for R”.

(3) If the theorem is true for R”, then it is true for any connected oriented
n-manifold.

Step 1. Let be a J-form on R with compact support such that fy @ = 0. There
is some function f (not necessarily with compact support) such that w = df.
Since support w is compact, df = 0 outside some interval [—N, N], so f is a

f

-N N

constant ¢; on (—oo, — NV) and a constant ¢2 on (N, 00). Moreover,

o= fo-f a= [roa Fara.R R R

Therefore ¢) = ¢2 = ¢ and we have

w=df-c)

where f —¢ has compact support.

Step 2. Let @ = f dx’ A--» A dx" be an n-form with compact support on R”
such that fgn @ = 0. For simplicity assume that supportw C {p € R”: |p| < 1}.We know that there is an (? — 1)-form 7 on R” such that w = dy. In fact, from

Problem 7-23, we have an explicit formula for n,

n 1 _

np) =1) (f rr) f(t. p) ar) xf dx’ A. Adxt A Ad",ist 0
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Using the substitution u = |p| this becomes

tpt

: Pp 1(p) = f uw («-5) du |—oe (I Ta) ) ioe
ul 5 ; —_xPeixt dxt Av dlAvA dx"iat

tpl P

= f uf (« : md) du) -r'o'(p) by Lemma 7.0 |p|

Define g: S"~! > R by

1

at0)= ff wf p) du.
On the set A = {p € R": |p| > 1} we have f = 0, so on A we have

' Pne=(f ws (ue) du) -2*0(D),‘0 lpi

or

n=(gor)-r*o’ =r*(go").

Moreover, by Corollary 8 we have for the (1 — 1)-form go! on S*?,

f go'= ff fds! nvndst .isnt IB
. = f o=0.fan

Thus, by the hypothesis for Stef 2,

go’ = dX for some (n — 2)-form ) on S"~!.

Hence

n= rtd) = dr").

Let &: RB" — [0,1] be any C® function with 4 = 1 on A and 4 = Oina

neighborhood of 0. Then fr*A is a C® form on R" and

w = dn = d(n —d(hr*d)):
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the form n — d(tr*)) has compact support, since on A we have

n—d(hr*h) =n —d(r*d) =0.

Step 3. Choose an n-form w such that fy @ # 0 and w has compact support
contained in an open set U ¢ M, with U diffeomorphic to R". If w! is any
other 7-form with compact support, we want to show that there is a number ¢

and a form yn with compact support such that

wo! = cw +dn.

Using a partition of unity, we can write

a! =po!+++ + bo"
where each ¢;! has compact support contained in some open set U; C M
with U; diffeomorphic to R". It obviously suffices to find ¢; and nr with ¢ja’ =

¢j@ + dnj, for each 7. In other words, we can assume w’ has support contained

in some open V C M which is diffeomorphic to R".

Using the connectedness of M, it is easy to see that there is a sequence of
open sets

U=N,....VY=¥

diffeomorphic to R”, with VM Vi+1 ¢ 9. Choose forms w; with support wy C

paper Cong
SIye

VN Vie and fy, #0. Since we are assuming the theorem for R” we have

a) —qe@=dn

@2 — C01 = dag

o! — ¢p@,-1 = dnp,

where all nj; have compact support (Cc Vj). From this we clearly obtain the
desired result.
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The method used in the last step can be used to derive another result.

10. THEOREM. If M is any connected non-orientable n-manifold, then

H2(M) =0.

PROOF, Choose ann-form w with compact support contained in an open set U
diffeomorphic to R", such that fy,» # 0 (this integral makes sense, since U isorientable). It obviously suffices to show that w = dn for some form n with

compact support. Consider a sequence

U=N,...,4-=V

of coordinate systems (Vj, x;) where each x; 0 x;417? is orientation preserving,
Choose the forms w; in Step 3 so that, using the orientation of V; which makes

xi: V; > R" orientation preserving, we have fy, a; > 0; then also fy, 7 > 0.
Consequently, the numbers

G= f Oj /f, @—) are positive.7 ¥;

It follows that

@ =cw+dn where c> 0.

Now if M is unorientable, there is such a sequence where V, = V; but x, 0x7?
is orientation renersing. Taking w' = —w, we have

-w=cwo+dn fore >0

so :

(-e-lw=dn for -c-1#0. &

We can also compute H"(M) for non-compact M.

11. THEOREM. If M is a connected non-compact n-manifold (orientable or
not), then H"(M) = 0.

PROOF. Consider first an n-form w with support contained in a coordinate
neighborhood U which is diffeomorphic to R”. Since M is not compact, there
is an infinite sequence

U = U;, U2, U3, Us,...
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of such coordinate neighborhoods such that U; N U;4 # @, and such that the

sequence is eventually in the complement of any compact set.

support a Q 9Ssupport aco
Now choose n-forms w; with compact support contained in U; NM Uj41, such

that fy, # 0. There are constants ¢; and forms n; with compact support
¢ U; such that

@=c0,+dm

Oo; = G14 t+dnig, 121.

Then

w=dm +a,

= dm t+eidnz + c1C2@2

= dm +eidn2 + crc2dns + 1020303

Since any point p € M is eventually in the complement of the U;’s, we have

w= dm +eidn2 t+ crcadns + cye2cadng + +++,

where the right side makes sense since the U; are eventually outside of any
compact set.

Now it can be shown (Problem 20) that there is actually such a sequence

Uy, U2, Us,... whose union is all of M (repetitions are allowed, and U; may
intersect several U; for j <i, but the sequenceis still eventually outside of any
compact set). The cover = {U} is then locally finite. Let {¢y} be a partition
of unity subordinate to @. If w is an n-form on M, then for each U; we have
seen that

gu,® = dn; where n; has support contained in U; U U4) U Ui42U--- «

Hence oo © oo
w=) due = dn =d (Sx) =i=l is i=)
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SUMMARY OF RESULTS

(1) For R” we have

weary {P k=00 k>0.

(2) If M is a connected n-manifold, then

H°(M)*R

Hn) {[F it M is orientable0 if M is non-orientable

HMM) = { He if M is compact0 if M is not compact.

‘We also know that H"~!(R” —{0}) + 0, but we have not listed this result, since

we will eventually improve it. In order to proceed further with our computations
we need to examine the behavior of the de Rham cohomology vector spaces

under C® maps f: M > N. If w isa closed k-form on N, then f*w is also
closed (df*w = f*dw = 0), so f* takes Z*(N) to Z*(M). On the other hand,
J? also takes B‘(N) to Bk(M), since f*(dn) = d(f*n). This shows that f*
induces a map

Z*(N)/ BEN) - Z*(M)/B‘(M),

also denoted by f*:

f*: H*(N) > H*(M).

For example, consider the case k = 0. If N is connected, then H°(N) is just
the collection of constant functions c: N > R. Then f*(c) = co f is also a

constant function. If M is connected, then f*: H°(N) > H°(M) is just the
identity map under the natural identification of H°(N) and H°(M) with R.
If M is disconnected, with components Mg, @ € A, then H°(M) is isomorphic
to the direct sum

Ra, where each Ry * R;
aed

the map /* takes c € R into the element of @ Re with a” component equal
toc. If N is also disconnected, with components Ng, B € B, then

r: @R > OR
beB aed

takes the element {cg} of ges Rp to {cq}, where c, = cp when f(Ma) C Np.



Integration 275

A more interesting case, and the only one we are presently in a position to
look at, is the map

f*:H"(N) > H"(M)

when M and N are both compact connected oriented n-manifolds. There is
no natural way to make H”(M) isomorphic to R, so we really want to compare

f f*o and f woM N

for » an n-form on N, Choose one wo with fy @o # 0. Then there is some
number a such that

f froy=a- f a.M N

Since @ + fy @ is an isomorphism of H"(M) and R (and similarly for N) it
follows that for every form w we have

[ fora fio.‘M N
The number a = deg f, which depends only on /f, is called the degree of /.
If M and N are not compact, but f is proper (the inverse image of any compact
set is compact), then we have a map

S*: HUN) > HEM)

and a number deg /, such that

f froatdeg ff oiM iN
for all forms » on N with compact support. Until one sees the proof of the

next theorem, it is almost unbelievable that this number is always an integer.

12. THEOREM. Let f: M — N be a proper map between two connected
oriented n-manifolds (M,) and (N,v). Let g € N be a regular value of f.
For each p € f~1(q), let

1 Wf fap: Mp > Ne is orientation preserving

sign, f = {using the orientations yp for M, and vg for Ng)
—1 if f<p is orientation reversing.
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Then

degf= So sign,f (=0if f-(p)=9).
pef-'@)

PROOF. Notice first that regular values exist, by Sard’s Theorem. Moreover,

7 (q) is finite, since it is compact and consists of isolated points, so the sum
above is a finite sum.

.

Let f-'(g) = {pi,-++s Pk}. Choose coordinate systems (U;,x;) around p;
such that all points in U; are regular values of f, and the U; are disjoint. We
want to choose a coordinate system (V,y) around g such that f-1(V) = UU
.-:UUg. To do this, first choose a compact neighborhood W of g, and let

ee

W' Cc M be the compact set
W'= f(W)—(YU--- UY).

Then {(W’) is a closed set which does not contain g. We can therefore choose

V ¢ W—f(W’). This ensures that f-"(V) C UU---UUg. Finally, redefine U;
tobe UN f-(V).
Now choose w on N to be w = gdy' A--- A dy" where g > 0 has compact

support contained in V. Then support f*@ C U; U++.UUg. So
k

tw = f tw.
Since f is a diffeomorphism from each U; to V we have

f fto= f ® if f is orientation preservingUp v

=~ f ® if f is orientation reversing.Vv

Since f is orientation preserving {or reversing] precisely when sign, f = } [or
—1] this proves the theorem.
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As an immediate application of the theorem, we compute the degree of the
“antipodal map” A: S” — S” defined by A(p) = —p.’ We have already
seen that A is orientation preserving or reversing at all points, depending on
whether n is odd or even. Since A~!(p) consists ofjust one point, we conclude
that

degA = (-1)"7!.
We can draw an interesting conclusion from this result, but we need to intro-

duce another important concept first. Two functions f,g: M > N between
two C® manifolds are called (smoothly) homotopic if there is a smooth function

H:Mx([0,])>N

with H(p,0) =
emo rar el eTe TieH(p,1) = g(p)

the map H js called a (smooth) homotopy between f and g. Notice that M is
smoothly contractible to a point po € M if and only if the identity map of M is
homotopic to the constant map po. Recall that for every k-form w on M x [0,1]
we defined a (k — 1)-form Jw on M such that

iy"@ — io*w = d(Iw) + I(dw).

We used this fact to show that all closed forms on a smoothly contractible man-

ifold are exact. We can now prove a more general result.

13. THEOREM. If f,g: M — N are smoothly homotopic, then the maps

f*: H*(N) > H*(M)

g*: H*(N) > H*(M)

are equal, f* = g*.

PROOF. By assumption, there is a smooth map H: M x [0,1] > N with
f =Hoig

g=Hot.

Any element of H*(N) is the equivalence class [w] of some closed k-form w
on N. Then

gto — ftw = (Hoh)*w -(H 0ig)*o

= i)*(H*@) — io* (H*@)

= d(IH*w) + I(dH*w)

= d(IH*w) +0.

But this means that g*([w]) = f*([w]). 4%
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14, COROLLARY. If M and N are compact oriented n-manifolds and the

maps f,g: M — N are homotopic, then degf = deg g.

15. COROLLARY. If 2 is even, then there does not exist a nowhere zero
vector field on S”.

PROOF. We have already seen that the degree of the antipodal map A: S” >
S" is (-1)""1. Since the identity map has degree 1, A is not homotopic to
the identity for 7 even. But if there is a nowhere zero vector field on S”, then
we can construct a homotopy between A and the identity map as follows. For

each p, there is a unique great semi-circle yp from p to A(p) = —p whose
tangent vector at p is a multiple of X(p). Define

H(P,1) = yo). &

For 1 odd we can explicitly construct a nowhere zero vector field on S". For

p= (X1,..-,%n41) € 8” we define

X(p) = (—¥1, X0, —X3, X25 +. Xt Xn)

this is perpendicular to p = (m,%2,...,Xn41), and therefore in S”p. (On S!
this gives the standard picture.) The vector field on S” can then be used to give

a homotopy between A and the identity map.
For another application of Theorem 13, consider the retraction

r:R"- {0} 3s"? r(p)= P/\pl.
If i: S"™™) — R" — {0} is the inclusion, then

roi: S"~) + §"~) is the identity 1 of S").
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The map

for: R" — {0} > R" — {0} ior(p)= p/Ip|
is, of course, not the identity, but it is homotopic to the identity; we can define

the homotopy H by

rac)

7(9) aH(p,t) = tp +(1 —¢)r(p) € R” — {0}. (t=0)

A retraction with this property is called a deformation retraction. Whenever r

is a deformation retraction, the maps (r 0/)* and (i or)* are the identity. Thus,
for the case of S”~? ¢ R” — {0}, we have

rHE (S"™!) —> HER" — {(0})

HE(R" — {0}) > HE(S"™)

and

r*oi* =(ior)* = identity of H*(R” — {0})

i* or* = (r0i)* = identity of H*(S"").

So i* and r* are inverses of each other. Thus

H*(S")) = HER" —{0}) for all k.

In particular, we have H"-1(R" — {0}) * R. A generator of H"~!(R" — {0}) is
the closed form r*o’.

We are now going to compute H*(R” — {0}) for all k. We need one further
observation. The manifold

Mx{3}CMxR!

is clearly a deformation retraction of M x R!. So H¥(M) = H*(M x R')
for all J,
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16. THEOREM. For 0 < k <n—1 we have H*(R" — {0}) = H*(S""?) =0.

PROOF. Induction on n. The first case where there is anything to prove is
n= 3. We claim H!(R? — {0}) = 0.

Let w be a closed }-form on R?. Let A and B be the open sets

(0,0, 1)

A = R? — {(0,0) x (—00,0)}
B =R? — {(0,0) x [0,00)}.

(0,0,—1)

Since A and B are both star-shaped (with respect to the points (0,0, 1) and
(0,0, -1), respectively), there are 0-forms fy and fg on A and B with

w=dfy ond

w=dfg onB.

Now

d(fa— fg) =0 on ANB,
and

AN B = [R? — {0}] x R,

so clearly f4 — fg is a constant c on AN B. Thus w is exact, for

w=d(f4—c) ond

w= d(fs) onB

and fy —c = fg on ANB.
If @ is a closed I-form on R*, there is a similar argument, using

A =R* — {(0,0,0) x (—00,0}
B= R* —{(0,0,0) x [0,00)}.

If w is a closed 2-form on R‘, then we obtain -forms n4 and ng with
w=dng ond

w=dng onB.



Integration 281

Now

d(n4—ng)=0 on ANB

and

H1(AN B) = H1([R? — {0}] x R) © H'(R? — {0}) = 0.

So na — ne = dA for some 0-form A on ANB. Unlike the previous case, we
cannot simply consider n4 — dA, since this is not defined on A, To circumvent

this difficulty, note that there is a partition of unity {¢4,¢g} for the cover {A, B}
of R? — {0}:

ba+os =)

doa +doz =0

support d4 C A

supportdg C B.

Now, if

éph on ANBAopi denotes {é on A-(ANB),
and similarly for $44, then

gph isa C™ form on A

4h is a C® form on B.

On ANB we have

na — U(r) = na — badd — dbp rd

=a + (ba — I) dd +dob4ar
=na—dh + d(bad)

= ne + d(g,d).

So we can define a C® form on R" — {0} = AUB by letting it be na — d(@ad)

on A, and ng + ($44) on B. Clearly,

w=dng=d(n4—ad(opr)) on A

= dng =d(ng+d(o4d)) on B,

so w is exact.

The general inductive step is similar. 4
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We end this chapter with one more calculation, which we will need in Chap-
ter ll.

17. THEOREM. For 0 < k < 1 we have H¥(R") = 0.

PROOF. The proof that H9(R") = 0 is left to the reader.
Let w be a k-form on R” with compact support, 0 < k <n. We know that
= dn for some (k — 1)-form n on R". Let B be a closed ball containing

support @. Then on A = R" — B we have dy = 0. Since A is diffeomorphic to

O0=w=dn

R" — {0} and k — 1 <m—1 we have from Theorem 16 that

n=di for some (k — 2)-form A on A.

Let f: R" + [0,1] be a C® function with f =0 ina neighborhood of B and
Sf =1 on R" — 2B, where 2B denotes the ball of twice the radius of B. Then

d(fA) makes sense on all of R” and

@ = dn = d(n—d(fd));

the form n — d(fA) clearly has compact support contained in 2B.
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PROBLEMS

1. The Riemann integral versus the Darboux integral. Let f : [a,b] > R be bounded.
For a partition P = {fo < +++ < tm} of [a,6], let m; = m;(f) be the inf of f
on [f-1,ti] and define M; = Mj(f) similarly. A choice for P is an n-tuple
& = (,...,8%) with & © [1,4]. We define the “lower sum”, “upper sum”,

and “Riemann sum” for a partition P and choice & by

0

LS, P) = Ym) “Wi — G1)
ist

USP) = OMAP) 41-1)
i=l

n

SUP.8) = YS ENu — 4-1).
iat

Clearly Lf, P) < S(/, P,&) < U(f, P). We call f Darboux integrable if the

sup of all L(/, P) equals the inf of all U(/, P); this sup or inf is called the
Darboux integral of f on [a,b]. We call f Riemann integrable if

Hn SPE) exists

the limit is called the Riemann integral of f on [a, 5].

(@) We can define S(f, P,£) even if f is not bounded. Show however, that

fm SU; P.$) cannot exist if f is unbounded.
(b) If f is continuous on [a,b], then f is Riemann and Darboux integrable on

[a, 6], and the two integrals are equal. (Use uniform continuity of f on [a,5].)

() If f is Riemann integrable on [a,5], then f is Darboux integrable on [a,6]
and the two integrals are equal.
@) Let m < f < M on [a,b]. Let P = {59 < +++ < 5m} andQ = {ip < ++ <
tn} be two partitions of [a,b]. For each i = 1,...,n, let

er = length of (4-1,4]
—sum of lengths ofall [se—1, 5] which are contained in [¢;—1, 4].

4-1 4

atht
——

[se—{;Se]’s contained in [f—1, te]
shaded lengths = add up to ¢
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Show that, if M; denotes the sup of f on [t--1, 4], then

a

UCL, P) < U(L,Q) + YM - Mier
ist

n

< U(S,Q)+(M -m) ei.
ist

There is a similar result for lower sums.

{e) Show that S77; ¢ > 0 as || Pll > 0, and deduce Darboux’s Theorem:
lim U. = inf{U 5 ition ofJE, (f P) = inf{U (J, Q) : Q a partitionof [a, b)}

yim EUs P) = sup Lf, 2): @ a partition of (a, 5}.

() If f is Darboux integrable on [a, 6], then f is Riemann integrable on [a, 6].
(@) (Osgood’s Theorem). Let f and g be integrable on [a,b]. Show that for
choices &, £’ for P,

m bli “(u —4-1) = ;im, Fede —H-9) [x

Flint: If \g| < M on [a, 6], then |f(E') gE) — SG) gE'l < MISE)— SEI.(hb) Show that f, f dx + g dy, defined as a limit of sums, equals

bf (Pe)e"O + sO)"Wl at.la

2. Compute f, dO = fig, ¢* 40, where c(t) = (cos 2zrt, sin 2xt) on [0,1].
3. For n an integer, and R > 0, let cr,n: [0,1] > R? — {0} be defined by

CRn(t) = (Roos nat, Rsin2nzt).

(2) Show that there is a singular 2-cube c: [0,1]? + R? — {0} such that cz,.. —
Ran = OC.

(b) If c: [0,1] + R? — {0} is any curve with c(0) = c(1), show that there is
some n such that ¢ — ¢},, is a boundary in R? — {0}.

(©) Show that » is unique. It is called the winding number of ¢ around 0.
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4. Let f: C > C bea polynomial, f(z) = 2"-+aj2"~! +-+-+a,, where n > 1.
Define cp,s: [0,1] > C by cap = fcr,

(a) Show that if R is large enough, then cr, ~ Ryn is the boundary ofa chain
in C — {0}. Hint; Note that crnn(t) = [r,s (OI", and write

a a,S@)a2 (144-43),

(b) Show that f(z) = 0 for some z € C (“Fundamental Theoremof Algebra”).
Hint: Wo f(z) #0 for all z with |z| < R, then cr, ¢ — co, is a boundary.

5. Some approaches to integration use singular simplexes instead of singular

cubes. Although Stokes’ Theorem becomes more complicated, there are some
advantages in using singular simplexes, as indicated in the next Problem.
Let Ay C R" be the set of all x € R” such that

Wl io<x' <1, Yess.
ist

As

Ar
Ao Ay
—+

01

A singular n-simplex in M is a C® function c: Ay > M, and an n-chain
is a formal sum of singular n-simplexes. As before, let J”: An > RM be the
inclusion map. Define 4): An-1 > An by

Bo(x) = ([) ~ DISxa.)
d(x) = (x4.tO) 0 <i <n,

and for singular 2-simplexes c, define 4;¢ = ¢ 0 ;. Then we define

uw ide = D(-1)'He.
i=0

(2) Describe geometrically the images 0;(An—1) in An.

(b) Show that 9? = 0.
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(©) Show that if w = f dx! A... A dx! A+++A dx" is an (v= 1)-form on R",
then

f do = f ooae al”

(imitate the proof for cubes.)
@ Define fw for any k-chain ¢ in M and k-form w on M, and prove that

f da = f 5c ae

for any (k — 1)-form o.

6. Every x € Ag4; can be written as x’, for 0 < ¢ < 1, and x’ € do(Ax).

be
Morcover, x’ is unique except when ¢ = 0. For any singular k-simplex ¢: Ag >
R", define ¢: Ags > R" by

¢

(x) =1-¢(x').

é

We then define @ for chains c in the obvious way.

(a) Show that dc = 0 implies that ¢ = 92.
(b) Let c: [0,1] + R? be a closed curve. Show that ¢ is not the boundary of
any sum 6 of singular 2-cubes. Hint: If 80 = Dy ayer, what can be said about
Dai?
{) Show that we do have c = 46 +c’ where c! is degenerate, that is, c’([0, 1]) is
a point.

(@) If (0) = c2(0) and c1(1) = ¢2(1), show that ¢ —cz is a boundary, using
cither simplexes or cubes.
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7. Let w be a }-form on a manifold M. Suppose that J. w = 0 for every closed
curve ¢ in M. Show that is exact. Hint: If we do have w = df, then for any
curve ¢ we have

fe=seo~ feo).c

8. A manifold M is called simply-connected if M is connected and if every
smooth map f: S! — M is smoothly contractible to a point. [Actually, any
space M (not necessarily a manifold) is called simply-connected if it is connected
and any continuous f: S'—» M is (continuously) contractible to a point. It is
not hard to show that for a manifold we may insert “smooth” at both places.]

{a) If M is smoothly contractible to a point, then M is simply-connected.
(b) S? is not simply-connected.
() S" is simply-connected for n > }. Hint: Show that a smooth f: S!'— S"
is not onto.

(@) If Mis simply-connected and p € M, then any smooth map f: S' > M
is smoothly contractible to p.

(©) If M = UUV where U and V are simply-connected open subsets with

UNV connected, then M is simply-connected. (This gives another proof that
S" is simply-connected for n > 1.) Hint: Given f: S' > M, partition S! into
a finite number of intervals each of which is taken into either U or V.

() If M is simply-connected, then H1(M) = 0. (See Problem 7.)
9. (a) Let U C R? be a bounded open set such that R? ~ U is not con-
nected, Show that U is not smoothly contractible to a point. (Converse of

Problem 7-24.) Hint: If p is in a bounded component of R? — U, show that
there is a curve in U which “surrounds” p.

(b) A bounded connected open set U C R? is smoothly contractible to a point

if and only if it is simply-connected.
(©) This is false for open subsets of R?.
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10. Let @ be an n-form on an oriented manifold M”. Let & and W be two

partitions of unity by functions with compact support, and suppose that

>f $+ lol < 00.geo M

2) This implies that Dyeo Sy ¢- @ converges absolutely.
(b) Show that

Lf go=yy f ¥-o-w,een M ged yeu M

and show the same result with @ replaced by ||. (Note that for each ¢, there
are only finitely many y which are non-zero on support ¢.)
(©) Show that Dyew Jy ¥ lol < 00, and that

Df go=y f aoe
geo M vey M

We define this common sum to be fry o.
(d) Let An C (1, + 1) be closed sets. Let f: R > R be a C™ function with

L4, f= (-1)"/n and supportf C Uj, An. Find two partitions of unity ©
and W such that Dyce Ja Sax and yew Ja ¥ « f dx converge absolutely
to different values.

11. Following Problem 7-12, define geometric objects corresponding to odd

relative tensors of type (/) and weight w (w any real number).
12. (a) Let M be {(x,) € R?: |(x,y)| < 1}, together with a proper portion

of its boundary, and let » = x dy. Show that

f de + f osM 3M

even though both sides make sense, using Problem 10. (No computations
needed—note that equality would hold if we had the entire boundary.)

()) Similarly, find a counterexample to Stokes’ Theorem when M = (0,1)
and is a 0-form whose support is not compact.

(c) Examine a partition of unity for (0, 1) by functions with compact support to
see just why the proof of Stokes’ Theorem breaks down in this case.
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13. Suppose M is a compact orientable n-manifold (with no boundary), and 6
is an (n — })-form on M. Show that d@ is 0 at some point.

14. Let Mi,Mz © R" be compact n-dimensional manifolds-with-boundarywith Mz C M, — 4Mj. Show that for any closed (” — 1)-form w on M,,

aM,

foe=feamy aM2

15. Account for the factor 1/|p!" in Lemma 7 (we have r4(¥p) = (1/|pD%(p)s
but this only accounts for a factor of 1/|p|"~, since there are n — } vectors
Vty0025Un=1)-

16. Use the formula for r*dx? (Problem 4-1) to compute r*o’. (Note that

ro! =rtita = (ior)*o;

the map ior: R" — {0} —> R” — {0} is just r, considered as a map into R" — {0}.)

17. (a) Let M” and N™ be oriented manifolds, and let w and 7 be an n-form

and an m-form with compact support, on M and N, respectively. We will
orient M x N by agreeing that vj,...,Un,W1,...,Wm is positively oriented in
(M x N)(p,9) * Mp® Ng if v1,...,Un and wy,...,Wm are positively orientedin My, and Ng, respectively. If 2: M x N — M or N is projection on the it
factor, show that

fe pmoamin=fio: fnMxN M N

(b) Ifkh: Mx N > Ris C®, then

f hmtoamtn= f go,MxN M

where

a= fhe, ym h(p,-)= qr h(p,q).
() Every (m-+n)-form on M x N is hm*wA m2*y for some w and n.
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18. (a) Let p € R” — {0}. Let w,...,wn-2 € R", and let v € R", be (Ap), for
some A € R. Show that

r*o"(v,W1,..-;Wn=2) = 0.

(b) Let M CR” — {0} be a compact (1 — 1)-manifold-with-boundary which is
the union of segments of rays through 0. Show that fy r*o" = 0.

(©) Let M ¢ R"—{0} be a compact (n—1)-manifold-with-boundary which inter-
sects every ray through 0 at most once, and let C(M) = {Ap: p € M,A > 0}.

en
c(myns? vy

M

Show that

[re=f retM c(M)ns?

The latter integral is the measure of the solid angle subtended by M. For this
reason we often denote r*a’ by d@,.

19. For alll (x, y,2) € R? except those with x = 0, y = 0, z € (—00, 0], we
define (x, ',=) to be the angle between the positive z-axis and the ray from 0
through (x, y, 2)
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(@y,3)

>

' @y)
‘

(@) $(x,y,2) = arctan(vx? + y?/z) (with appropriate conventions).
(b) If v(p) = |p|, and @ is considered as a function on R?, 6(x,y,2z) =

arctan y/x, then (v,8, ) is a coordinate system on the set ofall points (x, y,2)
in R3 except those with y = 0, x € [0,00) or with x =0, y = 0, z € (—00,0].
(©) If v is a longitudinal unit tangent vector on the sphere S(r) of radius r,
then d¢(v) = 1. If w points along a meridian through p = (x,y,z) € S(r),

4)
<P

then

;40 (w,) = ==.
G / x? +y"

(d) If @ and ¢ are taken to mean the restrictions of @ and¢ to [certain portions
of] S?, then

o =hd6 add,

where h: S?> Ris

h(x, y,2) = —Vx? + y? (the minus sign comes from the orientation).

(©) Conclude that
o' = d(—cos $d6).
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(1) Let r2: R?— {0} + S' be the retraction, so that d@ = r2*i*o, for the form o
on R*. Show that

rtd0 = dé.

If x: R3 + R? is the projection, then the form d@ on [part of] R? is just x*d0,
for the form 6 on {part of] R?. Use this to show that

r*d@ = do.

(g) Also prove this directly by using the result in part (¢), and the fact that

ra(Yp) = Ur¢p)/Ipl for v tangent to S(| pl).
(h) Conclude that

d@3 = r*a' = d(—cos(g or) d0)

= d(—cos $6).

() Similarly, express d@, on R” — {0} in terms of d@,—1 on R"~! — {0}.

20. Prove that a connected manifold is the union U; U U2 U U3 U--- , where

the U; are coordinate neighborhoods, with U; NU; # G, and the sequence is
eventually outside of any compact set.

21. Let f: M" — N” be a proper map between oriented n-manifolds such

that fa: Mp > Nycp) is orientation preserving whenever p is a regular point.
Show that if N is connected, then either f is onto N, or else all points are
critical points of f.

22. (a) Show that a polynomial map f: C > C, given by f(z) = 2"-+ai2""1+
+++ +n, is proper (7 > 1).
(b) Let f(z) = 12"! +n — ais"?

+++ +an—1. Show that we have f"(z) =lim [/(¢ + w) — f(@)]/w, where w varies over complex numbers.ws
(c) Write f(x +iy) = u(x, y)+iv(x, y) for real-valued functionsu and v. Showthat

S'(x+iy) = ae) +1209)
= Rey ey)
=h XY dy x, V)s

Hint: Choose w to be a real h, and then to be ih.

(d) Conclude that

If" + iy)? = det Df(x, y),
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where f’ is defined in part (b), while Df is the linear transformation defined
for any differentiable f: R? + R?.
(©) Using Problem 21, give another proof of the Fundamental Theorem of Ak
gebra.

© There is a still simpler argument, not using Problem 21 (which relies on many

theorems of this chapter). Show directly that if f: M — N is proper, then the
number ofpoints in f~!(a) is a locally constant function on the set of regular
values of f. Show that this set is connected for a polynomial f: C + C, and
conclude that f takes on all values.

23. Let M"-! C R" be a compact oriented manifold. For p € R" — M, choose
an (n —})-sphere & around p such that all points inside © are in R” — M. Let

tp: R"—{p} > © be the obvious retraction. Define the winding number w(p)
of M around p to be the degree of rp|M.

(a) Show that this definition agrees with that in Problem 3.
(b) Show that this definition does not depend on the choice of ©.
(c) Show that w is constant in a neighborhood of p. Conclude that w is con-
stant on each component of R” — M.

(d) Suppose M contains a portion A of an (2 —1)-plane. Let p and g be points

A

e

oO a)
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close to this plane, but on opposite sides. Show that w(g) = w(p) +1. Show
that rg|M is homotopic to a map which equals rp|M on M — A and which does
not take any point of A onto the point x in the figure.)
(ce) Show that, in general, if M is orientable, then R” — M has at least 2 com-
ponents. The next few Problems show how to prove the same result even if M
is not orientable. More precise conclusions are drawn in Chapter 11.

24. Let M and N be compact n-manifolds, and let f,g: M — N be smoothly
homotopic, by a smooth homotopy H: M x [0,1] > N.

(a) Let g € N bea regular value of H. Let #f~(q) denote the (finite) number
of points in f~!(q). Show that

#f"@) = #g"q)_ (mod 2).

Hint: H~!(q) is a compact J-manifold-with-boundary, The number of points
in its boundary is clearly even. (This is one place where we use the stronger
form of Sard’s Theorem.)

(b) Show, more generally, that this result holds so long as q is a regular value of
both f and g.

25. For two maps f,g: M > N we will write f ~ g to indicate that f is
smoothly homotopic to g.

(a) If f x g, then there is a smooth homotopy H’: M x [0,1] > N such that

H"(p,t)= {(p) fort in a neighborhood of 0,
H'(p,t) = g(p) for tina neighborhood of J

(b) = is an equivalence relation.

26. If / is smoothly homotopic to g by a smooth homotopy H such that p +>
H(p,t) is a difleomorphism for each 1, we say that f is smoothly isotopic to g.

(a) Being smoothly isotopic is an equivalence relation.
(b) Let ¢: R® + R be a C® function which is positive on the interior of the
unit ball, and 0 elsewhere. For p € S"~", let H: R x R” > R" satisfy

OH(t, x)Hes) = o(H(1,x)) PB
H(0,x) = x.

(Each solution is defined for all t, by Theorem 5-6.) Show that each x + H({t,x)
is a diffeomorphism, which is smoothly isotopic to the identity, and leaves all
points outside the unit ball fixed.
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(©) Show that by choosing suitable p and ¢ we can make H(/,0) be any point
in the interior of the umit ball.

(@ If M is connected and p,q € M, then there is a diffeomorphism f: M >

M such that f(p) = q and f is smoothly isotopic to the identity.
(c) Use part (@) to give an alternate proofof Step 3 of Theorem 9.(f) If M and N are compact n-manifolds, and f: M — N, then for regular
values g1,g2 € N we have

#I7"\(g1) = #L-"G2)_ (mod 2)

(where #/7!(q) is defined in Problem 24). This number is called the mod 2
degree of f.
(®) By replacing “degree” with “mod 2 degree” in Problem 23, show that if
M CR" isa compact (n —1)-manifold, then R" ~ M has at least 2 components.

27. Let {X'} be a C™ family of C° vector fields on a compact manifold M.
{To be more precise, suppose X is a C® vector field on M x [0,1]; then X‘(p)

will denote 144. (p,1).) From the addendum to Chapter 5, and the argument
which was used in the proof of Theorem 5-6, it follows that there is a C™ family
{¢1) of diffeomorphisms of M [not necessarily a ]-parameter group], with ¢o =
identity, which is generated by {X‘}, ie., for any C™ function f: M > R we
have

(X'f)(p) = lim L(Gr+h(P)) = LOR)
40 A

For a family w, of k-forms on M we define the k-form

Oph ~ OF
Oe

(a) Show that for n{t) = ¢,*@, we have

me = or" (Ly wy + @).

(b) Let wo and @ be nowhere zero n-forms on a compact oriented n-mani-
fold M, and define

@ = (1 — 1)w+ fay.
Show that the family ¢, of diffeomorphisms generated by {X'} satisfies

gi*ay =o for allt

if and only if
Lyt a = 0 — wy.
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() Using Problem 7-18, show that this holds if and only if

d(X' 10) = wp — a1.

(d) Suppose that fyy @o = fyy @1, 80 that wp — @ = dd for some A. Show that

there is a diffeomorphism fi: M — M such that w = fi*o.

28. Let f: M* -> R" and g: N! + R” be C® maps, where M and N are
compact oriented manifolds, n = k +1 +1, and f(M)M g(N) = 9. Define

apg: Mx N > S"™' CR"— {0}

by

89) ~ SP)apg (p.g)=r - =f.ta(Ps 4) = (8G) — f(P)) ie =F
We define the linking number of f and g to be

£(f, 8) = deg arg,

where M x N is oriented as in Problem 18.

@) &fg) =(1He(e, f).(b) Let H: M x [0,1] > R® and K: N x [0,1] > R” be smooth homotopies
with

H(p,0)=f(p) —-K(y,0)= 8)
Hip.) =f (p) — -K@1) = &@)

such that

{H(p,0): pe MJN{KG,1):¢¢€N} =O foreveryt.

Show that

th9) =eh8-

() For f,g: S! > R? show that

—) fp! ft Aqu,v)naa aL L taper
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where

(u,v) = |g) - S|

Yo (Pw (PYw
Atu,v)=det{ (gv) (Yo) (e°Y@)

F~O-FM) PM-LPY) #O)-Lw

{the factor 1/4 comes from the fact that fs2 0’ = 42 [Problem 9-14]).
(a) Show that £(f,g) = 0 if f and g both lie in the same plane (first do it
for (x, y)-plane), The next problem shows how to determine £(f, g) without
calculating

29. (a) For (a,b,c) € R? define

ra _ (=a) dy Adz ~(y ~ b) dx Adz + (2-c)dxady
(a,b,c) = [oe a) +(y — b+ — cpp 7

For a compact oriented 2-manifold-with-boundary M ¢ R? and (a,b,c) ¢ M,
let

Q(a,b,¢) =i} 460.5.M

Let (a,b,c) and (a’,b’,c’) be points close to p € M, on opposite sides of M.
Suppose (a, 6,¢) is on the same side as a vector wp € R3, — My for which the

wp,

(a,b,c)

2
Hal,b.c)

triple wp, (1)ps (v2)p is positively oriented in R*,, when (v;)p, (v2)p is positively
oriented in M,. Show that

lim — 2(@,b,c) - Q@',b',c') = ar.(a,b,c) p
(al,b'c!+p

Hint: First show that if M = 8N, then Q(a,b,c) = —4m for (a,b,c) € N- M

and Q(a,b,c) = 0 for (a,b,c) ¢ N.
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(b) Let f: S! + R? be an imbedding such that {(S!) = 3M for some com-
pact oriented 2-manifold-with-boundary M. (An M with this property always
exists. See Fort, Topology of 3-Manifolds, pg, 138.) Let g: S! +> R? and suppose

The figure on the left shows a non-orientable
surface whose boundary is the “trefoil” knot, ae

ey WwW ¢
Uy )

but the surface on the right—including the
hemisphere behind the plane of the paper—
ts orientable.

that when g(t) = p € M we have dg/dt ¢ Mp. Let n+ be the numberofinter-
sections where dg/dt points in the same direction as the vector wp of part (a),
and n~ the number of other intersections. Show that

nent=n = zf e*(dQ).4x Jt

(c) Show that

an

_ . (Q—b)dz- (2-0) dyqb [5 (Se
an (2-0)dx —(x-a)dz

= G,6,¢) Sil * (eeeee)HH HI= JS eo)
aa (x -a) dy — (y — b) dx

=z (a,b) =f (Sean geOe).ae y s! f Io. y2)P

(@) Show that n = &(f,g). Compute &(f, g) for the pairs shown below.

cD abCP? S J
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30. (a) Let p,g € R" be distinct. Choose open sets A,B C R” — {p,q} so

that A and B are diffeomorphic to R" — {0}, and AN B is diffeomorphic to R".
Using an argument similar to that in the proof of Theorem 16, show that

se
A CORES B

H*(R" — {p,g}) = 0 for 0 < k <n—1}, and that H"~"(R" — {p,g}) has
dimension 2.

(b) Find the de Rham cohomology vector spaces of R” — F where F ¢ R’ is
a finite set.

31. We define the cup product U: H*(M) x H'(M) — H*+!(M) by

[o] v [n] = [oA n)-

(a) Show that u is well-defined, i.e., @ A 7 is exact if w is exact and 7 is closed.
(b) Show that v is bilinear.
(c) If w ¢ H*(M) and B ¢ H'(M), then aUB = (-1)"B Ue.
(@) If f: M > N, and w € H*(N),B € H'(N), then

SHA p)= frau f*B.

(e) The cross-product x: H*(M) x H'(N) > H*+"(M x N) is defined by

(o] x [n] = [tuto xy").

Show that x is well-defined, and that

ax p=ry*aunn'p.
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(f) If A: M— M x M is the “diagonal map”, given by A(p) = (p, p), show
that

aUB = Ata x B).
32. On the n-dimensional torus

T"=S'x---xS}
ox

niimes

let d6’ denote 1;*d6, where x;: T” > S! is projection on the i factor.

(a) Show that all d6# a...4 d6" represent different elements of H*(7"), byfinding submanifolds of 7” over which they have different integrals. Hence

dim H*(T") > (j). Equality is proved in the Problems for Chapter 11.
(b) Show that every map f: S” — 7” has degree 0. Hint: Use Problem 25.



CHAPTER 9

RIEMANNIAN METRICS

ik previous chapters we have exploited nearly every construction associatedwith vector spaces, and thus with bundles, but there has been one notable

exception—we have never mentioned inner products. The time has now come

to make use ofthis neglected tool.
An inner product on a vector space V over a field F is a bilinear function

from V x V to F, denoted by (v, w) > (v, w), which is symmetric,

(v, w) = (w,»),

and non-degenerate: if v # 0, then there is some w # 0 such that

(w,v) #0.

For us, the field F will always be R.

For each r with 0 <r <1, we can define an inner product ( , )r on R” by
r n

(a,b), = Soa‘ — SP ald;
isl ter4l

this is non-degenerate because if a # 0, then

ae(@,...:4"),@),...,a",-a"1,...,-a")), = Va’)? > 0.
i=l

In particular, for r = 1 we obtain the “usual inner product”, { , ) on R",

a

(a,b) = Da‘!
isl

For this inner product we have (a,a) > 0 for anya # 0. In general, a symmetric
bilinear function ( , ) is called positive definite if

(v,v)>0 — forallu 40.

A positive definite bilinear function ( , ) is clearly non-degenerate, and conse-
quently an inner product. .

30)
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Notice that an inner product (, ) on V is an element of T(V), so if

J: W — V isa linear transformation, then /*( , ) is a symmetric bilinear
function on W. This symmetric bilinear function may be degenerate even if f
is one-one, eg., if ( , ) is defined on R? by

(a,b) = a'b! —ab?,

and f: R> R? is

F(a) = (a, a).
However, {*( , ) is clearly non-degenerate if f is an isomorphism onto V. Also,

if (, ) is positive definite, then f*( , ) is positive definite if and only if f is
one-one.

For any basis v1,...,Un of V, with corresponding dual basis v*,..., 0", we
can write

»

C25 YS giv @v%).
jel

In this expression.
Sis = (Yi 04),

so symmetry of ( , ) implies that the matrix (gz) is symmetric,

8ij = Bit

The matrix (giy) has another important imerpretation. Since an inner product
( , ) is linearin the second argument, we can define a linear functional dy € V*,
for each v € V, by

dv(w) = (v, w).
Since ( , ) is linear in the first argument, the map v +> ¢y is a linear transfor-
mation from V 10 V*. Non-degeneracy of ( , ) implies that ¢y 4 0 if v # 0.
Thus, if V is finite dimensional, an inner product (_, ) gives us an isomorphism
a: V > V*, with

(v,w) = a{v){w).
Clearly, the matrix (g;j) is just the matrix of a: V > V* with respect to the
bases {v;} for V and {v*;} for V*. Thus, non-degeneracy of { , ) is equivalen!
to the condition that

(gij) is non-singular, det(gij) # 0.

Positive definiteness of ( , ) corresponds to the more complicated condition

that the matrix (g;j) be “positive definite”, meaning that
"

Vgiaia! >0 for allay,...,ay with at least one a! # 0.
ist
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Given any positive definite inner product ( , ) on V we define the associated
norm || || by

lull = Vv, v) (the positive square root is to be taken).

In R" we denote the norm corresponding to ¢ , ) simply by
A

lal = Vla,a) = | SO’? .
i=]

‘The principal properties of | || are the following

1. THEOREM. For all v, w € V we have

() llavll = lal Hell.

(2) |{v,w)| < [lvl] - wl], with equality if and only if v and w are linearly
dependent (Schwarz inequality).

(3) |lv + wll < lull + llw]] (Triangle inequality).

PROOF. (I) is wivial.

(2) If v and w are linearly dependent, equality clearly holds. If not, then 0 4

Av — w for all A € R, so
0 < |JAv — wll? = (Av —w, Av —w)

=? |jul]? — 2A (v, w) + [wi

So the right side is a quadratic equation in A with no real solution, and its
discriminant must be negative. Thus

4(v, w)? — 4llv|P wl)? <0.
(3) lv + wl? = (vt+u,v+w)

= [oP + lw? +2(v, w)

Sel? + tol? + 2Ioll wll by @)

= (lull + llwll)?.

The function || || has certain unpleasant properties—for example, the func-
tion | | on R” is not differentiable at 0 € R” ~which do not arise for the function

| |?. This latter function is a “quadratic function” on V—in terms of a basis
{u;} for V it can be written as a “homogeneous polynomial of degree 2” in the

components, » A »

[drew | = Ve aia’.i= i,j)
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More succinctly,
n

WP = SO gases vy.
ijal

An invariant definition of a quadratic function can be obtained (Problem ]) from

the following observation.

2. THEOREM (POLARIZATION IDENTITY). If |] || is the norm associ-

ated to an inner product ( , ) on V, then

Q) (vw) = 3 [flv + wil? — ell? — [Jw]

(2) (v, w) = 4[llv + wll? — Jv — wi].

PROOF. Compute. ¢

Theorem 2 shows that two inner products which induce the same norm are

themselves equal. Similarly, if f: V > V is norm preserving, that is, || /(v)l =

|v] for all v € V, then f is also inner product preserving, that is, (f(v), f(w)) =
(vw) for all v,w € V.
We will now see that, “up to isomorphism”, there is only one positive definite

inner product.

3. THEOREM. If ( , ) is a positive definite inner product on an n-dimen-
sional vector space V, then there is a basis vj,...,U, for V such that (v;,

vj) =8;j. (Such a basis is called orthonormal with respect to ( , ).) Consequently;
there is an isomorphism f: R” — V such that

(a,b) = (f(@), f@)), a,b R".

In other words,

f(,)=4)

PROOF, Let wi,...,Wn be any basis for V. We obtain the desired basis by
applying the “Gram-Schmidt orthonormalization process” to this basis:

Since w, # 0, we can define

n=

ha?

and clearly ||v || = 1. Suppose that we have constructed v},...,v% so that

(viv) = 67 I sijsk
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and

span v),..., Uk = Span wy,...,Wk.
Then wg41 is linearly independent of v1,...,vg. Let

Why = Wher — (V1, Vega)VI — ++ ~ (VK, Ve+IDUE FO.

It is easy to see that

(What) =O  F=1,...,k.

So we can define ,
VestUpqy = —EtL,eS

Th ll

and continue inductively.

A positive definite inner product ( , ) on V is sometimes called a Euclidean

metric on V. This is because we obtain a metric p on V by defining

pv, w) = |lv — wll.

The “triangle inequality” (Theorem 1(3)) shows that this is indeed a metric. We
also call ||v|| the Jength of v.

We have only one more algebraic trick to play. Recal] that an inner product
(, ) on V provides an isomorphism a: V > V* with

@(v)(w) = (v, w).

Using the natural isomorphism i: V > V**, defined by

i(v)A) = AC),

we obtain an isomorphism

an} iB: V* —> V—> (V*)".

We can now use f to define a bilinear function ( , )* on V* by

(A, w)* = BAW) = foA)(W) = w(@™"(Q)).

Now, the symmetry of ( , ) can be expressed by the equation

a(v)(w) = a(w)(v).
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Letting
a(v)=A, aw) =p,

this can be written

Ao "u)) = ule"),

which shows that ( , )* is also symmetric,

(HsA)* = (A, my”.
Consequently ( , )* is an inner product on the dual space V* (in fact, the one
which produces 6). .
To see what this al] means, choose a basis {v;} for V, Jet {v*;} be the dual

basis for V*, and Jet
a

(= DO aur @v%).
jel

Then

(gi;) is the matrix of = a: V-—>V* with respect to {uj} and {v*)}
so

(gij)7? is the matrix of a7": V* > V_— with respect to {v";} and {vj}
so.

(gij)~' is the matrix of | 6: V* > V** with respect to {v*;} and {vy}.

Thus, if we let g'/ be the entries of the inverse matrix, (g!/) = (gij)~}, so that

D

DY aiken; = 8,
kat

then

a

:(=) se ety
ijet

a

= 0 giv@vy, if we consider vj ¢ V™.
ijal

One can check directly (Problem 9), without the invariant definition, that this

equation defines ( , )* independently of the choice ofbasis.
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Notice that if ( , ) is positive definite, so that

a(v)\v) >0 forv #0,

then, letting a(v) = A, we have

A@7A)) = BAJA >0 ford £0,

so ( , )* is also positive definite. This can also be checked directly from the
definition in terms of a basis. In the positive definite case, the simplest way to
describe ( , )* is as follows: The basis v*1,...,0*» of V* is orthonormal with

respect to ( , )* ifand only if v1,..., vn is orthonormal with respect to ( , ).
Similar tricks can be used (Problem 4) to produce an inner product on all

the vector spaces T*(V), T(V) = T*(V*), and Q*(V). However, we are
interested in only one case, which we wil] not describe in a completely invariant

way. The vector space 2"(V) is 1-dimensional, so to produce an inner product
on it, we need only describe which two elements, w and —w, will have length 1.
Let vj,...,U, and wy,...,W, be two bases of V which are orthonormal with

respect to ( , ). If'we write

n

w= Yayiv;,
ja

then

a a a

55; = (wi, Wj) = (Yano Dra) = >» OK 5041; (Vk U1)k=l 11 kl=1

0

= Varian).
k=l

So the transpose matrix A‘ of A = (aij) satisfies A - At = J, which implies that
det A = +1. It follows from Theorem 7-5 that for any w € Q"(V) we have

@(Y1,...,Un) = Eo(u1,...,Wn).

It clearly follows that

VAs Av, = tw Ae Aw y.

We have thus distinguished two elements of Q”(V); they are both of the form
v*)A---Av*, for {u;} an orthonormal basis of V. We will cal] these two elements
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the elements of norm 1 in 2”(V). If we also have an orientation 2, then we can

further distinguish the one which is positive when applied to any (v1,...5 Un)
with [v1,...,Un] =“; we will cal} it the positive element of norm | in Q”(V).

To express the elements of norm | in terms ofan arbitrary basis w1,..., Wn,
we choose an orthonormal basis v;,...,U, and write

n

w= airy.
j=l

Problem 7-9 implies that

det(ajj)wi) Ass Aw, = UT ArA Uy.
Ifwe write

n

(.)= Vo ayvtieuv',
ijel

then

a 2

Bij = (Wi, Wy) = (Seu, Yoav)kat 1

a

= Varian,
k=l

so if A = (aij). then

det (giz) = det(A'- A) = (det A).

In particular, det(g;;) is always positive. Consequently, the elements of norm 1
in Q"(V) are

 Vdet(giy) w"1 Av Aw"n Bij = (Wi, Wy).
We now apply our new tool to vector bundles, If & = 2: E > B isa vector

bundle, we define a Riemannian metric on & to be a function (_, ) which assigns

to each p € B a positive definite inner product ( , )p on x~!(p), and which
is continuous in the sense that for any two continuous sections 5,52: B > E,
the function

(51,52) = pt (si(p), 2(P))p

is also continuous. If & is a C® vector bundle over a C® manifold we can also

speak of C® Riemannian metrics.
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[Another approach to the definition can be given. Let Exc(V) be the set ofall
positive definite inner products on V. If we replace each 2~"(p) by Euc(x—"(p)),
and let

Euc(§) = (_) Bul" (p)),
peB

then a Riemannian metric on & can be defined to be a section of Euc(). The

only problem is that Evc(V) is not a vector space; the new object Euc() that we
obtain is not a vector bundle at all, but an instance of a more general structure,
a fibre bundle.)

4. THEOREM. Let § = 2: E > M bea [C®] k-plane bundle over a C®
manifold M. Then there is a [C°°] Riemannian metric on &.

PROOF. There is an open locally finite cover @ of M by sets U for which there
exists [C®] trivializations

ty:n—(U) > U xR,

On U x R*, there is an obvious Riemannian mewic,

((p,4), (p:5))p = (a,b).

For v,w € 7!(p), define

(v,w)p = (tu(),tu (w))p-
Then ( , )¥ isa [C%] Riemannian metric for &|U. Let {gu} be a partition of
unity subordinate to ©. We define ( , ) by

(v,w)p = D> du(p)v, w)y vw exp).
UcO

Then (_, ) is continuous [C®] and each ( , )p is a symmetric bilinear function
on x7(p). To show that it is positive definite, note that

(v,0)p = D> du(p)(v, v8;
UcO

each dy (p)(v,v)¥ > 0, and for some U strict inequality holds. 4
{The same argument shows that any vector bundle over a paracompact space
has a Riemannian metric]

Notice that the argument in the final step would not work if we had merely
picked non-degenerate inner products ( , )¥. In fact (Problem 7), there is no
(, ) on TS? which gives a symmetric bilinear function on each S, which is
not positive definite or negative definite but is still non-degenerate.
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As an application of Theorem 4, we settle some questions which have till now
remained unanswered.

9. COROLLARY. If =a: E > M isa k-plane bundle, then & ~ &*.
PROOF. Let ( , ) be a Riemannian metric for & Then for each p € M, we

have an isomorphism

Oy: (p) > [pI

defined by

ap(v)(w) = (v, w)p vwen'(p),

Continuity of ( , ) implies that the union of all ay isa homeomorphism from E

to BE’ = Upemlr (p)I*.

6. COROLLARY. If§= 2: E > M isa |-plane bundle, then & is trivial if
and only if & is orientable.
PROOF. The “only if” part is trivial. If € has an orientation yu and ( , ) isa

Riemannian metric on M then there is a unique

s(p) ex"(p)

with

(s(p), $(P))p = 1, [s(p)] = Hp.

Clearly s is a section; we then define an equivalence f: E> M x R by

S(As(p)) = (p,A).

ALTERNATIVE PROOF. We know (see the discussion after Theorem 7-9) that

if & is orientable, then there is a nowhere 0 section of

MEHR,

so that &* is trivial. But & ~ &*. ¢

All these considerations take on special significance when our bundle is the
tangent bundle TM ofa C® manifold M. In this case, a C° Riemannianmetric ( , ) for TM, which gives a positive definite inner product ( , )p on
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each Mp, is called a Riemannian metric on M. If (x, U) is a coordinate system
on M, then on U we can write our Riemannian metric ( , ) as

;

(.)= 0 gy dx! @dx,
ij=)

where the C® functions gij satisfy gij = gyi, since ( , ) is symmetric, and
det(gij) > 0 since ( , ) is positive definite. A Riemannian metric ( , ) on M
is, of course, a covariant tensor of order 2. So for every C® map f: N—> M
there is a covariant tensor f*( , ) on N, which is clearly symmetric; it is a
Riemannian metric on N if and only if /f is an immersion (fp is one-one for
all p € N).
The Riemannian metric ( , )*, which ( , ) induces on the dual bundle T*M,

is a contravariant tensor of order 2, and we can write it as

n

; 9 a= J—_@a.(= Vosi sea
‘j=l

Our discussion of inner products induced on V* shows that for each p, the
matrix (g4/(p)) is the inverse of the matrix (g;;(p)); thus

ul ;
Yd gna” = §.
kal

Similarly, for each p € M the Riemannian metric ( , ) on M determines

two clements of Q"(Mp), the elements of norm 1. We have seen that they can
be written

+ Vdet(gij(p)) dx'(p) A+++ A dx"(p).

If M has an orientation s2, then jp allows us to pick out the positive element of
norm 1, and we obtain an n-form on M; if x: U > R® is orientation preserving,
then on U this form can be written

Vadet(gij) dx! A-..A dx".

Even if M is not orientable, we obtain a “volume element” on M, as defined
in Chapter 8; in a coordinate system (x, U) it can be written as

Vdet(gij) |dx! A -++ a dx").

This volume element is denoted by dV, even though it is usually not d of

anything (even when M is orientable and it can be considered to be an n-form),



312 Chapter 9

and is called the volume element determined by ( , ). We can then define the
volume of M as

[aM
This certainly makes sense if M is compact, and in the non-compact case (see
Problem 8-10) it either converges to a definite number, or becomes arbitrarily
Jarge over compact subsets of M, in which case we say that M has “infinite
volume”.

If M is an n-dimensional manifold (-with-boundary) in R”, with the “usual
Riemannian metric”

n

(.)= lax‘ @ax',
i=l

then gij = 6i, so
dV =|dx'a.--A dx",

and “volume” becomes ordinary volume.

There is an even more important construction associated with a Riemannian
metric on M, which will occupy us for the rest of the chapter. For every C°

curve y: [a,b] > M, we have tangent vectors

dyYO =F, Myon

and can therefore use ( , ) to define their length

dy dy dy dy dy :
= (24 = (2.2), tobeprecise }.| dt | MF dt dt" at fy)? “7 Precise

We can then define the length of y from a to b,

big. 6Loy) = f Fal dt (-/ l'on “).a t a

If y is merely piecewise smooth, meaning that there is a partition a = f9 <--- <
tn = b of [a,b] such that y is smooth on each [f:-1,1i] (with possibly different
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Jefi- and right-hand derivatives at 11, ...,t-1), we can define the length of y by

Lay) = Yo Li (vl [e-14).
i=

Whenever there is no possibility of misunderstanding we will denote L simply

by L. A lite argument shows (Problem 15) that for piecewise smooth curves in
R”, with the usual Riemannian metric

uw : ;
>» dx! @ dx',
i=l

this definition agrees with the definition of length as the least upper bound of

the lengths ofinscribed polygonal curves.
We can also define a function s: [a,6] > R, the “arclength function of y”

by onia
1) = Lily) = =| dt.s) = Lay) [ | a |

Naturally,

dy“(= |—].(*) s | dt |
Consequently dy/dt has constant length 1 precisely when s(t) = ¢ + constant,
thus precisely when s(t) = f— a. Then

b—a=s(b) = LEY).

We can reparameterize y to be a curve on [0,5 ~ a] by defining

VD = v(t — a).

For the new curve 7 we have

new s(t) = Lo(V) = Lot (y) = old s(@ +a) ~ old s(a)
5

If y satisfies s(t) = ¢ we say that y is parameterized by arclength (and then
often use s instead of ¢ to denote the argument in the domain of y).
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Classically, the norm || || on M was denoted by ds. (This makes some sort
of sense even in modern notation; equation (*) says that for each curve y and
corresponding s: [a,b] + R we have

Idsi = y*(l Wt)

on [a,5].) Consequently, in classical books one usually sees the equation

;ds? = D> gi dxidx’.
j=)

Nowadays, this is sometimes interpreted as being the equivalent of the modern

equation ( , ) = D7 1 gij4x! @ dx/, but what it always actually meant was
n

WP = YO gizax'ax,
ijt

The symbol dx‘dx/ appearing here is not a classical substitute for dx! @ dx/ —
the value (dxidx/)(p) of dx‘dx/ at p should not be interpreted as a bilinear
function at all, but as the quadratic function

ves dx!(p)(v)-dx4(p)) ve My,

and we would use the same symbol today. The classical way of indicating
dx' @ dx! was very strange: one wrote

w

;DY giydx'6x/ where dx and x are independent infinitesimals.
j=

(Classically, the Riemannian metric was not a function on tangent vectors, but
the inner product of two “infinitely small displacements” dx and 5x.)
Consider now a Riemannian metric ( , ) on a connected manifold M. If

Pq € M are any two points, then there is at least one piecewise smooth curve

y: [a,b] M from p to q (there is even a smooth curve from p to 4). Define

(p,q) = inf {L(y): y a piecewise smooth curve from p to g}.

It is clear that d(p,qg) = 0 and d(p, p) = 0. Moreover, if r € M is a third

point, then for any ¢ > 0, we can choose piecewise smooth curves

y: [a,b] > M from p tog with L(4)—d(p,q) <e

Y2: [b,¢] > M from gq tor with L(y.) — d(g,r) < &
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If we define y: [a,c] + M to be y, on [a,b] and yp on [b,c], then y is a

piecewise smooth curve from p to r and

L(y) = L(y) + L02) < (p,q) + 4(q,7) + 2.

Since this is true for all e > 0, it follows that

Ap,r) Sa(p,q) + dq").

[Ifwe did not allow piecewise smooth curves, there would be difficulties in fitting
together y, and y2, but d would still turn out to be the same (Problem 17).] The

function d: M x M =R has all properties for a metric, except that it is not so
clear that d(p,q) > 0 for p # q. This is made clear in the following.

7, THEOREM. The function d: M x M — R is a metric on M, and if
p: Mx M = Ris the original metric on M (which makes M a manifold), then
(M, d) is homeomorphic to (M, p).
PROOF. Both parts of the theorem are obviously consequences of the following

7’, LEMMA. Let U be an open neighborhood ofthe closed ball B = {p € R":
{pl <1}, let (, )e be the “Euclidean” or usual Riemannian metric on U,

a

(de= Dodx!@ dx’,
ia

and Jet ( , ) be any other Riemannian metric. Let | | = || lle and | Il be the

corresponding norms. Then there are numbers m,M > 0 such that
m-list<sM-t]  onB,

and consequently for any curve y: [a,b] > B we have

mLe(y) S L(y) s MLe(y).

PROOF. Define G: B x S"-} + R by .

G(p,a) = llapllp.

ThenG is continuous and positive. Since B x S”—' is compact there are num-
bers m,M > 0 such that

m<G<M — onBxs".
Now if p € B and 0 # by € R",, let a € S"! be a = b/|b|. Then

mlb] < 1b1G(p,a) < MIbI;

since

101G(p,a) = [Bt llapllp = Mlbla)plly = lolly,this gives the desired inequality (which clearly also holds for b = 0). #
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Notice that the distance d(p,q) defined by our metric need not be L(y) for
any piecewise smooth curve from p to q. For example, the manifold M might

be R? ~ {0}, and g might be —p. Ofcourse, if d(p,g) = L(y) for some y,

| p
—pe

then y is clearly a shortest piecewise smooth curve from p to g (there might be
more than one shortest curve, ¢.g,, the two semi-circles between the points p
and —p on S').

In order to investigate the question of shortest curves more thoroughly, we
have to employ techniques from the “calculus ofvariations”. As an introduction

to such techniques, we consider first a simple problem ofthis sort. Suppose we
are given a (suitably differentiable) function

F:RxRxR-R,

We seek, among all functions f: [a,b] > R with f(a) =a’ and f(b) = d' one

Pa foa

a b

which will maximize (or minimize) the quantity

b[ Feso.srona.la

For example, if

Fux, y)=V1+y',
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then we are looking for a function f on [a,b] which makes the curve 1 +

(t, f(1) between (a,a’) and (6, 6’) of shortest length

b{ Ji + Lor at.a

As a second example, if

F(x, y) = 20xV1 4 y?,

then we are trying to minimize the area of the surface obtained by revolving

the graph of f around the x-axis, which is given (Problem 12) by

anf say +tPor ar.
‘ J

To approach this sort of problem we recall first the methods used for solv-

ing the much simpler problem of determining the maximum or minimum of
a function f: R > R. To solve this problem, we examine the critical points
of f, ie., those points x for which f’(x) = 0. A critical point is not necessarily
a maximum or minimum, or even a local maximum or minimum, but critical

points arc the only candidates for maxima or minima if f is everywhere difler-
entiable, Similarly, for a function {: R? > R we consider points (x,y) € R?for which

(*) Di f(x,y) = Dof(x,y) = 0.
(x, 3)

This is the same as saying that the curves

te fix+ny)

te fytr)



318 Chapter 9

have derivative 0 at 0. We might try to get more information by considering
the condition

0=(f oc)

for every curve c: (—é,¢) > R? with c(0) = (x, y), but it turns out that these
conditions follow from (#), because of the chain rule.
To find maxima and minima for

n= [Paseo sonatla

we wish to proceed in an analogous way, by considering curves in the set of all
functions f : [a,b] + R, This can be done by considering a “variation” of f,
that is, a function

a: (-¢,£) x [a,b] > R

such that

a(0,1) = f().

The functions ¢ ++ a@(u,t) are then a family of functions on (—e,e) which

pass through f for u = 0. We will denote this function by &(u). Thus @ is a
function from (—é,€) to the set of functions f: [a,b] > R. Ifeach &(u) satisfies
&(u)(a) = a’, &(u)(b) = 8’, in other words if .

Bt Ff

@(u,a) =a’ a Uy
(u,b) =o

a b

for all u € (—e,€), then we call @ a variation of f keeping endpoints fixed.

For a variation @ we now compute

as D

oo)| = ral [ F(naenn, 50.9) atdu yao A x0 Ja ot
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ora aa=I [HP (exon een) at

oT aa ar ,=[ [Zooxesosro
aa ar ,+ HOO OSOSO)] a.

Since 0?a/dudt = d*a/dtdu, we can apply integration by parts to the second
term in the integrand, thus obtaining

aJ@u))| [Bee ar ,(*) du [. =], 9g | a SOLO)
d (oF ,

71 (Fasos| at
aa OF ral?

$y OG OLOS ol.
For variations & keeping endpoints fixed, the second term is 0, and we obtain

dJ(&(u)) > Oa oF ,to) nL Oo [FUOLO)
d (aF ;

7(Fosos| dt.
In classical treatments ofthe calculus ofvariations, the variations w were taken

to be of the special form

a(u,t) = f(t) + unr),

for some 1: [a,b] + R with n(a) = (6) = 0. Then we obtain

as@(u))|
_ of? [z 1 d (= , )LEO) = [ol Feso.ro-F (Foso.sro)|

The final result is, of course, essentially the same. The derivative Z| 0 J(&(u))
is called the “first variation” of J and is denoted classically by

+ Tar dFa= f feo dt.
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As is usual in classical notation, the arguments of functions are either put in
indiscriminately or left out indiscriminately—in this case, not only are the ar-

guments ¢ and (¢, f(¢), f’(1)) omitted (resulting in the disappearance of the
function f for which we are solving), but the dependence of 6J on @ is not

indicated (which can make things pretty confusing).
If f is to maximize or minimize J, then 6J() must be 0 for every variation a

of f keeping endpoints fixed, As in the case of I-dimensional calculus, there is

no reason to expect that the condition J(a) = 0 for all a will imply that /f is
even a Jocal maximum or minimum for J, and we emphasize this by introducing
a definition. We call f a critical point of J (or an extremal for J) if 5J(@) = 0
for all variations a of f keeping endpoints fixed. The particular form (##) into
which we have put 6J now allows us to deduce an important condition.

8. THEOREM (EULER’S EQUATION). The C? function f is a critical
point of J if and only iff satisfies

OF d (aF 1
Fnsonsoy=+ (FUsSOL@) =o.

PROOF. Clearly f must make the integral in («*) vanish for every

da
j=

1) = 77.0
which vanishes at a and 6. So the theorem is a consequence ofthe following
simple

8’. LEMMA. If a continuous function g: [a,b] > R satisfies

6f roewar=o
for every C® function 7 on [a,b] with n(a) = n(6) = 0, then g = 0.

PROOF. Choose nto be $g where¢ is positive on (a,b) and $(a) = $(b) = 0.

As an example, consider the case where F(t,x,y) = V1 + y?. The Euler
cquation is

ond ( TAO) )a visor)
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CY Nig[yef? ptf.
o2 (—) ,

hence

otsf"—fff+ fF
which implies that {” = 0, so f is linear.

Notice that we would have obtained the same result if we had considered the

case F(t,x, y) = 1+ y’, for then the Euler equation is simply

d opt
==(2 :0= Fes)

This is analogous to the situation in 1-dimensional calculus, where the critical

points of \/f are the same as those of f, since

fWy-
af

For the case of the surface of revolution, where F(t,x, y) = xv 1+)’, the
Euler equation is

haipope — £{ L0£00=/1 "“®)P - — |—=—— };F+IPOP — 3 —
1+[f'(]

this leads to the equation

1+ f?— ff" =0,

which we will also write in the classical form

dyYd?y
1+(—) -y5 = =0.* (2) 2a 79

To solve this, we use one of the Xo standard tricks (leaving justification of the
details to the reader). We let

dy
syst.
py dx

Then

@y_ dp_ dp dy_ dpdx dx dy dx ay’
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so our equation becomes

ap1+ p?—yp =0,+P Pa 0,
Pp 1—.adp=~dy,
Tp PaSe

1

5 log( + p?) = logy + constant
y = constant- V1 + p?

@

po eavey=1
dx

dy
=gy
vey? -1

and thus (see Problem 20 for the definition and properties of the “hyperbolic
cosine” function cosh and its inverse)

cosh7! cy Bas
©

Replacing ¢ by 1/c, we write this as

(*) y = ccosh (+*).¢

The graph of

ex +e7*coshx = ————_2

is shown below; it is symmetric about the y-axis, decreasing for x < 0, and
increasing for x > 0.

. coslt
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So our surface must look like the one drawn below. It is, by the way, not
trivial to decide whether there ave constants k and ¢ which will make the graph
of (*) pass through (a,a’) and (b, 5"). Problem 2) investigates the special case
where a’ = b’.

It is easy to generalize these considerations to the case where f: [a,b] > R”
and

b

en) -f FSO SO)dt for F: RX R"XR" > R.fa

In this case we consider a: (—e,¢) x [a,b] > R" with &(0) = f, and compute
that

seve) EON) _ fyon | Za roro)é du yao Ja Kf Bu Lax”
d (aF

7(ae SO), ro) dt
“ae! aF i

1+h aa onSeso.re| .= a

Thus, any critical point f of J must satisfy the equations

ar d (ar

FOSOLO~F (FOSO.L0)) =0.
We are now going to apply these results to the problem of finding shortest

paths in a manifold M. If y: [a,b] > M is a piecewise smooth curve, with

y(a) = p and y(b) = q, we define a variation of y to be a function

a: (-8,£) x [a,b] > M



324 Chapter 9

for some ¢ > 0, such that

0) ¢@.) = yO,

(2) there is a partition @ = 1 << +++ < ty =b of [a,b] so that @ is C®
on each strip (—e, €) x [4-1, 47].

We call « a variation of y keeping endpoints fixed if

3} ua) =8) a= Pes ally (8,2).
a(u,b)=¢g

2

SSS

As before, we let &(u) be the path ++ a@(u,). We would like to find which

paths y satisfy

ae)—<— =0

du |yao

for all variations @ keeping endpoints fixed. However, we will take a hint from
our first example and first find the critica] points for the “energy”

1 fe iayy? 1 £2 fdy a)E(y == =| dt=- —,—)d,” sf \Fl al (2.2
which has a much nicer integrand; afterwards we will consider the relation
between the two integrals.
We can assume that cach y|[ts-1,4i] lies in some coordinate system (x,U)

(otherwise we just refine the partition). If (w, ) is the standard coordinate system
in (—e,£) x [a, 5] we write

da a

5—(U,t) = Oe zlou Ou | (4,2)
de a

(ut) =a, al .ar * (3 (ust),
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Then da/8t(u,t) is the tangent vector at time ¢ to the curve &(u). If we adopt
the abbreviations

du)=xewo), 0 =x'(¥O) =O),

then

aa a! a dy _ Qdy' a |Fe? ace ee
So

1% [dy dyE(yItt-1,4)) =f. (2.2) at
li < dyi dy/
= ij —— —— di.; I7 Isuv

If we use the coordinate system x to identify U with R", and consider the gij
as functions on R", then we are considering

G[ reo.viondtir

where

re a
F Ps eX pt pt

F(x,y) = 5 2008)» yi.
Then

ar dy\ _1 4 agi dy! dy)

5 (ro.4) =3Og a
and

ar dy “ dy"

at (ro, +) = Lang
so

d (aF dy\\_< Py Agr dy! dy"

5 (# (v0.4) = Yonge + Le OOGe a
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In order to obtain a symmetrical Jooking result, we note that a little index
juggling gives

Jo Betede! dy” Bande dy) Seydy! dy!Oxi dt dt 4 axi dt dt ~ 4 axi di dtrial ijl ij=)

so

n a i gyi n ;

agi dy) dy’ _ 1 aga dyi dy! 1 agindy! dy!> o8tray" ay Lt > o8it dy ay" ye > 28it dy ay"— axi dt dt 2 Oxi dt dt 2
4 dx! dt dtnial ij ‘j=l

From (##s) we now obtain

|du _

i ag! n ay"=- [09] LennGe“tet ral

“1 (agit agi 9gij dy! dyi+h 5 (fow+ a YO) — How) ee at
" aat 0 dy" |

=, vO].+ au ( oda OO [..
Remember that y is only piecewise C°. Let

1 ¥(i-1) dy.
Sur) = right hand tangent vector of y at 4 at)
ary = lefi hand tangent vector of y at tj. 204
dt v(t41)

Notice that the final sum in the above formula is simply

da dy _ oa dy

(Fon, Le ) (S040 dt (-1")).
To abbreviate the integral somewhat we introduce the symbols

71 fog , gy OgiWN= > ( + ox ox)
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These depend on the coordinate system, but the integral

1 da! LJ ay LJ dyé dyi- a ay ijt ao“[a [Zao Gz t WMO Ga | te= ra ijl

which appears in our result, clearly cannot. Consequently, we will use the exact
same expression for each [4;-1, 4], even though different coordinate systems may
actually be involved (and hence different gij and y').
Now we just have to add up these results. Let

dy _ dy dy, _. .Ay = i) - Sh =1,...,.N—-1“dt av) a yi Ay

dy _ dyAg—- = = (tot
0G = ae?
dy dy.

Awo>= :"dt aN)

Then we obtain the following formula (where there is a convention being used
in the integral).

9. THEOREM (FIRST VARIATION FORMULA). For any variation a,
we have

dE(&(u))

du a=

bY oa! i dy dy! dy!--[ LZ[=mo oGe + DuntoomP | ar1A ral ijal

N cl d- L(Fe. 4), Ay ey.j=o \OM gb

(In the case of a variation a leaving endpoints fixed, the sum can be written
from 1 to N — 1.)

‘This result is not very pretty, but there it is. It should be noted that [//,/] are
not the components of a tensor. Nevertheless, later on we will have an invariant

interpretation of the first variation formula. For the time being we present,
with apologies, this coordinate dependent approach. From the first variation
formula it is, of course, simple to obtain conditions for critical points of E.
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10. COROLLARY. If y: [a,b] > M isa C®™ path, theny is a critical point
of E® if and only if for every coordinate system (x,U) we have

tn 0 jay . dy’ dy/
Vero + VwdomL =0  wrymeu.

dt dt dtral j=

PROOF, Suppose y isa critical point. Given 1 with y (0) € U, choose a partition
of [a,b] with ¢ € (%—-1,4;) for some i, and such that y|[%-1,4;] isin U. If a
is a variation of y keeping endpoints fixed, then in the first variation formula
we can assume that the part of the integral from 4-) to 4 is written in terms
of (x,U). The final term in the formula vanishes since y is C. Now apply
the method of proofinLemma 8’, choosing all da’ /du(0,1) to be 0, except one,
which is 0 outside of (4-1, ti), but a positive function times the term in brackets
on (4-151).

In order to put the equations of Corollary 10 in a standard form we introduce

another set of symbols

“ al (Ogu , aay — dBirhe Dog"fijq= nie oy - #4).a ue Wi] ue 3lost tat ad

Our equations can now be written

CY key id!
a ri ae =0.

at +h WYOG- Gr =o
We know from the standard theorem about systems of second order differential
equations (Problem 5-4), that for each p € M and each v € Mp, there is a
unique y: (—e,£) > M, for some ¢ > 0, such that y satisfies

yO) =p

dy

77a) =v
ayk n k dyi dy!

attBHO Grae =O
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Moreover, this y is C° on (—e,). This Jast fact shows that if y,: [0,2) > M

and y): (—e,0] > M are C® functions satisfying this equation, and ifmoreover
740) = 0)

an dr
—0t) = 2 5dt ) dt ©)

then y, and y together give a C® function on (—¢,¢). Naturally, we could
replace 0 by any other 1, We now have the more precise result,

1], COROLLARY. A piecewise C® path y: [a,b] > M is a critical point
for E® if and only if y is actually C® on [a,6] and for every coordinate system(x, U) satisfies

d?yk n k dyé dy!
——— == fe ‘eu.a >POO GG = 9 for y (0)

PROOF. Let y be a critical point. Choosing the same a! as before (all a! are 0
outside of (4-1,%)), we see that y][f~1,tj] satisfies the equation, because thefinal term in the first variation formula still vanishes. Now choose a so that

da dy
— (0,4) =A,—, i=1,....N—-1.5, (Oot) = An Ge i=l

We already know that the integral in the first variation formula vanishes. So
we obtain

re

sy a ynO=- AyAy),> a "dt

which implies that all A,, 4 are 0. By our previous remarks, this means that y
is actually C® on all of [a,b]. +

As the simplest possible case, consider the Euclidean metric on R”,

”
; ;

(.)= dx! @dxi,
i=l

Here giy = 8, s0 all 0gij/2x* = 0, and Tf, = 0. The critical points y for the
energy function satisfy

d2yk
fY' <0.
dp
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Thus y lies along a straight line, so y is a critical point for the length function
as well. The situation is now quite different from the first variational problem
we considered, when we considered only curves of the form ¢ + (t, f(9).

Any reparameterization of y is also a critical point for length, since length is
independent of parameterization (Problem 16). This shows that there are critical
points for length which definitely aren’t critical points for energy, since we have
just seen that for y to be a critical point for energy, the component functions
of y must be linear, and hence y must be parameterized proportionally to arc-
length. This situation always prevails.

12. THEOREM. If y: [4,5] > M isa critical point for E, then y is param-
eterized proportionally to arclength.

PROOF. Observe first, from the definitions, that

agg A
qr = + UA.

Now we have

d|ayP_da< dy! dy/

< Fal 5 a(%wr)
non i 0 j

_ agiz dy! dy' dy/ ay" dys
= Oa ar art Do BVO GE ae
Jal ial nial

A 1

dy! ay"O) ran+ pe Bir (OG Ga

Replacing 4g;;/8x! by the value given above, this can be written as

d |ayP _ avi Py dy! dy!SIF] -LS(CeomSs+ Dunome®)
ja ral jal

n 0

dy! dy | dy! dy!
Tr ir YO f =).+» on (Xs VO Ga +WAYS a )

Since y is a critical point for £, both terms in parentheses are 0 (Corollary 10).
Thus the length ldy/dr]] is constant. 4
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The formula

88 ee tiki(*) aye = Ue A+ Lk

occurring in this proof will be used on several occasions later on. It will also be
useful to know a formula for dg! /8x*. To derive one, we first differentiate

DY gima™ = 8
m=}

to obtain
” ”

ag”! 881m mjYi ame = - See UG
mt Oras 8

Thus we have

agi u, og") it jmj O8tmSr =e" 8m ae = Digga ay lm ayk

==— ogg"!(Uk,m] + bnk,1) by (*)
Lm

=- vel - Ve Ties
7 7

or

agi! oN tl pl ipi(+4) For =~DT +2! T I.
ay’ i=1

We can find the equations for critical points of the length function L in ex-
actly the same way as we treated the energy function. For the moment we

consider only paths y: [a,b] > M with dy/dt # 0 everywhere. For the por-
tion y | [%1,4] of y contained in a coordinate system (x,U), we have

th 5 dy! dyiLorito-wi= f | 2suronGe Ge~ ij=

Considering our coordinate system as R”, we are now dealing with the case

Foy = | YO gui@yiyi.
Nis=1
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We introduce the arclength function

s() = Lay).

‘Then di d dSs ¥ ySa] erly).a= [arl=* (ro)
So we have

0 ;

98ij dy! dy!YYSom
a]ar a dy) _ lige Ox’ dt dtat VOGT) = 2 ds

dt

n dy"

>sir)BF
(yy av) 2 I 'at VOrar) = ds ;

dt

After a little more calculation we finally obtain the equations for a critical point
of L:

ds

dyk + dy! dy) _ dy* aeeae rk(ynyn HX zo.aa +h WW" de ~ “di “ds =°
dt

It is clear from this that critical points of E are also critical points of L (since

they satisfy d?s/d1? = 0). Conversely, given a critical point y for L with
dy/dt # 0 everywhere, the function

5: [a,b] > [0,220]

is a difleomorphism, and we can consider the reparameterized curve

yos: 0, L(y] > M.

This reparameterized curve is automatically also a critical point for L, so it

must satisfy the same differential equation. Since it is now parameterized by
arclength, the third term vanishes, so y 0 s~? is a critical point for E.

There is only one detail which remains unsettled. Conceivably a critical
point for L might have a kink, but be C® because it has a zero tangent vector
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there, as in the figure below. In this case it would not be possible to reparame-

terize y by arclength. Problem 37 shows that this situation cannot arise.
Henceforth we will call a critical point of E a geodesic on M (for the Rie-

mannian metric ( , )). This name comes from the science of geodesy, which

is concerned with the measurement ofthe earth’s surface, including surveying
and the measurement of degrees of latitude and longitude. A geodesic on the
earth’s surface is a segment of a great circle, which is the shortest path between
two points. Before we can say whether this is true for geodesics in general,
which are so far merely known to be critical points for length, we must initiate
a local study of geodesics.
The most elementary properties of geodesics depend only on facts about

differential equations. Observe that the equations for a geodesic,

yk Sy dy! dy!
Pe rpAo,dp Tada dt

‘j=l

have an important homogeneity property: if y is a geodesic, then f + y (cr) is
also clearly a geodesic. This feature of the equation allows us to improve the

result given by the basic existence and uniqueness theorems.

13. THEOREM. Let p € M. Then there is a neighborhood U of p and a
number € > 0 such that for every g € U and every tangent vector v € Mg with
llvll < e there is a unique geodesic

Yv: (—2,2) > M

satisfying

dyeO)=9, 0) =v.%0(0) = 9, (0)
PROOF. The fundamental existence and uniqueness theorem says that there

is a neighborhood U of p and &, £2 > 0 so that for g € U and v € Mg with
lvl] < e; there is a unique geodesic

Yu! (—2€2, 2e2) > M
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with the required initial conditions.
Choose ¢ < e1€2: Then if |v} < ¢ and [tl < 2 we have

Wv/ealt <e1 and = |egt| < 2e2.

So we can define yy(t) to be Yyyer(€2t).

If v € Mg is a vector for which there is a geodesic

vy: [0,.1]> M

satisfying dy
YO=T GAO =r

then we define the exponential of v to be

exp(v) = exp, (v) = (1).
(The reason for this terminology will be explained in the next chapter.) The

geodesic y can thus be described as

(2) = expg(tv).

Since M, is an n-dimensional vector space, there is a natural way to give it

a C™ swucture. If © C Mg is the set of all vectors v € Mg for which expg(v)
is defined, then the map

expg: O-> M

is C™, since the solutions of the differential equations for geodesics have a C
flow. Identifying the tangent space (Mg)y at v € Mg with Mg itself, we have an
induced map

(€xpg)ux? Mg > Mexpatv)-

In particular, we claim that the map

(expg)ox! Mg > Mg _ is the identity.

In fact, to obtain a curve ¢ in the manifold Mg with de/dt(0) = v € Mg =
(Mg)o, we can let c(t) = tv, Then expg o c(t) = expg(tv), the geodesic with
tangent vector v at time 0, so

d(expg)os() = FF] expg(e(t)) =v.Treo
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Before proving the next result, we recall some facts about the manifold 7M.
If (x, U) is a coordinate system on M, then for g € U we can express every

vector v € Mg uniquely as

2 a
iv= od ai=l ax! q

We will denote a’ by x#(v), so that
a a

v= x(v)a 5PB x" Lew
where x: TM — M is the projection. Then

(xtom...,x%07, 44,00.) = (FY EE ae")
is a coordinate system on x~'(U). For v € Mg,q € U we therefore have
tangent vectors

™

a a (TM)y;

ax |,” ax], aa |=
<a

the vectors 9/8x|,, are all in the tangent space of the submanifold Mg C TM,
while the vectors 4/8X‘|,, span a complimentary subspace.

14, THEOREM. For every p € M there is a neighborhood W and a number
€ > 0 such that

(1) Any two points of W are joined by a unique geodesic in M of length
<eé

(2) Let v(g,q’) denote the unique vector v € Mg of length < e such that
expg(v) = 9’. Then (9,9') + v(9,9') isa C™ function from W x W >
T™.

(3) For each g € W, the map expg maps the open e-ball in Mg diffeomor-
phically onto an open set U, > W.
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PROOF. Theorem 13 says that the vector 0 € Mp has a neighborhood V in the
manifold 7M such that exp is defined on V. Define the C® function F: V >
M x M by

F(v) = (x(v), exp(v)).
Let (x,U) be a coordinate system around p. We will use the coordinate

system

described above, for x~!(U). If 2): M x M — M is projection on the i
factor, then

(xlom,...,x" 0m,x! 072,...,X" 072) = (x4, ..., x17, X2), 2. 82")
is a coordinate system on U x U. Now, using the fact that

(expp)ox: Mp > Mp

is the identity, it is not hard to see that at 0 € Mp we have

a a a
Felss| )= 7 +s(ee |) oxy! lan 8xq lan
n(sel)=suOX |o, 9x2! |(p,p)

Consequently, F, is one-one at 0 € Mp, so F maps some neighborhood V’
of 0 difleomorphically onto some neighborhood of (p, p) € M x M. We may
assume that V‘ consists of all vectors v € Mg with g in some neighborhood U‘
of p and [lvl] < ¢. Choose W to be a smaller neighborhood of p for which
FV) DWxW. &

Given a W as in the theorem, and q € W, consider the geodesics through ¢of the form 1 ++ expg(tv) for lull < e. These fill out Ug. The close analysis of
geodesics depends on the following.

| , |a fexp,(v) : [lull = ¢}
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15. LEMMA (GAUSS’ LEMMA). In Ug, the geodesics through q are perpen-
dicular to the hypersurfaces

{expg(v) : vl] = constant < e}.

FIRST PROOF, Let v: R > Mg be a smooth curve with |lv(t)|| = a constant
k <e for all 1, and define

a(u,2) = expg(u- v(t) -l<u<l.

We are claiming that for every such @ we have

a(secu, ge en) =o for all (u, 1).
A calculation precisely like that in theproofof Theorem 12 proves the followingequation, in which the arguments (u, 2) and @(u, f) are omitted, for convenience:

a faa day ade (OO Pa aa! da!

a oo A) = Xa(Leos + Lwae ae)
magn 0 ;

dart aa” _, 00 doe!+L(Leet + LUG,Gy)i=l rel a)

The first term on the right is 0 since each curve u ++ a(u,f) is a geodesic.
Similarly, we obtain

a [da dw “dai (Pam SN eed da!@ (ede) =? ge(Lea t DUGG,ar)isl rel JJ=1

which is just twice the second term on the right of (I). But 8a/8u(w,) is just the
tangent vector at time u to the geodesic u ++ expg(u- u(t), where lu)I] = k;
so |]@c/8u|] =k, Thus the second term on the right of(2) is also 0. So

But @(0,1) = expg (0) = 9, so 8a/81(0,1) = 0. It follows that
da da

(3.3) =0 for all (u,1).
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SECOND PROOF. Let v: R> M, be any smooth curve with |Jv(1)||= a constantk <e for all t, and define

B(u,t) = expg(t - v(u)) (note carefully the roles played by ¢ and u).

Then8 is a variation of the geodesic y(t) = expg(t- v(0)), defined on [0, i]. By

/
f

Y -
the first variation formula, we have

dE(Bw)|
_

[a dy ap dy

nm| m7 (Fo. ota) 5 (Foo. Fo)
ju=0

ap dy

ae (Fon. 2o),
the integral vanishing since y is a geodesic, But each curve A(u) has energy

1 A 2 1

E(B) = f |r| dt=f{ Rat=k,lo dt fo
so

-

— EBM} _ _ | 86 dy $ar = (9D GO). *
=O

16. COROLLARY. Let c: [a,b] > Uy — {g} be a piecewise smooth curve,

e(t) = expg(u(r) - v4), —
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for 0 < u(t) < e and Ju(s)|| = 1. Then

Lic > lu(b) — ula),

with equality if and only if u is monotonic andv is constant, so that ¢ is a radial
geodesic joining wo concentric spherical shells around 9.

PROOF, If a(u,t) = expg(u - v(0)), then (1) = a(u(t),) and

de da , da
eau (N+—.

ai ~ ou" @+ ar
Since

da da da
ooo =]=1Gea)=> [sl=

we have
2

dcp fae?
|G| -wor+|F| =wor.

with equality if and only if 8/8 = 0, and hence v(t) = 0. Thus

b 6
de

LG) are fl weotar = mes — wefo iat 0

with equality if and only if w is monotonic and v is constant.

17, COROLLARY. Let W and ¢ be as in Theorem J5, let y: [0,1] > M be
the geodesic of length < ¢ joining 9,9’ € W, and let c: [0,1] > M be any
piecewise C® path from g to g’. Then

Ly) LO),

with equality holding if and only if ¢ is a reparameterization of y.

PROOF. We can assume that 9’ = expg(rv) € Ug — {9} (otherwise break ¢ up
into smaller pieces). For 6 > 0, the path ¢ must contain a segment which joins
the spherical shell of radius to the spherical shell of radius r, and lies between

them. By Corollary 16, the Jength of this segment has length > r — 6. So the
length of ¢ is > r, and clearly ¢ must be a reparameterization of y for equality
to hold.
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We thus see that sufficiently small pieces of geodesics are minimal paths for arc-
length. We can use Corollary 17 to determine the geodesics on a few simple
surfaces, without any computations, if we first introduce a notion which will
play a crucial role later. If (M,(, )) and (M‘,(, )’) are C® manifolds with
Riemannian metrics, then a one-one C® function f: M — M’ is called an
isometry of M into M’ if f*( , )'=(, ). For example, reflection through a
plane E? C R"+! is an isometry J: S" > S". It is clear that if c: [0,1] > M
is a C™ curve, then the length of ¢ with respect to ( , ) is the length of foc

with respect to ( , )‘; and if ¢ is a geodesic, then f 0c is likewise a geodesic.
For the isometry J: S$" + S" mentioned above, the fixed point set is the great

circle C = S"M E?. Let p,q € C be two points with a unique geodesic C’
of minimal length between them. Then J(C’) is a geodesic of the same length
as C’ between I(p) = p and 1(q) = q. So C’ = I(C’), which implies that

C’ CC, so that C is a geodesic. Since there is a great circle through any point
of S” in any given direction, these are all the geodesics.

Notice that a portion of a great circle which is larger than a semi-circle is
definitely not of minimal length, even among nearby paths. Antipodal points on

. _ path of smaller length
the sphere have a continuum of geodesics of minimal length between them, All
other pairs of points have a unique geodesic of minimal length between them
but an infinite family of non-minimal geodesics, depending on how many times
the geodesic goes around the sphere and in which direction it starts.
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The geodesics on a right circular cylinder Z are the generating lines, the

circles cut by planes perpendicular to the generating lines, and the helices
on Z. Jn fact, if L is a generating line of Z, then we can set up an isometry

I: Z-—L— R* by rolling Z onto R®. The geodesics on Z are just the images

—_

under J~! of the straight lines in R?. Two points on Z have infinitely many
geodesics between them.

We are now in a position to wind up our discussion of Riemannian met-
rics on M by establishing an important connection between the Riemannian

metric ( , ) and the metric d: M x M =R it determines,

d(p,q) = inf{L(y) : y a piecewise smooth curve from p to q}.

Notice that on both the sphere and the infinite cylinder every geodesic y defined
on an interval [a,b] can be extended to a geodesic defined on all of R. This is
false on a cylinder of bounded height, a bounded portion of R”, or R" — {0}.

In general, a manifold M with a Riemannian metric ( , ) is called geodesically
complete ifevery geodesic y: [a,b] > M can be extended to a geodesic from R
to M.
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18. THEOREM (HOPF-RINOW-DE RHAM). If (,, ) is a Riemannian
metric on M, then M is geodesically complete if and only if M is complete
in the metric d determined by ( , ). Moreover, any two points in a geodesi-
cally complete manifold can be joined by a geodesic of minimal length.

PROOF. Suppose M is geodesically complete. Given p,g € M with d(p,q) =
r > 0, choose Up as in Theorem 14. Let S C Uy be the spherical shell of radius
6 < e, There is a point

Po = exppdv, Hohl

on S such that d(po, 9) < d(s,q) for all s € S. We claim that

(*) expp(rv) = 95

this will show that the geodesic y(¢) = expp(tv) is a geodesic of minimal length
between p and q. To prove this result, we will prove that

(%) dy(),q)=r-t te [8,r].

First ofall, since every curve from p to q must intersect S, we clearly have

(p,q) =min(d(p,s) +d(s,9)) =5 + (po, 9).
So d(po.g) =r —8. This proves that («#) holds for1 = 6.Now let fo € [6,7] be the least upper bound of all # for which (##) holds. Then
(**) holds for fg also, by continuity. Suppose fo < r. Let S’ be a spherical shell

ge

(2 /a)
Po

Ss

ofradius 6’ around y(%o) and let po’ € S’ be a point closest to g. Then

(yo). 9) = min(a(y(t0),s) + d(s,9)) = 8 + d(p0',9),
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so

(st) d(po',9) = (r —%) — 8.

Hence

(p, po!) = d(p,9) — A(po', 9) = to + 8.

But the path ¢ obtained by following y from p to y(t) and then the minimal
geodesic from y(t) to po’ has length precisely % +68’. So c is a path of minimal
length, and must therefore be a geodesic, which means that it coincides with y.
Hence

(lo +8) = po.

Hence (#**) gives
Ay(to + 8'),9) =F — (0 +8),

showing that (#*) holds for fo + 6’. This contradicts the choice of fo, so it must
be that t =r. In other words, (+#) holds for 1 = r, which proves (+).
From this result, it follows easily that M is complete with the metric d. In

fact, if A C M has diameter D, and p € A, then the map expp: Mp > M

maps the closed disc of radius D in Mp onto a compact set containing A, In
other words, bounded subsets of M have compact closure. From this it is clear

that Cauchy sequences converge.
Conversely, suppose M is complete as a metric space. Given any geodesic

y: (4,6) > M, choose t > 6, Clearly y (tn) is a Cauchy sequence in M, so it
converges to some point p € M. Using Theorem 14, it is not difficult to show
that y can be extended past 6. Consequently, by a least upper bound argument,
any geodesic can be extended to R.

Asa particular consequeuce of Theorem 18, note that there is always a min-

imal geodesic joining any two points ofa compact manifold.
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ADDENDUM

TUBULAR NEIGHBORHOODS

Let M" c N*+K be a submanifold of N, with i: M — N the inclusion map,
so that for every p € M we have i,(Mp) C Np. If ( , ) isa Riemannian metric
for N, then we can define My+ C Np as

My" =v € Np : (v,i,w) = 0 for all w € Mp}.

Let

E=\j Mm," and w: E> M take My to p.
peM

It is not hard to see that v = w: E > M isa k-plane bundle over M, the
normal bundle of M in N.

For example, the normal bundle v of S"—! @ R" is the trivial 1-plane bundle,

for v has a section consisting of unit outward normal vectors. On the other hand

if M is the Mébius strip and S! C M is a circle around the center, then it is
not hard to see that the normal bundle v will be isomorphic to the (non-trivial)
bundle M — S’. If we consider S' C M Cc P?, then the normal bundle

of S! in P? is exactly the same as the normal bundle of S! in M, so it too is
non-trivial.
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Our aim is to prove that for compact M the normal bundle of M in N is
always equivalent to a bundle x: U — M for which U is an open neighborhood

of M in N, and for which the 0-section s: M — U is just the inclusion of M
into U. In the case where N is the total space ofa bundle over M, this openneighborhood can be taken to be the whole total space. But in general the
neighborhood cannot be all of N. For example, as an appropriate neighborhood
of S' CR? we can choose R? — {0}.

a

——~

Z ww
LS,

A bundle: U > M with U an open neighborhood of M in N, for which the
O-section

s:M —U is the inclusion of M in U, is called a tubular neighborhoodof M in N. Before proving the existence oftubular neighborhoods, we add some
remarks and a Lemma.

If x: U > M isa tubular neighborhood, then clearly

nos = identity of M,

som is smoothly homotopic to the identity of U,

so is a deformation retraction, and H*(U) ~ H*(M); thus M has the same
de Rham cohomology as an open neighborhood. Moreover, if we choose a

Riemannian metric ( , ) for 7: U > M and define D = {e € U: (¢,e) < 1},
then D is a submanifold-with-boundary of U, and the map 1D: D > M is
also a deformation retraction. So M also has the same de Rham cohomology

as a dosed neighborhood.

19, LEMMA. Let X be a compact metric space and Xo C X a closed subset.

Let f: X > Y bea local homeomorphism such that {|X is one-one. Then
there is a neighborhood U of Xo such that f|U is one-one.
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PROOF, LetC CX x X be
{(x,y) €X x X ix# y and f(x) = fy}.

Then C is closed, for if (Xn, yn) is a sequence in C with x» > x and yy > y,
then f(x) = lim f(x,) = lim fn) = f()), and also x # y since f is locally
one-one.

If g: C > Ris g(x,y) = d(x, Xo) + d(y, Xo), then g > 0 on C. Since C

is compact, there is ¢ > 0 such that g > 2e on C. Then f is one-one on the
e-neighborhood of Xo.

20. THEOREM. Let M C N be a compact submanifold of N. Then M has

a tubular neighborhood 2: U > M in N, which is equivalent to the normal
bundle of M in N.

PROOF, Choose a Riemannian metric ( , ) for N, with the corresponding
norm |] ), and metric d: N x N — R. Let

E ={v:v€Np and v€ My", for some p € M}
E,= {ve E: ful <e}

Ue= {g € N:d(g,M) <6}.

It follows easily from Theorem 13, and compactness of M, that exp is defined
on E, for sufficiently small ¢ > 0. We claim that for sufficiently small ¢, the map
exp is a diffeomorphism from E, onto U,. This will clearly prove the theorem.

Let V C E be the set of a non-critical points for exp. Then V > M (consid-

ered as a subset of E via the 0-section), and Vj = V1 Ej is compact; since exp
is one-one on M C \,, it follows from Lemma 19 that for sufficiently small ¢
the map exp is a diffeomorphism on Ey.

It is clear also that exp(£.) C U,. To prove that exp is onto U,, choose any
q € Ue, and a point p € M closest to q. If y: [0,1] > N is the geodesic of
length < ¢ with y(0) = p and y(1) = 4, itis easy to see that y is perpendicular
to M at p (compare the second proof of Gauss’ Lemma). This means that

q = exppdy/dt(0) where dy/dt(0) € Ee.

One of the interesting features of Theorem 20 is that all the paraphernalia
of Riemannian metrics and geodesics are used in its proof, while they do not
even appear in the statement. Theorem 20 will be needed only in Chapter }],
where we will also need the following modification.
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21, THEOREM. Let N be a manifold-with-boundary, with compact bound-

ary N. Then N has (arbitrarily small) open [and closed] neighborhoods for
which there are deformation retractions onto 3.

PROOF. Exactly the same as theproofof Theorem 20, using only inward point-ing normal vectors.

ows” &YN



348 Chapter 9

PROBLEMS

1. Let V be a vector space over a field F of characteristic # 2, and let h: V x
V > F be symmetric and bilinear.

(a) Define g: V > F by g(v) = A(v,v). Show that if g),...,¢n is a basis
for V*, then

n

g= Yo ayvj-v’y
for some ajj. het
(b) Show that

g(-») =9(v)

A(u,v) = 3[g(u + v) — 9) — 9()]-

(c) Suppose g: V — F satisfies q(—v) = v, and that h(u, v) = g(u-+v)—g(u)—
9(v) is bilinear. Show that

q(u+u+w) —qu)—q(v-+w) = g(u+v)— Gu) —9(v) —9(u+w) —9(u) —9(w).
Conclude that g(0) = 0, and g(2u) = 4q(u). Then show that g(v) = A(y, v).

2. Let (, ) be a Euclidean metric for V*. Suppose j, Wi € V* satisfy ¢) A
Ade = Wi Ne AWK #0, and let Wy and Wy be the subspaces of V*

spanned by the ¢ and y;.

(a) Show that w € Wg if and only if @ A ¢) A--- A gy = 0. Conclude that

Wy = Wy.

(b) Let o1,...,0% be an orthonormal basis of We = Wy. If ¢ = Ly ajay,
show that the signed k-dimensional volume of the parallelepiped spanned by

Gis.-+1@x is det(aiz). (The sign is + if @1,...,@% has the same orientation as
01,..+,0g, and — otherwise.)

(©) Using Problem 7-9, show that this volume is the same for y,.... Wk.

(@) Conversely, if Ws = Wy, and the signed volumes ofthe parallelepipeds are
the same, show that $1 A+++ Ady = Wi Ae AVE

Ifwe identify V with V*, so that we have a wedge product ¥ A: - «Av ofvectors
uv € V, then we have a geometric condition for equality with w) A -+- A wx.
In Legons sur la Géométrie des Espaces de Riemann, E. Cartan uses this condition to

define Q* (¥*) as formal sums of equivalence classes of k vectors; he deduces
geometrically the corresponding conditions on the coordinates of vw, w;.

3. Let V be an n-dimensional vector space, and ( , ) an inner product on V
which is not necessarily positive definite. A basis 1,...,U, for V is called

orthonormal if (vj, vy) = +5);.
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(a) If V # {0}, then there is a vector v € V with (v, v) 4 0.

(b) For W CV, Jet Wt = {vy € V: (v,w) = 0 for all w © W). Prove that
dim W+ > n—dimW. Hint: If {w;} is a basis for W, consider the Jinear
functionals A;: V > R defined by Aj(v) = (v, wi).

(©) If (, ) is non-degenerate on W, then V = W @ W+, and ( , ) is also
non-degenerate on W+.
(d) V has an orthonormal basis. Thus, there is an isomorphism f: R" >
V with f*(,) = (, )r for some r (the inner product ( , )r is defined on

page 301).

(e) The index of ( , ) is the Jargest dimension ofa subspace W C V such that
(, )[W is negative definite. Show that the index is n — r, thus showing that r
is unique (“Sylvester's Law of Inertia”).

4. Let (, ) be a (possibly non-positive definite) inner product on V, and Jet
Uj,-..,Un be an orthonormal basis (see Problem 3). Define an inner product

(, * on Q*(V) by requiring that
Vi Ave AUG, l<i<--+<ien

be an orthonormal basis, with

rs 5 k(vt Ave Avr Ur Ar AV) = det (igs Yj):

(a) Show that ( , )* is independent ofthe basis v),..., vx. (Use Problem 7-16.)
(b) Show that

(b1 A= Abg th AoA Wat = det (i, ¥j)") = det (Gi, Vid").
(©) If (, ) has index j, then

(VU) Ave A vty Ut Ave Avy)” = (-1).

(@) For those who know about @ and A*. Using the isomorphisms @*V* ~
(@*V)* and A‘(V*) © (AFV)*, define inner products on @*V and A‘V by
using the isomorphism V —> V* given by the inner product on V. Show that
these inner products agree with the ones defined above.

5. Recall the definition of v; x ++x U»—; in Problem 7-26.
(a) Show that {v; x «+» x Up_1,0;) = 0.

(b) Show that |v x --- x vz] = Vdet(gij), where gij = (vi, vj). Hint: Apply
the result on page 308 to a certain (7 — 1)-dimensional subspace of R”.
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6. Let § = m: E > B be a vector bundle. An indefinite metric on & is
a continuous choice of a non-positive definite inner product ( , )p on each
x~'(p). Show that the index of ( , )p is constant on each component of B.

7. This problem requires a little knowledge of simple-connectedness and cov-
ering spaces.

(a) There is no way of continuously choosing a I-dimensional subspace of S,,
for each p € S?. (Consider the space consisting of the two unit vectors in each
subspace.)
(b) There is no Riemannian metric of index 1 on S?.

8. Let (, ) and ( , )/ be two Riemannian metrics on a vector bundle & =
m: E — B. Let S be the set ofe € E with (e,e) = 1, and define S’ similarly.
Show that S is homeomorphic to S’. If & isa smooth bundle over a manifold M,
show that S is diffeomorphic to S’.

9. Show by a computation that if the functions gj; and g’ij are related by

ax! Axi,
806 = L858 GB

i

with det(gij) #0, and the functions g'/, g"/ are defined by

aa ; u ;

Veter =8,  YiaMe'y = 8.
k=l k=l

then
6i Ox’™ Ox!(eB i= ve ax? Oxi”

This, of course, is the classical way of defining the tensor [having the compo-
nents] g¥.

10. (a) Let ( , ) be a Riemannian metric on M, and A a tensor of type (1), so
that A(p): Mp — Mp. Define a tensor B of type (5) by

B(p)(v1,2)= (A(p)(%1),¥2)-
If the expression for A in a coordinate system is

cn a

A= Al dx! @=X ees) axJ”
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show that B = >, Bix dx! @ dx*, where
a

Bix =4Sik:
yet

(b) Similarly, define a tensor C of type (9) by
C(p)@r,Aa) = (A(p)*A), 42).

Show that if C has components C¥/, then
n

CH sy ghtal.
ist

The tensors B and C are said to be obtained from A by “raising and lowering
indices”.

11. (a) Let ¥1,...,Xn be linearly independent vector fields on a manifold Mwith a Riemannian metric ( , ). Show that the Gram-Schmidt process can be

applied to the vector fields al] at once, so that we obtain everywhere orthonor-
mal vector fields Yj,..., Yn.

(b) For the case ofa non-positive definite metric, find Yj,...,¥n with (Yi, ¥j) =£6i; in a neighborhoodofany point.
12. (a) If f: [a,b] > R is positive, show that the area of the surface obtained
by revolving the graph of f around the x-axis is

b ~

fiver.a

(b) Compute the area of S?.

13. Let M c R" be an (# — 1)-dimensional submanifold with orientation p.

The outward unit normal v(p) at p € M is defined to be that vector in R",

of length 1 such that v(p), (¥1)p;...,(Yn—1)p is positively oriented in R", when
(Y1)p>-++1 (Un—1)p is positively oriented in M,.
(a) If M = AN for an n-dimensional manifold-with-boundary N C R", then
v(p) is outward pointing in the sense of Chapter 8.
(b) Let dV; be the volume element of M determined by the Riemannian
metric it acquires as a submanifold of R”. Show that if we consider v(p) as an
element of R”, then

vp)

vyAVn—a(P)((U1)py+++5@n—t)p) = det. |

Un-1
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Conclude that ¢V,—1(p) is the restriction to My of
1

YEvi (pydel (py Av AERC) Ao Ndx"(p).
ist

() Note that v1 x ++» x Un—1 = a@v(p) for some a € R (by Problem 5). Show
that for w € R” we have

(w, V(p)) + (1 X +++& Va-a, VEp)) = (W, VX +++ X Va-1).
Conclude that

v!(p) -dVq—1(p) = restriction to Mp of

(=1)!Ndx"(p) A. A dxE(p) Av Adx"(p).
(d) Let M CR" be a compact n-dimensional manifold-with-boundary, with v
the outward unit normal on 8M. Denote the volume element of M by dVp,

and that of 8M by dV_—1. Let ¥ = )); a‘/Ax! be a vector field on M. Prove
the Divergence Theorem:

[axa f oonaverM ‘aM

(the function divXY is defined in Problem 7-27). Hint: Consider the form
on M defined by

n

o= Vena! ax! AvesA Gxt AveAax",
=

(©) Let M c R? be a compact 2-dimensional manifold-with-boundary, with
orientation yz, and outward unit normal v. Let T be the vector field on 0M

consisting of positively oriented unit vectors. Denote the volume element of M

by dA, and that of 8M by ds. Let X be a vector field on M. Prove (the original)

Stokes’ Theorem: f (vx xdas f (X,T) dsM ‘aM

(V x X is defined in Problem 7-27).

14. (a) Let V¥, be the volume of the unit ball in R". Show that

Va =i (= x2)?y, 1 dx. H
5
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1

(b) If J, = f (1 ~ x?)"-YP. dx, show thata

n~1In = —In-2.
n

(c) Using Vi = 2, ¥2 = x, show that

wre
— neven

‘n/2)!

Ya = an ny2H/2_ (HDL
—— dd.Taesen ™%

nl?(In termsof the I function, this can be written -————.)T(i+7/2)

(@) Let An—1 be the (n ~ 1)-volume of S"—!, Using the method of proof in
Corollary 8-8, but reversing the order of integration, show that

1

Vn il "A, dr = ee0 n

(e) Obtain this same result by applying the Divergence Theorem (Problem 13),
with X(p) = pp.

15. (a) Let c: [0,1] > R” be a differentiable curve, where R” has the usual

Riemannian metric ( , ) = 0; dx! @ dx. Show that

1 fa

Lc) = f LlcoF ar.0 isl

(b) For the special case c: [0, 1] > R? given by c(t) = (1, (1), show that this
length,

1f Vitor a,0

is the least upper bound of the lengths of inscribed polygonal curves.

Hint: If the inscribed polygonal curve is determined by the points (17, c(t;)) for
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a partition 0 = 19 < --- < tj =1 of [0,1], then we have

2le(i) — e-) = Vi — 4-1)? + (Sa) ~ SG)

= VG tay t+ SEU ~ ta)?

for some & € [ti—1, ti].
(c) Prove the same result in the general case. Hint: Use the results of Prob-
lem 81, and uniform continuity of V~ on a compact set.

It is natural to suppose that the area of a surface is, similarly, the least upper
bound of the areas of inscribed polygonal surfaces, but as H. Schwarz first

observed, this least upper bound is infinite for a bounded portion of a cylinder!
To illustrate Schwarz’s example I have plagiarized the following picture from a
book called Mamemamuueckuii Ananus xa Muozoobpasuax, written by someone
called M. Cimpax,

h

hes ZhCNSSSBNE LH
SSS7]desaSF /\
SNSFHSwe SFA

Nt————SWF
SNDSSeS Top view
SSTa
To increase the number of triangles, we maintain the hexagonal arrangement,

bm move the planes ofthe hexagons closer together, so that the triangles are more

nearly in a plane parallel to the bases ofthe cylinder. In this way, we can increase
the number of triangles indefinitely, while the area of each approaches hl/2.

‘The topic of surface area for non-differentiable surfaces is a complex one, which

we will not go into here.
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16. Let ¢: [0,1] > M bea curve in a manifold M with a Riemannian metric

(, ). If p: [0,1] > [0,1] is a diffeomorphism, show that

L(c) = L(eo p).

17. Show that the metric d on M may be defined using C®, instead ofpiece-
wise C% curves. (Show how to round off corners ofa piecewise C® path so that
the length increases by less than any given ¢ > 0; remember that the formula
for length involves only first derivatives.)

18. (@) Let B C M be homeomorphic to the ball {p € R": |p| < 1} and let

SC M be the subset corresponding to {p € R” : |p| = 1}. Show that M ~ S
is disconnected, by showing that M ~ B and B ~ S are disjoint open subsets of
M-S.

(b) If p € B~ S andg € M — B, show that d(p,q) = min d(p,q'). Usege

this fact and Lemma 7’ to complete the proofof Theorem 7. (In the theory ofinfinite dimensional manifolds, these details become quite important, for M~S

does no! have to be disconnected, and Theorem 7 is false.)
19. (a) By applying integration by parts to the equation on pages 318-319,
show that

aJ(&(u)) i Pa ar 7Gu neg dy Bun | By LO,F')
" OF

-~4f —OfO.f'O) dt] dt;[ Fososroral a
this result makes sense even if f is only C!.
(b) Du Bois Reymond’s Lemma. If a continuous function g on [a,b] satisfies

f ni(g(t)dt=0a
for all C functions 7 on [a,b] with n(a) = (6) = 0, then g is a constant.
Hint: The constant ¢ must be

1 fe
——— ac=f g(u) du

We clearly have

bf n'([g@) ~ e]dt =0,la

so we need to find a suitable n with n'(1) = g() ~¢.
(©) Conclude that if the C' function f is acritical point of J, then f still satisfies
the Euler equations (which are not a priori meaningful if f is not C?).
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20. The hyperbolic sine, hyperbolic cosine, and hyperbolic tangent functions
sinh, cosh, and tanh are defined by

x px x penx i

i eea re et
2 2 coshx

(a) Graph sinh, cosh, and tanh.
(b) Show that

cosh?~ sinh? = 1
tanh? +1/cosh® = 1

sinh(x + y) = sinh x cosh y + coshx sinh y
cosh(x + y) = coshx coshy + sinhx sinh y

sinh’ = cosh

cosh’ = sinh.

(c) For those who know about complex power series:

sinhx =“ coshx = cosix.

(@) The inverse functions of sinh and tanh are denoted by sinh! and tanh",
respectively, while cosh! denotes the inverse of cosh | [0,00). Show that

sinh(cosh~? x) = Vx? — 1 ey 1

(sinh7)'(x) =Treacosh(sinh™! x) = V1 + x2 Ix
1

7 1 (cosh™')'(x) = ———=.1 =cosh(tanh™! x) = Fai Vent
21. Consider the problem of finding a surface of revolution joining two circles
of radius 1, situated, for convenience, at a and ~a. We are looking for a function

1
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of the form

FS (x) =c cosh =

where ¢ is supposed to satisfy

cosh =1 (> 0).
c

(a) There is a unique yo > 0 with tanhyo = 1/yo. Examine the sign of 1/y ~tanhy for y > 0.
(b) Examine the sign of cosh y ~ Jsinh y for y > 0.
(©) Let

Aa(e) = ¢ cosh < c>0.
Show that A, has a minimum at a/yo, find the value of Ag there, and sketch

the graph,

(d) There exists ¢ with ccosha/c = 1 if and only if a < yo/coshyo. If a =
‘yo/ cosh yo, then there is a unique such c, namely ¢ = a/yo = 1/ cosh yo. If

4 < yo/cosh yo, then there are two such c, with c) < a/yo < cg. It turns out
that the surface for c2 has smaller area.

[o3

~yo/ cosh yo —a | a@ yo/ cosh yo
(c) Using Problem 20(d), show that

teVy.
cosh yo

[0 ~ 1.2,so V yo? ~ 1 ~ .67.]
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[These phenomena can be pictured more easily if we use the notion of an
envelope—c.f. Volume III, pp. 176ff. The envelope of the I-parameter family

of curves x
fe(x) = ¢ cosh ~

c

is determined by solving the equations

i) Aom FeO) = cosh % —% sin 2.ac coe c

We obtain x 5
—=+y0, y =ccosh~ =ccosh yo,
¢ c

so the envelope consists of the straight lines

h
ya gO,

yo

The unique member of the family through (yo/ cosh yo, 1) is tangent to the
envelope at that point, Por a < yo/cosh yo, the graph of f., is tangent to

‘NS 1 ra
IN w \ yf
\. ,

aN) isd a fey @ fe

cosh Yo fly a yo/ cosh yo
yey tN

the envelope at points P,Q € (—a,a), but the graph of fc, is tangent to the

envelope at points outside [—a,a]. The point @ is called conjugate to P along
the extremal fe,, and it is shown in the calculus of variations that the existence

ofthis conjugate point implies that the portion of fa from P to (a,1) does not
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give a Jocal minimum for | f¥1+(f')*. (Compare with the discussion of
conjugate points of a geodesic in Volume IV, Chapter 8, and note the remark
on pg. V.396.)]

22. All of our illustrations of calculus of variations problems involved an F
which does not involve 1, so that the Euler equations are actually

ar , d (# ,ax SOLO) > 7 ay (F@), £') ) = 0.
(a) Show that for any f and F: R? > R we have

d OF [ar dar

al'-13)-S lea)
and conclude that the extremals for our problem satisfy

OFF-f' ri 0.
(b) Apply this to F(x, y) = xV1 + y? to obtain directly the equation dy/dx =

Vey? ~ | which we eventually obtained in our solution to the problem.

23. (a) Let x and x‘ be two coordinate systems, with corresponding gij and g'i)
for the expression ofaRiemannian metric. Show that

8g'ap 5 Ogi Ax* ax! axiOx'¥ ~  L+ Aaxk Ax'¥ Ax! Ax/B
i,j,k=l

+ > - ( ax! Px! ax! x!Fe axe tant © ax Beeax )
(b) For the corresponding [i,k] and [w, y]’, show that

n i axd axk = axl gtxdax! ax! ax ax! — a?x:te j,k) oe Oe oxox!lop. ¥1 2 (ti, Koa B08 Only +h an? oxox
so that [ij,k] are not the components of a tensor.
(c) Also show that

a i a

ax! axd ax!¥ ax! ax'¥yo
kem » Ty Rye Bald axk PB ax ax axl”ijkl =

24, Show that any C° structure on R is diffeomorphic to the usual C™ struc-
ture. (Consider the arclength function on a geodesic for some Riemannian
metric on R.)
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25. Let (, ) = 35;dx! @ dx! be the usual Riemannian metric on R”, and

let Sj,; gi)4u! @ du/ be another metric, where u',...,u" again denotes the
standard coordinate system on R”. Suppose we are told that there is a difleo-
morphism f: R" + R" such that Dy;gij du! @du! = f*(, ). How can we
go about finding f?
(a) Let Af/du! = es: R" > R". Ifwe consider e; as a vector field on R", show
that f.(8/8u') = e;.

(b) Show that gi = (€,)).

(©) To solve for f it is, in theory at least, sufficient to solve for the ¢;, and to
solve for these we want to find diflerential equations

de; “ ,

iy = Anerr=

satisfied by the e;’s. Show that we must have

a n 2 fl udae ye er afBik = Desidly ed PB dau) due
(@) Show that

agiy > as! afl | es! afaut ~ Le Gulauk Gud * Gul duk Bul
a

=) gyr Ay + BirAyy
ral

= Bix,j + Bry,i-

(©) By cyclically permuting i, j, k, deduce that

Bijk = [ijk],

so that AT, =f). In Legons sur la Géométrie des Espaces de Riemann, E. Cartan uses
this approach to motivate the introduction ofthe Pf.
(f) Deduce the result Aj, = If, directly from our equations for a geodesic.
(Note that the curves obtained by setting all but one f* constant are geodesics,
since they correspond to lines parallel to the x!-axis.)
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26. If (V’,(, )) and (V",(_, )”) are two vector spaces with inner products,

we define (, } on V = V/@V"by
W'@v',w' ow") = (w+ uw”,

(a) Show that (, ) is an inner product.

(b) Given Riemannian metrics on M and J, it follows that there is a natural
way to put a Riemannian metric on M x N. Describe the geodesics on M x N
for this metric.

27. (a) Let y: [a,b] > M be a geodesic, and let p: [w,B] > [a,b] be a

diffeomorphism. Show that c = y 0 p satishes

ae KO, dei ded _ dek pr)
at VOTa a TO

(b) Conversely, if ¢ satisfies this equation, then y is a geodesic.
(0) If ¢ satisfies

Pk dei dei _ dek
7+hCOGGr = Gre — for us R>R,

then ¢ is a reparameterization of a geodesic. (The equation p”() = p'(Nu()
can be solved explicitly: p(r) = f" e@ ds, where M’(s) = y(s).)

28. Let ¢ be a curve in M with de/dt # 0 everywhere, and consider the hy-

persurfaces

{expeyy¥ : [lvl] = constant, where v € Mei) with (v,de/dt) = 0}.

Show that for v € Mey) with (v,de/dt) = 0, the geodesic u + expegyu + v
is perpendicular to these hypersurfaces. (Gauss’ Lemma is the “special case”

where c is constant.)

LiF
an anal,aX Car :
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29. Let y: [a,b] > M be a geodesic with y(a) = p, and suppose that expy is
a difleomorphism on a neighborhood © C Mp of {ry'(0) :0 <1 < 1}. Show
that y is a curve of minimal length between p and g = y(b), among all curves

in exp(@). (Gauss’ Lemma still works on exp(@).)

30. If ( , ) isa Riemannian metric on M and d: M x M > Ris the corre-

sponding metric, then a curve y: [a,b] > M with d(y(a),y(b)) = L(y) isa
geodesic.

31. Schwarg’s inequality for continuous functions states that

6 \? b bf ss) < f r) f *),
with equality if and only if f and g are linearly dependent (over R).

(a) Prove Schwarz’s inequality by imitating the proofof Theorem 1(2).(b) For any curve y show that

LE s © - a) ER),

with equality if and only if y is parameterized proportionally to arclength.
(©) Let y: [a,b] + M be a geodesic with L(y) = d(y(a), y(b)). If c(a) =
y(a) and c(b) = y (6), show that

Loy _ L@?ae 1s s 00).EW) b-a*b-a* ©)

Conclude that E(y) < E(c) unless ¢ is also a geodesic with
LB(c) = d(c(a), c(b)).

In particular, sufficiently small pieces of a geodesic minimize energy.

32. Let p be a point ofa manifold M with a Riemannian metric ( , ). Choose
a basis u,...,Un of Mp, so that we have a “rectangular” coordinate system x
on Mp given by >; a'uj + (a!,...,4"); letx be the coordinate system xoexp™!,defined in a neighborhood U of p.

(a) Show that in this coordinate system we have Ph(p) = 0. Hint: Recall
the equations for a geodesic, and note that a geodesic y through p is just exp
composed with a straight line through 0 in Mp, so that each y* is linear.
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(b) Let 7: U > Rbe rq) = d(p,q), so that roy = 2, (y*)*. Show that

@P((rey)) ayky dy! dy!meet | ~~) yee ebdt? [>( dt ) uy Y dt dt
k ik

(©) Note that

dyi dy) _ a (“ 7ss —}.ara SG
ij k

Using part (a), conclude that if ||y‘(0)|| is sufficiently small, then

@r oy)?
RE? 0,

so that d(r 0 y)/dr is strictly increasing in a neighborhood of 0.
(@ Let By = {v € My: llull < ¢} and S. = {v € M, : [lull =}. Show that
the following is true for all sufficiently small ¢ > 0: if y is a geodesic such that
y(0) € exp(Se) and such that y‘(0) is tangent to exp(S¢), then there is 6 > 0
(depending on y) such that y(t) ¢ exp(Be) for 0 #1 € (68,4). Hint: If y'(0) is

S,ey
tangent to exp(S¢), then d(r 0 y)/dt = 0.
(ce) Let g and q’ be two points with r(g),r(q’) < ¢€ and let y be the unique
geodesic of Jength < 2e joining them. Show that for sufficiently small ¢ the
maximum of roy occurs at either g or q’.

(f) A set U C M is geodesically convex if every pair q,q’ € U has a unique
geodesic of minimum length between them, and this geodesic lies completely

in U. Show that exp({v € My : ||ul| < ¢}) is geodesically convex for sufficiently
small ¢ > 0.

(@ Let f: U > R® be a diffeomorphism of a neighborhood U of 0 € RY
into R". Show that for sufficiently small ¢, the image of the open e-ball is
convex.
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33, (a) There is an everywhere differentiable curve c(t) = (1, f(1) in R? such
that

length of ¢| (0,A]lim —281,a

Hint: Make c look something like the following picture.

7 i length from
a (4,0) to (1,0) is 1

N oy length from
aera (4,0) to (4,0) is $

(b) Consider the situation in Corollary 15, except that ¢(1) = q if and only if
1 = a, and suppose u’(r) > 0 for r near 0. If¢ is C', then u(r) approaches a
limit as

1 — 0 (even though u(0) is undefined), Show that if ¢ is C', then thereis some K > 0 such that for all ¢ near 0 we have

[%6.n| cxu|%e.0) oswss
Hint: In Mg we clearly have

dtu-v()) | _ lul dv(t)
dt al a |"

Since expg is locally a diffeomorphism there are 0 < Ky < K2 such that

Ki llull < llexpgevll < Kallull

for all tangent vectors v at points near q.

(6) Conclude that

h da 2fray + |2%
him Leela,A) _ him f w(t)? + | a wo.0| di -
ho d(p,c(h))

—

h-+0 u(h) ——
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(@) If ¢ is C', show that L(¢) is the least upper bound of inscribed piecewise
geodesic curves.

34. (a) Using the methods of Problem 33, show that if ¢ is the straight line
joining v,w € Mp, then

_  L(expoc) _
im 1@ 7)

(b) Similarly, if yy, is the unique geodesic joining exp(v) and exp(w), and

Yo,w = €Xp © Cy,w, then

tim Low) _
vwr0 L(Co,w)

(c) Conclude that

tim @exPYexPw) _
vwso  flu— wl

35. Let f: M —> N be an isometry, Show that f is an isometry of the met-

Tic space structures determined on M and N by their respective Riemannian
metrics.

36. Let M be a manifold with Riemannian metric ( , ) and corresponding

metric d. Let f: M + M be a map of M onto itself which preserves the
metric d.

(a) If y is a geodesic, then f oy is a geodesic.
(b) Define f': Mp > My¢p) as follows: For y a geodesic with y(0) = p, let

1 asivt

rooy= LEOt t=O

Show that || /’(X)f = Vl], and that ’(¢X) = ¢f"(X).
(© Given X,Y € Mp, use Problem 34 to show that

20%,Y) XP +HYIP | ex -7¥ IP
[odd ee dea WX te¥Tt

= WX +P lim [d(exprX,exprY)]?
Wx nyt ro XH AY
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Conclude that (¥,¥)p = (/(X), f(Y)) pcp, and then that f((X + Y) =
LX) + £'H)-

(@) Part (c) shows that f’: Mp + Mypy is a difleomorphism. Use this to showthat f is itself a diffeomorphism, and hence an isometry.

37. (a) For v,w € R” with w ¥ 0, show that

Jim Wow tel @w)im —————— =

130 t toll

The same result then holds in any vector space with a Euclidean metric (, ).

Hint: If v: R" > Ris the norm, then the limit is Dv(v)(w). Alternately, one
can use the equation (uv, v) = full - flul| -cos@ where 6 is the angle between u
and v.

(b) Conclude that if w is linearly independent of v, then

w

Tim (ee ell = Hull= few #0. v170 t

(©) Let y: [0,1] + M be a piecewise C! critical point for length, and suppose
that y’(to*) # y’(to) for some fo € (0,1). Choose 1 < fo and consider the
variation @ for which &(2) is obtained by following y up to n, then the unique
geodesic from y(t) to y(to +), and finally the rest of y. Show that if 4 is

yQ)

y(to + 2)

y(to)

ya)

yO)

close enough to to, then dL (&(w))/du|,,_ # 0, a contradiction. Thus, critical
paths for length cannot have kinks.
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38, Consider a cylinder Z C R? of radius r. Find the metric d induced by the
Riemannian metric it acquires as a subset of R?.
39. Consider a cone C (without the vertex), and let L be a generating line.

Unfolding C — L onto R? produces a map f: C — L — R? which is a local

! ;
isometry, but which is usually not one-one. Investigate the geodesics on a cone

(the number of geodesics between two points depends on the angle ofthe cone,

and some geodesics may come back to their initial point).

40. Let g: S" > P" be the map g(p) = [p] = {p,—p)-

(a) Show that there is a unique Riemannian metric (, })} on P” such that

g*((, )) is the usual Riemannian metric on S$” (the one that makes the inclusion
of S” into R"*! an isometry).
(b) Show that every geodesic y: R > P” is closed (that is, there is a number a

such that y (+a) = y(r) for all 1), and that every two geodesics intersect exactly
once,

(Q) Show that there are isometries of P” onto itself taking any tangent vector
at one point to any tangent vector at any other point.

These results show that P" provides a model for “elliptical” non-Euclidean
geometry. The sum of the angles in any triangle is > 7.

41. The Poincaré upper half-plane #? is the manifold {(x, y) € R? : y > 0}
with the Riemannian metric

dx @dx +dy @ dy(,) =...
y

(a) Compute that

2 oy 1 lo! Kk

TheTh=Th=->, The p all other Pf = 0.
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(b) Let C be a semi-circle in J¢? with center at (0, ¢) and radius R. Considering
it as a curvet +> (t,y(¢)), show that

Py)
_

-vO
_

ye?
de tc y@Q”

(©) Using Problem 27, show that all the geodesics in Jt? are the (suitably pa-
rameterized) semi-circles with center on the x-axis, together with the straight
lines parallel to the y-axis.
(d) Show that these geodesics have infinite length in either direction, so that the

upper half-plane is complete.

(©) Show that if y is a geodesic and p ¢ y, then there are infinitely many

geodesics through p which do not intersect y.

(£) For those who knowa little about conformal mapping (compare with Prob-
jem IV.7-6). Consider the upper half-plane as a subset of the complex num-

bers C. Show that the maps

f= E48 a,b,c,d €R, ad~be>0
are isometries, and that we can take any tangent vector at one point to any
tangent vector at any other point by some fs. Conclude that if lengthAB =
length A‘B’ and lengthAC = length A‘C’ and the angle between the tangent
vectors of B and y at A equals the angle between the tangent vectors of f’
and y’ at A’, then length BC = length BYC’ and the angles at B and BY and
at C and C’ are equal (“side-angle-side”). These results show that the Poincaré

B

B

Bi

A ’ c oyYN a

upper half-plane is a model for Lobachevskian non-Euclidean geometry. The
sum of the angles in any triangle is < x.
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42. Let M be a Riemannian manifold such that every two points of M can be
joined by a unique geodesic of minimal length. Does it necessarily follow that
the Riemannian manifold M is complete?

43. Let M be a manifold with a Riemannian metric ( , ), and choose a fixed
point p € M. Suppose that every geodesic y: [a,b] > M with initial value
y(a) = p can be extended to all of R. Show that the Riemannian manifold

is geodesically complete.

44. Let p be a point in a complete non-compact Riemannian manifold M. Prove

that there is a geodesic y: [0,00) + M with the initial value y(0) = p, having
the property that y is a minimal geodesic between any two of its points.

45. Let M and N be geodesically complete Riemannian manifolds, and give

M x N the Riemannian metric described in Problem 26. Show that the Rie-
mannian manifold M x N is also complete.

46. This problem presupposes knowledge of covering spaces. Let g: M > N
be a covering space, where N is a C® manifold. Then there is a unique C®
structure on M which makes g an immersion. If ( , ) is a Riemannian metric

on N, then g*(_, ) isa Riemannian metric on M, and (M,g*( , )) is complete

if and only if (V,( , )) is complete.

47. (a) If M" c N"** js a submanifold of N, show that the normal bundle v
is indeed a k-plane bundle.

(b) Using the notion of Whitney sum @ introduced in Problem 3-52, show that
vV@TM ~(TN)|M.

48. (a) Show that the normal bundles v1, v2 of M" c N*** defined for two
different Riemannian metrics are equivalent.

(b) If € = x: E > M is a smooth k-plane bundle over M", show that the
normal bundle of M C E is equivalent to&
49. (a) Given an exact sequence of bundle maps

pf

 &
o> hm 0

as in Problem 3-28, where the bundles are over a smooth manifold M [or, more
generally, over a paracompact space], show that E2 ~ Ei ® E3.
(b) If€ = x: E > M js a smooth bundle, conclude that TE ~ m*(é) ©
x*(TM).
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50. (a) Let M be a non-orientable manifold. According to Problem 3-22 there
is S' C M so that (7M)|S! is not orientable (the Problem deals with the case
where (7M)|S! is always trivial, but the same conclusions will hold if each
(TM)|S' is orientable; in fact, it is not hard to show that a bundle over S! is
trivial if and only if it is orientable). Using Problem 47, show that the normal
bundle v of S! ¢ M is not orientable.

(b) Use Problem 3-29 to conclude that there is a neighborhood of some S! c M
which is not orientable. (Thus, any non-orientable manifold contains a “fairly

small” non-orientable open submanifold.)



CHAPTER 10

LIE GROUPS

I his chapter uses, and illuminates, many of the results and concepts of thepreceding chapters. It will also play an important role in later Volumes,
where we are concerned with geometric problems, because in the study of these
problems the groups of automorphisms of various structures play a central role,
and these groups can be studied by the methods now at our disposal.

A topological group is a space G which also has a group structure (the product
of a,b € G being denoted by ad) such that the maps

(a,b) + ab from G x G toG

area! fromG toG
are continuous. It clearly suffices to assume instead that the single map (a, b) >
ab" is continuous. We will mainly be interested in a very special kind of
topological group. A Lie group is a group G which is also a manifold with a
C® structure such that

(x, y) > xy

xe ae

are C® functions. It clearly suffices to assume that the map (x, y) he xy7!
is C. As a matter of fact (Problem J), it even suffices to assume that the map
(,p) xy is C®.
The simplest example of a Lie group is R", with the operation +. The

circle S! is also a Lie group. One way to put a group structure on S! is to
consider it as the quotient group R/Z, where Z C R denotes the subgroup

of integers. The functions x +» cos 27x and x r> sin2zx are C® functions
on R/Z, and at each point at least one of them is a coordinate system. Thus

the map -1
Gy) re x-y rm xy

m mM om
RxR > R — S'SR/Z.

which can be expressed in coordinates as one of the two maps

(x,p) > cos 2x (x — y) = cos 27x cos 2zy + sin zx sin wy
(x,y)> sin 2x (x — y) = sin 2x cos 2x y — cos 2xx sin zy,

is C®: consequently the map (x,y) +> xy! from S$! x $1 to S! js also C™.
371
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If G and H are Lie groups, then G x H, with the product C® structure,
and the direct product group structure, is easily seen to be a Lie group. In
particular. the torus S! x S! is a Lie group. The torus may also be described
as the quotient group

PPP eT eteee

the pairs (a,b) and (a',b’) represent the same element of S! x S! if and only

if a'-ae Zand b'-beZ.
Many important Lie groups are matrix groups. The general linear group

GL(n, R) is the group of all non-singular real n x n matrices, considered as a

subset of R”*. Since the function det: R”’ — R is continuous (it is a polynomial
map), the set GL(n,R) = det7'(R — {0}) is open, and hence can be given the
C®@ structure which makes it an open submanifold of R”. Multiplication of
matrices is C®, since the entries of AB are polynomials in the entries of A

and B. Smoothness of the inverse map follows similarly from Cramer’s Rule:

(A™)je = det AY / det A,

where A’ is the matrix obtained from A by deleting rowi and column j.One of the most important examples of a Lie group is the orthogonal group

O(n), consisting of all A € GL(r, R) with A - A‘ = /, where A! js the transpose
of A. This condition is equivalent to the condition that the rows [and columns]

of A are orthonormal, which is equivalent to the condition that, with respect

to the usual basis of R”, the matrix A represents a linear transformation which
is au “isometry”, ie., is norm preserving, and thus inner product preserving.

Problem 2-33 presents a proof that O(7) is a closed submanifold of GL(n, R),

of dimension n(n — 1)/2. To show that O(n) is a Lie group we must show that
the map (x, ») H xy"! which is C? on GL(n, R), is also C® as a map from
O(@) x O(7) to O(”). By Proposition 2-1, it suffices to show that it is continuous;
but this is true because the inclusion of O(7) + GL(m, R) is a homeomorphism

(since O(n) is a submanifold of GL(n, R)). Later in the chapter we will have
another way of proving that Q(7) is a Lie group, and in particular, a manifold.
The argument in the previous paragraph shows, generally, that if H C G isa

subgroup of G and also a submanifold of G, then H is a Lie group. (This gives

another proof that S! isa Lie group, for S' C R? can be considered as the group
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of complex numbers of norm 1. Similarly, 5? is the Lie group of quaternions
of norm 1. It is know that these are the only spheres which admit a Lie group
structure.) It is possible for a subgroup H of G to be Lie group with respect to
a C®™ structure that makes it merely an immersed submanifold. For example,

if L C R x R is a subgroup consisting of all (x, cx) for c irrational, then the

image of L in S' x S' =R x R/(Z x Z) isa dense subgroup. We define a Lie
subgroup H of G to be a subset H of G which is a subgroup of G, and also a

Lie group for some C® structure which makes the inclusion map i: H > G an

immersion. As we have seen, a subgroup which is an (imbedded) submanifold

is always a Lie subgroup. It even turns out, after some work (Problem 18), that
a subgroup which is an immersed submanifold is always a Lie subgroup, but we
will not need this fact.

The group O() is disconnected; the two components consist of all A € O(7)
with detA= +1 and detA = —1, respectively. Clearly SO(n) = {A € O(n) :det A = 1}, the component containing the identity /, is a subgroup. This is not
accidental.

1, PROPOSITION. If G is a topological group, then the component K con-
taining the identity e € G is a closed normal subgroup of G. If G is a Lie
group, then K is an open Lie subgroup.

PROOF. If a € K, then a~'K is connected, since b +» a~'b is a homeomor
phism of K to itself. Since ¢ = a~'a € a~' K, we have a~'K C K. Since this
is true for all @ € K, we have K~'K C K, which proves that K is a subgroup.

For any 6 € G, it follows similarly that bKb~" is connected. Since e € bKb™',
we have bKb~! © K, so K is normal. Moreover, K is closed since components
are always closed.

If G is a Lie group, then K is also open, since G is locally connected, so Kis a submanifold and a subgroup of G. Hence K is a Lie subgroup. ¢

The group $O(2) is just S!, which we have already seen is a Lie group. As
a final example of a Lie group, we mention E(n), the group of all Euclidean
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motions, ice., isometries of R". A little argument shows (Problem 5) that every

element of E(n) can be written uniquely as A -t where A C O(7), and Tt is a
translation,

t(x) = ta(x) =x +a.

We can give E(n) the C® structure which makes it diffeomorphic to O(”) x R".

Now E(z) is not the direct product O(7) x R" as a group, since translations and
orthogonal transformations do not generally commute. In fact,

AtgA7'(x) = A(A7!x 4.4) = x + A(a) = Taay(X),

so

AtgA7! = Tala); Ata = TaayA.

Consequently,

Ata(Bt5)~! = AtatB™ = Atg-5B!

= AB" t8a~»).

which shows that E() is a Lic group. Clearly the component of e € E(1) is
the subgroup of all Az with A € SO(n).

For any Lie group G, if a € G we define the left and right translations.

La: G > G and Rg: G > G,bv
La(b) = ab

Ra(b) = ba.

Notice that La and Rg are both difleomorphisms, with inverses Ly~1 and Ry~1.
respectively, Consequently, the maps

Lax: Gy > Gab

Ras: Gp > Goa

are isomorphisms. A vector field Y on G is called left invariant if
LaX =X  forallaeG.

Recall this means that

LarXp = Xap for alla,b eG.

It is easy to see that this is true if we merely have

LanXe = Xa for alla € G.

Consequently, given X- € Ge. there is a unique left invariant vector field Y
on G which has the value X; at ¢.
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2. PROPOSITION. Every left invariant vector field X on a Lie group G
is c™.

PROOF. It suffices to prove that X is C® in a neighborhood of e, since the

difleomorphism La then takes X to the C® vector field LayX around a (Prob-
lem 5-1). Let (x,U) be a coordinate system around e. Choose a neighbor-

hood V of e so that a,b € V implies ab! € U. Then fora € V we have
Xx!() = Lax Xe(x')

= Xe(x! 0 La).

Since the map (a,b) + ab is C® on V x V we can write

x! (ab) = x! La(b) = f(x" (a)... x(a), x"(b),- (0)
for some C® function f/ on x(V) x x(V). Then

Xx!(a) = Xe(x! 0 La)

n
'a
j(x! o La) a)= Yr ci 2 2 had = a=De af where Xe = Dee! al

ja e j=l

n
;

= Yet Dass T'(x(a), x(e)).
j=l

which shows that Xx! is C°°. This implies that X is C°. ¢

3. COROLLARY. A Lie group G always has a trivial tangent bundle (and is
consequently orientable).

PROOF, Choose a basis X1e,..-,Xne for Ge. Let X1,...,Xn be the left invari-

ant vector fields with these values at e. Then 4,..., X, are clearly everywhere

linearly independent, so we can define an equivalence

f: TG >G xR"

by
n

P(x) = ae...
jan
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A left invariant vector field X is just one that is Lg-related to itself for all a.
Consequently, Proposition 6-3 shows that [,, ¥] is left invariant if X and Y are,
Henceforth we will use X, Y, etc., to denote elements of Ge, and X, Y, etc., to
denote the left invariant vector fields with X(e) = X, Y(e) = Y, etc. We can

then define an operation [ , ] on Ge, by

X,Y] = Fe).

The vector space Ge, together with this [ , ] operation, is called the Lie algebra
of G, and will be denoted by £(G). (Sometimes the Lie algebra of G is defined
instead to be the set of left invariant vector fields.) We will also use the more

customary notation g (a German Fraktur g) for £(G). This notation requires

some conventions for particular groups; we write

ql(m,R) for the Lie algebra of GL(,R)
o(n) for the Lie algebra of O(n).

In general, a Lie algebra is a finite dimensional vector space V, with a bilinear
operation [ , } satisfying

[¥,x] =0

(LX, ¥],Z]+ (0% Z],X]+([Z,X],¥]=0 — “Jacobi identity”

for all X,¥,Z eV.

Since the [ , ] operation is assumed alternating, it is also skew-symmetric,
[X,Y] = ~[Y, X]. Consequently, we call a Lie algebra abelian or commutative

if [X,Y] =0 for all X,Y.
The Lie algebra of R” is isomorphic as a vector space to R”. Clearly £(R”)

is abelian, since the vector fields 8/4x! are left invariant and [4/dx', /4x/] = 0.

The Lie algebra £(S!) of S! is 1-dimensional, and consequently must be
abelian. If ¥j are Lie algebras with bracket operations [ , ]; for i = 1,2, then
we can define an operation [ , ] on the direct sum V = Vj @ V2 (= Vi x 2 as
a set) by

((%1,¥2), (M1, Yay] = (1%, Yili, [X2,Yala).
It is easy to check that this makes V into a Lie algebra, and that £(G x H)
is isomorphic to £(G) x £(H) with this bracket operation. Consequently, the
Lie algebra £(S! x --- x S!) is also abelian,
The structure of gl(n,R) is more complicated. Since GL(n,R) is an open

submanifold of R””, the tangent space of GL(7,R) at the identity / can be
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identified with R”. If'we use the standard coordinates x/ on R"’, then ann x
(possibly singular) matrix M = (Mj;) can be identified with

aM; = LX My al, :
iy

Let M be the left invariant vector field on GL(n,R) corresponding to M. We
compute the function @x*! on GL(n,R) as follows. For every A € GL(n,R),

MA x!(A) = Max") = Laws (x) = My(x" 0 La).
Now the function x“! o L4: GL(1,R) > GL(n,R) is the linear function

1

(x 0 La)(B) = x""(AB) =) Ate Bal,
a=)

with (constant) partial derivatives

Ag j=loH o La) = { odaxis 0 J#i.

So

~ a

Mx(A) = My (x*! 0 Ly) = z Muza oLa)
n n

,

= 0 Ma Ani = Yo Mat Ake:
iat ant

Thus,

;ee
ax! 0 ki.

So if N is another n x n matrix, we have

~ aon
kl) ep ALNy

(Mx""!) = DN50 (M")
"

=OMMy = (NM) a.
j=l

From this we see that .

~ a

(4, My = SUMAN - NM)xa 5a ax |,
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thus, if we identify ql(n,R) with R’, the bracket operation is just

[M,N] =MN-NM.

Notice that in any ring, if we define [a,b] = ab — ba, then[ , ] satisfies the
Jacobi identity.

Since O(7) is a submanifold of GL(n,R) we can consider O(n); as a subspace

of GL(#,R)z, and thus identify o(m) with a certain subspace of R””. This
subspace may be determined as follows. If A: (—e,2) > O(n) is a curve with

A(0) = I, and we denote (A(Q));; by Aij(2), then

"

YeAOARO = by:k=l
differentiating gives

Aix’ (0)5jx + ix Ajx'(0) = 0,
which shows that

Aj;'(0) = — Aji'(0).

Thus O(n); C R™ can contain only matrices M which are skew-symmetric,

0 My M3... Min

Mi 0

M=) -—M3 0 .

-Min 0

This subspace has dimension n(n—1)/2, which is exactly the dimension of O(n),
so O(m); must consist exactly of skew-symmetric matrices. If we did not know
the dimension of O(), we could use the following line of reasoning, For each

i, j with i <j, we can define a curve A: R > O(n) by

i i

1

cost sint iA) = . (rotation in the (i, /)-plane)

—sint cost j

“1
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with sin¢ and —sin¢ at (i, /) and (j,/), 1’s on the diagonal except at (i,i) and

(j,i), and 0's elsewhere. Then the set ofall A’(0) span the skew-symmetric ma-
trices. Hence O(7); must consist exactly of skew-symmetric matrices, and O(n)
must have dimension n(n — 1)/2.

We do not need any new calculations to determine the bracket operation

in o(7). In fact, consider a Lie subgroup Hofany Lie group G, and let i: H >
G be the inclusion. Since i,:He > Ge is an isomorphism into, we can identify
He with a subspace of G,. Any X € He can be extended toa left invariant
vector field ¥ on H anda left invariant vector field ¥ on G. For eacha € HC
G, we have left translations

La: H> H, LaiG>G

and

Lact =ioLg.

So
_ ~

eX (a) =t4LawX = Las(ieX) = X (a).

In other words, ¥ and ¥ are i-related, Consequently, if Y € He, then [¥, 7]
and [X,Y] are i-related, which means that

XP) = 16%, Pe).

Thus, He C Ge = g is a subalgebra of 9, that is, He is a subspace of g which is
closed under the[ , ] operation; moreover, He with this induced[ , ] operationis just § = £(H).

This correspondence between Lie subgroups of G and subalgebras of g turns
out to work in the other direction also.

4, THEOREM. Let G be a Lie group, and h a subalgebra of g. Then there
is a unique connected Lie subgroup H of G whose Lie algebra is ).

PROOF. For a € G, let Ag be the subspace of Ga consisting of all ¥(a) for
X € . The fact that § is a subalgebra of g implies that A is an integrable
distribution. Let H be the maximal integral manifold of A containing e. If
6G, then clearly L54(Aa) = Aga, 80 Lby leaves the distribution A invariant.

It follows immediately that Ly permutes the various maximal integral manifolds
of A among themselves. In particular, if b € H, then Lg~1 takes H to the
maximal integral manifold containing Ly~1(b) = e, so Ly~1(H) = H. This

implies that H is a subgroup of G. To prove that it is a Lie subgroup we just
need to show that (a, 6) +» ab™! is C°°. Now this map is clearly C°° as a map
into G. Using Theorem 6-7, it follows that it is C°° as a map into H.
The proofof uniqueness is left to the reader.
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There is a very difficult theorem of Ado which states that every Lie algebra
is isomorphic to a subalgebra of GL(N,R) for some N. It then follows from

Theorem4 that every Lie algebra is isomorphic to the Lie algebra ofsome Lie group, Later
on we will be able to obtain a “local” version of this result. We will soon see to

what extent the Lie algebra of G determines G.
We continue the study of Lie groups along the same route used in the study

of groups. Having considered subgroups of Lie groups (and subalgebras oftheir
Lie algebras), we next consider, more generally, homomorphisms between Lie
groups. If ¢: G > H is a C® homomorphism, then ¢4¢: Ge > He. For any
a € G we clearly have

bola = Loa od:

so if X € Ge, and ¥ = $,eX is the left invariant vector field on H with
value $4eX at e, then

aX(0) = bealarX = LocayabecX
=X(¢@).

Thus ¥ and ¥ are ¢-related. Consequently, the map gve: g > is a Lie
algebra homomorphism, that is,

declaX + bY) = abueX + bbueY

GrelX, Y] = [bneXs bre¥].
Usually, we will denote ¢se simply by $4: g > .

For example, suppose that G = H = R. There are an enormous number

of homomorphisms ¢: R — R, because R is a vector space of uncountable
dimension over Q, and every linear transformation is a group homomorphism.
But if ¢ is C®, then the condition

os +1) = $8) +40

implies that
dg(t+s) _ dos).

ds ds |

evaluating at s = 0 gives
gO =4'O,

which means that $(¢) = ct for some c (= ¢'(0)). It is not hard to see that even

a continuous ¢ must be of this form (one first shows that ¢ is of this form on the
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rational numbers). We can identify £(R) with R. Clearly the map ¢: R > R
is just multiplication by ¢.
Now suppose that G = R, but H = S! = R/Z. A neighborhood of the

identity e € S! can be identified with a neighborhood of 0 € R, giving rise to an
identification of £(S') with R. The continuous homomorphisms ¢: R > S!
are clearly of the form

xe

R—>R—R/Z;

once again, $,: R + R is multiplication by c.

Notice that the only continuous homomorphism ¢: S! > R is the 0 map
(since {0} is the only compact subgroup of R). Consequently, a Lie algebra ho-

momorphism g — ) may not come from any C° homomorphism ¢: G > H.

However, we do havea local result.

5. THEOREM. Let G and H be Lie groups, and ©: q > } a Lie algebra
homomorphism. Then there is a neighborhood U of e € G and a C® map
: U — H such that

¢(ab) = $(a)o(b) when a,b,ab € U,

and such that for every X € g we have

GreX = ¥(X).

Moreover, if there are two C° homomorphisms ¢,: G > H with xe =
Wae = &, and G is connected, then ¢ = py.

PROOF. Let § (German Fraktur k) be the subset f C g x § of all (X, &(X)), for
X eg. Since © is a homomorphism, t is a subalgebra of gx § = £(G x H). By
Theorem 4, there is a unique connected Lie subgroup K of G x H whose Lie
algebra is #. If 71: G x H > G is projection on the first factor, and o = 7)|K,
then @: K > G isa C® homomorphism. For X € q we have

W(X, B(X)) = X,

80 Wx: Kee) > Ge is an isomorphism. Consequently, there is an open neigh-

borhood V of (e,¢) € K such that w takes V diffeomorphically onto an open
neighborhood U of e € G. If m2: G x H > H is projection on the second
factor, we can define

g=mow! on U.
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The first condition on ¢ is obvious. As for the second, if X € g, then

a(X, O(X)) = X,

so

GX = Ta(X, O(X)) = O(X).
Given $,¥: G > H, define the one-one map 6: G > G x H by

(a) = (a, w(@)).

The image G’ of @ is a Lie subgroup of G x H and for X € q we clearly have

0,X = (X,(X)),

so £(G') = 1. Thus G' = K, which implies that y(a) = $(@) for allae G.

6. COROLLARY. If two Lie groups G and H have isomorphic Lie algebras.
then they are locally isomorphic.

PROOF. Given an isomorphism ©: q > , tet ¢ be the map given by Theo-

rem 5, Since se = ® is an isomorphism, ¢ is a difleomorphism in a neighbor-
hood of e € G.

Remark: For those who know about simply-connected spaces it is fairly easy
(Problem 8) to conclude that two simply-connected Lie groups with isomorphic
Lie algebras are actually isomorphic, and that all connected Lie groups with a
given Lie algebra are covered by the same simply-connected Lie group.

7. COROLLARY. A connected Lie group G with an abelian Lie algebra is
itself abelian.

PROOF. By Corollary 6, G is locally isomorphic to R”, so ab = ba for a,b

in a neighborhood of e. It follows that G is abelian, since (Problem 4) any
neighborhood of e generates G. +

8. COROLLARY. For every X € Ge, there is a unique C® homomorphism

¢: R= G such that di
Al aredi |,20
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FIRST PROOF. Define @: R > £(G) by
(@) =a.

Clearly © is a Lie algebra homomorphism. By Theorem 5, on some neighbor-
hood (~¢,¢) of 0 € R there isa map ¢: (-€,e) > G with

G(s +1) = $(s)o(1) Isl lel. Is tel <e

and

ie ,

|o7* (F..)=*
To extend ¢ to R we write every ¢ with |t| > € uniquely as

t=k(e/2)+r — k an integer, |r| < ¢/2
and define

se $(6/2) +++ G(E/2) - P(r) [$(€/2) appearsk times] k>0~
| @(-€/2)+++@(—€/2)- (7) [(—e/2) appears —k times] k <0.

Uniqueness also follows from Theorem 5.

SECOND (DIRECT) PROOF. If f: G > Ris C®, and ¢: R > G isa C®

homomorphism, then

dg. SOU +h) - SOO)
re rr

= lim LOM) — (GO)
ho h

d

= Hl, SoLgayog
dg .

= Leong, l_. Y)
= LownX(1) = FOO).

Thus $ must be an integral curve of ¥, which proves uniqueness. Conversely,
if $: R = G is an integral curve of ¥, then

1 $(s)- 9

is an integral curve of ¥ which passes through $(s) at time ¢ = 0. The same is
clearly true for

ire (s +0),

so ¢ is a homomorphism. We know that integral curves of X exist locally; they
can be extended to all of R using the methodofthe first proof. 4
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A homomorphism ¢: R — G is called a 1-parameter subgroup of G. We
thus see that there is a unique 1-parameter subgroup ¢ of G with given tangent
vector dg/dt(0) € Ge. We have already examined the I-parameter subgroups
uf RR. More interesting things happen when we take G to be R — {0}, with

multiplication as the group operation. Then all C® homomorphisms ¢: R >
R — {0}, with

9(s +8) = 6(s)6(0),

must satisfy

$1) = 9OH)

(0) =1.

The solutions ofthis equation are

P(t) =e Or,

Notice that R— {0} is just GL(1,R). All C° homomorphisms¢: R > GL(n,R)
must satisfy the analogous differential equation

YO=9'O 90.(*)
_gO =1,

where - now denotes matrix multiplication. The solutions of these equations

can be written formally in the same way

Gr) $(1) = exp(to'(0)),

where exponentiation of matrices is defined by

A A? AB

ep A =1+ 54+ start
This follows from the facts in Problem 5-6, some of which will be briefly reca-
pitulated here.

If A = (aj) and JA] = max layy|, then clearly

1A+ 81 <1Al+181

JAB] <nlAl- 1B]:

hence JAI < nk"[Ayk < nA, Consequently;

AN

a rn ANTK < (nl AD” a + (AD +* 5 RSNi (W+K)f > NE (N+ K)! as °°
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so the series for exp(A) converges (the (i, /)"® entry ofthe partial sums converge),

and convergence is absolute and uniform in any bounded set. Moreover (see
Problem 5-6), if AB = BA, then

exp(A + B) = (exp A)(exp 8).

Hence, if $(1) is defined by (#»), then

1 (0))
—

¢'() = lim exp(tg’(0) + g'(0)) — exp(to’(0))
h—0 hk

—
jn lexp(eg'(0)) — 1) 1

= fim ; exp(eo'(0))

hg’), b?9"(0)?

= limeee* oe“ exp(t¢’(0))b= h a

= 9'(0)6),

so @ does satisfy (+).

For any Lie group G, we now define the “exponential map”

exp:q>G

as follows. Given X € q, let ¢: R > G be the unique C® homomorphism
with d¢/dt(0) = X. Then

exp(X) = $(1).

We clearly have

exp( + 2)X = (expan X)(expX)

exp(-1X) = (exptX)7!.

9. PROPOSITION. The map exp: Ge > G is C® (note that Ge * R” has a
natural C® structure), and 0 is a regular point, so that exp takes a neighborhood
of 0 € Ge diffeomorphically onto a neighborhood of e € G. If ¥: G > H is
any C® homomorphism, then

G, Yt He

exp o Wa = W oexp. en| ler
oon
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PROOF. The tangent space (Ge x G)cx,0) of the C® manifold Ge x G at the
point (X,a) can be identified with Ge ® Gg. We define a vector field Y on
Ge x G by

“aoe roe. 0000(Sex St

Then Y has a flow @: R x (Ge x G) > Ge x G, which we know is C®. Since

expX = projection on G of #(1,0@ X),
it follows that exp is C®.

If we identify a vector v € (Ge)o with Ge, then the curve c(t) = ¢v in Ge has
tangent vector v at 0. So

dexp(c(O) d
a| gS] exptexpag() > |, wil.”
=u

So expyg is the identity, and hence one-one. Therefore exp is a diffeomorphism
in a neighborhood of 0.

Given ¥: G > H, and X € Ge, let ¢: R > G be a homomorphism with

do

wL.7*
Then y 0g: R= H is a homomorphism with

dy og)
—_—_— = WX.dt |. a

Consequently,

exp(eX) = yo $C) = wlexp X). &

10. COROLLARY. Every one-one C® homomorphism $: G > H is an
immersion (so $(G) is a Lie subgroup of #).

PROOF. If $xp(X(p)) = 0 for some non-zero X € g, then also }ye(X) = 0.
But then

e = exp dae(IX) = o(exp(/X)),

contradicting the fact that ¢ is one-one. ¢



Lie Groups 387

11, COROLLARY. Every continuous homomorphism $: R > G is C®.

PROOF. Let U be a star-shaped open neighborhood of 0 € Ge on which exp
is one-one. For any a € exp(4U), if a = exp(X/2) for X € U, then

@ = exp(X/2) = [exp(X/4)}, exp X/4 € exp(4U).

Soa has a square root in exp($U). Moreover, if a = b? for b € exp(3U), then
b = exp(Y/2) for Y € U, so

exp(X/2) = a = b? = [exp(¥/2)]* = exp Y.

Since X/2,¥ € U it follows that X/2 = Y, so X/4 = Y/2. This shows that
every a € exp(}U) has a unique square root in the set exp($U).
Now choose € > 0 so that $(t) € exp(3U) for |t| < €. Let $(e) = exp X,

X € exp(}U). Since
[(e/2)? = $e) = [exp X/27,

it follows from the above that $(¢/2) = exp(X/2). By induction we have

$(e/2") = exp(X/2").
Hence

$m /2" -€) = p(e/2")" = [exp(X/2")}" = exp(n/2" - X).

By continuity,

o(se) =expsX for alls € [-1, 1]. &

12. COROLLARY. Every continuous homomorphism $: G > H is C®.

PROOF. Choose a basis X1,...,Xq for Ge. The map t + $(exptX)) is a

continuous homomorphism of R to H, so there is ¥; € He such that

(exp 1X;) = exp rY;.
Thus,

(*) ((exp Xi) --- (exp tnXn)) = (exp aYi) +++ (exp Yn).
Now the map y: R" > G given by

W(h,..-5t) = (exp X)) ++ (exp Xn)

is C® and clearly
3

(ga),)=%
so w is a diffeomorphism of a neighborhood U of 0 € R" onto a neighbor
hood V of e € G. Then on V,

g=(Gowow,

and (+) shows that ¢ 0 y is C°. So @ is C™ at e, and thus everywhere.
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13. COROLLARY. If G and G’ are Lie groups which are isomorphic as topo-
logical groups, then they are isomorphic as Lie groups, that is, there is a diffeo-
morphism between them which is also a group isomorphism.

PROOF. Apply Corollary 11 to the continuous isomorphism and its inverse. ¢

The properties of the particular exponential map

exp: R” (= gl(n,R)) > GL@,R)

may now be used to show that O(n) is a Lie group. It is easy to see that

exp(M') = (exp M)!.

Moreover, since exp(M +N) = (exp M)(exp.N) when MN = NM, we have

(exp M)(exp —M) = 1.

So if M is skew-symmetric, M = —M¢, then

(exp M)(exp M)' = 1,

ie. expM € O(n). Conversely, any A € O(n) sufficiently close to J can bewriten A = expM for some M. Let At = expN. Then / = A- Ab =
(cxp M)(exp N), so expN = (exp M)! = exp(—M). For sufficiently small Mand

N this implies tha. N = —M. So expM* = At = exp(—M); henceMt = ~M. It follows that a neighborhood of J in O(n) is an n(w ~ 1)/2

dimensional submanifold of GL(#,R). Since O(n) is a subgroup, O(n) is itself
a submanifold of GL(n, R).

Just as in GL(n, R), the equation exp(X + Y) = exp X exp Y holds whenever
[X,Y] = 0 (Problem 13). In general, [X,Y] measures, up to first order, the

extent to which this equation fails to hold. In the following Theorem, and in
its proof, to indicate that a function c: R > G, has the property that c(r)/1? is
bounded for small , we will denote it by O(7). Thus O(13) will denote different
functions at different times.

14. THEOREM. If G is a Lie group and X,Y € Ge, then
2

(1) exp 1X expt¥ = exp{(X +Y)+ Si, Y]+ ow)
(2) exp(-1X) exp(-r¥) exp 1X exp1Y = exp{t?[X, Y] + O*)}

(3) exptX exp 1Y exp(-1X) = exp{t¥ + 7[X,Y] + OW}.
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PROOF. We have

og : d

G) Xf(a) = Xa(f) = Las X(f) = X(f 0 La) = in| S(a-expuX).ju=0

Similarly,

ii Ff(a) = a ( Y)(ii) f= 5] Sla-expu ,
For fixed s, let

b(t) = flexpsX expr).
Then

a d d
(ii) ') = = f(expsX exprY) = in| SJ (expsX exp1Y expuY)a du \yoo

= (¥f)(expsX exp1Y) by ii).

Applying (iii) to ¥f instead of f gives

(iv) $" (1) = [¥ Ff) (exp sX exp rY).

Now Taylor’s Theorem says that

090) = 90) +6" + LO2 4 O10),
Suppose that f(e) = 0. Then we have

w) SlexpsX exp1Y) = flexp sX) + (¥f)(expsX)
ze

+ SPF Mexp sx) + 00°).
Similarly, for any F.

4 rexpsx) = (FF )(expsX)
Co ve

gaa Flex sX) = [RPPexp sX)
2

F(expsX) = F(e) + s(¥F)(e) + SPEC) + O(s°).
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Substituting in (v) for F = f, F = ¥f, and F = ¥(Ff) gives

(vi) flexpsX expr¥) = s(¥ ye) + (FN(e)
2 ee Pee mcd

+ TENE + ZY ONnie) + stX (Ye)
+ O(s) + OW) + O(s%t) + O(st?).

In particular,

(vil) S(exptX exptY) = [(¥ + PF) fe)

ey 8.+2(> +974 7) | (+ 00°),
Now for small ¢ we can write

exptX exptY = exp Z(t)

for some C® function Z with values in Ge. Applying Taylor’s formula to Z
gives

Z() =tZ, +P Z.+ OW),

for some Z,,Zz € Ge. If f(e) = 0, then clearly f(A(t) + O(83)) = f(A) +(03), so by (vi) we have

(viii) SlexpZ()) = f (expZ1 + 0?Z2)) + OW)
= (Z, fle) + (Ze)

Pon iw

+ FlZl2i Ne) + O°).

Since we can take the f’s to be coordinate functions, comparison of (vii) and
(iii) gives

X+%=Z,

ZZ 5 FF oy VF
t+Ba + FP +s.

which gives

ZaX4¥,  Z= 51K),
thus proving (1)
Equation (2) follows immediately from (1).
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To prove (3), again choose f with f(e) = 0. Then similar calculations give

(ix) f(exptX exptY exp(-tX))

ae ee RX FY RX ce ee ay
d+? Ho +e[(F+yet #7- 22-72) (e)

+ 00°).

If we write

exptX exptY exp(—tX) = exp(tS; +752 + O(03)),
then we also have

®) S (exptX expr¥ exp(-X)) = f (expt; + 752) + O()
=FNE) +PENE

2 ee

+ 15151 Me) + ow).
Comparing (ix) and (x) gives the desired result.

Notice that formula (2) is a special case of Theorem 5-16 (compare also with
Problems 5-16 and 5-18).

The work involved in proving Theorem 14 is justified by its rote in the fol-
lowing beautiful theorem.

15. THEOREM. If G is a Lie group and H C G is a closed subset which is
also a subgroup (algebraically), then H is a Lie subgroup of G. More precisely,
there is a C® structure on H, with the relative topology, that makes it a Lie subgroup
of G.

PROOF, We attempt to reconstruct the Lie algebra of H as follows. Leth C Ge

be the set of all X € Ge such that exp1X € H for alts

Assertion I. Let X; € Ge with X; > X and let 4 + 0 with each 4 4 0. Suppose

exp4X; € H for alti. Then X € .

Proof, We can assume f; > 0, since exp(—;X;) = (exp tjXi)~! € H. For ¢ > 0,
let

k,(t) = largest integer < :.i
Then fi p

~—b<ki() <-,
ui fy



392 Chapler 10

so

uki(t) >t.

Now

ky)exp(ki(QuX;) = [exp(aX)| € H,
kj(ttXj > Xx.

Thus exptX € H, since H is closed and exp is continuous. We clearly also have

exptX€ H fort <0,soX € . QED.

We now claim that § C Ge is a vector subspace. Clearly X € f) implies
5X €h for alls ER. If X,Y € b, we can write by (1) of Theorem 14

exptX exptY = exp{t(¥ + Y) +1Z(1)}

where Z(t) > 0.as 1 — 0. Choose positive 4; > 0 and let ¥) = X¥+Y + Z(t).

Then Assertion ] implies that X + Y € h. Alternatively, we can write, for fixed 1.

Lyepty) sap lixensetinnis oun};OP PT =exp 2nv? ,

taking limits as n > oo gives exp1(X + Y) € H.

[Similarly, using (2) of Theorem 14 we see that [X,¥] € b, so that is a
subalgebra, but we will not even use this fact.]
Now let U be an open neighborhood of 0 € G, on which exp is a diffeomor-

phism. Then exp(h U) is a submanifold of G. It clearly suffices to show thal
if U is smal} enough, then

H Nexp(U) = exp(h VU).

Choose a subspace h’ C Ge complementary to §, so that Ge = 9 @ f.

Assertion 2. The map $: Ge > G defined by

Q(X +X") = exp X exp X" Xeh, Xeh!
is a diffeomorphism in some neighborhood of 0.

Proof. Choose a basis X1,...,X¢s-+-,Xn of Ge with Xj,...,Xk a basis for 6.

Then ¢ is given by
n k n

o(Saai) = ep( oa) on( > aii).isl i=) isk+1
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Since the map 7%, aX; + (a1,...,4n) is a diffeomorphism of Ge onto R”.
it suffices to show that

k n

Wi, 0-65 On) = o(Soarxi ex > ax)ist iak4i

is a diffeomorphism in a neighborhood of 0 € R”. This is clear, since

ug =X; E.D.Wel au ye QED.

Assertion 3. There is a neighborhood V' of 0 in such that exp X’ ¢ H if
oFXeV’.

Proof. Choose an inner product on ' and let K C fy’ be the compact set of all
X' € fy with | < |X’| < 2. If the assertion were false, there would be X;' € fy

with X;/ > 0 and exp Xi’ € H. Choose integers n; with

njXj' € K.

Choosing a subsequence if necessary, we can assume X;' > X' € K. Since

I/nj > 0, exp(1/ni)(1iX;') € H,

it follows from Assertion ] that X' € §, a contradiction. QE.D.

We can now complete the proof of the theorem, Choose a neighborhood

U = W x W' of G, on which exp is a diffeomorphism, with

Wa neighborhood of0 € §
W’ a neighborhood of0 € bh

such that W' is contained in V' of Assertion 3, and @ of Assertion 2 is a diffeomor-

phism on W x W’. Clearly

exp(h AU) C H Nexp(U)

To prove the reverse inclusion, let a € H MN exp(U). Then

a=expX exp X’ Xew,X'ew'.

Since a, expX € H we obtain expX' € H, so 0 = X', and a € exp(h OU). &
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Up to now, we have concentrated on the left invariant vector fields, but many

properties of Lie groups are better expressed in terms of forms, A form w is
called Jeft invariant if La*w = w for all a € G. This means that

w(b) = La*[w(ad)).

Clearly, a left invariant k-form w is determined by its value w(e) € 2G)
Hence, if w!,...,w” are left invariant I-forms such that !(e),...,@(e) span
G.*. then every left invariant k-form is

> Gi, aigOA NOK VAre!
h<oeiy r

for certain constants ay. If w!(e),...,w"(e) is the dual basis to X1,..., Xn € Ge.

then any C® vector field X¥ can be written
n

X= s/X for C® functions //.
jl

Then

o'(X)= f',

so w! is C. It follows that any left invariant form is C™.

If w is left invariant, then for a € G we have

La*dw = d(Lq*w) = dw,

so dw is also left invariant. The formula on page 215 implies that for a left
invariant I-form w and left invariant vector fields ¥ and ¥ we have

da XP) = KwP) — ¥(w(¥) — oF, ¥))

= -w([¥,¥)).

Hence

(*) do(e)(X, Y) = —w(e)([X, Y)),

the bracket being the operation in .

The interplay between teft invariant and right invariant vector fields is the
subject of Problem 1}. Here we consider the case of forms.



Lie Groups 395

16. PROPOSITION. Let ¥: G > G be (a) =a7!.

(}) A form @ is left invariant if and only if y*w is right invariant.
(2) If we € Q*(G,), then Wwe = (—1)kwe.

(3) If @ is teft and right invariant, then dw =0.

(4) If G is abelian, then g is abelian (converse of Corollary 7).

PROOF. (1) Clearly
woR,=Lycy,

80

RoW aly.

Tf w is left invariant, then

Ryo) = VWLy-"0 = yo.

so y*w is right invariant. The converse is similar.

(2) It clearly suffices to prove this for k = 1. So it is enough to show that

YWae(X) = —X for X € G,. NowX is the tangent vector at ¢ = 0 of the curve
1 +> exptX. So WaeX is the tangent vector at1 = 0 off > (exptX)7! =
exp(—1X); this tangent vector is just —X.

(3) If w is a left and right invariant k-form, then

W" (We) = (—1)hae.

Since *w and are both left invariant, we have

yo = (-Iko.

The form dw is also eft and right invariant, so

w'(dw) = (-1)' dw.

But

¥" (dew) = d(y*w) = d((=1)kw) = (-1)* dw.

So dw = 0.

(4) If G is abelian, then all teft invariant |-forms w are also right invariant. So
dw = 0 for all left invariant 1-forms. It follows from (*) that [X,Y] = 0 for alt
X,Yeq.
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Alternate proofof (4). By Theorem 14, if G is abelian, then for X,Y € Ge we
have fa e

yieyl+ oO’) = Zh x1+ or).
Hence

3X, ¥] + 0003)/0? = YY, X) + OP).

Letting¢ > 0, we obtain [X,Y] = [Y, X]. #
Since dw is eft invariant for any left invariant @, it follows that for a basis w',

...,@" of invariant I-forms we can express each do in terms of the w! A w/.
First choose Xj,...,Xn € Ge dual to o'(e),...,"(e). There are constants C/isuch that

7

(XX) = DO Ch Xe:
k=l

clearly we also have
a

(¥i, R= och.
kal

The numbers Cj, are called the constants of structure of G (with respect to the
basis X1,..., Xn of q). From skew-symmetry of [ , ] and theJacobi identity we
obtain

(1) Cf = Ch
1

2) Drickch, + chef, + chrcl)) =0.
h=1

From (#) on page 394 we obtain

| } .do! =—S'Cho! nw! =—5 Chol aw’.
i<j i

It turns out that (2) is exactly what we obtain from the relation d?w* = 0. Con-
dition (2) is thus an integrability condition. In fact, we can prove (Problem 30)

that if Cf are constants satisfying (1) and (2), then we can find everywhere
linearly independent I-forms @!,...,«" ina neighborhood of 0 € R” such that

1 i ;Ao Kkdok
= 3G w rw,
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Moreover, the existence of such w! implies (Problem 29) that we can define a
multiplication (a,b) +» ab in a neighborhood of 0 which is a group as far as
it can be and which has the w/ as left invariant I-forms. From this latter fact

and (a suitable local version of) Theorem 5 we could immediately deduce the
following Theorem, for which we supply an independent proof.

17. THEOREM. Let G be a Lie group with a basis of left invariant 1-forms

w!,...,@" and constants of structure Cj. Let M” be a differentiable manifold
and let 6!,...,0” be everywhere linearly independent I-forms on M satisfying

do* =— Cha! nos.
i<j

Then for every p € M there is a neighborhood U and a diffeomorphism

Jf: U > G such that ; ;
6! = ftw’.

PROOF, Let m: M x G > M and m2: M x G — G be the projections. Let

amo, OK =mtok.

Then

a6* — of) =— Ch (18! 06) - fa! no)
i<j

=— Lich a @ -a/)+ 6 - 6) nw),
ied

By Proposition 7-14, M x G is foliated by n-dimensional manifolds whose

tangent spaces at each point are annihilated by all 6* — *. Choose a € G
and let I’ be the folium through (p,a). Now 6!,...,8",@!,...,0” are linearly
independent everywhere; so on (p,q), which is the set of vectors in (M x G)(p,a)
where 6* — ok = 0, the sets 6!,...,6” and o!,...,0" are each linearly inde-
pendent. Hence x: + M and m:T > G are each diffeomorphisms

in some neighborhood of (p,a). This means that I contains the graph of

a diffeomorphism f from a neighborhood U of p to a neighborhood of a.

:

Ki

M
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Let f: U > M x G be the map

AM = GSM) CF.

Since 6* — a =0 on IT, we have

o= Te — ok) = Pino" = frmto®

= (m 0 f)"* ~ (rz 0 fy*o*

=O — ftok. &

It is also possible to say by how much any two such maps differ:

18. THEOREM. Let M be a connected manifold, let G be a Lie group, and
let fi,fa:M > G be two C® maps such that

fi*(w) = fr*(w)

for all left invariant I-forms w. Then f; and /2 differ by a left translation, that
is, there is a (unique) a € G such that

fr=Lao fi.

PEDESTRIAN PROOF. Case 1. M = R and the two maps y;,¥2: R > G satisfi
¥;(0) = 72(0). We must show that y; = y2. For every left invariant 1-form w
we have

dy\_., (d|\_ 1, (awrson ( dt Jen OO ler } =n'o( a ;
dy,

= (49) (*)
dy,= [rom ca-*o(200))] ()
dy= w(y2(t)) [40mm],“n) :

It follows thar

dn [L ] adi rekon |G

If we regard y, as given, and write this equation out in a coordinate system.
then it becomes an ordinary diflerential equation for y, (of the type considered
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in the Addendum to Chapter 5), so it has a unique solution with the initial

condition y2(0) = ¥;(0). But this solution is clearly yy = y;.

Case 2. M = R, but the maps y,,¥2 ave arbitrary. Choose a € G so that
¥2(0) =a y,(0).

If @ is a left invariant |-form, then

(La0y)*(w) = 1y"(La*w) = y"(w) = y2"(w).

Since Lq 0 ¥; (0) = y2(0), it follows from Case J that La oy, = ¥2-

Case 3. General case. Let po € M. Choose a € G so that

S2(Po) = 4 fil po).
For any p € M there isa C® curve c: R> M with c(0) = po and e(1) = p.
Let 7; = froc. Then

V2" (w) = e* fy*(w) = c* fi"(w) = y;"(@).

By Case 2, we have

volt) =a-y,(t) for all1.
in particular for ¢ = 1, so fo(p) =@- fi(p)-

ELEGANT PROOF. Let a;: GxG — G be projection on the i** factor. Choose
a basis w!,...," for the left invariant I-forms. For (a,b) € G x G, let

a
.

Aco) = ()ker(n*o! — m2").
i=l

Then A is an integrable distribution on G x G. In fact, if A(G) C G x G is the
diagonal subgroup {(a,a) : a € G}, then the maximat integral manifolds of A
are the lefi cosets of A(G). Now define h: M — G x G by

(p) = (h(p), Alp).

By assumption,

W(t"! — m*o') = fitw! — foto! = 0.

Since M is connected, it follows that 2(47) is contained in some left coset

of A(G). In other words, there are a,b € G with

afi(p) = bfa(p) for all pe M. &
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19. COROLLARY. If G is a connected Lie group and f: G > G isa C™
map preserving left invariant forms, then f = Lg for a unique a € G.

While left invariant |-forms play a fundamental role in the study of G, the

jeft invariant n-forms are also very important. Clearly, all left invariant n-forms
are a constant multiple of any non-zero one. If o” is a left invariant n-form.
then o” determines an orientation on G, and if f: G > R is a C™ function

with compact support, we can define

[ fo".CG

Since o” is usually kept fixed in any discussion, this is often abbreviated to

f for f f(a) da.G G

The latter notation has advantages in certain cases. For example, left invariance
of o” implies that

[ fla) da = f f(ba) da.G G

in other words,

f fo"= f go", where g(a) = f(ba);CG G
|note that Ly is an orientation preserving diffeomorphism, so

f for = [ Ls'(for) = f (fo Ls)Lsto" = f (fe Ls)o".G G (ol G
which proves the formula]. We can, of course, also consider right invariant
n-forms. These gencrally turn out to be quite different from the left invariant

n-forms (see the example in Problem 25). But in one case they coincide.

20. PROPOSITION. If G is compact and connected and w is a left invariant
n-form, then @ is also right invariant.
PROOF. Suppose w # 0. For each a € G, the form Rq* is left invariant. so
there is a unique real number f(a) with

Reto = flaw.

Since Ra* o R5* = (Ras)*, we have

S(ab) = f(ba) = f(a): f(d).

So /(G) C Ris acompact connected subgroup of R—{0}. Hence f(G) = {1}.
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‘We can also consider Riemannian metrics on G. In the case ofa compact
group G there is always a Riemannian metric on G which is both left and
right invariant. In fact, if (, ) is any Riemannian metric we can choose a

bi-invariant n-form o” and define a bi-invariant ((, )) on G by

(Wm fan Reel), Lae RoW) dad.GxG

We are finally ready to account for some terminology from Chapter 9.

21. PROPOSITION. Let G be a Lie group with a bi-invariant metric.
(}) For any a € G, the map Ig: G > G given by J4(b) = ab~'a is an isometry
which reverses geodesics through a, i.e., if y is a geodesic and y(0) = a, then
Ta(y(t)) = ¥(—#).

(2) The geodesics y with y(0) = e are precisely the I-parameter subgroups
of G, i.e. the maps f+ exp(tX) for some X € 4.

PROOF. (t) Since

Te(b) = b=",

the map Jeu: Ge + Ge is just multiplication by 1 (see the proof of Proposi-

tion 16(2)), so it is an isometry on Ge. Since

Te = Ry-tTeLg-

for any a € G, the map Ie4: Ga > Gg-1 is also an isometry. Clearly Ie reverses
geodesics through e.

Since

Iq = Rale Ra,

it is clear that Ja is an isometry reversing geodesic through a.

(2) Let y: R > G be a geodesic with y(0) =e. For fixed ¢, let

Pu) = ye +4).

Then 7 is a geodesic and 7(0) = y(t). So

Ty ley (@)) = Tyg (—¥)) = Ly (4 — 9)
= Wt +u) = y(t 2).

But also

Ty@le(b) = yoy),
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so

y(t)y(u)y() = y(u + 28).

It follows by induction that

y(nt) = y(t)” for any integer n.

If t! = n't and t" = n"t for integers n’ and n", then

yee) = yO" = YEDYC,

so y is a homomorphism on Q. By continuity y is a I-parameter subgroup.
These are the only geodesics, since there are 1-parameter subgroups with

any tangent vector at ¢ = 0, and geodesics through e are determined by their
tangent vectors at ¢ = 0,

We conclude this chapter by introducing some neat formatism which allows

us to write the expression for dw* in an invariant way that does not use the

constants ofstructure of G. If V is a d-dimensional vector space, we define a
V-valued k-form on M to bea function w such that each w(p) is an alternating
map

o(p): M,x++-x Mp >V.
ne

A times:

If uj,...,0g isa basis for V, then there are ordinary k-forms w!,...,w4 suchthat for X),...,X% € Mp we have

a
.

(P(X,++ Xe) = Do!(p(X.Xvi:ist
we will write simply

a

wo = Yo! -y.
i=l

For any V-valued k-form w we define a V-valued (k + 1)-form dw by

d

dw = dw! - vj;
i=l

a simple calculation shows that this definition does not depend on the choice of
basis u,...ug for V.
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Similarly, suppose p: U x V > W isa bilinear map, where U and V have
bases #),...,ue and ti,..., 0a, respectively. If w is a U-valued k-form

‘

w= Pol -u;
ist

and 9 isa V-valued /-form
a

n= Yon -y,
j=l

then
cd

| |

Vol an’: puny)
i=l j=l

isa W-valued (k +/)-form; a calculation shows that this does not depend on the
choice of bases w1,...,W%¢ OF U;,-..,Ug. We will denote this W-valued (k +/)-

form by p(w A 7).

These concepts have a natural place in the study ofa Lie group G. Although
there is no natural way to choose a basis of left invariant 1-forms on G, there

a natural -valued I-form on G, namely the form w defined by

(+) w(a)(¥(a)) = X € g.

Using the bilinear map [ , ]: ¢ x q > 9; we have, for any g-valued k-form n
and any q-valued /-form 4 on G, a new q-valued (k + /)-form [y A A] on G.

Now suppose that X),...,Xn € Ge = q is a basis, and that w',...,w" isa
dual basis of left invariant I-forms. The form w defined by (x) can clearly be
written

a

o= Yo* Xx.
k=l

Then

n

(i) dw = do* . X,
kel

a
;

= (Lhe! A o!) “Xp.
kai Si<j
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On the other hand,
n

1%, Xj] = Ch,
kel

so

nnn
a

(2) [onal= (LV cho aa! Xe).
kay Niet j=t

Comparing (1) and (2), we obtain the equations of structure of G:

ello=— zl Ao).

The equations of structure of a Lie group will play an important role in
Volume III. For the present we merely wish to point out that the terms dw and
[w A @] appearing in this equation can also be defined in an invariant way. For
the term dw we just modify the formula in Theorem 7-13: If U is a vector field

on G and f is a g-valued function on G, then (Problem 20) we can define a
q-valued function U(/) on G. On the other hand, w(U) is a q-valued function
on G. For vector fields U and V we can then define

dw(U,V) = U(a(V)) — V(w(U)) — @([U, ¥)).

Recall that the value at a € G of the right side depends only on the values Ua
and Va of U and V ata. If we choose U = ¥, V = ¥ for some X,Y € Ge,
then

des(a)(Xq, Ya) = 0 ~ 0 ~ w(a)({¥, Pa)

=o )(X, Ye) since [¥, 7] is left invariant

=—w(e)([X, Y) by definition of [ , ] in Ge

=-[%,Y¥] na

Py s \ by definition ofw.= —[w(a)(Xa), o(@)(Ya)]

It follows that for any vector fields U and V we have

dw(U, V) = —[w(U), o(V)).

Problem 20 gives an invariant definition of p(wAn) and shows that this equation
is equivalent to the equations of structure.
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WARNING: In some books the equation which we have just deduced appears
as dw(U,V) = —}[w(U),@(V)]. The appearance of the factor } here has
nothing to do with the 4 in the other form of the structure equations. It comes
about because some books do not use the factor (k + /)!/K!/! in the definition

of A. This makes their 4 A 7 equal to 4 of ours for I-forms A and y. Then the
definition of a(S w; dx") as da; A dx! makes their dw equal to 4 of ours
for 1-forms w.
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PROBLEMS

1. Let G bea group which is also a C® manifold, and suppose that (x, y) > xy
is C&

(a) Find f-! when f: G x G > G x G is f(x,y) = (x, xy).
(b) Show that (¢,e) is a regular point of /.
(c) Conclude that G is a Lie group.

2. Let G be a topological group, and H C G a subgroup. Show that the
closure H of H is also a subgroup.

3. Let G be a topological group and H C G a subgroup.

(a) If H is open, then so is every coset gH.
(b) If H is open, then H is closed.

4. Let G be a connected topological group, and U a neighborhood of e € G.
Let U” denote alt products a -++ ay for a; € U.

(a) Show that U"*! is a neighborhood of U".
(b) Conclude that U, U" = G. (Use Problem 3.)
(c) If G is locally compact and connected, then G is o-compact.

5. Let f: R" > R" be distance preserving, with f(0) = 0.

(a) Show that / takes straight lines to straight lines.
(b) Show that / takes planes to planes.
(c) Show that f is a linear transformation, and hence an element of O(n).

(d) Show that any element of £() can be written A-t for A € O(n) andta
translation.

6. Show that the tangent bundle 7G ofa Lie group G can always be made into
a Lie group.

7. We have computed that for M € gl(n,R) we have

Pa Pa a a a
M = YO) MxM =. where Mx!"(A) = Y Mat Ana.

kl ont

(a) Show that this means that

M(A) = A-M €R™ =GL(n,R)s.

(tis actually clear a priori that M defined in this way is left invariant, for L4. =
La since Ly is tinear)

(b) Find the right invariant vector field with value M at J.
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8. Let G and H be topological groups and ¢: U > H a map on a connected

open neighborhood U of e € G such that ¢(ab) = ¢(a)6(b) when a,b, ab € U.
(a) For each ¢ € G, consider pairs (V,), where V C G is an open neighbor-
hood of ¢ with V- V7! ¢ U, and where ¥: V > A satisfies w(a)- w(b)7) =
g(ab™) for a,b € V. Define (Vi, ~1) y (V2, ¥2) if vr = Wo on some smaller
neighborhood of ¢. Show that the set of all y equivalence classes, for all c € G,
can be made into a covering space of G.

(b) Conclude that if G is simply-connected, then ¢ can be extended uniquely
to a homomorphism of G into H.

9. In Theorem 5, show that ¢ and y are equal even if they are defined only

on a neighborhood U of ¢ € G, provided that U is connected.
10. Show that Corollary 7 is false if G is not assumed connected.

11. If G is a group, we define the opposite group G° to be the same set with
the multiplication « defined by a+b =b-a. If gis a Lie algebra, with operation
[ , ], we define the opposite Lie algebra q° to be the same set with the operation
[X,Y]? =-[¥,Y].

(a) G° is a group, and if ¥: G > G is ars a7, then y is an isomorphism
from G to G°.

(b) 9° is a Lie algebra, and X ++ —X js an isomorphism of g onto ¢°.
() £(G°) is isomorphic to [.£(G)]° = a°.
(A) Let [ , ] be the operation on G, obtained by using right invariant vector

fields instead of left invariant ones. Then (g,[ , ]) is isomorphic to £(G°), and
hence to 9°.

(e) Use this to give another proof that q is abelian when G is abelian.
12. (a) Show that

wp{° 7)a( c8@ sina
Pla o}~\-~sina cosa)’

(b) Use the matrices A and B below to show that exp(A + B) is not generally

equal to (exp A)(exp B).
ol 0 0

13. Let X,Y € Ge with [X,Y] =0.

(a) Use Lemma 5-13 to show that (expsX)(exptY) = (expt (expsX).
(b) More generally, use Theorem 5 to show that exp is a homomorphism
on the subspace of Ge spanned by X and Y. In particular, exp(¥ + ¥) =

(exp X)(expY).



408 Chapter 10

14. Problem 13 implies that exp¢(X +Y) = (exptX)(expeY) if [X,Y] =0. A

more general result holds. Let ¥ and Y be vector fields on a C® manifold M
with corresponding tocal I-parameter families of local diffeomorphisms {¢r},
{Ws}. Suppose that [X,Y] = 0, and let m = $1 © Wr = Wr gr.

(a) Show that
d

PUP) Xen p)) + $ualYHUD)-
(b) Using Corollary 5-12, show that

di

PUP) = Xa oy) + Yeu).
In other words, {nr} is generated by X + Y.

15. (a) If M is a diagonal matrix with complex entries, show that

detexp M = ettaceM |

(b) Show that the same equation holds for all diagonalizable M with complex
entries.

(c) Conclude that it holds for all M with complex entries. (The diagonalizable

matrices are dense; compare Problem 7-15.)
(a) Using Proposition 9, show that for the homomorphism det: GL(n,R) >

R — {0}, the map det,: ql(z,R) + £(R — {0}) = R is just M+ trace M.
(e) Use this fact to give a fancy proof that trace MN = trace NM. (Look at
trace(MN — NM) = trace[M, N),)

(f) Prove the result in part (d) directly, without using (c). (Since det, and trace

are homomorphisms, it suffices to look at matrices with only one non-zero entry.)
(g) Now use this result and Proposition 9 to give a fancy proofof (c).
16. (a) Let U be a neighborhood of the identity (1,0) of S? (considered as a
subsct of R?). Show that no matter how small U is, there are elements a € U
which have square roots outside U in addition to their square root in U.
(b) Show that for each n > |, there is a neighborhood U of e € G such that

every clement in U has a unique 7" root in U.
(Q) For G = S?, show that there is no neighborhood U which has this property
for all n.

17. (a) Let (x, V) be a coordinate system around e € G with x/(e) =0. Let

x! (ab) = f(x" (a),..., (a), x"(b), «4 x(8))
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for C® functions /’. Show that

Dzf'(0) = Dns; f'(0) = 8.

(b) If a, B: (~e,) + G are differentiable, show that

(a - BY'(0) = a'(0) + B'(0).

() Also deduce this result from Theorem 14(1). (Not even the full strength of (1)
is needed; it suffices to know that exptX exptY = exp{t(X + Y) + O(t)}. The

argument ofpart (a) is essentially equivalent to the initial part of the deduction
of (1).)

18. Let G be a Lie group, and let H C G be a subgroup of G (algebraically),
such that every a € H can bejoined to e¢ by a C™ path lying in H. Let § C Ge

be the set of tangent vectors to all C® paths lying in H.

(a) Show that is a subalgebra of Ge. (Use Theorem 14.)
(b) Let K CG be the connected Lie subgroup of G with Lie algebra §. Show
that H C K. Hint: Join any a € H toe by a C™ curve ¢, and show that the

tangent vectors of ¢ lie in the distribution constructed in the proofofTheorem 4.
(c) Let c1,...,¢% be curves in H with {¢;/(0)} a basis for h. By considering
the map f(t',...,0%) = a(t!)-++cx(t), show that K C H. Thus, H is a Lie

subgroup of G. It is even true that H C G is a Lie subgroup if H is path
connected (by not necessarily C® paths); see Yamabe, On an arcwise connected
subgroup ofa Lie group, Osaka Math. J. 2 (1950), 13-14.(d) If H C G is a subgroup and an immersed submanifold, then H is a Lie
subgroup.

19. For ae G, consider the map b+ aba~! = LaRa7(b). The map

(LaRaat §> 9
is denoted by Ad(a); usually Ad(a)(X) is denoted simply by Ad(a)X.

(a) Ad(ab) = Ad(a)oAd(b). Thus we have a homomorphism Ad: G — Aut(g),

where Au!(q), the automorphism group of 4q, is the set of all non-singular linear
transformations of the vector space gq onto itself (thus, isomorphic to GL(n, R)
if q has dimension n). The map Ad is called the adjoint representation.
(b) Show that

exp(Ad(a)X) = a(exp X)a7'.

Hint: This fottows immediately from one ofour propositions.
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(c) For A € GL(n,R) and M€ gl(n,R) show that

Ad(A)M = AMA™}.

(It suffices to show this for M in a neighborhood of 0.)
(d) Show that

Ad(exptX)Y = ¥ + t[X,Y]+ O(:).

(e) Since Ad: G + g, we have the map

oat tangent space of Aut(q) at the
Ade: (= Ge) > identity map Iq of @ to itself.

This tangent space is isomorphic to End(q), where End(q) is the vector space of

all linear transformations of q into itself: If ¢ is a curve in Aut(q) with ¢(0) = Ig,
then to regard ¢’(0) as an element of Aut(q), we let it operate on Y € gq by

d(0)(Y) = = Y).(OY) i0 )
(Compare with the case q = R", Aul(g) = GL(n,R), End(q) = x n matrices.)

Use (d) to show that
Adse(X)(Y) = [X,Y].

(A proof may also be given using the fact that [¥,7] = Lg¥.) The map
Y + [X,Y] is denoted by ad X € End().

(f) Conclude that

2

Ad(expX) = exp(adX) = Ig sadn 4 SEAN. .
(g) Let G be a connected Lie group and H CG a Lie subgroup. Show that H
is a normal subgroup of G if and only if = £(H) is an ideal of g = £(G),
that is, if and only if [X,Y] € for all ¥ eq, Y € §

20. (a) Let f: M — V, where V is a finite dimensional vector space, with basis
V},.-+,04. For Xp € Mp, define X,(f) € V by

dg .XN) = VOX) vi.
tsi

where f = 4, fi-v; for f!: M — R. Show that this definition is indepen-
dent ofthe choice ofbasis vj,...,va for V.
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(b) If w is a V-valued k-form, show that dw may be defined invariantly by the
formula in Theorem 7-13 (using the definition in part (a)).

(©) For p: U x V — W, show that p(wA 7) may be defined invariantly by
(WA NX, ..-, Xe, Xepas ses Xegd)

1

77 YE sgne- p(w(Xoays ++, Xo)» M(Xorkegs)s +++» Xock41))-
 oeSk41

Conclude, in particular, that

[w A w\(X, Y) = 2[w(X), o(¥)].
(d) Deduce the structure equations from (b) and (c).

21. (a) If w isa U-valued k-form and 7is a V-valued /-form, and p: Ux V >
W, then

d(p( An)) = p(dw an) + (-1)k p(w a dn).

(b) For a g-valued k-form w and /-form we have

form = (“I aa.

(c) Moreover, if 4 is a g-valued m-form, then

("oa tad +(-D" fa Daal] + (-I"— a [nA a] =0.

22. Let G C GL(n,R) bea Lie subgroup. The inclusion map G > GL(n,R) >

R™ will be denoted by P (for “point”). Then dP is an R”-valued 1-form (it
corresponds to the identity map ofthe tangent space of G into itself). We canalso consider dP as a matrix of 1-forms; it is just the matrix (dx!/), where each

dx" js restricted to the tangent bundle of G. We also have the R"’-valued
I-form (or matrix of 1-forms) P~! . dP, where - denotes matrix multiplication,
and P- denotes the map A + AW on G.

(a) P7).dP = p(P'adP), where p: R™ x R” — R’” is matrix multiplication.
(b) LatdP =A-dP. (Use ftd = df*)
(0) P~) dP is teft invariant; and (dP)+ P~ is right invariant.
(a) P-. dP is the natural q-valued I-form w on G. (It suffices to check that
P.dP =wat 1)
(&) Using dP = P-w, show that 0 = dP -w + P - dw, where the matrix of

2-forms P dw is computed by formally multiplying the matrices of 1-forms dP
and w. Deduce that

dw+o-w =0.
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If w is the matrix of }-forms w = (w"/), this says that

deli = — ro no,
k

Check that these equations are equivalent to the equations ofstructure (use the
form dw( X,Y) = —[o(X),(¥)].)

23. Let G C GL(2,R) consist of all matrices (¢ ) with @ #0. For conve-
nience, denote the coordinates x!! and x!? on GL(2,R) by x and y.

(a) Show that for the natural q-valued form w on G we have

lfdx dyos =( 0 0 ).
so that dx/x and dy/x are left invariant 1-forms on G, and a left invariant

2-form is (dx A dy)/x?.
(b) Find the structure constants for these forms.
(c) Show that

-)_ 1 (dx -ydx+xd
pone y iy(dP). P= x ( 0 0 )

and find the right invariant 2-forms.

24. (a) Show that the natural q{(n, R)-valued |-form w on GL(n, R) is given by

1 Sik pkis fk ayklo>

FettxeB) XY a
where

(98) = det(x%) - (x2)-".

(b) Show that both the left and right invariant ?-forms are multiples of

1

eg(dx ne NdxMY)No A (dx A Nd),(det(x#4))" y

25. The special linear group SL(”,R) C GL(n,R) is the set of all matrices of
determinant |

(a) Using Problem 15, show that its Lie algebra sl(1, R) consists of all matrices
with trace = 0.
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(b) For the case of SL(2,R), show that

“1p =m vdx—ydu udy—ydv= IT (aes: -udy+xdv}*
where we use x, y, u, v for x!!, x!?, x71, x22. Check that the trace is 0 by
differentiating the equation xv — yu = |.
(©) Show that a left invariant 3-form is

udx a du A dy — ydx a du Adv.

26. For M,N € o(n) = £(O(m)) = {M: M = —M%}, define

(N, M) = —traceM - Nt

(a) ( , ) is a positive definite inner product on 0(n).
(b) If A € Of), then

(Ad(A)M, Ad(A)N) = (M,N).

(Ad(A) is defined in Probtem 19.)
(c) The left invariant metric on O(n) with value ( , ) at O(7); is also right
invariant.

27. (a) If G is a compact Lie group, then exp: ¢ + G is onto. Hint: Use
Proposition 21.

(b) Let A € SL(2,R). Recall that A satisfies its characteristic polynomial, so
A? — (trace A)A + I =0. Conclude that traceA? > —2.
(c) Show that the following element of SL(2,R) is not A? for any A. Conclude
that it is not in the image of exp.

2 0( 0 -1/2

(a) SL, R) does not have a bi-invariant metric.

28. Let x be a coordinate system around ¢ in a Lie group G, let 7j: Gx G > G

be the projections, and let (y,z) be the coordinate system around (e,¢) given

by yp! =x! om, 2! = x! oma. Define o!: G x G > R by

(a,b) = x!(ab),
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and let X; be the left invariant vector field on G with

aXj(e) =wl,
(a) Show that

nog
os JS

ae Li ax!"
jar

where
;

; ag!

Wa) = Fae).
(b) Using La Ly = Lap, show that

{Lav Xi(b)\(x") = [Xi(a6)](2").

Deduce that

Xi(b)(x! 0 La) = wi (ab).
and then that -

SS

icpy o¢! 1
Dewi) Fz) = Wilad).
j=l

~

Letting ¥ = (#}) be the inverse matrix of y= (¥)), we can write
ag! u .

Gab= Deviled) Ho.
This equation (or any of numerous things equivalent to it) is known as Lie’s first
fundamental theorem. The associativity of G is implicitly contained in it, since we
used the fact that LaL, = Lop.

(0) Prove the converse of Lie’s first fundamental theorem, which states the following
Let ¢ = (¢!,...,6") be a differentiable function in a neighborhood of 0 € R?"
[with standard coordinate system y!,...,¥",=!,...,2/] such that

o(a,0) =a for ae R".

Suppose there are differentiable functions yin a neighborhood of0 € R” [withstandard coordinate system x',...,x"] such that

¥} 0) = 8}

() 28g b= viele by) Gi) 2 (@,) in a neighborhood
anf” a u of 0 R™,
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Then (a, b) + $(a, b) isa local Lie group structure on a neighborhood of0 € R”(it is associative and has inverses for points close enough to 0, which serves as

the identity); the corresponding left invariant vector fields are

fn a
a aoe

X= ov ai
j=l

[To prove associativity, note that

a9! (a, b),2) _ ziSS= LHC6@.4.2)-VE) by
ist

and then show that (a, ¢(d, 2)) satisfies the same equation.]
29. Lie’s secondfundamental theorem states that the left invariant vector fields X; of

a Lie group G satisfy n
(XX) = hx

kal

for certain constants chin other words, the bracket of two left invariant vector
fields is left mvariant. The aim of this problem is to prove the converse of Lie's
secondfundamental theorem, which states the following: A Lie algebra of vector fields
on a neighborhood of 0 € R", which is of dimension 7 over R and contains a
basis for Ro, is the set of left invariant vector fields for some local Lie group

structure on a neighborhood of 0 € R”.

(a) Choose X;,...,X, in the Lie algebra so that X;(0) = /x!|p and set
1

j 0
7 j

X= Wa
j=l

If
a

: :ol =) yj dx!,
jal

then the w! are the dual forms, and consequently

dot = - cho! nw! Ch constants.
i<j

() Let xj: R" x R" — R” be the projections. Then
n n

mato — mo! = i) oma [ac! 072) — (yj 072) -nite!]ist i=l
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Consequently, the ideal generated by the forms d(x! o72)— 7, (W/ om2)-mi*w!
is the same as the ideal £ generated by the forms 22*w/ —z;*w/. Using the fact

that the Cj, are constants, show that d(4) C 4. Hence R” x R" is foliated by
n-dimensional manifolds on which the forms d(x! 072)— Yi, (Wj om2) mito!
all vanish.

() Conclude, as in the proof of Theorem 17, that for fixed a, there is a function

q: R” — R" satisfying , (0) = a and
A

dl(b) = > w} (a(b)) - w'(b),
ist

or equivalently;

ao, Ol al
m=Lwio) Hj).i=

Now set $(a,b) = 0a(), and use the converse of Lie’s first fundamental theo-
rem.

30. Lie’s thirdfundamental theorem states that the C}, satisfy equations (1) and (2)
on page 396, i.e., that the left invariant vector fields form a Lie algebra under

[ .]. The aim of this problem is to prove the converse of Lie’s thirdfundamental
‘keorem, which states that any n-dimensional Lie algebra is the Lie algebra for
some local Lie group in a neighborhood of 0 € R”.

Let Ct be constants satisfying equations (1) and (2) on page 396. We would
like to find vector fields ¥;,...,Xn on a neighborhood of 0 € R® such that
1%). Xj] = Dhar Ch Xe. Equivalently, we want to find forms w! with

dot =~ cho! rw.
ty

Then the result will follow from the converse of Lie’s second fundamental the-

orem.

(a) Let Ak be functions on R x R” such that

ant x Kind
=e —Vckxin

ad

hk(0,x) =0.

These are equations “depending on the parameters x” (see Problem 5-5 (b)).
Note that Ak (1,0) = 841, so that hk (1,0) = 8%. Let o* be the I-form on R x R®
defined by

ok = Sk dx’.
7
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and write

dok =i 4 (dt aa’),

where A* and e do not involve dz. Show that

ank nk ,ke St) dst adix » ( ant he | & Adx
ak = dxk — » ck x'o4,

aj

(b) Show that

du =dtn (- Vickax aci- Yo hx).
aj ad

(c) Let

1 : .ok = ak +5 Ghat ad!
ay

Show that

d9h = arn (~Sochx' — DY chai x’a* no!)
bd ij ons

+ terms not involving dr.

Using

; 1 ;LU GG o Ao! =5 VY GHG — GEGa no!jones a ns

1 A ;

=5 LUG + AG,)o ao!,
and equation (2) on page 396, show that

do = din (- Vajx' +5 Vicix" of ac!)ij “ij ons

+ terms not involving dr.

Finally deduce that

dok = den ~ Ch x16! + terms not involving de.
dl
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(4) We can write

ok = gk dx! dx.
i<j

where gh (0.x) = 0 (Why?). Using (0), show that

agi,
pe

ky

ae Lex si
Conclude that 6* = 0.

(c) We now have

1ae =-3 Go! adi.
bl

A I Pdot = ~5 Lhe! Ao! + (dt na).
if

Show that the forms w*(x) = o* (1, x) satisfy

7 I

dok = = Vcjo'nro!.
if



CHAPTER 11

EXCURSION IN THE REALM

OF ALGEBRAIC TOPOLOGY

Ts chapter explores further properties of the de Rham cohomology vectorspaces ofamanifold. Our main results will be restatements, in terms of the
de Rham cohomology, of fundamental properties of the ordinary cohomology
which is studied in algebraic topology. Because we deal only with manifolds.

manyofthe proofs become significantly easier. On the other hand, we will be
using some of the main tools of algebraic topology, thus retaining much of the
flavor of that subject. Along the way we will deduce all sorts of interesting con-
sequences, including a theorem about the possibility of imbedding n-manifolds
in Ret

Let M be a manifold with M = U UV for open sets U,V C M. Before
examining the cohomology of M we will simply look at the vector space Ck(M)
of k-forms on M. Let

iy: U>M iv: VoM
ju: UNV 3U jviUNV>V

be the inclusions. Then we have two linear maps a and f.

k asiv Oi y k b= iv -iv"chm) ————» c#(u)@ ck(v) ———> chu nv)

defined by

a(w) = (iy*(@), iv*(@)) BlAt,A2) = ju* (As) = jv* (2).

Here iy*(w) is just the restriction of w to U. etc. Clearly B ow = 0: In other
words, imagea C ker B. Moreover, the converse holds: kerB C imagea. For,
if B(As,A2) = 0, then Ay = A2 on UNV. so we can define w on M to be Ay

on U and Ag on V. and then a(w) = (As,42). The equation imagea = kerB is
expressed by saying that the above diagram is exact at the middle vector space.
‘We can extend this diagram by putting the vector space containing only 0 at the

419
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ends; the arrows at either cnd of the following sequence are the only possibl

linear maps.

1, LEMMA. The sequence

B

o> chum + ckuye@ ckiv) > chUNY) +0
is exact at all places.

PROOF. tis clear that @ is one-one. This is equivalent to exactness at C(M),

since the image ofthe first map is {0} C C(M). Similarly, exactness at CK(UN
V) is equivalent to B being onto. To prove that is onto, let {¢u. gv} be a
partition of unity subordinate to {U,V}. Then w € CK(U NV) is

o = Bigvw, ~gue).
where ¢y@ denotes the form equal to ¢yw on UNV, and equal to 0 on
U-(UNV). +

By putting in the maps d. we can expand our diagram as follows,

::

|| |0—— c#(m) —*— chu @ ch(vy

4 chu nvy-—0la |e ed la
0chy2cH@ ch(V) 2 chH(U AV) —+0

| | |i

so that the rows are all exact. 1t is easy to check that this diagram commutes.

that is, any two compositions [rom one vector space to another are equal:

a

(d@d)oa=aod laoa = 4| :
b.

doB=Bo(d@d) la 5 ded| p
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Our first main theorem depends only on the simple algebraic structure in-
herent in this diagram. To isolate this purely algebraic structure, we makc

the following definitions. A complex C is a sequence of vector spaces C’.

k =0,1,2,... , together with a sequence oflinear maps

dks Ck cht

satisfying d*+! od‘ = 0, or briefly, d? = 0. A map a: C; > CG between
complexes is a sequence of linear maps

ak: ok = ok

such that the following diagram commutes for all k.

Ack —*— c#

at] as
cit att oe

The most important examples of complexes are obtained by choosing Ch =
C*(M) for some manifold M, with d* the operator d on k-forms. Another
example, implicit in our discussion, is the direct sum C = C; @ C2 of two
complexes, defined by

Cackect d=dkeds.

For any complex C we can define the cohomology vector spaces of C by

' ker d*
AKC) =——_5-

Ge) image dé~!
Naturally, if C = {C*(M)}, then H*(C) is just H*(M). Ifa: GC, > Cz isa
map between complexes, then we have a map, also denoted by a.

a: HEC) > HG).

To define a we note that every clement of H*(C}) is determined by some
x € CK with d(x) = 0. Commutativity of the above diagram shows that
dk (ok (xy) = ak dyk(x) = 0, so ok (x) determines an element of H*(C)),
which we define to be a(the class determined by x). This map is well-defined.
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for if we change x to x + di*~!(y) for some y € C)*~!, then o* (x) is changed
to

ak (x + dk") = a (x) + 0dik")

= a(x) + dgk-"ak“"(y)),

which determines the same element of H*(G). When C\* = Ck(M), Gk =

CK(N), and w: Ch(M) > CE(N) is f* for f: N > M, then this mapis just
St: HE(M) > HFN).
Now suppose that we have an exact sequence of complexes

a B
03 G > @— G0.

which really means a vast commutative diagram in which all rows are exact.

Poof |
6 —— ct 0 okt BO ok nt

far [er [at
A ak k B* k® 9———+c4 —*_+o* —£_.

qt———0lat las | ask! !

o0——> qt!att of_be cet)0
| |

What does this imply about the maps a: H*(C,) > H*(Cy) and B: Hk(G) >
H*(C3)? The nicest thing that could happen would be for the following dia-
gram to be exact:

Ak Ook Buk0 H"(G)— H*(Q)— H*(G)>0.
This is not true. For example, if U and V are overlapping portions of S? for
which there is a deformation retraction of UNV into S!, then we have an exact
sequence

0+ chs) chuyeckiy)> chunY)> 0. (eee ‘ 2
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but not an exact sequence

0 —— 1(S?) —— H'(U)@ H}(V)—— H'(U nv) ——0.
zxz

00 R

Nevertheless, something very nice is true:

2. THEOREM. If 0 > C; — G —> C; > 0is a short exact sequence of
complexes, then there are linear maps

bh: AKC) > HVC)

so that the following infinitely long sequence is exact (everywhere):

0 a 0, Bo ow0— H°(C)) — H%Ca)— H°(C3)— HVC) =
a B 5

vee HAC) > HNC) > HRC)> HIG)
PROOF, Throughout the proof, diagram (*) should be kept at hand. Let x €

CF with d3*(x) = 0. By exactness ofthe middle row of (#), there is y € C2
with B*(y) =x. Then

0 = disk (x) = ds BK(y) = BAT dsi(y).
So dy*(y) € ker B**! = imagea**!; thus dy*(v) = ok+!(z) for some (unique)
= € C+!, Moreover.

ahaKAN (2) = doh MaktN(2) = drt thdyk(y) = 0.
Since ak*+! js one-one, this implies that dj*+!(z) = 0, so z determines an ele-
ment of H*+1(C;): this element is defined to be 5* of the element of H*(C3)
determined by x.

In order to prove that 5* is well-defined, we must check that the result does
not depend on the choice of x € C3* representing the element of H*(C3). So
we have to show that we obtain 0 ¢ H*+!(C)) if we start with an element of
the form d3k—!(x’) for x’ € Csk-!. In this case, let x’ = B*-!(y"), Then

x dN) = dk BIN) = Bhagk"(y),

so we choose d2*~!(3") as +. This means that d;*(y:) = 0, and hence > = 0.
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It is also necessary to check that our definition is independent of the choice

of y with B*(y) = x; this is left to the reader.
The proof that the sequence is exact consists of6 similar diagram chases. We

will supply the proof that kera C image6. Let x € Ci satisfy dik (x) = 0, and
suppose that a*(x) € Cy* represents 0 € H*(C)). This means that a(x) =
a-"(y) lor some y € Gk“! Now

ask BAN 3) = Bak Ny) = Bhat (x) = 0.

So B*~!(y) represents att element of H*-!(C3). Moreover. the definition of5immediately shows that the image of this element under 6 is precisely the class

represented by x. ¢

It is a worthwhile exercise to check that the main step in the proof of Theo-

rem 8-16 is precisely the proof that kera C image 6, together with the first part

ofthe proof that 6 is well-defined. Alt of Theorem 8-16 can be derived directly
from the following corollary of Lemma | and Theorem 2.

3. THEOREM (THE MAYER-VJIETORIS SEQUENCE). If M = UUY,

where U and V are open, then we have an exact sequence (eventually ending
in O89):

0 HM) ~--. = HAM) = HKU) @ HAV) > HKU NV) 8 HM)

As several of the Problems show. the cohomology of nearly everything can
be computed by a suitable application of the Mayer-Vietoris sequence. As a
simple cxamplc. we consider the torus T = S' x S', and the open sets U
and V illustrated below. Since there is a deformation retraction of U and V

u = Vv

Ra: Bae as

onto circles, and a deformation retraction of UNV onto 2 circles, the Mayer-
Vietoris sequence is
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— A(T) —HU)@ HV) — HOU NV) — A(T) — HU)@ HV) —
& a

Rr R
—= HU NY) —+ HAT) — 0.

a au

R@R R

The map H'(U NV) > H?(T) is not 0 (it is onto H?(T)), so its kernel is
1-dimensional. Thus the image of the map H1(U)® H'(V) > HU NV)
is I-dimensional. So the kernel of this map is 1-dimensional. and consequently
the map H'(T) > H'(U)@ H'(V) has a I-dimensional image. Similar rea-
soning shows that this map also has a J-dimensional kernel. It follows that

dim H}(T) = 2. The reasoning used here can fortunately be systematized.

4. PROPOSITION. If the sequence

a

Oe ee en Se ee)

is exact, then

0 = dim ) — dim Vy + dim V3 —---+ (—1)'"! dim

PROOF. By induction on k. For k = | we have the sequence

0+ h>0.

Exactness means that {0} C V is the kernel of the map V; —- 0, which implies
that Vj =0.

Assume the theorem for k — J. Since the map V2 > V3 has kernel (V1), it

induces a map V2/a(V,) + V3. Moreover, this map is one-one. So we have an

exact sequence of k ~ ] vector spaces

0 > Va/a(V;)> Va --+> Vpn > Ve > 0:
hence

0 = dim V2/a(Y1) ~ dim V3 ++

=—dim + dim ¥) — dim V3 +--+.

which proves the theorem for k.
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Rather than compute the cohomology of other manifolds, we will use the

Mayer-Vietoris sequence to relate the dimensions of HE(M) to an entirely
different set of numbers, arising from a “triangulation” of M, a new structure
which we will now define.

The standard n-simplex A, is defined as the set

n= {x eR :0<x) sland De}x! = 1 .

Az

aA

* J va
—e —_

0 1

(In Problem 8-5. A, is defined to be a different, although homeomorphic, set.)
The subset of A, obtained by setting m — k of the coordinates x! equal to 0
is homcomorphic to Ag. and is called a k-face of Ay. If A C M isa dif-
feomorphic image of some Am, then the image of a k-face of Ay, is called a

k-face of A. Now by a triangulation of a compact n-manifold M we mean a
finite collection {0";} of diffeomorphic images of A, which cover M and which

satisfy the following condition:

If 0", No"; # @. then for some k the intersection 0”; No"; is a k-Lace
of both o”; and 0”;.

we

57 The standard triangulation VAS een
“XO of S? (after Steinberg \/ pauos\e of 3-simplexe

op, aie Ka\\31 ["wiangulations™ Wy(n= 2,

It is a difficult theorem that every C* manifold has a triangulation; for a
proof see Munkres. Elementary Differential Topology, or Whitney, Geometric Integration
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Theory. Assuming that our manifold M has a triangulation {o";} we will call

each o”; an n-simplex of the triangulation; any k-face of any 0”; will be called

a k-simplexofthe triangulation, We let a, be the numberof these k-simplexes.
Now let U be the disjoint union ofopen balls, one within each -simplex 0”,

and let V,—1 be the complement ofthe set consisting of the centers ofthese balls,

so that Vp—1 is a neighborhood ofthe unionofall (n—1)-simplexes of M. Then

D

; Vaart

& / J .

Le" : L<\¢

M =U UV,.4 where UM Vy—1 has the same cohomology as a disjoint union
of dy copies of S?-). Consider first the case where n > 2. The Maver-Vietoris
sequence breaks into pieces:

(1) 0+ H°(M) — HU) © H°(Vy1) — HU 9 Vn) — HM)

—WU) ® H'(Vp-1) HU V1)
u1

00

QQ) Forl<k<n-—-1.

HEV 0 Vp) > HEM) > HEU) © HE (Vy) > HEU 0 Mn)

i} I L
0 cu 0

(3) H-2(U 0 Vy) — HMM) — HP") ® HO" Vy)
a Ul]

00

>HU 1 Vy) — HM) — HU) © A"(V1)
Hi]

0
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Applying Proposition 4 to these pieces yields

dim H* (Vp1) = dim H*(M) O<sk<n-2

dim H™! (Vp—1) = dim H"-)(M) — dim H"(M) + dn.

For the case » = 2 we easily obtain the same result without splitting up the
sequence. We now introduce the Euler characteristic x(M) of M, defined by

X(M) = dim H°(M) — dim H'(M) + dim H?(M) — ---+ (—1)" dim H"(M).
This makes sense for any manifold in which all H*(M) are finite dimensional:

we anticipate here a later result that H*(M) is finite dimensional whenever Mf
is compact. The above equations then imply that

nl

x(Mnt) = YIdim HV y1)
k=0

n-2

= 0-1) dim A* (M1)
k=0

+ (=1)"") [dim H""!(M1) — dim H"(M) + ay]

= xX(M) ~ (-1)"en.

or

X(M) = xVn-1)+ (-1)" on.

5, THEOREM. For any triangulation ofa compact manifold M we have
X(M) = a — 1 +02 — ++++ (—1)"Gp.

PROOF. In the manifold Vy—1 we defme a new open set U which consists of

a disjoint union of sets diffeomorphic to R”, one for each (n —1)-face, joining
the balis of the old U.

[ “——_ components of

wy new U (1 = 2) <
Re 2 new U (n = 3) =
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We will let 2 be the complement of arcs, in the newU,joining the centersof the bails in the old U.

V,-2 is the

complement of

| A
¥n—2 is the
complement of

(v = 2) =3)

An argument precisely like that which proves the equation

XCM) = x(Vn—-1) + (-1)"0n

also shows that -

X(Vn—t) = X(Vn=2) + (=1)" "n=

Similarly, we introduce V,—3,..., Vos the last of these is a disjoint union of a
sets cach of which is smoothly contractible to a point. Hence x(Vo) = a, while
in all other cases we have

x(Ve) = x(Va-t) + (- haw.

Combining these equations, we have

x(M) = X(Vn—1) + (-1)"in
= X(Vn—2)+ [(=1)" "ont + (= 1)" 0]

= x(Vo) + [(- lay + +--+ (1a)

=a — a +--+ + (—1)"On. &

6. COROLLARY (DESCARTES-EULER). If a convex polyhedron has V
vertices, E edges, and F faces, then

V-E+F=2.
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If we turn from H* to Hf we encounter a very different situation. If U C M
js open, a form with compact support C M may not restrict to a form with

compact support C U: the inclusion map of U into M is not proper. On the

y support @
other hand, if w is a form with compact support C U, then w can be extended

to M by letting it be 0 outside U; we will denote this extended form by

supportiu").

If CK(M) denotes the vector space of k-forms with compact support on M, we
can define a new sequence.

7. LEMMA. The sequence

ju’ ®- jv’ iu! +iv'o> chu ny)== chu @ck(v) ———*s ck(m) + 0

is exact.

PROOF. tis clear that jy’ ® — jy’ is one-one; in fact, each map jy’ and jy’
is one-one.

To prove that iy’-+iy’ is om, let w be a k-form with compact support on M.
and let {¢u,@y} be a partition of unity for the cover {U,V}. Then

= duv + ovo

is clearly the image of (¢uw, vw) € CK(U) @CA(V).
It is clear that image (jy’ ® —jv’) C ker(iu’ + iy’). To prove the converse,

suppose that

(A1,A2) € CK(U) @CK(V) satisfies iy'(A1) + iy’(A2) = 0.

This means that 4) = ~A2. Since supportA, C U and support A C U. this
shows that support Ar C UNV and supportaz C UNV. So (Ay,A2) is the
image of Ay € CK(UU NV). &



Excursion in the Realm of Algebraic Topology 431

8. THEOREM (MAYER-VIETORIS FOR COMPACT SUPPORTS). Ifthe

manifold M = U UV for U,V open in M, then there is a long exact sequence

3

so HKU NV) @ HEU)@ HEV) > HE(M) — HEM UAV)
PROOF. Apply Theorem 2 to the short exact sequence of complexes given by
the Lemma. ¢

This sequence is much harder to work with than the Mayer-Vietoris sequence.

For example, suppose we want to find H¥ for R" —{0}, which is diffeomorphic to
S""'xR, Ifwe write S" = UUV in the usual way, so that UNVis diffeomorphic
to S’! x R, then S" x R = (U x R)U(V x R), where (U x R)N(V x R)

is diffeomorphic to S"-' x R?. The only way to use induction is to find Hé
for all S" x R”, starting with S' x R”. The details will be left to the reader;
we will merely record one further result, for later use. and then proceed to yet

another application of Theorem 2.

9. COROLLARY, If M = U UV for U,V open in M, then there is a dual

long exact sequence

so HEU) = HEM) = [AU @HE (Vt > BE(UAVY oo

PROOF. We just have to show that if the sequence oflinear maps
a

Wi — Wr 4, Ws
is exact at W2. then so is the sequence of dual maps and spaces

7 aWw; &, Wot —> Wit.
For any 4 € W3* we have

a* B*(A) =a*(LoB) =Ao (Poa) =ho0=0.
So a* o p* =0.

Now suppose 4 € W3" satisfies a*(A) = 0. Then Ao@ = 0. We claim that

wm, 2 w,

if ve
R

there is 1: Ws > R with A = B*(A), ie. A = Bod. Given a w € W3 which is
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ofthe form (w’), we define

Aw) = (6').

This makes sense, for if B(w’) = B(w"), then w — w” = a(z) for some z, so

A(w) — A(w”) = Aa(z) = 0. This defines 4 on B(W2) C W3. Now choos
W CW with Ws = B(2) @ W, and define 4 to be 0 on W. &

We now consider a rather different situation. Let N C M be a compact sub-
manifold of M. Then M—N isalsoa manifold. We therefore have the sequence

e ”CEM — Ny — CEM) — CK),

where ¢ is “extension”, This sequence is not exact at Ck(M): the kernel of i*
contains all » € CK(M) which are 0 on N, while the image of e contains all
w € Ck(M) which are 0 in a neighborhood of N.
To circumvent this difficulty, we will have to use a technical device. We

appeal first to a resuk from the Addendum to Chapter 9. There is a compact

neighborhood V of N and a map z: V - N such that V is a manifold-with-
boundary, and if : N — V is the inclusion, then x 0 / is the identity of 1.
while j oz is smoothly homotopic to the identity of V. We now construct

sequence of such neighborhoods V = V; > V2 3 V3 D «++ with Vj = N.

Vy a
? Sg $7 C us

% y,
N/A fy

| y ae
Nee “

Now consider two forms w; € C*(V;), a; € CK(V;). We will call a and wy
eguivatent if there is ¢ > i,j such that

o|Vi = a|Y-

Tis clear that we can make the set ofall equivalence classes into a vector space

9*(N), the “germs of k-forms in a neighborhood of M”. Moreover, it is easy
to define d: g(N) > g*+!(N), so that we obtain a complex g. Finally, we
define a map of complexes

i”ck(m) — 9k(N)

in the obvious way: w + the equivalence class of any w|Vj.
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10, LEMMA. The sequence

Kk ©. ck i* gk0 Ch(M — N) —> Ch(M) —> gh(N)> 0
is exact.

PROOF. Clearly e is one-one.
If w € CK(M — N), then w = 0 in some neighborhood U of N. Since N is

compact and (), V; = N, there is some i such that Vj C U, and consequently
w =0 on Vj. This means that i*e(w) = 0. Conversely, suppose 4 ¢ CK(M)
satisfies i*(A) = 0. By definition of g*(N), this means that A|V; = 0 for some i.
Hence A|M —N has compact support C M ~ N, and 4 = e(A|M — N).

Finally, any element of g*(N) is represented by a form 7 on some Vj. Let
f: M — [0,1] be a C® function which is 1 on Vi41, having support f C
interior Vj. Then f'n € Ck(M), and fn represents the same clement of $*(N)
as 9; consequently this element is i*( fn). 4%

11, LEMMA. The cohomology vector spaces H*(G) of the complex {§*(N)}
are isomorphic to H*(N) for all k.

PROOF. This follows easily from the fact that j*: H*(Vi) > H¥*(N) is an
isomorphism for each V;. Details are lefi to the reader. ¢

12. THEOREM (THE EXACT SEQUENCE OFA PAIR). If Nc M isa
compact submanifold of M, then there is an exact sequence

é

sie HEM —N)> HEM) > BEN) > HEM -N) >.
PROOF. Apply Theorem 2 to the exact sequence of complexes given by Lemma
10, and then use Lemma 11. 4

In the proofof this theorem, the de Rham cohomology ofthe manifold-with-

boundary V; entered only as an intermediary (and we could have replaced
the V; by their interiors). But in the next theorem, which we will need later, it
is the object of primary interest.

13. THEOREM. Let M be a manifold-with-boundary, with compact bound-
ary 8M. Then there is an exact sequence

6

vo HEM - aM) > HE(M)> H*(aM)—> HE(M -aM)> +. .
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PROOF. Just like the proofof Theorem 12, using tubular neighborhoods Vj; of
aM in M. &

Ny,

/
oe

‘am

As a simple application of Theorem }3, we can rederive H*(R") from a
knowledge of H*(S"-'), by choosing M to be the closed ball B in R", with
HE(B) © H*(B) = 0 for k #0. The reader may use Theorem 12 to compute
HE(S" x R"), by considering the pair (S” x R,{p} x R). Then Theo-
rem 13 may be used to compute the cohomology of S” x S™™! = a(S" x
closed ball in R™). For our next application we will seek bigger game.

Let M c R"* be a compact n-dimensional submanifold of R"+! (a com-

pact “hypersurface” of R"+!), Using Theorem 8-17, the sequence of the pair
(R"*), M) gives

HER") — HM) 2 Heth! — M)— HEYRY) HH),
li x tt
0 R 0

It follows that

(*) number of components of R”*+? — M = dim H"(M) +1.

But we also know (Problem 8-25) that

(#*) number of components of R"+? — M > 2.

14. THEOREM. If M c R"*! is a compact hypersurface, then M is ori-
entable, and R"*!— M has exactly 2 components. Moreover, M is the boundary
of each component.

PROOF. From (#) and (##) we obtain

dim H"(M) +1 > 2.
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Since dim H"(M) is either 0 or 1, we conclude that dim H”(M) = 1, so M is

orientable; then (*) shows that R"*! — M has exactly two components. The
proof in Problem 8-25 shows that every point of M is arbitrarily close to points
in different components of R”*! — M, so every point of M is in the boundary
of each of the two components.

15. COROLLARY (GENERALIZED [C®] JORDAN CURVE THEOREM).
If M CR" is a submanifold homeomorphic to S”, then R"+! — M has two
components, and M is the boundary of each.

16. COROLLARY. Ncither the projective plane nor the Klein bottle can be
imbedded in R3.

Our next main result will combine some of the theorems we already have.
However, there are a number of technicalities involved, which we will have to

dispose of first.

Consider a bounded open set U ¢ R" which is star-shaped with respect to 0.
Then U can be described as /

U =x: x eS" and 0<1 < p(x)}

for a certain function p: S"~! + R. We will call p the radial function of U.

Tf
If p is C®, then we can prove that U is difleomorphic to the open ball B of
radius 1 in R”. The basic idea of the proofis to take tx € B to p(x)t- x € U.This produces difficulties at 0, so a modification is necessary.

17, LEMMA. Ifthe radial function p of a star-shaped open set U C R” is C™,
then U is diffeomorphic to the open ball B of radius | in R”.
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PROOF. We can assume, without loss of generality, that p > 1 on S’~). Let
S: 0,1] > [0,1] be a C® function with

|

f =0 ina neighborhood of0 Wy
f20 Jy

f=).

!Define h: B > U by

Atty) = [1 + (p(x)— S(O]x, xeS™ O<1<1.
Clearly / is a one-one map of B onto U. It is the identity in a neighborhood

of 0, so it is C®, with a non-zero Jacobian, at 0. At any other point the same
conclusion follows from the fact that tH 1+ (p(x) — 1) f(d is a C® function

with strictly positive derivative. 4

In general, the function p need not be C®; it might not even be continuous.

However, the discontinuities of p can be of a certain form only.

18. LEMMA. At each point x € S"~!, the radial function p of a star-shaped
open set U C R” is “lower semi-continuous”: for every ¢ > 0 there is a neigh-
borhood W of x in S"-! such that p(y) > p(x) —¢ for all y € W.

PROOF. Choose tx € U with p(x) —1 < ¢. Since U is open, there is an open

ball B with x € BC U. There is clearly a neighborhood W of x with the

property that for » € W the point ty is in B, and hence in U. This means that
for » € W we have p(y) >t > p(x)—8.
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Even whenp is discontinuous, it looks as if U should be diffeomorphic to R”.
Proving this turns out to be quite a feat, and we will be content with proving
the following.

19. LEMMA. If U is an open star-shaped set in R”, then Hk(U) = H*(R")
and Hk (U) = HE(R") for all k.

PROOF. The proof for H* is clear, since U is smoothly contractible to a point.
We also know that H(U) ¥ R = H2(R"), By Theorem 8-17, we just have to
show that HK(U) = 0 for0 <k <n.

Let w be a closed k-form with compact support K ¢ U. We claim that there
is a C™ function 6: S"~! — R such that f < p and

KCV=(tx:x €S"" and0 <1 < p(x)}.

This will prove the Lemma, for then V is diffeomorphic to R", and consequently
w = dn where n has compact support contained in V, and hence in U.

For eachx € S"~", choose tx < p(x) such that all points in K ofthe form ux

for 0 < u < p(x) actually have u <1,. Since K is closed andp is lower semi-

(BOQV
(

continuous, there is a neighborhood W, of x in S"~! such that t, may also
be used as ty for all y € W. Let Wyy,...,We, cover S!, let gry...s¢r be apartition of unity subordinate to this cover, and define

P= lxQitere+ te bre

Any point x € S~! is in a certain subcollection of the Ws, say Wyyy-.-5Wxfor convenience. Then pj41(X),..+; r(x) are 0. Each ty,,-..5tx; 18 < p(x).

Since $1 (x) ++ +++ (x) = 1, it follows that A(x) < p(x). Similarly, K CV. &
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We can apply this last Lemma in the following way. Let M be a compact
manifold, and choose a Riemannian metric for M. According to Problem 9-32,

every point has a neighborhood U which is geodesically convex; we can also

choose U so that for any p € U the map exp, takes an open subset of Mp
diffeomorphically onto U. Let {Ui,...,U;} be a finite cover by such open sets.

Ifany V = U;,M:--MUj, is non-empty, then V is clearly geodesically convex. If
p €V, then exp, establishes a diffeomorphism of V with an open star-shaped
set in Mp. It follows from Lemma 19 that V has the same H* and Hk as R".
In general, a manifold M will be called of finite type if there is a finite cover
{U;,...,U;} such that each non-empty intersection has the same H* and H*
as R"; such a cover will be called nice.

It is fairly clear that if we consider N = {1,2,3,...} as a subset of R?, then
M = R? —N is not of finite type. To prove this rigorously, we first use the

Mayer-Vietoris sequence for R? = MU V, whereV is a disjoint union ofballs
around 1,2,3,.... We obtain

ee
H}(R?) ——> H'(M) @ H'(V) ——> H'(M NV) ——> H?(R2),

ul 4 i

0 0 0

where MV has the same H? as a disjoint union of infinitely many copies
of S?; this shows that H(A) is infinite dimensional (see Problem 7 for more
information about the cohomology of MM). On the other hand,

20. PROPOSITION. If M has finite type, then H*(M) and HS(M) are finite
dimensional for all k.

PROOF. By induction on the number of open sets 7 in a nice cover. It is
clear for r = 1. Suppose it is true for a certain r, and consider a nice cover
{Uj,...,U;,U} of M. Then the theorem is true for V = Uy U--» UU; and
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for U. It is also true for UAV, since this has the nice cover {UNU},...,U NU}.

Now consider the Mayer-Vietoris sequence

kA 8 yk Ok ksee HIV NV)> HAM)— HEU)@ HAV)>
The map a maps H*(M) onto a finite dimensional vector space, and the kernel
of @ is also finite dimensional. So H*(M) must be finite dimensional.
The proof for H*(M) is similar. 4

For any manifold M we can define (see Problem 8-31) the cup product map

HEM) x HI(M) > HY (M)

by
([w], [n]) > [w An).

We can also define

HEM) x HLM) > HEH (M)

by the same formula, since w A n has compact support if » does. Now suppose
that M” is connected and oriented, with orientation 4. There is then a unique
element of H"(M) represented by any n € C2(M) with

f nel.(Mn)

It is convenient to also use 44 to denote both this clement of H7(M4) and the

isomorphism H?(M) — R which takes this element to 1 € R. Now every

a € H*(M) determines an element ofthe dual space H2-*(M)* by

Brave Hi(M)—> RB.
We denote this element of H2-*(M)* by PD(q), the “Poincaré dual” of a, so
that we have a map

PD: H*(M) > He-*(My", PD(a)(B)= n(@ vB).
One of the fundamental theorems of manifold theory states that PD is always
an isomorphism, We are all set up to prove this fact, but we shall restrict
the theorem to manifolds of finite type, in order not to plague ourselves with
additional technical details. As with most big theorems of algebraic topology,
the main part of the proofis called a Lemma, and the theorem itselfis a simplecorollary
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21. LEMMA. If M = UUV for open sets U and V and PD js an isomorphism
for all k on U, V, and UNV, then PD is also an isomorphism for all k on M.

PROOF, Let / =n-—k. Consider the following diagram, in which the top row
is the Mayer-Vietoris sequence, and the bottom row is the dual of the Mayer-

Vietoris sequence for compact supports.

HEV) @ HEM) — BEM OV) — HRM) — HKU)

@ HEV) — HKU)|poee |p | [roe |
THAW) @Hyp HUAy > Hlimy > [HU @Hy >Hay

By assumption, all vertical maps, except possibly the middle one, are isomor-
phisms. It is not hard to check (Problem 8) that every square in this diagram
commutes up to sign, so that by changing some of the vertical isomorphisms
to their negatives, we obtain a commutative diagram. We now forget all about
our manifold and use a purely algebraic result.

“THE FIVE LEMMA”. Consider the following commutative diagramofvec-
tor spaces and linear maps. Suppose that the rows are exact, and that $1, ¢2.
4, @s are isomorphisms. Then ¢3 is also an isomorphism.

VY, hh, 4%, 4, 24 vy, 4. Vs

||o | lo |e |e
m Bi W, Ba Ws Bs We Ba Ws

PROOF. Suppose $3(x) = 0 for some x € V3. Then B3¢3(x) = 0, so $4a3(x) =
0. Hence a3(x) = 0, since ¢4 is an isomorphism. By exactness at V3, there is
y € V2 with x = a2(y). Thus 0 = $3(x) = g302(y) = Brg2(y). Hence
$2(») = Bi(s) for some z € Wi. Moreover, = = ¢1(w) for some w € Vi. Then

G2(¥) = Bi(=) = Bidi(w) = grer(w),

which implies that y= a1(w). Hence

X = @2(y) = a2(0)(w)) = 0.

So ¢3 is one-one.

The proof that $3 is onto is similar, and is left to the reader. This proves the
original Lemma.
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22, THEOREM (THE POINCARE DUALITY THEOREM). If M is a
connected oriented n-manifold of finite type, then the map

PD: HE(M) > HE-*(M)*

is an isomorphism for all k.

PROOF. By induction on the number r ofopen sets in a nice cover of M. The
theorem is clearly true for r = 1. Suppose it is true for a certain r, and consider
a nice cover {Uj,...,U,,U} of M, Let V = U,U---UU,. The theorem is true

for U, V, and for UN V (as in the proofof Proposition 19). By the Lemma, it
is true for M. This completes the induction step.

23, COROLLARY. If M is a connected oriented n-manifold of finite type,
then H*(M) and H2-*(M) have the same dimension.

PROOF. Use the Theorem and Proposition 19, noting that V* is isomorphic
to V if V is finite dimensional. ¢

Even though the Poincaré Duality Theorem holds for manifolds which are notoffinite type, Corollary 23 does not. In fact, Problem 7 shows that H!(R? — N)
and H}(R? —N) have different (infinite) dimensions.

24. COROLLARY. If M is a compact connected orientable -manifold, then
H*(M) and H"-*(M) have the same dimension.

25. COROLLARY. If M is a compact orientable odd-dimensional manifold,
then x(M/) =0.

PROOF. In the expression for x(M), the terms (—1)* dim H*(M) and

(-1)"* dim H"-#(M) = (= 1)! dim H”-# (aM)
cancel in pairs.

A more involved use of Poincaré duality will eventually allow us to say much

more about the Euler characteristic of any compact connected oriented man-
ifold M@”. We begin by considering a smooth k-dimensional orientable vector

bundle § = x: E > M over M. Orientations 4 for M and v for & give an
orientation 2 @ v for the (n + k)-manifold E. since E is locally a product. If
{U,,...,U,} isa nice cover of M by geodesically convex sets so small that each
bundle &|U; is trivial, then a slight modification of the proof for Lemma 19
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shows that {2—"(U,),...,77!(U;)} is a nice cover of E, so E is a manifold of

finite type. Notice also that for the maps
5 = O-section

M————E
7

we have

mos = identity ofM
som is smoothly homotopic to identity of E,

so x*: H'(M) - H!(E) is an isomorphism for all /. The Poincaré duality
theorem shows that there is a unique class U € H¥(£E) such that

mou =pheve HEE),

This class U is called the Thom class of &. Our first goal will be to find a

simpler property to characterize U.
Let Fp = 271(p) be the fibre of & over any point p € M, and let jp: Fp > E

be the inclusion map. Since jp is proper, there is an element jp*U € Hé (Fp).
On the other hand, the orientation v for § determines an orientation vp for Fp,
and hence an element vp € Hk(Fp).

26. THEOREM. Let (M, 14) be a compact connected oriented manifold, and
&=m: E > M anoriented k-plane bundle over M with orientation v. Then
the Thom class U is the unique element of H*(£) with the property that for
all p € M we have jp*U = vp. (This condition means that

(Fp)

where U is the class of the closed form w.)
PROOF. Pick some closed form w € Ck(E) representing U, and let » € C”(M)
be a form representing 14, so that fiyy_,,) 1 = 1. Our definition of U states that

(Q) f mnaw=1.E

Let A C M be an open set which is diffeomorphic to R”, so that A is smoothly
contractible to any point p € A. Also choose A so that there is an equivalence

fin"A)> AxR*.
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This equivalence allows us to identify x—1(A) with Ax Fp. Under this identifica-
tion, the map jp: Fp > 2~'(A) corresponds to the mape > (p,e) for e € Fp,which we will continue to denote by jp. We will also use 2: A x Fy —> Fp to
denote projection on the second factor.

Let || || be a norm on Fp. By choosing a smaller A if necessary, we can
assume that there is some K > 0 such that, under the identification of 27!(A)
with A x Fp, the support of w|z~'(A) is contained in {(g,e) : g € A, llell < K}.

support

A

Using the fact that A is smoothly contractible to 7, it is easy to see that there
is asmooth homotopy H: (A x Fp) x [0,1] > A x Fp such that

He,0) =e

H(e,1) = (p,m2(e)) = jp(m2e));

we just pul] the fibres along the smooth homotopy which makes A contractible

Aa
Chee

wa
cu

toe. For the H constructed in this way it follows that

H(e,1) ¢ support @ if llell > K.

Consequently, the form H*w on (A x Fp) x [0,1] has support contained in
{(g,e,1) : Nell < K}. A glance at the definition of 7 (page 224) shows that the
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form JH*w on A x Fp has support contained in {(g,e) : llell < K}. Theo-
rem 7-14 shows that

(ip 072)" ~ w = iy*(H*w) — io” (H*w)

= d(JH*w) + 1(dH*w)

= d(]H*w).

Thus

Oy m2" jptw —w=dh, support dC {(g,e) : flell < K}.

So

(3 i) nao= [ ayamtino — f m'nadn.Ax Fp Ax Fp Ax Fp

Now, on the one hand we have (Problem 8-17)

(4) f nn Ama" jp'w = [an -f jp’.AX Fp lA Fy
On the other hand, we claim that the last integral in (3) is 0. To prove this, it

vlearly suffices to prove that the integral is 0 over A’ x Fp for any closed ball
A' CA. Since

a*pAdh=+d(n* Add).

we have

where 2* A A has

(5) f nwAd= +f d(x* ad) compact support on
Ax Fy AI x Fy, A! x Fp by (2)

= +f mA by Stokes’ TheoremaAx Fp
=0.

because the form x*p A} is clearly 0 on 8A! x F, (since 3A! is (n — 1)-dimen-
sional).

Combining (3), (4), (5) we see that

[tases fan ff ipto.[Ax Fp lA Fp
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This shows that f;,, jp*w is independent of p, for p € A. Using connectedness.
it is easy to see that it is independent of p for all p € M, so we will denote it
simply by f, j*@. Thus

f manos fxn f jo.m~"(A) A F

Comparing with equation (1), and utilizing partitions of unity, we conclude that

f tw =1,F

which proves the first part of the theorem.

Now suppose we have another class U! € Hk(E). Since

HE(E) © H"(E) © H"(M) &R,

it follows that U' = cU for some c € R. Consequently.

Jp"Ul = jp*cU = C+ Up.
Hence U’ has the same property as U only if ¢ = 1.

The Thom class U of § = 2: E + M can now be used to determine an

element of H*(M). Let s: M —> E be any section; there always is one (namely,
the 0-section) and any two are clearly smoothly homotopic. We define the Euler
class x(&) € H*(M) of & by

x@) =s°U.

Notice that if € has a non-zero section s: M — E, and o € CK(E) rep-
resents U, then a suitable multiple ¢ -s of s takes M to the complement of
support w. Hence, in this case

x) = (¢-s)*U =0.

The terminology “Euler class” is connected with the special case of the bundle
TM, whose sections are, of course, vector fields on M. If X is a vector field

on M which has an isolated 0 at some point p (that is, X¥(p) = 0, but X(q) #0
for g # p ina neighborhood of p), then, quite independently of our previous
considerations, we can define an “index” of X at p. Consider first a vector
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field X on an open set U ¢ R" with an isolated zero at 0 € U. We can define
a function fy: U — {0} > S"! by fx(p) = X(p)/IX(p)|. If fs S*-1 > U
is i(p) = ep, mapping S"-' into U, then the map fy of: S"-! > S*-! has a
certain degree; it is independent of e, for small ¢, since the maps f1, #2: S’-! >
U corresponding to ; and £9 will be smoothly homotopic. This degree is called
the index of X at 0.

index 0 index 0 index 1 index |

index ~1 index 2 index —2

index | in R” index (—1)" in R”

Now consider a diffeomorphism h: U > V C R" with h(0) = 0. Recall that
A,X is the vector field on V with

(A, X)() = ha (Xp-1)-

Clearly 0 is also an isolated zero of hy X.

27. LEMMA. If h: U > V C R® isa diffeomorphism with (0) = 0, and X
has an isolated 0 at 0, then the index of h,X at 0 equals the index of X at 0.
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PROOF. Suppose first that h is orientation preserving. Define

H:R" x [0,1]> R"
by

h 0 1

H(x,) = { (cx) suesDh(O)(x) 1 =0.

This is a smooth homotopy; to prove that it is smooth at 0 we use Lemma 3-2
(compare Problem 3-32), Each map H, = x ++ H(x,1) is clearly a diffeomor-
phism, 0 < 1 < 1. Note that Hy € SO(”), since A is orientation preserving.
There is also a smooth homotopy {H;}, 1 < t < 2 with each H; € SO(n) and
Hy = identity, since SO(n) is connected. So (see Problem 8-25), the map h is
smoothly homotopic to the identity, via maps which are diffeomorphisms. This

shows that fj,,x is smoothly homotopic to fy on a sufficiently small region of
R" — {0}. Hence the degree of fy,x 07 is the same as the degree of fy of.

To deal with non-orientation preserving h, it obviously suffices to check the
theorem for h(x) = (x!,...,x"7!,—x”). In this case

Snax =ho fyoh™,

which shows that degree f,,x of = degree fy of.

As a consequence of Lemma 27, we can now define the index of a vector field
ona manifold. If X is a vector field on a manifold M, with an isolated zero at

p € M, we choose a coordinate system (x,U) with x(p) = 0, and define the
index of X at p to be the index of xX at 0.

28. THEOREM. Let M be a compact connected manifold with an orien-
tation 44, which is, by definition, also an orientation for the tangent bundle
&=2:7M > M. Let X¥: M > TM bea vector field with only a finite

numberofzeros, and let o be the sum ofthe indices of X at these zeros, Then
x(§) =o -e H"(M).

PROOF. Let pi,..., pr be the zeros of X. Choose disjoint coordinate systems

(Ui, 1), +25 (Urs Xr) with x1(p1) = 0, and let
Bi =x ({p ER": |p| <1).

If w € C2(E) is a closed form representing the Thom class U of &, then we
are trying to prove that

f X*(w) = 0.(Mu)
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We can clearly suppose that X(g) ¢ support w for g ¢ Uj; Br. So

r

X*(w) = f X*(w);
thus it suffices to prove that

(*) f X*(w) = index of X at pj.Bi

It will be convenient to drop the subscript i from now on.
We can assume that 7M is trivial over B, so that 77}(B) can be identified

with B x My. Let jp and m2 have the same meaning as in the proof of The-
orem 26. Also choose a norm || || on My. We can assume that under the
identification of 2~"(.B) with B x Mp, the support of w|zx~"(B) is contained
in {(g,v) : 4 € A, llvl] < 1}. Recall from the proofof Theorem 26 that

myjp? —w= dd support AC {(g,v) : [lull < 3.
Since we can assume that X(g) ¢ support A for g € 4B, we have

of xr@= fp xmute -fxn'B 'B B

= f X*19"(jp*w) — f X*(X) by Stokes’ Theorem'B ‘aB

= f X* m2" (jp"),B

On the manifold M, we have

ae pan (n—1)-form on My
Je =dp (with non-compact support).P ppor

If DC Mp is the unit disc (with respect to the norm || ||) and S”~! denotes
4D C Mp, then

2 f Pe f Pe f dp‘gut aD ID

D

=1 by Theorem 26, and the fact
"= that support jp*w C D.
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Now, for g € B —{p}, we can define

¥q) = XQ/IX@I:

and ¥: 4B + TM is smoothly homotopic to X: 8B + TM. So

@ f Xt x7" jp") = f Xtmt dp'B ‘B

= f X"m*p by Stokes’ Theorem2B

= f X10"pOB

= f (12. 0 X)*p.‘OB

From the definition of the index of a vector field, together with equation (2), it
follows that

(4) f (12 0 ¥*)p = index ofX at p.aB
Equations (1), (3), (4) together imply (#).

29, COROLLARY. If X andY are two vector fields with only finitely many
zeros on a compact orientable manifold, then the sum ofthe indices of ¥ equals
the sum of the indices of Y.

At the moment, we do not even know that there is a vector field on M with

finitely many zeros, nor do we know what this constant sum of the indices is
{although our terminology certainly suggests a good guess). To resolve these

questions, we consider once again a triangulation of M. We can then find a
vector field X with just one zero in each k-simplex of the triangulation. We
begin by drawing the integral curves of X along the 1-simplexes, with a zero at
cach 0-simplex and at one point in each I-simplex. We then extend this picture
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to include the integral curves of X on the 2-simplexes, producing a zero at onc

point in cach of them. We then continue similarly until the n-simplexes are
filled.

30. THEOREM (POINCARE-HOPF). The sum ofthe indices ofthis vector

field (and hence of any vector field) on M is the Euler characteristic x(M)
Thus, for§ = 2: TM — M we have x(§) = x(M) +p.
PROOF. At each 0-simplex of the triangulation, the vector field looks like

with index 1.

Now consider the vector field in a neighborhood of the place where it is zero

on a I-simplex. The vector field looks like a vector field on R" = R! x R"!
which points direcfly inwards on R! x {0} and directly outwards on {0} x R"-!

(ayn =2 (b)n =3
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For n = 2, the index is clearly —1. To compute the index in general, we note
that fy takes the “north pole” N = (0,...,0,1) to itself and no other point
goes to N. By Theorem 8-12 we just have to compute signy fy. Now at N we
can pick projection on R"-! x {0} as the coordinate system. Along the inverse
image ofthe x!-axis the vector field looks exactly like figure (a) above, where we
already know the degree is —1, so fy takes the subspace of S"“!y consisting of
tangent vectors to this curve into the same subspace, in an orientation reversing
way. Along the inverse image of the x?-,...  x"-!-axes the vector field looks like

50 fy takes the corresponding subspaces of S"~y into themselves in an ori-
entation preserving way. Thus signy fy = —1, which is therefore the index of
the vector field.

In general, near a zero within a k-simplex, X looks like a vector field on
R" = R‘ xR"-* which points directly inwards on Rk x {0} and directly outwards
on {0} x R"-*, The same argument shows that the index is (-1)*.

Consequently, the sum of the indices is

@o— 1+a2—+++= X(M). &

We end this chapter with one more observation, which we will need in the
last chapter of Volume V! Let& = x: E > M be a smooth oriented k-plane
bundle over a compact connected oriented n-manifold M, and let ( , ) bea
Riemannian metric for . Then we can form the “associated disc bundle” and

“associated sphere bundle”

peweasn _(TTh
It is easy to see that D is a compact oriented (n + k)-manifold, with 2D = S;
moreover, the D constructed for any other Riemannian metric is difleomorphic
to this one. We let 79: S > M be 2|S.



452 Chapter 1]

31. THEOREM. A class @ € Hk(M) satisfies 0" (a) = 0 if and only if @ is a
multiple of x(é).

PROOF. Consider the following picture. The top row is the exact sequence

HE(D— 8)—*—» Hk(p) —"—., ns)
eo

NG sje a
HEM)

for (D,S) given by Theorem 13, The map s: M > D—S is the 0-section,

while §: M — D is the same 0-section. Note that everything commutes.
no" =i* o(x|D)* since xo = (x|D) of,

nis were since extending a form to D
= See does not affect its value on s(M),

and that

5* 0 (|D)* = identity of H*(M),

since (2|D) o § is smoothly homotopic to the identity.

Now let a € H*(M) satisfy zo*(a) = 0. Then i*(x|D)*a = 0, so (2t|D)*a €
imagee. Since D = S is diffeomorphic to E, and every element of H*(D—S)
is a multiple of the Thom class U of &, we conclude that

(x|D)’a =c-e(U) for somece R.

Hence

a = 5*(x|D)'a =c-5*(e(U)) =c-s*U

=c-x(é).

The proof of the converse is similar.
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PROBLEMS

1. Find H*(S! x... x S!) by induction on the number x of factors. [Answer:
dim H* = (?)]

2. (a) Use the Mayer-Vietoris sequence to determine H*(M — {p}) in terms
of H*(M), for a connected manifold M.
(b) If M and N are two connected n-manifolds, let M#N be obtained by

joining M and N as shown below. Find the cohomology of M # N in terms of
that of M and N.

M “wan\
N‘A SG SAAS

(9) Find x for the n-holed torus. [Answer: 2 — 21]
3. (a) Find H* (Mobius strip).
(b) Find H¥(P2),
() Find H*(P"), (Use Problem 1-15(b); it is necessary to consider whether a
neighborhood of P"~! in P” is orientable or not.) [Answer: dim H*(P") = 1

if k even and <n, =0 otherwise.]
(d) Find H*(Klein bottle).
(e) Find the cohomology of M # (Mébius strip) and M # (Klein botde) if M
is the n-holed torus.

4. (a) The figure below is a triangulation of a rectangle. If we perform the
indicated identifications of edges we do not obtain a triangulation of the torus.
Why not?

A
—___4

rs

A
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(b) The figure below does give a triangulation ofthe torus when sides are iden-

tified. Find ao, a1, @ for this triangulation; compare with Theorem 5 and
Problem }.

5. (a) For any triangulation ofacompact 2-manifold M, show that
3a = 2a

a = 3(ao — x(M))

ao(ao-1)

eka
1

a> 37 + V49 = 24x(M)).
(b) Show that for triangulations of S? and the torus T? = S' x S! we have

S?: a24 m26 24

T?: a >7 a221 a2 ld.

Find triangulations for which these inequalities are all equalities.

6. (a) Find Hk(S" xR") by induction on n, using the Mayer-Vietoris sequence
for compact supports.
(b) Use the exact sequence of the pair (S” x R™,{p} x R”) to compute the
same vector spaces.

(c) Compute H*(S" x S”—), using Theorem 13.

7. (a) The vector space H}(R? — N) may be described as the set of all se-
quences of real numbers. Using the exact sequence of the pair (R?,N), show
that H}(R? — N) may be considered as the set of all real sequences {aq} such
that dy = 0 for all but finitely many 1.
(b) Describe the map PD: H'(R? —N) > H}(R? — N)* in terms of these
descriptions of H'(R?—N) and H}(R?—N). and show that it is an isomorphism.
(c) Clearly H}(R? - N) has a countable basis. Show that H1(R? — N) does
not. Hint: If vj; = {a;/} € H'(R? — N), choose (b1,b2) € R? linearly indepen-
dent of (ay!,a12); then choose (b3,b4,s) € R° linearly independent of both
(a3,ar4,a13) and (423, a2, a2°); etc.
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8. Show that the squares in the diagram in the proof of Lemma 21 commute,
except for the square

Hu nV) ——> Hh)

|» |»
HAW A v)* —— Him)

which commutes up to the sign (-1)*, (It will be necessary to recall how various
maps are defined, which is a good exercise; the only slightly difficult maps are

the ones involved in the above diagram.)

9. (a) Let M = M\UM2UM3U--- bea disjoint union of oriented n-manifolds.
Show that Hk(M) + @; Hk(.M;), this “direct sum” consisting of all sequences
(a1,02,03,...) with ay € Hk(M;) and all but finitely many a; = 0 € HE (Mi).
(b) Show that H*(M) ~ [], H*(M;), this “direct product” consisting of all
sequences (01, 02,03,...) with ay € H*(M;).
(2) Show that if the Poincaré duality theorem holds for each Mj, then it holds
for M.

(d) The figure below shows a decomposition of a triangulated 2-manifold into

three open sets Up, Uj, and Uz. Use an analogous decomposition in » dimen-
sions to prove that Poincaré duality holds for any triangulated manifold.

Up is union of shaded! a .g U:; n of shaded £2U1 is union of unshaded 7 2 mumon ors’ Ga.
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10. Lecé =a: E > M and’ =2': E’ > M be oriented k-plane bundles.
over a compact oriented manifold M, and (f, f) a bundle map from & to &
which is an isomorphism on each fibre.

(a) If U € HE(E) and U' € HK(E’) are the Thom classes, then f*(U)= U’.(b) *(x(€)) = x(é’). (Using the notation of Problem 3-23, we have f*(x(&)) =

x(F*8)))

11. (a) Let § = 2: E > M be an oriented k-plane bundle over an oriented

manifold M, with Thom class U. Using Poincaré duality, prove the Thom

Isomorphism Theorem: The map H!(E) > Hi+*(E) given by at a UU is
an isomorphism for all /.
(b) Since we can also consider U as being in H*(E), we can form U UU €
H2k(E), Using anticommutativity of a, show that this is 0 for k odd. Conclude
that U represents 0 € H*(E), so that x(£) = 0. It follows, in particular, thai
x(&) = 0 when & = 2: TM > M for Mofodd dimension, providing another
proof that x(M7) = 0 in this case.

12. If a vector field X has an isolated singularity at p € M", show that the
index of —X at p is (—1)” times the index of X at p. This provides another
proof that x(M4) = 0 for odd n.

13. (a) Let pi,...,pr € M. Using Problem 8-26, show that there is a subse1
DCM difleomorphic to the closed ball, such that all p; € interior D.
(b) If M is compact, then there is a vector field ¥ on M with only one singu-
larity.

(0 Inis a fact that a C® map f: S"-! > S"-! of degree 0 is smoothly ho-
motopic to a constant map. Using this, show that if x(/) = 0, then there is a
nowhere 0 vector field on M.

(d) 1f M is connected and not compact, then there is a nowhere 0 vector field

on M. (Begin with a triangulation to obtain a vector field with a discrete set of
zeros. Join these by a ray going to infinity, enclose this ray in a cone, and push
everything off to infinity.)

SS

(¢) If M is a connected manifold-with-boundary. with 4M + , then there is a
nowhere zero vector field on M.
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14. This Problem proves de Rham’s Theorem. Basic knowledge of singular

cohomology is required. We will denote the group of singular k-chains of X

by Si, (X). For a manifold M, we let Sp°(44) denote the C® singular k-chains,
and let 7: Sf°(M) — Sj (M) be the inclusion. 11 is not hard to show that there
is a chain map t: Sx(M) > Sp°(M) so that t of = identity of S2°(M), while

i 07 is chain homotopic to the identity of S,(M) [basically, t is approximation
by a C® chain]. This means that we obtain the correct singular cohomology

of M if we consider the complex Hom(SP°(M7), R).
(a) If w is a closed k-form on M, let Rh(w) € Hom(Sf°(M), R) be

Rh(w)(c) = [o.F

Show that Rh is a chain map from {Ck(M)} to {Hom(Sp°(M),R)}. (Hint:
Stokes’ Theorem.) It follows that there is an induced map Rh from the

deRhamcohomology of M to the singular cohomology of M.

(b) Show that Rf is an isomorphism on a smoothly contractible manifold (Lem-
mas 17, 18, and 19 will not be necessary for this.)
(c) Imitate the proof of Theorem 21, using the Mayer-Vietoris sequence for

singular cohomology, to show that if Ri is an isomorphism for U, V, and UNV,

then it is an isomorphism for U U V.
(a) Conclude that Rh is an isomorphism if M is of finite type. (Using the

method of Problem 9, it follows that Rh is an isomorphism for any triangulated
manifold.)

(e) Check that the cup product defined using A corresponds to the cup product
defined in singular cohomology.
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CHAPTER 1

Following the suggestions in this chapter, we will now define a manifold to be
a topological space M such that

(1) M4 is Hausdorff,

(2) For each x € M there is a neighborhood U of x and an integer n > 0
such that U is homeomorphic to R".

Condition (1) is necessary, for there is even a 1-dimensional “manifold” which is

not Hausdorff. It consists of RU {+} where « ¢ R, with the following topology:
Aset U is open if and only if

(1) UNR is open,

(2) If * € U, then (U NR) U {0} is a neighborhood of 0 (in R).

Thus the neighborhoods of * look just like neighborhoods of 0. This space may
also be obtained by identifying all points except 0 in one copy of R with the
corresponding point in another copy of R. Although non-Hausdorff manifolds
are important in certain cases, we will not consider them.

‘We have just seen that the Hausdorff property is not a “local property”, but
local compactness is, so every manifold is locally compact. Moreover, a Haus-

dorff locally compact space is regular, so every manifold is regular. (By the way,
this argument does not work for “infinite dimensional” manifolds, which are lo-
cally like Banach spaces; these need not be regular even if they are Hausdorff)
On the other hand, there are manifolds which are not normal (Problem 6). Ev-

ery manifold is also clearly locally connected, so every component is open, and
thus a manifold itself. Before exhibiting non-metrizable manifolds, we first note
that almost all “nice” properties ofamanifold are equivalent.

THEOREM. The following properties are equivalent for any manifold M:

(a) Each component of M is o-compact.

(b) Each component of M is second countable (has a countable base for the
topology).

(©) M is metrizable.

(a) M is paracompact.

(In particular. a compact manifold is metrizable.)

459
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FIRST PROOF. (a) => (b) follows immediately from the simple proposition that
a o-compact locally second countable space is second countable.

(b) => (c) follows from the Urysohn metrization theorem.

() = (A) because any metric space is paracompact (Kelley. General Topology.
pg. 160). The second proof does not rely on this difficult theorem.

(d) = f@) is a consequence ofthe following

LEMMA. A connecied. locally compact, paracompact space is o-compact.
Proof. There is a locally finite cover of the space by open sets with compact clo-

sure. If Up is one ofthese. then Uo can interseci onlya finite number Ui,...,Un,
of the others. Similarly Up UU, U---UG,, imersects only Un 4i....5Ungi and
so on. The union

ToUUGg Us UD ypg U + = Up Ue U Up,U2UUpg Ue
is clearly open. It is also closed. for if x is in the closure, then x must be in

the closure of a finite union of these U;. because x has a neighborhood which
intersects only finitely many, Thus x is in the union.

Since the space is connected, i1 equals this countable union of compact sets.

This proves the Lemma and the Theorem.

SECOND PROOF. (a) = (b) = (0) and (a) = (a) as before.
(c) > (a) is Theorem 1-2.

(a) = (a). Ler M = C) UG, U--- . where each C; is compact. Clearly Cy has
an open neighborhood U; with compact closure. Then Uj U C2 has an open
neighborhood U, with compact closure. Continuing in this way, we obtain open
sets U; with U; compact and U; C Ui41. whose union contains all C;, and hence
is M. 11 is easy to show from this that M is paracompact. 4

Tt1umis out thar there are even I-manifolds which are noi paracompact. The

construction ofthese examples requires the ordinal numbers, which are briefly
explained here. (Ordinal numbers will noi be needed for a 2-dimensional ex-
ample to come later.

ORDINAL NUMBERS

Recall that an ordering < on a set A is a relation such that

(i) a < band b <c implies a < ¢ for all a,b,¢ € A (transitivity:
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(2) For all a,b € A, one and only one of the following holds:

(ash

Gi)a<h (trichotomy).

(iii) 6 < a (also written a > b+

An ordered set is just a pair (A, <) where < isan ordering on A. Two ordered
sets (A, <) and (B. <) are order isomorphic if there is a one-one onto function
f:A > Bsuch that a <b implies f(a) < f(b): the map f itselfis called an
order isomorphism. and f—' is easily seen to be an order isomorphism also.
An ordering < on A is a well-ordering if every non-empty subset BC A

hasafirs! clement. that is. an element 5 such that } < 4! for all b’ € B, Some
well-ordered sets are illustrated below: in this scheme we donot list any of the <

relations which are consequences of the ones already Jisted.

®

{0}

o<1 (A = {0,1})

0<1<? (4 = {0,1,2)

0<1<2<3 ete.

0<1<2<3<-:-

0<1<2<--<w (w is some set # 0,1,2,3....)
(w+ 1 is, for the presem

0<1<2<+.-<w<wt) just a set distinctfromthose already mentioned:

0<1<2<--<w<wtl<w+2<--

O0<1<2<--<w<wtl<wt+2<---<w-2

0<1<2<---<@<w+]1<W4+2<+.-<@-2<w-241<-:

0<1<2<---<w<wt+1 <wt+2<---<w-2<W-24+1<--<H

O<1<2<- Wc CO 2c KOI K

O<1<2 <0 <M <6 <2 Ke <3 << cw
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Any subset ofa well-ordered set is. of course, also a well-ordered set with the
same ordering. In particular. a subset B of a well-ordered set A is called an

(initial) segment if b € B and a <b imply a € B. It is easy to see that if Bis a

segment of A. then either B = A or else there is some a € A such that

B={aeA:a' <a):

in fact. a is the first element of A — B. Notice that each set on our list is «

segment ofthe succeeding ones. It is not hard to see that no two sets on our Hist
are order isomorphic. For example.

0<I1<-.-<w and 0<I1<---<w<w+!

are nol order isomorphic because the second has both a last and a next to las!

element. while the firs: does not. But there is a much more general proposition
which will settle all cases at once:

1, PROPOSITION. If B # 4 is a segment of A. then B is not order isomoi-
phic to A. In fact, the only order isomorphism from B to a segmen! of A is the
identity.

PROOF. If f: B > B’ C A is an order isomorphism and B’ is a segmem
of A. then for the first clement 6 of B (and hence of A) we clearly musi have
JS (b) = b. Then f(b’) must be 5’. where b’ is the second element. And so on.

even for the “w""” element (the first one after the first, second, third, etc.)! The
way we prove this rigorously is amazingly simple: If /(b) # b for some b € B.
just consider the first element of {b € B : f(b) # 6): an outright contradiction
appears almost immediately.

Proposition } has a companion. which makes the study of well-ordered sets
simply delightful.

2. PROPOSITION. If (A,<) and (B,~<) are well-ordered sets, then one is

order isomorphic to a segment of the other.

PROOF. We match the first element of A with the frst of B, the second with

the second, ..., the “w*"”’ with the “w""”, etc., until we run out of one ser.
To do this rigorously, consider order isomorphisms from segments of A onto
segments of B. It is easy to show that any two such order isomorphisms agree
on the smaller of their two domains (just consider the smallest element where
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they don’t). So all such order isomorphisms can be put together to give another.
which is clearly the largest of all. 1f it is defined on all of A we are done, If it
is not, then its range must be all of B (or we could easily extend it) and we are
still done. &

Suppose we define a relation < between well-ordered sets by stipulating that
(A.<) < (B,<) when (A.<) is order isomorphic to a proper segment ol
(B. <). Transitivity of < is obvious, and Propositions } and 2 show that we al-

most have trichotomy. “Almost”, because the condition “(A, <) = (B, <)* must

be replaced by “(A, <) order isomorphic to (B.~<)". To obviate this difficulty
we need only work with order isomorphism classes of well-ordered sets, instead

of with the well-ordered sets themselves. These order isomorphism classes are

called ordinal numbers. They are beautiful:*

3. PROPOSITION. < is a well-ordering of the ordinal numbers.

PROOF. Given a non-empty set # of ordinal numbers, let (4, <) be a well-

ordered set representing one of its elements a. To produce a smallest element

of A we can obviously ignore elements > a. Every element < a is represented
by an ordered set which is order isomorphic to some proper segment of A:

each of these is the segment consisting of elements of A less that some a € A.
Consider the least of these a's. It determines a segment which represents some
B eA. This B is the smallest element of A,

Notice that if a is an ordinal number, represented by a well-ordered set

(A. <), then the well-ordered set of all ordinals 6 < a has a particularly simple
representation: it is order isomorphic to the set (A. <)! Roughly speaking: An

ordinal number is order isomorphic to the set of all ordinals less than it
If @ is an ordinal number, we will denote by a +1 the smallest ordinal after @

(if @ is represented by the well-ordered set (A, <). then a + 1 is represented

by a well-ordered set with just one more element. larger than all members
of A). Notice that some ordinals are not of the form a + 1 for any a; these
are called limit ordinals, while those of the form @ + 1 are called successor

*Only one feature mars the beauty of the ordinal numbers as presented here. Each
ordinal numberis a horribly large set; it would be much nicer to choose one specific well-ordered set from each order isomorphism class, and define these specific sets to be the
ordinal numbers. There is a particularly elegant way to do this, due to von Neumann,
which can be found in the Appendix to Kelley, Genera/ Topology.
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ordinals. We will also denote some ordinals by the symbols appearing before:
0,1,2.3....,0,0 +1,..., ete.

Our list of well-ordered sets only begins to suggest the complexity which well

ordered sets can achieve. With a little thought, one can see how the symbols
w?, w. ... would appear (symbols like w? + w? - 3+ w - 4+ 6 would be used
somewhere between w? and w*): after all these one would need

wo” wo”

and after all these the symbol €9 pops up. After

602 EO. 608s EO yo OMe

one comes to

EV ED Eee re EWM sre Leg yee Leper eet

and this is only the beginning!
Al} the well-ordered sets mentioned so far are countable, There are indeed an

cnormous number of countable well-ordered sets:

4. PROPOSITION. Let Q be the collection ofall countable ordinals (ordinals

represented by a countable well-ordered set). Then & is uncountable.

PROOF. By Proposition 3, (@. <) is a well-ordered set. If it were countable. 1
would represent a countable ordinal a € 2. By the remark after Proposition 3.
this would mean that & is order isomorphic to the collection ofordinals < a.
i.c.. 10 a proper segment of itself, contradicting* Proposition J. 4%

We have thus established the existence of an uncountable ordinal. Our spe-
cihe example. represented by Q, is clearly the first uncountable ordinal; any
member of Q is countable, and consequently has only countably many pre-
decessors. (It is hopeless to try to “reach” & by continuing the listing of well-
ordered sets begun above. for one would have to go uncountably far, and en-
counter sets with an uncountable number of degrees of complexity. A leap of
faith is required.)
Although the countable ordinals exhibit uncountably many degrees of com-

plexity: they are each simple in one way:

* By deleting the words countable and uncountable in this proof one obiains the “Burali-
Forti Parados’: the se1 Ord of all ordinal numbers is well-ordered, so it represents an
ordinal @ € On. and heuce is order isomorphic to an initial segment of On. For #
resohnion of this paradox, see Kelley's Appendix.
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5. PROPOSITION. If @ € Q isa limit ordinal, then there is a sequence By <

By < By < +++ <a, such that every B < a satisfies B < Bn for some n (we say
that {Bn} is “cofinal” in a).

PROOF. Since a is countable, all its members can be listed (in not-necessarily
increasing order) 7), 72, 73..-.- Let Bt = y%; and let Bn4t be the first y in the
list which comes after B,. &

6. COROLLARY. If a € Q. then a is represented by some well-ordered subset
of R. However, no subset of RB is order isomorphic to 2.

PROOF. Suppose there were one, and hence a smallest, a € & not represented
by some subset of R. }1 cannot happen that a = 8 + 1, for then B would be
represented by a subset of R, thus also by a subset of (—0o,0) and a could

by represented by a subset of R. So by Proposition 5, there is a sequence
By < Bo < B3 < ++» < @ cofinal in a. Then 8; is represented by a subset of

{—o0,/), and we can easily arrange that the subset representing f; is a segment
of the subset representing 8; for i < j. The union of all these sets would then
represent a, a Contradiction.

Ifa subset of R were order isomorphic to 2, then there would be uncountably
many disjoint intervals in R, namely those between the points representing o
and a +1 for all a € Q. This is impossible.

The first example of a non-metrizable manifold is defined in terms of Q.
Consider Q x {0, 1), with the order < defined as follows:

(a,s) < (B.t) ifa < Borifa =Bands <t.

‘This can be pictured as follows:

0.0) 0.0) 2.0) (@.0) +10) (@42.0) {w2,0)

The set Q x [0, 1) with the order topology (a subbase consists of sets of the form
{x x < xo} and {x : x > No}) is called the closed long ray (with “origin” (0, 0).

and L* = & x {0, 1) — {(0,0)} is the (open) long ray. The disjoint union of two
copies of the closed long ray with their origins identified is the long line L. To
distinguish L+ and L. the names “half-long line” and “long line” may also be
used. The Corollary to Proposition 5 implies easily that the long ray and the
long line are 1-dimensional manifolds; aside from the line and the circle, there
are no other connected |-manifolds.
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Quite a few new 2-manifolds can now be constructed:

L*x S'  (half-long cylinder), = Lx S' (long cylinder).
L+xR  (half-long strip,. LxR (long strip),

LxL (big plane}, Lx L* (big half-plane),

L* x L* (big quadrant).

Identifying all points ((0,0),4) in the product of the closed long ray and S?
produces another 2-manifold. which might be called the “big disc”.
There is another way of producing a non-metrizable 2-manifold which does

not use Q at all, We begin with the open upper half-plane R4. = {(x, y) € R? :
}* > 0} and another copy R? x {0} of the plane: we will denote this set by R2.
and denote the point (x, }',0) by (x, })o. Define a map fo: (R2)4.= RR by

Consider the disjoint union of R3 and R}, with p € (R3)4 and fo(p) € RZ
identified. This is a Hausdorff manifold; the following diagram shows two

open sets homeomorphic to R?, The manifold itself is, in fact, homeomorphic

Ri

“see” RG = (RG)

to R?; we could have thrown away R3. to begin with since it is identified by a
homeomorphism with (I3)+-

But consider now, for each @ € R, another copy of R?, say R? x {a}, which
we will denote by R2. Define fa: (R3)4 > 4 by

@
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In the disjoint union of R3, and all R2,a € R we wish to identify each p € (R2),
with fo(p) € R2. We may dispense with R2 completely, and in the digoint
union of all R2 identify each (x, ya and (x’,)"), for which » = 3" > 0 and
xy-+a = x'y-+b, The equivalence classes, of course, are a space homeomorphic
to R4, so we will consider R3. a subset of the resulting space. This space is
still a Hausdorff manifold, but it cannot be second countable, for it has an

uncountable discrete subset, namely the set {(0,0)a}. This manifold, the Priifer
manifold, and related manifolds, have some very strange properties, developed
in the problems.

PROBLEMS

1. (a) A well-ordered set cannot contain a decreasing infinite sequence xq >
XQ > Xz doe.

(b) If we denote (a + 1) +1 by @ +2, (@ +2) +1 by a +3, etc., then any a
equals 8 +1 for a unique limit ordinal 6 and imeger n > 0. (Thus one can
define even and odd ordinals.)

2. Let ¢ be a “choice function”, i.e., c(A) is defined for each set A # 9, and

c(A) € A for all A. Given a set X, a well-ordering < ona subset Y of X will

be called “distinguished” if for all y € Y.

yee(¥-Q" EY: <y})

(a) Show that of any two distinguished well-orderings, one is an extension of
the other.

(b) Show that there is a well-ordering on X. (Zorn’s Lemma may be deduced
from this fact fairly easily.)

(c) Given two sets, show that oneofthem is equivalent to (can be put in one-one
correspondence with) a subset of the other.
(d) Show that on any infinite set there is a well-ordering which represents a
limit ordinal.

(e) From (d), and Problem 1, show that if X and Y are disjoint equivalent
infinite sets, then X U Y is equivalent to Y.

3. (a) Lt and L are not metrizable.

(b) If xy < x2 < x3 S++» is.a sequence in L+. then {xn} converges to some
point. Consequently, any sequence has a convergent subsequence (but L+ is

not compact!).
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() If {xn} and {yn} are sequences in L+ with xn < Yn < Xnq1 for all n, then
both sequences converge to the same point.
(a) L+ (and also L) are normal. (Use (c)).

(e) More generally, any order topology is norma] (completely different proof).

(f) If f: L+ = R is continuous, and r > s, then one ofthe sets f~?((—00,s])
and 7? ({r,00)) is countable.

(g) If f£: L+ > R is continuous, then f is eventually constant.

4. (a) L* isnot contractible. Hint: Given H: L*x{0,1] > L* with H(x,0) =

x for all x, show that for every t we have {H(x,1)} = Lt.

(b) m(L+) = 2)(L) = 0. Similarly for L+ xR, LxR, LxL, Lx L+, L+xL*.
(C) m(L* x S!) =m (Lx S') =Z.

5. (a) Lt and L are not homeomorphic. Hinl: Imitating Problem 1-19, define
“paracompact ends”.

(b) L+ x Rand L x BR are not homeomorphic; L* x S' and L x S? are now
homeomorphic,

(c) Of the 2-manifolds constructed from L+ or L with 7 = 0 and one para-
compact end, only L+ x R has the homotopy type of L*.

(a) The Stone-Gech compactifications of L x L, Lt x L, L+ x Lt, and the
big disc arc all distinct. (Using Problem 3(g), one can explicitly construct thesc

Stone-Cech compactifications.

6. (a) Show that the Prifer manifold P is Hausdorfi.

(b) P does not have a countable dense subset.

(0) Let U be an open set in R2. which is the union of “wedges” centered at
(a.0) for every irrationa] a. Show that U includes a whole rectangle ofthe form

—_{|t—a

(a.b)x (0.e). Hint: Let A, = {a: the wedge centered at a has width > 1/n}.Since R = QUU,, An. some Ay is not nowhere dense
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(d) Let G1,C. c P be

Ci = {(0, 0)q :@ irrational}

Cz = {(0, 0)e : @ rational}.

Show that Cj and C are closed, but that they are not contained in disjoint
open sets.

(e) Define H: P x [0,1] > P by

(: firsts, [tee ) ty>oH(@, Ya) = Ue Iostsy],

(xvi=5%, vi = 5?) ify <0.a

Show that H is well-defined and that H(p, 1) € R4. U {(0,0)q} for all p € P.
Conclude that P is contractible.

(f) P -{(%, yo! » <0} is a manifold-with-boundary P’, whose boundary is a
disjoint union of uncountably many copies of R.
(@ The disjoint union of two copies of P’, with corresponding points on the
boundary identified, is a manifold which is not metrizable, but which has a
countable dense subset. Its fundamental group is uncountable.

7. It is known that every second countable contractible 2-manifold is S? or R?
Hence the result of constructing the Priifer manifold using only copies R2 for
rational @ must be homeomorphic to R?. Describe a homeomorphism of this
manifold onto R?.

8. Let M be a connected Hausdorff manifold which is not a point.
(a) If A C M has cardinality ¢ (the cardinality of R), then the closure A has
cardinality ¢.

(b) If C ¢ M is closed and has cardinality c, then C has an open neighborhood
with cardinality ¢.

(c) Let p € M. There is a function f: 2 —> (set of subsets of M) such that

J (a) has cardinality ¢ for all a € Q, and such thar

I(0) = {p}

(a) is an open neighborhood of the closure of Upea /(B)-

(Consider functions defined on initial segments of 2 with these same properties.
and apply Zorn’s Lemma. Alternatively, one can require f(a) to be the result of

applying the choice function to the set of all open neighborhoods ofthe closure
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of Upee £(6) with cardinality ¢, Then there is a unique f with the required
properties. This is an example of defining a function by “transfinite induction”.)
(@) A function f: 2 — (set of subsets of {0, 1]) with the properties of the fune-
tion in part (c) is eventually constant.

(©) M has cardinality c, (Given p’ € M, consider an arc from p to p’)
9. (a) A connected I-manifold whose topology is the order topology for some
order, is homeomorphic to either the real Jine, the long line, or the half-long
line.

(b) Every I-manifold M contains a maximal open submanifold N whose topol-
ogy is the order topology for some order.

(©) If M is connected and N # M, then M is homeomorphic to S?.



Appendix A 47)

CHAPTER 2

The long ray L* can be given a C® structure, and even a C® structure.
To see this we need the result of Problem 9-24—any C® [or C®] structure

on a manifold M homeomorphic to R is diffeomorphic to R with the usual
structure. This implies that it is also diffeomorphic to (0,1), and consequently

that the structure on M can be extended if M is a proper subset of Lt. An
easy application of Zorn’s Lemma then shows that C® and C® structures exist
on Lt.

I do not know whether all C® structures on L+ are diffeomorphic. It is
known that there are uncountably many inequivalent C® structures on L*, If
pé L+, and Lp denotes all points < p, then L+ — Ly is clearly homeomor-
phic to L+. If © is a C® structure for L*, then it yields a C® structure for
Lt — L+y, and hence for L+. These are all distinct, in other words, there is
no C® map

Si L*t-L*,>Lt-L*, g>p

with a C® inverse. In fact, we must have f(g) > g, and then it is easy to see

P q

_ , £9)
q

that we must also have f(/(q)) > S(q), SL(L(g))) > S(L(g)), etc. The

increasing sequence 4, f(y), S(/(q))s-.- has a limit point xo € Lt — Ly.
and f(xo) = Xo. Now / cannot be the identity on al] points > xo (for then

it would be the identity everywhere, since it is C®). So for some g, > x0 we
have f(gi) # 41; we can assume f(g1) > 41, since we can consider f~? in
the contrary case. Reasoning as before, we obtain x) > Xo with f(x1) = x1.
Continuing in this way, we obtain x9 < x1 <x2 <--> with f(&n) = xn. This
sequence has a limit in L+ — L+p, but this implies that f(x) = x for all x, a
contradiction.

A C® structure exists on the Priifer manifold; this follows immediately from

the fact that the maps fg. used for identifying points in various (R2)4 with
points in R4, are all C®. I do not know whether every 2-manifold has a C°%
structure.

Using the C® structure on L*, we can get a C® structure on L+ x L+. How-
ever, the method used for obtaining a C® structure on L+ will not yield a complex
anahiic structure on L* x L*; the problem is that a complex analytic structure
on R? may be conformally equivalent to the disc, and hence extendable, but it
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may also be equivalent to the complex plane, and not extendable. In fact, i
is a classical theorem of Rado that every Riemannian surface (2-manifold with

a complex analytic structure) is second countable. On the other hand, a mod-
ification of the Priifer manifold vields a non-metrizable manifold of complex
dimension 2. References to these matters are to be found in

Calabi and Rosenlicht, Complex Analytic Manifolds without Countable Base, Proc.

Amer. Math. Soc. 4 (1953), pp. 335-340.

H. Kneser. Anahrtische Strucktur und Abzahlbarkeit, Ann. Acad. Sic. Fennicae Se-
ries A,1 25]/5 (1958), pp. 1-8

PROBLEMS

10. Prove that for g > p there is no non-constant C® map f: L+ - Lt, >
L*- L+y.

11. Let (1',p) be a metric space and let f: X + Y be a continuous locally
one-one map. where X is Hausdorff. connected, locally connected, and locally

compact.

(a) Every two points x,)' € X are contained in a compact connected C Cc X.
(b) Let d(x, +) be the greatest lower bound of the diameters of f(C) (in the

p-metric) for all compact connected C containing x and ):. Show that d isa
metic on X which gives the same topology for X.

12. Of the various manifolds mentioned in the previous section, try to deter-
mine which can be immersed in which.
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CHAPTER 6

Problem A-6(g) describes a non-paracompact 2-manifold in which two open
half-planes are a dense set. We will now describe a 3-dimensional yersion with
a twist.

Let A = {(x, ¥,z) € R?: » #0}, and for each a € R let R} be a copy of R°.
points in R3 being denoted by (x,y, z)a. In the disjoint union of A and all R3.
a € R we identify

Q,y,2)¢ fory>O0 with (a+ yx,y,2+a)

(%,9,2)a for y<0 with (@+ px, y,z-a).

The equivalence classes form a 3-dimensional Hausdorff manifold M. On this
manifold there is an obvious function “z”, and the sets z = constant form a

foliation of M by a 2-dimensional manifold N. The remarkable fact about this

2-dimensional manifold N is thatit is connected. For, the set of points (x, y,¢) €
A with y > 0 isidentified with the set ofpoints (x, ».¢ — @)q € R23 with y > 0.
Now the folium containing {(x, y,¢ — @)a} contains the points (x, »,¢ — @)a
with » < 0, and these are identified with the set of points (x, y,¢ — 2a) € A
with y <0. Since we can choose a = c/2, we see that all leaves of the foliation

are the same as the leafcontaining {(x, y,0): y <0} CA
This example is due to M. Kneser, Beispie/ einer dimensiinserhohenden anajytis-

chen Abbildung zwischen tiberibzahlbaren Mannigfaltigheiten. Archiy, Math. 11 (1960),
pp. 280-281.
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CHAPTERS 7, 9, 10

1. We have seen that any paracompact C® manifold has a Riemannian metric.
The converse also holds, since a Riemannian metric determines an ordinary
metric.

2. Problem A-1] implies that a manifold N immersed in a paracompact mani-
fold M is paracompact, but a much easier proof is now available: Let ( , ) be

a Riemannian metric on M; if f: N > M is an immersion, then N has the
Riemannian metric f*(, ).

We can now dispense with the argument in the proof of Theorem 6-6 which

was used to show that each foliumof a distribution on a metrizable manifold is
also metrizable, for the folium is a submanifold, and hence paracompact.

3, Since there is no Riemannian metric on a non-paracompact manifold M.
the tangent bundle 7M cannot be trivial, Thus the tangent bundle of the long

line is not trivial, nor is the tangent bundle ofthe Priifer manifold, even though
the Priifer manifold is contractible. (On the other hand, a basic result about

bundles says that a bundle over a paracompact contractible space is trivial.
Compare pg. V.272.)

4. The tangent bundle of the long line L is clearly orientable, so there can-
nol be a nowhere zero 1-form w on L, for w and the orientation would de-

termine a nowhere zero vector field, contradicting the fact that the tangem
bundle is not trivial. Thus, Theorem 7-9 fails for L. Notice also that if M

is non-paracompact, then 7M is definitely not equivalent to 7*M, since an
equivalence would determine a Riemannian metric. So there are at least two

inequivalent non-trivial bundles over M.

5. Although the results in the Addendum to Chapter 9 can be extended to
closed, not necessarily compact. submanifolds, they cannot be extended to non-
paracompact manifolds, as can be seen by considering the 0-dimensional sub-
manifold {(0.0)a} of the Priifer manifold.

6. A Lie group is automatically paracompact, since its tangent bundle is trivial
More generally, a locally compact connected topological group is o-compact
(Problem 10-4),
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7, 1 is not clear that a non-paracompact manifold cannot have an indefinive
metric (a non-degenerate inner product on each tangent space). This will be
proved in Volume II (Chapter 8, Addendum 1)

PROBLEM

13, Is there a nowhere zero 2-form on the various non-paracompact 2-mani-
folds which haye been described?
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forms, 201 scalar density, 133, 209
ofa finction, 109 Exact

Dimension, 4 form, 218
Direct sum, 421 sequence, 419, 422
Disc bundle, associated, 451 ofa pair, 433
Discriminant, 233 of vector bundles, 103
Disjoint union, 4, 20 Exponential map, 334, 383
Distribution, 179, 181 Exponential of matrices, 384

ideal of, 215 Extension, 432

on torus, 180 Extremal, 320
Divergence, 238
Theorem, 352

Domain, 3 aay aDu Bois Reymond’s Lemma, 355 orb
op Fibre, 64, 68, 71

basis, 107 Finite
characteristic, 205space, 107

one 438vector
bundle, 108 en

First variation, 319, 327

Five Lemma, 440

Einstein summation convention, 39 Fixed point, 139
Elements of norm |, 308 Foliation, 194
Elliptical non-Euclidean geometry, 367 Folium, 194
Embedding, 49 Force field, 240
End, 23 Form, 207

paracompact, 466 differential, 201
Endomorphism, 121 left invariant, 374
Energy, 324 right invariant, 400
Envelope, 358 f-related, 190
Equations depending on parameters. Frobenius Integrability Theorem, 192,

169 215

Equations of structure. 404 Fubini’s theorem, 254
Equivalence (of vector bundles), 72 Functor, 130

weak, 96 Functorites, 89

Euclidean Fundamental Theorem of Algebra.
metric, 305, 315 285, 293
motion. 374 Fundamental Theorem of Calculus,

n-space, | 254
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Gauss’s Lemma, 337 Hyperbolic

General linear group, 61, 372 cosine, 356
Generalized area, 246 sine, 356
Geodesic, 333 tangent, 356

closed, 367

reversing map, 401
Geodesically complete, 341
Geodesically convex. 363 Ideal ofa Lie algebra, 410Geodesy, 333 Identification, 10

Germs of k-forms, 432 Imbedding, 49

Global theory ofintegral manifolds. topological, 14
193 Immersed submanifold, 47

Gradient, 237 Immersion, 46
Gram-Schinidt orthonormalization ropological, 14, 46

process, 304 Implicit function theorem, 60
Grok. 84 Indefinite metric, 350

Group Independent infinitesimals, 314
Lie, 371 Index of inner product, 349

matrix, 372 Index of vector field
opposite, 407 ona manifold, 447
orthogonal, 372 on R", 446
topological, 371 Indices

Guillemin, V. W., 106 debauch of, 39, 123
raising and lowering, 351

Induced

bundle, 101
orientation, 260

Hahn-Banach theorem, 145 Inequalities, principle ofirrelevance of

Hair. 69 algebraic, 233
Half-lone Inertia, Sylvester’s Law of, 349

cylinder. 466 Infinite volume, 312
Tine, 465 Infinitely small change, 111
strip, 466 Infinitely small displacements, 314

Halfspace, 19 Infinitesimal generator, 148
Handle, & Infinitesimals, independem, 314
Hardy, G.H., 179 Initial conditions, 136

Has one end, 23 ofintegral curve, 136
Heinlein, Robert A., 84 Initial segment, 462
Hausdorff, 459 Inner product, 227, 301
Homogeneous, 7 preserving, 304, 372

Homomorphism usual, 301
continuous, 387 Inside, 21

of Lie algebras, 380 Integrability conditions, 189
Homotopic, 104, 277 Integrable distribution, 192
Homotopy, 104, 277 Imegrable function
Hopf, H., 342, 450 Darboux, 283
Hopf-Rinow-de Rham Theorem, 342 Riemann, 283
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Integral vector field, 374
curve, 136 Left translation, 374

Darboux, 283 Length, 243, 305, 312
line, 239, 243 ofa curve, 59manifold, 179, 181 Lie algebra, 376

maximal, 194 abelian, 376, 382, 395

of a differential equation, 136 commutative, 376
Riemann, 283 homomorphism of, 380
surface, 245 ideal of, 410

Integration, 136, 226, 239 opposite, 407
Invariance of Domain, & Lie derivative, 150

Invariant, 128, 232 Lie group, 371
definition, 214 arewise connected subgroup of, 409

Irrelevance ofalgebraic inequalities, closed subgroup of, 391
principle of, 233 local, 415

Isometry, 340 normal subgroup of, 410
Isomorphic Lie groups. locally, 382 topologically isomorphic, 388
Jsomorphism, natural. 10? Lie subgroup, 373
Isotopic, 294 Lie’s fundamental theorem

first, 414
second, 415
third. 416

Jacobi identity, 155, 376 Limit
for the bracket in any ring, 378 ordinal, 463

Jacobian matrix, 40 st. GU ;
Jordan Curve Theorem, 21, 435 Line integral, 239, 243 .

Linear differential equations, 165
systems of, 17]

Linear transformation

adjoint of, 103Kelley,J. 460, 463, 464 ae of, 121Kink, 366 positive definite, 104Klein bottle, 18, 435 positive semi-definite, 104
Kneser, H., 472 Linking number, 296
Kneser, M., 473 Lipschitz condition, 138

Littlewood,J.E., 179Lives at points, 119
Lobachevskian non-Euclidean geome-

Lang, S, 145 uy, 368
Laplace’s expansion, 230) Local
Laplacian, 58 flow, 144

Law ofInertia, Sylvester's, 349 Lie group, 415
Leaf, 194 one-parameter group of local diffeo-
Leap of faith, 464 morphism, 148
Left invariant spanned locally, 179

form, 394 uriviality, 71
n form, 400 Local theory of integral manifolds, 190
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Locally Mayer-Vietoris Sequence, 424
compact, 20 for compact supports, 431
connected, 20 Measure zero, 40, 41
finite cover, 50 Mesh, 239

isomorphic Lie groups, 382 Meuic
Lipschitz. 139 bi-invariant, 401
one-one, 13 Euclidean, 305, 315

pathwise connected, 20 indefinite, 350

Long Riemannian, 308, 311
cylinder, 466 usual, 312
line, 465 spaces, disjoint union of, 4, 20
ray, 469 Milnor, J.W, 42

closed. 465 Mod 2 degree, 295
open, 465 Mobius strip, 10

Lower sum, 283 generalized, 100
Mult-index, 208
Multilinear function. 115

Munkres, J.R., 34. 106

MacKenzie. R.E., 106

Magic, 214
Manifold, 1, 459

analytic, 34 n-dimensional, 4
atlas for. 28 n-forms, left invariant, 400

boundary of. 16 n-holed torus, 9
bounded, 19 n-manifold, 4

closed. 19) n-plane bundle, 71
cr, 34 n-sphere, 7
C°, 34 n-torus, 7
c™, 24 Natural g-valued I-form, 403

differentiable, 20 Natural isomorphism, 108
dimension of. 4 Neighborhood, tubular, 345
imbedding in R¥. 52 Newman, M.H.A.. 3
integral. 179, 181 Nice cover, 438

maximal, 194 Non-bounded, 19

non-nictrizable, 465, 466 Non-degenerate, 301
orientation of. 86 Non-Euclidean geomeuy
smooth, 29 elliptical, 367

Manifold-with-boundary. 19 Lobachevskian. 368.
Ce, 32 Non-meurizable manifold, 465, 466

Map Non-oriemable
between complexes. 421 bundle, 86
bundle. 73 manifold, 80
rank of. 40 Norm, 303

Massey. WS. 3 preserving, 304, 372
Mawix groups. 372 Normal
Maximal imicgral manifold, 194 bundle, 344
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Normal (continued) Outside, 21

space, 459 Outward pointing, 260
subgroup ofa Lie group, 410 Outward unit normal, 351outward unit, 351

Nowhere zero section, 209

Palais, R.S., 100, 225

Oda Paracompact, 210, 459
ordinal, 467 ence) cies
relative tensor, 134, 288 Parameter curves, special, 167
scalar density, 133, 259 Parameterizedby arclength, 313

One-dimensional distribution, 179 Beee

One-dimensional sphere, 6 ees 245

of local diffeomorphisms, local. 148 ‘Piecewise smooth, 312
One-parameter subgroup, 384 Pig, yellow, 434
Open Poincaré, H., 450

Tong ray, 465 Poincaré dual, 439
map, 60 Poincaré Duality Theorem, 441
submanifold, 2 Poincaré-Hopf Theorem, 450

Opposite Poincaré Lemma, 225
roup, 407 Poincaré upper halftplane, 367
Lie algebra, 407 Point

Order inward, 98

isomorphic, 461 outward, 98, 260
isomorphism, 461 Point-derivation, 39
topology, 465 Point-finite cover, 60

Ordered set, 461 Polar coordinates, 36
Ordering, 460 integration in, 266
Ordinal numbers, 463 Polarization, 304

Orientable Pollack, A., 106
bundle, 86 Positive definite, 104, 301
manifold, 86 Positive element of norm 1, 308

Orientation Positive semi-definite, 104
ofa bundle, 85 Product
ofa manifold, 86 of vector bundies, 102
ofa vector space, 84 tensor, 116
preserving, 84, 85, 88, 105, 248 Projection, 7, 30, 32
reversing, 84, 88, 248, Projective

Orthogonal group, 61, 372 plane, 11, 435,
Osthonormal, 304, 348 space, 19, 88
Orthonormalization process, Gram Proper map, 60, 275

Schmidt, 304 Prifer manifold, 467
Osgood’s Theorem, 284 Pseudometric, 95



488 Inder

Quaternions, 100 Sard’s Theorem, 42, 294
of norm 1, 373 Scalar, relative, 134, 231

Scalar density, 133
Schwarz, H., 354

Schwarz inequality, 303, 362
Second countable, 459

Section ofa vector bundle, 73
zero, 96

Radial function, 435 Segment, initial, 462
Rado, T, 472 Selfadjoint linear transformation, 104
Rank Semi-definite, positive, 104
ofa form, 229 Separate points and closed sets, 95equence

7Cae exact, 419, 422ectifiable, 59
Refinement ofa cover, 50 ole ctoa ane

B Mayer-Vietoris, 424Sie 40
for compact supports, 431point, ofa pair, 433

space, 459 Shrinking Lemma, 51
value, 40 Shrinking Lemma, 60

Related vector fields, 190 Shuffle permutation, 227

Relative Simplex
scalar, 134, 231 of a triangulation, 427
tensor, 134, 231, 288 _ Singular, 285 .

Reparameterization, 244, 248 Simply-connected, 287

Retraction, 264 Lie group, 382deformation, 279 Singular P. cube, 246

Revolution, surface of, 8, 321 simplex, 285
de Rham, G., 342 Skew-symmetric, 201, 378
de Rham cohomology vector spaces. Slice, 194

263 Slice maps, 54
with compact supports, 268 Smooth, 28

de Rham’s Theorem, 263, 457 homotopy, 27
Riemann manifold, 29

integrable, 283 piecewise, 312
integral, 283 Smoothly _
sum, 283 contractible, 220

Riemannian metric, 308, 31) homotopic, 277
usual, 312 isotopic, 294

Right invariant n-form, 400 Solid angle, 290
Right translation, 374 Space filling curve, 56

ight translation, Spanned locally, 179
Rinow W., 342 Special linear group, 61
Roman surface, 17, 26 Special orthogonal group, 62
Rosenlicht, M., 472 Sphere, 7
Rotation group. 62 Sphere bundle, associated, 451
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Standard Tensor
n-simplex, 426 contravariant, 120
singular cube, 246 covariant, 113

Star-shaped, 221 even relative, 134, 231
Steiner’s surface, 17, 26 odd relative, 134, 288,

Sternberg, S., 42, 106 Tensor field
Stokes’ Theorem, 253, 261, 285, 352 classical definition of, 123

Stone-Gech compactification, 468 contravariant, 120
Structure constants, 396 covariant, 113
Subalgebra ofa Lie algebra, 379 mixed, 121, 122Subbundle, 198 Tensor product, 116

Subcover, 50 Thom class, 442
Subgroup Thom Isomorphism Theorem, 456

Lie, 373 Topological
one-parameter, 384 group, 371

Submanifold, 49 imbedding, 14
arn immersion, 14, 46
closed, 49 Topologically isomorphic Lie groups,
immersed, 47 eee
open, 2 Torus, 7, 8

Successor ordinal, 464 eee
Sum of vector bundles, Whitney, 101 ee1Su t, 33, 147 ‘otally disconnected, 25
port, 2¥s Transitivity, 460

Surface, 7 4
Beate Translation
pees left, 374
integral, 239 tight, 374
of revolution, 8, 321 Triangle inequality, 303

Syivester’s Law of Inertia, 349 Triangulation, 426
S ic bilinear form, 301 beers tyymmetric bilinear form, ; simplex of, 427
System oflinear differential equations. Trichotomy, 46171

Trivial vector bundle, 72
o-compact, 4, 458 Tubular neighborhood, 345

Two-holed torus, 8

Tangent bundle, 77 ,

Tangent space of R", 64 Vick, J.W, 3
Tangent vector

inward pointing, 98
of'a manifold, 76

of R", 64 Wedge product, 203
outward pointing, 98, 260 Whitney, H., 106
to a curve, 63, 66 Whitney sum, 101
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CORRECTIONS FOR VOLUME I

pg 3, line 3—: change di(x,y) < 1 to di(x, y) <1.
pg; 14: relabel the lower left part of the central figure as,

Aa| [ar

Bi Ve

Atl far

pg 19: replace the next-to-last paragraph with the following:

‘The set of points in a manifold-with-boundary that do not have a neighborhood homeomorphic to R" (but only one homeomorphic

to HI") is called the boundary of M and is denoted by 4M. Equivalently, x ¢ 8M if and only if there is a neighbothood V of x and
a homeomorphism @ : V —> H such that @(x) = 0. If M is actually a manifold, then 9M = @, and M itselfis always a manifold(without boundary}

pg 22: Replace the top left figure with

i
)

iff

)

pg 43: Replace the last line and displayed equation with the following:

Since rank f = k in a neighborhood of p, the lower rectangle in the matrix

( sD) - Dav, Da

“"\X Davt*! ... Daw
pg. 60, Problem 30: Change part (f) and add part (g):

(0) If M isa connected manifold, there is a proper map f: M —+ R; the function f can be made C® if M is a C® manifold.
() The same is true if M has at most countably many components,

pg 61, Problem 32: For clarity, restate part (das follows:

(¢) This is false if f: Mi > R is replaced with f: M > N for a disconnected manifold N.

Pg 70: Replace the last two lines of page 70 and the first two lines ofpage 71 with the following:

theorem of topology). If there were a way to map T(M, i), fibre by fibre, homeomorphically onto M x R?, then each vp would
correspond to (p,v(p)) for some v(p) € R?, and we could continuously pick w(p) € R?, corresponding to a dashed vector, by using the
criterion that w(p) should make a positive angle with v(p).

pg 78: the third display should read:

0 = £(0) = (fh) = S(pelh) + h(p)e(f) = 0 + E(/).

pg. 103, Problem 29(d). Add the hypothesis that M is orientable.

Pg 117: After the next to last display, A(X1,..+) Xx)(P) = A(P)(Xi(P)s-++» Xe(P)), add:
If Ais C™, then A is C®,in the sense that A(Xi,...,X4) is aC? function for all C% vector fields X,..., Xe.

Pg 118: Add the following to the statement of the theorem: If A is C*, then A is also.



pg. 119: Add the following at the end ofthe proof:

Smoothness of A follows from the fact that the function Ajy..jg is A(8/Xiq,.-.8/8%i,)-

pg 131, Problem 9: Let F be a covariant functor from V, ...

pg. 133. Though there is considerable variation in terminology, what are here called “odd scalar densities” should probably simply be
called “scalar densities”; what are called “even scalar densities” might best be called “signed scalar densities”

In part (¢) of Problem 10, we should be considering the A of part (a), not the A of part (b)! Thus conclude that the bundle of signed
scalar densities (not the scalar densities) is not trivial if M is not orientable.

pg. 194. Extending the changed terminology from pg, 133, we should probably speak of the bundle of “signed tensor densities of type
(j) and weight w” (though sometimes the term relative tensor is used instead, restricting densities to those of weight 1), when the
transformation rule involves (det A)", omitting the modifier “signed” when it involves | det A|®.

pg. 143. The hypothesis of Theorem 3 should be changed so that it reads:

Let x €U and let a, a2 be two maps on some open interval J such that (J), (I) CU,
a=fa) i =1,2

ane (Fo) = aaa) for some tp € J
And the first sentence of the proof should be deleted.
pg- 177. Problem 17, part (d) should begin:

(d) Let f: M > N, and supposethat fop = 0. For Xp,¥p € Mp and...
Pg, 198, In Problem 5, we must also assume that each A, @ Ay is integrable.

Pg: 226. In the comutative diagram, the lower right entry should be “I-forms on N”.

pg: 233. The reference “pg. V375” refers to pg. 375 of Volume V.

pg 237. In Problem 26, replace parts (b) and (c) with:

{b) Determine the i component of vj x --+ x vq—1 in terms of the (m — 1) x (n — 1) submatrices of the matrix

( : )
Tn particular, for R?, show that

vx w= (v'w? — Pw, vw! — vl w, vw? — vw),

pg 292. In Problem 20, the condition Uj M Uj # @ should be U; N Ui: # 8.

pg 408. Problem 16 (b) should read: “For any Lie group G, show that ...”.

pp. 408-410. For consistency with standard usage, Aut should be replaced with Aut, and then replace End with End. In part (g) of
Problem 19, add the hypothesis that H is a connected Lie subgroup.

pg. 411. The display in Problem 21, part (c) should read:

Cylon Aad +(-IMina Aol + (-1!" [A.A [w An] = 0.


